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htIntroduction.

' The close relationship between the theory of fixed
,points and the theory of coincidences of maps is well known.
' This presentatlon ‘is aimed at recordlng one of the less well
;;documented approaches to- fixed p01nt theory as extended to
the more general situation of coincidences. The approach
referred to is that by way of the Universal .Covering Spaces.

The existing theory of coincidences is geometrically
well realised in this setting and after some consideration;
the necessary. extensions and generalizations of the
techniques as utilized in fixed point theory lead to an
appealing conceptual notion of " essentiality of coincidence
classes ", .

Many hints have been made in the literature (see [1]
and "On the sharpness of the A2 and A1 Nielsen Numbers" by
Robin Brooks, J.Reine Angew. Math. 259,(1973), 101-108.)
that 1ifts of mappings and the theory of fibres and related
topics lend themselves to coincidence theory . It is the
intention of this presentation to follow some of the basic
properties through this approach and to show, wherever it is
thought desirahle, the ties between this and two of the
existing approaches - for example, in the definition of the
Nielsen Number, which is fundamental to both fixed point
theory and coincidence theory.

This work is largely inspired by a paper by Jiang
Bo-ju and one by W.Franz (see [7] and {4] )

In the first section, some existing properties of
fixed point'classes in absolute neighbourhood retracts are
extended to coincidence classes for use in later sections.
The definition of a2 covering space and the notion of
Universal Covering Spaces and their properties are dealt
with in section 2. |



Having éstablished.the hecessary baékground, a
classification of lift-pairs is introduced in section 3, and

;_'ié'uged;thrqughott;thé following sections . Sections 4 and 5
'~ffare'conderﬁed wifh_tﬁéVnumber'of-lift—pair‘Classes'and how

the classes.may be affected by deformations of their maps.

Sections 6 and 7 compare the number of lift-pair
classes with the number of coincidence classes obtained in
two of the best known methods of arriving at the Nielsen
Number., '

In the last section, an estimate is made of the Nielsen

Number using the first integral homology group.

Mdét of the results obtained here are extensions of
those contained in [7] where the fixed point case is

‘discusgsed.

Throughout this presentation, theorems (T), corollaries
(Cor), lemmas (L), and propositions (P) are denoted by the
appropriate symbols shown in brackets, preceedéd by the
section number and their number within the section,
e.8. 3.5 P: represents the fifth listed part of section 3
which is a proposition. '

New terms and terms considered essential to this
presentatioﬁ are listed as definitions (D), and numbered as
above, '

I wish to, take this opportunity to thank my supervisor

Dr.H.Schlagbauer for his constant encouragement and
invaluable help in the preparation of this project .




1.2 D We define an equivalénce relation on K(f,g) by setting
x = x’ for x, x" € K(f,g) if and only if there is a path
~w from x to x’ 1n X such that fw is fixed end point '
'? homotopic to gw . fw and | gw are paths in ¥ from :
f(x) = g(x) to f(x )= g(x ) glven by -
Cfw(t) = f(m(t)) for t €T

gw(t) = g(w(t)) for t € I, .

This equivalence relation classifies the coincidence
points of (f,g) and we will denote by [x] the class of
all x'€ K(f,g) which have x = x’. |

1.3 D: A compactrmetric space X with metric 4 is uniformly
locally contractible if glven € >0 there exists 5 >0
such that if - ' B |

= { (x,x') € X x X : d(x,x") <8} then there is a
map Yy : WX I ~—>X such that
v(x,x’,0) = x
Y(X,X',1) =X
v(x,x,t) =x forall t €1
and diam(v(x,x’) x I) < e for all (x,x") €W,
( where diam(A), the diameter of the set A , is the
supremum of the set |} d(x,x") : x,x"€ A } ).

[ 4

e T
..ogo, . /-/'//'/,—'('g
. - t
I 4 _— T N
X, X 1) -~ ’ ; PP .
(x, j,%;;>’ ‘ magnified neighhourhood
/‘/t: g "/’:,%" . : g r
e ;g of x and x
. —_— PR & i Y
L e Y o {KM” T |
R e il - X’}
l .' ”‘./,’ir/;” T // v € /
I i , )
(x,x",0)
et x e ._..,// V

On W x O, v acts as projection onto the first co-
ordinate axis,. '

On WX 1 , vy acts as projection onto the second co-
ordinate axis.

Y maps any line (x,x") x I so that any two image
points are within € of each other. So, in the diagram
above, vy((x,x") x I) 1is a proper subset of the neighbour-
hood shown,
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A subset A 'of X is called a neighbourhood retract |

of X 1f there is an open set U of X containing A and
3 a map T U —> A ‘such that the restrlctlon of r to
7?- A, r/A .A the identlty map on A. s
T is a- retraction of U onto’ ”A.?“"

1.4 D: We call a compact metric space X a compact absolute

neighbourhood retract ( cdmpact ANR ) if and only if

there is an embedding i : X —> T~ such that i(X) is
a neighbourhood retract of T ; where T represents the
Hilbert Cube.

The following well known results are stated without
proof:

1.5 A compact ANR is uniformly locally contractible.
( see [3], page 39.)

1.6 X 1is locally contractible, implies X 1is locally
path-connected. | '
( see [6], page 89.)
( X 1is locally contractible if for every point x € X
and every neighbdurhood U of x, there is a neighbourhood
VcU of x such that there is a homotopy H : VX I —> X
with H(v,0) = v and H(v,1) = ¢ constant in X, V v € V.,

X 1is locally path-connected if for every point x € X

and every neighbourhood U of x there is a neighboufhood-
VU of x éuch that for every pair of points v,v’ in V
there is a path ®w in U with w(0) =v, w(1) = v, )

Hence,
1.7 A compact ANR is locally path-connected.
1.8 T: If X 1is a compact ANR and w, ' are paths in X

with the same initial point and terminal point, then there
exists & > 0 such that
d{w(t),w (t)) <a for all +t € I implies
w and w’ are fixed end point homotopic.
"We call a a homotopy barrier for X.
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Proof : Xu is uniformly locally contractiblé,lso thére
exists a >0 so that if
W:l(&f)éxxx:dﬂhf)<ai~- ,
then there is a map v : WX I —> X such that
Y(X,X{,O) = X.;_» o |
Y(x,x",1) = x°,
v(x,x,t) = x for all t € I, .
Given that (w(t),w'(t)) € W for all t € I by hypothesis,
we define H : I X I —> X by

- H(s,t) = v(w(s),w (s),t).
Then H(s,0) = vy(w(s),w’ (s),0) = w(s) ;
H(s,1) = yv(w(s),w’(s),1) = w' (s) for all s € I ;
H(0,t) = y(w(0),®’(0),t) = w(0) = @ (0) and
H(1,t) = v(w(1),0"(1),t) = w(1) = «’ (1), for all t € I.

H is the composition
(s,t) ==> (w(s),w’(s),t) —L=> v(u(s),0’ (s),t).

® 1is continuous
Given € > 0 ,
Gy (@(5,8),0(87,8)) = a1 ((w(s),07 (),4), (w(s”), 0" (s7),t))
Gy 7 ((0(8), 0" (s),%),(0(s),0" (s"),%)) +
i g ((@(s),07(s"),t),(0(s"),0" (s"),t))
Ay (07 (8),0"(87)) + Ay (w(s),w(s”))
€/2 (continuity of w’) + e€/2 (cont-
inuity of w)

HA

A

- € .
Therefore, H is continuous and is a fixed end point
homotopy between w and w’,

1.9 Cor: ¥or X any space and Y a compact ANR,

if x,x"€ K(f,g) there exists a > 0 such that if

w is a path in X from x to x° satisfying
d(fw(t),gw(t)) <a for all t € I, then [x] = [x"].

Note: If X is also an ANR, then the existence of a path

satisfying the above is guaranteed whenever we know d(x,x")

is sufficiently small. In this case we have that if two

coincidence points are close enough then they are equivalent.
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1,10 D:  Let X be a topological space and let x € X.
The fundamental group of X based at x, denoted by

‘w(X,x) 1is the group of path classes with . x as initial and

terminal point.. Two closed paths, or loops, at x in X
“(_i.e, paths in X which have x -as initial and terminal
poiﬁt ) ~are in the same path class if and only if they are
fixed end point homotopic. _ ;
- This groun, whose elements are path'ciasses has a group
operation defined as follows.
Let a, B . be elements of u(X,x) with
w€o and w€p (i.e, [w]=a, [w] =8, where
the brackets denote the path classes. ) ' ‘
Then a.B = [w,w’] where w,w'(t) = w(2t) 0 <+t <1/2
_ w’ (2t) 1/2 <t <1,
The fundamental group plays a large part in the development

of the next sections since it is closely allied to the

H

Universal Covering Spaces of X that are discussed.

