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ABSTRACT

Classical terrestrial <(horizontal and vertical) networks and
Doppler satellite derived networks are combined in a three
dimensional transformation adjustment by solving for the
external bias parameters using any of the three standard
seven parameter similarity transformation models, namely the

Bursa, Molodensky and Veis models.

The object of this combination may be Merely to merge the
systems or networks, buﬁ may additionally involve an attempt
to assign physical meaning to the estimated bias parameters.
These two aspects, and the influence of the a priori
Variance—Covariance matrix of the observables on the
parameters and their interpretation is studied in detail.
i

An in—depth conceptual, mathematical and numerical
comparative assessment of the three standard models is made.
The homogeneity of the classical terrestrial South African
networks is investigated by comparing the transformation
parameter sets derived for different regions and sub-regions

of the country.
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CHAPTER_ 1

INTRODUCTION

1.1 STATEMENT OF THE FROBLEM

One of the major goals of Geodesy is the establishment and

maintenance of national and global one-, two— and three
dimensional geodetic control networks on land. These
geodetic networks are used for absolute and relative

positioning on land, at sea and in space.

In practice we may have networks of different kinds covering
the same area. For various reasans it may be desirable to
exploit the strength of each kind of network by merging them

together.

Two types of networks are considered in this report. These
are the classical terrestrial networks and the satellite
Doppler networks which exist in South Africa. After
studying the characteristics of each type, the advantages of
combining satellite Doppler networks with the classical

terrestrial networks can be clearly stated as follows:

Satellite networks are a source of independent, homogeneous
data and can be used to strengthen existing ciassical
networks, and to provide new control in areas where such
does not exist, eg. in °‘gaps’ in the terrestrial network.

The satellite networks are homogeneous and can therefore be

used to control or model and remove the effects of
systematic errors that exist in classical terrestrial
networks. Satellite networks represent their geocentric

datums to a very high degree of accuracy, and as such can be
used both for positioning a new terrestrial datum and for

relating various existing terrestrial datums.



Now, since the coordinates of network points wusually come
from different sources, the individual networks may refer to
different systems or datums. This is certainly true for
classical terrestrial and satellite networks. In order to
use the data from one network as observables in another, one
may use only that data which is invariant of the coordinate
system (ie. spatial angles and spatial distances), DE> the
datum differences must be model led (Thomson, 1976).
However, since the individual networks are usually computed
separately, the coordinates of the network points of each
network are generally available. In order to use these
coordiriates, the datum differences must then be modelled.
i1t may therefore be neccessary to do various transformations
in order to merge or combine the systems or datums. The
opinions of researchers differ regarding the ‘best’ methods.

for achieving this merger.

A number of methods for achieving this merger have been
described in the 1literature. Each of these Hiave been
developed with specific objectives in mind, and differ
greatly in many resﬁects. Some of these are the a priori
assumptions regarding the state of the data and the
coordinate systems involved, the number of data- points
available, the number and types of parameters involved and
their physical or geometrical interpretation, if any. For
the purposes of this report, these combination methods have
been divided into two main groups. The first are those
which have clear geometrical meaning, and the second those
that do not. The selection of a particular method will in

general depend on the specific'objectives of the user, and

therefore the ‘best’ method of merging two systems is
subject to this qualification. The grodiem thern w8 one of
Feading o methed of combiming the terrestrial oaond Deopgler

sateliite networks which i1s suittadle for Soulth Africa.



1.2 OBJECTIVES OF THIS STUDY

A number of methods for merging three dimensional geadetic
networks are considered. The main features and uses of
each are studied and summarised in Tables 2.1 & 2.2 at the
end of CHAFTER 2. Three of the “"geometric" models are
selected for detailed study to determine their usefulness
and applicability for the combination of the terrestrial and
satellite geodetic networks in South Africa. These three
models are evaluated numerically using real data for this

country.

It should be pointed out that this part of the study has twso
important aspects which need consideration. The f:rst 1is
the attempt to recover the actual (real) external bias
parameters of the terrestrial geodetic system and network

with respect to the satellite or Conventional Terrestrial

(CT) system. These are the overall average position,
orientation and scale as determined from a combined
adjustment using a geometric 7—-parameter conformal
transformation. This process whereby two networks are

combined through the estimation of such bias parameters in a
least squares adjustment, i1is called a transformation
adjustment (Harvey, 1985, 1986). It is therefore
attempted to assign real physical meaning to the estimated

parameters from such a transformation adjustment.

The wuse of different models for the transformation
adjustment leads to the estimation of parameters that are
sometimes fundamentally different. This fact must
obviously be appreciated to avoid an improper comparison of
pairameter sets, and to avoid assigning false meanings to

such estimated parameters.



It is stated at the outsst that,  in this report., the
classical terrestrial geodetic network is viewed as
distictly separate but intricately connected with the datum
on which it is based. With this view in mind, it is clear
that a distinction must be made between the datum and
network bias parameters. This is done through the QSE of a
weight model or variance—covariance (VCV) matrix of the
observations designed to reflect the uncertainty of the
network coordinates in representing physical reality, and
thus the datum on which the network 1is supposedly based.
The use of this VCV matrix leads to the recovery of what are
termed here "datum transformation parameters", whilst the
use of the identity matrix I as the VCV wmatrix of the
observations leads to the "network transformation

parameters”.

When the parameters are assigned physical meaning, these
then represent the overall average position, orientation and
scale ot 1he geodetic datum (or system) and geodetic network

with respect to the satellite or CT system.

The second aspect concerns the merging or combination of
the two networks, without any attempt to assign any meaning
(physical aor geometrical) to the resulting parameters.
This set of parameters is simply used to achieve the

neccessary merging through transformation.
These two aspects will be considered in this report.

The homogeneity of the data used here is investigated tor
two malin Feasons. The first concerns the attempt to model
the residuals to the observables, as resulting from the
transformation adjustment procedure, by an algebraic
polynomial. The second reason is to demonstrate that the

gecdetic network is not homogeneous enough to justify the



use of only one national set of transformation parameters
when seeking the best possible transformation accuracy.

The use of regional sets of parameters is investigated.

A number of conclusions and recommendations resulted from

this study and are presented in CHAPTER &4.



CHAFTER_Z

2.1  REFERENCE_COORDINATE_SYSTEMS_AND_FRAMES —_GENERAL

A great many problems encountered in the earth sciences and
especially in geodynamics depend on the spatial relationship
of points and their temporal variations. These problems
can conveniently be sclved (at lsast partially) by the use
of a well-defined reference system (Veis,1981, Mueller,
1285). In mathematics we work with abstract spaces,
whereas in geodesy we work with physical space in  which
there are physical obj=.v3 (which imply the physical space}
and in which we can take our measurements. Further, as
expressed by Vanicek (1973):

DEF SN
EA )
Ea

™

ge ghysical cbjects become geometrrical objects ... SGRCE
we transfer ouwr protlems from the ghysical space to  the

abstract space.”

We shall assume that both the physical and abstract spaces
we deal with here are Euclidean, in which a Cartesian
reference coordinate frame with straight and mutually
orthogonal coordinate axes can be defined (Vanicek,1973).
Three mutually orthogonal unit vectors define a triad
{Veis,1981). Such a triad will be called a reference frame
(or datum) and the distances from the three uwunit vectors,
the Cartesian coordinates. Various forms of curvilinear
coordinates are also used in astronomy and geodesy, some of

which will be discussed later.



2.1.1 Definition_pf a_reference_system

Once we have selected a reference frame, and the form or
type of coordinates to be used, we need "to do two more
things before we can refer coordinates of objects to the

reference frame.

Firstiv, one has to define in detail the mod=1 that is to be
used in the relationship bztween the basic reference frame
and its coordinates.. This model must include the
description of the physical environment into which the
reference frame is to be introduced, as well as the theories
used {(including the neccessary measurements, corrections
and reductions to these, mathematical relations and
computations) in the definition of the coordinates
(Mueller, 1985). The model may therefore involve physical
laws, accepted theories and parameters. A model as

described above constitutes a conventional reference system.

|'l,\..

econdly, although the reference system and its coordinates

Q

are now completely defined, it must now be realized or
materialized, so as to make the system available to its
users. This is =& cohplicated operation. It is usually
done by assigning conventionally chosen ar derived
coordinates (parameters) to a number of stars or
triangulation points. It is the catalogue of these
selected stars or points and their coordinates that

practically realizes gr materializes the system.

A reference system and the associated frame are abstract
concepts and are thus introduced 1in space (physical or
abstract) by definition as mentioned above. This
considerable freedom in the choice of the position and
aorientation of the referehce frams, and the form of
coordinates tﬁ be wused allows for the selection of &

reference system so as to optimice its use (Veis,1981).
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2.1.2 Determination_of nominal coordinates

There are two methods of determining the nominal coordinates
of the basic set of contreol points, namely the geometric and

dynamic methods.

om

Loy
T
I't|

tric Cstatic’ method: The reference systems that have
traditionally been used in astronomy and geodesy were based
on simple Euclidean geometry. Angular and (some) distance
measurements were made between a selected set of points, and
by a process involving reductions and adjustments, nominal

coordinates for these selected points were obtained.

Dyvnamic method: Instead of using a geometric (static)
method to determine nominal coordinates of selected points,
one could use a moving object, such as an artificial earth
satellite, the motion of which, expressed in some reference
frame, is considered precisely known (Veis, 1981). Such a
dynamic reference system 1s very complex to definé, since
the theory and computations used are very complicated
indeed,. and a very large nﬁmber of parameters need to be
known (mainly in ordqr to model the earth’s gravity field).
However, this dywnamic satelizte method for defining a
reference system has tws distinct advantages (Veis, 1%981).
Firstly, it qives positions expressed in a dynamically

v

defined (almost) inertial reference system, and csecondiy,

0

the reference frame can be geocentric to a very high degree

of accuracy.

2.1.3 Internal _consistency of_a_reference_system

The internal consistency of a reference system depends on
the accuracy of the measurements and the correctness of the
reductions applied to them. on the completeness of the
theories used and the correctness of the constants, and on
the precision of the computations. As stated by Veils

(1981):



“Cnordinates derive from twe differsnt reference sysiems
will not agree if the measurements, the theortes ‘and the
computations are nelt consistent. In order to relats two
reference systems, it_is neccessary to Find the relation
between the two theories and constants, the twe seis of
cbservations Cand thesr corrections? ané the two

computations wsed for their definmition,”

The inter—-comparison between and combination of
geometrically derived aeodetic reference systems and
dynamically derived (satellite) reference systems forms the
major theme of this report and will be discussed 1in more

specific detail later.

2.1.4 Coordinates. coordinate lines. coordinate surfaces,

families_of coordinate_svstems_and_inter—-transformations

Coordinate frames have associated' coordinate lines and
surfaces, tae first being lines on which two of the three
coordinates remain constant, and the latter being surfaces
on which one of the coordinates remain constant.  If the
constant coordinate(s) equal zero, then we :have the basic
reference coordinate line(s) or axes, and surfaces. One

can use not onlvy cartesian coaordinates but also a variety of

curvilinear coordinates.

A family of co—axial svstems mav consist of one cartesian
system and one or more curvilinear systems such that the
systems share not onlv the zero ooint (B6.8.8) or origin of
coordinates, but also the basic coordinate 1lines of the
curvilinear svystems would lie in  the basic coordinate
surfaces of the Cartesian system (Vanicek,1973). an”
example of this would be a co—axial spherical, ellipsoidal
and cartesian svstem. When cansiderihg transformations of

coordinates within one familv. we can in general express the

curvilinear coordinates (U v.w) as ' functions of the
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cartesian coordinates, by transformation equations such as
U = U(Hya¥YaZ) 3 VvV = v(H,¥Y.2Z) ! W = w(x,¥y.z), where these
equations may have simple explicit solutions. or they may be

iterative.

When cansidering inter—familv transformations, we can assume
that each family can be represented by its cartesian
system. If the relative position and orientation of the
two reference frames are known, the transfaormation reduces
to a simple matrix operation as shown below. It is well
known that any two cartesian systems [XYZ]1 and [XYZ]2 are

related by the following transformation equation:

[xvz1? = [xvZ1] + R (s IR, (s IR (e ).[XYZI]
where [XYZ]: are the coordinates of the origin [8,8,8] of

system 1 in the frame of svstem 2, Rﬁ(gz). Re(ay) and Rl(ax)

z

are the three well known rotation mAatrices and = 1€ 06

are the three rotation angles awvout the Z,Y,X axes of

system 1 respectively.

In general, we assume that the scale of all the systems
within one family are the same, but that it may vary between
families, so that we may have to introduce a scale factor as
(1+k), where k is the scale difference from unity, into the

transformation equation.

Hence we obtain the well known 7-parameter similarity

{conformal) transformation:
[XYZ1] = [XYZ1] + (1+k) R,(z_JR, (s )R, (s ).[XYZ1]
Now if we are to transform curvilinear coordinates from one

family into another. sav A to B. then we proceed naturally

as follows: (uvw),  +  (XYZ), & (XYZ)_ 4+ (uvw),
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2

2 FOSITIONING

Fosition determination can be either absolute or relative.

2.2.1 Absolute positioning

Absolute position determination or point positioning as it
is also called, is the determination of the position of a

point on land, at sea and in space with respect to some
implied coaordinate frame. Observations are made to extra-
terrestrial objects, being known points, eg. stars, the

moon or artificial earth satellites. and the positiuh of
such points are computed from these known coordinates and

the observations.

Since the positions of the stars, moon, artificial earth
satellites and points on the earth are involved, there is a
need for three distinct classes of reference coordinate

systeins.

[ad I - g
i . ret

rence systems that are earth—fixed., revolve

A
1)

stre

11}

rr

bl

around the sun and spin with the earth on its axis, are used
for expressing the locations of points on the surface of the

earth.

& -tems may revolve but do not spin with

-—

legtia

i)
mh
b (3

referamnce &y

1)

the earth, and are used for expressing the positions of

stars.

Ordital reference systems, nominallv aeocentric, revolve but
do not spin with the earth. and are used for expressing the

positions of artificial earth satellites.

The effects of time deformations of the earth are not

considered for the purposes of this report.
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2.2.2 Relative positioning

Relative positioninag is the determination of the position of
one point with respect to another. Observations or
measurements are made either directlv between the two points
involved, or from the two points to extra—terrestrial
objects such as artificial earth satellites. Relative
positions of points can be expressed in three-, two- or one
dimensions, the choice of which depends on the Hpurpose of

such positioning and the nature of the observations.

Fositions of points., both absolute and relative, may be
expressed in anvy number of related reference systems, where
the relations may or may not be known a priori. The
transformations of coordinates from one system +to another
and the estimation of unknown transformation parameters

between systems will be treated later.

-3 Expressinag positions of_ terrestrial points

The position of a point on the surface of the earth, at sea
or in space can be represented in a number of ways. The
conventional systems Qsed are either natural (astronomic) or
geometric (geodetic) (Muesller, 1974). The matural
coordinates are defined in terms of some physical properties
of the earth, eq. earth rotation. geopotential surfaces and
gravitvy. These natural coordinates are the astronomic
latitude ($#), astronomic lonaitude (A)., and orthometric
(mean sea level) height. (H”). They are determined from
‘natural’ aobservations namely astronamic, gravimetric and
od

spirit levellina. The geowmetric t¢c> coordinates, on

oty
b
o
T

the other hand. are the aeodetic latitude (&), the geodetic
longitude (X\). and the ellipsgidal height (h}. They are
referenced toc & rotational ellipsoid of arbitrary size,
shape., position and orientation, and are determined from

geometric abservations (distances.directions).
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2.3 REFERENCE COORDINATE SYSTEMS

2.3.1 Terrestrial svstems
2.3.1.1 Conventional Terrestrial (CT) system (See
Figures 2.1 & 2.2). The Conventional Terrestrial system

is the closest approximation to the natural geocentric
system. The term "natural’ implies a system dictated by
some physical properties of the earth and is independent of
any subjective preferences. The geocentric natural system
is cartesian, right-handed and its axes coincide with the
axes of the principal ellipsoid of inertia (Vanicek and

Krakiwsky, 1982).

The CT system is by definition cartesian, geocentric,
right—-handed, its ZcT—axis points to the Conventional
International Origin or CI0O (defined as the mean position of
the instantaneocus pole during the period 1900-19853), the
XZCT—plane contains the Mean Greenwich Observatory and the
YDT-axis completes the right-handed system.

2.3.1.2 Local Astronomic_(LA) system (See Fig 2.1).

This i1s the natural. topocentric (ie. the origin is &t the
surface aobservation point ) system in which observations are
made. The negative an_aXiS is defined by the local
gravity wvector., and toagether with =& parallel ¢tao the
conventional rotation axis (ZCT—axis) of the earth, they
define the XZL&—plane. The XLS—axis thus points to the
conventional astronomic north, and YLﬂ—axis to conventional
astronomic east, completing the lefthanded system. The
natursl angular astronomic observations are the astronomic

azimuth, (4), the vertical angle, (V). and the zenith

distance, (Z).
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Figure 2.1 Conventional Terrestrial (CT) and
Local Astronomical (LA) systems

(after Vanicek and Krakiwsky, 1986)
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Figure 2.2  Instantaneous Terrestrial (IT) and
Conventional Terrestrial (CT) systems

(after Vanicek and Krakiwsky, 1986)
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2.3.1.3 Instantaneous _Terrestrial (IT) system. (See

Lem ot m

~

Figure 2.2) The instantaneous terrestrial system differs
from the CT system only in that the ZIT—axis coincides with
the instantaneous rotation axis of the earth and not the

conventional rotation axis. Thus the ZIT—axis wobbles

around the ZCT—axis. this motion being described by the

parameters of polar mmotion as xp.yp in angular units

(Vanicek and Krakiwsky, 1982). Note that the X and

T

YIT—axes obviously then do not coincide with the equivalent
CT-axes, and the XZIT—Dlane contains the instantaneous (ie.

true) Greenwich meridian plane.

2.3.1.4 Geodetic_ (G) svstem: (See Fig 2.3). The

geodetic system or family comprises a co-—-axial right—handed

cartesian and curvilinear system. The curvilinear system
is ellipsoidal and thus referenced to a rotational
ellipsoid. The position of a point may be expressed in

either geodetic cartesian (xvz) or ogeodetic ellipsoidal
(t¢,»,h) coordinates. The location and orientation of &
geodetic svgtem. beina a mathematical (qeometrical) system,
as opposed to a natural system, is arbitréry and may be
located and oriented so as to optimise its use as mentioned
before. However, it is generally approximately geocentric
(to a few hundreds of metres), and oriented so as to be very

nearly aligned (parallel} with the CT-system.

2.2.1.5 Local Geodetic (LG) system {(See Fig 2.3}

The system is topocentric. the ZLG—axis is the outward

ellipsoidal normal passing through the topocentric point F,

and together with the minor axis (ZG—axiS) of the
ellipsaid defines the XZLG—plane, and the YLG—axis
completes the left—handed system. The XLﬁ—axis thus points

to geodetic north and the YLG—axis to geodetic east.
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Figure 2.3 Geodetic (G) and Local Geodetic (LG) systems

(after Vanicek and Krakiwsky, 1986)



18

Note that this system is mathematical (geometrical), and not
natural. By analogy to the natural astronomical
observables, one may define the geodetic (geometric)
quantities namely the azimuth (o), vertical angle (V°), and

zenith distance (Z°).

2.3.2 Celestial systems

Fundamental to the definition of all celestial systems is
the concept of the celestial sphere (Vanicek & Krakiwsky,
1982). All - these systems will be considered spherical, and
the position of a star on the celestial sphere is specified

uniquely by two angles.

The Right Ascension (RA) systém is the most important
celestial system. The coordinates of stars expressed in
this system are the angles right ascension (o and

declination (8.

Suffice it to say here that there are various versions of
the basic RA system, the most important for surveyors and
geodesists being the Apparent Place RA system (AP). This
system provides the 1link between the celestial (stars),.
orbital (satellites) and terrestrial reference systems and
coordinates of stars in this system are évailable directly
from the catalogue for the Apparent Places of Fundamental

Stars (APFS).

2.3.2.1 Apparent Place Right Ascension_system_(AF).

(5ee Figures 2.4, 2.5A) This celestial system is
geocentric, the ZAP—axis coincides with the instantaneoué
rotation axis of the earth, the XAP—axis points to the
vernal equinox,band the YAP—axis completes the right—handed
system. It should therefore be obvious that, since the
Z,.,— and ZIT~axes coincide, the only difference between
these systems is a rotation angle around the common Z-—axis.
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This angle between the XZAP- and XZIT-planes is known as
Greenwich Apparent Sidereal Time (GAST), and is practically
obtained from Universal Time (UT) by applying a few

reductions.

Astronomic observations are made in the topocentric LA
system at the observation point. These observations are
transformed to the AP system in which the coordinates (ad,é8)
of the stars are given. The mathematical models fDFv'pDint
pasitioning are then formulated in this system and the
coordinates df the observation station obtained by their

solution.

The astronomié position of a point on the celestial sphere
"is defined by two angles, the astronomic latitude, &, and
astronomic lohgitude, A The XZLA—plane defines the 1laocal
astronomic meridian plane of the topocentric observation
point. The astronomic latitude, ¢, of a point is defined.
as the angle, measured 1in the 1local astronomic meridian
plane, between the extension of the local gravity vector and
the mean astronomical equator. The astronomical latitude
is defined positive north and negative south uflthe equator.
The XZCT—plane (defined as containing the mean Greenwich
observatory) is the Greenwich Mean Astronomical Meridian
plane. The astronomic longitude is defined as the angle
between the Greenwich Mean Astronomical Meridian plane and
the 1local astronomic meridian plane,. measured positive
eastwards, from the mean Greenwich meridian, in the plane of

the mean astronomical equator.

Note that the 1local astronomical meridian plane of the
Dbsefver contains both the 1local gravity vector and a
parallel to the conventional rotation axis, but does not in

general contain the geocentre (Vanicek & Krakiwsky, 1982).
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2.3.3 The ORbital system (OR) (See Figures 2.5, 2.5A)
This system is used for expressing the position of orbiting
artificial earth satellites. Such satellites move in
nearly plane, elliptical orbits around the earth, the
geocentre Df.whicﬁ is located at one aof the foci of the
ellipse. This orbital ellipse can be viewed in the first
approximatioh as describing exactly Keplerian motion. Any‘
perturbations of this motion are thén tfeated as temporal

variations of the parameters which describe such  Keplerian

motion.

The orbital ellipse is specified in size and éhape by two
parameters, the sehi—major axis (a) and the eccentricity
(e). The position of the satellite in the arbital ellipse
is given by #he true anomaly (f), being the angle at the
geocentre between the direction to perigee (line of apsides)
and the radius vectar to the satellite, measured
counter—-clockwise as seen from the North Celestial Fole

- (NCP) (Vanicek & Krakiwsky, 1982).

The Qrbital system (OR) is geocentric, the 'XDR—axis
coincides with the line of .apsides, positive towards thé:
perigee, the YDR—axis coincides with the direction for which
the true anomaly (f) is 9B°,vand the Zonaaxis combletes the
right—handed system. The position vector of the satellitev
can now be giVen as (Vanicek and Krakiwsky, 1982):
a.(cos.EQE)
24172

F,. = [X,¥,217 = r.[cos.f,sin.f,0]1"=|a (1-e . sin.E

OF
']

where E is the eccentric anomaly, the angle at the geometric

centre of the ellipse between the line of apsides (towards

perigee) and the line from the centre to the projectioh

point, S°, of the satellite on the concentric circle of

radius a, see Figure 2.5 (Vanicek and Krakiwsky 1982).
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Figure 2.5 One quarter of a satellite orbital ellipse

showing the ORbital (OR) system

(after Vanicek and Krakiwsky, 1986)
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The position and orientation of the orbital ellipse or
equivalently the OR-system need to be specified with respect
to the AP-system. The three angles known as the right
ascension of the ascending node (Q?), the argument of perigee
(w), and the inclination of the orbit (i), specify this

relation completely (See Figure 2.5A).

Note that the orbital ellipse does not rotate (spin) with

the earth s but is (nearly) fixed in the AP-system.

2.3.3.1 Satellite _ephemeris. Satellite point
positioning réquires both the position of the satellite and
appropriate observations from the point to be fixed. The
position of the satellite may be expressed in either
Cartesian coordinates or equivalently, in Keplerian orbital
elements. The list of coordinates expressing the position
of the satellite as a function of time constitutes the
ephemeris pertaining to that particular satellite. These
coordinates are then transformed to a terrestrial system;
usually the CT, in which the mathematical model is
formulated and the coordinates of the observation poiﬁt

computed.

2.4 GEODETIC_NETWORKS_AND_DATUMS

2.4.1  Geodetic datums

It has been shown that the shape of the earth is best
represented by a surface called the geoid. This surface is
that gravity equipotential surface which best approximates.
the (mean) sea level over the whole earth (Vanicek and
Krakiwsky, 1982). The geoid plays a fundamental role in_

positioning. ‘ Mean sea 1level 1is practically realizéd

through the use of tide gauges and as such is a first order
' 4
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approximation of the geoid. A number aof factors result in
mean sea level not beina completely coincident with the
geoid on a qlabal scale, but mean sea level is nevertheless
used as a practical realisation of the datum used for

vertical networks. namely the geoid.

e,
)
in

4 datum can bte defimed as “a real or assumed thing use«
the basis for calcutlations” (Thomson, 1976).

The geometrical shape of the earth as represented by the
geoid is for all practical purposes, closely approximated by
a rotational reference ellipsoid of a certain size and
shape. This ellipsoid is used as the datum for classical
horizontal terrestrial aeodetic networks. ERefore such a
datum can be used for computations its size and shape must
be selected to best fit a reqion 1locally or the earth
globally. Further, 1its position and orientation with
respect to some earth fixed coordinate svstem must be
specified. This task of postivontng the referemnce
eliipgeid in the earth bodvy is known as the cstabliishment

of a horigental geodetic dotum This is classically done

1 )

by making some astronomical observations at a terrestrial
initial point, and adhering to certain conditions for

ensuring parallelism of the G and CT system axes.

The datum associated with satellite geodetic networks is

treated in sectiorn 2.4.7. It is obvious that the classicael
terrestrial Ghorizowntal and vertical datums are quite
dretinctly separate emtities, The horizontal datum is a

geometrical and therefore conventional body,., the ellipsoid,
positioned and oriented by definition so as to best serve
its purpose. The vertical datum. the geoid or its first
order approximation., mean sea level. (M5L), on the other
hand, is a natural surface realized through suitable tide

gauge, gtravity or other ogbservations.
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Classically the position of a point on the surface af the
earth has been given in two dimensions as the astronomical
latitude (2) and -lonqitude (&) or the geodetic (geometric)
latitude (&) and —longitude (A). The third component, the
height has been the orthometric height (HY), ie. the
geametric height above the qgeoid or rather MSL. Each of

these refer to their respecti?e datums, of course.

To establish the link between these two rather different
types of datums, the geoidal height, N, has to be known (see
Figure 2.6). The geoidal height, at a point F on the
ellipsoid, is the geometric distance between the reference
€llipsoid and the geoid, measured along the ellipscidal
narmal through P. When the geoidal heights are known at a
sufficiently large number of points, a geoid map of the area
can be produced, showing the variation of the natural
surface, the geaid, with respect to the artificial one, the
ellipsoid. The geoid height is used to give the
ellipsoidal height (hj} as h = H'+ N {(refer to Figure 2.6).
This enables the position of & terrestrial point toc be
given in terms of its three dimensional curvilinear
geodetic coordinates as latitude. longitude, and ellipsoidal

height (d.x.h).

Note that the word ‘datuwn’ is synonymous with the term
‘reference frame’' or ‘triad’. When the surface of the
reference ellipsoid is referred to as the datum for

horizontal networks. what 1is meant of course is that it is
this surface which is used as the basis on which horizontal
ﬁetworks are computed. This surface is simply one of the
basic reference surtaces of the ellipsoid, namely that on
which the 2ilipsoidal height (h) 1s zero, in this case.
Since the geodetic (G) cartesian system is co—axial with
the ellipsoid, thesse two ’'datums’ are of course just

difterent forms of the same concept.
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Figure 2.6 Reference surfaces and heights

(after Thomson, 1976)
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2.4.2 Geodetic networks

"A geodetic network can be said to be a geametric object in
which the various network points are uniquely defined

by their coordinates” (Thomson. 1976) .

Geodetic networks may be divided into terrestrial and
satellite (space derived) networks. These networks may be
one—-, two— or three dimensional, as are the terrestrial
networks. A vertical geodetic network is one dimensional,
and a classical horizontal network, based on an ellipsoid,
is two dimensional. Three dimensional terrestrial networks
are treated in section 2.4.6. Satellite networks are

inherently three dimensional.

Appropriate observations are made amongst network points on
the surface of the earth, or between such points and
artificial earth satellites, and after appropriate
reductions, these are used in suitable models to compute a

homogeneous set of network coordinates.

Terrestrial networks are those which are camputed from

lassical astronomical and geodetic observations. The

r

classical horizontal networks have an initial point at which
the topocentric parallelism conditions are satisfied. The
network is then extended in a seaguential manner to cover the
entire area for which it was designed. Due to the
sequential nature of terrestrial network development,
eutencsive classical networks (both horizontal and vertical)
are very susceptible to the accumulation of unaccounted for
systematic errors. This is regarded as the fundamental
problem of classical terrestrial geodetic networks

(especially the horizontal networks).
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Satellite geodetic networks. dynamic or geometric (static),
do not suffer fraom this problem to any great extent (eg.
Thomson. 1%976). They are therefare a valuable source af
independent information, and a&as such can be used in
combination with terrestrial networks in an attempt to model
or control the accumulation of the systematic errors in
these terrestrial networks. These networks are treated in

section 2.4.7.

Geodetic networks can be of regiomnal or globai extent.
Which they are depends on the purpose for which they are
created. They could be used for a great variety of
purposes such as for geophysical studies, boundary
locations, demarcations. map makina., exploration for natural
resaurces, tracking of artificial satellites. The
precision and homogeneity of the set of network point
coordinates 1s dependent on the type and guality of
observables used, the caorrectness of the reductions applied
and of the constants wused, and the compieteness af the

mathematical models emploved to compute such coordinates.

2.4.2.1 Classical_ _terrestrial _geodetic networks:

Horizontal and_vertical. , Horizontal and vertical positions

have traditionally been determined separately, mainly
because it was easier and more econaomical. Each requires

gquite different types of field observations and procedures,

and they also affect each other weakly (Vanicek and
Erakiwsky, 198%2). Thomson (1976) aives the reasons for
this traditional splitting as “psychological, historical,
physical and mathematical® This practice resulted in the

separate development of horizontsl (two dimensional) and
vertical (one dim=nsional) networks, éach, based on their
respective, but unconnected datums. The reason far the

continuation of this practice is largely a practical one.
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Very few of the horizontal and vertical control points are
coincident, due mostly to theldistinct ways in which they
were (are) obtained. Horizontal control points are on high
ground, due to the need for intervisibility, often with
difficult access, whereas vertical control points are
established alnhg lines of communication such as railways
and roads since these points are established by the

sequential method of differential levelling.

The horizontal network is obtained by projection of the
observations made in the physical space, onto the
mathematically defined reference ellipsoid surface. The
vertical network is not projected but treated in the natural
environment of the earth’'s gravity field where the natural

observations are made.

In horizontal networks the height component of a point is
only weakly determined., 1if at all, whereas in vertical

networks the horizontai component need only be approximately

Enown.
2.4.2.2 Classical horizontal geodetic networks. The
methods used for the establishment of an extensive

horizontal geodetic network are traditionally triangulation,
trilateration. traversing and astronomic observations.
The observables are the geometric ones, namely horizontal
angles (directions)}, distances and (some) zenith distances,
arid the natural quantities, namely astronomic 1latitude,
longitude, azimuth, and spirit levelled height. Each of
these quantities must be reduced from the fupography, where
they are carvied out, to the appropriate reference surfaces
~where they are used in the calculations (eg. Mueller, 1974).
The geometric observations are reduced to the reference

ellipsoid. and the natural ones to the geoid.
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The corrections for these auantities are given - briefly by
Mueller (1974). The geometric corrections are distance
corrections for instrumental. atmospheric, and geometrical
factors, direction corrections for deflection of the
vertical, for skewness of the normals, and for the
correction from normal section to geodesic, and a zenith

distance correction for deflection of the vertical.

The natural quantities namely astronomic latitude,
longitude, and azimuth, are corrected for polar motion, for
(UTC-UT1) (longitude only)., for curvature of the plumbline
{at both the obszervation and abserved station) between the
csurface of the earth where the observations are made and the
geoid, and the orthometric correction for spirit levelled

height differences.

These reduced quantities are then used to compute the set of
network point coordinates, hsing either semi—-rigorous or
rigorous methods, whichever is or was available.

However, the first appraoximation of a horizontal geodetic
network can be computed bv knowinao onlv the geodetic
coordinates of the network initial point, (¢0,l0), and the
geodetic azimuth (dg) of only one line emanating from the
network initial point (NIF). Neither the geoidal height
(No) nor the components of the deflection of the vertical
({,s0,) are needed at the NIF., nor for that matter are they
needed anywhere else. Heights above sea level are used to
reduce the distances, and directions are naot reduced for the
effect of the deflection of the vertical. The 1initial
network is then computed from the directions, distances and
azimuths observed on the surface of the earth (Vanicek and

Krakiwsky, 1782).
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The geoidal height (N ) and deflection components (fo,no)
are only needed at the NIP when the position of the .datum is
desired to be known in order to do transformations to
another coordinate system. The task of positioning and
orienting the ellipsoid within the earth body is known as
the establishment of a datum and can be done in wvarious

ways. These will now be treated.

2.4.3 Establishment of horizontal geodetic datum

The size and shape of the ellipsoid is specified by two

parameters, namely the semi—major axis (a) and the
flattening (f). The positioning and orientation of the
ellipsoid with respect to some 'fixed reference’ tied to

some physical properties of the earth, requires six more
parameters to be specified, to eliminate the six degrees of
freedom. The "fixed reference’ with respect to which the
siy datum parameters are specified, is the CT system, being
the closest approximation of the geometric natural system.
The abject is always to align the G system (and the
ellipsoid with it of course} and the CT system, since this

condition then simplifies several geodetic equations.

If the ellipsoid is positioned such that its centre
‘coincides wiht the centre of mass aof the earth, and it is of
the same size and shape as the equipotential ellipsoid which
generates normal gravity, then the datum 'is geocentric or
absclute (Mueller.1974, Vanicek and Krakiwsky, 1982), ‘as
opposed to non—geocentric, relative, or astrogeodetic.
These terms are also used when speaking of geoidal heights

and deflection components.

The six parameters are three positional and three rotational

parameters. These can be specified at either the g=ocentre

scentric parameters are

[
T
[

or the tqpocentric point. The £

the CT coordinates of the ellipsoid centre, called datum
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translation components (Xa’Ya’zo)’ and the thres rotation
angles (ex,e CE T required to define the misalignment

AY4
4

between the 6 and LT axes (Vanicek and Krakiwsky, 1982).
The classical (topocentric) way of positioning a datum will
be treated first, and then two other methods using

(some or all) network points.

2.4.3.1 Classical _positioning of a horizontal

geodetic _ellipsoid. The topocentric parameters that are

selected at the NIF., should satisfy the topocentric
conditions of parallelism of the 6 and CT system axes.
These conditions can be expressed as either of two sets

(Vanicek and Krakiwsky, 1982):

a. The Laplace azimuth and deflection conditions:

A - o ='(An— A d.sin g - (& .sin A - 7 .cos A). cot Z 2.1
= Uo.tan ¢, - (Ea.sin a - G, -COS A). cot Z
& = —_ i . e
55 @0 ¢, 2.2
TJU = (i‘lt'-:*vc')-CDS ¢‘C' 2.3
OR
b. The Laplace azimuth and zenith distance conditions:
A - o =7, .tan ¢, — (£, .sin A — 1 _.cos A).cot Z 2.4
Z - 2'= - ¢ .cos A - 7 .S5in A 2.5
The theoretical requireménts for datum positioning wusing

this method will be treated first and then the method used

in practice.
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2.4.3.1.1 Theoretical reguirements. Considering set

M

a (eguations 2.7, 2.2, Z.3F27: There are two options here.
Firstly, select (¢,,%,,h, ) and define them to be fixed, ie.
error—less, or, sccondly, select the components of the
deflection of the vertical and the geoidal height (EO,UO,NO)

and define them to be fixed.

Since the latitude (¢0) and longitude (xo) and the
deflection components (SD,UO) are to be related by equations
2.1 - 2.3 above, and since h0= Hg+ND, error propagation in
these equations will always result in uncertainfies in the

derived values, due to the uncertainties in the observed

guantities appearing in these equations.

If the first option is used, then the datum is tied to the
NIFP, without error in position. However, due to errors
propagating through the equations, the deflection components
(ﬁa,na) ard azimuth (&) are not error—free and thus the

datum is not perfectly aligned with the CTS.

If the second option is used, then, even though the
deflection components (Eg,uﬁ) are error—free, the positional
parameters (ma,xg,hﬂ) and the azimuth (c) are not.
Therefore the datum is not entirely fixed in space and the

azimuth (¢) introduces uncertainty in the alignment with the

CTS.

Considering set b {(eguations Z.4, 2,53 Here the " two
deflection conditions have been replaced by a zenith
distance condition. The Laplace azimuth condition has
remained unchanged. Since we need to remove three angular
degrees of freedom, we need to satisfy the azimuth and

zenith distance conditions for two geadetic lines emanating
from the NIF (Hotine, 1969, Thomson, 1976). Mueller
(1974) quotes Hotine (1969) on the need for adherence to the
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two conditions at the NIF, but does not mention that these

conditions have to be satisfied for two lines. Vanicek and
Krakiwsky (1282) have similarly not expressed this
requirement. However it is submitted that what is

minimally required is that either the azimuth or the =zenith

distance condition be satisfied on the second line.

2.4.3.1.2 Standard__technique _of__horizontal _datum

positioning _in__practice _ (topocentrically): The three

positional pérameters (¢0.x0.h0) and the three angular
parameters (So.no.a) are selected to satisfy the first set
of the parallelism conditions. as well as the eguation
h0=Hg+N0. This process then auntomatically ensures
parallelism of the 6 & CT systems (theoretically at least)
(Vanicek and Krakiwsky, 1982), and on this assumption the
network is then computed. The Laplace equation is

abreviated in practice by the omission of the term

containing cot Z.

Further, the zenith distance condition is ignored

completely. This condition is of course not needed if the

deflection conditions have been adhered to as is invariably

the case. Howeveir., the reason for originally neglectiqg

renith distances is that these cannot be observed with the

required accuracy, and further that zenith distances are
1]

Very nearly equal to ' for geodetic lines (eg.

Mueller, 1974).

Vanicek and KErakiwsky (1982) further state that, under these
conditions, the Laplace equation is valid at any point of
the network, and it can be used to compute the Laplace
azimuth from observed astronomic azimuths. In praztice the
Laplace azimuth equation is applied regularly throughout the
network at certain intervals. This repeated application of

the truncated Laplace arimuth eguation is generally assumed
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to be ensurirg the parallelity of the datum (ellipsoid) axes

with the T axes.

Howevzr, opinions differ as to the validity of this claim

(Thomson., 1976).

Thomson points out that the view one takes with regard to
this claim, depends on how one views the relationship
between the geodetic network and the datum on which it is
based. If one views the network as a separate, geometric
object, but intricately tied to the datum, then this claim
cannot be supported. If however ane assumes that the datum
is represented by the network. then this claim may have some
validity (Thomson, 1976). Vanicek and Krakiwsky (1982)
have clearly stated that they view the network as a separate
geametric ijectvfrom its datum, and the following quatation

confirms their view:

"These (Laplace azimuth ooservations) help in strengthening
the network, but do not, as some scholars have believed,
ensure parallelism of the geodetic coordinate system tc ’the
CT system. In fact,.we see that parallelism 1is achieved

without the need of a network of points.”

