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Chapter 1

Introduction

Frolicher spaces are a modern invention originating in the mid 1980°s, but they
are quite classical in spirit. They allow one to define a notion of smoothness of
functions between sets by reducing all questions of smoothness to a problem in
the calculus of real-valued functions of a single real variable. ‘

The notion of a Frolicher space is based on work by A. Frolicher and A.
Kriegl [47], and L. Lawvere, S. Schanuel and W. R. Zame [81]. Frélicher and
Kriegl showed in [47] that Frolicher spaces form a category, which we denote
FRL, with useful properties; the most useful one from our point of view being
Cartesian closedness.

Cherenack began investigating homotopy theory in the category of Frolicher
spaces in [22]. In this paper he showed that some of the basic objects needed for
homotopy theory existed in FRL in a natural way. In particular he showed how
to construct the homotopy groups of a Frélicher space, and then in [24] Chere-
nack gave an indication of how one might construct the left Puppe sequence in
the category FRL.

In his masters’ thesis [36] this author showed that under the assumption
that a certain type of modified product structure could be placed on certain
products in FRIL, the right Puppe sequence exists in FRL and is right exact.

In their book [78] Kriegl and Michor elaborated on the uses of Frolicher
spaces in the context of functional analysis, and incidentally began calling the
spaces ‘Frolicher spaces’. Up until this point they had generally been referred
to as ‘smooth spaces’ which was a somewhat unsatisfactory name due to the
fact that any subset of R™ can be given a ‘smooth structure’ in a natural way,
but the resulting structure need not be smooth in terms of our intuitive idea of
smoothness.

At about the same time Cherenack independantly began calling these spaces
Frolicher spaces in his series of papers relating Frélicher spaces to cosmology and
differential spaces. See [23], [27] and [25].

This thesis divides naturally into two parts. The aim of the first part is to
lay a solid foundation for the study of homotopy theory in FRL. We do this by
defining suitable notions of cofibration and fibration in FRL, and then showing
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that Baues’ cofibration and fibration axioms are satisfied by FRL with these
definitions.

Of the two dual sets of axioms, it is the cofibration axioms that are the
more difficult to deal with, due to problems with smooth extensions of smooth
functions. We verify the cofibration axioms in Chapter 6, using tools developed
in the earlier part of the thesis.

The fibration axioms can be shown to be satisfied in FRL in a way that is
quite close to the verification of the axioms for topological spaces. We do this
in Appendix A.

In addition to this we show in Appendix B that the ‘cube axiom’ of Doeraene
[32] is largely satisfied by FRL. The ‘cube axiom’ together with the fibration
and cofibration axioms implies that all of Doeraene’s work on L.S.-category
holds in FRL, see [32]. ‘

The second part of the thesis is a short look at differential geometry in FRL.
Some of the basic notions of differential geometry, such as tangent spaces, have
been defined for Frélicher spaces by Cherenack in [23]. Becaunse Frolicher spaces
are much more general than smooth manifolds (they may have singularities},
one cannot expect usually that the correpsonding results hold. In particular we
give an example to show that the inverse function theorem does not hold for
general Frolicher spaces.

For this reason we will restrict our attention to quotients of smooth mani-
folds where the quotient is taken by a compact submanifold. These are not in
general manifolds, but have a natural Frélicher structure. We use this Frolicher
structure to show that one has an inverse function theorem for Frolicher spaces
arising from quotients by a finite set on a smooth manifold. For quotients by
a submanifold of a smooth manifold we obtain an explicit description of the
‘tangent cone’ at the identified point. The ‘tangent cone’ is a notion specific to
Frélicher spaces that is similar to the notion of ‘tangent space’. For a smooth
manifold the two notions coincide.

1.1 How Frolicher spaces arise in functional analy-
sis
The book by Frélicher and Kriegl [47] uses Frélicher spaces in their theory of the
calculus of convenient vector spaces. Their idea is to observe that for a classical
smooth manifold or a Banach space, the family of smooth curves and the family
of smooth real-valued functions determine each other in the sense that a map
is a smooth curve if and only if its composite with every smooth real-valued
function is a smooth real mapping, and a map is a smooth real-valued function
if and only if its composite with every smooth curve is a smooth real mapping.
Frolicher and Kriegl show that one can enlarge the category of Banach spaces
to a category of ‘convenient vector spaces’. Manifolds modelled on convenient

vector spaces are shown by Frolicher and Kriegl to be a class of spaces in which
functional analysis plays a useful role.
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1.2 Frolicher spaces and their relation to smooth
manifolds '

One can look at Frolicher spaces from the point of view of differential geome-
try. They can then be thought of as a generalisation of the concept of smooth
manifold. In particular, a Frélicher space abstracts only the notion of ‘smooth
mapping’, and so ignores all of the other structure of a smooth manifold, such
as the local Euclidean nature of a smooth manifold.

The structure curves and structure functions of a smooth manifold, M, are
exactly the smooth curves ¢ : R — M and smooth real-valued functions §:
M — R, respectively. One can define the notions of ‘tangent vector’, ‘tangent
space’ and ‘tangent bundle’ for a Frolicher space in such a way that these notions
agree with the usual definitions in the case that the Frolicher space is a smooth
manifold. Of course a Frolicher space does not have nearly as rigid a structure
as a smooth manifold, and so these constructs of differential geometry can take
an unexpected form when the Frolicher space 1s not a smooth mamfold. See
Cherenack [23], [27].

1.3 Homotopy in the category FRL

This thesis is concerned primarily with homotopy theory in the category of
Frolicher spaces. The structure of a Frélichér space determines a natural topol-
ogy on the space, and so one can study the homotopy theory of Frélicher spaces
from a purely topological standpoint. However, it is often desirable and in-
structive to work within the category when studying the various homotopy
constructs. A starting point is to look at which maps between two Frélicher
spaces may be deformed into one another in a smooth way. The papers by
Cherenack [22], [24] begin with this idea, and make adjustments to the usual
topological methods, arriving at the ‘left Puppe sequence’. This approach is
somewhat problematical when one tries to construct a ‘right Puppe sequence’,
see [36]. In this thesis we begin with the notions of ‘smooth homotopy equiva-
lence’ and ‘smooth cofibration’, and then show that Baues’ cofibration axioms
[7] are satisfied by the category of Frolicher spaces with these two classes of
mappings. ‘

This approach puts much of the homotopy theory of Frélicher spaces on a
secure foundation, allowing all the results that are derived from the axioms to
be utilised.

1.4 Breakdown of chapters

Chapter one is this introduction; the second chapter consists of the preliminary
results that are used throughout the thesis. These results are mainly concerned
with the definition of a Frolicher space, and the categorical constructions asso-
ciated with the spaces, such as product spaces, coproduct spaces and subspaces.
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Quotient spaces are also discussed, and the notion of a smooth braking func-
tion is introduced, following Hirsch [58]. Some useful results concerning braking
functions are proved.

Chapter 3 introduces the new notion of a ‘pre-metrizable’ Frolicher space.
The notion of a pre-metrizable space is similar to the notion of a metrizable
topological space. The topological procedure of embedding a topological space
into a ‘Hilbert cube’ is imitated in a smooth setting, enabling us to show that
certain Frolicher spaces are pre-metrizable, The Stone-Weilerstrass theorem is
applied to pre-metrizable Frolicher spaces enabling us to determine the under-
lying topology of certain Frolicher spaces. This chapter also provides smooth
variants of the ‘Urysohn Lemma’ and a weak “Tietze Extension Theorem’.

The purpose of Chapter 4 is to introduce the basic homotopy constructs in a
smooth setting. Some constructs are variants of work by Cherenack [22], others
are original. In particular we define the notion of smooth cofibration which is
important for our later work in the homotopy theory of Frolicher spaces. We
also use the work of the previous chapter to investigate the underlying topologies
of certain homotopy objects in the category of Frolicher spaces.

Chapter 5 gives a solution to the problem of how to define a reasonable
notion of ‘neighbourhood deformation retract’ (NDR) for a Frolicher space. For
topological spaces NDR’s are essentially equivalent to closed cofibrations. We
prove a similar equivalence for Frélicher spaces. We then show how a right exact
‘Puppe sequence’ may be constructed in the category of Frolicher spaces.

The sixth chapter provides a general setting for homotopy theory in the
category of Frolicher spaces by verifying that Baues’ cofibration axioms are
satisfied by this category. The process of verifying these axioms give a good
indication where homotopy in the category of Frolicher spaces differs from that
of topological spaces. Our work on smooth NDR pairs is used in the verification
of one of the axioms.

Chapter 7 provides the basic definitions needed for the study of differen-
tial geometry of Frolicher spaces. These definitions are adapted from similar
definitions for smooth manifolds, and some are due to Cherenack [23].

Chapters 8 and 9 are concerned with quotients on smooth manifolds. We
identify a submanifold of a manifold to a point, and give the resulting space the
quotient Frolicher structure. Qur aim is to show that for such spaces one has
an inverse function theorem similar to the usual inverse function theorem for
smooth manifolds. Chapter 8 introduces the ideas by concentrating on manifolds
where a finite set of points is identified to a point, and derives an inverse function
theorem for such Frolicher spaces, while Chapter 9 is concerned with the more
general situation where the quotient is taken by a submanifold, and concludes
with an explicit description of the ‘tangent cone’ of such a Frolicher space at
the identified point. We expect that an inverse function theorem will hold for
these Frolicher spaces, and our description of the ‘tangent cone’ could serve as
a starting point for further study.

Appendix A is a verification of Baues’ fibration axioms [7]. These axioms
are dual to the cofibration axioms. As with the cofibration axioms, certain def-
initions and constructions are more elaborate than in the topological situation.
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Appendix B is a partial verification of the J-axioms for the category of
Frolicher spaces. These axioms give a framework in which Lusternick-Schnirelmann
theory can be studied in a category and are due to Doeraene [32]. For a com-
plete verification of Doeraene’s axioms one still needs to show that the pullback
of a cofibration by fibrations is a cofibration.



Chapter 2 |

Preliminaries

In this chapter we describe the category of Frélicher spaces, and define the basic
ideas that are used throughout this thesis. We also prove some technical results
that are needed later,

2.1 Frolicher spaces

We begin by recalling some basic notions regarding Frolicher spaces. For more
detail, see Frolicher and Kriegl [47], Cherenack [24], [22] or Dugmore[36].
The category of Frolicher spaces is defined as follows.

2.1.1. Definition. An object in the category FRL is o triple {X,Cx, Fx)
where X is a set, called the underlying set, Cx is a collection of maps of
the form ¢: R — X, called the structure curves, and Fx s a collection of
maps of the form f: X —» R, called the structure functions, which satisfy the
following conditions:

I ®Cx = {f: X = R|foc smooth for all c€ Cx} = Fx,
2. TFx = {c:R— X|f oc smooth for all f € Fx} = Cx.

A morphism g : {X,Cx,Fx) = (Y,Cy,Fy) inFRL isamapg: X — Y, such
that g o Cx C Cy or eguivalently Fy og C Fyx. The objects of FRL are called
Frolicher spaces, and the pair (Cx, Fx) is colled the smooth structure on
X, or the Frolicher structure on X. We will usually write X for a Frélicher
space {X,Cx, Fx).

The following result is of fundamental importance.

2.1.2. Proposition. The category FRL has initial and final structures with
respect to the forgetful funcior to Sets.

Proposition 2.1.2 is essentially a paraphrase of Proposition 1.1.4 in Frélicher
and Kriegl [47].
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Explicitly the initial and final structures are defined as follows. Let X ; be
a family of Frolicher spaces, and let g;: A — X; be a family of maps from a
set A to the Frolicher space X;. The initial structure on A generated by the
family of maps g; is given by

Fa=®{c:R— Algjoc € Cx,, for all j},
Cup=FFy4.

Given a collection g;: X; — A of maps from the Frélicher space X; to a set
A, the final structure on A generated by the family of maps g; is given by

Ca=T{f: A5 R|foyg; € Fx,, for all 5},
Fa=38C4.

As we shall see, many Frolicher siructures such as products, coproducts, quo-
tients and subspaces are defined as initial or final structures generated by a
given collection of maps.

An important special case of a final structure is the following. If we start with
an arbitrary collection F of functions f: X — R, we can define Cx = I'F, and
Fy = ®Cyx. We call this smooth structure the smooth structure generated
by the set of functions F.

Let X and Y be Frélicher spaces with the same underlying set. We say that
the Frolicher structure on X is coarser than the Frolicher structure on Y if
Fy C Fy. Conversely, if Fy C Fyx, then we say that the Frélicher structure on
X is finer than the Frolicher structure on Y.

2.2 Subspaces of a Frolicher space

Let A C X, and let i: A — X denote the inclusion map. Then (A4,C4, Fa)
is called a (Frolicher) subspace of the Frélicher space (X, Cx, Fx}, provided
C4 and F4 are defined by the initial smooth structure generated by the set of
functions {f oi: A — R|f € Fx} (see Frolicher and Kriegl [47]}). Thus, one can
show that

1. the structure curves on A are the elements of the set
Ca={c:R— Alicce Cx}, and

2. the structure functions on A are elements of the set Fy — ®C 4.

In the theory of differential spaces (see Sikorski [111]} one defines structure
functions on a subspace A of a differential space X to be locally the restrictions
of structure functions on X.

For a Frolicher space observe that the structure functions on a subspace A
of X are generated by the restrictions of structure functions on X, as described
above.
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2.3 Products and coproducts
Suppose we are given a collection of Frolicher spaces
{(X:,Cxi, Fx)}, (1<i<m), n €N,

Then the Cartesian product [[i.., X; (in Sets) is given the initial structure
generated by the set of projection maps

3
pi: HX,- — Xj,forj=1,...n.
(=31
The coproduct L., X; {in Sets) is given the final structure generated by the

inclusions §i: X; — U2, X;. We shall often have occasion to deal with maps of
the form h: X UY — Z, for Frélicher spaces X, ¥ and Z. If & has compnents

f and g, we shall often write h = [f, g].
One extends these definitions to infinite products and coproducts.

2.4 'The underlying topology of a Frolicher space

There is a functor

T:FRL — TOP,

which replaces the Frolicher structure on a set X with a topology given by the
Frolicher structure, called the underlying topology, defined as follows.

2.4.1. Definition. The underlying topology of a Frolicher space X is the
topolagy with subbasis
U={f10,1},cp,-

Frolicher and Kriegl define the underlying topology as in Definition 2.4.1,
but for us there is another basis that is also useful:

2.4.2. Lemma. The collection of subsets of X,
B= {f_1(0>°°)}!€5‘x

forms a basis for the underlying topology. Similarly, U is a basis.

Proof. We show that B is a basis. The proof of the fact that B generates
the underlying topology is left to the reader. (Hint: For a subbasic open set
U= f~*(0,1), compose f~! with ¢(t) = e % fort > 0 toget U = f~1o¢(0, 00)}.)
To show that B is a basis we need to show that B is closed under finite
intersections.
Let a: R — R be the smooth function with the properties that

L afty =0fort <0,

2. aft) =e" ¥t fort > 0.
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See Section 2.8.

To see that B is closed under finite intersections, let Uy, Us € B. Suppose
that Uy = f;'(0,00) and Up = f;'(0,00), where fi, fo € Fx. Then let
fa = a(fi)a(fs). Let z € Uy N Us,. Clearly fs(z) € (0,00), and so Uy NU; C
f3 (0, 00).

On the other hand, suppose that f3{z) € (0,00). Then a(fi(z)) € (0, 00)
and a(fz(z)) € (0, 00). From the definition of o, we deduce that f{z) € (0, c0)
and fs(z) € (0, 00). This implies that 2 € Uy N Us. ]

The functor 7 leaves morphisms unchanged on the level of sets. The open
intervals in B form a basis for the Euclidean topology, and each open interval
is diffeomorphic to {0, 1). Thus for any smooth map f: X — Y, the map 7(f)
is continuous in the underlying topology, and so is a morphism in the category
TOP.

We shall usually suppress the functor notation, and talk about X as a
Frolicher space and a topological space interchangeably, when we really mean
that X is the Frolicher space, and that 7(X) is the associated topological space.

For topological spaces one has the useful property that a continuous injec-
tive mapping on a compact space 15 a homeomorphism onto its image. It is
unfortunately not true that a smooth injective mapping on a compact Frolicher
space has to be a diffeomorphism. There is the following counterexample.

2.4.3. Example. Let I denote the unit interval with the Frolicher structure it
inherits as a subspace of R. Then a curve ¢: R ~ [ is a structure curve if and
only if when composed with the inclusion of I into R it is a structure curve on
R. Let I3 be the Frélicher space having the unit interval as its underlying set
with the Frolicher structure on Iy the structure generated by the two functions
Jo, fr: fp — R, given by

1 . 1

folt) = ;

2-1ift> =,

2

and . 1
5-tift<

fl(t}z 1
4t—2ift>§.

One can show without much difficulty that any ¢ € Cy, with ¢(to) = %, for some
to € R, is a structure curve on [ with the property that ¢/(o) = 0. (Hint: Look
at left and right derivatives).

Now define g: Iy — I by g{t}) = t. This is clearly a bijection. It is smooth
since any curve on Ig is a curve on I, and so the composite of g with any element
of Cp, is an element of C;. One now observes that the mapping g=': I — Iy is
not smooth, since not every curve on / is a curve on Jy.
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In fact, one can show that 7(Js) and 7(J) in the above example are home-
omorphic at the topological level, {one follows the same procedure that is used
in Section 4.3 to show that the ‘“flattened unit interval’ is homeomorphic to the
usual unit interval), and then g is an example of a map which is not a dif-
feomorphism, but is a homeomorphism in the underlying topology. This is an
indication that the underlying topology of a Frélicher space does not carry all
the information regarding the Frolicher structure on the Frélicher space, which
is not surprising.

An important point worth noticing right away is contained in the following
lemma.

2.4.4. Lemma. If a subset A of a Frolicher space X is given the Frélicher
subspace structure, then the topology underlying the Frolicher subspace structure
on A is finer than the subspace topology that the set A inherits as a topological
subspace of X.

Proof. Leti: A — X denote the inclusion map, let 7 be the topology underlying
the Frolicher subspace structure on A, and let 7 be the subspace topology that
A inherits as a topological subspace of X. We wish to show that 7° C 7. Let
U € 7=. Then there is an open set ¥V C X in the underlying topology on X,
such that U =i~ (V). :

From Lemma 2.4.2, we may write the open set V' as

V=] £0,),

AEA

where each fy is a structure function on X, and A is some indexing set. Then

U=iYVv)

=t f-1 8,
(ALE{ 5 { 00))
= U(mz‘)-l(o,oo),

AEA

and since each fy o ¢ is a structure function on A, the last line represents an
open set in the underlying topology on A. This shows that U € 7. ]

In other words the Frolicher subspace structure can induce a strictly finer topol-
ogy than the underlying topology. An interesting example of this is the inclu-
sion of the Koch snowflake K into R?. (See Dugmore [36]). In this case K
is homeomorphic to the unit circle in the subspace topelogy, but the topology
underlying the Frolicher subspace structure is discrete. See Falconer [40] for the
construction of the Koch snowflake, and a discussion of other aspects of this
fractal curve.

We now prove a result concerning the countable product of Frélicher spaces.
We show that the underlying topology on a countable Frélicher product is finer
than the usual product topology. In fact, it is not difficult to prove that this is
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the case, even for an arbitrary product of Frélicher spaces (see Cherenack [22]),
but we shall only be concerned with countable products, and so we only prove
the result in this case.

2.4.5. Lemma. Let {X,|n € N} be a countable collection of Frolicher spaces.
Then the underlying topology on

X:HXn

nul
15 finer than the usual product topology.

Proof. Let Ty denote the usual product topology on X, and Tx denote the
topology induced on the product by the Frolicher structure. We wish to show
that Ty C 7x. A set of the form

o0
v=1]v»
n=l

is an open set in 75 if each of the U, is open set in X,, and all but a finite
number of the U, = X,. We show that I/ ¢ Tx.

Suppose that each U, is a basic open set in X,, unless U, = X,. There
are smooth functions such that U,, = f;1(0,00) for each n; € N for which
Un, # Xp,. Define gn,: X = Rby gn,{2) = fa,0pn,(2), where py, 0 X — Xy, is
the projection map. Then each g, is clearly smooth, and each g;}(0,00) € Tx.
But

k
U=[)9g:10,00) € Tx.

P
In particular, the result holds for finite products.

2.5 Function spaces

It has been shown by Frolicher and Kriegl [47] that the category FRL of
Frolicher spaces is Cartesian closed (See also Kriegl and Michor [78]). This
useful fact implies that function spaces of smooth mappings have a natural
Frolicher structure. This structure is generated in the following way.

Let X and Y be Frolicher spaces. Let FRL(X,Y) denote the set of smooth
maps from X to Y. Define a set of curves on FRL(X,Y) by

C={e:R-— FRL(X,Y)&: Rx X — Y is smooth}
where é is the evaluation map given by

&(t,z) = e(t) ().
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We then define the structure functions on FRL({X,Y) to be
Frrr(x,y) = ®C,
and the structure curves can then be shown to be
Crrixy) =TeC =C.

We always give the function space FRL(X,Y) the structure defined above. It
is shown by Frolicher and Kriegl [47] that this function space structure behaves
functorially, and that with the given structure on FRL(X,Y), the category
FRL is Carteslan closed.

Since the category FRL is Cartesian closed we have the exponential law

FRL(X x Y,Z) ~ FRL(X, FRL(Y, Z))

for any Frolicher spaces X, ¥ and Z.

2.6 Quotient Frolicher spaces

2.6.1. Definition. Let ~ bz an eguivalence relation on a Frolicher space X.
Lei g: X — X/~ be the set quotient map. We define the structure curves Cx;
and the structure functions Fx;  on X/.. as follows.

e Fx;.={f: X/ 2 R[foq: X =R is smooth on X}.

o Cxy,. = I‘(FX/~).

It is not difficult to see that ®T'(Fx, ) = Fx;_. We will be dealing mostly
with a special case of the above construction; namely the identification of a
closed subset of a Frolicher space to a point. If A is a Frolicher subspace of the
Frolicher space X, and ¢: X ~» X/ A is the identification map, then we consider
the following sequence of maps,

A—sx—I5X/A R.

The map f: X/A — R is a structure function if and only if the composite
fog: X — Ris a structure function on X. Thus every structure function on
X/ A gives rise to a structure function on X which is constant over A.
Conversely, let f: X — R be a structure function on X which is constant
over A. Then the map f: X/A — R, given by '

f(lz]) = f(z), for [z] € X/ A

is a structure function on X/A. So there is a one-to-one correspondence between
structure functions on X/A, and structure functions on X which are constant
over A. This is a point to which we shall refer in later work.

In fact we have the following simple but important lemma. .
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2.6.2. Lemma. Given the commutative diagram of solid arrows below,

A-—-—i—-a»X ——(I-:-X,’A

e

;\ lg -
[+] ~

PR

Y

where yo € Y and g is the quotient map, we can fill in an arrdw § such that the
diagram commutes. Thus, g is the gquotient map in FRL.

Proof. Define §: X/A—Y by

§([=]) = 3(q(=))
= g(z).

The fact that goi{a) = yo for all a € A ensures that § is well-defined.
To see that § is smooth, let f: ¥ ~+ R be a structure function on Y. Then
we have ‘ '

Foillz]) = foglelz))
= fog(z).

"The map f o g is smooth since g is, and the result is proved. O

Notice that the structure curves into X/A can be described in the following
way. We have the diagram,

R—Ss X —3> X/A R.

Obviously, if ¢ is a structure curve on X, then goc is a structure curve on X/ A.
In addition to curves on X/A arising in this way, if the composite gocis a
smooth real mapping, where ¢ is not necessarily a structure curve on X, for all
structure functions, g, on X that are constant over 4, then g o ¢ is a structure
curve on X/A.

2.7 Wedge products

2.7.1. Definition. The wedge product R®VR", (m,n € N}, of R" and R™,
is defined fo be
(R™ UR")/{0™, 0"},

the guotient in FRL with the origing 0™, 0" in R™ and R", respectively, iden-
tified to a point. We denote thes identified point by 0.
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The above construction is a special case of a more general construction. (See
end of Section 2.9). We extend the above definition to a finite wedge product
using the notation

X = \/R?‘*, m; € N.

In fact, given a collection of k topological {or Frolicher ) spaces with basepoint,
(X 2z} 1<i<k,

one can define the wedge product

X = S/I Xi= (E_{ X,-)/{s:l, Lo, ... &k},

gzl

in FRL or TOP. We shall use the same definition in a slightly different context.
Let Vi, Va, ..., Vi be a collection of k vector spaces over R. Let 0; denote the
zero element of the vector space Vi, for 1 < i < k. Define

;C .
[_j /{01, 02, ... 0k},

||<a~

in the category Sets,, where the zero element 0; forms the basepoint of the
underlying set of Vi, for each 1 <i < k.

Of course VE_, V; is not a vector space itself, but each subset V; C V&, V;
has the structure of a vector space for each 1 < j < k.

2.8 Smooth braking functions

In this section we will show how to construct smooth braking functions, following
the method of Hirsch [58]. Smooth braking functions are tools used throughout
this thesis. These functions are useful because they allow us {6 convert plecewise
smooth functions to smooth functions, by ‘smoothing’ across the joins of the
smooth pieces. ‘

At the end of this section we introduce some notation for a special class
of smooth braking functions, and we prove a technical result that is of use in
Chapter 6.

It is well known that the function ¢: R — R, given by

4(2) 0ifz<0
Fi o=
e~ T ifz>0.

is smooth (See, for example, Binmore [10]).

Now let us construct a smooth function a: R — R with the following prop-
 erties.
Let 0 < a < b. We want o(t) to satisfy:
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e aft)=0forit<a,

o 0 <alt)y<lfora<it<b,

e o strictly increasing for a < ¢ < &,
o aft) =1fort>b.

To define o, start with the smooth function ¢: R = R, defined above. Next
define a new function v: R - R by

7(z) = é(z — a)$(b — ).
Then o: R — [ is given by

_ f: ¥{z)dz .
f: ~{z)dz

Of course the above construction need not be the only way of constructing
a smooth braking function. We shall call a smooth braking function defined
in the above way a standard smooth braking function, or a standard
braking function, it being understood that all braking functions considered
in this thesis are assumed to be smooth.

Furthermore, the lowercase Greek letter o always refers to some smooth
braking function, although not necessarily a standard one.

More specifically, for 0 < ¢ < %, the notation o, always refers to a smooth
braking function with the following properties.

a(t)

L 4

oe{t) =0 fort <e,

O<a(t)<lfore<t<l—g¢,

o strictly increasing for e <f < 1 —¢,

@

@

aft)=1for1—e <1,

We now prove a series of lemmas that give us the following useful property.
For a standard braking function a,, and 0 < ¢ < % there is a constant 0 < k. < %
such that 0 <t — o.(t) < k. for 0 <t < 3.

2.8.1. Lemma. Let 0 < € < 1. Then a.(}) = } if o, is a standard braking
function.

Proof. We have
L * e (z)dz

2= f:ne’ie(ic)ém’
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where v.(z) = ¢(z - €)¢(1l — ¢ — z). Thus
_ f:"f'fg(x}d:v
[ ele)d
_ fc% Ye(z)de f;me%(x)dx
- f:_eyf(z)dm f:'_c ve(z)dz :
_ '{;% ¢z —€)p(l — € — z)dz f;weé(z'“f)(ﬁ(l"f”x)dx

- f:—S(ﬁ(‘c —€)¢p(l — e —z)dz * f£1~€c;ﬁ(a: —€)g(1l— € ~ z)dz
= 9 ffé é(&? - €)¢(1 - € - x}dz
S bz — )41 — e — z)dz
_ o Jeree)de
- i-¢
fe Yf(m)dx
= 2a€(—é)

Thus ac(}) = 3.

18

O

2.8.2. Lemma. Let 0 < € < &. Then the function f(t) =t — a.(t) is concave

down on the interval (e, %), if a. is a standard braking function.
Proof. We have
) =1-at)
=1 — Aev(t), by the fundamental theorem of calculus,

where 7. (1) = ¢t ~ €)¢(l —e—~t), and

A= (ll-eye(x}dx>-i >0,

d
71(t) = = ZA)

From this we compute

= A3 (6t - 9p(1- e~ 1)
=—Ad'(t-)p(l—e—t)+ Acdt — )¢’ (1 — e — 1)

1 1 SN VR —

— _A (i—e) (Ame—t)<

e[(t—€)3+(1_f—t}3]e ~ g
p———— [ ——————— >0

>0, e<t<d 20, et d
<0.
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]

2.8.3. Lemnma. Lef 0 < e < 2 then there evists 0 < ke < 1 such that 0 <
t— o dt) <k for0 <4 < , f o is a standard braking function.