If X is path-connected, m(X,x) is isomorphic to
m(X,x") for any x,x € X, so if we select an arbitrary base
point, say x € X, we loose no generality by considering
only w(X,x).

If f is a map from ¥ +to Y, then f induces a
homomorphism £, : m(X,x) —> n(Y,f(x)) if we define

fxlw] = [fw] for any closed path w at x in X,



Covering Spaces.

This section reviews some properties of covering spaces
and lifts of maps which lead in a natural way to another

- classification of coincidence points comparable to that given

©°“in section. 1,-¢The classification by " lift-pairs " gives

2.0

2.1

a clear geometric notion of the classification procedure and
establishes, as is shown in section 4, the finiteness of the

number of coincidence classes, .

We consider topological spaces and maps between these
gpaces and develop the theory of coincidences through the
Universal Covering Spaces placing restrictions on the
structure of the base spaces when it is found to be necessary.

: All spaces considered in subsequent arguments are path-

connected.

D: Let X be a topological space.
A covering space of X is a pair (%,P) where X is a space

L d

and p @ X —=—>% a map such that

for each x € X, there is a path-connected open neighbour-
hood U of x such that every path component of p_1(U)
is mapped homeomorphically onto U by p.

Any open neighbourhood, with the properties of U as
described, is called an elementary neighbourhood. p is
referred to as a projection. X 1is called the base space
of (X,p). _

If X 1is locally path-connected and if (¥X,p) is a
covering space of X, then X is locally path-connected
since p is a local homeomorphism. ( i.e. each point
X € ¥ has an open neighbourhood V so that pV 1is open
and p maps  V homeomorphically onto pV. )

p 1is clearly an open man,

We require then that the snaces under .consideration
be locally path-connected since this property has the
further effect that the path components of each space are



open Sets which coincide with the components of the space.

A topologlcal space X 1is simply connected if and only

1f 1t 1s path-connected and n(X x) is- terlal for every .
base p01nt x € X,

2.2 D: A covering space (¥,p) of X is called a Universal
Covering Space of X if and only if X is simply connected,

We shall make use of the following notation when
discussing spaces with predetermined base points.
" If X and 'Y are topological sPaces, 'x € Xand y € Y
~then f’:_(X,X) —-> (Y,y) means that f is a map of X
into Y such that f(x) =

To approach coincidence theory through Universal
Covering Spaces we need to be able to lift the paths in
the base spaces and maps between the hase spaces up to the
Universal Covering Spaces. The criterion involved is as

follows:

Given spaces X, Y and f : (Y,y) —> (X,x) and
(X,p) a covering space of X, under what conditions will

there exist a map g : (Y,y) —> (¥,X) so that the
diagram
(%,%)
e
-7 LoD
//
_ ) v
(Y,y) > (X,x)
commutes?

Clearly, x € p-1(x) is assumed.
When such a map g exists, g is called a 1ift of

[ad

f to X,

If we consider the algebraic implications of the

commutativity of the above diagram it is obvious that
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a necessary condition for commutativity is that
£,m(Y,y) < pem(%,%);
'where fy and py are the induced group homomorphisms in
" the corresponding commutative diagram = -

n(x,§)

Ly - - E .
m ( Y, ?) e _.‘__W_f_*_.“.,_w..._‘-- T ( X, X) .

- It is possible to show that the condition above is
- also sufficient ( see [8] page 156.)
" so we get:

2.3 T If (X,p) is a covering space of %X, y €Y, X € X
and x = p(X), then a map f : (Y,y) —> (X,x) has a
1ift g : (Y,y) —> (%X,X) if and only if

f,m(Y,y) € p,m(%,%).

The followins result is a form of uniqueness lemma

regarding lifted maps.

2.4 L: Let (X,p) be a covering space of X.
If f, £’: Y —> X are maps such that pf = pf’, then if
there exists y € Y with f(y) = £ (y) ,
f is identical to f’.
Proof: ( see [8] page 152.)

2.5 D If (Y1,p1) and (fz,pz) are covering spaces of X,

a homomorphism of (i1,p1) into (iz,p?) is a map

h : X, —> ¥

1 £ such that the diagram

commutes.,



| A”homdMOrphism. h of (§1,p1) into (%2,p2) is an
isomorphism if there exists a homomorphism k of (Yz,pz)
to (§1,p1)_ such that the compos1tlons vhk'vand kh . yield

the 1dent1ty maps.-_b¢_j'

,Since Universal Covering Spaces of X are simply
connected we get:

2,6 Cor: Any two Universal Covering Spaces of X are isomorphic,

 We, thus, talk about the Universal Covering Space of X
implying uniqueness up to isomorphism. '

For Universal Covering Spaces to be ensured we require
the base spaces to be connected, locally path-connected and
semi-locally simply connected. ( see {81 and [9].)

X is semi-locally simply connected if every pnoint
x € X has a neighbourhood U such that the homomorphism

w(U,x) —> w(X,x) , induced by inclusion, is trivial,

We thus require all base spaces to be connected,
locally path-connected, semi-locally simply connected
topological spaces., These properties will be assumed

forthwith without further restatement.

We will denote by X the Universal Covering Space of
X and endow ¥ with the topology arising from the
construction of X as given below in 2.9.

2,7 D: Given any map f : X —> Y, because % is simply
. connected, pf <can be lifted to T giving commutativity
of the diagram



z;éfb
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“ We will call the' map T a'lift of f  into the
Universal Covering Spaces of X and Y.

leen any pair (f.g) of maps from X to Yﬂ;'a';f

11ft-pa1r (?,g) (f,g) is a pair of maps from X to

'Y where F is a 11ft of f and g is a 1ift of g.

2.9 C

-

- The following note on the construction of ¥ from any'
connected, locally path-connected and semi-locally simply
connected space X , is to clarify the structure of ¥ and
to assure us that the operation of any element a € m(X,x)
on X s described in the next section, is a continuous map,
under this topology on- X, of ¥ into itself. In section
we also observe how the elements of the group of cover
transformations of X can be related to w(X,xo) for some

base point X, € X.

onstruction : Choose a base point X, € X, X connected,
locally path~connected and semi-locally simply connected.

Define X  to be the set of all equivalence classes of
paths in X which have X, as initial point. The equiv-
alence relation used is that of fixed end point homotony.

Define : X —> X by o

p(u) = common terminal point of the elements
of the class a, v

Our hypotheses on X, imply that the topology on X
has as basis all open sets U such that U is path-
connected and,fhe,homomorphism m(U,x) —> w(X,x) induced
by inclusion, is trivial, . '

Equivalently we can characterize the basic open sets
of X as those open sets U in which every closed nath
( in U ) is equivalent to a constant path in X,

Given any class a € X and any basic open set U that
contains p(a) , let the pair (o,U) represent the set of
all those B € ¥ such that

B =0a.y for some Yy a path class within U,

(a,U) 4is a subset of X and to topologize ¥ we



Lift-pair Classes.

3, This section recounts the action of the group w(X,x)
on the set p’1(x) and estahlishes those results required

to make the definition of lift-pair classes precise.

3.1 P: Let (f;p)» be the Universal Covering Space of X and
X €Y. let w, w: I —>% be paths in % with

initial point X , then
pw and pw’ are fixed end point homotopic if and only

if w and w’ are fixed end point homotonic.
( The second statement is equivalent to saying that -

laY]

w(1) = 0’ (1) since ¥ is simply connected.)

Proof : The implication one way is trivial so we only

.

prove that pw and pm' fixed end point homotopic implies

that w and w'are also,
et # : I X I ——>X bhe a fixed end point homotony

i

14

between pw and pu’,
Since I X I 1is simply connected, consider the diagram

L (E,%)
~ - ]
F L
//"/"
- ) p
7 ’ \‘/
(1x1,(0,0))— = - 3 — > (¥X,pX)

We can find a map F:IxTI-—>% such that
P and F(t,0) = «w(t) for all t € I.
Now F(0,t) =and ¥(1,t) are contained in p—1(pw(0))

~
in

Pk

i

and p_1(pw(1)) respectively.

Since there. can be no non-constant path in p—1(x) for
any x € X, - any such path would be a 1ift of the constant
path at x and as such is unique - we must have '
| ¥F(0,t) 1is a single point and

¥(1,t) is a single point,
F(t,1) is a path w” with «”(0) = w(0) and
w’(1) = w(1), with ¥ a fixed end point homotopy letween

”

w and wo

- 14 -
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"We also have ”pw"'zlﬁm',
Since w” and w’ have common origin at X and are
,: both 11fts of pm by 24 4 we must have w"’ = w,
" " Hence' and 1f are" “fixed end point homotoplc.

