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Single-Fluid Approach to Modeling Dark Matter and Dark Energy

by Vineshree PILLAY

Cosmological observations over the past decades have provided overwhelming evidence for the ex-

istence of dark energy, a mysterious and dominant component responsible for the accelerated expan-

sion of the universe. The nature of dark energy remains one of the most intriguing puzzles in modern

cosmology. This dissertation presents a comprehensive investigation into the class of Unified Dark

Energy Models (UDE), which offer a novel approach to understanding the nature of dark energy by

unifying it with other cosmic components, in our case dark matter. The first part of this work reviews

the theoretical background and observational evidence for dark energy, highlighting the challenges

posed by the cosmological constant and other early models. Next, we present an in-depth analysis of

various Unified Dark Energy Models proposed in the literature. The Generalized Chaplygin gas and

the Logotropic model. Furthermore, we explore the impact of Unified Dark Energy Models on the

large-scale structure of the universe and its evolution at the perturbed level. Following this review

we look at a newly proposed equation of state "The Murnaghan equation of state" which accounts

for both pressure and matter in the early universe, and exhibits Chaplygin-like behaviour in the later

universe. The findings of this study contribute significantly to our understanding of dark energy and

its interactions with other cosmic components.
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Chapter 1

Introduction

Over the past few decades, cosmologists and astrophysicists have made great strides in understand-

ing the fundamental properties that make up our universe. Despite these advancements, two of the

most perplexing puzzles in modern cosmology remain: the mystery of dark matter and dark energy.

While dark matter is thought to be responsible for the observed gravitational effects on small and

large-scale structures, the acceleration of the expansion of the universe is attributed to an unknown

force dubbed "dark energy". The introductory chapter that follows discusses the history and motiva-

tions behind postulating the existence of dark matter and dark energy, and explores the observational

effects produced by these phenomena.

1.1 Background

Gravitational effects are essential in understanding the relationship between structure formation and

the space in which it occurs; General Relativity (GR) provides the framework to describe this inter-

play. Dark matter, an invisible form of matter, is found surrounding both small-scale and large-scale

cosmic structures. It forms extended regions known as dark matter halos around galaxies and is also

present within cosmic voids. This unexpected gravitational phenomenon has profound implications

for our understanding of the universe’s structure and evolution. Below, we will explore the obser-

vational evidence implying flat rotation curves of galaxies and gravitational lensing on cosmological

scales, providing the motivation for dark matter.

In 1933, Fritz Zwicky observed the Coma cluster, specifically the redshift of galaxies and proposed

that dark matter might dominate the sum of the mass found in the universe [6]. He deduced that the

average velocity was one order of magnitude larger than expected, which would make the system

unstable. This observation was confirmed by [7] in their study of spiral galaxies. In a seminal paper,

scholars [8, 7] examined the radius where the rotation curve was anticipated to reach its maximum,

based on an exponential disk with a scaled fit to the observed 21cm line. They discovered that M33
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peaked at a larger radius than anticipated. These findings prompted the conjecture that there must

exist some form of non-visible matter that cannot be directly detected, as depicted in Figure 1.1.

One fundamental observation that modern astronomers make is that stars in spiral galaxies fol-

low nearly circular orbits around the galaxy’s core, where most of the mass is concentrated. Accord-

ing to Newton’s Inverse Square Law [9], the orbital speed of objects decreases as their distance from

the center of mass they orbit increases. However, further observations show that the rotation curve

of galaxies flattens out as we move away from the center, which contradicts the prediction made by

Keplerian motion. This phenomenon, known as flat rotation curves is illustrated in Figure 1.1 and

shows the increase/constant in the orbital speed. The increase in orbital speed implies that there is

FIGURE 1.1: The rotation curves observed for M33, NGC 2403, IC 342, M101, and
NGC 6946 exhibit flat profiles as revealed by 21cm HI observations. Refs. [7] provide
the hydrogen surface density profile (on the left) and the rotation curves (on the right)

for these five galaxies.

mass feeding this velocity which is roughly proportional to:

M ∼ σr2

G
, (1.1)

where M describes the mass, σ the orbital speed, r the radius from the center of the galaxy and G

the gravitational constant. This indicates that the mass is inversely proportional to the gravitational

constant and proportional to the orbital speed and radius squared from the center of the galaxy,

implying that as we move further from the center, the surrounding mass increases. However, the

amount of visible matter present is significantly less than the mass detected through gravitational ef-

fects which leads to the postulate of dark matter. Figure 1.2 shows potential dark matter candidates
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that may explain the observed flattening of the rotation curve. Research on dark matter is expanding,

with astrophysicists and particle physicists working together to uncover the specific species of dark

matter that is still unknown in relation to the standard model [10]. Since the 1970s, particle physicists

have been actively researching dark matter and developing various methods for its detection, both

indirectly and directly. The primary research focuses on neutrinos or particles of similar type [11]. To

uncover the truth about dark matter, CERN (European Council for Nuclear Research) has conducted

experiments using the LHC (Large Hadron Collider) [12]. The ability to directly measure various

types of particles in a controlled experimental environment has been crucial, particularly because

astrophysics relies heavily on observation. While CERN primarily focuses on subatomic particles, it

does not directly address gravity, which is one of the four fundamental forces1. To address this gap,

new experiments are being developed to explore gravitation to complete the Standard Model [14].

Dark matter can be categorized as hot or cold, depending on temperature and velocity [15]. Hot

dark matter particles were fast-moving in the early universe and continue to be so, while cold dark

matter particles were slow-moving in the early universe and maintain a slower pace. In cosmology,

cold dark matter is favoured over hot dark matter for several reasons [16]. One reason is its consist-

ency with observations of the hierarchical formation of large-scale structures from small structures.

Cold dark matter provides a more plausible explanation for this phenomenon compared to hot dark

matter. Additionally, hot dark matter would hinder the growth of small-scale structures like galax-

ies and galaxy clusters, whereas cold dark matter facilitates their formation [17]. Hot dark matter

particles move too fast to be captured by the gravitational pull of small structures, while cold dark

matter particles can be trapped, thus promoting structure formation. Hence, in cosmology, cold dark

matter is the preferred explanation due to its ability to account for observations of both large-scale

and small-scale structure formation.

Another suggested explanation for indirect mass measurements is the Modified Newtonian Dy-

namics (MOND) theory [18], which alters Newton’s laws at various galactic scales to account for

discrepancies in energy and mass. At the transitional radius (r) where Keplerian motion is no longer

obeyed, and the acceleration drops, the critical acceleration a0 is defined as shown in Ref. [19]. The

point r is therefore defined where,

a =

 aN, a ≫ a0,
√

aN a0, a ≪ a0, where aN = GM
r2 .

(1.2)

For large radii where F/g = aN ≫ a0, Newtonian dynamics holds. However, when a0 → ∞ and

1The four fundamental forces include the Strong, Weak, Electromagnetic, and Gravitational forces, with Gravitation incor-
porating the concept of Gravitons, which are still hypothetical particles [13]
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G → 0, the modification applies at small accelerations a ≪ a0. The original formulation of MOND

lacks the conservation of momentum, angular momentum, and energy, making its integration into

General Relativity (GR) challenging. GR is founded on these fundamental conservation laws, which

MOND fails to preserve. Moreover, MOND introduces an acceleration-dependent modification to

gravity, contradicting the equivalence principle. Consequently, its compatibility with established

science remains uncertain, highlighting the need for a more observationally consistent theory. There-

fore, the status of the theory remains a topic of debate [20].

The next unknown in our story is the accelerated expansion of the universe which is attributed to

an enigmatic force known as dark energy [21, 22]. This force is referred to as "dark" because it is

invisible to telescopes and other astronomical instruments, as it does not interact with light or any

other form of electromagnetic radiation. Physicists Saul Perlmutter, Brian Schmidt, and Adam Riess

made independent observations of high redshift supernovae, which revealed that these supernovae

were receding at a faster rate than expected. This discovery provided evidence for the acceleration

of the universe’s expansion, challenging the prevailing Einstein de-Sitter model. To account for the

late-time expansion, the simplest approach was to introduce the cosmological constant, Λ, which

can be incorporated into Einstein’s field equations of general relativity to accommodate the effects of

dark energy [23]. The cosmological constant represents the energy density of the vacuum of space,

exerting a repulsive gravitational force on all matter in the universe and driving it apart at an ac-

celerating rate. This effect becomes increasingly apparent over time, contributing to the observed

accelerated expansion of the universe [21, 22]. These suggestions form part of the currently accepted

paradigm aiming to describing the cosmos.

To simplify our understanding of these phenomena, scientists [24, 25, 26] have proposed a model

that treats dark matter and dark energy as a single "Dark Fluid" (DF) that drives the expansion of the

universe and surrounds galaxies.

This dissertation is organized as follows: Chapter 1 provides a review of preliminary concepts

that motivate the use of Unified Dark Energy (UDE) models. In Chapter 2, two specific UDE models,

namely the Chaplygin gas (CG) model and the Logotropic model, are discussed with the inclusion

of how the models behave at the background level. Chapter 3 focuses on reviewing the perturba-

tions of each model, including the justification for specific model parameters and the significance of

observational data sets used throughout. Additionally, Chapter 4 introduces a new model called the

Murnaghan equation of state, which shares similarities with the generalized Chaplygin gas model.

Methods for the statistical analysis of the model introduced in Chapter 4 is presented in Chapter 5,

along with common numerical methods used in testing cosmological models. Finally, in Chapter 6,

applications and conclusions derived from our analysis are presented, along with commentary on
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FIGURE 1.2: Figure depicting the diagrammatic representation of the currently pro-
posed candidates for dark matter [10]. Although each of these branches can be ex-

plored, this paper will specifically focus on Modified Gravity.

future work following this master’s dissertation.

1.2 General relativity

To precisely capture the intricate dynamics of the universe at cosmological scales, a formulation of

physics that is independent of coordinate systems is essential. However, Newtonian gravity, which

assumes gravity is an instantaneous force acting at a distance, cannot be used to model the evolution

of the universe because it does not consider the effects of mass on spacetime geometry. To do this we

introduce Einstein’s field equations. The connection between matter and the curvature of spacetime

can be described using Einstein’s field equations [23], given by the expression,

Gµν = Rµν −
1
2

Rgµν. (1.3)

In this context, Gµν is known as the Einstein tensor, which characterizes the curvature of spacetime,

while Rµν represents the Ricci tensor2, also referred to as the stress-energy tensor and R the scalar

curvature (Ricci scalar). The gµν term denotes a general metric tensor which satisfies the relation3

2We use tensors because they represent a fixed relationship between two vectors and are independent of the coordinate
system.

3where we define δ
µ
ν = 1 for µ = ν and δ

µ
ν = 0 for µ ̸= ν, this will be useful later on when we assess perturbations
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gµαgαν = δ
µ
ν . The original formulation of Einstein’s field equation includes the Λgµν term denoting

the cosmological constant aimed at describing the late time accelerated expansion of the universe

(dark energy term),

Rµν −
1
2

Rgµν + Λgµν = 8πGTµν. (1.4)

Since we aim to develop a model that does not need separate dark matter and dark energy terms, our

system of equations omits the cosmological constant Λ term. The left-hand side of Equation (1.3) per-

tains to the geometry of spacetime, while the right-hand side describes the energy and momentum

of matter components. These matter components can be adjusted based on the specific cosmological

model under consideration.

The Ricci tensor describes the local distribution of energy, momentum, and stress within the given

spacetime [27]. We can delve deeper into this concept by expanding the term, which is expressed in

terms of the Christoffel symbol,

Γµ
αβ =

1
2

gµν

[
∂gαν

∂xβ
+

∂gβν

∂xα
− ∂gαβ

∂xν

]
. (1.5)

The Christoffel symbol, also known as the connection coefficients or affine connection, facilitates the

transformation from one coordinate system to another. Thus the Ricci tensor can be written as,

Rµν = ∂αΓα
µν − ∂µΓα

αν + Γα
αβΓβ

µν − Γβ
µαΓα

βν. (1.6)

The Ricci scalar can be obtained by contracting the indices of the Ricci tensor: R = Rµνgµν. Sub-

sequently, the Ricci scalar offers a simple representation of the curvature of spacetime. The Riemann

tensor describes the curvature and geometry of spacetime through the second derivative of the Chris-

toffel symbols. The Christoffel symbol is employed to define the concept of parallel transport and is

indispensable in general relativity for comprehending the behaviour of matter and energy in curved

spacetime. This ties in with the Riemann tensor which is derived from the Christoffel symbols, and

describes the curvature of a surface. This form of Einstein’s field equation is valid for c = 1 which

allows us to simplify the dimensions present and thus calculations.

The Einstein-Hilbert action, a mathematical expression within Einstein’s theory of general relativ-

ity, embodies the principle of least action. This principle posits that the path traversed by a system

between two points minimizes the action [28]. The action, which is a functional of the spacetime

metric, describes how matter and energy determine the curvature of spacetime. The action includes

a term proportional to the Ricci scalar and another term proportional to the square of the Ricci tensor,

with a proportionality constant known as the gravitational constant [29]. We can derive Einstein’s
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equations from the action integral known as the Einstein-Hilbert action and defined as,

S =
∫

d4x
√
−g (LG + LM) , (1.7)

where g = det
(

gµν

)
, LG =

1
16πG

R describes the Einstein-Hilbert action and LM the matter action.

The second Lagrangian is related to the energy-momentum tensor via,

Tµν = −2
δLM
δgµν + gµνLM. (1.8)

By specifying the form of the energy-momentum tensor in a Unified Dark Energy (UDE) model, we

can derive the equations of motion for the dark energy field and discern its evolution over time. This

facilitates predictions about the universe’s behaviour at various epochs and enables comparison of

these predictions with observational data. Moreover, the energy-momentum tensor offers a means

to assess the validity of different UDE models and to constrain their parameters using observational

data.

1.3 The Friedmann model

1.3.1 The Cosmological Principle and observed isotropy

The cosmological principle states that the universe is the same for all observers on large scales. This

principle is based on the idea that the universe is statistically isotropic and homogeneous [29]. Iso-

tropy means that the universe has no preferred direction, while homogeneity implies that the uni-

verse has no preferred location. These concepts are related, but not equivalent. By definition, the

assumption of isotropy and homogeneity in general relativity (GR) ensures symmetry, enabling us

to solve equations [27] with less mathematical work. This presumption finds support in observations

of the Cosmic Microwave Background (CMB) and the uniform distribution of galaxies across the ce-

lestial sphere, with any deviations from isotropy typically measuring around 10−5, as indicated by

Ref. [3]. By assuming that we are typical cosmological observers, we can make a priori predictions

about the large-scale structure of the universe.

1.3.2 FLRW metric

Conformal time is a time measurement that considers the expansion of the universe. It is determined

by dividing the time taken by a photon to travel between two points in an expanding universe by a
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specific function of the scale factor denoted a, in terms of redshift is given by,

a =
1

1 + z
. (1.9)

Understanding this concept is crucial since our derivations will build upon it and facilitate the treat-

ment of perturbation theory. The conversion from cosmic time (t) to conformal time (η) is given by

the derivative,

dt = adη, (1.10)

where the background metric can be written in terms of Equation (1.10) as,

ds2 = g(0)µν dxµ dxν (1.11)

where we denote the background with the superscript “0”. In these derivations we will be using

the Einstein summation convention. We will apply the same assumptions as above, that is, we

are dealing with a homogeneous and isotropic universe [30]. The motivation for using the Fried-

mann–Lemaître–Robertson–Walker (FLRW) metric is that it provides zeroth order solutions and

serves as a starting point for more complex models that can explain the universe’s smaller-scale

structures and phenomena. The general form of the metric is,

ds2 = dt2 − a2(t)
{

dχ2 + Σ2(χ)( dθ2 + sin2 θ dφ2)
}

, (1.12)

where χ describes the comoving distance between two points, t the cosmic time and Σ2(χ),

Σ2(χ) =


sin2 χ, k > 0

χ2, k = 0

sinh2 χ k < 0,

and describes the solutions to the spatial line element in comoving coordinates, provided homogen-

eity and isotropy are maintained, since this ensures spatial isotropy and thus spatial symmetry. The

FLRW metric can also be expressed in terms of k, which denotes the spatial curvature4 by,

ds2 = dt2 − a2(t)

{
dr2

1 − kr2 + r2( dθ2 + sin2 θ dφ2)

}
, (1.13)

4See Appendix §A.1 for derivation.
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where k = −1, 0, 1, and refers to whether the universe is open, flat, or closed, respectively [29]. Our

investigation will primarily focus on the flat case where k = 0 due to compelling observational mo-

tivations. The CMB radiation reveals temperature fluctuations that align with predictions based on

a flat geometry and tend to be of the order ∆T/T ∼ 10−5. Additionally, Baryon Acoustic Oscilla-

tions (BAO) present imprints from sound waves in the early universe, observed through surveys

like the Sloan Digital Sky Survey (SDSS), displaying characteristic patterns consistent with a flat geo-

metry. Furthermore, the proposal of dark energy, driven by observations of an accelerated expansion,

provides an additional rationale for utilizing a flat geometry. Substituting (1.10) into (1.13), we can

express the FLRW metric as,

ds2 = a2(η)

{
dη2 −

[
dχ2 + Σ2(χ)

(
dθ2 + sin2 θ dφ2

) ]}
. (1.14)

The advantage of this is that one can compute the logarithm of the scale factor, thus directly linking

it with cosmic time [31]. The derivative of the scale factor can be written in terms of the e-foldings

N = ln a as,

ȧ =
da
dt

=
da

a dη
=

d ln a
dη

.

This will prove useful later on when we characterise inflation by the factor eN . This transformation

aids in comparing and quantifying the rate of expansion at a given period of inflation. Referring

back to our derivation, the FLRW metric tells us several crucial things about the universe we live in.

Firstly, it offers insight into the rate at which the universe is expanding. Secondly, it characterizes

the universe’s geometry, determining whether it is open, closed, or flat, and elucidating how this

configuration influences the behaviour of light and other particles. Thirdly, it enables us to estimate

the density of matter and energy, which are essential aspects of the universe’s structure, and the scale

at which they occur. The FLRW metric in Cartesian coordinates takes the form,

ds2 = dt2 − a2(t)δij dxi dxj, (1.15)

with non-vanishing Christoffel symbols,

Γ0
ij = δij ȧa,

Γi
0j = Γi

j0 = δij
ȧ
a
= δijH,

(1.16)

where components of the Ricci tensor is shown to be,

R00 = −3
ä
a

,

Rij = δij

(
2ȧ2 + aä

)
.

(1.17)
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From this we can write the Ricci scalar as,

R = −R00 +
1
a2 Rii = 6

[
ä
a
+

(
ȧ
a

)2
]

. (1.18)

Inserting (1.18) into Einstein’s field equation (1.3) results in the Einstein tensor shown below. We can

compute all the components beginning with the G0i component which will be zero, while the (00)

and (ij) components become,

G00 = 3
(

ȧ
a

)2
, (1.19a)

Gij = (−2äa − ȧ2)δij. (1.19b)

Thus, for a universe consisting of n fluid components, with a perfect fluid description given by,

T(n)
µν =

(
ρn + pn

)
uµuν + pngµν, (1.20)

where ρn describes the sum of energy densities5, pn describes the pressure for n fluids and uµ the

four-velocity vector. We can then substitute (00) and (ii) components, arriving at,

(
ȧ
a

)2
=

8πG
3

ρ, (1.21)(
ȧ
a

)2
+ 2

ä
a
= −8πGp, (1.22)

where Equation (1.21) is the Friedmann equation. We can use (1.21) and (1.22) to obtain the Raychaudhuri

equation given by,
ä
a
= −4πG

3
(ρ + 3p). (1.23)

To facilitate accelerated expansion, the condition p < −ρ/3 must be met. Building upon our previous

discussions and observations, we acknowledge the dominant influence of a negative constant energy

in the universe. To provide the simplest explanation, we reintroduce the variable Λ. By incorporating

this energy density into the Friedmann equation, we obtain,

H2 =
8πG

3

(
ρm + ρr + ρΛ − k

a2

)
, (1.24)

where H is the Hubble parameter, G is the usual gravitational constant as defined previously, ρm is

the matter energy density, ρr is the radiation energy density and ρΛ is the vacuum energy density. If

5Non-relativistic matter, relativistic particles (radiation) and dark energy
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we omit matter, radiation, curvature components and letting H2 = (ȧ/a)2 we arrive at,

(
ȧ
a

)
=

Λ
3

, (1.25)

with solution,

a(t) ∼ e
√

Λ/3t. (1.26)

This indicates that the vacuum energy by itself would result in an exponential expansion of the uni-

verse. The Raychaudhuri equation (1.23) is essential in predicting space-time singularities for given

models. When applied to a group of geodesics that either converge or diverge, the Raychaudhuri

equation predicts that the expansion of the group will eventually become infinite or negative at some

point in the future. As a result, the group will either develop a singularity or approach a singularity

in a finite amount of time making it crucial in determining the dynamics of the dark energy compon-

ent of the universe.

1.3.3 Energy-momentum tensor with perfect fluid description

The approach of considering a single perfect fluid enables us to formulate theories based on a straight-

forward assumption. This provides a solid foundation for developing cosmological models and

serves as a useful testing ground for their refinement. The energy-momentum tensor characterizes

the distribution of matter and radiation throughout the universe. In Unified Dark Energy (UDE)

models, it is crucial for the total energy of the dark fluid to remain positive, in accordance with the

principle that energy cannot be created out of nothing. Departures from these conditions within the

energy-momentum tensor of the dark fluid may result in instabilities or other physical inconsisten-

cies in the universe. We describe the fluid using the 4-momentum pµ = muµ [29], which provides a

comprehensive description of the energy-momentum of a fluid.

The energy-momentum tensor has the following form,

Tµν =



ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p


. (1.27)

We can generalize this expression for the case of matter in motion [28]. The dependence on energy

density and pressure goes as,

Tµν = (ρ + p)uµuν − pηµν, (1.28)
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where uµ is the 4-velocity vector of the form,

uµ = dxµ/ dτ = (1, 0, 0, 0). (1.29)

To extend expression (1.27) for curved space, we replace the Minkowski space metric ηµν with an ar-

bitrary metric gµν such that gµν = ηµν = (−1, 1, 1, 1). In each region of spacetime, a locally Lorentzian

reference frame exists where the metric tensor aligns locally with the Minkowski tensor [30]. Within

this frame, the energy-momentum tensor for matter assumes the structure expressed in Equation

(1.28). Upon transitioning to an arbitrary reference frame, we obtain,

Tµν = (ρ + p)uµuν − pgµν, (1.30)

where ρ denotes the energy density and p represents the pressure. It is important to emphasize that

Equation (1.30) is typically applicable under conditions of weak gravity. In scenarios where gravita-

tional effects are strong, the expression for the energy-momentum tensor may include supplementary

terms contingent upon the curvature tensor. We can rewrite the energy-momentum tensor in (1.30)

in the following way,

Tν
µ = gναTαµ = (ρ + p)uνuµ − pgν

µ = (ρ + p)uνuµ − pδν
µ , (1.31)

for simplicity. Equation (1.27) and the trace of Tµ
ν is given by,

T ≡ T̄µ
µ = ρ − 3p. (1.32)

The constant value of the trace reflects the cosmological principle, signifying uniform characteristics

across the universe at large scales. Any deviation from this value would disrupt the homogeneity

and isotropy of the universe, thereby contravening the cosmological principle. The conservation of

the energy-momentum tensor stems from the Bianchi identities [27] via,

Tµν
;ν = Tµν

,ν + Γµ
αβTαβ + Γβ

αβTµα, (1.33)

where the semi-colon denotes the covariant derivative. The spatial terms do not contribute any

useful information, however the T0ν
;ν term yields the continuity equation,

ρ̇ + 3H(ρ + p) = 0, (1.34)

which will be explored numerically in assessing particular UDE models in Chapter 2.
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1.3.4 Equation of state solutions

In general we can express the equation of state (EoS) for the background in terms of density alone.

Here, ρ denotes the density and not rest-mass density like the thermodynamic case which will be

explored later on. To simplify our calculations we assume our fluid is barotropic, meaning it is only

a function of pressure p(ρ). The background parameter w takes the form of a simple linear function

given by,

p = wρ. (1.35)

By assessing different values of w, we can infer the dominating processes during a particular epoch

of cosmological history, and can be summarized,

w =


0 Pressure-less dust, i.e. baryonic matter and dark matter.

1
3 Radiative particles such as photons or ultra-high relativistic particles.

−1 Cosmological constant: represents the negative pressure due to expansion.

