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Abstract

We use random walks to simulate the fluid limit of two coupled diffusive limit order
books to model correlation emergence. The model implements the arrival, cancellation
and diffusion of orders coupled by a pairs trader profiting from the mean-reversion
between the two order-books in the fluid limit for a Lit order book with vanishing
boundary conditions and order volume conservation. We are able to demonstrate the
recovery of an Epps effect from this. We show how various stylised facts depend on
the model parameters and the numerical scheme and discuss various strengths and
weaknesses of the approach. We demonstrate how the Epps effect depends on differ-
ent choices of time and price discretisation and show how an Epps effect can emerge
without recourse to market microstructure effects.

Keywords: online learning, technical analysis, portfolio selection, backtesting, over-
fitting, in-sample, out-of-sample, Johannesburg Stock Exchange

Code: https://github.com/DominicGBauer/InteractingLOBs.jl
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1 Introduction

Financial markets operate through intricate systems known as order books, wherein
two prominent concepts, namely lit and latent order books, play pivotal roles. Lit
order books provide an environment where all market participants can readily view
and engage with displayed orders (O’Hara, 2015). This transparency not only fos-
ters liquidity but also enables traders to promptly identify available orders, thereby
contributing to the creation of a robust and efficient market.

A distinctive attribute of lit order books is their immediate execution mechanism.
Trades within lit order books transpire swiftly at the best available price, aligning
with the price-time priority principle (O’Hara, 2015). This characteristic makes lit
order books particularly well-suited for investors seeking expeditious and transparent
executions such as retail investors.

In contrast, latent order books (described by Tóth, Lempérière, Deremble, de Latail-
lade, Kockelkoren and Bouchaud (2011)) encompass hidden or non-displayed orders,
providing a realm of confidentiality for traders. Frequently associated with dark pools
(alternative trading systems designed for executing large trades away from public
visibility (Budish, Cramton and Shim, 2015)), latent order books offer inherent confi-
dentiality. This secretive nature of latent order books contributes to a reduced market
impact for substantial trades, allowing market participants to execute sizeable trans-
actions with minimised visibility and, consequently, mitigated potential influence on
market prices (Menkveld, 2013).

Donier, Bonart, Mastromatteo and Bouchaud (2015) introduced the idea of using a
reaction-diffusion model of the latent order book. Gant (2022a) implemented a numer-
ical solution using the stochastic finite difference method (Angstmann, Henry, Jacobs
and McGann, 2016; Angstmann, Donnelly, Henry, Jacobs, Langlands and Nichols,
2016) to solve for this model. The model was then extended by Diana and Gebbie
(2023a), who introduced the idea of using two coupled order books to further improve
the model.

We will use this improved model to simulate two coupled lit order books to verify
if the solution proposed in Diana and Gebbie (2023a) has the Epps effect (Epps,
1979) as an emergent property as this has been observed in various empirical studies
(Mastromatteo, Marsili and Zoi, 2010) of financial markets.

The structure of the dissertation is as follows. Section 2 explains the numerical
scheme used to implement the model practically. Section 3 explains the coupled order
book model used to produce realistic price paths. Section 4 introduces the Epps effect
and the non-uniform fast Fourier transform used to estimate the correlation between
the price paths generated from the model. It further verifies if the proposed coupled
order book model has the Epps effect as an emergent property and explores the effect
of changing parameters on the Epps effect. Section 5 is where we attempt to calibrate
the model by using empirical data to optimise our parameters using the method of
moments with simulated minimum distance. We further investigate the stylised facts
generated by the calibrated model and compare them with empirical stylised facts.
Section 6 is where we summarise and conclude our results.

Briefly, we will show that the model proposed by Diana and Gebbie (2023a) pro-
duces an Epps effect when using the calibrated model parameters with non-uniform
sampling. This Epps effect can be tuned to remove some of the numerical artefacts
and is found without the need for market microstructure noise models relative to a
preferred latent model. The Epps effect will be entirely due to discretisation and
sampling. However we will highlight that the numerical artefacts in the simulation
that seem to be due to the discrete sampling while enforcing the diffusive nature of
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randomness needs further investigation.
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2 Numerical Scheme used for Coupled Or-

der Book

2.1 The simple update equation

From the discrete master equation formulation of the reaction-diffusion Equation [22]
at time tn on a time and price grid we can consider the overall density of orders by
finding: the orders that arrive, orders that are removed, the orders that move from
different positions on the surrounding lattice to the current price xi due to random
effects over the time increment ∆t, and those that have remained from time tn−1 and
self interact, also from time tn to time tn at price xi. This then provides the order
density φi

n at time tn and price xi. Here the right, left and self jumps transition rates
back to state i from price states i+ j for j ∈ {−1, 0,+1} can be given as probabilities

on the lattice λ
i|i+j
n :

φi
n = Ci

n −Ai
n−1φ

i
n−1 +

j=+1∑
j=−1

λ
i|i+j
n−1 φi+j

n−1.

Where the arriving orders added over the time increment ∆t is Ci
n and the number

of orders removed over the time increment ∆t is Ai
n−1. Then the orders that survive

over that time interval can be written as the complement of a survival function as:
Ai

n−1 = 1− θin−1,n. These are orders that survive removal at time tn−1 until time tn.
The master equation then becomes:

φi
n = Ci

n + θin−1,nφ
i
n−1 +

j=+1∑
j=−1

λ
i|i+j
n−1 φi+j

n−1 − φi
n−1.

We pick the survival function in terms of a Poisson removal process: θin−1,n = e−ν∆t

and write the arriving orders as a source density function s(xi, tn−1) evaluated at time
tn−1.

φi
n = s(xi, tn−1)∆t+ e−ν∆tφi

n−1 +

j=+1∑
j=−1

λ
i|i+j
n−1 φi+j

n−1 − φi
n−1.

The right, left and self jumps transition rates back to state i from price states i + j

for j ∈ [−1, 0,+1] can be given as probabilities on the lattice: λ
i|i+j
n = P

(−j)
n where

P
(+1)
n , P

(0)
n and P

(−1)
n are, respectively, the probabilities of right, left and self jump

transitions over the time increment tn − tn−1 implemented at time tn:

φi
n = s(xi, tn−1)∆t+ e−ν∆tφi

n−1 + P
(+1)
n−1 φ

i−1
n−1 + P

(−1)
n−1 φi+1

n−1 + (P
(0)
n−1 − 1)φi

n−1. (1)

To include a discrete driving force Fn = f(tn) from f = −∂xV we update the proba-
bility of left, right and self jumps respectively:

P (+1)
n = 1

2 (r − Fn), P (−1)
n = 1

2 (r + Fn), and P (0)
n = 1− r; r ∈ [0, 1].

These are substituted into Equation [1]:

φi
n = 1

2 (r − Fn−1)φ
i−1
n−1 +

1
2 (r + Fn−1)φ

i+1
n−1 − (r − e−ν∆t)φi

n−1 + s(xi, tn−1)∆t. (2)
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2.2 The reaction-diffusion PDE

We start with the master equation from Equation [1]:

φi
n = s(xi, tn−1)∆t+ e−ν∆tφi

n−1 + P
(+1)
n−1 φ

i−1
n−1 + P

(−1)
n−1 φi+1

n−1 + (P
(0)
n−1 − 1)φi

n−1. (3)

We can write the values of the lattice points xi = i∆t and tn = n∆t in terms of

approximating functions: P
(−1)
n = p−∆(xi, tn), P

(+1)
n = p+∆(xi, tn), P

(0)
n = p∆(xi, tn),

φi
n = φ∆(xi, tn), and Si

n = s∆(xi, tn):

φ∆(xi, tn) = s∆(xi, tn−1)∆t+ e−ν∆tφ∆(xi, tn−1)

+ p+∆(xi, tn−1)φ∆(xi−1, tn−1)

+ p−∆(xi, tn−1)φ∆(xi+1, tn−1)

+ (p∆(xi, tn−1)− 1)φ∆(xi, tn−1). (4)

We substitute x = i∆x and t = n∆t:

φ∆(x, t) = s∆(x, t−∆t)∆t+ e−ν∆tφ∆(x, t−∆t)

+ p+∆(x, t−∆t)φ∆(x−∆x, t−∆t)

+ p−∆(x, t−∆t)φ∆(x+∆x, t−∆t)

+ (p∆(x, t−∆t)− 1)φ∆(x, t−∆t).

(5)

The diffusion probabilities sum to 1:

1 = p−∆(xi, tn) + p+∆(xi, tn) + p∆(xi, tn). (6)

We define a stochastic force function in terms of the diffusion jump transitions (See
Section 2.7) using an inverse temperature β and some thermodynamic constant C:

f∆(x, t) =
C

β∆x

(
p+∆(x, t)− p−∆(x, t)

)
. (7)

Here a stochastic force opposes the left and right diffusion jumps when they occur.
We normalise the stochastic force jump probabilities: C(p+∆ + p−∆) = 1 where the
probability of not jumping due to the diffusion is (1− r) so that the probability of left
and right diffusion jumps are r

2 and C = 1
r where r is non-zero. If we then add and

subtract p−∆(x, t) from probability normalisation equation for the diffusion (Equation
[6]), and substitute for the approximating function for the stochastic force on the
lattice to get:

p±∆(x, t) =
1
2 (1− p∆(x, t)± rβ∆xf∆) . (8)

Use (8) in (5), Taylor expand the exponential, and cancel terms:

φ∆(x, t) = s∆(x, t−∆t)∆t− νφ∆(x−∆x, t−∆t)∆t

+ 1
2 (1− p∆ + rβ∆xf∆)φ∆(x−∆x, t−∆t)

+ 1
2 (1− p∆ − rβ∆xf∆)φ∆(x+∆x, t−∆t)

+ p∆φ∆(x, t−∆t).