In partlcular, w(1) =w (1).
This last statement relies upon the fact that

5.2 1t If w and w’ are paths in X from x to x” then
w is fixed end point homotopic to w’ if and only if
the closed path w.w’ at x 1is fixed end point homotopic to
the constant path at x . i.e. [w.w'_1] = [e,]

Proof : - Let F be a fixed end point homotopy from ® to
w’, |
Denote F(t,s) by fs(t)
then fo(t) = w(t)
f1(t) = w' (t) for all t € I,

Define G : I x I ~——> K by

G(t,s) = fQc (+) ' 0 <s <1/2
P 1 _— —
(? 28) 8w’ (2-25) (¥} /2 <s <1
where fﬁI) is a path from x to x', i € T
Eu (S)(t) represents the path from x to w’(s)
in w’ given by o
FUJ (S)(t) = (t) for g S
w’ (s) for t >s .
Then G is a fixed end point homotopy between the
closed paths w.w’~" and the constant path at x .
Conversely: Suppose G : I X I ~—>X 1is a fixed
end point homotopy between w.w’-1 and the constant path

at x .
Denote G(t,s) by gs(t) as hefore.
Define * : I X I —> X by
F(t,s) = gg.w'(t) for all s,t € T ,
then P is a fixed end point homotopy between w.w’™ ,uw’

and w’,
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But w.e'"'.w' is fixed end point homotonic to w ,
thus by the transitivity o’ the relation " fixed end point

’

vhomdtopic_ﬂr w is fixed end point homotopie to w’,

:,3,3'Cdr:i;If;.;"éfp;1(k)"féﬁé' o € ﬁ(X,x)"theieveXiSts a unique

path class a of paths in X such that p,(2) = o and the
initial point of elements of o is X .

This is a direct consequence of 2.4 and 3,1 .

We are led to the definition of the action of the group
m(X,x) on p_1(x) as follows

There is an anti-homomorphism ¢ from m(X,x) to the
group of all permutations H of p-1(x) given by

p(a) = h, for any o € m(X,x) where h, is as

a
follows.

For any X € p-1(x) , there is a unique path class

Qr

in ¥ such that p,(d) = @ where the initial point of
o is X , (3.3). The terminal point of & , X’ is
defined as the image of X uhder ha .
i.e. (;)hOL =X € p-1(x) .
That o 1is an anti-homomorphism is easily established
(see [5] page 261.)
whence, o(aB) = ha8'= hBha for all «a,B € m(X,x) .
Now m(X,x) itself acts on p~ (x) on the left as
follows.
For o € m(X,x) and X € p-1(x)
axX = (;)ha . _
So we get aB(X) = (;)has = (;)hﬁha = a(p(X)) .
We also have 1(X) = X for 1 the constant loop class
"at x, so it is established that m(X,x) forms a group of
left-operators on p'1(x) .
We can go further than this and define the operation
of m(X,x) on the whole of ¥ ,in case X is path-connected.
Since we are insisting that X is path-connected, we
can fix a path from the base point x to every point x"€ X.
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- 'In this‘'way we induce an isomorphism between m(X,x) and
n(X,x") for all x'€ X . '
. Suppose w is the fixed path from x to x’, then
%o ;a-e;p(x,x) vwe-relate,the class '
':”f'" ¢fﬁ*';”e4[wng1]f where a € a , -

Then we write for any x'€ X, X € pf1(x) ,
a € m(X,x)
ax’ = [waw"1];' = (;’)h[waw_11 .

In this way we have defined the operation of w(X,x)
on X . It necessarily transforms p-1(x') into itself
for any x’ in X , as a permutation of that set, [5],(8].
We now agree to fiﬁ some base point X, € X and
;o € p-1(xo) ; similarly, where relevant, f(xo) € Y and
5; € p-1(f(x0)) ; and in future we may write m(X) in
place of ﬂ(X,xO) without loss of generality.
In case we write w(X,x) we are referring to the image
of the isomorphism of the group ﬁ(X,xo) , which is induced
by the path from the base point to x .

3.5 P: Since X is a path-connected space it is clear that
for any two points X and X' in p_1(x) there is a path
class a € m(X,x) with oX = X’.

One need only take the projection of the path class
in X +that has initial point X as a and observe that

by 2.4 and 3.2 this o is as required.

Given any o € n(¥X,x) and B € n(Y,f(x)) ,
if ¥ is a 1ift of f , then so is. fo ’ 8T , and B?a ;
F(oX) = F(()hy)
BIF(X)) = (F(X))ng .

where we define Ta(X)
and BT(X)

1l

3,6 P3 For each x € K(f,g)
X € p~1(x) and y € p—1(f(x)) _
there is a unique lift-pair (%,g) of (f,g) having
| (%) =8(%) =7 :
i.e. having X € K(F,g) with common image at y .
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Notice the rdle of 7 . There are many lift-pairs of

(f,g) having c01nc1dence at X and images of x in
P (f(x)) , S o
The result follows 1mmed1ate1y from 2;4 and the fact
that such 1ifts do exist by 2.3 .

3.7 P:  If X € K(F,g) with F(X) = g(x) =
then the lift-pair having 0¥ as coincidence with common
i . image ¥ will be (Fa~1,za"h)
where o € m(X) and
Tl (x) = %) for X€ p ' (x) .

This follows from the uniqueness of such a pair hav1ng

Fo~ 1 (aX) = Ba~" (uX) .

ol represents the class [w’1] where ® € a and
w1 (4) = w(1-t)

We define an equivalence relation on the set of all
lift-pairs of (f,g) as follows

3.8 D: If (?;E) and (¥’,2’) are lift-pairs of (f,u)
then (f,g) is equivalent to (¥’,g’) if and only if
there exists o € m(X)

| and B € w(Y) , so that
= gfa '
and g’ = Bzo .

we write - (F,2) = (¥*,8°) to denote the equivalence
which divides the collection of all lift-pairs of (f,g)
into equivalence classes. [f,g] will denote the class of
all lift-pairs ecuivalent to (T,g) ; so
(¥,8) = (¥",8") is indicated by [%,5) = [T',8"]

From the above definition we can establish the following
fact regarding lift-pairs.



3,9 P:  TIf two lift-pairs -,o) and (T',8") of (f,g)
(f,5 (F

\.rfl’g)) = , ;')
7 for te p ()
). =

have a coincidence in p~ (x) then
- That is, given T(X) = g(X)
: =  and ;ff(%’ =g
there exists a € m(X,x) |
' and B € w(Y,f(x)) such that
ox = X" and By =y’

~t ~J -1

and f’ = Bfc
g’ = Bg a -1
Further, we get X(T',g") = ok(T,g)
where for any subset A of X,
{ aa : a € A |

Proof : The existence of o and 8 1is a direct
consequence of p-1(x) and p'1(f(x)) being homogenous
left m(X,x) - and w(Y,f(x)) - =spaces respectively.

We also have BT is a 1ift of f with-

’

8T(X) = By =y and T'a is a 1ift of f with
T'a(X) = y°.

Therefore, by uniqueness,
BT = F'a 1and S0

f° = Bfa .
Similarly,

~o

g’ = pga”'
Thus, [f,g] = [T',8°] .

Finally,
E € K(?ZE’)
<> (X) g (X)

<> Sfa %) = gEa (%)
<> Bf(a_1~ B2 (0
L)y F(om %) = g(a‘1§
> o '% e X(F,2) .

(a) follows since p-1(f(x)) is a left- m(Y,f(x))

space and we know that for any B € w(Y,f(x)) the map of

_1~

il

p—1(f(x)) —_— p-1(f(x)) given by y —> BY is a
permutation of 'p-1(f(x))
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The next result is a powerful corollary to 3.9 , and
the results so far established in this section.

3.10 Cor : = pR(¥,8) n pK(,8°) # 6
== (f,g) = (¥',8")
—> pK(er,g) = PK(rf' ,g') .
Therefore, -
kir,e) = N oa@m = U@ .

~ Ny ~y o~

(f,g [f,e]

We are now in a position to define coincidence classes
of a pair (f,g) in terms of lift-pair classes.

3.11 D:  We shall call pkK(F,g) the coincidence class of (f,g)
determined by the lift-pair class [F,g] .

According to 3.8 and the last definition, we have as
many coincidence classes of (f,g) as there are lift-pair
classes of (f,g) . By 3.10 , they are mutually disjoint
and their union is precisely the set of all coincidence
points of f and g .

3,12 Note: thice that it is necessary to distinguish between
the empty coincidence classes , pkK(T,g) and
pK(T",8”) in case
K(T,g) = ¢ and K(¥',2') = ¢ and ([%T,2] # [¥,2°] .



- Finiteness of the number of
- “non-trivial lift-pair classes of . (f,g).
4, In this section we justify the nomenclature used in

3.10 and investigate the classification of coincidence
points giveﬁ.in;f3.1Q- to establish that there are only
finitely many such classes in the case where X and Y are
compact ANRs ' v

4,1 P: The following statements are equivaléht
Given x, x’ € X ,
(i) x =2nd x’ are in the same coincidence class
of f and g as defined in 1,2 .

