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Abstract 

We review a cluster model for even-even nuclei and derive a new rela­

tion between the excitation energies and the electric quadrupole transition 

strengths of these nuclei. A novel method for determining the likely cluster­

core decompositi<)ns of a given nucleus is described, and is tested by compar­

ing theoretical cluster model spectra with their experimental counterparts 

for a representative set of Yb isotopes. A further method, based on least 

squares fits to spectra, is also examined. 
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Chapter 1 

Introd l1ction 

In this section the ~nost common models of nuclear structure, the shell model 

and the vibrational and rotational models, are briefly reviewed. The cluster 

model is introducE d and its basic properties described. Chapter 2 contains 

a more detailed description of the cluster model, beginning with the impor­

tant issues of how to determine the cluster-core decompositions of a given 

nucleus, what form to take for the cluster-core potential and what. quan­

tum numbers t.o <cssign to the cluster-core relat.ive motion. Methods for 

generating cluster model spectra are next discussed and expressions for the 

electric dipole B(El) and quadrupole B(E2) transition strengths derived. 

In Chapter 3 an irvestigation of the relation between cluster model excita­

tion energies and -::lectric quadrupole strengths is undertaken, and results 

compared with experiment. A technique for determining cluster-core de­

compositions from these strengths is then derived, and Chapter 4 provides 

a full implementation of the cluster model for selected isotopes of Yb, com­

paring cluster mocel generated spectra to experimental spectra. Chapter 5 

examines the feasi )ility of determining cluster-core decompositions directly 

from fits to experimental energy level spectra, and Chapter 6 summarises 

the conclusions re:: .ched in this thesis. 

1.1 The Shell Model 

In the extreme form of this model (the single particle shell model) the nucle­

ons in the nucleus move independently in a common potential, The nucleus 

is visualized as consisting of filled shells that contain the maximum num­

ber neutrons and protons permitted by the Pauli exclusion principle, and 
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unfilled shells cont'iining the remaining number of neutrons and protons. 

Strong experiment. tl evidence supports the point of vie,>v that when a nucleus 

contains 2, 8, 20, ;,0, 82, or 126 protons or neutrons, a shell closure exists. 

That is, the energ,r separation between levels belonging to different major 

shells is significant ly larger than the energy separations bet ween the levels 

within a shell. Cor sequently it is more difficult to excite one of these nuclei. 

These nuclei are known as magic nuclei and, in its earliest applications, the 

main objective of i shell model was to reproduce these magic numbers. 

Closed shell nuclei are thus particularly stable, and the pairwise filling of the 

shells makes no corttribution to the total spin and electromagnetic moments. 

Such nuclei corresJlond to an inert core and the properties of a closed-shell 

-:- 1 (or closed-shell 1) nucleon nucleus are characterized by those of the 

valence nucleon (c r hole). Similarly, for closed-shell + 2 nucleon nuclei 

the two valence n1lcleons are largely responsible for the properties of the 

low-lying states, although it should be noted that the valence nucleon -

valence nucleon two-body interaction needs to be introduced, since its matrix 

elements are typichlly comparable to sub-shell spacings. 

To determine how the nucleons fill the various single particle levels of the 

nucleus (i.e. the spectrum of quantum states into which anyone nucleon 

can enter) it is necessary to specify the common potential. The potential 

most often used to describe the nucleus is the Woods-Saxon potential given 

by: 

Vo(r) 
-Vo 

- Vo f (r) = ----,----:-:-
1 +exp 

(1 

This potential haf an experimental basis obtained by fitting data from 

closed-shell + 1 and closed-shell - 1 nucleon nuclei [1] and from nucleon­

nucleus scattering [2]. Its parameters have typical values Yo r-J 50 Me V, 

R = roA 1/3 fm whf!re TO "'"' 1.3 fm, and a '" 0.75 fm. 

In order to obtain calculated single particle energy spectra which agree with 

experimental spect -a, it is necessary to add a spin-orbit interaction term t.o 

the potentiaL Thi ~ term takes account of the fact that nucleons have an 

intrinsic spin 1/2 which can interact with the orbital angular momentum. 

Thus, each previor s state corresponding to an orbital angular momentum 

quantum number I is split into 2 states: j = I + 1/2 and j = I 1/2. This 
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interaction is often given the surface-peaked functional form 

2 ~ df(r) l.s 
r dr 

(1 

with 1 and s the onital and spin angular momentum operators respectively, 

f(r) the Woods-Saxon form defined above, and 171 "-' 10 MeV. A single 

particle potential cescribed by Eqs.(1.1) and (1.2) then results in the repro­

duction of the magic numbers [3] as well as a reasonably good description 

of the properties 0' single particle single hole nuclei '1. 3]. 

Further away from closed shells the main shortfall of the shell model is 

that it quickly be( omes difficult to apply in practice, with the number of 

configurations that have to be taken into account increasing rapidly as the 

number of nucleon; outside the closed shell increases. 

1.2 The Collective Models of even-even Nuclei 

Away from closed shells nuclei exhibit large quadrupole moments, indica­

tive of the coherent motion of a large number of valence nucleons, which 

is difficult to account for using a shell model. It is then more profitable to 

use models in whkh collective motion is intrinsic, such as the vibrational 

or rotational modds developed by Bohr, Mottelson and Rainwater. For 

even-even nuclei, a..; one moves away from closed shells the nucleus becomes 

more easily deformable about its spherical equilibrium shape, and low-lying 

vibrational modes become possible. The energies of these vibrational states 

increase with incre'l,sing multipolarity L, and for an incompressible nucleus 

(L = 0 forbidden) with its centre of mass at rest (L = 1 forbidden), the 

lowest mode corre:;ponds to L 2. The quadrupole phonons associated 

with this mode ha\e characteristic energy quanta f<W, and nuclear states are 

then equispaced and associated with zero-phonon, one-phonon, two-phonon 

states etc. (Figure 1.1) 

Further away from a closed shell, as more nucleons are added, permanent 

distortion of the nucleus may occur, with an ellipsoid being the simplest 

such deformed shape. Now there is the possibility for rotation of the nu­

cleus about an axi 3 which is not the axis of symmetry. This gives rise to 

rotational modes (Figure 1.2) with energies lower than those of the cor­

responding vibrati!)Ilal modes. When certain hypotheses about axial and 
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0+,2+,4+ 

2+ 

0+ 

Figure 1.1: Nuclear vibration leading to low-lying vibrational states 

equatorial symmetries are made, the rotational model then yields a low-

est energy (groulld state) band with spin-parity F' = V r = 0-'-,2+, 

having characteri stic rotational energies Ej ex J (J + 1). 

6+ 

4+ 

2+ 
0+ 

Figure 1.2: Nuclear deformation leading to rotational states 

," . 

It is interesting cO note that as nuclei move away from closed shells, their 

energy spectra change from single particle excitations in a spherical potential 

well, through vibrational modes, up to rotational spectra furthest away from 

a closed shell. T:lis 'evolution' then occurs in reverse as the nuclear mass is 

increased further, approaching the next closed shell. 

1.3 The Cluster Model 

In the cluster model the nucleus is represented by a core and cluster which 

interact via a conmon potential. The nuclear many-body problem is reduced 

to a 2-body problem, which can then be separated into a centre-of-mass plus 

relative motion fystem, with the physics contained in the latter. 

The cluster model can support a variety of nuclear behaviour ranging from 

uncorrelated motion (as in the single particle shell model) to highly corre-
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lated motion (as ill a collective model). This is achieved 

duster - it could h~ chosen as one nucleon, or as equal in 

Cluster 16+ 
14+ 
18+ 
12+ 

Core 
r 

( 
0+ 

2l2pO 232
U 

6+ 

4+ 

2+ 
0+ 

choice of 

to the eore. 

1.3: Schematic diagram of cluster and core, and spectra genemted 

with the cluster m(,del 

For even-even nuch'i, on which thesis will concentrate, the characteristic 

J7r L7r = 0+, 2-!-. 4+, ... states of the 'ground state band' is achieved be­

cause the band is described by an even value of the global quantum number 

(described in Chapter 2) G 2n L. Since the node number n is integral, 

only even values of the orbital angular momentum L are then allowed. How­

ever, the pattern 0:' the model spectrum is not fixed as in the vibrational or 

rotational cases above, but can vary significantly depending on the cluster 

In extreme cases, such as for 212po with an a-particle as cluster, the 

model spectrum is compressed and even inverted for high L [4], whereas for 

232-(; with 24Ne as the cluster, the spectrum is quasi-rotational (Figure 

1.3). Similarly odd values of G generate bands with J7r 1-. , 5 - , ... 

with properties corresponding to those observed for low-lying negative par­

ity bands in heavy nuclei [6]. 
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Chapter 2 

Overview of the Cluster 

Model 

The most important ingredients in any application of the cluster model are 

a) choosing an appropriate cluster-core configuration, b) choosing a form of 

the potential for the cluster-core interaction, and c) specifying the quantum 

numbers of t.he cluster-core relative motion. 

2.1 Choice of Cluster and Core 

Fundamental to applying the cluster model to a given nucleus of total mass 

A and total charg ~ Z is the choice of cluster and core, i.e. the split of the 

nucleus into the masses A2 and A1, and corresponding charges Z2 and 

, of cluster and core respectively. 

Nuclear reaction and decay data supply information on possible cluster-core 

decompositions. III various light nuclei, the presence of an a cluster may be 

indicated by stror g selective excitation in a transfer reactions and by the 

of a widl hs in resonant states above threshold [7, 8]. The existence 

of a and exotic decay in heavy nuclei that an a or heavier particle 

may be present as a duster in the parent nucleus. 

Buck et al [9] hav3 used an a cluster and a doubly magic core to model a 

number of light and heavy nuclei eONe, 94 Mo, 212PO). The doubly 

cluster and core involved here are stable against internal 

break-up and are a likely choice for the cluster-core decomposition of the 

parent nucleus. This approach successfully reproduced spectra, a-decay 
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half-lives and reduced E2 (quadrupole) transition strengths, thereby rein­

forcing the hypothesis that 0: clusters are present in various light and heavy 

nuclei. 