Returning to the continuity equation (1.34), we can express this in terms of the background w as

follows,

ρ̇ + 3Hρ(1 + w) = 0. (1.36)

The equation above can be integrated to yield a solution for a perfect fluid with a constant EoS

parameter w,

ρ = ρ0a−3(1+w), (1.37)

where ρ0 = exp(c) a positive integration constant. We can express the density ρ for the three cases of

w mentioned above, along with their corresponding solutions given by,

w =


0 solution−−−−→ ρd = ρ0a−3

1
3

solution−−−−→ ρr = ρ0a−4

−1 solution−−−−→ ρΛ = C

(1.38)

where ρd describes the pressureless dust era, ρr the radiation era and ρΛ the solution where C denotes

the constant domination of dark energy and dark matter. These solutions aid us in assessing the

behaviour of cosmological models with respect to some reference density (ρ0), typically the critical

density (ρc) and the scale factor.
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1.4 The ΛCDM model

The absence of direct evidence for dark matter or dark energy has motivated us to explore alternat-

ive models for structure formation, alongside the well-known ΛCDM model, which assumes a flat

geometry (k = 0). This opens up the possibility of investigating models that incorporate different

geometrical elements. The current pressure in the ΛCDM regime can be expressed as,

p = 0, for pressureless matter. (1.39)

We know from above that for background EoS w = −1 the result is a positive constant (1.38), thus

we require for late time expansion that Λ > 0. The Friedmann equations with the inclusion of the

cosmological constant and curvature is given by,

(
ȧ
a

)2
=

8πG
3

ρ − k
a2 +

Λ
3

, (1.40a)

ä
a
= −4πG

3
(
ρ + 3p

)
+

Λ
3

. (1.40b)

In line with our previous analysis, we will focus on the scenario of a flat universe (k = 0). This choice

is supported by observations of the CMB [3] and BAO data, which have provided evidence for a

constrained curvature term [32, 33, 34] given by,

Ωk,0 = 0.0007 ± 0.0019, (1.41)

suggesting that our universe is approximately flat. With such a tightly constrained bound, there

is sufficient evidence to adopt a flat geometry and work with a flat FLRW metric, which greatly

simplifies our analytical derivations.

Observational data allows us to test theoretical predictions of the ΛCDM model. The Planck

mission of 2018 [5] provides values for cosmological parameters that are particularly useful for these

comparisons. We express these parameters in terms of the dimensionless density parameter with a

flat geometry k = 0 and defined as,

Ωi =
ρi
ρc

, (1.42)

where the critical density ρc is,

ρc =
3H2

8πG
, (1.43)

and defined as the total energy content of the universe today. Rewriting the Friedman Equations

(1.40) in terms of the dimensionless density parameter, with the inclusion of radiation, matter and
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cosmological constant, we arrive at,

H2 = H2
0

[
Ωr,0

(
a0

a

)4
+ Ωm,0

(
a0

a

)3
+ ΩΛ

]
. (1.44)

where the scale factor a0 = 1 and refers to the redshift z = 0, corresponding to our current day. Three

key insights emerge from this analysis. First, the radiation term dominates when a is small, so at early

stages of the universe’s history. Second, the matter term becomes significant at a ≈ a0Ωr,0/Ωm,0, res-

ulting in matter being the dominant form of energy in the universe. Third, the dark energy term ΩΛ

takes over at a ≈ a0(Ωm,0/ΩΛ)
1/3 and beyond, as the universe expands as the scale factor increases,

making dark energy the dominant form of energy in the universe. Figure 1.3 illustrates these trends,

while Table 1.1 presents observational values for dimensionless density parameters for matter, radi-

ation, and Λ, obtained from the Planck spacecraft mission [5].

Ω(0)
b Ω(0)

m Ω(0)
r Ω(0)

Λ H0[CMB]

0.0487 0.315 9.3 × 10−5 0.6847 67.4 ± 0.5 km s−1 Mpc−1

TABLE 1.1: Cosmological parameters from the Planck spacecraft mission [3], where
the present content is denoted with superscript (0). These numerical values were used

throughout the analysis.

The universe has undergone two phases of accelerated expansion: the inflation period and the ex-

pansion driven by dark energy. These periods can be analyzed by examining the time dependence

of energy density parameters, as shown in Figure 1.3.

Since observations align with our currently chosen geometry, namely that our current universe is

nearly flat, we can set the sum of all present (using subscript "0") content equal to unity,

Ωtot = 1 = Ωr,0 + Ωm,0 + ΩΛ,0. (1.45)

We can relate the scale factor with time by solving for the different epochs of energy domination. For

a flat universe with only matter the Friedmann equation reduces to,

[
˙a(t)

a(t)

]2

=
H2

0 Ωm,0

a3(t)
, (1.46)

resulting in the solution given in Equation (1.47b). We can do the same for the radiation and cosmo-

logical constant cases and arrive at solutions givien in Equations (1.47a) and (1.47c) as shown below,
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FIGURE 1.3: The energy density parameters for radiation (blue solid line), matter (red
dashed line) and cosmological constant (orange solid line). The values used are from
the recent Planck mission [3]. The black dashed line represents the matter-radiation
equality (1.48a) and the solid black line the matter-dark energy equality (1.48b), the

transition period between eras.

Radiation-domination a(t) ∝ t1/2, (1.47a)

Matter-domination a(t) ∝ t2/3, (1.47b)

De Sitter Universe a(t) ∝ exp
[

H0
√

ΩΛt
]

. (1.47c)

Between these phases we can also define transitional states by relating cosmic time and redshift via,

Matter-radiation equality zeq,r ∼
Ωm

Ωr
, (1.48a)

Matter-dark energy equality zeq,m ∼
(

ΩΛ

Ωm

)1/3
− 1. (1.48b)

We can express these relations in terms of the scale factor via Equation (1.9), which is depicted in Fig-

ure 1.3 with the black vertical lines. The concludes our description on the equation of state solutions

and how we can use them in assessing the behaviour of different cosmological models against the

standard paradigm. In Chapter 2, we will show how we can combine dark energy and dark matter to

create a single dark fluid. Before exploring single-fluid cosmologies, it is important to acknowledge

certain limitations in the ΛCDM model. Observational data suggests that the universe has experi-

enced two periods of cosmic acceleration, posing new challenges for the ΛCDM model, including
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the issue of inflation.

1.4.1 The standard cosmological model

While the ΛCDM model successfully addresses many cosmological observations, it grapples with

several unresolved issues. Dark matter and dark energy, introduced to explain phenomena such as

galaxy rotation curves and cosmic acceleration, present challenges due to their elusive nature. An-

omalies in the cosmic microwave background, uncertainties in structure formation on smaller scales,

and lingering questions about cosmic inflation further challenges the model. Despite its successes,

the ΛCDM model encounters several persistent challenges, including the Cosmic Coincidence Prob-

lem, the σ8 tension, the Hubble constant tension, the Horizon Problem, and the Magnetic Monopole

Problem.

Cosmic coincidence problem Observations indicate that the combined density contribution of

matter in the universe is nearly equivalent to the critical density required for a flat universe [35].

Consequently, we would expect to observe a curvature contribution comparable in magnitude to the

contribution from matter over the course of cosmic history. However, this is not the case, the energy

densities of dark matter and dark energy are of the same order of magnitude at the present epoch.

The σ8 tension The parameter σ8 measures the amplitude of matter density fluctuations across

scales of about 8 megaparsecs [36]. It holds significant importance in characterizing the universe’s

structure growth and plays a pivotal role in assessing the parameter S8 [37],

S8 = σ8

√
Ωm

0.3
. (1.49)

The parameter S8 gauges the extent of matter density fluctuations and hinges on both the quantity

of matter in the universe (Ωm) and the degree of clustering (σ8). It dictates the clustering pattern

of matter and the genesis of cosmic structures. Variations between the observed and predicted σ8

values within the ΛCDM framework, as highlighted by Ref. [38], imply potential shortcomings in

the employed model or systematic errors in the datasets utilized.

Hubble constant H0 tension The Hubble tension arises from the conflicting outcomes regarding

the value of the Hubble constant (H0) obtained from observations of the Cosmic Microwave Back-

ground (CMB) by the Planck satellite [3] versus direct measurements conducted by the SH0ES collab-

oration [39], focusing on nearby celestial objects like Cepheid variable stars and Type Ia supernovae

[4]. These methods yield differing values for H0, with uncertainties ranging from 4σ to 6σ [40]. Ref.

[40, 41] provide a comprehensive overview of the current cosmological models proposed to address
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one of the most significant tensions in modern cosmology. Unified Dark Energy models represent

just one such example.

The Horizon problem The Horizon problem arises due to the homogeneity assumed in the struc-

ture of spacetime [42]. This assumption remains applicable only on scales of at least N < 50 e-folds,

given the current energy density of the universe [3]. As a result, causally disconnected regions can

emerge due to the vast distances between them, exceeding the distance light could have traveled

since the Big Bang. The resolution to this problem rests on the concept that the entire universe ori-

FIGURE 1.4: Conformal diagram indicating how inflation solves the horizon problem.
The light cones are at ±45◦, the worldlines of comoving matter are the vertical lines

and the particle horizons are the horizontal lines.

ginated from the same causally connected region during the early universe, depicted by the purple

region in Figure 1.4. Without inflation, the conformal time would only reach back to τ0, implying

that the distinct regions observed in the CMB today along our past light cone would never have been

causally linked. However, with inflation (blue dashed line in Figure 1.4), the conformal time extends

to the Big Bang singularity, thereby establishing causal connectivity among these regions along our

past light cone.

Magnetic monopole problem In particle physics, the Grand Unified Theory predicts the produc-

tion of a large number of magnetic monopoles in the early stages of the universe, particularly during

the extremely hot period [43]. However, we do not observe this phenomenon. If magnetic monopoles

do exist, they are overestimated by Big Bang predictions.
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We can modify the potential in our field equation to accommodate the cosmic coincidence prob-

lem, and the rarity of magnetic monopoles in the Hot Big Bang model. Therefore, we can still use the

ΛCDM model to explain these phenomena since GR includes an initial accelerated expansion period.

1.4.2 The role of dark energy

Dark energy plays a significant role in both General Relativity (GR) and Quantum Field Theory

(QFT), often associated with the vacuum energy or cosmological constant. In QFT, the vacuum is

not truly empty but is filled with fluctuating fields. These fluctuations can impact the energy dens-

ity of space, leading to the emergence of a cosmological constant term in Einstein’s equations. This

term resembles dark energy and contributes to the universe’s accelerated expansion. However, the

predicted value of vacuum energy density from QFT significantly surpasses the observed value of

dark energy by orders of magnitude, giving rise to the cosmological constant problem. We under-

stand that without some form of pressure counteracting gravity, ordinary matter cannot drive the

universe’s expansion [44]. This realization has led to the introduction of dark energy, often repres-

ented by the cosmological constant denoted Λ [45]. Dark energy is conceptualized as a perfect fluid

that opposes gravitational effects, exerting negative pressure [46], thereby propelling the universe to

expand further.

Two approaches can address the challenge of late-time expansion. One option is to seek dir-

ect resolutions to the cosmological constant and coincidence problems. Alternatively, we can ex-

plore alternative explanations for late-time acceleration through unified dark energy models, such as

Quartessence modeling [47].

1.5 Perturbations in the ΛCDM model

Part of assessing the viability of a particular model is observing the growth of large scale structure as

a function of time. Using the methods and assumptions laid out in §1.3, we can show how structures

evolve in the universe on smaller scales since this case is not homogeneous. We examine small per-

turbations around an "unperturbed" background. For this background, denoted as g(0)µν , we analyze

relativistic perturbations to the FLRW metric (A.1),

gµν = g(0)µν + δgµν, (1.50)
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where δgµν is the perturbed part. Assuming that perturbations arise due to gravitational instabilit-

ies6, in terms of conformal time we can write the background metric as,

ds2 = gµν dxµ dxν = a2(η)
[
− dη2 + δij dxi dxj + δgµν dxµ dxν

]
. (1.51)

We now consider the perturbed field equations. Using Einstein’s tensor from Equation (1.3) and

energy momentum tensor Equation (1.27), we decompose components into the background and per-

turbed parts,

Gµν = G(0)
µν + δGµν, Tµν = T(0)

µν + δTµν, (1.52)

where the background and perturbed parts are given by:

G(0)
µν = 8πGT(0)

µν , δGµν = 8πGδTµν. (1.53)

The perturbed Einstein tensor is,

δGµν = δRµν −
1
2

(
δgµνR + gµνδR

)
⇒ δGµ

ν = δgµαGαν + gµαδGαν. (1.54)

Distinguishing each component allows us to express the following:

δR = δgµαRαµ + gµαδRαµ, (1.55a)

δRµν = δΓα
µν,α − δΓα

µα,ν + δΓα
µνΓβ

αβ + Γα
µνδΓβ

αβ − δΓα
µβΓβ

αν − Γα
µβδΓβ

αν, (1.55b)

δΓµ
νλ =

1
2

δgµα
(

gαν,λ + gαλ,ν − gνλ,α
)
+

1
2

gµα
(
δgαν,λ + δgαλ,ν − δgνλ,α

)
. (1.55c)

Recalling the condition that gναgαµ = δ
µ

ν allows us to drop the quadratic terms, since we only deal

with small perturbations. This results in,

δgµν = −δgαβg(0)αµg(0)βν. (1.56)

Employing the perfect fluid framework, the energy-momentum tensor incorporates the perturbed

components as outlined in Equation (1.31) and can be written as,

δTµ
ν = (δρ + δp)uµuν + (ρ + p)

(
uµδuν + uνδuµ

)
+ δpδ

µ
ν , (1.57)

6Which form overdensities leading to cosmic structures
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and introducing the 4-velocity vector denoted by u,

uµ = u0(1, vi), where vi = vi =
dxi

dη
=

a dxi

dt
, (1.58a)

u0 =
dη

dt
. (1.58b)

By applying the normalization condition for the 4-velocity, we derive the comprehensive expression

for u0 where gµνuµuν = −1 and obtain a similar result to [27], given by,

u0 =
1

a
√

1 − v2

[
1 − ψ − wivi + ϕv2 − hijvivj

1 − v2

]
, (1.59)

where u defines the 4-velocity vector, v the peculiar velocity, a the scale factor, ϕ and ψ spatial scalars

and wi denotes a 3-vector.

By assuming that our fluid is non-relativistic, we can neglect the quadratic terms and focus solely

on the linear terms in the perturbed equation which is given by,

uµ =

[
1
a
(1 − ψ),

vi

a

]
, (1.60a)

uµ = gµνuν =
[
−a(1 + ψ), a (vi + wi)

]
. (1.60b)

The 4-velocity in the background, represented as uµ(0) = (1/a, 0, 0, 0), leads to the perturbed quant-

ity,

δuµ =

(
−ψ

a
, ui
)

, δuµ = (−aψ, ui), (1.61)

resulting in the following components for the perturbed energy-momentum tensor,

δT0
0 = −ρ(0)δ , δTi

0 = −ρ(0)(1 + w)vi

δT0
i = ρ(0)(1 + w) (vi + wi) , δTi

j = ρ(0)δc2
s δi

j.
(1.62)

The density contrast is defined in terms of perturbed density quantities as,

δ =
δρ

ρ(0)
, (1.63)

with the sound speed and background EoS given by,

c2
s ≡ δp

δρ
, (1.64a)

w =
p(0)

ρ(0)
, (1.64b)
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where ρ(0) is the background energy density and δ denotes the linear density perturbation7. We de-

note δv the comoving density contrast and that the gauge invariant form equals total matter/comoving

gauge. For the ΛCDM case where c2
s = 0, results in the following for the comoving density contrast
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0.50
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δm

FIGURE 1.5: Linear density contrast, specifically for matter perturbations varying with
the scale factor for the ΛCDM model.

for the total matter gauge in terms of e-fold time N,

δ
′′
v +

(
2 − 3

2
Ωm

)
δ
′
v −

3
2

Ωmδv = 0 (1.65)

Figure 1.5 shows the density contrast of the total matter perturbations in the comoving gauge for the

ΛCDM model 8. High density regions, where the matter density contrast is positive, are more likely

to collapse under gravity and form structures like galaxies and clusters. Conversely, low density

regions (negative density contrast) tend to expand and become voids. The solution for the matter

density contrast case is thus,

δm(a) = C1a + C2a−3/2, (1.66)

where C1 and C2 are arbitrary constants [48]. From this, we can deduce that over time, the ΛCDM

paradigm suggests a phase of increasing growth, characterized by the collapse of regions, followed

by a plateau phase indicating a slowdown in growth. One consideration that we have not looked

at yet is the dark energy case δde which we will touch on later in this dissertation. Using the tools

outlined above, Chapter 2 will expand on our earlier description and investigate the idea of Unified

Dark Energy models/Quartessence [49] within the context of cosmic growth and structure formation.

7See Appendix §B.2 for full derivation
8Further details on perturbations provided in Chapter 3
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Chapter 2

Quartessence

In Chapter 1, we examined the methodologies employed to study the evolution and structure form-

ation of the universe using General Relativity. We investigated the assumptions of homogeneity and

isotropy on large scales. However, despite the success of the ΛCDM model in matching observa-

tional data, there are still discrepancies between theoretical predictions and observations. One such

discrepancy is the presence of dark matter halos surrounding galaxies, which are inferred from the

plateau in the velocity rotation curve, as evidenced by the Bullet cluster [50, 51]. Observations of

gravitational lensing and X-ray emission of hot gas provide evidence for dark matter, making the

Bullet Cluster a crucial point of reference in modern cosmology. Astronomers discovered a signi-

ficant difference between the distribution of hot gas and dark matter, thus shedding light on the

distribution of dark matter halos in galaxy clusters and highlighting the weak interaction of dark

matter with other matter.

To tackle this issue, "Quartessence" [52] has been proposed as the union between dark matter and

dark energy, termed a "Dark Fluid (DF)", and discussed in Ref. [49]. Quartessence aims to create

a unified model explaining the expanding universe and the indirectly observed mass surrounding

galaxies known as dark matter halos.

2.1 Unified dark energy models

In this chapter we explore proposed Unified Dark Energy (UDE) models that aim to reconcile the

discrepancy between observations and theoretical predictions. The concept of UDE models has

been around since the early 1930s, when the existence of an unknown mass was first proposed [53].

Quartessence is a sub-group of k-essence models that offers a promising approach to explain these

discoveries. By coupling a scalar field to its kinetic energy, Quartessence aims to arrive at an acceler-

ated expansion of the Universe from a theory that is derived from the action,

S =
∫

d4x
√
−g
[

1
2κ2 R + p(ϕ, X)

]
+ Sm. (2.1)
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UDE represents a coupled two-fluid system consisting of pressureless dark matter and negative pres-

sure dark energy [48]. The dark sector’s background is effectively described as a unified fluid, re-

gardless of its composition (e.g. whether it is comprised of distinct interacting or non-interacting

components [54]). The energy density and pressure of this dark fluid can be mathematically ex-

pressed as,

ρDF = ρCDM + ρx, pDF = px = wx(a)ρx, (2.2)

where the subscript DF describes the Unified Dark Fluid (UDF and UDE used interchangeably

throughout), subscript x refers to Dark Energy (DE) and subscript CDM denotes Cold Dark Matter.

The total energy density combines the individual energy densities of the dark components, ensur-

ing conservation within the dark sector as a whole. Thus, the unified dark fluid must satisfy the

background conservation equation given by,

˙ρDF + 3H[1 + wDF(a)]ρDF = 0. (2.3)

Solving the above equation results in the solution for the general EoS parameter ρDF(a) and given

by,

ρDF(a) = ρDF,0 exp

[
−3

∫ 1 + wDF
(
a′
)

a′
da′
]

. (2.4)

Our initial approach involves using the simplest UDE model, which assumes a single perfect fluid

with constant negative pressure. The background equation of state for this model is determined us-

ing the relation w = −A/ρ, where w represents the ratio of pressure to energy density, and A is a

positive constant. The Chaplygin gas model replicates this behaviour for certain choices of model

parameters [55]. The primary goal is to examine the relationship between pressure and energy dens-

ity, which will be explored in this chapter. Ultimately, our goal is to identify the UDE model that most

accurately matches available observational data and fit/does better than the standard paradigm.

In order to satisfy observational evidence, UDE models must meet certain criteria. Specifically,

they must maintain a positive sound speed over time and avoid negative values of α1 which can

result in imaginary sound speeds and phantom regimes. This is important because observations

indicate that a significant portion of the universe’s energy density has negative pressure. To achieve

our goals, we manipulate parameters of density and pressure, using differentiation to determine the

sound speed. The most basic UDE model, which is characterised by p = −A, adheres to conventional

1Where α is introduced from the original Chaplygin has model to increase the degree of freedom.
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FLRW equations for background evolution, as shown by,

ȧ2

a2 =
8πG

3
ρ, (2.5a)

ä
a
= −4πG

3
(ρ + 3p). (2.5b)

It follows that the derivatives of ρ and p yield the expressions,

ρ̇ =
3

4πG
H

dH
dt

, (2.6a)

ṗ = − 1
4πG

d
dt

(
ä
a
+

1
2

H2
)

, (2.6b)

and since the square of the sound speed can be formulated using the relationship ṗ/ρ̇ we arrive at,

c2
s =

1
3H

d
dH

[
H2
(

q − 1
3

)]
. (2.7)

where we have introduced the deceleration parameter q in terms of sound speed and the Hubble

constant, described by,

q =
d
dt

(
1
H

)
− 1. (2.8)

Hence, the sign of the square of the sound speed relies on the behaviour of the deceleration parameter

q, as defined by Equation (2.8).

When q rapidly shifts towards negative values, the square of the sound speed becomes positive,

and vice versa. The rate at which Quartessence transitions from dark matter to dark energy plays a

crucial role in determining the pace of q evolution. If this transition happens more rapidly compared

to the ΛCDM model, the square of the sound speed will be positive. We notice that the most simple

UDE model bares resemblance to the ΛCDM model if we take the pressure to be a negative constant.

This will come up again later on.

The evolution of the gravitational field and background in a unified dark fluid is notably affected

by the time elapsed between the last scattering surface and the current epoch. Given that the energy

density is governed by a single fluid, the sound speed experiences non-zero changes in later stages.

This evolutionary shift introduces a sound horizon or Jeans length, which signifies the point at which

the dark fluid stops clustering. Consequently, this occurrence alters the evolution of the gravitational

potential, leading to the emergence of the Integrated Sachs-Wolfe (ISW) effect [56].

In the ΛCDM model, the ISW effect arises due to the time-varying gravitational potential, causing

its decay in later stages when the cosmological constant dominates, as elaborated in Ref. [57]. We

will now examine the Chaplygin gas model [24] and the Logotropic model [26, 58] as instances of

unified dark energy models. To illustrate their distinct behaviours, we will utilize the previously
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defined background and sound speed relations.

2.1.1 The Chaplygin Gas model

The Chaplygin Gas model (CG) is a particular type of UDE model which can describe accelerated

expansion without the introduction of exotic matter. Originally formulated to describe steady irrota-

tional flow in aerodynamics [59], the CG model proposes an ideal fluid that accounts for the observed

missing energy density and describes the accelerated expansion in cosmology. In this model, we as-

sume the universe is composed of baryonic matter and a dark fluid (DF). The Chaplygin gas model

has also been examined within the context of Modified gravity [60, 61], the results of which yiel-

ded solutions close to the ΛCDM scenario. To ensure mathematical and observational validity, the

model must satisfy multiple criteria as explored by various authors [25, 62, 55]. The CG model is

characterized by an EoS, as proposed by [24],

pCG = − A
ρCG

. (2.9)

The Generalized Chaplygin Gas (GCG) model includes an additional free parameter α that aids in

fine tuning the model,

pGCG = − A
ρα

GCG
, (2.10)

where α is constrained between 0 < α ≤ 1 [63]. If α = 0 we arrive at the simplest UDE model which

exhibits constant negative pressure2. Assuming a homogeneous and isotropic state of the universe

(FLRW), we can solve the continuity equation,

ρ̇ + 3H(p + ρ) = 0. (2.11)

The analytical solution for the CG energy density, ρCG, where α = 1 and ρGCG (A.3.1) is shown to

have the following form,

ρC =

√
A +

B
a6 and ρGCG =

[
A +

B
a3(1+α)

] 1
1+α

, (2.12)

where B is a positive integration constant. The sound speed for the GCG model is given by,

c2
s =

∂p
∂ρ

=
∂

∂ρ

A
ρα

= Aαρ−(α+1), (2.13)

2See Chapter 1.4 for ΛCDM model.
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or in terms of the background as,

c2
s = −αw where, w = −Aρ−(α+1). (2.14)

The GCG model performs well for particular positive values of α, as shown by [64], however there

exists a limiting value of the order ∼ 10−5. We can rewrite the density in terms of the present day

density denoted ρ0 by inserting the dimensionless constant As,

ρGCG = ρ0

[
As + (1 − As)a−3(α+1)

](α+1)−1

, (2.15)

where As = A/ρα+1
GCG,0. From this expression we can assess the limiting behaviour of a:

ρGCG ∝


(1 − As)

(α+1)−1
a−3 behaves as matter for a ≪ 1,

A(α+1)−1

s behaves as the cosmological constant for a ≫ 1.
(2.16)

The restrictions are explored further in Refs. [63, 65, 49, 66]. The GCG model has been shown to

be consistent with the observed cosmic expansion and the matter-dominating decelerating phase.

