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Abstract

This thesis presents the efforts to adapt the Free Energy from Adaptive Reac-
tion Coordinate Forces (FEARCF) method into the form of a software library,
enabling it to be interfaced with other molecular dynamics (MD) software
packages. There exist many methods to calculate the free energy of molec-
ular systems, an important quantity when studying chemical reactions and
molecular structures. One of these, FEARCF, was developed at the Scientific
Computing Research Unit (SCRU). Previously, this method was restricted to
usage within the CHARMM MD software package. Taking inspiration from
graph theory and object-orientated design, a successful software library imple-
mentation will be demonstrated by presenting results from a range of theories
including: classical, ab initio and QM/MM. Simulations are conducted for a
range of systems and reaction coordinates including: water, glucose, and the
GlcNAc/OGT enzyme-substrate complex.
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Chapter 1

Introduction

This thesis aims to present the packaging of the Free Energy from Adap-
tive Reaction Coordinates Forces (FEARCF) method in a graph-based, ob-
ject orientated software library and its successful implementation in several
molecular dynamics software packages. This introduction will provide a brief
summary of several of the important concepts just mentioned and then give
the structure of the overall thesis.

1.1 Scientific Computing

This section will explore the advent of scientific computing as a new way of
conducting science, as well as why it has become a useful tool for studying
biological systems at the molecular level.

The advent of computing machines and the acceleration of their development
in the second half of 20th century, gave rise to a new approach to conducting
science that is distinct from the classical dichotomy of theory versus experi-
ment. This new approach is known as scientific computing. It was born at
the interface of modern computing, applied mathematics, statistics, domain
science and engineering [1]. Figure 1.1 illustrates how scientific computing
utilises tools from all of the aforementioned fields. Computational modelling
takes knowledge of the physical world from the many domains of science and
engineering and translates them into the language and structure of modern
computers. This creates a model of any given system that is reliable, accurate
and most importantly, informative beyond the scope of previous traditional
models. To do this, numerical methods are drawn from the developments of
applied mathematics and used in conjunction with computational resources
in order to produce results faster and in greater numbers than any human
could produce in a lifetime. The ability to produce such huge amounts of data
can further be leveraged by drawing approaches from statistics and domain
science in the form of statistical mechanics, which informs how useful infor-
mation about a system of interest can be extracted from this large volume of
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data. This approach has found great success in the fields of physics, biology,
chemistry, astronomy, engineering, finance, to name a few.

Computer
Science
Numerical Computer
Methods Models
Scientific
Computing
Applied Domain
Math & Science &
Statistics Statistical ngineering
Mechanics

Figure 1.1: Scientific Computing as the intersection of Computer Science,
Applied Mathematics & Statistics, and Domain Science & Engineering.

Scientific computing approaches have been used in the fields of chemistry
and biology for decades, with applications in bioinformatics, data analysis
and systems biology. Arguably the most important application of scientific
computing in chemistry is the computational modelling of molecules, with
the 1998 [2] and 2013 [3] Nobel Prize in Chemistry being awarded for ad-
vancements in this area. At a fundamental level, chemistry is the study of
atoms and the bonds that form or break between these atoms, which in turn
form molecules and perform chemical reactions. While techniques such as
x-ray crystallography and nuclear magnetic resonance (NMR) have been de-
veloped in order to study the structure of molecules directly, the direct study
of chemical reactions has proven to be far more challenging. Reactions typ-
ically involve the exchange (complete or partial) of electrons and occur on
small length scales (1071m) and incredibly short time scales (107 — 10-'2s).
While reactions between simple molecules can be studied using experimental
techniques such as ultrafast laser spectroscopy [4], many reactions that occur
between more complex molecules cannot. These include enzymatic reactions,
or reactions which take place within complex solvent, molecular, and cellular
environments. Even for those systems which have been studied experimen-
tally using techniques like Kinetic Isotope Effect [5], the techniques available
fail to provide key information about reaction mechanisms or transition state
structures. With no experimental means to study these complex reactions
in detail, this has provided an opportunity for the development of computa-
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tional approaches to model these systems. It is these methods which have
now become standard within the field.

It has now been shown how scientific computing provides a way to fill a gap
made by the limitations of current experimental techniques in chemistry and
biology. Now greater detail will given about the exact scientific computing
methods used to study molecular systems.

1.2 Molecular Simulations

Here we describe the various scientific computing methods used to model
molecular systems at varying levels of theory.

The classical approach to modelling molecules is based upon the ‘ball and
spring” model in which each atom within a molecule is represented as a ball
and the bonds between atoms are modelled as springs. The primary bond
potential is modelled with a harmonic potential along with torsional terms.
Non-bonded atoms still interact therefore these are modelled with an elec-
trostatic potential as well as a van der Waals potential. The exact form of
the mentioned potentials depend upon the specific force field but they are
typically parametrised using experimental values. The actual movement of
atoms is simulated using numerical methods either from the random sam-
pling based Monte-Carlo (MC) approaches [6], or from approaches based
upon Newtonian Mechanics such as Euler, leapfrog and Velocity-Verlet in-
tegration. These methods are referred to as Molecular Dynamics (MD) [7].
MD allows for the use of parallel calculations, because each atom can be
updated independently. This approach is successfully used to model many
equilibrium systems. It is not, however, applicable for all systems as extreme
bond distortion and, more importantly, bond breaking and formation cannot
be modelled using this classical approach.

In order to study the changes in the electronic structure of molecules, clas-
sical theory needs to give way to quantum mechanics. Hartree-Fock (HF)
theory models molecules using the Born-Oppenheimer approximation where
the molecular nuclei are modelled as point charge particles. The molecular
electrons in HF are modelled as the product of one-electron wave functions to
form an electron ‘cloud’. The evolution of this electronic structure is predicted
by solving the Schrodinger Equation. Other methods, known as post-Hartree-
Fock methods, add effects that Hartree-Fock ignores such as electron correla-
tion. Density functional theory (DFT) re-expresses many of the terms in the
Schrodinger Equation as functions of the electron density with the addition
of an exchange-correlation energy correction term. Moreover, Mgller-Plesset
uses perturbation theory to provide corrections to the HF energy. All these
methods are considerably more computational expensive than their classical
counterparts [8].




6 T. Bruce-Chwatt

While small systems may be more easily studied using ab inittzo methods such
as DFT, larger systems with hundreds of atoms become increasingly time-
consuming to simulate. For some systems, however, the region of space in
which the electronic structure is significantly changing may be much smaller
than the system itself. This presents the possibility of dividing the system
into two regions: a classical region and a quantum region. Methods that take
this approach are known as QM /MM methods. The interaction between the
classical and the quantum regions are fairly simple to model. Things become
more complicated if there are bonds that cross the boundary between the two
regions, or if classical atoms are too close to the quantum region. Methods
such as link atoms, frozen orbitals, and non-point charge nuclei have been
developed in an attempt to accommodate these complications [9)].

Now that the possible ways to model a molecular system have been given,
we will now consider how they can be modified in order to calculate the
important quantity of free energy.

1.3 Free Energy Methods

The concept of free energy is explained in this section, as well as previous
methods used to calculate it. The FEARCF method is then presented as an
alternative by detailing its advantages as a free energy method.

The modelling of molecule systems and their dynamics is an incredibly useful
tool, with trajectories and snapshots of these trajectories giving insight into
the dynamic behaviour of a system at any one point in time. But additional
tools are required if greater knowledge of the overall behaviour of the system
independent of time is needed. Free energy is an essential quantity in sta-
tistical mechanics and is defined as the energy in a system that is capable
of doing work. Free energy is therefore the energy within a system that is
‘free’ to transform without changing the nature of the system itself. Other
thermodynamic properties are often calculated using free energy [10]. In the
field of chemistry, free energy has most commonly been used when studying
reactions where the difference in free energy between the reactants and the
products dictates whether the reaction will be spontaneous or not. Other uses
for free energy exists such as an indicator for reaction catalyst mechanisms,
and predicting most likely molecular structure configurations [11].

Free energy is not easily calculable using traditional molecular simulation
methods such as MC or MD because it requires proper calculation of the
entropy. This calculation is dependent on having knowledge of the sampling in
all regions of phase space. However, some regions of phase space may require
too much energy for the system to reach, or the region may be separated from
others by sufficiently large energy barriers that the system cannot cross. The
design of MC and MD methods favours system configurations of low energy,
and any configuration requiring energy greater than the available thermal
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energy are unlikely to be sampled. To solve this problem, several free energy
methods have been developed that modify existing MC and MD methods,
allowing for the proper calculation of the relative free energy.

The first free energy method to use a biasing force was developed by Torrie
and Valleau [12] and is referred to as Umbrella Sampling. In this approach the
standard Boltzmann weighting in a MC simulation is replaced with a chosen
biased weighting function that favours the system configurations with higher
free energy. This approach can also been done in MD with the addition of a
chosen biasing potential to the system Hamiltonian . If there are multiple free
energy minima, then multiple biasing potentials overlapping each other will
need to be used, hence the name ‘umbrella’ potential. This approach requires
a good selection of a biasing potential a priori, and is therefore not always
easily implementable for all systems. An extension of this approach, referred
to as adaptive umbrella sampling, was proposed by Mezei [13], which varies
the shape of the umbrella potentials over multiple simulation iterations in a
continual effort to sample unsampled regions. Another free energy method is
Metadynamics, developed by Laio and Parrinello [14], which uses a sum of
gaussian potential terms which have their heights and widths adjusted over
several simulation iterations.

FEARCF is a free energy method developed by the Scientific Computing
Group and first utilised by Naidoo and Brady [15]. It was first formally de-
scribed by Barnett and Naidoo [16]. FEARCF falls under the category of
flat histogram methods because the ultimate aim is to reach a state in which
the sum of the system and biasing potential allows for all configurations to
be equally sampled. It does this by generating a biasing force from an initial
estimate of the probability distribution of the system. Next, it iteratively
updates this potential through various MD simulations in a similar manner
to adaptive umbrella sampling. However, unlike adaptive sampling, the bi-
asing potential is not constructed in terms of explicit potential terms but
rather as a numerical potential, sourced from the probability distribution.
When calculating the biasing force, the gradient of the biasing potential is
then found using numerical interpolation techniques. This gradient is then
transformed to be in terms of the atoms through the use of the chain rule
and products of partial derivatives. This approach has a notable advantage
over previous methods since probability densities of parallel simulations can
be combined using histogram weighting approaches such as WHAM [17], in-
creasing the overall speed of the free energy calculation. Additionally, the
fact that FEARCF does not need Jacobian corrections, which are required
when using an analytical potential, is another benefit of using this method.
These Jacobian corrections can become particularly complicated when the
free energy is defined in terms of multiple dimensions. The rational behind
calculating multidimensional free energies is explored below.
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1.3.1 Multidimensional Free Energy

Free energy studies for molecular systems are typically described in terms of
one or two reaction coordinates. Defining the free energy difference in terms
of this small number of variables means that any other potential variables are
‘collapsed’ or ‘folded’ into this definition of the free energy. This may have
its advantages by simplifying a complex system allowing for easier study,
however, the selection of which variables are chosen needs to be carefully
considered. A non-optimal selection may lose critical chemical and physical
information. It may also lead to potential oversimplification in the analysis
and the misidentification of important features. A number of distinct system
configurations may be conflated and energy minima may be reduced in size
or even hidden completely.

Figure 1.2: Set of 1D free energy Boltzmann averaged curves of a 3D free
energy volume A(xq,xq,x3) a) for z1 b) for x4 ¢) for xs.

To illustrate the potential danger of reduced dimensionality, Figure 1.2 shows
three different ways in which to reduce the dimensionality of a 3D free energy
surface. The 3D free energy surface is given in Figure 1.3 and defined by the
equation A(Zl,x27x3) — _26—(961—8)2_(12—7)2_(953—3)2 _ 56—(x1—2)2_(12—8)2_(x3—4)2 _
15e~(21-5)"~(22-2)’~(@3-3)* " This 3D free energy A is an example free energy
constructed with three gaussian potentials, each with distinct minima. These
three minima have magnitudes of 2, 5, and 15. These are shown in Figure
1.3 as blue circular iso-surfaces. Figure 1.2a shows the free energy purely in
terms of the variable x1, with the dependance on the other variables ‘folded’
into this representation using a Boltzmann averaging approach. With this
dimensionality reduction we can now only identify two minima instead of the
three we know should exist. If we look at Figure 1.2b, which is defined in
terms of x5, we can distinguish all three minima however the smallest minima
is much shallower than the magnitude of 2 that we expect. This is in contrast
to the other minima which are much closer to their true values of 5 and 15.
The worst possible case is shown in Figure 1.2c¢ in which all three minima
have now been reduced to only one, the one with the largest magnitude, and
we have lost all information about the other two minima.

Figure 1.3 also illustrates potential issues with just reducing to two reaction
coordinates. While the surfaces for A(x1,z3) and A(x1,22) do show all three
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Figure 1.3: Example 3D free energy volume composed of a sum of 3 gaus-
sian potential terms as well as 2D Boltzmann averaged free energy surfaces
projected onto their associated axis.

minima, the surface for A(xs,x3) loses the information about the lowest min-
ima. So even when reducing to two dimensions, one must be careful about
which reaction coordinates are chosen.

The above system is a fictitious one but it demonstrates the problems that can
exist when studying real systems. Taking the deceptively complex structure
of bulk water for example, it is known that a water molecule can form up to
four hydrogen bonds with nearby water molecules. This is the cause of the
hexagonal symmetry apparent in the ice crystals that make up a snow flake.
The common reduction of the water free energy to a one dimensional function
of the inter-water distance, completely loses the orientational information in
the hydrogen bonds which make up the structure of bulk water. This has
previously been explored using FEARCF by Strimpfer and Naidoo [18], and
this will be expanded upon in Chapter 6.

The concept of free energy and why it is important to calculate has been
explored, and the advantages of using the FEARCF method for calculating
multi-dimensional free energy have been given. The next section will detail
a new implementation of FEARCF that will widen its applicability and ease
of use.

1.4 Software Libraries

Below is given the need for FEARCF to be packaged in a new manner, and
why a software library is the obvious means to do that. The object-orientated
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programming paradigm will also be detailed as a means for creating an opti-
mal library structure.

The FEARCF method was originally developed inside a modified version of
the classical MD software package CHARMM, and as discussed previously,
is therefore limited to studying only a certain number of molecular systems.
This excludes any systems involving reactions. In order for the FEARCF
method to be usable in conjunction with ab initio or QM/MM methods, it
would need to be reconstructed into a form that could be more easily in-
tegrated into other MD software with the ability to perform quantum me-
chanical simulations. This effort had been previously begun by Ian Rogers,
however, this version lacked the ability to use reaction coordinates other than
distances.

Software libraries have become a ubiquitous mode of importing methods into
multiple pieces of software since the popularisation of the subroutine ap-
proach in FORTRAN II [19]. The ability to construct code in a modular
fashion, ensuring consistency and ease of access, has made software libraries
the de facto means in which to package a given method. A key consideration
when designing a software library is which overall programming paradigm
will be followed. The main division between paradigms are whether they are
imperative or declarative. Imperative paradigms are defined by the explicit
description of the series of actions to be performed by the program. Declar-
ative paradigms are defined by the declaration of the overall intent of the
program. Since we need to explicitly describe the method that FEARCF
uses to calculate the free energy, an imperative paradigm would be preferable
to a declarative one.

1.4.1 Object Orientated Programming

The previous implementation of FEARCF in CHARMM was written using a
procedural paradigm, which does have its advantages in terms of debugging
and modularity. It began to show its limitations, however, when carbohydrate
ring puckering was implemented by Chris Barnett and procedures needed to
be written for each dimensional case from one to seven dimensions. To avoid
this unnecessary repetition in the code and to allow for the easy implemen-
tation of new reaction coordinate types, the design of the FEARCF library
instead follows an object orientated programming (OOP) paradigm. The
exact rational for this decision will be explored in Chapter 5.

OQP is a paradigm based upon the concepts of classes and objects. Classes
define the general structure of objects, as well as the methods in which objects
of the same class might interact. Objects are specific instances of a class,
containing both data and methods for interacting with this data such as
accessing, writing or manipulating. Figure 1.4 illustrates this relationship
with a class and two instances of objects A and B, and how the class may
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contain methods and procedures for object interaction.

Class
Object
Template

Interaction
Methods

Object A Object B

[ Data Methods [ Data Methods ]

A& ) A8 )

~—

Figure 1.4: Tlustration of an example OOP structure with two created ob-
jects, labelled A and B, from a single class definition which includes the
methods for the objects’ interaction.

There are several other key concepts in OOP such as encapsulation, inheri-
tance and polymorphism [19]. These concepts, and why there are useful for
a software library, will be explored further in Chapter 4.

The justification for FEARCF to be placed into a software library has now
been established, and the nature of a OOP based library has been stated.
What follows will be an explanation of how the OOP approach is also a
natural fit for the FEARCF method itself.

1.5 Graph Theory

The justification for the OOP design on the FEARCEF library will also depend
upon the representation and definition of reaction coordinates in the form of
graphs from the field of graph theory. This is why graphs are detailed below.

Graph theory is a branch of mathematics that studies the properties of ab-
stract structures known as graphs, which are made up of nodes and the
connection between nodes, referred to as edges. The usefulness of graph
representation has been demonstrated by the success achieved with using
these abstract graphs to model various real world systems. In chemistry,
graph theory has been used in many approaches such as predicting structures
of complex hydrocarbons, identifying and assigning NMR spectral peaks to
molecular structures, and discovering of alternate reaction pathways within
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already known reactions [20]. A set of simple graph types and definitions
are given in Figure 1.5, showing how simple graphs can also be as directed,
coloured or even further categorised as trees depending on the system that is
being modelled.

s N s 7
Basic Graph Directed Graph
. J . J
s N 7
Coloured Graph Simple Tree
. J J

Figure 1.5: Examples of different types of graphs including directed, coloured
and tree graphs.

The FEARCEF library models reaction coordinates as coloured, directed graphs
and the purpose for these graphs will be both for visualisation as well as con-
firmation that the reaction coordinate can be formed within the OOP design
of the FEARCF library. These graphs are then used by FEARCF to calculate
a multidimensional free energy surface with minimal effort. The symmetric
nature of the graph node/edge structure and the OOP object/class imple-
mentation is key to understanding the FEARCF library’s ability to easily
perform multidimensional free energy simulations for a range of possible sys-
tem /reaction coordinate combinations.

It has now been established what the central problem is, specifically, the
need to implement FEARCF in a form in which it can be accessed by any MD
software package. We have also established the plan is to solve this problem by
placing FEARCF within a software library, with the library designed around
graph theory and OOP. Below is given the structure of this thesis as it presents
the work done toward the successful implementation of this plan.
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1.6 Summary of Thesis Chapters

The objectives of this thesis is to demonstrate how the graph theory inspired
OOP design of the FEARCF software library is capable of performing multi-
dimensional free energy simulations for various molecular systems, at several
levels of accuracy. To do this, sufficient background will be given on the the-
ory underpinning FEARCF, graph theory and OOP, then the design of the
library will be explored in detail, and finally results from various free energy
simulations will be presented. These results will demonstrate the range of
theories that can now be used in FEARCF, the different types of reaction
coordinates that may be defined, the advantages of the graph model within
the OOP framework of the library, and the increased clarity when studying
molecular systems with multidimensional free energy. The chapters of this
thesis will proceed as follows:

Chapter 2

Explanation of why biochemistry is key in our study of the natural world
at a micro-scale. A further explanation of enzyme mediated reactions
and their importance within biological systems, and how experimental
methods have had limited success in probing their underlying mecha-
nisms will be explored. Background of molecular dynamic simulations
and the various levels of theory they may be conducted at will be given,
with emphasis on how some these approaches give the desired insight
for systems such as enzymatic reactions.

Chapter 3

Some background information and definitions in statistical mechanics
as well as thermodynamics, and how the Gibbs approach to ensembles
enables the extraction of meaningful quantities from sets of molecular
dynamic simulations. Additional methods and quantities are also de-
tailed such as Hamiltonian mechanics and time correlation functions.
Lastly, several free energy methods and the theory underpinning each
of them are given.

Chapter 4
Software libraries are explained and the various ways in which they may
be linked to other code packages are explored. OOP is detailed including
the key characteristics of the paradigm and how OOP is implemented
in the Fortran language. Graph theory is also presented, along with
several previous examples of graph theory within the field of chemistry,
and how it is used in FEARCEF for reaction coordinates.

Chapter 5
The FEARCF method is explored in detail and the partial derivatives
for various reaction coordinates types are given. WHAM is also detailed
in brief. The design of the FEARCEF library is then given with emphasis
on the graphing definition of the reaction coordinates and the OOP
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implementation. The manner in which the library was compiled with
both the CHARMM and NWCHEM packages is also provided.

Chapter 6
Free energy results, as well as time correlations, are given for the water
dimer system that was modelled both classically and quantum mechani-
cally. This is to present the advantages to a multidimensional approach
to calculating free energy differences, as well as the increased molecular
detail provided by ab initio methods.

Chapter 7
Free energy results are given for the glucose ring puckering system, as
an illustration of the coding simplicity provided by the graph and OOP
design of the FEARCF library.

Chapter 8
Free energy and minimum energy path results for the OGT-GlcNAc
enzyme complex modelled with a QM /MM approach are presented, as
a further example of FEARCEF library’s modular nature allowing for its
utilisation by various MD software packages.




Chapter 2

Biomolecule Simulations

In this chapter the importance of biochemistry, as it relates to the study
of biomolecules, will explored by presenting several example molecules and
discussing how biochemistry is used to understand their various roles and
functions in livings cells. Then the common methods for studying molecular
systems using computers are given in anticipation of their use in computing
free energy.

2.1 Biochemistry and its importance

Chemistry is defined as the scientific study of matter. Matter is composed
of elemental atoms (and their subatomic components) as well as molecules,
which are arrangements of atoms. Molecules can range from simple to end-
lessly complex. Biology is defined as the scientific study of organic life, rang-
ing from viruses and micro-organisms, to complex multi-cellular creatures.
The intersection of these two fields is referred to as biochemistry and involves
the study of the chemical processes that take place either inside or outside of
living organisms. These processes are essential to the organism’s structure,
continued function, and ultimate generation of progeny.

To illustrate how biochemistry is able to provide insight into biological pro-
cesses, several molecules and molecular families will be presented along with
their roles in biological systems and how biochemistry provides the physical
basis for these roles.