Resonances in the scattering of some light heavy ions e2C,16 0), as well as 

the phenomenon of exotic decay heavy nuclei, have given reason to sus­

pect, in nuclei, existence of clusters heavier than 0: clusters. A cluster 

model employing exotic clusters was implemented by Buck et al [5] in an 

analogous manneJ to that using 0: clusters, by scaling certain parameters 

of the 0: cluster model. So, for an exotic cluster of mass Ac, the potential 

strengths and ortit (i-value (see Section 2.3) were scaled with Ac. Using 

this approach, they found [5] that the exotic decay half-lives calculated in 

t.he same way as IX decay half-lives fall within a factor of 2-3 of the exper­

imentally measuTl:d decay half-lives for all known even-even to even-even 

exotic decays. Fnther, when spectra for nuclei having exotic decays to a 

208Pb ground stale are generated using an exotic cluster model they show 

excellent agreemelt with experimental spectra, including compression of the 

higher L-values ir the spectrum relative to a pure rotational spectrum, and 

lowering of excitation energies with increasing cluster mass (i.e. lI1creas­

ing deformation). 

Finally, in 

Table 2.1. Comparison of theoretical, B(E2 ,t)T, and 

expecimental, B(E2 transition strengths using an 

exotic cluster model. Taken from [5]. 

Decay 

222Ra(2+ -+ 0+) 

228Th(2+ -+ 0+) 

232J -+ 0+) 

236Pu(2+ -+ 0+) 

228Th(2+ -+ 0+) 

228Th(4+ -+ 2+) 

) 

B(E2,t)T 

(W.u.) 

107 

170 

250 

360 

170 

243 

B(E2,t)E 

(W.u.) 

111±9 

167±6 

241±21 

167=6 

242±9 

Bilek et al showed that an exotic cluster model applied to 

nuclei in the Actinide region reproduces the observed pattern of large B(E2) 

strengths in the ground state bands, for both L --+ L 2 transitions within 
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a single nucleus and for 2+ -+ 0+ transitions for a range of nuclei - see Table 

2.1. A noticeable 1.rend is the jump in B(E2) values from one isotope set to 

another, which can be correlated with changes in the cluster charge. This 

agreement betweell cluster model predictions and experimental observations 

supports the hypothesis that exotic clusters are present in the parent nuclei. 

We note here that throughout this thesis we use the notation 

B(E2) = B(E2 -1-) = B(E2: 2+ -+ 0+) 

Further investigat ons were undertaken by Buck et al in [6] into all Actinide 

nuclei which can be described as binary systems comprising a Pb core and 

a cluster observed in exotic decay. In this investigation a single cluster-core 

potential, labeled Tl, with fixed parameter values was used throughout. 

Only the nuclear potential radius, R, was fitted to each individual binary 

system. The overall agreement with experimental spectra was surprisingly 

good, and could be improved by systematically changing the erstwhile fixed 

potential. One ot her clear opportunity for improvement was that the 0+ 

to 2+ and 1 - to 3- energy gaps tended to be underestimated, possibly 

indicating the need to refine the cluster-core potential in the region r = O. 

Up to this time, applications of the cluster model had been limited to sec­

tions of the Periodic Table where there was external evidence of clustering 

such as a or exol ic decay in heavy nuclei, or where the greater stability 

of a nearby doubly closed shell indicated a good candidate for a core. In 

an attempt to make applications of the cluster model more universal, other 

methods for deteI mining cluster-core combinations were considered. This 

led [10] to the m.lximum stability criterion according to which a nucleus 

(A, Z) should be 3plit into even-even cores (AI, Zl) and clusters (A2' Z2), 

such that the value of the function D = [BA(I) - BL(I)] + [BA(2) - BL(2)] 

is maximised, whEre BA is an actual binding energy and BL is a liquid drop 

binding energy given by 

where av = 15.56, as = 17.23, ac = 0.697, aa = 23.285 and 6 = 12/VA are 

empirically deternined constants, with all values in MeV. [11] 

The numbers (1) and (2) in the expression for D above refer to the core 

and cluster chosen. A local maximum of D thus indicates a combination 
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of core and cluster whose internal stability is than that expected on 

average, and whid, by hypothesis, are then good candidates for the core and 

cluster to be used in a cluster model. it stands the method is difficult 

to apply to a giv(~n parent nucleus (A, Z) since D remains a function of 

two independent Yariables, say (A2' Z2), after the conditions ih = A 

and Zl Z Z2 have been applied. Thus in their paper [10], Buck et al 

introduce a methpd of utilising the maximum stability criterion involving 

only the variable Z2. This is achieved by imposing the no-dipole constraint: 

due to the observ(~d weakness of electric dipole transitions in heavy nuclei 

it is assumed that the charge and mass of the nucleus are distributed in the 

same proportions between the core and cluster. This implies satisfying the 

constraint (see Sedion 2.4.1): 

Z 

A. 

Tb implement the above constraint it is necessary to consider nuclear states 

as a superposition of several possible cluster-core configurations, as the con­

straint cannot in general be satisfied by a single choice of even-even core 

and cluster. The method thus entails choosing an arbitrary average value of 

the cluster charge < Z2 >, and determining the corresponding cluster mass 

< "42 > from the no-dipole relation. Even-even clusters with values of Z2 

and .4-2 bracketing < > and < > respectively are selected next and 

each is allocated .:1. probability weighting such that the weighted combina­

tion of these even-even clusters yields the average values < Z2 >, < A2 > 
[lOJ. Mixtures of duster-core decompositions where the clusters (and cores) 

are of similar ma;,s and charge thus arise, eonsistent \vith the observation 

of more than one type of exotic decay of a given nucleus e.g. the Ne and 

Mg decay of 234U. A typical D-plot for the heavy nucleus 228Th is shown in 

Figure 2.1, where the dashed line is the full calculation, and the solid line a 

smoothed curve 0 )tained by applying a Fourier-based filtering process. The 

peak at < Z2 >~, 8 corresponds to the exotic clustering discussed above, 

and the peak at <: Z2 >rv 36 has been tied in with superdeformation [10]. 

The most recent development in deducing cluster-core deeompositions by 

Buck, Merchant, :v1cBride and Perez [12] is described in detail in Chapter 

3. 
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Figure 2.1: D-plot for 228Th 

2.2 Cluster-Core Interaction 

The cluster is assumed to interact with the core by means of a local, cen­

tral potential VT(r), which comprises nuclear VN(r), Coulomb Vc(r) , and 

centrifugal terms. The general form of the potential is: 

(2.1) 

In the work of Buck et aI, a variety of nuclear cluster-core potentials have 

been used. These range from a simple square-well potential to a modification 

of the frequently used Woods-Saxon (SW) potential. In choosing a nuclear 

potential, a simple geometric form is assumed, and the potential parameters 

are then refined by fitting to experimental data such as energy levels or 

elastic scattering data. Batty et al [13] showed that a Woods-Saxon form 

of the nuclear potential poorly reproduces experimental cross sections for 

a elastic scattering, and much improved fits were obtained by Michel et al 

for 160(a, a) 16 0 [14] and 40Ca(a, a)40Ca [15] using a (SW)2 form of the 

a-core potential. Cluster model studies of bound and quasi bound a-cluster 

states, as well as of low energy a elastic scattering for a number of nuclei 

[16, 17] have shown that a mixed (SW) + (SW)3 Woods-Saxon form of the 

cluster-core nuclear potential also produced good fits to experimental elastic 

scattering data as well as to experimental spectra and decay half-lives. This 

potential is given by 
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[
X 1 x 1 -170 + .... _---.-

1 + exp[(r - R)/a] {I + exp[(r R)f3alP 

-1701(r, X, a, R) 

(2.2) 

(2.3) 

with 'Vo the poteltial depth, R the potential radius, a the diffuseness, and 

X a mixture parameter. 

In early cluster model applications using this form of the cluster-core po­

tential a and x were held fixed at values a '"V 0.75 fm and x r-v 0.35, and 

Fo and R optim'sed to obtain the best agreement with available data on 

elastic scattering. nuclear spectra, and decay half-lives. For a-clustering it 

,;vas found that the optimum r 0 value of the potential "Vv(O) increased 

systematically w.th increasing core mass so that e.g. "VldO) 164, 193 and 

219 MeV for thf' nuclei 2oNe, 44Ti, and 212po respectively [18]. Further, 

for a and exotic clustering in heavy nuclei the optimum "VlldO) value scaled 

approximately with cluster mass. 

In their paper [J 8], Buck et al set out to determine a general form of the 

potential applica ble to any cluster model environment and having similar de­

fault parameter ";alues for widely different clusters and cores. They imposed 

the following three conditions on the potential: 

1. The potential should be symmetric in core (Ad and cluster (A2 ) 

masses, 

2. For fixed duster mass (A2 ), the potential depth at the origin, "V;y(O), 

should increase with increasing core mass (AI), until saturation is 

reached fo:" Al » A2 ) 

3. For Al » ,42, FN(O) should be proportional to the cluster mass, A2. 

Point 1. is requi"ed on the general physical grounds that the potential should 

be invariant in 1 he interchange of core and cluster. Points 2. and 3. follow 

from the results of the early cluster model applications described above. 

The nuclear poi ential chosen to satisfy the above constraints has the form 

for A» 1 

V:'V(r) = (
AIA2) Uo l(r, x, a, R) 

A 1(0, x. a, R) 
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with Uo 54 Me V, x 0.33, a 0.73 fm, and f defined in Eqs. (2.2) and 

(2.3) . 

Besides the nucleu part of the potential, V.1V(r), the Coulomb contribution 

Vc(r) must also )e included. This is taken to be the potential between a 

uniformly charged spherical core of charge Zl and a point cluster of charge 

Z2, given by: 

for r ?:: Re 
r 

for r -:; Re (2.6) 

where Re is the radius of the spherical core. In cluster model calculations 

this is set to R, the nuclear potential radius, in order to reduce the number 

of adjustable par'l.meters. 

This mass-symm ~tric form of the potential has undergone various tests to 

check its validity. [18~ 

- For Q clustEring the values of VN(O) calculated from the mass-symmetric 

potential a;~ree well with those calculated from the optimised a-core 

potential of the earlier form of Eq.(2.2). 

- Excitation 3nergies and B(E2) values calculated for medium (a+ 44 

and heavy I a+208 Pb) mass systems, are in agreement with experimen­

tal values, on a par with those obtained using the optimised nuclear 

potential 0' the earlier form of Eq.(2.2). 

