The Identification of Structural Modal Parameters,
as an Alternative in-vivo

Diagn sis for Osteoporosis.

by

Victor Balden.

Dissertation submitted as parti  fulfilment of the requirements for the degree of

Master of Science in Engineering
at the
Uni ersity of Cape Town,
Faculty of Mechanical Engineering.



The copyright of this thesis vests in the author. No
guotation from it or information derived from it is to be
published without full acknowledgement of the source.
The thesis is to be used for private study or non-
commercial research purposes only.

Published by the University of Cape Town (UCT) in terms
of the non-exclusive license granted to UCT by the author.



Declaration.

This is to certify that the results, calculations and other work presented in this thesis are
essentially my own work, and that no part of it has been submitted for a degree at any
other University. Appendix I lists the additional coursework completed in fulfiiment of the
requirements for this degree.

V. H. Balden
September 1996

Dedication.

| dedicate this dissertation to my pa s, especially my father.

Acknowledgements.

This project was funded by a post( aduate bursary from the Medical Research Council
(MRC) and a University of Cape Town Research Associateship. Additional funding was
supplied by the FRD and Mechanical Engineering Department. The author would like to
express his gratitude to these organisations for their financial support.

Tr~ ~uthor is inder#~~ +~ the following companies and researchers

¢ Professor Gerald Nurick, under w )se supervision this thesis was conducted.

o Dr. Lee Peterson, of the Centre for Aerospace Structures, at the University of Colorado,
Boulder USA. Also Mr Ken Alvin, of the Sandia National Laboratory, USA.
Both Dr. Lee Peterson and Mr. k¥ 1 Alvin graciously assisted with aspects concerning
the Eigensystem-Realization Algorithm and Impulse Response Technique.

¢ Dr. Nico Theron, of the Mech: ical Department, University of Stellenbosch, who
provided inspiration and encouragement in the latter part of the dissertation. Special
thanks also to the Mechanical Iepartment, of the University of Stellenbosch, for
allowing the use of their vibration equipment.

e Dr. Norman Morrison, of the Electrical Engineering Department at UCT, for his guidance
with various topics concerning Fo ier Analysis.

¢ Aerodyne, who donated the carbon fibre tube which was used in the construction of the
impact hammer.

Special thanks to my family, Debbie, Lulu and Garth for their support. Finally, thanks to my
wife, Vasiliki, who supported, encouraged and makes all things worthwhile.



Abstract.

An alternative non-invasive diagi stic technique was sought for the diagnosis of
osteoporosis in human subjects. The tibia vibration technique was proposed after
reviewing the literature on detection 2chniques for osteoporosis. The basis of diagnosis of
the tibia vibration technique is the measured resonant frequency of the patient’s tibia. The
patient’s tibia is excited, generally by means of an impact hammer, while the response is
captured and resonant frequencies tracted.

This dissertation does not attempt to measure the resonant frequencies of a human tibia,
but rather develop and validate the required experimental protocol and system
identification procedures, on a sim| : test structure. A theoretical finite element model of
the test structure was developed to 1sure that both the experimental protocol and system
identification procedures provided accurate results.

The impulse response technique 2as adopted to excite the test structure. An impact
hammer was built to apply the measured impact force to the structure. Two accelerometers
were strategically placed on the test structure to capture the resultant vibration response.
A third accelerometer was placed ¢ >osite the impact location. A four-channel low-pass
filter, including anti-aliasing filtering, was also built to provide appropriate signal
conditioning. The vibration respc .es were digitally sampled, before the ensemble
averaged frequency and impuls response functions were calculated, for each
accelerometer location.

The quality of both the frequency and impulse response functions were generally
satisfactory. However, some of the anti-resonant peaks were ill-defined and unrealistic,
which suggests that the captured vibration results were inconsistent. Also, significant high
frequency modes were excited in many of the responses, these modes were outside the
bandwidth of the filter and resulted in poor correlation of the identified impulse response
functions.

A time-domain system identificatio procedure was instituted, namely the ‘Eigensystem
Realization Algorithm’. . \is system identification algorithm performs a least-squares ... of
the captured vibration response data yielding a least order discrete state-space
representation. In addition to identifying the modal parameters, this system identification
algorithm identifies minimal order r 1iss, damping and stiffness matrices which represent
the excited system.

In general the correlation of the entified modal parameters, frequency and impulse
response functions to the experimentally measured responses was excellent.
Discrepancies only existed at those ill-defined anti-resonant peaks where the identified
frequency response functions provided a more realistic representation. Correlation of the
impulse response function for thc e responses containing significant high frequency
modes was also degraded.



The finite element method was u: d to theoretically model the structure and provide
predictions of the modal parameters, frequency and impulse response functions. A 3-node
Timoshenko beam element was for ilated and a finite element source code developed to
solve the required modal paramete

The predicted resonant frequencies agreed within 1% of the experimentally measured
and identified resonant frequencies. Both the frequency and impulse response functions
did not correlate well with their xperimentally measured counterparts. Reasonable
agreement for the location and me iitude of the resonant peaks could only be obtained
for the case of zero damping. Eve¢ so, the finite element predictions with zero damping
did not correlate well at the anti-re nant peaks. The proportional damping model which
was instituted in the finite element del did not predict the modal damping accurately, as
the resulting predicted damped frequency response functions deviated substantially from
the measured responses.

The finite element predictions coL not validate either the measured or the identified
frequency and impulse response functions. However, the measured and identified
resonant frequencies were correc ' predicted by the finite element model. Both the
experimental protocol and system identification procedures were successfully instituted
and the dissertation goals met.
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Chapter A. Introduction A-2

A.3 Organisation of Dissertation Document.

The basic organisation of this dissertation document follows the goals depicted in
figure A-1. In addition, a discussion of the non-invasive detection methods for the
diagnosis of osteoporosis is include

Chapter B, Non-Invasive Detection Methods for the Diagnosis of Osteoporosis.

The relation between bone density nd bone stiffness is initially presented. Next, the
mechanism of osteoporosis is desc jed as the deduction in bone density, and hence
loss of bone strength.

A number of different detection tech gues, some of which detect bone density changes
rather that deduction in bone stiffn¢ s, are discussed. The tibia vibration technique is
one of these techniques.

Chapter C, Finite Element Modellir of the Test Structure.

Chapter C begins with a literature review of the various techniques for theoretically
modelling the dynamic behaviour of the human tibia. Motivated by the reviewed
literature, the tibia is modelled as a beam-like structure. A 3-node Timoshenko beam
element is derived and a finite el¢ 1ent source code written to implement the finite
element model of a generic test str :ture. The finite element code predicts the modal
parameters of the test structure.

Chapter D, Time Domain Identification.

The eigensystem realization algorithm, used to identify the modal parameters of the
captured impulse response funci ns, was chosen as the time-domain system
identification algorithm. The eigen: ;tem realization algorithm provides a least order
state-space representation of the t¢  structure. In addition, least order mass, stiffness
and damping matrices may be formulated which represent the dynamic behaviour of
the test structure. The theoretical development of the eigensystem realization
algorithm is presented in this ch »ster. The chapter concludes by describing the
software implementation of this algorithm.

Chapter E, Experimental Details.

The impulse response technique was chosen as the method to excite the test structure.
Features such as: the choice of location of the impact and response accelerometers
on the test structure, sampling frequency, and mounting of the accelerometers are
discussed in this chapter. The desi 1 and construction of both an impact hammer and
low-pass filter are also described. The chapter concludes by discussing the ensemble
averaging technique for calculating both the frequency and impulse response functions.

Chapter F, Discussion of Results.

The final chapter presents the co parison of the modal parameters and response
functions; for the theoretical finite element model, the experimental resuits and the
identified results. The correlation of the data is then presented and discussed.
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B. Non-Invasive Detection Methods for
the viagnos s of Osteoporosis.

The purpose of this chapter is to provide the reader with information concerning
osteoporosis, discussing various de :tion and diagnostic techniques. An attempt has
been made to present the informat 1 in a logical sequence throughout this chapter.
Figure B-1 is included to aid in this respect.

Descri  on of osteoporosis,
characterised by a decrease in the bone volume fraction

-

Demonstrate the relation £ = p; ., , which implies that cancellous bone stiffness,

E, isrelated to parent bone density, Papparen:

Il

Mechanical Bending Techniques Roentgenogram Based (measure p)
(measure E) o Computed Tomography
¢ Dual Energy Photon Absorptiometry

Vibration Techniques Ultrasound Techniques
- measure phase shift (measure ratio E/ p)
. measure resonant frequency

Discussion of the Difficulties in Experimentally Identifying the in-vivo Resonant
Frequency of the tibia.

Figure B-1 Organisation of Chapter B.

B.1 Clinical Description of O¢« 20porosis.
Osteoporosis is clinically characterised by a decrease in bone mass caused by either

decreased bone formation or an increase in bone resorption, or both. In osteoporosis
the volume fraction of bone present in an unit volume specimen decreases.

B.2 Dependence of the Mechanical Properties of Cancellous Bone on
Bone Density.
There are opposing opinions in the literature on whether the stiffness of cancellous
bone, E, varies linearly, n=1, or according to a power relationship, n>1, with apparent
bone density, p.paren

E % Pl (B-1)
Apparent bone density is the pro ict of the material density that makes up the
individual trabeculae , pisue , @and the olume fraction, Viaaion ,0f the bone present in the
bulk specimen

p apparent = p tissue Vﬁacn'on (B'Z)
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The volume fraction ranges typicall from 0.05 for porous cancellous bone to 0.60 for
dense cancellous bone. The wet tissue density of human trabeculae bone is fairly
constant in the approximate range of 1.6 —» 2.0 g/cm® . Hence from equation B-2 the
wet apparent bone density is in the range 0.08 — 1.2 glcm® . Galante (1970), Kuhn et
al (1990) and Schoenfeld et al. (1974) Linde et al. (1989)

Galante et al (1970) reported a line r relationship, i.e. n=1, between the stiffness of
cancellous bone and the apparent bone density. More recent studies by Ashman et al
(1988) & (1989) confirmed this linear relationship.

However, Carter and Hayes (1977), Turner et al. (1990) and Rice et al.(1988) reported
that the stiffness of cancellous bor was proportional to the square of the apparent
bone density, i.e. n=2 in equation (B-1). Other research groups obtained similar power
relationships between the stiffness of cancellous bone and the apparent bone density.
For example: Currey (1986) found an optimum fit using a power coefficient of n= 1.62.
As summarised by Turner, power relationships fit the data better throughout the
physiological range, while the linear relationship better describes the data over limited
ranges within the physiological rang

While the exact formulation of the relationship between the stiffness of cancellous bone
and the apparent bone density is disputed, there is undoubtedly a relationship. The
discrepancy in the relationship may be due to the large potential range of apparent
bone density, which is influenced | the choice of harvest site within the bone from
which the bone samples were extracted. Many non-invasive detection methods for the
diagnosis of osteoporosis measure the stiffness of bone and hence infer the apparent
bone density from the equation (B-1). From this discussion it should be appreciated
that these diagnosis methods are valid.

B.3 Non-Invasive Bone Dens ¢ Measurement Techniques.

Four, non-invasive detection techniques are discussed. Roentgenogram-based

techniques measure the apparent bone density directly, while the other three

techniques rely on the relationship that exists between apparent bone density and the
if of bc

B.3.1 Roentgenogram based M asurement Techniques.

The most characteristic feature of ¢ eoporosis is a decreased radiographic density in
the standard roentgenogram. The radiographic density, however, may vary by up to
30% because of variations in sever factors associated with film development, patient
mass or the amount of x-ray exposure. Also the resolution of a standard
roentgenogram is insufficient to yiel precise measurements of bone density. For these
reasons the standard roentgenogram is not used to measure apparent bone density.
Peck (1987)

More sophisticated roentgenogram methods for assessing skeletal density are
available and include:
computed tomography, (CT), is )plicable to the vertebrae;
single energy photon absorptiometry, is applicable to the appendicular skeleton and
dual energy photon absorptiome v, applicable to the spine and hip.
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e Computed tomography is a visual diagnostic tool. Both anatomical geometry and
density can be simultaneously recorded. This feature allows three-dimensional,
spatial models of the human anatomy to be studied, as reported by Marom & Linden
(1990). Two research groups, Benfzen et al (1987) and Hvid et al (1989) |,
investigated the relationship between radiographic density, as measured by the CT,
and the tested mechanical properties of tibia trabecular bone. Both research groups
reported correlation factors in € :ess of 0.8, and concluded that the CT could
accurately assess the apparent| ne density.

o Dual energy photon absorptiome _y, allows measurement of bone density in the
lumbar spine, hip, or total body with reasonable precision (2 to 4% for local areas
and 1 to 2% for skeleton). Radiation exposure of the patient is extremely low, (5 to
10 mrem), as compared to a standard chest roentgenogram (60 to 100 mrem). The
total bone mineral in the scan p h is measured, including all components of the
vertebrae or hip, and any vascular calcification or degenerative changes in the bone
that may be present. Results are therefore less reliable in individuals 75 years of
age or older, where vascular calci :ation would be anticipated. Peck (1987)

The dual energy photon absorptiometry technique is currently the accepted method for
the measurement of apparent bone ¢ nsity and hence the diagnosis of osteoporosis.

B.3.2 Ultrasound Techniques.

The longitudinal velocity of an ultrasonic wave in a material is proportional to the
mechanical properties £ and p . Any changes in these structural parameters will directly
affect the ultrasound velocity, v, as given by equation (B-3).

E
v=_|—

p (B-3)

This relationship was used by Ashman et al (1988) & (1989) to determine the elastic
modulus of cancellous bone from the proximal tibia. As cylindrical cancellous bone
samples were required, this technique could only be conducted on bone samples from
cadavers. Thus, the ultrasound t¢ hnique has not being utilised for the in-vivo
determination of the apparent bone ¢ nsity.

B.3.3 Mechanical Bending Techniques.

Bone stiffness may be determined t measuring the deflection or displacement of the
bone resulting from a known applied »ad.

The mechanical bending technique is widely used to assess the stiffness of a healing
fracture. As reported by Cunninghar et al (1990) and Richards (1987) the stiffness of
the fracture and hence bone increas s as the fracture heals. The technique is feasible
as the deflection monitoring equir ent may be mounted on the external fixators.
Although attachment to internal fixators is possible, there is a risk of infection entering
via the percutaneous leads. ‘

Thus the mechanical bending t¢ hnique is rather impractical for generalised
measurement of bone stiffness.

R
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B.3.4 Vibration Techniques.

Vibration techniques have been used to determine the mechanical properties of bone
both in-vitro Doherty et al (1974) and in-vivo Thompson et al (1976). It has also been
proposed that this method is sensitive enough to detect changes in apparent bone
density and stiffness evidenced with osteoporosis. Jurist. (1970), Steele et al (1988) &
Stussi et al (1988).

In general two categories of vibration techniques are reported in the literature.

e The first category measures the  ess-wave velocity or associated phase shift of an
imposed shock load to the tibia. e stress-wave velocity or associated phase shift
may then be used as the criteria - the diagnosis of osteoporosis.

e The second category performs modal analysis on the vibration response of the tibia.
The extracted resonant frequencies or modal damping coefficients may then be
used as the criteria for the diagnosis of osteoporosis.

""‘"""‘DL One: Measurement of . ess-wave velocity or associated phase shift.

1. Pelker and Saha (1983) considt :d the travelling wave characteristics of a single
compressive pulse in both embalmed and fresh tibia cadaver specimens. For each
of the two specimens the compressive pulse was generated by the impact of a steel
ball bearing on the proximal end. The resultant stress wave was monitored by two
semiconductor strain gauges, m¢ hanically bonded to the bone.

Characteristics such as the stress-wave velocity, attenuation coefficient and the
dispersion coefficient of the stress wave were correlated to the bone density, volume
fraction and cross-sectional area of the respective specimens. The results indicated
a strong correlation between the volume fraction and the attenuation coefficient.
Thus it could be feasible to deduce the volume fraction of the bone from the
measured attenuation coefficient.

F the in vi pl” 1 of this technique seems impractical. The use of
strain gauges bonded to the bone is unacceptable and the delivery of a compressive
pulse to the proximal tibia is also difficuit.

2. In a theoretical paper presented 'y Chen and Saha (1987), the human femur was
modelled as a axisymmetric flt 1 filled shell, as studied by Love (1927). The
propagation characteristics of a: ‘ess wave were then analysed using this model.

Chen and Saha utilised data s: ples from a study by Martin and Atkinson (1977)
of human femurs of varying ag and sex. Applying this data to their theoretical
model, they made the following observations.
e Both the phase velocity' and group velocity' were different for the age groups
above and below 55 years, which could reflect the onset of senile osteoporosis.
e For the same age groups, these velocities were also different for males and
females, which correctly ref :ts their differing skeletal status.
These results are reproduced in figure B-2

'The transfer of information requires a wave pulse, which can be thought of a superposition of sinusoidal waves. If
the individual waves all have the same wave speed, the pulse is transmitted without change at a common phase
velocity. The wave is dispersionless. However, if the individual waves have different wave speeds, then dispersion
occurs and the pulse changes shape as it trave The pulse then travels at the group velocity.
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Generalising the statements of Table B-1, it is possible to rewrite these expressions as

E
Jreq,L=p,v= (p"\g (B-4)

where: ¢, is a vector function of the boundary conditions, geometry and mode
of vibration.

