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(i)

ABSTRACT

The canonical quantization formalism is applied to the Lagrange density of
chromodynamics in a general covariant gauge. The physical states are
characterized by their BRS-invariance. We develop the quantum theory

of the interacting fields in the Dirac picture, based on the Gell-Mann

and Low Theorem and the Dyson expansion of the time evolution operator.
Subsequently, confinement is introduced phenomenologically by imposing, on
the quark, gluon and ghost field operators, the linear boundary conditions
of the M.I.T. bag model at the surface of a spherically symmetric and
static cavity. Based on this formalism, we calculate, in the Feynman
gauge, all non-divergent Feynman diagrams of second order in the strong
coupling constant g. Explicit values of the matrix elements are given

for lTow-lying quark and gluon cavity modes.
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2. THE CLASSICAL THEORY

2.1 Basics

In order to establish the notation, let us start with a brief
introduction to chromodynamics, the classical field theory that is

based on the nonabelian gauge group SU(3)co]our' This renormalizable

field theory can be derived from the locally gauge invariant Lagrange
density 2

Loep = POV P - My - 1/4F B

The interactions between quarks and gluons are determined by the
covariant derivative which depends on the strong coupling constant g

My = (3Y - igh/2-RM)y

and the gluon self-interaction originates from the term containing the
chromoelectromagnetic field F*V which can be expressed in terms of the
real gluon fields ¥ as

[T A M T L

The antisymmetric field strength tensor F*V and the covariant derivative

DM are connected by the Bianchi identity

[DH,0V] = -1g,§?“‘).

In egs. (2.1) to (2.4) we have made use of the eight-dimensional scalar

and vector products operating in the colour space of the gluons

8
AB = ':4:_1 AB,
and
Exd >
AxBly = | &y Taoor APy o

respectively. The indices a, b and b' describe the eight colour degrees

of freedom of the gluon, the fabb' being the structure constants of

Su(3)

coloyr® aNd the Aa denote the eight Gell-Mann matrices.

(2.1)

(2.2)

(2.6)
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The symbol y denotes a large column consisting of the complex quark
fields Vefo? where the labels c, f and o stand for the various colour

(c = 1,2,3), flavour (f = 1,...,6) and Dirac (a = 1,2,3,4) indices. The

mass matrix M is diagonal in these labels and depends only on the flavour

label of the quarks 1i.e.

(2.7)

M S

c,f,a;c',f',a’ cc'dff'saa'mf ’

where Me is the mass of the quark with flavour f.

The Lagrange density (2.1) 1is invariant under the following local gauge
transformation of the fields w(x) and RH(x):

¥(x) -+ ' (x) = U(x)yp(x)
%-Ku(x) +,}.K'u(x) - U(x)%—-ﬁu(x) U (x) +%U(x)auu'1(x), (2.8)

+

where U(x) is a SU(3) -matrix (3 x 3 matrix with U'1(x) = U (x),

colour
det U(x) = 1) which can be chosen differently at different space-time points.

2.2 Gauge Fixing and BRS-Invariance

Our aim will be to quantize the classical theory of chromodynamics.
It is, however, well known, that the Lagrange density (2.1) is not suitable
for quantization. This is related to the gauge freedom (2.8) as can be
seen either in the path integral formalism or, in the case of canonical
quantization, by the vanishing of the conjugate momentum 1° of A°.
The gauge invariance (2.8) of the Lagrange density (2.1) has to be violated.
We use the standard approach and add to (2.1) the so-called covariant gauge
fixing term

Leiy = -3 -6 R) | (2.9)

Fix

Here, A is a real parameter characterising the gauge.

We now want to find a substitute for the broken local gauge invariance.
This will turn out to be the so-called Becchi-Rouet-Stora (BRS) invariancell®!?
which is usually introduced with the help of path integrals. The following

derivation may seem more explicit.
-

Under a local gauge transformation with U(x) = exp[-ia%ia(x)] where ¢



2.3 The Lagrange and the Hamilton densities

Let us adopt as the new Lagrange density, £ , the following one that
differs from (2.14) by a four divergence

L= Jliy D - My - bia (M) - 174 F P - 306 B A%
- 1 (DM) . (2.21)

The BRS-transformation of the fields, which we have found to be!?

sy = -ig §~$¢
= . £ ->
sexu g%w
66-(5 = e X0
s = ielaf® (2.22)
eX g

changes £ by

A V
6.4 =€§8wa)ﬁ%], (2.23)
thus Teaving the action invariant.

The BRS-invariance of the action replaces the violated local gauge inVariance.
Even though it is a global symmetry (€ is space-time independent), it is
sufficient to guarantee the validity of the Ward-Slavnov-Taylor identities’’®
that are necessary for the renormalisability®”'? of the corresponding quantum
theory. The BRS parameter € and the Faddeev-Popov ghost fields w and §

are Grassmann numbers

L]
(]

{e,e}

'{e,wa} {E,xa}

n
o

{wa,wb} = {wa,xb} {Xa’xb} (2.24)

Further, they commute with the real gluon fields Ku and anticommute with the
quark fields .

The factor i multiplying the ghost term in (2.21) ensures that the
Lagrange density £ is real in the classical theory (corresponding to a
hermitean Lagrangean in the quantum theory), if we use the convention*3



“ao T Y3 ° Xa T *a
(waxb)* = xpre¥ = ocwXp s (2.25)
i.e. Wy and X, are real Grassmann-numbers. For consistency of the BRS-
transformation with this hermicity assignement, the parameter ¢ in (2.22)
is required to be an imaginary Grassmann-number
e*¥ = -¢
(ewa)* = wa*e* = ew, . (2.26)
An important property of the BRS-transformation, worth noticing already at
this stage, is its nilpotency. Using the relations (2.22), it is easily
verified that for any field ¢
(6_¢) = 0, (2.27)
&1 %2
even though the product €4€5 does not vanish in general (31 # 52).
The Lagrange density-(2.21) can be separated in a g-independent or
"free" part which describes the "free" quark, gluon and ghost fields
Aﬁo(¢i,au¢i) = 9(i/2 v, - My - 1/4(3 A, -8 R )M RV 37 )
- u. \V -3 —>. u-+
A/2 BUK BvK 13ux 3w R (2.28)
with 3" = ¥ - 5“, and a g-dependent or "interaction part
- u WV _ Uy,
£int(6502,05) = gy, gw R - 3g(ME - V)R x R)
- 1/4 g2 (R¥ x K\))-(Ku X Kv) - ig(aui)-(K“ X w) (2.29)

which describes the 2-quark-1-gluon, 3-gluon, 4-gluon and 2-ghost-1-gluon
couplings, respectively.

By applying the Euler-Lagrange equations to the Lagrange density (2.21)
we readily arrive at the Dirac equations for the quark fields

"
o

N u -
(1YUD M)y

(2.30)

|
o
-

Py B+ m)



10.
and for the corresponding field equations for the gluon field we obtain
55;Fvu + giyH %w + Aauavﬁv +ige"X) x» = 0 , (2.31)
where the last two terms originate from the gauge fixing and ghost terms,

respectively. By varying the Lagrange density (2.21) with respect to the
ghost fields, we arrive at the field equations for the ghost fields

auw‘m = 0 (2.32)
Sz)u;;“; = 0. (2.33)
In order to write down the Hamilton density, we need to evaluate the
conjugate momenta of the interacting quark, gluon and ghost fields.
For the quark fields we readily obtain
.+
'n‘ = -a—x:— = %\u
oy
P X% -3 (2.34)
oy
and for the gluon fields we arrive at
Tk - % - pko k =1,2,3
oAy
Y A (2.35)
A

Thus, as we mentioned earlier, without the gauge fixing term present in the
Lagrange density (2.21), the zeroth component of the canonical conjugate
momentum would vanish and eventually lead to an ill-defined Hamilton density.
The canonical conjugate momenta of the ghost fields are given by

- 3£ . -

X = = -1
g§ ()

R R (2.36)
ow

The positive sign in the Tast equation results from the anticommuting
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character of the Grassmann fields Wy and Xa and the definition of the
derivative with respect to a Grassmann field. The dependence of the
conjugate momenta on the coupling constant g in egs. (2.35) and (2.36)
arises from the derivative couplings in the original Lagrange density
and is often a major source of confusion.

We now turn to the evaluation of the Hamilton density which is

defined as
R = a_‘g-\p- + {.ﬁa;.a + 7‘“- _8_:{&_ + ;%+ 3-3‘_%- L. (2.37)
oy oy aAu 93X ow

¥ is a function of the fields, the spatial derivatives and the corresponding
canonical momenta; it does not depend on the time derivatives of the fields
any more. We must thus replace all time derivatives of the fields by the
corresponding canonical momenta, some of which will depend on the strong
coupling constant g. The Hamilton density can now be split in a part that
does not depend on the coupling constant g explicitly

R = § (B My« JOAE - 0 89 (0, 88 - 5,80 + apEgK

- 1550.30 . ﬁk.akzo - ﬁ°.ak7xk - BX - iagead (2.38)

and an interaction term which depends linearly and quadratically on the
coupling constant g

-3g(a AL - 3, K. (&F x 1Y) - i@k x B0)
+y @ x 2. @ x 1Y
+ g (R x ©) + igak;-(ﬁk X ) . (2.39)

The various terms in eq.(2.39) describe the 2-quark-1-gluon-, 3-gluon-,
4-gluon- and 2-ghost-1-gluon-interactions, respectively. Note that, due
to the derivative couplings in the Lagrange density (2.29), differs

from "f-int

int
, and we have

é(int "Eint(q)i’auq)i) - ng(_Ao X -Ak).(-AO X -Ak) . (2.40)
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(a) (b) (c) (d)

FIGURE 1

The vertices describing the emission (or absorption) of a gluon by
(a) a quark, (b) a ghost and (c) a gluon and (d) the four-gluon vertex.
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2.4 Conserved Currents

Let us now shortly discuss some of the invariances and conservation
laws of the theory given by the Lagrange density (2.21). The usual (abelian)
phase transformation of the quark fields alone leads to the conserved Noether
current

T N | LS.
Jq w5 8 dg 0, (2.41)

thus ensuring the conservation of the quark number. The colour carrying
quark current, however, is not conserved; instead it is covariantly (in the
sense of the gauge group) conserved

YRR 1) G _
ﬁq = W @uﬁ‘a = 0. (2.42)

The nonconservation of 35 reflects the fact that quarks are not the only
colour carrying particles of the theory. |

Even though the Lagrangean (2.21) is not invariant under a local gauge
transformation, a global (space-time independent) gauge transformation is
still a good symmetry of the theory. The corresponding Noether current reads

o= P B, + 2 ) x B+ Jp o+ i) xa - X x 01

auﬁ‘é = 0, (2.43)

and leads to colour-conservation. As we have demonstrated above, the BRS
transformation leaves the action of chromodynamics invariant. Taking due
care of eq.(2.23), the associated current is easily found to be

g o= DLQFM+gly + 3igla") x w] + MW (5 A); 3 Jf = 0. (2.44)

Here, we have omitted a term of the form av($-F”“) which is conserved by
itself and does not contribute to the charge upon integration®® The result-
ing conserved charge QB

0 = s d3x JOB = [ d3x {5-[2&ﬁk + qu %w + 390 x 5] - %70} (2.45)

is a real Grassmann number and will be called the BRS-charge. It will have
a very important function in the quantized theory.
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At last, the Lagrangean (2.21) possesses a symmetry transformation which
involves the ghost fields & and § only and is similar to the abelian phase
transformation of the quark fields. Of course, since the ghost fields are
real (Grassmann) numbers, we are not allowed to perform a complex phase
transformation with them. However, the following scale transformation is

admisiblet?
e, ¥ - e_@§ , (2.46)

where 0 is a real, space-time independent c-number. As a consequence, we find

J“Gh = (M%) 0 - ixe (YD) ; auJ“Gh = 0 (2.47)

giving rise to the conservation of the ghost number

Fd3x 3%, = s dex {few + XX} . (2.48)

Qh = Gh
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3. THE QUANTIZED THEORY

3.1 Canonical Quantisation

In the preceding section, we have developed a Hamiltonian formulation
of chromodynamics which is suitable for the quantization of the theory.
Rather than relying on the usual path integral methods, we want to apply
the canonical quantization formalism to the Hamilton densities éﬁo and
étint as given in egs. (2.38) and (2.39). We thus impose the equal time
anticommutation and commutation relations for the quark and the hermitean
gluon field operators, respectively.

