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To determine whether there is any difference between
the rigidities D,, and D,,;, which are the same for a
true orthotropic plate and are usually assumed to be

the same for an asymmetrically stiffened plate.

Conclusions are drawn on these points.



SYMBOLS
Q11s @1ps «.., 3ge coefficients of deformation in X,¥,Z
o system -
ajys a8ips ..., agg coefficients of deformatlon in X',Y',2'
system »
&y, as constants in 8th order theory
AL ‘area in Bredt formula
AY, AZ nodal spacings

Ajys Ains eeey Aga,'moduli'of elasticityﬂin X,Y,Z system

Adq) Aoy ceey - éé moduli of elasticity in X',v',2" system

A | "reéténgulartplate"length in X-direction
YB rectangular plate length in Y-direction
b - | rlb breadth

c S factor in the beam'torSion constant

D = l?%%g%ﬁy flexural rigidity of isotropic plate
Dx'Dy’Dl'DQQ'Dij orthotropic plate rigidities

d rib depth below flange

dx, dy, 4z infinitesimal distances in X,Y,Z system

2 4 2
g: g;g, %;%, %E%’ etc. are all partial derivatives

e,, ep, €3, €4 distances from a neutral axis

E ‘ Joung's modulus for an isotropic material
Ex' Ey, Ez. :Young's moduli for an orthotropic material
G = E/2(l+ﬁ) shear modulus for an isotropic material
ny, Gy s Gyz shear moduli ﬁor an orthotropic material
H=D, + ZDXy rigidity in the biharmonic¢ equation

h ' plate thickness

I moment of inertia

beam torsion constant

&



correction factors for variation in

Yy Xy dimensions
Ky Moiré method correction factor
Mx, My plate bending moments per unit length
Mxy' Myx plate twisting moments per unit length
MT beam twisting moment
P load
Qx’ Qy plate shear forces per unit length
q distributed load per unit area
R = AY/AZ “aspect ratio of nodal pattern
s rib spacing
Sy s S spacing between ribs in the X and Y
y directions respectively
u, v, w displacements in the X,Y,Z system
v | elastic potential |
X,Y,2 cartesian co-ordinate axes, where XOY is
the plane of the plate, and X is the
direction of greatest stiffness
X',y 2! cartesian co-ordinate axes, rotated with
: regpect to X,Y,Z
Vx"yy torsional rigidities in the formulae for

Yxy' Yxz’' Vyz

Mxy and Myx

shear strains

€yt €yt €y normal strains

Oy Oyt O normal stresses

Ty’ Txz’ Tyz shear stresses

v Poisson's ratio for an isotropic material
Vg Oy Poisson's ratios for an orthotropi? plate’
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CHAPTER 1

THE ORTHOTROPIC PLATE

1. DEFINITION OF AN ORTHOTROPIC PLATE

To develop theories of the structural performance of
engineering materials, we assume that they posséss certain
idealised natural physical properties. It is assumed_ﬁhat
the material is a perfectly elastic body which will reSUme .
its initial form after unloading.v Mathematically this
elastic property is described by Hooke's Law. An isotropic
bbdy is one which consists of a homogeneous material with
the same mechanical properties in all directions. Such
material bodies very seldom exist. Most structural materials
such as steel are composed of crystals of various kinds,
orientations, and elastic properties in all directions.
Hdwever considering relatively small sizes of crystals and
their random distribution it may be assumed fhat the elastic
behaviour of one piece of material is expressed by the average
of*the elastic properties of all crystals. On the basis of
this assumption the material is considered to be isotrdpic.

Some materials have definite differences in elastic
propérties in different directions. These materials arév
called anisotropic or aelotropic. For instance materiais
used in the aircraft industry such as delta wood, avia-.:
sandwich plates, textolit and others are all anisotropic?_
materials. Sometimes fabrication methods make it neceééary

to consider conditions of anisotropy for structural materials.



Some sheets of metal show a markéd anisotropy depending on
the direction of rolling.

Iin the case where a body possesses priﬁcipally different
elastic properties in three perpendicular oxr orthogonal
directions, it is called ortho@onally»anisotropié, or
orthotropic for short. Natural timber is a typical example
of such a material. The number of elastic constants needed
to describe an isotropic body is two, namely, Young's Modulus,
E, and Poisson's ratio, v.  However, in an anisotropic ‘body -
the number is higher with a maximum of 21l.

The first and basic theoretical investigation in this
field was by Cauchy who in 1828 gave generalised equationsAv <
for the elasticity of anisotropic bodies. Gehring in 1860
investigated the thin anisotropic plate. Boussinesq
considered equilibrium equations for anisotropic plates and
bars in 1879. Voigt published a book in 1910 on .the elastic
properties of anisotropic crystals and found values of
elastic constants. Geckeler in 1928 made further
developments. All the above works were purely theoretical
and were developed considering elements possessing properties
of natural or true anisotropy.

A plate of constant thickness but with different
elastic properties in mutually perpendicular directions is
called naturally orthotropic. Structurally or technically
orthotropic plates are those made usually of isotropic
material but which are réinforced or stiffened in a particular
Jirection or in mutually perpendiculay directions. Examples -
are ribbed plates as in steel bridge decks, reinforced |

coticrete flat and ribbed slabs as ih bridges and large



buildings. The idea of the application of the theory of .
elasticityvof ortho%%opic plates to reinforce concrete flat
and ribbed slabs was proposed and developed by M.T. Huber in

1914.

/

/ @, conrece

1 A444

// | ¢, steel doed b

IIO { d, concrete diwm dek
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Fig. 1.1 Examples of technically orthotropic plates.



The advantage of orthotropic plate theory used in bridge
design is that maximum use is made of the strength of
materials, resulting in an economical design. The‘progress
in methods of structural analysis has assisted the development
of orthotropic bridges; In a composite beam and slab system
for example, provided that the elements of the grid are spaced
closely enough together, the structure will act as a truly
orthotropic plate, not as a system of individual elements.

In steel bridges, the saving in weight by using orthotropic
decks in general exceeds the extra cost of construction
especially for longer spans.

Orthotropic bridges are likely to be more architecturally
satisfying due to their lower weight and, therefore, cleaner
lines. The desirability of building orthotropic bridges
has been demonstrated, and therefore any advance in the

theory is also desirable.

2. . HUBER'S EQUATION

The methods of analysis of orthotropic plates in bending
fall into two categories. These are numerical methods,
namely, finite differences and finite elements, and
mathematical methods. Huber 's theory\is the basis of them
all although it is refined by some authors, as will be seen
in Chapter 2.

Before deriving Huber's equation it is in order to list
the various categories of plates as given in Ref. 2. Plates
are classified as follows:

(a) Thick plates in which a triaxial state of stress is

developed, which isg defined by the complete set of



differential equations of the 3-dimensional theory of
elasticity. Plates for which the ratio of the thickness
h to the least dimension on plan exceeds 1/5 can be taken
as belonging to this class.

(b) Thin plates with small deflections, in which, under
deformation due to transverse loading, the membrane
stresses are very small in comparison with the flexural
stresses (up to 5%). This class may be taken to comprise
plates for which the ratio of the thickness h to the
span does not exceed 1/5 and the deflection w does not
become larger than h/5.

(¢) Thin plates with large deflections (w/h > 1/5) are
characterised by the fact that the flexural stresses are-
accompanied by relatively large tensile or compressive
membrane stresses in the middle plane. These membrane
stresses significantly affect the bending moments.

(d) Membranes are plates in which, under the action of
transverse loading, bending moments are produced which
are so small that they are negligible in comparison
with the membrane stresses.

(e) Diaphragms are plétemlike elements which are subjected
to loading which acts in the middle plane of the élement

only.

Huber 's equation only applies to thin plates with small
deflections, and is based on the following assumptions (Ref. 4):
i. The material of the biate is perfectly elastic, i.e.

the elastic response is independent of the load

intensity and the stress-strain relationship is given

" by the law of Hooke.



ii.

The material of the plate is perfectly homogeneous.

iii. Thickness is uniform and small in comparison with the

iv.

v.

vi.

vii.

other dimensions of the plate.

Points of the plate lying initially on a normal to the
plate middie-plane remain on the normal to the middle
surface of the plate after bending.

Normal stresses in the -direction transveréé to the
plane of the plate are negligible and the thickness of
‘the plate does not undergo any deformation during
bending.

The deflections of the plate are small in comparison
with its thickness; if the deflection parallel to the
normal to the middle plane is denoted by w then
curvatures of the middle surface of the plate are given
by the second partial derivatives of w.

The deflections of the plate are such that there is no

normal strain in planes tangent to the middle surface.

viii.The body forces are either disregarded or assumed to be

ix.

a part of the external load.
The direction of external load is perpendicular to the

~

plane of the plate.

Consider an orthotropic plate of uniform thickness.

Let the principal directions of orthotropy lie along the X

and Y axes of a reétangular system of coordinates X, Y, 2.

Let the displacements of a point in the plate after bending

be u, v, w, corresponding to the axes X, Y, 2.



Fig. 1,2

-

With the notation in Fig. 1.2, point O' lies below point O
due to assumption vii. ~Also if the angle through which the

normal OM turns is small, we may say that

"y = g e ; v = g ¥
dx ! dy
et
Lk"* *Mfa’l&—,di
_*—*— ! (— ! t az T‘ ‘
v L = noiad F’o%on

Faujdl

’4
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Figqll.3 Y ’H_—ak




where ny is the shear modulus in the XY plane. Solving

Egs 1.3 for Oy and oy, we have

g = Ex €% + v «Ex €
X (1=v Dy)' (1=uX uy)
E ¢ ’ E €y
NI AN A Y X
5 + Egs 1.4
- T
Yy (L=-v_ v.) Lo, uy)
and Txy = ny '\/xy
substituting Egs. 1l.l.into Egs 1.4. we have
e = g B azy 'z vy By gew
A z - . : 2
X ‘(l 0, uy) dx v(l Ux:uy) dy
E \ v, E | :
: : d3w ® Ty d 3w
g - -z - . . = - Z - aarudli = Egs 1.5 -
y (1 O, oy) dy (1 O uy) dx T
_ d3w
Txy &= ~ 2 2ny dxdy

The stress distribution over .an element of plate is. shown in

Fig. 1.4.

i o
. »
/
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Taking any slice of thickness dz of the bleck in Fig. 1.4 it

can be seen that for equilibrium

TXY :“ Ty’x

summing the moments due. to the stresses acting on an element
of the block. of plate, we find the bending and twisting

moments per-unit length of the plate.

M, = [/2 o zdz
X h X
= /2 . .
S
- 'Ex» [dzw o _f‘__] [ /2 22 dz ‘
T (L-v, dx? dy=
(L-v, oy) X y ay= | h,
E, cs [ ae s
I h” | dow | dEw
- (l=v, v,). 12 | ax= y dyZ?
- d2w . . d3w " .
Similarly
- |dcw . - di3w ' _ 
By Tt Py [dy? T vy dx2] S Eq }i7
E,, h®
where D = - ,
Y lZ(l—Dx.oy)
h'/'
M, = - 2. , dz = M
Xy fh Ty 2 vx
Py
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d2w

Eq 1.8

2ny dxdy

Fig. 1.5

The equations of equilibrium of an element of plate can
now be established from Fig. 1.5. QX and Qy are the shear
forces per length and g is the distributed load on the element.

Taking moments about the Y axis, and neglecting small terms

dMm dMm
= X _ _YX
Q = Gx dy ‘ Eq 1.9

Taking moments about the X axis,

dM dMX -
Qy = Ey.x - "“’d—}-{x Eq 1.10

And summing the forces in the Z direction

de dQ
TR + —-—zdy + @ = 0 Eq 1.11

Differentiating Egs 1.9 and 1.10 and substituting into

Eq 1.11 gives
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dzm a2y a2y dzm
X __yx v o Xy - -
ax2 dxdy T+ Tdye @y +t 9 = ©°  Eql.12

) dtw . dtw.  Qtw Tatw,  _a*w | _
°e Dy [dx‘* + Yy dxgdy2] + 4ny dxady*? + Dy [dyz T oy dxzdyE:] =4d

° d4W . ‘ % ' ) d4w | ) d4w _

.o Dx.dx4 + [}YDX f'Dny + 4ny:IdX2dy2 + DY iyt = q

.o DX x4 + 2H dxzdyz' + DY dy4 = q Eq 1.13
where H = D; + 2ny

and Dy = ob, = DYDx

Equation 1.13 is the differential equation of a bent
- orthotropic plate and is due to Huber. It éan be expressed
in finite difference form, or used to find a mathematical
solution to any particular plate problem. The mathematical
solution however is limited to a rectangular plate and has
been solved for various boundary conditions. These may be
clamped, simply supported, elastically supported, or free
edges in various combinations. A finite difference or
finite element solution can be found for a plate of any plan
shape. |

‘For all solutions it is necessary to know the values of
the rigidities Dx' Dy, D, and ny. For a true orthotropic
plate this amounts to knowing the values of E. E ., G and

y Xy

either v, OF O« For a technically orthotropic plate it is

the geometry which changes with a rotation in the plane of

the plate, not the material properties, and therefore the



- 13 -

problem is different.

3. _THE EQUATIONS OF THE ISOTROPIC PLATE

For an isotropic plate of thickness h we have

EX = Ey = E
Oy = uy = )
: ' _ . E )
and ny = G 37T:;m

Substituting these values into the moment equations 1.6, 1.7,

1.8 we have

M = . _En® d2w , | d%w
S 12.(1-v2) | dx=2 ® dy?
_ a2y d2w
32y d2w |
M = = D + v
- he d3y
E 3  d2w

= Eh® (1~v) d3w
12 (1-57) Idy
= D(l-v) ddxgc;;
= &yx
Here D = T?%%g%?T

is known as the flexural rigidity of the isotropic plate.
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 The -differential equation of the isotropic plate becomes

dtw Ldftw ., difw . g
ax* + 2 dxzdy?. + dy*. = D
since DX = Dy = D
and  Ho.= Dy + 2D

= vD + D(l-vyp)

The isdtropic plate is thus a special case of the
orthotropic plate. For a solution of an isotropic plate
only two elastic constants must be known, namely E and v.
For an orthotropic plate however there are four unknowns,

namely D_, Dy, D, and D, Formulae for these for various

Y.
technically orthotropic plates due to different authors are

given in Chapter 2.
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. CHAPTER. 2

THEORETICAL VALUES OF THE ORTHOTROPIC PLATE: CONSTANTS

1, GENERATL

In this chapter recommended formulae forfthéhgigidities
‘Dk, Dy' Dl,‘DX? and H are sqrveyed,: These deﬁéqd on the
various authors' opinions and on the different types of
technically orthotropic plates which they are discussing.
‘Although only one type of plate was tested expérimentéliyvin
this thesis, rigidity formulae are given below for ofher
types as well since-tﬁey_aré often relevant. Formulae are
given'under the author 's hame, aﬁd a summary appears .at the
end éf the chapter. Formulae will be translated into the
writer's symbols, and the X difection is always taken as the
direction of ¢reatest flexural stiffness, Dx°‘ |

Summarizing the formulae for a true orthotropic piate

of uniform thickness h, obtainedfin'Chapter-l,

b - B, I
X (l-bx uy)
E_ I
D e
o l—
Yy (1-v py | )
Egs 2.1
D =z D = - D
: °x Cy Py Yx .
L h3
ny - ny 12

3
where I = %3 = the moment of inertia for a beam of
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rectangular section, depth h, and unit width.
In general for technicaily orthotropic plates, bx and
SY are not true Poisson's ratios, since they depend on the
geometry of the structure as well as the material properties.
They are defined as
D1z Doy

X Dy ‘ . _._y__HDX_.

where Dig and D,; are the'rigidities in the. formulae

S T S
[RR S

_ a d2w U gew
Mg = =Dy agz ~ Dizgyz
_ - d32w d 2w

Most authors assume :that

Dy = Dip = Dz
which is true for a true orthotropic plate..

It is necessary to define two more rigidities, namely
Yy and Yy in order to avoid confusion in this chapter.

They are defined by

M _ d3w

xy  x dxdy
- - Egqs 2.2

yx Yy dxdy

For a true orthotropic plate .

Y T Yy T ‘Zny = 26,, 77

For ‘a technically orthotropic plate, in general
Yo Py
Therefore, from Egs 1.12, 1.13



and we now define ny~for a technically erthotropic plate as

Y TN
= X 0V
2ny = > Eq 2.4

This distinction between ny, Yy and Yy 18 not always drawn

in the literature;. sometimes~2ny is used.when - is meant.

2. FROM TIMOSHENKC AND WOINOWSKY-KRIEGER

Timoshenko and Woinowsky-Krieger (Ref. 1) only devote a
short section to orthotropic plates,'giving values for the
rigidities and a mathematical solution for a rectangular
plate simply supported on all four sides. All mathematical
solutions are complex, and as an illustration, the solution

in Ref. 1 is given below.

le e
0'//////////A/ /////'l
/ Z
Y /
8 7 L
/ #
g #
Y L
He A N
L////////////////

—~

Fig. 2.1.

The solution is for a uniformly distributed load, ¢, over
the whole plate. Taking the axes as shown in Fig. 2.1, and
representing the load by a double trigonometric series,

Eq 1.13 becomes



d*w d4w d4w

Dy ax= * 2H Fxzaye Dy ay*

- 18 q 3% =® ﬁ% sin mgx sin E%X
™  m=1,3,5.. n=1,3,5...

The deflection is found to be

. nmrx : Ny
Sln""‘T'r"'Sll’)."—Trx

16 00 0 A B ]
wo o= T4 2 2 m? 2m=n=< n* _
m=1,3,5... n=1,3,5... mn X‘;,;Dx + ATRZ H+§7Dy

The curvatures, moments, etc. can be derived from this
expression for any point in the plate. The impression that
the writer has gained of these mathematical solutions is that
sometimes the series converge slowly and sometimes notl

On the subject of rigidity formulae for various types of
plate, Timoshenko. says at the outéet that, in particular, all
values of torsional rigidity ny,based on purely theoretical
considerations should be regarded as a first approximation,
and a direct test is recommended to obtain more reliable

values. Various types of plate mentioned are as follows:

Plates with many stiff ribs

A, Symmetrically stiffened plates

The following theory is taken from Leknitskii (Ref. 5)
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For an isotropic plate reinforced on two sides by parallel

Eh3

. Eh3

12 (1-v2)

stiff ribs
D =
X .
D
y

H

D

+

.. 8.,

E'T

Egqs 2.5

where I is the moment. of inertia. of a.pair of ribs about an

axis in the middle plane.-and.E' is .the Young's modulus. for

the rib material. .’I‘he_for-mula..for-‘DX comes from the

equation for the moment per unit length, as follows:

M =

=
i

" s
- f /2 o, z.dz. + .2 f }thngmdz
h X : 'h, X S
VN e
e 5 _Tam . asy 2 s
fh, (I-v®) |dx2 7 © dy?
A=
H‘?’ .
. E'bdzw )
2 T e et e

/2



L= 20 =

. Eh 3 E'I 42w _ _» Eh®  d®w
- 12(1-v%) ° s [dx2 12 (1-v3) Qay=2
_ d3w d3w

= =Dy dxz ~ Da: dy?2

In the Y-direction the stiffeners. are assumed: to have no
effect on the bending. - The:Myjequation«is,therefore-the

same as for an isotropic plate.