Proof Define f(t) = ¢ ac(t). We have f({) =t for 0 <i<eand f0})=0=
f(3). From Lemma 2.8.2 we know that f is concave down on the interval (e, 2)
Thus we may use elementary calculus to deduce that f{t) >0fore<t < 2
This gives us the inequality 0 < f(t) < 3 Lfor0 <t < 3. Thus there is some

number 0 < k < & suchthat0<f(t)<k< for0 <t < _Letfce:—"%i.
Thenwehave(]§f()<fc<§:< for()(t(1 O

2.9 The category of pointed Frolicher spaces

We denote the category of pointed Frolicher spaces and basepoint preservmg
maps by FRL.:

2.9.1. Definition. The objects in FRL. are Frélicher spaces with a distin-
guished basepoint. The morphisms are basepoint preserving maps in FRL. We
will represent the basepoint of a poinied Frolicher space X by xx or * if there
is no chance of confusion.

The basepomt of the Cartesian pmduct II‘ lX of Frélicher spaces is the
point {(*xx,,%x,,...,%*x, }. Thus projection maps are basepoint preserving smooth
maps. :

The coproduct or wedge product of two pointed Frolicher spaces X; and X,
is Xy Uu X3 = (X1 U X3)/~ where ~ identifies the basepoints of X; and X».

The unit interval [ is given the basepoint 0.

Note that the wedge product defined in Section 2.7 is just the categorical
sum of the two pointed Frolicher spaces, R™ and R™.

2.10 Notation
2.10.1. Definition. Let (A, d) be a metric space. Let € > 0. We define
Be(a) = {z € Ald(z,a) < ¢},

called the open ball centred at a, with radius ¢,



Chapter 3

Pre-metrizable Frolicher
spaces

We begin by defining the notion of “pre-metrizability” for a Frolicher space, and
show that if a Frolicher space X is pre-metrizable and compact in the underlying
topology, an application of the Stone-Weierstrass Theorem allows us to deduce
that X is metrizable (by a metric whose square is a smooth function).

As an aside we apply the Stone-Weierstrass theorem to show that Frolicher
spaces that are compact in the underlying topology have useful properties, such
as a “Urysohn lemma”, a weak form of the “Tietze extension theorem”, existence
of smooth partitions of unity subordinate to an open cover, etc.

It has been shown by Cherenack [25] (see also Kriegl and Michor [78]) that
any Frolicher space X can be embedded in a function space of the form RF where
F C Fx is a generating set of functions, provided F has a sufficiently “rich”
structure. We prove a similar resul$, and use it to derive properties of certain
Frolicher spaces that admit a countable generating set of smooth functions.

In particular we show that a Frolicher space X is pre-metrizable if the
Frolicher structure on X is generated by a countable collection of functions
which “separate points in X7, If the Frélicher structure on X is generated by
a finite set of functions F', with this “point separation property”, then this fact
is equivalent to the fact that X can be embedded in some R™.

3.1 Pre-metrizable Frolicher spaces

We d;:eﬁne a new notion for Frolicher spaces called “pre-metrizability”, which
will turn out to be very useful in later work.

3.1.1. Definition. Let X be a Frélicher space.

1. A structure function f: X —+ R is said to generate the underlying topol-
ogy on X if the set

U={f1{V):V open in R}

20
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forms a basis for the underiying topology on X.

2. A Frélicher space X is called pre-metrizable if there exists a smooth
function
d: X x X - R,

where Rt = {t € R|t > 0} with the Frolicher subspace structure, and where
d satisfies the usual metric space avioms. That is, for each z, y, z € X
the following must hold.

(a) 0 < \/d(z,y) < oo,

(6) Jd{z,y) =0 if and only if z = y,
(c) Vi(z,y) = V/d(y, z),

(d) Vd(z,y) + d(y, 2) > /d(z, 2).

We call the function d a pre-metric on X. If there exists a pre-metric
d that generates the undevlying topology on X, then we say that X is
metrizable, and call V/d a metric.

It is important to notice that the definition of a pre-metrizable Frolicher
space X only postulates the exisience of a smooth pre-metric on X, but does
not specify any particular one. ‘ o

3.1.2. Lemma. Let d: X x X — R* be a pre-metric on X. Then d and Vd
generate the same topology on X.

Proof. The result follows from the fact that an open ball B(zg) of radius €
(¢ > 0) and centred at zg can be written in either of the following ways:

Be(zo) = {z € X|\/d(z,z0) < ¢}
= {x € Xid(:c,l?g) < 62}.

]

3.1.3. Example. Let d: R x R — RT be the function d(z,y) = (z — y)?.
Then d generates the Euclidean topology on R, which is also the underlying
topology of R when treated as a Frolicher space. Thus d is a pre-metric, and
Vd(z,y) = /(z — y)? = |z — y| defines a metric on R.

If a Frolicher space X is pre-metrizable, then the underlying topology on X is
always finer than the topology induced on X by any pre-metric d. To see this,
notice that for every z € X, the map

diz,): X - R
is smooth, and so each open ball is given by

BC (:B) = d(zr -}-1 ([O: 62))'
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Since d(z,.) is smooth on X (and hence continuous), the ball defined above
must be an open set in the underlying topology.

Sometimes we will need to specify that a subset A of a pre-metrizable
Frolicher space X is open or closed in a given pre-metric d. To simplify our
notation, we shall often say simply that A is d-open or d-closed. Of course a
d-open set is always open in the underlying topology on X, for any pre-metric
d. A subset of X that is bounded for a pre-metric d will be called d-bounded,
etc. If we wish to refer to a property P associated with a pre-metric d on X, we
shall always refer to the d-P property.

The underlying topology on X is by definition the coarsest topology in which
every structure function is continuous. Since any d-topology is even coarser,
in general, for a pre-metric d, there can be structure functions which are not
continuous in a given d-topology. Clearly if there is a pre-metric for which all
structure functions are continuous, then the Frolicher space is metrizable, and
this pre-metric is a metric.

To show that a Frélicher space is pre-metrizable, all we need to do is embed
the space in another pre-metrizable Frolicher space, as the following lemma
indicates,

3.1.4. Lemma. Let A be a Frélicher subspace of the Frolicher space X, and
let i be the inclusion map. If X is pre-metrizable with pre-metric

d: X x X - R,
then A is pre-metrizable with pre-metric
do(ixi): Ax AR

Proof. The map d o {{ x i} is obviously smooth, and it is a triviality to verify

the metric space axioms for v/do (i x ©}. ]

3.2 The Stone-Weierstrass theorem applied to
the underlying topology and d-topologies of
a pre-metrizable Frolicher space

Applying the Stone-Weierstrass theorem to a pre-metrizable Frolicher space
that is compact in the underlying topology, we arrive at the main result of this
section, which states that a pre-metrizable Frolicher space that is compact in
the underlying topology is metrizable and, furthermore, any pre-metric defines
a metric generating the underlying topology.

Before we prove this result we introduce some notation. For the rest of this
chapter we shall be concerned mainly with Frélicher spaces that are compact
in the underlying topology. For the sake of brevity we make the following
definition.

3.2.1. Definition. A Frélicher space whose underlying topology is compact is
called a compact Frolicher space.
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3.2.2. Definition. Let X be a compact Frélicher space. Let C(X) denote the
algebra of all real-valued functions on X that are continuous in the underlying
topology on X. We give C{X} the norm

171l = sup {|f(=}] : 2 € X}.

If X is pre-metrizable, then for a given pre-metric d, we let Cq(X) denote the
subalgebra of C(X) of all real-valued functions on X that are continuous in the
d-topology. We give Cg(X) the norm that it inherits from C(X).

3.2.3, Definition. A generating set F of functions for a Frélicher space X is
said o separate poinis in X if for every x, y € X there exists an f € F such

that f(x) # f(y)-

We now state the Stone-Welerstrass Theorem exactly as it appears in Kelley
[75]. See [75] for an outline of the proof, or Engelking [38] for a full proof.
Naber [94] gives a proof of the theorem for Euclidean spaces, and the book by
Arkhangel’skil [2] discusses the space C(X)} in detail. See also Arkhangel’skii
(3]

3.2.4. Theorem. Let X be a compact topological space. Then a subalgebra R
of C(X) is dense in C(X) if it has the property that for distinct poinls ¢ and
y € X and real numbers a and b, there is a function [ in R such that f{z} = «a
and f(y) = b. This is called the two-point property.

Eguivalently, R is dense in C(X) if it separates points (for z, y € X there
exists an f € R with f(z) # f(y)). : :

This result will enable us to approximate continuous maps (in the underlying
topology} arbitrarily closely by smooth maps, and also to use d-continuous maps
to approximate smooth or continuous (in the underlying topology) maps as
closely as necessary.

3.2.5. Lemma. If a compact Frélicher space X admits a generating set that
separates points, then Fx is dense in C(X).

Proof. The constant functions are always smooth, so F is a subalgebra of C(X)
that satisfies the conditions of Theorem 3.2.4. ]

3.2.6. Lemma. If X is a compuct pre-metrizable Frilicher space with pre-
metric d, then C4(X) is dense in C(X).

Proof. The constant maps are always d-continuous, and since the d-topology
is Hausdorff (it is metrizable) there is a d-continuéus function that separates
points in X, Given distinct z, y € X, one can choose the d-continuous function
d(z, —) to separate z and y. Apply Theorem 3.2.4. ]

3.2.7. Corollary. Let X be o compact Frolicher space that is pre-metrizable
with a pre-metric d. Consider a structure function f € Fx. Then for any
€ > 0, there exists h € Cy(X) with |f(z) — h(x)| < € for every z € X.
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Another application of Lemma 3.2.6 is that for a compact pre-metrizable Frolicher
space any d-continuous real-valued function can be approximated arbitrarily
closely by a d’-continuous real-valued function, where d and d' are different
pre-metrics on X.

We now use these results to compare the underlying topology of a compact
pre-metrizable Frolicher space with the d-topology determined by a pre-metric
d.

3.2.8. Lemma. Let U be a basic open set in the underlying topology of a
compact pre.-metrizable Frolicher space X. Then there exists a sequence of d-
continuous functions {gn }nen such that

“ il 1
{}{: Ugnl(;,l—;}.
n=1

Proof. Since U is a basic open set in the underlying topology, there is a smooth
function f € Fx such that '
U=f"%0,1).

For each n € N, choose a d-continuous function g,: X -+ R such that

1
If = sall < .

Notice that for each z € X,

i . 1
9n(2) = = < f(2) < gnlz) + .
Choose z € g;'(2,1~ 1). Then % < gn(z) < 1 — 2, and so the previous
inequality becomes :
1

1
O-w;—:é(f(&':)(l—;'{-

1

7

= 1.
This gives the inclusion
fe o)
1.1 1
U gn](“sl—-) cu,
nxl

since each g;4(1,1- 1) CU.
We now prove the reverse inclusion. Let z € U. Then f(z) € (0,1). Let

§ = min{f(z), 1 — f(2)}.
Let m € N be large enough that % < %. Then we have

am(2) = F()| < > < 3.
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Notice that

§ é
§§f(93)“§
and 5 P
f($)+§S1"§f
This implies that
1 4 ) ¢ § 1
-T;<§§f(x)-§<g@(x)<f{x}+§§1—~-2-<1—E‘

Thus = € g;,'(%,1~ L), giving us the inclusion

o0
Uc et

nz=l

We have the following corollary.

3.2.9. Corollary. A compact pre-metrizable Frolicher space is metrizable and
all pre-metrics yield equivalent metrics.

3.3 Smooth variants of the Urysohn lemma and
the Tietze Extension Theorem

This section is a short diversion where we use the Stone-Weierstrass theorem to
prove a smooth version of the classical “Urysohn lemma”, and a weakened form
of the classical “Tietze extension theorem” for compact, Hausdorff Frolicher
spaces.

Smooth extensions of functions are somewhat problematic, due partly to
the additional difficulties of extending smoothly, but also due in a large part
to the fact that a Frolicher subspace does not induce the subspace topology as
the underlying topology. Hence the “extension theorem” below is weaker than
Tietze’s Theorem for topological spaces, but is strong enough for our uses.

This section does not depend on the notion of pre-metrizability.

3.3.1. Lemma. (Urysohn Lemma) Let X be a compact Frolicher space that
admits a generating sef of functions that separate points in X. Let AC X and
B C X be disjoint closed sets in the underlying topology. Then there is a smooth
function f: X -3 [0,1] with the property that f(A) = 0 and f(B) = 1.

Proof. 1t is known that there is a continuous function g : X — [0, 1] with g{4) =
0 and g(B) = 1. This is the classical Urysohn Lemma for topological spaces.
See Janich [73], for example. Choose half-open intervals [0,¢;) and (eg, 1], €,
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€3 > 0, with the property that g~ ([0, ¢1)) ﬂg—'l((fg, 1]) = 6. Apply Lemma
3.2.5 to find a smooth function §: X — R with the property that

llg = glf < min(%, ).

Now choose a smooth braking function o: R — [0, 1] with the following proper-
ties.

La(t)=0for 0 <t < .
2oali=1frl—e <t <1,
3.0<aft)<lforteR.
The required smooth function is then f = a0 §: X — [0,1]. D

For our purposes the following weaker form of Tietze’s extension theorem will
be sufficient.

3.3.2. Lemma. {Extension Theorem) Let X be o compact Frilicher space
which admits a generating set of functions that sepamtes points in X . Suppose
we are given a smooth function

frA-[0,1]

defined on o closed subset A C X. Then for any closed set B C int{A), the
smooth map flp can be extended to smooth function

frx—10,1].

Proof. Consider the closed set B C int(A4). Now choose a smooth function
g: X — [0,1] such that g(B) =1 and g(X — A) = 0. Then define

foyo Jedd@)f@)ifze A
fe)= {Oifx¢A,

where o, is a smooth braking function as described in Section 2.8, with 0 < ¢ €

1 o

3.4 Smooth partitions of unity subordinate to
an open cover

In this section we take another diversion to show that if X is a compact Frélicher
space whose underlying topology admits a generating set of functions that sep-
arate points in X, then one can always find a smooth partition of unity subor-
dinate to an open cover of X.

This section is also not dependent on the notion of pre-metrizability.
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3.4.1. Definition. Let X be a Frolicher space.

1. A collection of smooth functions

{f,\})\ej\, where f,\:X —% {0, ]],
is called o smooth partition of unity if the following properties hold,

(a} Each z € X has a neighbourhood in which all but a finite number of
the f5 vanish.

(b) For eachz € X,

dSoh =1

XEA

2. The support of each [y is defined as
supp fa = {z € X : fu(z) # 0}.

3. A smooth partition of unity is called subordinate to an open cover I
of X «f for each A,
supp A CU

for some U € U.

3.4.2. Lemma. Let i = {U}ren be an open cover of a compact Frolicher space
X that admits a generating set of functions that separates points in X. Then
there is a smooth partition of unity subordinate to .

Proof. We may assume that U is a locally finite open cover of X, since the
underlying topology is paracompact. Now find an open cover of X, called V =
{Vi}rea with the property that V, C Uy. Again, the paracompactness of the
underlying topology allows this. (See Janich, [73]).

We now apply the smooth Urysohn Lemma (Lemma 3.3.1) to get smooth
functions fy: X — [0, 1] with the property that that

f)‘h}";‘ =1
and
flx-v, =0.
The sum
4= h
AEA

is positive everywhere. It is smooth, since given a structure curve ¢: R — X,
the composite
goc(t) = z Frocelt)
AEA

is a finite sum of smooth real functions in a neighbourhood of every £ € R.
Set gy = %, for A € A to get the desired partition of unity. o
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3.5 The smooth Hilbert cube is pre-metrizable

We now show that there is a ‘cube’ which is pre-metrizable, and later we shall
show that certain Frolicher spaces can be embedded into this cube, allowing us
to deduce that these Frolicher spaces themselves are pre-metrizable. We are
essentially imitating a topological procedure whereby certain topological spaces
are embedded into a metrizable ‘Hilbert cube’, allowing one to deduce that the
spaces themselves are metrizable.

The metric space ([0, 1[N, d’), where

d(z,y) =) 2720 = yal, (z,9) € [0,11V x [0,1]F,

n=l

is known as the Hilbert cube. See van Mill [127] for a discussion of the Hilbert
cube and other infinite dimensional topological spaces, or Kelley [75] for a more

general discussion of cubes,
The metric d' is not smooth, due to the presence of the absolute-value func-
tion, but we shall show that there is a smooth pre-metric

d: [0, 118 x [0, 1]N —» R*

on the Frélicher space [0, 1]¥, (which we shall call the smooth Hilbert cube),
and that V/d is equivalent to the usual metric d’ given above, This implies that
the smooth Hilbert cube is pre-metrizable, and thus any Frolicher subspace of
the smooth Hilbert cube is also pre-metrizable.

‘We proceed as follows: For each n € N, let o,: B — R be a smooth braking
function with the following properties.

1. ap(t) =0fort <n-—2,
2. ap(t)=1fort >n—1,
3 0<a ()< fort e R

Now define
¢:10,1]% - [0, 1]*
as follows.
Zp.ifort<n—1
#(z)(t) = Zpo1+(Zp — Tpoq)on(t), forn—1<t < m, = fz(t), say.
zpfort>n
It is easy to see that f; is smooth, since it is constant in a neighbourhood of
each n, and smooth on each (n — 1,n), for n € N. We wish to verify that

é: (0,118 = [0,1]® is smooth. By the Cartesian closedness of FRL, we need
only show that the evaluation map

6:[0, 1N x R — [0,1]
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is smooth.
To this end, let
R0, xR

be a structure curve, given by
c(s) = (z(s),t(s))
= ((ml(s), z(s), ...),t(s)).

Then X
goc:R—=R

is given by

éoc(s) = d(z(s),t(s)) : .
=Zn_1(8) + (Zn(s) — Ta-1(5))an (1(s)), for n = 1 < t(s) < m,

which is clearly smooth.
We may now define :
d: 0,18 x [0,1]F 5> R

by
d(z,y) = [ 272 (£, () ~ £, () dt.

The function d is smooth since the improper integral converges by the compar-
ison test, and the integrand is smooth.

3.5.1. Lemma. The map Vd satisfies the metric space arioms.

Proof. The axiom of symmetry is immediate. For the other axioms, let z, y,
z e [0, 1N

To see that d(z,y) = 0 if and only if z = y one needs only observe that, by
the definition of fg, the integrand in the definition of d{z, y) is zero if and only
ifz =y

To see that the triangle inequality holds, define an inner product

M
goy= f; 2721, (1) f, (1)t

for 0 < M < o0, and |jz]| = /2~ &. We then have the usual triangle inequality

for a norm. Allowing M — oo, we have /d(z,y) = A}im llz — yll, and the
S oo K4

result follows. 1

We shall now show that the underlying topological space on the smooth
Hilbert cube is the usual (topological) Hilbert cube.
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3.5.2. Lemma. Let ([0,1]N,d') be the topological Hilbert cube. Suppose that
d*: [0, 11N x [0, 1]N — R is another metric defined on [0,1]N. If there exists a
constant K > 0 such that

d*(z,y) < Kd'(z,y), for allz, y € [0, 1N,
then the map
é: ([0, 1]%,d") — ([0, 1]N,d"),
given by ¢{z) = z is a homeomorphism.

Proof. Notice that K is a Lipschitz constant for ¢, and Lipschitz mappings are
continuous. Hence ¢ is a continuous bijection on a compact space, and is thus
a homeomorphism. [Z]

We now prove the main result,

3.5.3. Theorem. The metric spaces ([0,1]N,d") and ([0,1]Y,v/d) are homeo-
morphic. :

Proof. Let z, y € [0,1]V. Notice that for n < ¢ < n + 1, we either have the
inequality ; , .
(f2t) = £®)" < (£n = 1)’
or the inequality

() = £4)” < (Znt1 = vns)

Thus we certainly have the inequality

(F2() = £,0)° < (20 — 10)? + (@np1 — vas1)?.
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Then

(2.9 = \/ |0 - 4,0 a
b n4-1 9

S R IORT

<Z\// 272 fo () — fi ()% at
i\// (g0 - 0)°
i ntl n+1
Z \/(/ “yn)zd‘+/ (Znt1 — Yns1)? d‘»‘)

. Zg— \// _ynﬁdt—i—ZQ' \// (Zns1 — Yoy )? dt

Z 27" \.f ?fn)z -+ 22 YV 2n+1 - yn-{-l)g

nzl

i

i

= Z 27 @y~ Y|+ Z 2720 g1 — Yng]
n=1 n=l

L=,y
Ed'{gsy)'{"gZQ !xﬂ"ynt
=2

1
<d(z,y + 34y

= %d‘(g, y)-

Hence y/d(z,y) < 3d'(z,y), and Lemma 3.5.2 now shows that the metrics vd
and &' define the same topology, so we are done. - Od

3.6 Countably generated Frolicher spaces

In this section we define what is meant by a “countably generated” and “finitely
generated” Frolicher space. We then derive some embedding results for these
spaces.

3.6.1. Definition. A Frélicher space (X,Cx, Fx) is called countably gen-
erated if there exists a countable subset F' ¢ Fy which generates the Frélicher
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structure on X. In other words, Cx = I'F. We call F the generating func-
tions for X. In particular, if F is finite, we say that X is finitely generated.

The following result allows us to identify many countably and finitely gen-
erated Frolicher spaces.

3.6.2. Lemma. Suppose the sef X has been given the initial Frolicher structure
defined by a countable (respectively finite) collection of maps

{9;: X = Yli=1, ..., m},

where each Y; is countably (finitely) generated. Then X is countably (finitely)
generated.

Proof. We prove the finitely generated case. The proof for the countable situa-
tion is almost identical. Let

{fil1 i<y}
be the generating functions for Y;. Then
: -
UtFilt <i < nj)
=1
is a generating set of functions for X, since, for any map ¢: R — X, we have

¢ € Cx if and only if g; o ¢ € Cy; for each j
if and only if fJ‘: og;joc€ c®(R,R) for each ¢ and j.

This lemma has a number of immediate consequences.

3.6.3. Corollary. A countable {finite} product of countably (finitely) generated
spaces is countably (finitely) generated.

Proof. Products are given the initial structure defined by the projection maps.

]

3.6.4. Corollary. A subspace of a countably (finitely) generated Frélicher space
is countably {finitely} generated.

Proof. A subspace is given the initial structure defined by the inclusion map. [

Recall that the structure functions on a disjoint union X UY of Frélicher spaces
are mappings f: X UY —» R which restrict to structure functions on each of
the components of the disjoint union. Thus if each of X and Y are countably
(finitely) generated, so is the disjoint union X LY. To see this, suppose that
{f~}, {9n}, n € N are generating sets of functions for X and Y respectively.
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Choose zp € X and yo € Y. For each f,: X — R define fi: X UY = R as

follows
iy exp(fa(z))ifz€ X
falz) = {—1ifz€Y.

For each g Y — R define g}, X UY — R as follows

o [Tlieex
Inl2) = exp (gn(z)) if 2z € Y.

It is not difficult to see that the countable collection {f3}U {g} is a generating
set of functions for X LY.

In fact one observes that a disjoint union of countably (finitely} many count-
ably (finitely) generated Frolicher spaces is countably (finitely) generated.

3.7 Ekamples of countably generated spaces

3.7.1. Example. 1. The real line R is ﬁmtely generated since Ig: R — R
is clearly a generating function.

2. Euclidean n-space is finitely generated, since it is the n-fold product of R,
which is finitely generated.

3. Any subspace of Euclidean space is finitely generated if it is given the
Frolicher subspace smooth structure.

3.7.2. Example. A compact finite-dimensional smooth manifold is finitely gen-
erated since it can be embedded in R™ for some n € N, by the well-known Whit-
ney embedding theorem. It can be shown that the Frélicher subspace structure
in this case coincides with the usual manifold structure.

3.7.3. Example. We have seen in Example 3.7.1 (3) that any Frolicher space
that can be embedded in Euclidean space is finitely generated. The converse is
not true. Take
X = U R,
AEA

where the cardinality of Als [A| > ¢, c = }Ri The space X is finitely generated

by the single function
[lug, l]g,..,]:.X —-}R,

but X can not be embedded in any R", since |X| > |R"|, for any n € N.

3.8 Embedding a countably generated space in
the smooth Hilbert cube

It 1s a well-known topological fact that a Tychonoff space is characterized by
the fact that it is homeomorphic to a subspace of a cube. By “cube” we mean
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a topological space [0, 1], where A is a set. The product is given the topology
of pointwise convergence. See for example Kelley [75].

Cherenack [25] has shown that every Frolicher space X which admits a gen-
erating set F of functions that separates points in X can be embedded in the
Frolicher space R¥. His method is analogous to that in Kelley [75] for topolog-
ical spaces. We shall use this method to embed X in a cube [0, 1], and then
derive some consequences of this result.

Note that the map v: R — (0,1) given by

1

{}e=1—
v(?) et +1

is an isomorphism of Frolicher spaces. In fact it is not difficult to verify that F is
a generating set for a Frolicher space X if, and only if X has the initial structure
generated by the set v o F. Moreover F separates points in X if, and only if for
each pair (z,y) € X x X, there exists an f € F such that vo f(z) # veo f(y).

3.8.1. Lemma. Let X be a Frolicher space with a generating set F that sepb;
rates points in X. Then X can be embedded in the cube [0,1]F.

Proof. Define a: X — [0, 1]¥ as follows. Let
afz): F =+ X
be given by »
a(z)(f) =vo f(z).

Now o is injective, since if

a(z) =aly): F — X,

then ¢ = y, because otherwise fhere would be a function f € F for which
vo f(z) # vo f(y), contradicting the assertion that a(z) = a(y).
To see that a: X =3 [0, 1]¥ is smooth, let ¢: R — X be a structure curve.

Then .
aoc:R—[0,1]F

is smooth if, and only if
@oc:Rx F—1[0,1]

is, where this map is given by

&oe(t, f) = ale(t)) (f)
f(e®))-

But foc is smooth by the hypothesis that ¢ is a structure curve on X.

Finally, to see that o is an isomorphism onto ifs image, we need to show
that if ¢: R — o(X) C R¥ is a structure curve, where a(X) has the subspace
structure, then ™! o ¢ is a structure curve on X.
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To see this, assume that ¢ is such a structure curve. Recall that by the
Cartesian closedness of FRL, ¢: R — R¥ is smooth if and only if

#RxF R,
given by (¢, f) = ¢(t)(f) is smooth. But

e(t)(f) = (a0 a™ ) (e®)(F)
= a(a™ (c(®)))(f)
=vo fla™!(c(t)))
= u(f o (e(®).

1 1

Since v is a smooth isomorphism, foa™" o ¢ and hence o™ ' o ¢ iz smooth. [

A Frolicher space X that is finitely generated by a finite set of n functions F
that separates points in X is characterized by the fact that it can be embedded
in R™,

3.8.2. Corollary. A Frélicher space X is finitely generated by a set F of n
functions that separate points in X if and only if X can be embedded in R™.

Proof. By Lemma 3.8.1, if X has a finite generating set F of n functions, then
X can be embedded in the finite product [0, 1}F.

Conversely, if X can be embedded in R”, then as we have seen, X is finitely
generated by the n projection maps

pit X — R,
which obviously separate points in X. (]
3.8.3. Example. The function f(t) = ¢ is a function that generates the Frolicher
structure on IR. The function f separates points in R, and so we may embed R
in [0, 1].

3.8.4. Example. Let A be a set with cardinality |A| > ¢, where ¢ = |R] is the
cardinality of the real line. Then the function f: A — R given by f(z) = 0 for
each x € A generates the indiscrete topology on A. We cannot embed A in R,
since |A| > |R|. This shows that the separating property of the generating set
of functions is necessary.

We end off with another application of the cube embedding.

3.8.5. Lemma. Let X be a Frolicher space with a structure generated by a
countable collection, F, of real-valued functions, which separate points in X.
Then X is pre-metrizable.

Proof. There is a smooth embedding
a X — (0,1},
and [0, 1]¥ is pre-metrizable if F is countable. ]



Chapter 4

The basic constructions of
homotopy theory in FRL

In this chapter we define the fundamental notions of homotopy theory in the
category FRL, such as the homotopy relation and the mapping cylinder. We
begin with an overview of our approach to homotopy in FRL, and then discuss
alternate Frolicher structures on the unit interval which are used in this and
later chapters.

