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Chapter 0. NO‘TATION, DEFINITIONS AND SOME
PRELIMINARY RESULTS

0.1 Some Facts from Functional Analysis

In the discussion below we use K to denote R or C.

Here we list definitions and theorems used in Chapter 1 to Chapter 4. The
letters X, Y and Z will stand for Banach spaces over K and F, G, H will stand for

mappings between these spaces.

Definition 0.1.1. Let X,Y be two Banach spaceé. Then a mapping F: X - Y is
called'a linear operator of X into Y if

(i) F(z+y)=Fz+ Fy,forallz,y € X

(ii) F(az) =aFz,foralla € K and z € X.

Definition 0.1.2. Let F: X — Y be a linear operator. F is said to be bounded if
there is a real number k > 0 such that ||Fz|| < k||z||, for all z € X.

Definition 0.1.3. The norm of a bounded linear operator F is defined to be || F|| =
sup ||Fz|y.
llzllx <1

Theorem 0.1.4. (cf.[19],p.144) A linear operator F' : X — Y is bounded if and
only if it is continuous. By continuity we mean that lim z, = z in X implies

n—oo
lim Fz,=Fzin?Y.
n— oo .
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GENERALIZED IMPLICIT FUNCTION THEOREMS AND APPLICATIONS 2

Definition 0.1.5. Let U and V be subspaces of X. X is said to be the direct sum
of U and V, written X =U @ V, if and only if

i) X=U+V

(i) UNV = {0}.
In this case V is called a direct complement of U in X and written U'. f X = U@V
then any element z in X can be written in the form ¢ = u+v, u € U, v € V, where

u=1u,; € U and v = v; € V are uniquely determined in X.

Definition 0.1.6. Let X have the direct sum decomposition X = U @ V and let
- P: X — X be a linear operator satisfying

(i) Pu=u,forallueU

(ii) Pv=0,forallve V.
Then P is called the projection of X onto U along V. Since every £ € X can be
written uniquely as z = u +v we see that z = Pz + v so that v = (I — P)z implying
that I — P is the projection of X onto V along U. Clearly (I— P)P = P(I—-P) =0.
Hence P = P2,

Theorem 0.1.7. (cf.[19],p.43) If a bounded linear operator P : X — X is idempotent
(P? = P), then there exists subspaces U and V such that X = U @ V and P is the
projection of X onto U along V.

Definition 0.1.8. A linear operator F : X — K is said to be a linear functional on

X.

Let £(X,Y) be a set of bounded linear operators from X to Y.

Theorem 0.1.9. (cf.[24],p.43) If Y is a Banach space, so is £(X,Y).
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Adjoint Operator:

Let X,Y be Banach spaces and F € L£(X,Y). Let X* denote the space of

bounded linear functionals on X.

Theorem 0.1.10. (cf.[24],p.39) X™* is a Banach space.

Now for each y* € Y*, the expression y*(Fz) assigns to each ¢ € X a scalar.
Thus by definition 0.1.8 it is a functional G(z). Clearly G is linear. Moreover it is
bounded, since |G(z)| = |[y*(Fz)| < lly*|| IFzll £ ly*I| | F]l |zl|. Thereisa z* € X*
such that y*(Fz) = z*(z), z € X. z*, a functional, is unique. Thus to each y* € Y*
there is assigned a unique z* € X*. The map making this assignment is denoted |
by F* and is a linear operator from Y* to X*. Hence y*(Fz) = F*y*(z). F* is
called the adjoint operator of F.

Theorem 0.1.11. (cf.[24],p.59) F* € L(Y*,X*) and ||F*|| = ||F||.

Denote by N(F) the nullspace of F' and by R(F') the range of F. Note that if
F is a linear operator from X to Y with finite dimensional range and nullspace,
then the rank of F is the dimension of the range of F' and the nullity of F is the
dimension of the nullspace of F. Clearly N(F) and R(F) are subspaces of X and
Y respectively since F is linear. Suppose F'z = y where z € X ,y € Y. For any
y* € Y*, y*(Fz) = y*(y). Taking adjoints we get F*y*(z) = y*(y). If y* € N(F*)
then y*(y) = 0. We have: A necessary condition that y € R(F) is that y*(y) =0
for all y* € N(F™).
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Annihilators:

Let S be a subset of X. A functional z* € X* is called an annihilator of §if
z*(z) = 0, £ € S. We denote by S the set of annihilators of S. Also if T is a
subset of X*, we call an £ € X an annihilator of T if z*(z) = 0, 2* € T. We denote
by T+ the set of annihilators of T. It follows from the previous paragraph that in
terms of annihilators a necessary condition that y € R(F) is that R(F) C N(F*) .

Theorem 0.1.12. (cf.[24],p.61) S+ and T are closed subspaces.

Theorem 0.1.13. cf.[19],p.54) If V and W are subspaces of X and V' and W+ are

their annihilators, then

() (V+W)t=vinwd,
(i) (VAW): =Vi4ews,

(iii) if W+ is of finite dimension k then W is of codimension k.

Theorem 0.1.14. (cf.[24],p.62,p.74) R(F) = N(F*)* if and only if R(F) is closed
in Y. If R(F) is closed in Y then R(F*) = N(F)! and hence closed in X*.
Furthermore R(F)' = N(F*) and R(F*)* = N(F).

Inverse Operator:

Suppose Fz = y where F € L(X,Y):

Theorem 0.1.15. (cf.[24],p.63) If X,Y are Banach spaces, and F € L(X,Y) with
R(F)=Y, N(F) = {0}, then F~! € L(Y, X).
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Fredholm Operator:

Let X,Y be Banach spaces. An operator F' € £L(X,Y) is said to be a Fredholm
operator from X to Y if
(i) dim N(F) is finite
(i) codim R(F) is finite
(iii) R(F) is closed.
The index of a Fredholm operator is defined by i(F) = dim N(F') — codim R(F).

Theorem 0.1.16. (cf.[6],p.322) Let N be a finite dimensional linear subspace of a
normed space X. Then there is a closed linear subspace M of X with X = N@ M.

Theorem 0.1.17. (cf.[24],p.108) Let X be a normed space and let N be a closed
subspace such that N1 is of finite dimension n. Then, there is an n—-dimensional

subspace M of X such that X = N @ M.

Theorem 0.1.18. (cf.Theorem 0.1.20) Let X,Y be Banach spaces and L € £(X,Y)
be a Fredholm operator. Then there exists closed complementary subspaces M and

N of X and Y respectively such that

X=NIL)eM
Y = N @ R(L).

Theorem 0.1.19. (cf.[6],p331) Suppose that L is a Fredholm operator. Then there
exists § > 0 such that, if K € L(X,Y) and ||K|| < §, then L + K is a Fredholm
operator, dim N(L 4 K) < dim N(L), codim(R(L + K)) < codim(R(L)) and index
(L + K) = index (L). | |
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Note: Let L be a Fredholm operator. Look back at Theorem 0.1.18 and note that
L isone to 6ne on M. Now let I be the restriction of L to M. Then L € L(M,R(L)).
Moreover R(L) = R(L): y € R(L) implies there is z € X such that Lz = y. But
T = z¢ + 71, where 2o € M, 2, € N(L). Lzg = Lz — Lz; = y showing that
y € R(L). Thus L has an inverse L1 € L(R(L),M).

Theorem 0.1.20. (cf.[24],p.108) If L is a Fredholm operator from X to Y (Banach
spaces), there is a closed subspace Xj of X such that X = Xo@®N(L) and a subspace
Yo of Y of dimension A(L) = dim N(L*) such that Y = R(L) ® Yy. Moreover there
is an operator Lg € L(Y, X) such that '

N(Lo) =Y,
R(Lo) = Xo
LoL =I on Xo

LLy =1 on R(L).
In addition

LoL=I—-F,onX
LLO=I——F2OIIY

where F; € £(X,X) with R(F}) = N(L) and F; € L(Y,Y) with R(F,) = Ye.

Consequently the operators Fy and F, are of finite rank.

Theorem 0.1.21. Let X be a Banach space and let S,T, N be subspaces such that
G) X=TeN
(ii) dimS =dimT =m < oo
(iii) SNN = {0}.
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Then X = SO N.

Proof. Let {t1,...,tm} be a basis of T and let {s1,...,8m} be a basis of S. Then

there exist ny,...,nm € N and (ai;)i1<i,j<m Such that

$1 = (ant1 + -+ + aimtm) + M1

Sm = (ammtl +---+ ammtm) +nm,

81 1] ni
Sm tm Nm

We show that A is non-singular:

or in matrix form

151
Suppose not. Then A* is also singular, and there exists ¢ = # 0 such
Cm
that
A*c=0
or
c*A=0.

Multiplying (0.1.1) by c* gives
81 t1\ . ny
Ll =c'A(§)+c' )
Sm tm Nm
n
()
N

€181+ "+ CmSm =11 + -+ + Cmm € N.

That is



/
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But ¢181 + -+ + CmSm € S, so by (iii), e1n1 + - -+ + emnm = 0 (since both sides
belong to SN N). Thus

clsl+"'+cm3m=0

and ¢ # 0, contradicting linear independence of {s1,...,8m}. Hence A is nonsingu-

lar.
From (0.1.1)
381 t] ny
Sm tm Nm
or
t s1\ ' ny
tm Sm Nm
Thus

t; € span{si,...,8m} +span{ny,...,nm} =5+ N (1<i<m)

and therefore T C S+ N. Since NC S+ N wehave X =T+ N C S+ N. Also
S+ N CX. By (i) wehave X =S@N.

Theorem 0.1.22. (cf.[6],p.323) If L is a Fredholm operator from X to Y, then L* is
a Fredholm operator from Y™* to X* with index ¢(L*) = —i(L).

Note:

X*=R(L*)®o W
Y*=NIL"Y® Z

W, Z closed in X*,Y™* respectively.
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0.2 Differentiability in Banach Spaces

Let X,Y be Banach spaces and M C X be an open nonempty subset. A function
F: M —Y is said to be Fréchet differentiable at a point zo € M if and only if a

continuous linear mapping £: X — Y exists, such that
F(zo + h) = F(zo) + £h + o(zo, k) (0.2.1)

holds for all h € X, zo + h € M, where o(z¢, h) satisfies

(i) o(z0,0)=0

(i) lim llo(zo, W)lly = 0.
h—o  |lh]lx

The following can be shown:  There is at most one such mapping £ and if it
exists it is called the Fréchet derivative of F at a point zo denoted by £ = DF(z,). If
F is differentiable at all points in M, then F is said to be differentiable in M, in this
case, the mapping DF : M — L(X,Y) which associates with every point z € M
the derivative of F at z, is called the derivative of F on M. If DF : M — L(X,Y)
is a continuous mapping, then F is said to be continuously differentiable in M or

F is of class C? (or that F € C1(M,Y).

Suppose F is Fréchet differentiable at £ € M. If the Fréchet derivative of DF :
M — L(X,Y) at z exists it is called the second Fréchet derivative of F at z
and is written D?F(z) £ D(DF(z)). Note £(X,Y) is a Banach space therefore
D?F(z) = D(DF(z)) € L(X,L(X,Y)) since now £(X,Y) plays the role of Y in

the derivative.

L(X,L(X,Y)) is isomorphic to £(X?,Y), the Banach space of the continuous
bilinear mappings of the Banach space X? into the Banach space Y. Here we
define X! £ X and X™ £ X x X1, Likewise the n'* derivative is defined as the

derivative of the (n — 1)** derivative:
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D"F £ D(D""'F) € L(X,L(X"},Y)) where D""'F : M — £(X""!,Y) and
L(X,L(X"1,Y)) is isomorphic to L(X™,Y).

Partial derivatives are defined as derivatives of the corresponding partial maps.
For example, suppose that FF: M C X x Z — Y is given. Then F has a partial
derivative Dy F(zo,20) € £(X,Y) if the partial map F(:, 2) is differentiable at zo
with derivative Dy F(zg,20). Likewise DyF(z¢,20) € L£(Z,Y) if the partial map
F(:co, -) is differentiable at zy with derivative Dy F(z¢, o).

The Fréchet derivative has the usual properties of derivatives:

(i) The Fréchet derivative is a linear function: That is,if F; : M — Y,
4 =1,2 where M C X is an open subset, are two continuously differentiable
functions on M and if Y is K then for any \; € K, M\ F} + A\ F, is a
continuously differentiable function on M and D(A\ Fy + A2 F3) = \\DF; +
A2 DF;.

(ii)) The Fréchet derivative satisfies the chain rule:  That is, if X,Y,Z are
Banach spaces and M C X, N C Y, O C Z are open nonempty sets such
that F: M - N any G: N — O, then Go F : M — O is also continuously
differentiable for all z € M and D(G o F)(z) = DG(F(z)) o DF(z).

Let X,Y be Banach spaces and let U C X. Then by a C"™-map in U, f: U =Y,
r > 1, we mean that f has r derivatives which are continuous at each point of U; C’ 0
means that F' is continuous at each point of U. Given a C™-map f : Xl x Xa X
o+ x X, =Y, DFf(z1,22,...,25), 0 <k <71, 1< i< s, will denote the (partial)
k' derivative of f with respect to the i** argument. Where there is ambiguity we
will use the notation D(,,)f (z1,%2,...,%,) to denote differentiation with respect to

z;.

We will need the following.
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Definition 0.2.1. Let M C X be a finite dimensional manifold of X. We define
d

T\M = {yly = Ez(t)|t=0 for some z : [-1,1] — M such that z € C? and z(0) = b}

so that T, M is the tangent space of M at b.

Theorem 0.2.2. (cf.[12],p.148) Let X,Y,Z be Banach spaces, UC X and V C Y
neighbourhoods of zy and yo respectively, F : U x V — Z, a C?-function. Suppose
also that F(zo,y0) = 0 and (D2 F(z0,y0))~! € £(Z,Y). Then there exists balls
B,(z0) C U, Bs(yo) CV, r,6 > 0 and exactly one map T : B,(zo) — Bs(yo) such
that T(zo) = yo and F(z,T(z)) = 0 on B,(zo). The map T is a C?-function.

Theorem 0.2.3. (cf.[18],p.113) Let F be a Banach space and let E = E; x---x E,,, be
a product of Banach spaces. Let U; be open subsets such that U =U; x--- x U, C
E, x---x E,. Let f:U — F be a map. This map is C" if and only if each partial
derivative D;f : Uy x --+ x U, = L(E;, F) is of class C™1. If this is the case, and
v=(v1,...,vn) € Ey X -+ X E,, then D¢(z)v = iDgf(z)vg.

i=1

Remark.

With r = 2, assuming that f is C? in U implies that D, f : U — L(E, F) is C?
in U and hence is continuous on U. So if z(u) € E where p € (—po,p0) C R and
if z(p) — z(0) = 0 as p — 0 then D, f(z(p), ) — D1 f(0,0) in operator norm as
p—0.

Theorem 0.2.4. (cf.[18],p.103) Let E, F be Banach spaces. Let U be an open subset
of E. Let y € E. Let f : U — F be a C'-map. Assume that the line segment
z +ty with 0 < ¢ <1 is contained in U. Then

f@+v)= 1) = [ Dite+tywit = [ Dfa+t)it-y.
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Theorem 0.2.5. (cf.[18],p.110) Let E, F' be Banach spaces and let U be an open
subset of E. Let f : U — F be of class C". Let ¢ € U and let y € E be such
that the segment z + ty, 0 <t < 1, is contained in U. Denote by y(¥) the lé—tuple

(y,9,.-.,y). Then

Df(z)y DP-1f(z)ylP~1) . ,
f(-"«'+y)=f($)+—i(-!——)y.+---+ (p(—)lg;! + Ry(y)y™

. Ta—gpt
where Ry(y) = | T—DPf(z +ty)dt, and
o (@-1)

. = 1
lim R,(4) = =D’ f(z).

Remark. (i) Theorem 0.2.5 has been adapted from Lang .[18] p.110 but we have
modified it slightly in the last statement so that it can be used in this form in the

following chapters.
_ . 1
(ii) It is not difficult to show that lin}) Ry(y) = ;DP f(z) since f is continuous.
y— - p!

0.3 Some Definitions and Results Relating to Ordinary Differential
Equations (ODE)

Here we list a few definitions and results from the theory of ordinary differential
equations and dynamical systems as they pertain to the discussion in the chapters

that follow.
We regard an ODE as a system of equ::itions having the following form

z = f(t,z), (t,z) e Rx R" (0.3.1)
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~where f : U —» R™ with U an opén set in R x R® and ¢ 2 Z—:: The space of
dependent variables is often referred to as the phase space of the system (0.3.1). By

a solution of (0.3.1) we will mean a map
é:1—>R" | (0.3.2)
where I is some open interval in R such that

¢ (1) = f(t,6()  (te ) (0.3.3)

Existence and Uniqueness of Solutions:

Suppose that fis CTin U, andfor £1,€, > 0let [1 = {t e R | to—&1 <t < to+&1}
and I = {t € R |ty — &2 <t < tg + £2}; then we have the following theorem.

Theorem 0.3.1. (cf.[1],p.57) Let (to,%o) be a point in U. Then for & sufficiently
small there exists a solution of (0.3.1), ¢; : I — R", satisfying ¢1(t0) = zo.
Moreover, if f is C*! in U, and ¢ : I, — R" is also a solution of (0.3.1) satisfying
#2(to) = zo, then ¢1(t) = ¢2(t) forallye s = {t € R | to — &3 <t < to+ &3} where
&3 = min{;, €2}

Remarks.

" (1) For a solution of (0.3.1) to exist, only continuity of f is required; however, in
this case the solution passing through a given point in U may not be unique. If
f is at least C! in U, then there is a unique solution passing through any given

point of U.
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(2) In denoting the solutions of (0.3.1) it may be useful to note the dependence on
initial conditions explicitly. For ¢, a solution of (0.3.1) passing through the point

z = z9 at t = ¢y, the notation would be
é(t,to, o) with ¢(to,to,z0) = o
or
¢(t, xo) with ¢(t0,$0) =X9.
Theorem 0.3.2. (cf.Theorem 0.3.3) If f(t,z) is C" in U, then the solution of (0.3.1)
#(t,t0,20), (to,20) € U, is a C" function of ¢, to and zo.
Now suppose (0.3.1) depends on parameters
& = f(t,z,8), (t,z,6) e RxR" xRN (0.3.4)

where f : U — R"™ with U an open set in R x R x RY. We denote by ¢(t, 0, zo, &)

the solution z(t) satisfying z(to) = zo. We have the following theorem.

