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Abstract

Here we initiate a systematic study of some of the symmetry properties of unimodular
gravity, building on much of the known structure of general relativity, and utilizing
the powerful technology developed in that context, such as the spinor helicity formal-
ism. In particular, we show, up to five-points and tree-level, that the KLT relations
of perturbative gravity hold for trace free or unimodular gravity. This work is in
conjunction with a paper written with A. Welman, J. Murugan and G.F.R. Ellis
(ARXIV:1511.08517)
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Chapter 1

Introduction

Of all the remarkable developments in physics and mathematics during the last hun-
dred years, Einstein’s Theory of General Relativity (GR) and Quantum Theory have
altered the way we understand physical phenomena the most. In particle physics,
quantum field theory has become the norm for studying a vast array of problems,
from Quantum Electrodynamics to non-Abelian gauge theories such as Quantum
Chromodynamics. Apart from particle physics this has been extended to general
systems such as condensed matter physics and inflationary cosmology. In this frame-
work the effect of forces is described by the exchange of virtual particles. Successful
in describing the electro-weak as well as strong forces, the next question is one of
how one formulates gravity in a field theoretical framework.

Classically GR has been particularly successful in modelling gravitational phenomena,
for example planetary orbits, black holes and so forth. The insight offered here by GR
has come mostly from studying the classical solutions of the Einstein field equations.

R, — %gwR = 87GT,. (1.1)
But at the largest scales when considering cosmologies describing an accelerating
universe as a result of an effective cosmological constant, the theory runs into a
contradiction with quantum field theory. When taking the cosmological constant as
arising from the vacuum energy, simple estimates in quantum field theory predict a
value between 60 and 120 orders of magnitude greater than that of the valued fixed by
astronomical observation. This large discrepancy is a serious conflict in quantum field
theory and general relativity. Among the suggested ways to solve this problem is that
of modified theories of gravity. There is considerable variation in these modifications
of GR, and the one we are interested in is Unimodular or Trace free Gravity (UG)
that goes all the way back to Einstein in 1919. Since then it was mostly considered
ignored in favour of GR until recently brought to light in [I], in the context of the
cosmological constant problem.

While it does not completely resolve the issue of the cosmological constant, UG does
relegate it to an integration constant to be fixed by empirical data. It does so by
decoupling fluctuations of the quantum vacuum from gravitational physics rendering
an entirely viable classical theory of gravity [2].

The trace free field equations,

1 1
R,uy - ZQ;WR = KQ(T;W - ZgMVT)’ (1'2)
can be derived in a number of ways, the simplest of which involve a rescaling of the
metric that fixes the determinant of the metric to one. We start of with the action

for unimodular gravity, with a matter term,

1 -
SUG’ - ﬁ d4x (R[gm/] + £m)v (1'3)
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where R[g,w] is the Ricci scalar as a functional of the rescaled metric g, — gfig,w.
It is important to note that the Christoffel symbols transform under this rescaling as

A 1
Dlgly, = Tlalg, + Plolf, = T lolf, — 7 (T Lol 8 + Tlols 67 — Tlolts 990 )
Here we define T'[§ ] as the the Christoffel symbol as relating to the rescaled metric

Guv, and the tensor P[ ]Z‘V as the difference between the Christoffel symbols of the
rescaled and standard metrics. From this we can deduce that the Riemann tensor
will transform as

Rz{py - Rz{py f[g];ojpw

where, the explicit form of the function f [g]z‘py is given in chapter 3. We can also
determine that det(g) = 1. Now applying the rescaling and varying with respect to
the inverse rescaled metric g"”, and in much the same way we would in the Einstein

Hilbert action, we have

1
850G = 55 | (8gTR+gi6g" Ry + g7 g™ SR, + (g% g™ 85 fIT[g]]%
M

5,2 )+ L)

ppv
We can show that the third and fourth terms in the integrand offers no contribution to
the integral by rewriting them as total derivatives, see [3] for an example of reducing
the fourth term. Discarding the non-contributing terms we have,

1

0Sva = 33

1
/ (—Zg%gwdg"”R + gi6g" Ry + 6Lom).
M

We can then write the Euler-Lagrange equations:

1 6L 1 1 1 6L,

——— =—Ruw—9uR)+ ——.

g% 5g,uz/ 2/4?2( (g 49,“1/ ) + gi 6gul/
Defining the variation of the matter Lagrangian 0Ly, in terms of the energy momen-
tum tensor as 6L, = 294Tw,5g“ where Tw/ =T — 4gWT is the traceless part of
the energy momentum tensor. We then have the trace free field equations given by

1 1
R, — ZQ’WR = IQZ(TW, — ZQWT)'

Note that unlike Einstein’s 1919 theory we here require the right hand side of the
equations to be trace free as well. When taking the second contracted Bianchi iden-
tity, V*(Ruw — %gle) = 0, and imposing conservation of energy y*7,, = 0 we
recover the Finstein field equations with a cosmological constant in the following
way:
1 1 9 1
V“(R,Lw - ig“”R + EQ;WR) = r° U (T;w - Zg,ul/T)
1

1 1
V”(Rw/ - ingR) + Zg/w VPR = K v T,uu - *Q;WSKQ vhT

4

1
19m V" (R+K*T) = 0.

Now we set R + k2T = 4A, and substituting back into the field equations we have
1 2
R, — §gWR + g = KT,

We have now recovered Einstein’s field equations with a cosmological constant A.
Although at first glance this doesn’t seem all that great since we can consider this as
a classical gauge fixing, i.e. the physical results should not differ. The significance,
however, is that we now have a cosmological constant that arises as an integration
constant as opposed to a fundamental quantity in the action, as mentioned above.

2



This offers a different perspective from which to view the cosmological constant. On
a more practical note, this means that the value for A can be fixed by observation.
Although this does not shed light on how the observed value of the cosmological
constant arises, it does give us a means of bypassing the large discrepancy between the
measured and observed values of the cosmological constant. With the equivalence to
the classical field equations of general relativity this makes the theory very attractive
for use in cosmological problems since the classical dynamics of unimodular gravity
are equivalent to general relativity. This also provides a problem in its own right;
that at the classical level UG is expected to be completely indistinguishable from GR
[4, 5] (see also the extended discussion in [6]) even though the former only preserves
a Weyl transverse subgroup, WTDiff(M) of the full Diff(M) symmetry group of GR.
This difference will, however, manifest at the quantum level [4]. With an ultimate
goal of exploring the quantum differences between unimodular gravity and GR in
mind, it is certainly important to understand the extent of their similarities.

This leads us naturally to the purpose of this treatise: to better analyse the similari-
ties and differences that GR and UG have at the quantum level. As stated previously
the vast majority of our understanding of the universe stemming from GR is as a
result of solutions to the Einstein field equations. Here we consider the development
independent of the classical solutions and return to the question of how we can ex-
press the dynamics of GR in terms of a quantum field theoretic framework. One of
the most significant developments in this sense is that GR as an effective field theory
encodes the low energy dynamics of a massless spin -2 particle, the graviton. In this
framework GR arises from a hard-graviton, h,,, propagating on a flat background,
Nuv- From the semi-classical perspective the graviton can be seen as a small per-
turbation of spacetime. At the linear level the dynamics of this spin-2 two particle
is given by the Pauli-Fierz Lagrangian. In the light of self-consistency of the gravi-
ton coupling to matter, it is required to couple to its own energy momentum tensor.
This then sources the next order in the graviton interaction Lagrangian. This process
when repeated facilitates the bootstrap to the full non-linear Einstein-Hilbert action
I7].

A more recent development is the realization that GR can be found in the low energy
limit of the critical superstring. In this context, the structure of the Einstein-Hilbert
action is determined from the leading order contribution to the vanishing of the
beta functions that guarantee the one-loop cancellation of the conformal anomaly
of the worldsheet sigma model [9]. This remarkable discovery that the closed string
spectrum contains a massless, spin-2 field with all the characteristics of the graviton,
soon precipitated the observation that the closed string may be decomposed into a
product of two open strings.

|closed string state) = |open string state) ® |open string state)

This result has incited a silent revolution in our understanding of the nature of gravity
that can be summarised schematically as

gravity ~ (gauge theory)?,

and whose precise statement is embodied in the KLT (Kawai, Lewellen and Tye)
relations that connect gauge theory and gravity at the level of scattering amplitudes
(see, for example, [11] for an outstanding review of the state of the art).

KLT Relations

The KLT relations [I0] offer a simple yet powerful way to study the scattering am-
plitudes in a perturbative gravity regime. They were first derived in the context
of string theory where it was noticed that one could "sew" two open string states



together to form a closed string state. More formally that the vertex operator for
the emission of a closed string state can be decomposed into the product of two open
string vertex operators, as can be found in [12].

closed __ yropen r ropen
14 - ‘/left ® ‘/7"ight'

This decomposition holds at the integrand level before world sheet integration, which
can be clearly seen in the Koba-Nielsen form of string amplitudes [13]. But Kawai,
Lewellen and Tye were able to demonstrate that the decomposition holds even after
world sheet integration and the factorisation structure is reflected in the complete
string amplitudes. A simple diagrammatic example to demonstrate this property
of the string amplitudes is the factorization of the four-point partial amplitude of
the massless heterotic closed superstring into a product of the partial four point
amplitude of open superstring theory propagating massless modes.

1, T(ds)I(at)
29 T + o/s + a't)

AP = §46PECEP Kapop(ky, ke, ks, ka), (1.4)
where o' is the inverse tension of the open string and K is the gauge invariant
kinematic coefficient dependant on the momenta k;. Depending on the particle type
the €4 can be vector polarisations, spinors or group theory matrices. The four-point
partial amplitude of the massless heterotic closed superstring is given by:

Mglosed — 2 iy ont T(a's/4)T(a't/4)  T(dt/4T(a'u/4) AN BB (CC' DD
4 T+ do's/44+at/4)T(1+ t/4+ 'u/4)
XKapcp(k1/2,ka/2,ks/2,ka/2)Karprorp (k1/2,ka/2,k3/2, ks /2)1.5)

where o is the closed string inverse tension, or twice the open string Regge slope.
Up to some coefficients the replacements §A€Al — {AA/ and substituting k; — k;/2,
the closed string amplitude is a product of open string partial amplitudes .
Hence the amplitude of any closed string tree amplitude can be written as a product
of two open string states. What we are interested in, is that in the low energy limit
of the strings, this corresponds to the factorisation of a gravity theory state into a
product of two gauge theory states.

Consider this schematic factorisation in four dimensions, we have that each of the
two physical degrees of freedom of the graviton are given by the product of two vector
boson states of the same helicity. One can then also factorise other spin states, for

example a spin % gravitino state is factorised into a product of a spin 1 vector and

a spin % fermion. This does not seem to be that significant since in the free theory
it is simply the decomposition of higher spin states into direct products of lower
spin states, but these KLT relations hold for the interacting theory as well. Since
these relations hold in the broad framework of string theory as well as the numerous
compactifications thereof this implies that it should also hold in the low energy limit
in which one recovers gravity field theories. The explicit relations for three, four, five

and six point amplitudes are given by, [14]

M3(123) = A3[123)%,

My(1234) = —s19A4[1234] A4[1243)],

M5(12345) =  s93545A5[12345) A5[13254] 4 (3 « 4), (1.6)
Mg(123456) = —s12545A6[123456) (535 A6[153462] + (s34 + 535) Ag[154362]) + P (2,3, 4),

where M;(1...i) and A;(1...7) are the gravity and color stripped gauge theory ampli-
tudes respectively, and P denotes a permutation of the legs in the scattering diagram.
Since their discovery, the KLT relations have revealed similar connections between
4-dimensional GR and Yang-Mills theory; 4-dimensional axion-dilaton gravity and
Yang-Mills theory and even N' = 8 supergravity and A/ = 4 super Yang-Mills the-
ory [14], where it has proven particularly useful in probing the UV finiteness of the
supergravity theory.



This opens up a very powerful avenue to calculate gravity scattering amplitudes since
the relations allow us to write the gravity amplitudes in terms of the much more
easily calculated gauge theory amplitudes. When using standard Feynman techniques
to see the difference in level of complexity one need only look up DeWitt’s review on
quantum gravity from the 60’s [I5] where he calculates the three point amplitude for
perturbative GR, and compare to the gauge theory calculations which can be found
in nearly any quantum field theory text, for example [16].

