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Abstract

This study investigates the complexity of various reduction and synthesis Petri net trans-
formations. Transformations that preserve liveness and boundedness are considered. Live-
ness and boundednsss are possibly the two most important properties in the analysis of
Petri nets. Unfortunately, although decidable. determining such properties is intractable

in the general Petri net.

The thesis shows that the complexity of these properties imposes limitations on the power
of any reduction transformations to solve the problems of liveness and boundedness. Re-
duction transformations and svnthesis transformations from the literature are analysed
from an algorithmic point of view and their complexity established. Many problems re-
garding the applicability of the transformations are shown to be intractable. For reduction
transformations this confirms the limitations of such transformations on the general Petri
net. The thesis suggests that synthesis transformations may enjoy better success than
reduction transformations, and because of problems establishing suitable goals, synthesis

transformations are best suited to interactive environments.

The complexity of complete reducibility, by reduction transformation, of certain classes of
Petri nets, as proposed in the literature, is also investigated in this thesis. It is concluded
that these transformations are tractable and that reduction transformation theory can
provide insight into the analysis of liveness and boundedness problems, particularly in

subclasses of Petri nets.
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Chapter 1

Introduction

Since their introduction in the early 1960°s Petri nets have become accepted models, suit-
able for many tvpes of systems: For example they can model concurrency, synchronization
and finite resources. They are thus suitable for implementing qualitative models of mu-
tual exclusion. the dining philosophers problem and the readers and writers problem, (all
described in [Pet81]). Also. larger models, such as models of protocols of large distributed
systems. for example, connection management services (CMS) of the Manufacturing Mes-
sage Specification (MMS), are possible [WGRS89]. Quantitative modelling is also possible
with one of the timed extensions of the Petri net model, an example of this being models
of multiprocessor architectures [ABC86]. Petri net models have also been used as a formal
specification, for example, the specification of the CPU in the CDC 6600 [Mol89]. Petri
nets are not only suited to computer systems either: for example, they have also been used

for manufacturing systems [SX92].

Over the years a rich mathematical analysis of Petri nets has been developed which has
helped to establish the effectiveness of Petri nets as a modelling technique. Petri nets are
accepted readily as a modelling technique as they provide an easily understood graphical
representation of thie system being modeled; Petri nets are thus also suitable for commu-

nicating ideas about systems.

The graphical nature of Petri nets allows the easy formulation of models of systems.
Furthermore. Petri nets are also a mathematical modelling tool, and as such make rigorous
qualitative analysis tools, suitable for modelling a large body of applications, accessible
to nonmathematicians. These tools usually provide a graphical user interface whereby
the user draws the model of the system to be modelled. Examples of such systems are
the QPN-Tool [BK91], and GreatSPN [Chi85]. The rich theory of Petri nets that has

been developed could also been used indirectly in tools. For example, [Kri93] proposes the
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translation of SDL (a4 CCITT formal description technique used for protocol specification)
into a Petri net model in order that certain qualitative analyses be performed on the
protocol. or quantitative analvsis if the Petri net model is one of the timed Petri net

models.

A common analysis technique of Petri nets is based on the matrices that represent the
arcs and their associated weights between the nodes of the Petri net. Two types of node
are distinguished: places. which hold tokens. are used to indicate resources or conditions.
and transitions which are used to indicate “events”. This analysis technique is based on
equations and inequalities of these matrices. A problem with this technique is that certain
important questions about modelled systems, in particular configurations (Petri nets with
an initial marking or state), cannot be answered; for example, the absence of deadlocks
and the overflowing of finite resources. By absence of deadlock is meant the ability of the
system to always repeat every modelled “event” no matter how the Petri net has evolved.
The matrix technique gives a sufficient condition for the configuration not to overflow
any finite resources but does not give a necessary condition for this. While this matrix
equation and inequality based technique cannot be used to decide whether a particular
configuration is free from deadlocks. it can, however, be used to decide whether an initial

state exists for a given Petri net such that the resulting configuration is live.

Another analysis technique is based on the enumeration of (possibly) all the states that a
Petri net can reach from a particular initial marking. This technique requires the genera-
tion of the so-called coverability tree in which each node represents a certain state or set
of states and the arcs correspond to the “events” leading to these states. The coverabil-
ity tree can be used to decide whether the modelled system could overflow any bounded
resources and. if so. whether the system is absent of deadlocks. However, the size of the
coverability tree in terms of number of nodes has been shown by Lipton to be exponential
in the number of places, transitions and initial marking [Pet81, JLL77]. Consequently, the
problems of deciding those properties that require the generation of the coverability tree

are intractable.

A number of authors have proposed property preserving transformations. These transfor-
mations can either be used to reduce the size of the Petri net, and possibly the size of
the problem or thev can be used to build up Petri nets with the desired properties and
thus thev do not need their coverability tree to be generated. Transformations used in
the latter sense are termed synthesis transformations while those used in the former are
termed reduction transformations. Usuallv properties are preserved by a transformation
in both directions and such transformations can be used as both reduction and synthe-

sis transformations. Properties preserved in only one direction can be used as synthesis



CHAPTER 1. INTRODUCTION 3

transformations as it is onlyv the resultant svstem that is required to have the properties.

Another proposed use of reduction transformations (see, for example, [Ber86a]) is in tools
for engineers. where the engineer modelling a svstem does not have to be concerned with
certain redundancies, for example, as the modelling tool will remove these prior to per-

forming an analysis.

Reduction transformations have also been proposed which completely reduce certain classes
of Petri nets. Two of these proposals are investigated in this thesis. First, a set of re-
duction transformations that reduce the class of live and bounded free choice Petri nets
to a reduced. simpler net in which either there is no concurrency or there is no choice,
or possibly neither of these properties is investigated [Des90]. Secondly, sets of reduction
rules that reduce the class of free choice nets for which there exists an initial marking
under which the Petri net is live and bounded to an atomic Petri net, in which there
is onlv one place and one transition are investigated [Esp91]. In each of these cases the
ability for these sets of reduction transformations to reduce the Petri net to the simpler

Petri net decides membership of the original Petri net in the class.

This thesis considers Petri net transformations as a mechanism for the analysis of Petri
nets and emphasis iz placed on those transformations that preserve liveness and bounded-
ness. These are the properties that correspond to the absence of deadlocks and overflows,
respectively. in the svstem being modelled by the Petri net and systems in which these

properties hold are nsually referred to as well-behaved.

1.1 Scope of Thesis

This thesis examines the Petri net transformations proposed in the literature, suggesting

algorithms and the computational complexity regarding their applicability.

The problems dealt with in this thesis are the decision problems regarding the applicability
of the proposed transformations. Also considered is the extent to which a reduction

transformation can reduce the size of the coverability tree.

In order to show that certain problems concerning these Petri net transformations are
intractable. this thesis proves that certain restrictions of the integer linear programming
problem remains A"P-complete. The proofs of the complexity of deciding the applicability

of certain Petri net transformations follows from this and polynomial-time reducibility.

Readers not familiar with the theorv of Petri nets can find good tutorial introductions in
[Mur89] and [Pet81]. The latter, although dated now, includes some interesting analysis

problems in the Petri net area.
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1.2 Thesis Outline

The remainder of this chapter outlines the rest of the thesis:

e Chapter 2 is a review of the definitions and properties of Petri nets that are general
and relevant throughout the thesis. Additional definitions, where required, are pre-
sented at rhe point of discussion. Also defined in Chapter 2 are subclasses of Petri
nets. The purpose of these definitions is to formalise the notations and definitions

used in this thesis.

e Chapter 3 is a short review of the analysis techniques of Petri nets. This highlights
the problems which the transformations are designed to tackle and so places the

transformations in context.

e Chapter 4 reviews computational complexity and presents some complexity results
that are used in the proofs in later chapters. It presents a short collection of the
results and definitions that are pertinent to this work. Included among these are the

proofs of additional integer linear programming results due to this author.

¢ Chapter 5 introduces and surveyvs all the relevant transformations described in the
literature, including their examples. The transformations are divided into reduction
transformations, synthesis transformations and transformations that can completely

reduce certain classes of Petri nets.

¢ Chapter 6: For each of the transformations either an algorithm is sketched for the
transformation rule showing that the decision problem is a polynomial-time prob-
lem or a proof of the intractability of the transformation rule is presented. Where
appropriate, the reduction in size of the coverability tree that can be obtained is con-

sidered. Some of the authors have shown the complexity of their transformations.

¢ Finally. Chapter 7 summarises the complexity results proved in this thesis and
discusses the findings of the thesis. Also discussed, is possible future work in the

area of Petri net transformations.