2.1.1 Water

One of the key molecules to life on earth is water. Although not technically
a biomolecule, water plays an essential role in many biomolecular processes.
The most important role it plays is that of a ‘universal solvent’ able to dis-
solve a large number of different species of molecules [21] [22]. This is because
of water’s innate polarity. This polarity is due to the high electronegativity of

15
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oxygen which causes the covalently shared electrons of the bonded hydrogens
to be more attracted to the oxygen nucleus, leading to an unequal distribu-
tion of charge and the formation of a dipole moment [23]. This allows water
to dissolve other polar molecules including charged ions. In living organisms
water is therefore responsible for the transport of oxygen used for respiration,
nutrients for energy, and the several types of charged ions used in the main-
tenance of cellular pH [24]. Water’s polarity is also what allows for it to form
hydrogen bonds with itself, with each water molecule able to form up to four
hydrogen bonds with other water molecules. This array of hydrogen bonds
is what gives bulk water its structure, as well as many of water’s physical
properties including its high boiling point and greater density in the liquid
state, rather than solid state, which is unlike most other molecules [25].

Another important role water plays is in cellular structure. The presence of
water inside cells is what provides cells the hydrostatic pressure to maintain
their shape [26]. Without water, cells lose their shape, which in many cases,
impedes their function. In addition, water is responsible for the maintenance
of the intercellular membrane. All cellular membranes are primarily composed
of phospholipids [27]. Phospholipids are a type of molecule whose structure
can be separated into two regions: a polar ‘head’ and a non-polar ‘tail’. In the
presence of a polar solvent, like water, phospholipids will spontaneous form
a lipid bilayer with the non-polar tails facing inwards towards each other
and the polar heads facing outward toward the solvent [28]. This membrane
allows for the cell to keep its essential structures as well as key molecules
within itself.

Water not only affects the shape and structure of the cell, but many molecules
within the cell such as DNA and proteins [29]. Proteins are molecules com-
posed of a number of amino acids bonded in a series and they play a large
variety of roles within the cell including: the make up of certain structures,
cell signalling, transport, DNA replication and reaction catalysts. Although
created as a linear molecule, proteins form complex three dimensional struc-
tures because of the interactions of its amino acid side chains with each other
and with the cellular solvent [30]. Amino acids with non-polar side chains will
orientate themselves to reduce their interaction with the polar molecules of
water, while the opposite is true for amino acids with polar side chains. Since
the structure of proteins is very often a key component in their functions,
water is therefore essential for the proper function of these molecules [31].

Many biological reactions also require water as an easily accessible source of
oxygen and hydrogen, or as a means to remove oxygens and hydrogens from
a molecule in a reaction [32] [33]. These are the functions of acids and bases.
Water is able to perform as either an acid or a base due to its neutral pH,
and its ability to self-ionise into hydronium and hydroxide ions. As a neutral
solvent, water is also able to protect the cell from the effects of other harmful
acids and bases [34].
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2.1.2 Carbohydrates and simple sugars

Carbohydrates are a class of biological molecule that are defined as being
composed primarily of carbon, oxygen and hydrogen atoms. The simplest
form of carbohydrates are known as monosaccharides, commonly referred to
as sugars. The majority of all other carbohydrates are composed of several
units of these monosaccharides. Carbohydrates composed of many units of
monosaccharides (called olligo- or polysaccharides) are used as a form of en-
ergy storage for many organisms. They are also used as the base unit of large
structures such as cellulose in plants [35]. Monosaccharides are a primary
fuel source for cellular metabolism as well as an important component in the
synthesis of many biomolecules including DNA [36].

Sugars (and their derivatives) have come under increasing study as their roles
in living cells are further understood. The collection of all sugars and sugar-
derived molecules in a living organism are referred to as the glycome. It is
now widely accepted that the glycome exceeds the proteome (the collection
of all proteins) and the genome (the collection of all genes) in terms of size
and complexity [37] [38]. This is because of the various forms that sugars
can take because almost all carbons in a sugar represent chiral centres [39].
Sugars also exist in either linear or cyclic forms, with the cyclic ring being
either a 5 membered (furanose) or 6 membered (pyranose) ring. These ring
structures are not static, with furanose rings able to ‘pucker’ into 20 distinct
conformations while pyranose rings are able to ‘pucker’ into 38 distinct con-
formations [40] [41]. Certain pucker conformations have lower energies than
the rest, however, a sugar may have to adopt a high energy conformation
in order for a reaction to proceed. Low energy conformations may also be
separated by higher energy ones, requiring the sugar to adopt these confor-
mations before proceeding to another lower energy conformation [42]. This
is why studying the relative free energies of sugar pucker conformations is
important to understanding preferred sugar structures as well carbohydrates
that play a role in chemical reactions.

2.1.3 Enzyme mediated reactions

In chemistry, a key component when studying chemical reactions is under-
standing whether they are spontaneous or not. By spontaneous it is meant
that with all the reactants in the presence of each other, the reaction will
proceed without further outside intervention. Non-spontaneous reactions,
however, will not proceed without outside intervention of some kind. A com-
mon way of predicting whether a reaction is spontaneous or not, is comparing
the free energies of the reactants vs the products [43]. If the products have a
higher free energy than the reactants, energy will most likely have to be added
to the system (commonly through heat e.g. a bunsen burner) in order for the
reaction to occur. However, even if the products have a lower free energy than
the reactants, the reaction may not be spontaneous. This is because there is
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often an energy barrier (or activation energy) that the reaction is required to
overcome in order for the reaction to proceed. This reaction barrier could be
the result of a high energy transition state during the reaction, or simply the
electrostatic repulsive forces needing to be overcome [44].

However, adding energy in the form of heat may not always be the most de-
sirable or efficient means to enable a reaction. Biological systems are often
highly sensitive to temperature changes that adding heat would result in.
Therefore another means of enabling reactions is the use of catalysts. Cata-
lysts are substances that enable a reaction to proceed without actually being
consumed in the reaction itself [45]. This is commonly done by lowering the
activation energy. An example is the Haber process [46] where hydrogen and
nitrogen are transformed into ammonia, a common fertiliser. Normally this
reaction is not spontaneous because nitrogen gas is inert, but with the use
of iron based catalysts this reaction has become the main way of industrially
producing ammonia [47].

In biological systems, a common set of catalysts are a class of proteins called
enzymes. Enzymes enable non-spontaneous reactions to occur and also speed
up spontaneous ones that proceed too slowly for whatever process they are
needed [48]. Almost all biochemical processes are mediated by enzymes, not
necessarily because all need to be made spontaneous (although most do) but
rather because enzymes also allow for the control of the rate of the reac-
tion. Precise control of reactions is possible because enzymes are often highly
specific to their associated reaction(s) [49].

Enzymes are required to bind to reactants (substrates) of their specific re-
action, in a part of the enzyme called the active site. It is in the active
site that the enzyme performs its catalytic function. Enzymes have various
mechanisms of how they catalyse reactions. These include: providing a more
favourable chemical environment for the substrates, ionising or bonding with
the substrates to provide an alternative reaction pathway, stabilising possible
transition states or even destabilising the substrates themselves [50]. En-
zymes are not limited to a single mechanisms and may use any number of
them in combination to perform their function.

The activity of reactions can in turn be controlled by modifying the enzyme
that controls the reaction [51]. This can be done by either down regulating
or up regulating expression of the enzyme itself. Enzymes may also have
associated promotors or inhibitors which affect their activity. These co-factors
may bind to the enzyme and affect its conformational shape, in turn affecting
the catalysing mechanisms [52].

Now that we have demonstrated that biochemistry plays a key role in under-
standing how many molecules perform their functions in biological systems,
we will present computational methods that are used to probe these biochem-
ical processes at a molecular level.
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2.2 Molecular Dynamics

As discussed briefly in the introduction, MD provide a means to study details
in molecular systems that cannot be measured experimentally. In this section
three primary approaches to MD are presented, each based upon a different
underlying theory.

2.2.1 Classical Dynamics

An important concept to understand about molecular interactions is that they
are not static. Almost all biochemical processes occur within solution and
therefore all molecules involved are interacting with the solution molecules.
These interactions are constant and dynamic in nature. But the interac-
tions between biomolecules themselves are not static either. Biomolecules are
constantly changing shape, adjusting orientation, and interacting with new
molecules. These changes all occur on the scale of femtoseconds. Therefore,
the nature of molecular interactions present an intractable problem when at-
tempting to find any kind of general solution using physics-based analytical
models, outside of the most basic and simplified systems. The only solution
is to take a numerical approach. The methods that use this approach are
referred to as MD methods. This can be done by simply iteratively updating
the atomic positions of every atom in a molecular system, by calculating the
change in velocity caused by the net forces on the atoms. This method is
referred to as the Euler method [53] as is given in Equation (2.1).

T(t+ At) =r(t) + v(t) At

5(t+ At) =o(t) +a(t) At (2.1)
a(t+ At) =a(t) + F(t)At

In Equation (2.1), r is the atomic positions, v is the atomic velocities and a is
the atomic accelerations. The atomic forces F' are derived from some chosen
physics model. For example in Equation (2.2) is given the force field used by
the classical physics-based CHARMM MD software [54].

FCHARMM = Fbonds + Fangles + Fdihedrals + Empropers + FU'rey,Bradley

+ Felectrostatic + FLennard—Jones (22)

The first 5 terms on the right hand side of Equation (2.2) have to do with
intra-molecular interactions i.e. the interactions between atoms of the same
molecule. The last 2 terms have to do with inter-molecular interactions i.e.
the interactions between atoms of different molecules. While the above is
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referred to as a classical force field, terms such as Frennard-Jones are actually
approximations of primarily quantum phenomena e.g. Pauli repulsion and
electron dispersion.

The update of atomic coordinates may proceed via a simple Euler method
as given in Equation (2.1), however, most modern MD software packages use
alternative, so called ‘integrators’, such as: the leapfrog integrator, Velocity-
Verlet, symplectic integrator, or Beeman’s Algorithm [55]. There are several
advantages to using these methods instead of Euler’s method, such as the
fact that many are 2nd order as opposed to Euler which is 1st order. This
means they provide a greater level of accuracy. Other advantages include:
timer reversibility, allowing for constant temperature and pressure simula-
tions, greater parallelisation, and the use of multiple time step lengths.

The original Verlet algorithm [56] does not in fact include updating the veloc-
ity at all since they are technically not needed once the acceleration is known.
The update equation for the atomic positions are given in Equation (2.3). It
is found by Taylor expansion about .

r(r+ At) = 27(t) - 7(t - At) + At%a (2.3)

While only having to solve a single equation is convenient, knowing the veloc-
ities are desirable since they allow us to calculate the kinetic energy as well
as determine (and later control) the temperature of the system. An alternate
form of the Verlet algorithm therefore exists called the Leapfrog method [57]
which, rather than calculating the positions and velocities at the same time,
calculates the velocities at every half At step. Then, the algorithm ‘leapfrogs’
to the next position calculation. This is shown in Equation (2.4)

r(t+At)=7(t) +o(t + 1At)Azﬁ
. L (2.4)
o(t+ §At) =o(t - §At) +a(t)At

In order to calculate v at time ¢, we will need to do another calculation
- _B(t+ L A)+T(t-L At)
v(t) = 5 :

This is still inconvenient therefore another method was developed which cal-
culates both 7 and ¥ at the same time, and this is called the Velocity-Verlet
algorithm [7]. This algorithm is shown in Equation (2.5).

F(t+ At) = 7(1) + ()AL + %&(t)At
X (2.5)
v(t+ At) =0(t) + 5(&@) +a(t+ At))At
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Equation (2.5) now gives us position and velocity at the same times which
is particularly useful. While Verlet and the subsequent algorithms are more
accurate (O(At?)) than the simple Euler method (O(At)), they are still
approximations and have some expected error. A more accurate method
is one known as Beeman’s Algorithm [58] which has accuracy O(At*) with
regards to the atomic positions. It is given in Equation (2.6).

F(t+ At) = F(t) + 5(1) At + L ga(t) — a(t - ADY) A2
1 0 (2.6)
o(t+ At) =0(t) + G (2a(t + At) +5a(t) - a(t — At)) At

This increased accuracy comes at a cost, being more computationally expen-
sive.

Another consideration required when setting up a MD simulation is what the
initial velocities should be. Ordinarily the starting atomic coordinates are
imported or easily constructed manually, but the same is not true for the
starting atomic velocities. What is normally done is that scalar values of the
velocities are drawn from a normal distribution focused around the average
expected velocity. This average velocity is calculated from the temperate T
of the system which is chosen before the simulation is begun. Equation (2.7)
shows how the temperature is related to the average kinetic energy.

3

In Equation (2.7), N is the number of atoms in the system and kg is the
Boltzmann constant. The way in which the average velocity is related to the
average kinetic energy (v;) is given in Equation (2.8).

(Bian) = 3 gm0 (28)

In Equation (2.8), m; is the mass for each atom 7. The system is then typically
run for a short period in order to allow for the system to be ‘equilibrated’.
This is to prevent the system from being biased by the randomly assigned
initial velocities.

Methods known as thermostats are then used to keep the temperature of the
system the same by periodically updating or correcting the atomic velocities.
Even with conservative forces, changes in the average velocity is expected to
occur due to numerical error. Methods that allow this control of temperature
include: the Nose-Hoover thermostat, velocity rescaling, Gaussian, Langevin
and Anderson methods [59].
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Velocity rescaling [60] simply scales all the velocities by a factor A, which is
given by A\ = (%)% where Tiqrger is the desired system temperature while
T is the current system temperature. The problem with this method is that
it leads to discontinuities in the momentum.

The Gaussian thermostat [61] adds an additional term to Newton’s second
law in order to keep the temperature constant. This is shown in Equation
(2.9) where N is the number of particles and m; are their associated masses.

- ou |
bi= — B — ap;
N oU | B (2.9)
o= ZZ 0q; m;
N pi
TV E

The Berendsen thermostat [62] is related to the velocity scaling method but is
designed to create an exponential decay toward the target temperature with
the scaling factor A now given by A = (1 + % (%)) where 7 is the time
constant which controls the rate of decay.

In the Nosé-Hoover thermostat [63] the system is connected to a heat bath,
which is turns changes the Hamiltonian to the form given in Equation (2.10).

N

Pi P
H= U kpT'l 2.10
- 2mi52+ Top TS (2.10)

In Equation (2.10) M is the effective mass of the heat bath, s is the degree
of freedom introduced by the heat bath and ¢ is the number of degrees of
freedom of the system itself.

The Langevin thermostat [64] is also alters Newton’s second law by adding
two additional terms, the first representing a drag force and the second being
a random force meant to present random kicks given by other particles. This
modified version is given in Equation (2.11) where ~; is a drag coefficient
given by ~y; = 6mnr;/m; with r; being the particle radius, m; the particle mass,
and 7 is the viscosity constant of the system. Also f; is a random number
drawn from a Gaussian distribution with variance o? = 2m;v;kgT[At where
At is the step size.

7‘__8U
LY

= Yibi + [i (2.11)

There are several other considerations when setting up MD simulations or try-
ing to optimise them. These include: short and long term interaction cutoffs
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and approximations, periodic boundary conditions or other constraint con-
ditions, parallelisation strategies such as domain distribution, and ensemble
selection and enforcement [7].

While the above methods prove themselves to be incredibly useful for almost
all MD simulations, the underlying classical theory quickly proves itself to be
quite limited in what molecular interactions it can model.

2.2.2 Quantum MD

Atoms (and therefore molecules) are inherently quantum in nature. Classical
models may approximate molecules satisfactorily for some cases. In many
other cases, however, they particularly fall short when attempting to model
the intra-molecular bond formation and breaking that occurs during chemical
reactions. Modelling molecules using what is referred to as ab initio meth-
ods have therefore been done since the late 1920s [65]. Importantly, not the
entire molecule needs to be treated quantum mechanically. In chemical reac-
tions only the electrons are involved, therefore, modelling the nuclei of atoms
quantum mechanically is unnecessary. The treatment of nuclei as classical
point charges and the electrons quantum mechanically is known as the Born-
Oppenheimer approximation [66]. To calculate the evolution of the electrons
over time, the Schrodinger equation, given in Equation (2.12), needs to be
solved.

L d .
ih— [0 (8)) = H [T (D)) (2.12)

In Equation (2.12), H is the Hamiltonian of the system and W(t) is the wave-
function. In ab initio methods this wave-function represent the electrons.

Solving the Schrodinger equation analytically for any system other than the
simple hydrogen atom is not possible, therefore numerical methods need to be
used to solve more complex multi-atom systems. The first developed approach
is known as the Hartree-Fock [67] [68] method, which uses the approximation
of treating each electron as a single particle wave-function. It is then assumed
the product of these independent wave-functions is a good approximation to
the total electronic wave-function of the molecular system.

This approach is based upon assuming that the system Hamiltonian is ‘sepa-
rable’ i.e. can be written as the sum of a hamiltonian term for each electron.
The Hamiltonian takes the form H = Y~ h; where N is the total number
of electrons and h; is given in Equation (2.13). This h; has a kinetic energy
term and a nuclear attraction term for each nuclei, with Z; being the nuclear
charge of the jth atom with a total of M atoms and distance between the
electron 7 and this nucleus being given by 7;;.
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1 M 7.
hi=--v:-Y = (2.13)
2 51T

As one electron hamiltonians, h; must satisfy the Schrodinger equation with
the appropriate eigenfunctions i.e. h;1; = €;4);. Since the system Hamiltonian
is the sum of these one electron hamiltonians, the eigenfunction of H can
be written as the product of these one electron eigenfunctions i.e. Wyp =
Y11o...90N. This is referred to as the Hartree-product wave function.

The problem with Equation (2.13) is that it does not include electron-electron
repulsion. Instead, we can continue with Wy p but provide an alternate one
electron hamiltonian, which is given in Equation (2.14), where p; is the charge
or probability density of the jth electron.

1 M 7. N .
hi=-=v2- S 23 Py (2.14)
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The problem we now face is that p; is given by the one electron wave function
i.e. p; =|1;|*>. But we need p; in order to use h; to solve h;1; = €;1); and find ;.
We are therefore left with two equations that cannot be solved because they
depend on the result of the other. In order to overcome this, Hartree proposed
the ‘self-consistent field’ (SCF) method in which an initial guess of the one
electron wave-functions is used to calculate an iteratively better estimate of
the wave-functions. When the difference between the previous estimate and
the new estimate for the wave function becomes negligibly small (the exact
criteria is arbitrary) then the wave functions are said to be converged.

This method was further expanded with the use of Slater determinants [69]
[70] to incorporate electron spin, the subsequent reformulation of the Hamil-
tonian into what is called the Fock Matrix, and then the use of basis set
representation to construct expressions for the orbital wave functions. The
original basis sets described were of the Slater-Type orbital (STO) [71], how-
ever, the far more common type of orbital used in computational chemistry
are those of the Gaussian-type orbital (GTO) [72]. The general form of GTOs
is given in Equation (2.15) where « is a factor controlling the width of the
basis, 7,7,k are quantum indices and x,y, 2z are cartesian coordinates. The
reason for the aversion for STOs are that they do not in general have analytic
solutions when used with the Fock operator, therefore requiring the use of nu-
merical methods when using STOs. In contrast, GTOs do provide analytical
solutions [73].
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This is a surprisingly successful approximation but does not explicitly model
electron-electron correlation. A set of methods, referred to as post-Hartree-
Fock methods, have therefore been developed including: coupled cluster [74],
Moller-Plesset (labelled MPN where N is the number of correction terms)
which uses perturbation theory to provide corrections to the HF energy [75],
and density functional theory (DFT) [76].

The principle behind DFT [77] is the desire to express the components of
quantum mechanics, namely the wave function, the Hamiltonian, and the
energy, as functions of the electron density p. The electron density is itself
a function of cartesian coordinates. A function whose argument is in turn a
function of another argument is referred to as a ‘functional” hence the name of
the theory as ‘density functional’. The most basic of density functional forms
are the classical Coulomb attraction potential of nuclei Z; and electron density
of a molecule given in Equation (2.16), and the self-repulsion potential of the
electron density with itself given in Equation (2.17) where both equations are
integrated over all space.

Vattraction(p) = Z‘/r —p(7)dr (2.16)

T T
repulswn(p) = 2 f p(l—p(Q)dT d?"g (217)
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The potential, however, is just one half of the Hamiltonian, with the kinetic
energy K given by the expression in Equation (2.18). This expression is the
kinetic energy for a uniform electron gas of constant density first described
by Thomas and Fermi [78] [79].

Kro(p) =~ @3n) [ p(e)dr (2.18)

The above are not useful to us, however, since they rely upon classical ap-
proximations. Further developments by Hohenberg and Kohn [80] managed
to show that the ‘external potential’ that electrons interact with in DFT e.g.
Equation (2.16), is determined by the ground-state (i.e. lowest energy sta-
tionary state) electron density. They also proved that any chosen electron
density must give energy greater than, or equal to, the true ground-state
density. This means that densities that give lower energies are better approx-
imations to the ground sate energy than densities that give higher energies. It
was the work of Kohn and Sham [81], however, that demonstrated an actual
approach to obtaining expressions for the energy, wave function, and Hamil-
tonian in terms of the electron density. In their approach, they began by
consider a system of non-interacting electrons. The expression for the energy
of this system, Eyy, is given by Equation (2.19) where the kinetic energy
term K is just the sum of kinetic energy for each electron i.e. K =Y, k;.
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ENI(p) = K(p) + V;Lttraction(,o) + V;"epulsion(p) (219)

Equation (2.19) can then be used to construct a system with the same electron
density but where the electrons do interact. The energy of this system is
given in Equation (2.20) where the second term on the right hand side of the
equation is referred to as the exchange-correlation energy.

E(p) = En1(p) + Exc(p) (2.20)

Exc(p) contains corrections for the classical self-interaction energy, the dif-
ference in kinetic energy between the non-interacting and interacting systems,
as well as the electron exchange and correlation. A similar approach to HF is
taken where the overall wave function Vg is constructed as a product of in-
dividual wave functions ¢; for each electron. An expression for the individual
hamiltonian h%5 for each ); is given in Equation (2.21).

1 7 o .
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(2.21)

Vxc =

The challenge is to find an expression for the exchange-correlation energy term
Exc(p). There are numerous approaches to generating this term including:
Local Density Approximation (LDA) [81], Generalised Gradient Approxima-
tion (GGA) [82], and Adiabatic Connection Method (ACM) [83]. Some of
the most successful XC terms are combinations of the given methods [76].

