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Synopsis

The theory of frames can be traced back to Stone [1937] and Wallmzn [1938],
who were the first to study topological concepts from a lattice-theoretic view-
point. It was only in the late 1950’s that Ehressman and his student Ben-
abou considered certain complete lattices, called ‘local lattices’ as generalised
topological spaces. These ideas were pursued by Dowker and Strauss, who,
in a series of papers in the 1960’s and 1970’s studied tbpoioéical proper-
ties of these lattices. It was Dowker who introduced the term ‘frame’. A full
account of the history of these ideas may be found in the book of Peter John-

stone ‘Stone Spaces’ which is the standard reference on frames for this thesis.

Sigma frames are generalisations of frames, where only the existence of
countable joins is required. Regular o-frames were introduced by Charalam-
bous [1974] formulated as the perfectly normal frames and were later stud-
ied by Reynolds [1979] formulated as the Alexandroff Algebras. Reynolds
showed that the Alexandroff Algebras are exactly the cozero-set lattices of
completely regular frames. Their simplest description, as those o-frames
which are regular, was first observed by Gilmour [1981] using the nice obser-
vation of Banaschewski that every regular o-frame is normal. Madden and
Vermeer [1986] showed that the frame of o-ideals of a regular o- frame is
regular Lindelof, thus giving rise to an equivalence between the category of

regular o-frames and the category of regular Lindel6f frames.



Alexandroff spaces were introduced by Alexandroff [1940], and were later
studied in greater detail by Gordon [1971], under the guise of zero-set spaces.
Gordon showed these spaces to be a natural setting for the study of realcorn-
pactness and pseudocompactness. Gilmour [1981] gave a dual adjunction
between the Alexandroff spaces and regular o-frames, and showed that the
realcompact Alexandroff spaces are precisely the fixed objects for the dual-
ity. As a consequence, alternative descriptions for v and §, the realcompact
epireflector and the compact epireflector in the category of Tychonoff spaces

were obtained as well as their analogues for Alexandroff spaces.

~ The first notion of realcompactness in frames was introduced by Reynolds
[1979], and it was shown by Madden and Vermeer [1986] that this coincides
with the Lindelof property. My thesis advisor suggested that more general
realcompactifications of a frame L could be constructed by considering regu-
lar sub o-frames which join generate L. This was motivated by the fact that
the Alexandroff bases, which are used to construct the Wallman realcom-
pactifications of a space X, are, as shown by Gilmour, simply the regular
sub o-frames of the ffame of open sets of X. The key definition of real-
compactness needed here is due to Schlitt [1990] and it is his construction
of the universal realcompactification that we modify in order to obtain the
Wallman realcompactifications.

We give an outline of the thesis:

Chapter 0 : This chapter contains the background to the material which is

used in subsequent chapters.
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Chapter 1 : In this chapter the notion of realcompactness of frames, as given
by Schlitt {1990} is discussed. We construct Wallman realcompéctiﬁcations
of a frame L and it is shown that the universal realcompactification given by
Schlitt is one such realcompactification. The notion of a Alexandroff frame
is introduced, as a frame-theoretic analogue of Alexandroff spaces. Thus, the
Wallman realcompactifications are delivered by a functor from the category

of Alexandroff frames to the category of completely regular frames.

Chapter 2 : Johnstone’s [1984b] construction of the Wallman compacti-
fications for frames is discussed here. Following a suggestion by Bernhard
Banaschewski Johnstone’s construction is used to obtain a generalisation of
the key lemma needed for our characterisation of realcompactness of frames
in Chapter 1. As a consequence we can characterise the Stone-Cech compact-
ification of a completely regular frame using Johnstone’s method applied to
its cozero part. Johnstone’s construction is easily generalised to give the
Wallman compactifications for o-frames. Pseudocompact frames are consid-
ered, and it is shown, using a characterisation of pseudocompactness given
" by Gilmour, that a pseudocompact frame is compact if and only if it is real-
compact. Furthermore, given a pseudocompact frame L our construction of
the Wallman realcompactification of L is shown to coincide with Johnstone’s
Wallman compactification of L. Compactifications of Alexandroff frames are
considered using the Wallman compactifications for frames and o-frames. It
is shown that pseudocompact Alexandroff frames admit unique compacti-

fications. The counterpart of this last result is known to fail to hold for
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Tvchonoff spaces and consequently for frames.
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Chapter 0

Preliminaries

0.1 Introduction

"

We give definitions and introduce notions which will be used later on. Back-
ground and proofs of the introductory material concerning frames can be
. found in Johnstone’s “Stone Spaces” [1980], and further details on o-frames
can be found in the thesis of Gilmour [1981], as well as the joint paper by
Banaschewski and Gilmour {1989] and Madden’s “x-frames” [1989)].

Hager’s paper entitled “Cozero Fields” [1980], and the thesis of Gilmour
[1981] provide a survey of the theory of Alexandroff spaces.



0.2 Framesl

A frame L is a complete lattice which satisfies the following distributive law:
aN V. S= V. {aAs|seS}, where S C L. We denote the bottom of L
by 0z and the top of L by 1. A map L %, M is called a frame homomor-
phism if A preseves finite meets and arbitrary joins (and hence also the top
and bottom elements). The category of all frames and frame homomorphisms
is denoted Frm. A typical example of a frame is the lattice OX of open sets

of a topological space X. Frames isomorphic to such are called spatial frames.

Given a bounded distributive lattice L, and supposing a,b € L, then a
is said to be rather below b, written a < b, if there exists s € L, called a
separating element, such that a A s = 0z, and bV s = 1;. In the case of
open sets of a topological space X, A < B iff CftxA C B (where C{lx A is
the closure of A in X). We say a is completely below b, written a << b, if
there is a family {s, | ¢ € Q N [0,1]} such that sp = a, sy = b, and 7 < j
implies s; < s;. An element a € L is called a regular element (respectively,
completely regular element) if a is a join of elements rather below (respec-
tively, completely below) a. A frame L'is called (corﬁpletely) regular if each
a € L is a (completely) regular element. The full subcategories of Frm con-
sisting of all regular and completely regular frames are denoted RegFrm and

CregFrm respectively.

An element p € L is called prime if a A b = p implies @ = p or b = p.

Given a frame L, the spectrum XL of L is the topological space consisting



of all prime elements of L and basic open sets of the form {p prime |u ¥ p}

for w € L. We note the following simple but important result:

Lemma 0.2.1 If L is a regular frame, then the prime elements are precisely

the mazimal elements of L.

The spectrum of L can equivalently be described in terms of the completely
prime filters of L. A filter F is a subset of L satisfying:

(Jae F.b>a=>be F.

(ii)a,bEF#a/\bEF.

Furthermore, F is said to be completely prime if:

(iii) Given S C F with \/ S € F,then SN F # .

The space £L consists of all completely prime filters on L, with open sets of

the form {F € £L |u € F} for u € L.

A frame L is said to be compact if, given a subset S C L with \/, 5 =1,
then there exists a finite subset ' C S with \/,T = 1p. The frame IdIB of
ideals on a bounded distributive lattice B is compact. An ideal I is (com-
pletely) regular if it is a (completely) regular element in the frame IdiB. It is
easily seen that an ideal I is completely regular iff for a,ny a € I, there exists
b € I with a << b. The corresponding characterisation of regular ideals also
holds. It was shown by ‘Banaschewskiv and Mulvey [1980] that the subframe
CrgldlL of IdlL, consisting of all completely regular ideals on a frame L is
the universal completely regular compactification of L, and is therefore called

the Stone-Cech compactification of L, and is denoted by BL.



In the subsequent chapters we shall be concerned with compactifications
and realcompactifications of frames. A (real)compactification (Y, f) of a
space X is a dense embedding f : X — Y, where Y is a (real)compact space.
The corresponding frame homomorphism h : OY — OX isa surjective map
with the property: h(a) = Opx = a = Opy. Frame homomorphisms with
this property are called dense. Likewise, a frame homomorphism & : L — M
is called codense if h(a) = 1p implies @ = 1. We note the following results

concerning dense and codense maps:

Lemma 0.2.2 Let L —— M be a morphism in the category RegFrm.
(i) If h is dense, then it is monic in RegFrm.
(1) h is injective iff it is codense.

(i11) If M is compact and h is dense, then h is injective.

In the setting of compactifications and realcompactifications, the frame
QY is a quotient of OX. One way of forming frame quotients is via certain
closure operators, called nuclei. This approach was initiated by Simmons
[1978]. A nucleus n on a frame L is a map n : L — L satisfying: For all
a,be L
(i) a < n(a)

(ii) n(a) A n(b) = n(a A b)

(iii) n?%(a) = n(a)

The quotient frame of L with respect to n is Fix n = {a € L | n(a) = a}
and is denoted (L),. Finite meets in (L), are formed as in L, and V, S =

n \/S for S C (L)a. Further details are given by Johnstone [1982}.



