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Abstract

Multi-view shape-from-silhouette systems are increasingly used for analysing stones. This thesis presents
methods to estimate stone shape and to recognise individual stones from their silhouettes.

Calibration of two image capture setups is investigated. First, a setup consisting of two mirrors and a cam-
era is introduced. Pose and camera internal parameters are inferred from silhouettes alone. Second, the
configuration and calibration of a high throughput multi-camera setup is covered.

Multiple silhouette sets of a stone are merged into a single set by inferring relative poses between sets.
This is achieved by adjusting pose parameters to maximise geometrical consistency specified by the epipolar
tangency constraint. Shape properties (such as volume, flatness, and elongation) are inferred more accurately
from the merged silhouette sets than from the original silhouette sets.

Merging is used to recognise individual stones from pairs of sithouette sets captured on different occasions.
Merged sets with sufficient geometrical consistency are classified as matches (produced by the same stone),
whereas inconsistent sets are classified as mismatches.

Batch matching is determining the one-to-one correspondence between two unordered batches of silhouette
sets of the same batch of stones. A probabilistic framework is used to combine recognition by merging
(which is slow, but accurate) with the efficiency of computing shape distribution-based dissimilarity val-
ues. Two unordered batches of 1200 six-view silhouette sets of uncut gemstones are correctly matched in
approximately 68 seconds (using a 3.2 GHz Pentium 4 machine).

An experiment that compares silhouette-based shape estimates with mechanical sieving demonstrates an
application using the developed methods. A batch of 494 garnets is sieved 15 times. After each sieving,
silhouette sets are captured for sub-batches in each bin. Batch matching is used to determine the 15 sieve
bins per stone. Better estimates of repeatability, and better understanding of the variability of the sieving
process is obtained than if only histograms (the natural output of sieving) were considered. Silhouette-based
sieve emulation is found to be more repeatable than mechanical sieving.
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Chapter 1

Introduction

1.1 Overview and Motivation

Silhouette images of a stone provide cues for (1) inferring properties of the imaging system, (2) inferring
properties of the 3D shape of the stone, and (3) recognising the stone from previously stored silhouettes.
This thesis addresses these inference and recognition problems.

Silhouette images are frequently used in computer vision applications as a simple and robust means for
inferring the shape properties of 3D objects. For instance, the visual hull is the largest object consistent with
a set of silhouettes captured from known viewpoints. Shape-from-silhouette often involves using the visual
hull to approximate the 3D shape of the object that produced the silhouettes.

Since, under controlled conditions, foreground and background regions in an image can be distinguished us-
ing simple and reliable methods, shape-from-silhouette approaches have become popular in the geosciences
for measuring 3D size and shape properties (such as volume, elongation, and flatness) of individual stones
or other rigid particles*. Such information is useful for many purposes ranging from value estimation of
gemstones to predicting the strength of concrete.

This thesis aims to extend the functionality of silhouette-based particle analysis by developing and analysing
new algorithms that are based on recently-developed ideas in the field of computer vision. The application
of silhouette-based techniques to stones rather than general objects provides the useful constraint of rigidity:
the 3D shape of the imaged object is assumed not to vary over time.

Multiple silhouette views of individual particles provide information that will be used for different purposes:

1. inferring characteristics of the imaging system (camera calibration),

*The term particle is commonly used in the geosciences literature to refer to stones, rock fragments, coarse aggregate, mineral
grains, pebbles, and so on.



2. inferring particle size and shape properties, and

3. recognising individual particles from their sithouettes.

The following sections briefly overview these three topics.

1.1.1 Camera Calibration

When the imaging characteristics (such as the camera’s focal length and principal point) and pose (position
and orientation) associated with silhouettes are known, then the sithouette set is calibrated. Once the values
of calibration parameters are known, it is possible to determine the 3D rays corresponding to 2D points on
the silhouette images in a common reference frame. Camera calibration’ is an important first step for both
the recognition and 3D shape analysis algorithms developed in this thesis.

Traditionally, camera calibration has been achieved by observing the image locations of points with known
3D coordinates. Camera parameters are estimated by minimising the difference between observed image
points and those predicted by the parameterised camera model.

More recently, there has been interest in self-calibration {40, 58]. Self-calibration solves the calibration
problem without using images of marker patterns whose 3D coordinates are known in advance; instead, the
images themselves are used (e.g., images of stones in the context of this thesis). Corresponding scene points
whose 3D coordinates are initially unknown are used to simultaneously compute both the 3D coordinates
and the camera parameters in a process known as bundle adjustment. There has also been activity in self-
calibration using silhouettes instead of point coirespondences. To render the problem tractable, some form
of additional information is incorporated, such as knowledge that the silhouette set is a circular motion
sequence. In many approaches to calibration, an initial non-optimal solution is computed using a closed-
form solution. The solution is then refined using iterative optimisation. This is the approach taken for
calibrating the setups that are used in this work.

This thesis investigates the possibility of self-calibrating camera setups for capturing multiple silhouette
views of stones. Two types of setups are used for capturing sithouette sets of particles: a setup consisting of
two mirrors and a single camera, and a setup consisting of multiple simultaneously triggered cameras (see
Figure 1.1).

The mirror setup provides a simple means for capturing silhouette images of stones using only readily avail-
able equipment. Two mirrors are used to create a scene containing five views of an object. The five views
are captured in a single image. It will be shown that the silhouettes impose geometrical constraints that can
be used to calibrate each sithouette view.

tIn certain contexts, camera calibration may refer to radiometric camera calibration. In this thesis, camera calibration is limited
to geometric camera calibration: inferring camera poses and internal parameters.



Figure L1 The two imags capture setups considercd in this thesis fepl, and examples ol commesponding caplured tmigss (o).
The twe-mmimesr selup (feft) provides o simple Tow coat means of capiucing silboustie sats of stones, wheress the six-camera setup
{ripit) enables hich throughput imasing,

The multi-camera setup is a high throughpul alternative o the mirror setup. Tt was constructed by a team of
engineers [om the company thal commissioned part of the work described in this thesis. The multi-camera
setup is culibrated using images of balls (spheres). The use of hall images aids two aspects of the calibration
procedure; (1) forming an initial pararneter estimate, and (2] enforcing absolute scale. Since the distance
from the cameras to the ball is large with respect to the ball size, the Tomasi-Kanade [129] factonsation
method can he used to give u good inital cstimate (o the calibraton parameters. Silhouette centres are used
s approximale pont comespondences across multiple views. The calibration parameters are then iteratively

refined using geomendcal constraints imposed by the silhouette boundanies,

1.1.2  Size and Shupe Properties

Information about patticle size and shape is used in the gem indusirics, mining, and the geclogical sciences.
The lengest, intermediule, and shorlest diameter of individual particles are typically recorded, and properties
such as flainess, clongation, sphericity, or compactness are derved {rom the three diumeter values, Manually

rmeasuring the three diameter values is tedious, lime-consumang, and creor prone, Machine vision systems

Lad



that estimate shape properties from multiple silhouette views thercfore provide the potential for saving time

and removing the elemant of human error.

Particle size is also often one of the most important properties of interest.  Volume s usually the most
desirable measure of size [133], vet sizing of particles has been historically carried oot using sicves. Sieves
provide vnly a distribution of sizes of a batch of particles (a histogram), rather than individual per-particle
measurements. Machine vision systems cun estimate particle volume as well as emulate sieving, Since
machine vision systems can consider one stone at a time, different shape properties can be measured for each
stone, allowing multi-dimensional distributions to be derived for a baich of stones,

It is not the goal of this thesis 1o analyse the shape of particles with respect to any industrial or environmental
process, but mther to investigate algorithms and methods that will provide this means (and other related tools)
to particle shape analysts. These include geologists, civil engineers, as well as technicians and researchers
from the gem industries, mining, and the geological sciences.

Shape measurements such as particle volume, ¢longation, or fatness are not the ultimate output of the
silhouette-based methods described in this thesis. These are a set of measurements that are oftcn vscful
to particle shape analyvsts. Since these shape measurements are commonly-used they are selected as one of
the means of guantifying the performance of the siThouette-based methods, For instance, the performance of
the new self-calibration methods is quantified in the terms of the accuracy with which these shape propertics
can be estimated.

It is worth noting that in recent years, particle shape analysts increasingly require 3D shape models of par-
ticles (typically triangular mesh models) rather than values of shape properties {e.g., volume, elongation,
flatness) that summarise particle shape. The 3D shape models may be used as input to simulations car-
ricd out using a finite element analysis soltware package, for instance. Using 3D mesh models of particles
rather than {say) ellipsoids with the same moments up Lo order 1wo, provides the potential for more accurate

simulations.

1.1.3 Recognition

Although the computer vision literalure contains an abundance of articles on image-based biometrics appli-
cations, such s recoznising people from their faces or fingerprints, individual particle recogmton does not
appear te have received attention in academic literature.

Thiy thesis introduces silhouette-based recognition of individual particles as a rescarch and processing ool
for particle analysis. Recognition (or matching) systcms are commaonly used for verification or identification,

Tdenttfication and verification of stones from silhouette sets is polentially vseful for {1) verifying gemstone
origin, and (27 tag stone identification;



1. Gemstone origin verification. Verification is a potentially useful tool for high value particles such
as uncut gemstones. A silhouette set of a stone can be compared with a silhouetie set on record to
confirm that the two silhouette sets correspond to the same stone.

2. Tag stone identification. Gemstone miners often “spike” mines with gemstones of known mass (so-
called rag stones). The lag stones are retrieved after processing to andit the performance of the recovery
process. Currently, tag stones are recovered by humans who identify them by their mass and by
manually comparing them with previously captured photographs. This is a time-consuming procedure.

The methods developed in this thesis are applicable 1o the problems of gemstone origin verification and tag
stone identification. However, the main recognition task addressed by this thesis is the one-to-one matching
of an unordered batch of stones captured on two sepurate occasions: a square assignment problem. The
problem is potentially more difficult than identification or verihication, since each of # silhouette sets in the
first run® must be matched to one of the # sithouette sets in the second run. The matching can be specified by
an n < n permitation mateix in which each element is either one or zere (indicating maich or mismatch}, and
each row and each column sums 10 one, The pature of the batch matching problem is illustrated in Figure 1.2,

The ability to match up silhouette sets of an unordered batch of stones actoss two tuns {batch matching) is
potentially useful for several applications:

1. Batch matching can be used to measure the repeatability or aceuracy of a stone classifier. The classifier
could be, for example, a mechanical classifier such as a sieve which classifies stones into different sieve
bins according to size, or 4 human classilier, such as a person who sorts gemstones into different piles
according 1o colour. (Piling the stopes enables efficient sorting, since there are far fewer classes than
stones.} Stones are passed Lhrough the multi-camera setup after class labels have been assigned. (To
keep a record of class labels for each silhouette sed, it is easiest to pass the stones through the camera
setup in sub-batches of the same class label.} Baich matching will determine the different class labels
that each stone has received after being classified on multiple occasions.

2. Batches of stones are used by various laboratories for research purposes, The stones are often stored
in trays with one stone per compartment so that each stone can be uniquely identified. This means of
storage can become impractical for large batches of stones (of more than about 100 stones). Properties
of the individual stones {such as volume, density, or hardness} may be measured and recorded for the
individual stones at different times, With batch matching lechnology, the stones need not be separately
stored as the matching process can be used (o reconcile the information.

3, This thesis will demonstrate how to merge several silhouetie sets of the same particle into a single
large silhonette set in which all silhouettes are specified in a common reference frame. More accurate

estimates of the 3D particle shape can be made from the merged sef than fiom any of the individual

#1n this thesis, the term s is used to refer to a bateh of silhoustic sets in which onc silhouette sct is captured for each stone.



Figure 1.2; The batch matching problem: each six-view silboustte set in the first un {fop #ow) must be matched to the cotresponding
silhiouette ser in the second ran (Ao row ] osing only the silhowers images and corresponding camera calibration informaticn,
Coloured armows show the desired unknewn cormespondences; pairs of silhoustte sets gonerated by the same stome, The problem
15 difficult beeawse (1) the stoncy wre ordered arbitrarily, and (23 the stones are otented arbitrarily. The efficicnt batch matching
algorighmn developed in this thesis mapidly estimates the 30 shape of g stone from 08 silbouertes to wdentily kely matches. Pairs of
silbonere se1a thal are geomeirically consistent with boing produced by the same stone are then sought. This Mlustoation shows o
small data sct ol # = 4 stoncy; in practice, data sets will contain hundreds or pessibly thousands of stones.



sets. Batch matching allows an unordered batch of stones to be passed through the multi-camera setup
several times so that merged silhouette sets can be formed for each stone. Passing unordered batches
of stones through the multi-camera setup is quicker than passing individual stones through one at a
time.

1.2 Research Objectives

The principal objective of this thesis is to develop new algorithms to solve the problems of self-calibration,
recognition, and particle shape analysis using multi-view silhouette sets of particles.

A portion of the work presented in this thesis was carried out as part of a project cominissioned by a company
that wishes to remain anonymous. The nature of this company’s specific uses for the developed methods lie
outside the scope of this thesis. However, the methods are by no means applicable only to gemstones.
Data sets of uncut gemstones (in addition to garnets and gravel) were used as test sets in this work as these
were made available by the commissioning company. Indeed, many of the methods developed here have
broader application scope than particle analysis, and can be applied to other objects. Three-dimensional
shape reconstruction for multimedia content creation is an example of an application that will benefit from
some of the methods developed in this thesis. For cases in which the methods are applicable to general
objects, experiments and examples will therefore be given for objects other than stones. Particle analysis,
however, is the unifying theme for the topics covered.

Within the topic of shape and size, the aim is to develop algorithms for estimating properties that are com-
monly used by particle shape analysts. These methods are to then to be used in conjunction with calibration
and recognition methods to quantify the accuracy and repeatability of such systems.

Systems that compute the 3D shape of particles must trade off the desirable characteristics of accuracy,
throughput and affordability (in terms of monetary cost). This thesis investigates two multi-camera setups:
(1) a highly affordable setup that uses two mirrors to generate multiple views, and (2) a high-throughput
system that uses six simultaneously triggered cameras. The goal is to develop separate self-calibration
algorithms for the two setups.

A further goal within the topic of calibration is to demonstrate that multiple silhouette sets of a particle
can be merged into a single large sithouette set in which all silhouettes are specified in a common reference
frame.

The major objective within the recognition component of this thesis is to develop an efficient method for
solving the batch matching problem (as illustrated in Figure 1.2). (In this thesis efficiency will always refer
to the speed of execution, as opposed to, for example, memory efficiency.) To achieve this objective, it is
useful to break it down into several components:



1. The aim of the first component is to determine, as efficiently as possible and preferably without error,
whether a pair of silhouette sets corresponds to the same stone (a match) or not (a mismatch).

2. The aim of the second component is to develop a rapid means of identifying candidate matches by
assigning a dissimilarity score to sithouette set pairs.

3. The aim of the third component is to combine the first two components to create an algorithm that
makes use of the accuracy of the first component and the efficiency of the second component to solve
the batch matching problem.

The final objective of this thesis is to demonstrate the use of the calibration, recognition, and shape analysis
tools by showing how they can be used together to solve a practical problem: estimating the repeatability of
mechanical sieves and comparing the repeatability with a machine vision emulation of sieving.

1.3 Contributions

The most important novel components of this thesis are the following:

1. The analysis of viewing edges is introduced as an alternative to the visual hull for efficiently estimating
3D shape properties of stones. Viewing edge midpoints are demonstrated to provide more accurate
estimates of 3D properties such as caliper diameter measurements (longest, shortest and intermediate
diameters). The viewing edges are demonstrated to impose geometrical constraints from which the
upper and lower bounds of a stone’s longest and shortest diameters can be computed from its silhouette
set.

2. A novel, low cost mirror-based setup for capturing multiple sithouette views is described, and algo-
rithms for self-calibration are developed. The method provides an accessible and affordable method
for 3D shape reconstruction of stones. The method is not limited to 3D reconstruction of stones and
has been applied to objects other than stones (e.g., toy animals). It can be used as a simple method for
creating 3D multimedia content for people who do not have access to expensive equipment.

3. Calibration of a simultaneously-triggered six-camera setup is achieved by combining two existing
approaches to calibration. Initial parameter estimates are determined using approximate point corre-
spondences and the Tomasi-Kanade method [129]. The initial parameter estimates are then refined by
minimising a cost function based on the outer epipolar tangents [138].

4. A new pose optimisation method for merging several silhouette sets of the same object into a large sil-
houette set is developed. The method allows one to generate an arbitrarily large number of silhouettes
of an object in a common reference frame using an image capture setup that generates a small number
of views. A merged silhouette set provides a more accurate 3D reconstruction and tighter constraints
on 3D shape than any of the original silhouettes sets from which it was formed.



5. The use of the residual error associated with a merged pair of silhouette sets is demonstrated to be an
effective indicator of whether the pair corresponds to two silhouette sets of the same stone (a match)
or to two sithouette sets of two different stones (a mismatch).

6. An existing shape matching method [103] based on shape distributions is adapted to create a rapidly
computable method for assigning a measure of dissimilarity between two silhouette sets. A batch
matching algorithm is then developed to use both the rapidly computable dissimilarity measures and
the pose optimisation method, to match two runs of silhouette sets of an unordered batch of stones.
The important feature of this batch matching algorithm is its efficiency: a test set of 1200 stones is
correctly matched across two runs in approximately 68 seconds on a 3.2 GHz Pentium 4 machine.

1.4 Thesis Organisation

The remainder of this thesis is organised as follows.

Chapter 2 provides a short historical overview of particle shape analysis in the geosciences. This is provided
because (1) computer vision researchers are unlikely to be familiar with the geosciences literature on this
topic, and (2) this presents a historical background of the work that this thesis extends by developing new
algorithms and methods. First, definitions of shape properties that are of interest are covered, and some
examples of their uses are given to demonstrate that particle shape analysis is a broad field with diverse
goals. Next, silhouette-based machine vision systems that have been designed to measure particle shape
properties are covered.

Chapter 3 introduces background theory on the geometry of silhouette sets that will be used to develop the
methods described in later chapters. The concept of silhouette consistency is introduced and two methods
that will be used throughout the thesis are described: (1) a new silhouette-consistent estimate of 3D shape,
the viewing edge midpoint hull (VEMH), which will be used for estimating 3D shape properties and as
a component of the matching process, and (2) an existing measure of silhouette consistency based on the
epipolar tangency constraint that will be used for calibration and for matching.

Chapter 4 describes a novel low cost image capture setup based on two plane mirrors. The chapter describes
how the camera parameters associated with silhouette views of an object can be computed from the silhou-
ettes alone: there is no need for calibration markers. Since the method can be used to reconstruct the 3D
shape of a broader class of objects than stones, results are demonstrated using both stones and other objects.

Chapter 5 covers the geometric configuration and calibration of a high-throughput alternative to the image
capture setup described in Chapter 4. Heuristics are introduced that are used to determine the positioning
of the cameras. A calibration routine based on silhouette images of a ball is described. Balls of known
dimension allow scale to be enforced, and ball images allow an approximation based on Tomasi-Kanade
factorisation method to be used for forming initial parameter estimates.



Chapter 6 shows how silhouette sets of the same particle captured in different poses can be merged into a
single large silhouette set by minimising the degree of geometrical inconsistency across the silhouettes. Re-
sults computed using both stones and other objects are presented. The method is applied to objects captured
with the mirror-based setup described in Chapter 4 as well as the six-camera setup described in Chapter 5.

Chapter 7 shows how the pose optimisation and associated error described in the previous chapter is used for
matching or recognising particles from their silhouettes. Other measures of silhouette consistency are cov-
ered. The methods are applied to data sets of stones captured using the mirror setup and the six-camera setup.

Chapter 8 develops a method of rapidly computing a measure of dissimilarity between two silhouette sets.
The method is based on the shape distributions of Osada et al. [103], but is modified to improve efficiency in
the context of silhouette sets of stones. This includes using the VEMH introduced in Chapter 3 as an estimate
of the 3D convex hull of the stone.

Chapter 9 describes a method for efficiently finding the one-to-one correspondences between silhouette
sets from two runs of the same batch of stones. The method makes use of the efficiency of the matching
approach described in Chapter 8 together with the accuracy of the slower method described in Chapter 7. A
probabilistic framework is used to achieve efficiency: a likelihood ratio (indicating the likelihood of being
a match) is associated with each silhouette set pairing across the two runs. Likelihood ratios are updated
using Bayes’s rule as new information is added from the results of pose optimisations. A greedy algorithm is
shown to provide a tractable solution that produces excellent results in terms of running time and accuracy.

Chapter 10 describes an experiment that makes use of the main ideas developed in this thesis: batch match-
ing, estimating shape properties, and calibration. The experiment estimates the repeatability of mechanical
sieving by determining which stones fall into which bins over multiple runs of sieving. Knowing the sieve
bins associated with each particle allows repeatability to be estimated more accurately than if only the bin
counts were known for each run. The repeatability of the mechanical sieving process is compared with a
machine vision emulation in which sieve bin classification is computed using silhouette sets.

Chapter 11 concludes the thesis by reviewing the main contributions and summarising the work. Ideas for
future work are identified.
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Chapter 2

An Overview of Particle Shape Analysis

2.1 Introduction

This chapter provides a historical overview of particle shape and size analysis that is drawn mainly from the
geosciences literature. It is shown how interest has grown in using silhouette-based machine vision methods
to quantify particle shape properties. Initially, single-view systems were used, and more recently there has
been interest in multi-view systems.

The content of this chapter is not required for understanding the methods developed in this thesis. Readers
who are not interested in a historical overview may wish to skip this chapter, and continue reading Chapter 3
on page 25.

2.2 Quantifying Particle Shape

Particle shape analysts in a range of different fields (for example, geomorphologists, civil engineers, process
engineers, hydrologists) are interested in summarising the size and shape (sometimes termed ‘form’) of
particles using a small number of features.

Volume is usually the preferred measure of size [133]. The volume of a particle can be used to estimate
weight (if density is known), or to estimate density (if weight is known). Size distributions play an important
role in determining particle packing and porosity characteristics in asphalt mixes [109]. In the gem industry,
individual particle volume is closely (and nonlinearly) related to the monetary value of each gemstone.
Historically, sieving has been used to characterise the size distributions of large batches of particles, because
of the high throughput that can be achieved.

11



Although there are some differences in their precise definitions, the long, intermediate, and short diameters
of a particle are frequently used to summarise its shape. These three diameters are sometimes referred to as
the a, b, and ¢ diameters, respectively [70]. Often a is defined as the longest diameter (a is termed simply
the diameter by computational geometers), ¢ is the shortest diameter (termed the width by computational ge-
ometers), and b is the diameter measured in the direction that is perpendicular to the directions corresponding
to a and ¢ [131]. Note that these diameters are caliper diameters; in other words, they represent distances
between parallel plane pairs that are tangential to the particle. Different variations on the definitions include
measuring the caliper diameters along the principal directions (as determined by the inertia tensor) {4, 127],
and requiring the long diameter to be measured perpendicular to the shortest diameter [71], or requiring the
short diameter to be measured perpendicular to the longest diameter [41].

The a, b, and ¢ diameters are measured in various ways. Manual measurements include the use of a sliding
rod caliper [70], Vemier calipers {59], and a ruler [83]. Automated methods include the use of 3D laser
scanning [71], X-ray tomography [82], and silhouette-based machine vision [87].

The three diameter values are frequently used to provide dimensionless quantifications of particle elongation
and flamess. Two common formulations specify elongation as the ratio 4/, and flatness as the ratio 5/c [6].

A measure of sphericity (the degree of compactness) is also often derived from the three parameters. Krum-

sphericity = 1/ %. (2.1)

Zingg's diagram [144] is a popular means for classifying particles into one of four shape categories and for

bein’s commonly used definition [70] is

visualising the distribution of shape for a batch of particles (see Figure 2.1). Zingg classified particles into
the classes oblate (disk-shaped), spherical (compact), bladed (triaxial) and prolate (rod-shaped), based on
the ratios b/a and ¢/s. For each particle, the y-coordinate of its data point is 4/s, and the x-coordinate is /b.
Using a threshold of 2/3, the data points that lie in the top left quadrant are oblate; the lower left are bladed;
the upper right are spherical; and the lower right are prolate. Hyperbolic contour lines can be plotted on the
standard chart so that sphericity values can be read off.

It is interesting to note Joshi and Bajcsy’s discussion (within the field of linguistics) on the ways in which
humans interpret shape [66]. The terms ‘flat’, ‘elongated’ and ‘round’ are listed as some of the few non-
template-based terms that humans tend to use to describe 3D shapes. Joshi and Bajcsy’s ‘roundness’ refers
to what is termed ‘sphericity’ in the geosciences literature. People prefer template-based descriptions such
as ‘star-like’.

12
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Figure 2.1: Zingg’s diagram [144] for classifying particle shapes from the a, b, and ¢ diameters.

2.3 A Range of Analyses of Particle Shape

To provide an indication of the wide range of subjects that make use of measurements of individual particle
shape, this section provides a brief description of a few of the studies described in the literature, In many
cases, it appears that these types of studies will benefit from modern silhouette-based machine vision methods
for quantifying particle shape.

2.3.1 Ice-Rafted Pebbles

Hassler and Cowan [59] collected 331 pebbles from drill sites on the Antarctic Peninsula. The long, interme-
diate, and short axes were manually measured using Vernier calipers. Together with other evidence, the shape
measurements were used to support the hypothesis that the pebbles had been transported as supraglacial de-
bris.

2.3.2 Alluvial Gravel

Lindsey and Shary [83] assessed alluvial gravel deposits by measuring the long, intermediate and short
diameters of 150 pebbles from three locations along the South Platte River in Colorado. The measurements
were performed manually using a ruler. They show that the proportion of equidimensional particles increases
downstream. The study aims to predict the downstream limit of gravel production (mining) and of post-
mining land uses.

13



2.3.3 Gold Grains

Wierchowiec [136] uses Zingg diagrams to visualise the shapes of gold grains from different sources. Gold
grains from preglacial and alluvial deposits are observed to be bladed, whereas those from piedmont fan
sediments tend to be oblate. Factors such as hammering and folding during transport, and reflattening after
folding account for the variations in shape.

2.3.4 Anthropogenic Fragment Redistribution

Nyssen et al. [100] monitored rock fragment transportation in the stepped mountains of Ethiopia over a
four year period. Limestone rocks were used as tracers since the existing rocks were basalt and sandstone
(painted rocks were not used since they may have been picked up by shepherds). The long, intermediate, and
short diameters were used to replace basalt and sandstone rocks with limestone tracers of approximately the
same shape. The authors show that the degree of tracer transportation over the years is related to the degree
of over-grazing by livestock and conclude that livestock trampling appears to be an important geomorphic
process.

2.3.5 Estimating Particle Properties with Computer Simulations

Computer simulations of a large number of particles often make use of simplified models of particle shape.
For instance, a sample of particles may be modelled using ellipsoids with the same volume, flatness, and
elongation. Sims et al. [119] use ellipsoidal models of the aggregate particles in concrete to investigate strain
rate. They demonstrate that particle flatness and elongation play an important role in determining concrete
viscosity.

Rather than using simple ellipsoidal models, Bullard, Garboczi, and coworkers [20,52] take advantage of the
power of modern desktop computers to model concrete using 3D shapes based on real aggregate particles
(see Figure 2.2). Using particle shape based on real particles rather than simpler ellipsoidal models has
the potential to provide more accurate simulations. The 3D shape of real aggregate can be determined
using X-ray computed tomography, and then be included in their computer simulations. The authors aim to
use computer modelling to replace empirical testing for predicting concrete properties such as the degree of
hydration, pore percolation, diffusivity, and yield stress viscosity. Simulation predictions of certain properties
such as elastic moduli have been shown to agree closely with values obtained in real experiments.

14



Figure 2,2 Computer simulations of concrete using 30D shapes based on real particles: (o) modelling concrete Qow {picturc
from Bullard ct gl [207), (&) simulaion of coarse ageregate 0 a mottat matrix fowing under mixing forces (picture from Ciae-
bocsi etal, |52

2.4 Single View Silhouette-Based Particle Analysis

Other than shape, particle shape analysts are also interested in engrlarity and roughness. These propertics
are not addressed by this thesis, but are mentioned hers since the first attempts at image-based particle
analysis were attempis to measure these properties, Betore image-based methods were used, angularity was
determuned by comparing particles with Krumbein's standard chart [70)].

Schwarez and Shane [117] use Fourier coefficients of the homndary of a particle projection (Fourier de-
scriptors) to derive several procedures [or quantifying angularity. First, they describe how measurements of
sphericity and angularity might be derived from a 3D model of the stone, They point out that 3D models are
rarely available and proceed to present their measurements that are based on computing the Fourier descrip-
tors of a 2D projection of the stong. A measurement for sphericity is given as the mean squured deviation
between the silhpuette boundary and the circular boundary defined by the first Fourier deseriptor. The au-
thors investigate several methods for measuring ansularity based on Fourier deseriptors, One such method
involves determining the number of Fourier coefficicnts that are required to reconstruct the boundary so that
it fits the original boundary to within a specified tolerance. This type of measurement varies according to
surface renchness as opposcd (o angolarity.

Ehrlich and Weinberg [37] show how Fourer descriptors ¢in be wsed to discriminate grain differences aris-
ing trom geographic, stratigraphic, and process factors, Plots of the average values of the first ten harmonics
are used to discnminate between grains from three different geographical reglons with a high success rate.
The sam¢ method is wsed o show how grain shape vares according to its position in the soil profile, Var-
jous means for defining roughness coethicients based on summing a range of Fourier cocfficients are also
suggested
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Dicpenbroek ¢t al. [31] give yet another definition of roundness using Fourier descriptors. They discard
the fitst two Fouticr coefficients, which describe an ellipse, and form a weighted sum of the remaining
cocfficients, with the higher order coefficients receiving greater weight. The method was used to detect
changes in roundness of gravel clasts being transported down mountain rivers. Changes over distances as
small as 7km could be detected. Drevin et al, [32, 33] investigale means other than Fourier descriptors
for determining particle roundness. Wavelet and grumulometric methods are considered. They show that
their methods and the method of Digpenbroek el al. both produce results that comelate well with the values
indicated by Krumibein's chart,

2.5 Moulti-View Silhouette-Based Particle Analysis

Since vsing single silhouwelte views results in the Toss of information about the third dimension, there has
recently been research directed towards susdti-view sithouette-based particle analysis. The goal of these
methods is 1o extract information about the three-dimensional shape of individual particles from multiple
silhouetie views.

It is the objective of this thesis to exlend this line of research by designing algerithms that are based on the

shape-from-silhouette ideas that have been developed in the field of computer visien.

2.5.1 Mulitiple Views from a Single Camera

Several groups of rescarchers have considered means for obtaining muhiple silhouetie views of a patticle
using a single camera, Typically this involves moving the particle and capturing images at different instants
in time {although Chapter 4 of this thesiz introduces a method in which dilferent silhouette views are captured
simultaneously using mirrors). Using 4 single camera aod moving the particle has the advantage of lower
monetary expense than a multple camera setup, but this comes at the cost of requiting more lime to caplore:

the intiges.

Motivated by the high monetary expense of laser scunning and tomographic methods, Taylor [126] and
Lau [72] mvestigate the use of silhouettes a8 a cheaper alternative to quantify particle shape. A setup con-
sisting of a mrntable with two otthogonal dxcs of motaton (see Figure 2.3} is used (o view a rock from any
dircerion. Individoal rocks are glued to a rod, and images are capturcd from well-distributed viewpoints, A
ball of known diameter s used to calibrate the setop, The calibration simply provides a conversion from
pixel onits to millimetres (ang therefore implicitly assumes that depth variation is sufficiently small to have
pnegligible effect on scale). Taylor and Lau are aware of the visual hull concept, as it is noted that silhou-
eties place a restriction on the volume of space that containg the object, and a computer vision paper of
Laurentini [74] is cited. However, they decide to limit their initial investigations to estimating volume us-

ing silhouette aren. Silhovelte area averaged over 13 views is computed Tor 126 rocks (crushed granite and

16



Figure 2.3 Theee images trom a sequence caprured using a mntable device for rmtating individoal recks aboul lwo different axes
{fop poved. and the comespondimg manually scginented sithouettos fhoftom row] (pictures from Lao [72]). The images were used o
investigate voltme prediction from multiple silhouette views.

rounded conglomerate racks from a river bed). Plots of average silhouette area versus weight show a high

degree of carrelation.

Chen et al. [23] measure the shott, intermediate, and fong diameters of a sample of aggregate particles by
attaching the particles to a clear plastic ray with twe perpendicular faces. The pardcles are imaged from (wo
perpendicular divections by rolling the tray onto cach of the twa faces, Diameter values are measured from
the silhowoette images. Elongated and flat particles are detnonstrated to produce hot-inix asphalt with lower
compactibility and higher breakage than compact particles. The use of a tray with the perpendicular faces
for imaging stones Froin perpendicular directions is alse descnbed by Frost and Lai [50].

Feralund [41] descritwes a method for captoring multiple views in which particles are moved by hand. Two
views are captured for the particles: a side-on view and a top view. To capture the side-on view, the particles
are manually positioned on 4 lominous background in a stable position so that their maximum projected ared
is observed by an overhead camera, To capture the top vicw, the particles are manually pesitioned in an
upright position in a bed of luminons beads and sand. The bed allows the particles to be placed in a stable
pasition with their Iongest axes parallel to the viewing direction. The principal benefit of the method is its
low cost. Multiple particle silhouelles are cuptured in each image, Longest and intermediate diameters are
measured [tom the side-on image, and shortest and intermediare diameters are measured from the top-view
image. To find the corresponding silhouette pairs for each particle, the silhouettes are sorted by intermediate
diameter value, which is assumed to be the same across the {wo images. Although it iy acknowledged that
this assumiption may not hold in all cases. the methaed is reported to provide results that correlate well with
manual measurements.
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Commercial shape-from-silhouette systems for characterising gemstone shape are produced by Sarin, an
Tsraeli company, and by Octonus, a Russian company |78]. These systems build 3D visual hull models of
individual rough gemstones to aid gemstone cutters, Multiple sithooette images of the rough gemstone are
captured by a single camera as the stone is rotated on a (urntable. The rotation of a stone takes approximately
25 seconds. An optional laser range-finder can also be used to haild 3D models of rough gemstongs with

concavities,

2.5.2  Multiple Views from Multiple Cameras

Multiple simultanecusly triggered cameras provide the potential of greater throughput than multi-view single
camera setups. For this reason, various multi-camera setups have been designed over the last decade. The two
most prominent multi-camera silhouette-based particle analysis systems described in the academic literamre
are the WipFrag svstern and the University of [lhnois Ageregate Tmage Analyser

WipFrag

The WipFrag system was developed at the University of Missouri-Rolla by Maerz et al. |86, 87]. It consists
of two orthogonally mounted cameras that simuoltaneously image individual particles (see Figure 2.4),

Figure 2.4: The WipFrag system. (Ficture from Al Rousan [111])

The WipFrag svstem is used to estimate the aspect ratios and volumes of individual particles from silhouette
images. Elongation, flatness, and volumes are derived from measorements of length, width and height.
Length and width are measuared from the top-view image and height 1s measured from the other. Length 1s
the longest caliper diameter of the silhouvette, and width is the caliper diameter measured perpendicular 10
the length. Height fs measured from the stde-view image. It is the caliper diameter measured in the direction
of the top-view camera. The measured lengths are reordered if necessary so that length is longer than width,
which is in turn longer than height.
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Aspect ratio is the ratio of length to height. Volume is estimated with the following cxperimentally deter-
mined cgquation:
volume = (1.8 = length % width % height. (2.5

The vision-based metheds were compared with manual caliper measuremenis of aspect ratio [86], whereas
results for volume estimation are not shown, The vision-based methods are found o be close to the manual
measurcments i most cases; closeness i5 not, however, quantified.

The University of Illinois Agrrepate Image Analyser

The Universiy of Illineis Aggregate Tmage Analyser (ULALA) s the most sophisticated system {or cstimating
stone shape from silhouctics that is described in the academic literature. It 1s the only setup that creates a 3D
model of each stene from multiple silhouettes. The 3D models are nsed for volume estimation.

The UIAIA setup consists of three orthogonally mounted cameras. A conveyor system presents the stones
te the cameras (see Figure 2.5). Images arc captored as each particle triggers a motion sensor.  Explicit

Figure Z.5: The UlAlA: a three-camera setup at the Umversity af Tineis {picmre from Rao | 1085

calibradon of camera poses is not carried out. Rather, the cameras are orthogonally positioned, and images
of spheres are used to ensure that the effective scale factors are the same across the three views. This approach
implicitly assumes that the depth variation of each steng 15 sulliciently small with respect to the distances to
the cameras that perspective distortion can be ignored. The enly explicit calibration that is carried out 1s te
use Hmages of a sphere to determine the scale factor (that is, a mapping of pixels to millimetres).

Volume cstimates are made by computing a three-view visual hull of the stone, However, the erm visual
hull is net used, and the method seems to have been developed independently from (and without reference
te) shape-from-silhouette appreaches deseribed In the computer vision literature. To compute the visual hull,
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voxels that do not project onte the silhouette foreground in all three images are removed, leaving an cstimate
of the 3D shape of the stene (sce Figure 2.0).

Yolume computation is applied to four spheres of known volume to test the accuracy of the voxel-based
vistial hull volume estimates [109]. The Largest sphere’s computed visual hull volume ranges from 10]1.38%
1o 102,844 of the sphere volume (5 trials), whereas the smallest sphere’s computed visual hull volume ranges
from 105.77% to 107.60% of the sphere velume (5 trials).

Since the exact 3-view visnal hull of a sphere (from three orthogonal erthographic views) is 11.9% larger
than the sphere (see Figure 2.7), it is unsurprising that the visual hull volume produces an overestimate when
used as an approximation of the volume of the imaged object. Inaccuracies in the assumed orientation of the
cameras and image noise tend to result in a computed visual hull that is smaller than the exact visual hull,
since visnal hull voxels are required to project to foreground region in alf views. Because of this, 4 real setup
can be expected to produce values lower than 1 L9%.

The description of the UTALA experiments makes no mention that the 3-view visual hull volume is cxpecred
tc» be larger than the sphere. Spatial quantisation error is given as the reason that the smallest sphere’s resulis
{which are closest to the noise-free ideal of 11.99%) correspomd to the grealest error when using visual hull
vplume as an estimate of the volume of the imaged object.

In a further experiment, visual hull velumes are used as an estimate of stone volume for 50 pieces of ag-
gregate. Ground truth values are obtained by weighing Lhe stones and vsing the known density values o
compute volume, A mean absolule percemlage error of 8.74% is reporied.

The authors cite the ipahility of silhouettes to capture information sbout concavities in the stone as the
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Figure 1.7: (a) A sphere. (b} a 3-view visual hull of the sphere, and (c) 2 6-view-visusl hull of thesphere. The 3-view visual hall
iy computed from three orthogonal vicws (the UTAIA vamera conligucation], and itz valume is ] 1.9% larger than the sphere. The
-view visual hull is vompuied using the camera configuration of the high throughpot, six-cime s selop considered in tus thesis
iench camera looks onto one of six pamllcl facc pairs of a regular dodecahedron; detsils are given in Chapter 5), and its volume is
4.5% Larger than the sphere. (Visual holl surface regions are voloured to comespond 60 the camera view for which the sarface region
projecis to the silhouette outline. )

reason for consistent overestimation of volume by the visual hull. Curiously, the tendency for a visual hull
computed from a finite number of views (three views in the case of the UTATA) to be larger than the imaged
object (whether convex or nenconvex) is nol mentoned as a possible cause for the consistent overestimates

observed in both the cxperiments with stones and with spheres.,

The UTAIA is also used to estimate Lthe ratio /¢ (lenned the flat and elongated ratio), where a is the longest
diameter of the stone and ¢ is the shoriest diameter that is perpendicular to the longest diameter. The longest
diameter, and the diameter perpendicular Lo the longest diameter is computed for all three vicws. The largest
of these six diameter values is used o estimate ¢, and the smallest is used to estimale ¢. ApproXimately one

than 5:1, This was done both manually with a caliper device, and using the UTATA, The UIATA is found
1o progduce more repedtable results than the manual meusurements in wrms of the proportion of particles in
cach class by weight. The class proportions obtained by the UIATA ace found to be in good agreement with
the manuully determined classes, but are not quantified.

The UTATA is also used to estulate sieving. The smallest of the longest diamcicrs from cach 3-view image set
i5 used o predict the sieve class for each particle. The aggregale particles arc sieved into [ive sieve classcs
using square-aperiure sicves. Plots of listograms from UIATA sieve emuolations dre compared with those
obtained froni manual sieving and are found lo match closely.

The UIAIA has alse been uged to approximate local shupe prepertics such as the angularity and texture of

SIONES.
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2.0 Recognising Individual Particles

The academic literature makes fow references (o the problem of recognising individual particles. The existing
references either are specolative and do not provide quantitative evaluations of proposed methods, or simply
describe the need for particle recogniiion rather than proposing solutions to the problem, Note, however,
that object recognition 15 ong of the main geals of computer vision, and a wealth of literature exists on the
subject,

In a theoretical papar [127]. Taylor proposes (0 describe the 32 shape of particles by their principal moments.
He states that 1t is exiremely unlikely for two particles o be congruent, and proposes that the principal
moments can be psed 1o umgquely identify individual particles, Several shapes are demonstrated to have
the same sieve size, vet the shapes are uniguely identifishle by their momems. The author aims (o test his
proposed formulation vsing real particles and tomographic shape reconstruction in the foture.

In a later paper [126], Taylor poinds out that 1t is not easy to “conficm that one has selecied a given particle
from a group” and proposes that moments of (wo voxel representations are used o determine whether or not
the representations correspond to the same particle. For irregolar particles, each voxel representation will
have a unique shape if sufficient voxels arc used. Taylor and his coworkers currently identify individual rocks
hy imprinting a number on each rock, Note that this approach is impractical for smaller stones (such as the
gamets and gemstones used in this thesis), and requires manual identification, whereas this thesis provides
meihods to enable antomated identification.

Fernlund [41] mentions identifying particles from silhouetites using the intermediate diameter (as described in
Section 2.5.1). This is done to recongile pairs of silhovettes of the same particle captured from approximately
orthogonal viewpoints. However, no quantitative assessment of the accaracy of this approach is given.

2.7  Reconstruction Technigues Not Based on Silhoueltes

Shape-from-silhouetie methods are by no means the only methods that have been considercd for determjning
the 3D shape chameteristics of particles. Shape-from-silhouette methods are typically favoured over com-
peting methods because of their low monetary cost, simplicity, and robustness. Other methods may achieve
greater aceuracy; for instance, they may be able to model surface concavities whose shape cammot be capturad

by silhouettes from any viewpoint.
A few examples of particle shape reconstruction techniques that ave not based on silhouettes follow.

Bouguet [13} demonstrates the use of point-hased steveo reconstruction of & rock from & torntable sequence
(see Figure 2.8). Using the texture of the rock’s surface, points are tracked across multiple frames and 3D
¢oordinates are inferred from the peints’ 2D image lecations, The method is not amenable to high throughput
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Fipure L8 Rock shape reconstruction. Imuges sre cuptured as a rock 15 rotated on a torniable. The top row of imapes shows 3
of the 226 images used, The camera trajectory and reconstructed 3D points fhoitam, lefzi and triangular mesh model formed wilh
Delaunay triangsulation [haons, righty are also shown (pictures from Bouguet | 13]).

maodelling since the rock must be rotated ot a mmtahle, but the 3D models are potentially highly accurate,
The method relies on the reck’s texture for peint tracking and is therefore unsuitable for textureless particles,

Erdogan et al. |38] describe the use of X-ray tomography for acquiring 3D particle shape. The particles must
be embedided in a cement-like matrix, and are rotated 1n front of the X-ray scanner for several hours, so that
multiple slices can be collated to form a 3D shape model, Multiple particles are imaged simultanecusly, and
mdividual particles are segmented from the 3D image. It is important that the matrix have significantly dit-
ferent X-tay absorption properties from the particle. The authors manually measured long, mtermediate and
short diameters for threc rocks using digital calipers. The maximum discrepancy between the X-ray models
and the manual measurements was 2.6 mm for a longest diameter of 74.5 mm (i.e., an crror of approximately
3.5%).

lanaro and Tolppanen describe an altemative X-ray imaging setup. A cone beam is used (as opposcd to
¢ollating shices.) The authors cite greater accuracy and the ability to model the interior of opague solids as
the reasons for preferming the cone beam approach to slices. Samples of rock particles, glass beads and quartz
sand are demonstrated to have different shape properties in terms of clongation and flamess measured from
3D reconstructions. 1t is suggested that their method can be used for creating approximate 3D models for
detailed numenical modelling of parficulate processes. Since realistic particle simulations typically require a
large number of particles to be considered, 1t is suggested that simple cllipsoidal models that share volume,
elongation, and flatness properties with the 3D reconstructions be used, This reduces the computational load.

Unlike X-ray tomography methods, laser scanning acquires surface data points one at a time. Lanaro and
Tolppanen [71] describe a laser scanning setup in which the surface of mdividual stones 13 scanned with a
Taser and viewed by two cameras. Triangulstion of the projection of the laser line yields the corresponding 3D
surface coordinates. Since u scan only captures one side of cach particle, it must be tumed over and rescanned
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to capture the hidden side. To register the two surfaces in a common reference frame, at leasi three point
cormrespondences are required. These are determined by gluing three hall bearings to each particle. The centre
points of the balls are identified and used as reference points. Seven railroad ballast particles (32-64 mm)
were reconstructed. The computed volumes differed from the ground truth values (measured manually) with

a greatest underestimate of 5.3% and a greatest overestimate of 3.2%.

2.8  Summary

This chapter has illustrated the broad range of interest in particle shape analysis from many different fields,
and the range of solutions that have been devised to estimate particle shape. This provides the historical
background to the work that is presented in thas thesis.

