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1. Introduction
CHAPTER 1
INTRODUCTION

This thesis describes methods of constructing models for cross-classified cate-
gorical data. In particular we discuss the construction of a class of approximating
models and the selection of the most suitable model in the class. Examples of

application are used to illustrate the methodology.

The main purpose of the thesis is to demonstrate that it is both possible and
advantageous to construct models which are specifically designed for the particular
application under investigation. We believe that the mefhods described here allow
the statistician to make good use of any expert knowledge which the client (typically

a non-statistician) might possess on the subject to which the data relate.

Presently the participation of the non—statistician in the process of model con-
struction is often confined to the collection of data and to the interpretation of the
fitted model, the latter having been supplied by a statistician or by a statistical
computer package. The lack of alternatives to the standard parameterisations of
models for cross-classified data, in terms of main effects and interactions, reduces
the non-statistician’s contribution to the statistical analysis to little more than that
of specifying the significance level. The methods described here are designed to en-
courage, and even to demand, the active participation of the client in determining

the structure of the models which are to be investigated.

In Chapter 3 we will discuss a class of alternative parameterisations of models
for cross-classified observations, namely models in which the parameterisation is
 completely orthégonal, i.e. each parameter is the coefficient of some ”contrast”,
where the contrasts are orthogonal. The main advantage of such models is that
each of the parameters can be treated separately, both for the purposes of model

selection and for those of interi)retation. : RN

The fdea of using orthogonal contrasts is hardly new; it is well-established in the -

analysis of variance. However, even in that context, the use of orthogonal contrasts
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1. Introduction

often only occurs at a second stage in the analysis; for example in modelling the
relationship between a number of parameters describing a particular main effect
which has been shown to be significant. We are proposing that the model be

orthogonalised at the start of the analysis.

The process of constructing orthogonal models for a given application is more
demanding than simply making use of the standard parameterisations. To obtain
meaningful models each contrast must be individually constructed with care. It is

here that the expert knowledge of the client can be fruitfully exploited.

For multi-way classifications it is sufficient (and easiest) to separately spec-
ify the contrasts for each of the variables which make up the cross-classification.
However in some applications more complex parameterisations are appropriate. An
example of this type is discussed in which symmetry about the main diagonal of a

two-way classification is of interest.

The above discussion relates to the construction of a class of approximating
models. We turn now to the question of model selection. There are different ap-
proaches to the selection of a model for a given set of observations. One can, for
example, select the simplest model which is not (significantly) inconsistent with
the observations, i.e. which would not be rejected in a test of the null hypothesis
that the data could have been generated by the model. The distribution of the test
statistic is therefore derived under the null hypothesis. Although we will not be dis-
cussing this approach in the thesis, we observe that no difficulties arise in applying
it to the models described here. The distributions of the relevant test statistics can

be derived from well-known results with relative ease.

For the purpose of model selection we will adopt the approach described in
Linhart and Zucchini (1986a). One begins by specifying a so-called discrepancy;
a measure of the ”difference” or ”distance” between models. Selection is then
based on the estimated expecf:ed discrepancies between approximating models and
the operating” model, the approximating model leading to the smallest of these

estimates being selected. The operating model is that which we conceptualise
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1. Introduction

as actually having produced‘thé data. In this approach to model selection it is
at no stage assumed that the operating model might have any simple structure.
Thus the object is not to "discover”‘a simple underlying structure in the operating
model, but rather to identify the fnost appropriate approximating model to fit to

the observations.

Two types of models are considered; linear models (Chapter 4) and loglinear

models {(Chapter 5).

Linear models using orthogonal coefficient matrices are not new and have been
considered by Kronmal and Tarter (1968), Ott and Kronmal (1976), Hall (1983),
Liang and Krishnajah (1985a, 1985b) and Diggle and Hall (1986). A particularly
convenient discrepancy for the linear case is the sum of squared differences between
the corresponding probabilities in the operating and approximating model. In this
case the orthogonality property of the parameterisations which we consider leads to
a particularly simple model selection algorithm. Each parameter in the saturated

model can be considered separately for exclusion or inclusion in the fitted model.

Loglinear models are used more extensively and have a wide literature. Some
of the better known references are Goodman (1970), Bishop et al (1975), Fien-
berg (1977), and Plackett (1974).‘ (The parameterisations used by these authors 36 -
different from those considered here, and the relationship between the two param-
eterisations is investigated.) Loglinear models are used more than linear models

because with loglinear models:
(i) one can guarantee that the fitted probabilities will lie in the range [0,1];
(ii) one is working with the ratios of probabilities rather than with their differences;

(iii) one can model various forms of independence between groups of variables in a

cross-classification.

The Kullback-Leibler discrepancy function '(Which is intimately linked to the
method of maximum likelihood) is a convenient discrepancy for these models. Un-

fortunately the selection procedure is not so easy in this case. Firstly the expected
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1. Introduction

discrepancy, which needs to be es'timated in order for us to carry out the selec-
tion, is difficult to derive. This problem can be circumvented by making use of the
cross-validation methods described in Linhart and Zucchini (1986b). The second,
and more severe, problem is that the optimal, as well as the estimated, parameter
values no longer remain unaffected by the inclusion or exclusion of other parameters
into or from the model. Thus it is not possible to simply fit the saturated model
and determine which parameters should be included or excluded; one must fit each
approximating model which is to be compared. The computational cost of carrying
out é,n exhaustive search for the optimal model increases rapidly as a function of the

number of cells in the cross-classification and heuristic methods have to be applied;

The computational cost can be reduced by limiting the search to a subset
of models, preferably one in which the models are easy to interpret. Hierarchical
models play a special role in this respect, and are well-documented in the literature.
However hierarchical models, while being especially convenient when one applies the
standard parameterisation, are somewhat restrictive when one uses 2 completely or-
thogonal parameterisation. The construction of the orthogonal models is such that
it is possible to consider a somewhat larger class than that of hierarchical models,
in which all of the models still have clear interpretations. These are described in

Section 5.4.

The final chapter deals exclusively with variables whose categories have a cycli-
cal or circular ordering (such as the months of the year). What is required of a
modelling procedure in this situation is that the fitted models it produces, for any
two rotations of the categories, should be essentially the same, differing only by
the corresponding rotation. This property is referred to as rotation snvartance. For
one-way classifications it is shown that rotation invariance can be guaranteed if and
only if the number of categories is a power of two. The form of these models is
given explicitly in Section 6.1." The extension to multi-way tables in which some or

all of the variables are cyclical is given in Section 6.2.
The remainder of the chapter is concerned with cyclical variables which do not
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1. Introduction

necessarily have 2'" ca.té..goriés.’ It is shown that, by using a restricted selection
procedure, rotation invariance can be achieved for variables with any number c;f
categories. The restriction is that one must exclude or include the parameters in
pairs rather than individually. Fourier bases have been applied in this way for
decades. More recently and in the context of model selection this type of parameter
"pairing” has been used in conjunction with Fourier bases for modelling cyclical
variables by Kronmal and Tarter (1968) as well as Linhart and Zucchini (1986a)
who are aware that the procedure ”will give the same model no matter which point
ts taken first”. We will establish that Fourier bases are effectively the only basis

with this property; a fact which may not have been previously known.



CHAPTER 2
PREPARATIONS

This chapter contains three sections:

In 2.1 the general approach to statistical modelling which will be used in the

thesis will be outlined.

Section 2.2 contains definitions and a brief discussion of those elements of the

theory of cross-classified observations which are relevant to the thesis.

In 2.3 we give an outline of a method to construct orthogonal approximating

families of models for cross-classified observations.
2.1 MODEL SELECTION

The statistical modelling of a data set begins with what Linhart and Zucchini
' (1986a) call the operating model — the probability model used to conceptualise the
process by which the data were generated. Typically the operating model cannot
be completely specified, although something of its general form can be ascertained

“from both the nature of the data and the way in which they were collected.

The aim is to construct a fully specified fitted model which ideally is ”close” to
the operafing model. A fitted model is generally a member of a family of probability
models which is‘indexed by a vector of parameters, say 6, which belong to some
parameter space, say © . Such a family is called an approzimating famsly and

written as

M = {M(6) : 0 € O}

The fitted model, M (é) , is obtained by estimating 6 by some estimate §. An
- approximating family may have the operating model as one of its members or it may
only contain models which are simpler than the operating model. Simple inodels,
that is models having a small I{umber of parameters; enjoy certain advantages over
models withl a large number of parameters. They are generally easier to comprehend

and to interpret, and secondly they are less subject to'sampling variations than
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2.1 Model Selection

more complex models. On the other hand simple models are less flexible and may
»smooth out™ real and intepretable features in the data. It is therefore important
to have methods for determining the degree of cqmplexity which is appropriate for
the data set under consideration, i.e. methods to select approximating families and

models.

In this thesis we will make use of the approach to model selection described
in Linhart and Zucchini (1986a). This approach allows for the selection of a fitted
model from a class of approximating families. The key feature of this methodology
is that it is not (necessarily) assumed that the operating model is a member of any

of the approximating families under consideration.

Selection is based on a so-called discrepancy functional, A(:,-), which is a
real-valued non-negative function whose two arguments are probability models.
The discrepancy function is in general not symmetric- and the probability model
corresponding to the second argument is to be considered as an approximation to
the ﬁfst argument, where the extent of the ”lack of fit” is given by (the value of
the discrepancy function. The discrepancy function can be thought of as being to

approximation families what the loss function is to estimators.

No specific discrepancy function is prescribed. Linhart and Zucchini (1986a)
do list and discuss some of the more widely used discrepancy functions. On the

question of the choice of discrepancy function they have this to say:

» Whatever strategy s employed to select and fit a model, there will be as a
rule a number of aspects tn which the operating model and the model which
ts ultimately fitted differ. FEach aspect of the *lack of fit” can be measured
by some discrepancy (function) and the relative smportance of the different
discrepancy (functions) will differ according to the purpose of the envisaged
statsstical analysis. Consequently, st 1s proposed that the user should decide

which discrepancy (function) ts to be minimised.”

Essentially the discrepancy function is constructed to focus on those aspects of

the fit which are considered to be important in the context of the particular data
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2.1 Model Selection

set and the envisaged application of the final fitted model. Of course, mathematical

tractability also affects the choice of discrepancy functions.

Suppose then that a discrel;ancy function has been chosen. Let X denote the
data and consider an operating model F and a fitted model G(f) , where 6 =
] (X) are estimated parameters. For simplicity we identify F with the distribution
function of the associated random variable. The discrepancy between the fitted
model and the operating model is then given by A(F,G (5)) . Niively one might
compare fitted models by comparing ‘their dbserved discrepancy values. However
these observed values are functions of the data and will vary from sample to sample.

A compromise is to use the average discrepancy over all possible samples, i.e. the

expected discrepancy
/ A(F,G(6))dF.
The optimal fitted model from a class of fitted models is then defined to be that

which minimises the expected discrepancy.

In order to arrive at a class of fitted models we begin with a class of approx-
imating families, say S, a typical member of which will be denoted by M . The

minimum discrepancy parameter for the family
M={M(0) : 6 6}

is defined by
0 _ .
6° = a.rg{rorélgA(F,M(o))}.

This minimum discrepancy parameter for the family M , which is a function of the
unknown operating model, is then estimated, by say é(X ) ,so that M (5) €EM.In
principle any method of estimation may be used. In fact for a single approximating
family two or more different estimation procedures can be used and compared by
comparing the expected discrepancies of the associated fitted models. However
one estimation procedure preéents itself as the natural one to use. It consists of
estimating 6° by
6 = arg{min A(F,., M(6))}
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2.1 Model Selectson
where F, is the empirical distribution function.

In this thesis we will consider only minimum empsrical discrepancy estima-
tors. In effect this reduces the problem of model selection to that of selecting an
approximating family, because the latter, together with the discrepancy function,

determine 6 and hence the fitted model.

In summary, we begin with a class of approximating families S . From each ap-
proximating family, M € S, in the class one fitted model M (5) € M is obtained.

The optimal fitted model is that with the smallest expected discrepancy
/ A(F, M(8))dF

of all the fitted models. Clearly, since F 1is unknown, we are not in a position
to determine which fitted model is optimal. What we can do is to estimate the
expected discrepancy for different fitted models and thereby determine which model

is estimated to be optimal. This will be discussed in more detail below.

Interpretation. A useful interpretaton of the selection procedure which has been
outlined above is now given. (The interpretation given here differs slightly from that
given by Linhart and Zucchini (1986a). They deal with discrepancy values while we
prefer to deal with expected discrepancies as it is the expected discrepancy which

is used to compare fitted models.)

The interpretation is based on the decomposition of the expected discrepancy
into‘ two components. The first of these is called the discrepancy due to approzi-
mation, A(F,M(6°)) , where 6° is such that A(F,M(6°)) < A(F,M(8)) for all
6 € © . Thus, in terms of the chosen discrepancy, M(8°) is the best approximat-
ing model in the family M . In practice we are not in a position to determine 6°
since this would presuppose that we know F , or at least A(F,M(8)), but we
can estimate 6°, and thus M(GO) , using the data: The fitted model, M(é) , will
differ from M (6°) in general. The difference can be quantified in terms of the dis-

crepancy, i.e. by A(M(6°),M(8)) which is a random variable and which is called
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2.1 Model Selection
the discrepancy due to estimation. The expected discrepancy due toaptpme%*\mo'\;‘oﬁ
/ A(M(8°), M(8))dF

thus gives the average "lack-of-fit” arising from sampling variation (rather than the

limitations of the models in the family to match the operating model).

The discrepancy due to approximation quantifies the potential accuracy of the
approximation and can be thought of as a generalisation of the bias of an estima-
tor. The expected discrepancy due to estimation on the other hand, measures the
variability introduced by having to estimate the parameters and is a generalisation

of the concept of the variance of an estimator.

For a number of discrepancy functions the expected discrepancy can be decom-
posed into the sum of these two components (plus possibly one other inessential
term). For all discrepancy functions the expectéd discrepancy is some function of
these two components which is such that the two components act in opposition to
each other in the sense that decreasing either one tends to increase the other. In
finding the fitted model which minimises the expected discrepancy one is achieving

an optimal compromise between the two components.

Large approximating families with }many parameters are likely to contain a
model close to the operating model which means that the discrepancy due to ap-
proximation will be small. In fact if the approximating family contains the oper-
ating model then the expeeted discrepa%ﬁ%%gf‘al, however, the more |
parameters there are to estimate, the less reliably they can be estimated so that the
expected discrepancy due to estimation will tend to be large. Conversely approxi-
mating families having few parameters will tend to have a large discrepancy due to

approximation and a smaller discrepancy due to estimation.

Estimating expected discrepancies. In practice one cannot use the expected
discrepancy to make comparisons as it is not fully known. Consequently the ex-
pected discrepancy itself has to be estimated. (The problem is akin to that which

leads to parameter estimators which minimise an estimate of the expected loss
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2.1 Model Selection

rather than the loss itself.) Linhart and Zucchini (1986a) admit: ” This estimation
problem ts the weakest link tn the selection procedure based on discrepancies.” In
most cases it is extremely difficult to obtain "good” estimates of an expected dis-
~ crepancy. No one procedure for estimating tl_le expected discrepancy is prescribed
and different approaches are taken for different operating models and different dis-
crepancy functions. However cross-validatory estimation procedures are particulary

convenient for many discrepancy functions (Linhart and Zucchini, 1986b). .



2.2 The Elements of the Problem

2.2 THE ELEMENTS OF THE PROBLEM

The particular field to which the approach outlined in the previous section
will be applied #e is that of cross-classified observations. We consider individuals
in a population each of which can be described by a number of attributes or vari-
ables. Attention is restricted to categorical variables which have a finite number of
categories. The totality of different descriptions is called the cross-classification.
The number of variables involved determines, in part, the way that the cross-
classification is presented. For a single variable a simple list of categories, usually
called a classification, will suffice. For two variables the usual way to present the
cross-classification is as a rectangular table with columns corresponding to the cate-
gories of one of the variables and rows to the categories of the other variable. Three

variables leads to layers of two-way tables, and so on.

The observations consist of a table of counts. Each entry in the table gives the
number of individuals in the sample having the same description, i.e. which can be

classified in the same way.

A cross-classification involving K variables is called a K—way cross-classi-
fication or a K—way table. If the categories associated with the kth variable
(k=1,...,K) arelabelled as 1,2,...,Lx then the cells in the cross-classification

can be identified by
(f1,12,...,8k) with 1€ {1,2,...,Lx} fork=1,...,K.

The resulting cross-classification is sometimes referred toasa Ly x Ly X --- X Lk

table.

Often it is convenient to present a K —way cross-classification as a one-way
classification. To do this one has to order the cells in the K -way table. A method
of ordering the categories which is particularly convenient in our context is lexico-

graphic ordering and will be used throughout the thesis.

Definition. A real K—tuple (:1,12,...,7x) is said to be lezicographically less

than a real K—tuple (j1,J2,...,7k) iff for the smallest v (1 < u < K) such
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2.2 The Elements éf the Problem
that &, # j, we have 1, < j, . .
Example. Consider a 2 x 2 cross-classification where the cells are represented as
L) (1,2
(2,1)  (2,2).

Arranging these cells into a vector whose elements are lexicographically ordered

(1,1

gives

(1,
(2,
(

2,2)

[\~

[y

)
)
)
)

The device of transforming a multiway cross-classification into a one-way clas-

sification is used frequently and often implicitly, in the sequel.

OPERATING MODELS

The operating model is the conceptual model that one uses in planning and
thinking about the experiment. In this thesis the form of the operating model

depends on two factors:

(i) the sampling scheme used; and

(ii) the way we view each of the variables in the cross-classification.
These are now discussed.

(i) Sampling schemes. We will consider two sampling schemes. The first is
where one random sample of fixed size is taken from the population, and is called

multinomial sampling. We define
(1) n; as the number of sampled units which fall into the ith category,
(2) ny = Ef;l n; , the total size of the sample,

(3) pi =n;/n, , the proportion of sampled units which fall into the ith category.

N
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2.2 The Elements of the Problem

To apply the second sampliné scheme one needs two variables, say X and
Y , (each of which may be multivariate) whose classifications will be taken. to be
{z1,...,zr} and {y1,...,Yc} respectively. One of the variables, say Y , is used
to form a partition of the populatibn into sub-populations. The jth sub-population,
for 7 = 1,...,C consists of all those members in the population which can be
classified as having Y = y; . From each of these sub-populations an independent
random sample is taken. This scheme is called product-multinomial sampling. We

define
(1) n,; as the number of units in the jth sub-population sample having X =1,
(2) nyy;= Z?: L "ij , the size of the sample taken from the jth sub-population,

(8) pij) = mij/n4; , the proportion of units in the jth sub-population sample

having X =1t.

(ii) Response and explanatory variables. The variables in a cross-classification
are often classified as being either response variables or ezplanatory variables. The
purpose of this distinction is to emphasize that one is sometimes interested in the
conditional distribution of a certain set of the variables (the response variables)
for given levels of the rest of the variables (the explanatory variables). It is not
always clear which variables should be regarded as the response, and which as the
explanatory, variables. How the variables should be classified depends largely on
the purpose of the analysis. Fortunately however, the model selection procedures
discussed here are essentially unaffected by the classification of variables as response

or explanatory.

Two types of operating model will be considered. The first being that where
all the variables involved in fhe cross-classification are considered to be response
variables and multinomial sampling is employed. In this case we will say that
the operating model 1s multinoﬂmial. Let X and {z),...,zr} denote the (multi-
dimensional) variable and its associated (cross-) classification. X can then be
considered to be a random variable which assumes values in the range {z,,...,zr} .

The probability with which a randomly selected member of the population falls into
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2.2 The Elements of the Problem

the ith category is then the probability with which the random variable X assumes
the value z;, which is denoted by m; for i =1,...,L . Since each member must
fall into one of the categories, the m; must satisfy Ef’___l m¢ = 1. The n; are
called the operating model probabilities and are generally unknown. The vector
x is called the (multinomial) operating model vector; it completely specifies the

operating model.

The second type of operating model makes allowance for both response and
explanatory variables. Let X and Y denote the possibly multidimensional re-
sponse and explanatory variables respectively, whose respective classifications will
be taken to be {zi,...,zr} and {yi,...,yc}. Foreach y;, j=1,...,C, in-
troduce a random variable X(;) which assumes values in the range {z,,...,zg}.
The probability with which a member of the jth sub-population, selected at ran-
dom, has an X value.of z; can then be viewed as the probability with which the
random variable X(;) assumes the value z;, and will be denoted by ;). In
this case we will say that the operating model ts product-multinomsal. The operating

model probabilities are the m;(;) where these satisfy

R
Em(j) =1 for 5=1,...,C.
1=1

Let 7 denote the R x C matrix of indexed probabilities

T1(1) 7T1(2) --- 7T1(C)

WR(I)' TR(2) --- TR(C)

whose columns will be denoted by

(_71(1),1(2) e ,E(c))-

The vector
(1) ~
- T(2)

S
I
=

T(c)
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2.2 The Elements of the Problem

is called the (product-multinomial) operating model vector; it completely specifies

the operating model.

Clearly the multinomial operating model is a special case of the product-

multinomial in which C =1. e



2.3 Model Bases

2.3 MODEL BASES

For the types of operating models considered in this thesis, namely multinomial
and product-multinomial, a particularly simple and convenient way of constructing
approximating models is to impose linear constraints on the vector of operating
probabilities. One way of doing this is to write the vector of operating probabilities
in terms of a basis in R’ , i.e. as a linear combination of independent vectors in
RL where the coefficients of the vectors are regarded as the unknown parameters.
Approximating families are then obtained by setting some of the parameters equal
to zero. By suitable selection of the vectors in such a basis it is possible to con-
struct approximating models which lead to simple model selection methods; and
to approximating models which are easy to interpret. In particular it is especially

convenient to work with a special kind of orthonormal basis - called a *model basis”.

Before defining a model basis we will need to give some notation and (standard)

definitions.

(1) A vector in RL will be written as

U= [ui]i=1,...,L
U
Cug

ur

(2) The dot product of two vectors Qq = [bigli=1,... and ¢_ = [dir]i=1,...L s

defined by
3,9, = Lidigdir

Y
| = 4.9,
where ¢' is the transpose of the vector ¢ .
~q _ ~q

(3) A set of L linearly independent vectors in R, (¢.,,...,8,) , forms a basis

for R in that any vector in RL can be written as a linear combination of the

.}
Definition. A model basis for RL say (él, .. ,gL) is defined as a basis for R’

i

which is such that
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2.8 Model Bases

(1) the basis is orthogonali.e. forall ¢ and ¢  in the basis
éq ¢ =0 if g#r
(2) the vectors in the basis are normalised, i.e.
Qq-éq=1 for q:l,....,L
(3) Ql = —\/lflL where 1; = [1’];=i,.,,,L. °

A simple standard result which is central to the modelling procedure is: given a
vector in R | for example, [9(m$))i=1,...,L , where g is some real-valued function,

and given an orthonormal basis for R” | say (¢

$,1-+++$,) , one may write

L
l9(mi)}i=a,...L = Zéqaq,
q=1
ie.
L
g(m) = ZqS,-qﬂq for ¢1=1,...,L (1)
g=1

where the 6, are unique and, in fact,

0= ¢iqg(n;) for ¢=1,...,L. (2)

Example. Let [g(7;)]i=1,2,3 be given by

(3)

- and suppose that we have an orthonormal basis

. 1/v3 2/‘\/3 0
@1’22’_@3) = (1/\/§ —-1/v/6 1/\/5) .
1/vV3 -1/vV6 -1/v2
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2.8 Model Bases
Expressing [g(7¢)]i=1,2,3 in terms of the basis gives

3 1 1;? 5 2//‘\//_6- 1 (i/_
2)l=—1V3 ]+ -1/v6 | —==[ 1/v2 |-
3 V3 1/V3 V6 -1/v/6 % —1//¢§

One can think of this expansion in the following way. One begins with

1/3
0121 =11/3
1/3
in which all of the elements are equal. Thereafter including terms involving contrast

vectors will lead to differentiation among the elements. In fact

1/3 2 5
619, + 628, =13 |+ = | -1 | =| .25
'1/3 -1 25
while
1/3 0 2/6
0121 + 03% = 1/3 — .05 1 = 17/6
1/3 -1 2.3/6

SOME MODEL BASES

Two standard types of orthogonal bases which can be transformed into model
bases and which will be used later, namely orthogonal polynomial bases and Hadamard
bases, are now defined. These are by no means the only model bases thai will be
used. Other model bases will be introduced in conjunction with specific variables

that appear in examples of applications c.f. Section 3.2.

oo} '
Orthogoﬁ%\‘(ﬁaﬁ‘éi Orthogonal polynomial bases have been used in factorial de-
‘signs (Raktoe, Hedayat, Federer, 1981). They can be used in connection with vari-
ables which assume quantifiable values. A typical example would be the different

dosage levels at which a drug was administered to various experimental units.

Let X be a categorical random variable which can assume the values

zy,Z2,...,ZL Where these values are quantifiable. The orthonormal polynomial

2-14



2.8 Model Bases

basis for X can be defined as the métrix produced by the Gram-Schmidt or-

thonormalisation procedure, when applied to the matrix

1 z; ... zf 1
1 zp ... z21
1 zp ... z¢?

It can be shown that an orthonormal polynomial basis is a model basis. An im-
portant result is that the orﬁhogonal polynomial bases are invariant with respect to
location-scale transformations of the z;; in the sense that the orthonormal poly-
nomial bases obtained when the input values afe z; or ax; +b with a,b € R
are identical. This result means that in all cases when the z; are equispaced (i.e.
|zi — z;] is constant for all 4,j; ¢ # j) ; the same orthonormal polynomial basis
is appropriate (and can be obtained by applying the Gram-Schmidt process to a

variable whose values are coded as 1,...,L) .

Hadamard bases. Another type of model basis which we will find useful are
the so-called Hadamard bases which are used extensively in "2"™ “factorial design
experiments.

These bases can be introduced as follows: Consider choosing a model basis for

a binary random variable. By the definition of a model basis it follows that the

5 .2)
7 c(—z)

where z € R and ¢ is a normalising factor chosen such that the second column

basis must be of the form

vector has length 1. It is convenient to take z =1 so that the basis becomes

a0 3)

We call this the (normalised) Hadamard matrix of dimension 2, and denote it by

H2 . T~

Hadamard bases of higher dimension are constructed from smaller ones by

taking so-called ”left Kroneker products”.
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2.3 Model Bases
" The left Kroneker product or simply the Kroneker product of two matrices
| A = [ag)i=1,..m; j=1,..,n and
B = [bijli=1,..r; j=1,....0

is defined as the mr X ns matrix

anB 0.12B N alnB
A®B= az.lB 0,2.2B e ag,:,,B
amlB asz “oe amnB

With this definition it can now be stated that the (normalised) Hadamard matrices

of dimension 2" are defined inductively by
HZ" - Hzn—l ® H2.

The fact that the Hzn are model bases follows from the fact that the Kroneker

product of two model bases is again a model basis.

MULTIVARIATE CONSIDERATIONS

Given a multiwé,y table with a total of say L cells one can transform the table
of probabilities into a single vector and express this vector in terms of a model basis
for R . However in order to emphasise the relationship between the variables in
the cross-classification it is often preferable to maintain the multivariate notation.

We thus wish to determine the multivariate analogs of (1) and (2).

Consider a two-way cross-classification with R rows and C columns and let
both the row and column variable each have its own basis, say
U = [t )iz1,...R; r=1,...,k and 0 = [w;c];=1,... c; ¢=1,...,c Tespectively. Then the

elements of [g(7i;)]i=1,...,k; c=1,...,c can be expressed as

R C
g(”']) = E E ¢l'rch0rc f(\)r a.ll 1:,].
‘r==1c¢=1 | (3)

R C
where 0,. = E Ez/)‘-,.chg(mj) forallr,c”

=1 j5=1
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2.8 Model Bases

In order to see how (3) is arrived at

(2) put @ = ¥®N and label the columns of & as ¢

11""’210’221""’230 so

that
('l’lrwlc \ :
Y1r Wie ‘/’lr;UCc
¢,.=| || i |= 2 ' (4)
YRy Wee YRrWic
\¢Rr.w0c}

L}
(b) arrange the matrix of 7;; into a single vector where the indices are ordered

(™)

TiC

lexicographically, i.e.

(5)

™
i

TR1

ey

and label the elements of & as n, for a=1,...,RC .

Then [g(7,)]a=1,....rc is an element of REC for which & is a model basis.

Thus the analogs of (1) and (2) are

R C
g(”a) = Z Z 07'C¢a,rc } . (6)

r=11i=1

With orc =.2TC ¢ [g(ﬂ'a)]azl,...,RC

By rewriting this in two-subscript notation it follows from (4) and (5), that one
can substitute m;; for m, at the same time that Yirwjc is substituted for da,rc -

Making these substitutions into (6) yields (3).

Note that all of the foregoing applies equally. to multinomial and product-

multinomial probabilities and one can replace ;; with ‘Ti(;) in (6).
Expression (3) can be'rewritten in the following form in which the role of the
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individual parameters is more transparent:

R c R C '
g('”ij) =011+ Z Yire1 + z cholc + z z ¢irch0rc
c=2 :

r=2 r=2c=2
with
1 R C
011 Rzzg(ﬂ't])
i=1y=
R C
0, = z¢ir( 9(7":])) forr =2, R
=1 =1
C R
0. = ijc (Zg(w,,)) forc=2,...,C
=1 Ng=1

R C
b, = Zztﬁ;,.chg(mj) forr=2,...,R; c=2,...,C.

It can be seen that:
(1) 6;, is the average

(2) each 6,y (for r = 2,...,R) is a contrast of the row marginals

{2;9(7i;)}i=1,..,r using the contrast vector v,

(3) similarly each 6,, is a contrast involving w. of the column marginals
{zig(ﬂ-“j)}jzlv“xc

(4) the remaining 6,. involve contrasts of the individual cells across both rows

and columns.

An example will further illustrate these roles.

Examﬁle. Let g be the identity and let [7r,-(j)],-=1,2,3, j=1,2 be given by

5 .5 5
+3 .25 | 275

2 .25 225
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and let the model bdses used for the row and column variables be

1/v/3  2/V6 0
(21’22’23)=(1/\/§ ~-1/v6 1/¢§)
1/V3 -1/v6 -1/v2
and. : |

1//2  1/v2
(Qlaﬂ2) = (15\/5 _1//\/5)

respectively. We may then write

5 .5 11 I 2/v6 2/J6 0 0
(.3 .25) =0, (1 1) + |0, (—1/\/6 —1/\/6) +031( 1/v2 1/\/5)]
2 .25 11 ! -1/v/6 —-1//6 -1/V2 —1/v2
i (1/\/5 —1/\/5)
+ |02 | 1/V2 -1/v2 ]
i 1/vV2 -1/42
[ 2/V12 —2/V12 0 0
+ [022 (—'1/\/ﬁ 1/@) + 032 ( 1/v4 —1/\/Z>J
-1/v12  1/V/12 ~1/vV4  1/V/4
where ' '
o = -
3
5 .05
021 = % , 03, = —\/—2—-
612 =0
1
622 =0 , 032 =.\—/—2-

Remarks. (1) In the coefficient matrices of the parameters 8,; for r = 1,2,3

both columns are identical. Furthermore

1 1) 2/v6  2/\/6 0 0 5 .5
011 |1 1 |+621 | =1/V6 . —1/v6 |+6a1 | 1/vV2 1/v/2 | = .275 275
(1 1) (—1/\/6 —1/\/6) (-1/\/5 —1/\/5) (.225 .225)

where each column is identical and matches the original row marginals exactly.