Wer, (ot)s Vorpr g TODY = 6 6pp08 008 (o) (3.1)

u v cwve (3)

(A (), T (y,t)] ig"Vs, 60 (x-y) - (3.2)
The hermitean ghost field operators must satisfy anticommutation relations,
since they are described in the classical theory by real anticommuting colour

octet and spin zero Grassmann fields

{ma(kat)s Qb(x;’t)} = _1éab6(3)<k-x') (3.3)
O Got) s X)) = -i6,6 P 0y (3.4)

Here it is understood that all commutators of the gluon field operators,
all anticommutators of the quark and ghost field operators and all
commutators involving two different types of field operators, which have
not been written down explicitly, vanish.

As a consistency check, we can evaluate the commutation relations of
the field operators and the corresponding canonical momenta with the
Hamilton operator defined as

H o= H(t) +H

(t) = rsdx &%(é,t) + [ dx R, (x,t) . (3.5)

int int
Here é&o(i,t) and‘xﬁnt(i,t) are formally given by (2.38) and (2.39) but

now the fields must be interpreted as field operators. If the

quantization rules are correct, these commutators and anticommutators must
yield Heisenberg equations of motion that are equivalent to the Euler-Lagrange
equations for the field operators. Indeed, using the anticommutation relations

(3.1), the commutators for the quark field operators turn out to be
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[,H] =§

Pi-ivka + W - or'h -

>4 T
+

-iaklfwk - M + givtR -

[v",H] y

which are equivalent to the Dirac equations (2.30). Based on the
commutation relations for the gluon field operators (3.2), we arrive at

R4 = i(-a k¢ - 110 = if° (3.

[REH] = (T - 0 80+ gRF x R0) = iRF (3.
consistent with the definition of the canonical conjugate momenta (2.35).
Moreover, the commutators of the canonical momenta with H yield

mmﬂ = ﬂ-&ﬁk+gﬁ°;w+ Q@ x ) = il (3.

) = (DI L 3 B0 - g0 x T gk By - da(a,0) x D) = iE* (3,

which are equivalent to the field equations for the gluons as given in
eqs.(2.31). Finally, using the anticommutators (3.3) and (3.4), the
ghost field operators are easily shown to satisfy

[H]

[X:H]

consistent with the definition of the canonical conjugate momenta (2.36).
Similarly, the commutators of the canonical momenta with the Hamilton
operator turn out to be

[G2,H]

[X,H]

which are equivalent to the field equations for the ghosts as given in egs.
(2.32) and (2.33).

The BRS-transformation (2.22) can be realized, in the quantized theory,
with the help of the corresponding generator: the BRS-charge, eq:(2.45).
Using the canonical commutation and anticommutation relations (3.1) to (3.4),

y) = iy (3.

= iy (3.

X-igl® x o = i (3.

S = iy, (3.

Q&aki +ig8 x R° = id (3.

-3, T = ¥ (3.

11)

13)

14)

15)
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we can show that

[ieQB,O] = g6.0 (3.16)

for any field operator 0. Of course, 650 is given by eqs.(2.22). Note
that € anticommutes with the operators w,$ and i.

In analogy with the decomposition of the Hamiltonian (3.5), let us separate
QB into

Qg = Q. (t) +Q(t). (3.17)

0

Here, Qo(t) is independent of the strong coupling constant g

0,(t) = s dsx[dea B¢ - i%-10) (3.18)

and Qi(t) is proportional to g:

o (1) = g sl x 1K uyt Ry v ad kil (3.19)

1

The nilpotency (2.27) of the BRS-transformation is now reflected in the

anticommutators
50y(t), 0 (8 = g B(t) = 0
fo(t), (£ = 0
o (1), Q (8} = o %(t) = o
4 Qg.0Qp} = QB2 =0 (3.20)

whereas the commutators with the Hamiltonians
[ (t)H (t)] = 0

[Q,(t)sHpe (8] = -[o (£),H (2]

(t)] 0 (3.21)

[Q (t),H

1 int

assure the BRS-invariance of the Hamilton operator (3.5).

Evaluating the commutators of the ghost number operator QGh’ eg.(2.48),
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with the various field operators, we find that the only nonvanishing results

are given by

[QGh,gl = ig ’ [QGh’i] = 'i§
[QGh’ﬁl = '15 s [QGh’Y] = iY- (3.22)

As a consequence, the eigenvalues of the hermitean operator QGh will turn
out to be purely imaginary. This rather strange fact is related to the
indefinite metric of the Fock space. We will comment on this in section 3.3.
The equations (3.22) imply that the fields w and X carry ghost number

NGh = -iQGh = 1 while § and & carry ghost number NGh = -iQGh = =1,

In this notation, the BRS charge has ghost number NGh =1

[QGh,QO(t)] = 1Q (t)

o

[Qgh»Q, (t)] iQ (t) | (3.23)

and the Hamilton operator satisfies NGh =0
[QGh’HO(t)] = [QGh,Hint(t)] = 0 (3.24)
due to the conservation of the ghost number.

3.2 The Interaction Picture

With the quantization, the fields have become operators in the Heisen-
berg picture which satisfy the Heisenberg equations of motion with the full
Hamilton operator H in the commutator, i.e.

i 2 0(x,t) = [0(x,t), H] . (3.25)

The state vectors that define the Fock space in which the operators éct are
time independent in the Heisenberg picture

1% lv> = 0. (3.26)

It is useful to transform all the state vectors and the field operators into
the interaction or Dirac picture using a unitary transformation U(t) in the
Fock space. This transformation satisfies the differential equation

0

P5p U(t) = U(t) H, (1), (3.27)



21.

Contrary to the unitary transformation U(t), the time evolution operator
acts completely in the Dirac picture. Using the time independence of the
Heisenberg state vectors (3.26) and eq.(3.28), we arrive at

B> = ultat ) [9(t)> (3.44)

justifying the name "time evolution operator" for U(t,to). Of course,
eqs.(3.44) and (3.42) lead together to the Schrédinger equation (3.31).
The full quantum theory is now contained in the operator U(t,to).

The solution of the differential equation (3.42) with the initial
condition (3.43) is given by Dyson's expansion in terms of n~dimensional
integrals which involve timeordered T-products of ﬁ@ (t)

o . t
UE(t,to) = 5 (=1)" [ dt,.. f dt T(H nt{ty)- t(t ). (3.45)
n=0 n! to 0

Here we have introduced the usual adiabatic switching on of the interaction

ne ; -e]tl
Hipe(t) = Hong(t) s (3.46)
where € is a small positive quantity which makes it possible to study the

limits of U(t,t ) for t,t =+ =, as well.

We now want to determine the eigenstates and eigenvalues of the full
Hamilton operator

H(0) = Hy + H; L(0) . (3.47)

int
Let |¢ >. be a complete and orthonormal set of eigenvectors of the non-
interacting Hamiltonian H0 in the Dirac picture, Ek(O) being the eigen-
values, i.e.

Holey = £ 008> . (3.48)

If the state vector given by

. UE(0,-) |&

lwk> = lim k>

e~+0 . IE -
o 1UE(0,-=) ¢, >

ex1sts to all orders, then, due to the Gell-Mann and Low theorem*
Iwk> is an eigenstate of the full Hamilton operator H(O) with the
energy Ek, i.e.

(3.49)



22.

ROEY = By + B (018> = El9> (3.50)

Multiplying this equation with <<8k| from the left, and using the
hermiticity property of HO’ we immediately obtain

e e (o) | oy My (0], (3.51)

ko k Lo 19,>

for the difference of the energy eigenvalues in the interacting and
noninteracting systems, respectively. Moreover, introducing the
eigenvectors (3.49) we easily arrive at

{ o [H; o (0UE(0,-=) [0, >

£ - .0 = 1im (3.52)
e+0 <¢k1U€(0"°°)l¢k>
Similarly, we can expand the eigenvectors of the interacting system
in terms of the eigenstates of the noninteracting system, i.e.
) o Lo, |US(0,=)[0, >
¥,% = Tin ¢ K2 18, (3.53)

e+~0 £=0 <&;kiu€(0’_m)|ak>

which also follows from eq.(3.49). Finally, using Dyson's expansion (3.45)
we can readily write down the energy shifts due to the interaction as

© .\n 0 0
g - £ = rim s B pae s at
e+0 n=0 n! o

<q)kl T(Heint(o)H?ht(H ). 'ﬁ%nt(tn)) iz£k> connected’ (3.54)
where, for convenience, ﬁ?nt(O) has been placed inside the timeordered
T-product. The Wick decomposition of eq.(3.49) will eventually lead
to an expansion in terms of Feynman diagrams in coordinate space. If
we restrict this sum to the so-called connected diagrams, the denominator
which was present in eq.(3.52) must be omitted.

3.3 The Physical States

It is well known that covariant canonical quantisation of gauge
fields inevitably leads to a Fock space V with indefinite metric. This
is most easily seen by realizing that, in a symbolic notation, the
commutator

[AM, V] = ig"V (3.55)
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Based mainly on the algebra
;QBZ = 0
[Qgn-%] = 105 > -» (3.60)

VP can be shown to be positive semi-definite.

Of course, any state vector |¥'> that can be expressed as

l¥'> = Qgly> (3.61)

with an arbitrary |¥ > trivially satisfies the physicality condition (3.59)
due to the nilpotency of the BRS-charge. However it has zero norm and is
orthogonal to VP' Thus, it cannot contribute to any measurable quantity.
Moreover, the state |V¥' Y which is obtained from the physical state

[¥ohys> (3:59) by

phys

0|y (3.62)

¥ phys> phys>

where the operator 0 either commutes or anticommutes with the BRS-charge

[Qgs0] = 0 or {Qz0F = 0, (3.63)

is again a physical state. An operator satisfying one of eqs.(3.63) is
called an observable.

It is interesting to note that the field equation (2.31) for the
gluons can also be expressed in the form!3

av?”“ + gjg + {QB,Ebui} = 0 (3.64)

where JE is the colour carrying current (2.43). We deduce from this
representation (3.64) that the gluon fields R¥ obey, in the physical
subspace Vp (3.59), the generalized Maxwell equations

<w'physlavf‘)“ + gJ};‘)wphyQ = 0, (3.65)

Let us now discuss the condition (3.59) in the Dirac picture, especially
with regard to the perturbation expansion (3.45) to (3.54). Using the relations

.90 =&
1ﬁ00 = 0
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A A

[QgoHs e (8] = =i 2z 0 (1)

A

[Q (t),H

. ing(®)] = 0 (3.66)

that follow from (3.21), it can be shown that the BRS-charge inherits the
adiabatic damping factor e'eltl from the Hamiltonian

N> _ A -e|t] &
Qg(t) Q, * e Qi(t)' (3.67)

Since the noninteracting or asymptotic states |€>), eq.(3.48), correspond
to the limit t » -», eq.(3.59) translates into

Qc‘)l(1>phys> = 0. : - (3.68)

Moreover, the algebra (3.60) guarantees that the state vector “;phys> which
developes adiabatically from |¢phys> in (3.68) according to (3.49), cannot
destroy the positive semi-definiteness of VP'

Evaluating the eq.(3.18) in the Dirac picture, we obtain with the
help of the field equation (3.34) and the definition of the conjugate
momentum T (3.38)

50 = A d3x {(a%)(a\)ﬁ") - Zﬁ-a°(avﬁ")}. (3.69)
This form of the asymptotic BRS charge reflects a close relation of the
definition of the asymptotic physical subspace VP (3.68) with the Gupta-
Bleuler condition (3.58).
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with the two-dimensional surface element d. Hence, if the conserved current
j¥ satisfies the boundary condition

n *(x) = 0 x e av, (4.6)

the charge (4.4) will be time independent in the cavity.

