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ABSTRACT

The propagation characteristics of the coastal trapped waves (CTWs) around the coast of
southern Africa were investigated by analyzing the observed daily mean sea level data from
16 coastal tide gauges, as well as outputs of sea level anomalies from the Hybrid Coordinate
Ocean Model (HYCOM) at a grid point closest to each tide gauge station under consideration.
The observed records showed sea level variability dominated by the short time variability with
a period shorter than one month. This short time variability varies from season to season with
the largest CTW amplitude during austral winter. The short time variability propagates
anticlockwise as coastal trapped wave around the coast of southern Africa with a propagation
speed ranging from 3 to 6.5 m/s, and from 1 to 7.5 m/s, along the west and south coasts,
respectively. These propagation speeds are forced by synoptic atmospheric disturbances
mainly in term of wind variability. Coastal trapped waves were observed propagating
equatorward in the east coast of southern Africa in the opposite direction of Agulhas current
on a few occasions. It can be a result of a good resonance between a strong and persistence of
weather system and the coastal trapped wave. It is believed that more precise response and
good answers for some discrepancies that were found can be achieved when a longer time
records from Inhambane is included in future similar study. The outputs from HYCOM
showed very similar propagation characteristics to the observed data. Along the south coast,
the behaviour of the CTW is well reproduced. Unfortunately the model does not reproduce
very well the variability along the west coast. While it seems to underestimate the west coast
response, at same time it seems to overestimate it along the south coast of southern Africa.
Although the model demonstrated some CTWs travelling northwards along the east coast,

such disturbances were infrequent and difficult to find in the observed data.
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Sea Level Variability and Coastal Trapped Waves around southern Africa

CHAPTER 1

INTRODUCTION

1.1 General

Coastal Trapped Waves (CTWs) forced by the wind stress, actually the alongshore component
of wind stress (Robinson, 1964; Mysak, 1967; Adams and Buchwald, 1969; Gill and
Schumann, 1974; LeBlond and Mysak, 1978), are the object of study in this work. One of the
best ways to observe CTW'’s, is to start by analyzing the behaviour of the sea level on the
continental shelf. The variations in sea level measured at coastal sites can bring evidence of
occurrence of the CTWs along the world’s coastlines. In order to achieve this, it is best to plot
sea level records from different tide gauges that are closely spaced along the shelf. This is

likely to reveal patterns of low frequency (days) sea level variability.

The CTWs were intensely studied in the 1980s (Reynaud et al., 1991) and these studies
revealed that they propagate towards the equator on the west boundary of the oceans and
towards the poles on the east boundary of the oceans; have periods of days to weeks, and are
mainly driven by alongshore wind fluctuations. These CTWs are a mechanism by which
winds at one location are able to influence the coastal ocean in other locations at large

distances.

Thus, the existence of those waves has been revealed in many ocean boundaries around the
world (LeBlond and Mysak; 1978; Mysak, 1980; Reynaud et al., 1991). Around the coast of
southern Africa, de Cuevas et al. (1986) concluded that the sea level disturbances that they
found propagating down the west coast and along the south coast are coastal trapped waves.
They concluded also that those disturbances did not continue propagating northwards along
the east coast, north of Durban. Schumann and Brink (1990) confirmed the existence of

coastal trapped waves by studying their propagation characteristics. Their results suggest that

1
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the CTWs are inhibited by the Agulhas Current, as was previously reported by de Cuevas et
al. (1986), on their eastward and equatorward propagation. Brink (1990) reported results
similar to this latter finding. The effect of the Agulhas Current on the propagation of CTWs
was first speculated by Gill and Schumann (1979). The studies carried by de Cuevas et al.
(1986) and, Schumann and Brink (1990) suggested the weather systems as the forcing
mechanisms to establish the existence of coastal trapped waves. But more than establish, the
CTWs must be continually forced to propagate, with their speed determined by the speed of

the forcing mechanism, around the coast of southern Africa (de Cuevas et al., 1986).

Therefore, an exercise to understand the relation between sea level variability and weather
systems is necessary. The coastal sea level is affected by atmospheric pressure and wind
disturbances in the coastal region as well as large-scale offshore forcing. This is the “isostatic”
response, described by Robinson (1964). This direct response to air pressure is very rapid, and
it can be shown that winds in the coastal region are the main forcing. The apparent
“nonisostatic” sea level variability can be due to a sparse network of tide gauges which the
results could easily be misinterpreted. This lack of direct response to local atmospheric
pressure forcing could means that efforts must be given just to understand the action of the
wind on the sea level variability. In this way the inverted barometric correction is applied just
to reduce the ‘‘noise’’ related to regional phenomena in the tide gauge data (Church et al.,
2004). The inverted barometric correction is an exercise usually made for adjusting coastal
records assuming that 1 hPa increase (decrease) in the atmospheric pressure corresponds to 1
cm decrease (increase) in the sea level (Hamon, 1966; Buchwald and Adams, 1968; Mysak,
1967; Pugh, 1987; Schumann and Brink, 1990; Maiwa et al., 2009; Antunes and Taborda,
2009; Antunes, 2011).

In this study, sea level records were used to investigate sea level variations in order to identify
coastal trapped waves around the coast of southern Africa. Later, the propagation of the
forcing mechanism responsible for the sea level disturbances is also investigated to
understand the propagation characteristics of CTWs along the east coast of southern Africa.
The east coast of southern Africa is characterized by the activity of the western boundary

current and the shelf is relatively narrow. These two facts are sufficient enough to inhibit the
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normal existence and occurrence of CTWs along the aforementioned area where they were

poorly investigated.

So, power spectrum density was used to detect frequency bands of significant energy peaks
within the time series. The dominant modes of variability within the time series were detected
using the wavelet power spectrum. By analyzing the Hovmoller diagrams, the propagation
characteristics of the sea level variability were identified. The sea level heights from the
Hybrid Coordinate Ocean Model (HYCOM) were used to understand if the model can
reproduce signals with coastal trapped waves (CTWs) characteristics. It was possible by a
comparison of both observed and model outputs sea levels pattern brought on the Hovmoller
diagrams. The relationship between the sea level variability and the forcing agent is

understood by interpreting the sequence of daily wind vectors and sea level pressure.

1.2 Problem Statement

The coastal trapped waves (CTWs) can have remarkable impacts on the marine bio-resources
in the coastal and estuary regions. Therefore, the results of this study may be very important
from both physical and biological aspects (Maiwa et al., 2009; Schuman, 2013). In addition,
the question of coastal security is very important, taking into consideration that the countries
located along the coast in the southern Africa have their major and most populous cities along
the coast and/or along the borders of estuaries. As result of the coastal zone being densely
populated when compared with other regions in the same countries, the question of sea level

variability at all time scales needs to be addressed.

Rather than providing an exhaustive study of the subject of sea level variability, this study
aims to improve the knowledge and so provide a better understanding of the CTWs at local
and regional level around southern Africa. Since their discovery in 1960s (Hamon, 1962,
1966), CTWs have been the subject of many worldwide studies, with a concentration
especially in the 1980s (LeBlond and Mysak, 1978; Mysak, 1980; Reynaud et al., 1991).
Around the coast of southern Africa, few studies have been carried out, e.g. de Cuevas et al.

(1986), Schumann and Brink (1990). These studies were focused on the existence and the



Sea Level Variability and Coastal Trapped Waves around southern Africa

propagation characteristics of coastal trapped waves. Thus, the propagation characteristics of

the CTWs are well known along the west and south region of the coast of southern Africa.

Therefore, although the behaviour of CTWs in the east region of the coast of southern Africa
was already studied, e.g. Schumann (1983) and de Cuevas et al. (1986), there remain
deficiencies (discrepancies) and open questions. An open question is whether CTWs are
simply “stopped” from the travelling up the east coast, e.g. Gill and Schumann (1979), and
will simply “die” near and around Richard’s Bay, e.g. de Cuevas et al. (1986) or that they
might continue northwards from Richard’s Bay with renewed vigour in towards the equator
(Shillington, pers. Comm.). There is a lack of adequate tide gauge records at Maputo or
Inhambane, in Mozambique, and so possible CTW behaviour north of Richard's Bay is
unknown. In addition to these unknowns, is the effect of the contribution of the coastal
western boundary current; the very strong Agulhas Current, which propagates south-
westwards in the opposite direction to the propagation of CTWs along the east coast of Africa,

between Durban/Richards Bay and Port Elizabeth.

In addition to this, has been an interest in knowing the contribution of the CTWs to coastal
nutrient transportation far away from the locations where the upwelling may occur. Rather
than making an independent contribution, CTWs underlie and control circulation, exchange
and mixing phenomena’s in the coastal ocean. However, the performance of the CTWs on the
nutrient transportation, for example, will depend on strength of the forcing mechanism

(Huthnance, 1995).

It has been hypothesized that the combined effect of CTWS, together with severe storm surges
due to say tropical cyclones along the east coast of Africa, large tides and possible tsunamis
from the Indian Ocean may provide a dangerous, if rare, combination in this coastal region

(Schuman, 2013).

Usually, the in situ observations have gaps, associated with problems faced by the institutions
in managing tide gauges. Therefore outputs from the Hybrid Coordinate Ocean Model
(HYCOM), for southern Africa, are used to reproduce the coastal trapped waves signal. If the

signal is well reproduced, in future such outputs will be used to assess the occurrence of
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CTWs around the coast of southern Africa. Taking into account what was before stated, key

research questions were formulated.