Theorem 0.3.3. (cf.[1],p.58) Suppose f(t,z,€), is C™ in U. Then the solution of
(0.3.4), é(t,t0,0,§), (to,20,€) € U, is a C"—function of .
Some Terminology:

(1) A solution ¢(t,t0,z9) of (0.3.1) is also called a trajectory through the point z.

(2) Suppose we have a solution ¢(t,t0,z0); we define an orbit through zo to be
I;, = {z € R" | z = ¢(1,t0,20),t € I} so that I';, is the set of points in R"
through which this solution passes as t varies through I.

Autonomous Systems:
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An autonomous system of ODE has the following form
z = f(z), z €R" (0.3.5)

where f : U — R" with U an open set in R®. We assume f isk C',r>1andlet
#(t) be a solution of (0.3.5).

Theorem 0.3.4. (cf.[11],p.116) If ¢(2) is a solution of (0.3.5), then so is ¢(t + to) for
any t € R. |

Special Solutions:

(1) Fixed Points: A point p in the phase space of an ODE & = f(z) which
satisfies f(p) = 0 is called a fixed point. An equilibrium solution of (0.3.5) is a
function z(t) = p € R" such that f(p) =0, i.e. a solution which does not change
in time. An equilibrium solution is also called a fixed point. Fixed point.sA of vector
fields which have the property that the eigenvalues of the matrix associated with
the linearization of the vector field about the fixed point have nonzero real parts

are called hyperbolic fixed points.

)

(2) Homoclinic and Heteroclinic Solutions:  Before we give a definition to

this kind we digress slightly to discuss invariant manifolds.

Invariant Manifolds:

A manifold M is invariant if for all t € R, ¢,(M) C M. ¢, will be defined below.
The most important invariant manifolds for autonomous ODE are the stable and

unstable manifolds which we shall define below.



GENERALIZED IMPLICIT FUNCTION THEOREMS AND APPLICATIONS 16

To motivate the concept of invariant manifolds consider a nonlinear autonomous

ODE
z = f(z), z(0)==z0, z€R" (0.3.6)

where f : R® — R is at least C1.
Definition 0.3.1. Let ¢(t,z¢) be a solution of (0.3.6). The mapping ¢, : R* — R"

defined by ¢¢(z0) = ¢(t, o) is called the flow of (0.3.5); ¢, is also referred to as the
flow of the vector field f(z). |

Properties

For all z € R" ¢, satisfies

(i) do(z) ==
(i1) @s(@1(z)) = ds4e(z) for all s, € R.
(iil) @-t(de(z)) = ¢e(¢-i(z)) =z for all s,t € R.

Assume that
(1) z =0 s a fixed point.

(2) Df(0) has n — k eigenvalues having positive real parts and k eigenvalues having

negative real parts.

Denote the linearization of (0.3.6) by

z=Df(0)z, z€R" (0.3.7)
and note that z = 0 is a fixed point. Let v!,...,v® ¥ denote generalized eigenvectors
corresponding to the eigenvalues having positive real parts, and v®~%+1 . o™
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denote generalized eigenvectors corresponding to eigenvalues having negative real
parts. Then the linear subspaces of R" defined as

E* = span{v’,...,v" ¥}

(0.3.8)

E® =span{v" " F*1 .  o"}

are invariant manifolds for (0.3.7) which are known as the unstable and stable

subspaces of (0.3.7) respectively.

The stable manifold theorem for fixed points tells us that in a neighbourhood N
of the ﬁxed point = 0 for (0.3.6), there exists a differentiable (as differentiable as
f(z)) n—k dimensional surface Wj,.(0), tangent to E* at z = 0 and a differentiable
k dimensional surface Vjoc(0), tangent to E® at z = 0 with the properties that orbits
of points on Wj,.(0) approach z = 0 as t — —o0, and orbits of points on Vjoc(0)
approach r = 0 as t — +00. Wiec(0) and Vjoc(0) are known as the local unstable
and stable manifolds, respectively, of z = 0. Denote the flow generated by (0.3.6)
by #+(-), then we define the global stable and unstable manifolds of £ = 0 by

W = | ¢¢(Wioe(0))

>0

V = 6:(Moc(0)),

<0

(0.3.9)

respectively. We call W and V the unstable and stable manifolds, respectively.

Suppose we add a small autonomous perturbation eg(z) to (0.3.6) where g(z) is
as differentiable as f(z) and e € I C R where I = {¢ € R| 0 < ¢ < &}, we denote
the perturbed system by

i = f(z) +eg(z), 2(0)=20, zER™ (0.3.10)

Since a fixed point of the unperturbed system is known we can under certain con-

ditions find a fixed point of (0.3.10) in a neighbourhood of the fixed point of the
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unperturbed system by using the Implicit Function Theorem. Let us set up the
problem for application of this theorem by considering the functions
G:R*"xI—-R"
(0.3.11)
(z,€) = f(z) + eg(z).

Then G(0,0) = 0, and we wish to determine if there exists a solution of G(z,¢) =0
for (z,€) close to (0,0). Now D;1G(0,0) = D f(0) and by assumption det[D1G(0,0)] =
det[Df(0)] # 0, so that by the Implicit Function Theorem there exists a function
of ¢, T(€), such that G(Z(e),e) = 0 for ¢ sufficiently small in I. The persistance
theory [cf. [26], Theorem 1.3.6] tells us that in some neighbourhood N containing
z = 0 and z = Z(¢) there exists differentiable manifolds Wioc(Z(€)) and Vioc(Z(€))
passing through T(e) with the properties that orbits of points in Wioc(Z(€)) under
the perturbed flow approach = Z(¢) as t — —oo and orbits of points in Vo (Z(€))
under the perturbed flow approach & = Z(e) as t — +00. Wioc(Z(€)) and Vioc(Z(€))
have the same dimensions and differentiability as Wioc(0) and Vioc(0), respectively.
The global stable and unstable manifolds of + = Z(¢) are defined similarly to the
way they are defined for the unperturbed system. |

We are now ready to define homoclinic and heteroclinic motions.

Definition 0.3.2. Let p be a hyperbolic fixed point of the nonlinear system & =
f(z) and let ¢; be the flow of this system. The stable and unstable manifolds
of the system at p are defined by V = Ut_<_0 #t(Vioc(p)) and W = UtZO(Wloc(p))

respectively.

Definition 0.3.3. Let zo,; be hyperbolic fixed points of & = f(z). If p lies in the
phase space of £ = f(z) and if p lies in both the stable and unstable manifolds of
zo and I'p, the orbit of p, approaches zq as [t| = oo we say that I, is a homoclinic

orbit. If p lies in the unstable manifold of z¢g and the stable manifold of z; and T,
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1

a"pproaches To as t — —o0 and z; as 1 — oo, then T, is a heteroclinic orbit. The
~ point p is referred to as a homoclinic (resp. heteroclinic) point and, if the stable and
unstable manifolds intersect transversally at zo it is called a transverse homoclinic

(resp. heteroclinic) point.



Chapter 1. INTRODUCTION

1.1 Introduction

This thesis is concerned with the study of small perturbation problems of the

form

2 = g(2) + ph(t, 2, pt") (1.1.1)

where 2 € R®, p € J C R, ¢° € RY and g and h are C"-functions and bounded
on bounded sets. We wish to develop a perturbation technique which will allow us
to find bounded solutions for (1.1.1). As with most perturbation theories, we will

begin with some assumptions on the unperturbed system

z = g(2). (1.1.2)

Let zo and z; be hyperbolic fixed points of (1.1.2). That is, the real parts
of eigenvalues of Dg(zo) and Dg(z1) are nonzero. Then we need the following

assumptions on (1.1.2).

The equation (1.1.2) has a bounded solution (%) such that . lim 4(¢) =z¢ and
——00

lim 4(t) = z;.
t—o0

The corresponding variational system along v(¢) has an exponential dichotomy

on both Ry and R_ [cf. Section 2.2 of Chapter 2].

Melnikov was the first person to give a criterion to determine the existance of
bounded solutions for system (1.1.1). Since his paper in 1963 several authors have
considered systems of the form (1.1.1), originally in the case wheren =2, N = 1 and
system (1.1.2) has a homoclinic orbit. We will extend the results of these authors to

the'ca.se wheren > 2, N > 1 and (1.1.2) has either a homoclinic or heteroclinic orbit.

Typeset by Ap4S-TEX
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Below we will give a short overview of Melnikov’s original perturbative method.
The Melnikov technique is geometric. In this thesis the Melnikov-type technique is
developed for n—dimensional systems possessing hyperbolic fixed points connected
to one another by orbits. Our method is not geometric but functional analytic in

nature and it makes use of the concept of exponential dichotomies.

The thesis is based on several papers by different authors, namely, Chow, Hale
and Mallet-Paret [7], Palmer [20], Hale [16] and Battelli and Lazzari [4]. We do
not present any new results but rather give a connected account of the papers
mentioned above. A direct proof of Theorem 2 in [4] is also given here [cf. Theorem
32 of this thisis]. At this point let us also mention that the bounded solution y(t) of
(1.1.2) and the solution ~(t, 1) we wish to find for (1.1.1) are in fact homoclinic or
heteroclinic solutions, or (¢, 1) approaches periodic solutions o(¢, 1) and v1(¢, 1) -
in the neighbourhoods of hyperbolic fixed points z¢ and z, ast -+ —ooc and ¢t — oo,
respectively. That is, there exists a € R such that t_lix_nc‘> lv(t, 1) — vt + a,n)=0
and tllglo ly(t, &) — 11(t + a,p)| = 0. If the latter case occurs we will say y(, i) is

a general homoclinic or heteroclinic solution, respectively.

1.2 Motivation

Heteroclinic and homoclinic orbits were defined in Chapter 0 [cf. Definition
0.3.3]. As in Definition 0.3.3 let zo,z; be hyperbolic fixed points of (1.1.2). Since
Zo, 1 are hyperbolic, there are solutions zo(t, 1), z1(t, ) of (1.1.1), bounded for
t € R and existing for g small such that z¢(¢,0) = zo, 21(¢,0) = z; [cf. [15],
p.164, Theorem 4.1]. Let V,,(V1,) be the stable manifold of zo(-, u#)(z1(:, 1)) and
Wou(W1,) be the unstable manifold of zo(:, u)(z1(:, #)). By hypothesis Al there is
an orbit I" connecting z¢ and z; (this follows from tlig:lo ¥(t) = zi, t_lér_noo v(t) = zo).

In turn the latter statement implies that for g = 0, Voo N Wio # 0. From this
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it follows therefore that finding conditions for the existance of bounded solutions

z(t,p) of (1.1.1) is equivalent to determining conditions such that Vo, N Wy, # 0.

There are many problems that motivate this kind of investigation. If the pertur-
bative term k is independent of ¢ then zo(-, ) = zo(u),z:1(:, p) = zl(p). and zo(p)
and z;(p) are constant. One then will want conditions which ensure that there
is an orbit connecting zo(u) and z;(p), that is, a solution 2(z, ) of (1.1.1) such
that 2(¢,u) — zo(p)(z1(p)) as t = —o00,(00). An example of this problem is that
of travelling waves in parabolic equations. Another example is that of a buckled
beam which can be described mathematically by a normalized Duffing’s equation

—z+ 123 =0, or as a system

T=y

j=z-3°, (5,y)eRxR

This system has an unstable fixed point at (0,0). This unstable fixed point is
connected to itself by two homoclinic orbits which are characterized by the (non-
transverse) intersection of the stable and unstable manifolds of (0,0). If we force
the system by a periodic force ycos @ the system becomes Z — z + z3 = pucosé, or

equivalently

€=y

y=z—z°+ pcosh

6=1, (z,y9,0)e RxRxS".

The unstable fixed point of the unforced systém now becomes an unstable periodic
orbit of period 27. Again the stable and unstable manifolds of this periodic orbit
intersect nontransversally. For the forced system the stable and unstable manifolds
of the periodic orbit may intersect transversally in the phase space R x R x S and

as is well known transversal intersection results in chaotic beha.vioﬁr[cf.[14],section
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2.2]. For this reason it is important to study systems of the form (1.1.1). The two
examples above provide motivation for the study of weakly perturbed systems like

(1.1.1).

1.3 Melnikov Method

In this section we give a short overview of Melnikov’s original technique for
perturbed systems of the form (1.1.1). As mentioned above the study of homoclinic
and heteroclinic orbits is extremely impbrta.nt if one wants to determine, among
other things, chaotic behaviour for perturbed systems (1.1.1). The method goes as

follows:

Method

Melnikov considered system (1.1.1) for the case where n = 2, N = 1 with ¢ and
h C—functions (r = 2) which are bounded -on bounded sets and with k periodic
in ¢ with period 2, i.e., A(t, z, u€°) = h(t + 27, z, u€°). Following Arrowsmith and
Place [cf. 2], pp 170-180], Perko [[22], pp 378-392], Wiggins [[25], pp 484-509], we

assume the following conditions.

(C1) For u = 0 the system (1.1.2) has a homoclinic orbit go(t), to a hyperbolic fixed

point py.
(C2) Let

Ypo = {g0(t) [ t € R}U {po}
= V(po) N W(po),



GENERALIZED IMPLICIT FUNCTION THEOREMS AND APPLICATIONS 24

where W(po) and V(py) are the unstable and stable manifolds of py, respecti‘vely.
The interior of Ty, is filled with a continuous family of periodic orbits ga(t) with

period T,, a € (—1,0). Assume that linh da(t) = qo(2), lin}) Ty =00.
Q — a—
Consider the suspended system equivalent to (1.1.1), namely

z=g(z) + “h(taz, I‘{Oaa)
6=1 (13.1)
where (z,0) € R? x S'. Then the hyperbolic fixed point py of the z—component of

the unperturbed system

z=g(2)

=1 (1.3.2)
becomes a periodic orbit 4o(t). Denote by W(vo(t)) and V(7(t)) the unstable
and stable manifolds of o(t),. respectively. In Wiggins [[25], Proposition 4.5.1] it
is stated that for { sufficiently small, the periodic orbit 7o(t) of the unperturbed
system (1.3.2) persists as a periodic orbit y¢(t) = ¥o(t) + O(€), of the perturbed
system (1.3.1) having the same stability type as vo(t) with 7(¢) depending on € in
a C" manner. Moreover, Wiso(7e(t)) and Vioc(7e(t)) are CT e—close to Wise(70(t))
and Vioc(70(t)) respectively.

The global stabe and unstable manifolds of +.(t) are obtained from the local
stable and unstable manifolds of v¢(t). If ¢¢(-) is a flow generated by (1.3.1) then
the global stable and unstable manifolds are defined as

V(7€(t)) = U ¢t(I/Ioc(7e(t)) and

<0

W(1e(®) = | ¢e(Wioe(7e(t)),  respectively [cf. Definition 0.3.2].
t>0 '
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By (C1) W(+0(t)) N V(70(t)) # 0. We wish to find conditions on the perturbative
term h to guarantee the non-empty intersection of V(v¢(t)) and W(,(t)). The
.question is dependent on the Melnikov function which is related to the “distance”
between these two manifolds. Melnikov had the following geometric approach: Let
Zg, be a plane such that z¢g = 7.(t)N T, is near z9,¢ = 70(t)N Tg,. Note that this
is guaranteed by [25] Proposition 4.5.1 mentioned above. Let L be a perpendicular
section such that L intersects I'p, X {60} at zo and W(7.(t)) NXg, = W(z,,9) at p¥,
and W(v(t)) N g, = V(zc,6) at p’. Note that Xy, = R? x {6o}.

With the description above the Melnikov function is defined to be

oo

M(8) 2 /

-0

o [ [ " Do(vo(s))dslg(10(8)) A bt + 80, 70(t), u€®)

where the wedge product is defined by a A b = a;b; — azb;, with a,b € R? such that
a = (a1,az), b = (b1,bz). The right hand side of the above equation is the measure

of the distance between V(z0) and W(z¢) along L.

An important result in the Melnikov theory is the following.

Theorem 1.3.1. If M(6,) has a simple zero, then, for sufficiently small ¢ > 0,
W(z¢,0) and V(z,¢) intersect transversally for some 6y € [0,27]. On the other hand
if M(6,) is bounded away from zero, then W(z. ) and V(z. ) do not intersect for
all 6. '

Since then a great deal of work has been done on the subject. Without giving
any full details we will comment on some other perturbative techniques that have

been employed.
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1.4 Generalizations of the Melnikov Method and Equivalent Techniques.

!

As mentioned above many authors have considered systems of the form (1.1.1).
Alternative methods have been used to obtain a similar result to that of Melnikov.
Among other mthods is that of Chow et al. [7]. Chow et al consider system
(1.1.1) for the case where n = 2, N = 1 and (1.1.2) has a homoclinic orbit T.
First they obtain conditions for the existance of solutions bounded on R for the
nonhomogeneous linear variational equation around I'. They prove a version of
the Fredholm alternative for solutions bounded on R [cf. [7], Lemma 2.1]. They
then use the Liapunov-Schmidt Reduction Method to obtain two equations that
are equivalent to (1.1.1) and these equations are analysed using the application of
the Implicit Function Theorem. In short they look at z(t) = «(t) + z(t), z(t) some
variation, as a perturbation of a solution () of (1.1.2). They substitute y(t) + z(t)
for z(t) in (1.1.1) to get

& + Dg((t)) = F(t, 2,2, u"), (14.1)

where F(t, ,&, u%) = uh(t, a(t) +7(t), &(t)+(2), u€®)+ Dg(x(t)) - 9(a(t) +7()) +
g(7(%)). In Lemma 2 they show that (1.4.1) has bounded solutions on R if and only
if / ¥()F(t,z,%,ué)dt = 0, i.e. if and only if PF = 0 where P is a projection

defined by PF = %7/ iF, n = / A2

-—0 -0

From the above result they apply the Liapunov-Schmidt Reduction Method to

reduce the problem to solving the equations

(a) PF=0
(b) z=K(-P)F. ’ (1.4.2)
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They use the Implicit Function Theorem to find z*(u) as a solution of 1.4.2 (b).
They then conclude that (1.1.1) has a solution z(t, ¢) if and only if

= [ HOF@ ()08 ()0, )t =

-_00

The above result has been extended by Palmer [20] to the case where h(t, z, ut®)
is bounded and the system (1.1.2) has a bounded solution 4(t) whose corresponding
variational system has an exponential dichotomy on both R} and R_. This concept
says that bounded solutions of the variational system tend to zero as |t| — oo and
unbounded solutions tend to +oo in absolute value as |t| — oco. Note that this is
not the requirement in [7], i.e. bounded solutions do not necessarily have to tend
to 0 as |t| — oo. Furthermore he considers the case where n > 2, N = 1. A further
extension of Palmer’s method is that of Hale [16]. He considers a more general
case n > 2, N > 1 and the variational system along «(t) may have more than one
bounded solution [cf. Example 2 in Chapter 5]. Like Palmer he showed that the
existance of bounded solutions of (1.1.1) depends on the solvability of an algebraic
system whose coefficients depend also on the solution to a suitable system of ODE

[cf. [16],p.129].