EhS d2w _v Eh® 43w

My = 7 13008 ay? T 2108 a2
- d2w d2w
= Dy dy2 - Doy dx?2
Here D, = Dp; = D, = oD
H = Dy + 20
= D + D(l=vy) = D

Notice that he is assuming that nyqis the torsional
stiffness of the plate alone; the stiffness of the ribs is
ignored.

For plates reinforced by two sets of mutually
perpendicular ribs, symmetrically distributed on both sides

of the middle plane, the following formulae are given

5 - —En o E Iy
= =]
X 2(1-v2) S,
E" I
= EhS Y
Dy = Ta(i-ez)y * S Egs 2.6
y
3
H = Eh, = D

12 (1-v2
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It is,assumedvthat the axes of the ribs are parallel to
the principél'directions;- E' and E" are the Young 's moduli
- for -the ribs parallel to X and to Y; IX.and Iy are. the.
momentsvof~ine:tia‘of~the-ribs-about.linesmin-thexmiddle'-

plane offthe~plate; sx.and synare-the@rib,spacings.

B. Asymmetrically stiffened plates

We now‘consider.a~s;abxreinforced asymmetrically by
equidistant ribs running in one direction only. Timoshenko
states that the theory as given in Chapter 1 can only give a
rough idea of the actual state of stress and strain in the
slab. This is because confusion arises over the position
of a neutral plane. Before proceeding to the formulae for
the rigidities as given in Timoshenko, some comments on the

position of neutral planes are in order.

/f-wmﬂﬂa plane of ]ﬂﬂﬂ?

T - Seckion

Fig. 2.3

Consider a moment Mx‘acting on the T-section shown.
If the T-section were a beam, it would bend about a neutral

‘axls passing through the centroid of the T-section. Now
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imagine a moment My.acting in the YZ plane. The platé part
of the structure will want to bend about a neutral surface
which is the same as the middle plane of the plate. Whére
the plate lies on top of and is part of the beam, the neutral
surface will move down in some manher. However, the bending
in the X and Y directions is not indepehdent.

Consider, for example, an element of material at the
level of the middle plane of the plate. M, would apply a

9%

stress Oy on .the element. causing a compression éx = ?r.and an’
a.

extension ey = =0 ?§ if the element were unrestrained in the
Y direction.r_ The strain €y affects the neutral surface for
bending in the YZ plane. Similarly My affects the neutral
axis for bending in the X% plane. The true position of the

neutral surfaces might be something like those shown in Fig. 2.4.

_ i e b
= ’

b —— - bending i e
2a\T Tl 72 plane
| * S~ newal  sweface  for
centrod - of | E@hdqu n  the
T"Sect’?on _ XZ | P‘M@

Fig. 2.4

It is not necessary that the two neutral surfaces be the
same. This would mean that at any point in the structure
where the strain'ex = O, the strain €y is also zero. If
the surfaces were the same, it would imply that Dx = DY as
is proved below.
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Consider a piece of irregular plate (Fig. 2.5) which
has its surface bounded by lines parallel to the X direction.
Consider a length A in the Y direction and unit length in

the X direction. Give it an assumed neutral surface.

Fig. 2.5

Divide it into elementary strips of width dy, depth h, and

let the distance from the centroid of a strip to the neutral

Asurface be z. - Then,
\ A Tya 1,
: o
I AT
* X .l-. n bi 2 —
oo 2~ i fo[lthz]dy = I,

li

a moment of inertia per unit length of the cross

section

. , - T
Also Iy = 1.|% 4+ hz2
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A ) . .
1 he
= = f [«w + hz2j]dy
y | A o 12 .

average moment of: inertia in the Y direction,

i
li

per unit length

= T
X

: A common neutral surface implies equal moments of

inertia in the X and Y directions, i.e. Dx = Dy‘

By experiment Dxﬁ# Dy' therefore the neutral surfaces
are not the same.

This also implies that one cannot estimate the value of
D, of the section shown in Fig. 2.6, for example, by taking
sections parallel to the X2 plane and averaging the results.

Formulae for Dx and Dy of sections such as this are given

in Ref. 4.

Fig. 2.6

To return to Timoshenko, the rigidity formulae (proposed

by Huber) for an asymmetrically stiffened plate are as follows
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— | , 1
hﬂA- !7 ) ) 7 i ‘(-+:;71
J T L . O
bt |
ko 5 —f— s F
Fig. 2.7

Let Ix be the moment of inertia of-a T-section of width

s, and ¢ = h/(h+d).

EIX
Then D = —
X S
D = EhS S
y 12 (s=b+ySb)
Egs 2.7
Dl = O
N = - GJ
2ny = D(l=p) + P

In the formula_foerxvthe,plate contribu,tion_toIx is not:
divided by‘(1~§2)‘f3 The;explanationﬁforyDyvisngvenuin-
Section 2 on .Huber.. - In»general»theaformulaemfoqux, by and
D, neglect thé éffectvof«PoiSSOn's ratio. .

In the formula for ny, J is .the torsion constant of
one rib.  The-slab and- the.rib are.assumed . .to resist the.
- torsional moment - separately. . No additional stiffness due:
to their contihuity is allowed. - J is defined as in.the
usual theory of twisting of beams- (see for example Ref. 6)
where, if o = the 'angle of twist per-unit length of the beam

and My = the twisting moment
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M,, = - G-Jie Eq 2.8
For a rectangular beam cross-section

J = b3a.c (b < 4).

I

bas.c (4 < b)

where C is a constant. depending on the ratio b : d.  When

b =4, ¢ = 0,1406. As. the ratio b/d increases, C increases,
asymptotically approaching the value C = l/3 as b/d tends to.

infinity.

c. Reinforced Concrete Slabs:  (due. to . M.T. Huber)

Let Es = Young's .modulus.of steel
E, = Young's -modulus. of. concrete -
Ve = Poisson's .ratio.of .concrete. .. . - .
n = _Es/Ec‘

For a slab with two way-reinforcement.in.the.directions X

and Y it is assumed that



C
Dy (1-v2) [?cx +.(n—l).st]
E
D 1 = b} \/-DXD
(1=v,)
DXY = 3 \/-DXD

Egqs 2,9

where ch is the moment of inertia of the slab material

I that of the reinforcement taken about the neutral

SX
axis in the section x constant
Icy’ Isy are the respective values for the section
‘ y = constant.
H = D1+2ny = 'beDy Eq 2.10
Eq 1.13 now becomes
d 4w _ dtw d4w
D, ax% * 2JDXDY AxZay? + Dy ay*

By introducing a new variable
ya = y¥D/D,

Eq 1.13 reduces to

d4w . o dtw d%w
dx*? dx=dy% dy#

which can be solved as an isotropic plate.

g
D
x

There was
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therefore an end in view in choosing the formulae for D, and
nye The explanation for their choice, which is not a
strictly theoretical derivation, is as follows.

For an isotropic plate

— a dzw oy
MXY = D{l=v) dxdy = Myx
For a technically orthotropic plate, however, in general

Mxy # Myx since the torsional rigidities will be different in

the X, Y directions. As a reasonable approximation for the
rigiaities consider the expression for an isotropic plate
and substitute for the values of D and v by certain middle
values of Dx’ D_and vo_, v .

y b Y
Choose these values as

D = A/D_D

Then M.Xy = (lm;beuy) beDy -éﬁ%%
or 2D, = (1- JDxby)..“.[Dxpy

and .Dl = ‘beby “beDy

S H = D, + éDXY = JE;]:B‘;

and it is assumed that

On the subject of the values of vaand.Dy in Egs 2.9,

it is clear that they are derived by transforming the section
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to an equivalent concrete section and again assuming that

=/
DC A DXDY

However Timoshenko notes that Egs 2.9 are not independent of
the state of the concrete. Any difference, for instance,
in the reinforcement in the directions x and y will affect
the ratio Dx/Dy much more after cracking of the concrete

than before.

D. Plywood plates

A table of elastic constants for five types of plywood

is given. This is useful as a test of a formula for Cxy

for true orthotropic plates developed by Kldppel and Yamadd

(Ref. 7).
Ex EY '
ny = E + (1+2ux)Ey Eq 2.11
This is based on purely theoretical considerations. In the

table below the test and theoretical values are compared.

Unit = 10° psi

G, .. G

Material EX Ey DXEY Xy xy

Test Test Test Test Ref 7

Maple, 5-ply 1,87 0,60 0,073 0,159 ?,429
Afara, 3-ply 1,96 0,165 0,043 0,110 0,146
Gaboon (Okoumé), 3-ply 1,28 0,11 0,014 0,085 0,099
Birch, 3- and 5-ply 2,00 0,167 0,077 0,17 0,144
Birch, with bakelite 1,70 0,85 0,061 0,10 0,542

membranes
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The agreement in general is seen to be bad. The
theoretical ny varies from more than five times oo small
to 1,2 times too big. It is not known, however, how
accurate the tests were. Kldppel and Yamadd probably would

" not claim that tﬁeir formula is applicable to plywood plates
as they are not true orthotropic plates. They are plates
of coﬁstant thickness, however, and the table does suggest
that the formula will notlbe valid for any technically

orthotropic plates.

E, Gridworks
Orthotropic plate theory may also be applied to gridworks
if the distances between the beams in both directions 1is

small compared with the dimensions of the grid.

Jf "s ey My
Fig. 2.9

The beams are supported at their ends and the load is applied

normal to the XY plane. If EI_. EIY are the flexural



rigidities df'beams parallel to the X,Y axes then

EIx EI
Px T F_ r - p, = o=
X : L A 4 Sy

D, is taken as zero since there is no slab to provide

Poisson's ratio effects. For twisting we have
. Gy g2y
Mx - s dxdy
‘ Yy o 5% '
' GJ_ .
M _ vy d%w
2 Sy. dxdy

where Jx' J _are the torsion conStants of. the beams in the

y
X,Y directions.
Substituting. these expressions into the equation of

equilibriﬁm Eq 1.12

asM, asM d®Mm_ . dzMi
dx= 'dx'dy + dyz‘ 3 ‘dxdy ta =0

We find that the D.E. for a gridwork is

d4w [GJX GJy] d4w d4w

D

T + + -
X dx sx sy

G, eJ
i.e. 2H = = + ??Z‘
X y

plm
ol &
X
+
ALO
nl| &

Dy
\'4 x .
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F. Corrugated Plates

Plateé made from isotropic material which have been
given waves in one diréction may be considered as
approximately uniform and orthotropic if the number of wéVes‘
is sufficiently large, or if the chord of the corrugations
is small by comparison with the length of a side of the

fplaté. The calculation of stiffness reduces, as for plates
with parallel stiffeners, to the calculation of moments.of'

inertia per unit length for the basic sections.

Fig. 2.10

Assuming the waves to be sinusoidal

z = f sin %?

Let the arc length be s, the plate thickness h.

. . _ L _Eh®
Then D = EI ; Py = 5 13(109)
_ . H = 20 = & ..Eh3

Dy = 0O ‘ i Ho= ‘2ny T L. 12(1+v)

in which approximately



3. FROM M.T. HUBER . .

Huber 's work is summarised in. his.books .(Ref. .14, 15)
where he develops his well-known. theory and derives .various .
mathematical solutions to problems. His rigidities for
asymmetrically stiffened plates were given under Timoshenko
(sectidn 2.) where ﬁ.was.taken as ZzZero as,a:first approximation.
This assumption is not so bad fOrvéoﬁcrete as for steel
(v = 0,3). However, the writer has seen the following
ranges for u‘of concrete given, namely 0,1 - 0,2; 0,15 - 0,25;
0,2 - 0,3. These are substantial compared to steel. Rowe
(Ref. 22) states that considerable errors occur in the
calculation of the transverse moments in concrete bridges if .
v is not taken into account.

In Ref. 14 appear the only formulae for ﬁx and ﬁy with

a rational explanation which the writer has seen.

Y/

Fig, 2.11

As an introduction consider a true orthotropic plate.
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Imagine the plate to be divided into X-strips and Y-strips
of unit width, and denote the bending stiffnesses by
Dé = EXI and Dy = EyI, Then we get for the curvatures of

the two strips the following equatiens

1% . 1Y
r - D! d r - D
x X vy y

where Y and ry are the radii of curvature. .‘The

interdependence of the strips and the plate prohibit‘the.
free lateral strain, and hence there is a change in curvature.
The moment M, has a reducing influence on the curvature of
the Y-strips, and similérly My.reduces\the curvature of the

X-strips. Apparently we may write by analogy with the

isotropic plate

M M
P 4
r - D Dy D'
X bls ¥
Egs 2.12

M M
. - X _ X
r D* Dx D
\% % bee

Now consider a plate made of isotropic material but

which is stiffened by ribs

\\\;f

Fig°‘2.12
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-Denote the bending stiffness-bf a unit croés«section
width of an imaginary plate formed by putting ribs together -

by

r _ E(h+td)s
y  12(1-v%)

Denote the stiffness of the plate alone by

pP o __En®
y = . 12(1-v3)
Fig. 2.13

From Fig. 2.13

M
o o= = and %,zsx
' Y Y% Y
Then for a constant moment MY = 1
] S ~b b
O = == oz Sk f e
DY D P D r

Y Y
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. P, _ s , ‘
S b, = DpP 2.
(s-b) + ~L=p
r
D
y
This is one of Egs 2.7 as in Timoshenko (section 2.)
, h3 .
‘When Thid) 3 1s small‘ .
_ 5P _S§ | -
DY : DY‘ (5-5) | | Eq 2.14

Now consider the ribbed plate to.be divided into X- and
Y-strips as before. Due to the action of moment My alone

onto an element of .the .plate there should be caused in the

. M
Y-direction the curvature =—-2-

D'P ..
-3 _
where D/'F = EhZ is the beam bending stiffness of the Y-gtri
\% 12 4P

of plate. All stiffnesses marked with a ' are the beam
bending stiffnesses.  In the X-direction there should be

"M
-caused a curvature of=aﬁ«—3%
. D

y

Now imagine the ribs to be added to the plate. In the Y-

direction the curvature is reduced in the ratio DQP : D§ ’
M

i.e. it becomes =X

D 1
y

' .In the X-direction the curvature is affected to a greater

extent by the ribs, and will be reduced in ratio D*p : D* .

P
D/ M
It becomes -y T%r -,

Using Eq 2.14 we may write it as
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WP
- EE_. “S_. fz
"D sb D'
X Y
p P
Hence v, = 0 T%r '§§5 : ‘ Eq 2.15
X

To derive a value for Ve s imagine a moment Mx alone to

‘ M
act. This causes in the X-direction a curvature of 5%
X

_ Mx

and in the Y-direction a curvature of -v o

X

EIx
where Dx =3 -

The curvature in the Y-direction is now reduced in the ratio

of (s-b) : s to allow for the stiffening effect of the ribs,

M
S= X
and becomes -y =5
X
= _(,..,..,_._s -b)
Hence O, T, 00T Eq 2.16‘

Eq 2.15 can be rewritten as

_ h3 s  _ s L
where I, is the moment of inertia of the T-section.
‘Huber's values for D,, and D,, would become
D = hes . __s D, = oD —S— Eq 2.18
21 7 P12 " (sB) Px T P Tem) q <.
D,z = SR p = Eq 2.19
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Cornelius (Ref. 16) recommends that for bridges with

concrete slabs and relatively small steel ribs

Px Dy .o |
E“ = D with Ymax ~ “concrete
vy Yy, ... e e
When the ribs become large O, = vy, = 0.

4.,  FROM _TROITSKY

Troitsky's book (Ref. 3) deals with the theory and
design of steel bridge decks. Several methods of solution
are given, one of which is to replace the deck by a
theoretically orthotropic plate, which he terms the method’
of elastic equivalence. This is based on Huber 's equation.
The structural geometry of the deck may have many forms.

The deck plate may be stiffened by torsionally weak ribs
such as rectangular, I, channel, or angle sections, or by
torsionally stiff ribs which are hollow sections of various
shapes. Often the deck will have stiff ribs in one direction
and weak ribs in the perpendicular direction. The deck plate
may also be a concrete slab instead of a steel plate. |

The way of comparing weak and stiff decks is by
calculating the value of ¢, which is equal to 1 for an
isotropic plate.

H

@ = /Dny

Examples of relatively stiff and weak decks are given in
Fig. 2.14. An asterisk signifies a possible simplifying

assumption in the calculations, e.g. Dy =0 may'be used if.
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the ratio of Dx to D is very large.

In Fig. 2.15 taken from Ref. 3, Troitsky's formulae for

rigidities and moments are given.

. d%w L ._d%w o dfw _
Cases Dxa-;c—;+ 2Ha;-ga—;g+Dya-§z-—q

B> VBB, / | /7

. ,Y:7l
H = JDXDY
r'y a o )

z

o

Fig. 2.14
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Fig. 2.15

b,
3 lz.
b . )
A e &
ET
D, = —X
y Sy
G |p3g  P1da
Dy T &t TS
34 Sk v
_ EhS : o
_ [ a2w dcw |
My = Dy-|@xz t v dy? |
_ 32w d2y |
v T PyilayE T voaxe
d2w

Notice that in D, and Dy the plate portion is not
divided by (l=-v2), and that in M, and My’ v 1s used instead
of O and v, In the formula for ny the torsion constant

-J is taken as

J = £b% + b,
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' The constant C is theréfbre always taken as 1/3. This
is an approximation due to Foppl (Ref. 8) which is meant to
increase the stiffness to allow for the continuity beﬁween
rib and slab or between the elements of the rib if, for
example, the rib is an I-section. Itvshbuld only be
applicable to thin steel sections.

Notice also that in the M.xy equation the stiffness of

the plate is ignored.

"Hollow sections

Fig. 2.16

For hollow sections the value of H is very different from

the formula for open sections.

