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Abstract

The bubble column reactor is commonly used in industry, although the fluid dynam-
ics inside are not well understood. The challenges associated with solving multiphase
flow problems arise from the complexity of the governing equations which have to be
solved, which are typically mass, momentum and energy balances. These time-dependent
problems need to include effects of turbulence and are computationally expensive when

simulating the hydrodynamics of large bubble columns.

In an attempt to reduce the computational expense in solving bubble column reactor
models, a “cell” model is proposed which predicts the velocity flow field in the vicinity
of a single spherical bubble. It is intended that this model would form the fundamental
building block in a macroscale model framework that does predict the flow of multiple

bubbles in the whole column.

The non-linear Navier-Stokes (NVS) equations are used to model fluid flow around the
bubble. This study focusses on the Reynolds number range where the linear Stokes equa-~
tions can be used to accurately predict the flow around the bubble. The Stokes equations
are mathematically easier to solve than the NVS equations and are thus less computa-
tionally expensive. The validity of the NVS model was tested against experimental data,
for the flow of water around a solid sphere and was found to be in close agreement for the
Reynolds number range 25 to 80. The simulation results from the Stokes flow model were
compared with those from the NVS flow model and were similar at Reynolds numbers
below 1. The application is then in the partitioning of the bubble column into regions

governed by either Stokes or NVS equations.

For the flow of water past a bubble, the error between the Stokes flow model and the
NVS flow model was determined for 0.1 < Re < 80. The Stokes flow model accurately
predicted the flow field at Reynolds numbers below 1. At higher Reynolds numbers, the
error increased due to the high velocities on the bubble surface and the low velocity re-
gion behind the bubble which the NVS model predicted but the Stokes model did not.
Although this is a relatively small range of Reynolds number in which the the Stokes solu-
tion can be trusted, it is anticipated that the volume fraction of such regions in a bubble
column may be relatively high, especially in cases where the bubbles are approximately

uniformly suspended. It can therefore be expected that a macroscale model framework



which introduces the Stokes approximation for low-Reynolds number bubbles and Navier-
Stokes computations for the remaining can be solved significantly faster than frameworks

reliant on Navier-Stokes solutions alone.



Contents

1 Introduction 1
1.1 The Bubble Column Reactor . . . . . ... ... ... ... ........ 1
1.2 Modelling Challenges . . . . . . . .. .. . e 4
1.3 The Navier-Stokes Equations . . . . . .. . .. ... ... ... ....... 5
1.4 Turbulence. . . . . . . . . . e 8
1.5 Summary . . . . . e e e e e 9

2 Literature Review 10
2.1 Modelling the Liquid Phase . . . . . . ... .. .. ... .......... 11

2.1.1 Solving a Single-Phase Flow Problem . . . . . . .. ... ... ... 11

2.1.2 Turbulence . . .. .. ... 12

2.2 Modelling a Single Bubble . . . ... .. ... ... o 0oL 18

2.3 Modelling the Liquid and Bubbles . . . . . . ... ... ... ... ..... 20

2.3.1 The Volume of Fluid Method . . . . . ... ... ... ... ... 20

2.3.2 'The Euler-Lagrangian Method . . . . . . . . ... ... ... ... .. 21

2.3.3 The Euler-Euler Method . . . . . . . ... .. ... ... ..... 23
2.34 Comparison Between Euler-Euler and Euler-Lagrangian Two-fluid

Models . . . . . . . . . e 24

2.3.5 Comparison Between Steady-state and Dynamic Models . . . . . . 25

2.3.6 Modelling Bubble Clusters
2.3.7 Turbulence Modelling for Systems Containing a Dispersed Phase . . 31

24 Numerical Methods . . . . . . . . . . .. L 32
2.4.1 The Finite Difference Method . . . . . . .. .. ... ... ... .. 32

2.4.2 The Finite Volume Method . . . .. .. ... ... .. .. ..... 32

2.4.3 The Finite Element Method . . . . . .. . ... ... ........ 33

2.5 Summary ... oL L e e e e e 36

3 Thesis Objectives 37



4 Stokes Flow

4.1 Physical Description of the Problem . . . . . . .. ... ... ........
42 Algorithm . . . . . ..
4.3 Computational Techniques . . . . . . . . ... ... ... ... ... ....

4.3.1 Creating the Meshed Geometry . . . . . . ... ... ........

432 dealll . . . . . . e
4.3.3 Adaptive Mesh Refinement . . . . . . . .. ... ... ..., . ...
4.3.4 Visualisation of the Results . . . . ... ... ... ... ......
4.4 Flow Past a Solid Sphere . . . . . . . .. ... ... ... ...
4.4.1 The Experimental Result
4.4.2 Numerical Results
4.5 Flow Past a Bubble

5 Navier-Stokes Flow
5.1 Physical Description of the Problem
5.2 Algorithm
5.3 Computational Techniques . . . . . . . . . ... ... ... . ........

53.1 ToolsUsed. . . . . ... . . ...
5.3.2 Convergence to Steady State . . . . . ... ... .. ... .. ....
5.4 Flow Past a Solid Sphere
5.5 Flow Past a Bubble

6 Validation of Model for Flow Past a Solid Sphere
6.1 Validation Approach . . . . . . . ... .. .. ... ...
6.2 Comparison of Flows at Re=26.8
6.3 Comparison of Flows at Re=73.6
6.4 An Analysisofthe Wake . . . . . ... ... ... ... .. ... ...
6.5 MassBalance . . .. .. ... Lo

6.6 Summary

7 Results
7.1 Error Analysis . . . . . . . . ...
7.1.1 The Role of the Convective Term . . . . . . .. . . .. . ... ...

7.1.2  Analysis Methods
7.13 The Error Domain . . . . . .. . .. ... .. ... .. .......
7.2 Error Trends with Reynolds Number

it

41
41
44
45
45
45
46
47
49
49
50
51

54
o4
%3]
55
55
56
57
60

63
63
64
66
67
70
71



8 Discussion

8.1 Error Analysis on the Bubble

8.1.1 Comparison between the NVS and the Stokes Solutions . . . . . . .

8.1.2 Refinement Errors

8.2 Computational Requirements

9 Conclusions

Bibliography

A Derivation of the Navier-Stokes Equations

A.1 The Substantial Derivative

A.2 Derivation of the Continuity Equation
A.3 Derivation of the Momentum Balance

A4 Converting the Navier-Stokes Equations into a Dimensionless Form

A5 Derivation of the Energy Balance Equation . . . . . .. ... ... .....

B Sample Calculations

il

84
85
85
88
92

94

96

100
100
101
102

. 110

111

116



List of Figures

11

1.2

1.3

1.4

1.5

2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

2.9

An example of bubble movement in a flat bubble column (Becker et al.,
1999). . . e
Flow regimes in the bubble column for varying superficial gas velocity (Del-
noij, 1998). . . . . . e
Detailed flow structure of the vortical-spiral flow regime for a gas-liquid
bubble column (Chenet al,, 1994). . . . . ... ... ... . ...
Diagram illustrating the interacting variables between the continuous phase
and the dispersed phase (bubbles). . . . ... ... ... ... ...
Rough sketch of flows around a cylinder at different Reynolds numbers,

illustrating the development of turbulent flow (Bohr et al., 1998). . . . . .

Drawing of a bubble column with both liquid and bubbles existing in region
1, liquid only in region 2 and a single gas bubble in region 3. . . . . . . .. :
Plot showing the variables from equation (2.4). Here the velocity is denoted
by v, the mean velocity by V, and the fluctuating component v/ . . . . . .
The mechanism through which turbulent eddies cause the surrounding fluid
to experience turbulent shear stresses. . . . . . . . . ... ... ... ...,
Experimental and calculated vertical velocities in the gas-stirred bath taken
from Schwarz and Turner (1988). . . . . ... ... ... ... ... .. ..
Partially aerated flat bubble column (Ug=3.3mm/s): (a) photograph; (b)
calculated and (c) measured liquid velocity field (Becker et al., 1994). . . .
Partially aerated flat bubble column (Ug = 0.66 mm/s): photographs of
the oscillating bubble swarm at two different times (Becker et al., 1994).
Dynamic simulations of a partially aerated flat bubble column (Ug =
0.66 mm/s): instantaneous results of {a) liquid velocity field and (b) gas
hold-up (Becker et al., 1994). . . . . . .. .. .. oL L
Diagram representing the discretization of the space for a 1-D problem
(Versteeg and Malalasekera, 2007). . . ... ... ... .. ... ......
Mesh for a 2-D domain using a combination of triangular and quadrilateral
elements (Belytschko and Fish, 2006). . . . . . .. ... .. ... ... ...

iv

13



3.1

4.1
4.2

4.3

44
4.5

4.6
4.7
4.8

4.9
4.10

4.11
4.12

5.1

5.2

5.3

5.4

5.5

6.1
6.2

Hlustration of the 3-D domain for the single bubble model. Simulation

results arenot shown. . . . . . . . .. .. oL 38
The physical domain. . . . . . . . ... . ... 42
Domain containing the white line over which the velocity magnitudes were

plotted. . . . . . 43
Plot of the velocity magnitude profile along the line shown in Figure 4.2

for flow past a bubble for a Reynolds number of 30. . . . . . . . ... . .. 43
The starting meshed geometry used in all the simulations. . . .. ... .. 45

A view of the mesh close to the sphere after two Stokes refinement cycles

(3720 cells). . . . . .. 47
Velocity vector field for Stokes flow for a Reynolds number of 50.. . . . . . 48
Pressure field for Stokes flow for a Reynolds number of 50. . . . . . . . .. 48
Experimentally observed flow field behind a solid sphere for Re=26.8 taken

from Taneda (1956). . . . . . . . . . . . e 49
Velocity field for water flowing past a solid sphere at Re=1.. . . . . . . .. 50
Plot of v, along the center line in the z-direction, 0.5mm away from the

sphere. . . . . . L e 51
Velocity field for water flowing past a bubble at Re=1. . . .. ... .. .. 52
Plot of v, along the center line in the z-direction, 0.5mm away from the

The velocity-based L2 error plotted with time for the flow of water past a
solid sphere at a Reynolds number of 10. . . . . . ... ... ... ... .. 58
A section of the velocity field for water flowing past a solid sphere at Re=>50.
The arrows indicate the direction of the flow and the colour bar indicates
the velocity magnitude. . . . . . . . . . Lo 59
Plot of v, along the center line in the z-direction, directly through the
sphere, for flow around a solid sphere. . . . . . . .. . ... ... ... ... 60
Velocity field for water flowing past a bubble at Re=50. The arrows indicate
the direction of the flow whereas the colour field indicates the velocity
magnitude. . . ... L. 61
Plot of v, along the center line in the z-direction, directly through the

sphere, for flow around a bubble. . . . . . ... ... L0 61

Velocity flow field behind a solid sphere for Re=26.8 using the NVS solver. 65
Experimentally observed flow field behind a solid sphere for Re=26.8 taken
from Taneda (1956). . . . . . . . . . .. ... 65



6.3

6.4

6.5

6.6

6.7

6.8

6.9

7.1

7.2

7.3

7.4

7.5
7.6

7.7

7.8

7.9

7.10

7.11

7.12

Experimentally observed flow field behind a solid sphere for Re=73.6 taken
from Taneda (1956). . . . . . . . . . 66
Velocity flow field behind a solid sphere for Re=73.6 using the NVS solver. 67
Velocity flow field behind a solid sphere for Re=73.6 using the Stokes solver. 67
Velocity magnitude field with the white line indicating the domain used to
plot the wake in Figure 6.7. The main flow direction is from left to right. . 68
Plot of the velocity magnitude profile behind the solid sphere to determine
the wake length for a Reynolds number of 73.6. . . . . .. . ... ... .. 69
Plot of the dimensionless wake lengths with the Reynolds number for var-
ious sized solid spheres and a numerical calculation. . . . . . .. ... ... 69
Indication of a cell face with a red arrow for which the mass flow is cal-
culated. This was performed for each cell face that is positioned on the

outside of the domain. . . . . . . . . . . . .. e 70

Section of NVS velocity magnitude field for the flow past a bubble at a

Reynolds number of 75.. . . . . . PP @ T 74
Section of Stokes velocity magnitude field for the flow past a bubble at a
Reynolds number of 75.. . . . . . . .. .. L o 74
Section of relative error field for the flow past a bubble at a Reynolds
number of 1. . . . . . ... 77
Section of relative error field for the flow past a bubble at a Reynolds
number of 75. . . . . L L e e 77
Subdomain over which the error analysis was performed. . . . . . ... .. 78

Section of NVS velocity magnitude field for the flow past a bubble at a
Reynolds number of 1. . . . . . . . . . .. ... ... 79
Section of Stokes velocity magnitude field for the flow past a bubble at a
Reynolds numberof 1. . . . . . . .. . .. .. ..o L 79
Section of NVS velocity magnitude field for the flow past a bubble at a
Reynolds number of 20.. . . . . . . ... . L oL 80
Section of Stokes velocity magnitude field for the flow past a bubble at a
Reynolds number of 20. . . . . . . .. .. Lo 80
Plot of volume averaged relative error based on velocity magnitude against
Reynolds number, for flow past a solid sphere. . . . . . . . ... ... ... 81
Plot of volume averaged angle between NVS and Stokes solution vectors
against Reynolds number, for flow past a solid sphere. . . . . . . . . . . .. 81
Plot of volume averaged relative error based on velocity magnitude against

Reynolds number, for low past abubble. . . . . .. ... ... . .. 82

vi



7.13 Plot of volume averaged angle between NVS and Stokes solution vectors

against Reynolds number, for flow past a bubble. . . .. .. .. ... ...

8.1 Diagram showing the different errors between the various FEM solutions
obtained. . . . . . . ... L
8.2 Plot of volume averaged relative error based on velocity magnitude against
Reynolds number, for flow past a bubble, using both the finest and the
coarsest meshes. . . . . . . ... e
8.3 Plot of volume averaged angle between NVS and Stokes solution vectors
against Reynolds number, for flow past a bubble, using both the finest and
the coarsest meshes. . . . . . . .. . ... L Lo .
8.4 Hlustration showing the two lines over which the velocity magnitudes were
plotted.
8.5 Plot of NVS velocity magnitude along Line 1, for the flow around a bubble
at Re=15. . . . . . e
8.6 Plot of NVS velocity magnitude along Line 2, for the flow around a bubble
at Re=15. . . . . . . e
8.7 Plot of Stokes velocity magnitude along Line 1, for the flow around a bubble
at Re=15.
8.8 Plot of Stokes velocity magnitude along Line 2, for the flow around a bubble
at Re=15.

A.1 Mass fluxes into and out of a fluid element. . . . . . . . . ... ... ... .
A.2 Stress components on a fluid element. . . . . . .. ... . 0L,
A.3 Stress and pressure components on a fluid element in the z-direction.

A4 Deformation of a two-dimensional fluid element due to shear. . . . . . . . .
A.5 Deformation of a two-dimensional fluid element due to shear. . . . . . . . .

A.6 Differential element including the heat fluxes through the element. . . . . .

B.1 Plot of the average relative error and average angle between the NVS so-

lution using a step size of 0.1 seconds

vii

102



List of Tables

6.1 Mass balance results for different mesh sizes. . . . . . . . .

8.1 Computational times for flow around a bubble at a Re of 1.

8.2 Computational times for flow around a bubble at a Re of 15

viii



Acknowledgements

Firstly, I would like to take this opportunity to thank my sponsor, SASOL, for funding
my MSc. Their financial support has played a very important role in the completion
of the project. In addition, I am extremely grateful for the general interest that Cayle

Sharrock, my mentor, showed towards my studies. He was always a pleasure to work with.

In no particular order, I would like to acknowledge those individuals who have made
this project possible. Of course by naming people, I run the risk of making serious omis-
sions. If I do, I apologise and ask that you know that I am not any less grateful for your

help over the years.

My supervisor, Dr Randhir Rawatlal deserves a very special thanks for his continued
support throughout the course of the project. More importantly, I would like to add that
my confidence in problem solving has increased substantially which is partially due to my
passion for the field of research of Computational Fluid Dynamics (CFD) which my su-
pervisor has given me the freedom to explore and partially due to the frequent discussions

we engaged in regarding this field.

Michael Rhapson played a crucial role in the completion of the project. He was always
interested in developing ideas which were related to my work and was very generous with
his time. He provided me with direct technical support for the computer programming
which was a large and challenging component of my project and always seemed to have
answers when I ran into problems regarding the mathematics. I thoroughly enjoyed work-
ing with Michael and appreciate his unique interest in multidisciplinary problems. This
short acknowledgement is by no means sufficient thanks for the large number of hours

that you gave up of your own time to help me.

I am very grateful for the support that the staff and students of CERECAM have given
me. Their technical help in the field of CFD in general, the Finite Element Method
and DEAL.IT has been tremendous. Professor Daya Reddy, the director of CERECAM,
facilitated the involvement of students in other research groups with CERECAM and
provided excellent guidance for students such as myself. Dr Andrew McBride ran the
DEAL.II user group which gave me the opportunity to learn how to use the DEAL.II
software from scratch. He was also very generous with his time in helping me with spe-
cific technical issues regarding both the FEM mathematics and the computational aspects.
JP Pelteret, whom I met in the user group, helped me get going with the software and

was always interested in the challenges associated with my project despite the fact that

ix



he was solving a very different research problem. Dr Victor Udoewa gave me some very
good advice during critical stages of the project and was also always ready to discuss
ideas. My colleague from Chemical Engineering, Alexey Cherkaev was always willing to
help me with the FEM mathematics, IT problems as well as giving me some interesting
ideas to think about for my project. I would like to thank every person in the DEAL.II
user group for their support. Dr Case Bakker was very kind to help set up Linux on my

computer during the early stages of the project.

I have also received plenty of support from my co-supervisors, Professor Sue Harrison
and Dr Tiri Chinyoka. Qutside of the university, I would like to thank Martin Kronbich-
ler from Uppsala University for his permission for me to build on his very well developed
code and for some of the very useful coding tips that he shared with me. My twin
brother, Peter, helped me immensely with getting confident at programming during the

early stages of the project and always gave me quality advice.

A very big thanks goes out to all of my colleagues in Chemical Engineering and more
specifically CEBER for their support of my work in general. Thanos Kotsiopoulos de-

serves a special mention for his involvement in the progression of my research.

Finally I would like to thank God almighty for giving me the strength to complete this
work. My family and friends have helped encourage me to perform to my best ability
and my father gave me the financial edge as well. My digsmate Marco Becker was always
there to support my interests, including my passion for the game of Squash which helped

clear my mind at the end of each day.



Chapter 1

Introduction

1.1 The Bubble Column Reactor

The bubble column reactor is often used in industry due to its high heat and mass transfer
rates as well as its simplicity of design and hence ease of construction for even large
liquid volumes (Jakobsen et al., 2005). Typical processes which use bubble columns
include absorption, bioreactions and catalytic slurry reactions. The bubble column reactor
consists of an upright cylindrical or rectangular vessel, with an aspect ratio typically
between 2 and 10 (Lapin and Lubbert, 1994). It contains a liquid through which a gas,
fed in at the bottom via a sparger, is bubbled. In most columns the gas is fed in at a
central point at the bottom and the bubble plume rises directly above it. This then causes
an upwards flow of liquid in the center of the column and a downwards flow of both liquid
and some bubbles near the walls of the column. Figure 1.1 illustrates the flow behaviour
inside a typical bubble column. This is a result of the large contact area of the gas as
well as the turbulent nature of the flow (Delnoij, 1998).