Suffice it to say, the KLT relations and their generalisations have led to a completely
novel way of looking at gravity at both the quantum and classical levels that call into
question our understanding of such foundational ideas such as locality, causality and
perhaps even spacetime itself [I8]. The goal here, however, is far less lofty; we look
only to answer the question:

Do the KLT relations still hold for modifications of GR?

Due to the large number of “modified gravity" theories: f(R), f(G), f(T), massive
gravity, new massive gravity, Lovelock gravity, pure Lovelock gravity and braneworld
gravity, to name but a few [I7]. We will focus on the particular modification of UG
and refine our question:

To what extent do the KLT relations hold in unimodular gravity?

Before continuing, it is worth noting that there are two important developments
needed in the calculation of the required scattering amplitudes; the spinor helicity
formalism and twistor calculus that provide essential mathematical tools to make the
computation of scattering amplitudes on both sides of the KLT map tractable [19].
Tiwstor theory as we use it here was first proposed by Penrose in the 60’s; it was
meant to be a path to a consistent theory of quantum gravity but it was only recently
that the spinor helicity formalism was developed in the framework of twistor theory
as an application to the calculation of scattering amplitudes. This development has
allowed for the computation of large numbers of scattering amplitudes by effectively
breaking down the amplitudes to a set of recursion relations, most notably the BCFW
recursion relations [20]. These relations allow for the calculation of all tree level
amplitudes in pure gauge theory by constructing the amplitudes from three point
amplitudes and propagators.

With our goal in mind we can now delve into the construction of the theory. We
start with a review of the spinor helicity formalism in chapter 2 which will form the
basis in which all the amplitude calculations are done. In chapter 3 we derive the
perturbative expansions of both GR and UG. We then calculate the propagators of
GR and UG and review the method for extracting the Feynman rules necessary for
the amplitude calculations from the perturbative Lagrangians. Finally, we calculate
the scattering amplitudes up to five-point and tree level in both GR and UG.



Chapter 2

Twistors

As stated in the introduction, the mathematical machinery used to compute the scat-
tering amplitudes considered in this theory is the spinor helicity formalism which is
itself a manifestation of twistor calculus. Here we review the spinor helicity formalism
to establish the conventions and notation. This is a working formalism and as such
we do not go into the formal group theoretical structure of twistor theory but rather
set up the formalism using an applicable framework.

2.1 Formalism

Our review of the spinor helicity formalism in this section will follow quite closely
the excellent treatment given in [I4]. Throughout the paper we use a mostly plus
flat metric 7, = diag(—1,+1,+1,4+1). Lower case Greek letters designate space-
time indices and run g = {0,1,2,3} and a,b,a,b = {1,2} are 2-spinor indices. We
use u; and v; to respectively label the left- and right-handed spacetime indices of
external states of the various amplitudes, where i runs over the number of particles
in the interaction. To construct the spinor helicity formalism consider first the Dirac
Lagrangian

Lp = i0y"9,¥ — mIU, (2.1.1)

where W is a four-spinor and W is the Dirac conjugate of ¥ defined by

U =0l 5:((2) ?). (2.1.2)

The Euler-Lagrange equations are, of course, the Dirac equations for ¥ and W,

(=0, +m)¥ = 0

(V'O +m)¥ = 0. (2.1.3)
These equations admit plane wave solutions which, for ¥ take the form
U~ u(p)e® + v(p)e P7, (2.1.4)

with p? = p,p* = —m? (and similarly for ¥). In momentum space the Dirac equa-

tions (2.1.3) reduce to

(V'pu+m)ulp) =
(=v*pu +m)u(p) = 0. (2.1.5)

Then (2.1.5) has two independent solutions, one for each value of s = + where, for
massless fermions ‘4’ denotes the particle helicity, i.e.

3 . .
ve) = 3 [ g, (0 - dpnie ™). @10

6



with a similar expression for ¥ involving instead ds(p) and b}(p). The d\" and bg) are

as usual fermionic annihilation and creation operators and us(p) and vs(p) are four
component commuting spinors that encode the Grassmann nature of the particles.
The vacuum of the theory is defined such that

be(p)[0) = O,
bL(p)|0) = |p,+).

For consistency we take all the particles to be outgoing, so that vy (p) represents an

anti-fermion and @4 (p) a fermion, obtained from the expansion of W.

In the high-energy limit, in which the rest mass energy of the fermions is negligi-
ble relative to their kinetic energy, we can consider the particles as massless. The
corresponding massless equations of motion

Ypuve(p) = 0,
ut(P)V'py = 0, (2.1.7)

each have two solutions which can be written in terms of 2-component spinors as

vi(p) = <’2§a>

v-(p) = ( ,p(;d > (2.1.8)
ur(p) = ([pI*0)
a-(p) = (0,pl)-

These angle- and square-brakets, central to the spinor-helicity notation are nothing

but the commuting 2-component spinors. The kets here are outgoing anti-fermions
and the bras outgoing fermions. Starting with a momentum 4-vector p* = (po, pi) =

(E,pi) with ptp, = —m? and the Dirac gamma-matrices defined as usual,
0 p;
i = ( o T > 7 (2.1.9)
the momentum bi-spinors are defined as
Pab = Pu (") ™ = pu(a")®. (2.1.10)

The two component spinors that we defined in ([2.1.8) then solve the massless Weyl
equations

p®pl, =0, [p’pea =0, pylp)° =0, (p|;p" =0. (2.1.11)

2.2 Spinor-helicity properties and identities

Here we take some time to set out some of the properties and conventions of the
spinors defined in (2.1.8). Firstly, we note that the 2-spinor indices are raised and
lowered using the antisymmetric Levi-Civita tensor,

b b 2 ;
catlpl” = IPlys  €il2)” = @l €0l = p|% €)= (0]“ (2.2.12)

Next we consider the reality conditions of the square- and angle-spinors. The spinor
field W is the Dirac conjugate of U. Applying this conjugation to the momentum space
Dirac equations necessitates that v4 = + and u+ = v+, if the momentum p#
is to be real valued. This usually goes by the name of crossing symmetry. For real
momenta then, we have that

"= (19") " twl= (pl)" (2:2.13)

7



The Dirac 4-spinors satisfy a spin completeness relation that for m = 0 reads
> us(p)is(p) = Y vs(p)vs(p) = "Dy (2.2.14)
s=+ s=+

Using the crossing symmetry this can be rewritten in spinor-helicity notation as

Ip)[pl + Iplpl = =Dy, (2.2.15)

or, in terms of the momentum bi-spinors,

pab = _|p]a<p‘b7
: o b
P = —lp)"[pl"- (2.2.16)
We now introduce the notation that is the basis for writing amplitudes in the spinor

helicity formalism, the angle spinor bracket (pg) and the square spinor bracket [pq].
For two lightlike vectors, p* and ¢* these are defined as

(pa) = (plala)®,  [pal = [p|"dl, (2.2.17)

with all other combinations vanishing. Since the raising and lowering of the spinor
indices are done with the completely antisymmetric tensor these brackets are anti-
symmetric,

(pg) = —{ap), [pal = —[ap. (2.2.18)

Reality of the momenta translates into spinor-helicity language as

([pa))” = (ap)- (2.2.19)

When working with higher spin states and interactions expressions like a_ (p)y*v4(q)
are frequently encountered. Using (2.1.8) and the definition of the gamma-matrices
as in ([2.1.9)), we define the angle-square bracket,

(pI*]q] = a—(p)y"vy(q) = ( 0,(pl; ) < pS,, pgi’ ) < “ﬂa ) (2.2.20)

with a similar expression defining [p|y*|q) while for same helicity fermions the product
vanishes. These angle-square brackets satisfy

Ph*ld = lah"Ip),
((ply"la)* = (alv"Ipl, (2.2.21)
WIPld = Pulplyla] = pal P*las] = (pal (=1P%)[P"1) las] = —(pP)[Pa),

where, in the last line we take P* to be a lightlike vector. The Fierz identity is given
by
(117" |p2l(pslyulpal = 2(p1ps3) [p2pal. (2.2.22)

From this it follows quite easily that k* = J(k|v#|k] while two lightlike vectors p*
and ¢ will satisfy

(p+q)* =2p-q=(pq)[pq]- (2.2.23)

The next important identity encodes the conservation of momentum, which in spinor
notation becomes

n n
D pl =0 (pi)[ik] = 0. (2.2.24)
i=1 i=1

Lastly we have the so-called Schouten identity. This identity encompasses the rather
simple fact that three 2-dimensional vectors, say |p),|q), |k), cannot all be linearly
independent. Any one of them must be a linear combination of the other two, |p) =
alg) + b|k). We can then ‘dot in’ (p|, (¢, (k| as appropriate to determine the constant
coefficients a and b giving

Ip)(gk) + |q)(kp) + |k)(pq) = 0. (2.2.25)

A similar statement also holds for square-spinors.

8



2.3 Gauge theory

Now let’s put the formalism to use to (eventually) compute the tree-level scattering
amplitudes in pure Yang-Mills gauge theory. We start with the general Yang Mills
Lagrangian,

1
Ly = —ZTr (EuFH) (2.3.26)
where F),, = 0,A, — 0, A, — % A, A, Ay = T, Aj,. Here the lower case Latin in-
dices are color indices and run over a, ... = 1,2, ..., N> —1 where we have N colors with

the gluon fields in the adjoint representation. The gauge group is then G = SU(N).
The generators 7% are normalized such that Tr7°7T® = §% and [T“, Tb] = — fabere,
Where f¢ are the color structure constants. Next we fix the gauge redundancy in
the Lagrangian by choosing an amplitude friendly gauge, the Gervais-Neveu gauge.
For which the gauge fixing term is L,y = —LTv(HE)? with H,, =0,A,— A9 (A, Ayl

2 V2
Once gauge fixed the Lagrangian reads;

1 2
Lya = Tr <—28MA,,8“A” —igVIOAY AL A, + iAﬂAVAVAM> . (23.27)

From the above Lagrangian we can extract the Feynman rules and see that the three
and four vertex rules have color factors on the forms f®¢ and € fe¢d4 permutations
respectively. These colored amplitudes can be sorted into separate group theory
structures each dressed with kinematic factors. Take for example the four point
amplitude, the s-, t-, and u-channel contributions each carry the color factors

s = forazb fhasas o farash fbasaz o feraab phazas (2.3.28)

Now using the SU(N) identity (Ta)g (T = 555{ - %55(5’“, we can rewrite the color
factor dependence of the contributions to the amplitude in terms of single-trace group
theory factors of the generators. We can therefore write the full gluon tree amplitude
of n external states as

Agfbull,tree :gn—Q Z An[la(z“n)]’I‘r(T“lTU(GQ“'Ta")), (2329)

perm o

Where A,, is the color-ordered amplitude. These amplitudes are calculated from
the diagrams in which the external lines appear in fixed order and there are no
lines crossed. These amplitudes have various properties that significantly reduce the
number of independent diagrams, these properties will be discussed in detail in section
[2.6] Now that we have effectively color stripped the Lagrangian we can continue with
building our formalism.

To construct the spinor-helicity representation of the spin-1 particles we ‘dot-in’ the
photon polarization vectors. These are constructed from the spinor-helicity variables
as

Hp) — _phld]
“(p) V2l
o) = el (2.3.30)

V2(pq)’

with the massless Weyl equation ensuring that p,ef (p) = 0. In what follows, we have
now put aside the kinematic factors of the color structure in order to better analyse
the vertex structure and extract the Feynman rules for the color-ordered amplitudes.
The 3-vertex expression for example is then given by

VI () = —V2 (P 4 ) (23.31)

where each n consists of two spin-1 polarisation vectors. The rules for extracting the
amplitude from the vertex are as follows:



e To any stand alone momentum p;, say, we associate a square-angle bracket
17- .
pi = iyl
e For contracted momenta, for example p/* — €,(p2)p} and

e For each 7 factor, say, n#1#* — € (p1)eu(p2)

Given this, the amplitude from the vertex expression can be written down as

VIS (o, ps) = —V2((e4162) (€9p1) 4 (e126) (41 pa) + (e (¥2p3) ).