While the above approaches enable the study of molecule systems at a highly
precise level of theory, they all come with a significant computational cost
which limits their applications to larger molecular systems.

2.2.3 QM/MM

While ab initio methods have been very successful at modelling molecular
systems quantum mechanically, they are still computationally expensive and
time consuming, therefore, they have been restricted in their application to
smaller systems. There are larger systems that could benefit from ab initio
modelling, particularly in small regions of the system such as in the active
site of a large enzyme where chemical reactions take place. With this need in
mind, methods have been devised that aim to combine both classical and ab
initio methods. These are referred to as QM/MM methods [84]. QM/MM
methods divide the molecular systems into two regions: the quantum region
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and the classical region. A representation of how a QM/MM molecular po-
tential Ugr/aras is constructed is given in Equation (2.22).

Uomnnm = Uit + Ugur + Ugnaynnm (2.22)

Unn is the classical potential, Ugys is the ab initio potential, and most im-
portantly, Ugn/mas is an interaction term between the two regions. This
interaction term takes into account the electrostatic interaction between the
classical charges in the classical region and the electron density within the
quantum region, as well as the dispersion interactions between the regions and
the covalent bonds that may cross both regions. The definition of the differ-
ent regions represent a considerable modelling challenge since atoms moving
between regions will complicate the theory required and likely decrease the
accuracy of the model. In addition to this, covalent bonds that cross the
region boundary create complications if they are cleaved. This is solved by
implementing methods such as link atoms, boundary atoms, or fixed orbital
schemes [9].

The most simple QM /MM system is one in which the boundary between the
QM and MM region does not cut through any bonds. A further simplifying
assumption is that neither region experiences polarisation. The Ugnr/mm
term is then composed simply of electrostatic and non-bonded interaction
terms, which is given in Equation (2.23) where the ¢ index sums over the MM
nuclei and the j index sums over the QM nuclei.

U Zi p(r)d» Z; 4 012 26] 293
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If bonds do cross the boundary however, they can be partly modelled in the
MM force field with standard bond (harmonic potentials), angle, and torsion
potentials between the QM nuclei that are involved with the boundary cross-
ing bonds. A greater complication when a bond crosses the region boundary
is that in the QM region, the molecular orbitals will be unbalanced due to
the missing electrons being in the MM region. A way to address this prob-
lem is adding what is called a ‘link atom’ [85], most commonly a hydrogen
atom, which balances the molecular orbital of the bond, but which is not
included in the MM calculations. Another technique is to replace the bound-
ary crossing bond with a double occupied orbital which is parameterised and
then kept constant throughout the simulation [86]. MM atoms close to the
QM region may also create problems and so it also possible to replace these
nuclei point charges with a gaussian charge density centred on the MM atom
in question [76].

The assumption that neither region polarises the other is not always a good
assumption for some systems, therefore, the polarisation of the QM region can
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be modelled by including an additional term in the one electron hamiltonian.
This additional term is given in Equation (2.24) where i is the index for
associated electron and j is an index for all MM atoms with partial charges
[87].

p@MIMM _ QA _ S _9 (2.24)
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The polarisation of the MM region can also be modelled, but it requires
significant changes to the force field and has been shown to have little effect
on the overall accuracy of most QM /MM simulations [8].

In this chapter we have discussed biochemistry and its importance for un-
derstanding the role of many molecules within living organisms, as well as
present various MD methods for modelling these molecules and their inter-
actions at varying levels of theory. In the next chapter we will present the
statistical and thermodynamic background for the important quantity that
is free energy, and how the above mentioned MD methods can be modified
in order to calculate this free energy.




Chapter 3

Statistics and Numerical
Methods for MD Simulations

In this chapter the theoretical background for free energy is provided by ex-
ploring relevant concepts in thermodynamics and statistical mechanics. Then
several numerical methods for calculating the free energy of molecular sys-
tems are described, along with a number of other numerical methods that
will be referenced later.

3.1 Thermodynamics

The purpose of statistical mechanics is to describe physical systems, which in
our particular case are chemical systems. So before we begin our discussion
of statistics, we will define a set of quantities and relations that fall under
the branch of physics known as thermodynamics, which deals with concepts
of energy exchange, heat, and work.

Any system can be said to have some energy F. The first law of thermody-
namics [88] tells us how the energy of our system will change as it goes from
one state to another. Before we state the first law we need to firstly define
some important quantities. The volume V is very simply the amount of phys-
ical space the system occupies. Pressure P is defined as the force exerted on
an area. To do work W is defined as a force being exerted over a distance.
Work turns out to have the same units as energy and therefore represents a
form of energy. Work can we performed by a pressure being exerted on the
surface of a volume, leading to a change in the volume itself. This can we
written simply as W = [ PdV where dV is an infinitesimally small portion of
V', which is then integrated over the whole volume. This is just an example
of work and there are many other ways for a system to perform work [89].

Heat (@ is a slightly more difficult quantity to define since in general it doesn’t
have an explicit form, but is rather defined as any energy that is exchanged

29
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between two systems that is neither thermodynamic work or the exchange of
matter. It is therefore a process quantity rather than a system quantity [90].
With the concept of heat we are able to state the first law of thermodynamics
in Equation (3.1). The first law simply states that the change in energy
of a system which cannot exchange matter with its surroundings (i.e. all
other systems outside itself that it can directly interact with) is the difference
between the heat gained from its surroundings and the work done by the
system on its surroundings.

AE=Q-W (3.1)

Equation (3.1) is actually just a statement on the law of conversation of
energy i.e. energy gained by a system must be equal to the energy lost to its
surroundings and vice versa.

To discuss the second law of thermodynamics [88], we need to introduce two
more quantities. The first is the more familiar concept of temperature T'. It
is a common understanding that 7" is connected to the average kinetic energy
E~k of a system through the relation Ek = %k’bT , where k;, is a constant known
as Boltzmann’s constant [43]. This is a definition that actually only holds
for relatively simple systems where there is only linear kinetic energy, and no
rotational or vibrational kinetic energy.

To obtain a more concrete definition for T, we can jump ahead a little bit
and reference some statistics. Consider a system with energy E and an as-
sociated number of microstates () i.e. the number of possible configurations
of the system that all have the same energy E. Using the zeroth law of ther-
modynamics [88], which states that when two systems are both in thermal
equilibrium (i.e. no exchange of heat) with a third system, the three systems
can be said to be in thermal equilibrium with each other, the temperature
can be defined in a more general way given by Equation (3.2).

1 dinQ

kT dE

(3.2)

This definition in Equation (3.2) then allows us to introduce our final quantity
called entropy S [91]. Rearranging Equation (3.2) we can get a quantity that
we call the entropy of a system S = k,In ). S clearly scales with 2 and
therefore, a system with E; that has more microstates than another system
with Fs is said to have greater entropy. Entropy is typically described as
a measure of the ‘disorder’ of a system since greater entropy means more
possible microstates that a system can move between without changing its
energy. A system with a lower entropy is inversely said to be more ‘ordered’
because it only has a small number of microstates that the system can be
found in, making the system more predictable in its behaviour.
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Next, we introduce the concept of free energy. Free energy is the energy that
is ‘free’ for the system to use to perform work i.e. the energy that can be
transferred without fundamentally changing the nature of the system. The
Helmholtz free energy A [92] is defined as the free energy within a system of
constant temperature, maintained by its connection to a heat bath (a system
of practically infinite energy.) This heat bath allows the system to keep its
temperature constant. The equation for A is given in Equation (3.3).

A=U-ST (3.3)

An alternative free energy is the Gibbs free energy G [93], which is defined
as the free energy of a system at constant pressure and temperature. The
equation is given in Equation (3.4).

G=U+pV-ST (3.4)

The free energy that is useful when studying a system is therefore dependant
upon the system in question. The free energy that chemists typically refer to is
the Gibbs free energy [94]. In systems of constant temperature, A can actually
be used as a thermodynamic potential which defines the thermodynamic state
of a system at any given time. As a potential, A reaches a minimum at
equilibrium. The differential form of equation (3.3) is given simply as dA =
TdS + Vdp, which then in turn gives the relations T = (23), and V = (%)T.

We have now detailed some important thermodynamic variables so we will
move onto discussing the statistics of multiple molecular systems.

3.2 Statistical Mechanics

Statistics is a field of work that revolves around the collection, study, and
display of data, or ‘populations’ of quantities. While statistics is viewed by
some as a branch or sub-section of mathematics, but it is mostly strongly
defined by its applications to other research areas that have to deal with
real world ‘populations’ of data. The research areas include: species group
behaviour, voting and census data, and stock market variations. Statistical
mechanics is defined as ‘that branch of physics which studies macroscopic
systems from a microscopic or molecular point of view’ [10]. The term ‘macro’
is important because it refers to a collection of objects or quantities, and this
is where the ‘statistical’ aspect of statistical mechanics comes from. In order
to discuss deeper aspects of statistical mechanics, there are some key concepts
that need to be explored first.




32 T. Bruce-Chwatt

3.2.1 Probability Distributions

Say that we have a system with N possible unique states i € (1, N'), each of
which the system is equally likely to be found in at any given time. If we
wish to know what the chance (or probability) of finding the system in any
state i, this is simply given by Equation (3.5).

P(i) = — (3.5)

Here P(7) is known as the probability distribution i.e. a function that gives
the probability of finding the system in state i. There are some important
things to note about P namely: P(i) > 0 for all i, ¥ P(i) = 1, and P
can only have a finite number of discrete values, in this case 1/N. These
first two points are fundamental and true for all probability functions (they
are part of what is known as the Kolmogorov axioms), while the last point
is not fundamental and we will quickly encounter probability distributions
that can have an infinite number of continuous values. This is one of the
simplest examples of probability that we could give but it presents some key
concepts that will become invaluable when studying more complex probability
distributions.

An example of a continuous probability distribution, is the very well known
Gaussian or Normal distribution. It was first described by several people
including de Moivre, Leplace and Gauss [95]. It is well known because of its
frequent occurrence in natural phenomena involving random variables, due
in part to the central limit theorem [96]. Its most common form in modern
times is given in Equation (3.6).

1 (z-7)2
exp
V2ro? 207
In Equation (3.6), T is the expected mean value of the continuous variable z,

while o is the standard deviation from the mean i.e. a measure of the spread
of probability centred around the mean.

P(z) = (3.6)

3.2.2 Ensembles

In our discussion about probability distributions, we were only talking about
abstract systems, but let us now focus on more physical systems. Let us
consider a system with N number of particles with occupy a volume V', and
which have a total energy of E. If we wanted to study the dynamics of
this system we could study this one system for a long time. This approach
has its limitations, however, and we could in fact wait an eternity for the
system to eventually occupy every possible state just once. Therefore, it is
best that we try another approach and thankfully one is already presented
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to us by the work of Gibbs [97]. Rather than studying one single system for
some length of time, we rather study a collection of copies of this system at
different states. These copies can be thought of as ‘snapshots’ of our single
system, but at different times. It turns out that using this approach allows
us to utilise powerful statistical tools to increase our understanding of the
system [10]. This collection of copies of the system is called an ensemble.
There are several different types of ensembles, each of which are defined by
which quantities of the system are kept constant. In this case, we could choose
to keep N, V and E constant for all our copies of the system. Doing this
creates what is called a micro-canonical ensemble.

Let us now rather consider an ensemble in which we keep N, V and the
temperature 7" constant. This is called the canonical ensemble [98]. We then
have C' number of copies of our system. Let us assume that our system has
L number of possible states that it could be in. For each state [, it has an
energy L, and there is ¢, number of copies of our system in that state. We
can therefore note some important relations in Equation (3.7).

L
ZCZZC
l

. (3.7)
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In Equation (3.7), € is the total energy for all the copies in our ensemble. We
then consider the number of possible ways W (é) = W(cy,ca,c3,...,cr) that
we could arrange all our copies C, given some distribution of the number of
copies in each state ¢. We also assume that all our copies are distinguishable.
This is given in Equation (3.8).

| l
! _ ¢ (3.8)
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Now we consider the probability that a copy is in state . We find this by
having the average number of copies in state [ divided the total number of
copies. This expression is given in Equation (3.9), where the sums are in
terms of all the possible ways to construct ¢.

_ 13 W(é)a(é)
O X, W(@)

P = (3.9)

Qle!

In Equation (3.9) the function ¢;(¢;) donates the number of copies in the /th
state, in distribution ¢;.
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We now have the probability to find any given system in state [. We then
write a simple expression for the average value of any mechanical property of
the system, given that we know that value of M, for any state [. This is given
in Equation (3.10).

M= MP, (3.10)
l

Let us consider the distribution ¢* that maximises our function W (é) i.e.
the most probable distribution, since there are so many ways to create this
distribution. If we simply increase the number of copies C' - oo, the value
of W(¢é*) will continue getting larger and dominate the other terms. We are
therefore left with the approximation in Equation (3.11).

1 X W(@ald) 1W(Ee)g o
O T W(E Cw(E) o

i (3.11)

We now notice a similarity between Equation (3.11) to Equation (3.9). We
therefore have a way to find the mean value of ¢; by finding ¢* that maximises
W (é). This can be done by using the method of Lagrange multipliers [99] on
Equation (3.8) with the constraints given in Equation (3.7). By doing this
we get the following expression in Equation (3.12).

0

der

(ln W) -a Zci -3 ZCZEZ) =0 (3.12)

In Equation (3.12) we have a set of equations for [ = 1,2, ..., L and two unde-
termined multipliers o and 5. By looking at Equation (3.8), we realise that
we can use Stirlings approximation [100] for W (¢é) if we let ¢; - oo. This
result is given in Equation (3.13).

-ln¢f —a-1-0E; =0 (3.13)
Rearranging Equation (3.13), we get the form of Equation (3.14).
cf = e ¥ e P (3.14)

Here o/ = a+ 1. To get an expression in terms of «, we can simply sum
Equation (3.14) for all [ and then use the first part of Equation (3.7) to get
Equation (3.15).

e = — (3.15)
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Then we just substitute Equation (3.15) back into Equation (3.11) to get
Equation (3.16).

c e Pl

The term in the denominator of the right hand side of Equation (3.16) is
known as the canonical partition function @ [10]. In conjunction with Equa-
tion (3.10), it can be used to calculate the average value of any mechanical
property. More importantly, () appears in lots of other thermodynamic ex-
pressions. It is typically given in the form of Equation (3.17).

Q(N,V,B) = Y e Pt (3.17)
l

The only question that remains is what is the true value of the variable §7
To answer this question, we can use the partition function for its intended
purpose i.e. calculating averages. First we can start off with energy £ and
calculating its average, which is given in Equation (3.18).

i Eie Pk

5 (3.18)

E =% EP,

The average energy E for our ensemble of systems is actually equivalent to
the average energy of a single system over time. This is the fundamental
motivation for the Gibbs method of using ensembles. Therefore if we have
the energy for a system, we can use it to find the pressure p. We can relate
energy and pressure by considering the relation given in Equation (3.19),
which shows the work down on the system when changing the volume of dV/,
assuming the number of particles is kept constant.

To calculate the average pressure p in Equation (3.20), we can again use the
canonical partition function and Equation (3.10).

ﬁ::Z“”gﬂE::_Zi%%)gﬂ& (3.20)
Q Q '

Next we differentiate Equation (3.18) with respect to V, remember that E; is
a function of V. The result of this is given in Equation (3.21).
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We can do the same derivative for p, but in terms of 5. Doing this, we get
the following in Equation (3.22).

p = —=
a5 Ep-Ep (3.22)

Putting Equation (3.21) and Equation (3.21) together, we get the result in
Equation (3.23).

OE  0p
ov  Cov P (3.23)
There are known thermodynamic relationship [101] that relates temperate T,
volume V|, energy E and pressure P and one is given in Equation (3.24) along
with a rearranged form in Equation (3.25)

OF op
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Looking at Equation (3.25) and comparing it to Equation (3.23), we can see
that there is now a relation for = %’5“’" where the constant can be found
to be independent of the system in question. This constant is known as the
Boltzmann constant kp.

Our expression for the canonical partition function can now be written in the
form given in Equation (3.26).

QN,V.T) = ¥ e mr 1Y) (3.26)
l

If we consider the logarithm of Equation (3.26), we can notice that if we
differentiate by 1" or by V', we can get some familiar results that are presented
in Equation (3.27).
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Looking at Equation (3.27) and Equation (3.18), we can see that we can then
express £ as E = k T2(dan).

It can be found that Q(N,V,T) is directly related to the Helmholtz free
energy A in the canonical ensemble [102]. This expression for A given in
Equation (3.28).

A=-kpTInQ (3.28)

Equation (3.28) mirrors another important relation between the potential
of mean force (PMF) and the probability distribution P given by Equation
(3.29).

W = —kpTIn P (3.29)

The PMF and the free energy can be considered equivalent to each other when
we are dealing with a PMF that reduces the fundamental dimensionality of
the system, and absorbing the entropic effects of the reduced dimensions.

We have now found ways to find the free energy using the probability dis-
tribution of an ensemble of systems. What follows is a brief digression on
Hamiltonian mechanics due to its relevance on the later methods for calcu-
lating free energy differences.

3.3 The Hamiltonian

Classical mechanics has its origins in Newtonian mechanics, whose laws of
motion continue to be used to this day [89]. The most important law for our
consideration is Newton’s second law, which states that an object’s change
in velocity (or more accurately an object’s momentum) is directly related to
force applied to that object. This is given simply in Equation (3.30).

F =

I
a1

(3.30)

=S
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As a brief reminder, the momentum is just the object mass multiplied by its
velocity p = mv. Velocity is simply ¢ = % where 7 is the position vector of
an object in cartesian space. ¥ is also commonly written as 7. This law has
powerful applications, however, it does have its limitations. This is because
getting an expression for the total force can be a challenge for some systems.
As an alternative, Lagrange [103] (along with the assistance of others in-
cluding Euler [104]) developed his own approach to classical mechanics. His

version of Newton’s second law is given in Equation (3.31).

d (8L) oL (3.31)

at\oi )~ or
L is a function called the Lagrangian and is defined as L = K —U ,where K is
the kinetic energy of the system and U is the potential energy. An incredibly
powerful property of Langragian mechanics is that Equation (3.31) remains

true regardless of the coordinate system. We can actually rewrite Equation
(3.31) in a more general form as Equation (3.32).

d (aL)_aL (32)

dt\og) 0q

g is a position vector in any general coordinate system and ¢ is referred to as
the generalised velocity. This avoids the potentially complicated coordinate
transformation that would be required if we were to instead use Newtonian
mechanics. An object’s equations of motion are now also given in terms of
the object potential (in the form of the Lagrangian), which can be easier to
express in certain systems.

There exists an alternate form of Lagrange’s system, developed by William
Rowan Hamilton [105], which rather than being in terms of the generalised
velocity ¢, is instead in terms of the generalised momentum p. This is defined
as p = %L. This change results in Newton’s second law being in the form of
two equations rather than just one. These two equation are given in Equation

(3.33).
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H is referred to as the Hamiltonian and it defined as H = K + U i.e. the total
energy of the object. The vector p is the time derivative of p. At first this
appears to be an undesirable alternative to Lagrange or Newton since we now
actually have double the number of ordinary differential equations (ODEs)
that we need to solve. Its change of focus to the total energy of the object
(as apposed to force in Newton, and potential in Lagrange) actually turns
out to make this form of mechanics incredibly powerful. So powerful in-fact,
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that its applicability is not simply limited simply to classical mechanics, but
actually extends itself to the seemingly unrelated field of quantum mechanics.
This is demonstrated by its appearance in the central equation of quantum
mechanics, the Schrodinger equation.

Now that we have a system of mechanics that can be applied in both classical
and quantum mechanical systems, we can now consider some methods to
calculate free energy, some of which will utilise the Hamiltonian.

3.4 Physics-based Free Energy Methods

Free energy differences are an important quantity to calculate when study-
ing dynamic systems. In the field of chemistry in particular, it is essential
to understanding reaction dynamics and determining whether a reaction is
spontaneous or not [106]. In addition, free energy differences are used to de-
termine which chemical structures are energetically favourable and which are
not. In this work, the type of free energy that is referred to as just the ‘free
energy’, is the Helmholtz free energy.

The Helmholtz free energy represents the amount of ‘useful’ work that a
system at constant temperature can do. Studying the change in A when
going from one state to another is therefore often more instructive that simply
studying the change of internal energy. This is because it excludes the energy
lost as heat, as well the the energy involved with creating the system, neither
of which effects the dynamics of a system in equilibrium.

When studying complex systems, it is often highly informative to pick out
key variables of the system that one believes are the most important quanti-
ties governing a given reaction or dynamic structure. This may be done by
either selecting ‘by-hand’ based on ones knowledge of the system, or using
some form of automated principle component analysis [107] [108]. These cho-
sen variables are referred to as reaction coordinates or collective variables.
For example, reaction coordinates could be the distance between two atoms,
the angle between two molecules, or the puckering configuration of a molec-
ular ring. Measuring how the system’s free energy changes as these reaction
coordinates are varied, is important for understanding what values of the re-
action coordinates represent minimum energy states. A significant challenge
is that these reaction coordinates are almost always impossible to measure
experimentally, since they represent relations between individual atoms and
molecules. We typically do not have the means to measure objects at this
length scale without significantly altering the states they are in [4] [5]. We
are therefore forced to use computational techniques such as MD in order to
study interactions at these scales.

These computational techniques do come with their own limitations. To have
a proper understanding of the free energy landscape, we must have measured
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values for the free energy at all possible values of the reaction coordinates.
This is nearly impossible when using techniques like MD since certain reaction
coordinate values may require such high energies to be reached, that they are
almost never sampled under normal thermal conditions. We therefore require
the development of specialised methods in order to properly sample the full
free energy landscape [109].

A recent review by Barros et. al. [110] on free energy methods developed
for multi-scale simulations highlights the two main categories of free energy
methods. The first category is those methods that allow the use of alchemical
transformations, and therefore can calculate the free energy difference through
non-physically possible transformations. The second category of methods are
those that calculate free energy differences through strictly physical transfor-
mations.

Non-physical methods were the initial category to be developed, and they
include: Thermodynamic Integration [111], Free Energy Perturbation [112],
and Bennet Acceptance ratio [113].

Physics-based methods to calculate the free energy profile have also been
developed and these include: Umbrella sampling [12], Adaptive Biasing [13],
the Window Method [114], and Flat Histogram methods such as Metadynam-
ics [115] or Local Elevation [116]. These methods are the ones most directly
related to FEARCEF and are therefore explored in detail in the sections below.