Chapter 2

Basic Definitions and Properties
of Petri Nets

This chapter presents some of the basic definitions and properties of Petri nets required
throughout the rest of the thesis independent from any of the Petri net transformations.
Additional definitions, properties or results that may be needed as each of the transfor-
mations is considered will be included at the point of discussion. The notation presented
here is quite commorn. Unless otherwise cited the definitions in this chapter are taken from

[Murg9].

The properties of Petri nets can be split into two broad classes:

¢ Behavioural properties. These are those properties that depend on the initial
marking (see Definition 2.1 below) and are thus also called marking dependent prop-

erties.

e Structural properties. These are those properties which are independent of the

initial marking and hence only depend on the structure of the Petri net.

As far as possible. the notation used in this thesis is standard. The following points are

included only to remove any possible ambiguity:

N =1{0.1,2,...} is the set of all natural numbers.

Mt = {1.2.3,...} is the set of all positive natural numbers.

o 7 is the set of all integers.

¢ is the set of all rational numbers.
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o Tt is the set of all nonnegative rational numbers.
o If X is a set. then |X'| denotes the cardinality of X.

o If X is a string over some alphabet X. then |X| denotes the length of X in terms of

the number of symbols in T.

The following section introduces Petri nets and gives a few basic definitions. This is then
followed by a few definitions of behavioural properties and then a few structural properties.

Finally. the chapter closes with a discussion of some classes of Petri nets.

2.1 Basic Definitions

A Petri net is a directed bipartite graph with arc weights. One set of the nodes are referred
to as places and the other set of nodes are referred to as transitions. Places can be marked
with tokens and it is sufficient to describe the initial distribution of tokens among the places
when describing a system modelled by a Petri net. The following definitions provide a

formal description of a Petri net and its evolution.

Definition 2.1 Petri Net
An unmarked Petri net is a 4-tuple N = (P, T, B. F) where:

1. P={pr.....pn} isa finite and non-empty set of places. Places are drawn as circles

in the graphic representation of the Petri net.

2. T ={ty,....t,} is a finite and non-empty set of transitions. Transitions are drawn

as bars or rectangles in the graphic representation of the Petri net.

3. B € N™*™ js the backward incidence matrix and describes the arcs and their respec-

tive weights from the places to the transitions.

4. F e N™ " {s the forward incidence matrix and describes the arcs and their weights

from the transitions to the places.

Further. PNT = 0. The incidence matrix C of the Petri net N is defined by C = F — B.

Definition 2.2 Markings, Marked Petri nets and Covering

A marking A of a marked Petri net N = (P, T. B, F. My) is a vector M € N™ giving a
distribution of toker s among the places in P. My is the initial marking end is the marking
of the Petri net in its initial state. A marking M’ is said to cover a marking M” if and

only if M' > M", that is, if and only if M'(p) > M"(p) Vp € P.
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This matrix notation of Petri nets will be used throughout this thesis but is equivalent
to the functional noration often used in the literature. Furthermore, when referring to
an element of the backward or forward incidence matrices or an element of a marking,
a functional notation will be used; for example, B(p,t) describes the arc from the place

p € P to the transition t € T and its arc weight.

Definition 2.3 Enabled Transitions and Transition Firings

Given Petri net N = (P.T, B, F). a transition t; € T is said to be enabled at a marking
M’ of N if and only :f M’ > Be; where e; is the unit vector with a 1 as the i-th component.
A transition t; € T enabled at a marking M of N may fire yielding a new marking M" of

N defined by M" = M' + (F — B)e; = M' + Cle;.

Figure 2.1 shows an example of a marked Petri net ¥ = (P, T.B,F,M,) with P =
{p1.p2.-pa3}, T = {t1. to. t3, ty},

1 00 0 0 010
B=10011]/, F=11 100
0100 0 001

and MT =[1.0,1].

Figure 2.1: Example of a marked Petri net

Definition 2.4 Reachability
The firing of a transition usually changes the marking of a Petri net. If My, was the
marking before the firing of a transition t € T and if M, the marking after firing t then
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AM; is said to be directly reachable from My by firing t and is written M, . M,. The
reachability set is the transitive and reflexive closure of direct reachability and is written

R(My). R(M) is the set of all possible markings reachable from the marking M.

Equations (2.1) show the reachability set for the marked Petri net in Figure 2.1.

M = [1,0.1]
ME = [0.1.1]
MT = [0.2,0] 1)
MT (1,1,0] '
MT = [2,0,0]
‘,”';I‘ = [0.().2]
Definition 2.5 Firing Sequence and Transition Sequence
Let N = (P.T.B.F.AMy) be a Pectri net with an initial marking, a sequence
g = .‘Igf,'l .\[1fi2 M. Ly Mg
of transitions t; ,ti,..... ti, € T and markings Mo, My, M, ..., My € R(Mg) is called a

firing sequence or occurrence sequence if and only if
t, )
My — M for j=1,2,...,k

this is also written My —— My.. The firing sequence is often shown without any markings

and in this case it is called a transition sequence and is written o = t; t;, ...t;,.

If 0 = tyty.. .t is a firing sequence then #(o.t;) is a count of the number of times the

transition t; appears in the sequence o.

Definition 2.6 Language of a Petri Net
Given a Petri net N = (P, T, B. F. My), the set of all possible firing sequences from My is
denoted by L(N) and is called the language of the Petri net N.

Definition 2.7 Pre-set and Post-set
For an element u € PUT the set ew is called the pre-set of u and ue is called the post-set

of u and are defined as follows:

1. ot ={p€ P:B(pt)+# 0} and is the set of all input places of the transitiont € T.

2. te={pe P:F(p.t)#0} and is the set of output places of the transitiont € T.
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3. ep={teT:F(p.t)#0} and is the sct of all input transitions of the place p € P.

4. pe={teT:B(p.t)#0} and is the set of all output transitions of the place p € P.

For a subset " C PUT, the pre-set of U/, o/ and post-set of U, U'e are defined as:

o/ = U ou and
wel’

UVle = U ue.

uel’

Definition 2.8 Siphons and Traps [BT87]
Let N = (P.T.B.F’ be a Petri net. A nonempty subset S C P is called a siphon if and
only if ¢5 C Se. A nonempty subset Q C P is called a trap if and only if Qe C o().

A siphon’s behaviour is such that as the Petri net evolves (under firing of transitions) and
the siphon is emptied of all tokens then it will remain empty for any further evolution of
the Petri net. A trap’s behaviour is just the opposite; as the Petri net evolves and the
trap becomes marked with a token then it will be marked for any further evolution of the
Petri net. Siphons are often called deadlocks in the literature, however [Mur89] prefers
the term siphon as deadlocks can be confused with its more usual meaning of a circular

wait condition.

Definition 2.9 Isolated Places and Isolated Transitions

A Petri net N = (P.T, B, F) is said to have an isolated place p € P if and only if ep =10
and pe = (. Similarly, the Petri net N is said to have an isolated transition t € T if and
only if ot = Q) and te = 0.

The notions of connected, strongly connected, (simple) paths and cycles, etc. as defined

for directed graphs in, for example, [Eve79] are required in this thesis.

This thesis assumes that Petri nets do not have isolated places or isolated transitions as
an isolated place can never change its marking and an isolated transition can never change
the marking on any place. Furthermore, it is possible to consider only connected Petri
nets in the analysis of Petri nets, as disconnected components can be analysed separately

as connected components.

Petri nets are suitable for modelling syvstems in which parallelism and synchronisation
take place. These properties are embodied in the notions of conflict and concurrency.
For a discussion of these notions and the applicability of Petri nets to the modelling of

distributed systems with synchronisation. see [Pet81].
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Definition 2.10 Conflict [Pet81]

Given a Petri net N = (P, T. B. F, My). if more than one transition is enabled at a marking
M € R(My) and the firing of one of the enabled transitions, for instance t; € T, causes one
of the other enabled transitions t; € T to be disabled, then the two transitions, t;,t; € T

are said to be in conflict.

Definition 2.11 Concurrency [Pet81]

Given a Petri net N = (P, T, B. F. My). if two transitions t;,t; € T enabled at a marking
M € R(My) do not affect each other in any way, and the possible firing sequences from
M include some in which t; occurs first and some in which t; occurs first, then the Petri

net N is said to display concurrency.

Definition 2.12 Subnets and Generated Subnets [GSW80]
Let N = (P.T,B, F) be a Petri net. A net N' = (P, T', B, F') is called a subnet of N if
and only if PP C P, T'CT and

, F(p.t)y ifpeP andte T, and
F(p,f):{

0 otherwise, and

0 otherwise.

B'(p.t) = { B(p.t) ifp€e P andteT', and

The subnet generated by the A C P is the Petri net N' = (A, T', B', F') where

T = U op U e,
p€A

0 otherwise, and

Flp,t) = { E(p,t) ifpeAandteT', and

0 otherwise.