- The spectI1lm, half-life and B(E2) values of 222Ra, modelled as 14C-L208Pb 

system intE racting via the mass symmetric potential show good agree­

ment with experiment. 

- The mass fymmetric form of the nuclear potential also mimics well a 

form previ,msly used [19] to reproduce a - a scattering, and its use 

in a clustel model treatment of 24Mg (which shows strong evidence of 

12C C Justering [20]) yields good agreement with experiment for 

energy leVE Is and B(E2) values. 

It should be not~d that most of the tests performed by Buck et al rely on 

spectra and B(E2) values, due to the fact that elastic scattering requires 
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an additional ima ginary part of the cluster-core potentiaL which introduces 

further paramete's. Comparison with elastic scattering data may wen lead 

to improvements of the cluster-core potential. However, the above simple 

mass symmetric form has been shown to be quite successful, and shall be 

used in all further calculat.ion in this thesis. 

2.3 Expressions for Cluster l\1odel Energies 

Many tests of the validity of nuclear models are performed by using the 

potential defined by the model to generate energy spectra, which are then 

compared with e)Cperimentally observed spectra. This is no less the case for 

applications of t he cluster model, and two approaches to generating these 

spectra are shov.n below. The sole criterion for applying these approaches 

to a given nuclea model is that one must have a well-defined potential. 

The energy of relative motion between the cluster and core of a given nucleus, 

where the potential function is known, can be determined by solving the 

radial Schr6dinger equation, which takes the following form: 

where EnL is the energy of relative motion of core and cluster in a state with 

radial and angu~ ar momentum quantum numbers nand L respectively. 

As an alternathe method of generating nuclear spectra, we can use a semi­

classical integral form of the Schr6dinger equation known as the Bohr­

Sommerfeld quantization rule. This has the form: 

- Vrv(r) Vc(r) 

where rl and r2 are the innermost classical turning points. 

1'( 

(2n + 1)-
2 

1r 
(G-L+l)-

2 
(2.8) 

The global qualtum number G (or equivalently the value of n for L = 0) 

is best described in a pure harmonic oscillator environment. On one hand 

the nucleons cal be thought of as occupying the oscillator states of a single 

nucleus, and th~ total number of oscillator quanta for the nucleus can thus 
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be found. On th(: other hand one can apportion the core nucleons to the 

lowest available st ates of the core, and the remainder to the lowest available 

states of the clust(;r. The remaining quanta are then available for the relative 

motion of core and cluster, and they define the principal quantum number 

G of this motion. For example, consider the partitioning given by 

232U140,208 Pb126 
92 -782 N 14 e 

The lowest states of 208Pb are common both to the LHS and RHS. In a pure 

oscillator model the lO remaining protons in 232U are in g 5 state and the 

14 remaining neurons in 9 = 6 state resulting in a total number of oscillator 

quanta L,i9i = 134 for these nucleons. (Here 9 is the principal quantum 

number for the hlrmonic oscillator potential). For the RHS the 10 protons 

in 24Ne can be apportioned to the Os, Op, (lsOd) orbits of this nucleus, and 

similarly for the 4 neutrons. This results in L,i9i = 28 oscillator quanta for 

24Ne. Thus G = 134 28 = 106 quanta are available for the core-cluster 

relative motion. This application of the Wildermuth condition can be viewed 

as giving a reasonable guess at G, and calculations in the rare-Earth and 

Actinide regions )y Buck et al have successfully used the simple prescription 

G = gAc where4c is the cluster mass, and 9 4 and 5 in the rare-Earth 

and Actinide regions respectively. In a harmonic oscillator the states with 

J7f L7r = 0+,2 ) 4+, ... G+ would all be degenerate. A potential such as 

the mass-symme'.ric one of (2.4) results in the degeneracy being removed 

and the appearance of a band of levels with J7r = 0+,2+,4+, ... G+. 

2.4 Multipole Transitions 

A significant part. of this thesis centres around dipole B(E1) and quadrupole 

B(E2) transition strengths, and a derivation of these transition strengths 

now follows. The interaction between the charge distribution of a nucleus 

and an electromagnetic field gives rise to radiation as well as to a B(Ex) 

value corresponcing to the transition strength between an initial state and 

final state of the charge distribution of a nucleus. 

The operator in i ucing electric transitions between an initial state \If i and 

final state \If f of the charge distribution, giving rise to the emission of a 

photon of angular momentum lm is given by: 

(2.9) 
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Let B2 = B 
then B; = B:: + 180" 

= Oren 

Figure 2.2: Geometry of the cluster' model 

where qi is the :harge of the ith particle of the charge distribution, and 

1'i ~ ()i, ¢i are the coordinates corresponding to its position. 

The transition strength is related to the probability of this process occurring 

and is given as j < W flH'jWi > j2. 

2.4.1 DipolE Transition Strengths (B(E1)) 

The dipole tramition strength between the 1 - and 0+ band heads of the 

corresponding n'~gative and positive parity bands is given by: 

which, in a clus1 er model reduces to (see Figure 2.2) 

where f is the CLuster-core separation vector. 

Splitting the wavefunctions into their radial and angular components 

and substituting Yoo ((1, ¢) 

results in: 

15 
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B(EI) 

~ow inserting tht following expressions into this equation 

leads to 

, \ I I BlEIl = < 
\ I 41r r 

Integration over -:he angles, using 

results in the expression for the dipole transition strength 

(2.11) 

Now, if the dipoe transition strength B(EI) v-anishes, this implies that 

thus 

and since 

it follows that 
Zl Z 
Al A 

which results in the no-dipole condition: 

16 
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2.4.2 Quadn:.pole Transition Strengths (B (E2)) 

A similar derivaton to that above applies to the electric quadrupole tran­

sition strength, illvolving the emission of a photon of quadrupole radiation 

due to a transitic n between an l = 2 and l 0 state. 

Thus (2.10) beco:nes 

For a cluster model, following through the same steps as for the dipole 

transition strengh we obtain: 

B(E2) 1 1< 00 
411 r 

We now implement the no-dipole condition from Eq.(2.12) - in the following 

form: 

so that 

B(E2) 

Zl Al 
Z A 

~I < 1/)0 IZ (Z2) A2 
411 r 1 Z A W¢) 

+ Z2 ( 't) .t~1 r2Y2*m(8, ¢)! 7f2;r'\'2m(8, ¢) > 12 

and the expression for the electric quadrupole transition strength reduces to 

B(E2) (2.14) 
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Chapter 3 

Relati()n between B (E2) 

values and Excitation 

Energies 

A correlation be ween the observed electric quadrupole transition strength 

B(E2) = B(E2: 2+ --7 0+) for the lowest 2+ state of a non-magic nucleus 

and the corresponding excitation energy (E2 - Eo) has been known to exist 

for some time and was first pointed out by Grodzins [21] using a functional 

form suggested)y the vibrational and rotational models (VRM) of Bohr 

and Mottelson [~:21. In this treatment, the B(E2) value is dependent. on the 

nuclear charge, 6, the nuclear mass, A., and the corresponding excitation 

energy. It has tl e following functional form: 

B(E2) = aZ
2 

(E2 -
(3.1) 

where a is a proportionality constant with a value ranging between 14 (for 

the vibrational r lodel) and 6 (for the rotational model), with a best-fit value 

of 1.37 from a rpcent fit [23] to a large body of data. Using this functional 

form, the model produces good agreement between the B(E2) value deduced 

from the excitai ion energy of the first 2+ state and the corresponding ex­

perimental B(E~~) values. 
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3.1 Derivation of B(E2) - Energies Relation 

In this chapter \\e use a binary cluster model of the nucleus to derive and 

test a new relati( n between quadrupole transition strengths and excitation 

energies [12]. 

The binary clustn model has been described in detail in Chapter 2, and we 

will begin the derivation of the new relation by considering two states,1/Jr 

and 1/11 of angulaI momenta L and I respectively, and corresponding energies 

EL and E/. Thes2 two states are members of a ground state band of angular 

momenta states: £If = 0', .. ,' and each state is a solution of the 

radial Schr6ding;:r equation, as shown below. 

Premultiplying t he first equation by 'lfiL, the second by -1h and adding the 

results: 

so that 

2 d [I d1/11 r 'ljJL-
dr dr 

l(l + 1) 

If we integrate .'000 dr and take note of the following: 

• The wavefunctions 1/1 are normalized to unity and 7,b(0) '~{::xJ) = 0 

• In [24J, it . s shown that the radial multinodal wavefunctions of the low­

lying angular momentum states in the same band are closely similar 

near their peak in the surface region, and thus 1./J L rv 1./)/ and d1~L '" dd~i 

This results in;he following relation: 

(3,2) 
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Now, in section 2.1.2, Eq.(2.14), an expression for the quadrupole transition 

strength ,vas deri"ed from a cluster model treatment as: 

Substituting this mto the above relation and applying the no-dipole condi­

tion from Eq.(2.1:~) results in 

B(E 2);::j 1 [1i2 {L(L + 1) 1(1 + 1) } Z]2 e2fm4 (3.3) 
47r 2 EL - A 

where = 41.8 ,!hen energies are expressed in MeV throughout. 

Some noteworthy points regarding Eq.(3.3) are: 

1. The result is independent of the cluster-core potential, V(r), as long 

as all mem1:ers of the chosen angular momentum band have the same 

form of this potential. 

2. The result critically depends on two cluster model int,'Tedients i.e. that 

the no-dipole condition of Eq.(2.12) applies, and that the low angular 

momentum multinodal members of a band have similar surface-peaked 

radial wave functions. 

3.2 Cluster Model Calculations of B(E2) values 

In our calculatioIls of B(E2) values from Eq.(3.3), we follow a similar path 

to Raman et al [23] by including an overall normalization constant, b. We 

thus use 

(3.4) 

The above result ~hould hold for all values of L and I within the same angular 

momentum band, perhaps with different values of b for each pair. Because 

the lowest angular momentum states constitute the most comprehensive 

datasets it would seem sensible to use L = 2 and I = 0 in calculations of 

the B(E2) valueo. However, it has been found that in applications of the 

cluster model, the 1 = 0 angular momentum state is often underbound with 

respect to the re,;t of the spectrum, leading to the L = 2 to I a excitation 
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energy less well reproduced in the model than all other transitions. 