Eh3

EIX
) - T . - )
Dy - S, ! Dy 12 (1=1v2)

| 4 A2 .
2H = 'G.“~g§% (from Bredt formula)
0
5 is the variable thickness of the wall.
A is the mean of the areas enclosed by the outer and

inner boundaries of the crosg-gsection of the wall.
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sp is the total perimeter of the wall measured at the

centre line.
Note that again the plate porticn of the value of D
is not divided by (l-v2). The rib is assumed not to

increase the value of Dyu

Exact theory of stiffened plates

'Orthogonally stiffened plates may be replaced by an
equivalent orthotropic plate of constant thickness when the
ribs are disposed symmetrically with respect to the middle
plane of the plate. When the stiffeners are located only
on one side of the plate the unknown location of the neutral
surfaces of the bending stresses increases the complexity of
determining the rigidities. The analysis of the problem
can be extended to include the effect of the strain in the
middleAplane of the plate which produces additiqnal shear
stresses disregarded in Huber's methodol

" Therefore Huber 's theory presents only an approximate
solution of the problem. Investigations by Pfluger,,Trénks,
Giencke, and Massonnet resulted in the development of the
exact theory of orthogonally stiffened plates. They find
that the governing D.E. is of the 8th order. | |

d 8w d 8w d 8w . d8w d8y
Dy §x5 * Pz §xeay  *+ Ps gxfay? * P+ gx2aye + Ps gye =

where the constants D,, D,, .. Ds are expressed by the
geometric and elastic characteristics of the plate and ribs.

However the solution of this equation requires a very
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laborious calculation-which seems to be almost impossible.
Giencke attempted to determine rigorously the effective
torsional rigidity of the stiffened plate. He found that

Huber 's formula

should‘contain additional terms to show the influence of the
eccentricity of the ribs wifhvresfect to the middle plane of
the'plate,ﬁgnd called this "the apparent torsional rigidity"“.
However, Massonnet found that this value proposed by Giencke
was excessive. | This is_éxpanded on later in this chapter;
Generally, the stresses obtained by rigorous methods
are somewhat lower than those obtained from Huber's
approximate theory.v The‘computation procedures involved in
working with the abové 8th order D.E. are considered by
Troitsky to be far too complicated to bevdoﬂsidefed for
practical application in design at this stégech,the
development of the exact theory. The simplifiéd'theory has

proved its application in the practicai design of bridges. .

5. FROM BARES AND MASSONNET

Ref. 4 is concerned with the theory and design of
concrete beam-and-slab and hellow section bridges. Elastic
theory is used to derive the Guyon-Massonnet-Bares method of
lateral distribution coefficients. The underlying solution
is a mathematical one, resultingfin tables which aré used for
design. To use the tables two stiffness parameters are
“needed. These are the parameter of ‘lateral stiffness B}

and the torsional paraméter o They are defined as follows.
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D
- B X
B = a D
Y
—-—.—a—Hl——m
a =
JDXDY
o A +
r— v
7 L
7 /
/ 4
A 7
/] z
g 4
8 fT X 4
| Ir 4
/
7 1
A ;
7
- .sPM S—
Fig. 2.17
I S et S
= N — A .
e R oy L ‘noudad oxis of
.,1__. T - Seckion
’ bk [
k 6, ——
' Fig. 2.18

For grillages v is always taken as zero, but for
composite beam-and-slab sections the portion of the rigidity
caused by the slab should be divided by the factor (1-v2).

Their formulae are therefore



-
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. E , 4%  E 2 E he 2
DX = g b 15 + S bd e = + (1=32) [12 + h e,
x b4 ‘
. B __.h3 _
Egs 2.21.
Dl = 0 D
‘ . . v GJx
H = D; + 2ny % v D + D(1-v) + 5§;
GJ
_ X
= D + 35
X

Notice that D, is not considered negligible and put

-equal to zero. As in Timoshenko the torsional stiffness is

obtained by summing the stiffnesses of the slab and the beam
acting separately.
If there are beams running in both the X and Y directiohs

then the formulae become

nl g

"L

N

Koo
P

Fig. 2.19

Dx as before
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Dl 2= 'DD

Xy
' GJ - GJ
= 2 9D + D(l-p) + -—S——- 4+ D(l=v) + _E..Z.
GJ GJ
S, S
X y
GJ GJ
: = X ' : v _
e« H = D 4+ 527 4 57 Egs 2.22
X y _

At this stége it should be pointed out that there is an
anbmaly in the formulae for the torsional stiffness of a
beam and that for a plate. This is mentioned in the
literature but the writer has not come across.an explanation.
Broadly speaking,rthe anomaly lies in the fact that the
stiffness of a beam is twice that of an equivalent plate
section.

Consider an element ofﬁ&sotropic plate, thickness h.

1
i

—] 7‘ R

Fig. 2.20

Isotropic plate element.
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As in Chapter 1, we have

'LXY = G ‘ny
- du  dv
Yxky T dy | dx
_ d°w
= =2 2 3y
h
/2
MXY = = fh TXY z dz
Y
h
/»2 d2w :
= +f G.2 dxd 22 dz
h xay
= 2
_ h3 d2w _ d2w
= 2 G733 gxay D(1-v) Fay
. - he® _
S 2DXY = 2.6.33 = D(1-v)
_ Gh3
or ny - 12

Now consider a beam being twisted by a moment

angle e per unit length.

N
Y=~ ' ,
- 4;/' b 1
P h

Fig, 2.21

MT through an
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From the classical theory of torsion

MT = G.J.e
3
where J = E%— ‘as b/h =
e corresponds éxactly to dZy
. dxdy

MXY is a moment per unit length in the Y direction and has

1

the units of force: MT is a moment with units of force x
distance.. Let the ratio b/h of the beam become very large
and consider an element of the beam of unit length in the Y

direction. To compare the two expressions for moment MT

must be divided by b :

Mr  ebh® _ chd, dw
b 3b  ° 3 dxdy
M = 28 h3® d2w _ G hS8 d2w
Xy 12 dxdy 6 dxdy

The conclusion is that'to find the torsional stiffness
of a slab or of the slab part of a beam-and-slab structure

the equivalent beam stiffness must be divided by 2.

6. FROM HUFFINGTON

Huffington (Ref. 9) has done a deep study of the
rigidities of symmetrically and asymmetrically stiffened
plates. His application is to plates with relatively small
vstiffeners, i.e. the value of Dx/Dy is low. These are ﬁore
common in aircraft and ship building. - When we say that a
technically orthotropic.plate is replaced by an equivalent

orthotropic plate of constant thickness, the equivalence can
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be defined in several ways. It could mean that either the

deflection or one of the strain compornents of the actual and
equivalent plates be the same at some point. It could mean
thaﬁ the mean'difference of deflections or strain components
of the two plates be zero. = Huffington uses a third form on
which ﬁo base equivalence, namely, that the total strain

energies of the two plates be equal.

A, Symmetrically stiffened plates

Determination of DX

e
- Sy 1

Fig. 2.22

Considering a stiffened plates simply supported at x = O and
x = A, and infinitely long in the Y direction, loaded by a
U.D.L., Huffington derives a very large expression for Dx'
This depends on the elastic and geometric properties of the
section, and on the span in the X direction, A. However as
A 1s increased from zero, DX swiftly approaches an asymptotic
value. This is

EL

p, = D+ %
- X

where I_ is the moment of inertia of the pair of stiffeners
with respect to the middle plane of the plate. This value

of Dx is the same as given by Leknitskii and others.



Determination of DV

To determine Dy consider the stiffened plate as being
simply supported at y = O.and y = B, and infinitely long in

" the X-directiocn.

 Fig. 2.23

The moment-curvature relationship is

- d3w
MY - - D(Y) dyz

= 3 (By - ¥?)
where D(y) is the variable flexural rigidity of the stiffened
plate. A lower bound to Dy is found by putting D(y) = D.

This is a common value used by others. An upper bound to

Dy is found from
Elh(y)]®

D(y) = I3(0-v9) - Eq 2.23
where h(y) is the total thickness of the plate-stiffener
combibation, subject to the following limitation. _ When the
ratio of stiffener height to stiffener width is greater than
| unity, a reduced height of the order of the stiffener width
should be employed.

By strain-énergy considerations the value of Dy becomes

BS
D= o= = .
20 fb-gszuzzzz dy | Eq 2.24
5 D(y)
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The evaluation of the integral in the above equation can be
tedious when the number of stiffeners is large. However DY
rapidly approaches an asymptotic value as the number of

stiffeners increases, as expected,

Determination of D
: XY

The method given for this is really a reference to
another method. It is not clear what is done. The

formula for ny is given as

where K = torsion constant obtained by the membrane analogy,

relaxation methods, or some empirical method.

Fig. 2.24

Tt is not clear whether the section in Fig. 2.24 is
regarded as a beam and K found accordingly. The anomaly
between the stiffness of beams and slabs causes most of the

confusion.

Determination of D,

A very large expression is derived for D,, in which the
span dimension, A, appears. As A increases to «, D, takes

on the limiting value
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D, = wuD

This value has been recommended by others.

B. Asymmetrically stiffened plates

For these plates, Dx may be determined as in section 5
(p. 45). For DY Huffington says that a judicious selection
of continuous functions to represent the neutral surface and
the effective thickness h(y) must be made, otherwise the
method is as for symmetrically stiffened plates. ny is

determined as in section 1. above. D, requires modification

but it is not stated whether the limiting case
D, = D

is materially affected.

7. FROM GIENCKE

Giencke (Ref.'ll) was involved in the derivation of the

more exact 8th order theory already mentioned.

N
nedml fxp ~TTN
of T-<echomw N, ”

Fig. 2.25
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Basically, it involves considering the in-plane forces in
the slab or plate ;s well as the other forces, Mx, My' Qx,
Qy, MXY' Myx° Three differential equétions in the
displacements u, v, and w are found. These are combined
into one 8th order D.E. in terms of w only. Using this
theory, Giencke proposes corrections to the 4th order theory.

The moment equations become

* ~  d2w Eh - | d2w .
Mx = - Dx dxz' =- 1 [D + ele3 (l__'oz) dy2 Eq 2025

o d2y Eh | d2w

I GJ e T

* x . Sileites) Eh d2w

Mxy = |P(l-v) + S, + 2 (1+v) | dxdy Eq 2'27
o GJ s (eqites) 1 a2

Sk : N4 €a\€17€3) _Eh dcw_ :

Myx = D(l-v) + " + E (l+°{i dxdy Eq 2.28

where .E is the modulus of the plate material if the rib and
plate materials are different.

From the above equations

) GJT GJ
* ~ X Y Eh
H = D+ 25, tas  tovei®s ITGEY Y

Eq 2.29

Massonnet (Ref. 12, 4) finds that Giencke's values are
too large. He finds that the values el,:.ea in the abové
formulae should be replaced by values ranging between e,;, e,
and zero. The actual values depend on the boundary conditions

and the loading. His values for the rigidities are (with the



* o [ pd ] .
D, = D, + (e;-ay)%E.lh + g;- | Eq 2. 30
* 5 B b,4d, .

D = D_+ (ez-az)®E.|h + —— - Eq 2.31

y Yy A sy |
* ‘ Eh .
D, = DJE) + a,aas 71—;?7] ‘ Eq 2.32
* ' Sy aplaj+as) Ep
: o | GJ‘ | a'(al+a‘) o :
* . v g\¢1743/ __Eh : -
Yy = D(l-v) .+ sy + 3 (T+0) vK,2.34 _
Cerl e o
o X, _v —Eh__
2 o

where o < a; < e, and G as < eg
énd a,, as depend on the bouﬁdéry coﬁditions and the loading.
Unfortunatel?,vwithout going -through the 8th order theory it
is impossible to give meanings to a,, as:; . they must just be
accepted as terms in the equations.

For cylindrical (pure) bending in the X direction

(M. = const, M_ = 0)
X Y

* *
D = D .D_. = D = D
X X y y
. GJ, ' GJ |
_ Sy Eh o
y
(e1tes)? g7l



PLIRE | i d2w._§'_2_vv.—-
For pure twisting, lsei'dXZ = ay? _,O

and S £ 0 at all points.
dxdy ‘ s
a; = az = 0
N ,
s D = D 4 ezE|n+Bd
X X s
v » X
p = b 4+ 2 Exhﬁy+‘bldi o . Eqs 2 35
. e - ] - S 4.
. 6J, GJ
H = D + 25 + ——ZZS = H
X Y

In general, the rigidities obtained from.the ordinary

4th order theory are always the minimum values.

8. FROM ADOTTE

Adotte (Ref. 10) deals with asymmetrically stiffened
plates of any kind, steel or.concrete,‘and gives what.he
terms "a second order" theory for them; Thié second order
theory takes into account the in-plane forces in the plate
or slab part of the structure, and so has the same base as
the 8th order theory. In his method the bending aﬁd ine~-
plane forces are found separately. Finite differences are
used té obtain solutions. Basicélly, two general operator
patterns are derived which are applied to the nodes in the
structure. There are two sets of simultaneous equations
to be solved. The unknowns at each node are the deflection,
w, and Airy's stress function, F. By choosing values. of F
and then solving for the values of w, and then subétituting

in the values of w to recalculate the values of F, and so
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on, the plate is solved.
Huber's equation (1.13) forms part of one of the general
operators so, as with most other methods, values are needed

for Dx' Dy and H. = These are given by Adotte as

E Ix ‘ E'I‘
Dy = sx(l~u2) ' Dy = sy(l~u2)
‘ = 1 ' ' . o
H z,(Dx + Dy) _ f _ Egs 2.38

where L. Iy are the moments of inertia of the repeating

sections in the X,Y directions. These are said to come from

the standard theory of elasticity. Dividing the whole of
-2} i ike st 1 .

Ix’ Iy by (L-v2) is likely to overestimate Dx’ Dy° ‘The

only place where the writer has seen .the formula for H given

above is in Marcus's equation

d4w ‘ d4w CdAtw
Dy ax# (Dx + Dy)_dx2dy2 + Dy dy*

which was discounted and replaced by Huber.

9. OTHER AUTHORS
| In this section references on the subject of orthotrdpic
plates are given, but which contain no new ideas on the values
of the rigidities. U

Zienkiewicz and Cheung. (Ref. 17) among others produced
an orthotropic rectangular element stiffness matrix for use
in a finite element analysis. - Values of D Dy’ D, and ny
are needed for substitution into this matrix. An alternative

method is to use isotropic plate elements and beam elements.
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Bares (Ref. 2) gives solutions in tabular form for
various values of Dx/Dy and various load and support
conditions. In Ref. 20 he presents his wversion of thé more
exact theory and describes some experimental work on an
orthotropic slab.

Leknitskii (Ref. 5) is concerned with mathematical
solutions of anisotropic plates with various shapes, support
- conditions, and loadings. He gives rigidity formulae for
plates with many stiff.ribs, plywood plates, corrugated
plates, and plates with the modulus E varying generally
through the thickness.

Some mathematical solutions for bridge decks using the
more exact theory appear in Ref. 13, 18, 19. The views on

rigidity formulae follow those of Cornelius and Giencke,

10. SUMMARY

In the experimental part of this work tests are done oh
homogeneous, asymmetrically stiffened plates with ribs
running in one direction only. In the summary below are

the rigidities for this type of orthotropic plate only.
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A, Values for Dx

i e h
¢, : -
N ~— 4 =+ + —A
)
g d

R

. _ E|pas . I ‘
i. DX = 3 [ﬁi? +‘bd e, ] + (T=02) [12 + h e, Eq 2.39
This is the most general formula.

‘ii'D*—Dv+(e'-a)2E h+'}—°—Cl E"24_0
L3 x‘“ X l l.. S q‘

where Dx is as in (i) above, and o < a; < e;.

This is Massonnet's 8th order correction.

"ET

iii. D = —X Eq 2.41
. X S N

i EIx

iv. Dx = ETT:EET Eq 2,42

where Ix is the moment of inertia of the T-section about its

neutral axis, are approximations which can be used if



ii,

iii.
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v is- very small

the plate centribution to for formula (iii)

N e Nt e et

IX is small

the beam contribution to

) for formula (iv)
I, is small ‘ : ) o
Values of D
: N4
EhS3
by = e T P Bq 2.43

This is a safe formula which some consider conservative.

_ "E h3 s ,
Dy = 1T2(s-B¥a) Bq 2.44
where ¢ = h/(h+d)
This is Huber's formula
I T — Eq 2.45
: B.Bm22d .
L Ty W

where B is the span in the Y direction

where D(y) = _____&L__lfzﬁzl“l];

where h(Y) is the total thickness of the plate stiffener

combination'subject to the following limitation. When

- the ratio of stiffener height to stiffener width is

greater than unity a reduced height of the order of the

stiffener width should be used.
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This was Huffington's recommendation for symmetrically

stiffened platés, and was really applied to plates with.

simply supported edges.

CO

Values of D,

D, = ﬁD - : Eq 2.46

This is the commonly. accepted one and seems the most

reasonable.

D, = v.D + u.el.es.ng%fT; = D . Eq 2.47

This is . Giencke's approximate formula from 8th order

theory,vandyiswputuinAto,show‘that.noﬁchange is made to

~ the value of. D; by this theory when the ribs run in one

iii.

Values of Vet Yo, and’Dx

direction only (es .= o).

D, = 0. S : a : Eq 2.48

This is .a first approximation used if v . 1is small or if

the contribution,of.the"platevto',DX..is'Small°

\

-

'yx == AD(la‘ﬂD) 4+ G S

Yy = D (1-v) . . Eqs 2.49
= - I

2D, = D(l-v) + G'3g

This is the usual set of formulae. V¢ represents the
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sum of the torsional rigidities of the plate and the

beam taken separately. There is no formula which

allows for their additional strength due to continuity,

except for ii. below, which is really for thin steel

sections.

. For steel ribs joined to a concrete slab by shear

connectors or joined to a steel deck plate by bolts

there may well be a negligible continuity effect.

ii. Y

' bd 3
D(1-v) + G 38

D(1l=v) Egqs 2.50

bd?3 -
D(l-v) + G s

formula for v, the beam contribution is calculated

= 1/3, irrespective of the ratio d/b.

e,2 Eh
e . &g
D(1l-v) + 3TIT9) +

S

D(1l-v) _ ‘ . Egs 2.51

e,? Eh
. 8T

D(1-v) + 4 (1+v) T 2s

These formulae come from the 8th order approximation due

to Giencke. For Massonnets formulae replace e; by a,,

where o < a; < e;, in the above equations.



CHAPTER 3

GENERAL ANISOTROPIC ELASTIC THEORY
APPLIED TO ORTHOTROPIC PLATES

Statements such as "The bending of orthotropic plates
is characterised by four independent elastic constants Dx.
D, D; and Dx ", are sometimes made in the literature. This
can be misleading because there are actually nine elastic
constants which characterise an orthotropic plate, but‘
usually only four are needed in a bending analysis.