0.3 Sigma Frames

A o-frame is a lattice A whiéh is closed under countable joins and finite
meets (and thus possesses a greatest element 1,4 and a least element 04) and
satisfies the following distribution law: a A \/,S = V, {aAs | s€ S},
where S is a countable subset of A. If A and B are o-frames, then a map
A % B is called a o-frame homomorphism if k preserves finite meets and
countable joins (and hence also 14 and 04). The category of all o-frames
and o-frame homomorphisms is denoted ocFrm. A o-frame A is said to
be regular if each a € A is a countable join of elements rather below it.
The full subcategory of cFrm consisting of all regular o-frames is denoted
RegoFrm. A bounded distributive lattice B is called normal if for each
pair a,b of elements of L with a V b = 1p, there exists u,v in B such that
aVu=1pg=>bVvandu Av= 0g. The following result, which is due to
Banaschewski [1980] and appears in Banaschewski and Gilmour [1989], has

some far-reaching consequences.

Lemma 0.3.1 Every regular o-frame is normal.

Using the above result, it can be shown that the relation < interpolates
in regular o-frames. Thus, in the category RegoFrm, the rather below and

completely below relations coincide.

One important notion, particularly in the study of realcompact frames,
is that of the cozero part of a frame. Given a completely regular frame L, an

element a € L is called a cozero element of L if a = A(R\{0}) for some frame



homomorphism OR 2, L. The set of all cozero elements of L is denoted
CozL. We give some of the important characteristics of Coz L, which we will
be using. These results are due to Banaschewski and Reynolds, and can be

extracted from Johnstone’s “Stone Spaces” [1982].

Lemma 0.3.2 Given a completely reqular frame L. Then:

(i) CozL is a regular sub o-frame of L.

(it) For eacha € L, a = \/| S, where S C CozL, ie CozL join generates L.
(iii) An element a € CozL iffa = \/,a, for sohze sequence (a,) in L with
a; <= a;yy for all1 € N.

(iv) If A is a regular sub o-frame of L, then A C CozL.

It is immediate from the definition that frame homomorphisms preserve coz-

ero elements. Thus, Coz is a functor from CrgFrm to RegoFrm.

A o-frame A is said to be compact iff whenever there is a countable
subset S C A satisfying \/,S = 14, then there is a finite subset T’ C S with

VT = 1a.
All the results of Lemma 0.2.2 apply equally to regular o-frames:

Lemma 0.3.3 Let A be a regular o-frame, and suppose A L, Bisao-
frame homomorphism.

(i) If h is dense then it is monic in the category of regular o-frames.

(i1) h is injective iff it is codense.

(iit) If B is compact and h is dense, then h is injective.



0.4 Adjunction between Frames and Sigma
Frames

A o-ideal on a o-frame A is an ideal which is closed under countable joins.
The frame of o-ideals on a o-frame A is denoted HA. Given a o- frame ho-
- momorphism A ", B there is a frame homomorphism HA N HB , where
Hh(J) is the o-ideal generated by h[J]. A frame L is said to be Lindeldf if
whenever there is a subset S C L with \/; S = 1, then there is a count-
able subset T C S with \/,T = 11. If A is"a regular o-frame, then HA is
a regular Lindeldf frame. Reynolds [1979] showed that the functor H from
RegoFrm to CregFrm is left adjoint to Coz, and the unit of the adjunc-
tion i1s an isomorphism.v Thus, the functors H and Coz induce an equivalence
between the category RegoFrm and the category RegLindFrm, of regular

Lindelof frames.

0.5 Alexandroff Spaces

Let X be a set and let A be a collection of subsets of X satisfying:

(i) Each pair of distinct points of X are contained in disjoint members of A.
(ii) A is closed under finite intersections and countable unions; in particular
¢ and X are in A.

(iii) If A, and A; arein A4, and A; U A; = X, then there are sets B, and B,
in A such that By U Ay = X =B, U Ay and By N B, = {.

(iv) If A € A then there is a sequence (A,) in A such that A = [J(X\A,).



A is called an Alexandroff structure on X, and the elements of A are
called cozero-sets. Complements of cozero-sets are called zero-sets. The space
(X, A) is called an Alexandroff spacé. Let (X,.A) and (Y, B) be Alexandroff
spaces, then a function (X, A) 4, (Y,B) is called a coz-map if preimages
of cozero-sets are cozero-sets. The category of all Alexandroff spaces and
coz-maps is denoted by Alex.

Let X be a Tychonoff space, and let A be the collection of cozero-sets of
X, then (X, .A) is an Alexandroff space.

The axioms (i)-(iv) are well-known properties of cozero-sets of a Tychonoff
space, and, as shown by Gordon [1971], such a family is precisely the collec-
tion of cozero-sets of coz-maps from (X,.A) to R with its usual cozero-sets.
The cozero-sets of an Alexandroff space (X, .A) form a base for a Tychonoff
topology on X; such a base is called an Alexandroff base for the underlying

topology.

The notions of realcompactness and pseudocompactness are generalised in
the setting of Alexandroff spaces. These notions were introduced by Gordon
[1971], in analogy with the corresponding notions in topology.

Let (X,.A) be an Alexandroff space, and let Z be the collection of all
zero-sets of X, then X is said to be realcompact if every Z-ultrafilter with

the countable intersection property has non-empty intersection.

The underlying topology of a realcompact Alexandroff space is always

realcompact, and it is shown in Gilmour [1983] that the Alexandroff bases

8



are precisely those bases giving rise to Wallman realcompactifications for the‘
underlying topology. However, the following is an example of an Alexandroff
space which is not realcompact, but has underlying topology that is. Con-
sider the Alexandroff space (R, .A), where A is the collection of all countable
and cocountable subsets of R. Then (R,.A) is not realcompact, since the
A-ultrafilter consisting of all cocountable subsets of R has the countable in-
tersection property, and is not fixed. But the underlying topology of (R, .A)

is discrete, and hence realcompact.

An Alexandroff space (X, .A) is called pseudocompact if it has no hy-
perreal Z-ultrafilters, ie if every Z-ultrafilter has the countable intersection
property, where Z is the collection of all zero-sets. Gordon [1971] shows that
an Alexandroff space X is pseudocompact iff X = vX, where X and vX
denote the Stone-Cech compactification and the Hewitt realcompactiﬁcation

in Alex respectively.

0.6 Adjunction between Alexandroff Spaces
and Regular Sigma Frames

Given an Alexandroff space X ,”dehote by AX, the lattice of cozero-sets of
X.If A, B € AX then A < Biff there exists C € AX such that C N A =0,
and C U B = X. But then A € X\C C B. Thus, each A € AX is a join
of elements rather below it, ie AX is a regular o-frame. More can be said.
As pointed out be Gilmour [1981], the Alexandroff structures on a set X are
precisely the regular sub o-frames of PX. If X and Y are Alexandroff spaces



and f : X — Y is a coz-map, then Af = f! : AY — AX is a o-frame

homomorphism. This defines a contravariant functor A: Alex — RegoFrm.

A o-prime filter F of a o-frame A is a filter satisfying :
VS € F(SCLcountable) = SN F#0

A regular o-frame A is called an Alexandroff o-frame if it has enough o-prime
filters, ie if @ and b are distinct elements of {1, then there if a o-prime filter
F,withaeFandb&’F,oraQFandbGF.

The prime spectrum WA of a regular o-frame A is Ian Alexandroff space
consisting of all the o-prime filters on A, with cozero-sets of the form ¥, =
{F € WA |a € F}, where a € A. Given a o-frame homomorphism f: A —
B, then Uf = f~!:UB — WA is a coz-map. Thus ¥ : Rega—fl_'nl — Alex
is a contravariant functor. It was shown by Gilmour [1981] that the functors
¥ and A are adjoint on the right, and that they induce a dual equivalence
between the categories RlcmpAlex, of realcompact Alexandroff spaces, and
AlexcFrm, of Alexandroff o-frames. Full details of the above results are

given by Gilmour [1984].
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Chapter 1

Realcompaét frames

1.1 Introduction

Reynolds [1979] ina paper entitled “ On the spectrum of a real representable
ring” showed that the category RegLindFrm, of regular Lindeldf frames is
coreflective in the category of completely regular frames. Using a standard
categorical argument, it follows that RegLindFrm is closed under colimits,
and in particular coproducts. This property was first shown directly by
Dowker and Strauss [1976]. It is well known that the product of even two
Lindeldf spaces need not be Lindelof. This nice behaviour of regular Lindelof
frames has as a noticeable consequence that the relationship between the
Lindeldf property and realc;)nlpactness is in some sense more intimate in the
category Frm than in Top. This is illustrated by the following result, which

is due to Madden and Vermeer, [1986]:

Theorem 1.1.1 For a completely regular frame L, the following are equiva-
lent:

(i) L is Lindelof.

