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Introduction. 

The close relationship between the theory of fixed 
points and the theory of coincidences of maps is well known. 
This presentatioz:_-is aimed· at recording one. of· the less well 

documented approaches to fixed point· theory as extended to 

the more general situation of coincidences. The approach 
referred to is that by way of the Universal~Covering Spaces. 

The existing theory of coincidences is geometrically 

well realised in this setting and after some consideration, 
the necessary.extensions and generalizations of the 
techniques as utilized in fixed point theory lead to an 

,. 

appealing conceptual notion of " essentiality of coincidence 

classes "· 

I"lany hints have been made i.n the literature (see [ 1 ] 

and "On the sharpness of the ~ 2 and ~1 Nielsen Numbers" by 

Robin Brooks, J.Reine Angew. Math. 259j(1973)~ 101-108.) 
that lifts of mappings and the theory of fibres and related 
topics lend themselves to coincidence theory • It is the 
intention of this presentation to follow some of the basic 
properties through this approach and to sho\'1', wherever it is 
thought desirable, the ties between this and two of the 
existing approaches - for example, iri the definition of the 
Nielsen Number, w·hich is ·fundamental to both fixed point 
theory and coincidence theory. 

This work is largely inspired by a paper by Jiang 
Bo-ju and one by W.Franz (see [7] and [4] ) • 

In the first section, some existing properties of 
fixed point classes in absolute neighbourhood retracts are 
extended to coincidence classes for use in later sections. 
The definition of a covering space and the notion of 
Universal Covering Spaces and their properties are dealt 
with in section 2. 
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Having established the necessary background, a 
classification of lift-pairs is introduced in section 3, and 

. .. . .. 

i~ u~ed throughotit~the followirig sections • Sections 4 and 5 
are concerr1ed wfth: th.e' number. of. lift-pair ·classes and how 
the classes-may be affected by deformations of their maps. 

Sections 6 and 7 compare the numbe~ of lift-pair 
classes with the number of coincidence classes obtained in 
two of the best known methods of arriving at the Nielsen 
Number. 

In the last section, an estimate is made of the Nielsen 
·N'umber using the first·· integral homology group. 

Most of the results obtained here are extensions of 
those contained in [7] where the fixed point case is 
discussed. 

Throughout this presentation, theorems (T), corollaries 
(Cor), lemmas (L), and propositions (P) are denoted by the 

appropriate symbols shown in brackets, preceeded by the 
section number and their number within the section, 
e.g. 3.5 P: represents the fifth listed part of section 3 
which is a proposition. 

New terms and terms considered essential to this 
presentation are listed as definitions (D), and numbered as 
above. 

I wish to., take this opportunity to thank my supervisor 
Dr.H.Schlagbauer for his constant encouragement and 

invaluable help in the preparation of this project • 

---. - ........ ·---
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1.2 D: We define: an equivalence relation on-K(f,g) by setting 

x ~ x' for x, x' E K(f,g) if and only if there is a path 
w from x to x'in X such that fw is fixed end point 
homotopic~to _gw,~ fw and- gw are paths in Y from 
f(x) :;:;_ g(x) ,_to·' f(x?r;: g(x') given by 

f~(t) ~ f(w(~)) for t E I 
gw(t) = g(w(t)) for t E I. 
This equivalence relation classifies the coincidence 

points of (f,g) and we will denote by [x] the class of 

all x'E K(f,g) which have x = x'. 

1.3 D: A compact metric space X with metric d is uniformly 
locally contractible if given e > 0 there exists o > 0 
such that if ~-

W = l (x,x') EX x X : d(x,x') < o I then there is a 
map y : W x I -> X such that 

y(x,x' ,0) = x 

y(x,x' ,1) = x' 

y(x,x,t) = x for all t E I 
and diam(y(x,x') xI) < € for all (x,x') E W, 
( where diam(A), the diameter of the set A , is the 
supremum of the set \ d(x,x') : x,x'E A I ). 

magnified neighbourhood 
of x and x' 

y ....._ 
--------------;7 

lx---- e -------:}-~ 
~---·---------t-,·1 
·~, € -- - -x / 

On W x 0 , y acts as projection onto the first co­
ordinate axis. 

On W x 1 , y acts as projection onto the second co­
ordinate axis. 

y maps any line (x,x') xI so that any two image 

points are within e of each other. So, in the dia~ram 
above, y((x,x') xI) is a proper subset of the neighbour­
hood shown. 
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.~- " .. 
A subset A- ,'of X: is c·alled a neighbourhood retract 

of X if there is an open set U of X containing A and 

a map. r : U -> A such that· the restriction of r to 

.' A, r/A ,=·: 1A , the-,identi ty map on A. 

r is a retracti6rt of U onto ~. 

1.4 D: We call a compact 

neighbourhood retract 

metric space X 

( compact ANR ) 

there is an embedding i : 

a neighbourhood retract of 

Hilbert Cube. 

00 
X -> I 

00 

I ; where 

a .c O_I!!J2?· c..!: a b so 1 ~1~. 

if and only if 

such that i(X) is 

I
00 

represents the 

The following well' known results are stated vii thout 

proof: 

1.5 A compact ANR is uniformly locally contractible. 

( see [3], page 39.) 

1.6 X is locally contractible, implies X is locally 

path-connected. 
( see [6], page 89.) 

( X is locally contractible if for every point x E X 
and every neighbourhood U of x, there is a neighbourhood 

V c U of x such that there is a homotopy H : V x I --> X 
with H(v,O) = v and H(v,1) = c constant in X, V v E V. 

X is locally path-connected if for every point x E X 
and every neighbourhood U of x there is a neighbourhood 
V c U of x such that for every pair of points v,v' in V 
there is a path w in U with w(O) = v, w(1) = v'. ) 

Hence, 
1.7 A compact ANR is locally path-connected. 

1 • 8 T: If X is a compact ANR and w, w' are paths in X 
with the same initial point and terminal point, then there 
exists ~ > 0 such that 

d(w(t),w'(t)) <a for all t E I implies 
w and w' are fixed end point homotopic. 
We call ~ a homotopy barrier for X. 
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Proof : X is uniformly loc~lly contractible, so there 
exists a > 0 so that if 

W = l (x,x') E-X x X : dx(x,x') <a I 
then there is a map y : W x I -> X such that 

y(x,x',o) = x , 

y(x,x' ,1) = x', 

y(x,x,t) = x for all t E I. 
Given that (w(t),w'(t)) E W for all t E I by hypothesis, 
we define H : I X I -> X by 

H(s,t) = y(w(s),w'(s),t). 
Then H(s,O) = y(w(s),w'(s),O) = w(s) . 

' 
H(s,1) = y(w(s),w'(s),1) = w'(s) for all s E I . 

' 
H(O,t) = y(w(O),w;(O),t) = w(O) = w'(O) and 
H(1 ,t) = y(w(1),w'(1),t) = UJ ( 1 ) = tU' ( 1 ) , for all t E I. 

H is the composition 

(s,t) ~> (w(s),w'(s),t) _r_> y(w(s),w'(s),t). 

~ is continuous : 
Given e > 0 , 

d\.VX I ( ~ ( s , t) , cp ( s' , t) ) = dvrx I ( ( u; ( s) , w' ( s) , t) , ( w ( s' ) , w' ( s' ) , t)) 
< dwx I ( ( w ( s) , w' ( s) , t) , ( l'J ( s) , w' ( s' ) , t) ) + 

di'lX I ( ( w ( s ) , w' ( s' ) , t) , ( w ( s' ) , w' ( s' ) , t) ) 

= dY.xX(w'(s),uJ'(s')) + dXXX(w(s),w(s')) 
< e/2 (continuity of w') + e/2 (cont­

inuity of w) 

= £. 

Therefore, H is continuous and is ~ fixed end point 
homotopy between w and w'. 

1.9 Cor: 
if 
UJ 

For X any space and Y 

x,x'E K(f,g) there exists 
a compact ANH, 

is a path in X from x to 
d(fw(t),gw(t)) <a for all 

a > 0 such that if 
x' satisfying 

t E I, then [x] = [x']. 
Note: If X is also an ANR, then the existence of a path 
satisfying the above is guaranteed whenever we know d(x,x') 
is sufficiently small. In this case we have that if two 
coincidence points are close enough then they are equivalento 
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1 • 1 0 D: Let X be a topological space and let x E X. 

The fundamental group of X based at x, denoted by 

n(X,x) is the group of path classes with . x as initial and 

terminal-point •. Two closed paths, or loops, at x in X 

·(__i.e. paths in X which have x as initial and terminal 

point ) are in the same path class if and only if they are 

fixed end point homotopic. 
r 

This group, '"hose elements are path ciasses has a group 

operation defined as follows. 

Let a, (3 . be elements of n(X,x) with 

w E o_ and w'E ~ (i.e. [w] = a , [w'J = ~ , where 

the brackets denote the path classes. ) 

Then a.(3 = [w.w'] where w.w' (t) = w(2t) 0 < t < 1/2 - -
= w'(2t) 1/2 ~ t ~ 1. - -

The fundamental group plays a large part in the development 

of the next sections since it is closely allied to the 

Universal Covering Spaces of X that are discussed. 

If X is path-connected, n(X,x) is isomorphic to 

n(X,x') for any x,x'E X, so if we select an arbitrary base 

point, say x E X, we loose no generality hy considering 

only n(X,x). 

If f is a map from X to Y, then f induces a 

homomorphism f* : n(X,x) -> n(Y,f(x)) if we define 

f*[w] = [fw] for. any closed path w at x in X. 



Covering Spaces. 