In Chapter 1 the relationships between stress and strain
in an orthotropic plate were stated in Egs 1.3. There the
co-ordinate system X,Y,Z corresponded to the directions of
principal stiffness. It will be seen that the stress-strain
relationships are more cbmplicated when this is not the case,
and hence the moment equations (1.6, 1.7, 1.8) acquire exfra
terms. Thevmethod of finding the moments in directiops
other than the directions of principal stiffness will be
given. One application of this is that it can be used to
determine the rigidities of orthotropic plates by experiment.

The basic theory in this chapter comes from Ref. 23,

We begin by considering the state of stress and strain in a

continuous anisotropic body.

1. The State of Stress in a Continuous Solid Body

The state of stress at any given point of a continuous

body is determined entirely by the components of stress in 3
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mutually perpendicular planes which pass through the chosen
point. Choosing a mutually perpendicular set of axes X,Y,2

the stress components are defined as in Fig. 3.1l.

| Oz V‘g;?-
» ¢, T
/ 0
v Oy Cay

Fig. 3.1

We can find by prbjection the components of stress in a new

orthogohal system X',Y',2Z2"'. The position of the new system
with respect to the first system is determiﬁed by Tab1e>3,l

of direction cosines. = In the table o; = cos (XOX')

v> = cos (Z0Y') and so forth.

TABLE 3.1

'Direction cosines

X | Y | z
X! a1 B1 Y1
Y' Ao Bo Y2
z' A3 Bz Y3

The stresses in the new coordinate system (i.e. on the
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areas normal to the X',Y' and Z' axes) are

O = UXOC12 + Uyﬁlz_ + 0'23’12 + 2Tyz|31'yl -+ ‘2TXZOC13’1 + szyalﬁl'
Tl;z = O 0203 * Oyﬁzﬁs + O'Z"Yz'YS + Tyz(Bzys + Bavs)
* Tyy (d2vs + asv2) + 7, (d2Bs + asfa)
Egqs 3.1
The expressions for Oy, Oyt Typt TXY are obtained by
cyclic permutation of the indices of a, B and 1. The
formulae for the transition from the system X',Y',2' to
X,Y,Z have the form:
— i 2 1ty 2 , ! 2 1 ]
O, = 0p01= + cya2 + 0 a3 + 2T§Za2a3_+ Zszalas + 2Txya1a2
Tyz = xBivi * 0yBave + 0y Bavs + 1o, (Bava + Bave)
+ Téz(BlVS + Bavi) + Téy(BlVE + B2v1)
Egs 3.2

As before, cyclic permutation of ¢, 8

and v gives the remaining stress component formulae.

2. Strain

The state of deforﬁation in the neighbourhood of a given
point of a continuous body is determined by six components of
strain : 3 components of relative normal strain which we
denote by € with one index which indicates the direction of
the strain; - 3 components of relative shear strain which we
denote by vy with 2 indides.‘ |

For the transition from one orthogonal coordinate system
X,Y,Z to another X',Y',Z', the components of strain transform

according to formulae of type (3.1). Here we substitute
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e for g and %vy for <.
€p = 1% * € Ba® e yi® by Bav1 t Y,y F Yy %aBa
Yoz = :_a.-‘z_exdzds-"“’ Ze BoPs + 2¢,v2Va + Yy, (B2ys + Bava)

+ sz(dzvs + asye) + ka(dzﬁs + aaBz) -

and conversely,

= 1y, 2 fy 2 P, 2 [ \ t '
€y € a1” + St + e aa * wyza2a3r+ Yepd1ds * Yyl 202

i

‘ 'sz 2€}'{§lyl + 2€§',[32y2 + ZEéBS’Ys + 7;,2(5273 + 533’2)

+ 7;2(51§§\+ 3371)“;M§:;T§i§é + 3271) _
' | Eqs 3.4
We denote ﬁhéidomponentsrof displacement of the particles
of a continuousibﬁdy-along the axes of thé Cartesian
coordinate system X,Y,Z2 by u,v,w. In the case of small
displacements of a continuous body, it is possible to neglect

the squares and products of the derivatives of the displacements.,

We have:
- gdu - dv - 4w
€ T dx ¢y T dy €2 T @z
, = Qv gdw = Gw , du
Yyz = dz  dy Yz dx * dz
= du dv
yxy = &y + ax Egs 3.5

Formulae and equations given above are valid for both elastic
and inelastic continuocus bodies; their derivations can be

found in any text on the theory of elasticity.
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3. The Generalized Hooke's Law

We assume that the compénents of strain are linear
functions of the components of stress. In other words, it
is assumed that a continuous body satisfies the generalized
Hooke's Law. When no elements of elastic symmetry are
present in the general case of a homogeheous anisotropic
body, the equations which express the generalized Hooke's

Law in Cartesian coordinates X,Y,2 have the form:

€ = 110y * 120, + 2150, + al4Tyz.+ B1sTyy * A16Tyy
= + : + + ¢ + ‘
€y az10, + 8220, + 3250, * 24T, ¥ B2s5Ty, B26Tyy
VYou, = Ag + a I X oo + A
ny 610, ‘ 620Y s ., seTXY
Egs 3.6

These edquations c@ntain‘36‘coefficientsaij, called.- the
coefficients of deformation. . By. solving the. above.equations
for the stress. components Oy ? gy,.a.., TXY we . obtain an
equivalent form for the equations of.the. generalized Hooke's

_Law:
o, = Biie, + A12€Y + Rjae, + A14Wyz + AlSW&z.+'AlGka
oy = A21€3,+ Azzey + Apge, + A24Vyz t BosVy, t Azeyxy
;;;i; Agie, + Aégey + .. L e + Aeeka
Eqs 3.7

The constantsAij are called the moduli of elasticity. If an
elastic potential exists, the number of elastic constants in

the most general case of anisotropy is reduced to 21. Such



an elastic potential exists when the variation of the body
under deformation occuré isothermally or adiabatically. We
shall assume that the variations of deformation occur
isothermally.

Denoting the elastic potential by V (equal to the
potential energy of deformation per unit of volume), we have

the following relations:

By differentiating the above with respect to ¢

x' vy

ny' we obtain

do _ do dox \ doz

dey dex dez dex
and so forth.

Hence it follows that
A2l = A12 ’ ASl = AlS s o e e « oo 7 AGS = ASG ’
or, in general Aij = Aji (1,3 = 142/ «e- 48)

Similar relations hold for the coefficients of .

deformation, i.e. 3, 4 =..aji (1,3 = 1020 vov 1a)-

4, The Elastic Potential -

In the general case the expression for the elastic

potential has the form:

V = ka 2 + a + a + a 4+ a
28110, 120x0y 130XGZ 140x vz 1SGXTXZ

+ a;g0.T + %a,,0 2 + a530,.0, + @s40,. T
v 230y,0, 240y

X Xy vz

+ a + a + %a 2 4
250’YTXZ 26 GYTXY 28330, a34OzTyz
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+ agngsz aSSGZTxy + 23.44'1' 2 + a45Tyz sz
2 X ) 2
Eq 3.8
Or, more briefly,
e |
v = 5 (oe, * Iy, * en ¥ Txywky) Eq 3.9
Or, in terms of the strains .alone
vV = %Allexg + Alzexey + .o I Aleex'yxy '
+ %A22€y2 + P , + Agsey'yxy + v.e ® + %Asal},}z{y
Eg . 3.10

We find the potential energy of deformatien for the whole
body by means of inte@ration over its volume w:
. . ' B . .

™

\ A f%f V dw :

5. - The Technical Elastic Constants

The coefficients of deformation, aij,rcan be written in

terms of the Young's moduli, Poisson coefficients and shear

moduli
1 1 1
I. an =g~ @2 =F- A3 TFo
XX vy zz
v b} 0 1b)
. P, X A 2
II. a12 = - EX—" = -E—z ’ a23 = - 'E_Y = - EX'—
vy XX 2z Yy
.. oxz . Dzx
Q18 T "R % T F
XX ZZ
” 1 1 1
III., 344 o s agg = -C-;-—m aee =4 -a—.._
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- IV, agg = g =
Xz Xy
0 = txveyvz | Myz.xy
48 — G G
yz Xy
_Mexoxy  Hyz,ex
Gas T T T T TG
Yz X2
_ Nyz,x _ Dx,vz CNex,y Ny, zx
XX 2B vy X2z
_ Mxv,z _ Nz,xy
dag = o) - G
22 Xy
_Nyz,y _Dy,ye Mg,z Nz,zx -
VI. agge = B = Tg 335 = [ =G )
vy vz 2z Xz
_ Mxvox _ Mxuxy C_Nyz,z _ Nz,yz
Q16 T Tg =7G Q34 T 7R = e
' XX Xy 2z vz
CMzx,x . Mx,zx _Mxy,y _ Ny.xy
Qis T g T Tg- dz26 = TR =G
XX Xz Yy Xy ..
I " ' o .
Here Exx' EyY’ Ezz.aregthe Young's moduli (for tension
compression with respect tc the directions x,y,z; G_,_, G__,
P

vz Xz

ny are the shear modgli for planes which are parallel to

the coordinates yoz, Xoz, Xoy:

Y are the Poisson coefficients

v ¢ O 1 Vg U yzl zx

¥X zy Xz xy/‘
which characterize the trahsverse compression for tension in
the ‘direction of the axis of the first coordinate (thus, v
is a ¢oefficient which characterizes the decrease in the x
direction for tension in the y direction, and so on).
Mok, vz’ Yxy,yz’ o0 ¢ Myz,xy V@ call the coefficients
of Chentsov. They characterize the shear in the planes

which are parallel to the coordinates and which induce

tangential stresses parallel to the other coordinate planes.
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Thus for example Mox, vz characterizes the shear in the plane
parallel to the yz plane which induces the stress Tose? and
-so forth. .

Finally, are called the

T‘y‘z,x’ nZX;X’ s "an,z
coefficients of nutual influence of the first kind, and-

are called the coefficients of

5 oe e

Nx,yz’ Ny, yz’ * Nz, xy

mutual influence of the second kind. The first characterize
the stretching in the directions parallel to the axes which
are induced by the tangential stresses; the second are
shears in the planes parallel to the coordinates under the

influence of normal stresses.

6. Elastic Symmetry

If the internal composition of a material possesses
symmetry of any kind, then symmetry can be observed in’its
elastic propértiesm This can be extended to bodies with
structural symmetry. If an anisotropic body possessesvan
elastic symmetry then the equations of the generalized
Hooke's Law are simplified.

We find the simplifications by applying the following
method. We refer the body to the first coordinate syétem
X,Y,Z, and then to the second coordinate system X',Y',2°,
which is symmetric to the first. = Since the directions of
similar axes of both systems are equivalent with respecﬁ to
elastic properties, the equations of the generalized Hooke's
Law and the expression of elastic potential will have the
same form in both the first and second systems; the
corresponding elastic constants entering into their

composition also will be identical.
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For the first system. (X,Y,2)

T o= ha,i0®+ | y
zallo'x a]_gO'xO'Y + .. + aea'l.'xy

For the second coordinate system (X',Y',2')

V = ka '2 + a,.0'cl + . + l’a 2
2 110x ) IZO—XGY ‘ esT Xy

- Since one and the same quantity is being discussed, we have

‘%allokg + a,p0,0, + oo+ BaggTE

Y Xy

= ka;; 0.7 + algo ol + ...+ LageT. 2

Xy Xy

We express Ok’-oy" ..{ Txy in terms of Oy v gy,... ' Txy.
using formulae of type (3.1). Equating‘coefficients for

02, 0, 0,+ sss » in the  left. and. rlght 51des,Awe find

X' "x-y xy
that soeme coeff;CLentswaij are equal‘to.zeroJand.others are
connected by definite-relatipns, . As.a result, bodies
possessing elastic .symmetry have less.than 21‘indépendent
elastic constants. - Considering:thewelastic,potential

expressed in terms of .the components of strain we. can -find

the relationship between the moduli Aij in the same way.

7. Elastic Symmetry in an Orthotropic Material 2!
/
Y
1
—_—— X
X
R ()
Y /
2
x'. .
] ' (&)
Fig. 3.2 !



Let X and Y be the principal directions in the
orthotropic plate as in Fig. 3m2(a)a It can be seen that
the axis system (X,Y,Z2) can be rotated in 3 possible ways
(Fig. 3.2(0), (¢), (d}} so that the new coordinate syétem

(x',Y',Z2') is equivalent with respect to elastic properties.

i. For the rotation from system 3.2(a) to 3.2(b) the table

of direction cosines is:

Y/ . X Y Z
p / X -1 0 0
- ~ >~ |
X | X e 0 11 o
v Z' 0 0 1
/
Z)Z
Fig. 3.3
From Egs 3.1 we have
' — v o
Oy Oy Tyz Toz
' ] 1 = -
Iy %Y - Txz Tz
! = L =
Og Oz - Txy Txy
fquating V for the two systems
V = k 2 :
v i8110,° * 8120,0, + 8130,0, + B140,Ty,
t B1sOyTy, * B160y Ty, * 8220,% + 2230,0,
+ + + L 2
+ az40'yTyz ag5O'Ysz ageO'yTxy zagsdz
o , 1. 2
+ a340'z"['yz + aasO’szz + asgdz’[‘xy <4 2&44TYZ
. - 1 2 _
T BusTypTyy T BesTy,Tyy ¥ BssTyy T A58y, Tyy

+ ka 2
2 esTXY



I,.-l.
} bd

%Xz X yZ
-~ a + + Ya_..0. 2 ¥+ as40.0
150’XTXZ 180}{»}:}7 2 <4O'y ESO'YO'Z
~ a - + a + Ba500,
o4 GYTYZ ZJO'YTXZ o6 UyTxy 2330
= Ba40 - &asc 4 Baeo.T... F Bag.r 2. .
54O'ZTYZ aasOZsz geO'ZTxy 2 44Tyz -
+ i -~ A4eT.. T2 + hBacs a
Be5Ty5Txn 46T,z ey T 2955Tgy 56 TxzTxy
+ %a 2
2 ssTxy
Equating coefficients of like terms:
814 = 815 = 8pg = 8ps = gy = Ags = Aag T s = O

For the rotation from system 3.2(a) to 3.2(c) the table
of direction cosines is:

{

4 {
4 Y X ¥ 7
- | x' | 1 0 0
X, vy | o | -1 | o
Y z

Fig. 3.4.

.From Egs 3.1 we have

1 = 1 =
I o, Tom oz
- ' = -
Oy O Txz Txz
O-' - O— '1-“, ) maw -
2 2 Xy Ry

Proceeding as in i. above this yields:

Q35 = 818 = Apg = Apg =¥ gz ¥ 8gg = A4s = g 0
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iii. For the rotatlion from 3.2(a) to 3.2(d}] no new information

emerges because ili. can be seen to be the sum of

rotations 1. and ii.

For an orthotropic material in which the axis system
(X,Y,2) corresponds to the directions of principal
stiffness the matrix of coefficients of deformation

therefore simplifies tos

B 211 @1p a3z O 0 0
[?ij] = . azs O o} 0
a4qe O O
SYM ass O
: : dae
L— . . . L

The moduli of elasticity,.Aij,,can be found in the same
manner as aijw The elastic potential is expressed in
terms of the components of strain. instead of stress;
this is the only difference. - The simplified matrix of
moduli @f.elasticity becomes: |

A;; A;s Ayg O 0O 0

" Ass BApy O 0 0

[}ij] = | Ags O o) o)
A,, O o)

SYM . Ass O

Ass |




8. The Transformation of Elastic Constants under a

transformation of the coordinate system

The elastic constants which enter into equations of the
generalized Hooke's Law of an anisotropic boéy depend on the
direction of the axes of the coordinate system. If the.
direction of the axes varies, then the elastic constants vary.
Only in the case of an isotropic body are the constants
invariant in any orthogonal coordinate system. When
studying the state of stress of an anisotropic body the
following question arises: if we know the elastic constants
expressed in one coordinate system, what are the correspohding
constants in another more convenient system?

This question can be answered by applying the method
already used for the simplification of the expressions of
thé elastic potential and for the equations of the generalized
Hooke's Law when elastic symmetry is present. Let the
elastic constants for the system X,Y,Z be known. It is
required to determine the constants in the new system
X', y',Z2". The position of the new system with respect to
the old is defined by the table of direction cosines. We
write the expressions for the elastic potential V expressed
in the systems X,Y,Z and X',Y',Z'. By equating these
expressions, we obtain an equation on the left side of which
are the components of stress or strain in the old system;
on the right side are the same quantities for the new system.
We express the components of stress or strain in the old
coordinate system in terms of the components of stress or
strain in the new coordinate system. Comparing the

coefficients of the squares and products of the components
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of stress or strain referred to the new system we obﬁain the
desired formulae for the new elastic constants on the left
and right sides of the equation.

| We are primarily interested in the transformation of the
moduli of elasticity, Aij’ since they enter into the equations
for bending and twisting moments. The transformation of
aij will be given here but not derived.

Let the system X,Y,Z be that of the principal stiffnesses.