11



(ii) L is a closed quotient of @, OR, for some index set I.
(111} L = HCozL

Property (ii) above is suggestive of the well-known characterisation of
realcompactness. That is, a completely regular space X is realcompact iff X
can be embedded as a closed subspace of R!, for some index set I. For this
reason Schlitt, [1990] refers to this notion as Stone-realcompactness. How-
ever, the frame of open sets of a realcompact topological space need not be
: Stone-realéompa’ct. Consider an uncountable discrete spacé X with a non-
measurable cardinality. Then X is realcompact, but OX is not Lindeldf,
and therefore not Stone-realcompact. Schlitt formulated a definition of re-
alcompactness, for which a space X is realcompact iff OX is realcompact
(which he refers to as Herrlich-realcompactness, or H-realcompactness); and

it is this definition which we adopt below.

1.2 . Realcompact frames

Definition 1.2.1 For any frame L, an ideal I C L is o-proper iff \/,S # 1L
for any countable S C I. I is said to be completely proper iff \/;I# 1.

Definition 1.2.2 (Schlitt) A completely regular frame L is realcompact iff

every o-proper mazximal completely reqular ideal is completely proper.

The definition given above differs from the original definition given by
Schlitt, which he chose for the reason of avoiding choice principles. On the

assumption of the axiom of choice, the two definitions are equivalent, as

12



pointed out by Schlitt.

Given a bounded distributive lattice L, MaxL denotés the topological
space consisting of all maximal ideals on L with a base for open sets con-
sisting of the sets {I € MazL | a ¢ I}, where a € L. We denote by Maz.L
the topological space consisting of all maximal completely regular ideals with

basic open sets of the form {I € Maz.L |a & I}, where a € L.

The folloWing lemma is a generalisation of Theorem 0.0.2 of Schlitt [1990],

and allows for our characterisation of realcompactness in Proposition 1.2.4.

Lemma 1.2.3 For any completely regular frame L, Max.L = MaxCozL.

Proof Consider the maps

¢: Maz.L — MazCozL
7 ¥ : MazCozL — Maz L

defined by

#(I) = {a€Co:L|(la) V(INCozL) # L1aco:s)

»(I) = {u€ L|u=<<v, for somev € J}

We show that the maps 1 and ¢ are well-defined. Let I € Maxz.L. Let
a,be o(I),ie(la) V (I N CozL) # ligco-L-and (1b) V (I N CozL) # liaicosL-
Suppose 2 V bV ¢ = lg,.L, forsomec € I N CozL. Now,a V ¢V d # lcoL

for any d € I N CozL, since (la) V (I N CozL) # ligco.L. Also, since [ is

13



completely.regular, it follows that for any u el , there exists v € I N CozlL
such that v < v. Hence a V ¢V u # lgo,r for any u € I. Let a € L, and
define ki = {be€ L | b<=<a}. Then kr(aVec)V I # 1gqr. Since I is
maximal, it follows that kz(a V ¢) C I. Now, CozL is a regular o-frame,
and hence normal. Thus there exists w € CozL such that w << a V¢,
ie w€ INCozL, and wV b =-1;. But this contradicts the fact that
(16) V (I N CozL) # liaico:L- Hencea V bV ¢ # liaco. and thusa V b € ¢(J).
Also, if a € ¢(I), and b < a, then ({b) V (I N CozL) C (la) V (I N CozlL),
and hence b € ¢(I). Thus ¢(I) is an ideal in CozL. If a € CozL\¢(I), then
(la) v(INCozl) = ligicozL- Hence a Vi = 1z, for some : € I N CozL,
and since I N CozL C ¢(I), it follows that ¢(I) is a maximal ideal in CozL.
Thus ¢ 1s well-defined. ,

To see that 1 is well-defined, let J be a maximal ideal in Coz L. Since the
relation <= interpolates, it follows that ¥(J) is a completely regular ideal.
Suppose that K is a completely regular ideal in L, properly containing %(J).
Let u € K\¢(J). Then there exists v € K such that u << v. From Lemma
0.3.2 there exists w € CozL such that u << w << v,iew & J. Now, J is
maximal, so there exists @ € J such that a V w = 1. Since CozL is normal,
there exists s,t € CozL such that s Va=1; =tV w and sv At = 0. Note
that ¢ < a, sincet As = 0L and sV a = 1. Since CozL is a regular o-
frame, it follows that ¢t << a, and consequently t € ¥(J) C K. But then K
is not a proper ideal, since w V t = 1. Thus, ¥(J) is a maximal completely

regular ideal in L, ie ¢ is well-defined.

14



Let I be a maximal completely regular ideal in L. Then,

u € Yop(I) = u << v, for somev € ¢(J)
= u << v, where v V a # 1¢,.L, forany a € I N CozL

= uel

Hence ¥¢(I) C I, and since ¥ @(I) is a maximal completely regular ideal,
it follows that ¥ ¢(I) = 1.
Let J be a maximal ideal in CozL. Then,

a €J aV k # lgo.p foreach k € J

(3

= aV k# lco.L for each k € ¥(J) N CozL
= (la) V (d)(.]) N COZL) ?,é 1IdICozL
= a € ¢p(J)

Hence J C-¢%(J), and since J is a maximal ideal in CozL, it follows that
J = ¢9p(J)
Let U be a basic open set in MazCozL, ie U = {I € MazCozL | u & I}
for some v € L. Now, ¢~Y(U) = {(I) € Maz.L | ¢(u) & ¥(I)}. Hence ¢

is continuous. Similarly, 1 is continuous.

Proposition 1.2.4 A completely regular frame L is realcompact iff every

o-proper mazimal ideal in CozL is completely proper.

Proof Let I be a o-proper maximal ideal in CozL. Then ¥(I) = {a € L |
a << i for some ¢ € I} is clearly o-proper. Also, vd)([) is a maximal com-

pletely regular ideal in CozL, by Lemma 1.2.3 above. Conversely, suppose
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I € MaxCozL is not o-proper. Then there is a set § = {a; | ¢ € N}
with S C T and VS = 1;. Now, «; € CozL, for each 1 € N, so a; =
\/Jb,-), where b;; < a; for each j € N. Thus, b;, € (I}, for each z € N and
each j € N. But {4, | i € N,j € N} is a countable set, and \/[{b; |
i € N,j € N} = V,{ai |7 € N} =1, so that ¢([) is not o-proper. Thus,
1 induces a one-to-one correspondence bhetween the o-proper maximal ideals
in C'ozL and the o-proper maximal completely regular ideals in L. Suppose
L is realcompact. Let I be a o-proper maximal ideal in CozL. Then (1)
is a o-proper maximal completely regular ideal in L. Thus, \/ ¥(I) # 1;.
Bus

V. I = V{a€L|a=<=<1i, for somei € I}

= Vle(I)

Hence I is completely proper.
Conversely, let I be a o-proper maximal completely regular ideal in L.

Then $(I) is a o-proper maximal ideal in CozL, so \/ é(I) # 1. But
V. oI)= V, ¥é(I)= VI, soIis completely proper.

Remark A filter F in a completely regular space X is a z-ultrafilter iff
CF = {I | X\I € F} is a maximal ideal in CozX. F has the countable
intersection property (c.i.p) iff CF is o-proper. Hence, X is realcompact
iff every o-proper maximal ideal in CozX is completely proper. Thus, a

completely regular space X is realcompact iff OX is realcompact.
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Definition 1.2.5 The full subcategory of realcompact frames is denoted

RlcmpFrm.

Proposition 1.2.6 A completely regular frame L is Lindelof iff every o-

proper ideal in CozL is completey proper.

Proof “=" Suppose L is Lindelof. Then L = HCozL. ie every proper o-
ideal in CozL is completely proper. Let I be a o-proper ideal in CozL. Then

< I >, the o-ideal generated by I in CozL is completely proper, and hence

I is completely proper.

“«<” Every o-ideal in CozL is a o-proper ideal in CozL. Thus, the map
HCozL 2t L, given by join is codense, and hence injective. On the other
hand, 'HCoéL 2, Lis surjective, since for eacha € L, (la) N CozL € HCozL,
and jr((la) N CozL) = a since CozL join generates L. Hence L = HCozL,
ie L is Lindelof. '

Corollary 1.2.7 Every Lindelof frame is realcompact.

1.3 Realcompactifications of frames

Definition 1.3.1 Let L be a completely reqular frame. Then (M,h) is a
realcompactification of L iff M is a realcompact frame, and M Py Lisa

dense surjection.