The wiew expressed by these authors 15 accepited and usesd
thizs regortd

2.4.3.2 Floating_datum. Here. the whole geocdetic
network, that is all the controcl points indiscriminately,
are considered as defining the position of the geodetic
datum aﬁd thus the geocdetic coordinate system. As

explained by Vanicek and krakiwsky {1982} ¢
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vnto the csttion o the datum, and thus pgossidle correctave
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measures breng about o change 1 the postiion of the
coordinate system with respect to the sarth, In additiom
there 18 the rather unforitunate consSegquence of this
definittion in that the gosition of the geodetrie datum with

respect to the earth fluctuates (floatesd with the additton
of points to the melwork, with local readjustment, ete.

¢ leaves us with a floatimg datum for which the

LY s

transformation egquations to amnother coordinate system are

”

epoch dependent.

In the classical technigue all errors in positions, both
systematic and random, are associated only with the network,
and thus the geométrical representation of reality is
considered distorted. the datum being totally unaffected.
In the floating datum concept, these-errors are distributed

evenly between the coordinate system and the network.

Z2.4.3.3 Datum__positioning_ _by _a _set of selected

LI Y

points. A compromise alternative to the above two is to
select a set of well-distributed control points, and declare
their coordinate values to define the position of the datum.

Again, as explained by Vanicek and krakiwsky (1982):

“The meanthg of this definttion 15 that the pghwsical abgect
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gositiomed. . . ... It 5 wswally wndersitoosd that T any
subgeguent computations, adjusiments, or additions to the
network, the coordimnote values of these selected points will
not e changed, This &8 the posttioning technigue used
nowadays when satellcte networks are merged with terrestirial
networks..., it 185 the matural technigue to wuwse vf the datum

i8 to be positioned geoccenirically.”

This procedure has been followed in the new definition of

the North American Datum. 1983 (NAD 83) (Vanicek and

Carrera, 1985).

2.4.4 Accuracy assessment of horizontal geodetic networks

Such an assessment is not a simple operation. As mentioned
before, the accuracy of the final coordinates is dependent

on a number of factors. These are the accuracy aof the
observations and the reductions; the accuracy and
completeness of the parameters and the mathematical model
used, both functional and stochastic, @ and of the

caomputations.
This assessment is treated under two heads.

Firstly, the effect of random errors are fully characterised

by the VCV matrix of the estimated coordinates (Vanicek and
Krakiwsky, 1982). This 1is subject teo the adijustment

process being complete and rigorous. of course.

e

cendly, the assessment of systematic distortions needs
consideration. These distortions can be due to unknown
systematic errors in the observations, and/or to their
improper reduction. In geometric observations the effect
of atmospheric refraction (both vertical and lateral} may be
partially accounted for, but due to inadequate knowledge of

atmospheric conditions there may be residual effects
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remaining, which may be systematic. The natural quantities
are similarly affected by wvarious natural and procedural

factors.

The reduction of the observations may lead to errors due
firstly to the incompleteness of such reductions and
secondly, to the use aof parameters in these reductions of
which the values are not perfectly known. These parameters

may themselves be aobserved gquantities and therefore subject

to both random and systematic errors, or (even mare
complicated) they may be computed from same other
observables.

The quantities needed at each network point in order to
caoampletely reduce geodetic observations are the orthametric
height (HG), the geoidal height (N}, and the two components
of the deflectian of the vertical (¢,7). Classically, of
these only the orthometric height, or some approximation
thereaf, has been available at these network points.
Furthermore, in order to compute thse geoid heights and
components of the deflection of the vertical at each poinf,

one needs very detailed gravity and/or astro-geodetic data.

Semi—-rigorous caomputation methods used in the past may also
introduce considerable systematic errors in the network

coordinates.

However, unknown systematic errors would still be present in
a completely rigorous solution due mainly to residual errors
in the obserQatians and in the gquantities wsed 1in the
reduction procedures. The existence of such systematic
errors cannct be detected, modelled and removed using only
terrestrial data. This is where independent data must be
incorporated such as éatellite derived network coordinates

of common network points.
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When considering an accuracy estimate of coordinates in a
horizontal network, it is important to ascertain what this
estimate really means. In horizortal networks the accuracy
estimate of the coordinates of a point is generally regarded

as being relative to the NIF of the network.

2.4.5 Vertical geodetic networks

Various height systems are in use around the world. The
datum normally used is nominally the geoid, or its closest
practical approximation, the mean sea level (MSL) as
obtained from tide gauge observations. The épecific height
system used determines the exact nature of the bheight
coordinate. Narmally the orthometric height éystem is
used, which is a function of the spirit levelled heights and

of measured gravity.

2.4.5.1 Establishment of vertical networks. Precise

spirit levelled height differences are used, in conjunction
with meaSQFed gravity, to obtain orthaometric height
differences (AH"). These height differences are adjusted,
in a suitable model to give a homogerneous set of vertical
coordinates, Hg. and a VCV matrix. I _o.

In practice, however., there are several praoblems associated

with height networks. Some of these are as follows:

The use of M5L, as abtained from tide gauge observations, as
the practical approximat;on of the vertical datum, leads to
two main problems. The TfTirst is that the theoretical
zero—-height surface is the geoid, an equipotential surface.
MSL is not an equipotential surface, and hence is not
everywhere coincident with the aqeoid. Secondly, the
accuracy with which M5L can be established using tide'gauges
is poor, and hence the stability of the “~vertical height

datum used, is also poor.
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Due to the sparsity of aravitv observations in some areas,
normal (theoretical) gravity is used instead of measured

gravity.

The ‘observed’ orthometric heiaoht differences are subject to

errors due to wvarious sources. Errors in the spirit
levelled height differences are dependent on varigus
instrumental and atmospheric effects. The orthometric

corrections are functions of reduced gravity values, which
are of course influenced both by inadeguate {or

rather, not so good) data and reduction procedures.

Some of these errarsA may be eliminated entirely, whilst
others may be madelled and accounted for in a rigorous
computation of the vertical network. However, same
residual errors will be present which cannot so be modelled
and removed, faor example residual refraction errors. The
effect of these residual errors is of course to distort the
hetwark. If these are random, their effect is esiLiwated by
the VCV matrix. If the effect of these errors is
systematic in nature, then the orientation of  the vertical
network with respect to its datum is affected, ie. a ~“tilt”
is introduced in the vertical networl. The effect of these
errors is small and will only be significant and detectable

on a continental scale.

2.4.5.2 Accuracy_ _assessment of_ _vertical geodetic
networks. This is aqain treated under two heads. The
random ervrors are propagated by the square root law. One

estimate of the accuracy of a height difference is given in
the form Tpp= c.k''?, where K (in tilometers) is- the
lerngth of the section for which the estimate is given, and c

is a constant that depends on the quality of the network.
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The effect vasystematic errors on height networks is a much
more difficult proposition (Vanicek and Krakiwsky, 1282).
It can be done by either modelling the distaortions, or by
studying the wmisclosures of levelling circuits and the
degree of statistical dependence of levelled height
differences. However, the effect of these errors on height
networks cannot be completely modelled and removed by using
terrestrial observations alone, independent information is

needed (Vanicek and Krakiwsky, 1982).

2.4.6 Three_dimensional terrestrial networks

These are networks wherein the position of each point in
space is completely defined by a triplet of cartesian (XYZ)G
or curvilinear (¢|2\.h)G coordinates, and the precision
estimate given by their associated VCV matrices (eq.

Thomson, 1976, Vanicek and Krakiwsky, 1982).

The purpose of establishing three dimensional (3D)
terrestrial networks is now explained. Since the advent of
artificial earth satellites, three dimensional positioning
has become a reality, and many satellite derived geodetic
networks have been established, also in South Africa. Now
in order to make full use of the 3D satellite network we
need a set of homoaeneous 3D terrestrial network
coordinates forvpaints coincident with the satellite network

points.

These types of networks are established in either of two

ways. The first is through the use of all observations, as
they are made (ie. without any reductions), in one
integrated approach. The second is through the rigorous

combination of the two dimensional (2D) horizontal networks
with the one dimensional (1D) vertical networks and geoidal

heights, as mentioned below.
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In the firsit approach, these networks are established by
using all the terrestrial observations made namely
horizontal directions, slope distances, zenith ’distances,
spirit levelled height differences, and astronomically
observed latitudes, longitudes, and azimuths. - The
mathematical models for the development of these networks

are available.

The advantages of these types of networks are given

briefly by Thomson (197&4). The observed quantities are not
reduced to the ellipsoid. Fewer astronomical observations
are needed. The degrees of freedom of the solution 1is

increased by combining horizontal and vertical adjustments.

The method is more rigorous and straightforward.

However, the disadvantages are very severe: The horizontal
and vertical control points are at present hardly ever
coincident. Zenith distances were, if observed at all,
not observed with a three dimensional adjustment in mind,
and the accuracy would probably be far too poor owing to
refraction over long lines. Hence it is obvious that if a
three dimensional network is to be developed, thé program of

observation must be suitably planned.

From these points made above it is clear that
three dimensional networks are subject to many of the same
unknown errors as the classical networks (2D and 1D). The
only ones that are eliminated in the three dimensianal
adjustment are those due to the reduction af the

observations to their respective datums.

In the second approach to obtaining a rigorous three
dimensional terrestrial network as (¢,>»,h), the horizontal
two dimensional network (d,.n) is combined with the one

dimensional height network (HE) and the geoidal heights (N).
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The stochastic model is suitably formulated. The VCV
matrix for the horizontal network ‘me) “is combined with
that for the height component (Eh) tolgive the VCV matrix
for the threé dimensional network expressed in ellipsoidal
form as E¢Xh' The matrix for the height component, Z,., 1is
obtained from those for the Drthometric heights (EHD) and -
geoidal heights (EN) as Eh = ZHo + En' The set of
ellipsoidal coordinates (¢,x,h)5 and their VCV matrix E¢Xh
are transformed into cartesian (xyz)G form with
corresponding Exvz matrix. This procedure is rigorous but
incomplete since the statistical covariance between the
horizontal aﬁd vertical components is not present (Thomson,
1976). The details of these transformatcomns -are treated

in APPENDICES A & B.

This approach has up to the present time been the only
viable method of obtaining such three dimensional networks
of national extent by using classical horizontal and

vertical networks, and is the method used in this repﬁrt.

2.4.7 Satellite geodetic _networks

The history of the development of artificial earth

=atellites is described in many excellent papers on the

subject. Krakiwsky. Wells and Kirkham (19272) give a number
of references to these. Suffice it here to give a very
brief overview. The datum that 1is associated with

satellite networks is wusually regarded as an orthogonal
triad, usually geocentric and an approximation to the CT
system. The exact definition of this datum is dependent on
the nature of the observations made and on their analysis.
This analysis can be done in.either the geometric or the

dynamic mode.
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The main characteristics of the gecmetr<ic analysis can bhe
summarised as follows {(Thomson, 1976}: The satellite is
regarded as an active or passive target only. Its position

is treated as unknown and independent of all other positions
at other times and is solved for using the observations made
at that instant of time only. In comparison with the
dynamic analysis below, the computations of the position of
the satellite are independent of errors in the models for
the earth gravity field, the atmospheric drag and radiation

pressure, etc.

The origin of the datum is dependent on definition from
external sources. The orientation of the Cartesian axes of
the system, as well as the scale, are dependent on the
observation techn;gues used. An example is that of the
optical networks which have orientation but no scale, and a

range network which has no orientation information.

The types of observations used in .the geometric solutions
are simultaneous spatial directions by photography in  the
optical networks and simultaneous ranges (electronic or
laser) in the range networks.

The dymamic analysis 1is characterised by the following:
The satellite is treated in the physical environment subject
to all the forces affecting 1its motion, its position is
regarded as known, and successive positions are functionally
related through the adopted equations of motion. Dynamic
methods are considered Statisticélly stronger due to the

vast increase in the number of degrees of freedom.

The datum origin is forced to be aeocentric through setting
the first degree gravity field coefficients equal to zero

when used in the orbit computations.
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The orientation of the axes is treated in two parts. The
direction of the X-axis or lonaitude origin is defined by
external information, and the Z-axis ar primary pole is
usually defined by a combination of satellite and

terrestrial data.

Scale is primarily introduced throuah the value of the earth
gravitational constant (GM). In electronic range, range
difference and laser range systems, the value of the
velocity of light adopted together with the value for GM

provide the scale of the system.

& number of other methods have been developed from the above
two basic ones. eg quasi-geometric, semi-dynamic, short-arc,
semi short-arc, and translocation. Each of these may have

some special benefits for a particular situation.

The most important aspect of Doppler positioning is that
the accuracy of point positioning 1is° independent of
location. Thus boppler positioning has inherently

homogeneous accuracy. and is essentially free of systematic
errors. This aspect is characteristic not only of the
Doppler networks, but also of the satellite triangulation

networks (eg. Thomson., 1974).

The accuracy of Doooler networks have been extensiely
tested éqainst various external standards (eg. Hothem, et

al, 1982).

2.4.7.1 Examples_of_ satellite geodetic_networks. A

great number of satellite derived aeodetic networks of
various types have been established throughout - the world.
Examples of these are the World OGeometric Satellite
Triangulation (BC-4) network, and the North American

densification of this network. the Geometric solutions eg.
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WN-12, WN—-14, the dynamic Doppler solution NWL-?D, and many
others (eg. Anderle. 19274a).

The most important however, has been the Doppler networks
that have been derived from observations to the U.S5. Navy
Navigation Satellite System (NNSS) or TRANSIT system. This
system was released to the aeneral public in 1967 (eg.
Kouba, 1983). From its humble beginnings this system has
developed to such an extent that today point positions are
routinely determined with metre—~level accuracy throughout
the ?DFld. This very useful technique has been used to
establish numerous Doppler networks in various countries and

continents around the world.

An example of these are the extensive Doppler networks in
Morth America. The purpose of these networks was to
support the redefinition of the North American Datum and the
associated terrestrial networks, and were included in the
new North American Datum, 1983 (NADB3). The .datum Tor
these Doppler networks 1is nominally the CT system, but
depends on a number of factors, some of which are discussed

in section 2.4.7.4.

2.4.7.2 Uses_of Doppler positioning- The high

accuracy, both absolute and relative, of Doppler
positioning, enables the method to be used for a large
number of purposes. Some of these are briefly as follows:

r
(&)
&

cdetic datum establcehment: The inherent accuracy of

T

absolute positions established through the independent or
single point positioning technique wusing the precise
ephemeris implies a position and orientation of a geodetic
datum to much higher accuracy than possible using classical
methods, 1ie. by astronomical and gravity observations.

Hernce precise Doppler positioning could be used for the
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realization of a geodetic datum, ie. its positioning and

orientation in the earth body with respect to the CT system.

" Estadlishment and demnsification of geodet<c controt:
Doppler single point positioning with the precise ephemeris
has extensively been used for establishing new geodetic
control in areas where such do not exist. The high
relative accuracy of special techniques eg. translocation,
short arc and semi short arc have made it possible to use
the method for densification of geodetit networks at

spacings of less than 200 kilometre (Kouba, 1983).

Doppler lewvelling: Doppler positioning is inherently three
dimensional, so that it provides a direct determination of
the geometrical height above the reference ellipsoid, ie.
the ellipsoidal height. These heights can be used in _two
ways. Firstly, if orthometric heights are available for
the Dbppler points, the aeoidal heights are simply the
difference between the ellipsoidal anid orthometric heights

as N =h - H. Such Doppler derived geoidal heights are

used as constraints in continental geoid determinations.

Gy
g

condly, 1f the geoid is known sufficiently accurately, the
orthometric heights of points can be determined. This
method could certainly be used very succesfully in remote

and inaccessible regions.

2.4.7.3 Doppler_ _positioning. The observable in

Doppler positioning is the measurement of the Doppler shift
of signals emitted by the satellites of the TRANSIT system.
This Doppler shift is functionally related to range
differences. The mathematical models for solving for the
station coordinates and other parameters are well documented
in the literature (eg. Anderle, 1974b), and will not be

treated here.
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tvoning can be done in either an atsolute or

Doppler goss

relattve sense.

dtsolute Doppler posttioming can be done in various ways.
Foints can be determiﬁed independently from others in the
so—called single point positioning mode (SFP)., or in
combination with others in a network approach. If the data
is processed in the SFF mode, then these positions are

obtained with no correlations between network points.

However, if the network approach ;s used in a multi-station
solution, then the solution vyields a homogeneous Doppler
network, with full covariance. The satellite positions
used in these computations can be either of the externally
generated ephemerides, namely the Broadcast ephemeris,
available in the satellite message, the post processed
precise ephemeris, or from a specially computed short-arc

ephemeris.

Frecise Doppler single point positioning is based on many
satellite passes with the hope that orbital, propagation and
instrumental errors will averaqge out. If the highest
accuracy is required, this may well not be the case for the

Broadcast ephemeris (BE).

In order to overcome these problems., the retative technique
of translocation was developed. In this method the data
from several simultaneously observing stations is used, and
in the simplest case the simultaneous point positioning
solutions are subtracted without any fegard for commonality
of passes or Dpppler counts. FStrict translocation
invelves careful preprocessing of data fa ensure that such

criteria are met.
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The data from simultaneously occupied stations can also
logically be used in a rigorous least squares multistation
solution using again either the externally generated orbits

(FE or BE), or a locally computed short arc ephemeris. The
use of simultaneous observations from several stations
eliminates, in the difference, many of the errors due to
various sources, as these errors are common to all points.
Specifically, most of the orbital error and part of the
propagation error can be eliminated from relative
positioning for short station separations (less than about

2580 kilometres).

2.4.7.4 Broadcast_Ephemeris (BE). This ephemeris,

which is available in real-time in the satellite message, is
computed by the U.5. Navy fAstronautics Group (NAG) from
Doppler data observed at the four OPNET stations located in
California, Minnesota, Maine and Hawaii. Broadcast
enhemerides are fitted to a thirty—-hour Doppler data span
every twelvé hours, and resulting orbits are extrapoclaiwd
for up to thirty hours intc the future, and finally uploaded
into the satelite memory every twelve hours. The
extrapolated ephemeris is uploaded in the form of a
precessing and osculating FKeplerian ellipse defined by the
so—called fixed parameters, with corrections to this ellipse
at even minute intervals, the so-called variable parameters
(kKouba, 1983). Al though the BE is computed using
comprehensive modelling, the BE errors can still approach
108 metres mainly due to uncertainty in the orbit

computations.

2.4.7.% Frecise Ephemeris (FE). The U.S5. Defense

Mapping Agency (DMA) reaqularly computes the FE for at least
one NNSE satellite. This PE is computed from forty eight

hour data spans observed by the world wide TRANET stations.
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The PE i1s a post mission computed ephemeris, and hence no

extrapolation is involved. The ephemeris is in the form of
earth fixed Cartesian coordinates (x vy z) and their time
derivatives (x y =2} at one minute intervals. It is

available only to certain apptroved organisations.

2.4.7.6 Comparison_of coordinate systems _of BE _and FE.
The coordinate systems implied by using a satellite
ephemeris is a function of, amongst other factors, the

coordinates of the tracking stations used, the gravity field
model used, and the software and procedures employed in the
data reduction process. There has been a number of changes
introduced into th= tracking station coordinate sets,
gravity field models and software used over the vyears.

Kumar {1982) discusses and lists some of these changes.

The BE and FE were originally intended to be the same, and
although the vast majority of the physics of the two systems
are extremely close 1f not identxuél, there are some
differences that result in systematic discrepancies betwesn
BE and FPE derived station positions. Jenkins and Leroy
{1979) made a detailed study of the software and reduction
procedures, and discussed a number of these factors that are
known to be causing such discrepancies. They alsoc compared
the results of 5FF derived using the BE and FE for over
fifty stations distributed world wide. This study showed
that, although the differsnces were fairly small, they could
nct be neglected for metre level accuracies.. This aspect
of their results has been demonstrated by a number of
similar comparisons made by other researchers, although the
comparisons difiered vastly regarding distribution of poinis
used and their non—global extent. The quantitative aspscts
of the difterent investigations however, differ

considerably. Meade (1982) suggested that a fairly simple
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three parameter transformation adequately " describes the
transformation from the BE to the FE. The parameters are a
z—-shift, a z—axis rotation and a scale change. This has,

at least qualitatively, been suggested by other researchers.

The BE coordinate system is that implied by the NWL-18D
coordinate set used for the four OFNET tracking stations
(Jenkins and Leroy, 197%). These coordinates are within
several metres of the NSWC 2ZI-2 coordinate set used by the
U.5. DMA for the computation of the FE. However these
NWL-18D coordinates were rotated in longitude to preserve
the old longitude reference of the BEE before they were used
by the NAG for production of the present BE (Jenkins and
Leroy, 197%9}). Hence the coordinate system for the BE is

really "modified" NWL—-18D (Kumar, 1982).

Another point of confusion is that, when NAG implemented the
WGS5~72 gravity field model in 197353, many organisations
ﬁistakenly believ= that the coordinates obtained fraom the
BE were automatically in the WG5-7Z system. This was not

the case (Jenkins and Leroy. 197%9).

The PE was computed by U.S.DMA using the NWL %D coordinate
set and the NWL-1BE gravity field model prior to 15 Jdune
1977. After that date, the coordinate set was designated

NSWC 97Z-2 and the gravity field NWL-18E-1 (=g. Kumar, 1982).

The ADCS project, initiated in 1981, is &a multi—national

=ffort toc, among other things, establish =eroth order

ut

control over the African continent. Over 278 station

|

have been Surveyed\tc date (May 1984) by survey teams from

various countries (Knopp, 19B66}.
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The main objectives of the ADOS campaign are given by
Mueller (1982). These are to provide zero—order control
for future geodetic networks which could support mapping,
control Tfor datum unification and/or strengthening, an
improved geoid for Afrita, and coastal calibration points

for Geos Cvaltimetry.

Knopp (1984) made a comparative study of the ADOS point
positioning results computed using various softwares. The
four computing centres participating in the ADOS5 project use
three different programs namely GEODOF V, ORB-5FF and
DOFL7?, which programs have very different origins. Knopp
investigated the differences in results when identical data
sets were processed by the different programs when installed
on the same computer. The average differences in
coordinates reached the metre level in some cases. The
greatest variations were observed in longitude and height,

with the latitude variations being much smaller.

4]

COMBINATION OF THEEE DIMENSIONAL NETWORKS

8}

The combined adijustment of independent data will improve
both the accuracy and ﬁrecisieﬂ of a network (Harvey, 1983).
The accuracy is improved because the addition of independent
data controls the systematic errors in the network. The
precision is improved because additional data is included.
If systematic errors in scale and orientation exist 1in a
geodetic network, then the adjusted coordinates will be
inccrrect, and also their estimated accuracies, ie. their
VCV matrices, will be optimistic. Hence the combination of
independent data also produces more realistic accuracy

e
estimate§/1Harvey, 1985).
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Twr mein problewms artise when combining data from different
networks (Harvey, 1985). The first is to find the most
accdrate estimates of the external bdias garameters (ie. the
scale, rotation, translation and systematic error terms)
between the systems. The second 1is achieving the btest
tnternel combination of the different systems, ie. to
minimise the corrections to the observables. Unfortunately
the solution which provides the best estimates of the
external bias parameters is not neccessarily the solution
which provides the best internal combination and vice versa

(Harvey, 1985).

2.95.1 Combination of networks: general considerations

When combining two data sets, a number of gquestiens have to

P

e amsSwered. It must be decided whether the combination

™

should be done in two or three dimensions. The type -of

transformation to be used, as well as the number and type of

bias parameters must be selected. The method, 1if any,
which is used to model the systematic errors in the
networks must be selected. The question of the assignment

of a priori variances énd correlations or alternatively, the
structure of the VCV matrices of the observations, and their
influence on the results, must be addressed. These points

will be considered below.
\

Z.3.1.1 Two or three dimensional caombination.

Classical networks are traditionally split into horizontal
and vertical components as stated above, whilst satellite
networks are inherently three dimensional. Some
researchers favour the use of two dimensional combinations
for some purposes. For the purposes of this report the
combination of three dimensional networks only will be

considered.
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2.5.1.2 Type of transformation. The type of

transformation or combination procedure that is used
depends, amongst Dtherbfactors, on the purpose for which the
transformation is to be made. Harvey (1983) discusses
various ways of combining networks, and finally selects a

combination procedure which solves for the external bias

parameters, namely a transformation adjustment. Numerous
researchers have addressed this combination praoblem,
resulting in as many saolutions. Some models have some

geometric significance, whilst others are solely algebraic.

Some of these models will be mentioned in a later section.

Some general aspects of transformations will now be

discussed befare treating specific models.

2.9.1.2.1 Transformations _in_general. Various types

of transformations are available. A projection
transformation in which the scale factor is a function of
position in the net is useful when there are many common
network points (Harvey, 1985) We are however concerned
with the combination of networks in which the number of
common points are relatively few, and therefore the

projection transformation is not a practical proposition.

An affine transformation, in which the scale factor is a
function of the orientation of the 1line, may be used.
Since it requires twelve parameters, we need at least four

common points.

The basic conformal or similarity transtormation in  which
the scale is the same in all directions preserves shape, soO
that angles are not changed, but the lengths of 1lines and
the positions of points may be changed. An  orthaogonal
transformation is simply a conformal transformation with

unit scale.
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We can use a simple conformal transformation to describe the
differences between the two sets of coordinates. It must
however be remembered that a transformation is essentially
an interpolation procedure, resulting in the smoothing of
these coordinate differences. The scale and orientation
parameters that are estimated represent, in a sense, some
average for the whole network. Conformal transformations
guard against undue deformations in small regions, but may
distort local scale and orientation when wused for large

networks.

It is therefore obvious that, if a conformal transformation
is to be used, then each system must’ have wuniform scale.
Whilst this may be true of Doppler satellite networks, it is
hardly likely to be the case in terrestrial networks of
continental extent where discontinuities exist due
(partially) to the adjustment methods used. Hence the
important question is whether such local distortions in
scale and orientation are significant. If this is sa, then
it would be better to solve for parameters 1in local and
regional areas rather than for one set of parameters for the

whole of the continent.

Although a conformal transformation is a linear
ffansfarmation of the coordinates, it cannot be expressed
linearly in terms of the seven bias parameters. However,
if the rotation angles are small, as expected 1in geaodetic
networks, then the equations are approximately linear. A
single iteration of the least squares estimation routine is

then generally sufficient.

2.5.1.2.1.1 Rotation parameters. There are three

ways to rotate a network. The method used here uses the
.Lardanian angles which are rotations around the three axes

of a cartesian coordinate frame (Harvey,1985). When the
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trotation angles are small, the order of rotation 1is not
important. The following quotation from Harvey (19835) is
illuminatinq in reqard to the recovery of the rotation
angles:

KA
1

i rot

h

%]

tion angles depend on the baselime vectors (e,
retative positions? anrd mot on the absolute coordimnates,
Thus tt does mot matter where the orevgin ¢f coordinates <3
dbecause the estimaoted rotation amgles will de the sane,

i’

provided care s takewn to avord round-off errors,

This point will be mentioned later when comparing different

models.

C2.5.1.2.1.2 Scale_factor. The appiicatian of a
scale factor to a three dimensional cartesian coordinate
system implies that the individual coardinates are
multiplied by the scale factor. This is 1i1dentical to

multiplying the corresponding baseline lengfhs by the same

scale factor. fis expressed by Harvey (1985):

-

The scale factor in a geodetic network may be due to an
error in the terrestrial distance scale as well as to
systematic errors in the heights used for the reduction of

distances.

2.5,1.2.1.3 Distribution_of _data. To ensure a
stable solution it is neccessary to have ar even
geographical distribution of data points. If one point is

some distance from the others, it will tend to destabilise
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the .solution. Foints should not be in a straight line as
some components of the rotation angles could not then be

estimated.

2.5.1.3 Type_and_number__of__parametersi: modelling
of systematic _errors. A conformal transformation in three
dimensions has seven parameters. Thus one needs at least

seven equations or seven coordinates common to both networks
in order to solve for the parameters. FParameters
representing systematic errors can also be added: to the
basic similarity transformation. However the removal of
systematic errors in the observations can be very difficult
because either the source of error or its magnitude may be

unknown.

Ideally what is required is a set of rotation matrices tao
relate each netwark with its datum (where required), and
with the CT system. This is not practicable as saome of the
parameters will be iﬁdistinguishable from others. In

practice only one set of rotation parameters is usually

estimated. Some models have been specially developed to
represent the systematic errors in the geocdetic network by
another set of rotations, but some special estimation
technigues are required to senafate the two sets af
rotations.

I+ the model includes a larae number of parameters the
adijustment may lead to a poorly conditioned system of
equations. Many parameters will uswually fit the data
better,. ie. produce smaller residuals, than a few parameters
will. However., the estimate of the parameters may not be
accurate, and the degrees of freedom of the solution will be
reduced, which causes the statistical tests to be less

effective.
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When the translation and rotation components are highly
correlated, non—-existing rotations may absorb part of the
translation corrections. This happens when the network
covers only a small part of the globe. However, "“if it is
only desired to obtain a good internal adjustment then the
high correlations between the parameters and these errors in
the adjusted values of the parameters, are of no concern

provided the solution is stable." (Harvey, 19835).

2.5.1.4 VEV matrices of the observables: their

influence_on_results of_ _transformation. In semi—-dynamic

satellite networks., eg. the Dupple? networks, the satellite
datum is in reality implied by various factors, as discussed
in section 2.4.7. 1t is generally accepted that, due to
the high inherent accuracy and homogeneity of satellite
Doppler positioning, the coordinates of the network pointe
very closely represents physical reality and thus the datums
on which they are supposedly based. Therefore, the datum
iz recoverable to a very high degree of certainty through
the use of the coordinates of the network points. It is
for this reason that we do not distinguish between a Doppler

networt and its dafum.

The homogeneous character of these networks led to the use,
in this report, of very simple VCV matrices to represent the
accuracy estimates of network point coordinates. Average
values were asigned to the variarnces of the coordinates of
network points. . These represent the measure of confidence
or reliability in the coordinate wvalues to correctly

represent pysical reality, and therefore also the satellite

datum.
The coordinates of the Doppler network points in  South
Africa were (effectively) determined by using the precise

ephemeris, and although the absolute accuracy of these
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’

polnts is slightly inferior to the relative accuracy between

network points, this point is not laboured. These
estimates of absolute accuracy are tregarded, when
heccessary, as slightly pessimistic estimates of the

accuracy of the relative positions.

In the case of classical terrestrial networks, the

L

network, being the geometrical representation of physical
reality, is intricately connected with the datum upon which
it is based, but 1is viewed, 1in contrast with satellite

networks, as a distinctly separate entity from the datum.

Now, it is accepted that the geodetic coordinates of the

network 1nitial point are, by definition, exactly
representative of the datum and pysical reality at that
particular point. The geodetic coordinates of this paoint

are held fixed in ail adjustments, and it 1s assumed that
the datum has been aligned (theoretically anyway) with the
CT svstem through the procedure of classical datum
eztablishment described earlier. Due to tha influence of
systematic errors in the observables and in their reduction,

€1l 3= the methods of adiustment used, the network
coordinates of points are subject to erraor. These errors
are viewed as being errors in the position of points in the

geometrical network as compared with physical reality.

The estimates of these errors are separately treated for the
horizontal and vertical components, but both are regarded as
& Tunction of the distance from the network initial point.
They are regarded as estimates of the accuracy with which
the network coordinates represent the difference between
network pocints and the initial point. Now 1f the view is
taken, as here, that the datum is invariant of the geodetic
network, then it is submitted that these accuracy estimates

can also be viewed as estimates of the reliability of these
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network coordinates in representing physical reality and

therefore the datum on which they are supposedly based.

It is therefore clear that all network points cannot be
regarded as contributing equally, in a confidence sense. to
the recovery of the datum position and orientation. Wells
and Vanicek (1973) recognized this fact and stated that,
when investigating a geodetic coordinate system, ie. the
datum, the effect of systematic distortions in the network
coordinates can be minimized by dealing Dhly with stations

near the network initial point. Thes & the reasoning

iy

Yehind the terwminology wsed tm tht repcert, where 2

destinciton < made between  the "datum transformation

)

b

paramaeters”" and the “network transformation parameters™.

e

When an attempt is made to recover the (overall average)
position and orientation of the geodetic datum through the
use of the coordinates of the network points a special
weighting scheme is used. This scneme implies that the
closer a network point 1is to the network initial point
{MIP)}, the more significant is its contribution in terms of
representing its datum accurately. These terrestrial
geodetic coordinates of the NIF are held fixed in these
adjustments. These parameters are then the *datum

transformation parameters”.

Where it is simply reguired to obtain the overall average
position and Drientatibn of the .geametric network with
respec to the CT frame, each point of the retwork
{including the NIF} is assigned equal weight. This gives

rise to the so—called "network transformation parameters”.

It is seen therefore that the claracicr of the VIV nmotricss
LS YE T swmgortant, and may lead to rather different
twtergretations of the resulicsng parawmeters, f Turther

discussion of this aspect is found in CHAFTER 4.
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2.5.2 Description of combination _models

A brief description of some of the models available for the
combination of three dimensional networks will be given
below. The models which have clear geometrical

interpretation will be treated first, and some others later.

2.5.2.1 "Geametric!”_ models. The models treated

here will be divided into two classes. The first are those
which include only one set of rotation parameters and the
second are those which solve for more than one set of
rotation parameters. Three models are considered 1in each
class. The first three will be called the Bursa,
Moclodensky and Veis models, the second three the Hotine,

Krakiwsky—-Thomson and Vanicek—Wells models.

2.9.2.1.1 Models with one _set of rotations only.

2.5.2.1.1.1 Bursa_model: (See Figure 2.7). The
Bursa model has "w.en used by numerous authors (eg. Thomson,
1976} . Since this model is the basic 7—-parameter

similarity transformation, many authors have used it without

referring to the Bursa name used in this report.

Three translations, three rotations and a sca}e change are
applied to the discordant Geodetic (6) system to bring it
into conformity with the satellite system. The rotations
are reckoned around the G svstem axes at the origin of the B
system, ie. at the centre of the G ellipsoid. The
rotations and scale change are regarded és referring toc the
5 system, and not the G network. The reason for this is
that the total position vectors (FL)* of the 6§ system are

i

rotated and scaled.
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The model is given by (eq. Thaomson, 1976)

Foo= (F), + (1+R).R_.(F ), - (3), =0

where (?'i)2 and (EL)i are the position wvectors of the
point i in systems 2 (here the Geodetic or G system) and 1
{here the satellite or § system) respectively, and are the

ervables in this model, ie. the cartesian coordinates of

n

od;
the points 1i,
(?',.;)1 is the translation vector between the origin of

~

coordinate systems 1 and 2,
k. is the scale difference from unity, representing the
change of scale between systems 2 and 1.

The matrix R = R‘(av).Rh(ay).R*(az) represents the

&

rotations (at,ay,ez) around the second or 0Geodetic (G)

system axes, situated at the origin (0,8,8) of the G system.

This model is treated in detail in CHAFTER 3.

2.5.2.1.1.2 Molodensky model: {See Figure 2.8).
This model has been used by various authors in different
forms. These will each be treated individually in CHAFTER
3. The basic form of the model will be discussed briefly

here.

This model alsc uses three translations, three rotations and
a scale change to model the coordinate differences between
the twc systems. &  fundamental point (FF). m, is
introduced which is some point in the second network, eg.

the centre of gravity of the second network, or the NIF (k).

The rotations applied to the second network are reckoned
around axes, nominally parallel to the G system axes,

situated at the FF, m. The position vector, (?m)ﬁ, is
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introduced, and since this vector appears singly 1in the
equation, there is the implicit assumption that the G and CT
system axes ars parallel. The rotations and scale change
are applied to the difference vectors of the second network,
((Fmt)z’ the vector from the FP point m to the point i) and
not the total position vectors, (?L)i. Therefore the
rotations and scale change are viewed as applicable to the G

network, and not the system.
The model is given as (eg. Harvey, 1984).

F = (F )+ (Fo), + (1+k).R,

<+ - 3 -
i w'(rmh)z (e;) @

This model is treated in detail in CHAFTER 3.

2.9.2.1.1.3 Veis model: (See Figure 2.9). The Veis

model is mathematically equivalent to the Molodensky model.
vIt uses the initial point, k, of the i ond network as the
FF. and the rotations and scale change are applied toc the
difference vectors of the second network, (?kb)i' The
only difference is that tﬁé rotations are reckoned around
fhe axes of the Local Geodetic (LG) system at the FF.
These are dv and du, tilts 1in the prime vertical and

meridian planes respectively, and dA, a rotation in azimuth.
Note that the (singular) use of the position vector (F})a
implies the same basic assumption of the parallelity of the

G ang CT system axes.

The model is given by (Thomson, 1976)

)., () . & k have similar



66

TERRAIN POINT

Zy Z, 77 By L
s < v
LG
TERRESTRIAL
INITIAL
POINT
—)
Pi
> G y
ryo
Py
M
S Y,

X2

Figure 2.9 Veils model
(after Thomson, 1976)

Y,



67

meanings to those in the Molodensky model, and where

R, = R, (180-% ).R, (9@-%,).P .R (dv).R (du).R_(dA).

P LR (4, -%90).R_(»_—18@)
i Z E 3 k

where (¢k,lk) are the geodetic coordinates of the initial

point k of the second network.
F is a reflection matrix about the y—axis.

This model is treated in detail in CHAFTER 3.

2.5.2.1.2 Models with more than one set of rotations

2.5.2.1.2.1 Hotine_ model: (See Figure 2.18).

Hotine (196%) mentions that, in addition to the coordinate
system (datum) rolz=7,ons, there may be systematic errors of
scale and orientation present in the network itself. He
proposes & maodel in which these systematic errors in  the
network may be modelled by two rotation parameters and a
scale difference'parameter. The rotations are a change in
azimuthk, di, and a change in zenith distance, df5. The
first is & rotation around the z—axis of the local geodetic
(LG) system at the network initial point (NIF), whilst the
second is a3 constant applied to all lines radiating from

the NIF.

This model is given as

Fo= (F),+ R_.[(F, ), +(1+K)R_(188-% ).R _(9@-¢, ).F_ .K_.

TE

PR, (4, -98) R (%, —188).(F ), 1-(} ) =0

Fe

whers the symbols have similar meanings as 1in the models
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£

U,az) contained in the
rd

matrix R_ refer to the discordant system (datum). The

given above. The rotations (= _,
rotation angles, do,d#, contained in the matrix RH given
below, and the scale difference, k, refer toc the second

network . Hence there are eight parameters in this model.

The difference vector (?kt)ﬁ is the position vector of the

i

point i with respect to the NIF, k, and 1is given by

R - T { r,, | sin.f3, . cos.d, ., 1

= ’ — - ] : 2 - i i

(rkl)‘ lka,yk,,Ll‘J i lrkt‘ 51n.[?k - sin.o, . l
N cos.3. .

L Irys | ki _!

as expressed in the LG system at the NIF, k.

Thomson (1976) gives the matrix Rx as

%- 1+k —da. di. cos.o . ';
RH= ! da 1+k dff. Sin'akb i
I —di/cos.d . @ 1+k |
L Ei ]

The expanded model is given by Thomson (19763.
’

There are only two networks, one terrestrial and one
satellite, involved in this model. Hence this madel
requires a special estimation technique in order to
separate the two sets of rotations. Hotine did not propose
2 solution, but Thomson (19746) stated that the estimatian
method used in the Krakiwsky—-Thomson model could be used
here. A disadvantage (Thomson, 1976) of this model is that
the rotations do and di cannot bs split to give either the

Moclodensky or the Veis type rotations.