In this system the planes XZ, XY and YZ are all planes of
elastic symmetry. In the new system X',¥',Z2', where 2!
corresponds to Z, there is only one plane of elastic symmétry,
which is the XY plane. The matrix of the moduli of

elasticity is that corresponding to rotation i. in Section 8

above, and is:

All A:IL2 AZ'LB o o A:'LB
A22 Aés 0 0 AéB
Algs O . O  Aig

[A.'.] - o o
1J4 B . ALy Ats O
SYM AL O
_ . Ads

The table of direction cosines for the rotation. about the 2

axis is:

X \% z
%! cos ogf sin g |- ©
v =sin o | cos ¢ 0
z! O O 1
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We have
vV o= L : 2 4 AL g g : - = 4+ LA - 2
\Y 2A11€x ! 12UX€Y T+ A13€X:Z ZAdcgy
+ Asage. e + BAgme 2 + /2A44y‘7§ %ASJ'}/‘:EZ?
2
+ 3AgaY, 2
3 66ny
= LAl e!? + Afpele’ + Algelel + Bigely)
Z liex 1£€x€y T lstxcz 16€xw%y
i ;A)r 2 Bl ete! 4 [ v ¢ -, (=
2 aaey 23“ycz ZGGYWkY 38 33€,
[} ¥ | ] 82 ¢ [ S
+ Aaeezvky + 2A447yz + AaSYYZv%Z + 2 é57X;
1 [P I~
+ /ZAasty

From the table of direction cosines

€, = eé cosZq + e§ sin2y = W&y cosgsing
vey = e, sin®q + e% cos2q + w%y cosgsing
€, = eé
‘sz‘: W&z cosa + vy, sing
Yz = mygz sing + Yoy COSQ
ky = 26% cosgsing - 2e§ cosqsing + yéy {cos2y -~ sin?qy)

Substituting these into the expression for V, we get the

following relationships between Aij and Aij:

Al = A,jcos%q + (2A,. + 4A s)cosZxsin®g + A..sinty
11 1L 12 86 2&

Ajp, = Ajp(cos®y + sin*q) + (A,,; - 4Ags + A.)c0sZgsin3g
Aja = Alacasza 4 Aquinza

. ' | ping
Alg = [&Allcosga + Asz8in®q + (A, + 2Bgg)cos2¢ ﬁé%mg



Ata = RA,.8in2q + A.sc083gy

Alg = [}AllsiHEQ + Aégcosza - (A, + 2Ass)cos2%] §i%éﬁ
Azs = Bgg

Alg = (Ags - Ajg)cosasing

Ajy = A, ucosZy + Agssindgy

Ais = (A44 - Ass)cosgsing

Ads = A,,.5in®y + As-cos2y

Aée = Rgecos®2y + (Ay; = 2A;, + App)cosZgsiny

Egs 3.11

The. relationships between.the coefficients of

déformation, a{j,.im the system X',Y',2" and‘aij in the

system X,Y,Z can be derived as for the moduli of elasticity
Aijw The only difference is that V must be expressed in
terms of the components of stress instead of strain. The

transformation rules are as follows:

aj; = a;;cosfy + (2a,;, + agg)cos2asiny + agysintq
ajp, = a;pl(cos?y + sin*q) + (a;; + ass - agg)cos2ysing
aj = a;3008%q + a,,5inq
13 13 233
S inZ . sin2
alg = [}2allcosza + 2a,,s5in2y + (2a,, + ase)cosgé] __%JL
ats> = ajpysintq + (2a,, + agg)cosZysinZg + asscosiq

atas = a;35in3y + aszcosdy



alg = {;Zallsinza + Zap,cosiy - (a4, + aes)éos2%]f§iggg
ags = aas
ahs = 2(aps = a;a)cosgsing
Q44 = 8440083y + asssin2gy
aty = a44sin2a.+ assCcosey
agdas = agegCos32y + 4(aq; - 2a1; + as,)cosZysin3gy
Egs 3.12

The modulivof elasticity Aij correspond to a generai set
of axes X',Y',Z' but where X' and Y' always lie in the plane
of the plate. It can be seen from Egs 3.1l that in the
special case where X' and Y' are the principal elastic
directions, then o = O and

BAie = Ajg = Als =Ats = 0
and for the other moduli

9. Moments in thin orthotropic plates

In the bending theory of thin orthotropic plates, the
stress czﬁis taken as zero since it must be zero on the
surface of the plate, and is assumed not to build up to an
amount which will affect the strains e¢_, ¢, and ~_ . This

X Yy Xy
means that the values of a s, ass, ags are not used in
analysis, and this in turn means that the values of A, s, Aosgs,
Agg are not used. It also means that A.,,A,,,A;, have

their wvalues altered. To show this considertthe X,Y,2
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system for which the alternative

[?ij]

SYM

Qi3 Q312 4313

Appo dApg

Here the values of aij

0 0 0
0 0 d
0] 0 0]
azqe O 0
ags O

dge

matrices of a..
1]

oxr

e

d;1 a3

=Y-F-

SYM

are as given in section 5.

of Aij are now found by [}ij] = [?iij_l°

or

or

ox

- or

for the alternatives:

are
O o0 o©
0] 0] 0]
az, O )
ass O
Ags
The
Comparing

Orthotropic body

EX(1~D

vz zy

)

(1

E_(v =0

“PyzPzy " Pxy Cyx”

X 'YX

©

-2
xzzx "< xyyzzx

szyz

)

)

(l=l

v

E (l=v__v
A

vz zy” Pxy Pyx”

0

-2
%z Vzx MnyDyzsz

X2 ZX

) .

)

(1~

v

G

Xy

yzlzy”

v

xyYyx " Oxzzx”

thin plate theory the stresses become

= A + A
11 €X 12 €

= A12.€X +A22 €

values
values of Aij
Thin plate
Ex
Ay, = _
(1 nyuyx)
A Exbyx
12 _
, (1 nyuyx)
Agp, = -
(1 Oxybyx)
AGG = ny
In the
Oy
o
Y
Txy = Agg ka

The moments become

y

y

2

YxyCyzCzx

)



"y |
= oz a _— dZw 42w
Moo= g, z dz = (Dll Gzt D1z EpE )
-h
/=
h/
"o - d%w d2w
MY = f Oy Z d? == "(D29 dye 4 D:LE dx2>
~h
/2
.
"V d 2w
Mey =/ Txy 2 92 = Dese gzay
~h
/2
_ no
where Dij = Aij 15

The assumpﬁion that g, is zero therefore not only has the

effect of removing a term from the equations for M, and My

but also changes the values of D,,, D;, and D... In general

2

the Poisson's ratios Vpps D

[

S and Uzy are not.equal to

’DYZ

and v.__v to be

zZexro. e w sct the te:
ero One would expect the terms VyzVzy w2 Orx

of the same order as v Provided that none of the

xybyx'
Poisson's ratios is negative, it can be seen that the thin

plate theory underestimates the values of D;,, D;, and Do,.
This is an error on the safe side if one is calculating the
deflections.

The moment equations in’'the system X',Y',2' are derived

as follows in the thin plate theory

O = Al e, + Alp €§ + Ajs W;Y
9y = Blz ey * Ris ey + Ris vy
Tﬁy = RAjg €, + RAlg €§ + Adg VQY

e with the sign conventions as shown in Pigs. 1.4, 1.5



h \ o
/2 :
dew d2w d3w
, - ) - - ¥ ——iamad - ] Wiaca cam——Tn
Mx- f Oy Z dz <Di1 axz *t Dis dy2_+\2D16 dxdy >
-h
/2
by
1 o 2. = gi“l 4 d=w : ! d®w y
M, = f oy 2 dz = <D22 dyz ¥ Piz gzt i?ze dxdy >
_h 4;“1‘:‘. IS
/2 '
h/ . ‘, . . I = . N
[ 2 v o Ao . ] d2W i d2W ! -dgw-
M%y = = ,Txy‘ﬂdé = Die gxz * Dzs dye ¥ 2Dse axdy
~h,
/2
— M 1
YX

10. Mohr's circle. for moments.

The stresses in the system X',Y',Z' are from Egs 3.1

' = cos2y + g.sin2y + 2 cosgsin
O 0, C08“a Oy_ a Ty o1 a
o' = g sin2y + o5 cos2y - 21 _cosqgSing

y % y Xy oo

' = «g cosqgsing + cosgsing + cos2y - sin2
Try o,cosasing + o cosasing Txy( s3q in®q)

These can be rewritten as

ol o (0. - o)
. A A — Y :
Oy + 5" . cos2q + Txys;nZ@
Ty o (qx - q.,)
RO . ST A S, A - w
GY 5 | cos2q Txysln2a
(qx - ) v
'ﬂ_m—.—.—u—-—-‘l—ns"
TXY 5 in2q + Txycoszg
From the above the momentsﬁﬁedbme
(M, + M) (M, = M)
R . A A R A - M :
Mx 5 + % cos2q Mxys1n2a
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(Mx+M) (anm)
D SN A S A :
MY 5 5 cos2q + Mxyslnza
(MX—M)
l=___.____Y._.' ’
Mxy 5 sin2q + MxyCOSZa - Egs 3.13

The above moment equations have certain differences in the
signé from thé stress equétions because of the way the
momenﬁs and stresses'wqyg.defined in Figs. 1.4, 1.5. These
moment formulae can be.fépresented by a Mohr circle
,constrdctioﬁ as shown in Fig. 3.6. @ The form of Mé; M§ and
M! can be seen to be satisfied by rotating triangle OAB

Xy
through an angle of 2¢ to positon OA'B'.

| M“ﬁ

Fig. 3.6
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When M' = 0O, then M&, M& are the principal bending
Ry ‘ .

moments, and the angle ¢ is defined by

Mo+ M. /M =M \2 '
M M . - b A i P S 4 + (M 2
max’ ~min 2 2 CRY, y

ot



-~ CHAPTER 4 .

EXPERIMENTAL METHODS OF FINDING THE RIGIDITIES .

From a study of the litefatdrevitwappear5=that-only one
method of finding the rigiditieslof an orthotropic plate has
been used. This involves a twisting test and a minimum ofv
two bending tests, and was developed by Bergstridsser (Ref. 24)
in 1927. A minimum of three models is needed to determine
all the rigidities D , D, D; and D . This method will be
described below. |

The time taken to make a model is considerable if it is
to be well made. The writer accordingly has devised a
:method for which only one model is needed to measure all the

"rigidities. This method, however, also has its limitations

as will be seen.

1. Bergstrisser's Method

_This method is describéd by Hearmon and Adams . (Ref. 25),

who used it for tests on plywood plates.

_ J
A

Fig. 4.1 D



Consider a plate ABCD cut from orthotropic material.
Suppose the plate is subjected to uniform bending moments Mx_
per unit length of side along AD,BC, My per unit length
along AB,CD and a uniform twisting moment MXy per unit
length along all four sides. The general expression for

the deflection of a thin plate subject to these conditions is

héw = 6M_ (a{;x® + ajpy® + ajexy)
+ 6My (aiox2 + ajfoy? + algxy)

+ 6M, (a1aX® + alagy? + adexy) "Eq 4.1

Yy

where w ié the small deflection, normal to the plane of the
plate, of the point x,y relative to the origin of coordinates,
where h is the plate thickness, and where aij are as defined
in Egs 3wl2..

When 6 = O (ajg = aste = 0) and when Mxy = 0, the
deflection is symmetrical about the lines x = 0, y = 0, and

antisymmetrical about these lines when M, = M = 0, . and MX

Yy Y
# 0. The first case corresponds with pure bending, and the
second with pure torsion.

- When 6 # O, then alg # O, atg # O and, if Mky = 0, some
twisting will occur owing to the existence of the terms a]gxy
énd atexy in Egq 4.1. Similarly, if M, = My = O, some
symmetrical bending will occur owing to the presence of the

terms ajgx® and algy?2.
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The Rending Tesgt

P 122 ta f
£ 3in A 6w, f— 3in. —~—-4J
TL‘ 4 2 3 S

6
®»
'—-
8Y
-
=——-’—-'————‘—-n

Fig. 4.2

The plate and its loading and support points are shown
in Fig. 4.2. Ball-bearings provide support at the points
S, and the .load is applied at points L by the method shown

in Fig. 4.3.

Fig. 4.3

This loading is considered to provide a uniform moment per
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unit length-Mx-z-g'%-=-%-in1the-centreAof the plate. - The
moments My and MX are considered to be zero in the same
region. Deflections are measured along the lines 1.,2.,3.,4.

by means of the apparatus shown. in Fig. 4.4. The foot of

the gauge B is placed

 @¢ 3 U5 “D

2;75 i-n."‘—*

on the central point of the plate; the feet A and C are
plaéed along the required line; and foot D is used to steady
the platform.

Now if a bending«,momentvMX (= P/4) only is applied to

the plate (My £ Mxy'= 0) Eq,4.; beqomés_

h3w = oM, (a]1x® + ajy® + ajiesxy)

Along Iine 1.:

3
x = 2,75 in, y = 0 .. ai, l—l‘-”%-s—l;
Along line 2.:
, ’ | 3
X = 0, y = 2,75 in S als = Ti’i}%ﬁ-

Along line 3.:
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} " . wh3
¥ o=y = 2,75/ 2 S ee @iy toalz b als = TrrsT
. 4y07l
Along line 4.:
w@ . = 2 7;;/\/’? ‘. al R 5 ¢ - @;
=y = o ION & se @331 T &3 e ¥ EUETD
In the case 6 = 0°
ajy = &y; 1 &z = A3, ; ajg = O
In the case 8 = 90°
N N .
\\
C &Yy = dgp 5 @iy = Ayp ;7 ajg = O

¥

Notice that to find values of a,,, a;, and a,. a minimum of
two models is needed. X The simplest two values of © to use
are 6 = 0° and 6 = 90°. Measurements along lines 3. and 4.
are redundant; they can be taken to give better average
results but are not necessary.

A strong recommendation for this bending test is that
the plate is in pure bending when 6 = 0° or 90°. - There are
thus no extra terms in the theoretical formulae for Dx; D

S’
and D; according to the 8th order theory of Massonnet (Egs 2.30

el

o 2.32), when asvmmetrically stiffened plates are tested.
Hearmon and Adamsvtested three types of plywood using
6 = 0°, 22%°, 45°, 67%° and 20° for each. They measured
deflections aleng all four lines 1.,2.,3.,4. . There were
thus many measurements and the redundant ones along lines 3.
and 4. agreed quite well with the fesults for lines 1. and 2.
They estimate the uncertainty in the average results to be a
maximum of 3%.

Note that the flexural rigidities can be calculated from
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the constants a;,, a,, and a,> by

Qoo - &30 a4
A = ; A = H A =z
11 - 57 ) — -2 22
j118pp=8yp Q311852 "82

E]
@i118pp-8;p

- he
and Dij = Aij 13 -
Hoppmann (Ref. 21) did tests on three types of
asymmetrically stiffened plates using the method described
above. He found a,, and a,; separately, and they compare

very badly. To show the relative discrepancies his results

are given below in Table 4.1.

) a3 o A5 s Ao, o Asog .
Type of stiffener - o3 10 h3 10 73 10 13 10
Brass rod 9,7, 0,06 - 4,9 13,9
Grooved steel plate 24,5 . - 8,55 - 9,3 33,8

Grooved duralumin . 90 . =12,8 -39, 2 612

,Table 4.1

Here h 1is the thickness of‘an equivalent true orthotropic =

plate, which need not be defined. Units are (lb in.) ™.
However in a latet paper (Ref. 26) in tests on two more

plates he obtained much closer values of a,, and as;. These

are shown in Table 4.2.
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, ) di1 Qiz
Type of stiffener 55 lo08 wE 108
Groove one side o 2,67, CLo=0,76
Groove two sides . .3,96 =1,77
.. Table 4.2

Y51
he

108

0,73 .

The results in Table 4.1 do suggest that a,, and ay; or D;,

~and D,, are not as well defined in this test as a,; and a.,

or Dx and Dy are. In other words the test is not as

sensitive to these elastic constants as one would like.

The Twisting Test

The method used is illustrated in Fig. 4.5.

plates are square measuring 6 x 6 in.

measured exactly as in the bending test.

Fig. 4.5

The test

The deflections are

The plate is loaded on diagonally opposite corners and

supported on ball-bearings at the other two corners.

The

theory of this method of loading is given by Timoshenko

(Ref. 1) and shows that the concentrated loads P/2 at each
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corner produce a torsicnal moment Mxy per unit length along

each side equal tc P/4. Hence from Eq 4.1

2h%w . = 3P (algx® + ajgy? + aldery)
Al@ng'line 1.: di1e = ‘f%%%%ﬁ
Along line 2.: agg = »if?g%ﬁ
Along line 3.: aje *+ aje t ads = ‘5?2;9
Along line 4.: ais + ate - aAgs = §¥%§§

For the case 6 = 0° or 90°, there should be no deflection

along lines 1. and 2.

\ 3

Along line 3.: Agg = Bw27p
3
Along line 4.: dgg = = 5w27p

It can be seen that a minimum.of one measurement is needed

to find ase, and cbvicusly only one plate is needed.

Then A 88 = “""‘]'-""
EY-
‘ - h2
and 2ny = Rgs 7%
In general this is an accurate, simple test. It also

has the advantage that, by the 8th'order theory of Massonnet

-

Ay

the theoretical formula for Dx- is the same as that for the
4th order theory (see Eqg 2.37). In other words, for an
asymmetrically stiffened plate, the eccentricity of the ribs
does not cause extra terms to be added to the theoretical

formula for ny.



2. Another Method

The method given below was developed by the writer who
was trying to find a way of determining the rigidities using
only one model instead of three. Thig was done eventually
and used for the experimental work in this thesis, and is
described in section 3. of this chapter. Gther investigators
might be tempted to pursue an approach described in this
section (section 2.) which appears promizing at first. It
.is shown, however, that this approach still requires more
than one model for testihg.

First of all it should be pointed out that, in the
method in section 1. above, it is not necessary to determine
the constants a;,, a5, @z; and a,, and then to calculate
D, Dip, Dz; and D, from them. The rigidities can be found
more directly as follows. Considering an asymmetrically
stiffened plate, in Fig. 4.2 let the stiffeners run parallel
to line 1. (i.e. 6 =0 ). Then at the centre of the plate

we can say

-\ 42w dZw
Me = 7 = Dygxz * Pae dy?
. - 42w d?w

d 2w devw

The values of axz and dyz can be measured experimentally,
and so we have two equations in the four unknowns Doy Dizs
D and D_.
21 Y
Now let the stiffeners run parallel to the y direction

in Fig. 4.2 (i.e. 6 = 90 ), and we can say

- P d2w T 42w
My =2 = Dy dy? + Dy, dwz



d3w d%w . .
The values of e and ay2 are again measured, and now

we have four independent equations in the four unknowns,
which can be solved. The only experimental difference
between the method of section 1. and this method is that
deflections are measured in the former and curvatures in the
latter.