B'(p.t) = { B(p.t) ifpe AandteT and

Similarly, the subnet generated by A C T is the Petri net N' = (P', A, B', F') where

P = U of U te,
teEA

Fi(p.t) = F(p,t) ifpe P andte A, and
0 otheruise, and

B'(p.t) =

0 otherwise.

{ B(p.t) ifpe P andte A and



CHAPTER 2. BASIC DEFINITIONS AND PROPERTIES OF PETRI NETS 11

2.2 Behavioural Properties

This section introduces a few definitions of properties that are dependent on the initial
marking. such properties are termed behavioural properties as they pertain to the be-

havioural or dyvnamic evolution of the Petri net.

Definition 2.13 Bounded

A Petri net N = (P,T, B, F, My) is said to be k-bounded, k € T1. or simply bounded if
and only if VAl € R(AMy), M(p) < k Vp € P where M(p) is the number of tokens in the
place p € P at marking M € R(My).

Definition 2.14 Safe
A Petrinet N = (P.T.B, F. M) is said to be safe if and only if it is 1-bounded.

Definition 2.15 Live [Rei85]

In a Petri net N = (P, T.B.F. M), a transition t € T is said to be live if and only if
VM € R(AMy). 37 reachable from Al such that M’ enables t. The Petri net N is said to
be live if and only if Vt € T, t is live.

Definition 2.16 Proper Termination [Ber86a]
A Petrinet N = (P. T, B, F. My) 1s said to terminate properly if and only if N is bounded

and a given final marking M € R(Aly), in which no transition is enabled, can be reached.

Definition 2.17 Home State
For a Petri net N = (P, T, B. F. My) a marking M’ € R(My) is said to be a home state if
and only if VM € R(My), M’ is reachable from M.

Definition 2.18 Unavoidable State [Ber86a)
For a Petri net N = (P, T, B.F, My). a marking M € R(My) which is a home state is
said to be an unavoidable state if and only if all firing sequences from My lead to M.

Definition 2.19 Pseudo-live [Ber86a]
A Petrinet N = (P. T, B, F, M) 1s said to be pseudo-live if and only if VM € R(My), 3t €
T such that t is enabled.

Definition 2.20 Quasi-live [Ber86a]
A Petrinet N = (P.T, B, F, My) is said to be quasi-live if and only if ¥Vt € T,3M € R(Mjy)
such that t is enabled.

This thesis concentrates on the well behaved properties, that is, the properties of liveness
and boundedness, and on well hehaved Petri nets, that is, those that are both live and
honnded.
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2.3 Structural Properties

This section introduces a few definitions of properties that are independent of the initial
marking, such properties are termed structural properties as they describe the Petri net

independent of a particular initial marking.

Definition 2.21 Structurally Bounded [ES90]
An unmarked Petri net N = (P.T. B, F) is said to be structurally bounded if and only if
for all possible initial markings M|, the Petri net N' = (P, T, B, F, M) is bounded.

Definition 2.22 Structurally Live [ES90]
An unmarked Petri net N = (P, T.B.F) is said to be structurally live if and only if there
exists an initial marking M such that the Petri net N' = (P, T, B, F, M{) is live.

2.4 Classes of Petri nets

Some of the results and transformations mentioned in this thesis pertain to subclasses of
Petri nets. The following classes of Petri net feature quite prominently in the literature

on transformations of Petri nets.

Definition 2.23 Ordinary Petri Net
A Petrinet N = (P, T, B, F') is called an ordinary Petri net if and only if

B(p.t) € {0,1} Vp€ P andVt €T and
F(p.tye {0,1} Vp€ P andVteT.

The term “ordinary” is sometimes used to refer to Petri nets as defined in Definition 2.1
to distinguish thern from Coloured Petri nets (CPN), Stochastic Petri nets (SPN) or
Generalised Stochastic Petri nets (GSPN). However, this should not cause any confusion

as these extensions to Petri nets are not discussed in this thesis.

Definition 2.24 State Machine
A state machine is an ordinary Petri net N = (P,T, B, F) such that |et| =1 and|te| =1
forallteT.

This definition of a state machine is used in [Mur89], [Pet81] and [Rei85]. However, there

is another often used definition; [BT&7]. who proves several liveness and safeness results
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for the classes of Petri nets in this section, only requires that |e¢t| < 1 and |t @] < 1 for all
t € T. [BT87] call such a Petri net an S-net and the Petri net defined in Definition 2.24
an S-graph. State machines are thus also called P-graphs or S-graphs. Definition 2.24 is
preferred in this thesis as it is used in this form in some of the Petri net transformation
literature (see. for example. [Des90]). The definition of state machine (above) is also more
intuitive as a finite state machine never has a “half” arc leaving a state or a “half” arc

entering a state.

Definition 2.25 Marked Graph
A marked graph is an ordinary Petri net N = (P, T, B, F) such that |ep| = 1 and|pe| =1
for all pe P.

As with state machines. there is also another often used alternate definition of a marked
graph; [MurR9]. [Pet®1] and [Rei85] use the definition above, while {BT87] only requires
that |e p| < 1and [pe| < 1forall p € P. [BT87] defines T-nets and T-graphs analogously
to S-nets and S-graphs, respectively. Definition 2.25 of a marked graph is preferred in this
thesis for the same reasons that Definition 2.24 is preferred (unless stated otherwise).
[Reif5] also requires that marked graphs are strongly connected. Marked graphs are also
called event graphs, T-graphs or decision free nets (because there is no conflict of enabled

transitions).

Definition 2.26 Free Choice Net
A free choice net is an ordinary Petri net N = (P, T, B, F') such that [pe| <1 or e¢(pe) =
{p} for allp € P.

Other classes of Petri nets that appear in the Petri net literature, such as ertended free
choice nets and asymmetric choice nets or simple nets, have not featured in the Petri net

transformation literature and so are omitted from this discussion.



Chapter 3

Analysis Techniques

Petri nets are a powerful medium for describing the behaviour of systems. Some of the

important advantages of Petri nets over other modelling techniques are:

e Graphical representation of the system being modelled.

e There is often a direct translation between the real world system being modelled

and the structure in the Petri net model.
e The model can be as abstract or as detailed as required by the modeller.

e Analysis techniques have been devised to detect certain properties in the system
being modelled (assuming the model is a correct representation of the system) or in

the model itself assuming that the system being modelled is well behaved.

In this chapter the analysis techniques that have been developed for Petri nets are dis-
cussed. In summarising the analysis techniques and their results, this chapter introduces
the problem that has been studied in this thesis: the complexity of Petri net transforma-

tions as they apply to the simplification of the analysis of Petri nets.

Two analysis techniques have been developed for Petri nets: reachability and coverability
trees, and matrix equations. These techniques are presented in this chapter together with
a discussion of their problems. In addition to these techniques, a number of results have
been developed which characterize liveness and boundedness in certain classes of Petri
nets; these results are also summarised in this chapter. Omitted proofs can be found in

the references cited.

14
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3.1 Reachability and Coverability Trees

The reachability set R( M) of Petri net N = (P.T, B, F, My) can be drawn as a directed
graph with root My. The nodes of the graph are thus the markings in the reachability set
and a directed edge connects those markings that are directly reachable from one another.

For example. a directed edge exists in the reachability tree from node M; to node M;
labeled 1 if M; =% A[;.

Figure 3.1 depicts the reachability graph of the marked Petri net in Figure 2.1 on page 7.

My

M. 3

ty

M,

Figure 3.1: Reachability graph of Petri net

By removing back edges from the reachability graph and duplicating the nodes at the ends
of these back edges as duplicate nodes. the reachability graph is transformed into a tree
called the reachability tree. Nodes in which no transitions are enabled are called terminal
nodes. Nodes which are neither duplicate nodes nor terminal nodes are termed interior

nodes.

The reachability tree is generated by a procedure that is known as the token playing game:
The initial marking is added as a node. For each of the transitions that are enabled at the
initial marking a new marking is generated by simulating the firing of the corresponding
transition. This new node and arc labeled with the transition that fired to cause the
new marking, are added to the reachability tree. From this new marking, all enabled
transitions are again considered, adding further nodes and arcs to the reachability tree.

The procedure terminates by realising that certain nodes are duplicates and that it is not
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necessary to further investigate the firing of enabled transitions from a duplicate marking.

The analvsis of Petri nets using the reachability tree is performed by a walk of the tree.
However. in the case of unbounded Petri nets the reachability tree is not finite and so this
analysis technique cannot be used for unbounded Petri nets. To overcome this problem a

finite representation of the reachability tree, called the coverability tree, is used.

The coverability tree is built in the same way as the reachability tree except that, in
addition to detecting duplicate markings. the procedure detects cycles in the reachability
tree that generate strictly covering markings which are not just duplicate markings. The
places corresponding to these covered components of the new marking are unbounded.
To represent an unbounded component in a marking a new symbol w is used. In order
to further generate the coverability tree it is necessary to define arithmetic rules for w:

Vk € M,

wthk = w
w—k = w
k< w
w < w

The algorithm for generating the coverability tree is described in [Pet81], [Mur89] and
[BK93].