Note that this model can easily be modified to accommodate

more than one satellite network {(Thomson, 1976).
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2.5.2.1.2.2 Krakiwsky—Thomson_model . This model is

used to combine one satellite and one terrestrial network.
There are two versions of this model in the literature.
These differ in the application of the scale difference, k,
and in the second of the two rotation matrices used. In
the first version, this scale difference is a system scale,

and in the second version a network scale.

The model contains two sets of rotations. The first set,
(s _+8 ,£_ ), contained in matrix R_, is for the misaligned

geodetic system, and the second [(wr,wu,wz) in Rw or

{dv.dua.dA) 1In R is for the misoriented network. The

v 1»

first version of this model used the matrix Rw,

second version the matrix RV' These two sets of rotations

and the

ECy_»% .%,) and (dv,du,dA)] have identical meanings to those
v

in the Molodensky and VYeis models respectively.
The first version 1is given by (kKrakiwsky and Thomson, 1974)

Foo=(#F)), + (1+) R DR ) +.R,(F, 0,1~ () =8

I i
and the second (Figure 2.11) by (Thomson and Krakiwsky,
1973, Thomson, 1976)

B = (#.)

; T _ (1 -
. Gt R_GD(F ), + (1+k).Ry. (¥, ), ] (3.) =@

Z 3 i

The model has ten unknown parameters, six of which are
rotations. Hence four common points are minimally needed,
but it is obvious that many more points will be needed to

ensure realistic estimates of the parameters.

This model again needs a special estimation technique to
separate the two sets of rotations. The data points are
split into two groups (Thomson, 197&6) . The first graoup,

the so—called "innner zone", contains those points that are
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s0 close toc the NIF that they are essentially unaffected by

any systematic errors 1inn  the terrestrial network. The
secand group, the so-called "Youter zone", contains the
remaining points. The estimation method is essentially a

combination of models as follaws:

F(X.,L.) =2 and F (X, ,X,,L,) =0

i Z s
where Yl contains the system parameters, (?0)1= [xo,yo,zojT

and (sr,sy,a T

X. contains the rotation and scale difference parameters

pertaining to the second network, [k,wr,wu,wz],

Ex contains the observables of the "innner zone", 1ie the

coordinates and coordinate differences,

L. contains the observables of the "outer zone".

The "inner zone" must contain sufficient observables +to

solve for the six unknown system parameters contained in Xl.
The details of this mndel are given by Thomson (1976) .
Note that this model as formulated here 1s used for the
combination of one terrestrial and one satellite (CT)
network, but it may easily be modified to accommodate more

than one satellite network (Thomson, 1976).

Vanicek-Wells model: (See Figure 2.12).

this model is “ito emamine numertcailly the

geodetie systems (based on terrestryal

satellete  sysiems (based on sateiizie

the averags terrestrial systewn” (Wells and

VVanicek, 1973). Th= average terrestrial system is the

earlier term used for what 1is known as the conventional
terrestrial (CT) system today. One satellite and two or
more geodetic systems, each having at least two points
common with the satellite system, - are combined 1inn  one

parametric least squares sclution.
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The authors proceeded under the assumption that “a ge

Ty

syste s o fiwed frowmework tnvartornt with respect to
gecdetic metwork adjustment”,

Vanicek ahd Wells (1974) have shown that, under certain
conditions of datum establishment, only four datum position
and orientation parameters exist, namely three translations
and one azimuth rotation. This condition exists when the
datum has been established by the classical method, ie. when
the position and orientation of the datum 1s fixed by
definition at the NIF. The deflection conditions €k=§k—¢k

and nk=(& lk)cus¢k are satisfied at the NIF by definition.

E

These two equations are equivalent to the =zenith distance
condition, which is thus fulfilled by implication (Vanicek
and Wells, 1974) The only orientation condition remaining
is the azimuth condition, and the rotation matrix RA’

pertaining to the geodetic system (datum), contains only

this azimuth orientation unknown, A.

The authors use the following reasoning: The
transformation from & geodetic to a satellite system
involves relating each system to the CT system. The

satellite system is related to. the CT system by three
translations and three rotations (w,d.=2), whilst thé
geodetic svstem requires only three translations and one
rotation (4). The reason for this single rotation is given
above, namely that we know the direction around which the

rotation takes place ie. the ellipsoidal naormal at the NIF.

This model (Wells and Vanicek, 1275) is given as follows,
using their notation, and'expressing all position vectors in

the CT system:
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4 . Y Y
$ wyztF, -y T Ry-bo(Fy + 7.) )

where ?S, ?G are the position vectors of the origins (0,0.0)
of the geodetic and satellite systems respectively with
respect to the CT system, ?ﬁ is the position vector of

the (G) NIP, ?L is the difference vector from the NIF to

the point i, 3L is the position vector of the point i in
the satellite system, L is the scale ratio between the
geodetic and satellite systems, (WePste) and (4)
respectively are the votations required to align the

satellite and geodetic systems with the CT system.
The unit vector in the direction of the ellipsoidal novrmal
at the NIF (¢0,x0) around which the rotation (4) takes

place, can be expressed as [cos¢0.cosxﬁ,cos¢ﬁ.sinlo,sin¢0]T.

Hence the rotation & can be split into its x,y,z components

as [wx’wg’g"] = & [cos$_ .cosh ,cosd, .sink ,sing, ]
p 5 ; : 4 :

So the matrix R'[,l is then given by

r 1 h.sind —A.cosf_ .sink 1

! i i X
] — ; £ . l n - ‘!
R& = ; u.51n¢ﬁ A-CDS¢0-CD:hD ;
|
!ﬂ.cosm_.sinl, —A.cosd . .COSM 1 l
L ] ] Hx} [} B

Now, there is no way of distingquishing between the wvectors

#+ and # . so that we can solve only for their difference
I_\'

5

F__=f - ¥_ (Wells and Vanicek, 1975). The  authors

5a s

substitute (1+4l) for L, and the matrices (I+G) for R.

-+ N -

rurther, éince the difference between (?n+ra) and & is
onily of the order of a few hundred metres, the authors
substitute 3@ for (?a+?n) wherever the latter is multiplied
by the small quantities G£ and AL, a&as this introduces an

insignificant ervror.
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The observation equation containing the eight unknown
parameters, [u,w,a,ﬂ,ﬁL,?SE], is finally given by

(o - Q.- & 2 F =t o+ -2 =

Lauwa Gﬂ “L'I]'rb Fes Fa * rh, b a
The first three rotations align the satellite system with
the CT, the fourth aligns the geodetic system with the CT.
The last four parameters represent the scale difference and
translation components between the geodetic and satellite

systems.

In order therefore to solve for the eight unknowns, we
require at least three points af the geodetic system common
with the satellite system. However, since the two sets of
rotations are additive, they are indistinguishable unless
more than one geodetic system is involved. Each additional
geodetic system increases the number of unknowns by five, so
that at leacst two stations are reguired on each additional

oecdetic system.

5
m
Pt

1s and Vanicek (19735) computed a number of 501utinn5
using this model. Their conclusion was that, in order to
detect these alignments or rotations with respect to the CT
system, care must be taken both in the selection of the data
points used, and iﬁ the datums (both satellite and geodetic)
used. Since they are attempting to recover the geodetic
datum alignment {not the network}, they use only data points
near the MIF in order toc minimise the effect of systematic

errors in the geodetic network point coordinates. The

=-h

zlection of the sateilite system, the geodetic systems and

I
i

rt
-r
M

> station configuration may all in general change the

results obtained, hence their note of caution.
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2.5.2.2 “Other”_models. A method whereby the
systematic errors in the terrestrial network may be modelled
more completely, is to use thé method of least squares
appruﬁimatian. Here the systematic errors are represented
by a three dimensional polynomial of nth order. - As

expressed by Thomson and krakiwsky (1976):

"The coefficients of the polynomial are determined using
least squares approximation in which the quantity to be
minimised is the sum of the squares of the weighted
discrepancies between a mathematically defined vector field
and the vector field represented by the coordinate

differences."”

2.0.2.2.1 Total difference polynomial modelling. In

this method the total coordinate difference [(?;)&-(ﬁb)lj is
modelled by an algebraic polynomial (Thomson and Krakiwsky,

1976} =

and 1n expanded form

. r i N ; 7 b r I
A F”'(F")-1 z Cr¥ .. wtydzF I M ¥
n ik
Jd, k=1
-+ N o xl b4 . J E
FF) = | FY(R)| = z c, .. x'ylzF | =y |-y
W n . - i Jk
i, J, k=0
= 2 n z S - =
P,_( ) I C ,j)' o y = = =
" L. d. k=0 i )
L J L J L at L Ji
+ o 1y
in which Ciir (or Cfir’cijk’cfir) are the unknown polynomial
coefficients to be solved for. Once the mathematical

vector Tield has been defined, it may be used to compute the

expected (interpolated) vector difference [(F ), - (3., 1
b S DI

Tor any arbitrary point of the network.
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In this model all the components of the transformation, ie.
the translations and rotations of the geodetic svstem and
systematic errors (rotations and scale - difference) in the
ageodetic network, are lumped together. The result is that
realistic geometrical interpretations are probably not

possible.

2.5.2.2.2. Combination of Hotine. Erakiwsky—-Thomson

and_polynomial modelling. Thomson and Krakiwsky (1976)

give another model in which the concepts of Hotine, the
Krakiwsky-Thomson model and the least sgquares appFDximation

methodology are combined:

3 . . - -+ 4
Fo= (?-0)1 + Ra'[(?-x)z AR, RN, il

The translation and rotation parameters required to -relate
the discordant geodetic system to the satellite system

appear explicitly as (?G)1 and R_. The systematic errors

in the geodetic network are modelled by the vector field

~

-', .
represented by Pn(?kb)i. This model also requires a
special estimation routine., similar toc that wused for the
Krakiwsky—-Thomson model, in order to obtain a solution.

This is given by
F (X ,C,) =@ and F (X .C,L,) =@

in which £ are the coefficients of the three dimensional

polyvnomial. s

2.89.2.2.3 Geodetic _datum_transformstion by _multiple
regression__equations. Appelbaum (198Z) used a least
squares stepwise multipls regression procedure to derive

polvnomial eguations for converting coordinates from one

=

gecdetic datum to another as a function of {normalized)

latitude and longitude. The regression  procedure uses
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reference coordinate differences throughout the datum when
deriving the equations. Thus the resulting transformation
aquations exhibit sensitivity toc regional variations in  the
coordinate differences ie. te the systematic distortions in

the geodetic network.

The regression procedure ensures that an equation of a given
precision contains a minimum number of terms. This 1is
achievad by a procedure in which variables are sequentially
incorporated and evaluated, and all previously incorporated
variaples are éxamined and removed if no longer significant.
Hence the resulting transformation equstions are relatively

computer efficient (Appelbaum, 1982).

This method was used Tar the transformation of European
Datum 1958 (EDD@) coordinates to the World Geodetic System
1972 (WG572), and vice versa. An example of the eguations

vused are given on page 211 (Appelbaum, 1982), and také the

farm:
ap = f (u,v) AR" = f{Uav) AH(m) = f_(u,v)
dyfm) = T _(u.v) dy(m) = f_{(u,v) dz(m) = T _(u,v)

where u,v are normalized latitudeaﬂand longitudes given here
by the eguations u=3(x-0.87) and v=3(x—ﬂ.08). where @.87
and P.BB are approximate mean latitude and longitude values
(in radians) respectively for the area concerned, and 3 is &
convenient factor to inhibit large values of eguation
coefficients. The latitude and longitude values uwused in

the equations can be those on either datum.

Z2.5.2 Summaryvy_of combinzation_ models.

Tablss 2.1 & 2.2 below summarise the main features and uses
-

af the different models mentioned i this report.. fhese

tables are taken from Thomson (177468) and expanded.
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DATUM TRANSFORMATION

PARAMETERIZATION OF

ORIENTATION OF DATUMS

PARAMETERS (TER <= SAT) SYSTEMATIC ERRORS IN THE W.R.T. CT SYSTEM ESTIMATION
MODEL TERRESTRIAL NETWORK PROCEDURE
TRANS- ROTA- SCALE SCALE :
LATIONS TIONS |DIFFERENCE ROTATIONS DIFFERENCE SATELLITE |TERRESTRIAL
COMBINED CASE
BURSA 3 3 1 - - - - LEAST SQUARES
. COMBINED CASE
MOLODENSKY 3 - - 3" 1 - - LEAST SQUARES
COMBINED CASE
VEIS 3 - - 3 1 - - LEAST SQUARES
1 azimuth STEPWISE LEAST
HOTINE 3 3 - rotation 1 - - SQUARES
1 zenith dist
KRAKIWSKY- _ _ _ STEPWISE LEAST
3 3 3 1 SQUARES
THOMSON
VANICEK~ _ ) _ , 1 PARAMETRIC CASE
3 1 LEAST SQUARES
WELLS
POLYNOMIAL PARAMETRIC
MODELLING - - - - - - - CASE LEAST SQ.
HOT &K-T & STEPWISE
POL. MOD. 3 3 - - - - - LEAST SQUARES
REGRESSION L.S. STEPWISE
EQUATIONS - - - - - - - MULTIPLE REG.

08
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USES OF M™MODEL MODELS LISTED IN THIS REPORT

COMEINATION OF:
SAT = satellite
TER

K v P
-1 -1o0
T |w L

AcCHm

M 4%
O E
L I

-0
200
m

terrestirial

2 SAT x x b

1 TER & (1> 14+ SAT p 4 b4 (x) 1 (xD 12D

2+ TER datums &
1 SAT datum

1 TER & 1 SAT :
systematic errors 3 b4
of TER modelled

i TER & 1 SAT :
G and S5AT system
axes papallel. Scale * »
/rotations model TER
systematic errors.

BUE = BURSA model

HOL = MOLODENSKEY model

VEI = VEIS model

HGT = HRTINE model

~T = KRAKIWSKY-THOMSON model

V-¥W = VANICEK—-WELLS model

POL = Total difference polynomial modelling

COM = Combination of HOT, K-T and polynomial modelling
REG = Eegressiun equations

2+ = 2 or more systems

(1> 1+ = if marked (%, then only 1;: it marked x, then 1 or

more.



CHAFTER_Z=

THEORETICAL MODELS

Three of the models mentioned in the previous chapter have

been selected for detailed study in this report. These aire
the Bursa, Molodensky and Veis models., which contain one
set of rotation parameters only. The reasons for this

choice are given hbelow.

The initial aim of this study was to evaluate the

transformation parameters (as real physical qguantities)

between the geodetic and satellite or Conventional
Terrestrial (CT)} datums through the use of common
coordinated points. Since the geodetic datums and

networks are geometric objects, it was decided to use a
maodel which has geometric interpretation, from which could
be inferred the relative position of the Geodetic and
satellite or CT datums. It is for this reason that some of
the "geometric” models were selected for further study and

not the "rnon—geometric” models.

However, it became clear during the course of the study that
these sestimated transformation parameters are to be
interpreted with a great deal of caution, and that it would
be presumptious to blindly® attach geometrical or real

physical meaning to them.

The decision to use the models which have one set of
rotations in preference to those which have more than one
set, was based largely on the situation peculiar to South
Africa. This is a small country and covers a very small

portion of the globhe. It is therefore very difficult to
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recover with any degree of accuracy even one set of rotation
parameters by using our geodetic networks of national
extent. The inclusion of & second set of rotation
parameters to represent the overall systematic errors
present in the geodetic network is therefore not regarded as

a practical proposition in this case.

Further, the distortions in the horizontal geodetic network,
which became apparent on comparison  with the Doppler
satellite network, are indeed considerable. There is no
doubt that these distortions are caused by a number of
factors, and cannot be attributed merely ta systematic
errors in the network. The particular method of adjusting
the network in sections eg. gave rise tao some rather
distinct "blocks" of triangulation between which eg. the
scale varies considerably. The regional variation of the
transformation parameters between the geodetic network and

the Doppler (CT) network is treated in section 5.6.2.

Therefore, in view of vthe considerable variatiaon of the
transformation parameters between these “blocks” of
triangulation, it simply does not make much sense to attempt
the recovery of an additional set of rotation parameters
that represent the systematic errors in the network as =a
whole. The assumptions on which the use of the more
complex maodels, which contain more than one set of
rotations, are based, is that the geodetic networks have
been computed homogenecously and rigorously. This 1is not

the case for these South African metworks.

It is for these reasons that the Bursa, Molodensky and Vels

‘models were selected for a comparative study.
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3.1 EURSA_MODEL

This model is given as {(eqg. Thomson, 1276) (S5ee Figure 2.7)

S S : - (3 =

Foo= (1+k)‘Rs'(?L)z (), =0

where (¥ ), and (} ) are the position vectors of the
point i in systems 2 and 1 respectively, and are the

chservables in this model, ie. the cartesian coordinates of
the points 1,

(?&)t is the translation vector between the origin of
coordinate systems 1 and 2,

k 1s the scale difference from unity, representing the

change of scale between system 2 and 1.

R_ is the rotation matrixw given by the matrix product

below, which reduces to the matrix given for small angles of

rotation. The rotations © a8 »T  are those required to
align the axes of system 2 .. ch those of system 1. The
goint about which the rotations are made is the corigin  of
the second system

? i 3 —E, 1

| S
R, = R (s ).R (z).R (e ) = | —s_ 1 s |

£ z v = | z x
! . —
i g, g 1 |

Harvey (19846) states that this approximation 1is good for
rotation angles of up to about 3 seconds of arc, when
rotating vectors of earth radius length, but when the
vectors that are rotated are much shorter; considerably

larger angles of rotation can be accommodated.

MOTE: Due to the way that the model is formulated, the

p=d
]

- - -
ons and Foad

T

change are regarded as referring to the



-
]

(s,

nd system There are #nc a pgricri assunglitons regarding

parallelity of system axes in this model.

The expanded form of the equation is:

[ ® 1 o -z ] M, ®, ]
a z v v L

i

|

Y, - Y. = @

&
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]
)
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©
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The problem of high correlation amongst the estimated
parameters has been mentioned by numerous authors, eg.
Hérvey (1985). The reason is that the geodetic network is
generally only of regional and not global extent, hence the
data covers only a very small portion of the earth’'s

‘

surface.

Thomson (1974) mentions that this model can be used for the
combination of two networks, provided the coordinates of
each network can be used to recover the datum fu which each
metwork refers. Since this is only true for satellite
networks, he concludes that this Bursa model is not
appropriate for the combination of one satellite and one
terrestrial network. This point is also made by saying
that the coordinates of the sateilite network are
representative of its datum, whilst those of the terrestrial
network are not. This is also reflected in the character
of the VCV matrix (used in this report} of each type of

network, as seen in sections 2.5.1.4 and 4.2.3.

The model for the tnverse itransformation 1s derived simply
as
Foo= (o) WR LG ) ()T (R, =@

= (1+k)TLRL LD ), -(F )1 (R, =B

since the rotation matrix R_ is orthogonal. e
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S.1.1 Estimation methnd

The theory of least sguares estimation is treated in detail
in various works, eg. Mikhail and Gracie (1981). Krakiwsky

and Gagnon (1983} give a concise summary of the equations

used for the different cases of the least squares solution.

The solution to this equation is obtained by the combined

case least squares estimation procedure, expressed as

F(X,L)= @& R |

where X represents the unknown parameters and L

the observables.

The model is non-linear and linearization produces

expressiaon

AX +B.Vv+ W =0 cea3.2
where A,E are the design matrices
A= 9F g5 =12F

X (x",0) L(x”.L)

A

X is the least squares estimate of the unknown parameters

P

Y is the least squares estimate of the residuals of

observables
w' = Fex®,L is the misclosure vector
x¥ is an initial estimate of the unknown parameters

i are the cbserved values of the observables.

The lsast squares solution to eguation 3.2 is given by

) ‘.A}".AT(B.EL.BT)“.WG

\( ,
il
|
-
I
-
i
t1
| ad
I

- K where the correlate vector, kK, is

)7 (AL X+w?)

the

the
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The least squares estimate of the unknown parameters are

¥ = x"+ X and the adjusted observables C=10L + V.
Further, @ - = [AT(B.z .BT) '.AT"! and

ey o T - T, -1 _ - T, -1 AT o © T,-1 -
QL & QL.B .[(B.HL.B ) (H.QL.B ) .A.GX.A (D-QL-B } ]B'“L

whetre QE and E; are the weight coefficient matrices of

the estimated parameters and the adjusted ocbservadles
respectively. The associated VCV matrices are given by

I- = §l.0z and I- = Il.0-

z "% L 0L

-2 vIF.Y . o _
where o = is the a posteriori variance Tactor
) n—m
with n = number of aobservables, m = number of unknown
-1 . . - -

parameters and F =z is the weight matrisx. EL is

the (a priori) VCV matrix of the observables and in this

-

£_._ of the
XYz

case is a combination of the WVCV matrices
terrestrial cartesian coordinates and :XYZ of the satellite
cartesian coordinates.

£

Mow in this case, we have the design matrices & and B

given by Thomson (1976):

5F 5F
A= i E = T where
L i i
X, 1%,L L. X,
"1 @ @ o —(z +k"z ) (y, +k%y, ) |
A =1 B 1 B i (z +°z) o —(xf ek w )
B B 1 - (y +k'y ) (x, +k" %) o ;
] g ; A

Can Y
~ E
+
"
M
I
)
~—




P~

.

(1+k")

—( o ,:,+k_

[ [} . i
—(E: y-r k= y )

z

6.0,

z

The superscript °
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indicates initial approximate estimates of

the unknown parameters.

The solution of this model for the seven parameters requires

a minimum of three common points.

The forms given above are for the general case,

but

if

point of expansion is taken as zero for all parameters,

L

(X"’

then

(>

i

y

Y

i i

el
- bnd L]
2%

i)

o

x

s &,

7

the matrices A and B reduce to

r

ey e

-

1

]

@

]

i}

L Ry

The misclosure vector

-
i
i
i
1
i
!
H
i
i
H
i
I
L

a

M

w'

is given by

X,

L

Y.

-
=

L

i

]
|
!
I
l
i

J
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3.2 MOLODENSEKY MODEL (5ee Figure 2.8)

This model has been developed to overcome the problem of
high correlation between the parameters by relating the
scale and rotation parameters to some fundamental point @,
and using diffference vectors from this point (Hoar,1982).
This aspect of the model has been mentioned by numerous
authors (eg. Thomson, 1974, Harvey, 13835). There are z few
versions of this model given in the_literafure. The main
differences lie in the fundamental point which is selected

as the point of rotation.

The first zersiown Of this model uses the cenire of gravity
{m2 of the secownd (terrestreall netweork as the fundameatal
gotnt of rotatcon. This version is the one recommended by

the Defence Mapping Agency (DMA) (Hoar, 1982) and by various

cther authors (eg Harvey, 1983). The “implicit assumptions
mads  tn  the forwmulatioen of thiz medsl  are  that the
terregtrial geodetis and satellete (CTF  system auwes are
zligned awnd of the same scale, a2z wili  be gointed owui
below.
This model is given by
4 5 ;3 4 4
= { + +Kk).R_ . _ - (7 =
Foo= (P + (P, + (k)R o(Fpy, - () =0 where
{ = % / o= .] I I . =z =, |
(Fm), [ "m Ymr Cm ]. i/n | = ®ys = TL oot
Z i o= L= [ ¢

is the position vector of the centre atf gravity (m) of the
o

{second) terrestrial network, compute

MNote that this wvector enters the eguation singly, ie.
without coefficients. This 1implies that the axes of
systems 1 & 2 are paraliel, and since thse scale factor
applies to tne network and not the system, the implication
is that the terrestirial system is of the same scale as  the

satellite (C7) svstem.
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]
~h

(?ﬁ} is the translation vector between the origin

1

~

coordinate systems 1 and 2,

(Fp. ), &

Tl

. ), are the observables in this model,

(?mi)é is the difference vector from the point m to the

pocint i of the second (terrestrial) network,

-~

55): is the position vector of the point i1 in the satellite

network.

The rotation matrisx RW is given by
[ )
RW = Rx(wx)'Rt(wy)'Rs(wz) = ; -y, 1 L i
o e |
These rotations are reckoned around axes nominally

parallel to those of systems 1 and 2 (and situated at the
fundamental point}, and k is the scale difference from

unity.

The raotations and scale difference are considered to refer
toc the second network, since thow= difference vectors are

the ones that are rotated and scaled.

The s=cond versicn aof this model uses the (nitcal gosnt

f othe secomd metwork as the fundamental gowtnt of rotation,

Thamson (1976) identified a few versions of this model.

Thomsons® (1976) Version 1 of the Molodensky model 1s given

by -

Fo= (P, + (F ), + (I+k).R(F, ), - (3), =8

where (?,)i, (,7.%.)i,i ke & R, have the same meaning as
it I i

above. Here the vector (?k)* is the position vector of the

network initial point (fundamental point) af the second
network, and the difference vector (?H)2 = (?h)q—(r,)+ is
the vector fram the initial point (k) to the point i in the

second system. The observables are the vectaors (Et)x and

(F, ), -

i
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Since the position vector of the fundamental point, the
centre of gravity, (?m)i, and the initial point of the
second network, (?k)t, in the two models above, enter the

model singly, there 1is again the <imglisst agssumotion that

the coordinate awxes of systems r (T2 and = {GX are
caratilel. The apglicatioeon of the scale faoctor to  the
network again implies a unitform scale for both the systems
or datuns, Thes @ an <mportant geint that 158 not  always
expressly mentioned.

Thomsons’ (197&6&) Version Z of the Molodensky model is given

by
; 5 . 2 ) 1
= + + - - + . - = . =
F.= (F)), (1+k) R .[(F ), + (FL 0,1 = (3 =0
where each of the terms have the same meaning as 1in the
models above.
In this version there is no assumpiion of paraiiteicvty of
the axes of systems r and z, but the implicit assumption

here is that there is a local coordinate system &t the

~

initial point of network 2 which is parallel to the axes of

system 2, since the position vector of the initial point and

the difference vector are simply added.

o

mnoshown th

N

at wt &

Ty
o
T
[

interpretation “<t

=

4 3
(AT

Bursa wmodel” (Thomson and Krakiwsky, 1976&)

ho

this reason that this second version of Thomsons' Molodensky

model will not be considered any Turther in this report.

The Molodensky model can be used for the combination of &
satellite and a terrestrial network, but it must be born in
mind that the assumption of the parallelity of axes may be
incorrect. It can not be used for two satellite networks
since a satellite network has no 1initial point associated

with it.
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The opinion has been expressed by various authors (eg.
Thomson & Krakiwsky, 1276) that the Bursa model 1is best
suited for the combination of networks that have global
coverage as opposed to local or non—global networks, whereas
the Molodensky model 1is more suitable for non—global

networks.

The model for the inverse transformation is simply derived
as follows (for the first version of the Molodensky model

given above):

= T RSP LD ) —(B ) —(F - =
Foo= () R LIG ) - ) (P 1 - (P, =0

= -1 RT 3y - —(7 - =

= (k) TNRL DG (P ) (R 1 - (P =

since the rotation matrix R, is orthogonal.

W

Z.2.1 Comparison_ of geometry of Molodensky and Bursa models

It has been shown by various authors that the numerical
values bf the rotations and scale difference are 1identical
for the Molodensky and Bursa models. The translaticiiz are

however different.

cmeni 16 from Xarvey (1983):

The Molodensky model can be written as follows:

F=F +8=20 where
o= (F), - (1+k).Rw.(rm)2
Q= (F), + (1+k).Rw.(FL)2 - (2.,

2 is the standard Bursa model, and F is simply a constant
term which is the same for all points, and would obviously
affect the translation terms. The values for the rotation
parameters (represented by the matrix Rw) and the scale
difference k, are determined by @ only, and therefore egusal
those from the Bursa model. The difference in the
translation terms obtained from the two models 1is clearly

due to the scaling and rotating of the fundamental point m.
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The difference 1in the translation terms may alsoc be
considered by using the following development of the models

similar to that given by Boucher (1979):

If the rotation matrices in the Bursa and Molodensky models,

Ra and Rw respectively, are replaced by
R, = I +4G_, R’,"U = I + Qw where I = identity
matrix, and QG and GW are given by
r < -z 3 —y
e g, £, I Y, N ]
|
= -£ 0] £ g = ! — y
GE z % ¢ i Tz a 4':-: !
i i
- - w i nh — G {
L ~ ] L% T ]
and the models expanded as follows (the B and M
superscripts denote the Bursa and Molodensky models

respectively): .
3 B , _
(?—o)1 + (1+k").R_.(F ), - (‘F,’L)1 =
= (?O)f + (1+|e_£r).(1+[3€:).(?;;)2 - (3;) =@

Hence, ths Bursa model produces (neglecting the second order

product kE.G§ )

(3., - (F), = (F)]

+ KEL(R ), 4R (F),
The Molodensky model similarly produces (neglecting the

second order produact kH.Qw )

(3, - (F o, = (F] + K0F P10+ Q

4
i o't i m-: w'['L Fm]*

From these equations it is again obvious that in the Bursa
model all points i are treated in the same manner, since it
is the position vectors (?‘L)E of all points that are rotated
and scaled. In the Molodensky model however, it is bnly
the difference vectors [FL—?m]i from the fundamental point m
that are rotated and scaled. not the position vectors (?;)2.
Hence the fundamental pgoint m is mei rotated and scaled in

the Molodensky model, whichever point is used as such.
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Now if the rotations and scale difference from the two
models are esqual, ie. Ga = QW =& and kFPo= k" = &

then we have on subtraction of the first from the second

equation :

), = (koI + @).(F )

- K o_ .2 o, < .2
(rg) (ra)x k'(rm)t * G'“‘-m g m’z

¢t
which expression confirms Harvey's (1985) statemgnt that the
difference in the translations is due to the rotation and
scaling of the position vector of the fundamental point
(F"m)2 of the second network.

Hence the Bursa and Molodensky translation terms are equal
[(?Q)f = (?G)f] if either one of the following two

conditions are satisfied:

If (?m)A =0, ie. the point of rotation is the centre
of the geodetic ellipsoid, OK
if k=8 arnd Q@ = I ie. the scale difference and

rotation parameters are restrained to zero.

The precisions of the Molodensky translations are
generally an order of magnitude smaller than those from the
Bursa model., However, it must be clearly stated that, in
the light of what has been said previously, the Molodensky

tmates of the Bursa

i
o
h

translations are 7ot better &5

T

n
e
=
+
i
P
—~
he'S

translations, they are Fundam aifferent

(Harvey, 1986).

2.2 Estimation_method:

This is done as in the Bursa case by the combined case least

squares method. and the matrices A and w® are as follows:

j i 73 2 é a -z, Y. § Ry }

= | : S - ' |

A, % 7] 1 @ : z,, @ %, Yy |
! Voo y L ’

| @ 2 1 ; Yii L 2 P, j



[ R ( St S
1] a l l ) i ]
W = FL(X ’LL) = ! y}+yk‘—YL ' = { YL—YL |
{
| - { S
L Z)‘+‘Lkl} ZI -i |L L.b Zl J

The B matrix is identical to the B matrix for the Bursa

model namely B = [ I | -1 ] of size 3x6 for each network

point. Hence, since the W misclosure vector is likewise

identical, the only difference is in the structure of the A

matrix.

To solve for the seven parameters from this model one needs
the position vector of the initial point of the second
system as well as the coordinates of at least three more

common points.

I.Z VEIS MODEL (See Figure 2.9)

This model is given by Thomson (1976) as

Bo= (P, + (F), 4 (1+k) LR (F

where (?ﬁll, (?k)ig (?kh)ﬁ, (3L)1, & Fk have identical

meanings to those in the Mclodensky madel, and where

Rv = Rﬁ(lB@—xk).R2(9@—¢k).Pﬁ.Rl(dw).Ri(du).Rﬁ(dA).

F_.R,($,-9@).R, (% -180)

where (¢},x}) are the geodetic coordinates of the initial

paint k of the second network. F. is a reflection matrix

about the y—axis,

-

@

1 e
@ -1 @ !
@ e 1 J
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and the matrix product

{ 1 da ~dp }

R, (dv).R, (du).R_(dA) = i —dA 1 dv |
Fe K3 l

Lodp —dw

The point of rotation is the initial point of the second
network and the rotations are referred to the axes of the
local geodetic (LG) system. The rotations are Ve a
rotation about the x—axis ie. a tilt in the prime vertical
plane, dyu, a rotation about the y—axis ie. a tilt 1in the
meridian plane, and dA, a rotation about the " z—-axis 1ie. a

rotation in azimuth.

According to Thomson (1976), the product
Pﬁ.Rb(¢P—9ﬂ).Rq(lk—180) is needed to transform the
difference vector (}kt)z to the local geodetic system at k
from the system 2 (6) in which it was formulated. The
final set of rotations Rq(lBﬂ—xk).Rﬁ(9D—¢k)_ph is
required to rotate the transformed ditference vectors (r_

EL 1

back to the second coordinate system (G).

The matrix Rv/is given by Thomson (1976) as
1

sin ¢, .dA+cos ¢k.dv
F. .

- .-

~COos ¢k.sin lk.dﬁ—cns l}.du+sin¢k.sinlk.dv

| |

-sin &, .dA—Ccos ¢k.dv

k

1

-
e

cos ¢k.cus %k.dé—sin .du—sin¢k.caslkdv

P "

—

sin l).cos $k.dﬂ+cos xk.dg—sin ¢k.sin hk.dv

—cos ¢k.cns krdﬂ.+sin lk.du+sin mk.cos xkdv

[

1

| ST
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This model has the same implicit assumptions of parallelity
of the axes of systems 1 (C7) and 2 (6) as in the Molodensky
model. The interpretation of the resulting parameters are
similar, ie. the rotations and scale change refer to the
second networlk. The translations are identical to those

from the Molodensky model.

The Veis model is seen to be equivalent to the Molodensky
model, and can therefore be used for the combination of a
satellite and terrestrial network, but not for'two satell{te
networks. \

The model for the iaverse transformaticon is simply derived

as follows:

- i gt % - (7 —(# — =
Foo= (1+k)TRLIGE ) = () —(F),1 - (F, ), =@
= (1+k) LRy WD(E) - (P ~(F 0,1 - (L), =@

since the rotation matrix Rv is orthogonal.

Z2.3.1 Relatic- netween Molodensky_and _Veis rotations
The Molodensky rotations (w",wv,wz) can be derived from the

Vels rotations (dv,du,dA) by the following relation

Cp_a,aw ) = [R,(188-%, ).R, (9@-¢ ).F 1.(dv,du,dA)” .

and the Veis rotations from the Molodensky ones by the

inverse aoperation.

This 1is identical to the Bursa model. as are the matrices E

and W°.
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The matrix A is given by Thomson (197&) as

rT1 e e
i :
A= | @ 1 @ @
i b
e e 1

-5i . + sin ., . t, .z
sin ¢k Yy sin >, .cos ¢, .2,

— cos ¢k.cns A, a2

sin ¢k.x E 2y

|

- t. .81n A, .x . 0+ e No.
cos $k sin A «x, cos ¢k COs X, .Y,

ki
sin Mty
-COos kk.x - sin Ak.ykl
—cos ¢ .y, — sin ¢, .sin A .z, E %o ]
' i
cos ¢k.ka + sin ¢k.cos kk'sz § Yii i
H
sin ¢k.sin lk.ka — sin ¢k.cns lk.y - E 2., }

This model has seven parameters and therefore requires the
coordinates of the Fundamental Foint (FF) and at least

three common points, similarly to the Molodensky model.



CHAFTER_4

4.1 STATE_0OF GEODETIC SURVEY_ IN SOUTH AFRICA

4.1.1 Horizental network

The historical development of the geodetic networks in South
Africa is described in various official publications. What
is presented here is a very brief abstract from a paper by

Wonnacott (198%).

Geodetic triangulation chains forming closed loops covering
most of the country were established in the late nineteenth
century as a result of the work of Sir David Gill and
others. In the period 19200 to 1772 triangulation breakdown
and densification was done to fill in the areas between the
earlier triangulation chains. The methods of adjustment
which treated sectiaons separately resulted in a ’'patchwork’
style of adjustment, the results of which are now shown up

by more modern surveying techniques.

With the introduction in the early 1978°'s of electronic
distance measuring apparatus, it was decided to run a scheme
of first order traverses. These were to be traverses with
legs of about 4@ kilometres in length, and about 2 degrees
of longitude by 1 degree of latitude in extent. The
intention was to include the triangulation inside these well
controlled traverses in order to control the swing and scale
of the triangulation. The swing in these traverses were to
be controlled by the observation of astronomical azimuths at

every third or fourth 1leg, and Laplace latitude and

longitude was observed at the terminals of the azimuth legs.

99
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Wonnacott (1983) explains how these traverses showed up
problems in the triangulation by running across ‘patches’ of
triangulation resulting from different adjustment stages.
In order to confirm the traverse terminal points it was
neccessary to establish some form of uniform control to

cover the whole country.

This was the reason for the start of the systematic
translocation Doppler survey of the country in 1988, as
mentioned below. Suffice it to say here that Wonnacott has
identified various shnrtcnhings in the national network,
some of which will be confirmed below (at least partially)

using the available data.

4.1.2 Vertical network

The South African height system is described in an official

publication (Anonymous, 19646) and summarised by Merry
(1985). It 1is a spheroidal orthometric system in  which
normal gravity is used instead of measared gravity. The

height network is based on the least squares adjustment of
six fTirst order circults that were 1initially established.
Later circults were then adjusted onto these, and this work
continues. However, some changes are contemplated in
anticipation of the future readjustment of this network

{Merry, 19835).

4.1.3 Gepidal heights

One result of the work done over many years by Merry and
Van Gysen (eg. Merry and Van Gysen, 1787) at the University
of Cape Town is that we have today a detailed geoid model of
Southern Africa which is more than sufficient for the
reduction of geodetic observations to the ellipsoid. The
geclid heights that are required for combinaticon with the

spheraoidal orthometric neights im order to obtain

ellipsoidal heights, are obtaimable from these authors.
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4.1.4 Doppler_ survey of South Africa

The Control Surveys Branch of the Directorate of Surveys and
Mapping in South Africa initiated a systematic Doppler
translocation survey of the country in 1988 (Wonnacott,
1985). The result of this survey is a uniform network of
high relative accuracy covering the whole country as well as
South West Africa, comprising 2Z stations in South Africa
and 13 in South West Africa (Wonnacott, 1984). These
Doppler stations were generally selected to coincide with
existing of proposed Laplace stations on the primary
traverse network, and with spécings of approximately 320
rilometres. The positions of 21 of the main Doppler

stations in South Africa are shown in Figqure 4.1.

In the period 1982-1983 six points 1in South Africa (see
Figure 4.1) and three in South West Africa were selected to
be occupied as part of South Africa’'s contribution to the
ADOS campaign (Wonnacott,1986) These nine points were
surveyed in accorudciice with the technical specifications for
the ADOS project, and were computed in the SFF mode using

the DMA precise ephemeris.

The translocation survey was done in sections. initially
three and later five stations were occupied simultaneously.
Each of these simultaneously occuplied group of stations
S} was treated as & subnet and reduced using the
Broadcast ephemerics. These subnets were then adjusted to
form & nomogeneous continental network {Newling, personail
commuinication, 1984). This translocation network was
adiusted onto the ADOS points, which served as Eéra order
points. Thes= ADES points acted as welighted constrainis in
the adiustment of ths trancslocation network, and as =
result, "the adjusted Doppler network is strongly biased
towards the precise ephemsris reference frame, v ie. NSWC

FZ-2.7" (Wonnacott, 19868)
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4.2 DAT4_USED_IN_THIS REFORT

4.2.1 Source_cf_ data

The gecidal height data on the Cape datum was supplied by
Merry { personal communication, 17984, 1987) . The
terrestrial and satellite data was supplied by Newling
(personal communication, 1986, ~1987). This comprised the
data for the 21 main Doppler stations shown in Figure 4.1,
as well as for 2 additional stations which are not shown.
Data obtained from other sources will be referenced
individually.