Inspecting the currents given in section 2.4, it is readily verified
that eq.(4.6) holds if we impose the following set of boundary conditions
on the field operators in the Heisenberg picture

(1nuy“-1)¢|av = a(inuyu+1)|av = 0 (4.7)
Py = nFlyy = ey = 0 e
n Buwlav n Buxlav 0. (4.9)
Eq.(4.7) to (4.9) are essentially those introduced by the M.I.T. gr°o;:p.“"19

0f course, one could think of more complicated boundary conditions than
the above. However, the set (4.7) to (4.9) has the advantage of being
Tinear in the field operators and independent of the strong coupling constant g.

The first of eqs. (4.8) implies that the space integral of 5 ?uo over
the cavity volume vanishes. Combining this result with the f1e1d equat1on
for gluons in the form (3.64) we can express the colour generator 6c as

g, = 9/ xJT° =-sdx [3 0+ (0 QK] = - {0, Sdx Q%
v v H v
(4.10)
This representation leads immediately to

(w'phys|ﬁclwphys> = 0. (4.11)

The colour charge vanishes in the subspace of physical states in the cavity.

Localizing the field operators in a cavity, we are violating translational
invariance of the theory. Consequently, the 3-momentum will not be conserved.
If we restrict ourselves to a static cavity (n® = 0), the Hamiltonian will be
time-independent and the energy will be conserved. In this static case with
a time-independent surface 3V, the boundary conditions (4.7) to (4.9), which
are formulated in the Heisenberg picture, translate easily into the Dirac
picture as follows
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Using eqs.(3.3), (3.4) and (A35), we can easily show that the only non-
vanishing anticommutators are

" A+

{d 9g+| |} = - {d s; 1 |} = 18

am®>-a'm am’-a'm aa'émm' (4.25)

The zero-particle state or the asymptotic vacuum |0 is the state with
norm one which is annihilated by all the quark, antiquark, gluon and ghost
annihilation operators

acn|0> = b, 10> =0

AZ N _ A N _ A N _

coml 0 d.10> en0> = 0 (4.26)
0j0> = 1.

The Fock space of asymptotic states which is, by assumption, complete and
contains thus all the states of the interacting theory, is obtained in the
standard way by applying any combination of creation operators on the zero-
particle state (4.26).

Based on the expénsions (4.20), (4.23) and (4.24) and the orthogonality
of the cavity modes (A35), the g-independent part Q, of the BRS-charge, eq.
(3.69), is readily found to be

" "

~ _ R 0 Ai _ o + l\+' A£ - Ao.

Q = %Qm [(cam Cam) dam * dam(cam cam)] : (4.27)
Thus, sufficient conditions that an asymptotic state [5 > fulfills the
physicality criterion (3.69) can be stated as
(X -6 > = 0; 4 fo . S = 0. (4.28)

am am’' " phys > “am' " phys ’
Here, we see the close relation of eq.(3.69) with the Gupta-Bleuler

condition (3.58). Of course, the asymptotic vacuum |0 > is a physical
state due to eq.(4.26).

Similarly we can write down the normal-ordered noninteracting part
of the Hamiltonian (2.38) in the Dirac picture as

oo 4+ 7 4 L I+ T AR
Hot = j%% ®n [3cn 3cn * Pen Penl %;; % Cam Cam * QoK) (4.29)
I=ME

o>

where the fermionic operator K is given by



i RS S BRI SR IR
K = 5% [eam(cam *Cam) = (Cam * Cam) Canm ]. (4.30)
The last term in eq.(4.28) which represents the contribution to H, from the
unphysical longitudinal and scalar gluon fields and the ghost fields has been
cast into a form which shows explicitly that its matrix elements, taken between
the physical states (3.69), vanish.
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states with nonvanishing ghost number, since the norm of such a state is
zero, and the nominator in eqs.(3.49) to (3.53) vanishes. To satisfy all
requirements of eq.(5.2), we take the asymptotic state l®k> to contain

only quarks, antiquarks and the two physical degrees of freedom of the gluon:
the transverse electric and magnetic polarisation modes.

In genera] E£°) is degenerate and therefore several orthogonal eigen-
vectors ]®k> |¢ i » ... belong to this ejgenva1ue. A linear combination of
these vectors is again an eigenvector of :HO: with the same eigenvalue and
can be used in the Gell-Mann and Low formula (3.49). We are thus lead to
consider the off-diagonal matrix elements of the right hand side of (5.1),
as well,

(5.3)
(e e >com

Ve = <q’k'let(o |(I’k> -1 lim ,r dt <q’k' T(Hmt(ol H conngcted °

8'*0 -0

int

The energy shifts and the corresponding eigenstates are then obtained by
diagonalizing the matrix Vk'k'

As an example, let us now, for a two-quark-system, calculate the energy
shift due to the one-gluon-exchange interaction. The eigenstates of :HO: are
given by

8> = ar - at 0> . ~ (5.4)

cini CaNna

The part of Hint(t) that describes the 2-quark - 1-gluon vertex can be
obtained from the first term in the Hamilton density (2.39) integrating
over the volume

-

H, (t) = -g s d%x @(x) Yu(%i)@(x) A:(x) + other terms. (5.5)

int

Inserting this operator into eq.(5.3) and using Wick's theorem to expand
the time-ordered into normal-ordered products, we arrive at the matrix

element
v - A8 AD
k'k = =19 (Y )ala (SV)B'B (E“)clc ('é“)dld 6f'f 6glg
Vim £ dt e cltly o d2y L0|T( A“(x |o>
E¥0, -

Coe 1), i) (it

(+)
Fig d'g's (y) dge |<1>k> (5.6)



Here we have picked out the term where the gluon fields are contracted and
introduced the coordinates x = (§,0) and y = (x,t). As usual, a summation
over all indices occurring repeatedly is understood. Expanding the quark.
field operators into cavity modes, as given in eqs.(4.15) and (4.18), and
using the explicit form of the gluon propagator (B7), we arrive at the
matrixelement

y 0 » 1
kk = 9o T e debgg T TR
ZQm Qm + Epl = Ep
- uz - Z *;
S dxiup () v up(x) apt(x) s dsyan (v up(y) ap®(y)
-, .
<¢k||actn| adlpl aCH adeQk > ’ (5.7)

where the energy denominator arises from the time integration. Thus Vk'k
can be interpreted as the matrixelement of the two-body operator

I M

- a a tr Q... Q% - - - .

= aq2(A A n'nm m -+ +

Ve otz )c'c(Z )d'daf'fdg'g 20E olee ¢ 8 3crp' %en Adp
m “mop' p

(5.8)

which describes the one-gluon-exchange interaction between two quarks.,
Here we have made use of the definition of the quark-gluon vertex functions
(C1) and (C1').

In order to describe a complex many-quark system, it is convenient to
have the two-body operator (5.8) expressed in first instead of second
quantization. The Fock space can be embedded in the space given by the
direct product wavefunctions of the quarks. The Pauli principle is taken
care of by restricting the Hilbert space to the subspace defined by the
antisymmetrized product wavefunctions of the quarks. The two-body operator
Vi2 corresponding to Q and acting on the quantum numbers of the first and
second quark can be written as

T g = 112(0) Ka2(0) (5.9)

Here J describes the angular momentum exchanged between the quarks and

?i (i=1,2) denotes the colour generator in the fundamental representation.
The operators u,,(J) and K,,(J) are defined as two-body operators that act
on the radial and angular part of the two-body wavefunction, respectively.
These are readily defined in terms of their matrixelements. Using eqs.(C6)

and (C7) to decompose the vertex functions

an'm 0N eq.(5.8) into radial
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and angular parts, we arrive at
nieng Ky (3)[ng,n,> = (2J+1)§%,(-1)M FJM(n;,nl) FJ_M(n;,n2) . (5.10)

Here |n;,n,> denotes the direct product of the Dirac spinors (A2) and the
factor FJM(n',n) arises from the angular integration (C8)

1y3-a- /309 Y |
FJM(n',n) = (-1)H iin < ) < ‘> . (5.11)
3 0 -3 -4 My

Similarly we can define

)N

g n s s
ni,nd iy, (J)|ngyn = I 5 . S,

( 1 2! 12 )I 1 2> N>0 2(2J+1) nlnlm nznzm
z

;[z L } (5.12)
Qm Qm*+€h{-€n1 Qm + ené-enz
where the matrixelement Sﬁn'm is related to the radial integrals Rﬁn'm

defined in eqs.(C9) to (C12)
Iz L+J+L'
1 - g""n.(-1)
2 (5.13)

'
nn'm 2

The second factor in eq.(5.12) governs the parity selection rule, and gZz
and nz are defined in (A37) and (A43), respectively.

Let us now consider the case where the quarks in the initial and final
state carry total angular momentum j = %, which means that the Dirac quantum
number « takes the values +1 or -1. Using the Wigner-Eckart theorem one can
easily show that the only non-vanishing K;,(J) are

Ki2(0) = 4,4, and K, (1) = 48::5, , (5.14)

N

where 4Li and éi denote the unit and the spin operator, respectively, acting
on the i-th quark. Thus for quarks in the angular momentum state j = 3, we
arrive at the well-known expressiont® 1®

Vi, = Z?T_R?I-?z [012(0) + 8uy, (1) $1°8.] (5.15)

which is very convenient for the calculation of the properties of many-quark
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systems.

In a similar way we can determine the two-body operators describing the
interactions corresponding to all other non-divergent Feynman graphs of order
g2 that do not involve the ghosts. The resulting two-body operators in first
or second quantization are presented in appendix D.

5.2 Lowest cavity modes interactions

We now discuss the various two-body interactions between the quarks and gluons.
For simplicity, we consider here massless up and down quarks and gluons occupy-
ing the lowest cavity modes. The corresponding quantum numbers are

(p,q)d™I = (1,0)3%3 for the QUarks and (p,q)Jd™ = (1,1)170 for the gluons.
Here, the two integers (p,q) characterize the irreducible representation of
SU(3)co]our and are connected to the dimension and the quadratic Casimir
operator in this representation by

SU(3): N(p,q) = 3(p+1)(q+1)(p+g+2)
C(p,q) = j}(p2+pq+q2)+p+q- (5.16)
The irreducible representations of SU(2)Spin and SU(Z)isospin are described

by the spin J and the isospin I, respectively. Of course, the dimension and
the Casimir operator are given by

2J+1
J(J+1). (5.17)

Su(2): N(J)
c(J)

The two particles will, in general, be embedded into a larger many-body
system. This system must be in a singlet representation of the colour group
SU(3)co1our’ in order not to obtain a contradiction with eq.(4.11) which
essentially says that physical states in the cavity are colourless. However,
this restriction does not apply to the constituents of the many-body system.
Thus, the two particles can be coupled to any of the possible quantum numbers.
Of course, identical particles must obey the Fermi-Dirac statistics for
fermions and the Bose-Einstein statistics for bosons.

In Tabie 1 we have collected for all diagrams of Fig.2 the corresponding
dimensionless interaction operators A;, which are related to Vi2 by

2
V12 = ——g— A12 . (5.18)
47R
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DIAGRAM Ao = ﬂll; Viz

g

Fi2[p22(0) + 4u12(1) Si2]

(% - T12)(F12 + %)[U12(0)(% - S12) + U12(1)(% + S12)]

T54F 12 = D iz = S12) + m2(2)(1 + $12)]

%3(4Fi2 + 6Fy1, - 1)EU12(1)(%-+ S12) + u12(2)(1 - S12)]

Fi2[M22(0) + w12(1) Si2]

Fi2[p12(0) + p12(1) S12 + p12(2) Siz]

AL ] X

TABLE 1

The dimensionless two-body interaction operators A;, for the various diagrams
of Fig. 2. We use the abbreviations Fi; = F1-F2, Sz = $1+52 and Tap = TaeTo
for the product of colour, spin and isospin generators, respectively. The
matrix elements of the operators u:.(J) and pi2(k) are given in Tables 2, 3 & 4.
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DIAGRAM (k1,Kk2) H12(0) p12(1)
0,0098 -0,1770
>}AA<< (-,-) (0) (-0,1770)
0,0353 -0,1432
>~< (',+)+ (0) (-0,2082)
| 0,0352 -0,0796
(=4)_ (0) (-0,0146)
:>Vv”<: 0,1321 -0,1173
(+,+) (0) (-0,1173)
0 0,1875
-5=) (0) (-0,0124)
0 0,0494
I (-24), (0) (0,0494)
' 0,1806 0
(-,4)_ (0) (0)
0 0,1055
(+,+) (0) (0,0135)

TABLE 2

Matrix elements of the operators uiz (J) for the interactions via gluon exchange
between two quarks, two antiquarks or a quark-antiquark pair and via annihilation
into a gluon for the quark-antiquark system. The values are given for massless

quarks in the lowest energy cavity state.