(9)
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Subtract φ∆(x, t−∆t) and divide by ∆t, on both sides, use that p∆ = 1− r for some
jump probability r, and then take the lattice grid limits ∆t → 0 and ∆x → 0 to find:

lim
∆x→0
∆t→0

φ∆(x, t)− φ∆(x, t−∆t)

∆t

= lim
∆x→0
∆t→0

s∆(x, t−∆t)− lim
∆x→0
∆t→0

νφ∆(x−∆x, t−∆t)

+ lim
∆x→0
∆t→0

r

2

∆x2

∆t

[
φ∆(x−∆x, t−∆t)− 2φ∆(x, t−∆t) + φ∆(x+∆x, t−∆t)

∆x2

]
− lim

∆x→0
∆t→0

2βf∆
r

2

∆x2

∆t

[
φ∆(x+∆x, t−∆t)− φ∆(x−∆x, t−∆t)

2∆x

]
(10)

Assume that the following diffusion limit exists:

D = lim
∆x→0
∆t→0

r
2
∆x2

∆t . (11)

We take the diffusion limit, use the definitions of first1 and second derivatives2, and
that for some approximating function (say) y∆(x, t) (a function which takes the limits
over the lattice) on the lattice that:

y(x, t) = lim
∆x→0
∆t→0

y∆, (12)

where for another approximating function (say) z∆ that:

y(x, t)z(x, t) = lim
∆x→0
∆t→0

y∆z∆. (13)

We can then find that the update equation is equivalent to the reaction-diffusion
partial differential equation:

∂tφ = +s(x, t)− νφ+D∂xxφ− 2βDf∂xφ. (14)

We can define a forcing function in terms of a potential V (x, t) = − Vtx
2Dβ using that

f(x, t) = −∂xV (x, t):

∂tφ = +s(x, t)− νφ+D∂xxφ+ Vt∂xφ. (15)

2.3 Boundary conditions

The boundary conditions are defined at the highest and lowest price points denoted
with the lowest price as x = x0 = 0, and the highest price as x = xM on a lattice of
1 +M points.

We considered three choices of boundaries: 1.) periodic boundaries, 2.) using ghost
points to enforce a zero-flux boundary (Angstmann et al., 2016), and 3.) reflective
boundaries (Benzaquen and Bouchaud, 2018). We chose to use “ghost points” at
i = 0 and i = M + 1 determined from the zero-flux Neumann boundary conditions
(Mazumder, 2016) as this proved more convenient for our use case.

1yx = lim∆x→0
1

2∆x
(y(x+∆x)− y(x−∆x))

2yxx = lim∆x→0
1

∆x2 (y(x+∆x)− 2y(x) + f(x−∆x))
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2.4 Ghost points

Using Neumann boundary conditions we can determine the values of the ghost points:

φ−1
n = φ0

n −∆xφx(x, tn)|x=x0
,

φM+1
n = φM

n +∆xφx(x, tn)|x=xM
.

These can be further reduced using the zero-flux condition where φx(x0, t) = 0 =
φx(xM , t) or more intuitively where the boundaries are flat. Near the minimum spatial
state, we can substitute for the ghost points:

φ0
n = 1

2rφ
−1
n−1 +

1
2rφ

1
n−1 − (1− e−ν∆t)φ0

n−1 + s(x0, tn−1)∆t.

Similarly, near the maximum state we have:

φM
n = 1

2rφ
M−1
n−1 + 1

2rφ
M+1
n−1 − (r − e−ν∆t)φM

n−1 + s(xM , tn−1)∆t.

2.5 Initial conditions

The first step requires solving for the initial conditions of the SPDE. We define the
initial conditions φ(x, 0) by first approximating the derivatives with the finite dif-
ference method: φt(xi, 0) ≈ 0, φx(xi, 0) ≈ 1

2∆x (φ
i+1
0 − φi−1

0 ), and φxx(xi, 0) ≈
1

∆x2 (φ
i+1
0 − 2φi

0 + φi−1
0 ). We can then rewrite the reaction-diffusion equation using

the initial conditions to find:

−si0 = D
∆x2 (φ

i+1
0 − 2φi

0 + φi−1
0 )− V0

2∆x
(φi+1

0 − φi−1
0 )− νφi

0.

Now we can group term and re-write this as a 1× (M + 1) matrix equation: s = Aφ.
Using the zero-flux Neumann boundary condition we modify the first and last rows
of A. Then with a linear solver we can then find the state vector of initial conditions
with components: φi

0 (Angstmann et al., 2016)

A =



[2]− 2D
∆x2 − ν 2D

∆x2

D
∆x2 + V0

2∆x − 2D
∆x2 − ν D

∆x2 − V0

2∆x

D
∆x2 + V0

2∆x − 2D
∆x2 − ν D

∆x2 − V0

2∆x

. . .
. . .

. . .

D
∆x2 + V0

2∆x − 2D
∆x2 − ν D

∆x2 − V0

2∆x

2D
∆x2 − 2D

∆x2 − ν


.

2.6 Grid dynamics and stability

The Dirichlet boundary conditions can be given at x0 using the initial condition de-
rived by solving the SPDE via finite difference (see Section 2.5). However, for numer-

ical stability, the density must be conserved such that
∑M

i=1 φi,n =
∑M

i=1 φi,n−1. If
the initial density is finite the conservation of density can ensure numerical stability
(Angstmann et al., 2016).
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To ensure numerical stability and that the granularity of the mesh can reasonably
capture the velocity of density of order volume propagation we need the distance
between the approximation and the numerical scheme to be bounded for all n time
steps after the application of initial and boundary conditions (Angstmann et al., 2016):∑M

i=1 |φi
n − φ(x0 + i∆x, n∆t)| ≤ C, C ∈ R+. (16)

This requires that the maximum probability of left and right jumps correspond to the
maximum velocity allowed by the mesh. However, the presence of viscosity ensures
the maximum density necessarily occurs at t = 0 when initial conditions are computed
(Angstmann et al., 2016).

2.7 Transition probabilities

The prices are assumed to evolve on a discrete lattice (xi, tn) with price state xi = i∆x
for price separation ∆x and times tn = n∆t for some temporal separation ∆t. Again,
use state-dependent transition probabilities from the i-th lattice point at time tn to
construct a master equation. We first consider three transition types on this lattice:

a right-transition P
(+1)
i,n , a left-transition P

(−1)
i,n , a self-transition P

(0)
i,n . Additionally,

there are cancellations (order removals) at rate a(x, t), and new particles can arrive
and be deposited on the lattice according to a source term c(xi, tn).

Jump probabilities can be associated with continuous functions sampled at discrete
points on such a lattice: Pi,n, and if an appropriate diffusion limit is taken (Angstmann

et al., 2016; Angstmann et al., 2016) for diffusion constant D = lim∆t,∆x→0
r
2
∆x2

∆t a
discrete numerical scheme to simulate the limit-order book: φi,n ≈ φ(i∆x, n∆t) can
then be used to find sample paths of mid-prices p(t) as the prices at discrete time tn
where φ(x, t) = 0.

The transition probabilities between states can be represented using Boltzmann
potentials V (xi, tn) to describe the information arrival in terms of a stochastic driving

force Vt: V (xi, tn) = −Vtnxi

2Dβ e.g. i.i.d. white noise with variance σ2
f . The inverse

temperature is β which in our context could be seen as an approximation for market
volatility. This is useful because the state and temporal lattice differences can be
defined in terms of the minimum and maximum prices, x0 = 0 and xM , for some M ,

and the diffusion parameter D: ∆x = x0−xM

M and ∆t = ∆x2

2D where i ∈ [0,M ].
The Boltzmann potential then represents the energy of the price state and tran-

sitions to price xi = i∆x for i = 0, 1, 2, . . . ,M . This can be used to compute the
Boltzmann probability of the particle being in some price at some time. The jump
probability is dependent on the Boltzmann potential of the destination state.