The flow in gas-liquid bubble columns is generally complex and unsteady (Delnoij, 1998).
The fluid dynamics in bubble columns are thus not well understood. Delnoij (1998)
categorised three flow regimes that prevail inside a bubble column, illustrated in Figure
1.2. The first is the homogeneous flow regime which consists of many small bubbles
distributed evenly in the column. The liquid flows upwards with the bubbles and down
between the bubbles. This behaviour is found at low superficial gas velocities up to 1.7
cm/s. At higher gas velocities, bubbles of different sizes move upwards in clusters and
bubble coalescence and breakup occurs at gas velocities greater than 2.1 cm/s (Chen
et al., 1994). The bubbles then form a central bubble stream which rotates and shifts
laterally. The liquid flows upwards with the bubble stream and down near the column

wall. Vortices exist near the wall, and such regions have good mixing characteristics. The



Figure 1.1: An example of bubble movement in a flat bubble column (Becker et al., 1999).
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Figure 1.2: Flow regimes in the bubble column for varying superficial gas velocity (Delnoij,

1998).



regime is known as the vortical-spiral flow regime. The flow field is dynamic due to the
existence of more than one bubble stream and the movement of the vortices. This flow
regime is illustrated in Figure 1.3. At gas velocities greater than 4.9 cm/s, the flow is
chaotic. Momentum is transferred by the roll-up and shedding of bubble wakes (Fan and
Tsuchiya, 1990). At even higher superficial gas velocities the slug flow regime characterises

the flow where bubbles with diameters as wide as the column exist as shown in Figure
1.2.

Cenbal plume
eeglon

1

Liguid flow
direction

Descending

r . ’ / fow reglon
;

Bubble Row
dhrectian

. Yontical-splral
> 02 4 flow reglon

O

» Fast bubble
Hubbie X Q) How reglen

Figure 1.3: Detailed flow structure of the vortical-spiral flow regime for a gas-liquid bubble
column (Chen et al., 1994).



1.2 Modelling Challenges

Multiphase flow appears in almost every processing technology, where the material in-
volved is required to flow at some stage (Brennen, 2005). Generally speaking, it is still
an important topic of research in science and engineering. A thorough understanding of
the multiphase flow that takes place inside a bubble column is necessary for the design

and scale-up of such reactors (Jakobsen et al., 2005).

The Navier-Stokes equations, which include mass and momentum balances, are used to
model the flow fields of the continuous phase and the gas bubbles which exist in a bubble
column. The solution of these equations are the velocity and pressure fields. An energy

balance may be solved simultaneously to predict the temperature distribution.

When modelling a multiphase system, the general approaches include (i) solving the NVS
(Navier-Stokes) equations for each phase separately, with transport occurring through the
interface between the phases, (ii) the Euler-Lagrangian approach, which models the con-
tinuous phase with the Navier-Stokes and continuity equations, but the dispersed particles
(bubbles) are modelled as moving boundaries using Newtonian equations of motion, with
the fluid flow inside these boundaries being ignored and (iii) the Euler-Euler or Eulerian

method which models the entire system as a pseudo-homogeneous phase.

The field of multiphase flows covers a wide range of engineering applications, and is
evolving from one in which empirical data is a major component of the design process to
one in which analysis and modelling are used to complement design and control (Crowe
et al., 1998). Typical multiphase flows include gas-liquid flows, which could consist of a
gas dispersed in a liquid, and vise-versa, or of two completely separated fluids. Gas-solid
flows occur when solid particles are suspended in a gas, and liquid-solid or slurry flows con-
sist of a solid suspended in a liquid. Three-phase flow could consist of bubbles in a slurry
flow. A dispersed phase in a continuous phase is defined such that a particle travels from
one point to another whilst remaining in the same medium. Some industrial applications
of multiphase flows include spray-drying, where a liquid material is atomized subject to
hot gases, and emerges as a powder, the removal of particles and droplets from industrial

effluents, the transport of material by air or liquids, fluidisation and coal powder furnaces.

The challenges associated with solving multiphase flow problems arise from the com-
plexity of the governing equations which have to be solved with the exchange of mass,
momentum and energy across moving boundaries. In the case that governing equations

are formulated for the continuous phase, and that boundary conditions are prescribed for

4



the dispersed phase, the computational grid would have to be at least as small as the
smallest particle. An alternative solution is to use the Euler-Euler model with equations
based on the average properties of the flow (Crowe et al., 1998). Figure 1.4 illustrates the

many variables associated with this challenge.

Continwous phase:
Velocily
Prassure
Temperature
Concentration &

Figure 1.4: Diagram illustrating the interacting variables between the continuous phase
and the dispersed phase (bubbles).

1.3 The Navier-Stokes Equations

The Navier-Stokes (NVS) equations are the governing equations for fluid flow. These
are the classical means of solving fluid flow problems and are widely used in practice.
A thorough framework of these NVS equations is established here, from which the rest
of the modelling discussion will draw. This set of equations includes mass, momentum
and energy balances, which are all solved simultaneously over the domain of interest. In
this project they model the continuous phase (water) only, and are not used to solve for
the gas inside the bubble. The mass balance may be represented in the form eq. (1.1)
(Navier, 1822).

—a—e—i-V-(pv):O (1.1)

In the case that the fluid is incompressible, as considered in this study, where the continu-
ous phase is water and can be approximated as an incompressible fluid, the mass balance

equation reduces to the continuity equation, eq. (1.2) due to constant fluid density.
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V.v=0 (1.2)

The momentum balance is given in eq. (1.3). The momentum balance was originally

derived in the paper released by Navier (1822).

v

o +pv-Vv=-Vp+uViv +f (1.3)

The terms on the left hand side of equation (1.3) represent the rate of change of mo-
mentum. The first term describes the local variation of velocity with time at a given
point, whilst the second term, which is the non-linear convective term, describes the vari-
ation of velocity over a position in space. We note that it is still possible to observe
non-zero acceleration even if %t"— = 0 because the convective term accounts for fluid parti-
cles being accelerated, whereas the flow field as a whole may be steady. The terms on the
right hand side of equation (1.3) represent the forces acting on the fluid. The first term
represents the pressure force, the second the viscous force where u [kg/m-s] is the fluid

viscosity, and the third body forces such as gravity.

The total derivative is often used to represent the terms on the left hand side, thus

another form of the momentum balance equivalent to equation (1.3) is eq. (1.4).

D
p—l% = —Vp+uViv+f (1.4)

The energy balance equation is derived from the first law of thermodynamics, which
states that the rate of change of energy of a fluid particle is equal to the rate of heat
addition to the particle plus the rate of work done on that particle. The energy balance

equation for an incompressible fluid may be represented in the form eq. (1.5).

pcpﬁ = —Pdivv + kV*T + 9+ S (1.5)



The variable @ is defined in eq. (1.6).
vy \? vy \ 2 v, \* Buy  Ouy\’
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In equation (1.5), p[kg/m3] is the density, Cp [kJ/kg-K] the heat capacity and k [W/m-K]|

the thermal conductivity of the fluid. In most cases, these variables depend on the tem-

(1.6)

perature, T [K]. S is the source term which includes forms of energy such as gravitational

potential energy (Versteeg and Malalasekera, 2007).

Appropriate initial and boundary conditions (BC’s) must be specified along with the
equations in order for a solution to be obtained, which is the velocity, pressure and tem-

perature fields in the space.

The Navier-Stokes equations can also be written in a dimensionless form in terms of
the Reynolds number, which is the ratio of inertial to viscous forces, and is commonly

used in fluid dynamics. In this case, each term in the NVS equations is dimensionless.

When doing so, a modified pressure term, P,,’ appears, which is the pressure field due
to the flow only. It is useful for problems where gravity effects can be isolated from the
boundary conditions. Equations (1.7) and (1.8) are the dimensionless forms of the mass

and momentum balance equations respectively.

Vv =0 (1.7)

Dv'
Dt

. 1 ' i ne_ s
=-V'P, + Re(v) v (1.8)

The dimensionless variables are defined in equations (1.9) to (1.12) below.
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v = iv'" (1.9)

x’z%, y'=%, z'-—%, t'=tz°, (1.10)
P (p ~p;‘;;2ﬂghv)’ (1.11)

Re = ”I;LV“ (1.12)

The variables L, V,, p, and h, are reference quantities (Clift et al., 1978).

1.4 Turbulence

Turbulence is essentially the chaotic behaviour of a fluid at high Reynolds numbers and
despite decades of research remains a difficult regime to model and predict. The Navier-
Stokes equations for laminar flow are usually modified to be able to predict turbulent
effects, although direct numerical simulations (DNS), which solves the Navier-Stokes equa-
tions on an extremely fine grid, have been performed to study the interaction between
turbulence and bubbles. Due to the high computational cost of such simulations, studies
in this area are limited (Pan and Banerjee, 1997). Brennen (2005) stated that turbulence
could result in particle breakup and agglomeration, as well as the particles in turn affect-

ing the turbulence itself.

Figure 1.5 illustrates the development of 2-D turbulence. As the Reynolds number is
increased, the flow becomes increasingly chaotic on different time and length scales {Bohr
et al., 1998). A major challenge in multiphase flow is the modelling of turbulence and
its effect on mass, momentum and energy transfer. There are few accurate models for
single-phase flows, and the effects of turbulence on particle motion are important ex-
cept when massive particles are introduced into the system. In turbulent flows, vortical
eddies are responsible for strong mixing. These eddies transport fluid via convection,
which carry energy and momentum. Due to the momentum transfer, the fluid experi-
ences additional shear stresses, know as the Reynolds stresses. The Reynolds-averaged
Navier-Stokes equations include these Reynolds stresses. Various turbulence models are
available to model these individual terms, such as the k£ — ¢ and Reynolds stress models
(Versteeg and Malalasekera, 2007).



Figure 1.5: Rough sketch of flows around a cylinder at different Reynolds numbers, illus-
trating the development of turbulent flow (Bohr et al., 1998).

1.5 Summary

The modelling of multiphase flows has many complications which include the dynamic
(time-dependent) solution of multiple partial differential equations (PDE’s) which may be
non-linear, moving boundaries and many process variables. In addition, the particles may
experience changes in shape and size and the flow could be turbulent. Such phenomena
cause the modelling and simulating of these flows to be complex, where a large amount
of computational power is often needed, but cannot be acquired. This is despite various
attempts in the modelling approaches to reduce the amount of computational power. In
this thesis, a new modelling approach will be proposed with the intention of reducing the

computational effort in simulating the operation of a bubble column.



Chapter 2
Literature Review

Bubble columns are widely used in the chemical industry, e.g., as strippers in petrochem-
ical processes, as fermenters in bioprocesses, as slurry reactors in catalytic processes, efc.
They are inexpensive to construct and easy to maintain, exhibiting power-efficient mix-
ing. The last is particularly significant in reducing energy usage. However, scale-up using

dimensional analysis is not possible due to their complex fluid dynamics.

The hydrodynamics of bubble columns is dependent on the scale of investigation. At
large scales, the turbulent flow structure is determined by the dimensions of the vessel,
while on a medium scale, the eddy structures are determined largely by the energy dissi-
pation rate, and on small scales, the viscous forces control the flow structure (Lapin and
Lubbert, 1994).

This chapter reviews the field of bubble column modelling by categorising the modelling
approaches into three parts. The first part includes models associated with just the liquid
phase, the second part with the fluid in close proximity to a hypothetical gas bubble,
and the third with both the liquid and the bubbles. Figure 2.1 highlights three regions
in a typical bubble column, indicating that region one consists of a liquid and a swarm
of gas bubbles, region two liquid only and region three a single gas bubble relatively far
from other bubbles. The modelling of each of these regions are discussed in each part ac-
cordingly. Finally numerical methods for solving the associated partial differential model

equations are reviewed in this chapter.

10



Figure 2.1: Drawing of a bubble column with both liquid and bubbles existing in region

1. liggnid omly in region 2 and a single gas bubhle in region 3.
2.1 Modelling the Liquid Phase

2.1.1 Solving a Single-Phase Flow Problem

When solving a single-phase How problemn. the Navier-Stokes equatioms must be solved
over Lthe domain together wilh appropriate initial and bonndary conditions. In the case of
incompressible flow, the general mass balance s called the continuty equation and may

be represented in the form eq. (2.1).

The unsteady momentum balance for incompressible How 1s shown in eq. [2.2).

v a
p% t v Vv ==Vp t uNov -1 {:

[{*
s
etk

Equations (2.1) and [2.2) are named after Clande-Lonis Navier and George Gabriel Stokes.
The momentnum balance was oniginally derived in the paper released by Navier {1822}, In
the case that the Revuolds number is much less than 1. the second term in equation (2.2)
may be neglected, and the equation then becomes the momentum balance fir Stokes flow
given i eguation (2.3) (Clift et al.. 1978),

p% = —Vp4 puViv 41 (2.3)
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Equations (2.1) and (2.2) are generally solved over either a 2D or a 3D domain. The
solution to the NVS equations is the velocity vector field and the scalar pressure field
inside the domain. An energy balance may be solved together with the mass and mo-
mentum balances to give the temperature field. As limited analytical solutions to the
NVS equations are available, numerical methods are used in practice to solve the partial

differential equations.

2.1.2 Turbulence

In turbulent flows, eddies or rotational flow structures are formed that bring together
fluid particles spaced far apart. Hence effective mixing occurs which gives high values of
diffusion coefficients for mass, momentum and heat transfer. Another type of rotational
flow is the vortex, where the fluid moves around in a circle. The process of vortex stretch-
ing occurs when large turbulent eddies extract energy from the mean flow {Versteeg and
Malalasekera, 2007).

For flow at a given Reynolds number, there usually exist transition zones over which
the flow becomes fully turbulent. For example, in the case of jet flow where fluid flows
out of an orifice, vortex roll-up which is the formation of a vortex on a solid surface,
occurs at the nozzle. Vortex pairing is the coupling of two vortices into a larger vortex
and takes place alongside the nozzle. Further downstream, the vortices become distorted
and many small eddies are generated. The process by which the surrounding fluid is
drawn into the turbulent zone is known as entrainment, and is the main mechanism for
the spread of turbulent flows. It has been proven experimentally that the structure of
the wake generated when a fluid flows past a sphere is independent of the nature of the
flow source for turbulent flows. No turbulence is produced at the centreline, although tur-

bulence is transported across the centreline via. eddies (Versteeg and Malalasekera, 2007).

Turbulent flow occurs when the flow properties, namely the velocity and pressure, vary
in a random and chaotic manner above a certain critical Reynolds number, Re..;;. Each
of these fluctuating properties can be split into a steady mean value and a fluctuating
component, which is also known as the Reynolds decomposition. This is described math-

ematically by equation (2.4).

v{t) =V +v' (1) (2.4)
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The steady mean value is 'V oand the fluctuating component is v' (#]. Figure 2.2 shows

4
_v(t)

weedl | :
; 1 |I II|I II |I , : 1 [ L
_J7LH'|‘|' ! }"ﬁﬁ""—‘_'l\ | || ] __||I__.. — "1| ] |u1
| oY } Voo If

Time (s)

Figure 2.2: Ploi showing the variables from equation (2.4}, Here the velocity is denoterd

Ly v, the mean veloctiy by V. and the fluctuaiing component. v

a plot of velocity with time, indicating the Auctuating component and the steady mean

value, The definition of the time average of the fluctuating velocity v' is given in equation

(2.5).

Dy 1 A
T Eﬁ v' () de {2.5)

The second maoment of two fuctuating velocity companents ' and o, is non-zero if the

velocity compenents are dependent on one another. This is given in equation (2.6).

Ay
- (2.6)

(T,
v et

gy d —
Bty = A
S

Equations (2.4} to (2.6) will be used later ou in the discussion.

When the How variables v (velocity) and p [pressire) in the Navier-Stokes equations are
replaced by the sum of the mean and Auctuating components {see eqns. (2.7}, (2.8)) and
the time average i3 taken, the Reviolds-averagad Navier-Stokes cquations result (eqns.

(2.99-(2.12)), These are known as the density-woighted averarod cquations for compress-

ible flows [Anderson ot al., 1984).
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v=V+v; vu=V+v; vy=V,+v); v,=V,+v, (2.7

p=P+p (2.8)

o(o7)

N — 12
g+ v (V¥ = 5L+ div (ugrad V,) - ?%ﬁ (2:9)
90 (ﬁg;'vy') Q) |,
o (ny) + div (/3‘7;/\7) = _g_i +div (u grad V;’> C —6%;@ (2.10)
o 2.10
G sgn.,
o) N e 7) - 2w
S+ div WAYE 2+ div (1 grad V.) - B (2.11)
Lo _0(mF) |
Ay 0z :
% +div (pV) =0 (2.12)

In equations (2.9) to (2.12), V; and V are the density-weighted averaged velocities and
Si is the source term in direction i. Note that equations (2.9) to (2.11) are identical to
the momentum balance equations for the compressible Navier-Stokes equations, except
that additional terms are present in each equation, which includes products of fluctu-
ating velocities caused by turbulent eddies. These additional terms are also known as
additional turbulent stresses or Reynolds stresses and are much greater than the viscous
stress terms for fully turbulent flow. Figure 2.3 illustrates the mechanism through which
these stresses develop, which is the exchange of momentum between the eddies and the
fluid due to convective transport. The eddies cause the fluid layers in contact to acceler-
ate or decelerate thus these layers experience additional turbulent shear stresses (Versteeg
and Malalasekera, 2007).
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Figure 2.3: The mechanism through which turbulent eddies cause the surrounding fluid

to experience turbulent shear stresses.

The numerical approaches available to simulate the effects of turbulence include solving
the Reynolds-averaged Navier-Stokes (RANS) equations (Anderson et al., 1984), perform-
ing a Large Eddy Simulation (LES) (Smagorinsky, 1963) or performing a Direct Numerical
Simulation (DNS). The LES tracks eddies at great computational cost. In the DNS, the
mean flow and all turbulent velocity fluctuations are calculated on fine spacial grids using

small time steps, also at an extremely high computational cost.

It is often the case that time-averaged properties of the flow are adequate for engineering
purposes, and turbulent fluctuations may be neglected. The solution of the RANS equa-
tions is therefore often considered to be sufficient. In order to solve the RANS equations,
turbulence models are needed to predict the Reynolds stresses, thus closing the system
of equations (2.9) to (2.12). These are modelled using classical turbulence models such
as the k—e (Launder and Spalding, 1974) and Reynolds stress models (Launder et al.,
1975) at a moderate computational cost, which are used in many industrial Computa-
tional Fluid Dynamics (CFD) codes. Other models are required depending on the number

of additional transport equations that must be solved, for example an energy balance.

In the k—¢ model, additional transport PDE’s are solved together with the RANS equa-
tions for the turbulent kinetic energy & and for the rate of dissipation of turbulent kinetic
energy ¢, in the form eq. (2.13) and eq. (2.14), developed by (Launder and Spalding,
1974).

k
-6-%;—) + div (pkV) = div [gigmd k} + 2 Sy - Sij — pe (2.13)
k

2
906%) | div (peV) = div | “grade| + CulomSy - Sy — Cup’e (2.1)
ot O k k
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In equation (2.13) the rate of change of k plus the transport of k£ by convection equals the
transport of k by diffusion plus the rate of production of k£ minus the rate of destruction of
k. Equation (2.14) is analogous to eq. (2.13). The rate of dissipation of turbulent kinetic
energy per unit mass is denoted by e, which is caused by the work done by the smallest
eddies against viscous stresses. The last two terms in eq. (2.14) are production and
destruction terms respectively, which are balanced with the last two terms in eq. (2.13)
by the constants Cy, and C,.. This ensures that when k increases or decreases rapidly,
then so does €, which prevents unrealistic turbulence. Finally, the Reynolds stresses are
linked to the turbulent kinetic energy by eq. (2.15) (Versteeg and Malalasekera, 2007).

v, oV; 2
Oz + ﬁ) e —pkéij (215)
7 %

7= :

The parameter 6;; = 1if ¢ = j and §;; = 0if ¢ # j.

The k —¢ model was used by Schwarz and Turner (1988) in the modelling of a gas-
stirred bath which led to results in good agreement with experimental data. In this case
separate balance equations for the gas and liquid were used. The result is shown in Figure
2.4 which gives the vertical component of velocity for both the experimental data and the

model results.

0,10 Y T =T T —— T T — | E—
2/H = 0.6 .
0.05 |- e
o k
)
E
2 -008 |- -
-0.10 |- —
-0.18 i i e i 4 3 3 i 4
¢ 0.2 04 0.6 08 1.0
R
& Experimental
—  Computed (k-¢)
- Computed (Constant je)

Figure 2.4: Experimental and calculated vertical velocities in the gas-stirred bath taken
from Schwarz and Turner (1988).

