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INTRODUCTION

A short exact sequence of R-modules A.y——e—B —— C
is cailed an extension of A by C. The set of extensions
of A by C, classified by é suitable equivalence relation,
forms an abelian group Ext (C,A). Ext becomes a bifunctor
from the category of R-modules to the category of abelian
groups. Ext, and the functors Ext®, are central in the
theory of Homological Algebra ((15) or (1i4)).

If E and E' are extensions of A by C, their sum in the
abelian group Ext (C,A) is defined by the formula:

E+E' = V(EGE"A .

This composition is called the Baer Sum. Baer defined it
in 1934 (1). Addition in the abelian group Hom (A,C) is
also by the Baer Sum.

This thesis began with the observation that the Baer
Sum may be used to define addition among diagrams other than
diagrams of short exact sequences. Fo: example, working in
an abelian category A, we may define addition in the class
of commutative squares fixed at A and C:
(see Chapter 3) |

> C

A e .
In Chapter 1 we make this notion precise. We construct
notation which makes possible the definition of a "Baer Sum
System" in an abelian category A. Loosely, a Baer Sum

System consists of:



(ii)

1. The form of a diagram, which contains distinguished
objects (1) and (r). In the case of Ext, this is the
form of a short exact sequence

A B > C

C is the distinguished object (1) and A is the

distinguished object (r).

2. An equivalence relation among all diagrams fixed at
(1) and (x). In the case of Ext this is the congruence

relation among all extensions of A by C.

3. An induced bifunctor. The value of this bifunctor at
objects A and C is the class of eqﬁivalence classes of

diagrams of the selected form.
In the case of Ext the induced bifunctor is Ext.

Such induced bifunctors are characterized as "rich
bifunctors". The values of these rich bifunctors are
abelian groups. Many of the familiar bifunctors of
Homology and Category Theory are shown to be rich
bifunctors. The reader will recognise the proof of
the converse of Proposition 1.13 as imitating proofs of

the classical theory.

In Chapter 2 we show that Ext is, in particular, a
“rich bifunctor” induced by a Baer Sum System. So too, are
the functors Hom and Ext’ (n>2). We prove tﬁo Lemmas
which siﬁplify manipulations of the equivalence relation of
a Baer Sum System.

In Chapter 3 we turn to the investigation of new Baer

Sum Systems. Z is a very simple Baer Sum System, which

induces the zero bifunctor. ES is another Baer Sum System,
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the diagrams of which are "“exact squares". Once again, the
induced bifunctor is the zero bifunctor. However the
construction of ES is interesting in itself. Here we mention
a curious fact which seems to demonstrate that the Baer Sum
is central, not only to Homological Algebra, but also to
other parts of mathematics. The section on exact squares

is based on a paper by Hilton (7). 1In this paper Hilton
writes that he was led to the definition of addition of
"relations" (exact squares) partly “by the work of a group
teaching fractions to children under the guise of ‘stretchers
and shrinkers‘'". In fact there is a strong analogy between
the addition of "relations" and the addition of fractions.
And we show that Hilton's addition is actually the Baer Sum.

Finally, we discover a remarkable family of Baer Sum
Systems, which we call P-Hom. P is a subcategory of an
abelian category A. Substituting different "values" for P
we induce the Hom bifunctor, the zero bifunctor, and a
tensor bifunctor. We obtain an interesting description of
P-Hom in the case that P is a reflective subcategory of A.

In Chapter 4 we begin the investigation of generalized
extensions which we call 2Extensions. The system of
2Extensions forms a trivial Baer Sum System and so it is not
as a Baer Sum System that we examine 2Extensions. Much of
the interest of this chapter lies in the comparison of our
theory of 2Extensions with the classical theory of extensions.

In Chapter 5 we examine the structure of 2Extensions at
a greater depth, ending with the statement of a result which
imitates the familiar long exact sequence:

Hom (D,A) ——— Hom (D,B) ——> Hom (D,C) —>

—> Ext (D,A) — Ext (D,B) — Ext (D,C) —>
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It seems to the author that a number of good questions
about Baer Sum Systems remain to be asked. Firstly, we note
that an infinite number of new Baer Sum Systems are possible,
although in this thesis we have constructed only three.

Baer Sum Systems seem to occupy a natural position in

Homology and Category Theory. The nature'of the bifunctors
"P-Hom" is evidence for this. Secondly, we speculate that a
formal description and construction of the satellites of the

rich bifunctor induced by a Baer Sum System would be of

interest. The construction would be a construction in terms

of the Baer Sum System. A special case of such adescription, _
if it is possible, would be the sequence of functors:

2

Hom (C, ), Ext1 (c, ), Ext® (c, ),

Thirdly, we suggest that the analogy between the theory of
ES and the theory of 2Extensions might be made formal.

That is: it might be possible to describe a system, like a
Baer Sum System, which, under a finer equivalence relation
than that of a Baer Sum System, induced a bifunctor to the
category of abelian monoids. Finally, a systematic study of
the bifunctors P-Hom might be rewarding. This would entail
varying the contents of the category P in a systematic way.

Throughout, except where otherwise stated, I have used
the notation of (5).

All the results contained in this thesis are my original
work, except where I have quoted theorems and sourcés. As
far as I know the results are new.

I should like to thank my supervisor, Dr. K.A. Hardie,
for all his assistance during the course of this project and
during the time of preparation which preceded it. I am

particularly grateful for the loan of a large number of
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mathematical papers.
I should like to thank Miss L. Jennings, of the Physics‘

Department, who (skillfully) did the (difficult) typing.
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CHAPTER ONE

BAER SUM SYSTEMS

Let R be a unitary ring. Let A and B be R-modules.
Hom, Ext, and Ext" are group-valued bifunctors defined on the
category of R-moduies ((15) or (14)). In each abelian group
Hom(A,B), Ext(a,B), Extn(A,B), whether f and g are
Homomoxrphisms, extensions or n-fold extensions, addition is
defined by

| £ + g = y(feg) A, which is the Baer Sum.

This observation pfovides a hint which leads to an
abstract description of a "Baer Sum System" in the language
of category theory. Each "Baer Sum System" will induce a
group valued bifunctor (or a big group'valued bifunctor).
Hom, Ext and Ext" will turn out to be bifunctors induced‘by
"Baer Sum Systems".

In the construction that follows the reader should keep
in mind "Hom" as an example of a Baer Sum System.

Throughout, G will denote the category of abelian groups.

Let S be a small category containing two distinguished
objects, (l) and (r). Let A be an abelian category.

(s.d) is the category of functors F : S — A.

Definition 1.1

A Pre-Baer Sum System over‘é is a subcategory B of
(S,é) closed with respect to the formation of direct sums.
(See Note 1.3). It will be denoted B¢(S,A), and called a
PBS System. In all our examples of PBS Systems B will be a

full subcategbry of (s,a).
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Example 1.2
Let Hom be the small category:

(1) ——— (r) .

Let B = (Hom,a). Clearly B is a PBS System.

Example 1.2.1

We give an example to illustrate the use of the
subcategory B. In this example B is a proper subcategory
of (5,a).
Let Ext be the small category: N
(r) ———— (i) —— (1)
Let B«(Ext,A) be the full subcategory of functors with values
short exact sequences. Clearly (see (15) or (14)) Q‘is a |

PBS System.

Note 1.3
Direct sums exist in the category (S,A), for they may
be defined "pointwise". Suppose that F,, F, are functors,
F; 3 8§ = é( F, : § —> 3. Define F, ®F, by
F1OF, (i) = F, (i) ® F,(i) (i e s)

Fy(¢) o
o . . . 10 Fa(d) . .
F,0F,(1i — j) = F,(i)6F, (i) =——=—= F,(j)OF,(])

The matrix notation is explained in (5).

Definition 1.4

Giveh A and B, objects of A, let s'(A,B) = [F]Feag,
F(1) = A, F(r) = B}. S'(A,B) is a class of functors, and

not necessarily a set.

Example 1.5

Hom!' (A,B) is the set of functors F with values:

a=ra) —E&) , pr) =8,
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We intend to place an equivalence relation on the class
S'(A,B). This equivalence rélation imitates the congruence
relation defined on Ext™(a,B) (see (14)). From now on we
will denote by F a particular functor gv: S ——> A.

The equivalence class of which F is a representative element

will be denoted F.

Definition 1.6
If F, € S'(a,B), and F, € S'(A",B'), then F, anB, F,

will indicate that 7 is a natural transformation, and that

n(l) = a, and n(r) = B, where A ~% > A" and B’-EL—> B,

Definition 1.7 -
I£F ¢ §'(A,B) and B! ¢ S'(A',B'), F Lanp}, F' will

indicate that there is some integer k, and functors

E = EQ' El' cees Foy 9+ Fopp = E!, and natural transformations,
nl. nz. cees nZk, making up the diagram:

1 2 2k~-1 2k
E=r, o F) By, Fo-1 9 Fpy = EL .

(The natural transformations run alternately to the right
and the left.)

Where nj = 1nl except if
3
"o gy
(Note the direction of knk') and the composition of all such

ks is o, and the composition of all such k's is B.

{onB)} will sometimes be called a natural transformation.

Definition 1.8

We define an equivalence relation on S*(A,B) by:

F, = F, if and only if



{1nl} . flnl)
Jry T andaf‘g_-—ﬂfﬁ.

The class of equivalence classes of S'(A,B) will be denoted

s(a,B).
Note: Py —anb . F, implies that

E; LﬁmgL EZ but the conyerse does not hold.
Note 1.9

IfF (a8 F*, and F = Fl’ and F! = F'l, then

o
ﬁ-iﬂﬁlFio

From now on we denote by F, the congruence

class of F. We may then define the notion:
F Lﬁﬂﬁl F' if and only if F LEH@L_El, This is clearly

well-defined.

Example 1.10

We show later that congruence in Hom'(A,B) is just
identity, so that Hom'(A,B) = Hom(A,B).

S is a (generalized) function defined upon A x A, with
values the classes S(A,B). We shall be interested in
special Pre Baer Sum Systems. In these, certain conditions
will make possible the definition of S(a,B) and S(A,8), given
morphisms A —%—> A', and B B . B'of A, in order to turn
S into a bifunctor.

A counter example, illustrating a method which fails to
make S a bifunctor, may be helpful. If Bc(Ext,A) is the
PBS System defined in 1.2.1, where S = Ext, then S'(A,B) is
the class of functors with values short exact sequeﬂées of

the form:




5. | 1.5

S(A,B) is a class of equivalence classes of such short exact
sequences (see 1.8). IfA —%— A' is a morphism of a, it
seems we may not make S a bifunctor covariant in the first
and contravariant in the second variable. Fpr,-there is no
cohstruction, in general, which all§ws us to fill in the
object C' in the diagram which followé; in which both rows

are short exact sequences:

w
/

¥

>

w
v

o)
oY A——

This is because, in the usual notation, ((15) or (14)),
Ext(a,B) is not in general an epimorphism. Hence we are
unable to define S(q,B). |

We may, however, make S a bifunctor contravariant in
the first and covariant in the second variable. This
construction is made in Chapter 2, and S becomes the
bifunctor Ext.

The reader will recall that classically, the
construction of the bifunctor Ext is achieved by defining,
where E is an extension of A by B, and A ~% 5 A,
B"——g—» B are morphisms of A, the induced extensions oE
and Eg.  Further we recall that if E, {o, .. B8) E{f is a
morphism of extensions, we obtain a congruence oE = Eé .
For the moment let us call these constructions, and the
congruence, the "three conditions®.

In Proposition 1.13 we show, in the abstract setting
of a Pre Baer Sum System, that a genexalization of these
"three conditions" is sufficient.to turn S into a bifunctor

with (object) values the classes S(A,B). Moreover, in such
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cases, we discover that S has an additional property, which
we shall isolate and define. This is the property of
"richnesgs". And in Proposition 1.13 we show, conversely,
that the functorial property and the property of "richness"
imply the "three conditions".

An additional consequence of the "three conditions" is
that S(A,B) is a (big) abelian group.

We make a note on foundational problems. In general,
S{(A,B) may not be a set. If S(A,B) is not a set, then, in
the cases where S(A,B) is equipped with the structure of an
abelian group, we do not call S{A,B) an abelian group.
Instead, S(A,B) becomes a big abelian group. A big abelian
group is defined in the same way as an abelian group, except
that the underlying class need not bhe a set. The "category
of big abelian groups" cannot exist, however, because the
class of morphisms between a given pair of big groups may not
be a set. However we use the language of functors, and say
that S is a big abelian group valued bifunctor. In such a
case, and in similar cases, we shall sometimes abuse the.
language by saying that S defines a bifunctor

S :AXA —— G. In general, our discussion of
S is not inhibited at all by these problems. Our conventions

are standard practice, and we refer the reader to (14).