2. This section reviews some properties of covering spaces 

and lifts of maps which lead in a natural way to another 
classification of coincidence points comparable to that given 
in section~ 1.-~The classification by -n lift-pairs " gives 
a-clear geometric notion of the classification procedure and 

establishes, as is shown in section 4, the finiteness of the 
number of coincidence classes. 

We consider topological spaces and maps between these 
spaces ~nd develop the theory of coincidences through the 
Universal Covering Spaces placin8 restrictions on the 
structure of the base spaces when it is found to be necessary. 

2. 0 ~ll_§_:@Ces considered i!)-......§_!l.;.Q2~Que.~t a_r_g_ument~ . ..?.:..~~-.J?~tb-..=. 
connected. 

2.1 D: Let X be a topological space. 
A covering sp_ace of X is a pair c:<,p) where X is a space 

rv 

and p : X ---> X a map such that : 
for each x E X, there is a path-connected open neighbour­
hood U of x such that e'.rery path cornponent of p- 1 (U) 

is mapped homeomorphically onto U by p. 

Any open neighbourhood, with the properties of U as 
described, is called an elementary neighbourhood. p is 
referred to as a projection. X is called the base space 
of (X,p). 

If X is locally path-connected and if (X,p) is a 
covering space of X, then X is locally path-connected 
since p is a local homeomorphism. ( i.e. each point 
x E 5C has an open neighbourhood V so 
and p maps V homeomorphically onto 

p is clearly an open map. 

that 

pV • ) 

pV is open 

We require then that the spaces under~consideration 
be locally path-connected since this property has the 
further effect that the path components of each space are 

- 8 -
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open sets whi6h coincide with the conpon~nts of the space. 

k topological space X is .~iJ'!lply connected if and only 
·if,it. is patr:-connected and · TT(X,x) is trivial for every 

··base point x · E x. 

2.2 D: A covering space (x, n) of X is called a Universal 
Qovering Space of X if and only if ~ is simply connected. 

We shall make use of the following notation when 
discussing spaces with predetermined base points. 

If X and Y are topological spaces, x f X and y E Y 
then f : (X,x) --> (Y,y) means that f is a map of X 

into Y such that f(x) = y. 

To approach coincidence theory through Universal 

Covering Spaces we need to be able to lift the paths in 
the base spaces and maps between the base spaces up to the 
Universal Covering Spaces. The criterion involved is as 
follows: 

Given spaces X, Y and f : (Y,y) --> (X,x) and 
(~,p) a covering space of X, under what conditions will 
there exist a map g : (Y,y) ---> (X,x) so that the 
diagram 

./" 

"'x E p-1 ( X ) Cle~rly, is assumed. 

"" "") /l(X,x, 

p 

commutes? 

vfhen such 8 m8.p g exists, g is called 8 lift of 
"' f to X. 

If we consider the algebraic implications of the 
commutativity of the above di.8.f.';r8.m it is 0bvious that 
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2.4 

2.5 
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·. . . - .. · . ·. .. 

8- necessary condition for commutativity is that 

f*n(Y,y) c p*n(X,x); 
where f* and p* are the induced group homomorphisms in 
the corresponding commutative diagram -

n(~,x) 
I 
I -- . 
! 

- I 

/ I p* 
/' I 

~-~ f ~ 
TI ( Y, y) ---- · ------'--*---------------- -->TI (X, X) 

It is possible to show that the condition above is 
also sufficient ( see [§] page 156.) 

so we get: 

m. If (~, p) is a covering Y, 
rv 

-'- . space of X, y E X E 

and x = p(x'), then a map f . (Y,y) --> (X,x) has a . 
lift g . (Y,y) --> ex ,x) if and only if . 

f*n(Y,y) c p*ncx,x>. 

The follo\ofing result is a form of uniqueness lemma 
regarding lifted maps. 

L: JJet (~, p) be a covering space of x. 
If f, f' : y ->X' are maps such that pf = pf' ' then 
there exists y E y with f(y) = f'(y) 

' f is identical to f' • 
Proof: ( see [8] page 152.) 

D: If cx1 'P1 ) and Cx2,:o2) are covering spaces of 
a h o m_Q__!l19 rn_hj_!l_fE_ of Cx1 •P1 > into (x2,p2) is a map 

h : 7 "'1 --> 
rv 

x2 such that the diagram 

commutes. 

rv 

X 

if 

X , 
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A homomorphism h of (X1 ,p
1

) into 

isomorphism if there exists a homomorphism 

to (X1,p1 ) such that the compositions hk 
: the identity maps.: - · 

is c:m 

(x2,p2) 
kh yield 

Since Universal Covering Spaces of X are simply 
connected we get: 

2.6 Cor: Any two Universal Covering Spaces of X are isomorphic. 

2.7 

We, thus, talk about the Universal Covering Space of X 
implying uniqueness up to isomorphism. 

For Universal Covering Spaces to be ensured we require 

the base spaces to be connected, locally path-connected and 

semi-locally simply connected. (see [8] and [9].) 
X is ·semi-locally simply connected if every point 

x E X has a neighbourhood U such that the homomorphism 
n(U,x) --> n(X,x) , induced by inclusion, is trivial. 

We thus reqttire all base spaces to be connected, 
locally path-connected, semi-locally simply connected 

topological spaces. Thef?~- pro~erties vlill b~-.....§:_~f)_U!~-_ed 

f..o_!'thwi t_b._~i thqut further restatement. 

We will denote by X the Universal Covering Space of 
X and endow X with the topology arising from the 
construction of X as given below in 2.9. 

D: Given any 
connected, pf 
of the diagram 

map f : X--> Y, because 'X is simply 
can be lifted to f giving commutativity 

p 

,...., 
"' f rv X ---------··-· -----···--'"> y 

lp 
f 
I 

y ~ 

X ---·-~----- f -·------> y • 



-
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- · We "iill ca11· the map· f a lift of f ·- into·. the 

Universal Covering Spaces of X and Y. 

·-
(f,g) _of~ maps 

.. 
·n:~~ '~~ -Given anj'pair.- from X to '[ 

' .lift--Eair -_(1, g) of (f,g) is a pair of maps from· 
·rr "' where f is a lift of and "' f g ·is a lift of 

a 
fV 

X to 

g. 

!;'/ The following note on the construction of A from any 
connected, locally path-connected and semi-locally simply 
connecte·d space X , is to clarify the structure of )C and 
to assure us ~hat the operation of any element o E n(X,x) 
on r ' described in the next section, is a continuous map, 
under this topology on -·x, of )C into itself. In section 3 
we also observe how the elements of the group of cover 
transformations of X can be related to n(X,x ) for some 

0 

base point x
0 

E X. 

2.9 Construction Choose a base point x
0 

E X , X connected, 
locally path-connected and semi-locally simply connected. 

Define r to be the set of all equivalerice classes of 
paths in X which have x

0 
as initial point. The equiv­

alence relation used is that of fixed end point homotopy. 
Define p : X ---> X · by 

p(a) = common terminal point of the elements 
of the class a. 

Our hypotheses on X, imply that the topology on X 
has as basis all ~pen sets U such that U is path­
connected and .the homomorphism rr(U,x) -> rr(X,x) induced 
by inclusion, is trivial. 

of 
( in 

Equivalently we can characterize the basic open sets 
X as those open sets U in which every closed path 

U ) is equivalent to a constant path in X. 
Given any class a E X and any basic open set U that 

contains p(a) , let the pair (a,U) represent the set of 
all those ~ E f such that 

~ = a.y for some y a path class within U. 
(n,U) is a subset of r and to topologize X we 



Lift-pair yJas!L~s. 

3. This section recounts the action of the group n(X,x) 

P-1(x) on the set and estahlishes those results required 

to make the definition o~ lift-pair classes precise. 

3.1 P: Let (~,p). be the Universal ~overing Space of X and 

x E X • I.e t w, w' : I --> X be paths in X with 
"' initial point x , then 

pw and pw' are fixed end point homotopic if and only 

if w and w' are fixed end point homoto~ic. 

( The second statement is equivalent to sHying that 

w(1) = w'(1) since 1 is simply connected.) 

Proof 

prove 

that 

The implication one viay is trivial so we 

that pw and pw' fixed end point homotopic 

w and w'are also. 

only 

implies 

IJet F : I x I ---> X be a fixed enr:1 point homotopy 

between pw And 
, 

pw • 
Since I x I is ·simpJy connected, consider the diagram 

( Tx I ( 0 ')) ) --·- --·· · 
' '- ' ' l. ' 

~~ rv, 
7 

I,A,X} 

I 

t p 

- · --------·----> (X nx) 
p ''- ' 

\1e can find a !nap 'F' : I >( I --·> X such that 
~· ~ 

pii' = P and F(t,O) = w(t) for all t E I. 

Now ~(O,t) and ~(1,t) are contained in p-
1

(pw(O)) 

and p-1 (pw(1)) respectively. 

Since there can be no non-constant path in p-1 (x) for 

any x E X, - r:t:ny such path wou1r1 be a lift of the constant 

path at x and as such is unique - we must have 

F(O,t) is R single ~oint and 

~(1,t) is A single point. 

F(t, 1) is a path tt!'' with u1"(0) = w(O) and 

w"(1) = w(1), with "' :r, a fixed enn. point homotony h:~tween 

tiJ and w" 

- 14 -
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'de also have 

Since w" and 

pw" 
w' 
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= '()tl)' • 
" 

have common "' origin at X and are 

both lifts of . ' pw ' by 2.4 we must have w" = tU' • 

1: 

w 

the 

the 

Hence -w and - u.1' are -fixed end point homotopic. 

In particular, w(1) = w'(1). 