Jurist (1970) measured the resonant frequency of the human ulna. A sinusoidal force
was applied at the olecranon process of the ulna, while the response of the uina was
measured at the distal end, by me: s of an accelerometer. The frequency response
function was obtained by scanning t : frequency range and recording the response as
a function of frequency, i.e. the steady-state frequency scan method.

Jurist experimentally determined the product of ulna resonant frequency and length as
measured for 172 normal men and 2 ~ 2 women. Of the 222 women, 28 were previously
diagnosed to be suffering from osteoporosis and 15 were previously diagnosed to be
diabetic. Diabetic subjects were included as diabetes has been reported to be
associated with a relatively high ir idence of osteoporosis. Jurist reported that the
reproducibility of determining the ratio freq,L was of the order 2 — 3% .

The results of Jurist's study show that previously diagnosed women with osteoporosis
exhibited freq,L values averaging =~ 44% less than those of age-matched controls,
while diabetic women had freq,L v Jes averaging =~ 20% less than those of age-
matched controls. Jurist claims to have achieved a confidence level of 82% in the
discrimination of women with osteoporosis from their age-matched normal controls, by
measurement of their ulna freq,L ratio.

This study does not attempt to physically identify the values of Young's Modulus or
density, but rather diagnose osteoporosis on the basis of a collected measurement
database of the ulna freq,L ratio. Since the classic work of Jurist (1970), there has
been further research on establishing the resonant frequency of human long bones.
The research effort has concentrated on the tibia, rather than the ulna. The tibia offers
advantages over the ulna, as e medial condylae and tibia tuberosity are
subcutaneous. Also much of the n dial surface of the tibia is subcutaneous which
facilitates the placement of transducers along the length of the tibia.

Currently, the in-vivo studies utilise the impulse response method rather than the
steady-state frequency scan method, to determine the resonant frequency. The impulse
response method is less invasive to the patient, as the patient is not ‘connected’ to a
mechanical shaker. Further, the impulse response technique has the advantage that
the impact can be delivered along the length of the tibia. The impulse is typically
applied to the bone by using an imp :t hammer.
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B.4 Complexity in Experin ntally Measuring the Tibia Natural
Frequencies.

Whichever in-vivo vibration techniq 2 is chosen there are complexities outside the
control of the investigator, which make the correct interpretation of the response
signals difficult. Three of the major complicating factors will be discussed namely;

e the effect of the subcutaneous tissue,

» attached muscle and

o the effect of the fibula, on the vibration response of the tibia.

Other factors such as: the effect « the assumed modelling boundary conditions and
effect of both the ankle and knee joints, on the resonant frequencies are reported to
be insignificant. Cornelissen et al. (1986) , Van der Perre et al. (1983) and Fah &
Stussi (1988)

B.4.1 The effect of the subcutaneous tissue.

Both the input force and response signal must travel through the subcutaneous tissue
layer overlaying the tibia, graphically depicted in figure B-3. Various researchers have
reported on the effect of the subcuta :ous tissue on the vibration response of the tibia.

measured force, at
load cell

>
measured

response, at
ancelarnmeter

Figure B-3 Influence of the skin at the bone-transducer interface.

Saha and Lakes (1977) pointed out at the quantity of subcutaneous tissue overlaying
the tibia influences the results of stress-wave propagation experiments. To overcome
this Sonstegard and Mattews (1976) measured the vibration response directly on the
bone using hypodermic needles. This procedure does eliminate the filtering effect of
the subcutar ~Hus tissue between the bone and transducer, but is invasive and thus
undesirable

Cornelissen et al. (1986) considered the influence of the subcutaneous tissue and
concluded that the effect was to shi the natural frequency up to 5%. Less noticeable
effects were reported by Van der Pt e et al. (1983), as given in Table B-2, where the
effect of removing the subcutaneous ssue shifted the natural frequency by ~2%.

Table B-2 Damped natural frequency of a partially dissected tibia. Reproduced form Van der Perre
et al. (1983)
Bending Mode 1 4 S 6
Single Bending | | 264 Hz 14Hz - 320 Hz 318 Hz
Single Bending Il | 336 Hz - 420 Hz - 435 Hz
=2% shange from ~15% change from
| i g ~ote e speci—-~ state #1

Explanation of the Sp men State

intact specimen, accele \eter held by hand
skin removed from the r  lial face of the tibia, accelerometer fixed using strain gauge glue
all muscles removed, bu. yuint capsules of knee and ankie intact,

foot and ankle joint removed

knee joint removed, tibiz  d fibula with tibiofibular membrane

free tibia

AN | AIWIN=
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Considering the impulse force, Corr. issen et al. concluded that the force measured by
the load cell was not significantly di :rent from the force that is actually applied to the
bone through the subcutaneous tissue. This is in agreement with the theoretical models
of the skin proposed by Thompson et al (1976), where the skin is modelled as a
spring, and Orne (1974), where the skin is modelled as a spring-spring damper system.

However, the skin does influence the waveform of the impulse force. The duration of
the impulse force is longer if subcul 1eous tissue is present between the load cell and
the tibia. This implies that the subcutaneous tissue limits the practical frequency range.
(The reader is referred to a more complete discussion on this topic in section E.3)

Similarly the subcutaneous tissue a :rs the vibration response of the tibia. Applying a
pre-load on the accelerometer reduces this effect, but causes a shift in the measured
resonant frequencies.

B.4.2 The effect of attached muscle.

The effect of the attached muscle is to increase the damping ratio and mass effect of
the dynamic system, as the muscle can be thought of as a viscous fluid dissipating
energy. In fact, Cornelissen et al. 386) demonstrated that if the tibia vibrates in the
medio-lateral plane it would cause ore muscle to vibrate, than if it were vibrating in
the anterior-posterior plane.

In a study by Van der Perre et al. (1 33) they demonstrated the effect of muscle was to
reduce the resonant frequency by ~10%, as shown in Table B-2.

B.4.3 Influence of the Fibula.

Cornelissen et al. (1986) reported that the effect of the fibula was to stiffen the tibia.
When the fibula was removed the ti a’s resonant frequencies decreased by 5 —» 11%.
Van der Perre et al. (1983) demonstrated similar effects measuring a ~15% decrease
in the resonant frequency, as shown in Table B-2.

Consider the cross-sectional prope es for the tibia and fibula together and the tibia
alone. The second moment of area in the medio-lateral direction increases by a factor
of 10 for the case when the tibia and fibula are together. In the anterior-posterior
direction the second moment of are almost remains the same for both configuations.
Thus, it should be expected that the fibula would influence the medio-lateral vibrations
more than the anterior-posterior vibration modes.
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Human long-bones, in particular the tibia, possess varying geometrical properties along
their length. As an example the varyin geometrical properties of the tibia are depicted
in figure C-2. o T T T 1 IJ

o5

04 +
o3
o2 -

ol |- }12/-}1'

o 100 200 300

Moments of inertia ([,,1,)
of compact bone {mm*) x 10*

25

20

Momaents of inertia {[,,I,)
of concelious bone { mm*) x {0®

m, ! 1
o] 100 200 300

X {mm}
Figure C-2 Variation of the geometrical pri erties along the length of the human tibia. Reproduced
from Khalil et. al. (1981).

It was considered that these geometrical variations could not be analytically described,
which precluded the closed-form solution technique. Thus a numerical technique was
adopted, in particular the finite element method was favoured.

C.1.3 Review of Literature: Dynai ‘c Finite Element Modelling of the Tibia.

The published literature on the dynamic finite element modelling of the tibia may be
separated into two categories, on the basis of which type of element is utilised. The
first category of published literature utilises three-dimensional continuum elements,
while the second category utilises two-dimensional beam elements.

To evaluate the accuracy of the respective categories is difficult as all reviewed
researchers modified the bone mater properties to optimise the correlation between
the theoretical and experimental nati 3l frequencies of the tibia. This obscures the
performance of the finite element metl d.

Dynamic Finite Element Modelling of t : Tibia, utilising Continuum Elements.

Hobatho et al (1991) performed modal analysis on a dry tibia. A commercially
available finite element software package was used to model the tibia. The isotropic
material properties initially used in the finite element model were extracted from the
literature, but were subsequently optimised to ensure that the resonant frequencies
predicted by the undamped finite eler :nt model were within 3% of the experimentalily
measured results.

Dynamic . .nite Elem~=***~-~""== =* ) Tibia, utilising Beam EF'~~~~{s.

This category may be sub-divided on the basis of the type of beam theory used, namely
Euler-Bernoulli or Timoshenko beam theory. To make definitive decisions regarding the
suitability of the type of beam theory, once again difficult. As mentioned the difficulty
is due to the optimisation of material properties implemented by the researchers. Thus
any shortcoming of the chosen type of beam theory and / or geometry is compensated
for by the material optimisation procedure.
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The eigenvalue problem was solved and the material parameters in the model were
determined by a Bayesian para eter estimation approach, thus optimising the
correlation of the model to the experimentally determined undamped resonant
frequencies.

Thomsen also considered the effc t of modelling the tibia twist and curvature of the
axis. The conclusion was that the effect of omitting the tibia shaft twist would alter
the resonant frequencies by 0.5 - 1.5%. The omission in modelling the curvature
of the axis was also considered insignificant, as the tibia centroid trajectory deviated
from the straight neutral axis by less than 2% of the midshaft diameter.

From the reviewed literature the following requirements for the development of a finite
element model of the tibia were conc ved:

o Acceptable correlation may be act :ved using two dimensional beam elements.

e The Timoshenko beam theory sh ild be used in preference to the Euler-Bernoulli
beam theory.

¢ The effect of tibia shaft twist and curvature may be neglected with minimum effect on
the theoretically predicted frequencies.

¢ In general it is not possible to exactly define the material properties of cortical,
cancellous bone or bone marrow, her than gross global values.



€l
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e Strain energy can be stated

U=Yq"Kq (C-4)

Strain energy, U, is always positive or in the exceptional case of zero stiffness it is
zero. The stiffness matrix, X, is thus a real, symmetric and positive semi-definite
matrix.

e The kinetic energy may be formv ted as

T=1"4"M; (C-5)

Since kinetic energy, 7, cannot be negative the product ¢’ Afg can never be negative.
Provided that there is not a degree of freedom possessing zero mass, or ¢ is not a null

vector, this implies that the kinetic energy will always be positive. Also implied is that
M must be a real positive definite syr netric matrix.

The general equation of motion of a linear elastic system with fixed supports can now
be stated, using Lagrange’s equations of motion. If there are m degrees of freedom, M
& K have order [ m x m ] and they are both real and symmetric matrices. To apply
Lagrange’s equations, it is convenie to express (C-4) and (C-5) in double summation
format

T= 15505 Myd (c)

j=1 k=1

U= %iiKz‘qu‘qle (C-7)

J=1 k=1

then the equations of motion can be stated in terms of the mass, stiffness matrices and
the vector of displacement responses, { ¢ }

ZMv‘q1‘+Zquj=Q,» ) i=ltom (C-8)
J=1 j=1

where the elements of the vector Q include all the non-conservative forces which
cannot be represented by the potent | energy U, and include both damping terms, Cq,

and externally applied excitation forces, u; In matrix form, the well known formulation is

MG +Kq = Q:(uf-Cq)
and (C-9)
MG +Cq+Kq = u,

The form of the damping matrix, C, will be shown in section C-4.
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C.3 The Finite Element Displacement Method .

C.3.1 Discussion of the Gener !ised Finite Element Method.

There are a number of numerical t¢ hniques for determining approximate solution to
Hamilton’s Principle. The Rayleigh-Ritz method is one such method. A generalisation of
the Rayleigh-Ritz method, known as e finite element displacement method is utilised
in this dissertation. As an introduction to the finite displacement method the Rayleigh-
Ritz method is initially discussed.

C.3.1.1 The Rayleigh-Ritz method.

Hamilton’s principle requires that quation (C-2) is satisfied, where the energy
functions are represented by the equations (C-4) & (C-5). Since Hamilton’s principle is
derived using the principle of virtual splacements, then the solution g(x,?) must satisfy
both the geometric boundary condi ins as well as Hamilton’s principle. Conversely
satisfaction of Hamilton's principle w ensure that both the equation of motion and the
natural boundary conditions are satisfied.

Rayliegh-Ritz approximates the solul n with a finite expansion of the form
q"(x,1) =2 6,()x] (1) (C-16)
i=1

where the %7 (¢) are unknown functions of time, ¢, and the ¢,(x) are prescribed functions

of x, which are linearly independt t. A set of functions are said to be linearly
independent if

2.0 (x)a; =0 for all x (C-17)
i=1

which implies that a, =0 fori=12....n (C-18)

Each of the functions ¢,(x) must satisfy the geometric boundary conditions in order to

ensure that the solution, as given by equation (C-2) satisfies this condition. A
continuous deformable body, such as a beam , consists of an infinite number of
material points, and therefore, it has infinitely many degrees of freedom. By assuming
that the motion is given by equation -16), the continuous system has been reduced
to a system with a finite number of degrees of freedom. This has been achieved by
applying the constraints

I = Ay T 0 (C-19)

Then expression equation (C-19) is : bstituted into equation (C-2) and the parameters
%/ () solved. Since the system has been reduced to one with finite degrees of freedom,

then the application of Hamilton's Pri :iple leads to the Lagrange’s equations. In matrix
form may be written as

M{i’".}+c{%}+x{f}={q"} (c-20)

(7]

Equation (C-20) can be solved for { '}, which when substituted into equation (C-16)
will yield the approximate solution for (x,2).
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If the integrals in Hamilton's equation, equation (C-2), involve derivatives up to order p,
then the functions ¢,(x)must satisfy the following criteria in order to ensure

convergence of the solution:

1. Be linearly independent.

2. Be continuous and have continuous derivatives up to order (p-1).

3. Satisfy the geometric boundary, ich involve derivatives up to order (p-1)
4. Form a complete series.

A series of functions is said to be ¢ nplete if the ‘mean square error’ vanishes in the
limit, that is

n

lim JOL[q—Z (x)x,-"(t)) de=0 (C-27)

i=1

Examples of complete series functions are: polynomials, Legendre polynomials,
Tchebycheff polynomials, Jacobi polynomials or hypergeometric polynomials as well as
trigonometric functions. Polynomials are the preferred prescribed functions utilised in
the finite displacement method, as will be shown in the following section

C.3.1.2 Finite Displacement Method

When analysing either structures of complex shape or built-up structures, difficulties
arise in constructing a set of prescrit d functions which satisfy the geometric boundary
conditions. The finite element displacement method provides an automatic procedure
for constructing the approximate functions in the Rayleigh-Ritz method.

The prescribed shape 2 following manner:

1. Select a set of reference or ‘node’ points on the structure

2. Associate with each node a given number of degrees of freedom (displacement,
slope, etc.)

3. Construct a set of functions such that each one gives a unit value for one degree of
freedom and zero for all others.

In order to satisfy the convergence criteria of the Rayleigh-Ritz method, the shape

functions should satisfy the following criteria:

1. Be linearly independent.

2. Be continuous and have continuous derivatives up to order (p-1) both within the
element and across element boundaries.

3. Polynomial shape functions must be complete polynomials of at least degree p. If
any terms of greater degree than p are used, they need not be complete.