Furthermore, it predicts a typical late-time de-Sitter phase of cosmic acceleration. These features

provide compelling reasons to further investigate the model. Note that the numerical values used

correspond to those cited in §1 and will be employed throughout the analysis to assess all Unified

Dark Energy (UDE) models.

2.1.2 The dynamic behaviour of the Chaplygin gas equation of state

The evolution of the background EoS parameter w can be determined by solving the expression in

(2.14) numerically, leading to the behaviour as shown in Figure 2.1. The transition from a matter

state (w = 0) to a vacuum state (w = −1) is clearly visible and supports the ΛCDM model. This

model predicts the freezing out due to dark energy as the universe expands, which is consistent with

current observations. The Raychaudhuri equation, presented in (1.23), provides a condition for an

accelerating universe in which ρGCG + 3pGCG < 0, leading to the expansion of the scale factor,

aacc >

(
1 − A

2A

)[3(α+1)]−1

. (2.17)

According to the Chaplygin gas model, the density never drops below its minimum value of ρm =

A1/(α+1), regardless of how much the gas expands [67]. When the density reaches this minimum, the

EoS parameter becomes −1, resembling the behaviour of the cosmological constant. Additionally,

numerical findings suggest the constraint |α| > 10−5, as indicated in Refs. [64, 63, 49, 27]. Values
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FIGURE 2.1: The background EoS parameter w (solid black line) and sound speed c2
s

(solid red line) for the CG equation. In terms of the GCG model, this would be the case
where α = 1. The red dashed line represents the ΛCDM model where c2

s = 0.

exceeding this results in late time oscillations at the perturbative level. Further details regarding

numerical findings from MCMC calculations will be shown in Chapter 4.

2.1.3 Thermodynamics and Logotropic cosmology

To describe thermodynamic systems, we consider a homogeneous and isotropic universe with uni-

form perfect fluid density ϵ, rest-mass density ρ, and isotropic pressure p. To unify dark matter and

dark energy, we introduce a dark fluid and assume a flat universe with k = 0 as before. The resulting

Friedmann equations are given by [30],

ϵ̇ + 3H(ϵ + p) = 0, (2.18a)

−4πG
3
(
ϵ + 3p

)
=

ä
a

, (2.18b)

8πG
3

ϵ =

(
ȧ
a

)2
= H2, (2.18c)

where the derivative is with respect to cosmic time, the scale factor denoted a(t), and the Hubble

parameter. The continuity equation, represented by (2.18a), can be derived from the first law of ther-

modynamics3. The acceleration of the universe is determined by the second derivative of the scale

factor as indicated by (2.18b). The Hubble parameter, on the other hand, is related to the velocity of

the expansion of the universe and the energy density, as shown in (2.18c). We can use the deceleration

3For a complete derivation, refer to Appendix §A.3.2



2.1. Unified dark energy models 29

parameter (q), which reflects the rate of expansion, as one of the cosmological parameters,

q(t) = − äa
ȧ2 . (2.19)

We typically consider two cases: q > 0 (the deceleration of expansion) and q < 0 (the accelera-

tion). For a flat universe with EoS p = ϵw, we can can express the deceleration parameter via the

Raychaudhuri equation (1.22) as,

q =
1
2
(1 + 3w). (2.20)

If the deceleration parameter is constant, the universe will display different types of expansion. For

q > 0, the universe will experience decelerating expansion, while q < 0 corresponds to a constant rate

of expansion. An accelerating power-law expansion is observed when −1 < q < 0, while exponential

expansion (de Sitter expansion) occurs at q = −1. Super-exponential expansion is observed when

q < −1.

Revisiting our conservation equations, we encounter the first law of thermodynamics, as presented

in Ref. [68],

d

(
ϵ

ρ

)
= −p d

(
1
ρ

)
+ T d

(
s
ρ

)
, (2.21)

where the density ρ = nm is in terms of the number density denoted n and mass density m. As usual,

s refers to the entropy. For perfect fluids we assume adiabatic evolution therefore we can set T = 0

[30], such that the derivative d(s/ρ) = 0. Equation 2.21 thus reduces to,

dϵ =

(
ϵ + p

ρ

)
dρ. (2.22)

Given an EoS, we can establish a relationship between energy density and rest mass density. The First

Law of Thermodynamics and the continuity equation are both conservation formulations that seek

to determine density, lending consistency to cosmological theory. In the Friedmann model, entropy

is also conserved, enabling the first law of thermodynamics or the continuity equation to evaluate

specific equations of state. Simplification of the calculation can be achieved by expressing Equation

(2.22) as a first-order linear differential equation given by,

dϵ

dρ
− ϵ

ρ
=

p(ρ)
ρ

, (2.23)

and using variation of parameters we obtain an expression for the total energy density given by,

ϵ = ρ + ρ
∫ ρ p(ρ′)

ρ′2
dρ′ = ρ + u(ρ), (2.24)
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where u(ρ) can be understood as an internal energy density [68]. The energy density (ϵ) is defined

as the sum of the positive rest-mass density (ρ) and the internal energy. Although the rest-mass

density is always positive, this is not true for the internal energy [69] which can be either. We note

importantly that the total energy ϵ is always positive, which will have significance later on. The

solution for the rest-mass density is determined by the integration of the continuity equation,

ρ =
ρ0

a3 , (2.25)

where ρ0 refers to the current value (a0 = 1) of the rest-mass density for a particular dark fluid.

Substituting this solution into (2.24) we arrive at,

ϵ =
ρ0

a3 + u
(

ρ0

a3

)
= ϵm + ϵDF, (2.26)

where ϵm is the rest mass energy term mimicking CDM and ϵDF our dark fluid.4

In this review, we will investigate two variations of the logotropic model: the pure logotropic case,

derived from the hydrodynamical equilibrium equation [68], and the more comprehensive form, de-

rived from Anton-Schmidt fluids [26]. The aim is to establish a unified dark energy model, similar to

the Chaplygin gas model, that can account for observational data. As a starting point, we consider

the hydrodynamic equation of Ref. [68],

∇p + ρ∇Φ = 0, (2.27)

which assumes that dark matter halos are well-described by Newtonian gravity. The pressure for a

polytropic relation [70] is given by,

p = Kργ, γ = 1 +
1
n

, (2.28)

where the polytropic constant K may be positive or negative, and the polytropic index γ is arbitrary

as shown in [58]. Substituting in the polytropic pressure (2.28) and taking the partial derivative with

respect to ρ, we arrive at,

∇(Kργ) + ρ∇Φ = 0,

∂

∂ρ

(
Kργ

)
+ ρ∇Φ = K

∂

∂ρ
(ργ)∇ρ + ρ∇Φ = 0,

(2.29)

4Appendix A.3.3 for full derivation.
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where
∂

∂ρ
(ργ) = γργ−1. (2.30)

The condition of hydrostatic equilibrium in equation (2.27) becomes,

Kγργ−1∇ρ + ρ∇Φ = 0, (2.31)

where we have assumed that A = Kγ is finite and γ approaches zero, as demonstrated in Ref. [71],

which further leads to,

Aρ−1∇ρ + ρ∇Φ = A
∇ρ

ρ
+ ρ∇Φ = 0. (2.32)

Since both Equations (2.32) and (2.27) are equal to zero, we can equate them, resulting in,

∇p + ρ∇Φ = A
∇ρ

ρ
+ ρ∇Φ,∫

∇p dp =
∫

A
∇ρ

ρ
dρ,

p = A ln ρ + C,

(2.33)

where ρ is a function of scale factor. To ensure that pressure forces counteract gravitational attraction,

we can treat A as a logotropic temperature and impose the constraint that it is positive. It should be

noted that the constant C is arbitrary and leads to the pure logotropic equation given by,

p = A ln ρ = A ln

(
ρ

ρ⋆

)
, (2.34)

where ρ⋆ is a reference density. The determination of the sound speed and background EoS for

the pure logotropic scenario is achieved by employing the density relation given in Equation (2.24),

resulting in an expression for the total energy density,

ϵ = ρ⋆ exp
{

p
A

}
− p − A. (2.35)

2.1.4 Anton-Schmidt’s equation of state

We can extend the scope of the logotropic scenario by incorporating Anton-Schmidt’s equation of

state (EoS), originally formulated for crystalline solids. Originating from solid state physics, this

EoS delineates the pressure and is utilized to characterize the deformation of crystalline solids under

isotropic stress, as detailed in Ref. [26]. In the paper by authors [72], they introduce the Anton-

Schmidt EoS with a small non-negligible pressure term. This consideration bypasses the need to

introduce a dark energy term manually. The model expands upon the logotropic dark fluids whereby
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we can show that,

p(V) = −β

(
V
V0

)− 1
6−γG

ln
(

V
V0

)
, (2.36)

where β is the bulk modulus at V0, p(V) is the pressure, V is the volume and γG is the Grüneisen

parameter. This can be thought of as a generalisation of general logotropic models. To adapt the

equation presented in (2.36) for cosmological applications, we express the volume in relation to mass

density, considering that V ∝ ρ−1. We can also let n = − 1
6 − γG and ρ⋆ correspond to the equilibrium

volume V0 which indicates the limit when the pressure vanishes as shown in [73]. Assuming the

universe is filled with a single dark fluid this will yield a barotropic EoS. Following the same notation

used for the pure logotropic case, this results in the form,

pA−S(ρ) = A

(
ρ

ρ∗

)−n

ln

(
ρ

ρ∗

)
, (2.37)

where the index n depends on the absolute temperature T of the environment [74], ρ∗ is the reference

density [72] and A ∝ β. The background EoS where n ̸= 0, and using the relation w = p/ρ, results

in,

w(ρ) = A

(
ρ−n−1

ρ−n∗

)
ln

(
ρ

ρ∗

)
. (2.38)

Later on we will show the generalized logotropic case using Equation (2.37) for varying free para-

meters n and B. For simplicity we only assess the linear perturbations for the pure logotropic case.

2.1.5 Evolution of the original logotropic model

To demonstrate how the UDE model behaves with respect to the scale factor, we examine both the

background EoS and the square of the sound speed. Imposing a positive sound speed satisfying

c2
s < 1 ensures the viability of our model and places constraints on the free parameters. We define

the sound speed as,

c2
s ≡ δp

δρ
, (2.39)

where we simplify the sound speed by assuming our fluid is barotropic5, and conveniently incorpor-

ate the scale factor a by saying,

c2
s =

dp
dρ

=
ṗ
ρ̇
=

(
∂p
∂a

)(
∂a
∂ρ

)
. (2.40)

Using the expression in Equation (2.40) we arrive at,

c2
s =

A
ρ(a)− 1

, (2.41)

5This is only valid if p, even when perturbed only depends on ρ alone [27].
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indicating a hyperbolic behaviour, meaning the values for the free parameters will be highly con-

strained for phantom and real cases. We let the scale factor for the turning point of sound speed to

be denoted by aM, similar to [68]. The background evolution of the EoS parameter can be derived

using the usual expression w = p/ϵ, resulting in,

w =
ρ⋆
ρ

exp
{

p
A

}
− p

ϵ
. (2.42)

Figure 2.2 demonstrates a distinct behaviour compared to the relation for the CG EoS, highlighting

10−2 10−1 100 101

a

−1.0

−0.5

0.0

0.5

1.0 w, n = 0

c2
s

ΛCDM

FIGURE 2.2: The EoS parameter w (solid black line) and sound speed for the pure
Logotropic model where n = 0 (red solid line). For the ΛCDM case, c2

s = 0 and
denoted by the red dashed line

the importance of constraints on the free parameters. Specifically, the sign of A determines the sound

speed, as A ≥ 0 would lead to imaginary sound speeds c2
s ≤ 0. This reinforces the interpretation of

A as temperature, as discussed in Ref. [58]. Notably, Figure 2.2 indicates that the sound speed rate

of change is constrained by the scale factor at the turning point aM. For a < aM, the rate of change is

real (normal), while for a > aM (the phantom regime), it is imaginary. We also observe that the model

meets the causal and classical instability conditions, given that the sound speed range is bounded by

0 ≤ c2
s ≤ 1 [75]. These conditions ensure consistency with special relativity laws and the constant

value for the speed of light.

The framework established in Chapter 1 serves as the foundation for our derivations. In Chapter

2, we provided an overview of previously explored UDE models. Our current focus is to assess

the temporal evolution of perturbations of these models and ascertain their potential contribution to

gravitational instability, a precursor to structure formation. Our ultimate goal is to compare these
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findings with the well-established ΛCDM model. Chapter 3 introduces linear and non-linear per-

turbation theory, enabling us to examine the evolutionary dynamics of cosmic structures.
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Chapter 3

Perturbation theory

To ensure consistency in our analysis of the GCG and Logotropic models, we follow the methodo-

logies outlined in Chapter 1. This chapter focuses on the ΛCDM model, which describes a homo-

geneous and isotropic universe using the FLRW metric. While the ΛCDM model is suitable for large

scales, it is important to investigate small perturbations to account for the formation and evolution

of cosmic structures over time. In Chapter 2, we introduced UDE models that unify dark matter and

dark energy. To understand the evolution of these models and their equations of state, we employ

perturbation theory, as discussed in §1.5 for the linear case.

3.1 Linear and non-linear evolution for UDE models

Perturbation theory serves as a fundamental framework in cosmology, offering insights into the

formation of cosmic structures. It operates on the premise of an early universe that is nearly uniform,

a concept supported by the presence of minor anisotropies in the Cosmic Microwave Background

(CMB). These initial small perturbations, influenced by self-gravity, undergo evolution to give rise to

nonlinear structures [72]. Often referred to as the "seeds" of cosmic structure, these perturbations are

predicted by the inflation scenario and exhibit significant agreement with observational data [45].

We seek a generalized method of assessing the perturbations at the background level, leading to

the use of second-order perturbations where instead, we do not linearize the Euler and Poisson equa-

tion as was done in the case of Newtonian dynamics in §1.5. Instead we can derive the full equation

which remains identical to Newtonian laws except for dust. Following the expression derived in

Equation (1.65) which can be rewritten using (B.36) and defining the conformal Hubble quantity as

H = Ha to better describe gravitational instability in structure formation. The following describes

the sub-horizon [27] equation for a single pressureless fluid as,

δ′′ +Hδ′ − 3
2
H2δ = 0, (3.1)
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which allows us to derive an expression for the rate of growth δ in terms of the e-folds N = ln a,

d2δ

dN2 +

(
1 +

H′

H

)
dδ

dN
− 3

2
Ωmδ =

4
3

1
1 + δ

(
dδ

dN

)2
+

3
2

Ωmδ2, (3.2)

where the left side of the equation is linearized, following a similar approach as described in §1.5.

However, the right side introduces new non-linear terms. The rate of growth δ also incorporates

a spatial component, which will be valuable for the subsequent explanations. Since it is unclear

whether all variants of UDE models perform linearly, it is important to employ a method of assess-

ment using less stringent constraints in terms of linearity. This transitions us to the discourse on the

Spherical Collapse Model.

3.1.1 Spherical Collapse model

The goal of this dissertation is to assess the suitability of a specific equation of state (EoS) for describ-

ing the evolution of structure in the universe. However, it is important to recognize that linearity

may not always hold true. To overcome this limitation, a generalized approach is necessary that can

account for structure formation regardless of linearity. The Spherical Collapse model (SC) [76, 77]

is a semi-analytical model derived from General Relativity by assuming negligible shear [78]. In or-

der to achieve this, we will utilize Equation (3.2), which represents the density contrast in spherical

perturbations.

Authors [77, 48] have demonstrated that the SC model accurately reproduces the non-linear evol-

ution of the Pseudo-Newtonian approach proposed in Ref. [79]. This model allows for the analysis of

a multifluid system while preserving the parameterization of the EoS. By starting with the continuity

equation for a specific EoS, pi = wiρi, the SC model enables the calculation of perturbation evolution

in the universe.

For a given spherical region with radius r and uniform density ρci, we postulate that this region

will either collapse under its own gravitational attraction or expand at a rate surpassing the average

Hubble flow, leading to the formation of a void [48]. Expressing our system in terms of the spher-

ical region denoted by the subscript ci, we have the EoS pci = wciρci, accompanied by a distinct

continuity equation given by,

ρ̇i + 3Hρi(1 + wi) = 0. (3.3)

We note that wi ̸= wci since these values describe different regions within the sphere. By defining the

difference between the background as δwi ≡ wci − wi, we establish a relationship with the effective
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sound speed, as c2
eff = δpi/δρi (where c2

eff ̸= c2
s ), thus,

δwi =
δρi

ρi + δρi
(c2

eff − wi), (3.4)

and serves as an indicator of pressure perturbations. The presence of a perturbation, denoted δ, is

necessary for the existence of the factor c2
eff, whereas c2

s is an inherent characteristic of fluid thermo-

dynamics. Furthermore, in a perturbed system the critical determinant of the dynamical behaviour

in the perturbed region is described by the ratio c2
eff = δp/δρ, rather than c2

s = ∂p/∂ρ [80] as shown

in Chapter 2.

For the SC model, we assume the EoS remains the same both inside and outside the sphere,

implying δwi = 0 and thus, wi = wci. Consequently, Equation (3.4) simplifies to c2
eff = wi. This

simplification allows us to express the second Friedmann equation for the spherical region as follows;

ä
a
= −4πG

3
(
ρ + 3p

)
,

r̈
r
= −4πG

3
(
ρc + 3pc

)
,

(3.5)

where the density (ρ) and pressure (p) represent the total contributions from all fluids, whereas in

Equation (3.3), they pertain to individual fluids. To define the density contrast for a specific fluid

with subscript i, we can express it as,

δi + 1 =
ρci
ρi

. (3.6)

Taking the time derivative of δi and using Equations (3.3) and (3.5) we arrive at,

δ̇i = 3(1 + δi)(H − h)(1 + wi), (3.7)

where the local Hubble flow is denoted by h = ṙ/r. Differentiating with respect to time and substi-

tuting the background for the spherical region from Equation (3.2), results in the non-linear evolution

of δi given by,

δ̈i +

(
2H − ẇi

1 + wi

)
δ̇i − 4πG (1 + wi) (1 + δi)∑

j
ρjδj

(
1 + 3wj

)
=

[
4 + 3wi

3 (1 + wi)

]
δ̇2

i
1 + δi

,

(3.8)

which is explicitly written in terms of the background only. We show this is equivalent to the Pseudo-

Newtonian perturbations for a pressureless fluid in §3.1.2 below.
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3.1.2 Pseudo-Newtonian perturbations

In reference to [48], a comparative analysis is presented between the SC model and the Pseudo-

Newtonian (PN) model [79] with the aim of establishing the equivalence of the linear and non-linear

regimes under the condition that c2
s = w and ∇⃗δi = 0. This equivalence implies that the EoS remains

consistent both inside and outside the sphere in terms of the Lagrangian framework. The derivation

presented by Ref. [79] serves as a reference for this analysis beginning with expressions for density,

velocity and gravitational potential,

∂ρi
∂t

+ ∇⃗r ·
(
u⃗iρi

)
+ pi∇⃗r · u⃗i = 0,

∂u⃗i
∂t

+
(

u⃗i · ∇⃗r

)
u⃗i = −∇⃗rΦ − ∇⃗r pi

ρi + pi
,

∇2
r Φ = 4πG ∑

j

(
ρj + 3pj

)
,

(3.9)

where ρi, pi, ui, and Φ represent the density, pressure, velocity, and Newtonian gravitational poten-

tial, respectively, for a perfect fluid. The equations presented above provide generalized forms of

the continuity equation and Euler’s equation, which are applicable to each individual fluid species

denoted by subscript i. Furthermore, these equations encompass the modified Poisson equation,

which applies to the cumulative sum of all fluid species. Cosmological perturbations arise when we

consider heterogeneous deviations from the background quantities [48], given by,

ρi = ρ0i (t) + δρi(x⃗, t),

pi = p0i (t) + δpi(x⃗, t),

u⃗i = u⃗0i (t) + v⃗i(x⃗, t),

Φ = Φ0(t) + ϕ(x⃗, t).

(3.10)

By introducing comoving coordinates x⃗ = r⃗/a and utilizing ∇⃗ as the gradient operator with respect

to x⃗, along with the definition δi = δρi/ρ0i, we can express the perturbed equations similarly to [79]

as,

δ̇i + 3H
(

c2
eff,i − wi

)
δi = −

[
1 + wi +

(
1 + c2

eff,i

)
δi

] ∇⃗ · v⃗i
a

− v⃗i · ∇⃗δi
a

, (3.11)

˙⃗vi + Hv⃗i +
v⃗i · ∇⃗

a
v⃗i = −∇⃗ϕ

a
−

c2
eff,i∇⃗δ

a
[

1 + wi +
(

1 + c2
eff,i

)
δi

] , (3.12)

∇2ϕ

a2 = 4πG ∑
j

ρ0j δj

(
1 + 3c2

eff,j

)
, (3.13)
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where c2
eff is the effective sound speed for each fluid and is only a function of time. As mentioned in

Ref. [79], the PN equations offer a limited approximation during the turnaround phase, particularly

when the spherical region diverges from the Hubble flow. However, given our primary focus on the

evolution of large-scale structures, this approximation is adequate. Now, let us proceed to define the

variables involved in our analysis to arrive at expression (3.17),

θi ≡ ∇⃗ · v⃗i, (3.14)

Ci ≡ a−1∇⃗ ·
[(

v⃗i · ∇⃗
)

v⃗i

]
, (3.15)

fi ≡ ∇⃗ ·

 ∇⃗ϕ

a
+

c2
eff,i∇⃗δi

a
(

1 + wi + δi + c2
eff,iδi

)
 . (3.16)

where we have defined variables θi, Ci and fi. Taking the divergence of (3.12) yields,

θ̇i + Hθi + Ci = − fi. (3.17)

We also define new variables Ai and Bi that will prove useful later on, described by,

Ai ≡ 3H
(

c2
eff ,i − wi

)
δi, (3.18a)

Bi ≡ 1 + wi +
(

1 + c2
eff ,i

)
δi. (3.18b)

Thus, we can rewrite (3.11) as,

δ̇i + Ai +
θi
a

Bi = 0. (3.19)

Taking the partial derivative of Equation (3.19) with respect to time and utilizing (3.17) to eliminate

θ̇i, as well as (3.19) to eliminate θi, we arrive at the following expression,

δ̈i + Ȧi +
(

Ai + δ̇i

)(
2H − Ḃi

Bi

)
− Bi

a
(

fi + Ci
)
= 0. (3.20)

This formulation applies to both linear and non-linear regimes making it suitable for determining

the evolution of a cosmological model with equation of state dependent on density. To ensure the

effectiveness of this approach, we assume the absence of non-gravitational interaction between dark

energy (DE) and dark matter (DM), and that the total energy of both DE and DM within the collapsed

region remains constant [81]. These approaches offer the advantage of allowing us to characterize

the Dark Fluid (DF) using two functions: the background EoS parameter (w) and the effective sound

speed (c2
eff), as noted in [77]. Moreover, the nonlinear differential equations governing the growth of

spherically symmetric perturbations in fluids, assuming an arbitrary time-dependent EoS, are found
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to be,

δ̈m + 2Hδ̇m − 4δ̇2
m

3 (1 + δm)
=

3H2

2
(1 + δm)

[
Ωmδm + Ωdeδde (1 + 3wde)

]
(3.21)

δ̈de +

(
2H − ẇde

1 + wde

)
δ̇de −

[
4 + 3wde

3 (1 + wde)

]
δ̇2

de
1 + δde

=

3H2

2
(1 + wde) (1 + δde)

[
Ωmδm + Ωdeδde (1 + 3wde)

]
,

(3.22)

where δm denotes the matter density contrast and δde is the dark energy density contrast component

(where both are considered non-relativistic). This confirms that the SC model is consistent with the

Pseudo-Newtonian approach and can be used for the assessment of perturbations in the linear and

non-linear regime. In addition to utilizing the density contrast δ parameter to quantify perturbation

progression, the growth index as defined below, can also serve as a valuable indicator for evaluating

structural growth.