(2) The rows in the coefficient matrices of the parameters 6., for ¢ = 1,2, are

L}

identical and -

| 11 1/V/2 —1//2 1/3 1/3

bui |1 1) +612|1/v2 -1/vV2)=[1/3 1/3}.
() (34 ) - (% )

) ] 2-19
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2.8 Model Bases

(3) The coefficient matrix of 022’ can be viewed in two ways; either as having
columns

2
¢, = 1/v/6] —1

-1
contrasted according to w, = 1//2(1,—1)", or as having rows w, contrasted
according to éz

(4) Remark (3) also applies to the coefficient matrix of 63; but with ¢, mnow

replaced with G, . o

Having seen the extension from the univariate to the bivariate situation, the
extension to further dimensions is straight-forward. In fact, if we have a K —way
cross-classification with K model bases ®(1),... &(K) then we may write

1 K
iy oipe = Z s Zoal--'ax¢§1¢)zl v '¢§Ka)x
a) ax

with
Bayax =D -3 s - bE) mi i o
15 1K



CHAPTER 3
BASIS MODELS FOR CROSS-CLASSIFIED OBSERVATIONS

In this chapter we introduce two classes of approximating families for use in
modelling cross-classified observations. The models in these approximating families
express some function of the modelled cell probabilities as a linear combination of
parameters. The coefficient matrices in the linear combinations are model bases,

hence the name basts .models.

The construction of the approximating families is given in Section 1. In Section
2 attention is given to the construction of the model bases for particular data sets,
while Section 3 considers the model selection problem of finding the optimal fitted

model from within a given class of approximating families.

3.1 BASIS MODELS

Consider a multinomial operating model’s vector of probabilities 7 = [7;}i=1,...,L
A class of approximating families can be constructed by specifying a model basis .
for ®L and an invertible real-valued function g, called the link function. Discus-
sion on the éhoice of basis and of the link function is delayed until the classes of
approximating families have been fully introduced. It was shown in Chapter 2 that

given [g(mi)]i=1,...,. € RL and a model basis (Ql,. .. ’fL) for RE we can write

L
g(ms) =) biby fori=1,...,L.
q=1

The next step is to consider excluding some of the parameters from the expansion
to arrive at models [M;(6)]i=1,..,. for [mi=1,..,L where h
g(M;(6)) = ) ¢igfy fori=1,...,L

9€Q
where Q@ C {1,...,L} and the parameters are subject to the constraint

T;M;(6) = 1. Each Q determines an approximating family which can be de-
fined by
M(Q) = { MO}, : S = X b3 M) =1} (1)

qEQ

™~
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3.1 Basis Models

The approximating family M({l, ,L}) is the only approximating family
which necessarily contains the operating model. Other families will generally have
larger discrepancies due to approximation but smaller expected discrepancies due
to estimation. A class of approximating families is obtained by considering various
Q@ . Generally this class is made as large as is possible. However for different link
functions one may need to insist that @ contain a particular index, such as 1, to
ensure that the constraint X;M;(f) = 1 can be satisfied. If S(L) denotes the
set through which @ ranges then the class of approximating families is defined by

{M(Q) : Qe s(L)}.

Consider next a two-way R x C multinomial operating model with cell prob-
abilities [m;]i=1,...,R; j=1,...,c - While we can regard this case as being formally
equivalent to that considered above it is often preferable not to, but rather to em-
phasise the bivariate nature of the operating model. Suppose then that we have a
model basis (i )i=1,...,R; r=1,..,r for the row variable and a separate model ba-
sis [wje]j=1,...,c; c=1,...c for the column variable. If @ now denotes a subset of
R xC={(r,e) : re{1,...,R},c€{1,...,C}}, then a typical approximating . .

family can be written as
M(Q) = {[M.,(e)l._l, Ry i1,

E 'nbzrch res Z ZM'J }' (2)
(ric)eQ

A class of approximating families is obtained by varying @ through some collection

of subsets of R x C .

Consider now an R x C product-multinomial operating model with indexed
probabilities [W.(,)], 1,..,R; j=1,. lc . Here one must use a separate basis for the
response and explanatory varlables. A typical approximating family is then

M(Q) = {[Me(j)(ﬂ)]i.—.l,...',k;j—_—l,..,c D g(Mi(8) = D Yirwicbres
. - ’ (ric)eQ

ZM.-(,-)(o) =1 forj= 1,...,0} (3)

Al ’
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8.1 Basts Models

forsome Q C RxC . The C restrictions Y, M;(;)(0) =1 lead to these classes of
approximating families generally containing fewer members than their multinomial

counterparts.

We now illustrate the role that the parameters play in the above models. The
two examples of Section 2.3 should be borne in mind. Consider initially a model

[M;(0)]i=1,..... where

g(Mi(0)) = ) ¢igfy fori=1,...,L
q9€Q

One way of viewing the model is this:

e the inclusion of the parameter 6, in the model means adding a contribution

to each of the cells, namely ¢,,0; to the ith cell for 1 =1,...,L,
e in each cell the sum of these contributions gives g(M;(4)) ,
e the modelled probability M;(f) is obtained from g(M;(8)).

The role that 8, plays in this process is effectively determined by é-q , in that the
inclusion of 8, in a model means adding Gqu to the cells. Since 21 = 71_L—l ,
while the other éq -are contrast vectors, it follows that 6, plays a different role
from the other parameters. In fact 6, generally appears in all Fmodels, and its
role is to make an equal contribution to each of the cells; whic‘h we can think of as
providing a model — namely the siﬁlplest possible model g(M;(0)) = g(%lf) =k
for all 1, for some constant k. On the other hand the introduction of a parameter
6, with ¢ # 1 into a model leads to different contributions, some positive and
some negative, being made to different cells and resﬁlts in differentiation between
the modelled cell probabilites. It should be pointed out that for any 6, with ¢ # 1

the contributions {¢;q0s}i=1,..,.L always sum to zero.
~ Similar considerations apply to two-way tables. Here a typical model is
g(Mi(8) = D tiwicbre foralli,j
(rlc)eQ

: 3-3
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where Q C R x C, which can be written as

o(M;;(8)) = %o E Yirby1 + —= E wjcbre

TGR' CEC‘
+ E Yirwjicl,. foralle,j (4)
("C)GQ' .

where R* C {2,...,R}, C* C {2,...,C} and Q* C{(r,c) : r€{2,...,R}, c€
{2,...,C}} . The parameters in each of the four terms in (4) all play a different

role.
(1) The first parameter 6;; is a constant term.

(2) The 6,y for r =2,...,R relate exclusively to the rows. Including 6,; in a
model means that %gb,-,ﬂ,l is added to all of the elements in the ith row, so that
the modelled probabilities within each row are identical while the rows themselves
will differ. For this reason the parameters 6, for r =2,... ,Rv will be called the

row-effect parameters.

(3) The 6y, for ¢ = 2,...,C are to the columns what the 6,; are to the rows

and are called column-effect parameters.

(4) The inclusion of 8, in a model leads to Yirwjcbyc being added to the (z,5)th
cell for all ¢,5, i.e. 6,. is added to the cells in the table in the proportions given

by the matrix

1rWilc 1rW2c oo 1rWCec

Yirwie  Yrew Y1rw
¢2rw1c ¢2rw2c L ¢2er‘c

['»birch]i:l,...,R; i=1,...,C = . . . :
tpRrwlc ¢Rrw2c e ';bRerc

This can also be written as either

(wWicy, waed, - weey ) =w, @Y

OoT as

’ tplr‘ﬁ:; BN
¢2rw:;

- 1

: =9 ®w,
Q)bRr_‘*L’:



)
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and will be called the (t_ﬁ_r,g)_c) Vt'r'zteraction matriz. The corresponding 8,. are

called snteraction parameters.

Higher dimensions. No difficulties arise in extending the above notions to cases
in which there are more than two dimensions. We will therefore confine our general
discussion to the two dimensional case and consider higher dimensional cases only

as they arise in the examples of application. e



8.2 Constructing Model Bases
3.2 CONSTRUCTING MODEiJ BASES

The model basis or bases used in the construction of a class of approximating
families for a particular table play an important role in determining the fitted

probabilities. The choice and construction of the bases is now considered.

At the outset it must be emphasised that there is absolutely no question of
using the data to produce an ”optimal” basis or bases by, for example, finding
eigenvectors, singular-value decompositions, etc, as is done in some exploratory
data analysis techniques. The bases should be specified prior to inspection of the
data. Selecting bases "suggested” by the data is analogous to postulating a null
hypothesis suggested by the same set of data which will be a%‘&%é& to test this
hypothesis. The reason why we must avoid using the data to select a model basis
is quite simply that this would lead to fitted models which are "close” to the data

but not necessarily close to the operating model. Clearly this would undermine the

whole purpose of what one is trying to achieve.

For any table of cross-classified counts, bases are constructed by considering
the nature of the variables involved. Generally one constructs a separate model
basis for each of the variables. For any given variable, with say L categories, the
construction of a model basis is conveniently achieved by choosing L—1 orthogonal
contrasts between the categories of the variable. (In fact for L > 2 one has only
to choose L — 2 contrasts since the remaining contrast can be determined given
the others.) Contrasts have been, and still are, used fairly extensively in statistical
hypothesis testing and modelling procedures; and the same considerations apply
here. However with basis models the contrasts are built directly into the models

and one has to begin the modelling procedure with all L — 1 contrasts.

The construction of orthogonal contrasts for a variable will now be illustrated
using a number of examples of application. In each case we suggest a model basis
for each of the variables, and in some cases two alternative bases are given. In later
chapters we will be making use of these data sets (and the bases given below) to

illustrate other aspects of model construction and selection.
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8.2 Constructing Model Bases

Before giving details of the individual data sets two general points can be made.

(1) The researcher (the individual(s) who performed or instigated the performance
of the experiment and who is ultimately going to use the fitted model) and the
statistician should collaborate on the construction of the basis. | The researcher of-
ten has prior knowledge or expectations about the variables involved which can be
usefully incorporated into the model provided these expecté.tions were genuinely
held before the data were collected and were not suggested post hoc. The statis-
tician’s task is to translate this knowledge into contrast vectors which make sense
to the researcher. The participation of the researcher in the construction of the
basis will lead to the researcher having a greater uﬁderstanding of the model that

is eventually presented to him/her.

(2) In our context there is no equivalent of a "vague prior”, i.e. there is no basis
which treats all of the cells equally” and which can be used when there is no prior

knowledge.

As regards the actual bases that are proposed it must be stated that these
are not the only bases that can or even should be used, and there may well be
other more useful bases. In specifying individual bases we will generally not give

normalising factors and write for example

1 -1 1
1 -1 -1
1 2 0

rather than ‘

et VB S1VE 1B
1/v3 -1/v6 ~1/V2
1/vV3  2/v6 0

and still refer to the non-normalised basis as a model basis.

THE TREATMENT DATA ~

Plackett (1974, p.136) gives a data set collected by D.J. Newell. In a clinical
trial to compare two analgesics, A and B, 175 patients were randomly allocated to

N
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one of the four sequences AB, BA, AA, BB. The pairs of letters indicate the treat-
ments received by a patient in the first and second periods of the trial, respectively.
Each patient was asked to express a preference for the first or second treatment

received, with the following results:

_sequence
AB BA AA BB Total
Prefers first 16 8 10 11 45
preference Prefers second 4. 12 5 6 27
No preference 20 22 30 - 31 103
40 42 45 48 175

Despite the fact that the number of people allocated to each of the sequence
categories was determined by a probability process (random allocation), the number
of people allocated to each of the sequence categories is not of interest, and we will
regard sequence as an explanatory variable. Preference is regarded as the response

to each of the treatment sequences.

We then regard the experiment as being one in which four independent samples
were taken; one from each of the sequence categories; where the sample size of
each is fixed, having been determined by the allocation process. The operating
model is then product-multinomial and the probabilities of interest are those with
which an individual will indicate each of the preference categories conditional on

the treatment sequence that was administered.
Bases. As the operating model is product-multinomial two bases are required.

We consider choosing a basis for preference first. The variable has three cat-
egories (”prefers first”, ”prefers second”, "no preference”) and so we must choose
two contrast vectors. A reasonable contrast is that between the first two categories
and the last. The corresponding contrast vector is

1/2
1/2
-1

L

Having decided on this vector, there is up to scaling factors, only one contrast vector
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orthogonal to it, namely
1
-1
0

In spite of this being the only vector that can be used, it is a particularly convenient

one since it contrasts the two categories that were combined in the previous contrast.

The model basis for preference we have constructed is thus:

prefers first 1 1/2 1
preferssecond { 1 1/2 -1
no preference \1 -1 0

Consider now the choice of a baéis for sequence. The variable has four categories
and so we must choose three contrast vectors. The most noticeable feature of the
variable’s categories is that the first two, (AB and BA), concern cases where the
patients were genuinely given two treatments, which is not the case in the last two

categories (AA and BB). This suggests the contrast vector

1
1
-1
-1

We now have to choose two more vectors. The natural choice is to use the one vector
to contrast AB with BA and the other to contrast AA with BB. The corresponding

two vectors are

1 0
-1 o 0
0 and 1
.0 -1

Since the three contrast vectors given above are mutually orthogonal, it follows that

a suitable model basis for sequence is

AB (1 1 1 "0
BA|1 1 -1 o0 .
AA {1 -1 0 1
BB\1 -1 0 -1
) 3-9
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THE LIZARD DATA

This data is taken from Fienberg (1977) and were originally reported by Schoener
(1968). The data were collected by ecologists studying two species of the Anolis
Lizards of Bimini. The ecoldgists were interested in the relationships between the
variables that can be used to describe the lizard’s habitat — in particular perch
height and perch diameter. The counts in the table are of the number of times

lizards of each of the two species were observed on each of the perch types.

Anolis Lizards of Bimini

species
perch height perch diameter sagrei distichus

(in feet) (in inches)

> 4.75 <4.0 V32 61

> 4.0 | 11 - 41

<4.75 <4.0 86 73

> 4.0 _ 35 70

164 245

Bases. Since each of the variables are binary we use the Hadamard basis H. for
each. For the two response variables considered jointly the model basis used is

Hy=H,® H, ’ i.e.

height diameter

> 4.75 <40 1 1 1 1
> 4.0 1 -1 1 -1

< 4.75 <4.0 1 1 -1 -1
> 4.0 1 -1 -1 1

Of the three contrast vectors in this basis it can be seen that
(1) the first contrasts the two diameter categories,
(2) the second contrasts the two hesght categories, while

(3) the third contrasts the diameter categories at the same time as it contrasts the

AN

3-10



3.2 Constructing Mode!l Bases
height categories.

The joint basis for the entire eight cell cross-classification is then

(5 )

Here the first four vectors do not introduce species interaction, while the second four

Hy
H,

Hy

Hg=H,® Hy = —H,

do. As regards the first four vectors we can think of them as joining together the
corresponding cells in the two spectes columns and then applying” the model basis
H, .

separately to each of the two species which are then contrasted. e

However for the second four vectors, each of the vectors in H, is applied

THE CAMP DATA

Bishop et al (1975, p.137) introduce a data set first studied by Stouffer et al
(1949). A sample survey was taken from U.S. army recruits in World War II. The
recruits are identified by race (black, white), geographic origin (North, South) and
location of current training camp (North, South). The recruits were asked whether
they would like to move to aﬁother camp, and if so to where they wanted to go.

Their answers were categorised as shown.

race Black White

origin North South North South
location North South North South North South North Souf
preference 4 B
pr efer to stay 196 83 261 924 367 346 54 48
prefer North 191 876 122 381 588 874 50 9
to South 36 167 270 788 162 164 176 38;
move Undecided| 41 153 113 353 191 273 40 9
undecided 52 111 105 272 162 164 40 9
Totals 516 1390 871 2718 1470 1821 360 114

We regard the three variables race, origin and location as explanatory. The

remaining variable, preference, is the response. Each member of the population finds

3-
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himself in one of the categories of the explanatory variables cross-classification and
the only "free” random variable is the respondent’s preference. The probabilities of

interest are of the form
miGkey for 1=1,...,5;7=1,2;k=1,2; £=1,2

where this denotes the conditional probability with which an individual, from the
Jjth race category, the kth origin category and the £th location category, falls into
the ith preference category.

Bases. As the operating model is product-multinomial we need separate bases for

the explanatory and response variable cross-classifications.

Consider the explanatory variable cross-classification first. In the previous
example we had a 2Xx 2 explanatory variable cross-classification for which H, was
used and which gave us three contrast vectors — namely two main-effect contrast
vectors (one for each of the variables) and one interaction contrast vector. We now
have a 2 x 2 x 2 explanatory variable cross-classiﬁéation for which Hg will be

used. In Hg there are seven contrast vectors, viz.
o 3 main-effect contrast vectors (one each for race, origin and location)

° (g) = 3 two-factor interaction contrast vectors (namely race x origin, race * -

location and origin x location)
o 1 three-factor interaction contrast vector (namely race  origin  location).

The (non-normalised) basis is shown below. In the labelling of the contrast vectors
L,0 and R stand for location, origin and race respectively. Notice, for example
that the vector labelled | L Has a +1 in every position corresponding to a location
- value of North and a -1 for all the South values. The L x O vector, on the other
hand has a +1 whenever the origin and location values are the same and -1 if they

are not, and so on. _ '
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race origin location . L 0] L+«O R L+R OsR L+«OxR
N 1 1 1 1 1 1 1 1
N
S 1 -1 1 -1 1 -1 1 -1
Black — ‘ , !
N 1 1 -1 -1 1 1 -1 -1
S
S 1 a1 -1 1 1 -1 -1 1
N 1 1 1 1 -1 -1 -1 -1
N
S 1 -1 1 -1 -1 1 -1 1
White
N 1 1 -1 -1 -1 -1 1 1
g
S 1 -1 -1 1 -1 1 1 -1

We turn now to the response variable, preference, which has an interesting
structure among its five categories. Two bases are presented here; these reflect two

different ways of looking at the structure.

(1) The first approach is to say that the most notable feature of the categories
is that in ‘the first three categories some definite preference is expressed, while in
the last two categories some form of undecideness is expressed. Using a contrast

between these two groups as’'a starting point we are led to the basis shown.

prefer to stay 1 1 0 1 0

prefer North 1 1 0 -1/2 1

to South 1 1" 0 -1/2 -1

move undecided 1 -3/2 1 0 0
undecided 1

-3/2 -1 0 0

5
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The first contrast vector ind this basis contrasts the ”decideds” and the "un-
decideds”. The next vector contrasts the two undecided categories. Having thus
made allowance for the undecideds, the rest of the contrasts can cohcentrate on the
decideds. The first of these contrasts those who prefer to stay with those who prefer
to move; while the second contrasts the prefer-to-move-North with the prefer-to-

move-South categories.

(2) A second way to construct a basis for preference is to place the emphasis on the
order in which the (two) questions were asked and construct the vectors accordingly.

One obtains, for example:

prefer to stay 1 -1/4 1 0 0
prefer North 1 -1/4 -1/3 -1/2 1

to South 1 -1/4  -1/3  -1/2 -1

move Undecided 1 -1/4 -1/3 1 0
undecided 1 1 0 0 0

In this case we begin by considering the question ”do you want to move?”, the
answer being one of "no”, "yes” or undecided”. Among these three it is reasonable .
to first contrast the "undecided” category with the first two categories, and then
to contrast the "yes” with the "no” category. This is exactly what the first two
. contrast vectors in the basis are doing. Only once the "do you want to move?”
question has been dealt with in this way, is the "where to?” question considered.
The categories for answers to the ”where to?” question are: "to the North”, "to the
South” and ”undecided”. T}_le last two vectors set up the natural cont'rasts among

these categories.

In their analysis of this data set Bishop et al (1975) and Goodman (1972)

simply discard the two undecided rows. o

i

-
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THE BEETLE DATA

The data given below were taken from Hewlett and Plackett (1950). They are
concerned with the toxicity to the beetle Tribolium casteneum of films formed by
the insecticide - -benzene-hexachloride. Six dosage levels of the insecticide were

administered, one level to each of a group of either 49 or 50 beetles.

dose
12.08 14.49 16.31 18.13 20.44 22.36
survival < 9 days 20 28 33 30 33 33
>9 days | 30 21 17 20 17 16
Total 50 49 50 50 50 49
Proportion 0.40 0.57 0.66 0.60 - 0.66 0.67

The dose levels are given by the deposit of 0.1% + -benzene-hexachloride mea-
sured in mg/10 cm? . The row marked ”proportion” gives the proportion of beetles

within each of the groups which died within nine days.

The operating model is clearly product-multinomial, with dose the explanatory
variable, each of whose categories define a sub-population. Of interest is the prob-
ability of beetles dying within the first nine days conditional on each of the dose

levels.

Bases. Since the operating model is product-multinomial, we need a separate basis
for each of the two variables. Suruvival is binary and so the Hadamard basis H-
| will be used. Dose, on the other hand, assumes quantifiable values. This suggests
that we use the appropriate orthogonal polynomial basis. Using the original dose

levels as given in the table the corresponding orthonormal basis is found to be

41 —.67 55 —.27 .10 -—-.02
41 -.31 -.29 .61 -—.48 .22

41 —-.08 —46 .09 .50 —.60 | (1)
41 .13 —-.36 —.43 .23 67 |’

41 .37 .03 —.42 -—-62 -—.37

41 .55 .52 42 27 .10
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Since the dose levels are almost equally spaced, a simpler alternative is to use

the standard polynomial basis for six equally spaced values. This basis is

THE ESKIMO DATA

Pt fd fd fed fd et

5 -5 1 -1
-1 7 -3 5

-4 4 2 -10

-4 -4 2 10

-1 -7 -3 -5

5 5 1 1

(2)

Bishop et al (1975, p.133) analyse a data set reported by Muller and Mayhall

' (1971) and give the following introduction.

” Anthropologists have traditionally used the physical structure of the mouth

to study differences among populations and among groups within populations.

One often-studied characteristic is the sncidence of the morphological trast torus

mandibularis, a small protuberance found in the lower jaw at the front of the

mouth.”

In the table incidence of torus mandibularis is cross-classified by age (six cate-

gories) for each of three Eskimo populations.

population
incidence age Igloolik Hall Beach Aleut Total

| 1-10 5 3 7 15
11-20 19 8 '3 30

present 21-30 32 9 6 47
31-40 31 10 9 50

41-50 16 8 6 30

so+ | 22 6" k4 35
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1-10 86 39 16 141
11-20 49 26 20 95
absent 21-30 38 12 15 65
31-40 10 4 8 22
41-50 4 2 7 13
50+ -3 | 4 8

We are provided with the information:

"The first two groups, Igloolsk and Hall Beach, are from a pasr of villages in
the Foxe Basin area of Canada, and the data for these groups were collected
by a different investigator than for the third group, the Aleuts from Western

Alaska, with a time difference between snvestigations of about twenty years.”

The operating model. We treat populations as explanatory, while regarding
tncidence and ége and response variables. One could regard age as explanatory,
but we choose not to because the number of people falling into the various age
groups is a natural characteristic of each population — and not something which

was arbitrarily fixed by the researcher.
Bases. A separate basis is chosen for each of the variables.
Incidence: Since this is a binary variable, the Hadamard basis, Hs , will be used.

Age: This variable is different from those that have been considered thus far, as its
categories are defined by cut-off points on some continuous scale. However because
these categories are ordinal and because it is likely that there is some trend in
incidence with age, we will use an orthogonal polynomial basis. In the absence of
any obvious alternative the standard basis derived for equally spaced values is used,
namely: ‘
-5 5 -5 1 -1
-3 -1 7 -3 5
-1 —4 4 2 -10

1 -4 —4 2 10

3 -1 -7 -3 -5

5 5 5 1 1

bt et md ek et et
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Population. From what is known about these populations, and the way in which
the data were collected, we would want principally to contrast the Igloolik and Hall

Beach populations with the Aleut population. The corresponding model basis is

Igloolik 1 1 1
Hall Beach | 1 1 -1
Aleut 1 -2 0

THE VISION DATA

Two-dimensional tables, with the variable for rows having the same categories
as the variable for columns, occur frequently. Such tables may arise in several

- different ways:

1. in studies where each individual is classified according to the same criterion at

two different points in time;

2. when each individual is cross-classified according to two similar categorical vari-

ables, such as vision in the left and in the right eye;

3. when each member in a pair of matched individuals, such as father and son, are

classified according to some categorical variable, such as political party preferred.

The most prominent feature of this type of cross-classification is that the cells
on the main diagonal account for most of the probability. As a representative
example of these kind qf cross-classifications we look at the data given below, which
are based on‘case-records of the unaided distant vision of male employees aged 30-
39 in Royal Ordnance factories in 1943-46 from Stuart (1953). (See Bishop et al,
(1975, p.284) for the corresponding dai:a set for female employees and for references
to previous analyses of the data.) There are two responses, defined by vision in the

right and left eyes.
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' grade of left eye
grade of highest second third lowest Totals
right eye (1) (2) (3) (4)
highest (1) 821 112 85 35 1053
second (2) 116 494 . 145 27 782
third (3) 72 151 583 87 893
lowest (4) 43 34 106 331 514
Totals 1052 791 919 480 3242

The operating model is taken to be multinomial since each person tested could

have been classified into one of the sixteen cells in the table.

Bases. For this cross-classification, as for most of the type being considered, a
single joint basis is constructed for the entire table; not by separately constructing
bases for the row and column variables as was the case in the data sets considered

hitherto.

Because the cells on the main diagonal account for a large proportion of the
probability, in any constrast which involved cells both on and off the diagonal,
the off-diagonal cells would be swamped. Thus it is important that the basis be
constructed in such a way that the diagonal and off-diagonal cells are contrasted

separately.

Consider initially the diagonal cells. Let
»1)
,2)
»3)
»4)

There are four cells and so three contrast vectors are needed, say w,,w,,w; € R*.

Put

(1

2
D= 53
(4

1= (21:9_2&’3)- ~

We now éonce_ntrate on the off-diagonal cells. Consider either of the off-diagonal

halves, say the lower.

\
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. left eye average
(1) (2) (3)
(2) 16 - - 116
right ‘
(3) 72 151 - 111.5
eye
(4) 43 34 106 61.0
Let ‘
(2,1)
(3,1)
_ 1 (32)
=1 )
(4,2)
(4,3)

be an ordering of these cells. The table has three rows. Let 451,452 € R® be

two contrast vectors for contrasting the three row averages. Having contrasted the

row averages let g’s’é‘;’és € R® be contrast vectors for contrasting cells within -

individual rows. The vector é3 is used to contrast the two cells in the second row,
i.e. .
0
1
| -1
$; = 0
0
0

while é . and és are used to contrast the three cells in the third row. Let

®=(¢,....8)-

Similar considerations hold for the upper off-diagonal cells. It is convenient to

re-arrange these cells to a layout which is similar to that of the lower off-diagonal

i

cells, namely, « ~
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right eye average
ORI 3 |
(2) 112 - - 112
left
(3) 85 145 - 115
eye
(4) 35 27 87 49.7

Define as the upper-half analog to L,

’
)

’

’

LGRS

wl\?l—‘wi—‘l—‘

H

(
(
v=1
(
(

where (7,7) refers to the (7,7)th cell in the original cross-classification. Then

clearly the contrast vectors used for L , namely & , can be used again here for U .- -

For the complete sixteen-cell table, the cells can be ordered as

U
D
L

and thus a suitable model basis for this ordering is (obtained by normalising)

Ufi, 0 1, & 1, @
Dl 0 -31, 0 0 ©
L\, 0 14 & -1, -9

As far as this particular application is concerned it is not clear to us which
contrast vectors should be used in 2 and ® . Although we have previously warned
against the practice of looking‘ at the data for guidence in selecting a basis, in the
absence of prior expert knowledge, we had no option but to have a ”quick look”

at the data in this particular case. We observed that the counts in the cells whi.ch
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involved the lowest grade of vision (for either eye) are generally lower that the

others. This suggests that we put

1
we = 1
j-4 U 1
-3
and
1 1
1 -1/2
él = _11 and hence _¢_>2 = —1({2
-1 0
-1 0

The remaining contrasts were chosen essentially arbitrarily, to give

1 1 1

1 1 -1

1= 1 -2 0

-3 0 0

‘and

1 1 0 0 0
1 -1/2 1 0 O
| 1 "2 -1 0 o0
-1 0 0o -1 1
-1 0 0 0 -2
-1 0 0 1 1
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3.3 THE MODELLING PROCEDURE

Given a table of cross-classified counts we have seen how to construct suitable
mode] bases and have seen the type of approximating families under consideration.
The actual model selection procedure employed will depend on both the link func-
tion and the discrepancy function. We begin by describing the common features of

the procedures.

Consider a cross-classification involving any number of variables with a multi-
nomial or product-multinomial operating model. Suppose that the cells have been
ordered lexicographically and let [7r,-],-=1,"" L denote the associated operating model
probabilities. Let M(Q) denote an approximating family with members M () =
[M;(0)]i=1,..,.. where g(M;(0)) = Lqcqdiqfy and the parameters are subject to
the relevant constraints (e.g. T;M;(6) = 1). The discrepancy between M(6) and

# is then written A(m,M(6)) for some discrepancy function A(:,:) .

The optimal model within the approximating family M() is that which min-
imises the discrepancy over all members in the family, and the minimum discrepancy

parameter, written 6°(Q) , is defined by
6°(Q) = arg{min Az, M(9)) : M(6) E.M(Q)}.

This parameter is generally multi-dimensional and its elements will be denoted
by 02(Q) for ¢ € Q . The reason for writing 02(Q) and not just 02 is that
generally, as one might expect, the optimal value of a particular element is in part
determined by the otj.her parameters which appear in the model with it, and will

not be the same for all approximating families.

-

The minimum empirical discrepancy parameter estimator within. M(Q) is

defined by _
i(Q) = arg{mm A(P,M(6)) = M(6) € M(Q)}

where P is the empirical analog of r ,i.e. the vector of sample proportions. The

elements of é(Q) will be denoted by 94 (Q) for g € Q. The fitted model from
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the family M(Q) is then
MEQ) =Y ¢ by

q€Q

The expected discrepancy of the fitted model M((Q)) is defined by

B (2. M(00)) )

where E, denotes that the expectation is taken under the operating model. For
a given class of approximating families {M(Q) : @ € S(L)} the optimal fitted

model is that which minimises (an estimator of) (1) over all Q € S(L) .

As was stated in Chapter 1 the model selection problem could involve con-
siderable computation, but for some (link function, discrepancy function) pairs it
is possible to exploit the orthogonality of the contrast vectors to achieve either or

both of the following properties:

(i) the estimate of a parameter is the same no matter what other parameters are

in the model, and
(ii) each parameter contributes separately to the estimated expected discrépancy.