4.2.2  Data

The parameters of the Cape Datum are those for the modified

Clarke 18880 =llipsoid, namely

seml major axis a = 6378249.14532 metres
semi minor axis B = 6356814.966721 metres
The saztdiail Pl R A4 ocf the geocdetic network (MIFP} -
Buffelsfontein near the citvy of Fort Elizabeth. The

adopted geodetic ellipsoidal coordinates of this point are

latitudse ¢ = - 337 5%° 32."000
longitude = + 257 3B° 44."4627

The geoid height, although not explicitly defined, is
implicitly taken as zero for Buffelsfontein, so that the
ellipsoidal height becomes the speroidal orthometric height,
ie. h = 282.088 metres.

¢

4.2.2.1 Terrestrial_ coorcinate data. The horizontal
coordinates, geodestic latitude (4) and longitude (&), are
combined with the spheroidal orthometric  (H°) and geoidal
heights (N)‘tD obtain the ellipsoidal coordinates (ferah).
These were then transformed to cartesian coordinates (xyz)

on the Cape Datum using the well known formulae given in

AFFENDIX A. The geoidal data on ths Cape Datum was
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obtained from the geoid model computed on the GRS80
ellipsoid . This geocentric geoid, shown in Figure 4.2,
was transformed to the local Cape Datum by using approximate
transformation paramseters determined previously. The
resulting geoid height at the Network Initial Foint,

Buffelsfontein, was zeroa, as defined implicitly.

4.2.2.2 Satellite Dappler_coordinate_data. The

location of the points of the Doppler translocation network
and the six points of the ADOS campaign are shown in  Figure
4.1. As mentioned above, the translocation network was
adjusted onto the six ADOS points which were fixed 1in S5FF
mode using the FE. Thus the whole Doppler network can be

considered to be in the PE coordinate frame, ie. NSWC ?Z-2.

All known biases of the Doppler FE coordinate frame (NSWC

PZ-2 ) with respect to the CT system were removed before
using such coordinate data (eg. Mueller, 1782). The
transformation parameters used here for thwe transformation

of the Doppler FE coordinates (NSWC 9Z-2 ) to the CT system,
are those from Hothem, Vincenty and Moose (1982 . These
are:

a Z-shift of +4 metres,

a Z—axlis rotation or longitude rotation of —-@.8 arc seconds
{ie. increasing longitude east), |

a scale change of -@.5 ppm.

This transformaticon was applied to the Doppler coordinates
thiroughout all computations in this report. \ Therefore =11
transformations computed here are for the transformation of
the Geodetic network or datum onte the CT system as
represented by the transformed {using the specific

parameters mentioned above) Doppler NSWC 7Z-2 coordinates.



Figure 4.2  Geoid model of Southern Africa on the GRS80

ellipsoid (after Merry and Van Gysen, 1987)
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L. 2

- VEV matrices of observables

It the coordinates of the networks had been produced by
rigorous adjustment methods, then the associated vev

matrices would have been produced as byproducts of this

process. However, this is seldom true of national networks
that have been adjusted before the advent of modern
computers, and one thus has no such information. Here we

will attempt to form these matrices empirically, even though

they will not be fully populated, ie. they may only be
diagonal or block—diagonal at best.

-

4.2.3.1 Satellite network VCVXYZ matrix. i he

P2

precision of satellite single point positioning is regarded
as homogeneous as mentioned before. The following

assumptions will be made in the formation of this matrix:

The precision of all network points is regarded as equal, as
are the precision of the X, Y, and Z components of a point.
Further all correlations are neglected, be they betwsen
network points or between coordinate components of one point
The result of these assumptions is that the VOV matrix for

thes satellite network is strictly diagonzal with the entries

K
K4

on the main diagonal being the variances - aof a coordinate
component. The VCVY matrix for the point i is &z 3Fx3
diagonal sub-matrix, hence the full matrix is of size 3In=3n

where n represents the number of points.

Thse meaning which 1s here attached to this precision
timate is that it is the precision of the position vector
with respect to the "origin of the implied coordinate

frame, here nominally the geocentre.
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§.2.3.2 Terrestrial network VCVNX? matrix. The 3D

terrestrial (xyz) network is derived from the combination of
the 2D horizontal (¢,%) and the 1D vertical (H') networks,
together with geoidal height (N) information for each
network point. The VCVVYE matrix is similarly derived from
the ch¢lh

of VLV matrices, namely VeV = J.(VCV .
xXyz P AR

matr%x by the well—-known law for the propagation
\ ).a"
where J 1is the usual Jacobian matrix of partial
differentials. The details of the formation of this matrix
are treated in AFPENDIX B.

4.2.3.3 Formation of the VCV matrix. The

d2h
classical estimate of precision of the horizontal compéhents
(¢,2) is derived from Simmons’ rule (Simmons, 1958) which
states that they are a function of the distance from the
network initial point. This precision estimate is regarded

as relative to the network initial point. -

The ellipsocidal height h is the sum of the orthometric
height H® and the gecidal height N. Since we are
interested in heights of network points relative ta the
NIF, we will adopt some empirical formula similar to
Simmons® rule, so that the relative precision estimate for

the height is a funtion of distance from this initial point.

Now, ir the classical method of datum establishment, the
pocsition of the ellipsoid is determined by the geodetic
coordinates adopted for the initial point, and by the
adherence tc the topocentric parallelism conditions. ' In
crder for this ellipsoid to be fixed in space, we will .nat
allow these coordinates of the initial point to vary at aill.
One exception to this rule is the case of the “network

transformation parameters” when &!l! coordinates of the

network have esgual variances.
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This implies that the precision of the position wvector
(xyz) of any point in the terrestrial system is equal to the
precision of the relative or difference vector from the NIF
to that point. Hence the relative precision estimates that
we compute for the network points (in 4,%,h) will also be
the precision estimates relative to the centre of the

ellipsoid.

The correlations between points as well as between the

-

components of a point willi be neglected and therefore the
ch¢lh will be diagonal. Since the Jacobian matrix is not
strictly diagonal, the resulting chxyz matrix for the
terrestrial xyz coordinates will be block—diagonal with each
3x3 block representing one point. This implies that the
VCVxYE matriy is of size 3nx3n as in the case of the

satellite network.

4.2.3.4 Numerical values_used. The formulae used

here for the computation of the standard acviations of the

ellipsocidal coordinates (¢,%,h) are =g, = B.@5 x K-°F

Y4
metres, where k is thes distance in kilometres of the network
point from the initial point (NIF). This vyields the
estimates Y4 =g, = 5.8 metres for £ = 100@ kilometres.

The variance of the ellipsoidal height (U;) is the sum of
the variances of the spheroidal orthometric (z:) and
geoidal heights (g ) as ﬁ; = §§U+ E; . The numerical
forms used in this report were rather arbitrary estimates.
The formulae for the estimation of the standard deviations

of the sphercidal orthometric and gecidal heights are

o 5 = B.B15 x k:/% metres, and o = 0.001 x K metres,
where K has the same meaning as above. Thus the
standard - deviation for the ellipscidal height is
g, = [ ohe+ of 1777 = [(@.815 = KEEyE o+ (@.m@r o k)3T
which yields o, = 1.8 metres for K = 1088 kilometres.
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The standard deviations assigned to the Doppler satellite

(o CT) coordinates of the satellite network, were
v, =g, =5, = 8.5 metres, and represent an average
value.

4.2.3.5 Formaztion of the combined EL -matrix of the
cbservables. Due to the way that the three standard models
considered here, namely the Bursa, Molodensky and Veis
models, are formulated, the EL matri; represents a
combination of the VCV,., and VCVVY? matrices. Since we do

not need either of these two matrices individually, the EL
matrix is formed directly. It is. of size bnxbn,
block-diagonal, with each &6xé block representing one network
point, being a combination of the terrestrial and satellite

VLV 3x3 sub-matrices for that point.



CHAFTER_©

RESULTS__ANMD__ANALYSIS

-

A computer program was developed specifically for the
purpcses aof this report. This program allcws for the
combination of a classical terrestrial network, using both
horizontal and vertical networks, and & thres dimensional
Doppler satellite network by solving for the external bias
or transformation parameters using any one of the three
models described in CHAFTER 3. This pragram, which is

described in Appendix C, was used for all computations.

The numerical results of a number of adjustments using' the
three different models, Bursa, Molodensky and Vels, are
presented and analyséd. These results are in the form of
sets of transformation parameters and precision estimates
for different adjustments. When viewed dispassionately,
these sets of estimated bias parameters are simply a set of
parameters to be used for the transformation of coordinates
from one network or datum to another. HoWever, an attempt
is made toc aésign some physical meaning to these parameters

in two ways.

The f:irst represents the case where an attempt is made to
recover the transformation parameters for the Geodetic (G)
datum itself, the so—-called "datum transformation
parameters”. The secsond represents the case where it is
attempted to recover the transformation parameters for the B
network, the so-called "network transformation parameters®.
This point is also discussed in general terms in section
2.5.1.4. The following discussion refers to the specific
models used in this report, namely the Bursa, Molodensky and

Veis models.

110
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In this report the coordinates of common network points are
used as observations. It was mentioned in an earlier
saction that the coordinates of network points can be used
to recover the position and orientation of the datum on
which the network is based, provided that the coordinates do
accurately represent physical reality, and are thus
representative of their datum. Whilst this 1is true of
satellite networks, it is not true of classical terrestrial
natworks. In order then to use these coordinates to
recover the datum, the weighting model discussed in secticn
2.5.1.4 is used in the adjustments. This model uses a
differential weighting scheme whetreby the weight of =a
network point is.a function of the distance from the NIF,
thus compensating for the effect of various errors in  the
terrestrial network. Foints closer tao the NIF thus
contribute more to the recovery of the datum position and
orientation than those further away, as expressed by Wells
and Vanicek (19735). Therefore, it is submitted that the
coordinates of rnetwork points do, when associated with this
type cf weighting model or VEV matrix, represent their

atums to a greater or lesser degree of accuracy. This

CL

proccedure then leads to the recovery of the Ydatum

transformation parameters”.

The case where all network points, including the NIF, are

given equal weight and therefore ;L=I, represents the

recovery of the "network transftormation parameters®.

Now, in the case of the Bursa model, both interpretations
may be used without complications. Since the Bursa model
makes no a priori assumptions in the formulation of the

model, there is no violation of any such assumptions.
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In the case of the Molodensky and Veis models, there is the
implicit assumption that the G system is both -parallel and
cf the same scale as the CT system, and that the estimated
rotation and sale patrameters refer to the & network. No
complication arises when estimating the "network
transformation parameters". There is ‘however a
complication when using these models to estimate the "datum
transfarmatian parameters". When attempting to wuse the
above differential weight model in conjunction with network
coordinates to recover ‘“datum transformation parameters”,
there is the obvious difficulty in that these parameters can
not then be attributed fa the datum, since this
interpretation violates the a priori assumption mentioned
above. Therefore it does not seem to make much sense to
speak of “"datum transformation parameters” in the Molodensky

and Veis cases.

However, it must be kept in mind that this parallelity
assumption will only be strictly wvalid 1if the datum was
initially perfectly aligned with the CT system. Since this
iz hardly ever likely, the above assumption will usually

not be perfectly valid. With this fact 1in mind it 1is
submitted that it may still be interesting to use this
variable weight model in the case of the Molodensky and Veis
models. However, to avoid an obvious difficulty, these
estimated parameters shall - be called “guasi datum
transformation parameters® for the purposes of this report.
These will be compared to the “datum transformation

parameters" estimated in the Bursa model.
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A parameter that is useful in assessing the gus

transformation will now be introduced.

5.1 THE_"MEAN_GOODNESS _OF FIT" VALUE, A

The results of a transformation adjustment such as
considered here, are two sets of adjusted cartesian
coordinates that differ by the adjusted parameters. Now,
the a priori variance factaor, Eé = VT.P.V/(n-m), being a
function of the residuals, is some measure of the gquality of
the adjustment. However, since the residuals are
multiplied.by their weight matrix F = 2;1, the effect is to
normalize them. Therefore, Ez does not give a direct

measure of the misclosure after transformation. Consider

the following argument:

The derived set of transformation parameters 1is used

(inversely) to transform the sat of CT coordinates into the

G systemn so as to produce what are called pseudo—geodetic
{FG) coordinates. These coordinates will differ from the
geodetic coordinates (ftor the same points of course). What
is now required is & swiwngle fumerical  value that would
indicate the "average linear difference" or the “nean
gocdness of fit7 between the pseudo—geodetic and geodatic
coordinates for all the points. The‘value that is adopted

for this purpose in this report is called the “mean gocdness

of f+t" walwe after transformation, 4, and 1is computed as

-

foliows: (Burford (1985) used a similar (mean) value in

his investigations).

The pseudo-geodetic coordinates are differenced from the
geodetic ones, and these differences are exptressed in

component form as Kop Rss YesYer TpiTEL Th= total
=)

FQ
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displacement is then computed for each point i (in metres)

displacement = ¥_o—% ? + - ? + (> —= i ifz_
as displacem (IG PG)L (YG yPG)L (LG ‘PG)L }

The simple arithmetic mean, of these displacements for alil
points is computed and used to indicate the *mean goodness
A

of fit" after transformation,

- S

. ) 172
+ = A . 5 - 2 + —_ = 2
. [ (ks “FG)L (ya yFG)L (zﬁ ‘Fs)' »

A =

"o

L
where n is the number of common points. It will be
appreciated that the absolute value of the total coordinate
difference in each component after transformation, ie.
oo Mpgs Yo T Yeg?* 257 Zpg* is simply the sum of the absolute

values of the residuals to each of the coaordinate

components in each system, eg. Pt lvﬁ|+{v Note

= |
s “pa it | S L

that the CT coordinates become the FG coordinates after

transformation.

However, an important remark should be made now. The value
& is a Tuntion of the coordinate differences after

transformation, and therefore depends on the parameter

values used. These in turn depend on the specific weight
or VLGV matrix I used in the determination of these
parameters. Hence, the value & is a function of the VCV

matirix EL used in the determination of the parameter set,
and is therefore not to be used indiscriminately. I¥ this
fact is borne in mind, no problem should result from its
use. The =ffect of the VCV matrix EL on the value & 1is
seen by comparing these values for similar cases (columns)
from Tables 5.1 & 5.2. The 7-parameter cases in columns
orne of Tables 5.1 and 5.2 vyield & values of &.5 and 6;3

metres respectively, this difference being entirely due to

the use of the different VCV matrices Z, in the solutions.

I
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5.2 BURSA_MODEL

9.2.1 Fresentation_of_ results

\

Table 5.1 summarises the results of five different cases
{columns 1 to 5) of the transformation adjustment using the
Bursa model, with the VCV matreix EL et equal to the
tdentity matreix I. This represents the cases where an
attempt is made to recover the datum transformation
pcarameters by using a weight model designed to reflect the
fact that there are unknown and unaccounted for systematic
erraors present in the terrestrial network. The cerrelation
natrix for the 7—parameter trénsformation, case (column) 1
of Table 5.1, is given in Table 5.1.1. Each of the five
columns of Table 5.1 presents the results of one solution of
the transformation adjustment. These solutions differ in
that the number of parameters that are solved for, 1is
varied. In column 1 of Table 5;1, all 7 parameters are
solved for, ie. none are constrained to an a priori value of
zero, and this is reflected by entries in all rows of that
column. In the other four solutions, columns 2 to 5
inclusive. some of the parameters are constrained to zero a
priori values, and are therefore not solved for 1n  the
solution. This is indicated in this report by blank spaces
in the blocks corresponding to those parameters, rather than

by inserting zeroc values which could be misleading.

Tabie 5.2 summarises the results of four different cases
(columns 1 to 4) of the transformation adjustment using the

1T o o2 ™ S
k= I/ i L AR v Ll

Bursa model, where the V matriE . entity wmatriw
—
I. In this case 2i! coordinates have equal weight, ie. na

attempt is made to reflect the effect of systematic errors

ers are thus

ct

in the terrestrial network, and the parame

ters. The correlation matrix

0

network iransforwation garaw
for the 7-parameter case in column 1, Table 9.2, 1s given 1n

Table 9.2.1.
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MODEL : BURSA

Data set:

Number of_common_ points:

South africa

T
e

Foint of rotation:

Centre of Geodetic ellipsoid

F.F. : Ry T Y, =2, T @.00

VCV—matrix of the observables SL = I
Col 1 2 3 4 o &

EU 1.1@ 1.1@ 1.38 1.14 1.41

Tt -177.4 -181.2 -134.7 ~174.0 —134.5 metres
5 + 8.1 |t 7.1 13 521 7.8 !+ ©.5 | metres
Tv —-121.5 -118.7 -10Z2.1 ~130.3Z -111.@ metres
In; + S.9 t 9.7 + &.3 t F.3 + a.6 metres
T, -260.4 —-263.8 -284£.4 ~-263. -292.3 metres
g + &.95 + 4.7 + &.2 r 4.9 + B.6 metres
= -8.31 -0.25 seconds
o + B.2 + &.30 seconds
£ -@.29 -@0.37 seconds
o + 6.21 t B.27 seconds
£, 8.58 2.49 @8.535 seconds
o £ .22 + B.26 + B.28 SeCconas
5 8.4 8.4 8.3 gpm

x + 1.4 t 1.4 + 1.4 pPpm

KA &. &.3 7.8 &.4 7.5 metres

ot displacement after transformation

MODEL

TRANSFORMATION

FARAMETERS
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MODEL : BURSA

Data_set: South Africa

Number_ of common_points: 23

Foint of rotation: Centre of Geodetic ellipsoid

F.P.: Xe = ¥, =2, = .82

VCV-—matrix of the observables EL = 1
Col 1 2 3 4 S &

v, 2.91 z.93 2.89 3.87

T. -198.5 -142.4 -1892.% -133.8 metres
@ + 14.4 t 16.4 t 7.7 + 1.1 metres
T, —-122.2 -26.1 -138.2 -112.1 metres
o + 12.6 t 146.3 t 3.7 + 1.1 metres
T, ~7259.8 -293.7 ~-257.% —291.7 metres
o t 16.1 : 2@.8 x 4.7 + 1.1 metres
=3 @.36 @.36 seconds
g + 8.3 + B.45 secands
3 B.25 @B.25 seconds
o t+ B.58 t 8.79 seconds
g B.44 G.44 seconds
o + B.45 t @.61 seconds
k 11.1 11.1 PP

b t 1.5 t 1.5 ppm

A i 6.8 i 7.6 i 6.1 i 7.7 i jimetres

!
4 = mean value of displacement aftter transformation
TABLE S.2 BURSA MODEL NETWORE TRANSFORMATION FPARAMETERS



TLN-X
-TLN-Y
TLN-Z
ROT-X
ROT-Y
ROT-Z
SCALE
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1.8
2.2 1.8
-a.2 -A.4 1.0
2.0 8.3 8.1 1.
-8.5 8.2 -8.4& a.3
-@.3 8.6 -8.2 -a. .
-0.9 -8.5 .7 8.0 B.1 B.0 1.8

TLN-X TLN-Y TLN-Z ROT-X ROT-Y ROT-Z SCALE

TABLE 5.1.1 BURSA MODEL CORRELATION MATRIX [u = 7,EL¢ I]

TLN-X
TLN-Y
TLN-Z
ROT-X
ROT-Y
RrROT-Z
SCALE

FOR THE DATUM TRANSFORMATION FARAMETERS

1.8
-8.4 1.0
.6 ~-@.4 1.8
g.1 @6.4 6.4 1.0
-0.8 6.4 -0.9 -8.2 1.0
-8.7 6.9 -0.5 2.0 A.5
-8.5% -8.3 6.3 .0 2.0 2.0 1.8

TLN-X TLMN-Y TLN-Z ROT-X ROT-Y ROT-Z SCALE

TABLE 5.2.1 BURSA MODEL CORRELATION MATRIX [u =7, Z = 1]

L
FOR THE NETWORE TRANSFORMATION FARAMETERS
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S.2.2. Statistical tests: A number of
statistical tests can be applied to the transformation
adjustment, some of which will now be considered. Many
variations of these tests can be found in the literature,
and these usually differ in the degree of rigour involved.

The tests used here are based on those given by Steeves and

Fraser (19832):

S.2.2.1.1 Variance factor (VF) test. Given the

degrees of freedom of the adjustment as v, the a priori

estimate of the variance factor (aﬁ) as unity (1), compute

the 95% (2=0.@5) confidence region for the a priori VF

(c,)- This is given by the interval
r _ - P —3 . =
L Vel L %y qaszt V% 7 %y e J

where Ez is the a posteriori estimate of the VF, and
xz . yf are the chi-sgquare values for the

LU B W 4 I = T

limits as indicated.

For the 7-parameter Bursa case in column 1 of Table 5.1 we

have from tables the xivalues: xi@ PR 85 3 xiﬁ R 0:342.
So the interval (approximate) for ﬁz is [ @.88, 1.62 1.
and includes the a priori value of 1, Hence the variance

factor passes the test at the ?5% confidence level.

In Table 5.1, cases 1, 2 & 4 pass the VF test, but cases 2 &

S, in which the scale parameter is neglected, do not. This
point is considered in more detail below. Not one 'of the
casss in Tabls 5.7 passes the VF test, which is probably an

ndication that the weight model of EL=I is not realistic.

)

& method (though not guite rigorous since it neglects the

correlation between parameters) that 1is often used for
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testing whether the least squares estimate of & parameter
(%) is significantly different from an a priori estimate
(x}, often taken as zerao, 1is toc compare it against 1its

variance as follows:

= (x-x)'/ T <
Y (=) x WogVel -0

1f this test is satisfied, then the least squares estimate
(%) is not significantly different from the a priori

ecstimate (x) at the (1-d)% level.

In the case given above for Bursa,lTable 5.1, column 1, when
testing for 1 parameter, (u=1), we have from tables for the
F-distribution the value Fi,éi,G.?S x 4.8. Hence 1if
(x—-x) < 4.0 Ez then the parameter estimate (%) 1is not
significantly different from the initial estimate (x) at the
25% confidence level.

1§ we consider the seven parameters shown in Table 5.1,
Column 1, ~a can see that the & and & parameters are not
significantly different from zero (the.initial estimates) at
the 95% confidence level. All other parameters are
numerically significant. These parameters (sx,sv) are then
constrained to zero for the next adjustment, the Fesults of
which are shown in Table 5.1, Column 2. All five remaining
parameter estimates are significant in this adjustment, and
the VF test is passed at 95% . (&, = 1.1@) These S

remaining parameters are then used for subsequent

transformations.

s

In Table 5.2, case 1, it is obvious that none of the

Frotation parameters are significant. These are neglected

-

in case 3 (d4—-parameter solution).
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5.2.2.2 "Correlations__amongst parameters. Thisg

information is contained in the correlation matrix of the
estimated parameters. Some aspects of these correlations
will now be discussed, but it must be pointed out ' that the
correlations depend rather heavily on the VCV matrices (I )

L
that are associated with the observables. This will be
demonstrated by comparing the two cases, one where ELx 1
(Table 5.1.1), and one where EL = 1 (Table S5.2.1),
corresponding to the two cases for the 7—-parameter Bursa
adjustments given in Tables 5.1 & 5.2. These carrelation

matrices are given in Tables 5.1.1 & 5.Z.1.

With reference to Tables 5.1.1 and 5.2.1, the following
points are noted: The existence of some correlations
amongst the translations and the rotations themselves 1is
perhaps surprising. In Table 5.1.1 the correlations
between the translations and the rotations are fairly high
(up to @.6), but not as high as one might have expected.
That this is due tc the VCV matrix used here, is snown by
comparing these results with those of Table 5.2.1, where the
VECY matrix is the identity matrix I. Here the rotations
ars highly (up to @2.9) correlated with the translations.
In Table 5.1.1 the scale corrrelates highly (8.5-8.9) with
the translations. but in Table 5.2Z.1 these are much reduced.
(8.3-B.5). The scale does not correlate with the rotations
in either case.

= 3~
e sl el

.4 Effect_of_ correlations between parameters.

When parameters are highly correlated., the values of the

remaining parameters are affected when one or @more are

constrained to zero in the solution. This 1is not a
desirable quality. This effect can be seen in the Bursa
case in Table 5.1, when the 7-parameters solution is

followed by & fTive parameter solution in which the = and =

values are constrained to zero. Compare the values of the
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remaining parameters in column 2 with those af column 1.
The variance factor E; remains virtually unchanged at
1.1@. The translations change by a few (2-4) metres. The
€, value changes from 8.58 to @.4% seconds of arc, but the
séale difference remains unchanged. These differences are
not however significant at the 25% level. As mentioned

above, this remaining set of 5 parameters is then used for

subsequent transformations.

Table 5.2: Due to the much higher correlations between the
translations and the rotations in this case, the changes in
the translations when neglecting the insignificant rotation
parameters, are much greater than those in Table 5.1. The

tranclations in case 3 differ by about ?, 16 and 2 metres

from those in case 1, while the scale remains unchanged.

A further point of interest in Table 5.2 is the marked
changes in the precision estimates of the translations when
the insignificant rotation parameters are neglected -

compare cases 1 & 2 with cases 3 & 4. This does not

occur in Table 5.1.

5.2.2.4 Effect__of correlation of scale with
translations. Due to the high correlation of scale with
the translations, especially with the »—translation, the

changes in these translations, when holding the scale fixed
at zero as in columns Z & S of Table 5.1, are very
definitely significant. NMote that these two adjiustments

(shown in columns 3 & 5, Table 5.1) do not pass the variance

factor test at the 95% level. Since the scale is so large
and significant, (8.4 t 1.4 ppm) this parameter can
obviously not be neglected, as this leads to large

systematic discrepancies that cannot be modelled by any of
the other parameters. This results in the failing of the

variance factor test.
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5.2.2.5 Effect of number _of _parameters__on__"mean

goodness_of_fit»_after transformation. From Table 5.1 it

can be seen that the "mean goodness of fit" value & has the
smallest value for the 5—parameter case in column 2 where

g, = 5, F a. This is followed in ascending order

P

(progressively larger values for &) by the 4-, 7-, 33— and
6—parameter cases (columns 4,1,5,3). This implies that the
"mean goodness of fit” is not neccessarily improved by
including more parameters in the adjustment. This is
illustrated by the fact that the 6—parameter (3
translations, 2 rotations) case produces a poorer fit than
any of the other cases, and the 7-parameter case is

marginally poorer than the 3— and 4—-parameter cases.

The implication seems to be that the best fit is produced by
including only those parameters that are significant, and no
more. The inclusion of insignificant parameters does not
seem to make fhe fit much poorer, but the omission of

significant parameter, such as the scale factor in cases 3 &
5 (columns), leads to a relatively poor fit. Further, this
may lead, as in this case, to the failing of the variance

factor test.

The conciuwiion 16 agaein & confirmation oOF the Jollowins
PO - - el poes ] - oo - - S 5 - -
grocedure: Compute o full F-paramster adjustment . Test
- - - - e - - - - A ;- P b Y e L
each paroemeter for FeERLIVIARCE, Ee-run the adjustment
comstroining insignificaent poerameters to  #zero. If  aid
remaining parameters are WoW SigRLIiSani,; wee thie set of
L]

transformation paromelters for subseguent transformatvons,

In Table 5.2, the best fit (marginally) is produced by the
7—-parameter solution {(case 1), followed closely by the
4—-parameter solution (case 3). Cases 2 & 4, in which the
scale parameter is neglected, again produces relatively poor

fits.
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In comparing Tables 5.1 & 5.2, it can be seen that the "mean
goodness of fit" value (4) is smailer in Table 5.2 than 1in
Table 5.1 for all similar cases (with the exception of the
Z-parameter case - translation only). This point of
interest confirms the relation between the “mean goodness of

fit" and the VCV matrix used.

It can be shown that this ‘“best fit* (in terms of the
smallest wvalue A) for this 7—parameter similarity
transformation is achieved simply by assigning constant
weights to all points of each network, irrespective of
whether the two networks are weighted the same or not. The
simplest way to achieve this (as above) is of course to use
the idertity matrix 1 as the VCV matrix EL, ie. ait

coordinates of bdeotk networks given equal weight, hence

solving for the "network transformation parameters”.

5.2.2.6 Changes_in_correlation matrix. A few

remarks will now be made regarding the changes in the
correlation matrix when changing the number of parameters in

th=s solution:

5.2.2.6.1 Translations. The correlations between

the translation components are smallest in the 7- and
3-parameter (3 translations only) cases. These appeair to

increase for the other cases, and in the 4~-parameter case (3

10

translations and scale) there is virtually complet
corrFelation (8.98) betweenn the translations. This 1is

surprising, and could not be explained.

5.2.2.6.2 Trarslations and scale. The correlation

between the scale and the translations appear to increase as

the rotations are omitted, and in the 4-parameter soluti

]
a

(% transliations and scale) this correlation is complete

(B.9%).
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S.2.2.46.3 Rotations. In the é-parameter soclution,
(scale cnnstralned to zero}, the correlations between the
y— and z-rotations and the translations increase as would be

expacted. The scale is not correlated with the rotations.

5.2.2.7 Comparison _of gdatum_ transformation parameters

'Llable 5.1) with network _transformation_ _parameters _(Table

Sa.2). The 7—parameter solutions differ as follows — cases
i1 in both tables: The x—translations differ by about Z@
metres, while the y— & z-translations differ by less than 1
metre. The x- and vy-rotations have similar absolute
magnitudes but they are of opposite signs. The z-rotations
differ slightly (@."14). The scale changes from 8.4 ppm
(Table 1) to 11i.1 ppm (Table 2). The effect of wusing the
VCV matrix EL=I for the "network tranformation parameters”
is of course to give all points equal welghts. Since the
points that are far ‘away from the NIF have a great influence
on the scale and swing, these effects are particularly

marked as shown heré, particularly in the x-translation, -

and y—rotation and the scale. & further reason is that the
terrestrial network is known to have rather poor scale in
the North Western Cape region, and with this equal

weighting, the effect thereof 1is not reduced.

When the two sets of parameters are tested individually for
each parameter, not cne of these differences atre really
Sigﬁificant. The (absolute) differences are generally less
than the sum of the respective standard deviations {absolute

values).

When comparing the parameter sets in which only significant
parameters are present (case 2, Table 5.1 and case 3%, Table

5.2}, the following is noted:
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J
The x— and z—-translations, and the scale do not differ

significantly. The vy—-translations differ by about 20
metres;»which is more than twice the sum of the respective
standard deviations. The z-rotation in case 2, Table 35.1
is significant, whereas it is not in case 3, Table 5.2.
Hence it is submitted that these two sets are significantly
different. It has however been pointed out. that they do
in fact represent entirely different approaches to the

combination problem.

5.3 MOLODENSEY MODEL

S5.2.1 Fresentation of résults

The results of a number of adjustments using the Molodensky

model are summarised in the tables below. These are as
follows: Tables 5.3 & 5.4 present the guas« datum
transformatcon parameters ie. the VCV matrix I = I. In

L
Table 5.3 the “undamental point (FFP) of rotation is the
(terrestrial) metwork tntical gpornt (NIF), whereas in Table
5.4, the FF is the cenrtre of sgravety (CGB) of the terrestrial

network. Tables 5.9 & 3.6 present the network

transformation gerameters ie. the VCV matrix EL= I. In

<

Table 3.5 the FF is the (terrestrial) ﬂetwérk inttial - poTm

{MIF) and in Table 3.4 the FP 1is the centre ¢f gravity (CG)

of the terrestrial network. A correlation matrix is
associated with each table, and refers to the first
saclution or adjustment {(column 1) in each case. Tables

5.%.1, 5.4.1, 5.5.1 & 53.6.1 are the correlation matrices
respectively for the solutions in case (column) 1 of Tables

5.7, 5.4, 5.5 & S.6.

These numerical results will be discussed under the same
headings as in the Bursa case. Comparisons will be made

and attention will be drawn to differences encountered.



127

MODEL : MOLODENSKY

Data set : South Gfrica

-
23

Number of common points:

of rotation:

Point Networlk initial point (Geodetic)
F.P.: X = 4777935.98 Y= 2280227 .48 z = =-3545622.42
VCV—matrix of the observables EL = I
Col 1 2 3 4 S &

EO 1.10@ 1.1@ 1.38 1.14 1.41

Tv -135.9 -135.5 -134.% —-135.6 -134.5 metres
e, t .5 t 8.4 t @.6 t @.5 + 8.5 metres
Ty -110.5 -110.8 -110.6 -111.0 -111.0@ metres
o + 8.6 t @.3 t @.7 + 8.5 + @.46 metres
Tz -293.5 -293.7 -292.1 -223.6 —-29Z2.3 -metres
o : B.6 + @.5 t @.6 + 8.6 t @.6 metrec
Y -8.31 -@&.25 seconds
G t 8.24 t G.36 seconds
Y, -0.29 -8.37 seconds
or + 8.2 t B.27 seconds
Y @.58 86.49 @.35 seconds
o + @.22 t 6.2 t 8.2 secands
k 8.4 8.4 8.5 ppm

o t 1.4 t 1.4 t 1.4 ppm

A .3 6.3 7.8 6.4 7.5 metres
A = mean value of displacement after transformation

TABLE 5.3

FARAMETERS [FF=NIF]

MOLODENSKY MODEL QUASI DATUM TRANSFORMATION
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MODEL : MOLODENSKY

Number of common _points:

Foint of rotation:

South Africa

Lo 3 4
Lot

Centre of gravity of the Geodetic

network (Cartesian XYZ coordinates)

F.P.: X, = S@49535.53 Y= 2354738.946 z = —-3045424 .75
VCV—matrix of the observables EL = I
Col 1 z2 3 4 S &

EU 1.10 1.1@ 1.38 1.14 1.41

T -132.7 -133.1 —-133.8 -133.3 -134.5 metres
o t 8.5 x @.5 r B.6 t 8.9 + 0.5 metres
Ty -111.4 -110.8 —-111.9 -110.4 -111.0 metres
I} + 8.7 x @.5 + @.8 x B.5 * @.4& metres
L -289.46 —-28%.5 -292.9 —c57 .4 —292.2 metres
ud r @.7 x @.7 x B.&6 r 0.7 t @.6 metres
Yo -3.31 -B.25 seconds
= t B.24 t B.30 seconds
g -8.2% -@.37 seconds
o + @.21 + B.27 seconds
. @.58 @.4%9 @.55 seconds
o + 22 + 6.20 r B.2 secaonds
k. 8.4 8.4 8.5 PpPm

o r 1.4 + 1.4 + 1.4 [aYali!

A 6.5 .3 7.8 b.4 7.5 metres

mean value

of displacement atter

transtormation

TABLE 5.4 MOLODENSKY MODEL CGOUASI DATUM

FARAMETERS

[FF=CG]

TRANSFORMAT ION
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MODEL : MOLODENSKY

Data set: South Africa

Number of common points: 23

Foint of rotation: Network initial point (Geadetic)

‘F.FP.: X = 4777935.98 Y= 2280227.48 z = ~3345622.42

VCV-matrix of the observables Z, =1
Col 1 2 3 4 5 &
EG 2.91 3.93 2.89 3.87
Tx -136.4 -133.3 -1346.8 -133.8 metres
o + 1.6 + 2.1 + 0.9 + 1.1 metres
Ty -113.2 -112.4 -112.9 -112.1 metres
o + 1.3 + 1.8 t @a.9 + 1.1 metres
Tz —-297.3 -291.9 —297.3 -291.7 metres
o t 1.4 t 1.6 + 1.1 * 1.1 metres
L B.36 2.36 seconds
(ug + .34 + B0.45 seconds
wy @.25 B.235 seconds
g + @.98 + B8.7%9 secaonds
Y @B.44 @.44 seconds
o + @.45 + B.61 seconds
k 11.1 11.1 ppm
o + 1.5 + 1.9 ppm
A 6.0 7.6 6.1 7.7 metres
A = mean value of displacement after transtormation

TABLE 5.5 MOLODENSKY MODEL NETWORK TRANSFORMATION
FARAMETERS [FF=NIF]
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MODEL : MOLODENSKY

Data set: South Africa

Number of common points: 23

Foint of rotation: Centre of gravity of the Geodetic

network (Cartesian XYZ coordinates)

. F.F.: X, = S@49535.53 ~Y = 2354738.96 z.= -3845424.75

VCV—matrix of the observables EL = 1
Col 1 2 3 4 S &

g, 2.91 3.93 2.89 3.87

Tx -133.8 -133.8 -133.8 -133.8 ‘ metres
o r 8.9 + 1.2 + @a.%9 r 1.1 metres
T, -112.1 -112.1 -112.1 -112.1 metres

7

o + 8.9 * 1.2 r 8.9 + 1.1 metres
T, -291.7 -291.7 -291.7 -2921.7 | metres
o + 8.9 + 1.2 + @.9 + 1.1 metres
L Q.36 B.36 ’ seconds
& + .34 + .45 seconds
g a.25 @.25 seconds
o + @.58 + 8.79 seconds
g B.44 6.44 seconds
o x @.45 + B.61 secands
3 11.1 i1.1 ppm

=) + 1.5 + 1.3 - ppm

& &8 | 7.6 6.1 7.7 imstres

mean value of displacement'after transfaormation

TABLE S5.& MOLODENSEY MODEL NETWORE TRANSFORMATION

FARAMETERS [FFP=CG]
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TLN-X 1.8
TLN-Y -@.1 -
TLN-Z a.3 8.1 1.0
RAOT-X 6.1 -@.3 B.0 1.0
ROT-Y 8.5 8.9 -0.3 @a.3
ROT-2Z B.1 @.4 -B8.1 8.4 8.0
6.@ @a.1 0.0 1.0

SCALE -8.3 b.@ -@a.4

TLN-X  TLN-Y TLN-Z ROT-X ROT-Y ROT-Z SCALE

TABLE _5.3.1 MOLODENSKY MODEL CORRELATION MATRIX [u=7,I =I]
FOR THE QUASI DATUM TRANSFORMATION FARAMETERS

(Fundamental point = network initial point)
TLN-X 1.8
TLN=-Y -B8.3 1.0 )
TLN-Z 9.4 2.2 1.0
ROT-X -B.= @.6 -@.1 1.0
ROT-Y -3.4 .3 8.2 8.3 .
ROT-Z U -@.5 2.0 -0.4 .0
SCALE @.4 .1 @.7 @&.0 8.1 2.6 1.6

TLN-X  TLN-Y TLN-Z ROT-X ROT-Y ROT-Z SCALE

-~

TABLE T5.4.1 MOLCDENSEY MODEL CORRELATION MATRIX [u=7,I =I]
FOR THE QUASI DATUM TRANSFORMATION FARAGMETERS
(Fundamental point = Centre of agravity)
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TLN-X 1.0

TLN-Y @.3 1.0

TLN-Z -a8.3 -@6.2 1.6

ROT-X -8.1 -@.6 8.2 1.@

ROT-Y 8.8 8.3 -0.6 -a.2 1.0

ROT-2Z 8.4 8.5 -80.3 0.6 8.5 1.2

SCALE -8.3 -@.1 -@.6 0.8 2.9 6.0 1.0

TLN-X  TLN-Y TLN-Z ROT-X ROT-Y ROT-Z SCALE

TABLE 5.5.1 MOLODENSKY MODEL CORRELATION MATRIX [u=7,EL=I}
- FOR THE NETWOREK TRANSFORMATION FARAMETERS

(Fundamental point = network initial point)
’ ¢
TLN-—X 1.0
TLN-Y 0.0 1.
TLN-Z B.a& .
ROT-X a.& 6.6 a.@ 1.8
ROT-Y 8.6 8.0 6.0 -@.2 1.8
RGT-Z 6.0 2.8 0.0 2.8 g.5
SCALE 0.a a.a .2 @a.a 2.6 0.8 1.2

TLM—-X  TLN-Y TLN—-Z ROT-X ROT-Y ROT-Z SCALE

TABLE 5.6.1 MOLODENMSKY MODEL CORRELATION MATRIX [u=7,Z =I1
FOR THE NETWORK TRANSFORMATION FARAMETERS
{Fundamental point = centre of gravity)
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53.3.2 Analysis of results

From the comparison of equivalent solutions in Table 5.3
{(network initial point used) & Table 5.4 (centre of
gravity of network used) [and the Bursa modesl in Table S.11.

the following points are noted:

5.3.2.1 Numerical wvalues of_ parameters. The
rotation and scale parameters have identical values and
precisicn estimates for the two versions of the PMolodensky
model, and equal those for the Bursa model. The
translations differ by a few metres for the two versions,
but their precision estimates are almost identical. These
translations are however substantially different from the
Bursa translations, and their precision estimates are about
an order of magnitude smaller. In the J—parameter
{(translations only) salutinﬁ, the translations and their
precision estimates are identical for the two versions and
equal those fTor the Bursa model, - as shown algebraically

in section 3.2.1.