Trials have showr that using these angular momentum values to test the 

above relation leads to inferior results, and henceforth we have used angular 

momentum valueE L 4 and l = 2. 

In Figure 3.1 B(E:~) values obtained from Eq.(3.4) are compared with exper­

imentally determined B(E2) values. As discussed above, for this plot we use 

L 4, l = 2 and ,c fitted value of b 0.35. Table 3.1 shows the overall level 

of the fit of the olculated B(E2) values to observed values, and compares 

it to the correspcnding level of fit using the VRM model of Eq.(3.1) 'with 

a = 1.37 [23]. (S('e also Appendix A for a comparison of individual cases). 

We have left out '1,11 singly and doubly magic nuclei and have plotted them 

separately in Figrre 3.2. Table 3.2 shows the overall level of fit for the magic 

nuclei. 

Table 3.1. Non-magic nuclei: percentage of 

B(E2)'s for which the theoretical yalue is 

within a factor of the 

i F'1ctor f 
2.00 93.0% 88.3% 

1.50 70.6% 69.6% 

1.25 43.0% 43.5% 

Table 3.2. Magic nuclei: Percentage of 

B(E2)'s for which the theoretical value is 

1.50 

1.25 

of the 

VRM 

75.5% 

54.7% 

30.2% 22.6% 

For non-magic r uclei the results are in good agreement with experiment, 

with the B(E2) values of only a few nuclei being more than a factor of 2 

different to the experimentally determined values. The cluster model values 

give a very similar level of fit to experiment to the Bohr and Mottelson 

vibrational/rotajonal (VRM) values for the non-magic nuclei, despite the 

very different fUllctional forms obtained for the two cases. For magic nuclei, 
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Figure 3.1: Nat'lrallogarithm of ratio of calculated B(E2) (with b 0.35) to 

experimental B(E2) against mass number A for non-magic nuclei. Factor- 2 

deviations ar-e indicated by dashed lines. 
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Figure 3.2: Natural logarithm of mtio of calculated B(E2) (with b = 0.35) to 

experimental B(E2) against proton/neutron number Z/N. Triangles indicate 

magic proton numbers, crosses indkate magic neutron numbers, and open 

diamonds indicat~ doubly magic nuclei plotted by neutron number. Factor 2 

deviations are indicated by dashed lines. 
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Figure 3.3: Natural logarithm of ratio of calculated B(E2) (with b = 
O.066A 1/3) to experimental B(E2) plotted against mass number A for non­

magic nu,clei. Fador 2 deviations are indicated by dashed lines. 

however, the results are in poor agreement with experiment, and we can see 

that the cluster r:lOdel differentiates strongly between magic and non-magic 

nuclei. This differentiation is not as clear in the Bohr and Mottelson VR\1 

models. 

In a similar manner to earlier treatments [21, 23], a fit of the model to 

experiment has also been performed with a mass dependent normalization 

constant. A normalization constant of b = 0.066A1 / 3 is used in Eq.(3.4) and 

the results of Figure 3.3 show an improvement over those of Figure 3.1. 

3.3 Cluster-Core Decompositions from B(E2) val­

ues 

As mentioned eallier, a most important requirement in any application of the 

cluster model is a method to determine the split of a nucleus into its cluster 

and core compollents. A number of these methods have been discussed in 
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Chapter 2 and hav,;, in general, led to good agreement with the experimental 

data. Most of the3e methods have, however, been restricted to some part 

of the Periodic Ta ble. For example, methods based on the observation of 

exotic decay can ouly be implemented for the Actinide region of the Periodic 

Table where exot.ic decay is observed. Even the maximum stability criterion 

often fails to suppJy well defined mass values for clusters and cores of nuclei 

throughout the Periodic Table. 

We now derive a form for reduced mass of a cluster-core system as a 

function of the cbarge, mass and B(E2) value of the parent nucleus ~12J. 

Using the express ton for the quadrupole transition strength derived from 

the cluster model (Eq.(2.14)) and setting '" 11)0, we have 

2 

B(E2) 

Now, rememberin:~ that the expression for the no-dipole condition 

Z 
A 

we then obtain for the reduced mass of the cluster-core system 

(3.5) 

We can thus replc.ce in Eq.(3.5) with ttl Replacing also the integral 

with < r2 >= T5 j2/ 3
, and TO some constant to determined, leads to: 

A 1/ 3 

f.1. = -'---"'--- Z (3.6) 

This relation can be used to calculate tt, and hence the cluster-core decom­

position, using only the mass, charge and experimentally determined B(E2) 

.-alue of a given llucleus. As these values are known for many nuclei this 

relation may be far more widely applicable than previous methods of de­

termining cluster-core decompositions. It can be used in conjunction with 

successful applications of the maximum stability criterion to determine the 

values of TO. Thef'e values can then be averaged and used to determine tt in 

cases where the BE2) is known, but the stability criterion gives inconclusive 

cluster-core decol1position values. 

For example, the maximum stability criterion has supplied good results for 

cluster-core decompositions for ground state bands of nuclei adjacent to 
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closed shells, SUell as Ra, Th and U isotopes in the actinide region [10] 
These particular [sotopes yield seventeen cases [10] with f.1 ranging from 

7.64 to 27.2, and JesuIt in values for ro in the range ro 1.21:i:: 0.04 fm [12]. 

Good results have also been achieved using the stability criterion near closed 

shells in the rare-earth region. Here, the cluster model was applied to twelve 

cases of the isotopes Ba, Ce and Nd [25, 26], resulting in values of It ranging 

from 6.62 to 17.2. generating an average value of ro 1.27 ± 0.07 fm ~12;. 

V\Te use this new expression for the reduced mass to generate the core and 

duster masses and charges in the next chapter. 
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Chapter 4 

Cluster Model Calculations 

of Yb Spectra 

4.1 Overview 

In this chapter we perform a full-scale implementation of the cluster model 

for a representative subset of even-even Yb isotopes. \Ve use the expression 

for reduced mas:', as derived in Section 3.3, to determine the reduced mass 

and hence the custer-core configurations for these isotopes directly from 

their B(E2) valw~s. We then generate cluster model nuclear spectra of these 

isotopes and compare them to corresponding experimental spectra ~27J. 

Past implementations of the maximum stability criterion outlined in Section 

2.1 encounter difficulties in identifying the cluster-core decompositions of the 
Yb isotopes: 158Yb, 162Yb, 166Yb, 170Yb and 174Yb. 

These difficultie~; are illustrated in Fig. 4.1, [A. C. Merchant, private com­

municationJ, where the arrows correspond to cluster choices suggested by 

an application of Eq.(3.6) and which, as we shall see below, results in good 

fits to the Yb spectra. Although for the lighter isotopes a prominent local 

maximum in the D-plots exists near the required value of Z2, for the heavier 

isotopes this is dearly not the case (indeed, smoothing the D-plots results 

in a local minirrum at the required value). 

\Ve thus proceed to test our new method of cluster-core decomposition, 

based on the ex.)erimental B(E2) value. 

To find the clust er and core masses and charges of the Yb isotopes, we begin 
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Figure 4.1: D-plots for- some Yb isotopes 

by applying the relation from Eq.(3.6) 

This, together with the condition A = + A2 , allows us to extract Al and 

A2 for any nudms for which the B(E2) is known, given a value for rD. A 

good overall description of the YO spectra is obtained using TO = 1.35 fm, 

consistent with the range of values obtained for other nuclei in the rare-
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Earth region (see SeGtion 3.3 and [12]). Next, using the no-dipole eondition 

from Eq.(2.12) 

we Gan generate the cluster and Gore charges and ZI as well. In general, 

the above treatment results in non-integer masses and charges (eorrespond­

ing to a mixture of cluster-core configurations for each nuclei). We select 

the nearest even "alues for mass and charge of the components and these 

values are shown in Table 4.1. 

Tcble 4.1. Cluster and core masses and charges 

for even-even Vb isotopes. 
Isotope 1 B(E2)(e2fm4) fJ Q(MeV) Al .12 Z I 

1 I 12 
158Yb 3180 8.471 8.358 150 8 66 4 
162Yb 7000 12.673 13.460 148 14 64 6 
166Yb 10280 15.484 18.537 148 18 62 8 

I 170Yb 11420 16.450 14.782 152 
I 

18 62 8 
174 r i ! ::- I '-----_)_b_ .. ~_1_1_88_0 __ .116. 908

1 
13.200 1u6 18" 62 I 8 " 

.-~---' --" 

A note should b\~ made here regarding the cluster-core decomposition of 

l5SYb. The B(K:) value given in [23] is, in fact, 3700 ± 520 e2fm4 which 

results in the clm ter-core decomposition: 

JE)SYb -7148 Dv +10 Be 70 66 ~ 4 

and a poor fit to the 158Yb spectrum. The error on the 15SYb B(E2) value is 

however relativel:' large compared to the rest of the Yb isotopes. Using the 

lower limit B(E2) = 3180 e2fm4 results in the cluster-core decomposition 

shown in Table 4.1, i.e. 

and an improved fit to the 15SYb spectrum. 

In order to generate spectra using the cluster model, an appropriate potential 

VT(r) acting between the cluster and core must be chosen. As described 

in Section 2.2 this potential consists of a nuclear term \;;v(r), a Coulomb 

interaction term Vc(r) , and a term representing the Langer form of the 

centrifugal potential, and is given by 
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Vr(r) = ~v(r) + Vc(r) + _11'2_·· --,,-_ (4.1 ) 

FOr the current implementation the mass symmetric form of the modified 

Woods-Saxon pokntial is used for the nuclear term l~y(r) (see Eq.(2.4)). 

The Coulomb tern I Vc (r) is taken to be the Coulomb interaction between a 

charged sphere, representing the core, and a point charge, representing the 

nuclear cluster. (See Eqs.(2.5) and (2.6)). We set the Coulomb potential 

radius, Re, equal to the nuclear potential radius, R, to reduce the number 

of parameters. 