The numbers in brackets are the

contributions from the transverse polarizations of the virtual gluon. The

mixed states correspond to (-,+)

+

=J{[<-,+) + (4]
2
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DIAGRAM (k,2) u12(1) M12(2)
(=) 0,5616 0,0632

I (-,€) 0,4240 0,0346
i (+,W) 0,3175 0,0411
(+,€) 0,4915 0,0286

(=M -0,3298 0,2101

H (-,€) -0,0116 0,0913
>__< (+,9 0,1130 0,0673
(+,8) -0,3076 0,0617

u12(0) p12(1)

-0,0053 -0,4900

>W{ (-0 (0) (-0,4900)
| 0,0336 -0,4009
(-,&) (0) (-0,4009)

-0,0214 -0,3204

>~< (+,N) (0) (-0,3204)
0,1347 -0,3900

(+,8) (0) (-0,3900)

TABLE 3

Matrix elements of the operators uj2(J) for the various diagrams of the
The numbers in brackets represent
the contributions to the gluon exchange from the transverse polarizations

quark (antiquark)-gluon interaction.

of the virtual gluon.
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DIAGRAM (£1,Z2) p12(0) p12(1) p12(2)
-0,1045 -0,2992 0,0813
(M) (0) (-0,3399) (0)
-0,0220 -0,2968 -0,0020
H (ME), (0,0069) (-0,4440) (-0,0052)
: ~ -0,0358 -0,2720 0,0084
ME) _ (-0,0069) (-0,1280) (0,0052)
0,1382 -0,3205 0,0143
(E,€) (0) (-0,3277) (0)
-0,1963 0,0981 0,0981
(M) (0) (0) (0)
-0,3241 0,1621 0,1621
j}': (ME), (-0,0340) (0,0170) (0,0170)
-0,0011 -0,0017 -0,0005
(M) (0) (0) (0)
-0,2073 0,1036 0,1036
(E,€) (0) (0) (0)
(AL ) -0,1549 0,1549 0,0774
“&{ WE) -0,0555 0,0748 0,0513
d (ME) _ 0,0469 -0,0278 -0,0941
(E.£) -0,1616 0,1616 0,0807

TABLE 4

Matrix elements of the pi.(k) operators for the gluon-exchange, the annihilation

and the four-gluon vertex interactions in a two-gluon system.

brackets (where given) show the contributions from the transverse polarizations

of the virtual gluon. Note that (ME), =/_1_ [(M,E_) + (E,JL)J .
I 3 -

The numbers in
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Tables 2, 3 and 4 contain the matrix elements of the two-body operators y;,
or p12. For the following discussion, the relevant entries in these tables
are the ones with (xi,kz) = (-,-) for the quarks and antiquarks and

(£1,Z2) = (M;M) for the gluons.

(i) The quark-quark interaction

Since the antiquark-antiquark interaction is, with trivial changes of the
quantum numbers, identical to the quark-quark interaction, we will discuss
here only the latter. The diquark can occupy the following irreducible
representations of the various symmetry groups

SU(3)C010UY‘: (130) ﬂ (1:0) = (0,1)A 9 (230)5
SU(Z)Spin 383 = OA @ 15
SU(2)1'sosp1'n: 181 = 0 @15 .

(5.19)

We have indicated with a subscript whether the representation is Symmetric ()

or antisymmetric (A) with respect to the interchange of the two quarks. The

two-quark states that are consistent with the Fermi-Dirac statistics have the

quantum numbers
(p,@)d"T = (0,1)0%0 (2,0)0%1
(0,1)1™M1 (2,0)170

The two-body operator describing the interaction via one-gluon exchange
between two quarks or antiquarks, Fig. 2a or 2b respectively, is given by

A1z = FieFp(p1,(0) + 4u12(1)§1'£z)-

This operator is diagonal in the two-particle space and has the matrix
elements

(5.20)

(5.21)

a = Lpsa)d™ 12| (p,@)™TD> = 3[C(P,a) 3] [u(0) + 2u(1)(I(I+1)3)] (5.22)

where C(p,q) is the Casimir operator of SU(3)co1our’ eq. (5.16). The
matrix elements of Aj;,are shown in Fig. 3 and also in Table 5.

Note that the colour {3} = (0,1) interaction is twice as strong as the
colour {6} = (2,0) interaction. Since the ordinary baryons are usually
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- 0.5 A
- 0.4
- 0.3
L 0.2 (2,0)0*
‘ (0,

- 0. |
- 0.0 (2,0)70
- -0.1
- -0.2

, Quark- Quark
- =03 (0.10%0 Interaction
- -0.4 Notation (p,q)J™1
- -0.5

FIGURE 3
Matrix elements A of the dimensionless two-body interaction operator A;.
for the quark-quark (antiquark-antiquark) system. See also Table 5.
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L 0.5 A

- 0.4

0.3 (0,0)1°1 (1,L1)1"O
(0,0)1I"0

-~ 0.2 (1,1)071
L 0.3 (1,1)070

L 0.0 (LI

- -0.1
- -0.2
- -0.3
- -0.4

Quark-Antiquark
- -0.5 Interaction

- -0.6 (0 .0)0"| Notation (P,q)J™I
L _o7 (0,000

- -0.8
- -0.9

FIGURE 4

Matrix elements A of the dimensionless two-body interaction operator A;;
for the quark-antiquark system. See also Table 6.
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TABLE 5
- :>VV~<: The dimensionless energy shifts A
(p,q)d71 for the quark-quark (antiquark-
antiquark) system. See also Fig. 3.

(0,1)0%0 ~0,3605 d g
(0,1)1™1 0,1115
(2,0)0%1 0,1803
(2,0)1™1 -0,0557
(p,q)d" H I TOTAL
(0,0)0°0

-0,7211 0 -0,7211
(0,0)071
(0,0)17°0

0,2229 0 0,2229
(0,0)171
(1,1)070
0,0901 0 0,0901

(1,1)071
(1,1)1°0 0,2813 0,2534

-0,0279
(1,1)171 0 -0,0279

TABLE 6

The dimensionless energy shifts A for the quark-antiquark system. We have
separated the contributions from the gluon exchange and the annihilation
diagrams. See also Fig. 4.
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taken to be colourless three quark states, only the colour {3} interaction
is accessible to experimental tests so far.

(i1) The quark-antiquark interaction

The quark-antiquark system can have the following colour quantum numbers

SU(3) (1,0) 2 (0,1) = (0,0) @ (1,1) (5.23)

colour’
whereas the spin and isospin products correspond to the quark-quark case
(5.19). Since the antiquark is distinguishable from the quark, the exclusion
principle does not apply and the eight possible states are

(p,q)d™ = (0,0)0°0 (1,1)070
(0,0)071 (1,1)071
(0,0)170 (1,1)17°0
(0,0)171 (1,1)171 (5.24)

The diagrams contributing to the quark-antiquark interaction are the one-
gluon exchange (Fig. 2c) and the virtual annihilation into a gluon (Fig. 2d).
The corresponding two-body operator is

Br2 = ?1'?2[U12(0) + 4U12(1)§1'é2] + V12(1)[% - ll'lz][Fl'F2+§][§1'éz + %]

(5.25)
with the matrix elements

8 = Lp.@d"a [ (p,@)d" > = 3[C(psa) - 31[(0) + 2u(1)(I(3+1) - )]
+ (eI D1 - 31(1+1)] | (5.26)

In order to avoid misunderstanding, we have denoted with v(1) the nonvanishing
coefficient of the annihilation diagram, so that v(1) = 0,1875. The matrix
elements A are shown in Fig. 4. Table 6 contains the contributions to A

from the gluon exchange and the annihilations diagrams.

Note that the second term in eqs. (5.25) or (5.26) which represents the
annihilation diagram, vanishes unless the quark-antiquark pair carries the
quantum number of the gluon (p,q)Jd"I = (1,1)170. For this case we find that
the annihilation diagram is in magnitude ten times bigger than the one-gluon
exchange diagram and of opposite sign. Without this annihilation diagram the
two states (p,g)Jd"I = (1,1)170 (colour octet w-meson) and (p,q)d"I = (1,1)171
(colour octet p-meson) would be degenerate. The possibility of virtually
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decaying into a gluon makes the w® heavier than the p®. However, the
pion-1ike state (p,q)d™I = (0,0)071 is still degenerate with the eta-like
state (p,q)Jd™I = (0,0)070 in "contradiction" to experiment. Of course, we
know that the - and n-mesons are, in real world, more complex objects than
quark-antiquark systems consisting of up and down quarks.

(iii1) The quark-gluon interaction

As already in the quark-quark case, the antiquark-gluon interaction leads
to the same matrix elements for corresponding quantum numbers as the quark-
gluon interaction, so that we consider here only the latter. The quark-
gluon system can couple to the following quantum numbers

SU(3) (1,0) 8 (1,1) (1,0) & (0,2) & (2,1)

colour
SU(Z)spin 383 = 303
SU(2)4505pin ° 3. (5.27)

0f course, we do not have to symmetrize or antisymmetrize the direct product
states; the possible quantum numbers of the quark-gluon system are

(p,@)d™I = (1,0)37% (0,2)37% (2,1)37%
(1,0037% (0,2)37% (2,1)37% (5.28)
The interaction between these two particles receives contributions from the
direct and exchange Compton diagrams and the one-gluon exchange that are

shown in Figs. 2e, 2f and 2g respectively. The corresponding two-body
operators can be read off Table 1, the matrix elements of their sum are

p o= {(p,q)d"I[812](pyg)d"1) =
Lar- 1 23 - 33+10) + 12201 - )]

e dglare + 6F - 11 E ) - D+ nE@ A - aaen)]

+ FLu(0) + 3u(1)(3+1) - 17 . (5.29)
Here, F is related to the Casimir operator of SU(3)co1our by

Fo= {(pa)|Fifa](pa@)d = 5[c(p,q) 1_31 (5.30)
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L 0.6 A
"9 1,0%%
- 04 (2,0% Y%
L 0.3
L 0.2 (0,2)% %
- 0.1
- 0.0
- -0 (2,)%%
- -0.2
- - 0,2)% Y
03 omsre 222”2 quark- Gluen
- -0.4 Interaction
- -0-5 | Notation (P,q)J™1

FIGURE 5
Matrix elements A of the dimensionless two-body operator A;, for the quark
(antiquark)-gluon system. See also Table 7.
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(p,q)d"l I H >M< TOTAL
(1,0)3"3 0,3744 -0,0325 -0,7271 -0,3852
(1,0)27% 0,0421 0,0125 0,3755 0,4301
(0,2)3°3 0 -0,0975 -0,2424 ~0,3399
(0,2)3'.1, 0 0,0375 0,1252 0,1627
(2,1)3°% 0 0,0975 0,2424 0,3399
(2,1)37% 0 -0,0375 -0,1252 -0,1627
TABLE 7

The dimensionless eneréy shifts A for the quark(antiquark)-gluon system. We
show the contributions from the various Feynman diagrams. See also Fig. 5.
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In eq. (5.29), the second, third and fourth line correspond to the direct
and the exchange Compton diagrams and the gluon exchange respectively.

The shifts of the two-particle energy levels due to these three interactions
may be found in Fig. 5. As can be seen in Table 7, the energy shifts are
dominated by the contribution from the gluon exchange between the quark and
the gluon.