The jump probabilities for the left, self and right jump are respectively j =

−1, 0,+1: P
(j)
i,n = Z−1

i,ne
−βV (xi+j ,tn). The normalization factor Zi,n at price xi at time

tn is the sum over all three allowable state transition probabilities for i ∈ [1,M − 1]:

Zi,n =
∑+1

j=−1 e
−βV (xi+j ,tn). The normalisations ensure that transition probabilities

behave like probabilities on [0, 1].
Further simplification of the jump probabilities is possible due to the design of the

price discretization: xi+1 = xi + ∆x and xi−1 = xi − ∆x. By substituting in the
jump probability equations, we can factor out a common term and remove the jump
probabilities’ dependence on x. This simplifies the jump probability normalisation to
Zi,n = exp(

Vtn∆x
2D ) + exp(−Vtn∆x

2D ) + 1 and the individual jump probabilities become:

P
(j)
n = Z−1

i,n exp(
jVtn∆x

2D ).
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2.8 Stochastic time update equation

Consider the final update Equation [2]. Here ∆t and ∆x are constant during the
simulation. This defines a uniform lattice. Now let us rather suppose that we generate
a sequence of changes in time, which we will denote {∆tm}Mm=1. The simulation starts
at t0 and continues until time tM . These time steps are no longer uniform. We can do
this because the diffusion is built on a random walk process as are the stochastic forces
and these are all price independent probabilities, but there can be time dependence
for the stochastic force. Using Equation [31] for the lattice sizes with fixed values for

D and r we generate for each n, a corresponding lattice spacing sequence {∆xk}Mk=1

were we denote ∆x to be the average grid width: ∆x = E[∆xk].
A choice of ∆tn−1 and thus ∆xn−1, determines the price gap from where the left

and right jumps to price xi
n−1 will occur at time tn−1 to time tn. Here these points

are: xi±1
n−1 = xi±∆xn−1. We now introduce a background lattice (xi, tn) which serves

as a reference framework to track the evolution of prices over time, and a jump lattice
associated with the jumps: xi

n. To proceed with the simulation we first generate the
background lattice, this will have non-uniformly sampled times but uniformly sampled
prices. We use the average grid size ∆x to generate the background lattice: (xi, tn).
We assume there is some approximation function φ∆(x, t) for the densities on the
background lattice: φi

n = φ∆(xi, tn). Then we can find the prices from which the
right and left jumps will occur that are consistent with the diffusion to the order of
the approximations from the background:

φ̂i±1
n = φ∆(x

i±1
n , tn) = φ∆(xi ±∆xn, tn). (17)

The probabilities of left and right jumps do not depend on the sequence {∆xn}Mn=1.
They do depend on the most recent entry at tn−1. Using this we can then rewrite [2]:

φi
n = 1

2 (r − Fn−1)φ̂
i−1
n−1 +

1
2 (r + Fn−1)φ̂

i+1
n−1

− (r − e−ν∆tn−1)φi
n−1 + s(xi, tn−1)∆tn−1. (18)

We can identify xi in the background with xi
n:

φ̂i±1
n−1 ≈ φ∆(xi ±∆xn−1, tn−1). (19)

At time tn−1 we use the background lattice point (xi, tn) with a first-order mid-point
approximation to find the densities:

φ̂i±1
n−1 ≈ φi±1

n−1 +
(∆x−∆xn−1)

2∆x

[
φi
n−1 − φi±2

n−1

]
. (20)

Here when ∆xn−1 → ∆x then φ̂i±1
n−1 → φi±1

n−1 and the background and the lattice
coincide. This only holds for small ∆xn.

However, in order to accommodate ∆xn−1 > ∆x on the jump lattice we first search
the background lattice for some point xk such that xk ≤ xi±1

n−1 ≤ xk+1 and then use a
first order mid-point approximation to find the densities:

φ̂i±1
n−1 ≈ φk

n−1 +
(xi±1

n−1−xk)

2∆x

[
φk+1
n−1 − φk−1

n−1

]
. (21)

We can then use that ∆tn−1 ∼ Exp(λ) where the intensity λ can be chosen such that
∆t = E[∆tn−1] =

1
λ .
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3 Coupled Order Book

3.1 Coupled partial differential equations

Following Diana and Gebbie (2023a) and using the extended implementation of Gant
(2022b) we define two order book equations, j ∈ {1, 2} in the presence of informa-
tion shocks that can be synchronised (or remain unsynchronised) where the reaction-
diffusion equation describing the jth order book is:

∂tφ
(j) = Dj∂xxφ

(j) + V
(j)
t ∂xφ

(j) − a(j)φ(j) + c(j). (22)

Here j is the order book index so that, for example, D1 and D2 are the order diffusion

rates for the two limit order books with random driving forces V
(1)
t and V

(2)
t . We

have that the trade prices for the jth order book are:

p(j)(t) = x s. t. φ(j)(x, t) = 0. (23)

We assume that the annihilation rates are constants:

a(j)(x, t) = νj . (24)

The creation term is separated further into a source terms s(j), coupling terms ℓ(j,k),
and shocks δ(j) for the jth assets order book:

c(j,k)(x, t) = s(j)(x, t) + ℓ(j,k)(x, t) + δ(j)(x, t). (25)

The source terms are assumed to be either latent order book sources or lit order book
sources. If there is an order book coupling from the jth order book to (say) the kth

order book this will be carried by the coupling term ℓ(j,k). If there is no coupling then
we can drop the k index on the source term. Boundary condition considerations (to
ensure that that the integral under φ(i) is constant) make it convenient that we will
only consider the lit order book sources (Gant, 2022a; Diana and Gebbie, 2023a):

s(j)(x, t) = −λjµj(x− p(j)(t))eµj(x−p(j)(t))
2

(26)

3.1.1 Order book couplings

We use the pair-wise couplings proposed by Diana and Gebbie (2023a) and imple-
mented in Diana and Gebbie (2023b) between the jth and kth order books:

ℓ(j,k)(x, t) = G(x, t, p(j),∆pjk) = Gj(x, t)

ℓ(k,j)(x, t) = G(x, t, p(k),∆pkj) = Gk(x, t)
(27)

The coupling equations are a function of the difference in mid-prices of two order
books where p(j) in φ(j) is above p(k) (in φ(k)), then more bids are placed above the
mid-price in φ(j) to push the mid-price down to φ(k)’s mid-price. To achieve this we
define:

gj(x, t) = −λjµjxe
µjx

2

, (28)
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where λj and µj are constants specific to the jth order book, and ∆pjk is the difference
between the mid-prices of the two order books: ∆pjk = p(j) − p(k):

Gj =



gj
(
x− p(j)(t)

)
∆pjk , x > p(j)(t),∆pjk > 0

gj

(
j

∆pjk
(x− p(j)(t))

)
, x ≤ p(j)(t),∆pjk > 0

gj
(
x− p(j)(t)

)
∆pjk , x ≤ p(j)(t),∆pjk ≤ 0

gj

(
1

∆pjk
(x− p(j)(t))

)
, x > p(j)(t),∆pjk ≤ 0.

This has the interpretation of an external agent (such as a pairs trader) observing the
system, and buying (or selling) the one asset according to whether the mid-price of
the other asset is as described above. In this way the system can be generalised to
many assets being traded by pair-traders. Here we will focus on only two assets.

3.1.2 Order book shocks

Order book shocks are used to estimate the price impact (Diana and Gebbie, 2023a).
These involve introducing a shock based of size Q and measuring the change in price
as a result.

3.1.3 Information shocks

The driving force V
(j)
t is taken to be a Brownian Motion. When the information

shocks are synchronised then there is only one source for the stochastic force potential
Vt and we drop the k index.

3.2 Coupled update equations

The coupled simple diffusion equation given in Equation [22] can be numerically solved
using an update equation (see Section 2.1) which can be extended to include non-
uniformly sampled times (see Section 2.8) and is then given in Equation [29] for a set
of coupled order books:

φi(j)
n = 1

2 (r−F
(j)
n−1)φ̂

i−1(j)
n−1 + 1

2 (r+F
(j)
n−1)φ̂

i+1(j)
n−1 − (r− e−νj∆tn−1)φ

i(j)
n−1+ c

(j,k)
i,n−1∆tn−1.

(29)

3.2.1 Lattice parameters

As we assume that the diffusion limit exists in Equation [11]:

D =
r

2

∆x2

∆t
(30)

We can then use this to set the lattice price grid increments in terms of the lattice
time increments3:

∆x =

√
2D

r
∆t (31)

3Note that this implies an uncertainty principle: ⟨∆x∆x
∆t

⟩ = 2D
r

and ⟨∆t∆x2

∆t2
⟩ = 2D

r
that limits the

minimum allowed grid combinations on the lattice. The price changes in terms of the velocity of the prices,
and the time changes in terms of acceleration of the prices.
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Here we first select the time increment ∆t and then use this to set the price increments
∆x. Similarly if we first select ∆x then ∆t is:

∆t =
r

2

∆x2

D
(32)

To simulate non-uniformly sampled grids in time we then assume that the time
changes are exponentially distributed: ∆t ∼ Exp(λit). Using this, we can have two
different clocks, one for each of the two order books as defined by the two intensities,
λ1 and λ2 (Diana and Gebbie, 2023a).

3.2.2 Limit order book parameters

The following parameters are used in the implementation by Diana and Gebbie (2023a,b):

Parameter Description Type Value

L System length Fixed 200

M Number of divisions Fixed 400

r Probability of self jump Fixed 0.5

D Diffusion rate Free 0.5

ν Cancellations rate Free 14.0

γ Fraction of derivative Free 1.0

p1,2(0) Initial prices Fixed 230.0

λ1,2 Source terms intensities Fixed 1.0

µ1,2 Source terms rates Fixed 0.1

∆x Change in x ( L
M ) Fixed 0.5

∆t Change in t (see Equation [32]) Free 0.0625

Table 1: The base model parameters used in the coupled order book model with accompanying description.
Also shown is whether a value was fixed or free when the calibration of the model was conducted in Section
5. ∆t is a free parameter due to it being a function of D which is a free parameter. These parameters
are used in this section to plot figures 1, 2 & 3. They are also used in Section 4 to plot Figure 5 and we
change the values of ∆t and ∆x for figures 6 & 7, respectively and the value of ν for Figure 8.

In Table 3.2.2 we provide the base parameters used in the model. These values
were arbitrarily chosen as an initial starting point. L is the system length and M is
the number of divisions within the system length. Both are used to determine the size
of ∆x where ∆x = L

M . D is the diffusion rate described in Equation [30], r is the
probability of a jump occurring (which would lead a change in price), ν is the rate
at which orders in the order book are cancelled, γ is the fraction of the derivative (in
Equation [30] we have shown the case where γ = 1), p1,2(0) are the initial prices for
the two order books, λ1,2 and µ1,2 are the source term variables defined in Equation
[26] for the two order books.