Recall that the functor H assigns to each regular o-frame, A, a Lindelof

frame, HA. We construct a realcompactification of a completely regular
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frame L by forming a suitable quotien: of HA, where A is a regular sub
o-frame of L, with the property that each a € L can be written as a join of
elements in A, ie A join generates L. The technique used here is éssential]y
an zdaptation of that used by Shlitt, [1990] in his construction of the He-
witt realcompactification for frames, and is motivated by the construction of
realcompactifications of spaces using Alexandroff bases, and the adjunction
of Section 0.6. As this construction is akin to that of Wallman for com-
paciifications, we will call the realcompactiﬁcation obtained the Wallman
reaicompactiﬁcation.

Let L be a completely regular frame. and let A be a regular sub o-frame

join generating L. Define HA ke, A by
hol = (VD)0 [(Y{J € oPMazA I C T},

where o PMaz A is the collection of all o- proper maximal ideals in A.

Lemma 1.3.2 The map hr, given above, is a nucleus.

Proof We firstly show that Ay is well-defined. Let I € HA. Suppose S is a
countable subset of hJ, then \/ S € (/). Let J be a o-proper maxi-
mal ideal vconta,ining I. Then J is a o-ideal, and since S C J, it follows that
\/;S CJ. Let u € hrl, and suppose v < u. Then v € [(V,]), since
w € {( \VV I). Given any o-proper maximal ideal J 2 I. Then u € J, and
hence v € J,ie v € hpl. Thus k] € HA and hence hy is well- defined. We
now show that Ay is a nucleus:

(1) It is clear that I C hrl

(ii) Since hy is order-preserving, it follows that Ar(I N K) C hpl N hrK.
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Now, suppose w € hpI N hy K. Then, u < V, I A VK =\, (INK).
Suppose J D I N K is a o-proper maximal ideal in A. Since J is maximal.
and hence prime, J 2 I,or J D K. But then'u € Jandsou € hp(I N K).
ieh(INK)=heINhK.

(iii) Let v € hi1. Then u < \/ htI < \/ 1. Now, suppose I C J, where J
is a o-proper maximal ideal in A. Then Ayl C J, by definition of hy. Thus.
uw € J and hence u € hpl,ie h31 C hil

Let (HA)x, = {I € HA | heI = I} be the quotient frame corresponding
to the nucleus hy. It is shown below that (HA),, with the join map is &

realcompactification of L.

Lemma 1.3.3 Let A be a regular o-frame, then Coz(HA),, = A.

Proof We show that the frame Coz(HA)x, .is precisely the frame of prin-
cipal ideals in A. Firstly, suppose I € Coz(HA)r,. Then there exists a
sequence(J,) in (HA)y, with J; << J; << J3 << ---,and [ = V(HA);,LJ"'
Now, for each n € N, J, < I. Thus, foreachn € N, there exists S, € (HA)x,
suchthat J, A S, =0rga and I V S, = 11414. Foreachn € N, take s, € S;.
Then j., A s, = 0y for each j,, € J,, and there exists k, € I such that
ko V s, = 1, ie jn, < k, for each j,, € J,. Let k = \/ kn. Then k € I,
since I € (HA)n,. Also, j., <k, for each j,, € J, and each n € N. But
then J, C |k for each n € N. hence \/;,Ji € lk. Now, hy is order pre-
serving, and therefore hz VouJi = Va5 € hilk = Lk. Since k € 1, it
follows that I = |k.
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On the other hand, let a € A, Then, since A is a regular o-frame, a =
VS, where § = {a; |1 € N} and ¢; < a for each 2 € N. Now, the relation
< interpolates in regular o-frames, so |a; << l.a in HA. But then there 1z

an ‘I; € CozHA such that [a; << L <= la. Hence V4, = la, and thu:

la € CozHA since it is a countable join of cozero elements.

Lemma 1.3.4 The frame (HA)w,, is realcompact.

Proof Let J be a o-proper maximal ideal in Coz(HA)x,: Then J = {la:
a € J}, where J is a o-proper maximal ideal in A. But then \/(HA)th =
| hp( Vy4J) = he(J) = J. Thus V(HA);.LJ is a o-proper maximal ideal in
A, so that J is completely proper in (HA)x, .

Proposition 1.3.5 The map (HA)x, ELN 4 given by join is a dense sur-

Jection.

Proof It is clear that for each a € L, hy(lea N A) = (laN A), and hence
(lan A) € (HA),,. Also jp(la N A) = a for each a € L, since A join gen-
erates L, so jr is surjective. Suppose jr(I) = O, then I = {0}, ie jr is

dense.

Hence ((HA)s,,JjL) is a realcompactification of L.

Definition 1.3.6 Let L be a completely regular frame, and let A be a regular
sub g-frame of L, join generating L, then ((HA)n,,JjL) is called the Wallman
realcompactification of L with respect to A. (HA),, is denoted vaL.
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Lemma 1.3.7 If L is realcompact, then vgy,r L = L.

Proof It suffices to show that v¢,.r L e, L is-codense. Suppose j (1) =1,.
ie I is not completely proper. Now, if | # 1i4ico-L, then since I € vgo,r L.
there is a o-proper maximal ideal J D I. But then J is completely proper.
‘since L is realcompact. This contradicts the fact that I is not completels

proper. Hence I = 1;4co.L-

Remark The above result cannot be generalised to arbitrary regular sub
o-frames of L. As a counterexample, let L = PR, the power set of R and le:
A be the collection of all countable and cocountable subsets of R. Then A is
a regular sub o-frame join generating L, but vaL 2 L. For if v4L =2 L, then
CozvsaL and CozL would be isomorphic as o- frames. But CozvyL = A.
and CozL = L, from which it would follow that L and A are isomorphic as

o-frames.

We now proceed to prove that vec,.r L is the universal realcompactification
of L. Thus, the H-realcompactification of Schlitt is a special case of the

Wallman realcompactification constructed above.

Lemma 1.3.8 Let L be a completely regular frame, and let {K, | o € A} be
a collection of o-ideals in CozL. Then hy \/ 3o, hi o = he Vycosr Ko

Proof So as not to complicate notation, we shall suppress mention of the

index set A.

hr VHcathLKa
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= by Vo (U Vo) 0 (JIK € 0PMazCozL | K D K.})
= hi( Vacorr i Vi Ea) N Voo [ WK € oPMazCozL | K 2 Ko })
= hpJ, say
= U Vi Vacor LV E)) N W VL Vot ﬂ{K € UPM‘”JC‘_’ZL | K 2 Ka})
N (I € cPMazCozL |1 2 J}
= (Vi VicorKa) 0 (I € 0PMazCozL | I 5 J}
Let I be a o-proper maximal ideal containing V oz Kas then I contains
(WK € oPMaxCozL | K D K,}, for each a, and thus I contains

Vaco.r, (I € cPMazCozL | K 2 K,}. Consequently,
I2 Vacord ViKe N Vycorr, (MK € 0PMazCozL | K 2 Ko} = J.

Hence,
(I € oPMazCo:L |12 J} C ({K € 0PMazCozL | K 2 Vycour Ko}
from which it follows that

hy VHCothLKa c K VL VHcozLKa) N

(K € 0PMazCozL | K 2 Vygo. Kol
= hi Vycor Ka
For the reverse inclusion, note that K, C hp K, for each a. Since hL is

order-preserving, it follows that bz Vycor Ko € AL Vagosr L Ka-

Lemma 1.3.9 Let L and M be completely regular frames, and suppose L%
M is a frame homomorphism. Then the map (HCozL)s, N (HCozM),,,
given by &(J) = hyHCozg(J), is frame homomorphism. Furthermore,
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jL-® = ¢ jum, where j; and jp are both join maps in the corresponding

frames.