To illustrate the problem of using the coverability tree for Petri net analysis, consider
the problem of deciding boundedness and liveness of a given a marked Petri net N =
(P.T. B. F, My). [Pet81] describes the work of Lipton who constructed a Petri net which
could count to 22" and then states that the existence of such a Petri net shows that the
reachability problem requires at least exponential time and space. Further, [Pet81] states
as an important corollary to this construction: “The Petri net which is constructed is
bounded, since the number of tokens in any place cannot exceed 22". This means that
any algorithm to determine boundedness of a Petri net must also require exponential time

Y

and space.” The algorithm to generate the coverability tree, [Pet81] and [Mur89], must
have at least an exponential worst case complexity. This complexity is in terms of the
number of places and their interconnections to transitions in the case of Lipton. Also,
[ReiR5] mentions that it is decidable whether a Petri net is bounded or not with a space
complexity of 2°°1°6 where s in this case is the sum |P| +|T| + Y pep Mo(p) and c is some

constant.

Thus without directly determining the space and time complexities of the algorithm to
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generate the coverability tree it must at least have a worst case complexity of

2% where § = |P| + |T| + Z [log, Mo(p)].
peEP
Generating the coverability tree decides whether the Petri net is bounded; if the symbol
w was used in the coverability tree then the Petri net is unbounded; otherwise the Petri
net is bounded. Thus the space and time complexities to determine boundedness of the

Petri net is at least 2°°,

If the Petri net is not bounded then the coverability tree cannot be used to determine
whether or not the Petri net is live as the w symbol is a loss of information. For example,
in a reachabilitv problem in which it has to be decided whether a particular marking with
an odd number of tokens in place pg is reachable and the only marking that covered this
place had an w svmbol in this place then it would not be possible to determine whether this
marking was reachable from the coverability tree as such information is lost by introducing
the w markings. A similar problem exists for liveness; [Pet81] gives an example of two Petri

nets with the same coverability tree one of which can deadlock while the other cannot.

After deciding that the Petri net is bounded. the coverability tree, which now coincides
with the reachability tree. can be used to test for liveness; [Baa88] describes an algorithm
that splits a digraph into strongly connected components. The input to the algorithm
is a graph ¢ = (V, E) (represented by linked adjacency lists) and the output is a list of
the vertices in the strongly connected components. This algorithm has a time complexity
of O(max(|V|.|F|)) and a space complexity of O(|V| + |E|) thus in terms of the original

problem the time and space complexities are still 25,

The problem of deciding whether the Petri net is live now reduces to determining whether
or not each transition of T appears in all the strongly connected components as labels of
arcs. At worst all the arcs of the coverability/reachability tree will have to be examined
once with time and space complexity O(|F|). Therefore in terms of the Petri net the
complexities in space and time are still exponential. This intractably large coverability

tree and hence reachability set is referred to as the state space explosion problem.

3.2 Matrix Equations

Given a Petri net N = (P, T.B, F, M) in which a transition t; € T is enabled at the
marking M’ € R(Mo) and M’ -2~ A" € R(M,) then M" is defined by

M" = M'+ Ce;.
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(Ce; is the column vector of (" corresponding to the transition ¢; € T. Similarly for a
transition ¢; enabled at the new marking M":
M = M~ Ce;
= M +Ce+ Ce;
A’\[’+C(ei+€j)

Assume that o = t; t;, ...t; and that 3] L My then

k

M, = ‘\[0+C(€,'1+€i2+--~+€,‘k)
My, = Mo+ Cf (3.1)
where f =e;, +€;, +---+¢; is called the firing count vector and whose components give

the number of times each of the transitions in T fired in the sequence o, that is,

- -

#(o.ty)
#(a. ty

L #((r-tn) J

Equation (3.1)is referred to as the state equation and can be used to verify certain invariant
properties of all reachable markings; multiplving Equation (3.1) on the left by v € M™
vields

oM = o7 My + 07 C . (3.2)
Ifvel™ v#0. f#0 then M, = Mg implies that v7C = O:

Definition 3.1 Place Invariants [Mur89]

Given a Petri net N = (P,T,B.F). A vector v € 1™, v #£ O such that vIC = O is called
a place invariant or simply a P-invariant. [f v is a P-invariant then {p € P : v(p) # 0} is
called the support of v. A support is minimal if no proper subset of it is also a support. If
each element of v is nonnegative then v is termed a positive P-invariant. The Petri net N
is said to be covered by positive P-invariants if and only if Vp; € P there ezrists a positive
P-invariant v such that v(p;) # 0.

Definition 3.2 P-components [GSW80]

The subnet generated by the support of a P-invariant is called a P-component.

P-invariants give a sufficient condition for boundedness of Petri nets:
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Theorem 3.1 [Rei85] Let N = (P.T.B. F. My) be a Petri net. If N is covered by positive

P-invariants then N is bounded.

From Equation (3.1) it can also be seen that if M, = Mg then ('f = O. In other words,

a firing count vector that leaves the marking invariant:

Definition 3.3 Transition Invariant [Mur89]

Given a Petri net N = (P,T,B.F), a vector f € H" f £ O such that Cf = O is called a
transition invariant or simply a T-invariant. [f f is a T-invariant then {t € T : f(t) # 0}
s called the support of f. Minimal supports and positive T-invariants are also defined

for T-invariants analogously to their P-invariant counterparts.

Boundedness and liveness give a sufficient condition for the existence of positive T-invari-

ants:

Theorem 3.2 [Rei85] Let N = (P.T, B. F, My) be a Petri net. If N is bounded and live

then N is covered by positive T-invarianis.

[nvariant analvsis does not provide a method of deciding liveness in Petri nets. Further-
more. it does not give necessarv conditions for boundedness in Petri nets; a Petri net may

be bounded vet not covered by positive P-invariants.

Although it is not possible to characterize structural liveness for a general Petri net (see

[MurR9]). structural boundedness can be characterized using matrices:

Theorem 3.3 [Mur89] Let N = (P,T.B,F) be a Petri net. N is structurally bounded
if and only if there exists v € 11t™ such that vTC < O.

3.3 Classes of Petri Nets

Analysis techniques have also been established for classes of Petri nets which do not require
the generation of the coverability tree. This section presents some of these results for the

classes of Petri nets defined in Chapter 2.

Without generating the coverability tree or resorting to invariant analysis it is possible to
decide whether a state machine is live and for a live state machine it is possible to decide

whether it is bounded:
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Theorem 3.4 [BT87] Let N = (P.T.B.F. M) be a state machine. N is live if and only
if N is strongly connected and My # O.

Theorem 3.5 Let N = (P, T.B.F, M) be a state machine. N is bounded.

Proof Since |ef| = 1 and [te| = 1 for all t € T, tokens can neither be created nor

destroyed as transitions fire. 0

Under the alternate definition of a state machine mentioned in Chapter 2, a state machine
is bounded if it is strongly connected. This strongly connected condition just ensures that

|etj=1and |te]| =1 forall t € T (assuming that state machines are connected).

Furthermore. for marked graphs. the following results characterize liveness and bounded-

ness:

Theorem 3.6 [Mur89] Let N = (P.T.B.F,My) be a marked graph. N is live if and

only if every simple cycle of N contains a place that is marked at My.

Lemma 3.1 [Rei853] Let N = (P.T,B.F. ) be a marked graph and let w = (po, p1,
-« ..pn) be the places of a cycle of N. Then for all markings M € R(Mpy)

D M(pi) =Y Mo(pi).
i=0 =0

Theorem 3.7 Let N = (P, T, B.F, My) be a live marked graph. N is bounded if and only
if N is covered by <simple cycles, that is, for all w € PUT there exists a simple cycle

containing u.

Proof If N is covered by cvcles then, by Lemma 3.1, NV is bounded. If NV is not covered
by cycles then there must be an edge of the marked graph ¢; — p; — t;4; such that either
t; does not have any input places or t;; does not have any output places. If ¢; has no
input places then t; can fire an arbitrary number of times in succession, thus p; is not
bounded. and so ¥ is not bounded. If t;4; has no output places then it can always empty
p; of any tokens placed on it. If the number of tokens that can be placed on p; is finite
then the ¢, can remove them all and the marked graph is not live. If there is no limit to
then number of tokens that can be placed on p; then p; cannot be bounded as t;, does

not have to fire. so the marked graph is not bounded. O

Finally. for free choice nets, liveness is characterized by:
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Theorem 3.8 [BT87] Let N = (P.T.B.F. M) be a free choice net. N is live if and

only if every siphon of N contains a trap which is marked at M.