This last statement relies upon the fact that 

If OJ and w' are paths in X from to 
, 

X X 

is fixeci end point homotopic to w' if and only 

then 

if 

closed path w.w' at X is fixed end point homotopic 

constant path at X . i.e. [w.w'-1 ] = (e J 
X 

to 

Proof : - - Let F be a fixed end point homotopy from w to 

u/ • 

nenote F(t,s) by f
8
(t) 

then f
0
(t) = w(t) 

f 1(t) = w'(t) for all t E I. 
Define G . I X I --> X hy . 

G(t,s) = f?c•f1-1(t) 
·-.' 1 

= gw'(2-2s)•gw'(2-2s)- (t) 

where f l I) is path from to 
, 

i E I a X X , 
gu.,'(s)(t) represents the path from X 

in w' given by 

gw' ( s) ( t) = w' (t) for t < s 
w' ( s) for t > s . 

0 < s < 
= = 

1/2 < s < 
= = 

to w' ( s) 

Then G 

closed paths 

is a fixed end point homotopy between the 
, -1 

w.w and the constant path at x . 

Conversely: Suppose G : I x I --> X is a fixed 

end point homotopy between 

at x • 

, -1 
U.l• U.l and the constant path 

then 
and 

Denote G(t,s) by gs(t) 
Define F : I x I --> X 

F ( t , s ) = g R • U.l , ( t ) 
·-

F is a fixed end point 
, 

w • 

as hefore. 
by 

for all s,t E I , 
homotopy between , -1 , 

w.tu .w 

1/2 
1 
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B·u·t· · w.w';..1 .m' ;·s -Pi d -'l • t , t · to ~ ~ xe Rnu po1n nomo ou1c w , 

thus by the transitivity o~_, the relation 11 fixed end point 

homotopic " w is fixed end point homotopic to w' • 

3. 3 Cor: -0 If . x E p-1 {x) and a E n(X,x) there exists a unique 

X such that p*(a) = a and the 

3.4 

"' path class a of paths in 
"' f'V initial point of elements of a is x • 

This is a direct consequence of 2.4 and 3.1 • 

We are led to the definition of the action of the group 

n(X,x) on p-1 (x) as follows : 

D: There is an anti-homomorphism ('() f:rom n(X,x) to the 

group of all permutations H of P-1(x) given by 
cp(a) = h for any a E n(X,x) where \'f. is as a 

follows. 
"' P-1(x) "Por any X E , there is a unique path class 

f'V 

p*(a) in X such that = a where the initial point of 
"' t'V 

(3.3). 
f'V ,...,, 

n is X , The terminal point of (l 

' 
X is 

f'V 

defined as the image of x under h
0 

• 
1 -

i.e. (x)ha = x' E p- (x) . 
That ('() is an anti-homomorphism is easily established 

(see [5] page 261 • ) 

whence, cp(af3) = has· = hf3ha for all a.' f3 E n(X,x) • 
Now n(X,x) itself acts on p-1(x) on the left as 

follows. 
( ) "'E p-1 (x) For a E n X,x and x 

a.x = (x)ha • 

So we get af3(x) = (x)haB = (x)h~ha = a(r(x)) • 
We also have 1(x) = x for 1 the constant loop class 

at x, so it is established that n(X,x) forms a group of 

left-operators on p-1 (x) • 

We can go further than this and define the operation 

of n(X,x) on the whole of X ,in case X is path-connected. 
Since we are insisting that X is path-connected, we 

can fix a path from the base point x to every point x'E X. 
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" In this 'way we induce an isomorphism bet, .... een n(X,x) and 
n(X,x') for all x'E X. 

Suppose w is the fixed path from X to X 
, 

then , 
to (l E !f(X,x) we relate the class 

"' .. . -1 
.. .. 

'-(wauL ] where 
.. 

E ... a (l -

Then we write for any x'E X, x' E p~ 1 (x) , 
a. E n(X,x) 

~, [ -1]~' (~') nx = waw x = x h[ -1 1 • waw ... 

In 
on X • 
for any 

this way we have defined the operation of n(X,x) 
It necessarily transforms p-1(x') into itself 

x' in X , as a permutation of that set. [5],[8]. 
We now agree to fix some base point x E X and 

x
0 

E p-1 (x
0

) ; similarly, where relevant,
0 

f(x
0

) E Y and 
y

0 
E p-1 (f(x

0
)) ; and in future we may write n(X) in 

place of n(X,x
0

) without loss of generality. 
In case we write n(X,x) we are referring to the image 

of the isomorphism of the group n(X,x
0

) , which is induced 
by the path from the base point to x • 

3.5 P: Since X is a path-connecten space it is clear that 
for any two points x and x' in p-1 Cx) there is a path 

( ) 
I'V "'• class a E TT X,x with ax = x • 

One need only take 
ih X that has initial 
by 2.4 and 3.2 this ~ 

the projection of the path class 
point x as a. 

is as required. 

and ohserve that 

Given any a E n(X,x) and s E n(Y,f(x)) 
' "' "' ~ I"J 

if f is a lift of f then so is fa 
' 

Sf , and [3fa 

where we define :fa(x) = f'Cax) = rc cx)ha) 
and f-lf'Cx) = sere X')) = cf'Cx) )hs 

3.6 P: For each x E K(f,g) 
x E p-1(x) and y E p-1(f(x)) 

there is a ~igue lift-pair (f,g) of (f,g) having 

!Cx) = g(x) = 'Y : 
i.e. having x E K(f,g) \'lith common image at y. 
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Notice ~he ~&le of · ~ . 

(f,g) having coincidence at 
p ... 1 (f(x)) • 

There are many lift-pairs of 
f'V f'V 

x and images of x in 

The_result.follows immediately from 2.4 and the fact 

that such lifts do exist by 2.3 • 

X E K(f,g) "'(") = g(x) 
I'V 

P: If with f X, = y· 
f'V 

then the lift-pair having ax as coincidence with common 
image "' y will be ("' -1 f'V -1) fa ,ga 

where a E n(X) and 
I'V -1 ("'' ) fa X = "'( -1"'') f a x for 

This follows from the uniqueness 
f'a- 1 (ax) = ga-1 (ax) = y. 

-1 [•·1-1] a represents the class ~ 

w-1(t) = w(1-t) • 

rv, p-1(x) X E • 

of such a pair having 

where w E a and 

We define an equivalence relation on the set of all 

lift-pairs of (f,g) as follows 

( I'V "') (?' "'') 3.8 D: If f,g and _ ,r, are lift-pairs of (f,g) 
then (f,g) is equivalent to 

there exists a E n(X) , 

and 

and ~ E n(Y) , so 

f' = ~fa 
I'V, ~ 

g = t'go .• 

(1' "'• ) _ ,g if and only if 

that 

''~e write - (f, g) :::. (f', g') to denote the equivalence 

which divides the collection of all lift-pairs of (f,g) 

into equivalence classes. [f,g] will denote the class of 
all lift-pairs equivalent to (f,g) ; so 

(f,g)::: (f' ,g') is indicated by [f,g] = [f' ,g'J 

From the above definition we can establish the following 
fact regarding lift-pairs. 
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,~ ~) ,~, ~,) ( ) 3.9 P: If two lift-pairs .f,g and ,f ,g of .f,g 

have a coincidence in p- 1(x) then (f,g) = (f' ,g') . 
That is, given f(x) = g(x) = y for x E p-1 (x) 

,...,., ("'') "'. '("'') "'' "xJ' E p-1 (x) and . f x = g x = y for . 
there exists a E n(X,x) 

and S E n(Y,f(x)) such that 
I'J ~, rv rv

1 ax = x and Sy = y 
and f' = Sfa-1 

~, .""-~ -1 
g = (:3g a • 

Further, we get K(f',g') = 
where for any subset A of 

a.A=la.a:aEAl. 

Proof: ·The existence of a and S is a direct 

consequence of p-1 (x) and p-1 (f(x)) being homogenous 

left n(X,x) -and n(Y,f(x)) - spaces respectively. 
"'-/ 

We also have Sf is a lift of f with · 

Sf(x) = Sy = ~, and ?'a is a lift of f with 

f' a(x) = y'. 
Therefore, by uniqueness, 

Sf = 
,..J, 
f a and so 

f' = Sfa-1 
• 

Similarly, 
rv, f'J -1· 
g = ('ga , 

Th [ f'Jf ""-~] [f'Jf' "''] . us' , g = ,g .. 

Finally, 
i' E K(f;g') 

<:::-> 'f' ex) = 'i' ex) 
<:::-> s:ra-1 (x) = (:3gn-1 (X') 

~I'Ve -1"') ~"'c -1"') <---> ~f a X = ~g 0. X 
~fa\> ~( -1"') rv( -1"') -~ f a x = g a x 

-1f'J (ro.J "') <:::-> a x E K f,g • 
(a) follows since p-1 (f(x)) is a left- n(Y,f(x)) 

space and we know that for any e E n(Y,f(x)) the map of 
p- 1 (f(x)) -> p-1 (f(x)) given by y -> (:3y is a 

permutation of p-1 (f(x)) . 
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The next result is a powerful corollary to 3.9 , and 
the results so far established in this section. 

3.10 Cor : - _pK(f,g') -n-pK(f"' ,g') :/; ¢ 
-- ~> (f',g') = Cl' ,g') -

---> pK(f,g) = pK(f' ,g') • 
Therefore, 

K(f,g) = u rv rv pK(f,g) 
( "' f'V) - .. f,g 

We are now in a position to define coincidence classes 
of a pair (f,g) in terms of lift-pair classes. 