4. Satisfy the geometric boundary cc ditions.

In the Rayleigh-Ritz method, convergence is obtained as the number of prescribed
functions is increased. To increase the number of prescribed functions in the finite
i 1t method, the number of node points and therefore the numt  of e 1 1its, is
increased. An alternative strategy, v ich is utilised in this dissertation, is to increase
the number of nodes and hence the r mber of prescribed functions of each element.
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It should be appreciated that both strain and kinetic energy are expressed in the global
‘length” variable x, where as the finite element operates on single local element axis,
as shown in figure C-5. Thus a transformation of co-ordinates must be implemented.
The transform is given by

1- 1
x= (1=¢) b +( +¢) X, (C-35)
2 2
and hence the derivative by
E — Lelmt —
a2 (C-36)

whe J is the Jacobian

o The stiffness element matrix ¢ 1 be derived from the strain energy expression,
equation (C-10). Restating in terms of the local co-ordinate frame

Upend.sy =%iEIZ(%eC’ g‘xc‘)zldc + %:i-lKAG(‘ng%— )thC (C-37)

and then substituting the shape function representation for the displacement and
slope respectively

or or
bend xy / J- EI ( x T]elmt) ( x elmt] dc
AN 1 oA 1
l KAG( T ne mt rne mt ] (— = T]e mt nelmt ]Jdc
A:[ x J ] I x J ]

(C-38)

Collecting terms

ory{aor\J OA 1 OA 1
il il Batelial =T
Uendsy = Y5 (M [J (]( ]szcwt_jIKAG[f ; r)[sw ]Jdc}m,m,

(C-39)

the stiffness matrix can extracted, on comparison of equations (C-4) and (C-39)

Rl AN RS U e
K end sy, —:[lﬂz(ac) ((x]ﬁ dg + ZEKAG[GC ] I‘J (ac ; I‘)Jdc (C-40)

The formulation of the bending in the xz plane follows an identical formulation
and thus is not repeated, but merely stated without derivation as

e e BT e
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¢ Similarly the mass element matrix can be derived from the kinetic energy
expression. Restating equation (C-11) in terms of the local co-ordinate frame and
shape function formulations

Bunty = Y5 (Mt )T[ j p L(ATA)IdG + j p A(rTr)Jdc}(ﬁ,,m,) (C-42)

The mass matrix can be extrar 2d, on comparison of equations (C-5) and (C42)

l;w% = ]‘ pL(CT)Tdg+ ]‘p AATA)T (C-43)

! i

The formulation of the bending in the xz plane follows an identical formulation
and thus is not repeated, but merely stated without derivation as

1 1
My, = [PL(CT) T dG + [p A(ATA) T 5 (C-44)
-1 -1 '

The Gauss-Legendre numerical int¢ ration technique was employed to compute the
respective stiffness and mass matric s, i.e. the numerical evaluation of equations (C-
40), (C41), (C42) and (C-43). A description of the Gauss-Legendre numerical
integration technique and the subsequent software implementation are discussed in
Appendix II-4.

The assembly procedure of respective stiffness and mass matrices into the global
stiffness and mass matrices, which describe the finite element model of the entire
structure, is described in Appendix II-5. The global stiffness and mass matrices are
assembled from the individual contribution of each element within the finite element
model of the structure being analyse
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C.4 Finite Element Vibration Analysis.

The purpose of this section is to develop expressions for both the frequency and
impulse response functions. These ;ponse functions may be solved by two possible
theoretical techniques, namely tt modal analysis or the state-space solution
technique. The modal analysis tech jue was implemented in preference to the state-
space technique, due to the compt tional simplicity. The modal analysis technique,
unlike the state-space technique, takes advantage of the characteristics of both the
mass and stiffness matrices i.e. symmetric and either semi-positive or positive
definite.

C.4.1 Modal Analysis Solution Technique.

The modal analysis technique commences by solving the compiementary portion of the
solution to the classical second-o er differential equation. The complementary
solution predicts the undamped natural frequencies and mode shapes. The variable
basis of the differential equation is 1en transformed, using the eigenvectors of the
complementary solution. This permi the second order differential equation to be de-
coupled into a system of first-order differential equations. Due to the symmetry of the
resulting first-order differential equ: ons the solution is trivial. The inverse of the
variable basis is then applied to the modal solution thereby transforming the modal
solution back into the physical domai

The modal analysis technique is lim d to applications where the matrices describing
the second-order differential equal n are symmetric and either semi-positive or
positive definite. This limitation is of significance as this limits the type of damping
which may be modelled using this solution technique. The implementation of the modal
analysis solution  :hnique is descrit 1 in the following section.

e Consider the coupled second-order linear differential equation, of the form derived
in section C.1
MG+C +Kq=ut) (C-45)

where g(?) is the displacement vector, of dimension [ m ], and
ur(1) is the input force ve¢ tor

e Consider now the undamped natural frequencies of the conservative system
Mg+1 =0 (C-46)
where M and K are both real, symmetric matrices.

Let the free-vibration solution be

q(1) = @’ (C-47)
where @ are the igenvectors, and
.. are the eigenvalues and undamped natural frequencies
then, on substituting g(?) into equat n (C-46),

[-02,7 +K]®=0 (C-48)
pre-multiplying by M, results in
(M7K)P =0, (C-49)

This is the standard eigenvalue probl n.
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C.4.1.1 Representation of Damping.

The dissipation function has not b« n derived since damping is not necessarily an
inherent property of the vibrating be n structure. Damping forces depend not only on
the structure itself, but also on tl  surrounding medium. For example structural
damping is caused by the internal friction within the material and at joints between
components, while viscous damping occurs when a structure is moving in liquid or a
fluid.

Generally the formulation of mathe atical expressions for the damping forces in a
structure are complicated. For this reason simplified models exist. Viscous damping is
one of these simplified models and is the only model considered. The motivation for
this choice being that viscous damping is able to satisfy equation (C-56).

Viscous damping can be used wha ver the form of excitation, whereas structural or
hysteric damping can only be used when the excitation of the structure is harmonic.
The most common form of viscous damping is Rayleigh or proportional damping given
by equation (C-57), which is the only form of viscous damping considered in this thesis.

C=aM+BK (C-57)

The advantage of representing the damping matrix, C, in this form is that it satisfies the
diagonal requirement of the modal analysis solution technique. i.e. equation (C-56) is
satisfied.

After pre-multiplying equation (C-57) by ®" and post-multiplying by ®, the equation may
be restated after substituting both equation (C-50) and (C-52) as

OCO=ad +Q = E (C-58)
where
I is an identify matrix,
E= [diag 20 nm‘yi], and (C-59)

v is the 1odal damping ratio.

On inspection of (C-58) it should be appreciated that there are three possible
permutations for the value of the damping matrix.

1. If =0, then the mass matrix has no contribution to the damping, then the damping is
referred to as stiffness-proportion damping.

2. If B=0, then the stiffness matrix has no contribution to the damping, then the
damping is referred to as mass-proportional damping.

3. The final permutation, is when neither o or B are zero valued, the so-called
proportional damping case.

Each of the three possible damping permutations is indicated in figure C-6
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Figure C-6 Typical plot of the modal mping ratio versus natural frequency. Each of the three
possible damping permutations are indicate

C.4.1.2 Development of the Impulse Response Function.
The form of the damping matrix may be substituted into equation (C-55), yielding

545240z = O, (1) (C-60)

Thus the second-order equation of otion has successfully been decoupled and may
be re-written as

54(2 i)t +(@h, )2 =@, )] (C-61)

Jori=1tom

Let h(7) be the unit impulse response function for z{t) when the excitation vector is
replaced by a delta function at = Then the solution is given by the convolution
integral as

()= | " (-0, (7)] dr (C-62)
There is a similar equation to (C-62) for each of the rows defined in equation (C-61),
combining all these into a single matrix equation resuits in

z(t) = <m[diag Bt —D]@"u, (r)dr (C-63)
Or reverting to the vector of physical-response co-ordinates, using (C-53)

g(t)y=[_o[diag h(t— )]07u, ()7 (C-64)
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The impulse response functions, which are solutions of equation (C-61) may be
restated as

h+(20,,7,) +(@k, )h=060-1) (C-65)

and hence the modal impulse response function is given by (C-66), for a unit impulse
input to mode i.

~ @, 74 (1-1)
Bt - 7) = ————sin(@,, {1~ 7 (1 - 7)) (C-66)
wnat, V 1- 7:2
fori=1to

The elements of the [ mxm ] matrix of the physical response functions h(z) may be found
as follows.

If ur(7) in (C-64) is given by
ur(x) =[8(x) 00 ..0J (C-67)
then the response vector g(t) will be
90 = [hu(®)  u(®) hsu®) ... () 17 (C-68)

and on substituting equations (C-6¢ and (C-67) into equation (C-64) and completing
the integral

h, (1)
h, (1)

i

[ @fdiag A(r- )] @"] 8(r M

Iy (1) (C-69)
® iagh(n)]D7]

i

where [CDT]1 is the first column of @7

If instead u,(7) in equation (C-67) is given by
ur(y)=[ 0 8(t) 00 ...0J (C-70)
then the response vector ¢(7) will be

q®) =Lha(®) ot hsft) ... Poa(®) 1 (C-71)

and a similar result to equation (C-6 is obtained, except that [}, will be replaced by
[®'}; the second column of ®'. Thus combining the results for the impulsive input in all
m positions in the vector u,(7) , the matrix of impulse response functions is given by
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h(y) = ® [ diag h(1) | @' (C-72)

or substituting equation (C-66)

—0,
e

hrs (t) = ®n®n _-——’ Sin(ﬁ) nat; 1— .Yx‘ (t)) (C-73
'Z=1: Y nat; l - .sz ' V )

C.4.1.3 Development of the Frequency Response Function.

Let H(jw) be the frequency respon  function for the i normal co-ordinate z(z) , as
given in equation (C-61). Thenthe s 1idy state solution to equation (C-61) is

7(t) = H(jo) [0, 0)]

, (C-74)
where the i element of the ¢ :itation vector equals [(I)Tu - (t)]i = ¢/
Then if equation (C-74) is substituted into equation (C-61),
) 1
H(jo)= (C-75)

(o) +20,,7,(j0) +olk,

The time-domain variables are tr: sformed to their equivalent frequency-domain
expressions, via the Fourier Transform
FFT
z(t) o Z(jo)
FFT
) << L(jo) (C-76)
T FFT T .
[@7u,(0)] = [@"U, (jo)]

Equation (C-61) may be re-stated in e frequency domain as

Z(jo) = H(jo) [®U, (jo)], (C-77)

fori=Iltom

and a single matrix equation can be written for the system of m equations

Z(jo) = [di H(jo)] ®"U,(jo) (C-78)
or from (C-53)

@ [diag H,(jo)] @" (C-79)

H(jo)

which is the frequency domain equiv ent to the convolution integral, of equation (C-64)
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Similarly, the [ m x m ] matrix of frequency response functions for the vector of
displacements ¢(7) may be obtained from equation (C-79). The strategy that is followed
is similar to that used to derive the impulse response function matrix, thus the
frequency response function matrix is merely stated

H(jo) = @ [diag H,(jo)] " (C-80)
or

1
(Jo) +20,,,Y,(0)+0k,

H,(jo)=) ®,0, (C-81)
i=1

C.5 Software Implementation of the Finite Element Method.

To implement the finite element method it was necessary to develop a computer
software program. @ The Watcom™ FORTRAN compiler was chosen as the
development language, in preference to C++ due to the availability of a dos-extender
included in the compiler.

The implementation of the finite ele ent method may be conveniently subdivided into
four subsections.

1. The numerical integration of the local mass and stiffness matrices using the Gauss-
I d numeri integration scheme i.e. the evaluation of equations (C-40),
(C-41), (C-43) and (C-44). This is described in Appendix II-4.

2. The assembly procedure of the local mass and stiffness matrices into the respective
global mass and stiffness matrices for the entire structure. This is described in
Appendix II-5.

3. The eigen-decomposition of th eigen-problem given by equation (C-49). The
eigen-problem requires the sol ion of the matrix product A * K, prior to the
extraction of the eigenvalues and eigenvectors.

Rather than performing the obvious matrix calculation, the matrix product was re-
written as M (M K) = K or M (x) = K. The matrix, x, may now be solved using the
LU decomposition technique. Fu 1er details are presented in Appendix I1-6.1.

The eigenvalues are solved usi ) the QR Method. Appendix II-6.2 discusses the
reduction to a Hessenberg forr and the subsequent implementation of the QR
method. The calculation and :aling of the eigenvectors is also discussed in
Appendix 11-6.2.

4. A selection of FORTRAN listings are given in Appendix II-7.
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D. Time Don ain Identification.

The time domain system identification procedure is graphically depicted in figure D-1.
The organisation of this chapter mimics this structure. There are essentially three major
sub-divisions of the time domain ider fication procedure, namely:

1. Modal Parameter Identification,
2. the formation of the Mass, Damg g and Stiffness Matrices, and finally the
3. software implementation of the ic ntification procedures.

Detailed descriptions of the various : >-sections follow.

The eigen-realization algorithm (ERA) performs a least squares 'fit' to the impulse
response data, resulting in a least order discrete state-space representation of the
system. The next essential step is e McMillian transformation, which transforms the
state-space realization of the system into a form which may be physically identified.
The modal parameters, i.e. undamped natural frequencies, modal damping and mass
normalised mode shapes, may then be extracted.

These modal parameters are then used to define the mass, stiffness and damping
matrices. These matrices are of minimum order and their definition is based on the
Craig Bampton component mode syntheses (CMS) method. The CMS method is
related to the statically condensed Guyan Reduction method.

The tactic which is followed is to « scribe the statically reduced Guyan matrices in
terms of the identified modal parameters, (i.e. undamped natural frequencies, modal
damping and mass normalised mot s shapes) and then substitute these expressions
into the definitions for the Craig Bai ston CMS matrices. The result is minimum order
mass, damping and stiffness matrices which describe the system.

The final section is concerned with the software implementation of the Time Domain
Identification procedure. The mathematical visualisation software, Matlab™ | was used
as the principle development tool. Once the development was complete the code was
transformed into C++ code and compiled into executable form using the Borland™ C++
V4.52 compiler.
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D.1 Background Information.

This section discusses background formation which is relevant to the remainder of
this chapter. The motivation for tt choice of the ERA identification technique is
presented, in the brief literature review of time domain identification procedures. No
attempt has been made to discuss all identification procedures and the reader is
referred to references such as Ewins (1974) and Franklin et. al. (1990), for a more
encompassing discussion.

In the following section the concept  the state-space form of the classic second order
differential equation of motion is presented. The distinction is also made between the
continuous and discrete form of the state-space equations, and their relationship to one
another is shown. Finally, the conce ts of system realization and minimum realization
are discussed.

D.1.1 Literature Review of Tir @ Domain Identification Methods.

There are advanced data analysis | -hniques, although not fully accepted, which use
both the frequency and impulse re »onse functions for direct identification of modal
parameters. Vold & Russell (1983). »wever, generally time domain methods utilise the
impulse response function of the str :ture under test, while frequency domain methods
utilise the frequency response functions to identify the modal parameters.

Most of the existing time domain m¢« 1ods can be reformulated in an unified way under

the framework of ‘system realization eory'. Ewins (1984) and Juang (1987)

The various methods are:

e eigensystem realization algorithm (ERA) Juang & Pappa (1983), which is a special
form of realization, the so-called i ernal balanced realization

o Q-Markov COVER (QMC), Wagie and Skelton (1986)

e Prony's algorithm, Van Blaricum & Mittra (1978)

e |brahim time-domain method, /br 1m & Mikulcik (1973) and the

o polyreference technique Voldet (1982)

all of these methods are related to the canonical-form realization technique. Juang

(1987)

System Realization Theory, in particular the ERA

Gilbert (1963) and Kalman (1963) introduced the concepts of realization theory in terms
of the concepts of controllability an observability. Later Kalman & Ho (1965) showed
that the minimum realization pro em is equivalent to a representation problem
involving a sequence of real matrices known as Markov parameters (impulse response
functions) assembled into a large matrix, so-called Hankel matrix. A weakness of the
preceding schemes was that the effect of noise on the data analysis was not evaluated.
Zeiger & McEwen (1974) proposed a combination of the Ho-Kalman algorithm with
singular value decomposition (SVD) for the treatment of noisy data.

A major advantage of the ERA over other system realization methods is that
theoretically it finds the smallest order model that fits the data for a given accuracy.
This is accomplished through the ¢ D of the Hankel matrix. By discarding all but the
largest singular values of the Hankel matrix, the ERA user can separate measurement
components that are due to true r dal dynamics from components that are due to
measurement noise or weakly excite modes. Pappa & Juang (1988).

A further advantage of the ERA is t it the numerical technique of SVD is robust in the
presence of repeated roots and measurement noise. Golub & Reinsch (1970)
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Finally, the ERA technique has been successfully utilised to verify the modal
parameters of complex structures, with repeated or closely spaced eigenvalues. Both
Pappa & Juang (1988) and Chen (1984) report on the successful use of the ERA on
vibration test data from the Galileo ¢« icecraft.

Minimal-Order Mass, Damping and Stiffness Matrices.

Due to practical considerations th¢ 2 are only a finite number of locations on the
structure from which data can be collected. These measured points form a subset of
the total degrees of freedom (dof) of the structure. In fact, generally the number of
measurement points may be less than the total number of resonant modes identified in
the test. Therefore, if p sensors are used to identify modal data for m modes, where m >
p, there is not a unique model of the classical mass/stiffness form with physical dof
which possesses m order dynan :s given only p spatial measurement points.
Conversely, if m = p or m < p, then is possible to uniquely solve for the mass and
stiffness, this is the so-called inverse dynamics problem. Ewins (1984)

In the paper by Yang & Yeh (1990) mass and stiffness matrices are determined directly
from the continuously time system 1 ilizations. A major drawback of this approach, is
that it requires the dimension of the physical model to be equivalent to the number of
second-order states, implying that the number of independent sensors measured are
equal to the number of identified m iles. As discussed, this is generally not the case
and thus it is reasoned rather to compute the mass and stiffness matrices with the
complete set of measured modes, independent of the number of sensors.