Battelli and Lazzari [4] have considered this general case and gave conditions
on the perturbative term h to guarantee the existance of bounded solutions of
(1.1.1). Even though Battelli and Lazzari consider Hale’s general case, the method
of approach is slightly different. Hale’s method is an extension of Chow, Hale and
Mallet—Paret’s method. Hale proves Lemma 5.4 [cf. [16], p.128] and uses this lemma
to apply the Liapunov-Schmidt Reduction Method to obtain bifurcation equations
for bounded solutions of (1.1.1) [cf. [16], p.129]. He defines the Melnikov-type
function to be G(a, u) = [Zo ¥*(t)F (¢, z(a, p)(t), u€®)dt, where p € (—po, o) C R,
a € R?71 such that b = (0,a) and z(a,0)(0) = ¢(0)b where ¢ = (¥, é1,...,¢2) is the
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basis of N(L) [cf. section 2.3 for the definition of N(L)], and #(t) is a bounded solu-
tion of the adjoint equation #(t)— A*(t)z(t), A(t) £ Dg(7(t)) [cf. section 2.3 for de-
tails]. Note that G(a, i) above reduces to %ffooo () F(t, z* (u)(t), 2* (p)(t), u€°)dt
defined in [7] if equations of the form I + g(z) = uf(t,z, %, p€®) are considered as
in [7). In the Melnikov-type functions in [7] and [16] we have suppressed the depen-
dence on a. G(a, p) defined above differs from the Melnikov—-type function defined
in [4] where it is defined to be J25 Y™ (t)h(t,7(t),0), the difference being that in
[16] the function involves F' where F takes the form in equation (1.4.1) whereas in
[4] the Melnikov—-type function involves h evaluated at (¢,~(t),0). The condition on
h in order to have bounded solutions for (1,1,1) are G(a, ) = 0 in [16] and in [4]

they are [ ¢*(t)h(t,7(t),0)dt = 0 and [Z_ ¢*(t)D1h(t,(t),0) # 0.

Battelli and Lazzari’s method is an extension of Palmer’s method. They prove
results analogous to Theorem 4.1 in [20] but the index of the Fredholm operator L
is greater than or equal to zero [cf. Theorems 2 and 3 in [4]]. These results say that
there is an implicit solution to (1.1.1). The results are proved using the Liapunov-
Schmidt Reduction Method and the usual Implicit Function Theorem [cf. Chapter
3 of this thesis]. They then use these results and Lemma 4.2 of [20] to show that
under certain conditions on the perturbative term A (1.1.1) has a bounded solution
[cf. Chapter 4 of this thesis]. Another extension to Palmer’s paper is that their
method includes the case where 4(t) is a heteroclinic orbit. Battelli and Lazzari’s

paper also includes Gruendler’s results [cf. [4], p.363].

Gruendler [13] has a different approach to the methods mentioned above. He
constructs the Melnikov—type function from special solutions for the corresponding
variational equation & = Dg(4(t))z. The properties that these solutions must have
are summarized in [13] p.912 or in [4] p.363. In Theorem 2.1. [cf. [13], p.913] he
states that there are such solutions for £ = Dg(¥(t))z. We do not go into details of

this author’s method but we do mention that the Melnikov-type functions he gets
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are the same as the ones in Battelli and Lazzari’s paper where it is also shown that
the formulas Gruendler obtains hold even if 4(#) is a heteroclinic orbit provided that
I =n;+m;—n > 0, where n; and m; are the dimensions of the stable and unstable
subspaces for £ = Dg((t))z, respectively. Furthermore the same formulas obtained
by Gruendler hold even in a case where 4(t) is a bounded solution sa.tisfying the

hypothesis of Proposition 1 in [4] or Theorem 4.2 of this thesis.

Lastly as we see above recent authors have generalized the Melnikov function
using different methods. They have come up with what some call Generalized

Melnikov Functions.

Note also that our theory does not include Cherry’s Example [cf. Palmer [21]]
where the problem is not put in a Banach space setting but rather a modification
of standard integral manifold theory and a finite dimensional version of Theorem
4.1 in [20] (Theorem 3.1 in this thesis) are used to prove the Melnikov-type result
(Corollary 4.3) in [20] (Theorem 4.1 in this thesis).

1.5 Contents

In Chapter 2 we state the problem precisely. We then discuss the concept of ex-
ponential dichotomies [cf. [9] or section 2.2 of this thesis]. We reformulate equation
(1.1.1) to the form

f(z,ut®) =0. (1.4.1)

We wish to solve this equation using the standard Implicit Function Theorem on
Banach spaces. However, it turns out that the linear operator D, f(0,0) 2 L is not

invertible. We end Chapter 2 by characterizing the nullspace and range of L.

As mentioned above L is not invertible and therefore the Implicit Function The-

orem cannot be applied in its standard form. In order to use the theorem we
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derive bifurcation equations from (1.1.1) by using the Liapunov-Schmidt Reduc-
tion Method suggested by Chow, Hale and Mallet—Paret [7]. In Chapter 3 we state
and prove the Generalized Implicit Function Theorems. In order to give a better
understanding and easy reading of Chapter 3 we first give a summary of the proofs
of these theorems. Our contribution has been to give a direct proof of Theorem 3.2

[cf. [4], Theorem 2].

In Chapter 4 the results of the previous chapters are used to show the existance
of bounded solutions of (1.1.1) [cf. [20], Corollary 4.3 and [4], Proposition 1]. The
theorems give conditions on the perturbative term h in order to have bounded
solutions. Also note that Theorem 4.2 includes a case where 7(t) (solution of the
unperturbed system) is a heteroclinic orbit joining hyperbolic zi , 22 fixed points of
the unperturbed system, such that the number of nonzero eigenvalues of Dg(2)

and Dg(2;) is not necessarily the same.

In Chapter 5 we give two examples [cf. [4], p.360 and [20], p.253] to show the
applicability of the theory developed in the previous chapters. We give an example
for the case where the index I of the Fredholm operator is zero and an example

where I > 0.



Chapter 2. FUNCTIONAL FORMULATION OF THE
SOLUTION OF NON-LINEAR ODE

In this chapter we will state the problem to be solved precisely. The perturbation
method to be used makes use of the concept of exponential dichotomies and so we
will have a short overview of this concept and state some known results. We then

reformulate the perturbed system

2 = g(2) + ph(t, z, u€®)

in the form f(z, u€) = 0 which, under certain circumstances, can be solved using the
standard Implicit Function Theorem. However, as we will see, it turns out that the
linear operator L £ D f(0,0) is not invertible. In the following chapter we will prove
theorems whose proofs rely on the use of the Implicit Function Theorem and then
use these theorems to solve f(z,ué%) = 0. We end this chapter by characterizing
the nullspace and range of L.

2.1 Description of the problem

Problem. Given the perturbed system z = g(2) + ph(t, z, u£°) and the fact that
the unperturbed system z = g(z) has a bounded solution v(t), the problem we wish
to solve is that of finding conditions on the perturbative term h to guarantee the

existence of bounded solutions for the perturbed system. Let us be more precise.

We consider an n—-dimensional system of ODE of the form

2 =g(z) + ph(t, z, u€") (2.1.1)

wheret € R, z € R*, p € J C R, J an open interval such that 0 € J, ¢° € U c R",
U an open subset such that 0 € U. Let S C R™ (m > 0) be an open set. Denote by

Typeset by Ap4S-TEX
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C*(S,R™) the space of continuous R"~valued functions whose Fréchet derivatives up
to order k exist and are continuous on S, and by C,f(lR; R™) a subspace of C¥(R,R")
with bounded continuous R™-valued functions whose Fréchet derivatives up to order
k exist and are bounded and continuous on R. In this chapter X £ C,}(R,R") and

Y £ CO(R,R").

Note that we may write
Cy(R,R") = {¢ € CKR,R"): sup |Di4(t)| < o0} .

05k

On the space Cf(R,R"™) we use the norm
¢l = sup |D’¢(¢)|.

teR

0<5<k
With this norm Cf(R,R") is a Banach space. Let  C R™ be an open subset. We

assume .
(H1) g€ CIHQ,R"), heCHRxQxUR"),

2.2 Exponential Dichotomies

Let X (t) be the fundamental matrix for the linear differential equation
& = A(t)z, (2.2.1)

which is normalized by X(0) = I, where I is the identity matrix. Here A(t) is an
n X n matrix that is continuous on an interval J. The equation (2.2.1) is said to
possess an exponential dichotomy on J if there exists a projection P and positive

constants k, a such that

(%) ”X(t)PX_l(s)” <ke (=9 foranys,teJ, s<t

(i) || XTI — P)X(s)|| < ke=>*=9, for any s,t € J, s > ¢.
(2.2.2)
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The most interesting cases for the interval J in an exponential dichotomy are

R4 2 [0,00), R_ £ (—0,0] and R.

The inequalities in (2.2.2) are equivalent to the existence of a projection P and
constants k,a > 0 such that for all £ € R™ we have

(1) 1X()P¢| < ke™*C=2) | X(s)P¢|, for any s,t € J, s < ¢t
() | X@)I - P)¢| < ke™®(*=) | X(s)(I — P)¢|, for any s,t € J, s > ¢
(i) || X(@E)PX7(2)|| < k for any t € J. (2.2.3)

Interpretation: Let J = Ry. Suppose that P has rank m, then (2.2.3)(i), says
there is an m-dimensional subspace of solutions of (2.2.1) given by R(P), called
the stable subspace, such that solutions with initial values in R(P) tend to zero as

t — +4o00.

The second condition, (2.2.3)(ii), says there is an (n — m)-dimensional subspace
of solutions of (2.2.1) given by R(I — P), such that solutions with initial values in
R(I — P) tend to infinity as s — +o0.

The projection P appearing in the definition of an exponential dichotomy is
not unique when J = R4 or R_ [cf. [9], pp. 16-19]. If one has such a P, then
any other projection P which has R(P) = R(P), but which may have a different
nullspace from that of P will satisfy the definition. Thereforevwhen J =Ry, R(P)
is the stable subspace of R" given by R(P) = {£{ € R" : sup [X(¢){| < oo} but
the nullspace may be any complementary subspace. When tJZO= R_, N(P) is the
unstable subspace of R™ given by N(P) = {£ € R" : sup |X(t)¢| < oo} but the
range may be any complementary subspace. Coppel [[10]1,S 'g:‘heorem 3, p.134] shows
that the definition of R(P) and N(P) above is equivalent to the inequalities (2.2.2)
and (2.2.3).
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Remarks.

(i) In the case of an exponetial dichotomy on the whole line R the projection P is
uniquely determined. If X(¢) is the fundamental matrix of (2.2.1) with X(0) = I,
the range of P is the subspace of initial values of solutions bounded on the positive
half-line R4 and the nullspace of P is the subspace of initial values of solutions
bounded on the negative half-line R_.

(i) If the equation (2.2.1) has an exponential dichotomy (2.2.2) on each of the half-
lines R4, R— with the same projection P then it has an exponential dichotomy

on the whole line R with projection P.

The following are some known results about exponential dichotomies:

Proposition 2.2.1. (cf. [9], p.19) Let A(t) be an n x n matrix function defined and
continuous on R. Then the equation (2.2.1) has an exponential dichotomy on R if
and only if it has an exponential dichotomy on both R4 and R_, and R" is the

direct sum of the stable and unstable subspaces.

Remark. When A(t) = A is constant, system (2.2.1) has an exponential dichotomy

on an infinite interval if and only if all the eigenvalues of A have nonzero real parts.

10 0
At)=4={0 0 o0 |,
00 -1

"then the system # = Az does not have an exponential dichotomy. The important

For example if

fact about exponential dichotomies is that, if equation (2.2.1) has bounded solutions,
then all bounded solutions must tend to zero exponentially as |t| — oo, and all non—

bounded solutions tend to +oo in absolute value as |t] — oo.
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Proposition 2.2.2. (cf. [16], p.126) Let J be either Ry, R_ or R. Let equation
(2.2.1) have an exponential dichotomy on J and let B(t) be a continuous n x n

matrix function on J. Then for all é sufficiently small, ||B(t)|| < § implies that
z = (A(t) + B(t))z (2.2.4)

has an exponential dichotomy on J .

Proposition 2.2.3. (cf. [9], p.13) If the equation (2.2.1) has an exponential dichotomy
(2.2.2) on a subinterval [to, 00) then it has an exponential dichotomy on the half-line

R4 with the same projection, say P, and the same exponent a.

Proposition 2.2.4. (cf. [9], p.22) Let J be either R4,R_ or R and let A(t) be

continuous. Then the equation
= A(t)z + 6(t) (2.2.5)

has at least one bounded solution on J for every 6 € CP(R,R") if and only if

equation (2.2.1) has an exponential dichotomy on J.

2.3 Functional Formulation

Consider equation (2.1.1) and look for a solution of the form z(t) = z(¢) + 7(t),

where #(t) is a solution of the unperturbed system

y= gv(y) | (2.3.1)

and z(t) is some variation of this solution. The strategy is to treat equation (2.1.1)
as a pertubation of equation (2.3.1), so we regard solutions of equation (2.1.1)

as perturbations of solutions of equation (2.3.1). Now 2(¢) = z(t) + 4(¢) and since

7(t) = 9(7(?)) and i(t) = 9(2) + uh(t, 2, u€°) we get £(t) = g(z(t) +(t)) — 9(~(t))+
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ph(t, z(t) + ~(t), u€®). Since g has continuous derivatives with respect to z we can

write
£(t) = Dg(v(£))z(t) +g((t) +7(£)) — g(7()) — Dg(v(£))x(t) + ph(t, z(t) + (%), n€®).
This gives the following equation for the variation z.

£(t) = A(t)z(t) + H(¢, z(t), ut°)
A(t) £ Dg(~(t))
H(t,z(t), u€") £ g(2(t) + (1)) — 9(7(t)) — Dg(x(t))z(2)
+ ph(t, 2(t) + 7(2), u€°). (2.3.2)

We assume:

(H2) the unperturbed autonomous system (2.3.1) has a bounded solution v whose
values 7(t) are confined to some compact subset V of § for any ¢t € R and the

corresponding variational system

z = Dg(4(t))z (2.3.3)

has an exponential dichotomy on both R4 and R_ with constants k,& > 0 and

projections P and @, respectively.

Remarks.

(i) R(P) is the stable subspace of (2.3.3) and N(Q) is the unstable subspace of
(2.3.3).

(i) Note that in equation (2.2.2) when J = R, the equation stays the same and
when J = R_, P is replaced by Q.
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(iii) ¥(t) is a non-trivial bounded solution of (2.3.3) and is in the intersection of the
stable and unstable subspaces so that R® (n > 2) is not the direct sum of these
spaces and hence we cannot have an exponential dichotomy on R by Proposition

2.2.1.

Let us write equation (2.3.2) in the form
i(t) = A(t)z(t) — H(t, z(t), ut®) = 0,¢ € R. ‘ (2.3.4)
We are looking for a global bounded solution :v(t) of equation (2.3.4). We decide to
use the following strategy to solve this equation. The left hand side of (2.3.4) is just
the value f(z,ué) of a mé.p f from the Banach space X x RY, into the Banach
space Y defined for 2 € X and p € R as the function f(z,ué°): R — R™.

f(z, n€®)(t) = &(t) — A(t)o(t) — H(t, 2(t), u€") for all ¢t € R.
Since by assumption H : R x R® x R¥ — R"™ and Dg : R* — R™ are bounded

on bounded sets and continuous, f(z,ué?) indeed is an element of Y, thus f :

X x RN 5 Y accordingly. To solve equation (2.3.4) one has to solve the equation
f(z,u®) =0€Y (2.3.5)

forz € X, p €R, €% € RN. We now show that f is a C?—function.

Let £ = put®, then f(z, ué®) = f(z,£). Using the definition of the Fréchet deriv-
ative we have
fe+y,8) - f(z, )= +y-le(v+z+y)—9(V)] - ph(,7+ 2+ y,6)
— &+ [g9(7 +2) — g(V)] + ph(:y7 + 2,6)
=y—lg(v+z+y) —g(v+2)] — plh( v+ 2 +y,8) — h(-, 7 + 2,£)]
=y — Dg(v + z)y + o(y + ,y) — pD2h(-,7 + z,{)y + o(7 + z,y)
=y — [Dg(y + z)y + pD2h(,7 + 2,8)ly + o(y + z,y)
= by +o(y + z,y)
£ 2 Dy f(z,€) = & ~ [Dg(y +2) + uDah(- 7+,
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This shows that f is C! since by definition of Banach spaces X and Y, g—t- is a
bounded linear operator from X = C;(R,R") into Y = CP(R,R") and by (H1) ¢

and h are C? functions.