(iv) The gluon-gluon interaction

Two gluons can be accommodated in the following irreducible representations

of the groups SU(3) and SU(2)

colour spin

Su(3) (1,1) 8 (1,1)

colour ° (0,00 @ (1,1)5 @ (1,1), @ (3,0), @ (0,3), @ (2,2),

su(2) 181 0 82 (5.31)

spin s 81 S -

We have again indicated the symmetry property of the representations with
respect to the interchange of the two particles. The gluons being bosons, the
Bose-Einstein statistics allow only the following nine totally symmetric two-
particle states

(p,a)d™ : (0,000° (1,10 (3,01% (2,2)0
(0,002  (1,11%  (0,3)17 (2_,2)2+
(1,12" (5.32)

The two-body operators which describe the gluon-gluon interactions through
gluon exchange, annihilation and the four gluon vertex are given in all three
cases by

brz = lT"1‘?"2[:012(0) + p12(1)S1°S

N

2 + 012(2)(31°82)2] (5.33)
and have the matrix elements
p o= L(p.q)d a2 |(pa@)d™ D> = 3[c(p.q) - 6][p(0) + 3p(1)(I(J+1) - 4)
+ 7 0(2)(3(I+1) - B)F] . (5.34)

The coefficients p(k) can be read off in Table 4 for the various diagrams.
The resulting matrix elements A are shown in Fig. 6, Table 8 indicates again
the contribution to A from the individual diagrams. As compared to the
previous cases (i), (ii) and (iii), the two-particle energy shifts due to
the interactions in second order perturbation theory are much bigger for
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FIGURE 6 _
Matrix elements A of the dimensionless two-body operator A;, for the gluon-
gluon system. See also Table 8.



52.

contributions from the various Feynman diagrams.

(p,q)J” 1>-~{: :::i::: jiﬁﬁi: TOTAL
(0,0)0" -2,4575 0 0,4646 -1,9929
(0,0)2" 0,9672 0 -0,2323 0,7349
(1,1)0" -1,2289 0 0,2323 -0,9966
(1,1)17 -0,4140 0,2944 0,3485 0,2288
(1,1)2" 0,4836 0 -0,1161 0,3675
(3,0)17
0 0 0 0
(0,3)17
(2,2)0" 0,8191 0 -0,1549 0,6642
(2,2)2" -0,3224 0 0,0774 -0,2450
JABLE 8
The dimensionless energy shifts A for the gluon-gluon system. We show the

See also Fig. 6.
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the gluon-gluon system. In particular, the state carrying the quantum
numbers of the vacuum, (p,q)J" = (0,0)0%, is so much lowered in energy

that it could become degenerate with the vacuum. Of course, whether this
degeneracy is present depends on the value of the strong "hyperfine" constant
ag and the (up to now not reliably calculated) gluon self-energies amongst
others. Due to the vanishing of ?1-?2 in the SU(3)co]our representations
(p,q) = (3,0), (0,3), the two gluons do not interact in the decuplet and
anti-decuplet cases.

Our results are consistent with those of Carlson, Hanson and Peterson (CHP)
in ref. (26) for their gluon exchange diagram denoted by 3g, corresponding to
the diagram of Fig. 2 in this work if only the transverse polarization modes
of the virtual gluon are taken into account. Using the transformation of
the coefficients as given in ref. (2¢6), we can further show agreement of our
four-gluon vertex with CHP for the cases J = 0 and J = 2, but not for J = 1
(J being the spin of the gluon pair). (Note the different naming of the gluon
polarization modes). As for the Coulomb interaction, which is the gluon
exchange between two gluons mediated by the scalar and longitudinal polarizat-
jons, we disagree with CHP on the value of their coefficient 8, even as
corrected in ref. (27). The g corresponds to -p(0)-p(2) in this article.
However, as noted in ref. (2s), the Coulomb interaction without the
inclusion of gluon self-energies is Qauge dependent. Since the gluon self-
energies are proportional to Fl-?z, they will manifest themselves in a change
of p(0). (Note that for colour singlet g2 glueballs this corresponds to an
overall shift of the spectrum). This explains the difference of the results
in the case of the Coulomb interaction.
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6. CONCLUSIONS AND OUTLOOK

In this work, we have formulated the field theory of quantum chromodynamics in

a finite volume. Using the Feynman gauge, we have discussed the predictions of
this theory to lowest nontrivial order in perturbation theory. In most cases,
we have found agreement with previous calculations which were performed in other
gauges. However, there still remains a lot to be done before one can decide
whether quantum chromodynamics in a cavity is a consistent physical theory.

A few of the most important problems which have to be addressed in the near
future are

- The renormalization of quantum chromodynamics in a finite volume, in
particular in a static, spherically symmetric cavity. The formalism as
presented here, i.e. in the Feynman gauge including the Faddeev-Popov
ghost fields, is best suited for renormalization. Due to locality, the
short distance singularities are softer than in other formulations,

e.g. the Coulomb gauge. Note that the short distance singularities are

not affected by the boundary conditions and that there are no long distance
singularities in a field theory in a cavity. An encouraging feature is that
the boundary conditions of the M.1I.T. group preserve the BRS-symmetry of the
theory. It must be clarified whether the lack of translational invariance
destroys renormalizability.

- Will the shape of the cavity be affected by renormalization? Does the so-
called vacuum pressure term, which is needed in fitting hadronic spectra in
order to stabilize the energy of the cavity, emerge from the renormalization
procedure (e.g. by dimensional transmutation)?

- The self-energies of the quarks, gluons and ghosts have to be determined
reliably.

- Higher order terms in the perturbative expansions have to be calculated in
order to estimate their importance. Note that it is not the value of the
strong "hyperfine" constantaS alone, which, in certain fitting schemes,
can be of the order 2 - 3, that determines the convergence of the perturbation
series. Rather, it is a combination of&xs, energy denominators and overlap
integrals which may decrease rapidly with increasing order.

- Quantum chromodynamics, whether in a finite or infinite volume, still needs
to predict in the low energy region some numbers that can be verified in
experiment to at least three or four digits (compare to quantum electrodynamics
and the g-2 value or the Lamb shift). The hope is that for certain quantities
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it will not matter in which way confinement was achieved so that one could
use quantum chromodynamics in the cavity for calculations.

The final and, from the theoretical point of view, the most important problem
in quantum chromodynamics is to discover how the original (infinite volume)
theory confines the colour carrying particles. Is confinement achieved
dynamically, are some, as yet undiscovered, topological features of the
theory responsible or is it still something different?
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APPENDIX A. THE CAVITY MODES

A.1 Quarks

We now turn to the derivation of the cavity modes of the quarks in a
spherically symmetric and static cavity. The explicit solutions of
the time independent Dirac equation

(-ixeg + m) u (k) = e u (),

where En is the energy and me the mass of the quark, are given by the

Dirac spinors
gn(")xﬁ(,;;)
“nlE) = :
iy r)xE ()

Of course, the adjoint spinor is defined as

u(p) = u(p® -

Here xﬁ(i) denote the usual two-component spherical spinors and n stands

for the flavour, radial, Dirac quantum numbers and sometimes it also
includes the magnetic quantum number, as well, i.e.

n = {f,v,k,(u)}

The radial functions, gn(r) and fn(r), are given in terms of the
spherical Bessel functions by
W

gn(r) = R jz(pnr)

d(npn sgn «

/
R32(en+mf)

fn(r) JZ(pnr) s

R being the radius of the cavity. Here, the total and orbital angular
momenta, j,£ and £ are defined as functions of the quantum number

(A1)

(A2)

(A3)

(A4)
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k) = k| - % (A7)
£(k) = j(x) + 3sgn « (A8)
E(x) = j(k) - asgn «x . (A9)

Finally, the symbol v denotes the radial quantum number with v > 0 for
positive and v < 0 for negative energies, respectively. Of course, a

complete set of Dirac eigenfunctions must include the negative energy states
as well. The quark momenta P, are determined by the 1linear boundary condition
of the M.I.T. bag model

(ixer + Du(x) =0, (A10)
r=R
or, equivalently, by the solutions of the equation
X_ sgn K

P (x) ¢+ 5(x) = 0 . | (A11)
Je\Xp! * o+ L Ny A

Here, we have introduced the dimensionless energy, momentum and mass parameters,

respectively
w = eR = sgnv W (A12)
X, = an (A13)
tg = mR . (A14)
The normalization constant JVn is given by
W= 2w (e + k) + z] [jei:")} 2 . (A15)

The solutions of the Dirac equation (A1) satisfying the boundary condition
(A10) represent a complete and orthonormal set of Dirac spinors in the cavity
i.e.

§n: (A16)

"

fur(r) up(x) dr

Z u;a({) unB('c') 6OLB 6(3)({-{') . (A17)

VKU

where una(g) denotes the component o of the Dirac spinor un(g).
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A.2 Gluons and Ghosts

Let us now determine, in the Feynman gauge (X = 1), the cavity modes of the
gluon in a spherically symmetric and static cavity. The explicit solutions
of the time independent d'Alembert equations

(a+0%)a(x) = 0 (A18)
(a+aE ") ake) = 05 I = 2,ME, (A19)

where Qﬁ denotes the energy eigenvalue of the gluon, are given by the
Hansen functions which include the scalar

0
0 ~ m.. ;a0 -
a (x) = pos i35 Yaux) Jz0 (A20)
and longitudinal multipole fields
£ _ m 1 P 4 -
Qm(n) = RXJJ(er) Yiuix) » Jzo0. (A21)
m
Here, m = {N,J,(M)} denotes a complete set of radial and angular momentum
quantum numbers and I stands for the polarization of the gluon. The
transverse magnetic and electric modes are given by
N
M m X . M
(x) = (G(27r) Youlr)) , J21 (A22)
Am\ K k% /(e Jatm MK
€
N, L -
€ m 1 A . €
a=(r) = X (G(e=r) vy, (r)) , 321 , (A23)
m % Rz 1_9;_5& ety o m o Tamk
respectively. The eigenvalues of the gluon QE are determined by the linear
boundary conditions of the M.I.T. bag model
K¥n(X) [pep = O (A24)
- L
Ean(®) g = O (A25)

;r\'lx (Y x Q{ﬁ(:))lnR = 0 ; I o= £ M E (A26)
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For the various multipole fields, we then arrive at three eigenvalue equations

iy r)| = 0 (A27)
& Iriyatm)] lp=g = O (A28)
jJ(QnEfr)’r:R = 0 (A29)

since the scalar and longitudinal multipole fields satisfy the same eigenvalue
equation, i.e. Q; = Qé’. The corresponding normalization constants are

WO = gy [1- LBy (A30)
(P )2

[Ura]™% = 333092 [1 ‘](‘l"”] (A31)
e

[WEI™ = 333,,(9) (A32)

where we have introduced the dimensionless energy parameters

‘d,ﬁ = Qran; ' I o= 0,2,ME. (A33)

For compactness of the notation we introduce the functions

ag({) for u=I=0
M (p) = [ (0)]" for u=1,2,3 and I= £ M, E (A34)
m fc m fc sk ) )

0 for all other u and £ values.

The solutions of the d'Alembert equations (A18) and (A19) which satisfy
the boundary conditions (A24) to (A26) are orthonormal, i.e.

ralp* ad () eor - g ¢ (A35)

and they also satisfy the completeness relation

? gZZ a;Z(’C)* a\r;Z(rcl) = gUV 5(3)(’(’--{') . (A36)
m
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Here we have introduced the metric tensor

o' - 0 ifT 4T

The cavity modes Ré(ﬁ) can also be written in terms of the spherical Bessel

functions and the vector spherical harmonics as

- Mmoo ) Yy ()
A () R /m%” ay 3 (@ erLMK?

A similar expansion holds for the curl of the cavity modes

QZJVZ J+1

. ., -
UxRg(p) = - zs/zm /—'—~2J+ % | 8L 30T Xow(x)
L=]3-1

The only nonvanishing coefficients agL and BEL are given by

Z _ 2 i

e T BTy = A

M - V3T, W AT

al.],\] ~ 2\]+ \] \] 1 = ‘/\_]-‘ s BJ’\]'1 - - \]+1

o I - VT, 65 VeATS)

J,d+1 » 03,01 » B T :

Under complex conjugation the gluon modes aﬁz(é) transform according to

M uz()g) ,

o (* = (-1 a
where the set of quantum numbers m* is defined by
m* = {N,J,(-M)}
and the phase Ny stands for

+1 forZ = £.&,

"

nz =

-1 forlZ =0,M.