In order to characterize boundedness in live free choice systems, the following definition

and results are used:

Definition 3.4 Extended Free Choice Net [Mur89]

An extended free choice net N = (P, T, B, F') is an ordinary Petri net in which
(pro)N (pre) £ 0 = pre = pye for all py,py € P.

Theorem 3.9 [BD90) Let N = (P, T.B. F., M) be a live extended free choice net. N is
k-bounded if and only if N is covered by strongly connected P-components which have no

more than k tokens at M.

Theorem 3.10 Let N = (P, T.B. F. My) be a live free choice net. N is bounded if and

only if N is covered by strongly connected P-components.

Proof Let N = (P.T, B, F, M) be a live and bounded free choice net. N is an extended
free choice net (extended free choice nets are a superclass of free choice nets), so N must
be covered by P-components by Theorem 3.9. Now let N = (P, T, B, F, Mp) be a live and
unbounded free choice net. By Theorem 3.9 \V is not covered by P-components since My

is always assumed to be finite. O

[BTR7] also give results that characterise safeness in these classes of Petri nets.



Chapter 4
Computational Complexity

In discussing the computational complexity of Petri net transformations in Chapter 6,
reference is made to certain notions of complexity and results. This chapter defines those
notions of complexity that will be used later in this thesis together with some of the results
that are required to classify certain problems according to their complexity. This chapter
also motivates the use of Pascal as a reasonable computation model, it describes the stan-
dard encodings that will be used throughout this thesis to encode problem instances, and
the data structures used to encode Petri nets. The discussion below assumes familiarity

with some notions of formal languages from sources such as [HU79] or [HU69a).

4.1 Models of Computation

This thesis endeavours to give bounds on the worst case complexities of the decision
problems on the_applicabilitv of certain Petri net transformations. This means that the
problems can be considered from a language theoretic point of view; the applicability of
a transformation corresponds to deciding whether a word over some alphabet describing
an instance of the problem by a (deterministic multitape) Turing machine belongs to
a particular language. That is. for all possible instances of the problem some Turing
machine halts with an output svmbol on the tape of “yes” (accepting the word) if the
transformation is applicable and "no” if the transformation is not applicable. Such a
Turing machine is termed an algorithm or effective procedure [HU79]. Under Church’s
hypothesis this formal definition of an algorithm should not conflict with the intuitive
notion of an algorithm. However. from a programming point of view, the Turing machine

is equivalent in computing power to the modern digital computer [HU79].

The measure of time and space complexitv of such problems is usually expressed in terms

of a worst case upper bound as a function of the length of the problem instance on the

22
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tape presented to the Turing machine. If this length is n then I'(n) and S(n) represent
the worst case time and space complexities, respectively. for the decision problems; T(n) is
the maximum number of moves the Turing machine makes before entering a halt state and

S(n) is the maximum number of tape cells scanned before entering a halt state [HU79].

The Turing machine model is too clumsy to describe algorithms and in this thesis the pro-
gramming language Pascal (level 0) is used to describe algorithms that are to be analysed
[JW83]. That the Pascal model is polynomially equivalent to the Turing machine model
(under logarithmic costs), in terms of the complexity measures T(n) and S(n), follows

from the following facts:

e A Pascal compiler can produce code for a random access machine (RAM) or a
random access stored program machine (RASP) in such a way that each Pascal
statement produces a polynomially bounded (in the length of the statement) number
of RAM or RASP instructions.

e The RAM and RASP models are polvnomially related to the Turing machine model
(under logarithmic cost) [AHU74].

In this thesis logarithmic costs are ignored and the complexity of algorithms is given in
terms of the number of times the most significant operations are performed, usually the
number of times loops are executed. The intent is to illustrate that the algorithm, and
hence the problem. is polynomially bounded. Furthermore, procedures and functions will
be assumed to he expanded in-line so that their complexity is also taken into account.
[AHU7Y] use the above argument to motivate the use of a language called Pidgin Algol as
a suitable model of computation equivalent to the Turing machine model in both power

and complexity. The equivalence of Pidgin Algol and Pascal is obvious.

The complexity measures will be given in terms of their asymptotic upper bounds or O-
notation (see, for example, [CLR90]). For the sequel, T(n) and S(n) of an algorithm will

imply a high level programming language model of computation.

4.2 Reasonable Problem Encodings

An abstract decision problem is a binary relation mapping a set of problem instances onto
the set of solutions {“ves”,“no”}. Before an algorithm can be applied to an abstract
problem, the problem needs to be encoded; the resulting problem instance is known as a

concrete decision problem.
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The complexity measures T(n) and 5(n) above are measures of complexity of concrete
problem instances as they are functions of the length of the problem instance on the tape.
However. it is not the complexity of the concrete problem that is important, since it may
depend on the particular encoding chosen and may not reflect the inherent complexity of
the abstract problem. It is clear then that a suitable standard encoding is required. If an
algorithm accepts a single number & as input then provided this number is not represented
in unary then all other “reasonable” encodings (for example, binary, decimal or ASCII)

are polvnomially equivalent [CLR90].

In this thesis numbers are assumed to be represented in binary in the standard encoding;
thus the number & 1equires [log, k] bits to represent in the standard encoding. Lists of
numbers in the standard encoding will be encoded as the individual numbers separated
by some delimiting tape syvmbol. The length of such a list of numbers will be taken
to be the sum of tlie lengths of the individual numbers. Arrays will be encoded with
their dimensions followed by their entries as lists of numbers. The space required for the
dimensions can be ignored as this is never significant compared to the space required to
encode the entries. Thus the length required to encode an array of numbers will be taken
as the sum of the lengths of the entries of the array. The alphabet of the language that is
used to describe problem instances is thus £ = {0, 1}. If G is an abstract problem instance

then (G) represents the concrete encoding of the problem in the standard encoding.

Of the popular representations of graphs and digraphs, adjacency matrices or adjacency
lists (see, for example, [Baa88]). this thesis uses adjacency matrices to represent graphs

for the following reasons:

e The incidence matrices can be thought of as adjacency matrices. In particular, for

a Petrinet N = (P, T, B. F) the corresponding adjacency matrix, A, would be

0O B
FT 0

e The conversion between the two representations can be performed in polynomial-

time and are lience polynomially equivalent.

e The complexity of the sparse (few edges) and the dense case do not have to be

separately given.

e The high level language model of computation chosen is only polynomially related
to the Turing machine model (under logarithmic cost). In addition, the particular

encoding chosen is one of several possible polvnomially related suitable encodings
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and so any further polynomial abstractions will not materially change the results
(the set of polvnomials are closed under function composition).

If N=(P,T.B.F, ) is a marked Petri net describing an abstract problem then (N) =
(BY(F)(Mp). that is, the encoding of the Petri net is the concatenation of the encodings

of the individual matrices used to describe the Petri net.

4.3 Complexity Classes

In defining the complexity classes used in this thesis, it is necessary to define the smallest
classes first, as the definitions of some of the larger classes use the notions of the smaller

classes:

Definition 4.1 Complexity Class LOGSPACE [vEB90]
A language L is said to belong to the complerity class LOGSPACE if and only if

L={xe{0,1}":3M:{0,1} — {"yes"} : Sar(|z|) = O(klog |z])},

where k is a constant and M is a Turing machine that recognizes strings in L (the class of
languages are recursively enumerable and not necessarily recursive, that is, M need only
accept strings of a language belonging to the complerity class and not necessarily decide

such strings). x is the Kleene closure operator.

Definition 4.2 Complexity Class P [CLR90]
A language L is said to belong to the complexity class P if and only if

L={zC{0,1}":34:{0.1}" — {"yes™, “no™} : Ta(|z|) = O(|z|°)},

where A is an algorithm that decides strings in L and ¢ is some constant. T4 is the time

complerity measure of algorithm A.
The following result was used implicitly in Definition 4.2:

Theorem 4.1 [Bro89] If a language L can be recognized by a Turing machine in poly-

nomial-time. then there is a Turing machine that decides L in polynomial-time.

The following additional definition is required in order to define the complexity class A'P.
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Definition 4.3 Verification Algorithms and Certificates [CLR90]
A verification algorithm is a two argument algorithm A(z,y) where x is an input string
and y is a binary string called a certificate. A verifies the input string x if there exists a

certificate y such that A(z.y) = “yes".

Definition 4.4 Complexity Class AP {CLR90]
A language I is said to belong to the complerity class NP if and only if

L={zC{0.1}":3y: |yl = O0(2]°) : A(z,y) = “yes"},

where y is a certificate, A is a polynomial-time verification algorithm and c is some con-

stant. A is said to verify language [ in polynomial-time.