Proof Firstly, note that both hps and HCoz¢ preserve intersection, so é
preserves intersection. We show that ¢ preserves arbitrary joins. Let {J, |

a € A} be a collection of o-ideals in (HCo0zL)s,. Then

3V ncosry, Jo)
= ¢(he Ve, Ja)
= hmHCozo- hy \yco-rJ
= U VaHCoz6 - b Vacourda) N
ﬂ{J € oPMazCozM | J 2 HCoz¢ - hy \Vyc,pJa)

= ¢( VLhL V'HCoLL ) n
({J € oPMazCozM | J 2 HC0z¢ - hr \yicpp Ja}

Now, for any J € HCozL, hJ C [(V.J), a,nd. hence \/ hrJ < V. J.
Also, J C hrJ, so that \/ J C \/ hyJ. Thus, \/;J = V hrJ. So, we
get: '

& V(’HCo zLYn, V0 Ja)

= l(¢ VL VHCO‘L )m
ﬂ{J € oPMazCozM | J 2 HCoz¢ - by \pcorrJa}

l( VMH002¢( V’HCazLJa)) N .
({7 € oPMazCozM | J 2 HCo0z¢ - hr VpcorrJa}

On the other hand,
V('HCO M), $(Ja)
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= hM VHConh’MHCOZ¢(J°)
= hat Voo HC0z¢(Js), from Lemma 1.3.8 above

= UV Vico:mMCoz6(Ja)) N
ﬂ{.] € oPMazCozM | J 2 HC0z¢ \ yycoorJo}

We now show that

{J 2oPMazCozM |J 2 HCoz¢ - \yco.pda)
.= {J €oPMazCozM |J 2 HCozo- ht VicosLJot

It is clear that

{J € oPMazCozM | J 2 HCoz¢ - hy \V3ico.rJa}

C {J e oPMazCozM |J 2 HC026- \300,ra}

Conversely, suppose J is a o-proper maximal ideal in CozM, containing
- HCo02¢ \/yypppJar Let K = Viycou I € HCozL | HCoz¢(I) C J}. Sup-
pose K’ is an ideal properly containing K. Then HCoz¢(K') = liaico:m,
e there exists &' € K' such that ¢(k') = 1p. Now. since k' € CozL, and
CozL is a regular o-frame, there exists a set S = {k; | i € N} with k; < ¥’
for each 7 € N, and ¥ = \/;S. But, since K is o-proper, there exists
j € N such that k; € K, ie ¢(k;) V p = 1u, for some p € J. Bﬁt then
¢(k;) < (¢(kj))" < p, (where k} denotes the pseudocomplement of k; in L)
Since k; < k', there exists s € CozL such that k; A s = 0p and k' Vs =
1z. But then s < &}, and therefore ¢(s) < ¢(k;) < p. Hence, s € K',
from which it follows that K’ = 114ico.r. Thus, K is a o-proper maxi-

mal ideal in CozL, and hence hy K = K. Now, V.. Je © K so that
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HCozdhr \yycos1de © HCo0zdh K = HC 029K C J, and hence

{J € oPMaxzCozM | J 2 HCozd - \Vycoorda}
C {Je€oPMazCozM |J D HCoz¢ - hy \yposrJa}

This gives equality, and therefore &( Vygorryp, Jo) = Vpcomnsyn, #(Je):
Finally, |
jL-¢(J) = jr-hLHCoz¢(J)
V HCoz¢(J)
¢( Vard)
= ¢-ju(J)

I

Thus, j.é = ¢ju, which concludes the proof.

Proposition 1.3.10 The map (HCozL), N L, given by join is universal
L

as a map from realcompact frames to L.

Proof Let K be a realcompact frame and K 2, L aframe homomorphism.

J
(HCozL)i; - L
hiHCoz¢ )
(HCozK )15z K
JK
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Then by Lemma 1.3.7, K = (HCozK);,. Now, from Lemma 1.3.9,
hyHCoz¢ is a frame homomorphism, with j; - hyHCoz¢é = ¢ - jx Thus,
jr-hyHCoz¢ - ji* = ¢. Uniqueness of the map hyHCozé - ji! follows from

the fact that jx is dense and hence monic.

The category RlcmpFrm is therefore a coreflective subcategory of CrgFrm.
The coreflection vc,.r L of a completely regular frame L shall be denoted sim-

ply by vL.

1.4 Alexandroff Frames

We introduce the notion of an Alexandroff frame, which is the frame analogue
of Alexandroff spaces. Realcompactness of Alexandroff frames is defined in
a natural way, so that the Wallman realcompactification can be viewed as a
functor from the category of Alexandroff frames to the categdry RlcmpFrm.
W’allmén realcompactifications are not functorial in spaces but were shown

by Gilmour to be delivered by a functor on Alex-

Definition 1.4.1 Let L be a completely regular frame, and let A be a regular
sub o-frame join generating L, then (L, A) is called an Alezandroff frame.
A map (L, A) LN (M, B) is called an Alezandroff frame homoﬁwrphism off
h is a frame homomorphism and A LENY (the restriction of h to A) is a

o -frame homomorphism.

Definition 1.4.2 The category of Alexandroff frames and Alezandroff frame

homomorphisms is denoted AlexFrm.
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Definition 1.4.3 An Alezandroff frame (L, A) is said to be Lindelof iff L is
a Lindelof frame.

Proposition 1.4.4 Let L be a completely regular frame. If L is Lindelof,
then there is a unique regular sub o- frame which join generates L. On the

other hand, a regular o-frame A admits a unique Lindelof frame.
Proof Let A be a regular sub o-frame join generating L.

JL :
HCozL L

HA

Then the join map HA 2, Lis surjective. Now, A is a regular sub
o-frame of L, and therefore A C CozL. Thus, the map HA iR HCozL,
defined by Hi(I) = (1I) N CozL is an injective map. Since ji is a coreflective
map, it follows that j,Hi = j. Now, j, is an isomorphism, and hence j;Hz is
injective. Thus j is an isomorphism, ie HA & HCozL = L.but CozHA = A,
so that A = CozL.

Suppose A is a regular o-frame. Let L be a Lindeldf frame such that A
join generates L, and L ¥ HA. Then CozL ¥ A, which contradicts the fact
that L is Lindelof. '



Definition 1.4.5 An Alezandroﬂfrmﬁe (L, A) is said to be realcompact iff

every a-proper mazimal ideal in A is completely proper.

Proposition 1.4.6 An Alezandroff frame (L, A) is realcompact iff L = (HA)n, .

Proof By Proposition 1.3.5, the map (HA)x, L Lis surjective. Using a
similar argument to that in Lemma 1.3.7 it can be shown that 7, is codense,

and hence injective, from which it follows that L = (HA),.

Example Let L = PR and let A be the collection of all countable and
cocountable subsets of R. Then L is realcompact, but (L, A) is not a real-
compact Alexandroff frame. To see this, let I = P.R, the collection of all
countable subsets of R. Then I is a o-proper maximal ideal in A which is

not completely proper.

Using an adaptation of Lemma 1.3.9, it is easily seen that, given an
Alexandroff frame homomorphism (L, A) 2, (M, B), there is a frame ho-
momorphism (HA)x, N (HB)#,,, where ¢ = harHo |4, and the following

square commutes:
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JL

(HA)hL (L’ A)
¢ ¢
(HB)hj (M, B)

M ’

So, we obtain a functor H : AlexFrm — CrgFrm with

AL, A) == (M, B)) = (HA)n,, 2 (HB)s,,

Note that H(L, A) = vsL
We define the functor Coz: CrgFrm— AlexFrm where

Coz(L = M) = (L,CozL) =5 (M, Coz M)

The above, together with Proposition 1.4.6 can be used in exactly the

same way as Proposition 1.3.10 to show that the map (v4aL,CozvsL) Jz,

(L, A), given by join is universal as a map from realcompact Alexandroff

frames to (L, A).

Lemma 1.4.7 The functor H is left adjoint to Coz.

Proof Let (L, A) be an Alexandroff frame, and let the unit 5., : (L, A) —
CozH(L,A) be the map defined by n.(a) = (la) N A. From Proposition
1.3.5, (la) € CozH(L,A) = (vaL,CozvsL), for each a € (L, A). Hence 7y, is
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| well-defined. For naturality of 5, lei ¢ : (L, A) — (M, B) be an Alexandroff

frame homomorphism, and let @« € L. Then

.

(L,A) CozH(L, A)

¢ CozHéo

(M, B) CozH(M, B)
1B

CozH¢ - nr(a) = CozHo(la N A)
= l4(a)N B
= num - ¢(a)
Let L be a completely regular frame, and let the counit ef, : HCozL — L
be the map defined by join. It is clear that € is a frame homomorphism.

For naturality of €, let I € HCozL, and suppose ¢ : L — M is a frame

homomorphism, then
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€L

HCozL L

HCoz¢ ¢
HCozM M
37 "

CM']I.M'HCOZQ'(I) = VMhM'HCOZ(,’b(I)
= ¢(V.I)
= ¢-er()

For adjointness it only remains to verify the following identities:

€Ly HIL = idgr 4y, and Cozear-ncomnr = idcozn- Let J € H(L,A) = val.

Then Hnr(J) = {I €val | ICJ}. Now, V, {I€val | ICJ} =,

and therefore ez, 4) - Hyr(J) = J. '
Let M be a completély regular frame, and a € CozM. Then ﬂcazM(a) =

{b € CozM | b < a}. Now, V, {b€ CozM |b< a} = a, so

COZCL . 7](;021”((1) = a.

31



Chapter 2

Compactifications of frames

2.1 Introduction

In this chapter we discuss compactifications of frames and their relations
with the realcompactifications given in Chapter 1. Banaschewski and Mulvey
[1980], had shown that the frame CregldlL, of all completely regular ideals of
a completely regular frame L is its coreflection in the category KCregFrm
of compact regular frames. Thus, C’regI dlL is the frame analogue of the
Stone-Cech compactification of L. The frame CregldlL i.s therefore denoted
BL. Using a particular type of base, Johnstone [1984] constructed certain
compactifications, which he refered to as Wallman chpactiﬁcations, since
they exhibit much the same character.istics as Wallman’s [1938] cdmpactiﬁ-
cations for spaces. It turns out, as is to be expected, that the Stone- Cech‘
compactification as given by Banaschewski and Mulvey, is in fact a Wallman
compactification with respect to a particular base. All lattices discussed in

this chapter are assumed to be bounded ditributive lattices.