As in earlier work [18] the parameters of this general potential are fixed at 

Vo = MeV, x 0.33, and a 0.73 fm for all nuclei, except for the nuclear 

radius, R, which is fitted to each individual nucleus. In all the earlier work 

of Buck et al R was chosen so as to reproduce the energy of a single level of 

a band (usually the 0+ bandhead). A novel feature of the present analysis 

is that the value of R is chosen to optimise the overall fit to the energies EL 

in the ground sta' e band. Thus, for a given cluster and core, our choice of 

R minimises the .-alue of the function S given by 

S :L[EdExpt) - EL (Theor)j2 ( 4.2) 
L 

where L1f = 0+: 2-!-, ... 20+. It should be noted that for 158Yb we fit only 

even parity state~ up to the 12+ state, as states beyond this are indicative 

(by the sudden change of level spacing above the 12+ state) of not belonging 

to the ground stat e band. For 166Yb, 170Yb and 174Yb the states above 16+, 

12+ and 10+ respectively are also less certain, but for uniformity we fit the 

spectra up to thE' 20+ state. It is interesting also to note that, excepting 

for the case of 16:'Yb where an inferior fit to the spectrum is obtained, the 

values of R groul' very closely together. 

We use the Bohr-Sommerfeld relation from Eq.(2.8) along with the cluster­

core potential described above to generate spectra. The value of the global 

quantum number, G, required by the Bohr-Sommerfeld relation is deter­

mined from the rdation G gA2 [5] where A2 is the duster mass and 9 4 

for Yb isotopes in the rare-Earth region of the Periodic Table. 
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4.2 Spectra 

Figures 4.2 - 4.6 b"low show the cluster model generated spectra compared 

\vith the experimelltal spectra. Table 4.2 shows the fitted R values with the 

corresponding least squared values for the fits. 

TABLE 4.2. Fitted R-\'alues for the Yb 

isotopes and corresponding values of 

sum of squared deyiations S. 

s 
0.083 

J62Yb 0.521 
166Yb 5.75401 0.132 
170Yb 5.77381 0.022 
174Yb 5.77263 0.037 

In general, good agreement of the cluster model generated spectra with 

experimental spedra is obtained, with consistent values of R. In particular 

the experimental compression of the spectra as the mass (and deformation) 

increases from 15i-Yb to 174Yb is well reproduced. This can be traced to the 

corresponding increase in cluster mass. 162Yb presents a slightly anomalous 

case, however, with the fit to the experimental spectrum being less good than 

those of its neighbouring isotopes and yielding a fitted R value significantly 

different from th~ rest of the Yb isotopes. 
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Figure 4.2: Co 'nparison of theoretical and experimental spectra for 158 Yb. 
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Figure 4.3: Comparison oj theoretical and experimental spectra Jar 162 Yb 
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Figure 4.4: Co 7?,parison of theoretical and experi'mental spectra for 166 Yb. 
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Figure 4.5: Corr. parison of theoretical and experimental spectra for 170 Yb. 
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Figure 4.6: Conpan:son of theoretical and experimental spectra for 174 Yb. 
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Chapter 5 

Cluster-Core Decompositions 

from Energy Levels 

In Chapter 4, cluster-core decompositions the Yb isotopes were deter­

mined by the method described in Section 3.3: whereby the experimental 

B(E2) value gives rise to the reduced mass of the cluster-core system, which 

in turn gives rise to the cluster and core masses. The cluster and core 

charges are then determined from the no-dipole condition. It may then be 

worthwhile to comider the following approach: since the excitation energies 

and B(E2) values are linked (by Eq.(3.3)), and we are able to determine the 

cluster-core system from the experimental B(E2) values, we may be able to 

derive cluster-cor£' decompositions from the experimental spectra alone. 

This chapter foclLses on implementing the above idea by selecting a few 

possible clusters and corresponding cores for a given nucleus, and then using 

a least squares fit:ing algorithm to fit the cluster generated energy levels to 

the correspondinE; experimental levels. The best cluster-core combination 

for the given nud~us is the one which results in an overall minimum for the 

value of S as defined by Eq.(4.2). 

5.1 Implenlentation 

As the calculations are quite time-consuming (see Appendix B), in these pre­

liminary calculatbns we apply the technique to just two typical cases, 162Yb 

and 170Yb. For each of these isotopes we could in principle run through all 

possible cluster-core decompositions, but here we confine ourselves to a likely 
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set suggested by fur previous calculations. Thus for 162Yb we choose the 

cluster charges Z2 4,6 and 8, and for each charge select cluster masses 

bracketing the A values 162Yb so as to approximately satisfy the no­

dipole criterion. ror 162Yb we thus use the clusters lOBe, 12Be, 12C, 

14C, 16c, 160, 18(1 and 200. Similarly for 170Yb we select Z2 6,8 and 10 

and the clusters 1: C, 14C, 16C, 160, 180, 200, 2oNe, 22Ne and 24Ne. 

In order to generace the energy spectra for a given nucleus using the cluster 

model we require: 

• the cluster-core decomposition 

• the interaction between core and duster 

• the quantum numbers of the duster-core relative motion 

The duster-core decompositions of interest are discussed the paragraph 

above. For the interaction between the cluster and core we use the potential 

VT(r) of Eq.( 4.1), comprising nuclear, Coulomb and centrifugal terms as 

specified in the discussion following that equation. For the global quantum 

number G we again use G = 4A2 where A2 is the cluster mass. 

For each cluster-c ore decomposition we then keep all potential parameters 

fixed, except for t he nuclear potential radius R which is varied in order to 

optimize the fit h~tween the experimental energies and the theoretical ener­

gies obtained usir.g the Bohr-Sommerfeld relation. The optimal duster-core 

decomposition is ;hen the one which results in the best of these fits. Ideally, 

we'd like the cluster-core configuration which comes out of this method to 

be the same as that obtained using Eq.(3.6) for the reduced mass. This 

would provide futher evidence for clustering in nuclei, as the cluster-core 

configurations an~ derived from different criteria. 

5.2 Examples 

We have implemE'nted this approach for the two isotopes: 162Yb and 170Yb. 

These were chosen as we have already calculated cluster-core decompositions 

for them in Chapter 4 and thus they allow a comparison of our two methods 

of generating the;;e deeompositions. 
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Figure 5.1: The least squares sum S plotted for a range of clusters of 162 Yb. 

The values above the points represent the fitted of R, the nuclear 

radi1ls. 

In Figures 5.1 and 5.2, the value of S defined as in Eq.( 4.2) by 

S = 'Z)EdExpt) (Theor)]2 
L 

with L = 0+,2-+ .. 20+ is shown for the best fit obtained by varying the 

nuclear potential radius R for each cluster. Values of fitted R are shown 

alongside the poilltS. 

For 162Yb, there is a double minimum for the clusters 12Be and 16C/160, 

with fitted R-values of 5.70172 fm and 5.67928/5.76195 fm respectively. 

Looking back to Chapter 4, the implementation of the reduced mass method 

(Eq. (3.6)) for dekrmining cluster-core decompositions yields the cluster 14 C, 

but with a significantly worse than average fit to the experimental energy 

level spectrum. J t is clear that an ambiguity in the choice of cluster-core 

decomposition fo;' 162Yb exists. This can be resolved by fitting only states 

up to the 12+ state [So M. Perez, private communication]. This approach 

yields a single, well-defined minimum at the cluster with a fitted R­

'value of 5.73459 fm - much closer to the fitted R-values of the rest of the 
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Figure 5.2: The le'Lst squares sum S plotted for a range of clusters of 170 Yb. 

The values above the points represent the fitted valves of R, the nuclear 

radius. 

Yb isotopes. Thes:; two factors could well indicate that levels above the 12+ 

state may be described by a different cluster-core decomposition from those 

levels below 12+. 

The results for lIoYb are quite different in appearance. Here there is a 

well-defined minimum at cluster values 180 and 2°0. 18 0 corresponds to 

the cluster determined from the reduced mass in Chapter 4 (see Table 4. 

and thus the fit to experimental energy levels yields a result consistent with 

that obtained by llsing the method described in Chapter 3. 

Although the above results are promising it is clear that further tests of and 

refinements to thi:; method are required before it can be applied confidently 

to any given nucleus. The least squares value gives an indication of the 

overall best fit to the experimental spectrum. In all of the fitted spectra 

(see Figures 4.2 - 4.6) it is found that the higher v r states have a better 

relative fit to experimental levels than the lower energy L7r states. Thus, 

fitting to, say, the first five L7r states may yield a different result than when 

fitting to the first ten L7r states. It may be possible for future methods to 
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employ a weightir.g technique that would eliminate this effect and further 

investigation is elf arly necessary. 
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Chapter 6 

Summ<lry and Conclusion 

The dissertation l)egins with an introduction to various widely used models 

of nuclear structlre, the shell, collective, and cluster models. Following 

this the fundamental ingredients of a cluster model are discussed in detail, 

i.e. the choices 01 an appropriate cluster-core decomposition, of the cluster­

core interaction, and of the quantum numbers of the cluster-core relative 

motion. Various cluster model based derivations and calculations are then 

undertaken, summarised by the following four points: 

1. A new relal ion between the quadrupole transition strengths and exci­

tation energies of nuclei is derived in a cluster model context. B(E2) 

values calculated from this relation (in the mass region A 12 to 252) 

show good ,tgreement with both experimental values and B(E2) values 

generated 1::y the vibrational and rotational (VRM) models of Bohr and 

Mottelson. Cluster model B(E2) values of magic nuclei do, however, 

show significantly greater deviation from experimental B(E2) values of 

magic nucld than do the B(E2) values generated by the VR~1 models. 

In this context the cluster model differentiates strongly between magic 

and non-ml.gic nuclei. 

2. Following from the relation described in point 1, an expression for the 

reduced mass of the cluster-core system, dependent on A, Z and the 

experimental B(E2) value, is derived. This allows the extraction of 

cluster-core decompositions for any nucleus for which an experimental 

B(E2) value is available. 

3. Tests of the above method of determining likely cluster-core decom-
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positions arl~ undertaken. A representative set of even-even Yb iso­

topes, for \'.hich a previous maximum stability method of choosing 

cluster-core decompositions yields poor results, is chosen for these 

tests. Theoretical spectra generated using cluster-core decompositions 

obtained frc m experimental B(E2) values show good agreement with 

experiment"l spectra for these isotopes. only free parameter in 

the calculations, the nuclear potential radius R, shows no unphysical 

strong variation from isotope to isotope, remaining practically con­

stant throughout. 