Our exposition will be simplified by the following
definition. It seems valuable, too, to isolate the property

of "richness".

Definition 1.11

Let B¢(S,A) be a PBS System over an abelian category a.
Then S is a (generalized) function, defined upon 3 x A, with

values the classes S(A,B).
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If S, in addition, can be made a bifunctor, S will be

called a rich bifunctor, relative to B, if

1. S is contravariant in the first variable and covariant

in the second variable.

2, IfA' —%s A and B B, B' are morphisms of A. then

in the diagram:

p. ———eS(a,B)

1
s(ar',B)
s{a,B') _ > S(A',Bt')
///////’ S(a,B")
Fy
where Fi € s(at,B), F2 e S(A,B?),

S(A',B) (F)) = S(a,B') (F,)) if and only if JF, {anBl F, .

Example 1,12

Hom is a rich bifunctor relative to the PBS System
B = (Hom,d) that we have already defined. Ve identify a
functor F : Hom ——> A with the morphism F(¢). Clearly
Hom satisfies property 1. (Hom is, in addition, additive
in both variables.) Further, Hom satisfies property 2.

If A* —Jle».A and B £ B' are morphisms of A, we have:

. ’/‘Hom(A ',B)
1
£,  Hom(A*,p)
Hom(a,B!') > Hom(A',B*)
Hom(a,B*)
£, £,

If A' —— B, and A —~—> B', then

Hom(A',B)(fl) = Hom(a,B')(fz) if and only if

Y
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£
At 1‘B B>13'=A'—-C"-—arA—---g--»B':lfandonlyif

I

£
I > B! commutes,
2

.

y ang S
if and only if 3 £ = f2 .

The proof that Ef]_ and £, if and only if

HE - (ang) £, is not difficult, and, in any case, is

given in Chapter 2.

Proposition 1.13

Let B¢(S,A) be a PBS System over an abelian category A.
Then S is a (generalized) function defined upon A xA, with
values the classes S(A,B). |

S gives rise to a rich (big) abelian group valued
bifunctor, which is additive in both variables, if and only

if:

1. For every A! —2% 5> A in A, and evexy F € S(aA,B),

aFa € S(A*,B) and a natural transformation

Po {an1} P

2. For every B —B . B in A, and every F ¢ S(a,B),

—BF € S(A,B') and a natural transformation

p o108} . gp .

3. Given Fl {anB) F2 , wWhere Fl € S(A',B) and

F, € S(A,B'), then BFl = cmx.

2
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Proof

Three Preliminary Notes

(a) Given 1, 2 and 3, we may show that 1F = F, and Fl1 = F.
(inl) | &

For we have natural transformations Fl

and P —IM) . 19 by 1 and 2. By 3 the natural

transformation F (1n1) > F.yields 1F = F1, This
congruencé implies the existence of natural
transformations 1F —M) | p1 ana F1 (1nl) 1F .
(1nt} . 3p —Und) . 5, which

Hence there exists F

is F (1n1) > F1, so that F = Fl. Similarly 1F = F.

(b) Given 1, 2 and 3, Fq in 1 and BF in 2 are unique with
respect to the existence of the natural transformations
(anl} and (1nB}. For if F, is such that there is

F, — 21 . £ then r,

I

1F, = Fa by 3 and the note

above. Similarly BF is unique.

(¢) In "either direction" of the proof, we may simplify the

equivalence relation defined in 1.8. In fact Fy = F2
(Anl} . &

; {inl}
if and only 1f(3Fl F, or {F, 1°
For, suppose S is a rich bifunctor, then consider the

diagram:
s{a,B)

S(1,B)

S(A,1)

s(a,B) S(a,B)

Clearly, if Fl' F2 € S(A,B)
F, = F, if and only if S(A,l)(Fl) = S(l,B)(Fz)

if and only if OF, —2M L p o

1
E}FZ (Inl} Fl .



10. | o f I.10

Conversely, suppose 1, 2 and 3. Then Fl v[lnl]ﬁ\ F2

implies that 1F, = le by 3, which implies that F, =F,.

Throughout the proof, and in subsequent work, we use
this simplified version of the equivalence relation.
Now Suppose S : A x A —— G is a rich bifunctor.

1. Given A ot - A in A, we obtain

S (G:B)

S(A,B) > S(A',B) . Define, for any F € S(A,B),

Fa = 8(a,B) (F). We have:

S(A',B)—"T0

s(1,1)
S(a,B) > S{A',B)
S (o, B)
F
so that HFa {anl) | F.
2. Given B B > B' in A, we obtain

S(A.B)

S(A,B) > S{A,B!') . Define, for any F € S(A,B),

s{(a,B) (F) = BF. We have:
FMS(A,B)
s(a,B)

S(a,B?') >S(A,B")
S(1,1)

BF

so that | F (1n8] > BF .
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Finally,
3. Given A <. > A and B B > Bt we obtain
S(A,B')P“"FZ
S(a,l)
S(A',B) >S(A',B')
ye 5(1,8)
Fy

By definition, if F, € s(at',B), and F, € s(A,B'), and

there is a natural transformation

Fy _(“”B] > F, , then BF, = F,a.

Conversely

Suppose 1, 2 and 3. Our proof has five sections.

Section I
For any F € S(A,B) . ’
(i) 1F = F (see the preliminary note (ai)'
(1) = F = Fl.
(i) (B'R)F = B'(BF) where B —b—s B' —Bls pn,

By definition
r (1n8'8), (g+p)F, and
E]F (ing} BF {ing*} B! (BF),
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providing F [133'3’} >~ B'(BF) , so that, by

uniqueness, (B'B)F = B'(BF).
(ii) * F(aat) = (Fa)a', dually.

(iii) Given A+ % A, and B ——g—a B!, and
F € Ss(A,B), there are natural transformations

Fa lanl} | & (anB) BF, providing

Fa (anp) —> BF , whence (BF)a = B(Fa).

Section II

By, oOF simply A, will denote the morphism

(1,1) = A : A ———> AGA . V., or V, will denote the

A

morphism [%] =V 3+ AQA ——> A, in the notation of (5).
If Fl' Ez are elements of S(A,B), containing

representative elements Fl, F2, we may validly

define FI@FZ to be the coengruence class in'the equation::

F10F, = (E 9B, | E;=F, and E,=F,].

For, given E;, = F, and E, = F,, there are finite sequences

of natural transformations:

'}ﬂ"]':* secvoasace <}ﬂl— "F:'l

M.......'M—‘,gz L

Ey
E,

A direct sum of natural transformations is a natural

transformation. We have a finite sequence of natural

transformations:
E 5, —=0i8In’l o Inl8ln'l o op |, providing
=172 £1%5
E @&, (1n1] > F,8F, . Our result follows.

We define addition on the congruence classes of S(A,B)
as follows: If F1,~F2 € S(A,B)

'Fl + F2 = VB(FIQFZ)AA
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We may prove:

(1) If D —% A, D' =% s A", are morphisms of A:
(a®a') (FOF') = oqF@a'F’'.
Let gF, g'F!, F, F!' be representative elements of

oF, o'F', P, F!', respectively.

{an 1) {a'nD)
Then‘E]aF ~—> F and q'F' ——-> F' if and only
{ani] {a'nl) ‘
if 4 of ———> F and g'F' ——> F' if and only
{ame® a'nl)
if | oF ® g'F" nr:g_eg_'_
and, by the observation above, this follows if and
{onl ® a'nl)
only if - oF © o'F' > FOF' which implies
{a®a'nl]

that J of ® o'F' ~————> FOF' whence, by the
unigueness assertion in 1,

aF®a'F! = (a®a’) (FOF').

(i) * Given B B, D and B! B, D*, F € s(a,B),
F' € S(A',B'), (FeF') (B®8') = (FBOF'B'), dually.

(ii) (a+a')F = oF + o'F.
Proof
Consider any F € S(A,B) and any F.

There is a natural transformation F ~éﬂé¢-geg,

defined by AnA(i) = AF(i)' since, given
¢

i —~— j, in s:

F (i) £ s F(34)
A (1) B (5)

F(i)®F (1) —————> F(j)®F (3)
' F (o) o] :

o F(¢) commutes.
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14,
Hence, for any F, we obtain, keeping in mind the
observation at the beginning of this section:
p —JI808) | peF, and, by 3.
NF = (FOF) A
Then (ata!')F = (V(oda') AF)
= V(a®a') (FOF) A
= V(aF®a'F) A (Section IX, part (1))
=z oFf + o'F
(ii) * Dually, F(y + ') = Fy + Fy'.

Section IIIX

S(A,B) is an abelian group, or, possibly, a big abelian
group.
We note that, given F, F!, F" € S(A,8), and ¥, F*', E",

there is a natural transformation

o (Fror) —1X5 trept) o "

=

giving: F @& (F'®F") ilﬂll-(FeF') ® F", which implies that
F & (F'OF") = (FeF!') & P",.
F

" Then: + (F'+F") = F + V(F'@F")A

]

V(FOV(F'@F") A) A

V(16V(Fe (F'OF") ) 18A) A
= V(1eV((FOF')QF"))18A) A
= (F+F*) + F".

+ is associative.

Let Tron

Ty ¢ AGA' ———>A'6A, where Ta
(5). Given F, F' € S(A,B), and hence F and F', there is a

4+ Or simply 71, be the "twisting isomorphism”

= {g i] ., in the notation of

natural transformation F @ F' —1%»pt ¢ F , defined by
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tnr(l) = Tp(1)6F ! (i) since, given i —2— § e S:
zu)egu)%“wwaégunegu)
E(®eE" (¢) l | EY($)E(9)
E(3) ® F'(5) F'(3) @ E(3)

TF(j)@F " (3) commutes .

We have, then: FeF! (znt F'®F
so that: <(FOF') = (F'@F)~ 3

Then F+F' = V(FOF')A = Vr(FOF!) A = V(F'OF) 1A = V(F'OF) A

'+ is commutative.

The Zero

Given any F, F*' € sz,B) and hence F, F!', there is a
natural transformatién g,—gnga- F' defined by ono{i) = o."
And so we have F ~L23216_ F', and hence oF = F'c,

Then oF = F'o = oF' = Fo, and this congruence class becomes

the zero, for F + Fo = Fl + Fo ='F(1+o) =Fl =F.
Inverses (-1)F is the inverse of F.

Section IV

S(A,B) : A x A —> G is a bifunctor, contravariant

in A, covariant in B. For, given A' —%—» A, define

S(A,B) ——————> S(A',B)
S(a.B) '

by S(a,B) (F) = Fa. This is well-defined and
+(F+F')a = Fa+F'a, so that S{u,B) is a group homomorphism.

Further (SBa,l) = S(B,1)S(a,1l) by (ii) * Section I, and

(this follows from 4x = (x @ o)2)

S(l'B) = ls (A,B) .

Dually, Define, given B B B', s(A,B) ———— S(A,B'"),
s(a,p)

by S(a,B) (F) = F.
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Then
s@,s) —2{&B) . g(ar,p)
s(a,B) : s@ar,p)
s{(a,B') Jiﬂhjlﬂ_» s(a',B!') . commutes,
Since:
Clockwise: F ——> Fq ~———> ((Fa)

Anticlockwise: F ———+> BF ————> (BF)a.

But B(Fa) = (BF)a, by (iii), Section I. ~

Additivity

S(al+a2.B)(F) = F(al+a2) = Fa1+Fa2 (by (ii) * of Segtion
II) = S(al,B)(F) + S(az,B)(F). Hence S is additive in the

first variable. Dually S is additive in the second variable.

Section V

S : é b4

il

e g’is rich.

Q

Suppose A' ——=—> A and B B B' and then
. aat
S(A,B?") 2

S ((xll)

S(a',B) > S(a',B')
Fi"' S (1,B)

Suppose F, €S(a',B), F, € S(A,B')
Then S(1,8)F; = S(a,1)F,

if and only if BF, = F,a.
then:a natural transformations

Fl Llﬂgl- BFl Llﬂll. an (and FZ’ so that
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E’FLM Fa

conversely

Given Fy {anB} F,, by property 3 pF, = de.