With the notation p; — 1 etc, the associated color-ordered amplitude is then
Asz[1,2,3] = *\/5((6162) (63]91) + (6263) (elpg) + (6361) (62])3)). (2.3.32)

To take the calculation further we need to first assign helicities to the individual
particles. For this example we will choose particles 1 and 2 to have helicity -1 and
particle 3 to have +1 helicity. We can then substitute from equations ([2.3.30]) to get,
A3[17,27,37] = —( Ly*la1](2lvulaz(as |y 13](1 w1

| | = Sy (el 3
+  (2"]g2l(gs 7311y [qu] 2l 2] + <Q3|’Y“|3]<1m|m]<2!7”|q2]<3!%\3]>

1

= ey (Pl

+ (203)[923](12)[22] + <Q31>[3q1]<23>[Q23])- (2.3.33)

We now have to consider 3-particle special kinematics. For now, it will be sufficient
to consider the expression

(12)[12] = (p1 +p2)” = p3 = 0. (2.3.34)

For this to be true, either the angle spinor bracket or square spinor bracket must
vanish. We must either choose |1] oc |2] o< [3] or |1) o |2) o |3). The choice is made
by considering the dimension of the expression. This is also a result of the little group
scaling which will be introduced in section In this case, we set |1] o |2] o |3],
killing off the first term so that
o o] -1
Az[17,27,3%] = m(@gw@wzqﬂ + (g51)[31)(23)[302] ) (2.3.35)
This result is still dependant on the arbitrary reference spinors ¢;. This can be
eliminated by multiplying each term by the appropriate representation of 1. This
allows the use of conservation of momentum to change the structure of the brackets,
(2.2.24) so that, for example,

(13)[3g2] = —(12)[2¢2] — (11)[1q2] = —(12)[2¢g]. (2.3.36)

Substituting back into the amplitude,

Ayim,2 3] = [qll][q;] - <<q32><12>£21§2>1<<;22>><31>[1q1] . <q31><21>g§>]<<12§>><12>[2q21)
()
Finally we apply the Schouten identity and simplify to get
] = S (W)
- @32 <<<q33>><< >>>
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(12)°
= ——. 2.3.38
(23)(31) ( )
This then is the color-ordered 3-point amplitude for non-abelian Yang-Mills gauge
theory. This can now be dressed with color factors and interaction strength to obtain
the full three-gluon amplitude.

2.4 Gravity

Now that we have constructed a working spinor helicity formalism for fermions (spin-
1

5) and bosons (spin-1) we still need to define the spinor helicity representation for
gravitons (spin-2). In graviton scattering the external legs on the diagrams each carry
two Lorentz indices, this encodes the two degrees of freedom of the massless spin two
particle in four dimensions. Like in the case of the spin 1 particle the way to obtain
the spinor helicty representation of the particle one has to "dot-in" the polarization
vector. For a massless spin 2 particle this is constructed simply as a product of two

spin 1 states of the same helicity

ny (pi) = e (pi)el (pi) (2.4.39)

2.5 Little Group Scaling

Now that we have introduced the various spinor helicity representations of the spin-
%, -1 and -2 particles it is of interest to introduce Little Group Scaling. With the
introduction of square and angle spinors as solutions to the massless Weyl equations
and their relationship to the momentum of a given particle

pab = _|p]a,<p‘b7
P = —Ip)pl, (2.5.40)

we note that these quantities are invariant under the following rescaling

Ip) = tlp) . pl =t p]. (2.5.41)

This is called the Little group scaling, which is the set of transformations that leave
the momenta of on-shell particles invariant. To evaluate this in a more common
framework; for massless particles we can go to a frame in which p, = (¥,0,0, E), in
which the momentum is invariant under rotations in the xy-plane. Therefore the little
group is SO(2) = U(1), in the spinor representation these little group transformations
are realised as the scaling . Considering the reality conditions of the angle
and square spinors we can let ¢ be any non-zero complex number.

We now need to ask how this scaling relates to the calculation of amplitudes. To do
this we need to consider the separate parts that an amplitude is made of: propagators,
vertices and external lines. Clearly the propagators and internal vertices do not scale
under this transformation. Now knowing that only external lines scale under the little
group transformations, and that any massless amplitude can be written in terms of
angle and square spinors only, we can set up the following overall scalings of the
external lines.

For Weyl fermions of helicity h; = :t% we have the general scaling determined by
[@541]), t=2". For bosons, which have helicity h; = 41, we can find the general
scaling by applying the scaling to the polarisation vector

Sl R N T A (2.5.42)

V2[pg)  V2t7[pqg] V2[pq] -
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Finally we consider gravitons, which carry helicity h; = £2, and following a similar
process as the above for vector bosons we end up with the general rescaling of ¢=2":.
We therefore have that the external leg of any particle subject to the scaling
scales in the same way dependent on the helicity of the particle. We then have the
powerful result that under little group scaling the amplitude as a function of helicity,
angle- and square spinors scales as

An({10), 110, B}y ooy {El), E7Y i), B Y, oo {0, 0], B })
=t A, ({1), 1], b}y oo {8, 1], B by s {10, 1), B }) (2.5.43)

The amazing thing we can take away from this is that the little group scaling along
with locality uniquely determines the amplitude of a massless tree level scatter-
ing process. To demonstrate, consider for example the three gluon tree amplitude
A[17,27,37%]. From section we know that the amplitude depends only on angle
spinor brackets, this also gives the correct little group scaling. We now write the
general Anzats where the amplitude depends solely on square spinor brackets.

Az [17,27,3%] = c[12]"2[23]"%[13]"*2. (2.5.44)

From the scaling relation established in (2.5.43]) through the general rescaling of the
amplitude, and rescaling all external states by |i] — ¢; |i] we find that

T12 + 213 = 2h1  ,T12 + @23 = 2hy 13+ X023 = 2h3
12 = h1+ha —hg ,x13="h1 —ho+h3 ,x23 = —h1 + ha + h3.

Substituting this back into (2.5.44)) along with the helicities we have

[23][13]

A3 [17,27,37] = .
3[ ] ¢ [12]3

(2.5.45)

Remembering that the n-particle amplitude in four dimensions must have mass di-
mension 4 — n, but both angle and square spinors have mass dimension 1. From
this we see that the coupling constant ¢ has mass dimension 2. But if the cou-
pling has this dimension then the interaction can only come from a term in the
Lagrangian that looks like cAA%A which is not found in the local Lagrangian. We
can therefore conclude that the amplitude for A[17,27,3"] depending only on square
spinor brackets is not allowed. This method is applicable to any theory that can be
expressed in spinor helicity variables. We can therefore determine the three point
amplitude in a gravity theory in the same manner. Firstly we choose the helicities to
be hy = hg = —h3s = —2 and then write down the general formula

Mz [17,27,3%] = k(12)"12(23)723(13)"1, (2.5.46)

From the invariance of the amplitude under little group scaling we can solve for
12,213 and xo3 as above to produce,

My(1M2h23hs) = o(19)hs—hi=hz (1 g)yhe=hi=hs 93\ h—ha=hs (2.5.47)
substituting the helicities of the particles we than have

(12)°

Ms[17,27,3%] = K}W.

(2.5.48)
By quickly checking this with dimenssional analysis, this requires the coupling con-
stant k to be of mass dimension —1. Which, as we will see in later sections, cor-
responds to general relativity. This is then the only viable three point amplitude
that a massless theory of gravity can produce. We will also see in later sections how
this amplitude is calculated explicitly from the vertex expressions derived from the
perturbative gravity Lagrangian.
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2.6 Color Ordered Amplitude Properties

In this section we briefly review some of the properties of the color ordered amplitudes
that will greatly simplify the calculation of all the distinct amplitudes. Firstly we
need to introduce the celebrated Parke-Taylor amplitude [21],

(i)
(12)(23)...(i5)...((n — 1)n)(nl)’
this expression holds for all gauge theory amplitudes in which two adjacent particles
have negative helicity and the rest carry positive helicity. The anti-Parke-Taylor
amplitude holds for the change of all the helicity states; all except two states have
negative helicity, this is simply the Park Taylor amplitude but with all square spinor

brackets. With this amplitude it is now simple to calculate at least one form of all
MHYV n-tree color ordered amplitudes in gauge theory, e.g.

(12)*
(12)(23)(34)(41)"

Now we need to consider some of the other properties that color ordered gauge the-
ory amplitudes offer. Firstly the amplitudes are cyclic, which can be seen from

the trace-structure in (2.3.29)); A,[1,2,...,(n — 1),n] = A,[2,....,(n — 1),n,1] =

A1t 2% i, T =

(2.6.49)

Ay[17273T4%] =

(2.6.50)

Ap[n, 1,2, ..., (n—1)]. The next is the reflection property A,[1,2,...,n] = (—=1)"A4,[n, ...

We then also have the U(1) decoupling identity, or the photon decoupling identity,
which follows from taking one of the generators of 7 to be proportional to the identity
matrix, ZaeCyclic Apll,0(2,3,...,n)] = 0 or alternately 4,[1,2,...,n|+A,[2,1,...,n]+
e+ An[2,...,1,n] = 0. Next we also know that the trace basis is over-complete which
imply that there has to be further linear relations. These are called the Kleiss-Kuijf
relations [22] and can most generally be written as

A1, {a},n, {8} = (-1 > An[1,0,n). (2.6.51)
c€OP({a} {87})

In this expression {37} denotes the reverse order of the set {3}. The sum is over all
the ordered permutations of the joined set {a} U {87} such that the ordering in the
individual sets {a} and {8"} is preserved. As a specific example consider the five
point amplitude As[1,{2},5,{3,4}]. we then have the set {a} U {81} = {2} U{4,3},
and the sum runs over the ordered permutations o = {2,4,3},{4,3,2},{4,2,3}.
Giving the Kleiss-Kuijf relation to be

Anl1,2,5,3,4] = A,[1,2,4,3,5] + An[1,4,3,2,5] + 4,[1,4,2,3,5].  (2.6.52)

This along with the other properties discussed in this section breaks down the number
of independent n-gluon amplitudes to (n — 2)!. There is yet one more set of linear
relations that further reduces the number of independent amplitudes to (n—3)!, these
are the BCJ relations, named for Bern, Carrasco and Johansson [23]. These relations
derive from the structure of the kinematic factors of the full amplitudes and the other
properties and relations stated above. We state here the relations that are of interest
in this handling of the amplitudes. These are

814A4[1) 27 37 4] - 513A4[]—7 27 47 3] =0
$1245 [2, 1,3,4, 5] + 823145[1, 3,2,4, 5] + (823 + 824)A5[1, 3,4, 2, 5] =0 (2653)
With this in hand it is now a simple matter to determine the gauge theory side of
the KLT relations (|1.6]).
Consider the the right hand side of the four point KLT relation. For the helicity

choice hy = hg = —1 = —hs = —hy determining both of these is a simple matter
since they fulfil the requirements of the Parke-Taylor amplitude. We therefore have
(12)* (12)*

s1244[1, 2,3, 41 44[1, 2,4, 3] = (1) 12 e s vy 19y 243 (43 (31)
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_ (12)'[12] (2.6.54)
(13)(14)(23)(24)(34)*

For the five point KLT relation it is a bit more involved. The gauge theory side is
823545_/45[1, 2, 3, 4, 5]A5[1, 3, 2, 5, 4] + 524835A5[1, 2, 4, 3, 5]145[1, 4, 2, 5, 3] (2655)

Now for the helicity choice hy = hg = —1 = —hg = —hy = —hs the first amplitude
in each term can be found with the Parke-Taylor amplitude. But the other two
require some more work. Firstly one can use the Kleiss-Kuijf relation to rewrite the
amplitude as

A5[1,3,2,5,4] = A5[1,3,4,5,2] + A5[1,4,3,5,2] + A5[1,4,5,3,2],  (2.6.56)

one then uses the cyclic property on the right hand side terms to get expressions that
can be calculated using the simple Parke-Taylor amplitude,

As[1,3,2,5,4] = As[3,4,5,2,1] + A5[4,3,5,2,1] + 45[4,5,3,2,1],  (2.6.57)

