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. SYNOPSIS 

A modified equation from that of Nancollas and Reddy is 

presented to describe the rate of calcium removed from water 

in Caco3 precipitation. The mass of caco
3 

precipitated at 

any moment was obtained by monitoring pH and utilizing this in 

the equilibrium equations for the Ca - H2co
3 

system including 

ion pairing and ionic strength effects. Both batch and back 

mixing steady state conditions were studied.·· The precipitation 

rate constant was found to be independent of pH, and functionally 

related to the state of initial supersaturation in the batch 

tests and the state of supersaturation in the steady state tests. 

Both steady state and batch tests gave the same dependence of 

the precipitation rate constant with supersaturation. 



2. 

Introduction 

Calcium and magnesium ions are the predominant contributors 

to hardness in water. They are present in varying 

concentrations in all natural waters but are particularly 

evident in underground and surface waters derived from 

dolomitic areas. In water reclamation, addition of Ca(OH)
2 

as a flocculating agent is widely used. The effluent pH is 

high (>-10,5) and subsequently the pH of the water must be 

reduced and the residual calcium removed. h C ++ . T e a ions 

are usually removed from solution by the precipitation of 

calcium carbonate. 

In 1973 Loewenthal and Marais developed the modified Caldwell­

Lawrence diagram c=: ~~_...,...<})1., This diagram relates the pH, 
~ 

alkalinity, acidity and calcium concentration of a water. 

++ If a water is sipersaturated with respect to Ca the amount 

of caco3 that will eventually precipitate can be estimated. 

However, the Caldwell-Lawrence diagram gives no indication of 

the time required for the estimated precipitation to take place. 

To design a water-softening plant it is necessary to know the 

rate of Caco 3 precipitation under different conditions so that 

the hydraulic retention time and hence the volume of the 

reactor can be calculated. 

In water reclamation the same situation applies. However, 

experimental data on water reclamation plants indicate that the 

residual calcium concentration in effluents is higher than the 

solubility product for Caco3 , Ksp, would appear to indicate. 

This observation could be due to three factors : 

I (1) The Ksp •.. 



(1) The Ksp value has changed. 

(2) The Ksp value is the same as for the pure system but 

complexing of Ca++ with organic and phosphorous compounds 

occurs or, 

(3) Poisoning of the crystal surface occurs. Before the 

removal of calcium in water reclamation can be quantified 

in a theoretical model, it is necessary, as a first step, 

to determine the rate of caco
3 

removal from pure systems 

(where Ksp is known) to serve as a criterion against which 

the real life system can be compared. 

Reddy and Nancollas (1971) proposed a model for the kinetics 

of calcium carbonate precipitation as follows . -. 

where K = rate constant. 

Sf = surf ace are of caco
3 

crystals 

fC:a+.:'.;T =total concentration of calcium in solution. 

[Ca+~F' [Co;.JF = concentration of free Ca++ and 

co3 ions respecitvely. 

Ksp = solubility product for caco
3

• 

F
0 

= activity coefficient for a divalent ion. 

To test the validity of Eq. (1) Reddy et al monitored the changes 

in calcium and pH in supersaturated solutions of caco3 seeded 

with calcite crystals of known surface area. They determined 

the parameters fCa+.:'.;F and {Co;_.7F from the theory of the 

carbonic system taking due account of all possible ion pairs. 

Supersaturated solutions with concentrations of Ca++ 15 - 45 

/ and co
3 
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and co3 20 - 40 ppm as caco3 were inocculated with calcite 

seed crystals at concentrations from 340 to 2 800 ppm as 

Caco
3

• After an initial surge of growth a value of K was 

obtained whcih was independent of the seed mass and initial 

++ 
Ca and co3 concentrations. They concluded that within the 

ranges of ionic and seed concentration Eq. (1) applied. 

Wiechers (1973) critically examined the work of Reddy et al. 

He concluded that the concentration and supersaturation used 

by Reddy et al were very low compared with the concentration 

which might be encountered in water treatment plants and that 

the model should therefore be tested at higher supersaturations. 

Also, the concentration and size of caco
3 

crystals in solution 

could vary considerably under different conditions. Wiechers 

proposed that Eq. (1) be modified in terms of the mass, M, 

instead of the surface area, Sf, of Caco
3 

seed crystals, i.e. 

- d fCa+~T /dt = KM(fCa+~F tco;JF Ksp/fo
2

> (2) 

This modification has the disadvantage of limiting the model, 

and any data obtained, to the particular size, type and brand 

of caco
3 

seed crystals used. However by doing an investigation 

using one batch of seed crystal it is still possible to determine 

the laws relating the parameters of precipitation. 

To test if Eq. (2) described the precipitation reaction at 

practical caco
3 

concentrations, Wiechers did experiments at 

++ = 
Ca and co

3 
concentrations each up to about 400 ppm measured 

as caco
3

• He showed theoretically that by neglecting the 

CaOH ion pair, which is low at pH 9,5 and below, he could 

I determine ••• 
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determine each of the parameters in Eq. (2) by measuring 

the pH only. In contrast Reddy et al had to measure both the 

pH and calcium concentration. The measurement of calcium is 

possible when the rate of crystallization is slow as in the 

case studied by Reddy et al but when the rate of precipitation 

is high it is difficult to do this measurement accurately. 

The value of K was determined by plotting - d{<:a+~ /dt 

against M(fCa+~F [<:o;_JF - Ksp/f0
2 }. This plot yielded 

a straight line for any particular experiment, as did the 

results of Reddy et al. In this respect the model described 

I the precipitation reaction. 

\ 
Wiechers, Sturrock and Marais (1975} then investigated the 

effects of (l} seed crystal concentration, (2) temperature, 

(3) stirring speed and (4) concentration of co; and Ca++ ions 

on the rate constant, K : -

(1) To determine the effect of seed crystal concentration 

++ -the Ca concentration (72 ppm as caco
3
), the co3 

concentration (38 ppm as caco
3

}, temperature (25°c} 

and stirring speed (500 r.p.m.} were all kept constant 

while the seed crystal mass was varied from 100 to 1 000 

ppm as Caco
3

• At seed crystal concentration less than 

400 ppm as Caco
3 

an initial growth surge was observed and 

thereafter for each experiment the value of K became steady 

at a similar value to that obtained for experiments with 

seed crystal concentrations greater than 400 ppm as caco3 • 

It was therefore concluded that, provided sufficient area 

or growth sites are supplied by the inocculated seed mass, 

the value of the rate constant, K, is independent of the 

seed mass. 

/ (2) To determine ••• 
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(2) To determine the effect of temperature experiments 

were done at 10, 20, 30 and 4o0 c while the stirring 

speed (500 rpm), Ca++ concentration (80 ppm as caco
3

) 

and co3 concentration (33 ppm as caco
3

) were kept constant. 

The van't Hoff-Arrhenius equation was used to describe the 

relationship between K and temperature : -

KT = K20 e (T-20) 
(3) 

or log KT = log K20 + (T-20) log e (4) 

where T = temperature oc. 

KT' K20 = K at temperature T0 c and 20°c 

respectively. 

e = constant. 

The plot of log KT versus T0 c approximated to a straight 

line yielding : -

(3) With regard to stirring energy, it was found that provided 

the stirring speed was sufficient to keep the Caco3 crystals 

in suspension, it had no marked effect on the rate constant K. 

(4) To determine the effect of ca++ and co3 concentrations the 

seed mass (700 ppm as caco
3
), temperature (25°c) and 

stirring speed (500 rpm), were kept constant while the 

concentration of the reagents were varied (Ca++ 330-70 

ppm as caco3
, co3 18-54 ppm as caco3 ). As the concentration 

varied, different values of K were obtained. A plot of 

K versus pH showed that K was apparently related to the 

initial equilibrium pH. However, in any particular 

/experiment ••• 
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experiment, as the reaction proceeded and the pH decreased, 

the value of K remained constant, whereas one would expect 

the value of K to change concurrently with the change in pH. 

Wiechers et al could give no satisfactory explanation for 

this apparently inconsistent behaviour. 

In this thesis Eq. (2) is modified and in the light of this 

modification further experimental data are analysed in an 

attempt to gain insight into the kinetics of Caco3 precipitation. 

Also, a calculation procedure to determine the parameters in 

Eq. (2) is developed. This procedure requires the measurement 

of pH and alkalinity at the start of each test, thereafter only 

the pH need be measured. It takes account of all ion pairs; 

therefore the limitation pH < 9 1 5 falls away. 
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Caco3 crystal growth .and precipitation model 

Calcium carbonate crystal growth occurs in four sequential 

steps (Stumm and Morgan 1970) : -

1) The reaction takes place whereby the hydrated caco
3 

ion pair is formed + rco;-2 ;;:! fCaco~J 
F 

2) The hydrated caco3 ion pair is transported to the 

crystal/solution interface. 

3) At the crystal/solution interface the ion pair is 

dehydrated and adsorbed onto the crystal surface, i.e. 

This reaction takes place in 

both directions. The forward reaction, whereby the 

fCaco~_J is dehydrated, is called precipitation and the 

reverse reaction whereby the fCaco
3
_Js is hydrated is 

called dissolution. 