1.3 Research questions

The aim of this study is to investigate the characteristics of daily sea level variability
(amplitude, frequency, and speed of propagation) from tide gauges and to find characteristic
patterns of the daily sea level variability from short term ocean numerical model outputs,
around southern Africa, and later identify perturbations with CTWSs characteristics. In order to

reach this overall goal, two research questions are addressed:

1. Can the coastal trapped waves propagate equatorward along the east coast of southern

Africa in the opposite direction of the Agulhas current?

ii.  Can the HYCOM outputs of sea level anomalies, for southern Africa, reproduce the

coastal trapped wave’s signal of the tide gauges?

1.4 Structure of thesis

This thesis is organized into six chapters. Chapter 2 describes the nature of sea level
variability and coastal trapped waves. It briefly explains factors contributing to sea level
variability and differentiates “sea level” from “mean sea level”, which helps to explain sea
level variability. It also reviews the relevant studies which were undertaken to give scientific
explanation of the existence of CTWs and describes the weather systems that rule the coast of
southern Africa. Chapter 3 outlines the data used in the study and describes the research
methodology. The results are presented in chapter 4. A discussion of the results is given in

chapter 5. Chapter 6 provides the conclusions of this research.

There are also three technical appendices. Appendix A provides additional details relevant to
assessment of frequency of coastal trapped waves in different sites around the coast of
southern Africa. Appendix B brings auxiliary details relevant to assessment of propagation

characteristics of coastal trapped waves in different sites around the coast of southern Africa.
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Appendix C presents a sequence of daily wind vectors and sea level pressure around Southern
Africa to provide additional details of the relation between the two variables during the

generation and eastward propagation periods.
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CHAPTER 2

LITERATURE REVIEW AND THEORY

2.1 Sea Level Variability

Sea level and its behaviour has been a concern for coastal and other communities for a long
time, and hence its measurement has a long history. Sea level association with movement of
the moon and sun (IOC, 1985; Pugh, 1987; Emery and Thomson, 2004) thereby producing
regular tidal variations was a great innovation, commencing with Newtonian theory. With the
advent of modern ocean science technology, the shape of the geoid was established and is

now used as a bench mark to measure the sea level variability (Emery and Thomson, 2004).

According to Pugh (1987), the geoid is the shape that the surface of the oceans would take
under the influence of Earth's gravity and rotation alone, in the absence of other influences
such as winds and tides. All points on that surface have the same scalar potential, i.e., there is
no difference in gravitational potential energy between any two adjacent points on an
equipotential surface. In other words, the geoid is the equipotential surface that would
coincide with the mean ocean surface of the Earth if the oceans and atmosphere were in
equilibrium, at rest relative to the rotating Earth, and extended through the continents (such as
with very narrow canals). Along the coast the mean sea level (MSL) can be easily measured

against a known coastal datum, but far away from the coast it is more difficult to establish.

The sea surface is commonly referred to as mean sea level (MSL), but because the ocean
surfaces are not “flat”, this sea surface is not changing globally at the same rate. Mean sea
level is the average level of the sea, usually based on hourly values taken over a period of at
least a year. The common practice takes into account a need to eliminate the short term
changes forced by tides and surges in order to avoid introducing high frequency variations

from days to weeks (Pugh, 1987). The same author reports that the MSL can be calculated by
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using different approaches such as arithmetic mean values, low-pass filtered mean values, 3-

hourly values or mean tide levels.

For geodetic purposes the mean level may be taken over several years which imply that the
term mean sea level can also refer to a tidal datum, or frame of vertical reference defined by a

specific phase of the tide (Emery and Thomson, 2004).

Tidal datums are locally-derived based on observations at a tide station, and are typically
computed over a 19-year period, known as the National Tidal Datum Epoch (NTDE). The
present 19-year reference period used by National Oceanic and Atmospheric Administration
(NOAA) is the 1983-2001 NTDE. Tidal datum’s should be updated at least every 20-25 years
due to general global sea level rise/fall. Some stations are more frequently updated due to high
relative sea level trends. Tidal datum’s are the basis of marine boundaries, which are used as a
vertical reference plane in producing nautical charts, and provide important baseline
information for observing changes in sea level over time (Pugh, 1987; Emery and Thomson,

2004).

Nevertheless, the Intergovernmental Oceanographic Commission (IOC) manual (1985) and
Pugh (1987), argue that at any specific time or location the measured sea level height is
composed of three components: the tide (gravitational tide), the weather induced fluctuations
(meteorological residuals) and the mean sea level. Each of the three components can be
defined in many ways and their variations are independent of each other, as well as the
physical processes behind them. The equation 2.1 shows the sum of the three components as

described by Pugh (1987):
Zt =ZO +Xt+St (21)

Where, Z; is the observed sea level height, Z, is the mean sea surface level component, X; is

the gravitational tide component and S; is the meteorological residuals component.

So, basically the gravitational tides and the weather, according to Pugh (1987), independently
govern changes in the sea level and it is known that the regular contribution of tides is much
more predictable than the weather effects. The temporal and spatial variations of the sea level

are more pronounced hence requiring more refined techniques to detect their proportion of the
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changes. It can be achieved just when analysing a time series. The techniques used depend on

the objectives of each study that's why they will not be listed here.

Coastal tide gauge records play an important role in studying the temporal and spatial
variability of sea level changes. Using tide gauge records, relative sea level trends can be
investigated allowing an understanding of changes in local sea level at a range of time scales
from decades to centuries. This is important for many coastal applications, including coastal
mapping, marine boundary delineation, coastal zone management, coastal engineering,
sustainable habitat restoration design, and the general public enjoying their favourite beach
(Pugh, 1987). A temporal analysis of the sea level variability can distinguish between both
short and long period changes.

2.1.1 Sea Level Variability on a short time scales

Sea level variability on short time scales, i.e., less than an hour to months is associated with
wind driven surface waves, gravitationally forced tides and seasonal and interannual
variations of solar heating. Wind waves have an effect on sea levels on a relatively shorter
time scale through their “wave setup” and can affect wide areas. Gravitational tides usually
generate sea level variability at semi-diurnal, diurnal, fortnightly, and monthly time scales.
Solar heating causes fluctuations in the salinity and temperature distribution in the upper layer
of the ocean. Short-term sea level changes also include variability caused by changes in the
atmospheric pressure, the winds along the coast, the river runoff and the changes in the large-
scale oceanic circulation (Pugh, 1987; Emery and Thomson, 2004). This sea level variability
with periods between 3 - 10 days is related to the meteorological forcing and oceanographic
response, and is referred to as low frequency variation, according to CTW dynamics which
can be determined using daily mean sea level adjusted for the atmospheric pressure (e.g.

Brundrit, 1981).
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2.1.2 Sea Level Variability on a long time scales

Sea level variability on long time scales is due to various factors which affect the volume or
mass of the ocean. Among these factors, the changing mass of the ocean and the increase in
temperature are two primary causes. The fluctuation of the mass of ocean is influenced by the
water locked up on land and as fresh water in rivers, lakes, land glaciers, polar ice caps, and
sea ice. The fluctuations in temperature cause changes in the sea water density and as result,
can initiate volume expansion or contraction. Very long-term sea level variability has also
been due to glacial isostatic rebound and changes in the shape of oceanic basins and in land—

sea distribution (Pugh, 1987; Emery and Thomson, 2004; Millar and Douglas, 2004).

2.1.2 Previous studies on Sea Level Variability

Few studies have been devoted exclusively to the study of the variability of sea level around
southern Africa. The first sea level studies around the coast of southern Africa have been
discussed by Brundrit (1984) along the west coast. His studies focused on the seasonal and
long-term components of sea-level variability. As conclusion, he said that the seasonal
response at the northern and southern ports is clearly different due to the difference in winds
affecting these two regions. At all ports, the long-term component was found to be similar
suggesting large-scale, non-local forcing. In many cases the sea level variability is part of the
investigation of the sea level rise and its impact in both the local and global level provoked by
global warming (Pugh, 1987; Hughes, 1992; Brundrit, 1995; Mather, 2007). The
aforementioned variability is, actually, in the scope of longer term variability (e.g. Church et

al., 2008).

2.2 Coastal Trapped Waves: Background

In the ocean, the shelf and coastal zones are very dynamic when compared to offshore. Good
vertical measurements are required to determine its stratification. This is the result of higher
variations of water temperature, salinity, sea levels, currents and the ocean forcing (Tomczak,

1998). The figure 2.1 below shows a typical cross-section of a continental margin.
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Continental Shelf
| Continental Slope

Coast

Figure 2.1: Cross-section of the continental margins. The different tones of the brown colour indicate
sediment (light brown), rocks (middle brown) and the mantle of the earth (dark brown) — after
(http://www.onr.navy.mil/Focus/ocean/regions/oceanfloor2.htm).

CTWs do not fit into the general class of ocean variations mentioned above; rather they
belong to the class of height and current variations caused by features of the continental shelf
and coastline itself. CTWs are waves which propagate towards the equator on the western
boundary of the oceans and towards the poles on the eastern boundary of the oceans, have
periods of days to weeks, vertical height variations of the order of 50 cm, and are mainly
driven by fluctuations in the longshore component of the wind. CTWs are a mechanism by
which winds in one location can influence the coastal ocean at other locations considerably

further along the shelf-so called “free waves” (Tomczak, 1998).