The prncipal shape featores of interest dre parlicle volume, and the long, intermediate, and short diameters.
Many approaches, both silhouette-based and others, have been carried out to estimate these shape features.
Rescarchers have tned varous different approaches to capturing silhouettes from multiple viewpoints {multi-
camera selups, turntables, manual repositioning of particles, perpendicular faced trays)

All the multi-view silhouette-based setops (with the possible exception of the commercial tumtable systems
tor which explanations of methodology are not available) rely on sccurate positioning of the apparatus, rather
than calibration, Calibration is linited to estimating scale so that pixel coordinates may be convertad to world
coordinates such as millimetres. This makes the implicit assumption that 2 weak perspective approximation
is appropriate. This thesis proposes new methods to calibrate multi-view setups so that principled cstimates
of particle shape can be made using geometric reasoning, and so that individual particles can be efficiently
and effectively recognised from their silhouettes,

Although silhouette-based particle analysis makes use of concepls that are covered in the computer vision
literature (such as the visual holl}, there appears to be litlle awareness amongst particle analysis researchers
of the shape-from-silhouette research trom the field of computer vision,

The problem of individual particle recognition has been mentioned a fow times in the particle analysis liter-
ature, but no quantitative studies appear to have been carried out.

Particle shape reconstruction has been attempted with non-silhouette-based approaches, Examples include
X-ray tomography, laser scanning, and stereo reconstruction. Although these systems have the poteatial to
reconstruct shape mote accorately than silhouctte-based methods, they tend to be both expensive and slow,
Attentton has been paid to computational efficiency for the algorithms presented in this thesis. In practice,
feeding a baich of purticles through the six-camera setup (at a rate of ten particles per second) lakes more
time than compuiiag the silhouctic-based estimates of shape properties, or matching the silhoustts sets across

Wo rumns.
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Chapter 3

The Geometry of Silhouette Sets

3.1 Iniroduction

This chapler overviews the geometry of silhouctte sets and introduces important concepts that will be used
in this thesis. First the visual fudi, the simple and widely-used method for approximating 3D shape from
silhouettes, is covered, The explanation of the visual holl allows the related concepts of visual cones, cong
strips, lrontier points and viewing cdges o be introduced.

Mext, 1wo concepts that are central to the methads developed in this thesis are coversd: (1) the viewing edpe
mudpoint hull {VEMH} as a means for efficiently estimating the 3D shape of the convex hull of 4 stone [fom
its silhouvettes, and (2} outer epipolar tangency ervor (ET error) as a measure of silhouette inconsistency.

The VEMH plays a central role in this thesis. However it is less important than ET ermor since an obyi-
ous altermative for efficiently approximating 3D shape from silbouvettes exists: Lhe visual hull. Efficiently
approxamating 3D shape from silhovettes will play a role in the [ollowing chapters:

1, In Chapter 6, moments computed from approximate 3D shapes will be used (o form an initial pose
estimate between silhouette set pairs of the same stone. The pose estimate is subsequently refined using
ET ermror, The a, b, and ¢ diameters which are widely used by particle shape analysts (as discussed in
Chapter 2) will then be measured from approximated 3D shapes.

2. Chapter & describes a computationally cfficient method for computing approximate dissimilanity be-
tween silhovette sets. The method is based oo an estimate of the 313 shape of 4 stone computed [rom
its silhowcttes,

3. Chapter 10, the VEMIT will be wsed to ermulile sieve sizing.
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In this chapter, the VEMH is introduced hy first demonstrating how viewing edges impose hounds on the
caliper diameter of the comesponding stome. This allows an upper and lower bound to he computed for
the longest and shortest diameter (given a noise-free silhouette set}). Next, the VEMH is presented as an
alternative (o the visual hull for estimating 3D stone shape trom silhouettes,

I later chapters, the ET error will form the basis for developing the following methods:

—

. Tn Chapter 4, the ET error 15 used (o calibrate a mirror-based sctup from silhoucttes,

[

. In Chapter 5, the ET error is used to calibrate a high throughput six-camera setup from silhouettes.

L% |

. Chapter 6 demonsirates how the ET error can be vsed o infer the relative pose betweea two silhouette

sets of the same ghject,

e

. Chapter 7 shows how the pose estimation method of Chapter & can be used to distinguish two sithouctic
se1s of the same object (a match) from two silhouette sets of two different objects (a mismatch}.

The ET emor is introduced by first hriefly covering sithouette consisteney in general. The ET error, which
is based on the epipolar tangency constraint (a necessary, but insufficient condition for consistency) is then
described.

The methads described in this chapter have been chosen for their simplicity, which leads to etficient compu-
tation. Efficient computation is important for online computations of the high-throughput six-camera setup
that captures image scts at a rate of (on stones per second. Efficiency is also crucial for solving the hatch
matching problem for realistic sized stone batches (hundreds 1o thousands of stones per baich) without mak-
ing use of unreasonably long runming times (computing the matching should not take longer than it takes to
teed the stones through the camera setp),

3.2  Visual Hulls

3.2.1 The ¥isual Llull Concept

The term visua! hnfl was coined by Laurentimi [73] in the 990z, but the use of the largest silhouette-
consistent object as a means for 3D modelling dates hack to the work of Bapmgart in the 1970s [7]. Lauren-
tini’s initial wse of the term visual hull described the largest object consistent with all possible silhoucttes.
but the term is now usually used to refer to the largest object that is consistent with a finite set of available
silhouctics [76, 91]. In this thesis, the visual hull is the largest object that is consistent with a given sot of
silhouette views. The line Al is the complement of space covered by all lines that do not pass through the
object. Line hull is a termn from the field of computational geometry that 13 equivalent to Laurentn's visual
huoll compuoted from all vicwpoints outside an object™s convex hull [90].
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Figure 3.1: The visuzl boll concepl {a) & duck viewead by two caimnetas, {b) two eilhoverte views of the dock. () the two visual
concs asstciated with the o silhonetle views, (d) the visnal bull foaned from the ovo silboueos views.

The visual hull concept is illustrated in Figure 3.1, Figure 3.1b shows two silhooctte views of a duck {the
object being imaged). Camera centres ure represented by small spheres. For convenience, the image plancs
are placed in front of the camera centres, und the projected silhouette views are shown non-inverted; tor
the purposes of this thesis, such a setup is geometrically cquivalent to placing the image plancs behind the
camera centres. Vinisa! cones corresponding to cach silhouette are shown m Figure 3. lc. A visual cone is the
volume of space that the object cannot lie outside of, given the observed silhouette. The intersection of the
visual concs is the visual hull (shown in Figure 3.1d}. The visual hull cunnot be sinaller than the object. With
twao silhooettes, the visnal hull is often a poor approximation (o the object. However, if further silhouettc
views are added, more informatien about which volumes of space arc cmpty is added, and the visual hull
becomes a beller approximation to the object. Figure 3.2 shows visual hulls of the duck formed from three
and from ten cameras., With the additional camera views, more visual cones carve away 3D regions that do
not form part of the ohject, leaving a closer approximation to the object. Concave surface regions, however,
cannot be reconstructed by the visual hull, since such regions (the interior of a coffee mug, for instance) do
not affect silhouette shape. In a sense, it is the line hull of the object that is approximated by the visual hull.
Fortunately, most particles are well-approximated by their line hulls. In addition, many properties of interest
(such as caliper diameters) have the same value when measured from the object, its line hull, or its convex
hwll,
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Figure 3.2: Morc accurate shape from additional views! (&) visual cones feom three silhouette views, (b visual cones from ten
silhopette views, (o) the visual hull from the three silhowelte viewrs, (d) fhwe visnal hall From (he ten silhouste views,

The surface of the visnal holl 13 made up of surface regions from the visual cones. The part of the visual hull
surface asseciated with each visual cone is a cone strip. Sinee this thesis only considers single objects of
genus zero (1.e., objecits withouot holes), each cone sirip forms a single ring around the visual hull. At certain
points, the fngs are of zero width. These points are called frontier pointy and are impoertant for the methods
developed in this work. Frontier points are discussed in more detail in Section 3.5, Note that in practee,
camera paramelers and silhoucties will nol be koown exactly (2., there will be some degree of noise). This
means that some cone strips will be discontinuows if computed directly from visual cone intersections.

Vigual hull approximations have been popular as a relalively simple and robust technique for 3D modelling,
since silhouettes can he egasily extracied under contrelled lighting conditions. For instance, if diffuse back-
lights are used se that the hackeround appears much lightar than the foregroond, then the silhouette can be
extracted using a simple threshold on the pixel intensity values.
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3.2.2 Computing the Visoal Hull

In order to determine the visual hull comresponding to a set of silhouettes, the cameras that produced the
images must be calibrated. This means that the internal camera parameters (such as focul length, principal
point) and the pose must be (at least approximately) known. In this thesis, the term sithouette set is used to
refer to a calibrated set of silhouettes (ie., the view poses are known in a commaon reference frame, and the
camera inlernals are known), Furthermore, the silhouettes will be approximated by palygons. As pointed
cut by Lazebnik [75], the use of polygons rather than higher order spline curves allows simpler and more
efficient methods to be developed.

Yoxel-Rased Approaches

A simple means of approximating the visual hull from a silhouette set is to consider the voxels that tessellate
the common field of view, The size of the voxels will determine the resolution of the computed visual hull,
Only voxels that project into the silhouette foreground in a alf views are classified ax part of the visual hull.
Other voxels are classified as empty.

The efficiency of the voxel-based method can be improved by using an ociree decompasition as described
by Szeliski [123]. Initally, a coarse voxel grid is considered. Any voxel that projects entirely into the
backeround in arny view is classified as empty. Any voxel that projects entirely into the foreground in aff
views 15 ¢lassified as visual hull. The remaining voxels are each subdivided into eight smaller voxels that are
then classified as empty, visual holl, or subdivide. Subdivision ceases once 4 sufficiently high reselution has

heen achieved.

Once a voxel representation has begn computed, & technique such as marching cubes [284] can be used to
create a pelygonal surface. This appreach considers all voxels through which the surface passes, {If octree
subdivision is used, these are the smallest voxels.) A surface pateh is created for each of these voxels, The
shape of the patch is determined by which of the voxel verlices lie mside the visual hull.

Surface-Bused Approaches

A second group of approaches proceed by considering the surface rather than the volume of the visual hull.
This in¢ludes some of the original approaches [7] in which constructive solid geometric techniques were
used to directly intersect the visual cones,

Since intersecting general polyhedsa is slow, methads have been developed to lake inlo account the specific
geometry of the visual cones, so that they may be efficiently intersected. Malusik et al. [91] make use of
an edge-bin data stucture to store edges associated with angular ranges of lines through the epipole. The
method achieves efficlency by computing intersections in 2D polygonal intersections are [irst formed in the
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image plane, and then these inlerscetions ace inteesected with one another on planes defined by facets of the

ViewiDg Cones.

Franco and Boyer [48] deseribe another efficient method for computing polygonal surface models of silhou-
¢ttes, The [irst step is to compute the viswing edges from a silhouelle set. A viewing fine is a linc that passcs
through a sithouctte vertex and ifs camera centre. Intersecting a viewing line with the visual cones from all
other cameras leaves a viewing cdge. The vertices of the viewing edge endpoints are vertices ol the visual
hull polyhedron. Franco and Boyer show how the connectivity of these vertices and the remaining surface
points can be determined by using local orientation and connectivity rules to walk along the viewing cone

intersection houndaries,

Several alternative approaches for computing the visual hull are described in the computer vision lilera-
ture | 17,76, 85, 125].

It 15 interesting to note that the convex hull of the visuoal hull can be computed relatively simply by forming
an intersection of all halfspaces defined by the edges of the silhouette polygons. The plane specilying a
halfspace 18 formed by the edge and its camera centre. Many efficient hallspace intersection algorilhms
cxist. For instance, the Quickhull algorithm [5] is of Olnloge) time complexity for n hallspaces. I the
plancs are treated as points in dual space, then the duals of the facets of their 3D convex hull specify the

vispal hull vertices in primal space.

3.3 Constraints Imposcd by Viewing Edges

Thiz section demonstrates that silhouette sets impose both an upper and lower bound on the caliper diameter
in a given dareetion. These bounds are derived by considering viewing edges,

By considering the upper and lower bounds over all directions, it is possible to compute upper and lower
bounds for the longest and shortest diameler of 2 stone from ity sithouette sel.  Although estimating the
longest and shortest diameter of a particle from its silhouette set is of nterest to particle shape analysts (as
discussed in Chapter 2), it does not appear to have been pointed out that a silhouette set imposes bounds on

these properties.

331 Bounds on Caliper Dismeters in a Given Direclion

Since the caliper diameter of a stone in a given direction is the same as that of its convex hull. for simplic-
ity the coovex hull of the stone will be considered. The coovex hulls of the ohserved silhoucites arc Lhe
projections of the convex hull of the stone.



Let the caliper diameter of 4 stone in direction r be of;. The value oy is the distance between two parallel
support planes that are tangent o and enclose the object (Figure 3.3a). The tangent plane normals are parallel
lor.

The 3D shape of the ohject is unknown; all that is available 15 a silhouvette set. The upper bound ;- for the
caliper diameter i# the largest d; value that can be computed from an object that could have produced the
observed silhouettes. The visual hull provides the upper hound for . No greater value is possible, since
if either support plane were moved away from the object, no object would be able o be both angent to the
support plancs and able to produce the observed silhouettes.

The method for computing a caliper interval for a given direction is illustrated in Figure 3.3, The figure shows
the support planes of the actual caliper diameter for a given direction (Figure 3.3a) and three silhouetic views
that are used to construct & visual hull (Figure 3.3b}. The visual hull is the largest object that is consistent
with the silhouettes. Tt ¢an be used o compute the largest caliper diameter along the given direction that is
consistent with the silhouettes (Figure 3.3¢).

Identifying the lower bound d. (Figure 3.3d) on 4, from the silbouette set is less obvious. The support
planes of d;. must be as close as possible without destroying any cone strips that generate the observed
sithouettes.

Finding the smallest consistent caliper diameter along a given direction is illustrated in more detail in Fig-
ure 3.4, Figure 3.4a shows the visual hull model that is made up of cone strips comesponding to the three
silhouettes. In the noise-free case, the cone strips project exactly onto the corresponding silhouette outlines.
Each conc strip represents the only regions in 3D space that may generate the corresponding silhouetts out-
line and remain consistent with all silhouettes. A viewing edge is the portion of a ray through the silhouette
outline that coineides with the corregponding cone strip. Some part of each viewing edge must be tangent
to the ohject, so that the point on the silhouette ootline is generated. No viewing edge can therefore lie out-
side the support planes that contain the object. This provides a means [or calculating the smallest consistent
caliper digmeter: the support planes must be as close together as possible, without any viewing edge lying
entirely outside the region between the support plancs. In Figure 3.4, the upper support plane is limited by
the viewing edges that form the green cone strip (Figure 3.4¢): if the support plane were moved any closer,
viewing edges from the green cone strip would lic entirely outside the region between the support planes.
MNote that the portion of the visual hull that lies between the support planes generites the observed silhouettes,
and is therefore an example of a silhouette-consistent object with a diameter d;, in direction r.

3.3.2 Bounds on the Longest and Shortest Diameters

Since silhouctte sets impose bounds on the diameter in a given direction, it is interesting to note that a sil-
hovette set imposes bounds on the longest and shortest diameters (quantities of interest to particle shape
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Figure 3.3: Caliper intervals: {a) the caliper diameter of a stone for a given direction, {8 the available information: three silhousttes
from which a visuad holl consisting of cone sirips from each sithousite ¢an be construgled, (o the snaxpmum caliper digmefer along
the piven dircction that i consistent with the silhourtte set, {d) the minimom caliper diameter along the given dircction that is
consistent with the silhonette set.

=
=

ial {h) il i)

Figure 3.4: Diagram shewing a7 the svisual ball, and {b—d) the three consfilucn! cone sirip componcnts dlong with the support plancs
for the minimum consisient cahiper diameter, The cxample uses the same stons, silhousttes, and caliper direction as Figure 3.3
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analysts). The bounds are, however, geometrical bounds and are only valid for noise-free silhouettes. Never-
theless, the hounds provide insight into the inherent (i.e., geometricaly limits of the extent w which longest
and shortest diameters can be computed from silhouette sets,

The opper bound for both the longest diameter and the shortest diameter are simply computed by finding the
longest diameter and the shortest diameter of the visnal hull, becanse no larger shape is consistent with the
silhouettes, Computational geometers have discovered exact solutions for determining the longest diameter
{termed simply the diameter} and the shortest diameter (the widrh) of arbitrary polyhedra [24, 57]. These
methods can be applied directly to a polyhedral representation of the visual hull to obtain upper bound
values,

Lower bounds for the longest and shortest diameter are approximated by considering an approximately uni-
form dense sampling of directions obtained using subdivisions of an icosahedron [61]. The best solution
from dense sampling is then refined using a conjugate gradient optimaser which makes use of an analytical
expressiom for the partial denvatives of the lower bound diameters with respect (o an azimuth-glevation angle
parameterisation of direction.

An experiment was carried out using synthetic data in which the longest and shortest diameter of a polyhedral
stone model 15 compared with the bounds computed from its silhouette set. Synthetic silhousties were
generated using 3-, 4, 6- and 10-camera setups. To provide viewpoinls that are well distributed about the
viewing hemisphere, setups with a cameras are positioned to look onto the paralle]l face pairs of a 2n-faced
Platonic sohid (such setups are described in more detail in Chapter 5). The refined visual hull models of a data
sel of uncut gemstones, illustrated in Appendix C (pages 222-224), were used as polyhedral stone models.
The stones were randomly oriented. For each polyhedral stone model, the longest and shortest diameter was
computed. The upper and lower bounds wetre then computed from silhouste sets of the stone. These bounds
are expressed as a percentage of the actual value. Ideally, lower bounds should be less than 100% of the
true value, and upper bounds should be greater than 100% of the true value, but since the bounds are only
approximated, there are a small number of cases in which this is not true.

Figure 3.5 shows plots of the distributions of bounds for the four different camera setups considered. To aid
comparison, the upper half of each sub-plol shows distributions for the bounds on the smallest dianeter, and
the lower half of each sub-plot shows distributions for the bounds on the longest diameter. As the number
of cameras is increased, the bounds move closer to 1009. This is because the additional views place tighter
construints on the range of possible values, Notice that the bounds on the longest diameter are closer to
100% than those on the shortest diameter, indicating that there is less uncertainty on its value, Tnterestingly,
the plots indicate that the longest diameter is better approximated by its lower hound. whereas the shortest
diameter is better approximated by its upper bound.
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3.4

Viewing Edge Midpoint Hulls for Approximating Shape

The viewing edge midpaint hull {VEMH] 15 proposed as an adternative (o the visual hull for approximating
the 30 convey hull of a stone from the 21 conves hulls of ity sithaveties, The YEMH i the convex hull of
the midpoints of all viewang edges. The silhouette projections of the VEMTT ave the same as the convex hulls

of the observed silhouettes in the noise-free case. so the VEMET is a silhouctte-cansistent object,



341 Advantages of the VEMII
L'se of the Convex [ull

The approach taken in this thesis is to attempt to reconstruct the 3D shape of the convex hull of a stang
from ils silhouettes rather than the possibly nonconvex shape of the stone. Using convex hulls simplifies
camputations and allows for 31 shape to he approximated more efficiently than if noncanvex shapes are
considercd, This approach is uscful in two contexts:

1. Since the caliper dwmeter of 4 stane in a riven direction is the same as that of its convex hull, the
VEMH can be used to eslimate caliper dinmeters. This will be done for both estimating the short,
intermediate, and long diameters of a stone and for estimating a caliper diameter distribution o aid

recaghition.

b

Since the principal axes of the convex hull of 2 stone can be used to specity its pose with respect to
somme reference frame, the VEMH is used to approximate the pose of a stone from its silhouelte sel.
This provides an initial pose estimate that will he used to align siThouette sets of the same stone in a

common reference frame.

Compuarison wilh the Yisual Hull

The @m of the VEMH 15 (o provide a more aceirale cstimate of the 312 shape of stoncs from silhoucttes than
the vistul hull,

Wisual hulls ofien have sharp edges where cone strips meet. Although genmetrically the visual hull could
be the ohject that generated the silhouettes, more often the sharp edges are artetacts that do not exist on the
actual object. Unless by chunce a stone's surlice s tangent (o the cone strp near the tegions where cone
strips meet, the volume of the visual hull near the cone steip intersections and fac from the frontice points 15
nal shared by the stone,

In general, an object will he tangent to the viewing edge al one point along the viewing edge. Using the
visual hull to approximale stone shupe considers the stone 10 be tungenl o the enlire viewing adge (this 1y
un extremely unlikely comeidental alignment of the stone), Since stones are pof in general smoath, no use
of the silhouetle curvature 15 used for interpolation, and the midpoint of the viewing edge 15 simpy used as
the point of tangency tor the shape approximation. The convex hull of the midpoints is used as the shape
dpproxination. Although addiional volume could be incorporated into the shape approsimalion, (his is not
done for two reasons:



}. Since the VEMH is silhouette-consistent, the silhouettes do not provide any evidence of the presence
or ghsence of additional volume. One would have to make use of a priorf knowledge of shape. Since

stones are irregular in shape there is ne obvious a priorf knowledge to incorporate.

2. Te a certain exient, many stone surlaces consist of low-curvatore regions (fattish faces) that are joined
by hizh curvature regions (edgzes). Since the stones are arbitranly orented with respect to the catneras,
high curvatere regions are most likely to form contour generators, with the fatter regions in between.
This parallels with the YVEMH in which rims are joined by flat {aces, and is unlike the visual hell in

which the volume extends to the limil of silhouelte consistency.

Figure 3.6 illustrates the differences betwaen visual hulls and VEMHs. Note that the moch of the visual
hull volume in the regions where cone sirips meet, and which 1s absent in the VEMHs, is also absent in the

original stones.

3.4.2  Alternative 3D Shape Estimates from Silhouette Sets

Several other approaches are described in the literature for estimating the 3D shape of an object from its
silhouettes. The main advantage of the VEMH over these methods is it computational efficiency (how this js
achieved is described in Section 3.4.3) and its simplicity.

Vizugl Shapes

Frameo et al. [49] introduce a family of silhovctic-consistent 3D objects that they erm visual shapes, Their
appraach is similar (o the VEMH in that a portion of the vicwing cdges is included 1o eosure silhouetle con-
sistency. Three approaches for sclecting portions are suggested: (1) thinning the viewing cdges, (2} sclecting
a single random contact point, and (3) choosing the contact point correspondiag te a local order 2 surfuce.
Of the three approaches, the VEMH is most similar to the second. However, the VEMH approach makes
use of the midpoint instead of a random contact point. Compared with the random approach, the midpaint
approach reduces by a factor of two the maximum possible distance between the actual contact point and
the assumed contact point. {Despite the similarity between the VEMH and visual shapes, the VEMH was
developed independently and prior to the publication of the visual shapes.) To determine a polyhedren from
the visnal shape points, Franco et al. compute the Delaunay tetrahedrization of the poiats, and then carve
tetrahedra that project outside any silhouette.

Dual-Space Approaches

Another approach te approximating 3D shape from silhouettes is to represent tangent planes to the object
{that are delined by the silhouette cutlines) as points in doal space, and then to estimate the duoal surface of
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Figure 3.6: Visual holls and YEMHs generated from three orthogonal silhouctte views of stoncs, The first row {a—¢) shows three
stotes. The second row {d-) shows the 3-view visual hulls computed from 3-view silhouette sets of the above stones. The visual
hull surfaces are coloured aceording to the cone steips that they are made op tron. Viewing edge midpoints are shown as sinall
spheres. The third s (g—i} shuwes the tims of the VEMHs. These are the loci of the viewing edge midpoints: it is the rims thae
generate the silhouette outlines (i.c., the silhouctte outlines ae projections of the nims), The {ourth row (-1) showes the VEMHx: the
convex hulls of the viewing cdge midpoints,
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the object [17, 68, 80]. However, as pointed out by Franco et al. [49], these approaches do not enforce the
constraint that other silhouettes limit the position of tangency on the viewing line (1.&., the tangency must
oceur om a viewing edge, rather than anywhere along a viewing hine); these approaches are therefore unsuit-
able for sparse silhouette sets in which the viewpoints are well-distributed (as is the case for the silhouetts
sets considerad in this thesis.) In additton, the dual-space approaches assume that surlaces can be locally
modelled with a quadric; this approach 15 unlikely to work well with stones, since they are not in general
srmedath.

Nevertheless, it is noted that a dual-space approach may yield a good solution 1o the problem of estimating the
convex huil of a stone from its silhouette set. The tangent envelope corresponding to the convex polygonal
representation of each silhouette boundary is a planar convex polygon in dual space [110]. (The tangent
mlanes at the crossing points of these planar convex polygons correspond (o frontier points in primal space.)
The convex hull of these polygons corresponds to the viswal hull in primal space. (This arises from the duality
between halfspace intersections in primal space and convex hull in dual space.) This approach provides two
useful properties:

1. Points may be added in dual space {to the original points that are the vertices of the planar conmvex
polvgons), The convex hull of all points corresponds to a polyhedron in primal space that is a carved
version of the original visual hull. Ensuring that all points lie on the surface of the convex hull in dual
space ensutres that the corresponding primal space polyhedron 15 silhouetie-consistent (i€, it geneérates
the observed silhousttes). Convexity preserving interpolation of the planar convex polyzon vertices
may therefore provide a smooth silhauetie-consistent shape.

2. Sioce the convex polygons corresponding to each sithouette are planar, methods for interpolating cross
seclions [9] may provide a means for computing a smooth silhouette-consistent shape.

Radial Basis Functions

As with the VEMH, Collings et al. [29, 30] impose the restriction of approximating the 3D shape of convex
objects from convex silhouettes. They approximate a convex solid from its silhouettes by fitung implicit
radial basig functions. This is achieved by computing the positions of frontier points, which are assumed
to lie on the surface, and by incorporating local curvature at frontier points. The method relies on the solid
being sufficiently smooth that local curvature can be used to interpolate the surface regions between frontier
points, and is therefore not applicable to stones, for which this assumption 15 not generally valid, Unlike the
VEMH approximation, the method does not enforce the constraint that the object is tangent to the viewing
edge interval on each viewing line. The reconstructed shape is therefore not constrained to be silhouette-
consistent as itis not constrained to lie within the visual huoll.
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Triangular Spline Models

Sullivan apd Ponce [121] describe a method m which trangular spline models are used to approximate the
3D shape of an object from iis sithouettes. The spline model is deformed using an iterative minimisation of
the average distance between the surface and viewing lines defined by the observed silhovette set.

The Constant Depth Rim Hull

Pussibly the simplest and most efficient estimate of 3D shape from multiple silbouettes is the constant depth
rim hull (CDRH). Marr |88] speculates that the human visual system may infer 3D shape from sithouettes
by assuming that the rim {contour generator) is planar (i.e., constant depth). (This is however disputed in
a later article by Koenderink |69]). Regardless of whether or not the human visnal system may infer shape
by assuming planar rims, the assumption of planar rims provides a simple and computationally efficient
means for approximating the 3D shape of stones from multiple silhovette views, First the object depth iz
approxnnaied by triangolating the centres of each silhooette 1o provide an approximale centre point, The
polygonal silhouettc boundaries are then backprojected to the depth of the centre point to form planar tims
at that depth. The convex bull of the planar oms is the CDRH. Note that although the CDRH is used to
approximate 3D shape, it is not necessarily silhouette-consistent: although the planar rims ensure that the
CDRH projections are sufficiently large to cover the silhouettes, the projections may be larger than the
silhouettes.

Assuming constant depth rims for approximating 3D shape does not appear (o hive been used for stonss, but
has been used for other ohjects such as fruit [67].

The CDRH is introduced in this thesis mainly to justify the additional complexity used in computing the
VEMH. The CDRH and the VEMH are simmilar in that hoth compute a rim for each sithouette in the silhouette
set, (The rim projection is the cormesponding silhouette outhine.) The CDRH and the VEMH differ in
that CDRH rims are of constant depih, whereas VEMH rims may vary in depth. To justify the additional
complexity of the VEMH it will be demonstrated that it provides more accurate estimates of 3D shape (for
the tasks relevant to this thesis) than the CDRH.

Figure 3.7 shows an example that shows the VEMH and CDRH computed from three crthogonal sithouetie
sets of convex stones.

343 Computing the YEMH
The VEMH is compuied by considering, in tum, the viewing line passing throogh each vertex of the polygons

representing each of the silhouettes in the set. Each remaining sithouette in the set (i.e., the silhouettes other
than that of the viewing line under considention) 18 used o identily segments of the line thal the object may

38



Figure 3.7; Estimaling comves shape with rims wsing the VEMH and the CDRH, The first column shows the rims generated by
a J-view silhovette formed from three orthogonal cameras. Rims arc shown wilh dalave) and withoot {Sefow) the imaged slome,
The secind column shows tims calculated vsing the viewing edge midpotnts that are computed using the 3-view silhouctte sct. The
comvex hull of the midpoints {the VEMH) 15 alse shown, The third column shows nms that are caloulated by backprogeciong the
silhouctte boundarics to a constant depth that is determined by mangulating the three silhouette centronds, The triangolated pomni
that defines the constant depth iz shown in purple. The convex hull of the constant depth rims (the CORH) is also shown, Mote tht
stmé porlions of the constant depth rims Tie within the CDREH indicating that it s not silhobetie-consistent,

lie within. The intersection of all of the segments is the viewing edege. The convex hull of all viewing edge
midpoints is the VEMH. For computing caliper diameters of the YEMH, it is not necessary to explicitly
compute the convex hall of the midpoints, as the caliper diameter of the 3D point set (consisting of all

viewing edge midpoimts) can be used instead of a polyhedral representation of the VEMH.

Yiewing Line Projections

To identify the scgment of the viewing line that a silhouette does not imply as being empry, the viewing line
is projected onto the silhouette. This is illustrated in Figure 3.8 in which the viewing line corresponding to

vertex m is under consideration.

The viewing line passes through the points C) (the camera centre of Camera 1), Py, M, and Py in the figure.
Its projection is easily computed by projecting € and m on to Camera 2's image plane. The viewing line

pregection is illustrated by the line passing through ey (an epipole: Camera 1's projection onte Camera 2's



Figure 3.8 Computing a viewing edge from two convex silhouette views. Lines are represented as thin cyvlinders and poiots ace
represented as small spheres to aid 30 visualisation, The point M s the viewing cdge midpoint,

image plane), py and p2. The points py and p2 are the peints of intersection of Polygon 2 with the viewing
line projection. Since the polygons are convex, there can be at moest two such intersection points. Because
ol noise, there may be no infersechon points in some cases,

Precomputed Edge-Bin Data Structures

An edge-bin data strueture s precomputed [or each silhovette-epipele pair.  The edge-bin data struclure
allows the intersections of a viewing line projection through the epipole and the silhouete 0 be rapidly
computed.

The edge-bin data structure is computed in 4 similar means (o the one described by Matosik et al. [91],
However, since only convex silhouettes are used, it can be populated using a simpler algorithm.
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First, hin houndaries are determined by sorting the polygon vertices according o the angle made with the
epipole and an arbitrury fixed relerence line. The implemcntation uses a line through the first vertex and the
epipole as a reference line. An example is given in Figure 3.9 [he six verlices of the polyzon give rise to

five bins.

Figuve 3.9 An cxamiple of a silhouctts and cpipole with edges and bins shown, The Bin contents are listed in Talle 210

Each bin muost store the edees thal & line through the epipole whose angle fulls into the hin's angular range
will intersecl, Since the polygon 1s convex, euch bin will conlain exactly (wo edges. This makes popularing

the bins eusy,

The bins are (raversed in onder. and the polygon 18 traversed simultaneously, starting from the veriex with
the sinallest angle (8) in the example). The current edec is added o the current bin if it falls within the hin's
range. otherwise the carrent edac 15 updared by moving to the next edge (e, moving to the edge that shares
a vertex with the cwrent edge). Onee the vertex with the largest angle is reached, each bin will coutain one
edge. The process ts then reversed (the hins are traversed in reverse order) to add the second edge to each

bim.

Table 3.1 shows rhe edges comtained by each bin in the example.



| Bin | Range | Edges |
!}1 B] = Bz £y, €2
!}2 Bz = 33 £l €3
!}3 33 = Ba Eqy €1
:54 Ba o Bj Efq €4
bs | B5—8By | g5, 5 |

Tl 3,02 An caample edge-bin duto stoucture foemed [Toen the sifheoette and epipole shown e Figure 3.9,
Lntersections between the Yiewing Line Projection and fhe Silhouetie

Omnce the edge-bin data structure has been built, intersections can be computed efficiently. The angle of the
viewing line projection is computed with respect to the reference line. This is psed to determine the hin
that contains the edges that intersect the viewing line projection. If the angle lies outside the range of all of
the bins, then there 15 no intersection. Note that since the viewing ling projections correspond to a polygon
that 15 being traversed 10 another view, the appropriate bin is usoally close to the most recently visited bin,
This means that for & bins, lookup is of constant time complexity, tather than an O{log B) search, when the
viewing line projections are processed in order,

It is possible that the following approach (not implemented) may [urther improve the simplicity and efii-
ciency al the algorithm. Instead of forming edge-bin data structures, the intersection edges are determined
by starting with the most recently inlersected edge. Since the projected viewing lines are computed in order,
the relevant edge will be [ound close to the most recently intersected edge, and the entire polygon need not
be traversed. In other words, the silhoustte polygon and the polygon that generates the viewing lines are
wraversed simultangously,

Projecting Segments onto the Yiewing Line

Once the intersection points py and p2 are known, they must be projected onta the viewing line to Py and Ps.
To easily compute the intersection of line segments specified by different silhouettes, the points are specified
as Py =Cy +di ¥, where V = (€} —m)/||{Cy — m)|| 5o that dy is the distance along the viewing line from C,
10 P

The viewing edge is then computed as the intersection of all intervals as indicated by all silhouettes other
than the ailhenette corresponding 1o the viewing line. Because of noise, some interval intersections may
be empty, in these cases the viewing line does not contribute a midpoint to the VEMH. (Figure 3.8 shows
point M as the midpoint of the viewing edge specified by the two silhouettes for the viewing line under
consideration.)



3.5 Measuring Silhouette Consistency

A consistent silhouette set is one that could have been produced as the silhouette projections of a 3D object.
Geometncally, a silhouwette set of an object is consistent if the intersection of the visual cones corresponding
o each silhouelte projects exactly onto the silhonettes. This is the cone intersection projection (CIF) con-
sirainl, It is a sufficient condition for consistency, since the cone intersection is an example of a 3D object
that produces the silhouetie sel. It is also a recessary condition, since any portion of a sithouetie that is not
covered by the cone intersecton projection provides contradictory information: the uncovered portion of the
stlhouette indicates that the comesponding viewing mys are occluded by an object, whereas the remaining
silhouettes in the set indicate that the 3D region comesponding to thess viewing rays is entirely empty.

Real silhovette sets are nedsy: there will always be emor associaled with the camera parameters and the
segmented silhouette boundaries, Real sithouette sets will therefore not, in general, be perfectly consistent.
It is therefore vselul to lormulale a measure of the degree of inconsistency of a sifhouette set

The concept of a degree of inconsistency for a sithounette sst is an important concept for this thesis:

l. By adjusting camera paramelers o minimise the degree of inconsistency, cameras can be self-calibrated,

2, The degree of inconsistency can be wsed as a dingnostic 10 ensune that camems have not been moved
or adjusted since calibration. (Althongh this thesis does not analyse this diagnostic, it lormed a useful
tool during the data acquisition phase of the thesis project.)

3. Mt will also serve as a means for inferring whether two silhouelte sets were produced by the same
stone (a match): if a relaiive pose can be Tound (o align the two silhovette sets so that the degree of
inconsistency is sufficiently low, then the two silhouette sets are classified as 1 match.

This thesis makes use of a degree of inconsistency based on ouler epipolar tangents and the epipolar tan-
gency constraint, The vse of epipolar tangencies [or silhovette-based pose oplimisation was first considered
by Grattarola [54]. The method provides a computationally efficient means of oblaining pairs of point corre-
spondences whose reprojection error provides a measure of inconsisiency | 138].

Other measures of silhovette consistency such as the sithouette colterence of Hemindez et al. {39, 61] and
the sifhouerte calibration ratie of Boyer (14, 15] use more information contained in the silhouettes. but
are computadonally inefficient, These measures are therefore nol of primary importance for the methods
developed m this thesis. However, they will be considered in the context of malching in Chapter 7.

3.5.1 The Epipolar Tangency Constraint

The epipolar langency constraint is a geometrical constraint that applies to pairs of silhouelle views {(with as-
sociated pose and internal parameters): a line that is tangent to one sithouette and passes through the epipole
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must project onto a silhouette tangent in the opposite image. With refercnce to an example (Figure 3.10),
this section describes how the epipelar tangency constratnt can be expressed in terms of the silhoucties and
the camera pose and internal parameters.
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Figure 3.10: Two views of the epipolar peometry of a scener (a0 o front view, and {b) & side view leoking omio the seee i oa
direction paralle] o the baseline.

Figure 3.10 shows the same seene as shown in Figure 3.1, along with some addittonal points and plages, The
line joining the two camera centres €] and Cz is called the baseline. T pierces the image plane of Camera |
it #)2 and the image plane of Camera 2 at ex;. The paints €z and ez are epipoles. In the fgure, the epipoles
are represented as small circles (projections of spheres) on the image planes.

The two planes 7, and & that pass through the baseline and are tangent to the duck are shown. Provided that
the baseline does not pass through the object, there will be two soch planes for any object. The points Fy
and Py, where the planes touch the object’s surface, are fronticr points. Since the planes pass through both
camera centres and graze the surface of the object, the frontier points project onto the silhouette boundary
in both views. The projection of a [ronticr point is the tangency point of a silhovette tangent that passes
through the epipole. A projection of a fronger point is therefore termed an epipelar tangency. The epipolar
tangencics prap and paig are projections of Py, and piz; and ppq are projections of Py, (The notation pyj
15 nsed so that ¢ indicates the number of the camera whose image pluane the point lies on, j indicates the
nurnber of the other camera of the silhovette pair, and & indicates to which of the two frontier points pij;
corresponds. )

The intrinsic geomeitry between the views § and j is encapsulated by the 3 > 3 fundamental marrix F ; [58]. If
x; represents the homogencous coordinates of an image point from view £, and x; represents the correspond-

ing point in view j, then x; is constrained to lie on the line F ;x; in view / 0 that

R;I—FJ';KJ =1 {3”

If the relative pose between view { and view j is described by arotation represented by the matrix R followed
by a translation represented by the vector t that transform pomis from the referenee frame of camera § o the
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reference frame of camera i, then an essential mafrix can be computed using
EJ|'_|' = [l]x K. {32}

The antisymmetric matrix [t] . is computed [rom the translation vector t = [f, 44,57 using

A S
[€].- I (3.5
=TI T

The essential matrix can therefore easily be computed for a given known pose. The fundamental malerx can
be computed from the essential matrix:
s -1 ;
Fi=Ki EuK; (2,43

where the K matrices store the internal parameters for cameras f and. § so that

£ 0o
K= 0 [ v (3.5)
O _0eN

For focal length £ and principal point (g, v ). This camera model assumes that pixels arc square.

Figure 3.11 shows the epipolar tangents for each silhouette image of the duck cxample. Each line lies in
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Figure 3,11; The epipolar tangency constraing: the epipolar tangent touches the silhoustte at lhe projection of the frontler point, as
show im (s and (b)) the projeciion of this tangent onto the image plane of the opposite camera is constrained (0 coingide with the
oppasite epipolar tangent,

a tangent plane containing a fronter point, and therefore must project onto the corresponding ling in the
opposite image: this is the epipolar tangency constraint. In other words, in the noise-free case, the line
passing through e;; and p, 4 is the same line as F ypja.
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3.5.2 A Measure of Inconsistency Bused on Epipolar Tangents

If there are inaccuracics in the silhoueties or the pose, then the line passing through e;; and p; will not, in
general, be the same line as F;p,q. Figore 3.12 shows the noisy case in which there wre inaccuracics in the
assumed relative pose between the cameras. Note that the cpipoles are positioned differently to Figure 3.11,
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Figure 3.12: Epipolar fangents with the projection of the epipolur tangenls of the opposite view and incomrevt pose information;
since the pose information is incotrect, the epipolar langenis do not project anto one another, The silhouettes ore inconsistent with
wne anther for the given viewponis, The repeojection ermor e o meature of the degree of inconsistency,

since the pose is incorrect. The projection of the opposile camera’s epipolar tangent s not exactly comcident
with the epipolar tangent on the image plane. Reprojection errors can be computed as a measure of the
inconsistency between a pair of silhouenes with an associated pose value. The reprojection error is the
shortest distance from an epipolar tangency (o the epipolar line of the comresponding point in the opposile
image. The figure shows the reprojection emors 4|, d)3;, dy1p and dayy.

The distance & between an epipolar tangency pyjy and the projection of the epipolar line from the opposite
camera that passes through the tangency point p ;i can be computed using the fundamental matrix, as stated
by Wong [138]:

Ff‘;'i,-Fl,."Fﬁk

dije = - -
V (FuPsa)i + (Fypju )i

(3.6)

The expressions (F; J-pju.]f and (Fyp;s)3 dencte the first and second elements of the vector [Fipyi®. Nole
thit pyjo und py;p are vertices of the polygon representing the silhouetie.

Wong's definition of the reprojection error described by Equation 3.6 is related to the Sampson approxima-
tion [58] that provides an cstimate of the locations of two projections of 4 point from two noisy observations.
The Sampson approximation of the location of the frontier poant prejection is midway between the epipolar
tangency and the projection of the oppositc epipolar tangent. An alternative formulation that measures the
distance to the Sampson approximation from the epipolar tangency (or from the projection of the opposite
cpipolar tangent) gives exactly half the value given by Equation 3.6. Yamazoe et al, [141] deseribe a method
in which the locations of 3D points are explicitly modelled. However, results are not compared with the con-
ventional method of using un error function based on Equation 3.6. Some initial experimentation indicated
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that the method of Yamazoe et al. provides results that are almost identical to the those obtained with the
conventional approach for the cumera setups covered in this thesis, Hartley and Zisserman [58] recommend
using the Sampson approximation, since it mives excellent results in practice and removes the requirement
tor 3n parameters to describe the locations of # frontier points.

A measure of Inconsistency within a silhouctte set is the BMS (rool nean square) value of all reprojection
crrors (as specified by Equation 3.6) computed using all silhouwette pairs within the silhouette set. This ts
referred to as the ET (epipolar tangeney) error within the silhovette set, and is used lor calibration (Chapters 4
and 5).

For two silhouette sels and an associated relative pose, a measure of inconsistency across the silhouctte sels
is the RMS value of all reprojection errors computed across all silhouette pairs in which one silhouette is
from each silhouette set. This is referred to as the ET error across the silhouette sets, and will be used to
oplimise relutive pose (Chapter 6}

This thesis makes use of the Levenberg-Marquardt [95] method to infer model parameters by adjusting the
parameler values to minimise ET error. This approach is used in several contexts through the thesis,

3.5.3 Fpipoles Tnside Silhouvettes

In cases in which the epipole falls within a silhouette, the ET error is not defined for the silhouette-epipole
pair. Epipoles lie within silhonettes when the baseline passes through the object,

Interestingly, a comfiguration in which baselines connecting viewpoints all pass through the object allow
consistent viewpaints o be specificd for arbitrary single contour silhouettes. This is done by positicning
all viewpoinis on a ling so that the line passes through all silhouettes. By ensuring that the viewpoints are
sufficiently far apart, ne silhouette will destroy the cone strip from any other silhouette; the visual cone inter-
section thus provides an object that exactly projects onto all sithouettes. Figure 3.13 shows an example using
shapes considered by Bottine and Lavrentini, who challenge readers to determine consistent orthographic
views for three silhouettes: a square, 4 circle, and  tangle [11]. If the projection model is broadened trom
an orthographic model to a perspective model, then consistent viewpoints can be found for the three shapes
{(and indeed any number of single contour silhouettes), simply by selecting viewpoints sufficiently far apart
on a common line that passes through the silhouelles.

The problem of the existence of trivial solutions, such as the one illustrated in Figure 3.13, is not an issue
{or the methods considered in this thesis, since silhouette consistency is never considered in cases in which
the pese of individual silhoucttes can be frecly adjusted, In the cases in which poses are freely adjusted,
cither (1} multiple silhouettes comespond to gach camera view, or (2) the pose of a silhouelte set, rather than
a single silhouctte, 15 adjusted.
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Figure 3.13: (a) A 3D shape with sguare, circular and triangular silhoueties from certain viewpoinis. I viewed looking onto 165
mangular face from afac, the silhovette boundary 8 o square as shown in (). As the viewpoint is moved towards the triangular face,
the sifhouette boundary begins to changs ko become mere citcular (c), until the boundary i3 a ciccle (dy, and then becomes more
traanguar (e}, until the viewpoint is sufficiently close ko the friangular face that the silhouette is a tiangle (f).

L)

Nevertheless, it is still possible to obtain cases in which parameters are adjusted so that the cpipele lies
within a silhouctie for cerain view pairs, To prevent the nomber of residual values trom changing within a
Levenberg-Marquardt step, these cases are identified, and a residual valoe is chosen so that the mean square
valoe over all epipole-outside pairs is the same as the mean square valoe of all residuals. To ensure efficiency,
cases in which the epipole lies within the axis-aligned bounding rectangle of a silhouette are treated as if the
epipole lies within the silhonette.