3.11 D: We shall call pK(f,g') the coincidence g_la~~---of (f_,_g)_ 

det~.F!Ilined by the lift-.,.P.ai_r cl~?.:?_ __ Lf'_,il· 

According to 3.8 and the last definition, we have as 
many coincidence classes of (f,g) as there are lift-pair 
classes of (f,g) • By 3.10 , they are mutually disjoint 
and their union is precisely the set of all coincidence 
points of f and g • 

3.12 Note: Notice that it is necessary to distinguish between 
the empty coincidence classes , pK(7,i) and 

pK(f' ,g') in case 
K(f,g) = ¢ and K(f',g') = ¢ and [f,g] :/; [7',i'J • 



Finiteness of the number of 

non-trivial lift-~aJ-r .classes of . (L~. 
4. In this section we justify the nomenclature used in 

3.10 and.investigate the classification of coincidence 
points given in.·· 3.10 to establish that there are only 
finitelymany such classes· in the case where X and Y are 
compact ANRs . 

4.1 p: The following statements are equivalent 

Given x, x' E X , 
(i) X and x' are in the same coincidence class 

of f and g as defined in 1 • 2 • 
(ii) X and x' are in the same coincidence class 

of (f,g) as defined in 3. 11 • 

Proof : (i ) -> ( i i ) . 
Let w : I ---> X be a path in X from x to 

, 
X SO 

that fw and gw are fixed end point homotopic. 
There is a unique lift-pair (7,~) of (f,g) havine 

f(x) = g{x) = y, where x E p-1 (x) and y E p- 1 (f(x)) are 

predetermined elements. 
I1ift fw to (fw) and guJ to (gw) in Y with 

initial point y • 

By uniqueness, (fUJ) = fw and 
(gw) = gw where 

"' ,...., w is the unique lift of w which has initial point x • 
Now p(fW) and p(gw) are fixed end point homotopic 

and so by 3 • 1 · 

fw (1 ) = gill ( 1 ) 

i.e. w(1) E K(f,g) • 
But w(1) E p-1(x') and so 

x E pK(f,g) and 
x'E pK(f,g) 

Thus x and x' are in the coincidence class of (f,g) 

determined by [f,g] • 

(ii) -> (i) . 

Let x and x' be in pK(f,g) with x E X and 

- 21 -
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"'• ~ satisfying p(x) and p(x') 
, 

and also X E = X = X 
' f'Cx) = g(x') and 

rv(-v') f X = "'(''• ) g,x . 
Let liJ be a path in ~ from "' to "'• X X • 

rv "' Consider fw and gw . 
These two 

"'("'')- "'_("'') f\x - f!. x 

paths begjn_ At f(x) = iCx) and end at 

since 7. 
and have [fw(gl':)-1

] = [ef(x)] E rr(Y,f'(;c')) 

pw 
is simply connected. 

is a path from x to 
rv 

property fpw = pfw and 

x' in X and has the 

gpw = pglll which is seen from the COI!lmutative 

diagram 

f' 

> 0' > 1 

I 
jP 

t 
. :;. y 

p* is a monomorphism by 3.1 and so 

p*[fw(gw)-1] = [sf(x)J E rr(Y,f(x)) 
vie then have 

[ pftu ( pgw) -
1 J = [ f ( pw) ( g ( pu~) ) - 1 

] = [ e f ( x) ] 

Therefore, fpw and gpw are fixed end point homotbpic 

by 3.2 and so x and x' are equivalent in the sense of 

1 • 2 • 

This justifies the nomenclature of 3.11 and gives us 

another way to view coincidence points, by investigating 

their corresponding lift-pair classes. 

~Phe next IJemma, is a reintPrpreta tion of 1. 8 to fl t 

into the lift-pair situation. It does require that the 

image space u.nder consideration should be 

locally contractible (1.3) so we take Y 

ANR • Little is to he lost at this stage 

uniformly 

to be a compact 

by insisting that 

Y be a compact ANR instead of just uniformly locally 

contractible as the incidence of ANRs amongst unifor~ly 
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locally contractible spaces , in examples that we meet , 

is fairly high. 

If f,g : X-> Y where Y is acompact ANR, there 

exists n > 0 such that 

if tf,g] and 

and f(x) = g(x) , 
[ "'f' ,"'g' J . are lift-pair classes of 

"'• ("'') ';;· (""') f x = 0 .x and if 

UJ : I--> X is a path from X to x' in X ' thep 

(f,g) 

dy(pfw(t),pgw(t)) = dy(pf'w(t),pg'w(t)) <a for all 

t E I , implies that 

[ "" "'] ("'' "'' l f ,g = f ,g J • 

?roof Follows im..rnediately from 1.8 a is a homotopy 

barrier for Y • 

As in the case of 1.8, if X is also a compact ANR, 
the existence of a path satisfying the above "c1oseness 11

-

property is guaranteed for any pair of "sufficiently close" 

coincidence points of f and g • 

Lemma 4.2 plays an important part in establishing the 

next result. However, the next result requires compactness 

of X in addition to the hypotheses on Y due to 4.2 • 
Once more it is felt that little of value is lost here if we 

assume both X and Y to he compact ANRs . 

4.3 T: For X and Y compact ANR.s and f,g : X··--> Y there 

are at most finitely many non-trivial lift-pair classes of 

(f,g) • 

U 1 ,.._.. !:'-' ( "'r""') "'("')) Proof Let = 1 x E X : dy,pf\x ,pg.x , 

lift-pair of ( f, g) l , 
( a is a homotopy barrier for Y. ) 

<a ( "' "') f,g any 

( Perhaps, in this new setting we could look upon a as 

a 11 lift-class barrier :t for Y. ) 

U is a union of ouen set,s and is thus an onen. set in 

X and contains U (,..., "') KJ,g, 

(J.,g] 

lift-pair classes of (f,g) . 

':lhere the 1mion is over all 
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X is locally·path-connected and so, therefore, is ·u 
and so the path components in U coincide with the 

components of U and are thus open in U and X • 
Let ~ be the collection of all components of 1l . 
p is an open map and thus, for all C E '(;"~ .. , pC is 

open in X • 
U,

7 
pC is an open cover for K ( f, g) so there is a 

CE (J,tA 

finite set \ ci ci E ~; i == 1 ,2, ..••• ,n l which h8B 

K ( f, g) c 1 n I pC . • .v1 1 
1= 

We now reouire a Lemma 

4.4 L: Each pC 1 contains elements of pK[7,iJ for at most 

[ ,..., "'1 one lift-pair class f,g~ • 

Proof 
"'• X E 

then 

of IJemma : 'vie prove that if 

("'' "'') K f ,g and if 

[ "' "'] r"'' "'' 1 f,g == Lf ,g _ • 
}i'ind 

Say 

and 

px 

c. 
1 

and 
::mil 

::md 

Let w be a path in C. from 
"' ,...,J. 

We have dy(pf 1 w(t),p~ 1 w(t)) 
and hence by 4.2 we Get 

[11 ,g1 J = [f'1 ,g'1 J 
[ "'f ""] [~fJ' "''] so - 'g = - 'g . 

x E K(f,g) and 

are in pCi , 

< a. 

Hence p~i contains points of pK[f,~] for at most 

one lift-pair class [1,~] of (f,g) • 

We can now conclude the p~nof of the theorem 4.3 • 
VJe have _'fl.L pK(f ,p;) = K(f ,g) cV po 1 [ __ ,g] l-1 

and each 

one class 

pC. contains elements of pK[f,g] for at ~est 
1 

[?,g] , therefore there can be at most finitely 

many non-t~ivial lift-pair classes nf (f,g) 
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4.5 Example In order to appreciate the geometric interpretation 

of the lift-pair classification a simple example is described. 

For X take s1 · and for Y take s1 also. 
Let f :S1 -> s1 be the identity map, 

. g : S 1--> S 
1 be the " triple rotation map ", 

that is ·e ·3e g(~ 1 
) = e 1 o ~ e ~ 2n • 

by 

Consider the Universal covering space of s1 given 
~ realised in 3-space as a spiral ( see sketch ). 

Thfs can be represented by : 
let p : R -> S 1 be defined by 

p(t) = (cos(t),sin(t)) for any t E m1 • 

Then the pair (E1 ,p) is a covering space of s1 • 

( Being simply connected, ~ is the Universal covering space 
1 of S, • ) 

Take as lift-pairs, firstly 
is the identity on 

fV IV 

g coincides with f at 
where 

I"V, ,..., 
f = f is the identity on 
,...,_,, . . . h f' g co1nc:tdes \H t.~ .. a.t 

where 

b , and secondly 
rv1 
S and 

a • 

(f' ,g') 

To avoid confusion we draw the image of one sheet only 
under the lifts. 
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The lift-pairs (f,g') and (f' ,g') are clearly in 
d-ifferent classes . since for f3fo. to equal f , o,, ~ E :r( S 1 ) , 

. we would ::require.· fl = a. = unit· path class of s 1 • 

· In this ·case·~ ·we wot1ld not get g' :::d ~go:. . 
However, if we consider the lift-pair (f", g") v1here 

f" is the map raising each sheet up one level, 
then clearly (f",g") :: (f,g) as they diff.er everywhere in 
image by a level of the covering space. 