An alternative approach, proposed |  Alvin et. al. (1995)" and Alvin et. al. (1995)% , is to
solve the inverse vibration problem directly, when m > p. The authors begin by solving
for the Guyan reduced matrices in :rms of the m identified modes. These matrices
condense the m modal dof into p pl sical dof. Guyan reduced matrices preserve the
low-frequency modes more accurately than the higher modes of the modal spectrum.
Guyan (1965) A further shortcoming of the Guyan Reduction method is that as the
identified test dynamics are condensed into a smaller dimensional space, the
measured eigenvectors and eigenvalues are not accurately preserved by the Guyan
reduced mass and stiffness matrices. Hence the model defined by these reduced order
matrices is not equivalent to the test structure in terms of measured transfer functions.

To overcome these difficulties the Craig Bampton component mode synthesis (CMS)
method is utilised. Craig & Bampton (1968) The Craig Bampton method is related to
the Guyan reduction technique, in at for the derivation of minimal order mass and
stiffness matrices, the measured pt sical dof are augmented by a set of generalised
dof which are the modal co-ordinates of the residuail dynamics.

The essential fact is that the resid il dynamic matrix is the difference between the
identified eigenvalues and the projer on of the reduced stiffness through the measured
mode shapes. (see equation (D-77, A singular value decomposition of the residual
dynamic matrix is performed, to determine the rank deficiency of the reduced stiffness
matrix. A minimum augmentation of the mode shapes using the orthonormal vectors of
the retained singular values is perfc med, to solve for the new minimal order stiffness
and mass matrices. '
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D.1.2 Continuous & Discrete ¢ 1te Space Equations.

The equations of motion for a finite-dimensional linear dynamic system are a set of m
second-order differential equations, where m is the number of independent co-
ordinates. The form of the equation, equation (D-1), was developed in section C.2.1.
Unlike the modal analysis technique discussed in section C.4.1, the state-space
analysis technique is invariant to the form of the mass, damping and stiffness matrices,
other than they are real valued matrices.

In the following section the equations of motion will be reduced to both a continuous
and discrete state-space represel ition. The state-space representation is used
throughout the system identification.

Consider a second order linear differential equation, of the form derived in section
C.21

Mq+Cq+Kq=B,.u. ()

Casn 9(1), or (D-1)
y(t): Cvel q(t)9 or

Caocel q(t)

where ¢(1) is a displacement vector , dimension [ m ] and,
y(t) dimension [ p ], is the appropriate measured output variable of the system,
using sensors such ; strain gauges, accelerometers, etc., iLe. the
measured quantity may be displacement, velocity or acceleration.

If we define a new m" order vector w(1), as the derivative of g() so that

g=w andhence g=w (D-2)

then re-writing (D-1) and combining with (D-2) as

o (D-3)
Mw+Cw+Kq=B,, u,
if we now define a new variable x/2m=n], such that
xz[q} and hence kz[ﬂ (D-4)
w w

then (D-1) can be rewritten as

, 0 0
x(t)=[_ K .,C]x(t)+[M-,BfoJuf<t) (D-5)

-or more conveniently in the form
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D.2 Modal Parameter Identific tion Procedure.

The procedure is graphically depicted in figure D-1, each of the sub-sections will be
individually addressed.

D.2.1 The Eigensystem Realiz. !ion Algorithm. (ERA)

The Eigenrealization Algorithm (ER ) begins by forming the [r x s] block generalised
Hankel matrix, as described by Juar. (1987)

h(k) h(k+1) h(k+1,)
Ho(h-1) = h(k.+j1) h(k+{'1+t1) h(k+j.1+t,_1) (D-17)
h(k+j,) h(k+j_,+t) - hk+j,_, +t,)
where j; (i=1, ....., r-1) and ¢, (i=1, ..... , s-1) are arbitrary integers. The significance of

the Hankel matrix is that in the limit of » and s becoming very large the numerical rank is
the smallest order that can reprodi : the impulse response functions. Now observe
from equation (D-13), that the gener sed Hankel matrix can be restated as

H,,(k)=V, AW,

where (D-18)
Ca
C,A}
V,= d; “ | and VVs:[Bd AiB, - AztiHBd]
C,Am

Matrices V, and W, are the observal ity and controllability matrices, respectively. If the
order of the system is »n, then the minimum order will also be n. Further, if the system is
controllable and observable, the block matrices V, and W, are of rank n. Hence the
Hankel matrix will also be of rank n, by equation (D-18), if r+12n & s+12n.

In the ERA the shift of the Hankel matrix from time discrete k=1 to k=2 is utilised,
together with the fact that the observability, ¥, , and controllability matrices, W, ,may be
computed from H,(0). The time-shifted Hankel matrices at discrete time k=7 and k=2,
may be defined by substitution into both equations (D-17) & (D-18).

h@)  h2) - h(s)
P LR OB O I I (0-19)
Be) 1) e B s—1)
and
h2)  hGB) - h(s+D)
Hm=| "W "Dy, (D-20)

h(@r+1) h(r+2) - h(r+s)
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The state transition matrix, 4,, may be solved by a least squares solution of equation
(D-20)

4, =V H, ) W, (D-21)

where
V" is the pseudoinverse of ¥, , and similary

W the pseudoinverse of W,

To solve equation (D-21), H,(0) is decomposed by means of the singular value
decomposition technique,

H0) =PDQ" (D-22)

where P and Q the columns of matrices are orthonormal and D is a rectangular matrix.
Truncating following the N largest singular values,

H,(0) ~Py Dy Qi (D-23)
where Py = P(1:rp,1:N),
Dy = D(1:N,1:N), and
Ov = Q(1:ms,1:N)

Therefore from equation (D-19) and (D-21), the following relations can be stated

H,0)=VW,~[ DF|Dyror]

hence

D-24
V ~ [PND,“{Z] and the pseudoinverse V" ~[D;*P] ] ( )
W,~[D)0y] ar the pseudoinverse W, [0, D;" ]
and the transition matrix solved for
A, ~| DY Bl 1A, (1) [0, D] (D-25)

It follows immediately from equation (D-20), of the definition of the controllable and
observable matrices that

I I d
deD,‘sz{,[O'"x"' ] . d C,~ PN[O‘”‘" ] Dy (D-26)

(s—m)x m px(r-p)

The Eigensystem Realization Algorithm is complete. The ERA took as input the impulse
response functions of each accelerometer and produced the triple matrices [4, B, C.l,
which define the discrete state-space equation.
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D.2.1.1 ERA Performance Check.

A systematic approach to the checking of the ERA has been followed. Five checks are

performed during the software analysis:-

Check #1.
By definition equation (D-22) is correct, due to the singular value decomposition
theorem. However equation (D-23) is an approximation of H,(0), depending on
the number of singular values retained. The reader is deferred to the results
section (F.2.1.1), where the ra; 1 decrease in the normalised singular values are
observed.

Check #2 & #3.

By definiton PTP=Q'Q=1, as the matrices are orthonormal. Hence the

truncated matrices should satisfy PjP=070=1,,,
Check #4 & #5.

The equality given by equation (D-24) ,defines the controllability and
observability Grammians as

WW. =V,'V, =D, (D-27)
The significance that both the controllability and observability Grammians are
equal and diagonal implies th: the realization [4, B, C,), is as controllable as it
is observable. This property . called an internally balanced realization. This
means that the signal transfer ‘om the input to the state and then from the state
to the output are similar and balanced.

D.2.2 Conversion of Discrete to Continuous State Space.

Due to the continuous form of the physical parameters that are to be solved, it is
necessary to convert the discrete : ate-space form of the system realization to the
equivalent continuous form. Thus the system matrices [ 4,B,C.], where the subscript d
refers to the discrete form, are to be transformed to the equivalent system matrices
[ 4.,B.,C.], where the subscript ¢ refers to the continuous form.

Franklin et. al. (1990) discuss suitable numerical techniques to transform the system
matrices, without incurring numerical inaccuracies. The numerical technique is a series
evaluation of the ‘inverse’ of equatic (D-11). The Matlab™ routine, d2¢c.m, was used.
(personal correspondence Peterson L and Alvin K.)

D.2.3 Manipulation of the Inp :Influence Matrix.

If the measured variable, y() , is ¢ celeration, as in this dissertation, then it is not
possible to solve for a unique mass normalising scaling factor at each degree of
freedom, as the solution results in an over-defined system of equations. (This will be
demonstrated in section E.2.5.) Hence, the input influence matrix, C,, must be
manipulated into a format as if displi ement or velocity were the measured variable.

Consic ' tt case when acceleration is measured, i.e. y(7) is an acceleration time
history. Integration will result in velocity and double integration of y(#) in displacement.
Recalling from equation (D-6), this I 5 the effect on the input influence matrix of

Co_topt = Co_amads 47 (D-28)
The parameter identification can now continue as if displacement was measured.
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D.2.4 Decoupling of the Continuous-Time State Space Equations.

Assume that the state transition matrix, 4., of order n has a complete set of linearly
independent eigenvectors ¥ = [ vy, vz, ...... , Wn ], with corresponding eigenvalues

[ A A ... , A, ]. Defining the diagonal matrix of eigenvalues A=diag( 4;, 4,,..., 4» ), such
that the standard eigen-decomposition of 4., may be expressed as

A=¥'AY¥ (D-29)

Implementing the transformation as . ated in equation (D-15), but 7=¥,

Ht)=[¥"4,¥]z(t) +[¥ 7B, Ju, (1),
or
(1) =Az(t)+ B, u, (1)
yn=C .z
- (D-30)
where
B, ,=[¥"B,], initial modal amplitudes
C. .= [‘I’Cc_d,.sp,] , mode shapes (nof mass normalized)

The diagonal matrix, A, contains the information of modal-damping rates and damped
natural frequencies, o, of the system. Such that

+ O, 0
A; =[G'+]®' . } (D-31)
0 0, —Ja;

where the eigenvalues of 4. can be expressed in terms of natural frequencies and

damping ratios of the modes of the physical system
02, =c} +o?

' (D-32)

_ai(‘o nat, = 0-i

As an observation, the discrete stat transition matrix, 4, may be similarly decoupled.
The eigenvalues of 4, may be cc rerted to the time-domain by the inverse of the
transform given by equation (D-10), amely A= IN(Adiscrete) / At
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D.2.5 McMillian Transformatic . & Mass Normalisation of Mode Shapes.

Consider the modal analysis solution technique discussed in section C.4.1. Recall that
the second-order differential equation, of order m, could be manipulated to a decoupled
system of differential equations, also of order m. Repeating for clarity, the equations
are

Mé+ Cq+ Kq = Bforceuf (t)

Can (1), or (D-33)
y(t): Cvel ‘ )’ or
Caacel ¢ )

and decoupling by means of the omogeneous solution Mc}+ Kq=0, yields the
following relations
(M'K)D = 0Q
such that
O'MD =1, (definition of mass normalized eigenvectors) (D-34)
QKD = Q=diag(w?, i=1,....,m)
O'CO=ZE=dia; %0, i=1...,m)

Hence equation (D-33) may be restated as a system of m decoupled second order
differential equations, via the transformation g=® &

$ +E8 + Q8 = OB, u ()

Cdispl (D'S (t)’ or (D'35)
y()=<C, D8(), or
Ca:xel (I)S(t)

the system of m decoupled second order differential equations are converted to a
system of first order differential equa »ns, i.e. state-space format, by the substitution of

x(t)= [z} then

X(1) = Aypyx(2) +BMDVuf(t)
() = Cyppx(2) (D-36)
where

0 I 0
Ay = o = Bypy = "B, | and Cypy ={[®C..,  0]4\p, Qr

The form of equation (D-36) is frequently referred to as the ‘modal displacement
velocity’ (MDV), model. { notice the ¢« nilarity to equation (D-6) }
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The McMillian transformation, Longman & Juang (1987), is a rotational transformation
implemented on each of the identified modes of the system matrices [A, B. ., C.. ], to
realize the physical system given by the system matrices [dupy, Buoy, Cior ].— The
columns of the output influence matrix Ciypy are then typically interpreted as the
physical mass normalised mode shapes. However, the state basis resulting from
application of the McMillian transfor ation, is not successful in mass normalising the
eigenvectors as the final form of input influence matrix is not of the form given in
equation (D-36). Alvin & Park (1994) describe a scaling factor which can be used to
achieve mass normalised mode sh: es, provided that the transfer function of a co-
located actuator and sensor is available.

For clarity equation (D-36) is restated in terms of each of the identified modes, and
considers only the case of displacen 1t measurement

L= o+ u (1), fori=1, ... ,m
\9,- -0 iar, —2&1'0‘) nat; Si ®1‘T‘Bforce d

y(@)= Z ®icdi.rpl‘9i

i=1

The McMillian transformation, as applied to equation (D-30), is of the form

Zi= T,'x,' (D"38)
resulting in :-
0 1

=T'AT = D-39
Ac_norm Tx i |:"‘(D 'Z,at' _2&'0) et }’ ( )

— -l 0 d
Bc_norm - Tz (‘Bc__z) = ®,-TBfome ’ an (D-4°)
Cc_norm = Cc_z,»’ri = [®icdispl 0] (D-41)

The transformation, T,, can be determined as a product of two transformations and an
appropriately chosen scaling factor.

T, = d,‘ T;: T2i for i:I, I (] (D‘42)

The first transformation, T;;, rotates t : state transition matrix from the diagonal form in
equation (D-30) to the physical fo 1 of equations (D-36) & (D-37). The second
transformation, T, , must then not alter the elements of the transition matrix, while
enforcing the definition of the physical input influence matrix. Finally, the scaling factor,
d;, enforces the definition of the outpt influence matrix, which also mass normalise the
mode shapes.
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D.3 Solution of Mass, Stiffness & Damping Matrices.

The solution technique is discusst in the literature review of section D.1.1, and
graphically depicted in figure D-1. The Guyan statically condensed matrices are
defined in the first subsection. These matrices are expressed in terms of the measured
modal parameters, in the second subsection. While the third subsection defines the
expressions for Craig Bampton reduced mass and stiffness matrices. The final
subsection presents the substitution of the Guyan reduced mass and stiffness matrices,
expressed in terms of the modal arameters, into the Craig Bampton mass and
stiffness matrices. This work is desc ed in Alvin et. al. (1995)" and Alvin et. al. (1995)°

D.3.1 Classical Guyan Reduct n.

If we partition the degrees of freedom of the second order differential equation, into
those dofs measured, ¢,,, and those fs not measured, ¢;, then

M., M, 1d,] [Con Coi[dn[Kwm Kn B e

M mi Mi q; Cmi Cii 4q; Kmi Kii q; Bforce,
Suppose also that the generalised eigenproblem corresponding to equation (D-56) is
satisfied, (also see equation (D-32)).

(MTK)D =00

such that

O 'MP =1, (definition of mass normalized eigenvectors) (D-57)
O KO=Q=dia o, i=1...m)

O'CO=E=dia; %k0,, i=1,...,m)

If the static equations of equation (D-56) are solved, for B,...=0, then
9, =-K;' 4. (D-58)

and hence a transformation is possible

D I
= = =0 D-59
q [qi ] l: KK ]qm Am ( )

then applying this transformation to equation (D-56), the so-called Guyan Reduced
mass, damping and stiffness matrices result, (Guyan 1965)

M=o b,
C=90C , (D-60)
E = QZK(D = (Kmm —Kme;lKr{n) '
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D.3.2 Alternative Representation of Guyan Reduced Matrices.

The Guyan reduced matrices given in equation (D-60) may be expressed in terms of
the normal modes of the full system. If it is assumed that the measured modes from the
test completely span the dynamics of equation (D-56), such that the model
representation in modal co-ordinates is a complete equivalent realization. Then the
physical degrees of freedom g(?) may be expressed in terms of the modal variables 7(),

|9 | =] B D-61
q_q,-_n—d%n (D-61)

where @, and @, are partitions of the eigenvectors at the measured and unmeasured
degrees of freedom, respectively. Using the results of equation (D-57) and assuming
that there are no rigid-body modes, uch that Q is non-singular, the inverse vibration
problem may be stated as

M'=0 @7
C'=0p="' @’ (D-62)
K'=0 Q'@

D.3.2.1 Mass Matrix
The mass matrix may be stated as

(=KK'MK'K (D-63)
Substituting K’ , as given by equatic (D-62) into equation (D-63)

M = KOQ (0T MO)Q'O'K

(D-64)
M =KpQ d'K
Then applying the Guyan transformation of equation (D-61),
7 — T/ 25T
M=ol ©Q?0'K)®, hence (D-65)

M=KoQ?*d'K
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D.3.2.2 Damping Matrix

Following an identical derivation, to that described for the mass matrix, the Guyan
reduced damping matrix may be expressed in terms of the system's eigenvectors as

C=KoQ'(®'CO)Q' DK

(D-66)
C=KPQ'=ZQ'd'K
Then applying the Guyan transform: on of equation (D-61),
C = dI(KPQ'EQ'®'K)D, hence (D-67)

C - Ko =00’k

D.3.2.3 Stiffness Matrix.
The inverse of the stiffness matrix, defined in equation (D-56), can be algebraically

described by
K K _E_leiKi;1 D-68
T|-K'KLKTY K(I+KLKK,K) (D-68)

mi i

Using the partition of the system e envectors, ® ; equation (D-61), and the inverse
vibration results, K/ may be stated

O Q0L o QP!
K—l _[ m m m i ] (D_sg)

ool 0007

and hence the Guyan Reduced stiffness matrix can be stated as

- E=(o,00])" | (D-70)
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D.3.3 Craig-Bampton Component Mode Synthesis Method

The Craig Bampton Component N ie Synthesis (CMS) method Longman & Juang
(1987) defines

q; = -Ki;] :iqm + T;i (D'71)

where £ is the augmented generalised degree of freedom and 7; are the displacements
of g; with respect to unit displacements of & . In the Craig Bampton CMS method £ is
defined as the fixed interface modal co-ordinates of the residual structure and related
to T, by the eigenvalue problem

K,T,=M,T,0,
and
T (D-72)
KT =\
M, T, =1

Thus, the variable transformation, Teus, is

q I 0l qn
=" = ; = Teus D-73
? M [—K,-z I;M ? (B-73)

Applying this transformation the so-called Craig Bampton mass, damping and stiffness
matrices result, (Craig & Bampton = 68)

N M (M, T, -K,.K;'M,T,)
M=TasMTas =)/ 7k xiM,T) I
mi< i it g

(D-74)

R =T K Tos = [ }
CMS CMS
0 Q,

D.3.4 Express Craig Bampton Matrices in terms of Measured Modal
Parameters.