Definition 1.14

A PBS System B (S,A) over an abelian category A is a

Baer Sum System if, and only if, it satisfies the conditions

of Proposition 1.13.

We refer to a Baer Sum System by the name of the induced

bifunctor.

Duality 1.15

In the notation of (5), if B<¢(S,A) is a Baer Sum System
over an abelian category A, then g*c(s*,g*) is a Baer Sum

System over A%,

Proof
Clearly g*.is a PBS System. B* is a Baer Sum System,
because properties 1, 2, 3 of Proposition 1.13, are together

self~dual. That is 1* = 2, 2* =1, 3% = 3,

Note 1.16
In subsequent work in Baer Sum Systems we use the
simplified definition of the equivalence relation, which is:

if and only if ] Fy ind F, or
: 1nl
r, F, -

(See the preliminary note to Proposition 1.13.)

F, = F

1l 2
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CHAPTER TWO

HOM AND EXT"

We show that Hom and Ext” are rich bifunctors induced by
Baer Sum Systems. Two Lemmas will simplify the construction

of Baer Sum Systems.

Lenma 2.1.

In caastructing Baer Sum Systems, in order to verify
condition 3 of Proposition 1.13, i.e. that F Lﬁﬂﬁl- P
implies that BF = F’a, it is sufficient to show that, if F,
F! are particular functors, and representative elements of

F, F', then

F _Eﬂ§¢5 F!' implies that BF = F'a

Proof
Suppose EﬂE’IﬁgﬂzL- F' , then there are finite number of

-natural transformations: (See Definition 1.7)

—-— P~ t
E=E, = E «-o  eee Eppn © o = E-
K, nK{ R 11K}
1% n-1"%n-1
Suppose that F l et st F 2 ¥ e e s ey F n"‘l _ » F n.

are the natural transformations, which are such that
K, # 1 or X! # 1. By our assumption, we have, reading from
left to right:

F = Ft,)

i

FEFOEFI s v e EFal' (and FanE L]

KiF(xl = F(x2Kl and F(!Z = Fa3

2k

KéFa3 = Fa4K3 and Fa4 = Fa5 ’

which implies that KéKiFal = Fa4K3Kl .
Continuing in this way, we obtain

’ =
Kr'\-IKn--Z cees KéKiEal - FanKn—lKan °°* K3Kl
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whence BFal =F a

¥ = = J
and since Fal = F and Fan =F

BF = F'q.

Lemma 2.2

In constructing Baer Sum Systems,_in order to verify
condition 1 of Proposition 1.13, it is sufficient to show that
for every A! ~X 5> of A, and every particular functor

Fes'(A,B), ] FaesS'(A',B) and Fa ant, g,

Proof

For any equivalence class F € S(A,B), we define Fo to be ’
the equivalence class of Fo, where F is any representative
of F.

Fo is well-defined: fdr, suppose F and F ¥ are both

representatives of F. By our assumption we have

F*q —gﬂl4~§ .

1f {Fo)] and {F#n)} denote the equivalence classes of Fu

and F*q, respectively, we have

(Fal fanl) & ang

{and P

{Fral
By the uniqueness assertion contained in 3 of Proposition

1.13, Fo = {Fa) = (E*a].

Note
Clearly the dual of this Lemma applies to condition 2 of

Proposition 1.13.

Proposition 2.3

Let A be an abelian category. Hom is a rich bifunctor
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induced by a Baer Sum System.

Proof

We have already defined the small category Hom:
(1) -——2—:» (r)

We have seen that B = (Hom,A) is a PBS System.

Equivalence in this PBS System is identity; for, suppose,
that F, F! are particular functors F, F! : Hom —>A.

Then, if —|E -—]-'-3-!‘»13‘__'_', we have a commutative diagram

r(1) —EZ&)_ p(r)
1{ 1l
F'(1) ——§7T$T~4-g'(r) . whence

clearly F = F!.
Suppose, then, that J F ilﬂlL—gL, then there are a

finite number of natural transformations:

_E = Fo --—)E‘l oo o e sz_l ] F2k= _F_'._'_c
Ky nK4 XK_ .nK!
1 - n-l''n_ _ -
Suppose Fal FaZ' cevaey han—l -———4-ran,.are the

exceptional natural transformations, in order, which are such
that K, #1 or K{ # 1. In the following paragraph we
identify a functor F with the morphism F(¢). The compositions

are compositions of morphisms. (The_readér should draw a

diagram!)
E=F,andF, =F
K'El_ = Eg_gl and F 5 = Fa3
KéFa = F 4K,y and F 4 = FaS
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which implies that KéKiFal = Fa 4K4K1 .
Continuing in this way we obtain
] o
Kn-1Kn-2 =« ®3KiFy = FonFna¥pz «-- K35

. whence - F1=F

F=F"

whence

Conditions 1, 2, 3 of Proposition 1.13 are fulfilled.

1. Given A' —%—A and F ¢ Hom(A,B) :
A'
o
A _E(¢) > B, Define Fq : Hom —->13_=

by F(X(l) = A', F(X(r) = B, Fa(‘b) = F(¢)-ao

Clearly T Fa fant] o ..

2. Given B —;-E—>B' and F € Hom{A,B),

> B
iﬁ
B!

a —F(0)

Define BF : Hom — 3, by BF(1l) = A, BF(r) = B!,
(BF) (¢) = B(F(9)).
Clearly - F [in8l BF.

3. Given F —O—LI]-E—>F', clearly BF = F'a.

The result follows by Lemma 2.1.
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Proposition 2.4

Let A be an abelian category. Ext® is a rich bifunctor

induced by a Baer Sum System. (n > 1)

Proof
Let Ext™ be the small category:
() ——— (i) ——— ...0e =——> (j) ——— (1)
in which are n + 2 objects. Let'gl(Extn,é) be the class of
functors F : Ext"” ———> A which have values n-fold exact

 sequences. Clearly B is a PBS System.

Equivalence
The reader will recall (Proposition 5.2, page 84, (14))

that, if S and S' are two n-fold exact sequences starting at

B and ending at A, then S = S*' if and only if there is an

m
integer k and 2k morphisms of n-fold exact sequences

| § =8, —>8 —> ... <— Sy, | < S, =S,
running alternately to the left and to the right, all

starting with 1B and ending with 1,.

If we denote by =, the congruence relation defined in

Definition 1.8, we may show that is

=1

‘Suppose F, F' ¢ Ext"(a,B).
191} e

IEF = F', clearly] F ,

andz]g_'_mg,sogzg_'_.

Suppose, conversely, ] F Lﬁﬂﬁl»g;. Then there is a finite

g

sequence of natural transformations:

. o Sp——

F=F _-*_.E:__]_.. LI W E_Zk“le21<=F' .

Reading from left to right, denote the exceptional natural

transformations, which are such that K; £ 1 or K¢ # 1, by

K, nK! K _.7K!
1171 , n-l"n-1
Fal ; Fa , ® @ @ 6 & & & 9 Fan—l i Fan E

—— e
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The reader will recall (Proposition 5.1, page 84, (14)) that

» St of n-fold exact sequences S and S!?,

a morphism T : §
starting with o and ending with vy, yields a congruence

S = S'y. We then have, just as we did in the proof of

Lemma 2.1,
E§ Py ond By 5 E
K]'.]_?__g_l_ % F_oc_Z_Kl and .ll@- an ,F_‘_O_‘.?L
K:;_E:g}_ S E‘-&K?’ , and so on, from which we obtain
that
Kog ereeees KIKIF ) S F o KoaKnop -oo0 Ky
so that B_b:_(_ﬁ_ll._ = E‘g_ga
whence BF E E'a.
In particular, if 8§ = a = 1, E=ZE'.

Conditions 1, 2, 3 of Proposition 1l.13 are fulfilled.

1. Given A' —%—>A, and F € Extn(A,B), define Fa to

be the equivalence class of Fa defined in (14)

(page 83).
We have Fa -{-Q-U-JLLF. (See Lemma 2.2)

2. Given B -—-&—éB', and F € Extn(A,B) ,~ define BF to
be the equivalence class of BF defined in (14)

(page 33, too).
We have F {_ln@L BF. (See Lemma 2.2)

3. Given Fy -{-@ES-LFZ , we have shown, just above, that
BFl = an, whence BFl = Fya. Alternatively, we

might use Lemma 2.l.
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Note

A slight modification of Lemma 2.1 shows that

if F <xnB, F! implies BF = F'a (#=)
then F {anB) F' implies BF = F'a .

This assures us that we may use Lemma 2.2 and condition

(**) (which is then equivalent to Lemma 2.3) simultaneously,

to construct a Baer Sum System.
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CHAPTER THREE

OTHER BAER SUM SYSTEMS

We construct three new Baer Sum Systems. Many common
diagrams in abelian categories form Baer Sum Systems. For
example, the system of commutative squares forms a Baer Sum
System. (The construction of this system is the same as the
construction of ES, described in this chapter.) But often,
as in this case, the induced bifunctor is the zero bifunctor,
and we obtain a "Trivial Baer Sum System".’ One of the

simblest of these is Z.

2 3.1

Let A be an abelian category.
Let Z be the small cétegory:
(1) | (x) , the only maps of which are

identity maps. Let

i

= (Z,A). Clearly B is a PBS System.

Equivalence

Equivalence is identity. For suppose F, F' are

particular functors F, F' : 2 — A, and
F 1nl F' ., We have a diagram for some integer 2k:

1 1

E(r) ——F,(x) .... ceee For 4(x) = F (x)
F() —EsFi(1) cove aeen Fyy (1) —2—Fr(1)

Discard any transformation of the form:

p, <20l @

= =+l
The remaining natural transformations compose to give a

diagram:
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F(r) —%—s F1(r)

(1) --—l-—->_1=_'_[_(l) , whence F = F!

Conditions 1, 2, 3 of Proposition 1.13.

1.

Given A! —-E—a»A, and F € 2(A,B), define oF by

aF (1) = A', aF(x) = B.

At aF(1) aF (x)
a H o 1l
A | . B F(1) F(r)

E} oF Lﬁﬂll> F.

Given B -—ﬁ—a~B', and F € 2(A,B), define Ff8 by

FB(1) = A FB(r) = BI.
e Qﬂ.@LFB.

Given F Lgﬂﬁl-F', we have a diagram:

F(1l) F(r)

?
a g
Fr(1) Fr(z) .

Obviously, aF' = FB.

Z(A,B) contains a single element, for all A,B ¢ A.

Z : A XA ——>G is the zero bifunctor.

Exact Squares 3.2

The system of exact squares forms a Baer Sum System.

This we shall call ES. But the bifunctor we derive, alas,
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is the zero bifunctor.  We shall nevertheless devote some
space to the proof of this. And for these reasons:

We shall have illustrated the remark at the beginning of
this chapter by showing how the equivalence relation of a PBS
System often reduces S(A,B) to zéro.

We shall obtain an interesting comparison between the
theory of relations in an abelian category, which Hilton
develops in (7), and the Baer Sum System ES. Now Hilton
shows that the class X (A,B) of relations between objects A
and B of an abelian category A forms a commutative semigroup
with zero. We show that this class, under the equivalence
relation of a Baer Sum System, forms a zero abelian group.
That is; we might say, if we insist on making g (A,B) an
abelian group, we obtain only a trivial group.

And finally, in making this comparison, we shall make
apparent a result concealed in Hilton's theory - that Hilton's
definition of addition is in fact the Baer Sum.

We use the terms "pullback", "pushout" and "bicartesian",
which are applicable to commutative squares. These terms are
equivalent to "cartesian", "cocartesian" and "bicartesian",
respectively, and are defined in (5), (2), or (8).

In Part I of this account we develop as much of Hilton's
theory (7) as we need. Our account is derived from (7), (2),
and (11). It is self-contained, though we do not give all the
proofs.

In Part II we will donstruct the Baer Sum System ES, and
make the comparisons we have promised.

We work in an abelian category A.

The reader interested in generalizations and additions to

Hilton's theory is referred to (8), (9), (10), and (3).
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Part I

Definition 3.3 ((2), page 4l)

A square:

R

B om
» X
¢

A

is exact, if it is commutative, 'and if, in the following

diagram:

Ker 3},9 B Cok B

S

O

1

Q
Q&0

<< v
Q0

<

v

© > @
Ker ¢ ¢ Cok ¢

o is an epimorphism, and ¥ is a monomorphism. The square is

exact if, and only if, the sequence:

| L4
R SEAEA»AQB —Lﬂda-x is exact.