3.54 LEfhiciently Locating the Lpipolar Tangencies

Computing the ET eror requires the polygon vertices that are tangencies (o be located. Since only outer
tangencies are used, they are computed from the convex hulls of the pelygonal silhouctte boundaries. Con-
vex hulls are efficiently computed from the boundaries using Melkman's algorithm [92] which has 4 tme
complexity of ©@(n) tor n-vertex polygons. It achieves its efficiency by assuming that input vertices lie on
a non-self-intersecting polvgon, rather than in general positions, Note that convex hulls need be computed
only once for each silhouette, whereas tangencics need (0 be compuoted repeatedly when pose or camera
parameters are adjusted within an iterative minimisation of ET error, This 15 why it is important to locate the
tangencies efficienty,

A simple method for locating the two outer tangencies with respect to an epipols und a convex polygon isto
visit each vertex and to check whether the edges amiving and leaving the cotrent verex are on the same side
of the line through the current vertex and the epipole. It this is the case, then the curent vertex is a tangency.
Unfortunately, this simple method is computationally inetficient.
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Talile 3.2 Laookupy value + a5 a function of x, yand g — v/x, where e and y are the vertes coutdinates,

To speed up the location of tangencies, a method based on storing the edge angle associated with each vertex
is proposed. (The edge angle is the angle of the vector from each vertex to its successor—the edges are
directed and polygons are assumed 1o have vertices specilied in anticlockwise order.) The method is appli-
cable to ET error computed using both orthographic and perspective camera models, but the implementation
is slightly different for the two camera models. Since the use of an orthographic camera model will be in-
vestigated in Chapter 7, locating tangencies with both orthographic and perspective models will be covered
here.

Forming the Edge Angle Data Structure

A monotonic function of angle is computed and stored as this aveids ¢alls o the relatively compotaionally
gxpensive arctan function. A monotonic transform of the ;angle is suflicient as angle values are only used for

ordening edges,

The monotonic function of angle is computed using the equations presented in Table 3.2, The same approach
wag used for efficiently computing viewing edges.

The lookup value v of the successor edge for ach vertex is stored in a sorted associative container ( the C++
nap data structure was used). This allows angle values to be accessed in O{logn) complexity for an n-vertex
polygon. Since 7 is small (the order of 100), a hashing approach which would allow €(1) access was not
used. (The Oflogn) retrieval was found to make a negligible contribution 10 tolal roening time in practice. }

(yrthographic Imaging Model

In the orthographic case, the epipole is a direction, rather thin o poiol. To determine the rst tangency,
a vertex must be found whose predecessor edee angle 15 less than the angle of the epipolar direction, and
whose successor edge angle is greater than the angle of the epipolar direction. 1§ the angle of the epipolar
direction is greater than or smaller than all of the stored angles, then the relevant vertex is the vertex whose
edge angles correspond to the greatest and smallest angles {this is cansed by the discontinuity of v between
—em ynd 400}, The located vertex is a tangeney, since its two edges lis on the same side of the ling specilied
ty the vertex and the epipolar direction,

The second tangency 3 located by applying the same procedure to the direction oppesite to the epipolar
direction,
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Perspective Imaging Model

The above method relies on the tangent dircetion being known in advance: it is the same as the epipolar
direction. In the perspective case, the epipole is nol a direction, and the tangent direction is therefore not
known in advance. Instead, in approximate direction is computed as the direction from the epipole to the
silhouette centroid. If the epipole is sufficiently far from the silhouette, this will lead to the correct vertex
being located. However this is not guarmmtesd.

The located vertex must therefore be checked to determine whether it is a tangency. This is done by checking
whether its two edges lie on the same side of the line passing through the vertex and the epipole,

If the vertex is not a tangency, then the direction from the epipole to the vertex is nsed to find the next
ciandidate. The candidate direction therefore rotates clockwise until the tangency is found. Typically, the
tangency 15 found on the first itecation, but in cases where the epipole is close to the silhouetie more than one

iteration may be required. An example 15 shown in Figure 3.14.
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Figure 3.14; Clockwise romfion of the candidgte direction for finding the tangency: ¢a) the wital candidate direction from the
épipole e to the silhouetie contood o; the Iocated verlex a 15 not 4 Langency, 801015 gsed to defing the candidate direction for the next
iteration, {b) the located vertex 15 a tangeney, »o the algoothm terminates,

Note that the tangency is always located, since the courrent candidate direction always locates a candidate
vertex that is further clockwise than the vertex that specifies the direction. For any direction there are two
tangencies: one to the left and one to the rght. Since the polygon vertices are ordered antclockwise, the
rightmost tangency will always be selected. This is because the range of directions between the edges arriving
and leaving the rightmost tangency vertex includes one that is parallel to the current direction, whereas the
range corresponding to the leftmost tingency vertex includes one that is antiparallel. Since, from the point of
view of the epipole, a step to the right is always a clockwise turn (since the epipole is outside the silhouette),
the tangency will always be located.
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Flgure L15: Two ouler tangencics: pr has o preater angular extent to the left (anticlockwise) and pg has a preater angular extent to
the right {clockwisa) with respect to the epipole.

The sceond tangency is located by computing direction vectors from the silhouette to the epipole, rather than
from the e¢pipele to the silhouctte as is used to locate the first tangency.

355 Determining Tangency Correspondences

To compute the ET ervor it is necessary (o know which of the two outer tangencies in one image of a pair
corresponds to which outer tangency in the other pair,

The literature mentons two approaches to solving the correspondences: (1) the correspondence that Teads
to the lowest ET ertor is selected |54/, or (2) comespondences are determined by knowing that cameras are
always upright: ong pair will oecur at the top of the image and ancther pair at the bottom [60].

Since there 1s no prior knowledge of what is upright for the camera views considered in this thesis, this
constraint cannot be nsed to determine carrespondences,

Instead of determining correspondences by selecting the pair with the lowest ET error, this section demon-
strates that epipolar tangency correspondences can be deternined by considering the camera poses alone.
This provides a simpler algorithm,

A Method for Determining Correspomdences

Figure 3.15 illustrates the two eptpolar tangencies caomputed from a silhouette and an epipole. From the point
of view of the epipole, one of the tangencies pr will have a greater angular ¢xent 1o the leit (anticlockwise)
and the other tangency pp will have a greater angular extent to the right (clockwise). An alternative definiticn
is that the epipole lies o the right of silhouette normal at pe, and 16 the left of silhouette normal at p;.
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Lt the tangencies from the first image be py4 and pg., and those from the second be prg and pry. If exactly
one camera is behind the other camera (i.e., if one camera's 7 coordinate specified in the other camera’s
reference {ramc is less than zero), then the correspondences are (pra, prg) and {pgrs. prg). If both cameras
are facing each other ot il both cameras are behind one another, the correspondences are {pry. pgg) and
{Pra,pis). Examples illustrating the differcnt configurations are shown in Figure 3.16,

Since orthographic cameras are at infinity, they arc never behind one another, and the correspondences are
therefore (pr4, pre) and (pra. pra).

An Explanation of the Method

Consider a [ronticr point P that is zenerated by Cameras 4 and 8. The surfuce nurmat of the [rontier point is
used o define Lhe up dircetion, so that it can be specified whether a camera lies to the left or to the night of a
line passing through the other camera and the frontier point. Figures 3.17a and 3.17h illustrate points in the
plane containing A, 8 and £. In this case. A lies to the right of the line P8, as the normal at £ is facing out of
the page.

Ii Cainera B is orignted so that A is in front of Camera B (as illustrated in Figore 3.17a), then the epipole ¢gq
{the image of A} is on the same side of pg (the image of £} as 4 15 of £. (In the cxample illustraton, it is
to the righl). This is because both £ and A are in front of Camera B. The point £ 15 always in front of both
cameras, since i 18 visible (o both cameras,

If Camers B is cricnied 5o that 4 is behind Camera B (as illustrated in Figure 3.17b), then the cpipole egy
{the image of A} is on the opposite side of pg (the image of ) as A is of P, This is because the ruy from A
comes from behind Camera 8 and strikes the tmage plane from behind.

The hindedness of an epipole with respect to the tangency is used to specily the handedness of the tangency,
This is illustrated in Figures 3.17c and 3.17d. In the case of Figore 3.17¢ for example, the relevant epipole is
pB = pR, the tangency tor which pg lies o the right of the cpipole.

(a} i) (el

Figure 3,16: Examples Ulustrating (a} ewo cameras each behind the other, (b) one camera behiod and one camera facing, (c} two
cumerss both facing the other. Dashed lines represent cach camera's 7 = 0 plane and aroows specifyiog the camera directions depart
from the camera cenlmes and lie on the optical axes. In all cases, the cxtemal scene puanl F 1y vigible 1o both cameras.
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Efanre 3,07 Clarmera A is 0 1he right of B with respect o the line P2 and with the nommal o frontier peint £ facing epwards (out of
the peegel; (o) Carnera £ 15 oented so chat A 15 m front of i (b)) Comera # is oriented so that A is behind it (el the image seen by
E for the configuration o (a): {d) the wmace seen by & for the configration inib), The image plane of 8 s indicated with o dushed
line. Mote that cameras are modelled with the mnage plane in fom ul 1he cumers cenire,

Since the handedness of A with respect to PR is the opposite of B with respest 10 FA, the coresponding
tangencies have opposite handedness If both cameras are in front of cach other, Howoever if exactly one
of the cameras is hehind the other, the handedness of onc of the langencies flips, and the comesponding
tungencies have the same handedness. T both of the cameras are behind the other, then the handedness of
both of the langencies lips, and the comesponding tangencies have opposite handedness (as for the case

when both cameras arc in front of onc another.
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3.6 Summary

This chapter has covered the main aspects of the zeomemy of silhovetic sets that will be used throoghont
this thesis, Tirst, the visual hall, a widelv-used approximation ol 3D shape computed [rom silhouctic scts,
was inlroduced, Next, it was shown that viewing edges impose constraints on the shape of the object that
praduced the silhouettes. Viewing edges were demonstrated to provide both o means for compuling bounds
on the lopgest and shortest diameters of 4 stone, and [or compuling an approximation o the convex hull
of the 3D shape of the stone. the VEMH. In later chupters, the VEMH will be used for pose optimisation,

approximating shape properties, and recognition tasks.

The ET emor, a measure of silhouctle inconsistency that is based on the epipolar tangency constrwnt was in-
troduced. The ET1 error plays an important role in the calibration and recognition methody that are developed
in the chapters that follow. Etfhcient algorithms for computing ET ¢rror that ingorporate some new ideas have
boen deseribed.
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Chapter 4

Multiple Views from Mirrors

4.1 Introduction

Multiple silhouette images of particles for silhovette-based analysis are typically captured using a multi-
camera setup [108]. Such equipment i3 aften not readily available, and a simpler acquisition system may be
beneficial for early investigations. For this reason, a simple setup using only two plane mirrors and a single
digital camera was used for initial data acquisition.

In addition to providing a means for capturing calibrated silhouette sets of particles, the method can be used to
create 3D visual hull models of objects for other applications such as 3D moltimedia content creation. Other
shape-lrom-silhouctte methods [91,97.99] for 3D content creation typically make use of calibration objects,
turmtables, or synchromscd mulit-eamera seiups. The proposed setup provides a simple way of creating 3D
multimedia content that does not rely on specialised equipment. The setup need not be accurately positioned,
since self-calibration is vsed 1o determine all pose and internal parameters®.

Two mirrors are used to create five views of an object: a view directly onto the object, two reflections, and
two reflections of reflections (see Figure 4.1). The image is segmented mto foreground and background
regions producing an image containing five silhovette sub-images.

The method presented in this chapter describes how the internal camera parameters and pose associated with
each of the five silhouette views can be determined from the silhovette outlines alone. This means that self-
calibration is possible: no calibration markers are required. The method therefore allows a S-view visoal huli
mode] o be computed from a single snapshot of the scene.

By moving the camera, vet keeping the object and mirrors in the same positions, silhouettes from different
viewpoints can be captured, The relative pose of the camera can be computed for the different shots, allowing

*Matlab software to perform the self-calibration is available from htep: /fwww . dip.es,uct .ac . za/-kforbes/,
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Flgure 4.1; The two-mimor setup uscd 1o capture five views of an object in a single image.

silhouette sets with an arbitrary number of silhonettes to be captured. Figure 4.2 shows an example of two
images of a scene captured from different viewpoints, allowing a 10-view silhouetie sel o be formed.

Another approach is to change Lhe pose of the ohject between shots to capture different viewpoints, Chapter 6
explains how maliaple S-view sels can be merged into a single set.

Fart of the work described in this chapler was presented as a conference paper [44], This is an extension of
earlier work that was presented as another conference paper [47]. The earlier work assumes an orthographic
projection model and requires a dense search of parameter space to determine inittal estimates, The metbod
described in this chapter improves on this earlier work by providing closed form sohitions for the nital

parameter estimates using a perspective cumera model.

4.2 Related Work

The computer vision literature describes various approaches for capturing silhouettes of an object from mul-
tiple viewpoints so that shape-[rom-silhouette reconstruction can be applied. Several approaches make use of
self-calibration: the silhouctics themselves are used to estimate camera pose and internal parameters. Rather
than assuming general poses for all silhouctics, these approaches typically make use of problem-specific con-
straints such as cireular motion, known orientation, or coplanar viewing directions. The method descrbed in
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Figure 4.2 Two images of a fwo-mirror sctup positioncd so that fve vicws of the abject can be zeen. Note that {he cumery has
merved between shots, but the mioors and abject have oot moved,

this chapter also makes use of problem specific constraints, The constraints in this case are imposed by the
mirrar configuration thal is used o produce mulliple vicws,

Wong and Cipolla | 139] descrbe a system that is calibraled from silhouctte views osing the constraint of
circular motion. Once an initial visoal hull model is constructed from an approximately circular motion
sequence, additional views from arbitrary viewpoints can be added to refine the model. The user must
manually provide an approximate initial pose for each additional view which is then refined using an iterative
oprimisation. Their method of minimising rhe sum-of-square reprojection errors corresponding o all outer
epipolar tangents 1s used in rins chapier to provide a refined solution.

Okatani and Depuchi [101] use a camera with a gyro sensor =0 that the orientation component associated
with each silhovelle view is known, Aniterative opimisation methad is then nsed o estimate the positional
component from the silhouetles by enforcing the epipolar fangeney constraint,

Rotting and Laorentini [11] provide methods for determining viewpaoints from silhouettes for the case of
orthagraphic viewing directions parallel to the same plane. This Lype of situation applies to observing a

vehicle on a planar surface, for instance.

Many works deseribe the use of mirrors for penerating muliiple views of a scene. For example, Gluckman
and Nayar [33] discuss the peomelry and calibration of a two-mirror system using point correspondences.
Han and Perlin [55] use a kaleidoscope to simultaneously view a surtace from many directions. This allows
the bidirectional texture function (o be computed without mechanmcal movement, Hu el al, [62] deseribe
d setop similar o ours, however they use constraints imposed by both the silhowvette outlines and point
carrespondences far calibration.

Huang and Lai [63] have also extended our original two-mirror setup [47] to use a full perspective camera
model (as described in this chapler), Howewver, their approach is different and was developed entirely inde-
pendently of aur work (and was published subsequent to hoth our origindl method and our full perspective
method [44]). Their method of solving for the onentalions 1s based on the equations imvalving the mireor
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notmals, and is similar to our onginal algarithm for an orthographic projection model. Huang and Lai’s
method requires a least squares cost function to be minimised 1o estimale the focal length, This means that
an initial estimate of the focal length must be provided. The method descnbed in this chapter provides a

closed form solution for the focal length.

Moriva et al. [96] describe an idea that is related to the work described in this chapler. Epipoles are computed
from the silhouette outlings of three shadows of & solid cast onto a plane, and are shown 0 be collinear
The authors do not, however, mention any applications that can be derived from their observed collinearity

constraint,

4.3 Epipoles from Bitangents

This section deals with the case where a camera views an object and its reflection. Tt is shown how the
epipole corresponding Lo the virmal camera (the reflection of the real camera) can be computed directly from
the silhouette outlines of the real object and the virtual object in the image captured by the real camera. This
result will be vsed to calculate the positions of epipoles for the two-mirror sstup.

Figure 4.3 shows an example of & camera observing a real ohject and its reflection in a mirror. The virtual
camera is also shown in the figure. Consider a plane IT; that passes througl the camera centres Cg and Cy

virtual object ;A S

/

real ohject / '
CVR
virtoal cameri
Lxi
il Cx®
Ly

real camera e

Figonre 4.3: A camera viewing an object and its refleefon. The epipole comesponding to the virtual camera can be computed from
the silheuette bitangents £q) and Lqo.



and touches the real object at the point Py By symmetry, [T will touch the virtual ohject at the point Py,
which is the reflection of Pgy. Since I is tangent to both objects and contains the camera centres Cp and
Cy, Py und Py are frontier points. They project onto the sithouctie outlines on the real image at points pgg
and puvy. The points pgri, pryi and the epipole exy (the projection of Cp into the real image) are therefore
collinear, since they lie in both I1; and the real hmage plane. Observe that the bitangent Ly passing through
these three points can be computed divectly from the silhouette outlines: it 15 simply the line that is tangent
to both silhouvettes. Another bitangent Lga passes through the epipole and touches the silhouettes on the
opposite side to Ly . These tangency points lic on a plane I; that is tangent to the opposite side of the ohject
and passcs through both camera centres. Provided that the object does not intersect the line passing through
both camera centres, there will always be two outer epipolar tangents £z, and Ly that touch the silhouettes
on ¢ither side.

The position of the epipole egy can therelore be computed by determining Lgy and Lgs [rom the silhoueite
outlines: it is located at the intersection of Ly and Lg;. Note that the epipole is computed without requining
knowledge of the camera pose and without requiring any point correspondences.

Also note that, by symmetry, the real camera’s silhovette view of the virtual ohject is a mirror image of the
virtuul carnera's silhouette view of the real object. The silhouette view observed by a reficetion of a camera
is thercfore known if the camera’s view of the reflection of the object is knowa.,

4.4 Two-Mirror Setup

Figure 4.4 shows an example of a two-mirror setup that is used to capture five silhouctie views of an object
in u single image. The camera is centred at Cp and observes a real ohject Og. The camera also captures
the image of each of four virmal objects Oy, Oyz, Oy2, and Ov2y. Object Oy is the reflection of Og in
Mirror 13 Oya is the reflection of O in Mirror 2; Oy 2 is the reflection of Oy in Mimor 2; and Oy is the
reflection of Oys m Mirror 1,

The proposed method requires six virtual cameras to be considered. The virtual cameras are reflections of
the real camera Cgx. The virtual cameras Cy, Cyz, Cya, and Cyay are required, as their silhovette views of
the real ohiect arc the same as the silhouettes ohserved by the real camera (or reflections thercof), Since
silhouctics lrom the real camera are accessible, the silhoneties observed hy the four virtuul camerus can be
determined. Each of the five camicras” silhovette views of the rcal object can thea be vsed to compute the
five-view visual hull of the object.

The virtwal cameras Cyz; (the reflection of Cyyz in Mirror 1), and Cyy2 (the reflection off Cyy in Mirvor 2)
are to be considered too, since it turms oul that their epipoles can be computed directly [rom the five silhou-
ettes observed by the real camera. These epipoles, together with the epipoles (rom the virtual cameras Oy
and Cya can then be used to caleulate the focul length of the camera.
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Figure 4.4: Mirror setup showing one real and four viral ohjects, and one real and six virtual caneras.

4.5 Analytical Solution

This section presents a method e calculate the focal length and principal point of the camera and the poses
of the virmal cameras relative to the pose of the real camera for the fiive camera views in an image, Next, a
method for determining camera motion between snapshots is presented. This allows all silhouettes from all
images to be specified in a common reference frame, Closed form solutions in which the required param-
eters are determined from the silhouette outlines alone are provided, Silhouette outlines are represented by

polygons, #nd pixels are assumed to be square.

First, it is demonstrated how lines that are tangent to pairs of silhouettes can be used to calculate the position
of [oor epipoles commesponding to four virttal cameras, The principal point is constrained by the epipoles to
a line in each image: the intersectinn of the lines is the principal point. Next, it is shown how the focal length
i a function of the relative positions of these four epipoles. Once the focal length is known, it is shown
that mirror and camera orientation ure sasily determined from the positions of two epipoles. The positional
component of the poses can be compuoted using the epipolur tangency constraint, Finally, it is shown how
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the camera poses between shots are constrained by the constant pusitions of the mirrors with respeet to the
ubject.

4.5.1 Four Epipoles fram Five Silhouettes

Here, it is shown how the epipoles are compuled from pairs of silhouettes using the result explained in
Section 4.3: the epipole corresponding to a camera’s reflection can be computed from the camera’s silhovette
image of an object and its reflection by finding the intersection of the two ouler bitangents, Figure 4.5 shows
how the epipoles ey, evs, ey (g, and ey2)7 are computed from the outlines of the five silhoueties observed by
the real camers. The distances a, &, and ¢ between the epipoles will be used for computing the Tocal length.
The outline ygg comesponds to the object O, and Ygyy corresponds to Oy which is the reflection of O in
Mirrer 1. The intersection of the pair of lines that are tangent to both Yee and e is therefore the epipole
ey, sinee Cyy is the reflection of Cg in Mitror 1. The two lines that are tangent to both ey: and Yevy also
meel at 1, sinee Gyqg is the reflection of Oy in Mirror 1. Similarly, the pairs of lines that are tangent to
both Ve and Ymez, and 10 Yeyvy and Ygyz meet at &y,

frr

Figure 4.5: Computing cpipoles ey, epa, epz). and gyas from the silhoucte outlings in an image.

Consider Cg observing Gy;. Object Oyay is related to Oy through three reflections, Object Oy must be
refleeted by Mirror 1 (to get Og) and then Mirror 2 (to get Gyz) und then again by Mirror 1 to get Ovz). The
¢ffect of these three reflections can be considered to be a single reflection, Applying the triple rellection to
Cr gives Cyiar. The two lings that are tangent to both Yeyv| and yryz) therefore meet at eyyz1. This is again
because a camera (Cg) is observing silhouettes of an object {Oy) and its rellection (2], s0 the projection
of the camera’s reflection {Cy121) can be computed from the silhouette bilangents, Similarly, the two lines
that are tangent o both Yey: and ey jz meet at eyaz.
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MNote that the epipeles e, #12. £y 120. and ez are collingar. since they ull lie in both the image plane of the

real camera and in the plang M- in which all camera centres 1ie,

4,5.2 Fucal Length and Principal Point from Epipeles

It is nony shown how the feeal Tength s compuied [rom the poesilions of 1he four epipeles ev), eva, 1127, and

eyva1z. This is done by considering 1he posilions of the camera centres in the plane Il

First, two new mirrors, Mirrors A and B, which do not eorrespond to physical mirrors in the scene, are
introduced. This approach mukes the problem of calculuting the focal length tractable, Mirror A has the
sdine orientation us Mirmor 1, but is positioned so that it passes midwuy between ey und Cy (see Figure 4.6a

in which the positions of points in [ are shown), The point ey 15 therefore the reflecdon of Cy in Mirmor AL
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Fignre 4.6: Thiagrmng showing (0] the mivrsections of Mimor [, Mimor A and Mimoe 2 with TTp along with the positions of the
camerss and cpipoles. all ol which lic in I, and (h) computing fr and gy from the four epipoles e, éez, eeaz, and epza

Point E is the rellection of ey in Miror 2. and £ is the reflection of £ m bMimor A. Note that F lies on the ray
passing through ey)2) and Cp. Also note that F will stay on this ling i the position (bt not the orientation)
of Mirror 2 changes. This ts because triangles ACRCYy D and ACzer; G are similar,

Figure 4.0b shosws the positions of the epipoles and Cr in Tl The distances a, b, and ¢ between the epipoles
(as shown in the figure) are used to compute the distance f7 between Cp and the moage plane in the plane
Tl The dislance fi7 is then vsed 1o caleulate the focul Tength. The fizwe also shows Bircer B which has
the same orlentatton as Mirror 2, and 15 positioned midway between Cp atd ey, The line joining ez to its

reflection in Mimor A meets Mirror B at point J which projects onto epa) s,
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The tangle AHeyaCy is similar 1o ACrey G, the line segment from ey ) 0 eyvy is of length ¢, and the
line segmient from ey 0 éyiy 18 of length ¢+ &, This indicates that the ratio of the sides of AHepaC to
LCrev1G s o {a+ b). This means thal d{ey,G) =d(Cr,e.2){a+b)/c. {The notation d(x, v) indicates the

distance hetween x and v.)

Similarly, the triangle £ Key Cy 15 similar to ACqey+ S, the line scgment from ey 10 eyo1z 15 of length a, and
the line segment from ey213 to eys is of length &4 c. This indicates that the ratio of the sides of AKey Cr to
Hlpeyad is @ (B4 ¢). Therefore dieva, J) = d{Cg,evi b+ c)/a.

Ths allows d(Cr, ey ) 1o be written in terms of d{Cg, eva ), since ACgeyad is similar to ACge G:

veletb)a {a-i—b}d
cle+h)

d(Cr.evy) = (Cr,eva). 4.1}

The sides of ACyey G are now known up (o a scale facior.

The angle £Cyey G = o+ P can be computed using the cosine rule:

Velcrbyalathy
(c+b)(a+b)

cos(a+=P1=1/2 (4.2)

The cosine rule can be used (o determine the sides of Aey Creyz. (The angle Zey Creya = 180° —a—B.)

The value of fij can now be stated in tenms of ¢, £, and ¢ (with the help of the Matlab Symbelic Toolbox for
simphification):

(a+b+c)Jac(3ac+dab+dbe+4b2)

=1/2 4.3

fa=1/ a*+ab+ +he+ac i)
The puint clescst to Cp on the line containing the epipoles, is

2at+2b4-clalat-b+ - .

=&y + UIE( f2bte)a| €)_tv2—evy (4.4}

a+ab+ct+bectac |jey2—eyp||

The line passing through pg and perpendicular to the line containing the epipoles passes through the principal
point pp. The principal point can therefore be computed as the intersection of two such lines from [wo images
aof the scene. (If the principal point is assmned to lie at the image centre, then a single snapshot could be
used.)

The focal length (the distance from Cg ¢ the image plang) can now be calculated from pyy, the principal
point py and S (sec Figure 4.7):

£=1/#2~lipo—pnl> (4.5)
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4.5.3 View Orientations

Cnce the focal length of the camera has been calculated, the view orentation can be compulted relatively
casily, The mirror normal directions my and my are computed from the focal length, the principal point py
and Lhe cpipoles ey and eys:

o [ l‘-'.-'lf'Pn J N, = [ 2 —Po ‘ _ (4.6)

A 3% 3 mutris R thar represents a reflection by a mirmor with unit normal = [mnmy,mz]r 15 used ta

calculate vigw arencation:

—m% + m;*_, + m.% — 2 m,, — 2 am,
R= — 2, e — m% + 1t — 2oy, - (4.7}
— 2, A ]

4.5.4 Yiew Positions

The point Cyy is constrained to lie on the line passing through ey and Cr. Similarly, the peint Gy is
constrained to lie on the line passing through ey; and Cg. Since absolute scale cannot be inferred from the
image (if the scene were scaled, the image would not change), Gy is fixed at unit distance from Cp. The
anly positional unknown across the entire setup ts now the position of Co2 on the line passing through ey
and Cg.

Ta solve for w, the distance from Cg to Cy2, the epipolar tangency constraint is used. This constraint requires
that a tangent te a silhouette outline that passes through the epipole must be tangent to the comesponding
paint in its projecuon inlo the image plane of the other view, The relationship between the sithouetic vicws
of cameras Cy and Cyz is used to enforce this constraint.
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The poses of the cammeras Cyy and Cya are speeificd by 4« 4 ngid (ransform matrices from the reference
frarme of the real camera:

Rt
M = 1 {4.8)
or 1
whete the translational component tis given by €= 2(mt 1+ mop—+ ot ) (ot m}.,mz]T and (p, o, s

a point on the mirrer.
Fhe matrix & lh"l'z'] represents the rigid transform from the reference frame of Cyo to that of Cy.

The point - is one of two outer epipolar tangencies formed by lines passing through eyqin (the profection

of €1y onto the image plane of camera Cy-) and tangent to the silliouette observed by the camera Cy.

The point pyyz is the projection of ppo Into camery Gy, It most comespond to pyy, one of two outer
cpipolar tangencies formed by lines passing through ey gy (the projection of Cy2 onto the image plane of

carmera Oyl

The cpipolar langeacy constraint is expressed as

(Pvive X eyiyz)-pyr =0, {4.9)

where pyjyva. eyyz, and pug are represented by homogeneous coordinates. In other words, the line passing

through pyyyz and ey most also pass theough pry.

Tguation 4,9 can be specified in terms of gy, pyo, the computed orientation and camera intemal parameters,
and w, The Matlab Symbolic Toolhox was used to determine o selution for w {the equation is too large to
reprodiuce here). Unfortunately. the values of botl pyy und prs are unknown, since the epipoles from which

they may be computed are functions ol the unknown w,

The walues of prp and pya can he determined by exhaustive search, by linding the polygon verlex pair that
fulfils the epipolar tangency constraint. Instead. the need for an exhaustive search 1y removed by using a
parallel projection approximation to determine approximale correspondences. The langencics are selecied
as the support points for ouler tapgend pairs Lhat are parallel o the projected viewing direction. [nless the
cumeri is very vlose to the object, 1his method seleets cither the same vertices, or vertices very close to the

true tangencies under a perspeclive projection,

4.5.5 Combining Five-View Silhouette Sets

The culibration provedure described above allows five sithouctie views from one image o be specified ina

common reference frame, The pase and internal parameters of the four virtual cameras and one real cumera

&7



are knowi. The sifhouettes observed by these cameras arg also known: the silhoucites observed by (e vichoal

cameras are those observed by the real camera of the corresponding virtual object.

The next slep is Lo specily the silhouetic sets [rom (Wwo or more images in a common reference frame, This
is easily achieved, since the mirror poses are known with respect to the real camera for each image. The
five-view silhouctic sets are aligned by aligning the mirrors across sets. There are two additional degrees
of freecdom that the mirrors do not constrain: a franslation along the join of the mirrors, and an overall
seale factor. These are approximated using the epipolar tangency constraint and a parallel projection model
{as for computing w): each five-view silhonetle set is scaled and {ranslated along the mirror join so thal
outer epipolar tangents coincide with the projected tangenls [rom silhouclies in the other silhouctte set. Each
silhouetle pair between silhoucties in dilferent sels provides an estimale of translation and seale. The avemge

result over all pairings is used.

4.6 The Refined Sclf-Calibration Proceduore

The method descobed in Section 4.5 provides a means [or compating all calibration parmmeters, However,
betier resulls are obtained il parameter estimates are refined in several steps. Thas is done by adjusting
the paratmeters 1o minimise the sum-ol-of square distances beiween epipolar tangencies and comresponding
projected tangents using the Levenbery-Marquardt method. The peometry of the problem naturally allows
[or parameters o be decoupled from one ancther, allowing minimisation to be applied to small numbers of
prarameters al a time.

The first step of the procedure is 1o determine which rilhonettes correspond 1o which camera views lor cach
of the five stlhouettes in the image. This is done by ordering the five silhouettes along their convex hulls, and
then considering the five wrangements. The four epipoles ey, evz, ey)21. and eyz)2 are computed for cach
of the five possible armngements. The lowest sum-of-square distances between silhouette tangents passing
through the epipoles and tangents on the comesponding silhouettes 15 used to select the correct arrangement,

With noisc, the tangent intersecions used to calculate the four epipoles will, in general, produce epipoles
that are not collinear. The epipoles ey and eys cach hic at the intemsection of [our tangents. In the presence
ol noise, the four tangents will not intersect at a common point. For a refined estimaie, the posttions of the
[our epipoles are paramelerised vsing only six degrees of freedom, so that the epipoles are constrained 1o he
collincar. The sum-of-square distances [rom tangency points to the comesponding tangents generated by the
opposite silhonette is minimised. The tingents pass through the appropriale epipole and touch the silhouette.
To form a starting point {initial estimate) for the minimisation, the tangent imlerseetions are compuled, and
the points closest (o an orthogonal regression line through the intersection points are used.

Focal length and principal point values are then computed for cach image, averaged, and adjusted to minimise
reprojection error. The anknown positional component is computed next for cach image. Paramelers are then
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adjusted by minimising reprojection error using all possible silhovette pairings between silhoueties within
each set.

Finally, the five view seis are merged info 4 single large set as described in Section 4.5.5. A final manimisation
adjusts all parameters simultaneously to minimise the sum-of-square distances across all silhouette pairings.
There are 10k(5&— 1} distance values for & inpul images,

4.7 Experimenls

4.7.1 Qualitative Resvlts from Real Data

Qualitative testing of the proposed self-calibration method was carrisd out nsing the two 2592 x 1944 images
of a toy horse shown in Figure 4.2. The five silhouetles in each Image were determined using an intensity
threshald.

Figure 4.8 illustrates the bitangents and epipoles computed from one of the two input images. Poses and
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Figure 4.8: Computed bitangents and epipoles overlaid on one of the input imapes of a toy horse.

internal parameters were computed from the positions of the eépipoles in the two input images using the
methods described 1 this chapier. Visval hulls were computed from the silhovete (o provide a qualitative
assessment of the 3D shape reconstructions that one can obtain with the two-mirror setup.

The resultant visual hull model is shown in the thind ¢olumn of Figure 4.9, The figure also shows visaal hull
maodels created using only the five silhouwetes from each of the images. This demonstrates the improvement
in the quality of the model obtained by merging the silhonette sets. Note that both five-view visual hulls have
tegions of extra volume that are not present in the ten-view visual hull.

The angle between the mirrors was computed to be 73.1 degrees. The focal length was computed (o be 2754
pixels and the principal point located at (1306,981), This compares with values of 2875 and {1297,95%)
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Figure 4.9: Twn views of die vissal hull of the horse formed from the silthousttes in image 1 {femd cofuma), the sifhouettes in tmage
2 (gecond codprrn ), and al] wen silhoueties (rhend cedveree],

compuled vsing a checkerboard calibration method (Jean-Yves Booguet's Camera Calibration Toolbox for
Matlab), Note, however, that a direet companson of individual parameters does not necessarily provide a
good indication of the accuracy of the calibration parameters, The calibration parameters should provide
an accurate mapping from 2D image points to 3D ravs in the volume of interest. The interplay between
the different parameters can result in different parameter sets varying to some degree in magmitude, yet still
providing a good mapping in the volume of interest. A difference in principal point location can largely
be compensated for by a difference in translation parameters, for instance. A more meaningful measure of
vahbration purameter quality using the sifiouette cafibration ratio is described in Section 4.7.2.

Figute 4 10 provides further qualitative results, showing visual hulls of various objects computed using the

proposed two-mirror setup.

4.7.2  Images Captured with a Moving Camera
Ball Foaages

To provide a quantitative evaluation of the viewpeint positions provided by the two-mirror setup, two images
of a ball bearing were used. Since the imaged object is of known shape (it is spherical), it is possible to
guantify the geometrical constraints that its silhovettes impose on its 3D shape.

Two images of a ball were captured from two viewpomts using the two-mirror setup (see Figures 4.11a
and 4.11b).  Self-calibration was applied to the two images using the methed described in this chapter.
The 3D pesition and diameter of the sphere were then estimated by iterative optimisation: the sum-of-
square distances between the projected ball and the polygonal boundary vertices of the observed silhouvettes
was minimised using the Levenberg-Marquardt method, The inferred sphere parameters and calibration
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Flgure 4.14: Visual hulls computed using the proposed pvo-mirror ssip. Inpul ioages are shown in the to the left, and the resultant
visual hulls are shown 10 the righl. From top o bottony: 2 cup, a toy locust, a toy lion, and a piece of gravel, Black velvet was used
as 3 backsround for the cup and the loeust, whereas a backlight was used for the lion and the gravel.
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Figore 4.11: Shape inference from silhouettes of a ball beannyg nsing the two-mirkge setups (a) it imput image, (b seeend input
image, (] ten vicwpeants corresponding to the ten observed sithouettes, (d) synthenc S-view visual holl commesponding to the frst
inpuet image (e) synthetic S-view viswdl hull comesponding to the seeend toput image, (f) synthetic 10-view visual hol! corresponding
6 both input images, (1) distobutions of bounds of the diameter computed over all directions as 3 proportion of the true diameter,
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parameters wete then used to generate exact synthetic silhouetie projections of the sphere that corresponds
to the real data. This allows investigation of the inherent geometrical limitations of the extent to which 3D
shape can be investigated from siihouctics using the two-mirmor setup. [n other words, the limitations that
exist in the absence of noise can bs investigated.

Results are presented in Figure 4.11. The ten silhousttes captured in the two jmages provide ten well-
distributed viewpoints (Figure 4.11c).

The second row of the figore shows visual hulls computed from the 5-view silhouoette sets from the images
considered individually, and from the |0-view silhouette sets of both images considered together. The cone
slrip components are coloured according (o the cortesponding camera view. The 3-view visual hull from the
[ixst ithage is 105.3% of the sphere volume. The S-view visual hull from the second image is clearly a poor
approximation to the sphere, and is 149.8% of the sphere volume. Newvertheless, the 10-view visual hull is
only 101.2% of the sphers volume, so both silhouetle sets make signilicant contbulions to carving away
volume that is not part of the imaged object. (Since exact silhousite sets are used, the computed visual hull
cannot be less than 100% of the sphere volume.)

The last row of Figure 4.11 quantifies the geometrical limjtations that the three silhouette set impose on the
diameter of the imaged object over all divections. (Coverage of all directions was approximated by con-
sidering directions specified by six 1wosahedron subdivisions.) The plots indicate that the S-view silhouvette
set cormesponding to the second image does not provide light constrainis on object shape. For instance, the
upper bound on the diameter is 250% of its actual value in some ditections. Since both the upper and lower
bounds on the diameter in a given direction are closer to 100% for the 10-view silhouette set, it provides
tighter constraints on the shape of the imaged objsct than either of the 3-view silhouetie sets.

Gravel Images

Two images were capiired for each of twenty pieces of gravel using the two-mirror setup. Figure 4.12 shows
an cxample,

Although the primary purpose of captoring the data set was to generate synthetic data based on real data,
the real data alse allow the repeatability of the estimated calibration parameters to be quantified. Results
that quantify repeatability are presented in Table 4.1. The mirmrors and the camera internal parameters were

[ | mirror angle [degrees] | f [pixels] | up [pixels] | wp [pixels] |
mean 74.605 38627 633.55 467.6
! standard deviation LO1T768 51.490 29.995 24,9249

Table 4.1: Mean and standard deviation for parameter values computed using 20 difterent stones. Results are shown for the angle
between (he mirrors, the focal length f, and the principal point {eg, ). Two images fom different viewpoints were used for each
slane,
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Figure 4.12: Example of two images of a piece of gravel.

fixed durng the caplure of 40 images of the 20 pieces of gravel, whereas the cumera was held by hand and
moved between shots. The estimated internal camera parameters tend o vary from set to set (for instance
the cocficicol of variation of the focal kength is 1.3%) This occurs because small varations in these values
can largely be absorbed by camera pose parumeters while still muintainming an accurate image point to 3D
ray mapmog i the volume of interest. The angle belween mirmors computed over twenty calibrations has a
standard deviation of less than Ysoth of a degree.

Synthetic Data

To investigate the sensitvily of the method to noise, synthetic images were used. This allows the cXact
values of calibration parameters [0 be known. To ensure that realistic parameter values were considered,
the synthetic images were based on the real imapes of the gravel, Exact polygonal projections of the ten-
view polyhedral visual hull of the gravel were penerated using the output provided by the real images. This
provides an exactly consistent sel of sithouettes,

Quanisation noise was introduced by rendering the polygonal silhouettes, first at the original image resalu-
tion (2592 x 1944}, and then at successively lower resolutions.

Boyer [14] introduced the silhouette calibration ratio Cr as a measure of the combined quality of sithouetics
and camera parameters. Ideally, some poinl on any viewing ray in a silhouette must intersect all # — | other
visual cones of the s-view silhovelte sel. The ratio of the actual maximum number of intersections for points
on the ray to it — 1 i1s a measure of consistency: €, is the mean valee for all rays from all silhoueties, A
measure of inconsistency is given by 1 — C,.

Figure 4,13 shows plots of 1 —C, versus the degree of resolution reduction for the compuied camera pa-
rameters and quantised silhouettes. Results are also shown with the computed camera parameters and exact
silhouettes, as well as exact cumera parameters and quantised silhouctics, The plots show that without
refinement, the poor accuracy of the camera parameters is a greater contributor o inconsistency than the
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quantisation of the silhouettes alone. However, for the refined camera parameters, the quantised silhouettes
and exact camerd paramelers are more inconststent than the exact silhonettes and the computed camera pa-
rameters, demonstrating the aceuracy of the relined calibration method, In other words, the quantisation of
the silhouettes is a greater contributor to inconsistency than the caimer parameters computed with refinement
[rom the quantised silhouettes.

4.7.3 Imuges Captorcd with a Fixed Camera

Silhonetie sets captured vsing a freely moving camera arg calibrated vp to an unknown scale factor. This
means thut dimensionless quantities such as the ratios used to specify particle elongation and {latness can
be estimated [rom silhouette sets, but properties that require absohits scale such as particle volume cun not.
Il the camera is kept in a fixed position with respect to the mirrors (using a tripod, for instance}, then the
relutive scale for all silhonette sets will be the same, Absolute scale can be enforced by imaging an object of
known size such as a ball bearing.

A data set of 220 pieces of gravel was captured vsing the mirror setup with the camera fised o a tripod
with a 1l angle of approximately 45°. Three images were captured of each stone, with the stones manually
reoriented between shots. Polyvhedral models of the stones are illustrated in Appendix C on page 220, The
data st of 220 pieces of gravel is used to test shupe and recognition alzorithms in later chapters.

fa) 12700 e ball (b 15875 mum ball (o] 19050 mm ball

e © » e *
o " -.’. & .,

dy 25400 mnm batl (£} 31750 mm ball () 38, 100 mm bal

Figure 4.14: Six imapes of six ball bearings wsed for entorcing seale.
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Scale was enforced for the gravel silhouette sets by fitting a sphere to silhouettes of an imaged ball bearing
as described in Section 4.7.2. Siones were grouped in batches of 20 and calibration and scale enforcement
was carried out separately for each baich,

To test the accuracy of scale enforcement, six images of hall bearings of different sizes were captured (see
Figure 4.14). For cach ball, the calibration and scale information estimated with another ball was used, and
together with the ball’s silhoueties the best fit sphere was computed. The diameter of the best fit sphere ix
compared with the ground truth diameter in Table 4.2, Results are shown for all pair combinations, The
largest absolute percentage error for an cstimated diameter is (L2811 %,

12700mm | 15875 mm | 19.050mm | 25400 mm | 31.750 mm | 38 100 mm
ball hall ball ball ball batl

12,700 mim 15905 mm | 19062 mm | 25453 mm | 31.786mm | 35.168 mm
calibration {(+0. 18940 ! (+0.063%) | (+0.207%) | (#0.115%) | (+0.1804%)
15.875mm || 12676 mm | 19.027mm | 25405 mm | 31.727 mm | 38.097 mm
calibradon | (-0.1599:) (-0.123%%) | (+0.018%) | (-0.074%) | (-0.009%)
19.050mm || 12.691 mm | 155894 mm 25438 mm | 31.770mm | 38.152 nun
cahbraiion || (-0.071%) | (+0.122%) (+0 150 | (+H0.0649%) | (+0.135%)
25.400mm || 12.671mm | 15.8368%9mm | 19.02]1 mm 31.724 mm | 38.098 mm
calibration || (-0.231%) | (-0.037%) | {-0.132%) (00819 | (-0.003%)
31,750 om || 12678 mm | 15.879mm | 19.033mm | 25418 mmn 35132 mm
calibration || (-0.175%) | (+0.024%) | (-0.089%) | (+H0.073%) {+0.085%)
38.100mm || 12.664 mum | 15.8362mm | 19014 mm | 25.3% mm | 31.721 mm
calibration || (-0.281%) | (0.080%) | (-0.180%) | (-0.022%) | (-0.090%)

Table 4.2 Ball dismeless estimated from a S-view image of o ball vsing calibration parametars determined by o S-view imagze of o
hall of another size, Estimated ball diameter and percentage emmor arc shown,

4.8 Summary

A novel image capture setup that provides a simple means for capturing multiple silhouctics of an object
from well-distributed viewpoinls has been described. This chapter has demnonstraied how silhouettes impose
constraints that allow the pose and internal parameters associated with cach view to be computed from the
silhouettes alone. Since self-calibration s applied, there 18 no need for accurate positioning of the apparatus,
and there is no need for a calibraiion object with control points whose coordinates must be known in advance,

Synthetic images have heen used to demonstrate that the computed camera paramecters have less effect on
quality as measured by the silhouctte calibration ratio than the noisy silhoucties from which they are com-
puted.

The approach is limited to objects that can be segmenied from the background to produce silhouettes. Objects
are required to be positionced so that five non-overlapping views at¢ visible 1o the camera.
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The method provides the required input for multi-view silhouette-based particle analysis applications (such
as recognition and shape analysis), and is also potentially a useful ool for 3D multimedia content creation,

Latet chapters will quantify the performance that can be achieved lor shape property estimation and matching

applications using the two-mirror setop described in this chapter, This will be done wsing the data set of
images of 220 picces of gravel.
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Chapter 5

Configuration and Calibration of a
Multi-Camera Setup

5.1 Introduction

A muli-camera setup allows a moch greater throughput rate than the two-mircor setop deseribed in the
previous chapter, but this comes at the cost of greater monetary expense.

The setup used in this thesis consists ol six simultancousty trigzered cameras, Particles are placed on a
feeder above the cameras. The feeder causes the particles to fall past the cameras one by one at a rate of
approximately ten particles per second. As each particle falls, it passes through a light curtain that triggers
the cameras 5o that a 6-view image set of the particle is captured. The multi-camera setup vsed in this work
was built by Anthon Voigt and his team at the premises of the company that commissioned past of the work
described in thesis. The hardware aspects of the multi-camera setup lie outside the scope of this thesis.

It this chapter, the rationale behind the positioning of the cameras is discussed. A simple method for cali-
brating the cameras using images of a ball of known size is then presented.

5.2 Positioning Multiple Cameras

The multi-camera setup serves several purposes: matching stones, estimating various size and shape proper-
ties, and building 3D visual hull models of stones for visualisation purposes.

Accuracy can be improved for a given application by increasing the number of cameras in a multi-camera
system. However, for a given number of cameras, it is not obvious how the cameras should be positioned
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50 #s to obtain the best aveuracy. The solution (o Lhe problem is somewhat dependent on the measure of

accuracy, Lhe specific application, and the sizes and shapes of the pariicies.