4) The caco
3 

adsorbed onto the crystal is incorporated 

into the crystal lattice a process called ripening. 

0 At low turbulence the rate of transportation of Caco3 

ion pairs to the crystal face is the controlling factor in 

crystal growth, i.e. growth is controlled by the diffusion 

rate of caco~ ion pairs to the crystal face called 

diffusion controlled growth. At high turbulence levels 

0 .caco
3 

transportation to the crystal face is adequate and 

the rate of crystal growth becomes limited by the rate at 

which the CaCO~ ion pairs are adsorbed and incorporated 

into the crystal lattice called interface controlled 

growth. The experiments reported by Wiechers et al indicate 

that, provided the stirring speed is sufficient to keep the 

I seed crystal ..• 
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seed crystal in suspension, variation in stirring speed 

(i.e. turbulence) has no effect. This suggests that the 

Caco
3 

crystal growth is interface controlled. 

The rate of precipitation in any seeded solution (either 

supersaturated, saturated or undersaturated with respect to 

Caco
3

) is assumed proportional to the surface area of seed 

0 and the concentration of the zero ion pair, caco3 , in the 

bulk solution, thus 

Rate of precipitation = (5) 

where KP = the rate constant for precipitation. 

Note that the ion pair has zero charge so that its active 

and molar concentrations in solution are equal. 

Dissolution is assumed to occur simultaneously with precipitation 

and to be proportional only to the surface area of seed, Sf 

Rate of dissolution = KsSf (6) 

where Ka = the rate constant for dissolution. 

Eq. (4) implies that the rate of dissolution is independent 

of the saturation state, i.e. it is constant per unit surface 

area of the crystal irrespective of over- or undersaturation. 

For a solution just saturated with respect to caco
3 

the rates 

of precipitation and dissolution are equal, thus from Eqs. (3) 

and (4} : 

i.e. 

0 
Kps;caco3 }s = Kdsf 

Ka = Kp(CaCO~}s 

where the subscript, s, refers to a saturated solution. 

Substituting for Ka from Eq. (7) into Eq. (6) 

Rate of dissolution = 0 K S (Caco
3

} 
p f s 

(7) 

(8) 

I As the rate ••• 
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As the rate of dissolution, Eq. (8), is constant per unit 

surface area, the rate of precipitation from a supersaturated 

solution is given by the difference in the rates of precipitation 

and dissolution : 

Net rate of precipitation = - O LCaCO~_/ /l,t 

= (9) 

The negative sign arises as the equations ref er to the species 

in the bulk solution. 

Irrespective of the saturation state of the water, the ion 

pair CaCO~ must be in equilibrium with the free ions Ca++ 

and co; in the aqueous phase, i.e. 

= (10) 

where K
3 

= thermodynamic equilibrium constant for the 

0 ion pair caco
3

• 

Taking ionic strength effects into account Eq. (10) is 

written in the molar form : 

i.e. 

For a saturated solution 

= K /f .2 
sp D 

where K = solubility product constant for Caco 3 • sp 

Substituting Eq. (13) into Eq. (10) and simplifying 

= 

Substituting Eqs. (11) and (14) into Eq. (9) : 

(11) 

(12) 

(13) 

(14) 

I and defining ... 
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Eq. (16) differs from Eq. (1) proposed by Reddy and Nancollas 

in that an activity coefficient term is included outside the 

bracket on the right-hand side of Eq. (16). 

Replacing Sfin Eq. (16) by M, the mass concentration of a 

particular brand of crystal seed : 

Eq. (17) can also be derived as follows : 

(17) 

A general equation for interface controlled growth is given 

by Stumm and Morgan (1970) 
I n 

- dC/dt = K Sf (C - Co) (18) 

where sf = surface area of crystals in solution 

c = concentration of solution 

Co = concentration of solution immediately 

surrounding the crystals 

The term (C - Co) defines the supersaturation with respect 

to c. Making the modification proposed by Wiechers 

(i.e. substituting mass of seed crystals, M, for surface area, Sf) 

Eq. (18) becomes : 

I 

- dC/dt = K M(C ~ Co)n 

Applying Eq. (19) specifically to caco
3 

precipitation 

- dfCa ++ J T/dt = K' M { (CaCO~) - (Caco 3 ) s J n 

The equilibrium equation for the CaCO~ ion pair is 

fca [C.a++_J fco3LCo;J I LCaco~..J= Kcaco3 = Kl3 

which can be written 

I At saturated 

(19) 

. -. 
(20) 

(21} 

(22) 



12. 

At saturated equilibrium : 

0 ++ -
fC.aco3J s = [Ca J fCo3J fca f co /K13 

3 
(23) 

Also at saturation the solubility product equilibrium for 

Caco
3 

must be satisfied, i.e. 

[Ca++J fCo;J = Ksp/ fca fco3 (24) 

Substituting Eqs. (22), (23) and (24) in Eq. (20) : 

- dfCa++_}T/dt=K
1

M{fCa++_]FfCo;JF fca fc
03

/K13-Ksp/K131 n (25) 

I 

Since K = K /K13 

-dfCa ++ J T/dt=KM. (fCa (26) 

Eq. (26) is proposed as an improved model for Caco
3 

precipitation. 
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Apparatus 

Chemical reagents 

Analytical reagent grade chemicals were used throughout. 

Calcium carbonate crystals (Hopkins and Williams, Analar grade) 

were used as seed. The solutions were made up using carbon 

dioxide free distilled water with a conductivity less than 

Stock solutions (O.OlM) of sodium bicarbonate, sodium 

hydroxide and calcium chloride were made up and standardized 

before each series of tests. The NaHco 3 and NaOH were 

standardized against hydrochloric acid (O.OlN) with borax as 

a primary standard. The cacl
2 

solution was standardized 

by the EDTA method (see Standard Methods). 

Reactor 

A reactor, designed by Wiechers (1973) was used for the study 

of the reaction kinetics with the minimal solution 

atmosphere contact to minimise co 2 transfer with the air. 

The reactor (see Figs. 1, 2, 3, 4, and 5) consists of a 

cylindrical vessel, constructed of thin perspex, with its 

interior sealed from the atmosphere by an q-ring sealed lid. 

It has four circular openings in the lid, lined with a-rings, 

to allow easy air-tight insertion of three probes, i.e. glass 

and calamel electrodes and a thermometer. The fourth hole is 

very small and allows air-solution pressure equalization. Two 

perspex cylinders are fitted to the reactor through a joint 

connection for the purpose of injecting the reactants. The 

reactants are well mixed within a period of two to three seconds. 

The temperature of the reactor is controlled by means of a 

I waterbath ••• 
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and a Haake E51 thermostat. The reactants and buffers 

are placed in the waterbath to attain a constant temperature 

before use. The reaction solution is completely insulated 

(electrically) from its surroundings by using perspex screws 

and rubber 0-rings, to prevent stray electric currents from 

affecting measuring probes. The solution is stirred by 

magnetic stirrer using a Teflon coated stirring bar. 

pH Meter 

The radiometer pH meter, type PHM 26, has the following 

specifications which make it suitable for measuring pH changes 

which occur as calcium carbonate is precipitated from solution 

Read out 

Smallest scale div 

Repeatability : 

Relative accuracy 

Amplifier drift : 

Temperature compensation 

Recorder output : 

1,4 pH for full-scale detection. 

0,01 pH. 
+ - 0 1 002 pH. 
+ 0,002 pH at buffer point. 
+ 0 1 005 pH sample in the range 

as buffer. 
+ 0,007 pH typical with buffer 

and sample in different ranges. 
+ - 0,002 pH/day non-accumulative. 

0 to l00°c 

10 mV/pH. 

The pH meter has a built-in device to correct for loss of 

electrode sensitivity. The meter has an iso pH adjustment 

device with which the electrical zero of the output voltage 

can be set at any convenient value, for recorder purposes. 

The glass electrode, G202C, is made of glass which responds 

very rapidly to pH changes. 

I NBS - standard buffers ••• 
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NBS Standard buffers 

NBS standard buffers, in the pH range of interest, were used 

to calibrate the electrode system. Borax and phosphate 

buff er solutions were made up as follows : The borax buff er 

(O,OlM) is prepared by dissolving 3,81 g. borax in fresh 

carbon dioxide free distilled water and making it up to one 

litre. The phosphate buffer is prepared by dissolving the 

following quantities of salts in distilled water and maing it 

up to one litre 

K H
2

Po
4 

Na 2HP0 4 

3,44 g. 

3,55 g. 

The phosphates must be dried in an overn at llo
0

c for one 

to two hours and left to cool in a desicator. 

The pH of these NBS standard buffers as a function of 

temperature is described by Bates ( 6) ' and is as follows 

Temperature oc 20,0 21,0 22,0 23,0 24,0 

Borax pH 9,220 9,210 9,200 9,195 9,;t.85 

Phosphate pH 6,880 6,876 6,872 6,868 6,864 

The accuracy of the pH of the buffers is given + as - 0,01 pH. 