3.4.1 Umbrella Sampling

Umbrella sampling was first proposed by Torrie and Valleau [12], and was
created to overcome issues with standard Monte Carlo (MC) simulations when
they were unable to overcome large energy barriers in the potential landscape.
To solve this, Torrie and Valleau proposed running Markov-Chain simulations
with the probability given in Equation (3.34).

_U@
w(q)e 57
U(d)

Jw(q)e ™7 dg

P(g) - (3.34)

w(q) is a weighting function designed to ensure that sampling is not impeded
by energy barriers. Using the Markov-Chain method with the distribution in
Equation (3.34) is equivalent to including a biasing potential to the Hamil-
tonian of the system of the form U(§) = —-kgT Inw(g). Figure 3.1 shows
the affect of umbrella sampling on the probability distribution of soft sphere
fluid. The weighting function is specifically chosen to favour configurations
with more negative energy.

With sufficient sampling achieved, calculation of thermodynamic properties
is possible by sampling with the weighting function used to generate the
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Figure 3.1: Results of umbrella sampling applied to 32 soft-sphere fluid. The
curve with a solid line is probability distribution with umbrella sampling, the
curve with a dotted line is unbiased probability distribution, and the curve
with broken lines is representation of the weighting function. Reprinted from
Journal of Computational Physics, Vol 23, Issue 2, G.M. Torrie,J.P. Valleau,
Nonphysical sampling distributions in Monte Carlo free-energy estimation:
Umbrella sampling, 187-199, Copyright (1977), with permission from Elsevier
[12].
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biased simulation. If A was needed to be calculated, this could be done using
Equation (3.35).

(3.35)

3.4.2 Adaptive Biasing

The problem with the above approach is that it requires some prior knowledge
about the system’s probability distribution in order to select an appropriate
weighting function. To overcome this problem, the adaptive umbrella sam-
pling method was developed by Mezei [13]. In this method the biasing force is
actually derived from an estimate of the system probability distribution func-
tion that is iteratively generated after n iterations i.e. Un(€) = kT In Pn(€)
where £ is some set of reaction coordinates. The means to calculate Pn(€) is
given in Equation (3.36).

Pn(g) = 2 Tz(g)szz(g) (3-36)
)

ri(§) = i B (3.37)

Fi(€) = ilfj@) (3.38)

Here f;(£), in Equation (3.38), is the number of sampled steps for the specific
¢ value, ;(&) is a weighting that increases for £ values that are highly sampled,
pi(€) is the probability of £ from the it" iteration, and N; is a normalisation
constant that needs to be found by minimising the relative deviation square
sum (see Mezei [13]). The weighting function is then updated, or ‘adapted’,
based upon the approximation of the probability distribution.

3.4.3 Window Method

An alternative method is called the Window Method [114], in which a poten-
tial is actually built up as a sum of individual potentials, rather than adding
a single potential term. This is useful when there are multiple energy barriers
that need to be overcome. The total phase space is divided into n number of
‘windows’ and a harmonic function is then defined which is centred on each
window. These harmonic functions take the place of the biasing potential by
constraining the system within each window. This then gives a total biasing
potential of the form given in Equation (3.39).




3. Statistics and Numerical Methods for MD Simulations 43

U(€) = iki(g_&)Q (3.39)

In Equation (3.39), k; is the unique spring constant and fl is the centre of the
it harmonic potential. The problem with this method is that for dimensions
higher than two, the number of windows scales exponentially therefore making
its application limited to low dimension systems.

3.4.4 Flat Histogram Methods

Wang and Landau [117] were the first to describe an algorithm that has re-
sulted in a family of related methods, called flat histogram methods. The aim
of all these methods is to create conditions in a molecular system that allows
for all system energy states to be equalled sampled. When this sampling is
plotted as a histogram, it will form a flat curve. This is the reason for the
name flat histogram methods. Wang and Landau originally described the
algorithm for MC simulations, but other methods have since been developed
that can be applied in both MC and MD simulations.

Local Elevation

Hober, Torda, and van Gunsteren [116] described the local elevation method
which uses a gaussian-shaped, sampling penalising function V., to allow the
system to overcome high energy barriers. The general form of the penalising
function is given in Equation (3.40). In this equation, x is the current system
conformation, x° is the previously visited conformation, and n,0 is the number
of times x? has been visited before. The shape of the gaussian is given by the
height k., and width w parameters.

‘/pen(X) = kpennxoei(xixo)prz (340)

For multiple dimensions, the penalising function is expressed as a product of
gaussian functions. This has the effect of reducing the effectiveness of the
penalising function, for each dimension added.

Metadynamics

A more recent method developed by Liao and Parrinello, called Metadynamics
[115], takes inspiration from both the window method and adaptive umbrella
sampling. Like the window method, it uses a sum of individual potentials
to form a net potential but instead of harmonic potentials, it uses inverted
gaussian potentials. The choice of this potential form is because both the
height and the width of gaussians can be adjusted. There is notably no
defined separation into windows between the individual potentials unlike in
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the window method. Rather the method is designed to be more flexible
with variable distances between the potentials. The net biasing potential
is given in Equation (3.41) in terms of the n reaction coordinates given by

5: (517527 afn)

n N;
U(.fl) _ Z Z I/I/‘iyke_(fi_fi,k)Q/Qaik (3.41)

i k=1

There are N; gaussian potentials for each reaction coordinate, and each po-
tential is defined by its mean & 5 and variance o2, along with a weight W .
Metadynamics is made adaptive by the fact that during a simulation, the
Wik, &x and o2, terms are updated every set number of steps. An example
of the evolution of the net potential over the simulation is given in Figure
3.2. The simulation begins in the centre well, then gradually constructs gaus-
sian potentials in order to escape this well into the left well. It then repeats
this process until the net potential is able to overcome the energy barrier
separating the right well from the centre and left well.
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Figure 3.2: 1D example of the evolution of metadynamic’s net bias potential
over simulation time. The unbiased potential is given in bold, while the other
curves show the biasing potential after the labeled number of dynamic itera-
tions. Reprinted with permission from Proceedings of the National Academy
of Sciences, Vol 99, Issue 20, A. Laio,M. Parrinello, Escaping free-energy
minima, 12562-12566, Copyright (2022), National Academy of Sciences [115].
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Figure 3.2 also illustrates why metadynamics falls under the category of flat
histogram methods.

The problem with this method is that a large number of gaussian terms
may be required to increase sampling at every point in phase space, and this
problem is further magnified by number of reaction coordinates there are.
In addition to this, Jacobian transformation are required to transform this
biasing term, which is defined in terms of the ‘lab’ reference frame, into the
molecular reference frame. These Jacobian terms become more complicated
the more dimensions there are [118]. Metadynamics also runs in a singular
simulation, which limits the ability of the method to be parallelised.

FEARCF

Another flat histogram method, FEARCF [16], will be explored in further
detail later in this thesis. For now, it is sufficient to note that was distinguishes
FEARCEF from other flat histogram methods is its use of a numerical potential
instead of analytical potentials such as gaussians or harmonic potentials.

With the establishment of the existence of methods to numerically calculate
the free energy profile, we take another brief detour to discuss another useful
numerical calculation.

3.5 Time Correlation Functions

An important method for studying non-equilibrium systems is that of time
correlation functions [10]. This method essentially considers how a certain
time dependant property changes over time. We have previously discussed
how the Hamiltonian approach describes a system using only a set of gener-
alised coordinates ¢ and their associated generalised momenta p. In a dynamic
system, these quantities are time dependant and their evolution over time can
be calculated using the Hamiltonian equations of motion, given in Equation
(3.33). Any dynamic quantity L that we can calculate should be dependant
upon ¢ and p. These are in turn are dependant upon time ¢ so we can im-
plicitly write L as a function of time i.e. L(t). The time correlation function
C(t) of L(t) is defined in Equation (3.42).

O(t) =< L(0) - L(t) >= f . f dpdgL(0) - L() f(5,4)  (3.42)

In Equation (3.42), f(p,q) is the equilibrium distribution function in the
phase space described by p and §. Equation (3.42) is the general case where
L(t) can be a vector. If L is just a scalar, then L(0) - L(t) is instead just
the normal scalar multiplication. It is also more accurate to call equation
(3.42) the autocorrelation function since we can actually calculate the time-
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correlation function of two completely different quantities, for example M (t)
and L(t) and this written as C'(t) =< M (0) - L(t) >.

Let’s consider a simple example to show how useful time correlation functions
can be. Let us consider the time correlation function (or auto correlation
function) of the velocity ¢ of a particular particle in a multi-particle system.
This is given by C'(t) =< v(0)-v(t) >. We expect that C'(t) would initially be
highly correlated as the particle continues with its initial velocity, however, as
it hits other particles the magnitude and direction of its velocity will change
and therefore we expect the correlation to reduce to zero as t - oco. The
shape and gradient of this change of correlation should be characteristic of
the system and we could model it as an exponential function C(t) ~ et/
where 7 is obviously related to the gradient of the exponential and has the
same units as time. We call 7 the time constant of the correlation function.
T gives a value to the speed of decorrelation of v(¢) and can therefore be used
to characterise the system.

Another use of the velocity time correlation is the calculation of the diffusion
coefficient [7] given in Equation (3.43).

D- % JARTIORIOR (3.43)

In this chapter we have discussed in detail several methods for calculating
the free energy of a molecular system. In the next chapter, we will explore
concepts in software, libraries object-oriented programming, and graph the-
ory. This is in preparation for the introduction of the free energy method,
FEARCEF, that this thesis is dedicated to developing, and how it is imple-
mented in a software library.




Chapter 4

Software Library Design

In this chapter we detail some of the principles behind software libraries
and then explore the concepts of object-orientated programming and graph
theory. This is to motivate their inclusion in the design and integration of
FEARCEF into a software library.

4.1 Software Libraries

The first use of the term ‘library’ in the context of computing dates back to
1947 with Herman Goldstein and John van Neumann and their work on the
TAS machine [119]. The first true software library, however, was implemented
by Maurice Wilkes at Cambridge with his work on the EDSAC machine. This
was actually a physical library of subroutines in the form of punch paper tape
that would be loaded, along with a main program, into the machine [120].

In the modern sense, a software library is a collection of any number of
subroutines, classes, objects, and data, that is partitioned independently from
other code. A software library must also have a well-designed interface so
that other programs may access and use specific parts or the whole library
[121]. Libraries are designed to be assessed by any number of programs
regardless of whether they are related to each other or not. Libraries therefore
represent a form of modularity in code design, due to the ability to share and
utilise a library independent from other programs. Libraries usually contain
commonly used data or subroutines, which prevents programs written after
the creation of the library from having to explicitly define and allocate these
subroutines and /or data every time they are needed. Instead a call is made to
the library in a specific manner, which prevents the writer of the new program
from having to necessarily know how the library explicitly functions. The
writer need only know the syntax of the interface.

Most programming languages come with a standard library for things like
common mathematical functions, however, since the implementation of sub-

47
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routines in FORTRAN II [122], users have been able to write and implement
their own libraries. The inclusion of modules in Fortran 90 further encouraged
the creation of custom libraries [123].

Libraries are typically distinguished by the way that they are implemented
in desired programs. Libraries that have their objects files linked (typically
to archive files in UNIX systems) and then compiled with the program in
question, are referred to as static libraries [124]. This is because copies of
the library object files are contained within the program executable, and are
therefore not subject to change i.e. static. In order to change a part of the
library, the program would need to be recompiled. Libraries that only have
their object files called and linked during the running of a program executable,
are referred to as dynamic libraries [125]. This is because in between runs
of the program executable, the library object files may dynamically change
without causing the program executable to be recompiled. The problem this
presents, however, is that other static libraries in the program executable that
depend on the dynamic library may no longer function due to these dynamic
changes. This in turn causes what is known as ‘dependency hell’. A visual
illustration of the difference between static and dynamic libraries is given in
Fig 4.1.

Static Linkage Dynamic Linkage

[Program A] [Program B]

Static Static 3
Library Library |

[Program A] [Program B]

Figure 4.1: Illustration of difference between a statically linked library and a
dynamically linked library.

Static libraries are typically faster at runtime since the object files are already
contained within the executable and do not need to be retrieved. However,
this means that every program is required to contain the library object files,
in essence creating multiple copies. This is different to dynamic libraries
which require only one set of object files, which can then be accessed by any
number of programs during their runtime. But any issue that develops with
the dynamic library may render all dependant program executables unusable,
which is not a problem with a static library [124].

For FEARCEF, the decision was made to implement it as a static method. The
primary reason for this is that the FEARCF method remains proprietary,
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therefore a distribution of precompiled executables is preferable to providing
a dynamic library that casual users can access and possibly change. The
FEARCEF library is still maintained on an internal Git code repository for
SCRU developers to access, submit suggestions, and track changes. In addi-
tion, because FEARCEF is still in development, public releases of MD software
packages do not come compatible with FEARCF as standard and therefore
need to have their source code modified. This creates greater chance of de-
pendency issues since any copy of the MD software needs to be modified by
hand. It is therefore easier to simply provide users with a static, pre-compiled
executable. The multi-dimensional splining that occurs within FEARCF also
represents considerable compute time, particularly in classical simulations,
therefore any possible speed advantage of a static library is desirable. It
should be noted, however, the speedup of static versus dynamically compiled
versions of the FEARCEF library has not been explicitly tested.

Now that we have introduced the concept of software libraries, a discussion of
the object-orientated programming paradigm is presented as a basis for the
design of the FEARCF software library.

4.2 Object Orientated Programming

The formal beginnings of object-orientated programming (OOP) lie with the
language Simula, developed by Kristen Nygaard and Ole-Johan Dahl at the
Norwegian Computing Centre from 1962 onwards [126]. It should be noted,
however, that some of the key concepts had been in development since the
late 1950’s at MIT [127]. Later developments in OOP include the languages
SmallTalk, Lisp, Eiffel, and perhaps most importantly, C4++, an extension
of the C language centred wholly around OOP [128]. In the modern era,
many of the most popular programming languages, such as Java and Python,
incorporate OOP and procedural design in a hybrid approach. Many older
languages, including Fortran, have also been subsequently modified to incor-
porate many of the design ideas central to OOP. In this section I will be
exploring some of the core tenants of OOP and attempt to justify why they
are suited to the FEARCEF software library design.

To begin our discussion of OOP, we need to define two core terms namely:
classes and objects. An object is the fundamental unit of OOP and is de-
fined as a set of data, as well as the set of requisite functions or subroutines
required to access, manipulate, and extract that data. Objects can be used
to represent an almost endless number of possible items of interest includ-
ing: individual atoms, a human beings in a database, or nodes in a complex
network. Every object is importantly a member of a specific class. A class
is a general description of the common data types and methods that can be
used on those data types. These methods should include how objects can be
created, as well as how objects might interact with each other. As an example
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of the relationship between classes and objects, if we had an object defined
as ‘Tom’ then we could say it belonged to the class ‘human’. Every object
can be thought of as an instance of a specific class.

When we are defining a class, we are also defining the attributes of each and
every possible object that could fall under that class. This OOP approach
means that we must have some idea of what objects we are expecting to handle
in our code, and what commonalities they have. If we expect to have multiple
objects that are similar, we can potentially save time by defining a class for
these objects. Instead of defining the data types and related functions for
each possible object (this is the ‘procedural’ method), we can instead define
these attributes in a class and then create our objects as instances of this
class.

Now that we have a clear understanding of the components of OOP and
why we might choose to implement them, we can now discuss three other
important traits of OOD: encapsulation, inheritance, and polymorphism.

Encapsulation is the concept of tying together a set of data with the functions
used to access or manipulate it, so that they are considered as a single entity.
This can allow for the functions to be written very explicitly for the data, as
well as ensure that data is only accessed by these functions.

Inheritance is the ability to define classes as either a subset of another class
or as a ‘parent’ of another class. The ‘parent’ may have all the data and
functions of the ‘child’ class but with additional features. With inheritance,
we can construct a network of interrelated classes. This presents another
opportunity to save programming time by reusing features of a ‘parent’ class.

Polymorphism describes a type of function that is able to take different types
of objects as inputs, identify what class of object it has been given, and then
act accordingly. This again saves programming time by avoiding having to
rewrite the same function for every possible class we have defined.

These are the core essentials of OOP and below will be discussed why OOP
is a useful approach for designing the FEARCF software library.

4.2.1 Benefits of OOP for FEARCF

We now consider why OOP may be suitable for a program that aims to im-
plement the FEARCF method in an optimised and intuitive manner. The
principal components of FEARCF are the reaction coordinates. While the
reaction coordinates for each system are unique, they will share certain qual-
ities such as: being distances, angles, dihedrals, etc. In addition, all reaction
coordinates will need to be defined using the atoms in the molecules, either
directly or indirectly. Atoms themselves have shared qualities such as having
mass and coordinates in cartesian space. Reaction coordinates and atoms
therefore make good potential candidates for classes. This is because the
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large number of molecular systems we wish to model will all require defining
atoms and reaction coordinates, and defining these concepts over and over
again for each type of system is a very inefficient way to write a program.

As a class, atoms require three types of data, namely: the atoms mass, the
atomic coordinates, and the atomic forces. In terms of the subroutines for
this class, the most obvious two that come to mind are a subroutine to set the
values of a particular atom and a subroutine to read already stored values
for a particular atom. These are referred to as ‘set’ and ‘get’ subroutines
respectively.

Now we consider the potential classes that will be used for reaction coor-
dinates. The reaction coordinates types include: distances, angles, dihedral
angles, vectors, planes, centre of masses, and pucker angles. The data needed
for these reaction coordinates are primarily the value of the reaction coordi-
nate itself. For most reaction coordinates (distance, angle, etc.) this is just a
singular scalar value, but for other (vector, plane which is define by its normal
vector, etc.) it will need to be a 3D array representing a vector or a cartesian
position. The reaction coordinates classes will also need to store force terms
representing either the partial derivatives from the splining routine, or the
product of partial derivative terms. The reaction coordinate classes will also
require ‘set” and ‘get’ subroutines.

A less obvious insight is that we will also need to define a class for the
FEARCF as a whole. This is to allow for storage and access of all the partial
derivatives from the splining routine, the chosen reaction coordinate values,
and the complete set of atomic forces. These are needed to be kept separate
from the atom and reaction coordinate classes because multiple objects may
need to retrieve or write to these values. It is more efficient to have them
stored as single arrays in a FEARCF class, rather than having duplicates for
each created atom or reaction coordinate object. A set of subroutines are also
needed to retrieve these values, write them to output files, and export these
values.

The other important set of three subroutines for each type of reaction coordi-
nate are those needed to define the reaction coordinate, calculate the reaction
coordinate values, and then calculate the partial derivative term. While the
obvious place to put these subroutines would be in the reaction coordinate
classes themselves, this turns out to not be the right approach. Rather, these
subroutines need to be a part of the FEARCF class. The reason for this is
that these subroutines need to facilitate communication between classes i.e.
a distance reaction coordinate and the two atoms used to define it. If de-
fined inside a class, they would in turn need to define each class that they
would ever need to communicate with, defeating the usage of classes in the
first place. In addition, the FEARCF class contains a list of all the defined
atoms/reaction coordinates and so can return an error if an attempt is made
to communicate with one that has not been defined. These three sets of
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subroutines are therefore defined as a set of methods within the FEARCF
class.

We next consider how OOP is able to be implemented within the Fortran
programming language that FEARCF was previously developed in.

4.2.2 OOP in Fortran

FEARCF was originally developed in CHARMM), which is primarily written
in Fortran, specifically Fortran 95. Most of the legacy FEARCF code is there-
fore written in Fortran. The decision was then made to write the FEARCF
software library in Fortran in order to avoid having to rewrite all of FEARCF
in a new language. But with the decision to utilise OOP in building the
structure of the FEARCF library, we must now consider the capacity that
Fortran has for object-oriented programming.

Before the Fortran 90 standard, it was not possible to write OOP code in
Fortran. But Fortran 90 introduced several key features that made OOP
possible such as declarable data types and interfaces [123]. In Fortran 90,
classes can be defined using the ‘module’ block. In a ‘module’ declaration,
there is firstly a ‘type’ declaration which defines the principal object the
class is associated with, as well as the variables contained in this object.
This is then followed by a ‘contains’ statement which proceeds to list all
the function and subroutines definitions that are required for this class. In
this way, the ‘module’ block fulfils the encapsulation trait of OOP, since the
object is directly connected to its associated subroutines and/or functions.
This can be made more explicit because the default behaviour in Fortran is
to set all object variables to public which allows for outside programs to access
and modify them. If they are instead chosen to be private, the ‘module’ will
require a specific function to be defined in order to allow for outside programs
to create new object instances, as well as modify objects that already exist.

Related classes will often share common methods and Fortran’s way of han-
dling these common methods is the ‘interface’ block. In an external program,
all the requisite classes can be loaded through a set of ‘use module name’
statements. Once this is done, an ‘interface’ block can be created in which a
method for each potential class type must be given. After this is done, the
program no longer needs to call the specific method defined for each class but
can simply call the interface which will correctly select the correct method
depending on the object type it is called with. This is an example of poly-
morphism since it relies upon the common characteristics of related classes.

Fortran 90 does not have implicit support for class inheritance however [19].
Fortran 95 introduced the ability to reference other types as variables when
creating a new type but this is still not true inheritance. Only in the Fortran
2003 standard was class inheritance introduced via the ‘extend’ command
[129]. With CHARMM now written in Fortran 95 [130] and NWChem written
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primarily in Fortran 90 [131], it was decided to not write the FEARCF library
in Fortran 2003. The choice that was left was then whether to write it in
Fortran 90 or 95. It was decided that the ability to declare types as variables in
other types was not enough to warrant the use of Fortran 95. This is because
while using types inside of other types might be useful, such as referring to the
atoms that define a distance reaction coordinate, this would limit the atoms
to only being usable for that particular reaction coordinate. If we wanted to
use the same atoms to define multiple reaction coordinates, multiple objects
would need to be created for each atom, one for each reaction coordinate
type. This approach would defeat the purpose of OOP.

It is therefore been established that the version of Fortran that FEARCEF is
written in does have most of the capacity to be written in OOP. To further
argue why OOP is a suitable paradigm for designing a FEARCF library,
the section will discuss graph theory and how it relates to the definition of
reaction coordinates in FEARCF.