, (ii) x and x are in the same coincidence class
of (f,g) as defined in 3,11 .

Proof : (i) —> (ii) .

Let w : I -—>X be a path in X from x to  x’so0
that fw and gw are fixed end point homotopic.

There is a unique lift-pair (¥,g) of (f,g) having

F(X) = g(X) =5, where X € p~Y(x) ana y € o~ (r(x)) are

predetermined elements.

Tift fu to (fw) and gw to (gw) in Y ‘with
initial point ¥ .
fo and

s
gw where

By uniqueness, (fwv)
(gw)
® is the unique 1ift of o which has initial point X .

Il

Now p(Fw) and p(gw) are fixed end point homotopic
and so by 3.1
Fw(1) = g0(1)
i.e. ®(1) € X(¥,8) .
But @(1) € p~'(x’) and so
x € pk(F,g) and
x’€ pk(%,8g)
Thus x and x’ are in the coincidence class of (f,g)
determined by [%,2] . '

(ii) —> (1)
Tet x and x’ be in pk(F,8) with ¥ € ¥ and
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x'€ ¥ satisfying p(X) = x and p(X’) = x’, and also
F(X) = g(X) and
Flx') = glx") .
Tet ® be a path in ¥ from X to X’.
Consider fw and g@ .
These two paths begin at T(X) = g(X) and end at
F(%) = 2(X’) and have [?w(gw)"1] = [e?<;)] e m(Y,7(%X))
since ¥ is simply connected. '
pw is a path from x to  x" in X and has the
property fpw = pfo  and
gpw = pgw which is seen from the commutative

diagram
¥

PR G

R g |

s - | ;
p P | P

e i B

/ H 1

.,/’/ W W 'F "V

T D s R

Py 1s & monomorphism by 3.1 and so
p [Fu(gw)™ 1] = [sp(xy] € T(E,£00)) .
We then have
[pFu(pEw) ™'} = [£(pw) (2(pe))™' ] = [egry] -
Therefore, fpw and gpw are fixed end ioint homotopic
by 3.2 and so x and x’ are equivalent in the sense of
1.2 .

This justifies the nomenclature of 3,11 and gives us
another way %o view coincidence points, by investigating

their corresponding 1lift-pair classes.

e next Lemma is a reinterpretation of 1,8 +to fit
into the 1lift-pair sitvation. It does require that the
image space under consideration should be uniformly
locally contractible (1.3) so we take Y +to be a compact
ANR , Tittle is to be lost at this stage by insisting that

I be a compact ANR instead of just uniformly locally
contractible as the incidence of AWKs amongst uniformly



locally contractible spaces , in examples that we meet ,

is fairly high.

4,2 Lt If f,g :+ X==>Y where Y 1is a.compact ANR , there

exists a > 0 such that
if [T,g] and [T',2'] are lift-pair classes of (f,g)
and T(x) = g(x) , T(X") = 2°(X") and if |
w : I-——> % is a path from x to X in X , then
dY(p?@(t),pgm(t)) = dY(p?'w(t),pg'w(t)) < o for all
t € T, implies that

['fv!g] = [?‘"g’l .

Proof : Follows immediately from 1.8 ; a is a homotopy

barrier for Y .

As in the case of 1.8 , if X 1s also a compact ANR,
the existence of a path satisfying the above '"closenass'-
property is guaranteed for any pair of "sufficiently close"

coincidence points of f and g .

~ Lemma 4.2 plays an important part in establishing the
next result. However, the next result requires compactness
of X 1in addition to the hypotheses on Y due to 4.2 .
Once more it is felt that little of value is lost here if we

assume both X and Y to be compact AIlRs

For X and Y compact ANRs and f,g : X—-—> Y there

are at most finitely many non-trivial 1lift-pair classes of
(f,8) .

Proof : ret U= | X € ¥ : dY(p?(;),p§(§)) <o : (¥,2) any
lift-pair of (f,g) } ,

( o is a homotopy barrier for Y. )

( Perhaps, in this new setting we could look upon a as

a " lift-class harrier " for Y. )

®

nd is thus an onen set in
1

lk is a union of omen sets
¥ and contains LJ (F,2)
(7,2)

lift-pair classes of (f,g)

where the union is over al

R O



X is locally path-connected and so, therefore, is
and so the path components in lk coincide with the
components of L and are thus open in W ana ¥ .

Let {%A be the collection of all components or U .

p is an open map and thus, for all ¢ €'€U=’ nC is
open in X ' )

k} p” is an open cover for ¥(f,g) so there is a

€Oy
finite set { C; ; EGWL; i=1,2,..... ,n | which has
f,\qvm

We now reaquire a ILemma

4.4 L: Fach pC, contains elements of pK[T,2] for at most
one lift-pair olaqq (7,571 .

Proof of Lemma :  We prove that if X € X(T,2) and
x'€ K(f',g2”) and if pX and px are in pC
then [f,g] = [%',8"] .

Pind x1 and ;% in ©, such that %1 € KI7,2)
and 2} € ¥k[r",8"] .

sSay ;1 € K(rf,1 ’§1 ) and [~1 7’::1 ] = [%)’ g]

and  X; € K(¥},g;) and if1,ﬁ1] = (7,1 .

Let @ Dbe a path in C; from t §q .

| : o
We have dy(pfyw(t),pe,w(t)) = dy(pf

¥ ;w(t),po w(t)) <«

and hence by 4.2 we get

[%11 ’§1] = [?h ’g’:;]
so [f,g] =1[1f",g"].

Hence pf, contzins points of pk(F,7] for at most
one lift-pair class (T,2] of (f,s) .

We can now conclude the proof of the theorem 4.3

We have ,lqi pK(f,g) = K(f,g) Ckszci
(7,5] 1=1

and each pCi contains elements of pK[f,o] for at mest
one class [f,8) , therefore there can he at most finitely
many non-trivial lift-pair classes of (f,g) .
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4.5.Examp1e : bih brder_to apﬁreciate the gedmetric interpretation

~ of the lift-pair classification a simple example is described.

For X take 5% and for Y take S' also.
 Let f}:.“S1 —> 5! Dpe the identity map,
,gk:~S1 —> S1 be the " triple rotation map ",

that is g(ele) = e139 0<e<om, o
Consider the Universal covering space of S1 given
by ‘Ig} reallsed in 3-space as a spiral ( see sketch ).
This can be represented by :
let p Iﬂ — S1 be defined by
f. (t) (cos(t) sin(t)) for any t € }ﬁ_
Then the pair (I{,p) is a covering space of st.
~ ( Being simply connected, Iﬂ is the Universal covering space
. of Sj})
Pake as 1ift-pairs, firstly (F,8) where
¥ is the identity on §4 and
g coincides with f at b , and secondly (f ,g")

where = T is the identity on 3" ana

2 H

g’ coincides with %' at a .
To avoid confusion we draw the image of one sheet only
under the lifts,

S | | \ ~
(/“ \\) {. JE——— 'lg (c)
\.'\\__/ A ( /__> S
L//‘M\‘\ N . :____ - (’L ( C )
e \c gla) ( >
S G
e f(a)=r"(a)<_ T>K
//""”—MM'N‘“ /" b g ! ( a ) T 1
. X T T (D)= (P)=E" (b)

>
e s
~—— et \)
/ .
R /
P s
P

e
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The lift-pairs (F,g) and (T’,E’) are clearly in
different classes. since for pTa to equal ¥, o,B € m(s'),
;we would requlre B = o = unit path class of S' .,

" In this case, we would not get g . Bga . _

However, if we consider the lift-pair (F”,58”) where

T” is the map raising each sheet up one level,
then clearly (¥”,2”) = (£,8) as they differ everywhere in
image by a level of the covering space,. -
| Choosing o as the unit path class of S
the class of w, where _w(t) = ei2Trt is a path from b +to
b in S we have the conditions for equivalence as

1 and B as

required in 3.8 D ., -

It is easy to verify that p(a) and p(b) are in
different coincidence classes of f and g 1in the sense
Of 1.2 o ' .
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. Proof of 5.2 : We only mention here that we consider
| (H,K)‘ias'a_pair of maps from X X I —> Y ; .since I
 '13 simpi§ c6nneéted5_we can choose X x I as (XX I) -
' that is as Universal covering space of (X x I) - because
f:'f X I is clearly a covering space of X x I ,
Then H can be lifted to H : X x I —> Y sending
| (x*,0) to T(X’) for some X' €%
and K can be lifted to K : ¥ x I —>¥% sending
(X°,0) to B(X') . |
Now H(X,0) must coincide with F(X) for all %X € ¥
by uniqueness, and similarly
- R(%,0) = g(X) forall X €X.
~ (H,%) is a unique lift-pair of (H,K) , so
H(x,1) ana ¥(X,1) are uniquely determined for all X € X
and are -’ and g respectively.