Strip chart recorder 

The Hewlett Packard strip chart recorder type 7100B with 

amplifier module type 17501A has a chart speed range which covers 

all the speeds necessary to study the calcium carbonate precipi-

tation reactions. 

Recorder mechanism 

Response time 

Its specifications are 

Servo activated electro-burning 

pen drive. 

One half second for full scale. 

/Chart speeds ••• 
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16. 

1;2 in/hour: 0,1; 0,2; O,S; 

1;2 in/minute: O,l; 0,2; o,S 
1;2 in/second 
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Experimental method 

The volume of the reactor was 500 ml. Two 250 ml. flasks 

one containing the sodium bicarbonate and sodium hydroxide 

solutions and the other containing the calcium chloride solution, 

were made up and placed in the waterbath to attain the required 

temperature. The pH meter and recorder were calibrated using 

NBS standard buffers. The carbonate solution, together with 

the required mass of seed, was poured into the reactor and 

the pH electrodes and thermometer were positioned in their 

respective holes in the reactor. The calcium solution was 

poured into the injecting cylinder. The stirrer in the reactor 

was switched on. When the valve of the injecting cylinder was 

opened (i.e. when mixing of the Ca++ and co3 solutions began} 

Caco
3 

ion pairs were immediately formed which resulted in an 

instantaneous decrease in pH (see F'ig. 6) due to the removal 

of free co3 ions from solution. Thereafter as the reaction 

proceeded and caco
3 

precipitated, the pH dropped, and a graph 

of pH versus time was recorded. As the caco
3 

precipitates 

the acidity remains constant and the pH and alkalinity decrease. 

Therefore, since the initial alkalinity was known and the change . 

of pH was recorded, the change in alkalinity (and hence the 

rate of co3 removal} could be calculated (see Appendix A) . 

For each part of co3 that is removed one part of caco3 is 

precipitated. Therefore if the rate of co3 removal is known, 

then the rate of calcium removal can be calculated. 

Back mix reactors 

The method of running the precipitation tests described above is 

unlikely to be duplicated in practical processes. In water 

/ treatment ••• 
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treatment works it is more probable that back mix reactors 

will be used in preference to batch reactors. Therefore in 

order to establish whether the data obtained under batch 

conditions also applied to backmix reactors, a series of steady 

state experiments were done. The experimental apparatus was 

similar to that used for batch tests but modified as follows : 

Two co2 free feed tanks are connected to the reactor. The one 

tank contains a carbonate solution and the other a calcium 

solution together with caco 3 seed crystals (Hopkins and Williams 

Analar brand} at a concentration of 1800 ppm (see Fig. 7). 

The seed is kept in suspension in the feed tank by means of a 

magnetic stirrer. Solutions from each tank are pumped at 

equal ratios into the reactor and the pH of the reactor contents 

is monitored. 

For any given hydraulic retention time, the flow is maintained 

until the pH attains a steady reading and remains steady for a 

period of two retention times. The influent feeds are then 

stopped and the decrease in pH with time is recorded for a 

period until the pH shows no significant change. The feed flows 

are then restarted to give a different hydraulic retention time 

in the reactor. 

At any particular steady state, knowing only the pH, temperature, 

alkalinity and concentration of Ca++ of the influent feeds, it 

is possible to determine each of the parameters in Eq. (17} 

(exactly as was done for the batch tests described previously). 

Consequently the caco
3 

supersaturation at steady state can be 

calculated. Also, when the feed flow is stopped the rate of 

precipitation can be calculated, the initial rate giving an 

I estimate ..• 



19. 

estimate of the rate at that particular steady state. By this 

means a value for the reaction constant, K, is determined for 

each steady state condition (see Table 2). 

By comparing the values of K obtained for batch tests (Table 1) 

and those for completely mixed tests (Table 2) it can be seen 

that they are very similar. Therefore batch tests, which 

are simpler and less time-consuming to run, can be used to 

establish data for completely mixed conditions. The work 

reported here, on both batch and completely mixed reactors 

utilised pure solutions and pure seed masses. The absolute value 

of K is very sensitive to the type of seed. This was verified by 

using the same brand of caco
3 

crystals, but from a different 

manufactured batch, when the K values were notably different 
' 

(see Fig. 9) .• Therefore it is very likely that the absolute 

value of K will differ between laboratory and full scale works 

where the seed crystals are self-generated. 

Specifically to separate the effects of pH and supersaturation 

on the rate constant K, in a proportion of tests the super-

saturation was kept constant but the initial pH varied and 

vice versa. The initial pH of the experiments covering a 

range from 8,6 to 10,3 was controlled by varying the relative 

concentration of the hydroxide and bicarbonate solutions. 

* The initial caco
3 

supersaturation was varied from 100 to 2500 

ppm (as caco
3

) by adding different concentrations of calcium and 

carbonate solutions. 

* "Supersaturation" refers to the parameter (CaCO~ - (CaCO~)s) 
which is the apparent instantaneous supersatura-
tion; this parameter will not equal the mass concentration 
of caco3 to be precipitated because with precipitation there 
a ~esul~ant decrease in pH which decreases the concentration 
co3 in solution. 

is 
of 
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· Analysis 

In Eq. (26) to determine the variation in the rate constant, K, an 

analysis must first be carried out to establish the reaction order, 

n. By taking the log of Eq. (26) 

log (dL(Sa ++_) /Mdt) =logK+nlog (fc fco {Ca++_) (Co=3J-K /f f 
0 T a 3 F F sp ca c 3 

) 
(27) 

The value of n is determined by plotting : 

/;. ++ 7 . rr. ++_] rr. =J log(dLCa ....1/Mdt)versus log(fc fco Lea Lco3 -K /fc fco 
T a 3 F F sp a 3 

The slope of the plot gives the value of the reaction order, n. 

The values of n are listed (see Table 1). The mean value of 

n = 0,98 ± 0,09 indicates an apparent first order reaction (i.e. ~=l) 

with respect to Ca co~ supersaturation. If n equals unity, the 

value of K can be determined either by substituting n = 1 in Eq. (27) 

or by plotting Eq. (26), i.e. : 

The slope of the plot above gives the value of K (see Fig. 9). 

Both methods will yield the same results. Note in Fig. 8 that 

the plots for seed concentrations equal to 900 ppm approximate to 

straight lines, i.e. in these experiments the value of K remained 

constant throughout the precipitation period even though the pH 

0 
and Caco

3 
supersaturation were steadily decreasing. The 

dependence of K on initial pH and/or initial super saturation was 

determined by plotting K versus pH (Fig. 10) and K versus initial 

supersaturation (Fig. 8 ) • From Fig. lo it would appear that 

there is no decided relationship between pH and K. At any 

particular pH a range of K values can be obtained. This data tends 

to show that the conclusion of Wiechers et al that the rate 

constant depends on initial pH is not sustained. 

/From Fig. 13 •.• 
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From Fig. 8 there appears to be a decided relationship between 

K and the initial caco
3 

supersaturation. A functional relation-

ship between K and the initial CaCO~ supersaturation was identified 

from various plots assuming different basic relationships. A 

basic relationship of the kind expressed by Eq. (28) was found 

to give excellent correlation : 

K = Ko + (Km - Ko) e's (1 - e ) (28) 

++ -1 where K = rate constant (ppm Ca precipitated as caco
3
). (min) 

. -1 
(ppm caco

3 
seed. ppm caco

3 
supersaturation as caco

3
) 

~ (min. ppm as caco3 ) 
-1 

Km = maximum value of K 

Ko = value of K at zero supersaturation 

c' = constant 

S = initial caco
3 

supersaturation (ppm as caco
3

) 

The functional relationship was established as follows. 

A value of Km was assumed and for each experimental K value the 

function (Km - K) was found and plotted against initial super-

saturation on semi-log paper (Fig. 11). By trial and error a 

value of Km was found that gives a straight line plot (Km=3,25.l0- 5 ). 

The difference between Km and the K values given by the intersec-

tion of the straight line plot with the abscissa provides an 

estimate of the rate constant at zero supersaturation 

-5 -5 . (Ko = (3,25-2,65) .10 = 0,60.10 ) , (see Fig. 11). The slope 
I 

of the plot gives an estimate of C = 0,00162. Substituting 

numerical values, Eq. (15) becomes : 

K .105=0, 60+f2, 65 ( 1-e -o 1001625 )_} (min. ppm. as Caco
3

) -l (29) 

The fact that K is a function of the initial supersaturation 

(Eq. 29) leads to a contradiction: 

I From Eq. (26) •.• 
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From Eq. (26) 

d rr.ca++JT/dt -- ( L~ KM supersaturation) 

and at the initial state this must be 

dlCa++_; /dt = KM(initial supersaturation) 
T 

But K = function (initial supersaturation) 

Substituting for K at the initial state : 

dfC,a++_7 /dt =function (initial supersaturation)M(initial 
T 

supersaturation) 

From this contradiction it would appear that the precipitation 

model is wrongly formulated, i.e. that the equation of Reddy and 

Nancollas and the one proposed in this thesis do not adequately 

explain the precipitation phenomena. 