3.2 The Growth Index

The growth index (γ) tracks how quickly structures in the universe expand over time [28] and

provides insights into the interplay between cosmic expansion, the growth of cosmic structures, and

the properties of dark energy. In the linear regime, where gravitational collapse has not yet become

dominant, it describes the rate of evolution of density perturbations. In other terms, it measures

the expansion of cosmological structure. The rate of growth for matter perturbations δm, describes

how the amplitude of matter density fluctuations evolves over time in the linear domain [82], and

demonstrates how it is connected to the growth index. The growth index is described as the logar-

ithmic derivative of the linear growth factor with respect to the logarithm of the scale factor, or,

f ≡ d ln δ

d ln a
≈ Ωγ

m(a), (3.23)

where δm is the linear growth factor and a is the usual scale factor. The value of γ for the ΛCDM

model is approximately γΛCDM ≈ 6/11 ∼ 0.55. Knowing the numerical value for the background

model allows us to test different models against this value, as we demonstrate in the following

chapters. We emphasize the significance of the function f in quantifying the growth of matter density

fluctuations in the universe. Using expression (1.65) from Chapter 1.5, we can compute the behaviour

of the growth factor f for the ΛCDM model as shown in Figure 3.1, where the effective matter density

is defined as,

Ωm(a) =
ρm(a)

ρm(a) + ρde(a)
. (3.24)

Figure 3.1 illustrates the fluctuation of matter density with respect to the scale factor in the ΛCDM
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FIGURE 3.1: The growth factor f , as given by Equation (3.23), plotted against the scale
factor a for the ΛCDM model.

model. With no comparison models, the function simply states that at early times, the model has a

value close to unity, since normalized quantities are used throughout. As we progress to our current

day (a = 1)/future cosmology, f decrease to zero. Depending on the cosmological model, we may

have peaks and troughs, indicating accelerated or slowed structure formation. A steeper slope may

indicate faster growth, while a shallower slope suggests slower growth. Analyzing the changes in

slope can reveal epochs of significant influence, such as radiation domination, matter domination,

or the onset of dark energy domination. Overall the relationship between the growth factor f and

time, indicates crucial information regarding the rate of structure formation, along with transitional

epochs.

We may test several cosmological theories and evaluate their predictions against data by meas-

uring the growth index and comparing it to the ΛCDM behaviour. For instance, we can place re-

strictions on the characteristics of dark energy, such as its EoS or its clustering behaviour [83], by

monitoring the growth rate of cosmic structures. The underlying nature of the cosmos and its long-

term evolution can then be better understood as a result of this. As an example, the case for the

ωCDM, a generalization of the ΛCDM model with constant EoS is,

γωCDM =
3 (w − 1)

6w − 5
, (3.25)

for the full derivation see Appendix §B.3. For the ΛCDM model where c2
s = 0 and background EoS

w = −1, results in the theoretical index value,

γΛCDM ≈ 6
11

. (3.26)
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We can derive the numerical result by using the priors c2
s = w = 0 as shown in Figure 3.2, which

coincides with the value in expression (3.26) as shown in Figure 3.2.

0.0 0.2 0.4 0.6 0.8 1.0

a

0.4

0.6

0.8

1.0

γ

Numerical solution
Approx. solution (γ = 6/11)

FIGURE 3.2: The numerically obtained solution using the results from Figure 3.1 in the
case of ΛCDM (Ωm,0 = 0.3) (black solid line) along with the corresponding approxim-

ate result with γ = 6/11 when we allow c2
s = w = 0 (red dashed line) [84].

The case for the non-zero sound speed (denoting c2
s = s for simplicity), we arrive at,

γ =
3(1 + 6s)(1 − ω)

5 + 6(s − ω)
, (3.27)

which will become useful later on when we assess the rate of growth of each UDE model.

Understanding the perturbations of UDE models is essential for assessing their viability in de-

scribing the structure evolution in our universe. As the behaviour of these models may not always

be linear, a generalized approach is required to determine the non-linear evolution of these perturb-

ations. The SC model provides a powerful tool to study these perturbations. By applying the SC

model to UDE models, we can gain insights into their ability to reproduce the observed structure

formation in the universe and compare them with other well-established models, such as the ΛCDM

model. Ultimately, understanding the behaviour of unified dark energy models is crucial for ad-

vancing our understanding of the universe’s evolution and improving our ability to make accurate

predictions about its future.
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3.3 UDE linear perturbations

3.3.1 GCG perturbations

The GCG EoS as discussed in Chapter 2.1.2 relates pressure and density and allows for variation

with the inclusion of the free parameter α constrained between 0 ≤ α ≤ 1 with positive constant A

[63], expressed Equation (2.10) where pGCG denotes the pressure and ρGCG = ρde + ρdm represents

the density of the Generalized Chaplygin gas [85]. Setting α = 1 allows us to return to the original

CG scenario. When α = 0, we obtain a constant negative EoS, which closely resembles the ΛCDM

scenario. Using the continuity equation/conservation equation as shown in §2.1.2, we arrive at an

analytical solution for density given by,

ρGCG = ρGCG,0

[
As + (1 − As)a−3(1+α)

] 1
1+α , (3.28)

where ρGCG,0 denotes the current day density, a the scale factor and As = A/ρ1+α
GCG,0 a dimensionless

parameter. Note that we can also write As in terms of the effective total matter density [86] by

expressing the energy density in terms of the dimensionless energy density,

As = 1 −
(

Ωm − Ωb
1 − Ωb

)1+α

. (3.29)

In Figure 3.3, we can see the effect the free parameter α has on the density. A negative value of α was

chosen to demonstrate that the density remains well behaved, however as we will see later on this

does not hold true when assessing w and c2
s . Negative values of α are usually excluded due to their

tendency to cause instabilities, resulting in imaginary sound speeds. We can however deduce that

the greater the value of α, the closer we approach the current day density represented by the solid

black line.

We further define the background EoS w for the GCG model as the ratio of pressure and density,

wGCG = − As

As + (1 − As)a−3(1+α)
. (3.30)

The GCG EoS parameter at the present time (a0 = 1) is thus wGCG,0 = −As. During the Uni-

verse’s expansion, the GCG model shifts from an initial matter-dominated phase (wGCG ∼ 0) to a

subsequent state dominated by dark energy. Over time, it tends towards a cosmological constant

scenario (wGCG ∼ −1), as demonstrated in §2.1.2 for the CG case. The resulting expression for the

Hubble parameter near the present epoch is thus given by,

H2 = H2
0

[
Ωm,0a−3 + ΩGCG,0

[
As + (1 − As)a−3(1+α)

] 1
1+α

]
, (3.31)
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FIGURE 3.3: The pressure as it varies with the scale factor a across different values of
the free parameter −0.5 ≤ α ≤ 0.5, illustrating the effects of varying α compared to the

ΛCDM model (represented by the black dash-dotted horizontal line).

where we consider a standard dust-like dark matter component and a component of the Generalized

Chaplygin Gas (GCG) with present densities denoted by Ωm,0 and ΩGCG,0, respectively. We have

neglected radiation since its contribution is negligible to the total energy density around the current

epoch [65]. In Chapter 2 we discussed the significance of the sound speed in assessing the rate of

evolution of specific models, which is given by Equation (1.64a). In the case of the GCG equation,

this yields the expression for a barotropic fluid [87],

c2
s,GCG =

dp
dρ

= α
A

ρ1+α
GCG

= −αwGCG. (3.32)

As we approach the limit z ≫ 1, both the EoS parameter w and the sound speed c2
s tend toward

zero, indicating that the sound speed remains significantly lower than unity during the early matter-

dominated epoch. However, it gradually increases as this era comes to an end. Since w < 0 from

Equation (3.30), c2
s is positive for α > 0 and negative for α < 0. In order to grow via gravitational

instability, the GCG equation follows the condition [64],

|c2
s | ≲

3
2

(
aH
k

)2
. (3.33)

If the condition is not met, oscillations become evident in the perturbations due to the predominance

of the pressure term (kc2
s /a)2 in Equation (B.33)1, when compared to the term 3H2/2. In the event of

a violation of this condition with c2
s < 0, the perturbations undergo violent instabilities, exhibiting

1Refer to Appendix B.2 for the derivation of matter perturbations in the Newtonian gauge
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exponential growth, as demonstrated b Ref. [64]. This results in a limitation on the free parameter α,

|α| ≲ 10−5, (3.34)

where perturbations are amplified for α ≲ −10−5 since the sound speed is negative. For α ≳ 10−5,

perturbations exhibit rapid oscillations as shown by [87]. Compared to the ΛCDM model, both cases

are drastically different. We can resolve this issue by adding a non-adiabatic sound speed [27] that

allows cs to vanish. For the purposes of this investigation, we choose relativity large values for α

thus we wont encounter these problems when we perturb the background.

In addition to the adiabatic sound speed, assuming we have perturbations, i.e. c2
eff ̸= 0, we can

define the effective sound speed for the GCG EoS as,

c2
eff,GCG =

δp
δρ

= wGCG
(1 + δ)−α − 1

δ
. (3.35)

This demonstrates that the effective sound speed, determined by w and δ, depends on the back-

ground and the collapsed region. Additionally, it indicates that larger values of δ will result in smal-

ler values of c2
eff, which aligns with the expected behaviour for a GCG clump (where δ ≫ 1, w ∼ 0,

c2
s ∼ 0 [80]). Furthermore, taking the limit as δ → 0 we show that c2

eff → c2
s as expected [88]. In this

dissertation, we will adopt the assumption δ ≫ 1 and consider the effective sound speed to be equal

to the background EoS. This is selected because the SC model shares similarities with the Pseudo-

Newtonian approach when analyzing the nonlinear evolution of perturbations involving both dark

matter and dark energy [48].

In the case of GCG model following a matter-like evolution, the value of α becomes irrelevant,

and the squared sound speed c2
s,GCG is approximately 0. Yet, as we transition towards a cosmological

constant, where wGCG → −1, the square of the sound speed is constrained by the parameter α.

Ref. As α Data set

[89] 0.642 +0.097 −0.1688 +0.1456 CMB + CC
−0.093 −0.2143

[89] 0.730 +0.047 +0.0181 +0.1029 CMB + JLA
−0.047 −0.2129

[89] 0.727 +0.040 −0.0156 +0.982 CMB + JLA + CC
−0.039 −0.1380

[85] 0.7475 +0.0556 −0.0250 +0.1760 CMB + BAO + SNIa
−0.0539 −0.1326

[90] 0.76 +0.026 +0.033 +0.066 CMB + BAO + SNIa + H(z) + BBN
−0.039 −0.0071

[91] 0.774 +0.022 +0.096 +0.059 CMB + BAO + SNIa + H(z) + BBN
−0.022 −0.074

TABLE 3.1: Constrained values of As and α at 1σ confidence region obtained from
previous works [91].
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The constraints on the parameters As and α were first studied by [92]. For the original CG EoS,

As was found to lie within the range of 0.66 to 1. However, for the GCG with α = 0.5, As was limited

to 0.62 to 1, and for α = 2, the range was 0.75 to 1. Further investigations into these parameters

were performed using statistical techniques [93]. Refinements to the free parameters were made, as

demonstrated by [89, 85, 90, 91]. The value of As was established to lie within 0.549 and 0.796 at the

1σ level, as summarized in Table 3.1.

On the other hand, the values of α are less constrained and can vary depending on the dataset

used. Initially, it was assumed that 0 ≤ α ≤ 1, but the literature in Table 3.1 illustrates that α can also

be negative, influenced by different datasets and the inclusion of non-linearities.

Using the latest value of As = 0.774 reported in [91], and considering the constrained range of α

(−0.1688 ≤ α ≤ 0.096 from Table 3.1), we explore the impact of varying α on the background EoS

and sound speed. However, for physical consistency, we restrict α to the range 0 < α < 1 to avoid

imaginary sound speeds when α < 0, even though the background behaviour remains well-behaved

under such conditions. Figure 3.4 (left) illustrates the dependency of the GCG EoS parameter wGCG

on different values of α. A larger α results in a more rapid transition from wGCG ∼ 0 to wGCG ∼ −1,

permitting the GCG model to accommodate both dark matter and dark energy, at least in terms

of the background behaviour. Additionally, Figure 3.4 shows that models entering an accelerated

epoch earlier undergo a faster transition [57]. The effect of the sign of α on the sound speed is

demonstrated in Figure 3.4 (right), where α = −0.1 leads to imaginary sound speeds. Smaller values

of α correspond to smaller sound speeds.
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FIGURE 3.4: The background EoS (left) and the square of the sound speed (right) for
the GCG EoS plotted against the scale factor, with As = 0.774 [91]. The range of

−0.5 ≤ α ≤ 0.5 is considered.

With the necessary functions in place to evaluate perturbations, we can now return to the previ-

ously introduced SC model and apply it to the GCG EoS for the three values of α used in Figure 3.4.

Following the initial conditions laid out in [80], and working in the linear regime, our perturbations
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for the matter and DE components can be characterized by [48],

δ̈m + 2Hδ̇m =
3H2

2
[
Ωmδm + Ωdeδde (1 + 3wde)

]
, (3.36a)

δ̈de +

(
2H − ẇde

1 + wde

)
δ̇de =

3H2

2
(1 + wde)

[
Ωmδm + Ωdeδde (1 + 3wde)

]
, (3.36b)

where we have neglected the non-linear terms from Equations (3.21) and (3.22) up until the limit as

shown in Ref. [94]. Since we are only working with the background, we will only assess Equation

(3.36a). By transitioning from cosmic time denoted by a dot to conformal time denoted by primes,

the derivative with respect to e-foldings, denoted N = ln a, simplifies the linear differential equation

to,

δ′′ +

(
2 +

H′

H

)
δ′ − 3

2
Ωm(a)δ = 0. (3.37)

Inserting Equation (3.31) for H, H′ and Ωm(a) from Equation (3.24), similarly to Ref. [95] we arrive

at expression (3.37). Figure 3.5 illustrates that in the linear regime, the GCG model exhibits a slower
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FIGURE 3.5: Linear density growth, specifically for matter perturbations scaled by a
for the ΛCDM model (black dashed line) and the GCG EoS for −0.5 ≤ α ≤ 0.5.

growth rate compared to the ΛCDM model. The sign for α plays an important role since we head

into negative growth factors which are deemed nonphysical and deviate significantly from our base

comparison. While many studies use the power spectrum for such comparisons with the standard

model, for simplicity, we will focus on the matter density contrast. It is important to clarify whether

we allow the GCG fluid to cluster. In this dissertation, we assume that the only clustering component

is matter, implying δde = 0. For future works we can remove this assumption to assess the non-linear

regime, i.e. the DE case. Figure 3.6 shows the growth factor varying with the scale factor compared to
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FIGURE 3.6: The growth factor γ plotted against the scale factor a for the ΛCDM model
(black dashed line) and the GCG EoS for −0.5 ≤ α ≤ 0.5.

the ΛCDM scenario. The model is relatively well behaved and aligns with the value for the ΛCDM

model for a range 0 ≤ α < 0.1. This is useful as it serves as an initial test in comparing models

without the bias of observational data sets. The pressure plays a critical role in the GCG model,

significantly influencing structure formation during the matter era. Successful structure formation,

especially in the linear perturbations regime, requires effective pressure suppression. However, to

account for late-time cosmic acceleration, a negative pressure becomes necessary. Satisfying both of

these demands simultaneously presents a challenge within the GCG model [27].

3.3.2 Anton-Schmidt’s equation of state and the Logotropic model

The Anton-Schmidt equation of state (A-S EoS), as discussed in §2.1.4, can be categorized into four

distinct scenarios [73, 72]. For simplicity, we will focus on the case where the parameters n and γ

are unrestricted. The specific EoS, which we will refer to throughout our analysis, is provided in [72]

and given by,

pA−S = A

(
ρ

ρ∗

)−n

ln

(
ρ

ρ∗

)
. (3.38)

The A-S EoS (3.38) consists of the positive free parameter A, which represents a Logotropic temper-

ature [58], the reference density ρ∗, and the number density n. In the special case where n = 0, the

equation reduces to the pure Logotropic scenario described in §A.3.3. To derive the density, we em-

ploy the first law of thermodynamics as discussed in §2.1.3. Substituting the EoS (3.38) into Equation
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(2.24), we obtain the total density parameter given by,

ϵ = ρ +
3A

(n + 1)

(
ρm,0

ρ∗

)−n

a3n ln a − A
(n + 1)

(
ρm,0

ρ∗

)−n

a3n

ln

(
ρm,0

ρ∗

)
+

1
(n + 1)

 . (3.39)

In this method, the first term represents a pressure-less fluid akin to matter, while the second term

incorporates pressure effects and can be understood as the dark energy component. Thus, this ap-

proach aims to unify dark matter and dark energy into a single dark fluid. However, for the sake

of comparison with the conventional scenario, where matter and dark energy are treated as separate

fluids, we revert to Equation (2.26) to describe the total energy density as,

ϵ = ϵm + ϵde, (3.40)

where the full derivation can be found in Appendix A.3.3,

ϵ = ϵm,0a−3 +
3A

(n + 1)

(
ρm,0

ρ∗

)−n

a3n ln a + ϵde,0a3n. (3.41)

To compute the background parameter w = p/ϵ based on the Logotropic temperature, we reorganize

Equations (3.38) and (3.41) to be expressed in terms of the dimensionless parameter B, defined as2,

B =
A

n + 1

(
ρm,0

ρ∗

)−n
1

ϵcΩde,0
, (3.42)

where the normalized density parameters Ωi can be written as,

Ωm,0 ≡ ϵm,0

ϵc
, (3.43a)

Ωde,0 ≡ ϵde,0

ϵc
, (3.43b)

where ϵc corresponds to the critical density (a0 = 1). Additionally, it is worth noting that this for-

mulation fulfills the condition Ωde,0 = 1 − Ωm,0, where Ωde,0 represents the dark energy density

parameter and Ωm,0 represents the matter density parameter.

Having decomposed the contributions from dark energy and matter, we can express the EoS as

wde = pde/ϵde for the dark energy component and w = p/ϵ for the total contribution. Consequently,

2This is purely for convenience and similarly performed by Ref. [72]
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the pressure and density can also be expressed in terms of dimensionless parameter B as,

p = −ϵc
(
1 − Ωm,0

)
[B + (n + 1)(1 + 3B ln a)]a3n, (3.44a)

ϵ = Ωm,0a−3ϵc + (1 − Ωm,0) (1 + 3B ln a) a3nϵc. (3.44b)

Thus for the background EoS we obtain,

w = −
(
1 − Ωm,0

)
[B + (n + 1)(1 + 3B ln a)]a3n

Ωm,0a−3 +
(
1 − Ωm,0

)
(1 + 3B ln a)a3n . (3.45)

For the epoch where matter is negligible in comparison to DE, we can simplify the pressure in Equa-

tions (3.44a) and (3.44b) to,

pde = −ϵc
(
1 − Ωm,0

)
[B + (n + 1)(1 + 3B ln a)]a3n, (3.46a)

ϵde = ϵc
(
1 − Ωm,0

)
(1 + 3B ln a)a3n. (3.46b)

Thus for the background DE we arrive at,

wde = − B
(1 + 3B ln a)

− (n + 1). (3.47)

The determination of the sound speed is essential for understanding the early formation of structures

in the universe [96]. To calculate the value, we adopt a similar approach to the GCG derivation

discussed in Chapter 2 by utilizing Equation (2.40), which is applicable to an adiabatic fluid3,

c2
s =

∂p
∂a

(
∂ρ

∂a

)−1
=

(1 − Ωm,0)

Ωm,0
a3(n+1) [B(1 + 2n) + n(n + 1)(1 + 3B ln a)

]
. (3.48)

3.3.3 The importance of B

In Chapter 2.1.3, we examined the pure Logotropic case were n = 0 in the A-S model. However,

by introducing two additional free parameters, B and n, which can potentially vary with the scale

factor, we gain flexibility in selecting optimal values for these parameters based on previous studies.

Before we proceed to discuss specific numerical values, it is worth highlighting the significance of

the Planck density in relation to B. In the general Logotropic Dark Fluid (LDF), the parameters A and

n are both free, with A representing the minimum energy density that depends on B [58]. In [69] they

interpret B as a dimensionless Logotropic temperature and demonstrate how it bares resemblance to

3For the full derivation of p, pde, w, wde, c2
s see §A.3.3
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the ratio between the Planck density ρPl and the cosmological density ρΛ given by,

ρPl
ρΛ

∼ 10123, (3.49)

this underlies the cosmological constant problem discussed in Chapter 1. Equation (3.49) describes

the disproportionate order of magnitude between cosmological observations and predictions from

particle physics and quantum field theory. Incorporating this value enables us to address the dis-

crepancies by including it in defined dimensionless constants. Thus, we can express B as,

B ≃ 1

ln

(
ρPl
ρΛ

) ≃ 1
123 ln(10)

. (3.50)

Using the latest values from [3] we can determine a more precise value given by,

A = Bρde,0c2, (3.51)

where ρde,0 = (1 − Ωm,0)ρc = 6.72 × 10−24gm−3 [68] at present time. Using the relation in Equation

(2.26) we obtain a ratio for the Planck density and dark energy density,

ρPl
ρde

=
Ωm,0

(1 − Ωm,0)
exp

{
1 +

1
B

}
. (3.52)

We can extract values for ρde, ρPl , and Ωm,0 from [5] to calculate the following,

Bpl =

ln

(
(1 − Ωm,0)

Ωm0

ρPl
ρde

)
− 1

−1

= 3.53 × 10−3. (3.53)

The identification of the value for B with the Planck density ρPl [58, 68] potentially eliminates its

status as a free parameter. Part of this investigation will be to determine the effect the parameter B

has on the perturbations and the background.

The utilization of the variable B, as indicated in Equation (3.42), becomes crucial in deriving an

equivalent value and expression for more generalized equations of state. This reconciliation between

the A-S EoS and LDF ensures their mutual consistency. In a comprehensive MCMC analysis conduc-

ted by Boshkayev et al. (2021) [73], four distinct Anton-Schmidt equations of state, incorporating free

parameters n and γ, were thoroughly examined. We will touch on these finding as well as compare

the viability of introducing more free parameters in attempting to reproduce and remedy present

day values and problems.

Capozziello et al. (2017) [72] first introduced the Anton-Schmidt’s EoS as a cosmological model
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by providing further generalization of the Logotropic model. Building upon this, Boshkayev et al.

(2019) [74] expanded the class of Logotropic fluids by considering the Anton-Schmidt EoS as a more

general form and comparing the effect varying n and γ (Grüneisen parameter) has. They investig-

ated a universe governed by a single fluid, where the pressure evolves based on a logarithmic EoS.

Following this definition, four classes of Logotropic models emerged, (where Model I and II are the

A-S gases), to assess the viability against observational data and the current ΛCDM model [73]. In

the first case, the parameter n is assumed to be constant throughout cosmic evolution, making it a

free parameter of the model. This represents the simplest A-S scenario, where the temperature of

the Universe has a minimal influence on the fluid’s evolution. In the second case, they fix n = −1,

resulting in negligible temperature effects and removing n as a free parameter from the model. These

two approaches correspond to the extreme cases of the more general Logotropic models discussed

as a third case where n = 0 (the pure Logotropic framework). Lastly, they introduce a new Logo-

tropic model formulation as a further case, assuming a specific scenario for the pressure. This case

attempts to resolve the negative sound speed issue by removing the constant temperature approx-

imation on n, however it was found that further investigation was needed to determine how the

Grüneisen parameter depends on temperature. Subsequently, in Ref. [97], the authors explored the

different findings from [73] and discovered that further generalizations of the logarithmic EoS results

in decreased statistical predictability.

In Ref. [75], they investigated generalized Logotropic models, introducing specific cases for Ai in

which A can vary with respect to i. To maintain consistency among these works, we adopt the EoS

presented in [75],

p =
N

∑
i=0

Ai lni

(
ρ

ρ∗

)
, (3.54)

where ρ∗ is reference density. In [97], a different approach is taken where the parameter A is fixed as

a constant, and only n is varied resulting in the equation,

p = A lnn

(
ρm

ρPl

)
, (3.55)

with Planck density ρPl as the reference density and n being a real parameter. The study conducted

in [97] reveals that both the original Logotropic model and its generalized versions do not provide

strong statistical evidence against the ΛCDM scenario. The pure Logotropic model, in particular,

exhibits greater predictability compared to the Anton-Schmidt model. The generalized versions of

the pure Logotropic model show minimal deviation from experimental expectations, particularly

regarding the free coefficients. As a result, these models exhibit degeneracy with the concordance

paradigm. It was concluded in Ref. [97] that the original Logotropic model [58, 69] has an equal
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number of parameters as the ΛCDM model if we identify ρ∗ with the Planck density. At the large-

scale cosmological background level, the model behaves similarly to the ΛCDM model for about

25 billion years into the future. However, it potentially addresses certain issues encountered by the

ΛCDM model, such as the core-cusp problem, universal surface density, and the Tully-Fisher rela-

tion, particularly concerning dark matter halos at small scales. This makes it an intriguing alternative

to the ΛCDM model. However, it faces a disadvantage: although the squared speed of sound is pos-

itive during the relevant period, it increases over time and becomes excessively large in the present

epoch, posing challenges at the perturbative level [98, 99].