The Craig Bampton CMS representations for the mass, damping and stiffness matrices
can now be expressed in terms of 1 2 alternative form of the Guyan reduced matrices.
This allows the Craig Bampton ( 1S representations for the mass, damping and
stiffness matrices to be expressed in terms of the measured modal parameters ,

)] the mass normalised mode s ipes, ®, and

ii) the undamped natural frequencies , (2

Consider the eigenproblem
A D, -~ @,

= Q

K[(Dml:l M|:(Dm:|

then substituting (D-75)

K oJe,]_ M (M T - K K ML) [0,
[0 QJLDJ (M,.T, - K, .K;'M,T,) I {‘Dm]

mi =il i g
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The impact hammer head was con: ucted in the Mechanical Engineering workshop,
and subsequently the impact har ner was assembled and glued by Aerodyne
Engineering. The construction drawings of the impact hammer head is shown in Figure
E-3 [~
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Figure E-3 Construction Drawing of Im ict Hammer Head.

E.4 Force Transducer.

A PCB Piezotronics Inc., ICP force sensor Mode| 208-B03, serial number 12465 was
utilised. The force range of the force transducer was 0 to 500 Ib.,, and the
corresponding voltage range was 0 to 5V. A copy of the specifications are included in
Appendix ITI-1.1

The power supply required by the fi :e transducer was a 24-30 volt DC power source
at 2.0mA current. The PCB Piez¢ onics Inc.,, Battery Powered Signal Conditioner
model 480-D09, serial number 407 was utilised. A copy of the specifications are
similarly included in Appendix III-1.1 Three additional power supply units, custom built
within the Mechanical Engineering Department, were used for the accelerometers.
Investigations showed that these custom built power supplies had similar power
characteristics as the PCB Piezotro cs Inc., Battery Powered Signal Conditioner.

E.5 Accelerometers.

Three Wilcoxon Research , ICP i celerometers were utilised: Model 736, Serial
numbers 747, 748 & 749. A copy of tt  specifications are included in Appendix ITI-1.2.

E.5.1 Calibration.

The calibration of the response accelerometers was conducted within Stellenbosch
University’s Mechanical Engineerit Department. (personal correspondence Dr. N.
Theron). Each of the accelerom« :rs were consecutively placed in series with a
reference accelerometer. The assembly was secured to a mini-shaker, type B&K
(model unknown), which was driven by a white noise signal. The response of both the
reference accelerometer and test accelerometer were processed by the Modal Plus
software, version 3. Typical comparative results for one accelerometer are shown in
Appendix III-1.3. Each of the three accelerometers showed similar results within 2%.
Hence it was decided not to correct r the deviation from the reference accelerometer.
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E.6.1 Infinite Span Pulse, Accelerometer Response.

The fourier transform cannot be used to estimate the fourier spectrum of pulses which
do not decay to zero. For this reasc Halvorsen & Brown (1977) recommend the use of
an exponential window, which is 1 .ltiplied by the infinite span pulse to force the
resulting product to zero within the time period , T, However the result is to corrupt the
fourier spectrum, as multiplication in the time domain is equivalent to convolution in the
frequency domain. The corrupted : ectrum is unable to correctly predict the modal
damping coefficients, while the r sjonant frequencies and mode shapes remain
invariant to the frequency domain convolution. In the context of this thesis it was
considered that accurate knowledge of the modal damping coefficients was essential

" thus discounted this method. Instead the time window was chosen to be large to

ble the structure to naturally decay. The time period was chosen to be
approximately

T,=200 m isecond (E-11)
thus by equation (E-10) the sampling time is

T,= 25 microsecond (E-12)
and hence the sampling frequency is

Jfreq,= 40 kHz (E-13)

E.6.2 Finite Span Pulse, Force Transducer Response.

The sampling time, chosen for the i inite span signals, must be capable of accurately
sampling the finite span of the force transducer. During preliminary investigations it
was noticed that the average duratic of the impact on a steel structure was 250 to 375
microseconds. Thus the finite span pulse is described by between 10 and 15 samples.
This number was considered adequate, considering that a minimum of two samples are
sufficient.

E.7 Filter Design & Construc Hn.

As discussed in section D.6, both 1e response and input signals should be band-
limited prior to the application of e fourier transform. This section discusses the
specification and subsequent construction of such a band limiting filter.

The voltage characteristics of the spective signals to be filtered are listed in Table
E-3. The DC offset is due to the peration of the ICP transducers and is usually
automatically removed on Spectrum Analysers by activating the ‘AC coupling’ feature.
For this application, a high pass filter is necessary to remove the DC offset, prior to low
pass filtering and sampling.

Table E-3 General characteristics of { : respective signals
... % Force Transducer: \Ccelerometers
AC Signal 05V SV +5V

(overl 1if>5V) (overload if > +5V or < -5V)

approx. DC bias 1215V 12=>15V













to

- h
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E.7.4 DC Power Supply.

As a portable adjustable DC power s »ply was available, no AC to DC rectification was
required. Instead, an external DC supply voltage was suitably reduced on the circuit
board by means of transistors. The high pass filter op-amps required a +12V supply,
while the low pass filter required +5V. Decoupling capacitors were used where
appropriate. Figure E-14 presents a schematic representation of the power supply.

+20v @ 813 — * v
—L1 F _L1 F \/8L05) - o ® +t2v
| H _I— M ——1uF
GND '] 1 |+ GND
1 1o 104 =) o kil
79L05 o .5V
2oy — @a)— T o oy

Figure E-14 Schematic representation of the power supply. (The transistor codes are given.)

E.7.5 Calibration.

Initially the cut-off frequency adjustn 1t of each channel was conducted with the use of
a signal generator and digital oscilloscope. Later at the University of Stellenbosch the
filter was accurately analysed. A broad-band white noise source was used as input to
the filter, while recording the output. Both the attenuation and phase characteristics of
each channel are shown in figure E-15. The results were surprisingly consistent, and it
was decided not to correct the measured vibration response for the phase shift, as all
channels were equally distorted.

Comparison of Magnitude, of Low-Pass Filter Comparison of Phase Angle, of Low-Pass Filter

2 -

—
104 / J or
2t
r\'m [
[os)
= '§ A}
-] =
S 30t ]
c «©
I3 £ 5}
=
40}
8}
50} 0t
-m 0 1 ‘Ja 3 4 s -12 o 1 a .S ML‘ 5
10 10 10 10 10 10 10 10 10 10 10 10
freq. (H2) freq. (H2)

Figure E-15 Experimental Magnitude and Phase results plotted versus logarithmic frequency, for each of
the four channels. There is no significant difference in the response between any of the channels.



Chapter E: Experimental Details. E-15

E.8 Analog to Digital Conversion.

An Eagle Technology PC-30D analoa-to-digital (A/D) card was made available by the
Biomedical Engineering Department ).C.T, for the duration of the data collection. The
A/D card supported an accumulative sampling rate of 200 kHz for all of the 16
channels. However, the A/D card was unable to simultaneous sample all the channels
and hence the respective digitised records were time shifted by multiples of Sus,
relative to channel zero. To correct this the sampled data was re-sampled at five times
the sampling rate, and then re-sampled at the correct time instance. This is discussed
in section E.9, on the post data processing.

Initially the threshold trigger, on channel zero, was utilised to trigger the sampling
process. However, much of the forc transducer signal was truncated due to the low
sensitivity of the trigger and hence . ftware was written to customise the operation of
the trigger. After an initial delay, the software automatically streamed the four channels,
for the appropriate time period.

The input voltage ranges were hardware adjustable at either -5V to +5V or 0 to 10V. As
was stated in Table E-1, the typical input voltage range for both the response
accelerometers and force transducer are within the -5V to +5V range and hence this
was the obvious choice. However, during the capture of responses it was noted that to
avoid overloading the accelerometers, the force transducer signal could generally not
exceed +1.5V. Thus the voltage resolution for the force transducer signal was not
optimum, but unfortunately the A/D card could not support adjustable/programmable
gain.

The discretised time histories of the respective channels were saved in binary format,
for later post data processing.



Chapter E: Experimental Details. E-16

E.9 Post Data Processing.

This section refers to the data processing that occurred following the capture and
storage of the vibration response. The purpose of the post data processing is to
extract the impulse response funcl n, required for the identification of the modal
parameters.

E.9.1 Re-sampling and Averag g of Data.

Each stored response was checke for excessive voltages outside the acceptable
range, see Table E-3, and if deter :d that data file was excluded from all further
analysis. The initial scaling due to the scaling ratio present in the high pass filter was
corrected. Finally the appropriate voltages were converted to either force (N) or
acceleration (m/s?).

The time shift phenomena between channels, discussed in section D.8, was corrected.
The situation is best appreciated by considering figure E-16. The circles with a ‘+
indicate where the actual digitised points are located, for the particular response. The
empty circles depict an interpolated curve fit to the digitised points, sampled at five
times the actual sampling rate, i.e. 21 kHz. Finally, the circles with both an ‘+’ & X’ are
the new samples used in subsequ nt analysis, sampled in unison with the force
transducer signal.

discrete points

3
actual
sample gOC%O
\\‘ O O@ac:e!ﬁ
2r i (J o T
re-sampled, | O
1T+ @O @]
: O L 0
: force history
: ——
amplitude ~4)O&O /'/| -
(Volt) OxE — 0
; ! X
T e O
3 o*o
2L ]
-3 p 1 i
0 0.5 1 1.5 2 25
time (sec) %10

Figure E-16 lllustration of the interpolation : 1 re-sampling procedure, to correct for the time-shift of the
A/D card. Indicated are the reference force time history, (+), and the response acceleration (0). The
correctly re-sampled samples are indicated by (x), while the time shifted samples are label (+).
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The measured frequency response function H'( jo ) is then given by
3 Y(jw) _ Vi) + N(im)

U= %oy UGoy+ M(jo)

(E-23)

In this form the measured frequency response function will be a good approximation of

the true frequency response function only if the measurement noise at both the input

and output measurement points is ¢ all relative to the input and output signals. This

can be demonstrated by multiplying 3juation (E-23) by the conjugate of X(jw). If the

measurement noise signals m(?) and n(1) are non-coherent with each other and with the
ut signal u(z), then the expected value of the cross-spectrum terms involving m and »
Il equal zero. Thus after simplification equation (E-23) may be re-stated as

H (o) = — G (im __ H(jo) (E-24)
G,(jo)+G, (jo) 1+(G,,,(ja)))
G,(jw)

Thus, if the noise-to-signal ratio at the input measurement point G, (jw)/G,(j@)is much
less that 1, the measured frequency response will closely approximate the desired true
frequency function, H{jw).

A further advantage of calculating the frequency response function using equation E-22
is that the phase characteristics are considered, since the cross power spectrum
contains phase information. An additional advantage, is that ensemble averaging of the
measurements may easily be applic . This is an important consideration due to the
large variance in the transfer functic estimate when only one measurement is used.
Equation (E-22) may be restated as

G (jo)

H(jw)= )

(E-25)
where
G, (jo)=U"(jo)V(jw), ensen le average cross-spectrum between u(z) and v(¢)

G,(jo)=U"(jo)U(jw), ensemble average power -spectrum between of u(z)
U (jw), is the complex conjugate of U(jw)

It should be pointed out that there is an inherent bias error associated with the
computation of the cross-spectrum and the magnitude of this bias error is inversely
proportional to the number of averages in the computation. Thus, the greater the
measurement noise the greater num :r of averages required to approach the expected
value of the cross-spectrum between input and the output measurement signals.

A simple test to assess the bias error, described by Halvorsen & Bendat (1975), is to
double the number of time samples used in the ensemble averaging and observe the
change in the overall level of the coherence output power spectrum. If the change is
approximately 3dB, then the bias error is significant and the number of samples should
be increased. In this dissertation 20 samples were used in the ensemble averaging.
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E.9.3 Calculation of the Coherence Function.
The true coherence function is defined by the equation

response power caused by the applied input
measured response power

200 = (E-2)

and hence as

—_ . 2
G, )
G.Ua 3(jo)
According to the definitions of the power spectrum and the cross-spectrum, the

coherence function will be identically equal to 1 if there is no measurement noise and
the system is linear.

Zu(@) = (E-27)

The measured coherence function as defined in Figure E-18, may be stated as
G- (o)

G, (Jo)G,(jo)

G . 2

N .W(Jw)l | | (E-28)
[G.()+G,(jo)]G,(jo)+G,(jw)]

- V(@)

1 (w)=

[H GGga) Gn(jw>]
GUo) ) G(w)

Thus the measured value of the coherence function is diminished from the true value
by terms involving the measurement signal-to-noise ratios. Ewins (1984).

E.9.4 Calculation of the Impulse Response Function.

The impulse response function, A(?) ,of a linear system is merely the inverse fourier
transform of the frequency spon: function,

he) < {%{%} (E-29)

E.9.5 Software Implementation of the Data Processing.

This section presents the software plementation of the data processing procedure.
The mathematical visualisation software, Matlab™, was used as the principle
development tool. Once the dev opment was complete the matlab files were
translated, using the matcom translator, into C++ code and compiled into executable
form using the Borland™ C++ V4.52 compiler. The software listing is given in Appendix
-2,
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F. Discussion of Results.

In the first section of this chapter the experimental vibration results and post data
processed results are presented and discussed. The second section investigates the
influence of both the Hankel matrix dimensions and the number of retained singular
values on the accuracy of the realized modal parameters. Section two concludes by
presenting and discussing the finalised modal parameters.

In the third section the least order ma:  stiffness and damping matrices are graphically

picted. In the final section the finite element predictions for the resonant frequencies
are compared to the experimentally measured modes. The finite element predictions
for the response functions are also cc pared to those experimentally measured.

The organisation of this chapter is dej :ted in figure F.1.

vata rost Processing Results

1. Typical Time Response Histories

2. Effect of not correcting the A/D card's Time Shift.

3. Effect of Number Averages in calculating FRF & IRF
4. Effect of impact Time Duration.

5. Presentation of Ensemble Averaged FRF & s

~ Identified Modal Parameters ]
1. ,,,;_legensystem Realizauon Aigorithm
1.1 influence of the Hankel Matrix Dimensions S Ma_ss' u_amplng :
onthe Identified Modal Parameters — .- and Stiffness Matrices
1.2 influence of the Number of Retained Singular

Values on the Identified Modal Parameters

2. Presentation of Modal Parameters

J

- Finite Element Model Predictions.

1.1 Influence of the Material Properties on
Predicted Modal Parameters.

1.2 Influence of the Element Length on Predicted
Modal Parameters

2. Presentation of Modal Parameters

3. Comparison of FE Natural Frequencies to
Experimental

4. Comparison of FE Predicted FRFs to
Experimental

Figure F.1 Organisation of Chapter F.
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F.1 Data Post Processing Res ts.

This section begins by presenting rpical time histories of both the impact and
acceleration responses. The frequency spectrum of typical impact force time histories
are also analysed, as the frequency spectrum of the impact force governs the practical
bandwidth that may be measured.

The influence of not resampling the acceleration time history data to account for the
time-shift of the A/D card is considered. The influence of the number of averages used
in the calculation of the ensemble av aged frequency and impulse response functions
is then considered.

The section concludes by presenting and commenting on the final post-processed
frequency and impulse response function resuits.

F.1.1 Typical Time Response H tories.

Figures F.2(a) & F.2(b) depict typical acceleration history responses for vibration in the
xy and xz planes, respectively. The following observations may be made: the
acceleration responses exhibit the classical exponential decay, characteristic of the
damping of the structure under test. A steady state of vibration is reached after
approximately 0.1s, in each of the re: onses. The magnitude of each of the respective
responses is non-zero within the time window.