3.3 Coupled order books visualisation

3.3.1 Price paths

In Figure 1 we demonstrate price paths generated using our model when considering a
two-coupled order book case using the parameters from Table 3.2.2. The price paths
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in the figures for order book A and B are blue and red, respectively. In Figure 1a we
use the case of non-uniform ∆t as described in Section 3.2.1 in our model. In Figure
1b we use the case of a uniform ∆t (see Equation [32]) in our model.

3.3.2 Price dynamics

In figures 2 and 3 we showcase through snapshots of time increments ∆t the effect an
order book shock has on the mid-price p when applying a non-uniform ∆t and uniform
∆t to our model, respectively. In the subplots for both figures, blue represents the
density of the order book we are modelling at the current time, green represents the
orders which are about to be added via the source term, gold represents the orders
which are about to be removed via the removal rate and pink represents an order
book shock. The state of equilibrium in the system is where all the lines meet (i.e.
the order density is 0) and is the mid-price p.p and xm are shown at the top right for
each time increment ∆tm.

When looking at the non-uniform ∆t case in Figure 2 we start with an initial
order book shock as shown by the pink spike in Figure 2a. This results in an increase
in density and a counteracting decrease in removals as shown in Figure 2b. This
increase in density and decrease in removals persists in figures 2c, 2d and 2e at which
point the shock is gone and the density and removals remain. Note that the removal
density is smaller in magnitude to the density of the order book indicating that there
is more willingness to buy than to sell and as such will result in a price increase to
accommodate for this increased demand. We see this play out as the system seeks
a new equilibrium by the increases in p as seen in figures 2f, 2g and 2h. Finally in
Figure 2i the system reaches equilibrium at an increased mid-price p = 230.19.

Similarly, when looking at the uniform ∆t case in Figure 3 we start with an initial
order book shock as shown by the pink spike in Figure 3a. This results in an increase
in density and a counteracting decrease in removals as shown in Figure 3b. This
increase in density and decrease in removals persists in Figure 3c at which point the
shock is gone and the order book density and removals remain. Note again that the
removal density is smaller in size to the density of the order book indicating that there
is more willingness to buy than to sell and as such will result in a price increase to
accommodate for this increased demand. We see this play out as the system seeks a
new equilibrium by the increases in p as seen in figures 3d and 3e. Finally in figures 3g,
3h and 3i we see the system reach equilibrium at an increased mid-price p = 230.32.
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(a) Non-uniform ∆t

(b) Uniform ∆t

Figure 1: Figures 1a & 1b show the price paths generated using the coupled order book equation in
Equation [3.2] with parameters defined in Table 3.2.2 when we couple two order books for the case of
non-uniform ∆t and uniform ∆t respectively (See Section 3.2.1). Refer to Table 4 on how to reproduce
these figures.
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(a) Time 1 (b) Time 2 (c) Time 3

(d) Time 4 (e) Time 5 (f) Time 6

(g) Time 7 (h) Time 8 (i) Time 9

Figure 2: Figures 2a to 2i show a sequence of snapshots depicting the effect of an order book shock on
one of the order books which increases price p when we use non-uniform ∆t for the coupled order book
equation in Equation [3.2] with parameters defined in Table 3.2.2. Since ∆t is varied at each time step
this results in a different ∆xm for each time step. This corresponds to the price change spike around time
t = 50 in Figure 1a for Path A. ∆xm and the mid-price p for each snapshot are shown on the top right
of each figure. We use pink to indicate an order book shock, gold to indicate order cancellations, green to
indicate order arrivals and blue to indicate the mid-price. Note that some of the time increments appear
the same but this is as a result of rounding. Where all the lines meet is the equilibrium and forms the
mid-price p. Refer to Table 4 on how to reproduce these figures.
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(a) Time 1 (b) Time 2 (c) Time 3

(d) Time 4 (e) Time 5 (f) Time 6

(g) Time 7 (h) Time 8 (i) Time 9

Figure 3: Figures 3a to 3i show a sequence of snapshots depicting the effect of an order book shock on one
of the order books which increases price p when we use uniform ∆t for the coupled order book equation in
Equation [3.2] with parameters defined in Table 3.2.2. This corresponds to the price change spike around
time t = 50 in Figure 1b for Path A. ∆xm and the mid-price p for each snapshot are shown on the top right
of each figure. We use pink to indicate an order book shock, gold to indicate order cancellations, green to
indicate order arrivals and blue to indicate the mid-price. Where all the lines meet is the equilibrium and
forms the mid-price p. Refer to Table 4 on how to reproduce these figures.
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4 Epps Effect

Epps (1979) showed that for very short time frames (such as minutes) correlated
stocks show very little to no correlation. However, if you observe the correlated stocks
over a longer time frame (such as hours or days) they tended toward their expected
correlations. In other words, he showed that when you look at stock returns very
frequently, they may seem less correlated, but when you aggregate the data over
longer time intervals, the correlations become more pronounced. This phenomenon
has been corroborated in other studies on equities (Bonanno et al., 2000; Zebedee and
Kasch-Haroutounian, 2009; Tumminello et al., 2006; Mastromatteo et al., 2010) and
foreign exchange markets (Muthuswamy et al., 2001).

There are three sources which appear to contribute to the Epps effect - asynchrony,
lead-lag and tick-size (Chang et al., 2021a), However, these all seem to be artefacts of
the fundamentally discrete event nature of real financial markets(Chang et al., 2021b).
These sources were explored by others and we highlight some examples here. Münnix
et al. (2010) explored the effect that the tick-size has on the Epps effect. Renò (2001)
investigated asynchrony when there is a lead-lag present. Precup and Iori (2007)
explored varying the levels of asynchrony and showed that this resulted in differently
behaving Epps effects. An analytical representation for the Epps effect was shown
in Tóth et al. (2007); Tóth and Kertész (2009) and extended by Mastromatteo et al.
(2010) to differentiate between the effects of lead-lag and asynchrony.

It is important to realise that Chang et al. (2021b) speculate that the Epps effect
should best be understood as a fundamental property arising from the discrete nature
of high-frequency financial markets. They questioned whether diffusion processes are
an appropriate underlying model representation and that the use of latent models
has potentially clouded our understanding of high-frequency finance. They argue
that high frequency correlation dynamics can be faithfully recovered when tick data
is represented as a web of interconnected discrete events, rather than being samples
from continuous Brownian diffusion’s as framed by a particular latent model, even
when combined with noise.

This has important implications in the current work. Here we show that discrete
non-uniform sampling of a continuous-time fluid model generates the Epps effect! This
appears to confirm the perspective suggested by Chang et al. (2021b) that discretisa-
tion is the primary or foundational cause of the Epps effect, that lead-lags are dressing
the underlying impact of discretisation. This can be seen in that an Epps effect arises
both in non-uniform and uniform sampling. As long as the system comprises discrete
events that do not naturally align in a unique global trading time, when trading in the
two order books is discrete, because of discreteness, then there are events that cannot
be uniquely aligned when compared cross-sectionally. This means that correlations
can only emerge on averaging scales sufficiently long that there are enough events in
the discrete sample periods to meaningful allow estimation.

In this section we show that our model, as described in Equation [22], produces this
Epps effect phenomenon as shown in Figure 5 for both the uniform and non-uniform
∆t cases. We further interrogate the numerical scheme by exploring different different
grid point manifestations by changing ∆x and ∆t in figures 6 & 7 and finally show
the effect of having different values for our model parameter ν in Figure 8.

4.1 Correlation estimators

To begin we will first need to estimate the correlations. We implement the non-
uniform fast Fourier transform (NUFFT) using the Dirichlet basis kernel with fast
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Gaussian gridding (FFG) as described in Chang et al. (2020a). The reasons for using
this method are:

i NUFFT methods work well with data that is asynchronous, discrete and event-
driven as is the case with our data;

ii the Dirichlet kernel has been shown to plausibly recover the theoretical Epps
curve;

iii FFG is computationally efficient.

A pseudo explanation of the algorithm is in Section 7.2 but a high-level overview of
it is as follows:

1. Convolve nonuniform source points on the over-sampled grid:

fγ,dpi(ξ) =

ni−1∑
h=1

δi(Ih)γ̃(ξl − tih), for l = 0, ...,Mr − 1. (33)

2. Discrete Fourier Transform (DFT) on the over-sampled grid with standard FFT:

Fγ(dpi)(k) =

Mr−1∑
l=0

fγ,dpi(ξl)e
−2πikl/Mr , for k = −Mr

2
, ...,

Mr

2
− 1. (34)

3. Deconvolve the effects of the convolution in the Fourier space:

F (dpi)(k) =
Fγ(dpi)(k)

γ̃(k)
, for k = −N, ..., N. (35)

4.2 Results

4.2.1 Null and empirical case

In Figure 4a we observe the correlations over varying changes in time scale (∆t)
between two coupled Brownian motions. We use this to confirm that if our model
does produce an Epps effect it is not due to how we compute our correlations. There
is a flat line as ∆t increases, confirming that there is no correlation between the two
coupled Brownian motions for all ∆t. We can thus be confident in any proceeding
findings.

In Figure 4b we use empirical data from Chang et al. (2020b) to observe the
correlations between two banking stocks listed on the JSE, namely, Standard Bank
(SBK) and Nedbank (NED). These are an example of correlated shares which produce
an Epps effect (Chang et al., 2021a). We confirm that we are able to reproduce this
finding using our method of computing correlations as the correlations form an Epps
effect over changes in time scale (∆t).