It is often useful to be able to say whether a particular problem is at least as hard as any
problem in a particular class. The following notion of reduction is used in the definition

of hardness for a complexity class:

Definition 4.5 Log-space and Polynomial-time Reductions

A problem X is said to be log-space reducible (polvnomial-time reducible) to a problem
Y, written X <poGspPace Y (X 2p Y) if and only if there exists f : {0,1}* — {0,1}"
computable in logarithmic bounded space (polynomially bounded time) mapping instances
of X onto instances of Y such that if an algorithm A : {0.1}* — { “yes”, “no”} decides Y
then Ao f decides X. If the complexity of the reduction f is such that for any problems
XandY, X 2x;Y, and X € C implies Y € C. for some complezity class C, then f is said

to be compatible with C.

Definition 4.6 Hardness for a Class Under a Class of Reductions [Joh90]
Given a problem X and a complezity class C. If Y <poGgspacg X for allY € C then X
is said to be C-hard under log-space reductions. Similarly, if Y <p X for allY € C then

X is said to be C-hard under polynomial-time reductions.
This notion of hardness is used. in turn, in the definition of complete classes:

Definition 4.7 Complexity Class A"PC [CLR90]
A language L C {0.1}* is said to be N'P-complete or NPC if and only if L satisfies the

following two conditions:

1. Le NP, and



CHAPTER 4. COMPUTATIONAL COMPLEXITY 27

2. L is NP-hard (N'PH) under polynomial-time reductions.

The function f is termed a reduction function and the corresponding algorithm a reduction

algorithm.

A problem is defined as tractable if it is in P (see, for example, [GJ79]). Since it is not
known whether P = \"P it is not possible to decide whether a problem in AP is tractable
unless it can also be shown to be in P (P C AP). However, many researchers believe that
P # N'P. Strong circumstantial evidence of the intractability of the problem can be found
in the fact that manyv problems. none of which have a known polynomial-time algorithm,
have been shown to belong to A"PC. It is for this reason that the time complexity measure

T(n) is used in this thesis as a means of deciding the tractability of a problem.

Lipton showed that the reachabilitv problem required at least exponential time and space
[Pet81]. The following complexity classes, of exponential worst case complexities, are

required to understand the complexity of the reachability problem.

Definition 4.8 Complexity Class EXPTIME [vEB90]
A language L is said to belong to the complerity class EXPTIME if and only if

L={ze{0,1}7:3M:{0.1} — { yes"} : Tar(|z]) = O(k21)},
where k and ¢ are constants and M is @ Turing machine that recognizes strings in L.

Definition 4.9 Complexity Class EXPSPACE [vEB90]
A language L is said to belong to the complezxity class EXPSPACE if and only if

L={z€{0,1)7:3M:{0.1}* — {“yes"} : Sas(|z]) = O(k2F")},
where k and ¢ are constants and M s a Turing machine that recognizes strings in L.

Lipton’s results actually show that the reachability problem is EXPSPACE-hard under
log-space reductions [JLL7T].

The complexity hierarchy for the complexity classes mentioned above, excluding hard and

complete classes, is as follows [vEB90]:
LOGSPACE C P C AP C EXPTIME C EXPSPACE.

Under the assumption that P # AP, the containment of P in its superclasses is proper.

Furthermore. since hardness of a problem with respect to a given complexity class gives
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a lower hound on the worst case complexity (for example, a problem that is .WVPH is at
least as hard as any problem in AP). it follows that P and A"PH, or EXPSPACE-hard

are disjoint.

The following notions and results concerning complementary languages and complemen-

tary complexity classes are useful in proving certain problems intractable:

Definition 4.10 Complement of a Language [Joh90]
If L is a language over some alphabet ©, then its complementary language is Co-L =

2 -L

The complexity class P is closed under complement. This well known result follows from

Theorem 4.1:
Theorem 4.2 [f L is a language in P, then Co-L is also in P.

In this thesis a number of problems are shown to be Co-AVPH and Co-EXPSPACE-hard.
This is sufficient to prove the intractability of such problems, since such a problem cannot
be in P according to Theorem 4.2 and the fact that both NPH and EXPSPACE-hard

are disjoint from P.

4.4 Complexity of Certain Useful Problems

In order to prove the complexity bounds for certain problems it is often possible to find a
polynomial-time reduction to the problem from some other problem of khown complexity
thus showing that the new problem is at least as complex as a known problem. Alterna-
tively, it may be possible to show that two problems, one of known complexity and the
other of unknown complexity are polynomially equivalent (polynomial-time transforma-
tions exist from either problem to the other) thus establishing that the problems have the
same complexity. Also, for proving problems to be NPH it is sufficient to show a poly-
nomial-time transformation from any A"PC problem to the problem of interest [CLR90).
In all the cases above it would be useful to have a collection of problems of known com-
plexity. This section introduces certain such useful problems of known complexity. Those
theorems that include proofs are due to this author except where noted otherwise. Proofs

of the theorems that are merely stated can be found in the references indicated.
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4.4.1 Three Conjunctive Normal Form Satisfiability

This problem concerns the existence of a truth assignment to a boolean expression such

that the boolean expression is satisfied:

Definition 4.11 Three Conjunctive Normal Form Satisfiability Problem [GJ79]
Let X = {z1....,z} be a set of boolean variables and J = Ni_,(ed V &b V a}y) a boolean
formula, where n; =z or ~xp. 2 € X. The problem of deciding whether an assignment
to the variables in X exists, such that J is satisfied is called the three conjunctive normal

form satisfiability problem or 3-CNF-SAT,

Theorem 4.3 [GJ79] Deciding whether there exists a truth assignment satisfying a given

three conjunctive normal form boolean erpression is N'PC.

4.4.2 Integer Linear Inequalities and Equations

A number of problems can be formulated as systems of integer linear inequalities or as
systems of linear equations that require integer, Jonnegative integer or {0, 1} solutions,
depending on the particular problem. A number of such problems are dealt with in this
thesis. The complexity of such problems is thus useful as it enables one to determine
the complexity of other problems. The complexity of the general cases of these problems
is well established. However, some problems can be formulated as restrictions of these
problems: for example, the homogeneous cases of some of these problems are also used
in this thesis. Cited below are some results concerning the complexity of these problems

and, following that, proofs of the complexity of the restricted problems used in this thesis.

The linear programming problem, or LP, is defined as follows:

Definition 4.12 Linear Programming Problem
Given a matriz A € Q™*™ and a column vector b € Q™ does there exist an ¢ € Q" such
that Az < b?

The integer linear pioyramming problem. or ILP, is defined as follows:

Definition 4.13 Integer Linear Programming Problem

Given a matrizr A € Q™ " and a column vector b € Q™ does there erist an * € N such
that Az < b? The {0,1} integer linear programming problem, or ZERO-ONE ILP, is
defined as for the IIP problem except that the solution vector x is required to belong to
{0,1}".
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The homogeneous integer linear programming problem, or HILP, is defined as follows:

Definition 4.14 Homogeneous Integer Linear Programming Problem
Given a matrir A € J™*" does there erist an x € 11" such that Ar < O andz # O7? The
{0.1} homogeneous integer linear programming problem, or ZERO-ONE HILP, is defined

as in the HILP case except that the solution vector x is required to belong to {0,1}™.

In all cases the entries of A and b can be specified as pairs of numbers, a numerator and
a denominator, both specified as binary numbers. The length of an instance of the above
problems is taken to be the sum of the length of the entries of A and b (in the case of
ILP). Note that all the entries of A and b can be multiplied by the product of all the
denominators and the result will be a matrix and a vector with integer entries and this
new problem instance will have a solution if and only if the original problem instance had a
solution (both problems admit the same solutions). Furthermore, this transformation is a
polynomial-time transformation and the increase in problem size is polynomially bounded
(the size is at most squared). The sequel assumes that the entries of A and b are integers
[VEBT9].

Theorem 4.4 [NW88] Deciding whether there ezists a solution to a given LP problem

1sin P.

In the following sense, the LP problem is among the hardest problems in P:

Theorem 4.5 [DLR79] The LP problem is P-hard under LOGSPACE reductions.

Theorem 4.4 and Theorem 4.5 together show that the LP problem is P-complete under
LOGSPACE reductions.

Theorem 4.6 Deciding whether a solution ezists to a given ZERO-ONE ILP problem is
NPC.