32



2.2 The Wallman Compactification of Frames

Banaschevski [1963] used certain families of closed sets, called Wallman
bases, to construct Hausdroff compactifications of Tychonoff spaces. (See
also Frink [1964]). By considering the frame analogue of such bases, and by
forming suitable quotients of the frame of ideals on these bases, Johnstone
[1984b] constructed the frame theoretic analogue of these Wallman compact-
ifications. In this section we give a description of these compactifications, as

well as some of their properties.

Definition 2.2.1 A lattice B is said to be conjunctive iff for each a and b
in B with a £ b, there exists ¢ € B suchthat¢cV a=1p and ¢ V b # 1p.

Let B be a normal conjunctive lattice. Define s : IdlB — IdIB by
sI={a€ BlaVb=1g=bV c=1g, for somec € I}

It was shown by Johnstone [1984a] that the map s given above is in fact
a nucleus. We refer to this nucleus as the saturation nucleus, and ideals fixed
under this nucleus are called saturated ideals.

The following proposition was proved by Johnstone [1984b].

Proposition 2.2.2 Let B be a normal conjunctive lattice, then the frame

(IdlB)s, of all saturated ideals is compdct regular.

Proof Towards showing that (IdIB), is compact, let 7 be a collection of
ideals in (IdIB)s, with \/(MB)SI = lrag. Then s\, ;57 = lias, ie
1g € s \/;ygZ- Hence, there exists c € \/;,pL with ¢V 0p = 1p, from
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which it follows that 15 € /5%, s0 V,dlBi = 1;48. But IdlB is compact,
sothat V/,, g J = lias, for somefinite subset 7 of T. Now, V;usJ € s ViugJ-
s0 V(MIB),J = ljaip-

For regularity, we firstly observe that la € (IdIB);, for each a € B. To
see this, suppose ¢ € la ,ie ¢ £ a. Then, since B is conjunctive, there
exists d € B such that ¢ Vd = 1, and a V d # 1p. But then ¢ & s(la),
so s(la) C la, ie la is a saturated ideal. Secondly, |z < |la in (IdIB); iff
~z < ain B. Suppose |z < la in (IdIB),. Then there exists I € (IdIB),
such that T A |z = Oygp and I V |a = lmé. Hence : A z = 0p, for each
i€1,and jVa = lp, for some j € I. Thus, 2 < a in B. Conversely,
suppose £ < a in B. Then there exists j € B such that 2 A j = 0p and
aVj = 1g. But then o A |j = Orap and la V |5 = luib. And, since
lj € (I1dIB)s, it follows that |z < la. So, it suffices to show that la =
Viasy.{iz | = < a}, for each a € B. Let ¢« € B, and let z < a. Suppose
that z Vb = 1g. Then a V b = 1p, and hence ¢ V b = 1p, for some ¢ < a,
since B is normal. But then z € s{z |z < a} = s \/;yp{lz | = < a}. Thus
la € V ap),{lz | = < a}. The other inclusion follows trivially from the
fact that \/;,p{lz | < a} C la and that |a is a saturated ideal.

Definition 2.2.3 Let L be a frame. A sublattice A of L is called a base of
L iff for eacha € L, a= \/.Sa, where S, C A.

By considering normal conjunctive bases of a completely regular frame, L,

Johnstone’s results are used to form compactifications of L.
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Proposition 2.2.4 Let L be a completely reqular frame, and let B be «
normal conjunctive base of L. Let (IdIB); 2L, L be the map given by join.
Then ((IdIB)s,jL) is a compactification of L.

Proof From Proposition 2.2.3 above, (IdlB), is a compact regular frame.
Let a € L. Then there exists a subset W of B such that \/,W = a. Now,
Viap) {1016 € W} € (IdIB);, and ji( Viap) {lb b€ W}) =

V. V(Id,B)e{lb | b€ W} = a. So, ji, is surjective. Suppose j I = Op, then

I= {OB} - OdeB, SO j[, is dense.

Definition 2.2.5 Let L be a completely regular frame, and B a normal con-
junctive base of L, then the compactification ((1dlB)s, ji) is called the Wall-

man compactification of L with respect to B. The frame (1dlB), is denoted
BsL.

The following sequence of results culminating in Corollary 2.2.9, and the
remark which follows Corollary 2.2.9 arose from suggestions made to me by

Bernhard Banaschewski.

Lemma 2.2.6 Let L be a completely regular frame. Then L = RegldIiCozL,
the frame of all regular ideals of CozL.

Proof Consider the map ¢ : 8L — RegldlCozL defined by ¢(I) =1 N CozL.
Now, ¢ is well-defined, since, if I is an ideal in L then clearly I N CozL is
an ideal in CozL. Also, I N CozL is regular, since, if a € I N CozL, then
a << b, for some b € I. But then a << z << b, for some z € CozL, so
a < x for some x € I N CozL. 1t is easily seen that ¢ is a frame homomor-

phism. Suppose ¢(J) = laegrdico:1- Then J N CozL = CozL, from which
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it follows that J = L. Thus, ¢ is codense, and hence injective. Let K be

a < b, for some b € K}. |

a regular ideal in CozL. Consider I = {a € L
Now, a € ] = a < b, for some b VE K. But K is regular, so b < ¢, for some
¢ € K, and since the relation < interpolates in RegoFrm, it follows that
a < b=<<c, iea << c, for somec € K C I. Thus, I € BL. Furthermore,
$(I) =10 CozL = {a € CozL | a < b, for some b € ('} = K. Hence ¢ is

surjective, which completes the proof.

Lemma 2.2.7 Let B be a normal conjunctive lattice. Then there is a one-to-
one correspondence between the saturated ideals on B and the regular ideals

on B.

Proof Firstly, suppose I is a saturated ideal. Then, since (/d!B), is regular,

I = Vap,{J € (IdiB),|J < I}
= s \yupld € (IdIB), | J < I}

But, an ideal is regular iff it can Be written as a join (in Id{B) of ideals rather
below it. Thus, V,ug{J € (IdIB), | J < I} is a regular ideal. Hence, every
saturated ideal is the saturation of a regular ideal.

On the other hand, let J and K be distinct regular ideals on B. Suppose,
without loss of generality, that J € K. Choose a € J\K. Then a < b, for
some b € J. So, theré exits d € B such that bV d = 1g, and a A d = 0p.
We claim that b ¢ sK. For, suppose b € sk, then there exists £ € K such
that k¥ Vd =1g5. Then a < k and thus a € K.

Corollary 2.2.8 For any normal conjunctive lattice B, (IdIB), = RegldlB,

the frame of all regular ideals in B.
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Proof We show that the map 5 : RegldlB — (IdlB);, defined by 3(I) = s1,
is a frame isomorphism. From Lemma 2.2.7 above, 3 is bijective, so it suffices
to show that 3 preserves arbitrary joins. Let {I, | @ € A} be a collection of

regular ideals in B. Then,
a€s\ypsla =>aVb=1g=2bVc=1p, forsomec€ \,psl,

Now, c€ Vyupslaiff c=coy Veay V +++ Vca,, where ca; € sl,,, for each
t€{1,2....,n}. Thus, bVe =1 if bV ¢y V -+ V ¢, = 1lp, where
Ca; € 8, foreachi € {1,2,...,n}. ButthenbV cs, V -+ VCa,_, Vdo, =
1g, for somed,, € I,,. Continuing in this way, weobtain, bV do, V -+ V dq, =
1, where d,, € I,,, for each i € {1,2,...,n}. Thus, bV ¢ = 1p, for some

c € Vyugsle iff bV d=1g, for some d € \/;pls. Consequently,

a€s\ypsla = aVb=1p=bVd=1g, forsomece Vpl

< a€ sV ugla

Thus, s Vyypsle = s Viaple = s Vpegraple: and hence 3( Vpegrqpla) =

V(IdIB)_.g(Ior)'
Corollary 2.2.9 Let L be a c07npletely regular frame. Then BL = (IdlCozL),.

Proof It suffices to show that CozL is a normal conjunctive base for L, and
the result would follow from Lemma 2.2.6 and Corollary 2.2.8. All regular
&-frames are normal, and thus CozL is normal. Suppose a £ b. Then, since
CozL is regular, there exists ¢ € CozL with ¢ < a and ¢ £ b. Thus, there
exists s € CozL such that cAs =0, and a Vs = 1. Now, bV s # 1,
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since
bvs=1, = (bvs)Ac=c
= (bAc)V(sAc)=c
= bAc=c

= ¢<b

which contradicts the fact that ¢ € b. Hence, CozL is conjunctive, since

a€b=3s € CozLsuchthataVs=1,and bV s#1;.