In this thesis we will consider two discrepancy functions which we will now intro-

duce.

Discrepancy functions. The first of the two discrepancy functions is based
on ”squared errors” and is called the Gaussian discrepancy function by Linhart
and Zucchini (1986a). For a multinomial operating model [7;)i=y,..,. and model

[M;(8))i=1,...,. the Gaussian discrepancy is defined by

L
> (mi — M;(6))*

=1

while for a product-multinomial operating model [1r,-(j)],'=1,._,,zz; j=1,...,c this dis-
crepancy is defined by-
C .

2

R .
. ) (mig) — Mig; (0))2.

J=11¢=1
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The second discrepancy function is the well-known Kullback-Lesbler discrepancy
function, which has the property that minimum empirical Kullback-Leibler discrep-

ancy parameter estimators are, in general, equal to maximum likelihood estimators.

For the multinomial case this discrepancy is defined by

L

L
E(Ez_ni) log (m:/M;(6)) = ny Y m; log(m:/M;(6))

1=1 =1
while for the product-multinomial case this discrepancy is defined by
C R | c R
YN (Egni) log (misy /M) (8) = Y nai D migsy log(migs) /Mii)(6))-
Jj=1l1=1 . j=1 1=1

Both the Gaussian and the Kullback-Leibler discrepancy functions contair
terms which remain constant for all approximating families and are thus inessentia
for the purposes of comparing competing fitted models (for a given data set). The

essential parts of the four discrepancy functions defined above are, respectively
o —2%.;m:M;(0) + X:(M;(0))?
o —2%;3imi;)Mi(j)(6) + I (M) (0))?
o -—n,.Y;mlog M;(0)
o —IjnyTimi)log Mig)(6)
Frequently there is no need to differentiate between the a,ctua.l-Aa.nd the essential

discrepancy function and then we will simply use the term discrepancy function ir

both cases.

The two (link function, discrepancy function) pairs that we will consider are
(1) the identity link with the Gaussian discrepancy function, and
(2) thelog (natural loga.;ithm) link with the Kullback-Leibler discrepancy function

the first in Chapter 4 (and again in a slightly different context in Chapter 6), anc
the second in Chapter 5. For the purposes of comparison, the data sets and the :

model ‘bases that were introduced in Section 3.2 are used as illustrative example: |

1

in Chapter 4 and again in Chapter 5. °
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CHAPTER 4
LINEAR MODELS

In this chapter we concentrate on linear models and the Gaussian discrepancy.
In the first section a model selection algorithm is developed; in the second section

linear models are fitted to each of the data sets introduced in Section 3.2.

4.1 THE MODEL SELECTION PROCEDURE

As pointed out in the previous section, model selection requires considerable
computation unless we are able to exploit the orthogonality of the contrast vectors.
For the case under consideration, that of the identity link and the Gaussian dis-
crepancy, the orthogonality can be fully exploited and it is possible to construct a

very simple algorithm for selecting models.

The multinomial and product-multinomial cases will be considered separately.

The results derived for the two cases are similar. _

A. MULTINOMIAL OPERATING MODELS

Consider a cross-classification, with any number of variables, whose operating
model is multinomial. Suppose that the cells are arranged into a single vector of
length L and let [7r.-].-='1,,__,1, be the operating model probabilities. In addition
let & = [¢igli=1,...,L; g=1,..,L be a model basis for the table. Then the class of

approximating families under consideration has members

L |
M(Q) = {[Mi(o)]t':l,...,L 1 M;(6) = Zduqoq; ZM;(o) = 1}.

The Gaussian discrepancy function for M(6) = [M;(6)}; € M(Q) is given by
L

Alm, M(6)) =) _(m: — Mi(6))%. (1)

Since the vectors ¢ ,...,¢, are orthonormal the right hand side of (1) can

be written as

iw?—2:0q( L1¢¢qn¢)+203 )

s=1 q€Q 1= q€Q
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which is the form most often used in deriving orthogonality properties.

The first of the orthogonality prop;arties concerns the minimum discrepancy
parameters. The (multi-dimensional) minimum discrepancy parameter 6°(Q) is
found by minimising (2), .with respect to the 6, for ¢ € @, subject to the con-
straint X;M;(0) = 1. The method of Lagrangian multipliers is used and it is found
that a solution can only be obtained provided 1 € Q , l.e. provided 6; is in the
model. (This condition will be looked at later.)

Define
G(8,2) = Az, M(0)) + A(Z;M;(8) — 1)

‘where ) is a Lagrangrian multiplier. The 02(Q) are found by simultaneously

solving the equations

aG(0,))
—é-b_q_ =0 for q € Q
0G(6,])
ax
Now
S0 = (3 ot
: % qEQ
L _
=0, (Ed,..q) = Vo,
g=1 1
so that
G(6 ) = Er -2) 4, (E¢,q7r.> + )02+ \(VL6, - 1).
9€Q =1 9€Q
Hence
aG(8,)) ~27; +26; + MWL ifg=1
a4, - —2XiPiqm; + 26, otherwise
while ' .
0G(6,))
“ax - \/1_;01 - 1.
Provided 1 € gq, %ﬁl’—'\l =0 and Mca“;:_'\l = 0 can be solved simultaneously to

give A = 0. The equation QG_a(f\,_«\) =0 is then redundant and the resulting system
can be written as

—2Yipigm;+ 20, =0 forallge @
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which has the unique solution
83(Q) = Tipiqm; forge Q. (3)

We note immediately that the optimal parameters are independent of @, ie.
the optimal value of any parameter 6, is independent of what other parameters
are included in the model with it. This property is extremely useful. Among other
things it means that instead of having to find the optimal values anew for each
different approximating family, one has only to find the optimal values of 6,,...,6.
once. (This can be done by finding the minimum discrepancy parameters for the
saturated approximating family.) If 69,...,09 denote these optimal values then
the optimal model from the approximating family M(Q) (for any Q) is given
directly by |

M%) = > ¢80 fori=1,...,L.
9€Q '

The minimum empirical discrepancy estimator 5((2) is the empirical analog
of 6°(Q) . The estimates share the orthogonality property so that the parameters
0:,...,01 have to be estimated only once. This of course considerably reduces the
computational load. The elements of #({1,...,L}) are

by = TidigP;
= (g?q -P) forg=1,...,L.

Each 0:, is also the unique minimum variance unbiased (UMVU) estimate and the

maximum likelihood estimate of 02 ]

Thé (only) fitted model from the approximating family M(Q) that will be

considered is

M(6) =) ¢igby fori=1,...,L.
q9€Q

We now consider the inclusion of 6, in all models. Since 69 = —%= is constant,

6, = % and all fitted models which contain 51 can be written as

A 1 N .
M;(6) =-Z+ Z $igly fori=1,...,L,
q9EQ* '
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where the first term assigns equal probability to each of the cells. As has previoﬁsly
been stated, this first term can be thought of as providing a basic model which can
be made more complex by the inclusion of any of the other parameters (f,,...,0;)

into the model. The inclusion of 6,
(1) does not introduce any variance into the model (since 6; is constant); and
(2) guarantees that the fitted probabilities sum to zere.

. The second of the orthogonality properties involves the expected discrepancy.

The expected discrepancy of the fitted model M (é) from the family M(Q) is

E A(m,M(§)) = {Zw 225q02+293}

9€Q 9€Q
_Zw + Y {Ex(82) — 2(E46,)%}
9€Q
= Zw + Z{2V3-f1r Ez(ég)}
9€Q

The first term is inessential. The second can be written as

Y 1(6,)

9€Q

where

f(6) = 2var, 0, — E.(62).

It can be seen that each parameter éq in the model makes a separate contribution

to the expected discrepancy. This greatly simplifies the model selection procedure.

If f (éq) is negative, the inclusion of éq in the model actually leads to a
decrease in the éxpected discrepancy, and so it should be included in the fitted
model. Conversely, f (5q) being positive implies that 9(, should not be included.
The optimal fitted model is thus A\

A1 5 :
M;(6) = z+qz_;¢,-¢,.,eq fori=1,...,L
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where

Q°={¢e{2,...,L} : f(d;) <o}

In practice the f (5q) cannot be evaluated and they have to be estimated, by
say ¢(f,) . We will use the UMVU estimator '

c(d,) = 2varé, — éZ

where

varé, —Z¢ ( '+__1 )+ZZ¢W¢N( —1)

t J#t

n+—1<z¢ (Zd)‘q )

The computations required for model selection are summarised in the following

algorithm:

(1) For ¢ =2,...,L compute

2 52
e (E ¢ig P — 67)
c(d,) = 2var 0q — 03. :

(2) Put
={ge{2,...,L} : c(d;) <0}.

(3) The fitted model which is estimated to be optimal is

M;(0) = = +Z¢,q fori=1,...,L.
qeQe '

Note that c(f,) <0 iff

|5q|-/\/ﬁréq > V2. | (4)
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and thus the selection procedure reduces to the simple rule:
8, is to be included in the final fitted model iff (4) holds.

The idea that a parameter is considered worthwhile incorporating into a fitted- -
model only if its absolute value is large relative to its standard deviation has an

immediate intuitive appeal.

Further insight can be gained from considerations of the discrepancy compo-

nents. It is not difficult to show that

(1) the expected discrepancy due to approximation of a family M(Q) is

L
Az, M(6) = )_(6)" - > (63)",
9=1 9€Q
(2) the expected discrepancy due to estimation of the fitted model M(f) € M(Q)
is |

ErA(M(6°),M(8)) = ) varg,

and that the total expected discrepancy between M (é) and 7 is the sum of the

above two components, i.e.

EeA(x, M()) = Az, M(6)) + EgA(M(6°), M(9)).

From this one sees immediately that the larger [62| is, the greater will be the

ql
decrease in the expected discrepa.ncy, while the larger variéq is, the greater the

increase in the expected discrepancy.

As a final point note that the critical value that the Gaussian dlscrepancy gives
us to compare |4,/ \/Vﬁrﬂ with, is /2. Increasing this critical value makes
it more difficult to include more estimated parameters into the fitted model and
amounts to giving more weight to the expected discrepancy due to estimation than
to the discrepancy due to approximation. Decreééing the critical value has the
reverse effect. One can of course alter the critical value; in effect this changes the

discrepancy function.
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B. PRODUCT-MULTINOMIAL OPERATING MODELS

We now turn attention to product-multinomial operating models. The models,
the selection procedure and the interpretations are all quite similar to those given

for multinomial opérating models and so only the essentials will be listed here.

Consider a general product-multinomial operating model, and let
[7r,-(j)],-=1,m,R; j=1,..,c denote the indexed probabilities, where both the row and
column variables may in fact be multi-dimensional. A typical approximating family
is then |

M(Q) = {[Me(j)(o)]i=1,...,n;j=1,...c : Miy(0) = Z YirwjcOre;
(ric)eQ

3 My;(0) =1 forj=1,...,C}

for some @ C R x C. The discrepancy between M(0) = [M;(;)(0)];; and = =
[7i¢))i,; is defined by

The minimum discrepancy parameters are again found using the method of La-
grangian multipliers. The objective function now contains C multipliers, because
of the C restrictions ¥;M;(;)(6) =1, and in solving the minimisation problem it

is convenient to assume that Q 2 {(1,¢) : ¢=1,...,C}. This leads to
019c = ijj'c(z,'i,[),',-ﬂ,'(j)) for all (r, C) €Q, (5)

and in particular

6 = {,/C/R if ¢ =1

0 otherwise .
If

R*xC = {(r,¢) : re{2,...,R}, c€ {1,...,C}}
then the class of approximating families considered is

{M(Q) : Qe {(1,1)U(R" xC)}} (6)
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and the optimal model in M(Q) can be written as

1

Mg(,~)(0°)-§+ > iwicl?, foralli,j

(re)eQ-

where Q* C R* x C and the form of the 62, is as given in (5). Note that the
first term in the model given above now assigns equal probability to each of the R

cells in each column.

The parameters (5) are estimated by

~

brc = Tjwie(S5ir Pisy)  for all (r,c) € Q
(8

to give the fitted model [M;(;)(8))i.; € M(Q) where

1 . . .
M;(;(0) = 7T Z Yirwjclye foralli,;

(T,Q)GQ'
whose expected discrepancy is given by
E,A(W,M(é)) = Z Z'II’?(J-) + Z {2varb,. — E,r(éfc)}
J i (r,c)eQ

where
v'a-r'rré\r.c = Vvalg (ijjc (Et‘»bter(J)))
= Z;w}, vara () (Zithir Pic))-

The UMVU estimator of {2vary0,. — Ey (éfc)} is
c(é,.c) =2varb,. — éfc

where ‘ .

- 1
Varb,. = EJ'wfcM_._I{E"l’?rP i(5) — (Zavhir Pi(s))*}-
7



4.1 The Model Selection Procedure

The steps used to select the fitted model from the class of approximating fam-

ilies (6) are summarised in the following algorithm:

(1) For r=2,...,R and ¢=1,...,C compute

-~

Orc = 2;i‘"-’jc(Ei"p["irpi(;i))
~ 1
ﬁrarc =2'w2‘c—'—"" Ei¢?rpi Y — (Zivir Py 2
7Y (n+.7' — 1){ () ( (J)) }
C(é,-c) = 2\/5.1’ érc b é'z.c

(2) Put
Q° = {(r,c) e R* x C : ¢(b,c) <0}.
(3) The fitted model which is estimated to be optimal is given by
1

M,-(,-)(é)z-k-+ Y Yiwseb, foralli,j.e
(r,c)eQ®
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4.2 EXAMPLES

Linear models are now fitted to each of the data sets that were introduced in

Section 3.2, using the model bases that were given there.
THE TREATMENT DATA

Consider the treatment data introduced in Section 3.2. The relevant sample

proportions, expressed as percentages, are shown:

sequence

preference AB BA AA BB
prefers first 40.00 19.05 22.22 22.92
prefers second 10.00 28.57 11.11 12.50
no preference 50.00. 52.38 66.67 64.58
100.00 100.00 100.00 100.00

The model basis to be used for the variable, preference, is

prefers first 1/4/3 0.5/4/15 1/v/2
preferssecond | 1/v/3 0.5/4/1.5 —1/v/2
no preference \ 1/ Vi —1 /V1.5 0

while for sequence it is

AB [1/2 1/2 1/V2 0
BA|1/2 1/2 -1/2 0
AA | 1/2 -1/2 0 1/v/2
BB \1/2 -1/2 0 -1/1/2
Let #;(j) denote the probability with which a patient given the jth treatment
seduence 7 = 1,...,4 indicates the ith preferenqe category. The fitted models
considered are of the form )

+ 3% iswsebre foralls, s

r€AcEB

M;;)(6) =

Q=
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where [ti )i,y and [wj.]; . are the model bases given above, and

4 3
= ijc (Z ¢¢,P,‘(j)) forallre A; c€ B
Jj=1

where A and B are two sets, A C {2,3}, BC {1,...,4}.
We consider first the 52c for ¢=1,...,4 and then the 53,: for e=1,...,4.

The ézc all involve the row contrast vector

| 0.5
= 1

¥, A= | 05

-1

which contrasts the first two preference categories, ”prefers first” and ”prefers sec-

ond”, with the "no preference” category. The parameters are

a P15y + Pa(y)
0, = \/_Z _,c("—z——J——Pa(j) forc=1,...,4.

If we define - :
Pi) + Py

PON(y) = 5

— P3(;) fory=1,...,4

as the ”preference-or-not” contrast for the jth treatment combination then we can

- write 1
621 = —=PON(+)

~

022

- %

\/(_5((PON(1) + PON(2)) — (PON(3) + PON(4))).

The interaction matrix of ézc (which determines the proportions according to
which 52c is added to each of the cells in forming the modelled probabilities) is

the 3 x4 matrix

0.5 W,
ﬂz X wc = \/—‘% 0.5 .U_)::
-1 L_d_’
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In each of these matrices, for ¢ = 1,...,4, the first two rows are identical so"
that including any of these parameters will mean that the modelled probabilities in
the first two rows will be the same, but different from the corresponding modelled

probability in the third row.

The parameter estimates, their estimated standard deviations and their con-
tributions to the estimated expected discrepancy are shown below. All entries in

the table have been multiplied by 103 .

c=1 c=2 c=3 c=4

by x 103 -614.2 176.8 20.6 -18.0
V/var 6, x 103 91.7 91.7 96.8 86.2
c(f2c) x 108 -360.4 -14.4 18.3 14.6

Since c(éz 1) and 0(522) are negative the two corresponding parameters should

be included in the final fitted model. Including 921 in the model means adding

0.5 05 0.5 0.5
021(¢, ®wy) = =08142 | 05 05 05 0.5
-1 -1 -1 -1

to the modelled cell probabilities. This simply models a difference between the
average of the first two row marginals and the last row marginal. The fact that
521 is negative means, in view of the nature of its interaction matrix, that more

patients indicated "no preference” rather than specifying a definite preference. This |
is not surprising since two of the four treatment sequences involve giving fhe same

treatment twice.

As for 82, , its inclusion means adding

05 05 —05 205
1768 | 0.5 0.5 -0.5 —-0.5




4.2 Ezamples

to the table of modelled cell pfobabilities. This interaction matrix takes the contrast
between the first two and the last preference categories and contrasts this between
the two sets of treatment sequences { AB, BA } and { AA, BB }. That 6, is
positive indicates that the probabilities in the two groups of cells corresponding to

patients who either
e received two different treatments and expressed a definite preference, or
e received the same treatment twice and expressed "no preference”

will be increased, while the remaining modelled probabilities will be decreased.
The }'nclusion of 522 suggests that patients who received the same treatment twice
were more likely to indicate "no preference” than those who received two different

treatments. Again this is what one would expect.

The remaining two parameters, which respectively involve contrasting the

" preference-or-not” contrast with
e a contrast between AB and BA
e a contrast between AA and BB

are not considered worthwhile including. This indicates that whether patients had
a definite preference or not is unaffected by whether they were given AB rather

than BA or given AA rather than BB. Once again this is what we would expect.

We now consider the 83, for ¢=1,...,4 whose interaction matrices are

!

We
1_l)_3®£:;= _\% —w! forc=1,...,4
OI

so that the parameters can be used to introduce a difference in modelled cell prob-
abilities between corresponding cells in the first and second rows. The b3 are

defined by

"

4
1
03c= —\/__zngc(Pl(J)_Pz(J)) fOI'C=1,...,4
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where (Pi(j) — Py(;)) is the difference between the relative sampled proportions in

the ”prefer first” and "prefer second” cells for the jth treatment sequence.

The analog of the table given above for the 92,: is shown.

] o e=1 c=2 c=3 c=4

b3, x 103 148.5 -3.7 197.6 3.5

V/var bz, x 10 87.7 67.6 74.0 60.4
c(f3.) x 103 -12.9 9.1 -28.1 7.3

The selection criterion indicates that 931 and 533 should be included in the
fitted model. The inclusion of 531 means adding 0.1485 to each of the cells in
the first row and subtracting the éame quantity from the cells in the second row.
That 63, is included (and is positive) suggests that patients have a tendency to
prefer the first treatment they were given. On the other hand the exclusion of 532
suggests that there is no difference in this trend between the first two and the last
two treatment sequences. Finally, the inclusion of 933 = 0.1976 with its interaction

matrix

1 -1 00

1

1f-1 100
0 0 00

suggests that
e of those given AB most prefer the first, viz A
e of those given BA most prefer the second, viz A,

which can be interpreted as indicating that of those who received two different”
treatments there is a tendency for patients to prefer treatment A to B irrespective

of the order in which the two treatments are given.

The final fitted model then contains only the four parameters, 051,822,683,

and 633 . The fitted conditional probabilities are shown.
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sequence

AB BA AA BB
Prefers first 39.5 19.8 22.4 22.4
preference Prefers second 9.3 29.0 - 11.9 - 11.9
No preference 51.2 51.2 65.6 65.6
100.0 100.0 100.0 100.0

The remaining data sets will be discussed in less detail. It will be convenient
to represent the quantities of interest in the model selection process in two tables.
The first, which will be called simply the parameter table, will give the parameter
estimates with their estimate standard deviations shown in brackets. The second,
called the criterion table, will give the contributions to the estimated expected
discrepancy. (We will adopt the convention throughout the thesis that all the

entries in these tables will have been multiplied by 10%.)

The parameter and criterion tables for the treatment data are:

The pai'ameter table

' sequence

Wy Wo W3 Wy

iz -614.20 176.79 20.62 -18.04
(91.67) (91.67) (96.80) (86.24)

preference ‘
?.3 148.51 -3.72 197.62 3.47
(67.55) (67.55) (74.00) (60.41)
The criterion table
sequence
<41 Wo Wa Wy
b, -360.4 143 183 14.6
preference |
% -12.9 9.1 -28.1 7.3 .
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THE LIZARD DATA

Consider the lizard data introduced in Section 3.2 for which the sampled pro-

portions, expressed as percentages, are shown.

species
perch height perch diameter sagrei distichus

(in feet) (in inches)

> ’4.75 <4.0 19.5 24.9

> 4.0 6.7 167

<4.75 <4.0 524 29.8

> 4.0 21.3 28.6

100 100

Although there are two response variables, it is convenient to regard the
diameter X height cross-classification as a single classification. We will let Ti(5)
denote the probability with which a lizard of the jth species category (5 = 1,2) is
found on a perch which falls into the ith cell of the diameter x height classification

(i=1,...,4).

For the diameter x height classification the mode] basis used is Hy :

height diameter

> 4.75 <4.0 1 1 1 1
> 4.0 1 B | 1 -1

< 4.75 <4.0 1 1 -1 -1
> 4.0 1 -1 -1 1

If %, denotes the rth column of this basis, then ;t/_)z,ﬂa and ¢, are respectively

diameler, height and diameter x height contrast vectors.
For the explanatory variable, species, H, is used.

The saturated fitted model is then

4 2 : _
Zz ,,ch re fors=1,. 173 =1,2

. _ 4-16
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where [tir)ir = Hy and |wjc];c = Hz , and
R 2 4
0, = ijc (Z ¢,~,P,-(j)) forr=2,3,4; ¢ =1,2.
=1 =1

In this example we look at the 5,1 for r =2,3,4 and the 5,2 for r=2,3,4

separately.
(1) Firstly, for r =2,3,4
4
0,1 = -\%—2- §¢irpi+

whose interaction matrix is

1 1

5.2 (7 75)

These are the parameters we would get if we collapsed the original cross-classification
over spectes. The three parameters 521,522 and 923 can be interpreted as follows:
b2, : diameter main-effect parameter
531 : hetght main-effect parameter
941 : diameter x height interaction parameter.

(2) Secondly, for r =2,3,4

' 4
A 1
b2 = E ;(Pi(l) - Pi(2))

whose interaction matrix is

4,0 (Js-25)
T U\V2T V2)
These three parameters now contrast the two species categories on top of the ¥,
diameter x height contrast. The interpretations are now:
922 : diameter * species interaction parameter
932 : height * species interaction parameter

f42 : three factor, diameter x height * species parameter.
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The parameter table

Wy Wo
ﬂz 188.4 122.0
(33.6) (33.6)
b, -227.3 -109.0
(33.0) (33.0)
¥, -40.1 -89.2
(35.4) (35.4)
The criterion table
Wy . Wa
¥, -33.2 -12.6
ﬂg -49.5 ’ -9.7
¥, 0.9 -5.5

The selection criterion gives that only 41 , the diameter x height interaction
parameter should be excluded. One may feel disinclined to exclude 541 while in-
cluding 4, , the three-factor species « diameter height interaction parameter (c.f.
Section 5.4 and the hierarchy principle). If so one can either include both 84; and
642 , which gives the saturated model, or exclude both. The model ?orresponding to

the second of these options has, in fact, the lower estimated expected discrepancy.

For the time being however, we fit the model with only 641 excluded. The

fitted probabilities are shown.
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species
perch height perch diameter sagrei distichus

(in feet) (in inches)

> 4.75 <4.0 20.9 26.3

> 4.0 5.3 15.3

<4.75 <4.0 51.0 28.4

> 4.0 22.8 30.0

100.0 100.0

THE CAMP DATA. For this data set there are three explanatory variables

race, origin and location. There is one response variable, preference, with a quite

complicated structure among its categories. The matrix of sample proportions,

expressed as percentages, is shown.

race Black White
origin North South North South
location North South North South North South North Sou
preference »
prefer to stay 38.0 6.0 30.0 34.0 25.0 19.0 15.0 42
prefer North | 37.0 63.0 14.0 14.0 40.0 48.0 13.9 8
to South 7.0 12.0 31.0 29.0 11.0 9.0 48.9 34
move Undecided | 7.9 11.0 13.0 13.0° 13.0 15.0 11.1 8
andecided 10.1 8.0 121 100 11.0 9.0 11.1 8
Totals 100 100 100 100 100 100 100 10¢

It is convenient to regard the explanatory variable location X origin X race

cross-classification as a single classification. For this classification the model ba-

sis that we will use is obtained from Hg = Hs ® H2 ® H, by a simple re-ordering

of the columns. The (non-normalised) basis is shown below. The letters L, 0 and

R stand for location, origin and race respectively.

[N
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race origin location L o R
N 1 1 1 1
N
S 1 -1 1 1
Black
N 1 1 -1 1
S
S 1 -1 -1 1
N 1 1 1 -1
N
S 1 -1 1 -1
White
N 1 1 -1 -1
S
S 1 -1 -1 -1

As regards preference, two possible bases were presented in Section 3.2

(A) The first of the two bases is

prefer to stay 1 1
prefer North 1 1
to South 1 1
move undecided 1 -3/2
undecided 1 -3/2

whose columns will be denoted by (¥

ety -

iz’ . 5 respectively contrast
e the "decideds” with the undecideds”

e between the undecideds

LxO

-1

-1

-1

-1

- O O O

[y

LxR

1

-1

-1

4.2 Ezamples

OxR

1

-1

L*xOx«]
1

-1

-1

Roughly speaking the vectors

o among the decideds, those who prefer to stay with those who do not

e among those who want to move, North versus South.

' } 4-20
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L -0 R LxO LxR OxR LxO=xR
Y, '|4803 238 37 36 300 170 674  -106
(12.5) (125) (12.5) (12.5) (125) (125) (125)  (12.5)
Y, | 3L -281 124 7.9 178 80 -274 2.3
(11.0) (11.0) (110) (11.0) (11.0) (11.0) (11.0) (11.0)
Y, | 28 -404 1451 -28.1 -2858 2050 600  -17.7
(16.5) (16.5) (16.5) (16.5) (16.5) (16.5) (16.5)  (16.5)
Y, | 1400 -1048 6051 1054 -50.1  -10.1 401  -44.7
(15.6) (156) (15.6) (15.6) (15.6) (15.6) (15.6)  (15.6)
The criterion table
L o R LxO LxR OxR LxO=xR
m @ ® @ 6 © o @
¥, |-2303 03 03 03 06 00 -42 02
v, | 08 05 01 02 01 02 -05 0.2
¥, 0.5 11 -205 -02 -8L1 -415  -8.1 0.2
¥, | -191 -105 -365.7 -106 -20 04 -L1  -15

There are many parameters which are to be included in the fitted model. This

is partly due to the large sample size which allows more parameters to be estimated

reliably. (A total of 10289 recruits were questioned.)

There are too many parameters for us to comment on each individually and

we will restrict attention to those parameters which make the largest reduction to

the estimated expected discrepancy.

(1) The largest reduction comes from fs3 — the ”origin « (North or South)” inter-

action parameter — and indicates that origin played an important role in recruits

deciding whether they wanted to move to a camp in the North or the South. The

table below shows the overall effect of the incorporation of this parameter into the

model, which indicates that there is a tendency for recruits to indicate that they

N
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would like to move to a camp in the region from which they originate.
origin

North South SRR

North + -
prefer to move

South - o+

(2) The next largest reduction comes from 521 — the "decided or undecided” main
effect parameter. The importance of this parameter is simply due to the markedly

smaller proportions in the two undecided rows than in the other rows.

(3) The next two largest reductions come from 545 and 546 . The common sub-
script 4, refers to the contrast between those who prefer to stay and those who
have a definite preference for where they want to move to. The inclusion of 045
indicates that there is interaction between this effect and the location * origin in-
teraction. More specifically, those recruits whose location and origin values are the
same are more likely to prefer to stay where they are. (The relative importance of
this parameter and of 553 would suggest that the strongest tendency is for recruits
~ to want to be in camps in their own region of origin.) As for 6746 ; this models a
tendency for Blacks in camps in the North and Whites in camps in the South to be

more inclined to want to stay in their present camp.

The fitted conditional probabilities obtained from the model which contains
only those parameters which assist in decreasing the estimated expected discrep-

ancy, are shown.

R . 4-22
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race Black White
origin North South North South
location [North South North South North South North Sou
preference
prefer to stay 37.4 8.6 30.2 33.9 25.6 18.4 15.0 42
prefer North | 37.3 62.5 13.6 14.3 39.5 48.4 14.3 7
to Sonth . 6.8 12.0 30.1 29.8 11.1 8.9 49.8 33
move Undecided] 8.2 10.8 14.3 12.7 12.2 14.7 10.3 8
undecided 10.3 8.3 11.8 9.2 11.6 9.5 10.6 8
Totals 100 100 100 100 100 100 100 10
(B) We now consider the second of the'proposed bases for preference.
prefer to stay 1 1 -3 0 0
prefer North 1 1 1 1 1
to South o1 1 1 1 -1
move Undecided 1 1 1 -2 0
undecided 1 -4 0 0 0

The parameter and criterion tables are shown below. A study of these reveals

the same trends that were evident when the first basis was used. Furthermore in

terms of the (total) estimated expected discrepancy there is very little to choose

between the two fitted models (0,7954 for the first and 0,7950 for the second).

The parameter table

O

L R L«O LxR OxR LxOxR
¥, |3193 -368 120 41 43 41 196 47
(114) (114) (114) (114) (114) (114) (11.4)  (11.4)
¥, |-1175 375 1383 -20.1 -281.0 -1994 332  -13.
(160) (16.0) (16.0) (160) (16.0) (16.0) (16.0) (16.0)
¥, |3404 -150 440 21 627 -511 860  -15.1
(127)  (127) (127 (127) (127> (127 (127  (12.7)
Y, |130.9 -1048 6051 1054 501  -101  -401 447
(156) (15.6) (15.6) (15.6) (156) (156) (15.6) (15.6)
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The criterion table

L (0) R LxO L R OxR LxOxR
Y, |[-100.7  -L1 0.1 0.2 0.2 0.2 -0.1 0.2
¥, -13.3 -0.9 186  -0.3 -784 -30.3 -0.6 0.3
Y, |-1156 0.1 -1.6 0.3 -3.6 -2.3 -7.1 0.1
¥, -19.1 -10.5 -365.7 -10.6 -2.0 0.4 -1.1 -1.5

THE BEETLE DATA

This data concerns the toxicity of an insecticide to a beetle species. The insecti-
cide was administered at six dosage levels to six groups of beetles and the proportion
surviving observed. In Section 3.2 two orthogonal polynomial bases were proposed
for use in connection with the dose variable. The first of these was obtained by
applying the Gram-Schmidt procedure to the actual dose values, while the second
is the standard orthogonal polynomial basis obtained by using six equally spaced

values.