The following result shows that all problems of systems of linear equations and inequalities

over Z. [ or {0.1} are in A'P:

Theorem 4.7 [vzGST8] Given A’ € Zm*™ V' € Z™, C' € ZP*™ and d' € ZP, then the
problem of deciding whether there exists an ¢ € Z™ (or {0,1}") such that A'z = V' and
C'r>d isin NP.
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For example, the HILP problem can be scen to be NP by letting ' = 0,8 = 0,d =0

I,
—A

The following proof is part of the proof of Theorem 4.8 from [HU79]:

and

C'=

Proof The problem is in AP by Theorem 4.7. To show the problem is NPH: Assume an
instance of 3-CNF-SAT and the notation from Definition 4.11. Construct an instance of
ZERO-ONE ILP as follows: Corresponding to each of the clauses a} VabVah (i=1,...,1)

of .J, introduce the constraint
al + ol + ah > 1
Yy Ty 3 2 L

This ensures that each clause evaluates to true. Also, to ensure that for each z; € X when

z; = 0 then —x; = 1 and vice versa. add the constraints
i+ -, 2 1
—ri— g 2 -1

The resultant ZERO-ONE ILP problem has a solution if and only if J is satisfiable with
some truth assignment. The problem is thus A“PH and hence N'PC. a

Theorem 4.8 [HU79] Deciding whether a solution ezists to a given ILP problem is N'PC.

The proof in this thesis that the ZERQ-ONE HILP problem is APC requires the com-
plexity of a restricted homogeneous {0, 1} linear programming problem, which is defined as

follows:

Definition 4.15 The ZERO-ONE SHILP Problem
Given a matrir A € Z™*™ does there exist an x € M™ such that Az < O and z; = 1 where

Ty is the first component of x?

Theorem 4.9 Deciding whether a solution ezists to a given ZERO-ONE SHILP problem
is NPC.

Proof The problem is in NP by Theorem 4.7. To show that the problem is NPH: Given

an instance of the ZERO-ONE ILP problem. Az < b, introduce a new scalar variable,
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y. The given instance of the ZERO-ONFE ILP problem has a solution if and only if the
following instance of the ZERO-ONE SIIILP problem

[-b]] ‘: ) } < O such that y = 1

X

has a solution. The problem is thus NP-hard and this completes the proof that the problem

is NP-complete. O

Theorem 4.10 Deciding whether a solution to a given ZERO-ONE HILP problem ezists
is NPC.

Proof The problem is in A“P by Theorem 4.7. To show that the problem is APH a
polynomial-time reduction from the problem proved to be APC in Theorem 4.9 is used:
Given an instance of ZERO-ONE SHILP, Az < O, z1 =1 and A € Z™*™, construct an
instance of the ZERO-ONE HILP problem. A’z < O, A’ € z{m+r=1xn by adding the

constraints

IN
o

—I + T

IN
[en)

-ry + 23

"'1"1+1'n S 0

to Az < O. This ZERO-ONE HILP problem has a nontrivial solution = € {0,1}" if and
only if the given instance of ZERO-ONE SHILP has a solution, that is, with z; = 1 since
21 =0= 2, =0,723=0,...,z, = 0 which is a trivial solution. Thus the ZERO-ONE
HILP problem is NPH. This completes the proof that the ZERO-ONE HILP problem is
NPC. a

Theorem 4.11 [WW86] Deciding whether a solution erists to a given LP problem is in
P.

Theorem 4.12 Deciding whether a solution erists to a given HILP problem is in P. If
any component of a solution were constrained by a positive lower bound then the problem

1s still in P.

This simple proof was pointed out by David S. Johnson:
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Proof Given an instance of HILP. A» < O. the problem can be formulated as an LP

problem by adding the constraints

Tttt > 1
Iy Z 0
i) Z 0
x, > 0.

A solution to the HILP problem exists if and only if a solution to the constructed LP
problem exists, because the homogeneity of the problem allows any rational solution to be
scaled to an integer solution. Since the scaling involves multiplying by positive integers,
any component satis{ying a positive lower bound will satisfy the constraint after scaling.

a

The complexity of the homogeneous system changes if the system is required to be
bounded. The complexity result in this case follows from a polynomial-time reduction

from a restricted knapsack problem which is also NPC:

Definition 4.16 The Knapsack Problem [GJ79]
Given a vector a € 11" and B. K € I, B > K. does there ezist a vector x € {0,1}" such
thata-z < Banda-z > NK?

The following result cited in [GJ79]:
Theorem 4.13 The knapsack problem in D¢ finition §.16 is N'PC.

Definition 4.17 A Special Bounded Homogeneous Integer Linear Program-
ming Problem (SBHILP)
Gliven a matriz A € Z™*", b € N and a component indezx k, does there exist an z € N

such that Az > O, Ax < be (e is the vector with each component equal to one) and x > 17
Theorem 4.14 The SBHILP problem is N'PC.

Proof The SBHILP problem is in AP by Theorem 4.7. The proof that the problem is
NPH follows from a reduction from the knapsack problem: Consider an instance of the
knapsack problem in Definition 4.16; « € 1™ and B, k" € N. The system

D

N

a-T

IN

a-T

v
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where r € {0.1}" can be rewritten

a-r—-— KNy < B-K

a-r—Ky > 0

where y = 1 and z € {0,1}". This system can be augmented with additional constraints

to get an equivalent system with solutions z € I'™:

a-x— Ky < B-NK

(B-K)x;, < B-HKfori=1.2,...,n
(B-RK)y < B-K

a-x—NhNy > 0

(B-K)r; > 0Ofori=1.2....,n
(B-HK)y 2 0

where y = 1 and @ € {0.1}". Since y € {0.1}. the requirement that y = 1 can be written
y > 1. Thus an instance of the SBHILP problem has been created which has a solution if
and only if the given knapsack problem has a solution. Thus SBHILP is NPH and hence
NPC. 0

Also of interest are problems involving svstems of linear equations. The integer program-

ming problem. or IP, is defined as follows:

Definition 4.18 Integer Programming Problem
Given a matrir A € Z™*™ and a column vector b € Z™ does there exist an © € N™ such
that Az = b? The {0,1} integer programming problem, or ZERO-ONE [P, is defined as

in the IP case ercept that the solution vector x is required to belong to {0,1}".

Theorem 4.15 [Sah74] Deciding whether there exists a solution to a given IP or ZERO-
ONE IP problem is N'PC.

If the TP problem allowed 2 € Z™ (or # € Q") then deciding whether a solution exists is

P

Theorem 4.16 [Knu69] Given a matriz A € Z™*™ and a column vector b € Z™, deciding

whether there erists a vector v € Z™ such that Az = b is P.

Table 4.1, adapted from [WWSG]. sumunaries these results; the left hand column gives the

domain for the solution vector z, the top row shows the problems.
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Ar<b rii i Z)F Ar=bla-z=by | Az <0 |a-z<b
or 1A P P P P P
o NTPC NPC P P P P
" NTFPC NPC NPC NPC P P
{0.1} | NPC NPC NPC NPC NPC P

Table 4.1: Complexity of integer linear inequalities and equations

4.4.3 Petri net Reachability, Coverability and Liveness

The problems listed in this section and their complexities will be useful when proving

problems regarding the dynamic behaviour of Petri nets.

Definition 4.19 Reachability Problem [Pet81]
Given a Petri net N = (P.T.B. F. My) and a marking M, is M € R(My)?

Definition 4.20 Submarking Reachability (SMR) Problem [Pet81]
Given a Petri net N = (P,T,B.F,My). a subset P' C P and a marking M’, does there
exists a marking M" € R(My) such that M"(p) = M'(p) forallpe P'?

Definition 4.21 Zero Reachability (ZR) Problem [Pet81]
Given a Petri net N = (P, T, B, F, My), does there exist a marking M € R(My) such that
M(p)=0 forallpe P?

Definition 4.22 Single Place Zero Reachability (SPZR) Problem [Pet81]
Given a Petri net N = (P, T, B, F.My) and a place p € P, does there exrist a marking
M € R(My) such that M(p)=107?

Definition 4.23 The Liveness Problem [Pet81]
Given a Petri net N = (P,T.B. F, My). For all transitionst € T, is t live?

Definition 4.24 Single Transition Liveness (STL) Problem [Pet81]
Given a Petri net N = (P, T, B.F. My) and a transitiont' € T, is t' live?

Theorem 4.17 [Pet81] The reachability problem, the SMR problem, the ZR problem, the
SPZR problem. the liveness problem and the STL problem are all polynomially equivalent.

The following result of Lipton is cited in [JLL77]:
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Theorem 4.18 The reachability problem is EXPSPACE-hard.

Since the reachability problem is EXPSPACE-hard so are all the problems of Theo-

rem 4.17.

Definition 4.25 The Coverability Problem [Pet81]
Given a Petri net N = (P,T.B. F, My) and a marking M’'. Does there exist a marking
M € R(My) such that M > M'?

Definition 4.26 Submarking Coverability Problem

Given a Petri net N = (P.T. B. F. My). a marking M’ and a subset P’ C P. Does there
exist a marking M € R(My) such that M(p) > M'(p) for allpe P'?

The following result. due to Lipton, is cited in [JLL7T7):

Theorem 4.19 The coverability problem i1s EXPSPACE-hard.

Theorem 4.20 The SMC problem is EXPSPACE-hard.