4.1 An overview of our approach to homotopy
theory in FRL

Omne might begin investigating homotopy theory in FRL by simply following
the homotopy theory of topological spaces, replacing continuous functions with
smooth ones.

One can certainly define the notion of a homotopy H: I x X — Y between
the smooth maps H(0,—) and H(1,~) in this way (which we do). One can
even get as far as the left Puppe sequence {see Cherenack [24]), but eventually
difficulties begin to arise.

Extending functions defined on a subspace of a Frolicher space tends to be
a little tricky, and so the definition of a cofibration in FRIL is one that needs
careful consideration. A fairly direct approach to the construction of the right
Puppe sequence in FRL was attempted in [36], but a full proof of the existence
of this sequence was not obtained.

We shall construct the right Puppe sequence in Chapter 6. To do this we
define a slighty weaker notion of cofibration than the notion obtained from
topological spaces. In addition we define the mapping cylinder of a smooth
map f: X -» Y using not the unit interval, but a modified version called the
weakly flattened unit interval, denoted I, which we show is topologically
homeomorphic to the unit interval.

36
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This modified structure on the unit interval allows us to show that the
inclusion of a space X into the mapping cylinder of f: X — Y is a cofibration
(in our weaker sense).

The weakly flattened unit interval is useful, but it also has its drawbacks.
It would be ideal to have a single structure on the unit interval that can be
used throughout our homotopy theory, but the weakly flattened unit interval
is not suitable, because it has the rather restrictive property that a smooth
map f: I — I on the usual unit interval often does not define a smooth map
f 11— Tunless the endpoints of the interval are mapped to the endpoints. This
restrictive property means that we only use the flattened unit intervals where
they are absolutely necessary.

We later show that with our modified notions of cofibration and mapping
cylinder, Baues’ cofibration axioms are satisfied.

In appendix A we define the notion of a fibration in FRL, which is slightly
different to the corresponding topological notion. We also define the notion of
mapping fibre of a smooth map f: X — Y in terms of the weakly flattened
unit interval. With these modified notions we show that Baues’ fibration axioms
are satisfied.

4.2 Flattened structures on the unit interval

As mentioned earlier it is convenient to define various modified Frélicher struc-
tures on the unit interval, 7. We shall define two main Frolicher structures which
we call the flattened unit interval and the weakly flattened unit interval.
Using some of our results on pre-metrizable Frolicher spaces we shall show that
each of these alternate Frdlicher structures generates the usual topology on the
underlying set.

The flattened unit interval, I is generated by structure functions which are
locally constant at (0 and at 1. The weakly flattened unit interval, I, is gener-
ated by structure functions having zero n-th derivatives at the endpoints of the
interval, for all n.

4.2.1. Definition. The Frolicher space, (I,Cy, F1), with the structure defined
below s called the Hlattened unit interval. The underlying set of the flattened
unit interval is the set {t € R0 < < 1}. Let F denote the following collection
of functions on the underlying set.

F = {f € Fy| there exists 0 < ¢ < % with f{t) = f(0) fort € [0,¢) ond
£y = 1(1) fort € (1 - &, 1]}.

We define the structure on I, namely (Cy, Fy), to be the structure gener&ted by
the set of functions F.

Thus I = 7 in 8Sets. The functions in F which are used to generate the
smooth structure on I are all constant near each endpoint of the unit interval.
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4.2.2. Note. It is easy to see that any continuous map ¢: B — [ which is
smooth at every point s € R, where ¢(s) € (0, 1), defines a structure curve on
I, since given any f € F', foc: R — R is smooth on {s € Rjc(s) € (0,1)} and
constant on a neighbourhood of each point in R\ {s € Rle(s) € (0,1)}. In fact,
one can show that the converse is also true.

We define the left (respectively right) flattened unit interval, denoted by
I~ (respectively I}, to be the Frolicher structure on theset {t e R: 0 <t < 1}
generated by the structure functions on J which are constant near 0 (respectively

1).
4.2.3. Note. One can see that a continuous map ¢: R — 7 that is smooth on

points mapping into (0, 1] (respectively [0,1)) defines a structure curve on I~
(respectively I*).

We define the weakly flattened unit interval as follows.

4.2.4. Definition. The Frolicher space, (I, Cy, Fy), with the structure defined
below s called the weakly flattened unit interval. The underlying set of the
weakly flattened unit interval is the unit interval. In other words I = I in the
category Sets. Let a set of functions F' on the unit interval be given by

a'ﬂ
F= Fyl lim —
el i g
We define the structure on I, (C, Fy), to be the structure generated by the set
of functions F. We call the property of f, '
n L

lim 4 ) =0, lim d fit) =0,

t-0+ d teyim dE®

. dn
f(t) =0, tl_lgl‘ dt_"f(t) =0,n>1}

the zero derivative property of f.

In other words, Cy = ®F and Fj = '®F. We shall prove that all structure
functions on [ have the zero derivative property, in other words, that Ffj = F,
where F is the collection of functions described in Definition 4.2.4. We prove
the result via the following lemma.

4.2.5. Lemma. Let ¢: R — R be a smooth real function at t = 15, and let
f: R -3 R be a smooth real function at t = ¢(to). Then

L7 09(t0) = £ elto) (¢ ()"

+ terms of the form af®) (c(to)) (¢'(¢0)) ™ (" (o)) ™" ... (W (t)) "1,

where k < n and a € R. In addition, if a # 0 then at least one of ma, ma, ...,
M1 5 also non-zero.

Proof. We proceed by induction. For the sake of brevity, we call the term
£ (c(to)) (¢’ (o))" the primary term, and the terms of the form

af® (e(to)) (¢ (t0)) ™ (" (80)) ™ - .. (1 H(t)) ™
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the lower order terms for each n. The statement is true for n = 1 and for
n = 2, since

F 0 e)(to) = () <'(ta),
and 2 ‘
T oa)ta) = £ (c(t0))-(¢ (t0)” + £ (clta))-"(to).
Suppose the result is true for n = k. Then

dk+1

d p
qeri(foc)(to) = E(ﬂk)(c(ia))(ci(te)) )
+ terms of the form
d y iy mg‘ P il
@ (“f O e(to)) (' (00)) ™ (" (1)) ™ ... (¥~ Dt0)) ™ )
which satisfy the requirements of the lemma.

MNow
(1t o)) =1 et ()

+ k8 (cfto)) (¢ (1)) < 1 e (to).

The first term after the equal sign is the primary term for n = &k + 1, and the
second term after the equal sign is of the form of a lower order term for n = k+1.
Thus we need only show that o

% (af(j) (C(iﬂ)) (C’(tg))ml (C” (i@))mg o (C(kml)(ig})m*”l)

gives rise to lower order terms for n = &k + 1. Now,

(79 ete0) ©€06) ™ (€06 ™ (4 0) ™)
- af(.f+1) (C(ta)) (Ca(ia))ml—{-l (cn(to))mz o (c(k-l)(to))mk_l
+af ) clt0) ((c’ (t0)) ™ (" (ta) ™ .. (c@wn@o))m*-*)
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= af Ut (e(to)) (¢ (t0)) ™ (¢" (t0)) ™ .. (* D (t0) ™
+(afD (c(ta)) ((c’(to))"’1 . %[(cﬁ)(io))m‘] (D)) ™
+ (O™ ZE)™ - (D)™ (D o)™
(D e ™)

where ¢ > 1 and m; # 0
= afU ) (c(te)) (' (t0)) ™ T (" (80))™ ... (c*= D) (2o)) ™
o+ (ams [ (e(t0)) (/1)) ™ - (DU) T (D)) T (k)™

+ (D)™ S ((cf(m)'”’ (D (10)) ™ () (8)) ™
..(cw-m(to;)m*—l)

We observe, using induction, that each of the three terms after the last equal
sign is of the form of a lower order term for n = k- 1. This completes the proof,
since § < k implies that 7+ 1 < &+ 1. ]

4.2.6. Theorem. Fy= {f € Fy|hmy_, o+ a%f(t):():limt_,l_ gg;f(t}}::F

Proof. We know that F C Fj. We must show the reverse inequality. Let 0 <
€< % and M € (=1,1). Consider the function cpr: R — R, given by

en () = [1 = ce(|t])] B (2) + e (ft])

where a.: B = R is a smooth bmkmg function as defined in Section 2.8 and
Bar: R — R is given by

Ault) = tift > 0.

{ ~Mtift<0

Since a.(|t]) = 0 for t € (—¢,¢), we observe that «.(|t]) is smooth on R. It is
clear that ¢y is continuous on R, and smooth on the subset R\{0} of R. Also
note that cpr(R) C [0, 1], and that for 0 < ¢ < ¢, ep(t) = Ou (¢), since a.(t) = 0
here. Thus ¢ps{0) = 0. Now,

d d
ch(t) = EﬁM(g) =M, for t € (—¢,0),

and

d d
Ech{f,) =—Bu(t)=1forte (0,¢).
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For n > 1, we have

i; cm(t) = &—nﬁy( }=0,fort € (—¢,0) U (0, ¢).

We now show that for M # 41, cpr € ${F). To this end, let f € F. To show
that focp: R —+ R is smooth, we need only concentrate on the point £ = 0,
since f ocy is the composite of smooth functions for ¢ # 0, and is hence smooth
there.

Fort # 0, and n € N, Lemma 4.2.5 tells us that

;zn (Foean)(t) = F (ea (1)) (che ()"

+ terms of the form af*) (car (1)) (i ()™ (che (8))™ . .. (cﬁi}ml)(i))m”“l,

where & < n, a € R and if a # 0, then at least one of ma, ma, ..., My 18 also
non-zero,
But, as t = 0, epr(f) — 0%, and so, letting s = car(t), we have

lim 9 (ear (8)) = lim fO(s) =0,

for all j € N, by the zero derivative property of f.

Thus as ¢ approaches the value 0, the primary term and all the lower order
terms of dz—n( focp)(t) fall away, and we have shown that f o cpr is smooth at
t = 0. This implies that f o cpr € C°(R,R) for all f € F. We deduce that
e € QF.

We are now ready to show that Fy C F. To this end, suppose now that we
are given a structure function f € Fy. We shall show that this f has the zero
derivative property, and is thus an element of F.

Since f € Fy, we know that f ocis a smooth real function for every c € $F.

In particular, f o ¢pr is smooth for all M € (—1,1). Thus, for any n € N,
7

lim 2 (f o car)(t) =

lim
t—s0~ di™ t a0+ dt”

L (Foen)(0)

Lemma 4.2.5 tells us that, for 1 #

L ocan)®) = £ car0) a0
+ terms of the form af@(cM(t)) (cha )™ (cart)™ ... (cf;;_l)(t))m“" ,

where k < n, a € R and if a # 0 then at least one of mq, mg, ..., m,—; is also
non-zero.

Ast -+ 07, car(t) = 0F. Let us consider the lower order terms for n first.
Each term of the form :

af® (en (1)) (chs ()™ (che )™ - C R0
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has some term (cf{}(z))”“’, for some i > 1, with m; # 0. But lilé'l cg{)(i) =0, if
t—+0~
1> 1, and so

lim af® (epr(t)) (che (€)™ (chg())™ .. (V)™ = 0.

Ep 3

So all the lower order terms fall away, leaving us with

S (Foeu)le) = fim ) (enr(t))[ehe(0)]"
= lim fO) (cpr(t)) (—-M)"
= Jim SO M)

zwo dtn

where 5 = cp(t). In a similar way, we can calculate that

L (Foer)t) = hm )"
= llm F7)(s)

3 -+0+

c+ di"

But focar is a smooth real function, so all its derivatives are continuous. Thus

lim f™(s)(-M)" = lim (fOCM)(i)

s-+0 t-30~ o
=% dzn(f em)t)
- (n)
8&1’{1)’1+f {S)

This implies that lim,_,g+ f(*)(s) = 0.

We have shown that the zero derivative property of f holds for the left
endpoint of the unit interval. To show that the zero derivative property of f
holds for the right endpoint of f, notice that dp(¥) = 1 —em(f): R > Risa
smooth real function with d((}} =1, and dp(R) C [0, 1]. One can follow a similar
procedure to the above, using dps instead of ¢pr to show that hr;a f(“)( 5) =

0. ]

4.3 The underlying topology of the flattened unit
intervals

We shall now show that the underlying topology on the flattened unit interval,
weakly flattened unit interval and their variants is the usual Euclidean topology
on the unit interval. Specifically, we shall answer the following two questions:

1. Are there structure functions on I that are not locally constant near the
endpoints of 7
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2. Are I, T and their variants homeomorphic to the usual unit interval J at
the topological level?

We proceed as follows. Firstly note that the underlying topology on I is coarser
than the usual topology on I, since there are fewer functions on L

Next, for each integer n > 2, define a smooth increasing braking function
0y [0, 1] ~+ R with the following properties:

. 1
Olft<E
. 3
1
1ifl— — <1,
i 4n<

We have the following lemma:

4.3.1. Lemma. The collection of functions {onlnen is a generaling set of
functions for the Frolicher structure on 1 which separates points in L.

Proof. Firstly note that the set of functions {ay, }nen obviously separates points
in L.

As we have seen, a continuous map ¢ : R — I is a structure curve if and only
if ¢ is smooth as a real function at each s € R for which ¢(s) € (0,1).

Suppose that for some map ¢: R — I we have a,, cc: B — R is smooth for
each n € N. Let s € R be a point for which ¢(s) € (0,1). Choose n large enough
that a, is given by o,(t) =t near ¢(s). Then a, o ¢(s) = ¢(s) is smooth at s.

It is also clear that if ¢(a) = 0 or ¢(a) = 1, then ¢ is continuous at a. Hence,
as in 4.2.2, ¢ is a structure curve on L. 01

This lemma implies that I is countably generated by a collection of functions
that separates points, and is thus pre-metrizable with a pre-metric that we call
d. This pre-metric is induced by the pre-metric on the smooth Hilbert cube.

Now note that the smooth pre-metric d generates the Euclidean topology
as the d-topology on [ since we have shown that the smooth pre-metric d is
equivalent to the metric d’ on the Hilbert cube which generates the Fuclidean
topology on the unit interval (Kelley [75]). See Section 3.5. For properties of
the topological Hilbert cube, see Van Mill [127] or Kelley [75].

Finally, because the underlying topology on any pre-metrizable Frolicher
space is finer than than the d-topology, we combine this fact with our first
observation {that the undetlying topology is coarser than the usual topology)
to conclude that the underlying topology and usual topology coincide. This
conclusion obviously answers our second question in the affirmative. The answer
to the first question must also be “yes”, since at every point {5 of I, the metric
squared defines a smooth function d{te, —) on I that is not locally constant at
tg. Taking to = 0 or {p = 1, we see that the functions d(0, —)and d(1, ) are
smooth functions on I that are not locally constant at § and at 1 respectively.
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To conclude, observe that I has fewer structure functions than 7, but more
structure functions than I. Thus the underlying topology on 1 is coarser than
the underlying topology on I, but finer than the underlying topology on I. But
the underlying topologies on I and I are both the Euclidean topology, and so
the underlying topology on [ is also the Euclidean topology.

4.4 Some properties of smooth functions between
the flattened unit intervals

One has to be careful when dealing with the various flattened unit intervals. A
smooth function g: I — I from the usual unit interval to itself need not define
a smooth function g: I — I, for example.

Conversely, not every smooth function h: I — I defines a smooth function
hil— I

In particular we need to be aware of the fact that the addition and multi-
plication of functions when defined between the various flattened unit intervals
does not preserve smoothness, as is the case with the usual unit interval.

4.4.1. Example. The function g: I — I given by g(t) = %t is clearly smooth,
but the corresponding function ¢: I — I given by the same formula is not
smooth. To see this, let a: B ~» R be a smooth braking function with the
properties that

e aft) = ~1 fert<-—%,
e afty=tfor -3 <t<}and
s a(ty=1fort> 2

Define ¢: R — I by ¢(f) = 1 — |a(t}]. The curve ¢ is smooth everywhere except
at t = 0, where ¢{0) = 1. However, every generating function f on I is constant
near 1, and so the composite f o ¢(t) is a smooth real function. Thus ¢ is a
structure curve on I

Now goc:R — Iis given by goc(t) = (1 - |eft)]). Let fi: I+ Rbea
structure function with the properties that

® fl(s}=0f0r5<%,
e fi(s)=sfor 1 <s< 2 and
o fi(s)=1fors> L.

Then fy o gocis given by fi o goc(t) = (1 — |a(t)|) for t near 0, and this
composite is not a smooth real function at ¢ = Q.
Thus g does not define a smooth function from I to L.
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4.4.2. Example. The function g: I — I given by g(t) = +/% is smooth, but the
corresponding function g: J — [ given by the same formula is not smooth.

To see this, notice that ¢ is a smooth real function on the interval (0, 1), and
any generating function f on I is constant near 0 and 1. Thus fo g is a smooth
function on L ,

It is clear that g is not a smooth function from 7 to J, because if c: R — [ is
a structure curve with c(t) = ¢? near t = 0, then g o ¢(t) = |¢] near ¢ = 0 which
is not smooth on [ at ¢ = (.

4.4.3. Example. The functions g1,g2: I~ — I” given by ;(!) = -;- ¢ and
g2(t) = % are both smooth, but the sum g;{t) + g2(t) = $+v/+ 1 is not smooth.

The following result follows from the definition of the Frélicher structures
on the various flattened unit intervals.

4.4.4. Lemma. Let g: I — [ be a smooth function with the properties that
g(0) = 0 and g(1) = 1. Then the corresponding maps

1g:I—1%
2 g 11,
3 g: 1 51,
4 g 11,
5 .11
are all smooth.

Proof. The proof is immediate from the definitions of the various flattened unit
intervals. ]

The function defined in the following example is important for the work in
Chapter 5.

4.4.5. Example. Let H :IxI~ — I~ be given by H{t,s) = (1 —a{t})s, where
a: R —» R is a smnooth braking function with the properties that

e aft)=0fort< i,
e 0 < at)<1foralltand
o at)=1fort> 3.

We show that H is smooth. To see this, let f: 1™ — R be a generating function
on I”. Then f is constant near 0.

Now let ¢: R — I x I be a structure curve, given by ¢(v) = (t(v),s(v)).
The curve ¢ is a structure curve on 1, and so is a smooth real function for all v,
except possibly when t(v) = 0 or t{(v) = 1. ,

The curve s is a structure curve on I™ and so is a smooth real function for
all v except possibly when s{v} = 0.
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Now consider the composite H o ¢c: R — I, We know that a{t(v)) is a
smooth real function for all v, since the only possible points on non-smoothness
occur when ¢(v) = 0 or t{v) = 1, and a(t(v)) is locally constant near these
points.

Thus H o ¢ is a smooth everywhere except possibly when s{v) = 0. In this
case Hoclv) = 0.

When we now take the composite f o H o ¢c: R — R, the only potential
point of non-smoothness is when s(v) = 0, giving us Hoc(v) = 0. But fisa
generating function on I™, and so is locally constant near 8. This shows that
the composite f o H o ¢ is a smooth real function for all v € R, and we deduce
that H is smooth.

4.5 Homotopy in FRL and objects in FRL re-
lating to homotopy

This section i1s devoted to the definition of smooth homotopy, and the definitions
of some basic homotopy objects in FRL.

We define the notion of smooth homotopy [tha,t is, homotopy w1th1n the
category FRL) as follows. «

4.5.1. Definition. 1. If X is a Frolicher space, and zg, z; € X, then we
say that zo ts smoothly path-connected to zy if there is a smooth path
c: I = X such that c(0) = 2y and c(1) = z,. We write g ~ z,. The
relation ~ is called smooth homotopy when it is applied to hom-sets,

2. Suppose we have a smooth map f: X — Y. If there ezists a smooth map
g:Y — X such that fg ~ 1y and gf ~ lx, then we call f g smooth
homotopy equivalence.

3. We denote the class of smooth cofibrations {defined in the following sec-
tion) by cof and the class of smooth homotopy equivalences by we. We
also call the elements of these classes the cofibrations and weak equiv-
alences respectively, in keeping with Baues’ [7] terminology.

One can show that smooth homotopy is a congruence on FRL.

In practice we usually say that smooth maps f,g: X — Y are smoothly
homotopic if there exists a smooth map H: I x X — Y with {0, ~) = f and
H(l,-)=g. If AC X is a Frolicher subspace of X then we say that H is a
smooth homotopy (rel A) if the map H has the property that H(f,4) = a
for each t € I and a € A. See Cherenack [22] and Dugmore [36] for more detail
regarding smooth homotopy.

The notion of deformation retract is fundamental to topological homotopy
theory. The following definitions are adapted for smooth homotopy, and will be
needed at a later stage.

4.5.2. Definition. Let A C X be a Frolicher subspace of a Frolicher space X,
and let i: A < X denote the inclusion map. Then
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1. We say that A is a vetract of X if there exists a smooth mapr: X — A
such that ri = 14. We call v a retraction.

2. We call A a weak deformation retract of X if the inclusion i is a
smooth homotopy equivalence.

3. The subspace A is called a deformation retract of X if there exists a
retraction r: X — A such that ir ~ 1x,

4. The subspace A s called a strong deformation retract of X if there
ezists a retraction r: X — A such that ir ~ 1x(rel A).

4.5.3. Definition. The mapping cylinder Iy of f: X — Y is defined by the
following pushout
Ix X — Iy

L]

X =Y

where 12 X — I x X is given by i1(z) = (1, z), for any x € X. We denote the
elements of Iy by [t,z] or [y], where ({,z) €I x X oryeV.

Replacing I x X in the above pushout diagram by Ix X or Ix X, we obtain the
flattened mapping cylinder Iy and weakly flattened mapping cylinder
1; of f respectively. We use the same notation for elements of these flattened
mapping cylinders as described above for the mapping cylinder.

There is also a map iég: X — I x X defined by ig(z) = (0, ) for z € X. This
induces an inclusion map i5: X — Iy, which identifies X with the Frélicher
subspace i(X) of I;.

An inclusion is induced in a similar way for the flattened mapping cylinders.

If one identifies 0 x X to a point in the mapping cylinder f; of a map
f+ X =Y, then one obtains the mapping cone Ty of the map f. The map
defined by z ~+ [%, z] is an inclusion.

In a similar fashion we define the flattened mapping cone Ty and weakly
flattened mapping cone T of a smooth map f: X — Y. As above we have
inclusions given by z ++ [£, z].

When working in the category FRL. of pointed Frélicher spaces and base-
point preserving maps we identify the set {(¢,*x)| all ¢} to a point in each of
the various mapping cylinders and mapping cones defined above. The identified
set is taken to be the basepoint in each case.

We shall need the flattened double mapping cylinder I, later:

4.5.4. Definition. Given two smooth maps f: X — Y and g: X — Z, we
define the flattened double mapping cylinder I; 4 of f and g by the pushout

If —1Iy,
i

-
Z

X —2,
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where ¢ is the inclusion into the flattened mapping cylinder.

Of course one can similarly define a double mapping cylinder and weakly
flattened double mapping cylinder, but we shall not need these objects in
this thesis.

4.6 Cofibrations in FRL

The notion of a cofibration, and the dual notion of a fibration are central to
homotopy theory. In this thesis we concentrate on the role of cofibrations in the
homotopy theory of FRL. For some aspects of the role that fibrations play in
FRL, see Appendix A.

A cofibration is a map i: A — B for which the problem of extending
functions from i(A) to B is a homotopy problem. In other words, if a map
f:1(A) = Z can be extended to a map f*: B — Z, then so can any map
homotopic to f.- : : '

In fact, for topological spaces, the usual definition is phrased in a slightly
more restrictive way. The extension of a map g gy f, for some homotopy
H:Ixi(A) — Z, is required to exist at every level of the homotopy simultane-
ously. In other words, one requires each H(#, —) to be extendable in such a way
that the resulting homotopy H*: 7 x B — Z is continuous.

We weaken this definition somewhat, to enable smooth homotopy extensions
to be more easily constructed using a flattening at the endpoints of the homo-
topy. This enables us to characterise smooth cofibrations in terms of a flattened
unit interval (see Lemma 4.6.3), and then later to relate smooth cofibrations to
smooth neighbourhood deformation retracts, which is the subject of Chapter 5.
This gives the following definition.

4.6.1. Definition. A smooth map
A; B

is called a smooth cofibration if, corresponding to every commutative diagram
of the form

A—tsp-Lsz
1(0)1/
IxA4

there exists a commautative diagram in FRL of the form

B—71 g

(0,1a)l / Ta/

IwaIxA
X%
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where G': I x A — Z is given by G'(1, a) = G(a(t), a) for some 0 < € < 1, and
eachtel ac A

The problem of extending a map smoothly from a subspace of a Frolicher
space to the entire space is a more difficult problem than simply extending a
map continucusly. It is mainly for this reason that the definition of smooth
cofibration differs somewhat from the corresponding definition of a topological
cofibration.

All topological cofibrations are inclusions, and this result is true for smooth
cofibrations too. The proof of the following lemma is essentially the same as
the proof given by James [71] for the topological result, although James’ proof
is in some sense dual to ours, using path spaces in place of Cartesian products
and the adjoint versions of our homotopies.

4.6.2. Lemma. A cofibration

B—ts A

is a smooth inclusion.

Proof. Let I; be the mapping cylinder of 7 and let j: A — I; be the standard
inclusion map. See Definition 4.5.3, where j{a) = [a].
We have the following commutative diagram

Bt g1,

(ﬂ,ls}l /

Ix B,

where G(t,b) = [1 — ¢, b]. Notice that the map G is smooth, since a structure
function on the weakly flattened unit interval I also defines a structure function
on the usual unit interval 7. Since i is a cofibration we have the commutative
diagram

A_j__>1[,.

(0!1A)l / TG’

IxA<1—.—I><B
Xt

where G'(t,b) = G(ae(t),b) for some 0 < € < 1.

Define U: A = I; by U(a) = F{1,a). We have U oi = G'{1,—). The map
G'(1,~) is given by G'(1,b) = [0,4]. Thus the assignment b ~» G'(1,b) defines
the usual inclusion of B into the mapping cylinder. From this we deduce that
U o1 is an inclusion and hence 7 is an inclusion. ]

There is an equivalent formulation of definition 4.6.1 given in the following
lemma.
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4.6.3. Lemma. A smooth map
At
is a cofibration if and only if for every smooth map
h: (0 x B)u (I™ x i(A)) - 2
the foffowz;ng diagram exists in FRL,

(0 x B) U (I" x i(4)) —2= 2z

where j is the evident inclusion.

Proof.- Suppose that the inclusion
et
is a smooth cofibration. We use the notation A C B or i(A) C B if we wish to
emphasise the inclusion map.
Suppose that
h: (0x BYu (I~ xi(A)) = Z

is & smooth map. We have the diagram

(0x B)u (I~ xi(4)) —>2

d
I~ x B.

We need to fill in a smooth map G: I™ x X — Y which makes the resulting
diagram commute.

To do this, notice that hf;- wi(a) 18 smooth and thus the corresponding map
h| rxi(4) using the usual unit interval is also smooth. We have the following
diagram,

A i B MoxB
mul Phm a
IxA

and thus the fact that { is a smooth cofibration gives the commutative*diagmm
in FRL

hloxs

B —— 7

tm)l / T(hi.-mr
1

i

IxBe—[xA
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where (hli-x4)'(f,a) = hli-xa{ac(t), a), for some 0 < € < 3.
Now choose a smooth braking function o: R — R with the following prop-
erties.

o aft)=0fort < &,
o aft) =1 for e < 1.

One can verify that F is a map which makes the required diagram commute, but
F may not be smooth on I™ x A due to the flattening requirements of the left
flattened unit interval. To correct this, set G({,a) = F(a(t), a). Notice that the
insertion of this braking function does not affect the commutativity conditions
of G, since the only adjustments to F occur in the first coordinate where the
map (hl;-x5) is constant.

Conversely, suppose that corresponding to every smooth map

h: (0x By U (I xi(A)) = 2

there exists a commutative diagram

(0 x B) U (I" x i(4)) —> z
jl /
I~ x B.

We wish to show that the inclusion i: A — B is a cofibration, so assume we
have the following diagram

A—sp-Llsoz
(O,IA)l /
Ix A
There exists the diagram
A——->p-toyz
(o,ml /
G
Ix A

where G'(t, @) = G{ac(t), a). Our hypothesis allows us to construct the diagram

(0x BYU (I" x i(A)) BRIy

|

I~ x B.
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Note that f UG’ is smooth since a.(t) is constant near £ = 0.
Since H is smooth on I™ x B it defines a smooth map on 7 x B. One can

verify then that the diagram
7

B Z

(O,I_x)l / TG’
)3

I 31 )

IxBe—]xA

commutes as required.