Examples of exact squares are pullbacks, pushouts, and

bicartesian squares. Exact squares are called “"smooth" in (11).

Definition 3.4 ((7), page 261)

Let A,B be objects of A. A relation from A to B is an

equivalence class of pairs of A-morphisms:

A ¢'e‘}{’ ¥ B

under the equivaience relation: .

(¢l:¢l) n'(¢2,¢2) ;f‘and only if‘there are monomorphisms py
and oo with (ul¢l,ulwl) ="u2¢2,u2w2). We then have the
following diagram:
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the 3.5
In (7) the notion of a relation is made self-dual.

This is done by considering pairs of A-morphisms:

A < a R B - B

under the equivalence relation
(aq,By) ~ (0,,By) if and only if there are epimo;phisms €
and €20 and (alel'Blel) = (azez’lszez)o

Then A ¢ . X < 4 B and

A <X R B—%.B are identified if and only if the

square

w
\ 4
o

A 14 > X is exact.

In order that this identification should be well-defined,

we need the theorems:

In the following diagram:

0 & ,
p\"o/""<>/7

8 o Y Y Diagram 3.6

o

O &~
7
o
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Theorem 3.7 ((11), page 63)

If the diagram commutes, and if the outer square is

exact, then the inner square is exact.

Theorem 3.8 ((11), page 63)

If the diagram commutes, and if the inner square is
exact, and if p is an epimorphism, and o is a monomorphism,

then the outer square is exact.

Theorem 3.9 ((14), page 257, and (11l), page 63)

If the inner square is constructed from an exact outer

square by the construction of a pullback

o >
Bo ' l¢
3 > , and a
pushout

& >

!
: {%
7 > , then p is an epimorphism, 0 is a
o

monomorphism, the inner square is bicartesian, and the
diagram commutes.
Returning to our examination of the identification, we
have:
If (¢1,w1) is identified with (al,Bl), and
(al'Bl) ~ ((xzth)t

we have the diagrams:
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R Q > B . R & - B
€ - €

N —/ R 5

' 1 ‘ 2

Bl w/ (v B v
"1 6y Xy, | /P2 9, X,

\L » ) l\L .\L. ” Z\L:

X /(b ﬁgx 5 /¢ &X

Diagram 3.10 3 Diagram 3.11

The diagrams commute. €4 andve2 are epimorphisms, By and o

are monomorphisms.

(al.Bl) is identified with (¢1,¢1), so the inner square

of diagram 3.10 is exact.

The outer square is exact by’Theorem 3.8.
Hence: (a,B) is identified with (¢.¥).

Hence, by Theorem 3.7, in diagram 3.11, (az,Bz) is
identified with (¢,,9¥,). Hence the identification is well-
defined.

We use Theorem 3.9 to obtain a repfesentative of each
equivalence c¢lass of exact squares. The representative of
the equivalence class of the outer exact square, in diagram
3.6, is the inner bicartesian square, constructed with the
aid of Theorem 3.9. Up to isomorphism, it is a unique

minimal representative.

Note 3.12
Addition

It will not be necessary to develop all the theory of
(7), in order to define addition on the class of relations

between A and B.

Given relations A > x1 “— B and

A > x2 < B , we construct
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the diagram:

¢ T
1 1 «
A > Xy —— > X ,
Y
11/1 ° I'ﬂz
L)
B - X2

where the square xl —a Xo is a pushout
B et X2

(see (7), 267)
Then ($;.9;) + (S,,9,5) = (&,,9,)
where ¢ = m ¢, + T, 4, and

Vo = MVy = MY - |

Clearly, this definition has a dual. Hilton (7) shows
that this addition, and the dual definition, coincide under
- the identification above. We quote this result without
proof. This means that we may add exact squares together'
simply by adding the rxelations which they represent.

Under this addition, the class of relations between

153

objects A and B, denoted (A,B), becomes a commutative

semigroup with zero.
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Part II

The Baer Sum System ES 3.13

We qdote two well-known lemmas, which will be needed
for the construction of this Baer Sum System. The first

will be very useful in subsequent chapters. We omit proofs.

Lemma 3.14 ((5), page 54)

In an abelian category A:

Suppose that the commutative diagram:

> 0O

Y

0O e

Y

Al

U ¢

has an exact top row. Then the square is a pushout if and

only if A! > C > D - > 0 is exact.

Lemma 3.15. The Product Lemma

((2), page 45, also (4). See also (12))

In an abelian category A:
Suppose that R = gf, in the diagram below. Then there are
induced morphisms ¢,, ¢,, ¢5, 8,, ¢, which are unique with
respect to commutativity in the diagram, and which provide
an exact sequence:

b ¢ b3 by ¢ %
0O —> Kf —_— KR > K > cf > CR — Cg - 0,

where:
Ko denotes the kernel of a, a = £,R,g, and

Ca denotes the cokernel of ¢, a = £,R,qg.
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34.
(8]
[
> C
wg
|95
Cr
Note

¢l’¢2 are induced by the properties of kernels.

¢4.¢5 are induced by the properties of cokernels. ¢3 is the

composition Cokf.Kerg.

The Construction of ES

Let ES be the small category:

(i) > ()

(3) . 'There is a single

v

(1)

morphism (i) —— (j) .

b

’

Let B¢ (ES,2) be the class .of functors F : ES ——
with values exact squares. It is easy to prove that a
direct sum of exact squares is an exact square, /from the

definition 3.3. We have a PBS System.
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Conditions 1, 2, 3 of Proposition 1.13.

1.  IfR= g‘_‘[i) > F(r) = B
A = F(1) > F(jJ) =X

is an exact square, and A’ -—1;—> A an A-morphism,

make the following construction, in which 1 is a

pullback:

R? ¥y LR @B |
Bl 1 [B 2 l*
At "y > A 3 > X '

Then the composite square is exact : for, if we
denote by Kf the kernel of a map £, and Cf the
cokernel of a map £, the Product Lemma 3.l1l5 provides

the following commutative diagram:

0 — Ky!'-— Kavy'—> Kq¢g — Cy'—> Cay'—> Cqg —> O

~,

8. 6

° 7 8

1 5,1 B3

!

0 — Ky — K¢y — K¢ —> Cy —> Copy —> Cp —> O

4 5 6

The rows are exact, by the Product Lemma. The
vertical maps are those induced by Kernels and
Cokernels. The reader will recall that a pullback
(in particular 1, above) is an exact square.
Then: 65 is a monomorphism, because 1l is exact.

62 is an epimorphism, because 1 is exact.

B, is an épimorphism, because 2 is exact.

By the "Five Lemma" (see, for example (14), page 14)
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. By i.s an epimorphism.
Similarly, B is a monomorphism.

Hence the composite square is exact.

Define Fy ¢ ES'(A,B) to be the functor with value
the composite exact square. We have a natural
transformation

Py X% F .
By Lemma 2.2 the equivalence class of Fy will serve

as Fvy, and we have

Py Linll F.

3)

"Given P € ES'(A,B) and B —~—> B!, we define &F,

dually. That is, it is the composite square in

the construction: _ -

A = F(1) > F(3) > X!

whefe 1l is a pushout. The equivalence class of

BF serves as BF, and we have

p (108} &p

We use Lemma 2.1 to verify condition 3.

Given a morphism of exact squares:
F o8, F', we have

a commutative diagram:
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Addition

Constructing BF and F'a, we obtain, by the
propertiés of pullbacks and pushouts, induced maps
F(i) —— Pi and P, — F'(j) ., in the diagram

below:

where square 1 1is a pullbéck, and square 2 is
a pushout. It is easy to check that the diagram
commutes.

We have BF —iﬂa»_ga; it is then easy to prove

that BF = Fa.

]

We have a Baer Sum System.

To make our comparison of ES with Hilton'’s theory (7),

we show, as we promised to, that addition, as defined in

Note 3.12, coincides with addition as defined in the Baer Sum

System.
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Given elements Rl +> B RZ- > B
A ¢1 > xl ' A ¢2 > Xz

their sum in ES(A,B)'is the composite square in the diagram:

. | . v .
Pl > R].GR2 > B®B > B
1 v, 99, 2 1
¢, 00 |
A 199 .
A . > AGA X1$X2 - P2

where 1 1is a pullback, and 2 is a pushout. But,

referring to Note 3.12, in the diagram:

p —{L:1) > DBOB Y>3 3 0
3
V189, zI’o
&
2 X

the square 3 1is a pﬁshout, by Lemma 3.14. Thus square 2

is square 3 , and

A > Pz-’ B
Ty O+, ¢ (]
= A 1122.>X ° B .
o)
Dually, the relation: A <————————- P, - —> B is

the sum defined in the dual of Note 3.12. The result is

‘proved.

Egquivalence

We show that the induced bifunctor is the zero bifunctor,
as we foretold. The equivalence relation of the Baer Sum

System is much coarser than the equivalence :elation of
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definition 3.4, and ES(A,B) has a single element for all A and B.

For, givan any two exact squares 6f ES!'(A,B):

o o
1 : 2 _
0] E
By ¥ B, ¥y
A‘ ¢1 > Xl A ¢§ > X2
¥7e note that:
0] > B
l i is an exact square,
A 1 . nes

and we have morphisms:

providing Ey Llﬂil-gé . So that E, =

P-Hom 3.16
We discover a new family of non-trivial Baer Sum Systems.

Let P be a full subcategory of an abelian category A closed

with respect to the formation of direct sums.
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Let P-Hom be the small category:

(1) > (1) > (r)

Let B ¢ (R-Hom,A) = (F|F(i) e P].

That is:' B is the class of functors with values of the form:

A —> P - > B, where P is an object

of B. Clearly B is a PBS System.

B is also a Baer Sum System

We verify:

Conditions 1, 2, 3 of Proposition 1.13.

1. Given A' —% A, a morphism of A, and

é, ¢
pan i, p 2

B € P-Hom'(A,B), define Fa by

\{

E_(X(l) = At, E_a(el) = ¢l(xl E_a(i) = P, _E_‘_a(ez) = ¢2:

ga(r)'= B. We then have a natural transformation

Fa —gﬂl»-g, descfibed by the commutative diagram:
¢ ‘ ¢
At LI \ 1l . o»p 2 -8
o 1[ lj
A e . ~
¢1 P ¢2 B

By Lemma 2.2, the equivalence class of Fa serves as
Fo, and we have

{anl}

Fa s—= F.

2. Given B -—E—> B!, a morphism of A, and

21 2
F=A > P > B € P-Hom'(A,B), we define BF

by BE(1) = A, BE(8;) = ¢, BE(i) = P, BE(S,) = B¢,,



a1,

III.17

BF(r) = B'.  fF is the functor with value:

a2, p B9, g,

BF is defined as the equivalence class of fF and we

obtain:

ar (118) g |

We use Lemma 2.1l. Given particular functors

F, F' ¢ B, and a natural transformation

F anB, F', we have a commutative

diagram:
. ¢ ¢
F : A 1 .p 2 B
¢4 85
F' : A' ————ae> P! —o > B!

which provides a commutative diagram:

]
BE : A — s

p B2
1l ; ly v
b{a é5

Flo : A > P' ————

B
{1
B

L.

so that EI BF Ant, Fta, and it is easy to prove

Hl

that BF F'o.

We have a Baer Sum Systém.

Note P-Hom(A,B) is a set if (but not only if)

P is small.

‘'The significance of the equivalence relation placed
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on P-Hom(A,B) is not immediately clear. But, by
considering  special subcategories P of A, we obtain

results that illuminate the structure of P-Hom(A,B).

Proposition 3.17

If P = A, the functors P-Hom and Hom are naturally
equivalent; that is:

g—Hom & Hom.

Proof

Let F, E' € g—Hom'(A.B), then F : A- ¢ . P v B =
¢l

]
> P! AN B if, and only if, ¢¢ = yr1¢?,
For' EEEIQHE-{—ME‘.I.
Then there exists a finite sequence of functors and natural

transformations:

E=F, — & < E — .. — By = Ex=E&".

K, K¢ o K _nK!_
Let Eal—']:“-—]'s'zazc eses ooy _F_(X.n__l"-n—'l-—g—']&_F_an betlle

exceptional natural transformations, which are such that

Ky #1 or K{ #1. If ¢;, ¥; denote the two morphisms of F;

then clearly:
o (= wb¢o) = Yo by
and Vet (= Yy by ) = Yo o .