A number of practical consequences are exposed in this 

investigation. In back mix reactors in water softening plants 

where the caco
3 

supersaturation is low, the rate of precipitation 

is very slow. This means that either there must be a long 

hydraulic retention time or else the mass of crystals in the 

reactor must be large to speed up the precipitation. Also the 

rate of precipitation will be slow in pipes in water supply 

systems where the supersaturation is usually very low. 
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Summary and Conclusion 

1. The equation proposed by Nancollas and Reddy, to describe 

Caco3 precipitation rate, was modified to : 

dfCa++-?/dt=KM(fcafco 3ffCa++~LCo;-?-Ksp/fcafco 3~ 
2. It was established that batch tests give similar values for K 

to the back mix reactions. 

3. The reaction approximates to a first order reaction with 

+ n = 0,98 - 0,09 

4. The rate constant, K, appears to be independent of pH. 

5. In both batch and steady state tests the value of K is very 

sensitive to the type of seed mass. 

6. For batch and back mix reactions K varies with initial caco
3 

supersaturation according to the expression 

5 ;::; -0 00162S,7 . -1 K.10 = 0,60 + L2,65 (1-e ' u (min. ppm. as Caco 3 ) 

The fact that K is a function of initial supersaturation leads 

to a contradiction since, at the initial state, both the rate 

and K are functions of the initial Caco3 supersaturation. 

Therefore it would appear that the formulation of Reddy and 

Nancollas is not sustained. 

From this investigation the following practical conclusions can 

be drawn : 

a) In back mix reactors in water softening plants the 

supersaturation is usually very low and hence the rate 

of precipitation is slow. In order to speed up the 

precipitation a large seed mass is required. 

b) Precipitation will be slow in water supply systems where 

the supersaturation is usually very low. 
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TABLE 1. 

Expt. Initial Initial Caco3° Seed Reaction Reaction .constant 

No. pH Supersaturation mass Order n 
K(min)-J,.(ppm as 

)-1 ppm as Caco
3 

mg/Q, Caco
3 

1 8,60 135 900 0,89 1,16 
2 8,72 166 900 0,72 1,09 
3 9,34 241 900 0,72 1,41 
4 8,90 245 900 0,79 1,36 
5 9,20 279 900 0,97 1,43 

6 9,61 287 900 1,06 1, 71 
7 8,88 301 900 1,00 1,85 
8 9,55 308 900 0,89 1,75 
9 9,00 320 900 0,90 1,65 

10 9,95 463 900 0,98 2,16 

11 9,20 482 900 0,93 2,20 
12 9,18 529 900 0,96 2,10 
13 9,56 616 900 1,01 2,30 
14 8,83 630 900 0,90 2,10 
15 9,37 656 900 0,98 2,40 

16 9,50 740 900 0,95 2,40 
17 9,48 754 900 1,06 2,60 
18 9,05 786 900 0,94 2,26 
19 9,62 952 900 1,04 2,63 
20 9,60 995 900 1,02 2,65 

21 9,61 1000 900 1,02 2,80 
22 9,73 1200 900 1,02 2,91 
23 9,83 1210 900 0,99 3,00 
24 9,77 1304 900 1,04 2,85 
25 9,59 1623 900 1,00 3,00 

26 10,00 2061 900 1,06 3,07 
27 10,13 2190 900 1,18 2,90 
28 9,68 2443 900 0,97 2,75 
29 10,30 2500 900 1,12 2,75 
30 10,28 2227 1500 1,08 2,72 

31 10,00 1290 1500 1,05 2,75 
32 9,80 1250 1500 1,06 2,90 
33 9,77 905 1500 1,01 2,56 
34 9,64 888 1500 0,97 2,65 
35 9,35 627 1500 0,99 2,10 

36 9,65 954 300 1,06 2,75 
37 9,36 697 300 1,00 2,57 
38* 9,78 840 900 0,95 1,02 

* Batch B of seed crystals 
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TABLE 2. 

Steady State Reaction constant K 
Expt. Supersaturation Seed Mass (min)-1 .(ppm as Caco

3
)-l 

No. 
ppm as Caco

3 
mg/R, 

1 1220 900 2,58 
533 915 2,30 
434 919 2,30 
353 923 2,00 
242 927 1,70 
199 929 1,15 

2 542 914 2,30 
224 927 1,70 
175 930 1,15 

3 829* 900 1,05 
639* 912 0,96 
450* 918 0,84 
316* 922 1,00 
247* 925 0,90 

* Batch B of seed crystals 
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LIST·OF SYMBOLS 

C = concentration of solution (mass.unit vol-1 ) 

Sf = surface area of crystals in solution 

S = initial Caco
3 

supersaturation (ppm as Caco
3

) 

C = concentration of solution immediately surrounding 
0 

crystals (mass.unit vol-1
) 

[ ]T = total conc~ntration of solution (ppm as Caco
3

) 

[ ]F = concentration of free solution (ppm as Caco
3

) 

K = solubility product for Calcite sp 

fD = activity coefficient for divalent ion 

f = activity coefficient for Calcium ions ca 

F = activity coefficient for Carbonate ions co
3 

t = time (min) 

M = Mass concentration of seed crystals (ppm as Caco
3

) 

K =rate constant (ppm Ca precipitated as Caco
3

). 

(min)-1 .(ppm Caco
3 

seed.ppm Caco
3 

supersatura-

)
-1 tion as Caco

3 

)
-1 = (min.ppm as Caco

3 

K = maximum value of K 
m 

K
0 

= value of K at zero Caco
3 

supersaturation 
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4,0 K = Ko+ (Km - K 0 )( 1- eC•) 
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Fig.11 Method of plotting the relationship K = K0 + (Km - K0 1 - e 

on a semi-log scale. 
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Appendix A 

The procedure for calculating the parameters that influence 

Eq. (26) is described below. The method utilizes the 

relationship between Alkalinity, Acidity and pH (Loewenthal 

and Marais,1973). The method is not restricted to any pH 

range. 

The pH in a water containing only carbonic species and 

associated cations is governed by equilibria reactions between 

the carbonic species (H2co3 , Hco;, and co3> and water species 

(H+ and OH). These equilibria are : 

- + * (Al) (HC03 )F(H )/(H2co3 ) = Kl 

= + -(C03 )F(H )/(HC0 3 )F = K2 (A2) 

(OH-)F(H+) = K (A3) w 

where ( ) indicate active concentrations 

= thermodynamic equilibrium constants 

Subscript 'F' refers to free ion species 

If Ca++ and Na+ are in the water ion pairing will occur 

between these cations and the anions co;, Hco; and OH-. 

Equilibria equations for these ion pairing reactions are 

++ = 0 (A4) (Ca )F(C03 )p/(CaC03 ) = Kcaco
3 

++ - + (AS) (Ca )F(HC03 )F/(CaHC03 ) = KCaHC0
3 

++ - + (A6) (Ca ) F (OH ) F (CaOH ) = KCaOH 

+ = - (A7) (Na )F(C03 )p/(NaC0 3 ) = KNaco
3 

+ - 0 (AS) (Na )F(Hco3 )F/(Naaco3 ) = KNaHC0
3 

+ - 0 (A9) {Na )F{OH )F/(NaOH ) = KNaOH 

I For equilibriaum 
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For equilibrium, _Eqs. (Al to A9) must be simultaneously 

satisfied. The following mass balance expression must also 

be satisfied 

LNa+_l = LNa+_]F+LNaHco;.J+LNaoH
0

_7 (AlO) 
T 

fC,a++_l = /J-a++_l + fCaHco;_7 + fCaco~_J + fCaoH+_J(All) 
T F · 

Alkalinity= 2fCo;_J + [Ifco;-7 +[OH-_}~ LH+-7 (Al2) 
T T T 

Acidity= 2[If2co;_7 + [Ifco;-7 + LH+-7 - {6H-_7 (Al3) 
T T 

(Al4) 

(AlS) 

[OH-_]= fQH-_7 + /CaOH+_] + fNaOH 0 _7 (Al6) 
T F 

where ~ ..J indicates molar concentrations, and subscript T 

indicates the sum of free and ion paired species. 

In the sixteen Eqs. (Al) to (Al6) there are eighteen unknown 

* - = - + ++ + parameters (i.e. H2C03, HC03, co3, OH I H , Ca , CaHC03, 

= ++ + 0 + 0 - 0 -
co3T' CaT I CaOH I CaC031 Na I NaHC031 NaC03, NaOH , OHT, 

Alkalinity and Acidity). To determine each of the parameters 

at least two must be measured. 

In the method of solution described below, to initiate the 

solution theoretically only the initial pH and initial alkalinity 

need be measured and thereafter as Caco
3 

precipitation proceeds 

only pH needs to be measured for an additional condition applies 

i.e. the Acidity remains constant during precipitation and equals 

the initial value. 

/Initially ••• 
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Initially Alkalinity and Acidity were determined as follows : 

Solutions of NaHC0
3 

and NaOH were standardized against a strong 

acid of known concentration. The standardized solutions of 

NaHC0
3 

and NaOH were then used as the source of Alkalinity and 

Acidity for a particular test, thus 

Initial Alkalinity = fNaHC03_}added + fNaOH_}added 

Initial Acidity = 

Initial pH was measured using a glass electrode. 