Finally the cavity modes and eigenvalues for the ghost fields in a

(A37)

(A38)

(A39)

(A40)

(A41)

(R42)

(A43)
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spherically symmetric and static cavity are also given by the scalar modes
a;(c) and the scalar or longitudinal eigenvalues Q;, since they satisfy the
d'Alembert equation (A18) and the boundary condition (A24).
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APPENDIX B. THE FEYNMAN PROPAGATORS

B.1 The Quark Propagator

We now turn to the evaluation of the Feynman propagators which are given in
terms of vacuum expectation values of timeordered products of two field
operators. There are two nonvanishing Feynman propagators that involve the
quark field operators. Using the expansions (4.15) and (4.18) and the anti-
commutation relations (4.19), we easily obtain

<6|T($Zf<},(x) ch'f'a'(y)) |6> =

~ien|x°-y°| .

Scet Off E;% [U_po (RIU_pg e (x)OIX%-y°) - g;a(%)und(x)@(yQ-x°)]e (B1)

v>0
The other nonvanishing vacuum expectation value is

COIT (W (i1 (Y10

= o o - ° o -iE X°- °
JOLPY % fup o (&)U (p)olxo=y®) = u_ (x)u_ i (y)elye-x°)]e nixe-yel,
v>0 (B2)
In eqs.(B1) and (B2) we have made use of the step function which is defined by

0 x°<0
0(x°) =
1 x>0 . (B3)

B.2 The Ghost Propagator

Based on the expansions (4.23) and (4.24) and the anticommutation relations
(4.25) we arrive at Feynman propagators involving the ghost field operators
which are given by

COIT(, (%, (10> = - L0IT(x (xag(y))[0> =

16, 2 - ac(x) as(y)* e IVl (84)

JM 29°
N>0
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These two propagators are the only nonvanishing vacuum expectation values

we can build of two ghost field operators. The Feynman propagators involving
the derivative of X are easily evaluated by calculating the derivatives of
eq.(B4) with respect to x and y, respectively, i,e.

46m_g7; Xy (X (v)) 0D = 5 <010 (i (1) 10> (85)
ey C e
<°lT(wa(x)—a%r g—y; £ 0|T(uy (x)xy (¥ 18> . (86)

B.3 The Gluon Propagators

Based on the expansion (4.20) and the commutation relations (4.22)
we arrive at the Feynman propagator for the gluon which is given by

O[T OA [0 =

) 0_yo
N>g T |

where the metric tensor gZZ is defined by eq.(A37).
We also need to know Feynman propagators involving derivatives of the field
operators. In the case of a single derivative, these can be written as

. AMx) . - 5 - - -y .
L0T(—— A(YNI0D> = = LOIT(AL(x) Aj(y))[0> . (88)
P Y

In the case of two derivatives, however, we obtain

- aAl(x) aAY(y)

- 32 - - - -
Lo ) 10> - gy LOITRR00 Ay 10>
+ 188 gHv 6(4)(x-y) . (B9)

Thus here also we can in general take the derivatives of the vacuum expectation
value of the timeordered product of the field operators except for the case
p=0=0, where an additional delta term appears.
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APPENDIX C. THE VERTEX INTEGRALS

C.1. The Quark-Gluon Vertex

Here we evaluate the vertex integrals which describe the absorption (or
emission) of a gluon by a quark (Fig 1a). These integrals are defined as

Qﬁn.m = 17U (0) v, v (x) a,‘n‘z(g) dr . - (cn

In Appendix D we will also use (see (A41) - (A43))

z i/ up(e) v, up(p) " (r) der

M
nn'm n )

5 L
e Qe = Qo o

(C1a)

(-1

where n and m stand for the quark and gluon quantum numbers, respectively,
e.g.
{f,v,k,(n)} (C2)

3
"

{N,J,(M)} m* = {N,J,(-M)} (C3)

3
\

and £ for the polarization of the gluon
g = 0,L M E | (C4)

The scalar and longitudinal matrix elements, which transmit the instantaneous
"Coulomb" interaction between two quarks, are related by current conservation,
i.e.

n' n A0
Qpip = — 0@ : (c5)

We can easily separate the radial and angular integrations yielding

z - R whoo Y WM i -

Unim = Ranem 7 X (MYau(r) x(g) do s r = 0,L,E, (C6)
\M. _ M u'0- - - 1.1' -

Unm = Ronrm 7 % (DY) xToo (0) da s (C7)

where the dependence on the magnetic quantum numbers is now contained in
the angular matrix e]emgnt. Integrating over the angular variables and
using the abbreviation J =,/ 2J+1 one arrives, in terms of 3j-symbols, at
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TRV (P () da - + 345"
5 R Yoguted(p) de = (-D)F V=i
v M ow'/\32 0 -3 2

which governs the angular momentum and parity selection rules. After some
straightforward but tedious algebra, we obtain for the scalar and longitudinal
radial matrix elements

R
0 _ 0 p-% . (0
Rintm = —\Afm R 6 JJ(er) Sppt (r)rz dr (C9)
o
F4 o Jvm -3 R o o . 0 . 0
Rnn'm - a0 R 6 [{er JJ+1(er) B JJJ(er)} Unn'(r)
m
+ (k-k')jy(a0r) T4 (r)] rdr . (c10)

The transverse magnetic and electric radial matrix elements, turn out to be
of the form

RMW o Kt peMpE ROy , |
nn'm 01T m 6 JJ(er) Tnn.(r) rzdr (c11)
and
NERE R
Reim = ——— 7 [3(+D)iy(Er) U ()

e O
r (k') 10350050 = v dg_q (@0} T ()] rdr (c12)

Here we have introduced the radial functions

Snn' = 99 fnfn'
Tnn' = gnfn' + fngn'
Upnt = gnfn' = faop (C13)

which are given in terms of the radial functions of the quarks in the initial
and final state.
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C.2 The Ghost-Gluon Vertex

The vertex integrals that describe the absorption (or emission) of a gluon
by a ghost (Fig.1b) are given by integrals of the type

. 0 0 0
Tomm = 1/ am(,r;) am.(,r;) am..(,r;) d3r (C14)
and
' . L3 X T 0
Tomme =~ 7 ap(r)-an(r) apa(r) dr (C15)

where m, m' and m" stand for the gluon and ghost quantum numbers, e.g.
m o= {N,J,(M)} . | (C16)

The integral (C14) can be separated into a radial and an angular part giving

W2 N2 NS
_ m m m o0 0
Tmlmll = 9 RJJIJII(%’%I’Q‘“II)
RY/2
Y MR Yyome(R) Yyuyn(x) d2 . (C17)
The radial integrals are defined by
R [ * [

Ryjrgn(@:0',0") = éad(nr)ad.(n r) 3yu(Q'r) radr (c18)

and the angular integration yields

£ AR Y s (F) ¥ (1) Yo(P) =

=(J' J" J\)(J' J" J)J'J"J. (c19)
M M MJ\NO O o) /Ar

Separating the radial and angular integration in the vertex function (C15)
we obtain
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I 0
Trz':“z':]:mu = ‘j{ L}( W - Z GJL O.J Ll
330 r%/2 L’

The angular integral is given in terms of 3j- and 6j-symbols, as

f XJLM(!\:).X)‘JILIMI(,{:) YJ"M"(!\:) dQ = (C21)

Led JIWULL (0 30 0"\ (L 9" L\for 9" g
(-1)
/i Mo oMo oM/ \0o 0 O0/iL 1 L

C.3 The Three-Gluon Vertex

We now turn to the evaluation of the three-gluon-vertex integral which describes
the absorption (or emission) of a gluon by another gluon (Fig.1c). These
integrals can be formulated in terms of the Tmm'm" and Téé:m“ which have been
defined previously, and an additional integral of the type

1ol
TZZ z

= £ RE@) x Aoy x &E (D) (c22)

Separating the integration in a radial and an angular part, we arrive at

le E Zl le
1en 9 \N \N ' \.M " 1 " ) "
'L m m m m ): z z r .z
T = Z 6) |8 TR u(Q aQ ’Q n)
— . RaL%arLrRanL LL L !
e 30rgn R11/2 LL'L
('1) J (X:JLM(i‘/) X anLlMl(é))'X’JnLuMu(,{:) dn ’ (C23)

where the angular integral is given in terms of 3j- and 9j-symbols by
('.i) J (XIJLM(K) X XJ'L'M'(K:))'XJ"L"M"('C) dQ

- e (1Y) {‘1’ y a’"}(d ) J) (c2a)
L

0 o0 0 L L' M M M



68.

C.4 The Four-Gluon-Vertex

The four-gluon-vertex which describes the elementary interaction of four
gluons (Fig.1d) is given by integrals of the type

' - z 3 0 0

P s antr).an(r) apu(r) ap (r) dr (C25)
and

ZZ'Z"Z." - Z . Z' Z" ZI"

me'm"m'" S gm(x) gml(r(:) gmu(,(:)'gmuu(!\:) d*r . (C26)
For the first integral (C26) we obtain

z z o} 0
FZZ' - ‘”m \”m| \Nm" \lell Z Z Zl R (C27)
mn'm'm'" . ' a‘JLa‘JILI Jararge
v pb LL
Jd* R
I ' o o] - - - -
(Qm,le !Qm“ ’le ||)f XJ\JLM(’C) .’YI\J |L IMI (l‘r\:) Y‘J ||M||(r(:) YJ ] "Ml n (l‘(:) dﬂ .

Here the radial integral is defined as
R
Rygrgngn(@01,070"") =" £ 5500 55,@'N)3pu(@"r)dg (e’ r) redr,  (c28)

and the angular integration yields

/ ’X\JLM('C).’XJ'L'M'(&.) YJ“M"('C) YJluMln(,C) dan (C29)
- Z <J J! k\ (J" g k) (_1)k+K'+\J+L'
ke \M M LM oM o 4r
(2k+1) J3'(23"+1) (23" "+1)LL" (J"J'“k (LL'k\ Jak) .
00 0 J\OOO/iL'L 1

The second integral (C26) also separates in a radial and an angular part

yielding
Z Z' le Zl"
FZZ'Z"Z'" N \Nm \le \lel '-N.mln Z 7 o o gin (C30)
mm'm"m'" .. e G OJLC!‘JlLla‘JnLllaJluLlu

JJl‘JII‘JllI R

Z Zl ZII lel - - - -
RJJ!JII‘JIII(Qm’QmI’lelﬂgmlll) f YJLM(’(‘J).XJ‘JILIMl({) XJ‘JIILIIMII(r).,X'JIIILIIIMIll(r(:) dQ ]

A"
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Here one obtains for the angular integratipn
f X’JLM({).X’JILIMI(x) X’JIILIIMII(E).X’JIIILIIIMIII(&) dQ

' " n k+J+L '+d"+L 'Y
"% (J J k\(d , k\ = (cat)
K

MM e M 4

(2k+1)3d' 33 "LLLoL"" ('- L' k\(L" L k\ J 3 k) far g
0 0 0 0 0 0 L' L 1 L' L||
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APPENDIX D.  INTERACTING TWO-PARTICLE SYSTEMS

D.1. Systems Consisting of Fermions

A system consisting of two quarks, two antiquarks or a quark-antiquark pair
which interact through the exchange of a gluon can be represented by the
Feynman diagrams Figs.(2a), (2b) or (2¢) respectively. The energy shifts
are obtained from eqs.(5.1) or (5.3) where |®k>.denotes a 2-particle eigen-
state of the noninteracting Hamiltonian :Ho:, i.e.