9.3.2.2 A posteriori variance factor (Eg). These

values are identical {(for equivalent solutions) for both

versions and for the Bursa model.

5.3.2.% "Mean__goodness__of fit"® __wvalue after

transformation. The mean difference value atter
transformation, 4, is identical for both versions and for
the Bursa model. The implication appears to be that the
*goodness of the'fit" after transformation is independent of
any particglar location of the fundamental point, and
further, that the Molodensky (both versions} and Bursa

models produce identical results after transformation, ie.

the internal adjustments are identical.
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5.3.2.4 Statistical tests.
S5.3.2.4.1 Variance factor test. Since . the ot

values are identical for equivalent solutions (also to those
from the Bursa model), it is clear that solutions 1., 2 & 4
of both Tables 5.3 & 5.4 pass this test, whereas solutions 3

& 5 (in which scales is omitted) do not.

5.3.2.4.2 Testing significance of parameter values.

It is clear {on comparison with the Bursa model} from the
7—parameter sulutiané in columns 1 of Tables 5.3 & 5.4, that
Athe ¥— and y-rotations are not significantly different from
zero at the 953% level. These are neglected 1in the
S—-parameter sclutions in columns 2, in which all remaining
parameters are significant.

—

S.3.2.5 Correlations_amongst_parameters. The

comparison of the correlation matrices in Tables 5.3.1 &

S5.4.1 [and the Bursa case in Table 5.1.1] for the guast

o

(N

D%

&

Zatuym transformaticn pgarc i #tErs (EL:I), shows the following:

That part of the matrix relating to the correlations between
the rotation and the scale parameters, are identical. The
remaining corirelations in columns 1-3 are generally slightly

smaller in Table 5.3.1 compared to Table S.4.1.

The cur%elatians between the raotations and the
trapslations are less in Tables 5.3.1 & 5.4.1 comparecd to
Table S.1.1 (Bursa model) [but this difference (when
ZL=I) is not nearly as marked a&as the differences between
Tables 9.6.1 and Table 5.Z2.1 (Bursa deeI),'when EL=I, which

again confirms the effect that tihe weight model has on  the

correiations].

The scale corrFelates considerably less with the tranmslations

S.4.1 compared to Table S.1.1 {(Bursaij.
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Hence it appears from the correlation matrices that the
Molodensky model reduces (toc a certain extent) the
correlations of the rotation— and scale parameters with the

translations.

The comparison of Tables 3.3.1 & D.6.1 (for the network
paramsters, ie I =1} with Tables 35.3.1 & &.4.1 (datum

parameters, Z *I) respectively, shows the following:

Table 5.5.1 (2 =14} shows higher values for the
correlations between the rotations and translations and
between the scale and the translations compared to Table
S.3.1 (2, =1). In both Tables the fundamental point used is

&

the netwoark initial point.

Table S.6.1 (EL=I; rotation point is the CG of terrestrial
network} ) shows some very interesting results that are

™

markedly different from table 5.5.1 (alse £ =I; rotation

point L& the network initial point ). " All correlations
betweern parameters 1in  Table 5.6.1 are zero, with the
exception of the x- and y—rotations (8.2} and the vy— and
z—rotations (G.3). This is thus the only case so far (see
Veis case later} in which the correlations between
parameters have been {(virtually) completely removed. The

reason tTor the existence of the two correlations mentioned

here is not clear to this author, and no mention of thi

m

4
=h
rr

fact has been found in the literature thus far. This ac
was confirmed by ann  independent transformation adjustment

computed by Newling (unpublished memorandum, 1785)

The marked changes in the correlation matrices of Tables

S.48.1 and S5.4.1, Tor which the same Tundamental point {NIF;

}. Similarly, the effect that the ssiscizen of ithe

ol goint has on the correlation matrices, is shown
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by the comparison of Tables 5.6.1 and 5.5.1, 1in which

identical VCV matrices were was used.

The implications of these results appear to be as follows:

Whern 1t 1is desirable to have the smallest possible
correlations between parameters, it is not sufficient to
have a balanced distribution of the data points about the
fundamental point used (here the CG of the terrestrial
network}), but the fundamental point wused should be +the
centre of gravity of the weighlted data points. If all
points of each network are weighted equally, then the centre

of gravity of the terrestrial network data points gives this

optimal solution regarding smallest correlations.

HOTL: It should just be stressed again here that there 1is
an important conceptual diffTerence between the (guast)
datum transformatcon parameters (ZLxI) and the #etwork
(EL=I) transformation garameters. If the object is to
obtain the "best" internal adjustment for t5: similarity
transformation (ie. smallest value 4) and to have smallest
correlations between parameters, then the procedure

suggested above is appropriate, ie. when solving for the

network transformaticn parameters.

S.3.2.56 Effect of correlations between parameters.

The comparison of the different solutions (columns 1-35; in
Tables 5.3, 5.4, 5.5 & 5.6 shows the favourable effect that
the smaller correlations between parameters in the
Molodensky model have -on the stability of the remaining
parameter values when neglecting some parameters. The most
important effects are duse to the reduced correlations
betws=en the rotation— and translation parameters and
between the translation- and scale parameters, as compared

toc the Bursa model.
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In Tabies 5.3 & 5.4 (EL=I), the translations change by a few
metres {(cf. Table 5.1, where the translations change by up
to 4@ metres}, the rotations by less than 6.1 arc seconds,
and the scale by @.1 ppm between the different solutions.
These rotation and scale changes are identical toc those in
the Bursa model. In Table 5.5 (EL), the translations
similarly change by a Tew metres, but the rotations are not

affected by the omission of the (constant) scale parameter.

In Table 5.6 (EL=I), whetre all remaining parameters atre
unchanged for all solutions, it is quite clear that none of
the three groups of parameters, the translations, rotations
and scale, affect one another at all. The translations are
totally unaffected by the omission of either the rotations
or the scale parameter, although their precision estimates
are marginally affected. The rotation-— and scale

parameters are similarly unaffected by each other.

Table 5.6 (£, =I) contrasts svst markedly ‘with Table 5.2
(EL=I) for the Bursa mocdel, in which the translations are

substantially affected by the other parameters.

These results confirm that the ¥clodensky wmoedel reduces the
correlattons between the transiations and the rotation- and
scale garameters as stated above.

D.3.2.7 Changes_in_correlation matirix. A few

remarks will now be made regarding the changes in the
correlation matrix when changing the number of parameters in
the solution. The most remarkable fact is that in the
Molodensky model. when using EL=I, the correlations between
the translations themseives and between the scale and the
translations, are much reduced ({less than B.6) 1inn  the

73 ter solut<ion as compared to the Hursa model (82.98+).

4k

n
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In the Molodensky model, when using EL=I, and the centre of
gravity of the terrestrial network as the fundamental point,
all these correlations are zero. This is not the case when
tising the network initial point as the fundamental point and
£ =1, in which case these correlations are similar to those

L

of Molodensky when using EL:I.

9.4 VEIS MODEL

5.4.1 Fresentation_of_ results:

The results of a number of adjustments using the Veis model

are summarised in Tables S.7 & 5.8 belaow. Table 5.7
presents the guasi detuwm transfermaeticn paraweters (ie.
EL:I) for a number of different cases (columns 1-5). The

correlation matrix corresponding to the 7-parameter solution
in column 1 of Table 5.7 is presented in Table S5.7.1 below.
Table 5.8 presents the network iransforwmation parowmeters
({i1e. EL=T) for a number of different cases (columns 1—-4j.

The correlation matrix corresponding to the 7-parameter

soglution in column 1 of Table 5.8 1s presented in Table

S5.8.1 below. The fundamenital goint (FF) of rotation used
in both Tables 3.7 & 5.8 is the taittial goint of the second

{terrestrial) network (NIF).

Note that in the Veis model the order of the rotaticons are
different, namely given as rotations around the =z _-—axis
(dA), the yig—axig (dp) and the xLG~axis (dv).

These numerical results will be discussed and compared to
the other two maodels used and attention drawnA ts  any
differences encountered. However, since the VYeis model is
so similar to the Molodensky model, many of the features of
thi= model is the same as the Molodensky model and as such

will not bs treated in the same detail.
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MODEL : VEIS

Data set: South Africa

Number of common points: 23

Foint _of rotation: Network initial point (Geodetic)

F.F.: X = 4777%25.98 Y= 2280227.48 z. = —33453622.42

VCV—-matrix of the observables EL = I

Col 1 2 3 4 . &
50 1.10 1.11 1.38 1.14 1.41
T -135.9 -135.8 -134.9 -135.6 -134.5 metres

o + @.5 + 0.4 t 0.6 + 0.5 + 8.5 metres

Ty -110.5 -110.4 ~-11@0.6 -111.0 -111.0 metres
o t " 0.6 + .6 t @.7 + @.35 t @.6 metres
Tz —-293Z.5 —-293.5 —292.1 —-293.6 —292.3 metres
o + B.& + @.5 r 8.6 + B.6 t 8.4 metres
dé 0.66 @.68 B.6% ' seconds
o t B.28 t B.29 t @.36 seconds
dap @.1= .22 seconds
o + 8.17 + B.23 seconds
d- ~-G.26 -@a.24 seconds
[ : B.19 t 8.24 seconds
k 2.4 8.5 8.5 ppm
i + 1.4 + 1.4 t 1.4 ppm
]
& 6.5 6.6 7.8 6.4 | 7.5 |metres
i
A =2 mean value of displacement after transformation

TABLE 5.7 WVEIS5 MODEL BQUASI DATUM TRANSFORMATION
FARAMETERS [FFP=NIF]
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MODEL: VEIS

South Africa

mer

Number of _common_points: 23

Foint_of_ rotation:

F.F.: X .= 4777935.98 y_= 228@277.48

Networhk initial point (Geodetic)

VCV-matrix of the observables T =1

Col 1 2 3 4 &

N 2.91 3.93 2.89 .87

Tt -136.4 —-133.3 -1346.8 -13Z. metres
= + 1.6 x 2.1 r 0.9 % 1.1 metres
T -113.2 -112.4 -112. -112.1 metres
o t 1.3 r 1.8 r 0.9 r 1.1 metres
Tz -297.5 -291.9 —-297.3 -Z91.7 metres
o % 1.4 1 1.6 1 1.1 + 1.1 metres
dé -@.12 -@.12 seconds
o r @.EZ2 t B.43 seconds
di -B8.087 -2.87 seconds
g x @8.57 x B.77 seconds
a- -6.68 -3 . 60 seconds
o + B.48 t .65 seconds
k i1.1 11.1 [mYal;

o + 1.3 t 1.5 ppo

& &G 7.5 &1 7.7 metres

3 —
Vi =
: =

mean value

of displacement atter tramnsformation

TABLE

=

-

8 VEIS MODEL

FARAMETERS [FFP=NIF]

NETWORE TRANSFORMATION
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TLN—-X 1.0

TLN-Y -@.1 1.0
TLN-Z B.3 2.1 1.6
df -0.2 @.5 .1 1.0
du -0.5 -0.2 3 6.0 1.0
d -a.3 8.0 8.2 a.@ 8.3
SCALE -@.32 2.0 -0.4 0.0 -0.1 0.0 1.0
TLN-X TLN-Y TLN-Z dA dii d~ SCALE

TABLE 5.7.1 VEIS MODEL CORRELATION MATRIX [u = 7, = 1]

FOR THE GQUASI DATUM TRANSFORMATION FARAMETERS

(Fundamental point = network initial point)
TLN-X o@d
TLN-Y 6.3 1.0
TLN-Z -@.3Z -&.2 1.8
dA 8.2 @.6 2.0 1.8
dit -3.8 -@.5 a.s -8.1 1.8
g -B.5 -@.2 @.= -B.1 @.5 .0
SCALE -a.z -a.1 -B.& 0.9 2.6 0.6 1.8
TLN-X  TLN-Y TLN-Z dA dy d SCALE

TARLE 5.5.1 VEIS MODEL CORRELATION MATRIX [u = 7,2 = 1]
T

(Fundamental point = network initial point)
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S.4.2.1 Comparison_with Molodensky model. From the

comparison of equivalent solutions in Table 5.7 and Table

S.3 (for the Molodensky model}, fwtth the  wery <mportaont

tiom of solutson 2, about which more

‘s

e xC e belowi, where the

1

same fundamental point (network initial point} and VCV
mati-ices (2 =1} have been used in all solutions, the

following are noted:

The translation— and scale parameters have identical values
and precision estimates for the Velis and Mclodensky models.

-

The raotations are of course different, since they are
reckoned around the axes of two non—patrallel systems. The
‘Veis rotations are reckoned around the axes of the local
geodetic (LG) system (at the topocentric network initial

point), where as the Molodensky ones refer to a system which

is nominally parallel to the geodetic system axes. The
Veis rotations are given in the order dA, du, . being
rotations around the 2,7 Yo and R G TRRES; and
representing a trotation iﬁ. azimuth and tilts in the

meridian— and prime vertical planes respectively as

mentioned above.

Whern the Veis rotations are raotated intoc the same system as
that in which the Molodensky ones are given (by the wuse of
the appropriate rotation matrices given in section 3.3.1),
ther identical values are obtained. Thizs was contfirmed

numerically in this study.

The Veis model gives identical vaiues for the a posteriori

variance factor, ("), and for the mean "goodness oOf

L = A1
i1

valus, (i), as the Molodensky model, and hence also egual

those for the Bursa model.
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5.4.2.2  Remarks _on _splution 2 in Table S.7. The

caomparison of the results of the S—-parameter solutions in
columns 2 of Table 5.7 and Table 5.3 (Molodensky model},
i1llustrates an important point. Both these solutions
retain only the significant parameters, the insignificant
ones {(the rotations around the x:axis and the y-axis, see
column 1 } have been constrained to zero. Note that in

the Veis case (Table 5.7), it is the dp & dv rotations that

are not significant.

Now, 1t can be seen from the mean “goodness of fit"* wvalue
s ]

A, and the a posteriori variance factor, o

f, and more

clearly from individual “goodness of fit" wvalues for the
common points, that in this particular case, the Veis and
Molodensky models have not produced identical
transformations. The reason is that, due to the different
arientations of the rotation axes of the Veis and Molodensky
models, the remaining (significant) z-rotation, déA, in the
Veis hcdel, cannot produce iientical results to the
remaining z-rotation in the Moiodensky model. Hence thece
twg particular sclutions of each model are not equivalent.
Note that the Molodensky model produced slightly smaller
values for 5; and & in this particular case, but this fact

is not, singly. regarded as significant.

The point raised by the above solution was tested by using

the centre of gravity of the terrestrial network as ths

fundamentzl point in the Veis model. The comparison of

thiz case wiith that in which the network initial point  was

used {(Table 5.7}1, led to ths following results:

The two soclutions produce identical transformations for all

fu

5
m

cases wheres all ithree rotation parameters, as group, a

m

either present or omitted. when only one or two of thes

rt

rotation paramsters are present, ths transformastions are noc
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These findings are contrasted with those of the Molodensky
model in which al! equivalent solutions produce identical
transformations. The reason is that, in this model, the
orientation of the rotation axes (nominally parallel ta the
CT axes) are constant and independent of any particular

fundamental point used.

S5.4.2.3 Summary . The results given above lead to the

following generalisation:

The 50 and Molodensky wmodels producse tdentical (raternall
transfornations for all eguivaient soluiions, The Vexs
model will produce transformaetions +vdentical 1o thosse of the
Eursa a egusvatent solutions 7
whish o are esther present or
cwmitied v & vhdependent of  the
garticuiar fundamental point used, and cnde pendent  of  the
crientation of the awes arcund which the three rotaticn
paremeters are reckoned,

S.4.2.4 Statistical_ tests.

S.4.Z2.4.1 Variance_factor test: Since the Ei
values are identical with the Moludénsky model for

equivalent soclutions (with the exception of column 2, but

this sglution does still pass this test), it is obvious that

+

solutions 1 and 4 of Table 5.7 (EL=I) pass this test {(at ?5%
level). whereas solutions 3 and S (in which scale is
agmitted); do not. It must be pointed out that not one af
the solutions in Table 5.5, for the network parametesrs,

passes this test, again (probably) indicating that the

(L. =1 weight model used was unrealistic.
i
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5.4.2.4.2 Testing significance of parameter values.

From the 7-parameter solution in column 1 of Tabkle 5.7, it
is seen that the rotation parameters, du & dvw, are not
significantly different from zero at thne 954 level. Hence
these are constrained to zero in the secand solution, in

which all remaining parameters are now significant.

5.4.2.5 Correlations_amongst_ parameters. The Veis

model produces a correlation matrix (eg. Table 5.7.1) which
iz similar in character to that of the Molodensky model (eg.
Table 5.3.1) The correlations amongst the translations and
between the translations and the scale is identical for
both models. The correlations amongst the rotations and
between the rotations and the other parameters are different
to those in the HMolodensky model, due obviously to the

different orientation of the rotation axes.

When the centre of gravity of the terrestrial network is

used as the fundamental point, and the VCV matrix I _=I, {the

L

~esults are not presented here) the Velis model again

produces a correlation matrix, very similar to the
Molodensky model, in which aill correlations between
parameters are zero, with the exception of that between the
¥—ragtation (dv) and the vy-rotation (diuds af B.5. The

~=ason far this correlation is not clear to the author. {cT

Molodensky model)

i
m
-
-+l
1
n
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ety
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The Yeis model, similarly to the Molodensky model, removes

the high correlations betwsen the tramslations ang  the

rotations and between the translations and the scale. The
effect of this reduced corvreistions can be seen in Tabies
5.7 & 5.8- The transiations are affected much less by the
omission of either the scale or the rotation parameters, as

t

compared to the SBurse model.
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Sirnce this model 1is eguivalent in most aspects to the
Molodensky model, most ocf the remarks regarding the
correlation matrices may be seen tc be applicable to the

Veis model as well. These will therefore not be repeated

3.5 SUMMARY_ & COMFARISON OF EBURSA, _MOLODENSEKEY_ _AND VEIS

MODELS
3.5.1 Descriptive
All thres models use séeven parameters namely three

translations, three rotations and & scale difference, to
model the differences between two sets of cartesian
caordinates. The Bursa model is _the standard seven
parameter similarity transformation in which no & priori
assumptions regarding parallelity of system axes ars made.
The Molodensky and Veis models are variations of this
traﬁsfarmatian in which there 1is the implicit a priori
assumption of ths parallelity and uniform scale of the

geodetic (5) and Conventional Terrestrial (C7) system axes.

in the Bursa model, the rotations are reckoned around the
discordant axes of the G system at the origin (B,B,@) of the
G system {centre of the Geodetic ellipsoid). The position

A

ectors of the common points of the second (terrestrial}

<

tem are rotated and scaled. Note that all point

i
Ut

n

Y

fcluding the fundamental point of the terrestrial network,

128

m
r+

re treated the same. In this model, the rotations and

n

n

cale are therefore seen as applicable to the Geodstic

svstew, and not the network.

In the Molodensky and Veis models, the implicit assumption

is that the G system is both parallel and of ths same scale
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as the CT svstem. Here it is the & network that is
regarded as being discordant with the G (& CT) system. &
fundamental point (FF}, from which network difference

vectors (of the terrestrial network) are reckoned, is used.

These difference vectors are then scaled and rotated.

The Molodensky rotations are reckoned around axes at the FP
which represent the orientation of the discordant network.
These misalignment angles are very small, and therefore
these axes are very nearly parallel to the G & CT system
axes. In the Veis model, these rotations are around the
axes of the Local Geodetic (LG) system. The rotation and
scale parameters are regarded as applvying to the network,

and not the system.

S9.5.2 Farameter values

S.5.2.1 7—parameter solutions. The Bursa and

Molodensky models produce idenfical values and precision
estimates for ‘e rotation and scale parameters. The
translations are different, and thé precision estimates of
the Molodensky translations are generally an  order of
magnitude smaller than the Bursa translations. This does
not mean that the Molodensky model produces more precise

estimates of the Bursa translations, the Molodensky

translations are fundamentally different.

The Veis and Molodensky @models are equivalent, and the
translations and scale parameters (and their precision

imates} are identical. The Veis rotations. when rotated

m
n
r+

nto the Molodensky system, equal thosse of the HMolodensky

P

S.5.2.2. Z-parameter solutions. When solving only

for three translations, all three models produce identical

values for these.
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5.5.3 Correlations between_ parameters

The Bursa model suffers from having very high correlations
between the translations and the rotations and between the
translations and the scale. The reason for this is that
the data for a regional {(non—global) network covers such a
small portion of the globe. The Molodensky and Veis models
reduce these correlations (and in some cases removes them
completely). ‘These points are discussed in great detail in
CHAFTER S&. The main advantage is that the omission of some

parameters has little or no effect on the remaining ones.

S5.9.4.1 7—parameter transformations. All three

models produce identical (internal) transfatmations, ie. the
coordinates produced after transformation are identical,
provided the models are applied properly. It is obvious
that the parameter set used»must be the one that pertains to

that particular model.

It needs to be stressed here that, in the Molodensky and

Veis models, the paramster set derived from the solution is

i .

nt on the porticular fundamental point wsed inm the

2N
J

e gend

£
14

M

solution. it is therefore impsraitive that the coordiaat

cf the rfundamental goint be gublished with the gparamster

&

set, 1f 1t 1s 1intended to be used for subseguent
transformations. This will swnsure the proger application
of these models. This has unfortunately not invariably
been done in the past, and has on occasion led to the

improper use of these models.

The = posteriori variance factors are identical, as are the
residuals or corrections to the observables, in this case
the coordinates, and therefore the adjusted coordinates

(both the satellite and the terrestrial} are identical.
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When using fewsr than Sseven gparamsters, the Bursa and

et

Molodensky models produce identical transformations for . all
eguivalent solutions, due to the parallelity of the rotation
axes used. The Veis model, however, will produce idéntical
transformations for all solutions where the thres roctation

parameters are either all present or omitted.

b I Uses of models

Thomson (1276) recommended that the Bursa model be used for
the combination of two satellite networks, but not for a
satellite and terrestrial network. The Molodensky and Veis
models would not be used for two satellite networks, but may
be used for a satellite and terrestrial network. However,
Thomson (127&6) mentions that the assumption of the
parallelity of the G and CT system axes may not be valid.

He reasons that these three models are not adequate for the

combination of terrestrial and satellite networks since
“they do wmot contain sufficrent trawnsformation wRETD WS to
szdeguately describe the relationsgiy betuween the {wao
wnetworks and their daiums, This was the reason why the
mors complex models containing more than one set af
rotations were developed. Thomson (197&8) notes that “ths
atter three wode L& {Hotine, T,
bb=? re fa: o e Flewedie than the Eursa,
Holodensky, and Vets W and wrll thus wmore egzily
refiect physical reality.”
S.9.6 Fhvsical significance of parameters

411 three of these standard models suffer from the fact that
they only have one set of rotation elements, and therefore
the system and network rotations are contfused. Therefore,
caution 1= to be excercised when attempting to attach
physical significance to the parameters that are estimated.
This wview is endorsed by the Tact that these parameters

depend on the model used, on the particular weighting scheme
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used (VCV matrices) and on the fundamental point used in the
Molodensky and Vels models. The conclusions in this regard

will be summarised in CHAFTER 6.

However, when the full 7-parameter sets pertaining to each
model are simply used to transform a set of coordinates, the
resulting transformed coordinates and their VOV matrices are

identical, provided of course each model is used correctly.

It must be stressed here that such a parameter set is not to
be used outside the area spanned by the common network

points used in the derivation of the parameter set.

It can therefore be stated that the final transformed
coordinates are independent of the particular model used,
when the choice is between the Bursa, Molodensky and Veis

models.

.46  HOMOGENEITY_OF_DATA_SET

The homogeneity of the data set wused inm  this report is
investigated for two main reasons. The Tirst 1is to

determine whether the residuals to the observables {(1ie. the

coordinates of network points) from the adjustment can be
modellsd by an algebraic polynomial. This would obviously
be advantageous as a means of interpoiation. The second

reason is to determine whether & single national set of

transformation parameters can be used Tor (transforastions
Tor) the whole of South Africa, or whether reglonal (or
sub—-regional} ssts are reqgulired to give satisfactory

transformations.
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2.6.1 Modelling of residuals {(resulting from a

transformation_adjustment)

The residuals to the coordinates resulting from a
transformation adijustment can be examined for any obvious
trends. It such were to exist, they may be indicative of
the effects of systematic errors in one or baoth the
networks. Since we are concerned with the combination of a
geodetic terrestrial and satellite aor CT network, it is
assumed that any systematic errors would pertain to the

terrestrial network. L

These trends could then possibly be modelled by low order
algebraic polynomials, uwsing the existing residuals as

reference values.

This procedure was attempted for South Africa. The
terrastrial G network and satellite Daoppler or CT  networks
were combined (using the cnmﬁon points) in a transformation
adjustment using the Bursa 7—-parameter similar:i iy

transformation model, the results of which are shown 1in

column 1, Table 5.9 given below under section 5.6.2. The
VoY matrix used for the combined observables was the
identity matrix, I. Residuals result for both the 6 and CT

sets of cartesian coordinates, and these are of equal
magnitude, but of opposite sign. These residuals in
cartesian form are transformed to ellipsoidal form using
ditferential formulae, which residuals are shown in

Figures 5.1 & 5.2 respectively.

From Figure 5.1, the ranges in the cartesian residuals are
[-2.3:3.3], i=. 9.6 m in #,4 [—6.13;2.9], ie. 10.8 m in y, and
[-3.634.71, ie. B.3 m in =. From Figure S5.2, theses are 1in
eilipsoidal form [—-4.8:5.8], ie. 9.8 m in &, [-5.8:52.2]1, ie.

5.8 m in W, and [-E.6:;8.83, ie. 1.4 m in h.
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DOPPLER TRANSLOCATION POINTS IN SOUTH-AFRICA

Residuals to the Geodetic cartesian coordinates
after transforming these coordinates to the CT
using the BURSA transformation model.

(unit weight matrix)

Read with Table 5.9

O
2.3
238
I
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33
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o 1.0
1.8 0.0
-31 18
-0.3
0.0
902
-0.1
-0.5
© 18
14

©
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1.0
0.0
2.3

1,0
0.0
23

:residual in x-coordinate (m)
:residual in y-coordinate (m)
:residual in z-coordinate {(m)

4!
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DOPPLER TRANSLOCATION POINTS IN SOUTH-AFRICA

Residuals to the Geodetic ellipsoidal coordinates

after transforming these coordinates to the CT

using the BURSA transformation model.
(unit weight matrix)

Read with Table 5.9

- 0-4
=0.5

:residual in latitude,¢ (m)
:residual in longitude,A  (m)
:residual in ell. height,h (m)

13}
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An examination of the ellipsoidal residuals leads to the
following observations: The latitude residuals display a
ridge of highs running roughly NW-5E through the middle of
the country, with lows on either side, ie. to the SW and NE.
The longitude residuals are much more random and do not
indicate any aobvious pattern. The ellipsoidal height
residuals are considerably smaller than either of the
latitude or longitude, and appear to be positive over most
of the country except for some 5 points along the southern

and eastern coastline. In addition, these heights seem to

indicate a siope from the NW down towards the 5E.

From & consideration of the position of South Africa on  the
globe, it i=s obvious that the y-coordinate 1is strongly
correlated with longitude, and that the x— and z—coordinates
are correlated with both latitude and height. Hence the
tendency is for these cartesian residuals to appear even

moire random than the ellipsoidal ones.

an initial attempt was made to model these residuals, 1in
both forms, with low order algebraic polynomials. However,
these attempts were only marginally successful foi~ the
latitudes; but of very 1little use for' the others.

Consequently these ideas were abandoned as it was felt that

the residuals cowld not be modelled sufficiently well and

that thz use of such polvnomials would therefore be
miz=leading. It was decided to rather show these residusals
on a small scale map of the area cancerned, such as

Figures 3.1 and 5.2, where an appreciation could be Tormed
af the actual variation. These maps could then be used for
& limited amount of (cautious) interpolation when required.
The rather random variation of these residuals should be
viewed as indicating (at least partially) the results of the
“patchwork” style of adjustment of the geodetic terrestrial

network, referred to earlier in this report.
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The mean "goodness of fit"' value, L&, indicates that an
average accuracy of transformation is about & metres when
using & single set of parameters for the whole country.
This is to be compared wifh the results of the regional and

sub-regional data sets used below.

S.6.2 Variation of parameter sets (for different regions)
A set of transftormation parametefs can be used to transform
coordinates Trom one system or network to another. If the
area covered by the common points used for the derivation of
the parameter set is very large, it must be ascertained with
certainty that this parameter set is in fact representative
of all regions of this area. Since a similarity
transformation is basically an iAterpolatiDh procedure, the
estimated parameters will represent the overall average
translations, rotations and scale difference. If the
network 1is not homogeneous, parameter sets should be
estimated for different regions and tested for consistency.
Should these diffe:: maces be significant, the use of a single

parameter set for the whale area 1s not justified.

The procedure suggested above was applied to South Africa.
The country was TfTirstly divided into two halves along
{approximately) the line of 246 degrees sacst longitude (refer
to Filigure 5.3). (& 7—parameter set was estimated

independently for each of the western (WH) and eastern

halves (EH), and these ars shown in columns 2 and 2 of
Table 5.% helow. Thereaftter the country was divided into
Tour regions. These are shown in Figure 5.4 and will! be

referresd to as ths bHouth Western Guarter (S5WR), the dNorth
Hestern Guarter (NMWG), the North Eastern Quarter {NED)Y and
the South Eastern Buarter {NEG) respectively.
Seven-parameter sets were again estimated independently Tor

gach reglon, and are presented in columns 4-7 respectively

=h

Table 5.%.

]
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DOPPLER TRANSLOCATION NETWORK IN SOUTH-AFRICA

Western half vs. Eastern half: The geodetic ellipsoidal

coordinates for each half were transformed independent-
ly using the BURSA model parameters determined for
each half. The figure shows the marked differences
between the residuals to these coordinates for
the two halves. Read with Table 5.9

1.9
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0> EASTERN HALF
(o]
2.4
-11
-0.2
: -gﬁ 0.0
©-0.3 -0.4 -0.1
©.1g °.01
0’5
WESTERN HALF
-22 -0.2 o-
o 0.4 O -0y
0.2 -01 I
503
l 93 19:residual in latitude,¢ (m)
I O ,1:residual in longitude,A (m)
0.5 :residual in ell. height,h (m)
12
0.2 o0 | The broken line shows the division between
© 12 38 the western and eastern halves.
) "¢ &
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DOPPLER TRANSLOCATION NETWORK IN SOUTH-AFRICA

&

Figure showing the effect of using regional
transformation parameters: The broken lines show
‘how the country was divided into four regions,
for each of which a set of parameters was deter-
mined independently. The residuals to the
geodetic coordinates are shown for each
region. Read with Table 5.9
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| —0.2 —02:residual in latitude,$ (m)
o2 O ps:residual in longitude,A (m)
I on:residual in ell. height,h (m)
SOUTH WESTERN QUARTER I )
0.0 o §3 I
© 07 -03 |
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MODEL : BURSA
Dataset: South Africa
Point_ of rétation: Centre of geodetic ellipsoid
VCV-matrix of the observables’ L =1

Col 1 2 3 4 5 & 7

DATA| g p, WH EH SWa NWQ NEQ SEQ

SET:

Eo 2.91 2.27 0.49 8.74 1.70 B.36 ®.55
Tx —198.5|-242.3 |-140.8 |-187.7 |-317.6|-142.92|-134.0
o + 14.4|+ 17.@0 1+ 5.5 [+ 11.1|+ 48.7}+ 9.7+ 11.8
Ty —-122.21-144.9 -25.8 |-131.0{-184.5| ~-94.5| —-926.7
o + 12.61+ 21.3 |t 6.9 |+ 11.8|+ 38.4 |+ 10.4)+ 10.5
Tz —-259.81-225.4 |-283.0 [-254.0|-175.7|-307.3|-283.0
o t 16.11+ 17.8 |+ 4.5 t 14.7 |+ 47.6|t 14.2|2 12.5
g 0.36 [-1.55 1.59 -2.45 1.01 2.74 1.46
o + 8.34)+ B8.54 |+ @.15 |+ B.36(+t 1.04 |t @.35)|+ @0.29
ey 0.25 |-0.64 8.57 -1.1%9 @.25 Q.96 @.41
o + 0.58{+ @.61 |+ B.16 [+ B.50 |+ 1.69{+ 0.44 |+ @.45
€, @.44 1.48 -2.38 1.87 |-@.25 |-0.06 |-0.40
o t+ 0.45|+ B.67 |t B8.24 |+ B.33(+ 1.32|+ 0.32]+ @.37
k 11.1 28.5 e.2 1@.7 35.9 -2.8 -0.2
o + 1.5 [+ 2.3 t @.6 + 1.4 |t 4.7 [+ 1.3 |+ 1.3
A 6.0 4.3 1.0 1.4 3.0 @.5 0.7
A = mean value of displacement after transformation

TABLE 5.9

BURSA MODEL NETWORK TRANSFORMATION PARAMETERS

FOR DIFFERENT REGIONS OF SOUTH AFRICA
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2.6.2.1 Western_and_Eastern halves. With reference

to columns Z & 3 of Table 5.9, and Figure 5.3, the following

points are noted:

The parameter values of the two sets differ considerably.
It is noted that the difference is greater than the sum of
the respective standard deviations for each of ‘the
parameters. In fact, when a statistical test is applied  to
the sets as units; it is confirmed that they are different
at the ¥5% confidence level. Furthermore, these standard
deviations are considerably smaller for the eastern than for

the western region.

The Eﬁ value for the east (@.4%) is much smaller than for

L

-

the west (2.27) which indicates that the residuals for the
eatern region are smaller, as confirmed by an examination of
Figure 5.3. The range in the residuals for the two regions

are as follows:

WESTERN HALF ' ZASTERN HALF
Range in $: [-2.7;2.4]1 ie. 5.3 m [-B8.5;68.5] ie. 1.6 m
Range in »: [-Z.634.1] ie. &.7 m [-B.6:0.5] 1e. 1.1 m
Range in h: [-0.4:8.53] ie. 8.9 m [-8.3:8.2] 1e. 8.9 m
The “mean goodness of fit" wvalue 4 indicates that the

average Tit afttsr transformation will be about 4.3 and 1.6

motres respectively for the Western and Eastern halves.

1t should bes noted that the scale in the WH 1s Z6.5% parts

the EH

Pt
U]

a negligible B.2

T3
m
A
3
[ 2]
et
o)
’ J
D
o
jul
gl
Bl
=
;I
(=
0
r+
r-f-
J
Y
4
(]
"h

the EH

an
pre
i
n
m
Pt
10
|-.l
a

t G.6 ppm. A possible explanation is tha
is controlled by ssvswn bases, whilst the WH has only four,
uding the {w»: common bases (Wonnacott, 19853, 1986}. &

further point to note is that there are fewer latitude and

lengitude stations in the WH than in the EH in the originail
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A consideration of the above results leads to the conclusion
that the use of a single set of transformation parameters
for the two halves of the country 1is not Jjustified when
attempting to obtain the best transformation with the

available dats.

u

S.6.2.2 The four guarters. With reference to

Ealumns‘4f7 of Table 5.9 and Figure 5.4, the following

points are noted:

The most western Doppler station, Witbank New, was rejected
as shown in Figure 5.4. This point was excluded from the
SWE and NWG since it doeé not really fall in either region.
In addition, Wonnacott (19835) has identified an irregularity
pr uncertainty in the geodetic coordinates of this station,
especially in the longitude. A possible reason for this is
that this station is not on the main triangulation chain,
but on some secondary triangulation on the far north west

coast.

A comparison of the parameter values for the NEQ and SER
shows that the differences in these values are much smalier

tharn those for the two halves of the country treated above.

n
rt

These differences 1in  the parametser values are 1in  Ta

r+
or

smaller than g2 sums of the respective standard deviations
for all paramsters #cept the rotation in = (R}, and

not significantily

m

ferent. Since the number of points used here ars s

suggests that thes two parameter sets ar
.f

2

smx11l {4-53., the statistical test used above is ot

particularly effective, and 1s nct regarded as conclusive.

values, the residuals and the “mean goodness of fit?

valuss & for the two sets are of very similar magnitudes.
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The ranges in the residuals are:

NORTH EASTERN GQUARTER SOUTH EASTERN QUARTER.
:ange in #: [-B.3:0.1] ie. @.4 m [-2.5:;8.5] ie. 1.8 m
Range in M: [-8.2:8.3] ie. B.5 m [—-8.4:0.5] ie. 2.9 m
Range in h: [ B.G;0.8] ie. G.0 m [—6.1;0.1] ie. G.2 m

These residuals and the 4 values [8.5;8.91 show that a
single parameter set for the whole Eastern fegion is
justified, and would produce a transformation accuracy of

about 1 metre.

A comparison of the parameter values for the GSWR and NWQ
produces some interesting results. The differences in the
parameter values are very large and indeed greater than the
sums of the respective standard deviations for all
parameters except Ry, which suggests that the parameter sets
are significantly different. The statistical test, though
not very effective, confirms that the sets are different at
tiwz P54 level. Note the very large scale difference of

about 3& ppm for the NMWE as opposed to 11 ppm for the SWE.

The rangss in the residuals are:

SOUTH WESTERN GUARTER NORTH WESTERN GQUARTER
Range in &t [~1.431.4] ie. 2.8 m [—8.7:8.5] ie. 1.2 m
Range in X: [~1.631.3] ie. 2.9 m [-1.8;1.0] ie. 2.8 m
Ranges in h: [-G.4:8.4] ie. 8.8 m [-8.3:86.4] 1e. B.7 @

Although these residuals are quite similar (except for ths

latitude;, the §ﬂ values of 8.7 (SWE) and 1.7 {(NWE} and the
£ values of 1.4 (SWE ang 3.8 (NWGH} metres seem  to
ingdicate that & transformation for the S produces

a better fit by half than for the NWO.
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5.6.2.3 Conclusions on_variations. If independent

transformation parameter sets are used for sach of the North
Western Buarter, the S5outh Western GQuarter and the Eastern
halfﬁof South Africa, the mean accuracy of transformation
between the terrestrial geodetic and Conventional
Terrestrial coordinatesz will be in the order of 3.8, 1.5 and
1.%2 metres respectively. This conclusion is however only

based on the presently available data, and should be treated

with caution.

Nevertheless, it can be stated conclusively that the wse o

1
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=

ified (at gresent? it the best transformation or fit

possible is to be obtained with the presently available

data.



CHAFTER &

CONCLUSIONS AND_RECOMMENDATIONS

6.1 GENERAL

The combination of three dimensional networks of various

types is a complicated operation. The methods studied in
this. report achieve this merger by solving for
transformation parameters or externail bias parameters

between the two or more networks in a least squares solution
using one of the “geometric” models. This procedure 1is

called a transformation adjustment.

The selection of a particuiar model depends on the type and
number of networks that are to be combined and on the
purpose of the combinziion. These points are considered

below.