Using the first basis, the selection criterion indicates that only the constant and
the linear parameter are 'necessa,ry, with a total estimated expecfed discrepz;ncy of
-.148. Using the second basis the constant, linear and quadratic terms are included,
(the quadratic term only just). The total estimated expected discrepancy is slightly
higher at -.139.

The mortality rates (as percentages)

dose
) 12.08 1449 16.31 18.31 20.44  22.36
sample 40.00 57.14 66.00  60.00 66.00 67.35

model, first basis 46.06 53.24 57.91 62.09 66.82 70.36
model, second basis 42.80 53.75 61.47 65.97 67.23 65.27
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T z? z3 z4 x5
parameter 326.1 283.0 -127.4 66.6 11.3 -74.3
std. deviation - 97.7 97.8 97.6 98.6 97.2 97.4
contribution | -87.3°  -61.0 = 2.8 150 188 13.5
The parameter and criterion table, second basis
| T x? 3 x4 x5
parameter 326.1  265.9 -139.5 104.1 -26.9 -68.5
std. deviation 97.7 97.6 97.4 97.9 98.0 97.6
contribution -87.3 -51.6 -0.5 8.3 -18.5 14.3

THE ESKIMO DATA

This data involves the sncidence of torus mandibularis by age (six categories)

for three Eskimo populations. The sample proportions, expressed as percentages,

are:
population

incidence age Igloolik Hall Beach Aleut | Average
1-10 1.6 2.3 6.5 3.5
11-20 6.0 6.3 2.8 5.0

present 21-30 - 10.2 7.0 5.6 7.6
31-40 9.8 7.8 8.3 8.6
41-50 5.1 6.3 5.6 5.7
504 - 7.0 4.7 6.5 6.1
1-10 27.3 30.5 14.8 24.2
11-20 15.6 20.3 18.5 18.1

absent 21-30 12.1 9.4 13.9 11.8
31-40 3.2 3.1° 7.4 4.6
41-50 1.3 1.6 6.5 3.1
50+ 1.0 0.8 3.7 1.8
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We begin the analysis of this data set by giving the model bases that will be

used for each of the variables.

For tncidence we use the model basis

H2=

B

1 1
1 -1
whose columns will be denoted by

(21’£2)'

For age we use the standard orthonormal polynomial basis of order 6 x 6 , (see

Section 3.2), whose columns will be denoted by

(B Lys- > %)

where the columns are labelled in this way so that ¢n refers to a polynomial of

order n .

For population we use the model basis obtained by normalising

Igloolik 1 05 1
HallBeach | 1 0.5 -1
Aleut 1 -1.0 0

whose columns will be denoted by

(wy,ws,ws).
The parameter associated with Q‘., ﬂn and w, - will be denoted by é,‘np for
t=1,2;n=0,...,5 p=1,2,3.
The parameter and criterion tables are:
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wy Wy w3
-217.2 -63.5 23.2
¥, (21.8) (24.2) (19.0)
20.6 30.3 -17.7
¥, (23.9) (25.9) (21.7)
24.1 1.5 8.3
¢ ¥, (23.8) (25.9) (21.4)
11.7 5.6 31.8
¥, (23.6) (25.9) (21.0)
6.9 -3.9 -15.3
¥, (23.4) (26.1) (20.4)
-135.9 8.7 '21.7
¥, (22.8) (24.8) (20.6)
263.5 73.2 9.6
¥, (20.8) (23.5) (17.7)
-95.5 -85.0 5.1

v, -+ (23.3) (25.6) (20.8) .
-16.2 43.5 11.3
¢ ¥, (23.7) (25.7) (21.5)
34.9 -23.8 -1.5
¥, (23.5) (25.8) (21.0)
22.9 0.0 13.3
¥, (23.4) (26.1) (20.4)
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The criterion table

W W2 W3

v, ~46.2 -2.9 0.2

v, 0.7 0.4 0.6

3, v, 0.6 1.3 0.9
Y, 1.0 1.3 01

¥, 1.1 1.3 0.6

¥, -17.4 1.2 0.4

¥, -68.6 -4.3 0.5

v, -8.0 -5.9 0.8

3, Y, 0.9 -0.6 0.8
v, -0.1 0.8 + 0.9

v, 0.6 1.4 0.7

Consider first the upper half of the criterion table, which is the half in which
tnctdence is ignored. A remarkable feature is that this half of the table contains
very few negative entries. This demonstrates the age distribution in the three
populations is readily modelled with the standard. orthogonal polynomial basis.
The two most important parameters in this half, 9111 and 91 12 ; both model a
linear trend in age. The first relates to an overall trend in all populations, while
the second contrasts the linear trend between the first two and the last population.
The only other parameter in this half which makes a negative contribution is ;43

which involves interaction between
e a fourth degree polynomial trend in age, and
e the contrast between the first two populations.

It seems unlikely that this indicated difference invelving such a high order poly-
nomial is a real feature of the operating model, especially in view of the small

magnitude of the contribution, and is more likely to have arisen as a result of sam-
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pling variation. Consequently one would probably not include this parameter in the

final model.

Thus, when snetdence is ignored we are left with two parameters which model
the probabilities as having a linear trend with age; one trend for the first two

populations and a different trend for the last.

We consider next the bottom half of the table. The inclusion of any parameters
from this half indicates a difference of some sort between the proportions with and

without torus mandibularis. The following observations can be made.

1. None of the contributions in the third column in this half-are negative which indi-
r ,

cates that it is not considered worthwhile incorporating any parameters which cause

the fitted probabilities to differ between the first two populations. This suggests

that there is no difference in the incidence of torus mandibularis by age between

these two populations.

2. The contribution of 5211 makes the largest reduction, indicating that there is a

distinct difference as regards linear trend for the two incidence categories.

3. The two parameters 5232 and 5241 , like 5143 in the upper half, both make
small negative contributions and involve high order polynomial terms, so that it

may be best not to include them into the final fitted model.

The conditional probabilities obtained when including only those parameters

whose contributions are less than -0.001 (i.e. excluding the three parameters men-

tioned above) are shown.
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population
incidence age Igloolik Hall Beach Aleut

1-10 1.3 1.3 5.8

11-20 6.0 6.0 5.5

present 21-30 8.6 8.6 5.5
31-40 9.1 9.1 5.8

41-50 7.5 7.5 6.4

50+ 3.9 3.9 7.4

1-10 28.1 28.1 171

11-20 18.4 18.4 14.9

absent 21-30 10.6 10.6 124
31-40 5.0 5.0 9.6

41-50 1.5 1.5 6.5

50+ 0.0 0.0 3.0
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THE VISION DATA. This data set is concerned with vision in the right and left

eyes. The sample proportions expressed as percentages:

grade of left eye

grade of highest second third lowest Totals
right eye (1) (2) (3) (4)
highest (1) 25.32 345 2.62 1.08 32.47
second (2) 3.58 15.24 4.47 0.83 24.12
third (3) 2.22 4.66 17.98 2.68 27.54
lowest (4) 1.83 1.05 3.27 10.21 16.36
Totals 32.95 24.40 28.34 14.80 100

Using the notation defined when the data set was introduced in 3.2, a suitable

basis for

is the partitioned matrix

15
| 1,

1e

0 1
0 1

& 1,
0 0
® 14

®
0
. 4

where {1 contains contrasts for the four diagonal cells

1 1
1 -1
—2 0
0 .0

and ® contains contrasts for either the upper or lower off-diagonal halves:
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(2,1)( 1 1 0 o0

(1,2) 0
L3 (1] 1 -1/2 1 0o o
23 (32 1 -1/2 -1 0o o
1,4 41)]-1 o o0 -1 1
(24 (42|-1 0o o0 o0 -2
34 (@3\-1 o o0 1 1)

The first two vectors in this matrix are used to contrast the row (or column) totals

]

while the next three contrast cells within individual rows (or columns).

Let ¥ = (1[)_1,.. . ,im) denote the columns of the joint basis and let =; for
¢t = 1,...,16 denote the (operating model) probability with which a randomly
selected patient falls into the ith cell of

U
D
L

The saturated model can then be written as
M;(6) = 1 +Z¢,‘qéq fori=1,...,16

where

b, = TipigP: forg=2,...,16.

’

For purposes of interpretation the parameters can be represented in the table

shown below.

62
main diagonal 03
04

diagonal versus
off-diagonal Os
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upper and lower off-diagonal halves

averaged over contrasted
average - 61,
TOW oOr fe 012
column totals | 0 0:3
within individual 05 14
rows or columns 0o 015
010 016

Remarks.

1. If 611,...,016 are excluded from any model then the corresponding cells in

the upper and lower off-diagonal halves will be identical; which means that the

modelled cell probabilities will be symmetrical. Clearly the ability of the modelling

procedure to provide a symmetric model is a highly desirable property, both for this

particular data set and others like it.

2. The modelling procedure is also able to produce models which are not symmetric

but whose corresponding row and column totals are equal, (i.e. a so-called model of

marginal homogeneity). Such a model will not contain 511,512 and 513 although

it may contain some of 6,4,6,5 and 6,6 .

The parameter table

80.58 (1.75)
main diagonal 18.76 (3.10)
71.32 (5.52)

d_iagonal versus
off-diagonal -252.61 (0.68)
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upper and lower off-diagonal halves

averaged over contrasted

average - : -2.76

—~

0.82)

Tow or 31.08 (0.80) 3.29 {0.82)
column totals 0.27 (0.95) -1.34 (0.95)
within individual -21.44 (1.63) 2.93 (1.64)
rows or columns 17.74 (1.26) -1.70 (1.24)
13.27 (0.58) -1.16 (0.58)
The criterion table

-64.2

main diagonal -24

-49.6

diagonal versus
off-diagonal -637.7

upper and lower off-diagonal halves

averaged over contrasted

average - 0.1
Tow or | -9.5 0.1
column totals 0.2 0.2
within individual -4.4 0.1
rows or columns .' -3.0 0.1
-1.7 0.1

The selection criterion indicates that none of the parameters 511,. . ,6716

should be included in the model. This means that the modelled cell probabilities

are symmetric. The fitted probabilities, expressed as percentages, are given below.
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grade of highest second third lowest Totals
right eye ORI (3) (4)
highest (1) 25.32 3.50 2.43 1.20 32.45
second (2) 3.50 15.24 4.57 0.94 24.25
third (3) 2.43 4.57 17.98 2.98 27.96
lowest (4) 1.20 0.94 2.98 10.21 15.33
Totals 32.45 24.25 27.96 15.33 100




5, Loglinear models

CHAPTER 5
LOGLINEAR MODELS

In this chapter we consider loglinear models, that is, models in which the logs
of the cell probabilities are expressed as linear combinations of parameters. The
construction of model bases for loglinear models can be carried out in the same
way as it is for the linear case. However there are three areas in which linear and

loglinear models do differ substantially.

(1) In the linear case one compares the difference between probabilities, while in

the loglinear case one is essentially comparing the ratio of probabilities.

(2) The second difference concerns the range of values which the modelled cell
probabilities assume. In the loglinear case the fitted probabilities which are, for

example in the univariate case, of the form

M,(@) = exp(z d),-q@q) fore=1,...,L
qeQ

are always positive. In the linear case this property is not guaranteed.

(3) A third difference concerns the orthogonality of the parameters. For illustrative
purposes consider a simple two-cell classification. That the two probabilities
and 72 , must sum to one means that they must lie on a one-dimensional linear

2
subspace of R“ . ol, +

1 — e (:)oa(l)

—1e (:)

iy e pig




5. Loglinear models

One may then take the point 1(]) as the starting point and any point on the

subspace can be obtained as

A+ ()

1/‘/_ and (1/‘/_

where, of course, (1 / f 1/ f are orthogonal to one another.
Now in ”log space”:

-y V1

oo e Y ey

the subspace defined by =; + 72 = 1 is, in this space, not linear. It can be

seen that, although any point in the subspace can be obtained as

1/v2 1/V2
6.1 + 6. y
1/v2 ~1/V2
both #; and 8, will vary for each different point in the space. Thus parameter or-
thogonality and all of its consequences in simplifying the model selection procedure
that we had in the linear class of models, will no longer hold. Consequently the

selection of loglinear models requires more computational effort than was needed

for linear models.

In this chapter, basis loglinear models are introduced in Sections 1, 2 and 3. A
particular class of models, to which selection is restfibted, is introduced in Section 4,
while in Section 5 basis loglinear models are fitted to each of the data sets introduced

in Section 3.2.

i)
N
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5.1 SIMPLE CLASSIFICATIONS

We begin by looking at simple classifications although much of what follows
here applies directly to multiway cross-classifications. In particular the estimation
and selection procedures derived below are applicable, with only minor modification,
to multivariate cases. Subsequent sections which deal with the multivariate cases
will concentrate on the interpretation of the models, and in particular on the various

forms of independence which can arise in a multiway cross-classification.
Consider then a univariate (multinomial) operating model with probabilities
o = [M)i=1,... and let [@i]i=1,..L;q=1,., be a model basis for RE . The class

of loglinear approximating families is given by
{M(Q) : Qg{l,...,L},leq} 1)

where

M(Q) = {_M_(o) : log Mi(6) = ) digba; »_ Mi(0) —-,1}.
9€eQ i
For a model M(6) € M(Q) the essential part of the Kullback-Leibler discrepancy

function is given by
A(m,M(6)) = — > nim; log M;(6)
o

where n, is the sample size.

The minimum discrepancy parameters for an approximating family M(Q) are
defined by
6°(Q) = arg{min A(z,M(9)) : M(6) € M(Q)}.
The solution to this minimisation problem is found using the method of Lagrangian

multipliers.

Theorem 1. The minimum discrepancy parameters for an approximating family

M(Q) from the class given in (1) are the solutions to

> balexp(} #ia3(Q) ~ 7] =0 forge Q. (2

qEQ



Simple classifications

Proof. Define
G(6,)) =-—En+7r,- log M;(6) + A( EM(o -1)

- E n+7rt Z ¢zq Z exp Z ¢zq

9€Q £ 9€Q

where A is a Lagrangian multiplier.

The 02 (Q) are then found by simultaneously solving the equations

8G(6, )
a6,

aG(6,))
EJ)

=0  for qEQ}

= 0.

Now

0G(8,)) . 1 _
-—-:9-5;— =0 iff —\/—f(—n+ + AE,M,(ﬂ)) =

9G(6,)) ) AflaN
T =0 iff E,M,(0) =

Solving these two equations simultaneously gives A = n, and renders the second

equation redundant.

The resulting system is

TNy Z ¢$q7r$ +ny Z¢:q eXP Z ¢tq00 =0 forqeq,

q9€Q

which simplifies to

Z $iqlexp( Z 00 QR)¢iq) — 7] =0 forgeQ. o

q€EQ

The system (2) is non-linear in the 63(Q) and, in general, closed form ex-
pressions for the minimum discrepancy parameters cannot be obtained. The two

exceptions (for the univariate case) are:

Y
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(i) the saturated approximating family, in which case
02({1,...,L}) = Li¢ig logm; forg=1,...,L,
(ii) the family of models which contains the single parameter, ; , in which case

09({1)) = VI log 7,

so that

for all ¢.

S

m(#2(0a)) =

In order to estimate the parameters one replaces each #; in (2) by its sample
analog P;. >The resulting system can be solved numerically by the well-known
Newton-Raphson method. (See Appendix A.) The estimates thus obtained are |
denoted by 5q(Q) , so that the fitted model from the family M(Q) is

M;(8(Q)) = exp()_ $ig04(Q)) fori=1,...,L. (3)

q9€Q
The interpretation of the parameters in these models is similar to that of the
parameters in linear models. The only difference being that whereas in a linear
model the inclusion of §,(Q) involves the addition of Qq 8,(Q) to the modelled
cell probabilities, in a loglinear model 24; éq(Q) is added to the log of the modelled

cell probabilities.

The expected discrepancy of the fitted model (3) from the approximating fa.mify
M(Q) is | |

; EI_(Z n_,_'lr,-(z ¢1qéq(Q)))

q€Q

== Yo 6i0Ea(6,(@)) (4)
¢ 9€Q o :

To evaluate E, (8,(Q)) , particularly when the 8,(Q) are defined only implic-
(1

itly as the solution to (1), is not easy. Having done this, one would then have to find
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an estimator, preferably unbiased, for the whole of (4), which involves estimating

terms of the type
7:Ex (84(Q))

which, again, is not easy.

The cross-validated discrepancy. An approach which circumvents the above
difficulties has been suggested by Linhart and Zucchini (1986b). The idea is to
estimate the expected discrepancy directly, without having to first evaluate it. This
can be achieved by making use of a one-item-out cross-validatory procedure which

we will now outline.

Let P(ni,...,nr;m,ny) denote the probability of the sample cell counts under
the operating model, i.e.

ny n n
P(nl,...,nL;g,n.,.):( )7r1‘...7rL".
ny...ng,

Now suppose that one observation from the sample is chosen at random and »hid-
den”. Denote the resulting cell counts by n},...,n}; ¥in;=n{ =n  —1. From

the family M(Q) , let

[M,-(é(cz);n;,...,nz)]izl ] | e

yeeoy

be the fitted model obtained using the reduced sample.

Theorem. An unbiased estimator of’t}i%@is_c—f;pancy for the fitted model (5) is

B+ _lEgn; log M;(é(Q); ni,...,n;—1,...,nr) (6)

where n; log M,-(é(Q); ni,...,n;—1,...,nL) is defined to be zero if n; =0.

Proof. The expected discrepancy for (5) is

> AmM@EQ); ni,...,n1)) P(ni,...,n}; mnlt)



which can be written as I;A4; , where

A= —nim Z log M;(6(Q); n?,
n;,....nzzo
B.-n?:n:
Now put
ny — 1

B; = n; log M;(6(Q); ny,.

nl,eang 20
Ding=n

ny

where n; log M;(8(Q); ni1,...,mi—1,...,n1)

Then for each ¢

5.1 Ssmple classifications

..oyny) P(ni,...,n}; m,nl).

cosni—l,,...np) P(ny,...,np; m,n,)

is defined to be zero if n; =0.

n - 1 ~
B;=——* E log M;(6(Q); ny,...,n;—1,...,n1)-
n+ NYyeeen ni=1,...,nz 20
(Ejging)+(n;—1)=n-1
n+! n; ng
L

nil...(ni—1)!...ng1 1 L

= —(ny —1)m; E ' log M;(6(Q); ny,...,n;—1,...,np)-
NYseney n;—1,...n7 20
(Ejging)+(ni—1)=n—1

P(ny,...,ni —1,...,n1; m,ny — 1)

= A;.

Hence the expected discrepancy of (5) can be

-1

<_(n_+____

+

.....

written as

En,- log M;(é(Q);nl,...,n,- - 1,...,nL)).

P(nla-“anL; E’n'f-)

which is the expectation of (6) under the operating model.Thus (6) is the unbiased

estimator of the expected discrepancy for (5).

The expression given in (6) is called the cross-validated discrepancy. The fitted

model with the smallest cross-validated discrepancy is estimated to be optimal for

the reduced data set. In practice we do not actually discard one observation but

~

5-17



5.1 Simple classifications

simply use (6) as the criterion. In effect this introduces a bias and we are assuming
that this will have little effect on the ranking of the approximating models in terms

of their expected discrepancies.

The cross-validated expected discrepancy can be written in orthogonal form
with each parameter contributing separately to the total. This is done by writing

(6) as

—_ n+n1_ 1 Zn; (Z ¢tq Qa ny,...,ny 1"" ’nL))

t q9EQ

+_IZ[ Z¢$qnt Q: ni,. i—l"'-’nL)]

N+ q9€Q 1

where now n;0 e(@; ni,..,n;i—1,...,n1) is defined to be zero if n; = 0. The
quantity within the square brackets will be referred to as the contribution of §,(Q)
to the cross-validated discrepancy, and denoted by C(6,(Q)) .

Note that in order to evaluate the contributions of the §,(Q) for a given

approximating family one must:

(A) foreach ¢ (i=1,...,L) reduce the ith cell count by one and re-estimate the

parameters to compute

éq(Q; Niy..sni—1,...,n1)

for each ¢ € @ (using numerical methods),

(B) for eaéh g € Q, compute
—E;(}S;qn;éq(Q; ny,...,ng—1,... ,nL).

Since the parameters are not orthogonal each parameter does not make a fixed
contribution to the cross-validated discrepancy. Thus in order to find the fitted
model with the smallest cross-validated discrepancy\ from a class of approximating
families, one has to actually fit each of the models and compute their cross-validated

discrepancies.

N
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For small classifications (involving up to about 6 cells) computations are man-
ageable. For larger tables the computational effort required becomes excessive, and

one has to adopt an heuristic approach.

One can, for example, examine the contribution to the criterion of each param-
eter in the saturated model. The parameters can then be (subjectively) partitioned
into three sets; those which make a large negative contribution and are therefore
likely to be present in the optimal model; those making a large positive contribution
and which are likely to be absent in the optimal model; and the rest. We then only
examine those approximating models which include the parameters in the first of

these three sets and exclude those in the second.

Clearly, when using this procedure, we cannot be certain that the selected
model is that which leads to the smallest criterion. In fact it is quite easy to con-
struct artificial data sets for which the procedure would select a model which is far
from optimal. In applying the procedure we are assuming that the contributions to
the criterion of each parameter do not vary substantially across different approx-
imating families. This assumption was justified in the case of the data sets to _be

discussed in Section 5.

In later sections a rule will be given which limits the number of ” permissible”

models and so makes the model selection process somewhat easier. e



5.2 Two-way Cross-classifications

5.2 TWO-WAY CROSS-CLASSIFICATIONS

For many purposes two-way classifications can be regarded as simple classifi-
cations, but there are also reasons for not doing so. Firstly it is convenient for the
purposes of interpretations to explicitly regard the variables separately. For exam-
ple, we might be particularly interested to investigate the joint behaviour of the
variables, to see whether they should be modelled as being independent. Secondly
there is a close link between two—wé,y multinomial models and product-multinomial
models which, in effect, allows us to use the same results and algorithms for both

cases.

This section contains four subsections:
multinomial two-way tables
product-multinomial two-way tables

hierarchical models for two-way tables

S Q@ v »

standard hierarchical models for two-way tables.

The first subsection simply introduces the class of approximating families, the
minimum discrepancy parameters and the bivariate version of the cross-validated
discrepancy for multinomial two-way tables. The second does the same for the
product-multinomial case, and in it we outline the nature of the relationship between
the multinomial and product-multinomial cases. The final two subsections deal with

hierarchical models and their special properties.
A. MULTINOMIAL TWO-WAY TABLES

Consider a RxC cross-classification with a multinomial operating model with

cell probabilities

T = [Tii=1,...,R; j=1,...,C-

Let ¥ and 02 be model bases for ¥ and X respectively. The class of loglinear

approximating families considered is

{M(Q) : QCRxC, (1,1) € Q}.

' v 5-10



5.2 Two-way Cross-classiﬁcations
where

M(Q) = {[Mij(a)]i,:) l°g M‘IJ Z 'p"‘ch res ZZMU }

(re)eqQ

The minimum discrepancy parameters for an approximafing family M(Q) are the

solutions to the system of equations

ZZ'Z’W“{;C [exp Z ¢;rch ,-c )) - W{j} =0 for (T,C) € Q.

(r,c)GQ

These parameters are estimated by replacing each m;; by its sample analog
P;; , and then solving the resulting system (using some numerical mefhod). If 6(Q)
are the resulting estimates then the fitted model [M;;(8(Q))]s,; , from the family
M(Q) , has

log Mi;(0(Q)) = ) irwjeby foralli,j. | (1)
(r,c)EQ

In these models the role played by each parameter, say é,c , is determined
by its interaction matrix, {t;rw;cli=1,...,R; j=1,..,c , in that the interaction matrix
determines the way in which the contributions due to 8,. are added to the table

of the log M;;(8(Q)) .

The parameters can again be divided into four distinct groups (cf. Section

3.1):
° 511 , the constant parameter
° {0:1},6{2,._.,3} , the row-effect parameters
° {élc}ce{2,...,C} , the column-effect parameters
o {5,c},e{2’"_,3},ce{2,__.,C} , the row * column interaction parameters.

The following result provides further insight into the role played by the different

parameters.



5.2 Two-way Cross-classifications

Theorem 1. Consider a loglinear model for a two-way cross-classification from an

approximating family M(Q) .

(i) I {(1,¢) : ¢=1,...,C} CQ (i.e. the model contains all of theeolumreffect —

parameters 6,. for ¢=1,...,C ), then
My;(0°(Q)) =7my; forj=1,...,C

M.;(6(Q) = Py; forj=1,...,C.

(ii) The same applies with row and column interchanged.

Proof. (i) The minimum discrepancy parameters are found by solving
T Zi¢irws e[ Mi; (6°(Q)) — mi;] =0 for (r,c) € Q.
In particular then, since (1,¢) € Q for ¢=1,...,C
J\/_wJC[M,J( °Q))—my)l=0 fore=1,...,C, (2)

ie.

Tjwic[M4;(6°(Q)) —745] =0 forc=1,...,C

which is a linear system of full rank (the coefficient matrix is 2 which is orthogo-

nal), so that the system has a unique solution, namely

M;(0°(Q)) = my; forj=1,...,C.

The parameters are estimated by replacing each 7;; by Py; in (2), so that

My;(6(Q) = Py; forj=1,...,C.
(ii) The proof is similar to the above. o

The expected discrepancy of the fitted model (1) can be estimated by the
bivariate version of the cross-validated discrepancy,\namely
Rt 1o o os M (B(O): N
——————X;Z;n;; log M;;(6(Q); N¥)
N4+
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5.2 Two-way Cross-classifications

“ where
(1) nyjlog My, (5(Q); N'7) is defined to be zero if ni;; = 0; and
(2) ((Q); N*) are the parameter estimates obtained when the count in the

(ij)th cell has been decreased by one.

B. PRODUCT-MULTINOMIAL TWO-WAY TABLES

Just as all multinomial cross-classifications can Be reduced to one-way (multi-
nomial) classifications, so all product-multinomial cross-classifications can be re-
duced to two-way (product-multinomial) cross-classifications. Hence we consider
the two-way product-multinomial case in some detail now.

Consider a R x C product-multinomial operating model with indexed prob-
abilities m;(;) where Z;m;y;) =1, for j =1,...,C . Clearly the modelled prob-
abilities, Mj(;)(#) must satisfy the same constraints. This leads us to consider

approximating families

M(Q) = {[Mt(])(g)] lOg M; 1(7) 0) Z "ob:rw]c res
(ric)eQ

ZMi(J’)(o) =1 forall j}.

To distinguish between the essential and optional parameters we will sometimes

write

Z ¢irch0rc = ijcochF Z "l’trch re

(ric)eQ (ric)e@-
where .

Q=@ u{(Le) : ¢=1,..,C}.

- For a model M(8) € M(Q) the essential part of the Kullback-Leibler discrep-

ancy function is given by N

A(m, M(0)) = —Z;Ziny;mi;) log My(5)(0).
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Minimum discrepancy parameters. The minimum discrepancy parameters for

an approximating family M(Q) are defined by
0°(Q) = arg{min A(m,M(6)) : M(0) € M(Q)}.

This minimisation problem involves C constraints (BiMy»H(8) = 1 for 5§ =

1,...,C) and is solved using C Lagrangian multipliers.

Theorem 2. The minimum discrepancy parameters for an approximating family

M(Q) , are the solutions to

DD birwje [n+1‘ exP( > '*/’irwfc”?c(Q)) - n+,-7r,~(,~)J =0 for (r,c) € Q.
PP

(rc)EQ
(3)

Proof. Define

G(0,A1,...,)¢c) = TiZing ;i) log Mi;y(0) + ZjA;(1— Z:M;;(9)).

Then 8G
88,, —EDingmig)Yawie + LA (SidirwicMi)(6))
rc
- G
5—;\—;— = 1— X;M;;(9).

In particular

G 1 1
36, — R i + Tidi(mwieBiMiG) (9))-
G

Solving g—gzo for y=1,...,C and 5., =0 for ¢e=1,...,C gives

Tiwjeng; = Ljwjcd; fore=1,...,C

which implies that A; =ny; for y=1,...,C.

~

The minimum discrepancy parameters are then found as the solution to

T Zitirwjic[ng i M) (0°(Q)) — nyjmi)] =0 for (r,c) €Q. o
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The system (3) is similar to its two-way multinomial counterpart, which
prompts the following investigation. Consider ”unconditioning” the operating mod-
.els probabilities By multiplying each ;(;)y by -}:—1— . (The transformed probabilities

nlmi(j) then satisfy I;T;2s< i) =1 ) These transformed probabilities might

be modelled as

M"f (p) = exp( E ¢irchprc(Q)) for all ¢ and J
(ric)eQ

where the minimum discrepancy parameters are now found using the multinomial

system .

N+ Z Z'ﬁc‘rch [exp( Z Yirwjcpre(Q )— —::'Ir,(,)] =0 for (r,c) € Q.
J s

(re)eQ
(4)

The next theorem states that this is equivalent to solving (3), the product-multinomial

system.

Theorem 3. Let 6°(Q) and p2.(Q) be defined byv (3) and (4) respectively (for
the same Q 2 {(1,¢) : ¢=1,...,C}) . Then

(a) £2(Q) = { Egi HVRY wse log 333 f):;:r;xsle

(b) :I;:F_-FM‘»J‘ (po) = Mi(f) (00) for all 7 and j
+j

where
M;;(p°) = Z Yirw;cp2,(Q) forallfandj
(",c)EQ

Mi;y(0°) = D tirw;c82(Q) foralliand j.
(ric)EQ :
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Proof. Let p2(Q) be defined by (4). Put

0r(Q) = {pQC(Q) — VRE jwpe log ,%i— forr=1""
i p(,)c (@) otherwise.

Then, for all £ and j

D Yirw;enl(Q)
(r, c)EQ
— Z \/_ch 0;«: + \/_Zwkc log Z ':btrw]c )
(r c)EQR"

Z "/}irch rc + Zl g (Zw]cwkc)

(r,c)eQ
Y irw;cb;(Q) + log —F
(r,c)eqQ n++

Hence, for all ¢ and ;5

exp( > «/a,w,-cpﬁ’c(cz)) =

('ic)eQ

e (3 b))

(rie)eQ

and (4) can be written as

Z Z'(/J,',-ch [n.,.j exp( Z gb,-,w,-cﬂ:c(Q)) - n+j7r,-(,-)J =0 for (r,c) € Q.
i i

(ric)eQ

Since this is identical to (3) if one replaces 8%.(Q) by 6:.(Q) for each (r,c) € Q,
it follows that ‘

02:(Q) = 0;.(Q) forall (r,c) € Q

which proves part (a). Part (b) then follows directly. o

N
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This theorem allows one to use, for both multinomial and product-multinomial

two-way classifications
(i) the same theoretical results regarding parameter and model interpretation, and

(ii) the same algorithm (with only minor modifications) for parameter estimation

and model selection.