The k—e model is sufficient for many engineering applications and is well validated. How-
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ever it does not accurately predict swirling flows and flows driven by Reynolds stresses
which are directionally dependent (anisotropic). On the other hand, the Reynolds stress
equation model (RSM) does account for these directional effects. The RSM model origi-
nally developed by Launder et al. (1975) is given in eq. (2.16), where
k=1 (v 2 4 vy ’2+v3’2)

3;13‘ + div (pvi’vj’V) e (R gV + R; 5“) + div ( gmd(Ru))

25, - 18< k%)
3 (2.16)

ov;
+0.6(<R o )+ p6u>

- ka ('Uj Um €ikm + U'z Um e]km

Equation (2.14) from the k—¢ model is solved with eq. (2.16). The Reynolds stress is
denoted by R;; =;)Zv—; The variable wy, is a rotation vector and e;;; = 1 if 4, jand k are
different and in cyclic order, e;;x = —1if ¢, jand k are different and in anti-cyclic order and
ei;x = 0 if any two of ¢, j or k are identical. Versteeg and Malalasekera (2007) mentioned
suitable constants for eq. (2.16), based on commercial CFD codes, namely v, = 0.09%2
and ox = 1. There are six independent Reynolds stresses and ¢, and hence seven extra
PDE’s to be solved together with the RANS equations. This model is not validated as
well as the k—¢e model and is not used much in industry due to the high computational

cost and the numerical instability problems associated with the complex equations.

The use of the k—¢ model to account for liquid turbulence for single phase flow has
been used by others in the field for the modelling of both uniformly and nonuniformly
aerated bubble columns. Schwarz and Turner (1988) found that the use of the standard
k—e model produced an experimentally valid result for a locally aerated bubble column,
although most of the gas bubbles only rose through the middle of the reactor. However,
Sokolichin and Eigenberger (1994) found that reasonably good results were obtained using
laminar two-phase flow models. Due to inaccurate solutions being obtained if the step
size was not sufficiently small, the time stepping was carried out by performing three
integrations for each time step. These included two with half and one with the full step
size, which resulted in a factor of 1.5 of the computational time. This procedure was
more efficient than using a small but constant step size because the appropriate step size
was always used. A relatively coarse computational mesh was chosen because the greater
the number of mesh points, the smaller the time steps needed to accurately calculate

variations in the local vortices.
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In the large eddy simulation (LES) approach (Smagorinsky, 1963), the large eddies are
computed with a time-dependent simulation, similar to the RSM approach, due to their
interaction with the mean flow. The smaller eddies have a universal behaviour and can be
computed with a more compact model. The method uses a filtering function to separate

the eddies based on size.

Direct numerical simulation (DNS) uses the Navier-Stokes equations to solve for the
velocities and pressure on a fine spacial mesh with very small time steps, to account
for the fastest fluctuations. An advantage is that instantaneous results can be obtained
that are not experimentally measurable so that advanced experimental techniques can be
validated. The computational power required to perform 3-D calculations for turbulent
flows is enormous, and the number of computational grid points has been proven to be

approximately equal to Re%* (Versteeg and Malalasekera, 2007).

2.2 Modelling a Single Bubble

The flow of a fluid around a bubble may be determined by the solution to the NVS equa-
tions. In addition, the flow field inside the bubble may also be modelled. This section
will focus on the modelling approaches to solve for the flow field around a bubble and will

also discuss some methods used to validate such flow fields.

It is known that bubbles and drops remain nearly spherical at Reynolds numbers be-
low 500 (Clift et al., 1978), where Re=ﬁ% and D is the diameter of the bubble, U is the
free stream velocity of the continuous phase and p and p is the density and viscosity of
the continuous phase respectively. The free stream velocity U may also be defined as the
relative velocity of the bubble in the continuous phase. Generally speaking, in the case
where little internal circulation in a bubble or droplet is present, which generally occurs
when K = 1;—‘1 is high, where 14 and p are the viscosities of the dispersed and continuous
phases respectively, the flow is similar to that around a solid sphere at the same Reynolds
number (Juncu, 1999). If the flow around a solid sphere is to be modelled, a zero slip BC
is applied to the surface, which means that a velocity of zero is prescribed everywhere on
the surface (Cliffe and Lever, 1986).

In the case of a gas bubble rising in water, the value of k is approximately zeroc and

the solution of the Navier-Stokes equations gives accurate information regarding the flow
of the continuous phase for Reynolds numbers less than 300 (Clift et al., 1978). When
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modelling the flow both inside and around the bubble, the tangential fluid velocities and
shear stresses of the continuous phase are set to equal those of the fluid inside the bubble,
on the surface of the bubble (Juncu, 1999). In this case, the Navier-Stokes equations
must be formulated for both phases, and each set of NVS equations are linked through
the interface between the phases. The solution is easier to obtain when the viscosity of

the dispersed phase differs greatly from the viscosity of the continuous phase.

In order to solve for the fluid flow around the bubble without modelling the flow in-
side the bubble a 'slip’ boundary condition (BC) is applied to the bubble surface and the
Navier-Stokes equations for the continuous phase are solved (Clift et al., 1978). This BC
enforces zero shear stress tangential to the bubble surface, and the component of flow
normal to the surface has a zero velocity, ie. mass cannot pass through the bubble/liquid
interface. This means that the bubble acts as a void in the continuous phase. Hamielec
et al. (1967) used this BC in solving for the flow around a fluid sphere of low viscosity
and obtained results in good agreement with experimental data for Reynolds numbers
between 50 and 200.

Analytical solutions are available for the flow around a spherical particle, but are meaning-
less for flows with Reynolds numbers that are greater than 1 (Clift et al., 1978). Boundary
layer solutions for Re > 50 are available which lead to analytic forms for the drag coeffi-
cient and Sherwood number. The Sherwood number is %L, where k is the mass transfer
coeflicient, L is a characteristic length and D is the mass diffusivity. The drag coefficient
may be computed from the numerical solution for the flow field and compared to values
available in literature. Numerical predictions of the drag coefficient for a bubble at vari-
ous Reynolds numbers are available, which are in good agreement with experimental data
(Clift et al., 1978). This framework for describing the flow field of the continuous phase

is used in the next section for modelling the flow around multiple bubbles.
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2.3 Modelling the Liquid and Bubbles

In determining the hydrodynamics of a bubble column, the movement of multiple bubbles
and the flow of the continuous phase must be calculated. The modelling of multiple
bubbles rising in a column requires techniques which take into account such phenomena.
Hirt and Nichols (1981) stated that a multiphase flow problem can generally be solved
by using either a Eulerian or a Lagrangian approach, where the computational mesh for
the discrete phase in a Lagrangian problem moves as time is stepped forward, whilst for
a problem formulated using the Eulerian method, the meshes for both the discrete and
dispersed phases are fixed. In the bubble column modelling work performed by Delnoij
(1998), a Lagrangian approach was implemented, where Newtonian equations of motion
were used to determine the trajectory of the bubble. If the dispersed and discrete phases
are treated separately, ie. equations for mass, energy and momentum are formulated for
each phase, and the exchange of these properties is linked through the interface between
the phases, then this is referred to as an Euler-Euler approach. On the other hand, the
Euler-Lagrangian approach models the continuous phase in the same manner as the Euler-
Euler approach, but the motion of the discrete phase is governed by Newtonian equations

of motion.

2.3.1 The Volume of Fluid Method

Hirt and Nichols (1981) developed the Volume of Fluid (VOF) method which can be used
to track free boundaries such as the interface of a bubble moving in a liquid. This approach
was designed for Eulerian problems where free boundaries are deformed significantly, to
the extent that Lagrangian methods can not be used. In the VOF method, a function
F(x,t) is defined which represents the fractional volume of a computational cell occupied
by liquid. Thus a unit value of F implies that the cell contains only liquid whereas a
zero value of F implies that the cell contains only gas. Cells with values between zero
and unity then contain an interface. Equation (2.17) gives the time dependence of F as
it moves through the fluid.
oF

- T V)F=0 (2.17)

In this method, both the gas and liquid are treated as a pseudo-homogeneous phase and
a single set of balance equations describes both phases. At each time step, the algorithm
first calculates the flow field by solving the Navier-Stokes equations, then updates the
value of F for each cell by solving equation (2.17). A cell interface is reconstructed with a
straight line that is either parallel to the cell wall (Hirt and Nichols, 1981) or sloped, by
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using the values of F of the surrounding cells. The position of the line inside the cell is
such that the volume fraction of liquid is equal to F, and boundary conditions are imposed

on the interface.

Delnoij (1998) studied the fluid dynamics of gas-liquid bubble columns, and used the
VOF model to predict the time-dependent behaviour of a few (< 10) gas bubbles rising
in an initially quiescent liquid. This model incorporated a reconstruction algorithm de-
veloped by Rudman (1997), which used straight lines in any orientation to reconstruct
the interface. The VOF model was able to predict the motion of a deforming gas bubble
in the bubble column. The simulations included the formation and rise of a skirted and
spherical cap bubble, the coalescence of two identical gas bubbles and the flow of two

bubbles rising from adjacent orifices.

2.3.2 The Euler-Lagrangian Method

In this method, the flow of the continuous phase is calculated using the volume-averaged
Navier-Stokes equations. The continuous phase is treated as a quasi-homogeneous gas-
liquid phase. At each new time step, the relevant forces on the bubble are calculated, the
trajectory and motion of the bubble is determined, and the flow of the liquid phase around
the bubbles is calculated from the NVS equations. The exchange of momentum between
the gas and the liquid phase is accounted for by a source term in the NVS equations
(Delnoij, 1998). The advantage of using a Euler-Lagrangian approach in modelling the
hydrodynamics of a bubble column is that forces on individual bubbles resulting from
bubble-bubble interaction may be included. In addition, bubble coalescence and breakup,
as well as chemical reaction may also be incorporated into the model {Sokolichin and
Eigenberger, 1994). The Euler-Lagrangian method was implemented by Delnoij (1998),

who calculated the overall force on the particle (bubble) as that shown in equation (2.18).

Fita =Fp+Fp+Fyy+Fr+Fryaro+ Fo (2.18)

The total force comprises of the sum of contributions from pressure gradient Fp, drag
Fp, virtual mass Fyyy, vorticity F, interaction between bubbles F 4., and gravity Fg.

This total force is calculated using Newtons second law in equation (2.19).

dv
mb&? = Ftotal (219)

Equation (2.20) gives the new bubble velocity after each time step At, where n denotes
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the current time and n-+71 denotes the current time plus Aft.

d n
vt =y 4 [ — 2.20
( t> At ( )

Thus the bubble positions can be obtained from the velocity and the position from the

previous time step.
All the individual forces that constitute F,; are given in equations (2.21) to (2.28) below.
Eq. (2.21) gives the force due to the pressure gradient.

Fp=—~V,VP (2.21)

Eq. (2.22) is the drag force given by Odar and Hamilton (1964).

1
Fp= -ECDpl'/erz v —u|(v—-nu) (2.22)

The drag coeficient Cp is a function of the flow regime and can be approximated from a

standard drag curve. The bubble velocity is v and the liquid velocity is u.

The virtual mass force is due to liquid close to the bubble that is accelerated when

the bubble accelerates, which causes the bubble to resist accelerating and is given in eq.
(2.23).

Fya = — (% 41 Vu) (2.23)
I=CyupVs(v —u) (2.24)

A bubble rising in a liquid experiences a lift force due to vorticity or shear, which acts
towards the region of lower liquid velocity if the velocity of the bubble exceeds that of the
liquid, and towards the region of higher liquid velocity if the bubble velocity is less than
that of the liquid. The lift force can be described by eq. (2.25).

Fr=-CropVo(v—u) x (2.25)
Q=Vxu (2.26)

22



The hydrodynamic force Fpyq-, modelled the additional velocity disturbance induced by

neighbouring bubbles on the virtual mass force and is given in eq. (2.27).

FHydro 3 CVMPI% (V - u) : Vuinduced (227)

Finally the force due to gravity is given in eq. (2.28).

Delnoij (1998) used an Euler-Lagrange discrete bubble model to simulate the flow of small,
spherical gas bubbles in a 2D column operating in the homogeneous regime. This included
a collision model developed by Hoomans et al. (1996) who modelled the forces due to the
interactions between bubbles. This Euler-Lagrange model was validated by experimental

results obtained in literature.

2.3.3 The Euler-Euler Method

An Euler-Euler model was used by Sokolichin and Eigenberger (1994), which treated the
gas phase as a pseudo-continuum and the mass and momentum equations were formulated
for both phases and solved simultaneously. This meant that each volume element in the
space contained a fraction £ of the dispersed phase. The momentum equations for the gas
and liquid phases were coupled using an interaction force term. The continuity equations

for the liquid and the gas are of the form shown in eq. (2.29).

0 (Ekﬂk)
ot

+ V- (Ekpkuk) = 0, k= l,g (229)

Similarly, eq. (2.30) gives the momentum balances for both phases.

(9 (ekpkuk)
— L AV
5 (Ekpkukuk) (230)

=,V -k (Vug + Vul) — e, Vp + erprg £ Fw, k=1,g
Here [ denotes the liquid phase and g the gas phase. Equations need to be developed

for each set of bubbles with different masses. These mass and momentum balances are

analogous to those described by equations (2.1) and (2.2). The main difference is that
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the fraction ¢ is included in each term in the overall balance, which describes the fraction
of the dispersed phase or continuous phase in a given computational cell.
The interaction force term includes forces due to friction, added mass and lift. The

friction force (eq. (2.31)) is the most dominant of the three forces.

F, = —¢,Cy (u, — w) (2.31)

Here C,, is the friction coefficient and although correlations for it exist, the value of
5 X 104%“{%5 is a good approximation according to Schwarz and Turner (1988). This force
describes the interaction between the liquid and the bubble under non-accelerating condi-
tions only. When the bubble accelerates relative to the liquid, it causes the liquid close to

it to accelerate. This extra force of acceleration is known as the added mass force, given
in eq. (2.32).

D (ugy — u)

Fa = _69Capl Dt

(2.32)

The volume fraction of liquid which is accelerated with the bubble is C,. Cook and Harlow
(1986) claimed that a value for C, of 0.25 is sufficient for gas bubbles. The final force is
the lift force, also known as the magnus force which arises when the bubble rotates. This

force is exerted perpendicular to the main flow direction.

2.3.4 Comparison Between Euler-Euler and Euler-Lagrangian
Two-fluid Models

In the study by Sokolichin and Eigenberger (1994), it was mentioned that both the Euler-
Euler and Euler-Lagrangian approaches should give the same result. The advantage of
the Euler-Lagrangian model is that each bubble is modelled individually, so that interac-
tions between the bubbles themselves and the bubbles and the liquid can be incorporated
into the model. Such effects include mass transfer and chemical reaction. Webb et al.
(1992) stated that the Lagrangian approach approximates convection without difficulties
and particles of different sizes can be modelled. The disadvantage for dynamic problems
is that the tracking of the bubbles involves storing the position of each bubble at each
time step, and the solution of the equations of motion for many bubbles becomes too com-
putationally expensive for larger columns. The Euler-Euler approach however, does not
require increasing computational power for an increasing number of bubbles, but rather
for an increasing number of volume elements in the computational mesh. An increase in

the number of different bubble sizes requires an increase of gas phase balance equations,
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which increases the computational load. Numerical techniques for solving the coupled
balance equations have been developed. These features of the Euler-Euler formulation

make it easer to use than the Euler-Lagrange method (Sokolichin and Eigenberger, 1994).

2.3.5 Comparison Between Steady-state and Dynamic Models

In the modelling and simulation of a bubble column, the hydrodynamics may be steady
or dynamic. In this section the advantages of using either steady-state or dynamic mod-
els for the simulation of a bubble column are studied, which illustrate the importance of

choosing a particular model under certain operating conditions.

In flat bubble columns, a two-dimensional flow structure develops (Becker et al., 1994).
The experimental validation of a two-dimensional model can be performed using a wafer-
shaped or flat bubble column. Anemometers are used to measure the bubble or liquid
velocities in the column. These probe measurements only produce reproducible data when

the signals are averaged (Lapin and Lubbert, 1994).

Sokolichin and Eigenberger (1994) studied the differences between steady state and dy-
namic modelling for various reactors. For a locally aerated flat bubble column with a
sparger in the left corner and a superficial gas velocity exceeding 3.3mm/s, a steady
circulating flow structure was observed, which was also obtained using a numerical sim-
ulation. This is shown in Figure 2.5, where a large vortex which describes the swirling
motion of a fluid around a center, occupied most of the column, with the bubble swarm on
the left hand side of the column. A small vortex was present in the top left corner which
directed the upwardly flowing bubbles back down towards the center. The liquid flowed
with the bubble swarm and down along the walls. This was replaced by three smaller
vortices when the gas velocity dropped below 3.3 mm/s. The centers of these vortices also
shifted up and down. This was validated by experimental results by Becker et al. (1994),
where a superficial gas velocity of 0.66 mm/s was used. A laminar flow model and a coarse
grid simulated a steady solution, which was validated experimentally by time-averaging
the Laser Doppler Anemometer (LDA) measurements. When the computational grid was
refined, the solution became transient, which reproduced the observed oscillations of the
bubble swarm. This is shown in Figures 2.6 and 2.7. When the instantaneous velocity
fields were time-averaged, the result matched with the steady state solution obtained with
the coarse grid. Thus it was shown that the flow may change from steady to dynamic
depending on the superficial gas velocity. The hydrodynamics inside the column may
be dynamic but a steady-state model could be used and validated against time-averaged

experimental data.
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Figure 2.5: Partially aerated flat bubble column (Ug =3.3mm/s): (a) photograph; (b)
calculated and (c) measured liquid velocity field (Becker et al., 1994).
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Figure 2.6: Partially aerated flat bubble column (Ug =0.66 mm/s): photographs of the
oscillating bubble swarm at two different times (Becker et al., 1994).
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Figure 2.7: Dynamic simulations of a partially aerated flat bubble column (Ug
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0.66 mm/s): instantancous results of (a) liquid velocity field and (b) gas hold-up (Becker

et al., 1994).
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For uniformly aerated bubble columns, the gas is introduced over the entire bottom of
the column. At low superficial gas velocities, the homogeneous regime is apparent. At
higher gas velocities, liquid vortices form at the sparger and move up along the walls of
the column. Torvic and Svendsen (1990) found large gas hold-up with liquid upflow in
the column center and liquid downflow near the walls. The problem with the steady state
Euler-Lagrange and Euler-Euler two-fluid models is that if the friction force is the only
coupling force term, and the grid is too coarse, then the solution represents the homo-
geneous regime, with little liquid movement. The mechanism which draws the bubbles
to the column center was found to use the Magnus force with opposite sign (Torvic and
Svendsen, 1990).

In the work performed by Sokolichin and Eigenberger (1994), an Euler-Euler model was
used to simulate a flat two-dimensional bubble column. Above a superficial gas veloc-
ity of approximately 2cm/s, the flow structure was unsteady. Vortices were generated
near the sparger and moved upwards along the column walls. The local velocities and
gas hold-ups were averaged over a substantial length of time, and that result matched
well with the measured data which was also time-averaged. However time-averaged flow
patterns cannot be obtained from steady state models because long time integrals over
flow functions do not vanish, but lead to additional terms, which are difficult to approx-
imate. Dynamic models are necessary to predict steady as well as transient flows due to
the numerical difficulty associated with the convergence of the steady state solution. The
disadvantage of solving dynamic equations is that more complex mathematical techniques
are required. The numerical load is a function of the number of different terms in the
modelling equations and the convergence rate of the iteration loops, which depends on

the number and complexity of the coupling terms itself (Sokolichin and Eigenberger, 1994).

The hydrodynamics of a bubble column may be steady or dynamic, depending on the
operating conditions of the column and the position of the gas sparger. Generally speak-
ing, a dynamic model is more computationally expensive to use compared to a steady-
state model, but is often necessary to accurately simulate the flow behaviour in a bubble

column.