4.2.2 Initial result

Using the parameters from Table 3.2.2 in our model we are able to produce a price path
for each of the two coupled order books for the non-uniform ∆t case and uniform ∆t
case. We then use these price paths to produce Figure 5 which plots the correlations
of the price paths (ρ) against changes in time scale (∆t) for non-uniform ∆t in Figure
5a and uniform ∆t in Figure 5b. We further include the power density curve as an
inset in the bottom right of both figures. In Figure 5a we see the emergence of the
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(a) Null Case (b) Empirical Case

Figure 4: In Figure 4a we use two coupled Brownian motions and estimate their correlations over changes
in time scale ∆t. We confirm that there is a resulting horizontal line of correlations ρ ≈ 0, therefore showing
that our estimation scheme does not affect the results. In Figure 4b we use daily share data of two correlated
bank stocks (Standard Bank - SBK and Nedbank - NED) and show the Epps effect emerges when using
the correlation estimation scheme defined in Section 4.1. Our model should produce a similar curve for
the correlated order books. Refer to Table 4 on how to reproduce this figure.

Epps effect, however, there appears to be periodic drops in correlations for different
time scales. The power spectrum curve decays with a few minor spikes. Similarly in
Figure 5b we see the emergence of the Epps effect however the drops in correlation
have a greater magnitude. The power spectrum curve shows more noticeable spikes as
it decays. Taking both figures into account we see that these drops in correlation and
their magnitude influence the spikes seen in the decay of the power spectrum curve.

4.2.3 Changing ∆t

We now explore the effect of changing ∆t on the output of the Epps of effect. Figure
6 shows the effect of increasing ∆t while keeping a constant ∆x = 1

2 . We accomplish
this by using Equation [32] and changing the value of D, the diffusion rate. We choose
to hold r, the probability of a self jump, constant. There are four plots and each has
an accompanying power spectrum curve as an inset in the bottom right-hand corner.
The first starts with ∆t = 0.0625 (D = 1.0) the next has ∆t = 0.0781 (D = 0.8)
followed by ∆t = 0.125 (D = 0.5) and finally we end with ∆t = 0.2083 (D = 0.3).
The Epps effect is shown quite clearly in all of the plots. However, as with Figure
5, each plot displays instances where there are seemingly random drops in correlation
at values of ∆t. These drops in correlation appear to increase in magnitude as ∆t is
increased. The power spectrum curves of each show a spiky decay where the size of
the spikes are related to the increase in the magnitude of the drops in correlation.

4.2.4 Changing ∆x

Figure 7 shows the effect of changing ∆x while keeping a constant ∆t = 0.03 on the
emergence of the Epps effect. The are four figures starting with ∆x = 0.25 then
∆x = 0.33 followed by ∆x = 0.5 and finally ending with ∆x = 0.75. Each figure is
accompanied by a plot of the power spectrum inset which is at the bottom right-hand
corner of the figure. The Epps effect is shown in figures 7a, 7b and 7c with all the
figures showing periodic drops in correlation at particular ∆t. Figures 7a, 7b appear
quite similar compared with Figure 7c which has comparatively much larger drops in
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(a) Non-uniform ∆t

(b) Uniform ∆t

Figure 5: For figures 5a, 5b we use our model in Equation [29] with parameters from Table 3.2.2 to
generate price paths for two coupled order books. Figure 5a uses non-uniform ∆t and Figure 5b uses
uniform ∆t (See 3.2.1). We then estimate the correlations between the two generated price paths ρ for
different time scales ∆t by using the NUFFT estimator (See Section 4.1). The correlations have been
averaged over 10 iterations. We further include the power spectrum curve which compares power to the
log frequency as an inset in the bottom right of the figures. We observe in both that the correlations follow
the Epps effect curve with periodic drops in correlation while noting that the magnitude of these drops is
a lot bigger in Figure 5b compared with 5a. For the power spectrum curves we observe in both decaying
power as frequency increases which indicates there is initially a signal which quickly disappears. We note
that 5b has a more noisy decay compared with Figure 5a. Refer to Table 4 on how to reproduce this figure.
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(a) ∆t = 0.0625 ∆x = 0.5 (b) ∆t = 0.0781 ∆x = 0.5

(c) ∆t = 0.125 ∆x = 0.5 (d) ∆t = 0.2083 ∆x = 0.5

Figure 6: We explore the effect changing ∆t while keeping ∆x = 0.5 has on the Epps effect. Using
Equation [32] we can manipulate the value of ∆t by changing D or r or both. We have opted to leave
r = 0.5 and to change D by setting it to 1 for Figure 6a making ∆t = 0.0625, 0.8 for Figure 6b making
∆t = 0.0781, 0.5 for Figure 6c making ∆t = 0.125 and 0.3 for Figure 6d making ∆t = 0.2083. All other
parameters have remained the same as in Table 3.2.2. We have also included the power spectrum curve for
each of the figures. We see the Epps effect emerge in each of the figures while each figure shows periodic
drops in correlation. Further, the power spectrum curve decays as in Figure 5 for figures 6a, 6d but the
decays begin to become increasingly spiky for figures 6b, 6c. These increasing spikes seen in the decay are
matched by increases in the magnitude of drops in correlation. Interestingly the magnitude of drops in
correlation increase as ∆t increases in figures 6a,6b and 6c but then is reduced in Figure 6d. Each of the
four figures shows correlations which have been averaged over 10 iterations. Refer to Table 4 on how to
reproduce these figures.
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correlation. Again we see the power spectrum in each decay with spikes which are
increased in magnitude based on the increased drops in correlation. Figure 7d does
not show the Epps effect and in fact, shows a decreasing trend in correlation ρ for
changes in time scale ∆t.

4.2.5 Changing ν

We try to explain the drops in correlation seen previously by exploring the effects of
changing ν.

Figure 8a examines the effect of changing ν on the Epps effect when we use non-
uniform ∆t combined with the parameters from Table 3.2.2. We show the Epps effect
for values of ν starting at ν = 1 and incrementing by 3 until we reach a value of
ν = 16. We see that at ν = 1 we are able to recover the Epps effect without any drops
in correlation. As ν increases we start to see the drops in correlation previously seen
and there appears to be a positive correlation between the magnitude of ν and the
magnitude of the drop in correlation. In other words, as ν is increased the drops in
correlation increase in size.

Figure 8b examines the effect of changing ν on the Epps effect when we use uniform
∆t combined with the parameters from Table 3.2.2. We show the Epps effect for values
of ν starting at ν = 1 and incrementing by 3 until we reach a value of ν = 16. Similarly
to the non-uniform ∆t case, we see that at ν = 1 we are able to recover the Epps
effect without any drops in correlation. As ν increases we start to see the drops in
correlation previously seen. These drops in correlation have a far greater size than in
the case of non-uniform ∆t. Again, there appears to be a positive correlation between
the magnitude of ν and the magnitude of the drop in correlation. In other words, as
ν is increased the drops in correlation increase in size.
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(a) ∆t = 0.1 ∆x = 0.25 (b) ∆t = 0.1 ∆x = 0.33

(c) ∆t = 0.1 ∆x = 0.5 (d) ∆t = 0.1 ∆x = 0.75

Figure 7: We explore the effect of changing ∆x while keeping ∆t = 0.1 on the Epps effect. Given that
∆x = L

M
we can manipulate its value by changing L or M or both. For Figure 7a we have decreased

L = 100 so that ∆x = 0.25, for Figure 7b we have decreased L = 100 and M = 300 so that ∆x = 0.33,
for Figure 7c we have kept the values the same and for Figure 7d we have increased L = 300 so that
∆x = 0.75. We have also included the power spectrum curve for each of the figures. Similar to Figure 6
we see the Epps effect emerge for figures 7a, 7b and 7c with each showing periodic drops in correlation.
However for Figure 7d there is no Epps effect with the curve decreasing over increases in time differences.
Further, and again, the power spectrum curve initially decays as in Figure 5 for figures 7a, 7b but the
decay becomes increasingly spiky for Figure 7c. These increasing spikes seen in the decay are matched
by increases in the magnitude of drops in correlation. Interestingly the magnitude of drops in correlation
increase as ∆x increases from figure 7b to 7c. Each of the four figures shows correlations which have been
averaged over 10 iterations. Refer to Table 4 on how to reproduce these figures.
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(a) Non-uniform ∆t

(b) Uniform ∆t

Figure 8: We further investigate the reason for the drops in correlation by comparing the Epps effect
when we use different values of ν when we use uniform and non-uniform ∆t (see 3.2.1) for figures 8a, 8b
respectively. We start at ν = 1 and increase in increments of 3 until ν = 16. The rest of the parameters
remain the same as those from Table 3.2.2. We show that the magnitude of the drop in correlations
appears to be related to an increase in ν. Each of the correlation curves using different values of ν has
been averaged over 10 iterations. Refer to Table 4 on how to reproduce these figures.
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5 Calibration

We now seek to improve our model parameters by trying to calibrate them using empir-
ical data. Given the model is simulating intraday trading, we have opted to follow the
insights found in the agent-based modelling (ABM) literature. In the early stages of
ABM research, parameters for the model were chosen manually to highlight they could
generate very specific statistical characteristics in the simulated data e.g. log-return
stylised facts. However, there was no assessment to determine if the distribution of
the generated data matched that of real empirical data, and no demonstrations of the
extent to which parameter choices were pathologically chosen to unreasonably tune
the model; where they would otherwise be unstable under small parameter changes
(have large parameter sensitivity and degeneracies), or merely reflecting instability
in the choice of objective functions in the presence of multiple similar local optima
(objective function degeneracy). This implied that many of the early attempts in the
ABM literature to claim this or that insight were not statistically meaningful, and
often did not always faithfully reflect the models themselves. This created a calibra-
tion challenge, where the model needed to be fine-tuned to better match real-world
data (Fabretti, 2013; Platt and Gebbie, 2017) in a more statistically believable manner
(Platt, 2020).