Chapter 5

Smooth neighbourhood
deformation retracts

This chapter is concerned with the formulation of a suitable notion of smooth
neighbourhood deformation retract.

For topological spaces the statement that a closed subspace 4 of X is a
neighbourhood deformation retract of X is equivalent to the statement that the
inclusion i: A <+ X is a closed cofibration.

We show that in the category of Frolicher spaces there is a notion of ‘smooth
neighbourhood deformation retract’ that gives rise to an analogous result that a
closed Frolicher subspace A of the Frélicher space X is a smooth neighbourhood
deformation retract of X if and only if the inclusion i: 4 «— X comes from a
certain subclass of cofibrations.

As an application we construct the right Puppe sequence.

5.1 SNDR pairs and SDR pairs

In this section we shall define the notion of ‘smooth neighbourhood deformation
retract pair’. The definition is similar to the definition of ‘R-SNDR pair’ sug-
gested in [36], but we have modified the definition in order to retain only the
essential aspects of ‘“first coordinate independence’ defined in [36].

We begin by defining the ‘first coordinate independence property’ of a func-
tion on a product of a Frolicher space with I {or I™, I).

5.1.1. Definition. Let i: A — X be a smooth map. Let ¢c: R ~ X be a
structure curve on X. Define

Afe,i) = {t. € c"}(i(A))|3 a sequence {tn} of real numbers
with lim t, =t. and each t, € ¢ (X \i(A))}.
73 p K

The points in A{c, i) are those values in R where the curve ¢ ‘enters’ i{A)
from X\i(A4), or ‘touches’ a point in i(4) whilst remaining in X\i(A4) nearby.

53
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Now we are ready to define the ‘first coordinate independence property’ for
a structure function on a product.

5.1.2. Definition. Lef i: A — X be a smooth map and suppose f: Ix X = R
is a structure function on Ix X. Let c: R — Ix X, given by c(s) = (t(s), z(s))
have the following properties.

1. The map z(s) is a structure curve on X.

2. For all € > 0, t(s) is a smooth real function on R\ . ek)(z z’}[:;,. —€, 5. +€].
If, for every such map ¢, the composite f o ¢ is a smooth real function, then we
say that f: I x X — R has the first coordinate independence property
(FCIP) with respect to 1.

Frtending the definition, we say that a map g: I x X — Y has the FCIP
with respect to { if the composite fog: I x X — R has the FCIP with respect
to 1 for every f € Fy.

In the previous definition we are considering curves into the product I x X
whose first coordinate may become singular as the second coordinate enters the
subspace i{A) from X \ i(4). A function f: I x X — R has the FCIP if it can
be composed with such curves to yield a smooth real function.

Notice that we can formulate a similar definition of the FCIP if we replace
I throughout by I” or I, leaving the rest of the definition unchanged. We will
have occasion to use this type of first coordinate independence in the later part
of this work.

5.1.3. Note. Let¢: A — X and suppose that wearegivenamapg: Ix X — Y.
Let f: Y — R be a structure function on Y, and suppose thatfo g: Ix X — R
has the FCIP with respect to i for any such f. Then, given a smooth map
h: Y — Z, the composite f'ohog: I x X — IR has the FCIP with respect
to ¢ for any structure function f' on Z. This is immediately obvious, since the
composite f' o h: Y — R is a structure function on Y.

Again, observe that the above note applies equally well if g: I" x X — Y or
g: It x X — Y has the FCIP with respect to i when composed with a smooth
function Aon Y.

5.1.4. Example. 1. For any A 5 X , the projection onto the second coor-
dinate ps: I x X — X has the FCIP.

2. Let &: R — R be a smooth braking function with the properties that
o aft)=0ift <},
e 0<aft)<1if :<t<E,
® a(i}:lif,—?;(i.
Consider 0 <> I™. Let H: I x I" — I” be given by H(%,s) = (1 — «(t))s.

Then fo H: Ix 1™ — R has the FCIP with respect to the inclusion
Q> 1I", for any f € Fy-. See Lemma 5.1.7 for a proof. ‘
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5.1.5. Definition. Consider a smooth inclusion i: A X. Suppose that there
exists a smooth map u: X — 1, with u=1(0) = i(A). If there exists a smooth

map
HiIx X = X,

that satisfies the following properties, then we call the pair (X, A) a smooth
neighbourhood deformation retract pair, or SNDR pair for short.

1. H has the FCIP with respect to 1.

2. H0,z) =z forallz € X. .

3. H(t,z) ==z forall (t,z) € I x i(A).

4. H(l,z) € i(A) forallz € X with u(z) < 1.

If, in addition, we may choose H so that H(1 x X) C i(A), then we call the
pair (X, A} a smooth deformation retract pair or an SDR pair for short.
We say that A is a smooth neighbourhood deformation retract or
smooth deformation retract of X if (X, A) is an SNDR pair or SDR pair,
respectively. .
We call (u, H) a representation for the SNDR (or SDR) pair.

5.1.6. Example. 1. The pair (X,0) is an SNDR pair. A representation is
ulzg)=1, H,z) =z, foreacht el and z € X.

2. The pair (X, X) is an SNDR pair. A representation isu(X) =0, H(t,z) =
z,foreacht € fand z € X,

In the next lemma we present our first example of a non-trivial SNDR pair.
We give a detailed proof of the fact that 0 <+ I is an SNDR pair. This example
forms the basis of many important constructions, such as the mapping cylinder.

5.1.7. Lemma. The pair (I7,0) is an SDR pair.

Proof. Let o : R — R be a smooth braking function, such as the one in Example
5.1.4. A representation for (I”,0) as an SDR pair is (v, H), where u: I™ — I
and H:Ix I~ — I~ are given by u(s) = s, and H(t,s) = (1 — a(t))s.

Since the structure on I™ is finer than the structure on I, the identity u:
I= -+ I is smooth.

The map H is smooth, as shown in Example 4.4.5, and H clearly has the
FCIP with respect to the inclusion, since whenever v approaches a value for
which s(v) = 0, the composite

o((1-alw) o)) =0

~for v in a neighbourhood of this value. . 0

5.1.8. Example. The pair (I, {0,1}) is an SNDR pair.
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Proof. A representation (u, H) for the SNDR pair can be given as follows. Define
u: I — I to be 2 bump function with the following properties

o u(t)=0fort=0ort=1,
o ut)=1fort €[}, 3] and
o 0 < u(t) < 1 otherwise,
Let s I — 1 be a braking function with the properties

e ai(s)=0for0<s<i,

o

e ai(s)=1for3<s< 1

e

Let 0 < e< %, and define H:Ix I —1by H(t,s) = (1 — ae(t))s + ac(t)os(s).

Notice that H(0,s) = s, H(¢,0) = 0 and H(f,1) = 1. Suppose that u(s) < 1.
Then s € [0, $)U(2, 1]. This implies that ai(s) =0oray(s) =1 We then have
H(l,s) = ay(s)=0or H(l,s) = ay(s) =1, which means that H(1,s) € {0,1}
if u(s) < 1.

To see that H is smooth, let f: I — R be a generating function for the
flattened unit interval. Then f is locally constant at 0 and 1. Since each of
the variables ¢ and s comes from a flattened unit interval, a structure curve
into either the ¢ or the s component will only have points of non-smoothness
when £ = 0, 1 and s = 0§, 1. The braking function «. ensures that H is locally
constant in the ¢ variable whenever { is near 0 or 1, so no problems arise from
the ¢ component. When s is near s = 0, we have H{f,s) near 0, and so the
generating function f is locally constant. Similarly, when s is near 5 = 1, we
have H (t,s) near 1, and the generating function f is again locally constant. [J

We now show that the ‘product’ of SNDR pairs is again an SNDR pair.
5.1.9., Theorem. Let i: A — X and j: B < Y be inclusion mappings. If
(X, A) and (Y, B) are SNDR pairs, then so is
(X x Y, (X x B)U(AXY}).
If one of (X, A) or (Y, B) is an SDR pair then so is the pair
<X xY,(X x ByU(A xY}).

Proof. Let a: R — R be a smooth braking function with the properties
o aft)=0fort< 3,
o aft)=1fort> 3

and let 4: R — R be a smooth increasing braking function with the properties
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o Bty =tfort <,
e Bty =1fort > 3.

Suppose that (u, H) and (v, J) are representations for the SNDR pairs (X, A)
and (Y, B), respectively.
Let %: X — Tand 5: Y — I be given by @(z) = 8(u(z)) and #(y) = S{v(y))
respectively.
Define
w X xY =1

by w(z,y) = a(z)(y). The braking function # ensures smoothness when i(z) #
1 and #{y} = 1, or when @(z) = 1 and o{y) # 1. We need to take this into
account to ensure that when w is composed with a structure curve on X x Y
we have a structure curve on I.

The map w is clearly smooth elsewhere. We have w=*(0) = (X x B) U (4 x
Y'), as required.

Define ¢: I x X xY - X x Y as follows.

’ (H(a(t),z:), J(a(t),y)) if u(z) = v(y) =0,
(#e0.2),s@(ED)at0)) its) > ate), 56) >,
(#@(ED)ate),2),I(at5)) it a(z) > 50, a(e) > 0.

Qi zy) =

%

We must show that @ is a smooth map, with the first coordinate independence
property with respect to the inclusion X x BUA XY «3» X xY.

We first consider each part of the definition of ) separately. The first part
is clearly smooth. Let us verify that @ is smooth on the second part of its
definition; the third part is similar.

Restricting our attention then to the second line in the definition of ¢, we
observe that the first component H (a(t), z) is smooth, so we focus our attention

on the second component, namely J (&(%)a(t), y). Each function making up

J (e g%)l)a(!), y) is smooth individually, so we need only pay extra attention to
those parts that involve flattened unit intervals, remembering that the addition
and multiplication on the flattened unit interval need not preserve smoothness,
as is the case for the usual unit interval. ;

The braking function o is always smooth, so let us consider the composite
of & with the quotient %%3, namely a(gg%). This is always smooth, except
possibly when @(z) or #(y) each approach 0 or 1, since it is here that structure
curves on the flattened unit interval need not be smooth in the usual sense.

If u{z) approaches 0 and v(y) does not approach 0, then the braking function
« ensures that gg} = () ‘near’ such points. If (y) approaches 0 then @(z} must

also approach 0. This situation is dealt with later.
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Thus, @ in part two of the definition is smooth, and one can show similarly
that ¢} in the third part of the definition is smooth.

Let us now consider the overlaps of the three parts of the definition of (2. Ob-
serve that if 4(z) is in a sufficiently small neighbourhood of #(y), with @(z) # 0
and o(y) # 0, then we have a(%) = o2 z}) = 1, and so the second and third
parts of the definition of @ coincide here. Thus it remains only to show that @
is smooth as 4(z) and #{y) both approach 0.

If €} is smooth in each of its coordinates then it is smooth, so consider the
coordinate involving the map J. Let ¢: R — I x X x ¥ be a structure curve
that is given by ¢(s) = (i(s), z(s), y(s)). Then the map ¢;: R — I x Y, given
by

(aete).419)) if ala(s) = 3(u5) =0,

a(z(s)) o _ Sluls
) (@2 ya(t(6), 006 ) it 3(05) 2 a(els), 26(6)) > 0,
()49 i a(2(6)) 2 3005, () > 0.

ci(s) =

»

is a map satisfying the conditions of Definition 5.1.2, since its second coordi-
nate is smooth, but its first coordinate may become singular as o(y(s)} (and
hence @(z(s)}) approaches zero. Since J has the first coordinate independence
property, the map

J(a(t(s)), u(s)) if &(z(s)) = 5(y(s)) =0,
(B2 ya(1(6)) (6) i 3((5) 2 5(a(e), 50415 > 0,
H(te)),u(5) I a(a(s) 2 3605, (a5 > 0

(Jocr)(s) =

is smooth. Thus @ o ¢ is smooth, and since ¢ is arbitrary, @ is smooth. In a
similar way, the coordinate of ¢ involving H can be shown to be smooth.
We now verify that ¢ satisfies the required boundary conditions. When

t = 0, all three lines defining @ reduce to (H(O,x),J(O,y)). Hze Aand
y & B then @ is given by the second part of its definition, which reduces
to (H(a(t),z),i(ﬂ,y)). The case when z ¢ A and y € B is similar. If

t = 1 and 0 < w(z,y) < 1 then either 0 < @(x) < 1or 0 < #(y) < L
Suppose that 0 < @(z) < 1. Then either 4(z) < v(y) or #(y) < ufz). If
a(x) < 9(y) then @ is given by the second part of its definition, which reduces

to (H(l, ), J(a(%%}),y)) € i(A)xY. I #(y) < @(z) then the third part of the

definition of @ applies and @ reduces to (H(a(%%%),x), J(1, y)) € X x j(B).



CHAPTER 5. SMOOTH NDR’s 59

Finally, we must show that for any f € Fxxy, fo @ has the first coordinate
independence property with respect to the inclusion (X x B)U(AxY) =+ X x Y.
To this end consider amap ¢: R — Ix X x Y, given by ¢(s) = (t(s), z(s), y(s)),
and a structure function f € Fx,y. Let {s,} be a sequence of real numbers

converging to s, with ¢(s,} € (X x Y)\ ((A x Y) U (X x B)), and ¢(s.) €
(Ax Y)U (X x B). There are three cases to consider.

1. Suppose that ¢(s.) € A x B. Then z(s.) € A and y(s.) € B. The fact
that H has the first coordinate independence property with respect to ¢
and J has the first coordinate independence property with respect to j
means that each coordinate of § is smooth, and so § is smooth.

2. Suppose that ¢(s.) € A x Y and that y(s.) ¢ B. Then at each of the
points ¢(sn), @ 0 ¢(sy) is given by the second part of the definition of @,
for n large enough. Since z(s.) € A, the component of ¢} involving H
is smooth, since H has the first coordinate independence property. For

. & in a neighbourhood of s,, a(%) = (3}, since %ﬁ% = 0. Thus the
component of ¢ involving J is constant for s in a neighbourhood of s,,
and so is smooth there. ‘

3. The case with ¢(s,) € X x B, and z(s.) ¢ A is similar to the second case
above.

For the last part of the theorem, suppose that (u, H) represent (X, A) as an
SDR pair. If we replace u by v’ = iu, then (v, H) also represent (X, A) as an
SDR pair. Making the above constructions now with «’ in place of u, it follows
that w(z,y) < 1 for all (z,y) and so Q(1,z,y) € (X x B)U (A xY).

This completes the proof. '

The proof of the corresponding topological result is fairly delicate {see Steenrod
[119]); so it is not surprising that our proof requires some care to ensure that
all the required boundary conditions are satisfied, whilst keeping the map @
smooth.

5.2 Cofibrations

In this section we show that for a subspace 4 C X that is closed in the under-
lying topology, the inclusion i: 4 — X is a cofibration (where any homotopy
extension can be chosen with the FCIP) if and only if (X, A} is an SNDR pair.

5.2.1. Definition. Let i: A — B be a cofibration. We call 7 a cofibration
with the FCIP if any homolopy extension can be chosen to have the FCIP
with respect to 1.

Using the equivalent formulation of the notion of cofibration given by Lemma
4.6.3, we may state Definition 5.2.1 as follows.
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A cofibration i: A — X is a cofibration with the FCIP if and only if the
map G that we may fill in to complete the commutative diagram

OxX)U(I~ x 4) —“>y

-
- . - -~
Imx X
may be chosen to have the FCIP with respect to the inclusion 1.

We have the following result, which corresponds to a similar topological
result,

5.2.2. Lemma. A smooth map i: A — X is a cofibration (with the FCIP) if
and only if
(0x X) U (I~ x A)

is a retract of I™ x X, (where the retraction
mITx X = (0x X)U(I™ x A)
has the FCIP).
Proof. In the one direction, suppose that (0 X X ) L (I‘ X A) is a retract of
I x X. We wish to complete the following diagram.
- B
{0x X)u (I~ x A) —3Y
fl » <7
Imx X
By hypothesis, thereexists r: 1" x X — (OxX)U(I‘ xi(A)) such that roj = 1,
Define G = hor. If » has the FCIP, then so does hor.
Conversely, suppose that i: A — X is a cofibration (with the FCIP}. We

may find a map r such that the diagram

(0x X)U (I7 x A)—— (0 x X) U (I~ x i(4))
il -7 -7
I xX B
commutes. Thus 7 oj = 1. If i is a cofibration with the FCIP with respect to
7, then r can be chosen to have the FCIP, 1

The next theorem shows the relationship between cofibrations, retracts and
SNDR pairs.

5.2.3. Theorem. Leti: A «» X be an inclusion. Suppose that A is closed in
the underlying topology on X. Then the following are eguivalent.
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1. The pair (X, A) is ean SNDR pair.

2. There is a smooth retraction r: 1" x X — (0 x X) U (I” x A) with the
FCIP. '

3. The map i: A — X is a cofibration with the FCIP.

Proof. To show that 1 and 2 are equivalent, notice that the pair
(I‘ x X AA0x XYu((I~ xA})

is an SDR pair, as a consequence of Lemma 5.1.7 and Theorem 5.1.9.
Let (w, @) be a representation for the pair

(I' gX,(OxX)LJ(I“ ><A)>

as an SDR pair, and let ¢ be constructed as in Theorem 5.1.9. Define
rITx X = (0x X)u (I x A)

by r(t,z) = Q(1,t, z), where (t,z) € I x X. We observe that r has the FCIP,
since ) has this property, and { has this property since each of its components
has this property.

The equivalence of 2 and 3 is Lemma 5.2.2.

We need now only show 2 implies 1. Let 7: 1™ x X — (0 x X) U (I™ x i(4))
be a retraction with the FCIP with respect to i. Define H: I x X — X by
H{t,z) = por(a(t),z), where p is the projection onto the second coordinate,
and a: R — R is a braking function with the following properties:

o aft)=0fort <0,
s aft)=1fort> 3,
e 0<aft)<lfor0<t<

This braking function is necessary to ensure smoothness at the right endpoint

of the flattened unit interval I. Smoothness at the left endpoint is already taken

care of by the fact that r is defined in terms of the left flattened unit interval.
Then H satisfies the following properties:

1. The map H has the FCIP since r has this property.
2. We have H(0,z) = (por)(0,2) = p(0,z) =z, for z € X.
3. We have H(t,z) = (por){a(t),z) = pla(t),z) = z, for z € A.
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We now construct u: X —3 I. Let py: I x X - I denote the projection onto
the first coordinate of I x X. Define a function #: R — R by

5(t) 0ift <0,
i) = .
e it >0,

It 1s well known that 3 is a smooth real function.
Now define u: X — I by

fﬁ(a(t) = (m7)(L, z){pr7)(a(t), 2)) di

u(z) ;
{ B(a(t)) dt

It is clear that u is a smooth mapping.
We now verify that (u, H) represents {X, A) as an SNDR pair.

1. Ifz € A, then p1r(1,2) = 1 and pyr(a(t), z) = a(t) and so pir(1, z)pir(a(t), z) = alt).
1 .
Thus [ B(a(t) — pir(l, 2)pir{a(t),z)) = 0. This implies that u(z) = 0.
G

2. Suppose that z € X\ A. Since §x(X\A) is open in the underlying topology

on (0 x X)U (I" x A), we may choose a neighbourhood W C 0 x (X \ A)
of (0, z). Since r is continuous, there is a neighbourhood V C I~ x X such
that 7V C W C 0 x (X \ A).
Now consider the mapping ¢-: I — I x X, given by ¢.(t) = (a(t),x),
for each 2 € X. This is clearly smooth, and hence continuous in the
underlying topologies. Thus there exists a neighbourhood U C I™ such
that ¢-{U) C V. In other words, U x ¢ C V. So we have pyr{a(t),z) = 0,
for all1 € U. Thus we have

[ B(a) = pir(L, 2)pur(a@), =)

u(z) = ;
[ Bla(t)) di
[ Bla(t) — pir(1, z)pir(a(t), z)) dt + [ B(a(t)) di
v U
- 1
Ofﬁ(a(t)) dt
> 0,

since [ B(a(t)) dt # 0. Thus, combining this with part 1, we have u™1(0) =
U
A.
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3. Suppose that z is such that u(z) < 1. Then, since we have

D oy ot

Bla(t) = pir(l, z)pir(alt), z)) di

u(z) =

B(a(t)) dt

O oy s

there must be a neighbourhood U of I such that p;7(1, z)pyr{x(t), z) > 0,
for t € U. Thus pir(1,2) > 0. But this implies that #(1,2) € I x A and
H(l,z) € A.

This completes the proof. [

5.3 The Mapping cylinder

In this section we show that the inclusion of X into the fatiened mapping
cylinder I; of a map f: X — Y is a cofibration with the FCIP.

5.3.1. Theorem. Let f: X — Y be a smooth map. Then the pair (Iy, X) is
an SNDR pair.

Proof. Let o : I — R be a smooth braking function with the following properties.
e aft)=0if0<t< ],
e a(t)=1if § <1 <1,
e 0 < aft) < 1 otherwise.
Define two more smooth braking functions as follows. Let o;: I — R satisfy:
o a;(t) =0ift =0,
s 0<a{t)<1if0<t< 2,
o on(f)=11f2<t<L
Let a: I — R satisfy:
o ay(t)=0if0<1< 2,
e apt) =1if L <t < 1.

Now define u: Iy — I by u([t, 2]) = a1 (t) and u([y]) = 1, for ({,z) € I x X and
y €Y. Define H:Ix Iy — Iy by

o H{s,[t,z]) = [(1 - a(s))t + a(s)aa(t), 2] if (1,2) € I x X,

o H(s,[y) =[] ifye Y.
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To see that « is a smooth map, notice that u is smooth when restricted to each
component of the coproduct I x X 11Y, and is thus smooth on the quotient I;.

To see that the map H: I x Iy — I; is smooth, note that since we are
working in a cartesian closed category, products commute with quotients, i.e. if
g is a quotient, then so is 1 x ¢, where 1 is an identity map. Thus we may think
of H as being defined on the space

(IxIxX)uIxY))/~

where ~ is the identification (t,1,z) = (¢, f(z)) for t € I, and ¢ € X. Since H
is smooth when restricted to each component of the coproduct

(IxIxX)u{IxY),

H is smooth on the quotient I x I;.
Let us verify that (u, H) is a representation for (Iy, X) as an SNDR pair.

Lou}(0) = [0,z] = ip(X).
2. H(0,[t,z]) = [t, z] and H(0,[y]) = [y].
3. H(s,[0,z]) = [0, 2].
4. I uft,z] < 1 then t < § and so ao{t) = 0. Thus H(1,[t,z]) = [as(t), z] =
[0, z].
This completes the proaf. ( o
Finally, we have the following important corollary.

5.3.2. Corollary. Given any smooth map f: X = Y, the inclusionX < I is
a cofibration with the FCIP,

5.4 The Exact sequence of a cofibration

Our aim in this section is to show how one can use SNDR pairs to prove the
existence of the right exact Puppe sequence. We state the result in Theorem
5.4.1, and break the proof of the result up into a number of lemmas. We follow
the method used by Whitehead [130] for the topological case.

Throughout this section we work in the category FRIL, of Frolicher spaces
with basepoint, and basepoint preserving smooth maps.

5.4.1. Theorem. Let W be an object in FRL,, and suppose that i: A «— X
ts a cofibration in FRL. For any basepoint xg € A C X there 15 a sequence

s A, w) BN e, w B mex, w) B mr A, W) —
e [BA, W] S T, W S X, W) S (A, W

which is an exact sequence in Sets,, where j : X — Ty is the inclusion discussed
in Section 4.5 and k. T; — A is the quotient map defined below.
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It is, in fact, possible to prove that the sequence above is an exact sequence
of groups as far as [£A, W] and that the morphisms to this point are group
homomorphisms, but we shall not do so here,

The reduced (flattened) suspension of a pointed Frélicher space X is
defined as

X = (I/{0,1}) A X,

where the reduced join is defined as for topological spaces with the identified
set taken as basepoint, and with { the basepoint of I.

In this chapter, whenever we refer to the suspension of a space, we mean the
reduced flattened suspension defined above. In the next chapter we shall define
the reduced suspension of a space in terms of the weakly flattened unit interval,
and show that they are of the same smooth homotopy type..

We break the proof of Theorem 5.4.1 into a number of lemmas, giving an
indication how the proof of each should proceed.

5.4.2. Lemma. If (X, A) is an SNDR pair and p: X — X/A is the quotient
map, then the seguence _

A5 X 2y X/A
is right exact.
Proof. To show that the given sequence is right exact we must show that for
any Frélicher space W the following sequence is exact in Sets,:

[X/A, W] 25 [X, W] <[4, W].

1t is easy to see that im p* C ker i*. To see the reverse inclusion, let g: X — W

be an element of [X, W], with g|4 =~ wo (rel wp). Since A > X is an SNDR
pair, the mapi: A — X is a cofibration, and so we may extend wp to a smooth
map g': X — W such that ¢’ ~ g. But ¢’ is constant on A and so there exists a
smooth map g1: X/A — W such that g; op = ¢’. See Section 2.6. This shows
that ker i* C im p*. 0

5.4.3. Lemma. For any smooth map f: X =Y, the sequence
/ !
X =Y — Ty

is right exact, where 1 is the usual inclusion of ¥ into the mapping cone; i.e.
y— [y eT;.

Proof. One can show that there is a homotopy commutative diagram

x 1oy
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where 4, 7, and ! are the usual inclusions, and p is the quotient map. Since
(I7,X) is an SNDR pair, by Lemma 5.4.2 the sequence

X 51, 2w

1s right exact. It is fairly easy to show that j : Y — I is a homotopy equivalence.
This is done explicitly for the weakly flattened mapping cylinder in 6.3.2 tc 6.3.5.
This fact allows us to deduce that the sequence

x-Ly- Ly
is right exact. dJ

5.4.4. Lemma. For any smooth mapi: A — X, there is an infinite right exact
sequence

3 I3 cthem i

A—tex tom Lo T,

FES o

i
Tinmt mm o o

where i, n > 1 are inclusion maps.

Proof. The pair (T;,X) is an SNDR pair. The representation for the pair
{I;, X} in Theorem 5.3.1 can be adapted to show this. One now iterates the
procedure of Lemma 5.4.2 and Lemma 5.4.3. .

One can easily see that there is an isomorphism between T;/X and £A. Define
g: T; ~» LA to be the map which identifies X ¢ T; to a point, followed by the
isomorphism T;/X — ZA.

5.4.5. Lemma. The sequence
.1
Xt Ty e £ 4

18 right exact.
Proof. As noted above the pair (T;, X) is an SNDR pair. We have the commu-
tative diagram
X~ — 2oy X
~
do
LA

where p: T; — T;/X is the identification map, and ¢o: T;/X — ZA is an
isomorphism. The top line of the diagram is right exact, by Lemma 5.4.2, and
s0 the sequence

it q
X —sT;—>»TA

is right exact. -
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There is a commutative diagram

.1 3
i §
X s T e Til

&

where ¢; is a homotopy equivalence. (See Whitehead [130] for more details of
this map.) Using commutative diagrams of this form, one can now proceed
almost exactly as one does in the topological situation, as in Whitehead [130]
for example, to get the following infinite right exact sequence:

Zg

, 1 . i1
A—tex—tom— 2 ova-—Zoyx 2 PTy

woa Do D
D e < L I o G I

The definition of right exactness now gives us the exact sequence of Theorem
5.4.1.



Chapter 6

The cofibration axioms

Our alm in this chapter is to show that the category FRL satisfies Baues’ {7]
four cofibration axioms.

In addition we follow Baues [7] construction of the right Puppe sequence for
a ‘cofibration category’, i.e. one that satisfies his four ‘cofibration axioms’, ob-
taining this sequence for Frélicher spaces. The construction of the right Puppe
sequence for Frolicher spaces was partially obtained in [36], but certain assump-
tions needed to be made regarding the Frélicher product structure. We show
that the sequence obtained by using the cofibration axioms is the same as the
sequence discussed in [36], that is the ‘usual’ Puppe sequence that one would
expect in FRL.

Baues’ cofibration axioms may be formulated in a dual way, giving axioms
for a fibration category. We show that Baues’ fibration axioms are satisfied by
the category FRL in Appendix A.

Because FRL is topological over sets (see Frolicher and Kriegl [47]), one can
work in FRL largely as one would work with topological spaces.

We now investigate the four axioms for a cofibration category with respect
to the category FRIL. So that the exposition is self-contained, we restate each
axiom (exactly as it appears in Baues’ book) before considering it. See Baues
[7] for a more complete discussion of the axioms.