4. A further method for determining likely duster-core decompositions 

by least sqllares fits to nuclear energy level spectra is investigated. 

Using two Yb isotopes from the original dataset, theoretical cluster 

model spectra are fitted to experimental spectra for a range of cluster­

core decompositions for each nucleus, with the resulting best fitted 

spectrum irldicating the favoured cluster-core decomposition. Results 

for the t"vo nudei are promising, but a larger dataset and further 

refinement <)f the fitting procedure are required in future studies. 

In conclusion a number of successful applications of the cluster model has 

resulted from the work, as well as some indications of where further devel­

opment may prO\e useful. 
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Appendix A 

Data and Comparison of 

VRM <lnd Cluster Results 

A.I Non-magic data 

Energies in MeV and B(E2) = B(E2: 2+ -+ 0+) values in e2fm4 . Energies 

from appropriate Nne!. Data Sheets. Expt B(E2) and VRM B(E2) values 

deduced from the B(E2: 0+ -+ 2+) values in e2b2 of Raman et al [23J. 

Cluster B(E2) values from Eq.(3.4) with b = 0.35, L 4 and l = 2. 

-----.-
A Z Expt B(E2) VRM B(E2) Cluster B(E2) 

12 6 4.4:189 14.0830 8.2 ± 1.0 5 6.409E+00 

20 10 1.6:137 4.2477 68.0 .J.. 6.0 32 8.724E+Ol -
22 10 1.2"45 3.3572 46.0 2.0 38 1.136E+02 

24 10 1.9i308 3.9620 28.0 ± 12.0 24 1.055E+02 

22 12 1.2l60 3.3082 64.0 .J.. 24.0 56 1.668E+02 

24 12 1.31)86 4.1229 86.4 ± 2.4 50 7.858E+01 

26 12 1.8')87 4.3184 61.0 -L 2.6 36 8.065E+Ol -
28 12 1.4725 4.0202 68.0 ± 10.0 44 6.748E+01 

26 14 1.7959 5.3300 70.4 ± 6.8 50 5.536E+01 

28 14 1.7789 4.6179 65.2 ± 2.4 50 7.397E+01 

30 14 2.2355 5.2800 43.0 ± 2.0 38 5.603E+01 

:32 16 2.2302 4.4589 60.0 • .L 2.6 50 1.200E+02 ..L 

34 16 2.1274 4.6890 42.4 ± 2.4 52 8.048E+01 

36 18 1.9704 4.4144 68.0 ± 8.0 68 9.981E+01 
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A z E5 £xpt B(£2) VR:vI B(E2) Cluster B(E2) 

40 18 ] .4608 2.8926 66.0 ± 8.0 90 2.355E+02 

42 18 ] .2082 3.0962 84.0 ± 20.0 106 1.229E+02 

44 22 J .0832 2.4543 122.0 ..l- 30.0 174 3.171E+02 -

46 22 (J.8892 2.0098 190.0 ..l- 10.0 208 l1.343E+02 -

48 22 ().9834 2.2956 144.0 
, 

8.0 186 2.909E+02 

48 24 0.7523 1.8586 266.0 + 40.0 280 4.871E+02 

50 24 fl.7833 1.8813 216.0 
, 

12.0 280 4.557E+02 :::r: 

54 24 1).8348 1.8239 174.0 ± 8.0 240 4.815E+02 

56 26 '),8468 2.0851 196.0 ± 8.0 280 3.352E+02 

58 26 ),8108 2.0765 240.0 ± 8.0 300 2.991E+02 

60 26 ).8236 2.1145 186.0 ± 36.0 280 2.687E-t-02 

62 30 J.9539 2.1861 246.0 ± 18.0 320 3.677E,02 

64 30 0.9915 2.3067 288.0 ± 24.0 320 3.029E+02 

66 30 1.0394 2.4510 270.0 ± 20.0 300 2.472E+02 

68 30 1.0774 2.4174 248.0 ± 30.0 280 2.585E+02 

66 32 0.9574 2.1738 192.0 ± 36.0 360 3.789£+02 

68 32 1.0161 2.2682 280.0 ± 40.0 340 3.368E+02 

70 32 1.0396 2.1534 352.0 ± 8.0 320 4.017E+02 

74 32 0.5959 1.4638 600.0 ..l- 12.0 560 5.920£+02 ...L 

76 32 0.5629 1.4101 536.0 16.0 600 5.890E+02 

70 34 0.9454 2.0396 680.0 I 160.0 400 4.699E+02 :::r: 

72 34 0.8620 1.6369 350.0 ± 40.0 440 8.856E+02 

76 34 0.5591 1.3309 840.0 ± 20.0 680 8.013E+02 

78 34 0.6138 1.5026 670.0 ± 18.0 600 5.735E+02 

80 34 0.6664 1.7015 506.0 ..l- 12.0 560 4.020E+02 ...L 

82 34 0.6544 1.7351 368.0 ± 10.0 560 3.510E+02 

74 36 0.4557 1.0147 1420.0 
, 

300.0 940 1.806£+03 

78 36 0.4553 1.1195 1200.0 ± 100.0 920 1.151E+03 

80 36 0.6162 1.4360 740.0 40.0 680 7.184E+02 

82 36 0.7765 1.8205 466.0 ..l- 20.0 520 4.216E+02 J... 

84 36 0.8815 2.0950 250.0 ± 12.0 460 2.974E+02 

80 38 0.3854 0.9808 1680.0 ± 140.0 1200 1.518E+03 

82 38 0.5734 1.3284 1026.0 ± 40.0 800 8.983E+02 
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~-"~ .. -----~-----.. ---.. ... -~~-.. .. -----.. --~.----... 

A Z E'" 4 Expt B(E2) VRM B(E2) Cluster B(E2) 
.~-. . ~ .. -----.--~~-

84 38 0.7931 1.7679 560.0 ::!:: 80.0 580 5.135E+02 

86 38 1.0766 2.2297 212.0 ± :32.0 420 3.501E+02 

98 38 0.1442 0.4338 1940.0 -l- 220.0 3000 4.276E+03 ..L 

100 38 0.1292 0.4173 2200.0 100.0 3200 4.148E+03 

94 42 0.8711 1.5737 406.0 ± 8.0 620 9.643E+02 

96 42 0.7783 1.6281 542.0 ± 10.0 680 6.320E+02 

98 42 0.7874 1.5100 534.0 ± 10.0 660 8.388E+02 

100 42 0.5356 1.1361 1032.0 :t:: 20.0 980 1. 166E..L03 

102 42 0.2966 0.7437 2120.0 ± 240.0 1760 2.023E+03 

104 42 0.1923 0.5606 2160.0 -'- 160.0 2600 2.867E+03 -
106 42 0.1717 0.5223 2600.0 ± 140.0 3000 3.046E+03 

108 42 0.1929 0.5368 2700.0 ± 620.0 3000 3.049E+03 

96 44 0.8326 1.5180 502.0 20.0 700 1.066E+03 

98 44 0.6524 1.3978 784.0 :t:: 24.0 880 8.651E+02 

100 44 0.5396 1.2265 1002.0 20.0 1060 9.785E+02 

102 44 0.4751 1.1064 1302.0 -l- 32.0 1200 1.113E+03 -
104 44 0.3580 0.8885 1682.0 ± 32.0 1580 1.517E+03 

108 44 0.2422 0.6652 2060.0 ± 280.0 2300 2.212E+03 

llO 44 0.2407 0.6633 2220.0 ± 260.0 2300 2.136E+03 

112 44 0.2367 0.6449 2240.0 ± 400.0 2340 2.209E+03 

102 46 0.5564 1.2759 920.0 ± 60.0 1120 9.368E+02 

104 46 0.5558 1.3236 1070.0 70.0 1120 7.91L1E+02 

106 46 0.5119 1.2293 1312.0 ± 70.0 1200 8.725E+02 

108 46 0.4340 1.0483 1520.0 80.0 1400 1. 146E+03 

110 46 0.3738 0.9208 1740.0 ± 80.0 1620 1.394E+03 

112 46 0.3488 0.8836 1260.0 ± 200.0 1720 1.407E+03 

11-4 46 0.3329 0.8523 680.0 ± 200.0 1800 1.439E+03 

116 46 0.3406 0.8776 1140.0 ± 320.0 1760 1.300E+03 

106 48 0.6327 1.4938 820.0 -l- 40.0 1060 6.595E+02 ..L 

108 48 0.6329 1.5085 860.0 ± 40.0 1040 6.144E+02 

110 48 0.6578 1.5425 900.0 40.0 1000 5.801E+02 
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A Z E* 2 Expt B(E2) VRM B(E2) Cluster B(E2) 

112 48 16174 1.4156 1020.0 ± 40.0 1060 6.875E+02 

114 48 15583 1.28:37 1100.0 -L 40.0 1160 8.033£+02 -"-.. 