To address this calibration problem, researchers typically employ one of three
common methods for financial ABMs (Platt and Gebbie, 2017).

1. Maximum Likelihood Estimation: This method is suitable for models with closed-
form solutions, particularly for daily sampled data and approximating closing
auctions. However, it is not appropriate for models involving intraday trading.

2. Bayesian Inference: Bayesian inference constructs a posterior distribution of the
model’s parameters using techniques like kernel density estimation or paramet-
ric approaches. While this method can outperform other techniques in various
scenarios (Platt, 2020), it is computationally intensive.

3. Method-of-Moment using Simulated Minimum Distance (MM-SMD): This method
is chosen in the context described because it is computationally manageable, and
does not require closed-form solutions. MM-SMD involves matching moments
of the simulated data to those of empirical data, making it a practical choice for
calibration.

It is important to note that MM-SMD has its limitations (Platt, 2020). Critics have
pointed out that it can lead to parameter degeneracies and unpredictable impacts
on the optimisation process, causing it to converge to local optima (Platt and Geb-
bie, 2017). Furthermore, MM-SMD relies on the selection of specific moments that
may only represent a limited set of aggregate properties in the data, potentially miss-
ing important dynamics. The method can also have a “degrees-of-freedom problem”
when there are not enough moments relative to parameters and the intra-parameter
relationships and degeneracies.

Despite these shortcomings (as an estimation method), MM-SMD remains a quick,
straightforward, and reliable method for calibrating intraday trading models. Partic-
ularly when there are more moments than parameters. This is why it is our chosen
method of calibration. However, it is crucial to consider the calibrated parameters as
indicative rather than robust (that is useful for inference) due to these inherent issues
(Jericevich et al., 2021a).
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5.1 Data

When using the empirical data we needed to filter and prepare the data for analysis.
This involved discarding data related to the opening and closing auctions, focusing only
on trading activity that occurred between 9:00 and 16:50. Additionally, we observed
that the first minute of trading produced unreliable data, so we decided to exclude it
from our analysis to facilitate the model calibration.

To ensure the data was clean and relevant, we removed events associated with
intraday volatility auctions and the impact of various futures close-outs. Since futures
close-outs only occur in March, June, September, and December, we didn’t need to
consider these cases. We also eliminated unwanted trades, such as after-hour trades
(LT), corrections of the previous day’s trades (LC), and auction uncrossing price trades
(IP), focusing solely on automated trades (AT).

In financial markets, it’s common for larger trades to be executed as a combination
of smaller trades. This can lead to a single trade at a specific timestamp being split into
multiple smaller trades, impacting the best bid and best ask prices as they fluctuate
in the order book. The data may represent this event as multiple trades when it’s
actually a single trade. Additionally, some timestamps may have multiple quotes
associated with them.

To address these complexities in the data, we conducted trade and quote com-
pacting. This process involved modifying the data to better reflect the occurrence
of a single trade and ensuring that there was only one quote per timestamp. When
multiple quotes shared the same timestamp, we retained the most recent quote and
removed the others. For trades with the same timestamp and the same order type,
we calculated the aggregated trade volume for that timestamp and determined the
price as the volume-weighted average price. This step was essential for cleaning and
simplifying the data for our analysis.

5.2 Selection of moments

In the process of constructing MM-SMD, we must first select our moments. We use
the recommendation put forth by Winker et al. (2007) to use a substantial number
of moments, encompassing a wide array of characteristics drawn from empirical data.
This selection serves to improve the chances of accurately identifying the parameters
of our model. The moments chosen for this purpose are shown in Table 2. These
moments have been selected due to their ability to encompass stylised facts that we
aim to reproduce within our model.

Notably, we deviate from the prior study in Jericevich et al. (2021a) by excluding
kurtosis as one of the chosen moments. Empirical research has shown the unreliability
of kurtosis as a moment (Winker et al., 2007). Jericevich et al. (2021a) explained
the limited reliability of kurtosis, citing instances where it generated elevated values
attributable to extreme initial price changes, subsequently leading to prolonged price
stagnation.

To evaluate the fat-tailed characteristics of the return distribution, we employ the
“improved” Hill estimator to determine the tail-index of the upper 5% of the right tail
of the log-return distribution (Winker et al., 2007). The standard deviation of log-
returns is retained as a moment, given its recognition as a robust statistical measure
with a higher likelihood of presence compared to kurtosis.

Furthermore, we base the estimation of these moments on micro-price log returns,
as opposed to mid-prices. We decided on this, as Jericevich et al. (2021a) have em-
pirically demonstrated that employing mid-prices for this purpose leads to unreliable
outcomes in the characterization of distributional properties.
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Moments Targeted Empirical Feature Description

Mean, Std. Distribution shape The mean, µ, and standard deviation, σ, mea-
sure the shape of the log-return distribution.

KS Distribution shape The Kolmogorov-Smirnov (Massey, 1951) (KS)
statistic is used to compare the maximum ab-
solute difference between the CDFs of the em-
pirical and simulated log-returns. This is used
to test if the samples are drawn from the same
distribution.

GPH Long-range dependence Geweke and Porter-Hudak (1983) (GPH) pro-
vide an estimate for the fractional integration
parameter d ∈ [−0.5, 0.5] in absolute log-returns
time series by estimating the memory parame-
ter in the log-periodogram. This measures the
long-range dependence in log-returns.

ADF Serial auto-correlation The Augmented Dickey-Fuller (Dickey and
Fuller, 1979) (ADF) statistic tests for the pres-
ence of a unit root in the time series of the log-
returns. The more negative the test statistic the
less evidence there is for the presence of a unit
root.

GARCH α+ β Short-range dependence The parameters of the GARCH(1,1) model pro-
vide a useful summary for the short-range de-
pendence in the squared returns. Winker et al.
(2007) found that the sum of the parameters in
the GARCH(1,1) model is a more robust statis-
tic as compared to the individual parameters.

HE Power-law tail The Hill Estimator (HE) is used to estimate the
tail-index of a power-law distribution which can
be used to infer the power-law behaviour in the
tails of experimental distributions. Nuyts (2010)
proposed an “improved” Hill estimator to rem-
edy the issues with the standard estimator.

H Long-memory The Hurst (H) exponent (Hurst, 1951; Mandel-
brot and Wallis, 1969) provides a measure of the
long-memory of the log-returns. If H ∈ [0, 1] is
significantly far from 0.5 we have evidence that
the log-returns do not follow a random walk.
Furthermore, if H ∈ [0, 0.5) then the process is
said to be mean-reverting and if H ∈ (0.5, 1] the
process is said to be trending.

Table 2: A list of all the moments used for calibration with the features they calibrate for and a description of the
moment adapted from Jericevich et al. (2021a); Dicks et al. (2023).
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5.3 Simulated minimum distance

The calibration problem involves optimising a stochastic approximation of an objective
function where we aim to minimise the function f(θ) - θ represents a parameter vector
within the parameter space θ, and f stands for the objective function itself. In our case,
the parameters we wish to optimise are θ = [D, ν, γ] which are detailed in Table 3.2.2
and are our free parameters. The other parameters L and M were initially also free
however in practice allowing them to change added negative or no value to improving
the Epps effect or the the stylised facts and thus were kept constant.

The MM-SMD method takes into account three categories of moments: the true
moments m = (m1, ...,md), the estimated moments from empirical intraday price
data me = (me

1, ...,m
e
d), and the moments estimated from simulated price paths given

specific parameters θ, ms|θ = (ms
1, ...,m

s
d). The true moments m are the actual

moments of the selected moments of log-returns or features, which cannot be known
directly. The estimated moments me are derived from the empirical intraday price
path data. The moments ms|θ can be estimated from the simulated price path of the
model given a particular set of parameters θ. Using the standard method of moments
condition E[ms|θ] = m. If we know m then E[ms|θ − m] = 0 and given I number

of Monte Carlo simulation iterations we have that 1
I

∑I
i=1[m

s
i |θ −m] = 0. As we do

not know the true moments m, we use the estimated moments me instead. We define
an error measure E in terms of the distance between the simulated moments and the
estimated moment:

Ê(θ) =
1

I

I∑
i=1

[ms
i |θ − me] (36)

The number I of Monte Carlo replications are key to reducing the variance of
the stochastic approximation of the objective function. We set I = 5 as it is more
computationally practical, however, it should be noted that a number greater than 5
is ideal to reduce the effects of randomness.

We are able to construct the full optimisation function as a Weighted Sum of
Square Errors in E with a matrix of weights W as follows:

f(θ) = Ê(θ)TW Ê(θ) (37)

Following Winker et al. (2007), we set W = Cov[me]−1, as this intuitively applies
larger weights to moments with greater uncertainty (Platt and Gebbie, 2017). We
estimate W using a moving block bootstrap, as this is meant to preserve the auto-
correlation in the time series. The window size used is 2000.