Now

le(z+w7£)_D1f($’£) = % -—Dg('y-.i-z+w)+pD2h(-,7+z+w,£)

—- [% ~ Dg(y+z)+ pDah(-, vy + 3?,6)]
= —[Dg(y+z + w) — Dg(z + )]
+ ﬂ[D2h('a7 +z+ w) — Doh(-,y + .’B,f)]

= ~D*g(y + z)w + o(y + z,w) + pDIh(-, v + z,E)w
+o(y + z,w)
= —[D*g(y + z) — uD3h(-, 7 + 2, p)]w + o(7 + z,w)
= baw + o(y + =, w)
& £ D3 f(z,€) = —[D?g(v + z) — pD3h(-,7 + z,£)]

and. this shows that f is C? by (H1).

From the equation above we have for any y € X

[D1£(2,)ul(t) = §(2) — [Dg(x(t) + (1))
+ 1D2h(t,7(t) + (), O)ly(2). (2.3.6)

Evaluate (2.3.6) at (z,£) = (0,0) € X x R” to get
(Ly)(t) = [D1£(0,0)](t) = 9(t) — A(t)y(t), where A(t) £ Dg(x(t)).

The equation of the form f(z,£{) = 0 can under certain circumstances be solved

locally using the Implicit Function Theorem. The theorem can be applied in its
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standard form if there is a point (z¢,&,) such that f(%0,&) = 0 and D, f(z0, &),
the Fréchet derivative with respect to z, is an invertible operator from X to Y. In
our situation we know that f(0,0) = 0 so we need to study L = D, f(0, 0).

If L were an invertible opera‘.tor'from X toY, the standard version of the Implicit
Function Theorem [cf. Theorem 0.2.2] would allow us to solve f(z,£) = 0 locally.
However, typically the operator L is not invertible since (2.3.3) has a nontrivial
solution 7(t), that is, N(L) is non-trivial. In order to be able to reduce the above -
problem to a standard application of the Implicit Function Theorem we need some
information about N (L) and R(L). Let V = R(P), the stable subspace, and W =
N(Q) the ﬁnstable subspace, for the fundamental solution X(t) of y(t) = A(t)y(?),

A(t) £ Dg(x(2)).

We now characterize N(L) and R(L), the nullspace and range of L, respectively.
We have the following : '

Lemma 2.3.1. Let A(%) be an n X n matrix function bounded and continuous on
R such that (2.3.3) has an exponential dichotomy on R4 and R_. Then the linear
operator L : X — Y defined by (Lz)(t) = &(t)— A(t)z(t) is Fredholm and a function
p €Y is in the range R(L) of L if and only if

/ P*()p(t)dt =0 (2.3.7)
for all bounded solutions (%) of the adjoint system
z = —A*(t)z. (2.3.8)

L is a Fredholm operator from X to Y and the index of L is dimV + dim W — n,
where V and W are the stable and unstable subspaces for the fundamental solution

X(t) of (2.3.3).
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Proof. Let (2.3.3) have an exponential dichotomy on R} and on R_ with projec-
tions P and @, respectively, and suppose that the associated fundamental matrix
X(t) satisfies X(0) = I. Then the adjoint system has the fundamental matrix
X*~1(t). Note that for any matrix B we have ||B|| = ||B*|| [cf. Theorem 0.1.11].
By exchanging ¢ and s in inequalities (2.2.2) and using the observation above one

gets

(@) || XTI@RPX*(s)|| S ke™*(D ¢ < s, for all s,t € Ry
(@) || X*7H eI - PY)X*(s)|| < ke™*9) s < ¢, for all s,t€ Ry
(2.3.9)
and the same with @* and R_ replacing P* and R respectively. Then (2.3.8) has
an exponential dichotomy on R with projection I — P* and on R_ with projection
I—-Q*. Let V = R(P) (stable subspace) and let W = N(Q) (unstable subspace),
then the subspace of initial values (at ¢ = 0) of bounded global solutions of (2.3.3) is
V N'W since solutions with initial values in V tend to zero as ¢ — 0o, and solutions
with initial values in W tend to zero as t — —oo. For (2.3.8) the subspace of initial
values (at t = 0) of bounded global solutions is VX N W+, where V4 and W+ are
the orthogonal complements of V and W respectively. (V1 = R(P)L = N(P*) =
R(I — P*) and WL = N(@Q)* = R(Q*) = N(I — Q*) cf. Theorem 0.1.14]. V1 is

the stable subspace and W+ is the unstable subspace of the adjoint equation.

By definition N(L) = {z € X : #(t) — A(t)z(t) = 0}. Note that if K is a
subspace of N(L) then dim K = dim{z(0) | z € K}. Let S = {£ € R": £ = z(0)
for some z € N(L)}. Then since z(0) € VNW for z € N(L), we have S=V NW
and hence dim N(L) = dim S = dim(V N W). Since 4(%) is a nontrivial bounded
solution of (2.3.3) it follows that dimN(L) > 1. By the same argument above
one can show that N(L*) = {z € Y* : L*z = 0, z(0) € VL N W} so that
dim N(L*) = dim(V1t nw+).
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Let p € R(L). We will show that equation (2.3.7) holds. Since p € R(L) there
~ is an z in X satisfying p(t) = #(t) — A(t)z(t), for all t € R. If 4(¢) is a bounded

solution of (2.3.8) we have

f_ " P*(t)p(t)dt = /— ” *(A)[(t) — A(t)z(t))dt
= [ @i - v A0l

-/ " W (0)a() + B (t)ale)ldt
ince 90 = ~A () = 4°0) = ~#"OAE)
- [ qw @
— P (D)a(t) (S
=0

[since ¥(t) — 0 exponentially as [t| — oo]. So if p € R(L), (2.3.7) holds for all
~ bounded solutions ¥(¢) of (2.3;8).

This completes one direction.

Remark. The existence of integrals above is guaranteed by the fact that the adjoint
system has an exponential dichotomy on both R+ and R_. pisbounded (p€ Y £
CY(R,R")) and 9(t) — 0 exponentially as |¢| — oo since the adjoint system has an
exponential dichotomy on both R-.{_ and R_.

Conversely, suppose that p € Y and that (2.3.7) holds for all bounded solutions
1(t) of the adjoint system (2.3.8). We will show that p € R(L). From linear algebra
the equation B¢ = b has a solution ¢ if and only.if n*b = 0 for all vectors 7 such
that n*B = 0. Now choose a vector 7 satisfying

’’[P-(I-Q)]=0 (23.10)
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and let
) = XN - P =X 9)Q,  teR.

We will show that 3(t) defined above is a bounded solution of (2.3.8). We have for
teR

$(t) = S(XHONI - Py |
= —A*(t)X*"1(t)(I — P*)n (since X*~1(¢) is a matrix solution)

= —A*(t)Y(t).

Since A(t) and ¥(t) are continuous 3(t) is continuous so that indeed % is a
solution of (2.3.8) in C'. Also with n € R, (I — P*)p is in V+ = R(I — P*) and
() = X*71(t)(I — P*)n is a solution of (2.3.8) with initial v;alues in V+ and hence
by estimate (2.3.9) tends to zero as t — +oo. Hence the function ¢ is bounded on
[0,00). Also with n € R*, @*n is in Wt = R(Q*) and ¥(t) = X*~1(t)Q*n is a
solution of (2.3.8) with initial values in W+ and hence by estimate (2.3.9) tends to
zero as t — —oo. Hence the function % is bounded on (—o0,0]. Therefore ¥(t) is a

bounded solution of (2.3.8).
Since we have assumed that p satisfies (2.3.7) we get
oo 0 oo
0= [ wronwa= [ v+ [ voaod
0 ' o
= [ wrexTwpwd+ [T o' - PX 0ot
—o0 0

=1 _ex e+ [ (1- PX e

We thus have

"P-(I-Q)= n‘[/_ QX (t)p(t)dt +/0°°(I - P)X 7 (t)p(t)dt]. (2.3.11)
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If we take B= P~ (I - Q) and b= [° QX' (t)p(t)dt + [°(I — P)X~(¢)p(t)dt
then from (2.3.10) and the argument above it, it follows that (2.3.11) has a solution

¢ satisfying

P-t-k= [ ox7ouar+ [ I-PxTpk  (2312)

Now define a function z : R — R" by

® = { X(t)PE + [ X(t)PX1(s)p(s)ds — [° X(8)(I — P)X~(s)p(s)ds if t > 0

Tl XOU-QE+ [ XOQX T (s)p(s)ds — [L X()(I — Q)X (s)p(s)ds if ¢ < 0.
(2.3.13)

We will show that (i) ze€ X (i) Lz =p.

Note that z(t) in (2.3.13) is well defined since p is bounded on R and (I —
P)X~1(s) and QX ~1(s) are bounded by a decaying exponential and hence (I —
P)X~1(s)p(s) and QX ~1(s)p(s) are bounded by a constant times a decaying expo-
nential so that the integrals in (2.3.13) exist.

(i) We now show that z(t) is a solution of £(t) = A(¢)z(t) + p(t)
In (2.3.13) for ¢t > 0 we have

z(t) = X(t)P¢ +/0 X(#)PX ™ (s)p(s)ds - /t°° X(@#)NI — P)X~1(s)p(s)ds

= XOPE+ [ PX s = [ (1= PIXHe)p(s)a]
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so that
() = XOPE+ [ X o)plo)ds = [ X(O - PIX5)plo)s
+ X@®)[PX(t)p(t) + (I = P)X 1 (t)p(t)]
— A)X(2)[PE + /0 *PX1(s)p(s)ds — /t (L= PYX*()p(s)ds]
+ X(&)[P + I - P]X~ (t)p(t)

= A(t).’t(t) + p(t)

and for ¢ < 0 we have

o) = XOW - Q + [ QX (s)ds = [ (1= QX ()p(s)ds]

so that

i(t) = X(O)[(I - Q) + / ; QX (s)p(s)ds - / (- @)X (s)o(s)ds]
+ X(BQX 7 (t)p(t) + (I - Q)X (1)p(2)]
= AOX(B)I - Q) + / ; QX ~(s)p(s)ds — / (- QX (s)p(s)ds]
+X(1)[Q + I - QX' (t)p(t)
= A(t)z(t) + p(t).

Also from (2.3.13) we get
z(0%) = P¢ — /0 °°(i — P)X~1(t)p(t)dt
z(07) = '(I - Q)+ /_ ooo X7 (t)p(t)dt
and by (2.3.12)
[P—(I-Q)t = /_ ooo X1 (t)dt + / T - DX (0)p(t)dt

— Pt / T = PYX"@)p(t)dt = (I - Q) + /_ X1 (6)p(t)dt.

44
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Thus (2.3.12) implies z(0%) = a:(O'-).‘ Since A(t), z(t) and p(t) are continuous
and 2(¢) = A(t)z(t) + p(t), it follows that #(¢) is continuous so that indeed = € C?.

We now show that the solution defined in (2.3:13) is bounded and tends to zero
as |t| = oco. That is, z(t) is bounded and hence z € X.

For t > 0 we have

=(t) = X(t)Pt + /0 X@A)PX ™ (s)p(s)ds — /t ” X(@)(I = P)X~(s)p(s)ds.

By definition of R(P) (see Section 2.2) |X(t)P£| = |X(t)¢| < N, N some positive
constant. Also p € Y so that p is bounded, say by M, that is |p(t)] < M for all
teR.

Then we have

80 =| [ XOPXH@)pte)ds - [~ XO - PIX (9ols)ds

< ‘ /0 " X()PX 1 ()p(s)ds| +

/ " X&) — P)X ™ (s)p(s)ds

< /0 | X(@®)PX 2 (s)p(s)| ds + /t°° | X ()T — P)X(s)p(s)| ds
< [ IxoPx-@llelds+ [ 1X@E - PX)] Ints)l s

<m [ IxePx@lds+M [ |x00-PX)ds

. t oo
< kM [/ e~ (t=9) s +/ e“('_’)ds]
0 t

[since |p| < M, || X()PX(s)|| < ke(=2), t > s and | X ()T - P)X~(s)|| <
ke—o(s=t) 5 > ¢]
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| t o |

< kM[e—""/ e‘"ds+e°"/ e~ **ds]
0 t
1 P |

< —at — _as |t at )5 ——e~as |B

< EM[e™™—e® [§ 4= Tim (-~~~ |P)]

kM

< —[1—e _ 1 —aB __ _—at\ at
<— [1—e Bh_r.noo(e T —em)e™]

<—@1—-e*—-(0-1)]

2kM

o

Hence |z(t)| < [X(t)P¢| + B(t) < N +

on [tg,00) for some ty € Ry.
For t < 0 we have
o) = X - Q)+ [ XX ols)ds - [ X(ONT - QX ()pls)as

By definition of N(Q) in Section 2 [X(t)(I — Q)¢| < |X(t)¢] £ N, N > 0. Also
p €Y so that p is bounded, say by M, that is, |p(t)| < M, for all t € R.

B(t)=‘ [ x®ex=(s)ptsis - | X0 - @x ooty

+

<|f ; X(H)@X ™ (s)p(s)ds

| x0T - @x 1 9ns)as
< / I X(6)QX 1 (s)p(s)| ds + / X ()T — Q)X (s)p(s)| ds

< [_Ix@ex @l elds + [ IXEXT - QX(6)] ool ds
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t 0
_<_/ ke_"('_’)Mds+/ ke~®(= M1 ds
—-00 t

t 0
<Mk [e"‘“/ e*’ds + e""/ e""ds]
—00 t

t

1
at/  ~\ _—as
B——00 «x te ( a)e

<Mk [e-at lim —1-e°”

0
B t

SMjli [e—at(eat _ 0) _ eat(l _ e—at)]

< 1-0-et41)

Mk ot
s e

_<_2Mk.

«

Hence [2(t)] < |X(t)(I — Q)¢ + A(t) < N + 2’;M

We have shown that z(t) remains bounded as |t| — oo.

on (—oo,1q] for some tg € R_.

Therefore z € X and #(t) = A(t)z(t) + p(t) and z is bounded, A(t) is bounded
and p(t) is bounded so that z(t) is bounded.

(i) Above we have shown that = € X satisfies 2(t) = A(t)z(t) + p(t), that is,
(Lz)(t) = p(t) and hence p € R(L).

This completes the first part of the proof.
That R(L) is closed is obvious since we have shown that
R(L)={peY: / P*(t)p(t)dt = 0, for all 3(t) satisfying L*z = 0} = N(L*)* .

['»b(t) € N(L*) and so p(t) € N(L"‘)-‘-] .

Since N(L*)* is always closed the equality R(L) = N(L*)L proves that R(L) is

closed. Also we showed that

NL*)={z€Y*:L*z=0, z(0) e Vi nW}.
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Thus
dim N(L*) = dim(V: N W+) < oo and N(L*) - R(L)l [cf. Theorém 0.1.14]
and hence
dim N(L*) = dim R(L)* = codim R(L) < oo. [cf. Theorem 0.1.17]
| So L is Fredholm. |

Index L = dim N(L) — dim R(L)*
= dim(V N W) — dim(Vt n W) |
=dim(V N W) — dim(V + W)* since VN W = (W + V)* [cf. Theorem 0.1.13] -
=dim(VNAW)—[n— dim(v + W)] since n = dim(V + W) + dim(V + W)+
= dim(V A W) = [n — {dimV + dim W — dim(V N W)}] since VN W # 0
= diniV +dimW —n.

This completes the proof of the lemma. O



Chapter 3. THE GENERALIZED IMPLICIT
FUNCTION THEOREMS

In Chapter 2 we reformulated equation (2.1.1) to the form of equation (2.3.5),
that is the equation f(z,pu€) = 0. We can find bounded solutions of equation
(2.1.1) by solving the equation

f(z,u€) =0 (3.1)

in a neighbourhood of (0,0) in E x RN according to the strategy explained at the
beginning of Chapter 2. In this chapter we will prove two theorems concerning the
existence of an implicit solution to the equation f(z,u&) =0, f: ExRN - F

being a C?-map and E, F Banach spaces.

In our first theorem we wish to solve f(z, ) = 0 near (0,0) € E x R. Note that
in (3.1) we have 1 = ¢° € RL.

Theorem 3.1. Let E, F be Banach spaces and f : E x R — F be a C?~mapping
on a neighbourhood of (0,0) in E x R such that £(0,0) = 0 and L £ D, £(0,0)
is a Fredholm operator with index I = 0. Let P and @ be continuous projections
on E and F, respectively, such that R(P) = N(L) and R(Q) = R(L), respectively.

Moreover assume:

(i) there is a C?-manifold M = {z = £ + ¢(£) : £ € N(L), ||| < 6}, where
é : {€ € N(L) | ||¢]l < 6} = N(P) is a C?—function satisfying ¢(0) = 0,
D¢(0) = 0, such that f(z,0) = 0 for all z € M and such that N(L) is the
tangent space of M at 0,

(ii) Lz = —D,f(0,0) has a solution p,

Typeset by Aa4S-TEX
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(iii) If y € N(L) and {D?f(0,0)p + D1D,£(0,0)}y € R(L) then y = 0.

Then there is a neighbourhood U of 0 in E and a subinterval J = (—pq, p0) of 0
in R such that for s € J the equation (3.1) has a solution z(u) € U, u € J, which is
unique when g # 0. Moreover z(0) = 0, z(x) is C! and when g # 0, D, f(z(u), n)

is invertible.

We shall not prove the theorem above since it is a Corollary of Theorem 3.2

which we shall formulate and prove below.

Remark. By hypothesis (i) f(z,0) = 0 (a constant) for all z in M so that a.ll’higher
order derivatives with respect to z in the direction of N(L) = ToM are zero in M

| and therefore
{D}£(0,0)y}z =0 (3.2)

forally,z € N(L). It follows that if (iii) holds for one solution p of Lz = —D, f(0,0)
then it holds for all such p. To see this suppose p is another solution of Lz =
—D,f(0,0). Then

Lp—Lp=—Dy£(0,0)+ Dy f(0,0) =0 = p—p € N(L). Let p— p = 2z € N(L),
so that p = p + z. Now

{D? £(0,0)p + D1 D, £(0,0)}y

= {D7f(0,0)( + z) + D1D2£(0,0)}y

= {D}£(0,0)p + D1 D, £(0,0)}y + {D3£(0,0)z}y

= {D?£(0,0)5 + D1 D,f(0,0)}y by (3.2) above .