- .+ ‘+ ”~
o> = 3¢ n, acznZ]O D (D1a)
- C+
o> = c N cgnzlo> (D1b)
- S+
0> = i ch0>' (Dic)
After a straightforward calculation we arrive at the two-body operators
X L
. a a D L L
- A A g n‘nm “p'pm _+ +
v 92 (-2_)C'C (‘Z_)dld (Sf'f (Sg|g ZQZ Z+ ac.n. adlpa acn adp
: m Q €p| €p
(D2a)
z
- a da zz Q ’6 ' - -
_ A _ A g -n-n'm “-p-p'm "+
Vo= gt e (57 )aqr Sprr %g'q 292 e berp: bd'p' bcnbdp
mp' (D2b)
. a a
_ A A
V = gz (T)C C( ‘2_)dd| df'f (Sgig
LL - -
I Y Az 1 1 +
ZQZ Qn nm Q_p p m '—'—_"‘— + —_—-__Z aclnl bdlpl acn bdp .
Q +€_ =€ Q- +e =€
m p' “p m -n' n (D2c)

As usual, a summation over all indices occuring repeatedly is understood.
The two-body operators V., have, for all three cases under consideration,
the form

o ©
Vi, = 'R'E?I'?z JZ_(:] p12(Jd) Ki2(J) (D3)
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where ag is the "fine structure constant" of the strong interaction

Gg © %% (D4)

and R is the radius of the cavity. Here, the vector F stands for the eight

generators of SU(3) in the apropriate representation, i.e.

colour
gf for quarks
[
vy for antiquarks . (D5)

The two-body operators Ki2(J) determine the angular momentum structure of
the interaction Vi>. Their matrix elements are most easily given in terms
of the function FJM(n,n')

POUN B I R, I N A IR R, B
Fominan') = (- Dl ABA ( )( ) (D6)
3 0 -3 M ! .
This is, up to the parity selection rule and a factor of (4ﬂ)-i the angular
integral contained in the vertex function an e Now, we have
J M
<nl|;n2']K12(\J)lnl 9n2> = (2\J+1) z: ('1) FJM(nllsnl) FJ_M(nZ.’nZ)
== | (D7a)

[}

J
(2041) 3= (-0 Fppy(-fasin ) Fy_y(=f2 -2 ")

< f-'ll ! ,ﬁz ' l Klz(d)l ﬁ1 352>
, ==J (D7b)

=

J
(20+1) 3= (-1 Fpyngtany) Fy_y(-fip =iy ")
M==d | (D7c)

dnytung ' [Kaz (9) ] ny,ne>

for the quark-quark, antiquark-antiquark and quark-antiquark interactions,
respectively. As an example, the ket ]n,ﬁ)» describes here the direct
product state which is built up of a quark with quantum numbers n and an
antiquark with quantum numbers n. The operators u12(J) originate in the
radial integral in the vertex function an m* In addition, they carry the
parity selection rule which we have omitted in the definition of Klz(d)
With the help of the modified radial integrals

'”z ZZ( 1)£+J+£'

z _ X
Snn 'm > Rnn 'm ° (D8)

the matrix elements of yi1.(J) are expressed as follows
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):):
' Z z
dny'nz ' |u2(d) |n1,n2) = % IRT nl'nlm Snz'nzm
1 1 1
RZQZ Qz+e -€ ! QZ+€ -€ (D5a)
moni' np m nz2' "n;

9
Z z z
(nl N2 a2 (9 Inl’n2> NZZ 2(2J41) -ni-ny'm S-ﬁz'ﬁz'm

1 1 1
 e—————
X )X X
RZQm [szmﬂ:- ,=E~ Q°+e= == }

ni ni m nz N2
ZZ
[ | z ):- -
<n1 o2 ' 12 (J |n1,n2> z '3' (2J+1) Snl'nlm S-nz-nz'm
: - 1 + 1 : (D9c)
R Qm Qn1H:n1'.€n1 s’2m+€ﬁz -Eﬁz

The quark-antiquark system can, in addition to the one gluon exchange
discussed above, interact through the annihilation into a gluon which is
represented by the Feynman diagram in Fig.(2d). Of course, this interaction
is also contained in the part of the interaction Hamiltonian shown in eq.(5.5).
The corresponding two-body operator is given by

a

g A A
V = 92 (T)cldl ('Z_)dc Gflgl(sfg (D10)
Iz - - -
o, F e ¢ 1 %, b% ,a_ b
Zon'=p'm Y-pnm | I__ _ z c'n' “d'p' “cn “dp
ZQm Qm ep € Qm+ep,+en.

Before writing down the two-body operator in first quantization, we have to
cast the colour- and flavour-factors into a suitable form. Using the
completeness and trace-orthogonality of SU(N) generators, the following
identities are easily derived

Ay By, = T D (011)
7 ‘c'd' ‘7 ‘dc 9 SqrdScrc 7 'c'c 7 'dd’
for SU(3)co]our and, assuming SU(Z)isospin for the flavour group,

Seg = 2L beres - (e (- |
S¢1g' 9fg 7 °f1f%g " Tef (- plgg] ‘ (D12)
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The last term in eq.(D12) contains the SU(Z)isospin generators in the
representations which correspond to quarks and antiquarks, respectively

3T for quarks

T

-37 for antiquarks . (D13)

With the help of eqs.(D11) and (D12), the two-body operator in first
quantization takes the form

T H - II’IZ] [rl.rz + %] % u12(9) Kip(9) . (D14)

The angular momentum dependence of V,, is given by

J
(nl'.ﬁz']Klz(J)ln1sﬁz> = i(Z_JH) > ('”M FJM("ﬁzsnl) FJ_M(nl','ﬁz')
M=-J
(D15)
and u;2(J) contains the radial integrals and the parity selection rule

Zz
- = - 2 N9 L T
<n1 sN2 ]UIZ(J)]nlsn2> = %jm—s_ﬁznlm Snll‘ﬁzlm
: T T 1 A 1 . (D16)
R Qm Qm-enl-eﬁz Qm+gn1'+€ﬁz'

D.2 Systems Consisting of Fermions and Gluons

The fermion-gluon interaction in second order perturbation theory has two
sources in the interaction Hamiltonian. The contribution which we shall
discuss first comes again from the part of Hint(t) shown in eq.(5.5). It
gives rise to the Compton diagrams in Figs.2e,2f,2h and 2i. As opposed

to the fermion-fermion case, the Compton interaction is obtained by contract-
ing two quark fields in the Wick decomposition of the time-ordered product.
There are two different, non-vanishing possibilities of contracting two of
the four quark fields in eq.(5.3). They lead to the direct (Fig.2e or 2h)
and the exchange (Fig.2f or 2i) Compton diagrams.

Evaluating the matrix elements Vk'k’ eq.(5.3), with the state vectors of the
form

- _ I+ C+ -
o> = Cayms ac2n2|0'> (D17a)
iy _TI+ [+ A
,q)k> = Cam bCzhz’O> (D17b)
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for the quark-gluon or antiquark-gluon systems, respectively, we arrive at
the two-body operators

' g g g Az’
V = -qe (ﬁf ..li) s 1 . Q-pnm e5n'-pm' - Qpnm an'pm'
T YT T 2ee e Yoy o .
2 Qm Qm' €p+€n'+Qm' ep‘en"Qm
-Z.+ P - -
" Ca'm' ¥'n' Cam %cn (D18a)
, b ZI 5 mzl
Q - 2 (Aa .Aa ) s 1 Q-n-pm B-p—n'm' _ Q-npm Qp-n'm'
9\ 7 e Of'F T ok
Z/Qg g. €p~En~Siy ep*en' M

et At

»)
calml bc'n' Cam bCﬂ (D18b)

for the direct diagrams in Figs.2e and 2h, and

. e | r\ll
Vo= -q2 (Aa .Aa ) 5 1 . Qﬁ'-pm QZ-pnm' _ Qﬁ'pm Qanm'
9" =T lcic Ofrf — i o
2 Qm Qe €p+€n = ep'en'*an
gt at -y
* Carm' 3c'n' Sam 2en (D19a)
. [ Zn
Q ™ (Aa . Aa) 5 1 . Qz-p-n'mtbz-n-pm' _ Q%-n'm -npm'
R A A == i N
Qm le ep'EnﬂQm- €p+€n|'9m
et +
. ! -~ T -~
Ca|m| bc'n' Cam bCﬂ (D19b)

for the exchange Compton diagrams as shown in Figs 2f and 2i. In order to
define the two-body operators Viz in first quantization, we still have to
rearrange the colour factors in eqs.(D18) and (D19). This is achieved with
the help of the identity

a b c d

S S B SRS LY
T 7T 3{4 777 Faec Tbed - éab&l . (p20)

Now, we easily arrive at

a [
Ve = g [4F)? - 1] 2 R () KD (p) (b21)

p:
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<Zl'm1',n2'|u12(p)I»Zlml,n2> = E 21 -n2_nm1 _n-nzlmll
H 2 Z:1 Z:1' b
2V Y) PSR |
K=+p R m ml' En Enz le
Z1 SZ{
et R (D25b)
€ +€—.+$’221|
n2 m
Z1 521'
E N St1, .
<Zim1'9n2' 'Ulz(p) IZlml,n2> = E P n; nm, nn,m,
H 2 f 21 21 - T
K=XP R le lel €n En2+QmiI
sZ1 . gI'
n,'-nmy “-nn,m,' (D262)
z
+ - 1
En Enzl le
R, ' [k - z - L S
<21'm1',nz'Iulz(p)lzlml,n2> = _2' 1 n=fi; 'my >-fi, =nm,
H 2 / 21 Zl - le
K=__p R le lel E:n eﬁ +Qm1|
Z1 21'
Chohe m ot (D26b)
021
En+€ﬁ2' le

Throughout egs.(D23) to (D26), the cases a and b correspond to the quark-gluon
and antiquark-gluon systems, respectively. The ket |Im,n) denotes the direct
product state consisting of a gluon with polarization £ and quantum numbers m
and a quark with quantum numbers n.

We now turn to the second contribution to the fermion-gluon interaction
which is transmitted via the exchange of a virtual gluon and is depicted in
Fig.2i and 2j. This process cannot take place in a theory based on an
abelian gauge group (e.g. quantum electrodynamics), where the structure
constants fabc vanish.

Before we evaluate the two-body operator V, it is convenient to introduce

the functions Uzlﬁziz(ol,da), that describe the three-gluon vertex. They are
11172

given by
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Vio = :—s' FioF, % u12(J) Ki2(d) (D30)

The generators in the scalar product F.+F, are again understood to act in
the representations of SU(3)co1our which are appropriate to the different
particles (see eqs.(D5) and (D23)).

The operator K;,(J) has the matrix elements

( Zi'my',ny! |Ky2(J) |21m1sn2> =

. J'oJ
(-1)J+1¢’§?vUI?T%Z(-1)M+M FJM(nz'snz)( . ) (D31a)

<Zl'm1|,f—\2' |K12(J)|21m1,ﬁz> =

) J' J J
'@‘VJ+ZZ('1)M+M FJM('HZs'ﬁz')( (D31b)
M -M' -M M
and the operator nj;.(J) is given by
Iz
(_1)J+1 T’lzl.nz g

<;1|m1'9nzlIUIZ(J)|21m19n2> (D32a)

2a(3+2) ‘N ReqE/Rir gFil
m my M

1 1
z I181'Z _ . -+
Snz'nszmlml'm( +) [ Qrﬁ—fzéimrﬁi. Qrﬁ-en;enz.}

Iz
- - (_1) nzllnzg
<21'm1',nz'lU12(J).|Z1m1s"z> = Z ATITR (D32b)
. 302 hinla
/54(J+2) NI R Qm leﬂml.
z I:2:'Z 1 1
S -, U ' ("9"') T +
=nz=-nz'mmm; 'm L_Zi,~L2 z_
[Qm Qm1+Qm2I Qm €ﬁ2+8ﬁ2| }

Here, we refer with a and b to the quark-gluon and antiquark-gluon systems
respectively.