5.4 Optimisation

Due to computational constraints, we have opted to use the Nelder and Mead (1965)
(NM) optimisation algorithm. In the context of optimising a set of n-free parameters,
the NM algorithm constructs a simplex consisting of n + 1 vertices. Each vertex
represents a potential solution within the optimisation space. During each iteration,
the simplex undergoes a transformation of either a reflection, expansion, contraction,
or shrinkage operation. These transformations are carried out repeatedly until one of
the following conditions is met: either the convergence criteria are satisfied, or the
optimisation process is terminated due to a stopping condition.

To avoid a rapid descent into local minima resulting from the stochastic approx-
imation of the objective function we have combined the Threshold Acceptance (TA)
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algorithm with the NM algorithm. The TA algorithm involves a process where it
selects a single point within the objective function and introduces perturbations to
create a new point. If this new point yields a superior objective function value or is
within a threshold τ of the current solution, it is adopted as the new solution (Winker
et al., 2007). This inclusion of somewhat suboptimal solutions allows the algorithm
to break free from local optima, enhancing its exploratory capabilities. It is worth
noting that the threshold value τ is progressively reduced during the optimisation
process, facilitating convergence. Each value of τ is employed for a predetermined
number of steps, ensuring that the algorithm traverses the parameter space under
various threshold conditions multiple times, as explained in the work by Jericevich
et al. (2021a).

The combination of the Threshold Accepting (TA) and Nelder-Mead (NM) algo-
rithms results in the NMTA algorithm. In the NMTA algorithm, at each iteration, a
decision is made to execute either a single step from the TA algorithm or a single step
from the NM algorithm. The choice between a TA or NM algorithm step is probabilis-
tic, with TA being selected with a probability denoted as ε and NM with a probability
of 1 - ε. NM is favoured with a higher probability. The TA algorithm is applied to the
vertex with the lowest objective function value within the simplex. The magnitude of
perturbation applied in the TA algorithm is contingent on the mean value calculated
over the entire simplex for the parameter under consideration, as detailed in the study
by Jericevich et al. (2021a). Furthermore, it is important to note that during the
operations in the simplex search, the objective function values are also subjected to
comparison using the same thresholding criteria as in the TA algorithm. This ensures
that suboptimal solutions are appropriately considered and selected within the NM
algorithm.

During initial testing using the NMTA algorithm, we found that the values required
bounds to observe better results in terms of the stylised facts and the Epps effect.
The bounds used are as follows: ν ∈ [0,∞), D ∈ [0,∞), γ ∈ [0.4, 1]. We ran 100
iterations of the algorithm on each attempt at calibration. The values were found to
be highly sensitive and convergence changed significantly during each attempted run
of the NMTA algorithm. As such the final values can not conclusively be considered
as the most optimal values.

5.5 Results

Table 3.2.2 shows the calibrated values found using the NMTA algorithm with asso-
ciated confidence intervals. The magnitude in variation of the confidence intervals for
D and ν show that can have very little confidence in values obtained. In contrast the
confidence interval for γ has a lot less variation and as such we have more confidence
in its value.

Using the values from Table 3.2.2 we generate the figures in Figure 9. Both figures
show the correlations over different time scales with the power spectrum as an inset
in the bottom right hand corner of the figure. For Figure 9a we use non-uniform ∆t.
We see clearly the emergence of the Epps effect and notably without any drops in
correlations such as the figures seen in Section 4. Further the power spectrum decays
without any spikes providing more of an indication of the relationship between the
spikes in the power spectrum with the drops in correlation. Given the calibrated value
of ν = 12.55 and based on the results of Figure 9a we would have expected there to
definitely be drops in correlation. However, it appears the decrease in γ combined
with the decrease D resulting in the increase in ∆t have curbed this.

Figure 9b shows the Epps effect when we use the model with uniform ∆t. Again
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Calibrated Values

Parameter Description Type Range Θ0.025 Θ Θ0.975

L System length Fixed 200

M Number of divisions Fixed 400

r Probability of self jump Fixed 0.5

D Diffusion constant Free [0,∞) -4.018 0.27 4.558

ν Cancellations rate Free [0,∞) -21.635 12.55 46.735

γ Fraction of derivative Free [0.4, 1] 0.484 0.57 0.656

p1,2(0) Initial prices Fixed 230

λ1,2 Source terms intensities Fixed 1

µ1,2 Source terms rates Fixed 0.1

∆x Change in x ( L
M ) Fixed 0.5

∆t Change in t (see Equation [32]) Free 0.2315

Table 3: The calibrated model parameters with description and bounds. When running the NMTA algorithm we found
the calibrated values for D, ν and γ along with their confidence intervals. Both D and ν have large confidence intervals
which indicate a very high variability and as such less trust in the actual value, while γ has less variability indicating
more trust in the actual value. The value for ∆t has changed compared to Table 3.2.2 as a result of the change in D.
We use these parameters for the Epps effect figures 9a & 9b and the stylised effects in Figure 10.

we see the periodic drops in correlation with the associacted spikey decay in the power
spectrum. Interestingly we do not see the decrease in γ combined with the decrease
D resulting in the increase in ∆t having any effect on the drops in correlation as we
did with the non-uniform ∆t case.

The stylised facts for the empirical data along with both the non-uniform and
uniform ∆t cases are shown in Figure 10. Each of the cases has three accompanying
stylised facts figures. Each of the three cases (i.e. empirical, non-uniform and uniform
∆t) going from the left most figure to right most has a price curve with a log-returns
inset in top right hand corner, followed by the log returns distribution with a QQ-
plot of the returns in the top right hand corner and a figure with three autocorrelation
curves (ACF) for the log returns, absolute log returns and order flow. Figures 10a, 10b
and 10c show the stylised facts for the empirical results. The output of these figures
is what we would like our model to reproduce. In other words we want a realistic
looking price curve, noisy log-returns, log-returns which follow a normal distribution,
an S-like QQ plot shape with decaying autocorrelations for absolute log returns and
order flow.

Figures 10d, 10e and 10f are the stylised facts for the non-uniform ∆t case. We
see a realistic price curve with noisy log returns in Figure 10d. We see a normal
distribution of log returns and an almost S-like QQ plot in Figure 10e. We only see
an initial autocorrelation decay for the ACF of absolute log returns and no decay for
the order flow in Figure 10f.

Figures 10g, 10h and 10i are the stylised facts for the uniform ∆t case. We see
a realistic price curve with noisy log returns in Figure 10g. It is worth noting that
we have an outlier in the log returns early on, where we see a straight vertical line.
We see a normal distribution of log returns and an almost S-like QQ plot in Figure
10h with the previously mentioned notable outlier for the log returns extending the
positive side of the distribution and showing up in the top right of QQ plot inset. We
see a very minor initial autocorrelation for the ACF of absolute log returns and no
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autocorrelation for the order flow in Figure 10i.
Based on the output of the Epps effect without any drops in correlation accompa-

nied by most of the stylised matching the empirical stylised facts it is clear that the
non-uniform ∆t case is superior to the uniform ∆t case. However, the fact that the
autocorrelations do not match up well to the empirical autocorrelations is something
that most likely can be improved in future work.
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(a) Non-uniform ∆t

(b) Uniform ∆t

Figure 9: Using the calibrated parameter values found in Table 5.5 we generate the Epps effect for non-
uniform ∆t in Figure 9a and uniform ∆t in Figure 9b with an accompanying power spectrum inset. In
Figure 9a we see quite a smooth Epps effect with a similarly smooth decaying power spectrum. This is
unexpected given that ν has a large value of 12.55. In Figure 9b we see the periodic drops in correlation
as noted earlier and a more choppy decaying power spectrum. This indicates that using the non-uniform
∆t case is optimal to produce the better Epps effect. The correlations of each figure have been averaged
over 10 iterations. Refer to Table 4 on how to reproduce these figures.
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(a) Empirical Price Path & Returns (b) Empirical Returns Distribution
& QQ plot

(c) Empirical Autocorrelations

(d) Non-uniform ∆t Price Path &
Returns

(e) Non-uniform ∆t Returns Distri-
bution & QQ plot

(f) Non-uniform ∆t Autocorrela-
tions

(g) Uniform ∆t Price Path & Re-
turns

(h) Uniform ∆t Returns Distribution
& QQ plot

(i) Uniform ∆t Autocorrelations

Figure 10: The stylised facts from the empirical data (figures 10a, 10b & 10c), and the data generated
when using non-uniform ∆t (figures 10d, 10e & 10f) and uniform ∆t (figures 10g, 10h & 10i). If our model
is accurate it should produce a similar output of stylised facts as those shown in figures 10a, 10b & 10c.
In terms of the price returns, both Figure 10d and Figure 10g produce noisy returns and realistic price
curves. Figure 10e and Figure 10h show a normal returns distribution which matches the expected output,
however, the non-uniform ∆t case produces a closer match. We expect to see auto correlations decay and
both Figure 10f and Figure 10i show an initial decay but not for as long as seen in the empirical case in
Figure 10c. Refer to Table 4 on how to reproduce these figures.
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6 Conclusion

This paper aimed to evaluate if the model proposed by Diana and Gebbie (2023a)
produced the Epps effect phenomena, which is an empirical characteristic found in
correlated financial assets, when the correlations over increasing time scales was mea-
sured.

In Section 2 we showed the coupled order book equation given in Equation [22] can
be discretised and numerically solved using an update equation (see Section 2.1) with
zero-flux boundary conditions (see Section 2.3) and initial conditions (see Section 2.5)
to produce the coupled order book equation (see Equation [29]).