By considering the commutative diagram:

ba. Po.
A 1 . Pal ’ 1 > B
X [Ki
da | a v
A 2 = qu 2 > B

we obtain: wa2¢a2Kl = Kiwal¢al . By a technique entirely

analogous to that of Lemma 2.1, we prove that
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Youq Py = wnqk;zn ’ s<§ thét
w¢ ) ¢l¢l .

Conversely

Suppose Y¢ = Y'ot ,

then the following diagram commutes:

FE : A ¢>P 2NN

,~ A

B
A > A ¥4 . B
B

Py A ¢ i;' -———'w—-——d'

v

providing F (inl F', s0F =F'.

It is easy to check that the equivalence between

P-Hom (A,B) and Hom (A,B) is natural.

Proposition 3.18

If P = {0}, P-Hom is the zero bifunctor. The result

is obvious.
These two results are combined in the proposition that

follows. First, we remind the reader of the definition of

a reflective subcategory.

Definition 3.19 (see (5), page 79, or (6), page 76)

Let P be a subcategory of A. P is a reflective

subcategory if for every object A of A there is an object

r
A of P, and a map A —2 . & which satisfies the following

condition: For any P of P and map A ——> P there is a

unique map & ——> P such that



III.20

44,
A A .z
l commutes.
We quote the foilowing results without proof:
If P is a reflective subcategory of A:.
1. (See (6), page 76) There is a functor R : A — P
defined by R(A) = A
R(f) = £ , where f is the unique map
making the following diagram commute:
A > A
Ay ——— &
R is termed the reflector.
2. - (See (6), page 88) g is closed with respect to

the formation of limits in A.

Examples of reflective subcategories P of A are:
(see (6), page 83, and elsewhere)

A itself; (o}, if A has a zero object; the
category of torsion free groups in the category of

abelian groups. There are many other examples.

In the next proposition we assume that P is a
reflective subcategory of an abelian category A.
The category B<(R-Hom,A) will then be closed with

respect to the formation of direct sums,
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automatically, by our remark above.

Proposition 3.20

If P is a full reflective subcategory and R : A —— P
is the reflector, and E i P —— A the embedding functor,
then P-Hom is naturally equivalent to the composition of

functors:

That is: there is a natural isomorphism:
P-Hom(A,B) = Hom(R(A),B).
Let A denote R(A).
Then for any objects A,B of A, we may define
¢ : p-Hom(A,B) —— Hom(A,B) by considering the

following diagram:

> A
_las
¢.
P ¥

¢ is the unique map induced by ¢.

A

Define ¢* (A ~¢ . p ¥ . = V.

¢ . p ¥ o B} denotes the

equivalence class of which A ¢ . P v_, B is a

Then define, where (A

representative:

(a2 p ¥ .} =

' a —2» p Lo p) = y3.

é;}s well defined. We make three preliminary notes:
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'Note 1

Suppdse F, F' € g;Hom'(A,B), and we have a commutative

diagramé
F : A ¢ o~ p—¥ o5
 1_ | {ﬂ ‘l'
F' a ¢ > P! - #/' > B .

=3

I3
Hi

*

I

This is a situation which wé‘will'describe as

We obtain:

1=

There is a unique map ¢' : A ——> P! so that ¢* r, =¢'.
This is 9. ‘

E Y .

Then S (F) - £
$'(E) = Y'7é .

Note 2

‘Given a commutative diagram:

da wav
1l 1 N
tK'
¢a., Ya
2 2
Fa, ¢ A ———5—> Pa, B

B (Ba) = 3* (Eay)R(K).
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sequence of natural transformations and functors

E'='EO.QE‘1<_.‘. oa.—»_EQkhE.'Where
Kl'in Kn an -1

Pq, shall denote the
exceptional natural transformations, which are such that
: v
K; # 1 or Kj 7 1.
Then, by Note 1,
3 (E) = 3'(E) = 3B (Eqy)
and $' () = &' (E¥).

By Notes 1, 2 and 3, we have:

FayKy =« K{Foy

whence = ¢ (Fay )R(K;) = K §'(Ea1)
3" (B0, )R(Ky) = K§ ' (Fay)

-

SN (Ea IR(K, 4y = K! o &' (Fay 4
By the technique used in Lemma 2.1, we obtain:

Ki_y +--+ KIKI $'(Fay) = @' (Fo JR(K _;) ... R(K,)
whence §'(§‘_d1) = Z‘:’(E_an)

whence S (E) = g (F").

Our result follows.
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Suppose ¢ ({A -92-» p Y, B}) =3 ({a 2L ¥ B})

Then, in the following diagrams:

A
*’:i;'
P

A
*a 15 | .
A ¢ o P 4 > B A y! > B
Y = Y'¢' . We obtain a commutative diagram:
A ¢ > P ¥ > B
2 N ”n
1 ) 1
r
A — —
A > A > B Yo = Yro!
L —
1 X 1
\L N \L
a B > P! 7T > B
and A =% p L sl =(a &+ p L ).
¢ is onto Given A —2Y—> B in Hom (&,B)
3 (A — >E —2X s 8)) = y.
E preserves the addition
Suppose F = A ¢ > P ¥ > B
¢! ! .
Ft = A - P! > B, induce the
diagrams
A A
*a l ) *a l 3
A -----(2——-9- P A -—L.—;- P
1 v 1 ¥
B B
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Then, noting that a representative of the equivalence
. i
class of F is A A .5 Y2

B, we have:
1]

3(a-2sp-top + a2 YLy

r -y ‘ : ry
({a R~K ¥ .8 + A A, x ¥ gy

il
e

_Té ({a N AGA A A Xei{ AL LA BOB V. B})

And, since the following diagram commutes:

X
A A > A

A A

r, or, d_
AeA —2 B . Fem

Yory oy'5
BB - v, B
= Yo+ Y'ér .
And, §([A—¢l>p—1”—>3])+§([A-9—'>p'ii>B})

= 4/-6 + 4/'6' .
The result; is proved.

¢ is natural’

Suppose At —% > A is a morphism of A; we have the
diagram: |
P-Hom(A, B) 2 > Hom(A,B)
P-Hom (o, B) { Hom(R (a) ,B)

P-Hom(A',B). —e o Hom (&', B)

The diagram commutes.
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a—2.p Y ~.B} = A - A, x Y8 > BJ.

Travelling in a clockwise direction:

a—2-p 4, ) - R ¥, 5 - —  Yp.R(at).
Anticlockwise:
a -2+ p ¥, g > (ar 2%, p ¥, p)

= (A — & 2% By~ ygu,

vhere ¢a is the unique map making the following diagram

commute:
Al }6&
m
P .
Now
: r
Al Al R
a\ R(a)
r 1
A A > A
¢ @
P conmutes,
'so that ‘

YR (a) = Yda. We have proved naturality in the
first variable. Naturality in the second variable may be
proved 'in a similar way .

The equivalence relation placed upon g-Hom(A,B) is
analogous to the relaticns which define thenténsor.product of
two modules. Surprisingly, we discovér that P-Hom, under

certain restrictions, becomes the tensor functor.
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bProof
Define scalar multiplication by ccmposition. That is,
for £ ¢ (A,P), X € End(P), the product A.f is the composition

Af.

Note 3.24
For every object A of A the set (pP,A) is a right
End (P) -module, with scalar multiplication defined by

composition. = That is: £f.)\ = f.

Note 3.25

(P,-) is a covariant functor (P,-) : & —> End(P) .

Similarly (-,P) is a contravariant functor

(-P) : A —— End(P),.

In order to prove the first statement we need only show

that, given a morphism

A —2% s AY of A, (P,A) AB,a) (P,A') is a

‘morphism of modules. Now, for P ——£-¢-A., and A € End(P)

((P,a)}(E\) = af)
= {(P,a) (£) }r.

The second statement is proved in a similar way.

Definition 3.26

Given a category A, and a collection of objects 0< A,
the full subcategory generated by O is the subcategory

consisting of all the maps between the objects of O.

Proposition 3.27
If P is the subcategory of A which is the full

subcategory generated by a single object P, and all its

(finite) direct sums, then there is a natural isomorphism.
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w: (°,B) ) (A,P) — p-Hom(A,B) ,
End (P)

for objects A,B of A. That is: pP-Hom is naturally

equivalent to the compositinn:

)X (-, P) (;End(P)XEnd(P) &

o]

We outline the form of the proof:
Let F be the free group generated by symbols 1[/@ ¢, where
v e (P,B), ¢ € (A,P).
Let ® be the epimorphism |
F ® - (r,B) ® @.P) .

L End (P) ‘
We shall define ¢! : (P,B) X (A,P) ——> P-Hom(A,B)

which will induce an epimorphism

§ s F > g“Hom(AaB) .

In the diagram that follows, we prove that Ker 6 Ker ¢,
thus inducing a map W. It remains only to prove that w is

1-1, in order to prove that w is an isomorphism

Xer O

|

Ker ¢ . >

(=]

> P-Hom (A,B)

=

(P,B)@ (A,P)
End (P)

Now, define ¢' : (P,B) X (A,P) ——> P-Hom(A,B) by

e (¥.¢) = (A ¢ . p Y, B}, where the latter symbol

represents the equivalence class of A ¢ . P v . B in

P~-Hom(A,B) . We obtain an induced mapping ¢ : F ——s> P-Hom(A,B).



55. | ITI.31

ziis‘an epimorphism
We shall have proved this statement when we have shown
that P-Hom(A,B) is generated by elements of the form
a2 p LRl

Any element of P-Hom(A,B) has the form

¢
.| (Vg0 eeet)
{a I > ® P, L 1. B)
-i=l.'.-n
where Pi =P, i=1.,... n.
Now, ?1
é - Wy eesth _3) v
A ~nb, g p S 0"l nyy(a =By p B, p)
i=1,.%n-1
¢
= {A--;»AQA.--’L——__>epi_ 3 pop —— B]
i=l..n '
¢
o | (W e ov)
= (a n > ® P, 1 n g},
i=l..n
By induction, é
:l
- ¢ (W e otl)
(a R @p; 1 n, p)
¢l wl | ¢n Wn

Ker © € Ker ¢

It is sufficient to show that every generator of Ker ©

is an element of Ker §.

g W ®¥,) Qs -v,®s - ¥,B¢ =0,
since '

g R +3E W,Re)
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14 ¥
= (a ¢>p l:_B'}+{A ¢,>P 2>B]

= (A —2s nen 228, pop 22 pop ——» B)

and, since the following diagram commutes:

A e e~ p ' > B
1 A N 1
A —5 - nen 282, pep e BB ~—t—> B
= 3Ny +-¢2)®¢) .

A similar argument establishes that:

TWE @ +8) -v@a, - ¥® ) =0,

since
a L. nen 1%%2 pgp IOV, ngy T .,
1 v 1
A P1t% > P vy B
commutes.
Finally, ¢ (¥ &¢) (A e”Ené(p))
= A ¢ > P ¥ A > B .

And, since the following diagram commutes:

P L
{x
P 4

= S (YR r¢), which provides that ¢ (YMRd - ¥(Me) = 0.

=~

a ¢
A >

w(._..-.—-_.....__.m
=

A

-
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wis 1-1

The map w induced by the inclusion Ker © { Ker ¢ is

defined by |

W =3 (¥®# = 2 —Lsp L.
Suppose that w(¥() ¢) = w( P x®¢').
i.e. F:a—2uop Y op=r a2 pviw' ~ B.

Then there are a finite sequence of natural transformations:

— Ex < E'-

F=PF -——>~El-——>~_.,,-——>~

= =0 Eox-1

K, nK{ ‘ K. _.nK!_
Let Fay -—]2-——]& Foy s eceee, B0 5 n-l -l Fo, » denote the

exceptional natural transformations, which are such that
]

K, #1 or Ki £ 1.

We have a commutative diagram:

by (7
- o o

P B
¢ ¥ ‘
1 P 1 B

: A : >

L

E

" 80 that >\1¢§. = ¢ -101)»1 = 1[/0 .
Hence ?P°® ¢o = ?pl)"lé<> ¢o = ?P1® )"l¢o
| = U®eY .
Hence ¢°®¢°¥¢1®¢1= caoes =1//a1®¢a1 .
We have a commutative diagram: |

do Yo
Foy A 1 . 1

Y

me—-—h—-—-—w———-—-w
= E
'—‘-

K1 Aal |
da Yo
Fa, X 2 2
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so that Aoy ¢a1 = ¢a2Kl : K]'_ﬂllocl = wazmxl .