During the sampling procedure, the number of samples that were captured was 2'° or
8196. However due to the observed steady state response after 0.1s, only the initial
4096 time samples were used in subsequent data post-processing.

As the magnitude of each of the re! ective acceleration responses was non-zero at
time sample 4096, there is the possibility that leakage and aliasing of the response
could have occurred. However, as may be seen in the presented results of the
respective impulse response functions, due to anti-aliasing filtering, the aliasing effect is
insignificant.
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Figure F.2(a) & F.2(b) Typical acceleration time responses, for all vibration in the xy and xz planes.
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F.1.2 Typical Time Histories of the Force Impact.

As discussed in section E.3, there is a relationship between the duration of the impact
and the resulting frequency spectrum. The bandwidth of the resulting frequency
spectrum governs the bandwidth ove which realistic vibration data of the test structure
may be extracted. At frequencies outside the bandwidth of the impact frequency
spectrum, the input energy into the structure is no longer linear. Hence there is some
uncertainty if modes outside the bandwidth are being satisfactorily excited

Presented as figures F.3(a) & F.3(t are typical time histories of the force impact, for
the xy and xz planes respectively. Notice, although the magnitude of the impacts differ
by an approximate factor of two, th duration of the impacts is similar. The frequency
bandwidth is related to the impact duration, while independent of the magnitude. This
may be observed in the respective frequency spectra, where the magnitudes differ but
the useful bandwidths are similar.

The useful frequency bandwidth was estimated to be 8000 Hz, which corresponds to an
approximate 10 dB drop-off in the magnitude of the impact frequency spectrum. The
cut-off frequency of the filter was made to coincide with the 8000 Hz bandwidth.

ansducer Time History (file: xz17)
400 T T T T

time (sec) x10°

Force Transducer Frequency Spectrum

T T T T TTTIT T T
H [ S I | ' '
[ A A ' '

T T
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.....................
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Figure F.3(a). Typical time history of the force impact and resulting frequency spectrum, xy plane.
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To investigate the effect of not correc 1g the time history data, the resulting frequency
response functions (FRF), of both the corrected and un-corrected time histories were

compared.

The real and imaginary components of both the corrected and un-corrected FRFs are
shown in figures F.5(a) & F.5(b). The cation and magnitude of the resonant peaks are
unaffected. However the anti-reson: t troughs of the imaginary components differ
greatly, but not so for the real component. The effect on the real component is
predominately a high frequency effect.

From the comparison of the magnitude and phase of the corrected and un-corrected
FRFs, see figures F.5(c) & F.5(d), it would seem that the effect of not correcting the
time-shift of the time data is minimal. Neither the magnitude or phase characteristics of

t s ctive frequency response functions vary, except at high frequency.
Comparison of Uncorrected FRF & Corrected Time History FRF
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Figure F.5(a) & F.5(b) Comparison of the Imaginary and Real components of the Frequency
Response Functions, for the corrected (blue) and un-corrected (red) time histories.
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From this limited parametric study it would s_._... that the greater the number of
averages used, the more confidence one may place on the reliability of the resulits.

The results of this study indicate that 25 average samples were sufficient, as no change

was observed from the results of 20 averages.
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Figure F.6(a) & F.6(b) The Impulse Response Function, Frequency Function and
Coherence Function plotted for one and five ensemble averages respectively.
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Figure F.6(c) & F.6(d) The Impulse Response Function, Frequency Function and Coherence Function
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F.1.5 Presentation of the Ense ble Averaged FRF & IRFs.

The final ensemble averaged frequency and impulse response functions are now
presented and discussed, for each of the vibration planes.

F.1.5.1 xy Vibration Plane Results.

Generally the xy vibration plane res s are satisfactory, see figures F.7(a), F.7(b) &
F.7(c). Four sharp, well defined r des are identified within the bandwidth. The
corresponding coherence function indicates that these modes were consistently
defined. An additional mode, =100 ) Hz, outside the bandwidth was also strongly
excited. The anti-resonances are in ¢ eral poorly defined, being a combination of anti-
resonant peaks and minimum. As expected for the co-located response, H_ps(jo), it
was characterised by a succession of resonant and anti-resonant peaks. While for the
other two responses H_pq(jo) & H_pr(jo) there is a combination of anti-resonate
peaks and minimum.

Notice the correlation between frequ« cy regions of. poorly defined anti-resonance, ill-

defined phase and broad band ‘zero’ coherence. In each response such regions may

be identified:-

e For the H_pq(jo) response, two regions may be identified. The anti-resonant peak
between the second and third mode and third and forth mode.

e For the H_pr{(jo) response, a sin¢ : region may be identified between the third and
forth modes.

e No regions of poorly defined anti-resonance are present in the H_ps(jo) response.

The presence of these regions of pot y defined anti-resonance peaks, imply that there

is considerable uncertainty in the definition of these regions. It should be anticipated

that the predictions of the modal id tification procedure would not correlate well in

these regions.

The tin  * nain impulse iponse functions, = -q(t), = -r(t) & = =s(t), indicate that
after an initial decay period the structure vibrates in a virtual steaay state. This was
observed in the acceleration time histories. Both the impulse response functions
h_pr(t) and h_ps(t) seem to exhibit high frequency influences, characterised by the
complex waveforms in the steady st e response regions. This is not observed in the
impulse response function of h_pq(t).

Aliasing of the impuise response function has occurred, characterised by the vertical
‘line’ at the end of the time datum. The degree of aliasing was judged to be
insignificant and hence ignored.
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F.1.5.2 xz Vibration Plane Results.

Similar comments can be made concerning the quality of the resonant and anti-
resonant modes, as those made for the xy vibration plane.

Again, in general the xz vibration pl: e results are satisfactory, as presented in figures
F.8(a), F.8(b) & F.B(c). Six sharp well defined modes are identified within the
bandwidth. The corresponding coherence function indicates that these modes were
consistently defined. Present in the H_pq(jw) frequency response are two additional
excited modes, 9000 Hz & ~10000 Hz, outside the bandwidth. While only the ~9000
Hz mode is present in H_ps(jw) response.

The anti-resonants are in general well defined, compared to the xy vibration plane
results. As expected the anti-reson its are a combination of anti-resonant peaks and
minimum. The co-located response, H_ps(jw), is once again characterised by a
succession of resonant and anti-re nant peaks. While for the other two responses
H_pq(jw) & H_pr(jw) there is a comt ation of anti-resonate peaks and minimum.

The correlation between frequency regions of poorly defined anti-resonant, ill-defined

phase and broad band ‘zero’ coherence is once again noticeable. In each response

these regions may be identified:-

e For the H_pq(jw) response, a ¢ 1gle region may be identified, the anti-resonant
peak between the fifth and sixth mode.

e For the H_pr(jw) response, a single region may be identified between the third and
forth modes.

e No regions of poorly defined anti 2sonance are present in the H_ps(jw) response.

The presence of these regions of pt ly defined anti-resonance peaks imply that there
is considerable uncertainty in the definition of these regions. It should again be
anticipated that the predictions of the modal identification procedure will not correlate
well in these regions.

As observed in the xy vibration plane results, the time domain impulse response
functions, h_pq(t), h_pr(t) & h_ps(t), naturally decay to a steady state response. The
impulse response function, h_pq(t), exhibits considerable high frequency influences,
characterised by the complex waveform in the steady state response region. This is not
observed in the impulse response function of h_pr(t) or h_ps(t). The high frequency
influence is probably derived from the two strongly excited modes outside the
bandwidth, in the H_pq(jw) response.

Aliasing of the impulse response function has once again occurred, characterised by
the vertical ‘line’ at the end of the time datum. The degree of aliasing was judged to be
insignificant and hence ignored, even though the h_pq(t) aliasing is easily noticeable.
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F.2 Discussion of the Identifi¢ ' Modal Parameters.

In this section the influence of the Hankel matrix dimensions and the number of
retained singular values are considered on the accuracy of the identified modal
parameters. This section concludes by presenting and discussing the final identified
modal parameters.

F.2.1 Influence of the Hankel Matrix Dimensions on the Identified Modal
Parameters.

As described in section E.2.1 the Eigensystem Realization Algorithm (ERA) begins by
forming the [r x s] generalised Hankel matrix, defined by equation (E-19). As the chosen
integer values r & s determine the Hankel matrix dimensions, they also determine the
number of discrete time samples ust in the realization, from each of the respective
impulse response functions (IRF). is therefore reasonable to anticipate that the
dimensions of the Hankel matrix wou! influence the accuracy of the resultant identified
modal parameters.

To investigate the influence of the Hankel matrix dimensions on the identified modal
parameters, the Hankel matrix dimensions were systematically increased. The number
of retained singular values were chosen to yield a normalised average ‘error’ of ~107
(The ‘error’ here refers to the magnitude of the last retained singular value as a fraction
of the most dominant singular value.)

The sequence of Hankel matrix dimensions used in the investigation is shown in Table
F.1. For this investigation only the ocessed vibration results in the xy plane are
presented.

Table F.1 Hankel matrix dimensions us  in the investigation.
file name integer values effective no. of time time span of No. of retained
s ¥ Hankel m¢ x | samples used | samples used in | singular values
dimension in realization realization
s3r1y_100 300 100 300 x 300 400 10 ms 100
2 1NN 2ann ann ann i 2aNnn onn AL sanm 4NN
| DUI9y_ 4y B
| s12r3y_400

The available computer memory storage proved the limiting factor for the maximum
possible dimension of the Hankel matrix. For example, considering the s12r3y_400
case, after singular value decomposition the computer memory storage requirements
were 38.88 Mbytes, as detailed in Tat : F.2. Thus for the computer hardware available
the [ 900 x 1200 ] Hankel matrix dimensions were the largest attainable.

Table F.2 Storage requirements for the s12r3y realization. These storage value excludes additional
workspace required during computation and other stored variables. (For an explanation of the matrices
refer to equation (E-19)).

Matrix Matrix Dimensions Storage Requirements
H (1) 0 x 1200 8.64 Mbytes
H(0) 0 x 1200 8.64 Mbytes
P )0 x 900 6.48 Mbytes
D 900 x 900 6.48 Mbytes
0 1200 x 900 8.64 Mbytes
workspace - ~ 15 Mbytes

> ~ 54 Mbytes
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The Hankel matrix dimensions also determine the number of singular values available,
following the singular value decomposition procedure. Plotted on a logarithmic scale, in
figure F.9, are the normalised magnitudes of the singular values as a function of the
number of singular values available, for each of the four analysed systems.

Normalised Singular Values of svd{Hankel Matrix)

33r1y ... (=300, r = 100)

33r3y ... (=300, r = 300)

. (s=600, r = 300)

.. (s=1200, r = 300)

Y
=
N

normalised singular values, D/D(1)
8&)

-
<,

10°

10° .' .' i
8] 100 200 300 400 SUU UL 700 800 900 1000
r ber of singular values

Figure F.9 The sorted, normalised magnitu : of the singular values as a function of the number of
singular values available, for each of the four realized systems.

it is apparent that there exists three regions for each of the normalised magnitude

curves.

¢ Region #1: A rapid decrease in the normalised magnitude of the singular values,
occurring within the initial ~10% of the total number of singular values. The gradient
of all four curves are very similar in this region.
The consistent gradient obtained for each of the curves in region #1 may be due in
part to the normalisation of the : 1igular values, as the actual normalising value
differed for each of the investigated cases. Even so, the consistent gradient does
indicate that the most predominar singular values occur within the initial ~10% of
singular values.

¢ Region #2: This region predominates within the =~10% = ~90% bandwidth of
possible singular values. Four unic e gradients exist, less steep than for region #1.
This region demonstrates the linear relationship between the retained number of
singular values and the ‘error’ which could be expected. The ‘error’ here refers to
the magnitude of the last retained singular value as a fraction of the most dominant
singular vaiue.
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There is a systematic decrease in the gradient within this region, from the most
steep gradient of s3r1xy to the least steep gradient of the s12r3xy case. This would
seem to indicate that the s3r1xy case would be the most economical, as the ‘error’
is smallest for the least number  retained singular values. However that is too
simplistic, as the s3rixy case was constructed using the least number of actual
samples of the respective IRFs, and hence may not be fully representative.

In the absence of noise or any extraneous high frequency components in the IRFs,
it is this author’s opinion that the gradient of this region would tend to unity. This has
not been substantiated.

Region #3: This region is of little interest, extending from ~90% = ~100% of

possible singular values.

Completing the realizations, for each «

presented.

Table F.3 identified Modal Parameters, for re:

the four cases, the identified modal parameters
are presented in Table F.3. Only the response results at response location ‘pq’ are

nse location ‘pq’, for frequencies below the filter cut-off.

file name Loy 100 s3r3y 100 “  s6r3y_ 400 f . 51273y 400
15" Resonant
Freq. 979 Hz 979 Hz 979 Hz 979 Hz
= 0.0001 0.0002 0.0005 0.0005
mode [0.5162] [0.5197] [-0.5366] [0.5385]
2™ Resonant
Freq. 2541 Hz 2541 Hz 2541 Hz 2541 Hz
= 0.0067 0.0066 0.0066 0.0067
mode [0.4a173] [-0.4868] [-0.4949] [0.4976]
5 Resonant
Freq. 4680 Hz 4681 Hz 4681 Hz 4681 Hz
= 0.0154 0.0142 0.0116 0.0113
mode [-0.3460] [0.3347] [-0.3141] [-0.3041]
4™ Resonant
Freq. 7212 Hz 7218 Hz 7212 Hz 7191 Hz
= 0.1199 0.1342 0.1170 0.1147
mode [-0.9824] [-1.0366] [0.8703] [-0.8107]

The initial three resonant frequencies are consistently identified. However the higher
resonant frequency is sensitive to the Hankel matrix dimensions. Both the damping and
mode shapes appear to be highly sensitive to the Hankel matrix dimensions and it
would seem that these modal parameters converge as the Hankel matrix dimensions
increase. Unfortunately the true numerical value of the modal parameters are unknown
and so these comments can only be subjective.
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Presented overleaf, figures F.10(a) & F.10(b), are plots of the s3r1_100y and
s12r3_400y realized systems compared to the experimental results. As may be
expected due to the close correlatic of the resonant frequencies seen in Table F.3,
there are only minor variations betwt« 1 the two realized systems:

o Most noticeable is the variation in the magnitude of the fourth resonant frequency,
between the s3r1_100y and s12r3_400y realized systems. The experimentally
identified resonant frequency is undoubtedly closer to 7212 Hz than to 7191 Hz.

o Also noticeable is that the 3™ and 4" anti-resonance peaks have biased more
toward the lower frequency regic for the s12r3_400y system, when compared to
the s3r1_100y realised system. Table F.3 indicates that both the 3" and 4™ realized
mode shapes for the s12r3_400y realization have decreased greatly compared to
the s3r1_100y case, which would explain this effect. It is difficult to comment on the
correctness of these mode shapes, as the experimental anti-resonant peaks are
unrealistic.

e Conversely, the 1% anti-resonant peaks are biased toward the higher frequency
region for the s12r3_400y system, when compared to the s3r1_100y realised
system. The discrepancy may once again be explained from the mode shapes of
Table F.3, were the mode shape for the s12r3_400y mode is larger than that for the
s3r1_100y realization.

¢ A smaller error in the difference between the experimental impulse response
function (IRF) and the realized IRF for the s12r3_400y system is observed than for
the s3r1_100y realization. This : ould not be surprising as more time samples of
each of the exy imental IRF were used in the realization.

In summary, the influence of the Hankel matrix dimensions on the realized modal
parameters is complex. Figure F.9 shows that irrespective of the Hankel matrix
dimensions there exists an initial region (region #1) of rapid decrease in the magnitude
of the normalised singular values, : lowed by a more gentle decline (region #2). The
most dominant singular values consistently appear in the initial region, hence the close
correlation of modal parameters in Table F.3.

In this case moderate Hankel matrix dimensions proved satisfactory in correctly
realizing the resonant frequencies. It should be appreciated that this is the inherent
strength of the Eigensystem Realization Algorithm (ERA), i.e. the ability to realize a
system, to a given accuracy, u: ig only the most dominant singular values.
Unfortunately the true values of the her modal parameters are unknown and hence a
more definite judgement on the correctness of these modal parameters could not be
made.

The largest Hankel matrix dimensions were used in subsequent realizations, due to the
small gain in accuracy observed in predicting the impulse response function.
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F.2.2 Influence of the Numb« of Retained Singular Values on the
Identified Modal Parameters.

For this investigation the Hankel matrix dimensions of s=1200 and r=300 where chosen.