- After some reflection, we can see that the following
‘result must hold

5.3 P If (H,K) : (T,8) =~ (?',E')V where
(f,g) is a lift-pair of (f,g) and
(T,8’) 1is a lift-pair of (f’,g”) with
(H,K) : (f,g) ~ (f',g") then for any ‘
a € n(X) and Yy Yo € m(Y) we have
(H,K) : (y,Te,v,80) = (v,T7a,v,8%0) .

Proof : Immediate from 5.2 . In this direction we mention
that the pair (H,,X,) : (y1?,y2§) o (y1?’,y2§') is just
(Y1ﬁ;yzﬁ) where (H,R) : (F,8) ~ (¥,g°)
and Y1ﬁ means the following
Yiﬁ(g,t) = Y1ﬁt(§) where for each t € I ,

ﬁ; D G

In a similar way, we interpret Ho(X,t) to be
H(aX,t) due to our choice of Universal covering
space for X X I ,
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These last two'propositions lead immédiately to the next
.result.

5.4 Cor : - If (H,K) : (£,8) o (£',8") , then the (H,K)-

‘induced 11 transformation from the lift-pairs of (f,g)
onto those of (f’,g") preserves the equivalence relation
between lift-pairs, and thus induces a 1-1  transformation
from the lift-pair classes of (f,g) onto those of (f’,g’).

Proof : TLet (%,g) and (?;,g;) be equivalent lift-
pairs of (f,g) and (H,K) : (f,8) = (¥',2")
(1,0) 1 (F,8) = (%3,80)
Then there exists o € w(X) and B € m(Y) such that

%40 = Bff‘a
g, = Bea .
We have (H,K) : (B7'F a™,87'g a™') =
RCUET N a2l

or (H,K) : (%,8) ~ (8% _1,8 g,a -1
But from (H,X) anda (F,2) we gP+ a unique lift-pair
of (f’,g°) namely (T',2°).
Therefore we must have

(?‘r ,gr) = (8-1_4 ,B 1g; 1)
or f; = Bg'a
, Bg’a .

2

0
That is (f’,g’) and (?;,gg) are equivalent lift-
pairs of (f',g")

We have thus established a 1-1 correspondence between
the coincidence classes of (f,g) and those of (f’,g")
indicating that the number of coincidence classes of a pair

(f,g) 1is 2 homotopy invariant .

However, many of the coincidence classes correspond to
trivial lift-pair classes ( those lift-pair classes that
have no coincidences ) and are thus void .

It may therefore be possible to begin with a non-
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‘=trivial lift-péir class and deform it by homotonies on the
maps to a trivial 1ift-pair c1ass . Such a lift-pair class
will be called inessential , '

5,5 D: . If [T,2] is a lift-pair class of (f,g) and if for
any homotopy couple (H,K) : (f,g) ~ (f',g") +the lift-pair
class [T’',2’] associated with [F,g] by the 1-1 |
transformation induced by (H,K) has pkK[T',2"] # ¢ then

[T,g] is said to be an essential lift-pair class
of (fag) o

Since there are only finitely many non-trivial 1ift-
pair classes of (f,g) , there are only finitely many

essential lift-pair classes of (f,g) .

_5.6-D: ' The number of essential 1ift-pair classes of (f,g) is
~ called the Nielsen number of (f,g) and is denoted N(f,g).

"Obviously,

5,7_?: .'N(f,g) is aihomotopy'invariant .



The /\,-~Hielsen Humber,

ITn this and the following section, s survey is done
of the two best known methods of arriving at the Wielsen
number and a justification is given in each case of the

definition 5.6 ,
The first method involves the essentiality of
coinecidence classes as presented by R.Brooks and R.F.Brown

in a paper on " A lower bound for the A-Mielsen number." [2],

The second method is taken from a definition of essen-~

~tiality of coincidence classes described by W.Franz in a

paper on " Mindestzahlen von Koinzidenzpunkten." [4].

The equivalence of these two forms of classification
can be established independently of the lift-pair theorys
however, to make use of the geometry of the lift-pair theory,'
the two definitions of essentiality are shown to be.eouivalent
to that given in 5.6 directly . This gives some indication
of the notions involved in arguments when using the approach
to coincidence theory through the Universal Covering &Spaces.

Given a hap f ¢ X~—>7Y and a homotopy +# : XxI —> 1Y
we again use the notation ft ( for any t € I ) 0
represent the map of X into Y given by

ft(x) = P(x,t) for all x € X .
De If f, g + X —>Y are maps and F, G are homotcpies
F, G : XX T —=>Y with fo, =%, 8, =8, then a

coincidence noint X of f and g , in the sense of 1,2 ,
is F,G-related to a coincidence noint x, of f1 and 74
if and only if there is a path w in X from X, to  x,
with the property that
[ift.w(t)}] = [igt.w(t)}] as classes of paths in
Y bgsed at f(xo) = g(xo) with terminal point
£,(xq) = g4(x4)
That is, ift.w(t)! ie fixed end point homotopic to.
igt.w(t)} . One can think of these paths as the imarges of
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the path (w(t),t) from (xo,O) to (x1,1) in Xx I
~under the maps F and G ¢: X X I —>7Y ,

’

It is not difficult to show that if one coincidence
point in a class [x] of coincidences of f and g is
F,G-related to a coincidence point in a elass [x'1 of
coincidences of f1 and g1 » then every coincidence point
in [x] is #,G-related to every coincidence point in [x"].

In this way we identify coincidence classes of f  and

g with coincidence classes of f1 and 8qo

In [2] , homotopies between f, g : X —> Y are
considered as paths in Map(X,Y), ( with the compact- open
topology ) . Every path in Map(¥X,Y) can likewise be
considered as a homotopy hetween the maps which are its
initial and end points .

JAN represents a class of ordered pairs of paths in

Map(X,Y) that is closed under pairwise partitioning and
multiplication .

A coincidence class [x] of £ and g is said to bhe
A\ —essential if and only if whenever (7,G) €\ ana
(7(0),6(0)) = (f,8) , there is an x"€ K(7(1),6(1)) such
that (x] is F,G-related to [x"] .
in F,G-relation for (7,0) € /A, defines a 1-1

transformation of the A -essential elements of the

coincidence classes of F(0) and G(0) onto those oif F(1)
and G(1) ., |

The number of ﬁﬁ-essential coincidence classes of T
2nd g 1is called the ﬁ,—Nielsen nuriber of f and g, and
is denoted by ¥(f,gz, ) .

Tn case we allow /\ to be the class of all pairs (F,G)
of paths F and G in Map(%4,Y) , we denote this class by
[ﬁ1 and then we have

D: A coincidence point of f and g , and the class
containing it, is called [31—essential if and only if
for any homotopies. ¥ and G , from f and g respectively,



6.3 D

there is a coincidence of f1 and g
F,G—related , where F(1) = f, and G(1) = g4

1 to which it is

The number of ZX -eqsentlal 001n01dence classes of f
and g '1s 1nvar1ant under homotopies of both f and g .

and g is called the A, -Nielsen number of f
is denoted by N(f,g,éh)

The number of ﬂ; —-essential coincidence classes of f

and g and

We now show that this number and the number defined in

5.6 are the same ,

[F,g] is [&1-essential .

Proof : Suppose f[x] is [31-essential .
Then there exists a homotony couple (F,G)

such that for every path w in X from x +to
we have
o Ufgea(9)1] £ Teg.o(6)]] (%)
Let us assume that (f,Z) coincide at X €
and (F,G) defines (¥,%) : (,8) ~ (T',8") a

of (£,g")
suppose kK(T',g2") # ¢. (*%)
Let Xx'€ ¥(F',g’) and px'= x'€ X .
Now (x,0) and (x",1) in (X x I) are c
points of (F,G) ¢+ X X I -~—> Y ,
Let ® be a path in (X x I)=(xXx ¥ I) from
1) , and consider ¥(®) and G§(®) in Y

6.4 T: [f,g] is essential <—> [x] corresponding to

: (F,e)x(f5g")
x'€ K(f,e’)

p~" (x)
1ift-pair

oincidence

(g,O) to

pt = w is a path in X x I from (x,0) to (x',1)

and ® 1in turn defines a path W given by projection

r

onto X , in X from x to x", where
Fo(t) tf .o (t)1 and
Gow(t) = lgi.w ()}
Now Fw and Gw can be lifted uniquely to

¥ with

initial point F(w(0)) = F(®W(0)) , and so must coincide with

¥F(w) and G(¥) respectively , since these last two are
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obviously 1lifts of Pw and Gw ,

Therefore, ¥F® and G have terminal points

. Fw(1) ‘and Gw(1) . Further
Fo(1) = F(X",1) = (X)) = g"(¥") = B(X",1) = Gu(1) .
' So the 1lifts of Fw and Gw have terminal points

coincident thus in the same sheet of Y .