So if (iii) holds for one solution p of Lz = —D, f(0,0) then it holds for all such p.

We now state a more general version of Theorem 3.1. We wish to solve f(z, u¢°) =

0 near (0,0) € E x RV.
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Theorem 3.2. Let E, F be Banach spacesand f : ExRN - F Be a C?-mapping
on a neighbourhood of (0,0) in E x RY such that f(0,0) = 0 and L 2 D, f(0,0)
is a Fredholm operator with index I > 0. Let d £ dim N(L) and let S be an I-

dimensional subspace of E such that N(L) = My @ S. Let N(L) C E such that
E=N(L)® N(L). Moreover assume:

(i) There is a C?-manifold M = {z = £ + ¢:1(€) + $2(€) : € € Mo, ||€]| < 6}, where
b1:{6 € Mo | [|Ell < 8} — Sand d2 : {€ € Mo | [I€]] < 6} — N(T) are C2-
functions satisfying ¢,(0) = 0, D¢1(0) = 0, ¢2(0) = 0, D¢2(0) = 0, such that
dimM =d— I and f(z,0) =0 for all z € M.

(i) Thereis ¢° € RY such that the equation Lz = —D; f(0,0)£° has a solution p(¢?).
(iii) If w € My and {D?£(0,0)p(£°) + D1 D, £(0,0)¢°}w € R(L), then w = 0.

Then there is a neighbourhood Uof 0 in E and a subinterval J = (—puq, o) of 0
in R such that for g € J the equation f(z,u€’) =0 (equation (3.1)) has a solution

z =z(v,p) €U, vy € S, u € J which is unique when u # 0. Moreover z(v,0) = 0,
z(7, p) is C* and when u # 0, Dy f(z(7, p), u€°) is Fredholm with index I.

Before we give a detailed proof of Theorem 3.2 we shall have some remarks and

then a motivation for the proof.

Remarks.

(1) ToM = M, C N(L). This is seen from the following observation: T,M =
{yly = %z(t) l¢=0 for some z : [-1,1] — M such that z € C! and z(0) = b}
[cf. definition 0.2.1]. Let z be a curve satisfying the properties of the latter
definition. Then by hypothesis (i) of Theorem 3.2, we can write

o(t) = £(t) + 61(6()) + 42(6(1))  te[-L1],
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where £(t) € My. Moreover {(t) = Pa,x(t) where Py, is the projection on M.
Since Py, is bounded, it follows that £(t) € C'. Hence |

£(0) = S2(0) + Do (E(0)) S (0) + Déa(E(0) 2 (0)

= %(0) since D¢;(£(0)) = D¢;(0) =0, j=1,2.

Since &(t) € M, for all t € [-1,1] and since M, is a subspace it follows that
%(0) € My. Hence TyM C My. To show that My C To M, suppose that m € M.

Choose a C? curve £(t) € My such that £(0) = b and %

similar to the one above then shows that if z(t) = £(t) + ¢1(£(t)) + ¢2(€(¢)) then
z(0) = b and £(0) = 2—5(0) = m. Since z(t) is a C! curve on M, it follows that
m € ToM. Hence My C Ty M.

(0) = m. An argument

From now on we shall write N(L) =ToM & S.

(2) Theorem 3.1 can be deduced from Theorem 3.2 by simply taking S = (. Note
then that N(L) = ToM in Theorem 3.1.

(3) d— I is the maximum possible dimension of M in order to have hypothesis (iii).
To see this write Hw = {D? f(0,0)p(£°) + D1 D2 £(0,0)¢°}w, H : ToM — F and
suppose v 2 dim M > d — I. Then dimTyM = dim N(H) + dim R(H ) and since
dim M = dim ToM we have v = dim N(H) + dim R(H) and dim R(H) < v. Now
if dim R(H) < v then dim N(H) > 0 implying that N(H) is non-trivial and so
there is w € N(H), w # 0 and then hypothesis (iii) is contradicted. Therefore
dimR(H) = v >d—1. I = dimN(L) — codimR(L) => codimR(L) =
dim N(L) — I. That is codimR(L) = d — I so that dimR(H) =v >d—-1I =
codim R(L). This implies that R(H) either contains a complementary subspace
of R(L) and if so R(L)N R(H) # {0} or R(H) is entirely contained in R(L) and
again R(L)NR(H) # {0} since dim R(H) = v > 0. Thus the equation Hw® = 2°
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has a solution w® € Ty M, w® # 0 and again this contradicts hypothesis (iii). So

d — I must be the maximum possible dimension of M.

(4) If d = I then dimM =d—-I =I-1 = 0. So we can take M = {0} and
hence hypothesis (1) is satisfied trivially since f(0,0) = 0. Furthermore if d = I
then since codim R(L) = d — I we have codim R(L) = 0, and hence R(L) = F
and so hypothesis (ii) is satisfied since for z € E, Lz € R(L) = F. R(L) = F
implies that L : E — F is onto so that for each y € F there is ¢ € E such
that Lz = y. Now take y = —D,f(0,0)£°. Also hypothesis (iii) is satisfied
since dimM = dimToM = dimMy =d—-I1 =1 -1 = 0, so that My = {0}.

[‘wGMo = w=0] :

Motivation for the proof of Theorem 3.2

We give an outline of the proof for the case ¢° =1, S = 0, index (L) = 0. This
will also motivate the proof in the general case. In this motivation the function f

equals the function f defined in Chapter 2.

For a C?-map f : ExR — F we wish to solve f(z,s) = 0 in some neighbourhood
of (0,0) in E x R. We are given that f(0,0) = 0. In Chapter 2 we have shown
that L £ D, f(0,0) is Fredholm. Note that (Lz)(t) = #(t) — A(t)z(t) where A(t) £
Dg(~(t)), has a non-trivial solution 4(t) so that N(L) is not trivial and hence L is
not invertible. We then need to use an extended version of the Implicit Function
Theorem. This is achieved by the Liapunov-Schmidt Reduction Method. Since L
is Fredholm we have L : E — F such that

E=N(L)®M (M a closed complementary subspace of E),
F=N®R(L) (Na élosed complementary subspace of F).
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Associated with these splittings are projections. So let

P:E— E suchthat R(P) = N(L),
Q:F — F suchthat R(Q) = R(L).

Since E = N(P) @ R(P) and F = N(Q) ® R(Q) it follows that

E = N(L)® N(P),
F=N(Q) ® R(L).

L is Fredholm of index zero and hence dim N (L) = dim N(Q) < oo. One then
finds a map D,D2H(0,0) : N(L) — N(Q) that is one to one and another map
L|n(p) : N(P) — R(L) that is one to one. The easy way of finding D, D H(0,0) and
L|n(p) is to make use of the Liapunov-Schmidt Reduction Method since f(z,p) =0

gets transformed into an equivalent system of equations

(i) n7=KQh(¢+1,u)
(11) 0= (I - Q)h(§ + 7, I"‘)a (33)

where h is a function to be defined in the proof of Theorem 3.2 and K is the |
inverse of L|n(p), and from (3.3) we find out that the maps D;D,H(0,0) and
L|n(p) are in fact bijections and hence invertible. The first equation defines the
map L|ncp) : N(P) = R(Q) = R(L) and is a bijection so that one can apply the
usual Implicit Function Theorem to conclude that = n(¢, 1) is a solution of (3.3)(i)
in a neighbourhood of (0,0) in E x R. The second equation defines an invertible
map, D, D, H(0,0) : N(L) — N(Q) so that under the conditions of the theorem,
one can apply the usual Implicit Function Theorem to conclude that £ = £(u) is a
solution of (3.3)(ii) in a neighbourhood of 0 in R. Thus for u # 0, p € (—po, po),
z(p) = &(p) + n(é(p), p) is a solution of (3.1) in a neighbourhood of 0 in E.
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In Theorem 3.2 f is a C>-map f : E x RN — F and the spaces are split such
that E = N(P) ® S where § C N(L) = ToM & S and F = N(Q) ® R(L) where
L=1I Nn(p)- Of course F' = N(Q) @ R(L). As mentioned in the remarks above we
now find that the maps D; D2 H(0,0) : ToM — N(Q) and L : N(I) — R(1) = R(L)
are bijections so that eventually we get that z(«, u) is a solution of f(z,ué) = 0.
Here « is a fixed element of S C N(L).

We now prove Theorem 3.2.

Proof of Theorem 3.2:

The first part of the proof consists of seeking maps that satisfy the conditions

stipulated in the summary above. To accomplish this we need to split our spaces

accordingly.

Solet P: E — E be the continuous projection such that R(P) = S and N(P) =
ToM @ N(L). That is

E =N(L)® N(L)
~NIL)eToMa S
=N(P)®S. [cf. definition 0.1.6)

[Note that ToM = N(L) N N(P). In the remarks above we showed that ToM C
N(L).]

Let T : N(P) — N(P) be the continuous projection such that R(T) = ToM and
N(T) = N(D).

Fix v € S and let g : N(P) x R — F be defined by

9(zo, 1) & f(zo + py + ¢1(Tx0), p€°).
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g also depends on the 4 € S chosen, but we will not emphasize this.

Then
9(070) = f(O + 0y + ¢1(T0),0£0) = f(O,O) =0.

Further,
D1 g(zo,p) = D1 f(zo + py + 61(Tx0), p€°)D(z0) (0 + py + ¢1(Tx0))

so that
D, ¢(0,0) = D, f(0,0)In(p).

Let [ 2 L N(P), the restriction of L to N(P). Then
N(D1¢(0,0) = N(L) = ToM = N(L)n N(P)

and R(L) = R(L|n(p)) = R(L), dimN(L) = dimToM = d—I. I = dim N(L) -
codim R(L) so that codim R(L) = d — I. Therefore dim N(L) = codim R(L) =
codim R(L) = d — I. Thus [ is Fredholm of index zero.

Also

Dag(zo, 1) = D1 f(zo + py + $1(T0), #€°)D(yy(z0 + pv + 1(T0))
+ D2 f(zo + py + ¢1(Tx0), #€°) Dy (1€°).

Therefore

D,g(0,0) = D, f(0,0)y + D2 £(0,0)¢°
= D2.f(07 O)£0

since L = D, f(0,0) and v € § C N(L).
By the definition of f and g it suffices to solve the equation

g(z0, ) = 0. | | (3.4)
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Write (3.4) as
Lz, ='h(zo,p) (3.5)

where

h(zo, p) = D19(0,0)z0 — g(z0, 1)
= Lzo - f(zo + py + ¢1(T0), p€°)

so that h(zg, u) = Lz if and only if g(zo, p) = 0.

Let Q : F — F be the continuous projection such that R(Q) = R(L) = R(L).
Any zo € N(P) can be written as £ + n = Tz + (I — T)zo. Now (3.5) can be

written as

L(¢+n) = h(€ +n,p)
LE+in=hE+n,u)
Ln=h(E+n,p)  [6=Tzo € R(T) =ToM = N(L)]
QLn = Qh(£ +n,p)
In=Qnr+np [RQ) =RI)

Let 1 = i]m Now 1 : ]/V-(\L/) — R(L) = R(L) is a bijection and so has a

bounded inverse K from R(L) to ]V(\L/) since R(L) is closed [cf. Theorem 0.1.20].
~a—1
Thusn =L Qh(§+n,p4) = KQh(§ + 1, p).

Further,
(I-Q)Ln=(I-Qh(t+n,p

so that

0= -Qh(¢+n,p) [IneREL)=RQ)=N{I-Q).
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So (3.5) implies the system of two equations

n=KQh(£+n,p) (3.6)
C 0= - Qh(&+n,p). (3.7)

Conversely, if £,7n are any solutions of these equations then zo = £ + 7 is a solution

of (3.5), as is easily seen.

Let R(€,n, 1) = 7 — KQh(€ + 1, 1). Then h is a C?—function since k is. [This
follows from KQh(€ +9, 1) = KQ(Ln—g(¢+n,u) =n—KQg({+n,4) and g € C?
since f € C2]

k(0,0,0) = 0 — KQA(0 + 0,0) = —KQh(0,0)
= —KQ[L0 - ¢(0,0)]

=0

since L, K, Q are linear and ¢(0,0) = 0.
D, k(0,0,0) = D(yy[n — KQR(£ + 1, )]10,0,0)

= Ieys — KQD(yh(& + n, 1)]l(0,0,0)

= I — KQDy [L(& +n) — &+ 0+ py + 61(TE + 1)), 26°)]l0,0,0)

= Ieps — KQDqyy[Ln = £(E + 1+ py + 61(6), 4"l (0,0,0

= Igrs = KQIL — D1 f(€+n+ wy + 61(), uE") Doy (€ + 1+ v + 61(E)lc0,0,0)

= I — KQIL - D1 (0,0l 5

= Iy — K QL - L)

= IIV(\L/)'

Therefore D, k(0,0, 0) is invertible in ]/V-(\L/) The hypothesis of the Implicit Function

Theorem on Banach spaces [cf. Theorem 0.2.2] then is satisfied and so we deduce
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_that there is a neighbourhood U of zero in ToM x J and a neighbourhood V of zero
in ]/V-(\L/) and a unique map n : U — V such that 7(0,0) = 0 and h(é, (€, 1), 1) =0
on U. The map 7 is a C?~function. Thus (3.6) has a unique solution 5(¢,u) in V.

Substitute n(¢, #) in (3.7) to get

H(E, p) £ (I - QR(E +n(€, 1), 1) (3.8)

Let 29 € My = {zo | 20 = €+ ¢2(§) forsome £ € V C ToM}. Note that
M, C M. Since ¢, ¢2(¢) € N(P), M, is a local C?-manifold of N(P) and for any

zo € M; we have

9(z0,0) = F(€ + 2(6) + $1(T(€ + $2(£))),0)

= f(é + ¢2(€) + $1(£),0)
=0. '

[T(€ + ¢2(§)) = TE + T¢2(€) = T¢ = £ and by (i) f(z,0) =0for z € M; C M ]

Thus for p = 0, 29 € M satisfies (3.4) and hence (3.5). It follows then that (3.6)
and (3.7) must also be satisfied for p = 0 with n = ¢3(¢). If é is sufficiently small,
it follows from the uniqueness of (&, ) that for ||¢[| < 6, n(£,0) = ¢2(€) and

H(¢,0) = (I — Q)h(£ +1(£,0),0)
= (I - Q)h(£ + ¢2(£),0)
= (I — QL€ + $2(6)) — F(€ + $1(6) + $2(£),0)]
= (I — Q)[L(€ + ¢2(€))] since f(z,0)=0for z € M
=0  since L(£ + ¢2(¢)) € R(L) = R(Q) = N(I - Q).
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Hence H(0,0) = 0.

D:1H(§, p) = (I - Q)D(eyh(€ + (&, 1)s 1)
= (I = Q)Dyg) [E(€ +n(€,) — F(E +(E ) + wy+ $1(6), u€®)]
=T - QL+ LDyn(¢, 1) — D1 f(& + (&, 1) + py + $1(€), u€°)
Dy (€ + (&, 1) + py + 61(6))]
= (I Q) [L+LDun(€, u) — Dif( +n(E ) + 1y + $1(6), %)
(Ir,m + Dan(€, ) + Da(£)))].
Dy H(0,0) = (I - Q)[L + LD1n(0,0) — L(Iz,p + D17(0,0)]
= (I - Q)[L + LDyn(0,0) — L — £.Dy5(0,0)]
=(I-Q)0)
= 0.
This shows that D, H(0,0) is not invertible and so we cannot apply the Implicit
Function Theorem. We shall introduce an auxilliary function such that this function
vanishes for (¢, ), g # 0 if and only if the function H vanishes. This function will

have a derivative with respect to £ that is invertible. Finding the zeros of this new

function then will be equivalent to finding the zeros of H.

Let
LH(E, ) for p# 0
D;H(¢,0) forp=0

H(¢, ) is C! with respect to the second variable y.

16w = {

This is clear for u # 0. For p = 0:
) ~ 1.1
=(H(&yn) — H(E,0)) = —(—H({, 1) — D2 H(E,0)).
p wop
By Theorems 0.2.4 and 0.2.5, since H(¢, 1) € C?,

H(E, 1) = H(E,0) + pD2H(E,0) + / (1 - a)DEH(£, ap)da.
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Hence, since H(¢,0) = 0,
Do, W)lumo = lim ~((6, ) ~ H(£,0)

1
= lim / (1 - @)D3H(¢, ap)da
u—0 jo
1

61

(3.9)

Hence H(¢, ) is differentiable at p = 0. To show that the derivative is continuous:

For p # 0 we have

DoH(¢, 1) = —i;H(f;u) + %DzH(é,#)

= —%(%H(E,u) ~ Dz H(¢, 1))
1
- _._1.(1)211(5,0) + ,1,/ (1 - a)D3H(¢, ap)da — Do H(E, 1)).
7 0

But since Do H(¢, 1) is C?! in p,

1
D,H (¢, ) = DaH(E,0) + 4 | DYH(E, o wda’.

Hence,

1
lim D, H(E, 1) = lim —l(p/ (1 - a)D3H (¢, ap)da
u—0 w—0 p Jo
1
~u [ DRH(E o' )
0
1

= SD3H(E,0) by (3.9).

Hence D, H(, 1) is continuous at p = 0.

Solving H(&, 1) = 0 is equivalent to solving

H(é p)=0.

(3.10)
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We now show that & (0,0) = 0 and D, H(¢,0) is invertible.

H(¢,0) = D:H(£,0)
= (I~ Q)D(y (€ +n(£,0),0)
= (I = Q)D([E(€ +n(£,0)) = F(& + 1(£,0) + $1(6),0)]
= (I - Q) [LDan(&,0) — D1 (€ +1(£,0) + ¢1(6), 0)Dar (£, 0)
- =Da2f(€ +1(&,0) + $1(£),0) Dy (u€")]
= (I - Q) [£D2n(£,0) = Dy (€ + (¢, 0) + $1(6),0)Dan(é, 0)
Do f(€ +n(6,0) + $1(6), 0)¢°] . (3.11)

Also

£(0,0) = D, H(0,0) = (I - Q) [f,Dzn(o,O) — D, £(0,0)D2n(¢,0)
—D,£(0,0)¢’]
= —(I - Q)D.£(0,0)¢°
=0.