Four realizations were analysed, each having a different number of retained singular
values. The details of the four realizations are given in Table F.4

Table F.4 _ Details of the four analysed r=alizations
" file name: ' Number of retaineu l Normalised magnitude, at the corresponding
S " einAabnlar dial :§c : - qumber of retamed singular vau_inc

_ ! 0.0176

S1419¢_1uu | 1uu 1 0.0056
| 51772> onn 200 0.0027
814194_svu | 400 0.0012

The normalised magnitude of the singular values are plotted against the number of
realized singular values, in Figure F-11. For this investigation only the resuits at the
response location ‘pr’ in the xz plane are presented.

Normalised Singular Values of syd{Hankel Matrix of s=1200, r=300).. file s12r3xz

normalised singular values, D/ID{1)

l
0 100 200 300 400 500 600 700 800 900
degrees of freedom

Figure F.11 Normalised magnitude of the singular values are plotted against the number of realized
singular values, for the realization of the vibration response in the xz plane.

Notice that, as for the realization of the xy vibration plane results discussed in the
previous section, figure F.11 depicts an initial rapid decrease in the magnitude of the
normalised singular values followed by a more gradual decrease. The respective
normalised magnitudes at the final selected retained singular value are given in Table
F.4.
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Notice from figures F.12(a) and F.12(b) that the first four resonant peaks correlate well
to the experimental FRF, as may be expected due to the consistency of the identified
modal parameters in Table F.5 for these modes. Also notice the marked improvement
in correlation between the s12r3z_400 realized FRF and the experimental FRF for both
the fifth anti-resonant peak and sixth resonant peak. Compare this to the poor
correlation between the s12r3z_50 realized FRF and the experimental FRF.

The error in the difference between tt  realized IRF and the experimentally measured
IRF is also smaller for the s12r3z_400 realization than for the s12r3z_50 realization.

In summary, the results of this investigation suggest that while the low frequency
characteristics may be adequately described by a small number of retained singular
values, to adequately model the higher frequency behaviour additional singular values
should be retained. Reflecting on the findings of the previous investigation, it is
apparent that the dimensions of the I kel matrix and the number of retained singular
values are associated. The optimal course is to utilise the largest possible Hankel
matrix dimensions and retain the largest possible number of singular values practical.
This will ensure that both the low and high frequency characteristics of the realized
system will be adequately modelled.
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F.2.3.1 Description of results for the xy vibration plane

Response at location ‘pg’, see figure F.13(a)

The location and magnitude of the initial three resonant peaks correlate exactly with
their experimental counterparts. There is a minor discrepancy at the forth resonant
peak, where a slight deviation in magnitude occurs. The first and second anti-
resonant minimum correlate well with the experimental minimum. However, the third
and forth anti-resonant peaks :viate significantly from the experimental anti-
resonance. As commented previously, (sections F.1.5.1 & F.2.1), there is
uncertainty in the reliability of both of these anti-resonant peaks due to the poor
coherence definition in these regions. It is proposed that the identified anti-resonant
peaks are a more realistic representation.

The phase characteristics of the identified FRF correlate well to the experimental
FRF’s phase. Again it is proposed that the identified phase characteristics are a
more realistic representation, in the regions of the third and forth anti-resonant
peaks. Considering the identified me domain response, the difference between the
experimental and realized impulse response functions is acceptable.

Response at loc~*~~ ‘pr’, see figure F.13(b)

The correlation between both the experimental and identified FRF and phase
characteristics of the initial three resonant and anti-resonant peaks are acceptable.
While the location and magnitude of the forth resonant peak is less well correlated.
The fourth anti-resonant peak dc i not correlate to the experimental peak, aithough
it is proposed that the identified anti-resonant peak is more realistic. It is argued that
the poor coherence definition and ill-defined phase characteristics in this region,
indicate that the anti-resonant pe < is poorly defined.

There is a significant difference between the experimental and identified IRFs.
Clearly , the experimental IRF contains high frequency contributions not modelled in
the identified response. Notice the strongly excited mode in the region orf ~10000 Hz,
see figure F.7(b), but not included in the time domain realization.

Response at location ‘ps’, see figure F.13(c)

Notice that while acceptable ct ‘elation is achieved for both the location and
magnitude of the resonant peaks, the anti-resonant peaks are incorrectly shifted
toward the lower frequency spectrum. The phase characteristics similarly indicate
this shift in the location of the anti-resonant peaks.

Dr. Peterson (personal correspondence) suggested either neglecting the co-located
response or implementing a curve-fitting procedure to correct for the ‘phase lag’. The
curve fitting procedure, however, would invalidate the linear state space modelling
assumption on which the modai identification procedure was based. In addition, a
residual flexibility term would be introduced, to account for the omitted high
frequency resonance modes, which cannot be incorporated into the formulation of
the mass, damping and stiffness matrices. Thus the curve fitting procedure was not
implemented and the ‘ps’ response was omitted from the formulation of the mass,
damping and stiffness matrices.

The difference between the experimental and identified IRFs is once again
significant. Truncated high frequency modes are thought to be responsible.
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F.2.3.2 Description of results for the xz vibration plane

Respon~~ ~*'~cation ‘pq’, seef ire F.14(a)
The location and magnitude of { : six resonant peaks correlate exactly with their

experimental counterparts. A minor exception is the fifth resonant peak, where a
slight deviation occurs. The anti-resonant peaks correlate well for the initial five
anti-resonant peaks. The identified FRF’s representation of the sixth anti-resonant
peak is probably a more realistic representation, than the experimental FRF. Noting
the comments of section F.1.5.2, concerning the poor definition of the coherence
function in this region.

The phase characteristics of the identified FRF correlate well to the experimental
FRF’s phase. An exception is the opposing direction of the phase for the third anti-
resonant peak.

Considering the identified time domain response, the difference between the
experimental and realized impulse response functions is significant during the initial
5ms. This is due to the omission of the strongly excited resonant peaks of ~9000 Hz
and ~10000 Hz from the realization. These modes were omitted as they both are
greater than the measured bandv ith.

Response at location ‘pr’, see figure F.14(b)

The correlation between both the FRF and phase characteristics of the
experimental and identified results are excellent. The location and magnitude of the
resonant peaks and anti-resonant peaks are well correlated.

As both the resonant modes outside the measured bandwidth are weakly excited,
the difference between the experimental and identified IRFs is minimal.

Response at location ‘ps’, see figure F.14(c)

Most noticeable in these comp ative results, are that while the location and
magnitude of the resonant peaks correlate exactly, the anti-resonant peaks are
incorrectly shifted toward the lower frequency spectrum. The phase characteristics
similarly indicate this shift in the cation of the anti-resonant peaks. Initially it was
thought that there was significant high frequency content in the signal, which while
neglected was distorting the ideni ed phase characteristics. This was discounted as
the time domain realization clo: ly predicts the experimental impulse response
function. '

Dr. Peterson (personal correspondence) suggested either neglecting the co-located
response or implementing a cur -fitting procedure to correct for the ‘phase lag'.
The curve fitting procedure, hc 'ever, would invalidate the linear state space
modelling assumption on which the modal identification procedure was based. In
addition, a residual flexibility term would be introduced, to account for the omitted
high frequency resonance modes, which cannot be incorporated into the formulation
of the mass, damping and stiffness matrices. Thus the curve fitting procedure was
not implemented and the ‘p ' response was omitted from the formulation of the mass,
damping and stiffness matr. ss.

The difference between tt  experimental and identified IRFs is acceptable, but
larger in magnitude than ..r the ‘pr’ response. This may be due to the strongly
excited ~9000 Hz resonant modes outside the measured bandwidth.
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In summary, the respective identifie systems predicted the experimental vibration
responses very well. The majority of the discrepancies resulted from truncated high
frequency modes. Poorly defined ar -resonant regions, in the frequency response
functions, were more realistically represented by the identified frequency response
functions. The identified frequency and impulse response functions are ‘smoothed’
versions of the experimental data, as all poorly excited modes and extraneous noise
artefact were removed from the identified functions.

F.3 Mass, Damping and Stiffne s Matrices.

The identified mass normalised eigi /ectors, undamped resonant frequencies and
modal damping coefficients were apg d to the software routine, cms. The underlying
theory and construction of this routine was discussed in section E.3 and E.4.

For the identified data, ten non-z¢ > singular values resulted from the singular
decomposition of the dynamic residual matrix, AQ. This quantity thus defined the
dimensions of the resultant mass, stii ess and damping matrices. These matrices are
presented in Figure F.15(a) & F.15(b), for both the xy and xz vibration planes
respectively.

xy vibration plane - Mass Matrix Xy vibratign plane - Damping Matrix
x 10

xy vibration plane - Stiffness Matrix

2000

Figure F. 15(a) The Mass, Damping and Stif :ss Matrices in the xy vibration planes.
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F.4 Finite Element Model Predictions.

In the following section the finite ¢ ment model predictions will be presented. The
influence of both the material prc rties and degree of mesh refinement, on the
predicted flexural resonant frequencies are considered. The section concludes by
presenting and comparing the finite element predictions to the experimental vibration
responses.

F.4.1 Influence of the Material Properties on Predicted Modal
Parameters.

As might be expected the material p erties influence the model parameters predicted
by the finite element beam element. The Young's modulus, shear modulus and
Poisson ratio were unknown for the test structure and hence were estimated. The value
of both Young’s modulus and the st ar modulus are required for the formulation of the
stiffness matrix, see equations (C-40) and (C-41). The Poisson ratio defines the
relationship between these moduli, see equation (F-1).

The Poisson ratio was assumed tot equal to 0.3, which is an acceptable value for the
mild steel test structure. Hence | : shear and Young's modulus are related via
equation (F-1)

G= 5 £ " or since v=0.3

é” ) (F-1)
G-=__

26

Within limits it is now possible to vary the magnitude of either the shear modulus or
Young’'s modulus to match the ex; -imental modal parameters. This procedure was
described in the literature review of 2ction C.1.1.3. Table F.8 tabulates the sequence
of values assigned to both the she: Young's modulus and the corresponding solved
resonant frequencies.

Table F.8 The influence of material prope es on the predicted finite element resonant frequencies, for
vibration in the xz plane. (10 elem~~*s us¢

~:E=200-GPa anc - E=202 GPa and i ;
L. G=T7GPa . -} . G=T1.IGPa .
ﬂ R T ﬂ B
1" Resonant
Freq. 396 Hz 398 Hz 401 Hz
2™ Resonant
Freg. 1081 Hz 1086 Hz 1091 Hz 1086 Hz
3" Resonant
Freq. 2089 Hz 2100 Hz 2110 Hz 2115 Hz
4™ Resonant
Freq. 3393 Hz 3410 Hz 3426 Hz 3431 Hz
§"' Resonant
Freq. 4966 Hz 4986 Hz "t Hz _ monnrt=ty 5007 Hz
6" Resonant
Freq. 6766 Hz 6799 Hz 6831 Hz | 6798 Hz to 6881 Hz

No formal attempt was made to optimise either the value for the shear or Young's
modulus. Table F.8 clearly demonstrates the convergence of the predicted resonant
frequencies toward the experimental resonant frequencies, as the value of the Young'’s
modulus is increased. A similar tr¢ d was observed for the results in the xy vibration
plane. Thus the material properties that were used in the subsequent finite element
analysis were:- E=204 GPa, G=78.5 GPa and v=0.3
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F.4.2 Influence of Mesh Refinement on the Predicted Modal Parameters.

The refinement of the finite element mesh was considered to be an influential
parameter on the convergence of the predicted modal parameters. As a result the
element length was progressively deduced and the resonant frequencies compared to
the experimental modes. Table F.9 lists the three cases that were analysed, together
with the predicted natural frequencies.

Table F.9 The influence of the element length on the predicted finite element resonant frequencies, for
vibration in the xz plane. (The material pr erties E=204 GPa and G=78.5GPa). Aiso given are the
natural frequencies predicted by Euler beam wneory, for comparison.

Euler Beam . ... .10 elements ™ 20 elements ] . 50 elements Identified Modal
 Theory: | xz oox oo b T Parameters
Element Length n/a 50 mm 25 v inm n/a
| 1" Resonant
Freq. xz 402 Hz 400 Hz 400 Hz 401 Hz 401 Hz
2™ Resonant
Freq. 1109 Hz " Hz 1092 Hz 1092 Hz 1086 Hz
3" Resonant
Freq. 2173 Hz 2110 Hz 2111 Hz 2111 Hz 2115 Hz
4" Resonant
Freq. 3593 Hz 3426 Hz 3427 Hz 3426 Hz 3431 Hz
5™ Resonant
Freg. 5367 Hz 5010 Hz 5011 Hz 5010 Hz 5000 Hz to 5007 Hz
6" Resonant
Freq. 7496 Hz 6831 Hz 6832 Hz 6833 Hz 6798 Hz to 6881 Hz

The results of Table F.9 indicate that the initial six predicted resonant modes are
insensitive to the element length. Typically, convergence of the resonant frequencies
would normally be observed as the ¢ jree of mesh refinement is increased. As this is
not observed, the implication is that the finite element model has converged.
(Convergence of the resonant frequencies was observed at frequencies greater than
the measured bandwidth)

The 10 element solution was used in subsequent finite element analysis. However, for
more complex varying geometry and material properties, a finer element mesh would
be required.

The results also indicate the value of developing the three-node Timoshenko beam
element over the Euler beam formulation. While direct comparisons of the ‘element
length to convergence’ have not been made between the Euler and Timoshenko beam,
the difference should be appreciated y comparing the frequencies predicted by Euler
beam theory and Timoshenko finite element model.
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F.4.3 Comparison of the Finite Element Predictions to Experimental
Vibration Results.

The comparison of the finite element model predictions to the experimental vibration
resufts are presented in two phases. The initial phase compares the predicted resonant
frequencies, while the second phase considers the effect of damping on the
comparison of the predicted frequency and impulse response functions.

F.4.3.1 Comparison of the Predicted ai

The predicted finite element flexural resonant frequencies are tabulated in Table F-10,
together with the experimentally identified resonant frequencies.

Measured Resonant Frequency.

Table F.10 Comparison of the finite element and experimentally [dentified resonant frequencies, for
both the xz & xy vibration planac
T Sicive_mou : Finite Element s12r3y_400 Finte Elemew. |
vibration plane xz . .. Predictions vibration plane xy . e T
[ 1" Resonant
Freq. 401 Hz 401 Hz 979 Hz 978 Hz
_2“ Resonant
Freq. 1086 Hz 10062 K~ 2541 Hz 2553 Hz
3" Resonant ]
Freq. 2115 Hz 2111 Hz 4681 Hz 4676 Hz
| 4™ Resonant
Freq. 3431 Hz 3426 Hz 7191 Hz 7166 Hz
|~ 5™ Resonant
Freq. 5000 Hz 5007 Hz 5010 Hz exceeds cut-off freq. -
| 6™ Resonant
Freq. 6798 Hz 6881 Hz 6833 Hz exceeds cut-off freq. -

The correlation is acceptable and on average the finite element prediction do not
deviate by more than 1% from the experimentally identified resonant frequencies. As
may be expected the largest derivation is for the higher frequency modes.

F.4.3.2 The Effect of Damping on { : Comparison of the Predicted and Measured
Response Functions.

The effect of damping is best illustrated by comparing the frequency and impuilse
response functions for the undamped and damped case. The undamping finite element
response functions are given in Figure F-16(a), while the damped predicted response
functions are given in Figure F-16(b) for vibration in the xy plane. Figures F-17(a) & F-
17(b) are similar piots for the xz plane.

The predicted modal damped coefficients for the proportional, mass-proportional and
stiffness-proportional damping cases were similar. As the predicted damped resonant
frequencies, using proportional damping values a=1.0E-06 & B=1.0E-06, resulted in
marginally lower damped frequencies these values were used in the comparison.
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Notice immediately that reasonable correlation is achieved for both the location and
magnitude of the resonant peaks f the finite element models. For the frequency
response function of the damped models, see figure F.16(b) & F.17(b), the initial
resonant peaks are well matched but as the frequency of the resonant modes increase
this correlation weakens. It is suggested that the proportional damping strategy which is
instituted in the finite element code is inappropriate, as the modal damping in the higher
frequency modes is obviously too great.

For both finite element predictior the anti-resonant peaks poorly match the
experimental anti-resonant peaks. This trend may be similarly observed from the poor
correlation of the phase characteristics. It is apparent that the eigenvectors predicted by
the finite element code and the actual mode shapes do not correlate, as this would
explain the poor anti-resonant peak correlation.

The finite element predicted impulse response functions do not accurately represent
the experimental impulse responses. Due to the obvious deviation of the finite element
predicted response functions, no further comparisons are presented.
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G. Conclusions and Recommendations.

1.

From the literature review it ay be concluded that osteoporosis could be

successfully diagnosed by the non-invasive measurement of the vibration response
of the patient’s tibia or ulna. The diagnosis is based on the measured values for the
resonant frequencies. Prior to the application in patients, additional research is
required to overcome the difficulties in reliably measuring the dynamic response of
the tibia or ulna.

2. The Timoshenko beam element was shown to accurately predict the measured

natural resonant frequencies of the test structure. However, the predictions for the
dynamic responses did not correlate well. It appears that the implementation of the
viscous damping model in the finite element modal solution was responsible.