Reference n Data set

[72] −0.147 +0.113 OHD + JLASNeIa + BAO
−0.107

[73] +0.004 +0.015 SNeIa + OHD
−0.009

[97] −0.492 +0.621 SNeIa + OHD + σ8
−0.751

TABLE 3.2: Free parameter n for different data sets. References only refer to the value
for n since we are comparing the hydrodynamical Logotropic case with the more gen-

eral thermodynamical Anton-Schmidt EoS.
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FIGURE 3.7: The pressure is depicted across various values of the free parameter B as
the scale factor a changes, showing how different values of B affect the pressure’s sign

compared to the ΛCDM model (shown by the black horizontal line).

In Table 3.2, the only free parameter is n, as B can be fixed as a constant through analytical calcu-

lations. This reduces the statistical uncertainty associated with determining the MCMC parameter-

ization. Following the concluding remarks by [73], we choose the original Logotropic model4, where

dark matter and baryons are disentangled. This choice is further justified by the conclusion stated

4modified n = 0, model IV in [73]
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in [73] that Logotropic models perform better than Anton-Schmidt variants, and the case for n = −1

is completely ruled out as shown in [100]. The study demonstrated that Logotropic models exhibit

less stability compared to the standard cosmological paradigm, and there is no statistical advantage

in utilizing a Logotropic and/or A-S universe over the ΛCDM, ωCDM, and CPL scenarios. Thus we

can assess the background for the original Logotropic model given by,

p = A ln

(
ρm

ρPl

)
, (3.56)

and compare the scenario where we take the rest mass density of the LDF, denoted ρDF [75],

p = A ln

(
ρDF
ρPl

)
, (3.57)

where A is a new fundamental constant and ρPl is the Planck density resulting in a dimensionless

term inside the logarithm. This EoS provides the unification of DM and DE [75, 99], however this

introduces a new problem in that we can no longer use the relation in Equation (3.51) which allows us

to relate the Planck density and critical density via the dimensionless variable B in Equation (3.53).

Going back to the original formulation of the Logotropic model (3.56), where ϵ = ϵm, the energy

density is given by,

ϵ = ϵdm − A

1 + ln

(
ϵm

ρPl

) , (3.58)

where the first term is the DM term and the second term is the DE. In terms of the scale factor this

gives us pressure in the form,

p = −A
(

1 +
1
B
+ 3 ln a

)
, (3.59)

and resulting density given by,

ϵ =
Ωm,0ϵcr

a3 + A
(

1
B
+ 3 ln a

)
, (3.60)

where ϵcr is the critical density (a = 1). This coincides with the same expression in Equation (3.51).

We note that A > 0, and since A = Bϵcr = 3.53 × 10−3ϵcr [68], the pressure and density become,

p = −(1 − Ωm,0)ϵcr(B + 1 + 3B ln a), (3.61a)

ϵ =
Ωm,0ϵcr

a3 + ϵcr(1 − Ωm,0)(1 + 3B ln a). (3.61b)

Figure 3.7 presents the plot of energy density ϵ with respect to the free parameter B, illustrating

how it evolves over time. Notably, as B increases, the universe begins to deviate from the ΛCDM

case represented by the black line. Initially, for all values of B, the energy density starts at infinity.
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However, it gradually decreases with the expansion of the scale factor a, reaching a minimum, and

then exhibits an increase for specific values 0 < B ≤ 1.0. Comparing these results with those in

[75], it becomes evident that the magnitude of B significantly influences the energy density during

the evolution of the Universe. Consequently, it is crucial to set B sufficiently small to replicate the

behaviour of the ΛCDM model, thereby relating it conveniently to the Planck density [69].

Taking the ratio of pressure and total energy density results in,

w =
p
ϵ
= −

(
1 − Ωm,0

)
(1 + B + 3B ln a)

Ωm,0a−3 +
(
1 − Ωm,0

)
(1 + 3B ln a)

, (3.62)

with the dimensionless speed of sound given by [99],

c2
s = p′(ϵ) =

B
ϵ/ϵcr − 1

. (3.63)

We can also write the sound speed in terms of dimensionless density Ωm,0 provided B ̸= 0 (in which

case c2
s = 0 at all times) as,

c2
s =

(
Ωm,0

B
(
1 − Ωm,0

) a−3 − 1

)−1

. (3.64)

To explore the impact of parameter B on the background, we investigate its relationship by consid-

ering a range of values: 0 ≤ B ≤ 1 (depicted in Figure 3.7). In the plot depicted right of Figure 3.8,

it can be observed that the sound speed deviates at scale factor a(w=−1), showing positive values for

scale factor a < a(w=−1) and negative values for scale factor a > a(w=−1). This divergence occurs only

for models where B < Ωm,0/(1 − Ωm,0), specifically limited to a > 1. Consequently, the Logotropic

fluid model proves to be effective throughout the present time, ensuring a continuous evolution of

the sound speed. By analyzing the influence of the order of magnitude of B on the background (see

Figure 3.8), we can gain valuable insights from this analysis.
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FIGURE 3.8: The background EoS w (left) and the squared of the sound speed c2
s (right)

of the Logotropic EoS varying with the scale factor a, with varying free parameter
0 ≤ B ≤ 1.0.
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The Logotropic model demonstrates remarkable consistency with observations, achieved by in-

troducing a parameter B that allows it to precisely recover the ΛCDM model when B is set to 0,

as illustrated in Figure 3.8 [69]. Notably, what distinguishes this theory is that B deviates from the

conventional concept of a free parameter found in other cosmological models, which often involve

multiple free parameters. Instead, B is determined by well-defined physical considerations, effect-

ively acting as a fundamental constant with a fixed value of B = 3.53 × 10−3. The significance of

defining B in Equation (3.50) lies in its role in addressing the disparity between the energy density

predicted by particle physics and the observational results from cosmological measurements. With

this definition, one can interpret B as the inverse dimensionless Logotropic temperature, defining

a new cosmological constant that shares similar orders of magnitude with theoretical predictions.

Furthermore, the slight yet non-zero value of B corresponds to the non-zero value of the Planck con-

stant h̄, suggesting potential involvement of quantum mechanics in the realm of DM and DE on a

cosmological scale.

We can assess the growth of structures by looking at how δ evolves. Following the procedure

in §3.1.1 we can determine how the background evolves with the scale factor using the following

Equation,

δ′′ + (Aδ)′ +

(2 +
H′

H

)
− B′

B

 (δ′ + Aδ
)
− B f δ = 0, (3.65)

where,

A = 3(c2
s − w), B = 1 + w, f =

3
2
(1 + 3c2

s )Ωm(a) (3.66)

There are two free parameters in Equation (3.65), the sound speed which we will denote c2
s = s for

simplicity and the background EoS w. Following a similar procedure to [73] we allow the clustering

component be due to matter, and set w = 0, while we leave the adiabatic sound to be applied to the

whole model. This simplifies our expression to,

δ′′ + 3(sδ)′ +

(
2 +

H′

H

)(
δ′ + 3sδ

)
− 3

2
(1 + 3s)Ωm(a)δ = 0, (3.67)

where we can express the term H′/H in terms of the barotropic index given by,

H′

H
= −3

2
(w + 1). (3.68)

Note that the Hubble rate in terms of observational dimensionless constraints Ωi from Equation

(3.61b) yields the equation,

H2 = H2
0

[
Ωm,0a−3 + ΩDE,0(1 + 3B ln a)

]
(3.69)
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where ΩDE,0 = 1 − Ωm,0 represents the present-day density parameter values for matter and DE,

respectively. [69]. In Figure 3.9, we observe the density contrast for the Logotropic Dark Fluid (LDF)
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FIGURE 3.9: Growth factor f varying with the scale factor for the ΛCDM model (black
line) and original Logotropic EoS with range of values between 0 ≤ B ≤ 1 with fixed

reference density given by the Planck density.

model across varying values of B, with a fixed reference density given by the Planck density,

ρPl =
mPl

l3
Pl

=
mPl(

1
mPl

)3 = (mPl)
4 = 2.2223 × 1076 GeV4. (3.70)

Despite B = 0 (blue line) being expected to reproduce the ΛCDM model, it deviates from it at the

perturbative level, while still preserving the general behaviour. In Figure 3.9 we clearly observe how

smaller values of B affect the growth of structures. On the other hand, the large value B = 1 exhibits

significant deviations from the ΛCDM model, reinforcing the need for B to be sufficiently small,

aligning with the findings in Ref. [69]. Remarkably, the order of magnitude of B ∼ 10−3 corresponds

to the derived value of B using the Planck density which is virtually indistinguishable compared to

B = 0 according to Figure 3.9.

The following was done to explore the impact of the order of magnitude of B has at the back-

ground level of the Logotropic EoS. Initially, we examined small values of B, which successfully

replicated certain characteristics observed in the ΛCDM model, such as freezing out towards late

times. However, perturbing the background (as shown in Figure 3.9) led to a different scenario. Ad-

ditionally, for non-zero values of B, specifically B = 3.53× 10−3, derived from the Planck density, we

demonstrate the behaviour through the background and sound speed, as shown in Figure 3.10. This

aids in addressing the nature of a non-zero B.
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the squared sound speed c2

s of the Logotropic EoS plotted against the scale factor a.
Two scenarios are considered: B = 0 (blue line) and B = 3.35× 10−3 (orange line). The

reference density is defined by the Planck density in Equation (3.70).

Figure 3.10 (left) illustrates the evolution of the background EoS parameter w over the range of

a = 100 − 102. Remarkably, in the Logotropic model, w remains near 0 for small values of a, gradu-

ally decreases, and falls below −1 at a ≈ 5. It reaches its minimum at wmin = −1.0035 when a = 1.

In the future evolution of the Logotropic Universe, a unique phantom flip signature emerges, an ef-

fect not present in the ΛCDM model. In Figure 3.10 (right), we observe the evolution of the sound

speed within the range of a = 100 − 102. The behaviour resembles the typical Logotropic pattern,

with negative sound speeds as we approach the present day a = 1. Despite the constant B being suf-

ficiently small, it fails to address the issue of negative sound speed. In comparison to the standard

approach, the Logotropic model does not offer any advantages, especially since perturbations be-

come unstable due to the inherent nature of negative sound speed, seemingly present in Logotropic

models in general.

Compared to the GCG EoS, generalizations of the Logotropic model offers significantly greater

breadth. It presents a multitude of options for free parameters, allowing for the inclusion of various

observational constants and additional parameters. As a result, the model assumes a critical role

in elucidating observational phenomena that are often attributed to dark energy and dark matter.

Notably, it can account for the accelerated expansion of the universe and the formation of dark matter

halos. However, the further we generalization, the less statistical rigor we have compared to the

standard approach [97]. Note that when we switch from dimensionless variable B for the Logotropic

case, we omit any inclusion density ρde which differs to the GCG case where we still include the

critical density in deriving the background w.

In Chapter 4, we will explore a potential UDE model, the Murnaghan equation of state, which

has not been explored extensively in the literature. This topic remains largely unexamined within

the realm of cosmology.
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Chapter 4

A new UDE model

We now introduce a new Unified Dark Energy (UDE) model, specifically the Murnaghan EoS [101].

Initially developed in solid-state physics, we adapt this novel EoS for cosmological contexts to assess

its capability in replicating observational outcomes against a ΛCDM background. The quest for new

UDE models persists due to the shortcomings of existing models like the Generalized Chaplygin Gas

(GCG) and Logotropic models, which exhibit deficiencies at the perturbative level, emphasizing the

necessity to continue our exploration for more viable alternatives.

4.1 The Murnaghan equation of state

The Murnaghan equation of state, named after physicist Francis D. Murnaghan, is an empirical

model widely used to describe the relationship between the pressure, volume, and energy of a ma-

terial [101]. It is derived from three derivative relations, including expressions for pressure, bulk

modulus, and its derivative at constant pressure, given by,

p = −
(

∂U
∂V

)
S

, (4.1a)

K = −V
(

∂p
∂V

)
T

, (4.1b)

K′ =

(
∂K
∂p

)
T

, (4.1c)

where p denotes the pressure, U denotes the internal energy, V denotes the volume, K denotes the

bulk modulus and K′ the pressure derivative of the bulk modulus at constant temperature. For

constant K′ we choose to assign a linear dependence of the bulk modulus on the pressure which

allows the specification for one bulk modulus and derivative represented by K0 and K′
0 shown below,

K = K0 + pK′
0. (4.2)
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The resulting pressure relation, derived in Appendix A.4, is given by:

p(V) =
K0

K′
0

( V
V0

)−K′
0
− 1

 , (4.3)

where V denotes volume, K, K0 are proportionality constants, and V0 is the equilibrium volume.

The equation is crucial for understanding pressure behaviour, especially in the context of a negative

pressure universe when V ≤ V0.

The Murnaghan EoS, based on Murnaghan’s theory of finite strain [101], describes the volume-

pressure relationship in solids. It reflects the empirical observation that a solid becomes more resist-

ant to compression as it is compressed [101]. This equation is frequently used to fit experimental data

and to compute the thermodynamic properties of materials under high temperature and pressure

conditions. It has been successfully applied to a wide range of materials, such as metals, semicon-

ductors, and minerals [102]. In particular, the model is used to perform a regression on a data set,

from which one obtains the values of the coefficients of K0 and K′
0. Knowing the temperature, one

can then derive the volume, density, and bulk modulus for any pressure.

In the context of a fluid modeled by the Murnaghan EoS, the entire universe can be represented

with a single dark counterpart. This approach involves matter fueling cosmic acceleration, given by

the negative EoS in (4.3). Two limiting cases of this equation reveal critical volumes where pressure

coexists with matter, 
limV≫V0 p(V) =

K0

K′
0

(
V
V0

)−K′
0

,

limV≪V0 p(V) = −K0

K′
0

.
(4.4)

A critical volume exists where matter pressure supersedes the case when p = constant. This implies

that both matter and pressure coexist during the early stages of the universe or when we reach this

critical volume. In contrast to the ΛCDM model, where two distinct fluids exist, with Λ dominat-

ing over matter at late times and driving the universe’s expansion, our approach involves a single

perfect fluid with a unified EoS capable of accelerating the universe. This approach introduces the

concept that, during early/intermediate times, matter possesses pressure, as opposed to the current

paradigm which assumes a pressureless case. This is the novelty of the Murnaghan EoS. To assess

the EoS within the context of time evolution, we look at the extreme cases where,

Case 1: V < V0. Where we have a matter dominated phase. However, instead of the pressureless case

where p = 0, we instead have a constant term containing matter and pressure p(V) = −K0

K′
0

, a

matter-like fluid with pressure.
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Case 2: V = V0. We call this the transition period where our pressure becomes p(V) = 0, the case for

the standard model paradigm.

Case 3: V > V0. We transition from p(V) = constant to p < 0 in which dark energy dominates

corresponding to to a de-Sitter phase capable of accelerating the universe today. We can express

this as p(V) =
K0

K′
0

(
V
V0

)−K′
0
.

Using the notation established in the framework of LDE models [58], we relate the volume to the

mass density as V ∝ ρ−1 and reformulate Equation (4.3) for the cosmological context, leading to the

following expression,

p(ρ) = − A
α

( ρ

ρ∗

)−α

− 1

 , (4.5)

where A and α are positive constants1 and ρ∗ the normalized density, different from the critical

density ρcr. To induce negative pressure, we incorporate a minus sign at the start of our pressure

expression. It is noteworthy that in later stages, the system’s behaviour closely resembles that of the

Chaplygin Gas (CG) EoS, as described in [55], and expressed as,

p(ρ) = − A
α

(
1
ρα

)
, (4.6)

where we allow our reference density to tend toward unity, ρ⋆ → 1. Allowing A/α = As to be

a positive constant equivalent to the GCG parameter, we arrive at the same expression derived in

§2.1.1,

p(ρ) = − As

ρα
. (4.7)

The GCG model is characterized by 0 < α ≤ 1 with a positive constant As. Setting α = 1 leads to the

original Chaplygin gas model introduced by Ref. [59]. For the purposes of consistency, we use the

same constraints on α as an initial test. For the Murnaghan model, provided that the density value is

significantly large i.e. ρ ≫ 1, the pressure p stabilizes at a constant value. Consequently, the pressure

can be expressed as,

p ∼ A
α

. (4.8)

Unlike previous UDE models such as the Chaplygin gas model, which only considers the early and

late phases of the universe, the Murnaghan EoS accounts for both pressure and matter in the early

universe, and exhibits Chaplygin-like behaviour in the later universe. A formal solution can be

obtained by using the first law of thermodynamics as shown below since the original EoS is derived

from continuum dynamics.

1We choose positive values for A and α since at late times the EoS resembles the Generalized Chaplygin Gas model, thus
we follow a similar methodology to remain consistent with previous literature.
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By applying the techniques outlined in §2.1.3 and replacing Equation (4.5) into Equation (2.24),

assuming positive constants A and α, and a prescribed EoS in the form p(ρ), we can express the total

energy density as,

ϵ = ρc2 + ρ
∫ ρ p(ρ′)

ρ2′ dρ′ = ρ + u(ρ), (4.9)

where ρ denotes the rest-mass density, different to the GCG formulation. Equation (4.9) depicts the

energy density as consisting of two components: the rest mass energy term ρc2 ∝ a−3, represent-

ing dark matter and being positive, and an internal energy term (u(ρ)) with a density dependence,

resembling dark energy [68]. Since the total energy density is always positive, the internal energy

density does not contribute linearly to ρ.

Following the approach detailed in [72], we adhere to a background cosmological model where

the connection between the energy density and the scale factor for a specific barotropic fluid [103]

(see Appendix A.2) is described by the continuity equation,

ϵ̇ + 3
ȧ
a
(ϵ + p) = 0, (4.10)

by integrating the first law of thermodynamics (2.21) with the continuity equation in terms of ϵ, we

have an expression that allows us to derive the energy density for our UDE model,

ρ̇ + 3
ȧ
a

ρ = 0. (4.11)

This equation retains its exactness when a fluid is at constant temperature or behaves as a single

perfect fluid. Crucially, it does not depend on the specific EoS, denoted by p(ρ). This equation

essentially represents the conservation of rest-mass density, and integrating it provides the evolution

of the rest mass density given by,

ρm(a) = ρm,0

(
a0

a

)3
, (4.12)

where ρm,0 is the current value of the rest-mass density given by ρm,0 = 3H2
0 Ωm0/(8πG) and a0 = 1

the present day value [58]. Thus, the EoS (4.5) can be expressed as,

p(ρ) = − A
α

(ρm,0a−3

ρ∗

)−α

− 1

 . (4.13)

Inserting Equation (4.12) into Equation (4.9), we obtain the total energy density,

ϵ = ρm,0

(
a0

a

)3
+ u

[
ρm,0

(
a0

a

)3
]

. (4.14)
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Now, inserting EoS (4.5) into the expression for the first law of thermodynamics results in the total

energy density for our Murnaghan Dark Fluid model (MDF), 2

ϵM = ρm,0a−3 +
A
α

 1
1 + α

(
ρm,0a−3

ρ⋆

)−α

− 1

 . (4.15)

The first term, representing a pressureless fluid, resembles matter, whereas the subsequent term,

originating from pressure effects, can be viewed as the dark energy component. Consequently, this

methodology aims to merge dark matter and dark energy into a unified dark fluid. To compare this

outcome with the conventional ΛCDM model, we treat matter and dark energy as distinct fluids and

express the total density as,

ϵ = ϵm + ϵde = ρM, (4.16)

where ρM denotes the sum of matter and dark fluid components. We can assess the density in two

ways, either in terms of the total or in terms of the the internal energy term that mimics a "new fluid",

our Murnaghan Dark Fluid (MDF). Using the density relation in Equation(4.12), we can express the

pressureless fluid (dark matter) and corresponding dark energy term as,

ϵm = ρm,0a−3 = ρm(a), (4.17)

ϵde =
A
α

 1
1 + α

(
ρm,0

ρ⋆

)−α

a3α − 1

 . (4.18)

For current times we use the subscript ”0” for z = 0 (a0 = 1). Defining the normalized density

parameters as,

Ωm,0 =
ϵm,0

ϵc,0
, (4.19)

Ωde,0 =
ϵde,0

ϵc,0
= 1 − Ωm,0, (4.20)

where ϵc,0 ≡ 3H2
0 c2/(8πG) is the present critical density. We can write the Friedmann equation as,

H2 = H2
0

(
ϵm

ϵc,0
+

ϵde
ϵc,0

)
, (4.21)

= H2
0

Ωm,0

a3 +
A(1 − Ωm,0)

α

 1
1 + α

(
ρm,0

ρ⋆

)−α

a3α − 1

 . (4.22)

As discussed in [72], a new parameter ”B” was introduced for convenience and referred to as the

Logotropic temperature. However, it is important to note that this is applicable primarily under the

2Appendix §A.3.4 for full derivation
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constraint that K0 ≈ 03 Focusing our study on just the dark energy component, we can determine

the background EoS given using the relation wde = pde/ϵde which can be written as,

wde =
α

(α + 1)

(
ρm,0

ρ∗

)α

− 1

− 1, (4.24)

where the full solution for the background is simply,

w =
p
ρ
= − A

αρ

( ρ

ρ⋆

)−α

− 1

 . (4.25)

The choice of fluid type, whether adiabatic or barotropic, determines how the model evolves [103].

In the context of the MDF, the adiabatic and barotropic sound speeds are equivalent, thus

c2
s,a =

∂p
∂ρ

=
dp(ρ)

dρ
, (4.26)

resulting in an expression for sound speed given by,

c2
s,M =

dp(ρ)
dρ

=
A

ρM

(
ρM
ρ⋆

)−α

, (4.27)

where ρM refers to the Murnaghan energy density in Equation (4.15).

4.1.1 Solution to the continuity equation

In the paper [104], the authors assess the large-scale dynamics of the Murnaghan EoS using the

continuity equation; however, no analytical solution is attainable. This led to the utilization of the

methods outlined in the previous section, which involved employing the first law of thermodynam-

ics to solve for the energy density. Nevertheless, by constraining the model parameters A, α, and

ρ⋆, we can obtain insightful solutions. The following section summarizes the assumptions made to

arrive at these analytical expressions for pressure.

3Note the definition given by [72],

Blog ≡
ln

(
ρ⋆

ρm,0

)
− 1

−1

. (4.23)
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1. ΛCDM-like evolution. Allowing z ≈ 0 and thus a0 ≈ 1. Letting ρ ≈ ρc, we arrive at the

pressure and density expression given by,

p ≈ −A⋆ ln

(
ρ⋆
ρc

)
< 0, (4.28)

ρ(z) ≈ ρc

(
ΩDF +

p
ρc

)
a−3 − p, (4.29)

where ΩDF ≈ ρ/ρc is the dark fluid density parameter. The solution is degenerate with the

ΛCDM as required.

2. Logotropic-like solution. Letting K0 be constant or weakly related to p results in the derivative

of K′
0 ≈ 0. Using the relation in Equation (4.1b), we arrive at the solution p = −K0 ln(V/V0).

Letting K0 → A⋆, V0 → ρ⋆, V → ρ we arrive at a form for pressure in terms of the logarithm,

given by,

p ≈ −A⋆ ln

(
ρ

ρ⋆

)
< 0, (4.30)

which holds for all ρ unlike the previous case which only holds for ρ = ρc. This expression is

exact in form for the A-S EoS when n = 0 [72]. In terms of the total matter density, solving for

the first law of thermodynamics results in the density expression given by,

ϵ(a) = ρm(a)− A⋆

1 + ln

[
ρm(a)

ρ⋆

] = ρm(a) + ρc
(
1 − Ωm,0

)
(1 + 3B ln a), (4.31)

where we defined the free parameters as,

B ≡
ln

(
ρ⋆

ρm,0

)
− 1

−1

, (4.32a)

A⋆ ≡ BρcΩΛ. (4.32b)

Following the works of [68], the reference density ρ⋆ is identified with the Planck density

ρPl = c5/(h̄G2) where c is the speed of light, h̄ the reduced Planck constant and G the gravita-

tional constant. They denote this the "GL1" case. "GL2" is defined as the original case without

removing ρ⋆ and B. Both these cases are assessed in terms of their background quantities.

3. GCG-like behaviour. Assuming the bulk modulus is K0 ≪ K′
0 p, the Murnaghan EoS can be

expressed as,

p ≈ K0

K′
0

(
V
V0

)−K′
0

. (4.33)
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Letting K0 → Acρ⋆, K′
0 → −α, V0 → ρ⋆ and V → ρ, the GCG-like EoS in the cosmological

regime can be written as,

p = −Acρ⋆

(
ρ

ρ⋆

)−α

. (4.34)

Solving the continuity equation results in,

ρDF(a) = ρDF,0

[
As + (1 − As)a−3(α+1)

] 1
α+1 , (4.35)

where we have redefined the constant As to be equivalent to the original GCG formulation,

As ≡ Ac

[
ρ⋆

ρ(a0)

]1+α

, (4.36a)

A⋆ ≡ αAcρ⋆. (4.36b)

Note that we can express As exactly as in Equation (3.29). Additionally, numerically derived

values are not used, as As is approximately equal to (1 − Ωm0).