As is well known, in the open ocean, steady currents are basically dominated by geostrophy,
i.e. a zero order balance between oceanic pressure gradient forces and the Coriolis
acceleration per unit mass. Regions of high and low sea levels create the geostrophic balance,
and these are generally referred to as “high and low pressure” centres. In the southern
hemisphere, the high pressure centres always have an anti-cyclonic (anti-clockwise) flow,
while the low pressure creates a cyclonic flow. When the high and low pressure centres are in
close proximity to the coastal ocean, they can cause the water to move from one side of the
shelf to the other, an effect that can easily be seen as the lowering and rising sea level at the
coast. The aforementioned effect, lowering and rising of the sea level also means changes in
pressure. The effect of these changes can then be seen as ocean currents flowing parallel to the

coast (Tomczak, 1998).
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Figure 2.2: Schematic diagram of the shelf with the variables usually used to define the CTWs in
the northern hemisphere — after Mysak (1980). The y axis and y velocity component v are directed
into the plane at 0 and are along the mean coastline. L is the sloping continental shelf width, H(x)
is the depth variation and D is the mean deep-sea depth far from the coast.

Therefore, the moving water in the presence of a shelf is truly a propagation of a wave known
as coastal trapped wave (CTW). The existence and propagation speed of CTWs depends
largely on the nature of the continual shelf depth, width, and slope. A combination of these
details can act in order to favour or inhibit the CTW’s life after it has left the area of formation
(Tomczak, 1998). Figure 2.2 shows the coordinate system used to discuss the propagation
characteristics of the CTWs along the continental shelf-slope area. The CTWs will have
different motion characteristics depending on if the shelf is wide (L > 100 Km) or narrow
(Emery and Thomson, 2004). Usually, the propagation of the CTWs will be fast or slow when
the shelf is narrow or wide, respectively, though it sometimes depends also on the speed of
propagation of the forcing mechanism. Emery and Thomson (2004), also argue that the CTWs
motions will be based on the continental slope when the shelf is wide and at the coast when

the shelf is narrow, tending to elongate the flow against the coastal boundary.
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Figure 2.3: Schematic diagram of the basic conditions for the emergence of coastal trapped waves
— after Tomczak (1998). The needs for that are the earth's rotation, displayed in the upper left of
the diagram, a continental shelf-slope and the action of an external forcing such as a periodic
alongshore component of the wind stress depicted by t".

The origin and the presence of CTWs is well explained when wind is taken as the forcing
mechanism. Assume that the wind is blowing, in the same position along the coast with a
periodic variation in longshore direction i.e., in the same direction but opposite sense, in time.
This will produce a periodically changing forcing on the coastal ocean. In the shallow region
of the ocean, the combined effect of earth rotation and wind stress will produce upwelling and
downwelling near to the coast as result of an Ekman layer. The Ekman layer is also known as
the surface mixed layer, and will vary in magnitude according to the nature of the sloping
bottom of the shelf. Because of the Earth’s rotation, the shelf waters it carry angular

momentum which is conserved (Tomczak, 1998), see Figure 2.3.
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Figure 2. 4: The effect of downwelling or upwelling on the coastal ocean in the southern
hemisphere — Tomczak (1998). Due to the wind stress on the surface mixed layer, downwelling
and upwelling pushes and pulls the water below the mixed layer away from and towards the
coast, respectively. The result is a negative and positive vorticity, in this case, at a location
depicted by the red line. Note that the mixed layer was removed on the diagram to illustrate
what happen below it.

Below the Ekman layer, vorticity conservation results in both offshore and onshore movement
of a water column. In response to the downwelling and upwelling, negative and positive
vorticity alternate in order to remove and replace water (see Figure 2.4) which in the end will
cause equatorward or poleward movements of the water particles according which coast is
being considered (Tomczak, 1998). Figure 2.4 illustrates the resulting adjustment in the water
column, where a northward propagating wave can be seen along an east coast in the southern

hemisphere.
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Figure 2.5: The general picture after a periodic alongshore wind event due to the conservation of
the vorticity in the southern hemisphere — after Tomczak (1998). The red line is the position of the
water particles before the forcing whereas the yellow line represents the new position, after forcing
event.

According to Tomczak (1998), the water particles movement appears like wave propagation
which is coastal trapped wave propagation, Figure 2.5. Observation shows that CTWs
behaviour is similar to Kelvin waves; the main difference is that the shelf slope is crucial for
CTWs and a vertical shelf or equator are required for Kelvin waves. (Tomczak, 1998; Emery
and Thomson, 2007). The cross-shore characteristics are defined by the density structure and
length scale of the topography (Emery and Thomson, 2007). Because they are shelf
dependent, their wave profile changes according to the season which makes them one of the

most important objects of study in the observed sea level variability and currents (Tomczak,
1998).
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Figure 2.6: The resulting deformation which actually is a wave — after Tomczak (1998). The figure
shows the dependence of the wave on the cross shelf structure. It has the largest amplitude at the coast,
and decays exponentially towards the shelf break. There is no height variation in the deep ocean.

2.2.1 Coastal Trapped Waves: Brief history

Sir William Thompson (who later became Lord Kelvin) is the person who developed the ideas
behind “Kelvin waves” in 1879. Thomson (1879) showed that in the ocean or atmosphere
there are waves which depend on the Coriolis force, the gravitational attraction and the simple
“flat bottom” ocean with a vertical wall. This wave, which afterwards was given his name,
moves toward the pole along an eastern boundary, equatorward along a western boundary, and
counter-clockwise in the open ocean in the Northern Hemisphere or clockwise in the Southern
Hemisphere. Boundary trapped and equatorially trapped Kelvin waves are two groups that can
be found. Each group can then be subdivided into surface (barotropic) and internal
(baroclinic) Kelvin waves. Internal Kelvin waves as well as coastal Kelvin waves (CKW),
present some of the key dynamics for the study and understanding of the fundamental theory

behind coastal trapped waves on a gently sloping continental shelf.

Early analysis of low frequency sea level residuals remaining after the tides had been removed
showed that at some stations there was a deviation from the simple inverse barometer theory.
Robinson (1964), tried to find an answer for this, and developed the first numerical analysis of
CTWs. His study was centred on the response of the continental shelf sea level to weather
systems along Australian coast using shallow water equations for a rotating fluid developed

by Thomson (1879). The CTW 1is a dispersive wave solution with a shelf topography
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connecting to a homogenous ocean at rest. The solution is governed by potential vorticity
conservation and propagates along the coast always having the coast on its left side in the
southern hemisphere. Hamon (1966) associated the observed signals at tide gauges along the
coast with a continental shelf wave (CSW) or CTW with an estimated phase speed of about 4
m/s. These CTW signals were a result of comparing the time lags in the adjusted sea level

between neighbouring coastal stations.

Mysak (1967), in his work on the theory of continental shelf waves, investigated waves along
coasts in a two layer ocean at coast of Australia. Based on the previous studies and analysis
conducted by Robinson (1964), he tested new assumptions in order to reconcile the
mathematical results with the theory of CSW. For him there were some discrepancies in
Robinson’s model. His disagreement with Robinson was centred on the fact that the Robinson
solution does not take into account the link between the sea level variation patterns and the
latitude as well as the weather system motion contribution. As result, he found a wave
solution that propagates along a coast in a direction with the coast located on the left side in
the southern hemisphere or on the right side in the northern hemisphere. He suggested also
that during its propagation, the CSW can be influenced by the shelf slope, the deep sea

stratification and the background current flow direction.

Gill and Clarke (1974) in their study of wind-induced coastal currents and sea level changes,
suggested the tide gauge as a reliable source of information about upwelling and coastal
currents. Discussing the effects of shelf topography and density stratification on the coastal
upwelling and taking into consideration the assumption brought by Mysak (1967), they
proposed the name costal trapped waves (CTWs) for the first time instead of coastal Kelvin
waves (Thomson, 1879) or continental shelf waves (Robinson, 1964); names which at that
time were commonly used. Coastal trapped waves became the appropriate appellation since

they possess hybrid characteristics between the CKW and the CSW.

Thus a new field of study in physical oceanography was starting. The study carried out by Gill
and Clarke (1974) led to numerous investigations of the existence of costal trapped waves
(CTWs) along various coastlines around the world. Some of the investigations are reviewed

here.
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2.2.1.1 Investigations of coastal trapped waves along various coastlines
around the world

The first investigations of the existence of CTWs were primarily based on the hourly
measurements of sea level recorded by tide gauges. With time, detailed current measurements
were also analysed to improve the mathematical models. Most recently, satellite altimetry
measurements are also being used. The monograph by LeBlond and Mysak (1978), Mysak
(1980) or Reynaud et al. (1991) gives an excellent review of studies conducted up to that time.

Maiwa et al. (2009) investigated the spatial variations and propagation characteristics of
CTWs along the western, southern and eastern coasts of Australia. They used 20 tide gauge
records, for the observations, and the output from a high-resolution ocean general circulation
model (OGCM) to simulate the CTWs. With the observed sea level data, the CTWs were
found propagating anticlockwise around the Australian coast. The signal shown by the data is
faster on the western and southern coasts and slower along the eastern coast. It is basically
forced by the longshore wind in the south-western and south-eastern regions. This result was
confirmed by the numerical model simulations. The OGCM reproduced the CTWs signal
remarkably well. The analysis in this thesis uses a similar methodology to that of Maiwa et al.

(2009).