2.3.6 Modelling Bubble Clusters

The need for a more efficient approach to predict the hydrodynamics in bubble columns
becomes apparent when the modelling of a pilot plant bubble column is considered. In
this case, an order of 2 million bubbles would need to be followed. In most bubble columns

used in industry, bubbles tend to move in clusters, which means that bubbles do not move
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independently from each other, but rather that adjacent bubbles have a similar motion.
Bubble clusters are characterised by a position in space, a size and a bubble size (Lapin
and Lubbert, 1994). The approach taken by Lapin and Lubbert (1994) was to break the
model up into different scales. On the macroscale, the gas-liquid system was considered
as a quasi-single-phase fluid. The bubble motion determined the local density of the two-
phase gas-liquid medium. The inhomogeneities in density lead to buoyancy effects, which
drives convective flows. The bubble paths are dependent on the local motion of the liquid
phase and the slip velocity of the bubbles. However, on the small scale, the dynamics of

the bubble wake determine the relative motion of the bubble and the local mixing effects.

The clusters were modelled using spacial density functions. The macroscale model used
the standard Navier-Stokes equations. The Eulerian model was based on the balance
equation on the bubble distribution density function W, which describes the number of
bubbles within a given volume in the reactor. This function varies with position in the

reactor and bubble mass and is given by equation (2.33).

ow . 0 [dm . 0 ow
_87 + div (ub, W) -+ 5;1 (_d?W) = div (aeffgradW) + % (ad%> (2.33)

The first term in the equation is the total change of W with time, the next the flow of
bubbles across the boundaries of the control volume and the third the change of mass
due to mass transfer to the bulk fluid. The variable u, is the absolute bubble velocity.
The terms on the right-hand side represent diffusion where a.s; and aq are coalescence
and dispersion coefficients respectively. The density of the volume element is a function
of the temperature T, and W. In the work performed by Lapin and Lubbert (1994) a
2-D bubble column was simulated. The height of the column was 1.5m and the width
1m. Equation (2.33) was solved using a computationally fine grid, due to the numerical
(false) diffusion problems which arose when the grid was too coarse. The results obtained
from this model indicated that numerical diffusion dominated and it was concluded that

two-fluid Eulerian simulations are sensitive to false diffusion.

The Lagrangian medium scale model calculated the bubble paths. Equation (2.34) gives
the bubble trajectory.

dr
=% = wy (De, u, Vp) (2.34)

Here u, is the absolute velocity of the bubble, which depends on the liquid flow velocity
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uy, the slip velocity ug;,(velocity of the bubble relative to the liquid flow) and the veloc-
ity fluctuation u,,,, which takes into account random path fluctuations such as vortex

shedding. The absolute velocity of the bubble is given by eq. (2.35).

U, = U+ Ugip + Uran (2.35)

The local density of the two-phase fluid is a function of the number of bubbles in that
region. Probability density functions were used to describe the number of bubbles of
a certain size class per unit volume. These were bell shaped curves. The algorithm
involved solving for the local velocity field, then used that field to calculate the new
positions of the bubbles. The density of the two-fluid was then calculated and the process
was repeated until convergence was obtained. The advantage of this method was that

numerical diffusion was negligible (Lapin and Lubbert, 1994).

2.3.7 Turbulence Modelling for Systems Containing a Dispersed
Phase

Before the 1970s, it was not possible to take direct measurements of turbulence in the
presence of particles. This is because hot-wire anemometry was the only method available
and hot-wire probes could not be used in flows with solid particles. However, laser Doppler
anemometry (LDA) can be used now to measure both instantaneous and time-averaged
velocities with high spatial resolution for the continuous and dispersed phases in a two-
phase flow. This technique makes use of the Doppler effect, which relates the interaction
of sound or light waves with a moving observer to the source of the waves. Turbulence
is generally decreased by the presence of small particles in the continuous phase, and
increased by larger particles. The basic approach modifies the generation and dissipation
terms in the k — ¢ equations to account for the dispersed phase. An approach to model
the effect of particles on the dispersed phase turbulence, which does not require Reynolds
stress modelling or empirical closure models is to use direct numerical simulation (DNS).
The intrinsic turbulence energy is the energy of the continuous phase without particles
and can increase or decrease due to particle motion. Averaging techniques including time
averaging and volume averaging are used to model turbulence due to the difficulty in
modelling local details. Large eddy simulations (LES) are used to model turbulent flow
at high Reynolds numbers whilst maintaining relatively good accuracy. This method uses
both direct simulation and Reynolds-averaging approaches. Another method known as
the eddy life time model, originally developed by Yuu et al. (1978), involved considering
the turbulent flow as a collection of turbulent eddies with discrete velocities and life times
(Crowe et al., 1998).
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2.4 Numerical Methods

2.4.1 The Finite Difference Method

A finite difference method has always been popular to solve fluid mechanics based equa-
tions of motion (Zienkiewicz and Taylor, 2000). A fully discrete finite difference method
discretizes all the independent variables. For a given PDE, all the derivatives are replaced
by finite difference approximations. This means that a system of algebraic equations is
set up for the unknowns at the mesh points. The solution is obtained by stepping forward

in time and space, starting with the initial values at a domain boundary (Heath, 2002).

2.4.2 The Finite Volume Method

The finite volume method is a subclass of the finite difference method (Zienkiewicz and
Taylor, 2000). The first step in the finite volume method is the division of the spatial
domain into a number of smaller subdomains or control volumes. Figure 2.8 illustrates
a general 1-D domain, which consists of smaller control volumes including central nodal
points, which coincide with the domain boundaries.

For the steady state diffusion of a property ¢ in a 1-D domain, the governing PDE is
eq. (2.36).

d (.do\ .
= (I‘-d—m) +85=0 (2.36)

In this example I' is the diffusion coeflicient and S is the source term. The PDE is

integrated over the control volume which gives a discretized equation of the form eq.
(2.37) at the nodal point P.

Control volume boundaries

$a = constant

&g = constant

Control volume Modal points

Figure 2.8: Diagram representing the discretization of the space for a 1-D problem (Ver-
steeg and Malalasekera, 2007).
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rd¢ d¢ d¢ _—
/ e ( dx) dv + / SdV = (PAd ) - (rAd—Jw +SAV =0 (2.37)
AV

In equation (2.37) A is the cross sectional area of the control volume face and AV is the
control volume. When a linear interpolation method is used between nodes, eq. (2.38)
gives the values for I,

I'w+Tp I'p+Tg

r.=-+-—2% (2.38)

Iy =
2 2

Equations (2.39) and (2.40) give the diffusive flux terms.

dgy _ ¢E — ¢p

(ra28) —ron (t222) -
d¢ _ dp — dw

(r422) —rum, (22222) »

Substitution of equations (2.38) to (2.40) into equation (2.37) yields a linear algebraic
equation with ¢p, ¢w and ¢g unknown. Similar equations are set up at all the nodal
points, which results in a linear system of algebraic equations, and boundary conditions
are applied. The solution of this system is the values of ¢ at all the nodal points. The
same principles are applied for 2-D and 3-D domains (Versteeg and Malalasekera, 2007).

2.4.3 The Finite Element Method

The finite element method (FEM) solves for the continuous solution in the space using a
discrete number of points, which are interconnected and result in a system of simultaneous
algebraic equations. The space is discretized by dividing it into a number of finite ele-
ments, each interconnected to nodes common to two or more elements or boundary lines
or surfaces. In 2-D problems the domain may constructed using either triangles, quadri-
laterals or a combination of both types of elements. In 3-D the domain may constructed
using either tetrahedra, hexahedra or a combination of both. This provides a suitable
framework to model domains with curved boundaries. Instead of solving for the entire so-
lution in one operation, equations for each finite element are constructed and combined to
obtain an overall solution. This discrete model composes of a set of piecewise-continuous
functions defined within each finite domain or finite element. The boundary conditions,

which are invoked after construction of the global system of equations, can be the value

33



of the function itself (Diriclet BC), the value of its derivative (Neumann BC) or a lin-
ear combination of these two {(Robin BC). A linear solver is used to solve the system
of equations (Belytschko and Fish, 2006). Figure 2.9 illustrates the discretization of the

domain.

4 g=gonT,

/

T=Tonly

Figure 2.9: Mesh for a 2-D domain using a combination of triangular and quadrilateral
elements (Belytschko and Fish, 2006).

In order to illustrate how the finite element method works an example from Belytschko and
Fish (2006) is shown below. Equation (2.41) describes heat conduction in one dimension.
Boundary conditions for the heat flux at x = 0 and temperature at x = L are described
by eq. (2.42) and eq. (2.43) respectively. These equations represent the strong form of
the problem. Here A is the cross sectional area, k the heat transfer coefficient, T" the

temperature, s the heat source and ¢ the heat flux for the problem.

d*T
e == 241
Ak=5 +s=0 0<z<L (2.41)
_ dr
g=q4= ~k-d; on T, (2.42)
T=T on Ty (2.43)

The weak form of the problem is then developed by multiplying each eq. (2.41) and eq.
(2.42) by the arbitrary weight function w(z) and integrating over the domain § for eq.
(2.41) and Ty for eq. (2.42). This yields eq. (2.44) and eq. (2.45) respectively.

d dT
./nwgﬂ_l; (Akz-:;) dx + stdx =0 Yw (2.44)
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(wA(gn-)lr, =0 Vu (2.45)

Integration by parts is performed on the first term in eq. (2.44) to give eq. (2.46).
dT
———Ak d wAkE——n Ir+ | wsde Yw suchthatw=0onTr  (2.46)
z 0

As w = 0on I'r, eq. (2.46) may be combined with eq. (2.45) to give the weak form, eq.
(2.47).
Find T(z) € U such that

—-Ak——d:c = — (wAq) |r, + / wsdr YweUy (2.47)
o d Q

Here U and Uy are the set of suitable trial functions and weight functions respectively.

T(z) and w(zx) are constructed as a linear combination of shape functions. For example,
T(z) = Ty N1 (z) + Ty No(z) + T3N3(z), for a mesh containing 3 nodes. The shape func-
tions, N; may be linear, quadratic or of a higher order. In eq. (2.47), the integral over the
entire domain may be replaced by the sum of the integrals over the element domains. The
integrals may then be approximated using gauss quadrature to form a system of matrix
equations, with T'(z) and w(z) approximated by the shape functions. The solution to this

system of matrix equations is the vector of temperatures across the domain.

For Stokes flow, the weak form poses a symmetric saddle point problem. A solution
only exists if the function spaces in which a solution is searched for satisfies certain condi-
tions. In this case it is the LBB (Ladyzhenskaya-Brezzi) condition. When the continuous
function spaces, which satisfy such conditions, are discretized by replacing the continuous
variables and test functions by finite element functions, then these also have to satisfy
the LBB condition (Bangerth et al., 2007).

The advantages of the finite element method are that it can model irregularly shaped
domains, it can handle various types of boundary conditions, the size of the elements can
be varied so that small elements can be used in conjunction with larger elements and that
it can handle non-linear behaviour. This method provides approximations which are su-
perior or at least equal to the results provided by finite difference methods (Logan, 2002).
However Zienkiewicz and Taylor (2000) mentioned that conservation equations are only
satisfied within a region of a few elements, whereas in the finite volume method, local

conservation equations are satisfied within individual elements.
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2.5 Summary

It was found that the hydrodynamic modelling of bubble columns presents multiple chal-
lenges, predominantly in the large amounts of computational power required to simulate
even small, lab-scale columns. As the computational expense generally increases with
the size and number of bubbles in the column, the accurate modelling of pilot plant and
industrial sized columns becomes impracticable. Various modelling approaches have been
discussed which differ mainly in the governing equations used to describe the two-phase
flow. In addition, phenomena including turbulence, heat transfer and chemical reaction

need to be incorporated into the modelling framework.
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Chapter 3

Thesis Objectives

The previous models described in the literature were formulated to predict the flow be-
haviour of gas and liquid in a bubble column. Although formulation of these models is
well-established, their simulation in multiphase flows is computationally expensive. Ac-

curate simulation of large bubble columns therefore offers significant numerical challenges.

The solution to the Navier-Stokes equations for a single phase problem is already com-
putationally expensive, and the addition of another phase typically means that multiple
moving boundaries need to be included in the solution algorithm, which corresponds to an
order of magnitude increase in the computational load. Generally speaking, the computa-
tional power required to solve the governing equations for a bubble column increases with
the number of bubbles in the column. Apart from the numerical challenges associated
with columns containing large numbers of bubbles, as mentioned in Chapter 2, complex
phenomena including turbulence, bubble coalescence and breakup, bubble-wall interac-
tion, heat transfer and possibly chemical reaction need to be considered in the model. In
addition, the modelling of systems containing more than two phases, eg. slurry reactors,
pose even more challenges due to their complexity. Thus a fundamentally new approach
that solves these systems with less computational effort is needed to better predict the

hydrodynamics of bubble columns.

To investigate the computational expense of modelling multiphase systems, the flow of
water around a single rigid, spherical gas bubble is modelled. Both the Stokes and the
Navier-Stokes equations are used to describe the velocity and pressure fields of the water

around the bubble. Figure 3.1 illustrates the basic concept.

In an attempt to reduce the computational expense in solving the bubble column reactor,

this study proposes a “cell” model, which predicts the velocity vector field in the vicinity
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Fignre 3.1 Illustration of the 3-T) domain for the single hnbble model. Simulation results

are: not shown,

af a single bobble. This muodel can then be incorporsled as the fundamental building
black of a larger framework, such as a population balance. in order to predict the How
of multiple bubbles on the bubble ¢column scale. Additional phenomena such as bubble
deformation or heat and mass transfer could be dealt with in the single cell model, whilst
the coliumn-scale madel acconrss for the interactions between the smaller cell models by

way of the continnum phase (the liguid, in the case of bubble columns).

This M5c study focusses on the cell model, in particular, an analysis of the Reynolds
tumber dornain in which the Stokes equations, which are easier to solve thap the Navier-
Stokes equations due to thelr being linear. can be used to acenrately predict the flow
around the bubble. Thus flows modelled with the Stokes equations are less computa-
tivnally expensive to solve. The value of the Stokes simulation may be summarised as
follows. In the case where the entire bubble column is simulated, the simulation domain
may be partitioned into two zones, i} where the local Reynolds mamber is low enongh for
application of Stokes How, and 1) where the flow is non-linear, making the Navier-Stokes,
or models that can simulate turhbulence. essential. This study therefore focusses on estabr
lishing the aceuracy of the Stokes equations as a function of the Revnaolds wumber, The
performance of the Stokes simulation as reflecied by the computation time involved is

reparted, The intended application is then o decreasing computational expense by par-
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titioning the solution domain into two types of region, namely Stokes and Navier-Stokes

regimes.

In order to understand how the sub-model developed in this study fits into a larger
scale model, it should be mentioned that this study was performed in conjunction with
two other students at the University of Cape Town in the Department of Chemical En-
gineering. Waldo Coetzee, a PhD. student, calculated the trajectory of a bubble moving
in a liquid with time by performing a force balance on the bubble, then used the net
force to calculate the acceleration of the bubble. In the case that the bubble is moving
at terminal velocity, a quasi-steady state may be assumed. At a given time, the velocity
vector field around the bubble may be used to determine the Re. If the Re is sufficiently
low according to the results obtained in this study, then the Stokes approximation may
be used to determine the velocity vector field around the bubble at the next time stép.
By using the Stokes approximation, the results should be generated faster. However, if
the Re is too high, then the NVS equations need to be solved. This is an example of a
Lagrangian problem, where each separate bubble is regarded as a moving boundary. In
this approach, the velocity of a bubble and hence the local Reynold’s number is known.
From the criterion developed in the present thesis, it becomes possible to decide if the
Stokes solution could be applied or whether the Navier-Stokes equations had to be solved

to determine the local fluid velocity vector field.

In developing the cell model, an assumption was made that the bubble is perfectly spher-
ical, which is true for relatively small bubbles. Although large bubbles tend to be cap-
shaped, such bubbles rising in a column are associated with high Reynolds numbers, which
cannot be modelled using the Stokes equations anyway. This study therefore focuses on
regions of flow in a column at low Reynolds numbers around small, spherical bubbles. It
is understood that the volume fraction of such regions in a bubble column at any given
time is significant. We therefore intend in this work not so much to produce a module that
can be used to simulate the entire column, but one that will significantly reduce overall
column simulation time by identifying the regions in which the Stokes approximation can

be applied.

Before bubble simulations are even attempted, the validity of the numerical solutions
obtained from both the Stokes and Navier-Stokes solvers to be used in this work must be
established against experimental data for the flow of water past a solid sphere. Once the
accuracy of a solver has been established, it can then be used to simulate the flow field

around a bubble. As an additional consistency check, the conservation of mass must be
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tested by performing an overall mass balance across the entire solution domain. Since the
CFD simulation reveals the velocity in each segment in the domain, it is indeed possible
to integrate over all the faces of the domain to ensure that the net rate of change of mass

of the liquid is zero.

The intention here is to compare the steady state velocity vector fields that evolve around
a bubble by applying both the Stokes and Navier-Stokes solvers, with the Navier-Stokes
solutions regarded as the most accurate prediction. The computation times required to
simulate the steady NVS and Stokes flow fields will be compared, as well as against that
for multiprocessor algorithms. The approach taken is therefore to i) simulate NVS flow
at increasingly higher mesh resolutions until there is no change in the solution obtained,
and ii) simulate unsteady state NVS flow until it is observed that the solution does not
change with time. This solution can then be accepted as the standard against which the
steady Stokes flow solution can be tested. The accuracy of the Stokes flow solution may
then be plotted against the Reynolds number for both the flow around a solid sphere and

for the flow around a bubble.
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Chapter 4

Stokes Flow

4.1 Physical Description of the Problem

In order to determine the dependence of Stokes flow accuracy on Reynolds number for
flow around the bubble, the governing equations for fluid flow must be solved over a suit-
able domain, such as that illustrated in Figure 4.1. The solution to these equations is
the velocity vector field and the pressure field inside the domain. Figure 4.1 indicates the
boundary conditions (BC’s) on each face, which were used for both the Stokes flow and
NVS flow simulations. The prescribed velocity on the flow inlet face is vo. The free-slip
BC’s applied on the sides of the domain enforce that the component of flow perpendicular
to the face is zero, whereas the components of flow on the face are free to move without
stress. A free flow condition means that the fluid may move in any direction without
stress. In addition, a reference pressure (P=0), was specified on the flow exit face. The
boundary conditions imposed on the surface of the sphere will be discussed later on in

this chapter.

There are two reasons why it was decided to enforce free-slip BC’s on the sides of the
domain, which prevented the fluid from departing from those faces. Firstly, it was found
that the computational volume was sufficiently large to capture the necessary features
including regions of low and high pressure as well as regions where the velocity changes
significantly, such as the wake generated behind the bubble. This was tested by varying
the size of the domain, until the solution at a fixed point sufficiently far from the sphere
did not change significantly with increasing size. Figure 4.2 shows this domain with the
white line indicating the region over which the velocity magnitudes were plotted. This line
was positioned 20mm from the center of the bubble, parallel to the flow and was 130mm
long. The velocity magnitude was plotted along this line for three different sized domains

each with a bubble diameter of 15mm with the smallest domain having dimensions of

41



Ve by Dmem by 25mee, the medinm sized doimain having dimensions of 180mm Ty
100 Iy 100w and the largest domain having dimmensions of 160mm by 160mm by,
160, The change in veloeity magnitiude with domain size is shown in Fieure 1.3, for
the flow past a bubble at a Revnolds number of 30, As the domain size increased. the
velocities appeared to converpe. Minor ehanges in the velocity were observed when the do
i s incrcased from the medinm size 1o the lorge size. Thus the base case desipn was

Fownd 1o have ditnensinns of 180s by L by 100w, Tor a sphere of diameter 15,

The seeond reasen for enforcinge frecslip BOC's on the sides of the domain was becanse
this “eell” model has similar dimensions to that of a lab seale bubble ecolwmn, where the

Huid is restricted to within the walls of the column,

The venire of thie bubble 15 posttioned a distanee of S0mmw from the How inlet face, n
thie wdiveetion. To peneralise these results, the evolution of this space 15 sinalated 1o
terms of the Reynolds namber. which is itself a function of the bubble diameter and fluid
velority, In this chapter. the flow profiles aromnd hoth the solid sphere and the bubhble

are presented at various Reynolds numbers wsing the equations for steady Stokes flow.