4.1.2 Priors on model parameters

Building upon the works by Ref. [104] which sought to identify prior model parameters through

constraints on the continuity equation, we employ this as an initial evaluation to determine the nu-

merical values for our free parameters A, α, and ρ⋆.

Additionally, we leverage the deceleration parameter as a prior for our model. The deceleration

parameter for a spatially flat universe comprising a single component with the form given by p = wp

can be expressed as,

q = − ä
aH2 =

1
2
(1 + 3w). (4.37)

The current deceleration and jerk parameters can be written in terms of the e-foldings N = − ln(1 + z)

as,

q0 = − 1
H2

1
2

d
(

H2
)

dN
+ H2


∣∣∣∣∣∣∣

N=0

, (4.38a)

j0 =

 1
2H2

d2
(

H2
)

dN2 +
3

2H2

d
(

H2
)

dN
+ 1


∣∣∣∣∣∣∣

N=0

. (4.38b)
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The bounds found by [104] are given by,

ᾱ = 0.03+0.22
−0.17,

ρ̄⋆ = ρPl ,

Ā⋆ =
(

1.07+0.05
−0.05

)
× 10−5ρcr.

(4.39a)

(4.39b)

(4.39c)

The extensive range of values for α affords us the opportunity to scrutinize the impact of α variability

on the background EoS and sound speed, as elucidated in the subsequent discussion.

4.1.3 Evolution of the Murnaghan equation of state

To ensure alignment with observations of large-scale structure, the sound speed should tend towards

zero and avoid assuming negative values to prevent instability. Negative sound speeds contribute

to nonphysical perturbations on small scales, thereby significantly altering the late-time history of

structure formation.

In the Generalized Chaplygin Gas (GCG) model, the parameter α is constrained to the range

0 ≤ α ≤ 1. Likewise, for the Murnaghan EoS, α must be positive to ensure negative pressures

throughout time. Employing the values for A⋆, α, and ρ∗ in (4.39), we can generate plots depicting

the sound speed and background EoS, as illustrated in Figure 4.1.

The Murnaghan EoS presents a compelling feature as it begins with characteristics akin to pres-

sureless Cold Dark Matter (CDM), signified by w ≈ 0 and c2
s ≈ 0, in the early stages. Over time, it

gradually converges towards behaviour resembling the cosmological constant, particularly evident

for small values of α < 0.014. The top panel in Figure 4.1 visually captures this transition from a

dust-dominated epoch to the cosmological constant regime, consistent with the ΛCDM model.

Contrasting this behaviour with the Murnaghan Dark Energy (MDE) model across various α

values, we observe deviations above or below w = −1. This preliminary analysis indicates that α

is constrained within the range 0.014 ∼ 0.022. The bottom plot depicting the sound speed in Figure

4.1 reveals a positive-defined sound speed for any α value within the chosen range. This stands in

contrast to the ΛCDM case, where the sound speed remains zero throughout. These findings provide

a foundation for testable assessments regarding the evolution of matter perturbations over time, as

explored in subsequent §4.2. Note, the numerical values (§1) used are consistent with those used for

the previous UDE models, thus allowing for comparison.
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FIGURE 4.1: Numerical solutions for the background EoS and sound speed for free
parameters 0.01 ≤ α ≤ 0.03, A⋆ = 1.07 × 10−5ρcr and ρ⋆ = ρPl for the Murnaghan

UDE model.

4.2 Evolution of perturbations

Building upon our prior discussions, it is established that matter perturbations are markedly influ-

enced by the presence of dark matter—a form of matter devoid of light emission, absorption, or

reflection and primarily interacting through gravity. In the context of an initial examination, we can

scrutinize the growth of matter perturbations, specifically in the linear case. By utilizing Equation

(3.65) and presuming the clustering component to be dark matter, we assign wde = 0. Consequently,

(3.65) simplifies to Equation (3.67). Therefore, the key requirement lies in obtaining the expression for

the sound speed corresponding to the Murnaghan EoS. We can achieve this by employing a single-

fluid solution, where clustering is attributed to baryonic matter. Consequently, our total density is
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described by,

δ̈ + 2Hδ̇ − 4πGδρm = 0. (4.40)

The radiation-dominated period, occurring at high redshifts (i.e., early times), is negligible for our

current analysis. This equation is frequently employed to evaluate small scales for linear perturba-

tions. In this context, the variable ρm signifies the total matter density, implying that matter plays a

pivotal role in structure formation. The term 2Hδ̇ functions as a drag term, reflecting the expansion

of the Universe and resisting the collapse of structures.

The continuity and Euler equations are expressed as,

∂ρ

∂t
+ 3(c2

s − w)ρ + ∇⃗ ·
[
(1 + w) ρu⃗

]
= 0. (4.41)

If we let δ = δρ/ρ, θ = ∇⃗ · u and c2
s = s then the continuity equation becomes,

δ′ + 3(s − w)δ + (1 + w)θ̃ = 0, (4.42)

where we have let δ′ = ∂δ/∂N. To derive the Euler equation we define the variable for the effective

matter density, similarly to [105],

Ωm(a) =
ρm

ρm + ρde
. (4.43)

θ̃′
(

2 +
H′

H

)
θ̃ +

3
2
(1 + 3s)Ωm(a)δ = 0. (4.44)

We can use the same methodology performed in [73] by defining function A, B and f ,

A = 3(s − w), (4.45a)

B = 1 + w, (4.45b)

f =
3
2
(1 + 3s)Ω(a), (4.45c)

with derivatives,

A′ = 3(s′ − w′), (4.46a)

B′ = w′. (4.46b)

Inserting this into the continuity equation yields an expression similar to the one obtained in Ref.

[48], and given by,

δ′′ + (Aδ)′ + (δ′ + Aδ)

(2 +
H′

H

)
− B′

B

− B f δ = 0, (4.47)
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where (Aδ)′ = A′δ+ Aδ′. The partial derivative with respect to time results in the general expression

given below, where c2
s ̸= 0, and leads to clustering similar to dark matter [73]. Since we assume

wde = 0, we can simplify the above perturbation by setting w = 0 (since we are only dealing with the

matter perturbations i.e. the linear case.)

To streamline the number of varying inputs, we invoke the barotropic nature of our UDE model.

Consequently, we can express the term H′/H in terms of the barotropic index,

H′

H
= −3

2
(w + 1), (4.48)

Incorporating the total background, which encompasses the contributions from dark energy and

dark matter, we find that for w = 0, the expression aligns with that employed for the Logotropic and

Generalized Chaplygin Gas (GCG) models as presented earlier in Equation (3.67),

δ′′ + 3(sδ)′ + (δ′ + 3sδ)

(
2 +

H′

H

)
− 3

2
(1 + 3s)Ω(a)δ = 0. (4.49)

We can calculate s and s′, necessitating the time derivative of the matter density as provided in

Equation (4.12). In the context of e-foldings denoted by N = ln a, this simplification results in,

ρ′M(N) =
∂

∂N

ρm,0e−3N +
A
α

 1
1 + α

(
ρm,0e−3N

ρ⋆

)−α

− 1


 = −3ρm(N) +

3A
α + 1

(
ρm(N)

pPl

)−α

.

(4.50)

The expression for the sound speed c2
s = s and its time derivative is therefore given by,

sM =
dp
dρ

=
A

ρM

(
ρM
ρPl

)−α

, (4.51a)

s′M =
∂

∂N
sM = − A(α + 1)ρ′M

ρ2
M

(
ρM
ρPl

)−α

. (4.51b)

From Figure 4.2, it is evident that at very early times, for all values of α, the growth factor f

flattens out and approaches unity as required. Fine-tuning the free parameters leads to a variation in

the rate of growth. Specifically, the Murnaghan model evolves either faster or slower than ΛCDM,

contingent on the values of α and A⋆. Consequently, we infer that within a particular range or for

a specific value of α, a substantial deviation from the ΛCDM paradigm occurs, resulting in a more

efficient growth of perturbations. Examining the definition in Equation (4.43), the contributions of

dark matter density and dark fluid are intricately intertwined. Consequently, Ωm(a) encapsulates

the total dark fluid density, potentially amplifying the growth of perturbations. This phenomenon

could be attributed to the non-zero sound speed during late times. A more comprehensive and
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FIGURE 4.2: ΛCDM case where s = 0 = w and Murnaghan model with parameters
0.01 ≤ α ≤ 0.03, A⋆ = 1.07 × 10−5ρcr and ρ⋆ = ρPl

rigorous comparison involves combining the results for the Generalized Chaplygin Gas (GCG) and

Logotropic models to ascertain which model more effectively fosters the growth of perturbations.

Given that the numerical values are defined in terms of e-foldings, we redefine the primes to

denote derivatives with respect to N. This adjustment allows us to equate and plot the growth factor

using the relation,

f =
d ln δ

d ln a
=

δ′

δ
. (4.52)

Using the definition in Equation (3.23), γ can be derived by taking the natural logarithm of the

growth factor f and total energy energy,

γ =
ln f

ln Ωm(a)
(4.53)

where Ωm(a) is defined in Equation (4.43). The plot for γ depicted in Figure 4.3 signifies a notably

greater growth factor when compared with the ΛCDM scenario. The variances in the values of

γ may be ascribed to the non-constant values of the adiabatic sound speed and background EoS.

This is due to the fact that the rate of growth for matter perturbations incorporates contributions

from both matter and dark energy, manifesting in the barotropic index. The MDE favours smaller

values for α for the chosen range, as shown in Figure 4.3, where the blue range tends toward the

ΛCDM scenario. The subsequent phase of our analysis involves comparing GCG and Logotropic

cosmologies with the Murnaghan Dark Energy (MDE) model at a background level. To enhance our
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FIGURE 4.3: ΛCDM case where s = 0 = w and Murnaghan model with parameters
0.01 ≤ α ≤ 0.03, A⋆ = 1.07 × 10−5ρcr and ρ⋆ = ρPl

progress, we must confront these models with cosmological datasets. A comprehensive comparison

is currently hindered by the less tightly constrained parameters of the MDE model, in contrast to the

more extensively reviewed GCG and Logotropic models. However, initial background tests indicate

a favorable trend for the MDE model, as it demonstrates consistent performance against the ΛCDM

model compared to its predecessors. As demonstrated in the works by Ref. [104] in §4.1.2, the

free parameter α is not well-constrained. Therefore, additional efforts are necessary to refine the

parameter values. Chapter 5 outlines the methodology required for this purpose which involves the

usage of MCMC numerical methods, following this we conclude the dissertation with a discussion

of future work in Chapter 6.
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Chapter 5

Review of statistical approaches

In this dissertation, the computation of MCMC parameter estimates will not be undertaken, as this

aspect is reserved for future work. This would involve the marginalization of the likelihood function

over the free parameters; α, A⋆, and ρ⋆. The Equation of State (EoS) for the Murnaghan Dark Energy

(MDE) model was adopted, and the parameters specified in [104] were utilized to determine various

background quantities. These quantities include the background EoS (w), sound speed (c2
s ), growth

function ( f ), and growth factor (γ). To achieve this, extreme cases of the MDE were considered,

representing late and early times regimes, thereby approximating a simplified EoS. We shall now

examine various statistical methods employed in cosmological modeling to delineate the approach

for acquiring precise parameter estimates in subsequent research work.

Statistical methods play a pivotal role in validating UDE models through the comparison with ob-

servational data. To achieve this, rigorous statistical techniques are employed. These techniques

entail determining the best-fit parameters and confidence intervals for either a single test model or

multiple models. By varying the parameters, we search for the optimal values that yield the closest

match to the data, commonly referred to as the "true" value. However, model selection presents a

challenge due to varying numbers of parameters across different models, necessitating the utilization

of information criteria.

Various statistical methods are employed to assess the validity of UDE models, with likelihood

analysis and Bayesian analysis being prominent among them. Likelihood analysis involves compar-

ing the predicted outcomes of a model with observed data and assessing the goodness-of-fit using

statistical measures like the χ2 test. This approach is commonly utilized to constrain the model para-

meters and gauge the likelihood of its accuracy [106].

In contrast, Bayesian analysis calculates the posterior probability distribution of model parameters

based on observed data. This approach integrates prior knowledge about the parameters and en-

ables the estimation of parameter uncertainties. Additionally, it facilitates model comparison and
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the identification of the most probable model given the data. It’s crucial to recognize that adding ex-

tra parameters will enhance the fit to the dataset. Consequently, a straightforward comparison based

solely on the maximum likelihood value will consistently favour the model with more parameters,

regardless of the relevance of these additional parameters. Thus, selecting relevant parameters are

key in assessing the statistical validity for particular UDE models.

5.1 Likelihood analysis

Likelihood analysis is a statistical method employed to gauge the compatibility of a model with ob-

served data by quantifying the probability of obtaining the observed data given the model and its

parameters. Constructed based on the assumed statistical distribution of the data, the likelihood

function represents how well the model aligns with observed values. In the context of UDE mod-

els, likelihood analysis helps constrain model parameters, and the values maximizing the likelihood

function are considered the best-fitting ones.

In the evaluation of UDE models, the likelihood function plays a pivotal role, indicating the probabil-

ity of observed data given certain model parameters. This likelihood is central to Bayesian inference,

updating prior beliefs about model parameters based on observed data to yield a posterior distribu-

tion, as per Bayes’ theorem. The maximum likelihood for a model can be assessed by determining

the Akaike Information Criterion (AIC) [107] and Bayesian Information Criterion (BIC) [108]. In

the paper by [73], the AIC and BIC are employed as indicators to determine which model performs

better.

• The AIC is defined as,

AIC = −2 lnL+ 2k (5.1)

where L is the maximum likelihood for the model and k is the number of parameters of the

model. We aim to find the model that minimizes the AIC, without the constraint that the

models need to be nested.

• The BIC is defined as,

BIC = −2 lnL+ k ln N (5.2)

where N is the number of data points used for the fit. The BIC operates under the assumption

that the data points are independent and identically distributed, a condition that may or may

not hold depending on the datasets utilized.
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In testing UDE models, AIC and BIC serve as valuable tools for model selection. By calculating the

AIC and BIC values for different UDE models, one can assess the trade-off between model goodness

of fit and complexity [109]. Models with lower AIC or BIC values are considered more favourable,

with substantial differences suggesting stronger evidence in favour of the model with the lower

value. The choice between AIC and BIC depends on preferences regarding model simplicity, as

the latter penalizes additional parameters more rigorously [110]. Ultimately, these criteria aid in

objectively comparing and selecting UDE models, offering a balance between fit to data and model

parsimony. Consideration of other factors, such as physical interpretability and prior knowledge,

complements the use of AIC and BIC in the model selection process.

Markov Chain Monte Carlo (MCMC) methods, like Metropolis-Hastings or Gibbs sampler, are

crucial in exploring the parameter space and generating samples that approximate the posterior dis-

tribution. These samples are leveraged for parameter estimation, uncertainty quantification, and

model comparison. The latter involves evaluating likelihood functions for different UDE models,

with Bayesian model comparison employing the Bayes factor to select the most suitable model [93].

Essentially, the likelihood function, Bayesian inference, and MCMC methods cohesively contribute

to the robust evaluation and refinement of UDE models.

The likelihood function is pivotal in UDE modelling, encapsulating the probability of observing

specific data given model parameters. Various cosmological data sets, including the Cosmic Mi-

crowave Background, large-scale structure surveys, supernovae, Baryon Acoustic Oscillations, Hubble

parameter measurements, and redshift-space distortions, contribute to this likelihood. Constructed

based on the statistical distribution of these data, the likelihood function quantifies compatibility

between the UDE model and observational realities. Bayesian inference utilizes the likelihood func-

tion to update prior beliefs, resulting in a posterior distribution. Model comparison, facilitated by the

likelihood function, aids in selecting the UDE model aligning best with observed data. This integ-

rated approach, involving diverse observational data, the likelihood function, and MCMC methods,

provides a rigorous framework for UDE model assessment.

5.1.1 MCMC methods

In the domain of cosmological modeling, a variety of MCMC methods are applied to navigate the

complex parameter spaces inherent in these models. The MCMC technique [93] is widely employed

for its capacity in parameter estimation and uncertainty quantification. The Gibbs Sampler, another

prominent method, iteratively samples from conditional distributions, offering utility in scenarios

where joint distributions are intricate. Hamiltonian Monte Carlo (HMC) integrates principles from

Hamiltonian dynamics, enhancing efficiency in high-dimensional spaces and facilitating faster con-

vergence. Parallel Tempering involves running chains at different "temperatures", aiding exploration
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of rugged posterior distributions. Nested Sampling transforms the posterior sampling problem into

an exploration of the likelihood space, especially beneficial for models with numerous parameters.

Collectively, these MCMC methods play a vital role in efficiently exploring parameter spaces, estim-

ating uncertainties, and comparing diverse UDE models, catering to the distinctive characteristics of

each model.

In the paper by Ref. [104], the numerical method employed is the MCMC technique, which picks

a "proposal" distribution, lets call this M(p) that is able to predict an observable quantity µM given

the set of v free parameters p = {p1, p2, ...pv} of the theory. For a set of observations n, we want

the probability p using model M(p) to deliver the right results given a set of k = {µ1, µ2, ...µn} i.e.

P(p|k). We can rewrite this in the form known as Bayes’ Theorem,1

P(p|k) = P(p)
P(k)

P(k|p). (5.3)

The probability, denoted as P(k), is referred to as the evidence, serving as a constant normalization

factor for the posterior probability. P(p) represents the prior probability of parameter p. For each

parameter pi, it is assumed to be uniform within a given interval. If the parameter is inferred from

another cosmological observation, a normal distribution can also be assumed, where the parameter is

expected to have a certain mean value and standard deviation. The term P(k|p) represents the prob-

ability of obtaining the data k given the model parameters, which constitutes the actual likelihood.

In accordance with Ref. [106] Chapter 15, the likelihood for a single data point can be expressed as

(with N denoting the number of data points),

P(k|p) ∝ exp

[
−∑

i

(µi − µ
(

p
)
)2

2σ2
i

]
. (5.4)

This holds true only when all data points are independent. However, in cosmological observations,

this assumption may not always be valid, as errors from various measurements can be correlated.

Therefore, in general, we can represent the likelihood function using a multivariate Gaussian distri-

bution [27],

L ≈ N exp
[
−1

2
(θi − θ̂i)Fij(θj − θ̂j)

]
, (5.5)

where θ̂i represents the maximum likelihood estimators, which are functions derived from the data,

while Fij denotes the Fisher matrix, the inverse of the correlation matrix [111]. It is crucial to note that

the likelihood is a Gaussian function of the parameters, not of the data. The expression in (5.5) is a

generic approximation but serves as a method to compute parameter estimates using less computa-

tional power. Relating the likelihood function with our probabilities, and letting C be the covariance

1Using the rule for conditional probabilities P(p ∩ k) = P(p|k)P(k) = P(k|p)P(p),
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matrix, we can say,

χ2 = [k − µ(p)]C−1[k − µ(p)]T , (5.6)

where T is the transpose. To elaborate, we can use the Pantheon dataset as an example of this imple-

mentation in assessing the background. This is left for future work.

5.2 Data sets

A departure from the approach followed in Ref. [104] involves employing the first law of thermody-

namics, facilitating the construction of the total energy density. This total energy density incorporates

a term associated with a dark fluid denoted as u(ρ), as outlined in Equation (4.9). By leveraging the

Pantheon data set [112], we can visualize the bounds on our free parameters using a 2-dimensional

contour plot. Future efforts will be directed towards this particular aspect.

5.2.1 Pantheon sample (SNIa)

The Pantheon dataset consists of 1048 supernova type Ia (SNIa) redshifts [112, 113]. This dataset

holds significance because Type Ia supernovae (SNIa) are recognized for their nearly constant abso-

lute magnitude, typically represented as M, at the peak of their luminosity. Consequently, one can

infer the distance of a given SNIa for a measured redshift, making them a useful probe for assessing

late-time cosmic expansion. For a spatially flat geometry, the luminosity distance is defined as,

dL(z) = (1 + z)
∫ z

0

dz′

H (z′)
, (5.7)

where the distance modulus is typically written as,

µth = m(z)− M = 5 log

(
dL(z)
Mpc

)
+ 25 = 5 log

(
H0 dL(z)

)
+ M̃, (5.8)

where M̃ is designated as a nuisance parameter. We can write this in terms of our data set as [114],

µ = mB − M − αx1 + βc + ∆M + ∆B, (5.9)

where mB represents the natural logarithm of the overall flux normalization, x1 denotes the light-

curve shape parameter (where α signifies the luminosity-stretch coefficient), c represents the super-

nova colour at maximum brightness, with its coefficient indicated by β, and the terms ∆M and ∆B

represent distance corrections [114]. Subsequently, we can formulate the log-likelihood function by
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simplifying our notation by letting θ = (Ωm, Ωde, w), resulting in,

χ2 (θ) =
N

∑
i=1

[
mi

obs − mth (θ)
]2

σ2
i

, (5.10)

where mobs is the rest-frame peak B band magnitude and mth is the predicted magnitude, given a

cosmological model. Defining the chosen likelihood as,

L = exp

(
−χ2

2

)
, (5.11)

with some prior π(θ), the integration can be written as,

χ2
θ = −2 ln

[∫ ∞

−∞
dθ exp

(
−1

2
χ2
)

π(θ)

]
. (5.12)

Defining the vector of the residuals between the model magnitudes and observed magnitudes as

∆µ ≡ µ − µth, results in the expression,

χ2 = (∆µ⃗ − θ⃗1)TC−1(∆µ⃗ − θ⃗1). (5.13)

To determine the distance modulus required by a model, we calculate the luminosity distance cor-

responding to the observed redshift of Type Ia supernovae, denoted as dL(zobs). Using the relation

given in (5.8) one can obtain the theoretical value for the distance modulus ∆µ. Denoting our vari-

ables similarly to [114],

a ≡ ∆µ⃗TC−1∆µ⃗, (5.14a)

b ≡ ∆µ⃗TC−1⃗1, (5.14b)

e ≡ 1⃗TC−1⃗1. (5.14c)

The resulting solution to the integral is therefore,

χ2
θ = a + ln

(
e

2π

)
− b2

e
. (5.15)

Thus the log-likelihood can be written as,

lnLSN = −1
2

[
a + ln

(
e

2π

)
− b2

e

]
. (5.16)
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5.2.2 Hubble rate data (OHD)

The differential age method, introduced by [115], offers a valuable approach to evaluate measure-

ments of H(z). It suggests that the derivative of cosmic time concerning redshift can effectively

measure the EoS of dark energy over a range of redshifts. We can write the luminosity distance as,

dL = (1 + z)
∫ 0

z

(
1 + z′

) dt
dz′

dz′. (5.17)

The approach enhances the sensitivity of w(z) by directly measuring the integrand of Equation (5.7).

The technique employs a clock based on spectroscopic dating of galaxy ages to record variations in

the Universe’s age with respect to redshift. By assessing the age difference (∆t) between two pass-

ively evolving galaxies that originated simultaneously but are separated by a small redshift interval

(∆z), one can deduce the derivative ( dz/ dt) from the ratio (∆z/∆t). Improving the statistical ro-

bustness of the measurement entails selecting unbiased samples of passively evolving galaxies at

two distinct redshifts and examining the upper limit in their age distributions. It is imperative to

choose galaxies with similar metallicities and low star formation rates (manifested by a red color)

to ensure that the average age of their stars notably surpasses the age difference (∆t) between the

two galaxy sets. The dataset can be found in Ref.[116, 117] and consists of N = 32 points. The

log-likelihood can be determined by following a similar procedure in 5.1.1,

lnLOHD = −1
2

N

∑
i=1

ln
(

2πσ2
Hi

)
− 1

2

N

∑
i=1

[
Hi − H (x, zi)

σHi

]2

. (5.18)

5.2.3 Cosmic Microwave Background (CMB)

The Cosmic Microwave Background (CMB) data set from the Planck satellite mission [3, 5] provides

an incredibly detailed snapshot of the universe’s early moments, capturing the last scattering hori-

zon. Planck’s precision instruments meticulously measured the temperature and polarization of the

CMB radiation, offering profound insights into the composition, evolution, and geometry of the cos-

mos. The CMB is classified as a standard ruler since we can measure the angular diameter distance

through a known comoving size (this is only applicable for a flat universe), where the expression for

the angular diameter distance is,

d(z) =
1

1 + z

∫ z

0
dz′

1
H (z′)

. (5.19)

We can construct the scaled distance to recombination by setting,

R =
√

Ωm,0H2
0r(zCMB), (5.20)
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where r(zCMB) represents the comoving distance from the observer to a redshift z. The (CMB) spec-

trum can be derived for various cosmological models using numerical solvers for the Einstein and

Boltzmann equations, such as CLASS [118]. More information on numerical solvers will follow.