116 48 0.5134 1.2194 1120.0 ± 40.0 1260 8.190£+02 

120 -') 
::J~ 0.5604 1.1616 1540.0 320.0 1340 1.239E+03 

122 52 0.5640 1.1814 1320.0 ± 12.0 1320 1.137E+03 

124 -') 
o~ 0.6027 1.2486 1136.0 12.0 1240 1.005E+03 

126 52 0.6662 1.3613 950.0 -l.. 20.0 1120 8.406£-:-02 -
128 -? 0_ 0.7432 1.4973 766.0 12.0 1000 6.920£+02 

130 52 0.8394 1.6330 590.0 ± 14.0 880 6.058E+02 

118 54 0.3373 0.8103 2800.0 ± 140.0 2420 2.232E+03 

120 54 0.3218 0.7959 1880.0 ± 180.0 2600 2.148E+03 

122 54 0.3313 0.8283 2240.0 
, 

200.0 2440 1.891£+03 ::t: 

124 54 0.3541 0.8790 2980.0 180.0 2260 1.641£+03 

126 0.3885 0.9419 1540.0 ± 50.0 2060 1.430E+03 

128 54 0.4229 1.0331 1500.0 80.0 1800 1.140E+03 

130 54 0.5361 1.2016 1300.0 ± 100.0 1480 9.289£+02 

132 54 0.6677 1.4403 920.0 60.0 1180 6.685E+02 

134 54 0.8470 1.7312 680.0 ~ 120.0 920 4.954E+02 

126 56 0.2558 0.7113 3800.0 ± 420.0 3400 2.270E+03 

128 56 0.2841 0.7634 2720.0 ± 220.0 3000 1.987E+03 

130 56 0.3573 0.9019 2580.0 ± 280.0 2380 1.492E+03 

132 56 0.4646 1.1277 1720.0 ± 120.0 1820 9.761E+02 

134 56 0.6047 1.4006 1360.0 -L 320.0 1400 6.574E+02 ..L 

136 56 0.8185 1.8666 800.0 100.0 1020 3.680E+02 

142 56 0.3596 0.8348 1360.0 ± 120.0 2300 1.642E+03 

144 56 0.1993 0.5302 2080.0 ::t: 120.0 4200 3.294E+03 

146 56 0.1808 0.5135 2700.0 -L 200.0 4600 3.169E+03 

128 58 0.2073 0.6069 4300.0 ± 360.0 4400 3.066E+03 

130 58 0.2539 0.7104 3460.0 ± 180.0 3600 2.278E+03 

132 58 0.3254 0.8591 3540.0 ± 280.0 2800 1.616E+03 

134 58 0.4092 1.0489 2060.0 ± 180.0 2200 1.092E+03 
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-----.~-~~--~ ~---~.~--~-----~-------~.---- ~-~-~-.-. 

A Z E* 4 Expt VRM B(E2) Cluster B(E2) 

142 58 0.6412 1.2194 900.0 ± 20.0 1380 1.190E+03 

146 58 0.2583 0.6683 1860.0 ± 260.0 3400 2.239E+03 

148 58 0.1585 0.5434 3780.0 300.0 5600 2.472E+03 

150 58 0.0971 0.3061 6200.0 ± 120.0 9000 8.162E+03 

144 60 0.6965 1.3147 1100.0 ± 60.0 1360 1.083E+03 

146 60 0.4538 1.0422 1520.0 ± 60.0 2080 1.163E+03 

148 60 0.3017 0.7522 2760.0 ~ 60.0 3200 1.931E+03 -L 

150 60 0.1301 0.3815 5500.0 -L 80.0 7200 6.040E+03 --

152 60 0.0725 0.2366 8400.0 ~ 1400.0 12800 1.380E-;--04 

138 62 0.3469 0.8918 3280.0 ± 700.0 ~)OOO 1.621E+03 

148 62 0.5502 1.1615 1440.0 ± 60.0 1820 1. 120E+03 

150 62 0.3339 0.7732 2700.0 ± 60.0 3000 2.111E+03 

152 62 0.1218 0.3664 6880.0 ± 80.0 8200 6.631E+03 

154 62 0.0820 0.2668 8720.0 ± 100.0 12000 1.132E+04 

152 64 0.3443 0.7554 3520.0 L 300.0 3000 2.501E+03 

154 64 0.1231 0.3710 7700.0 -L 100.0 8600 6.700E+03 

156 64 0.0890 0.2882 9280.0 ± 100.0 11800 1.011E+04 

158 64 0.0795 0.2614 10040.0 -L 100.0 13200 1. 182E+04 

160 64 0.0753 0.2485 10500.0 ± 120.0 13800 1. 271E+04 

154 66 0.3345 0.7470 4780.0 -L 240.0 3400 2.573E+03 -
156 66 0.1379 0.4042 7420.0 ± 80.0 8000 6.016E+03 

158 66 0.0989 0.3171 9320.0 ± 100.0 11200 8.739E+03 

160 66 0.0868 0.2838 10120.0 ± 280.0 12800 1.045E+04 

162 66 0.0807 0.2657 10560.0 300.0 13600 L156E+04 

164 66 0.0734 0.2422 11200.0 100.0 14800 1.355E+04 

156 68 0.3444 0.7974 3280.0 ± 140.0 3400 2.208E+03 

158 68 0.1923 0.5272 6040_0 ± 460.0 6200 3.938E+03 

160 68 0.1256 0.3899 8720.0 ± 360.0 9400 6.166E+03 

162 68 0.1021 0.3296 10020.0 ± 120.0 11400 8.116E+03 

164 68 0.0914 0.2994 10900.0 ± 120.0 12800 9.472E+03 

166 68 0.0806 0.2650 11660.0 ± 100.0 14400 1. 177E+04 
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A z E2 E* 4 Expt B(E2) VRM Cluster B(E2) _ ...... _-

168 68 T0798 0.2641 11580.0 200.0 14400 1.150E+04 

170 68 10786 0.2602 11640.0 -+- 200.0 14600 1. 157E+04 

158 70 J.3579 0.8352 3700.0 ± .520.0 3400 2.054+E03 

160 70 J.2431 0.6384 4960.0 440.0 5200 2.921E+03 

162 70 0.1663 0.4876 7000.0 700.0 7400 4.314E+03 

164 70 0.1233 0.3856 8680.0 ± 480.0 10000 6.316E+03 

166 70 0.1024 0.3305 10280.0 I 560.0 12000 8.148E+03 ::r: 

168 70 0.0877 0.2866 11460.0 ± 200.0 14000 1.047E+04 

170 70 0.0843 0.2775 11420.0 320.0 14400 1.083E+04 

172 70 0.0788 0.2603 12080.0 140.0 15400 1.199E+04 

174 70 0.0765 0.2531 11880.0 ± 120.0 15800 1.237E+04 

176 70 0.0821 0.2717 10820.0 
, 

200.0 14600 1.050E+04 -
166 72 0.1587 0.4706 6920.0 360.0 8200 4.611E+03 

168 72 0.1237 0.3855 8560.0 440.0 10400 6.388E+03 

170 "'') i .. 0.1003 0.3220 10000.0 2200.0 12800 8.703E+03 

172 72 0.0953 0.3092 8760.0 ± 620.0 13400 9.126E+03 

174 72 0.0910 0.2974 9600.0 ± 580.0 14000 9.586E+03 

176 72 0.0884 0.2902 10540.0 200.0 14400 9.797E+03 

178 72 0.0932 0.3060 9640.0 120.0 13600 8.613E+03 

180 72 0.0933 0.3086 9300.0 :!:: 160.0 13600 8.232E+03 

168 74 0.1993 0.5627 6440.0 -l- 320.0 6800 3.503E+03 -'-

170 74 0.1560 0.4625 7120.0 ± 160.0 8800 4.810E+03 

172 74 0.1229 0.3771 11700.0 960.0 11000 6.831E+03 

180 74 0.1036 0.3375 8380.0 ± 460.0 12800 7.364E+03 

182 74 0.1001 0.3294 8300.0 ± 220.0 13200 7.496E+03 

184 74 0.1112 0.3641 7460.0 ± 140.0 12000 6.033E+03 

186 74 0.1226 0.3963 6880.0 120.0 10800 5.038E+03 

182 76 0.1269 0.4000 7620.0 ± 660.0 11000 5.574E+03 

184 76 0.1198 0.3838 6400.0 ± 300.0 11600 5.838E+03 

186 76 0.1372 0.4341 5820.0 
, 

200.0 10200 4.516E+03 

188 76 0.1550 0.4779 5080.0 ± 120.0 9000 3.737E+03 
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A Z Expt B(E2) VRM B(E2) Cluster B(E2) 

190 76 11.1867 0.5479 4600.0 - 180.0 7400 2.925E+03 ~ 

192 76 1).2058 0.5803 4100.0 -,.. 140.0 6600 2.664E+03 

184 78 1).1630 0.4360 7900.0 280.0 9000 5.750£+03 

186 78 ).1915 0.4903 5960.0 ± 220.0 7600 4.698E+03 

188 78 ).2656 0.6710 5200.0 940.0 5600 2.498E+03 

190 78 12958 0.7370 3500.0 ± 440.0 5000 2.064E+03 

192 78 J.3165 0.7846 3820.0 120.0 4600 1.796E+03 

194 78 0.3285 0.8113 3320.0 ± 120.0 4400 1.653E,03 

196 78 0.3557 0.8769 2800.0 ± 80.0 4000 1.390E+03 

198 78 0.4072 0.9851 2120.0 ± 100.0 3600 1.108E+03 

184 80 0.3667 0.6533 3880.0 :±: 900.0 4200 5.488E7 03 

186 80 0.4053 0.8080 2740.0 ± 460.0 3800 2.720E,03 

196 80 0.4261 1.0614 2300.0 ± 100.0 3600 9.842E+02 

198 80 0.1118 1.0485 1980.0 ± 24.0 3600 9.603E+02 

200 80 0.3680 0.9472 1706.0 ± 22.0 4000 1.137E+03 

202 80 0.4394 1.1199 1224.0 ± 20.0 3400 8.078E+02 

204 80 0.4366 1.1284 854.0 ± 14.0 3400 7.664E+02 

220 86 0.2410 0.5337 3720.0 ± 140.0 7000 4.253E+03 

222 86 0.1860 0.4484 4720.0 ..L 300.0 9000 5.198E+03 ..L 

218 88 0.3892 0.7413 2120.0 ± 380.0 4600 3.134E+03 

222 88 0.1109 0.3014 9040.0 ± 760.0 15800 1.033E+04 

224 88 0.0844 0.2508 7980.0 ± 320.0 20800 1.329E+04 

226 88 0.0676 0.2115 10260.0 ± 560.0 26000 1.745E+04 

228 88 0.0638 0.2047 12020.0 ± 980.0 28000 1.790E+04 

222 90 0.1833 0.4398 5960.0 ± 500.0 10000 5.957E+03 

226 90 0.0721 0.2264 13700.0 ± 800.0 26000 1.588E+04 

228 90 0.0578 0.1868 14140.0 540.0 32000 2.231E+04 

230 90 0.0532 0.1741 16080.0 ± 200.0 34000 2.499E+04 

232 90 0.0494 0.1621 18560.0 180.0 36000 2.823E+04 

2:34 90 0.0496 0.1630 15800.0 ± 1400.0 36000 2.741E+04 

230 92 0.0518 0.1695 19000.0 ± 2200.0 36000 2.754E+O·4 
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A Z E" 4 Expt B(E2) VRM B(E2) Cluster B(E2) 

232 92 0.0476 0.1566 19800.0 
, 

1600.0 40000 3.158E+04 

234 92 0.0435 0.1433 21320.0 400.0 44000 3.697E+04 

236 92 0.0452 0.1495 23220.0 ~ 300.0 42000 3.335E,04 -
238 92 0.0449 0.1484 24180.0 400.0 42000 3.326£+04 

238 94 0.0441 0.1460 25220.0 ~ 340.0 44000 3.584E+04 -

240 94 0.0428 0.1417 26040.0 ± 600.0 46000 3.742E+04 

242 94 0.0445 0.1473 26800.0 ~ 320.0 44000 3.407E+04 -L. 