Choosing a. as the unit path class of s1 and fl as 
. the class of w,. where w( t) = ei 2nt is a path from b to 

1 b in S .we have the conditions for equivalence as 
required in 3.8 D ~ 

It is easy to verify that p(a) and p(b) are in 
different coincidence classes of f and g in the sense 
of 1.2 • 

- -·-·--~-~ 
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Proof of 5.2 : We only mention here that we consider 
(H,K) as a pair of maps from X x I-> Y ·Since I 

is simply connected, we can choose X x I as (X x I) _; 
that is as Universal covering space of (X X I) - because 

X X I is clearly a covering space of X x I • 
fV I'V 0' 

Then H can be lifted to H : X x I ---> r sending 
(x' ,o) to f(~') for some x'E ~ 

and K can be lifted to K : X x I -> Y sending 
(x',o) to iCx') • 

Now H(x,o) must coincide with f(x) for all x E x 
by uniqueness, and similarly 

K(x,O) = g(x) for all X E X . 
(g,K) is a unique lift-pair of (H,K) , so 

H(x,1) and K(x,1) are uniquely determined for all x EX 
and are f' and g' respectively. 

After some reflection, we can see that the following 
result must hold 

P: If (H,K) cr,g') ( I'V, ,...., ) where . ~ .f ,g . 
(f,g') is a lift-pair of (f,g) and 
(f' ,g') is a lift-pair of (f',g') with 
(H,K) . (f,g) ~ (f' ,g') then for any . 

a. E n(X) and y 1 ' y2 E n(Y) we have 
(H,K) • (y1fa.,y2ga.) ,...., (y1f'a.,y2g'a.) . • 

Proof : Im .. rnediate from 5. 2 • In this direction 1t1e mention 
that the pair (H1 ,K1) : (y 1r,y 2g) ~ (y 1f' ,y 2g') is just 

(y1fr',v 2K') where (H,K) : (f,g') ~ (f' ,g') 
and v1H means the following 

v1fr'(i,t) = v1Wt(i) where for each t E I 
fr't : x ---> 7 . 

In a similar 1t1ay, we interpret Ha.(i, t) to be 
R(a.i,t) due to our choice of Universal covering 

space for X x I • 
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These last two propositions lead immediately to the next 
result. 

Cor : If (H,K) • (f,g) C:t (f' ,g') then the (H,K)-• ' induced 1-1 transformation from the lift-pairs of (f,g) 

onto those of (f' ,g') preserves the equivalence relation 

between lift-pairs, and thus induces a 1~1 transformation 
from the lift-pair classes of (f,g) onto t~ose of (f',g'). 

Proof Let (f,g) 
pairs of (f,g) and 

and (f
0
,g

0
) be equivalent lift­

(H,K) : (f,i) ~ (1',~') ; 

of 

(H,K) : (f
0
,g

0
) c: (f~,g~) . 

Then there exists a E n(X) and ~ E n(Y) such that 
"' = ~fa 

or (H,K) . (f,g) "' (~-1f'a-1,~-1g'a-1) . - 0 0 
Rut from (H~K) ~.Tl (l (f.~) 

.... 7 ....... , V!P. get 
(f',g') namely (''• rv, ) f ,g • 

Therefore we must have 
(1' ,g') = (S- 1 f~a- 1 ,6- 1 g~a- 1 ) 

or r; = ~f'a 
rv, ~, 

go = Sg a. • 

a unique lift-pair 

That is (f' ,g') and (r~,g~) are equivalent lift-
. f' pa1.rs o~ ( ,.. , , ) 

I 'g • 

'tie have thus established a 1-1 correspondence betv.reen 
the coincidence classes of (f,g) ahd those of (f',g') 
indicating that the number of cGincidence classes of a pair 
(f,g) is a homotopy invariant • 

However, many of the coincidence classes correspond to 
trivial lift-pair classes ( those lift-pair classes that 
have no coincidences ) and are thus void • 

It may therefore be possible to begin with a non-



- 30 -

-trivial lift-pair class and deform it by homotonies on the 
maps to a trivial lift-pair class • Svch a lift-pair class 
will be called inessential • 

5.5 D: If (f,g] is a lift-pair class of (f,g) and if for 
any homotopy couple (H,K) : (f,g) ~ (f',g') the lift-pair 
class [7',g'] associated with [f,g] by the 1-1 

transformation induced by (H,K) has pK[f' ,g'] f.¢ then 
(f,g) is said to be an essential lift-pair class 

of (f,g) • 

Since there are only finitely many non-trivial lift­
pair classes of (f,g) , there are only finitely many 
essential lift-pair classes of (f,g) • 

5.6 D: The number of essential lift-pair classes of (f,g) is 
called the Nielsen number of (f,g) and is denoted N(f,g). 

·. Obviously, 

5.7 P: N(£,g) is a homotopy invariant • 



The 6.1-Nie lsen irur!1ber. 

6. In this and the following section, ~ survey is done 

of the two best known methods of arriving at the Nielsen 

number and a justification is given in each case of the 

definition 5.6 • 

The first method involves t~e essentiality of 

coincidence classes as presented by R.Brooks and R.F.Brown 

in a p~per on "A lower bound for the4.--!'Iielsen number. 11 [2]~ 

The second method is taken from a definition of essen­

tiality of coincidence classes described by W.Franz in a 
paper on 11 l''iindes tzahlen von Koimddenzpunkten." [ 4 J. 

The equivalence of these two forms of classification 

can be established independently of the lift-pair theory; 

however, to make use of the geometry of the lift-pair theory, 

the t'.rfO definitions of essentiality are shmm to he eoui valer1t 

to that given in 5.6 directly • This gives some indication 

of the notions involved in areuments when using the approaph 

to coincidence theory throue;h the Universal Covering Spaces. 

Given a map f . X---> y and a homotopy ? . X>< I ---> . . 
we again use the notation ft ( for G.ny t E I ) to 

represent the map of X into y given by 

ft(x) = F(x,t) for all X E X . 
6. 1 D: If f, g : X --> Y are maps and I•', G are homotoylies 

F , G : X X J --> Y with f 
0 

= f , g 
0 

= g , then a 

coincidence noint x
0 

of f and g , in the sense of 

is .f_, _ _G-..:-reJ:~t'?i to a coincidence noint 
if and only if there is a pnth w in 

with the property that 

X 
x1 of 

f:r:-om 
f1 2Y'.d 

X 
0 

to 

1 • 2 

~rr 1 

x1 

[lft.w(t)l] = [lgt.w(t)l] as classes of paths in 
Y bAsed at f(x ) = g(x ) with terminal point 

. 0 0 

f1(x1) = g1(x1) • 
That is, lft.w(t)l is fixed end point homotopic to 

\gt.w(t) I . One can think of these paths as the imases of 

- 31 -
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the path (w(t),t) from (x
0

,o) to (x1 ,1) in X xI , 
under the maps F and G : X x I ---> Y • 

It is not difficult to show that if one coincidence 
point in a class [x] of coincidences of f and g is 

F,G-related to a coincidence point in a class fx'J of 
coincidences of r 1 and g1 , then every coincidence point 
in [x] is F,G-related to every coincidence point in [x']. 

In this way we identify coincidence classes of f and 

g with coincidence classes of f 1 and g 1 • 

In [ 2] , homotopies between f, g : X ---> Y are 

considered as paths in Map(X,Y), ( with the compact- open 

topology ) • Every path in Map(X,Y) can likewise be 
considered as a homotopy between the maps which are its 

initial and end points • 
6. represents a class of ordered pairs of paths in 

Nap(X, Y) that is closP.d under pairvlise partitioning anCl_ 
multiplication • 

A coincidence [x] of f 

~ -essential if and only if whenever 
(F(O),G(O)) = (f,g) , there is an 

that [x) is F,G-related to [x'] • 

and p; is said. to !1e 

( F , G) E 2.\ and 
x'E K(l(1),~(1)) 

An F,G-relation for (P,G) E f.~. defines a 1-1 

tramoformation of the 6, -essential elements of the 
coincidence classes of F(O) and G(O) onto those of 
and G(1) • 

such 

1'' ( 1 ) 

ry1he number of 6 -essential coincidence classes of f 
~nd g is called the L -Nielsen number of f and g, Bnd 
is denoted by N(f,g, ) • 

Jn case we allo\IT 6 to be the class of all pairs (F,G) 
of paths F and G in Map(X,Y) , we denote this class by 

~1 and then we have 

6.2 D: A coincidence point of f and g , and the class 
containing it, is called 6, 1-essential if and only if 
for any homotopies F and G , from f and g respectively, 
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there is a coincidence of f 1 and g 1 to which it is 
F,G-related , where F(1) = f 1 and G(1) = g 1 . 

. . . 

The nfunber. of A- 1-essentia.l coincidence classes of f 

and g · is invariant under homotopies of both f and g • 

6.3 D: The ntmbAr of 6 1-essential coincidenbe classes of f 

and g is called the /::::. 1-Nielsen number of f and g and 
is denoted by N( f ,g,~) • 

VIe now show that this number and the number defined in 
5.6 are the same • 

6.4 T: (f,g] is essential <--> [x] corresponding to 
[f,g] is 6, 1-essential. 

Proof : Suppose [x] is [ ... 1-essential • 
Th th . t h t 1 ( '"', G) ( f ) ( f' ' ) en ere exJ.s s a omo opy coup e . -" : ,g e::: . ,g· . 

such that for every path w in X from x to x'E K(f;g') 
we have 

[ \ft.w(t) l] -/: [ lgt.w(t)!] • (*) 

Let us assume that (7,~) coincide at i E p- 1 (x) 

and (F,G) defines (F,G) : (f,g) ~ (f' ,g') a lift-p~ir 
of (f' ,g') 

suppose K(f' ,g') t ¢. 
Let x'E K(f' ,g') and 
Now (x,O) and (x' ,1) 

rv, I 

px = x E X • 

in (X X I) 

(**) 

are coincidence 
points of (F,G) :X xI--> Y. 