4.3 Graph Theory

Graph theory is a branch of mathematics that was begun by the renowned
mathematician Leonard Euler in 1736 with his treatment of the Seven Bridges
of Konigsberg problem [132]. Since then it has gone on to find applications
in numerous fields including: physics, chemistry, biology, the social science,
and computer science [133]. At its most basic level, graph theory is the study
of two types of objects: vertices (or nodes) and the links between them called
edges (or lines). Arrangements of these two objects can model a large variety
of problems. The study and characterisation of the types of graphs one can
construct is the motivation behind graph theory. An example of a basic graph
is given in Figure 1.5.

There are several considerations to make when deciding what type of graph
to use to model a particular problem [134]. There are two main types of
graphs: directed and undirected. In directed graphs each edge has a specified
direction pointing from one node to another. In undirected graphs, edges
have no such orientation. In Figure 1.5 the basic graph is an example of an
undirected graph. Directed graphs are suited for systems in which the objects
that the nodes represent have a one way relation to each other e.g. node A
affects node B but not the other way around. Directed graphs can also be
used for models with bi-directional relationships. This is possible if one wants
to highlight that the relationship between two nodes is different depending
on the direction. An example of a directional graph is given in Figure 1.5.

Graphs may also be classified as trees if any two node are connected by exactly
one path of edges and vertices, and they have no cycles i.e. nodes connected
in a loop. This definition is for undirected graphs, so directed graphs whose
underlying undirected graph satisfies this definition are known as poly-trees
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or directed trees [135]. Trees may also be ‘rooted’ by selecting one node as
the root, which in turn may form the basis for the orientation of the rooted
tree. Trees are very commonly found in many data structures in computer
science, as well in biological taxonomy and language hierarchy. An example
of a simple tree is given in Figure 1.5.

Graphs may be ‘coloured’ i.e. their nodes or edges assigned different colours
either randomly or according to some constraints. The colours themselves
may have no meaning other than to differentiate each vertex or edge. The
colouring also may represent some commonality between vertices or edges
of the same colour. The use of coloured graphs was most famously used in
attempts to prove the four colour theorem [136], a postulate that states only
4 colours are needed to properly colour any map. This ultimately became the
first accepted mathematical proof involving computers by Appel and Haken
[137]. An example of a coloured graph is given in Figure 1.5.

While graphs are primarily depicted visually, then can also be expressed in a
more abstract manner. One example is that of the adjacency matrix A. This
is a square matrix where the ¥ row and ** column represent the ¥ node in
the graph. The elements of the matrix represent the edges of the graph with
the element a;; being defined as 0 if no edge exists between the " and j
node, or 1 if an edge does exist. Assuming there are no loops in the graph
(edges that connect a node to itself), this means that the adjacency matrix
is by definition a diagonal matrix. The adjacency matrix is also symmetric
about the main diagonal. The dimensionality n x n of A indicates there are
n nodes in the graph, and half the sum of all its elements is the number of
edges in the graph. The adjacency matrix of the basic graph in Figure 1.5 is
given below, with the rows and columns matching the labelling assigned in
Figure 4.2. The labelling in this case is arbitrary, since A could simply be
subject to row and column swapping in order to produce any other possible
labelling.

Figure 4.2: A graph with each node given a unique numerical label.
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The definition of the adjacency matrix may be modified to be suitable for
other types of graphs such as directed or weighted graphs. Other types of
abstract representations related to adjacency matrices include: adjacency
lists, distance matrices, incidence matrices, and degree matrices [138].

Now that we have introduced some basic graph theory concepts, we can ex-
plore previous work in chemistry that use graphs.

4.3.1 Graph Theory Applied to Chemistry

Graph theory has been seen as a useful tool for solving problems in chemistry
for over a century. One of the earliest applications was the modelling of
non-cyclic single bonded hydrocarbons (alkanes) as trees or rooted trees by
Cayley [139]. In this model, the vertices represent the carbons in the alkanes
molecules, while the edges represent the bonds between these carbons. The
hydrogens are assumed to be whatever configuration completes the individual

carbon valences and are therefore excluded. An example is given in Figure
4.3.
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Figure 4.3: All three possible alkanes with five carbons as trees, with numbers
indicating the number of hydrogens bonded to each carbon. Reprinted with
permission from The London, Edinburgh, and Dublin Philosophical Maga-
zine and Journal of Science, Volume 47, Issue 314, A. Cayley, LVII. On the
Mathematical Theory of Isomers, 444-447, Copyright (1874) Taylor & Fran-
cis [139].

The theory of trees was actually developed by Arthur Cayley himself and only
much later applied to isomers [135]. Originally Cayley proved that the number
of trees possible for n labelled trees is given by n”=2. The number of trees for
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n unlabelled vertices is not so simple however, and in fact no closed formula
exists to predict this number. Instead, Cayley eventually turned his focus
on trees as applied to chemical isomers. These present physical constraints
that allow for possible prediction of the number of expected isomers. For
alkanes there is a restriction on the number of bonds carbon may form, four,
which in graph theory means that vertices are restricted from having degree
(or valency) greater than four. The degree of a vertex is the number of edges
connected to that vertex. Uses the notion of centred and bi-centered graphs,
Cayley was able to correctly predict the number of alkane isomers up to 11
carbons. His values for 12 and 13 carbons, however, were later shown to be
incorrect by Herrmann [140]. Further extensions of Cayley’s work was done,
most notably by Henze and Blair [141].

Cayley also proposed ways to calculate the number of isomers for alkyl deriva-
tives. These are alkenes where one hydrogen is replaced with a bond to an-
other element. This uses the notion of rooted trees since only one carbon in
an alkyl will be short of a hydrogen. It is this method that Henze and Blair
managed to use to calculate the number of alkene isomers of higher carbon
numbers.

A more modern example of the use of graph theory is the Methyl Assignment
by Graph Matching (MAGMA) tool developed by Pritisanac et al. [142] for
the analysis of methyl based nuclear magnetic response (NMR) spectra. NMR
spectroscopy is a technique used to study the structure of organic molecules in
solution. The technique relies upon the specific resonance that some atomic
nuclei experience when exposed to a near oscillating magnetic field within
a larger constant magnetic field [143]. The resonant frequency is unique to
each nuclei type, as long the nuclei in question has a non-zero nuclear spin.
Otherwise the nuclei does not respond to NMR.

Normally NMR is restricted to small molecules of up to approximately 30
kDa, however, with the use of methyl-TROSY NMR, this restriction is lifted
up to molecules of 1MDa [144]. This technique uses the 3C isotope as a
tag since the more common 2C' is not responsive to NMR. In proteins, the
methyl containing amino acids (such as leucine, isoleucine, and valine) are
tagged with 3C' and 'H methyl groups, while the rest of the protein hy-
drogens are replaced with deuterium to ensure the methyl groups are the
only resonant nuclei in the protein. The frequency spectra is then obtained,
and the resonant frequencies need to be assigned to the respective atoms in
the protein. This is the most difficult part, but several techniques such as
FLAMEnGO2.0 and MAP-XSII have been developed based on Monte-Carlo
methods [145] [146].

MAGMA uses graph theory by constructing two graphs. The first graph,
called the ‘data graph’, is derived from NMR data and has vertices which
represent the individual methyl resonances, while the edges represent inter-
methyl correlations. The second graph, called the ‘structure graph’, is derived
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from an actual structural model and has vertices which represent the carbon
atoms in the methyl groups, while the edges represent methyl groups that
are within a specific distance threshold of each other. The aim of MAGMA
is to match these two graphs as closely as possible. Testing all possible
arrangements would take an inordinate amount of time, and a further problem
is that the data graph often has less edges due to limitations and effects
leading to distortion in NMR data.

To address this, MAGMA uses two optimised graph matching algorithms,
VF2 and McGregor, to eliminate the majority of possible arrangements.
MAGMA also utilises an optimised ordering algorithm before and during
the search, which significantly reduces the computational time required for a
solution. And example of some matched graphs is given in Figure 4.4. Note
how in the figure Peaks 1 to 3 are matched to specific residues of the protein
by forming graphs that agree with each other.

Peak1 C

X

Peak3 Leu76

e MAGMA
O Peakl — O lle86
® Peak?2 ——— @V/al106

® Peak3 ——— @Leu76

Figure 4.4: The two types of graphs that MAGMA constructs, the data
graph (left) and the structure graph (right), that are then attempted to be
matched. Reprinted with permission from Journal of American Chemical
Society, Volume 139, Issue 28, I. Pritisanac et. al., Automatic Assignment
of Methyl-NMR Spectra of Supramolecular Machines Using Graph Theory,
9523-9533, Copyright (2017) American Chemical Society [142].

Now that we know graphs have been successfully used to study other problems
in chemistry, we now discuss how graphs are utilised in FEARCF and how
this use of graphs is made possible by the OOP paradigm in the FEARCF

library.
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4.3.2 Graphs in FEARCF

In this work the graphs that we can construct within FEARCF represent how
reaction coordinates (RCs) are defined in terms atoms and other various de-
fined quantities. The vertices represent several types of geometric quantities
(atom coordinates, vectors, planes etc.) while edges represent the two rela-
tionships between any two quantities. To be precise, these relationships are:
how a quantity is defined in terms of the other, and how the partial deriva-
tive of one quantity is defined with respect to the other. Since we will have
variables of the same type (i.e. we will have multiple atoms), we can colour
our vertices to represent the atom type as well as all possible RC types. If we
wished, we could also select a colour for each edge type, since there might be
multiple instances of one type of geometric quantity used to define another.
In this work, however, we will refrain from colouring the edges and just colour
the nodes.

We can construct an example graph representing a simple one dimensional
case of an atom A; and a reaction coordinate &7, defined as some function of
the atomic coordinates f(A;). We can construct the simple coloured graph
shown in Figure 4.5.

Figure 4.5: Coloured FEARCEF graph for a single atom A; and a reaction
coordinate &; defined in terms of A;.

We could, if we wanted to, draw edges that represent the two types of rela-
tionships that connect different variables in FEARCF, namely the function f
that relates A; to & and the partial derivative of & with respect to A;. This
is illustrated in Figure 4.6.

An early graphing approach defining RCs was implemented in the CHARMM
module RXNCOR [130]. A limited precursor to FEARCF expanded on this to
undertake QM /MM reactions relying on a pair of distance RCs in two dimen-
sions with umbrella sampling [15]. The original implementation in CHARMM
was limited by umbrella sampling because it is free energy method not ideally
suited to free energy simulations of more than two dimensions. In addition,
umbrella sampling is not efficiently parallelizable. The limit to two dimen-
sions is due to the analytical nature of the biasing potential used in umbrella
sampling that requires increasingly complex corrections with increasing di-
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Far  f1=f(AD)

Figure 4.6: Coloured, directed FEARCF graph for a single atom A; and a re-
action coordinate Ry defined in terms of A, with directed edges representing
the possible calculations that can be made between the two.

mensionality. An implementation of the adaptive umbrella sampling method
in CHARMM, which uses WHAM to combine results from multiple parallel
simulations, has not been developed further to date.

The shortcoming in the current CHARMM implementation of FEARCF is
that the calculations of the variables and the partial derivatives are contained
with two encompassing subroutines, ASCEND and DESCEND, respectively.
These subroutines are not constructed using the OOP specific ‘type’ com-
mand, but rather the ‘case’ command contained within a for loop that cycles
through the defined nodes. In contrast to this, the FEARCEF library contains
these calculations in separate subroutines within the FEARCF class. The
reason for this is that it allows multiple calculations to be run at the same
time, which cannot be done if the calculations are all contained within a
sequential loop. The CHARMM implementation also writes explicit calcula-
tions for each variable, depending on what other type of variables are used to
define this first variable. For example, a vector can be defined as the vector
between two points in space, or it may be defined as the cross product of two
other vectors. In CHARMM, there is a ‘case’ statement for each possibility.
In the FEARCEF library, however, there is still only one vector object. There
is simply differing calculations within the same subroutine depending on what
the defining objects are detected to be.

To make it more clear how the graphing representation is related to the OOP
paradigm of FEARCF, abstract representations below are used to illustrate
how FEARCF calculates atomic biasing potentials.

An associated matrix to the adjacency matrix can be defined, which we name
the derivative matrix D. Rather than simply having 1s representing the edges,
D has these replaced by the terms D;; = g—;, which is the partial derivative
of node 7 with respect to j. The atomic biasing forces can then be found by
finding a path in the derivative matrix from each reaction coordinate, to each
connected atom node. The net atomic biasing force on an atom can then

be expressed as the sum of the products of the derivatives along each path
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(this is detailed in the next Chapter). An update of the previously computed
proton exchange reaction (H3N — H — NHj) in CHARMM [147], now defined
using a graph representation of the reaction coordinates in FEARCF is shown
in Figure 4.7.

H H
, ,‘ El EZ /
+/NA_H"'NB‘,/I// 0 0 DElNA DElH 0
H 0 0 0 D¢, Deynyg
H I I S e e
(a) (b) Dy Den 0 0 0
0 Degy, O 0 0

Figure 4.7

The distance reaction coordinates (£; and & ) defined in the molecular rep-
resentation in Figure 4.7a, can be represented in a two layer graph shown in
Figure 4.7b. The force computation in FEARCEF is shown in the derivative
matrix in Figure 4.7c. The atomic biasing force dependencies and net force
on the hydrogen being exchanged can be mathematically defined and com-
puted as the sum of two paths in the derivative matrix. This sum is given in
Equation (4.1). Here ¢ is an index over the set of reaction coordinates and
J is an index over the edges that make up the path connecting the reaction
coordinates to the atom.

oW oW oW oW €, OW 06,
Fr =S ST Dy = oo Doy + S Dy = 2o 258 20 952
W= L e, LI = e 0l T e, et = ge ol T 0, oH

? J

(4.1)

Understanding the ability to construct any reaction coordinate set as a graph
is key to understanding why an OOP approach is an optimal approach. In
the conception of the FEARCF library, the graph that can be constructed
for a reaction coordinate is directly related to how the reaction coordinate
is structured in the OOP paradigm of the library. This is then also related
to how FEARCF is able to calculate both the reaction coordinate value and
the atomic biasing forces. Each node in a reaction coordinate graph repre-
sents an object defined in the library, while each edge represents the possible
subroutines used to parse and calculate information between the two. These
subroutines, in theory, need to be defined for any node type pairing. This
is not actually the case, however, since there are strict conditions on which
nodes can be used to define other nodes e.g. an angle node is only defined
by two vector nodes, not point nodes. Any attempt to define a node with
other node types that are not allowed will return an error. This then dra-
matically reduces the number of subroutines needing to be defined. And with
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these subroutines defined, any arbitrary graph that can be constructed is
then calculable by the FEARCF library. A procedural paradigm constructed
FEARCF library would not be able to make this statement, because any
unique graph would need to be defined explicitly within the library. With an
OOP approach, the FEARCF library provides the tools for users to construct
an infinite number of graphs and, therefore, an infinite number of possible
reaction coordinate sets.

We have now laid out how OOP and graph theory are essential to the FEARCF
software library by describing how the graph representation of reaction coor-
dinates, along with OOP structures in the library, enable FEARCF to calcu-
late any set of reaction coordinates that a user enters. In the next chapter,
the FEARCF method will be presented in detail and the software library
implementation of FEARCF detailed in full.
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Chapter 5

FEARCF Library Development

In this chapter, the principle methodology of the FEARCF method will be
given along with detailed equations showing how different reaction coordi-
nates types are calculated, along with the partial derivatives needed to pro-
duce the atomic biasing forces. Then a detailed description of the FEARCF
library is given along with explanations on how it is linked to the CHARMM
and NWChem MD software packages.

5.1 The FEARCF Method

Presented below is the theoretical basis for the FEARCF free energy method.

To have complete understanding of a free energy volume (FEV) for a partic-
ular system, a simulation would ideally be able to sample all possible regions
of reaction coordinate phase space £. This is not possible under normal sim-
ulation conditions, however, because some areas of free energy phase space
require too high an energy for the simulation to visit by pure chance. We
therefore need to introduce an additional potential U(§), which we call a
biasing potential, which when added to the actual system potential of the
system itself W (¢), will produce a simulation that is able to sample all re-
gions of free energy phase space. If we remember the Boltzmann relation,
we can realise that the sum of U(¢) and W (&) must be a constant in order
for the probability of all values of £ to be the same. For simplicity sake, we
can choose this constant to be zero. We are left with the relation given in
Equation (5.1).

U)+W(€)=0 (5.1)

This means that in the ideal case we have U(&) = -W (). The problem we
now face is that we do not know the system potential W (), at least not in
terms of the reaction coordinates. We therefore cannot even begin because

63
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we don’t know what to use for U(¢). We can realise however, that while we
don’t know W (&) precisely, we can get an initial estimate W, () for it. We
can do this by simply running a simulation of our system with U(§) initially
set to zero i.e. Uy(&) =0. With our first simulation done, we then have an
estimate for the simulation probability density ﬁl(f ). We can then calculate
W1 (€) using the inverse Boltzmann relation given in Equation (5.2).

Wi(€) = -kgTn Py (€) (5.2)

A quick reminder that kp is the Boltzmann constant and T is the temperature.

Now if we run a second simulation of our system, we can then let Uy(&) =
—W,1(€). After this second simulation, we now have another estimate of the
probability density. But because the simulation was run using a biasing po-
tential, it is not in fact an estimate of the probability density of our system
P5(€), but rather an estimate of the probability density of the biased system
252’ (£). Thankfully, because we know the biasing potential that caused 152’ (&),
we can actually calculate ﬁg(f ) using the expression in Equation (5.3), where
C' is a normalisation constant.

Py(€) = CBY(E) exp iT“T) (5.3)

We then can calculate a second estimate for the system potential, Wg({ ), by
using P»(€) and the same relationship given in Equation (5.2).

We repeat this process until we pass a convergence criteria. This criteria is
that the ratio of sampling between least sampled to most sampled regions
being at least 1:50, after which we assume that after n iterations U,(§) =
W (&) and we therefore have a good estimate for W(¢) in W, (£). This
in turn means that all of reaction coordinate phase space is being equally
sampled, and we can then obtain a good estimate for the desired FEV [148].

The numerical nature of the free energy used in FEARCF has been described
before by Naidoo [148]. The fact that W (§) is a numerically calculated poten-
tial is what distinguished it from previously discussed free energy methods.

5.2 Force Equations and Partial Derivatives

The manner in which the biasing potential W (¢) is used to calculate indi-
vidual biasing forces on each of the atoms used to define &, is through a
simple application of the properties of conserved potentials. Specifically, we
reference the relation that states that the force F' is the negative gradient
of the scalar potential U i.e. F = -vU. The gradient is presented in terms
of cartesian coordinates Z, however, in FEARCF the potential is defined in
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terms of £&. To resolve this discrepancy, we consider the chain rule which is
given in Equation (5.4).

_ U _oU o8

vu di  0f O

(5.4)

The first term on the right hand side of Equation (5.4) is the gradient of
the potential, which for numerical potentials can be numerically approxi-
mated using interpolation schemes such as cubic splining. The second term
is the partial derivative of the £ in terms of the cartesian coordinates of the
atoms used to define £. In the case of multiple dimensions, this term is split

into several partial derivatives which have known analytical solutions and are
computable [149] [150].

To find the force from the free energy for a simple distance reaction coordinate
r between two points a and b is relatively straight forward [149]. Tt is simply
the partial derivative of the potential with respect to the distance, in the
direction of the defined distance which is given in Equation (5.5).

. oV
F.=——r 5.5
or (5:5)
Then, for the complete partial derivatives with respect to point a and b, they
are simply the inverse of each other, to ensure the conservation of momentum.
This is shown in Equation (5.6).
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For the force from the free energy for a direction reaction coordinate 7 between
points a and b, the equation has the same first term as in Equation (5.5) but
now has a second term for a partial derivative with respect to the unit vector
7. This partial derivative is in turn dotted with the ‘anti-projector’ matrix
derived from the outer product of the unit vector from itself. This ensures
that this second force term is purely in a direction perpendicular to the unit
vector. The result is given in Equation (5.8).

. 0V 10V
o= fp_=
" 8rr r or

(1-7@®7) (5.8)
The force terms for point a and b are simply the same as given in Equation
(5.6), except with Fj instead of F,.

The force from the free energy for a bending angle 6 defined between three
points (can be atoms or centre of masses) 7,7, and k [149] is given below in
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Equation (5.9). The partial derivative of 6 with respect to each point is given
below in Equations (5.10), (5.11), and (5.12).

ov a0 - ov 00 - ov 00

S A T A 59
gg -~ % (g x (Fay * 7)) (5.10)
g—é - - %j(fkj < (g x 72y)) (5.11)
00 00 00 (5.12)

o, OF O

In the above equations, 7;; is the unit vector of the connecting vector from
point j to point 7, and equivalently the same is true for 7;.

For the force from the free energy for a dihedral angle ¢ defined between four
points ¢, j, k and [ [150], we firstly consider vectors connecting these points
given in Equation (5.13).

’f"ijZfZ‘—’Fj
Trj =Tk —Tj (5.13)

Tig = li = k;

We then consider the vectors m and 7, which are the normal to the planes
that we can define in Equation (5.14) with our previous vectors in Equation

(5.13).

(5.14)

Now we give the force on each point given from the partial derivative of the
biasing potential in Equation (5.15).
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For a pucker reaction of several pucker angles, there are several ways in
which to define the angles themselves such as those defined by Cremer and
Pople [151]. We have chosen to utilise the triangular tessellation definition,
originally described by Pickett and Strauss for six membered rings [152], and
then later generalised by Hill and Reilly [153]. This is due to its geometric
nature being more suited to the graph structure of the library. Each angle 6;
is defined as § minus the angle between the normal of the reference plane 7,
and a vector ¢; in the it" side plane that is also perpendicular to the line of
intersection d; between the reference plane and the side plane. The equation
for 0; is given in Equation (5.16) while the definition of all the other vectors
are given from Equation (5.17).

0; = = — arccos & (5.16)
2 |4l

i = G; X Pj

Pi =71 X Ty

fl = i:sideg - i‘sidel

FZ = fsideg - jside2 (517)
a; = E'T’efz - i‘refl

n= ZLZ X ZLj

j = Trefs = Lrefa

In Equation (5.17), Tgide,; 1s the position vector of the jth atom that make up
the " side plane, while Z,. is the position vector of the j* atom that makes
up the central reference plane. In some cases, these may be the same atom.

The force in terms of 7 is given in Equation (5.19) and the force in terms of
vector ¢; is given in equation (5.18).