5.2.4 Baryonic Acoustic Oscillations (BAO)

Baryonic acoustic oscillations (BAO) are observable phenomena formed due to the propagation of

sound waves during the development of large-scale structures in the early universe [21]. They

provide an additional dataset for comparisons and for conducting cosmological fits. We can measure

the position of the BAO peak by measuring a combination of the angular and luminosity distance;

the dilation scale [119, 120],

DV (zBAO) =

[(∫ zBAO

0

dz
H(z)

)2 zBAO

H (zBAO)

]1/3

, (5.21)

which tracks the comoving volume and encodes the visual distortion of a spherical object due to the

non-Euclideanity of an FRLW spacetime [120, 121]. Note this is only applicable for the CMB case i.e.

the uncorrelated data. Similarly to the above, we construct the χ2 distribution by using the inverse

covariance matrix given by the data set [119]. Thus the uncorrelated BAO log-likelihood function

can be written as,

lnLBAO = −1
2

N

∑
i=1

ln
(

2πσ2
Bi

)
− 1

2

N

∑
i=1

[
Bi − B (x, zi)

σBi

]2

. (5.22)

5.3 Parameter estimation using MCMC solvers

Depending on the method of parameter estimation we use, we may be able to simplify our ana-

lysis. The available tools aid in maintaining numerical consistency among studies, as some numer-

ical methods may deviate, leading to biased results. Some tools that we may employ include CosmoMC

[122], emcee [123], and MontePython [124]. To solve the full Einstein and Boltzmann equations, we

can estimate parameters using CLASS (the Cosmic Linear Anisotropy Solving System [125]) or CAMB

(Code for Anisotropies in the Microwave Background [126]).

CLASS is a versatile numerical code designed for computing the linear evolution of cosmological

perturbations by solving the Einstein and Boltzmann equations. The solver is coded in the C language

to ensure faster and more accurate results. CAMB, which predates CLASS, functions as a cosmological

code designed to compute various parameters including the CMB, lensing, galaxy count, dark-age

21cm power spectra, matter power spectra, and transfer functions. It also incorporates general util-

ity functions for cosmological computations such as background expansion and distances. The main
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code is written in Python, with numerical calculations efficiently implemented in Fortran. For a com-

prehensive comparison, refer to [118]; however, the main conclusion is that CLASS outperforms CAMB

by being 2.5 times faster (when using the same cosmological model), with both solvers in agreement

with high precision regarding numerics. Future work will involve utilizing either CLASS or CAMB to

analyze the evolution of the Murnaghan EoS in comparison to existing models and other UDE mod-

els. Since priors for the model parameters have already been determined by Ref. [104], this provides

a solid foundation for precise statistical assessment.

We have explored the different statistical tools used in cosmological parameter estimation. Fol-

lowing this dissertation, the statistical methods outlined in this Chapter will be explored numerically.

The following Chapter 6 concludes this dissertation, with key points raised regarding our initial pos-

tulate.
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Chapter 6

Final remarks

The primary objectives of this dissertation involve investigating the feasibility of replicating observed

phenomena by postulating the presence of a dark sector, comprising both dark matter and dark

energy (CDM and a cosmological constant). We model the dark sector as a unified perfect fluid,

allowing us to utilize thermodynamic relations and typical fluid mechanics principles. We examined

the currently accepted cosmological model, which comprises of two unknown components stated

previously. Following this exploration, we investigated three unified dark energy models falling

under the category of Quartessence, to be distinguished from Quintessence. Chapter 2 introduced

the Chaplygin gas model and the Logotropic EoS. These models were modified from their original

forms to address physical inconsistencies observed during initial background tests.

The Generalized Chaplygin gas model (GCG) introduces an unknown parameter α to add more

variability to the model’s behaviour. However, constraints on α were established because values

of α < 0 introduced late-time oscillations (exponential growth) of the matter power spectrum, as

demonstrated by Ref. [64]. These oscillations do not contribute to structure formation, which is

the ultimate goal in numerically reproducing observed formations. However, the GCG successfully

aligns with the ΛCDM model at the background level, as demonstrated in §2.1.2. A similar result

was found for the pure logotropic case in §2.1.5; however, the behaviour of the sound speed res-

ults in non-physical characteristics, i.e. imaginary sound speeds and thus no structure formation at

the perturbative level. This result underscores the significance of introducing variability in the EoS,

where the generalization of the Anton-Schmidt equation takes the stage. §3.3.2 provides motivation

for another degree of freedom by linking the free parameter B to the Planck density1, a crucial ex-

perimental quantity in atomic physics. To evaluate the evolution of growth, we employ the spherical

collapse model, as linearity at late and early times is not guaranteed. This approach helps us determ-

ine the behaviour of the density contrast and growth function over our chosen timescale. The GCG

EoS exhibits promising characteristics, however, the desirable growth factor was not in agreement

1shown in §3.3.3
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with the approximate solution of γ ∼ 6/11. Since the sound speed is embedded in determining the

evolution of growth, the Logotropic EoS yields a decayed growth rate.

Chapter 4 introduces a new UDE model capable of reproducing the behaviour of both the GCG

and Logotropic EoS, and similarly shown by [104]. To demonstrate consistency among UDE models,

the same procedure was performed to assess the background. The Murnaghan EoS is promising since

it is capable of reproducing late-time behaviour typically seen with the ΛCDM model. It transitions

from a matter-like behaviour and approaches a cosmological constant. The growth function in §4.2

indicates results in agreement with the behaviour of the ΛCDM model. However, since α is not

well constrained, more work is required in determining the physical implications of varying this

parameter to either a narrower or wider range. The advantage of this model over the GCG and

Logotropic models is that the Murnaghan model introduces pressure and matter at late times. This

implies that during late times, we may experience a faster growth regime compared to the ΛCDM

model. Upon comparing the background and perturbations of the GCG and Logotropic models with

the Murnaghan model, favorable outcomes emerge for our novel Unified Dark Energy (UDE) model.

It demonstrates consistency across both the background and perturbative levels in comparison with

the ΛCDM model. This observation serves as significant indication to further scrutinize the model

parameters and conduct rigorous statistical fits.

This leads on to Chapter 5 which outlines the statistical methods used in parameter estimation

within cosmology. Boltzmann solvers provide a systematic and ubiquitous tool in computing numer-

ical cosmological calculations and functions used to describe the evolution of different cosmological

models.

6.1 Future work

In the realm of cosmological investigations, the Murnaghan EoS stands out for its promising fea-

tures, notably its capability to replicate late-time behavior reminiscent of the well-established ΛCDM

model. Looking ahead, a pivotal avenue for advancing our comprehension and fine tuning the

Murnaghan EoS involves the use of rigorous numerical analysis methodologies, particularly through

the implementation of Markov Chain Monte Carlo (MCMC) methods and established solvers such

as CAMB and CLASS.

One key future endeavor centers around employing MCMC techniques for robust parameter es-

timation of the Murnaghan EoS. Through the flexibility offered by MCMC, we can systematically

navigate the parameter space, yielding probability distributions for the model parameters. Further-

more, the versatility of MCMC methods allows for the integration of multi-dataset analysis. This

integration, encompassing data from diverse cosmological probes and experiments such as Type Ia
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supernovae, baryon acoustic oscillations, and weak gravitational lensing, enables a holistic evalu-

ation of the Murnaghan EoS across various cosmic epochs.

Throughout this dissertation we have investigated the potential of explaining the observed phe-

nomena related to the cosmological dark sector—commonly assumed to consist of Cold Dark Matter

(CDM) and a cosmological constant—by using the single fluid approach. Specifically, our focus has

been on a category of Unified Dark Energy (UDE) models described by adiabatic perfect fluids. Our

findings reveal that, under the conventional perturbation theory approach, observations impose sig-

nificant constraints on the behaviour of UDE models, aligning them closely with ΛCDM [127]. This

outcome is primarily influenced by the inherent connection between the adiabatic sound speed and

the background evolution. In Adiabatic Unified Dark Energy (UDE) models, there is typically a

nonzero sound speed as the system transitions from a dark matter phase to a dark energy phase.

This results in the appearance of a distinct length scale, which plays a critical role in assessing the

stability of linear perturbations. When this length scale is not sufficiently small, it significantly affects

the conventional growth of cosmic structures on linear scales. Consequently, to reconcile with ob-

servations of large-scale structures, the sound speed in these models must approach zero extremely

closely, mandating a background evolution akin to ΛCDM.

It is essential to recognize that this discovery, by itself, does not undermine the overall concept

of a single dark fluid or discredit Unified Dark Energy (UDE) models in particular. As discussed in

earlier Chapters, the ΛCDM model can be viewed as a single fluid model, represented by a perfect

fluid with a sound speed of zero. Furthermore, ΛCDM, characterized solely by negative and con-

stant pressure, can be perceived as the most straightforward UDE model conceivable. However, the

stringent limitations imposed on UDE models through linear analysis might discourage the explor-

ation of additional models or parameterizations. A common approach in literature is to tackle the

issue of large sound speeds in Unified Dark Energy (UDE) models is to disregard adiabatic perfect

fluids and explore alternative factors like non-adiabatic additions to the sound speed, as illustrated

in Reference [128].

In conclusion, the future outlook for the Murnaghan EoS hinges on the rigorous application of

MCMC methods. Embracing these advanced statistical techniques is essential not only for refining

the model’s parameters but also for validating its predictions against observational data.
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Appendix A

A.1 FLRW metric in terms of the spatial curvature k

The original FLRW metric is given in terms of comoving coordinates (χ, θ, φ),

ds2 = dt2 − a2(t)
{

dχ2 + Σ2(χ)
(

dθ2 + sin2 θdφ2
)}

,

where Σ2(χ) =


sin2 χ

χ2

sinh2 χ

(A.1)

In each of the three cases we introduce a new variable r where we can make the connection,

r ≡ Σ(χ) =


sin χ

χ

sinh χ

, dr =


cos χdχ

dχ

cosh χdχ

, (A.2)

where the derivative is given by dr, such that we can we can write the reduced-circumference polar

coordinates as,

dχ2 =
dr2

1 − kr2 , where k =


+1 if r = sin χ

0 if r = χ

−1 if r = sinh χ

(A.3)

with,

dΣ2 =
dr2

1 − kr2 + r2dΩ2, where dΩ2 = dθ2 + sin2 θ dϕ2. (A.4)

to obtain the form presented in Chapter 1,

ds2 = dt2 − a2(t)

{
dr2

1 − kr2 + r2(dθ2 + sin2 θdφ2)

}
. (A.5)
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A.2 Types of fluids

In the context of cosmology, there are differences between adiabatic, barotropic and effective sound

speed:

1. Adiabatic Sound Speed: The adiabatic sound speed, denoted by cs, represents the speed at

which small adiabatic density perturbations or sound waves propagate through a cosmolo-

gical fluid. It characterises the compressibility and stiffness of the fluid and depends on its

thermodynamic properties, such as density and pressure. The adiabatic sound speed is relev-

ant for understanding the propagation of sound waves in cosmological fluids, including the

early Universe and large-scale structure formation.

c2
s =

∂p
∂ρ

=
∂p
∂a

∂a
∂ρ

(A.6)

2. Barotropic Sound Speed: The barotropic sound speed, denoted by cb, is specific to barotropic

fluids in cosmology. A barotropic fluid is one in which the pressure is solely determined by the

density, following a barotropic EoS. The barotropic sound speed represents the speed at which

density perturbations propagate through such a fluid, taking into account the specific EoS. It is

defined as the derivative of pressure with respect to density,

c2
s =

dp(ρ)
dρ

(A.7)

3. Effective Sound Speed: The effective sound speed, denoted by ce f f , is a concept used in cos-

mology to describe the behaviour of density perturbations in a system with both background

and collapsed regions. It accounts for the combined effects of the background and perturbed

regions on the propagation of sound waves. The effective sound speed can depend on various

factors, including the properties of the cosmic fluid, background density, collapsed region dens-

ity, and perturbation amplitude. It provides insight into the dynamical behaviour of perturbed

regions and their evolution within the cosmological context.

c2
e f f =

δp
δρ

(A.8)

In summary, the adiabatic sound speed represents the speed of sound waves in a cosmological fluid,

while the barotropic sound speed is specific to barotropic fluids and accounts for their EoS. The

effective sound speed, on the other hand, considers the combined effects of both background and

collapsed regions on the propagation of sound waves in cosmology.



A.3. Analytical solutions for ρ 89

A.3 Analytical solutions for ρ

A.3.1 Chaplygin gas model

The expression for energy conservation within the thermodynamical context for an adiabatic fluid

(constant pressure) is written as,

dE = −pdV, (A.9)

which can be rewritten in terms of the scale factor a, by letting V = a3 and E = ρa3,

d
(

ρa3
)
+ p d

(
a3
)
= 0. (A.10)

Combining this expression with the EoS for the Chaplygin gas model results in,

d
(

ρa3
)
+ p d

(
a3
)
= 0,

ρ d
(

a3
)
+ a3dρ = −p d

(
a3
)

,

ρ d
(

a3
)
+ p d

(
a3
)
= −a3dρ, ρ + p = − a3dρ

d
(
a3
) .

(A.11)

The EoS for the Chaplygin gas model,

pC = − A
ρC

, (A.12)

substituting in the expression for pressure,

ρC − A
ρC

= −a3 dρC

d
(
a3
) ,

ρ2
C − A
ρC

= −a3 dρC
da3

ρ2
C

ρC − A
dρC = − 1

a3 d
(

a3
)

1
2

ln
(

ρ2
C − A

)
= − ln

(
a3
)
+ ln(B).

(A.13)

Simplifying this even further,

ρC =

√
A +

B
a6 (A.14)

The energy density for the Chaplygin gas model where B is an integration constant. The scale factor

a in terms of the redshift,

a =
1

1 + z
, (A.15)

therefore we can write the density as,

ρC =
√

A + B(1 + z)6 (A.16)
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The same follows for the Generalized Chaplygin gas (GCG) model, where α ̸= 1

p = −Aρ−α
GCG and ρGCG + p = −a3 dρGCG

d
(
a3
)

⇒ ρGCG − Aρ−α
GCG = −a3 dρGCG

d
(
a3
) ,

∫
ρα

GCG

ρα+1
GCG − A

dρGCG =
∫ 1

a3 d
(

a3
)

ln
(

A − ρα+1
GCG

)
α + 1

= − ln
(

a3
)
+ ln B, (α + 1)−1 ln

(
A − ρα+1

GCG

)
= − ln

(
a3
)
+ ln B

(A − ρα+1
GCG)

(α+1)−1
= −a3 + B

(A.17)

ρGCG =

[
A +

B
a3(1+α)

] 1
1+α

(A.18)

The energy density for the generalized Chaplygin gas model where B is an integration constant.

A.3.2 Thermodynamic derivation of the continuity equation

We can express the conservation equation for the expanding universe in terms of thermodynamics.

The First Law of Thermodynamics (conservation of energy) is given by,

∆U = Q + W, (A.19)

where ∆U is the change in energy, Q is the heat and W is work done on the system. Assuming

spherical symmetry and a homogeneous universe,

Q = 0. (A.20)

For some volume with comoving radius rc = 1, we can write the volume mass as,

M = ρV =
4
3

πa3r3
c ρ. (A.21)

The internal energy, denoted,

U =
4
3

πa3ρc2 (A.22)

and assuming a small volume segment of the universe, the first law of thermodynamics becomes,

dU = dQ + dW. (A.23)
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For an adiabatic system, dQ = 0 and dW = −pdV. Taking the time derivative of U,

dU
dt

=
d
dt

(
4
3

πa3ρc2
)
= 4πa2ρc2 ȧ +

4
3

πa3c2ρ̇. (A.24)

The time derivative of V,
dV
dt

=
d
dt

(
4
3

πa3r3
c

)
= 4πa2 ȧ, (A.25)

thus,

dU + pdV = 0

4πa2
[(

ρc2 + p
)

ȧ +
1
3

ac2ρ̇

]
= 0

ρ̇ + 3
ȧ
a

(
ρ +

p
c2

)
= 0.

(A.26)

Where H = ȧ/a, which is equivalent to (where c = 1),

ρ̇ + 3H
(
ρ + p

)
= ρ̇ + 3H (1 + w) ρ = 0 (A.27)

A.3.3 Anton Schmidt’s equation of state: n and γG as free coefficients

The Logotropic equation of state (EoS) stems from principles in solid-state physics and belongs to

the broader Anton-Schmidt EoS category. It serves to characterize the pressure exerted by crystalline

solids experiencing isotropic stress [26].

To determine a barotropic Anton-Schmidt EoS1 we begin with the equation in terms of the pressure

in the Debye approximation, which is typically given by,

p(V) = −β

(
V
V0

)− 1
6−γG

ln
(

V
V0

)
. (A.28)

Where β is the bulk modulus at V0, p(V) is the pressure, V is the volume and γG is the Güneisen

parameter. To derive Equation (A.28) we express the volume in terms of mass density, since V ∝ ρ−1.

We can also let n = − 1
6 − γG and ρ⋆ correspond to the equilibrium volume V0 which indicates the

limit when the pressure vanishes as shown in Ref. [73]. Assuming the universe is filled with a single

dark fluid this will yield a barotropic EoS,

p(ρ) = A

(
ρ−n

ρ−n
⋆

)
ln

(
ρ

ρ⋆

)
, (A.29)

1The Anton-Schmidt EoS typically refers to crystalline solids which when integrated can give us the total energy.
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where n is the number density which is constrained by the conservation of the number of particles

and scales as n ∝ a−3. The background EoS where n ̸= 0, using the relation w = p/ρ, results in,

w(ρ) = A

ρ−n(T)−1

ρ
−n(T)
⋆

 ln

(
ρ

ρ⋆

)
. (A.30)

From previous explanation, we know that the continuity equation governs the dynamics of the FLRW

universe where the total matter content is given by ρ and p,

dρ

dt
+ 3H(ρ + p) = 0. (A.31)

Confirming the consistency with the first law of thermodynamics as seen in §A.3.2. Substituting the

EoS in terms of pressure into the first law of thermodynamics yields the expression,

ϵ = ρ + ρ
∫ ρ p(ρ′)

ρ2′ dρ′ = ρ + ρ
∫ ρ

A

(
ρ−n

ρ−n∗

)
ln

(
ρ

ρ∗

)
1

ρ2′ dρ′

= ρ +
ρ

ρ2∗

∫ ρ
A

(
ρ′

ρ∗

)−n−2

ln

(
ρ

ρ∗

)
dρ′,

(A.32)

Allowing x = ρ/ρ⋆ and dρ′ = ρ∗dx, results in,

ϵ = ρ +
ρ

ρ2∗

∫ ρ
Ax−n−2 ln(x)ρ∗dx = ρ + x

∫ ρ
Ax−n−2 ln(x)dx, (A.33)

where the resulting integral is given by,

∫ ρ
Ax−n−2 ln(x)dx = − x−n−1 ((n + 1) ln(x) + 1

)
(n + 1)2 = −

(
x−n−1(n + 1) ln(x)

(n + 1)2 +
x−n−1 + 1
(n + 1)2

)
.

(A.34)

Therefore the expression for the total energy density can be expressed as,

ϵ = ρ + xA

(
− ln(x)
(n + 1)

x−n−1 − 1
(n + 1)2 x−n−1

)
= ρ − A

x−n

(n + 1)

(
ln(x) +

1
(n + 1)

)
. (A.35)

Recall x = ρ/ρ∗ which contains both the de and dm components. Setting the de component as,

ρde =
ρde,0

ρ∗
a−3 = a−3 (A.36)

indicating a matter-like behaviour, results in

x =
ρ

ρ∗
=

ρm,0

ρ∗
+ a−3, ln(x) = ln

(
ρm,0

ρ∗

)
− 3 ln a. (A.37)
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Substituting this into the above expression for ϵ results in,

ϵ = ρ − A
(n + 1)

(
ρ

ρ∗

)−n
ln

(
ρm,0

ρ∗

)
− 3 ln a +

1
(n + 1)

 . (A.38)

We note however that,

(
ρ

ρ∗

)−n

=

(
ρm,0

ρ∗
+ a−3

)−n

=

(
ρm,0

ρ∗

)−n

+ a3n. (A.39)

Substituting this back in yields,

ϵ = ρ − A
(n + 1)

(
ρm,0

ρ∗

)−n

a3n

ln

(
ρm,0

ρ∗

)
− 3 ln a +

1
(n + 1)


= ρ +

3A
(n + 1)

(
ρm,0

ρ∗

)−n

a3n ln a − A
(n + 1)

(
ρm,0

ρ∗

)−n

a3n

ln

(
ρm,0

ρ∗

)
+

1
(n + 1)

 ,

(A.40)

where last term is the dark matter component at current time. The total energy is written as,

ϵ = ρ +
3A

(n + 1)

(
ρm,0

ρ∗

)−n

a3n ln a + ϵde,0a3n (A.41)

where the expression for the de density at current time is expressed as,

ϵde,0 = − A
(n + 1)

(
ρm,0

ρ∗

)−n
ln

(
ρm,0

ρ∗

)
+

1
(n + 1)

 . (A.42)

The full de component is thus written as,

ϵde =
3A

(n + 1)

(
ρm,0

ρ∗

)−n

a3n ln a + ϵde,0a3n. (A.43)

The energy density for the matter component is given below by substituting the expressions for ϵde,0

and ϵm,0 into the Hubble parameter (since ϵ = ϵm + ϵde),

ϵm = ρmc2 → ρm. c = 1 (A.44)

The evolution of the mass density as derived in [129] and given by,

ρ =
ρm,0

a3 , (A.45)
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and shown to be,

ϵm =
ρm,0

a3 = ϵm,0a−3. (A.46)

The Hubble parameter can be rewritten in terms of matter and dark fluid components,

H2 = H2
0

(
ϵm

ϵc
+

ϵde
ϵc

)
, (A.47)

where ϵc = 3H2
0 /(8πG). Substituting in the expressions for the dark components and matter (A.43),

(A.46),

H2 = H2
0

 ϵm,0a−3

ϵc
+

ϵde,0a3n

ϵc
+

3A
(n + 1)

(
ρm,0

ρ⋆

)−n

a3n ln a
(

1
ϵc

) . (A.48)

Inserting the convenient term (derived from B),

ln

(
ρ∗

ρm,0

)
+

1
n + 1

−1

, (A.49)

the Hubble parameter becomes,

H2 =H2
0

 ϵm,0a−3

ϵc
+

ϵde,0a3n

ϵc
+ 3

(
ϵde,0

ϵc

)ln

(
ρ⋆

ρm,0

)
+

1
n + 1

−1

a3n ln a


=H2

0

(
ϵm,0a−3

ϵc
+

ϵde,0a3n

ϵc
+ 3

(
ϵde,0

ϵc

)
Ba3n ln a

) (A.50)

We define the normalized matter and dark matter energy densities as,

Ωm,0 =
ϵm,0

ϵc
, (A.51a)

Ωde,0 =
ϵde,0

ϵc
, (A.51b)

Substituting this into the above equation results in the Hubble parameter expressed in terms of di-

mensionless parameters,

H2 = H2
0

(
Ωm,0a−3 + Ωde,0a3n + 3

(
Ωde,0

)
Ba3n ln a

)
= H2

0

(
Ωm,0a−3 + Ωde,0 (1 + 3B ln a) a3n

)
.

(A.52)

Resulting in an expression for the Hubble rate given by,

H = H0

(
Ωm,0a−3 + Ωde,0 (1 + 3B ln a) a3n

)1/2
. (A.53)
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To calculate the EoS parameters we note that, w = p/ϵ where

p(ρ) = A

(
ρ

ρ⋆

)−n

ln

(
ρ

ρ∗

)
, (A.54)

where the sum of the rest-mass energy density and dark fluid components is given by,

ϵ = ϵm + ϵde = ϵde, (A.55)

where the dominating term is the dark energy. Thus we can say,

p = A

(
ρ

ρ⋆

)−n

ln

(
ρ

ρ∗

)
= w(ϵde)

= A

ρ−n−1
m,0

ρ−n∗

 ln

(
ρm,0

ρ∗

)
 3A
(n + 1)

(
ρm,0

ρ∗

)−n

a3n ln a + ϵde,0a3n

 1
ϵc

 ,

(A.56)

introducing the parameter B, we insert the de components,

B =
A

n + 1

(
ρm,0

ρ∗

)−n
1

ϵcΩdc,0
(A.57)

therefore the pressure becomes,

p = A

ρ−n−1
m,0

ρ−n∗

 ln

(
ρm,0

ρ∗

)
 3A
(n + 1)

(
ρm,0

ρ∗

)−n

a3n ln a + ϵde,0a3n

 1
ϵc


= A

ρ−n−1
m,0

ρ−n∗

 ln (a)


 3A
(n + 1)

(
ρm,0

ρ∗

)−n

a3n ln a + ϵde,0a3n

 1
ϵc


= −Ωde,0 [B + n + 3Bn ln a + 1 + 3B ln a] a3n

= −ϵc
(
Ωde,0

)
[B + (n + 1)(1 + 3B ln a)]a3n.