Slip BC

Slip B

- Flow exit face

M / Free flow condifion
P=0

Bulk flow direction

TS

Slip BC

“~ Slip BG

Flow inlet face
Vix=0Y%.Z)=Vo

Figure 4.1 The phyvsical domai
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Figure 4.2; Domain containing the white line over which the velocity magnitudes were

plotted,
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Fignre 4.3: Plot of the velocity magnitude profile along the line shown in Figure 4.2 for

flow past s bubble for a Revnolds number of 30.
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The Stokes equations result from the assumption that the non-linear convective accelera-
tion term in the momentum balance as presented in the Navier-Stokes equations is small
in comparison with the other terms. Thus the steady state momentum balance for Stokes
flow reduces to that given in equation (4.1) (Clift et al., 1978).

0= —Vp+uViv (4.1)

The mass balance for incompressible flow which is solved with the momentum balance is

given in equation (4.2).

V.-v=0 (4.2)

These two equations constitute a fully specified set from which both the velocity vector

and pressure fields may be determined.

4.2 Algorithm

The finite element method was chosen to solve the governing fluid flow equations because
it can model the curved boundaries that occur in simulating fluid flow around bubbles.
In addition, more efficient use can be made of the computational grid space since the
method allows for variable resolution across the domain. Finally, the solution is piecewise

continuous, which may be considered more accurate than a discontinuous solution.

There are three main steps involved in solving a 3-D computational fluid dynamics (CFD)
problem using the finite element method. Firstly, the problem domain must be con-
structed. This domain, also simply referred to as the geometry, must be meshed as a set
of cells, that are normally tetrahedral or hexahedral in shape. This mesh is then used
in a finite element program, which discretizes the governing equations, applies bound-
ary conditions and solves the resulting system of matrix equations. The solution vector,
which contains values of the unknowns over the entire domain must then be sorted by
post-processing software in order to provide the user with a meaningful display of the

solution.
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4.3 Computational Techniques

4.3.1  Creating the Meshed Geometry

The pro-processor used to create the geometry and mesh was Cubit version 11.0+H Figure
4.4 shows a meshed geametey using hexahedra cells, which wag u=ed as a starting mesl
lor all the sitnulations. This grometry comprizsed of o cube with a sphere extracted from
i1, where the eubae was itsell constrieted by joining six pyrawmids fogether, as well as an
cxtra block on the fromt and a longer black on the opposite end to maodel the fluid wake
behind the sphere. The mesh comprised of 1536 cells, whicl translates to 10,133 nodes
and to 40,532 desrees of freedorn, as at each node in the mesh the pressure and velocities
in each direction are calenlated, The central enbe was meshoed with inercasing refinement
closer to the surbace of the sphore, Boundary inidicators woers assigned to those fees of
cellg posntioned on the surfaee of the sphere, and on the euter faces of the domain, These
houndary indieators together with the eoordinates of the vertices of each eell n the nesh

wore all nnported ineo the finite element program.

Figuri: 4.8 The starting moeshed geometry used in all the simulations.

4,3.2 decal.ll

The governing fimd fiow equations for hoth Stokes and Navier-5Stokes flow were solved
nsing deal IT. version 6.1.0, which i an Open Source Anite element Differential Equations

Analvsis Library (IDEAL) developed by Bangerth, Hartmann and Kanschat {Bangerth



et al., 2007). This library was written in C++ and provided the user with the necessary
tools to write finite element code. The object orientated structure freed the applications
programmer from handling the complex data structures. The main advantages of the
library included the option to write code independent of the space dimension, to solve
finite element method (FEM) problems without writing extensive code and the support

for code written in parallel for multiprocessor machines or clusters.

4.3.3 Adaptive Mesh Refinement

In the Stokes flow code, the steady state mass and momentum balances given by Equa-
tions (4.2) and (4.1) were solved for the flow past a solid sphere in the domain illustrated
in Figure 4.1. Once a solution had been obtained, the velocity vector field was then
passed into a function in the code, which calculated the error associated with each cell by
integrating the gradients of the velocity over each face of the cell and summing up the re-
sulting values over the entire cell. A refinement fraction was also specified in the function,
such that the cells with the highest errors were marked for refinement. This data was
saved to file. Each marked cell was then refined by subdividing the cell into eight smaller
cells. The above steps were repeated meaning that a total of two refinement cycles had
been performed. A mesh smoothing algorithm was implemented to prevent cells with two
refinements sitting directly alongside cells with no refinement, by automatically refining
cells around the finer cell. The refinement of cells next to the sphere approximated the
curve of the sphere more accurately with increasing refinement, as vertices of the new cell

were projected onto the boundary.

Simulations were performed at a Re of 80 using adaptive mesh refinement in the Stokes
code, with this particular Reynolds number chosen as it was the highest in the range of
interest, thus resulting in the largest gradients. The two resulting meshes were used in the
Stokes and Navier Stokes codes for 0.1 < Re < 80. This was achieved by importing the
file generated from the Stokes code, which contained cell numbers that were marked for
refinement. The starting mesh of 1536 cells increased to 1984 cells after one refinement
cycle, and to 3720 cells after two refinement cycles. A portion of the resulting mesh after
two refinement cycles is given in Figure 4.5, which shows the refined cells around the
sphere. Each quadrilateral has a diagonal line drawn through it, and four quadrilaterals

comprise of a face of a cell. This mesh was visualised using Paraview.

46



aingle dauble
refn=mant 1efinement

Figure 4.5 A view of the mesh close to the sphere after two Stokes refinement cycles
(3720 colls).

4.3.4 Visnalisation of the Results

Paraview version 3.2.1 was used to process the results fronn the deal IT siimilations such
that the solution data [or the 3-D domain was represented in o mwesumingful mauner. The
data set was visualised by plotting the pressures and velodtios i each direetion and
Linearly interpolating the values to obtain a continuous field. This interpolation was
uet done using the solution values at the mesh nodes, but rather by using quadratically
wterpelated solution values between mesh nodes that were determined in the deal Il
program, The scalar valued pressures were represented with a colour field anly. whilst the

vector valued velocities were drawn with a colour field and arrows indicating the direction.

Figure 4.6 illustrates a tyvpical solution, where the velocity field is plotted. The top half
ol the selution has been sliced off. which allowed the flow field close to the sphere to
be visualised. A blue colour represents low velocoity magnitwdes whilst red indicates high
velocity magnitudes. The arrows indicate the divection of the flaw for the paint localed al
the base of the arrow. and the size of the arrow is proportional to the velacity magnitude.
Thus small, blue arrows indicate low velocity magnitudes and large, red arrows indicate
high velocity magmtudes. Figure 4.7 1= a pressure field of the gauge pressure, where blue
wlicates low pressure and red indicates hiph pressure. These plots are similar to tlhose

that will be used in visualising the future results.
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Figure 4.6; Velocity vector field {or Stokes fow for a Reynolds number of 50,

Couge pressure (mPa)
| 0153 0234

Figure 4.7: Pressure ficld for Stokes How for a Reynulds number of 30
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4.4  Flow Past a Solid Sphere

4.4.1 The Experimental Result

[ty order to validate the simulation, and piven the lack of available experimnental data for
the case of How past hubides, the ow of water past a solid sphoere was first investigated.
Onee the FEM model for the flow past a solid sphere was validated, the model for 1he flow
of water past a bubble could be considered correct as the only difference is in the setting
of thit BCYs on the sirface of the sphere, which wall Te explained later onon this chapter
Indeed. s we shall see, the boundary conditions o the case of a sohd sphere generate
far sharper dizeontinmities in the solotion than in the case of the babble, As such, if the
simulator can be shown o give acenrate results in this case, 1t can also he pusted {or the
case of pas hubhles,

The expedmental result s shown o Figure 4.8, which illustrates the flow pattern of
water behind a solid sphere at a Revnolds mmber of 26,5, with the free stream flow
direetion from lett to night, The lines in the picture are stresmlines which indicate the
dircetion of the flow, as cach point on a streamline s tangential to che velooty field
These streamlines were visuslised by the illumination of aluminium dust and the solid
sphere was a stecl ball-beanne, The picture captures the small concave wake Boehind the

sphere.

Fignre 4.8 Experimentally observed flow field hehind a solid sphere for Re=26.8 taken
from Taneda {1836,



4.4.2 Numerical Resulls

In this section, the setting of the model parameters and BC's are described for the flow
around the solid sphere, with some preliminary results presented. These results indicate
tvpical tremds for Stokes flow, such as the velocity field avound the splieve and how this
field changes with the Reynolds nuniber. Here fe % where L) s the sphere dinmeter,

735 the free stream velocity and v s the kinematic viscosity of the uid.

The Stokes equations were solved over the computational domain illustrated in Figure
11 A wvelocity of Ot mm /s was preseribed everywhere on the flow inlet face. The
boumndary eoncition for the surface of the solil sphere was a "no slip” condition, which
meant that the fluid velocity was set Lo be zero evervwhere on that surface, The fhud
kineratic viseosity was set o Lo [ (water st 25°C), Figure 4.9 illustrates the bot-
tom half of the steady state velocity held for Stokes flow at a Reynolds number of 1. The
atrows indicate the fluid direction and the colour ficld gives the magnitude of the flnid
velocity,  As the fluid approached the sphere. it diverged and slowed down, whilst the
velocity of the fluid on the outskirts of the domain increased. On the right hand side of
the sphere, the luid velocity increased with increasing distance from the sphere. Tigure
4.10 shows this change o velocity for the Huld near the sphere. As the Revnolds munher

was lncreased, the trend rematned the same.

Ay |'|1|_';|!:_1|'|i'|ud|_: L
00371 ) 00741

Figure 4.9 Velocity field for water flowing past a solid sphere at fe=1.

These trends give s qualitalive representation of the model for the flow of water past

4 solid gphere, thus a comparison can be made between these results and those for the
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flow of water around a bubble, presented in the next section, Such a companson mav be
considered nsctul in undetstanding the effect of the change in the BC implemented on the
sutface of the bubble,

4.5 Flow Past a Bubble

A model of fluid flow past a bubble differs [rom that of fluid flow past a solid sphere,
only in termns of the boundary condition applied on the sphete surface, In this case, the
‘wlip’ velodty boundary condition given in equations (4.3} and {1.4) was used, proposed
by Clift et al. (1978}

v-n—0 (4.3}

rel {everywhere tangential to the sphere} (4.4)

Equation (4.3} states that the component of velocity 1 the normal direetion to the surface
of the sphere is zero, Lguation (4.4) states that the shear stresses {r) tangential to the
sphere ate zero, Generally, these conditions specify that the finid is allowed to flow freely

past the bubble, such that the bubble hehaves as a void in the flow domain.
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In a similar fashion to the previous section on the flow past a solid sphere. the parameters
for a typical simulation for the fow of water past a bubble are described. To understand
ihe miplications of the bountlary conditions described, a particular simmulation result is
presented here. In this exercise, a velocity of 0.06 mm,/ s was preseribed evervwhere on the
How inlet face. The resulting velocity field for a Reynolds number of 1 15 shown in Figure
4.11. The difference hetween this result and the one for flon around a solid sphere was
that the bubble did not slow the fluid down as much. In contrast to no-flow in the case
of the no-slip solid sphere. the arvows drawn on the bubhle surface indiate significant
movernient of fluid How there. Figure 4.12 shows the general decrease in velocity in the
r-direction As the uid approaches the habhble, although the velocity increases slightly at
the point (.5wm from the hubble, which is caused by high velocities on the bubble surface
where the surface is tangential to the bulk flow direction. This trend remains constant

with the Reynolds number.

v g nihede (eamfs)
i P

Figure 4.11; Velocity feld for water flowing past a bubble al fe=1.
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sphere.

From the trends in the velocity field ohserved above in Figures 4.11 and 4.12. there was no
region of disturbed flow of low velocity downstream of the bubble. This is imexpected, as a
wake comprising of a sharp front and a long tail should he present due to the displacement
of the fuid, These trends in the velonty profile around both the solid sphere and the
bubble at vanous Revnolds numnbers will he compared to those obtained from the solution
of the full NVS equations,
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Chapter 5
Navier-Stokes Flow

The intention of this chapter is to firstly develop the governing equations and BC’s for
Navier-Stokes flow, then to explain how the equations were solved using the finite element

method, and finally to demonstrate how the results may be interpreted.

5.1 Physical Description of the Problem

The Navier-Stokes equations, introduced in Chapter 1, Section 3, are solved over the
identical domain used for Stokes flow. This domain together with the boundary conditions,
is described in Chapter 4, Section 1. In this study, the Navier-Stokes equations to be solved
include the momentum and mass balances. The momentum balance is given in eq. (5.1)

and the continuity equation is given in eq. (5.2).

%‘t’- +pv - Vv =—Vp+uViv (5.1)

V-v=0 (5.2)

The difference between this set of equations and those solved for Stokes flow is that the
momentum balance includes a non-linear convective term, which describes the bulk trans-
port of momentum through the system, and an accumulation term, which describes the
unsteady nature of the flow. However, the steady state solution will be found and used

for comparison against the Stokes flow results.

The boundary conditions imposed on the domain were identical to those used in the
Stokes flow simulations. These include a constant velocity everywhere on the flow inlet

face, a free flow condition on the flow exit face together with a zero pressure, and ’'slip’
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BC'’s on the remaining sides. A 'no-slip’ condition was enforced on the surface of the solid
sphere, and a ’slip’ BC was enforced on the surface of the bubble, given by equations (4.3)
and (4.4) in chapter 4.

The velocity and pressure everywhere within the fluid were given the initial values of
zero. The entry of an incompressible fluid was then modelled as entering one face of the
domain. Since slip’ BC’s were chosen on all other faces (to simulate free flow), and due
to the simplicity of the expression for the incompressible material balance, the fluid was

expected to reach steady state in a short period of time.

5.2 Algorithm

The finite element method was used to solve the governing fluid flow equations (5.1) and
(5.2). The momentum balance included an unsteady state term, which yielded a time
dependent solution. The simulation was performed over a reasonably long period of time
to converge to a steady flow field. The general algorithm for solving the FEM problem
described in Chapter 4, Section 2, was implemented. In this approach to solving the NVS
equations, the algorithm was designed for multiple processors by splitting the task of
assembling the matrix equations so as to speed up the program run time. The time step
size and the overall time were input variables. At each time step, the solution from the
previous time step was used as the initial condition, the equations solved and the results

were saved to file.

5.3 Computational Techniques

5.3.1 Tools Used

The mesh generated in Cubit shown in Figure 4.4 which was imported into the Stokes
flow code, was also imported into the Navier-Stokes flow code. In addition, the adaptively
refined mesh generated in the Stokes flow program, was used in the NVS code, allowing
for direct comparison of the predictions from each approach. The refinement is regarded
as adequate for both the Stokes and NVS simulations since cells close to or on the surface
of the sphere were at a higher resolution than in the bulk fluid, which is in alignment with
the region of the greatest velocity gradient changes. Although the flow field behind the
sphere is of particular interest, these cells were already comparatively small, even without

any refinement.
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The incompressible, unsteady Navier-Stokes equations were solved in 3-D using a Navier-
Stokes solver program, written using deal.Il. This code was originally developed by Martin
Kronbichler from Uppsala University in 2008 and was validated by comparing the Beltrami
flow solution from simulation with the analytical solution and found to be in excellent

agreement. Paraview was used to view and analyse the solution data.

The finite elements used were polynomial functions of order 2 for the vector-valued veloc-
ity components and of order 1 for the pressure. Thus a LBB-Stable element pair (Jox(;
were used, also known as the Taylor-Hood element. For this problem, a solution only
exists if the function spaces in which a solution is searched for satisfies certain conditions.
These particular conditions are the Ladyzhenskaya-Brezzi (LBB) conditions. In addition,
the finite element spaces must also be compatible with the LBB condition. Identical finite
elements were chosen for the Stokes problem for the same reasons. |

The time integration algorithm chosen was BDF-2. The BDF-2 method comprises of a
trapezoid step over part of the time step followed by a second order backward difference
step over the remainder of the time step. The quality of the initial guess for the nonlinear
iteration is considerably improved when using this method compared to implicit Euler,
which just uses the solution value at the previous time step. In the BDF-2 algorithm, the
previous two solution values are extrapolated to obtain the initial guess for the nonlinear

iteration.

The simulations were performed on a quad core PC, with each processor at 2.4 GHz,
and with the system at 8 GB of RAM. Programs were also run on the Chimera cluster
housed in the Chemical Engineering Department at the University of Cape Town, which
comprised of multiple nodes, with a single node typically having four CPUs, each running
at 2.2 GHz, and 8 GB of RAM. The option for parallel processing was enabled for all the

NVS simulations.

5.3.2 Convergence to Steady State

As the momentum balance from equation (5.1) contains a time dependent term, namely
pZY, the solution to equations (5.1) and (5.2) result in a solution which is a function of
time. The steady state solution to the NVS equations needed to be determined for each
simulation in order for comparison with the steady Stokes flow results. Thus a given NVS
simulation was run with an error analysis to determine steady state. The flow field was
also observed in Paraview with time, although an accurate steady state time could not
be determined by this means because small changes in the flow field occur that are not

visible in the Paraview solution. The mathematical approach to determining the steady
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state time which was implemented used the L2 norm (||x||,), also known as the L2 error

given in equation (5.3).

lIxlly = (5.3)

In equation (5.3), z; is the *" component of vector x and n is the length of the vector.
A large L2 norm indicates that one or more components have a large value. In terms of
using the L2 norm to determine steady state, the vector x was generated by subtract-
ing the NVS velocity vector field at a given time step number from the velocity vector
field at the previous time step. This subtraction meant that each component of velocity
at each node in the computational domain was subtracted from the equivalent velocity
component at the corresponding node. Thus as every velocity component in the solution
remains constant with time, each component in the vector x should be close to zero, thus

the L2 norm should also be close to zero.

In order to determine the steady state time the L2 errors for a given NVS simulation
were saved to file and plotted against time using Gnuplot version 4.2. Figure 5.1 is the
plot of the L2 error between successive time steps for the flow of water around a solid
sphere at a Reynolds number of 10, with a time step size set to one second. This step
size was the length of time the fluid flowed through the domain before the equations were
solved again. A steady state time of 500s was read off Figure 5.1 by taking the time where
the error stopped decreasing and reached an approximately constant value. This steady
state value was in good agreement with the qualitative value mentioned earlier. The sys-
tem was interpreted as reaching steady state even though the data was scattered because
the source of the scatter was considered to be numerical error. This seemed reasonable as
the value of the L2 norm after a time of 500s was orders of magnitude smaller than even
the highest values of velocity magnitude present. This analysis was performed for NVS
simulations for a range of Reynolds numbers between 0.1 and 100, including flows around
the solid sphere and the bubble. In addition, NVS simulations were also performed using

different simulation operating conditions, such as mesh refinement and time step size.

5.4 Flow Past a Solid Sphere

The NVS equations were solved over the same computational domain used in the Stokes

flow simulations, with the same boundary conditions, thus a 'no slip’ condition or zero
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Figure 5.1: The velocity-based L2 ervor plotted with time for the flow of water past a
solid sphere at a Reynalds mumber of L0

velocity was applied to the surface af the sphere, The velocity on the flow mlet face was
varied to control the Kevnolds immber. as the diamneter of the sphere and the kinematic
viscosity of the fluid were constant. Figure 5.2 illustrates half of the steady state velocity
ficld at s Revnolds number of 50, A velocity of 3.333 /s was prescribed everywhere
on the flow mibet face, The time step size was set to 1 second for the simulation and the
steady state time was 100 seconds, As the fiuid approached the anterior face of the sphere.
it decelerated and diverged, with the Huid wdemacally on the surface of the sphere having
a no-slip zero velocity, The Huid Howed around the sphere. but a wake was formed in the
region directly behind the sphere, with a significantly lower velocity than that found in

the free stream.