Furthermore the same applies to multiway tables. For the two-way fixed columns
case considered, it was necessary that the product-multinomial models contain
{61 : ¢ =1,...,C}. In general one must simply ensure that for product-
multinomial operating models the models fitted must contain the parameters cor-
responding to the marginals that are fixed; one can then proceed to treat the op-
erating model as though it were multinomial, at least for the purpose of parameter

estimation and model selection.

Estimating the expected discrepancy. For a given approximating family
M(Q) the minimum discrepancy parameters are obtained by replacing m;(;) by
nij/n4+; in the system of equations (3), which is then solved numerically. Let
5(Q) denote the resulting estimates of the parameters. The discrepancy between

the fitted model and the operating model is

Ej{"n+j):j7fi(j) log M;(;(6(Q); N)} | (5)

where N is the matrix of cell counts. For each j, the term within the curly
brackets is the overall discrepancy for a multinomial operating model, z(;, . Hence
for each j, the expectation of this term (with respect to 7(;) ) can be estimated
by

- . g
rti = N g o8 Mis (0(Q); NY)
Nis

where, as before
(1) ny;log Mi;)(8(Q); N¥/) is defined to be zeroif n,; =0; and

(2) N¥Y is the matrix of cell counts where the (7,7)th entry has been decreased
by 1.
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Thus the expectation of (5) (with respect to 7 ) is estimated by

—53:'{ e D nijlog My(;)(6(Q); ) }

n+j

As in the multinomial case the cross-validated discrepancy can be written in

orthogonal form, as

3 (_ v "J;{; L w,-,-w,-c.m,' (6re(Q); NV ))

(re)eq ¢

where n,-,-(é,,c(Q); N'7) is defined to be zero if n;; = 0, and the (5,C(Q); N)
are the parameter estimates obtained when one observation has been removed from

the (i,j)th cell.

The cross-validated discrepancies and the contributions of individual parame-
ters can, for two-way multinomial and product-multinomial operating models, be

obtained using practically the same algorithm.

In view of Theorem 3 and the similarities between the multinomial and product-
multinomial cases, we will for the remainder of this chapter restrict attention to the

multinomial case.

C. HIERARCHICAL MODELS FOR TWO-WAY TABLES

A special class of approximating families, called the hierarchical class is now
considered. For models in this class, we will assume throughout that the joint model
basis is constructed as the product of individual bases, one for each variable. The
relationship between these models and the standard hierarchical loglinear models is

discussed in D below.

The saturated model can be written as
1 1 & 1 &
log M;;(0) = ——60;; + — ir0r1 + — ) . w; 0
og u() \/TBE 11 \/62"/’" 1 \/E; 7eV1c

r=2
R C .
+ DD Yuwjcbr. foralli,j

g’ r=2c¢=2
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where the constant term, the two sets of main-effect parameters and the set of
interaction parameters have been separated. Each of these sets are said to have a
particular order. The constant term has the lowest order; the two sets of main-effect
parameters (which both have the same order) have the next highest order while the

set of interaction parameters have the next highest order.

The hierarchical class consists of approximating families which satisfy the fol-
lowing hierarchy principle. The principle given here holds for all dimensions. It has

two parts:

(i) if one of the parameters in a given set (such as the set of row-effect parameters)

is included, then all of the parameters within that set must also be included;

(ii) if a set of parameters of a particular order is included then all the related

lower-order sets must also be included.
Examples

1. If a hierarchical model contains a single row-effect parameter, say 65, , then it
must contain all the row-effect parameters 6,; for r = 2,..., R ; as well as the

lower order term 6;; . It need not contain any other parameters.

2. If a hierarchical model contains an interaction parameter such as 633 , then it
must contain all the interaction parameters (8, forr=2,...,R; c=2,...,C).
The related lower order terms are the row and column effect parameters
(6ry for r = 2,...,R and 6, for ¢ = 2,...,C), which must then also be
included. The inclusion of the main-effect parameters then demands the inclusion

of the lower order term 6;; .

The class of hierarchical approximating families for two-way tables contains a
total of five families, each of which can be characterised by the sets of parameters

which it contains. Let us define
R = {2,3,...,R} -~

C =1{2,3,...,C}
RxC={(r,c) : reR,ce C}-
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Then the sets of parameters which each of the approximating families contain are
611 |
6,1 and {6,;},cr
6,1 and {0i1.}ccc
611, {fri}rer and {f1c}ccc
5) 611, {bn}rer, {fic}cec and {b,c}rer;cec -
The list below.gives, for each of the families,
(a) a typical model from the family
(b) special properties of the modelled probabilities

(c) the corresponding interpretation.

1.(a) log M;(8) = -\7—112——5011 for all 4,7
(b) M;;(8) = &= foralli,j

(c) Both variables redundant.

2.(2) log Mi;(6) = =011+ F= T, ¥irbyy foralli,g
(b) M,;(6) = My (6)/C foralli,j

(c) The column variable redundant.

3.(2) log Mij(6) = k=011 + J= o wieby. foralld,j
(b) M;(8) = My;(6)/R foralli,j

(c) The row variable redundant.

4.(2) log Mij(8) = k=611 + J= 7L, Yirles + Jg Loy wiche foralli,j
(b) Mi;(6) = M (6)M,;(8) foralls,j
(c) The row and column variables are independent.
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5.(a) log M;;(8) = \/;2?0“ + % YR g Girbry + —\/1}—5 > ez Wichic
+ X Y Yipwibye foralli,j
(b) M;;(6°) = my; foralli,j

(c) The saturated model.

For each of the hierarchical approximating families it is possible to obtain
explicit expressions for the minimum discrepancy parameters in terms of the oper-
ating model probabilities or their marginals. These can be obtained via a two-step

process.

Firstly the optimal model from any hierarchical model can be written as

R
log M;;(6°(Q)) = —\/—;;_—0-00 (@) + xmx1( )~% Z'bfro?l(Q)

+ x1xc(@ ijc 1c(@) + xrxc(Q ZZI/J,,WJC re(Q) for all 1, 5 (6)
c—2 r=2c=2
where
Rx1={(r1) : reR}, 1xC={(1,¢) : ceC}
and

XA)(B(Q):{I ifAXBQQ

0 otherwise.

Multiplying (6) by ti,w;. throughout and then summing over all 7 and ]

gives

02.(Q) = B:Z;virw;, log M,-,-_(oO(Q)) foreachr,c € Q. (7)

The second step involves substituting for M;;(6°(Q)) in (7). For each different
approximating family a different substitution is appropriate. The list below gives,

for each of the five hierarchical families in turn, the corresponding expression for
M;;(6°(Q)) -
(1) Both variablés redundant
M;;(6°(Q)) = L foral £ 7
RC
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(2) Column variable redundant

Mij(ao(Q)) =mi4+/C foralli,j |

(3) Row variable redundant

Mij(”o(Q)) =7ny;/R foralli,j

(4) Row and column variables independent

M;;(6°(Q)) = mi+74; foralli,j

(5) The saturated family

M,-J-(GO(Q)) =m;; foralld,j.

As an example of how these equalities were derived consider the independence

family. For models in this family we have that
M;(0°) = My (6°) M4 ;(6°) for all 4, j.

Furthermore, from Theorem 1 we have, since the model contains {091}r= 1,..,r and

{01c}e=1,..,c , that
My (90) =74+ forallz

M,;(6°) =my; forallj.

Combining these two sets of results gives the equality
M;;(6°) = miymy; foralld, ;.

When the expressions for the M;;(6°(Q)) given in the above list are substi-
tuted into (7) the expressions for the optimal parameters can be simplified in some
cases. The list below gives the simplified expressions for the optimal parameters in

each of the hierarchical families.
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(1) Both variables redundant
1
- 2,(Q) = VT log()

(2) Column variable redundant

C
62:1(Q) = \/; Z; log(mi+/C)
62,(Q) = VC T, log(miy/C) forreR

(3) Row variable redundant

(4) Row and column variables independent

1
P(Q) = Tz BB log(mims)

0%,(Q) = VC Zity, log miy forr€R
65.(Q) = VR Z;w,c log my; force C

(5) The saturated family

1
69,(Q) = \/ﬁ ;25 log my;
1
02,(Q) = Vel Zivir(E; log ;) forreR

1
olcl)c(Q) = —\/_—E 2_7"“-’_7'c(2i log 7T;'J') force C
0?C(Q) = zizjd’irch log Ty for (r, C) eR xC.

These parameters are estimated, as always, by teplacing each operating model

quantity with its sample analog. Thus for hierarchical models the parameters can

be estimated directly.
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D.STANDARD HIERARCHICAL MODELS FOR TWO-WAY TABLES

From the foregoing it is clear that hierarchical models have very clear and
simple 'mterpretations. It is thus not surprising that there is a large literature on
the subject (see, for example, Goodman (1970), Plackett (1974), Bishop et al (1975),

- Fienberg (1977) to mention only a few).

These authors use different parameterisations than those used in basis models.

For a two-way table consider the parameterisation
log mi; =u+ u1(s) + U2(5) T Yi2(s5) for all¢, 7 (8)

where the m;; are the expected cell proportions under the model. As a model (8)
is over-parameterised involving (1+ R+ C + RC) parameters for RC cells. The
parameterisation is similar to that of an analysis-of-variance (ANOVA) model for a
two-way cross-classification. This suggests the ANOVA-type constraints
Liujp) =0
Ljuz(j) =0
E;ulg(,-j) =0 for j = 1, e ,C
Ejulz(,'j) =0 for 1=1,...,R.

The parameterisation (8) together with these (24 R+ C) restrictions then defines

the standard saturated model.

As with basis models the parameters are formed into sets. It is usual to define

{ul(i)}i=1,...,R = ux

{uz(j)}j=1,..;,c = 112,

{ulz(ij)}i=1,...,R; j=1,...,C = W12
where u; contains the row-effect parameters, us the column-effect parameters
and u;; the (first-order) row * column interactioi paramete'rs. The sets of pa-

rameters are then ordered in the obvious way and the standard hierarchical models

are constructed in accordance with the hierarchy principle given earlier. The only
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difference being that now if a parameter set is excluded then the restrictions in-
volving these parameters must also be dropped. As with basis models there are five

hierarchical models (for two-way tables). The list below gives for each of the five
(a) the model
(

b) any special properties

)
(c) the interpretation.
1.(a) log my; =u forall ¢,5 (with T;m;; = 1)

(b) my; = Rl_c for all 1,7

)

(c) Both variables redundant.

2.(a) log mi; =u+ uy(s) for all 1,7 with the constraint X; su1(s) =0

(b) m;; = miy [C for all 1,7

(c) Column variable redundant.

3.(a) log mj = u+ us(;) for all 4,5 with the constraint I; juz(;) =0

(b) my; =my;/R forall 4,5

(c) Row variable redundant.
)

4.(a) log m;; =u+ uy(s) + uz(;) for all 7,5 with the constraints

Tiu(s) = Tjuz() =0

(b) my; =miymy; forall 4,5
(c) Row and column variables independent.
5.(a) log mij = u+ uy@) + u2(j) + u12¢i5) for all 7,5 with the constraints
Tiua(i) = Ljuz@) =0

Tiuiz@y) = Lju1z(ij) = 0
(b) -

(c) The saturated model.

AN
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Note that the interpretation of each of these five models is identical to that of
the corresponding basis model. There is obviously a very close link between these
models and the corresponding classof basis models.-In-fact; (provided attention is
restricted to basis models whose joint model is obtained as the product of individual
bases) it can be shown that, for a.ny given basis, there is a one-to-one correspondence
between standard hierarchical model and each basis hierarchical model. Further-
more it is possible to give the relationship between the parameters in each of the
two types of parameterisations. For the case of two-way tables it can be shown that

(up to scaling factors):
011=u
0,1 = Zithipuy(y) forr=2,...,R
01c = Tjwjeuzy) fore=2,...,C
0rc = iZj¢srwjictia(iy) forr=2,...,R; ¢=2,...,C.

The inverse relationships are simply:
u=20y |
uy() = Litipbyy fori=1,...,R
Uz(j) = Ljwycbe fory=1,...,C

Up2(s5) = LsXj¥irwiclye fori=1,... R; 7=1,...,C.
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5.3 MULTIWAY CROSS-CLASSIFICATIONS

We now consider tables which involve more than two variables. For some pur-
‘poses, such as the estimation of the parameters and the estimation of the expected
discrepancy, it is convenient to simply regard these tables as either one- or two—way
tables for which the details were given in the previous two sections. However, the
introduction of additional variables brings with it the poséibility of describing vari-
- ous forms of independence between the variables or groups thereof, and it is on this

that we will concentrate in this section.
THREE-WAY CROSS-CLASSIFICATIONS

Consider a cross-classification involving three variables X,Y and Z ; which

can be arranged as a stack of two-way tables.

We will refer to X,Y and Z as the row-,column- and layer- variable re-
spectively which will be taken to have R,C and L categories respectively. The
(7,7,k)th cell will refer to the cell in the ith row of the jth column and the kth
layer.

If [ir)i,rs [wjclj,c and [@ke)k,e are model bases for X,Y and Z respectively

then a typical model is of the form

M(6) = [Myx(0)]:,5,x

4

where

log Mijk(a) = E ¢irwj'c¢k£0rc£
(r!cle)eq
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and the model must contain the set of parameters corresponding to the marginal
totals which are considered fixed. For example, if the layer totals are considered

fixed then the model must contain {611¢}s=1,...,L -
The parameters have their usual interpretations. For example,

(1) {8,11}rer, {01c1}ccc and {611¢}ecL are the three sets of main-effect param-

eters for rbws, columns and layers respectively,

(2) {6re1}(r,c)erxcy {Or1e}(r,)erxr and {81ce}(c,pecxL are the three sets of

two-factor (first order) interaction parameters,
(3) {rce}(r,c,)erxCxL arethe three-factor (second order) interaction parameters.
'Hierarchical models for three-way cross-classifications

In two-way tables the model of independence between the two variables was of
particular interest. The introduction of a third variable introduces the possibility
of further forms of independence between the variables or groups thereof. These

can be modelled with the hierarchical models for three-way cross-classifications.
The saturated model can be written as

log M;;k(9)
1

\/R—C—-oul + (\/—Z’iﬁu— ri1 t+ \/——ngcolcl + msz’ke 112)

R C
+ (_]':— Z Z '»btrch rcl + 1 Z Z¢zr¢k£0r1£ + —= Z ijc¢k£01c£>
\/Z r=2c=2 C r=2 =2 c-2 £=2
R C L ,
+ (Z Z ¢irch¢bk£0rc£) .
r=2c¢=2 £=2

The hierarchical class of approximating families consists of those families which
satisfy the hierarchy principle given in the previous section. A list of all the possible
families is given below where each is represénted b}\f the parameters which it con-
tains. In the list {0,11}rer is abbreviated to {811}, {brc1}(rc)erxc to {8sc1}

etc. In addition,' ME is used as an abbreviation for the set of all main-effect

N
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section. For the remaining cases we will only look at the (a) subcase where subcases

are involved.

A list giving the special interpretation properties for each of the approximating
families is given below. (The proofs of the quoted properties are straightforward

and are therefore omitted.)

(5) Complete independence. X,Y and Z are completely independent

M (0) = Myt (0)My ;4 (0)My 1k (6) for alld,j and k

(6a) Joint independence. X and Y are (dependent on each other but) jointly
independent of Z

Mi;(6) = Mij1 (0)My 4 x(6) foralld,jand k

(7a) Conditional independence. Conditional on each given value of Z, X and

Y are independent
M;;x(6) = Mitx(0)My;x(6) /M4 4 x(6) foralli,jand k

(8) No second-order interaction. There is pairwise first-order interaction among
the three variables but no second-order interaction involving all three variables si-
multaneously. It is not possible to express M;;x(6) simply in terms of the marginals
{M;;1(6)}, {Misx(6)} and {M,;x(0)} .

(9) The saturated model. M;;x(0°(Q)) = myjx for all 4,7 and k.

As in the two-dimensional case it is possible to obtain explicit expressions for

the minimum discrepancy parameters (firstly) in terms of the M;;x(6°(Q)) , namely

09ce(Q) = X8 XkirwicPre log M,-,-k(ao(Q\)) for all (T,c,e) € Q.

For all of the models, with the exception of the one with no second-order

interaction, it is possible to express M;;x(0°(Q)) in terms of the marginals or
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individual cell probabilities in the operating model. The minimum discrepancy

parameters can be written as:
(5) X,Y and Z completely independent—- ————— —— -~

1 :
0(1)11(Q) = _\/—}—?:_C’_L Y;E;Tk log (7fi++7r+j+7r++k)

02,,(Q) = VCL ¢y, log i1y forreR
62.1(Q) = VRL Z;w;. log 74+ foreeC
B‘I’H(Q) = VRC Yrdrelog 7y4x forleL

(6a) X and Y jointly independent of Z

1
631:1(Q) = \/ﬁ ;55 log (4 Ty 4k)
0°.1(Q) = VL Z.%;¢irwje log (mij4) forr=1,...,Rie=1,...C;(r,c) # (1,1)

02,0(Q) = VRC Tidre log(myqx) forle L

(7a) X and Y conditionally independent of Z

1
0?1£(Q) = \/}_25 Ek(ﬁkg{z,'zj log(7r,-+k/7r++k)} forf = 1, o e ,L

0°,:(Q) = VC ;T tirdre log(miyx) forr=2,...,R; £=1,...,L
02.,(Q) = vR LiZkwjchre log(mijk) fore=2,...,C;¢=1,...,L

(9) The saturated model

ﬂgce(Q) = ;X Ekdirwicdre log mijx forr=1,...,R; ¢=1,...C; £=1,...,L.

MORE THAN THREE VARIABLES

Loglinear basis models, like a.ll basis models, are easily constructed for tables
involving any number of variables. Essentially one simply adds a model basis for
each additional variable. Furthermore the hierarchy principle applies to loglinear
basis models having any number of variables, and can generate classes of approx-

imating families containing models which can be used to model various forms of
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independence between groups of variables in a particular cross-classification. How-
ever it is often difficult to think in terms of more than three variables and for tables
involving more than three variables it is often convenient to regard a group of vari-
ables as a single variable (c.f. the analysis of the data sets in Section 4.2 and also

in Section 5.5). e
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5.4 QUASI-HIERARCHICAL MODELS

Recall that members of the hierarchical class of models must satisfy two con-

ditions (see Section 5.2):

(i) if one of the parameters in a given set (such as the set of row effect parameters)

is included then all the parameters within that set must also be included;

(ii) if a set of parameters of a particular order is included then all the related

lower-order sets must also be included.

The first of these rules originates from the standard parameterisations of log-
linear models. The rule makes good sense in this context because these parameters
occur in sets which are such that the parameters within a set have to be modelled

and interpreted jointly.

Consider for example the set of parameters {ul(‘-) : ¢ =1,...,R} in any
of the models (2), (4) or (5) in D of Section 5.2. As the indexing suggests, each
uy(;) refers to an individual row mean. The u;(;) are linked via the constraint

Zgu"(l) =0. In fact
uiG) = éz log mij — (R%ZZ log m‘-j) fort=1,...,R.
J L4 J

Thus each u;(;) measures the deviation of the ith (log) row mean from the grand
(log) mean, and the value of any individual w;(;) affects the value of the grand

mean and hence the values of the other u;(;) .

Having to include or exclude whole groups of parameters means, in the context
of two-way tables, that there are essentially. only two hierarchical models of interest
(the other hierarchical models involve at least one redundant variable). These two
hierarchical models are (i) the saturated model and (ii) the model of independence
between the two variables. It would clearly be useful to have models which lie
"between” these two extremes; models which admit that the variables are dependent
but which model the nature of the dependence between the two variables using fewer
parametefs than the saturated model. One could model that the two variables were

related, for example, in a linear fashion.

N
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It is in this context that ba.'sis models can be particularly useful. In basis
models each parameter can be interpreted and considered for exclusion separately.
This is a-consequence of the property of basis models that each parameter has its
own coefficient matrix which determines the nature of the parameter’s contribution
to the fitted probabilities and hence the parameter’s interpretation. This feature of
basis models cannot be exbloited if one applies rule (i), which obliges one to deal

with sets of parameters rather than with individual parameters.

Consequently when working with basis models we will consider models which
satisfy (ii), but not necessarily (i) above. We will use the term guasi-hierarchical to

describe this class of approximating families.

Examples. 1. A quasi-hierarchical basis model for a two-way classification which
contains the interaction parameter 6,3 , must contain the corresponding row- and
column- main-effect parameters #;; and 6,3 , which in turn implies the inclusion of
the constant term 6, . (An hierarchical model on the other hand which contained

623 would have to be the saturated model.)

2. A quasi-hierarchical basis model for a three-way table which contains the three-
factor interaction parameter 632, , must also contain the corresponding two-factor
interaction parameters #,22,0212 and 622; ; together with the corresponding main-

effect parameters f,12,0;21 and 637 ; as well as the constant parameter 6,y .

The quasi-hierarchical class provides, besides all the hierarchical models, mod-
els which are between the hierarchical models, modelling with a few parameters
the nature of the dependence, if any, between the variables in a cross-classification,
rather than simply modelling either complete dependence or independence; at the

same time remaining easy to interpret.

Since the class of quasi-hierarchical models contains that of hierarchical models
it follows that in the former case, in performing model selection, we need to examine
a larger number of models. This increases the computational load. However (in this

context) this disadvantage is easily outweighed by the additional flexibility gained.
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In the examples which follow, the selected models (which are selected from the
quasi-hierarchical class) are mostly not hierarchical. They generally contain fewer

parameters than the best hierarchical model for the same data set. o



5.5 Ezamples
5.5 EXAMPLES

We now fit loglinear models to the six data sets introduced in Section 3.2 and
to which linear models were fitted in Section 4.2. In each case we use the same
bases as before. In those cases where two possible bases for a single variable were

given previously we will now only consider the more successful of the two.
Two general features which emerge when the loglinear models are fitted, are:

(a) the linear and the loglinear basis model fitted to each of the data sets are in
general similar; both in terms of the actual fitted cell probabilities and in terms

of the parameters which the selected fitted models contain,

(b) except for tables which, like the lizard data set, involve variables with a few
categories each, the models selected although they are chosen to be quasi-

hierarchical are not hierarchical.

THE TREATMENT DATA. Recall the treatment data where two treatments in
one of the sequences AB, BA, AA, and BB were administered to patients who were

asked to indicate their preference (" prefers first”, ” prefers second”, "no preference”).

The model bases used previously for the preference and sequence variables are,

respectively,
1 1 1
1 1 -1
1 -2 0
and
1 1 1 0
1 1 -1 0
1 -1 0 1
1 -1 0 -1

Let M;;)(6) denote the modelled probability a randomly selected patient who
receives the jth treatment combination will indicate the ith preference category

(¢=1,...,3; 7 =1,...,4) . The models considered are of the form:

4
. 1
log Mi(j)(a) = _\/—§- ijcolc + Z '/’irchorc
e=1 (ric)eQe
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where
(a) @*c{(r,c) : r =1,2,3; c= 2,3,4}
(b) Meg)@) =1 forj=1,...,4
(¢) [ir)i=1,2,3;r=1,2,3 and [wjc]j=1,...4; c=1,....4 are the normalised model bases.

The 6,. have to be included in the model because they are the parameters
which correspond to the conditioning variable’s marginals (i.e. the sequence vari-

able’s marginals).

The modelling procedure is begun by fitting the saturated model. The con-
tributions (x103) to the cross-validated discrepancy are shown in the following

contribution table.

c=1 c=2 c=3 c=4 |
=] 221.87 0.62 -0.07 -0.01
r=2 -48.21 -2.97 1.09 1.02
r=3 -3.96 0.97 -5.94 1.05 Total: 165.44

The contributions in the first row correspond to those parameters which have
to be included in the model. Of the remaining parameters there are four candidates
for exclusion, namely the four parameters whose contributions are positive. The
exclusion conveniently leads to a quasi-hierarchical model. After re-estimating the

remaining parameters the contribution table for this reduced model is:

c=1 c=2 c=3 c=4
r=1 221.28 0.50 -0.01 0.00
r=2 -47.95 -2.84 * * % * % *
r=3 -3.82 * % % -5.93 * % % Total: 161.16

All the remaining optional parameters assist in decreasing the cross-validated
discrepancy, and so, according to this criterion, no further exclusion of parameters
is appropﬁate. That the corresponding model indeed leads to the smallest criterion

was confirmed by examining all pdssible models.
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The list below gives a short description of each of the parameters in the selected

model:
e 02; - row-effect parameter, involving the ”preference-or-not” contr-ast
e 033 — row-effect parameter, involving the ” prefer-first-or-not” contrast
® 032 - interaction parameter; (preference-or-not) % (two-treatments-or-not)

e 033 - interaction parameter; (prefer-first-or-not) x (AB-or-BA).

The estimated parameter values (x1000)

c=1 : c=2 c=3 c=4
r=1 -4482.4 155.0 -134.1 -0.02
r=2 -1830.3 416.1 * Kk k * Kk k.
=3 774.6 L ok k % 889.6 * k *

As with linear models the sign of each estimated parameter considered in con-
junction with its interaction matrix indicates "the direction of the trend”. For

example, that f;; = —1,8303 is negative and its interaction matrix is

et

suggests that, averaging over the four treatment sequences, most patients indicated
”no-preference”; which is not surprising as two of the treatment sequences involve
giving patients the same treatment twice. Similarly 533 = 0, 8896 is positive and

its interaction matrix is

l —
1 11 ®1(1 1,0,0) = 511 11 gg
vz \ ¢ V2 0O 0 0 O

_suggesting that more patients prefer the first treatment when given AB, while more
prefer the second when given BA; thus indicating a general preference for A among

those who received two different treatments.
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It should be noted that the selected linear and loglinear model both contain
the same four parameters and therefore the same interaction matrices. Thus the

same features in the data set emerge in both cases. o S

THE LIZARD DATA SET. The lizard data comprised counts of the number
of lizards at different (perch height, perch diameter) values for two species. Of
interest are the (height, diameter) probabilities conditional on species. All the
variables are binary and the Hadamard basis is used for each. There are eight

possible parameters. These can be written in the format:
L

0111 0121 0112 0122

0211 6221 0212 0222

Writing H, D and S to represent height, diameter and species respectively, the
following table indicates the interpretation of each of the above parameters.
] 1

+ D S DxS
H HxD HxS HxD xS

Since the probabilities are conditional on species, all models must contain 011¢ for

£=1,2.

For the saturated model the contributions (x10%) of each parameter to the

cross-validated discrepancy are : |
)

619.05 v -27.04 -8.94 -8.28

-41.31 1.85 -5.56 -0.08

There are two candidates for exclusion namely 652; and 8s22 (the latter
because its contribution is very small albeit negative). There are only two quasi-
hierarchical models which can be obtained by excluding either one or both of these

variables; namely

(1) the model with only 6222 excluded - the "no second-order interaction” model,

and
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(2) the model with both 68322 and 6223 excluded — which means that of the
two-factor interaction parameters the model contains H *+ S and D * S but not
H # D. This is the model of conditional independence of height and diameter

for each species.
Their respective contribution tables are given by:

The contribution table (no second-order interaction)
620.18 -28.08 -9.37 -8.76
-42.15 1.97 -5.88 * * k Total: 528.34

The contribution table (height and diameter independent for each _species)
615.94 -25.70 -8.76 -8.17
-39.61 Xk k -5.39 ok k Total: 528.30

The second of these models has a slightly lower cross-validated discrepancy and

also the simpler interpretation. e

THE CAMP DATA. The data are counts of the responses of U.S. Army Recruits
to a questionnaire. There are three explanatory variables; namely the location of
the curfent training camp (L), the geographic region of origin of the recruit (O)
and the race of the recruit (R). The joint model basis [ch]j=1,.,,,,g; c=1,...,.s used
for tl}e three binary explanatory variables is obtained by re-ordering the columns

of Hg so that the columns can be identified as
+,L, O,R,LxO, LxR,OxR, LxOxR

respectively. The five response categories and the (non-normalised) model basis

[¢ir]i=1,...,5; r=1,...,5 are:

prefer to stay 1 1 0 1 0
. prefer North 1 1 0 -1/2 1
to South 1 1° 0 -1/2 -1

move undecided 1 -3/2 1 0 0
undecided 1 -3/2 -1 0 0

N
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In this application we wish to model the conditional probabilities of the re-
sponse categories for each of the given (composite) explanatory variable categories.
The models considered have the form

1 o |
| M;;(8) = exp<—\/§ ijcﬂrc + Z 1,b,-,ch01c> fore=1,...,5;5=1,...,8
ce=1 (r,c)EQ"
with My; () = 1 for j = 1,...8, and Q* C {(r,¢) : r = 2,...,5:
¢ =1,...,8} . (Although the models are written in terms of only two subscripts
it should be borne in mind, particularly in determining whether a model is quasi-
hierarchical, that the column variable subscripts, 5 and ¢, in fact each represent

three variables.)

The contribution table (saturated model)

+ L 0 R L+O L+R OxR L*xO«R
¥, |18785.6 165.0 47 58 -124 -39 -2702  -10.3
¥, |-13245 97 10 21 -320 160 291 10
¥, 166 -130  -11 07  -1.7 01 -103 1.1
P, 18  -83 -1728 20 -4505 -108.7 -40.4  -20.8
%, |-13014 5.3 -1956.2 402 -386 25 -62.7 157
Total: 14426.87

Remarks. 1. A remarkable feature about this table is that all the race » preference
parameters have positive contributions. This indicating that race, on its own,
is irrelevant to the proportiohs in each of the preference categories. However
there are some higher order parameters which involve race, in particular the origin
* race = preference parameters, which do make negative contributions. For the pur-
poses of preliminary selection it must be remembered that quasi-hierarchical models
cannot contain an O« R+ % parameter without including both the O %y and

the R x j’ér parameters.

2. Apart from the contributions in the first column (which are associated with
parameters which average over the three explanatory variables), the largest negative

contribution is due to the O * (move-North-or-South contrast) parameter. This once

N
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again indicates that the major trend is for recruits to want to move to a camp which

is closer to home.

As part of the model selection process a number of different models were in-
vestigated. It became apparent that models which excluded only a few parameters
generally lead to low discrepancies. In part this can be explained by the large sample
size which allows a greater number of model parameters to be estimated accurately.

In addition there appears to be strong interaction between the variables.

The contribution tables of some of the more successful models are given below.