[The second equality holds by (3.11). The last equality holds since by hypothesis
(i) Lz = —D,f(0,0)¢° has a solution and so D,f(0,0)¢® € R(L) = R(Q) =
N(I -Q)]

Differentiate equation (3.11) with respect to { to get

D, H(&,0) = D1 D,H(£,0)
= (I - Q) [LD1Dan(€, 0) - (D} £(¢ +n(£,0) + 61(6),0)
Dgy(€ +n(€,0) + ¢1(£))D2n(§,0)
— D1 f(€ +n(&,0) + ¢1(£),0)D1.D2n(€,0)
— D1 D3 f(€ +1(€,0) + 61(€),0)Deey (6 + (€, 0) + ¢1(£))¢°]
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so that

DD, H(0,0) = (I — Q) [131)l Dyn(0,0) = D2 £(0,0){Ir, s + D17(0,0)

~+ D¢1(0)}D2n(0,0) — D1 £(0,0)D1 D21(0, 0)
— D1 D2 £(0,0){I,p + D11(0,0) + D¢1(0)}¢°] .

“That is,

Dy D,H(0,0) = (I - Q)[LD;D2n(0,0) — D} £(0,0)Dyn(0,0)
- i/DlDzﬂ(O, 0) - D1D2f(0a 0){0]
= —(I - Q)[D} £(0,0)D;7(0,0) ~ D1 D; £(0,0)¢"]

since D¢,(0) = 0 and Dy7(0,0) = D¢2(0) = 0.

For w € Ty M we obtain

D1 D, H(0,0)w = —(I — Q)[D? f(o,d)qu(o, 0) + D, D, £(0,0)¢°]w.

Differentiate (3.6) with respect to u to get

Dan(€, 1) = KQD(uyh(€ + n(€, 1), 1)
= KQD(,[L(& +1(&, 1) — (€ + (&, 1) + py + $2(8), u€®))
= KQ[LD2n(€, 1) — D1 (€ + n(€, 1) + py + $1(€), u€°)
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(3.12)

D€+ (&, 1) + py + 1(€)) — D2 f(€ + (€, 1) + v + ¢1(€), p€®) D,y (1€°))]

= KQ[LD2n(€, 1) — D1 f(€ + n(€, 1) + py + $1(€), u€°)
{Dan(€, 1) + v} — D2 F(€ + (&, 1) + py + 61(€), u€°)E°)

so that
D;7(0,0) = KQ[LD;7(0,0) — D; £(0,0)D27(0,0) — D2 £(0,0)¢°]

= —KQD, f(0,0)¢°
= —K D, £(0,0)¢°
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since Ly = 0 and D, f(0,0)¢° € R(L) = R(Q) by (ii).

a=—1
Remember K = L so that we have

LDyn(0,0) = LDyn(0,0) = —D,£(0,0)¢° (3.13)
since R(i) = R(L).

Now we see that D,n(0,0) is a solution of Lp = —D; f(0,0)¢°. By (3.12), (3.13),
remark after Theorem 3.1 and hypothesis (iii) D; D2 H(0,0)w = 0 only if w = 0.

Now use the following observations:
F=R(L)® N(Q),

dim TyM = dim N(Q) < oo since L is Fredholm of index zero. Further D; D, H(0,0) :
ToM — N(Q), and dimToM = d — I = dimN(Q) < oco. So that the range
and domain of D;D;H(0,0) are both finite dimensional, with the same dimension.

N(D1D,H(0,0)) = {0} and so D; D, H(0,0) is invertible.

We then use the Implicit Function Theorem [cf. Theorem 0.2.2] to deduce that
there is a neighbourhood U of zero in J and a neighbourhood V' of zero in Ty M and
a uhique map ¢ : U — V such that £(0) = 0 and H(é(p), ) = D2 H(¢(k),0) = 0 on
U. The map £ is a C'—function. Thus (3.10) has a unique solution £(u) in V. Let

z 2 E(p) + n(E(p), 1) + py + $1(TE(p) + n(€(p), 1))
= €(u) + (&), 1) + wy + $1(TE(1)) since 1 € N(L) = N(T)
= €(p) + n(€(w), ) + py + 1(€(1)) since € € ToM = R(T)
£ 2(7, ).

Then z(7, i) is a solution of (3.1) and is unique in a neighbourhood of 0 in E when
p # 0. Moveover z(v,0) = 0, and z(v, u) is C.
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This completes the proof of the first part.

The proof of the second part of this theorem will consist of showing that the
function K to be obtained below satisfies the hypothesis of this theorem. Before we

do this we have the following remark.

Remark. If we do not assume that f is C? with respect to u the above proof still
goes through except that we can only conclude that z(v,u) is continuous. This
follows from the following observation: |

If fis C! with respect to p, then so is H. Therefore by definition of H one can
show that H is C°. The application of the Implicit Function Theorem thus yields
the fact that £ is a C%~function of x4 and hence by the definition of z we get that

z(v,p) € C°.

We now show that when p # 0, D, f(z(7, 1), p€°) £ L, is an invertible Fredholm

operator.

Consider

D1 g(zo, 1) = D1 f(zo + py + 1(T20), 4€°)D(z0) (20 + py + $1(Tx0))
= D1 f(zo + v + ¢1(Tz0), u€®){In(py + Dé1(Tx0)T}.

Substitute zo (v, p) for zo where zo(7, 1) = (1) + n(é, ). Then we have

Dig(zo(7, 1), ) = D1 f(zo(7, 1) + 1y + $1(Txo(7, 1)), n€°)
{Inepy + Dé1Txo(v, #)T}
= D1 f(z(7, 1), 1€%)|npy[In(py + D1 Tzo(, p)T).
Also note that D¢y (Tzo(7, 1))T — Dé1(Tzo(v,0))T = 0as p — 0and D, f(z(7, ),

1) Ny = L,— L 2 D, f(0,0) in norm by the remark following Theorem 0.2.3 as
g — 0 so that there exist § > 0 such that ”f},‘ - f)” <6 LetL,=L+(L,-L)=
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L+ K. Since K c L(N(P),F), ie, K bélongs to the Banach space of bounded
linear operators that map N(P) to F, perturbation theory says i(L,) = i(L), that

is, L, and L have the same index and if L is Fredholm then so is L, [cf. Theorem

0.1.19]. For u € J = (—po, o), p 7é 0, 13,, is invertible if it has a trivial nullspace

in N(P). We need to show that

~

L,y = Dig(zo(7, 1), 1)y

(3.14)
= Dxf‘(z(7,ﬂ),#€°)|N(P)§/ =0

has a unique solution y = 0 in N(P) for 4 € J, u # 0. z(+, ) is a solution of (3.1)
so that f(z(v,u),ué®) = 0. Differentiate f(z(7v, 1), u€®) = 0 with respect to u € J

to obtain

Ds f(z(7, ), #€*) D2z (7, 1) +szf(-'v(7,u),u£°)£° =0.

At y = 0 we obtain
D: £(2(7,0),0)D2z(7,0) + D2 f(z(7,0),0)6* = 0,
and z(+,0) = 0 so that
D: £(0,0)D22(v,0) = —D2 £(0,0)6° = 0.
Hence D,z(,0) is a solution of Lz = —D, f(0,0)¢° since L = D, £(0, 0).
Let K(y,u€%) £ Dy f(z(v, 1), u€°)y. Note that D2 K may not exist.

D2 K (y,p€°)E° = [DEf(z(v, 1), p€®) Daz(7, ) + D1 D2 f(z(7, 1), u®)E%y.

Now if f is C2, DK will involve derivatives of f of order higher than two. However,
owing to the remark above we will still be able to show that (3.14) has a unique

continuous solution. Let y € M = Ty M then

K(y,0) = D1 f(2(7,0),0)y = D1 f(0,0)y = Ly = 0
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‘and so K satisfies hypothesis (i).
D3 K(0,0)¢° = [D2£(0,0)Dyz(7,0) + D; D2 £(0,0)°] +0 =0

so that the equation Lz = —D,K(0,0)(° = 0 has a solution p € ToM and so K
satisfies hypothesis (ii).

If Lp=0 and w € ToM we have

Dy K(y, u€®) = Dy f(z(7, 1), #€°)v(py = Ly
D?K(y,u€®) =0
D1 Dy K (y, u€°)¢° = D} f(z(v, 1), u€°)D2z(y, 1) + D1 D2 f(z(y, 1), n€°)E°.

Therefore D2K(0,0) = 0 and
Dy D,K(0,0)¢" = D} £(0,0)D2z(7,0) + D1 D; f(0,0)¢°
so that
{DIK(0,0)p + D1 D,K(0,0)6°}w = {D} £(0,0)D2(v,0) + D1 D2£(0,0)¢}w
and so K satisfies hypothesis (iii).

The conditions of Theorem 3.2 are satisfied and so we conclude that there is
a neighbourhood of 0 in N(P) C E such that for p € J, p # 0 the equation
D f(z(v, ), u€°)y = 0 has a solution (v, 1) that is unique in this neighbourhood.
This equation is linear in y and so the unique solution must be y = 0 for p # 0,
p € J. Thus Dy f(z(v, ), u€°) is invertible. This completes the proof of Theorem
32. O

In order to apply Theorem 3.2 to a system of ODE’s one has to find a suitable

submanifold M with the correct dimension. However, when autonomous systems
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are considered, one usually gets dim M = 1 and d — I may be greater than one. To
get the correct dimension we can sometimes, in a multiparameter case, use some of
the parameters to obtain M and then apply Theorem 3.2. We have the following

theorem.

Theorem 3.3. Let E, F be Banach spaces, and f : ExRY - Fbea C?-mapping
on a neighbourhood of (0,0) in E x R" such that £(0,0) = 0 and the linear operator
L £ D, f(0,0) is a Fredholm operator with index I > 0. Let d = dim N(L). Let
So C E,dimSy =d—TIand S; C E, dim S; = I be such that N(L) = So @ S;. Let
J/V-(\]_.}/) C E be such that E = J/V?L/) ® N(L). Moreover assume:
(i) There exists a linear subspace W C RN, dim W = d — I, such that £ € W
and D, f(0,0)¢ € R(L) = ¢ =0.
(i) There exists £€° € RV such that D,f(0,0)¢° # 0 and the equation Lz =
—D; £(0,0)£° has a solution p(¢°) € E.
(iii) If w € So and {D?£(0,0)p(¢°) + D1 D, £(0,0)}w € R(L) then w = 0.
Then there exists po > 0, a neighbourhood U of zero in S;, and maps z : U X
J = E, £ : U xJ — RY such that £(v,0) = 0, Dy£(7,0) = £°, z(v,0) = 0,
f(z(7,1),€(7, 1)) = 0, for any (y,u) € U x J where J = (—po,po). Moreover
D; f(z(v,1),€(7, 1)) : E — F is an invertible Fredholm operator with index I, for

any u # 0, || < po.

Remark. From the assumptions of the Theorem, it follows that
(1) F = R(L) ® R(L): From (i) ¢ € W and D»f(0,0) = 0 => ¢ = 0.
Hence since W is finite dimensional D, f(0,0)|w is one to one. Hence
dim(D; f(0,0)|w) = dim W = d—I = codim R(L). Also from (i) R(D2 f(0,0)|w)N
R(L) = {0}. Let R(L) = R(D£(0,0)|w). Then F = R(L)® R(L) by The-
orem 0.1.21.
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(2) N > d—I: This is seen from the following observation. Since D, £(0,0) :
RN - R(L) ® R(L) we have R(D,f(0,0)) C R(L) ® R(L). But R(L) =
R(Df(0,0)|w) so that 1/2-(\5) C R(D;£(0,0)) and hence dim R(D; f(0,0)) >
d—I. Also 0 # Dyf(0,0)° € R(D2£(0,0)), D2f(0,0)t® ¢ R(L) since
(i) and (ii) = ¢° ¢ W. Hence dim R(D,f(0,0)) > d — I, and N =
dim R(D, f(0,0)) + dim N(D; f(0,0)) > d — I + dim N(D;£(0,0)). Thus
N>d-1I

Proof. We can suppose that W = R?~T x {0} and D,f(0,0)¢ € R(L) => ¢ €
{0} x RN¥N=4+1 5o that &€ = (0,¢") where ¢ € RN+,

Let us introduce a function ®. This function will have properties that we will
need later in the proof of this theorem. Solet T = N(\L/) xR Tand ®: SoxT — F
be defined by ®(&o,(n,€')) = f(é +n,(¢',0)). Observe that & € So, (,€') €T =
N(\f) x R4-1,

Since f is C? sois ¢ and &(0,0) = £(0+0,(0,0)) = £(0,0) = 0 and D>®(éo, (1,£"))(m, 1) =
D1 f(&o +n,(€',0))m + D2f(& + n,(¢',0))&;.

Therefore D,®(0,0)(n1,€;) = D1 £(0,0)m + D2f(0,0)¢;. Since (m,£&}) is arbi-
trary and D, f(0,0) = L we have

D2¢(0a0)(n7€’) = L'I + D2f(07 0)6’
= Ln since ¢' € W and thus D2 f(0,0)¢' =0

n € N(L) and Ly € R(L). ok N(L) — R(L) is a bijection [cf. Theorem 0.1.20]

and hence D,®(0,0) is invertible. The Implicit Function Theorem [cf. Theorem
0.2.2] says there exist unique maps 7 : Sp — I/V—(\L/) and ¢': Sy — R%! defined in a
neighbourhood Uy of zero in Sy such that

®(éo, (n(€0),€'(0))) = 0. (3.15)
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Also

D18(ko, (1,€')) = D1 f(€o + 1, (€', 0) Degy (6o + 1))
= Dl f(fo + 7, (6,, 0))Iso‘

Therefore
D;9(0,0)é = D1 f(0,0)¢o = L& =0 (3.16)

since & € So C N(L). Also x(&o) £ ®(&, (n(&0), &' (&))) = 0 for all & in Sy such
that |&| < 6. |

Dx(&o) = D1®(é0, (n(&0), €' (é0))) + D22(&0, (n(40), 6; (60))) Do) (n(£0), €'(€0))-
At & = 0 in the direction of any & in So we have
0 = Dx(0)éo = [D18(0,0) + D2 &(0,0)(D1(0), DE'(0))éo- (3.17)
By (3.16) and (3.17) we have
0 = D>&(0,0)(Dn(0), DE'(0))éo.
Now D;&(0,0) is a bijection as proved above and hence we must have (Dn(0), DE'(0)) =

(0,0), that is,
Dn(0) = 0, D¢'(0) = 0. (3.18)

Let P: E — E be the projection such that R(P) = So and N(P) = 51 @ F(\L/)
and define G : E x RN-41 , F by G(z,¢") = f(z,(¢'(Pz),£")). We will show
that G satisfies the hypothesis of Theorem 3.2.
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- G(0,0) = £(0,(¢'(P0),0)) = £(0,(£'(0),0)) = £(0,(0,0)) = f(0,0) = 0 since
PO =0, £(0) = 0 and £(0,0) = 0.

D1G(2,¢")z' = [D1f(z,(€'(P2),£")) + D2 f(=, (€' (P),£"))D(z)(§' (Pz), £")]<’
= [D1f(z,(€'(P2),€")) + D2 f(=, (¢ (P2),§")((D¢' (Pz)P, " )='.
D1G(0,0)z' = Dy £(0,0)z' + D2 £(0,0)(DE'(0)P, 0)z'
= D; (0,0)z' + D2 £(0,0)(D¢'(0)Pz',0)

and since D¢'(0) = 0 by (3.18) and D, f(0,0) is linear we get after replacing z' by
z

D]G(0,0)z = D]f(0,0).’L' = Lz.

Now D;G(0,0) = L is Fredholm with index I, and N(D;G(0,0)) = N(L),
R(D;G(0,0)) = R(L).

Let M = {z = & + n(&) : & € So}. Then M is a C?-submanifold of Sy &
N (L) C E. The tangent space at 0 is ToM = Sy. [To see this note that T M =
{y |y = %|i=0 such that z : [~1,1] — M is of class C*, z(0) = &} [cf. Definition
0.2.1]. Here @ = 0. We have

0y = S 60(t) + Eo(®)lemo
df“ %o 0)+ Dn(fo<o>>"f° 0)
df“ %0 0) + Do) %2 (0)
df°(0)

d
since Dn(0) = 0 by (3.18). S is a finite dimensional space so that %(0) € So and
hence To M C Sy and since To M and S; have the same dimension we get ToM = Sq.]
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Also

G(z,0)|m = f(€o + n(&o), (€'(P(é0 +1(é0)),0))
= f(&o + (o), (€' (P&),0)) since Py(&) =0
= f(éo + 1(é0), (€' (&), 0)) since Péo = &o € R(P) = So
= &(£o,n(é0), €' (€0)) by definition of @
= 0 by (3.15).

Therefore the function G satisfies hypothesis (i) of Theorem 3.2.

From Lp(¢°) = — D, f(0,0)£° we get D, f(0,0)6° € R(L). Let £° = (0,¢"°) where
¢" ¢ RN—4+I As we saw above £€° ¢ W can always be written in this form so that

6"0 € RN—:H—I.

We now get D2G(z,£'")p = Da f(z, (€' (Pz),£"°))D(eroy (€' (Pz), €'")p where p €
RN-4+1 56 that

D2G(0,0)p = D, £(0,0) (0, Ign-a+1)p.

 Since ‘p is arbitrary we replace it by £"° to get
D,G(0,0)¢"° = D2 £(0,0)(0,£"°) = D, £(0,0)¢° = —Lz = —D;G(0,0)z.
Therefore D;G(0,0)z = —D2G(0,0)¢'" is the same as Lz = —D, f(0,0)¢° and

has solution p(£°). Therefore the function G satisfies hypothesis (ii) of Theorem
3.2.