However, co2 exchange between the solution and atmosphere may 

occur during the experimental preparation. Such co2 exchange 

would alter the initial Acidity (estimated from the known masses 

of standard solutions used); the Alkalinity would not be 

affected. Thus, the best estimate of initial Acidity is 

calculated from the initial measured Alkalinity and the observed 

initial pH using Eqs. (Al) to (Al6). Usually the Acidity based 

on the measured pH was about 2 ppm as caco
3 

greater than the 

observed Acidity. A theoretical check was carried out for each 

experiment as follows Using the initial Alkalinity and 

Acidity values (based on the masses of standard solutions used) 

a theoretical value of initial pH was calculated using Eqs. (Al) 

to (Al6) and compared with the initial observed pH. 

Determination of initial Acidity from known Alkalinity and £H 

1. Calculate an initial approxima~e value for ionic strength, 

~ , from the mass concentrations of NaOH, NaHC0 3 and cacl2 

used in an experiment. 

2. Using the extended Debye Hueckel equation calculate the 

activity coefficients for each of the charged species 

I from the value of 
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from the value of/ above. (The ionic radius for 

monovalent hydrated ion pairs was assumed equal to that 

3. Calculate activity coefficients for neutral species from 

the relationship -log10fN =ks·/" (Garrels and Christ, 

1965,) where fN = activity coefficient for neutral species 

k = salting out coefficient for neutral s 

species in water. 

4. Calculate thermodynamic equilibrium constants, at the 

experimental temperature from the enthalpy and entropy 

for the reaction using the equation proposed by Helgesson 

(1969). 

5. Adjust equilibrium constants for ionic strength effects 

to give K'. 

6. Calculate f.H+_J from the measured pH and the approximate 

value for the activity coefficient, fH, determined in 

setp (2), i.e. f.H+_J = (10.-pH)/fH. 

7. Calculate an approximate initial value for Llico;_? from 
F 

measured Alkalinity and pH assuming no ion pairing, i.e. 

ffico;_; = (Alk - Kw ;f.H+J + f.H+J>/(1 + 2Ki/ LH+J> 
F 

8. Calculate values for f.H 2co3J, fCo~J and ffiH-J from 
F F 

equilibrium equations, Eqs. (Al) to (A3), and the assumed 

values for fH+J and fHco;J, i.e. 

fH 2co;_] = LH+J.[lico;-?;Kic and .LCo;J = K~.[lico;-?;Lfi+J 

9 • 
- - - - 0 - - 0 -Calculate ion paired specie~ LNaco

3
_;, LNaHC0 3_;, LNaOH _/, 

LCaco~J, fCaHco;J and fCaOH+_7 from equilibrium equations, 

Eqs. (A4) to (A9). (In the first iteration the species 

rr.ca++J fu +J concentrations L~ and LNa are assumed equal to the 
F F 

I total ••• 
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total analytical concentrations of these species 

{C,a++J and fNa+J ). 
T T 

/;, ++ . 
In all subsequent iterations the values for ~~a _J and 

F 
fNa+_J used are those calculated from the previous iteration, 

F 
i.e. those values calculated in step 10. 

10. Calculate adjusted values for /faa+..J and fC.a++_J e.g. 

+ + F F 
fNa ..J = ffia ..J - fNaoH

0 _7 - fNaHco 0
3..J- ffiaco;J 

F T 

11. (i) Calculate values for Alkalinity and Acidity from 

the values for individual species determined above 

using Eqs. (Al2) and (Al3), i.e. 

Alk. (calculated) = 2cfC.o;J + ,L'Naco;-7 + {<:aco~J) + 
F 

<fHco;J + /faaHco~J + .LNaco;_]) + 
F 

(LoH-J + {<:aOH+J + [NaoH0 _7) - /.H+J 
F 

Acidity (calculated) = 2[If2co;J + ([Hco;J + ,L'NaHCO~_} 
F 

+ {<:aHco;J> + LH+J- (LoH-J + 
F 

{<:aOH+_] + LNaoH0
_}) 

(ii) Calculate an adjusted value for ionic strength~ , 

from the individual species concentrations determined 

in steps 8 and 9. 

(iii) Recalculate the activity coefficients, and adjust 

the equilibrium constants accordingly. 

(iv) Recalculate LH+J from the measured pH and adjusted 

~ctivity coefficient fH. 

12. Steps 7. to 11. are then reiterated until the calculated 

value for Alkalinity rem~ins constant. 

I 13. Compare ••• 
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13. Compare the calculated value for Alkalinity, Alk. 

(calculated) with the known initial Alkalinity. 

14. Steps 8. to 13. are repeated with an adjusted value for 

fiico;-7 until the calculated value for Alkalinity agrees 
F 

with the true Alkalinity to within 10-lO moles/l 

When this condition is satisfied Acidity is given by 

acidity value calculated in step 11. (i). This 

calculated value usually will be ± 4.10-S moles/l 

greater than the Acidity value based on mass of chemicals 

used in solution and is due to co2 contamination. The 

calculated value is now assumed constant for the remaining 

calculations in the particular experiment. 

Determination of Alkalinity from known pH and Acidity 

During a precipitation experiment pH is monitored with time. 

Alkalinity values corresponding to the observed pH values are 

determined using a similar method to that set out above, except 

that the parameter Alkalinity is now replaced by a known Acidity 

value in steps 7, 13 and 14. These calculated Alkalinity values 

can be used to give a plot of Alkalinity with time for a 

particular experiment. From this plot the change in Alkalinity 

with time can be estimated which equals the rate of caco3 

precipitation. 
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Appendix B 

Listing of Computer Programmes PRECIP. MAIN with 

sub-routines IONP and SG 13 used for doing the calculations 

described in Appendix A. 

. ' 
I 



B 2 

*P~£CIP.MA1N 

1 C*************•******************************************************* 
2 
3 
q 

5 

7 
8 
9 

JJ 
.l 
.2 
.3 
,4 
.5 
,6 
7 

. 8 
9 
'iJ 
1 
2 
3 
4 
5 
b 
7 
9 
9 

-t..i 
l 
2 
3 
~ 

7 
8 
3 
'.:I 

IL 
2 
~ 

C fROGRAM PRECIP 
C********************************************************************* 
C THIS PROGRAM C~LCULATES THE CISTRIEUTIOh CF ICNIC SPECIES• 
C THE RATE OF REMOVAL OF CA++ FROM SOLUTION COCA++/DT>!M 
C ANO TH£ FUNCTICN CAF•C03F•<CA•COl-KSP/CAF•CC2FJ 
C********************************************************************* 
c 
C DATA SET 
c 
C FIRST uA1A CARD: IOENT IS THE EXPERIMENTAL NUMBER 
c 
C SECOND DATA CARO: NAHC03tNAOHrCACL2tMGCL2 ARE THE CONCE~TRATIONS 
C IN HOLES/L OF TH~ R£ACTANTS 
c 
C THIRD OA~A CARO! T IS THE TEMPERATUR£ IN CEGR€£S CELCIUS 
c 
c FOURTH CATA CA~D: SEED IS THE CACC3 SEED CRYSTAL cc~c • 
C IN PPM AS CAC03 
c 
C FIFTH DATA CARO: NUM IS THE NUM8ER OF PH VALUES READ 
C OT IS THE Tl~E DIFFERE~CE BET~EEK FH REAOI~GS 
c 
C TME NE~T DATA CARDS ARE THE E,PERI~ENTAL Ph VALUES 
C FOLLOWED SY THE ENTROPYCDSRl ANO ENTHALPY<OHRJ DATA FOR 
C THE Rt~CTlCNS 

C*************~******************************************************* 
REAL Kl1K21K3tk41KS.K61K71K81K~tKlD1Kll1Kl2tK1ZtKW1KMG1KS 
REAL NAHC03tNAOHrMGCLZ 
DO~BLE PRECISICN TALKtTS04tFSC4thCC3~FRACT1SAClDrCHt 

lHtCOHtCD~CtHCOCtCCJ 
CCMMCN TSO~tFSC•1TALKrhCC!tFMGtOHtH1TMGtTCA1TNAtCC31K1tK21K3•~q, 

lKS1K6rK7tK8rK91KlDrKlltKlZ1Kl3tKWtKMG1KSrFCA1FNA1TCL1Ut$ACICt 
2H2CO~tC0HtCC3CrHCCC 

DIMENSION PKKC30lrCSR<30>t~HRl~CltPH(l~0D),pK(3C>,SFUNCfl00~), 
lTCAS<lOO~),SSEED<lOOJ> 

OIMENSION PHS(100f> 
D lMENSlON X ( UUHI>, yt lGIJO > t Z < 1'\CI~) •TIM ( l.,\JJH 
DIMENSION TFUNC(lVODl 
LZ=l 

515 cor~TINUE 
REACl8t9l) IDEJ\T 

91 FORMAT<!~> 

~RIT£t5t92) IDENT 
92 FORMATClHla'EXPERIMENT N0.'1I!r///) 

READ<B•l> ~AhCC31NAOHtCACL~1MGCL2 

3 FCRMAT<4£10.4> 

4 

5 

,... 
Q 

7 

~RITE<S,4> NAHCOJtNAOHtCACL2t~GCL2 
FORMATllHt'NAHC03='rE1~.4t~Xt'NAOH='•ElD.4t4Xt•CACL2:'•El0.4t4X, 

l'MGCL2:•1ElQ.q,•MOLES/L'tl//) 
REAOl8t5l T 
fORMAT<FlO.tt> 
WRITE<S16J T 
FORMAT<1Hr'lEMPERATUR£:•,FlQ.q,•oEGREES CELSIUS•,///) 
REAOC8r7l SEED 
FORMATlFlU.'4> 



57 

58 
59 
60 
61 
62 
63 
6~ 

65 
66 
o7 
68 
69 
UJ 
71 
72 
73 

7 '* 
75 
76 
77 
78 
79 
80 
·81 
•82 
183 
-84 
•85 
-B6 
97 
38 
~39 

HJ 
31 
12 
:l3 
j(! 