Note that, before using the coordinates of a satellite
network, all known biases of the satellite (5) system with
‘respect to the Conventional Terrestrial (CT) are to be
removed through the application of an appropriate
transformaticon to the 5 system. This has invariably been
dons in this report, and since then the & and €T systems
orly differ by these known transformation parameters, the S
and CT7 systems will be considered interchangebly in this

section.

163
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6.2 FURFOSE_OF _THE COMEBINATION

Two or more three dimensional networks of different types

are

e

sually combined to exploit the strengths of each type.
A& number of advantages of combining 5 (CT3} and terrestrial

geodetic (G) networks were given in the Introduction.

The parameters estimated in a transformation adjustment do
not neccessarily have real physical meaning. The
parameter set may merely be a set of values  used to
transform one set of coordinates into another, ie. to merge
the two networks. If however, one is additionally
interested in recovering the relative position, orientation
and scale differences of various networks (and datums) as
real  physical quantities, the matter requires careful
investigation. This aspect will be treated first, and the

merger or combination aspect thereafter.

&.2.1 Farameters _as_physical guantities
Since 5 networks truly represent their datums, no
distinction is mads between them. Thizs 1is not so with

classical 6 networks, and we distinguish between the network
and the datum on which it’is based. Thus when using the
coordinates of common network pGints to combine G networks
with other nestworks, the G network requires special
treatment.

Two 5 networks can. be combined using the standard Bursa
model . Since this model also reflects physical reality in

this case, thez paramsters should have real meaning. These

{and network) parameters.
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The combination of a § and a G network should be done using
the more complex models of Hotine and EKrakiwsky—-Thomson,
since the additional set of rotation parameters enables
these models to reflect physical reality more clasely than
any of the standard models, iE; Bursa, Molodensky or Veis,
each of which have one set of rotations only. The more
complex models use a second set of rotatons and a scale
difference to model the systematic errors in the G network.
These models thus estimate the pasition and alignment of the
G and § (CT) systems (datumé), as well as the alignment and
scale difference between the G network and the 6 datum.
Hence the parameters should have more realistic physical
meaning than those from the standard models. However,
these models require a special estimation technique, and a
completely homogeneous terrestrial 6 network that covers a
suitably large portion of the glaobe in order to
realistically separate the two sets of ‘rutatians. As
mentioned, this is a severe limitation in the case of the

South Africa network.

Whern estimating the relative position, orientation and scale
difference between the G netwecrk and the 5 (CT) network (ar
svetem),. the coordinates of the § network are assigned egusi
variances, as are those of the S network, and in fact, the
VOV matrix ZL used in this report was the identity matrix I.
It is suggested that, even though the three standard models

t af rotations, they Mmay guite

m

have anly one 1=
adeguately be used for this purpose. This was done in
this report, and the resulting pairameters identified as
"network transformation parameters'. Note that the three
models vield paramsters that are different (especizsily the
Bursa ones as compared to the Molodensky and Veis ones), and

should be interpreted cauticusly 1in terms of the models

RS
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An attempt was made to us= the G network coordinates to
represent the § datum by adopting a weight model designed to
reflect the effect of systematic errors in the G network.
The Bursa model was used and the resulting parameters
identified as "datum transformation parameters". If it
were possible to know the car%ect VCV matrix for the 6
network, it is submitted that these "datum pafameters" would
give the praper relation between the 6 datum and the § (CT)
system, even though the systematic errors in the G network
will not be parameterised as in the Hotine and
Frakiwsky—-Thomson models.

Az sxplained in Chapter 5, it does not make much sense to
use this weight model with the Molodensky or Veis models as
one is then viglating the initial assumptions of these
models. Nevertheless, this was done here as & matter of
interest, and the resulting parameters identified as “guasi
datum transformation parameters”. These are compared toc the

Bursa parameters.

Howeveir, it should be stressed here that any attempt to
assign physical meaning to any of the parameters estimated,

irrespective of the model used, should be done with “treme

Taution.

The WVeisz model iz mathematically equivalent to the
Molodensky model, and the Veis rotations, given in terms  of
rotations around the axes of the Local Geodetic system. can
be transformed to vyield the Molodensky type rfotations.
With this in mind, it can be stated that +the tws models
vield identical wvalues and precision estimates for the

—

transiations, rotations and scale difference. These models
1
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The Bursa rotations and scale difference are identical to
thoss of the Molodensky (& Veis) model, and have identical
precision estimates. However, the Bursa translations,
being fundamentally different, are numerically different to
those of the Molodensky (& Veis) model, and generally have

precision estimates one order of magnitude greater.

Une weakness of the Bursa maodel is the existence of very
high correlations between the translations and the rotations
and scale difference. The Molodensky (& Veis) model
reduces thesa correlations, in some cases drastically, by
estimating the rotations around a Fundamental Foint (FF) of
the 6 network, usually the centre of gravity (CG} or the
network initial point  (NIF). The caorrelations are,
however, a function of the weight model used, and must be
considered in this context. These correlations were

treated in detail in CHAPTER 5.

&.3 COMBINATION OF GEODETIC AND SATELLITE (OR_CT) NETWORES

I¥ the purpose of the combimation is merely to merge the two
networks without attaching any physicsl meaning to  the
estimated parameters, then thes problem is simplified
considerably. This metger can then be done by uEing any of
the geometric models mentioned above, provided there are at

least three translations, three rotations and & scale

difference parameter present to model the network or datum
differences, since these seven parameters completely model
the differences between two perfect systems or netwarks.

On the authority of Harvey (1985), there is nothing toc  be
gained 1in thi= case by ssparating ths rotations into
components as is done in the Hotine and Krakiwsky-—-Thomson

models.
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Considering then the three standard models, it was shown 1n
this report  that they produce identical internal
transformations, 1ie. the adjusted observations, their
precision estimates and the a posteriori variance factor are
identical. Thus these three models produce identical
transformed coordinates when used to transform one set to
another. If this is the Dnly objective, it is immaterial
which Df the three are used. The high correlations between
the parameters of the Bursa model are then entirely
irrelevant. Since the Bursa model is the simplest; this

would be the obvious choice.

&6.4 NATIONAL _/ REGIONAL _/ SUB-REGIONAL FARAMETER SETS

The matter under consideration here is the use of a derived
parameter set to transform coordinates of one system OoOr
network into another system ov network. I+ was shown 1in
this report that the G network in Soguth Africa is not at

present sufficiently homogeneous to justify the use of &

single nationea parameter set for all transformations.
Depending on the accuracy required from the transfaormation,
it may be neccessary to derive 2 set of regional parameters,
as shown in Chapter 5, or to derive parameter  sets Tor

small=r (sub—-) regions.  The residuals to the G coordinates

resulting from such an adjustment may be presented as 1in

Figurss 5.1 — 5.4, and these may then bs used for & limited
amount of 1nterpolsation. However, duse to the rathsr
widespread data points and the existence of definite
"Ligoks® of triangulation bstween which transtformation

parameters sometimes differ substantislly, it would be

Unwizss to do this for any large regions.

i
]
u
r.r
m

1lite survey could be transformed into

the national 5 network by using any af  the three standaird
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maodels, provided that the coordinates of at least three
known stations in that area are avallable in  the satellite
system to allow the computation of local transformation

parameters.

It should be stressed here that, since a transformation of
this nature 1s basically an interpolation procedure, a
parameter set should not be used outside the area spanned by
the common stations used for the derivation of that
paramster set. However, since these models are geometric,
the degredation of the transformation outside this ares
should be fairly graceful, and therefore a (rather) limited

amount of “"extrapolation® could perhaps be justified.

6.5 RESULTS _OF TRANSFORMATION ADJUSTMENT

The results of a transftormation adjustment are two sets of
adijusted coordinates that urffer by the adjusted set of
parameters. The residuals toc the coordinates, as well as

the parameters, depend on the particular VOV matrix wsed in

the adjustment. I1f¥ therefore, the VOV matrix is realistic,
then so will be the residuals and conseguently &slsoc  the
adjusted coordinates { and the parameters).

The gueztion then is which set of adiusted cococrdinates
should be adopted.- IT the positicn, orientation and scale
ot the 5 (7)) system 1is desired, then +thoses adiusted
coordinates are adopted. I¥ the orientation and scale of
the § {(LT) system i= desivred, but the positicn of the
Geodetic system fnetwork), then the adjusted Sateilit

coordinates ars shifted by ths values of the tramsliations as
estimated in the adiustment. irn both cases these 5 (C
&8s weighted constralnts in

subseguent adjustments of the Geodetic network.
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4.4  SUMMARY OF _CONCLUSIONS

The gurpose of the combination of 5} and
satellite (S) or CT network must be o T g
satsilite neiworks can be combined with the Eurss model. &

eodeitvs and gateliites network should be combined with

9

1

either the Hotine or the Krokiwsky-Thomson maodels. These

-
LY
.t

models estimate the relative position and arientation af the
G and S5 (CT) systems or datums, as well as the relative
orientation and scale of the G network and its datuam. The
use of these models presupposes a homogeneous terrestrial
network that caovers a significant pDEtiun of the glocbe in

order to obtain realistic estimates of the parameters.

Mo to and V¥Fers models give sdent ol
cocrdinaotes when used to combine a G and 5

network even though the parameter sets are different.

Interpretation of these parameters should however be done

with great caution. The Mo lod and Veis models reduce
corretations, between the translations and the
rotation—- and scale parameters, of the Bursa model. The
e carcwneiters” and the k
sr2” estimated 1in
S.2.2.7) were found to be

. The distincticon between these two sets lies  in

x of the observables.

the noture of the VIV =

of the South African terrestﬁial neitworks
was investigated by estimating transiormation parameters for

egions. When using parameter sets for each  of
v Western Quarter and the

t
Eastern Half of the country, the average accuracy of

1.6 metres respectively using the presently
available data. The of a I
for the whole country is = g at presgenit,
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b&.7 RECOMMENDATIDONS _FOR_THE_ FUTURE

It is guite obvious, even from a cursory reading of the
writings of Rousseau (1986), Wonnacott (1985, 19864), Newling
{1986) and others that a complete re—adijustment of the South
Aafrican terrestrial geodetic networks 1s neccessary. Many
of the hitherto unknown problem areas in the networks have
come to light through comparison with the results of the
first order network of traverses and the Doppler
translocation survey. "The variation in scale is but one of

these problems that has to be resolved.

However glibly stated, such a re-adjustment of national
networks, with all the associated ramifications, 1is a
mammoth task, the enormity of which certainly cannot be
fully appreciated by this author. Nevertheless, for the
sake of completeness, the following remarks, although quite

obvious, should be made regarding the re—adjustment:

& number of important guestions need to be addressed amongst
which are the size, shape, position and orientation of the
new geodetic datum (ellipsoid) to be used (Newling, 19B&) .,
the dimensionality of the adjustment, the types of data to

be incarﬁarated, and many others.

The processing of all data presupposes that such data is  in

computer readable form, which is not the cass for BSouth
Africa. This =snormous task needs to be addressed.
Fresent and future survey projects need to bes considered

which should include survey data obtained from modern ailds

such as the Global FPositioning System and Very LonRg Baseline
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The re—adjustment of national/continental geodetic networks
has been done in a number of countries such as North
America and Australia. &n in—depth. study of the technical
r;ports of such re—adjustments, praoduced by the National
Survey DOrganisations of these countries, would obviously be
of vital importance for gaining a proper appreciation af>the
complexities of the task. It is largely in this sphere

that a recommendation for future studies must fall.

The task resting on the shoulders of the personnel of the

Geodetic Branch, Surveys and Mapping Directorate, is indeed

a great one.
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AFFENDIX A

GEODETIC_COORDINATE_ TRANSFORMATIONS

A.l Transformation:

{fa2ah)

{Ha¥a=)

=

The transformation from

(t,n,h) to geodetic cartesian ccordinates (x,y,z)

geodetic

ellipsoidal coordinates

is given

by the standard relations as follows:

{N+h)}.cosdi.cosh

V4 (N+h) .cosd.sink

= (N.bf/a‘*+h).sing =

hed
o

where N is the prime vertical radius of

(N.(1-e)+h).sing = (N+h—e’.N).sind

curvature at the

point on the ellipsoid, and is given by

N =a‘s [af.cor’e + bYasinty 1°°°
N o= a’. [ai.casi¢ + bi.sin2¢ ]_D
and where

x.y.z= are the geodetic cartesian
#,%,.h are the geodetic latitude,
height (ellipscidal coordinates)
a = semi—major axis of ellipsoid
b = semi—-minor axis of ellipsoid

= { i:__bi:’/ai‘

where e 1s the

th

ellipscid.

or

coordinates

longitude and ellipsoidal

firet eccentricity of the




H.2 Transformation: (X.Ya.2Z) 5 (daAsh)
The inverse transformation from ellipsoidal (d.ah) to
cartesian (M,¥.2) coordinates is not as simple as the

direct transformation and has received attention from a

number of authors. A number of solutions will be mentioned
briefly. The solution given by Bowring, treated here under
section R.2.3, 15 used 4n the trawnsformaticon adjustnent

grogren developed for this study.

A.2.1 Iterative solution:

The traditional solution has been an iterative one, as

Tollows:
The longitude is given immediately by
% = arc tan (y/x)

The latitude and height are solved by iterations as follows

(eg. Vanicek and Krakiwsky, 1986). Given that

(xf+yf)? % = (N+h).cosd RS

hel
]

= (N.bisa‘+h).sint = (N.(1-e')+h).sing =

2]

1

(N+h-2° .N) .sind e ()
Dividing the final forms of equations (2) by (1), we get
“z/p = [1-e'.N/(N+h)Jl.tand = [1—e’.N.(N+h) ‘' J.tang ()
Now, the iterations are usually initiated by solving first
for ¢ from equation (3) by putting h = @, which gives

z/p = [1-e° . N/N].tant =(1-e’).tand

from which follows tand = .'-_'/'p.(l-—e:-i).i



So the first value for ¢ is given by
{0

i = arc tan [z/p.(l—ez)-ll

and the iterative routine is then

NCEY = N(¢ck-13) - a?.[ai.cnsi¢ik"? + bz_sint¢fk-1;]—o.s
Rk h(¢ék-13’Nik3) - p/cos¢(k"]— NEET
v¢1k3= ¢(Nik3,hik))

_ - z k1 Ltk [R) =141

= arc tan [z/p.{1-e".N -« (N +h ) > 1
The iterations are repeated until the following
inequalities are satisfied:
| hik?_ hik"}j < a.s and | ¢ck?_ cbik-t;l < o

i

for some a priorily chosen value of z.
This then gives the final values for ¢ and h with % from

above.

6.2.2 Closed form solution

Vanicek and Krakiwsky (1286} mention that the closed
soglution of this inverse transformation is derived from the
solution of a biquadratic equation in tand.. This
biquadratic equation in tang 1is derived from equation

(%) above by a number of substitutions.

I

g.tan — = EE.N.sin¢ and substituting for N,

a.ef.sing / [cos‘d + (bi/a’).sin‘g 17 °

p.tang - =

Dividing the numerator and denominator of the right hand

side by cost and squaring the whole equation leads to
pg.tand¢ - 2.p.2.tan3¢ + E22+(p2—a2.ei)/(1—ei)}.tan2¢ -
- 2.p.z/(1—ei).tan¢ + 22/(1—82) = @&

which is a biquadratic equation in tan¢ in which all values

cf the coefficients are known.



Vanicek and Krakiwsky (1986) do not give an explicif
saglution for this equation. However, Faul (1973%) does
derive an explicit solution for this equation. The
sglution is a complex one, and employs both a precise
formula and an approximate formula. This is because the
preciss formula cannot be used for small values of z/a, when
the approximate formula for ¢ must be used. This solution
was investigated in this study, and a convenient change-over
point from the precise to the approximate formula was found
to be when arc tan |z/a] < 1°. This formula then ensures
that all values of © would be correct to four decimals of an
arc second (@. @8@81), and the resulting ellipsoidal height

be correct to three decimals of a metre (0.8081 m).

H.2.3 The Bowring solution:

Bowring (1976, 1785) developed simple equations for the
wde and height which eliminate the wusual need for
eratsion, and which are both sufficiently accurate for

wter gpace apgplications, His solution is wused 1in  this

report. The faormulae which he proposes are as follows:
The solution for » is as usual:
= arc tan(y/x) caaa{d}

The solution for & is given by

& = arc tan [{z+a.b.sindu}/{p—ez.a.cnsau}l e {3}
where: tan w = b.z/a.p.(1+=z.6/R)
5 T . . P 6. E

cos u = (i+tan‘u) " ° sin u = (l—-cos u)

, z PO E H H Pa0.E
R = (p+=") = (i Hy+z )

; i z i b H f 3. %
e’ = {a'-b")/a : = [ (a*-b")/b° 37
and for h: h = p.cost + z.sing -~ a* /N cval&}

where N is the prime vertical radius of curvature,

-0, =

N =a'. [a°.cos’t + b .sin" ¢ 1



AFFENDIX_E

DERIVATION OF THE VOV MATRIX L, .

The derivation of the variance—-covariance matrix of the

gecdetic cartesian coordinates { ) from the

“Xyz

variance—-covariance matrix of the ellipsoidal coordinates

(“¢lh) is treated here.

The Eyyz matrix is computed from the £¢Xh matrix wusing the
i o - inl T . . "

covariance law Luyz J'“@lh'J where J 1s the

usual Jacobian matrix of partial differentials, composed of

3x3 submatrices, Ji of the form

Cogx %, Ix 1
i g ) '.')A.,b & hl
. 7y, 7Y, 7y
J. = ; ]
i
o . h
[ i L
&z §z. gz
b I [
& I Fh
L . v ¥ .
r . . . , . ; . , .
—(M +h )sing .COSA, —={N +h Jjcosg, .siny, COS3, .COSH,
Ji= -(M +h )sind .sin%, —-(N +h )cosi, .coski, cosf .sink,
(Ma+h;)CDS¢; @ sing,
where M. is the meridian radius of curvature and N the
prime vertical radius of curvature of the reference



Now, the VCV matrix I is composed of 3x3

submatrices of
the form

[ 2

g K
L

(M +h )i .sin‘d .cosin + ol L(N +h )P.cos'd, .sinfa s+
d. i i i i A L i L i

[

*

-

z z 5
hb.cos ¢L.cos XL

_ z z .2 z 2 A 2
Ji— [U¢. (ML+hL) .5in ¢L'°l.'(NL+ha) -COS" @, #7,, .COS ¢L].
L i i

.Sin'}-\,i.cas'}\..L

L sin¢i.cas¢L.cosl;.[

[l

P ” 2 3 2
ro by 2 2 :
q:,‘.(l"li_.+h;:) -sin" g+ ”x."”;*h;’ . COS ¢L +
i i
+ ol .cos‘t..cos‘% J.sinh. .cosh.
h L L i L ("
ﬁ& (Hi+hi)z.sinz¢i.sinzk;+ o .(Ni+ht)z.c052¢;.coszl_+
. . L . - 3 . 3
r‘U; .cos‘d. .sin’ A,
A 1,
sin@i.cos¢;.sinl:.[§; - gé -(M +h )]
L L i 3 L y

51nmé.cas¢b.c05@é.[3h.— B¢A'(Mt+ha) ]
L i

sint, .cosd, .sink, .0

gl (M +h ) .cos'd + o)

i
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APPENDIX C

NOTES_ON_THE _TRANSFORMATION _ADJUSTMENT _FPROGRAM, _FLOWCHART

AND_FROGRAM_LISTING, EXAMPLES OF_ QUTPUT

Purpose: This program has been developed to perform a
three dimensional transformation adjustment between a
classical. terrestrial geodetic network and a satellite
derived geodétic network by making use df the coordinates of.

common network points.

Computer system_and lanquage: The program was written in

ASCII FORTRAN and used on the UNISYS 1180/81 main frame

computer.

Model used: The program computes this adjustment using any
one of the three standard 7—pafameter mndeis, Bursa,
Molodensky or Veis. In addition, the different cases af

the Molodensky (or Veis) wmodels regarding the point of

rotation used, are catered for.

Results of the adjustment: . The results of the adjustment

are two sets of adjusted coordinates which differ by the
adjusted parameters. The program computes the least
squares estimates of the seven transformation parameters,
the residuals to the observables (coordinates of common
network points) and hence the adjusted coordinates. Both
the VCV—matrix and the correlation matrix of the adjusted
parameters are computed, as is the a posteriori variance
factor, to .give the neccessary (internal) precision

estimates.

Input data: The main input data consists of the

coordinates of the common network points, each in its own

system.



The terrestrial network coordinates are input in ellipsoidal
form as geodetic latitude, longitude, orthometric height and
geoidal height for each point (4,%,H",N). The parameters
of the particular ellipsoid used, here the modified Clark
188&, are input, and the ellipsoidal coordinates lare
converted to geodetic cartesian form wusing the formulae

given in AFFENDIX A.

The 3D cartesian (xyz) satellite network coordinates are in
the NSWC ?Z-2 system and are input directly 1in this foram.
However, since the desirability of using the Conventional
Terrestrial coordinate system as a form oOf reference has
been expressed by various authors, these satellite
coordinates (NSWC 9Z-2) are transformed to the CT system by
a three parameter transformation - a Z-translation, a
rotation around the Z-axis of the satellite system, and a
scale change. The numerical values used are given 1n

section 4.2.2.2.

The VCV_matrices of_the_ observables:

Due to ths lack of information 1in this respect, these

=

matrices were not available. The WVCV matrices of each
network are not used individually, hence the combined VCV
matrix for all the observables together 1is constructed.

The terrestrial VCV matrix (I } is computed in =llipsoidal

g

e

~

¥

1]

form using empirical farmulae TfTor the horizontsl and
vertical coordinates similar to Simmons’ formula. These
precision estimates are transtormed to cartesian form using
the law of propogation of VCV matrices, given in AFFENDIX E.
The precision estimate for the satellite coordinates is
simply an average value for absolute positioning wsing the

precise ephemeris. This constant value 1s used for aill

|
(4]
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T

points and &l1 three coordinate components.
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Other input data: A number of codes are 1input which

control the following:

1. the number aof common points

Z. the model selected

3. the point of rotation selected

4. If the point of rotation 1s selected as the centre of
gravify of the terrestrial network, this code determines
whether this C6 is computed in terms of ellipsoidal or
geodetic cartesian coordinates.

5. whether the combined VCV matrix of the observables EL is
the Identity matrix I or not, ie. whether ALL cartesian
Ccﬁrdinates\(both geodetic and satellite) are given the same
precision or not. _

6. which of the 7 parameters are solved for, or in other

words, which of the parameters are restrained to zera.

The coordinates, in ellipsocidal form, of the network initial
point is input, as well as thé coordinates of the point of

rotation if this i1is not the CG of the torrestrial network.

Qutput: The Tollowing information 1s output on the

Fage_1i: The parameters values and their standard
deviations. It a parameter is restrained to zero, no value
for it is printed, ie. 1t is neglected. The point of
rotation is specified, and the coordinates givern (in

=llipsoidal and cartesian form.]

Fage_Z: The observations used in  the adjustment, 1ie. the

tic cartesian and transformed satellite or cCT

A

=]
coordinates, and the residuals, both 1in ellipsoidal and
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Fage_Z: The a posteriori variance factor and its sguare

roct, and the VCV and correlation matrices of the estimated

parameters.

Fages 4 & S5: All the input data is output to facilitate

checking. The VCV matrix EL of +the observations is

output as well.

Fage &: The differences between the Geodetic (G) and CT

coordinates are given as (X_—XCT), (YG—YCT), (Z;-Zrm)'

X]

These differences are averaged for all points for each

coordinate eg. AX =L (X_=X__). . where 4iX  1is the

X T " & (]

mean value. The standard deviations of these means are

computed as well as the individual deviations from these

means.

Fage_7: The CT coo <:iates are transformed into the G
system by the inverse transformation to obtain the
Fseudo—Geodetic (FG) coordinates. These FG coordinates
are differenced from the 5 coordinates, and these

differences are given in both cartesian and ellipsoidal
form. The individual total displacements and the “mean

apodness ot fit" value, 4, are iven (See section S.1).
= " |
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SIMPLIFIED FLOWCHART
The simplified flowchart given below shows the main steps in
the computation sequence. This is to be read with the
preceding notes on the program (above) and the program
listing which follows (below).

¥ INFUT includes the set of geodetic ellipsoidal and
satellite Doppler cartesian coordinates of the common
network points, the three parameters used to transform
the satellite Doppler coordinates to the Conventional
Terrestrial (CT) system, and a number of codes which
are used for making a variety of decisions, eg. the
selection of the particular model to be used, the
structure of the VCV matrix of the observables, etc.
+
X Read/compute. the ellipsoidal and cartesian
coordinates of the Fundamental Point of rotation
used.
+
¥ Transform satellite Doppler cartesian coordinates to
€T coordinates using a three parameter transformation
in SUBROUTINE DOPTRS.
+
¥ Compute the standard deviations of the geodetic
ellipsoidal coordinates using empirical formulae in
SUBROUTINE SDELL.
+
X Form the required design matrices and vectors for the
combined case least squares solution. " The design
matrix A, the misclosure vector W and the VCV matrix
of the observables Q are formed explicitly, whilst
the designlmatrix B is not.
+
X Computation of the desired quantities by using the
least squares estimation procedure using the matrix
inversion SUBROUTINME CHOLD.
+
¥ Obtain pseudo—geodetic coordinates from the CT
coordinates by applying the inverse transformation to
them. The differences between the geodetic and
pseudo—geodetic coordinates are then computed as well
as the mean goodness of fit value, A.
+

X OUTPUT the required quantities in a desirable format.
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LIST OF SUBROUTINES

The followihg is a list of the subroutines used in this
program and a brief description of what they are used for.

ELLCRT : computes 3D cartesian (xyz) coordinates from
ellipsoidal (¢>h) coordinates (on a specified

ellipsoid)

DOPTRS : transforms satellite Doppler cartesian coordinatés
to Conventional Terrestrial (CT) coordinates using
a generally accepted three—parameter
transformation.

computes standard deviation estimates (UqJ =2 Uh)

SDELL :
for the ellipsoidal coordinates using empirical
formulae.

DIFCE : converts differéntial quantities in cartesian form

to ellipsoidal form — here the residuals to the
cartesian observables.

REVTFN : applies the inverse transformation to the CT
coordinates, ie. the transformation changes from

b= F(H) to o= (B, where 3 = CT

L v
position vector, ?L= geodetic cartesian
position vector.

CE computes ellipsoidal coordinates (on a spécified

ellipsoid) from 3D cartesian coordinates using the
formulae of B.R.Bowring (see APPENDIX A)

CHOLD : matrix inversion routine using the Cholesky method.



@RUN, Z/N RENS,A0520-R@03,RENS, 5,70
@SYM PRINTS, ,RMTENG
@FTN, 10 TPF$.MAIN

PURPOSE: TO DETERMINE THE TRANSFORMATION PARAMETERS FOR A
3-D TRANSFORMATION BETWEEN TWO SETS OF 3-D CARTESIAN
COORDS, BY ONE OF 3 DIFFERENT MODELS: BURSA,MOLODENSKI,
VEIS. FURTHER, IN THE CASE OF THE LAST TWO MODELS, THERE
ARE ANY NUMBER OF POSSIBLITIES, SINCE THE POINT OF ROTATION
OF THE TERRESTRIAL SYSTEM IS EXPLICITLY SPECIFIED. IN THE
BURSA MODEL, THIS POINT OF ROTATION IS THE ORIGIN(©,®,0) OF
THE TERRESTRIAL SYSTEM, WHICH MUST BE SPECIFIED EXPLICITLY.
INPUT: AM,BM : ELLIPSDID PARAMETERS
N: NUMBER OF POINTS IN THE ADJUSTMENT
NTYP: 1,2,3 FOR MODELS BURSA,MOLODENSKI,VEIS.
NROT: 1/@: USE 1 FOR BURSA MODEL ALWAYS, .AND FOR MOLODENSKI
AND VEIS MODELS IF THE POINT OF ROTATION IS THE C.G.OF
THE TERRESTRIAL NETWORK. WHERE THE POINT OF ROTATION
IS NOT THE ORIGIN (©,2,0) OR THE C.G. OF TERRESTRIAL
NETWORK, USE NROT=0. THIS IMPLIES THE POINT OF
ROTATION MUST BE TRANSFORMED FROM LAT,LONG,HT,N TO XYZ.
NCG: 1/2: THE CG. OF THE NETWORK CAN BE COMPUTED IN TwO
WAYS: 1. CG OF THE CARTESIAN COORDS XYZ OF TERR. PTS
2. C6 OF THE ELLIPSOIDAL COORDS LAT,LONG,HT OF
: THE TERR. PTS :
NQ@: 1/@: N@=1 IF 'Q-MX' MUST BE ‘I1-MX'
N@=@ IF "Q-MX‘' MUST NOT BE ‘I=MX'.
(NP(1),I=1,7)=1/0: CODE FOR DETERMINING WHICH PARAMETERS TO
SOLVE FOR, IN THE ORDER: TX,TY,TZ,RX,RY,RZ,SCALE.
EG. 1 1 1 @ @ @ 1 SOLVES ONLY FOR TRANSLATIONS AND SCALE.
"DOPTZ,DOPRZ,DOPS: TRANSFORMATION ON DOPPLER COORDS AS
SHIFT IN Z, ROTATION AROUND Z, SCALE CHANGE.
RPQ,RLO,RH®: LAT,LONG,ELL.HT OF NETWORK INITIAL POINT(NIP)
NOTE: THE LAT/LONG OF NIP. IS NEEDED FOR THE COMPUTATION OF THE
STANDARD DEV. ESTIMATES FOR THE ELLIPSOIDAL COORDS IN SUB. SDELL.
NAME,ELL: NAMES OF POINTS, AND ELLIPOIDAL COORDS AS LAT,LONG,
: ORTHOMETRIC HEIGHT,GEOID HEIGHT. LAT,LONG INPUT AS
DEG.MMSSS
SATIN,SDS: SATELLITE XYZ COORDS, AND STD.DEVS. OF EACH OF THESE
ROTLAT,ROTLON,ROTHT: LAT/LONG/ELL.HT OF ROTATION POINT IF NEEDED
IMPLICIT REALX8(A-H,0-7)
PARAMETER 1Q=23
CHARACTER NAME*11(1Q),HEAD¥10(7)
COMMON NP(7),NPSUM(7)

DOO(‘)OOO[‘)OO(‘JO(‘Jl‘)(‘lOOOOOOOOOOOOOOOOOOOOOOOOO

0

DIMENSION ELL(1Q,5),SDE(1@,3),CRT(1Q@,9),SAT(1Q,9)
C,SATIN(1G,3),DDX(1Q),DDY(IQ),DDZ(1Q),
CSDS(1Q,3),SDX(7),A(3%1Q,7),W(3x1Q),
CX(7),v(6%x1Q),vi(é6xIaQ),CORR(7,7),DIFVEC(IQ),
CDELTA(1Q,7),Q(6%1Q,6%13),8X(7,7),PSAT(1Q,3),
CBOB(3x1Q,3%1Q) ,ATB(7,3%1Q),ATBW(7),AX(3%1Q)

C THE ABOVE LINE OF DIMENSIONING IS NECCESSARY WHEN USING THE
C ALGEBRAIC MODELLING PROCEDURE NOW STORED IN ELL. MOD

€ RAD(A): A IN DEG.MINSEC
DEFINE RAD(A)=(DINT(A)+(DINT((A-DINT(A))*x100D0))/60D0+

C(AX100DO-DINT (AX100DB) ) /346D0) x3600/T
C DMS(A): A IN RADIANS
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DEFINE DMS(A)=DINT(AXT/3400D0)+

CDINT ((AXT/3500DD-DINT(A%T/34500D0) ) *460D2) /100DB+
C((AXT/3500DO-DINT(AXT/3600D0) ) %50DO-

CDINT( (AXT/34600DO~ DINT(A*T/S&@@D@))*600@))*6@00/1000000

T=206264.80625D0
READ(5,100) AM,BM
READ(5,10@) N,NTYP,NROT,NCG,NQ
N3=3%N
No=6%N
READ(5,10@) (NP(1),1=1,7)
NPSUM(1)=NP (1)
DO 1400 1=2,7
NPSUM(1)=NPSUM(I-1)+NP(1)
1480 CONTINUE
NU=NPSUM(7)
READ(5,10@) DOPTZ,DOPRZ,DOPS
C -READ ELLIPSOIDAL COORDS OF THE N.I.P.(NETWORK INITIAL POINT)
READ(S,100) RPO,RLO,RHO
DO 1000 I=1,N
C READ ELL. CRDS AND CONVERT TO CARTESIAN
1100 READ(S5,120)NAME(I), (ELL(I,J),Jd=1,4)
ELL(I,S)=ELL(I,3)+ELL(I,4)
CALL ELLCRT(AM,BM,ELL(I,1),ELL(I,2),ELL(I,5),CRT(I,1),CRT(I,2),

CCRT(1,3))
1000 CONTINUE
€
€

DD 2000 1=1i,N
READ (5, 14@)(SATIN(I J),3=1,3),(SDS(I,K),K=1,3)

2000 CONTINUE
IF (NROT.EQ.Q)READ(5,1@@) ROTLAT,ROTLON,ROTHT

c .

C COMPUTE CG. OF TERRESTRIAL NETWORK, AS CGX,CGY,CGZ,CGP,CGL,CGH.
CGX=0D0 ‘
CGY=0D@

CGZ=0D@
CGP=0DO
CGL=0D&
CGH=@Do
IF(NCG.EQ.1) GOTDO 10001
IF(NCG.EQ.2) GOTO 11001

12001 DO 1000 I=1,N
CGX=CGX+CRT(I,1)

CGY=CGY+CRT(1,2)
CGZ=CGZ+CRT(I,3)

10000 CONT INUE
CGX=CGX/DFLOAT(N)

CGY=CGY/DFLOAT(N)
CGZ=CGZ/DFLOAT(N)
cAaLL CE(AM,BM,CGX,CGY,CGZ,CGP,CGL,CGH)

10508 CONTINUE
GOTO 11500

11001 DO 11000 I=1,N
CGP=CGP+RAD(ELL(I,1))

CGL=CGL+RAD(ELL(I,2))
CGH=CGH+ELL (I,5)

11000 CONT INUE
CGP=CGP/DFLOAT (N)

CGL=CGL/DFLOAT (N)
CGH=CGH/DFLOAT (N)
CGP=DMS(CGP)
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- CGL=DMS(CGL)
C CONVERT CGP,CGL,CGH TO CARTESIAN COORDS CGX,CGY,CG2
CALL ELLCRT(AM,BM,CGP,CGL,CGH,CGX,CGY,CG2)
1150@ CONT INUE
C
C NOW DETERMINE THE CARTESIAN COORDS OF THE “POINT OF ROTATION" .
C NOTE: IF NROT=1 THEN THE POINT OF ROTATION MUST BE COMPUTED
IF(NROT.EQ.1) GOTO 3000
CALL ELLCRT(AM,BM,ROTLAT,ROTLON,ROTHT,XROT,YROT,ZROT)
GOTO 5000 , :
3000 CONTINUE
IF(NTYP.NE.1) GOTO 4000
XROT=0D0
YROT=0D0O
ZROT=0D0O
ROTLAT=0DO
ROTLON=@DO
ROTHT=0DO
GOTO 5000
4000 XROT=CGX
YROT=CGY
ZROT=CG2
ROTLAT=CGP
ROTLON=CGL
ROTHT=CGH
S00@ CONTINUE
C NOTE: WE HAVE THE CARTESIAN AND ELLIPSOIDAL COORDS OF .THE ROTATION
POINT AS XROT,YROT,ZROT, AND ROTLAT,ROTLON,ROTHT. THE ELLIPSOIDAL
COORDS OF THE ROTATION POINT IS USED IN THE VEIS-MODEL.
KKK KKK K KKK KKK KOKOKOKOK K KKK KK KOKKOKOK KK KOKOK K K 3K K KOKOKOK KKK K 0K OKOKOKOK X KKK K K K K KK
MATRIX ‘HEAD’ CONTAINS THE NAMES OF THE UNKNOWNS SOLVED FOR
IF(NP(1).EQ.1) HEAD(NPSUM(1))="TLN-X"
IF(NP(2).EQ.1) HEAD(NPSUM(2))="'TLN-Y"
IF(NP(3).EQ.1) HEAD(NPSUM(3))='TLN-2"
IF(NP(4).EQ.1) HEAD(NPSUM(4))="ROT-X"

loReNoNe)

IF(NP(4).EQ.1.AND.NTYP.EQ.3) HEAD(NPSUM(4))=" dA
IF(NP(35).EQ.1) HEAD(NPSUM(5))="ROT-Y"’
IF(NP(S).EQ.1.AND.NTYP.EQ.3) HEAD(NPSUM(S))=" du
IF(NP (&) .EQ.1) HEAD(NPSUM(&))="ROT-Z"

IF(NP (&) .EQ.1.AND.NTYP.EQ.3) HEAD(NPSUM(&))=" dV

IF(NP(7).EQ.1) HEAD(NPSUM(7))='SCALE’

€ CONVERT: DOPFLER COORDS TO CTS BY Z-ROT,Z-SHIFT,SCALE
DO 20000 I=1,N
IF(DOPTZ.EQ.Q.AND.DOPRZ.EQ.®.AND.DOPS.EQ.Q) GOTO 19000
CALL DOPTRS(DOPTZ,DOPRZ,DOPS,SATIN(I,1),SATIN(I,2),SATIN(I,3),
CSAT(I1,1),8AT(1,2),SAT(1,3))
GOTO 20000
19000 SAT(1,1)=SATIN(I,1)
SAT(1,2)=SATIN(I,2)
SAT(1,3)=SATIN(I1,3)
20000 CONT INUE
C COMPUTE: STANDARD DEVIATION ESTIMATES FOR LAT,LONG,HEIGHT BY EMPIRICAL
€ FORMULAE :
28005 DO 30000 I=i,N
GOTO 29000
28000 SDE(I1,1)=0.2D0/T
SDE(1,2)=0.2D0/T
SDE(1,3)=1D0
29000 CALL SDELL (RPO,RLO,ELL(I,1),ELL(I,2),SDE(I,1),SDE(I,2),SDE(I,3))
3000@ CONT INUE



C NOW FORM DESIGN MATRIX A
IF(NTYP.EQ.1.0R.NTYP.EQ.2) GOTO 31000
IF(NTYP.EQ.3)GOTO 33200

C SUBROUTINE FOR A MATRIX IN BURSA AND MOLODENSKI MODELS

31000 CONTINUE
DO 32000 1=1,N

c FORM FIRST ROW OF A

IF(NP(1).EQ.1) A(3%I-2,NPSUM(1))=1.D0
IF(NP(2).EQ.1) A(3XxI-2,NPSUM(2))=0.D0
IF(NP(3).EQ.1) A(3XxI-2,NPSUM(3))=0.D0

IF(NP(4).EQ.1) A(3x1-2,NPSUM(4))=0.D0
IF(NP(S).EQ.1) A(3%1-2,NPSUM(5))=-1.D@%(CRT(1,3)-2ZR0OT)
IF(NP(4).EQ.1) A(3XxI-2,NPSUM(&))=(CRT(1,2)-YROT)

IF(NP(7).EQ.1) A(3*I—2,NP§UN(7))=(CRT(I,1)—XRDT)

c FORM SECOND ROW OF A
IF(NP(1).EQ.1) A(3xI-1,NPSUM(1))=0.D0
IF(NP(2).EQ.1) A(3xI-1,NPSUM(2))=1.D0O
IF(NP(3).EQ.1) A(3xI-1,NPSUM(3))=0.D0