LoV 11

= (1-G;®G)n 5.18
7 891 COS 91 |@| ( 4 ¢ )n ( )

- oV 1 1
F,=— —(1-n®n)q; 5.19
00; cos b; |11 (1-non)q (5.19)

Next we need to consider the the forces in terms of the vectors used to define
i, namely p; and @; which are given in Equations (5.20) and (5.21) respec-
tively.

Fy = —d; x Fy, (5.20)

i qi
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—

Es, =P x Fy, (5.21)

We then consider the resultant force terms from Fﬁ for d; and d» which are
given in Equation (5.22) and Equation (5.23).

Fy ==ty x F (5.22)
F@ = dl X Fﬁ (523)

Considering next the resulting force terms for the side plain normals p;.

Ffil = 771'2 X Fﬁz (524)
F;i2 = —fil X Fﬁi (525)

The atoms that define the d@ and 7 are then given their forces in the same
manner as Equation (5.6).

The above equations are all for variables chosen as reaction coordinates that
define the free energy jhowever, when a variable is simply used to define
another variable or reaction coordinate, the force from the chosen reaction
coordinates will need to be transferred and transformed down through each
variable until it reaches the original atoms nodes which are the ultimate basis
for all variable definitions.

For a distance r, defined between two points a and b, distributing the forces
are simple

i

|

o=l (5.26)
b _Fa .
An identical distribution happens for when a direction # is defined between
two points a and b

{
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" (5.27)

b

When a direction 7 is defined as the cross product of two vectors (which can
also be the normal vector of a plane) G and b i.e. 7 =d x b, then forces are
distributed in the manner given in Equation (5.28)
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Fa = B X F,z
. B (5.28)
FE =—q@ X F,:

If a defined point A is a centre of mass with total mass M, then the forces are
distributed to each of the atoms a; used to define it with suitable weighting
according to their respective mass m;. This is given in Equation (5.29).

- m; =
F, =—F 5.29
=k (5.29)

Now that all the equations needed to perform all calculations in FEARCEF are
given, a brief section outlining WHAM and its use in FEARCEF for combining
the results of parallel MD simulations is given.

5.3 WHAM

The parallelisation of the FEARCF method requires the probability distribu-
tion data from multiple simulations, each potentially with a different number
of steps and different areas of reaction coordinate space sampled, to be com-
bined in order to generate a new biasing potential. In order to do this, we
utilise the weighted histogram analysis method (WHAM) [17] that allows for
relative weighting of different simulation data. It involves solving the two
equation given in Equation (5.30) and Equation (5.31).

Zi Nk

= 5.30
i Nifici,k ( )

Pk

1

fi - Zk e—/BVi(Wk)pk

(5.31)

The above equations reference each other, therefore, they need to be solved
iteratively until self consistency is achieved. In FEARCF, WHAM takes the
output reaction coordinate trajectory files for each simulation, produces com-
plete and weighted probability for each iteration. WHAM then uses the Boltz-
mann relation given in Equation (5.2) to produce a new associated biasing
potential for the next iteration to utilise.

We now move on to describing in detail the implementation of the FEARCF
method in the form of a software library.
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5.4 Designing the FEARCF library

In FEARCF, the subject we are most interested in are the reaction coordi-
nates. We cannot think of reaction coordinates in isolation however. In order
to mathematically define our reaction coordinates, we need to in turn define
other geometric quantities. The most important of which are the atoms of
our system and their cartesian coordinates. From just these coordinates, we
are able to define any number of reaction coordinates that we might wish.
These reaction coordinates definitions can be visualised as graphs. Once we
have the definitions for a set of reaction coordinates, and their relation to
the individual atoms of a molecular system, we can then consider what else
is required for FEARCF. In FEARCF, we obtain the derivatives of our free
energy volume as a result of an interpolation function. These derivatives are,
however, derivatives in terms of our reaction coordinates. The purpose of
calculating these derivatives of the free energy, is to find the resultant biasing
forces on the atoms in our system. The derivatives that we have, however,
are not sufficient for this purpose. They still need to be transformed so that
they become derivatives in terms of the atomic coordinates. The method in
which this can be done is demonstrated by considering a simple chain rule
example given in Equation (5.32).

U dU ¢
or; O OT;

(5.32)

Z; are the atomic coordinates for atom 7 and £ is a reaction coordinate defined
using 7;. The first term on the left hand side of Equation (5.32) is provided by
the interpolation function of FEARCF. The second term is not. To calculate
this second term, we need to find the derivative of ¢ in terms of z;. This is
usually easy enough since we already know the definition of £ in terms of ;
and can therefore analytically solve this derivative. The difficulty comes in
the fact that & may not being explicitly defined in terms of Z;, but rather
other variables. This difficulty can be overcome if we take the same chain
rule approach as in Equation (5.32), but with the term g—é. Say that £ is
defined by a variable b, which is in turn defined by ;. We can then express
a chain rule expansion in Equation (5.33).
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(5.33)

Each term on the right hand side of the equation of Equation (5.33) is rel-
atively simple to find since (almost) all the functional forms are known and
differentiable. Therefore they can be defined beforehand, incorporated as
subroutines within the FEARCF class, and calculated using the calculated
values of z;, b, and &.
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5.4.1 Graph Theory in FEARCF

The graphs constructed in FEARCF detail the relationship of the reaction
coordinates to the atomic coordinates from which they are ultimately calcu-
lated. The vertices represent several types of quantities (atom coordinates,
vectors, planes etc.) while the edges represent the mathematical relations
between these quantities. In this way, our constructed reactions coordinates
can be represented as coloured graphs.

At every integration step of a FEARCF simulation, the ¢ values are calcu-
lated. To do this ,each RC node retrieves information from the immediate
nodes that define it. If these nodes do not represent atoms, they will in turn
need to retrieve information from the nodes that define them. This creates a
chain of information retrieval that ends in the nodes used to define the atoms
of the system. These contain the atomic coordinates retrieved from the MD
package that the FEARCEF library is compiled with. With these coordinates,
all other nodes are able to perform the required calculations to ultimately
find the values of all the nodes and the chosen RCs.

Once all RC values are known, the cubic or B-spline interpolation subroutine
is used to calculate the derivatives of the FEV at these RC values in order to
obtain the biasing force for the current FEARCF iteration. The derivatives
are in terms of the RCs but can be transformed to be in terms of the atoms
via the chain rule. The derivative received from the interpolation subroutine
is sent to each immediate node of every RC node. These nodes then calculate
the partial derivative term required to transform the received derivative to be
in terms of that node variable. These nodes then send this derivative to their
immediate nodes. This is repeated in a chain like manner until the nodes that
represent the atoms have accumulated all the derivatives needed to represent
the biasing force on each atom. The atomic biasing forces are then added to
the forces retrieved by the MD package interfaced with the FEARCF library,
so that the atomic velocities and positions are updated using both the system
potential and the FEARCF biasing potential.

We now consider how these graphs are translated into the actual OOP struc-
ture of the FEARCEF library. The nodes of a graph make ideal candidates
for objects in a OOP paradigm since they act as containers for data about
the variables the nodes represent (variable values, coordinates, mass, etc.)
and objects also contain methods for accessing and modifying the data in
the nodes. In addition, the role of the edges of the graph can be fulfilled by
methods within the FEARCEF class that contain the mathematical relations
between different types of nodes, for both calculating the actual value of the
nodes, as well as calculating the partial derivative of one node in relation to
another. An important point to note is that these mathematical relations are
general and can therefore be used in calculations for any graph that can be
constructed with these types of nodes.
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This relation between the reaction coordinate graphs and the OOP structure
of the FEARCF library shows that the scope of the graph model extends
beyond that of a visualisation tool, and is actually key to understanding the
advantage of using an OOP approach for this particular free energy method.

5.4.2 Library Structure

The FEARCEF library is written in Fortran 90 and is composed primarily of
several interdependent modules. The most important module is the FEARCF
class module that defines the FEARCF class, which contains all the informa-
tion about the defined variables and atom coordinates. It also defines three
important subroutines for each type of variable. The first subroutine type
define is called when each variable is initially defined and allocates the ap-
propriate array sizes and memory. This subroutine type also stores the list
of ‘children’ for each specific variable, which are the other variables used to
define this variable. This is to ensure that they can be easily referenced.
The second subroutine type calc calculates the value of the variable itself at
every time step, while the third subroutine type calc_f calculates the resul-
tant force from the product of partial derivatives. A variable’s subroutines
may call other subroutines (or even itself in a recursive manner) related to
other variables, depending on what variables were used to define the variable
in question. The overall structure of the FEARCF class is given in Figure
5.1 and distinguishes the methods into public and private ones, with the pri-
vate methods being the ones which represent communication between nodes
within any defined graph.

FEARCF Class

. . . Initialise
RC list RC Dimensions FEARCF Read PMF file
Define for all Calculate
RC Values Node Names Node types RC values
RC Force Calculate
Terms Bidte s Select RCs Biasing forces

Lists of created
RC Energy Nodes for each

Nod
ode Type Routines Routines to

to calculate calculate force
values for each terms for each
Node type Node type

Figure 5.1: Class structure of FEARCF type defined in class_fearcf.

The FEARCF prepare module is used to process information received from
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the chosen MD software, as well as prepare the calculated force values to
be returned to the MD software. For each supported software package, four
subroutines are needed to be defined. One to process the atomic coordinates,
another to process the forces already calculated by the MD software, another
to extract the atomic masses, and a final one to transform the forces calcu-
lated by FEARCEF into the appropriate format to return to the main force
calculations in the MD software.

The FEARCEF defs module is where all the variable (node) types are defined.
This includes defining all the value storage variables, as well as two sub-
routines for each variable type. The first subroutine set, is used to store the
values (including the forces) once they have been calculated. The second sub-
routine get is used to retrieve values or forces, usually in order to calculate
other variables. The ‘set’ and ‘get’ subroutines for each variable type and
then placed within a Fortran interface, allowing for easier subroutine calls
with the FEARCF class. An example of how a type is defined in Fortran is
given below as well as how a method interface is defined in Fortran.

type angle
realx8 theta ! . Value of angle
real*8 fx  fy , fz ,fmag !/ . Force components and magnitude

end type angle

interface get_
module procedure get_angle
end interface

In addition, an illustration of how the atom (or point) type is structured is
given in Figure 5.2 while an illustration of how other reaction coordinates
types are defined is given in Figure 5.3.

Atom Object

Data Methods
AtOI.mC ‘ Set Values ’
| Coordinates |
Atomic Forces ‘ Get Values ’
N\

Atomic Mass

Figure 5.2: Object structure of atom type within the FEARCF library.

The FEARCEF interface module is the main control code within FEARCF,
keeping track of the number of iterations and then calling the appropriate
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RC Object
Data Methods
‘ RC Value } ‘ Set Values ’
‘ RC Force termJ ‘ Get Values J

Figure 5.3: Object structure of general RC types within the FEARCEF library.

.pmf and trajectory files. This module reads the file fearcf_input.dat, which
is where the user defines all the required variables and selects the reaction
coordinates. The interface module then makes all the required subroutine
calls within the other modules for each possible MD software.

The module ndspline contains all the code needed for the interpolation of the
free energy, including code for both normal cubic spline interpolation and
cubic B-spline. Which interpolation method is used by FEARCF can be
selected by the user in fearcf_input.dat

The module math_helper contains subroutines for commonly required maths
objects, such as cross products, which can then be called by other modules.

An illustration of how the above modules are interconnected, along with the
requisite input files i given in Figure 5.4.

interface is the first module that is called since it contains the two subroutines
that are called by the MD software. The first is setup_fearcf and is called
before the main MD loop has begun. Its only input is the sim variable which
is of the form ‘i-j> where i is the number of the current FEARCEF iteration
and j is the index number identifying which parallel simulation is now being
started. sim is used so that FEARCF knows which .pmf file to read and which
trajectory output file to write to. It firstly calls the initialise subroutine from
the class module which generates an object of the FEARCF class type, and
initialises all the required arrays. Next ,setup_fearcf reads the FEARCF input
file called fearcf_input.dat, using the io module to assign a unique Fortran unit
number.

An example of a simple fearcf_input.dat file defining a distance reaction coor-
dinate between two atoms, along with selecting the B-spline method, is given
below.

point atoml 1

point atom?2 2

dist rl atoml atom?2
set rl
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Initialise
[ fearcf input ]—- fearcf interface fearcf prepare
N\ 4
[ fearcf io class_fearcf ndspline
J/ G
[ fearcf defs [ pmf file ] math__helper
trajectory
output file

Figure 5.4: Diagram showing connections between the different modules mak-
ing up the FEARCF library as well as the required input files. The central
FEARCEF class module is coloured blue, other sub-modules are coloured green,
and input files are coloured red.
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spline 0

The first two lines define the atoms by firstly giving their variable type as
point, then assigning them a unique name, either atoml or atom2, and then
giving their atom number within the MD package coordinate set. The dis-
tance reaction coordinate is then defined by, again, first stating that the type
is dist, assigning it a unique name rl, and then listing the points used to define
it. The set command, followed by the desired reaction coordinate name, is
then used to select that reaction coordinate for use in defining the free energy
that will be then be calculated. Lastly, the spline command sets the spline
method to be used, 0 for cubic B-spline or 1 for regular cubic spline.

As setup_fearcf reads each line of fearcf_input.dat, it calls the appropriate
define subroutine from the FEARCF class module. The define subroutines
all create objects of the classes defined in the defs module. When it reaches
the set commands it calls the fearcf_set subroutine (also from class and not
to be confused with ‘set” subroutines within defs) and records which reaction
coordinates the free energy volume will be in terms of. Once all the set
commands have be read, it then calculates how many dimensions the free
energy will be defined as.

setup_fearcf then calls the read_map subroutine from class that reads and
records the values from the .pmf input file, again using the io module to
assign a unique Fortran unit number. Finally, setup_fearcf calls set_traj from
the class module which uses the io module to give the trajectory output file a
unique Fortran unit number, as well as create the output file name ‘traj-i-j’
based on the sim variable.

During the main MD loop controlled by the MD software package the library
is compiled in, the FEARCF method is started by a call to the fearcf_calc
subroutine in the interface module. There is a unique fearcf_calc for each
possible MD software and the reason for this will be demonstrated below,
by comparing the implementation of the FEARCEF library in NWChem and
CHARMM.

All the fearcf_calc subroutines have, as input variables, a scalar for the total
atom number, and arrays for atomic coordinates, atomic forces, and atomic
masses. The fearcf_calc subroutine then calls three subroutines from the pre-
pare module, one for the masses, one for the coordinates, and one for the
forces. This is to get the mass, coordinate, and force data all into the same
form. There are three unique subroutines for each possible MD engine. The
reason for this is that the input arrays cannot assumed to be of a certain
shape and therefore has to be set ahead of time depending on whatever ar-
ray shape the MD software stores them in. If the FEARCF library was a
dynamic library, this issue might be avoidable since it would only be linked
at run time and therefore the array shapes in question could be retrieved.
As a static library, however, it needs to have every possibility defined be-
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fore being compiled, since this is before the arrays even exist. For example,
NWChem [131] has its coordinate arrays as either 3 x NV or N x 3 arrays (de-
pending which MD module is being used), where NN is the number of atoms.
In CHARMM ([130], the coordinates are in three individual N shape arrays
for the x, y and z components, the same being true for the forces. In ad-
dition to this, CHARMM stores its coordinate arrays in A and its forces in
kcal/mol/A, while NWChem stores all its units in Hartree atomic units e.g.
bohr ag for length and hartree Ej, for energy. The NWChem arrays therefore
need to be multiplied by a conversion factor, since the FEARCF code is writ-
ten in terms of the same units as CHARMM. The mass arrays do not need to
be converted because they are only used to calculate centre of mass, in which
the mass units cancel out.

Next, fearcf_calc calls the calc_crds subroutine from the class module, which
then proceeds to calculate the values of the chosen reaction coordinates by
calling the associated calc subroutine. In order to do this, it will in turn
call other calc subroutines for other classes and then retrieve the calculated
values. The end point of these calc calls should be the subroutine calc_point in
which the atomic coordinates for that particular atom are found and stored
in the appropriate point object. Once this is done and all variables have
values, calc_crds then calls the spline subroutine from the ndspline module.
spline calculates the derivative of the current free energy in terms of each
reaction coordinate, using the interpolation method the user selected. These
derivatives are then multiplied by a negative sign to transform them into
the desired biasing potential. Lastly, calc_crds writes the reaction coordinate
values, as well as the free energy value received from spline, to the output
trajectory file.

The subroutine calc_frcs is then called by fearcf_calc from the class module.
This subroutine calls the calc_f subroutine for each chosen reaction coordinate
class. This subroutine takes derivative in terms of the reaction coordinate
received from the spline subroutine and then calculates the partial derivative
of the reaction coordinate in terms of its children variables. These two partial
derivative terms are then combined and then stored in the associated objects
for the children variables. Then, the calc_f subroutine is called for the same
class as the children variables. This is repeated until the point_calc_f is called
for each atom, at which point all the partial derivatives should have been
combined and resulting in the correct derivative of the biasing potential in
terms of each atom. This derivative is then added to the force value derived
from the system potential that was retrieved from the MD software by the
prepare module.

Lastly, fearcf_calc calls the apply_forces subroutine from the prepare module.
This then takes the array that FEARCF had stored, reverses any unit con-
versations that was done, and then uses these values to repopulate the force
array imported from the MD software.
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5.4.3 Implementation in MD Software

A key feature of libraries is that they are easily imported into other pieces of
software, therefore, they need to be well designed so that the required changes
for importing software is as minimal as possible. To demonstrate how the
FEARCEF library fulfils this requirement, I will explain how the library has
been incorporated firstly into the CHARMM software package [130], and then
the NWChem software package [131]. For simplicity’s sake, I have given a
general description of how the FEARCF library is integrated into any MD
software in Figure 5.5. This figure shows how FEARCEF is integrated within
the MD integration loop, importing atomic coordinates, forces, and masses,
and then exporting biasing forces resulting from biasing potential.

Add forces,

update

bias forces
for atoms

r |

3 Current |

} atomic :

! coord. + |

| =T " FEARCF Library

3 : 3 Create |

| ‘ } graph |

: Prepare | |

| C:tlgz?ct ) FEARCF | Calculate |

: + RC " | RC values | |
forces ' i ‘

1 selection | ‘

| o Calculate |

| o bias force |

| - for RC |

| 3 1 Calculate |

Figure 5.5: Illustration of the required connections between the FEARCF
library and an associated MD package

CHARMM happens to have a set of subroutines which are expressly designed
for users to modify and insert their own subroutine calls. These are contained
within the usermod module that appears in the source file usersb.src. There
are several subroutines within this module that are called at different points
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within the main CHARMM program. For the FEARCF library, we have
chosen to utilise two subroutines: usersb and usere. The subroutine usersb
is able to be called by a user in a CHARMM input script by adding the
user command anywhere in the script. In the regular CHARMM release,
all this command does is output text confirming that usersb has been called
and nothing else. We have chosen to use this subroutine as the one in which
the setup_fearcf call is made. The reason for this is that it allows for the
user to decide whether they wish to run their MD simulation as a FEARCF
simulation or not, by choosing to include this user command. If the user
command does not appear in an input script, FEARCF will not be run.
The ‘sim’ input variable for setup_fearcf is retrieved as a shell environmental
variable which is set by a job script used to run CHARMM.

When setup_fearcf runs, it sets the fearcf_is_initialised logical variable as true.
This is important because in the second usermod subroutine that FEARCF
uses usere, it is used as an if statement condition to decide whether the
fearcf_calc subroutine should be called. The subroutine usere is normally
called as part of the CHARMM energy evaluation and its regular function
is to simply set the energy arrays as zero. For FEARCF it is used to access
the atomic coordinates and masses which have been populated by CHARMM
already, and then call the fearcf_calc subroutine. The atomic force arrays have
not been populated yet, but they have been allocated shapes and at no point
are they reset during the next MD step, so it is possible to use these arrays
to store the biasing forces which are then later added to the forces calculated
from the CHARMM force field.

NWChem unfortunately does not have this capacity. Therefore, the FEARCF
library calls need to be inserted in several points within the NWChem pro-
gram. The most difficult thing with NWChem is that it actually contains
two separate MD integration routines or ‘engines’. The first is referred to
simply as ‘NWMD’ while the second is referred to as ‘QMD’. Because of the
separate engines, separate fearcf_calc subroutines are required to be defined
due to the differing arrays shapes in each engine. In the ‘NWMD’ engine, the
coordinate and force arrays are of the shape N x 3, while in the ‘QMD’ these
arrays are of the shape 3 x N. In addition, NWChem is specifically designed
for parallelisation but the FEARCEF library is currently not. CPU node ID
flags are therefore used to ensure that only one CPU conducts the FEARCF
calculation. If this was not the case, multiple biasing forces would then be
added to the calculated atomic forces and convergence to a flat histogram
distribution would be impossible.

The ‘NWMD’ engine is the more outdated MD engine of NWChem. It is still
used for classical MD runs as well as QM /MM simulations, and therefore it
cannot be ignored. It is composed of several subroutines including: md_input,
md_main, and md_start. The FEARCF subroutine calls for setup_fearcf and
fearcf_calc occur within md_main. Difficulty comes in the fact that NWChem
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uses Global Arrays (GAs) [154], so subroutines are actually required to be
written for FEARCF to retrieve values stored in GAs and deposit them in
local arrays that FEARCF can manipulate. Another subroutine is also re-
quired to deposit the atomic forces back once the biasing forces have been
added. In order to make the usage of FEARCF easier, a ‘fearcf’ input flag
was also added the NWMD input block that is read from the NWChem input
file. If the ‘fearct’ command is included in the NWMD command block, then
NWChem will set the associated ‘fearct’ logical to True. This then leads to
the setup_fearcf subroutine being called before the default equilibration se-
quence. In this case, the sim variable is extracted from the actual file name
of the input file which should be of the form ‘moleculename-i-j’, where i and
j are the appropriate integers for sim. This is because the NWChem input
file is not a purely Fortran file like CHARMM, and therefore cannot retrieve
shell environmental variables. The fearcf_calc subroutine is called just after
the NWChem forces are calculated, during the main MD loop.