The mulli-catmerg setup was built with six cameras positioned so that each cumera looks onto one of the six

parallel face pairs of 2 regular dodecahedron. Figure 5.1 illustrates the setup. Each cumers is approximately

=

Figure 5.1: The configuration of the six-camera setup used in this thesis.

S0 mm [rom lhe cenlre of the dodecahedron.  Since particles tend to be imaged close to the centre of
the dodecahedron, and are approximately 5 mm in diameter, the setup provides weak perspective imaging
conditions: particles ure close to the optical axes of «ll cameras, and particle depth variation is small with

1espeet 1o the distanees 1w the cameras.

The number of cameras was limired by monetary cost ad hardware limitations, Six was 2lso considered
to be a2 more favourable number of cameras Lhan five or seven, since a symmetrical eonfiguration could he

realised. The remainder of this section gives some juslificaion lo the choive of camerd conliguration.

5.2.1 Undesirability of Coplanar Cameras

Although the problem of determining the besl nexl view for shape-from-silhouette modelling has been con-
sidered before [12, 114]. the problem of oplimally pesitioning a number of fixed camerus for shape-from-

silhouette applications has reccived [itde attention in the compuler vision litersure,

Mundermann et al. [9%] addiess the problem an the context of hulding visual hull modeis of humans. They
find that cameras positioned in a geodesic dome configuration {1.e., well-distibuled over 4 hemisphera). and

cameras positionzd in a circular coplanar configuralion around the objest produce the best resulis.

Ceher than Mundermann ¢ al s findings tha a cireular coplanar eonfiguration is desirable for al leas) certdin
applications, « coplanar configuration is worth considering since il simplifies the manufucture and assembly

of the strocture that houses the camerzs.

Figure 5.2 illustraes why o circular configuration (camergs with coplanar optical axes) is undesirahle for

estimating 312 shapes of cerlain nonconvex particles trom silhovette sets. o the first row of the figure, (he
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Figure 5.2; 5ix cameras observing a banana-shaped partdcle: (a)-{c} show cameras with coplanar optical axes, (dj—(f) show cameras
based on a Platonic solid geomeiry. Noie thar the coplanar cameras vickd a visnal hull model that is much lavger than the particle:
the exira volume is due 1o the saddle-shaped repion of the pacticle. The comeras based on a Platonic solid geometry yield a visual
hull model that is & relatively close approximalion o the particle,

cameras are positioned so that their optical axes are coplanar, with an even angular distribution about 1807,
The visual hull model (Figure 5.2¢) s a poor approximation (o the banana-shaped pacticle (Figure 5.2a), since
there is additional volume in the saddle-shaped region. This camera configuration would perform poorly at
visual hull-based volume estimation, since for nonconvex particles the volume estimate would be highly
dependent on the orientation of the particle with respect (o the cameras. The circolar camera configuration
is desirable for building visual hull models of humans (the application of Mundermann et al.}, since humans
are not arbitrarily oriented with respect to the cameras.

Section 7.5.5 provides some further results that demonstrate the undesicability of coplanar cameras in the
context of matching pairs of silhowette sets: mismatch pairs cannot be distinguished from maich pairs for a
range of particle onentations.

5.2.2 Positioning Cameras by Optimising Ohjective Functions
The camera configuration for the work presented in this thesis wag determined by optimising an objective

function, Two approaches were considered: (1) maximising the sum of distances between frontier points on a
sphere, and (2) minimising the angle between the most isolated direction and its closest viewing direction. In
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other words, two different criteria were considered for positioning the cameras. The frontier point criterion
specifies that the cameras should be positioned so that the sum of distances between frontier points on a
sphere is maximal. The direction isolation criterion specifies that the dicection that is furthest {in terms of

angle) from any of the viewing directions is minimal.

Representation lor Cameras

The pose of a camera has six degrees of freedom. However, the vnentation of the camerd does not alfect the
information contained in a silhouette: retaling the camera aboul its centre does not alter the rays that pass
through the centre, Forthermore, since the viewed particles are smull with respect to the vaniation in particle
position and the working distance of the cameras, it may be assumed that the distance from the camerus to
the particles is many times greater than the size of the particles. This means that the positional component of
cach camera along its optical axis is almost inconsequential from wn informational point of view. For these
reasons, the posidoning of each additivnal camera with respect 1o a fixed first camera can be considersd to
introdoce only two additicnal degrees of [reedom. For simplicity, cameras are considered to be directions
specificd by points on a sphere and an orthographic imaging model is used,

Camera positions are over-parameterised by using three coordinates o specify the position of each of the
cameras on the viewing sphere (two degrees of freedom). The over-parametetisation prevents the occurrence
of singulanties and allows for a smooth function to aid the optimisation process.

The Frontier Point Criterion

The ohjective function to be maximised for the fronter peint criterion is the sum of distances between
frontier points on a sphere viewed by orthopraphic cameras. Each possible pairing of two cameras yields
two fronticr points on the viewed sphere: if n cameras are used, then there are a{s# — 1) frontier points. A
sphere is used instead of any other shape {or reasons of symmetry and simplicity. In practice, particles being
viewed by the cameras can be assumed to be arbitrarily criented: a sphere does not introduce any directional
bias. Maximisation of the objective function ensures that frontier points are well-distributed over the surface
of the viewed object.

Since frunticr points are well-distributed on a sphers, they are also well-distributed on the particle. (The
frontier points that lic un the saddle-shaped region project to epipolar tangencics that are not eufer epipolar
tangencics, since the epipolar tangencies lie on concave boundaries of the silhoueties.) Frontier pomnts lie
both on the particle and on the visual hull, so regions close to the frontier points are accurately modelled
by the visual hull {provided that there aren’t sudden changes in the local surface geometry). A camera
configuration that causes frontier points to be well-distributed over the object is therctore likely to provide
a visual hull model that accurately approximates the particle over all regions of the particle’s surface. This
reduces the likelibood of certain regions being poorly modelled and ¢nsures reasonable performance for
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applications such as volume estimation and shape analysis in which the visual hull 15 used as an estimate of

the shape of the particle.

The Direction Isolation Criterion

An altermative approach is 1o minimise the most isolated unused viewing direction. By himiting the maximum
difference in direction between uncbserved views of an object and the observed views, the probability of not

observing a saddle-shaped region of the object’s surtace, for instance, is reduced.

The maost isolated direction is determined using a spherical ¥orongl diagram. The Voronol diagram is a
division of the surface of a sphere into cells, based on the positions of a set of site points on the sphere. Each
cell surrounds exactly one site point so that each point within the cell is ¢loser 1o the site peinf contained in
the cell than to any other site peint. Each viewing direction is specificd by a pair of antipodal pomts on the

viewing sphere; Lhesc are lhe sile poings.

T determine the most isolaled poimt from 4 set of site poinls on 4 sphere of any dimension, only the vertices
of the Voronoi diagram need be considered, since for any non-vertex point there will be a Voronol vertex point
that is more isplated. The most isclated camera direction is therefore computed, for a given set of viewing

directions, by finding the Voronoi vertex whose closest site point 18 further than for any other Voronel yertex.

Spherical Yoronoi diagrams can be easily computed for spheres in any dimension. The proceduore is iflus-
trated in Figure 5.3 Tangent planes at site paints must be considered. The intersections of the halfspaces
specified by the tangent planes is a convex polyhedron. The halfspace intersection can be formed by com-
puting the conyvex hull in dual space, ie., by breating the homogenenus representation of the tangent planes
as points, The dual of the dual space polvhedron is the required polyhedron (Figure 3.3b). The Vorone
diagram 15 formed by projecting the polyhedron vertices onto the sphere (Figure 5.3ch. The connectivity of
the diagram is given by the commectivity of the polyhedron. This method of compuling Yorenol diagrams

using convex hulls in 4 hagher dimensien was intesduced by Brown [19].

5.2.3 Configuration Optimisation Results

Both ohjective functions were optimised using Matlab’s Nelder-Meud simplex method |28]. Starting points
for camera positons on a sphere were chosen by randomly selecting points from 4 subdivided icosabedron.
Four subdivisions of the icosahedron were performed (o obtain 812 peints that are well-distributed on g
sphere. The objective function was evaluated for 1000 different randomly selected point sets, and the best
of these point sets was used as a starting point for an optimisation. This provedure wus Tepeated 1000 times,
and the best result was selected. Multiple applications of this approach produced the same sels of relative
camera positions, Figure 5.4 illustrates camera configurations eplimisced wilh the direetion iselation erifetion
und with the fronticr point eniterion, Antipodal pairs of points on the unit sphere indicate camera directions,
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{a) 4] icl

Fiyure 5.3: Procedure for computing the Voronod diageam on a sphere: {a) a sphere with some site points in colour, (B 8 polyhedron
formed by intersecting all hallspaces defined by mmgenl planes (o the site points, (e e Voronod diagrim formed by projecting the
pulybedron vertices onlo the sphere; the connectivity of the diagram is given by the cannectivity of the polyhedron. Surface regions
on the Vorunol diagram are coloured according to the nearest sibe poinl.

{d} e} i1

Figure 5.4 Camera configurations with camera ditections represented by spheres of the same colour; {a) optimal 3-camera di-
retions for both direction isolation and frontier pobal ceileria, (h) optimal 4-camera directions for directon isolation criterion, {¢)
optimal 4-camer directions for the frontiee poiat crilenion, (J) oplimal 6-camera directions for both direction isolation and frontier

point criteria, (] optimal 1tkcamera directions for direction molation criterion, (f) optinal 10-camera directions for frontier point
Criterinn.
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and regions on the sphere are coloured (o correspond (o the closest camera direction. For certain numbers of
cameras, the two camera positioning criteria produce different configurations, whereas for other numbers of
cameras, oné configuration is optimal for both critenia.

Notably, the direction isolation and fronter point criteria both produce the same configuration for six cameras
(see Figure 5.4d). This configuration was therefore chosen for the six-camera setup used in (his thesis.

In the case of the fronter point criterion. 3-. 4-, 6-, and 10-camera setups comrespond to the directions
specified by the face normals of the Platonic solids. (The regular tetrahedron and the reguolar octahedron both
correspond to the same 4-camera setup.) In the case of the direction isolation critefion, the 3- and 6-camery
setups correspond to Platenic solids, whereas the 4- and 10-camera setups do not,

Camera configurations optimised using the frontier point criterion are illustrated in Figure 5.5, The corre-
sponding frontier points on a sphere are shown in Figure 3.0

Although only the six-camera setup was physically realised, the camera configurations consisting of different
numbers of cameras are used in this thesis for several experiments using synthetically generated data. This
enables investigation of the performance of various algorithms with different camera configurations,

The best conliguration of the two-mirror setop was alse determined by the optimisation using the direction
isolation criterion. It i3 a symmetncal setp with 727 between the mirrors and the camera tilted at 42.0°,
This produces a maost isolated divection that i3 48.0°7 from the closest viewing direction. This iz only 2.1°
larger than the optimal most 1solated direction that can be achieved from any five viewing directions.

5.3 Camera Calibration

Mulii-view, silhouette-based particle analysis applications such as particle size and shape analysis, and in-
dividual particle recognilion require accurate camera calibration, The internal and pose parameters of each
camera in a multi-camera setup must be estimated so that the 3D ray corresponding to any 2D image location
is known in a common reference frame.

In earlier work [45], a calibration method was developed using a calibraton object with eoded marker pat-
terns. Figure 5.7 shows two examples of the calibration objects with coded marker patterns. The circular
markers are identified by their code bands, and the camera internal and pose purameters are inferred from
the positions of the imaged markers across multiple images.

Here, a ditferent approach to calibration is described. A sphere (typically a ball bearing) is passed through
the multi-camera setup several times, and several image sets are captured. Pose and internal parameters are
then inferred from the images of the ball. This approach of using ball bearings to calibrate the mulu-camera
semp has several advantages over using a calibration object with coded targets:
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{a] 3 cameras {h] 4 cameras {c) 5 cameras
T~

/ & |
¢ oo -“&/>
o
% : it

LI

(LY & cumeras gl 7 camcras (f] & comeras

{g) 9 cameras (hy 10 cpmeras

Figure 5.5, Canery selups oplimsed wilh the frontier point eriterion, The # camer:ss {green) are shown together with the Za-faged
polybedr representing each eamera configuration. The polyhedra are shown as a casing on which the camerss ate mounted and as
A positioning aid At the centre of the casing, with the cameras locking onto the purallel face pairs, The sctwp in (3] is based oo the
geometry of o cube; this is the configuration vsed by the University of THinms Aggregale Image Analyser [108], The six-camera
setup used in this thesis is contigured as in (d). Wole that (ad, (b, (1), and (h) shew Platonic solids,
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(o) 3 camcras {b] 4 cameras () 5 cameras

(d} & cameras (ey 7 comeras () & cameras

(g) 9 cameran {h) 10 cameras

Figure 5.6: Puositions of fronticr pownts on 2 sphere for camera sctups optimised with the frontict point criterion.  The images
cofrespond o the images shown in Figure 5.5
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N {h

Figure 5.7 Two examples of calitration objects with ended targets: {a) a cube with 34 tareets and 9-bi code bands, (h) 2n
ipoasheron with 60 Lappets and F0-Bit ciode bands,

I. Unlike calibration using coded marker patterns, calibration vsing balls makes use of silhonette images.
This means that there is no need for front lights to illuminate ohject surfaces. Ball calibration thercfore
tias the potential to reduce the complexity of a multi-camera setup by removing the need for two sets
of lights; only the back lights that are already required for creating silhouette images of particles are

needed.

2. By using objects that fall off the feeder (balls) instead of moving a calibration object in front of the
cameras, the appropriate 3D reyion is calibrated. Since the calibration parameters are to be used with
objects that fall off the [ecder, appropriate coverage is achieved,

3. Since the shape of the balls is known in advance, the silhoucttes boundaries can be robustly detected
from within images: the image of a sphere is a coni¢ section, and can he ¢loscly approximated by a
circle in many practical imaging configurations.

4. Unlike calibration objects with coded marker patterns, ball bearings of many sizes are inexpensive and
readily available.

5. Balls cum be used 1o calibrate common fields of view that are toe small (or coded marker patterns to
be used. Tt 1s impractical to create a calibration ohjeet with coded marker patterns that 18 much smaller
thim an inch in diameter. However, small ball bearings can be used with relative casc.

Cametra calibration is carried cut by adjusting all camera parameters simultaneously to minimise the ET emror
across all observed silhouette sets using the Levenberg-Marquardt method. Although this approach can be
carried out using silhouette sets of stones rather than silhovette sets of a ball, vsing a ball instead of stones
provides two advantages:
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1, The ball images provide an effective means for computing initial parameter estimates. Without good
initial parameter estimates, Levenberg-Marquardt optimisation may converge to a local minimum that
is far from the global minimum.

2. Minimasation of ET error across all sithouetie scls docs nol determine absolute scale. A ball of known

size provides 4 convenient meuns for enforcing absolute scale.

331 Related Work

Early works on camera calibration (within the field of computer vision), such as Tsai's method [130], rely on
control points with accuralely known 3D coordinates, Tn the 1990s, self-calibration methods were developed
for computing camera parameters from correspondences of points with anknown 3D coordinates. Cne of
the original self-calibration methods was developed by Tomasi and Kanade [129] for orthographic cameras.
Although the method has been extended in various wuays {0 a perspeclive camera model |56, 115], the method
descnbed 1n this chapter uses the Tomasi-Kanade method to establish initial camera parameters, This is
becaus: the pemspective modelling methods are unstable if the degree of perspective distortion in a scene is
small, By using images of a ball, it is easy to closely approximate multiple point correspondences thal would
be observed by orthosraphic cameras with the same viewing directions as the actual cameras.

Practical methods for calibrating multi-camera setups based on self-calibralion point correspondences have
heen described in the computer vision literature. For instance, Svoboda et al. [122] calibrate a mulli-camera
smart room. Their system consists of four cameras that share 4 large commaon fisld of view. Point correspon-
dences across multiple views are obtamned by having a person move a laser pointer around the common field

of view.

Following the analysis of the generalisation of the epipolar constraint to include silhouettes [3], there has
been interest in calibrating multi-camera setups psing silhouettes. Sinha and Pollefeys [120] make usc of
outer epipolar tangents to calibrate a network of cameras using silhoucties, Random sampling is used to
idetuify consistent corresponding epipolir tangencies (o use for computing initigl parameter estimates. Since
the six-camera setup considered in this chapter is a highly controlled environment, it is not necessary to
resort to random sampling to estimate initial parameters, since multiple point correspondences can easily be
generated using a ball.

The computer vision literature describes several approaches (o calibrating camcras using spheres. Shivaram
and Seetharaman [118] point out that the major axis of an elliptical projection of a sphere always passes
through the principal point. Using this observation, they derive equations for camera poses and intcrnal
parameters, and test their method with synthetic imagres.

Kuct al, [128, 140] show how internal and pose parameters can be estimated separately vsing linear methods.
The solution 1s then globally refined using the Levenberg-Murquardt method,
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Aprawal and Davis [1] describe a method for multi-camera calibration using spheres. They wse a doal
space approach and solve the camera parameters using semi-definite programming (an extension of linear
progtamiming where positive semi-definiteness constraints are vsed on matnx variables), The method appears
1o solve the same problem addressed in this chapter,

These approaches provide alternatives to the approach that was used, which was chosen for s relative
simplicity, A possible problem with the above approaches 1s that the perspective distartion in individual
itnages 15 low; imaged balls appear as circles, This makes it difficult (o reselve the relatonship between
depth and focal length from individual images. The method that was vsed is able to resolve these Factors by
considering multiple ball images in which the ball position vanes somewhat, To & good approximation, the
ball projections appear as crcles of varying size, allowing depih and focal length (o be estimared,

5.3.2 Preprocessing

The calibration routing requires the same ball to be passed through the six-camera setup several times. Usu-
ally approximately 20 image sefs are captured, A background image is also caprured for each camera.

The first step of the calibration procedure s to campute threshold values to use for threshold-based seg-
mentation, This is dene using Otsu’s tnethod which minimises the intra-class vatance of pixel intensity
values [105]. Polygonal ball beundanies are extracted from each image vsing the sume threshold-based seg-
menfarion toutine thar i3 10 be used for subsequently extracting stone silhouette boundanes., The routine is
described in Appendix A.

A circle is fitted to cach ball houndary. First, a lincar leasr sqoares merthod is vsed to form an inirdal solu-
tion. This solution is then refingd by minimising the son-of-squared disrances from the polygon vertices
to the circle. The fitted circles are used for determining initial parameter estitnares; the original palygonal

boundaries are used for refining the solution,

5.3.3 [Initial Parameter Fstimate

The initial pose estimates are computed using the Tomasi-Kanade factotisarion method, The method de-
termings 3D point locations and camera poses from orthographic projections. To estimate the orthographic
projections of the ball centres from the same viewing direetions as the cameras, the radii of arcles repre-
senting the imaged ball boundarics are used. By scaling the cireles with the image centres as the orgins
{i.¢.. assuming thar principal points are at image centres) the scaled circle centres provide a close approxima-
tion to the orthagraphic projection that would be obtained from the viewing direction. The Tomasi-Kanade
method provides the 3D positions of the ball centres and the camera poses (although camera depths are nor
given, sinee an orthagraphic projection is unchanged by a change in depth), However, there are always two
consistent solutions. To resolve the ambiguity, the cirele diameters are again used, The solution that results
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i the cirele diameter decreasing with ball depth is chosen, Orthogonal regression Hnes are [itted to the ball
depth and circle diameter values 1o compute the camera depth and focal length valuas.

Computing Approximate Orthographic Projection Coordinates

A good approxamation of the arthographic projection of the ball’s centre 15 obitained fram the camera’s pro-
jection of the ball, Since the distance from the ball (o the camera is lamge wilh respect to the ball diameter,
and since wide angle lenses are nol used, the ball boundary 18 a ¢lose approximation to 4 circle. The coordi-
nates of the orthographic projection of the ball centre {x,, y.) are estimated {rom the extracted circte ceptre

coordinates (e, 1) as follows:

{5.1}

(3.2}

where (mg,vo) 15 the cstimate of the principal paint {the image centre is used) and 7 18 the radivs of the

extracted circle in pixels. These eyualions produce coordinales that are in weids of the ball radius,

Tomysi-Kanale Factorisatinn
This section bricfly deseribes the Tomasi-Kanade factorisation method, Further details are given by Tomasi
and Kanade [129].

The firsl step is o move the origin 0 Lhe centroid of the projeclod points. This removes the translational
componant of the pose, since the projection of the 30 cealraid of the 3D poinls is the 2D centroid of the 2T
poind projeclins,

Mext, a measurentend matriv W is formed from the translated coordinates:

'f % 1 I 1 \|
- Ay ELL TR
W — 1] Livl [:53]
Moo Vi
l'\ Mo oo X )

The 2n rows of W comrespend 40 the 7 cameras, and the sz columns correspand o the 7 image sets of different
3D ball positicns,
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Singular value decomposition is applied to W to give
vt =W, (5.4
The first three columns of £ ave used to form a motion marrix M. A shape matrix
§ =20 (5.5)

15 formed lrom s, the first three rows and columns of E, and Vs, the first three columns of V. This resulls in
the factomnsation
W =MS, (5.6

The shape matrix and the motion matrix represent the 3D structure and camera poses up to an arbitrary affing
transformation. In other words, any arbitrary aifine transform of the 3D structure yields a consistent solution.

The true motion matrix M has rows that are unit vectors, and the corresponding rows in the upper and lower

halves of the matrix are orthogonal. To enforce these constraints, a matrix 4 is sought such that

M=MA (3.7
=8 (5.8
and A enforces the melne constrainls
iTaaTi, =1 {5.9)
BAATY = | (5.10)
i'44’j =0, (5.11)

where i! is the rth row of M and j is the (r -+ n)th row of M. These constraints are imposed using linear

least squares to determine &, where

0=aA’. (5.12)

Oice s determined, Cholesky [actonsation 15 vsed to determine A. (Tomasi and Kanade use nonlinesar op-
tirmisation o determine A directly; the approach of using Cholesky decomposition is described by Weinshall
and Tomasi [134].3 11 the matox & 18 not positive definite, then Cholesky decomposition cannat be applicd.
This will occur if the system becomes completely overwhelmed by noise,

The rotation matrices associated with each camera have rows i7, j7 and kT where

LA LR T (5.13)

In the presence of noise, these matrices will not in peneral be urthonormal. The singular value decomposition

15 used (o enforce orthogonality: the diagonal malnix in the decomposition Is replaced by the identity matnx.

a2



Resalving the Reflection Ambiguity

There is an inherent ambiguily in the solotton 1o the camera poses and 3D point positions: two solutions
ire consistent with Lhe observed orthographic projections. The two selutions correspond to A and —A both
providing consistent solutions. Figure 5.8 shows an example of two scenes in which both sets of cameras
capture the same orthographic projections. The ambiguity arises hecause a positive rotation of a point in
front of a centre of rotation cannot be distinguished from a negative rotation of a poinl behind the centre of
rotation [18].

Figure 5.8; Two consistent setups for a set of ohserved orthographic point projections. Woe that the camera icons represent viewing
directions; the position of the camera parallel to the viewing dircction is inconscquential,

To resolve the ambiguily, each of the two possible salutions 15 consideted in turn. For each camerns, the
imaged circle rudius should be inversely proportional to the associated depth, zince for a weak perspective
projection

Fp= f?, |:5 |4}
where [ is the foecal length, #y, is the ball radius, and 7 is the depth. World coordinates are measured in ferms
of 7, therefore r, = 1, Camera depths are unknown at this stage and are el to zero,

The correlation coetficient of the radius inverses and the depths are computed for each camera. The selution
that produces the largest positive correlation coefficient is selected. (In the noise-free case, the true solution

will produce correlation coeffictents of +1 and the incorrect solution will produce correlation coefficients of

~1.
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Estimating Foczl Length 2nd Depth Valucs

The depth of the cameras and the focal lengths are computed by fitting an orthooonal recression line to the

radil inverses and depth valves (with all cameras initially positioned at 7 =0}

The slope of the regression line gives the foeal length and the negative of the intcreept iy the cumera depth.

5.3.4 Parameter Refinement

The initial parameter estimate is relined by using the Levenberg-Marquardt method to adjust all cafibrution

parameters t© minimise the sum of residual ET errors across all silhoustte sets.

Since each camera pair generates two outer frontier points, each of which is imagzed by euch camera, each
camers pair generates fowr residual ET ermur values, The 15 cumery pairings from six camenis therefore
venerate 80 residuasf ET emor values per imuge sets; there are 604 residual valucs for & imuage sets, The
calibration purameters [or cach camera consist of 10 parumeters per camens three for the intemal pacametiers
(F. o, and v}, and Seven pose parametons (1 (quaternion Lo represent onentation, and a three clement yveelor
o epresenl positiond, {The four ¢lement gquaternion everparamelerises 1he onenilation which has only (hree
degrees of freedom.) In total, 60 calibration paramelers are therefore adjusted Lo manimise the sum of syuare
residual crmor over 804 residual values. Note (hat further parameters thal model, for instince, radial or
lungential lens disloruon could be sdded 4l this slage (with initial values of zero), However, the lenses
usedl eid not exhibil gigmiicant distorfion, and initial experimentation showed no beneflt in ineluding lens

dislortion Lerms,

Since six cameras are used and pixels are modelled as squares, there are sufficient constraines to calibrale
up to only a single unknown scale factor [58]. (Fower cameras or unknown pixcl skew and aspect ratios can
lead o cases in which calibration can only be carticd out to a projective transform,

Scale is enforced subsequent to the Tevenberg-Marquardr minimisation using the prior knowledze of the balt
diameter. Linear Euclidean triangulation [58] is used to determing the 373 position of the ball centre from
the circle centres of the images in each set. The ball diameter d,,q0 implied by the model is then estimaled

trom each image using

£

fiwt\l']d = J_r. images {51 5}

where o4 15 the diameter of the circle in the image, z is the z-coordinate of the ball position in the cumera’s
reference frame (e, the depthy and f 15 the camera focal lenglh in pacls. This 1% a weak porspective
approximation that assumes that the rim (e, the contour generator that projects to the ball boundary in the
image} is at the same depth as the ball cenwe, This 15 a good approximation since the ball diameter is small
with respect to the distance to the camera centre. Camera positions are scaled 1o enforee absointe seale so

thal the mean computed ball dismeter is equal to the Known value.
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5.3.5 Experiments

The calibration method was tested using 20 image sets of a 5.54 mm ball bearing. Figure 5.9 shows a six
image set of a gamet, with projected epipolar tangents derived using the computed calibration parameters.
The accuracy of the computed calibration parameters affects how close the projected tangents are to being
tangential to the silhovettes: in the nose-[ree case the epipolar tangency constraint specifies that the projected
tangents are tangent to the silhouettes.

Figure 5.9: An example of a six-image set of a gamet. The cpipolar tangents from each image are projected onto the remaining
live images. The projected epipolar tongents are ideally ngent to the silhoueres; for real data that Js not noise-imee they are almost
tanzentisl,

To quantify the accuracy of the proposed calibration rooting and to investigate how calibration acouracy
varies with the number of ball image sets used, calibration was applied using randomly selected subsets of
the ball image sets. The accuracy of the calibration was then quantilied by using the computed calibeation
parameters to caleulate the RMS ET emmor computed over 100 silhovette sets of gumets. Results are presented
in a plot in Figure 5.140. The plot indicates that RMS ET errors of less than 0.4 pixels can be achieved if a
sufficient number of ball image sets is used for calibration. The results also demonstrate that the parameter
refinement by minimising ET error improves the accuracy of calibration parameters. The improvement is
largest when a small number of balls is used, but is still significant when 15 ball image sets are used.

Calibration based on six ball sets was compared with calibration using 30 image sets of a calibration ob-
ject [45]. The calibration object is illustrated in Figure 5.7b. During the calibration procedure, 2996 control
points were located across the 30 x 6 = 180 input images. Silhouette sets of 98 uncut gemstones were used
as a test set. ET errors for the 98 silhouette sets are plotted m Figure 5.11. Similar accuracy is observed for
the ball-based calibration parameters and the calibration object parameters with ®MS ET error values over
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all 98 silhouctie seis of 0,667 pixels and 0.671 respectively. The mnitial parameter cstimates produced an
RMS ET error of 2,18 pixels over the 98 silhouette sets.

The ET crror computed on a test set of stones provides no indication of the accuracy of scale enforcement,
because the ET crror is invariant to the absolute scale enforced. To quantity the performance of scale cn-
forcement, 1t is necessary to image objects of known size. Image sets of three different sized balls were used
tor determine the accurucy ol seale enforcement.

Table 5.1 shows 1he results of using the image sets of one ball for calibration, and then estimating the ball
diameters of all three balls using the computed calibration parameters with scale enlorced using the known
diameter of the calibration ball. The diagonal of the table shows ball diameters that are exact, as the same
ball image sets are used for ealibration and for testing in these cases. The table indicates that the typical
difference between estimated ball diameters the ground troth values is approddmately 1k microns.

354 mm 873 mm 150 mm
hall ball ball
3.54 mun 3544 mm B.741 mm | 10.502 mm
calibration || (0007 mm) | (0021 mm) | (G013 mm)
parameters 0% +0.126% +hO19%
8.73 mm 55327mm | 5730mm | 10488 mm
calibration || (0.011 mmy | (0028 mm) | (0018 mm)
parameters || -0.237% 0% +0.114%
10.50 mm 3.531 mun RT3 mm : 105 mm
calibration || (0.011 mm) | (0.02% mm} | ((LO17 mm)
UTAMCIErs -0.162% +H.091 % 0%

Tahle 5.1: Mean cstimated ball dismeters {with standard deviation over all image sets considerad In brackets) for balls computed
with calibration parameters detcrmingd from dilferent sized balls. Percentage emrors are shown in bold face. Nine image sets were
used Tor the 5.54 e ball: nine image scts were used for the 8,73 mim ball; and seven image sets were used for the 10050 mr ball,

5.4 Summary

This chapter has described the geometric eonfiguration of the multi-camera setup used for much of the work
described in this thesis, and has presented the ball-based method used to calibrate the cameras.

Although some justification has been given tor the choiee of objective [unctions used for optimising the cam-
eta configurations, the objective tunctions are essentially ad hoc. This is the case because the multi-camera
setup is to be used for several different applications whose performance can be measured in different ways,
so the goal is to find a configuration that will be desirable for all applications, Two different approaches
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fthe fromtier puint criterion and the direction isolation criterion) yicld the same configuration for siX cam-
crus, This configuration corresponds to viewing dircetions that are parallel o the face normals of a regular
dodecahedron (one of the five Platonic solids),

Ball-bascd calibration produces ET errors of less than a pixel Tor image sets of garnets and gemstones,
Approximately the same ET errors arc obtained wsing a calibration object with coded targets,

The following chapters will quantify the performance that can be achieved for shape property estimation and
maiching applications using the camera configuration snd calibration method described in this chapter.
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Chapter 6
Merging Silhouette Sets

6.1 Introduction

This chapter describes a simple but effective method for merging two silhouette sets of the same rigid object
into a single large silhouette set where all silhouette poses are specified in a commeon reference frame. The
single large silhouette set allows a more accurate estimate of the 3D shape of the object to be made than
either of the original silhoustte sets.

The same methed can be used to merge further sithouetie sets of the object in different poses with the merged
silhougtte set. This allows an arbitrary number of silbouette sets of an ohject 1o be merged into a single large
silhouetie set.

The problem addressed in this chapter i5 another silhovette-based self-calibration problem. Here, it is the
external camera parameters (i.e., pose parameters) rather than internal camera parameters that must be
cstmaicd. The approach taken here s the same as [or the sell-calibranon problems addressed in Chap-
ters 4 and 5: use the problem-specific constraints to obdain initial paramerer cstimates, and then reline the
parameier estimates by minimising the ET error across silhowette pairs, The vnknown parameters that arc w
be inferred from the two silhouetts sets describe the relative pose between the two silhouetic sets.

To obtain an initial estitmate of the relative pose, the approximale 3D shape of the coresponding stone is
gstimated separately from each silhouvetie ser. This can be done wvsing the visual hull, or the VEMH as
an estimate of 3D stong shape. The moments of the 3D shape are thea used to estimate the components
of relative pose berween the silhoustte sets, Centroids are used to estimate relative translation, principal
directions are veed (o estimate relative orientation, and third order momenis are used to resolve the four-way
alignment ambigmty (5ince pairs of principal axes can be aligned n four ways),

This approach will be shown to work in maost (but oot ally cases [or the silhouette sets of stones considered
im this work, The method fails in cases in which third order moments do oot resolve the lfour-way alignment
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ambiguity of the principal axes, and in cases in which the proncipal axes of 32 approximations of the stone
provide a poor eshmate of the relative orientation between silhouette set pairs, In these failed cases, the
imitial parameler estimate does nol lie within the bagin of convergence of the optimal alignment parameters.
and a local minimum that lies fac from the optitmal solutton is located by Levenberg-Marquardt minimisation.

To address this issue, pose optimisation is attempted from successive difterent starting points based on dif-
ferent initial pose estimates, and the pose estimate corresponding to the lowest ET error (i.e., the smallest
degree of silhouette inconsistency across the two silhouette sets) is selected. Initial pose estimates may be

based on all four alignments of pars of poncipal axes, and on random sampling of orientation space.

A version of the work descbed in this chapter was presented as 4 conference paper [46].

0.2 Related Work

One of the earlier methods to create refined visual hall models by making use of two or more silhouette
sets of an ohject is described by Winghermiihle et al. |137]. The relative pose between silhouette sets is
determined by means of an optimisation procedure. The cost functhon is the mean squared distance between
surface points of the first visual hull and the closest surlace points of the second visual hull. A starting point
for the oplimisation 15 delermined from the principal axes and centres of gravity {centrords) of the two visual
hulls, If the cost assoctated with the starling point 1s too high, then a heuristic approach 1s used: the relative
rolation is adjusted incrementally about each of the prncipal axes in steps of 15° unlil an adeguate starting
point is found. Since the cost function 15 based on the visual hull rather than the observed silhouettes, there
is no reason to expect that the correct alignment should correspond to & cost function minimum, even with
exact silhouetie sets.

Cheung et al. [26, 27| describe a method for determining rigid transforms for aligning image sets of the
surme object in dillerent poses. Although their goal is the same as for the method described in this chapter,
they make use of colour stereo matching in addition to silhouette information, whereas in this thesis only
silhovetle images are considered. Their method involves using silhouettes to constrain the search for cor-
responding points along viewmg edges (which they (et bounding edges). Pose parameters are itematively
adjusted to minimise a cost fonction based on colour consistency across image sets. Their setup therefore
requires objects and ltghting such that {1} both silhoveties and foreground rexiure can be reliably measured
from images, and (2} colour and intensity varies as little as possible with viewpoint (i.e., a Lambertian model
must be a good approximation). This thesis takes a different approach, and lighting is set up to obain the
hest possible silhouetres ar the cost of discarding foreground texture.

Cheung's motivation for using colour information in addition to silhouettes 15 that alignment using silhouettes
is ‘inherently ambigucus’ [26]. To demonstrate the ambiguity, it 15 shown that more than one alignment of
certain specific noise-free silhouette set pairs 15 exactly consistent,
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Despite Cheung's illustration of certain specific ambigucus cases, the view taken here 1s that there is no
need to discard the possibility of alignment based on silhoueties alone, Although certain specific cases are
inherently ambignous, they are unlikely to occur in practice. This is especially so with arbitrarily oriented
natural objects such as stones, for which an ambiguous pair of silhouetie sets arising by ceincidental align-
ment appears to be close to impossible. Of course, real silhouetie sets are noisy and are therefore inexact; it
is certainly plausible that avempting (o align silhouctte scts consisting of e [ew views or too much noise
may fail. This chapter will demonstrate that merged silhouette sets captured using the imaging setups con-
sidered in this work are sufficiently accurale to provide measurable improvement in cstimales of size and
shape properties that are of interest to particle shape analysts,

Subsequent o our initial publication [46] of the method described in this chapter, Hemindez [39] describes
a solution to the same problem in the context of creating refined visual hull models of museum pieces such
as omamental pitchers. Calibrated sequences of silhouettes are captured using a turntable; this provides a
silhouctie sct of the object. The object is then reoriented on the turntable and mmother silhouette sel is cap-
tured. The method of merging the silhouette sets is essentially the same as the approach described here: pose
and scale parameters arc adjnsted 1o optimise a measure of silhooette consistency. Instead of using ET error,
Hemindez proposcs an alternative measure of silhouette consistency that he terms sithouetie cohierence. Sil-
houette coherence measurcs the extent to which visual hull prajections match the corresponding silhoueties.
This has the advantage of wsing more information contajned within the silhouettes than the ET error, but
comes at the cost of having a discretised nature, and requires selecting the valve of a tunable distance offset
parameter. Results demonstrate that the visual hull model formed from the merped silhouetie set is a better
approximation to the shape of the object than viseal holls formed from either of the original silhouette sets.

Wong [138] describes metrging individual silhouettes with silhouette sets. Since individual silhouettes are
used, approximate 3D models cannot be used to provide initial pose estimates, and imitial pose cstimates
musl be provided by the nser: The pose estimate is then refined by minimising ET error.

6.3 DMoments for Initial Parameter Estimales
A miangular mesh model that approximates the 3D shape of the comesponding stone is computed for cach

silhotette set, This is done using the visual hull or VEMH described in Chapter 3. The moments of the mesh
models are nsed to fonm inital parameler estimates for aligning silhouette sats of the same abject.

6.3.1 Compuoting Moments from Triangualar Meshes
The moments of the solid enclosed by a mangular mesh can be clegantly computed by visiting each triangle

and forming a polynomiul function of the vertex coordinate values, The basis for the method is described by
Lien and Kajiya [21], and Zhang and Chen [143] derive explicit equations for third order moments. Mirtich
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[94] describes an alternative approach in which the Divergence Theorem is used to reduce volume integrals
to surface integrals. Zhang and Chen’s equations are presented in this section.

The moments of the solid enclosed by a mesh are defined as
My = ff VT plx.y, 2)dadydz, (6.1}

where plx, ». 2} = 1 for points inside the mesh, and p(x,3.z) = 0 for points oulside the mesh.

The moment equations depend on a determinant T that must be compuied for cach trangular [ace:

T =x1(3223 — y22) + 31(x32 — %) + i (x2ya — x33 ). (6.2)

For convenience, the equations derived by Zhang and Chen are restated hers (using a slightly different format
for clarily):

My =1/63.T (6.3}
Mgy =1/24Y T{x; +x2+x3) (6.4)
Mo = 1120 Y T(2xy 31 + 2xayn + 2%333 + 3132 + 321 -+ X2y3 -+ X332 + 2301 +3131) (6.5)
Moo = 160} T(x] +x3+ x5 + 310 + Fax3 + x123) (6.6)
Mgy = 1120 T{x] + 23 +x3+35 (00 + x3) +33 (0 +xa )+ 5500 +x2) + Xy, 6.7)

The summation sign indicates summation over all triangles thar make up the mesh, The trangle vertices
are (x1.¥1,21} (%2,7,2) and (x3,¥3.23). Since triangles share vertices with other triangles, vertices will
be vistled on multiple cccasions. The equations for the other relevant moments can be inferred from the
equations given above,

To determine an initial esfimate of the relative pose between two silthouetle sets A and B, the centroid and
principal axes are computed for each of the two meshes that are 3D approximations 10 the stone computed
[rom cach silhouctte set. For each mesh, a 4 x4 rigid transform matrix M that aligns the principal axes of
the mesh with the x-, ¥-, and z-axes is computed:

e e
M (R{"T- 1"), (6.8)

where c is the centroid of the solid enclosed by the mesh, Ra 15 4 rotation matrix that aligns the principal
axes, and R iy a rotation matrix that iz used to resolve the four-way aligument ambiguity.,

Onece rigid transform matrices My and Mg have been computed for the two silhouette seis A and B, the initial
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pose estimate Migy 1o transform from B's world reference frame to A's world reference frame is computed:

Migi = M7 Mp. (6.9)

To compute M, the following steps are applied to each mesh. First, the mesh is ranslated so that its centroid
c lies on the origin. The centreid 15 calculated as

Mion
e=| Muo | /Mo, (6.10)
M

where My 1s the volume bounded by the mesh,

Next, a3 © 3 matox of sceond arder moments (a covariance matoa) s conalrueled:

Moy Myn My
S=| Mpyy Mopo Moz |- (6.11)
My My Mo

The columnwise eigenvectors 1. 2, 3 of this matrix are used to form a rotation matrix B2 = [eq ez €3], The
mesh vertices are then multiplied by RLTI to align the principal axes of the mesh with the x-, ¥ and z-axes.
This is done 5o that the third order moments can be conputed,

The two third order moments Mo and Mg 2re computed to resolve the four-way alignment ambiguity.
{This arises because ¢ and —e are both valid eigenvectors.) The value of Ry is determined from the signs of
Mo and Mz as indicated o Table 6.1,

| Moy = 0 ” Moo = 0 R |
oo o 80 rotation about 3-axis
no yes 180 rotation about y-axis

B YiS no 1807 rotation about z-axis
yes || yes 3 % 3 identity matrix

Table €.1: Sclocting Ra buses] on the signs of the third order moments Mpos and My

This ensures that Lhe composite rotation R3Ra2 aligns the original mesh so that Migs = 0 and Moz = 0.

In cortain cases, the Mpm and Mpw valucs of the visual holl or the VEMH may not match the sign of the
Mgz and Mz values of the stone, This is particularly likely to occur when the skewness of the volume
distribution along a particular principal axis is elose 10 zero. These cases may resull in silhouctic sct pairs
being out of alignment hy 180°. In order to find the next most likely alignments, a rotation of 1807 about
the z- or y-axes can be used. These produce alignments in which the signs of cither Mo or Mz, will differ
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for a pair of visual holls or VEMES {though the values [or the stone may share the same sign). To obtiin
the fourth alignment in which the values of neither Myz nor My, share he same s12n across the two mesh
approximations. a 180F rotation about the x-uxis is used (ie., ¢ 1507 rotalion about the v-axis tollowed by a

LED® rotution about the m-axis),

6.3.2 Experiments Using Momeni-Iased Initial Estimates
Synthetic Data
Experiments on synthetic datu were carried out to investigate the performance of moment-hased estimates of

mitil pose. Synthetie data has the advantage of having exactly known ground truth values for pose,

Refined visual hull models formed [om a data set of garnaets waere used to ereate synthetic silhouette imagzes,

The data set is illustrated on page 221 of Appendix C.

Exucl polvronal silhoueres thal were generaled from projections of the mesh moedels were rasterised o cre-
ate synthetic digital images, and polvgonal boundaries were extracted using a subypixel segmentation methnod
that is described in Appendix A, The resultant digital images were downsampled 1o create sets of images

at different resolution levels (see Figure .13, Synthetic data were generated for difterent configurations of

fi) 1% resolulion th) 1z resoluion fer 116 resulution (dy 1432 resoluiion

Figury &1 An exumple of g syniheie silhovette shoven it Fouee different coseltion lovels,

different numbers of cameras; 2-, 3-. 4= 6-, and 10-camers configurations were investigated, The configury-
tions are based on the Platonic solids as illustrated in Tigute 5.5 The synthetic f-camera setup corresponds
to the configuration of the real f-camera setup. Two runs of silhouette sets were synthesised for each case.
In euch cuse the stwone models were efented using a uniform random rotation. and were positioned with their
centronds at the inlersection of aptical axes, Camera depthy were bused on the depths of Lhe six real cumeras

trom the stones,

Pose oplimisalion was carmied oul vsing the Levenbers-Marquardt method. The orientational component of

pose was parameterised using quaternions. This eliminates potenlial gimbal lock problems at the ¢ost of
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an extra parameter: the relative posc is parameteriscd with scven parameters, but has only six degrees of

freedom.

The ET error is computed across the two silhouetic sets, This means that cach silhouette pair in the first set
is paired with each silhouette in the second sel.

Figure 6.2 shows empirical CDFs {cumulative distobution funclions} for the angle between the computed
relative pose and the ground truth relative pose. The angle provides a uscful single-number measurement of
the dissimilarity between two poses. This approach comes at the cost of discarding the positional component
of pose. At this stage, 1t is useful to consider the angle for investigating the behaviour of the propesed
pose oplimisation method. Later in this chapter, practical application-based methods of accuracy will be

considered too.

The figure shows CDFs for the imitial pose cstimates (‘init") as well as optimised pose estimates ("opt’) for
imitial estimates based on the moments of both the visual bull ("YH™) and the VEMH. Results are shown fora
f-camera setup and experiments are repeated at different levels of image resolution. A nenlinear scale (based
on a sinvsoidal transformation) is used for the horieontal axis. This aids visualisation, because interesting
portions of the CDFs oceur near (07 and 180°, whereas the CDFs tend te have almost constant value between
457 and 1357, Also shown on each plot is the CDF corresponding to a vniform randem orientation. The
plots vn left side show the results of optimisatons based vn 4 single initial pose estimate [n which third order
moments are used 10 resolve the four-way alignment ambiguity of the prineipal axes. The plats on the right
side show the resulis of pose optimisation in which four initial pose estimates based on the four alignments
of the principal axes are considered. The computed pose with the lowest ET error is selected.

The CDFs allow one to read off the proportion of cases where estimated poscs are within a certain angular
displacement from the true pose, The plots on the left suggest that in approximately 80% of cascs, optimisa-
tion based on a single imtal pose estimate leads to a pose within two degress of the true pose. The closcness
tir the true poese improves with higher resolution silhouettes. The plots on the right show that approximately
98% of cases lead 1o a pose within two degrees of the correet pose when all four alighments of the principal
axcs are ¢onsidered,  Although a threshold of two degrees is arbitrary, the borizoatal sections of the {DFs
suggest that there is a large range of threshold angles for which these proportions are insensitive.

The plots indicate that the VEMH slightly outperforms the visual hull for alipnments based on third or-
der moments, but performance is approximately the same when considering four initig] estimates per case.
This suggests that the VEMH provides a better estimate of the skewness of the volume distribution of the
corresponding stone Lthan the visual hull.