A similar process is followed for the remaining amplitude. Substituting and simpli-
fying one then gets the amplitude
(12)"((24)(35)[23][45] — (23)(45)[24](35])
(13)(14)(15)(23)(24)(25)(34)(35)(45)

(2.6.58)

2.7 BCFW Recursion relations

Although we have the power of the Parke-Taylor amplitude to construct all the nec-
essary tree level n-point gauge theory amplitudes, the Parke-Taylor amplitude can be
proven to hold by means of the BCFW recursion relations. Due to the large impact
that these relations have had on the computation of amplitudes and the extension
thereof to general relativity we now give a basic review of these relations. Firstly
note than on-shell amplitudes are characterised by the momenta of external particles
and their helicities. For the theories we are considering we assume massless parti-
cles, p? = 0 for ¢ = 1,...,n and imposing conservation of momentum we have that
Sor o pi = 0. We now introduce n complex valued vectors rt with the following
restrictions:

> ort=0 (2.7.59)
=1

ri-orj =0, foralli,j=12,..,0 (2.7.60)
pi-r; =0 , for each i. (2.7.61)

We use these vectors are used to define a complex shifted momentum
p=pi+zr; , z€C. (2.7.62)

Next we note the following (a) that by (2.7.59) shifted momenta is conserved, (b)

by (2.7.60) and (2.7.61)) the shifted momenta are lightlike and (c) for a non-trivial
subset of momenta {p;};cs define P = 3", p/'. Then the shifted momenta P? is

(2
linear in z,

2
P? = (Z p‘l) = P? + 22P/R; (2.7.63)
i€l
where Ry = Zie[ r;. Next we define zy = —% and can then write
- P2
P? = —"L(z—2). (2.7.64)
2y
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Next we consider the amplitude A, (z) which is simply the amplitude in terms of the
shifted momenta. We can do this due to the results (a) and (b) above, ensuring that
conservation of momentum and the on-shell condition for external states hold. We
study this amplitude as a function of z, from which we can recover the amplitude with
unshifted momenta, A, by setting z = 0. Next we fix the amplitude to be tree level,
this ensures a very simply analytic structure that only depends on the poles, which
are only produced by the shifted propagators 1/ ]5[2, where P; is a sum of non-trivial
subset of shifted momenta. We can see this dependence clearly when considering
Feynman diagrams. By the result (c) above, 1/P? gives a simple pole at z; = 0.
Also for generic momenta no diagram can have two or more of the same propagator,
therefore all the poles of the propagators in a given diagram are in different positions
in the z-plane. A, (z) therefore only has simple poles for generic momenta. Note the

(2)

implicit assumption of locality. When we consider the expression A"T in the z-plane

and take a contour that surrounds the simple pole at the origin, the residue at this
A"Z(Z) , O) = A,(0). By expanding
this contour to enclose all the poles we can see that by Cauchy’s theorem,

A, =— ZRes (An(Z) , z1> + By, (2.7.65)
2

pole is nothing but the unshifted amplitude, Res (

z

where By, is the residue of the pole at z = co. The interesting result of this lies in
the fact that at a z; pole the propagator 1/ PI2 goes on-shell and shifted amplitude
can be factorized into two on-shell sub amplitudes, Ay, and Ag, allowing us to write,

Res (A”(Z),z,> - —AL(ZI);ZAR(ZI). (2.7.66)
I

It is useful to note that unlike standard Feynman diagrams the internal line (the
propagator) in is on-shell, 1’512 = 0 and the subamplitudes are shifted on-shell
amplitudes evaluated at z = z;. By necessity the subamplitudes are constructed of
fewer than n external states, this is the basis on which the recursion relations are
built. By summing over all 2y in we have the following

z

A, = —ZRGS <An(z)’z[> + B, = ZAL(ZI)];AR(ZI) + B,. (2767)

zr I

From this we can produce the amplitude A,, from lower point amplitudes and prop-
agators. One should note that the sum runs over all possible factorization channels
as well as over all the possible on-shell particle states that can be exchanged via the
propagator. There is one problem that remains, the B,, term. As stated earlier this
is the residue of the pole at z = oo, and as of yet there is no general structure for
dealing with it. The most common way of getting rid of this term is to demonstrate
that A,(z) — 0 as z — oc.

We now get to the BCFW recursion relations. This is a special case of the general
statements above in which one only shifts two of the external momenta, say ¢ and j,
and the rest are trivial, rfj = 0 for all k # 4, j. The shift is implemented as follows

=l +2l5], =1l =1, ) =) — 2l (2.7.68)
and no other spinors are shifted. We call the shift above an [z, j)-shift. The validity
of this recursion relation relies on the boundary term B, vanishing. The typical
approach is once again to show that A,(z) — 0 as z — oo. In pure Yang-Mills
theory for adjacent ¢, j of given helicity the large z behaviour of the shifted amplitude
is given by

[ig) |

An(2) = ‘

o) [ | ) | [+;;> (2.7.69)

z

=

z ‘
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This means that the first three are valid shifts for the recursion relations of the gluon
tree amplitudes. These recursion relations can now be used to calculate higher orders
of tree level amplitudes once the propagators and 3-amplitudes are known, It can also
be used for other purposes such as constructing an inductive proof of the Parke-Taylor
amplitude or deriving the KLT relations for an arbitrary number of external states.
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Chapter 3

Perturbative Structure of GR and
UG

3.1 GR Lagrangian

Since the weak field expansion of general relativity is covered extensively in the
literature we only include this section as a means to establish our notation. While
the treatment given here can certainly be extended to generally curved backgrounds,
we will restrict our attention to a graviton propagating on a flat Minkowski geometry
whose metric tensor 7, = diag(—1,+1,+1,41). Consequently, we take g, = 7, +
kh;, and expand the Einstein-Hilbert action

Spn = — [ d*z+/|g| R, (3.1.1)

in powers of khy,. Here, as is standard in the literature, we define the gravitational
coupling as k2 = 87Gy. Unlike, for example, Maxwell electrodynamics, this expan-
sion generates an infinite series in h,,, due essentially to the presence of the inverse
metric in the Ricci scalar

R=g" (9T = 0T, + T, = TR, T2 ) (3.1.2)

and the square root of the determinant of the metric in the volume form. Expanded
in hy, up to cubic order, these factors contribute

g =" — khM + KERPARY — KBRFA Ry R + O(RY), (3.1.3)

and, respectively,

RS G

3
Bt S (02 = 20 ) + o (W =GR by 4 SW BB ) + O(R),

K} K
2 8
Substituting this into the Einstein-Hilbert Lagrangian and organizing the resulting
expansion in powers of h,, gives the formal series,

L=1Lo+ kL3 +K2Ly+ L5+ ... (3.1.5)

This as one can imagine is an example of extreme indicidal manipulation. But with
the use of Mathematica packages like xAct and specifically xTensor, one can very
simply expand the given Lagrangian in perturbations around a flat metric. This
package also allowed the automatic application of various rules to better manipulate
the various stages of the expansion to forms more applicable to the calculation. In
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order to extract the Feynman rules from this Lagrangian, we still need to fix a gauge.
A common choice in the perturbative gravity literature is the de Donder gauge in
which 9,hH = %thﬁ bringing the quadratic terms in the Lagrangian into the form
_%h/w OpH + %hlf Oh,. This will facilitate reading off of the de Donder gauge
propagator a little later but at this point, up to quintic order (good for 5-point
graviton scattering), the perturbative Lagrangian of GR in all its indicial glory, reads

Ly = —é@ah O%h + iavhaﬁ N hags

Ly = J&h‘” 95h 0P hor — %h dgh 0P h — %hw Dohps D0
g Dby R — LH b R+ éh 8 heys O5h%

Ly = iho“shﬁ“ Oyhsu 0 hag — ih‘l‘shﬁﬂ Ouhpu 0" has — %h“hwg Oyhp, 0", + %hh Oyhas 0P
—%hﬁhaé Ophyuw 0" RY + %hh‘m Ophyu 0" hY + %h{ih“ Oy, 0" hY — ihh‘w Oyhpy, 0" Y
—%haéhﬂﬂ OshY, Oshyu + %hﬁh“ﬁ Oghyu OshH — %hh‘m Oghy OshH — éh{ih@é dgh Osh

1 1 1 1
+§ha5hﬂ“ 0" has Ophgy, + ghmshmS 9" WP 9, hg, — Tghh 0" WP O, g, + Zhh‘sﬁayhg‘@#h&,

1 1 1 1

—Zha‘shﬁ“ Oshas Ouh + ZhghwS Ophly O — Zhh‘w Ophly Oh + Zho“shﬁ“ Dshap Ouh
1 1 1 1

+§ha5h5“ OghY, Ophs, — 5hwfhﬂﬂ 9" hog Ophsy — Zhghaﬁ Ouh 0" hsp + ghh‘w Ouh 0" hsp
1 1

Ly = —§hghaﬁhwa@h;ath + hLhP 1 9,10 hy — Zhghﬁvhwauhgath

1'ya,3,ucr Vla,B'y,usz 1'yaﬁu ov

+ AP R Oghyo 0 i) + S hEP R W Oy hagOuhoy — ThAhREONRT by
1 1 1

+§h3hgh5787h"”8uhm, + 173hagiﬂﬁhwcmfwauhc,,, — 372hghgfﬂﬂwfw(amw

1 1 1
+Zhghaﬁhg&yh§8uhz + 5haﬁ RRY 0,h gy O hor — ihghaﬁ " 9uhl500hey

1 1 1
+Zhgh57h”"6uhg&,hw + Zhghmh“”@hﬁu@ghlﬁ + Zhghaﬁh“af‘)“hgﬁghz

1 1 1
—ghghﬁmwa#hmaah; + Zhihﬁh‘”%hi&,h,’j + ghaghaﬁhwﬁuhg&,h,’j

1 « o 12 1 « UV Qo 3 (0% UV Qa0
—Ehahgh7“8uh785hy +hah P05 h 0% heyyy — Zhahghﬁmghya oy

1 aBpyp v ao 1 apBryp v Qo o vy af VAol
—Ehaﬁh h 8o—hl,a h’YH + 372hahﬂh‘ ao—hya h“YN - ﬁhah hﬁ»yao—hya hl"

1 e UV Qo 1 (03 ov ]‘ e ov
+%hah§hmahya W= 5h BRI RTY Oy hom Oy hsy, — h PRIERTY O hesdyhyo

—%hghaﬁhwavhgath — %hghaﬁh“"aghwa”hm + %hghﬁvhwaohwa'fhm
+%hgha5h“"8,,hwa”hm - éhghﬁmwathav% - %hghﬁ”’h“"ﬁahwa”hﬁu
+%hlho‘5h“"&,hwal’h5“ + éhghmh“"&,hwa”hm — %hghghﬂvauhwa”hg
—%haﬂhaﬁhwauhwayhg - éhghghwauhwayhg - %hghaﬂhga(,hwa"hg
%hghghwaghwayhg
%hghaﬁhgatha%g + ihghghﬁva,,hwauhg + éhagho‘ﬁ h "0y hyue0” hY

1 « vio 1 « 17 N
= JHahsh T Oy 01T — Shagh® W Oehy, 0 S +

1 ayB vio 1 « v o 1 @ v o
— g hahgh " Dby 0 b — S hh P hy O hy 0 W17 + Eiza%fbﬁnaa.hwa hH
1

(6 ,B 174 o} 1 (03 174 o}
— o halsh] 0o 0" R + o h P hgy 0, b 0” h*
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1 1
_ e B vy po apB v o
AL I e R i (3.1.6)

and will form the basis for comparison to unimodular gravity below.