Let w be a path in (X x I)=(X xI) from (x~O) to 
(i',1) , and consider ~(~) and ~(~) in 1. 

pw = w is a path in X xI from (x,O) to (x',1) 
in turn defines a path w

0 
, given by projection and 

onto X, in X from x to x', where 

Nov1 

initial 
F(w) 

Fw(t) = ~ft.w0 (t) I and 
Gw(t) = jgt.w

0
(t) l 

Fw and Gw can be lifted uniquely to Y with 
point F(w(O)) = ~(~(0)) , and so must coincide with 
and ~(w) respectively , since these last two are 
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obviously lifts of Fw and Gw • 

Therefore, FW and GW have terminal points 
FW(1) and ~(1) • Further 

F'W< 1) = F'CX'', 1 > = ?'<X'') = g' ex', = G'(x', 1 > = awe 1 > • 
So the lifts of Flo and Gw have terminal points 

coincident thus in the same sheet of r . 
Thus the paths FuJ and Gw are fixed· end point 

homotopic • 

That is [lft.w
0
(t)\] = [lgt.w

0
(t)!] 

(*) • 
which contradicts 

the statement 

Therefore, (**) must be false and K(r;g') = ¢. 
Hence by definition, since pK(f' ,g') = 0, 

[f,g] is inessential • 

Conversely : (where we write pKff,g], we obviously mean 

U pK(f' ,g') • 'J~here need actually he no 
(f;g') E [f,g] 

distinction since pK(f,g) = pK[f,g] . 

r ~ ~] ~ r_ P-1(x) If x E pK_f,g , there exist x ~ such that 

r'(x) = g'(x) ; f''=s'fa 
rv, rv 
g =[3ga. • 

But then clearly ax E K(f,g') so p(o.x) = x E pK(f,g').) 

For the converse of the theorem, let us assume th8t 
[f,g] is inessentialf·and that x E K(f,g) with pi= x. 

By inessentiality there exists a homoto~y couple 
(F,G) : (f,g) ~ (f',g') say, with 
(~,G) : (f,g) ~ (f',g') the unique lift-pair of 

(F,G) which \vith (f,g') determines uniquely (f','g'), a 

lift-pair of (f',g') ; and where pK(1',i') = 0 . (*) 

Suppose [x] is u1-essential 
Then we can find x'E K(f',g') and a path 

from x to x' with 

[{ft.w
0
(t)\J = [\gt.w

0
(t)!] or, 

[F(w
0
(t),t)] = [G(w

0
(t),t)] • 

i.e. (w
0

(0),0) and (w
0

(1),1) E K(F,G) F,G 

w 
0 

in X 

XXI-. >Y. 
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UJ = (w
0
(t),t) is a path in X X I so can be lifted 

"' rv "' uniquely to a path w in X X (X I) I - X with initial 
point ex, o >. 

r.et ·ex' , 1 ) be the termina.l point and "", , 
px = X • 

If "' rv 

and (} the we map w by F , we get unique lifts of 
Fw and Gw with initial point 

"'("' ) "'("') "'(~) ~(~ ) F x,O = f x = g,x = G x,O , , 
and terminal points 

"'("'• ) "'• ("'') F,x ,1 = f x 
"'G(""' 1) "''("'') X , = g X 

where pf'(x') = f'(x') = g'(x') = pg'(x') • 

But from (**) the lifted paths must end in the same 

sheet of r' being fixed end point homotopic (3.1) 

Thus FW(1) = GW(1) 

or ~(x',1) = ~(x',1) 
i.e. t'(x') = i'Cx') 
which contradicts (*) . 
Therefore, we·must have, [x] is ~ 1 -inessential 

So, the 6 1-Nielsen number H(f,g,~) is just the 

Nielsen number of (f,g) as defined in 5.6 • 

6.5 Cor : N(f,g,~) of 6.3 = H(f,r,) of 5.6 



Essentiality of coincide~~lasses 

using rr(Y,y ). 
'6 

7. Fran?. f 4] has definen er3sent].a.li ty of coincidence 

classes by means of the fundamental group of the image sp~ce. 

With each c6incidence point of f and g we associate 
a particular element in the fundamental group of the image 

space of f and g • We then define an equivalence relation 

on the fundamental group so that all points:in a coincidence 
class of f ~tnil g corresponds, nnder the above association, 

to the same equivalence clasp, of elements in the fundamental 

group. 

This same relation enables us to associate coincidence 
classes of f and g with those of f' and 

, . 
g 1n case 

(f,g) and (f' ,g') are homotopic • The method of 

deformation of (f ,g) used to arrive A.t (f' ,g') is si;~nificant 

in that the association of a coincidence class of f and g 

v.li th a coincidence class of f' and g' due to howotopies P 

and G can differ from the association under hornotopies F' 
and G'. 

We now make this precise. 

Jjet f, p· . x--> y be maps • ';> . 
JJet xo E X and Yo E v be base points of the spaces. .1. 

Pix paths u and v in y from Yo to f' ( \ - 'xo) and 
from Yo to g(xo) respectively . 

7.1 D: For any y E rr(X,x
0

) we define f(y) and g(v) as 

follows : 
let uJ E y then 

f(y) = [ufwu- 1 ] similarly, 

1
- -11 g(y) = _vgwv ~ • 

Given any x E K(f,g) , 
let w1 be a path from x

0 
to x in X • 

7.2 D: We relate an element of n(Y,y
0

) to x as follows 
( ) ~ [ -1 -1] x -> 6 x = u = ufw1 gw 1 v 

-1 where obviously gw 1 is not ambiguous since 

- 36 -
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g(w1-1) = (gw1)-1 with g(w1-1)(t) 

Consider the sketches below . . 

X 

X 

v 

= g(w1(1-t)) 

= gw1(1-t) 

= (gw1)-1(t) VtEI. 

f(4C) 
. g(x) 

The choice of w1 influences 6 = o(x) in the following 
way • 

If w2 is any other path from x
0 

to x, then 
has the form m

2 
::: ww 1 where w is a loop at x

0
, 

( -1 ) e.g. w ~ w2w1 • 

Suppose [w] = y E n(X,x
0

) then 
1 ) r _ -1 -1 l o2 = o 2 ~x = Lurw2gw 2 ·v · _ 

= [uf(ww1 )g(rew1)-1v-1 ] 

[ -1 -1 -1] = ufwfw 1gw1 gw v 

[ . _, -1 -1 -1 -1] = ufwu ufw1gw1 v vgw v 
[ -1.., r -1 -1 J E -1 -1 J = ufwu j_ufw1gw1 v vgw v 

= f(y) 6 g(y-1 ) • 

Such a relation between elements of n(Y,y
0

) will be 
formally recognised • 

there 

For o1 , o2 E n(Y,y
0

) we say that 

61 is if~~-conju~ate to o2 
exists v E n(X,x ) such that 

0 -1 
61 = f(y) 62 g(y ) • 

if and only if 

The relation described is clearly a symmetric, 
reflexive and transitive relation between elements of 

n(Y,y
0

) and we can, therefore, classify the elements of 
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n(Y,y
0

) by (f,g)-conjugacy into 
\'le write (o1 ] = [& 2] when o1 

conjuga'l!e elements of ·. n(Y,y
0

) • [o 1 ] 

conjugacy class d.etermined by 01 .• 

(f,g)-conjugacy classes. 
and &2 are (f,g)­
denotes the (f,g)-

We no"' consider the effect of deformation on f and g •. 

Suppose F and G are homotopies with: f
0 

= f and 

go = g • 
We notice that the paths u and v will be trans-

formed into paths u' and v' from y
0 

to f 1 (x
0

) and 
from y

0 
to g1 (x

0
) respectively. The way we arrive at 

u' and v' is as follows • 
, .. .. ·· 

7.4 D: 
from 

If u 

Yo to 

and v are paths in 
g(x

0
) , and if F 

Y from y
0 

to 
f ~ f' and 

c:md 

G 

then the paths u and v are 
from y

0 
to f'(x

0
) and from 

u'= u\ft(x
0

)1 
v'= v\gt(x

0
)l where 

g ~ g' are homotopies , 
"deformed" into paths u', v' 
y

0 
to g'(x

0
) by 

\ft(x
0

)1 and lgt(x
0

)1 represent the paths traced out by 
the ima.ge of (x

0
,t), under the homotopies, from f(x

0
) to 

f'(x
0

) and from g(x
0

) to g'(x
0

) • 

Due to 7.4 , we notice that the homotopies can 
influence which (f' ,g')-conjugacy class is to be associated 
with a certain coincidence class of f' and g'. 

If for two homotopies F and F' of f ~ f', F(x
0
,t) 

and F'(x
0
,t) are not fixed end point homotopic, then for 

any coincidence ·point x of f' and g' we will get a 
different 6(x) under F and G from that which we get 
under F' and G • 

7.5 Note : If F and G , F' and G' are pairs of homotopies 
between f, g and f', g', a sufficient condition for F 
and G to give the same relation bet,.,reen coincidences of 

f' and g' and the (f;g')-conjugacy classes of n(Y,y
0

) 
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as that given by F' and 
- . . . 

relative to (x
0

,o) and 

D: Jf X E K(f,g) and 
F i :f Cl -f, and 

X is · (F,G)-related 
o(x) and o(x') 

G' is that 

( xo' 1 ) • 

, . 
F ~ F and 

x'E K(f' ,g') where 
G : 

. , 
g~g then we· say 

to 
, 

if and only if X 

are (f,g)-conjugate 

G ~ G' 

. 
It is understood that "(F,G)-related" is relative to 

the homotopies employed • 

For completeness we prove the following fact. 

1.1 P: For x E K(f,g) and x'E K(f',g'), 
if x is (F,G)-related to x' and 

F : f ~ f' 

G : g Cl g' 

then x" E [ x] -> x" is (F,G)-related to 
, 

X • 

This indicates that the association of coincidence 
classes across homotopies is a good one. 