The resulis of experiments repeated with dilferent numbers of cameras is shown in Figure 6.3, The plots
indicate that as the number of ¢ameras is increased, the proportion of estimated poses that are close (o the

irue pose increases,

Figures 6.4 and 6.5 show plots of normalised ET error versts angle from the true alignment for the exper-
ments whose resolts are displayed in Figores 6.2 and 6.3 respectively. Nommalised ET ervor is the RMS ET
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Figure 6.5: Plots of normalised ET ermor versus angle befween computed poss and pround truth pose for the difforent camera setups
considersd in Figurs 6.3, The 14 selution leve! is used.

residual error compured acrass the metged sithouette set pair divided by the RMS ET residual error comprted
within cach of the two silhonetie sets, Since the six degrees of freedom of pose optimisation is small with
respect to the number of different outer epipolar tangent planes (20 {or 7 cameras) that generate the residual
errors, the normaliscd ET should be close to one l[or correctly aligned silhouette set pairs, The plots show
two distinct clusters that cotrespond to correct alignment (low ET error and small angle to the true pose) and
incorrect alignment (fugh ET error and large angle to the true pose). Note that both axes are ponlinear: this
aids visnalising the clusters on the bottom lelt that are substantially more compact then the clusters on the

top tight,

In the case of two cameras (Figure 6.5a), two clusters are less distinet than {or larger numbers of cameras. In
the case of three cameras (Figure 6.5b}), two closters are clearly visible, vet the bottom leflt cluster consists
of normalised ET errors less than one. This is evidence of overfitting: the 2 »x 3% = 18 outer tangent planes
that generate ET errors across silhouette set pairs is not much larger than the six degrees of freedom of the
pose optimisation. For larger numbers of cameras, the normalised ET errors tend 1o cluster aroond a value
of one for the lower left cluster. The lower left cluster tends to become more compagt and move towards an
errar angle of zero, as image resolotion s mereased (Figure 6.4), and as the number of cumeras is increased
{Figure .5).

The plots in Figures 6.4 and 6.5 idicate that ET errors tend to form two closters, one of whose alignments
are substantially closer to the troe alignment (han the ather, This supports the vse of ET emor to investigate
the behaviour of real data.
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Real Stone Tmages

Pase optimisation using moments for determining initial parameter estimates was applied o the data set of
images of 220 preces of gravel, and 246 garnet stones. The pieces of gravel were imaged using the two-mirror
setup described in Chapter 4, and the gamets were imaged using the 6-camera setup described in Chapter 5.

Figure 6.6 illustrates the results of pose optimisation applied to two S-view silhouette sets. Only one of the
two silhouette sets is shown. The five images are cropped out of the original image, since all five silhouettes
were captured in a single image using the two-mirror setap. (There is some overlap present in the second and
fourth images.) In this case, the computed pose appears (o be close o the correct pose, since all the projected
langenls are approximately tangent to the silhouettes, The figure also shows projections of the 10-view visual
hull onto the original silhouettes. The visual hull projections come close to covering the original silhouettes.

This is consistent with a pose that is close to the true relative pose.

Figure 6.7 illustrates the results of pose optimisation applied to the same pair of silhouette sets, but from a
difterent starting point. The initial pose estimate used here causes the principal axes of the twe VEMHs to
be aligned, but the third order moments do not have the same signs: In this case, pose optimisation appears
to have found a pose that is far from the true pose. The projected epipolar tangents are not approximately
tangent to the silhoueties (as indicated by red line segments), and the visual hull projections leave large
portions of the silhouettes uncovered. The silhouettes in the boltom row have been coloured using a distance
translorm, 50 thal the distance of uncovered portions [vom the silhovette boundary is apparent.

Figure 6.8 shows CDFs of ET error for the garnet and gravel data sets, Similar behaviour to the experiments
with synthetic data is observed. In approximately 30% ol cases, for both the garmetl and the gravel data, the
normalised ET error is below 2.0 when oplimising pose [rom a single starling point based on third order
moments. The VEMH curves lie above the visual hull curves for both data sets, indicating that the VEMH
provides a better starting point, However, the two curves are similar in shape when uvsing four starting
points based on four alighments of principal axes. The plots also show results computed using the CDRH to
approximate 3D stone shape. (The CDRH is defined in Section 3.4.2 on page 39.) The poor performance of
the CDRH demonstrates the importance of using varying rim depths as for the VEMH, rather than constant
depth rims. The additional complexity of computing the YEMH rather than the CDRH 15 therefore justified
in this context,

Cualitative Results for 3D Multimedia Content Creation

The proposed method of merging sithouette sets is useful not only for characterising stone shape, but also
for reconstructing the 3D shape of arbitrary objects [or 3D multimedia content creation. Easily recognisable
shapes help to provide a qualitative demonstration of the effectiveness of the proposed method for ¢reating
more aceurate 3D reconstructions than can be made from any of the original sifhouette sets.
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Figure 6.6: Correet aligoment computed using moments up to order three for an anitial pose estmate, The top row shows projected
epipolar angenls within the silbouette set in green, and across sithouette sets in bloe. The bottom row shows silhoucttes in colour
with 10-view visual hull proections in grey.

Figure 6.7. Incorrect aligoment, The top row shows propected opipolar tangents within the silbouette sct in green, and across
silhovctte scts in bluc. Distances from the tangents 2 the silhouctte arc in red. The hottom row shows silhooettes in colour with
IThvicw wisual hull projectons in grey.
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Figure 6.8; CDFs of normslised ET emor computed using real iroage data Dashed vedicul lines indicste normaliscd ET error of §A).

Figure (1.4 shows an ¢xample of visual bulls formed from four S-view silhouette sets. The images were
ciplured using 4 S-camera setup that was a predecessor to the 6-camera sclup described in Chapter 5. The
visual hull lormed from the merged 20-view silhouette set is also shown., The merged silhoustie set was
obtained by merging the silhoustie sets one at o time. A final parameter adjustment of all pose parumeters
using IT crror computed across all sithouctte pairs was found to result in negligible further roduction in ET
error. Notice that the 3D reconstruction of the wingtut from the merged silhouette set appears to be mone

accurate than any of the original 5-view visual hulls,

Figure 6,10 shows another example, a toy cat, using images capturcd with a S-camera setup.  Again, the
20-view visual hull formed from the merged silhouette set appears to be a better 3D reconstruction than any
of the original S-view visual hulls, cach of which have substantial regions of extra volume. The figure also
shows the computed positions of the 20 siThouetic vicws as well as the corresponding visual cones. Note

how the viewpoints provide a good coverage of the viewing spherc.
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Figure A% Visual hulls of a wing nut. The top row shives four 5-view visoal hulls. The bottommost illustration shows the refined
20-view visual hull obtained by merging che four S-view silhoueie sel imle 2 single Jarge ser containing 200 silhouertes.

The proposed method provides an allernative means for capturing silhouettes from many well-distributed
viewpeinls vsing the two=mirror setup, Tn Chapter 4, a methed was described in which the camera 1s moved
with respect 10 the mirror and ohject so that a good coverage of the viewing hemisphere can be obtained. The
propased method provides another approach: the object is movad and the camera and mirmors stay lixed. This
requires a tripod or seme other method of fixing the camera with respect to the mirrors. Figure 6,11 shows an
example in which three images of a 1oy moose are captured using the two-mirror selup. The figure illusirates
once more that a refined visual holl model formed from a merged silhonette set is a better reconstruction than
can be lormed from any of the onginal siThouetie scts,

An advantage of using the proposed method with the two-mirror setup is that images can be captured over the
entire viewing spherc (as epposed to a viewing hemisphere). This allows 3D reconstructions to incorporate
extore, and also allows forcground imformation to he incorporated for estimating 3D shape. Figure 6.12
shows an example in which a toy cheetah is medelled. For each ohject pose, two images are captured: one
with the backlight switched on to facjlitate silhoustte extraction. and another with ne backlight to capture the
foreground texture of the ohject.

6.4 Estimating Shapc Properties

This section describes several experiments that guantify the repeatability and accuracy with which shape
properties can be estimated using the proposed merging method. Readers who are not specifically interested
in shape properly estimution may wish to skip this section, and continue reading Scction 6.5 on page 128,

T address the problem of inital pose estimates that do not lead @ sulficiently low ET error, 1he besl opti-
misation based on 100 starting points formed with uniform randem sampling of erientation space was used.
The large number of starting points ensures that a pose close to the true pose is likely found, but this comes
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) (i Ll
Figure f.10¢ Visual bull modcls of a wy eat; (aj=(d) fow’ midels each built from e siibovetes. (c) the model bull from the 20

silhvoelies used in (a)-{d) after the poscs of all silhouctics have been determined im a cominan reference frame. The camera poscs
cormespanding to the Lwenty views are showo in (T anlahe visual cones are shown in (g}

Flgure 6,01 Reconsoructing the 30 shape of wtoy moose, The (op row shows the theee loput images, aod the boltom row shows the
corresponiling S-view visual hulls. The dghtmost viswil hull is formed {rom (e merged 15-view sel,
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Figure 6.12: Reconstruction of a toy cheetah by merging five 5-view silhouette sets, Inpul images were caplured using Dwo mirmurs
and a backlight: {a) shows an example of a backlic image and (k) shows an example of the corresponding frontlit image, After
calibration and pose optumisation using silhovettes extracted from the backlit images, the frontlit images were uged to build a photo-
consistent three-dimensonal muodel. This was dune with software creamd by Mathew Price (University of Cape Town} that is hased
on the work of Wogiatzis et al. [132]. The software uses uptimisation based on praph-cots to compuote @ fextored photo-consistent
mesh, Two novel views of the three-dimensiong]l model with and without texfire are shown in (11,
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at the cost of increased running time. In Chapter 9, where the pose optimisation is used for matching, a
framework is introduced that removes the need for specifying the number of starting points in advance.

To be useful in the context of particle shape analysis, the proposed method must produce silthouette sets for
which shape features can be estimated more accurately from the merged silhouette set than from any of the
original silhouette sets. The shape features measured from the merged silhouette set should also be more
accurate than the mean value computed from both original sithouette sets, otherwise the merging method is
not providing any benefit.

6.4.1 Volume Estimation with Synthetic Data

A set of volume estimation experiments was carried out using the synthetic garnet data. Synthetic data
provide two important advantages over real data: (1) exact ground truth is known for the stone volumes,
(2) the exact ground truth is known for the relative poses between silhouette set pairs. Knowing the ground
truth relative poses allows one to compare the accuracy of volume estimates based on inferred pose with
those computed using the actual pose. This provides an indication of how well the proposed method performs
compared with the optimal (i.e., exact) alignment.

Table 6.2 presents the results of the volume estimation experiments for a synthetic six-camera setup. The
table shows the mean percentage error of volume estimation using volumes of the visual hull or VEMH as
estimates of stone volume. (The VEMH can be used because the synthetic stones are convex.) The mean
percentage error gives an indication of the systematic error associated with a volume estimate. Since the
visual hull is an upper bound for the volume of the stone that produced the silhouettes, the volume estimates
tend to be overestimates and the percentage errors are therefore positive. However, when computed using
noisy data, cone intersections will erroneously carve away extra volume, yet cannot add extra volume. This
means that with sufficient noise, the visual hull-based volume estimates become underestimates. This is the
case with the rightmost column in which the images have the greatest degree of downsampling.

The table shows RMS percentage errors for volume estimates computed using the equation
Vest = kVshape, (6.12)

where Veg is the volume estimate, Vinape is the volume of the 3D approximation to the stone (either the visual
hull or the VEMH), and & is a constant selected such that the mean percentage error is zero. The constant k is
used to remove the systematic component of error. (Since visual hulls will consistently overestimate volume,
it makes sense to correct for this bias.) The value of & is estimated from the data. This biases the computed
error downwards, but since the one degree of freedom is small with respect to the number of samples (246),
this bias is negligible. The approach of bias removal using multiplication by a constant determined from the
data will be used for further shape property estimation in this chapter.
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Confidence intervals given in the table are computed using Efron’s bias-corrected and accelerated bootstrap
method [36]. (This method is used for all the confidence intervals presented in this thesis.)

The table indicates that the proposed method provides volume estimates close to those obtained using the
exact alignment. For the higher resolution images, the merged silhouette sets provide better volume estimates
than the original silhouette sets from which they are formed. The mean of the volume estimates from the
pairs of original silhouette sets provides a better volume estimate than the original silhouette sets, but at
sufficiently high resolution it is not as accurate as the estimates from merged silhouette sets.

VEMHs provide more accurate volume estimates than visual hulls for higher resolution images, but not for
lower resolution images. This is because at lower resolution, substantial portions of cone strips are destroyed,
resulting in large regions in which there are no midpoints. This reduces the volumes of the computed VEMHs
and increases the volume variance, since cone strip regions are destroyed at random.

The table also shows volume estimates based on the geometric and arithmetic means of the silhouette areas.
(All of the silhouettes for the merged silhouette sets are used, i.e., 12 silhouettes per stone for the results
shown in Table 6.2.) To remove the effect of depth on silhouette size, the depth z of the visual hull centroid
is used. Silhouettes are specified in normalised image coordinates and then multiplied by the depth factor z.
This closely approximates an orthographic projection since the depth of the stone is large with respect to the
depth variation of points on the rim and the visual hull centroid.

The volume estimate Vs based on the arithmetic mean is computed as follows:
=32
Ve=k Y A7, (6.13)
i=1

where A; is the area of the ith silhouette, and ky is an empirically determined constant.

The volume estimate Vi based on the geometric mean is computed as follows:
_ n 3 / o, _ n
Vin=kn [J47" = knexp {3/} In4; |, (6.14)
i=1 i=1

where kp is an empirically determined constant.

The factors of 3/2 in Equations 6.13 and 6.14 ensure a linear relationship with volume for parallel projections
of a set of objects with the same shape and orientation, but varying size. In practice, variation in object shape
and orientation is the main source of error.

Table 6.2 indicates that volume estimates based on silhoustte area are less affected by image resolution
reduction than the visual hull- and VEMH-based estimates. For higher resolution cases, the area-based esti-
mates perform worse than the competing methods, whereas at the lowest resolution considered, the geometric
mean of area provides a more accurate volume estimate than those derived from the merged silhouette sets.
Arithmetic mean is the approach to volume estimation investigated by Taylor [126].
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1/4 resolution 1/8 resolution 1/16 resolution 1/32 resolution
quality 922.7 483.6 213.9 86.4
ET error 0.201 pixels 0.380 pixels 0.863 pixels 2.125 pixels
merged +3.70% +3.38% +1.47% -8.32%
pose est. 1.28% 1.30% 1.61% 5.34%
VH || (1.12%,1.49%) | (1.15%,1.50%) | (1.45%,1.82%) | (4.89%,5.86%)
merged +3.70% +3.37% +1.45% -8.38%
true pose 1.28% 1.31% 1.62% 541%
VH || (1.13%,1.48%) | (1.15%,1.50%) | (1.45%,1.83%) | (4.94%,6.02%)
merged +1.20% +0.63% -2.08% -14.76%
pose est. 0.95% 1.00% 1.70% 7.13%
VEMH || (0.83%,1.11%) | (0.88%,1.14%) | (1.55%,1.88%) | (6.52%,7.89%)
merged +1.19% +0.62% -2.09% -14.71%
true pose 0.94% 0.99% 1L.71% 7.33%
VEMH || (0.83%,1.10%) | (0.88%,1.12%) | (1.56%,1.88%) | (6.66%,8.20%)
Run 1 +8.37% +8.15% +6.74% -0.66%
6-view 2.13% 2.15% 2.25% 4.06%
VH || (1.88%,2.55%) | (1.90%,2.54%) | (2.01%,2.59%) | (3.73%,4.44%)
Run 2 +8.21% +8.00% +6.54% -0.90%
6-view 2.14% 2.17% 2.30% 4.34%
VH || (1.96%,2.36%) | (1.97%,2.40%) | (2.09%,2.53%) | (3.96%,4.76%)
mean of +8.29% +8.07% +6.64% -0.78%
Run 142 || 1.67% 1.706% 1.83% 3.85%
VH || (1.50%,1.93%) | (1.53%,1.97%) | (1.66%,2.07%) | (3.56%,4.19%)
Run 1 +1.72% +1.39% -0.44% -9.83%
6-view 1.92% 1.94% 2.14% 5.36%
VEMH || (1.71%,2.24%) | (1.74%,2.25%) | (1.95%,2.41%) | (4.94%,5.83%)
Run 2 +1.56% +1.25% -0.56% -10.13%
6-view 1.93% 1.99% 2.17% 5.80%
VEMH || (1.76%,2.12%) | (1.81%,2.19%) | (1.97%,2.40%) | (5.32%,6.42%)
mean of +1.64% +1.32% -0.50% -9.98%
Run 1+2 1.34% 1.58% 1.79% 5.25%
VEMH | (1.40%,1.75%) | (1.44%,1.77%) | (1.63%,1.97%) | (4.83%,5.72%)
geometric 4.41% 4.40% 4.44% 4.95%
mean of area || (3.77%,5.68%) | (3.78%,5.73%) | (3.83%,5.87%) | (4.42%,6.00%)
arithmetic 571% 571% 8.75% 6.19%
mean of area || (4.84%,7.48%) | (4.86%,7.48%) | (4.91%,7.50%) | (5.41%,7.74%)
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Table 6.2: Volume estimation using the six-view synthetic garnet data at various image resolution levels. Quality is the mean
silhouette diameter divided by the mean ET error. ET error is the mean internal ET error over all sithouette sets. Mean percentage
error is shown in italics. RMS percentage error is shown in boldface with 95% confidence intervals in brackets. Merged pose est.
indicates that silhouette set pairs were merged using the proposed method. Merged true pose indicates that the ground truth pose
value was used for merging. VH (visual hull) or VEMH indicates the method of 3D shape approximation used.




Table 6.3 shows the results of the volume estimation experiment applied to synthetic data formed using
different numbers of cameras. Results for the two-camera setup clearly show that merging pairs of two-
view silhouette sets provides poses that are insufficiently close to the true pose to provide improvements in
volume estimation accuracy. Whereas the estimates based on merging using the true pose provide volume
estimates that are more accurate than the competing methods, merging using the estimated pose provides
volume estimates that are worse than the other corresponding hull-based methods. Increasing the number
of cameras to three offers a substantial improvement: the volume estimates computed using the estimated
pose are almost as accurate as those computed using the true pose. Increasing the number of cameras further
provides a far greater improvement in the accuracy of methods based on the visual hull and the VEMH than
the area-based methods.

6.4.2 Caliper Diameter Estimation with Synthetic Data

A further experiment to investigate the accuracy of caliper diameter estimation was carried out with the
six-view silhouette sets at 1/4 resolution level.

Ground truth values were determined for the shortest, intermediate, and longest diameters for the mesh
models of stones.

Table 6.4 presents the results of estimating caliper diameters from the visual hulls and VEMHs of merged
and original sithouette sets. Again, the estimates from the silhouette sets merged using the proposed method
produce results that are very close to the results obtained using the ground truth poses for alignment. The
proposed method also produces results that are more accurate than results that are computed from the original
silhouette sets. The table also indicates that the longest diameter can be estimated more accurately than the
shortest and intermediate diameters.

6.4.3 Mass Estimation with Data from the Two-Mirror Setup

The three runs of 5-view silhouette sets of the gravel data set were merged into 15-view silhouette sets using
the proposed method. Figure 6.13 shows some examples of the 15-view visual hull models and photographs
of the gravel from the same viewpoint (the photographs are cropped portions of the input images). Also
shown are the three S-view visual hulls from the original 5-view silhouette sets. The figure shows a version
of the 15-view visual hull that is coloured according to which of the 5-view visual hulls share the surface
region. This demonstrates that each of the three silhouette sets tends to contribute at least somewhat to the
final 15-view visual hull.

Figure 6.14 shows some more examples of photographs of gravel and 15-view visual hulls rendered from the
same viewpoint. These figures provide a qualitative illustration of the degree of accuracy that one can expect
when using the two-mirror setup together with the proposed merging method. Since the visual hulls cannot
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2 cameras | 3 cameras 4 cameras 10 cameras |
merged +11.33% +8.93% +6.29% +2.10%
pose est. 9.52% 2.82% 2.36% 0.65%
VH || (8.46%,11.21%) | (2.52%,3.26%) | (2.06%,2.75%) | (0.57%,0.76%)
merged +17.22% +8.96% +6.29% +2.09%
true pose 6.01% 2.719% 2.35% 0.65%
VH || (5.15%,7.88%) | (2.48%,3.22%) | (2.06%,2.75%) | (0.57%,0.76%)
merged -5.70% +1.60% +1.62% +0.77%
pose est. 13.98% 211% 1.78% 0.48%
VEMH | (12.40%,16.06%) | (2.37%,3.27%) | (1.57%,2.07%) | (0.43%,0.56%)
merged +1.31% +1.66% +1.62% +0.77%
true pose 5.95% 2.58% 1.78% 0.48%
VEMH || (5.11%,7.45%) | (2.30%,2.94%) | (1.56%,2.06%) | (0.43%,0.56%)
Run 1 +41.10% +19.81% +14.24% +4.64%
6-view 7.57% 4.33% 3.99% 1.25%
VH || (6.66%,9.43%) | (3.71%,5.41%) | (3.57%,4.62%) | (1.11%,1.44%)
Run 2 +41.67% +19.46% +14.21% +4.60%
6-view 9.36% 4.18% 3.69% 1.18%
VH || (7.26%,15.14%) | (3.70%,5.40%) | (3.37%,4.10%) | (1.04%,1.46%)
mean of +41.38% +19.63% +14.23% +4.62%
Run 1+2 6.85% 3.39% 2.96% 0.93%
VH || (5.27%,10.97%) | (2.87%,4.49%) | (2.68%,3.32%) | (0.84%,1.06%)
Run1 -26.99% -8.49% -0.75% +1.78%
6-view 7.65% 4.66% 3.99% 0.96%
VEMH | (6.70%,9.92%) | (3.94%,5.85%) | (3.57%,4.57%) | (0.86%,1.12%)
Run 2 -26.73% -8.68% -0.76% +1.73%
6-view 9.39% 4.71% 3.60% 0.93%
VEMH | (7.30%,14.63%) | (4.11%,6.38%) | (3.30%,4.00%) | (0.82%,1.10%)
mean of -26.86% -8.58% -0.76% +1.76%
Run 1+2 7.15% 4.16% 3.02% 0.72%
VEMH | (5.52%,11.22%) | (3.55%,5.54%) | (2.72%,3.37%) | (0.65%,0.81%)
geometric 10.14% 5.80% 4.93% 4.24%
mean of area || (8.97%,12.78%) | (4.84%,7.59%) | (4.32%,6.08%) | (3.66%,5.40%)
arithmetic 10.29% 6.38% 6.04 % 5.67%
mean of area || (9.17%,12.68%) | (5.33%,8.31%) | (5.21%,7.65%) | (4.80%,7.32%)

Table 6.3: Volume estimation vsing the synthetic gamet data with different numbers of cameras at the 1/4 resolution level. Mean
percentage error is shown in italics. RMS percentage error is shown in boldface with 95% confidence intervals in brackets. Merged
pose est. indicates that silhouette set pairs were merged using the proposed method. Merged true pose indicates that the ground truth
pose value was used for merging. VH (visual hull) or VEMH indicates the method of 3D shape approximation used.
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Diameter Shortest Intermediate Longest
merged +1.82% -0.72% -1.11%
pose est. 3.06% 2.76% 1.05%
VH || (2.49%,3.94%) | (2.47%,3.14%) | (0.94%,1.21%)
merged +1.81% -0.78% -1.13%
true pose 3.08% 2.80% 1.07%
VH || (2.50%,3.96%) | (2.51%,3.17%) | (0.97%,1.24%)
merged +0.58% -1.63% -1.83%
pose est. 2.34% 2.8%9% 1.02%
VEMH | (1.99%,2.80%) | {2.49%,3.77%) | (0.91%,1.19%)
merged +0.56% -1.71% -1.84%
true pose 2.35% 2.74% 1.06%
VEMH | (2.03%,2.77%) | (2.32%,3.69%) | (0.95%,1.22%)
Run 1 +4.10% +1.07% +0.48%
6-view 4.93% 4.67% 1.42%
VH || (4.22%,6.03%) | (4.15%,5.36%) | (1.29%,1.56%)
Run 2 +3.76% +0.61% +0.47%
6-view 4.38% 4.77% 1.46%
VH || (3.84%,5.15%) | (4.25%,5.50%) | (1.33%,1.65%)
mean of +3.93% +0.84% +0.48%
Run 1+2 3.85% 3.72% 1.27%
VH || (3.31%,4.60%) | (3.36%,4.16%) | (1.16%,1.42%)
Run 1 +1.68% -0.90% -1.12%
6-view 3.58% 3.18% 1.10%
VEMH || (3.13%,4.36%) | (2.76%,3.82%) | (0.99%,1.23%)
Run 2 +1.54% -1.04% -1.17%
6-view 3.67% 3.05% 1.06%
VEMH || (3.25%,4.26%) | (2.64%,3.66%) | (0.96%,1.18%)
mean of +1.61% -0.97% -1.15%
Run 1+2 3.03% 2.52% 0.91%
VEMH | (2.65%,3.62%) | (2.24%,2.88%) | (0.82%,1.04%)

Table 6.4: Estimating the three caliper diameters using pairs of synthetic 6-view silhouette sets at the 1/4 resolution level. Mean
percentage error is shown in italics. RMS percentage error is shown in boldface with 95% confidence intervals in brackets. Merged
pose est. indicates that silhouette set pairs were merged using the proposed method. Merged true pose indicates that the ground truth
pose value was used for merging. VH (visual hull) or VEMH indicates the method of 3D shape approximation used.
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Figure 6.1>: Some eramples of visual hulls of pieces of gravel, The first column shows onginal images of the gravel. The second
calumn shows the 15-view visual hull {formed from theee S-view silhooette seish from the same viewpoint as the first column The
thivd columa ows D12 15-view visual hull surfaces colouted aceording to which of the theee origingl S-view visual hulls confo sutes
to the surface region. The three original visual bull models are shown to the right in corresponding colours,
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Figore 6,14; Trnassss of pieces uf grvel with visoad hulls shown [tom the same viewpoint. The visual hulls were formed from thres
irnages of the stones, yvielding 3 = 5 = |5 sithousttzs for cach visnal huli,
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model concavilies, they exhibit regions of extra volume in certain places due 1o the lack of total coverage of
the viewing sphere, and they show some striations due to image noise. Nonetheless, these 3D shapes appear
0 be likely to provide a better representation of particle shape thaa ellipsoidal models sometimes used in

simulations.

Visual hulls of gravel were used to estimate the mass of gravel particles. VEMHs were not used as the gravel
stones are nonconvex, whereas the VEMH approximates the cotvex hul! of an object. The visual hall volume
15 used to form & mass eshmale .., as follows:

My = cVyH, {6.15)

where ¢ 15 an empirically determined constant and Vim is the visual hull volume, The constant & accounts [or
both the tendency of the visual hull 10 be an overestimate of stone volume and an implicit estimate of grayel
density.

The mass estimates are limited by the extent to which gravel density varies from stone to stone. Attempts 1o
measure ground truth volume {using the Archimedes Principle: weigh each stone in air and, using a cradle,

underwater} rather than mass were abandoned, as the volume measprements were insufticiently repeatable.

Table 6.5 shows the resulls of gravel mass estimation. Mote that unlike in the case of synthetic garnet data,
the accuracy fthat can be achieved is limited by both the variation in density from stone 1o stone, and the
varalion in concavities from stone to stone. The table shows that the proposed merging method produces
somewhat more accutate mass estimation results than averaging the volume estimation results from the three
original silhovetie sets. The table also indicates that the visual hull-based estimates are more accurate than
the area-based estimates.

| mass estimaror E_MS%E | ‘}_5% Cl |
merged 15-view visual hull volume | 5.97% { 4.90%, 8.18%)
S-view visual hudl volumes | 7.63% { 6.80%, 9.415%)

mean of three 5-view visaal hull volumes | 6.54% { 5.62%, 8.605%)
Soview geomelne mean of area | 10.99% | (9.95%, 12.46%)

| 5-view geometric mean of area | 10.11% | { 9.04%, 11.60%)

S-view atithmetic mean of area | 12.23% | (11.17%, 13.70%)

15-view arithmetic mean of area | 11.00% | (9879, 12.52%)

Tauble 6.5, BEMS percesage crrors (RMS®E) and 93% confidence intervals for gravel mass estimates,

Figure 6.15 shows plots of mass versus visual hull volume for the 5-view and 15-view visual hulls, The
plots show a linear relationship between mass and visuval hull volume, with variability decreasing when
fifteen views are used instead of five. Note that the data points associated with the largest emor are gross
overestimates ol visual hull volume (due to unfavourable stone orientaton), whereas gross underestimales
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of volume are not possible (in the absence of gross segmentalion or calibration errors} since the visual hull

is alwayy larger thun the slong,

6.4.4 Caliper Diameter Estitnation with Data from the Two-Mirror Setup

Vernier calipers were used to manually measure the longest, inlermediate. and shortest diameter of 100 of

the stones from the grave] data ser. Each stone was measured 1bree times on three separate days, and the

median valuc was used as a ground truth value,

Figure 6,16 shows plots of the manually measured diameter values versus estimates based on S-view sil-
houette sets using visual hulls and YEMHs. Silhouette-bused cstimates of the longest diameter agree meoe

closcly with manually estimated valnes for the longest diameter than for the intermediate and shortest diam-

zlern

&0

30

Mass [grams]

Table 6.6 shows error statistics for estimating caliper diameters using S-view silbouetic scts.

" Wisual hull

40

YEMH

THCHTL RMS

RMS adjusted

shoriest || +R.04% | 17.01%
| intermediate || +11.49% 15.539%
" longest | +1.01% | L78%

14.05%
9.58%
1.45%

mean

| +3.10%

+9.85%
+0.15%

RMS  RMS adjusted |

L0785
b4 085

| 0085
O9.28%
(0.92%:

Table fd: Perceniage errors for didmeter estimates based on 5§ view silhovette sets formed from the gravel data set. The ‘RMS

adjusted’ value is computed after multiplying estinmates by 4 constant to compensate for syslemalic ermor,

Coetficients of variation are shown for manual and sithouette-based caliper estimaltes in ‘Table 6.7, The table
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Figure 6.16: Plot of manual caliper measurements versus estimates based on S-view silhouette sets for the gravel data sct using (a)
visual hull-based caliper estimures, and (b VEMH-based estimates.

manual | visual bull | VEMH

shortest || 6.53% 4.23¢: 2.83%
intermediate || 5,68% 3006 2.3M%
longest || 1.334% ().76% {(1.42%

"lable 6.7: Cocfficicnts of variation of caliper diameters determined using different methods,

indicutes that the manual measuremnents are the least repeatable. This means that maccurate ground wruth
may uccount for the high errors observed in Table 6.6, The cocfficients of variation indicate that the VEMH-
based estimates are more repeatable than those based on visual holls. For all three methods, estimates of the
longest diameter arc the most repeatable, whereas cstimates of the shortest diameter are the least repeatable.

Figure 6.17 and Table 6.8 present the results of applying caliper diameter cstimation {o the 15-view merged

silhouette sets formed [rom the original 5-view silhouette sets. The results indicate an improvement over the

S-view silhouctte scts (see Figure 6.16 and Table 6.6).

longest || +0.03% | 0.75%

Visual hull VEMH
| mcan [ RMS | RMS adjusted | mcan | RMS [ RMS adjusted
shortest [[ +2.47% | 11.37% [ 10.96% 0.08% | 7.91% 7.97%
intermediate || +9.86% | 13.91% 9.02% #9.11% | 13.75% 9.56%
0.75% || 0.4% | 0.77% 0.76%

Tuble 6.8: Percemage errors for diamcier cstimates bused on 13-view silhouete scts formed from the gravel doio set. The *RAY

odjusted” value is computed after muliplying cstumates by u constant 1o compensate for systematic errar.,
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Figure 6.17: Plot of manual caliper Measurements versus estimates based on merged 15-view silhouette sets for the pravel data set
usitig [a) visual hull-based caliper estimates, and (b) VEMH-based estimates,

6.4.5 Mass Estimation with Data from the Six-Camera Setup

Mass measurements were made for the data set of 1423 uncot gemstones (illustrated on pages 222-224)

nsing an electronic balance. Ten runs of -view silhouette sets were captured for each stone,

Mass estimates were carried owr by muoltiplying the computed visual hull volume by a constant factor deter-
mined from the dala (Equation 6.15),

Table 6.9 presents the results in twerms of EMS percentage error for mass estimates computed nsing various
silhouette-hased methods. The table shows that grearer volume estimation accoracy 18 achieved using merged
visugl huoll volume, than by using the mean volume of the original 6-view viswal hulls. However, both
approaches ingrease in agcuracy as the number of runs {and henece the number of available views} is increased.
Resnlts are also shown for visual hulls that are formed by aligning silhouetle sels using the principal axes of
visual hulls or VEMHS rather than adjusting pose (0 minimise ET error, These approaches produce inferior
resuits to the ET minimised silhouette sets, and velume estimation error lends (o increase as the number of
runs is increased. Results are also shown for area-based mass estimates. These are substantially less accurate
than visual hull-based estimates, and show only small improvemenis in accoracy a8 the number of available
views is increased. Again, mass estimates based on the product of areas {geomelric mean) outperform those

bised on the sum of areas (arithmetic mean).

Mass estimation was carried out on subsets of the 6-view silhouelle sels o investigate performance using a
stnall number of views. The n-view subsets are formed by discarding all hat the first £ views from the six
available views. The results shown in Table 6.10 indicate that visual hull-based mass estimates outperform
ared-bused methods even when as few as two views are used. However, the first column of the table shows
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No. merged mean VH VEMH | geometric | arithmetic
Runs VHvol. | aligned aligned | area mean | area mean

1 4.88% 9.21% 10.97%
(4.7,5.3) (8.8,9.8) | (10.3,11.8)

’ 3.97% 4.67% 4.60% 4.61% 9.12% 10.92%
(3.8,4.3) | (45,50) 1 (44,49 | (44,49 | (87,97 { (103, 11.7)

3 3.63% 4.66% 4.66% 4.65% 9.08% 10.92%
(35,391 (44,5.0) | 45, 50) ]| (45 5.0) | (86,96) | (103,117

4 3.48% 4.60% 4.81% 4.17% 9.05% 10.92%
(3.3,38) | (44,5.0) | (46,5.1) | (46,5.1) | (8.6,9.6) | (102,117

5 3.35% 4.55% 4,95% 4.90% 9.05% 10.92%
(3.2,36) | (43,49 1 47,52 | 4.7.5.2) | (86,9.6) | (10.3,11.8)

6 3.28% 4.52% 5.08% 5.03% 9.06% 10.92%
(3.1,36) | 4.3,49) 1 (49,53) | (48,531 (8.6,9.6) | (103, 11.D

4 3.23% 4.49% 521% 5.14% 9.04% 10.92%
(3.1,3.5) | (43,49 | (5.0,54) 1 (49,54) | (8.6,96) | (103,117

g 3.21% 4.,49% 5.33% 5.26% 9.05% 10.92%
(30,35 | (43,48 | (5.1,56) | (5.1,5.5) ] (86,96 | (103,117

9 3.20% 4.50% 5.45% 5.37% 9.06% 10.93%
(3.0,3.5) | (43,48 | (53,571 (5.2,56) | (8.6,9.6) | (10.3,11.7)

10 3.18% 4.50% 5.57% 5.48% 9.06% 10.93%
(3.0,34) | (43,49 | (54,5.8) | (63,57 (8.6,9.6) | (10.2,11.D

Table 6.9 RMS percentage errors for mass estimates based on 1-10 runs of 6-view silhouette sets of the data set of 1423 uncut
gemstones: ‘merged’ is visual hulls formed from merging the available runs of silhouette sets with the proposed method; ‘mean VH
vol.” uses the mean value of the 6-view visual hull volumes for the available runs; ‘VH aligned’ uses merged visual hull volume,
but without minimisation of ET error——visual hull principal axes and third order moments are used instead; *VEMH aligned’ uses
merged visual hull volume with VEMH principal axes and third order moments used for merging; ‘geometric’ and ‘arithmetic’ use
silhouette areas to estimate mass. Ninety-five percent confidence interval computed using a bootstrap approach are given in brackets.

cameras n-view merged geometric arithmetic
n VH 2n-view VH area mean area mean
2 13.80% 14.92% 15.99% 16.48%
(12.70%, 15.16%) | (13.93%, 16.21%) | (14.88%, 17.60%) | (15.32%, 18.12%)
3 5.67% 6.35% 13.21% 13.85%
(8.78%, 11.10%) | (5.98%, 6.84%) | (12.12%, 14.97%) | (12.74%, 15.68%)
4 6.41% 4.75% 10.69% 11.95%
(6.04%, 7.00%) (4.53%, 5.06%) | (10.02%, 11.60%) | (11.15%, 13.03%)
5 5.25% 4.16% 9.32% 10.86%
( 5.02%, 5.59%) (3.98%, 4.42%) (8.83%, 9.98%) | (10.24%, 11.68%)
6 4.88% 3.98% 9.21% 10.97%
(4.65%, 5.25%) (3.79%, 4.27%) (8.73%, 9.79%) | (10.30%, 11.73%)

Table 6.10: RMS percentage errors for mass estimation of 1423 uncut gemstones using subsets of the original 6-view silbouette sets:
‘n-view VH’ uses the n-view visual hull volumes to estimate mass; ‘merged 2n-view VH’ uses visual hulls formed by mesging two
runs of n-view silhouette sets; ‘geometric’ and ‘arithmetic’ use n silhouette areas to estimate mass. Ninety-five percent confidence
intervals are bracketed.
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a substantial increase in accuracy as the number of views is increased from two to six. Merging pairs of
2-view silhouette sets produces less accurate results than considering the 2-view silhouette sets individually.
This is because the 2-view silhouette sets do not provide sufficient constraints to produce accurate alignment.
However, merging using three or more views leads to more accurate mass estimates than using the original
silhouette sets before merging.

6.5 Summary

A method for merging more than one silthouette set of the same object into a single large silhouette set has
been presented. The method adjusts relative pose to minimise the ET error across silhouette sets. Start-
ing points for the minimisation are determined by using moments to align 3D approximations of the object
computed from each of the original silhouette sets. When moment-based starting points do not lead to a suf-
ficiently low ET error, starting points formed using a uniform random rotational component are considered.

Qualitative results computed using everyday objects such as toy animals demonstrate that better reconstruc-
tions can be obtained from a merged silhouette set than from any of the original silhouette sets used to form
the merged set.

Experiments carried out using synthetic data demonstrate that volume estimates based on the merged sithou-
ette sets are more accurate than those based on the original sithouette sets. Volume estimates computed using
sithouette sets merged by minimising ET error are close to as accurate as those computed using sithouettes
sets merged using the ground truth poses. Caliper diameter estimates are also more accurately estimated
from merged silhouette sets than from the original silhouette sets.

The method is applied to data sets of stones captured using both the two-mirror setup and the six-camera
setup. The accuracy with which mass and caliper diameters can be estimated is quantified. Mass estimates
based on visual hull volume are demonstrated to be more accurate than those based on silhouette area.
Results are compared with estimates based on merged silhouette sets. The merged silhouette sets show
an improved accuracy for mass estimates and caliper diameter estimates. The accuracy associated with
the caliper diameter estimates is likely underestimated, because of the difficultly in accurately manually
measuring the ground truth values with a Vernier caliper. The silhouette-based methods are found to be more

repeatable over multiple runs than the manual measurements.
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Chapter 7

Matching Pairs of Silhouette Sets

7.1 Introduction

This chapter moves on to the next major topic: recognising individual stones from their silhouettes. The
key idea is to apply the ET-based pose optimisation described in Chapter 6 to pairs of silhouette sets. If the
residual ET error after pose alignment is sufficiently low, then the pair of sithouette sets is classified as a
match (i.e., produced by the same stone); otherwise, the pair of silhouette sets is classified as a mismatch
(i.e., the two silhouette sets were produced by two different stones).

Recall that the ultimate goal for the recognition component of this thesis, as stated in Chapter 1, is batch
matching. Batch matching is matching two barches of silhouette sets from two unordered runs of the same
batch of stones. This chapter investigates the simpler problem of verification, i.e., verifying that a pair of
sithouette sets was produced by the same stone (a match). The methods developed for verification will be
extended in later chapters for the purposes of batch matching.

The proposed alignment-based method achieves its accuracy by approaching the matching problem from the
point of view of silhouette consistency, rather than considering the similarity between 3D approximations
of the stones computed from each silhouette set. A weakness of using 3D approximations is that the shape
of the 3D approximations will vary with stone orientation even in the noise-free case. Chapter 8 considers
a matching method that is based on 3D approximations to stone shape. Although less accurate than the
method describe in this chapter, it is substantially faster to compute. Chapter 9 will demonstrate how the two
methods can be combined to achieve both speed and accuracy for solving the batch matching problem.

Alignment-based matching simply requires applying the ET-based pose optimisation described in Chapter 6.
This chapter investigates two modifications to the method: (1) the use of an orthographic projection model,
and (2) the use of a measure of inconsistency based on the cone intersection projection (CIP) constraint.
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The use of an orthographic projection model is aimed at improving efficiency. The use of a measure of
inconsistency based on the CIP constraint is aimed at improving accuracy.

Experiments are carried out on image sets of stones captured using the six-camera setup and the two-mirror
setup. The experiments demonstrate how the residual ET error across pairs of sithouette sets separate match
cases from mismatch cases. The improvement in running time efficiency is quantified for the use of an
orthographic projection model. The effect of using CIP-based measures of inconsistency is investigated using
downsampled real data and synthetic data for different camera configurations. (Downsampling is required
to create overlap between the match and mismatch distributions.) Synthetic data are used to investigate
the behaviour of ET-based matching on different camera configurations and at different levels of image

resolution.

7.2 Related Work

There is a wealth of literature on recognising sithouettes from a fixed viewpoint, a 2D recognition problem.
Since this thesis considers stones that are arbitrarily oriented with respect to the cameras, these approaches
are not relevant. The computer vision literature describes several approaches to silhouette-based matching
from variable viewpoints. The principal difference between the problems addressed by these methods and
the problem addressed in this work is that single silhouettes are used for matching, whereas here silhouette
sefs are used. Several approaches are outlined below and their relevance to this work is explained.

Jacobs et al. [65] consider the problem of recognising an object from a single silhouette. Their method is
related to the approach described in this chapter in that recognition is attempted without 3D reconstruction,
only a small number of views is used, and sithouette consistency is used to determine matches. However,
the authors limit themselves to the case in which the camera translates and rotates about a known axis that
is parallel to the image. Outer tangents are used to determine consistency using an approach based on linear

programming,.

Lazebnik et al. [77] describe a method for recognising objects from single silhouettes by storing multiple
sithouettes of objects in a database. A geometrical approach is taken, where a match is considered to cor-
respond to consistent epipolar geometry. The method achieves its discriminatory power by considering all
epipolar tangents rather than only the outer epipolar tangents. For epipolar tangents to aid discrimination,
the tangencies must be visible across different viewpoints. Since most stone silhouettes do not have epipolar
tangents (other than the outer epipolar tangents) that are visible across multiple viewpoints, such an approach
is not feasible.
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7.3 An Orthographic Model for Computing ET Error

In this section, a method for computing ET error using an orthographic imaging model is described. An
orthographic model offers several advantages over the perspective model:

1. An analytical expression can be computed for the Jacobian matrix that is used by the Levenberg-

Marquardt routine for pose optimisation. This has the potential to speed up the computation. Without
an analytical expression, the Jacobian is estimated using a forward difference method [58]. This
method requires one extra evaluation of the cost function for each dimension of the pose parameter
vector. Since seven parameters are used to describe the pose (a quaternion and a 3D translation vector),
each evaluation of the Jacobian requires seven extra evaluations of the cost function. If the analytical
expression can be computed faster than this, then the matching process can be completed in less time.

. In the perspective case, it is possible that an epipole may lie within a silhouette. If this occurs, there

will be no outer epipolar tangencies. The use of a perspective model requires the additional overhead of
identifying these cases, and introduces the additional complexity of differing numbers of reprojection
errors corresponding to different poses. In the orthographic case the epipoles are always at infinity,
and thus correspond to directions [58]. Each silhouette image of a stone will always yield two outer
epipolar tangencies with respect to the epipole.

. Tangencies can be computed more efficiently using an orthographic imaging model. This is described

in Section 3.5.4. The gain in efficiency is because directions of epipolar tangencies correspond ex-
actly to the direction of the epipole for an orthographic imaging model. Tangencies can therefore be
unambiguously determined using the edge-angle data structure. Unlike the perspective case, no check
is required to confirm that the vertex is a tangency.

. Unlike in the case of a perspective model, for an orthographic model residual errors (i.e., distances

from tangencies to projected epipolar tangents) computed in one image of a pair are identical to resid-
ual errors computed in the other image of the pair. This means that residual errors need only be
computed in one image for each pair.

The orthographic model is computed separately for each silhouette view and is based on the perspective
model for each of the cameras, which is determined with the once-off camera calibration procedure. The
orthographic model is thus a very close approximation to the full perspective model in the vicinity of the

The original polygonal boundary is used to create an approximation to the orthographic projection that
would be observed from an orthographic camera that shares a viewing direction with the perspective cam-
era. Whereas the original polygonal boundary is specified in pixel units, the orthographic approximation
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is specified in world units (millimetres). To approximate an orthographic vertex (py, py)T from the image
coordinates (u,v)" of a vertex of the original polygonal boundary, the following equation is used:

(2 )=10)-Ca )l

where 7z, is the depth of the centroid of the VEMH. The assumption that is implicit in Equation 7.1 is that
the depth of the VEMH centroid closely approximates the depth of the rim points.

Consider computing the ET error across two silhouette sets: Set A and Set B. This requires reprojection
errors to be computed across each sithouette from Set A paired with each silhouette from Set B (as described
in Section 3.5.2).