2.2.1.2 Investigations of coastal trapped waves around southern Africa coast

There are only a few studies along the southern Africa coastline, most of which are confined
to the South African coast. Gill and Schumann (1979) found small currents which act in the
opposite way to the Agulhas Current. They developed the hypotheses as to why the CTWs
were likely to be absent along the very narrow east continental shelf. The hypotheses
consisted of considering the situations that involve the flow of an inertial jet along a coastal
boundary, where the basic premise was the conservation of potential vorticity in various
layers as the current moves into different regimes. The nature of the jet has been altered by
changes in both the local vertical component of the Coriolis parameter f and topographic
changes. Moreover, the approach assumed and used concentrates on the structure of the

inertial current, where its path is well defined because it is constrained to follow a boundary.
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de Cuevas et al. (1986) carried out an empirical study of the low-frequency sea level
fluctuations using one year (1982) of tide gauge records from nine ports along the coasts of
Namibia and South Africa. They found that the CTWs were associated with synoptic weather
systems. Based on the examination at adjacent ports, they found that the CTW signal moves
anticlockwise southwards from Namibia on the west coast to south coast and mostly

disappearing somewhere between Port Elizabeth and Durban on the east coast.

Schumann and Brink (1990) revisited the measurements of CTWs around southern Aftica,
and conducted a study with the purpose of determining the generation, propagation and
current structures of CTWs along the coast of South Africa. Their data consisted of observed
sea levels measurements from 6 coastal sites as well as a few current measurements over the
shelf. They concluded that anticlockwise perturbations found can be identified as CTWs but
recognised some disagreement between data results and literature due to Agulhas Current
along the east coast. Their results suggest that the CTWs are inhibited by the Agulhas Current,
as was previously reported by de Cuevas et al. (1986), on their eastward and equatorward
propagation. The main wind forcing and variation of the shelf topography along the wide west

and south coast continental shelves had a profound effect on the CTWs.

2.2.2 Formulation of the coastal trapped waves

The following description of the coastal trapped waves takes into account the shelf
topography and stratification, e. g. Mysak (1980), Brink (1990), Maiwa et al. (2009). Consider
a stratified ocean which overlies shelf topography. Choose the y axis along the coast, x axis
perpendicular to the coast and z axis vertically upward from the ocean surface. Consider a
linear, inviscid problem with constant rotation under the Boussinesq and hydrostatic
approximations. Then, assuming the time scales are much greater than an inertial frequency
and the y scale of the motion is much greater than the width of the shelf and slope, the

equations of motion are:

1 dp

—fr=——22 (2.2)

Po 0x
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Tt fu=-——22 23)
pg:_% (2.4)
S+ =0 (2.5)
® L w=y (2.6)

at 0z

Where u, v and w are the offshore, alongshore and vertical velocity components, p'(x, y, z, ) is
the density perturbation from a rest state p (z), p is the pressure perturbation, f the Coriolis
parameter, g the acceleration due to gravity, and subscripts (x, y, z, f) denote partial

differentiation. The system (2.2), (2.3), (2.4), (2.5) and (2.6) reduces to:

0°p | 201 3% _
9x29t +f F) (N2 azat) =0 2.7)

where the Brunt-Viisild frequency is defined as:

2__4909p
N2 =L (2.8)

The appropriate boundary conditions are:

gZ—Z+N2p=O at z=0 (2.9
2
fE4Z2=0 at x=0 (2.10)
20" | w2 (p2 , 9°p)\0h_ -
f 6zat+N (f6y+6x6t)6x 0 at z=-h (2.11)
p=0 at x - (2.12)
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where A(x) is the local depth of the ocean. The first condition represents a free surface, while
the second and third follow from no normal flow at a coastal wall and at the bottom,

respectively. The final condition expresses coastal trapping.

In order to find the free coastal trapped waves, assume the travelling wave and vertical,

across-shore modal solution F,,(x, z) of (2.7) as:

P = Y1 Fu(x, Dexp(i(Lyy + wt)) n=12..) (2.13)

Substituting (2.13) into (2.7) to (2.12), this system becomes a two-dimensional eigenvalue

problem:

% +122 (552 =0 (n=12,..) (2.14)
gaaF"+N E,=0 at z=0 (2.15)
fei'Fi+22=0 at x=0 (2.16)

aF".|.f2 (aF”+f ‘1F) =0 at z=-h (2.17)
F,=0 at x- (2.18)

where (¢, = ®/l,) is a phase speed of the n-th mode.

2.3 Meteorology around southern Africa coast

The large scale weather systems that dominate the winds on the southern Africa coasts are the
same which generally affect the southern African continent e.g. Taljaard (1972); van Loon
(1972). While Preston-Whyte and Tyson (1988), and Tyson and Preston-Whyte (2000)
focused their studies just on the southern Africa. Specific study regarding to the coast are

fewer.
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Duncan (1970) in his research on the Agulhas Current described in detail the east coast
meteorology. Nelson and Hutchings (1983) characterized the typical South African west coast
meteorology, describing the nature of passing extra tropical cyclones, coastal lows and the

semi-permanent high pressure systems. The essential detail from these studies is highlighted.

The wind fields around the southern Africa coast are regulated in the west by the St Helena
anticyclone situated over the South Atlantic Ocean, and in the southwest Indian Ocean by the
Mascarene anticyclone. Both systems have a southward displacement in summers, and so
present a seasonal variation through the year. The Inter-tropical Convergence Zone (ITCZ)

also displays a seasonal and an interannual north-south migration.

In summer, the core of the anticyclone centres are situated more southward around 34° S. As a
result, the westerlies are situated in the south far away the continent and, they may influence
the western, southern and south-eastern coastal areas only when the winds are strong. In the
west, the winds are often strong and persistent over a few days to weeks. They are frequently
south or south-easterly in summer, due to the ridging of South Atlantic high pressure gradients
south of Africa. The south-eastern part of the region is mostly dominated by the north-eastern
trade winds of the South Indian high pressure system (in summer). In the far north-eastern
part of the region, tropical cyclones occasionally move westwards through the Mozambique
Channel, but mainly curve southwards over the southwest Indian Ocean east of the

Madagascar. The sustained winds in these storms frequently exceed hurricane force.

In austral winter, the centres of the high pressure systems move latitudinally about six degrees
equatorward from their location in summer. As result, the main features, as described for the
summer, remain the same mostly in the north of the centres of the high pressure systems.
Westerlies associated with the eastward moving mid-latitude depressions from the south-west
Atlantic, reign in the south of the core of the anticyclone centres, near Port Nolloth. Cold
fronts often move over these areas and may reach far to the north. When the South Atlantic
high pressure system moves more eastwards and stays strong, gale force winds can spread to

the south-east coast as far north as the Mozambique Channel.
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CHAPTER 3

DATA AND METHODS

3.1 Study area

\\\

Figure 3.1: Location of tide gauges considered for this study (stations are labelled with their names) and
bathymetry (m) of southern Africa; the 200 m isobath marks the approximate position of the shelf break.

3.2 Data

In this study, three types of data were used, namely: observed, satellite and model data. The
observed records are the main data in this study. Satellite derived observations were used due
to the absence of in situ measurements of some parameters involved in this study. Model data
were used in order to, when it shows good results, utilise them in future for studying sea level
variability with more confidence. Below is the detailed information concerning each

parameter used in this study.
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3.2.1 Tide gauge records

Tide gauge records are observed daily mean sea level, provided by the University of Hawaii
Sea Level Centre (UHSLC), in millimetres (mm) at 16 tide gauges around Southern Africa
(figure 3.1), for the period from 1 January, 2008 to 31 December, 2010 (table 1). The data sets
are  research  quality  data, more information can  be found  at:

http://www.uhslc.soest.hawaii.edu.

3.2.2 Air pressure records

Daily surface air pressure records in Pascal’s (Pa) with 2.5 degree resolution in both latitude
and longitude were taken from the National Centre for Environmental Prediction (NCEP)/
National Centre for Atmospheric Research (NCAR) provided by the National Oceanic and
Atmospheric Administration (NOAA) - Cooperative Institute for Research in Environmental
Sciences (CIRES) Climatic Diagnostics Centre, for the period from 1 January, 2008 to 31
December, 2010. More details and description about the data sets are available from the link:

http://www.esrl.noaa.gov/psd/data/eridded/data.ncep.reanalysis.html .

3.2.3 Winds

The wind data sets are from two providers. As result two different spatial resolutions were

used at two different stages of the study.
Seawinds

To compute the alongshore wind, daily wind velocity datasets, in metre per second (m/s), at
10 m above the sea were taken from "NOAA NESDIS National Climatic Data Centre" for the
period from 1 January, 2008 to 31 December, 2010. The data are provided with 0.25 degree
resolution in both latitude and longitude. More information can be found at

http://www.ncdc.noaa.gov/oa/rsad/blendedseawinds.html.

24


http://www.uhslc.soest.hawaii.edu/
http://www.esrl.noaa.gov/psd/data/gridded/data.ncep.reanalysis.html
http://www.ncdc.noaa.gov/oa/rsad/blendedseawinds.html

Sea Level Variability and Coastal Trapped Waves around southern Africa

NCEP/NCAR Reanalysis winds

To visualize and understand the wind forcing, NCEP/NCAR Reanalysis winds were
superposed on the sea level pressure. The datasets are daily with 2.5 degree resolution in both
latitude and longitude, at 10 m above the sea/land surface from the NCEP/NCAR provided by
the NOAA - CIRES Climatic Diagnostics Centre, for the period from 1 January, 2008 to 31
December, 2010. More details and description about the data sets are at the link:

http://www.esrl.noaa.gov/psd/data/eridded/data.ncep.reanalysis.html .