35 
16 

B 3 

WRIT£(5t8J SEEC 
8 FCRMATC1Hr'CAC03 SEED CRYSTAL CONC.:•,f10.4r'PPM AS CACC3'r///) 

A£A0(81lOllJ NlM t~T 

1~11 FORMATCI~•Flu.4> 

REA0(8tl23JtPHtlltl=l•NUM) 
123 FORMAT (l0F5.31 

DC 11 I=ltl6 
REA0(8rl2) OSRCI>tDHRCI> 

12 FORMATl2Fl0.3J 
11 CONTINUE 

TitHl>=O.tJ 
DO 113 I=ZrNUM 
TIM<I>:TIMfI-lJ+CT 

113 CONTINUE 
PHI=PHll) 
WRITEC5tlP2>PHI 

102 FCRMAT<lHt'EXPERIMENTAL INITIAL PH:•,FG.qt///) 
DO 111 I=ltNUM 
xn>=TitHI> 
YCI>=PH<Il 

111 CCNTINUE 
NDIM=NUM 
CALL SG13lXrYtZtNDIMrI£R) 
LOI M:NOI M-1 
DC 112 I:21LCI~ 
PHS lI J =Z.CI J 

112 CONTINUE , 
DA LK:NAH C03+ NAOH 
CACID:NAHC03-NACH 
TNA::NAHC03+NAOH 
TMG=MGC1..2 
TCL=2.•C~ACL2+MGCl2J 

TCA=CACL2 
u::z.•<TCA+TMGl+0.5•CTNA+TCL) 

C CCNVERT CONC. IN MOLES/L TC PF~ AS CAC03 
C****************************************************~**************** 

DALK=OALK•S.•(10.••~.) 
DACIC=DACIC•5.•( lV..••'f. > l 

TNA=TNA•5.•(1~.•·~.) 
TMG:TMG•tl0.••5.> 

~7 TCL=TCL•5.•f10.••~.l 
~8 lCA=TCA•ll0.••5.) 
~9 TTCA=TCA 
iO WRITECStlPJ DALK•TNA1TMGtTCLtTTCA 
~1 10 FORMATtlH•'TCT ALK='•FlD.4•3Xt~TNA='•FlQ.q,3x,•T~G='•Fln.q,3x, 
~2 l'TCL='•FlD.413Xt'TCA='•~l0.4t'PPM AS CAC03't///) 
~J C CALCULATE LOG tISS. CCN~TA~TS ~SING THERMOCY~A~IC CATA 
~q C AND HELGESONS EQUATION ' 
~5 C********************************************************************* 
:G R::l.987 
~7 

'.8 
-19 
n 
1 
2 
3 13 

TA=273.15+T 
TR:298.15 
00 13 1::1,16 . 
YY=fEXPC-12.74l+0.01875•TAt>-P.COD784+(TA-TR>l219. 
XX=TR-(219.11.00322>*<1.-EXF<YY>> 
PKK(ll=<OSRtil•XXl/C2.303•R•TAJ-OHRCil/C2.303•R•TAl 
PKll)=-PKK<I> 



B 4 

lq PKKtl>=B.153-0.021S5*TA-2382.3/TA 
~5 PKK(2J=5.388-0.0Z199•TA-2730.7/TA 
16 PKtl):-PaKCll 
~7 PK<2l:-PKK(2) 
-L 8 PK ( 2>=10. 3 718 
t9 WRITE<Srl4) PKCl>rPK(2JtPKl3JrPKC4lrPKC5ltPK(6)tPK(7)tPK(8J 
20 14 FORMATClH1 1 PKH~COJ:•rF6.4r2Xr'FKHCC3='1F7.qt2X1'FKSC4:'F6.q,2x, 

~l l'PKNAS04:'rF6.4r2X1'PKMGS04:',Ff.4r2Xr'PK~AHC03:'rF6.412X• 
22 2'PKNACC3='•F6.4r2Xt'PKMGHCC3=··~o.41/J 
?3 WRITEC5rl5J PKf9JrPKtlO>rPKCll),pK(lZJ•PK(l3JrPK<14>•PKll5J1PKC16> 
24 15 FORMAT11Hr'FKMGC03:•,F6.412Xt'fKCAHC03:•,Fe.41~Xt'FKMGCH:'1F6.412X 

~5 lr'PKCAOH:'rF6.4t2X•'PKCAC03:'rF6.4r2Xt 
?6 2'PKW='•FJ.q,zx,•PKS='•F6.q,zx,•cKMGOH2='•Fl0.4t///) 
!7 PKl=PKCll 
~8 PK2=PKC2f 
:s PK3:PK(3) 
~a PK4:PKtq) 
.1 PK5:PKC5) 
~2 PKE=PKC6J 
,3 PK7:PK<7l 
iCJ PKB=FK ( 81 
5 PK9=PKl9J 
6 PKlD=F~<lO> 
7 PKll=PK<ll) 
8 FK12:PX<l2) 
9 PK13=PKll3J 
0 PXW=PKtlq) 
1 PKS:PKC15t 
2 PKMG=P~<l6J 
3 LX:ll 

5 
6 
7 
8 

-9 
-t1 
-1 
2 
,• 

! 

-8 
.3 
) 

11. 
2 

) 

7 

3 

LICN:l 
NN:l 
NUMM:NUM-2 
DO 1010 I=l1LDIM 

4q Ul:U••0.9 
C CONVERT SACK TO MCLES/L 
C•••********•********************************************************* 

IF CLION-1>42142143 

c 

43 Kl:Kl•HF•ANF/(~.S•ANH•l0.••4.> 
K2:K2•HF•C03F/(ANF•l0.••S.J 
K3=K~•CAF•SOQF/CANM•l0.••5.> 
K4:K4*S04F/(l0.••S.J 
K5:KS•GMF•SO~F/tANM•lD.••5.J 
K6=K6•ANF•Z.ICANM•S.•l~.••4.) 

K7:K7•C03f/(l0.••5.> 
K8=K8•GMF/Cl0.••~.J 

K9:K9•GMF•C03F/lANM•lD.••5.J 
KlO=KlO•CAF•tlO.••S.J 
Kll=Kll•O~F•GMf/tl0.••5.> 
Kl2=K12•0Hf•CAF/(10.••5.J 
Kl3=Kl3•CAF•C03f/(1Q.••5.J 
KW:KW•OHF•HF/C2.5•l~.••9.> 

KS:KS•CAF•C03FJ(10.••10.> 
KMG=KMG•GMF•COHF••2.>lt2.5•1C.••14.J 
CAL~~LATE ACTI~ITY COEFFS. FCR INOIVlCUAL SPECIES 

~ C*************~******************************************************* 
3 42 AMGF=-0.50S•q.•(~l/Cl.+0.32S•a.•Ul>> 



11. 71 

.12 
J. 7 3 
. 74 
~75 

. 76 

. 71 
L 78 
• 7·3 
.8[! 
.c 1 
. 82 
.~d 

.a4 

.d5 
85 

. 3 7 
88 

:HJ 
91 
;J2 
9::1 
94 
'JS 
~b 
37 
38 
:;J9 
:::m 
Jl 
J2 
~3 

Jtr 
!J5 
JG 
'J 7 
J8 
.!9 
I r-'.J 

ll 
.2 

-1. 3 
.4 
.5 
.6 
.7 
.8 
.9 
: !J 
!1 
.2 
!3 
.4 
:s 
6 

!7 

B 5 

ACAF:-Q.5DS•~.•(Ulltl.+0.328•6.•Ul>> 

ASOF=-0.509•4.•CUl/Cl.+C.328•4.•Ul>> 
ANAF=-0.509•tUl/Cl.+0.32B•q.•~1J> 

AHF=-D.509•CU1/Cl.+Q.328•9.•Ull) 
ACOF:-D.50S•4.•(Ul/tl.+0.32S•E.•LlJ) 
AOHF=-0.5C9•CUl/Cl.+0.328•3.•UlJ> 
GMF=lu.••A~GF 
CAF:lO.••ACAF 
SOiff:lD.••ASCF 
ANF=lt'J.••ANAF 
HF=lu.••AHF 
C03F=l0.••ACOF 
CHF=lO.••AOHF 