Remark The above corollary is really a generalisation of Lemma 1.2.3. Since
(IdlCozL), is completely regular, £(IdICoz L), is the space consisting of all
the maximal saturated ideals in CozL. But the maximal saturated ideals
in CozL are precisely the maximal ideals in CozL. To see this, let P be a
maximal saturated ideal in CozL, and let J be any ideal in CozL properly
containing P. Then'sJ D P, ie sJ = 1(41co-1),- But the nucleus s is codense,
thus J = 1(410021),- On the other hand, all maximal ideals in CozL are sat-
urated (since J C sJ, and s is codense). Thus, £(IdlCozL), = MazCozL.
But 3L = Maz.L, so the result follows.

Gilmour [1981] showed that the Wallman realcompactifications of a topo-
logical space X can be obtained via the o-prime spectra of Alexandroff bases
of X. In contrast to this, Wallman compactifications of a space X are ob-
tained via the minimal prime filters of normal conjunctive bases of OX.

These minimal prime filters are discussed in Johnstone [1980].
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A prime filter P on a lattice B is a filter satisfying the following condition:
If S is a finite subset of B with \/gS € P, then S N P # 0.

| Consider a normal lattice B. Let MinB be the topological space con-

sisting of all minimal prime filters on B, and basic open sets of the form

P, = {P € MinB | a € P} for a € B. 1t is easily seen that P, N P, =

P Ay P.UP, =P, vy, Pp=MinB,and P, = 0.

a

Proposition 2.2.10 Let B be a normal lattice, then MinB = ¥(IdIB);.

Proof Since B is normal (IdIB); is a completely regular frame, and hence
S(IdlB), = MazB. Every maximal ideal in B is prime, and hence B\ is a
minimal prime filter. On the other hand, if F' is a minimal prime filter, then
B\F is a maximal (prime) ideal. Thus, the map ¢ : MazB — MinB, defined
by ¢(I) = B\l is a bijecti\'e' map. Let a € B, then ¢™}(P,) = {I € MazB |
o« &1}, and ¢({I € MazB | a ¢ I} = {F € MinB | a € F} = P,. Thus,
MinB = £(IdlB);.

Remark From the above result, it follows that, for any normal distributive
lattice B, the space MinB is compact Hausdorff, and can be used to form the
Wallman compactification for spaces. This is contrasted with the coherent
space $IdIB, which is homeomorphic to II1B, the topological space, consisting
of all prime filters, and basic open sets of the form II, = {P € IIB | a € P}.
(See Johnstone [1980]).

Corollary 2.2.11 Let X be a completely regular space, then MinCozX >
L(IdlCozX), = BX.

39



2.3 Compact Sigma Frames

In this section we construct the Wallman compaétiﬁcation for o-frames. This
construction foliows that of Johnstone for the case of frames. As in the case
of frames, quotients of o-frames can be formed via nuclei. Given a nucleus
n on a o-frame A, the quotient of A with respect to n is the o-frame Fix n

= {a € A |n(¢)=a}, and is denoted by (A),.

Definition 2.3.1 A o-frame A is said to be compact iff whenever there is a
countable subset S C A with \/,S = 14, then \/,T = 14, for some finite
subset T C S. (B, f) is a compactification of A iff B is a compact o-frame

/ . S
and A — B is a dense surjection.

Definition 2.3.2 The full subcategory of RegoFrm consisting of all com-
pact regular o-frames is denoted KRegoFrm.

Proposition 2.3.3 The functors H and Coz both preserve compactness.

Proof It is clear that CozL is compact for any compact frame L. On the
other hand, suppose A is a compact regular o-frame. Let S = {J, | e A}
be a collection of o-ideals in A, with \/;,,5 = 14. Then there is a countable
subset T of | J S, with \/,T = 14. Since A is compact, 14 can be written as
a join of finitely many elements of T, ie a; V -+ V a, = 14, with a; € J,,
for : € {1,...,n}. Then A = J,, V -+ Js,, and hence HA is a compact

frame.
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Definition 2.3.4 Let B be any lattice. An ideal I € IdIB is said to be
countably generated if I is the join of countably many principal‘ideals on B.

The collection of all countably generated ideals on B is denoted Idl,B.

Proposition 2.3.5 Let B be a normal conjunctive lattice. Then Coz(1dIB),
(Idl, B)s.

Proof Suppose I € Coz(IdlB);. Then there exists a sequence (J,) in (IdlB),
with Jo << Jy << Jp << -+~ and [ = V(1apy,Ji- Foreachn € N, J, <1
Thus, for each n € N, there exists S, € (IdiB), such that J, A S, = O(zaip).,
and I V S, = l(zup),. For each n € N, choose s, € S.. Then j,, A s, = 0p
for each jn; € Jn, and k, V s, = 1p, for some k, € I. Thus, j,, < k,,
for each j,; € J,. Hence, J, C |k, for each n € N. Consequently, I =
V(MB)!_J,- - V(IdlB),{lkn | n € N}. On the other hand, |k, C I, for each
n e N, and hence V/1yp) {lkn | n € N} € I. Thus, I = V 15 {1k |
n € N}, so'l is a countably generated saturated ideal, ie I € (Idl, B),. Con-
versely , suppose I € (IdlaB)s. Since (IdIB), is completely regular, I is a
join of saturated ideals I, where each I, is completely below I. Now, I is
countably generated, so only countably many of the I, will do. Since for
each I, theré is a J, € Coz(IdIB), with I, << J; << I. Thus, I is a join
of countably many elements of Coz(IdIB),, so I € Coz(IdlB);,.

Proposition 2.3.6 Let A be a regqular o-frame, and let B be a normal con-
| Junctive base for A. Then ((Idl,B),,ja) is a compactification of A, where

ja

the map (Idl,B), == A is given by join.
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Proof From Proposition 2.3.5 above, (Idl, B), = Coz(IdlB),, and is hence a
compact regular o-frame. Suppose ¢ € A. Then there is a countable subset
W of B such that \/,W = a. Thus, V ;yp) {l0|b€ W} is a countably

generated saturated ideal, and ju( V45, {1016 € W} =V, V up),{10]
be W} = a. Suppose joI = 0p, then I = {0g} = O;up. Hence, j4 is a

dense surjection.

Definition 2.3.7 Let A be a regular o-frame, and B a normal conjunctive
base for A, then ((I1dl;B)s,ja4) is called a Wallman cdmpa‘ctz'ﬁcation of A.
The frame (1dl, B), is denoted fpA.

As a corollary we obtain a result due to Walters {1990].

Corollary 2.3.8 Let L be a completely regular frame. Then CozBL =
IBCozLCOZL’

Proof

Bco:rCozL = (Idl,CozL),
= Coz(IdlCozL), by 2.3.5
= CozfL by 2.2.9

Proposition 2.3.9 FEvery reqular o-frame A is conjunctive.

Proof Let a,b € A with a £ b. Then there exists ¢ € A such that ¢ < a

and ¢ £ b. Since ¢ < a, there exists s € A such that s A ¢ = 04 and
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sValy Weclaimthat s V b# 14,forifs Vb=14,thenb=(s Ac)V b=

(sVbO A(ecvb)=cV bv, which contradicts the fact that ¢ £ b.

Lemma 2.3.10 Let A be a regular o-frame, then fHA = HB4A.

Proof

BHA

R

1%

o™~

(IdICo:HA), by 2.2.9

(IdlA),

HCoz(IdIA), since (IdlA), is compact
H(Idl, A), by 2.3.5

HP4A

ja

Proposition 2.3.11 Let A be a regular o-frame. Then the map B4A —=

is universal with respect to maps from compact regular o-frames to A.

Proof Let K be a compact regular o-frame, and suppose K L Aisao-

frame homomorphism. Then HK T HA is a frame hbmomorphism, and

‘HLK is compact, by Proposition 2.3.3 Thus, there exists a map ¢ : HK —

BHA such that jy4 - ¢ = Hh, where jyaZ = \/;,T.
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Hh
HK HA

BHA

Applying the functor Coz to the above diagram, and using the fact that
BHA = HB4A, we obtain the following commutative triangle:

h

K

Coz¢

BaA

Uniqueness of the map Coz¢ : A — S4A follows from the fact that j,

1s dense, and hence monic.

Remark The compactification (844. j4) shall be called the Stone-Cech com-

pactification for regular o-frames. We denote §4A simply by SA. From
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Proposition 2.3.11 above, A is an alternative construction of the universal
compactification, as the o-frame of all countably generated regular ideals of

A, given by Banaschewski and Gilmour [1989).