3.2.4 Sea Surface Heights from the Hybrid Coordinate Ocean
Model (HYCOM) for southern Africa

Daily mean sea surface heights from the Hybrid Coordinate Ocean Model (HY COM), version
2.2 (Wallcraft et al., 2009), for southern Africa were used to compare with the results from the
observed data. HYCOM is a primitive equation general circulation model which is able to
interchange between different vertical coordinate schemes. It is isopycnal in the open,
stratified ocean, but smoothly reverts to a terrain-following coordinate in shallow coastal
regions, and to z-level coordinates in the mixed layer and/or unstratified seas. HYCOM is
designed to provide a major advance over the existing operational global ocean prediction
systems, since it overcomes design limitations of the present systems as well as limitations in
vertical and horizontal resolution (Bleck, 2002; Wallcraft et al., 2009; George et al., 2010;

Backeberg et al., in press).
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Figure 3.2: The configuration of the domains in the HYCOM model system after Backeberg, 2009.
Coarse resolution basin-scale of the outer model grid, provides boundary conditions for a high-
resolution inner regional model grid. Every tenth grid point was plotted to produce the respective
mesh grids, therefore each box consists of 10x10 grid cells.

The model employs two domains (figure 3.2), the outer model with the horizontal resolution
gradually decreasing from 14 km in the northern Indian Ocean, around India, to 42 km in the
southern part, around Antarctica (e. g. Backeberg, 2009; George et al., 2010; Backeberg et al.,
in press), while the resolution of the inner model is 1=10° (10 km) (e. g. Backeberg, 2009;
Backeberg et al., in press). The resolution of the inner model, according to Backeberg, 2009,
is sufficient enough to include important features of the Agulhas Current system such as the
Mozambique Channel and the East Madagascar Current, the Agulhas Current core, the

Agulhas retroflection, the ring shedding corridor and the Agulhas return current (figure 3.3).
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Figure 3.3: The regional HYCOM of the Agulhas region domain and the configuration of its outputs
after Backeberg et al. (in press). Mean sea surface height (white contours ranging from — 1 mto 1.5 at
10 cm intervals) and its standard deviation (colour scheme) of the regional HYCOM of the Agulhas.
The mean and standard deviation are calculated for the period 1998 — 2007 corresponding to the
period from which the static ensemble is generated.

Both the inner model and outer model were created using a conformal mapping tool (Bentsen
et al., 1999). The inner model receives boundary conditions from the outer model based on the
Newtonian relaxation in sponge layers and full open-ocean boundary conditions (Wallcraft et
al., 2009; George et al., 2010). The horizontal resolution of the inner model is sufficient for

eddy resolving since the Rossby radius of deformation (Chelton et al., 1998) is about 30 km.

Both models use 30 hybrid layers spaced with a minimum of 3 m in the top layers using
reference density o, = 1000 kg.m™3 for target densities ranging from 21.0 to 28.3
(Backeberg, 2008; Backeberg, 2009; George et al., 2010; Backeberg et al., in press).

Levitus climatology (Locarnini et al., 2006; Antonov, 2006) is used to initialize the outer
model and, 10 years spin up period was run to reach equilibrium using ERA-interim forcing
(Dee et al., 2011). After this equilibrium, the inner model is then initialized, interpolated to
the high resolution grid (Backeberg, 2008; Backeberg, 2009; Backeberg et al., in press).
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The atmospheric forcing fields for a period 1980 — 2007 from ERA-interim reanalysis data
provided by the European Centre for Medium-Range Weather Forecasts (ECMWF) are used
to run both models (Backeberg, 2008; Backeberg, 2009; Backeberg et al., in press). The
momentum and the heat fluxes are calculated from bulk formulas. Rivers runoff are
considered as a negative salinity flux where they are determined using the hydrological model

called TOTAL Runoff Integrating Pathways (Oki and Sud, 1998).

3.3 Methodology

MATLAB 2011b and Microsoft Excel 2007 were used to analysis the data. MATLAB is a
numerical computing environment and fourth generation programming language; see
http://www.mathworks.com/products/matlab/ links within for details and description of

Microsoft Excel can be found at http://www.office.microsoft.com/en-us/excel.

3.3.1 Time range of the tide gauge records

The sequential data at each tide gauge station presents several data gaps or “jumps”. So for the
observed sea levels there was a need to find the best time period for the analysis. To do so,
priority was given to the stations located in the west and south regions of southern Africa. The
reason for that is because is believed that the west plays an important starting point occurrence
of CTWs around southern Africa (Shillington, pers. Comm.). In addition, the best evidence of
the occurrence of CTWs can be found along the south coast. Priority also took into account
that the previous studies were done for both of these two regions which will allow the
comparison of the final results from this study. To define the best time range the east coast

region was the last to be included.

Although the de Cuevas et al. (1986) had already included the east region until Richard’s Bay,
in this study the area was extended to Zanzibar, in Tanzania, in order to get more detailed
information. The eastern region is the one which will hopefully produce a novel difference

between this study and the previous publication. Therefore, with the east region will be the
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key to try to answer questions or doubts left by the previous studies, particularly from Port

FElizabeth to Inhambane.

Thus, taking in to consideration the numbered reasons aforementioned a period of three years
presented good sequential data (table 1) which allowed working with 16 tide gauges. Figure

3.1 shows the locations of those tide gauges and the bathymetry around southern Africa.

To visualize the data for the observed sea levels around the coast of Southern Africa, and
hence examine the patterns of their variability, plots were made for each of the 16 single tide
stations, which at same time revealed the data gaps present. Visual examination helped to
identify these gaps as part of quality control. Another technique used is the spectral analysis
of the daily tide gauge data (Emery and Thomson, 2004) in order to show the
power/frequency domain of the time series. This was done section by section of continuous
data. In this way, the results come out without any gap contamination. So the section with

longer continuous datasets was taken as representative of each tide gauge station.

Missing data values up to a maximum of 10 consecutive days were then filled by linear
interpolation (Hodnesdal, 2006; Maiwa et al., 2009) for each tide gauge time series. Most
interpolation methods rely on the data characteristics, the number of points being replaced and
some suitable mathematical criteria (Emery and Thomson, 2004). Linear interpolation is the
simplest way to calculate new value using the given set of values. According to Emery and
Thomson (2004) linear interpolation is deeply employed worldwide, it uses linear
polynomials while fitting the curve with the desired values. The formulation below derived
from the Lagrange polynomial interpolation formula (Emery and Thomson, 2004) best fit the

situation:

y(6) = y(a) + =2 [y(b) — y(a)] = LN (3.1)

b—a

Where x40+ = a and x,.,4 = b are times or positions of the data collection at the start and
end of the sampling increment being interpolated, and x represents the corresponding time or

position of the desired interpolated value within the interval [a, b].
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Table 1: Summaries of the source of tide gauge records. Position means the distance approximated relative
to Walvis Bay calculated along a smoothed coastline. Data indicate the length of the used datasets at each
tide gauge. Range is the difference between maximum and minimum values of sea level height.

Location Sea level
Country Tide gauge Position Data  Range
Name Abbreviation (km) (days) (cm)
Namibia Walvis Bay WB 0 963 40
Luderitz L 417 843 44
South Africa Port Nolloth PL 754 1096 68
Saldanha Bay SaB 1184 673 59
Granger Bay GB 1294 693 66
Simon's Bay SB 1325 1083 55
Mossel Bay MB 1667 1022 84
Knysna K 1751 1066 106
Port Elizabeth PE 1990 1096 82
East London EL 2226 1041 67
Durban D 2687 922 58
Richard's Bay RB 2842 976 59
Mozambique Inhambane I 3482 99 28
Pemba P 4813 764 51
Tanzania Mtwara M 5114 360 30
Zanzibar Z 5587 791 27

The sea level is amongst one of most useful measurements which integrates the influences of
various oceanic processes, that include the effects due to coastal currents, effects due to the
field of mass, density, meteorological effects due to radiation, pressure, wind force and
direction, evaporation, precipitation, effects due to the Earth's geopotential, the geoid, effects
relative to the oceanic boundaries, effects due to the rotation of the Earth, as well as the

effects of the tidal forcing due to the astronomical nature of the tides (Pugh, 1987).

3.3.1.1 Analysis of short-term sea level variability

There is no aliasing of the CTW signal, as a preliminary plot at higher frequency sampling
(hourly) showed similar patterns in time. Thus, daily averages of the hourly data were
constructed and plotted on the same axis. Then, visual examination helped decide whether the

pattern it showed corresponds to the CTWs according to the theory. It was noted that the

30



Sea Level Variability and Coastal Trapped Waves around southern Africa

previous studies were carried out using data with the same time frequency i.e., observed daily

mean sea level.

Short-term sea level variability over periods of the order of 3 — 10 days is mainly related to
the local and remote meteorological and oceanographic forcing (so called low frequency
fluctuations). For this study, daily mean sea level adjusted for the atmospheric pressure effect
is the chosen data. The main objective of this analysis is to investigate how it’s correlated with
the local or neighbouring wind and to determine any other low frequency fluctuations not

incorporated in the wind (Brundrit, 1981).

Indeed, the sea level variability must take into account the mean sea level. The sea level
variability is, for that reason, the deviation in respect to the mean sea level, in other words is
the sea level anomaly. The definition assumed comes upon the theory that the variability
forced by wind stress and mean air pressures or linked to the CTW, normally, according to
Pugh (1987) are unlikely to have amplitudes greater than 50 cm, although Krause and Radok
(1976) and, Schumann and Brink (1990) reported amplitudes > 50 cm off the south coast of

Australia and southern Africa, respectively.