K, Yoy ® by
= VR Qe = v @rede

= Y Q6K

(1 ® (K.P)) (Yo, @ b))

Hence ((P,K{) Q1) (¥oy ®) $)

and, similarly,
(2.K)) @1) (Voy @ 937) = (LD (K. P)) (Yo, @ Say)
1,00:2 ®) G0, = Ya, &) ¢,
((P.K3§) @ 1) (Yo @ b0y) = (1) (Ky,P)) (Yoy B bay)

Continuing in this way, and using the technique of

Lemma 2.1, again, we obtain
((B.Kg 3 -+ K§K]) ®1) (Yo, @ day)
= (1.®(Kn_l ees KKy, P)) (Yo (O )
Hence ¢al® ¢oc1 = ?[/an® Q)an = PR or .
Our result follows.

W is natural

Given A'' —%—> A, a morphism of A, we obtain the
diagram
P-Hom (o, B)
P-Hom (A, B) ‘ > P-Hom(A',B)

2.5 @ @,p —HuB) oo are)

It is routine to verify that the diagram commutes, and

that w is natural in the second variable.
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Corollary 3.28

R

If A is the category of right R-modules ¢, and P is

chosen as the object R, then there is a natural isomorphism.

P-Hom(A,B) € B{x)A*

for objects, A,B ¢ gR . A+* denotes the 'dual of A', which

is the left R-module (A,R).

Proof
It is easy to prove that the ring‘of endomorphisms of

~the right R-module R, End(R), is ring isomorphic to R .

Further, the right End(R)-module (R,B) is isomorphic to the

right R-module B under the identification of End(R) and R.
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CHAPTER FOUR

2EXTENSIONS - THE PRELIMINARY THEORY

We begin the investigation of generalized extensions,
which we call 2Extensions. This is a departure from the
theme of the earlier chapters. For, although the system of
2Extensions forms a Baer Sum System, it forms a trivial Baex
Sum System, and is not of much interest as such. Instead
we investigate the structure of 2Extensions under a finer
equivalence relation than the eqguivalence relation of a Baer
Sum System. And, in this way, we obtain a bifunctor, 2Ext,
from any abelian category A to the category of abelian
monoids. The reader will notice an analogy between this
situétion and the situation described in the section on
relations and exact squares.

The research for this thesis began with the theory of
2Extensions, and the induced bifunctor 2Ext. Given objeéts
C and A of A, it was discovered that 2Ext (c.,A) failed to be
a (nonétrivial)‘abelian group under every possible equivalence
relation. An investigation of the reason for this failure
led to the definition of a Baer Sum System and the
characterization of rich bifunctors, such as Ext. Then
the failure of 2Ext to be a rich bifunctor became simply
evident,

We work in an abelian category A, and make frequent
references to the theory of extensions, developed in (14)
page 63 ££., or (15) (page 161 ff.).

Kerf, or Kf, will denote the kernel of a map f; Cokf,
or C£f, will denote the cokernel of a map £. The symbol

>+ will denote a monomorphism, and -—» will denote an
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epimorphism. As in 3.2, we use the terms pullback, pushout,
and bicartesian. Z denotes the group of integers, and Zk
denotes the group of integers modulo k.

ia Pa . s
A —>A®C, ASC — A, denote the injection, and projection,
associated with a direct sum., Imf will denote the image of
a map £. Foundational problems are treated in the way

discussed in Chapter 1.

Definition 4.1

A 2Extension of A by C is a sequence
. P, g
A - Bl 5 Bz CI

where X = Ker (op),

o = Cok (px).

The next lemma expresses the nature of a 2Extension in

a different form:

Lemma 4.2

" The commutative diagram below, in which both rows are
short exact seqQuences, represents a 2Extension if, and only

if, square 1 is a pullback and square 2 is a pushout.

A' - Bl el Cx
N
KO‘ > B2 c

Proof

The proof follows immediately by Lemma 3.14, and its

dual.

Note 4.3

A converse to Lemma 4.2 is the observation that a

2Extension is naturally represented by two short exact
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sequences,
A > By > Cx and
Kc > B, > C , in the commutative diagram
below:
////////zcx&\\\\\\N
> g
A B1 _ B2 » C

where the induced map A -A>Ko is an epimorphism, and the

induced map ¢, —C is a monomorphism.

Lemma 4.4 ( (6), page 34)
"Cancellation of Limits".

If

is a pullback, and pl ——£—¢-p ' pl —~Is o, are two
morphisms of A, then:

of = ag and Bf.= Bg

= f£=9gq

Proof

The proof is immediate, by the properties of pullbacks.
We shall frequently refer to the effect of this Lemma, or

its dual, as "Cancellation of Limits".
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Definition 4.5
2Ext (C,A) will denote the class of 2Extensions of A by

C, under the equivalénce relation defined by: E = E! if

B
[2
B

there is a commutative diagram:

E -——9———»

B

3

[ -

Y

]
E' = > B > —jl—e»

l—'-

where Bl and 62 are isomorphisms. The vertical maps in such
‘a diagram will together be called a morphism of 2Extensions,
and we shall write:

(1,8,,8,,1)
E 1’727 E?

Note 4.6 :
The reader will recall ((14), page 64) that if E and E'
are extensions of A by C, then the existence of a morphism

il&ﬁﬁlﬁ> E', implies that B is an isomorphism. The proof

of this statement uses the "Five Lemma" ((14), page 14).
The theory of 2Extensions does not have the benefit of the
"Five Lemma", and in fact we may have a morphism

(1,8,,6,,1)

E', as in the diagram below, in which neither

By nor B, is an isomorphism.

AN

E = 2Z ---------->1 /A ——>11 Z .07 ———>p2 Z
- 2 2 2 2 2
l 11‘ p2 Il
i P
= 1 2 1l
E' = Z, — Z.,87Z. ZZZ > Zg

The theory of 2Extensions differs, therefore, in a
fundamental way, from the theory of extensions, and the

theory of a Baer Sum System.
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- Example 4.7

We illustrate our definitions with some examples of

Iv.5

distinct 2Extensions of the class 2Ext (ZZ,ZZ) :

2. >———>Z4-——§-» ZZ-—-l'-—->Z

2 2

1
Ly —=—> &y > By ——> 2,

1l
Ly r———> By = By ——> 7,

1
Zz S ZZGZZ — Zz —d Zz

1 0 1l
2zz>——_.>zz--—-—-> zz.—-—-—»zz

There are other elements of the class.

An example of

a 2Extension in which the middle morphism is neither a

monomorphism, an epimorphism, or a zero map, is

; (£2)

By > Ty O ———l> 7,07 __.E__>ZG

4 4773

By analogy with the theory of Baer Sum Systems we

define, for every E € 2Ext (C,A), and morphism C!' ~Xc,

a 2Extension Ev.

Proposition 4.8
If E ¢ 2Ext (C,A), and ¢* —X—»C is a morphism of A,

d Ey € 2Ext (C',A), and a morphism of 2Extensions

Proof

(183,89

Ey

We make an explanation concerning our method of proof.

Our results will be valid in any abelian category A. But

in the following proof, and in subsequent proofs, we assume

that A is the abelian category Rg of R-modules, for some

ring R.
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We make this assumption without loss of generality, for
the following reason. The "Embedding Theorem" due to Freyd
(5) . Lubkin (13), and Mitchell (15) or (16), asserts that any
statement concerning the exactness and existence of sequences
of maps ‘of an abelian category, which is true for all
categories of R-modules, is true for all abelian categories.

We are thus permitted proofs by "diagram chasing"’

If E is the 2Extension

A >— X t»Bl P ‘-Bz L C, make the construction:
] p' < 1! (o - .
it S
\ i *
/+/1 By 2 !52 3 |y
z{"—i‘-—»al 3 >B, I sc :E

in which square 3 is a pullback, and thevcomposite square 23
is a pullback. Then square 2 is a pullback, and the

morphism A ——~—e-Bi is induced by the zero map A -—g—e-C'.

It is well known, and routine to verify, that B, B, are

described in Rg by

B, C ByeC' = ((b,,c’) | o(bé) = y(c')}

By

C BjeCct = {(by,c’) | op(by) = y(c*)]
and the maps o', p', Bl' Bz, x' are described by

U'(bzoc.) = !

p'(byj.c’) = (p(by),c?)
Bl(bl,c') = by

x'(a) | = ( x(a),o)
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Then it is easy to verify that the diagram commutes.

Further, the sequence

E :a X Bi P, Bé O, ¢' is a 2Extension,
for
Ker otp! = ((bl,c') | o' p'(by,c') = o}
= {(by,0) | op(b;) = y(o) = o}
= {(x(a),0) | a €A}
= Imx'
and Imx'p' = {(px(a),o)}

= {(k,0) | k € ker?d}

= Ker ¢!

Proposition 4.9
If E € 2Ext (C,A) and A —%—>A' is a morphism of 3,

Ja E € 2Ext (C,A') and a morphism

(a,sBy,8,,1)
E“lz‘

oE

Proof
The proof is dual to Proposition 4.8. Make the

construction:

aE

in which square 1, and the composite square 12 are pushout

sguares., We note that Bi, and B, are described in Rg by

Bi = A'@B,/N;, where N; = {(-a(a),x(a) | a € A}
o = A'®B,/N,, where N, = {(-a(a),px(a) | a € A},
The result follows.

B
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The next proposition describes the construction of oE in
terms of the description of E set out in Note 4.3. This
description is essential for the important Proposition 4.13,

which follows.

Proposition 4.10

IfA —% 5Ar is a morphism of A, and the 2Extension

E : A > > By > B, »> C is represented,
following Note 4.3, by the short exact sequences

E

1: A > \Bl “Cx,

E2: Ko > ‘B2 » C ,

then oE may be constructed, as in the diagram that follows,
by:

1. Constructing aEl. |

2. Constructing the pushout 1, and inducing the map o'.

3. Constructing a'Ez.

aEl, a'Ez are the compositions defined in (14), page 66, and

previously used in Chapter 2.

Proof
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The reader will recall that

|

By

|

|

4
By

S

|

is a pushout. Then, since B,px = ci¢1a, the morphism p' is
induced, and p'B; = Bypr p'x' = i¢1 .

]
 Then ¢5x,8; = 0'p'By

and ¢3xix' g'p'x' (= o)
By cancellation of limits (Lemma 4.4)
[ ]
$yxy = 0'p' .
¢3 = ¢3. and the diagram is commutative.
Furthermore, the nearest rectangle represents the

2Extension gE. Since

> B

1}’* 1

]

! i

i l .

A ——> By is a pushout, the object B, and

the map x' are the corresponding object and map of oE. We

show that the rectangle in the diagram:

X . g
A B].' . B[2
(04 Bz Yl
\L ¢1 G'
N ) P
At o - By Yq .
P,
] : \ Y3 \\\\\\ﬁr

is a pushout. To this end, suppose that the object Y, and

the maps Yys ¥, are given so that YipX = Y . Since 1 is
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a pushout, by construction, Jy,, and y.¢, = y,, and
- +3 371 2

y3a' = Y,0p- Since

o 2

|
£

and y,8, = y;. Hence v 019 =y,, and y,8, = y,, proving

K e———
l

nr———

UJG-——-—————UJ

2 - is a pushout, 3y4. and y4c]'_ = Yav

the result.

) We have shown now that Bé and p' are the corresponding
object and map of aE. o' is the unique map induced by

A' =2, and is the corresponding mapvof aE. This

completes the proof.

Note 4.11

The dual of this construction provides a description of
Ev, where C' —X ¢ is a moréhism of A.

In Note 4.6 we pointed to a fundamental difference
between our theory and the theory of extensions and Baer Sum
Systéms. This difference appears in the next remark. The
reader should compare this résult with condition 3 of |

Proposition 1.13.

Remark 4.12
A morphism (a,Bl,Bz,y) ¢t E s E' of 2Extensions does
not always imply that aE = E'v. Fot, let E and E' be the

top and bottom rows in the commutative diagram:

2 2 2 |2 2
0 }oei ‘1 i
i \
o gi —ts 7. % —J&—é:% __l_¢;%
3 3 4 4 4



70. v.11

. i . 1
Then OF i§ Zy ———> Z, 0%, ——> Z,8Z, -—P——»zzz
. i P L
and E'i is Z3 —-——»ZB@ZZ Zz > ZZ , as the

reader can verify. Clearly
OE £E'i .
We recover some of this loss in the next proposition,

which will be indispensable in subsequent work:

Proposition 4.13

A.morphism (o, Bl,B +yY) : E ———E*' of the 2Extensions: -

E : A% Isc

_ P
> By > B,

] ]
Et : A x"B]'_ _P > B, dsct

implies that CE Z E'vy if, and only if, the induced map
Kpx =———> Kp’x' is an epimorphism and the induced map

COp = CO'p! is a monomorphism.