An approach to a method of finding the rigidities is
seen by considering the twisting test.(Fig; 4.5). Although
it is used in section 1. to measure agg (Or ny) only, the
plate does bend as well; If the principal directions of
stiffness (X,Y) coincide with the axes (x,y) in Fig. 4.5
(i.e. 6 = 6° or 90°) then along lines 1. and 2. there is no
bending, only twisting:; along lines 3. and 4. there is pure
bending and no twisting. Since this bending occurs, it
would seem that by making some sort of measurements, some
information about the bending rigidities D, Diz, Doy and Dy

<

should be able to be found. What can be found is discussed

below.
P
A B
]
y Y f
O\ ot 7
X'
X
~ P
Dv
‘ c

Fig. 4.6
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Fig. 4.7

Consider a square plate (Fig. 4.6) loaded as.shown at
the corners by a force P. Let the stiffeners ruh in ﬁhe
general direction X at an angle 8 to the diagonal BD. As
was shown in Chapter 3 (Egs 3.13) the moments in the plate
at any point can be represented by a Mohr's circle (Fig. 4;7).
‘From statics M =.P/2; M . = =P/2 and the origin of the

ax min v
coordinates in Fig. 4.7 corresponds to the centre of the

circle. It can be seen that
— .P_ poeard £
M,x = 3 cos206 My
Egs 4.2
_ P .
MXy = 3 sin2o8

Now choose another general rectangular pair of axes X',Y'
such that X6X' = ., Using Egs 3.13 to express Mi, M§ and
M' in terms of M_, M_and M__, we have

Xy X y Xy

(MX+MV) (M_-M )

v - b A ow \
Mx = 3 + 5 cos2q Mxys1n2a
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(MX+MV) (Mme )

' _ - 4 ‘ 3 aq
MY = 5 . 5 cos2q + Mxykln2a
(Mme )
MXy = 3 sin2yg + Mxycosza
Egs 4.3
From Fig. 4.7
M! = Eﬂcos(Ze + 2¢) = =M'
X 2 Y
Egs 4.4
M' = Z sin(20 + 2q)

xy | 2

Eqs 4.3 can now be used to give relationships between the

rigidities, since for

. d3w d2w
M.x we substitute DX ax’ + D, ay?
d2w d3w

My we substitute Dy ayz + Doy gx%
d 3w
xy dxdy

M we substitute 2D
Xy

d2w d?w d2®w
where axz’ E;; and dxdy

are measured by experiment. 6 is

fixed for a particular model.

In the general case where 6 lies between 0° and 45°, we

have three basic equations

p : (Mme ) .
My = §=cos(2e + 2¢) = - 3 cos2q - MxY51n2a (1)
P (waM )
| = bl i = om e - t:" :
MXy = 3 sin{20 + 2q) 5 sin2q + MXYCOS2a (2)
(Mx+M )
—_ Y = 0 (3)
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Let us see what happens when we choose different wvalues

and substitute them into the above equations.

For equation (1):

b (MX—M )
@ = 0°9 5 cos26 = -—§—x—
— o, mg 1 e -
q = 45%: 5 sin286 M.Xy
(M_ ~M_) :
= o, _EB_ .« - L X -
a = 90%:. 5 cos20 = X o - (1¢)
= o, B 5 B ogimne Y3
o = 30 3 cos26 2‘51n2e 2 ‘
_ M) i NE! .
- "2 ¢ T %y 2
(1D) = %(1a) +“[2§
e o, _EP.ssoo L - ﬁ'; o N3
o = 60" | 2c0329 > .281x129-.‘2
- _ML oM A3
2 Xy 2

. '

(1E) . = -5(1a) + %2

For equation (2):

@ = 0° : %-sinze = Mxy (23) =
| M-M)
@ = 459 g-cos2e = .._..2{.5...1._ (2B) =

{1a)

" (1B)

(1a)

(1D)

(1B)

(1E)

(1B)

(1B)

(1A)



- 98 w

o]
i

w

O

o
N

9]

(o]

(0] B
)

@

[

+

P .
£ 1
5 5 8in26 =
~;§§JL~ %%-+ Moy L (2C)

(2c) =%21a) - 508

It can be seen that equations (1) and (2) yield no more
than two independent equations, namely (lA) and (1B). The
conclﬁsion is that, when the stiffeners are placed in a
general direction at an angle 6 to the diagonal, the total
possible number of independent equations relating the
rigidities that can be found is three, namely (1a), (1B) and

(3).

In the case 8 = Q°

We can find the following equations

(M_+M )
M_-M )

o Uty (18)

2 2

0 = M. | (1B)

2

However, é%g% = 0 in this case and equation (1lB) therefore
gives no information. Therefore only two independent

equations may be found by experiment when 6 = O.
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In the case 6 = 45°

Here the stiffeners are parallel to the sides AB,CD of
the plate, as in the twisting test in section 1. We have

the folldwing equations:

P -
5 = MXy (1B)
MX+M v
XY - o (3)
M _-M

However when 6 = 45° we have

d2w d2w
dy?

2
Every term in the expressions for M and My has either gxg
2 N .
or dyZ as a factor, and therefore equations (3) and (lA) give
no information. The only information one can possibly find

from a twisting test when 6 = 45° is from

- d2w .
Xy 2ny dxdy ' (1B)

N
I
=

From the above we conclude that, if one wants to find

all the rigidities.Dx,.Dlg, Dzl,vDy«and~ny-by.meanswof a

twisting test as in Fig. 4.6, one must use more than one

plate model. This is becaﬁse_e must have more than one
value. If one of the models has © = 45°, then two other
models must be used (say 6 = 0°, 22%9). If none of the

models has 6 = 45°, then two models is the total minimum
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number which must be used.

3. The Writer's Mefhod

It was decided that tests would be done on a number of
technically orthotropic plates to determine the values of the
rigidities D.v Diz, Doy DY and ny, These values were to
be compared with the values given by theoretical formulae.

The type of orthotropic plate chosen was the asymmetrically
stiffened plate with stiffeners running in one direction only.
As has been stated, a major consideration wasg to find a method
of determining the rigidities which involved making only one

model of each orthotropic plate. The method used is

described below.

The Twisting Test

The torsional rigidity, ny, is determined by means of
a twisting test similar to that described in section 1.

The stiffeners are made parallel to a side of the plate.

Fig. 4.8

Points B and D of the plate are supported on screws, and

point A is held down by another fixed screw. - The applied
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load, P, is transmitted to the plate through a deflection

gauge (1 div. = 0,01 mm). S i

SECTION QQ

ﬁ<'

PLAN

Fig. 4.9
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The fixed-screws are attached to a model-helding-board, as

in Fig. 4.9, and the deflection gauge is fixed into the board.
The model creeps under load, as will be discussed in Chapter
5, and the model-holding-board must be tapped lightly and
continuously to keep the hand of the gauge moving steadily.
The friction in the gauge is small, but it does exist and

the board must be tapped for accurate results.

D is found as follows:
Xy

- d3w
Mxy - 2ny dxdy
2
513; is the same at all points of the plate and is the change

of slope in the X direction per unit distance in the Y
direction. If w is the deflection of the corner point C in
Fig. 4.8 (A,B,D being fixed), and if j is the length of side

of the square plate, then

d®w =~ _ W
dxdy —  §°
. B _ w_
.3 = My
2
S Dy, = EL Eq 4.4

The Bending Test

The same square model used.in the twisting test is used
here. It is supported on its four corner points on screws
which are fixed to the model-holding-board. This board is
the same one as that used in the twisting test. The

conversion to the bending test requires the replacement of



the downward screw st B and the defleciion gauge at ¢ by

upward fixed screws.

B ﬁ 1 .
H‘ i 5 | ' A‘ b
' B

|

l

1L
X? T

I

!

Fig, 4,11
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PLAN
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The model is loaded in the positions shows So Fla, i1

& L Lo 1,
- and the whole apparatus is shown in Fig., 2.1l:. e tewd s

applied through deflection gauges as in The wwisuling tosi,

The friction in the deflection gauges ls comsldevsd L0 ha
less than the friction in a system using & plunger and

platform (see Fig. 4.13}.

(
3
E

T
Y
s

g

3

T
R
?_

Fig. 4.13

Consider the loaded plate (Fig. 4.1l1). The »ezctions
at the four corners can be found from stabics. In c<ach

load case equations are found.for the total statical momen

k

-at midspan. If P = 1N,

M =2 §)P 80 N wua

for case (a), at section Yy % 3

= 60 N mm

il

and at section XX = M 60 P N un

= 60 N mm

Similarly the moments are found. for cages (b} ard ().
The moments could be. found at any. section, not necessarily
at midspan. -If the section.is too cless to the loads

however, the curvatures are difficult to de!
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These total statical moments. can ayzo be exorsssed in
terms of the bending rigidities.  Consider 4hs My ceguation .
and consider the midspan section ¥YY {(length 180 wm) divided

Fig. 4.14

At the centre point of this element there exist curvatures

4w and N
dx® dy® °

The moment per unit length at this point is

d2w : d2w
M = D === 4+ D
% x dx® 12 gy
The units are
g I o N.mm,;L=+ N mm, =
m rom mm

=

The total statical moment over the whele length of the

midspan section 1is

80 | 80

32 2y :
[ M dy = D[ SEdy + Dys %ﬁ% dy 'q 4.5
-80 * -80 80 Y
The units are now
N %% mm o o= (N mm) == mmn + (N mm) === mn
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test is done in the Moiré apparatus (see Chapter 5). From

Moiré& photographs by taking lines parallel to the X direction
2
at regularly spaced intervals, the values of gig at nine

points are obtained.

YT R FEE7E D
_ Ty
\ T~
| A ~
o
’012.

Bo 6o 40 20 O =20 -4v €D -80 =Y

~

Fig. 4.15

The value of [ ng dy is now found by Simpson's Rule.
-80

A point to notice is that it does not matter whether the

plate is resting equally on all four supports. It may rest

on only three yet it will not affect the moment equation.

2 .
The values of %;% will be different but the moment equation

will still be valid.
80 d2w
The value of the term f aye dy is simple to obtain
-80

since
80

o QEw oL (dw (8w
[oo @2 @ = \ay Jy = 80 "\ay )y = -80
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No curve plotting is necessary. The required values. can be

estimated from the enlarged Moiré photogrsph with reasonable

accuracy.
The meoment equation in the Y dirsction is derived
similarly.
80 80 42 B8O gay -
[ M, dx =D f Eﬂg’ﬂx + Dpy | anE dx Eq 4.6
-0 ¥ Y go %Y -80 &

For each of the load cases in Plg. 4.11 there are two

moment equations, namely for M.x and M‘.V at rmidspan Since

2

there are four unknowns Dx' Dy., Doy and Dy to be found, only

two load cases are necesgsary for their salutidne The third

load case acts as a check and gives exitra information résulting
in better average values of the unknowns.

The positicns of the loads were chosen with three
considerations in mind.

1. The loads must not be too close to the points at which
the curvatures are required as this makes the curvatures
difficult to determine accurately.

2. The loading points must be on or betwsen the ribs of
all four different plate rib spacings (see Chapter 5).
In other words a load cannot be applied right on the

edge or just off a rib.

3. The loads must bend the plate in modes which are as
different as posszible. This gives well-conditicned

equations which produce accurate values Ior the
rigidities.
he limitations of this bending tesgt are as follows.

The plate is not in pure bending. According to Massonnet
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this means that the theoretical formulae for the bending
rigidities must have extra terms in them due to the
eccentricity of the ribg. it must be borne in mind, therefore,
that values of rigidities found by experiment should be
larger thanlthe theoretical values calculated on the basis

of the 4th order theory. For the twisting test however the
experimental values should coincide with those calculated by
the 4th order theory. The other limitation is that, when
the ratio of Dxtd' Dy is large, the plate tends ﬁo bend only
in the Y-directioh no matter where the point loads are put on
the plate. In other words, before an appreciable curvature
in the X-direction occurs, the plate may be deforming
plastically in the Y-direction. . The solution would be for
the plate to be simply supported continuocusly along. two
opposite edges rather than cn four corner support pointé.

In the bending tests performed by the writer the model was

only supported on the four corner points.
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THE BENDING TEST

1. ' The Models

T+ was decided to make 16 different crthotropic plate

models for testing. These were asymmetrically stiffened
plates with ribs running in . cne directicn cnly. This is a

common civil engineering application which is seen in
concrete bridges and floor slabs of large buildings. The
16 models fall into 4 sets of 4. In each set of 4 the
moment of inertia in the X (stiff) direction is the same.

In other words the thecretical value of Dx is the same.

The plates are shown in full scale in Fig. 5.1l. In all the
plates the ratic of rib spacing to rib width, s/b, is
constant at 4 : 1. This i1s necessary to keep bx the same
in each set of 4 plates. The different rib depths give
approximate ratiocs of DX/D of 1,5, 3, 10 and 25.

The objective of the tests is to compare the test values

with the theoretical values of the rigidities. However the

2

objective may be more specifically defined as follows:
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(a) To determine how well an asymmetrically stiffened plate
behaves as an orthotropic plate, i.e. how far apart may'
the ribs be spaced before the piate becomes a system of
plate elements and beam elemenﬁso | |

(b) To determine the influence, if any, on the rigidities

D Dy, Dy, of alteriﬁg the spacing of the ribs Sf
stiffened plates, which have. the same theoretical
values of Dxc

(¢) To determine whether there is any difference between
the rigidities D,, and D,,, which are the same for a
true orthotropic plate and afe usually assumed to be

the same for an asymmetrically stiffened plate.

The bending test was done in the Moiré apparatus, and
therefore the models had to have a reflecting surface.

They were therefore made of black perspex which is a good
reflecting material commonly used.in Moiré work.  Black.
perspex‘is obtainable in sheets of nominal thickness of 1/8",
3/16" and 1/4%. In metric units these sizes are
approximately 3,2; 4,8 and 6,4 mm.  The thickness of the
sheets varies considerably and the material was milled down
to the required size in the case of the thinner 8 plates.

For the thicker 8 plates clear perspex which comes in
thicker sheets was used, also being milled tc size. .

It is not possible to make the plate and ribs separately
and then to glue them tcgether as the glue warps the plate
which is only 3 mm thick. Models 4/6 and 12/9 were made by
glueing two 1/4" sheets of black perspex itogether and then
milling ecut the plate. It was found however by glueing'a

sheet of black to a sheet of clear perspex that air bubbles
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are left between the sheets when the glue dries. - These
discontinuities ghould in general decrease the strength of

the resulting plate. Model 12/9 was also made out of clear

perspex. The bending test was only performed on the thinner
8 plates. The thicker models made of clear perspex can

also be tested if they are painted or given a reflective
coating in some way. The best method seems to be to dip
the models in a fairly thin solution of high glqsg black
paint. More than one cocat may be needed. Other methods
considered were sticking a transfer on the surface or spray
painting or electroplating it. No suitable transfer could
be found and electroplating of this type is not done by any
firm in Cape Town. The painted surface is not as flat nor
as reflective as the black perspex surface and the results

can not be expected to be as good with this method.

2. Variation in dimensions

The variation of the dimensions of the models from
those specifiéd ig not negligible since the plates are thin.
A small absolute deviation may therefore be a relatively
large one. Correction factors were applied to the
- stiffnesses of the models to compensate for this variation.

These factors are defined as follows:

: Dx {actual) = kx" DX (specified)
D,, (actual) = k%, D,, (specified)
Dy (actual) = k. D (specified)

y' oy

-

Dy, (actual) = Do, (specifisd)

le

In order to calculate a correction factor a theoretical
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formula for the rigidity in question must be assumed.  The

following were the formulae taken:

3
D = D = Zh

y IETT:;gy Eq 2.43

ET

- X
Dy = & Eq 2.41

The dimensicns were measured at the points shown in Fig. 5.3.

The symbols used for the dimensions are shown in Fig. 5.2.

A‘_
”
k-

Fig. 5.2
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3 eul 3202 3.0t
4ls7 2
4‘5‘5‘4" , ‘ o 4552
308 3el0 3ei0
{_g 50 ' 4 36‘0 4 - 50.
X—1 3Belo 3elo 307 3e0% 308 3.0 3:09
o i
4 2 50 4-00)50 4 % 50
deo02 302 3+04
o] O o
4é47 42549 '4é5b
2500 3.0 38 o004
|

4/1,5 plate Dfmemg;e’ons w mm

Fig. 5.3

Measurements are made on each rib and between each rib.

Lo

The thickness of the plates was measurad at the position

i}
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shown by means of a dial gauge set above a kase which was
surface~ground to make it. as.smooth as possible. - The.
dimension b was measured with a vernier.

[l G o)

. S

Fig. 5.4
Each thickness value was an estimated average of the
thickness in the vicinity of the points shown, obtained by

moving the plate around on the base.

~Calculation of ky

Since the equation for My in the bending test is applied
at the midspan section XX, the thickness measurements along
this line are used (see Fig. 5.3). For each plate 7 equally
spaced points are used. Since Dy depends on the cube of

the thickness h, the average value of h can be calculated as
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It is not necesgary, however, to.calculate: the .cubes cf each
measurement as an approximate methed-is sufficiently accurate.
The specified plate thickness is 3 mm for all models which,

by chance, also simplifies the calculation as shown below.

h h?3

3 4+ Ay | 3% 4+.3.32 Ay 4+ 3.3.4;2 + A2

3 0+ As 3% 4 .3.32 Ay + 3.3.A% + AL°

. 3 . o 2 3

3 + Am . 3 _+ 3.3 An + 3.3.An + An

- II - - ! - X -

=z 3n + =A 3%, 4+ 3% 3A + 32.3A%2 + 3B
i SA na. SA SA2 . 3AB
mean 3 0+ == 33 4 33.&==2 1 32 + '

n. n n n

- From the above, the geometric mean is defined from

h 8 = 384 3320 , g2 ZA%  3AS
m n ~n n
The arithmetic mean is
h, = 3+2&
‘a : n
© p 8 o 334 333, g2 (z&)ﬁ(z%a
‘ Ta T oon n n

Since A is small, the last two terms in hm and ha can be

neglected, giving

The correction factor ky is given by

h 3
.
kK, = 735
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since the specified plate thickness is 3 mm.

S5

5 4 ue Zh
0T SA

N ky = e o= 1+ Y

L@

Therafore ky canh be found from the arithmetic mean of h.
For example, if ha = 3,047 mm

then kv = 1,047
This is quite accurate enough for the purpose of these .
experiments.

It is imporﬁant to know how close the true mean value
of h is to the calculated mean value ha. For this reason
we calculate standard deviations. - The standard deviation
of a single cbservation of h is
=7 (hiuha)2

5]

SDSOH =

The standard deviation of the mean of h, ha’ is

q >
SDMNH = §D~%§

The standard deviation of a single observation of h;:SDSOH,
describes the accuracy with which we know ﬁhe value of h at
any point along section XX. For example, if SDSOH = 0,04 mm,
then we can say with 68% confidence that at any particular
point of the plate along the section XX the measured value

of h will be in the range h, * 0,04 mm. If SDSOH = 0,04 mm,

0,04
N

confidence that the mean value of h lies in the range

then SDMNH = = 0,015 mm. We can now say with 68%

h, t 0,015 mm. Congider Fig. 5.5.



/\ ShsoH

a . h:_ ;(l-\a_-q-A)a
Pig. 5.5 (hta) o

In the above calculations it has been assumed that hlis
normally distributed. This should be so from the Central.
Limit Theorem of statistics because each measured value of h
was an average value for its strrounding area. We would
expect h to be normally distributed anyway in the absence of
evidence to the contrary. By cubing each value of h, we
obtain the distribution of h3. Strictly speaking itIWill
be log-ncrmally distributed, but the proof that ha = hm
implies that it is approximately normally distributed tbd.