As was said before, the mean sea level, the tide and the weather are the three components that
can be found in any measurement of sea level. There is a need to separate the weather from
other two components. To achieve this goal the variability at each tide gauge station was
determined by removing seasonal cycles from the observed records. The assumption is that
the oceans experience greater summer air pressures and lower winter air pressures and these
must be taken into consideration. The results are now assumed as the records that are
corrected for the IBE (Pugh, 1987). The records were converted to centimetre (cm) to be
adjusted for IBE using surface air pressure datasets. The original values of the surface air

pressure are in pascals (Pa), but were converted to millibar (mb).

According to Robinson (1964), the level of the deep oceans should respond to the IBE. This is
also known as “isostatic” response to each weather system. We assume from the IBE that 1
hPa increase (decrease) in the atmospheric pressure corresponds to 1 cm decrease (increase) in
the sea level (Hamon, 1966; Buchwald and Adams, 1968; Mysak, 1967; Pugh, 1987;
Schumann and Brink, 1990; Maiwa et al., 2009; Antunes and Taborda, 2009; Antunes, 2011).
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The records were adjusted by formulas described by Pugh (1987), Schumann and Brink
(1990) and Antunes (2011):

Where, Z ) is the pressure adjusted sea level height in cm, Z; is the measured sea level

height in cm, AP is the mean surface pressure in mb and AP is the actual surface pressure in

mb.

So, from now any reference to the observed sea level will imply the adjusted sea level. To
visualize the frequency bands of significant energy peaks within the time series, a power

spectral analysis approach was used (Brundrit, 1981; Emery and Thomson, 2004).

The power spectrum analysis used is the multi-taper method with adaptive weighting (e. g.
Percival and Walden, 1993). There was a need to understand the frequency bands with
significant energy peaks within the time series. In order to achieve this, a wavelet analysis was
applied. The wavelet analysis is a good technique to find both the frequency bands of
significant energy peaks and how these frequency bands of significant energy peaks change in
time (Torrence and Compo, 1998). The wavelet power spectrum function used is based on the
Morlet wavelet function as described by Torrence and Compo (1998). For both the power
spectrum and wavelet spectrum, 95 per cent significance was used as the criterion of
significance. Because the data at Inhambane and Mtwara has a lot of gaps, both these stations

were excluded from the power and wavelet spectrum analyses.

The propagation characteristics of the CTWs were investigated using Hovmoller diagrams of
distance, time and CTW amplitude. This enables one to visualize the propagating signals and
to estimate the speed of their propagation along the coast. The typical period is found by
calculating the time difference between the peaks within the propagating events at two
adjacent station locations. The velocity of propagation can be determined by the slope created
when fitting the lines to the propagating signals. A similar approach uses the lag correlation

analysis between two points, in this case, two tide gauges (Maiwa et al., 2009).

32



Sea Level Variability and Coastal Trapped Waves around southern Africa

Plots of the wind stress superposed by the sea level pressure were also produced. This was
done because the wind forcing is always linked to the atmospheric pressure perturbations and
it is seldom possible to understand the impact of the wind forcing separately (Pugh, 1987).
Obviously this exercise is important when examining what was going on during propagating

signals.

3.3.2 Alongshore winds

Usually along the ocean boundary, the component of a wind stress that acts parallel to the
coastline is called the alongshore wind. It produces sea level variability by disturbing the
water movements associated with the Ekman transport dynamics (Pugh, 1987). In this study,
the alongshore wind at the coast was defined by taking into account the orientation of the
coast of each tide gauge station. Thus, to avoid being too rigid on the definition of the
alongshore wind at each tide gauge, as well as taking into consideration that the wind varies
greatly its direction over time, the alongshore wind used is allowed to have a small range (0.1
degree around the geographical position of the tide gauge) in the wind direction. Using the

above data and methods, the results are discussed in the next section.
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Chapter 4

RESULTS

4.1 Characteristics of the Observed Sea Level Variability

The time series of observed sea level at all the tide gauge stations under consideration are
depicted on the figure 3.4. As can be observed short time variations dominate at all stations
with amplitudes ranging around + 30 cm, as described previously by de Cuevas et al. (1986).
The curves indicate that the variations of the daily mean sea levels are highly correlated. The
figure illustrates also some seasonal variability at all stations although not highly pronounced.
High sea level is observed in austral summer while low sea level is observed in the austral

winter.
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Figure 3. 4: Time series of the observed daily mean sea level variability around Southern Africa.

It may also be observed that the most pronounced deviations from the mean sea level occur

most frequently along the west and south coasts of Southern Africa, roughly south of 27°S. It

means that in the northern part of Southern Africa, north of 27°S, the sea level does not

change too much from the mean. These deviations (figure 3.4) occur approximately two

months before austral summer or winter corresponding to the spring or autumn in the southern

hemisphere. From the time series of deviations (anomalies), several large events occurred

around the coast of Southern Africa. The similarity in the amplitudes of individual events, at

different coastal locations confirms results found by de Cuevas et al. (1986).

Figures 3.5 (a

), (c) and (e) show the power density spectra at Port Nolloth, Simon’s Bay and

Port Elizabeth, respectively. On the power density spectra of Simon’s Bay for example (figure
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3.5 (¢)) the time series typically showed a broad peak centred at a frequency of about 0.1
cycles per day, corresponding to the characteristic frequency of CTWs at Cape Town (e.g. de
Cuevas et al., 1986; Schumann and Brink, 1990).
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Figure 3.5: Power spectrum (a), (c) and (e) using the multi-taper method with adaptive weighting for the sea
level variability at Port Nolloth, Simon’s Bay and Port Elizabeth, respectively. 95% confidence (limit) plots are
represented. Wavelet power spectrum (b), (d) and (f) for the sea level variability at Port Nolloth, Simon’s Bay

36



Sea Level Variability and Coastal Trapped Waves around southern Africa

and Port Elizabeth, respectively. Grey shades show the wavelet spectral power (units: base 2 logarithm of sea
level variance). The green contour denotes the 95% significance level. Blue line is the cone of influence meaning
that anything below is dubious.

The wavelet power spectrum at the same location was used to see the sea level variability
from a time varying perspective, e.g. figure 3.5 (b, d, f). As can be seen short, term variability
dominates during austral winter. The dominant modes of variability are not maintaining their

shape year to year at each station point, reflecting variation in the inter-annual wind forcing.

To obtain an initial understanding of the wind forcing, figure 3.6 shows the standard deviation
for the sea level and the alongshore wind variations. The standard deviation for the sea level
shows three peaks, the highest one around Knysna on the south coast, the middle one around
Granger Bay on the west coast and the lowest around Pemba on the east coast. The alongshore

wind variations present two peaks around Luderitz and Saldanha Bay, respectively.
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8- - #\ ——————————————— — ¢ = ssh 412

Figure 3.6: Standard deviations for the short term variations of the sea level (dashed curve in cm)
and the alongshore wind (solid curve in m/s). The x-axis indicates the distance from Walvis Bay.
Note that “WB”, “SB”, “MB”, “PE”, “RB”, “P” and “Z” means Walvis Bay, Simon’s Bay, Mossel
Bay, Port Elizabeth, Richard’s Bay, Pemba and Zanzibar, respectively.

The characteristics of the observed sea level variability were presented and the comparison
done on the figure 3.6 is static. It does not give idea of how they really relate to each other.
Therefore, using suitable techniques, the relationship between sea level and alongshore wind

can be understood. This relationship between them in time or/and in space is explored in
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section 4.3, below. By investigating the propagation of short term variability one objective of

this study can be reached.

4.2 Characteristics of the Sea Level Variability from the
Hybrid Coordinate Ocean Model (HYCOM)

Figure 3.7 shows the time series of the daily mean sea level variability from HYCOM at a
grid point closest to all the tide gauge stations under consideration. The model daily output
sea level height anomaly from the mean sea level is used to compare with the observed dataset
anomaly. The mean sea surface heights were calculated for the period 1997 — 2007. As can be
seen, short time variations dominate at all stations with amplitudes ranging around + 30 cm.
The curves at adjacent stations indicate that the variations of the daily mean sea levels are
highly correlated. The figure illustrates also some seasonal variability at all stations, although
this is not highly pronounced. High sea level is observed in austral summer while low sea

level is observed in the austral winter.
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Figure 3.7: Time series of the daily mean sea level variability around Southern Africa from HY COM.

In general, HYCOM model appears to be able to simulate both the spatial and temporal sea
level variations well and with comparable amplitude to the in situ observations. However the
scales used can induce to different visual conclusion so, for better understanding the
comparison of the amplitude must be done station by station. In section 4.3, below, the
relationship between sea level and alongshore wind in time or/and in space is explored to

understand the propagation characteristics of the sea level variability’s.

4.3 Propagation of short term variability

The Hovmoller diagrams were used to show the spatial-temporal distribution and evolution of
the daily sea level anomaly. Figure 3.8 shows the Hovmoller diagrams for the same period of

observed tide gauge anomalies and the model sea level data anomalies. Putting both diagrams
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side-by-side allows a good comparison between them and to evaluate whether the model can

reproduce the signals propagating around southern Africa.
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Figure 3.8: Hovmoller plot for (a) the observed sea level variability and (b) the sea level variability from
HYCOM model from 01 June to 31 August, 2009. The x-axis represents the distance along the coast from
Walvis Bay (WB) to Zanzibar (Z) for the tide gauges, and Pemba (P) for the model output. This spatial
difference is due to the HYCOM model domain. White square indicate missing values.

It is clear that most of the events (both positive and negative), reach their maximum amplitude

at the south coast between the Simon’s Bay and Port Elizabeth, (SB and PE) on Figure 3.7.