Proof
Represent E by the pair of short exact sequences

(El'Ez)' and E' by the pair (E]",Ez')._

Then El is A >Bl ‘Cx
E2 is Kc >32 > C
' e ! )
El is A 'Bl Cx
. ,‘ (] - t -
E2 is Ko B2 o)

The morphism (o,B;,8,,y) induces the commutative diagram:

a[ Is(O' , 131 !BZ c! l’y
Kp'x' >A! "" ~Bl'4/>a?j g' Sc >Cy'p!

l. 0oE =Ey if and only if 1 is a pushout and 2 is a
pullback.
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For, if oF = E4 , 1 is a pushout and 2 is a pullback, by
the construction of Propositibn 4.4 and its dual.
Conversely, if 1 4is a pushout and 2 is a pullback,
- we have, by the commutativity of the diagram: | |
. 'Eiy'
B, = Eéwr .

-
i

We may now draw the diagram:

A \\_ \ B*
\ N \
a ] \ A [ ] '._\“ .
NS \ X N |
\ 1 \ \ \ A
NI W N €
v“‘l. \.\/)'Bf/ \ NN
KO’ — \ \\ \ \ \\
\\ .

L
K p

The rectangle in the middle, together with the left
map, x, represents qE. The same rectangle, together with

the right map, y., represents Ey. When we have proved that

x = y, we shall have proved our result.

From the diagram above we may extract the diagram:
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A' ———> B

There is a single morphism

., .
A' s> C, A! -——-—-*Bz, Bl > C Bl —-——-—>B2 o
Applying Lemma 4.4 twice we obtain, by cancellation of
limits, that -

x= y *

2, 1 is a pushout and 2 a pullback if and only if

a(Kpx) = Kp'x' and Im (Cx —>C) = Rer (C —{>C' >Ccr"p').
For, recalling that A —> Ko is an epimorphism, and

Cx —C is a monomorphism, we have exact sequences.

Kpx - A > KO ——> 0 and
0 ——>Cx! =—+C'! ——>Co'p' .

The result follows immediately, by Lemma 3.14, and its dual.

3. a(Kpx) = Kp'sx! and Im (CX —>C) =
Ker (c —lsc! Ca'p') <

KpX = Kp'x' is an epimorphism and
Cop ———>Co'p' is a monomorphism.
This follows by an easy diagram chase. This completes the

proof.
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Proposition 4.14
3 (3 X . p 6 -~
If E is the 2Extension, A > By > B, c , and

A =%sar amd ¢' —X+C are morphisms of A, then

(aB)y = a(By) .

Proof

Represent E by the pair of short exact sequences (El'Ez)'

If a' is the map defined by the pushbut

K -Ql——»-pl , and v' is the map defined by the
pullback
]
) --I———¢-Cx
¢t —Y—sC , we have
aE = (ocEl,a'Ez)

((X-E)Y = ( (CZEl)'Y', (a'Ez)‘Y)

Evy = (B;v', E,Y)
a(By) = (a(Eyv"), a'(ByY) )
and

(aE)y' = a(Byy') ¢ (a'Ey)y = a'(E,y) . .
By drawing a diagram, and applying Lemma 4.4 twice,
the reader can prove that this pair of congruences

represents a congruence (oE)y = o(EY) .

Proposition 4,15

Let S be the category of abelian monoids.
2Ext is an additive bifunctor
/

2Ext : A XA ——>S ,

=
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contravariant in the first and covariant in the second

variable.

Proof

Let E,E* ¢ 2Ext(C,A).

Part 1., (i) 1E =E (Clear)
(i)* E1
(ii) (a'a)E = a'(oE).

E (Clear)

We have a commutative diagram:

&

E : A 2 > By £ > B,
04
S ARG PORITIN TR
al
, R
afeE): A By By ———>

Kpx —~——> Kpix', and Kp'x'! —— Kp"x" are epimorphisms, by

Proposition 4.13, Hence Xpx ————> Kp"x" is an epimorphism.

(a'a)E.

il

By 4.13, a'(aE)

(11)* E(yy') = (Evy)vy', dually.

Part 2. (1) (a®0?) (E@E?) = oEQu'E!
- . x SR g_.
Let E : A — Bl B2 Cc
L W Y o Z 5
o s D Fl F2 > G
x! t _p! r _o!
n¥ J IS ) | . o [
B : A Bl BZ Cc
wt r y! + 21
? 2. ] S S ¥
alEt: D Fl F2 G

We have a commutative dlagram:
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EGE' : Aear X8XI, B, B, L8 B,®B, 999" nect
v/

. '
oE€y 'E"': DéD ! WF].QF]. WFZQFZ —ZWGQG'

Ker (px)® Ker (p'x')

Noting that Ker (p®p'.x®x"')

and Ker (y®y'.wéw') Ker (yw)® Ker (y'w!'),

and that Ker (px) —— Ker (yw)
and Ker (p'x') — Ker (y'w') are epimorphisms.
we conclude that
Ker (pep';xmx') — Ker (y®y.wdw') is an
epimorphism. Dually
Cok (0®0'.p®p') ——>Cok (z8z'.y®y') is a

monomorphism. The result follows by Proposition 4.13.
(i) * (E®E') (v@y') = Ev8E'y', dually.

Define an addition in 2Ext (C,A), by

E + E' = V(EBE') A. It is clear that addition is

well defined.

Hl

(ii) o«(E + E') = oE + aE"' .,
o0(E + E') = qV(EBE ')A = V(u®a) (EGE*) A

= V(GE®UE')A = oF + oE' .
(ii)* (E + E')y = Ey + EY, dually.
Y Y

Part 3. _

2Ext (C,A) is an abelian monoid, i.e. a commutative
semlgroup with a zero.

Thg proof that '+°' is associative and commutative is.
the same as the proof of Seétion (III) of 1.13. We need

remark only that the morphism
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(1A, TBl' 1B2, ) : EQE! ——> E'@E satisfies the
conditions of 4.13, and provides that

A (E®E')

th

(E'®E) «C .
The zero of 2Ext (C,A) is the element:
| E, : A ~i . pec —Lnec B .c.
This may be proved by computation, with the assistance of

4.13. We omit the details, which are tedious.

Part 4.

2Ext is a bifunctor.

Given A —%> A", define 2Ext (1,q) (E) = oE.

Dually given, c! ;41—>C, define 2Ext (v,1)E = E~.
Part (1) provides that 2Ext is a functor in each variable,
and 4.14 that 2Ext is a bifunctor. Part 2 proves 2Ext

additive.

Note 4.15
2Ext (C,A) is never a (non-trivial) abelian group.
For the element

E% : A —2sn -2 50 —1 e

has the property that, for any E € 2Ext'(c,A) E + E* = E%*,
as ‘computation will verify. Clearly such an element
cannot exist in a (non-~trivial) abelian group. And the
existence of this element proves that under any possible
equivalence relation 2Ext (C,A) fails to be a (non-trivial)
abelian group.

2Ext is a Baer Sum System. 2Ext can be made into a
Baer Sum System in the obvious way. oE and Evy are defined
as we have just defined them and, under the coarser
equivalence relation, a morphism (a,Bl,Bz,y) t E w———sE!

implies that oE = E4. The last statement may be verified
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{1nl

trivially, since for any E € 2Ext (C, A) 3 E, E, for
A s AGC MA?BZ ...(..9.'_‘2..;.c
t (x,0) l(px,l) i
: A —~—————> 1 L *52 g *£
and
a —3i . 2ec _Qﬁ).»AQBz 0.9 &
1 (1,0) (1,0) 1
E_: A ----i_——->mc —L aec —P ¢
commute.

The reader should compare this result with the theory

for exact squares (ES).



CHAPTER FIVE

THE STRUCTURE OF 2EXTENSIONS

Given objects D and A of A, we obtain a family of

natural monomorphisms:

(D!} : Ext (D,A) —— 2Ext (D,A).

The family (D4} is in 1-1 correspondence with the family

(D'} of subobjects of D.

If A > B » C is a short exact sequence in A,

the reader will recall (14) that:

Hom (D,A) > Hom (D,B) — Hom (D,C) —> Ext (D,A) —> Ext (D,B)
—> Ext (D,C) —> 1is a long exact sequence of abelian groups.

In analogy, we define a functor LHom, and obtain a sequence:

LHom (D,A) >~—> LHom (D,B) — LHom (D,C) —— 2Ext (D,A) —>
2Ext (D,B) — 2Ext (D,C) — "which we discuss briefly.

The result we obtain is weaker than the classical result.

befinition 5.1

If A and C are objects of A, LHom (A,C) is the class of

diagrans:

E : A'>d—A > C, where j is a monomorphism,

under the equivalence relation

- l'l ’
At >ds A >C = A" > a >C
if, and only if, there is an isomorphism ¢ and a commutative

diagram:
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Proposition 5.2

Let S be the category of abelian monoids. LHom is an
additive bifunctor

LHom : é X 4———-> S,

kg

contravariant in the first, and covariant in the second

variable.

Proof
Part O.
Let E : A! »d—sA —>C ¢ LHom (A,C) .
IfAa* -2 A is a morphism of A, define Ea to be

P > >A* < C , in the construction that follows,

>

whefe square 1 is a pull-back.
P > A*
k 1 [a
A'>—-j—-——>A
aﬁ

We note that, by the properties of pullbacks, P > A*

is a monomorphism (see (5), page 52).

If ¢ —X— C¥% is a morphism of A, define HE to be the

diagram A' > > A >~ C* in the construction:

At ey A
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Part 1.

(i) 1E = E
(1) * El =E
(ii) (y*y)E
(ii) * E(aa’)

]

(Clear)
(Clear)
v?! (4E) (Clear)

Ea)a' .

In the diagram below, since 1 and 2 are pullbacks, the

composite square 21 is a pullback, and the result follows:

- 2

2

e~

(iii)

Part 2.

(cE)y = a(By)

If El ¢ LHom (Al,cl) and E2 e LHom (A2'c2) then

1l
(i)
(i) *

For, suppose E,

(v;@v,) (B 8E,) =

(E1®E2) (01190&2) = El(xl

E QEZ ¢ LHom oAlaAZ, Clecz), and

(V1E19v,E,) (Clear)

e E2a2

o >
S ON e -
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Then we shall have proved our result when we have shown

that 1, in the diagram below, is a pullback:

- , o n % %

 P,6P, > Ajen)
1 x @,

Alen) > > A éA

1% 2 —> H4%8,

c,ec,

1 is the direct sum of two pullbacks, and it is foutine to
verify that the direct sum of two pullbacks is a pullback.
Define an addition in LHom (A,C) by E + E* = V(E®E!') A.

Addition is well-defined.

(ii) Y(E + E') = yE + yE'. The proof is the same as

the corresponding proof in Proposition 4.15.
(ii) * (E+E')y=Ey+E'y.

Part 3.
ILHom (A,C) is an abelian monoid. The proof is the same

as the corresponding proof in 4.15. We note that

1

A > a =2

> C is a zero for LHom (A,C), which is quickly

proved by computation.

is easily established.

That T (E1®E2) = (EleEz) Ta

Part 4.
LHom is a bifunctor.
Givén A* —% 5 A define LHom (a,1) (E) = BEca.

Given C ~——JX—s C* define LHom (1,y) (E) = AE.
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Note 5.3

If D is an object of A, and E : A >——> B »> C ig
a short exact sequence in A, there is a connecting morphism
E, : LHom (D,C) —= 2Ext (D,A), which is a

morphism of abelian monoids.