The ‘QMD’ engine is the more up-to-date MD engine and it actually provides
a simpler implementation for the FEARCF library. The main subroutine for
QMD is gmd_driver because that is the module that contains the actual MD
loop. The retrieval of the GAs are actually handled by the gmd_driver itself,
so no extra subroutines for FEARCF have to be written. Like NWMD, a
‘fearct” input flag was added to the QMD command block that features in
the NWChem input script so the user can control whether they want to
use FEARCF during a dynamics run or not. The setup_fearcf subroutine is
called after all the regular initialisation steps have been conducted. Similarly
to NWMD, the sim variable is extracted from the file name. The fearcf_calc
subroutine call is inserted after the first force calculation, which occurs outside
of the MD loop. fearcf_calc is called again after the NWChem force calculation
that features within the main MD loop.

We have now described the FEARCF method, given all the equations need to
perform all calculations, and described in detail how FEARCF has been incor-
porated into a software library. The implementation of the FEARCF library
into both CHARMM and NWChem has also be detailed in full. The following
three chapters will present results of free energy simulations to prove the suc-
cess of this library implementation, as well as demonstrate its improvements
over previous implementations of the FEARCF method.




Chapter 6

Application Case Study: Water
Dimer

The chapter presents classical and quantum multidimensional free energy
results for the water dimer system. This was only possible by the FEARCF
library being implemented in both the CHARMM and NWChem MD software

packages.

6.1 The Water Dimer

Water, while a simple molecule, exhibits a complex structure in both bulk
liquid and solid states. A key reason for this is the intermolecular hydrogen
bonds that form between water molecules. A single water molecule is able to
form up to four hydrogen bonds at once, a large number for a molecule of such
low molecular weight [31]. In ice, water forms a hexagonal crystal structure
by forming inter-molecular bonds with four of its neighbours. Two H-bonds
being formed with its oxygen as the acceptor, and two H-bonds being formed
with each of the hydrogens acting as donors. These numerous hydrogen bonds
are the reason for water’s high boiling point and greater density in the liquid
state when compared to the solid state. This is due to the hydrogen bonding
network being retained in the liquid form, but being able to be packed denser
than the hexagonal structure of the solid form due to the continual exchange
of hydrogen bonds [25]. Previously, van Thiel et al. [155] described three
potential configurations for a water dimer to form hydrogen bonds named:
Chain (C'), Cyclic (C,) and Bifurcated (B).

The TIP3P model [156] has been used as a standard for modelling water in
classical MD for many years and is the parameterisation basis for many atomic
force fields. It is a classical model which treats the oxygen and hydrogen
atoms as point charges. The model’s simplicity is remarkably affective for
modelling solute-solvent interactions with organic molecules. As a model
of bulk water itself, however, it is severally limited [157]. Attempts have
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been made to improve the TIP3P model, most notably the TIP4P [156] and
TIP5P [158] models which add additional point charges in an attempt to
more accurately model the non-classical electron charge distribution. These
models have been shown to have their own limitations, and have therefore not
replaced the TIP3P model [159]. In this work, I will present several TIP3P
free energy volumes (FEV) that will give an insight into TIP3P’s behaviour
and limitations as a model for bulk water, which will then be contrasted with
an ab initio water model.

6.2 Classical Results

Below are presented the free energy results of the classical TIP3P model.

6.2.1 Simulation Setup

All classical MD simulations are run in CHARMM 42b2 [130], using the
CHARMM force field [54], run at 300K in periodic boxes of size 12A each side,
with non-bonded interactions cut-off at 13A, the Velocity-Verlet integrator [7]
with a Nose-Hoover NVT ensemble thermostat [63] with 1 heat bath, a tau
value of 0.1ps and 10 sub-steps per time step. Each simulation is run with a
1fs time step, with no equilibrium steps, and a unique set of four seven-digit
random seed numbers for the initial random assignment of velocities.

6.2.2 1D-FEV-Distance

First, let’s consider one reaction coordinate, namely: the well-studied scalar
distance between the oxygen atoms for the water dimer system which is given
in Figure 6.1a. The graph that represents this reaction coordinate is then
given in Figure 6.1b. The oxygen atoms are represented as points with which
a distance r between the two waters is defined. This distance is the reaction

: o . . - 2
coordinate. The value of node r is simply given by r = \/ (a:%(O) - le(o)) .
The atomic biasing forces is computed through the addition of the derivative
in terms of r and the unit vector 7. This is given in equation (6.1).

Fr = —a—f’
r
Fw, = F, (6.1)
FWQ == _,Y'

The 1D classical water dimer FEARCEF simulation is run for 50ps each iter-
ation, with 128 simultaneous simulations in each iteration, each simulation
run with a single core. Histograms for the reaction coordinate r comprised
41 bins over range of [0.5,10] A.
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The sampling along ¢ = r during the first FEARCF iteration, where the
biasing potential = 0, is centered around 3 A with the ratio of highest to
lowest sampling being 19.3:1 (Figure 6.1c). After the 15th FEARCEF iteration
(Figure 6.1e), the sampling along r converges toward a flat histogram with
a high-to-low sampling ratio of 2.5:1. The minimum free energy is found at
r=2.9 A. Considering that the covalent bond length between the oxygen and
the hydrogen in the TIP3P model is 0.9572 A, the minimum well is presumed
to be aAcombination hydrogen bond configurations with an average length
1.9428 A.
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Figure 6.1: 1D classical water dimer FEARCF simulation a) 1D RC definition
b) FEARCF RC graph representation ¢) Histogram showing sampling of 1st
iteration d) FE surface of 1st iteration e) Histogram showing sampling of 15th
iteration f) FE surface of 15th iteration.

The magnitude of the free energy well at -1.88 kcal/mol does agree with the
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hydrogen bond strength being between that of van der Waals forces and cova-
lent /ionic bonds [160]. However, this one dimensional FEV gives us no insight
into the actual orientational preference of water dimer hydrogen bonds.

6.2.3 2D-FEV-Distance and Angle

Next, we show another common setup for investigating water dimer interac-
tions, where two reaction coordinates (Figure 6.2a) include a distance (be-
tween the centre of mass of each water molecule) and an angle (between the
two dipole moments of each water molecule). An illustration of the graphing
construct for these reaction coordinates is given in Figure 6.2b. Since the
distance is now between centres of masses, all of the atoms in the system are
required to be represented as points. The oxygen atom and two hydrogens
of each water is needed to define the centre of mass W,. The first reaction
coordinate is the scalar distance & = r between the centres of mass. The sec-
ond reaction coordinate requires a definition of the dipole moment vector b;
for each water molecule. This is done by simply defining a vector that points
from the oxygen atom to the centre of mass for each water molecule. While
these are not the true dipole moment vectors, they are actually parallel to
them. This then allows us to get the correct value for our second reaction
coordinate, the angle ¢.

To translate the data flow via edges shown in Figure 6.2b, r = \/ (Zw, — Zw, )Qand
¢ = arccos (51 . 52/ ‘51 . l;g|) are needed for the £ nodes. In the case of the atomic

biasing forces, a similar approach for r as in Equation (6.1) is used. However,
for ¢, the forces for the nodes are given in Equation (6.2).
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For the atom nodes used to define the centre of masses, forces are simply
weighted according to their atomic masses. The 2D classical water dimer
FEARCF simulation is run for 50ps each iteration, with 128 simultaneous
simulations in each iteration, and each simulation run with a single core.
Histogram dimension for reaction coordinate r comprised 41 divisions over
range of [0.5,10] A, while the histogram dimension for reaction coordinate ¢
comprised 21 divisions, over a range of [-90,90] degrees. The sampling for
both r and ¢ (Figure 6.2c) for the first FEARCF iteration, that has a zero
biasing potential, has as high-to-low ratio for (§ = r;& = ¢) of (8:1; 28:1),
while after the convergence toward a flat histogram in 12 iterations (Figure
6.2¢), the ratio is (1.14:1; 26:1).

While the same minimum energy distance is observed in Figure 6.2f as in the
1D case (Figure 6.1f), now the preference of the dipoles to orient themselves
between 40° and 120° is made clear. A preference for orthogonal configura-
tions hints at preferred hydrogen bonding configurations. Orthogonal dipole
orientations more closely resemble linear chain compared with bifurcated hy-
drogen bonding. However, there is no single minima for the ¢ angle. This
is consistent with an understanding that ¢ cannot distinguish between an
orientation where the hydrogen bonding is donated from one water giving
a bifurcated configuration, or when the waters are laying parallel alongside
each other. As we have previously noted, dipole interactions are typically
described by two degrees of freedom i.e. the separation of the centres and
the angle between them. This is a sparse description and contains not much
more information than just the one dimensional free energy W (r).
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Figure 6.2: 2D classical water dimer FEARCF simulation a) 2D RC defini-
tions b) FEARCF RC graph representation ¢) Histogram showing sampling
of 1st iteration d) FE surface of 1st iteration with contours at 1/2 kgT inter-
vals e) Histogram showing sampling of 12th iteration f) FE surface of 12th
iteration with contours at 1/2 kg7 intervals.

6.2.4 4D-FEV-Distance, Angles and Dihedral

Previous work showed that four reaction coordinates were a useful description
for the water dimer system (reduced from a full description of six reaction
coordinates), leading to the 4D W(r,0;,0s,¢) [18]. Here the reaction coor-
dinates are the distance between the centres of masses (r), the molecular
vector angles (6; and 6,), and their relative dihedral orientation (¢) as shown
in Figure 6.3a. It is similar to the 2D system with the same definition for 7,
however, ¢ is now a dihedral angle. In addition, we have defined angles be-
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tween the dipole moment vectors b; and the vector version 7 of our previously
defined distance r. A graph that best represents these reaction coordinates is
illustrated in Figure 6.3b. Again, we need to define all the atoms in our sys-
tem as points and then define the centre of masses m for each water molecule.
With this alone, we can define our scalar distance reaction coordinate r as
well as its vector 7 alternative. We then define the vectors parallel with the
dipole moment vectors b;, which we then use to define the dihedral angle ¢
between them. This is possible because along with 7, they form two planes.
In addition, we define two angles, 6, and 65, which are the angles between
the dipole moment vectors b; and 7.

The value for the node r in Figure 6.3b is the same as for the 2D case while

for the other reaction coordinates #; = arccos %, 0y = arccos |It:j§_1;| and ¢ =
arccos % For ¢, m = by x 7 and 7 = by x 7 are the normal to planes defined
by each water molecule’s dipole moment. The atomic biasing forces resulting
from r, 6; and 0 are much the same for the 1D and 2D cases, however, for
the dihedral angle ¢, Equation (6.3) gives the forces sent via edges to the

point nodes used to define the vector nodes 7, by, and bs.

T

B, avv| 7

= = |

t06 ) (6.3)
B, Fob\ - Foby\ = '
FW1(O) ——F{/V1 +( r21)FW1 +( 22)FW2

The 4D classical water dimer FEARCF simulation is run for 50ps each itera-
tion, with 128 simultaneous simulations in each iteration, and each simulation
run with a single core. Histogram dimension for reaction coordinate r com-
prised 41 divisions over a range of [0.5,10] A, with the histogram dimensions
for reactions coordinates #; and 6, being 21 divisions over a range of [-90,90]
degrees each, and the histogram dimension for reaction coordinate ¢ com-
prised of 21 divisions, over a range of [0,180] degrees. The sampling for all
&r in the first FEARCEF iteration (Figure 6.3c) with no biasing forces has
(& = 1€ = 01;€3 = 02;€4 = ¢) with a high-to-low ratio for the distance of
(57.4:1) while after the 15th FEARCF iteration (Figure 6.3e) approximate
convergence was reached with high-to-low ratios of (1.8:1).

The preference for ¢ = 180° and 6, = 52°/128° is due to 52° being half of
the TIP3P parameter angle [156] formed between the two hydrogen-oxygen
covalent bonds. At #; = 52°, one of the hydrogen atoms of the first water is
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Figure 6.3: 4D classical water dimer FEARCF simulation a) 4D RCdefinitions
b) FEARCF RC graph representation ¢) Histograms showing sampling of
Ist iteration d) 2D Boltzmann averaged FE surfaces for 1st iteration with
contours at 1/4 kgT intervals e) Histograms showing sampling of 5th iteration
f) 2D Boltzmann averaged FE surfaces for 5th iteration with contours at 1/2

kgT intervals.

now in line with the vector 7 and facing the oxygen of the second water, while
one of the hydrogens of the second water is also in line with 7 but facing away
from the other oxygen. Lastly, ¢ = 180° indicates that the second hydrogen
of each water molecule orients itself away from each other due to electrostatic

repulsion.
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The above results for the classical TIP3P are consistent with its parametisa-
tion but we now consider but the above results might look using an ab initio
model of water.

6.3 QM Results

Below are presented free energy results using an ab initio model of water and
DFT methods.

6.3.1 Simulation Setup

All ab initio water dimer simulations were run in NWCHEM version 7.0.2
[131] using the QMD Gaussian basis-set [73] module with 10ps per iteration,
30 simultaneous simulations, and eight cores for each simulation. The aug-
cc-pVDZ basis set and the X3LYP exchange-correlation functional were used
as inputs for DFT. This is following Plumley and Dannenberg [161] reporting
that the aug-cc-pVDZ basis set and the X3LYP exchange-correlation func-
tional reproduced similar binding energies to functionals with larger number
of terms (like aug-cc-pVTZ) but without CP-corrections. In addition, they
found that the bond distances for O-H and O-O were better modelled unlike
some small functionals that over or underestimate the bond length. The wa-
ter molecules were kept in proximity by utilising a cubic cavity of 12 A that
applies a spring potential to any atom that moves outside the cavity, with a
spring constant of 1.23 N/m. This spring constant was calculated to ensure
that a water molecule would not move more than 2 A outside the cavity. The
reduced iteration time is because of limitations in the memory management
of NWChem for long dynamic runs.

6.3.2 1D-FEV-Distance

The 1D water dimer reaction coordinate was defined in the same manner as in
the classical case. The results of a 30 iteration FEARCF simulation are given
in Figure 6.4 with the initial sampling high-to-low ratio of & = r being 59:1
(Figure 6.4a) while the final ratio is 2:1 (Figure 6.4c). The most important
thing to note is the difference in minimum energy between the classical model
and the QM model. Figure 6.1f shows the classical model having a minimum
bonding energy of -1.88 kcal /mol while Figure 6.4d shows the ab initio water
having a minimum bonding energy of -3.92 kcal /mol. The QM result is closer
to the experimental value reported by Rocher-Casterline et. al. [162] which
gave a value of the dissociation energy of -3.15+0.03 kcal/mol. It is also
interesting to note that both Figure 6.1f and 6.2f show a secondary energy
minimum at around 8 A which is not present in Figure 6.4d. This is possibly
due to the effects of periodic boundary conditions which are not present in
the QM case.
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Another noticeable difference between the classical and the QM models is
the location of the minimum energy. In the classical model (Figure 6.1f) the
minimum energy is at r=2.78A while the QM model has r=2.97A. While the
TIP3P model uses the Leonard-Jones potential to model the repulsive effect
of the Pauli exclusion principle [156], DFT more accurately calculates the
effect of electron orbital overlaps. The minimum contact distance for DFT
2.51A is, however, slightly lower than the one from TIP3P 2.56A.
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Figure 6.4: a) 1D RC definition for 1D water dimer system b) 1D water dimer
RC graph representation ¢) Histogram showing sampling of 1st iteration d)
FE surface of 1st iteration e) Histogram showing sampling of 30th iteration
f) FE surface of 30th iteration

6.3.3 2D-FEV-Distance and Angle

The 2D water dimer reaction coordinates were defined in the same man-
ner as in the classical case. The initial high-to-low sampling ratio in the
first FEARCEF iteration for the variables (& = 7,& = ¢) was (30.4:1,33.8:1)
(Figure 6.5a) while the final sampling ratio in the 30th FEARCF iteration
is (1.8:1,23.5:1) (Figure 6.5d). Observing the final surface in Figure 6.5d
we see there is a large minima from ¢ = (66°,128°) and r=(2.97A,3.21A)
which is noticeably different from the range shown in Figure 6.2f which was
¢ = (40°,120°) and r=(2.94A,3.2A). Figure 6.5d is also noticeably asymmet-
ric with a much stronger potential wall for ¢ < 90. This could possibly be
caused by a difference in repulsive mechanism when the dipoles are aligned
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versus when they are not, which is not modelled by the TIP3P model. If
the dipoles are aligned, the waters are either in a bifurcated bonding mode
or stacked hydrogen-to-hydrogen and oxygen-to-oxygen. If the dipoles are
anti-aligned, the waters either have the oxygens facing each other with hy-
drogens far apart or stacked with hydrogen-to-oxygen. The potential overlap
of hydrogen molecular orbitals may be more intense than the 1/r!? term in
the Leonard-Jones portion of the CHARMM force field allows, or the partial
charges of TIP3P do not create the electrostatic repulsion at the close contact
that is given by DFT and its set nuclear charges.
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Figure 6.5: a) 2D RC definition for 2D water dimer system b) 2D water
dimer RC graph representation c¢) Histogram showing sampling of 1st iter-
ation d) FE surface of 1st iteration with contours at 1/2 kgT intervals e)
Histogram showing sampling of 30th iteration f) FE surface of 30th iteration
with contours at 1/2 kgT intervals

6.3.4 4D-FEV-Distance, Angles and Dihedral

The 4D water dimer reaction coordinates were defined in the same man-
ner as in the classical case. The initial high-to-low sampling ratio in the
first FEARCF iteration (Figure 6.6a) for (& = r,& = 01,83 = 02,84 = ¢) was
(240:1,26:1,30.7:1,4.3:1), while the sampling ration in the 40th FEARCF it-
eration (Figure 6.6¢) was (2.1:1,16.7:1,16.6:1,2.5:1). The separation between
the 2 minimum energy wells in Figure 6.3f is considerably greater than the
separation shown in Figure 6.6d, indicating that the exchange of hydrogen
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bonds is much easier in the ab initio model than the classical model.
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Figure 6.6: a) 4D RC definition for 4D water dimer system b) 4D water dimer
RC graph representation ¢) Histograms showing sampling of 1st iteration d)
2D Boltzmann averaged FE surfaces for 1st iteration with contours at 1/4 kgT'
intervals e) Histograms showing sampling of 40th iteration f) 2D Boltzmann
averaged FE surfaces for 40th iteration with contours at 1/4 kT intervals.

6.3.5 3D-FEV Minimum energy path

The three potential configurations for a water dimer to form hydrogen bonds,
Chain (C), Cyclic (C,), and Bifurcated (B), are illustrated in Figure 6.7b.
There is a minima well observed in the 4D ab initio water dimer FEV that
comprises of two configuration types: C' and C,. Since the system is sym-
metrical, two equivalent Chain configurations are seen; C; (r = 2.96A, 0, =
65.53°, 65 = 118.33°) and Cy; (r = 2.90A, 6, = 122.61°, 6, = 66.23°), with Cy
(r = 2.90A, 0, = 81.87°, 6, = 84.50° ) midway between the two. While the
r minima value agrees with the classical value, the 6; and ; minima values
do not. This is due to the decreased rigidity of the ab initio model allowing
for the water molecule to deform when strongly hydrogen bonded and there
is electron density sharing between the hydrogen donor and the oxygen ac-
ceptor atoms. Overlaid in Figure 6.7a are electron density contour plots of
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Cr, Crr, Cy, Br, and By;. The closest contours are of density 0.03 au, where
it is apparent that there is sharing of electrons in the chain cases, C; and
C'rr, that does not occur for Cy, By, or Br;. This implies that the hydrogen
bonds formed at C; and Cj; are not purely electrostatic in nature, but also
involve deformation of the electron clouds of the hydrogen bond donor and
acceptor (Figure 6.7b and Table 6.1). While the C' and C,, configurations are
located in the kT minima well, the B configurations are just outside of the
6kpT broad envelop of hydrogen bonded configurations. The geometric and
electronic values for the hydrogen bonding configurations derived from the
FEV and subsequent electronic analysis are summarised in Table 6.1.

Table 6.1: Differences in hydrogen bond length, electron density and free
energy for the three types of water dimer configurations.

HB Conﬁguration‘r(A) 0:1(°)  602(°)  ¢(°) Ruy)-—owmy(A) plau) AG(kcal/mol)

C 296 65.6 1183 183.1 1.94 0.022 -3.92
Cy 29 819 845 180.6 2.28 0.010 -3.79
B 27 1724 79 - 2.27 0.006 9.67

The 4D free energy hyper-surfaces (Figure 6.7a) provided clues to hydrogen
bonding configurations of the water dimer, as well as the shape of the ensemble
of configurations. Now we attempt to uncover the mechanisms of the dimer
association within the hydrogen bond minima well, and the pathway from
hydrogen bonding to dimer dissociation through a projection of trajectories
onto a 2D FEV (Figure 6.8a). In the case of association, a trajectory that
traverses within the 3kg7T minima FE surface well appears to librate about
the chain type configurations, which is shown in the left panel of Figure
6.8a. It does this by passing through a cyclic configuration in-between the
two low energy chain configurations. The local minima labelled C; (Figure
6.7a) is defined by a hydrogen bond between W1(H2) and W2(O), with an
overlap of the electron density highlighting the covalent nature of hydrogen
bonds. Another local minima labelled C;, where W2(H2) is the hydrogen
bond donor and W1(O) the acceptor, is the symmetric equivalent of C7. In
between these two states is a pseudo transition state labelled as C,, where
the two molecules are straddled alongside each other, no longer share electron
clouds, and where both molecules are hydrogen bond donors and acceptors.
It is a is a mid-point between C; and C/;.
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Chain(C) Cyclic(Cy) Bifurcated(B)

(b)

Figure 6.7: a) 3D FEV for 30th FEARCF iteration with iso-surfaces and
contours, along with overlaid electron density contours at Chain, Cyclic, and
Bifurcated configurations b) molecular orbital plot of 3a; for proton donor and
1b; for proton acceptor at 0.03 au for the 3 hydrogen bonding configurations
with positive density in red and negative density in blue along with illustration
of each configuration.