The contribution tables

Model 1

+ L o R LxO LxR OxR LxOxR

ﬂl 18770.2 163.2 4.5 3.1 -19.7 114 -268.4 -10.6

£2 -1330.0 -9.9 1.0 1.2 -34.6 19.9 29.7 * Kk %k

ga . -16.7 -12.9 -1.1 0.7 -1.7 -0.2 -10.2 * ok *

?_4 -1.7 -8.4 -178.6 2.3 -440.3 -102.6 -40.9 -20.5

¥, -119.3  -124 -1937.3 39.7 -38.1 2.7  -8.6  xx+

Total: 14424.88
Model 11 _

+ L o R LxO LxR OxR LxO=xR

ﬂl 18769.6 164.6 4.4 3.4 -20.4 12.7 -273.7 -11.2

£2 -1330.8 -9.6 1.0 1.2 -34.1 19.3 31.4 * %k k

ﬂs -24.0 -12.0 S 0.6 *x*x% * %k * * % %

ﬂ : -1.7 -8.4 -179.0 2.3 -440.2. -102.6 -41.0 -20.4

gs -119.2 -12.4 -1936.7 39.7 -38.5 2.5 -8.7 * % %

Total:14425.37
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Model III
+ L O R LxO LxR OxR LxOxR
3_&1 18712.3 160.6 4.3 2.7 -30.3 34.8 -233.2 -10.0
¥, |-1255.8 -11.2 1.0 **xx =222 k%% * k ok * * *
23 -17.6  -12.7 -1.3 0.7 -1.5 -0.1 -10.2 * % *
ﬂ -2.1 -8.5 -179.9 2.4 -445.3 -104.3 -36.4 -20.3
is -1154 -11.1 -1961.2 46.0 3.1 -37.0 -94 * * %
Total: 14430.32

Of these models, Model I has the lowest discrepancy and is the model that we

would select. Note that in this model the L « O xR * ¥, contrast is not included

for r = 2,3 and 5 but it is included for r = 4. Recall that 24 contrasts those

who wish to stay with those who have a definite preference to move (to a camp

either in the North or South).

The fitted probabilities under Model I (as percentages) are:

race Black White
origin North South North South
location North South North  South North South North So
preference |
prefer to stay 38.0 6.0 30.0 34.0 25.0 19.0 15.0 45
prefer North | 35.9 63.5 14.7 13.8 40.4 47.6 12.2 8
to South 8.1 11.6 30.3 29.2 10.6 9.3 50.6 33
move  Undecided| 8.0 11.0 13.0 13.0 13.0 15.0 11.1 8
undecided 10.0 8.0 12.1 10.0 11.0 9.0 11.0 8
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The sample proportions (as percentages)

race : ' Black White

origin | | North South North South
location North South North South North South  North So
preference '
prefer to stay 38.0 6.0 30.0 34.0 25.0 19.0 15.0 4
prefer North | 37.0 63.0 14.0 14.0 40.0 48.0 13.9 ¢
to - South } 7.0 12.0 31.0 29.0 11,0 9.0 48.9 3¢
move Undecided| 7.9 11.0 13.0 13.0 13.0 15.0 11.1 §
undecided 10.1 8.0 12.1 10.0 11.0 9.0 11.1 :

THE BEETLE DATA SET. The counts in this two-way table give, for each of
six different dosage levels of an insecticide, the number of beetles which died and the
number which survived. Here survival forms the row variable, with two categories:
”died within 9 days” and ”survived longer'than 9 days”, for which the model basis
used [wir]i=1,2; r=1,2, is the Hadamard basis H, . Dosage is the column variable
wii‘,h six categories for which the standard orthonormal polynomial basis of order six
is used. This is denoted by [wjc];=1,... 6; c=1,..,6 - The number of beetles subjected
to each of the dosage levels is regarded as fixed. In this application we wish to
model the conditional probabilities of survival for each of the given dosage levels.

The models considered have the form

6 v
1 . .
M;;(0) = exp(7§- E wjchic + E z/),-zchﬂgc) fort=1,2; 7=1,...,6
c=1

ceC*

where M, (;)() =1 for j=1,...,6 and C* C{1,...,6} . The column effect

parameters 6;, for ¢=1,...,6 must be included in all models because the column

totals are fixed.
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There are twelve possible parameters:

dosage (D)
Wy Wo W3 Wy Ws We
¥, | In 012 013 014 015 616
(+) (z) (%) (=) (z%) (=)
survival
(S)

¥, | 02 022 023 024 025 026
(S) (z*8) (22%5) (22%5) (z%%8) (28 xS)

Since the parameters in the first row must be included in the model, attention
is focussed on the parameters in the second row. The contribution tables of all the

models fitted as part of the model selection are given below.

Contribution tables

Model 1
213.28 0.00 0.01 0.01 0.01 0.02
-9.69 -V6.11 -0.95  -0.06 0.93 0.50 Total: 197.96
Model 11
212.97 0.00 0.01 0.00 0.01 0.00
-0.68 -6.12 -0.93 -0.07 * % % * % % Total: 196.18
Model II1
212.42 0.01 0.00 - 0.02 0.00 0.00
-9.68 -6.11 -0.99 * * * * %k % * % ok Total: 195.66
Model IV
211.61 -0.00 0.02 0.00 0.00 0.00

-9.73 -6.26 * % % * % % * * % * % % Total: 195.60
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There is a steady decrease in the cross-validated discrepancy as the number of
parameters are excluded. Of the optional parameters the selected model (Model IV)
contains only a constant term and the linear contrast parameter. We note also that
the contribution of each parameter remaihs reasonably constant across the different

models.

Once again the selected loglinear model contains the same parameters as the

selected linear model. The two sets of fitted probabilities are also very similar.

The survival rates (as percentages)

| dose
12.08 14.49 16.31 18.31 20.44 22.36
sample 40.00 57.14 66.00 60.00 66.00 67.4
optimal linear model 46.1 53.2 57.9 62.1 66.8 704
optimal loglinear model 47.9 52.6 57.3  61.9 66.3 70.4

THE ESKIMO DATA. This data set involves the presence or absence of torus
mandibularis by agé (six categories) for three Eskimo populations. Let M;;x)(9)
denote the modelled probability that a randomly selected member of the kth popu-
lation (k= 1,2,3) falls into the ith incidence category (i =1, 2) and the jth age
category (7 =1,...,6). The models considered will be of the form

iJ (k) (0) - exp(\/_(ﬁ— Z 112 + Z '»btrchqskeocm)

(ryc,0)eQ"
where
Q*C{(re,) #(1,1,8) : r=1,2; c=1,...6; £=1,2,3}
and

M++(k)(0) =1 for k= 1,2,3.

The basis [t¢ir]i=1,2; r=1,2 used for the preéénce/absence variable is H, .
For the age variable the basis, [wjc]j=1,...6; ¢=1,....6 » used is the standard or-

thonormal polynomial basis of order 6, while for the three populations the basis
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[Prelk=1,2,3; =1,2,3 used is

Ssl-s-
wol=S
o SILS-

Ve
a structure which accommodates the expected similarities between the first two

populations.

The contribution table (saturated model)

populations
1 1
incidence age -+ : -1 -1
2 0
+ 1547.6 22.4 -1.7
T -100.5 -16.3 5.7
z? 5.3 3.2 1.3
+ z3 -1.7 -0.1 0.1
zt -0.4 1.5 -2.0
z° 0.7 1.1 0.8
+ -8.3 5.0 1.7
T -189.9 -29.5 -0.9
z2 -9.5 -11.2 0.2
incidence z8 1.2 -1.5 | 0.7
zt -0.4 0.2 1.1
g -0.6 1.9 0.7

Total: 1227.1

This table suggests a number of quasi-hierarchical models which might be worth
further investigation. Since the inclusion of any of the parameters in the lower
half of the table (involving the incidence contrast) necessitates the inclusion of
the corresponding parameter in the upper half (where sneidence is averaged over),

N
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attention is focussed on the parameters in the lower half. Looking at the three
columns in the lower half of the contribution table one can see that the highest
order polynomial terms which make negative contributions are, respectively, z2,z3
(only just) and z . On the basis of this preliminary selection a number of (quasi-
heirarchical) models were fitted and an optimal found. Its contribution table is

given below:

The contribution table (Model I)

populations
1 1
incidence age + 1 -1
‘ -2 0
+ 1553.7 24.7 -10.5
z -117.3 -20.3 4.2
z? 6.8 3.8 * ko
+ z3 * %k i L
zt * % % * %k * ok *
z8 * k * * k% * %k
o+ -5.7 5.0 1.8
z -206.3 -34.5 | 1.8
z? -3.2 -8.3 * * *
incidence z3 " * % * %
4 * %k % * k% * k *
zb * * * * ok k * k *
Total: 1195.77

Remarks. 1. Only the lower order polynomials are included — quadratics being
the highest order.

2. Many of the contributions in the upper half of the table are positive, but these
parameters have to be included in the model since the corresponding parameters

in the lower half are included and the model is to be quasi-hierarchical. The fact

that these contributions are positive would indicate that there is very little difference
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between the three population® age structure, and that differences only appear when

the incidence variable is brought into play.

3. More parameters involving the contrast of the first two populations with the
second are included than those contrasting the first two populations and most of |
- the latter make positive contributions to the discrepancy. This indicates that the
incidence by age proportions in the first two populations are similar, but that there
are differences in these proportions between the first two populations and the last
population. The same conclusion was reached when linear models were fitted. In
fact discarding all the parameters in the third column yields a model (Model II)
whose discrepancy is only slightly higher than that of Model I.

The contribution table (Model II)

populations
1 1
incidence age + 1 —1
-2 0
+ 1542.4 23.1 -1.9
z -112.7 -18.4 * % &
z2 . 6.6 3.7 * % %
+ z3 * % % * % % * % %
z4 * % * * %k K * * &
z5 , * % Kk *hkok * * *
+ -4.0 52. * % *
z -200.0 -32.7 * * *k
z? =25 -7.9 * k%
incidence z3 * % % Kk k Kk * % %
z4 * % * TN Kk k ok * % %
- zb * Kk % * % * * % *
Total: 1200.89 e
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THE VISION DATA. This example is concerned with the grade of vision indi-

viduals have in each of their eyes. As before the 4 x4 table of counts is represented

asa 16 x 1 vector with three components

where D contains the four main diagonal cells, and U and L contain the upper

and lower off-diagonal cells respectively. (See Section 3.2). The model basis used is

1l O lg & 1, ¢
1, 0 -31,-0 0 0O

where
(1) Q2 contains three contrast vectors for the four diagonal cells,

(2) @ contains five contrast vectors for the six cells in either the upper or lower
halves. The first two of these vectors contrasts the three "row averages” while

the remaining three form contrasts within individual rows. (See Sections 3.2

and 4.2.)

The contribution table (saturated model)

constant 10696.6

-140.3

main diagonal -3.4

> -82.0

diagonal versus , -2811.1
off-diagonal
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upper and lower off-diagonals

averaged over contrasted
‘average - _0.4'
TOW or -142.0 -1.2
column totals 0.9 0.8
within individual -51.1 1.0
rows or columns -33.8 1.1
-43.8 0.0

Total: 7391.85

The next model fitted (Model II) contains only those parameters whose con-

tributions in the saturated model are negative.

The contribution table (Model II)

constant 10698.2
-140.3
main diagonal -3.4
-82.0
diagonal versus -2812.5
off-diagonal
upper and lower off-diagonals
averaged \over contrasted
average - -0.5
Irow or -142.5 -1.0
column totals (A) * % * (B) %%
within individual -51.1 * * *
rows or columns -33.7 * kK
-42.3 * *

Total: 7388.83
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Two other similar models were fitted. Both contained all of the parameters of

Model II together with
(2) the parameter marked (A) above
(b) the parameters (A) and (B).

The cross-validated discrepancies of these two models were found to be 7390.0
and 7390.4 respectively, i.e. higher than the discrepancy for Model II. Noting fhat
Model II contains parameters which model differences between the upper and lower
halves and hence will not give a model of symmetry, two symmetry models were
~also fitted. Their cross-validated discrepancies were once again higher than that
of Model II, (in fact they are even higher than that of the saturated model). The
fitted probabilities under Model II are:

_grade of left eye

grade of highest second third lowest Totals

righteye | (1) (2) (3) (4)
highest (1) 25.3 3.4 2.5 1.1 32.3
second (2) 3.4 15.2 46 0.8 24.0
 third (3) 2.5 4.6 18.0 27 | 278
lowest (4) 1.3 1.0 3.3 10.2 15.8
Totals 32.5 24.2 28.4 14.8 100

The selected linear model for this data set is symmetric whereas the selected
loglinear model is not. This is, of course, a consequence of the fact that we are using
different discrepancies. In the linear case the emphasis is on the absolute difference
between probabilities, whereas in the loglinear case it is on the ratio of probabilities.
It can be seen that the asymmetries in the above table occur in cells with relatively
low probabilities. Thus, whereas the probabilities in symmetric pairs of cells might -

differ little in absolute terms, their ratio’s can differ substantially.

‘\



CHAPTER 6
ROTATION INVARIANCE

This chz;pter is concerned with so-called cyclical categorical variables whose
categories, like the days of the week, have a cyclical or circular ordering. For a
cyclical variable with L categories there are, depending on which of the categories
is placed first, L distinct ways in which the categories can be listed, each of which
is called a rotation. For such a variable the modelling procedure used should, for
any two rotations, fit essentially the same model — that is the two fitted models
should differ only in the ordering of the categories while the fitted probabilities for
each specific cell should be identical. Such modelling procedures are said to be
rotation snvariant. In this chapter we investigate the conditions under which the

modelling procedure for linear basis models is rotation invariant.

The first section deals with the invariance of the procedure for a single random
variable. It is found that the rotation invariance of the procedure is a function of
the number of categories (L) and that for some L rotation invariance cannot
be guaranteed. In Section 3 a modification of the linear modelling procedure is
introduced which ensures that rotation invariance can be achieved for variables
with any number of categories. Sections 2 an>d 4 give the corresponding extensions
to multiway cross-classifications in which some or all of the variables are cyclical,
together with some examples‘ of applications. The proofs of the results in this

chapter are somewhat technical and are given in Appendices B and C.

6.1 LINEAR MODELS

Consider a cyclical variable with L categories. Choose any particular listing

or rotation of the categories and label them as
1
L
This vector can be transformed into any of the other rotations by "rotating” its

Y
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elements the required number of times. We use the convention of bottom-to-top

(rather than top-to-bottom) rotations.

l

Formally, an operator which will rotate the elements of a L x 1— vector n

times is defined by the partitioned matrix

n __ Onx(L—n) . I, .
R —( Ip. 0(2—n)n for n=0,...,L.

Note that the R™ are orthogonal with

(Rn)—l — (Rn)l — RL—n.

Suppose that we have L categories and a LxL model basis. Let M. (n=
0,1,...,L — 1) denote the model obtained when the categories and the associated
cell counts are rotated n times and presented to the modelling procedure, which is.
understood to use the same model basis for all rotations of the categories. For the
non-cyclical variables considered in Chapter 4 the vectors were chosen to contrast
specific cells and one would expect the M . to be quite different from one another.
For cyclical variables on the other hand, the models obtained for two different

rotations should differ only by the corresponding rotation, i.e.

Mpn =R*"(Mpgo) for n=0,...,L—1.

Let ® be the model basis that is used. Using the notation introduced in

Section 3.3
R*(Mpo)= ) (¢,-P)R"$,
quRO
with
1€ Quo iff (g, -P)?/var(g, - P) > 2,
while
Mpn = (¢_-R"P)¢
qEQRn
with

g€ Qrn iff (g, -R"P)?/Var(¢_-R"P)>2.
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Theorem 1. The modelling procedure for linear basis models is rotation invariant

iff the basis @ , is such that, N

foralln (n=1,...,L — 1) and for all €

¢ €0
- N (1)
there exists a ¢r € ® such that R"Qq , ér or R"¢ = —ér. }

]

Theorem 1 allows one to concentrate on the basis used, rather than the entire

modelling procedure. In view of condition (1) two definitions are made.

Definition. Two vectors ¢ and 1 are defined to be ~ -equivalent, written

¢~¥,if g=y or $=-9.

Note that changing the sign of a vector in a model basis has no effect on the
modelling procedure. The only effect that it does have is to change the sign of the

associated parameter.

Definition. A model basis, ® , (as opposed to a modelling procedure) is defined
¢ €9

to be rotation invariant if, for all n and for all Qq € @, there exists a

such that R Qq.~_<ér .

The rest of this section is concerned with (i) determining conditions under
which rotation invariant model bases exist, and (ii) characterising the form of the

bases when they exist.
As a beginning note that it follows from Theorem 1 that if ¢ is in a rotation
invariant model basis, then all of the ~ —distinct rotations of ¢ must also be in

the basis.

Definition. The set of all ~ —distinct rotations of a vector ¢ , is defined by
R(¢) ={R"¢: n=0,...,m —1 where m is the least positive integer such that
E™g~ g} .

N
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R(4) is called the rotation group generated by ¢ and is said to have cardinality

m.

It follows that rotation invariant model bases will consist of rotation groups. -
Now the vector Vlf_l_L generates the rotation group {VlflL} of cardinality one.
Since this vector must be in all model bases it follows that any other rotation group
apearing in a rotation invariant model basis can have cardinality at most L —1.

The following corollary follows immediately from Theorem 1.
Corollary 2. All rotation invariant model bases consist of two or more rotation
groups, whose cardinalities will sum to L , and each of whose cardinalities will be

at most L — 1. °

Example. Let L =4 and put

1 1

1{ -1 1 1
9‘5 1 ’f_é' -1
\ -1 \ —1

The cardinalities of ¢ and ¢ are one and two respectively, and

(rG1. 7@, 2®)

2 ). B¢

1 1 1 -1
1f1 -1 1 1
211 1 -1 1

“\1 -1 -1 -1

is a rotation invariant model basis which consists of three rotation groups. e

Having established that rotation invariant model bases consist c;f rotation
groups we now investigate the form of these rotation groups, or equivalently the
form of their generators. For a vector, ¢ , to generate a rotation group of cardinal-
ity n, ¢ must satisfy at least R"¢ ~ ¢ .

N
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Theorem 3. All vectors satisfying R"¢ ~ ¢ forsome n (1 <n < L-—1) areof

one of the two forms
'a'l

1,0 : (2)
ar/d

or
a)
A;® T (3)
aL/d

where

(i) in (2) d is any divisor of L, while in (3) d must be an even divisor of L ,

(i)
1
Ad = ld/z ® (_1)’

(iii) a;€R for ¢=1,...,L/d. e

This theorem provides a partial characterisation of rotation group generators.
However the orthogonality requirements of a model basis are yet to be considered.

In terms of the constituent rotation groups the orthogonality requirements are:

(i) each rotation group must be orthogonal, (i.e. all the vectors within a rotation

group must be orthogonal to one another), and

(ii) all rotation groups must be orthogonal to each other, (i.e. each vector in each
rotation group must be orthogonal to all of the vectors in each other rotation
group).

Consider the orthogonality of individual rotation groups first.

Lemma 4. (a) Let ¢ havethe form (2) with L/d > 2. Then R($) is orthogonal

iff E
ar/d a; az ... Q(L/d)-T1 a)

a(L/d)—- ar/d a3 ... a(rL/d)-2 | a
( /.) 1 ./ ( /.) .2 —0 (4)
as az ag4 ... a; ar/d
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(b) Let ¢ have the form (3) with L/d > 2. Then R(¢) is orthogonal iff

_aL/d ai az ... a(L/d)_l i ar—Y
—a(r/d)-1 —aL/d a1 ... aL/d)-2 as . 6
—az ~-asg —ay . ai a’L/d

(c) Both (4) and (5) are consistent systems. e

Before considering orthogonality between pairs of rotation groups in general,
we look at the orthogonality of the rotation groups generated by vectors of the form
(2) and (3), with the rotation group {71fl} . Clearly the elements of vectors of
the form (3) will sum to zero; so that these rotation groups will be orthogonal to
{ﬁ_l_} . The same does not hold for generators of the form (2), and one may ask
whether the group may be made orthogonal to 7%1 by a suitable -choice of the

elements a;,...,ar/q4 . The next proposition answers this question.

Proposition 5. Let ¢ be a non-zero vector with the form (2). R(¢) cannot both

be orthogonal to { VI—Zl} and have its vectors orthogonal to one another. e

This proposition implies that in a rotation invariant model basis all the rotation
group generators besides ‘7%; 1 must be of the form (3) where the divisor involved
must be even. This has an inferesting consequence. Suppose that L is odd, then
L has no even divisors and hence no rotation groups of the form (3) exist. Thus
there are no rotation groups, besides 71f-1—L , Which can bevused to form a model
basis. Thus no rotation invariant model basis can exist for odd L . The problem of
the non-existence of rotation invariant model bases is considered in section 3. For

the time being we concentrate on the case where L is even.

We have established that besides VI_Zl 1 all rotation group generators appear- |
ing in a model basis are of the form (3), and that in order that the vectors within

each rotation group be orthogonal to one another the condition (5) must be satisfied.

6-6
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The next proposition is concerned with the orthogonality of one rotation group
to another. Before giving the proposition we define the greatest common divisor

(highest common factb'f) of two natural numbers d; and d; by

ged(dy,dz) = max{m : %} =a, 4‘"?; = b for some natural numbers a and b} .

Proposition 6. Two rotation groups of cardinalities % and % generated by

vectors of the form (3) and satisfying the orthogonality restrictions given by (5),
will be orthogonal to one another iff

dy +d3
ng(dl, dz)

with no further restrictions on the elements of the generators. e

odd (8)

This result is rather surprising in that the condition for orthogonality between
two rotation groups does not involve restrictions on the elements of the two gen-
erators but only a restriction on their cardinalities. However, that (6) must hold
for all pairs of rotation groups which are to appear in the same basis, turns out
to be an extremely restrictive condition. Note that in particular it rules out the
possibility of having two (or more) rotation groups of the same cardinality (> 2)
in a model basis. In fact, as will be shown, this condition means that for many
(even) L there are less than L vectors which may be simultaneously included in

a rotation invariant model basis — which means that no such basis can exist for that

L.

Proposition 7. The maximum number of vectors available for simultaneous inclu-
sion in a rotation invariant model basis is less than or equal to L with equality

holding only if L = 2™ for some natural number m . e

This proposition implies that for a rotation invariant model basis to exist it is
necessary that L be a power of 2. Sufficiency is easy to establish. If L = 2™ then

the permissible cardinalities for generators of the form (3) are
2° for s=0,1,...,m—1.

6-7
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Thus, including VI_Z-I-L , the total number of vectors available is

'~1+229=.2m . . - -

and a basis can be formed by using generators of each of the above cardinalities.

In order to write down the general form of the associated rotation invariant
model basis, we will use r,, to denote a vector which has the form
a3
Azm—o ® i
. a25
All rotation invariant model bases must then (barring normalising factors) be of

the form

(71—511,; R(rym-1); R(rgm-2);.. -;R(zzo)) (7)

where each generator of cardinality 2 or more satisfies (5) of Lemma 4(b). The next

proposition is a refinement of Lemma 4(b).

Proposition 8. Let L =2™ and let

a
d=Agm-. ® : for somes, 0<s<m-—-1.
¢ 2 :

Qe

(a) For s =0 and 1; R(¢) is orthogonal.

(b) For s =2,...,m—1; R(¢) is orthogonal iff

age ai . as eee Q203 a;
—age._y —age a) e age_9o asz 0 (8)

— 8

_0%2,+2 "‘a%za+3 —a%2.+4 e a_;_2.+1 as

T~

which is a consistent system. e
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The above results can be summarised as follows.

Theorem 9." Rotation invariant model bases can exist only when L = 2™ for =

some natural number m . If L = 2™ , then a rotation invariant model basis must
be of the form (7) where each of the rotation group generators must be normalised,

and those of cardinality four or more must satisfy the restrictions as given by (8).

This theorem entirely characterises the form of rotation invariant model bases.
The next section investigates applications of and extensions to this result; while in
the following section a modification to the modelling procedure is proposed which
allows rotation invariance to be guaranteed for all cyclical variables no matter how

many categories they have.



6.2 Applications and Eztensions

6.2 APPLICATIONS AND EXTENSIONS

'Having derived the theory for modelling single cyclical variables {with - 2™

categories) we will in this section
(1) consider in more detail the construction of rotation invariant model bases,
(2) fit a model, using real data, to the classification of a cyclical variable,

(3) extend the theory to multiway cross-classifications involving cyclical variables,

and

(4) fit a model to a cross-classification which has one cyclical and one non-cyclical

variable.

Choosing bases. Consider fitting a linear basis model to the classification of a
cyclical variable which has 2™ categories. The form of the basis that must be used
is determined by Theorem 1.9. For example the form (barring normalising factors)
of the smal]est three rotation invariant model bases are given by Theorem 1.9 as:

L=2

(125 As)
L=4
a
(14; R(Az® (a:>), A4)
L=8 B
b1 ’
b a
(ls; R(A'z@ b: )§ R(A4® (ai))); As)
by
where the b; have to satisfy
by
b
(—b4,by,b2,b3) b.: =0.
by /

We are only free to choose the elements of the generators. Since the elements in

the generators have to be normalised we can, without loss of generality, take any

\
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one of the elements in a generator to be 1. We will adopt the convention that this
element will be the topmost in the generator. Some examples of generators are then

1

1 by
M : . » e e
--AL’ —AL/Z ® <a)’ —AL/4 ® b2 ’

ba
We consider now the choice of the elements of the generators. As a beginning note

that plotting and joining the points
(5, AiL)i=1,...2 = (4, (=1)* )i=1,.1

gives a sinusiodal wave.

AWAWAWA
VYAV

We will endeavour to construct all generators, ¢ ,sothat aplot of (7,¢;)i=1,..

produces such a wave. Generally the frequency of the wave will decrease (the wave
becomes smoother) as the cardinality of the generé\tor increases. For example, by
choosing a =0 in (A, /2® (i)) the plots for the two vectors in the rotation group

are again sinusoidal waves; whose frequency is half that of the wave in (1).
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ANSAN

o

1 2 3 4 5 6 7 B

(2)

1
We consider next the choice of the b; in AL/, ® :1 , which have to satisfy

2

ba

the orthogonality constraint:

—bz +b; +b1by + babz =0. | (3)

In order to continue the pattern we would like to choose the b; so as to obtain a
wave with half the frequency of those in (2). The natural choice of values are those

from the standard sine-wave, namely

1
V2 | (4
_1/\/5

However this choice does not satisfy the orthogonality restriction (3). In fact it

Ar/a®

has not been found possible to produce b; which simultaneously satisfy (3) and
produce a wave of the required form. The generators given below satisfy (3) but

do not produce sinusoidal waves. They have been used to fit a number of data sets
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and in all cases produced models with similar estimated expected discrepancies and

fitted probabilities.

1
0 e
.A.L/4 ® 1 (5)
0
1
0
AL/4 ® 0 (6)

)
1
y

Lz )
A —1++2
Ar/4® —1+4+2

",

' )
-1-+v2
AL/4® __1__\/5

1

Of these generators (5) represents what may be considered the smoothest wave and

Arja®

(9)

is the generator that is used in the applications discussed below.

Parameter and criterion tables. In the illustrative examples given we will use
parameter and criterion tables as introduced previously, but with one difference.
When a cyclical variable is invélved each vector in the basis no longer has associated
with it a unique (estimated) parameter value since the parameter values depend on
the particular rotation of the categories that is used. However, for each rotation
group the set contéining the absolute values of the associated parameters, remains
the same for all rotations; i.e. all that happens is that with each different rotation
of the cells the order (and possibly the signs) of the parameters are altered, but
the actual absolute values are unaffected. Consequently in giving the parameter
table we simply give, for each generator, the set of absolute values of the associated

parameters.
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Each parameter estimate still has, of course, a unique (estimated) standard
deviation and contribution to the expected discrepancy. These are included in the

relevant tables.

Example. The data set introduced here will be used repeatedly in this chapter. (In
fact it provided the motivation for developing a rotation invariant modelling proce-
dure.) The data consists of hourly measurements of wind direction and speed made
10 metres above the ground at the meterological station attached to the Koeberg
Nuclear Power Station. Measurements are made every 5 minutes and the (direction,
speed) value given for a particular hour is the average of the measurements made
during the preceeding hour. The data are being collected primarily for constructing
models for the short-term prediction of the direction and speed of the wind in the
event of a radioactive leak in the plant. We will only use subsets of the data and
will only construct models that will assist in illustrating the theory that has been
developed. Consider first the eight direction segments and the data for a single

month. The sample counts for December 1979 are shown:

N NW w SW S SE E NE
171 118 . 66 85 84 62 50 108

-

Using the basis (which in non-normalised form is)

(s n(me ) (oo ()):)

yields the following parameter and criterion tables:

O = O =
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The selection criterion indicates that two of the seven parameters should not

be included in the final fitted model. These parameters are those associated with

the higher frequency waves.

THE FITTED PROBABILITIES

AND SAMPLE PROPORTIONS

W///////////J///é////////////é///é/////é/////é//&/////é
\
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20%
18% I
10%
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N

E semple proportions

B ritted probebilities
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More than one variable. So far we have only considered a single cyclical variable.
In practice one may have to deal with multiway cross-classifications, in which some

of the variables may be cyclical and some not.

Consider initially two random variables X and Y ; with R and C cate-
gories respectively and let ¥ and (1 be their respective model bases. The linear
modelling procedure is then characterised by the fitted model which it produces,

namely

Mij(é) = Z ¢irchérc

(ric)EA

where

(i) (r,e) € A iff é,zc;2varé,c<0 for r=1,...,R; c=1,...,C

(11) » érc = Z Z ¢irchPij
L

(i) var b, = Z ,C(n {Z¢ i (Z'«/}" i5) }

and where M,-j(é) and P,;; may refer to multinomial or product-multinomial

probabilities.

Suppose that X is a cyclical variable. It is not difficult to see that if ¥ is
a rotation invariant basis that the modelling procedure is invariant with respect to

rotations of the categories of X .

The same clearly holds for Y , and for X and Y simultaneously. That is, if
V¥ and 1 are both rotation invariant then the modelling procedure is invariant to

rotations of the categories of either or both variables.

The above considerations generalise to cross-classifications involving more than
two variables. No matter how many variables a.pp'é\ar in a cross-classification, the
modelling' procedure will be invariant to rotations of the categories of any variable

for which a rotation invariant model basis is used.
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Example. Consider the Koeberg wind data discussed above where now the (non-
cyclical) variable wind speed is introduced. Wind speeds have been divided into

three categories.

speed
direction 0-3.9 4-7.9 8+ totals
N 20 82 69 171
NwW 22 77 19 118
w 12 49 5 66
SW 30 51 4 85
S 41 38 5 84
SE 36 24 2 62
E 28 20 2 50
NE 24 68 16 108
213 409 122 744

Both variables are treated as response variables, so that the operating model
is multinomial. The joint basis can now be constructed from two bases, one for

each variable. For direction we can use the same basis as was used in the previous

example namely,

(ls; R(Az ®

which will be written as

O = O M
N———”’
=
N
[
S
X
N
[«
N’
N’
>
o0
N’

 (1s; R(a); R(b); Asg)-

For wind speed, for example, an orthogonal polynomial basis (of order three) can

be used, which in non-normalised form is

1 -1 1
1 0 -2
1 1 1

The resulting joint basis leads to the following parameter and criterion tables.