(A.58)

To derive the full energy density we include the matter term,

ϵ = ϵm + ϵde = ϵm,0a−3 +
3A

(n + 1)

(
ρm,0

ρ∗

)−n

a3n ln a + ϵde,0a3n. (A.59)

The dimensionless energy density can be written in terms of the critical density as,

ϵ = Ωm,0a−3ϵc + Ωde,0 (1 + 3B ln a) a3nϵc, (A.60)
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where the expression for the background can be expressed as,

w =
p
ϵ
=

−ϵc
(
Ωde,0

)
[B + (n + 1)(1 + 3B ln a)]a3n

Ωm,0a−3ϵc + Ωde,0 (1 + 3B ln a) a3nϵc

= −
(
Ωde,0

)
[B + (n + 1)(1 + 3B ln a)]a3n

Ωm,0a−3 + (1 − Ωm0) (1 + 3B ln a)a3n .

(A.61)

To derive the dark energy EoS parameter, we instead use the de components of pressure and energy

density, wde = pde/ϵde, where we assume the matter contributions are negligible at early time,

pde = −ϵc
(
1 − Ωm,0

)
[B + (n + 1)(1 + 3B ln a)]a3n (A.62)

and,

ϵde = Ωm,0a−3ϵc + Ωde,0 (1 + 3B ln a) a3nϵc = ϵc
(
Ωde,0

)
(1 + 3B ln a)a3n, (A.63)

thus the expression for the de component is expressed as,

wde =
pde
ϵde

=
−ϵc

(
Ωde,0

)
[B + (n + 1)(1 + 3B ln a)]a3n

ϵc
(
Ωde,0

)
(1 + 3B ln a)a3n

= − B
(1 + 3B ln a)

− (n + 1)(1 + 3B ln a)
(1 + 3B ln a)

= − B
(1 + 3B ln a)

− (n + 1).

(A.64)

To derive the adiabatic speed of sound we use the relationship shown in §A.2,

c2
s =

∂p
∂a

(
∂ρ

∂a

)−1
. (A.65)

The first partial differential reads,

∂p
∂a

=
∂

∂a

(
−ϵc

(
Ωde,0

)
[B + (n + 1)(1 + 3B ln a)]a3n

)
= −ϵc

(
Ωde,0

)
3a3n−1

[
3B(n + 1)n ln a + 2Bn + B + n2 + n

]
= −ϵc

(
Ωde,0

)
3a3n−1 [3B(n + 1)n ln a + B(2n + 1)n(n + 1)

]
,

(A.66)

the second integral,
∂ρ

∂a
=

∂

∂a
ϵm,0a−3 =

∂

∂a
ϵm,0ϵc

ϵc
a−3 = −3ϵcΩm,0

a4 . (A.67)

The sound speed is therefore,

c2
s = −ϵc

(
Ωde,0

) (
3a3n−1 [3B(n + 1)n ln a + B(2n + 1)n(n + 1)

]) (
−3ϵcΩm,0

a4

)−1

=
Ωde,0

Ωm,0
a3n−1+4 [3B(n + 1)n ln a + B(2n + 1)n(n + 1)

]
=

Ωde,0

Ωm,0
a3(n+1) [B(1 + 2n) + n(n + 1)(1 + 3B ln a)

]
(A.68)
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For the most general case in the A-S model regime as shown by [73].

A.3.4 Solution for ϵ using the first law of thermodynamics

The first law of thermodynamics can be written as,

ϵ = ρ + ρ
∫ ρ p(ρ′)

ρ2′ dρ′ = ρ + ρ
∫ ρ

− A
−α

( ρ

ρ⋆

)α

− 1

 1
ρ2′ dρ′

= ρ − Aρ

α

∫ ρ
(

ρ

ρ⋆

)−α
1

ρ′2
− 1

ρ2′ dρ′ = ρ − Aρ

α

( ρ

ρ⋆

)−α
1

αρ + ρ
− 1

ρ

 .

(A.69)

Resulting in the solution for density given by,

ϵ = ρ +
A
α

( ρ

ρ⋆

)−α
1

α + 1
+ 1

 (A.70)

A.4 Derivation of the Murnaghan equation of state

A solid possesses a specific equilibrium volume, denoted as V0, and its energy increases quadratic-

ally when the volume is either increased or decreased slightly from this value. Building upon the

previous argument establishing the consistency between the first law of thermodynamics and the

continuity equation, both approaches aim to derive density through conservative methods. Con-

sequently, we can express the first and second principles as,

TdS = d
(
ρV
)
+ pdV = d

(
ρ + p

)
V − Vdp, (A.71)

and since,
∂2S

∂T∂V
=

∂2S
∂V∂T

, (A.72)

resulting in,

dp = (ρ + p)
dT
T

. (A.73)

Remaining consistent with thermodynamic theory, recasting the continuity equation we get,

d

[
(ρ + p)V

T

]
= 0, (A.74)

resulting in the fact that S = constant. This is equivalent to the case if the system is adiabatic. The

simplest plausible dependence of energy on volume would be a harmonic solid, with energy given
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by,

E = E0 +
1
2

K0
(V − V0)

2

V0
. (A.75)

The next simplest reasonable model would be with a constant bulk modulus

K0 = −V
(

∂p
∂V

)
T

. (A.76)

Integrating results in an expression for pressure in terms of constants,

p = K0 ln
(

V0

V

)
= V0 exp

(−p
K0

)
= E0 + K0

[
V0 − V + V ln

(
V0

V

)]
.

(A.77)

We consider the pressure,

p = −
(

∂E
∂V

)
S

, (A.78)

with bulk modulus,

K = −V
(

∂p
∂V

)
T

. (A.79)

Experimentally, the bulk modulus pressure derivative is expressed as,

K′ =

(
∂K
∂p

)
T

, (A.80)

and found to change little with pressure. Setting K′ = K′
0 to be a constant, then,

K = K0 + K′
0 p, (A.81)

where K0 is the value of K when p = 0. We may equate this with (A.79) and rearrange as,

dV
V

= − dp
K0 + K′

0 p
. (A.82)

Integrating this results in an expression for pressure in terms of volume,

p(V) =
K0

K′
0

(V0

V

)K′
0
− 1

 , (A.83)

or equivalently

V(p) = V0

(
1 + K′

0
p

K0

)−1/K′
0

. (A.84)



A.4. Derivation of the Murnaghan equation of state 99

Substituting (A.83) into E = E0 −
∫

p dV when T = 0 then energy can be expressed as,

E(V) = E0 +
K0V
K′

0

(
(V0/V)K′

0

K′
0 − 1

+ 1

)
− K0V0

K′
0 − 1

. (A.85)





101

Appendix B

Appendices

B.1 Spherical collapse model

The expression for the Newtonian evolution of the density contrast is given by,

δ̈ + 2Hδ̇ − 4πGρmδ = 0, (B.1)

where the last term arises due to the influence of gravitation. Without gravitation, this equation

resembles a wave equation for free sound waves in a fluid, however the gravitational field introduces

a forcing term. The perturbations are decomposed into two components, representing matter and

smooth dark energy. Consequently, the standard growth factor equation is associated with the dark

matter component. To determine the continuity and Euler equations we express the time derivative

of density as,
∂ρ

∂t
+ 3(c2

s − w)ρ + ∇⃗ ·
[
(1 + w) ρu⃗

]
= 0. (B.2)

Denoting δ = δρ/ρ, θ = ∇⃗ · u and c2
s = s, the continuity equation becomes,

δ
′
+ 3(s − w)δ + (1 + w)θ̃ = 0, (B.3)

where δ/δt = δ′. Thus Euler’s equation can be written as,

θ̃
′
+

(
2 +

H
′

H

)
θ̃ +

3
2
(1 + 3s)Ω(a)δ = 0. (B.4)

The dimensionless energy density can expressed as,

Ωm(a) =
ρm

ρm + ρde
, (B.5)
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similarly to [105] to express the effective matter density. To arrive at a similar solution to Ref.[73],

we define our variables as A = 3(s − w), B = 1 + w and f = 3/2(1 + 3s)Ω(a). Substituting into the

continuity equation (B.3), and taking the partial derivative with respect to time results in,

δ′ + 3(s − w)δ + (1 + w)θ̃ = δ′ + Aδ + Bθ̃ = 0,

∂

∂t

(
δ′ + Aδ + Bθ̃

)
= δ′′ + (Aδ)′ + Bθ̃′ = 0,

θ̃′ =
−δ′′ − (Aδ)′

B′ .

(B.6)

Note the expression for θ̃ is determined by,

δ′ + Aδ + Bθ̃ = 0 ⇒ θ̃ =
−δ′ − Aδ

B
. (B.7)

Substituting (B.7) and the expression for f into (B.4) we can derive the following,

θ̃′ +

(
2 +

H′

H

)
θ̃ +

3
2
(1 + 3s)Ω(a)δ = 0

−δ′′ − (Aδ)′

B′ +

(
2 +

H′

H

)(
−δ′ − Aδ

B

)
+ f δ =

δ′′ + (Aδ)′

B′ +

(
2 +

H′

H

)(
δ′ + Aδ

B

)
− f δ = 0.

(B.8)

Multiplying each term by B results in the second derivative of the density contrast,

δ′′ + (Aδ)′ + (δ′ + Aδ)

(2 +
H′

H

)
− B′

B

− B f δ = 0. (B.9)

We can simplify this result further by switching back to the original expression of f and letting A = 3s

and B = 1 (making the derivative B′ = 0) and w ̸= 0. The density contrast can now be expressed in

terms of w and c2
s as,

δ
′′
+ 3

[
(s − w)δ

]′
+

(
2 +

H
′

H
− w

′

1 + w

) [
δ
′
+ 3(s − w)δ

]
− 3

2
(1 + 3s)(1 + w)Ω(a)δ = 0 . (B.10)

The growth index derived by Ref. [82] is proportional to the linear density perturbation δρ = δρ/ρ

and normalized to g(a=0) = 11,

f =
d ln δρ

d ln a
≈ Ωγ

m(a). (B.11)

By examining the logarithmic derivative of the growth factor, denoted as f , where the prime indicates

differentiation with respect to ln a, we find that for the matter-only scenario, f equals 1. This allows

1where g(a) is the growth factor
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us to express the following relationship,

f =
d ln δ

d ln a
=

d ln δ

dδ

dδ

d ln a
=

1
δ

δ
′
=

δ
′

δ
, (B.12)

thus,

f
′
=

δ
′′

δ
− δ

′2

δ2 =
δ
′′

δ
− f 2 ⇒ δ

′′
= δ( f

′
+ f 2), (B.13)

applying this to Equation (B.10) results in,

δ′′ + 3(sδ)′ + (δ′ + 3sδ)

(
2 +

H′

H

)
− 3

2
(1 + 3s)Ω(a)δ = 0,

d
d ln a

(ln δ′′) +
d

d ln a

[
ln 3(sδ)′)

]
+

d
d ln a

(ln
(

δ′ + 3sδ
)
)

(
2 +

H′

H

)
− d

d ln a

[
3
2
(1 + 3s)Ω(a) ln δ

]
= 0,

f ′ + f 2 + 3

[
s

d ln δ′

d ln a
+ s′

d ln δ

d ln a

]
+

(
d ln δ′

d ln a
+ 3s

d ln δ

d ln a

)(
2 +

H′

H

)
− 3

2
(1 + 3s)

dδ

d ln a
Ω(a) = 0,

f ′ + f 2 + 3(s′ + s f ) + ( f + 3s)

(
2 +

H′

H

)
− 3

2
(1 + 3s)Ωm = 0.

(B.14)

B.1.1 ΛCDM case

The Friedmann equation is written in terms of the sum of mass components, where Λ is defined as

an unknown described by,

H2 =
κ2

3
(
ρm + ρr + ρΛ

)
, (B.15)

where κ =
√

8πG for simplicity. We can express the time derivative as follows, (where the dot is

refers to the derivative in cosmic time),

2HḢ =
κ2

3
(
−3Hρm − 4Hρr

)
Ḣ = −κ2

6
(
3ρm + 4ρr

) (B.16)

Switching to conformal time (η) denoted by primes, we can express the Hubble rate as,

dH
dt

= H
′
H, (B.17)

therefore,
H

′

H
= −κ2

6

(
3

ρm

H2 + 4
ρr

H2

)
. (B.18)
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Expressing ρ in terms of dimensionless density parameters Ωi allows to express,

Ωi ≡
κ2ρi
3H2 , (B.19)

H
′

H
= −κ2

6

(
3

3
κ2 Ωm + 4

3
κ2 Ωr

)
= −1

2
(3Ωm + 4Ωr) . (B.20)

The conservation energy density given by the relationship ΩΛ + Ωm + Ωr = 1,

H
′

H
= −1

2
[
3(1 − Ωr − ΩΛ) + 4Ωr

]
= −1

2
(3 − 3ΩΛ + Ωr) . (B.21)

Using the following relation,

δ
′′
+ 3

[
(s − w)δ

]′
+

(
2 +

H
′

H
− w

′

1 + w

) [
δ
′
+ 3(s − w)δ

]
− 3

2
(1 + 3s)(1 + w)Ω(a)δ = 0 , (B.22)

and setting s = w = 0 for the ΛCDM case simplifies to,

δ
′′
m +

(
2 +

H
′

H

)
δ
′
m − 3

2
Ω(a)mδm = 0 , (B.23)

describing the linear differential equation similarly found in [95].

B.2 Newtonian Gauge for a single fluid

Referencing the methodology used in [27], the perturbed Einstein equations in terms of the Fourier

mode k is expressed as,

k2Φ + 3H
(

Φ
′ −HΨ

)
= 4πGa2ρδ, (B.24a)

k2
(

Φ
′ −HΨ

)
= −4πGa2(1 + w)ρθ, (B.24b)

Ψ = −Φ, (B.24c)

Φ
′′
+ 2HΦ

′ −HΨ
′ −
(
H2 + 2H′)

Ψ = −4πGa2c2
s ρδ, (B.24d)

where Equations B.24a and B.24b can be combined to obtain an expression for the relativistic Poisson

equation,

k2Φ + 3H
(
−4πGa2(1 + w)ρθk−2

)
= 4πGa2ρδ,

k2Φ = 4πGa2ρ
[
δ + 3H(w + 1)θk−2

]
,

(B.25)
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where the total-matter variable is denoted as,

δ∗ = δ + 3H(w + 1)θ/k2, (B.26)

resulting in the relativistic Poisson equation,

k2Φ = 4πGa2ρδ∗. (B.27)

The perturbed continuity equation can be expressed as,

(δρ)
′
+ 3H(δρ + δp) = −(ρ + p)

(
θ + 3Φ

′)
,

δ
′
+ 3H

(
c2

s − w
)

δ = −(1 + w)
(

θ + 3Φ
′)

,
(B.28)

where the unperturbed continuity equation is used along with the background equation of state

w = p/ρ and sound speed c2
s = δp/δρ. Since we are working on small scales we only consider the

background,

H2 =
8πG

3
(
ρM + ρr

)
, (B.29)

where ρM refers to the Murnaghan density. The equation for the density perturbations for a given

mode k, i.e. k ≫ Ha can be derived from the perturbed field equations. Thus we can express the

evolution of scalar perturbations similarly to [27],

(
δ∗
)′′

+H
(

1 + 3c2
s − 6w

) (
δ∗
)′
−
[

3
2
H2
(

1 − 6c2
s − 3w2 + 8w

)
− c2

s k2
]

δ∗ = 0. (B.30)

Since we are working on small scales, and H = Ha, we make the conversion from conformal time to

cosmic time,

dt = adη. (B.31)

The density contrast can now be expressed as,

a2(Hδ
′
+ δ

′′
) + a2H

(
1 + 3c2

s − 6w
)

δ
′ −
[

3
2

a2H2
(

1 − 6c2
s − 3w2 + 8w

)
− c2

s k2
]

δ = 0 (B.32)

, resulting in,

(δk)
′′
+
(

2 + 3c2
s − 6w

)
Hδ

′
k −

[
3
2

H2
(

1 − 6c2
s − 3w2 + 8w

)
−
(

csk
a

)2
]

δk = 0 (B.33)

Translating from cosmic time to the logarithmic scale factor, the density contrast can be expressed in

terms of the derivative with respect the the number of e-foldings. To convert we need to make the
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substitution for the logarithmic scale factor x = ln a

d
dt

= H
d

dx
,

d2

dt2 = H2 d2

dx2 +
H2dH/dx

H2
d

dx
= H2

(
δ̈ +

H
′

H2 δ̇

)
,

(B.34)

making the density contrast expression,

δ̈k +
(

2 + 3c2
s − 6w

)
Hδ̈k −

[
3
2

H2
(

1 − 6c2
s − 3w2 + 8w

)
−
(

csk
a

)2
]

δk = 0,

H2

(
δ̈k +

H
′

H2 δ̇k

)
+
(

2 + 3c2
s − 6w

)
Hδ̈k −

[
3
2

H2
(

1 − 6c2
s − 3w2 + 8w

)
−
(

csk
a

)2
]

δk = 0,

δ̈k + δ̇k

(
2 +

H
′

H
+ 3c2

s − 6w

)
−
[

3
2

(
1 − 6c2

s − 3w2 + 8w
)
−
(

csk
aH

)2
]

δk = 0.

(B.35)

Note, the total equation of state satisfies the following relation ([27], Chapter 11),

H′

H = 1 +
H

′

H
= −1

2
− 3

2
w, (B.36)

allowing us to change our variable to solely include the background and sound speed. Define a new

variable ξ, similarly to [87], as ξ = −3/2(1 + w), we can express the density contrast as,

δ̈k + δ̇k

(
2 + ξ + 3c2

s − 6w
)
−
[

3
2

(
1 − 6c2

s − 3w2 + 8w
)
−
(

csk
aH

)2
]

δk = 0. (B.37)

This allows us to visually describe the behaviour of the density contrast with the correct derivatives.

For the ΛCDM case where w = 0, c2
s = 0, the matter density perturbations reduce to,

δ
′′
m +

(
2 +

H
′

H

)
δ
′
m − 3

2
Ω(a)mδm = 0 , (B.38)

B.3 Growth index derivation

To derive Equation (3.25), we substitute expression (B.11) into (B.14), but before that we differentiate

the first term ( f ′) in (B.11),

f = Ωγ
m(a),

ln f = γ ln Ωm,
1
f

f ′ = γ′ ln Ωm +
γ

Ωm
Ω′

m,

f ′ = γ′Ωγ
m ln Ωm + γΩ′

mΩγ−1
m .

(B.39)
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Note that the differential is given by,

Ωm =
ρm

3H2 , (B.40)

and the differential of conservation of energy is given by,

dρ

dt
+ 3H(ρ + p) = 0,

˙ρm = −3Hρm.
(B.41)

Therefore the dimensionless matter density parameter can be expressed as,

Ω′
m =

ρ′m
2H2 − 2

3
ρm

H2
H′

H
, (B.42)

ρ′m = −3ρm. (B.43)

The derivative of Ω′
m will read,

Ω′
m = −3Ωm − 2Ωm

H′

H
= −Ωm

(
3 +

2H′

H

)
. (B.44)

The final form of f ′,

f ′ = γ′Ωγ
m ln Ωγ

m − γΩγ
m

(
3 +

2H′

H

)
, (B.45)

where Equation (3.25) now reads,

γ′Ωγ
m ln Ωγ

m − γΩγ
m

(
3 +

2H′

H

)
+ Ω2γ

m + 3(s′ + s f ) + ( f + 3s)

(
2 +

H′

H

)
3
2
(1 + 3s)Ωm = 0. (B.46)

We need to evaluate the H′/H term by going back to the conservation of energy equation which

states,

3H2 = ρ, 6HH′ = ρ′m + ρ′de,

= −3ρm − 3(1 + wde)ρde.
(B.47)

The term H′/H is,

H′

H
= −1

2

[
ρm

H2 +
ρde
H2 (1 + wde)

]
= −3

2
[
Ωm + Ωde(1 + wde)

]
,

= −3
2
[
1 + Ωdewde)

]
,

(B.48)

therefore,

3 +
2H′

H
= 3 − 3(1 + Ωdewde) = −3Ωdewde, (B.49)
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and,

2 +
H′

H
= 2 − 3

2
wde −

3
2

Ωde =
1
2
− 3

2
Ωdewde,

=
1
2
(1 − 3Ωdewde).

(B.50)

Substituting this back into our original expression where f = Ωγ
m,

γ′Ωγ
m ln Ωγ

m − γΩγ
m (−3Ωdewde) + Ω2γ

m + 3(s′ + sΩγ
m) + (Ωγ

m + 3s)(1 − 3Ωdewde)
3
4
(1 + 3s)Ωm = 0.

(B.51)

Dividing throughout by Ωγ
m ln Ωγ

m results in our final solution for (3.25),

γ
′
+

3Ωdewde
ln Ωm

γ +
Ωγ

m
ln Ωm

+ 3
s + s

′
Ω−γ

m
ln Ωm

+
1 − 3Ωdewde

2 ln Ωm

(
1 + 3sΩ−γ

m

)
− 3(1 + 3s)

2 ln Ωm
Ω1−γ

m = 0. (B.52)

Using the assumption that Ωm ≈ O(1), ln Ωm ≈ −Ωde and Ωγ
m ≈ 1 − γΩde,

γ
′
+ γ − 3wdeγ +

3
2

γ +
3
2

s (2 + 3Ωdewde) γ − 3s
′
γ − 3

2
(1 + 6s) (1 − wde)−

3s
′

Ωde
= 0 (B.53)

resulting in the derivation for γ,

γ
′
+

[
1 − 3wde +

3
2
+

3
2

s (2 + 3Ωdewde)− 3s
′
]

γ =
3
2
(1 + 6s) (1 − wde) +

3s
′

Ωde
. (B.54)

Assuming that s = 0 and wde is constant results in a first order linear ODE of the form,

γ′ + γ(1 − 3wde +
3
2
+ 0 + 0) =

3
2
(1)(1 − wde) + 0,

γ′ + γ(
5
2
− 3wde) =

3
2
(1 − wde).

(B.55)

Changing the form to a separable ODE and using the variable x instead of γ for simplicity allows us

to write,
2

3 − 3wde − 5x + 6wdex
x′ = 1 let x′ = dx/dt,∫ 2dx

3 − 3wde − 5x + 6wdex
=
∫

dt,

2 ln(3 − 3wde − 5x + 6wdex)
6wde − 5

= t + C.

(B.56)

Isolating x results in,

x =
e6wdet−5t+6C(wde−5C

2
−5 + 6wde

+
3wde

−5 + 6wde
− 3

−5 + 6wde
. (B.57)
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Since wde is constant the exponential terms drops off. Changing x back to γ we have the expression

for the wCDM case,

γ =
3wde

−5 + 6wde
− 3

−5 + 6wde
=

3(1 − wde)

6wde − 5
(B.58)

We will now assume that both wde and s are constant. We consider the whole derivation of γ in

Equation (B.54) and that 2 + 3Ωdewde ≈ 2. Under these assumptions, Equation(B.54) becomes,

γ
′
+

[
1 − 3wde +

3
2
+

3
2

s (2)− 3s
′
]

γ =
3
2
(1 + 6s) (1 − wde) +

3s
′

Ωde
,

γ
′
+

[
5
2
− 3wde + 3s

]
γ =

3
2
(1 + 6s) (1 − wde) + 3s′(

1
Ωde

+ γ).
(B.59)

Since s is constant, s′ = 0 resulting in,

γ
′
+

[
1 − 3wde +

3
2
+ 3s

]
γ =

3
2
(1 + 6s) (1 − wde) . (B.60)

To derive the solution for the above case, we use a similar procedure as before,

γ′ +
(

5
2
− 3wde + 3s

)
γ =

3
2
(1 + 6s)(1 − wde), (B.61)

where the solution is,

γ = c1e3wdet−3st−(5t)/2 +
18wdes

6wde − 6s − 5
+

3wde
6wde − 6s − 5

− 18s
6wde − 6s − 5

− 3
6wde − 6s − 5

(B.62)

excluding any exponential terms we arrive at,

γ =
3(1 + 6s)(1 − wde)

5 + 6(s − wde)
(B.63)
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