Due to lack of tide gauge data north of RB, it is not clear what happens to the observed

anomalies to the north. From the model output, (Fig.3.8 b) the anomaly amplitudes clearly

start to decay after PE. Only one extreme event (21 June 2009) travels as far north as Pemba

40



Sea Level Variability and Coastal Trapped Waves around southern Africa

in Mozambique. This event will be studied in more detail below. Both positive and negative
events can be seen, where the major events are negative but always proceeded by a positive

disturbance; similar to what was found by de Cuevas et al. (1986).

Using the results of the lag correlation between sites, the disturbances take one to two days
travelling southwards along the west coast (section from Port Nolloth-Simon’s Bay) and one
to six days travelling along the south coast (section from Simon’s Bay-Port Elizabeth). The
estimated propagation speed for the west coast appears to be fairly stable, ranging between 3
and 6.5 m/s. However, along the south coast, the estimated propagation speed ranges from 1

to 7.5 m/s.

As can be seen on the figure 3.8 (a), a strong event occurred from around 21 June to 02 July,
2009, which is well reproduced by the model on the figure 3.8 (b). In order to better
understand the evolution of the sea level anomaly, plots of the wind stress together with the
sea level pressure were produced. The daily sequence of plots of surface wind and pressure

for the period 21 June-2 July 2009 is shown on Figure 3.9.
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Figure 3.9: Sequence of daily wind vectors and sea level pressure (contour unit in 10° Pa) around Southern
Africa from 21June to 2 July 2009.

More details regarding the event aforementioned is done in the next chapter. Therefore, the
analyses below explore and discuss the propagation characteristics of the sea levels around the

coast of southern Africa and their association with the wind forcing, during this event.
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Chapter 5

DISCUSSION

It was decided that a minimum of a three year period of good sequential air pressure adjusted
tide gauge sea level anomaly data was necessary to investigate the nature and propagation of
coastal trapped waves (CTWs) around southern Africa. Although there is scant sea level
observation at stations like Inhambane, Mozambique, the decision to keep it for the study was
important in order to give an idea of the CTWs evolution north of Richard’s Bay station.
There is clearly a risk that the northward propagating CTW may decay unobserved between
Richard’s Bay and Pemba. Another reason, perhaps less scientifically acceptable, is to subtly
encourage the institutions responsible for setting up tide gauges in Mozambique to make a
bigger effort to do so. It is of course known that this involves substantial infrastructure costs,

and the technical capacity to maintain the instruments over long periods.

It seems that, in general, not all the stations respond isostatically. This apparent “non-
isostatic” sea level variability has been motivated from a rather sparse network of tide gauges,
the results of which could easily be misinterpreted. This lack of direct response to local
atmospheric pressure forcing could mean that efforts must be given to understand the action
of the wind on the sea level variability. In this way the inverted barometric correction was
applied just to reduce the ‘‘noise’’ related to regional phenomena in the tide gauge data (e.g.

Church et al., 2004).

The observations and results of the analyses show perturbations propagating anticlockwise
with coastal trapped waves (CTWs) characteristics. The sea level perturbations start in many
cases between Walvis Bay and Luderitz, Namibia. The amplitudes of the sea level variations
caused by weather band processes range from 20-34 cm, from 22.5-53 cm and from 13.5-41
cm, along the west, south and east coast of southern Africa, respectively (see table 1). Krause
and Radok (1976) and Schumann and Brink (1990) also found amplitudes greater than 50 cm

off the south coast of Australia and southern Africa, respectively. The propagation of the
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disturbances from the west coast to east coast is clear, although there are some events which
appear not to be continuous from Port Nolloth to Simon’s Bay. Schumann and Brink (1990)
also reported propagation characteristics similar to this. As described by de Cuevas et al.
(1986), there are differences in the frequency and activity of disturbances in winter and in
summer, due to the differences in the nature of the weather systems forcing them. In this
study, both station seasons show a lot of coherent events (figure 3.4). The beginning of both

the summer and winter seasons appears to show strong disturbances.

In summer, the frequency and activity of the disturbances appear to be less intense when
compared to the winter. The perturbations are due to strong and persistent south or south-
easterly winds, as described in section 2.3, along the west coast. These perturbations,
associated with upwelling events, are sufficiently strong to propagate as CTWs southwards
down to the south coast of southern Africa. The amplitude of each coherent event appears to
grow throughout its propagation until it disappears, usually near Port Elizabeth or East

London.

In winter, the frequency and activity of the disturbances appear to be most intense, along the
west coast from Port Nolloth and along the south coast of southern Africa. As was described
in section 2.3, there is a lot of instability over these areas associated with the passage of the
cold fronts from west to east. The weather systems linked to the cold front can be strong and
persistent enough to generate and propagate CTWs along the south-east coast as far north as
the Mozambique Channel. Because of high frequency of events, their amplitude seems
similar. In general, at Walvis Bay and Luderitz and, at Durban and Richards Bay the

amplitude is smaller.

The result of power density spectra (figures 3.5 (a), (¢) and (e) and, appendix A) shows
significant peaks for a period shorter than one month. It also confirms the analyses done by de
Cuevas et al. (1986) and, Schumann and Brink (1990). Maiwa et al. (2009) also found similar
results along the southern and eastern coasts of Australia. A relatively flat spectrum is shown
at Port Nolloth with significant peaks around 7, 10 and 25 days, respectively. At Simon’s Bay,
although the significant peaks apparently maintain the same range as at Port Nolloth, they
appear to be more developed. The spectrum at Port Elizabeth seems amplified although

maintaining the same range of period as the two previous places. Here, although not
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significant, there is some indication of the development of peaks before 7 days; Schumann
and Brink (1990) reported similar behaviour at the same place. Just for notation, the spectrum
at Knysna (see appendix A) is one that shows the wider 10 day peak than at the other tide
stations. In general, the west coast (section Port Nolloth to Simon’s Bay), and the south coast
(section Simon’s Bay to Port Elizabeth) shows diverse significant spectral peaks with periods
ranging from about 7 to 25 days, respectively. The east coast, actually the south-east coast
(section East London to Richard’s Bay) shows flat spectra dominated by longer period energy
around 25 days; Schumann and Brink (1990) related this pattern to variations in the Agulhas

Current.

The wavelet power spectrum (figures 3.5 (b), (d) and (f) and, appendix A) demonstrates that
frequency and activity of the disturbances is intense, as above mentioned. It is proved by the
large amplitude during austral winter of the short term variability; the analysis of Maiwa et al.
(2009) reported similar results along the southern and eastern coasts of Australia. At Port
Nolloth, the dominant modes of CTW activity are highly variable and gradually lengthen from
7 days in 2008 to around 60 days in 2010. The dominant modes at Simon’s Bay tend to be
uniform and lengthen from 10 days in 2008 to around 30 days in 2010. At this tide gauge, the
activity of the disturbances can clearly be distinguished between summer or winter. At Port
Elizabeth, the dominant modes of variability are consistent and persistent. Apparently, the
frequency and the activity of the disturbances in both summer and winter season have very
small differences. The dominant period and the amplitude of the variability are variable from
year to year at each station point (see figures 3.5 (b), (d) and (f) and, appendix A). In the west
coast (section Port Nolloth to Simon’s Bay) and in the south coast (section Simon’s Bay to
Port Elizabeth) the dominant modes of variability gradually lengthen from 7 days in 2008 to
around 60 days in 2010.

The relationship between the sea level height and the wind forcing (figure 3.6) is shown using
their standard deviation. The standard deviation for the sea level shows three peaks, the
highest one around Knysna in the south coast, the middle one around Granger Bay near Cape
Town on the west coast and the lowest around Pemba (Mozambique) on the east coast. The
alongshore wind variations present two peaks around Luderitz and Saldanha Bay,

respectively. This shows that, along the west coast of southern Africa, two wind systems or

46



Sea Level Variability and Coastal Trapped Waves around southern Africa

subsystems dominate, one terminating around at Port Nolloth another commencing around at
same place. The wind system that appears to commence there has it peak near Saldanha Bay.
Thus in the section Port Nolloth to Mossel Bay the sea level seems to be continuously forced
by the wind and it seems that the sea level variability can propagate as coastal trapped waves
further to the south. Another peak of wind variability not pronounced near East London can

be associated with the large sea level variation along the south coast.

The daily mean sea level heights from the Hybrid Coordinate Ocean Model (HYCOM), in
general, present perturbations propagating anticlockwise with coastal trapped waves (CTWs)
characteristics (figure 3.7). Unfortunately the model does not reproduce the variability along
the west coast very well. Apparently it is in term of magnitude of sea level variability because
it seems to have a shape similar to sea level variability from the observed data. While it seems
to underestimate the response on the west coast, at same time it seems to overestimate the

CTW response along the east coast of southern Africa.

The comparison of both observed and HYCOM model outputs sea levels can be made by
analyzing the Hovmoller diagrams (figures 3.8 and appendix B). Firstly, the signal does not
always propagate all the way from the west to the east coast of southern Africa (figure 3.8 and
appendix B). The amplitude of some propagating signals strengthens in the east coast
(between the locations denoted “PE” and “RB” in the horizontal axis in figure 3.8(a)), while
some of them are observed only in a limited area in the south region, and some are drastically
weakened or even disappear after passing the location between Port Elizabeth and East
London in the east coast of southern Africa. The figures suggest that the disturbance presented
by HYCOM outputs matches with those find on the observed data (see figures 3.8 and
appendix B). In other words, there is a good agreement between observed and modelled CTW
activity along the east coast, especially where such disturbances are infrequent and difficult to
find in the observed data. The aforementioned area is mostly dominated by meso-scale eddies
(e.g. Griindlingh, 1983; Satre and da Silva, 1984; Biastoch and Krauss, 1999; de Ruijter et al.,
1999; de Ruijter et al., 2002) which can generate short time perturbations (Louis, 1989). The
figures also suggest that the west is actually the starting point for the disturbances (see figures

3.8 and appendix B). In this case, the starting point is the area between Walvis Bay and
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Luderitz, because of the lack of observed data to prove otherwise (e.g. further north in

Angola).