6-17



6.2 Applications and Eztensions

The parameter table

speed
6

direction 1 | © -2

1 1 1
204.1 . 30.6 -93.7
1, (0.0) (6.1) (7.9)
40.0 49.4 31.8
R(e) (7.3) (6.2) (8.3)
12.8 6.2 20.6
(7.5) (5.9) (8.8)
27.6 31.4 ' 7.1
(7.4) (6.3) - (8.4)
30.6 23.3 35.9
(7.4) (5.8) | (8.7)
53.9 21.9 3.8
R(b) (7.2) 6.4) (8.4)
5.0 ) 1.4 11.2
(7.5) (5.9) (8.8)
0.6 17.1 17.6
Ag (7.5) (6.1) (8.6)
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The criterion table -
speed

1 -1 1

direction 1 0 -2

1 1 1
1 -41.7 0.9 -8.7
-1.5 -2.4 -0.9
R(a) -0.1 : 0.0 0.3
-0.6 -0.9 0.1
, 0.8 0.5 -1.1
R(b) -2.8 -0.4 0.1
0.1 0.1 0.0
Ag 0.1 -0.2 0.2

Of the 23 possible parameters the selection criterion indicates that 7 should
not be included in the fitted model. Note that four of the six parameters associated

with the rotations of A, ® ((1)) are marked for exclusion.

The fitted probabilities (as percentages)

speed
direction 0-3.9 4-7.9 8+

N 2.6 11.2 9.2 23.0
Nw | 3.0 109 2.3 16.2
w 1.7. 6.5 0.8 9.0
Sw 4.4 6.2 0.3 10.9
S 5.7 4.7 0.9 11.3
SE 4.5 3.8 0.4 8.7
E 3.6 3.1 ‘ 0.1 6.8
NE 3.1 85 2.4 14.0
28.6 v 54.9 16.5 100
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The sample proportions (as percentages)

speed
direction 0-3.9 4-79 B+ | 7T §
N 2.7 11.0 9.3 23.0
NwW 3.0 10.3 2.6 15.9
w 1.6 6.6 0.7 8.9
SW 4.0 6.9 0.5 11.4
S 5.5 5.1 0.7 11.3
SE 4.8 3.2 0.3 8.3
E 3.8 2.7 0.3 6.8
NE 3.2 9.1 2.2 14.5
- 28.6 54.9 | 16.5 100




6.3 Pasrwise Linear Models

6.3 PAIRWISE LINEAR MODELS

For many applications in which we would wish to fit rotation invariant-models -
the number of categories, L , is not a power of 2. For example seasonal data of this
type often have L = 12 (monthly counts), L = 52 (counts in pentads) or even
L =365 (daily counts). In this section we consider a modification of the notion of
rotation invariance which preserves most of the desirable properties and which can

be applied for an arbitrary number of categories.

To introduce the modification, consider grouping the vectors in some model

basis @ into pairs, as follows:

1
(ﬁlL’ (22’é3), (24’?2_5), ey (-q—SL—l’-?-S-L)) .forodd L
and '
1 .
(ﬁlm (22,£3),(924,925),---,(QL_z,QL_l),QL) for even L.
One has to be careful about the definition of these pairs of vectors. Since changing
the order of the elements within the pair, and/or changing the sign of either (or

both) element(s) does not affect the modelling procedure, we will define two pairs
(¢,,¢,) and (¥,,%,) to be non-distinct if

(1) _421 = iﬂl’ 22 = i£2
or |

(2) ¢, =%%,, ¢,=%Y,.
The second complicating factor is the difference between odd and even L. We
will begin by restricting attention to the more simple of the two cases, namely that

of odd L . Later it will be shown that the theory developed for odd L is easily

extended to incorporate even L .

As before, the saturated model can be written as a linear combination of all

the vectors in @ ; but we now maintain the pairing, i.e. the saturated model is

1(L-1)

L+ Z { Z2g —¢2q+(¢2q+1 P)¢2q+l}
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The modification to the selection criterion is that we now include or exclude the

terms in pairs; never one element of a pair without the other. The criterion used

to determine whether each_pair should be.included.is-based.-on-the-contributions to -~

the expected discrepancy of both parameters in the pair. In fact the criterion is:

include the pair only if the sum of the individual contributions from each of

the elements in a pair is negative.

More formally, the modelling procedure under consideration is that which pro-

duces, for a given rotation of the cell probabilities the fitted model

_1L+Z{ P)y, t (85011 £)¢2q+1}

q€Q

where Q C {1,2,...,2(L—1)} and g€ Q iff

[(iézq -P)* 2 var(ézq '2)] + [(92q+1 -P)*%2 var(5432q+1 '2)] <0.

This procedure will be called the pasrwise modelling procedure.

Theorem 1. The pairwise modelling procedure is rotation invariant iff the basis

® , is such that

for all n

(1 <n <L) and for all ¢ € {1,...,4(L — 1)} there exists an
r € {1,...,%( — 1)} such that
&i2rPj,2r + Di2r+105,2r+1
= (R"iﬁ.zq),-(R"qu)j (R"(;b2 +1) (R"qu_l_l)j foralls, s

where (R™@): denotes the ith element of the vector R"¢ . o

As the analog to the ~ —equivalence of the previous section define

~ —equivalence by
(6108,) = (W 8,)
if |
Pi1¢;51 + bizdj2 = YY1 + Yiathj2 foralld,j. (1)
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Note that exchanging a pair of vectors in a basis with a pair which is

~ —equivalent will not affect the model which is fitted by the pairwise fitting

procedure. To see this multiply (1) through by P; and then sum over all _t toget =

(21 ) —E).d_’l + (Qz 'B—)Qz = (ib.l ’ E)il + (iz ) £)£2'

Theorem 1 can be restated in terms of ~ —equivalence among the vector pairs
in the basis as: the pairwise modelling procedure is rotation invariant iff the basis

used, @, is such that

for all » and for all (¢_ ,¢ there exists (¢, , ¢
T2¢° L2g+1 T2¢’ L2r41 } )

such that (é =~ (Rn_é2q’ Rnézq_*_l)'

2r’£2r+1)

Condition (2) can be simplified. It is not difficult to show that two distinct
vector pairs which are ~ —equivalent cannot appear in the same model basis (as
all four vectors cannot each be orthogonal to one another). Hence for given n and

(qu, qu +1) in (2) there cannot exist a distinct pair (¢ ) from the basis

2r’é2r+1
such that 4
(Q2r’é2r+1) ~ (Rné Rnéz +1)

The only péssibility then is that each vector pair must itself be responsible for its

rotations, i.e. for each ¢

(.é‘qu’ézq_*_l) ~ (R ¢ Rn¢2q+1) fornzo,_-.,L_ 1. (3)
A model] basis which satisfies (3) is said to be pasrwise rotation invariant.

Our next objective is to investigate conditions under which pairwise rotation
invariant model bases exist, and to characterise such bases. Note that as a special

case of (3) one has that, for each ¢
t2q+¢t 2¢+1 — (Rn¢ )t (Rnézq_*_l)? fOI'n:O,...,L—l,

from which it follows that, for each ¢, (¢? f2¢ T ¢? 2¢+1) is constant for

t=1,...,L. In fact since 22 and é2q+1 are normalised

2 . 1
Zoq + B22041 —f fori=1,...,L; q=1,...,§(L—1),
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This suggests joining the two elements #i,2¢ and @, 2,41 into a single member of

R2 . Let
) 1 '
Zig = (bi,2q:i2q+1) fori=1,...,L; qg=1,..., E(L —1). - {4)

Then for each ¢ the 24, i=1,...,L alllie on a circle of radius 2/L .

Having established that for each ¢ ,the z;; (¢=1,...,L) all lic on the same
circle, the full statement of (3) can be used to determine how they are spaced on
the circle. Note firstly that for any two points 2, and z;; in 2 which lie on

the same circle, there always exists an a € 82, |a| =1 such that
Qziqg = Z4q-

(The definition of the product of two elements in R2 is given in the appendix
following the proof of Theorem 1.) The next proposition says that if (3) holds then,
for each ¢, there exists a single a € ®%2, |a| = 1 which will transform any 2z
to the next one. This means that for each ¢, the 2 (¢=1,...,L) are equally

spaced about the circle.

Proposition 2. A basis & , whose elements have been formed into the pairs z;,
as in (4) is pairwise rotation invariant iff for each ¢=1,..., 2(L — 1) there exists

an a € R?, |a| =1 such that
Qzig = 2{j41},q fori=1,...,L (5)

where the curly brackets indicate that the quantity within is taken modulo L . e

The z;; can be expressed in terms of their polar representation, i.e.

2
Zig = 4/ I (cos Arg z,g; sin Arg ?;q> (6)

where Argz;, is the angle which 2;; subtends at the origin with the horizontal

axis, measured anti-clockwise and chosen such that
0 < Argz; < 2m.
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Since the length of each z;, is known, z;q is determined completely by the value

of its argument. Proposition 2 can be re-stated in terms of the arguments of the
Ziq .
Lemma 3. A basis & is pairwise rotation invariant iff for ¢ = 1,... , %(L - 1)
. 27 .
Argz;qz{a(z—l)-i-b}—i— fort=1,...,L (7)

for some a,beRN .o

The curly brackets (i.e. modulo L) in (7) are redundant in the sense that
. 27 . 27
f({ali = 1)+ B7) = f((ei ~ 1) + 1))
where f is either cos or sin. Thus without loss of generality we can say that for

odd L, a pairwise rotation invariant basis will consist (besides 4/41; ) of pairs

of vectors of the form

2 . 27 2 . ; 27 1
[\/ I cos((aqz-i-bq)f), \/ I sm((aqz-i-bq)—f)] o nn forg=1,..., E(L— 1).

The next lemma leads to considerable simplification in that it enables us to

discard the terms b, in the above.

Lemma 4. For all a,be R -

27
L

27 27 27
); sin((ai-{-b)—)J R~ [cos(az'—); sin(az’——)J
L Jizo,...L—1 L L o, L1

=0,...,

[cos((ai +b)

= geeey

We have thus established that, up to ~ —equivalence, a pairwise rotation

invariant baSis, for odd L , must be of the form

1 1 /2 o( _27r)_ [2 'n( z_27r) .
\/E_L’ LC slaj? AL LS] aj 7 ",
2 2r, [2 . 277\’
<oy ZCOS(G%(L_I)PT), Zsm(a%(L_l)zT) ;
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Now consider choosing the a, in (8). Note firstly that we can without loss
assume that 0 < ay < L for each of the a, . The major consideration in the choice
will be that of obtaining an orthogonal basis. The orthogonality conditiofis which— -

the vectors in (8) must satisfy are:

L-1
(1) Z cos(aqi-zf-) =0 forall a,
1=0
= 27
(I > sin(agi-) =0 foralle \
1=0
L—1
(I1I) ; cosz(aqiz%) = -él- for all a,
: L-1 '
2 L
(IV) ; sinz(aqi%) =3 for all aq
= 27 27
(V) z cos(aqif) . sin(a,if) =0 forall ag,a,
1=0
- 21 2r
(VI) z cos(aqif) -cos(a,i—f) =0 forallag,a,;a, # a,
e ]
- 21 21 |
(VII) z sin(aqz'—f)' . sin(a,z’—f) =0 forallag,a,;aq # a,
e

~

Lemma 5. Let 0 < a; < L. Conditions (I) and (II) are satisfied simultaneously
iff ag€{1,...,L—-1}.0
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It follows that in order to construct an orthogonal pairwise rotation invariant
basis we must (in (7)) choose (L —1) unique a, from {1,...,L — 1} . Note
that if ag +a, = L then-————  --— = - —

.2 .2
cos(aqz—w) = cos(a,zfﬂ-)

L

and

.2 . .2
sin(aqe —I-:yi) = — sm(a,z——z)

L

so that the vector pairs

[ 2
cos(aqi—g); sin(aqi—w)

and
cos(ariZZ); sinari )|
os(a,t—); sin(a,s —

L ’ L7 ’ L 41=0,...,L—1

are non-distinct. Thus, without loss of generality, we can choose the first %(L —1)

elements from {1,...,L — 1} so that
1
ag=gq forq=1,...,§(L—1).

It can be shown, see Bloomfield (1976), that this choice does lead to the basis
in (7) being orthogonal.

We have thus proved:

Theorem 6. There is a ~ —unique pairwise rotation invariant model basis for |

each odd L, namely

(%;L, {\/%cos(u?g); \/%smlz—} [% 22-— %sm(m%r)Ji,..
..,[\/%cos(; -—lz—- [sm (L—1z3L7£)L).‘ (9)
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We turn now to even L and deal with that spare last vector in the basis. Or-
thonormality and pairwise rotation invariance are obtained if for the paired vectors
~ we use the sin-cos pairs as above, while the last vector is taken to be (the normalised
form of)

cos((lL)izﬁ) cos(im) A
s((=L)i—)| = im)| = A;.
2 L7 i
This is in fact, the only vector, up to ~ —equivalence , with the required properties.

We can thus state:

Theorem 7. Up to =~ —equivalence of the paired vectors and ~ —equivalence of
the non-paired vector, there is a unique pairwise rotation invariant model basis for

each even L , namely

(\/IE_I_L: [\/ECOS(lizg) %sin(u%’ﬁ)]

N YR WY LR o 29| J2a). o

Bases of the form (9) and (10) are the well-known Fourier bases. We have
established then that (i) a pairwise rotation invariant model basis exists for every
dimension, (ii) that for each dimension there is essentially only one such basis; and

(iii) this basis can be taken to be the Fourier basis.

Notation. 1. The Fourier basis for a variable with L categories will'be denoted

by FL.

2. It is possible to represent the pairwise modelling procedure for odd and even L

using the same expressions. Note that for even L
L.2
[sin(—zl)] =0.
2 L t=0,...,L—1
This vector can then be paired up with the spare last vector which occurs in

Fourler bases for even L, to get

L 2rm L
cos(¢—); sin(+ z—)J .
{ 2 L L +=0,...,L -1
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Including this extra vector has no effect on the modelling procedure, (the corre-
- sponding parameter and its contribution to the estimated expected discrepancy are
both zero), but it does allow usto write all-models; for odd-or-even—L-in-terms-of -

vector pairs. (See the summary below.)

3. If we define

L/2 if L is even
[L/2] ={(L/—1)/z if L is odd

then all saturated models will have [L/2] parameter pairs.

4. Since the t subscript in the cos-sin pair runs from 0 to L — 1, we will label
the cells in the classification from 0 to L —1 and adopt the convention that the ¢

subscript will run fromOto L—1, (in particular in m;, M;(6) and P;).

Summary. If we have a cyclical variable with any number of categories, L , then
we can use the pairwise modelling procedure in conjunction with the appropriate

Fourier basis, so that the fitted model obtained is

A1 ~ .2 A e 2 .
M;(6) = 7 Z [02,, cos(zq%) + 02441 sm(zq%)} fori=0,...,L -1 (11)
9€Q
B, e
02q = Z cos(ig— L )P;; 02q+1 Z sin zq-—-—-

i=
ec{1,...,| -]}
g€ Q iff[62, ® 2vardyg) + [0 Zit1 X 2VAr02044] < 0.
Henceforth "pairwise modelling procedure” will refer to the modelling procedure

which produces the model (11).
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6.4. APPLICATIONS AND EXTENSIONS

In this section we give some examples of application of the theory developed

in the previous section. Specifically we
(1) provide an alternative parameterisation for models using Fourier bases,

(2) fit a number of models for univariate cyclical variables using the pairwise mod-
elling procedure,

(3) give the extension to multiway cross-classifications involving some cyclical vari-

ables, and

(4) give examples of the extension.

The amplitude-phase representation. The individual parameter values/esti-
mates o‘btained when using the pairwise modelling procedure vary with the par-
ticular rotation of the cells that is used. However it is possible to reparameterise
the model 1n such a way that the parameter pair (24,024+1) are transformed to
(Ag,pq) where A; is rotation invariant and p, , although not rotation invariant,

varies by a fixed amount for each rotation.
The reparameterisation is achieved by writing

.27 . 4. 27 . 27 '
02q cos(quL—-) + 02q+1 sm(zqf) = Aq COS(iqT - Pq) v (1)

for some (initially unknown) A, and pg . Ag and p, are found by expanding

the left side of (1) as
2 2
Aq[cos(iq—ﬂ.) cos pg + sin(iq—w) sin pg]
L L
from which it follows that ‘
- 024 = Agcospg

02q+1 = Aq sin Pq-
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Solving for A; and p, in terms of 62, and 63,4, yields
Ag= (63, + 0§q+1)%
tan pg = Oq41/024.

In order that the p, lie in the interval [0,27) we use the following convention to

compute the pg .

arctan (02q+1)/(02q) if azq > 0, 02q+1 Z 0

arctan (02441)/(02¢) + 27 if 24 >0, 2441 <O
Pq = arctan (02q+1)/(02q) + if 02q <0

(1/2)7r if 02q = 0, 02q+1 Z 0

(3/2)7r if 02q =0, 02q+1 <0.

Sketches of Agcos(ig2f — p;) viewed as continuous functions in i are given

for a few values of ¢, and are used in explaining the interpretation placed on A,

and pg .
Amplitude shift
e t——— B cosli 2(pi)/L)
A A cos(i 2(pi)/L)
0
-A
-B
0 1_/4L 172L S/74L L 5/4L .
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Phase shift

A +————— A cosli 2(pi)/L)

A cosli 2(pi)/L - p)

\

0 vaL L _ 3/2L

A4 represents the maximum height which the graph of A, cos(iq%’r — pq)
achieves and is called the amplitude. A, is invariant with respect to rotations
of the cells. (This is easily shown and is a direct consequence of the basis being

rotation invariant.)

py determines the value that the graph has when ¢ = 0 and is called the ,
phase. The phase is, of course not invariant with respect to rotations. However

using the above definition pg; changes by 27/L radians with every rotation.

6 - 32
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Note that the wave associated with A, cos(ig2™ — p,) completes exactly q

cycles as ¢ runsfromOto L ,and consequently ¢ is called the (Fourier) frequency.

[

A, and pg will be estiniated by their maximum likelihood estimates, i.e.
by replacing 62, ‘and f02¢41 in the expressions defining Ag and pg by their

maximum likelihood estimators ézq and ézq_,.l .

Parameter and criterion tables. Since the individual parameter estimates, as
well as their standard deviations a.ﬁd contributions to the expected discrepancy, ;«zre
not rotation invariant, 'they are not given in the parameter and criterion tables.
The two sets of quantities that are rotation invariant and which are given instead,

are
(i) the amplitudes, 4,, for ¢=1,..., [%]
(ii) the joint contribution of each cos-sin pair to the expected discrepancy.

That the joint contributions which are just sums of the two individual con-
~ tributions, should be rotation invariant is one of the requirements for the pairwise

modelling procedure to be rotation invariant.

Example. A circular histogram (Batschelet 1981) gives counts of the orientation
of resting flies of the species Calliphora erythrocephala in each of the 24 direction

segments.
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In modelling these observations we clearly want to use a rotation invariant

procedure. Since there are 24 cells we must use the pairwise modelling procedure

in conjunction with the Foirier basis, Fap4 -

The amplitude and criterion table
Fourier frequency
1 2 3 4 5 6 7 8 9 10 11 12
amplitude | 2.3 16.2 0.5 51.2 1.0 17.1 0.9 16.0 0.5 14.5 0.6 19.4
(x103)
contribution|{ 0.3 0.0 0.3 -23 03 0.0 03 0.0 03 0.1 0.3 -0.2
(x10%)

There are only two negative contributions. The first of these comes from the
fourth cos-sin pair. Including the corresponding pair of parameters in the model
will mean that the magnitudes of the fitted probabilities will exhibit a wave-like
structure, where the wave’is repeated four times among the twenty four points,

with a cycle length of six. In fact the magnitudes of the fitted probabilities follow

the pattern:
6%
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The remaining negative contribution is the last in the list. This corresponds

not to a pair, but to the single vector

12 2«
[COS(_Z-zl_z-)J i=0,..L-1 Azq

yerey

which nevertheless gives a wave whose frequency is twelve with a cycle length of

two. Including the associated parameter into the existing model means that
23
1 . 1 .
——0fyy = — —1)*P;
=024 = o g( )'P;

is added to the first cell, subtracted from the next, added to the next, and so on.
Note that in particular this means that every sixth fitted probability gets altered by
the same amount, so that the fitted probabilities will still be repeated after every

six. The pattern which the fitted probabilities now follow is:
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Example. Plackett (1974) gives a data set wherein all the cases of acute lymphatic

leukaemia reported to the British National Cancer Registration Scheme during 1946-

60 were classified by month-of=clinicalonget:———-= " "_.77 = ____=

Jan Feb Mar Apr May June July Aug Sept Oct Nov Dec
40 34 30 34 39 58 51 55 36 48 33 38

The operating model is not multinomial as the total sample was not fixed as
part of the experimental design, but instead represents the realisation of a random
variable. The appropriate operating model is thus Poisson. However it is well
known that the distribution of Poisson cell counts conditional on the sum of the cell
counts is multinomial (see, for exmple, Plackett (1977, p.4)). We will thus model

the counts conditional on their sum.

Since there are 12 cells we use the pairwise modelling procedure in conjunction

with F12 .

The amplitude and criterion table

- Fourier frequency
1 2 3 4 5 6
amplitude 42.5 20.3 2.6 17.4 15.4 274
contribution -1.2 0.2 0.7 0.4 0.4 -0.4

There are two negative contributions. Including the parameter pair associated
with the first of these means that the twelve fitted probabilities will resemble a
wave with a cycle length of twelve, which indicates that the number of cases of
leukemia reported follows an annual cycle. Including the parameter associated with

the highest frequency wave has the usual "up-down up-down” effect.
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THE FITTED PROBABILITIES

FIRST FOURIER FREQUENCY ONLY

1%
10%
o%
8% r

5%
4% I
3%

1% r

0%
Jen Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

THE FITTED PROBABILITIES

FIRST AND 8IXTH FOURIER FREQUENCIES

1%
10%

7%+
6% -
5%
4% |

2% r
1%
0%

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
6 - 37



6.4 Apj)lt'cations and Eztenstons

More than one variable. The situation regarding multiway cross-classifications

where some or all of the variables are cyclical, is easily dealt with.

Consider two random varigbles=X ~arid Y with—R —and -C—categories te-
spectively and with their respective model bases ¥ and . Suppose that Y is
a cyclical variable. The obvious generalisation of the univariate pairwise modelling
procedure is that which produces fitted models of the form

M;; (é) = Z "/}ir%érl + Z ¢ir{wj,2cér,2c + wj,2c+1ér,2c+1}'
r€A (r.c)EB

where
(i) for r=1,...,R; re A iff

(ér1)2 ; 2var érl <0

(ii) for r=1,...,R; ¢=1,...,[L/2]; (r,c) € B iff

{ér,2c; 2ver é\r,2¢:} + {ér,2c+1 ; 2var ér,2c+1} <90

(iii) 6,r+1 and var @, are defined to be zero.

It is not difficult to show that if §) is a pairwise rotation invariant basis then

this modelling procedure is invariant with respect to rotations of the Y categories.

The above considerations generélise to cross-classifications involving more than
two variables. No matter how many variables appear in a cross-classification, for
each of the variables which is cyclical one has simply to use a pairwise rotation
invariant model basis and the pairwise selection criterion. This leads to a procedure

which is invariant to rotations of the categories of the cyclical variables.

Example. Linhart and Zucchini (1986a) analyse a data set involving the rate of
arrival of storms at different times of the year. The table below gives, for each week
of the year, the number of times that at least one storm arrived at the Botanic
Gardens, Durban for the period 1.6.1932-31.12.1979.. The definition used for a

"storm” is that at least 30 mm of rain fell within a twenty-fourA period.

N
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Storm " Storm
Week Begin Yes No Week Begin Yes No
1 1 Jan 6 41 | 27 2Jul T 47 a4
2 8 Jan 8 39 28 9 Jul 0 48
3 15 Jan 7 40 29 16 Jul 2 46
4 22 Jan 6 41 30 23 Jul 0 48
5 29 Jan 9 38 31 30 Jul 3 45
6 5 Feb 15 32 32 6 Aug 1 47
7 - 12 Feb 6 41 33 13 Aug 1 47
8 19Fb 12 35 34 20 Aug 5 43
o* 26Feb 16 31 35 27 Aug 4 44
10 5 Mar 7 40 36 3 Sep 3 45
11 - 12 Mar 9 38 37 10 Sep 6 42
12 19 Mar 6 41 38 17 Sep 1 47
13 26 Mar 8 39 39 24 Sep 8 40
14 2 Apr 2 45 40t 1 Oct 3 45
15 9 Apr 7 40 41 9 Oct 4 44
16 16 Apr 4 43 42 16 Oct 6 42
17 23 Apr 4 43 43 23 Oct 9 39
18 30 Apr 3 44 44 30 Oct 5 43
19 . 7 May 3 44 1 45 6 Nov 8 40
20 14 May 10 37 46 13 Nov 6 42
21 21 May 3 44 47 20 Nov 5 43
22 28 May 3 44 48 27 Nov 7 41
23 4 Jun 0 48 49 4 Dec 5 43
24 11 Jun 5 43 50 11 Dec 8 40
25 18 Jun 1 47 51 18 Dec 5 43
26 25 Jun 2 46 52 ° 25 Dec 4 44

* Eight days on leap year - 1 Eight days

kN
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In éelecting a model for this data set, a modelling procedure which is invariant
to the choice of which week is labelled as the first, is required. Cohsequently the
basis used in connection With the Variable Teprésenting Weeks is the Fourier basis,
Fso , and the pairwise selection criterion is employed. |

For the presence/absence variable H, is used. (As is expected the modelling
procedure is invariant to swopping the order of the "yes” and ”no” categories. This

because H; is a rotation invariant model basis.)

~ Note that the number of weeks on which observations were taken is fixed. Con-
sequently the operating model is product-multinomial with weeks the explanatory
variable whose category totals are fixed, so that there are only 52 linearly indepen-

dent parameters.

The amplitude and criterion table
Fourier ffequency

1 2 3 4 5 6 7 8 9 10 11 12 13

489.2 1709 181.5 157.2 49.2 73.8 49.2 294 91.7 37.6 89.0 5.2 19.1
-223.2 -13.1 -16.8 -8.6 13.7 10.7 13.7 153 7.7 147 8.2 16.1 15.8
Fourier frequency

14 15 16 17 18 19 20 21 22 23 24 25 26

205.1 115.4 44.6 148.1 65.8 101.5 129.1 10.1 179.2 117.3 174.4 57.0 45.1
-25.9 2.8 14.2 -58 11.8 59 -0.5 161 -15.9 24 -143 129 6.0

It is seen that the first four parameter pairs,vcorresponding to the low Fourier
frequencies, are marked for inclusion. After these four there are a number of pa-
rameter pairs whose contributions are also negative. When so many parameters are
inyoli'ed, it is Quite likely that at least some of the parameter pairs marked for in-
clusion do not really decrease the actual discrepancy between fitted and operating
model, although through sampling variation the_ir‘::ontributions to the estimated
expected discrepancy are negative. Furthermore one expects the rate of arrival of

storms to vary smoothly with time, and hence one should be wary of including the

N
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high frequency terms.

Two models were fitted to the data: Model I, where only the constant term
and the first four Fourier frequency parameter pairs were included and Model II
where the constant term and all the parameter pairs whose contributions to the

estimated expected discrepancy were negative were included.

THE PROBABILITY OF A STORM

3% MODEL |

25%

0%
1 6 g 183 17 217 25 29 33 37 41 45 49

Week

3% MODEL Ii

25% r

20%

1 6 @ 13 17 21 26 29 33 37 41 45 49
Week



6.4 Applications and Eztensio‘ns
Example. Consider the wind data again. This time we introduce the hour of the
day, and model the conditional probabilities with which the wind blows in each of
the sixteen direction segments, whex;tla the conditioning event is the-hour. The table

of counts is taken from M) and involves 43 128 observations collected over

the time period 1 January 1979 to 31 October 1984.

howrl M2 hor3 herd horS hor§ hor? mor 8 howr 9 how 10 hour 1 how 12

Kl % % % % n & ® B & 1% 13 I3
e o000 % &£ ® o % g N 8 i
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Both of the variables, wind direction and hour of day, are cyclical. For the
variable associated with the hour of day the Fourier basis, Fy4 , is used and the
vectors are considered pairwise. For the variable associated with the direction
categories a rotation invariant model basis of dimension 16 is used and the vectors
are considered singly. In order to construct a rotation invariant model basis of
dimension 16, one needs, besides 1,4, rotation groups of cardinalities 1, 2, 4 and
8. For the first three rotation groups it is proposed that we use essentially the same

generators as were used for the L = 8 cases, i.e. the generators

1
1 0
0

The generator of cardinality 8 that was used, is

—

OCO0OO=ROOO M

e’

4;®

—
~—

Note that the number of observations taken at each of the hours was fixed by design
and is not something which should be modelled. The operating model is taken to be
product-multinomial, with hour the explanatory variable and direction the response

variable. The saturated model contains (16 — 1) x 24 free parameters.

N
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The amplitude table

Fourier frequency

0 1 2 3 4 5 6 7 8 9 10 11 12
59.6 243.7 499 31.8 187 52 111 48 72 57 44 33 5.8
29 2562 384 265 26 7.7 104 46 76 28 55 84 3.7
11.3 381.1 93.3 29.0 174 194 49 133 71 29 7.0 4.0 6.1
215.8 2634 1238 143 183 158 7.9 90 9.0 46 2.7 130 3.5
469 71.8 636 339 146 143 33 26 46 50 0.7 | 43 29
13.2 351 182 139 73 30 87 61 33 56 76 90 26
107.6 353 228 120 61 69 45 20 04 48 43 90 1.3
180.1 1860 52.3 332 69 93 40 54 100 6.9 85 6.0 3.1
348 860 60.3 105 16.2 173 88 39 4.2 6.7 41 23 6.2
108.4 90.5 899 54.1 52 46 121 20 47 84 7.8 55 3.9
117.5 1163 57.1 289 69 79 64 3.7 16 41 23 54 4.0
108.5 148.0 949 245 178 17.2 6.2 107 2.1 44 2.7 21 04
48.5 12.7 | 276 221 206 40 18 91 68 29 6.6 6.8 0.9
171.2 63.7 573 183 271 111 33 3.7 23 56 46 6.7 1.3
25.2 71.2 49.1 20.6 11.3 42 180 46 22 34 06 43 1.1
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The criterion table
Fourier frequency

0 1 2 3 -~ 4 5 6 7-8 9 10 11 12

-3 -593 -24 -09 -02 -00 -00 O1 01 01 01 0.1 00
00 -655 -14 -06 01 01 00 01 01 01 01 0.0 00
-0.1 -1451 -86 -0.7 -02 00 01 00 0.1 01 01 0.1 0.0
-46.5 -69.2 -152 -00 -0.2 -0.2 01 01 01 0.1 0.2 0.0 0.1
-2.1 -0 -39 -10 -02 -01 01 01 01 01 01 01 0.1
-0.1 ;1.1 02 -01 01 -01 00 01 01 01 01 0.0 0.1
-11.5 -11 -04 00 01 01 O01 01 O01 01 01 01 0.1
-324 -343 -26 -09 01 01 01 01 01 0.1 0.1 0.1 0.1

-1.1 -7.3 -35 00 -01 -02 01 01 01 0.1 01 01 0.0
-10.6 -0 -79 -28 -01 o01 00 01 O01 01 01 0.1 O.1
137 -134 -31 -07 01 01 01 01 01 01 01 0.1 0.1
-11.7 -218 -89 -05 -02 -02 01 00 O1 01 01 0.1 0.1

-2.3 -00 -06 -04 -03 01 O01 01 01 0.1 01 0.1 0.1
-29.2 -39 -31 -02 -06 00 01 01 01 01 01 0.1 0.1

-0.6 49 2.3 -0.3. 00 01 -02 01 01 01 01 01 0.1

From the criterion table one notes immediately that the contributions corre-
sponding to the high order frequency Fourier vector pairs are small in absolute
value and are generally non-negative. In fact it might be advisable to make a blan-
ket exclusion rule, excluding from the model all parameter (-pairs) associated with
Fourier frequencies of four or more. The fitted conditional probabilities for this

model are shown.
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APPENDIX A
THE NEWTON-RAPHSON METHOD
(Reference Ortega and Rheinholt (1970))

A system of n equations in n unknowns z can be represented by an n -
dimensional mapping
| F:R" SR
with
F(z) =0, | (1)

the rth equation of which is written

F, (3:_) =0.
The Jacobian matrix is defined by
F,(E) = [MJ .
az’ dr=1,...,n; 6=1,...,n

Newton’s method gives the kth iteration in the solution of (1) to be
z*+1) = 2B _ [ ()]~ F(2¥)
In practice the inverse of F' (g(k)) is rarely computed explicitly. Instead the system
F'(z®)[z*+1) — z(B)] = F(z(®)

is solved numerically for [z(¥+1) — Q:_(k)] . The next iteration values z(¥) are found

by subtracting the current iteration values z(¥) from the vector [z(¥t1) — z(¥)].