244 94 0.0450 0.1530 27360.0 ± 320.0 44000 3.034E+04 

244 96 0.0429 0.1423 29340.0 ± 340.0 48000 3.732E+04 

246 96 0.0429 0.1420 29880.0 ± 340.0 48000 3.693E+04 

248 96 0.0434 0.1436 29980.0 360.0 46000 3.559E+04 

252 98 0.0457 0.1519 33400.0 ~ 2200.0 46000 3.196E+04 -- .... - .... 
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A.2 Proton magic data 

Energies in yieV lnd B(E2) = B(E2: 2+ -t 0-:-) values in e2fm4 . Energies 

from appropriate Nucl. Data Sheets. Expt B(E2) and VRM B(E2) values 

deduced from th(· B(E2: 0+ -t 2+) values in e2 b2 of Raman et al [23]. 

Cluster B(E2) values from Eq.(3.4) with b 0.35, L = 4 and l 2. 

~-'----'--'-'-'-'-'-' .~---.--~~-. 

A Z E* 4 Expt B(E2) VRlvl B(E2) Cluster B(E2) 

16 8 6.9171 10.3560 8.0 ± 0.8 5 5.041E+01 

18 8 1.9822 3.5548 9.0 ± 0.4 17 1.905E+02 

20 8 1.6737 3.5700 5.6 ± 0.4 19 1.061E+02 

40 20 3.9043 5.2788 19.2 ± 3.2 42 3.155E+02 

42 20 1.E242 2.7524 84.0 ± 6.0 104 3.584E+02 

44 20 1.] 570 2.2831 94.0 ± 4.0 134 3.885E+02 

46 20 U;460 2.5747 36.2 ± 2.6 114 2.986E+02 

48 20 3.g317 4.5034 16.8 ..:... 5.6 40 9.176E+02 

58 28 1.,;545 2.4591 139.0 ± 0.8 192 5.506E+02 

60 28 1.:1325 2.5058 186.6 , 3.0 206 3.773E+02 ::::: 

62 28 1. 731 2.3364 178.0 ± 5.0 232 3.594E+02 

64 28 1.:3459 2.6101 152.0 ± 16.0 200 2.856E+02 

84 40 0.')400 1.2630 874:0 -'- 48.0 920 1.034E+03 

86 40 0.7519 1.6666 320.0 ± 60.0 660 6.166E+02 

88 40 1. )569 2.1396 520.0 
, 

180.0 460 4.203E+02 ~ 

90 40 2.1862 3.0769 126.0 ± 10.0 224 5.937E+02 

92 40 0.9345 1.4955 166.0 ± 12.0 520 1.432E+03 

94 40 0.9182 1.4696 132.0 28.0 520 1.420E+03 

100 40 0.2127 0.5645 1800.0 ± 220.0 2220 3.083E+03 

102 40 0.1518 0.4783 3200.0 ± 640.0 3200 3.440E+03 

112 50 1.2572 2.2476 480.0 ± 28.0 560 4.845E+02 

114 50 1 3000 2.1875 460.0 ± 100.0 540 5.824E+02 

116 50 1 2935 2.3909 418.0 ± 12.0 540 3.679E+02 

118 50 12296 2.2803 418.0 ± 16.0 560 3.878E+02 

120 50 11712 2.1945 404.0 
, 

8.0 600 3.954E+02 :r: 

122 50 11406 2.1421 384.0 ± 8.0 600 3.993E+02 
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A Z E, VR\1 B(E2) Cl uster B (E2) 

124 1.B16 2.1017 332.0 - 8,0 600 4.119E+02 

204 82 0.8992 1.2739 324.0 8.0 1740 2.744E+03 

206 82 0.8( 31 1.6840 200.0 ± 4.0 1940 4.869E-+-02 

208 82 4.0E54 4.3232 580.0 ± 60.0 380 6.554E+03 

210 82 0.8(·00 1.0977 102.0 ± 30.0 1940 4.102E+03 
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A.3 Neutron Inagic data 

in MeV md B(E2) = B(E2: 2-:- -t 0+) values 

from appropriate '\Jucl. Data Sheets. Expt B(E2) and VRM values 

deduced from the B(E2: 0+ -t 2-+) values in e2b2 of et al [23]. 

values from Eq.(3.4) with b = 0.35, L 4 and l 2. 

A Z N E2 E* 4 VRM B(E2) Cluster B(E2) 

14 6 8 7.0120 10.7360 3.7 ± 0.5 3 3.158E+01 

18 10 8 1.8873 3.3762 53.2 5.0 28 3.320E+02 

36 16 20 3.2910 6.5144 19.2 32 4.533E+01 

38 18 20 2.1676 4.4800 25.8 62 1.001E+02 

42 22 20 1.5550 2.6766 160.0 46.0 124 5.201E+02 

50 22 28 1.5537 2.6749 58.0 ± 8.0 116 3.672E+02 

52 24 28 1.4341 2.3696 132.0 ± 6.0 148 5.803E+02 

26 28 1.4077 2.5381 124.0 10.0 174 4.326E+02 

70 30 40 0.8848 1. 7865 320.0 28.0 340 5.387E+02 

72 32 40 0.8340 1.7284 426.0 12.0 400 5.888E+02 

74 34 40 0.6348 1.3632 774.0 16.0 600 9.487E+02 

76 36 40 0.4238 1.0346 1640.0 80.0 1000 1.434E+03 

86 36 50 1.5646 2.2502 244.0 20.0 260 8.890E+02 

78 40 0.2785 0.7820 2140.0 ± 260.0 1680 2.232E-'-03 

88 38 50 1.8360 4.2272 184.0 10.0 244 7.776E..,01 

92 42 50 1.5093 2.2826 194.0 12.0 360 8.311E+02 

136 54 82 1.3132 1.6944 360.0 160.0 600 2.587E+03 

138 56 82 1.4359 1.8986 452.0 18.0 580 1.834E+03 

140 58 82 1.5965 2.0832 592.0 12.0 560 1.728E+03 

142 60 82 1.5758 2.1007 540.0 16.0 600 1.545E+03 

144 62 82 1.6602 2.1909 532.0 16.0 600 1.570E+03 

210 84 126 1.1814 1.4267 40.0 8.0 1380 6.341E+03 
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Appendix B 

Descrir>tion of Computer 

Code 

This appendix dEscribes the program used in this thesis to fit the clus­

ter model genera~ed energy levels EL(Theor) to the experimental levels 

EL(Expt). The program determines the value of the nuclear radius, R, 

which allows the closest match of the energy 

model to the exptrimentallevels. 

generated by the cluster 

main progran takes the following lnc,,,,,,,"C as input: 

A. the maSf of the parent nucleus 

the maSf of the cluster 

Z the char:~e of the parent nucleus 

the char:~e of the cluster 

R the nud~ar radius 

dR the step size of R 

11 the redu2ed mass of the cluster-core """,tC>lTl 

the entire band of experimental energy levels Ed Expt ) of the nucleus 

the input va11e of R, each individual energy level (Er)Theor)) is cal­

culated by calling a subroutine - energy for the corresponding value of L. 

This subroutine tegins with a guess at (Theor) and implements the 

Bohr-Sommerfeld relation given in 2, Eq.(2.8). For convenience, 

this relation is giYen again below: 
n ... __ 

"T2 2 

J dr I ~ [EI - Vl'(T)] \i ",2 L 
-I ~ Ii 

(G L 
'iT 

1)-
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In order to perfor ill the integral, the program must first determine the po-

tential Fr( T ) he classical turning points 11 and 7'2. The potential Fr (T ) 

consists of 3 as mentioned in Chapter 2: 

1. the nuclear potential VN(I), for which we use the 

given by Eq(2.4) 

2. the Coulomb potential ~7c(1) between a spherical, 

point duste', given by Eqs.(2.5) and (2.6) 

3. the '-~UM'~' 'nodified centrifugal potential term 

form 

core and a 

The total potentid FT(I) is calculated in steps of 0.001 fm up to a distance of 

15 fm from the origin by calling another subroutine - ybpot . The values for 

the potential at each discrete distance are calculated once for each L-value 

and then stored i 1 an array. 

The program then exits the ybpot subroutine and calculates the classical 

turning points, 11 and 12 required to integrate the Bohr-Sommerfeld relation. 

The turning poin1 s are found by checking at which values of I the expression 

E~ - FT(I) changes sign, where is our guess at the energy of the state. 

The program the n integrates the left hand side of the Bohr-Sommerfeld 

relation by using a simple rectangular rule: 

l
xn 

Xl f(x)dx 

n-l 

L f(xi)~x 
io=: 1 

Sufficiently narrow spacing between consecutive points (~x 

yields accurate If suIts for the integTation. 

0.001 fm) 

The computed illtegral is compared to the right hand side of the Bohr­

Sommerfeld relation. According to the difference between the two values, the 

energy subroutin'~ then either and returns the value Er,(Theor) = 

E~ (if the value (f the LHS is within a certain error of the RHS), or 

it adjusts value of Et accordingly and restarts the energy subroutine to 

recalculate the cllssical turning points and perform the integration again. 
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Once the energy If'vels EdTheor) of the entire band for given value 

R have been calculated, the value of the following expression is determined: 

S = L[EL 
L 

where (Expt) is the value of the Lth experimental energy level and EL(Theor) 

is the value of the Lth energy level as determined above. 

The program thell cycles through a grid of 20 values R R + dR, and 

finds the value of R which minimises the sum of squares S. From this a 

ne\v starting value of R and a new step size dR are calculated and the main 

program runs aga n for 20 values of R. In this way the program refines its 

search for the bes~ fit energy level spectrum until R is determined up to 6 

significant 
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