In arder to quantitatively understand the flow mechanics of the wake, the &component, of
vilocity was plotted along the conter line in the sdirection. directly theough vhe sphere,
1pdicutoed by the white hoe in Figure 5.2, Tlas was ropeated for a variery of How rates with
the trends shown in Figure 5.3, The Beynolds number ranged from 10 to 80, and a com-
men trend observed was that the velocity decreased to zero as the fiuid approached the
sphere. However, the velocity of the {luid in the wake Lehind the sphare was significantly
liss than that of Lhe free stream velocity, As the Revnolds number was increased, the ratio
of the wake velocity to the {ree stream velocity decreased. Far Revnolds numbers above
o, the finid directly behind the sphere travelled in the reverse direction to the main How,

This was very different ta the velooity flow field behind the saolid sphere for Stokes How,



Figure 5.2: A section of the velocity field for water flowing past a solid sphere at fe=5().
The ammows indicate the direction of the flow and the colowr har indicates the velocity

magnitude.

where no low veloelty wake was present at the same Reynolds numbers, In the case of
Stokes flow, the absence of & wake behind the sphere may be expected s the momentum
balance does not. include the convective transport term namely pv - Vv, This eonvection
term may also be consideted as an inertial term, a= it contains the product of density
and the spatial acceleration of the fluid, This phenomena of & wake existing behind the
solid sphere is observed experimentally, and 15 shown in Chapter 6. It 15 observed that
sigmificam chiange in the velocity field around a sobd sphere oceurs when the fiuid motion
= modelled using the Stokes equations compared to using the NVS equations. o the next

section a simlar comparison will be made for the fow around a bubble.
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Figure 5.3: Plot of n, along the center line in the sdirection, direvtly thronuch the sphere,

for flow around a solid sphere.

5.5 Flow Past a Bubble

In deterinining the velocity field around a bhubbile using the NVS equations given by eq,
(6.1} and eq. {5.2), a comparison can be made against the equivalent How field obtained
by solving the Stokes equations. The NVS simulation was perforimed where a velocity
ol 3.333mum /s was prescribed evervwhere on the flow inlet lace, thus setting the inlet
Revnolds nutniber to 50, The simulation setup was 1dentical to that ol the How past a
golid sphere in the previous section althoupgh the BC on the surface of the bubble was
changed to the "ship” condition. The velocity How field around a bubble for a Reynolds
munber of 30 is shown in Figure 54, Again the difference between this result and the
one lor How around o solid sphere was that the bnbble did not slow the flunid down as
much, Red arrows are visible on the bubble surface, indicating significant movement of
flmd on the surface. A small wake is present behind the bubble, with the flnid i the
wake having a slightly lower velocity than that avound it. This wake behind the bubble

was tiot observed for the Stokes How sinulation at the same Heviolds number.

The scomponent of velocity was plotted alang the center line in the r-direction, directly
through the sphere for various Revnolds numbers, shown in Figure 5.5, which is an eguiv-
alent plot to that in Figuve 5.3. This plot showed the existence of a wake, as the velocity
of the fiuid behind the sphere. ie. alter B8 v, was less than that in fromt ol the sphere,
ie, before T2y, As the Revoolds number was increased. the existence of a wake became
more noticeable. In tlus case the velocity directly heliind tle sphere did not drop below

zero, whereas for the flow around the solid sphere negative flows existed.
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Figure 3.4 Velocity field for water Howing past a bubble at f{e=50, The arrows indicate

the direction of the flow whereas the colour feld indicates the velocity magnitude,
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Figure 5.0: Plot of #, along the center line in the edirection, directly through the sphere,

for flow around a bubhle.

The results for the NVS model in this chaptor show that for both the How around a solid
spherk and the flow around the bubble & wake or low velocity region is present behind the
sphere, whereas equivalem Stokes resuits did not show this. This fundamental difference
in the sinmlation results may be attributed to the convective transport term which ap-
pears o the NV momentum balance but in not the Stokes momentn balance, Secondly,

as the Reynolds number is decreased, the existence of the wake becomes less noticeable,
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which is also consistent with the theory as Reynolds number is the ratio of the inertial
to viscous forces, so at low Re the convective term becomes less dominant and the NVS

velocity fields resemble the Stokes velocity fields.
The validation of these simulations is necessary in order to make an accurate compar-

ison between the Stokes flow and the NVS flow velocity fields around a bubble. This work

on the validation of the NVS program is presented in the next chapter.
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Chapter 6

Validation of Model for Flow Past a
Solid Sphere

This chapter presents validation of the Navier-Stokes simulations for the flow of water
past a solid sphere at Reynolds numbers below 100 by comparison with published data
in the literature. It was shown that the Navier-Stokes model predicts the correct velocity
fields for Reynolds numbers of 26.8 and 73.6. At Reynolds numbers above 30, eddies
occur behind the sphere, and can be predicted by the Navier-Stokes solver but not by the
Stokes approach.

In validating the NVS simulations for the flow past a solid sphere, the resultant flow
fields may then be considered as trustworthy benchmark standards, against which the
Stokes simulations can be assessed. The flow field of water past a bubble as simulated by
the NVS solver may then be considered correct also because only the BC on the sphere
surface is different compared to the solid sphere. This is likely to be even more correct as

the ’slip’ BC does not create sharp velocity gradients on the bubble surface.

6.1 Validation Approach

The first step in validating the Navier-Stokes flow simulations (NSFS) with published
experimental data from literature is to qualitatively compare the results in terms of their
flow structures. Important features include the shape of the fluid streamlines particularly
behind the solid sphere, and regions of velocity which differ considerably to that of the
free stream. In the cases where the NSFS do match the equivalent experimental results,
numerical comparisons of the velocity fields will be performed to completely validate the
result. However, the flow structures around a solid sphere are not equivalent to those

around a bubble at the same Reynolds number, due to the no-slip BC applied to the
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surface of the solid sphere. Despite this, if the NSFS can be shown to predict the correct
flow structures and the onset of turbulence around the solid sphere, then in the case of a
bubble, where the BC is actually milder because there are no sharp gradients at the sphere
surface, the NVS simulations for flow around a bubble can be accepted as correct. It is
therefore accepted in this work that validation in the more conservative case of a non-slip
sphere constitutes validation of a free-slip bubble. Such an approach is necessary because
there are no equivalent experimental data available for bubbles due to the experimental

difficulty of fixing a bubble and measuring the flowstreams around it.

6.2 Comparison of Flows at Re=26.8

In this simulation, the Navier-Stokes solver was used on the adaptively refined mesh con-

sisting of 3720 cells, described in Chapter 5. The boundary conditions are as follows:

i) The Reynolds number was set to 26.8 by adjusting the free stream velocity to 1.786 mm/s.
ii) The no-slip condition was applied to the surface of the sphere.

iii) The BC’s on the sides of the domain remain the same as described in Chapter 5.

Figure 6.1 shows the velocity field directly behind the sphere for this simulation. From
the direction of the arrows, the fluid appears to simply flow around the sphere and rejoin
again to form the free stream. The low velocity region directly behind the sphere is slightly
concave, and there are no eddies or backmixing. Taneda (1956) found the same result at
a Reynolds number of 26.8, for an experiment where a solid sphere was dragged through
initially still water, shown in Figure 6.2. In this picture the flow field is represented by
streamlines, which by definition are tangential to the velocity field. These streamlines
indicate the path that a small particle would travel if placed in the fluid. A low velocity
region can be observed directly behind the sphere indicated by the broken streamlines.
It is clear that the streamlines follow a concave path behind the sphere before rejoining
to form the free stream. This result is therefore considered a qualitative validation of the

result produced by the NVS solver, since the same basic flow structures are evident.
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Figure 6.1: Velociry flow field behind a solid sphere for e=26.8 using the NVS solver,

Figure 6.2: Experimentally obscrved flow field behind a solid sphere for Re- 26.8 taken

from Taneda (1956).
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6.3 Comparison of Flows at Re=73.6

The experinental result for the fow of water past a solid sphere at a Revoolds number
of 73.6 taken from Taneda {1956G) is Mustrated in Figure 6.3. This shows different flow
patterns in comparison with the fow at 2 Reynolds number of 26.8. In this case a convex
walke exists behind the sphere topether with svimmetrical eddies [cirenlation patterns)
sl backmixing, The wake which converyes to form the free streant, 1= longer than that
found at a Revoolds mimber of 26 8. Nakamura (1976] showed that the shape of the wake

changes from comeave to comvex at a Reynolds number of 35

This experimental result is in close agreement with the simdation result.  When the
Reynolds nuwmber was incteased to 73.6 by adjusting the free stream velocity to 4,906 i /s
in the Navier-Stokes solver, a tmunber of changes to the How structure were observed, Fie-
ure 6.4 shows a view of the wake hehind the sphere penerated by the XVE solver. A slightly
convex wake was formed with eddies and backmixing. The low velocity region ndicated
by the blue colonr extended mmch further behind the sphere compared to the flow at a
Revnolds munber of 265,

point of zero velocity

Figure 6.3: Experimentally ebserved flow ficld behind a solid sphere for He=73.6 taken
from Taneda (1956

In order to compare the resutts gemcrated by the Stokes and Navier-Stokes simmulations,
the Stokes flow solver was also used to predict the flow around a solid sphere at a Reynolds
number of 73.6. The velocity flow feld divectly behind the sphere i shown in Figure 6.5
In contrast to the residts from the NSFS, the prediction from the Stokes How simulation
{8FS) does not show circulating eddics nor backmixing, Thus the Stokes How solver does
not predict the correct velocity field at this high Beynolds number. Generally speaking,
due to the assumption of negligible convective flow, Stokes flow models tend to fail at

higher Revnelds nutbers. A comprehensive aceuracy analvsis is attempted in Chapter 7
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Figure 6.5: Velocity flow ficld behind a solid spherve for Re=73.6 using the Stokes solver.

6.4 An Analysis of the Wake

At higher Revnolds numbers. eddies and backmixing oceurred behind the solid sphere,
The region that contains these eddies may be referred to as the wake (Taneda, 1956), Due
to the hackimxing wHuence, along the centerline behind the sphere an unstable point ex-
ists at which the velocity has an approsdmate value of zern. This point is indicated in
Figure 6.3 which also shows that the wake extends from the surface of the sphere to this
so-called point of zere velocity. Thus the wake length may be measured {rom the surlace

of sphere between the symmetrical eddies to this so-called point of wero velocity,
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The open sorce Paraview software was used to plot the velocity magnitude along the
centerline behind the sphere. Figure 6.6 shows a cut-away section of the computational
domain. with half of the sphere visible. The white line indicates the domain over which
the velocity magnitude was plotted in Figure 6.7, The velocity magnitude increased with
distance along the white line, then decreased to almost zero, then increased apain,. The
fluid was traveliing in the reverse direction to the hulk fuid in the region between Omm
and 9. 6G3mm. Thus for this particolar Reynolds number the wake length was calenlated

to be 9.68mm accarding to the above mentioned definition.

Figure 6.6: Velocity magnitude field with the white line mdicating the domain used to
plot the wake in Figure 6.7, The mwain How direction 15 from left to right,

A number of wakelengths were measured for various Reynolds nutmbers ranging between
26.8 and 90, and these were plotted together with experimental data. In Figume 6.8, the
dimensionless wake lengths calenlated by dividing the wake length by the dinmeter of
the sphere, are plotted against the Revnolds number. The experimental data obtained
froom Taneda (1956) was plotted using diamonds, squares and triangles, and the numerical
result, from the Navier-Stokes solver was plotted using circles. Note that the diameter of
the sphere for the munerieal caleulations was 1amm, which was within the range of the
cxperimental dismeters used. A positive result was that the dimensionless wake lengths
for the different sized spheres all appeared to £t onto the saoe line with fle. which meant

that the length of the wake was directly proportional to the diamester of the sphete,
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single cell face

Figure 6.9: Indicatiom of a cell face with A red arrow for which the mass flow is caloulated.

This was performed for each eell face that i positioned on the outside of the domain,

The munerical data obtained [rom the Navier-Stokes How solver was in close agresment
with the experimental data, up to a Revnolds mumber of 80, The plot which used a log
scale for the Reyoolds munber produced a straleht line [or all data sets, excluding the
mumerical result at a Be of 9. The data from the Novier-Stokes solver prodoced a line
with the same gradicnt comparcd to the experimental results, althongh at the highest

Eevuolds number the dimensionless wake leupth deviated with s laroer value,

6.5 DMass Balance

To lend further credibility to the quantitative validation, o mass balanoe was performed
over the domaim to cnsure that the net flux over the simulation space was zero. This
was done for the steady state solutions for the flow around a solid sphere at a Revnolds
number of 73.40. Simulations were performed using hoth the Stokes flow solver and the
Navier-Stokes How solver, The mass flow rate through each face of the rectangular domain
wits caleulated by the post processing software, Paraview, Figure 6.9 shows the meshed
geometry with the flow inlet face coloured in orange. The red arrow points to the face of
an incdividual eell.

The total How throush one of the sides of the domain is given in equation (G.1).

Tedia
Fyp = Z Cridip (6.1}

i=1



In eq. (6.1), Fr[mg/s] is the total flow through the side of the domain, v, ; [rm/s] is the
average normal velocity of the cell face, A; [mm?] is the area of the cell face and p is the
density of the fluid which is 1 mg/mm?®. The total flow through each side was calculated.

The overall relative error is given in equation (6.2).

F in T F; ou
BErr = 25— ZTowl o 00% (6.2)

Table 6.1 gives the relative errors for different mesh sizes. These errors are all well below
1%. The table shows a slight trend of decreasing error with increasing refinement for both
solvers. Generally speaking, mass flow rate was considered to be suitably conserved over

the simulation domain for the purposes of the investigation in this thesis.

Table 6.1: Mass balance results for different mesh sizes.

Percentage error

Mesh size (cells) | Stokes solver | Navier-Stokes solver
1536 7.16x1074% 0.209%
1984 5.17x10~%% 0.208%
3720 5.18x1074% 0.206%

6.6 Summary

The validation of the Navier-Stokes simulation for the flow past a solid sphere was reported
in this chapter by observing the changes in the flow field around the sphere at different
Reynolds numbers. By comparison with published experimental data, it was shown that
the solver predicted the correct flow fields at Reynolds numbers of 26.8 and 73.6, as well
as demonstrated similar trends in the variation of the wake length with Reynolds number.
Fuarthermore, surface domain integration showed that the mass balance was closed subject
to suitably low errors. The Navier-Stokes solver was therefore considered to be sufficiently

accurate for the purpose of testing the Stokes flow solver up to a Reynolds number value
of 80.

We note also that flow past a solid sphere, in which case a no-slip boundary condition
must be imposed on the sphere, involves a discontinuity in the solution. On the other
hand, flow past a bubble, for which the free-slip condition applies, solves far more eas-
ily. We can therefore with confidence assume that the restrictions arising from the solid

sphere simulations are a sufficiently conservative set to be applied in the case of bubbles.
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This approach is necessary because there is not equivalent experimental data available for
bubbles.

This exercise therefore justifies the approach adopted in the remainder of this thesis
with the end goal being to find the Reynolds number range where the Stokes solver could
be used to accurately predict the flow around both the solid sphere and the bubble. These

results are presented in the following chapter.
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Chapter 7

Results

In this chapter, we attempt to gauge accuracy of the Stokes solution by observing how
far it departs from the solution predicted by the Navier-Stokes equations as a function
of Reynolds number. Analyses are carried out for both flow around a solid sphere and
flow around a bubble. The NVS solution, which, according to the validation presented
in chapter 6 can be accepted as a sufficiently accurate benchmark was compared with
the Stokes solution. As the Stokes velocity field was compared with the NVS velocity
field, the error analysis was split into two parts. Firstly, the relative difference between
both solution fields based on the velocity magnitude was determined and regarded as the
magnitude error in the Stokes solution. Secondly, the average angle between vectors at
corresponding nodes for the Stokes and NVS solution fields was determined as the angular
error. This approach was chosen to avoid calculating the relative error of the individual
velocity components, because some components particularly in the y and z directions were
close to zero, which forced the relative error to be extremely large. By calculating relative
errors using the velocity magnitudes and determining the angles between the vectors, all
components of the solution data were used in the analysis. By determining the Reynolds
range over which the Stokes solution is accurate enough, this will effectively be a way to

partition the solution domain in a real reactor.

In Figures 7.1 and 7.2 the NVS and Stokes velocity magnitude fields are shown for a
Re of 75. In these simulations the mesh was refined twice using the Stokes refinement
algorithm explained in chapter 4. Both NVS and Stokes simulations used a mesh consist-
ing of 3720 cells with identical BC’s. These solutions represent the highest Re explored,
thus also differ the most in the Reynolds number range. The essential difference between
the NVS velocity field in Fig. 7.1 compared to the Stokes velocity field in Fig. 7.2 is
that the velocities around the bubble are higher and a long, low velocity ’tail’ exists on
the RHS of the bubble for the NVS simulation. These differences may be attributed to
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the convective term pv - Vv in the NVS momenturn balanee, which is not ineluded in the
Stokes momentum balance. This s also constdered to be an inertial termo as if eontains

the product of mass {due to g) and spatial aceeleration of the Quid.

aly rreckpulucde: i
¥ A0

Figure 7.1 Section of NVS velocity magnitude field for the flow past a bubble at a

Hevnolds number of 75h.

Figure 7.2: Section of Stokes velocity magnitude field for the flow past a bubhle at a

Bevnolds number of 7h.
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7.1 Error Analysis

7.1.1 The Role of the Convective Term

In determining the cause of the error between the Stokes and the NVS solutions, the
role of the convective term pv - Vv in the NVS momentum balance with respect to the
flow field is established. Firstly, at high Reynolds numbers (Re = 2Y) the free stream
fluid velocity U is typically high and at low Re the free stream velocity is low. The con-

vective term contains the dot product of the velocity v and the gradient of the velocity Vv.

In this specific case for flow around a bubble, the ’slip’ BC imposed on the sphere surface
means that the fluid flows smoothly around the bubble, and as a result there are no steep
velocity gradients regardless of the value of Re. Thus the term Vv does not vary by orders

of magnitude when Re is varied.

However for high values of Re the velocity is high, which means that the convective
term is significantly large. At low Reynolds numbers the velocity is low, which means
that the convective term is small. Thus at increasingly lower values of Re, the convective
term in the NVS momentum balance approaches zero, which also means that difference

between the NVS and Stokes solution should approach zero too.

7.1.2 Analysis Methods

The relative error between the NVS and the Stokes solutions was calculated at each node
in the solution domain, using the velocity magnitudes. The relative error field between
the Stokes and the NVS solutions is defined in equation (7.1).

_ Hhaavslf = Jusll]
err(z,y,2) = Tl

(7.1)

In equation (7.1), upys and u, are the NVS and Stokes velocity fields respectively and
llunvs]] and |jug)| are the NVS and Stokes velocity magnitude fields respectively. The
volume-average relative error ¢ was calculated by volume integrating eq. (7.1) and dividing

by the total volume, and is shown in eq (7.2).

fv err (z,y,2)dV
€=

7.2
V;total ( )

The post-processing software Paraview was used to perform both calculations described

by eq. (7.1) and eq. (7.2). In order to verify that the volume integration in equation
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(7.2) was performed correctly, a known, constant relative error field was imposed, simu-
lated, and compared to the value calculated by the Paraview software. The results were

identical. The full test calculations are available in the Appendix.

The angle between the NVS velocity vector and the Stokes velocity vector at a node
defined by Stewart (2001) is of the form eq. (7.3).

8, = arccos (M) (7.3)
[ @nvs,nll[| sl

The velocities Upysn and usp are the nodal NVS and Stokes velocity vectors respectively.
The average angle between the NVS and Stokes solution field is given in eq. (7.4).
[, 8 (z,y,2)dV

§ = 7.4
V;otal ( )

Equation (7.4) gives the volume averaged error angle between corresponding NVS and
Stokes solution vectors in the domain. A numerical challenge associated with equation
(7.3) is that for the flow past a solid sphere, a zero velocity (no slip) BC is assumed on the
sphere surface. Equation (7.3) calculated the NVS and Stokes vectors to be perpendicular
on the sphere surface, despite their velocities each being zero, thus introducing a 0.05%
error in the overall calculation of § for Re=30. This error calculation is available in the

appendix.