In Section 3 we introduced the coupled order book model defined in Equation [22]
with the coupling term defined in Section 3.1.1. We noted that we can implement non-
uniform ∆t and a uniform ∆t case for our model. Figure 1 is an example price paths
generated when using Equation [29] applied to a two-coupled order book scenario for
both cases. We further showed time snapshots of what occurs when there is an order
book shock for both the non-uniform ∆t case in Figure 2 and uniform ∆t case in
Figure 3.

In Section 4 we explain the Epps effect and implement the non-uniform fast Fourier
transform using the Dirichlet basis kernel with fast Gaussian gridding (see Section 4.1)
to estimate correlations between the price paths for different time scales. We verify a
null case to confirm that our estimation scheme does not obscure our results and show
the Epps effect emerge for empirical data (see Section 4.2 and Figure 4). Thereafter
we show that the coupled price paths do produce the Epps effect for both the non-
uniform ∆t and uniform ∆t cases as shown in Figure 5, however, there are periodic
drops in correlation found in both. We tried to understand the cause of these drops
in correlation which resulted in us evaluating the effects of changing ∆t in Figure 6
and ∆x in Figure 7 on the Epps effect while holding the other parameters constant.
We found that increasing ∆t lead to an increase in the magnitude of the drops in
correlation and found a similar result for an increase in ∆x, however we seem to lose
the Epps effect when ∆x is too large as shown in Figure 7d. We then tried to vary
ν for the non-uniform ∆t and uniform ∆t cases as shown in Figure 8 and we had
success showing that increasing ν resulted in increases in the size of the period drops
in correlation, with the uniform ∆t case showing larger decreases compared with the
non-uniform ∆t case. We found that a value of ν close to 1 given the other parameters
are held constant results in no drops in correlation for both cases.

Finally in Section 5 we use empirical data (see Section 5.1) and the method of
moments (see Section 5.3) combined with the Nelder-Mead Threshold Acceptance
optimisation algorithm (see Section 5.4) to calibrate the model parameters, the output
of which is shown in Table 5.5. We found that the calibrated values for D = 0.27
and ν = 12.55 and a large confidence interval indicating that their values are not
very reliable, whereas the value of γ = 0.57 was found to be within a reasonable
confidence interval and therefore a more reliable value. We found that this combination
of parameters produced a desired Epps effect for the non-uniform ∆t case in Figure 9a
without any drops in correlation which came as a surprise given the large value of ν.
The uniform ∆t case produced a similar plot in Figure 9b to the previous ones with an
Epps effect that had periodic drops in correlation. We further compared the stylised
facts produced by both cases to the empirical stylised facts we wish to reproduce in
Figure 10. The non-uniform case performed best as it resulted in stylised facts which
more closely resembled the empirical effects, however, improvements can still be made
with regards to the autocorrelations.

In conclusion, we showed that the model proposed by Diana and Gebbie (2023a)
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does indeed produce the Epps effect when using the calibrated model parameters with
non-uniform ∆t. However improvements can be made in future iterations to identify
the exact cause of the periodic drops in correlation as this is still inconclusive and for
the stylised facts to more closely match the autocorrelations found in empirical data.
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7 Algorithms

7.1 Stochastic finite difference algorithm

Algorithm 1 Diffusion simulation algorithm

Require: {M,x0, xM , r, λt, Dj , νj , β, λj , µj} (Table 3.2.2)
1: Compute Initial Conditions: φi

0

2: Compute Time Steps: {∆tk}Mk=1 and ∆t
3: Compute State Steps: {∆xk}Mk=1 and ∆x (Eqn. [31])
4: Initialise Background Lattice: (xi, tn)
for all n do

for all j do
5: Set Time and State Steps: ∆tn,∆xn
6: Compute Boltzmann Potentials: Vt

7: Compute Jump Probabilities: r, Fn

8: Update Sources: c(j,k)

9: Update Boundary Conditions: φ0
n, φ

M
n

10: Update Interior Points: φi
n (Eqn. [29,20]

11: Find mid-price: pn = {xi : min{|φi
n|}}

end for
end for

return φi
n and pn on lattice (xi, tn)

7.2 Non-uniform fast fourier transform algorithm

Algorithm 2 NUFFT-FFG algorithm

Require:
1.δi = (δi(Ih))

ni−1
h=1 : vector of source strengths for asset i

2. t̃
i
= (t̃ih)

ni−1

h=1 vector of re-scaled sample times for asset i(t̃ih ∈ [0, 2π])
3. M = 2N + 1: the number of Fourier modes computed
4. ϵ: error tolerance
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Step I. Initialisation

I.1. Set: σ = 2
I.2. Set: Mr = σM ;Msp =

[− ln(ϵ)(σ−1/2)
(π(σ−1)) + 1

2

]
I.3. Set: λ =

σ2Msp

σ(σ−0.5) ;hx = 2π
Mr

; t1 =
π
λ

I.4. Set: τ = πλ
M2

r

I.5. Initialise: (f̃l)
Mr
l=1 = 0, a zero vector of length Mr

for k = 1 to Msp do
E3,k = exp(−t1k

2)
end for

Step C: Convolution (33)

for h = 1 to ni − 1 do

b0 = [
t̃ih
hx
], index of nearest up-sampled grid ϵb0 ≤ t̃ih

d =
t̃ih
hx

− b0
E0 = 0, a zero vector of length 2Msp

E1 = e−t1d2 ;E0,Msp = E1;E2 = e2t1d

for k = 1 to Msp do
E0,Msp+k = E3,kE1E

k
2

end for
for k = 1 to Msp − 1 do

E0,Msp−k = E3,kE1E
−k
2

end for
bd = min(Msp − 1, b0); bu = min(Msp,Mr − b0 − 1)
for k = −Msp + 1 to −bd − 1 do

f̃b0+k+Mr+1 = f̃b0+k+Mr+1 + δi(Ih)E0,Msp+k

end for
for k = −bd to bu do

f̃b0+k+1 = f̃b0+k+1 + δi(Ih)E0,Msp+k

end for
for k = bu + 1 to Msp do

f̃b0+k−Mr+1 = f̃b0+k−Mr+1 + δi(Ih)E0,Msp+k

end for
end for

Step F: Compute FFT on over-sampled grid (34)

F.1. Find Fourier coefficients FG(dpi)(k) via FFT on the grid f̃l.

Step D: Deconvolution (35)

Compute: F (dpi)(k) =
√

π
τ e

k2τFG(dpi)(k)
1

Mr

return (F (dpi)(k), k ∈ {−N, ..., N})
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8 Reproducing Research

All the code used in this dissertation can be found on GitHub. This code is an
extension of three prior projects; the first, a project for modelling the order book as
an anomalous diffusion by Diana and Gebbie (2023a) from (Diana and Gebbie, 2023b),
and second, the code used to estimate the Epps effect using Fast Fourier Transform
methods developed by Chang et al. (2020a) from Chang et al. (2020c), and third,
the calibration code developed by Jericevich et al. (2021b) and refined by Dicks and
Gebbie (2022). The complete code release used in this project is that of Bauer and
Gebbie (2024) as mirrored from the GitHub repository (Bauer, 2024).

The language used is Julia. To run a Julia script you will need Julia to be installed
on your system. Once you have done this we recommend installing and using VSCode
with the Julia extension. Download the repository from GitHub to your local machine.
Use VSCode to open the folder where you have stored the repository files. Thereafter
you should be able to go to a Julia file (denoted with the suffix .jl) and click the play
button as shown in Picture 8. It will install the necessary dependencies if they have
not already been and execute the script.

Table 4 shows how each of the figures corresponds to the script as found in the GitHub
repository.

https://github.com/DominicGBauer/InteractingLOBs.jl
https://docs.julialang.org/en/v1/manual/getting-started/
https://code.visualstudio.com/
https://code.visualstudio.com/docs/languages/julia
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Figure Script file location

Figures 1a & 2 price surface with exp.jl

Figures 1b & 3 price surface.jl

Figures 4a & 4b epps null case.jl & epps empirical.jl

Figure 5 epps initial plot.jl

Figures 6 & 7 epps run all.jl

Figures 8a & 8b investigate changing nu.jl & investi-
gate changing nu non uniform.jl

Figures 9a & 9b calibrated model epps non uniform.jl & cali-
brated model epps uniform.jl

Figure 10 plot stylized facts calibrated.jl &
plot stylized facts empirical.jl

Table 4: A table linking the figures found in the dissertation linked to the script that is needed to
reproduce them using the code found at https://github.com/DominicGBauer/InteractingLOBs.jl

https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/PricePaths/price_surface_with_exp.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/PricePaths/price_surface.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/Epps/epps_null_case.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/Epps/epps_empirical.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/Epps/epps_initial_plot.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/Epps/run_all.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/Epps/investigate_changing_nu.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/Epps/investigate_changing_nu_non_uniform.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/Epps/investigate_changing_nu_non_uniform.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/NMTA/calibrated_model_epps_non_uniform.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/NMTA/calibrated_model_epps_uniform.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/NMTA/calibrated_model_epps_uniform.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/StylizedFacts/plot_stylized_facts_calibrated.jl
https://github.com/DominicGBauer/InteractingLOBs.jl/blob/master/src/StylizedFacts/plot_stylized_facts_empirical.jl
https://github.com/DominicGBauer/InteractingLOBs.jl
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Renò, R., 2001. A closer look at the epps effect. International Journal of Theoretical
and Applied Finance 06. doi:10.2139/ssrn.314723.

Tumminello, M., Di Matteo, T., Aste, T., Mantegna, R., 2006. Correlation based net-
works of equity returns sampled at different time horizons. arXiv.org, Quantitative
Finance Papers 55. doi:10.1140/epjb/e2006-00414-4.
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