3.2 Unimodular Lagrangian

Before writing down the equivalent perturbative expansion for unimodular gravity, it
will be useful to recall the symmetries of the theory. The Einstein-Hilbert action of
GR is famously invariant under the full group of diffeomorphisms on the spacetime
manifold, Diff(M), under which g, — g + V& + V&, or, in infinitesimal form,
huw = by + 0,8 + 0,€,. The defining characteristic of Einstein’s 1919 trace free
theory is that the metric determinant is held fixed, to unity in the special case of
unimodular gravity. This unimodularity condition breaks Diff(M) to the proper
subgroup of transverse diffeomorphisms, TDiff(M) under which hy, — by, + 0,60 +
0y&u, with 0," = 0. This is, of course, just a classical gauge fixing of the GR action
and the reason why the two theories are classically indistinguishableﬂ [2, 6] (modulo
the important issue of the interpretation of the cosmological constant). In fact the
theory enjoys an additional Weyl symmetry under which g,, — e20(@) Juv, enhancing
its symmetry to WTDiff(M) with a corresponding four generators per spacetime
point.

There are, in fact, many ways of implementing the WTDiff(M) symmetry into an
action functional that range from the most obvious enforcing of the fixed metric
determinant through a Lagrange multiplier [24] so that

Spi — Suc = /M Az [\/@R+ Y (M - 1)} , (3.2.7)

to Henneaux and Teitelboim’s [25] more sophisticated formulation in which the trace
free equations are derived from the fully covariant action

1
Sy = 5.3 (/ d*z /|g|(R + 2)\) +/ As /\d)\> , (3.2.8)
K M M

where Az and \ are a spacetime 3-form and scalar respectively. All these formalisms
have been treated extensively in the literature, and all produce Einstein’s 1919 equa-
tions.

1 .
R, — Zg,wR =8mGNT s (3.2.9)

with tr (Tw,> = (. Since we are interested in making on-shell statements about the
theory, any of these various action principles will suffice for our purposes. However, for
convenience, we will use the one that begins with a rescaling of g, = g = g*1/4glw,
as done for the classical field equations in the introduction. The resulting action,
formulated in terms of g, is unimodular since § = det(gu,) = 1 and reads quite
simply,

1 .
Sy = >3 d*z R(gu). (3.2.10)
K= JMm

The perturbative expansion for unimodular gravity then proceeds in much the same
way from (3.2.10) as that for GR follows from the Einstein-Hilbert action. Again, we

!The reader will no doubt have noticed that we have also not been distinguishing between “trace free" and
“unimodular" since, from our perspective, the only difference between the two is the value of the constant that
the determinant of the metric is fixed at. This will have no effect on any scattering amplitudes.
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write gu, = Ny + khy,. Since the Christoffel symbols transform under this rescaling
as

R lalg, = Tlols + Plols, = Tlali, — 5 (Tlalls 00 + T lals o — T lol 6™ g )

we can then write the rescaled Ricci scalar ]%(QW) in terms of the unscaled metric
guv- This can easily be shown to be,

~ A~

R=§" Ry = g7 " (R + VP — VaP, + P PL, — PS,PL). (3.2.11)

ppt po ap® pv

From this we can expand g4 and g, as in GR to produce the perturbatlve Lagranglan
for unimodular gravity. Alternately we can wrlte Ju = M + /ih,w, where hw, =
hyuw — 417Wh and expand R(g,w) directly in h# This cannot be 1nterpreted as
a field redefinition since the trace, h, of hy,, cannot be recovered from h. This
substitution then yields the perturbative Lagrangian (by order in h) for unimodular
gravity. Formally, L =1L+ KLy + ..., where for example,

1 1 1
Ly = —3%8ah8ah + Zawﬂﬁa'maﬁ + Zaahaﬁhw - §aaha587h%g

3 17 1 1 )
Ly = +§hmaﬁhaﬁhm —~ ﬁhaﬁhaﬁh —~ thaﬁhmhaﬁ - thaah“&,hw + 5517 0uhdh
1 1 1 1
—iwaﬁhaﬁawh - ihmaﬁhwa%m + %haﬂhaahaﬁ + §h“7(%ha58§hﬁ5 —~ zhavmﬁa%ﬁg
1 1 1 1 3
+§h‘waﬁhaﬁa5h75 + §hwa,yhﬁga5h§ - Eh‘”&;hw@‘shg -~ éhaﬁhwafsmﬁ + 1—6h65h7565h75 :

As a check that we do indeed have the correct invariance required of the theory, let’s
consider the quadratic piece Lg, from which we will derive the propagator. Under a
general field redefinition h,, — hyy + 0hy,, and up to total derivatives,

A 1 1 1
6Ly = +%6h8a8ah — 5 0h 0,0 hap — 5 <5h8a85ha5 + ahaﬁaaaﬂh) + 50070 Dahg),.

Evidently, under the restricted set of gauge transformations dhag — 20(o&p) + %nw,gi)
with the parameters obeying the transversality condition 9,£% = 0, the first and
third terms as well as a combination of the second and fourth terms are all invariant.
As promised, the traceless perturbative Lagrangian is WTDiff-invariant. We have
checked that £3 (and higher order in h terms) also exhibit the same invariance under
WTDiff(M), using again the xTensor package in Mathematica. It remains only to
fix the additional gauge redundancies by applying de Donder gauge again, yielding

3 1
Ly = —ﬁaahaah + Zéwﬂﬂa’%ﬁ

1 5 1 1
Ly = +§ha786h85h(w - ﬁhaﬁhaﬁh - thaahﬂgavh“ + ih”(%hﬁaa‘shﬁ

1 1 1
—iha765h7585h§ + ihaéhagaghaﬁ —~ éhagh‘w&,hg + 55 0ahOyh

16

Ly = ih“éhﬁﬂayhéua'fhaﬁ - ihmshﬁ’uayhﬁuayhag - %haéhaéayhﬁ#a”hgu + 6l4hh8,,ha58”ha6
—%hghwsaﬁhw(?”hg + ghh(w@ghw/&”hg‘ + %hgho“s&,hmﬁ”hg‘ — %hh(w&,hgua”hg
—%h“‘shﬂ“aghﬁ;&;hw + ihgho“;aghwagh“” - ihh‘waﬁh,w&;h’“’ - %ﬁhgha‘?aghagh
+%h05hﬂﬂa'/hagaﬂhﬁy + éh(ﬂ;haéayhﬁuﬁuh@, —~ %hh(‘)”hﬁ“ﬁuhlgy + éhhéﬁa”hgauhﬁy

1 1 1 1
—Zha‘shﬂ“@ghagﬁuh + ghgha‘S@ghg‘auh — Zhh‘w@gh’gauh + Zh“hﬁuaﬁhwaﬂh

2 Another way of producing the WTDiff(M) symmetry in the perturbative Lagrangian is simply to make the
substitution hu, = by — in,wh in the perturbative GR Lagrangian. Although this ensures the correct symmetry
it is not an acceptable transformation.
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1 ad v 1 ad v 1 ad 1 é
+5h hPROghY D)hs, — h hPHD” hosdyuhs, — Zhgh Ouh0"hsp + Jhh B9,hd"hsp

+%hh5685h85h + li%hadhagaﬂhauh — %hh@h@“h
Ls = —%hlho‘ﬂh“"%hz&,hw + hLhP 1 9,150 hy — ghghﬁvhwauhgath
+%h'gyh°‘5h“”85hugf)7h5 - %haﬂhV”h””GWhQL;@MhJV - %hlh“ﬁhgavh"”auhm,
+%hghgh5787h“”8uhgy — %hghghwawh”"auhw + éhlho‘ﬁhgc%hgauh,’j
—éhghghﬁvayhga“hg — %haﬁhaﬂhwa,hga“hg + %hghghw&,hga“hﬁj
—i—%h"ﬁhwh”@“h@,&,hm — ihlho‘ﬁh“(’&th&,hﬁu - éhghaﬁhwauhgaghw
+ghghﬁmwauhga,hw -~ %h;ho‘ﬂh““@hm&,hz + ghghmh“a&,hmﬁghl’j
+%hghaﬂhwauhmaahg - %hghﬂvhwauhmaah; B TNy

1 1 1
ey B o v a B o v af vao
— BT OO, — IR 10,0, — S R0, 0 e

13 1 3
+3—2h§hgh5760h58"hw - éhaghaﬂhwaahgaﬂhw —~ Ehghﬁhw&,hw”hw
1 17 25h% R B 0y hL07 bl
— WY g, 0, h O R — —— hh g hBY O, hY° h* i
tgltalt ey O Oy, = o halisy vO 1024
1 1 5
—Zhaﬁm“hff”aghmayhﬁu - §hgha5hwa,,hwa”hm + Ehg:hﬂWW(‘ayhm,a”hﬁ7
laﬁvua v 17aﬂ;w v 30%67#0 v
—Zhah WM Dy hiyy, hﬁu—i—ihah hH° 3y ey O hﬁu—l—6hah W% 3y 0 hig,
1hah“h578 hyy Y hS 1hahﬁhwa hyy O RS 1mhaﬁh“a h,, 0" he
Ty witov ~/+Za,3 witov v gl pottuy Y
S nanmnBra . 9ne — L penbmg n, 9V e + S neBpto, b ov he
Saﬁ oltuv 7160‘5 oltuv 720{ BYvituo o
S hent e n. 9 ne + L emBman . 9 ne — L nanfrienn. o pe
g @B e e A T VIO Ty gq BTy e Y

1 apBry v po
+@hah5hvatha h
At this point it is worth noticing that, on comparison with the corresponding ex-
pression for the gauge-fixed form for GR, the Lagrangians differ only by numerical
coefficients in terms involving h; the index structure of the terms in the overall ex-
pression remain unchanged. This has important bearing on what follows.
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Chapter 4

Propagators and Vertex Rules

4.1 Propagators

Before deriving expressions for the vertices for graviton scattering central to the com-
putation of amplitudes in the theory, we first need to find the appropriate expressions
for the graviton propagator which itself derives from the quadratic contribution to
the perturbative Lagrangian. The quadratic terms in GR and UG differ only in the
coefficient of the term containing factors of the trace h = hl;, so we expect that the
computation of the propagator itself will be nearly identical. We will content our-
selves with deriving this in GR, and then deducing the corresponding expression in
UG. To this end, consider the gauge fixed expression for £y from which is of
the form,

1
L = 50yhas Ve gih,, (4.1.1)

1 1
with Vosw = Znaﬂ nt — ino‘“nﬁ”. Recognising that the the right hand side of this

expression is symmetric with respect to a <> 3, p < v and (af) < (uv) allows
us to trade the rank-2 tensor h,, for a vector ¥; where, since there are only ten
independent combinations of «f and pr we use the following translation between
tensor and vector indices

af,pv |00 | 112233 |01 [02|03][12]13]23

4.1.2
ij [1][2|3]|4]5]6|7][8[9]10 (412)
With this dictionary in place, the quadratic Lagrangian reads
19 . 1 d S A .
Lo = 5 W0V 4% QU =2y G0y 9
=5 =1 =1 J=1
1 . .
= 52@\1;%]0“\1/], (4.1.3)
0,3
where the symmetric matrix
51’]’ for Z,jZE)
1/4 -1/4 —-1/4 —-1/4
Vij = -1/4 1/4 —-1/4 —-1/4 (4.1.4)

~1/4 —1/4 1/4 -—1/4
—1/4 —1/4 —1/4 1/4

The propagator itself is computed by Fourier transforming to momentum space, which
as usual transforms (4.1.3) into an algebraic equation in the momentum k*. The
propagator then solves the (formal) matrix equation k?VP = I where the identity
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matrix is now symmetrised as above i.e. P = -5V ~L. Inverting V is simple enough

k2
and gives,

1 -1 -1 -1
(VN = 1 1 -1 -1 . . (4.1.5)
< <
1o-1 1 -1 | M tshisd
1 -1 -1 1

Then translating back to tensor indices with the same key, (4.1.2), we find that
(V~1);; corresponds to the matrix

nuanuﬂ + nuﬁnwl _ ,,7.1'»1/,,7045, (4.1.6)

which, in turn gives the celebrated graviton propagator in GR,

1H2 nV1V2 1V2pV1IH2 11 2V2

Pll«lVl,ll«QVQ (k)
k2

(4.1.7)

Using the same translation between tensor and vector indices as in the propagator
section of the GR case, the propagator for unimodular gravity can be derived in a
similar way. The gauge fixed expression for the quadratic Lagrangian in (3.2.12)
reads