Thus the paths Fw and Gw are fixed -end point
homotopic . !

That is [ift.wo(t)i] = [igt.wo(t)l] which contradicts
the statement (*) . :

Therefore, (**) must be false and X(T,g2') =¢ .

Hence by definition, since pkK(f',g2’) =¢ , '

[T,2] is inessential ,

" Conversely : (where we write pK(f,g], we obviously mean
pEK(T’,g8’) . There need actually be no
BET (28] |
distinction since pk(%,g) = pK[T,g] .
If x € pk[f,g], there exist X € p_1(x) such that

(%) = g (%) ; T’ =pfa
. ’é’r =B§C1 .

But then clearly a%ve K(T,2) so p(aX) = x € pK(T,2).)

For the converse of the theorem, let us assume that
[¥,8] is inessential, and that x € K(T,g) with pX = x.
By inessentiality there exists a homotony couple
(®,6) : (f,g) =~ (£',8") say, with
(¥,%) : (T,2) ~ (¥’,8’) the unique lift-pair of

(F,6) which with (F,g) determines uniquely (T',2") , a

’
lift-pair of (f’,g’) ; and where pK(T',8") =@ . (*)

suppose [x] is [\ -essential .
Then we can find x'€ X(f’,g’) and a path w, in X
from x to x’ with '
[{ft.wo(t)fl [igt.wo(t)}] or, -
[Flo (£),t)] = [G(w (£),t)] . (¥*)
ice. (v (0),0) and (w (1),1) € K(F,G) , F,G : XxI—>Y,

’



w = (wo(t),t) is a path in X x I so can be lifted -
uniquely to a path ® in ¥ x I = (XX 1) with initial
point (;,0);:jv '

- Tet (X°,1) be the terminal point and pxX’' = x’,
If wemap & by ¥ 2and &, we get the unique 1ifts of
Fo and Gw with initial point
F(%,0) = F(%) = g(%) = §(%,0) , .
and terminal points
F(x",1) = F
G(x",1) =g (¥X")

where pf (X') = £'(x") = ¢’ (x") = pg' (X") .

But from (#*¥) +the lifted paths must end in the samne
sheet of Y , being fixed end point homotopic (3.1)

Thus Fo(1) = Go(1)

or F(X',1) = G(X',1)

ie. T(X") =g (X

which contradicts (%) .

-

Therefore, we must have, [x] 1is zﬁ1-inessentia1 .

So, the [11—Nielsen number N(f,g,ﬁﬁ) is just the

Wielsen number of (f,g) as defined in 5.6 ,

6.5 Cor : W(f,g,/y) of 6.3 = H(f,g) of 5.6 .



7.1

Essentiality of coincidence classes

~using m(Y,v ).

-

Franz [4] has defined essentiality of coincidence

classes by means of the fundamental group of the image space.

- ‘With each coincidence point of f and g we associate

a'partiCular element in the fundamental group of the image
space of £ and g . We then define an equivaience relation
on the fundamental group so that all points.in a coincidence
class of f and g corresponds, under the above assocization,
to the same equivalence class of elements in the fundamental
group. |

" This same relation enables us to associate coincidence
classes of f and g with those of f” and g’ in case

(f,g) and (f’,g’) are homotopnic ., The method of

deformation of (f,g) used to arrive at (f’,g’) is sisnificant
-in that the association of a coincidence class of f and g
‘with a coincidence class of f° and g’ due to homotopies F
and G can differ from the association under homotopies F’
and G’, |

We now make this precise,

Tet f,3 ¢ X—> 71 he maps,
Let X, € X and Y, € Y be base points of the spaces,
Fix paths u and v in Y from y_ to f(x, ) and

from y  to g(xo) respectively .

D: For any vy € m(X,x,) we define f(y) and g(v) as
follows : : '
let ®w € v then
fly) = [ufwu—1] similariy,
g(v) = [vewv 11 .

i

Given any x € X(f,g) , _
let w1 be a path from X, to x in X .

BN e relate an element of ﬁ(Y,yO) to x as follows :
X > 6(x) = 6 = [ufw1gw1_1v"1]

. -1 . . .
where obviously gw, is not ambiguous since
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glo,7) = (gu)™! with g(u, 7))

g<w1<1-t))
gw1 (1"'t)
(gw)”'(t) vter,

Consider the sketches below @

X X |
X
1 £(x)
' , Pa(x)
(o]

P

T
g<x0) gw1

v

The choice of w, influences & = &6(x) in the following
way . _
If w, is any other path from X, to x, then w,

has the form W, = Ww, where w 1is a loop at Xy
(e.g. w = w?w1-1 ).
 Suppose (w] = y € m(X,x,) then
, TN L —-1_=1
b, = 8,(x) = [ufwygw,” v 1

i}

[uf(ww1)g(mm1)-1v—1]

[ufwfw gw1-1gm-1v
' -1

i

[ufwu_ ufw gw _1v ng—1v-1]
[ufwu J[uf$1gw1 v 1 [vew v
fly) 6 gly™ ') .

o

H

Such a relation between elements of n(Y,yo) will be

formally recognised .,

7.3 D: For &,, &, € ﬂ(Y,yO) we say that
61 is (f,g)-conjucate to 62 if and only if

there exists v € n(X,xo) such that

The relation described is clearly a symmetric,
reflexive and transitive relation hetween elements of
' n(Y,yo) and we can, therefore, classify the elements of
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ﬁ(Y,y ) by (f,g)-conjugacy into (f,g)-conjugacy classes.
~We write fb 1 = [62] ‘when 5, and &, are (f,g)-
'Vconaugate elements of n(Y,y ) . [6 1. denotes the (f,g)-
x:vconaugacy class determlned by 61 ‘ ‘
We nowbéonsideflfhe effect of deformation on f and g.
Suppose F and G are homotopies with: fo = f and .
- 8, = & «
We notice that the paths u and v will be trans-
formed'into paths u’ and v’ from Yy, to f1(xo) and
from y, to -g1(xo) respectively . The way we arrive at

u’ and v’ is as follows .

7.4 D: If u and v are paths in Y from y_ to f(xo) and
f’ and

G : g ~g" are homotopies ,

R

from y_ to g(xo) , and if # : f
then the paths u and v are "deformed" into paths u’, v’
from y_  to f (x,) and from y, %o g (xo) by
u’ = u{ft(xo)i
v = v{gt(xo)} where
{ft(xo)i and igt(xo)i represent the paths traced out by
the image of (xo,t), under the homotopies, from f(xo) to

f'(xo) and from g(xo) to g’(xo)

Due to 7.4 , we notice that the homotopies can
influence which (f’,g’)~-conjugacy class is to be associated
with a certain coincidence class of f’ and g’.

If for two homotopies F and F’ of f =~ f’, F(xo,t)
and F'(xo,t) are not fixed end point homotopic, then for
any coincidence point x of f° and g’ we will get a
different &(x) under F and G from that which we get

under F’ and G .

7.5 Note : If F and G , F" and G’ are pairs of homotopies
between f, g and f’, g’, a sufficient condition for F
and G to give the same relation between coincidences of

f’ and g’ and the (f,g’)-conjugacy classes of n(Y,yo)



as that given by F’ and G’ is that F =~ F’ and G =~ G"
relative to (xo,O) and (xo,1) .

7.6 D: . If x € K(f,g) and x'€ K(f',g")  where
Coen T F;ffffc"ff-énd'=G';,gﬂ¢ g’ then we say -
x is - (F,G)-related to x’ if and only if
5(x) and b6(x’) are (f,g)-conjugate .

It is understood that "(F,G)-related" is relative to
the homotopies employed -

For completéness we prove the following fact.