Let w € TyM = Sy and consider

[D2G(0,0)p(¢°) + D1D.G(0,0)¢"°|w € R(D,G(0,0)) = R(L). (3.19)
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By definition G(z,¢") = f(z, (£'(Pz), "))
so that D1G(z,£")p(€°) = {D1f(z,(¢'(P2),¢")) + D2 f(=, (£'(Pz), £"))
(D€' (Pz)P,0)} p(¢°)
and {D{G(z,")p(€")}w = {[D} f(=, (€'(Pz),€"))+
D1 D; f(z, (¢'(Pz),¢"))(DE'(Pz)P,0)+
[D1 D, f(z,€'(Pz),£")+
D3 f(z,¢'(Pz),€"))(DE'(Pz)P,0)]
(DE'(Pz)P,0) + D; f(z,(¢'(Pz),£"))
(D¢ (Pz)P?,0)]p(¢°)} w.
Therefore {D3G(0,0)p(£°)}w = {D3 £(0,0)p(¢°)}w since
DE'(P0) = DE'(0) = 0 by (3.18)
and Pp(£°) = 0 since p(¢°) € N(L).

And

DyG(z,€")¢" = Dy f(z, (£'(Px),"))(0, Inv _ a4 1)E"™
= D2 f(z,(£'(Pz),€"))(0,£")
{D1D2G(z,¢")¢" }w = {[D1 D2 f(z, (€'(Pz),¢"))
+ D3 f(z, (¢'(Pz),£"))(DE' (Pz)P, £"))(0,£")}w
{D1D2G(0,0)¢" }w = {D1D; £(0,0)¢° }w since £° = (0,£")
and D¢'(0) = 0.

We now see that (3.19) is equivalent to
{D3} £(0,0)p(¢°) + D1 D2 £(0,0)6°} w € R(L).

As a result of hypothesis (iii) of this theorem w = 0 so that G satisfies hypothesis
(iii) of Theorem 3.2
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We have now shown that G satisfies hypothesis (i), (ii) and (iii) of Theorem 3.2.

The first part of the conclusion of Theorem 3.3 now follows from the conclusion

of the first part of Theorem 3.2.

Note that £ : U x J — RV is defined by £(7, u) = (¢'(Pz(7, 1)), u€'™) so that

£(7,0) = (£'(P0),0) = (£'(0),0) = (0,0) = 0. (3.20)

Ds£(v, 1) = (DE (Pa(y, 1))PDya(, i), Dt™)
= (DE'(Pa(y, 1))PDaa(7, ), €")
D;£(v,0) = (D€' (Pz(,0))PDz(7,0),£").
Since 2(7,0) = 0 by the conclusion of Theorem 3.2 and DE'(0) = 0 by (3.18) we
have D¢'(Pz(v,0) = 0 so that

D2£(7,0) = (0,£") = £°. (3.21)

We now show that D f(z(vy,u),€é(v,4)) : E — F in an invertible Fredholm

operator of index I.

D f(z(v, 1), €(7, 1)) is Fredholm of index I by perturbation theory [cf. Theorem
0.1.19]. Recall J = (—poq, po). Let g: (SoEBFa}/))xJ — F be defined by g(z,7,p) £

D1 f(z(7, 1), &(7, #))z. Then g(z,7, 0) = D1 f(z(7,0), £(7,0))z = D1 f(0,0)z = Lz.
The second equality follows from z(+,0) = 0 by the conclusion of Theorem 3.2 and

€(~,0) = 0 by (3.20).
D1¢4(0,7,0) = L so that N(D;¢(0,7,0)) = So, R(D14(0,7,0)) = R(L). There-
fore D;¢(0,7,0) is Fredholm; index of
D19(0,7,0) = dim N(D19(0,,0) — codim R(D19(0,7,0))
= dim N(D, ¢(0, v, 0) — codim R(L)
— dim Sy — codim R(L).
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Now dim So = d — I and codim R(L) =dim N(L) - I =d - I.

Thus i(D1¢(0,7,0)) = (d = I) — (d — I) = 0 so that D;g(0,,0) is Fredholm
with index zero. Let z € Sy = ToM = M. Then g(z,v,0)|s, = L|s, = 0 since
So C N(L).

Therefore g satisfies hypothesis (i) of Theorem 3.2.

D3g(a:, Yy I‘) = [fo(:c('y, l‘)a 6(7a ”))sz(7’ I‘) + D1D2f(z(7’ “)76(73 ”))D2£(7’ I‘)]‘L
D3g(0,7,0) = [D}£(0,0)D22(,0) + D1 D2 £(0,0)D2£(7,0)] * 0
= 0.

D,4(0,0,0)z = Lz = 0 = —D3¢(0,0,0) has a solution p € Sy so fix p € Sy to be a
solution of D;¢(0,0,0)z = —D;¢(0,0,0).

Therefore g satisfies hypothesis (ii) of Theorem 3.2.

Observe that from f(z(7v,p),€&(z, 1)) we get

D(“)f(il‘(")’, /‘)a £(x’ I‘)) = le(x(7a l‘)a 6(7’ #))sz(% /‘)
+ D2f(x(7’ #), 6(7a ”))D2£(7’ #)

By the conclusion of Theorem 3.2, equations (3.20) and (3.21) we have
Dy f(2(7,0),4(=,0)) = D1 f(2(7,0),4(7,0)D22(7,0) + D2 f(z(7,0), £(7, 0))¢°.

so that 0 = LD,z(v,0) + Do f(0, 0)¢°.

Therefore D, z(7,0) satisfies the equation Lz = —D, f(0, O){0 and hence so does
sz(O, 0)

If we Sy and Dyg(z,v,0)p = Lp = 0 we have

{D?g(z,7,0)p}w = {Lp}w = 0w = 0.
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That is {D?¢(0,0,0)p}w = 0.

| D1g(z,7, 1) = D1 f(z(7, 1), €(7, 1)) and
{D1Dsg(z,7, w)}w = [DF f(2(7, 1), €(7, 1)) D2z (v, 1) + D1 D2 f(z (v, 1), (7, 1)) D2€(, ) w-
Therefore {D;D3¢(0,0,0)}w = [D3?£(0,0)D2z(0,0) + D1 D, f(0,0)£°]w so that
{D?4(0,0,0)p + D D3g(0,0,0)} = {D?£(0,0)D;(0,0) + D1 D2 £(0,0)¢° }uw.

As a result of hypothesis (iii) of this theorem w = 0 so that g satisfies hypothesis
(iii) of Theorem 3.2.

- Therefore all the hypotheses of Theorem 3.2 are satisfied and hence the equation
D, f(z(v, 1), &(7, 1))z = 0 has a unique solution Z(v,x) in E. Since this equation

is linear in z the unique solution must be z = 0 for p#£0, peld.

This completes the proof of Theorem 3.3. O



Chapter 4. EXISTENCE OF BOUNDED SOLUTIONS

In this chapter we will use the theorems in Chapter 3 to show the existence
of bounded solutions for systems of the form of equation (2.1.1). We state two

theorems ;
(i) for the case where I =0,

(ii) and for the case where I > 0.

We will prove the theorem for the case where I > 0. As we will show below the
results in this chapter make use of Lemma 2.3.1 in Chapter 2 and the three theorems
 in Chapter 3. We intend to show that under certain conditions on the perturbative
term h, equation (2.1.1) has a bounded solution z(¢,u) near «4(t), where (%) is
a bounded solution of the unperturbed system z = g(z). Again in this chapter
X 2 Cl(R,R"), Y £ C)R,R*), V = R(P) and W = N(Q) are the stable and
unstable subspaces of (2.3.3), respectively. The first main result is the following:

Theorem 4.1. Let (H1) and (H2) in Chapter 2 hold and let 1 = £° € R in equation
(2.1.1). Let I = dimV + dim W — n. Suppose, furthermore, that

(i) the dimension of the stable and unstable subspaces has sum n,

(ii) 4(%) is the unique (up to a scalar multiple) bounded solution of
i(t) = A(t)z(t), A(t) £ Dg(x(t)), (4.1)
- (iii)

/ " ()R, (2, 0)dt = 0, / T W ODih(t (1), 00dt £0,  (42)
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where t(t) is the unique (up to a scalar multiple) bounded solution of the system
~ adjoint to (4.1). Then there exists positive constants A, 0, 0 < |g| < o such that the
perturbed system (2.1.1) has a unique solution z(t, ) satisfying |z(t, u) — ()| < A
for all t. Moreover as g — 0, ig}g [2(, ) — (V)] = O(p).

We do not prove Theorem 4.1 since it is a special case of Theorem 4.2. However

we have the following remarks.

Remarks. (1) Note that (4.1) is the same as (2.3.3).

(2) v¥(t) is the unique bounded solution of the system adjoint to (4.1): To see
this note that by Lemma 2.3.1 a.nd‘ hypothesis (i). L = D, f(0,0) is Fredholm of
index I = 0. By hypothesis (ii) N(L) is spanned by 4(¢) and dim N(L) = 1. In the
proof of Lemma 2.3.1 we showed that I = dim(V N W) — dim(V+ N W+) so that
dim(V+NW+) = 1. Let X(t) be the fundamental matrix of (4.1). Then X ~!*(t) is
the fundamental matrix of the system adjoint to (4.1). Choose € VAW, Then
¥(t) = X~1*(t)n is the unique bounded solution of the system adjoint to (4.1).

(3) Consider the condition

/ " B (Oh(E (1), 0)dt =0,
5% (4.4)

/_ T (D1 h(t, 1(£)0)dt £ 0,

For any to € R, ¥(t — t0) is also a solution of z = g(2) to which we can apply the

Theorem. In this case 4.4 becomes

a2 | " (¢ — to)h(t, 1(t — t), 0)dt = 0,
~co0 (4.5)

A'(to) é [w '(/I‘(t - to)D1 h(t,’)’(t - to),O)dt ;é 0.
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If welet s =t — ¢y then t = s + t; and realizing that s is a:dummy variable, then
letting s = t —ty is equivalent to replacing ¢ —¢¢ by ¢t and hence replacing t by ¢ +,.
Therefore the condition (4.5) implies

8 = [ WO+ ta,2(0), 08 =0,
o (4.6)
Al(to) = / $* (D1 h(t + to, 1(2), 0)dt # 0.

The condition then reduces to A(to) = 0, A’(2o) # 0 where A(ty), A'(to) can take
any one of the forms in equation (4.4), (4.5) and (4.6). In the case of (4.4) we take
to=0.

We now extend the result above to the case where the index of L is greater than
or equal to zero. In the following theorem we will make use of Lemma 2.3.1 and

Theorem 3.2 of the previous chapter.

Theorem 4.2. Let d = dim N(L) and let (H1) and (H2) hold true. Let Ry = My C
X,5CX,dimS=d-1besuchthat N(L) =My ®S. Let  =dimV +dim W —n
as in Chapter 2, and assume that N > d—I. Let M = {z, € X : a € R, where
zqo(t) = y(t + a) — (1), for all t € R}. Furthermore, suppose that one of the

following conditions are satisfied:
G I=d

(i) I=d—1and [ _4*(t)h(t,v(t),0)dt = 0, [ o*(t)Dyh(t,v(t),0)dt # 0, (t)
being the unique (up to a multiplicative constant) bounded solution of the system
adjoint to (4.1). Then there exists a positive constant o, 0 < |u| < 0, and a
compact neighbourhood U of 0 in S such that the perturbed system (2.1.1) has
a bounded solution z(2, 6, 1) satisfying |2(t, 8, u) — ()| € U for all t. Moreover

as p — 0, sup |2(t, 6, ) — v(t)] = O(p).
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Remarks. (1) ToM = M, C N(L). This is seen from the following observation:
ToM = {y | y = £2(t)|t=0, for some C*~function z : [-1,1] = M, z(0) = a} [f.
Definition 0.2.1].

Let a € C*[~1,1], &(0) = 0, then in this case we have s  z(s) € M, 2(0) = z(0),
8 € [~1,1] where 2(s) = z4(,). Therefore

2()lmo = -{3(- + () = 7()}lamo
= 5(- + a(s))a(s)]u=o
= (- + (0))a(0)
= 5()&(0).

Since a(s) € R for all s € [-1,1] it follows that &(0) € R. Hence Ty ()M = ToM =
RY¥. Thus ToM = M, C N(L).

From now on we shall write N(L) =ToM & S.

(2) Theorem 4.1 can be deduced from Theorem 2.2 by simply taking S = 0.
Note then that N(L) = My = Ty M in Theorem 4.1.

Proof. Introducing a new variable z through 2(t) = ¥(t) + z(t) equation (2.1.1) can
be written in the form 2(t) = g(v(t) + z(t)) — g(7(t)) + ph(t,¥(t) + z(t), u€°). Let

[£(=z, E)I(2) £ &(2) = {9(2(t) + 2(2)) — 9(¥(¥)) + ph(t, ¥(t) + z(2), u)}

so that f : X x RN = Y is C? in a neighbourhood of (0,0) € X x R¥ and for all
y € X we have

[D1 (=, € )y)(t) = 4(t) — {Dg(+(t) + () + pDzh(t,¥(t) + z(2), u€)}u(t) (4.7)

so that (Ly)(t) = [D1 f(0,0)y](t) = y(t)— Dg(~(t))y(t). The calculations are similar
to those in section 2.3 of Chapter 2.



GENERALIZED IMPLICIT FUNCTION THEOREMS AND APPLICATIONS 81

We will show that the function f defined above satisfies the hypothesis of Theo-

rem 3.2.

Case I = d. With I = d hypothesis (i) of Theorem 3.2 is not needed since we
can take M = {0} and f(0,0) = 0. We also do not need hypothesis (ii) since
codimR(L) = I ~dimN(L) =d —d =0 so that R(L) =Y. Therefore L: X - Y
is onto so that for each y € Y there is £ € X such that Lz = y. Now take y =
—D, f(0,0)£° so that (ii) is satisfied with z = p(£°). We also do not need hypothesis
(iii) since 0 = w € ToM so that {D?£(0,0)p(¢°) + D1 D, £(0,0)6°}0 = 0 € R(L).

Case I = d — 1. By hypothesis dim N(L*) =1 since ¥(t) is the unique (up to a
scalar multiple) bounded solution of the system adjoint to (4.1).

0 € M since if a = 0 we get v(t) — () = 0 so that (0) = 0. z € M if and only

if z = 24, so that

f(2,0)(2) = 7(t + @) — #(t) — [g(v(t + @) = 7(t) + ¥(2)) — g(7(2))]
= [¥(t + a) = () - [9(v(t + a)) — g(7(2)]
= [¥(t + @) — g(v(t + @))] = [7(t) — g((1))].

Now 2z = g(2) is autonomous so that if v(t) is a solution of this equation, then so is
(t+a) for any o € R and thus f(z,0)(t) =0—-0=0forallt => f(z,0)=0€Y.
- Therefore for any z € M, f(z,0) = 0. Also dimM = 1 since M = ®(R) where
® : R — X is defined by ®(a) = z,. Since 4(t) and v(t+ a) are continuous together
with their derivatives. M is a C!'-manifold and since I = d — 1 and dim M = 1 we
get dim M = d — I. These facts together with the fact that f(z,0) =0 for z € M
imply that f satisfies hypothesis (i) of Theorem 3.2.

[D2f(z, u€")B))E° = —{h(t,1(t) + 2(t), u€®) + ulDsh(t, v(t) + z(t), u€® )€1}
so that D3 £(0,0)€° = —h(t,~(t),0).
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That is, h(t,7(t),0) = ~D. £(0,0)¢° € R(L) since by hypothesis [ ¢*(t)h(t,7(tj, 0)dt

0 and Lemma 2.3.1 says this holds if and only if h(t,~(t),0) € R(L).

Now —D;f(0,0)¢° € R(L) implies that the equation Lz = —D,£(0,0)¢° has a
solution p € X. That is, p(t) is a bounded solution of

b= Dg(v(t))p + h(2,7(t),0) (4.8)
or (Lp)(t) = h(t,7(t),0) = —(D2£(0,0)¢°)(t).
Therefore f satisfies hypothesis (ii) of Theorem 3.2.

Differentiate (4.7) with respect to z and u to get

Dy Dy f(z, p€0)° = — {Doh(t, 7(2) + 2(t), w€®) + 1 [DeDsh(t, 7(2) + 2(t), u€®)] £°)
= —{Dah(t, () + a(t), #€°) + uD2 Dah(t, 7(t) + a(t), u¢®)e’}
D1 D, f(0,0)° = —D3h(t,7(t),0)
D2 f(=, u°) = — {D2g(+(t) + 2()) D) (v(2) + (1))
+ uDah(t, Y(t) + 2(t), 4E*)Da) (1) + 2(2))}
so that D32 £(0,0) = —D?g(+(t)).

Let

w(t) = [{D?£(0,0)p + D1 D2 £(0,0)¢°}4](t)
= —{D*g(v(1))¥(1)}p(t) + D2h(t, 7(t), 0)¥(t)-

Differentiate (4.8) with respect to ¢

% = Dg(v(t))p(t) + [{D*g(v(£))7()}p(t) + D2h(t, ¥(t), 03 (t) + D1 h(t, 7(t), 0)]

= Dg(7(t))p(t) + [-w(t) + D1h(¢, 7(2),0)]
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so that p(t) is a solution of
&(t) = Dg(v(t))z + [~w(t) + Dyh(t,~(t),0)]
and hence —w(t) + D, h(t,v(t),0) € R(L) by Lemma 2.3.1.

By hypothesis of this theorem f_°°°° ¥*(t)D1h(t,7(t),0) # 0implying that D, h(t,v(t),0) ¢
R(L) by Lemma 2.3.1 and hence w(t) ¢ R(L).

Note that in this case we have y = (t) € ToM and 4(t) # 0. We have shown
the negation of hypothesis (iii) of Theorem 3.2 since y = 4(t) # 0 implies w(t) =
[{D?£(0,0)p + D1 D £(0,0)€°}4](t) ¢ R(L).

Therefore f satisfies hypothesis (iii) of Theorem 3.2.

The conditions of Theorem 3.2 are satisfied. The conclusion of that theorem
quarantees the existence of a unique solution z(t, 6, ) = 2(t, 6, 1) — v(t) in a neigh-
bourhood of (0,0) e U x J C S xR, 8 € U, u € J = (—po, pto) of the equation
f(z,p€°) = 0. Now z(t,6, p) € X is bounded in U so that z(t, 6, u) is also bounded.