The symbol C denotes a cofibration category.

6.1 Axiom (C1): Composition axiom

The isomorphisms in C are weak equivalences and cofibrations. (A map which
is both a cofibration and weak equivalence is sometimes called a trivial cofi-
bration). For two maps

f g

A——= B —>C,

if any two of f, g, gf are weak equivalences, then so is the third. The composite
of cofibrations is a cofibration.

68
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Let us now verify this axiom. It is obvious that isomorphisms in the category
FRL are both cofibrations and weak equivalences, as required.
Suppose we have two smooth maps

A-1sp-tsc
If f and g are smooth homotopy equivalences, then so is gf.

Suppose that f and g f above are smooth homotopy equivalences. Then there
exists an f: B — A, and k: C — A such that ff ~ 1g, ff ~ 14, 9fk ~ 1l
and kgf ~ 14.

. Define § = fk. Then we have g§ = gfk =~ 1c and §g = fkg ~ fkgff =~
ff~1g.

Now suppose that g and gf are smooth homotopy equivalences. Then there
exigt §: C ~ B and k: C — A such that g ~ 1, §9 =~ 1p, gfk = 1¢ and
fcgff ~1a. _ R N

Define f = kg. Then ff = fhg~ gofkg = Gg~ 1c,and ff =kgf ~ 1la.
The above are explicit computations in the category FRL.

Of course, alternatively, one could just use the fact that homotopy equiva-
lences are isomorphisms in the homotopy category to arrive at the same results.

Finally, we need to verify that the composite of two cofibrations is again a
cofibration. To this end, suppose that we have fwo cofibrations

XAY)—-}E—-}W

and suppose that we are given the following commutative diagram:

hf k

X W Z
1(031/
IxX

We need {o construct a smooth J: J x W -+ Z making the following diagram
commute,

wW——sz

(0,1w)l /{‘T {*)
Ix W I X X

where K'(t,z) = K(o(t),z) for some 0 <e¢ < L and each t € I, z € X. But f
is a smooth cofibration, so given the following diagram, which clearly commutes

X__f_;,y“f."i_)g

(0,1x)l /

I'xX
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we may construct the following commutative diagram,

(G,l}'}l /{C,T

IxY e—7[xX
1yxjf

where K"(t,z) = K(af (t),z)) forsome 0 < €, < § and each t € ], and 7 € X.
Also, A is a smooth cofibration, so given the following commutative diagram

y—tew-tsz
(0,1y)l /
IxY

we have the following commutative diagram.

W—L—?*Z

o 7o) e

IxW=s=—I[xY
1r%xh

where F'(t,y) = F(ae,(t),y) forsome 0 < e2< §,and eacht € Jand y € Y.
Now we define J (¢, w) := H{¢,w). Then the left triangle of (x) commutes, since
the left triangle of (*+) commutes. The right triangle of (*} commutes:

J(t, hfe) = H(, hfz)
= P'(t, fa)
= Flag,(t), fz) (6.1)
= K"(ae, (1), 2)
= K{ae,(ae,(t)),z),z € X, and t € 1.
Thus if we set ¢ = a,'(¢;), then diagram (+) commutesfor the smooth braking
function a,: R — R,with o (t) = e, (a.,(t)). Notice that this smooth braking

function may not be a standard smooth braking function. Thus we have verified
axiom (C1).

6.2 Axiom (C2): Pushout axiom

For a cofibration

Br—s 4
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P
ot

and a map f: B — Y there exists the pushout in C

A——*AUBY

1.1

B—-—--a»

and 7 is a cofibration. Moreover:
{a) if fis a weak equivalence, so is 1,
(b) if i is a weak equivalence, so is 7.

If C has an initial object, denoted @, then we call an objest X in C &
cofibrant if § — X is a cofibration. The empty set, §, is an initial object in
FRL, and it is obvious that all objects are f-cofibrant,

It is shown in Baues [7] , Lemma 1.4, that in this situation axiom {C2}{b)
is redundant. Alternatively, if all objects in C are cofibrant, then Baues shows
that (C2)(b), (C1) and (C3) (discussed below) imply (C2)(a). Thus we only

verify (C2)(b), because all objects are f-cofibrant in FRL.
We now verify axiom (C2). Suppose that we are given a cofibration

B4

and a smooth map
B "'—j_>' y:
we define the adjunction space as usual,
AlgY = (AUY)/.

where ~ is the identification defined by setting () ~ F(b), for b € B, and
quotients are taken in FRL.
Define the smooth maps

FiA—= AUgY as fla)=[a],a € 4,

and - _ -
.Y > AUgY asi(y) =y}, y €Y,

where [a] denotes the equivalence class under the above identification.
We can then verify that we have the following pushout diagram in FRL,

A———j>-AUBY

oy
! Y

P S
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To verify that i is a smooth cofibration, suppose that we have a commutative
diagram

Y— > AUpY sz

(0,1y)i /

IxY
We wish to construct a commutative diag}am as follows,
AugY —1—> 7

(O,IAUBY)i B . G’T (% * %)
IxAllgY «—IxY
lrxe

where G'(t,y) = G(ae(t),y) forsome 0 < ¢ < §,andeacht € I, y €Y. But i
is a smooth cofibration, so since we have the following commutative diagram

Bt oA Y. 5
(O‘ls’l (o)

IxB

we may construct the following commutative diagram,

gf

A e F

mml / TGiaq(t),f(—)B

fo(I—.—-IxB
FXz

for some 0 < €; < §. We define F: I x (AL Y) — Z as follows
F(t,f(a)) = H(t,a),a € A

and .
F(tsg('y} = G(afz(i)y y}, yEeY.

(Note that an element of AUpg Y is either of the form f(a), for a € A, or i(y)
for y € Y, and we may distribute the Cartesian product over the adjunction,
by the Cartesian closedness of FRL).

We firstly verify that F is well defined.

Suppose that i(b) = f(b) for some b € B. Then

F(t,if(b)) = Glae, (1), £(8)) = H(2, (b)),

and

F(t, fi(b)) = H(t,i(b)),
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by definition.
Next we verify that the diagram (% * *) commutes:

F(Ouf(a)} = H(O)a) = gf(a): fora € A,

and
F0,1(y)) = G(0,y) = gily).

Thus the left triangle of (% «) commutes. The right triangle of (+* %) commutes
by definition of F', with € = ¢;. Finally, note that F is smooth since Cartesian
closedness allows us to distribute the Cartesian product over the adjunction,
and F is smooth on each component of the adjunction.

Finally, we need to show that if i is a weak equivalence, then so is 1. We
prove this via the following sequence of lemmas.

6.2.1. Lemma. If

B>—za~

18 a trivial cofibration, then B is a smooth deformation refract of A. It then
follows that B = i{B) in FRL under the map i.

Proof. Let j: A — B be a homotopy inverse to i. Let F: I x B —» B be the
homotopy giving ji ~p 1. We have the commutative diagram

B—sa4-1>p
(0}133‘1' /
I x B.

Since 1 is a cofibration, there exists the commutative diagram

A—? 5B

w7

IxA<—1IxB
FXs
where F’(t,b) = F(a.(t),b) for some 0 < ¢ < 1. Define k := G(1,-): A — B.
Notice that ki = 1g and that ik o2 {j ~ 14. Hence B is a retract of A. It now
follows that B = i(B) under i.

Let K: I x A — A be the smooth homotopy giving 14 ~ ik. Then K is a
deformation retraction of A onto #(B). To see this we need only observe that
K(0,-) =14 and K(1,~) = ik € i(B). Also K(1,i(b)) = iki(b) = i(b) gives B
as a retract of A, O

6.2.2. Lemma. If

B—1>4
is a trivial cofibration with the FCIP, then B is a strong deformation retract of
A,
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Proof. The previous lemma shows that we can identify B with i(B).

Let j: A — B be a smooth homotopy inverse of i. We have homotopies
F:IxXxB - Band G:IxA —> Agiving lgp ~p joiand 14 g i0],
respectively.

Since ¢ is a trivial cofibration, j is homotopic to a retraction, by Lemma
6.2.1, and so we might as weI% assume fmm tbe start that jisa retmcmon

{")W“‘ Fﬁ(d”ﬂ{ Ii" dmkwﬂ
‘ (,J ey by Theore:
)X PUK ) A

A routine verif
func Hmn m an

at:hmtm i c::ma:mm.a.; .H : E P 1 ? A. ,,E« he c.a.m.ﬂ va,luw, of .{[ m 8
strong retracting deformation.

8.2.3. Corollary. For a trivial cofibration

R i 4
the subspace B C ki of the mapping cybinder §; 15 ¢ strong deformuation retract
4.}}’ %
Proof. We know that B c-m% E,,- ia; an W\I DW pe‘miw, see Corollary 5.3.%, and hence

a cofibration with the FCI

where h s the inclusic tion given by
Lemma 6.2.1, and p is the weak equivalence mentioned in Section 4.5. Since
p and r are weak equivalences, so s B« I by axiom {C1). Apply Lemma
6.2.9. 7

we continue it is useful to examine the cons ion of the

semation H{1, -~} T x I -3 §; given by 'ﬁmmmm §.2.4.
i = rp, where p: I —» A 1s the map defined b

6.2.4. Mote.
strong refracting «
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o p(la]) =«
o p(ft, b)) = i(d),

which is obviously well defined, and r: A — B is the retraction given by Lemma
6.2.1. Then with the definitions of Lemma 6.2.2 we have

H(1,1,11,8]) = G(0, hj[1,b])
= G(0, hji(b))
= G(0, h(b))
= G(0,[0,8])
=[0,8]
= h(b}.

This observation will be of use later.

6.2.5. Lemma. Given the pushout diagram

A——-——f»AUBY

1

B——)—Y,

if B is a strong deformation retract of A, then 1 is a weak equivalence.

Proof. Let F: Ix A -+ A be the strong retracting deformation, with F(0,a) = ¢
and F(l,a) € i{(B). Define a map k: A = B by k{e) = i"'F(1,a). This
is smooth since ¢ is an isomorphism of B onto (B} by Lemma 6.2.1. Define
jtAUgY =Y by

1. j([e]) = fk(e) and

2. 7([y]) = v.

We show firstly that j is well-defined. Notice that for tnl, [ye] € ALY, we have
(1] = [yo] if and only if there exist b;,b € B with 3 = f(b1) and y2 = f{bs)
and i{b;) = i(by). Since i is injective, we deduce that [y1] = [y2] if and only if
y1 = y2. Thus part 2 of the definition of j makes sense.

For part 1, suppose that [a;] = [az]. Then there exist b;,by € B with
ay = (b)) and as = i(by), and f(b1) = f(b2). Then we have

i) = frith)
= FiT P (L))
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= f(b1)

= f(b2)

= fim F(1,i(b2))
= fki{bs)

= j([aa]).

Thus the first part of the definition of 7 makes sense. To see that § is well-defined
on the adjunction, notice that

3 ([i(0)]) = fri(b) = £(b) = F{[f(B)])-

Finally, we need to verify that 7 is indeed a homotopy inverse to ¢. We have

iy =i(lyl) = v.

On the other hand, - ~
: i (ly]) =iy) =y

Also, notice that 14 ~p-1 ik = i~ F (1, —), giving us
ijla = ifk = fik ~ F.

That is, 25([a]) = [e] for [¢] € AU Y. Notice that this smooth homotopy is
well-defined on the adjunction because F is a strong retracting deformation.
This completes the proof. J

6.2.6. Theorem. Given the pushout diggram

A—>AUpY

1t

B——Y,

where i is a cofibration, if | is a weak equivalence, then so is 1.

Proof. This proof deals with three different quotient spaces, namely the ad-
junction space Allg Y, the mapping cylinder of 1, I; and the double mapping
cylinder of ¢ and f, I; ;. See Definition 4.5.4. To make the proof easier to follow
we denote the elements of these spaces as follows. A point in the adjunction
AUpY is denoted by [a] or [y], where [i(b)] = [f(b)]. A point in the mapping
cylinder I; is denoted by {(a) or {t,b), where {1,b} = (i(b)). A point in the
double mapping cylinder I; ; is denoted by [a] or [t,b] or [b], where we have
[i(8)] = 1, b] and [£(8)] = [0, b].

For convenience we shall sometimes abuse this notation in the following way.
For example, suppose that © € I;. We shall sometimes say that [z] € I; y when
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we really mean that @ = (¢,b) or = = (a) and that [¢,b] or [a], respectively,
is an element in I; ;. We abuse notation with regard to the adjunction space
similarly.

Of course when using this notational convenience we are especially careful
to ensure that the equivalence relations are compatible in such a way that the
notation still makes sense. :

Consider the inclusion A: B «3 I;. This is a trivial cofibration with the
FCIP by Corollary 6.2.3, and thus h(B) is a strong deformation retract of I;.
We then have a homotopy F': I x I; — I; (rel A{B))}, with the properties that

e F(0,{(z})) = (z), and
» F(1,{z)) € h(B), where (z) € L.
Note 6.2.4 shows that we may choose F so that

F(L(i() = F(1,(1,8)

=(0,b) (*)
= h{d).
We have the following diagram
i; L

Ly
e

where & is the weak equivalence given by Lemma 6.2.5 and k is defined below.
We shall show that k is a weak equivalence, and that the right triangle is com-
mutative with our definition of &£. This will imply by axiom (C1) that z is a

weak equivalence.
Define P: I x I; y = L s by

o P(s,[a]) = [F(s,(a}}],
e P(s,[t,b]) = [F(s, ({,b))] and
o P(s,[y]) = [y].
We need to check that P is well-defined. We have

P(s, [4(b)]) = [F (s, (i(b)))]
= [F(s,{1,b)}] since F is well-defined on I.
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Also,

P(‘Sa [0: H) = [F(8> (01 b))]
= [0, b] since F is a homotopy rel h(B),
= [f(8)].

NowdeﬁneE'AUBY——}I;,f by
o k{[a]) = [F(1,(a)}] and
o k(ly]) = [y].

Notice that k is well-defined, since

k([i(8)]) = [F(1, G(6))]

= [h{b}] as seen in (x),
[£(5)]
E([£(B)])-

i

Define k: L;y — AUp Y by k(z) = [P(1,z)], for z € I; y. We now observe that
k is a homotopy inverse to k := [P(1,—)].
It is clear that P(0,~) = 11, , Notice that

P(1,[a]) = [F(1,(a))]

where F(1,(a)) € f(h(B)) C Ly, and hence kk([a}]) = k([a]) = P(1, [a]).
As above, we have P(1, [t,b]) = [F(1, {,b))], and so kk ([t, b]) = (1 [t,8]).

and P(1,[y]) = [y] = kk([y]). Thus 1y, , ~p kk.
For the other direction, first define ¢: I; y =+ AU Y by

e g([a]) = [a],
g([t,8]) = [f(b)] = [i(b)], and
g([y]) = [4]-

Observe that g is well defined, for 9 ([1,8]) = [i(®)] = ¢([i(B)]), and ¢([0,8]) =
LF(B)] = q([F(6)])-

Notice that we have
[a] = ¢P(0, [a]),
and
[v] = ¢P(0, [y]).
Thus Layzy = ¢P(0,]-1).
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Al the other endpoint we have
¢P(1,]a]) = [P(1,[a])] = kK([a]),

and
¢P(1,[y]) = [P(L, [y])] = k([]) = kE((y]).

Thus 140,y ~gp kk. Clearly, ko h =1.
We have shown that k is a weak equivalence. Since h is a weak equivalence
we deduce by axiom (C1) that z is a weak equivalence. -

6.3 Axiom (C3): C-Factorization axiom
For any morphism f: B — Y in C, there exists a commutative diagram

p——37 oy

S 7

where 7 is a cofibration and ¢ is a weak equivalence. We follow Doeraene [32]
and call this the C-factorization axiom, to distinguish it from the F-factorization
axiom discussed in Appendix A. We verify this axiom.

The following definition is paraphrased from Section 4.5.

6.3.1. Definition. Let f: B = Y be a smooth map. The smooth {(weakly
flattened) mapping cylinder I of f s defined by:

Iy=(@xB)UY)/~,

where ~ is the identification defined by setting (1,b) ~ f(8). We use [t,b] to
represent the image of (1,b) under the identification above, where t € I and
b € B. We use [y] to represent the image of y € Y under the identification
above.

We use the notation B C [y, 0xB C Iy interchangeably, and the notation y €
Iy or [y} € I} interchangeably, obtaining inclusions, ¢: B = Iy, and j: Y < I;.
One can quite easily show that i: B < (B} and j: Y < j(Y) are smooth
isomorphisms.

6.3.2. Definition. For a smooth map f: B =Y, define a map f: Iy =Y by:

F(1t,8]) = f(b), and f({y]) = v.

6.3.3. Lemma. For a smooth map f: B — Y, the map f: I — Y is smooth.
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Proof. Let g : (Ix B)UY — I be the identification map that identifies (1, ) and

f(b). Then fog:(IxB)UY 7Y is given by fogq(t,b) = f(b) and foqly)=v.
Since fogq is smooth on each component of the coproduct, it is smooth, and this
implies that f is smooth, by definition of the quotient structure. See Section

2.6. ]
6.3.4. Lemma. The map f: Iy =Y is a retraction of Iy onto Y C I;.

Proof. One has, 5 _
foily) =¥ =

Thus f is a retraction of Iy onto Y. O
6.3.5. Lemma. For a smooth map f: B — Y,
1y, ~jofily =1, (rel V).

Proof. Let 0 < ¢ < %. Define k:I; — Iy by

o k([t,b]) = [ac(t), 8], for [t,b] € I; and

o k() =yforyeY.
Now % is smooth since it is the compos1te of smooth maps, and

o o i)_Ofort<e and

e o ft)=1fort>1—¢

so k has the required zero derivative property, since k is independent of 1 for ¢

near 0 and ¢ near 1. ~
First we show k o jo f. Define a smooth homotopy H: I x Iy — Iy as

follows:

o H(s, [t,b]) = [(1~s)ac(t) +s,b], for s € ] and [t,b] € Iy, and

o H(s,[y]) = [3]-

Note that H 1s independent of ¢ for £ near 0 and ¢ near 1. Thus H has the

zero derivative property required of a functionon 7 x [,
We now verify smoothness of /. Consider the following diagram,

R—C»{X(HXB)quY—j»IxH’f—H-»Hf—Q-»]R

where ¢(}) is a structure curve given by either
c(A) = (s(A),2(A), (X)) or
o c(A) = (s(A), y(N).
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Also
(1= s(A))ae(t(N)) + s(A)t(A)

0

is smooth for ¢{A) # 0.
0,[t,b]) = [ac(t), 8], and J(L,[t,b]) = [t, 5], and so

We have J{
Ly =y k=g jo f,
which is the required result, where J~1(s,~} = J(1 — s, —). O

This gives us the commutative diagram

B—Lsy
l f

t Pl
Iy

The next result is adapted from the proof given by Spanier [114] for the
topological situation.

8.3.6. Lemma. Let B, Y be Frolicher spaces and f: B — Y be a smooth map.
Then the inclusion i: B < Iy is a smooth cofibration.

Proof. Suppose we are given the following commutative diagram
B——>1; s w
(Otlg)t
IxB

where W is a Frolicher space, and G and g are smooth maps.
We must show the existence of the dotted arrow in the following commutative
diagram
I ! ——-——'q-a— w
o
(m,}i 7 e
IxI; <% 1B
where G'(t, b) = G(ae(t), b) for some smooth braking function a; and each t € J
and be B.
We construct the homotopy H: I »x By — W as follows. Let 0 < ¢ < %
Define H by
H(s,[y) = g(ly]), foryeY,ser

2t~ s
——— s <N L2, 5EDR
s JFTME0Ss<n<a e
Glag, (s —a2t)),) if0< 2t <s< 1,b € B,
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where a. is a standard smooth braking function, and k. is the constant whose
exigtence is shown in Lemma 2.8.3.

We now prove that H is a smooth map. Firstly observe that for 0 < ¢ < 1
and 0 < s < 1, H is smooth on each of the two pieces defining it, since it is
the composite of smooth functions there. We need to verify smoothness of H
as 5 — 2t, and we need to verify the zero derivative property of H with respect
to the flattened mapping cylinder involved.

We first show smoothness as s — 2¢. To this end, let

R - I'x ((Hx B)UY)
be a structure curve. We have the following diagram.
R—>Ix (IxB)UY) —»IxI; Z o

We need to show that Hogoc: R — W is a structure curve on W. Now, the
structure curve ¢ is of the form

e(A) = (s(2), (), b(X)) or,

c(A) = (s(X),¥(V)).

For a structure curve of the second type, smoothness of H ¢ g o ¢ is clear, so
suppose we have a structure curve of the first type. In addition, assume that
for some a € R and 0 < 7, we have

s(A) <2t(N)ifa-np<A<a

s(A) > 2N ife<A<a+.
{In general, one must divide (a — 9, + 7} into subsets where each of these
conditions hold. The proof then proceeds similarly). We will also assume that

1 is sufficiently small so that s(A) — a.(2t(A)) < ke for a < A < a +75. We can
do this by Lernma 2.8.3. Then

2(X) — s(A)
=" Y

G(akc (s(\) - a€(2t(A))),b(A)) fo<A<atn

B ife—n<A<a
Hogoc(A) =

Now, observe that the mape;: R — 7 x I % B given by
(5(2), (1), b(N)) i A < a
1A} =
o (0, 22 b)) iAo

is also a structure curve, since t(a) = ’4(2,3)—, and so ¢; is continuous and piecewise

smooth, with the only possible point of non-smoothness occuring at A = a.
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Note that fora < A <a+7,

G (akt (s(x) — ae(s(A)), b(A))
= G(0,b(N)
= g([0,5())]),

and so

2(2) —s(3) .
Hoe(d) = Holer(N)] = {ﬂim,b(m)ﬁa—nmga
g([0,6(N]) fa<A<a+.

Thus, since ¢; is a structure curve, and g is a structure function on Iy, H is
smooth across the join where s = 2{, since 1t always the composite of smooth
functions in a neighbourhood of the join.

We need to show that H has the zero derivative property as{ — Jand t — 1.

Suppose that H is given by
({22 )
g 535’
2t 3

as t = 0. Then, since 0 < s < 2¢, we have s ~— 0 also. Thus, §=% =+ 0 ast — 0.
Since g has the zero derivative property, so does H in this case. If H is given

by

- Glak(s — ac(2)),b)

as t — 0, then a.(2t) = 0 for ¢ near 0, and so H is independent of ¢ for ¢ near
0, and so H has the zero derivative property in this case too.
Suppose ¢ — 1. Then eventually # is given by

2~ 5

9(l5—4D-

But £=¢ — ] as ¢ — 1. Since g has the zero derivative property here, so does
H.

This completes the verification that H is smooth. It is easy to verify that
H is the required smooth homotopy, and we have G'(s,8) = G, (s),8). O

Putting the above resulis together, we have the following commusative diagram,

where i is a cofibration and f is a weak equivalence. Thus axiom (C3) is verified.
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6.4 Axiom (C4): Axiom on fibrant models

Before stating this axiom, we need the following definition from Baues’ book
[7]-

6.4.1. Definition. An object R in a cofibration category C is colled a fibrant
model or fibrant if every trivial cofibration 1: R — ) admits a retraction
i —» R, ri= lg. :

The axiom on fibrant models is then the following. For each object X in C
there is a trivial cofibration

X>=> RX

where RX is fibrant. We call RX a fibrant model of X.

Lemma 6.2.1 shows that every object in FRL is fibrant, and thus every
object is its own fibrant model.

Hence axiom {C4) has been verified, since each object in FRL is its own
fibrant model, with the identity map the trivial cofibration,

6.5 Homotopy in FRL via the Cofibration Ax-
ioms

We now follow Baues [7], and construct axiomatically the notion of homotopy
in FRL, via the axioms above. We then show that this notion of homotopy
coincides with the usual notion of smooth homotopy defined in Chapter 4. See
also Cherenack [22] and Dugmore [36].

6.5.1. Definition. Suppose that
By A

is a smooth cofibration. By (C2) we have the pushout diagram

A
/ \
B push AllpA —-=2 A

NS

By (C8) we may factorize ¢ = [14,14]p (called the folding map) as follows

AUBA>#H¢—bA
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We also denote Iy by Ip A, in keeping with Baues’ notation, and call this object
a relative cylinder on
Be——s 4,

In our situation, the relative cylinders are always the mapping cylinders [y, We
will sometimes write iy or p, to accentuate the particular ¢ on which i or p
depend.

6.5.2. Definition. If

B~1> 4
is a smooth cofibration, then two maps a,8: A — X are called homotopic
relative B and we write o ~ § rel B if there is a commutative diagram

A Ugp A i=fig,i1]n H@

{0,818
H
X

where Iy is the relative cylinder of Definition 6.5.1. We call H a homotopy
from o to § (rel B).

6.5.3. Proposition. The notion of homotopy in Definition 6.5.2 coincides with
the usual notion of relative homotopy in FRL discussed in Chapler 4.

Proof. Let o: R — R be a smooth braking function with the properties
0ifi <

a(t) =
1ift >

L T N

Suppose we have a map H: [ x A — X such that
1. H{0,a) = fla), a € A,
2. H(1,a) = g(a), a € A and
3. H(t, i (b)) = fi(b) = gj(b), b€ B,
where .
ot

is a smooth cofibration.
Note that
Iy = [{(Ix A) Ugxp) (I x A)]/ ~,
e e
F Q

where P denotes the first copy of I x A and ¢ denotes the second copy of I x A4,
and ~ is the following quotient. For (1,a;) € P and (1,03} € ¢, we have
(1,&1) ~ (1,&2) ifa; = az.
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Comstruct F': [y — X as follows

H(a(%),a) if (t,0) € P
F([t,a]) et 1 : .
H(a(-2— + §),a) if{t,a) € Q.

One can easily see that F is well-defined, since F ([t, j(b)]) = f(j(b)) irrespective
of to which copy, P or @, [t,b] belongs.

The map F is smooth, since it is smooth on each component of the coproduct,
and the braking function gives it the zero derivative property required of the
flattened unit interval in the definition of I4.

Conversely, suppose that we have a commutative diagram

i=[io,d1]m

Aup A28 T

A4

X
We may define H: I x A— X by
Fla(2t),iola) f0< £ < %
H{t,e) = 1
Fla(2 — 2t},i1(a)) if 3< <i<l,
where the braking function o defined earlier ensures that H is smooth. i

6.5.4. Note. For an @-cofibrant object A, Baues [7] defines the sum of A and
an object Y, denoted by A+ Y as the pushout AUy Y. In the category FRL
all objects are @-cofibrant, and so we always have the following diagram

A— ALY

|

e

where A and Y are any two Frolicher spaces. Thus whenever we quote a result
of Baues that involves a sum A + Y, we replace this sum with the coproduct
AUY (a disjoint union) in FRL without further comment.

6.5.5. Definition. The axiomatic mapping cylinder Z; of a smooth map
f: A=Y is defined by the factorization of [ly, f: YUA Y

[y, f1: Y Ud>—>Tny g =2 —>Y.

Note that in general the smooth mapping cylinder Iy of a map f is not isomor-
phic to Zy. Thus we adopt the name axiomatic mapping cylinder for Z; to
distinguish between these two cylinders. However, as the next lemma indicates,
I and Zy are of the same smooth homotopy type.
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6.5.6. Lemma. Let f: A — Y be a smooth map. Then Iy and Z; are of the
same smooth homotopy type.

Proof. Note firstly, that
I;=(0xA) U, Y,

and
Zy =(Ix (AUY))Up, nY.

Define v: I; — Z5 by
L ofta)] = [t )] fort € I, a € 4,
2. y(lyh) =Myl foryeY.

Ity = f(a), then {(1, )] = [(1,a)] = [v} = 7([y}), 0 7 is well defined.
Next define £: Z; — Iy by

1. &[(t,a)]l =[(t,a)l fortel,a€ A,
2. €[,y =lylfortel,yey,

3. E([y) =1[y]foryeY.

Note that £[(1, y)] = [y] = £([y]) and £[(1, a)] = [(1,a)] = [4] = £([3]) if f(a) = v,
s0 £ 18 well defined.
Clearly 1y, = &vy: Iy = I;. Consider H: I x Z; — Z; defined as follows:

1. H(s,[(t,a)]) = [(t,a)] fort € I, a € 4,
2. H(s,[(t,9)]) = [(s + (1 = s)ac(t), y) for y € Y,
3. H(s,[y]) =y fory €Y.

Note that # (s, [(1,)]) = [(1,¥)] = [v] = H(s,[y]) and H(s,[(1,a)]) = [(1,a)] =
ly] = H(s,[y]), so H is well defined.