7.1.3 The Error Domain

It was found that significant error between the Stokes and NVS solutions was only present
in the region immediately adjacent to the sphere and in the wake, for both the flow around
the solid sphere and the bubble. For this reason, the error analysis was performed in these
regions specifically and not over the entire solution domain. Figure 7.2 and Figure 7.1
presented in the beginning of this chapter show sections of the Stokes and NVS velocity
magnitude fields respectively, for flow around a bubble at a Re of 75. The NVS flow
solution contains high velocities around the sphere and low velocities in the wake, which
is not the case in the Stokes flow solution. Figure 7.4 is a section of the relative error field
between these solutions. In this error field, dark blue indicates zero error and red indicates
a relative error of 65%, thus confirming the regions discussed above. The relative error
field for the flow around a bubble at a Re of 1 is shown in Figure 7.3, indicating a much
lower error in the vicinity of the sphere and no error in the wake. This decrease in error

with the decrease in Re is due to the convective term becomming less significant, which
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is deseribed carlier in section 7.1.1. Thus by volume inteprating the relative crrors ovel
the entire solution domain, the resnpting error will be diluted, thercby underestinating
the degree to which the error wili vary with Reynolds number, In order to prevent this. a
subdomain was constructed over which the errors were calculated. based on the error field

from Figure 7.4, which are the largest errors over the Reynolds number range of interest.

Figure 7.3: Section of relative error field for the flow past a bubble at a Beynolds number
of 1.

Figure 7.4 Secetion of relative error Beld for the flow past a bubble at a Reynolds mumber

of T

[

=1



The subdomain was sized with lengths of 1 bubble diaincter (1D lelt of the bubble, 4D
behindd the bubble on the wake side. 1T} on either side of the hubble in the ydirection
and 1T} on either side of the bubble in the =direction. Comparisons between the Stokes
and NVE solutions for both flow around the bubhle and Bow around the solid sphere were
made using this subdoemain, which s Hlusirated in Figure 7.5, The white outline indicates
the total size of the solution demain. The reasan that the subdomain is not rectangular
is due to the irregularly shaped mesh comprising of different sized cells {oprimised for
solution accuracy ). The algarithm which generated the subdomain had flagped the cells
to be included in the calculation if the co-ordinates of the conter of the cell lay inside the
siubdomain, with cells positioned outside being exeluded. An irregular edge inthe domain
was created when a larger coll was positioned directly alengside a smaller cell, with the

o coll being Bagered and the other ool oxchided.

Figure 7.5: Bubdomain over which the error analvsis was performed

7.2 Error Trends with Reynolds Number

Ther error trends with Ae for the flow past @ bubble are illustrated qualitatively in Figures
7.6 to 7.9 helow. Figure 7.6 and Figure 7.7 show similar velocity felds for the NVS and
stokes simulations respectively at a Fe of 1 AU a higher Revoolds number of 20, the
NVS solution illustrated in Figure 7.8 shows ligher velocitios around the bubble and a
low velaeity fluid wake hehind the sphere. which the Stokes solution at the same e does
not predict. This Stokes solution Is shown in Figure 7.9 At even higher Revnolds num-
hers, the convective term discussed carlier in (his chapter in section 7.1.1 hecomes more
dominant in the NVS solution, This may be illustrated by Figure 7.1 preseuted in the

beginmng of the chapter tor n Be of T3, where the Huid wake bhehind the bubble heeomes
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lemger in the direction of the fiow, The How pattern for Stokes flow remains unchanged

when fle 15 increased to 75, shown in Fig. 7.2,

Figure 7.6: Section of NVS wvelocity magmtude field for the How past a bubble at a

Reynolds number of 1.

(=
(=

Fignre 7.7: Section of Stokes velocity magnitude field for the {low past a hubhble at a

Reyuolds number of 1.
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Figure 7.5 Section of NV3 velocity magnitude field for the flow past o bubble at a
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The error results far the flow around a solid sphere are presented in Figure 7.10 and
Figure 7,11, and analogous results for the How around a hubble are shown in Figure 7.12
and Figure 7.13. The simulations which generated the NVS and Stokes velouity helds for
which these errors were computed, used the relined mesh of 3720 cells. Figure 7.10 shows
the increase in the vohiine averaged relative error with Hevnaolds number, and 7.11 shows
a similar trend in the plot of veluine averaged angle with Reynolds number. 11 the case of
the bubble. Figure 7.12 shows the volume averaged relative ettor with Ae, which ncreases
sharply between 1 << Re < 20 The volume averaged angle is plotted as a function of fe

in Figure 7.13, and shows ap identical trend te Figure 7.12.

035
03
0.25 -
02 -
015 - st
0.1 4 *
005 .

Felative error

T~ M- PR
1] 1

i
01 1 10 1
Reynolds number, Re

Figure 7.10: Plot of valume averaged relative error based on velocity magnitude against

Reynolds nmber. for flow past a solid sphere.
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Figure 7.11: Plot of volume avetaped angle between NVS and Stokes solution vectors

agaitist Hevnolds nutnber, for flow past a solid sphere.
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Figure 7.12: Plot of volume averaged relative error based on vlocity magnitude against
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In finding the error trends between the NVS and the Stokes solutions, this will provide
sufficient information which may be used to choose either the steady NVS or the steady
Stokes method for solving the fluid flow equations around a bubble, depending on the
Reynolds number and acceptable error for the specific problem. In terms of a real bubble
column, the solution domain may be partitioned by using the accuracy of the solver and
Figure 7.12 and 7.13 above to determine the Reynolds number that should be used as the

criterion for the partitioning. A discussion on these error trends will be presented in the

next chapter.
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Chapter 8
Discussion

When describing the flow of a fluid past a bubble using a mathematical model, ie. either
the NVS or the Stokes model, a primary issue is the accuracy of the numerical result
compared to the physically observed flow field. In Chapter 6, it was shown that the NVS
model predicted the flow of water around a solid sphere for the Reynolds number range
of interest, to some degree of error, where experimental data was used in the comparison.
Additional error between the numerical solution and the physical flow field creeps in when

the Stokes model is used, due to its assumption of zero convective flow.

In the finite element method, the FEM solution should converge to the exact solution
as the number of computational cells in the domain increases to infinity. Due to a FEM
problem containing a finite number of elements, there is always some error between the
FEM solution and a hypothetical perfect solution, which is highlighted in Figure 8.1 by
Error 5. The value of Error 5 depends on the FEM code used, such as the choice of fi-
nite element, preconditioner, solver, etc. The FEM code for the 3-D incompressible NVS
solver had been validated against the analytical solution for Beltrami flow, where the
unsteady term balances the viscous term and the convective term balances the pressure
term (Etheir and Steinman, 1994). Errors 1 to 4 will be discussed in this chapter, with the
focus on finding the solution which minimises the computational time required to solve

the problem whilst still maintaining suitable accuracy.
However, the focus of this study was not to improve the performance of the existing NVS

model, but rather to propose a model which predicted the flow field around a bubble with

the same accuracy as the NVS model, with less computational expense.
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Figure 8.1: Diagram showing the different errors between the various FEM solutions

obtained.

8.1 Error Analysis on the Bubble

8.1.1 Comparison between the NVS and the Stokes Solutions

The errors between the NVS and the Stokes solutions as a function of Re presented in
Chapter 7, Section 2, are shown in Figures 8.2 and 8.3, which include plots of both the
coarsest and the finest meshes used on the same axes. Thus the error introduced by using
a coarser mesh instead of a finer one was determined. Graphs of both the relative error

based on velocity magnitude and the average angle are used in the analysis.

Figure 8.2 shows the increase in relative error between the NVS and the Stokes solu-
tions, which is apparent for both the coarse mesh of 1536 cells and the fine mesh of 3720
cells. Below a Reynolds number of 1, relative errors are typically below 2% while for
1 < Re < 30 the errors increase from 2% to 6%. As the Re is increased further, the error
appears to increase slightly. This error may be attributed to the low velocity tail’ region
behind the bubble which the NVS solver predicts but the Stokes solver does not. This
graph shows the expected trend that the error increases with increasing Reynolds num-
ber, because the convective term from the NVS momentum balance becomes increasingly

important. The role of the convective term is summarised in chapter 7.1.1.
Above a Reynolds number of 30 the error seems to saturate. This may be due to the
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low velocity region behind the sphere increasing in length with Re, and actually exceed-
ing the length of the error domain. As this low velocity region is a primary source of
error because it does not exist in the Stokes flow simulations, it may be the cause of the
saturation. In terms of the NVS and Stokes equations, there is too much uncertainty
about how the terms behave in the very high Re region and the region of interest is where

the error is between 1-2% anyway.

In a similar manner to the analysis on the relative errors above, the errors on the an-
gles were also taken into account. Figure 8.3 shows this for both the coarse mesh and the
fine mesh. Again the general trend was a steep rise in the average angle for 1 < Re < 30.
This trend was identical to that found in Figure 8.2, where the relative error was plotted
with Re. Finally the effect of mesh size on the average angles was found to be negligible.
These observations from Fig. 8.3 are consistent with those found in Figure 8.2, meaning
that an increase in magnitude error was always accompanied by an increase in angle be-
tween the NVS and Stokes solutions. By taking into account both the errors with respect
to the velocity magnitude and the direction, every component of the solution data was

analysed.

Another point to consider is that the volume averaged error is a function of the size of
the constricted error domain, and decreases with increasing size if the error is significant
in only a small volume of the overall domain. However, if the constricted domain is too
small, then important differences between the two solutions would not be included in the
calculation. Thus according to the information presented in Chapter 7, Section 1.2, the

error domain was a sufficient size over which the volume integrated errors were calculated.

It is important to note that the size of the error domain affects the magnitude of the
errors, since the further away the boundary lies from the sphere (around which the error
is concentrated), the lower the volume-averaged error will be. However, the specific error
domain size used was suitable for the purpose of implementing the results in a larger
model framework as the region of interest was the volume in the vicinity of the bubble.
The error domain was increased until it incorporated all significant error, and this domain
was fixed for all further calculation of error. By still enlarging this domain. the volume
averaged relative errors would decrease, but the error trend would remain the same over
the range of Re. If the error domain was made smaller, then the results would not accu-

rately represent the error between the NVS and Stokes solutions.

In summary, the data plotted for 3720 cells (fine mesh) in Fig. 8.2 and Fig. 8.3 rep-
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resents Error 1, illustrated in Figure 8.1, and the data plotted for 1536 cells (coarse mesh)
represents Error 3. Thus Error 1 is approximately equal to Error 3 for the Reynolds
number range of interest. The importance of this result will be discussed further on, and

Errors 2 and 4 will be determined in the next subsection.

8.1.2 Refinement Errors

In this subsection the solutions determined using meshes of 1536 cells and 3720 cells are
compared for each of the NVS and Stokes solutions. This corresponds to Error 2 from
Figure 8.1 for the NVS solutions and to Error 4 for the Stokes solutions. Unlike the
comparison between the NVS and Stokes solutions which resulted in Errors 1 and 3, a
volume averaged error was not calculated. Instead, the velocity magnitude profile was
plotted over two lines in the 3-D domain space, together which represented the most
important flow trends. This was done because a direct comparison between the two
solutions was not possible as the comparison involves calculating the relative errors at
each node in the computational domain. As different sized meshes were used in the
simulations, a different number of nodes existed in each mesh. Figure 8.4 shows the two
lines, where Line 1 is parallel to the bulk flow direction from left to right and runs directly
through the center of the bubble, and in the wake. Line 2 is positioned 7.5mm behind
the bubble, perpendicular to the main flow direction, along the y-axis. Significant fluid
velocity gradients in the gdirection occur around the bubble, which are identical to those
in the zdirection as the solution is symmetrical about Line 1. Both Lines 1 and 2 are

positioned in the middle of the domain with respect to the zaxis.

Comparisons between the NVS and Stokes solutions for different mesh sizes are shown
in Figures 8.5 to 8.8, where each graph contains the velocity magnitude plot for each of
the three different sized meshes used, namely those containing 1536, 1984 and 3720 cells.
The graphs show these results at a Reynolds number of 15, although the same plots were
produced at a Re of 1, which showed identical trends, and are not shown. Additional
plots at higher Reynolds numbers were not made as the relative errors from Fig. 8.2 and
Fig. 8.3 did not increase substantially above a Re of 20, thus the range of interest over

which the error increased was covered.

In Figure 8.5, the velocity magnitudes are plotted along Line 1 for a Re of 15, and the
solution for the mesh of 1536 cells is drawn in black, whilst the solutions for the meshes
of 1984 cells and 3720 cells are drawn in red and blue respectively. The red and blue lines
show almost identical solutions, while the black line is slightly above the other two in the

region behind the bubble, which shows that the mesh was refined until the solution no
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Figure 2.4: HNustration showing the two lines over which the velocity magnitudes were

plotted.
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Figure 8.5: Plot of NVS velocity magnitude along Line |, for the flow aronnd a bubble at
Re=15.
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Figure 8.8: Plot of Stokes velovity tuagnitude along Line 2, for the flow around a bubble
at fe—15.

longer changed, hence we muay assume that adequate refinement was implemented, The
maximum deviation of the solution penerated using the coarsest mesh compared with the
solition penerated using the finest mesh (relative crror) was 2.5%. These observations
show that Error 2 from Figure 2.1 18 amall bat signilicant.

In Fignre 2.6, the velocity magnitisles were plotted over Line 2 [or the same fle and
similar trends were observed, These trends also showed convergence of solution as the
mesh was refined twice, with & 7% maximum relative error. hence confirming the sipnif-
want error {Ermor 2) from Figure 8,10 Finallv, Fig. 87 aud Fig. 88 are analopous to
Fiw 8.5 and 8.6 for the NVE comparisons respectively, althongh show the Stokes results.
The maximum relative ervor for Line 1 is 1%, and is 4% for Line 2. This means that
the Stokes coarse and fine sehitions are slightly different. and that Frror 4 fram 8.1 is
gomewhat significant. In addition, the maximumn relative error found at a e ol 1 {or the
Stokes solution was 200%, which means that Error 4 is fairly large. As the solutions which
were generated using meshes of 1984 cells and 3720 cells were alimost identical for cach
of the above mentioned cases, neluding at a e of 1, and considering that the lines over
which these solutioms were plotied represented the important irends. it is fair to conelude
that a mesh size of 1984 cells was sufficient to caleulate the solution. and that using the

tesh of 3720 cells results i1 an unnecessary computational cxpense,
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8.2 Computational Requirements

In order to determine the increase in computational speed by solving the Stokes equa-
tions compared with the NVS equations, varying mesh sizes and Reynolds numbers were
tested using both the Stokes and NVS programs for the flow around a bubble. These
simulations were run on the Chimera cluster, using a 2.2 GHz processor and 8 Gb of
RAM. Additional NVS programs were run using multithreading, where the assembling of
the matrix equations was performed on four of the 2.2 GHz processors simultaneously, so
that the effect of multiple CPU use was determined. Table 8.1 gives the computational
times using different mesh sizes, for both the Stokes and the NVS solvers at a Reynolds

number of 1.

Table 8.1: Computational times for flow around a bubble at a Re of 1.

Computational time

Mesh size (cells) | Stokes solver | NVS solver (1 CPU) | NVS solver (4 CPU’s)
1536 49s 1h Imin 41s 44min 57s

1984 1min 2s 1h 30min 31s 1h 8min 46s
3720 2min 5s 3h 15min 4s 2h 31min 39s

The most significant trend in Table 8.1 is that the NVS equations take two orders of
magnitude longer to solve compared with the time required to solve the Stokes equations.
This is true for each of the different mesh sizes. The NVS solutions using 4 CPU’s are
obtained in approximately 75% of the time required to solve using only 1 CPU. Finally, as
the refinement of the mesh increases, the calculation times increase. Table 8.2 represents
analogous data to table 8.1, for a Reynolds number of 15. Identical trends to those found in
table 8.1 were observed, namely an approximate 25% decrease in the computational time
when multithreading was implemented, a significant difference in computational time for
the Stokes algorithm compared with the NVS algorithm, and an increase in computational

time with mesh refinement.

Table 8.2: Computational times for flow around a bubble at a Re of 15.

Computational time

Mesh size (cells) | Stokes solver | NVS solver (1 CPU) | NVS solver (4 CPU’s)
1536 44s 1h 16min 29s 54min 39s

1984 lmin 1s 2h 15min 43s 1h 39min 58s
3720 2min 7s 4h 16min 9s 3h 08min 06s
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It is clear the steady NVS solution required a much greater computational time to solve
compared with the steady Stokes solution, so that in simulating the steady flow around
a bubble, the Stokes flow approximation would significantly save computational power.
Although the unsteady state NVS equations were solved, and the solution was allowed to
converge to a steady solution which significantly added to the computational time, this
approach was justified because an accurate steady solution may be calculated by stepping
forward in time in small time increments. Even though the Stokes solutions only apply
when the Reynolds number is less than 1, there is significant value in modelling the flow
around bubbles at these values of Re. If this low velocity region occupies 20% of the bub-

ble column, then this study shows that the computational time is reduced by effectively
20%.

From the data presented, the Stokes flow solutions at a Reynolds number of less than
1 are accurate and do not require a great deal of computational time. In addition, accu-
rate solutions are obtained for both the Stokes and NVS algorithms using the intermediate
mesh size of 1984 cells, so computational time was saved by not using the fully refined

mesh.
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Chapter 9
Conclusions

In this work a fundamentally different approach was used in developing a bubble column
model. A “cell” model was constructed which was used to calculate the flow of water past
a bubble. This model may be incorporated into a larger framework such as a population
balance model with the purpose of using less computational power in solving for the hy-
drodynamics of the whole bubble column reactor. However the focus of the study was
on the analysis of the Reynolds number range where the Stokes equations could be used
to predict the velocity field in the vicinity of the bubble instead of the full NVS equations.

It was found that the simulation results from the “cell” model for the flow of water past a
solid sphere when solving the NVS equations were in good agreement with experimental
data for the Reynolds number range of 25 to 80. The Stokes model only predicted similar
velocity fields to the NVS model at low Reynolds numbers, typically below 1. As the
Reynolds number was increased, the Stokes solution deviated further from the NVS solu-
tion. The Stokes solution failed to predict the circulating eddies and backmixing which

developed behind the solid sphere at Reynolds numbers above 40.

For the flow of water past a bubble, the Stokes flow model produced very similar flow
fields to the NVS flow model at Reynolds numbers below 1, where the NVS flow field
was determined to be correct. At higher Reynolds numbers, the Stokes flow model did
not predict the high velocities on the bubble surface and the low velocity region or wake
behind the bubble. Such phenomena were observed when the NVS flow equations were
solved, thus it was concluded that the convective term in the NVS equations is needed in
order to predict these. The relative error based on the velocity magnitude was less than
2% for Reynolds numbers less than 1 and increased to 6% for Reynolds numbers greater
than 20.
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The computational time required to solve the NVS equations for the flow around the
bubble was considerably greater than that required to solve the Stokes equations, where
the NVS flow solver took two orders of magnitude longer. As the number of computa-

tional cells doubled, the computation time increased by a factor of approximately two.

Finally, the error analysis performed in this work may be used to partition a bubble
column into regions governed by the Stokes equations with the remainder of the column
governed by the NVS equations, which would help reduce the computational load. The
movement of bubbles in clusters in the column may provide another opportunity to use
the Stokes model as the relative velocity of the bubbles is such that very low Reynolds

numbers are observed.
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Appendix A

Derivation of the Navier-Stokes

Equations

In this appendix, the mass, momentum and energy balances are derived from first prin-
ciples for incompressible fluid flow in 3-D. The substantial derivative, which is used in

these balances is introduced first.

A.1 The Substantial Derivative

The substantial derivative is given by equation (A.1).

D¢ 0¢ Opdr Oopdy Iodz
T R e e Al
Dt ot ozdt T oydt T ozdt (A1)
For a given particle, the property per unit mass, ¢, is a function of position (z,y, z) and
time, t. Buffler (2007) stated that the terms

Opdx Opdy  0O¢dz

Oxdt Oydt Ozdt
are the convective part of the function and describe the variation of ¢ in space. The
term %f is local and describes the variation in the field with time at a given point. The
substantial derivative is used when the particle is not following the flow field. In the case
of a fluid particle which follows the flow field, % = Uy, %? = v, and ‘-Z% = v,. The total
derivative is given by equation (A.2) (Versteeg and Malalasekera, 2007).