Consider a value of h of (h, + A). Cubing this we get
_ 8 = } 8 2
th, + ) = h,®+ 3h = A+ ...

Now let A = SDSOH.

Then we may say that the standard deviation of h3 is

a4 2H 2 -t 3 = 2
ha + sha 'A ?a Bha A

= 3ha2 SDsoH

Now the standard deviation of the mean of h® is 3ha2 SDMNH.

The relative standard deviation of the mean of h3 is
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3h_2 SDMNH
a

RSDMNH3 = P
a
Since ha = 3 mm
RSDMNH3 = SDMNH

As an example of what this means, if SDMNH = 0,015 mm, then
we may say with 68% confidence that the mean of h® lies

within the range

ha3 (1 X RSDMNK3)

or ha3 (1 £ 0,015)

In other words we are 68% confident that the true value of
the mean of h3® lies within 1,5% of our calculated value haa.!

Note that RSDMNH3 is dimensionless but SDMNH is in mm.

Calculation of kx

For the calculation of kx the measurements along the
midspan section YY must be used (see Fig. 5.3). First of
all the quantitieS‘ha, SDSOH and SDMNH are calculated.

Then the values of di are obtained from

di = (h + d)i - ha

Then da’ SPSOD and SDMND are found. Next ba' SDSOB and
SDMNB are found. The notation is the same as for h in the

calculation of kyo The theoretical formula used for Dx is

b = —x
X ]

I
where~;§ is the moment of inertia per unit width of plate.
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For the Tesection

+ A%, bdh(d+h) 2
12s 4 (sh+bd)

!
f
555"

By substituting ha for h, da for d, ba'for b we find Ix (model) .
Then

I (model)
k., = 2 :
X Ix(specified)

The relative standard deviation;oﬁ‘the;mgan”of‘IX,JRSDMNIX,

can also be calculated. From the theory of errors if

and the standard deviations of.the dependent variables are

8DA, SDB, ..., SDN, then the standard deviation of P is

3

- " o\ 2 2
 SPF = «/(%5) . BDA2 + <%E> .SDB2 + ... + <QE> . SDN2

Applying. this to the formula for Ix and taking SDMNS = O,

N/’d1x>2 ' = TN )
N _ LAY - ’ - :
SDMNTX /& SDMNHZ + ( =3 ). SDMNDZ + < SDMNB
Then RSDMNIX :‘§9?NIX

X

In Appendix A the computer program which calculates kx'

k,, RSDMNH3 and RSDMNIX will be found.

3. 'CreeE

A factor which has to be taken into account in the

bending and twisting tests is the phenomenon of creep.
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»Wﬁen a plate is loaded it does not immediately bend to its
final deflected position. It defle#ts rapidly at first,
say over the first minute, slowing down all the time, It
continues to deflect appreciably for at ieast the first 12
minutes after loading. FPig. 5.6 shows a graph of deflection
against time obtained in a preliminary test. This was a
T-beam model made of black perspex. It can be seen that
the creep rate is still apprediable at 12 minutes.
Presumably as the time tends to infinity the creep rate falls
off to zero, and it may be unnoticeable after Say'BO minutes.
One cannot wait for this during the experiments so the
deflections must be measured at a certain known time after
the load is applied. The times used by the writer were 2
minutes or 5 minutes. It can be seen that the creep rate
is not vastly different at these two times, but other
investigators seem to use 4 or 5 minute creep times. It can
be seen in Fig. 5.6 that when the model is unloaded, the
creep rate falls off more quickly than when the model is
loaded. This is because there is an initial load still on
the model causing it to creep in the opposite direction.
It is also possible that gravity is resisting the upward
movement of the model. | |

In the next section will be found the writer's method
of determining E and v for black perspex. It will be |
realised that E must be defined as the E at a particular
creep time, because as a model deflects its strength
apparently decreasges. Since the rigidities are calculated
from E among other factors, they are also defined as the

rigidities at a particular creep time.
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extrusion of the spindle. This change in force is
congtant at 3 g wt per mm extrusion, and is almost
negligible in the bending test but not in the twisting
test. In all bending tests the defléction of the
plate required to produce sufficient fringes was less
than 1/3 of the thickness of the plate (i.e. less than
1 mm);

Steps ¢., d., e. and f. are repeated twice so that 3
photographs are cbtained for the particular load case
and screen orientation, For the plates with 3 mm deep
ribs only one photcgraph was taken, and a creep time of
5 minutes was used.

Each photograph is developed, the negative enlarged to

full scale, and the fringes are traced off. Graphs of

slope versus distance along the required lines are plotted.

> frunge

W (F

Skme

% o Bo

O dy

XeoryY

Fig. 5.9

The curvature at the required point is found by measuring

the slope of the curve. Accurate graph paper and an

accurate protractor are used.,
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An alternative to the graphical determination of the
curvatures is to fit a polynomial to the curve by the method
of least squares using a computer. The polynomial has the

form

dw n

ooy e “ g =] . ‘
as% Cy + Cpx + Cgx® + ... + C X

The degree, n, of the polynomial can be chosen and it must
be a maximum of one less than the number of points on the
curve, The writer wrote and ran a programme but the results
were not as satisfactory as those of the éraphical method.
The reasons for this were as follows. The difference
between résults using de, 4th and 5th degree polynomials
was not as small as the writer would have liked, although an
average result was acceptable. Also, when a point load is
on or near ﬁhe line in question the curve is not
representable by a polynomial. The graphical method is
definitely superior in this case to the method of averaging
pclynomial results. Uéing the graphical method one can see

the effects of the loads more clearly:; and is safer.

5, Calculation of E and v

The values of E and v of black perspex are required for
the calculation of theoretical rigidities for comparison
with the experimentally determined rigidities.  The writer
has used the bending test on a black perspex plate of
uniform thickness to determine E and ﬁ, Theiplate was 3 mm
thick being milled on one face down to size.  The tests
used were those shown in Fig. 4.11 (a) and (b). The one

shown in Fig. 4.11 (c) is the same as Fig. 4.11 (b).
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A creep time of 2 minutes was used, and 3 photographs were
taken per load case and screen orientation. ,
The test provides 4 equations in D and D,. Equations.

Al and Bl are of the form

d2w d2w
Mx = kx (D.f ) dy + Dl.f-a§§ dy)

Equations A2 and B2 are of the form

_ , d2w d?w
M, =k, (D] GpF ax + D[ GE dx)

Correction factors for thickness were calculated as in

section 2. above.

k = 1,047 k = 1,076
X y

The set of equations was

al 8600 = D + 0,355 D,
a2 8570 = D + 0,343 D,
B1 7440 = D - 0,0803 D,
B2 14700 = D + 2,70 D,

where D and D, are in (N mm).

Equations Al and A2 afe not solvéd together being véry
similar. All combinations of the 4 equations, with this
exception, are solved. Means are found for D and D,. .

v is then calculated as b = D,/D.
The value of D(l-v)/2 is then calculated for comparison-.

with the result of the twisting test. E is calculated from

E = D.12.(1-v2)/hS3
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- Note that this value of E is the value only for a creep time
of 2 minutes and at the Moiré apparatus temperature.

Solving equations

Al and Bl ¢ Dy = 2570 Nmm ;. D = 7640 N mm
AlandBZ‘.: D; = 2600 Nmm ; D = 7680 N mm
A2 and Bl : D; = 2670 Nmm ;. D = 7650 N mm
A2 and B2 : Dy = 2600 Nmm ; D = 7680 N mm
Bl and B2 : D; = 2610 Nmm ; D = 7650 N mm.
Mean Di = 2610 N mm

Mean D = 7660 N mm

R v = 0,34(1)

D(1l-v)/2 = 2520 N mm

E; = 3,01l GPa

The agreement between the experimental values for D and. for
D, can be seen to be good. The variation in.D, between the
highest and lowest values for Dlﬂis.4%,-énd for D is O,5%.
The value for E, compares well with that obtained in a.
preliminary beam test (see section 3.) where the value
obtained was E, = 3,00 GPa, after correcting for the

temperature difference.

6. A study of the errors in the experiments

The statement 'The error in the Moiré method is 5%' has
two interpretations. One is that if a single Moiré
photograph is taken and the curve is plotted along a
particular line and the curvature is measured at a particular
point, then we expect our result to be within 5% of the true

curvature (with say 95% confidence). This is the most
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likely meaning. The percentage error will depend on the

following sources of error: -

a. Error in d/2a.
b, Model not perpendicular to camera axis.
c, Error inherent in the curvature of the screen. The

radiug of the screen is.made equal to 3,5a to minimise
this errér.

d. Error in enlarging the negative.

e. Error in tracing the fringes.

f. Error in the graph paper.

g. Error in the protractor.
h. Error in estimating the slope with the protractor.
i.. Error due to temperature difference in the model when

taking more than one photograph.

The other interpretation of the statement applies when
more than one photograph is taken and results are averaged.
Besides the expected error in the mean result calculated by’
the standard deviation of the mean, there is also a constant
error which is caused by the Moiré method. - The second |
interpretation is that this constant error is 5%. |

In these expefiments the second %nterpretation_is used.
In order to compare theoretiéal and ekperimentél results a
study of the errors in the results is necessary to determine
how confident one is of one's conclusions. |

Consider the sources of error listed above. In the
experiments the constant error in the Moiré method is caused
by errors a. to 4. It is assumed that the enlarger was set

up once and not reset at all. It was in fact reset

occasionally, but in the test for E and v it probably was not.
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Errors e. to i. are not constant but vary from photograph to
photograph. They are the main source of the standard

deviation of the mean of the result found.

Suppose that we are measuring D. Then
Dtrue = km Dmean

D_ is the experimental mean

mean

km is the constant error in the Moiré method and can be

expressed as

k = k_-k
a

.k .k
m c

b d

All k are close to unity.

From the theory of errors
(TSDMND)2 = (D.SDKM)?Z2 + (km.SDMND)2

SDMND is the standard deviation of the mean of D
calculated from the éxperimental results.

SDKM is the standard deviation of k.-

TSDMND is the true standard deviation of the mean of D.

Also
’ 2 = 2 2
(SDKM) = (ky.k, .kq-SDKA)Z + .... + (ka,kb.kchDKD) ,

The writér estimates SDKA, ...., SDKD as the following values.

Errors a. and b. can b

0]

taken together as ka, and kb left out.

SDKA = 2/800 = 0,0025
SDKC = O
SDKD %= 1/160 = 0,0063
S. (SpkM)2 = (1.0,0025)2 + (1.0,0063)2

= (0,0068)2
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In other words it is .estimated with: 68% confidence. that, due .
to the constant errorﬂiﬁ the Moiré method, the mean value of
D is within 0,7% of the. calculated mean of D. . Or, it is

estimated with 95% confidence that it is‘within 1,4% of the

caleoulated mean of D.

The error due to the variation in the dimensions

It will be realised that the variation of the model
dimensions is a source of uncertainty in the results. More
specifically, when a correction factor kx or ky is calculated,
there is a degree of uncértainty in the value obtained.
However, it is not necessary to do extra calculations to
allow for this as the uncertainty is taken into the
individual results for D, D, Dy or D,. wWhen these resulté
are avefaged, part of the standard deviation is due to the
uncertainty in the dimensions. - There is no constant error
like that of the Moiré method.  RSDMNIX and RSDMNH3 as
described in section 2. above are only used to show that the
number of dmiension measurements is sufficient; they are

not used for further calculation.

Standard deviatibns’of D, v, and E
Using the results in section 5. above, the following

values have been calculated:

Mean D = 7660 N mm
SDMND = 9,4 N mm
TSDMND = 53 N mm
RSDMND = = LODMND

D = OfOO7
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Mean v = 0,341
SDMN v = Q,0024
RSDMN v = 0,007

B = 3,01 @GPa
SDMNE = 0,021 GPa

RSDMNE 0,007

In the calculation .of these values allowance;haS»beenvmade
for variation in experimental results.and.for:the constant.
error in the Moiré method. The conclusions may be statéd
as follows: |

a. We can say with 95% confidence that D of the black ‘
perspex plate 3 mm thick lies in the range D = 7660
(1 * 0,014) N mm.

b. We can say with 95% confidence that v of the black
perspex plate 3 mm thiqk lies in the range v = 0,341 *
0,005.

c. We can say with 95% confidence that E of the black
perspex plate 3 mm thick lies in the range E = 3,01 *
0,04 GPa.

Notice that the relative standard deviations of the
three variables are all 0,007. This is the séme as . SDKM.
This meané that tﬁe variation in experimental results was so
small that the constant error in the Moiré method is the

overriding source of error.

Standard deviations of DX1, DX2, DX3, DX4, DYl, DY2, DY3

In Appendix A will be found the theoretical values for

D, and Dy which are compared to the experimental values.
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These are:

EI_

DXl = Sx ‘ ‘ ‘ L Eq 2.41 .
ixy - v.E.(bQi_*., ) he | ye Eq 2.39
s 2 (1—02) 25 4.5
"EIX :
DX3 = s (1=v2) | B 2.42
DX4 = DX2 + elZE(h + %?) Eq 2.40
DYL = D \ o | Eq 2.43
- EhS3 s

DY2 = Eq 2.44

12 (s-b+q°b)

DY3 is from Eq 2.45.

Since E, D and v are used to calculate these values,

there is an uncertainty in them. We now find values for the

uncertainties. With the same notation as before
RSDMNDX]1 = RSDMNE = 0,007
RSDMNDX3 = RSDMND = 0,007

Since RSDMNDX2 must lie between RSDMNDX1 and RSDMNDX3:

RSDMNDX2 = 0,007

RSDMNDX4 = 'RSDMNbXZ = 0,007
RSDMNDY1 = RSDMND = 0,007
RSDMNDY2 = RSDMNE = 0,007

RSDMNDY3 = RSDMND = 0,007
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For all the above variables we may therefore say with 95%
confidence that the values lie within 1,4% of the calculated

values.

7. Regults for the Stiffened Plates

The bending test on the stiffened plates is conducted
in exactly the same way as the test on the plate of uni form
thickness described in section 5. above. All three loading
cases as shown in Fig. 4.11 are used. A typical set of the
6 different photographs per plate are shown in Fig. 5.10.
The photographs are those for the 4/1,5 plate. Fig. 5.11
shows the curves plotted for the two photographs in Fig.
5.10 (a). |

The derived equations for the plates 4/1,5 and 4/3 are
set out on page 142. The equations for the 3 other 1,5 mm
deep ribbed plates are similar to those for the 4/1,5 plate,
and the equations for the 3 other 3 mm deep ribbed platés

are similar to those for the 4/3 plate.
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The uncertainties in DX were calculated in section 6. To
show the comparison between experimental and theoretical
results most clearly the frequency distributions of the

variables are shown below

"L I

DXI EZEX OX2 N
12000 1Booo
Fig. 5.12
1
feeq,
DXi Dx| Dx2 DX3 S
Nmm
25600 26000 27000 28000 29000 30000

Fig. 5.13

The formulae for DX were

EIX
DX1 = = Eq 2.41
- bd?3 ——E __(h3 2
DX2 = S( 3+ bde22> + T <12 + he, ) Eq 2.39
EIX '
DX3 = TToo2) | . Eq 2.42

DX4 = DX2 + e,2 E<h + 5 Eq 2.40
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It can be seen from Figs. 5.12, 5.13 that the formﬁlae for
DX1, DX3 and DX4 are highly unlikely to be good estimates of
DX for the range of plates tested. The probability that DX2
is the true formula is high. We may say that_Dx is best
expressed by DX2.

As the size of thé rib with respect to the plate
diminishes, DX2 and DX3 converge. As the size of the
rib with respect to the plate incfeases, DXl and DX2 converge.
Thus other formulae besides DX2 will give good approximate
values in special circumstances.

The 8th order theory of Massonnet predicts that bx lies
between DX2 and DX4..  For the thinner 4 plates;DX lies
comfortably inside this range, but closer to DX2 (see Fig;
5.12). For the thicker 4 plates the value of Dx lies just
0,3% below DX2 (see Fig. 5.13). The conclusion isg that the
true value of Dx can be very little greater than the value

given by DX2.

b. D results
Y

The spread of the results is small as shown by the value
of o of 0,011 obtéined for both the 1,5 mm and 3 mm rib
plates. The test therefore determines Dy.wellf The value
of Dy shows no signifi@ant incre;se or decrease with
increasing rib numbers.

The theoretical formulae for Dy were:

DYL = D Eq 2.43

pY2? = Eh® s Eq 2.44
= 12 (s-b+q°Db) g <.
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BS '
- bhy3s = Eq 2.45

B ,
: (Bxﬁxzz 2" ‘
O oy W

'_Where B is the span in the Y direction
where D(y) =

where h{y) is the total thickness of the plate stiffenér
éombination subject to the following limitation{ When the
ratic of stiffener height to stiffener width is greater than
unity a’reduced height of the order of the stiffener width
is used;

By the 8th order theory DY = D; there is no increase

in Dy due to the eccentric ribs. In Appendix A the
theoretical values are given. They are compared below.
(DY-D_) DY-D
1,5 mm rib —_— 3 mm rib
D D
Y S Y
DYl 7660 . -0,062 7660 -0,098
DY2 8930 0,093 -8990 0,059
DY3 9300 0,138 9810 0,162
D, 8170 - 8490 -

The freguency distributions are as follows:

freq.

, DY! | [ D N oYz | 373 94_ N
Fig. 5.15 700 8o 3 : 00
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] JIN

Y| f Dy l ovz DY3
7500 8ooo 8500 Soco 9500 Jo coD
Nmm .

Fig. 5.16

The formula DY2 and DY3 can be rejected confidently. The
mean value of Dy is very significantly larger than DYl.
The cause is easily seen when tracing the curves of slope
versus distance from the Moiré fringe patterns. As an

example consider a 4-ribbed plate.

e
| S— | L] | —
1% =
/ 7
L=
Yl
slope /;ﬁ////’
@}2 7
1 2y ///
/

A

' wobkling’ Cwve Hangent

Smoath cuave

Fig. 5.17

The section taken is general and the form of the curve

is a common one. The actual deflection of the plate is
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represented by the dotted 'wobbling' line. The full smooth
line is the one used to find the curvature at midspan for
eventual use in the system of equations. The 'wobble' for
an actual élate can be seen in Fig. 5.11 (Photb A2). Thus
DY is calculated by pretending that the plate is smoothly
bent, or, in other words, is behaving as its equivalent true
orthotropic plate would, This gives a low value to the
curvature at midspan and thus a high value to Dy'

This effect is most noticeable in plates with low
numbers of ribs. = For high numbers of ribs not enough'Moiré
fringes can be cbtained to see whether the 'wobble' is as
pronounced as in the low rib numbered plates. Thus Dy ié
an arbitrary value. If the deflection of the plate is
required at a point well away from the supports, then the
high value of Dy may be used (DY = 8170 or 8490 N mm), If °
the actual curvature at a point in the plate is required,

then the low value (Dy = D) should be used.