Reprojection errors are computed for each pair of sithouette views. The relative pose of two views (one from
Set A and one from Set B) is described by a rotation R followed by a translation t that transform points in
the reference frame of View 2 into the reference frame of View 1:

riy iz T3 Ix
R=1rm rm m |, (2) t=11¢ |. (7.3)
r3y 3 ra t

The last rows of R and t are not needed, since orthographic projections are used and any point may thus slide
arbitrarily along the Z-axis of either camera. However, in practice R and t are computed as in Equations 7.2
and 7.3 since they are computed directly from 4 X 4 rigid body transform matrices that are used to describe
sithouette poses in different reference frames. The 4 x 4 rigid transform matrix M.y that transforms from
Camera 2’s reference frame to Camera 1’s reference frame is computed as follows:

R t

Meycr = ( oT 1

) = (Mwa—c1)(Mwp—wa)(Mca-wg)- (7.4)
The two silhouette sets are Set A and Set B. Camera 1 is from Set A and Camera 2 is from Set B. The matrix
Mwa-.cy describes the rigid transform from Set A’s world reference frame to Camera 1’s reference frame.
The matrix Mwp-.wa describes the rigid transform that attempts to align Set B’s world reference frame with
Set A’s world reference frame. The matrix Mcs-.wp describes the rigid body transform from Camera 2’s
reference frame to Set B’s world reference frame (usually computed as Mg,}g —c2)- The matrices Mwa-.c1
and Mwp...c2 are computed using a once-off camera calibration procedure; the candidate pose is represented
by the matrix Mwp—wa. To compute R and t for a pair of silhouettes and a candidate pose, a 4 x 4 matrix
representation of the candidate pose must be formed, and then Equation 7.4 is used. Note that the candidate
pose describes the pose between Set A and Set B, so the pose between specific views within Sets A and B
must be derived from both the candidate pose and the relative poses within a set.
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The reprojection error is the distance from an ouler epipolar tangency fo the epipolar line corresponding to
the rangency in the opposite view. In the noise-free case the distance will be zero, since the tangencies are
two views of the same 3D point (a frontier point). In order to determine the lanrencies, it is first necessary

to determine the epipolar directions. The tangencies can then be located, and the reprojection errors can be
computed,

The epipolar direction ez is the projection of the viewing direction of View 2 onto the image plane of View 1.
This is illusirated in the example shown in Figure 7.la.

Cameral _— .-" \
|__,ﬂ-~“"’ | Cum-.:m 2

. |
|| - 'E%—llmz + ey

|
—

-

viewing direction 1 | 4|"“--E_1_1 ,
| | viewing direction 2
| |I
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ta)

g S

(b

Figur« 7.1; The cpipalar geomelry telating two orthographic views of o stomes (1) shows the twao siThouctle views, (h) shows the
image plane of the first view, and () shows a closeap of (b in the vicinicy of the outer tangency under consideration,

The viewing direction d of 4 camera in its own reference frame is

d=| 0 |, (7.5
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since by convention the camera is modelled to point along the z-uxiy. 1n Lhe reference (rame of Camera 1,
the viewing direction of Camera 2 is
Fia
diz=Rd=]| m |. [7.6)
i

Since dy; is a dircetion, it is unaffected by t. The cpipolar direction ez is obtained by dropping the 2-
coordinate of diz to preject the vector onto the image plane of Camera 1

L ) o
ez = ’ LT
Fza

Once the epipolar direction has been computed, the langency vertives are located vsing the cdge-angle data
structure as described in Section 3.5.4,

The reprojection errors are computed as the distance from an cpipolar tangency to the epipolar line coire-
sponding 1o the opposite epipolar langency.

To camnpute the epipolar line that the projection of pa i3 constrained to lie on (given the relative pose between
Views 1 and 2), a point on the line is considered. For simplicity, the s-conrdinate of p; in the reference frame
of Camera 2 15 set to zero so thal

Pax
P My | (7.8}
0
The projection oz is then given hy
e |
g ?"111-7“21:'?‘?"12?23- . i, 1.9)
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The epipolar line py> + ve); meets the line that passes through the epipolar tangency py and is perpendicular

to the epipolar direction at

r=Fl2+”DElE=PJ+Hﬂ( o ) (7.10)
+ra

{5See Figure 7.1.) Solving for up gives
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Reprojection errors Ax and Ay are then miven by
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The above equations provide an efficient means for compoting the ET emror in the case of an orthographic
imaging model. The residoal values should only be computed in one image plane of the pair. This (s because
the distance vatues in both images are equal 10 the distance between two specilications of the epipolar tangent
plane: one specified by the camera centres and the epipolar tangency in View 1, and the other specified by
the camera centres and Lhe epipolar langency n View 2.

An important advantage of the equations laid out above is that an analytical expression can be derived for
the Jacobian matex thal is used by the Levenberg-Marquardl method that is wsed for pose optimisation. The
derivation of this Jacobizn matrix is described in Appendix B,

7.4 Error Formulations Based on the CIP Constraint

The ET constraint i5 a weaker constraint than the CIP consiraint (as desctibed in Section 3.5). The ET
constraint specifies a necessary, but insufficient condition for consistency. An error or degree of inconsistency
derived nsing the ET constraint has been chosen for pose optimisation, since it s efficient to evaluate. This is
important since pose estimation is an itetative procedure that requires the error lo be evaluated for different
parameters over many ileralions.

Under neisy conditions, a mismatch pair of silhouette sets may have an ET error that is sufticiently low that
the pair is misclassified as a match. However, since the CIP constraint {s sironger than the ET constraint (it
specifies both a sufficlent and a necessary condition for consistency), a measure of inconsistency based on
the CIP consiraint may not vesult in a misclassification. This approach makes use of the ET ermor [or pose
optimisation, but uses a once-off evaluation of a CIP-based error for match verilication.

This section presents three measures of inconsistency thal are based on the CIP constrainl: Boyer emor,
convex CIP error, and nongonvex CIP ermor. Boyer error is based on Boyer's silhovette calibration ratio [14,
15}, whereas convex CIP error and nonconvex CIP error are novel formulations. The three measures of

inconsistency will be compared with ET ermor in terms of match verification accuracy.

74.1 Boayer Ervor

Boyer's method [14, 15] considers the rays coresponding o each silhouette point in the silhouetle regions
that are not covered by the CIP. The error associated with each ray is determined by computing the 3D point
on the ray that iz consistent with the largest number of the silhouettes in the set. The error contributed by
this ray is proportional o the number of silhouettes thal are inconsistent with the 3D point (ie., silhouette
viewpoinls 10 which the 3D point does nol project into the silhouetie).
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Since there s 2 continyum of rays corresponding to any finite image region, silhoueties are pixelated in order
io compuie the Boyer error, The ray passing through the pixel centre is considered for each pixel, Higher
resolotion pixelations will therefore lead to more accurate approximations of the Boyer error,

The ray corresponding to each foreground pixel in each silhovetie view is considered in turn. Each of the
remaining silhouettes defines & (possibly emply) interval on the ray for which the silhouette is consistent
wilh the ray. Thiy interval is computed by projecting the ray onto the silhouette. The projected ray-silhouetie
interscetion is a line segment, This line segment is projected back onto the 3D ray to obtain the interval.
A 3D point on the ray that lies within the maximum possible number of intervals is considered next. If the
maximum number of intervals is equal to the number of silhouettes, then the pixel is coverad by the CIP. and
does nor contribute to the ermor since it is consistent with all silhouettes. Otherwise, the pixel contributes an
crror of ka/(A(m— 1)), where k is the number of the m — | remaining silhoueties that are consistent, 4 is the
pixel arca, and A 15 the total areg of foreground regions in the silhoueite set.

Bover's method differs from the other methods (such as the spproach of Hernidndez |39, #nd the formu-
lations that are presented in Sections 7.4.2 and 7.4.3) in that the viewing ey comesponding to each point
within a silhouette is not simply classified as consistent or incensistent. Rather, # degree of inconsistency iy
obtained for each viewing ray. This is done by using the menber of consistent silhouetles for esch viewing
ray. Anaother approach would be to take into aceount some measure of disfance from consistency for each
silhouette-ray pair. This was not implemented because it is inefficient to compute, making it impractical to
apply to a large number of silhouette sets.

7.4.2 Convex CIP Error

The convex CIP error is an attempt to create an error tormulation that 15 fast to compute by limiting the
input to convex silhouettes,  The approach achieves etficiency by providing a closed form solution that is
computed directly trom the inpot polygons (as opposed to the other methads which require rastensation),
This comes at the cost of discarding information in the comcave regions of the onginal polyronal boundarics,
This information may potendzlly aid discdmination between marches and mismatches,

The convex hulls of the silhoustte boundanies are used #s input, This approach works because the silhovetes
of the 3D convex hull of a stone are the 2D convex hulls of the silhoustics of the stong: if a silhouetic ser
15 comsistent then a silhouctte set Tommed Geom Lhe 2D conves hulls of the silhouettes i this set will be

COnzistent (oo,

The convex CIP emmor method integrates the distance (possibly raised 1o some powert of #) from the silhouctic
boundary to the CIP over the silhouetie boundary for all sithouettes in the set. Silhouette regions that ate not
overlapped by the CIP can contribute error according to how far they are remnoved from the CIP (by squaring
or cobing the distance [or inslance}. This is a potential advinlage over the Boyer crror, since uncovercd



regions that are Lar rom he boundary are more likely 10 be cavsed by a mismaich thun by segmentation or
calibration crror.

Using convex silhouettes provides several advantages:

1. The cone intersection can be efficiently computed,
2. The boundaries of the CIP can be easily and efficiently computed.

3. A boundary-based crmor [ormulation can be used, since convex boundaries cannot have fractal-like

perimeters thal make nonconvex boundarics highly sensitive to resolution.

The cone intersection of convex cones can be efficiently compued as a halfspace intersection. Each cone face
represenis a halfspace (the halfspace on the conc side of the plane passing through the [ace). The halfspace
intersection 15 computed using a dual space formulation which allows a convex hull algorithm to be used.

Efticient convex hull algorithms exist (Q(m logm) for m cone faces).

The boundaries of the CIPs can now be obtained by computing the 2D convex hulls of the projected vertices
of the cone tntersection. Note that computing the boundary of a projection of & nonconvex polyhedron is a
far more elaborate procedure.

To integrate the distance (raised to the nth power) to the CIP around the silhouette boundary, the boundary
is traversed to identify triangular and trapezial® regions (see Figure 7.2). The triangles consist of portions of

() (e

Figure 7.2 Computing convex CIP error: (u) the silhouoette boundary (solid line) and CIP boundary (dashed line}, {b) the triangles
and trapezia that must be considered when computing the evror (with alternating shading to aid visnalisation), and {c) a closeup of
the top right of (h),

the sithouciec boundary whose closest point is the same point on the CIP. The trapezia are made up of the
remaining portions of the boundary. The trapezia and triangles are computed by determining whether the
closest point on the CIP polygon is along an edge (for trapezia) or at a vertex (for triangles).

*Confusiogly, what is referred to as a wapezium in British English iz a trapezoid in Americun English, and vice versa. Here,
British English is used: a raperium is a quadrilateral with a pair of parallcl sides.
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The crror component By contriboted by cach of the triangles is computed from the three side lengths s, ¢,
and # {as illustrated in Figure 7.3) as follows (the side of length & lies on the silhouette boundary polygon):

o r
Etl‘i. = -/\{_12 _|_f2)n,r'2dx+ f{xZ _l fzj:l'l'l-":zﬂi.x, {?.13]
- L]
where
0 = acos( (1> — & — w5}/ {—2u)) (7.14)
f=ssinb {7.15)
v=gscosd {7.16)
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Figore 7.3 Diagram for computing the ercor contriburion of tiangles,

Equation 7.13 was successfully evaluated for values of n-= 1,2,3, and 4 using the Matlab Symbolic Toolbox.
In this work, the exponent of n = 2 wag used. The solution to the integral forn =2 is

1

B = : T 18]
M (18w + 18us® — Gis?) e

Similarly, the emmor component £,y contributed by each of the trapezia s computed from the four side
lengths p, g, v, and m (as Hiustrated in Figure 7.4) as follows (the side of length m lies on the silhovetie

boundary polygon):

i = i HIS Fs i i =i P o G R e . i
Erap [ [mp ' (l m) r'] dx=mlp PR p—r)in4 1], (7.19)
il
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Fignre 7.4 Diagram for computing the error coniribution of trapezia.

7.4.3 Nonconvex CIP Error

Nonconvex CIP error works with the silhouettes directly rather than their convex hulls. This means that
saddle-shaped regions on a stone that are imaged as concave portions of the silhouvette boundary can poten-
tially be used to discriminate between matches and mismatches. For instance, if two siones have very similar
convex hulls, yet differ in shape because of suddle-shaped regions, the nonconvex CIP error may be able to
correctly classify a mismatch that would be misclassified if the convex CIP error were used, The nonconvex
CIP error is therefore only likely 1o show o substantial improvement over convex CIP error for matching
applications in which the stoncs have substantial variation in the shapes of suddle-shaped regions of their
surfaces,

Unlike the convex CIP error, area-based integrals are used, since a nonconvex boundary can be highly sensi-
tive 10 resolution, The integral of the distance to the CIP (raised to the ath power for some n) from all points
inside the sithouette, but outside the CIE, forms the nonconvex CIP error.

A visual hull algorifm is used to compuie the cone intersection’. Although Matusik et al. |91] describe
an efficient algorithm, it is not used here because it produces a so-called polygon soup output thut does not
provide connectivity information for the faces. This makes computing an exact projection of the cone inter-
sectiom 1mpossible, and creating an approximate quantised projection of the cone intersection by rendering
is slow. Instead, a marching tetrahedron-hased approximation to the visual hull was created using a O im-
plementation® of Bloomenthal's implicit surface polygonizer [8]. The routine outputs he visual hull surfuce
as o triangular mesh, An alternative algorithm is the exact method described by Franco and Boyer [48].

The CIP guthne is computed exactly from the trangular mesh representation. To do this, it 1% necessary
to identify the contour generator edges on the triangular mesh with respect to the viewpoint, Only cdges
formed by a pair of faces in which exactly one Tace s towards the viewpomt are candidates, The bottommaost
vertex of the projected edges Is guaranieed to lie on the cutline, and may be used as a starting point. From the
starting point, the algorithm moves from vertex to yertex. Care must be taken in selecting the correct edge, as
multiple candidate edges may share a commaon vertex. Edge projections may also be crossed by edges from

“1n the case of a match, the conc interseclion is the visual hull of the object and associgted viewpoints, However, (o avold abuse
of lerminology, the term cone interscetion is prelermed since in the case of a mismatch setthe viswal hull i not 3 meininglul concept
#The polygonizer library wis provided by 1. Andeeas Berentmen {Technical Universily Denmark),
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i different part of the triangular mesh. These crossings cause a discontinuity in the contour generator {but
not in its projection), and introduce new vertices, Each other candidate edge must therefore be checked when
traversing each edge. This makes the algorithm of G{m*) complexity for m candidate edges. The algorithm
terminates upon retuming to lhe starting point. An example is shown in Figure 7.5,

(a) th

Flgure 7.5: Example showing (21 & triangular mesh, and (B the cuthng of a peojection of a tdangulac mesh compitted gsing the
algorithm described above.

For cach silhouette, the CIP and the silhoueite are rendered to creale rusienised versions, A disiance iransform
is used to assign values to pixels in the silhouette acconding to their distance from the silhouette cutline,
Pixels not covered by the CIP conlnbule emror of the distance value. Eiror values are summed for all pixels
over all silhouettes, The approach of computing the cxact projection of a wriangular mesh described above
allows the error 0 be compnted reasonably efficiently, Nole thal by counling the number of pixels that are
not covered by the CIP, one obtains an estimate of the arca of non-overap. This measure was considered by
Hemdndez et al. [60], who created a perimeter-based method to approximate the arca of non-overlap,

7.5 Experiments

7.5.1 Empirical Match and Mismalch Distributions

Pose optimisation was applied to match and mismatch pairs of silhopette sets formed from the data set of five
tuns of 246 Farncl stones captured with the six-camera setup. The five silhoustte sets of each stone (from the
five runs) can be paired in 5!/{245 — 2"} = 10 different ways. This means that there are 10 x 246 = 2460
match pairs, The 5 » 246 = 1230 silhouette sets can be paired in 12300 /(21{1230 — 2}!) = 755 835 ways
of which ¥55835 — 1230 = 754605 are mismatch pairs. However, only mismatches across different runs
were considered, as this still provides a large number of mismatch pairs, whilst simplifying the selection of
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the pairs. This means that 10 x {246 x 246 — 246) = 602 700 mismatch pairs were considered. Naote that
although there is a large number of mismatch cases, they are not statistically independent samples. This is
because the same stone is used in multiple pairs, Such dependence is common in the evaluation of biometrics
recognition systems sich as fingerprint verilication. Bolle et al. [10] have developed the subsets bootstrap
to account for this dependence when estmating uncertainty associated with accuracy performance statistics
derived from such data,

Pose oplimisation hased on the orthographic projection model was used, as the garnets are small with respect
to the distatices to the camera, One hundred starting points were used for each silhouette set pair, The first
four starting points were based on aligninent of the principal axes of the two VEMHs, and the remaining
orientanon components were uniform random rotations. The experiment required several days of running
time on 3 3.2 GHz Pentium 4 machine,

Figure 7.6 shows the distibutions of ET error values across silhouette sets after pose optimisation for matches
and mismatches. It is important (o notice that the match and mismateh distributions do not overlap: the
smallest mismatch ET error is 2.26 pixels, whereas the largest imatch ET error is 0.72 pixels. This means
that there is a range of ET error thresholds {0.72-2.26 pixels) that will separate, without misclassifications.
match pairs from mismatch pairs for the pairs considered in this dala set.

Figure 7.7 illustrates the pairs correspending to the highest match error (i.e., the maich that coines closest
1 being misclassified as a mismatch), and the lowest mismatch error (i.e., the mismatch that comes closest
to being misclassified as a match). As can be seen in the figure, the mismatch pair exhibits a higher degree
of inconsistency than the match pair both interms of ET error distances shown in red, and in terms of the
degree of non-coverage of the silhouetles by the CIPs.

The non-overlap between the match and mismartch distributions, is beneficial to the accuracy of matching
based on pose optimisation. However, it makes estimating the long ron error rate and comparison betwesn
different methods difficult. In Section 7.5.4, ET error is compared with ClP-based error formulations by us-
myg reduced resolution images with smaller mumbers of views. Reducing the resolution and number of views
creates overlap between the match and mismatch distributions, which facilitates comparison of different
methods.

The experiment was répeated with the gravel data set captured vsing the mimor setup. Three runs of five-
view silhouetie sets of the 220 gravel stones were used. From this data, 3 » 220 = 660 match pairs and
{220 x 220 — 220 » 3 = 144 540 mismatch pairs were formed. Unlike in the case of the garnet data, pose
optimisation was applied using the perspective model. This was because some initial experimentation in-
dicated that the camera was sufficiently close to the stones for the orthographic model o be inappropriate.
The experiment required more than a week’s processing time. The results of the experiment are shown in
Figure 7.8. Again, there is a range of ET threshold values that completely separate the march pairs from the
mismatch pairs froen this data. In the case of the gravel data, the largest ET emor across silhouette sets for a
match pair is (.68 pixels. whereas the smallest ET error from a mismartch pair is 3,135 pixels.
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Figure 7.6; ET cmors across silhouette set pairy after pose optimisation for 2460 match pairs and A02 700 mismatch pairs formed
from the six-view gamet data set: {a) shows match and mismatch distdbutions estimated with a kernel smoothing method fa low

variance Gaussian was used to limit over-smocthingy; (b) siows # closcup of (4] in the region where the distributions are closest; (c)
shows the dare points in the region illustmated by (b) (the vertical compaonent, which is random, is a visualisation 2id).
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Figure 7.7: Pair of gamel sillobette sets corresponding to the highest ET error of a match frep halfl, and the Towest ET ervor of
a mismatch {hottom half). For each pair, the top row shows projected epipolar tangents within the silheoetie sel in green, across
sifhouette sets o blue, and emror distanges in red; the bollom row shows silhouettes in colowr with 12-view CIPz in grey.
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Figure 7.9 Match matrices formed from the sravel data set. Bach element corméspends to 4 siThouetie set paic [rom Gwg cons.
DHagenal elements are match paies and off-diggonad elemerts are mismatch pairs. The three matrices comespond to the three n
pair combinationy. Dartker regions indicate lower ET ermor

Figure 7.9 illustrates the three 220 = 220 martch matrices formed from the gravel dala set.

7.5.2 Recognising Stones by Mass

The resylts ohserved in the above-mentioned experiments indicate that ET ermror after pose opfimisation
provides a potentially accurate way to recognise individual stones. It is interesting to consider another
method that one might use to identify or recognise individual stones on dillerent cccasions: the stone’s mass
as measured by an electronic balance.

Figure 7.10 shows ROC (receiver operating characteristzc) corves compuled using mass dillerence as mea-

sured by an electronic Balance as a measure of dissimilarity. Results are shown for the data set of gravel
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Figure 7.0 ROC curves compuled [or dissimilarily defined as the dilferenee in mass us measured by an electronic halance. The
ROC curves have nonlinear axes to aid visualisation: this is the detection error tideott curve format intredused by Madin el al. [89].

and pemstoncs. Each stone was weighed with an eleetronic balance. Each gravel stone was weighed on
three different days (three runs of mass measureinents). Two runs of mass measurements were captured tor
the gemstone data. This was carried out by staft of the company that provided the gemstones. The BOC
curves show the estimated error tates that one would obtain from matching the stones based on a threshold
on the difference between mass values measured on two dilferent vecasions, The ROC curves are computed
by determining all the measurcd mass differcoces for matches and for mismatches across runs. The ROC
curves indicate that using measured masses cannet be used to provide crror-free classification. This is be-
cause the varability of measured masses is sufficiently high to create dilferences in measured mass of the
same stone that are in some cascs higher than the mass dilferences between different stones. In the case of
the gravel stones, the data indicate that the equal error rate is approximately .5%. whereas the equal error
rate is approximately 3% tor the gemstone data. The gemstone data produce larger errors partially because
the mass variability is not as large as for the gravel data: there are many cases where pairs of gemstones have
approximately the same mass, and are therefore prome to being misclassiticd as matches (a false acceptance).
The ROC curve for the gemstone data indicates that to attain a low false rejection rate (say <0 0.155), ong
must tolerate a very high false acceptance rate (> 30%). This is because the mass measurements contain
several gross errors (the measurements were possibly incorrectly transcribed by the data capturer). A few
large measured mass dilferences for match pairs result in the necessity of a high (elerance for measured mass
differences if onc i8 to ensure that the false reject rate remains low, This will result in a high false scceptance
rate as many mismatich pairs will be misclassified as matches. The principal regson for presenting the ROC
curves in Figure 7.10 i3 to demonstrate that identifying stones by individual mass is infeasible for the data
sers considercd in this thesis,
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7.5.3 Running Time Experiments

Section 7.3 presented an algorithm for computing ET error based on an orthographic projection model. This
approsch wis designed to speed up the computation of the ET ertor. The results presented here quantify the
speedup that one obtains using the orthographic model mstead of the perspective model.

Titble 7.1 shows the mean running time for optimisation from a single starting point for different optimisation
types. Results were compuoted using 246 pairs of six-view silhoustts sets of gamets.

imaging tungency Jacobian mean
model locution computation time |
arthographic | lockup hnul},rtica]m_ 4.6 ms
orthographic SCan analytical 11.6ms

orthographic | lockup | forward difference | 8.6 ms

orthographic scan forward ditference | 28.6 ms
perspective | lookup | forward difference | 73.6ms
perspective SCAD forward difference | 144.6 ms

Table 7.1 Mewn running Ume pec oplrmisation for varions metheds: “lookup® means the edge-sngle lookup was used and “sean’
means that cach vertex of the polypon was visited o deletmioe lngencies. Times are computed using G-view silhovctic scts of
gameats with 2 stopping criterion requiring an crmer reduction of no more than 1% rediction of the EMS residoal BT ervoc over three

Levenberg-Murquardt steps, A 3.2 GIz Pentivm 4 machine was used.

The results demonstrate the speedup that is achieved n practice when using the proposed modifications to
compute ET error. A speedup of a factor of 30 1 achieved over the busic perspective model without tangency
lookup. Tangency lookup increases the speed of the perspective-based method by a factor of two. A further
speedup of a factor of approximately eight is achieved by switching to an orthographic model, The use of an
analytical expression for the Jecobian matrix provides a further speedup of more than a factor of two.

7.5.4 Performance of CITP-Buascd Frror Formulations

Silhouette inconsistency formulations based on the CIP constraint were presented in Section 7.4. To compare
the performance of the CTP-based formutations with ET error, the garnet images were downsampled to reduce
the silhouette boundary accuracy, and in =0 doing to create an overlap between the match and mismatch
distributions for ET error. Each pixel in 32 x 32 blocks of pixels was repliced with the mean intensity value
of the 32 » 32 block. This mimics what would be obtained using a camera with lower resolution. Figure 7.11

shows an example of a downsampled silhouetie sei.

Pose optimisstion ss described in Section 7.5.1 was applied to matches and mismatehes formed from the
first two runs of the downsampled garnel data. (Only two rons were used becanse of the long running time
required for these experiments.} The experiment was repested using different subsets of cumera views to

investigate the effects of varying the number of cameras.



Figure 7.11: An example of a six-view image set of & gamet after 32 x 37 downsampling. Extracted polygonal boundaries are
ghown in coloue:

Where parumeter values needed 1o be chosen {e.g., silhouette rasterisation resolution for Boyer error, and
voxelisation resolution for noacoovex CIP error), the values were chosen so thal any auempt o further
increase the geeuracy would result in negligible improvements. The approach to parameter value selection

therefore sacrifices speed in favour of matching accuracy.

Figure 7.12 shows ROC curves computed after ET-based pose optimisation using different CIP-based fur-
mulations and ET error. Boyer error was not computed in these expeniments because of its prohibitively high
running time. The plots show ROC curves basad on an additional measure of dissimilarty: earth mover's
distance (EMD) between caliper distnbutions of the VEMH. This method will be described in the next chap-
ter. Unweighted noncomvex CIP refers 1o nonconvex CIP error computed without the distance transform: the
silhouette area not covered by the CIP is used without weighting uncovered regions according to the distance
from the boundary.

The plots show that greater accuracy is achieved as the number of cameras 15 mcreased, becanse this increases
the number of consistency constraints imposed by the silhouettes within a set. Desplite incorporating more
information than ET error, Figure 7.12 indicates that in most cases the C1P-based error formulations produce
worse BOC curves than the ET emror. The plots suggest that the CTP-based metheds only ontperform ET
error (in terms of accuracy) for certain operating points of the ROC curve for the 3-camera case,

The poor performance of the CIP-based methods (particularly for more than three camneras) may be a conse-
quence of the following:

147



—EMDO
DA H=——ET
— Cpnvex P
02 e - Mpncnrves CIF
.01 ‘- —— Urweignted Monconues CIR| o SR el e ;

0 =——FET
ety S O - |

A — Momconeoy CIP : :
G-D'Jk—LInmighmd Blgrwg R IR o R g e i e

003 01 03 1 3 10 20 003 01 03 1 3 10 an
Probability of Falze Acceptance [42] Frobability of False Acceplance [%]

Frobability of False Rejection [%)
Pratakility of False Rejection [%:]

[ak 2 carneras (b 3 cameras

robability of False Rejection [3]

Probability of Falze Rejection [%]
B owe
.

L _ Bt : i i
T 003 01 03 1 il 11 3 003 01 03 1 ! 10 )
Probability of False Acceptance [%] Frobahbility of False Accaptance [T
(ch 4 cameras [l 5 cameras

Frabakility of False Rejection [32)

=
=]
L2

OO | L5
bod 01 03 9 3

10 30
Probability of False Acceptance [%h)]

{4 B cameray

Figure 7.12: ROC curves computed usieg feoauns al downsaropled imayes Troms ibe game duae sen, Besults are shown for different
subsets of the six camerd views, (See text for flurther datails)

[45



1. As the number of well-distributed views is increased, the constrainls imposed by the epipolar tangents
become closer 1o the constrainls imposed by the CIPs. This was pointed out by Hemdndez [39].
The potential advantage of using a CIP-based measure of inconsistency is thereflore dimimshed as the
number of views considered is increased.

2. CIP-based errors require the cone intersection to be computed. The cone intersection is sensitive
to noise, since if any silhouette indicates that a 3D region of space is empty it is considered o be
empty. This noise sensitivity is analogous to using a maximum rather than a mean of some feature
o characterise a class of objects. For instance, one might expect the maximum caliper diameter of a
silhowette (o be more noise sensitive than the mean caliper diameter,

3. Stones tend not t¢ have deep concavities that are visible from widely disparate views. This limits the
potential of nonconvex CIP error to incorporate information that cannol be captured by ET error (or
convex CIP error),

Figure 7.12b suggests that CIP-based error can provide superior performance to ET error in at least some
sitwations, Figure 7.13 uses bootstrap replications to illustrate that the observed differences between the
ROC curves are not likely to be due to chance alone. When considering the statistical variability of a curve
estimated from samples, Efron [35] recommends using bootstrap samples (i.e., repeatedly drawing n samples
from the original # samples with replacement) for a “quick and dependable picture of the statistical variability
in the original curve.” The idea is that the variability of the bootstrap curves approximates the variability that
one would obtain if one carried out the same experiment (with different random samples) many times. Since
error values are not independent, the ‘subsets bootstrap™ method of Bolle et al. [10] was used. The method
groups error values in an attempt to reduce dependence as much as possible. The plot indicates that the
observed superior performance of the CIP-based methods in the upper region persists over twenty bootstrap
replications.

The superior performance of CIP-based methods for certain operating points in the three-view case is clearly
of little practical significance, and thus far the CIP-based methods appear to be of littls use.

In a further attempt to investigate whether CIP-based methods might outperform ET etvor in certain situa-
tions, synthetic data sets were used, The firsl set was created from refined visual holl models of 100 uncug
gemstones that were selected for their degree of nonconvexity, The stones are scaled along their three princi-
pal axes so that each stone has unit convex volume and its caliper diameter along the three principal directions
are in the ratio 2 : 3 : 4, Giving the stones the same gross shape ensures that false acceptance emors oceur.
The synthetic nonconvex stones are illustrated in Appendix C on page 225. Nonconvex stones were created
as these have the potential to demonstrate the superiority of nonconvex CIP error over convex CIP error.

A lorther set of synthetic stone shapes was generated based on the convex hulls of the refined visual hull
models of the first 200 garnets. Again, the stones are scaled along their three principal axes so that each
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Figure 7.1} Twenty bootstrap roplications of the ROC curve shown in Figure 7.12h

slone has unil convex volume and its caliper diameter along the three principal directions are in the ratio
2:3.4, Theee stones arg illustrated in Appendix C on page 226

Synthetic images were generated from the synthetic stones by rasterising the polygomal projections, Yarious
camera configurations were simulated. The camers configuralions are based on the optimised frontier point

criterion (is described in Chapter 5, and illustrated in Figure 5.5 on page 36},

ROC curves computed from the syothelic data are shown in Figare 7.14. Boyver error was campuled for the
noncenvex stones. The plots show similar behaviour o the real data: CIP-based methods outperform ET
creor only for small nombers of eameras (fewer than six), and in these cases the cutperformance Is only for

certin operiting points on the ROC curve.

7.5.5 Effect of Image Resolution and Camera Configuration

Syothetic data sels were further nsed (o anvestgate the effects of camera configuralion and image resolution
on maich and mismarch distributions of ET crror aficr pose alignment,

{Camera configurations based on the optimisation cniteria described in Chapter 5 were used. In addition, var-
ious six-camera configurations were investigated to illustrate the importance of the configoration of cameras
for a fixed number of cameras. The additional six-camera setups were generated by varving the elevation

angle of cameras positioned in & senemrele. Three examples are shown in Figure 7,15,

Figure 7.16 shows the mutch and mismateh ET errar values for different camera configurations and factors

of resolution reduction. Many of Lhe camers configurations show a similar trend: as the image resolution
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Figure 7.15: Six-camera setups with elevation angles of 807 {tap wow), 307 {middle pow ), and 07 {Bottom row).

i5s decreased, the distobution of match errors rises in a predicable fashion, and the distribution of mismatch
errors stays in roughly the sume position, rising only slighily.

There are, however, some pathological cases: in some ¢ases cameras with coplanar optical axes produce low
ET emors for both match and mismatch pairs. This is because the epipolar tangencies nccur in approximately
the same position for coplanar camera setups. (The extent to which the epipolar langencics are not cxactly
coincident is influenced by the degree of perspective distordon: if the cameras are moved back to infinity,
the epipolar tangencies will be exactly coincident.) The plots therelore clearly illustrate the undesirability of

the coplanar camera configuration for matching,

In the case of well-distributed cameras, cumera configurations based on minimising the most isolated viewing
direction, and on minimisiog the sum of distances between frontier poines produce simdlar results, This is
because any well-distributed camera sctup is likely o produce epipolar tangencies that are well-separated
from one another, and whose residual error values are almost independent from one another.

Figure 7.17 illustrates the match and mosmatch error values for different six-view configurations. The plots
demonstrate that the configuration of cameras is important, The camera configurations correspond to differ-
enf clevation angles. For low elevation angles, the configuration is close to the coplanar configuration, and
poor separation between match and mismatch error values is observed. As the elevation angle is increased the
separation improves, and then degrades again as the elevation angle becomes large and the viewing directions

converge.
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7.6 Summary

It has been demonstrated that attempting to align silhouette set pairs by minimising ET error provides a
means for determining whether the pair is a match or a mismatch. Methods for improving the efficiency and
the accuracy of the approach have been investigated.

To improve the matching efficiency, equations that make use of an orthographic projection model were
derived. The approach is valid for cases in which the stone is small with respect to the distances to the
cameras. This is the case with data sets captured using the six-camera setup. The orthographic-based method
runs approximately 30 times faster than the perspective-based method.

In an attempt to improve the accuracy of alignment-based matching, measures of inconsistency based on
the CIP constraint were investigated. Since the CIP constraint is stronger than the ET constraint, CIP-based
methods potentially make use of more information in the silhouettes to discriminate between matches and
mismatches. However, unlike the ET error, where pairwise reprojection errors are accumulated, CIP-based
methods make use of a cone intersection that is computed from all views simultaneously. This makes the
methods more sensitive to noise. Experiments carried out with synthetic data and downsampled real data
show the CIP-based errors outperformed ET error in terms of accuracy only for certain operating points of
the ROC curve for setups consisting of fewer than five cameras. The CIP-based methods are therefore not
considered any further in this thesis.

ET-based alignment was applied to all pairs across runs for the 2-mirror S-view gravel data set (using a per-
spective camera model) and the 6-camera garnet data set (using the proposed orthographic approximation).
For the gravel data set, all 660 match pairs were found to have substantially lower ET error than any of the
144 540 mismatch pairs. For the garnet data set, all 2460 match pairs were found to have substantially lower
ET error than any of the 602 700 mismatch pairs. This indicates that ET-based alignment is an accurate ap-
proach for distinguishing between match and mismatch pairs for the types of data and camera configurations
considered in this thesis.

Synthetic data sets were used to investigate the effect of different camera configurations and different image
resolutions on match and mismatch distributions of ET error. As expected, with insufficient image resolution
and too few cameras, there is overlap between the match and mismatch distributions, and such a setup will
produce classification errors. Configurations in which optical axes are coplanar, or close to coplanar are
observed to result in distribution overlap that does not occur for well-distributed cameras at the same image
resolution.
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Chapter 8

Dissimilarity from 3D Shape
Approximations

8.1 Introduction

Alignment-based matching (as described in the previous chapter) is accurate, yet slow, since time-consuming
nonlinear optimisation must be applied for each comparison of two silhouette sets. Although alignment-
based matching is not prohibitively slow for verification tasks (i.e., determining whether a single pair of
silhouette sets is a match or a mismatch), the method is too slow to apply to all pairings for batch match-
ing. There are n? pairings that can be made between silhouette sets from two runs of n stones. A naive
approach, where alignment-based matching is applied to all pairings for n = 1000 stones, would take almost
a week to process assuming approximately 0.5 seconds per pair (100 starting points and an orthographic
approximation).

To address this issue, a fast signature-based method for estimating the dissimilarity between two 3D shapes
is proposed. The method uses the idea of shape distributions introduced by Osada et al. [103, 104], along
with the compact representations of distributions that Rubner et al. [112,113] refer to as a signatures. Likely
matches can be identified with the signature-based method so that the more time-consuming alignment-based
matching need only be applied to a small number of cases. The signature-based method requires less than
one microsecond to assign a dissimilarity value to a silhouette set pair (after once-off preprocessing has
computed a signature for each silhouette set). This allows all pairings between two runs of n = 1000 stones
to be considered in less than one second.

In this chapter, the performance of the proposed signature-based method is quantified in terms of accuracy
when applied in isolation (i.e., without alignment-based matching) to verification and identification tasks.
The next chapter shows how the signature-based method can be combined with alignment-based matching
to efficiently solve the batch matching problem.
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Broadly, the proposed signature-based method for computing dissimilarity is carried out as follows. The
VEMH is computed from each silhouette set as an estimate of the 3D shape of the convex hull of the corre-
sponding stone. Caliper diameters are sampled from each VEMH in different directions to create a caliper
diameter distribution for each silhouette set. The caliper diameter distribution is approximated with a signa-
ture consisting of a vector of a small number of elements. Dissimilarity between pairs of signatures is rapidly
computed using the earth mover’s distance (EMD).

8.2 Related Work

There is a vast body of literature describing different approaches for defining dissimilarity between 3D
shapes. Several survey papers compare the different methods [21, 124]. The methods are broadly classified
into graph-based and feature-based methods.

Graph-based methods (such as determining the skeleton of an object) are appropriate for complex shapes,
and are typically computationally inefficient. Since stones are simple shapes, graph-based methods are not
an appropriate means for matching.

Local feature-based methods, such as shape contexts, have been shown to be effective for shape retrieval,
even in cases where only a portion of the object is available (partial matching). However, since these methods
are typically inefficient, and since local features cannot be accurately estimated from sparse silhouette sets,
they were not considered.

Global feature-based methods compare features (such as volume and moments) or distributions of features
computed from the 3D shape. Since global features or feature distributions can be rapidly compared, these
approaches have been identified by the survey papers as the most efficient approach to matching, and are
appropriate for use as pre-classifiers. The shape distribution framework of Osada et al. has been selected as
the basis of the method described in this chapter because of its simplicity, efficiency, and success in a range
of applications [22, 64, 104]. Although not considered by the original authors, the framework also facilitates
the use of the compact signature representation for which dissimilarity between distributions can be rapidly
computed.

Because of its speed, the shape distribution framework has been chosen by researchers for specific shape-
lookup applications. Canzar and Remy [22] use shape distributions as a faster alternative to alignment-based
techniques to look up protein models from a database that are similar to a query model. Comparisons of
353766700 protein shapes were completed in less than an hour, with 97% nearest neighbour agreement on
class label. Ip et al. [64] use shape distributions to create a query-by-example interface to a CAD database
of mechanical parts.

In their original work on dissimilarity measurement using shape distributions, Osada et al. introduce five
functions that are used to form shape distributions:
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e D1 isthe distance between a random point on the surface and the centroid;

D2 is the distance between two random surface points;

e D3 is the square root of the area of the triangle formed by three random surface points;

D4 is the cube root of the volume of the tetrahedron formed by four random surface points; and

A3 is the angle formed by three random surface points.

The D2 shape function was found to be the most accurate shape function for looking up 3D models of
everyday objects (cars, humans, phones, mugs), and was found to perform better than feature-based lookup
based on moments. In this chapter, these five functions are compared with caliper diameter distributions in
terms of matching accuracy.

8.3 Method

The signature-based method uses the VEMH as a 3D approximation of the convex hull of the corresponding
stone for each sithouette set. The distribution of caliper diameters over all directions is approximated by
sampling caliper diameters in a finite number of directions. Approximately uniform sampling is obtained by
using the vertices of a subdivided icosahedron [61] to specify the directions along which to compute caliper
diameters.

A subdivided icosahedron of Level L is formed from a subdivided icosahedron of Level L — 1 as follows.
Each face of the Level L — 1 polyhedron is replaced with a vertex at its centre; all vertices are projected onto
the unit sphere, and the resultant convex hull is the Level L subdivided icosahedron. An icosahedron whose
vertices lie on the unit sphere is the Level O polyhedron. Different levels of subdivision of an icosahedron
are illustrated in Figure 8.1.

(a) Level O (b) Level 1 (c) Level 2 (d) Level 3

Figure 8.1: Different subdivision levels of an icosahedron.

The same caliper diameters are obtained along directions specified by antipodal vertex pairs of the subdivided
icosahedron, so only one vertex per antipodal pair is used.
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The dot product of a VEMH vertex v and the unit direction vector d is used to determine the extent e of the

vertex in the direction:
e=v-d. (8.1)

The caliper diameter c in direction d is the difference between the maximum and minimum extent values in
the direction:
C == €max — €min- (8.2)

Rubner et al. {112, 113] point out that distributions can be efficiently approximated as signatures instead of
histograms with bins of equal width. Creating signatures involves clustering sample points and representing
each cluster with a single point, typically the centroid of the cluster. For one-dimensional distributions,
clustering can easily be achieved by selecting histogram bins with equal counts rather than equal widths.
The mean values of the sample points in each bin form the signature. By varying the bin width so that bin
counts are equal, greater weight is given to describing parts of the shape distribution that have greater density.
The signature is therefore a more efficient approximation of the distribution than a histogram.

Figure 8.2 illustrates the process of forming a 10-element signature from a silhouette set for three examples.
Note that the silhouette sets in the first two columns correspond to the same stone (however, the stone is
oriented differently). The VEMHs and the signatures in the first two columns are therefore similar to one
another, whereas the VEMH and the signature from the third column appear dissimilar since they are formed
from a different stone.

Dissimilarity between pairs of signatures is computed using the EMD, which is the area between the CDFs
{cumulative distribution functions) of the two distributions,

The EMD between two signatures is efficiently computed by directly computing the area between the two
CDFs implied by the signatures. The PDFs (probability distribution functions) of the two distributions are
approximated by unit Dirac delta functions positioned at the signature element values. The area difference is
computed in O(n) time complexity (for n-element signatures) by traversing the two arrays and accumulating
the area difference between CDFs. Figure 8.3 illustrates the comparison of signatures between a match pair
and a mismatch pair formed from the three examples of Figure 8.2

Note that Osada et al. [103] investigate various norms between both the PDF and the CDF for measuring
dissimilarity between distributions. The compact signature representation is not amenable to computing
distances between PDFs, so this approach is not investigated here. The EMD is equivalent to the 1-norm
between CDFs. The infinity-norm (i.e., maximum difference) between CDFs is a commonly used dissimi-
larity measure that is sometimes known as Kolmogorov distance. This is also not investigated here, since the
compact signature representations limit the number of discrete values that the Kolmogorov distance could
take on. For instance, the dissimilarity between two 2-element signatures could only take on three values: 0,
1and 2.
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Larger dots represent signoture values computed as the mean of comesponding deciles of caliper diameter values (10 signature
elements are used), Decile eolouring alternates to show correspoadences with signature values. The silhouette setin the first column
matches the silhouette sel in the second column, bul not the silhowette sei in the thind column, ET-hased pose optimisation has heen
applied to align all VEMHs with the reference frame of the first colummn,

8.4 Experiments

8.4.1 Numbers of Samples and Signature Elements

Experiments were carmied out to investigate the eflect of the numbcer of signature elemcnts and the number
caliper diameter samples on the matching accuracy achieved using the signajure-based method.

Bradley [16] recommends using the area under the ROC curve (AUC) for a single number measure of accu-
racy. The arca under the ROC curve represents the probability that the dissimilarity value associated with a
tismatch selected at random will be smaller than the dissimilarity value associated with a match selected at
random. Figure ¥.4 shows plots of AUC versus number of signature ¢lements for the gravel and gamet data
sets. The plots illustrate that further improvements in accuracy are small atter approximately ten elements
per signature. This indicates that, for the purpose of matching, ten signature elements are able to capture
most of the information in the caliper diamelter distribution.
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Figure 8.3, Examples of caliper diameter distributions for a mareh (fest coluntr) and a mismateh (secmnd cofiest). The mateh pair
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Figure 8.3 shows the results of an caperiment in which the number of caliper diameter samples used o
estimate each distribution is varied,

Results are shown for both systematic sampling (based on wosahedron subdivision} and random sampling
{using a uniform random diswibution of points on a sphere). The results clearly indicate that systematic
sampling outperforms random sampling using the same number of samples. Little [urther improvement is
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observed with more than 406 samples (from four icosabedron subdivisions) in the case of syslematic sam-
pling. Subsequenl experiments therefore make use of 1{)-element signatures formed from 406 sysiematically

selecled caliper diumeter samples.

Using these parameter values, 2 3.2 GHz Peatium 4 machine takes an averape of 1.3 milliseconds to compute
the caliper signature from the YEMH for silhouctie sets caplured using the six-camery setup, Computing the

EMD between rwo signatures takes an average of 0.5 microseconds.

8.4.2 Comparison with ET Error

The EMD between signatures was compited for all match and mismudch pairs [or the gurnet data set and
compared with the ET error across the same pairs, A plot of EMP versus ET error is shown in Fizure 8.6.
The EME and ET error values are highly correlated with one another, The ¢lescup in Figure 8.6b shows
that whercas the ET emor separates all match pairs from mismateh pairs, the EMD botween signalures does
not. The EMDs are however substantially faster to compute than the ET errors: the EMD between signalurey
take gpproxamately ball a microsecond to compute and the ET errors take approximately half a sccond, The
EMDs gre therefore Taster 1o compule by o fuctor of a millien.
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1

Fignre 8.6; Plot ol EMD versus ET crmor for silbouette set pairs trom the f-camera garnet dlata sel. The plot on the dzbe is 2 closenp
of part of the plot oo the [eft.