D¢ 0¢ 0¢ o¢ d¢

B =5 Tatt vt 5

Dt ot 8z By Ve (A.2)
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The total derivative can be expressed in a slightly different form too:

(p¢>) + div(pgv) =
- ?ﬁé + ¢ + popdivv + vgrad(pg)
%(té + ¢ + ppdivv + pvgrad + pvgradp

=p [%? + vgmdd +¢ [ + pdivv + vgradp}
=p {gd) + vgmdqﬁ} + ¢ [ + dw(pv)}

=p [%—? + vgradcb]

D¢
=5,
Where div(pv) = pdivv + vgradp
The term, ¢ [%t‘—’ + dz'v(pv)} equates to zero due to the mass conservation equation, which

will be formulated in the next section (Versteeg and Malalasekera, 2007).

A.2 Derivation of the Continuity Equation

This derivation was extracted from (Geankoplis, 2003).

From the law of conservation of mass:

(rate of mass into fluid element)-(rate of mass out of fluid element)=(accumulation of
mass inside fluid element)

Figure A.1 illustrates a typical fluid element.

In the z-direction:

(rate of mass in)=(pv; ), AyAz

(rate of mass out)=(pv;)z+a-AyAz

(accumulation)= —P-A:L'AyAz

Mass flow equations for the y-direction and the zdirection are obtained in a similar way.

Adding all these expressions and dividing by AzAyAz gives eq. (A.3).

(pvz)z — (PVz) 40 (P’Uy)y - (va)y+Ay (pv2): — (m'Z)z+Az - QE
Az * Ay + Az ot (A4.3)
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Figure A.1: Mass fluxes into and out of a fluid element.

Taking the limit as Az, Ay and Az each approach zero yields eq. (A.4), which is the

mass balance equation,

%/tg - [3(5?) ¥ a(g;y) 4 a(g:z) — (Vv (A4)

For incompressible fluids of constant density, eq. (A.4) becomes the continuity equation,
eq. (A.5).

_Ov, | Ovy | Ov,,
(V'V)-('g;+ay+az)~0 (A5)
V-v=0

A.3 Derivation of the Momentum Balance

This derivation was extracted from (Versteeg and Malalasekera, 2007) and (Geankoplis,
2003).

The starting point is Newton’s second law which states that the sum of the forces acting

on a fluid element equals the rate of change of momentum of that fluid element. This is
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given in eq. (A.6).

dP
Y F= — (A.6)

The sum of forces acting on a fluid element equals the rate of change of momentum of

that fluid element. This can also be expressed as:

(rate of momentum in) - (rate of momentum out) + (sum of forces acting on system)

= (rate of momentum accumulation)

In the z-direction:

(rate of momentum in)=(pv,v, ) AyAz + (pryvs )y AzAz + (pv,v,), ATy
(rate of momentum out)={(pv,V; )z a:AYAZ + (PVyVz)y1 2y ATAZ + (pV,Vz) 110, DTDY
(accumulation of momentum)zﬂg%lAa:AyAz

Inserting the terms above into the expression for the conservation of momentum, di-
viding by AzAyAz and taking the limit as Az, Ay and Az each approach zero yields eq.
(A.T).

8(pvz) — . {a (P'Ux’Ux) + a(pvyvx) a(pvzv‘” :l + Z F (A?)

ot Ox Oy

Note that the term in square brackets represents the net momentum flow in the s-direction

by convection. Expanding eq. (A.7) gives eq. (A.8).

avx dp Olpva) . Ovs O (pvy)
"ot T e [”“’ oz P T gy
(A.8)
avz 8(,0’1)2) 81)3,
— | puy By + v, 5% —!—puz—g-; +ZF$

Using the general form of the continuity equation, eq. (A.4), and multiplying through by
vy gives eq. (A.9).

dp B(va) 1. 00 Opvs)

Ux@tz—[vx oz By T 9z ] (A.9)

By substituting eq. (A.9) into eq. (A.8), the result is eq. (A.10).
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O, v, Ov, Ov,
Por = [ Vo~ +pvya + pr, Z}—FZFm (A.10)

Rearranging eq. (A.10) gives eq. (A.11).
ov, Bvx Ov,
(“‘a—t“ + Vg 8 + vy 8 ) Z F, (A.ll)

Using the definition of the total derivative, the result is eq. (A.12).

e =S F, (A.12)

In a similar manner equations (A.13) and (A.14) may be derived for the y and z directions

respectively.
Dv,
SL=2_F (A.13)
Dv
= F, Al4
P Dy > (A.14)

The forces acting on the fluid element can be grouped into two categories, namely surfaces
forces and body forces. Surface forces include pressure and viscous forces. Body forces
include centrifugal, gravitational, Coriolis and electromagnetic forces. Body forces are
included in the overall source term in the momentum equation. An illustration of a fluid
element is shown in Figure A.2, where 7;; denotes viscous stress. The subscript ¢ denotes
the surface normal and the j denotes the direction of the stress. The stress 7;; indicates

the total normal stress, excluding pressure which is dealt with separately.
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Figure A.2: Stress components on a fluid element.
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Figure A.3: Stress and pressure components on a fluid element in the z-direction.
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In the z-direction:

The total force due to surface stresses can be calculated with the aid of Figure A.3. The
stress and pressure terms which are shown on each of the faces in Figure A.3 represent the
respective quantities at the center of the face. The net force for the East and West faces is:

(P~ 9240) — (rss — B 102)] AyAz + [ (P+ $23A0) + (1w + %2 300)] Ay

The net force for the North and South faces is:

BTyx 1 aTy:z 1
(= e gtw) dwtse (e G g00) 20

The net force for the Top and Bottom faces is:

07,2 1 0Ty 1
- (sz - "'&—éAZ) A.’L‘Ay -+ (Tzz + 92 5AZ) AmAy

Adding the forces for each of the faces and diving by the control volume (AzAyAz)

gives the net force due to surface stresses:

O(=P+Tpy)  Oryz 0Ty
ox * Jy + 0z

Equating the net surface force and source term with the rate of change of momentum in
the z-direction gives eq. (A.15).
Duv, _ O(—P + 74z) + OTyz | OTox

P pe By + 5, + 5 (A.15)

In a similar manner equations (A.16) and (A.17) may be derived for the y and z directions

respectively.

Dt oz dy 0 S (A.16)
Dv, 0ty 01y  O(—P+712)
_ : Al
Dt Ox * Oy + Oz +5 (A17)
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For Newtonian fluids, the viscous stresses are proportional to the rates of deformation.

The viscous stress components are given by equations (A.18) to (A.23).

- zu%U”” LAY V) (A.18)
- gpa;y +A(V-v) (A.19)
) %”—" LAV V) (A.20)
R (%‘é{ 4 %) (A.21)
(224 2) na
Tyz = Toy = [ (?;—zy + E;;) (A.23)

The dynamic viscosity, u, relates stress to linear deformation and the second viscosity,
A, relates stress to volumetric deformation. For incompressible fluids, V - v = 0, thus
the second viscosity term is neglected. These viscous stress terms are derived from first

principles (Bennett, 1962). Equation (A.24) arises from the definition of viscosity.

T=p— (A.24)

Figure A.4 illustrates the deformation of a fluid element.

The fluid element deforms by an angle, d¢, over time, df, given in eq. (A.25).

d @ﬁdydﬂ A.25
Equation (A.25) simplifies to eq. (A.26).
d¢  du,
% d (A.26)
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Figure A.4: Deformation of a two-dimensional fluid element due to shear.

Substitution of equation (A.26) into eq. (A.24) gives eq. (A.27).

d
T = --/,L-c—% (A.27)

Figure A.5 illustrates the deformation of another hypothetical fluid element.
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Figure A.5: Deformation of a two-dimensional fluid element due to shear.

The fluid element deforms by an angle, d¢, over time, df, given in eq. (A.28).

Gedydd  Zrdzdo
dy dr

dp = — (A.28)

Equation (A.28) simplifies to eq. (A.29).
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dp  dv, duy,

Substitution of equation (A.29) into eq. {A.27) gives eq. (A.21). Equations (A.22) and
(A.23) can be derived in a similar manner. The general relationship can be concluded
from equations (A.21) to (A.23):

rom g (BB g 9
LI T T B P

The substitution of the viscous stresses from equations (A.18) to (A.23) into eq. (A.15)
gives eq. (A.30).

Dv, 0 Ovg 0 [Ov, Ovy 0 (Ovy Ov,
"Dt = (‘P”*‘am) T H5y (’@'+%) T, <6z +§) 5% (A30)

Multiplying the terms out gives eq. (A.31).

Du, oP v, H? v 8%v &%

v
=_2" 19 z z Y z
Dt Or +on Ox? T oy? T 022 +“8m6y +u8x82

+8, (A.31)

Rearranging the terms in eq. (A.31) gives eq. (A.32).

D’Um_-a_fiw‘L 62'Ux+ 82vm+ 62'Ux+ ﬁ %+%+8vz 4 S (A32)
Dt T Tar " Fa THe2 THe2 THez\ 8z T By T Bz 2 ‘

Substituting the continuity equation [(V - v) = 0] into eq. (A.32) gives eq. (A.33).

D, oP 9
e A.
T B + uVeu, + S, (A.33)

In a similar manner equations (A.16) and (A.17) can be modified to form equations (A.34)
and (A.35).

Dv oP

P“‘D—ty' = —°a—y— + ,uV%y + 5, (A.34)
D

= -%g + 4V, + S, (A.35)

109



Equations (A.34) and (A.35) are represented in vector form in eq. (A.36).

Dv

— =-YVP 2 A.36
il VP +uVi*v +F ( )

A.4 Converting the Navier-Stokes Equations into a

Dimensionless Form

This derivation was reported in the work by (Clift et al., 1978).

The momentum balance in the Navier-Stokes equations is given by eq. (A.37).

Dv

The following dimensionless quantities are defined, where the variables L, V,, p, and h,

are reference quantities.

VB A
v_%’x_L’y_L’z_L’t’—L
— Do — pgh LV,
p— PP 9 v)7 e PLV.
pVo 7

Expanding the total derivative term in equation (A.37) gives eq. (A.38):

p% +pv-Vv=-VP+uVv+F (A.38)

Each term can be written in terms of dimensionless quantities, as shown below.

o _ v Vo'
Pot =P L

[av ov v ]
pv Vv =p|—v, + —v, + v,

Oz Oy 0z
= .al, ! ‘/02 + iai/v ! VLL’ + QIU ’ Ko_2.
= Plarm\T ) Ty \ T ) Tz T
2
— pio vl R vvl
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wpo (OF pVs'  OP" pVt 9P pVy?
C\dr L oy L’ 82 L
eVt (BP’ opP' 6P’)

L \8z Oy’ Oz
. /e
= 7 VP

LTy = 4 {32\7 0*v 62v}

Ox? * oy? * 072

IR AN AT AN AN ANAS
T2 \12) T e \12) T 82 \ 12

MmA [82v’ v’ Bzv’]

T 12 | 927 + Oy'? * 02"?
_ 1V o
=72 Vv

Inserting the modified terms back into the Navier-Stokes equation, eq. (A.38) results in
eq. (A.39).
ov VB V2, 2% 1V,

Yy Yo . F¥ao 1 S o gp L ey )
P T YTV Vv LV +L2Vv (A.39)

Dividing eq. (A.39) through by ’%ﬁ produces the dimensionless form of the Navier-Stokes
equation, eq. (A.40).
Dv' 1

=-VP +

- 2.,
Dy Rev v (A.40)

A.5 Derivation of the Energy Balance Equation

The derivation for the energy balance equation was extracted from (Versteeg and Malalasek-
era, 2007) and (Geankoplis, 2003).

The energy equation was derived from the first law of thermodynamics, which states
that the rate of change of energy of a fluid particle is equal to the rate of heat addition to
the particle plus the rate of work done on that particle. The rate of work done on the fluid
element is equal to the product of the force and velocity components in the direction of
the force. Figure A.3 was used to determine the total rate of work done in the z-direction,

and the result is given in eq. (A.41).
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W = [(Pvz 6(6 ) (szvm-— (Tewts) ;Aw>} AyAz

#[- (o 257 5 382) + (ructn + Btran 380 | dva:
; B(T v ) 1 Oa(gfr v )2 1 (A-41)
+ - (73,151);lC - —;;“x— : 5Ay> (Tya:'vm g; = §Ay>} AzlAz
+ L— (szvm - g%zv—x) : %AZ> (szvx g (Tazzvm) : %Azyl Azly
Equation (A.41) simplifies to eq. (A.42).
[3 (V2 (—{; +Tar)) | O (ig;yx) L9 ('lg;m)} AzAyA» (A.42)

In a similar manner, the net work done by surface forces may be determined for the

y-directions and z-directions, given in equations (A.43) and (A.44) respectively.

[3 (VyTay) + 0 (vy (=P + 7)) n 0 (vyTzy)

e By % ] AzDyAz (A.43)

0 (v, Tez) 4 8 (v,7yz) N O (v, (=P + 722))
Ox Oy 0z

] AxDyAz (A.44)

The total rate of work done on the fluid particle by surface stresses per unit volume is
the sum of equations (A.42) to (A.44), and is expressed in eq. (A.45).

Y s a (UxTa:z) 8 ('UxTyx) a (’U:,:sz) 6 (Uy’l},;y)
W = [—div(Pv)] + g + By T3, + .

B(Uy'ryy) 8(Uy'rzy) 0(VTe) | O(vaTyz) | O(0,720)
6y+6z+8a:+8y+6z

(A.45)
+

The heat flux through the element can be calculated with the aid of Figure A.6.

The net rate of heat transfer by conduction in the z-direction is:
Oq; 1 0g: 1
[(qz—-ézla a:) - (qx-%%---z—Ax)} AyAz

= aaqx AzAyAz
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Figure A.6: Differential element including the heat fluxes through the element.

The net rates of heat transfer by conduction in the y and z directions are:

“9% Ay AyA
dy

0g AzAyAz
Oz

Adding the rates of heat transfer in each direction and dividing by the control volume

gives the total rate of heat transfer due to heat flows, eq. (A.46).

§g=-%%= 9w _ (A.46)

or _ 0T _ 0T
gz BT T gy T TR

Thus q = —~k grad T.

The final form for the total rate of heat flow by conduction into the particle for constant
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kis eq. (A.47).

Q = kV2T

The total rate of change of energy,

(A.47)

p%?—, of a fluid particle is equal to the sum of equations

(A.45) and (A.47), plus any other sources which includes gravitational potential energy.

It should be mentioned that by analogy to the Navier-Stokes equations, the total deriva-

tive includes the convective fluxes of energy entering and leaving the differential volume

element. The energy, E, includes both internal and kinetic energy. Thus the energy equa-

tion is eq. (A.48).

‘DE — N a (UZTZ(L‘) 6 (vxTyx) a (va:Tz:L') a (vyTa:y)
P o = div (Pv) + e + 3y + ER + o
d(vymy,) | 0 (VyTay) | O(VaTaz) | O (Vo) | O (v2T22)
+ Oy + 0z * 0z + Oy * 0z
+kV?T + SE

The component of internal energy is:

D[0.5 (v + 0,2 +v.2)]
Dt

Expanding the component of internal energy gives eq. (A.49).

D (v,*) _ 0 ) + 0 (v:?) 4 9 (v:%) + 9 (v.%)

Dt or T oy M e 2T ot
Ov, Ovg Ov, v,
= x z 2:n
2v, 8:cv + 2, ﬁyvy+2 azv +2v 5
D,
=20 Dt

The internal energy term may be represented in the form eq. (A.50).

D[0.5(v,2 +v,2 +v,%)] Y Dv, 5y Du, e Dw,
Dt °pi TP Dy TPy
0oy 0Ty 4 87'”)

Z—V‘VP-F%(@:B + oy 0Oz

OTgy | 0Ty | OTyy
T ( 5z T By | B

+v (BT“ N 8Tz") +v-SM

dz Oy Oz

(A.48)

(A.49)

(A.50)

Subtracting eq. (A.50) from eq. (A.48) gives the internal energy equation, eq. (A.51).
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D1 v ov ov
YO J k 2 x'—z x'_w z:r'_z
T Pdivv +kV°T + 71, p. + 7y ay-i-f Ep
Ov Ov Ov
+Tmya'~’+ yyay +7 zyay

v, . dv, + v,
oz ¥y Oy =

(A.51)

+ Tpy = + St

Note that Si = SE — v .- SM. Substituting equations (A.18) to (A.23) into eq. (A.51)
and rearranging yields eq. (A.52).

p% = —Pdiv v + kV?T + ® + Si (A.52)

The term, @, is given in eq. (A.53).

-5+ (5) (3]

. auz+_a&2+ Ovs O, 2+
Moy "oz ) TH\ 8z T oz

+ Mdiv v)?
Finally for the special case of an incompressible fluid, ¢ = C,T and (V - v) = 0, thus the

temperature equation is presented in equation (A.54).

By . v, \? (A.53)
bz | By

DT
PCppy = —Pdiv v + kV2T + & + Si (A.54)
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Appendix B
Sample Calculations

Calculation of the relative error

The volume averaged relative error calculation performed in Paraview was tested by con-
structing solutions with identical values throughout the domain for both the NVS and
Stokes solutions and manually calculating the relative error. This calculation is performed

below.

The NVS velocity at each node in the solution domain was set to < 2,2,2 > and the
Stokes velocity at each node was set to < 0.5,0.5,0.5 >. The volume averaged relative

error obtained in Paraview for these two solutions was +/0.75.

Using these solution fields, the relative error between the NVS and Stokes solutions at a

node is:

HlunVSH - Husm
[l tnvs||

[unvsl| = V22 + 22+ 22 = V12
llug|| = v0.5%2 + 0.52 + 0.52 = v0.75
V12 - /0.75 o
0.75
R

err (z,y,2) =

coerr(z,y,2) =
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The volume averaged error for the entire domain is:

_ Jyerr(z,y,2)dV
B "ftotal
VOBV

V;otal
0.75

This value is exactly equal to the value calculated in Paraview.

Calculation of the average angle between the solution fields

The volume averaged angle calculation performed in Paraview was tested by construct-

ing solutions with identical values throughout the domain for both the NVS and Stokes

solutions and manually calculating the average angle. This calculation is performed below.

The NVS velocity at each node in the solution domain was set to < 1,1,1 > and the

Stokes velocity at each node was set to < —1, -1, -1 >.

The angle between the NVS and Stokes vectors at a node is

Unvsn * Usn
8, = arccos (—-——————)
Hunvs,n“”us,n“

6. — arcens [ < LLL>" <—1 ~1,-1>
= arc
" I < 1 Li>ff<~-1,-1,-1>]|

)

8, = arccos (
7

0n = arccos (—1)

llﬂ

The volume averaged angle is

fv 0 (z,y,2)dV

6 =
V.total
7 J, mdV o
‘/total

This value was exactly equal to the value calculated in Paraview.

Calculation of error introduced into § for Re=30

The calculation of the angle between vectors is inaccurate when the velocities approach

zero. When two vectors both have velocities of zero, they are identical thus there should
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be an angle of zero between them. When using the formulae for calculating the angle
between these vectors, the result is 90°. Despite this, it is shown that for the flow around
a solid sphere, where the velocity is specified as zero everywhere on the surface of the
sphere, the error introduced is not significant. Thus for the flow around a bubble, where

the velocities are higher, the error is even less significant. This calculation is shown below.

The refined cells on the surface of the sphere had a thickness of ~ 1.1mm.
Volume of single layer of cells around sphere = $7 (8.6 — 7.5)
=4.607669mm?

Total domain volume = 265098mm3

Assume worst case of average cell angle of 90° = 7 /2 radians

The volume integrated angle for the volume of cells around the sphere is
™
= / —dV = 7.237709
v 2

The total volume integrated angle by Paraview including the error above = 13036.4

__7.237709 _
Percentage error=L2222 x 100 = 0.05%

Effect of time step size on steady state solution

Figure B.1 provides the volume averaged relative error between a given steady NVS solu-
tion using a particular time step size with the NVS solution which used a time step size of
0.1 seconds. These NVS solutions were performed for flow around a bubble at a Reynolds
number of 15. The volume averaged normalised angle is also plotted with time step size.

Clearly the length of the time step does not change the steady state solution by much.
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Figure B.1: Plot of the average relative error and average angle between the NVS solution

Usihg o step size of 01 seconds,
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