IF(NP(4).EG.15 A(3XxI-1,NPSUM(4))=(CRT(I1,3)-ZR0OT)
IF(NP(5).EQ.1) A(3xI-1,NPSUM(5))=0.D0 ‘
IF(NP(&6).EQ.1) A(3XxI-1,NPSUM(6))=-1.DOX(CRT(I,1)-XR0OT)

IF(NP(7).EQ.1) A(3x1-1,NPSUM(7))=(CRT(1,2)-YROT)

c FORM THIRD ROW OF A
IF(NP(1).EQ.1) A(3xI, NPSUM(l)) @.Do
IF(NP(2).EQ.1) A(3XxI,NPSUM(2))=0@.D0
IF(NP(3).EQ.1) A(3*I,NPSUM(3))=1.DB

IF(NP(4);EQ.1) A(3xI,NPSUM(4))=-1.DBX(CRT(1,2)-YROT)
IF(NP(S).EQ.1) A(3XxI,NPSUM(S5))=(CRT(I,1)-XR0OT)
IF(NP(&).EQ.1) A(3XI,NPSUM(4))=0.D0

IF(NP(7).EQ.1) A(3%xI,NPSUM(7))=(CRT(I,3)-2ROT)
32000 CONTINUE
GOTO 34000
C SUBROUTINE ‘FOR MATRIX A IN VEIS-MODEL CASE.
33000 RAT=ROTLAT
RON=ROTLON
C FORM FIRST ROW OF A
DO 34000 I1=1,N
IF(NP(1).EQ.1) A(3%xI-2,NPSUM(1))=1.D@
IF(NP(2).EQ.1) A(3%1-2,NPSUM(2))=0.D0
IF(NP(3).EQ.1) A(3%xI-2,NPSUM(3))=0.D0
IF(NP(4).EQ.1) A(3%xI-2,NPSUM(4))=-SIN(RAD(RAT))*(CRT(1,2)~-YROT)+
CSIN(RAD(RON) ) *COS(RAD (RAT) )% (CRT(1,3)-2ZROT)
IF(NP(5).EQ.1) A(3%1-2,NPSUM(5))=COS(RAD(RON))%(CRT(I1,3)-2RAT)
IF(NP(&6).EQ.1) A(3%xI-2, NPSUM(b))=—COS(RAD(RAT))*(CRT(I 2)-YROT) -
CSIN(RAD(RAT))*SIN(RAD(RDN))*(CRT(I 3)-ZROT)
IF(NP(7).EQ.1) A(3%1-2, NPSUM(?))—(CRT(I 1)~-XROT)
c FORM SECOND ROW OF A
IF(NP(1).EQ.1) A(3%I-1,NPSUM(1))=0.D0
IF(NP(2).EQ.1) A(3%I-1,NPSUM(2))=1.D0
IF(NP(3).EQ.1) A(3%I-1,NPSUM(3))=0.D@
IF(NP(4).EQ.1) A(3%xI-1,NPSUM(4))=SIN(RAD(RAT))*(CRT(I,1)-XROT)~
CCOS(RAD(RAT) ) XCOS(RAD(RON) ) x (CRT(1,3)-2ZR0OT)



IF(NP(5).EQ.1) A(3%I-1,NPSUM(5))=SIN(RAD(RON))*(CRT(I,3)—-ZR0OT)
IF(NP(6).EQ.1) A(3%I-1,NPSUM(6))=COS(RAD(RAT))*(CRT(I,1)~-XROT)+
CSIN(RAD(RAT) )*COS(RAD(RON) ) *(CRT(1,3)-ZR0OT)

IF(NP(7).EQ.1) A(3xI-1,NPSUM(7))=(CRT(1,2)-YROT)
Cc
c FORM THIRD ROW OF A
IF(NP(1).EQ.1) A(3XxI,NPSUM(1))=0.D0
IF(NP(2).EQ.1) A(3XI,NPSUM(2))=0.D0
IF(NP(3).EQ.1) A(3xI,NPSUM(3))=1.D0
IF(NP(4).EQ.1) A(3%I,NPSUM(4))=-COS(RAD(RAT))XSIN(RAD(RON) )x
C(CRT(1,1)-XROT)+COS(RAD(RAT))*COS(RAD(RON) )X (CRT(I,2)~YROT)
IF(NP(5).EQ.1) A(3XI,NPSUM(5))=-COS(RAD(RON))*(CRT(1,1)-XROT)~
CSIN(RAD(RON) )X (CRT(1,2)-YROT)
IF(NP(6).EQ.1) A(3XI,NPSUM(6))=SIN(RAD(RAT))}*SIN(RAD(RON) )X
C(CRT(1,1)-XROT)-SIN(RAD(RAT))*COS(RAD(RON))X(CRT(I,2)-YROT)
IF(NP(7).EQ.1) A(3XI,NPSUM(7))=(CRT(I,3)-ZROT)
3400@ CONTINUE -
c PRINT OUT A-MATRIX.
GOTO 199

198  WRITE(6&,190)
190 FORMAT(1H1,20X, A-MATRIX',/)
WRITE(6,195) (HEAD(I),I=1,NU)
195 FORMAT(18X,7(A10,5X))
DO 199 I=1,N3
WRITE(6,191) (A(1,J3),J=1,NU)
191 FORMAT(/,5X,7(F12.2,3X))
199  CONTINUE

C FORM MISCLOSURE VECTOR W
DO 42000 I=1i,N
W(3xI-2)=CRT(1,1)-SAT(I,1)
W(3xI-1)=CRT(1,2)-SAT(I,2)

: W(3xI) =CRT(I1,3)-SAT(1,3)

42000 CONTINUE

C FORM THE VCV-MATRIX OF THE OBSERVATIONS(APRIORI): @
DO S0@0@ I=1,Né
DO 50000 J=1,Né
Q(1,J)=0D0
Q(1,1)=1D@
5000@ CONTINUE
IF(NQ.EQ.1) GOTO 52000
c THIS 'GOTO’ 1S USED IF THE VCV-MATRIX ‘Q° MUST BE THE IDENTITY
c MATRIX ‘I°, ie. DIAGONAL WITH 1°S ON THE MAIN DIAGONAL.
SEDOS E=1DO-BMk*2/AMX X2
DO S200@ I=1,N
DEN=1D@~ (EXSIN(RAD(ELL(I,1))))%%2
RMPH=AMX ( 1D@-E ) /DENX %1 .5DO+ELL (1,5)
RNPH=AM/DENX %@ .5SD@+ELL(1,5)
SINP=SIN(RAD(ELL(I,1)))
COSP=COS(RAD(ELL(I,1)))
SINL=SIN(RAD(ELL(I,2)))
COSL=COS(RAD(ELL(1,2)))
c GOTO 51000
C THIS GOTO IS USED IF THE VCV-MATRIX MUST BE DIAGONAL ONLY,IE NO-
C OFF-DIAGONAL TERMS FOR THE TERRESTRIAL SECTION.(3,3)
Q(6&*1-5,6%1-4)=( (SDE(I,1)XRMPHXSINP) Xxx2-
C(SDE(1,2)*RNPHXCOSP ) x%2+ (SDE(1,3)*COSP) *x2) xSINL*XCOSL
Q(6%1-5,6%1-3)=SINPKCOSP*COSL* (SDE(1,3)%%x2— (RMPHXSDE (I,1))%%2)
Q(6X1-4,6%1-5)=0(6X1-5,56%1~4)
Q(6X1-4,6%1-3)=SINP*COSPXSINLX (SDE(I,3)%%2-(SDE(1,1)*RMPH)*%2)
Q(6XI-3,6%1-5)=Q(&X1-5,6%1-3)



Q(&XI~3,6%1-4)=Q(6X1-4,6%1-3)

51000 CONTINUE

Q(&X1-5,6%1-5)=(SDE(I,1)*RMPHXSINPXCOSL ) xx2+
C(SDE(1,2)*RNPHXCOSPXSINL ) **2+(SDE(1,3)*COSPXCOSL ) *%2

Q(&X1-4,6%1-4)=(SDE(I,1)*RMPHXSINPXSINL ) %2+
C(SDE(1,2)¥RNPHXCOSP*COSL ) x*2+(SDE(1,3) kCOSP*SINL ) ¥%2

Q(EX1-3,6%1-3)=(SDE(1,1)*RMPHXCOSP ) %2+ (SDE(1,3)XSINP)X%2
Q(6X1-2,6%1-2)=SDS(1,1)*x%2

G(6XI-1,6%1-1)=SDS(1,2)%*2

Q(&6X1,6%1)=SDS(1,3)%%2

5200@ CONTINUE

208 WRITE(6,209)

209 = FORMAT(2X, VCV-MATRIX "“Q" OF THE OBSERVATIONS: Q(N&,N&)°,/)
DO 53000 I1=1,N :
WRITE(6,204) Q(6%1-5,6%1-5),0(6%1-5,6%1-4),Q(6%1-5,6%]1-3)
WRITE(6,204) Q(&%I-4,6%1-5),Q(6%1-4,6%1-4),0(6%1-4,6%1-3)
WRITE(6,204) Q(&XI-3,6%1-5),0(6%1-3,6%1-4) ,Q(6X1-3,6%1-3)
WRITE(6,204) Q(6X1-2,6%1-2),Q(6%1-2,6%1-1),Q(6%1-2,6%1)
WRITE(6,204) Q(6X1-1,6%1-2),0(6%1-1,6%1~1),Q8(6XI-1,6%]1)
WRITE(6,204) Q(&X%1,6%1-2),Q(6X1,6%x1~1),Q(6X],6%1)

204  FORMAT(3(2X,D12.6)/)

53@0@ CONT INUE

C SUBROUTINE FOR LEAST SQUARES SOLUTION FOR X,@X,V,0L,SIGMA @
C  ARGUMENTS : N: NUMBER OF POINTS USED IN TRANSFORMATION ADJUSTMENT
C NU=NUMBER OF UNKNOWNS/PARAMETERS (IN VECTOR X)
C A(N3,NU): DESIGN MATRIX FOR PARAMETERS X
C B(N3,N&): DESIGN MATRIX FOR OBSERVATIONS L
C W(N3,1) : MISCLOSURE VECTOR
C , Q(N&,N&) :VCV-MATRIX OF THE OBSERVATIONS
C X (NU, 1): PARAMETERS
C QX (NU,NU) : VCV-MATRIX OF PARAMETERS
C V(N6,1) : RESIDUALS TO THE DBSERVATIONS
c QL (N&,N&) :VCV-MATRIX OF OBSERVATIONS (OR RESIDUALS)
C AVF : APOSTERIORI VARIANCE FACTOR
C FORM BQB' DIRECTLY FROM Q:
DO 60020 I=1,N
BAB(3X1-2,3%1-2)=Q(&6X1~5,6%1-5)+Q(&X1-2,6%1-2)
BAB(3X1-1,3%I~1)=Q(&X1-4,6%1-4)+Q(6XI-1,6%I~-1)
BAB(3%1,3%1)=Q(6%1-3,6%1-3)+Q(&X1,6%1)
BAB(3%1-2,3%1-1)=Q(6%1-5,6%1-4)
BAB(3%1-2,3%1)=0Q(&6X1-5,6%1-3)
BGB(3%1-1,3%1)=Q(&6X%1-4,6%1-3)
BAB(3%I-1,3%1-2)=BQAB(3%1~-2,3%x1-1)
BOB(3%1,3%1-2)=BAB(3%1-2,3%1)
BAB(3%1,3%1-1)=BAB(3%I1-1,3%1)
60020 CONT INUE
GOTO 60022
207 DO 60022 I1=1,N
: WRITE (6,204 )BQB(3%1- 2,3x1-2),BGB(3¥1-2,3x1-1),
CBQB(3%1-2,3%1)
WRITE(&,204)BAB(3%1-1,3%x1-2),BAB(3%x1-1,3%x1-1),
CBQB(3%I1-1,3%1)
WRITE(&,204)BAB(3%1,3%1-2),BAB(3x1,3%1-1);
CBQGB(3%1,3%1)
60022 CONTINUE =
CALL CHOLD(B@GB,N3,N3,0)
C NOW BGB IS THE INVERSE OF THE "OLD" BQB
C CALL AB(1G,A,N3,NU,1,B0OB,N3,N3,0,ATB)
DO 60030 1=1,NU
DO 60030 J=1,N3



SUM=@BD®
DO 4@B@32 K=1,N3
SUM=SUM+A (K, 1)*BAB(K,J)

60032 CONTINUE
ATB(1,J)=SUM

40030 CONTINUE

C CALL AB(1Q,ATB,NU,N3,@,A,N3,NU,D,QX)
DO 6004@ I=1,NU
DO &204@ J=1,NU
SUM=@D@
DO 60042 K=1,N3
SUM=SUM+ATB(1,K)*A(K,J)

&@@42 CONTINUE
Qx(1,J)=SUM

6@04@ CONTINUE
CALL CHOLD(GX,7,NU,@)

C CALL AB(10,ATB,NU,N3,0,W,N3,1,0,ATBW)
DO 40@5@ I=1,NU
SUM=0D@

DO 60052 K=1,N3
SUM=SUM+ATB (1 ,K) W (K)
60052 CONTINUE

ATBW(1)=SuUM
60050 CONTINUE .
C CALL AB(1G,0X,NU,NU,®,ATBW,NU,1,@,X)

DO 60060 I1=1,NU

SUM=0D@

DO &60@62 K=1,NU
SUM=SUM+GX (1 ,K)XATBW(K)
60862 CONT INUE
X(1)=-SUM
6006@ CONTINUE
C NOW FOR CORRELATES Vi:

C CALL AB(10,A,N3,NU,0,X,NU,1,@,AX)
DO 60070 I=1,N3
SUM=@D®

DO 60072 K=1,NU
SUM=SUM+A(1,K) %X (K)
60072 CONTINUE
AX(1)=SUM
60070 CONTINUE
DO 62000 1=1,N3
AX(TI)=AX(I)+W(])
62000 CONT INUE

C CALL AB(1G,BGB,N3,N3,0,AX,N3,1,0,V1)
: DO 46B0B0@ I=1,N3
SUM=0D0

DO 60082 K=1,N3
SUM=SUM+BAB (1 ,K)*AX (K)
40882 CONTINUE
V1(1)=-1D@XxSUM
60080 CONTINUE
C NOW FOR V: :
C. CALL AB(10,8B,N&,N3,0,V1,N3,1,0,V)
C COMPUTE Vv DIRECTLY FROM Q@ AND Vi (CORRELATES)
DO 64000 I1=1,N
V(6XI=-5)=0(&6Xk1-5,6%1~5)kV1(3KkI-2)+Q(LXI1-5,6%1-4)x
CCV1(3XI-1)+Q(6X1-5,6X1-3)kV1(3%1)
V(6XI-4)=0(b%1~-4,6%k1-5)%V1(3¥1-2)+0(6X1—-4,6%1-4)x
CVL(3XI-1)+Q(6XI—-4,6%X1-3)%V1(3%1)
V(OKI-3)=Q(6XI-3,6%1-5)4V1(IKkI-2)+Q(6¥1-3,6%x1-4)%
CVL(3%I=1)+Q(6X1-3,6%1-3)%V1(3%1)



V(6KI-2)=—Q(6X1-2,6%1-2)%V1(3XI~2)
V(6kI—-1)=—Q(6X1-1,6%k1-1)%V1(3x1-1)
V(K1 )=—Q(&%],6%1)%VL(3X])

6400@ CONTINUE

C NOW FOR AVF=V(T)XQxV/DOF, WHERE Q=INVERSE(Q)
CALL CHOLD(Q,N&,N&,@)

5 CALL AB(1GQ,V,N&,1,1,3,N6,N6,0,V1)
DO 60170 J=1,Nb
SUM=0DO

DO 60172 K=1,N6
SUM=SUM+V(K)*Q(K,J)
60172 CONTINUE
V1i(J)=SUM
60170 CONTINUE

C . CALL AB(1G,V1,1,N6,0,V,N6,1,0,AVF)
SUM=0D@ .
DO 60182 K=1,Né&
SUM=SUM+V1 (K) XV (K)

60182 CONTINUE
AVF=SUM/DFLOAT (3%N-NU)

6@18@ CONT INUE
DO 70000 I=1,NU
DO 70000 J=1,NU
Qx(1,J3)=QX(1,J)*AVF

70000 CONTINUE

c TRANSFER THE CARTESIAN RESIDUALS TO THE RESPECTIVE OBSERVATION

C MATRICES CRT AND SAT
DO 8000 I=1,N
CRT(1,4)=V(6%1-5)
CRT(I,5)=V(&6X1-4)
CRT(1,6)=V(6%1-3)
SAT(1,4)=V(6x1-2)
SAT(1,5)=V(b%I-1)
SAT(1,6)=V(&6%1)
80000 CONTINUE
C THE STANDARD DEVIATIONS(SDX) OF THE PARAMETERS X ARE THE
C ROOTS OF THE DIAGONAL ELEMENTS OF THE VCV MATRIX QX:
DO 82000 I=1,NU
SDX (1)=DSQRT(QX(1,1))
820008 CONTINUE
C FORM CORRELATION MATRIX(CORR) FROM THE VCV MATRIX QX:
DO 84000 I=1,NU
DO 8400@ J=1,NU
CORR(1,J)=QX(1,J)/DSART(QX(1,1)xQ@X(J,J))
8400@ CONT INUE
C TRANSFORM THE RESIDUALS INTO ELLIPSOIDAL RESIDUALS
DO 86000 I=1,N
CALL DIFCE(ELL(I,1),ELL(I,2),CRT(I,4),CRT(1,5),CRT(1,6),
CCRT(I1,7),CRT(1,8),CRT(1,9))
CALL DIFCE(ELL(I,1),ELL(I,2),SAT(I,4),SAT(1,5),SAT(1,6),
csAaT(1,7),SAT(1,8),SAT(1,9))
86000 CONTINUE -
C APPLY REVERSE TRANSFORMATION TO THE DOPPLER SATELLITE COORDS,AND
C OBTAIN PSEUDO-GEODETIC COORDS.
DELVEC=0D®
TX=DFLOAT (NP (1)) %X (NPSUM(1))
TY=DFLOAT (NP (2) ) ¥X (NPSUM(2))
TZ=DFLOAT (NP (3) ) %X (NPSUM(3) )
RX=DFLOAT(NP(4)) %X (NPSUM(4))
RY=DFLOAT (NP (5) ) %X (NPSUM(5))



RZ=DFLOAT(NP (&) ) *¥X(NPSUM(6&))
SCA=DFLOAT (NP (7)) %X (NPSUM(7))+1D0
THE NP(I):1/@ WILL CANCEL THE MULTIPLICATION IF THE PARAMETER 1
DOES NOT EXIST; NPSUM(I) LOCATES THE POSITION OF THE PARAMETER
IN THE VECTOR X.

o0oon

IF(NTYP.NE.3) GOTO 88100 _

C COMPUTE MOLODENSKI ROTATIONS FROM THE VEIS ROTATIONS USING THE

C FORMULAE ON PAGE 1@1 OF THOMSON'S THESIS.

BR=RAD(ROTLAT)
EN=RAD (ROTLON)
THETAX=(~COS (BR) ¥COS(EN)XRX+SIN(EN)XRY+SIN(BR)*COS(EN)%RZ )xT
THETAY=(-COS (BR) *SIN{(EN)XRX-COS(EN)%RY+SIN(BR)*SIN(EN)¥RZ)XT
THETAZ=(~SIN(BR)*RX-COS (BR)XRZ) T
WRITE(&,88001) THETAX, THETAY , THETAZ
88001 FORMAT(5X, MOLODENSKI ROTATIONS COMPUTED FROM THE VEIS ONES: ",
C/,5X,3(2X,FB.3),/) .

88100 CONTINUE
DO 8800@ I=1,N
CALL REVTFN(NTYP,TX,TY,TZ,RX,RY,RZ,SCA,XROT,YROT,ZROT,

CROTLAT,ROTLON,SAT(I,1),8AT(1,2),SAT(1,3),
cPsAT(1,1),PSAT(1,2),PSAT(1,3))

88000 CONT INUE )

(» OBTAIN COORD-DIFFERENCES, AND TRANSFORM TO ELLIPSOIDAL DIFFERENCES
DELVEC=0D0 '

DO 90000 I1=1,N

DELTA(I,1)=CRT(1,1)-PSAT(I1,1)

DELTA(1,2)=CRT(I1,2)-PSAT(1,2)

DELTA(I,3)=CRT(1,3)-PSAT(]1,3)
DELTA(1,7)=DSART(DELTA(I,1)%%2+DELTA(I,2)%X2+DELTA(]1,3)%%2)
DELVEC=DELVEC+DELTA(I,7)

CALL DIFCE(ELL(I,1),ELL(I,2),DELTA(I,1),DELTA(I,2),DELTA(I,3),
CDELTA(1,4),DELTA(I,5),DELTA(]1,&))

90@0@ CONT INUE
DELVEC=DELVEC/DFLOAT(N)

o) CONVERT ROTATION ANGLES AND STD DEV. FROM RADIANS TO SECONDS OF ARC
IF(NP(4).EQ.1) X(NPSUM(4))=X(NPSUM(4))XT T
IF(NP(4).EQ.1) SDX(NPSUM(4))=SDX(NPSUM(4))x%T :
IF(NP(5).EQ.1) X(NPSUM(5))=X(NPSUM(S))XT
IF(NP(5).EQ.1) SDX(NPSUM(5))=SDX(NPSUM(S))xT
IF(NP(&6).EQ.1) X(NPSUM(&))=X(NPSUM(&))XT
IF(NP(6).EQ.1) SDX(NPSUM(&))=SDX(NPSUM(&))XT

o) CONVERT SCALE TO PPM v .

IF(NP(7).EQ.1) X(NPSUM(7))=X(NPSUM(7))%1.D
IF(NP(7).EQ.1) SDX(NPSUM(7))=SDX(NPSUM(7))x1.Db

COMPUTE MEANS OF THE COORD DIFFERENCES (GEOD.CRT-TRANSFORMED DOPPLER)
THESE COORD DIFFERENCES ARE CONTAINED IN THE W-VECTOR FORMED ABOVE.
THEN COMPUTE RESIDUALS (DDX,DDY,DDZ) FOR EACH OF THESE MEANS.
DXM=0. D0

DYM=0.D®

DZM=0.D®

SDEVX=@D@

SDEVY=08D0

SDEVZ=@D@

VEC=0D0

DO 91000 I=1,N

DXM=DXM+W(3k1-2)

DYM=DYM+W (3%1-1)

DZM=DZM+W(3%1)

91000 CONTINUE

DXM=DXM/DFLOAT (N)

o000



DYM=DYM/DFLOAT (N)
DZM=DZM/DFLOAT (N)
DO 92000 I=1,N
DDX(I)=W(3%xI1-2)-DXM
DDY(I)=W(3%I1-1)-DYM
DDZ(I)=W(3%1)-DZIM
DIFVEC(1)=DSQRT(DDX(I1)%%2+DDY(I)%%x2+DDZ(1)%%2)
VEC=VEC+DIFVEC(1)
SDEVX=SDEVX+DDX (I1)*DDX (1)
SDEVY=SDEVY+DDY(1)%DDY (1)
SDEVZ=SDEVZ+DDZ(1)%DDZ (1)

92000 CONTINUE
SDEVX=DSQART (SDEVX/DFLOAT (Nx (N=1)))
SDEVY=DSQRT (SDEVY/DFLOAT(N*(N~1)))
SDEVZ=DSQRT(SDEVZ/DFLOAT (NX(N-1)))
VEC=VEC/DFLOAT(N)

Cosssrrsrorrsosssssssaasedsisssssssessraessessasosssssstssssssscsasssinsasts
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c
c NOW DO ALL WRITING
c INPUT FORMATS FOLLOW
128 FORMAT()
120 FORMAT(A11,2F12.7,FB8.2,F7.2)
14@ FORMAT(T12,2(F10.2,1X),F11.2,3F4.0)
c ***************************************t**************************

C AAA
WRITE (6,200)

200 FORMAT (1H1,5X, "PAGE 1°,/)
WRITE(&,210)

21@  FORMAT(&X,6(°'="),7)

’ IF(NTYP.EQ.1)WRITE(&,220).
IF(NTYP.EQ.2)WRITE(6,222) : :
IF(NTYP.EQ.3)WRITE(6,224) '

220 FORMAT(20@X, DETERMINATION OF DATUM TRANSFORMATION PARAMETERS USINGV

C "BURSA'S" MODEL',/,20X,70( ' ="),/)
222 FORMAT (20X, DETERMINATION OF DATUM TRANSFORMATION PARAMETERS USING
C “MOLODENSKI'S" MODEL',/,20X,75('="),/)

224 FORMAT (20X, DETERMINATION OF DATUM TRANSFORMATION PARAMETERS USING
€ "VEIS'S" MODEL',/,20X,69( ' -"),7) ‘
WRITE(6,240)
24@ FORMAT (20X, FOR THE TRANSFORMATION : CAPE DATUM TO CONVENTIONAL °,
C'TERRESTRIAL (C.T.) ,/,20X,70( ' =-"),/)

WRITE(6,280) DOPTZ,DOPRZ,DOPS
280 FORMAT(/,20X, TRANSFORM DOPPLER SATELLITE SYSTEM (NSWC 22-2)°
c’ 710 CONVENTIONAL TERRESTRIAL (C.T.) SYSTEM BY :°,
Cs/,20%X, " Z-TRANSLATION =',F4.1,' METRES',S5X, Z-ROTATION =',F4.1,
C’ ARC SECONDS® ,5X, SCALE =",F4.1," PPM',/7)

WRITE(6,300) N
300 FORMAT(2@X, ' NUMBER OF COMMON POINTS =',13,//)
WRITE (6,320)
320 FORMAT (30X,  TRANSLATION COMPONENTS (METRES)')
WRITE(6,330)
330 FORMAT(3@X,31( ="),/)
IF(NP(1).EQ.1) WRITE(&,340) X (NPSUM(1)),SDX(NPSUM(1))
348 FORMAT (30X, ' X0=,FB.1,2X, +/-',2X,F5.1,/)
IF(NP(2).EQ.1) WRITE(6,360) X(NPSUM(2)),SDX(NPSUM(2))
360 FORMAT(3@X, YO=',FB.1,2X, +/-',2X,F5.1,/)
IF(NP(3).EQ.1) WRITE(&,38@) X(NPSUM(3)),SDX(NPSUM(3))
380 FORMAT(30X, 20=',F8.1,2X, +/~',2X,F5.1,/)



WRITE(&,400)
40@ FORMAT(//,30X, ' SCALE FACTOR (COORD. SYSTEM) )
WRITE(&,410)
418 FORMAT(30X,28( =" ),/)
IF(NP(7).EQ.1) WRITE(6,428) X(NPSUM(7)),SDX(NPSUM(7))
420 FORMAT(30X,F5.1,3X, ' +/—",1X,F5.1,3X, PPM'/)

WRITE(&,440)

44@ FORMAT(//,30X, ROTATION ANGLES (SECONDS OF ARC) ‘)
WRITE(6,450)

450 FORMAT(30X,32( ~'),/)

IF(NP(4).EQ.1.AND.NTYP.NE.3) WRITE(6,460) X(NPSUM(4)),
CSDX (NPSUM(4))

IF(NP(4).EQ.1.AND.NTYP.EQ.3) WRITE(6,462) X(NPSUM(4)),
CSDX (NPSUM(4))

460 FORMAT(3@X, RX=",F7.3,3X, ' +/~",1X,F7.3,/7)"

462 FORMAT(3@X, DA=',F7.3,3X, +/-' ,1X,F7.3,/)
IF(NP(5).EQ.1.AND.NTYP.NE.3) WRITE(4,48@) X(NPSUM(5)),

CSDX (NPSUM(5))
IF(NP(5).EQ.1.AND.NTYP.EQ.3) WRITE(&,482) X(NPSUM(5)),
CSDX (NPSUM(5))

480 FORMAT(3@X, RY="’ ,F7.3,3X, +/=" ,1X,F7.3,/)

482 FORMAT (30X, DU=",F7.3,3X, +/=',1X,F7.3,/)
IF(NP(6).EQ.1.AND.NTYP.NE.3)WRITE(6,500) X(NPSUM(&)),

CSDX (NPSUM(6))
IF(NP(&).EQ.1.AND.NTYP.EQ.3)WRITE(&4,502) X (NPSUM(&)),
CSDX (NPSUM(&) )

500 FORMAT (30X, 'RZ=',F7.3,3X, '+/=',1X,F7.3,/)

502 FORMAT(3@X, 'DV=",F7.3,3X, +/—",1X,F7.3,7) "
IF(NTYP.EQ.1) WRITE(6,510)
IF(NTYP.EQ.2.AND.NROT.EQ.1.AND.NCG.EQ.1) WRITE(6&,512)
IF(NTYP.EQ.2.AND.NROT.EQ.1.AND.NCG.EQ.2) WRITE(&,513)
IF(NTYP.EQ.3.AND.NROT.EQ.1.AND.NCG.EQ.1) WRITE(&,512)
IF(NTYP.EQ.3.AND.NROT.EQ.1.AND.NCG.EQ.2) WRITE(6,513)
IF(NTYP.EQ.2.AND.NROT.EQ.®.OR.NTYP.EQ.3.AND.NROT.EQ.Q)

CWRITE(6,514) '
51@ FORMAT(/,30X, THE POINT OF ROTATION IS THE CENTRE OF GEODETIC’,
C* ELLIPSOID',/)
512 FORMAT(/,30X, THE POINT OF ROTATION IS THE CENTRE OF GRAVITY’

c,/,30X,’ OF THE TERRESTRIAL NETWORK.(CARTESIAN CRDS)’',/)
513 FORMAT(/,30X,  THE POINT OF ROTATION IS THE CENTRE OF GRAVITY’
C,/,30X, . OF THE TERRESTRIAL NETWORK.(ELLIPSOIDAL CRDS)',/)

514 FORMAT (/,30X, ' THE POINT OF ROTATION IS THE NETWORK INITIAL®,
C° POINT. ,/) .

WRITE(&,516) XROT,YROT,ZROT,ROTLAT,ROTLON,ROTHT
S16  FORMAT(/,30X, CARTESIAN COORDS OF ROTATION POINT:’,3(2X,F12.2)/.
C,3@X, 'ELLIPSOIDAL COORDS OF ROTATION POINT:',2F15.7,F12.2)
C N e e o S,
WRITE(&,520) _
520 FORMAT(1H1,5X, PAGE 2',/)
WRITE(&,210)
WRITE(6&,530)
530 FORMAT (25X, OBSERVATIONS AND RESIDUALS',/,25X,26( ' ="),/,
' C27X, ' GEODETIC CARTESIAN’,24X, RESIDUALS',15X, ELLIPSOIDAL',/)
WRITE(6,822) :
DO 95000 I=1,N
WRITE(&6,B30)NAME (1), (CRT(1,J),J=1,9)
95000 CONTINUE
. WRITE(&,560)
560 FORMAT(1H1,12X,  TRANSFORMED DOPPLER SATELLITE COORDINATES',



C14X, 'RESIDUALS",/)

822

WRITE(6,822)

FORMAT (19X, " X", 14X, "Y' 11X, 2" 16X, X', 7X, 'Y ,7X,'2°,

€8x, "LAT’ ,S5X, "LONG* ,5X, "HT',/)

DO 95100 I=1,N
WRITE(&,B83@)NAME (1), (SAT(1,J),J=1,9)

95100 -CONT INUE
C BN R0 0000000000000 0000000000 KROR KR KKKk
WRITE(&,600)
4060  FORMAT(1H1,5X, 'PAGE 3',/)
wRITE(6,210)
WRITE(b,610) AVF,DSQORT (AVF)
610 FORMAT(3@X, 'REFERENCE VARIANCE =',2X,FB.4,//,
C30X, 'SIGMA NOUGHT =',2X,FB.4,//)
C
WRITE(6,630)
630 FORMAT(//,408X,17HCOVARIANCE MATRIX,/)
WRITE(6,195) (HEAD(I1),I=1,NU)
DO 95200 I=1,NU
WRITE(&,65@)HEAD(1), (QX(1,J),J=1,NU)
65@ FORMAT(/,5X,A10,7(2X,E12. 6))
9520@ CONT INUE
C
WRITE(4,670)
47@  FORMAT(//,3@X, CORRELATION MATRIX',/)
WRITE (&,675) (HEAD(I),I=1,NU)
675 FORMAT(15X,7(2X,A5))
DO 95300 I=1,NU
WRITE(&,68@)HEAD(1), (CORR(1,J),J=1,NU) .
48@ FORMAT(/,5X,Al@,7(2X,F5.2)) '
95300 CONT INUE
C ****X******t****t*t********t**t**************************************
C PRINT ALL INPUT DATA
WRITE(&,700)
70@ FORMAT (1H1,5X, 'PAGE 4°,3@X,  INPUT DATA';/,bX,6("'="),30X,10( ' ="),/)
WRITE(6,720) AM,BM
720

FORMAT (S5X, ELLIPSOID PARAMETERS * X,'AM= ‘yF15.6,5X,

C'BM=",F15.64,/)

730

740

wRITE(b 730) N NTYP,NROT,NCG,NG
FORMAT(ﬁX,'N,NTYP,NROT,NCG,NG:‘,5(2X,12),/)
WRITE (6,74@) (NP(1),1=1,7)

FORMAT (5X, 'CODE FOR IDENTIFYING UNKNOWNS :°,3X,

C " TRANSLATIONS :°,313,5X, ROTATIONS :’',313,5X, ' SCALE :°,13,/)

WRITE(&,750)DOPTZ,D0OPRZ ,DOPS

75@ FORMAT(5X, ' TRANSFORM DOPPLER SAT.COORDS TO C.T. COORDS :°,3X
C,‘'Z-TRANSLATION DOPTZ=',F4.1,3X,’'Z-ROTATION DOPRZ=',F4.1,3X,
C’SCALE DOPS=',F4.1,/) ’

WRITE(&,770)

770 FORMAT(/,38X, ' GEODETIC ELLIPSDIDAL' 20X, ' STANDARD DEVIATIONS'
C/,25X,'LATITUDE',7X,'LONGITUDE‘ “ELL HT',3X,

C'GEOID HT',9X, "’ ,5X,’'"’',5X, /)

790
95400

810

DO 95400 I=1,N
CHANGE S.D. OF ELLIPSOIDAL COORDS(LAT,LONG) FROM RADIANS TO SECONDS.
SDE(1,1)=SDE(I,1)xT

SDE(1,2)=SDE(I,2)*T

WRITE(&,790)NAME(T), (ELL(1,J),Jd=1,4), (SDE(1,K),K=1,3)
FORMAT(/,12X,A11,2(F12.7 3X),2F9 2 10X,2(F3.2,3X), F3.1)

CONT INUE

WRITE(4,010) .