C CA~CULATE ACTIVITY COEFF. FOR NEUTRAL SPECIES CANMJ 
C SALTING OUT COEFF.=SK:0.75 
C LOGCANHJ=SK•U 
C*******************************•******************•****************** 

ANM=Q.75•U 
ANM:lO.••At\M 

c ADJUST K VALUES TC INCORPORATE ACTIVITY COEFFS. 
C**************************************•••••••••********************** 

Kl=ClU.••<-1.•PKlJl•ANH/CHF•ANFJ 
K2:ClO.••C-1.•FK2>>•ANF/tHF•CC3~) 
K3:llD.••<-l.•PK3Jl•ANM/CCAF•S04f) 
Klf: C UJ.•• C-1. •FK~) ) I ( SCtfF > 
K5=<lO.••l-l.•PK5lJ•ANM/CG~F•SO~F> 
K6=Cl0.••l-1.•FK6JJ•ANM/(A~F••~.J 
K7=<10.••C-l.•PK7JJ/(C03F> 
K8:(10.••C-1.•FK8))/GMF 
K9:fl0.••C-l.•PK9l)•ANH/CGMF•C03FJ 
KlO=llO.••C-1.•PKlO>>ICAF 
Kll=<lO.••<-l.•PKllJl/COHF•GMF> 
K12=<10.••l-1.•PK12JJ/COHF•CAFJ 
K13=<10.••C-1.•PK13)J•ANM/CCAF•C03F> 
xw:tl0.••(-1.•PK~))/(CHF•HFJ 

KS=<lO.••C-l.•PKS)l/CCAF•C03F> 
KMG=tlD.••t-l.•PKMG)J/CG~F•CCHF••2.>t 

C ADJUST K VALUES TC EXPRESS CONC. CF SPECIES IN PPM AS CAC03 
C••******************************************************************* 

Kl:Kl•2.~•tl0.••4.) 
K2:K2•C10.••5.J 
K3:K3•ll0.••5.> 
K4:K4•<Hl.••S. J 
KS:KS•tl0.••5.> 
K6:K6•S.•tl0.••4.J 
K7=K7•Clll.••5.J 
K9:K8•t1U.••S.> 
K9:K9•flC!.••S.> 
Kl0=K10•(10.••S.> 
Kll=Kll•ll0.••5.J 
Kl2=K12•t1C.••E.J 
K13=Kl3•<10.••5.J 
KW:K~•2.S•llt.••9.) 
KS=KS•<lO.••IO.> 
KMG:KMG•2.S•C10.••lq.J 
IF<N~-1>3DDP3U01~9C 

300 lF(LICN-q)~0lr2Dlt21~ 
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.228 c CALCULATE EXACT IONIC STRENGTH 
~29 C********************************************************************* 
~Jjj 

!31 
~32 

;33 
!34 
'.35 
!36 
·37 
'38 
39 
.:+O 
'tl 

'* 2 
Cf 3. 
li4 
'f5 
.ff6 

-4 7 
118 

""'l9 
:>D 
:il 

-)2 

~3 
..j4 

201 

Zt12 

203 

204 
206 

207 

208 

2tJ9 

c 

H=l./tlO.••PHl)/Hf 
H=H•5.•tl0.••4e} 
CH=K~/H 

KK=l 
HCC3:(CALK-OH+~)/tK2/H+l) 

C03=<HCO~•K2/H) 
H2C03=<HC03•~)/Kl 
CALL IONP 
IF CTALK-OALK>204,20St203 
HC03=-HC03•u.9 
GO TC 202 
FRACT=u.l•HC03 
HC03=HC03+FRACT 
C03=HC03•K2/H 
H2CC3:<HC03•H)/Kl 
CALL IONP 
1F<TALX-CALKJ20~t2C9,207 
KK=KK+l 
lFC4-KX>i09t20512~S 
HC03=HC03-FRACT 
FRACT=O.l•FRACl 
GO TO 206 
LIOf\=LlON+l 
GO TO 4'J 
CALC~LATE INITIAL PH 

i5 C*********************************************•*~********************* 
i6 210 LX=LX+l 
·1 A=DA~K 

i8 
9 
·,~ 

l 
2 
3 
4 
5 
6 
7 
8 
0 

-1 
2 
~ 

4 

265 
270 

925 
930 

935 
94[J 
9~1 

S45 

947 

QH=tt.9S*A 
u~=tl 
H=KW/OH 
C03=CA-OH+Ht/ll.+H/K2) 
GO TC 27u 
C03=<A-OH•CCH+HJ/CC03C•H•HCOC/KZl 
HC03=H•C03/K2 
HZC03=H•HC03/Kl 
KXK=l 
CALL IONP 
LM=LM+l 
1FCLM-3>265r2&5t925 
IF(SAClD-CAClO)g3a,g9a,94Q 
0H=t1.l•OH 
1...M=O 
H=KW/OH 
CC.3= ( A-OH•CCH+li)/t C03C·+H•~CC C/1<2) 
1FlC03)93Ct930r93~ 
GO TC 27u 
FRACT=OH 
OH=Ct-i+FRACT 
LM=O 
ti=KW/CH 
C03=<A-OH•COH+H)/CCC3C+H•HCOC/K2l 
lFCC03l947t947t9~8 
OH=OH-F RACT 
FRACT=Cl.9•FRACT 



285 

286 
287 
288 
289 
~9~1 

291 
~92 

~93 
~ 9 Lf 
! 95 
:9o 
~ 97 
98 
.39 
uo 
01 
02 
d3 
U'l 
t15 

•t!G 
tl7 
;JB 

-09 
lltJ 
-11 
Ill. 2 
13 

111.4 
lllS 
. 6 

lll.7 
.8 
,3 

'fj 
!1 
2 
3 
If 
5 
6 
7 
8 
9 

•O 
1 
2 
3 ... 
5 

7 
lm3 

3 
l 

• 

948 

9Su 
555 

GO TO ;41 
HC03:H*C03/K2 
H2CC3=H•fCC3/Kl 
F CA=KS/ co~. 
CALL ICNP 

B 7 

LM=LM+l 
IF<LM-3)9~s.sq5,950 

IFCSACID-DACID>955199C1941 
KKK=KKK+l 
IFC5-KKKl990t9801S80 

98D OH=OH-fRACT 
FRACT=u.l•FRACT 
GO TC S4l 

990 IF(LX-21•41991•991 
991 Hl:H/CS.•10.••~.> 

CPHI=-l.•ALOGlUCHI•Hf) 
WRIT£<5t97D> CFHI 

970 FORMATClHr'CALCULATEO INITIAL PH='•F&.4t///) 
C CALtULAT£ PH AND CCRRESPO~OING SPECIES CC~CENTRATIC~ VPL~ES 
C••••***************************************************************** 

ACID=SAClD 

490 

,. 99 

500 

SlO 
520 

5 30 

55ti 

560 
599 

PHN=PHS <I) 
TIMN:TlMCIJ 
NN:2 
ALKC:tJ.O 
ALK2=DALK 
GO TO oOO 
KKK=l 
PHN=PHSCil 
TI rm= TIM <I) 
H=l./llO.••PHNl/HF 
H=H•5.•10.••t; • 
OH:K .. /H 
HC03:CACID-H+0H)/fl.+H/Kll 
C03:CHC03•1<2l/H 
H2C03=CH•HC03)/Kl 
CALL lCNP . 
IF<SACIO-ACID>5101SSOtSOC 
HCC3:0.9•HCO:! 
GO TO 'l99 
FRACT=il.l•J-iCC3 
HC03:iiC03+FRACT 
CC3:HCC3•K2/1-i 
H2C03=<HC03•HJ/Kl 
CALL ICNP 
IF ISACID-AClDJ52D155Ct530 
KKK:KKK+l 
IF<S-KKK1S50155015~0 
HCOJ:HCC.3-FRACT 
FRACT=O.l*fRACT 
GC TC 52iJ 
LION=LION+l 
1FILICN-9>5G0t560t5S3 
GO TO 44 
ALKl=TALK 
ALKD=A~KZ-ALKl 

ALK2=ALJ<l 



.S~2 

143 
.) If q 

45 
'If 6 
47 
48 
Lf 9 
50 
51 
52 
53 
54 
S5 
56 
57 
58 
59 

-GD 
~l 

-62 
_;3 

-G'f 
;s 
SG 

6~'.HJ 
GliJ 

lt!Ul 

7 3[; 

7't 3 
586 
2!li1 

a~rn 

820 

TCA=TCA-ALKD 
TCASCI >=:TCA 
CCA:TTCA-TCA 

B 8 

SSEEDCI>=SEED+OCA 
F~NC=CAF•C03F•CFCA•C03-KSJ 
SFUNC CI) =rUNC 
FUNCA:SS£EDCl)•fUNC 
TFUNC <I) =FU NC A 
WRITE<5t610> TIMN,fHN,fCAtC03tTCAtCCAtC03FtCAFtALKC 
FORM ATC 9t:.10. 4) 
NN=2 
LION=2 
CCt.T1Nli£ 
DO 586 I=3tNiJMM 
RATE=<TCASCI-21-8•TCASCI-1>+8•TCASCI+1>-TCAS<I+2))/(12•DT> 
WRITEC5t7~3>PHS<IJtRATEtSFUNCCIJtSSEEOtI>tTFUNC<I> 
FORMATC4FlU.~tElD.qJ 

CONTINUE 
CCNTINliE 
IFCLZ-l01800t80~t82Ll 

LZ=LZ+l 
GO TO 515 
CCNTlt-il.E 
STOP 
ENC 
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l 
2 

4 
5 
5 
7 
8 
9 

ia 
11 
12 
13 
J, 4 
15 
16 
17 
ld 
lS 
2{! 