8.4.3 Different Mcthods of Estimating Stone Shape

Caliper diameter signalures were computed using the visual hull and the constant depth rim bult (CDEH) as
alternatives to the VEMH for estimaling the convex hull of the stone from its silbouetie s¢t, The ROC curves
shown in Figue 8.7 illostrate that greater accuracy is achicved vsing the VEMH than the two competing
methods. The CDRH produces the worst results. Efron’s methed [33] of visualising the statistical variability
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Figure 8.7: ROC curves derived {rom {a) the 2-poirmor S-view gravel data set, and (by the B-camera gamet data set for caliper
signatures computed using different means t spproximate the 3D convex. hulls of stones: VEMIIs, visual hulls, and CORHs; (c)
twenty bootstrap corves drawn from the data presented in (a); (d) twenty bootstrap curves drvwn from the dats presented 1o (k).
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associated with the curves is illustrated in Figures 8.7c and 8.7d.; the subsets bootstrap [101 is used to show
20 bootstrap replications (an estimate of what would be observed if the experiment were repeated 20 trmes
with new sumples). The bootstrap replications indicate that the differences between the curves is sufficiently
loww Lhat Lhe observed differences cannot be attributed to chance. The greater variability present in the bottom
right of the curves is an arlefact caused by using many more mismatch pairs than match pairs. Parl of the
reasofl that the plots for the gravel data exhibit greater variability than the plots for the gamet data is that
fewer runs were used (3 runs that provide 3 pair combinations across runs versus 5 runs that provide 10 pair
combinations across fumns).

%44 The Shape ['unctions of Osada et al.

Figure 8.8 shows ROC curves computed wsing the caliper diameter disteibution and the shape [unctions
suggested by Osada et al. [104]. The caliper diameter distributions gutperform all of the shape functions of
Osada et al. for both data sets.

Frobality of False RAejection [%]
Frobability of False Rejection [2%]

o.03 ..n..: . ............... e O IR P et ol )| o i ot 008 ._.
; .01

s o 03 9 3 11 a0 apa 01 08 A 3 In 30
Srooabiity of False Accaptanca [ Frobability of False Acceptance [%]

(a} 2-mirror 5-view gravel dats sel (] G-camera gameat daia ser

Fipure 8.8; ROC curves derved from (o) the 2-mivror S-view gravel data sct, and (b) the G-camem gamet data set for caliper
stanatures and for the shape functions proposed by Osada et al, [104]. One million samples of each shape function of Osada er al.
was used fow cach VEMH. This vilue was foand o be sulliciently farge 5o thal [orlber increases showed pegligible imprivement in
HECHTRCY,

The shape functions show a wide range of performance, with the distance-based (D8] features degrading us
the number N of random surface points osed to compute each sample is increased. The worst performing
shape function is the A3 feature, which is based on angle distributions ruther than distance-based distribu-
tions,

Note that Osada et al. use the functions to identify similar shapes from existing mesh models. Here, dis-
similarity 15 based on approximate 30 shapes that are desived from silhouette sets, The more accurate
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performance of the caliper distribution indicates that the caliper distribution of a stone can be more accu-
rately inferred from the silhooette sets than Osada et al.’s shape functions (with respect to the variation of the
shape distribution amongst different stones). This does not imply that caliper distributions would outperform
Osada et al.’s shape functions for the 3D model retrieval application for which they were designed.

8.4.5 The Elfect of Size and Shape

Part of the ability of the signature-based method 1o distinguish match pairs from mismatch pairs is the size
variability of the stones within each data set. To oblain an indication of the performance of the signature-
based method with only shape information, matching was carried out using normalised sighatures. Normal-
isation was cartied out by dividing each caliper diameter distribution by its mean. In addition, matching was
carried out using only size information: the mean diameter values were used as 1-element signatures.

Figure 8.9 shows the results in terms of ROC curves. As expected, the normialised signatures provide lower
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Fipure §.9: BOC curves derived foom (s} ihe 2-mirror 5-view gravel data set, and {h) the fi-camera garnet data set for caliper
signatures, normalised caliper signamres, and mean iliper dismeter values, Normalised caliper signatures are nermalised by
dividing by the mean caliper diameter to create slgnatures with unit mean in all cases, This demonstrates the accuracy obtainabla
withaut scale enforcemant after camera calibration, or equivalently, the acourscy obtainable with shape informalion but pot size
information, The mean caliper diameter shows the accuracy obtainable with size information but not shape information,

accuracy than the original signatures, since size information has been discarded. However, the normalised
signatures outperform the mean caliper signatures for most operating points. This indicates that the caliper
signatures accurately capture some essetice of stotie shape, rather than discrimination accuracy bemng due to
the size vanability present in the data sets. The plots indicate, for example, that an operating point can be
chosen (Tor either data set) so that the equal error rate is approximately 2%. This means that, for a certain
EMD threshaold, the signature-based method would cotrectly classify a randomly selected match or mismatch
pair with 98% probability withews scale information.
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3.4.6  Featurce-Based Dissimilarily

The stgnature-based method was compared with a few stmple featore-based methods. To justify its additional
complexity over the simpler feature-based methods. the signature-hased method should provide superior

AcCUracy.

Four features were measured from each VEMH; volume and caliper diameters along the three principal
dircetions, The absolute difference between the two feature values associated with cach pair was used as
a measure of dissimifarity. In addition, the Buclidean distance heoween a 3-vector consisting of all three
principal caliper dizmeters was used as a further simple feature-based method. ROC curves based on the
different methods are shown in Figure 8.10. The plots indicate that the signamre-based method substantially
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Filgure 8.0 ROC curves derived {rom () the 2-mirror 5-view pravel data set and (b} the §-camera garmed data set for caliper
sigmalures and lealure-based megsurements, Dissimilanty is defined by difference in volume, and difference in caliper diameter
measured aleng the three principal directions of the VEMH {primary, secondary, and tertiary). TrHssimilariey defined as e Eoelidean
distance between a 3-vector of the three caliper diameters along the principal directions {three prinvipal) iz shown. The ROC curve
computed using differences herween mgss measurcd on an clectronie balance s shown for the gravel duaa set.

outperforms the simple feature-based methods. Caliper diameter along the lertiary principal direction (short
diameter) {5 the worst performing feature, Caliper diameter afong the prmary principal direction {long di-
ameter} outpertorms caliper diameters measured along the other two prncipal directions, This is consistent
with observations made in Chapter 3 that indicate that a large degree of variability is associaled with esti-
mating short diameters from silhouctte sets. Using all three diameters provides better performance than any
one diameter,

The plot n Figure 8.10a also shows the ROC curve demved {vom the gravel masses measured using an
elecironie balance, The plot does not appear stepped like the ether curves. This is because of the discretised
naturs of the mass measwrements: mote than one mass measurement difference corresponds to the same
vilug, The ROC curve of the mass measurements crosses the ROC curve of the signature-based method,
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indicating that which method is better depends on the operating point selected. The mass-based approach
performs poorly at low probability of false acceptunce. This is because there are 61 mismatch pairs {of the
144 540 mismatch pairs considered) whose dissimilarity values (that is, differences between the measured
masses of two different stones) are exactly zero. (The resolution of the electronic balance was 0.01 grams;
the mean mass was 20,72 grams, and the standard deviation of the mass values was 6.91 grams.)
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Figure 8.11: () Runk versus cumulative match score plot derived using various measures of dissimilarity; (by a closeup of pant of
the plat shown in (a).

Rank versus comulative match score plots [106] show the proportion of cases in which a guery ranks within
the top r matches. For instance, a rank of ¥ = 5 with a cumulative match score of .85 means that the correct
match ranks amongst the top five matches {ordered from smallest to largest EMD) in 85% of all cases. The
plots are computed by considering each case as a query in turn, and comparing 2ach query with the other
cases from another run. All combinations of runs are considered, with cases from each run being considered
as queries und as database entnies. Rank versus cumulative match score plets are useful for quantifying
performance in closed vniverse [106] scenarios, where the query i5 known to match one of a certain number
of database entries,

Figure 8.11 shows the rank versus cumulative match score plot derived from the gravel data, This provides
an mdication of how well the signatare-based approach performs at the task of identifying a stone from
a database of 220 pre-stored silhouettes sets, one of which is known to match the query silhouette set. A
practical system could use alignment-based matching to classify database-gquery puirs in an order specilied by
signature-based dissimilarity, The plot indicates that the probability of the first pair considered by alignment-
based matching being a match is 98%,

The plot shows that the signature-based approach outperforms the feature-based approaches. Although the
signature-based method is more likely than the measured mass method 0 contain the match n the pairs
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ranked up (o one and two, the measured mass method is more likely o contain the match in the pairs ranked
up tix three and four.

8.5 Summary

Thts chapter has propused o simple method based un caliper distribution signutures for computing 4 meusure
of dissimilarity between silhouptte sets. The signatures and the dissimilarity between signatores can be
raptdly computed.

The method achieves its efficiency by using approximations to 3D shape, rather than relving on silhouette
consistency constraints. This approach places an inherent limitation on the accuracy that can be achieved

using the method, since there are inherent ambignities in inferring 3D shape from a sparse silhouette set.

Culiper distnbution signatures have been shown to outperform simple feature-based methods (such as vol-

ume} as well as the Ove approaches introduced by Osada et al,

Since the method facilitates rapid ranking of silhouette sets in order of similarity, the signature-based method
cun be used in conjunction with the alipnment-based method described in the previous chapter to identify a
stone from a query silhouctte set, by matching a previously stored silhovette set m a database.



Chapter 9

Batch Matching

9.1 Introduction

Batch matching is finding the one-to-one correspondences between silhouette sets from two vnordered runs
of the same batch of stones: each silhouvette set in the first ron must be matched to the silhouette set in the
second run that was produced by the same stone.

This is a sguare assigrment problem since each of the 2 objects in the first run must be matched to one of
the n objects in the second run. The matching can be specified by an # » a permutation mairix in which each
element is either one or zero (indicating match or mismateh), and each row and each column sums (o one,

The proposed approach (o batch matching makes use of the desirable characteristics of the two measures
of digsimilarity developed in Chapters 7 and 8. alignmeni-based matching, where ET error is the measure
of dissimilarity, and sigoature-based matching, where the EMD between signatures is the measure of dis-
similtarity. The desirable characteristic ol alisoment-based matching is ils accuracy, whereas the desirable

charactenistic of sighature-based matching is its speed.

Signature-based matching is used fo compute a measure of dissimilarity between all pairings of silhonette
sets in the first run with those in the second run: for n stones there are #° pairings. Prior knowledge of the
distributions of dissimilarity values for match and mismatch pairings is used 1o cstimate likelihvod ratios
fior each pairing (indicaling the likehhood of being a match). Puse optimisistion is (hen soccessively applied
to the pairing with the greatest lkelihood rativ, IF pose optimnisation [rom a given slarting point (initial
puse estimate) leads to a sufficiently low error, then the pairing is labelled a match and is removed from
consideration. therwise the likelihood ratio is updated to reflect that a thiled pose optimisation [rom the
given starting puint indicales that the pairing 15 fess likely to be a match. Starting points based on the
principal axcs of 3D approximations to the stone are used, followed by uniform random orientations. The
proposed greedy algorithm (which processes the pairing with the greatest likelihood ratio at each iteration)
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i demonstrated Lo produce closc Lo oplimal performance on 2 test scl of six-view sithoucties of 1200 vncul

semstones (1.c., the ime speat processitne mistnalches is small). On a 32 GHz Pentium 4 machine, the

once-ofl per silhouctle set computations take approdimately 50 seconds, Compuiing dissimilarity between
shape distributions takes 0.7 seconds and pose optimisation takes 17 seconds {(of which 15 seconds is spent

considering matches and 2 seconds on mismatches).

There ate #° comparisons (or pairings) that can be mmade between silhouette sels in the first run and silhouette
sets in the second run. Although the propesed algorithm is still inberently of at least O{#*) time complexity,
the #”* component dominates only for very Jarge #. This means that batches of more than a thousand stones

can be malched cfficicndly.

The batch matching algorithm makes use of several key ideas thal togather achicve efficiency:

1,

Shape distribution dissimilarity for canking pairings by likelihood of match, EMDs are computcd
between estumated caliper diameter distributions for each of Lhe n- pairings between first run silhoustte
sets and sccond run silhouette sets. (EMDs are computed efficiently, taking less than a tmcrosecond
per pairing. ) Likelihood ratios are compuated for each pairing from the EMI using prior knowledge of
ihstmbutions of EMDs for match and mismatches. A prionty queue 15 used 10 access pairings so that
the mast likely matches can be processed first.

. Recomputing the mnost [ikely match after pose optimisation from one starting point. Posc opti-

misalion proceeds by optimizing from a single pose estimate at o ims. Afler pose oplimisation, the
likelihood ratio is updated if the assaciated ET ermror is above the threshold for matches, (Knowing
that 8 pose optimisation tails from a given starting point implies that 2 mateh 15 less likely than before
this is known). The pairing is pushed back into the prioily queue with its updated likelihood ratio. I
the likelihood ratio has been decreased by a sufficiently small amount, then the pairing will remain at
the front of the prionty queue, otherwise a new paining will be selected for processing, This approach
ensures that ET-based pose optimisation 18 always applicd (o the pairing that is most likely a match
{based on EMD between sigmaturcs and number of failed pose optimisations so far).

. Certainty of a match implics certainty of mismatches, If ET-bascd pose optimisation leads to an

ET zrror that is below the match threshold, the puiring is labelled as a match (e, the probabilistic
framework is abandoned and a hurd decision 15 made). This mcans that a]l other pairings associated
with the two matched silhouette sets can be Jabelled ss msmatches and removed from consideration.
This ampunts to zeroing the remaining permulation matrix clements that share a row or 4 column with
the matched clement. In cther words, finding a match implics that mismatches have been found too.
{Although possibly obvious, this removal of mismatches from consideration is an important factor in
substantially reducing the rmunting time of problems in which a one-1o-one correspondence exists, and
is therefore explicitly mentioned.)
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4. Good starting peints provided by moments of 3D shape approximations. Pose starting points
are selected using the principal axes of a 3D approximation to the stone as a pujde. The first pose
starting point aligns the principal axes of the two 3D approximations and ensures that their third order
moments have the same sign. This starting point leads to an ET error below the match thresheld i
approximately 80% of maitch cases. The next three pose starting points align the principal axes in the
three other possible ways. Subsequent pose estimates align the centroids of the 3D approximations

and select the orientation component using a uniform random rotation.

9.2 Approach

This section describes the greedy algorithm that was designed 1o efficiently solve the one-to-one correspon-
dence problem for silhoustte sets,

9.2.1 Design Rationale

The proposed algarithm is based on the assumption that all matching pairs can be aligned so that the ET error
across the two silhouette sets is below a fixed threshold value, and that no mismatch pairs can be aligned so
that ET error is below the threshold. This assumption is valid if noise levels are sutficiently low, and stone
shapes are sufficiently dissimilar. (Section 9.3.2 demonstrates the consequences of using a data set for which
the assumptions do not hold.) The threshold must be determined from a training Jata set.

The aim of the alporithm is o find the # silhouette set pairs with ET errors below the threshold, Once pose
optimisation has determined pose parameters that align » pairs sufficiendy well (i.c., ET error across the
silhouette set pair that 15 below the threshold), the algotithm terminates, since the one-to-one correspondence
has been determined,

ET-based pose optimisation is tirne-consuming, and for an efficient matching algorithm it must be kept to a
minimum. Efficiency is achieved by combinming two sirategies;

1. As little time as possible 15 spent on pose optimisation between pairs that do not maich.

2. As little time as possible 15 spent optimising from starting poeints (initial pose estimates) that lead (©

insufficiently low ET errors (local minima) for pairs that do match.

The first stratepy 15 implemented by selecting, in each iteration, the pairing most likely to match (based on
the information considered: EMD} and number of optimisations failed so far). Since the most likely match is
selecteq at each iteration, rather thun trying to minimise total running time, the proposed algorithm is greedy.
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The second sirategy 18 carried oul by vsing the principal axes and moments of 3D approxumations o cach
stone 1o seleet the starting points that arc most Likely to lead to the correct alignment of matching pairs,

Figure 9.1 shows a flow chart of the greedy algorithm. Note that the algorithm could finish after # — |
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Figare 9.1: Flow chart for the proposed grecdy algenithm,

matches are found, since the single remaining unmarched element must be the match, Instead, all 7 elements
are matched with ET-based pose optimization. This resalts in @ very small imcrease in total nmning time.

9.2.2  Initial Likelihoods from EMT)s

EMDs between caliper diameter signatures are computed for cuch of the #° pairings between silhouetic sets

m the frst ton and silhouwette sels in the second run.
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The EMDs are psed to arder the pairings so that pairngs that are the most likely to match are considered
first. A reasenable approach would be to process the pairings (apply pose optimisation) in the order specified
by the raw EMD vyalues. This would, however, tequite the number of pose optimisations to be considered
for each pairing te be specified in advance. Alternatively, a single pose optimisation could be applied for
each pairing in turh up to a certan threshold on the EMD, after which pairings are reconsidercd in torn from
different starting points,

A better approach, however, is to update the likelihood of 4 pair being a match based on the additional infor-
mation of the number of failed optimisations that have been cartied out for the pair. (A failed aptimisation
is one in which a pose with an asseciated ET error below the match threshold could not be found.) By using
additional informanon, matches are more likely to be selected than mismatches than if only the raw EMD
values were used. This requires that the EMD values be mapped to likelihood ratios so that they can be
vpdated using Bayes™s rule.

023 Training

To determine the mapping from EMD values to likelihood ratios, a training set is required. A (raining
set consists of moltdple runs of silhouctte sets of a batch of stones for which the comespondence between
silhouette sets is known. The tmaining sct is a random sample from the population of stones for which
the batch matching is to be used. The ratic of match density to mismatch density must be estimated for
all EMD} values, Many methods exist for estimating probability density from samples [34]. This problem
also has the additional constraint of monotonicity; a greater EMD implies a lower likelihood of match.
Arandjelovié describes a method to enforce the constraint of monotonicity [2]. A simple histogram method,
however, was found to produce good results, so more sophisticated methods were nat implemented. A coarse
histogram (five bing) was formed for EMD values from match pairs in the training data and for mismatch
pairs in the training data. Ratios of normalised bin counts at the bin centres were used to fortm a mapping
from EMD values to likelihood ratios. Plecewise linsar interpolation was used to delerming values between
the bin ventres.

The training procedure also uses the mwaining set Lo determine a threshold value on the ET error for matches,
and to estimate the probability of failed alignment for a match pair after 5 starting points have been used.

To determine a threshold value, the largest ET error across silhouctte sets for a match, and the smallest ET
error across silhouette sets for a mismatch ure estimated. The threshold is chosen to be midway between

these two values.

Since applying pose optimisation from many starling points to all training set pairs is oo time-consuming,
the following method was used. The mismatch pairs are ordered by EMD between signatures, and pose
optimisation is only applied to the first 1000 mismatch pairs, Pose optimisation 18 applicd to the casces only
from the four starting peints specified by principal axis aligntment. This approach ensures that an ET error
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value that is approximately as small as the smallest mismatch srror can be computed in a reasonable mnning

lime,

The estimate of the largest ET error for match pairs is computed by applying pose optimisution from the four
principal axis starting points (o cach match pair, Pose optimisation is then applied from a random starting
point to the match pair whose [owest ET ermmor is the larzest. This is repeated until the match pair with largest
minimum ET error, has had pose optimisation applied from 1000 random starting points, This match pair is

used to estimate the Largest ET ermor aoross silhovette sets for 2 match,

Once the thresheld has been specified, the proportion of match cases that lead to an ET error below the
threshold value is computed for starting points based on the principal axes, followed by random starting
points,

9.2.4 Forming a Priority Queue

Puirings are stored in a priority queue that is prioritised by the value specitying the likelihood of match. The
mdices of the silhouette sets that make up the pair are also associated with each element in the priority quene.
These indices are vsed to reference a permutation matrix that is built up us the algorithm progresses. When a
match is found, the comesponding permutation matrix element is changed from *unknown’ to one, and other
elements in the same row and column are zeroed, When an element that references a zero in the permutation
matrix is at the front of the priority queue, itis popped from the quene and no pose optimisation 15 applied
gince the pair is already known (o be & mismalch, The number of failed optimisatrons that have becn applied
(o the pair is alse associated with cach clement in the pricrity qucue.

$.2.5 Pose Oplimisation

Posc optimisation is applicd 1o the pair of silhouctlie scls associuted wath the front of the prorily queue
(provided that thas element has not already been labelled as a mismateh, in which case it 1s popped and the
next clement 18 considercd). Pose oplimisation aucmpts to detcmine the relative pose between two silhoustte
sets with the assumption that the sets were produced by the same stone.

The starting points {initial pose estimates) for pose optimisation are based on the principal axes and momcerns
of inertia of the VEMHs from each silhovette set. Choosing the pose that aligns the principal axes of the
3D stone ypproximations and that ensures that the third order moments have the same signs, leads toan ET
crror below the match theeshold value in approximately 80% of cases when (he pair i a match. A pose
in which the translational component of pose is chosen so that centroids from the two 3D approximations
coincide, and the retational component is 2 aniform random rotation. leads to the correct alignment in only
about 10% of cascs. After considering all four possible pose alitnments based on the principal axes, the
correct alignment is foond 1n all but about 25% of cases (as illustrated in Figore 6.8 ont page 111),
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The first four initial pose estimates for a pair are therefore chosen to correspond to the four poses that
atign the principal axes. The pose that keeps the signs of the third order moments unchanged is first. The
second two poses change only one sign of the third order moments. Afier four poses have been considered,
uniform randoem ortentations are used for the following poses. A systematic orientation sampler described in
the robotics literature [142] was considered, but seme initial experimentabion showed no evidence of better
results,

Mote that the one-to-one maiching constraints remove the need to decide on the number of pose optimisations
to apply: optimisattons are applied until all the matches are found. Compare this with the situation of
searching for a tag stone that may or may net he present in a batch of stones: in this case a decision must be
made to stop applying pose optimisation after it has been applied from a certain number of starting points,

92,6 Updating Likelihowd Values

Adter a [ailed optirmisation, the likelihood ratio associated with a pair is updated to reflect both the associated
EMD value and the aumber of failed optimisations.

The probability of a match given a certain number of starting points from which optimisatien has been applied
must be estimated from a training data set. It is assumed that optimisation will always fail with mismatch
pairs. The proportion of cases that fail after one, two, three, and four pose optimisations is computed from
the training data (using the pose ordering as described in Section 9.2.5). If the probability of failed pose
optimisation from a single pose with a random orientation component is py, the prebability p,, of failure for
all of m random starting points is

Pn=1 - (9.1

The value of pi will vary [ot dillerent silhovette set pairs. As an approximation, the mean vubue o gy is
estimated from the training set, and Eguation 9.1 is used to estimate py,.

The posterior adds P{Hmpuen |data) / P{ Foisman|data) of an element being a match is given by Bayes's rule:

P(Hmactdate) _( P{datal Flaen) )( P{Hutcn) )

= 9.2}
P[Hmi:imal:hldawj P{dmaleimmch} P{Hmlumzu:h}

where Hpgen i5 the match hypothesis and Hpiemaen 15 the mismatch hypothesis. Note that the pnor odeds
P(Hpaeh )/ P{Hmismarcn ) are the same for all elements (the stones are assumed to be in random order), so
ordering by the likelihood ratio P{data|H ey ) /P88 |H mismach § 15 the same as ordering by the posterior
adds.

The updated likelihood ratio rypged 15 computed from new ohservations as follows:

Pidata|Hren )
s
Plfdata | Hntsmatch :l

Tupelated — (9.3}
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where ry is the ikelibood ratio computed from the EMD value. Tlere. the data specifies the number of failed
optimisalions so far. Since Pldala|Hmismaten ) = 100%,

Tupekated = PaFds 2.4

where p, is the proportion of match cases for which optimisation fails in all cases after vsing ¢ starting poinls.

For s = 4, p, is estimated vsing
pids)=p 4, (9.5)

Note that likelihood ratios are computed without using the one-to-one correspondence constrainl. Making
use of this construint does not aid efficiency, since each pairing requires evaluation of a function of val-
ues associated with all other pairimgs. Knowledge of the ope-to-one constraint is therefore discarded, and

likelikood ratios are computed without considering values associated with other pairings.

9.3 Experiments

This section describes a set of experiments that were carried out using a C++ implementation of the proposed
algorithm. The experiments aim to quantity the behaviowr of the propesed algorithun in terms of running time,
and to quantity the relative importance of the various components in keeping the running time as small as

possible,

Experiments were carried oul using 4 data set of 1423 uncul gemstonss {pictured in Appendix C, pages 222-
224). Ten tuns ol six-view image sels were caplured, vielding a total of 1423 x 10 » 6 = 85 380 images,
Computations wers carned out on a 3.2 GHz Pentum 4 machine. For each nal, runs cormesponding to 243
randomly selected stones were used as a lnuning set, leaving the remaining 1200 stones as a test set. All
45 run pair combinations of 243 stones were wsed for training, providing 10935 match pairs and 2 646 270
mismatch pairs actoss runs. For each 1nal, two tuns wers selected at random from the @0 available runs (o
form a test set of two tuns of 1200 silhouette sets.

9.3.1 DPrieprocessing Running Time

Table 2.1 gives a breakdown of the mean running tirne for the vardous preprocessing components. Ten signa-
ture elements were computed for each silhouette sel using four subdivisions of an icosahedron to delermine
the caliper sampling directions. The results show a mean processing time of 20.7 ms per silhovette set. The
once-off preprocessing per silhowstte set is therefore sulficiently ast that it can be carmed out online as the
stones are fed through the six-camera setup at a rate of len stones per second.
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; Funning Percentage
R Time of Total
segmentation 9.0ms 43.5%
 vonvex viewing edges 53ms 25.6%
3Dy convex, hull 32ms 15.5%
2D convex hulls ¢ 1.5 ms 2%
caliper signatuics 1.3 ms 6.2%
moments 0.3 ms 1.4%
' edge anple data structure 0.1 ms ; {0.5%
Total | 207ms [ t00%

Table %1 Meun monning (e for preprocessmp g o-visw silhogetle sel.
9.3.2 Batch Muiching with the Proposed Greedy Algorithm

The proposed batch matching correctly matches silhouette sels across two tuns of 1200 stones in approxi-
mately 68 seconds. The once-off per silhouette set preprocessing takes approximately 50 seconds. Comput-
ing dissimilarity between shape distributions takes approximately 0.7 seconds and pose optimisation takes
17 seconds (of which 15 seconds is spent considering matches and 2 seconds on mismatches).

Varying Moments and Shape Approximation Methods Used

A set of experiments was carried out to determine the effects of the number of moments used to form initial
estimates and the shape approximation tmethod vsed.

Using only first order moments (moments vp to order 1) means using only the centroids of the shape ap-
proximation (VEMH, visual hull, or CDRH} to form the positional component of initial pose; the rotationat
component is ratdom.

Using first and second order moments (moments up to order 2} makes use of the principal axes of the shape
approximation for the first four imtial pose estimates, The four possible alignments of the principal axes are
considered in random order.

Using first, second, and third order moments (moments up to order 3) uses the third order moments t0 order
the four possible alignments of the principal axes as described in Chapter 6.

Tahle 9.2 shows the mean time over 30 trials spent on pose optimisation. The same starling point selection
and shape approximation methods used for testing were also used for training in each case. The results
mdicate that the VEMH produces shorter running times than the visual hall and the CDRH. Using more
moments for initial pose estimates reduces running times,
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i VEMH YvH | CDRH
moments up | 2735 5156 1796.6
toorder 1 | (208.7, 64.8) | (2074, 308.3) | (2104, |386.2) |
" momems up 4 &332 FT]
to ordler 2 (220, 8.4 (274,378 (30N 28T
Moments up 17.4 ) 1040
o onder 3 {150, 24) {21.4; 17.2) (35.6, 162.3)

Table #.2; Mean minmng time (i scoonds) spent ot appline pose aptimtsation for batch matchenp of 12000 seThouette secs of urcy)
£ R ppiyiee | I E
pRmsiones across tweo mns Times speaf on matches and on mismatiches are shown 10 brackes,

Ruanning 1ime as 2 Fanction of Number of Stones

The next set of experiments invesripates how running time 1% affected by sarying the number of slones,

Fandom subsets of upto 1200 stones were selected as test sets.

Figure 9.24 shows a plot of mumber of stones versus mmning time using the VEMH and moments up to order

3 fur determinine starting points,
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Figure 9.2: Running time for bacch matching different nombers of slones: [0) using the YTMH and momenls vp o onler 3, (8]
using the CORH aocd mements vp o wrder | The running time conststs of thie spent setting up the priodty quene and applying
pose oplimisacion to matches and oo mismatches,

Setting up the poonty queue tekes only 4 small amount of time, vet populating the priority guewe is of
O(mloge) complexity for m elements, Since there are w - 17 elernents for 7 stones, the time complexity is
Oin*logn): setting up the priority queve will beeome the most time consuming component for sufticiently
large o Applying pose optimisation to mateh pairs takes tme proportional 1o the number of slones, However,

for the values lesled here i forms the larzest component of the ruentng time. Although the ttme <pent on
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mismatches is O(n” ), for values of a tested, the running time is small. For values of » up o 1200, the running
time is Lherefore approximately proportional to the number of stones.

The experiment was repeated using the CDRH und moments up to order | (only random rotations were
used). This was done to observe the quadratic dependence of the time spent optimising mismalch pairs on
the number of stones. The results are shown in Figure 9.2b, The quadratic dependence is more apparent than
in Figure 9.2a. A larger proportion of ranning time was spent considering masmatch pairs than match pairs
for larger nuimnbers of slones.

Using Dowansampled Input Images

Image downsampling was nsed 1o mvestigate the behuviour of batch matching in cases in which image noise
is high enough that some ET errors across a silhouette set fall on the wrong side of the threshold. Since
the proposed batch matching algorithm applies pose optimisation (o pairs until all matches are found, the
algorithm will fail to terminate if there are insufficient pairs with ET errors below the threshold. A limit on
the time spent on pose optimisation must therefore be imposed to force tenmmation.

Table 9.3 shows the error rates achieved for different degrees of downsampling and for different time limits.
(An error is incurred if a silhoustte set is mutched 10 the wrong silhouette set or is not matched w all; the

Time Limit [seconds]

5 10 20 0 | 80 160

original resolution || 54.4% ] 22.0% | 0.5% | 0.0% [ 0.0% [ 0.0%

2 x 2 binning [[(57,1% | 26.3% | 05% | 0.0% | 0.0% | 0.0%

4 x 4 binning | 53.2% | 14.8% | 05% | 05% | 04% | 04%

8 x S bmning | 41.8% | 22.9% | 9.6% | 8.7% | 8.7% | R&%
16 x 16 binning || 61,690 | 39.29% | 26.8% | 14.4% | 12.6% | 12,7% |
3232 binning || 76.8% | 65.6% | 60.8% | 60.1% | 60.1% | 60.1%
64 x 64 binning || 96.0% | 95.5% | 95.5% | 95.5% | 95.5% | 95.5%

Table 9.3: Mean error rates over 30 trials for bach mateling two mins of 1200 stones with g lime limitimposed oo the running time
spenl on pose optimisation, Results arc shown for ditferent Jevels of downsampling (pixe] Binming), Each etror rate comesponds
to batch matching of two runs of 1200 silhowetie se of uncul gemstones. Images were scgmented using the subplxel resolution
method described in Appendix A

error rate is the number of errors divided by the number of stones.) There is little reduction in the emor
rate between 40 und 80 seconds, indicating that Further matches are unlikely to be found. Al levels of
downsampling greater than 2 x 2 binning, the silhouctte sets are not all correctly matched up for even the
largest time limit. The error mile increases as the degree of image downsampling is increased.

The approach of imposing a time limit muy be useful for cases where image resolution is poor. Tmage
resolution may be insuofficient for all match and mismatch errors 1o be on opposite sides of the ET error
threshold, however, a 1{H)% correct matching may not be o necessity. This sitoation can oceur in cuses where
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one is interested 1n estimating statistical shape properties of a batch of stones using merged silhouelle sets.
Tt a small number of silhouettes s not matched, or 5 ncomectly matched, this may have negligible effect on
the shape property estimates, especially since mismatched pairs will tend to be of similar shape,

9.3.3 DBatch Matching with Caliper Diameter Distributions

An experiment was carried out to investigate the error rates and running times achievable using only the
likelihood ratios derived from EMDs hetween caliper diameter distributions (i.c., not using ET-based posc
opitmisation,) The same likelihood ratio values that were computed for the expeniments deseribed in Sec-

lien 9.3.2 were used as input.

The maximum likelithood pennutation is the permutaton that mesults in the highest product of likelihood
ratios. To compute the permutation, the logarithm of likelihood mtos is vsed, so that the sum can be max-
imised, rather than the product. Finding the permutation of a square matnix that minimises summed cosl is
a well-known combinatorial optimisation problem that can be solved using the Hungarian Method [23]. A
Matlab implementation of the Hungarian Method (provided by Niclas Borlin of Umed University, Sweden)
was nsed to determine the permutation that maximises the sum of the logarithm of likelihood tatios,

Results are shown in Figure 9.3, Each data pomt commesponds to an experiment in which 10 runs of 223
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Firure .3 Flot of number of es) stones versus error rate For balch matehing based on caliper distobution wsing different methods
for approximating stone shape. Two methods are used for determining the permutation matrix: the Hungarian Method, and selecting
the row with the minimuum EMD for each column of e permuatation matrix.

randomly selected stones are used as & training set and the test set of stones is randomly selected from the
remaining 1200 stones. The two tuns used as the test set for each data set were randomly sclected [rom the
10 available runs, For each training and test set, separate resulis were computed using the VEMH, visual
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hull and CDRH for shape approximation. The match permutation was computed using both the Hungarian
Method, and a simpler minimum distance method that selects the row with the minimum EMD for each
column of the permutation matrix.

The results indicate that the batch matching using only EMDs cannot be carried out without error for the
data sets considered. The VEMH outperforms the visual hull, which in turn outperforms the CDRH for
shape approximation. The Hungarian Method outperforms the minimum distance method for forming the
permutation matrix from a square matrix of EMD values. For batch matching of 1200 stones, the most accu-
rate approach (VEMH for shape approximation and the Hungarian Method for computing the permutation)
achieves an error rate of approximately 5%.

These experiments demonstrate that the information contained in the EMD values is an important aid to the
batch matching process, but is alone insufficient. ET-based pose optimisation must also be used for matching
that is both efficient and correct.

9.4 Summary

An algorithm has been designed and implemented for efficiently matching two runs of silhouette sets of the
same batch of stones. Various approaches were combined to ensure efficiency:

1. Likelihood ratios based on rapidly computed EMD values between estimated caliper distributions are
used to identify the pair (of those still under consideration) that is most likely a match.

2. ET-based optimisation is applied to the most likely match pair from a single starting point before
updating the likelihood ratio for the pair if the pose optimisation fails.

3. If a match is found (alignment with sufficiently low ET error across the two silhouette sets), then pairs
that are implied to be mismatches are removed from consideration.

4. Moments of 3D approximations to the stone computed from pairs are used to select initial pose esti-
mates most likely to lead to correct alignment of the two silhouette sets.

On a test set of 1200 uncut gemstones, pairs of runs of six-view silhouette sets are matched in approximately
18 seconds on a 3.2 GHz Pentium 4 machine. The once-off per silhouette set processing takes approximately
50 seconds; the computations are sufficiently fast to be computed online as the stones are passed through
the six-camera setup. This represents a substantial improvement on a naive approach where alignment-based
matching is applied to all pairs (such an approach would take weeks to complete). The proposed approach
is also superior to the naive approach in that the number of starting points to consider for aligning each pair
need not be decided in advance.

183



For correct matching, the proposed method requires the minimum ET error for all match pairs to be below a
pre-specified threshold (determined with a training set), and the error for all mismatch pairs must be above
this threshold. Although this is the case for the data sets and camera configuration considered, this is not
guaranteed to hold. If the criterion fails to hold, then the algorithm may fail to terminate. To force termina-
tion, a limit can be imposed on the time spent on pose optimisation, The effects of applying the algorithm
to cases in which sithouette set quality is insufficient to meet the criterion has been demonstrated by using
downsampled versions of the original images. As the time limit is increased, improvements in the error rate
become negligible. As the degree of downsampling is increased, the error rate increases.

Experiments that use the Hungarian Method to estimate the match permutations using likelihood ratios based
on EMDs between signatures, and not using ET-based alignment, produced errors (a correct classification
rate of approximately 95% is achieved for matching 1200 silhouette sets across two runs). This justifies
combining the signature-based matching with alignment-based matching to achieve results that are both
correct and efficiently computable.
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Chapter 10

Comparing Silhouette-Based Sizing with
Sieving

10.1 Imtroduction

Particle shape analysts are interested in (1) emulating sieving with silhouette-based methods, (2) quantifying
the repeatability of silhouette-based sieve emulation, and (3) investigating the effect of individual particle
shape on the sieve aperture through which the particles pass [42, 109]. This chapter describes an experiment
which uses the methods developed in this thesis to address all three of these issues.

The repeatability of sieve sizing cannot be evaluated by sieving particles individually. The sieve bin that each
particle ultimately lands in is a function not only of particle shape, but also the length of time over which the
sieves are shaken, and the presence of other particles in the sieves.

Knowing which sieve bins each particle lands in over multiple runs of batch sieving provides (1) an un-
derstanding of the shape characteristics that determine bin classification and bin classification variability,
and (2) a more accurate quantification of repeatability than if histograms alone were considered. By ap-
propriately quantifying the repeatability of sieving, it can be directly compared with sithouette-based sizing
methods. Demonstrating that silhouette-based methods are at least as repeatable as sieving is an important
step in having such methods accepted by particle shape analysts as an alternative to sieve sizing.

The minimum enclosing cylinder of a silhouette-based 3D approximation to the stone shape (both the VEMH
and the visual hull are tested) is used for sieve emulation. This approach is based on the assumption that
the minimum enclosing cylinder of a stone provides a good approximation of the smallest circular sieve
aperture through which the stone may pass. By comparing the silhouette-based estimate of minimum cylinder
diameter with the sieve bins in which each stone is actually found to land up in, the accuracy of the sithouette-
based sieve emulation can be quantified.
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The experiment described in this chapter was carried out as follows. A data set of 494 garnets was sieved
fifteen times using a stack of sieves with five bins. (The 494 stones are illustrated using refined visual
hull models in Appendix C on page 227.) The five sieve bins are separated by circular sieve apertures with
diameters of 4.521 mm, 5.410 mm, 5.740 mm, and 6.350 mm. For each of the fifteen sieving runs, the garnets
were manually sieved for 30 seconds. After each run of sieving, the garnets were passed through the six-
camera setup in five sub-batches according to the sieve bin in which they landed. This means that the sieve
bin corresponding to each six-view silhouette set is known. By matching the silhouette sets that correspond
to the same stones across the fifteen runs, the bin in which each stone landed for each run is determined.

The experiment allows the performance of the matching procedure to be evaluated too. Although the stone
identity associated with each silhouette set is not known in advance, consistency constraints across multiple
runs can be used to evaluate matching performance. For instance, if A matches B, and B matches C, then A
must match C.

10.2 Batch Matching

For the purposes of matching the stones across runs, batch matching was applied to batches of silhouette
sets from each run and the run’s immediate successor. Preprocessing (computing signatures and moments
from the raw image sets) requires approximately 20 ms per silbouette set. Although for this experiment
preprocessing was carried out offline, it is sufficiently fast to be carried out online as the stones pass through
the feeder at a rate of approximately 10 stones per second. After preprocessing, batch matching across
two runs of the 494 stones requires approximately three seconds of processing time. (This is faster than
matching the same number of gemstones because the garnets are less compact and therefore alignment tends
to require fewer optimisations.) The batch matching is therefore substantially faster than sieving the stones
and feeding them through the six-camera setup, and can clearly be considered to be sufficiently fast for
practical experimental purposes.

Batch matching was applied to all run pairings to check consistency. There are (125) = 103 pairs of runs that
are formed from the 15 runs. The data set of 246 garnets was used as training data to determine parameters
for the experiments described in this chapter.

A necessary condition for correct matching is that the matching results are consistent across runs. If a
silhouette set from Run A matches one from Run B and one from Run C, then the silhouette sets from Run B
and Run C must match each other. By adding up the number of cases in which triplets of pairwise matches
are consistent, a measure of consistency can be made. There are (135) = 4585 triplets of runs and 494 cases in
each run, yielding a total of 455 x 494 = 224770 triplets.

All 224770 wiplets were found to be consistent for the batch matching. This result was compared with
other simpler approaches to matching. Table 10.1 shows the results for different matching methods that were
tested. The first column of the table (Minimum Dissimilarity) shows results for matching using the minimum
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Matching Minimum Square
Method Dissimilarity | Assignment
caliper signatures 94.0% 98.8%
caliper, three principal 76.0% 84.0%
VH min cylinder diameter 62.9% 19.8%
VEMH min cylinder diameter 63.0% 24.5%
VH nonconvex volume 63.1% 26.7%
VH convex volume 63.5% 25.5%
VEMH convex volume 63.4% 27.7%

Table 10.1: Percentage of consistent triplets of pairwise matches computed using different matching methods,

dissimilarity case in the other run as the match. The second column (Square Assignment) shows results for
matching using square assignment, which selects the permutation that results in the maximum sum of log
likelihood ratios (described in Section 9.3.3).

The first row of the table shows the results of matching using dissimilarity based on the caliper signatures
described in Chapter 8. The second row of the table uses results based on dissimilarity defined as the
Euclidean distance between three caliper diameters of the VEMH. The remaining rows of the table define
dissimilarity using the differences between minimum enclosing cylinder diameters and difference between
volumes for visual hulls and VEMHS.

The table indicates that, unlike the proposed batch matching method, none of the other methods is perfectly
consistent. Consistency is a necessary but not sufficient condition for correct matching. If A is similar to B,
and A is similar to C, then B is likely to be similar to A even if the measure of similarity is inaccurate. For this
reason, the first column shows consistency values of over 60% for relatively poor approaches to matching,
such as choosing the case in which the difference between minimum cylinder diameters of the visual hull is
a minimum. (A computer simulation in which 15 runs of 494 random measurement values were drawn from
a uniform distribution, and minimum dissimilarity was used for matching, resulted in 62.5% of triplets being
consistent.)

Table 10.2 shows the percentage of cases that are correctly matched for the various methods. These are
computed on the assumption that the proposed batch matching method produces correct results. The table
indicates that matching based on a single shape property performs poorly, with VEMH-based estimates
outperforming visual hull-based estimates. Note that it is possible to have a greater percentage of correct
matches than consistent triplets: the 105 x 494 = 51870 matched silhouette set pairs do not correspond
directly to the 455 x 494 = 224770 triplets.
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Matching Minimum Square
Method Dissimilarity | Assignment
caliper signature 96.6% 99.4%
caliper, three principal 79.1% 87.7%
VH min cylinder diameter 3.6% 32%
VEMH min cylinder diameter 5.7% 53%
VH nonconvex volume 6.5% 6.0%
VH convex volume 6.8% 6.4%
VEMH convex volume 7.8% 7.3%

Table 10.2: Percentage correct matches as classified by the ET-based batch matching.

10.3 Silhouette-Based Sieve Emulation

This section investigates sieve emulation using the minimum enclosing cylinder of a 3D approximation of
the stone. The same silhouette sets that are used for batch matching are used to approximate 3D shape.

A analogous approach is used by Fernlund et al. [43] who provide a method for emulating square-aperture
sieves. They compute the minimum enclosing square from all available silhouettes of each stone. This is
used to approximate the smallest infinite-length prism with a square cross section that encloses the stone.

16.3.1 Computing the Minimum Enclosing Cylinder

The minimum enclosing cylinder of a 3D point set is the smallest diameter cylinder of infinite length that
completely encloses the points. Various methods for estimating the minimum cylinder have been developed
in the field of computational geometry, but implementing these methods is non-trivial [24,116]. The method
proposed here instead uses a conjugate-gradient minimisation algorithm to minimise the cylinder radius
from many starting points corresponding to different directions. An efficient minimum enclosing circle
algorithm [135] is used to compute the minimum cylinder radius for each direction, by projecting all points
onto a plane that is perpendicular to the direction of the cylinder axis. The derivative of the cost function is
required by the conjugate-gradient minimisation algorithm. This was calculated using an azimuth-elevation
representation for directions. To computed the partial derivatives, only the support points of the circle on
the plane need be considered. Since a circle is supported by either two or three points (barring cases in
which an infinitesimal perturbation of the points changes the number of support points), both cases need to
be formulated. The Matlab Symbolic Toolbox was used to compute a solution, which was verified using a
forward difference approximation. (The resulting C code for the derivative computation is tens of thousands
of lines long.) One hemisphere of a subdivided icosahedron is used to create direction samples. Some
computer simulations were carried out to determine a set of parameters (number of direction starting points,
number of descent iterations, number of optimisations from » best starting points) with desirable speed-
accuracy tradeoff characteristics.
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10.3.2 Experimental Results

Minimum enclosing cylinders were computed from the 15 runs of 494 silhouetle sets using the visual hull
and the VEMH to approximate the stone shape. The minimum cylinder was expected (0 provide a reasonable
estimate of the minimum sieve aperture that the comesponding stene can pass through. This provides a means
for predicting the sieve bin that the stone would land in from its silhovette set. The mimmum cylinder is
used a8 an approximate meuns for predicting sieve hins. certain stones (e.g. hanana-shaped stones) may pass
through sieve diameters that are smaller than their minimum cylinder diamerer. A similar ohservation 1s made
by Rao [109] also in the context of silhouette-based particle sizing: “[T]here is a4 ¢hance that the particle can
weave, wiggle and make its way through. .. under the vigorous sieve shaking process.,.”™ Although Rao
mikes use of square-aperture sieves, Lhe ubservation is equally valid for the circular-aperture sieves used
here.