One can easily verify that H(0,—) ~ 1z, and H(1,~) = 7€, so I; >~ Z;.
Notice that one only has H(0, —) ~ 1z, because the braking function a.(t) in
part 2 of the definition of H needs to be deformed into the identity function.
This is easily done. O

6.6 The Cofibration Axioms in FRL,

To construct the smooth homotopy groups using the axioms, and to construct
the right Puppe sequence, we need to work in a pointed category. We will work
in the category FRUL. of Frolicher spaces with basepoint, and smooth basepoint
preserving maps. We must define cofibrations and weak equivalences in this
category and verify the necessary cofibration axioms before we can continue.
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6.6.1. Definition. A pointed smooth map H : IXX — Y is called a smooth ho-
motopy relative to xx f H{t,+x) = xy foreveryt € L. If f= H{0,~)}: X =Y
and g = H(1,-): X =Y then we write f ~g g (rel +).

6.6.2. Definition. A pointed smooth map
A—>B

is called a smooth cofibration if, corresponding to every commutative diagram
in FRL. of the form

A—tsp-tsz
l(o-l/
I'x A

where G is a homotopy relative to x4, there exists a commutative diagram in
FRL. of the form

(O,ls}l / TG'

IxBe——]xA
1rxd
where G': I x A — Z is given by G'(t,a) = G(o.(t),a) for some 0 < ¢ < 3, and
eacht e I, a e A.

Notice that the commutativity of the last diagram implies that F' is a ho-
motopy relative to *p.

6.6.3. Definition. A pointed smooth map p: A — B 1s called a weak equiv-
alence if there exists a pointed smooth map §: B — A such that

1. There exists a smooth homotopy H: I x A — A (rel x), such that
e H(0,a) =Pop, fora € A,
o H(l,a)=14 forac A.
2. There exists a smooth map G: I x B — B (rel x ), such that
e G(0,b) =poP forbe B,
o G(1,6)=1p forbe B,
One can readily verify the following useful fact.

6.6.4. Lemama. If fo, fi: A — B and go, g1: B — C with fo = go (rel x) and
go =~ g1 (rel x), then goo fo~ g1 0 f1 (rel x).
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We now define the pointed version of the smooth mapping cylinder, and
prove a few results that we will need when verifying the necessary cofibration
axioms.

6.6.5. Definition. Given a pointed smooth map f: B — Y, the reduced
{weakly flattened) mapping cylinder of f is

I; = (Ix BUY)/w,

where ~ is the relation defined by setting (1,b) ~ f(b) and (t,%5)} ~ (0,%5) for
everyt € I. We denote points in Iy by [¢,b] or [y], and the point [(0, *p)] = [#v]
15 taken as the basepoint of I;.

Although we use the same notation for the {weakly flattened) mapping cylin-
der and the reduced (weakly flattened) mapping cylinder, there should be no
possibility for confusion, since they are objects in different categories, and these

categories will be treated separately.
For ease of discussion, in this section we shall often omit the words ‘weakly

flattened’, since all mapping cylinders are the weakly flattened mapping cylin-
ders.

6.6.6. Definition. Given a map f: B~ Y, we define the following maps.
e The map i: B < [[; is given by i(b) = [0,b], for b€ B.
e The map j: Y < Iy is given by j{y) = [y], fory € Y.
» Tkeymap Fily = Y is given by f[t,8] = f(b) forb e B and fly] = y for
yE Y.

It is easy to show that ¢ and j are smooth isomorphisms onto their images
in I;, and that f is a well-defined pointed smooth map. We may prove the
following properties of the maps 4, 7 and f.

6.6.7. Lemma. 1. foi=f.
2 1, ~jof (relY).

Proof. Part 1 is obvious. For part 2, we can use the same smooth homotopy
that we used when proving the non-pointed version of this lemma {ie Lemma
6.3.5). ‘ 0

6.6.8. Lemma. The map i: B <3 [; 15 a pointed smooth coftbration.

Proof. If one locks through the proof of Lemma 6.3.6, one can verify that all
the maps involved are basepoint preserving maps if they are treated as maps in
FRL.. Thus the proof of this result is identical to the proof of Lemma6.3.6. O

(C1) Composition Axiom

The proof that this axiom holds in FRL, is identical to the proof for FRL,
except that we require all smooth maps to be basepoint preserving.
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(C2) Pushout Axiom

For this axiom one can simply observe that all the constructions of Section
6.2 may be transferred verbatim to the category FRL,, and all the maps used
become basepoint preserving maps. As sy is the initial object in FRL., we
need the fact that xx <+ X is a cofibration, which we prove below.

6.6.9. Lemma. For a pointed Frolicher space X the inclusion »x « X is a
cofibration.

Proof. Suppose we have a commutative diagram

D'¢ XQZ

]

IX*X

where (G is a smooth homotopy (rel x). Then, we may construct the commutative

diagram
X Z

(0,1){)1 / TG‘

lrx#
Ix X <——2]xs%x

where G'(t,*x) = Glae(t),*x), some 0 < € < %, and F is given by F(t,2) =
g(z). (|

(C3) C-Factorization Axiom

This axiom follows from Lemma 6.6.7 and Lemma 6.6.8.

(C4) Axiom on Fibrant Models

As before we need to show that there is a trivial cofibration from every object
in FRL. to a fibrant object, called a fibrant model. We show that every object
in FRL, is itself a fibrant model.

Suppose that

A>—t> B

is a trivial cofibration. Then there exists i: B —» A such that 75 ~¢g 1, (rel x).
We then have the following commutative diagram
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where G is a homotopy relative to * 4. But 7 is a smooth cofibration, so we may
construct the following commutative diagram

IxAal) B

where G'(t,—) = Gla(t),-), for 0 < ¢ < % Note that x4 = G'(t,%4) =
F(t,i(xa)) = F(t,+p) for every t € I, and so F is a smooth homotopy relative
to xg. Define r: B — A by r(b) = F(1,b) for b € B. Then r is a pointed
smooth map, since F is a homotopy relative to #g, and

ri(a) = F(1,i(a)) = G(1,a) = a.
Thus A is a fibrant model.

6.7 Homotopy Groups

In this section we define the homotopy groups of an object in FRL, axiomati-
cally, following Baues [7]. In section 6.8 we verify that these groups are isomor-
phic to those defined by Cherenack [22] and Dugmore [36].

6.7.1. Definition. We define the (weakly flattened) torus Ly X on an inclu-
sion Y X by the pushout diagram

L — D D1 ¢
-
¢
Xy X —sX
where ¢ = [1x,1x]y s the folding map, and the cofibration
XUy Xo—a1Ty

is obtained from the C-facterization of the folding map, as in Definition 6.5.1.

6.7.2. Definition. For an object A in FRL,, the (weakly flattened) supen-
sion LA of A is given by the pushout diagram

T T.A TA

o
Au,Aé * *

where ¢ = [14,14]. is the folding map and the cofibration

AU, ATy
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i5 obtained from the C-factorization of the folding map, as in definition 6.5.1.
We define inductively S" A = B(E"1A) forn > 1, £0A4 = A.

6.7.3. Definition. For n > 1, we define the homotopy groups
”r?(U) = [X"A,U] g

It is shown by Baues [7], using the cofibration axioms, that the n (U} are
groups.

6.7.4. Note. The usual n-th homotopy group in FRL, is given by

ma(X) = 73" (X) = [E"S°, X].

6.8 The Puppe Sequence

We now investigate the Puppe sequence that is constructued axiomatically by
Baues [7] using the cofibration axioms, and show that it is the same as the
‘usual’ Puppe sequence in FRL, found in Section 5.4.

6.8.1. Definition. Let A be a pointed smooth space. We define the (weakly
flattened) cone CA by the pushout

ﬂ¢——:-CA

I"v» Ij.ax
[*tlAI'

AUQA__>’A.

Here ¢ 15 the same ¢ as in Definition 6.7.2.
6.8.2. Definition. We now define the (weakly flattened) (axiomatic) map-
ping cone C; of a map f: B — A by the pushout diagram

CB —>C;
Ijs Iz‘
J
B e A

Note that we call this the axiomatic mapping cone to distinguish it from
the mapping cone Ty defined in Section 4.5. Baues shows in his book [7] that
one has the following right exact sequence in a cofibration category,

f

Bt atsc, L5

where g: Cy — T B is the quotient map that identifies all points (6] € Cy, b € B
to & point.
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We then have the induced sequence in hFRL,, the homotopy category of
FRL.:

fd-

s [BA, U] =L (G, U] = [A, U] [B,U]

We wish to show that this is the same as the sequence discussed in Section 5.4.
To do this it suffices to show that the suspension, and mapping cone defined in
5.4 are of the same homotopy type as those defined above.

Let X, Y be Frolicher spaces, with basepoints zg, yg, respectively, and let
f: X — Y be a smooth mapping. We denote the flattened suspension of X
as defined in Section 5.4 by £X. Recall that the flattened mapping cone of f,
defined in Section 4.5, is denoted T';.

6.8.3. Lemma. For g Frélicher space A, and a smooth map f, we have:
1. TA~TA, and
2. Cj - Tf.

Proof. We prove 1. Part 2 is similar,
One constructs the suspension £A via two pushouts. If one follows this

construction step by step, one can verify that
TA= (Ix AUIx A)/ ~,
s Q

where ~ represents a quotient. As indicated above, we denote the first copy of
Ix A by P and the second copy of I x A by ¢}. Thus any point in £X can be
written as [t;, a;] or [ta, ag], where (t1,a1) € P or (i3,a2) € @ and [t, a] is the
equivalence class of (¢, a) under the quotient ~.

One can verify that .
TA=Ix Af w,

where & represents the relation that identifies the set ({0,1} x A)U(Ix*4) toa
point. We represent a point in T Aby [t, a], where [t, a] represents the equivalence
class of (¢, a) under the quotient . It should be clear in the following whether
a point [¢, a] belongs to LA or L A.

Define a braking function a: I -+ IR with the properties:

Loa(t)y=0for0<t <%,
2. aft)=1for 2 <t <1,
3.0<a(t) <1,
Define v: ©A - ZA by
t
[Eé—),a] if[t,al€ P

- %,a} if[t,al € Q.



- CHAPTER 6. THE COFIBRATION AXIOMS ith]

One can easily verify that this mapping is well-defined.
We now define £: 24 — LA by

1
[a(2t),ale PiIfO <t <3
£t a] = 1
[a(2-2t),a] € Qif 5 i< 1.
We must show € ~ 155, and £y ~ 1p4. Note that
(a{2t)
fw;aé 32‘@{@{.}:
e Vi =t=3
2t o] = ;o W
- e 2) Pt ! <i<1
2 }ﬁ‘! 2 o P ¥
and -
[[aa(t)),dle Piflt,ale P
57’}) a] o } 7oy n "
{}i“\"jfﬂﬁ E-'C.'.é;,} it ;ﬁ}a}eﬂ;}

Construct H I xTA — TA as follows:
i i
ot (-9 22D o << )
Hs, It al) = oo
2200 1
st + (1= s){1 - %(2—”}1 1<,

P P

It is easy to verify that H is the required homotopy giving v§ o ) L
The case involving £+ is similar.




Chapter 7

The basic constructions of

differential geometry in
FRL

This short chapter defines the basic notions needed for the study of differential
geometry in the category FRL. In the two subsequent chapters we restrict
our attention to the differential geometry of Frolicher spaces that arise from
quotients on smooth manifolds.

7.1 The tangent cone of a Frolicher space
The tangent cone of a Frolicher space at a point was defined by Cherenack. See
[22], [24]. His definition is given below as Definition 7.1.1.

7.1.1. Definition. Let X be a Frolicher space and let z € X. The tangent
cone of X at the point ¢ is defined to be the set

TC: X = {ve: Fx »R:c€Cx, ¢(0) =z},
where, for a given ¢ € Cx with ¢(0) = z, we define

. foe(t)— foc(0)
v (f) = 23_{% 1 B
for each f € Fy. We call v, € TC, X o tangent vector even though TC,. X
is not,in general, a vector space. :

Notice that two different curves ¢; and ¢z could define the same tangent
vector, Ve, = Ve, .

7.1.2. Definition. Let (X,Cx, Fx) be a Frélicher space. A map v: Fx — R
is called a derivation at z € X if it is a linear map that satisfies the property

v(fg) = f(=)v(g) + v(f)g(z).

86
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The set of all derivations at a point z € X is called the tangent space at z of
the Frolicher space X, and is denoted T, X.

The tangent space at z € X is always a vector space. Notice that for
an n-dimensional smooth manifold M, the tangent space at z € M is an n-
dimensional vector space which coincides with the tangent cone TC, M.

The tangent cone TC, X at z of a Frolicher space X is contained in the
vector space Ty X. However, the tangent cone need not be a vector space, since
it is not necessarily closed under addition (although it is easy to see that the
tangent cone is always closed under scalar multiplication).

If we define

D = FRL(Fx,R),

we then see that the tangent cone TC, X C D and the tangent space T, X C D
each have a natural Frolicher structure which they inherit from the function
space D,

We shall often refer to the ‘m-dimensional tangent cone TC,X’. For our
purposes it is sufficient to define this dimension to be the topological dimension
of the underlying topological space. {See Definition 2.4.1 for the definition of
the underlying topology of a Frolicher space). Although we make this definition,
we shall only talk about the dimension of the tangent cone when the tangent
cone is a finite dimensional vector space.

7.1.3. Definition. Let X be a Frolicher space. Let
TCX ={(z,v)jz € X, ve TC, X}.

We call TCX the tangent cone bundle of X.
As TCX ¢ X x D, it has a natural Frolicher structure.

7.2 Manifolds

Whenever we refer to a manifold, we mean a Hausdorff ¢®-manifold. A sub-
manifold M of a Frolicher space X is a Frolicher subspace of X which is a
Hausdorff ¢®-manifold under the inherited Frolicher structure. Thus for us, the
statement ‘A is a submanifold of B’ does not imply that B is itself a manifold.

It has been shown that the category of smooth manifolds is a subcategory
of the category of Frélicher spaces. (See [22]). Briefly, the structure curves of
a smooth manifold M are exactly those curves ¢: R — M that are smooth in
the usual sense. Similarly, the structure functions are exactly those functions
f: M — R that are smooth in the usual sense.

If M is an m-dimensional manifold, and hence a Frolicher space, then at
every point z & M there is, as we saw above, an assoclated m-dimensional
vector space, called the tangent space at z. We denoted the tangent space of
M at z by T, M. We denote a basis for T, M by B M.
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Our definition of the tangent cone TC, X of a Frolicher space X at a point
z is modelled on a common method of defining the tangent space T, M of a
manifold A at a point a. It follows that for manifolds TC, M = T, M.

The following is a useful result concerning manifolds.

7.2.1. Theorem. Let V C M be an open subsef of the manifold M. Suppose
v -+ R 18 @ smooth map defined on V. Let U C V _be an open subsel of
V owith U C V. Then there erisis a smooth funciion f: M -+ R such that

Proof BV =M then we are done, so assume that V 3 M. Let W be an open
subset of V with W C V and U/ ¢ W. Suppose that f: V — R is a smooth
map. It is known {see, for example, Golubitsky and Guillemin [48], Chapter 1,

Corollary 4.7) that there exists a smooth function g: M — R such that

tifzel
glz) = OifzgW

Define f M — R by

fe) = 0 if otherwise.

. {j‘"(;lr)_q(m) e e W

J

smooth ﬁm(‘ﬁ(m fla: A =R &;mwwml‘y Hw above aewi eHﬂ us that any
smooth function f: U — R defined on an open neighbourhood of the closed set
A (in M) can be extended to f M -3 R so that § and [ coincide on A.

7.3 Some standard definitions

For completeness we now include some well known defimitions.

T.3.%, Definition. Let B and X be manifolds, and let w: E — X be a submer-
sion. Let Ey = w~ YU} for any subset U C X. We call E a family of vector
spaces over X of dimension k if, for every @ € X, E; {5 equipped with the
structure of a topological vector space over R, in the subspace topology that K,

wiherits from E.

. o v e y . " A I
T.5.2. Definition. Given a submersion E — X, a section of £ is a smooth
mapping s: X - E such that wos = 1x.

7.3.3. Definition. If £ 73 3 X are each families of vector spaces
over X, then a smooth map gb» E — F 18 a homomorphism if 9 0 ¢ = w1 and
¢: Ky — Fy is a vector space homomorphism for each z € X.

If ¢ is a diffeormorphism and a homomorphism, then we call ¢ an isomor-
phism of these famiies.
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7.3.4. Definition. Let V be a vector space, and suppose that X x V 53 X
is a family of vector spaces over X, where py s the projection onto the first
coordinate. We call X x V 2} X a product family. A family of vector spaces
is colled trivial if it is isomorphic to some product family.

7.3.5. Definition. Let E 5 X be a family of vector spaces over X. If each
z € X has an open neighbourhood U, so that Ey, -5 U, is a trivial family of
vector spaces, then we call E 5 X a vector bundle over X.

In other words, a vector bundle is a locally trivial family of vector spaces.
If a vector bundle is isomorphic to a product family, we call the vector bundle
trivial,

7.53.6. Definition. Let M be a manifold. Then we call

TM = || {z} x T:M

zeM

the tangent bundle to M. We denote the projection ento the first coordinate
by w:TM — M.

One can show that T can be given a manifold structure and then n defines
M to be a vector bundie over M. One can show that the Frolicher space
structure on T'A as a Frolicher subspace of M x IJ is isomorphic in FEL fo
the Frolicher space siructure on TM viewed as a manifold.

We define the analogous concept of a vector bundle over a Frolicher space
X in the obvicus way.

Notice that the tangent cone bundle, TCX of a Frolicher space X is not,
general, a vecior bundle over X.



Chapter 8

Finite-Set Quotients on a
Manifold

In this chapter we prove some results about the critical points of a function
defined on a Frolicher space which arises as the quotient space M/ A of a manifold
M by a finite subset 4 C M.

8.1 Some motivating examples

We present two examples. The first is an example of a Frolicher space with a
tangent cone at a point which is not a vector space. The second example is of
a Frolicher space which has a tangent cone which is a vector space, but where
the Frolicher space is not locally a manifold.

8.1.1. Example. Let Ry and R, each be a copy of the real line R, with the
usual Frolicher structures. Let Ry v R; denote the wedge product of Ry and R,
obtained by identifying the zeroes of each copy of R, as described previously.

Let
g RoglUR; — RoV R,

denote the identification map. Then, as we have seen before, f is smooth if,
and only if, f o ¢ is smooth.
One can easily show that there are Frolicher space isomorphisms

RQ = q(Ru) and Rl = q(ﬂ%l)

induced from g. 4

Thus f: Rg VR, = R is smooth if, and only if, flog,) and flgm,) are each
smooth real functions.

For any z € RoVR, with # 5 0, the Frolicher space RpVIR; has the structure
of a 1-dimensional manifold locally at z, so we are interested in the Frolicher
structure of Rg VR, at 0 e Rg VIR,

100
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We have characterized the functions on By V Ry, 50 we now characterize the
curves on Ry vV Ry,

Suppose that ¢: R — R VIR, is a structure curve on RoV R, with ¢(fp) = 0,
for some £ € R. Then we have the diagram

R——> Ry VR, _,f,,,m’

where foc: R -3 R is a smooth real function.

Either we have ¢(R) C ¢(R;}, for { = 0, 1, in which case ¢ can be any
smooth curve, or we have ¢(R) ¢ ¢(Rp) and c(R) & ¢(R;). If there exists a
neighbourhood U C R of ¢g such that e(U) C ¢{Rp) or ¢(U) C g{R;), then we
are effectively in the first situation.

So suppose that there is no neighbourhood of {; whose image under ¢ is
contained entirely in g{lRg) or in ¢{R;). Then any neighbourhood U C R of i
can be partitioned into three subsets

U=0uU*ull,
where
g(Ro) — {0}, if t € U°
o(t) € { {0}, ift e U*
g(Ry) — {0}, if t € U™.
Clearly U* is closed, and U°, U! are each open. Since the image of U under ¢
is not contained in q(IRg) or g(IR,), each of U and U' is non-empty.

. . . . . . P t .
Now, since f o ¢ is a smooth real function, the derivatives Jiﬁgtli_gl exist,
and

d(f o c)fto) _ o (fo0)(t) = (£ 0 c)(to)

dt toaty t -t
L pn 00 = (foc)(to)
t—+tg,tEU® t—1g
_ o 00 = (Foo)(to)
t—stg te? ity
= lim (fio e)(t) — (fio C)(tﬂ) )
t-stg lEl)? {—1p

In the last line above, we may replace the function f by a different smooth
function fi: Ro VR, — R, with fi(c(t)) = F(c(t)), (¢t € U*) since any function
g: R vIRy — R is smooth if and only if it is smooth on each of g{Ry) and ¢(R,)
separately. Thus in the last line above, the values of (f o¢c)(¢) for t € U* can be
taken constant irrespective of the values of (f o ¢)(t) for t € U°.

It is not difficult to see that

e(t) —c(to) _

ety tE€UC 1~ g ’
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and that
eft) —clto) _
tedig,tEUt t - 1p -

Thus one can take f to be f = Ix V &, firstly, where k == 0, and then, secondly,
take f =k V 1g to get

. d
lim g C(tg) = {

t-ptg tEUC
and
lim  Le(te) =0
dt vy T

tertg LU
We conclude that :I—l‘\n:l Zc(to) = 0. It follows from the chain rule that, for every
[+]
F € Fgovg,, foec: R — Ris a smooth real function with the property that
d(f <© C)(io} =0
dt ’

To summarize, a structure curve of Bo VIR at 0 is locally a smooth curve from

a subset of B to
Q(Ro) ot R,

or
Q(Rl) = R;

if ¢ is locally contained in either ¢(Rg) or g(R;), respectively. If ¢{tg) = 0 and
¢ is not locally contained in either ¢(Rg) or ¢(IRy), then we have W = 0.
In fact, it can easily be shown that all higher order derivatives of f o ¢ must be
zero at 1 too. We do not use this fact here.

Now that we know what the structure curves on Ry v R, look like, we are
ready to investigate the structure of the tangent cone at 0, TCo(RoVR;). Define
a subset of the structure curves on Rg VIR, C C Cgovr,, by

C = {c € Cryvg,| there exists to € R with ¢(to) = 0}.
We partition C into three subsets,

C® ={c € C : ¢ maps locally into ¢(Ro) at to},
C* ={c € C : ¢ maps locally into g(R,;) at £}, and
C*=C - (C°uch).

For any ¢ € C we have a derivation
Ve FROVRI —p R,

given by

welf) = lim 290 = (Foo)(to)

t—+tp t—~1g !
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for each f € F.
In part 2 above we showed that for any ¢ € C*, we have

0= 1im SO0 = (foc)(to)

t—+to t—1p

= v (f).

Thus all curves contained in C* define the zero derivation.
Let ¢ € C°, with v.(f) # 0, for some f € Fr,vg,. We have the diagram

f
R —> q(Ro) & R iqtmmR

Since ¢(Ro) = R, we may treat ¢ as a real function of one variable locally at 1,
and we have already observed that f|y(g,) is a real function of one variable, so
we get

(foc)(t) = (foc)(t)

ve(f) = tl—igt t—1g
_ df(e(to)) de(to)
T dz dt

Since we are assuming that v.(f} # 0 for some f € Fg,vr,, we conclude that

GfC(tQ)
5 # 0.

Let ¢; € C9 with ¢ci(t;) = 0. Tilen
(foer)t) = (foci)(t)

Ve, (f) = gif?x t— 1,
- df(01 (il)) dCl(il)
dz dt
_ df{efto)) des (1)
dx di
= df(c(tg) {ic(ig) (dcl(tl) dc(to))
dz dt dt dt

= u(p) (22l /9500)),

Thus the vector v, generates a l-dimensional vector space. In a similar way,
any non-zero vector defined by a curve in C* generates a different 1-dimensional
vector space. It is easy to verify that this vector space is different from the one
defined by curves in C° All one needs to observe is that a structure function
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can be chosen which assigns a constant value to points in g(R;) irrespective of
values on ¢{Rg).
Thus the tangent cone can be expressed as

TCo{R, \/Rl) =V vV V+,
where V'~ and V' are each distinct 1-dimensional vector spaces.

8.1.2. Example. Let R’ be the set R with the Frolicher structure generated
by the set containing the single function F = {f} where f(z) = |z|. This set
generates structure curves

Crr=IF={cR-R|foceC®R,R)}

Since

f(=z) - £(0)

lim =232 = 1 and lim =) - 10 _ 1,
z-30— x -0+ 3
each ¢ € I'F has the property that ¢(¢g) = 0 if ¢(t¢) = 0. Thus TCeR’ = 0.
Now let X = R'VIR, the wedge product obtained from IR’ and R by identifying
the zeroes of each space. Following the method of Example 8.1.1, we can verify
that TCy X is a 1-dimensional vector space, but X is not Euclidean near 0.

One can construct higher dimensional counter-examples in a similar way.
We have shown that the tangent cone of a Frolicher space need not be a vector
space, and even if it is a vector space, the Frolicher space need not look like a
manifold near that point.

8.2 R™-invertible pairs

8.2.1. Definition. Let X be a Frélicher space, and let ¢ € X. An R™-
invertible pair at z, which we denote (¢, fls,, 5 a pair (¢, f), where

¢: R™ — X is smooth, with c(ls) = 2, to € R™,

and f: X — R™ is smooth and such that the composite foc: R™ — R™ i5 a
smooth, locally invertible function at tg.

8.2.2. Theorem. Let X be g Prolicher space and let x € X. Suppose that
TC, X contains an m-dimensional vector subspace of T, X, and suppose that
there ezists a smooth map ¢: R™ — X, with c(a) = z, (a € R™), which induces
an injective map on the tangent cones. Then X admits an R™-invertible pair
at z. ‘

Proof. The set
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forms a basis for the tangent cone (=tangent space) at a € R™, and so the
image of this set under the injection c,: ToR™ — TC,X

8 8 o]
{ e a’;’, ...)C*%}(_:TC;-;X

1s a linearly independent subset of TC, X.
We claim that there exists a set of m structure functions on X,

{ngFX - P ,m},
with the property that

(0@ (A ... 5Z(fic)a)
2= (fo)(a) =(f)(a) ... (fr)(a)

z‘}(fle% ,fm)tz :
%(fmc}(a) aig;z(fmc)(a) e 8:?,,,, (fme)(a)
# 0.
To see this, suppose the converse. Then for any set {f; € Fx :i=1, ... , m},
of m structure functions on X, we have |J{fi, fo, ... , fm}| = 0. Expanding
the determinant by cofactors along the first row, we get
*J(fl; f?) sy me
= L (f1@Cn + (/i) (@)Cuz -+ 5o (ie)(a)C
= 3,1 gl 12 3z UL im
=0,
where {Ciy1, Ci2, ..., Cim} are the relevant cofactors in the expansion of the
determinant.

In particular, for every f; € Fy,

6—?5:(1‘16)(&)011 + “é%;(fxc)(a)cm +ot (fic)(a)Cim =0.  (+)

Oz
Note that each of the cofactors Cry, Cig, ... , Uim depends only on the m— 1
functions f3, fa, ... , fm, and so we may think of each of Cyy, Ci2, ..., Cimn
as being constant with respect to fi. Since the set
a a a
DT C
{C*é‘x;’c Jzy c‘&xm} cTC.X

is linearly independent, and {*} implies that Cy; = 0. Let us consider this
cofactor. We have

o (f20)(@) g5 (fec)(a) ... sZ(f0)(a)
o, (fac)(@)  g2;(fs0)(a) .. FEo(fsc)(a)

Chy = : : :
L (fm)(@) lmO)@) .. 5 (fme)(@)
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As before, we expand the determinant by cofactors along the first row to get
d d d
Cu= fa—z;(fzc)(“)czlz + ga(fzc)(a)czls +oot a—x;(fz‘?)(“)cém =0,

for all {fa, f3, ... , fm} C Fx, where
Cl,, Cls, ..., C3

are the relevant cofactors in the expansion of the determinant C;;. Again, note

that each of the cofactors Cl,, Cl,, ... , Ci, depends only on fs, fa, ... , fm,
and so we may think of each of Cl,, Cly, ... , C}, as being constant with
respect to fz. Since the set
8 a 5}
w Ty Ca Ty ey a2 O TC X
{" 822" Bzs ¢ 8wm} = e

is linearly independent, and 3 ( fac)(a) # 0, for some fa € Fx, we must have

Ciy=0.
Expanding C3, and continuing in this way, we find that

om-r s (fm-10)(a) az (fm-10)(a)
bm=1 = g,%;(fmf?)(a) 72— (fme)(a)
= oo Um=10)(@) 5o @) = 5o frn-1)(@): () 0)
=

for all frm-1, fm € Fx. But the set

d 0
{C*m, C."az;;} g TCxX

is hnearly mdependent and 52— ~(fm-1¢)(a) # 0, for some fp_1 € Fx. This
( fmec){a) = 0 for all f, € Fx. This is a contradiction, since

Co 5 8;1: # 0.
Now define f: X = R™ by f(z) = (fi(z), folz), ... , fm(z)}. We then
have the following sequence of maps.