In our particular case we have

FQ(é) = E d’iq l:exP<E d’iaéa) - Pg:l forge @
=1 8€Q . |

. . NN

so that

aF, () & -
33(, ) ; biqbir €XD (% ¢.-aée) for g,r € Q.

) _ Al
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The kth iteration values are found by first solving the system
.F'(o(k))[o(kﬂ) - 0(k)] = F(g(k))

using a niumerical algorithm.

Starting values. In order that the iterative process can begin it is necessary to
input some starting values for the parameters. For our problem the obvious choice

is to use the values of the estimated parameters in the saturated model, namely,

éq({l, ...y L}) = Xidig log (P;) forge Q.

This is acceptable provided P; # 0, in which case log (P;) is not defined.

The problem of zero cell counts in loglinear models is one which has received
attention in the literature. (See, for example, Goodman (1972), Plackett (1974)
and Bishop et al (1975).) Many of the suggested solutions involve replacing all
log (n;/n4) by log (nﬂ:_"%) with various values of @ and b. This means that one
always adjusts the observed cell counts in all cells, even when there are no zero cell
counts. It was thought preferable only to adjust the one observed count if the count
was zero. What is done is to replace log(n;/n;) by log(e/ny) if (and only if)

n; = 0 ; where ¢ is some small positive number. The choice € = 1/n was found

to yield satisfactory starting values. . .
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RESULTS IN SECTION 6.1

Theorem 6.1.1. The modelling procedure for linear basis models is rotation in-

variant iff the basis @ is such that,

(A)forall n (0<n < L-—1) and for all ¢, € @, there exists a ¢_€ & such
that

—_r

R"éq =¢ or R"éq =—¢.

Proof. Let n,P and & ={21,...,£L} be given.

Suppose that (A) holds. One must then show that
Mgp. =R"(Mgo) for n=0,...,L—1 (1)

where Mp. and R"(Mjpo) are defined in Section 6.1 preceeding the statement
of the theorem. If (A) holds it follows that there will exist for all n .and ¢, €2
a 28 € ® such that _
| g, ~ (R")'$

_ pL—n
g E 2q ' (2)
Furthermore 28 will be unique (since the vectors in a basis are linedfly indepen-
dent). Now if (2) then

[ ! pn
¢ ~ 4R

%,
and

(8,R"E)*vax(8, R P) = (,P)? var(8, P)
so that the estimated parameter (_qé; R"P) appears in Mp. iff the estimated
parameter (Q:_Ij) appears in Mpo, i.e. ¢ € Qgrn iff s € Qgo . Thus

> @Epe = Y €DRY,,
qEQRn 8€QRpo b
i.e.

Mgn = R"(Mpo)

B1
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as was to be shown.

Having shown that (A) is sufficient for the linear modelling procedure to be
rotation invariant, we now consider necessity. To achieve rotation invariance one
needs to be able to write any model of the form Mp. in terms of a model of the
form R™(Mpgo) and vice-versa, i.e. one must be able to rewrite either of the two

expressions shown below in the form of the other
(i)
! n
S, prg,

q

%j(g;R"g)gq.

Bearing in mind the possibility of one parameter models it can be seen that

the following two conditions are hecessary.

(B) For all fq € & there exists a subset of {1,...,L},say M, , such that

(8,R"P)¢, = ) _ (.P)R"S,.

reM,

(C) For all ¢ € & there exists a subset of {1,...,L} ,say N, ,such that

(6,P)R"$, = > ($;R"P)¢,.

qGNr

N

These two conditions jointly imply that for all g there exists M, C {1,...,L}
such that for all r € M, there exists N, C{1,...,L} such that

(6,R"P)g, = 3 > (4,E"P)g,
rEM, sEN,

which contradicts the linear independence of the set” {21, ceny _qéL} unless M, and
N, both contain a single element; in which case (B) and (C) are equivalent to the

condition:
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(D) for all n and for all 4_Sq € ® there exists a ¢, € ® such that
! — A n
(QqR"f_)Qq = (¢,P)R"¢_  forall P.

It follows that (D) is a necessary condition for the procedure to be rotation invariant.

We now show that (D) is equivalent to the condition (A). Clearly (A) implies
(D). To obtain the reverse implication pre-multiply both sides of the equality in (D)
by P'(R™)’ to get '

' 2 _ (4! P\2
(¢, R"P)? = (¢/ P)".

Taking the square root on both sides gives
' _ '
Qq R"P = ¢ P.
That this holds for all P implies that

(B8, ~ 9.,

-q Ly

and the required implication follows. e

Theorem 6.1.3. All non-zero vectors satisfying R"¢ ~ ¢ forsome n (1<n<

L —1) are of one of the two forms

or
a)

Ad®( : ) ' (4)
ar/d

(i) in (3) & is any divisor of . L , while in (4) d must be an even divisor of L,

(i)

where
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(iii) a; € R for i=1,...,L/d.

In order to prove the theorem the following lemma is needed.

Lemma. If n € {1,...,L — 1} then there exists a unique divisor of L, say d ,
with

k
n= EL for some integer k, 1<k<d-1, ged(k,d)=1

where ged(k,d) is the greatest common divisor (highest common factor) of k& and

d.

Proof. Define the set of divisors of L by
, L :
D= {d :2<d< L, 7= m  for some natural number m}
and for each divisor d define
L ,
Pr(d) = {k:i_ v1<k<d-1, gcd(k,d)= 1}.

To prove the lemma it is sufficient to show that the Py (d) form a partition of

{1,...,L—1}, ie.
(a) Ugep Pr(d) ={1,...,L—1},and
(b) the Pp(d) are disjoint.

To establish (a) it is sufficient to show that each of the two sets is contained
in the other. Firstly then suppose that ¢ € |J;cp Pr(d) . From the definition of
Pr(d) it follows that there exists a divisor d € D such that

1= k% for some integer k, 1<k <d-1.

From this we reason:

(i) since d is a divisor of L*, { must be an integer, and
(ii) since 1<k<d—1, { must satisfy 1 <:<L-1
so that 1€ {1’,...,L— 1}.

N

B4
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To show the reverse inclusioﬁ suppose that ¢ € {1,...,L —1}. Let ¢ =
ged(s,L) . It then follows that there will exist two integers, say a and B which
satisfy

t=ca, L=cf with 1<a<pf-1, gcda,p)=1.

Hence

£=(%)a with 1<a<f-1, ged(e,B)=1

~and 1 € P (B) with e D, i.e.

ie |J Pu(d).

In order to prove (b) we begin by supposing that the P(d) are not all disjoint.
Then there will exist two divisors d;,d; € D, d; # d; such that

PL(dl) ﬂvPL(dz) 76 ¢

Take ¢ € Pr(d;) N Pr(dz) . Then

) = %L forsome k;, 1<k;<d;—1, ged(kj,d;j)=1 forj=1,2.
3 |

Hence

ki _ky .
"-1—1- = d2 with d1 76 d2

which contradicts k; and d; being relatively prime for 7 =1 or2. o

Proof of Theorem 6.1.3. Fix n, 1 <n < L—1. The lemma guarantees the

existence of a unique divisor-of L, say d, for which

n= ';EL for some integer k, 1<k <d-1, ged(k,d)=1.

In looking at the restrictien R"¢ ~ ¢ we need to explicitly determine the ith
element of R"¢ . In fact '

(R"¢)i = é(L—n+i)modulo L-

B5
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We will write {m} as an abbreviation for m modulo L .
‘The two cases implicit in R"¢ ~ ¢ are looked at separately.

(A) Suppose that ¢ = R"¢ . Equating the ith elements of the two vectors gives

$i = S{L—n+i}-
Now equating the {L — n+ 1}*® elements gives
I¢{L-—n+i} = ¢{L—n+{L—n+{}}
= @{L—2n+i}s
so that one has
Pi = Q(L—n+i} = P{L—2n+i}-
This process can be repeated until one "returns to” ¢; . This will occur for the

smallest m which satisﬁeé
{L-mn}=0. - (5)

Now m = d is a solution to (5); it is also the smallest such by its construction.

Hence the restriction ¢ = R"¢ may be written as
$i=PL—ntiy == $(L—(d-1)n+i} fori=1,...,L/d (6)

where all the indices are distinct.

Now show that (6) is equivalent to
¢ = ¢i+r(L/d) forr=1,...,d-1 (7)
which means that ¢ is of the form

- : al .
l,,@( : )
ar/d

Consider two arbitrary indices in (6) which without loss may be taken to be {L —

min + 1} and {L—m2n+i}> with m; #my, 0<m;,my;<d—1. Then

KL — man + i} — {L — man + i} = {(mz — m1)~L}
o o

= r—

d

aLl &
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for some integer r # 0, where by i;he definition of the modulo L function

L
<r-<L-1.
O_rd__L 1
Since r # 0 it follows that
1<r<d-1,

ie. the indices in (6) differ by r£ with 1 <r < d—1. Since for each i, the

(d—1) indices given in (6) are distinct, it follows that (6) and (7) are equivalent.

(B) Suppose now that ¢ = —R"¢ . Going through the same process as before one

obtains
¢l' = (—1)¢{L—n+1} = (;1)2¢{L—2n+i} == e }
= (1) Gr—(d=1)nti} = (_1)d¢{L_dn+‘.} oo fori=1,...,L

In particular

(8)

¢i = (_1)d¢{L—dn+i} fori1=1,...,L.

But {L—dn+ t} =1 ,so0 that if d is odd, this reads
¢pi=—¢; fori=1,...,L

from which it follows that ¢ =0, and therefore ¢ cannot appear in a basis.

Thus we need only consider even divisors d. We show that for such d
¢(,5+,-) =(-1)"¢; fori=1,...,L/d. (9)

Note firstly that

r%-}-i:L— (d—r)n-}-i.

Using (8) we can then write

S(rg+i) = (1) kg,

Now d is even and k is odd (being relatively \pfi\me to the even number d) so

that
(~1) @V = (—1)~

B7
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and (9) follows. From (9) (and the fact that d is even) it follows that ¢ must be

1 “
ld/2®(__1)®( 5 )'
. ar/d

Lemma 6.1.4. (a) Let ¢ have the form (3) with L/d > 2. Then R(¢) is

of the form

orthogonal iff

ar/d a3 az ... @r/i-1 a
@r/d—1 ar/d @1 ... Qr/d-2 as :
/. ./ . /. . =0. (10)
as ag ag ... a) ar/d
(b) Let ¢ have the form (4) with L/d > 2. Then R(¢) is orthogonal iff
—aL/d ai az ses QL/d—1 a,
—ar/d-1 —ar/d a1 «e- Qr/d-2 as
o e T ? =0 (11)
—as —as —Q4 ... ay ar/d

(c) Both (10) and (11) are consistent systems.

Proof. (a) Let ¢ have the form (3) with L/d > 2. By the definition of R(4) ,.
R(¢) is orthogonal iff

¢'R"¢ =0 for1,2,...,L/d—1

where L
¢'R"¢ = Z i {L—n+i)-
=1

From the fact that for any vector in R(¢) all elements in the vector whose position

differs by a multiple of L/d are equal, it follows that

L L/d .
D bid(Lonsi) = d) " ¢i br—nii}.
=1 =1

B8
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Now, for 1< n
{L-n+s}=L-n+1

=L/d—n+i+(d—1)L/d
while for ¢ > n

{L-n+i}=-n+y;

from which it follows that for n=1,...,L/d -1

_Jéwsa-—ntyiy forin
A{L—n+i} = {¢(—-n+i) for i > n. (12)

Hence, R(4) is orthogonal, iff

L/d
Y bir-ntiybi =0 forn=1,...,L/d—1

t=1 .
where ¢(1_n4;) is given by (12). Rewriting these (L/d —1) equations in matrix
form gives the required result.
(b) Let ¢ have the form (4) with L/d > 2. The proof of this case is similar to
the above proof, the only difference being the added complication of the alternating

signs.
As in the proof of (a), R(¢) is orthogonal iff

L/d
E¢i¢{L_n+1} =0 forn=1,...,L/d—1. (13)

t=1
In this case however

o (-—1)4’1¢(L/d—- n+1t)= _¢(L/d—n+i) fori<n
¢{L—n+t} '—{ ¢(-—n+£) for i > n. (14)

Rewriting the equations in (13) in matrix form using (14) yields the required result.
(c) A non-zero solution to both (10) and (11) is obtained by putting a; = 1 and

~.

az =--+=ar/p=0. e

B9
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Proposition 6.1.5. Let ¢ be & non-zero vector with the form (3). R(¢) cannot

~ both be orthogonal to {711',1} and have its vectors orthogonal to one another.

Proof. Let ¢ be a non-zero vector with the form (3). It may be assumed that

L
£>2.

Suppose that R(¢) is orthogonal. Then ¢ satisfies (10). Pre—multiplying
both sides of this equation with 1} yields

L/d L/d L/d i;
(Lo o 3 o) | % | =0
oom
which can be written as ,
: L/d L/d
>N ¢4 =0. (15)
i=1 j=1
’ I#s

Further suppose that R(4) is orthogonal to {711=,-1-L} . Then

L/d
Z¢i =0.
t=1

Squaring both sides of this equation yields

L/d L/d L/d
Y82+ > ¢ =0. (1)
=1 =1 ;;:

Considered jointly, equatiohs (15) and (16) imply that

L/d

D ¢i=0
t=1

which implies, in turn, that ¢ = 0 ; which contradicts ¢ being a non-zero vector.

B 10
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Proposition 6.1.8. Two rotation groups of cardinalities -;Ll— and "dL_, generated

by vectors of the form (4) and satisfying the orthogonality restrictions given by
(11), will be orthogonal to one another only if

d, + d;

—=———  is 0dd,
gcd(dl, dz)

with no further restrictions on the elements of the generators.

Proof. Let ¢ and ¢ be two vectors of the form (4) whose cardinalities are %

and ;};— respectively. Note that the elements in ¢ and ¢ are repeated after every

2311— and 221—;- elements respectively. Let

L L
m = Zcm(d—l, :i;)

where fem(, ) denotes the lowest common multiple of the two arguments. Then
- the elements in both ¢ and 3 are repeated after every 2m elements and L

must be a multiple of 2m .
The proof is divided into two parts:

(A) R(¢) and R(y) are orthogonal to each other iff
(2) XL, aifi=0 forall a€ R(¢4),B€ R(Y)
or | |

(b) ;339 is odd.

(B) Condition (a) cannot be satisfied by rotation groups which are themselves or-

thogonal.

Proof of (A). Let o and § be elements from R(¢) and R(y) respectively.

Since the elements of both o and S are repeated after every 2m elements

3

L3
Q’g_=‘2;. a;f;.

"
Il
]

B11
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Using the fact that the elements within o and S are repeated with alternate signs

after every 2’? and HL;' elements respectively, we may write

L m
! — e—— . . .
ap=, ['Zl: a;f; + 2

_ L [1 + (_1)(’"/L)(d1+dn)] . Zaiﬂi

2m £
=1

m

(7)™ Pg (-1)’""”/")&-}
; ,

Using the result that
L L L

(T &) = gedidr d3)

it follows that

m dy + d;
Md =1 ra
g Gtd) = e

and (A) follows directly.

Proof of (B). Suppose that condition (9) holds and that R(¢) and R(y) are
orthogonal to one another. Let a and 8 be arbitrary vectors in R(¢) and R(y)
respectively. In order to work with (a) we need to determine the first m elements

of & and . For n=0,1,...,(EIfl——1),

e 0 _I,
=440 (Iw/dx)—n 0 )

¢1
éL/d,
so that the first m elements of R"™¢ are given by

¢1

; 0 -1,
A(m(di/ny) ® ( Igjay-n O ) (17)

oL/d,
Similarly the first m elemeﬁts of R™¢ are given by

0 I Y1

A o :

Bm@a/en ® (Iw/d,)—n 0 ) :
] © ¢L/d2

Using (17) and (18) the condition (a) can be written as

(A¢m(di/zy) ® A)'(A(m(a, /1)) ® B) =0 (19)

B 12
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where
é1 —éL/4, ver —2
a=| * P 9
¢L'/d1 ¢(L}d1)-—1 ‘e .¢1
Y1 ~Yr/d, .. —YP2
B Y2 1 oo —Y3

Yi/d,  Y(L/d)-1 --- 1
Pre-multiplying both sides of (19) with

(r/dys bL/di)—11---1%1)

and post-multiplying both sides with

(YL/da> V(2 /dz)—15---¥1)’

yields, using Lemma 6.1.4(b),

0 , 0
(A(m(dlll)) ® 0 ) (A(m(d,/z,)) ® 0 ) =0 withej,c2 >0. (20)
C1 ' €2

The ith vector (¢ =1,2) on the left side of (20) has non-zero elements only in every
position which is a multiple of L/d; . The first position at which both have non-zero
elements is thus at the mth position. Thus, since the last element in A(m(d: /L))

(f=1,2) is 1 and not -1, (20) reads as
b162 =0 withe,e2>0

which demonstrates the required contradi}\tion. °

¥

B 13
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Proposition 6.1.7. The maximum number of vectors available for simultaneous
inclusion in a rotation invariant model basis is less than or equal L with equality

holding only if L = 2™ for some natural number m .

Proof. L is taken to be even. Let the prime decomposition of L be
2™ Pt .. PR

where the P; are distinct odd primes and m and the m; are positive integers.

Any even divisor of L is then of the form
2" Pyt P*

where 1<n<m and 0<n;<m; for t=1,...,k, and gives rise to a rotation

group of cardinality

L
2nP1"-1 e P:k ° (21)

From proposition 6.1.6 it is known that two rotation groups of the same cardi-
nality cannot appear in the same rotation invariant basis, and hence we can restrict
attention to rotation groups of distinct cardinalities. For each fixed n , let C(n)
denote the set of (distinct) cardinalities of the form (21) obtained by varying the
n; (¢=1,...,k) . We show that o

(A) for each n only one of the rotation groups with cardinalities in C/(n) may be
included in any model basis. For each n , the natural choice for this rotation
group is that with the largest cardinality, i.e. with cardinality that of the

largest element in C(n) , namely L/ 2" .
We then show that

(B) the set of rotation groups'of cardinality L/2™.for n = 1,...,m can coexist
in the same basis. |

This means that, including %_I_L , the maximum number of vectors available

N

B 14
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for simultaneous inclusion in a rotation invariant basis, is

1
1+ L Z 7n
n=1
- 1
=L+(1-P™...P™)
and the proposition follows directly.
Proof of A. Fix n. Let L/d; and L/d; be two elements of C(n),so that
dy =2"P] ... Pt
dy =2"P{t ... PP

for some r;,s;; 1<r;,8;<m; for t=1,...k. Then
ged(dy,dz) = 2"P1t1 “ee P,:" where t; = min(r;, s;)

and :
d, +d, _ pri—t,
ged(dy, d) 1

In (22) each of the P; is odd. Now any positive power of an odd number is odd and

.. .p,:k—‘k + P .. .P:k—tk 4 (22)

the product of two odd numbers is odd. Thus the two terms on the left side of (22)
are both odd; and their sum is even. Thus by proposition 6.1.6 the corresponding

rotation groups cannot appear simultaneously in any model basis.

Proof of B. Consider two rotation groups of cardinality L/2™ and L/2" .
Suppose that n; > n2 . Then ' '

. 271.1 + 271.2

T —gm-m oy
ged(2m1,2n2) +

- which is odd, so that by proposition 6.1.6 the associated rotation groups will be

orthogonal to each other and thus can be placed in the same model basis. e
N

B 15
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Proposition 6.1.8. Let L =2™ and let
a
¢=Asm-. ® : forsomes, 0<s<m-1.
ags

(2) For s =0 and 1; R(¢) is orthogonal.

(b) For s=2,...,m—1; R(¢) is orthogonal iff

—age a) as cee age_1 ai

—Q2s_ —ays a; cen ) ags_2 as
. =0 (23)

_a%2.+2 —a%2,+3 —a%2.+4 P _a_;_20+1 ans

which is a consistent system.

Proof. (a) For s =0, ¢ = Azm which has cardinality 1, so that R(9) is
(trivially) orthogonal. For s =1 '

¢=Aom ® (Zl) for some a;,a; € R
- 2
which has cardinality 2, and

§ B = Wynes © (a1,0)) (430 © ()
= 2""1(—a;a; + a;a3)
=0
so that R(¢) is orthogonal.

(b) Let 2<s<m—1. From the proof of lemma 6.1.5, R(4) is orthogonal iff
¢'R"¢=0 forn=1,...,2° - 1.

We begin by showing that the first 1 52° of these constraints are sufficient - in the '_
sense that the remaining constraints are Just repetitions of these.

Let n satisfy

%2’57152’—1.

B 16
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Then n can be written as

2° —m where 1$m$%2°

and .
¢'R"¢ = ¢'R¥~™¢ = ¢/(R™)'(R*"g).

By the construction of R?* ¢ =—¢. Thus

R"$=—¢/(R")'¢
the left side of which, by a well known property of quadratic forms can be written
as —¢'R™¢ . Thus for n=12°,...,2° -1
¢'R"$ = —¢'R™$ forsomem, 1<m< ;‘-2’,‘

and R(¢) is orthogonal iff

1
¢'R"¢ =0 forn=1,...,22".

]

Now show that the last of these equations is redundant: for n = -;—2“
¢IRn¢ — ¢IR2'-—§-2‘¢
=—¢'R#*'¢=—¢'R"¢
which implies that
Thus R(¢) is orthogonal iff
Q'R"_q_S:O forn=1,...,%2‘—1, (24)

Using an argument similar to.that given in the proof of Lemma 6.1.5, the system

(24) can be written in matrix form as (23). e

B17



APPENDIX C
RESULTS IN SECTION 6.3

Theorem 6.3. 1. The pairwise modelhng procedure is rotation 1nvar1ant iff the
basis' & is sucH that

(A) forall'm (1 <n< L) andforall g€ {1,...,3(L - 1)} , there exists an
re{1,...,4(L-1)} such that

¢i,2r¢j,'2r + <lsi,2r+1¢j,2r+1
= (Rnfzq)i (R"qu)_,- + (R"¢2q+1) (R"¢2q+1) ; for all ¢, 7.

Proof. Put § = {1,...,3(L — 1)} . By an argument similar to that used in the
proof of Theorem 6.1.1, it can be shown that rotation invariance of the pairwise

modelling procedure is equivalent to

(B) for all n and for all ¢ € S, there exists an r € S, such that

(8, P)R"$, + (4" +1_)R"¢2 N

= (¢3,R"P)¢, + ( R"P)¢

!
¢, g+1 Z2q+1

for all vectors of sample proportions P .

Suppose that the pairwise modelling procedure is rotation invariant so that (B)

holds. Pre-multiplying the expression in (B) by P’R~" throughout, gives
2 _ 2
(8, 2)* + (&, ,P)? = (&, R"P)? + (8, , R"P)’
Expanding each of the terms in this equation, using the fact that
(¢, R"P) = (RE~"g Y'P

¥

gives . o
Z:Xi{di,2rd5,2r + bi,2r+185,2r+1} Pi P

BB {(RE, )i (RE, )5 + (R"g, )i (RE"4, )PP,

N
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Appendiz C

Since this holds for all P and since (L —n) transverses {1,...,L} as n runs

from 1to L, (A) follows.
For the reverse implication, suppose that (A) holds. Then

(C)forall n (1<n<L) andforall g€ S, there exists an r € S such that

bi,2r05,2r + Di2r 41052041

= (R4, )i (RF"4, )5+ (RE"g, )i (RE"g, )5 foralli, s
In this equation multiply through by P; and then sum over all 3 , to get for all j
(Zi@i,2r Pi) bj2r + (Bitbis2r+1P5) b5 2041
= (B(RV", )iP) (RE "8, ); + (S(R¥""4,  )iP) (RF"4, );
which, in turn, implies, that
/ /
(22;-2)221- + (22r+1£)_¢i2r+1

= (é;anf-)RL—n_é2q + (¢/

L—
_.2q+1}2"’-B')}2 "'¢

—2q+1°

Multiplying this equation through by R™ yields (B). o

Multiplication of elements in %2

Let o = (a3502) and B = (B;;82) be two elements in R2. Then the
definition of the product of « and S is

aff = (161 — azfz; a1p1 + azf).

-One has that
leB| = |||8]

and

Arg(aB) = Arga + Arg B + 2kn  for some integer k.

(The definition of Arg is given in Section 3 just below proposition 6.3.2.)
- B N \

Proposition 6.3.2. A basis & (whose elements have been formed into the pairs
2ziq as in (6.3.4)) is pairwise rotation invariant iff

N
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Appendiz C

(D) for each ¢=1,...,3(L—1) there exists an o € R?, la] =1 such that

azZiqg = Z{,‘_*_l},q for: = 1,...,L.

Proof. Let 2;;, be written in terms of its poldr co-ordinates as in (6.3.6), i.e.

Ziqg = (#i,2¢5 bi,29+1)

5 :
= ‘/E(cos Arg z4; sin Arg z,-q). _

Suppose that & is pairwise rotation invariant. From the definition and the proof
of Theorem 6.3.1, for each ¢ and n

$i,2¢ D5,2¢ T+ bi2q+1 5,2+1

= ¢{i+n},2q ¢{j+n},2q + ¢{i+n},2q+1 ¢{j+n},2q+1 for all ¢, 5. |
For each ¢ and n this equation can be re-expressed in terms of the polar co-.
ordinates of 2;, and Z{it+n},q - Using the fact that for any two angles 6; and

02

cos(f; — 02) = cos b, cos B, + sin 8, siﬁ 6, (25)

the resulting equation simplifies to

‘cos(Arg ziy — Arg z;4) = cos(Arg 2{i4n},q — AT€ 2{j1n} ) foralli,j. (26)

Now consider three points Zig; Z{i+1},¢ and 2z(;;2}, Which all lie on the same
circle. There will always exist a,8 € %2, |o| = |8] =1 such that
QZig = Z{i+1},q |
Bz(it1},q = Z{i+2},q-
Using standard proportions of multiplication in R2, it follows from these two

equations that

cos(Arg Zjg — A1g 2(i11},4) = tos (Arga) -

and

cos(Arg 211}, — Arg 2(i12),q) = cos(Arg B).

C3
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From (25) it then follows that Afga = Arg f which means that a = . Hence
there exists a single element of ®% which will take you from any z;; to the next

one, and (D) is proved.

For the reverse implication, note that from (D) it follows for all ¢ and j
|Arg z;y — Arg zjg| = |i — j|Arg @ + k27 for some integer k

which clearly implies that (26) holds for all n, (which is equivalent to the basis

being pairwise rotation invariant). e

~ Lemma 6.3.8. A basis & is pairwise rotation invariant iff for ¢ =1, ..., 3(L-1)

(E) Argzig={a({—1)+b}3" fori=1,...,L for some a,beR.

Proof. Suppose that the basis is pairwise rotation invariant. Then (D) of the

previous proposition holds. Let @ and b be chosen such that

2 2
Arga = a—z, Arg z;y = b-g with0<a,b < L.

L
From (D)
Arg z(i11),q = Arg zig + Arga + k27 for some integer k
27
= Arg z;q + a?g + k2m. 2
This is used to prove (E) by induction. For ¢ =1, it follows from (27) that
Argzyg = (a + b)gg- + k2n
Ty 2T
For 1 <1< L suppose that’
. 2m
Argzio ={a(i —1) + b}f (28)
Then from (27) and (28) it follows that
B 27 2 |
Argzgiiy,g ={a(i 1) + b}-fﬂ- + a% + k27

. 27
= {a.z + b}'z— .
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Hence (E) follows by the induction principle.

Now consider the reverse implication. Suppose that (E) holds. We show that
the basis is pairwise rotation invariant by showing that (D) holds. To prove (D) we

demonstrate the existence of an o with the required properties. Put

2 2
o = (cos a—;sin a—).

L L

Then clearly |a| =1 . Furthermore from (E) it follows that for ¢ =1, ... L

Arg (azy) = a?g + {a(s - 1) + b}?]_jr + k2w
2
= {ai + 0T
{ai + }L
= ATg 2(it1),q-

In addition, since all the z;; (¢=1,...,L) have equal length and since lej =1,

lezig| (= l2ig]) = |2(i41),4]-

That is, az;; and Z{i+1},¢ have the same argument and the same length; hence

they are equal. i.e. || =1 and @zg =2z{41),q for i=1,...,L. o

Lemma 6.3.4. For all a,be R

[cos((ai + b)%’r); sin((ai + b)ng)} s

27 27
~ |cos(ai—); sin(ai—)}
[ ( L L 1=0,...,L

1=0,...,L—1

| Proof. Put

T(a,b) = {cos((ai + b)2L—7r) - cos((aj + b)%)}
+ {sin((ai + b)2T) . sin((ag + b) 7).
A L
It is sufficient to show that for all a,b € R that T(a,b) = T'(a,0) . This follows

 immediately from (25). .

N
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Lemma 6.8.5. Let 0 <a< L . Then the two conditions

(1) cos(aiﬁr—) =0
, L
=0
L-1 o

(I1) sin(at—) =0
1=0 L

are satisfied simultaneously iff a € {1,...,L —1}.

Proof. From the list of identities given in Bloomfield (1976, p15) one can establish
that for 0<a< L:

L—-1
Z cos(a.z'-z—?r) — { cos(Lzlar)(sinar)/sin(a ) Provided a#0
L ifa=0

L-1
: L— M . [ d .
Z sin(a.z'z—?r) - {sm(-—.L Lar)(sinam)/sin(a L) Provided a#0
L 0 if a = 0.

=0

It follows that (I) holds if
3
‘ae{l,...,L—l} or @a=—+———_- or a,—_-.—.2_

while (II) holds if

L
a€{a,...,L -1} or ¢=—

Thus (I) and (II) are satisfied simultaneously iff

ac{l,...,L—1}. o
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