The minimum enclosing cvlinder diameters were used 1o classify each silhouetle set into one of five hins
using the sieve aperture diameters as bin boundaries. The proportions of cases in each bin over all 15 runs 15
given in Table 10,3, These values give an indication of the extent to which the silhouetle-based methods can
be used 1o emulate sieving,

| _ BinNo. | 2)1 3 4 5
[ Sieving | 14.1% [ 326% | 191% | 169% | 17.2%

Min Cylinder VH | 7.5% |.31.8% | 13.3% | 254% | 219%
‘Min Cylinder VEMH | 10.6% | 32.5% | 15.1% | 227% | 19.2%

Table 10.3: Mean proportion of cases in each of the five hios

Histograms for the sieving and silhouette-based emulations are shown i Figure 1001, The histograms give
un indication of the extent to which the silhouette-based methods can emulate the sieving process, as well as
an indication of the repeatability of the different sizing methods from run to run.

To investigate the extent to which the minimum cylinder diameter of a stone is a good estimate of the smallest
sieve apertare that the stone can pass through, S0-view visual hulls were formed for each stone by merging
silhovette sets (as described in Chapter 6). The mimmum cylinders of the 90-view visual hulls are assumed
10 he good estimates of the minimum cylinders of the corresponding stones. Each stone's minimum sieve bin
over the 15 runs was used as an estimate of the smallest of the five bins that the stone could land in, i.e., il
was assumed that if the stone could pass through a sieve aperture, then it did pass through on at least one of
the 15 runs. Figure 10.2 shows histograms of the minimum cylinder diameters for stones corresponding o
each of the five bins. Vertical lines indicate the locations of the four bin boundury aperture diameters. Since
the minimum cylinder diamneter cannot be smaller than the smallest circular aperture through which a stone
cin pass, the histograms are all expected to lie (o the right of the lower bin bouadary. Figure 10.2 shows that
this is indeed the case: the histograms lie to the right of the vertical lines that represent the sieve aperture
diameters. This meuns that all stones passed through all apertures wider than their minimum cylinders on at
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least one of the 15 runs, Parts of the histograms that overlap the upper bin boundarics correspond 1o cases in
which the stones have passed through an aperture smalter than their minimum cylinder. The figure indicates
that there are cas¢s of stones passing through apertures up to 10% smaller than the mintmum enclosing
cylinder. Note that a stone that passes through an apermre 10% smatfler than its minimum enclosing eylinder
may pass thraugh an aperture even smaller than this. This means that the ratio of minimum cylinder diameter
1o smallest possible sieve aperture diameier (1.¢., considering sieves of any diameter rather than the four used
in this experiment) is likely o be larger than 1/(1-10%).

Figure 10.3 illustrates the fives stones whose minimum steve bin is smaller than the minimum cylinder

diameter by the largest amount. These stones must exhibit some degree of concavity, since convex stones

Figore 10.3: Refined visual hull models of stones whose minimom sieve bin is smaller than the minimum cylinder diameter by the
largesl ameount,

cannol pass through a sieve aperture of smaller diameter than the tinimum enclosing eylinder. Tt is visually
apparent that the concaviues on these stones allow the sionc 10 pass throvgh a sieve aperture smaller than its
minimum enclosing eylinder.

Mo attempt was made to improve the estimate of the smatlest sisve aperture throngh which a stons can pass
by accounting for possible changes in the direction of motion as the stone passes through a sieve aperture.
However, it is interesting to note that for a convex-shaped aperture (such as the circular or square apertures
used i practice), the line hull of any shape that can pass through the aperture (with posstble changing
direction of motion) can pass through the aperture too, This is because synclastic concavities (such as a
dimple in a golf ball) do not alfect whether a shape cian pass though a convex-shaped aperture. It is therefore
possible, in principle, to determine whether or not a 3D solid can pass through a convex-shaped aperture, by
considering only 115 silhoveties from afl viewpoints,

1.4 Comparing Histogram Repeatability

Particle shape analvsis have historically made vse of histograms, which are the natural output of sieving to
quantify the size churacteristics of a batch of particles. 1t has been argued ithat particle volume measurements
are oflen prelerable to sieve size measurements for the purpose of characterizsing particle size [133]. To
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switch from sieving to sithoucne-based volume estimates [ur churacterizing size, particle shape analysts
require that histograms of volume cstimates arc al least as repealable from min to Tun as histograms derived

from sicving,

This scction considers how the problem of comparing histogram repeatability can be meaningfully framed,
and then provides the results of an experiment that indicates that hoth silhouette-based sieve cmulations and
virlume estimates provide more repeatable histograms than the sieving suns carried out for the data sct of 494

LATTICLS,

10.4.1 Method for Comparing Iistogram Repeatability
Summing Bin Count Variances; ZVAR

The variation of histogram bin counts from run 1o mwn provides a meyns for computing repeatability, For
a perfecily repeatable system, the bin counts will not vary from run to man,. The repeatability of two mea-
surement systems can be compared using the sum of hio count variances over multiple mns of histograms
pradoced by the two systems using the same sample of stones. The sum of bin count vanances, TVAR, for »

histograms produced by a measurement system with i bins s given by

il
IVAR= Y VAR(D;), {10.1
J=1
where by is a vector of length r conraining the counts of the jth bin, and VAR taves sample vanance. Lower
IWAR indicales grealer repeatability,

Individual Stone Contributions

I EVAR is to be determincd by binning individual mcasurements, then different combinations of histograms
are possible,  For iostance, the fiest hiswogram may ose the first measurement of the first stone and the
first measgrement of the second stone, or it may use the second measurement of the first stone and the first
measgurement of the second stone. All possible combinations are equally valid, since each stone measurement
is made independently of all athers, The vamation on the ZVAR statistic due (o the specilic combination of
mecasirements used o form the histograms can be reduced withoot intreducing bias by summing the bin

variances for the measuwremnents corresponding to each stone individually.
Fur n measurements of 4 slone, the conreibanion of o bin 10 the EVAR siatisnc 15

. . . kn—k2
bin vaurance contribution = ——, (101
Hin—1]



where [ 14 the number of Umes Lhe measurement falls into the bin. The bin variances for all bins and all

slomes musl be added 10 form the ZVAR statistic,

Naive Bin Boundary Specification

To compare the repeatability of histograms formed from silhouette-based estimales of properiics such as
volume with sieve histograms, the numbers of hins must be equal, and the probability of assigning a case
to corresponding bins must be the same. (If this were not the case then bin boundaries could be chosen to

create arbitrariTy low TVAR values))

In order to determine the hin boundaries for the silhouette-based estimates (for which Lhe mdividual measure-
ments are available), the total proportion of measurements in each of the sieve elasses must be caleulaled.
The bin houndaries must be positioned so that the same proportion of the lotal measurcments are classi-
fied into the comresponding classes, It is not, however, a straightforward matter of ¢nsurnng that The same

proportion of measurements Tafl into each class.

Consider Figure 1004, Each of four stoncs, represented by the +, =, = and o symboels. has been measured

Class 1 Class 2 Class 3 Class 4

#H}_ﬁ % % #ctﬂc*|-k ol i

Stone Measurement Values

Figure 104: Class boundariss: cannot be determined vsing the stone whose messutements aoe to be classificd with the houndanes,

seyven times, If the histograms wilh which Lhe measurement system is 10 be compared have class probabilitics
ol 5728, 6/28, %28 and 8728, then the chass boundarics shown as vertical lnes in the figure would divide 1he
measurements 5@ Lhat the propertions correspond 10 the olber measurcment system, This method imtooduces
abias, since ne matter how tightly the measurements [rom cach stone cluster, measuremenls will be agsigned

(o different bins cesulting in an apparently poor repearability statistic for a cepeatable syvstem,

Leave-One-Out Bin Boundary Specification

Ter classily measurcments wilhoutl inleoducany this baas, a leave-onc-out approach is used. The measurements
corresponding to each stone are classified individually, using the measorements of the remaining stones, The
procedure is illustriled with an example. Consider an experiment in which {ive stones are each measured
eight times using a particular device. T the device is 0 be compared with 4 system thal culpuls hislograms
with hin probabilities of 23%, 45% and 30% for bins #1, #2 and #3 respectively, then measurements gan b
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Figure 10.5; An example of ¢lassifying messurements into biny based on the measurements of the remaining stones and the mein
histopram of the of the uther measurement system.

classified according to the bin boundaries as determined in Figure 10.5. In this example, the ¢ight measure-
ments for a particular stone are represented by the open ¢ircles shown in Figure 10.5. The bin boundaries for
determining which bin each of these eight measurements falls into are determined from the sets of repeated
measurements for the four remaining stones, The mean of the eight measurements for each of the four stones
is computed (shown as black dots) and defing the cumulative probability distnbution. The bin boundaries
are then determined from this cumulative distibution and the ¢ight measurements for the single stone being
binned are classified imto the corresponding bins. Five of the measurements are binned into Bin #2 and thres
of the measurements are binned into Bin #3. The histogram bin counts for each mn (or measurement} are
shown in Table 10.4. The variance for sach bin can be calenlated using Equation 10.2. This particular stone
contributes a total of 30/5s to the ZVAR statistic.

Bin#l DBin#2 Bin#3

Run #1 0 | {l
Run #2 4] il |
Run #3 th 1 {
Run #4 0 f 1
Run #5 ] | {]
Foun #6 0 1 {
Run #7 0 1 0
Run #8 0 f L
VAR 0 15756 Lifse

Takle 10.4: Histogram bin county for single stone and commesponding contributions to EVAR statistic

Nuote that for # stones, extrapolation is required to define bin boundaries for cumulative bin probabilities
below 1/n and above (n— 1)/ For a larze number of stones, (s situation i3 unlikely to occur. For cases
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in which the siteaton docs occur, the contribeon of the small number of mewswrements that do full outside
the range can be discounted and the EVAR weighted accordingly.

10.4.2 Experimental Results

The EVAR statistic can be estimated more accurately from individual measurements than directly from his-
tograms. However, this is under the assumption that the individual measurements dre independent of the run,
The assumption may ool e valid [or sieving, with individual measurements being alfected by the sieving
vigour for each run. Nevertheless, the EVAR statistic provides auselul means for companng silhouestte-based
measurements with the inherently gquantised sieving measwements in the sense of individual measurement
repeatability. In addition, if a sithouette-based method can be shown to be more repeatable in the sense of
individual measurement variability, then it must also be more repeatable in the sense of direct histogram
variability, since the run-dependent influence cannot decrease variability.

by . = ; == !

Count
8

-

150 200 5] acn 350 A
IVAR

Fipure 10.6; Histograms of ZVAR values computed directly fram sieve histozrams with 1000 mials of random permutations of the
15 bin values for each stone. The VAR value of 303.0 compuled from the orginal data 15 indicated with g verlical line,

Figure 10,6 illustrates the effect of randomly permuting the 15 bin valoes for cach ron on the computed
VAR statistic. This removes the run-dependent variability component. Each of the 1000 trials produced a
IVAR value much lower than that computed from the original permutation, providing strong evidence that
there is a large degree of mn-dependence on the bin values.

T test the validity of the implementation of the method for esthmationg ZVAR from individual measurements,
a computer simulation using synthetic data was setup. Sicve bins were computed for 15 mins of 494 stones,
using proportions of bin occurrences for the real data to derive the distriburions from which random valucs
were drawn. The cxperrment was repeated 250000 times, with the ZVAR stafistic being computed directly
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from histograms and also from individual measurements for each trial. The mean and standard deviations of
these values are given in the first and second rows of Table 10.5. Note that the meun values are similar for the

| Method Runs | Trdals | Mean | STD |
TVAR from histograms 15 | 250000 | 37426 | 12435
ZVAR individual measurements : 15 | 2500040 | 57385 1.6349
EVAR from histograms | 100000 1y | 57472 | 0.140
ENVAR individual measurements 1 100000 10| 37.38% | 0.7

Table 15 Results of a computer simulation in which the EVAR statistic was computed directly feom histograms and from indi-
vidual megsurements for 494 cases. Values were generated from probabilitics determined by the proportions of bin eceurrenves [
each of the 494 yarnets over the 15 muns of sigving,

two methods, but the values compuied from the histogram show a much lacger spread than those compated
froun the individual measurements. This indicates that a betier estimate of EVAR 15 obtained nsing individual
measurements. To ensure that the comect quantity 1s being measured, the VAR statistic was computed for
a large number of runs, The results of 10} trials of 103000 runs are given in the third and fourth rows of the
tables The results indicate that estimating ZVAR from 2 small mumber of runs (15 uny) does nol inlroduce
substantial bias with cither the histogram or individual measurement methods.

Comparing the silhouetic-based measurements with sieving measurements requires the sieving measure-
ments to be binned. Bin probabilitics must be the same as the sieve bin probabilities for a meaningful
comparison.

A computer simulation was carnied ovl 1o lest the validity of the implementation. A normal distribution was
created from which 494 sample values were drawn. Normally distributed noise of fixed standard deviation
was then added to create 15 noisy measurements for each sample value. The samples were then binned into
five bins usmg four bin boundanes. These data represent the sieve measurements. The VAR statistic was
computed rom these measurements using the individual measurement method, A new set of measurcments
was then drawn from the same distributions. These represent silhouette-based measurements with the same
inherent repeatability as the simulated sieve measurements. The EVAR statistic was computed for these mea-
surements using the simulated sieve datu to assign the data to hing using the leave-one-out approach. Note
that the bin houndaries are nol used, and in general will be meaningless when comparing the repeatability of
two measurement systems that may be measuring different stone properties (e.g., mass, volume, hardness,
electrical conductivity). In addition to the duta generated from the same distributions, data wete also gen-
erated vsing measurement noise disttbutions with 1.1 and 0.9 times the original standard deviations. The
LVAR statistic should indicate that these measurcments are less repeatable and more repeatable respectively.
Mean and standard devintions of ZVAR valoes for 500 trials are shown in Table 10.6. The resulls indicate that
the leave-one-out method produces a EVAR statistic that is in close agreement with the directly computed
TVAR statistic from an equally repeatable measurement system. The EVAR values also correctly reflect the
lower and higher repeatability of the simulations of the two other measurement systems with different noise
characteristics.
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| Data | Mean | STD |

Original Binned Data | 59.92 | 3.88
[ata with same measurement STD | 59.50 | 4,34
Diata with 1.1x measurement STD | 65.44 | 4.62
[Drata with 0.9 measurement STD | 53,93 | 4.02

Table 1(L6: Results of a computer simulation in which the EVAR statistic was computed by binning individuul measirements wsing
the Joave-one-oul approach, The mean and standard deviations for 300 trials are shown, Size and noise variabon valves were
based on mininwm cylinder dismeter yaluer compuled from Lhe read data sel. The four sieve aperture diametess were used as bin
boundiries,

EVAR statistics were computed for the sieving data and various silhouette-hased estimates of shape proper-
ties, Results are presented in Table 10.7. The 95% confidence intervals were computed using the bootstrap

95% Conf. Int.
Measurement EVAR : lower | uppet
bound | bound
sieving | 61.5 539 69.6
VH min cylinder diameter | 64.0 i TiA
YEMH min cylinder diameter | 353 271 - 464
VH nonconvex volome | 304 256 | 430
VH convex volume | 298 24% | 415
YEMH convex volume | 24.1 20.0 36.5

Tuble 10.7; EVAR statistics for sieving and varlous shape features messured rom silhouetls sels,

percentile method [36] with 2000 bootstrap samples per case. Note that the sieving EVAR values that are
computed [tom individual messurements are substantially lower than the values computed ditectly from his-
tograms (see Figure 10,640 which the mean value of the histograms will tend towards the values in Table 10,7

s the number of tals 18 increased).

Although the sieving EVAR values which are computed [rom individual measurements would provide an
underestimate of the actual sum of bin vadances one would obfain over repeated sieve tuns (since the run-
dependent component of vatiability is not considered), they provide a useful means of compating the re-
peatahility of the inherently quantised sieve measurements with shape features derived from silhouette sets

on an individual measurement basis.

The VAR values indicate that visual hull volume is more repeatible than sieving in terms ol individual mea-
surements, Since visual hull repeatability is not run-dependent, while sieve repeatability 1s un-dependent,

visual hull volume histograms are also expected to be more repeatable than sieving histograms.

The rable confirrns observations of measurement repeatability implied by matching accuracy (see Table 10.2):
{1} VEMH-based measurements tend to be more repeatable than visual holl-based measurements, (2) vol-

ume measurements tend to be more repeatable than mininum cylinder measurements,
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Only the minimum enclosing cylinder of the visual bull appears to be less repeatable than the sieve-based
measurements on an individual stone basis. This suggests that the minimum enclosing cylinder of the VEMH
{rather than the visual boll} should be used to emulate sisving.

The contibution that each stone makes to the IVAR stalistic can be used as 4 measure of how likely the
stone is to land in different bins on different runs. Presumaibly, the shape of a stone plays an important role
in determining the likelihood that a stone will have a tendency to fail into different bins on different runs.
Figure 10.7 illustrates the five stones that produced the lurgest contribution to the sieving EVAR statistic,
The 3D shapes do not seem to provide any obvious clues as to why these stones have a tendency to fall into

Figure 10L7; Refined visual hull medels of stones that tend o fall in different bins as measured by confribution to ZVAR,

different bins. However, the slones do exhibit some protrusions which may caose the stane to become stuck

in an aperture in certain orientations.

Alzo note that a stone whose minimum sieve aperture is just larger than an actual sieve aperture will have
less of a tendency of fall into different bins on different runs (as it will easily pass through the bin's upper
boundary but cannot pass theough the Jower boundary). The actual bin boundaries also therefore play a role
in determining the EVAR contribution for a stone.

10.5 Summary

An experiment in which 494 garnets were sieved 15 times has been presented. The experiment makes use of
the main shape, calibration, and recognition methods developed in this thesis to compare sieve sizing with
silhouette-based estimates of shape properties,

The proposed batch matching method (see Chapter 9) has been demonstrated to produce perfectly consistent
matches over all run pairs. This is in conteast o other simpler methods that all exhibit inconsistency, thereby
providing justification for the additional complexity of the proposed batch matching method. Matching a
pair of runs of 494 stones takes approximately three seconds (in addition to the preprocessing that can be
carried out as the stones are passed through the system). The running Gme is therefore, (or practical purposes,
insignificant.
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The mirimuam enclosing cylinder estimator has been used to emulate sieve measnrements. Histograms of
steve measurements were compared with those of silhouetie-based sieve emulators, Refined visuul hull
madels formed from 90 views (15 runs of six-view sets) demonstrated the himitations of using minimum
cylinders to predict sieve bins, (Note that batch matching provides an elficient means of obtaining the 90-
view visual hulls: withoul batch matching, each stone would have to be individually pussed through the
camera setup 15 times; batch matching allows the stones to be pussed through in batches, substantially
speeding up data capture.) Cuses were found in which the minimum cylinder dismeter of a 90-view visual
hull was vp to 10% larger than the sieve aperture of the stone’s minimum bin. However, the minimum

cylinder dizmeter wus larger than the minimum bin's lower boundary diameter in all cases.

The sum of bin couni variances (ZVAR) hus been introduced as 4 means for comparing the repeatability
of silhouette-based shape properties with sieving, which produces histograms s output. Volume estimates
bused on visuul hull volume, and sieve emulation based on the minimum enclosing cylinder of the VEMH

have been shown o be more repeatable than sieving for the daty caplured using 4 batch of 494 zarmets.
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Chapter 11

Conclusion

1.1  Summary of Contributions

This thesis has extended the capahilities of multi-view silhouette based particle analysis by incorperating sil-
houelle consistency constraints. Three problems have been addressed: (1) camera calibration, (2) estimating
shape, and (3) recognising individual stones.

To provide practical tools (o patticle shape analysts, ronning time efficiency has been considered: com-
putations which require hours or days to complele are impractical. ET etror and the VEMH have played
an important role m the design of efficient methods throughout this thesis. ET error is an efficiently com-
putable measure of silhouetle consistency, and a VEMH is an efficiently computable estimate of the shape
that produced a silhouette set.

11.1.1 Calibratien

The configuration and calibration of two image capture setups have been addressed. The first, the two-mirror
setup, is 4 low cost setop that can be easily created using readily available equipment. The second, the six-
camerd selup, is a high throughput systein that can be used for large batches of stones in either an industrial
or 4 laborutary sciting.

The Two-birror Scoup
The two-mirmor selup i3 used (o caplure five silhovette views of an object in a single image. Tt has been shown

that the setup can be calibrated using only constraints imposed by silhouette bitangents. This approach
therefore adds to the array of silhouette-hased self-calibration methods described in the computer vision
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literalure. These approaches include sctops that impose: eonstrainig based on knewn circalar mocion [93] and
prior knowledge of camera onentation [102].

Calibranon involves determining the camera pose and internal parameters as well as mirmor poses. there 18
therefore no need for accorate positioning of any apparatus, The twe-mimor setup provides a convernient
approach to capturing multiple calibrated silhouctte views of stones for shape-from-silhouette reconstruction
without using specialised equipment, Its use is not, however, limited to stones: it can be used for shape
reconstroction of arbitniry objects. Expenments have demonstrated that calibration {s sofficiently accurate
that silhonette noise is a greater contribution to inconsistency across silhouettes than calibration parameter

EITOrR.

The Six-Camera Setup

Twao different heuristics were considered for determining the camera configuration for the six-camera setup:
one requires maximising the distribution of [rontier points on a sphere, and the other minitniscs the isolation
of the dircetion that is furthest from any viewing direction. Both heuristics are desizned o provide good
resulls over & range of silhouette-based applications (estimating shape, volume. and matching), and both
indieate that six cameras should be configured so that viewing directions are perpendicular 10 the parallel
{ace pairs of a regular dodecahedron. This is therefore the configuration that is used,

The six-camera setup is calibrated vsing several runs of silhoustic sets of 4 ball. Inital parameter estimates
are computed by generating approximate point correspondenices using the centres of the ball projections.
The method is based on the work of Tomasi and Kanade [129]. The calibration paramcters are then refined
by minimising ET error, and scale is enforced using the known size of the ball,

Merging Silhouette Sets

A method for aligning silhouette sets in a common reference frune by minimising ET crror has been intro-
duced. This is external calibration:; the poses of the cameras musl be specificd, but the inlernal parameters
are known. The method allows silhouette sets containing a large number of views of a stone (o e constricted
from setups that produce a small number of views (such as the two-mirror setop and the six-camera setup),
A larger number of silhouettes provides more construinls on stong shape, which provides the potential for
more accurate esttmates of shape properties,

11.1.2 Recognition

The main recognition goal of this thesis is efficient batch malching: an algorithm to compute the one to
one correspondences between two unordered batches of silhouette sets of the same batch of stones. Batch
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matching is useful for tasks such as reconciling class labels assighed to each stone using batch classification
methods such as sieving (it which stones are ¢lassificd together rather than individually). The desizn of a
batch matching algorithm was split into three components: (1) alipnment-based matching, (2) faster, but
less accurate signatore-based matching, and (3) a [famework to combine the accuracy of alignment-based
matching with the speed of signature-based matching to create an efficient batch matching algorithm.

Alignment-Based Mailching

Alignment-based matching simply applies ET-based pose optimization to a pair of silhouettes. 1f a suffi-
ciently low error is achieved, then the pair is classified as a match, otherwise it is classified as a mismatch,
A Tormulation of ET error based on an orthographic projection model was introduced to improve computa-
tional efficiency. The method was applicd to the 2-mirror S-view gravel data set and the 6-camera garnet data
set. All mismatch pairs considered were found to produce substantially larger ET ervors after alignment than
any of the match pairs considered. Various CIP-based error formulations were found to produce no practical
improvement on matching accuracy when tested on downsampled image data. Used alone, alighment-based
matching provides a means for verification: a silhouette set of a stone can be compared with a silhouette set
on record to confirm that the two silhouette sets correspond to the same stong.

Signature-Based Matching

Signature-based matching uses signatures that approximate the CDF of a stone’s caliper diameter distribu-
tion, The EMD between sigtature pairs is used to quantify their dissimilarity. The EMD between signatures
can be computed in Ofm) time complexity for m-element signatures (typically m = 10}, and in practice takes
less than one microsecond to compute. This makes it practical to compute dissimilarity values between all n’
pairings across two runis of » stones (for realistic values of n; a batch of stones will contain several thovsand
stones at the most). Although signature-based matching was developed primarily as a component of batch
matching, it cai also be used for identification, To identify a query silhouette set from a database of stored
silhowctte sets, the query-database pairings can be rapidly ranked in order of dissimilarity specified by EMD
hetween signatures. The slower alignment-based matching is then applied to pairs in order of dissimilarity.
Tests applied to the 2-mirmor S-view grave! data set r¢sult in the correct match being ranked first by EMD in
98% of cases, and the correct match is always within the op five.

Baleh Malching

A simple probabilistic framework was used for batch matching. Each silbouctte set pair across two ruis is
assigned a likelihood ratio (indicating the likelihood of being a match). The pairs are pushed onto a priority
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queus that is prioritised by likelihcod ratio. Alignment-based matching is used (0 make 3 hard (ie.. non-
probabilistic) decision for each pair and starting point considered, match or unknown. Once all matches
are found, the algorithm terminates. Efficiency 1s achieved by reducing the likelihood ratie wsing Bayes's
rule and pushing the pair back into the priority queue afler an unsuccessful optimization. This is 4 greedy
algorithm: pose optimisaton is always applied to the par and starting point that is most likely 10 result
in successful alignment. A data set of two runs of six-view silhouette sets of uncul gemslonss is comectly
matched up in approximately 68 seconds on a 3.2 GHz Pentium 4 machine, Of this, 50 seconds is spent on
preprocessing that can be computed online as the stones pass through the six-camera setup,

11.1.3 Shape

The VEMH has heen imtroduced as an alternative 1o the visual hull for estimating the shape of the convex
hull of a stone from its silhouetes. The VEMH can be used to eslimate the caliper diameter of a stone ina
given direction. This has been used for recognising stones, bul is also of use to particle shape analysts who
use estimates of the short, intermediate, and long diameters for a broad range of applications.

The accuracy with which commeonly-used shape properties (long, intermediate, short diameters and volume)
can be estimated from silhouette seis has been quantified for both image caplure setups considered. Merging
silhouette sets to create a single large sithouette set of a stone from silhouette sets containing a smatler
nuimber of silhouettes has been shown (o improve the accuracy in estimating these shape properties.

The extent 1o which the minimum encloging cylinder can be used to emulute sieving has been investigated n
an experiment which makes use of the calibration, recognition, and shape methods developed in this thesis.
The sieve bin associated with each of 494 gamets across |35 runs of sieving was determined using batch
matching. The bins associated with most stones are consistent with the minimum cyhinder diameter, limiting
the smallest sieve aperture through which the stone can pass. A few stones landed in bins bounded by circular
apertures with diameters smaller than the minimum cylinder, indicating that these slones may have changed
their direction of motion as they passed through the aperture. Both visual hull-based volume estimates and
silhouette-based sieve emulation were found (0 produce more repeatable histograms than sieving for the dara
set of 494 garnets.

11.2 Future Waork

There are many ways in which the work described in this thesis can be extended. Some ideas follow.

This wotk has been limited to considering silhouette images of stones. Front-lit images from colour cameras
will provide information about the colour and surface texture of stones. This information may enable esti-
mation of particle properties that are not available from silhousties. Stereo vision techniques may be able to
reconstruct concavities that canmol be captured with silhouettes.
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There has recently been toterest in the discrete element modelling community in using silhovette-based
methods for model validation [107]. Li et al. [79] use computer simulations with discrete element modelling,
They are interesting in the efficiency of the sieving process as a function of sieving tme and intensity, The
methods presented in this thesis may be useful for validating thus type of computer simulaton with real
experiments. For instance, the results of a computer simulation of sieving {using 3D shape models computed
from a real batch of stones) can be compared with the results that are achieved in practice on a stone by stone
basis.

Some initial work indicates that ET-based alignment of silhouvelte sets may be adapted to align silhouvettes of
a stone before and after the stone is chipped. Figure 11.1 shows an example.
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Figure 11.1: A relned visual holl modsl of 2 stene Tomed by merging five 6-view mins is shown in ced. A portion of the stone
was subsequently chipped o, A refined visual holl medel of the chipped stone formed by merging five 6-view mns is shown in
yellow. The original stone is also overlaid ¢n the broken version (o md visualisation of the chipped piece. Silhvueties of the stone
are shown in black with the CIPs formed from all silhonettes eyveclaid in yoey. Bach row of silhoveties corresponds 1o a Camers view,
and each coluran, a an, The stone was chipped between runs 5 and 6. CIPs therefore doé nob cover portions of the ooginal stoas
cerespoiding to the chipped piece! these portions are black,
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To specify all silhouettes in a common reference frame, pose optimisation using @ modificd version of ET
crror that accounts for the chipping was used. (The modification assumes stone projections can become
smaller, but not larger between runs 5 and 6.) This provides the potential to analyse the shape and lecation of
chipping during cortain industrial processes, and to recognise stones even if they are chipped. Understanding
the nature of breakage 1s important when dealing with high value gemstones, By identifying the shape and
lecation of chips breken from real stones, it may be possible 1o validate computer simulations that attempt
o predict the breakage eceumrences. Since constraints on relative pose are weaker after breakage, it may be
necessary 1o use more silhouettes or to incorporate CIP constraints in addition to ET constraints,

Gemstones are manually classified into different shape classes for valoation purposes. It is possible that some
of the recognition methods developed in this thesis could be extended to automate the shape classification of

BCIMBIones,
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Appendix A

Threshold-Based Subpixel Segmentation

The methods developed m this thesis use as input polygonal boundanes that scparate the foreground and
background regions in images. This appendix deseribes the silhouete boundary extraction algorithm used
to segtnent the images captured by the six-camera setup described in Chapter 5. Since images are captured
under controlled lighting conditions, a simple threshold-based segmentation effectively separates foreground

from background.

An empty background image is stored for each of the six cameras so that background subtraction can be ap-
plied. This reduces the effect of any mtensity variation of the background over an image. Otsu’s method [105]
is applicd to the difference images @ determinge thresholds. The method selects a threshold o minitise the
intra-class vadance of pixel intensity values for background and foreground. In practice, the extracted bound-
aries are found to be insensitive to the precise threshold value since backlights ensure that background pixels
are substantially brighter than foreground pixels.

The algorithm achieves efficiency by using a strategy that does not visit each pixel. This can be done because
the boundary of only one connected region is sought per image (i.e., the prior knowledge that each image
contains exactly onc stone silhouette is used). Only visited pixels are classificd as foreground or background,
This is done by subtracting the pixel intensity value of the background image from the pixel intensity value
of the foreground image and comparing the result with the fixed threshold valoe, This allows segmentation
to be carried out withouot visiting each pixel. Afier a pixel-resglution boundary is extracted, the bonndary is
traversed once more to compute a subpixel resolution boundury using linear interpolation of pixel intensity
values. The resultant boundary is equivalent to the marching squares boundary. (Marching squarcs is the 2D
analogue of marching cubes [34].)

Broadly, the algorithm proceeds as follows:

1. Find a pixcl inside the silhouetie,

2. Walk downwirds to find the boundary of the sithouctie.
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3. Traverse the silhovette to determine its pixel resolulion boundary,

4, Traverse the silhovette again to determine its spbpixel resolution boundary.

A.l Finding a Starting Point

The first step of the alzonthm is to find a pixel that is sufficiently dark (i.c.. a foreground pixel}, This is
carred oul by considering grid poant vertices at successively finer resolutions untll a foreground pixel is
found. The first point is the image centre, This point belongs to the Level 1 Grid. The Tevel 2 Grid is formed
by points in Lthe centres of the four rectangles defined by the image corners and the first vertex. There are
therefore four Level 2 vertices, Vertices belonging o forther grid levels are defimed in a similar manner using
the reclangle centres of the grid’s predecessor. Figure Al illustrates the point locations for grids up o Level
5. There ure 22"~ point locations for a grid of level n.

The procedure of iooking for a foreground pixel cnsures that few pixels are visited. Figure A2 shows an
cxample. In this case, ten grid points are considered hefore a sufficiently dark pixel is found,

{nce a dark pixel has been found, the algorithm searches for a backgronnd pixel. This is done by moving

downwards one pixel at a time as can be seen in the example in Figure A3

A.2 Pixel-Resolution Boundary

Cimce a pair of foreground and background pixels has been found, their shared edge is used as the Grsr cdge
of the boundary polygon, and the leftmost vertex of this edge is used as the first verleX of Lhe polygon {scc
Figure A.3).

The pelyzon is then traversed by moving from mxel comner Lo pixcl coret, keeping the silhouctte o the left
Al each step Lhe boundary can proceed cither lell, sicmght ahead, oe tight. This 1s delermined by considering
the twa plxels ahead of the cumrent polygon edge (the ahead feft pixel and the afead wight pizel). The rules
for determining the dircetion of the aext edge from the current cdge vertex are given in Table AdL The rules
imply that the foregrovnd is 4-connected and Lhe background 15 8-connceled. However, in practice, there arc
rarcly images for which a 4-conneeted Toreground dillers from an 8-connceted forcgrovnd,

ahead left pixel | ahead right pixel direction
foreground foreground right
foreground background siraight ahead
background forcground left
background background left

208

Takle A.1: Datermining the direction of the mext edye trom the afrecd fef? pixed and the atead right picel.




Figure A.1: Example showing poinc lacations considered when searching fo- o forepround pixel, The grd level number associated
with each point is shown neat bo cach point.

Figure A.2: A segmentation example. Gnid points nsed to locate a foregrourd pixe. zre in blue with the level munber shown, The
verricgl path from the starting poin to the boondary is in green, and the sillvazecte bowundary is red.

Figure A.3: A closeup of pan of Figure A2, The vertical path from the foregronnd starting point & the boundary is stown with
greedn dots. The boundary i in ced. A yellow ciccle indicates the start of the Poundary, and 2 yellow line segment indicales the Ol
edge of the polyeon represénting the boundary.
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Upem retern to the starting point, the pixel resolution boundary has bean Tound.

A.3 Subpixcel Boundary

Figure A 4 shows an example of a portion of a subpixel boundary, The orginal boundary (shown in green}
runs across pixel edges and is therefore limited to pixel resolution. To create a subpixel boundary, linear
interpolation based on pixel intensity values is used. For each edge, a pixel-length line segment i3 considered.
Each line segment runs from the cenme of one of the pixals bounded by the edge to the centre of the other
pixel bounded by the edze. Cne pixel 15 a background pixel, and one is a [oreground pixel. A vertex of the
subpixel boundary is generated alomy each line segment. The verlex is positioned at a distance p from the
centre of the foreground pixel using the following formuala;

g — iy ;
= - —, (A1)
iFr—ip

where f7 is the intensity value of the [orcground pixel, i is the mtensity value of the background pixel, and
it is the threshold value,

Figure A4, Anexample of subpixel sepmentadon. The criginal pixel resolution boundary is shownin green, The subpixel boundary
i shown in red, Each vertex of the subpixe]l boundarey lies on a pixel-length ling segment associated with each edge of the orkginal
boundary, These line semments [shown In blue) are perpendicular to und share centre points with the associated crigenal edges,

The resultant subpixel boundary is the same as a marching squares boundary, The marching squares alzo-
rithm considers pixel-sized sguares centred al sach pixel corner, The comers of the squares (which lie on
pixel centres) are classified as foreground or background based on the intensity threshold i, The 2* = 16
possible classifications of the square determine how the boundary enters and exits the square, ie. which
squarce sides the boundary crosses. The sguare sides ure equivalenl to the pixel-length line segments consid-

ered abave.
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A4 LExperiments

T test the performance of subpixel segmentation, image downsampling was used. This was donc because in-
tensity noise in the images is high, and at full resolution imtensity noise dominates spatial quantisation noise.
Downsampling uses the mean intensity value of n < n groups of pixels to create a lower resolution image.
Averaging the intensity valucs has the effect of reducing intcnsity noise, but increasing spatial quaniisation

nojse,

{a) 64 « 64 binning () 32 » 32 binning

(e b6 16 binning [d} 8= 8 hinniog

Figure A5: Subpixel segmemation of an imuge of a gamet with various levels of downsampling. The subpixel Tsvundary is shown

in colour
Figure A.S shows examples of n ¥ n pixel binning of a garnet image for various values of n.

Pixel binning was applied to 246 image sets of gumets captured with the six-camera setup. Bin dimensions
of 1 %1 (i.e, no binning) through to 20 x 20 were used. Boundaries were then extracted using both pixel
resolution and subpixel boundary extraction methods {with fixed intensity thresholds determined by the
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calibration procedure). At full resolution, the C++ implementation of the subpixel boundary exlraction tukes

approximately 1.5 ms per image on a 3.2 GHz Pentium 4 machine,

After extraclion, the boundares were scaled up by a factor of # o Facilitate direct comparison between
different degrees of downsampling, and so that unaltered computed calibration paramelers could be used,
Figure A.6 shows a plot of the internal ET emor for the silhouette sets at different resolution levels using
pixel resolution boundaries and using subpixel boundaries. The plot shows that with no downsampling

.+ pixglresalyy en boundarnes:
| = =ubpixel houndaries

Intzrmal ET Errcr [pizels]
P Ll — (5]
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Figure A.6: Plot of internal ET emor versus a for 7 # & piacl binming ol 246 silhouette sets of srnets,

(1 = 1 binming), subpixel boundary exiraction offers no greater accuracy than pixel resolution boundary
extraction, This 15 because intensity noise dominales spatial gquantisation noise. With 2 = 2 hinning the
ET error decreases. This is because the averaging effect that reduces pixel inlensity neise outweighs the
increased spatial quantisation noise. This suggests that, given the current lighting, it would be heneficial to
run the cameras of the current six-camera setup in 2 » 2 binning mode (the Dragonfly cameras used with the
current setup can be configured to tun in this mode), This alse mdicates that there is scope for improvement
in boundary accuracy if the signal to neise ratio of the images is improved, by using brghter backlights for

mnstance.

The plot illustrates that subpixel houndary extraction produces significantly more accurate boundaries (in
terms of ET error) than pixel resolution houndaries when gpatial quantisation errors are the major source of
CITOT,
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Appendix B

An Analytical Expression for a Jacobian
Matrix

This appendix records the derivation of an analytical expression for the Jacobian matrix that is used for
ET-based pose optimisation with an orthographic imaging model (as described in Chapter 7).

The Jacobian matrix is used by the Levenberg-Marquardt method to create a local linear approximation to
the cost function
f(v) =e. (B.1)

In this case, v = (g1,92,93,94,%,¥:,%)" is a seven parameter vector representing a pose. The orientation
part of the pose is represented by a (possibly non-unit) quaternion (g1, 4g2,43,494). To determine the rotation,
the quaternion is unitised. The x-, y-, and z-components of the translational part of the pose is represented
by x:, y; and z;. The error vector e stores the individual residual values:

e = (Axga181, 8704181, A%14181, AV1A1B1 - - - AX0AmBns AY0AmBa » AX1AmBrs AY1AmBn ) - (B.2)

Each residual value is identified by subscripts. The first indicates to which of the two outer tangencies the
reprojection error corresponds (0 or 1). Subsequent subscripts indicate which image from Set A and which
image from Set B correspond to the residual value. '
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The Jacobian matrix J is as follows:
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The Jacobian matrix J has as many rows as there are elements in e and as many columns as there are elements
in v. Since there are reprojection errors in the x- and y-directions for each of two outer tangencies, there are
2 x 2 = 4 reprojection errors for each silhouette pair. Note that the residual values are computed in only one
image of the pair. Since we are using an orthographic projection, the corresponding residuals computed in
the opposite image are identical.

If Set A contains m sithouettes and Set B contains # silhouettes, then there are mn pairings across sets. There
are thus 4mn reprojection errors corresponding to a pose estimate.

The partial derivatives that are the elements of J are cofnputed using the chain rule. For example

dAx _ dAxdry | 9Axdrp  dAxdry  Axd, | dAxdry | dAxdry | dAxdry | OArdn

— = b 2 + = — — ek} . (B4
oqy ary1 9q1 driz2 9q1 dris 94 ot dgy  Ory Oqy aryz 9gi orz3 dqi oty dq
The Matlab Symbolic Math Toolbox was used as an aid in computing the following partial derivatives:
0Ax _ ra?py ohx _ ra’py dAx ri?
i QLY = AN of - B.5 PR A B.6 e B.7
oriy a2 +rs? ®.3) oryz  raal+rysl ®.6) o r3t+rs? ®7
oAx _ (P1y =21 P2x — 122 P2y — ) 123
ori3 r23% +ry3?
42 f%;rls (Plx =TI Pax—ri2pry — !x) - rf3r23 (ply — 1 P —¥22 Py -ty) (B.8)
(ras? +r12%)’
dAx i3 P2x 723 dAx  rizpayry dhx rar;
o _ . Iupuln . 2x TPy B.10 X ___Tb™ . gn
oray ra* +ri3? 8.9) ory  ra?+ra? (8.10) oty r23? +ri3? @11
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oAx 3 (Ply = Pax T2 Py ’y) —2ra3 (Plx ~ P N2 Py — tx)

orys ri3? +r3?
4 '“%3 (mx —~ i1 Pax— 2Py — tx) - r13f§3 (my ~ 121 Pax —r2 Py — ty) (B.12)
("232 -l-rxsz)2
dAy Y23 Pax T13 dhy 33 Py i3 dhy 33743
9y _ _IBPuls gy oy BPBT pyy 9y __IBm . gyis
oy ro3® +ri3? ®13 driz raldrgt (819 oy ry3® +ri3? ®.13)
Ay _ (35 —rhyres) (Pre=ri1Pac— r2pay —tx) = 2113735 (P1y = 121 P2~ r2 P2y —ty) B.16)
ary3 (232 +r132)? .
dAy r132pax dAy n3ips dhy ri32
o1 rpf+4rp drny 3t oty it
3y _ i3 (Pre—rupa—rupy—t)
ary ra?+ria?
Pyris (s = it Pas— 12y — ) =12 T —
B3 (Pix =11 P2 — r2 P2y —tx) = 13723 (Piy — 121 Pax — 2 P2y — ty) . B20)

(rza2+ r132)2

A candidate rigid transform from View 2 of Set B to View 1 of Set A is derived from its parameter vector v
and the poses of Views 1 and 2 with respect to the world reference frames of Sets A and B.

A 4 x 4 matrix representing a rigid transform is derived from the parameter vector v. The first four elements
of v represent a quaternion. The normalised (unit) quaternion § = (gx, gy, gz, qw)T TEprESEnts a rotation:

dx qi

1
b= 2 | (B.21)
q: \/q%+q%+q§+q§ q3
dw d4

A rotation matrix Rp., A is formed from the unit quaternion:

1-202-2q2  29:qy —2q:9w  24xq;+29yqw
Rp—a = 2q9xqy+2q,90 1 2%2‘ - 26]22 29yq; — 2q9xqw | - (B.22)
29xq, — 2qyqw 2qyq, +2qxqw 1— 2@% - 2‘13

A rigid transform Mp_, 4 that transforms Set B’s world reference frame to Set A’s world reference frame is
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formed from Rp_. 4 and the remaining elements of the parameter vector:

Rg..a tg.
MB...)Az( BOA BIA), (B.23)

where tp.,p = (x,,y,,z,)T‘

The 4 x 4 matrix Mya-.ci that represents the transform from Set A’s world reference frame to Camera 1's
reference frame can be written as

mayy MAl2 ALY MAL4

mA2l Ay MA23 A4

Mwa—c1 = (B.24)

AL A3 A3Y A4
MA4T TMA42  MA43 TlA44

The 4 x 4 matrix Mcy..wp that represents the transform from Camera 2’s reference to Set B’s world reference

frame can be written as

mp1y mp12 Mp13 MBia
mpay Mpyy Mpe3 Mpu
Mczwa = . (B.25)
mp3y M3z MBy3 MB4

Mp4y Mp4ap Mp43 MBa4

The transform from Camera 1’s reference frame to Camera 2’s reference frame is then is computed as fol-

lows:
Mcz—e1 = (Mwa—c1)(Mwa—wa)(Mcz—wa). (B.26)

This representation of pose is required for computing reprojection errors in the image planes of silhouettes
in Set A (since v represents a transformation from Set B to Set A).

It is useful to define
Flia Ti24 7134 Baa ayy ap 413 a4
A T4 TA HyA ay ax dy @4
Mca—c1 = = , (B.27)
14 724 T334 LA azl a3 asz a4
0 0 0 1 a4y agq a3 agq

so that partial derivatives of more than one element of the pose matrices may be specified with a single
equation.

It is also useful to define
w=g12+ g’ +q3° + g4, (B.28)

since the expression 12 + g2% + ¢32 + g4 occurs frequently.
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The remaining equations required for populating the elements of J follow. (These were computed with the
aid of the Matlab Symbolic Toolbox.)

2
(mAil (4q2 a0 41>+mm (2‘1_2_421_2‘?_2_4?&2‘11) +mas (2 441 q3 g B29a
w w w
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3 2
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Orija _ Orija _ Orija

= = 0 B.33

o Iy, 0z ( )

e /0% Otea/Oy Otea/0z \ _ [ mann marz map (B.34)
Otyq [Ox;  Otys /Oy Otya /92 Mgl Mgz ma23

The individual elements of J (see Equation B.3) are computed using the above equations together with the
chain rule as shown in the example of Equation B.4.
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Appendix C

Polyhedral Models of Stone Data Sets

This appendix shows pictures of the polyhedrat models of stones used in this thusis. The polvhedral models
are ordered so that similar shapes are nearby. This is achieved using the following appreach. Each link
between 2 stone wnd its four-neighbours is assigned a cost based on the EMD between caliper diameler
destributions of the polyhedron. A ow-cost combination is computed by randomly selecting pairs of stones,
and swapping them if the swap results in a cost reduction, A simulaled annealings 151 | approach is used
s that theee is also a slight peobability that swaps will be carried owt if the swap increases the cost. The
prebability is controlled by a cooling schedule so that the probability is reduced as Lhe alprorithm progresses.

This appreach allows the algorithm to escape local minima.

The polvhedra have their principal axes aligned with the x-, - and z-axes, and are viewed from the (1. 1, 1)
viewing direction. This helps in visualising the shape of Aal or elongated stones in which a large part of the

particle may or may not be visible when viewed from an unspecified direction.
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