Proof : We need only show that 
x" E [x] -> x" is (F,G)-related to x since 

(F,G)-related is an equivalence relation and is therefore 
transitive. 

X 

r 

f ( x") = g( x") 

. 
By hypothesis, there exists a path r from x to x" with 

[fr] = [gr] • 
We have, 

o ( x) = [ ufwgo_,-1 v-1 ] • 
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No'"' o(x") = (ufw"gUJ'- 1v-1 J 
[ ,, -1 -1 -1 ] [ -1 -1 J [ ,,-1 -1 ] = ufw fr fw u .· ufwgw v .vgo.Jgrgw v 

. [ -1 -1 -1 . -1 -1 ·. ] ( ] . 
since. _fr f~1 u ufwg~. v 'Vgwgr. = €f(x")=g(x") 
( not1ce [fr gr] = [€f(x~)=g(x")].) .. 

Thus o(x") = f[w"r- 1w-1 ] o(x) g((w"r-1w-1 )-1 ] .. 

where w"r-1w-1 E n(X,x ) • .--
o 

Hence o(x") is (f,g)-conjugate to o(x) and so 
to o(x') • 

7.8 D: A coincidence point x of f and g is _(~.§.!>_ential.l 

if and only if for any homotopies F and G with 

f
0 

= f 
g - g there exists some coincidence point x' ·~o - -

of f 1 and g 1 such that x and x' are (F,G)-related, 

7.9 T: 

i.e. [o(x)] = [o(x')J • 

[f,g] is essential <----> [x] corresponding to [f,g] 
is (essential) (7.8) . 

Proof : Given any homotopies F and G starting at f 
and g , 

suppose there exists x'E K(f1 ,g1 ) and that 
[b(x)] = [b(x')] where F : f ~ f 1 

G : 

then we can find y E n(X,x
0

) so that 
b(x') = f(y) b(x) g(y-1) • 

Let uJ E y. 

( ') ( -11[ -1 -1]f -1 -1] Then 6 x = ufwu ~. ufrgr v .vgw v 
where r is a path from x

0 
to x • 

Let s be a nath from x to x' • • 0 
m1 '"(x') [, -1 ,-1] 11en u = u r 1sg1s v or 

= [u\ft(O) }f1sg1s- 1 lg
1
_t(o) lv-1

] 

so vle have 
[ulft(O)\f1sg1s-1 \g1_t(O)Iv-1 ] = [ufwfrgr-1gw-1v-1 ] 

which implies that 
[lft(O)}f1sg1s-1 \g1_t(O)l] = [fwfrgr-1 gtt,-

1
]. 



- 41 -

Rearranging ; 

[fr-1fw- 1 lft(O)lf1sg1s-1 \g1_t(O)jgwgr] = [e:f(x)J • 

-

.. ·. Let • a. = (r-1 ( t) ; 0) w-1 (r - 1 (1) , q) ( ~ ( 1) ~ 1) be the pa. th 

from (x~O) ~to (x',f) in. X xI· where 
.. (r-1 (t),o) is the path from (x,O) to (x

0
,0) 

(r-1 (1),q) is the path from cx;,o) to (xo,1) 
w is the loop at x

0
, already defined , and 

(s(l),1) is the path from (x
0

,1) to (x' ,1) • 

We have [F(a)] = [G(a)) . 
,...., ,...., 

Lift F and G to F and G coincidinF, at 
(x,O) E K(f,g) ; X E ·p-1(x) with -

F(x,o> = rex> = gCx> = G(x,o) • 
Then lift F(a) and G(a) to begin at ~(x,o) = ff(x,~) 

and to have terminal points common • 
Lift a to cr with initial point (x,O) and 

-1 ( , ) "'' terminal point in p x , say x • 
By uniqueness, F(cr) = (Fer), since (Fa) starts at 

F(x,O), and 
G'CO'> = cc&) . 

So, F(x,1) which is the terminal point of the lift of 
Fa is the same as the terminal point of the lift of Ga . 

Since there is a unique homotopy couple starting at 
(f,g) , we have 

F'Cx,1) = f''Cx') and 
G(x,1) = g'Cx'> . 

Thus we have proved that x'E K(f' ,g') and 
(f,g] is essential • 

Conversely : Suppose that [r,g] is essential. 
Let (F,G) be any homotopy couple, say 

(F,G) : (f,g) e1 (f' ,g') • 

Choose x E p-1 (x) such that f(x) = iCx) . 
ISft (F,G) to (F,G) v1here 

F'Cx,o> = G(x,o> = rex> = g(x) 0 

Call F(x,1) = f'(x) and 
G(x,1) = i'(x) for aJ.l x E ~ o 
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~, ~ ~,(~') ~.(~') We know that there exists x E X where f x . = g x • 
( If w is any path in X x I = (X x I) from (x,o) to 

(x', 1), Fw and GW' start at f(x) = g(x) and end ~t 

?'Cx'> = i'Cx'>. C*> 
Applying the projections we get a path w in X x I 

from (x,O) to (x',1) where x'=px'E K(f',e;').) 

rv 

In particular choose w as follows 
Join (x,o) to (x

0
,o) in x x \o! 

JOl.n (x
0

,o) to (x~,o) in the sheet of 

"' by a 1 , 

c:x· , o > in 
X x to! by 0'

2 
where 

x~ E P-1(pxo) = P-1(xo) 
Join (x' ,o) to (x' , 1) by 

N 0 ~ 0 ~ 

, x
0 

the base point of 
\(x~,t):tEil = a3 , then 

in ~ x \1 J ; join (x~,1) to (x',1) by cr4 
rv (f""'<J f"'V ,..,._, rv ) let w = cr 1 .o2.cr 3 .cr4 • 

On projecting into X X I we get 

01 (x,o)· to (x
0

,0) in X X 0 

02 loop at (x
0

,o) in X X 0 

03 (x
0

,0) to ( xo, 1 ) in xo X I 

04 ( xo, 1 ) to (x',1) in X X 1 . 
~ 

(cr1.cr2.cr3.cr4) w = pw = 

Mapping across by F and G into Y we have , since 
Fw and Gw are fixed end point homotopic by (*), that 

X. 
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[fa1fa 2{ft(x
0

)lfo4 ] = [go 1go 2 {gt(x
0

)\ga4 ] 
or, rearranging, 

[\ft(x
0
)lfa

4
ga

4
-

1 \g1_t(x
0
)1] = [fa

2
- 1fa 1- 1ga 1ga

2
] 

so that 

(u\ft(x
0

)!fcr4gcr4- 1 {g1_t(x
0

)!v-1 ]=[ufo2- 1fcr 1- 1ga1ga 2v-1 j. 
That is, 

[ ~~ -1 ,-1 1 [ _, -1Jr -1 .. -,Jc _,J u ra
4

ga
4 

v _ = ufo
2 

u ~ufo 1 ga 1v vgo
2
v 

or, 

b'(x') = f[o
2

- 1 ] b'(x) g[o
2

] 

where b'(x) is in the same (f,g)-conjugacy class as 

b(x)- the ~hoice of a 1 means we may have b'(x) and 
b(x) ( defined by some fixed path to x from x

0 
) 

differing, but only by conjugacy; and similarly for b'(x'). 
Nevertheless, [b(x')] = [b(x)] • 

So we have proved that [x] is (essential) (7.8). 

Hence 

7.10 Cor : The number of (essential) coincidence classes of 
f and g is equal to the Nielsen number of (f,g) as 

defined in 5.6 and is thus just the ~ 1 -Eielsen number 
N(f,g,~1 ) as defined in 6.3 • 
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Estimation of the number of lift-pair classes. 

8. We define a homomorphism of TT(X) into n(Y) (±) n(Y) 
to establish a classification of the group elements of 

TT(Y) (±) n(Y) into J;" &,.-conjugacy classes • It turns out 
that the number of-lift-pair classes- hence coincidence 
classes - of (f ,g) is just the number of f;, .. &,.-conjugacy 
classes, for any fixed lift-pair (f,g) • This assists in 
the estimation of the number of coincidende:classes of f 

and g • 

8.1 D: Let (f,g) be a lift-pair of (f,g) 

8.2 

then for any element a. E n(X) , the pair (fo.,ga) is a 
lift-pair of (f,g) and so there exist 

Y1 , Y2 E n(Y) such that 
( y 

1 
f, y 

2
g) = (fa, go.). 

We denote such elements y 1 = f~(a) and 

Y2 = g*(a) • 
It is clear that the pair (y1 ,y2 ) = f:lf~ ~ (o.) is 

unique • 

1: 

In this way we obtain a homomorphism 

f:#'li~: n(X) -> n(Y) G)n(Y). 

rv rv rv 

If w1 is any path in y from Yo 
and 

rv 

UJ2 is any path in y from 
rv 

Yo 

to 
to 

with w1 and (l)2 their projections in 

f'<X' > 0 

g(xo) 
y from y to 

f(x
0

) and g(xo) respectively 
' 

then the following 
diagram commutes • 

n ( x, x
0

') f jt• g:Jo:> n ( Y, f ( x
0

) )em ( Y, p; ( x
0

) ) ~~> n ( Y, y 
0 

)am ( Y, y 
0

) 

I I 

TT (X) ------------ --> n(Y) @ n(Y) 

where f*~g*(a) = (f*(a),g*(a)) a E n(X,x
0

) 

and w1*ww2*(y1,y2) = (w1*(y1)'w2*(y2)) 
for (y

1
,y

2
) E n(Y,f(x

0
)) W n(Y,g(x

0
)) or, 

if a 1 E y 1 and a
2 

E Y2 , 

llJ 1'*xw 2*(y1 ,y2) = ([w1a 1tu 1- 1 ],[w2a 2w2- 1 ]) , where [ J 
indicates path-classes in n(Y). 