N 1 .
L2 = S0ihag VPR 9k, (4.1.8)
: rafur — 3 af, pv 1 ap, v : : :
with VPR = 6" nt — 37 HnPY. Again, this can be put into the form,
A 1 i :
Lr=3 Zau\lr Vi OFW (4.1.9)
Z7‘7
where the symmetric matrix
6ij for ’i,j Z 5
R 5/16 —3/16 —-3/16 —3/16
Vij = -3/16 5/16 —3/16 —3/16 . (4.1.10)
< <
_3/16 —3/16 5/16 -3/16 | o7 1Shi=4
-3/16 —-3/16 —3/16 5/16
Inverting \Y% gives,
dij if 4,725
) 1/2 —3/2 —3/2 —3/2
(Vi = —3/2 1/2 -3/2 -3)2 (4.1.11)

32 —3/2 1j2 32 | ¥
_3/2 —3/2 -3/2 1/2

and, translating back to rank-2 indices with ([#.1.2)), we find that (V~1);; corresponds
to the matrix

3
0’ I = S, (4.1.12)

which leads to the unimodular gravity propagator

1287 [P 3 1% v
B 77/11;1277 1V2 _|_7]M1 2p 1H2 577“1 177M2 2
= 2

Pravi pav (k) (4.1.13)

As alluded to earlier, the differences between the quadratic actions of GR and UG are
such that the index structure of the propagators are the same with the only change

coming in one of the coefficients in the numerator of (4.1.7)).
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4.2 Vertex Rules

Having now derived the perturbative Lagrangians for both GR and UG, found the
corresponding propagators and set up the formalism to calculate the amplitudes it
remains only to extract the Feynman rules for graviton scattering. We begin by
assigning a particle number to each of the gravitons in a given expression from left
to right. We also designate the left index of a particular graviton by p; and its right
index by v;. Then, contracting (left) indices on two particles, say ¢ and j, produces a
factor n#i#i with similar factors for left-right, right-left and right-right contractions.
Similarly, contracting a derivative of graviton ¢ with another graviton, j, produces a
factor kf 7 while contracting indices on two derivatives gives a product of the momenta
of the corresponding gravitons, k; - k;.

As an example, applying the Feynman rules above to the following term encountered
at cubic order in the perturbative GR Lagrangian,

heV8,hgs0°hE, (4.2.14)
results in a cubic vertex factor
k§1k§2n“2”377“1“3. (4.2.15)

But we then permute the vertex rule through all the permutations of the external
legs of the diagram, i.e. permute (k;, ui,v;) through ¢ = 1,2, 3, keeping in mind the
symmetry in (u;v;). This particular term has six distinct permutations. To account
for this, we introduce the notation Py, where P permutes the particle labels among
the external legs and k designates the number of distinct permutations. The complete
rule for this example then reads

Py (Kb kY2 ppavsppans ) (4.2.16)

With this we can now extract the vertex rules of both GR and UG from the respective
Lagrangians. Although this is not a complicated process with the length of the gauge
fixed Lagrangians it does add up to a number of manipulations that are impractical
to do by hand. The explicit vertex expressions in both GR and UG were extracted
in Mathematica to be later used in the calculation of the amplitudes.
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Chapter 5

GR Amplitudes

As we have mentioned before there are well established methods of calculating scat-
tering amplitudes in general relativity. Most commonly we could have used either the
KLT relations or the BCFW recursion relations. But as a precursor to calculating
the scattering amplitudes in unimodular gravity we first review the techniques used
in the framework of general relativity. This is work that has been done previously but
we include it here as a means to establish the methods and conventions we use. Since
we have already determined the propagator and the method by which the vertex rules
can be extracted, we move on to calculate the three point, four point and five point
amplitudes. This also serves as the basis on which the calculations in unimodular
gravity are done with the bulk of the calculation shown in this section.lﬂ

5.1 Three Point Amplitude

We start with the three point amplitudes for GR, beginning with the graviton 3-vertex
given by the Feynman diagram in Figure 1.

1851%9)
k
2 H3v3
kl k3
H1v1

Figurel: 3-graviton vertex

Given the gauge fixed cubic Lagrangian L3 in GR, (3.1.6)), we extract the following

3-vertex rule
V/J«IV1§/J«2V2;,U«3V3 (k17 k27 k3) — (iPG (kl . k2n/1«11/1 771142/1«3771/21/3) _ P3 (kl . k2,’71/1l1«27]1/2/l3771/3l41)

1 1
+ ZP?’ (ky - kgnfthzpivaghsys) — §P3 (K1 - kgt imH2r2pn/srs)

P (R R 1 g (k’f3k§‘177”1“277”2”3)> (5.1.1)
With this in place, we can now calculate the amplitude by applying the same method
as for the gluon 3-amplitude in section [2.3] Before deciding on the helicities of the
particles it will be useful to first consider the special kinematics of the particles.
Depending on the helicity structure, we will either choose |i) o |j), which implies
(1) = 0, or |i] o< |j], which implies [ij] = 0, for all particles ¢ and j. Irrespective
of our choice though, terms containing a dot product of momenta k; - k; will vanish

!The majority of calculations and manipulations done in this chapter, as well as the next, were done in
Mathematica using the xAct and xTensor packages, which can be found at http://www.xact.es
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since k; - kj = (i[v*|i](j|vulj] = 5 (ij)[ij]. This allows us to simplify the 3-vertex rule
to

N 1 1 .
VM1V17M2V27M3V3(]€1’ /{72, kg) — _§p3 (kilskgsnulmnmuz) + 5P6 (kiw k,glnmuznmw) .
To illustrate how this computation works in some detail, let’s choose a specific case,

say Ms(ky,ky, k3 ). For this amplitude, we choose the special kinematics |i] o |[j]
for all particles 4 and j so that,

klys — M3 = — <Q3|'Y'u|3] (Z|%|Z] _ _ <QBi>[3i] (5.1.2)

2v/2(g33) V2(g33)’

and any term containing k!"* or k}* for i = 1, 2 will necessarily vanish, further reducing
the 3-vertex rule to

V/ HVL 2V R Vs (lﬁ_a k2_, k:}f) — _% (k’é“ k.gl nuzu:snuzws 4 k’gsz27']u3M17’]V3V1)

+ (k‘gl k§2nu2u3nu3m + k.iu kéblnu1u3nugu2) (513)

DN |

Now we rewrite the vertex rule in terms of spinor brackets using the conventions set
out in section 2.3] starting with the decomposition into polarisation vectors so that,
for example, pi? = €,(p2)p] and 12 = e(p;)eu(p2), followed by the translation
into spinor-helicity variables through,

o= S,
Lol

er(p) = \/5<qi1>’ (5.1.4)
(1pulq]

€. () = VAl

where here, and in what follows below, the ¢; are arbitrary reference spinors which will
not feature in the final expression for the amplitude. After this initial substitution
we can then contract the associated angle and square brackets to give the amplitude
in square- and angle-spinor brackets, using the relation

(tlyuldl k1) = 2Gik)[51].
This leads to the following expression for the three-point amplitude,

-1
e (2D )23 an3) )3

+ (12)[@2)(13)03)(245)*[023]" ~ (21)1021](13)[013)(13) [413](25) 023]
— (12)[012)(23)[223){1as) [413)(245) 023 ). (5.1.5)

Ms(ky by, k3)

This expression can then be simplified using the antisymmetry property of the spinor
brackets along with conservation of momentum which, in spinor-helicity language
reads . (ij)[jk] = 0. This gives,

o 2t (DN (as1es2) | (as2))?
M3(k1,k2,k;—) = <Q33>2 <<<133>> -2 <i3><2:;> +<<233>) ) (5.1.6)

This can then be factorized and the Schouten identity, (ij)(kl)+(ik)(l5)+(il){(jk) = 0,
can be used to simplify as follows

Sy 12 (asl) (@)
Mg(kl 7k2 7ki—’)’—) - <q33>2 ( <133> a <233> )
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(12)* <<q31><23> + <q32><31>)2

(53)° (13)(23)
(12! (—<q33> 12>)2
(3% \ (13)(23)
_ o a2f
- B (5.1.7)

At this point, we note that, first, the ¢;’s have dropped out as promised and, second,
the final result depends only on angle brackets without a square bracket in sight.
This is, of course, a consequence of the 3-particle special kinematics. Finally, and
more to the point, comparing this to the corresponding one in section [2.3] for the
color-ordered 3-point gluon scattering amplitude in Yang-Mills theory,

o 12)°
As[17,27.3T] = 12 5.1.8
3 [ ) ) ] <23> <31> ) ( )
indeed shows that

Ms(ky, ko, ks) = (As[ky, ko, ks])? (5.1.9)

which is nothing but the celebrated KLT relation between GR and Yang-Mills theory
at 3-points.

5.2 Four point Amplitude

Now let’s consider four graviton scattering. As in the previous computation, we
will focus on the detailed calculation of the 4-point amplitude in GR, identify the
differences with UG and then deduce the associated amplitude in umimodular gravity.
We will focus on the maximal helicity violating (MHV) amplitude where all but two
of the gravitons have one helicity. At tree level, the complete amplitude receives
contributions from four distinct diagrams that can be constructed for the choice
of particles. These are the basic four graviton vertex, and the s, ¢ and u channel
respectively. As usual, we will take all momenta to be outgoing.

H2v2 H3v3 H2av2 H3v3
k‘g k3 k2 k?)
s
kl k4 kl k4
Hivy a4 Hivy HaVy
H2v2 H3vs
ko ks
H2V2 kg u3vs
t
ks
U
k1
k1 k4
pavy pavy  Hal1 Ky Hava
Figure 2: 4-graviton scattering diagrams
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To compute the 4-point amplitude, we start with the gauge fixed quartic Lagrangian
in the perturbation series(3.1.6)). Following the same reasoning as we used in the
3-point amplitude computation, we can extract the four-vertex expression for GR.

. . . 1
1/ H1V1 V2 HsY3;iavs (p1,p27p3,p4) — 7P24(p3 _p477u1#4nl/1u3n#2114771/21/3)

4
- 3P24(p3 - panfHanIAphetsgavs) %&4(1)3 s panttthrg T phstansie)
- %sz;(pg s pamft iR gtk ae) — %Pm(p’gflpf77””‘277"2“477”3”“)
+ %Pﬂ(p??pi‘?’n“”“ 02 4 %P24(p3 - panftin IR g RRA )
- %P24(p3 - pamftpRRag s plsve) %Pu(p’fpﬁ“77”1“377”2“477”3”4)
+ %PM(p?lpﬁ""n””n””‘*n”?’”“) - éPzzx(pgzpfn“l”ln“:”““n”?’”“)
- éPM(pglpffnmn””"’n““”‘*) + %PM(P?“PZQn““%”%””‘*)
+ éPm(p§4pZ377“1”277”1”277”3”4) - %P24(p§4pﬁ377“1'/1 nHern )
+ %Pzz;(pg“pf’n“l”l nh2vanare) — iPm(p’s‘QpZQ77’““377”1”317"4”4)
+ %PM(pé‘lpZBn”l’“‘Qn”z”3n“4”4) - in4(p§2pi3n“l”1n“2”3n“4”4)
+ %PM(pglpﬁl‘zn”%n””?’n“‘*”‘*) + %PM(p§‘2p2277’““377”1“477”3”4)
- %PM(p§‘4pi’2n“1“377”1”477”2”3) - iP24(P3 s panfHiEg R HaTS )
b Pl pa ), (52.10)

Unlike with the 3-point computation, this is not sufficient since there are also the s-,
t- and u-channel diagrams that need to be evaluated. This is, however, easily taken
care of with the contraction of two appropriate three point vertex rules. For example,
for the s-channel diagram the appropriate vertex factor is given by

VHIWVBHRVZ Vs () o g ) VHVSHSVSHAVA (1 s py), (5.2.11)

where the contraction between the two three-vertices is taken over the "particle" label
s. Momentum conservation relates its momentum to the external particle momenta
through ps = —p1 — p2 = p3 + ps. The propagators of the two 3-vertices containing
the internal graviton line act together as a place holder for the particle propagator
of the theory ultimately sewing together the correct factors of the two three-point
vertices. Take, for example, the term

(p/lispssn#lﬂznmuz) (pé%pgz;n,us,ug,nusug) . (5.2‘12)
We first expand this explicitly (including the index structure) as,
R AL (1) | (p2),, (€'9) o (€79) 5 (€400 (€)Y (€)™ ()7 (5.2.13)