It is recommended that allowance be made in the finite element code for the input of
the experimental damping values. It is anticipated that following this modification the
finite element model predictions « the dynamic response of the test structure would
improve.

3.1 An impact hammer and low-p ;s filter were successfully constructed. The low-

pass filter's response characteristics were successfully measured and calibrated.
In an effort to reduce the hig frequency content of the captured signals, it is
recommended that the attenuation of the low-pass filter be increased. It is hoped
that this will reduce the inclus n of all frequency components above the cut-off
frequency.

3.2 The choice for the placement of the respective accelerometers and impact

location on the test structure, was not successful. Significant high frequency
resonant modes, above the cut-off frequency, were excited in many of the
responses. This was observed in the xz vibration responses at the ~8000 Hz and
~10000 F _ = >de i ly in Xy v 0000 Hz
mode. The presence of these high frequency modes generally resulted in the poor
correlation between the measured and identified impulse response functions.
Therefore the re-evaluation of the placement of both the response accelerometers
and impact location on the test structure, is recommended.

3.3 In the ensemble averaged frequency response functions, anti-resonant frequency

regions were identified where the anti-resonant peak, coherence function and
phase characteristics were poorly defined. It was reasoned that these anti-
resonant peaks were not consistently defined by successive captured vibration
responses.

An understanding of the causes of the ill-defined anti-resonant peaks is lacking. It
is recommended that both the effect of ensemble averaging on the quality of these
ill-defined anti-resonant peaks and the influence of the location of the response
transducers be investigated.
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4.1

42

The time-domain identification procedure, i.e. the Eigensystem Realization
Algorithm, was successful in identifying the resonant modes, damping ratio and
mode shapes. Acceptable correlation was demonstrated between the identified
and experimental response functions. In regions of ill-defined anti-resonant
peaks the identified frequenc response functions provided a more realistic
representation, although this cannot be substantiated. @ Where deviations
occurred between the identific and experimental impulse response functions,
these differences were generally as a result of strongly excited high frequency
modes in the experimental responses.

A possible enhancement of 1e time-domain identification procedure, is to
overcome the present limité on of the Hankel matrix dimensions. It is
recommended that either additional computer hardware be acquired or that the
time-domain identification soft are be ported to a workstation, where memory
constraints will no longer be an bstacle.

Least order mass, stiffness and damping matrices were successfully calculated for
both planes of vibration. However, the physical interpretation of these matrices is
less clear, and the vibration r iponse of the resultant second-order differential
equation was not pursued. The value of these matrices in comparing the vibration
response of different structures, such as the tibia response of two patients, was
also not pursued.

Further investigation is required to gain a complete understanding of the least
order mass, stiffness and damping matrices. Also, the dynamic response of the
resultant second-order differential equation should be compared to the response
of the experimental data. Fin: vy, the sensitivity of these least order matrices to
subtle changes in the test structure should be investigated.

5. The proposed validation of both the experimental protocol and modal identification

procedure by the finite elemet method, w ; only ¢ tially ul. £ tt
comparative results indicate, the finite element model predictions for the resonant

frequencies correlate well with oth the experimentally measured and identified

resonant frequencies. However, the finite element predictions for the response

functions were unrealistic and hence the validation of the response functions was

not possible.
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Apper - II._ Finite Element Modelling

II-12

do k=1,6
call shapef5(i,j,eta_s(k),data(1+q)/2.0,p,vec)
c. MASS ELEMENT
MASS_xy(i,j))=MASS_xy(i,j)+
& (data(2+q)*data(5+q)“vec(1)*vec(2)"data(1+q)/2. O'
& weight(k)) +
& (data(2+q)*data(8+q)*vec(S)*vec(6)*data(1+q)/2.0*
& weight(k))
c. STIFFNESS MATRIX
STIFF _xy(i,j)=STIFF_xy(i.j)*+
& (data(3+q)*data(8+q)*vec(7)*vec(8)*2.0/data(1+q)"weig () +
&

& (data(10+q)*data(5+q)*data(4+q)*(vec(3)*2./data(1+q)-
vec(5))"
& (vec(4)*2./data(1+q)-vec(6))data(1+q)/2.0*weight(k))
end do
MASS_xy(j,)=MASS_xy(i.j)
STIFF_xy(j,)=STIFF_xy(i,))
end do
end do
return
end

SUBROUTINE shapef§(n, m, eta, Jac, p, vec)
LBttt rrte e ettt ek be et nne
integer choice, pass, !dummy varnables
& n, m Inon-local variables, input
real*8 eta, Jac, p  !non-local variables, input
real*8 vec(8)
C.mmmmmmmmmeee ----* shape functnons *
choice=n
do pass=0,1
select case (choice)
case (1) Lo
vec(1+pass)=0.25"eta*(eta-1.)/(Jac**2+12.*p)/(15."p+Jac**2)*
& ((3.*Jac*™4 + 36."Jac**2'p)*eta**3 +
& (1.*Jac*4+ 6."Jac**2'p)'eta**2 -
& (4.°Jac**4 +114.*Jac**2'p + 720."p**2)"eta -
& (30.*Jac**2*p + 360."p**2))
vec(3+pass)=0.25/(Jac**2+12.'p)/(15.*p+Jac**2)*
((15.*Jac**4 + 180.*Jac**2'p)‘eta**4 -
(8.*Jac**4 + 120.*Jac**2*p)*eta**3 -
(15.*Jac**4 + 360.*Jac**2"p + 2160."p**2)"eta**2 +
(8.*Jac**4 + 168.*Jac**2*p + 720.*p**2)‘eta +
( 30.*Jac**2*p + 360."p**2))
vec(5+pass)=0.25"eta* (eta-1.)"(eta+1.)/(Jac**2+12.*
(15.*p+Jac**2)*
((15.*Jac**2 + 180.*p)*eta -
(8.*Jac**2 + 120.*p))*Jac
ec(7+pass)=0.5"12~// Jac**2+12.*p)/(15.*p+Jac**2)*
((30."Jac**2 - p)eta**3 -
(12.*Jac**2 + 180.*p)"eta"*2-
(15.*Jac™*2 + 180."p)"eta+
(4.*Jac**2 + 60.*p))
€S (2) e i -
vec(1+pass)=0.25"cta*(eta-1.)*(eta+1.)/(Jac**2+12.p)
& /(15.*p+Jac**2)*
& ((1.*Jac**6 + 6."Jac**4'p - 72.*Jac**2"'p**2)"eta*"2 -
& (1.*Jac**6 + 15.*Jac**4*p)“eta -
& ( 6.*Jac**4*p - 48.*Jac**2*p**2-1440."p"*l Jac
vec(3+pass)=0.25/(Jac**2+12.*p)/(15.*p+Jac**2)*
&((5.*Jac**6 + 30."Jac**4*p - 360. 'Jac"g*p“Z)'eta
& (4.*Jac**6 + 60.*Jac**4*p)*eta**3 - .
& (3.*Jac**6 + 36.*Jac**4*p-360."Jac**2*p**2-
4320*p**3)*eta* 2+
& (2.*Jac**6 + 30."Jac**4*p)eta+
& ( 6."Jac**4*p- 48.*Jac**2*p"*2-1440*p**3))/Jac
vec(5+pass)=0.25"¢eta*(eta-1.)/(Jac**2+12.*p)/(15."p+Jac**2)*
& ((5.*Jac*"4 + 30.*Jac**2'p - 360."p**2)"eta"*2 +
& (1.*Jac**4-30.*Jac**2'p - 360."p**2)"eta -
& (2.'Jac**4 + 6.°Jac**2'p - 360."p**2))
vec(7+pass)=-0.5/(Jac**2+12.*p)/(15."p+Jac**2)*

o 0 Qo Qo Qo

Q0 R0 Q0 Qo . RO Qo Qo

& ((-10.*Jac**4 - 60."Jac**2'p + 720.°p**2)"eta**3 +
& ( 6.*Jac*"4 + 90."Jac**2"p)’eta**2+
& ( 3.*Jac**4 - 24,*Jac**2'p - 720.°p**2)"eta-
& ( 1.*Jac**4+ 3.*Jac**2'p - 180."p**2))

case (3) Lot nens
vec(1+pass)=-0.25"¢eta"(eta+1.)/(Jac**2+12.°p)/
& (15.*p+Jac**2)*

&  ((3.-Jac**4 + 36.°Jac**2*p)eta**3 -

(1.*Jac**'4 + 6.Jac**2'p)"eta*"2 -
(4.4Jac**4 +114.*Jac**2'p + 720.*p**2)"eta +
(30.*Jac*2*p + 360."p**2))
ec(3+pass)=-0.25/(Jac**2+12."p)/(15.*p+Jac**2)*
((15.*Jac**4 + 180.*Jac**2"p)“eta**4 +
(8.*Jac**4 + 120.*Jac**2"p)"eta**3 -
(15.*Jac**4 + 360.* Jac**2'p + 2160.*p**2) eta* 2 -
(8.*Jac**4 + 168."Jac**2"p + 720."p**2)*eta +
{ 30.*Jac**2*'p + 360.*p**2))
vec(5+pass)=-0.25"eta*(eta-1.)*(eta+1.)/(Jac**2+12.*p)/
(15."p+Jac**2)*
((15.*Jac**2 + 180.*p)*eta +
(8.*Jac**2 + 120.*p))* (Jac)
ec(7+pass)=-0.5"Jac/(Jac*“2+12.p)/(15.“p+Jac**2)*
((30.*Jac**2 + 360."p)*eta**3 +
(12.*Jac**2 + 180.*p)*eta“*2-
(15.*Jac**2 + 180.*p)*eta-
(4."Jac**2 + 60."p))
case (4) ...
vec(1+pass)=0.25"eta*(eta-1.)"(eta+1 )/(Jac“2+12 ‘Y
& (1S5."p+Jac**2)*
& ((1.*Jac**6 + 6."Jac**4*p - 72."Jac**2'p**2)*eta**2 +
& (1."Jac**6 + 15."Jac*"4"p)"eta -
& ( 6.Jac**4°p - 48.*Jac**2*p**2-1440."p**3))/Jac
vec(3+pass)=0.25/(Jac**2+12.*p)/(15.*p+Jac**2)*
&((5.*Jac**6 + 30."Jac**4"p - 360.*Jac**2*p**2)'eta**4 +
& (4.*Jac**6 + 60."Jac**4*p) eta**3 -
& (3.Jac**6 + 36."Jac**4*p-360."Jac**2*p**2-
4320'p"3).eta"2-
& (2.*Jac**6 + 30."Jac**4*p)“eta+
&( 6.*Jac**4"p- 48.*Jac**2"p**2-1440'p**3))/Jac
vec(5+pass)=0.25"eta"(eta+1.)/(Jac**2+12.°p)/(15."p+Jac**2)

oo oo . oo

P g0 g _ 0o R0

& ((5.*Jac**4 + 30."Jac"*2p - 360."p**2)*eta* 2 -

& (1.*Jac**4-30."Jac**2'p - 360."p**2)"eta -

& (2'Jac**'4+ 6."Jac*'*2'p - 360."p**2))
vec(7+pass)=-0.5/(Jac**2+12.*p)/(15."p+Jac**2)*

& ((-10.*Jac**4-60."Jac**2"p + 720.*p**2)"eta**3 -

& ( 6.Jac4 +90."Jac**2"p)eta*"2+

&  ( 3.Jac™4-24.Jac**2'p - 720.*p**2)*eta+

& (1.Jac™4+ 3.*Jac*'*2'p-180."p**2))

case (5) s
vec(1+pass)=(eta-1.)* (eta+1.)/(Jac**2+12."p)*

& ((1.*Jac**2)‘eta* 2 -

& (1.4Jac**2+12."p))
vec(3+pass)=4."eta/(Jac**2+12."p)*

& ((1.4Jac**2)*eta* 2 -

& (1.+Jac**2+6."p))
vec(S+pass)=4."Jac*eta*(eta-1.)"(eta+1.)/(Jac**2+12.*p)
vec(7+pass)=4."Jac*(3."eta**2-1.)/(Jac*"2+12."p)

{6y !
vec(1+pass)=eta*(eta-1.)*(eta+1.)/(15."p+Jac**2)*

& ((1.*Jac**4+ 3.*Jac**2°p)’eta* 2 -

& (1.4Jac**4 +27."Jac**2'p + 60."p**2))/Jac
vec(3+pass)=1./(15."p+Jac**2)"

& ((5.*Jac**4+15.*Jac**2*p)‘eta**4 -

& (6.*Jac**4 +90.*Jac**2*p + 180.°p**2)"eta**2+

& (1.tJac**4 +27.*Jac**2'p + 60.°p**2))/Jac
vec(S+pass)=(eta-1.)*(eta+1.)/(15."p+Jac**2)*

& ((5.*Jac**2 + 15.*p)*eta**2 -

& (1.*Jac**2+15."p))
vec(7+pass)=4."eta/(15.*p+Jac**2)*

& ((5.*Jac**2 + 15.°p)*eta**2 -

& (3.tJac*"2+15.%p))
endselect ...,
choice=m
end do
return
end

SUBROUTINE inv_A_product_B(mat_A, mat_B, mat_C, n)
*  (inverse mat A)'mat B=mat_C
* n size of square matrices mat_A, mat_B & mat_C
integer 1, j, n, ifree, ialloc
double precision
+ mat_A(n,n), mat_B(n,n), mat_C(n,n), !adjustable array
+ dummy_vector_a(:), lallocate
+ dummy_vector_b(:),
+ dummy_armray(:,?)






n












—_—p

43



’
ket,






Appendix IIL Experimental Details. HIL-5

Specifications of the Referenced Accelerometer, used for Calibration.

Briiel & Kjer

) CERTIFICATE of CALIBRATION

4{ Absolute Calibration by Laser-Interference
“l (Estimated Error less than 0.5%)
A Accelerometer Reference Normal Type 8305S Serial No.  [otRavs.......
d Yk
R T
al Reference Sensitivity at 160 Hz and 2/ °C: . [2%p. PC/g
2 Frequency Response
£
»_‘_ - - T | t
JE a8 [T | I'rl ﬁ!] LS - __["l:_r!i_E T ‘r | 2 - 4 S ) ¥ I: |‘
A (Red, Green) T ' T —rd - ! e H
4 5 - Ly o M T A P g Fa =T : — i 30 dB
4! T3 TP~ B T T :
i T 3T, o 7 e 1 {Black}
»\ T ; F.:ﬂ] i At T = Y
{ ' — 4 S . ;“'?=—u—' 3 ] : Y J
4 1] — e . —r= T 1
T T T 5 X -
A [\} T T | 1 Y n 1 T T ‘l 15
i =T et R I T T ]
i —-—  —— e P !
:f = — e b - — i
£ I R e s — : = ]
R T —4 ] ‘l:f-'ﬁ 3 ) 2 i
.’_i s | S | T ] = ."lkH . = s P 0
& - 2
" ° 100 iy Zero Level: (1812721
siy
i The frequency response curves are obtained with the base mounted on an Exciter
i and with a load applied to the top. The load acceleration is kept constant.
¢
\ Mazimum Transverss Sensitivity at 30 Hz A8 % Physlcal:
&4 Accelerometer Capacitance ........ 7‘/46 oF e
% w.ioht:........?!9,7...9uml —— U — o it
T : aterial: Stainiess Stee
P orcen ciutiutation retia om' tHe"BESS s ok S ing Thread: 10-32UNF-28
-§ body of the accelerometer. : Electrical Connector: Ccaxial 10-32
7% 4 _E_ UNF-2A thread
‘( Resisiance minimum 10'? Q@ at room temperature. A%
# '
% Environmental:
c '(‘ Humidity;: Hermatically sealed. h?r:'lcd:.rltl],mp::llc‘::esi.c:lli:tzl:’ i
4] (Al waided snd giass 10 meral diffusion seat)
i Max. Temperature: 200°C or 392°F ) - T T [ L
a Mezx. Shock Acceleration: 1000 g R |
i " Msgnatic s...“...ll‘:ll"n’:'y: (S04 H1) < 0.1 p/kgauss = T i
coustic eitivity:
Equivelent gat 154 dB SPL < 0.03 ) J-l——sr'—_"' ]
* Base Stain Senaltivity: < 8x10~¢ g/ustrain (in plane £ | i
of the base) ar ] ] | { .
* Tamperature Translent Sensitivity: T T ] ] ] ! i
&1 9/°C (Preamp. 2628 Low Lim. Freq.: 0.3 Hz) % T 1 1 T T ;=
<01 ¢/°C (Preamp. 2626 Low Lim. Freq.: 3 Hz) = = = = ~e = i
For further Intormation see | book. - ™ b = v B 3.
< Rat.: ANSI - S2. 11-1008 LB
** This calibration is tracesble to the Nationa! MY
Buresu of Standards Weshington D.C. ; 3]
- 19.43... g
Naerum on . 28 . junt.. -
: g Signed Signature Removed P%: ’
Approved Signature Removed ign b
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