7.7 P: For x € K(f,g) and x'€ K(f’,g’),
if x is (P,G)~-related to x’ and
F.: fof'
G : gexg’
then x” € [x] —> x” is (F,G)~-related to x’.
This indicates that the association of coincidence
classes across homotopies is a good one,

Proof : We need only show that
‘ x” € {x} —>x" is (F,G)~related to x since

(F,G)-related is an equivalence relation and is therefore
transitive,

X | | f(Xo)

w Iz

g(x,) T (x”) = alx”)

By hypothesis, there exists a path r from x to x” with
[frl = [arl .
We have,
5(x) = [ufwgw™'v=1] .
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[ufwllgd)lf‘1 —1 ] -
o = [utw’tr rw " ][ufwgw v- ][vgwgrgw"'1 "1]'
“t,qlnce [fr fw 1u 1uf‘wgw [ 1vgwgr] [ef(x”)—g(x")] ‘

 ;'( notlce [fr gr] = [ef(x”) g(x"))

Now 6(x")

Thus  6(x”) = frw" -1, w17 8(x) gl (w = tu=1y=1] "

where w”r 1w'1 € n(X,xo) . E
Hence &(x”) is (f,gz)-conjugate to 8(x) and so
to &(x’) ’
7.8 D: A coincidence point x of f and g 1is (essential)
if and only if for any homotopies F and G with
£ =1 | |
g = g there exists some coincidence point x’

o
of f, and g, such that x and =x’ are (F,G)-related,

ie. [6(x)] = [6(x")]

~

7.9 T: [T,2] is essential <—> [x] corresponding to [f,2)]

is (essential) (7.8)

2

Proof : Given any homotopies F and G starting at f
and g , | '
suppose there exists x'€ K(f,,g ) and that
[8(x)] = [8(x")] where 'F : f o> f,
' G : g €9
then we can find v € w(X, X, ) so that
6(x") = £(y) 8(x) g(v .
Let w € v,
Then &(x’) [ufwu-11[ufrgr " lvgw™ v
where r 1is a path from X, to x .

R

li

Il

’

et s be a path from xo to x’.
Then &(x") [u'f1sg1s"1v'—1] or

2 -1
[utf, (0)}fysgy8™ lgy_ (0) v ]

%

]

so we have
[utf (0)if,sgys 1ig1 £(0) Iv™ '] = [ufwfrer™ g
thch implies that
[if . (0)}f, sgys™ ig1_t(0)§] = [fufrgr go™ ] .
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Rearrangih H
[fr fw™ g (O)}f1sg1 ig1 t(O)}gwgr] = {ef(x)]

;f-Let‘ (r‘1(t) O)w-1(r‘1(1),q)(s<1) 1) be the path
from (x, 0) (x",1) in. X X I where
Axr™ (t) 0) is the path from (x,0) to (xO,O)
(r~ (1),q) is the path from (x;;o) to (x0,1)
w is the loop at > already defined , and
- (s(1),1) is the path from (x,,1) to (x",1) .
We have [F(o)] = [G(o)] . -
Lift F and G to ¥ and G coinciding at
(x,0) € kK(,8) ; X €'p-1(x) with
F(%,0) = F(x) = g(%) = G(%,0) . :
Then 1ift F(o) and G(o) to begin at ¥(X,0) = G(x 0)
and to have terminal points common .,
Lift o to o© w1th initial point (x,0) and
terminal point in p~ (x ) , say X',
By uniqueness, F(0) = (Fo), since (Fo) starts at
P(x,0), and
G(a) = (Go) .,
So, F¥(X,1) which is the terminal point of the 1ift of
Fo is the same as the terminal point of the 1lift of Go .
Since there is a unique homotopy couple starting at
(f,g) , we have .
F(x,1) = F(X’) and
G(%,1) =g (%) .
Thus we have proved that X € X(T
[f,2] is essential .

and

’ NI)

Conversely :  Suppose that [%,5] is essential.
Let (F,G) be any homotopy couple, say

(FvG) : (fyg) 2 (f’og’) .
Choose X € p_1(x) such that F(X) = g(X)
Lift (¥,¢) to (¥,5) where

¥(x,0) = G(x,0) = T(%) = g(x)
call F(x,1) = T'(x) and

G(x,1) =g'(x) forall x € X .



We know that there exists x'€ ¥ where £ (X') = g'(?');
( If ® is any path in X x I = (X X I) from (%,0) to
:qfv(gf,1),l_ﬁm__and Gw start at £(X) = g(Xx) and end at
T e PR S FE). ()
Applying the projections we get a path @ in X X I
from (x,0) to (x",1) where x'= px’'€ K(£',8°). )

il

In particular choose w as follows :
Join (X,0) to (;O,O) in X x {o} by 8} ,
join (%O,o) to. (%;,o) in the sheet of (x’,0) in
L x {0} vy 32 where |
: ﬁ; € p—1(p§o) = p-1(xo) » X, the base point of X.
Join (%.,0) to (X.,1) by 1(X,t):t€I} = 8% , then
join (§;,1) to (x',1) Dby 34 in ¥ x {1} ;
let W = (31.32.33.34) . '

On projecting into X X I we get
(x,0) to (xO,O) in Xx 0

1
o, : loop at (XO,O) in X x O
a5 (xo,O) to (x0,1) in X, X I
o (x0,1) to (x",1) din X x 1 .
w = pW = (01.02.03.04)
X x 1

(x;0) =10

o,/! Ve
- 2 { '_,,/»—“*" ) > \
o , i
3 ‘

| L
- L‘,__-.\gi ) S
(X0,1 ) “-\_\“N‘_(x’:‘.,1 )

Mapping across by F and G into Y we have , since
Fo and Gw are fixed end point homotopic by (*), that
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[fo,fo,1f,(x )if0,] = [go,m0,1e, (x ) lgo,]
or, rearranging,
-1 ' -1 -1
[ift(xo)}fc"igo‘i ig1—t(x0)!] = [f0'2 f°1 g0’1g021
so that . - : '
\ ' -1 - -1 - -14
[uift(xo)!fo4go4- tey_¢(x ) 1v 1]=[uf02 fo, 1go1g02v .
That is,

[u to,e0,”'v'""] = [uro,™'u™" Jluro, ™

gdav-1][vg02v—1]
or,
6" (x') = £[0,7"] 67 (x) glo,] |
where 6°(x) is in the same (f,g)-conjugacy class as
8(x) - the choice of 0, means we may have 8 (x) and
6(x) ( defined by some fixed path to x from X, )
differing, but only by conjugacy ; and similarly for &' (x").
Nevertheless, [6(x")] = [6(x)] .
So we have proved that [x] is (essential) (7.8).

Hence :

Cor : The number of (essential) coincidence classes of
f and g is equal to the Nielsen number of (f,g) as

defined in 5.6 and is thus just the é&1—ﬁielsen number
N(f,g,A1) as defined in 6,3 ,



Estimatidn of the number of lift-pair classes,

8. We define a homomorphism of m(X) into w(Y) @ w(Y)
to establish a classification of the group elements of
- m(Y) @ n(Y) - into 7 » Ee—-conjugacy classes , It turns out

~ ‘that the number of lift-pair classes - hence coincidence |

classes - of (f,z) is just the number of %« g, -conjugacy
classes, for any fixed lift-pair (?,g) . This assists in
the estimation of fhe number of coincidence:classes of
and g .

‘8.1 D:  Let (T,g) be a lift-pair of (f,g) ~
then for any element o € n(X) , the pair (fo,go) is a
lift-pair of (f,g) and so there exist |
‘ Yi» Yo € m(¥) such that

(Y1?9Y2g) = (%hvgh)-
We denote such elements vy, = f, (o) and
Yo = & () .
It is clear that the pair (v,,v,) = £,.8 (0) is
unique .
In this way we obtain a homomorphism
%8, 1 () —> n(¥) @ n(Y) .

8.2 L: If $1 is any path in ¥ from ?0 to ?(%0)
and 7é is any path in ¥ from ?g to §(§5)
with w, and w, their projections in Y from y to

f(xo) ‘and g(xo) respectively , then the following
diagram commutes .

m(X,xo) FxEE> (Y, 1 (x ) e (Y, r(x, ) 4> n(1,y Jen(Y,y,)

| | | |

n(x) el > m(¥) ® n(Y)

where foxg,(a) = (£,(a),gy(0)) a € n(X,x )
a«nd : UJ1*"U)2*(Y1,Y2) = ((”1*(Y1)’w2*(Y2))
for (Y1,Y2) € n(Y,f(xO)) @)ﬂ(Y;g(xo)) or,
if 2y € Y, and a, € Yo o s s
w1*‘w2*(Y19Y2) = ([w1a1w1 ],[wgang 1), where [ ]
indicates path-classes in w(Y).

- 44 -
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Proof : From the definition of the homomorphiém ﬁ” g;
~ and by observing that the uniqueness of path-lifting assures
'-gthe fact that ' S RO _

() ¢

f(ax )
(ax ) =_ (g*a)(é?c'o) .\

We have already proved that if we have a homotopy
couple (¥,B8) : (f,2) =~ (¥',2°) where (¥,g) and (¥,2")
are lift-pairs of (f,g) and (£f’,g’) with
| - (F,6) = (f,8) = (£",8")
“then (P,G) induces a 1-1 +transformation of the lift-pairs
of (f,g) into those of (f’,g’) ; and then for any
o € n(X) (y 'Y ) € m(Y) ® n(Y) we have
(F,8) : (Y1fa nga) (v,T0,v,8"a)
We can now directly establish

- 8,3 Cor If (F,G) : (f,g) ~ (£f',g") 1is a homotopy
couple , then

(7,8) : (¥,8) ~ (¥',8") and

g =g : m(X) —> n(¥Y) ® n(Y)

Proof ¢ f o f'—> £y = f,

g & 8 —> gy = 8y .
Result is immediate from diagram .

m(K %o B w(Y, 20 Jam (Y, /(%) Vs (1,3, Jam (Y, 7,)
,f,’/" ) 4
A w(x, %, VE£8x 5 (v, £(x,))@n(¥,5(x, ))&x‘-’%—w(y,y )@n(Y,y )

I/ s

o )z / )
7 - ¢ '/"
/ v 74 7
/ o A
B 4 oy
74 A £
, g Ny 7, // .