Then replacing the internal momentum pg with the appropriate representation in
the external momenta p1, pa, ps, p4, and the factor (e#=)" (¢/+)” (e"*)® (¢*+)® with the
particle propagator of the theory (4.1.7), in this case,

fr].u'afr]llﬁ + n“ﬁnya — nﬂynaﬁ
S12

(M) ()" (€)™ ()7 = prvef = (5214
where s;; = —(p; —i—pj)Q. This process is repeated for all other terms in the s-channel
amplitude as well as the t- and u-channels, with appropriate choice of momentum in
the denominator Bl

2This result is of specific importance when considering even higher numbers of graviton scattering
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Now on to the amplitude calculation. We choose the helicities to be hy = ho = —2
and hs = hy = +2 ensuring that we have a non-vanishing amplitude since it is MHV.
By necessity we assign values to the arbitrary reference momenta for each of the
external legs. One such choice, g1 = ¢o = pg and ¢3 = q4 = p1, will allow us to
simplify the expressions we need to calculate to a more manageable size. It is needed
to calculate the the factors that will survive this choice of reference momenta. Of all
the possible contractions between external particles, the only non-vanishing factors
are

s _ DB (DML (3)(43)
[42(13)" 72 Vo[t V2[41]°
we o (21)[41] ue _ (23)[43] us _ (13)[32]
ws o (14)[34] ua _ (12)[42] ue_ (13)[43]

Pa = V2(13)° P V2(14)° Ps V2(14)

Evidently with these choices, the explicit four-point vertex as well as the t-channel
diagram both give no contribution to the 4-point amplitude while the remaining two
diagrams are greatly simplified giving a final result of

(12)*(13)?[24][34]" ((12)[12] + (13)[13])
(14)*(24)*[13)%[14]*(12)[12](13)[13]
(12)"[12]
(13)(14)(23)(24)(34)*
On the other hand, the corresponding color-ordered tree-level 4-point MHV gluon

scattering amplitude as determined in section (alternately see for example [14]),
with the same helicity choice as above, is given by

M4(pf7p;ap§rapi) =

(5.2.16)

Ay17,27,3",47]) = (12)° (5.2.17)
T (12)(23)(34)(41)’ -
so that
12)712
Ay[17,27,3F, 47| Ay[17,27,47 .37 = (12) [12] 5 . (5.2.18)
(13)(14)(23)(24)(34)* (12)[12]

In other words, dropping the helicity labels on the scattering particles,

My™°c(1234) = —s19 AT °°[1234] AJ°[1243], (5.2.19)

precisely as expected for the KLT relations at 4-points.

5.3 Five point amplitude

Lastly for this work we consider the five point graviton scattering amplitude. This
as one can well imagine is much more tedious exercise in index manipulation than
that of the previous amplitudes. For brevity a condensed version of the calculation
will be shown.

As with the previous amplitudes we choose the helicities to be MHV, hy = ho = —
and hs = hy = hs = 42, ensuring a non-vanishing amplitude. By necessity we
assign acceptable values to the reference spinors in each of the polarisation vectors,
q1 = q2 = ps and g3 = q4 = @5 = p1, this greatly reduces the number of non-vanishing
contractions of polarisation vectors. The non-vanishing contributions are

P 1))

(21)[54] o (12)[52]
[52](13)’ p

s 2T T A
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(13)[53] (21)[51] (23)[53]

BT ey T AR P T T VR
o _ (332 L (0B, (12)42
T T aum M Tvemy T vaasy O
o (1BE3 . (22, (13)[53)
B = Ty T T masy BT T Ay
" )51 OB . (1454
by = _ﬂ[51]7 Py —_\[[ ] Dy __\@<15>’
g — 0203 (4
vas) T T As)

Now that we know which factor in the vertex expressions survive, and letting all other
contraction vanish in our program, we can analyse the graphs needed to calculate the
amplitude. There are three distinct sets of graphs needed to in a five point amplitude,

given in Figure 3 below.
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Figure 3: 5-graviton scattering diagrams

One should also take into consideration all unique permutations of the external legs.
This comes to a total of 26 distinct diagrams.

We follow the same contraction procedure as in the four point amplitude to connect
the various vertices. As a quick example we now consider one of each of the different

types of diagrams. Firstly the five vertex expression is

VHWGHVERSESHAIHSYS (b1, P2, p3, P4y P5) =

4
1

2

4
1

1 v
OV )

2

2

4
1

177“?’“4 nususpuzlpl/s (77”1 2 )2

+ 7p2p377u1 Ha nuz Vs nu3u4 nmus nulm + 177#1 M3 77#2 Vs nu3u4pﬂ4pV5 77/“ M2

M5 Vs

_i_lnuluz;nuzuz;nusl/ap%pl/snmuz _ lnmmnuzmnugmp o ke

= PP (P — g ) )

8
1

32

8

4t papnt VR (HHe  2ppars

32

16

2

8

16

1
f7p2p377#11/1 (77#2113)2(77”4”5 )2 + *pngnm“?’n“l““ (77”2115)277#3#4

+ 1p2p3 (77'“1“4 ) 277;“21/3 n#2 Vs 77#3#5 + 1p2p377ﬂ1 V1 77#21/4 ,,7#2 Vs 77#3#4 n#3ﬂ5

ipgpgnﬂl V1 77/12 v3 77#21/5 77#3#5 7]#41’4

+— 1 p2p3n,U«1M477M1M5 (nM2V3)2nH4V5 + 1p2p3nﬂlu3nﬂlll4nM2V3,,7,U«2V577M4V5

24

2
30



_ ipngn,ul Ha an M5 nquz ,'7,113 v3 77#4”5 + 1p2p377u1 M3 ,r’lil Ha ,r],u2 v2 nM3M5 nM4V5

24 4
+ip2p377“1”177“2”377“2”471“3“577“4”5 - Zmpsn’“” R ptstanHstsphats
+%p2p3n“m (nh2vs ) 2ptavanhsvs + %pzpsn“l”l17“2”277“3”3?7"4”477“5”5
J&n*‘”‘“ (2752 nHs™s ph plyt — %n“l”477“2”377“2”577“3“519‘2‘419?
_%nmmnuzm (77“3“5)2]?’51]7? 4 %nuwlnmm (77“41’5)2])531752
—é(n’““ ) Pppereplsiephipee 4 %n‘“”77“2”577“3“577“4”419’531952
_Tgnulmnulusnuzwnuwspg?jp? _ %77#1%nmmxnuz%nuwspl;?»pgz
—in’“” nHApHaHEHAYs phS pl? — %n’“” nH2S pHarinHsYs phs pi2
+in‘“”77“2”5?7“3”377“4”519541)? - %n“m77“2”377“3“577“4”519541952
J&n*‘“’l RS (342 pho ph? + é(77“1“4)277“2”577“3”31)551??
——%7#““3n“1“4n“2y5n“3“4pg5p§2-— i(nu1u4)2nu2V3nusu5pgsp§2
—%n’“”77“2”4?7“3“477“3”519551952 - %n“l” nH2re s phata phs pi
+é?7”1”177“2”377"3“577"4”419’5519%2 + én’“”l(77”2”3)277"4”519’551954
AR RV sk it i in’“““ (#2734 phy pl®
+in”1“477“2”2n“3”377“ Wph! pl® + in*‘m77“2”477“2”577“3”319542955
—in’“’” nH2apHes pHs ki ph phs 4 %(n“l““)Q(n“"’”g)zpé“”p?
_%nulusnulw77#21/3,7M2V4p§45pg5 _ énmm (?7“2'/4)277“31’32?’55]7155
J&n’“” S Pl ple — %n”“’l (17122 )2 phy i

The structure of these terms ensure that all the terms vanish when the vanishing
factors, those not mentioned in (5.3.20]), are taken into account. Next we consider
the structure of the diagram with one propagator, i.e. the contraction of a four-vertex
with a three-vertex. The structure of this diagram is set up as

VHPGRV2HVS Vs () po g p )V HSVSIHAVIIEYS (b pcY. (5.3.21)

where the sum runs over the s index. Taking a term this produces at random we
have the following structure

(p/fspgs 77#1#2771/1112 77#31/3) (plstsp?nusuz;nus%) ) (5.3.22)

We first expand this explicitly (including the index structure) as,

W (p1), (), (€] () ()" ()" ()" ().
(5.3.23)

Then replacing the internal momentum ps with the appropriate representation in
the external momenta p1,po, p3, p4, in this case ps = —p1 — p2 — p3 and the factor
(k=)™ (€”+)” (eM+)* (¢”+)? with the particle propagator of the theory (#.1.7)), in this
case,
8 phoqB 4 By _ puvpof
(e'=)H (€72)” (et*)* (") = prves — , (5.3.24)
5123
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where s;;, = —(pi+p;j +pr)2. As mentioned in the four point case this is crucial when
considering higher point scattering. The painful part of this is that this contraction
of lower order vertices produces a total of 13608 terms per graph, before general
simplification. Luckily it is a simple matter to automate the simplification process,
and due to the choices of the reference momenta we find that none of these terms
offer a contribution to the amplitude in question.

This now only leaves the 15 diagrams with two propagators, for which the contraction
will be

V13H2V25 s o Ve s12Vs19 3 M3V3 ks y5 Vs s45Vsy5 4V BV
Vﬂl LiH2V2ils 15 V812 (plva)pSm)Vﬂng S12H3V8 M5V a5 (p5127p37p845)vug45 s45 HAVAHS 5(p545ap37p4)7

where we contract over the s;; indices. Once again taking a term this produces at
random we have

Hsyo, Vsio o p1p2, V102 Hsqs ) Vsys 3, Vs12V3 5 U5 4 VsysVa
(01 12y 222 ) (pisyy® pg 1o o122l ) (phs plopHsastagssta) |

(5.3.26)

Expanding this in the same manner as above yields

PP LS (01) u(D2)y (Ps1a)* (93) (€3)+ (€3)0 (€4)(e2) (5.3.27)

X (€s12)" (€512)" (€512) 7 (€512) 7 (€545 ) (€545 )ﬁ(6545 )/\(6545);)-

We then substitute the appropriate propagators for (es,,)"(€s,5)" (€s,5)7 (€s15)7 and
(€s45)a(€sys) 8(€sas)A(€sas ) p, a8 in the previous case, and the appropriate substitutions
for internal momenta, i.e. ps, = —p1 — p2 and ps,, = —p4 — p5. In general this
multiplication of vertices produces a total of 78732 terms for each diagram. But
once converting to spinor helicity variables and simplifying the amplitude reduces
considerably to a mere 140 terms. After simplifying this using the various identities
established in the spinor helicity formalism up to this point and conservation of
momentum this produces the amplitude

(12)"((24)(35)[23)[45] — (23)(45)[24][35))

M5[1727374757] = (13)(14)(15)(23)(24)(25) (34) (35) (45)

(5.3.28)

which, when compared to the gauge theory side of the KLT relation as calculated in
section [2.6] confirms the 5-point KLT relation.
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Chapter 6

UG Amplitudes

Now that the techniques used in calculating the amplitudes are established we move
on to determine the amplitudes in unimodular gravity. The brute force calculation is
also a simple matter of adapting the programs we wrote for the GR case to that of UG,
which we did as a check on the calculation. For this section we use nearly identical
methods to the GR case. The main method though depends on the similarities of the
GR and UG Lagrangians. Since we have already done the bulk of the
necessary calculations in the GR section, the focus here is to determine the differences
that UG show with regard to GR and from there to calculate the amplitudes in UG.