Cs D,- and D,; results

Values of D,, and D,; can not be said to either increase
or decrease with increasing rib numbers. D,, is defined
more precisely by the experiments than D.,. This is seen
from the thinner plates where the values of ¢ were 0,025 and
0,051 for D,, and D,; respectively, and from the thicker
plates where ¢ for D,, was 0,051 and D,, was very scattered.
it was considered that it would be misleading to mean these
values of D,,; and draw conclusions from it. This scatter

of results is partly due to the conditioning of the equations

and partly due to the 'wobble' mentioned in the graphs in the
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Y direction. This ‘wobble! wiil interfere in any bending
test devised,

For the thinner‘4 plates the mean values of D,, (3100)
and Do, (3130) agree very well. For these plates we may
confidently take Dy, = Do, For the thicker 4 plates D5,
is not well enough defined to draw a conclusion.

" The theoretical values of D, are
D; = O ‘ Eq 2.48
Dl = vD ) o Eq 2.47

Eq 2.47 applies for the 4th and 8th order theories. In
section 5., above it was found that

vD = 2610 N mm

The frequency distributions of the variables are shown

below.

k W/ D,a\)D' 'Dl?_(l,Smm rib)

Da,(l)S'mrn Y:t.E)

h"“-<<;ffiii:nm ﬁg}

Py

e - ' | I

25e0 3000 3500 N 4o
. mon,

Fig. 5.14

It can be seen that the theoretical wvalue

Dl = 'DD



is well below the experimental values. There is no
theoretical formula which satisfies the ekperimental results,

Certainly D, = O is a poor approximation. The formula
Dy = Dpy = D

may be used as a congervative approximation.

8. Conclusions

Ao ' The MethOd

It has been shown how the flexural rigidities of a
stiffened plate can be determined from one model by the
writer's method. It has been shown that the Moiré& method
is a convenient and accurate method for this purpose.
Incorporated in the method is an accurate way of determining‘
E and ﬁo The phenomenon of creep and the variation of the
model dimensions from those specified has been catered for.
A study of the errors in the experiments has been done'ip
oxder to aSsess the confidence with which conclusions are
drawn.

With the support and loading conditions used it was
seen that, for the thinner 8 plates, Dx and Dy were well
defined. D,;, was not as well defined and, for the 3 mm rib
'plates, Dy, was poorly defined. A survey of the literature
shows that Bergstrasser's method does not give goodbresults
for D,, and D#l either.

For the plates with 6 and 9 mm deep ribs it was found
that the plates were too stiff in the X direction for géod
results., In other words not enough fringes could be |

cbtained in the X direction before the plate became heavily



bent in the Y direction, In order to get results for these

stiffer plates the method must be modified. - This may be

done in several ways, which may be combined,

1. Instead of using a square plate a reétangular plate may
be used. This plate must have the ribs running
parallel to its long side, Only one model is necessary
as the twisting test can be done on a rectangular plate.
A rectangular plate will allow a greater curvature in
the X direction for the same curvature in the Y
direction. The conditioning of the equations may
deteriorate using this method.

ii., Instead of 4 péint supports two opposite sides of the
plate may be simply supported. This has the.same

effect as 1. above.

b, The Flexural Rigidities

For the range of rib numbers tested, it may be said
that'bx, D,., Ds; and D, do not vary. In this sense the
plates behave as true orthotropic plates.

D, is best expressed by the formula for DX2 (Eq 2.39)..
The formulae for DX1, DX3 and DX4 may confidently be rejected
as being the true formulae fof D,. The 8th order theory
predicts that D, lies between DX2 and DX4. It is concluded
that, for the loading and support conditions used, Dx can be
very litfie greater than DX2.

Dy may be given two different values. This is because
the plate does not bend smoothly in the Y direction; the
curvature is greatly reduced over the ribs., In this sense

the plate does not behave as an orthotropic plate. If it
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is requiréa that the difference in deflections between the
stiffened plate and the equivalent orthotrop;c plate be a
minimum,rthen the valué of Dy to be used shows no.agreement
with any of the theoretical formulae. If it is required
that the moments in the stiffened plate and the equivalent
vortthropic plate be the same, then the formula Dy = D should
be used to find the curvatures, A high value of Dy should»
then be used to calculate the moment at any point in ordexr

to be on the safe gide.

D,, may be said to be equal toc D,, for the thinner 4
plates. In this respect the plates behave as orthotropic
plates. For the thicker 4 plates the results were not
precise enough for a conclusion to be drawn. There is no
theoretical formula which describes Dlé and D,; well.

D; = O 1s a very poor approximation. The formula D; = QD

may be used as a conservative approximation.
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CHAPTER 6

THE TWISTING TEST

1, General

The method used was described in Chapter 4, section 3.,
and the models were described in Chapter 5, section 1.

Some of the models were made from clear perspex and some
from black perspex. It was considered prudent to test
whether the properties of black and clear perspex are the
saﬁe, and therefore a square model made of each was milled
down to a uniform thickness of 3 mm. - The twisting test was
performed on each and the results for ny compared. | It was
also considered prudent to test whether the milling of the
models has any effect on the properties. Accordingly a
square model of black perspex of nominal thickness 1/8 inch
was cut and subjected to the twisting test. This model was
not milled at all.

The variation in the dimensions of the models from
those specified was allowed for by the calculation of a
correction factor kxy' as follows. The measurements made
are shown in Fig. 5.3 for model 4/1,5. The measurements
along the midspan line were given double.the weight of the
edge measurements. - The mean of h, ha’ was calculated and
subtracted from each value of (d + h) to find wvalues of d.
d. and ba were calculated. All means taken were the
arithmetic means. = The accuracy of this approximation was

shown in Chapter 5. As was explained, a theoretical formula

x
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for ny must be assumed. The formula is

" D(l-v) |, GJ

As Eq 2.49

Using the mean values of the dimensions, kxy is calculated as

D (actual)
XV

Xy ny (spec1f1gd)

k

In Appendix B the values of kxy and the theoretical values

of ny are calculated. In addition the two components of
ny are given.
TPC = theoretical plate contribution = D(1l-yp)/2
TBC = theoretical beam contribution = - GJ/4s

A creep time of 2 minutes was used in the experiments.
{." . . .
Using E and v at 2 minutes creep time and at the Moiré
apparatus temperature as found in Chapter 5, G was calculated

from
G = E/é(l+u)

The experiments were done at room temperature which varied
between 16° and 18°C, and is considered to be constant.

The results were converted to the Moiré a?paratus temperature
which is appreciably higher than room temperature. The_
effect of the temperature difference was investigated‘by
taking one plate and doing the twisting test in the Moiré -
apparatus with the lights on, as well as at room temperature.
The comparison is given in the results in section 3.

The testing procedure was as follows.



a. Load the dial gauge with a weight sufficient to give a
deflection of approximately h/2 to 2h/3.
This deflecticn is larger than the usual limit of h/5
or h/3 of the small deflection theory. However the
plate is supported in such a way that no horizontal
support reactions are induced by large deflections.
There will be small reactions caused by friction but
these are considered to be negligible. The larger the
deflection, the more precisely is it determined. The
linearity of the load deflection graph was tested on
two of the plates and found to be true within the limits
of experimental error.
b. After 2 minutes unload the gauge.
This initial cycle is for the model to settle in on its
supports.
c. After 2 minutes read the gauge and apply the load.
d. After 2 minutes read the gauge and remove the load.
Steps c. and d. ére repeated untii enough cycles have
been performed to give a steady estimate of the differential
downward deflection. This was usually 4 or 5 cycles.
Throughout the test the model—holdinguboard‘is tapped at
intervals to free the gauge spindle.. Failure to do this can
give erratic results, as the creep of the perspex is
considerable. |
As was mentioned in Chapter 5, the force exerted by the
gauge spindle decreases linearly by 3 g wt per mm‘extrusion
of the spindle. The nett force applied to the plate is
calculated by subtracting the change in spindle force from
the applied dead load. In the fwisting test this correction

is not negligible.
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2. va by Finite Differences

The theoretical formula for ny,(Eq 2.49) cannot be

expected to give the true value of Dx for a ribbed plate.

y
This is because the formula is the sum of the plate stiffness
and the beam stiffness, acting as if they were separate
members. The junction between the two must add strength

to the combination.

The torsional rigidity of a T-beam, GJ,, can be found

Tl
exactly by the method of finite differences as will be
described. The question is whether this result can be used
to find ny of a ribbed plate made up of these T-sections.

We must assume that

GJT
= T %7 Yy T 4ny
in order to calculate ny. In comparing this value of ny

with the experimental value, we are really testing the
validity of this assumption. This was done for all the
ribbed plates.

The analogy between the torsion of a beam and the

deflection of a soap film under pressure is well known, and

described in Ref. 6. The two problems are governed by
similar differential eguations. For torsion of a beam we
have

dZ¢ dZ¢ . _

dy2 +t dz2 2G6 Eq 6.1

where ¢(y,z) is a stress function and can be thought of as

the deflection of a soap film stretched over the outline of
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the cross-section, and where 6 is the rotation per unit

length of the beam

s

S —

T

1
L
I
d

z
-%; b ‘*” ~ ' soap film contours
Fig. 6.1 . or contours of ¢

The twisting moment on the beam is

M, = 2[[¢(y,z)dydz

2 ¥X"volume under soap film

Il

il

D is then calculated as
Ry ‘

ny = (volume under soap film)/2s

The finite difference solutions were found using the

computer program in Appendix C.

.
A 4 AY 4 £ o
Lo 2 13 e s le 1z g |s
"f‘f_ o i liz lis (4 s e |17 e Y -
4 leo |zt le2 |23 |4 |25 26 |27
', 28 120
i E 5 z
F 30 |&
%2 a3 R= AY
' AZ
34 |35
FPig. 6.2 . | , 1 A Node Pattern
D c
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Only an L-section is analysed because of the symmetry. The

differential equation (Eq 6.1) is applied in finite difference

form at each node

X ¢ = = 2Go (AY)?2

= 0 Pattern_

Fig. 6.3

Along lines AB,CD,DE,EF the boundary condition is that ¢ = O.

Along line BC %% = O.  Along line.AF when ¢ = O the
T-beam has 'closed.endsf‘andzwhen,%% =VO-itvhas"bpen ends'.

ny‘is‘ca1Culatedf;wice-giving.a«closed~end and .an open -end

solution. ny is:then .finally .calculated as. the. weighted
mean of the two results. For example, for a 4 ribbed plate
ny = [3‘ny (open) + ny (closed)]/4.

;o

'In actual fact this refinement made very little difference

to the results. It was found that

N L - +
ny (open) 'ny 30 N mm
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for all ribbed plates.

The ratio of the node spacings, R, was a variable in tbe
program. Different values of R were tested énd the
difference in results was negligible for ratios of between'4
and 1. The simultaneous equations were solved by Gauss
diagonal reduction to save storage in the computer. This
means that only the bandlwidth in the coefficient matrix of
the set of equations was operated on. With this method
roughly 500 nodes can be used_without'having to use files.
The number of nodes which cgn.be“used depends on the aspect
ratio, R, and the geometry of the cross=-section. The
university computer is a Univac 1106.

The accuracy of the solutions to the equations was
checked by resubstituting the values of ¢ found bﬁck into
the system of equations. The maximum difference between |
the left and right hand sides of the equations was then
found. This error was of the order of 0,003% for 500 nodes
and, in general, increased with increasing node numbers.

Finally the values of ¢ were used to calculate the -
volume under the imaginary membrane by Simpson's Rule. As
a check the program was used to calculate ny of a unifprm_
thickness plate 3 mm deep. The result was the same as that

given by the theoretical formula.

3. Results

‘The results for the three uniform thickness plates were
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. ‘ . m O¢

Plate ny (N mm) Temp. °C
3 mm milled black perspex 2740 16,6
3 mm milled clear perspex 2710 16,3
1/8" unmilled black perspex 2710 16,1

It can be seen that. it is very unlikely. that black and clear
perspex have different properties, or that . milling has any
effect on the proeperties.. . Meaning .the results, - it is
concluded that ny of a perspex plate at 16,3°C is 2720 N mm.
When the test was done in the Moiré apparatus with the
lights on, the precision of the results was not as good,
For the 3 mm milled black perspex plate values for bxy of
2480 and 2580 N mm were obtained. 'The temperature of the

plate was estimated as 24°C. The value of ny from the

theoretical formula

ny = D(l=v)/2

using the values of E and v obtained in,Chaptéf 5 is

ny = 2525 N mm. The tests show therefore thét the
difference in temperature between that in the Moiré apparatus
and ocutside it has a considerable effect on the properties

of perspex. In order. to correct the experimental results

to the Moiré temperature a conversion factor of 2525/2720

was used. Assuming that ny (i.e. E) varies linearly with

change in temperature, the estimated decrease in E per °C

increase in temperature

2720 - 2525 100

54 -716,3 ¥ 3620 .



It must be emphasized tHat this is only an estimate.

1%

tests must be done to find a more accurate value.

‘More

A typical result sheet for the twisting test is given'

below.

Plate:

<. . TWISTING TEST READINGS

- 3.:mm-milled black-perspex

ks
XY

1,044 . .

Initial load: Dial gauge Tempre: 16,6°C.
P Time w Mo ] P Time \ Mo |} AWy T
gwt{min. mm © mm gwt| min. mm mm | mm
o) o | 9,93 |
111 117,635 111 17 | 7,500
2 | 7,568 |(2,395) 18 | 7,478 | 2,280
0 9,815 0 19 | 9,720
4 | 9,852 20 | 9,748 2,270
111} s | 7.570] - 111 21 | 7,502
6 | 7,510 2,342 22 | 7,473 2,275
0 7 | 9,740 o | 23 | 9,715
9,800 24 {9,730 2,257
111} 9 | 7,550 111| 25 | 7,480
] 10 ,507 | 2,293 26 | 7,457 2,273
0 11 | 9,740 0 27 {9,715
12 | 9,794 28 {9,729 2,272
111{ 13 | 7,500 111} 29 |} 7,480
14 | 7,477 2,317 30 | 7,450 2,279
0 15 | 9,730
16 19,758
Mean Aw., | = 2,286‘mm
Nett weight, P on plate 111 - 3 (2,286) = 1l04,2 g wt

NI




6400, P, 9,806
Mzl k. 1000

_ 62,8.104,2

2,286.1,044 ~ 2740 N mm

D
XYo
The experimental results for the ribbed plates are
compared to the theoretical results for ny below. . DXY1l is
from Eq 2.49 and is calculated in Appendix B. - DXY2 is from

the finite difference analysis in Appendix C.

* indicates black perspex. -

Depth | DXYl Dy | DXY2

Ribs o N mm % Diff. N rm % Diff. N mm
Uniform 3 mm 2525 - 2525 - 2525
* 4 1,5 |' 2600 27 3570 2 3650
* 6 )5 12590 ° 31 3740 -7 3490
* 8 , 2590 200 | 3240 | 3 3350
*12 , 2580 14 3000 4 3130
* 4 3 3040 33 4520 . 19 5370
* 6 3 2980 32 4400 4720
* 8 3 2920 27 4020 5 4220
*12 3 2820 19 3500 3 3590
* 4 6 5690 28 7930 29 10260
6 6 4900 27 6700 13 7580

8 6 4270 23 5570 5980
12 6 3540 17 4270 | 4380
4 9 10550 12 12030 36 16340

6 9 7660 17 9200 15 10630

8 9 5950 16 7100 9 7730
12 9 4310 15 5060 2 5150
*12 9 4310 13 4940 4 5150

The difference between the results for the two plates

12/9 is small.

It will be remembered that the black perspex

one was made by glueing two sheets together and then milling




out the plate. The results show that the glueing did not
appreciably decrease the strength by the inclusion of ajir ~
bubbles at the joint.

The ny result for plate 6/1,5 can be seen to be
unreliable. From theoretical considerations Dgy of plate
4/1,5 must be greater than that of plate 6/1,5; - It is
considered that the error in kxy for this plate is probably
large, causing most of the error. :

The uncertainty in ny is considered ﬁo‘be larggly due
to the error in assuming that Eq 2.49 is tbe true formula
for ny. In other words, the uncertainty in kxy:is thé
dominant uncertainty. Eq 2.49 underestimates the
contribution of the rib to ny. Consequently the vgriation
in rib dimensions is not given sufficient weight in the 
calculation of kxy' In-the bending test much more accurate
theoretical formulae were available for Dx and Dy and so0
this source of uncertainty did not arise.

It can be seen that there is a large difference befween
the values of DXY1l and ny. ny is conéistently higher
than DXYl.  These differences are far'tooblarge to be
accounted for by the uncertainties in DXYl and ny. "~ The
percentage differences were calculated on the basis of ny,
and follow a smooth pattern. The percentage difference can
be seen to increase from zero when there is no rib tb a
maximum when the rib and plate depths are approximately
equal. It then decreases as the rib depth increases. The
percentage difference is larger for smaller numbers of ribs.
The writer has not been able to find a satisfactory

correction term to add to Eqg 2.49 to bring it in line with
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the experimental results; In the experiments the ratio of
b : s was not varied, and this ﬁould limit the generality of
the correction term if it were to be found. |

There is also a large difference between the results
for DXY2 and nyg DXY2 is consistently larger than'ny.
The percentage difference increases greatly with a decrease
in the number of ribs. The percentage difference increases
steadily as the ratio of the beam contribution to the plate
contribution to ny’increases. DXY2 was found from the |
rigidity of the T-beam, and it appears that this method does

not apply to ribbed plates.

4, Conclusions

It has been shown that it is very unlikeiy that blackv
and clear perspex have different properties, or that milling
has any effect on the properties. The modeéls were therefore .
satisfactorily made. The effect of temperature on the
strength of perspex was investigated. It was estimated
that the decrease in E pef °c increase in temperature was 1%.

- It has been shown that the equation

- DQA-v) . &J '
ny = 5 + ae Eq 2.49

underestimates the torsional rigidities of asymmetrically
.stiffened plates reinforced in one direction. = This formula
gave values which were as much as 33% lower than the
experimental values of DxY‘ |
It has been shown that the assumption that ny can be

found from
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ny = GJT/4S

- where GJT is the torsional rigidity of the T-section of which

the plate is made up is incorrect. As the size of the rib

increases with respect to the plate, the results appear to

diverge.
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