FORMAT ( 1H1,28X, ‘DOPPLER SATELLITE °,18X, 'STANDARD DEVIATIONS',/)
WRITE(4,820)



820 FORMAT (19X, X', 14X, Y’ , 11X, Z ' 16X, X", 7X,°Y' ,7X," 2" ,/)
DO 95500 I=1,N '
WRITE(6,830)NAME (1), (SATIN(1,J),J=1,3),(SDS(1,K),K=1,3)

830 FORMAT(/,2X,A11,3(F12.2,2X),5X,3(F6.2,2X),2X,3(F6.2,2X))

9550@ CONT INUE
WRITE(&,835) RPO,RLO,RHO A
835 FORMAT(SX,/, NETWORK INITIAL POINT COORDS:',//,5X, LATITUDE=",

CF13.7,//,5%, 'LONGITUDE=",F13.7,//,5X, 'ELL. HT =',FB8.2,//)
C KKK KKK KKK KKK KKK K KKK K K K KKK K 0K K KK KKK 0K KK K K 3K KKK K K K KKK K o o K K K K
WRITE(6,B840)

84@ FORMAT(1H1,5X, 'PAGE 5',/)
WRITE(6,210)
WRITE(&,850) .
B850 FORMAT (28X, GEODETIC CARTESIAN', 18X, 'STANDARD DEVIATIONS',/)
WRITE(6,820) ‘
DO 25000 I=1,N
- WRITE (6, BSD)NAME(I),(CRT(I J),J=1,3)
25000 CONTINUE
WRITE(&,860)
B86@ FORMAT(1H1,10X, COORDINATE DIFFERENCES : GEODETIC CARTESIAN °,
€' - TRANSFORMED DOPPLER’ b/ 11X, 66( =), /)
WRITE(6,870)

870 FORMAT (30X, DX’ ,6X, RES’,7X,'DY’,6X, 'RES’,7X,'DZ’,6X, RES"’,
Ci1X, VECTOR',/)
DO 95600 I=1,N ‘
WRITE(6,880) NAME(I),W(3%I1-2),DDX(I),W(3xI-1),DDY(I), w(S*I),DDZ(I)
C,DIFVEC(I)
880 FORMAT(12X A11,3X,3(FB.2,1X,F7.2,2X),5X, FB.2,/)
95600 CONT INUE :
WRITE(&,890)DXM,SDEVX,DYM,SDEVY,DZM,SDEVZ ,VEC
890 FORMAT(/,10X, MEANS :',9X,3(F8.2,1X,'+/-',F4.2,2X),5X,FB.2,//)

c KKK KOk KOK K K K KK K K KK KK 0K K KK 0K XK KKK K 3 K K0k 50K 30K 30K K 50K K K K Kk 0K K K % K X% K X
WRITE(6,9495)
945 FORMAT (1HL1,5X, 'PAGE 7°,5X, “"PSEUDO-GEODETIC" COORDS = ',

C'REVERSE TRANSFORMATION x (CTS COORDS)‘,/,6X,6('—"),5X,
Co4('~"'),7)

WRITE(6,955) .
955  FORMAT(5X, ‘DIFFERENCES: GEODETIC - “PSEUDO-GEODETIC"®,/
C5X,41('="),//,22X, DX’ ,9X, DY’ ,9X, 'DZ’',1@X, ' VECTOR',11X,
C'DLAT',8X, ‘DLONG‘ ,7X, ‘DHT",/)
DO 95800 I=1,N
WRITE(6,94@)NAME (1), (DELTA(I,K) ,K=1,3),DELTA(1,7),
C(DELTA(I,L),L=4,6)
940 FORMAT(3X,A11,3(3X,FB.2),5X,F8.2,10X,3(F8.2,3X),/)
958@0@ CONT INUE
WRITE(6,941) DELVEC
CALL ELLCRT(AM,BM,CGP,CGL,CGH,C6X1,C6Y1,C6Z1)
941 FORMAT(/,2@0X, MEAN VECTOR OF DISPLACEMENT:® ,6X,F6.2,/)
WRITE(&,943) CGX,CGY,CGZ,CGP,C6L,CGH,CGX1,C6Y1,C621
943  FORMAT(5X, 'CG. OF NETWORK',3(2X,F12.2),/,20X,2(F13.7),F10.2
C,/,20X%,3(2X,F12.2)/)
T KKK KKK K KKK0K K KKK KK K K K KKK K K KKK KK K KKK KK 0K KKK K KKK 6 K KKK K K K K K
STOP

SUBROUTINE ELLCRT(A,B,PHI,RL,H,X0,Y0,20)
IMPLICIT REALX8(A-H,0-2)

C DMS(A): A IN RADS
DEFINE DMS(A)=DINT(AXT/3460@DB)+



C-20

CDINT((A*T/SbBBDD—DINT(A*T/360DDB))*6000)/100D0+v
C((AXT/3600DB-DINT(AXT/3600D0) ) x6@DO-
EDINT( (AXT/360@DB-DINT(AXT/3600DQ) ) *6@DA) ) x60DD/ 1 000ODA

C RAD(A): A IN DEG.MINSEC

c
c

c
c
c
c
c

Oooo0oo0O00o000

c

oonNDoOn0on

DEFINE RAD(A)=(DINT(A)+(DINT((A-DINT(A))*x100DQ) )/60DD+
C(AX100DO-DINT(AXL1BBDA) ) /36D0D) %3600/ T

T=206264.80625D0

E2=1.DB-~BXX2/ (AX*2)

RN=A/DSGRT ( (COS(RAD(PHI)) ) ¥%2+(1.D@-E2) % (SIN(RAD(PHI)))*x2)
X0=(RN+H) XCOS (RAD (PHI ) ) XCOS (RAD (RL ) )

YO=(RN+H) XCOS (RAD (PHI ) ) xSIN(RAD(RL ) )
Z0=(RNX(1.D@-E2)+H)*SIN(RAD(PHI))

RETURN

END

SUBROUTINE FOR CARTESIAN COORD CONVERSION BY Z-SHIFT,Z-ROT,SCALE
AS IN TRANSFORMING DOPPLER COORDS TO CTS COORDS

ARGUMENTS: TZ: SHIFT IN Z
RZ: ROT AROUND Z AXIS IN SECONDS: OF ARC
S : SCALE CHANGE FROM UNITY IN PPM
DX,DT,DZ: OLD - (DOPPLER) COORDS TO BE TRANSFORMED
X,Y,Z: NEW (TRANSFORMED) COORDS
SUBROUTINE DOPTRS(TZ,RZ,S,DX,DY,DZ,X,Y,Z)
IMPLICIT REAL*8(A-H,0-2) .
T=206264.80625D0 . T
DS=1D@+Sx1D-6
X=(DXXCOS(RZ/T)+DYXSIN(RZ/T))*DS
Y=(DYXCOS(RZ/T)-DX*SIN(RZ/T))¥DS
Z=(DZ%DS)+TZ ‘
RETURN
END
SUBROUTINE FOR COMPUTING STANDARD DEVIATIONS FOR ELLIPSOIDAL
COORDS ACCORDING TO SOME EMPIRICAL FORMULAE (EG SIMMONS)
THE FORMULAE FOR SDP,SDL ARE MODIFIED FROM THOSE USED BY DON THOMSON.
. THE FORMULA FOR SDH IS ENTIRELY IMAGINARY
NOTE:::: THESE FORMULAE ARE SUPPOSED TO GIVE ACCURACY ESTIMATES FOR
THE ELLIPSOIDAL COORDS R E L A T I V E TO THE NETWORK INITIAL PT.
ARGUMENTS: PH,RL LAT,LONG OF N I P.
PHN,RLN : LAT,LONG OF STATION
SDP,SDL,SDH: STANDARD DEVIATIONS OF LAT,LONG,HT
SUBROUTINE SDELL (PH,RL,PHN,RLN,SDP,SDL,SDH)
IMPLICIT REALXB(A-H,0-7)
RAD(A): A IN DEG.MINSEC
DEFINE. RAD(A)=(DINT(A)+(DINT( (A-DINT(A) ) Xx10@DO) ) /6@DO+
C(A%1OODO-DINT (AX10@DB) ) /36D0) ¥3600/T :
T=206264 .804625D0
DPH=RAD (PHN ) ~RAD ( PH)
DRL=RAD (RLN)-RAD (RL )
DIST=6370DO*¥DSQART ( DPHX ¥ 2+ ( DRLXCOS ( (RAD (PHN) +RAD (PH) ) /2D@) ) X¥2)
SDP=(@.@5SD@*DISTx% (2D@/3D@) ) /6378000DA
SDL=SDP :
SDH=@.015D@*DIST*x (2DB/3D0)
SDHN=@.00@1DOXDIST _
SDH=DSQORT ( SDH¥*2+SDHNX¥2)
NOTE THAT ELLIPSOIDAL HEIGHT H=H'+N, WHERE H'=0RTHOMETRIC HT,AND
N=GEOIDAL HT. THEN BY PROPOGATION OF ERRORS, VAR(H)=VAR(H')+VAR(N).
HERE THE ESTIMATE FOR S.DEV(N)=8.5 METRE, HENCE VAR(N)=0.5%%2, AS ABOVE.
NOTE THAT THE STANDARD DEVIATIONS FOR LAT,LONG ARE EXPRESSED IN
RADIANS OF ARC, AND FOR HEIGHT IN METRES, SINCE IN THE FORMATION
OF THE VCV MATRIX ONE NEEDS THESE IN RADIANS FOR LAT,LONG AND METRES



C-21

C FOR HEIGHT TO GET THE UNITS (AND SCALE FACTORS) RIGHT.
RETURN
END

SUBROUTINE DIFCE(RP,RL,DX,DY,DZ,DP,DL,DH)
C ARGUMENTS: RP,RL: LAT,LONG OF POINT
5 DX,DY,DZ: DIFFERENTIAL CARTESIAN COORDS TO BE TRANSFORMED
C INTO DP,DL,DH: DIFFERENTIAL ELLIPSOIDAL COORDS
"IMPLICIT REALXB(A-H,0-2)
C RAD(A): A IN DEG.MINSEC
DEFINE RAD(A)=(DINT(A)+(DINT((A-DINT(A))*100D0))/60D0+
C(AX1@@DO-DINT(AX10@D0) ) /346D0) x3600/ T
T=206264.80625D0
DP=COS (RAD(RP) ) ¥xDZ~SIN(RAD(RP) ) xCOS (RAD(RL ) ) XDX—
CSIN(RAD(RP) ) XxSIN(RAD(RL) ) ¥DY
DL=COS(RAD(RL))*DY-SIN(RAD(RL) ) *DX
DH=COS (RAD (RP) ) xCOS (RAD(RL ) ) xDX+COS (RAD (RP) ) XSIN(RAD(RL ) ) %
CDY+SIN(RAD(RP) ) *DZ
RETURN
END ,
KKK K KKK K KKK K K KKK K K KKK K K KKK OK KKK K KKK K 3K KK KK K K KKK K 3 K KKK K KK KK o K KKKk K

SUBROUTINE REVTFN(NTYP,TX,TY,TZ,RX,RY,RZ,SCA,XROT,YROT, ZROT,
CRLA,RLO,X,Y,2,PSX,PSY,PSZ) .
ARGUMENTS: TX,TY,TZ,RX,RY,RZ,SCA- SHIFT,ROTATION,SCALE PARAMETERS

C
C NTYP: MODEL TYPE BURSA(1),MOLOD(2),VEIS(3).
C . XROT,YROT, ZROT: TERRESTRIAL CART. COORDS OF ROTATION PT.
C NOTE: IN BURSA MODEL, XROT=YROT=ZROT=@, AND IN MOLOD. AND VEIS
C MODELS, THE ROTATION PT. CAN BE THE N.I.P. OR THE CG. OF NETW.
C RLA,RLO: LATITUDE/LONGITUDE OF ROTATION POINT FOR USE
C IN THE ROTATION MATRIX IN THE VEIS MODEL.
C X,Y,Z: INPUT COORDS TO BE REVERSELY TRANSFORMED
C PSX,PSY,PSZ: TRANSFORMED COORDS
IMPLICIT REALXB(A-H,0-Z) :
DIMENSION R(3,3) °
C RAD(A): A IN DEG.MINSEC
DEFINE. RAD(A)=(DINT(A)+(DINT((A-DINT(A))*10@DA) ) /60D0O+
C(AX100DO-DINT (A%100D@) ) /36DD) %3600/ T
T=206264 .80625D0
IF (NTYP.EQ.3) GOTO 10000@
C FORM 'R‘ MATRIX FOR BURSA/MOLODENSKI MODELS.
" R(1,1)=1D0
R(1,2)=RZ

R(1,3)=—1DO%RY
R(2,1)=-iDOx*RZ
R(2,2)=1D0O

R(2,3)=RX
R(3,1)=RY
R(3,2)=—1D@%RX
R(3,3)=1D0

GOTO 20000
C FORM 'R’ MATRIX FOR VEIS MODEL:
10000 RP=RAD(RLA)

RL=RAD(RLO)

DA=RX

DU=RY

DV=RZ

R(1,1)=1D0O

R(1,2)=~1D@*SIN(RP)*DA~COS (RP ) XDV

R(1,3)=SIN(RL)%COS (RP)*DA+COS(RL)*DU-SIN(RP)*SIN(RL) %DV

R(2,1)=SIN(RP)%DA+COS(RP) ¥DV

R(2,2)=1D@

R(2,3)=—1DO*COS(RP) ¥COS (RL ) xDA+SIN(RL ) ¥DU+SIN(RP ) ¥COS (RL ) DV



R(3,1)=-1D@%COS(RP}*SIN(RL)*DA~COS(RL ) ¥DU+SIN(RP)*SIN(RL) %DV
R(3,2)=COS(RP)%COS(RL)*DA-SIN(RL ) *DU- SIN(RP)XCDS(RL)#DV
R(3,3)=1D0@

20000 CONTINUE
X1=(X-TX-XROT)/SCA
Y1=(Y-TY-YROT)/SCA
Z11=(2-TZ-ZROT)/SCA
PSX=R(1,1)¥%X1+R(2,1)%Y1+R(3,1)%xZ1+XROT
PSY=R(1,2)%X1+R(2,2)%Y1+R(3,2)%Z1+YROT
PSZ=R(1,3)%X1+R(2,3)*Y1+R(3,3)*21+2R0OT

C NOTE: THE ‘TERR.CART.COORDS OF ROTATION PT (XROT,YROT,ZROT) IS ADDED

C IN THE REVERSE TRANSFORMATION, SINCE THE RESULTING VECTORS AFTER

C  APPLYING THE REVERSE TRANSFORMATION TO THE SATELLITE COORDS ARE

C RELATIVE TO THE ROTATION POINT; IN BURSA CASE, THIS IS THE POINT

C (@,0,0), BUT IN THE MOLOD/VEIS CASES, THIS COULD BE THE CG. OR NIP.
RETURN
END : ..

L e e

C CONVERSION CARTESIAN(X,Y,Z) TO ELLIPSOIDAL (LAT,LONG,H) USING

c B.R.BOWRING FORMULAE (SURVEY REVIEW VOL 28, 218, OCTOBER 1985

o PAGES 202-206)

C INPUT DATA: A,B -SEMI-MAJOR/MINOR AXES OF EARTH ELLIPSOID

C “X,Y,Z : GEODETIC CARTESIAN COORDS

C INTERMEDIATES: E1/E2: SQUARE OF FIRST/SECOND ECCENTRICITIES

c V: RADIUS OF CURVATURE IN PRIME VERTICAL PLANE

C A AS INPUT FOR DMS(A) IS IN RADIANS

SUBROUTINE CE(A,B,X,Y,2,PHI,RL,H)
IMPLICIT REALX8(A-H,0-2)

DEFINE DMS(A)=DINT(AXRHO/3600D0) +
CDINT ( (AXRHO/360@DO-DINT (AXRHO/36@0D0) ) ¥60DD) / 10BDO+
C((AXRHO/3600D@~DINT (AXRHO/34600DQ) ) ¥6@DO~
CDINT( (AXRHD/36Q@DO-DINT (AXRHO/34600DB) ) x60DO) ) ¥x60DA/ 1002ODD

C A AS INPUT FOR RAD(A) IS IN DEG.MINSEC

DEFINE RAD(A)=(DINT(A)+(DINT((A-DINT(A))*100D@) ) /6@DD+
C(A%100DO~DINT (A% 100DQ) ) /34D0) ¥3600/RHO

RHO=204244 .804625D0

E1=1.DO-B¥k2/ (AX%2)

E2=(AX%2~-BX%2) /BXx %2

P=DSGRT ( X¥X2+YX%2)

SZ=SIGN(1.D@,2)

R=DSGRT (PXX2+ZX%2)

TANU=B/AXZ/PX(1.DO+E2%B/R)

COSU=1.D@/DSART (TANUXX2+1 .D0)
SINU=SZ*DSGRT (1 .D@-COSUX%2)

TANB= (2+E2XBXSINUX*3) / (P-E1 XAXCOSUX%3)

PHI=DATAN(TANB)

V=A/DSORT (1.DO-EL1 X (SIN(PHI))*%2)

H=PXCOS(PHI )+Z¥SIN(PHI )-A%X2/V

RL=DATANZ(Y,X)

PHI=DMS(PHI )

RL=DMS (RL)

C CONVERTING LAT/LONG IN FROM RADIANS TO DEG.MMSSS
RETURN ‘
END

C _____________________________________

c

@MAP, ISE TPF$.MAP, .MAIN
IN TPF%.MAIN,RENS.CHOLD
@XQT TPF$.MAIN



DETERMIYMATION OF CA TUv TRANSFCRMATION PARA"‘TCRS U<IHG "SURSA S* MODEL

TRANSFCRM COPPLER SATELLITE SYSTSM (NSWC $2-2) TO CONVENTIONAL TZRRESTRIAL (C.T.) SYSTEY BY :
I-TRANSLATION = 4.0 METRES Z-ROT2TION = ~.3 ARC SECONDS SCALE = —.5 9Py
NUMBER OF LOMMON POINTS = 25

TRANSLATION COMPSNENTS (nETRES)

X0=  =192.5  +/= 14,6

Y02 =122.2 +/=  12.6 .

10=  =259.8 +/=  16.1 :

$CaLS FACTOR (COORD. SYSTEM)

ROTATION AMGLES (S:CCNDS OF ARC)

pX= 352 +/- « 335
eys= 283 +/- .584
ez= 435 t/- « 451

THE POINT OF ROTATICN IS THE CSNTRE CF GEODETIC ELLIPSOIC

OINT 00 .40 G0
FCI go

gou «QugLuuo .00

Zu

P -
ON T: .00

£€¢-0



PONT
KRANZEERG
THAMAKOCSH
MANNERHET 4
4ADIDA
MORGENZON
MOOIDAM
MAGWALA
WIT3ANK N
GRASKOP
WITWATER
LEEUKOP,.SA
INKOMINKULU
FRANSMANKOP
LCUISFTN
POTLOZR
LYSISI
HEXRIVIER
BLYDESERG
COEGAKOP

M PUMBE N
KARSRIVIER
ERIT 44

515¢¢92.74
514v3v7.U7
501v3/77.00
5¢%1422.8Y4
5294743, %0
513%465,5¢4
4955839.20
4r36232,73
5541121.05
5246355.55
513r440.02
LYECIVYE LY
4r75517.50
498%162.54
5203455, 3¢
$10137¢.09
4%1577C.00
5122158.5¢2
4y17295.12
4725924.0¢
LYLS5TSE L 4Y
4Y443%4.20
5U13475.71

cescava

—

v
¥

2273293.54

26910%27.17
AYD5097.C05
2¢35N83.54
2085821.71
2Ldud74,81
2r3270s5.71
3006513.7%
1205173.2¢

19146123,%3

2135077.40
24758%51.86
2E09322.79
22AT479.43
1490219.54
1y77£32.¢

2504293.13
1195155.33
2176%146,43
2295281.42
IU75434,.384
1¥11¢092.54
2L567229,54

ISNS aND RESICUALS

-24074317,24

~2626422.05

~2651972.7%
=2740304.51

-28572755.70

-2¥90355. 2¢
-2827742.11
~2906617.37
-305C291.37
-3075055.05
-307316¢6.97

- =3104547..73

-3149351.18

-325655€6.98

-3254501,32
-3265927.02
-3339947.43
-349G0357.75
~3L£355C,17
-3524985.75
-2594398.32
-3587431.92
-2757724.39

=2.31
=1.54
~.9¢
2.33
3.23
~.13
.29
~.05
~.07
1.75
1.04
45
1.74
67
=1.4¢
=.01
)
=1.3C
=47
«51
~.58
=1.92
=1.14

RSSIDUALS

Y z
110 =3.14
1.45  =2.00

.33 =1.9%
2.8 4.91

-2.38  4.19
2.18  1.36
-.15 -, 60

-2.16 ' -1.50

-€.05 -3.61

-3.06  =.32

.01 1.81

.37 1.40

-2.05 1.08

94 1,59

-1.36  -=31.50
-.23 =.11
-.02 2.25
1.83  =1.71
1.07  1.36
1.55 2.49

=1.04  =2.50
2.72  -.33
1.36  =.s6

LAT

=3.47

=2.11
-2.0¢
5.84
4.72
1.59
“.bY
~1.88
=4.03
.01
2.05
1.5U
91
1.87

- =3.83

-.14
2.37
-1.77
1.28
2.70
-2.79
-1.21
-.67

N

ELLIPSOICAL
LCNG

2.09
2.00
.77
1.73
~2.41
2.02
.00
-1.80
-5.78
~3.48
-.40
.13
~2.34
.58
;.89
-.21
-.46
2.16
1.81
1.13
-.52
3.21
1.73

4T

-.13
.19
.21
.83
.04
.10

-.C1

-.36
.16
L8

~.04

-.19

~.59
.C&
W42

-.C2

-.47
o4

-.52

-.4e
.C2

-.22

=.C®

%¢-0



PONT
KRANZZERG
THAMAKQOOSH
MANNERHEIN
HADIDA
MORGENLZON
MOUIDAM
MAGWAZEA
WIT3aNK N
6LRASKOP
WITWATER
LEEUKOP.SA
LNKOMINKOLU

FRANSMANKCP -

LGUISFTN
POTLOSR
LUSISI
HEXRIVIER
3LYDE3ERG
COEGAKOP
MTPUMBE N
KARSRIVIZR
SRIT 44

X

515/75%.90
5149751.51
5U1%241.55
9291298, 3y
S2y681%,.50
5122752.45
4935708,32
LresUvE e
S55U9%5.00
5¢44210.56
513¢5U8.95
4y84755.22
GeT85%6,34
4935025.47
5¢0532C.12
S191244.35
46%15856,2
SU24451.23
491/152.50
408573%.81
4943052,11
Y4244 ,90
SUE536C. 33

Y

2¥78190.79
2EPUGN2. 25

2905592, 4

22569%1,24

2085701.¢7

2424347,¢4

2032594,63
3005405.33
1605040, 21
19064080.25
2182983.19
2675721, 8¢
280Y212.G5
2250263.02
169UL97.08
16970515,43

c2506142,.806

1095050,02
27065C2.72
2¢95157.49
2u75329.71
1410979.L9
285/74%45,08

TRAHNSFORMED CCUPPLER SATELLITE COORDINATZS

z

-2400772.91
~262£713. 54
~265225€.05

=27410%2, 90

~d8730SC. 37

-2%91142.55
-2888024.05

=2945912,43
~3050575.5%°
~30/935¢.77
~3078455.,904

=3104837. 51

=3146642.905
=3256847.9%1
~3258EN01. 59

_-3270220.74

~334G238.67
-5490558,90
-34£3953,5%
-3525278.0%
~259£691.59
-3557725.71
-276%214.,69

2.31

L 1.54

.96
-2.33
=3.28

«13

«29

05

.07
“1.75
=1.04

=45
=1.14
~.67
1.25

- 01

=90

1.30
47
-.51
«58
1.92
1.14

RZSIDUALS
Y

=1.10
=1.45
-.33
=2.%3
2.58
=2.1%
<15
2.1¢
€405
1.06
=.01
=37
2.05
-9
1.34
W25
.02
=“1.85%
=1.7¢
=1.55%
1.0
-2.72
~1.3%

.14
2.00
1.96
~4.91
=419
=1.3%
60
1.50
3.61
.32

T=1.81

=1.40
-1.08
=1.59
3.50
- 11
-2.26

1.71°

=1.36
=2.47
2.56

.88°

56

LAT

3.47
2.11
2.00
=5.84

“4.7¢-

=1.59

« 03"

1.88
4.03
~.01
=2.0>
-1.50
=91
=1.87
3.85%5
14
-2.37
1.77
=1.23
~2.7U
2.79
1.21
b7

LCNG

=2.09%
-2.0U
=77
=1.73
3.41
=2.02

.00

1.¥
5.78
J.48
«4U
=.13
2.34
~e58
89
.21
X3
=2.16
=1.81
=1.18
52
-3.21
-1.73

HT

«18
~.19
=.21
~.83
~.C4
=.10

-C1

34
=16
“e68

G4

<19

.59
~.C4
=.42

.02

47
=43

«52

2]
~.C2

.22

.Go

(YA



REFSRENCE VARIANCE =
SIGMA NQUGHT = 2.90¢%2

CCVARIANCE MATRIX

TLN=X TLH-Y T TLN-1Z
TLM=X T L2U72074L05  ~.719606+0OUL .131152+003
TLN-Y - 71Y4606+L02 2158604+5003 ~=,069¥803+00U2
TLN=2 S1511524L08  -,496%64%+002 «25E143+003
ROT=X 2224455005 .732140=-905% «97£912-095
ROT=Y - 520259-u0¢8 £141770-004 =.421393-006 -
ROT-1 = 210893-L 0 L239871-004  ~,154215-0U%
SCALE S 117211004 =, 543920005 .70§628-005 -
CORRZLATION MATRIX

TUN=X  TLR=Y TLA=2 2GT-x RCT=Y ROT-Z §
TLH=X 1.0C - b1 .57 .10 -.79 .57
TLH=Y -.60 1.0 -.35 .38 A .87
TLN=L 57 =35 1.00 .37 -.93 -.47
ROT=X . «1C o I% .37 1.0¢ -.15 -.0
ROT-Y -.75  .ay 0 =493 =.15  1.90 .52
R07T-12 -.57 .97 -7 -, .52 1,00
5CALE -.5¢ -.27 .29 LU0 .1C .00

ROT=-X
226453045
«782140-0C5
«9725913-CCS
«2£35626-011
« 705297~-012

~.410221-013

«177542-028

CaLE
-.54
-.29
.29
.0U
0u
.cu
1.00

ROT-Y
~.520253-00U%
.141770-004
-.421293-004
-.705297-012
.501629-011
.325295-011
\163557-027"

RUT-L
-.210295-004
«2398721-0C¢
=.164215=304
=.410221-013
.323295-011
477570011
.946411-028

sCaLe

-.117711=C04
- 548920-C0S
.705928-C0C5
-.177542-C28
.162537-C27
$546411-C28
L233113-C11

9¢-9



DETSRMINATION OF CATUM TRANSECRMATION PARAMETERS USIMG “MOLODENSKI®S" MOD:L

FCR THE TRINSFCRAMATIOL ¢ CAPE CATUM TC CONVENTIONAL TERRESTRIAL (C.T.)

TRANSFCRM COPOLER SATEILLITE SYSTEM (NSWC $2-2) TO CONVENTICHNAL TERKESTRIAL (C.T.) SYSTEM
I-TRANSLATZIOM = 4.0 “STRES I~ROTE7TION = -,8 ARC SECOHDS SCALE = -.,5 PPV

NUM3ER OF CCMMON PCINTS = 23
xX0=  =13%.4 +/- 1.6
Y= =113.2 +/- 1.3
iD= =297.5 +/- 1.4
SCALE =ACTOR (COORD, SYSTEW)

1.1 +/= 1.5  FPu

RITATION ANGLES (SECCNDS JOF ARC)

RX= 353 +/= +335
oy= 258 +/=- <524
Rl= <436 t/= «451

TH4S POIMNT OF ROTATICN IS THE NETWORK INITIAL POINT.

4777935.98 2280227.48 =35456¢2.42
-33.5932000 25.30440622 282.0

LT-0



PONT
"KRANZBERG
THAMAKQOSH
MANNERHELIM
HADIDA
MORGENZICN
MO0ICAM
MAGWAZA
_WITSBANK N
GRASKOP
WITWATER
LEZUKOP.SA
INKO&IHKULU
FRANSMANKOP
LOUISFTIN '
POTLOER
LUSISI
HEXRIVIER
JLYDE3ERG
COEGAXOP

M PUMBE N
KARSRIVIER
3RIT 44

515¢3292.7¢
5149397.07
5019377.30
52“1522.83

529474%,90 -

513¢865.54

4935839.50

4736233.73
55¢1121.05
5246339.55
513754C. 02
4926398,40
477¢517.80
498%152.56
5205455, ¢
5121372.09

431577€.00

5022168, 82
4917299,12
4/735724.0¢
4°471¢8.45
49463284,20
5926495.71

C2SZAVATINMNS aMD RZISISUALS

GSCCETIC CARTESIAN

Y

2!73253.94
2491087.17
2903£%7,C5
2255088.54
2ud5821.71
2424474.51
2732706.71
I004512.75
1£405173.39
1926123.93

2123C77.490

2475231.85%
2939322.79
2267477.43
1£90219.54
1€77632.45
2504293.13
1/951465,33
21066%4.,42
22952£1,.42
Iu764346.84
1¥11092.50

CEL7529,.54

.
4

~24C0431.25
-2626422.08
-2¢51973.75
-2740804. 51
~2%72769.70
-2950855. 24
-2887742.11
-2966517,37
-3050281.37
-3079065.95
-30781646.97
-3704547.73
-3146351,13
-325655¢.98
-3258501. 32
~3289927.02
~3339947.63
-3495357.75
-36£366C.17
-35249285.75
-259€398,32
-3587421.02
-2767924.30

=2.21
“1.54
~.9%
2.33
3.28
-.12
=29
-.05
-.07
1.78
1.04
bS
1.14
67
=1.23%
=.01
.96
-1.30
=47
«51
“.62
=1.92
~1.14%

RESIDUALS
Y 2

1.10 ~3.14
1.45 ~2.00

.33 -1.96
2.88 4.91

-2.38 4.19
2.13 1.3
=.15 . -.60

-2.16  =1.50

~€.05 =3.61

~3.06 -.32
.01 1.81
.37 1.40
-2.05 1.08
.94 1.59

-1.34  =3.50
-.23 -.1n
-.02 2.2¢
1.83 ~=1.71
1.77 1.36
1.55 2.49

-1.04 =2.56
2.72 -.358
1.36 -.56

 ELLIPSOICAL
" LONG

LAT

-2.47
-2.11
-2.06
5.84
4,72
1.59
-.68
-1.83%
-4.03
.01
2.95

1.50

21
1.87
~3.83
-.14
2.37
-1.77
1.28
2.70
=2.79
-1.21
-.47

2.09
2.00
.77
1.73
=3.41
2.02
.00
-1.80
-5.73
=3.48
=.40
.13
=2.34
.58
~.89
~.21
= 48
2.16
1.81
1.18
=.52
3.21
1.73

HT.

-.18
.19
.21
.83
.Cé
<10

-.01

-.36
.16
.68

-.C3

-.19

-.59
.04
W42

~.02

-o47
.43

-.52

-.64
.02

.22

-.09

8¢-0



PONT
KRANIIERE
THAMAKQOSH
MANNERHEIN
HADICA

- MORGEZHZON

MO01DAM
MAGAAZA
WITBANK N
GRASKOP
WITWATER
LESUKOP.SA
INKOMINKULU
FRANSMANKOP
LOULISFTH
POTLCER
LUS1ISI
HEXRIVIZR
BLYDEZERG
COEGAKQP
MTPUMBE N
KARSRIVIER
BRIT 44

X
515/75£.90
5149751517
5119241.53
5251495, 8¢
5294618, %
$13$752.45
69EsT05 .32
478¢098,17
5360939.00
524621C.54
5137508.95
4985765.22
Lr76684,34
4988029.47
520332C.12
5101244.33
4815636,21
5U22931.28
4917162.20
4785732521
4945053.11
4944264.90
5096350.38

Y

2274199.7%9
2590922.25
2903592,43
2224521424
2C25701,¢7
24243¢67.¢4
27352598.4%3
30056405.33
1605040.21
1934C09.25
21329583.19
2475721.88
2v109212.05
2¢67268.02
1490Cs7.C2
1977515443
251)6182.5%

1795C50.C2

2106592.72
2295151.49
I075329.71
1%10979.G°

2E6T4R4.05

TKANSFORMED CCPPLSR SATELLITE COCRDINSTES

z

-24C0772.91
-262%5712.54
=265226¢.05
~2741082.50
-2872950.37
-29%91142.55
-28£8034.935
-T944912.4%9
-3050578.69
-3079356.77
-3073455.04
=3104837.51
-3149643.05
~3256847. 31

| ~3249B01.59

-3270220.74
-3340238, 67
-349045£.,90
-3483953.56
-3525273.06
-255£691.59
-3527725.71
~2758214.69

2.31
1.54
.92
-2.33
-3.28
<13
.29
.05
.07
=1.75
=1.04
=45
=1.14
-.67
1.26
.01
=.9¢

1.30°

a7
~.51
XX
1.92
1.14

RESIDUALS
Y z LAT LONG
-1.10 3.14 3.47  =2.09
<145 2.00 ©2.11.  =2.C0
-.33 1.90 2.0 -.77
“2.88 =4.91 -5.84 =1.73
2.35  =4.19 -4.72 3041
-2.18  =1.36 -1.5y  =-2.02
.15 .60 .68 .U
2.10 1.50 1.88 1.30
6.05 3.6 4,03 5.78
2.06 W32 =.01 3.438
-.01  -1.81  -2.05 .40
-.37  =1.40 -1.50 -.13
2.05 =1.08 -.91 2.34
-.94  =1.59 -1.87 -.58
1.34 3.50 3.83 .89
.23 T 14 .21
02 =2.26 -2.37 .46
-1.83 1.71 1.77  =2.16
-1.77  -1.36 - -1.28  -1.81
“1.55  =2.49 -2.70 -1.18
1.04 2.50 2.7y .52
~2.72 .88 1.21  =3.21
-1.386

.56 67 =1.73

HT

e

.19
.21
&3
.C4
.10
.C1
.36
.16
e
.04
.19
.59
.04
W62
.02
W47
.43
.52
cbhb
.02
.22
.C9

6¢-0



TLN=X
TLN=Y
TLHR=2
ROT=X
ROT~Y
ROT-1
SCALE

TLN=X
TUN-Y
TLN=-Z
ROT-X
ROT=-Y
ROT~2
SCALE

TLH=X
«2HGESTHL
« 5544334100
-.732581+0110
=.3649731-L0%
«376884-005
«126132-C05
~.633133-C0%

TLN=X TLA=-Y

1.0C .25
.26 1,00
-.32  -.19
-1 =82
.¥1 .33
.35 o 45
.25 -.09

RIFZIREZNCT VARIANCE = 8.4574

SIGMA NCUGHT = 2.5032

COVARIANCE MATPIX

TLN=Y TLN=-2
.554523+4000 =.7326814000
c1771364001 =, 3465074000
~.3455C2+900 .195317+001
-.132979-0U5 . 337590-00¢
.1230£6-0US  =,222577-005
L131743-005  =.$31125-00%
~.173596=0U¢ =.115£03=005

.

CCRRELATION MATRIX
TLN=Z ROT-X ROT-Y ROT-Z

.32 -.12 .31 .35
-19  -.52 .33 .65
1.90 17 -.56 0 =.29
%17 1,00 -.15  -.01
.56 -,15 1.00 .52
-.29  -,01 .S 1.00

=.53 .00 .GC .0C

ROT~X
=.349731-00¢
~.132979-005

«387790~-00¢
«263626-011
=.?705297-012
~.410221-012
=.£9523¢-031

SCALZ
-.25
-.09
-.55

.CO
.00
.00
1.00

ROT-Y ROT~Z
«376884-005 «126132~0CS

+123080-0U5  .131745-005

=.222977-005 =-.¥81125-0C¢
=.705297-012 -.410221~013
«501629-011 »3232%5-011
«323295-011" .477510-011
«790193-030 «318685-0130C

SCALE
~.632133-C0%
~e172£96-C0C6
~«11££03-005
=.£692236~C31

«79C193-C30
+318¢83-030
.232113-C11

0£-0



TRANSFCRM COPPLER SATELLITE SYSTZM (4SAC 92-2) TO CONVENTIONAL TERRESTRIAL

(CeTo) SYSTEM EY &

I=TRANSLATION = 4,0 METIRES Z-ROTATION = =,% ARC SECONDS "SCALE = =.5 PPM
MUMBER OF COMMCHN PCINTS = 23
TRANSLATION COMPONENTS (METRES)
x0=  -=11¢.4 4/~ 1.5 . .
Y0= =-113.2 ‘+/- 1.3 K
0= =267.5 +/- 1.4
SCALE FACTOR (COOAD. SYSTEM)
11.1  #/= 1.5 PP
Q3TATION ANGLES (SSCCNDS 0OF ARC)
ca= -,117 +/- . .37
U= ~,047 +/=- . 557
Cvz =604 . - +/- 434
THE POINT OF ROTATION IS THE HETWORK INITIAL POINT.
CARTESIAYN CCCRDS QOF ROTATION POINT: 67277935.98 228C227.48 =3545¢22.42
SLLIPSDIDAL COORES OF ROT-T¢vN FCINT: -33.5932000 25.30460622 23z.00

1€-0



PONT
KRAHZ3ERG
THAMAKOCSH
MANNERHEIM
HADIDA
MORGENZON
MOOIDAN
MAGWAZA
HIT3ANK N
GRASKOP
WITWATER
LEEUKDOP,SA
INKOMINKULU
FRANSMANKOP
LOUISFTHN
POTLOER
LU3ISI
WEXRIVIER
BLYDE2ZRGC
COSGAKOP

M PUM3E N
KARSRIVIZR

. BRIT 44

515r392.73%
5149297.97
5019377.90

5291622.823,

529474L2,91
513¥845.54%
4923339.80
4736232.73
5361121.05
5246339,55
513766C.02
LOEH898,49
41765617.80
498¥1562.54
52023455.8¢
51013723.09
4%1577C.00
5022162.52
49¥1¢02995.12
4755924.00
4945188.45
49443%4.20

 5036495,71

CCETIC CARTZSIANM
Y z
2¥78293,54 -2400481.25

2491037.17
2003857.C5
2265088.54
2035821.71
2424474.51
2¢327006.71
3006513.75
1605173.39
1904123.93
2185C77.40
2L75531.254
2809322.79
226747943

1490219.54

1977¢22,¢5
2504293.13
17951£5.3¢%
2106£414,43
22952461.42
I076434.354
1¥11992.50
2667589.54

-2426422.08
-2651972.76
-274C804.51
-2872759.79
- 2890955, 24
-2887742.11
-294£617.37
-305023%1.37
-3079055,05
-307¥155.97
-31045L7.73
-31693551.18

-325455¢6.983

-3263501.32
-3269927.02
~3339947.63
-345C257.75
-346766C.17
~3524935.75
-259£3923.32
-3557431.02
-2767924.39

-2.31
-1.54
-.9¢
2.33
1.28
-.13
-.29
-.05
-.07
1.75
1.06
.45
1.14
.67
-1.2¢
-.91
.9¢
-1.36
-.47
.51
-.68
-1.92
-1.14

=2.14
-2.00
=1.96
4.91
4.19
1.3%
=.50
=-1.54
-3.61
-.32
1.81
1.40
1.08
1.59
-3.50
-.11
2.26
-1.71
1.36
2.49
~2.56
-.38
~.56

LAT

-3.47
-2.11
-2.06
5.84
4.72
1.59
-.68
-1.88
-4.03
.01
2.05
1.50
.91
1.87
-3.83
-14
2.37
-1.77
1.28
2.7
-2.79
-1.21
-.67

ELLIPSOICAL

LCNS

2.09
2.00
W77
1.73
-3.41
2.02
.00
-1.80
-5.78
~3.48
-.40
«13
-2.34
.58
~.89
-.21
-.46
2.16
1.81
1.18
~.52
.21
1.73

HT

-.12
.10
.21
.82
.04
<10

-.C1

-.36
<16
Y14

-.C4

-.19

~.59
.Cé
42

-.02

=47
42

~.52

-.b4
.02

-.22

-.C9.

¢e-0



_PONT
KRANZ3ERG
THAMAKQOSH
MANNERMZIM
HADIDA
MORGENZON
MOOIDAM
MAGWAZA
WIT3ANK N
GRASKOP
AITAATER
LEEUKOP,SA
INKOMINKULY
FRANSMANKOP
LOULSFETH
POTLOER
LUBISI
HEXRIVIER
3LYDE3ERG
CCEGAKDP
MTPUM3E N
KARSRIVIZR
3RIT 44

X

515/754.90
5149761.51
519 241.03
5¢91495.38
52546158.60
513%732,45
LVEsTYS.32
4006095,17
556U94%,00
524621C.54
5137508, 95
4vEe755.22
47764564.34

493%8029.47
. 5¢0832¢C.12

5101244.35
431563¢4.21
5022031.28

L91/1062.98 -

4r785783%.81
4945053.11
4944244,90
SUZE3¢C. 38

Y

2¥78190,79

2690¢22,25

2503592.43"

225493231.24
20035791.67
2424247.6¢
2/325938,63
30045455,33

- 1495C40.21

19d4C0D. 25
21827£63.19
2475721.83
2¥09212.C5
22673245.C2
1¢70097,.C8
1977515.43
2505192,¢%
1795C050.02
2105502:.72
2275151449
3074329.71
1£10979.09
2£674%4.04

TRKAMSFORMED CCPPLER SATSLLITE COQRDINATES

z

-2400772.91
-2626713.64

“=265224£,05

-2741082.59
-237305C.37
-2891142.55
~2882034,05
-2944912,43
-3050578.69
-=307935¢.77
~3079455.04
-3104237. 51
~3149642,05
~3256847.21
~3252901. 69
-327022C.74
~3340232.57
-3490656.50
~3403953.55
-3525278.06
-259£691.59
-3587729.71
-2768214.569

2.31
1.54

.96

-2.33
~3.23
:13

RESIDUALS
Y

-1.10
-1.45
-.33
-2.8¢
2.3
-2.18
W15
2.16
£.05
.06
-.01
-.37
2.05
-.94
1.34
.23
.02
-1.23

Ce1.77

=1.55
1.04 .
-2.72

S -1.36

2.14

. 2.00

1.96
-4.91
-4.1%
-1.36

.60
1.50
3.61

.32

-1.91
-1.40
-1.08
-1.59

3.50

.11

-2.26

1.7
-1.36
-2.49

2.56

.88

.56

LCNG

-2.09
-2.00
-.77
=-1.73
3,41
-2.02
.CU
1.80
5.75
3,48
.40
-.13
2.34
-.53
.89
.21
.40
-2.16
-1.81
-1.15
.52

=3.21

-1.73

HY

.18

-.10

e

-.23

-.10
.01
.34

-.16

-.&R
.04
.19
.50

-.04

-.42
.02
W47

-.43
.52
Lh4

-.c2
.22
.go

£e-0



TLN=X
TLN=Y
TLh=2
da
du
dVv
SCALE

TLN=X

TLN=Y

TLN-Z
clA
au
av

SCALE

TLN=X

L266857+4¢01

L564623+L 0y
= 7329814009
-, 378998=G0s
-.355198=L05
- 177434-L05
-.533133-006

TLH=~X TLAN=Y
1,00 .25

26 1.00
.32 -.19
~.15 .53
=75 -4
-6 =.23
~.25  -.09

REFZRENCE VARIANCE =

SIGrPa NCUGHT

2.5082

COVARIANCE HATRIX

TLN=Y
s2645633+00C
«177124+001
=+346502+000

«129205-0U¢%
~e158359-005
~717724-00¢
=.173696=-00¢

TLA=2Z
-.732531+0UU
- .34£5933+000

.195319+001
.132211-0U7
.217945-005
.107171-005
-.11¢403-095

CORRELATION MATRIX

TLAR=2Z dA
=.32 “.13
=.19 b3
1.00 .01

.21 1.00
.57 -.07
33 ~.08

=.55 .00

du v’

-.79 —.4%
-.46 -.23
.57 .33
-.07 -.03
1.0¢ .52
.52 1.00
.00 .00

3.4574

da
~.378958-006
.129205-005
.133211-007
£235736~011
-.275031-012
-.274378-012
~.344692-02%

SCALE
-.25
-.09
-.55

.00
.co
.Co
1.0u

au
-.355193-005
-.15359-005
.217946-005
~.275031-012
L756656=011

«335493-011

=.536422-029

av
-.1776£4~0C5
-.717724 =006
.107171-0C5
-.274378-012
335493011
.550375-011
-.372080-029

sCaLE
-.633133-C06
~.172406-C0p
-.11¢603-005
-.344692-C29
~.536422-C29
-.372020-C29
.232113-C11

%€-0