!

R fm X ol R
Since |J{f1, f2, .-, fm)| # 0 is the detérminant of the transformation
(foc): R™ - R™,

we may apply the inverse function theorem for R™ to f o ¢. This implies that
there exists an open set V' C R™ such that foc: V — f(V) = W is a Frélicher
space isomorphism with f(V) open in R™. Hence (¢, f)a is an R™-invertible
pair at z. J
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Notice that if X admits an R™-invertible pair (¢, f);, at € X, and there exists
an open neighbourhood of z, U C X, onto which ¢ maps surjectively, then we
may invert ¢ locally at z. This implies that X is locally Euclidean at z. In
other words, X looks like an m-dimensional manifeld at z.

Equivalently, if f is injective on an open neighbourhood of z, then we may
invert f locally at f(z), and again we deduce that X looks like an m-dimensional
manifold at z.

8.2.3. Proposition. Let X be a Frolicher space with a non-zero tangent cone
at x € X. Then X admits an R-invertible pair ot x.

Proof. Since TC,X # 0, there exists some v, € TC,X such that v, # 0, where
¢ € Cx with ¢(to) = z, for some ¢o € R. This curve ¢ induces an injective map
¢ Te,R — TC,X. Apply Theorem 8.2.2 with m = 1. O

8.2.4. Definition. A smooth map g: X — Y is called

1. locally surjective at y € Y if there exists an open set V C Y containing
y, in the underlying topology such that g(g'l(V)) =V, and

2. locally injective at = € X if there exists an open set U C X containing
z, in the underlying topology such that gly is injective.

3. locally open at z € X if there exzists an open neighbourhood W of z in
the underlying topology on X such that glw is an open mapping.

8.2.5. Definition. Let X be a Frolicher space, and let (c, f):, be an R™-
invertible pair (m e N) at ¢ € X.

1. If m € N is the largest integer for which an R™-invertible pair exists at z,
then we say that the pair (¢, f), 15 maximal at z.

2. If ¢ is locally an open mapping at to, then we say that the pair (c, f)t, is
open at .

8.2.6. Proposition. Let X be a Frolicher space, and let (c, f);, be an R™-
invertible pair (m € N) at ¢ € X. The following are equivalent.

1. The pair {c, )i, is open at z.

. The mapping c is locally open at tg € R™.

2

8. The mapping c is locally surjective at z.
4. The mapping f is locally injective at z.
5

. The space X is locally m-dimensional Euclidean at .
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Proof. The equivalence of 1 and 2 is by definition.

It is clear from the definition that if ¢ is locally open at #g, then ¢ is locally
surjective at z, so 2 implies 3.

Since the composite f o ¢ is locally an isomorphism (in the category FRL)
on an open set containing ig, it follows from purely set-theoretic considerations
that 3 and 4 are equivalent, and that in either case both ¢ and f are, in fact,
local isomorphisms at 2y and z respectively.

It now follows that 3 implies 5, since if ¢ is locally surjective at z, then ¢
is a local isomorphism at g, by a set-theoretic argument. In other words X is
locally isomorphic to R™ at z.

Finally, 5 implies 2, since if X is locally Euclidean at z, then the map ¢,
which induces a bijective map of tangent cones at z, can be locally inverted by
the inverse function theorem for R™. O

8.2.7. Proposition. If X admits an R -invertible pair at ¢ € X, then there
exists a Frolicher subspace A C X, withz € A, which inherits an m-dimensional
Buclidean structure from X,

Proof. Let (e, f)¢, be the R™-invertible pair at z, with ¢{tg) = #. Then we have
the following diagram.
¢ f
R™ — X ——=R™..
There exists an open set V C R™ such that f oc is invertible on V. Let U =
(f oc)™!(V). This is an open set in R™ which contains {g. Let ¢{(U) C X have
the inherited Frolicher structure. The map ¢ is locally surjective at z € o(U)

in this inherited Frolicher structure, so Proposition 8.2.8 tells us that ¢(U) is
locally m-dimensional Euclidean at z. [

8.2.8. Proposition. Let X be a locally m-dimensional Euclidean Frilicher
space at some zo € X. There exists an R¥-invertible pair, (ck, fi)e, ot o € X,
for each integer 1 < k < m. The R™-invertible pair is mazimal.

Proof. Since X is locally m-dimensional Euclidean at zg, there exists an isomor-
phism ¢: U — V, where I/ is an open neighbourhood of R™, and V is an open
neighbourhood of #5. Suppose that ¢(ig) = zo, some tp € U. Let B.(to) C U
be an open ball with B.{to}) C U. Define a smooth braking function ¢: R ~» R
with the properties

o afty =1fort <5,
o 0 <aft)<lfor f<t<e,
e aft) =0fort>ec
We can use this to define a smooth mapping

e R™ sy X
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given by

¢ (a({t — io!)f 4 (1 - a(}t - igD)fo) ifi e Bf{ig)

o(t) =
« $(to) otherwise.

The map c is locally an isomorphism on Bg(fg). An isomorphism maps tangent

cones bijectively, so we may apply Theorem 8.2.2, allowing us to construct an

R™-invertible pair (¢, f)z,, where f: X — R™.

Define
ci: RE 5 R™
by
ce(ty, ta, ... te) =(t1, ta, ... , %, 0,0, ..., 0).
Define
fk:Rm—}Rk
by
felta, ta, o0ty tegr, o s tm) = (B, 82, -0, k).

Then (co ck, fx © f)i, is an RE-invertible pair.
The pair (¢, f)i, is maximal, since if there exists an R™*!-invertible pair
(¢™t1, fm+1y, | then the induced map of tangent cones

¢ T, R o T, X

is injective. This is a contradiction, since T;;R™*! is an (m + 1)-dimensional
vector space, while T, X is an m-dimensional vector space. O

The space X = R’V R in Example 8.1.2 above admits an R-invertible pair at 0
since it has a non-zero tangent cone there. We observed that X was not locally
Euclidean at 0, and so this shows that the mere existence of the R*-invertible
pairs in Proposition 8.2.8 is not sufficent to ensure that the space is locally
Euclidean. Thus the implication of Proposition 8.2.8 cannot be reversed.

8.2.9. Theorem. Let M be a manifold, and let ¢: M — X be a smooth
Frélicher map that induces an injective map g, : ToM — TCyq) X. Then there
is an open neighbourhood U of a, such that g{U) is m-dimensional Euclidean.

Proof. There exists a local isomorphism
v U — M,

where U is an open subset of R™. Then govy: U — gv(U) is a locally surjective
mapping which induces an injective map of the tangent cones. By Theorem
8.2.2 there exists f: gy(U) — R™ such that (g7, f), is an R™-invertible pair
at a. Since the composite g o+ is locally surjective, we conclude by Proposition
8.2.6 that g(U) is locally Euclidean at a € M. O
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8.3 The Inverse function theorem

The obvious inverse function theorem that one might expect to hold for Frolicher
spaces would be something like the following.

If a smooth map g: X =Y induces a bijective map g.: TC, X — TCy)Y at
a point £ € X, then there exvists an open neighbourhood of 9(z) on which the
map ¢ may be mverted

Such a theorem does not exist, as the following counter-example illustrates.

8.3.1. Example. Let X = R’V R be the Frolicher space defined in Example
8.1.2. The map

gR-RVR
given by g(¢) = ¢ € R induces a bijective map of tangent cones at 0, but is not
locally invertible there, since the space X is not locally Euclidean at 0.

8.3.2. Proposition. Let X = Ry VR, Suppose g: X — X induces o bijec-
tion g.: TCy X — TCy5)X for some z € X. Then g is locally a Frolicher
isomorphism at z € X,

Proof. We know from Example 8.1.1 that TC, X is a 1-dimensional vector space
at all points £ € X, except at z = 0 where TC,X = V™~ U V*, the union of
two 1-dimensional vector spaces. So we may apply the usual inverse function
theorem for manifolds at each z € X, except when ¢ = 0. We describe this case

below.
If £ = 0, then g(z) = 0, since otherwise TCyn X #V- U V+. Let
1g: Bp —» Ro LR,

and

i1: Ry — R U R,
denote the inclusions into the coproduct. We summarise the situation in the
following diagram

Rg

\

R U R, —LRQVR1—Q>RQVR1.

P

Ry

Each of the inclusions 4y, 17 induces a bijective map on the tangent spaces. The
quotient map ¢ induces an injective map of tangent cones in this case and g
induces a bijective map of tangent cones, by hypothesis. Thus each composite,
gogoiy and g o g0 induces an injective map on the tangent cones.
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By Theorem 8.2.9, there exist open sets Iy C Ry and U; C Ry, with 0 € Up
and 0 € U; such that ggio(Us) and ggi, (U1) are 1-dimensional Euclidean spaces.

We must have ggio(Us)Nggi (U1) = {0}, since otherwise g would not induce
a bijective map of tangent cones. Thus we have either

99i0(Uo) C Ry and gqi; (U1) C Ry,

or
99i0(Us) C Ry and ggi1 (Uh) C Ry,

The two cases are similar, so we assume the first. We may apply the inverse
function theorem for real functions of one variable to each of ggip and ggi; at §,
to get open sets Vy C ¢¢io(Up) of Ro and V; C ggéi(U1) of Ry each containing
0, on which we may invert ggip and ggé;. This gives us the following diagram.

Us (9980}~ Vo C Ro

RoUR, — >Ry VR, —%> Ry VIR,

: - VWCR
U {g9i1)™* L=

The set gio(Vo) U gi1(V1) is open in Ro V Ry, Define
g gio(Vo) U gin (Vi) = RoVIR;

by
@)= {qio@m)-*(z) if 2 = gioft)
gir(9gia) 71 (1) if = = gia (1)

We may generalise the above theorem, to get the following.

8.3.3. Proposition. Let X = M VN, (M, N smooth manifolds of dimension
m and n, respectively), be the space defined by identifying a point in M with a
point in N. Suppose ¢: X — X induces a bijection

9s: TCx X — TCy) X

for some z € X. Then g is locally a Frélicher isomorphism at x € X.
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8.4 Critical points of a smooth mapping

8.4.1. Definition. Let g: X — Y be a smooth mapping between Frolicher
spaces. We say that g has a eritical point at z € X if the induced map

g TC X = TCyr)Y
is not surjective. For such z, we call g(z) a critical value of g.
8.4.2. Lemma. Let A be a finite subset of a manifold M. Let
g M- M/A
be the quotient map. If, for a € A, a smooth map
g M/A-Y

has a critical point at [a] € M[A then g o g has a critical point at each x €
-1
g™ ([a))-

Proof. The composition of smooth maps

induces a composite of maps on the tangent cones,
ToM —5 TCM/A L5 TCyay Y
for each ¢ € A. Since g. is not surjective, the composite

(gogl=gsogqe
is not surjective for any a € A. I

8.4.3. Proposition. Let A bé a finite subset of the m-dimensional manifold
M. Let
g M- M/A

be the quotient map. A smooth real-valued funciion
g M/A >R

has a critical point at [a] € M/A if, and only if,
gog: M R

has a critical point af each a € A.
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Proof. Suppose that f: M/A — R has a critical point at [a]. Applying Propo-
sition 8.4.2, we deduce that
gog: M =R

has a critical point at each a € A.
Conversely, suppose that g o ¢: M -+ B has a critical point at each a € A.
Let v, € TCp,)M/A. One sees readily that (see Example 8.1.1)

k
TCyM/A=\/ V*

ful

where each V? is an m-dimensional vector space. Hence there exists 1 < i < k
such that v € V*. Thus, for some ¢ € A, there exists some vl, € T, M such

that v, = ¢.{v./), and so
) fa(vc} = fa-(?*(vgf))

= (f o g)u(ver)
- {)



Chapter 9

Submanifold Quotients on a
Manifold

In this chapter we investigate the structure of Frolicher spaces which arise from
a quotient of the form M/A, where A C M is a submanifold of a manifold M.
Throughout the chapter A denotes a compact k-dimensional submanifold of an
m-dimensional manifold M, and ¢: M — M/ A denotes the set quotient map
with M/A equipped with the quotient Frolicher structure. Of course, M/A is
not a manifold, in general.

9.1 Submanifolds

In this section we prove a few technical results that will be used in subsequent
sections of this chapter.

9.1.1. Proposition. Let A be o submanifold of a smooth manifold M. Given
a € A, there exists an open neighbourhood U of a in M, and & diffeemorphism

¢=1(¢1, b2, ..., ¢m): U = R™
such that ¢(a) = 0, and

¢(z) = (d1(z), ¢alz), ..., d(z), 0, ..., 0),

m-k times
ifand only if z € U N A.

Proof. Let F -5 A be a tubular neighbourhood of A in M, and let £: E — M
be the associated diffeomorphism between E and an open submanifold of M.
A tubular neighbourhood can be shown to be isomorphic to the normal bundle
to A in M. See Hirsch [58] for definitions and further references. Choose
a € A. Each fibre of the normal bundle has dimension m — k&, and since a

114
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tubular neighbourhood is a locally trivial family of vector spaces, there is an
open neighbourhood W of a contained in £(E) such that £-1(W) = V) x Vs,
where Vi is an open neighbourhood in A and V; is an open neighbourhood in
R™-% Let ¢: Z — R™ be a coordinate patch containing a, small enough that
AN Z is diffeomorphic to an open neighbourhood of 1(a) in R*, and shifted if
necessary, so that a is identified with the origin of R*. Let x: AN Z — V3, be
this diffeomorphism where V3 is an open set in R¥,

Let U =¢ (5'1(W) Nn{EHANZ) x Vg)) and define

¢:U—=R™

by

d(z) = (x, Igm-x) 0 £~ 1{z), for each z € U.
o={¢, ¢z, ..., ®m), then the fact that £ identifies A with the zero section
of the bundle E 5 A gives us the property that

(}5((1) - (@1((3), ‘352(3% sty ‘vﬁk{a’)s 0, ..., 0):

m-k times

foreacha e UNA. ]

9.1.2. Proposition. The map |
glr-a: (M~ A) = (M/A - {[d]})
is a diffeomorphism of manifolds.

Proof. By definition ¢ is a smooth bijection on M — A. It remains only to prove
that

¢ nmsa-qany: (M/A = {[a]}) = (M - 4)
is smooth.

Let ¢: R — M/A — {[a]} be a structure curve on M/A — {[a]}, given by
c(t) = [z(t)]. Then ¢~ oc(t) = ¢ {z(t)] = z(¢). We must show that z(t) is a
structure curve on M — A.

_ To this end, let f: M — A — R be a structure function. Then
f: M/A—{[a]} - R, given by f([m]) = f(m) is smooth, since fog = f. Thus,

foqtoc(t) = f(z(t))

- (=)
= foc(t).

But f is a structure function and ¢ is a structure curve on M — A, and so the
composite is a smooth real function. O
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9.2 The structure of the tangent cone

In this section we investigate the structure of the tangent cone of M/A at the
identified point [a], a € A.

9.2.1. Lemma. Let B, A be a basis for T, A contained in a basis B,M of
TsM. For each a € A,

¢ (ToM) = span (q.(BaM — B,A)),
where q,: ToM — TC M/ A is the induced map of tangent cones.
Proof. Let a € A. 1t is clear that
span (q.(BoM — B,A)) C ¢.(T M).
We show the reverse inclusion. Abusing notation somewhat, suppose that
BoA = {ve,, Veyy -, Ve b

and that
BoM = {ve,, Yoy, -+ s Veus Vergys -+ s Vem b

where .¢;: R — M are structure curves with the property that ¢;(R) C A for
1 < ¢ < k. These bases can be chosen in this way, because the Frolicher structure
on the submanifold A is generated by the structure curves on M that lie entirely
within A. Here T, A = TC A and T, M = TC,A.

Let v, € T, M. Then there exist constants oy, as, ... , &m € R such that

Yo = O Ve, + Qolp, - <+ GmUe,, .
Let f € Fpgpa. For each basic vector v.,, we have

(fogoa)(t) = (fogoc)(0)
[

0 (v2)(f) = lim
If e;{R) C A, then g o ¢;{t) = [a] (constant), and so
fim Y 0g0)t) = (fogoc)0) _ o

t-s0 1

Thus, using the linearity of ¢.,

ge(Ve) = k19 (Vorg ) + kg 20a (Verya) + -+ @m@u(ve,, )

O

8.2.2. Lemma. Let vo € ker (g.). Then v(f) = 0 for every f € Fyy that is
constant on A.
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Proof. Let g € Fary4. Then

0 = qu(ve)(g)
— Jim 9 290¢)(t) —gogoc(D)
bt 1 :
= ve(g o g).

This shows that v.(f) = 0 if f is of the form g o g for some g € Far/4. In section
2.6 it is shown that every function on M that is constant over A can be factored
through the quotient map in this way. ]

9.2.3. Lemma. For each a € A,
ker {g.) C T A.

Proof. Let a € A and let v € ker {g.). This means that v, € T, M, and that
g«(vc) = 0. We wish to show that v, € T A.

Applying Lemma 9.1.1, choose a neighbourhood U of @ in M, and a diffeo-
morphism

¢:(¢13¢2) ey ¢m)'U—)}Rm

such that
¢($} = (él(l’): ¢2(23), ceey ék(m)a O) seny 0):
) m-k times
for each z € U N A, with ¢{a) = 0.
Now,
(2 92 9
fxy' Bzy’ T Bapy,

is a basis for the tangent space Ty()R™. Define

a. .
vgzqﬁ:l(é‘—a),zzl, ..., I

Then {vy, v2, ..., U} is a basis for the tangent space T, M, and {v{, ve, ..., vg}
is a basis for the tangent space T A, a vector subspace of T, M.
Let € > 0 be small enough that B.(0) C ¢(U). Define a smooth braking
function «: R — R by
2
€
1ift < =
i< i
— 2
aft) = 0ift> 5
4
0 < aft) <1 otherwise.
Let D:R™ — R be given by

D) =ti+t3+ - +1h,
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where ¢ = (ty, t2, ..., tm). Next, define 7: R™ — R™ by

() = (Q(D@))zl, (D), .., a(D(g))tm>.

Notice that T'(¢) € ¢(U) for each t € R™, and for ¢ sufficiently close to the
origin, the mapping T is the identity.

Suppose that _
m
Vp = ZO{;‘U{.
fzxl

Define é: R — ¢{U) by
é(t) = T(O, 0, ..., 0, axmit, ..., anll
s st
k times

It is clear that ¢ is smooth, and notice that for ¢ sufficiently close to zero,

ét)=(0,0, ... ,0, agqil, ... , amt),
k times

since T is the identity mapping on R™ near §. Clearly

e a
vp = E Ot
§=1 (9:8,’
We may deduce that

(671 )alve) = " aivi = ve.
F=3 1

j 3eoed

Now, let f € Fyr. Define f: B.(0) —» R by
fO)=Fod  oT(0,0, ..., 0, tks1, ... , bm)
N, pronasnans?

k times

Notice that for D(t) < %;, we have

flt, ta, o tm) =F0d™ 50,0, ..., 0, txg1y -, Em).
& ti
jmes
Observe that for i =k + 1, ..., m, we have
i1 times
~ it o
§f(.0.) . f{0,0,.‘.,O,i,0,0,...,O}-“f(Q)
= lim
Jx; 0 t
i-1 times
st -,
. hm (foé—l)(ﬂy 01 ray 0; g: 01 0) ey 0) - (ngb_l)(_Q)
Tt b4

_ 30970
333;
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Using this fact, we have

= OF (8(0) 82:(0)

- ; dz; ot
™ 8f(&0

- > ol

iz=k+1 0z

o~ O(foe7)(e(0
_ 3 o o)

k41 Oz
_d(fo47 0 8)(0)
- di
= ve(f o™ 1).

Also, for D(t) > 3‘%2, we have f constant, and in addition f is constant on

(AN U)N B(0). N
Thus we may extend f to the whole of ¢{IJ} by defining

o) = {fm it 2 € Be(0)

F{0) otherwise.
This mapping is smooth. Now we construct a new mapping fi € Fys by defining
fod(z)ifzeU
filz) = . .
f{a) otherwise.

Again, it is easy fo see that this map is smooth. Now, since f; is a function on
M that is constant on A, we have

0 = ve{f1)
= Zaivi(fl)
faz=1

"

= Z a;v;i{f1) (fi constant on A),

izk41
= (¢7Y)«(ve) (1)
. (fieg o d)(t) ~ (fiog ™! 0 &)(0)

-0 i
i S o#087 0 8)(t) = (Fod 047" 0 8)(0)
t—30 i
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=ve(fog™")
= (67 ) (we)(f).

Since (¢ 1. (ve)(f) = 0 for each f € Fy, and
m
(67 Ne(ve) = D aimi,
fmk41
by definition of é, we must have ag41 = -+ = o = 0. Thus

k
v, = Zaw; e T, A.

i=1
(]

9.2.4. Lemma. For each a € A, the set of tangent vectors q,(B,M — By A) is
linearly independent.

Proof. Suppose that
BoM = {v,, veyy - 1 Yoy, Yepprs v 3 Ve by

where ¢;: R — M are structure curves with the property that ¢;(R) C A for
1 < i < k, and the vectors defined by these curves form a basis for To A. Then,
as we observed in the proof of Lemma 8.2.1,

gel{ve,) =0, for 1 <i< k.
Suppose that there exist constants Sxs1, Bs+2, .- , Om € R such that
Brea1@s (Vepyr ) + Brt2ga(Vepyn) + -+ Brmgalve, ) = 0.
Then we have

0 g (ﬁk+1vck+1 + ﬁk+2vck+z et gmvcm)
=a(ve), say.

By Lemma 9.2.3, v, € T;A, and so v, = 0, since none of the vectors

{ve;li=k+1, ..., m}
is a basis element for T; A. This implies that each
B;=0,=k+1, ...,m),
since the
?-"C_,’x (j: l: D 3m)

are elements of the basis for T M. [
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9.2.5. Corollary. For each a € A,
¢.(ToM) = span (q.(B,M — B,A)),
is an m — k-dimensional vector space.
Proof. The result follows from Lemma 9.2.1 and Lemma 9.2.4. ]
9.2.6. Corollary.

L span (g.(BaM) — q.(B,A)) C TCyM/A.
ach

Proof. For each a € A, the induced map g. is injective, and
g.(To M) C TC )M/ A.
From Lemma 9.2.1 and Corollary 9.2.5, we know that

¢.(TsM) = span (g.(BaM — BA))
= span (g.(BsM) — ¢.(B;A)).

Thus
U span (4.(BaM) - 0.(BaA)) = | J 0.(Tat)
agA . ¥
C TCigM/A.

9.2.7. Lemma.

TCM/AC |} span (q.(BaM) — q.(BaA)).
[1F

Proof. Let v, € TCaM/A. If v, = 0, then we are done, so assume that v, # 0.
We have
(foc)({t) — (foc)(0)
i

ve(f) = lim

t-0

for every.f € Fprja. Since we are assuming that v, # 0, there must be an open
interval

U={~¢¢}, (e >0),
such that
(U - {0}) = e((<,0) U (0,¢)) C M/A - {[a]}.
The quotient map ¢: M — M/A is a diffeomorphism on M — A, and so
(47 0 )(=¢,0) and (42 0 9)(0,¢)

each represent parts of a smooth curve on M.
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Let {tn}, (n € N, t, # 0) be a sequence of real numbers converging to 0.
Notice that since ¢(0) = [a], every open neighbourhood of [e] contains

c(—n,n) some 0 < 5 < e.
This implies that every open neighbourhood of A contains
(g7 oc)(~n,0)U (g7 oc)(0,n) some 0 < 7 < e.

Thus every open neighbourhood of A contains the tail of the sequence {(¢~* o ¢)(t)}.
Cover the compact manifold A by finitely many coordinate patches of M

(Wl1<p< P, PEN].

The union

P

Uw, 24

pe=zl
is an open neighbourhocod of A, and thus contains the tail of the sequence
{(g7* o ¢){ta)}. Since there are only a finite number of neighbourhoods in
this union, there is a W, which contains infinitely many of the elements of
the sequence {(¢7! o c}(t,)}. But the closure, W, of this W, is a compact
Hausdorff set, and is thus sequentially compact. (See Kelley [75]). This means
that a subsequence of {{(¢g™" o ¢}(t,)} converges to a point in W,.

Denote this convergent subsequence by

{(g7% 0 c)(tn,)}, j EN.

We have
lim ¢(tn,) = lim ¢{t,) = c(0) = [a].

Jroo 34 00

This implies that '
jlgﬁ)(q‘l oc)(tn;) € A.
Define
a0 = Jim (47 0 ¢)(tn,):
Use Proposition 9.1.1 to find a neighbourhood I/ of ag in M, and a diffeo-
morphism

¢:(¢1:¢2; weiy ¢m):U‘—)’H§m
such that ¢{ag) = 0, and

¢{z) = (q&l(:c),q;ﬁz(x), oo d(x), 0, ., 0),

m-—Fk times

foreachz € UNA.
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Let f € Fagza. Then, for t # 0,

d(foc)(t) _d(fogogtoc)(t)
dt dt
_d(fogoglogogloc)(t)

dt
_ i 8(foqo¢ )((pog ™t oc)(t)) d(¢i 0 g=" o c)(t)

i=1 3¢‘ dt
Since f and ¢ are smooth, the limit
d tn,
p Ao W) _ o dif o )ltny)
t—0 dt =00 dt

exists. Since ¢; is smooth and hence continuous, we deduce that

Li = lim dgiog™ °0){tny)
j-ro0 dt

exists foreachi=1, ..., m.
Now define the straight line I: R — R™ by

I(t) = (L1t Lot, ..., Limt).

Use a suitable braking function (a function like 7: R™ — R™ of Lemma 9.2.3
will do) to truncate the ends of the line [ so that the resulting curve remains in
¢(U), but so that ! is unchanged near ¢ = (. Suppose that this truncated line,
*: R — R™, is given by

P = (2100, 2300, -, zn(t)-

Then ¢~ ol: R — M is a structure curve in M, and

(fogog~tol)(t) — (fogo ™t o l(0)

s (vg=100) (f) = lim

t—0 t
o 0(fego g (Itn,)) d(=}(tn,))
D a
o 0(fegodTY)(i(tny)
—‘X:;Jl-lfg) 8&8: L)
_ d(f2)(0)
dt

= velf)-

But v, = . (vg-14/)€ span (g.(BoM) — q.(B,A)) by Lemma 9.2.1. O
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Combining these results, we have the following theorem..

9.2.8. Theorem.

TCgM/A= || span (¢.(BaM) — g.(B,A)).
aEA




Appendix A

The fibration axio
FRL

In this chapter we state and verify Baues’ {see [7]) axioms for a fibration
category. Before we investigate the axioms we define a few concepts in the
next section that we shall need when verifying the fibration axioms.

A.1 Fibrations and fibre homotopy in FRL

First, we define the notion of sinooth fibration.
A.1.1. Definition. A smooth map
e
1s called a smooth fibration if, given commutative diagram of the form

i)

& i B

(le,,:! % \ip
¥ y

Ixz-—t>pB
there exists a commuiative diagram of the form
!

A,

I % Z

Z

ey

(0.1}

s

where F'(t,2) = F(a.(t),z), for some 0 < ¢ < & and some smooth braking
function oo R — R,
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A.1.2. Definition. Let p: E — B be a smooth fibration. A smooth homotopy
H:Ix X — E is called a fibre homotopy over B if pH(t,z) = pH(0,z) for
alite ]

A.1.3. Definition. A fibration category is a category C together with a
class of morphisms, denoted fib, called the fibrations, and a class of morphisms,
denoted we, called the weak equivalences which satisfy azioms (F1), (F2),
(F8) and (F4) described below. We define trivial fibrations to be morphisms
which are both fibrations and weak equivalences.

We will verify that FRL, with the class of smooth fibrations and smooth
homotopy equivalences defined above, is a fibration category.