6.1 Three Point Amplitude

Now we can apply the methods established in the GR section to the perturbative
unimodular Lagrangian, (3.2.12). Extracting the 3-vertex rule from the Lagrangian
gives in this case,

~ i 1
VN1V17N2V27H3V3 (pl’p2’p3) — §P6 (pl . pznﬂlVlnMQMST/V?VS) _ P3 (pl . p277V1M27]V2N3,'7V3M1)

3 5
+ 3h (p1 - pantthznrivephss) — 6al3 (p1 - pantt¥inh2raphsrs)

1 1
_ §P3 (p/ll’3pg3,’7ﬂlﬂ2nl/11/2) + §P6 (plllﬁpgl ,)71/1;1,2771/21/3)

1 v 1
+ EPS (P plyntaviphare) — §P6 (P2 phayig2vsy - (6.1.1)

As in the case of GR, the 3-particle special kinematics kills off any term with a
momentum dot product, leaving us with

N ) ) 1 1
V/H1V1 223433 (p1,p2,p3) — —§P3 (pllispgsnulmnvlw) + §P6 (p;lﬁspglnmmnugus)

+1i6P3 Py’ ) — %Pe (PP 0 n™2).
We can now choose the same helicities as in the GR calculation, i.e. Mg(pf,pg,p;),
which forces the 3-particle special kinematics to be |i] o |j] for all particles i and
j, eliminating all terms containing p/® or p* for i = 1,2 due to the antisymmetry
of the square- and angle-spinor brackets. At this point, we deviate from the GR
computation, noticing that any trace of the positive helicity particle will also vanish,
getting rid of any terms containing n#3*3, thereby reducing the 3-vertex rule to

VIRV (p 1 py i) = —g (PG Py 4 plpigtar e
5 (D5 Py Pl ) (6.1.2)

which is, of course, equivalent to the rule for the 3-vertex in GR. Since we are consid-
ering the same external states as in the GR case, we can follow the same substitution
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rules when converting to spinor variables. This, along with the fact that the vertex
expressions are equivalent, yields,

(12)°

B (6.1.3)

MS(pfvpgap;) =

and confirms the KLT relations to 3-points in Unimodular Gravity.

6.2 Four Point Amplitude

To compute the four-point amplitude in unimodular gravity we could follow the same
procedure the GR case, noticing that the 4-vertex given by,
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is similar to the GR expression but with different constant coefficients etc. How-
ever, recalling that, for the MHV 4-graviton scattering with our choice of reference
momenta, only the s- and u-channel diagrams contributed and these in turn were
constructed by sewing together 3-point amplitudes which we’ve already determined
to be the same in UG and GR, we deduce that the 4-point tree-level MHV amplitude
in unimodular gravity must be

Ortree. — , — <12>7[12]
1(p1 vz 03,01 13 (14) (23) (2) (31)°
= —s10A[1234] A°°[1243], (6.2.5)

and the KLT relations hold. It is interesting to note that in the case of gauge theory
amplitudes, when considering the color-stripped 4-point amplitude, the diagrams are
restricted to those that have no crossing legs, i.e. the wu-channel diagram is not
included. Also, when the amplitude is calculated explicitly one finds that the t-
channel diagram offers no contribution.
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6.3 Five point amplitude

Finally for this work we calculate the five point amplitude in unimodular gravity. We
proceed in a similar way as before. The five point vertex expression is,
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We employ the same choices for helicity of the external legs along with the choices
for reference momenta as in the GR case. When considering the different types of
diagrams we find that the pure five-vertex vanishes along with the contracted four-
and three vertex vertex, as in the GR case. We are therefore left with the two
propagator graphs, i.e. the amplitude is built up out of 3-point amplitudes tagged
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together by the propagators (4.1.13|) with appropriate Mandelstam variables. After
translation to spinor helicity variables and simplification we find the amplitude to be

(12)7((24)(35)[23[45] — (23) (45)[24][35))

M5[1727374757] = (13)(14)(15)(23)(24)(25) (34) (35)(45)

(6.3.7)

This is in agreement with the five point KLT relation as calculated in section [2.6]
With this we have now established that the KLT relations hold for unimodular grav-
ity up to five points. With the similarities that we have now uncovered between
unimodular gravity and general relativity we expect this to hold up for an arbitrarily
high number of external states at tree-level.
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Chapter 7

Discussion

Historically general relativity has proven to be a remarkable theory. In addition to
the myriad of classical solutions it offers, at both the levels of the solar system and
the whole universe, the application of field theoretic methods to it have exposes a
completely different aspect, allowing one to use it as an effective field theory. This
development has given rise to the analysis of such structures as the KLT relations

[0).

Here, we asked the question: To what extent do these KLT relations extend to
‘deformations’ of GR? Focussing on the specific subset of unimodular gravity. At
the level of the Lagrangians, once perturbed in the hard graviton around flat space,
we find the extraordinary result that the structure of the individual terms in the
expansion of unimodular gravity is similar to that of general relativity. This is only
voided by the fact that the terms containing the trace of h,, differs by a numerical
coefficient. This has significant implications on the vertex expressions of the theories.
Take for example the propagators of both GR and UG

14%% V2V v v
_ 77/1«1/1«277 12 +77H1 2n 1H2 _ n/—LI 177#2 2

PHIVL:H2V2 (k‘)
k2

pHk2 Y2 4 vz gl %nulmnuzl@
k2

Here we see the direct result of the difference in numerical coefficients has on the
structure of the scattering rules. This is even more pronounced in the higher order
vertices. This difference in numerical coefficients is the result in the differences in
symmetry between UG and GR. As we have stated GR is invariant under the full set
of diffeomorphisms on the spacetime manifold, Diff(M), which is parametrised in the
perturbative limit by hy, — Ry +20,8,). We can then view the subset of transverse
diffeomorphisms, TDiff(M), as a classical gauge fixing on the full set of Diff(M).
Both GR and UG is invariant under this subset of diffeomorphisms parametrized by
hyw = hyw +20,€,), with the additional restriction 9#§;, = 0. In d-dimensions this
gauge symmetry only has (d—1) independent arbitrary functions, which is not enough
to be gauge fixed by De Donder gauge, which has d independent conditions due to
the free index (see [27] for a good review on the subject). But luckily unimodular
gravity carries an additional Weyl symmetry, by, — hW—i—e%(m)nwj, producing a Weyl
transverse diffeomorphism invariant theory, WTDiff(M). This additional symmetry
allows for the use of gauge fixing that is linear in the derivatives, i.e. De Donder
gauge, to bring the unimodular perturbative Lagrangian into a form that can be be
used to extract the vertex rules necessary for amplitude calculations.

pravispeve (k) =

Now that we have explicitly calculated the amplitudes in both GR and UG, we have
compared them to the gauge theory amplitudes that arise as the one side to the KLT
relations. We have now found that the KLT relations hold for both GR (as is well
known) and UG up to five point tree-level scattering in pure gravity with the same
corresponding gauge theory. With this in mind it is interesting to note that the KL'T
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relations which were first derived in the framework of string theory and holds in GR
also hold for a deformation of GR, namely UG. Although, as we have stated that UG
and GR share many of the same structure aspects even at the level of the Lagrangian,
this raises two important questions. One is the extent to which the KLT relations
hold for other deformations of gravity? And the other, what is needed to break this
degeneracy?

As an introductory look at the first of these questions we can construct a simple case in
which the KLT relations do not hold. Let’s consider a 3-graviton scattering process
in an f(R) = R? gravity theory and compute the MHV amplitude Mz(17273%).
Fortunately, little group scaling and locality completely fix the massless 3-particle
amplitudes [14] as

Mg (1M2h23hs) = f(12)he~M—h2 (13yhe =i —hs gg)—ha=hs (7.1)

where # is the coupling associated with the R? operator and h; = £2, the helicities
of the gravitons. With h; = ho = —2 and hs = 42, this gives

(12)°

M3(17273%) = /2;7<13>2<23>2,

(7.2)
which looks promising until one realizes that the mass-dimension 2 of the kinematic
part requires that the coupling < have mass-dimension -1 in order to ensure that the
whole amplitude have the correct mass-dimension of 1. However a quick dimensional
analysis check of the Lagrangian reveals that in this case [k] = 0. A priori then, we
would not expect generic f(R) gravity theories to exhibit the KLT structure.

As a modification of GR, UG is different from the above example. Since the deter-
minant of g,,, |g| does not contribute to the dimensional analysis, the gravitational
coupling in GR and UG have the same mass dimension. We would therefore expect
tree-level results like the KLT relations to hold, as we have shown to be the case up to
5-points. Another facet of this is that the tree-level scattering processes only encode
the semi-classical interactions and as such we would expect them to be the same as in
GR since the theories are classically equivalent. So, even though UG and GR exhibit
significant differences in the structure of the vertex rules, once physical assignations
have been made to the particles the amplitudes reduce to the same expressions.

General relativity and unimodular gravity are however expected to differ at the quan-
tum level [4]. So in answer to the second of our new questions, the study of graviton
scattering necessary to break the degeneracy of the classical UG and GR. To this
end, what is needed are the 1-loop and higher scattering amplitudes. This would
normally be a formidable task but due to the development of machinery such as
unitarity methods (see [11] and references therein), one can obtain loop amplitudes
directly from trees. It will be interesting to extend the calculations done here to the
loop level.

Another point of interest is the BCFW recursion relations [20]. These allow for the
construction of all higher point tree amplitudes from only the 3-vertex and propaga-
tors, a property that is known to extend also to GR and that was used to give an
explicit proof of the n-point KLT relations [26]. This can also be seen explicitly in
the amplitudes calculated in chapter 5, where we found that the diagrams containing
any vertex of order 4 or higher does not contribute to the amplitude. Although we
did not explicitly establish the recursion relations in these sections. In the case of
the UG amplitudes, chapter 6, we see that the same general premise holds in the
case of UG up to five points. With such similarity between the basic structure in GR
and UG, we anticipate that a version of the BCFW recursion relations will also be
applicable in unimodular gravity.

Then there is the issue of coupling to matter. One of the key phenomenological
motivations for UG is the fact that, unlike in GR, gravity no longer couples to matter
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potentials [28]. This necessarily means that graviton-matter scattering should differ
in the two theories. As a general example of this expected difference we can consider
the scattering of two particles, with energy momentum tensors ('; and T(Q)

mediated by the grav1ton E The scattering process in GR can than be expressed as

GT(I)PM,,aﬁ( )T [7], where P,,q5(k) is the GR graviton propagator (£.1.7). After

contractions we ave

G
o _
GI Puas (TG = 5 (218 Loy — Ty T ) - (7.3)

When considering the same scattering problem in UG we have,

MUY O{ﬁ o G 3 ~ A~
GT(yy Puvas (k) Ty = ,§2< T Ty — 5 <>T<2>>
G y 1

_ v af G v af
= GTG)PMVa/g(k)T@) + @T{i)nuunaﬁT@) .

Where the propagator, pwag(k) is the UG graviton propagator (4 ) and, T =
T — in’“’T, as stipulated that UG couples to the traceless part of the energy
momentum tensor.

The theory coupling to the trace free part of the energy momentum tensor is the result
of the restriction placed by the spacetime part of the Euler Lagrange equations, as
can be seen in the classical case in the Introduction. This can be extended to the
perturbative case where we find the same result. Expanding the action for UG (L.3])
in terms of h,,, and varying the action with dh*” we find at the Euler-Lagrange
equations at linear level:

oL 1 1 1 1 1
= ——0%hy, — 50u0 "y = 50507 hoyu + 20,00 + anaaaﬁhaﬁ -

3. o
= g =, 0h — S T,u(7.5)

16

Which is manifestly trace free if we let gravity couple to the trace-free energy mo-
mentum tensor, 7' = 0. As of yet we do not clearly understand how this will influence
the consistency of UG. It is our hope that this difference will be clarified when the
amplitudes of graviton matter scattering are studied in more detail in the framework
of UG. In this regard we once again turn to the KLT relations, which in particular al-
low for such scattering amplitudes to be computed (at least in some restricted cases)
[29]. We would be curious to see how these amplitudes change in unimodular gravity.

In summary we have now shown that as far as the tree-level scattering amplitudes
of both general relativity and unimodular gravity are concerned the two theories are
equivalent. In other words this computation does not yet offer a means to distinguish
between GR and UG, but what is does show is that the KLT relations for GR and
UG both hold with the corresponding gauge theory being Yang-Mills. To break
this degeneracy it is needed to calculate the loop level amplitudes in the theories.
There is also the difference in the matter coupling of GR and UG that merits further
investigation.

'"We thank Enrique Alvarez, Sergio Gonzalez-Martin and Carmelo P. Martin for bringing this aspect of the
UG propagator to our attention.
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