We know that z(t,6,0) = 0 and since z(t,6, 1) is C! in u, we have
. 1 ’
z(t,6,p) = z(¢,6,0) + p/ (1 —s)D3x(t,6,su)ds [cf. Theorems 0.2.4 and 0.2.5)
0 ,

1
= p/o (1 — 8)Dsz(t,6,sp)ds
= O(p).

Thus
supla(t, 6, )| = O(u).
teR

This completes the proof of Theorem 4.2. O



Chapter 5: APPLICATIONS

In this chapter we give two examples that are worked out in detail to show where

and how the theory in the previous chapters can be applied.

Examples 1. (The case where I = 0)
In this example we will apply Theorem 4.1.
Consider the forced pendulum equation
£ +sinz = pusint. (5.1)

This equation can be written as a system of two first order equations

T=y
(5.2)
Yy = —sinz 4+ psint.
Equation (5.1) has the form
:i:=Hy(z,y)+pI?y(t,z,y,p) (5 3)
3;/ = .—Hz(.’t, y) - #I‘;{z(t,.’t, yip)
1 ~ .
where H(z,y) = §y2 —cosz, H(t,z,y,p) = —pzsint.
If we let
_(* _ 91(3)) _ ( Hy(z,y) )
2= (5)9= (50) = (5%,
| hl(trz’#)) ( I?I (t7x,y7#) )
h(t, z, 4) = =( "
( ‘ #) (hz(t,z,p) _Hz(t,m,y,l‘)
then we see that (5.3) has the form
z = g(z) + ph(t, z, p). (5-4)
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Now (5.4) is an equation of the form (211) wi'th 1=¢"€eR.
Consider the unperturbed equation
fZ+sinz=0, z(0)=0, z(0)=2, (5.5)
or equivalently, |

y=—sinz, z(0)=0, y(0)=2.

We wish to find a solution for (5.5), so multiply by & and integrate' to obtain

%:&2 —cosz = 1. (5.6)

From (5.6) we obtain

=342 Veosz 41

=42 /2 cos? -;—

We can therefore consider £ = 2 cos -;— Let £ = m—42. With this change of variables
it is not difficult to show that z(t) = # — 4tan™(e™*) is a solution of (5.5). Also
. d -1, —t
W(t) = #(t) = lr — 4tan™ ()]
1

G| — (et

e

4
et + et
= 2secht.

_ —1( ~t
Therefore ¥(t) = (ﬂ' 42t::ch t(e )

let £ =0toget y=0and y =0 to get sinz = 0 so that z = £nn, n € Z. Thus,

the fixed points of system (5.5) are (—gﬂ'), (g) , (now). We shall consider only

) is a solution of (5.5). To find fixed points
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- n=-1,1. Note that at (g) we have Dg (g) = (_01 (1)) so that the eigenvalues

are Ay = —t¢ and A; = ¢ and hence the point (g) is a stable fixed point [cf. [23],

p.77]. Dg (—07r) = ((1) (1)) so that the eigenvaluesare \; = -1 <0and A\; =1 >0

—Ty. . . . . . .
so that is a hyperbolic fixed point. Since there is one negative eigenvalue and

0
one positive eigenvalue it follows also that at (—:) we have dim (stable subspace)

01

= dim (unstable subspace) = 1. Also Dg (ﬂ) = ( 10

0
Az = 1 > 0 and hence the hyperbolic fixed point (:)r has dim (stable subspace)

) so that \; = -1 < 0,

= dim (unstable subspace) = 1.

Observe that

) o T —4ta.n_l(e_t) Y
¢_1§I—noo7(t) = t_lzr_noo ( 2secht ) - ( 0 ),

[since as t —» —o0, —4 tan™!(e~!) — 27] and that

. o m—4tan"l(e7t)\ (7
tll.r{.lo (t) = tll.r{.lo ( 2secht ) - (0)’

[since as t — oo, —4tan~!(e~*) — —4(0) = 0]. And 7(¢) is a bounded solution of

(5.5) since the inverse of a tangent function is bounded above by % and below by
-7

5 and the hyperbolic secant is bounded above by 1 and below by 0.

So the solution «(t) is a bounded solution of (5.5) and is a heteroclinic trajectory

joining the two hyperbolic fixed points, viz. (_W) and (7(;) . Let zo = (_OW) and

) |

Note that (5.5) has the form z = g(z) so that the variational system along (%) is
y = Dg(v(t))y. This variational system has at least one bounded solution, namely

. 2secht
A(t) = _2secht tanh t)' Now observe that

Jim Dg(v(t)) = Dg(zo)
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and

Jlim Dg((t)) = Dg(z1)-

Since the stable and unstable subspaces for the variational equation corresponding
to 4(t) must have dimension one, 4(t) must be the unique (up to a scalar multiple)
bounded solution of it. Any other solution of y = Dg(y(t))y is unbounded. A
bounded solution of the system adjoint to y = Dg(v(%))y is

2sechttanht)
$(t) = ( 2secht )
It follows from Lemma 2.3.1 (see also Remark 2 after Theorem 4.1) and its proof
that (up to a scalar multiple) the bounded solution t(¢) is unique.

' The conditions on the perturbative term ph(t,z,y, u) in order to continue the
heteroclinic orbit 4(t) to y(t, u) are
A(0) = ~ (2sech ttanht,2secht) 0 dt
oo ’ sint

=/ 2sechtsint dt =0

-_—00

and

L0 1]

A'(0) = / (2sechttanht,2secht) (c 0 t) dt

=/ 2sechtcost dt # 0.

-00

We now show that equation (5.1) satisfies the hypothesis of Theorem 4.1 in
Chapter 4.
. . . _(9(2)\ _ y AW .
(i) It satisfies (H1) with g(2) = (92(2)) = (——sinz) where 2z = (y) is a function
of t, that is, 2(t) = ( 2(t) . The sine function is a bounded continuous function

y(t)

and has derivatives of all orders that are bounded and continuous so that it i1s in



(if)

(iii)
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2 . . . z . _ 0
Cy. The same is true for y since y = z = 2cos 3" With h(t,z,u) = (ysint)

we have that h is C* and also bounded since ||sint|| < 1, so that it is in CZ.
7w —4tan~!(e™Y)

2secht
solution is bounded. The variational system y = Dg(v(t))y, that is,

(5) = (oot vy 0) (3):

has an exponential dichotomy on both R4 and R_. To see this note that
. 2secht
() = ( —2tanhtsecht )

is bounded as observed previously and as t — o0, 4(t) — (g) Now since

2 = g(z) has a solution 4(t) = ( and as we showed above this

t e—t

secht=—t——2—a.ndtanht= ¢
e

et et et +et
nentially as [t| — co. As observed in the second paragraph of the previous page

it is obvious that 4(t) — (g) expo-

4(t) is the unique bounded solution of the variational system y = Dg(v(t))y.

Also y = Dg(v(t))y can be written in the form y = (A(t) + B(t))y where

01 0 0
Alt) =A = (1 0) and B(t) = (cos(4ta.n"l(e"‘)— 1 0). By the remark

following Propostion 2.2.1, g) = A(t)y has an exponential dichotomy on both R
and R_. Let ||B(?)|| = max Z |akj| and 6 = 1. Then applying Proposition 2.2.2

we have |cos(tan™!(e —‘)) - 1| < 1 so that y = (A(t) + B(t))y has an exponential
dichotomy on both R4 and R_. Therefore any other solution is unbounded and

thus tends to +o0o in absolute value as |¢t| — oo.

In this case we have a 2-dimensional system, that is, n = 2. We have shown above
that dim (stable subspace) = dim (unstable subspace) = 1 for the variational

equation along (t) and hence the sum of the dimension of these subspaces is 2.
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Therefore this example satisfies all the hypothesis of Theorem 4.1 and we also

have

[+ o}
/ sechtsint dt =0

-0

since we have a product of an odd and even function in the integrand, and

/ sechtcost dt #0

- 00

since from the table of integrals we have

oo oo
/ sechtcost dt = 2 / sechtcost dt
0

—00

™ ™ T
=2 (—2- sech —2—) = 1rsech-5
2
=+ (ves) #0

Thus we conclude that there exists constants K, o > 0 such that for 0 < |p] < o

equation (5.1) has a unique solution «(t, ) satisfying |y(¢, ) — 7(t)| < K for all
o0 oo

t. Since / sechtsint dt = 0 and / sechtcost dt # 0 the condition on the
—00 —00

perturbative term h in order to continue the heteroclinic orbit y(t) to (¢, u) is

satisfied. Moreover

sup [v(t, 1) — ()| = O(p).
teR

As noted above Dg(z¢) and Dg(z;) have the same number of eigenvalues with
negative real parts and t_lér_noo ¥(t) = z¢ and tll»IEo v(t) = z1. Also the perturbative
term h has period 27 in t. The conditions therefore of Corollary 4.4 in [20] are
satisfied and ﬁ(t,z,p{o) = psint is 27—periodic so (5.1) has unique 27—periodic
solutions yo(t, 1), 71(%, ) such that for : = 0,1

sup |vi(t, p) —7(t)| = 0 as p—0.
tER
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Moreover, y(t, 1) is such that

lv(t, ) — vo(t, )] = 0 as t — —oco

[v(t, ) = 1(t, )] = 0 as t — oo.

Therefore 4(t, 1) is a general heteroclinic solution [cf. end of section 1.1].

Example 2. (The case where I > 0).

In this example we will apply Theorem 4.2.

I gl(z) 3:1(271 ot 1)
Consider z = g(z) where 2 = | z2 |, g(2) = | 92(2) | = | z2(22; —1) | and
T3 g3(z) x3(1 - 2221)

z;, t = 1,2,3 are functions of t. That is, consider the system
1 =z1(z1 — 1)
T2 = 22(22, — 1) (5.7)
z3 = z3(1 — 2z1).

Look for the fixed points of this system. So let £; =0, 2 = 0, 3 = 0, that is,

.'271(271 - 1) =0
z3(l — 2z,) = 0.

From the first equation in (5.8) we have z; = 0 or 1, from the second equation we

have r2 = 0 and from the third equation we have z3 = 0 so that the fixed points

)

We then find a trajectory joining these points. &; = z1(z1—1) implies [ ﬁ
Iilry —
1

= [ dt and by the method of partial fractions we obtain z; = - At and 40 <0
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in order to have global solutions, otherwise for Aq > 1., z; approaches infinity in

1
finite time ¢o = In T So choose Ag = —a, a > 0.
0
1
Therefore ; = ——— and
1+ aet
I lim — =1
t—»I-floo 1= _}I-nw 1 + ael -
Also
lun z;=li 1 =0
tmoo ' imeo L+ aet

We shall consider only one curve joining the fixed points. So we choose a = 1. Thus
1

1+et

T = = (1+€*)"L. In order to have such a curve, clearly z = 3 = 0. Thus

| (1+e)”
the heteroclinic trajectory joining the two fixed points is v(t) = ( 0 It
0

is easy to see that

1 /(0
Jim (1) = ( ) and  lim 4(t) = (0)
0/ 0

zy
as required. For z = (zz) we have

T3

21‘1 -1 0 0

Dg(z) = 2z, 2z, — 1 0
—2z3 0 1- 2z,
so that
2(1 +et)"1 -1 0 0
Dg(7(t)) = 0 21+ef)1 -1 0 . (5.9)
0 0 1-21+€H)?

The variational equation along «(t) then is

5:1 i:"-_:: 0 . 0 €1
(5;) =| 0 & 0 (52) : (5.10)
€3 0 0 - (l—e') €3

1+et
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&1 _ .t
That is £ = A(t)z, A(t) £ Dg(4(t)), z = ({2). & = i—:g—;{l so that £ =
€3 '
t t t\2
ce i _ ce _(1+e) —
m. Snmla.rly {2 = (1 T 6‘)2 and {3 = 36‘ or 63 =0.

Therefore the fundamental matrix X (¢) satisfying X(0) = Iys is

4e'(1 + e?)2 0 0
X(t) = ( 0 4et(1+e)2 0 )

et (14¢)? 5.11
0 0 4e)? (5.11)

2 (X1(t), Xa(t), Xa(t)).

| del 0
im Xi(f)= lim <(1+0) ): (0)
t——o00 t——o0
0 0

4et

14-et)2
lim X;(t) = lim (( 0) ) = (
t—o0 t—o0 0

Note that

The same holds for X»(t).

_ 0
lim X3(¢) = lim ( 0 ) = 00
t——o00 t——o00 (1+¢%)?

4et

0 :
lim X3(t) = lim ( 0 ) = oo.
t—o0 t—oo | (1+4€')2

4et

Since the bounded solutions X, (t) and X(t) tend to 0 as ¢ tends to +oco and the
unbounded solution X3(t) tends to +oo in absolute value as ¢ tends to +o00, we have
an exponential dichotomy for the variational equation on both Ry and R_. Let V

‘be the stable subspace of (5.10) and W be the unstable subspace of (5.10). Then
from the observation above we see that dim V = dim W = 2, since X;(¢) and X,(t)

tend to zero as t — 0o and so must have initial values in the stable subspace V' and,



GENERALIZED IMPLICIT FUNCTION THEOREMS AND APPLICATIONS 93

X1 () and X3 (t) also tend to zero as t — —oo and so must have initial values in the
unstable subspace W. by the discussion in section 2.3 of Chapter 2. Also we have
N(L) =V NW so that dim N(L) = dim(V N W). Now
I=dmV +dmW —-n
=2+42-3
=1

> 0.

Since d =dim N(L) =dim(VNW) =2 we have I =d — 1.

We now digress from the application of Theorem 4.2 to show that the intersection
of the stable and unstable manifolds of (5.7) in a neighbourhood of 4(0) must have

a particular form.

Let V and W be the sable and unstable manifolds of (5.7). We now show that
in a neighbourhood of 7(0) = (1,0,0)* we have VN W = {(a,5,0)* : 0 < a < 1}.
This is done by showing that bounded solutions with initial values in V N W and
such that they tend to zero as |t| - oo are such that 0 < a < 1.

Let v(t,a,b) = (m (%, a,b),v2(%, a, b), v3(¢, a, b)). We wish v(¢, a, b) to be a bounded
solution of (5.7) satisfying v(0,a,b) = (a,b,0), that is, a solution with initial con-

dition in V N W. Then recall that v,(¢,a,b) = i%oe‘ so that v,(0,a,b) =
1 _le = a. That is, A = - 1, Therefore v,(¢,a,b) = E+(+—a)e?' Also in
(5.7) we have #, = z2(2z; — 1) so that ?2 = %—-}ﬁ—z—:};zg. Solving this equation
yields zo = (1_—6116:6;—)5 so that one gets

e = iy

72(0,a,b) = (—1-‘_"673_;_1_7 = C2 = Eb;.
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Thus 7(t,a,b) = be’[a + (1 — a)e’]~2. Also &3 = 23(1 — 2z;) so that
(11— Age?)? _[a+ (1= a)et]?
- czet - alczet

= 73(t’ a, b)

Z3

! ,
v(0,a,b) =0 = oy and this is not possible and so we must have 4(t,a,b) = 0 by
3

the previous solution. Hence
7(t,a,0) = ala + (1 — a)e']™?
Y2(t, a,b) = be'la + (1 — a)e’]™?

v3(t,a,b) = 0.

Note that in order to have bounded global solutions it is necessary that 0 < a < 1.
If a > 1, 71 and 7, get arbitrarily large in finite time, that is, we can always find
to € R such that for t = t; the denominator is zero. If a = 1, we get a global
unbounded solution since 11 = 1, y2 = bet, v3 = 0. If a = 0, we get a global
unbounded solution since v; = 0, 72 = be™%, 43 = 0. Ifa < 0, y; and 7, get
arbirarily large in finite time, that is, we can find ; € R such that for ¢t = ¢, the

denominator is zero.

Therefore in order to have bounded global solutions we must have 0 < a < 1 since

v(t,a,0) 2 0 as [t| s cofor 0 <a< 1. Alsoif 0 < a <1, |y(t,a,b) —4(t) = 0 as

It] = oo.
The above argument therefore shows that V N W = {(a,5,0)* : 0 < a < 1}.
We now turn back to the.application of Theorem 4.2.

The system adjoint to (5.10) is £ = —A*(¢)z, that is,

. 1—e!

&1\ ife O . 0 &1
l=-10 F 0 £z
€3 0 0 _(};::) €3
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and as we saw above a matrix solution is

P(t) £ (a(2), ¥a(2), ¥3(2))

G 0o
1€

00 ()
) 00 0
P@)={0 O 0 )
0 0 —(nr)
Also as noted above the only bounded solution (up to a multiplicative constant)

is
et

1/)3(t) = (an’ m,)"

Now all the conditions of Theorem 4.2 are satisfied and the conditions on the

perturbative term ph(t,z, u£°) in order to have a bounded solution are

~ Y*(t)h(t,v(t),0)dt =0,

—00

/_°° $*(t)D1h(t,7(t),0)dt # 0.

That is,

o) ( hl(t,a ’)’(t), 0) )
[ @0 +ey) | halt3(8,0 | de =0
- ‘ h3(ta7(t)70)

or / e'(1+ e)"2hs(t,7(t),0)dt =0

—00

and similarly / e'(1 + €')"2Dy ha(t,7(t),0)dt # 0.

- 00
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The conclusion of Theorem 4.2 -then says for p # 0, p € (—po,0) CR, 6§ € V-C
R’ (in this case I = 1) where V is a compact neighbourhood of 0 € R, that is

)

8 € V C R, we get bounded solutions (¢, 4, 1) of the system

&1 = z1(z1 — 1) + pha(t, 2, p€°)
2 = £2(221 — 1) + pha(t, 2, u€°)
i3 = z3(1 — 221) + pha(t, z, ué®).

0

Now one can take uh(t,z, ut?) = 1 (_)_ et | so that the system above is

7

1+4et
Ii?l = $1($1 - 1)

Ii?z = $2(2$1 - 1)

1—¢!

1+et

T3 = $3(1 -—21‘1) +p

Using integration by parts the condition above then reads

oo et 1'__et
. dt =0
/_w Itep 1te

and

et —2¢! 1
/_oo Are) Qrept="57"
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