TT(X) - A &_Lg# N TT(Y)(—éTT(Y),//
s N |/
(%) Ber 2y > m(Y)@m(Y)

where ® is the isomorphism {ft(xo)}* {gt(xo)}* .
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8.4 D: e willrsay that the pair (Y1,Y2) € m(Y) ® n(Y) is
%« By -conjugate to (Y{5v5) € m(Y) @ n(Y) if and only if
there exists. a € n(X) and B € m(Y) such that
o (vevy) = B Be (@) (vq,v,) (B,8)

where (8,,6,) (v,,v,) (By,B,) means (6,v,B,,58,Y,8,)
for (61,62) , (Y1,Y2) , (81,62) € m(Y) ® n(Y) as
expected .

~ Thus, w(Y) ® n(Y) is divided into ?‘;x'é&—conjugacy
classes ., (It is easy to see that the relation described is
symmetric, transitive and reflexive .)

We immediately obtain the result :

8.5 T: If (f,g2) is a lift-pair of (f,g) and
(Y1.Y2) , (61,62) are elements from ™(Y) © n(Y) +then
(Y1”Yg) is ﬁx %-conjugate to (61,62) if and only if

-1 . I PV P
(v,7 £,¥,78) = (8,7 1,8,7 2)

Proof : If (Y1,Y2) is Tex £, ~conjugate to (51,62),
then there exists a € m(X) and 8 € w(Y) sueh that

Now suprose that E;KE;(GJ = (a1,a?)
then (61’62) = (G'1Y1B,G-2Y28) .
Thus we have,

.61 = G1Y1B and 62 = azYzﬁ or

-1 =1, =1 =17 -1 _ -1, -1 -1
61 = B Yy 9y and 62 = B Y2 o,
so that
-1y -1 1. =1 -1 -1, -1 -1~
TR T et o e BT e fanB
- E 1 .?_.(} ’ = B Y ) g_("
™ o e Ao, =1
Therefore, (v47 T,v,” 8) = (8,7 %,8,7 &).
~ -1 . =1 -1 -1
Conversely, suppose Yq f = Bb1 fo and \ = 862 ao
= 561_1a1f = 662—102g

where f*‘g,(a) = (a1',a2) .
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So, by uniqueness, wp bave
(v1,v2) = (a,""6,8” ,a2‘1626‘13 >
o g, g,(a“)(é,.é ) (87,87

and 8o (Y,,,Yé) = ﬁ g,-congugate to (61,62) .

Hence, after a lift-pair (¥,g) of “(f,g) has been
chosen, we get

8,6 Cor : The f;n§;~conjugacy classes are in 1-1
correspondence with the lift-pair classes of (f,g)

Let H1(X) be the first integral homology group of X,

8,7 T: ' The number of lift-pair classes of (f,g) is at least
Ord_Coker(f*1-g*1), where Ord denotes the order of a
group and f,, and g,, are the homomorphisms between
H1(X) and H1(Y) induced by f and g .

- Proof : -ILet (f,g) be a lift-pair of (f,g) .
The number of lift-pair classes of (f,g) is eaual
to the number of f;xE;-conjugacy classes of (f,g) Dby 8.6.
Let hy : mXx) —> H1(X) be the Hurewicz homomorphism
which is a natural homomorphism . (see [9] page 387.)
(Recall ker hy 1is the commutator subgroup of m(X)
and since we have assumed X to be path-connected, it is
O-connected and hence, hX is surjective.) |
Given fxg : X —=>Y X Y defined by
fxg(x) = (£f(x),g(x)) and by the naturality of h
we have commutativity of the following diagram,

X

N r~
or

m(x) far B =(fs gx—)(‘”q* qae)\ﬁ(Y)@ﬂ(Y)

hy | | Ny v
¥ \Z
Hy(X): > H, (Y)eH, (Y) —5—> H, (Y)—__H, (¥)

(fxg)¥1 Im(f11—g*;3
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Define k(y1,y2) = y,‘-y2 s then k 1is surjective,
.“and denote by - (f*1-g*1) the homomorphlsm from H, (X) to
H (Y) given by k:(fug)*1 e :
‘1 Let N be. the quotlent map S ' -
n: H(Y) —> __H, (¥) . = Coker(fy,=8yq)
Im(f*1-g*1)

whlch takes
y —> y[Coker(f*1-g*1)] , the coset of y in the
quotient group,

Since khy, o (%x & )(a)(v,,v,)(6,8)
= k(f*g)* h (a) + khYxY(Y1’Y2) + khYXY(ﬁ’B)
= (fyq g*1)hx(a) + khy v (Y4,7,)
and because (fyq=8xq )0y(0) € Im(f, -gy4q)
ﬁ*ugk-congugate elements of m(Y) ® w(Y) go to the same
coset under nkhy, vy 3 that is, £, x g.~conjugate elements
coincide under nkhy, y in Cokez(fz1-g*1)
Therefore, the number of f£,xg,-conjugacy classes, and
hence the number of lift-pair classes, of (f,g) must be at
least Ord Coker(f*1-g*1)

8,8 P If w(Y) is abelian, then the number of ?;ué;-conjugacy
classes, hence the number of lift-pair classes, of (f,g) is

exactly Ord Cokef(f*1-g*1)

Proof : Consider the diagram

() 57 B 1 (V)@ (1) —E > rr(v) — > n(¥)
Imen

(%) sy (*%) by n’
v v v
H1(x%ﬁ”g)ﬁbﬁ1(ngﬂ1(y)-—5__,H (Y) s> H,(Y)
N TR(T,-Eay)

hX |

8ince wn(Y) 1is abelian, hy, .y and hy are isomorphisms,
Let %’ be the homomorphism such that k'(Y1,Y2) = Y1y2—1,
then (*¥) and (*¥%) commute .

Let © be k' (%xg, ), and 71’ be the quotlent
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homomorphism of m(Y) onto m(Y¥)mod Imep ; we show that then

n’'k’ maps distinct f;;g#-conjugacy;classes to distinct

‘" cosets and that n’k’ maps % « g, ~conjugate elements of

ﬂ(Y) @® n(Y). to:the same coset of (Y)mod Ime :
Pirstly, assume n’k’ does not distinguish between
(Y1,Y2) and (61,6 ) and that '(Y1,Y2) is not Tx g -

conjugate to (61, 2) v R
Then there exists « € m(X) such that
k’ (61,6 ) - k' (Y11Y2) =0y = 0y (1)
“where (@xgu)(a) = ( ay,0, ) .
Since (6,,6,) is not i; g,~conjugate to (Y5Y5) »
~for all B € w(Y) ,
| C(5005,) # (B E(@) + (vg0v,) + (8,8 .
(Since m(Y) is abelian we use additive notatlon.)
ices (0,,8,) = (o +Y,+B,a,+v,+B) + (ey,6,) € # €, o
But then (I) gives
kK ((04+Y,4B,0,+Y,48) + (€4,€5)) = K (vq,¥,) = o4-a,
or a1+y1+B+e1-a2-y2-B-eZ—y1+y2 =0, - a,
which is impossible since e, # 2 .
So, 7'k’ sends distinct xg%—congugate element to
distinet cosets 1n' m(Y)mod Imep .,

-Secondly,;if'i
(8,,8,) = (Fxg,)(a) (v4,Y,) (B,8)
then k’(8,,8,) = k"(¥;,Y,) = (ag+v,4B) = (o,+v,+8) = (v4,Y,)
= 0, > € Imyp .,
So E;xg;-conjugate elements go to the same coset of
w(Y)mod Imep . '

-

Since n’k’ is onto m(Y)mod Im® ,the number of % xg -
conjugacy classes must be Ord Coker © .,

We have hY(Im k' (Tx8)) = Im k(fxg)*1 since h, is a
monomorphism .

Trivially, ker hy S Im k’ (Tyx8.) , s0 by the first
isomorphism theorem of groups , h” is an 1somorph1sm.

Thus, the number of ﬁ;xé;-conjugacy claSses, and hence
the number of lift-pair classes, of (f,g) is equal to

Ord Coker(fy =8y4)
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