21 
;a 
?.3 
.;:: It 

~5 
25 
n 
?.9 
~9 ,,, 
q, 

-16 
,7 

i8 
9 
n 
1 
2 
3 
4 
5 
6 
7 
8 

-9 
iJ 

-1 

30 

40 
60 

B 9 

SUBROUTINE !CNP 
REAL KltK21K3tK4tKStK6tK7tK8tKStK10tK111Kl2tK13tKW tKS 
DOUBLE PRECISION TALKtTSO~tFS04rHC03tFRACTrSACIOtOHt 

lHtCOH1C03CtHCOCrCC3 
COMMON TSC~tFS04tTALKrHC03tFMGtCHtHrTMGtTCAtTNArC03tK11K2oK3rKq, 
lKStK6tK7tKBtK9tKl0tKlltKl2tKl3tKWtK~GtKStFCA1F~AtTCL1UtSACIC• 
2H2C03tCOHtC03CtHCCC 

i.N=l 
FS04=TSOLf 
F~G=TMG/tl.+HCC3/K8+CC3/K9+FSC4/K5+0H/Kll> 

FNA=TNA/(l.+FS04/K4+HC03/K6+C03/K7> 
FCA:TCA/tl.+HCC3/K10+FSC4/K3+C~/Kl2+CC3/Kl3) 

Y=TS04-FS04•Cl.+FNA/K4+FCA/K~+FMG/K5l 
lF(Y13(hl!l01lfO 
FS04=~•9•FSC't 
GO TC 21J 
FRACT:u.l•FSOl.J 
FSC4:f SO"l+f RACT 
FMG=TMG/ll.+HC03/K8+CC3/K9+FS04/K5+0H/KllJ 
FNA=TNA/ll.+Fscq/KQ+HCC3/K6+CC~/K7) 

FCA=TCA/ll.+HC03/KlC+FS04/K3+0H/KlZ+CC3/Kl3> 
Y=TSC4-FSOq•(l.+FNA/K~+FCA/K3+F~G/K5> 

IF CY) 70r luth60 
lFC5-LN>lOOrl00•8D 
LN=LN+l 
FS0'4=FS0'4-FRACT 
FRACT=O.l•FRACT 
GO TC 60 
CONTINUE: 
T'LK=CC3•ll.+2.•FNA/K7+F~G/KSl+HCOJ•tl.+F~A/K6+FCA/Kl1+~MG/KSl+ 

lCH•Cl.+FCA/Kl2+FMG/Kll>-H+C03•fCA/Kl3 
SACIO=H2C03+HC03•Cl.+FNA/K6+FCA/Kl0+F~G/KS>+~-CH•tl.+FCA/Kl2+F~G/ 

lKJ.1) 
CC3C=t.+2.•FNA/K7+FMG/KS+FCA/Kl3 
hCOC:l.+FNA/K6+FCA/KlC+FMG/K8 
COH:l.+FCA/Kl2+FMG/Kll 
FNASO:(FNA•FS04)/(K4•S.•10e••4.J 
FMGHC:<FMG•HC03)/iK8•S.•10.••~.> 
FCAHC:CFCA•HC03Jl<Kl0•5.•lG.••4.> 
FNACO:tFNA•C03l/CK7•S.•10.••q.J 
FHC03=HC03/C5.•10.••~.J 
FC03=CC3/Cl0.••5.> 
FFS04:fS04/C10.••5.> 
FFCL~TCL/C5.•1D.••q.> 
F~NA=FNA/CS.•10.••4.J 
FFMG=F~G/<10.••5.> 
FFCA=FCA/ClO.••S.> 
u=2.•CFFS04+FFCA+FFMG+FC03J+U.S•CFFNA+FFCL+FNASO+F~~HC+FC~HC 

l+FNACO+FHCC3l 
RETURN 
EN.J 
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l c 
2 c 
3 c 
4 c 
5 c 
6 c 
7 c 
B c 
9 c 

liJ c 
·ll c 
12 ,.. .. 

11.3 c 
•l'J c 
lll.5 c 
IJ.6 c 
.J. 7 c 
111.8 c 
.9 c 
~tJ c 
:1 

,.. .. 
!2 c 
: .) c 
:4 c 
5 " I.. 

'6 c 
7 c 
8 c 
9 c 
0 c 
l c 
2 ,. .. 
3 c 
4 c 

•5 c 
-6 c 

7 c 
a c 

-3 
J c 
• ,.. ... 
.il. 
~ c ... c .., 

) c ,. ... 
113 1 
-t 
II) 

-! 

• 
2 
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SUBROUTINE SG13 

PURPOSE 
~£0TORS Cf ARGU~ENT VALLES A~O CORRESFCNCING F~NCTICN 
VAILUES. 

USAGE 
CA~L SG13(X.v.z.NOI~·IER) 

OF PARAMETERS DESCRIPTION 
x 
y 

GIVEN VECTOR or ARGUMENT VALUES (O!MENSICN NOIM.> " 
GIVEN VECTOR CF FLNCTICN VAL~~S CORRESPCNCING TC X ~ 
(DIMENSION NDI~> ~ 

z. R'SULTING VECTCR OF SMOOTHEt FU~CTIC~ V~LUES _ 
IO!~ENSICN NDI~J ~ 

NOIM 
IER 

OIM£NSICN OF VECTORS x.v.A~C z -
RESULTING ERROR PARAM~TEq S 
JER : -1 ~DI~ IS LESS THAN 3 
IEP. : D NO EPRCR S 

s RE~ARKS 
(1) 
(.2) 

IF IER=-1 THERE HAS BEE~ NO c:~FLlATICN. ~ 
Z CAN HAVE THE SAME STORAGE ALLOCATION AS X OR Y. IF S 
X CR Y IS DISTINCT FRC~ z, THE~ IT IS ~CT CESTRCYEC. S 

SUBROUTINES AND SUBPROGRAMS REQUIRED 
NONE 

s 

METH Ou S 
EXCEPT ~T TH£ ENOPCINTS XtlJ ANC XCNCIMJ, EAC~ S~OOT~fD ~ 
VALUE ZCIJ IS OBTAINED BY EVALUATING AT XfIJ THE LEAST- S 
SQUARES FCLYNOMIAL CF DEGREE 1 RELEVANT TO Th£ 3 :uc~ESSIVE ~ 
POINTS (X(l+K)tY(I+K)J K = -1.c.1.CSEE HILOESRANOr F.e.. ~ 

INTRCCUCTICN TC NU~ERICAL A~A~YSIS• ~C GRA~-hILl• NEW YORK/S 
TORONTO/LONDON• l956e PP.258-311.J S 

s 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••~e••••••~ 

SUBROUTINE SG13f XtYtZ1NDlMrIERl 

DIMENSION XClJtYClJtZtlJ 

T£ST OF OlMENSlON 
IF C NOIM-.)) 7t l tl 

START LCOP 
00 6 I:3tNOlt'I 
XM:.3333333•fX(I-2J+XCI-l>+X(!)J 
Y~:.3333333•CY(I-2>+Y(l-l>+YCIJJ 
Tl:X lI-2 >-X~ 
T 2=X C I-1 J- XM 
T3:XUJ-XP'. 
XM:Tl•Tl+T2•T2+T3•T3 
IF CXHLS13t2 
XM:(Tl•CY<I-2>-YMJ+T2•fYCI-1>-YMJ+T3•CYCI.>-YMt)/XH 

s 
s 

s 

s 
;_,f 

s 
SC· 
s 
S: I· 
s 
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57 c s 
..)8 c CHECK FIRST POINT s 
-59 l IFCI-3)4•'+•5 s 
.00 .. H:XM•Tl+Yfo:' ... 

~ 

.01 5 ZCI-~>=H s 
,j 2 6 H=XM•TZ+YM s 
.03 c ENO OF LOC? s 
.) '* ,. ,-.. .J> 

..) 5 c UPDATE LAST Two COMPONEf\TS $ 
;6 Z (NO! M-1) =H s 
., 7 ZCNOI~l=XM•T3+YM s 

8 lER=tf s 
;9 RETURN c-

.) 

t! c s 
l c ER~CR EXIT lN ~ ASC: NCI,.. IS u:ss THAN 3 ·~ 

2 7 IER:,.-1 s 
3 RETURN s 
l.f END 

T PfUNT$ 