A.2 Axiom (F1): Composition axiom
Isomorphisms are frivial fibrations. For any two maps

a—1-p-tsc,
if any two of f, g, gf are weak equivalences, so is the third. The composite of
fibrations is a fibration.

We now verify this axiom for FRL. Note that when we verified axiom (C1)
for a cofibration category, we verified that if any two of f, ¢ and ¢gf are weak
equivalences, then so is the third.

Smooth isomorphisms are clearly weak equivalences. They are also smooth
fibrations, for if p: E — B is a smooth isomorphism, and we are given a
commutative diagram of the form

E
(0,12)1 l

IxZ--—>—B

[

then we may define G: I x Z = E by G(t,2) = p~' o F(a.(t), z), for any
0<e< % some smooth braking function o, R =+ R, and each t € 7, z € Z.
Then the following diagram clearly commutes

Z E
(Q$1z)l lp
r . B

I % Z —im

s

where F'(t,2) = F(e(t), z).
Finally, suppose that

E-p and B—L»(
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are smooth fibrations. Suppose we are given the commutative diagram below.

Z———)'E

Po
T
C

Since p is a smooth fibration, we have the commutative diagram,

(0,12}

T

)

VA E

Po
T
C

- where F'(t,z) = F(a,(t),2) for some 0 < ¢; < %, and some smooth braking
function a,,: R — R. Since pg is a smooth fibration, we have the commutative
diagram

O lz)

\

T

Fi

7—L g

(0,1 )l / Po

— B

where G'(t,2) = G(a,(t), 2) for some 0 < €3 < 3, and some smooth braking

function a.,.
We have

popoo H(t,z) =poG'(t,2)
=poGlae, (t)) Z)
= F,(at’:(tL 2)
= Flae, (e, (1)), 1)
= F"(t,z),

where FY(t,z) = Flae,(t),z), and €3 = min(e;,¢2), for the smooth braking
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function ac,(t) = a, (o, (t)). This gives us the commutative diagram

!

B W 1)

and so po pp is a smooth fibration.

A.3 Axiom (F2): Pullback axiom

For any fibration
E-L»B
and map f: B’ — B there exists the pullback in C

E

B'XBE—f—>E

Vo

B ———> B

and p' is a fibration {which we sometimes call the fibration induced from p by
). Moreover:

(a) if f is a weak equivalence, so is f
(b) if p is a weak equivalence, so is p'.

If C has a final object, denoted e, then we call an object X in C e-fibrant if the
unique map X — e is a fibration. The axioms (F1), (F2)(b), and (F3) imply
axiom (F2)(a) if all objects are e-fibrant in C. (See Baues [7]). We show below
that all objects in FRL are indeed e-fibrant, and so we do not verify part (a)
of this axiom.

We now verify the pullback axiom for FRL. The one point space # is a final
object in FRL, and it is easy to see that all objects in FRL are x-fibrant. Given
a commutative diagram,

H

& e [

(ovlz)l l

I Z ——>=
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define G : I'xZ — E by G(t,2) = f(z) for z € Z. Then G is a smooth homotopy,
and the diagram
© 1Z)l / l
P
comrutes,
One can easily verify that pullbacks exist in FRL, and that the pullback
B x g F above is a subset of B x E:

B' xp E = {(V/,e)|f(t) = p(e)},

with the Frolicher subspace structure. The maps p’ and f’ are the usual pro-
jections onto each component of the product.

Now suppose we are given a pullback diagram like the one above. We need
to show that py: B’ xg E — B, the projection onto the first component of the
product, is a smooth fibration if p: E — B is. To this end, suppose we have the
following commutative diagram.

Z— gy B2 E

(0,1,) F
?lzpf

Ixzg—S gL .p

Since p is a smooth fibration, we may fill in the smooth homotopy H : IxZ — E,
such that the diagram

pa=f'

77— B xp EESS g
H

{0,1,) P
pi=g’

IxZ G B ! B

commutes, where G'(t,2) = G(a.(t), z) for some 0 < € < %, and some smooth
braking function a.: R — R. But the right hand square of solid arrows is a
pullback square, so we may factor the maps H: IxZ - Fand G': Ix Z —+ B’
through the product, enabling us to fill in the arrow H 1 I x Z — B xp E, in
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the following commutative diagram.

7—pxgEX N B

(0,1}

Ixz—S g1 .

Explicitly, H' is given by H'(t, z) = (G'(t, 2), H{{, z}). Notice that pjo H' = &',
since p; is the projection onto the first component of the product. Also, we have

H'(0,z) = (G"(U, z), H(G,z)) = (p1 og{z),p2 og(z)) = g(z).

This shows that py : B’ xg E — B’ is a smooth fibration. Thus we have verified
axiom (F2).

As shown above, all objects in FRL are e-fibrant, thus we need now only
verify part (b} of axiom (F2). We do this via the following sequence of lemmas.
The proof is basically the same as the proof for topological spaces, with a few
adjustments to give smooth maps, and of course the slightly modified definition
of fibration. Compare James [71], for example.

A.3.1. Lemma. Suppose we are given the commulative diagram

E—1sE

BN

B

where p is a fibration in FRL and g is a smooth map homotopic to 1g. Then
there exists a smooth map ¢': E — E such that gy’ is fibre homotopic to 1p.

Proof. Let F: I x E — F be the smooth homotopy giving 1g ~p g. Then
pF: I x E — B gives the homotopy p ~pr pg. We have the commutative
diagram

1e b4

E E B

(U,IE)l /

I'x E.

Since p is a fibration there exists the diagram

i

E

E
<o,1a>i / (*)

P
_{XE—,"B;
pF
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where F'(t,~) = F(oe(t),—), for some 0 < ¢ < %.

Define ¢’(e) := G(1,¢). Then pg'(e) = pG(1,e) = pF'(1,¢€) = pgle). Also G
is & homotopy giving 1g ~g o'

Now consider the homotopy go G: I x £ — E. We have gG(0,~) = g and
9G(1,~) = g¢’. Define H: I x E— E by

[ ST

go Gl — o, {2t),e) if 0L
H(t,e): 1
F'(2—a'(2),¢) if§ <t<1,

for some 0 < ¢ < %, and where ¢ is a smooth braking function with the
properties

o a'(t)=1for1 <t< g,

e o/(t)=tfor 3 <t<2and

s 1<o'(t)<2for1 <t <2
It is clear that H is smooth. We have H(0,—) = g¢' and H(1l,~) = 1p.

Now define a smooth homotopy K: I x I x E — B by

pogoG((1—aq(2s))(1—1),e)if0<s< %
Kt s, e)= 1
po F'(1+4(1—a'(2s))(1 —t),e) if 5<s<L

To see that K is smooth we need only observe that for s near § we have K
given by either pogo G(0,e) =pogorpo F/(l,e) =pog.
Notice that K(0,s,€) = po H(s,e). We have the diagram

IxE-2 s pgp-Ltap
{G,Uxa)l /
IxIxFE.

Since p is a fibration, we have the diagram

IxE—2L s F

(Dxlzxs)l / ip (#%)

I'xIx E—B,
K

where K'(t,s,€) = K (a.,(t), s, €), some 0 < &, < 3.
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We have

99’ = H(0,-)
= L(0,0,~)
~ L({1,0,-)
~ L{1,1,~)
~ L{0,1,-)
= H(1,-)
= 1g.

Notice that from (*), and the definition of K’, all the above homotopies are
fibre homotopies over B. For example, to see that L(0,0,~) ~ L(1,0,-) is a
fibre homotopy over B, notice that from (*x)}, pL(¢,0,—) = K'(t,0,—). But
from the definition of K’ we see that K'(¢,0, —) does not depend on ¢. O

A.3.2. Lemma. Suppose that we are given the commutative diagram

E——sF

oA

B,

where p and ¢ are fibrations. If g 1s a homotepy eguivalence then g is a fibre
homotopy eguivalence over B.

Proof. Let g': E - E be a homotopy inverse for g. Then gg' =~ 1z, and so by
Lemma A.3.1 there exists a smooth map g”: E - E such that gg'g” is fibre
homotopic to 1g. Thus §'g” is right fibre homotopy inverse to g.
The composite g'g” is a homotopy eguivalence, since g is. Apply the above
procedure to ¢'g” to get a right fibre homotopy inverse to ¢'g”. But 5" also
LW

has a left fibre homotopy inverse, namely g. Thus ¢’¢” is a fibre homotopy
equivalence. Hence g is itself a fibre homotopy equivalence. [

A.3.3. Lemma. Ifp: E — B is a trividl fibration, then p is o fibre homotopy
eguivalence.

Proof. Let §: B — E be a homotopy inverse for p. Let F: / x B — B be the
homotopy giving pp ~r lp. We have the diagram
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Since p is a fibration there exists the diagram

B—1—E
(0,18)1./lp
IXB——,"*B.

F

Let s := G(1,-): B — E. Notice that s is a section of p, since ps(b) =
pG{L, )= F/(1,b) =&
We have the diagram

Since s is a homotopy equivalence, it is a fibre homotopy equivalence by Lemma
A.3.2. To complete the proof we need only observe that the fibre homotopy
inverse of 5 is p. We have ps = lg. Let k: E —+ B be the fibre homotopy
inverse of 5. Then we have a fibre homotopy sk = 1g. Thus psk ~ p, and so
k ~ p, both homotopies being fibre homotopies. O

A.3.4. Theorem. Given the pullback diagram

B'xgEl—>E

B ——— B,

where p is a fibration, if p is a weak equivalence then p’ is a weak equivalence.
Proof. Let s be the section of p that is given by Lemma A.3.3. Define s':
B' — B' xg E by s'(t') = (b',sf(b')). Notice that s’ is well-defined, since
p(sf(¥')) = F(b') as required.

We have p's'(b') = p' (b, sf(8')) = b'. On the other hand

s'p'(b,e) = s'(b)

(¥, sf(5))
= (', sp(e))
=~ (b e).

it

The homotopy above is defined by deforming sp into 1g. This homotopy is
well-defined because by Lemma A.3.3 we may choose the homotopy to be a
fibre homotopy over B. 0O



APPENDIX A. THE FIBRATION AXIOMS IN FRL 134

A.4 Axiom (F3): F-Factorization axiom

For any morphism f: A — B in C, there exists a commutative diagram
P —
N
E
where 7 is a weak equivalence and p is a fibration.

We verify this axiom, using Spanier’s [114] notation, and following his meth-
ods for the topological situation,

A .4.1. Definition. Given a smooth map [: A — B, define

1. B = [(I x A)U({0} x B)]/~ where ~ is the relation (0,a) ~ (0, f(a)). We
will use [t,a] and [0, b] to denote points of B corresponding to (t,a) € I x A
and (0,b) € {0} x B respectively.

2 Definei:B—1xB by

iit,al = (t, (), fora€ A tel, -
1[0, ] == (0,b), for b € B.

3 For 0 < € < %, an a.~weak retracting function for f is a map
p: I x B — B with the properties

p(0,0) =[0,8] forbe B
o(t, f(a)) = [ac(t),e] fort €I, a€ A

Note that if f is an inclusion map, 5o is 7, and an a.-weak retracting function
for f is a weak retraction of 7 x B to a subspace which is the image of Ix AUOX B
in B.
A.4.2. Lemma. A map f: A — B is a smooth cofibration if and only if there
erists an ac-weak retracting function for f, for some 0 < e < %, and some
braking function a.: R — R.

Proof. Suppose f is a smooth cofibration. Let g: B — B and G: I x A —
be given by g(b) = [0,b] and G(¢,a) = [t, a]. Since G(0,a) = [0,a] = [0, f(a)}]
gf(a), we have the following commutative diagram

it
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Thus there exists a commutative diagram as follows

(9,15)1 /;’T
rxf
I x B=s—]xA,
where G'(t,a) = G(ac(t),a) for some braking function a.: R — R, and some

0 < e < . Here p(0,b) = g(b) and

plt, fla)) = G'(t,q)
= Glae(t),a)
= [a.(t}, a].

Conversely, given maps g: B — Z and & [ x A — Z such that

(0,1A)l /

IxA

commutes, define G: B — Z by
Glt,a] = G(t,a),
G[0,0] = g(b).

If, for some braking function a.: R —+ R, and some 0 < e < 1, p: I x B — Bis
an a.-weak retracting function for f, then the map

F=Gop:IxB—2Z
makes the diagram

R

ez
wn| o]
1rxf

IxB=——"-]xA

commute, where G'({, a) = G{a(t), a), since

F(t, f(a)) ﬂ?f«’ plt, f(a))
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A.4.3. Theorem. Let f: A ~+ B be a smooth cofibration, and let Y be any
Frélicher space. The map p: YB — Y4 defined by p(g) = g o f is a smooth
fibration. ,

Proof. Let p: I x B — B be an a.-weak retracting function for f (which exists
by Lemma A.4.2). Then, p defines a map
pt: Y§ -3 YIXB
by p'(9) = gop for g: B = Y. But FRL is Cartesian closed, so we have
yixB = (yB)' Also,
YP={(g,6)eY” xY*4lgo f = G(0,-)}.

In other words, a map h: B — Y can be broken up into a map g: B — Y and
amap G: I x A— Y such that go f(a) = G(0,a).
Note that for (9,G) € Y5,

[¢' (9, 3)](0,) = g(b)
[¢' (9, D], f(a)) = [(9.G)]plt, f(a))
= [{9, G)]lex(t), a]
= F{a(t), a).

To show p: Y# — Y4 a smooth fibration, suppose that we have the com-

mutative diagram

7 —" s yB

(0.12)\}' l?
Ix 7 —fsya

Define 5: Z — Y1*4 by s(z)(t,a) = F(2, z)(a).
Now define G: I x Z =+ Y% by

EYB ey inA

One shows readily that h(z)(f(a)) = 5(2)(0,a). The map G is a composite of
smooth maps, followed by an evaluation, so it is smooth. Note that from above,

60,20 = (¢ (h(2),5(2)) ) 0,8
= h(z) (b)s
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and
G(t, z) (f(a))
¢ (h{z),s(2) )(t f(a))

z), 5(z)) ( (t),a)

(O‘f(t)s )
F(ae {1, z) (a)

(m%mﬁg@)

Thus we have the following commutative diagram,

@ca@z)

ll
/’""*\/‘“\/“‘“\

Wz)l y lp

Ix Z—tsya

where F'(t,z) = F(a(t), #) for the smooth braking function a.: R — R deter-
mined by the o-weak retracting function p: I x B — B. Thus we have shown
that p is a smooth fibration. 3

A.4.4. Corollary. For any space Y, let p: Y — Y be the map p(w) = w(0),
forw:1 Y. Then p is a smooth fibration.

Proof. Since the inclusion map 0 < [ 1s a smooth cofibration, the result follows
from Lemma A.4.3 with the observation that Y{®t = v,
0

A.4.5. Definition. Let f: X — Y. Define the mapping fibre of [ by
Py = {(&,w) € X x Yu(0) = £(2)).

A.4.6. Definition. Lei p’: Y — Y be the smooth fibration defined by p'(w) =
w(0) (see Corollary A.{.4), and let p: Py — X be the smooth fibration induced
from p' by f. (In other words, p(z,w) = z. We cull p the mapping path
fibration.

There is a smooth section s: X — P; of p defined by s(z) = (z,ws(s)),
where wy(;y is the constant path in Y at f{z).
There is a smooth map p”: Py — Y defined by setting p"(z,w) = w(1).
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A.4.7. Theorem. Given a map f: X — Y, there is ¢ commutative diagram

Y

such that
1. there is a fibre homotopy 1p, ~ s o p over X,
2. p” is a smooth fibration.
Proof. The triangle commutes by definition of the maps involved.

1. We prove this part in two steps. Define Fy: I x Py — Py by
Fi(s, (z,w)) = (2,w1-4),

where wy_,(t) = w((1 ~ s)a(t)), for some 0 < € < 1, and some smooth
braking function a.: R — R. Note that w;_,(t) is independent of ¢ for
t €[0,¢) and for t € (1 — ¢,1]. Then F; is a smooth fibre homotopy from
Fi(0,~): Py — Py, given by

Fi(0, (z,w)) = (2, w(ee(-))),
to sop.
Next, define Fy: I x Py — Py by

F?«'(S! (z,w)) = (:c,w;),

where W} (t) = w((1 = s)t + s (t)).
Note that Fy is a smooth fibre homotopy from 1p, to Fy(1,-): Py — Py

given by
Fo(l, (2, w)) = (m,w(as(-—))).

Note that as ¢ — 0, then (1 — s){ + sae(t) — 0, and as ¢ — 1, then
(1—s)t+s0c(t) = 1, and so w} is a smooth function on the flattened unit
interval.

2. To show that p” is a smooth fibration, suppose there exists a commutative
diagram.

W—Q»Pf

(O.Iw)l lp“

IxW——-—>G Y

Then g: W — P; C X x YT may be decomposed into two maps ¢’ :
W — X and ¢”: W — YT such that g”(w)(0) = f¢'(w). In other words

9(w) = (¢'(w), g" (w)).
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Define H: I x W — Py by
| H(t,w) = (5'(w),5(t, ),
where (t,w) € Y is defined by

g”(w)(;si) fo<2s<2-t<2weW
gt w)(s) = ¢
G(ak‘(2(ac(s)+§—1)),w> if1<2-t<2s<2,weW,

and k. is the constant given by Lemma 2.8.3. Note that s € I. Ob-
serve now that 7 is clearly smooth at s = 0, since ¢”(w) € Y, and at
s = 1 because of the presence of the braking function o,. One can now
prove that g(t, w) is smooth in much the same way as one proves the map
H:I %1y — W smooth in Lemnma 6.3.6.

We now have the commutative diagram,

W_?m_,Pf

(0‘1‘”)l 7{ lpu

IxW-E—y

where G'(t, w) = G(a.(t), w) and « is a smooth braking function defined
by the construction of H above. This completes the proof.

]

This completes the verification of the F-Factorization axiom.

A.5 Axiom (F4): Axiom on cofibrant models

For every object X in C, there exists a cofibrant model F with a trivial fibration
F—"»X.

We show that every object, X, in FRL is cofibrant. Let
E—tm X

be a trivial fibration. Then there exists a smooth map $: X — E such that
poP ~qg lx, where G: I x X — X is a smooth homotopy with G(0, z) = pop(z)
and G(1,z) = 1x.

We have the following commutative diagram.

(oxlx}l . Nlp
G

I x X i X



APPENDIX A. THE FIBRATION AXIOMS IN FRL 140

But pis a smooth fibration, so we may construct a smooth homotopy H: I x X — F
such that the diagram

(8,1x) %l?
Ix xS o

commutes, where G'(t, z) = G{a.(t),z) for some 0 < ¢ < %, and some smooth
braking function a.: R — R. Define s: X — F by s(z) = H(1,z). Then

ps(z) = pH(1,z)
= G'(1,z)
= G(C‘f(l)sx)
=G(1,z)
=z.

Thus every object in FRL is its own cofibrant model.
This concludes the verification of the axioms for a fibration category.



Appendix B

The Axioms for a
J-category

In this appendix we investigate the cube axiom, as defined by Doeraene [32].
A category with an object % that is both initial and final and that satisfies the
cube axiom and the cofibration and fibration axioms is called a J-category by
Doeraene [32].

A J-category has sufficient structure for a reasonable notion of Lusterick-
Schnirelmann category to be defined from the axioms. The paper by Doeraene
[32] derives many results in this setting that correspond to known topological
results. Thus, if one knows that FRL satisfies the necessary axioms for a J-
category, one automatically has access to all of Doeraene’s results. We provide
a proof of only a special case of the cube axiom. We believe that a full proof
exists, but the proof would require the result that the pullback by fibrations of
a cofibration is a cofibration. This is a fairly subtle point that is beyond the
scope of this appendix.

First we need to define the notions of homotopy pullbacks and homotopy
pushouts. See also Grandis [49]. The following definition is taken from the
paper by Doeraene [32].

B.0.1. Definition. 1. A commulative diagram

ft

e e

D c
b
A—1-p

s called ¢ homotopy pullback ¥, for some F-factorization g = pr, the

141
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induced map v’ below is a weak equivalence.

2. Dually, o commutative diagram

j'
e

p-Lsc
1,1
At

15 called @ homotopy pushout if, for some C-factorization g = i, the
induced map v° below is a weak equivalence.

;l

D\ /C

I—'>I s B g

N

See also Grandis [49] for work on homotopy pullbacks and related construc-
tions in an axiomatic setting.

B.1 The Cube Axiom

The cube axiom, as given by Doeraene [32] is as follows. Suppose we are given
a commutative cube in C,

/

|

L/;ﬂ

/

H
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where the bottom face is a homotopy pushout, the vertical faces are homotopy
pullbacks. Then the top face is a homotopy pushout,

It is proved by Doeraene [32], (Theorem A.1}, that if a category C is a
fibration category and a cofibration category, then C satisfies the cube axiom if
and only if for any commutative cube in C of the following form,

N

B e G

|
N

-

B — ]

}\
SE

if the bottom face is the pushout of two cofibrations, the vertical maps are
fibrations, and the vertical faces are pullbacks, then the top face is a homotopy
pushout.

We prove the following special case of the above result.

B.1.1. Theorem. Suppose we are given the following commutative diagram in

FRL.
A ___f.‘w_,,) B
‘ \\gi
o C/ '{; DI
B
~
AM _'{f........mu). B &

Suppose the bottom face is the pushout of two cofibrations, the vertical maps are
fibrations, and the vertical faces are pullbacks. If D = %, the terminal object,
then the top face is the pushout of two cofibrations.

Proof. We proceed as far as possible without the assumption that I = %, This
proof relies on Lemma 4.8.2. In other words we assume implicitly that fy, fs,
g1, g2 are all inclusions.

Since the bottomn face is pushout, D = Cli, B, and fp: C — Cliy B is given
by fa(c) = [c], for ¢ € €, where the square bracket denotes the equivalence class
under the identification defining the adjunction. Similarly, g2: B —» Clig B is
given by g2(b) = [b] for b€ B.
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The front face is a pullback, and so ' = C xp DV, and v: Cxp D = C
and f}: CxpD' — D' are the projections onto the first and second coordinates -
of the product, respectively.

The right face is a pullback, and so B’ = B xp D', and §: B xp D' —» B
and g5 : B xp D' — D' are the projections onto the first and second coordinates
of the product, respectively.

The left face is a pullback, so A" = A x¢ €. By the pasting properties of
pullbacks,

A xXo C = A x D D
= {(@.d) € Ax D' : fr0r(a) = 6(d)}
={({a,d) € Ax D' :g3fi(a) =8(d')}

" The map a: A — A is given by ala,¢,d') = a, for {a,¢,d'} € A’. The map
gt A" = C' is given by gi(a,c,d') = (¢,d'), for {a,c,d') € A'.
The rear face is a pullback, so A’ = A xg B'. Then

Axg B ={(a,b') € Ax B": fi(a) = B(V'}}
={{a,b,d) EAx B x D :fila)=p()=1b, g2(b) = 8(d)}
The map a: A" — A is given by afa,b,d') = a, for (a,b,d) € A’. The map
fi: A" = B’ is given by fi{a,b,d') = (b,d'), for {a,b,d') € A",

Let us now consider the top face of the cube. We may form the pushout of
the maps f] and g{, obtaining the following commutative diagram,

AI f; Bf
5
o C'ilg B 92
i t
C 7 D

where 7: C' L4 B’ — D' is the unique map induced by the pushout. We shall
show that r is an isomorphism of Frélicher spaces, by defining a smooth inverse
to 7.
Before we construct this inverse, let us consider the following spaces. Note
that ‘
Dx D = (CLJA B) x ¥ = (CX D’) Llasxps {B X D’),

where we form the identification (¢, d’) == (b,d’) if and only if ¢ = gy(e) and
b = fi(a), in the adjunction on the right. The fact that the spaces above are
isomorphic follows from the fact that FRL is a Cartesian closed category, and
so the product of a quotient and identity map is a quotient map. Note also that

Clidge B = (G Xp D’) Ligs (B Xp D;) (*)
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We assume from here on that D = {«}. Before we define the map 7: D' —
C' s B, define

p(C % D;) Laxpr (B X D') — (C xXp D’) Llgs (B ®*p DI)

by p([e, d']) = i(c,d’) for (¢,d') € Cx D' or p([b,d"]) = j{b,d’) for (b,d') € BxD'.
One can easily verify that p is well defined, and consistent with the various
identifications that are made. ' '

To see that p is smooth, let f: (C xp D'}Uar (B xp D') = R be a structure
function on (C xp D') U4 (B xp D). Consider the following composite map.

(C x D') Uaxpr (B x D') —5 (C xp D) Uas (B xp D') —=R.
To see that fop: (C x D')Uaxp (B x D'} — R is smooth, note that for

(e, dYe Cx D',
Fp(le,dD) = file, d),
and foiis smooth. For (b,d') € B x IV,

f(p({b, d’]} - fj(b: d’}:

and f o7 is smmooth. Thus f o g is smooth on each component of the coproduct
defining (C x D')Uaxp: (B x D'} and is therefore smooth.
We now define (using (+))

7. DY -—)C’UAl B’

by ¥ = po(d x 1), where § x 1: D' — D x D’. The map 7 is smooth, as it is the
composite of smooth maps. We need only verify that it is, in fact, an inverse
for r. To this end, let d' € I, Then

(rof)(d) =r(po(d x 1)(d))
\ = r(p([6(d'), d]))
Now, é(d’) € D = C'Li4 B is of the form either fa(c}) or go(b) for some ¢ € C or
b € B. Consider the first possibility (the other case is similar). We then have
m(p([8(d), d)) = m(p([fa(c), d]))
= T(i(c, d/))
o
On the other hand, consider an element of (C' xp D'} U4 (B xp D) of the form
i(c, d’). The other case is similar. Then
(For)(i(c,d)) = #(d)
= i(c,d’),

as we saw in the above calculation. This shows that ¥ is an inverse for r.
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We have shown that the top face of the cube is a pushout square. To complete
the proof of this theorem, we need to show that the top face is a pushout of
two cofibrations, and then that will imply that the top face is a homotopy
pushout, as required by our special case of the cube axiom. We will show that
gy: A" = ('’ is a cofibration. The proof that f{: A® — B’ is a cofibration is
similar.

Recall that A" = {(a,¢,d) € A x Cx D' : gi(a) = ¢, fa(c) = 6(d')}. Since
we always have ¢ = g1(a), we can think of A’ as

A ={(a,dy € Ax D": fo{g:1(a)) = 6(d")}.
If we think of A’ in this way, then the map ¢|: A" — C’ is given by
gi(a,d) = (g1(a),d’) for all (a,d') € A'.
In other words, we are thinking of A’ as the pullback given by

i #
A fgcg; D

l o b
FELT

A—=D

(or use the fact that pullbacks of pullbacks are pullbacks). Thus A’ = Axp DV'.
Before we continue, recall that, since FRL is a Cartesian closed category,
given two Frélicher spaces W and Y, the function space WY has a natural
smooth structure, and a map £: X — WY, where X is some Frolicher space,
is smooth if and only if the induced map £: X x Y — W is smooth, where
£(z,y) = [£(z)](y). We will use this fact in proving that g} is a cofibration.
Suppose that we are given the following commutative diagram, (where the
fibred products such as A xp I are equal to the usual products such as A x D'

because D = )
% , J
AxD ————>CxD 24
(0,1MD,)i /

I'x(Ax D)
We must first show the existence of a commutative diagram of the form

4

C x D~ 7

(0,1CKD,)l / Td

Ix{(CxD)s——Ix{AxD)
1rxgy

where G'(t,a,d') = Glac(t),a,d) for (t,a,d') € I x (A x D').
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We know that g;: A — C is a cofibration, and by the Cartesian closedness
of FRL we have the following diagram,

A g1 C H ZD,

(o.u)l ¢

IxA
where, for any ¢ € C, f(¢): D' — Z is given by
(F()(d) = fle,d), for d' € D,
and for any (t,a) € I x 4, G(t,a): D' — Z is given by
(G(,2))(d) = G(t,a,d), for &' € D'.

Thus there exists the following commutative diagram in FRL.

C—f>zD'

(0‘16)1 /G,T

IxC=——IxA
liXg1

where G'(t,a) = G(a(t),a), for (t,a) € I x A, and some braking function a.,
0<e< i
We now define F: I x Cx D — Z by
F(t,e,d') = (F(t,¢))(d), for (t,c,d") € I x (C xp D).

We have

for ¢t € I, and {a,d’}) € A x D'. This shows that the required commutativity
properties of F are satisfied, and so the proof is complete. O

I
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