2.4 Pseudocompact Frames

It is well known that a pseudocompact space is realcompact iff it is compact.
We investigate the relationship between pseudocompactness, realcompact-
ness and compactness in frames, as well as the Wallman compactification

given by Johnstone, and the Wallman realcompactification given above.

Definition 2.4.1 A sequence (a,) in a frame L is said to be completely regu-

lar iff a; << az << ag << ---. We say (a,) is reqular iff ay < a; < ag---.

Definition 2.4.2 A completely regular frame L is called pseudocompact iff
every completely regular sequence (an)in L with \/ a, = 11 is eventually

constant; that is, a;, = 1, for some k € N.

Remark Pseudocompactness is usually defined in the following way:

A frame L is pseudocompact iff every frame homomorphism ¢ : OR — L is
bounded, ie ¢((—o0, —a) V (a,0)) = 0f, for some n € N. Using the meth-
ods of Urysohn’s lemma, Gilmour has showa that this is equivalent to saying
that every completely regular sequence (an), with \/ a, = 1, is eventually
constant. The latter description was used by Baboolal and Banaschewski

[1991] as a definition of pseudocompactness, since it eliminates reference to



the reals, and also because it seems a much more natural definition in the

setting of frames.

Lemma 2.4.3 A completely regular frame L is pseudocompact iff every reg-

ular sequence (a,) in CozL with \/ a, = 1L is eventually constant.

Proof Every regular sequence in CozL is a completely regular sequeﬁce in
{4, so the forward implication is trivial. Conversely, let (a,) be a completely
régular sequence in L. Then for each z € N, there exists b; € CozL with
a; << b; << a;4;. But then (b,) is a regular sequence in CozL, and is

therefore eventually constant. Consequently, (a,) is eventually constant.

Lemma 2.4.4 A completely reqular frame L is pseudocompact iff every count-

ably generated regular ideal in CozL is completely proper.

Proof Suppose L is pseudocompact. Let I be a countable generéted regular
ideal in Coz L. Then [ is generated by some regular sequence (a,)(Banaschewski
and Gilmour [19389]). But then [ is completely proper, since otherwise

Vi an = 1z, from which a, = 1, for some k£ € N, which would contra-
dict the fact that I is a proper ideal.

Conversely, suppose L is not pseudocompact. Then there exists a regular
sequence (a,) in CozL with \/ a, =1, and a; # 1, for any j € N. Let [
be generated by (a,). Then [ is a countably generated regular ideal in Coz L,
but I is not completely proper.

As a corollary, we obtain the following well-known result, which is due to

Gilmour [1981].
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Corollary 2.4.5 A completely regular frame L is pseudocompact iff CozL
is a compact o-frame.

Proof Recall that Regldl,CozL = fCozL = CozfBL. Now, every ideal

jCoxL

I € Regldl,CozL is completely proper iff the map fCozL "= CozL given
by join is codense, and hence injective. But fCozL otk Cozl is surjective.
Thus, L is pseudocompact iff fCozL = CozL, ie iff CozL is a compact

o-frame.

Lemma 2.4.6 A completely regular frame L is pseudocompact iff every maz-

imal ideal in CozL is o-proper.

Proof Suppose L is pseudocompact. Let I be a maximal ideal in CozL wich
is not o-proper. But then there is a finite subset S C I .with \/,§ = 1,
which contradicts the fact that L is proper.

~ Conversely, suppose L is not pseudocompact. Then there exsist a count-
able susbset S C CozL, with \/; S = 1z, and \/ F # 1, for any finite
subset F' C S. Thus, the ideal I generated by S is proper. Let J be a

maximal ideal containing I, then S C J, so J is not o-proper.

Corollary 2.4.7 Let L be pseudocompact. Then L is realcompact iff L is

compact.

Proof Every compact frame is Lindelof, and thus, by Corollary 1.2.7, every
compact frame is realcompact.

Conversely, suppose L is realcompact. Then every o- proper maximal
ideal in CozL is completely proper. But by Lemma 2.4.6 above, every maxi-

mal ideal in Coz L is o-proper. Thus, L is realcompact iff every maximal ideal
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in CozL is completely proper. But this means precisely that L is compact.

Thus, L is realcompact iff L is compact.

Proposition 2.4.8 Let L be a completely regular frame, and let A be a com-

pact regular sub o-frame join generating L. Then B4L = vuL.

Proof Since CozusL = A, it follows that vs L is pseudocompact. But va L
is realcompact, and so by Lemma 2.4.7 above, v4L is compact. Note that

ﬂvAL = (I(llCOZ’UAL)s = (IdlA)s = ﬂAL Thus UAL = ,B’UAL = ,BAL
Corollary 2.4.9 Let L be a pseudocompact frame, and let A be a regular
sub o-frame join generating L. Then vaL = [4L.

Proof Since L is pseudocompact, by Corollary 2.4.5, every regular sub o-

frame of L is compact. The result follows from Proposition 2.4.8 above.

Corollary 2.4.10 A completely regular frame L is pseudocompact iff v =
BL. ’

Poof The forward implication follows from Corollary 2.4.9 above. For the
reverse implication, let v = BL. Then Cozvl = CozBL. But CozvL =
CozL, and CozfL is compact, so CozL is compact, and therefore L is pseu-

docompact.

2.5 Compactifications of Alexandroff Frames

Quotient maps in the category of Alexandroff frames are maps of the form

(L, A) A, (M, B), where both L L M and A 24 B are surjective maps.
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Definition 2.5.1 An Alezandroff frame (L, A) is compact iff L is a compact
frame. ((M,B),h) is a compactification of (L, A) iff (M,B) is a compact
Alezandroff frame, and (L, A) R (M, B) is a dense surjection which re-

stricts to a surjective map on A.

Definition 2.5.2 The full subcategory of AlexFrm consisting of all compact
Alezandroff frames is denoted KAlexFrm.

Remark It is easily seen that ((M, B), h) is a compactification of (L, A) iff
(M, B) is a compact Alexandroff frame, and (B, h|g) is a compactification of
A. Also, from Propositions 1.4.4 and 2.3.4, compact o-frames admit unique
compact frames. Thus, all compactifications of an Alexandroff frame (L, A)

arise from compactifications of the o-frame A.

Wallman compactifications of an Alexandroff frame (L, A) are formed by
considering normal conjunctive bases of A. Let B be a normal conjunctive
base for A, then it is easily seen that (8gL,8gA) is a compactification of

(L, A).

Proposition 2.5.3 Let (L, A) be an Alexandroff frame. Then the map
(BaL,BA) R (L, A), given by join is universal as a map from KAlexFrm
to L.

Proof Let (M, B) be a compact Alexandroff frame, and suppose (A, B) N

(L, A) is an Alexandroff frame homomorphism. Then there exists a o-frame
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homomorphism ¢ such that the following triangle commutes:

. hIB
B A

¢ 7 |84

BA

Applying the functor H, and using the fact that M = HB, we obtain:
J-Hé=h.

Hh |B jL
M HA

B

He Jlsa

BaLl

Let HA 2% L be the map giVen by join, then, for m € M, jp - Hh(m) =
Vi {a € A|a < h(m)} = h(m), since A join generates L. Similarly, for
I € BaL, jr-Mjla, (I) = j(I). Thus, (M, B) 2% (L, A) is an Alexandroff

frame homomorphism with 3 - H¢ = h.
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Definition 2.5.4 An Alezandroff frame (L, A) is said to be pseudocompact

iff A is a compact o-frame.

In contrast with the situation for topological spaces, we obtain the following

result for Alexandroff frames.

~ Proposition 2.5.5 Let (L, A) be an Alezandroff frame. If (L, A) is pseudo-

compact then it admits a unique compactification.
Proof Suppose (L, A) is pseudocompact. Let ((M, B), h) be a compactifica-
tion of (L, A). Then the following triangle commutes:

. ,
(M, B) (L, 4)

(.BALv :BA)

where j is the map given by join. Since these are Alexandroff frame

homomorphisms, we obtain the following commutative diagram:
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ks

éls 7184

BA

Since (L, A) is pseudocompact, A = A, ie j|g4 is an isomorphism. Both
h|pg and j|ga are dense maps, so it follows that ¢|p is also dense. Now, SA

is compact, and therefore by Lemma 0.3.3, #|p is injective. But then j |4

-¢|g= h|p is bijective, and thus A = A = B. Thus, (BaL,BA) = (M, B).

Gordon [1971] showed that a zero-set space is pseudocompact iff it ad-
nmits a.'unique compactification. Pseudocompact topological ;pa,ces do not
generally admit unique compactifications. The topological spaces with this
property are called almost compact spaces (terminology of Gillman and Jeri-
son [1960]). We have been unable to characterise those frames which admit

unique compactifications.

Ut
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