D.3. Systems Consisting of Gluons

There are three different contributions to the gluon-gluon interaction in

second order perturbation theory: the one-gluon exchange, the annihilation
into a gluon and the four-gluon vertex which are shown in Figs. 2k, 2£ and
2m, respectively. The first two of these interactions emerge from the part
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of the interaction Hamiltonian which is cubic in the gluon field operators.
Evaluating the matrix elements Vk'k in eq.(5.3) with state vectors of the form

3> = calm Cammsl0> (033)
and considering terms with one contraction of the gluon fields in the Wick
expansion of the timeordered product, we are still left with the sum of the

gluon exchange and the annihilation interaction.

The contribution due to the gluon exchange is easily separated, yielding the
two-body operator

- ﬁ [N} u’\’
Vs L (mif g ) (<if ) T2t TS (- M (34)

/2, T4 gh an‘
8Ru0§ QQO|QmuQmut

( Y a)(a" J a) EokE ) R ) e e o
ﬁ "N,

(o wi Cougan C_o
szz: Q

For the annihilation, we arrive in a similar fashion at

- yg ni n
Vs (i) (i) e RS ("M (D35)
4R a"'a a'a
W /T Z' Z" Zln
szRoky oL ok kL,
N 4
S ERIN S IR N KRN R W &
n, ) ( Uﬁ‘ll léfnu(',') Uﬁllﬁlﬁ("',"')
_Mlll _M _MII Ml ’M M
1 1 ‘! zlll+ Z"+ Tt X
+ Caulmuu Caumu Ca|m| Cam

n
z“l zll " zl z
kel 9’;%1-9,“.-94

Here, we have made use of the function Uﬁﬁéﬁ(ol,oz) defined in eqgs.

(D27) and (D28). In first quantization, the corresponding two-body
operator Vi2 is given by

Vi, = ;ifl'?zg n12(3) Kyo(3). (D36)

This form applies to both the gluon exchange and the annihilation inter-

a"'m a'm" "a'm'
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action. Of course, Pi (i=1,2) denotes the vector of the eight generators
of SU(3)co1our in the adjoint representation which are connected to the
structure constants by eq.(D23). The angular momentum structure of Vi,
is contained in K;,(J). For the gluon exchange, K ,(J) is given by

(Zl.mll,ZZ'mz'IKlz(J)l21m1,22m2> = 2(2J+1)Z(-1)M1 +M2 M (D37)
M
( J,' N ( J,' Jd J,
Mt M M \-Mt M My
while for the annihilation we have
1o t o . _ My'+M;'+M
<121 My sZp My ]Klz(d)|21m1s22m;> = 2(2J+1):%;(-1) (D38)

( % LR N P (J1 J Jz)
MM M \My M oMy
Here, the ket |z,m,,z,m,)» denotes the direct product state of two gluons with

polarizations £, and I, and quantum numbers m; and m., respectively.
The matrix elements of the operators u;.(J) are

tm o b 0 1 Ne Me 4
(aa'm's2a'ma’ Q) [T, 2ams )y = s .
+ s AZ1082021 oL2
R /6m19m29m1.9m2.
gt |
>k Z’“( ) U2z IZ2 (o y)
‘ m, ~mm m, “mm;
NI 7
Qm
! + ! (D39)

for the gluon exchange and

1 1

2J+1 y Zl 22 21 22"
v Ao g,

<21'm1',22lm2l|u12(J)[21m1,22m2> =

n.gtt
) ]
Syl M oy yhalie, )
Nz ) 1 2 1 2
Qm
]
1 . ! (D40)
Zi0l1 ial Z_ql1_ql2
Oty 4 O~ e ",
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for the annihilation.

We now turn to the gluon-gluon interaction which is described by the
elementary four-gluon vertex, Fig. 2m. The source of this process is
the part of the interaction Hamiltonian which is proportional to g2.
Therefore, the contribution in second order perturbation theory to the
matrix element Vo is found in the first term of eq.(5.3). Using state
vectors of the form (D33), we arrive at the two-body operator

- _ 1 1 s s . : Mu|+M||
vV = ggz P————— (.1fbau|al)( 1fbaua) nzucnzu( 1)
VQZQZ QZ QZ
m ml mll mlll
Z"'ZZ"Z' Z"lzlzllz Z"'Z"ZIZ —— - .t z
- - F*x % '+ T X z
(ZFI*"‘"l"'*T"IImI F;“”m‘;“"m lellmllmlm ca"'m"l callmll calml cam . (D41)
The integral F;;:é:é:. is given in Appendix C, eq.(C26).
In order to obtain a factorization of the angular momentum contribution
. -~ Zzlzll ni
in V, we decompose me'm"m"‘ as follows
] L1 "y
FZZ'Z"Z"' - .1_ (2£+1)(_1)k J 'e J J ‘e J TZZ'Z“Z“'(“ .
mlmllmlll R3 % 4T|. ' ) o mlmllmlll

The form of Tﬁé:ézéx:(t) is easily determined from eqs.(C30) and (C31). In
first quantization, the corresponding two-body operator Vi, is given by

Viz = ';§ Fuiefs jii [Uéz(f) Kﬁz(z) + UEz(f) qu(z) + ugz(f) ng(f)]. (D43)

The F is again the vector of the SU(3)colour generators in the eight-
dimensional adjoint representation. The matrix elements of the
K,,(£)-operators are

Caa'mat, zo'mat [KR2(2) [Zamy, Zame) = 2(2z+1)%(-1)M1 +M2'+M
Ji' £ Ja J2' £ 2
(D44a)
Myt M My \-M2t M M2
{Ii'myt', Z2'my! lK%z(ﬂ) |Zam1, Zome) = 2(234,1)'%(_1)941 +M2'+M

JJ_' £ Jz' JJ_‘ 2 J2
(D44b)
-M,' M =My Mi M M,
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dZy'mt',z,'mp! IK(l:z(Z) |Zamy.Zomey = 2(204+1) > (-1 )Ml '+M, ' +M
M

Ji' € J; ' L 0
‘ . (D44c)
-M;' M My /\-M' -M M,

The uy2(£)-operators are given in terms of the T-function of eq.(D42) as

Ne Mo
<21'm1',Zz'mz'lu§2(2)|21m1.22m2> = - Ly 12 T21 iz 22(13)
n My m1m2 ma
gr2 Af1plzglt . QZ
my‘m, ‘m, ! (D45a)
B Ny, Mg, $1'22'Z,2
1 1 ! i = 2 1 &2 41482
<21 my',Z2'm2 |U12(£)lz1m1,22m2> = Ty 'my ! mlmz( )

T1-Z2.21" Zz
2
8R /6m Qm Qm .Q

nz Inz t

< Za'my',Z2'me! Iugz(l) l21m1,22m2>

Y1, 221
2 1 2 1
8R vﬁm Qm Qm .9

D.4. Special Cases

Let us now consider the interactions between particles with the lowest
possible angular momentum, i.e. k = +1 (j = 3) for quarks and J = 1 for
the (transverse) gluons. Here, the two-body operators K,, which were
given in sections D.1, D.2 and D.3 can easily be expressed in terms of
products of one-body spin operators é. Using the Wigner-Eckart theorem,
the matrix elements of these one-body operators in spherical (instead of
cartesian) coordinates are

| : 1 3
(-1)" ‘5¢’§( ) for quarks
-m' k m
1

k -
(%) g = ) ,
-(-1)M+ «’;‘( ) for antiquarks
m k -m'
and 11
k _ M'-1
(S = (-1) V’?T( ) for gluons .
-M' k M

The scalar product in spherical coordinates is given by

(D45b)

21'2222'2,
e I‘Tml m2m2 ml(z)

(D45c)

(D46a)

(DA6b)

(Da6c)
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DIAGRAM K12(0) Kiz(1) Ki2(2)
>““< 1 45, 0
:::E:: %-- Si2 %-+ S12 0

-~
l - = Siz 1+ Sy,

H - 5+ S1z 1 - Sia
>"‘< 1 S12 0
H z S1s £ s, 28],
X: -5+ 5 - 2451451 | 451+ 351

A %- Si2 -% + 512‘+ 2512
;}{ B 2.5, 22 4+ S12 + Sa2 £+ 510+ 150
¢ |5+ %51, + Bsu 2 - 5%, 2.5, 4+ 155

TABLE 9

The two-body operators Ki»(J) (see Appendix D) which contain the spin structure
of the various diagrams. The in- and out-going quarks and gluons are assumed to
carry lowest possible angular momentum (¢ = +1 for quarks, J = 1 for gluons).

Note that S;; = él'gz.
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(-9), —/_;[(-,+>;<+,->] (D52)
for the quarks and
1
(~M,E)i = v [(ME) + (E,M)] (D53)

for the gluons in an obvious notation.
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APPENDIX E. CONVENTIONS.AND UNITS

We use the flat Minkowski space metric gV with the signature

w
=
<

n

e}

]

diag(1,-1,-1,-1)

u
v § v e

Greek indices (u,v,...) can take the values 0,1,2 and 3, latin indices
(ko€,...) 1,2 and 3 when they refer to space-time. They are raised or
lowered with gHV

L J
x
L[}
(fa)
>

_ _ _ k
X = X Xy = =X = -Di] .

The 4 x 4 Dirac y-matrices which satisfy the Clifford algebra
{'Yus 'Y\)} = 2g1.1\)

may be represented as follows

k
RN
0 -4 LA
where the ok are the 2 x 2 Pauli matrices
U I G IR
gl = g? = g?® = .
1 0 i 0 0 -1

Under hermitean conjugation, we have

(K = KL T = O - Y,
We employ the usual Condon and Shortly phase-convention for the

Clebsch-Gordon coefficients.

Throughout the text, we use "natural" units with

(E2)

(E3)

(E5)

(E6)
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The correct factors of f and ¢, which have to be supplied in the various
formulas, are easily found by considering the dimensions.

As an example,
egs.(A12) and (A14) should be replaced by
anR
[\ =

—_— and
n e

Le (E8)

Some useful numerical relations are

fe

197,3285851 MeV fm

1GeV

5,06768963 hc fm * (E9)
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BOOKS

Classical texts on quantum field theory are

- J.D. Bjorken, S.D. Drell, Relativistie quantum Mechanics, McGraw-Hill (1964)
Relativistic quantum Fields, McGraw-Hill (1965)

- A.L. Fetter, J.D. Walecka, Quantum Theory of Many~Particle Systems,
McGraw-Hi11 (1971)

A more recent book is

- C. Itzykson, J.-B. Zuber, Quantum Field Theory, McGraw-Hill (1980)

In the last few years, there have appeared many books which address quantum
Chromodynamics directly. Some of these are

F.E. Close, An Introduction to Quarks and Partons, Academic Press (1979)

K. Huang, Quarks, Leptons and Gauge Fields, World Scientific (1982)

F.J. Yndurain, Quantum Chromodynamics; an Introduction to the Theory of
Quarks and Gluons, Springer (1983)

T.-P. Chang, L.-F. Li, Gauge Theory of Elementary Particle Physics, Oxford
University Press (1984)

An account on group theory may be found in

- M Hamermesh, Group Theory and its Application to Physical Problems,
Addison-Wesley (1962)

- R. Gilmore, Lie Groups, Lie Algebras and Some of their Applications,
John Wiley & Sons (1974)

The Lie group SU(2) (angular momentum) is extensively discussed in

- A.R. Edmonds, Angular Momentum in Quantum Mechanics, Princeton University
Press (1957)

The geometrical approach to gauge field theory is covered in

- C. Nash, S. Sen, Topology and Geometry for Physicists, Academic Press (1983)
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There are many texts which show the connection between geometry and the
BRS-transformation. One of these is

- B. Zumino, Anomalies, Cocycles and Schwinger Terms, in Symposium on
Anomalies, Geometry, Topology, edited by W.A. Bardeen, A.R. White,
World Scientific (1985)
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Even though aV(B-?“V) is conserved due to the antisymmetry of F"°, it does

not necessarily lead to a well-defined charge in the quantized theory. In

the general case, it should therefore be kept in the BRS-current in order to
obtain a well-defined BRS-charge. The existence of this charge is assured by
the assumption that the BRS-symmetry remains unbroken in the quantized theory,
However, in view of the boundary conditions (4.8), the charge corresponding

to aV(B-F“V) is well-defined and integrates to zero in the finite volume theory.
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