- 44 -
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"' rv Proof : From the definition of the homomorphism ~ • g.,. 
and- by observing that the uniqueness of path-lifting assures 
the fact_ that __ , _ . _ _-

-- f'(o.x
0

);-=: Xf*o.)(fx
0

) ; 

g(o.xo) =- (g*a)(gxo) • 

We have already proved that if -..,,e have a homotopy 
couple <F',ff) : (7,i) ~ (l',i') where Cl,i) and cr',i') 
are lift-p~irs of (f,g) and (f',g') with 

(F,G) : (f,g) ~ (f' ,g') 
then (F,G) induces a 1-1 transformation of the lift-pairs 
of (f,g) into those of (f' ,g') ; and then for any 

o. E n(X) , (y1,v2) E n(Y) ~ n(Y) we have 
(F,G) : (y1f'a.,y 2go.) r::t (y1f'o.,y 2g'n) • 
We can now directly establish 

- 8. 3 Cor : ·rf (F,G) (f,g) "'- (f',g') . h t 1sa omo opy 
couple , then 

Proof : 

(F,G) (!",g) r::t (l' ,g') and 

~" ~ = !";. g; rr(X) -> n(Y) ~ n(Y) • 

f ~ f'-> f* 
g t:::i g'-> g* 

= f' -* 

Result is immediate from diagram • 
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' . . 
8.4 D: We will say that the pair (v1 ,v2) E n(Y) $ n(~) is 

4• ~-conjugate to (y1 ,y2) E n(Y) (.t) n(Y) if and only ;if 

there exists a E n(X) and a E n(Y) such that 

·cv; ;Y2f-= 4· g~(a) Cv1 ,v2 ) (13,13) 

where (6 1 ,6 2 ) (y1 ,y2
) (131 ,{3 2 ) means (o 1v1 13 1 ,o 2v 2 ~ 2 ) 

for (o 1,6 2) , (y1,y2) , (S 1,B2) E n(Y) C!> rr(Y) as 

expected • 

Thus, n(Y) $> n(Y) is dj_vided into ~ x ~ -con~ugacy 

classes • (It is easy to see that the relation descrihnd is 

symmetric, transitive and reflexive .) 

8.5 T: 

We immediately obtain the result : 

If (1,i) is a lift-pair of (f,g) and 

(y1,v2) , (6 1,o2) are elements from n(Y) ® n(Y) then 
(y1 ,y?) is ~., & -conjugate to (6 1 ,& 2 ) if and only if 

( -1k- ·-1"') ( -1""' -1"') y1 f,y2 g = 61 f,62 g • 

Proof: If (y1 ,y2 ) is ~xf'.-conjugate to (1) 1 ,6 2 ), 

then there exists a E n(X) and 13 E n(Y) such th~t 

(61 ,o2) = ~( g~(a) (y1 ,y2) (~,A). 
Now suppose that 4~ ~(a) = (a.1 ,a.2 ) 

then ( o 1 , b 2 ) = ( a.1 Y 113, a.2 Y 2 S) • 
Thus we have, 

o1 ~ a.1 y1 S and. o2 = a?y2 F. or 
~ -1 g-1 -1 -1 - -1 g-1 -1 -1 
u 1 = v y1 a 1 and o2 = v Y2 a.2 

so that 

Therefore, ( $.. -1~ -1"-') 
;: ,u1 I,b 2 {;s, • 

0 1 y
1

- 1 f -- 0.b·
1
.-1fo and vonverse y, suppose ~· 

s:. -1 = (3u1 0.1f 

where ~ '( ~ (a) = ( a 1 , a 2 ) • 
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and so (y1,y2) is t" ~-conjugate to (61,62) • 

Hence, after a lift-pair (:f',g) of '"(f,g) has 
chosen, we get 

"' I'V 8. 6 Cor : The 4~ ~-conjugacy classes are in 1-1 

(f,g) • correspondence with the lift-pair classes of 

been 

Let H1(X) be the first integral homology group of X. 

8.7 T: The number of lift-pair classes of (f,g) is at least 

Ord Coker(f*1-g*1 ), where Ord denotes the order of a 
group and f* 1 and g*1 are the homomorphisms between 

H1 (X) and H1 (Y) induced by f and g • 

(
IV "') Proof : - Let f~g be a lift-pair of (f,g) • 

The number of lift-pair classes of (f,g) is e~ual 
to the number of ~x~-conjugacy classes of (f,g) by 8.6. 

Let hx : n(X) --> H1 (X) be the Hure\..ricz homomorphism 
which is a natural homomorphism • (see [9] page 387.) 

(Recall ker hx is· the commutator subgroup of n( X) 

and since we have assumed X to be path-connected, it is 
0-connected and hence, hx is surjective.) 

Given f~g : X---> Y x Y defined by 
fxg(x) = (f(x),g(x)) and by the naturality of hx 

we have co~~utativity of the following diagram. 

t y 
H1 (X)-----------·-> H

1 
(Y)~H1 (Y) k ~ H1 (Y) ,..

1 (f)(g)*1 



- 48 -

Define k(y1 ,y2 ) = y1-y2 , then k is surjective, 
and denote by {f .. 1-g .. 1) the homomorphism from H1 (X) to 

H1 (Y) , given bY; k(fx g)*1 ~.- - · 

Let·~·- be-th~ quotient map 
TJ: H1(Y) __;_> . H1 (Y). = Coker(f*1-g*1 ) 

which takes - Im(f*1-g*11 

y ---> y[Coker(f*1-g*1)] the coset of yin the 
quotient group. 

Since khyxy<4~~ ~)(a)(y 1 ,y2)(f:',l3) 

= k(fMg)*1hx(a) + khyxy(Y 1 ,y2 ) + khyxyC~.~) 

= (f*1-g*1)hx(a) + khyxy(Y1,y2) , 
and because (f*1-g*1 )hx(n) E Im(f*1-g*1) , 
~~~-conjugate elements of n(Y) ffi n(Y) go to the same 

,.._. fV 

coset under TlkhYxY ; that is, 4x &, .. -conjugate elements 

coincide under TJkhYxY in Coker(f*1-g*1 ) • 
rv ,.._. 

Therefore, the number of 4 x ~-conjugacy classes, and 
hence the number of lift-pair classes, of (f,g) must be at 
least Ord Coker(f*1-g*1 ) • 

8.8 P: If 
classes, 
exactly 

Proof : 

n(Y) is abelian, tben the number of f*,. !!~-conjugacy 
hence the number of lift-pair classes, of (f,g) is 

Ord Coker(f*1-g*1 ) • 

Consider the di~gram 

Since n(Y) is abelian, hYxY and hy are isomorphisms. 
lJet , ' be the homomorphism such that k'(y1,y2) y1y2 

-1 
K ::: , 

then (*) and (**) commute . 
Let cp be k' (~-·- ~-), and ,.,, be the quotient 



homomorphism of n(Y) 
~'k' maps distinct 

··. cosets and. that ~'k' 

n(Y) (£) n(Y) . to ·the 
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onto n(Y)mod ImqJ ; we show that then 
f'V "' 
~~ t?W:-conjugacy classes to distinct 
maps ~"'&,-_conjugate elements of 
same coset of n(Y)mod Imcp.: 

Firstly, assume n'k' does not distinguish between 
(y1 ,v2 ) and (o.1 ,o2) and that (y1 ,y2 ) is not ~x & ..... 

conjugate to (o 1,o2) • 
Then there exists a E n(X) such that 

. k'(o1' 02)- k'(y1,y2) = a1- a2 (I) 
where (~l( &t) (a) = ( a1 ,a2) • 

Since ( o1 ,o 2) is not ~"'~-conjugate to (y1 ,y2) , 
for all ~ E n(Y) , . 

( 0 1 ' 0 2 ) :F ( ~ ~ ~ ) (a.) + ( y 1 ' y 2 ) + ( ~ ' ~ ) • 
(Since n(Y) is abelian we use additive notation.) 

i.e. (o1,o2) = (a1+Y1+~,a2+Y2+S) + (e1,e2) e1 ~ e2 
But then (I) gives 

k'((a1+Y1+~,a2+Y2+B) + (e1,e2))- k'(y1,y2) = a1-a2 

or a.1+Y1+~+e1-a.2-Y2-~-e2-Y1+Y2 = a1 - a2 
which is impossible since e1 :F e2 • 

So, n'k' sends distinct f~~~-conjugate elements to 
distinct cosets in n(Y)mod ImqJ • 

Secondly,_ if 
(o1,o2) =(~~~)(a) (v1,v2) (S,S) 

then k'(o1 ,o 2)- k'(y1 ~v2 ) = (a1 +v 1 +~)- (a2+v2+~)- (v1 ,v2) 
= a 1 - a 2 E Im~ • 

So ~x~-conjugate elements go to the same coset of 
n(Y)mod ImqJ . 

Since n'k' is onto n(Y)mod ImqJ ,the number of ~ x~­

conjugacy classes must be Ord Coker cp • 

Vie have hy(Im k' (J;;x f'..)) = Im k(fxg)*1 since hx is a 
monomorphism • 

Trivially, ker hy ~ Im k'(~K~) , so by the first 
isomorphism theorem of groups , h' is an isomorphism. 

Thus, the number of 
the number of lift-pair 

Ord Coker(f*1-g*1) • 

"' rv 
f~~~-conjugacy classes, and hence 

classes, of (f,g) is equal to 
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