6.3.6 Dipole Autocorrelation Function and Time Series

The nature and extent of the water association can also be measured through
the dipole-dipole correlation function [163] given by @ (t) =< D (0)- D (t) >,
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where D(t) is the total dipole moment of both water molecules at time t (left
panel of Figure 6.8b). To fit the Q(t) decay, two exponentials of the form
e~(trz)/m 4 e=(t+22)/72 were used. From this, the relaxation times and fitting
parameters 7p = 75.7+ 1.2,75 = 798.2 £ 6.4,21 = 36.93 £ 0.87,25 = 729 + 11) were
calculated. The two exponential terms needed for the fit implies that within
the association well there are two processes at play. The relaxation time is
a measure of how fast a particular quantity is becoming uncorrelated [164].
Trajectories from the association well were analysed to unpack the two events
(left panel Figure 6.8c). The faster relaxation time 7y is due to the librational
motion of both dipoles within the minima well about the angles of C; (6 =
65.53°, 0 = 118.33°) and Cp; (6 = 122.61°, Oy = 66.23°). This observation
for an isolated water dimer is consistent with the well-known phenomenon
of water molecule libration in bulk liquid indicating that water libration in
hydrogen bonding configurations is an innate molecular property rather than
a condensed phase induced phenomenon [165]. The slower relaxation time
75 is due to the periodic migration from one minima well C;/C}y to another
C11/Cy, via the transition configuration Cy (Table 6.1).

Turning our attention to the process of hydrogen bond dissociation (right
panel Figure 6.8a), we investigate trajectories to understand if there is a sys-
tematic molecular process of the hydrogen bond between the waters breaking
as they drift apart. After passing the energy barrier of 6kgT'= 3.55kcal/mol,
the water molecules remain more than 5A apart, are longer hydrogen bonded,
and do not have an enthalpic means to re-establish a hydrogen bond. The

time correlation function can be fitted to a single exponential function (right
panel Figure 6.8b) of the form e_(t:m), where 7 is the relaxation time that

required values of (7 =127.0 + 1,2 = 5.63 £ 0.77). Analysing the dissociation
trajectories, two of which are projected onto the free energy surface (right
panel in Figure 6.8a), shows that the exit out of the 6kgT hydrogen bond
zone is made via a bifurcated hydrogen bonding configuration. A closer look
at this through an examination of the time series of the # reaction coordi-
nates (right panel Figure 6.8¢) confirms that the gateway out of the hydrogen
bond zone of r > 4A is through the By and By, configurations (red and black
trajectories on right panel Figure 6.8a).
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Figure 6.8: a) Examples of three water dimer MD trajectories that either
remain associated or become disassociated b) averaged dipole-dipole auto-
correlation plots of 16 similar trajectories for each case ¢) Time series for the
0 and r RC values

We have presented results from both classical and quantum models of the
water dimer, demonstrating the successful implementation of the FEARCF
library into multiple MD software packages. In addition, we have shown the
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success of using a multidimensional approach to free energy as opposed to
a simple one dimensional approach. The next chapter will be dedicated to
demonstrating the advantages of the OOP design of the FEARCEF library.
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Chapter 7

Application Case Study:
Glucose Pucker

This chapter presents free energy results for ring puckering glucose. This is
used to ensure equivalence with the previous implementation of ring puckering
in CHARMM by Barnett [166], but in a more efficient manner provided by
the OOP design of the FEARCF library.

7.1 The Glucose Sugar Ring and Puckering

Glucose is an important building block for many complex carbohydrates in
organic organisms and one of its most important features is its high solu-
bility in water [167]. It is known that the puckering of the glucose carbon
ring is a key component in the mechanisms of certain enzymatic reactions
involving glucose, but previous work as also suggested it has a role to play in
glucoses solubility namely, due to the ability to mimic the tetrahedral struc-
ture of liquid water [166]. There are 38 canonical pucker conformers that a
pyranose carbon ring like glucose may adopt consisting of various chair (C),
half-chair (H), boat (B), skew (S), and envelope (E) shapes. Ounly a few are
these conformers are stable [168]. We therefore will use our FEV analysis
to understand which pucker configurations are most favoured for a classical
glucose model in vacuum.

7.2 Classical Results

Below is presented the results generated using a classical model in glucose

using the CHARMM force field.

99



100 T. Bruce-Chwatt

7.2.1 Simulation Setup

All classical MD simulations are run in CHARMM 42b2 [130] with the CHARMM
force field [54], run at 300K in a periodic box of size 14A each side, with non-
bonded interactions cut-off at 13A, the Velocity-Verlet integrator [7] with a
Nose-Hoover NVT ensemble thermostat [63] with 1 heat bath, a tau value of
0.1ps and 10 sub-steps per time step. Each simulation is run with a 1fs time
step, with no equilibrium steps and a unique set of four seven-digit random
seed numbers.

7.2.2 3D-FEV Ring Puckering

Figure 7.1a shows the triangular tessellation definition of the first pucker
angle for a glucose ring [153]. Each angle 6; is defined as /2 minus the
angle between the normal of the reference plane 7, and a vector ¢; in the
side plane that is also perpendicular to the line of intersection a; between the
central reference plane and the side plane. Figure 7.1b simplicity shows, for
simplicity, the graph for just one pucker angle and the value of the 6; is given
by 0; = § — arccos gt

|g;-n]

Figure 7.1: Classical model of -D-glucose a) definition of glucose ring pucker
angle 0; b) 3D glucose ring pucker RC graph representation for #; c) pucker
conformations plotted onto a globe defined by the three pucker angles defined
by a six membered ring like glucose

The edges from the #; node in Figure 7.1b give forces in terms of 7 and ¢;,
with the expression of these forms and the resultant force terms for each node,
given in Equation (7.1). Note that the final atomic force terms all sum to
zero, ensuring conservation of momentum for the system as a whole.
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The 3D classical glucose FEARCEF simulation is run for 50ps each iteration,
with 128 simultaneous simulations in each iteration, each simulation run with
a single core. Histogram dimension each for reaction coordinate 6; is com-
prised of 41 divisions, over range of [90,90] degrees for each pucker angle.

Figure 7.2a shows that during the 1st FEARCF iteration, where there is
no biasing potential, the glucose molecule stays exclusively in the *C} con-
formation which indicates that is a minimum energy conformation. This is
confirmed when looking at the FEV in Figure 7.2b, where the only visible
minima is at 4C;. All other conformers are at much higher energies. This
is consistent with the fact that chair conformers are known to be the most
stable pucker conformers for cyclohexane. The question remains, however,
why the other chair conformation 'Cj is not being sampled.

Figure 7.2c shows the change in the conformational sampling during the 2nd
FEARCEF iteration, where now *C} is not the only conformer being sam-
pled, but the 1S3 conformer is now being sampled as well. This shows that
FEARCEF is applying its biasing potential by clearly forcing the system to
sample conformers that are not the global minima. Looking at the updated
FEV in Figure 7.2d, we can now see that the iso-surfaces have been ex-
panded, and now include a 8 kcal/mol that also appears around !.S3, which is
still higher than 4C;. This evolution of the FEV from which FEARCF derives
its biasing potential ensures that sampling will continue to move away from
these volumes of lower energy, because they will be inversely be treated as
volumes of higher energy according to the biasing potential.

Skipping ahead to 30 iterations, Figure 7.2e shows flat histogram sampling
for all pucker conformations with a ratio of least sample to most sampled
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Figure 7.2: Result for glucose ring puckering a) Histogram showing canonical
pucker conformation sampling of 1st iteration b) FE surface of 1st iteration
with iso-surfaces at 1 and 4 kcal/mol ¢) Histogram showing canonical pucker
conformation sampling of 2nd iteration d) FE surface of 2nd iteration with
iso-surfaces at 1, 4, and 8 kcal/mol e) Histogram showing canonical pucker
conformations sampling of 30th iteration f) FE surface of 30th iteration with

iso-surfaces at 1,4,8,12,16, and 20 kcal /mol.

being 1:6.5. What this means is that the net potential acting on the system,
a result of combining the CHARMM atomic force field and the numerical
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biasing force from FEARCEF, is approximately equal at all points in free energy
space. Looking at Figure 7.2f, we can identify the lowest non-chair conformer
at 2Sg with a free energy value of 5.9 kcal /mol, however, the global minima
remains at #C. The next lowest energy state is B g at 7.8 kcal/mol, followed
by 1S53(7.9 kcal/mol), and °S; (8 kcal/mol). We can actually see that 'Cy
has a free energy value approximately 9.4 kcal/mol greater than 4C;. To
understand this difference, we can examine the structure of the two chair
conformers. For 4Cy in Figure 7.4, the hydroxyl groups are all roughly level
with each other, parallel with the ring, and pointing outwards. For the 'Cj in
Figure 7.4, they are forced to become perpendicular to the ring and therefore
closer together, creating greater electrostatic repulsion.

Figure 7.3: Classical glucose 3D FEV with calculated MEP with highlighted
pucker conformations along the path.

We can then consider the minimum energy path (MEP) between the two
chairs conformers. This is given in Figure 7.3, where the MEP is plotted
on top of the 3D FEV. In Figure 7.4, the MEP is then plotted as a 1D
plot of free energy versus distance from the 4C; conformer in phase space.
The MEP was calculated using simple gradient descent, specifically Forward
Euler Integration, to find local minima. Previous work has indicated E3 as an
important transition state from *C} for glucose from during some enzymatic
reactions [166], so it was chosen as the initial starting point for the gradient
descent. Two gradient descents were then formed, one towards *C', and one
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in the opposite direction. The latter gradient descent terminated at the 2Sg
pucker conformation. Again using previous work [166], ®E was chosen as the
transition state from 'Cy and the same gradient descents performed for Fs,
with the first gradient descent terminating at 'Cy and the second terminating
at 256-

o = =
N & o

=
o

AG (kcal/mol)
0

0@ |
4c, Es 2g, 5 ic,

Figure 7.4: 1D plot of classical glucose calculated MEP with highlighted
pucker conformations.

Now we have discovered 2Sg as a midpoint in the transition from 4C; to 1C}.
We then look at its relative free energy and see that it is lower than 'Cy and
can again ask why this is. Looking at Figure 7.4 we can see that most of the
hydroxyl groups are in line with the ring like in 4C;. The exception to this
is the hydroxyl bonded to the C6 carbon, which is now perpendicular to the
ring. We can understand this progression more if we look at the transition
states F3 and °E. Figure 7.4 shows the progression of the C6 hydroxyl to
its perpendicular orientation in 2Sg, while Figure 7.4 shows the subsequent
rotation of the C1 and C3 associated hydroxyls.

Simply considering the orientation of the side-groups is not necessarily suffi-
cient, however, and we therefore need to study changes in the atoms in the
pyranose ring itself. In order to do this we need to determine the electronic
structure of the bonds of the ring, which is not possible using classical theory.
An ab initio ring puckering system is presented in the next chapter.

An important distinction between the work presented above and the previ-
ous work with ring pucker in FEARCF presented by Barnett [166], is that
Barnett took his method of calculating the pucker angles, and resultant force
equations, from work by Hill and Reilly [153]. He then implemented them in
the FEARCF implementation in CHARMM. The limitation of the RXNCOR
module as model for defining reactions coordinates with graphs became ap-
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parent when Barnett was forced to write Fortran ‘case’ statements for each
possible ring dimension from one to seven. This is due to the array struc-
ture of the ‘ASCEND’ and ‘DESCEND’ subroutines which require different
‘case’ statements to reference properly. This is not the case due to the OOP
structure of the FEARCF library, and therefore the pucker angle and sub-
sequent force calculations for any ring pucker dimensional case are possible
with a combination of the existing vector, angle, and point subroutines within
the FEARCF class. To ensure that the new OOP approach and the previ-
ous approach by Barnett were equivalent, the above free energy simulations
for glucose were repeated with the previous implementation of FEARCEF in
CHARMM and the results were identical.

In this chapter we have shown the capability of the FEARCEF library’s OOP
design to improve upon the previous graph-based reaction coordinates mod-
ule in CHARMM, by simplifying the coding required to implement the tri-
angular tessellation ring pucker angles as useable reaction coordinates within
FEARCEF. The next chapter will further show FEARCEFE’s ability to perform
free energy calculations at alternate levels of theory, as well as produce useful
results in the context of enzyme catalysis.
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Chapter 8

Application Case Study: OGT
Reaction and Pucker

This chapter presents results of free energy from a QM /MM simulation of the
OGT-GlIcNAc enzyme-substrate complex, to demonstrate that FEARCF can
produce free energy of this reaction system utilising this theory.

8.1 The OGT Enzyme

O-linked B-N-acetylglucosamine transferase (OGT) is an enzyme that is in-
volved in cell signalling and recognition in mammalian cells [169]. The pri-
mary function of OGT is the post-translational modification of proteins by the
addition of the sugar amide N-Acetylglucosamine (GIcNAc) to either serine
or threonine residues via a glycosidic bond with their hydroxyl group [170].
This occurs within the cytoplasm, the nucleus, and the mitochondria. OGT
is paired with another enzyme, N-acetyl-d-glucosaminidase (OGA), which re-
verses the effect of OGT by removing GlcNAc from the peptide residue it is
bonded to [171]. The source of GleNAc for OGT is uridine-diphosphate-N-
acetylglucosamine (UDP-GlecNAc) which is the primary product of the hex-
osamine biosynthetic pathway. The transfer of GIcNAc from UDP-GlcNAc
to the peptide is thought to occur via an ordered sequential bi-bi mechanism
reaction, where the HSD498residue of OGT acts as a catalytic base, and
LYS848 weakens the GIcNAc-UDP bond [172]. This reaction has been previ-
ously studied using FEARCF simulations and this proposed mechanism has
been analysed using a combination of FEVs and MEPs. During this analysis,
it was found that GlcNAc adopts an E3 pucker conformation before it pro-
ceeds to the reaction transition state [173]. This is a potential aspect of OGT’s
catalytic mechanism that has not been well studied before and warrants fur-
ther investigation. This chapter is focused on using FEARCF simulations to
provide information about OGT’s affect on GlcNAc ring pucker by comparing
it to GlcNAc puckering in vacuum.
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OGT has be shown to be involved in the development of insulin resistance
and therefore associated with Diabetes [174]. More recently it has also been
shown to possibly play a key role in cancer and tumour development. This
is speculated to be due to differential gene expression but the underlying
mechanism is still not fully understood [175]. The design and development of
inhibitors for OGT are therefore important tools for further studying OGT’s
role in cancer, as well as possibly being potential drug candidates. In order
to design these inhibitors, however, OGT’s catalytic mechanism needs to be
fully understood and therefore a study on the potential affect of OGT on
GlcNAC’s ring pucker is essential.

8.2 QM/MM results

8.2.1 Simulation Setup

The FEARCF simulation of the GlcNAc ring pucker in the OGT enzyme, as
well as in vacuum, was carried out using the Quantum Supercharger Library
[176] [177] accelerating GAMESS-UK [178] and the CHARMM QM /MM rou-
tines [130].The dynamics simulations were run for 15 ps each, with a time step
of 1fs at 300 K using the Leapfrog integrator [57]. All iterations were pre-
ceded by a 2 ps equilibrium step that did not include the biasing potential.
Eight V100 GPUs were used in parallel to run one simulation each, with 15
total iterations for the enzyme and 25 iterations for the vacuum. The initial
coordinates were chosen to be near the 4C; conformer. Histogram dimen-
sions for each reaction coordinate were comprised of 41 divisions, over range
of [-90,90] degrees, for each pucker angle.

8.2.2 GIlcNAc in Vacuum

For GlcNAc, we have an identical definition for the ring pucker as was defined
for glucose in Chapter 7 since they are both pyranose rings. Therefore Figure
8.1a is the same as Figure 7.1a with the exception of the amide group on the
second carbon. This difference in side groups does not change anything in
our constructed graph shown in Figure 8.1b, because none of these atoms are
used to calculate the pucker angles.

Looking at Figure 8.2a we note, as with glucose, a very strong preference for
the 4C} conformer. This is also reflected in the FEV in Figure 8.2b. After
the sixth iteration, Figure 8.2c shows that we now have sampling at the Ej3
conformer and this is shown in the FEV in Figure 8.2d. The 8 kcal/mol
green isosurface now reaches F3. We then allow it to run for several more
iterations until the 25th iteration whose sampling is shown in Figure 8.2e.
The sampling is not flat, however, we are not interested in sampling the
whole reaction space, only the space between 4C; and E3. Time and resource
constraints also prevented further iterations.
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Figure 8.1: a) Definition of GlcNAc ring pucker angle #; b) 3D GlcNAc ring
pucker RC graph representation for 6;.
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Figure 8.2: Result for GleNAc ring puckering in vacuum a) Histogram show-
ing canonical pucker conformation sampling of 1st iteration b) FE surface
of 1st iteration with iso-surfaces at 1 and 4 kcal/mol ¢) Histogram showing
canonical pucker conformations sampling of 6th iteration d) FE surface of
6th iteration with iso-surfaces at 1,4, and 8 kcal/mol e) Histogram showing
canonical pucker conformations sampling of 25th iteration f) FE surface of
25th iteration with iso-surfaces at 1,4,8,12, and 16 kcal/mol.
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8.2.3 GIcNAc in OGT

Looking at Fig 8.3a, as with the vacuum, we see a very strong preference
for the *C} conformer. This is also reflected in the FEV in Fig 8.3b. After
the eighth iteration, Fig 8.3c shows that we now have sampling at the Ej3
conformer and this is shown in the FEV in Fig 8.3d. We then allow it to run
for several more iterations until the 15th iteration whose sampling is shown
in Fig 8.3e. Again, the sampling is not flat, but we are still not interested in
sampling the whole reaction space, only the space between 4C; and Ej.
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Figure 8.3: Result for GIcNAc ring puckering in OGT a) Histogram showing
canonical pucker conformation sampling of 1st iteration b) FE surface of
Ist iteration with iso-surfaces at 1 and 4 kcal/mol ¢) Histogram showing
canonical pucker conformations sampling of 8th iteration d) FE surface of
8th iteration with iso-surfaces at 1,4, and 8 kcal/mol e) Histogram showing
canonical pucker conformations sampling of 15th iteration f) FE surface of
15th iteration with iso-surfaces at 1,4,8,12,16, and 20 kcal /mol.

8.2.4 Comparison

We can now take the FEVs that we have generated for GlcNAc, both in
vacuum and inside OGT, and compare them. The way we will do this is by
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plotting a MEP from 4C; to E3 on each FEV given in Fig 8.4a, and then
compare the free energy values along this path. The calculation of the MEPs
is done using gradient descent. The MEPs are then plotted as a function of
distance from the 4C; conformer versus free energy. This is shown in Figure
8.4b. The electron density for the E3 conformer in vacuum and in OGT
was calculated by extracting coordinates from the FEARCF trajectories and
using Gaussian [179] to calculate the electron density using the same level of
theory used to run the FEARCF simulations. These electron densities are
superimposed upon the molecular structure and given in Figure 8.4c.

a) b)
10

—— Vacuum
—— OGT

anomeric
carbon

Free Energy (kcal/mol)

4Cy Es

Distance from 4C1

Figure 8.4: Comparison of GlcNAc in vacuum versus in OGT a) MEP between
4C} and Ej3 plotted onto 3D FEV with vacuum MEP in blue and OGT MEP
in red b) 1D plot of MEPs as distance from C} versus free energy c) electron
density of GlcNAc in vacuum (top) and in OGT (bottom) with anomeric
carbon highlighted.

Looking at the FEVs in Figure 8.4a, it is clear that in vacuum there is an
iso-surface at 12 kcal/mol that connects the two chair conformers 4C} and
1Cy, while in OGT not even the 20 kcal/mol iso-surface connects them. In
addition, the 1,4, and 8 kcal/mol iso-surfaces appear concentrated around
the northern hemisphere of 4C}, which constrains GlcNAc to the *C; and FE3
transition when it is in OGT. This is likely due to the spatial and electrostatic
constraints present within the OGT reaction cavity.

Now looking at the 1D plot of MEPs in Fig 8.4b, we can see that the C|
conformer is actually less stable in OGT, since it has 1.02 kcal/mol greater
free energy than in vacuum. During the transition from *C to E3, being in
OGT actually lowers the path energy for GIcNAc. The E5 conformer in OGT
also has a free energy 1.63 kcal/mol less than in vacuum.

If we look at possible explanations for this, we can take a look at the electron
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density given in Fig 8.4c which shows that, at the anomeric carbon (C5),
there is significantly less electron density when GlecNAc is in OGT versus
when it is in vacuum. In addition, there is also a decrease in the electron
density of the O5-C1 bond, which may be the cause of the instability which
leads to the cleaving of the UDP from the GlcNAc during the first stage of
the glycotransferase reaction.

This chapter presented results from a QM/MM free energy simulation of an
enzyme and it’s substrate, demonstrating the FEARCEF library’s applicability
to molecular systems of this type and theoretical model.




Chapter 9

Conclusions

In the introduction of this work, the aim was stated to ‘demonstrate how the
graph theory inspired OOP design of the FEARCF software library is capable
of performing multi-dimensional free energy simulations for various molecular
systems at several levels of accuracy’. This aim has been accomplished by
firstly illustrating how representing reaction coordinates as graphs is the basis
for an analogous construction within an OOP paradigm.

This paradigm enables efficient and intuitive reuse of code which in turn al-
lows for the use of more complex reaction coordinate sets. OOP also makes
implementing new reaction coordinate types easier and less labour intensive.
The packaging of this code into a software library, with a well defined inter-
face, is what allows for free energy simulations to be run at various levels of
theory. This was proven by compilation in both the CHARMM and NWChem
MD software packages, which enabled the generation of free energy volumes
using classical, ab initio, and QM /MM theory.

The free energy volumes produced for water illustrated the advantages of the
multidimensional free energy approach as well as using high level quantum
theory as opposed to parameterised classical models. The free energy volumes
produced for glucose showed that the new OOP approach produces equivalent
results as the previous procedural implementation of FEARCF, but with a
simpler and more efficient coding approach. Finally, the free energy volumes
produced for the GlcNAc and OGT enzyme-substrate complex demonstrated
FEARCEF’s applicability to more complex systems, such those with reaction
dynamics whose mechanisms can be studied with free energy.

Further development of the methods presented in this work is certainly pos-
sible. The parallisation of parts of the FEARCF library is one possibility,
thanks to its graph-based nature providing a potential guide. This could be
done by calculating the number of branches emanating from each rooted tree,
the path length between each reaction coordinate node and atom node, and
then allocating processor jobs accordingly. Additional reaction coordinate
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types may also be added to the library, using previously implemented types
and methods to save on the amount of additional code needing to be written.
Within the current capabilities of the library, the used of 3D vectors as reac-
tion coordinates has not fully been explored yet. Preliminary results, however,
are promising and represent a type of free energy volume that could easily be
mapped onto actual molecular structures. This would provide more intuitive
means in which to draw conclusions about the molecular system from the free
energy. This is something which, to our knowledge, has not been explored
before in the realm of multidimensional free energy calculations.
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