The results from the lag correlation gave a typical period of propagation of the disturbances
along the west (section Port Nolloth-Simon’s Bay) and the south coast (section Simon’s Bay-
Port Elizabeth) is one to two days and one to six days, respectively. The estimated
propagation speed for the west coast ranges between 3 and 6.5 m/s, while in the south coast, is
from 1 to 7.5 m/s, also from the lag correlation. This suggests that with a narrow shelf
width/slope the coastal trapped waves move faster than where the distance from the coast to
the shelf slope is greater (see figure 3.1). But, it can also be the effect of a continuously
forcing agent resulting in sea level variability propagating as coastal waves; de Cuevas et al.

(1986) suggested the second reason.

The sequence of daily wind vectors and sea level pressure (figure 3.9) around the coast of
southern Africa from around 21 June to 02 July, 2009, is an example of the relation between
the two variables during the generation and eastward propagation moments. On 21 June
(figure 3.9 (a)), a low pressure system is located near the south-western corner of southern
Africa, centred at about 35°S, 10°E, with northerly winds along the west coast. At the same
time, easterly winds along the south coast are observed due to the high pressure system with
its core centred far south. These winds tend to generate positive sea level anomaly (SLA)
along the west coast and a negative signal along the east coast, respectively (see also figure
3.8 (b)). Maiwa et al. (2009) analysed similar features, around the southern and eastern coasts
of Australia, which generated results rather different from these. They found significant
strong northerly winds along the western coast of Australia when a low-pressure system was
located near the southwestern corner of Australia, centered at 32°S, 109°E. The difference is
perhaps due to the fact that the length of the southern coast of Australia is greater compared to
that of the south coast of southern Africa. In addition, it could be due to the fact that the
southern coast of Australia is located at a latitude further south than the south coast of
southern Africa. As result, off Australia, the cores of both low and high pressure systems are

nearest the southern coast.
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As can be noted on the figure 3.9 (b) strong northerly winds prevailed along the west coast on
22 June 2009, simultaneously with the displacement of the low pressure system eastward. By
24 June, the Atlantic high pressure system propagates eastward starting to influence the west
coast, while the low pressure system is forced move eastward down south along the
subcontinent (figure 3.9 (d)). This causes southerly winds along the west coast and strong
westerly winds along the south coast. The result is the negative sea level anomaly along the
west coast and a positive signal in the south and southeast coast, respectively. (Note that an
amplitude of about 53 cm was recorded at Knysna, in the middle of the south coast). The high
pressure system reached the continent and broke into two cores: one centred at 36°S, 06°E
another one centred at 30°S, 23°E (on the continent) on 26 June, with westerly winds
prevailing over the south eastern part of southern Africa. By 29 June, the high pressure system
is still over the continent but moves eastward to 30°S, 27°E with strong southerly winds along
the east coast. At this time, the winds along the east region of the coast of southern Africa are
favourable for the positive sea level anomaly signal. The high pressure system in the
atmosphere strengthens and remains around the same location by 30 June, enhancing positive
and generating negative SLA in the northern and, in the southern part of the eastern coast of
southern Africa, respectively. By 02 July 2009, there are wind divergences in the western
region and near the south-western corner of Mozambique Channel; the result is a negative sea
level anomaly. Unfortunately it cannot be entirely confirmed on figure 3.8 (a), but only along

the west coast, due to missing tide gauge data along the east coast.

Analyzing the frequency and activity of the disturbances, before mentioned, let us have a look
to the figure 3.1. The figure shows the bathymetry of the coastal shelf region of southern
Africa. The frequency and activity of the coastal trapped waves appears to be so intense on
the section Mossel Bay-East London. It seems to be associated the wide and shallow sloping
bottom on the Agulhas Bank, south of Africa. Thus, it can be said that there is a relationship
of proportionality between the width of the coast shelf and propagation speed of CTWs. If
there is such a relation, what is cause/effect of the relationship? This can probably be
motivated by a “funneling” of the shelf. So, when CTWs are spreading slowly “enjoying” the
good conditions for their survival along the southern coast, the shelf begins an almost uniform
narrowing taper to the east near 32° S and 22° E. The CTWs appear to be accelerated before

they reach this section.
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The results suggest that the CTWs propagate as forced coastal trapped waves. This
propagation characteristic has an effect on their behaviour from Port Elizabeth to the equator.
The CTWs can travel northwards against the very strong Agulhas Current, only when a very
strong and favourable weather system such as discussed on the figure 3.9 is the forcing behind
the disturbance. These results suggest that the stronger and more persistent the weather system
is, the more likely it is to resonate with the coastal trapped wave. The speed of propagation is
governed by the shelf characteristics, and if the travelling wind system matches this speed, the

CTW amplitude is likely to grow.
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Chapter 6

CONCLUSIONS

The propagation characteristics of the coastal trapped waves (CTWs) around the coast of
southern Africa have been investigated by analyzing the observed daily mean sea level data
from coastal tide gauges, as well as daily sea level anomalies outputs from the Hybrid
Coordinate Ocean Model (HYCOM). The findings of this research are now summarized and
judge the success or otherwise according to the aim and the first research question posed in

the beginning:

1. Can the coastal trapped waves propagate equatorward along the east coast of southern

Africa in the opposite direction of the Agulhas current?

The observed sea level variability around the coast of southern Africa is dominated by the
short time variability with a period shorter than one month. The short time variability varies
from season to season with the largest CTW amplitude during austral winter. The short time
variability propagates anticlockwise around the coast of southern Africa with a propagation
speed ranging from 3 to 6.5 m/s, and from 1 to 7.5 m/s, along the west and south coasts,
respectively. These propagation speeds are forced by synoptic atmospheric disturbances

mainly in term of wind variability.

Coastal trapped waves were observed to propagate equatorward on the east coast of southern
Africa in the opposite direction of Agulhas current on a few occasions. It can be determined
by a good resonant forcing between a strong and persistent weather system and the coastal

trapped wave.

Longer time records from Inhambane and better use of model outputs would help to get more
precise response and bring good answers for some discrepancies that were found. Concerning

the second question:
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ii.  Can the Hybrid Coordinate Ocean Model (HY COM) output of sea level anomalies, for

southern Africa, reproduce the coastal trapped wave’s signal of the tide gauges?

The outputs from Hybrid Coordinate Ocean Model (HY COM) show very similar propagation
characteristics to the observed data. Along the south coast, the behaviour of the CTW is well
reproduced. Unfortunately the model does not reproduce very well the variability along the
west coast. While it seems to underestimate the west coast response, at same time it seems to
overestimate it along the south coast of southern Africa. Although the model demonstrated
some CTWs travelling northwards along the east coast, such disturbances were infrequent and
difficult to find in the observed data. The infrequence and difficult aforementioned is

motivated by gaps on the data of the tide gauges located on the east coast.

There is a need to develop a better and profound understanding of the CTW behaviour on the
east coast of southern Africa. Long tide gauge records, mainly in the east coast, are required
and will continue to play a major role together with model data in determining the
aforementioned understanding. A preliminary assessment of the model outputs around the
coast of southern Africa must be done. In addition is a need to improve the model outputs in
the west coast for eliminating the under-estimation found. This will allow an accurate
conclusion whether the CTWs can propagate northward along the east coast of southern
Africa. Techniques such as space and time-lagged correlation also must be explored, mainly

using observed sea level variability and alongshore wind, to get more accurate answer.
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APPENDICES

A. Power spectrum density and wavelet power spectrum for the sea level

variability at each tide station.
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]

(s) Wavelet Spectrurn: Pernba
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Power spectrum (a), (c), (e), (g), (i), (k), (m), (0), (q), (s) and (u) using the multi-taper method with adaptive
weighting for the sea level variability at different tide gauges. 95% confidence (limit) plots are represented.
Wavelet power spectrum (b), (d), (f), (h), (), (1), (n), (p), (v), (t) and (v) for the sea level variability at different
tide gauges. Grey shades show the wavelet spectral power (units: base 2 logarithm of sea level variance). The
green contour denotes the 95% significance level. Blue line is the cone of influence meaning that anything below

is dubious. Each figure is labelled with the name of correspondent tide gauge.
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B. Auxiliary Hovmoller diagrams
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K 0]

Observed S(S)H variability SSH from HYCOM (cm)
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Hovmodller plot for the observed sea level variability (a), (c), (e), (g), (i) and (k), and the sea level variability
from HYCOM model (b), (d), (f), (h), () and () from different periods within the time series. The x-axis
represents the distance along the coast from Walvis Bay (WB) to Zanzibar (Z) for the tide gauges, and Pemba (P)
for the model output. This spatial difference is due to the HYCOM model domain. White square indicate missing
values.
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C. Auxiliary figures of the sequence of daily wind

pressure around Southern Africa
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Sequence of daily wind vectors and sea level pressure (contour unit in 10* Pa) around Southern Africa from 20

October to 2 November 2010. For better understanding see also appendix B (k) and (1).
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