Proof
I£ D' =35 p —2» ¢ ¢ LHom (D,C), Qefine
E, (D' > > D > C) to be the 2Extension
A > > Bl > B2 —— D in the constfuction:
S 1
Bl | D ;
s \\\\\iiz . ' \
By B, —&—— D
N /A %\ /%
A > > B » C
where

vt ——————" .

|

Qe——————u

4 !
B =™ ’ © s -

[ [Z
B B
~are pullbacks, x* is the (unique) map induced by A —2 . pr,
p* is the map induced by the properties of the two pullbacks.
That A —— B, —_— B2 - D is a 2Extension is
proved by an easy'diagram chase, assuming the embedding
theorem mentioned in 4.8.
To prove that E preserves addition we need to make the

following observations:

If A —Z—s A%, D* ~—X—s D are morphisms of A, and if

Ll’ L2 ¢ LHom (D,C), then
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(1) (0B, (By) = a(E (L))

(i1) (E@E) , (L, 0L,) = E (L) €E (L,)
(1i1)  E (Lyy) = (E,(Dy))y |
(iv) E (L) = (Ea) (D)

We omit the proofs of these facts and content ourselves
with the remark that (i) follows by the properties of short
exact sequences; that (ii) follows because a direct.sum of
pullbacks is a pullback: that (iii) follows by the
properties of short exact sequences; and that (iv) is
- obvious.
Then E,(L; + L,) = E_(V(L,8L,)A)
- = (EV) ,((L,0L,) A)

= (V(EEE)) ,((L,8L,) A)

= V(E*(Ll) ® E*(Lz))A

= E,(Ly) + E(L,)

Proposition 5.4

Corresponding to every subobject D' of D there is a

natural injection:

5 _
Hom (D,A) : > LHom (D,A)

of abelian monoids.

Proof

Define D4 (D ¢ . A) = D'> = D ¢ A,
Then D) is clearly a monomorphism. Further, D) is a
morphism of abelian monoids, since:

b ¢
DL(D —== A + D —2 A)

¢y ¢,
And: D!(D ———> A) + D} (D —— 1)
= D! > > D —> A 4+ D' > > D > A
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= D' > D

D@D >———es D@D
¢80,

AéA : (1 is a pullback)

¢4+
=D' — >D —=2 .2

Finally, D) is natural, for if A —2% > A% is a

morphism of A:

Then: Hom (D.A) (D, ) > Hom (D,A*)
D& D!,
W \L
LHom (D,A) (D,a) > LHom (D,A*)
commutes.

Proposition 5.5

Corresponding to every subobject D' of D there is a

natural injection
t

Dy

Ext (D,A) 2Ext (D,A)
ofvabelian moncids.
Proof
Define:
D!(A >~ B ——> D) = A > P > B = D,

in the following construction, where 1 is a pullback:
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W ¢—————— 1y
—
Uée—eo

¥

~ ~.
> ——

A diagram chase establishes that A > P -~ B > D is

a 2Extension. (A —2—+ D' induces A ——> P)

D! preserves addition

We prove several preliminary results:

IfE1:A> :Bl » D, and

E2 : A > > B2 —>> D are short exact sequences,
there is a map

DY, : Ext (D@D, A®A) —> 2Ext (D@D, AGA)
which is the map, defined above, corresponding to the

subgroup D*@D'" of DéD.
(i) D4«(E 8E,) = DL(E,) ® DL(E,).

For, if P, and P, are the appropriate objects of D;(El) and

D;(Ez), then in the following diagram, 1 is a pullback.

———> D@D

2
(]
1l
A@A ——> B,0B, ——> D&D
The result follows:
(ii) D%« (V(E{8E,)) = V(D},(E,6E,))

We construct the diagram which follows, in which l and
2 are pullbacks and G, = Glis induced by the properties

of pullbacks.
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62 o > DI'GD*
2
res 1
E1®E2 t APA S BIGB2 ~I———a» D&D N
\Y/ //?Gl N o D;é '
YNEleEz): g ——— Fl > - DOD

D}.(E,8E,) = A@A ——> G, —> B,®B, —— D@D

D +(V(E,8E,)) = A > Gy — Fy > D&D

This induces the morphism of 2Extensions:

X3 By o3
Ker(63x3) —> AGA 62 ‘ B‘leBZ s> DED > COk(o3(33)
| v 1
xz BZ 02
Rer (B,x,) — A Gy F, —=> D@D —> Cok(0,B,)

Ker(f33x3) ——> Ker (Bzxz)
is an epimorphism (0 —— 0)
Cok(04By) ———> Cok(0,8,)
is a monomorphism (the identity map on Cok(D'@D' — D&D))

The result follows by Proposition 4.13,

(iii) If E ¢ Ext(D®D,A), then

(DL.(E))A = DL(EA) .

We construct the diagram which follows in which 1 and 2}
“are pullbacks and F, — F; is induced by the properties

of pﬁllbac’ks .
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D!,(E) =a > Fy > B > D@D

|
b
v
1y

D!(EA) =

This induces the morphism of 2Extensions:

X, B Op
Ker ( 82x2 > A > > Gy
B

is an epimorphism (0 —— 0) . It is easy to check that

> > Cok(OZBZ) :

S

3’
l

Ker(Bl 1 : &D \Cok(GlBl)

Ker(Bzxz) — Ker (lel)

cok (o Bz) —— COk( Bl) is a monomorphism. The result

follows by Proposition 4.13.

{(iv) We have
DL(E; + E,) = DL(V(E;6E,)A)
(DL (V(E,8E,)) }A = (VDL (E{€E,)) }A
(V(DL(E,) @ DL(E,))]}A
DL(E,) +/D;¢(E2)

D! is natural

For suppose A —% 5 aA* is a morphism of A. We have

the diagram:
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Ext(D,A) —EXEtD. @ . pot(p,a%

D!, . D!

2Ext (D,a) 22209 . oyt (p,a%)

Suppose E : A —> B) ——> D¢ Ext(D,A) . We can
represent D! (Ext (D, o) (E)) and D.(E) in the diagram which
follows. 1 and 2 are pullbacks, and Gy ——> G is induced -

by the properties of pullbacks.

DY{(E) = A ——> G; ——> By —> D

1
DL(Ext(D,a) (E)) = A% ——s G > F > D

This induces a morphism of 2Extensions:

1]

Ker(B4x4) e Ker(63x3) is an epimorphism (0 —> 0).

Xy [34 . Oy

D
| [1
B l o
3 F 3D

&

‘(

Ker(B4x4)

Q@'MO

Ker(63x3) —

Cok (o 64) — Cok(c36 ) is a monomorphism (the
identity on Cok(D' —= D)).
The commutativity of the first diagram of this section,

and hence the result, follows by Proposition 4.13.
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D! is a monomorphism

Because Ext(D,A) is an abelian group the subset
D.(Ext(D,A) of 2Ext(D,A) is an abelian group. The zero of
this abelian group is the ZExtension:

A ——> APD! e~ AGD ——> D constructed in

the diagram:

AQD'-———IL———> Dt

(,3) 1 3

A 1 > A@D

P D

in which 1 is a pullback.
Clearly if E # A ———> AOD ——> D

D!(E) # A ———> AOD' —— AGD ——> D

Our result follows.

Proposition 5.6

Let D' be a subobject of D. Given an exact sequence:

E : A 2+ B g C

we obtain a commutative diagram:

X, Oy E, X, O
Hom{D,A) —> Hom(D,B) — Hom(D,C) —> Ext(D,A) — Ext(D,B) -»Ext(D,C)
D! D! D! 1 D! DL D!

LHom (D,A);‘-: LHom(D,B)a-: LHom(D,C)E-: 2Ext (D”A)SE': 2Ext (D'B)c_: 2Ext (D,C)

where x, represents (D,x), Ext(D,x), LHom(D,x), or 2Ext(D,x),

according to context, and o, is defined similarly.

Proof
By 5.4 and 5.5, we need only show that 1 commutes.

Let y € Hom(D,C)
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Clockwise: D!(E,(vy)) is the 2Extension A — G — F — D in

the diagram which follows, in which 1 and 2 are pullbacks:

G > D!
2
F - B
1 0
N \L
A > B > C

Anticlockwise: E_(Di(y)) is the 2Extension A — G, — F; — D

in the construction which follows, in which 1 and 2 are
/D'

| Gy 3
| | \Fl - )
| | . .
A B c

pullbacks:

lw K2

> C

N

" 2 is the square Gy = D!

|

B ————————> C

But then 3 is a pullback, in the diagram above, and the

_uniqueness of pullbacks proves our result.

" Note 5.7
We discuss a result concerning the "exactness" of the

long sequence:
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LHom(D,A) —> LHom(D,B) ——> LHom(D,C) —>

—> 2Ext(D,A) — 2Ext(D,B) —> 2Ext(D,C) —

. The result is weaker than the classical result, and to
obtain it we make manipulations of a somewhat arbitrary
character. For this reason we have thought it appropriate
to give only a brief account of the steps leading to the
result, and to omit proofs;} The proofs we omit are lengthy,
but not difficult.

Considering the long sequence above we are immediately
confronted with the fact that LHom(D,*) and 2Ext(D,") are
abelian monoids, and not abelian groups. We are therefore
unable to prove, 3 priori, that the sequence is exact in the
classical sense. But there are generalizations of the
concept of exactness to categories other than abelian
.categories. and, in particular, to the category of pointed
sets. |

One of these generalizations is due to 0. Wyler (17).
In this theory "exactness" is defined in "Weakly Exéct
Categories"; one such category is the category of pointed
sets. We refer the reader whovis interested in the general
theory to (17). Here we shall state the theory of (17)
only in so farvas it refers to the cétegory of pointed sets.

A pointed set is a set A containing a distinguished
point O, . A morphism of pointed sets is a mapping,

f : A —> B such that f(QA) = OB. SO will denote the
category of pointed sets. '

The kernel of amap £ : A —> B in So is
[f"l(OB)} ~—i~ A , denoted ker (f). The "normal image" of
the map f is £(A) —— B, denoted nim(f). The cokernel of

a map £f : A =~ B is B ——> B|f(A), denoted Cok(f).
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The "normal coimage" of a map £ : A — B is, if it exists,
A —> f(A) , denoted conim(f). A map £ has a ncrmal

coimage if, and ohly if, £, when restricted to the complement

of £71(0y) in A, is 1-1.
Then, we make these definitions: A pair of maps

A £ B -2 C is exact in So if, and only if,

nim(f) = Ker(g).

A pair of maps A L. B —2» C is coexact in So if g has a

normal coimage and
conim(g) = coker (f).
And, more generally, a sequence:
u u

-2 ..... —2 of maps in So is exact if the

Y Y4y N .
pairs > are exact (o0 < i < n-1) and coexact if

: Ui Y+
the pairs -~> are coexact (o < i < n-1).

A sequence is biexact if it is exact and coexact. Exactness
and coexactness are dual properties, but they are not
equivalent.

Returning to the long segquence

ILHom(D,A) —~——> ,... ——> 2Ext(D,C) , we make the observation
that neither ILHom(D,0) nor 2Ext(D,0) are trivial abelian

monoids. LHom (D,0) consists of diagrams:

Dt > > D - 0, where D! is a subobject of

D, and 2Ext(D,0) consists of sequences

0 wmee> D! >meooees D > D, where D' is a

subobject of D.
The morphism O ———— A , induces morphisms

O, : LHom(D.O) -~ LHom(D,A)

0, : 2Ext(D,0) ——s 2Ext(D,3) .
In order to prove our result, concerning the exactness of the

long-sequence, we must insist that
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LHom (D, O) = 0 and

2Ext(D,0) = 0 .
More precisely, regarding LHom(D,A) simply as a pointed

set, we "factor out" O, (LHom(D,0)) to obtain the pointed set:

LHom(D,A)
0, (LHom (D, 0))

Similarly, regarding 2Ext(D,0) simply as a pointed set, we

"factor out" O, (2Ext(D,0)) to obtain the pointed set:

2Ext(D,A)
0, (2Ext(D,0))

in neither of these factor sets, however, is the structure of
an abelian monoid preserved.

We may then prove:

1. . LHom(D,A). and 2Ext (D,A)
0, (LHom (D, 0)) 0, (2Ext (D,0))

define functors from A to SO'\

E,
2. The connecting morphism LHom(D,C) —— 2Ext (D,A)

induces a connecting morphiém of pointed sets:

Liom(D,C) Ey 2Ext (D,A)
0, (LHom (D, 0)) > 0,(2Ext(D,0))
in the obvious way.
3.. The long sequence
0. _ LHom(D,A) _ _IHom(D,B)  %* _ LHom(D,C)
0, (LHom (D, 0)) 0, (LHom (D, 0)) 0, (LHom(D, 0))
~ By opxt(p,a) _ __2Ext(D,B) _ __2Ext(D,C)
0, (2Ext (D,0)) G, (2Ext (D,0)) 0, (2Ext (D, 0))

is exact in Sgs -in the sense we have just defined.
The sequence is not co-exact, however, and hence not
biexact. 0,, in particular, fails in general to have a

normal coimage.
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