Proof Given an instance of the coverability problem, construct an instance of SMC by

taking P = P. ]

Finally. the decidability of the reachability, coverability and liveness problems are estab-

lished by the following two results:
Theorem 4.21 [Pet81] The coverability problem is decidable.

Theorem 4.22 [May84] The reachability problem is decidable.



Chapter 5

Petri Net Transformations

The liveness and boundedness problems for Petri nets were introduced in Chapter 1. The
discussion in Chapter 4 has shown that the analysis of these properties in the general
Petri net is expensive. Petri net transformations have been proposed which preserve cer-
tain properties (for example, some subset of properties defined in Chapter 2) and which
may help in the analysis of the Petri net to determine such properties. Reduction trans-
formations reduce the size of the Petri net and, possibly, the size of the coverability or
reachability tree, thus reducing the complexity of any analysis using coverability or reach-
ability trees. Synthesis transformations can be used to synthesize a Petri net model by
adding to a simple Petri net, in which the desired properties hold, additional places, tran-
sitions and arcs producing a model in which the properties are guaranteed to hold and

thus no analysis is needed to determine such properties.

Definition 5.1 Transformation Rule

Consider a Petri net N = (P, T, B, F, My). Let Sy be the set of all Petri nets. A transfor-
mation rule R is a rewrite rule together with a predicate P : Sny — {true, false} that pro-
duces a new Petrinet N' = (P'.T', B, F', M})). written N X, N', provided P(N) = true.
The transformation rule describes how the Petri N' is derived from N. The predicate P is
called the application condition for the transformation rule R. The Petri net N is called

the source and N’ the target.

Although the definition above specifies marked Petri nets, transformation rules can also

be defined on unmarked Petri nets.

Definition 5.2 Property Preserving Transformation
Let R be a transformation rule. N = (P,T,B.F,My), N' = (P'.T',B', F', M{) be Petri

37
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;. R
nets such that N —=—

N and let C be a class of Petri nets characterised by a set of
properties Cp. The transformation rule R is said to be property preserving with respect
toCp if N € C <= N’ e C. Such a transformation rule is said to be strongly sound
with respect to Cp. If N € C == N' € C then the transformation is said to be sound with

respect to Cp (according to [Fsp91]).

The bi-implication (strong soundness) in the above definition is required in order for the
transformation to be able to decide properties when used as a reduction transformation.
This is because the properties are not known to hold in either the target or source Petri nets
and an analvsis of the propertics in the one must hold in the other. For a transformation
to be used as a svnthesis transformation it need only be sound with respect to its preserved
properties. This is hecause the desired properties are known to hold in the source Petri

net and so it is only required that this imply that they hold in the target Petri net.

A reduction transformation can be reversed and used as a synthesis transformation and
a synthesis transformation can be reversed and used as a reduction transformation if
the properties are stronglv sound with respect to the synthesis transformation. In this
thesis a transformation is considered to be a reduction transformation if it reduces the
size of the Petri net (either in the number of places, transitions, arcs or arc-weights) and
a synthesis transformation if it increases the size of the Petri net. The direction of the
transformation will be taken such that the application condition predicate is defined on
the source Petri net. The application conditions of certain Petri net transformations that
appear in the literature appear to specifv application conditions on the target Petri net;
these are, however, merely the rules specifying how the target Petri net is derived (see,
for example, Esparza’s refinement rules in Definition 5.18). To classify a transformation
rule as “reduction” or “synthesis” based on the specification of its application conditions
does not mean thar the reverse transformation does not have an application condition
based on the reversed transformation’s source Petri net. This can be seen, for example, in
the refinement of places using the S-transformation (Section 5.2.5) and merging of places
(Section 5.3.2). This consideration of transformations allows the transformations in the
literature to be treated as proposed by their respective authors and in certain cases both

the reduction and synthesis transformations are studied.

Synthesis transformations often start with a particular Petri net in which the properties of
liveness and boundedness are known to hold. The smallest such Petri nets have only one
place and one transition, anvthing smaller would be either an isolated place or an isolated

transitiomn.
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Definition 5.3 Atomic Net
A Petrinet N = ({;},{t1}, B. F) where B, F € [1'*} is called an atomic net. If the place

p1 18 marked then tne marked Petri net is also called an atomic net.

Certain classes of reduction transformations aim to reduce a given Petri net into a Petri net
in which it is a straightforward problem to decide certain properties. The atomic net is an

example of such a Petri net in which liveness and boundedness analysis is straightforward.

This chapter surveys the transformations that have been proposed in the literature. Only
transformations that preserve both liveness and boundedness (“well-behavedness”) have
been counsidered. For example, transformation rules ®; and R {which, together, generate
a class of Petri nets called state machine decomposable nets) from [Esp90] and transforma-
tion rute TA4 (addition of non-restricting nets) from [Ber86a] have not been considered.
In addition. the syunthesis work of [Y('88] considers rather specialised connections to re-
stricted Petri nets, and has not been included in this thesis. Apart from this “filtering”,
all the transformations that the author has come across in the literature are included in
this thesis. In the following sections reduction transformations are surveyed. These are
followed by svnthesis transformations and then finally, transformations that completely
reduce classes of Petri net. [MurR9] describes six simple transformation rules that preserve
liveness, boundedness and safeness, however, these are special cases of other transforma-

tions and hence are not included in this survey in their simple forms.

5.1 Reduction Transformations

The transformations in this section are due to [Ber86a], [Ber86b] and [BRV80]. These
transformations make localised changes to the structure of the Petri net and sometimes
also to the initial marking. Other transformations in [Ber86a], which Berthelot calls

addition of nets are synthesis transformations (see Section 5.2).

The Petri net properties that are preserved by these transformations can be split into

three groups [Ber8Ga]:

1. General reachability. These are the properties that describe the set of all reach-
able markings:
e Safety,
¢ Boundedness and

e S-invariant covering.
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2. Specific reachability. These properties describe the reachability of special mark-
ings:
e Proper termination,
e Home state and

e unavoidable state.
3. Transition liveness. These properties concern the liveness of transitions:

¢ Pseudo liveness,
e Quasi-liveness and

e Liveness.
Furthermore, {Ber8Ga] splits application conditions into two groups:

1. Structural conditions. These application conditions depend only on the (static)

structure of the Petri net and not on the dvnamic behaviour of the Petri net.

2. Behavioural conditions. These application conditions depend both on the dy-
namic behaviour and on the particular initial marking (as well as the structure) of

the Petri net.

The application conditions considered here concern themselves as much as possible with
the structure of the Petri net but some need a partial knowledge of the dynamic behaviour

and as such are marking dependent.

According to [Ber86a] the “classes” of transformation are:

e Place transformations (see Sections 5.1.1, 5.1.2 and 5.1.3),
¢ Fusion of transitions (see Sections 5.1.4, 5.1.5 and 5.1.6) and

¢ Addition of Petri nets (see Section 5.2).

5.1.1 Simplification of Redundant Places

If a place is such that its marking can never inhibit the firing of any transition connected
to it then it is a redundant place. This transformation removes redundancies with regard
to a place by removing arcs from transitions surrounding the place. If all arcs are removed
then the place can be removed from the Petri net. Such places are said to be redundant

which [Ber86a] defines in terms of the application conditions of this transformation:
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Definition 5.4 Redundant Place. .1 place p' € P is said to be redundant if and only

if there ezists an m-vector v € 7™ such that the following four conditions apply:

. v(p){ > 0 ifp=yp and (5.1)
<0 fp#EY.
2. I ert: vl My = 0. (5.2)
3. oI B < bel (5.3)
where e is the n-vector with a one for each component.
4. vT(B-F)<OT. (5.4)

These conditions are a reformulation, by the author, in linear algebra of the conditions
given in [BerR6a]. This linear algebra formulation allows the problem to be compared
to (integer) linear programming problems. Definition 5.4 is the definition of structurally
redundant places in [Ber86a] probably because it does not depend on the evolution of
the Petri net. However, it does depend on the initial marking and therefore should be

considered a behav'oural property and not a structural property.

After having identified the redundant place the transformation can be performed by re-

moving all edges in op’ and p’e, then for every transition, t; € T, an edge with weight
w; = —v! Ce; (5.5)

is added from ¢t to p’. If all the weights w; are zero then the place p’ is isolated and can

be removed.

Table 5.1 from [Ber86a] lists properties which remain invariant under simplification of
redundant places. In this table and all the other tables that list properties preserved by
transformations, the second column gives the soundness of the transformation with respect
to the property; <= indicates that the transformation is strongly sound, = indicates
that the transformation is sound, and <= indicates that the reverse transformation is
sound. Furthermore, the third column gives additional conditions that must be satisfied

for the property to be sound.

Figure 5.1 from [Ber86a] shows a part of a Petri net that has a redundant place, p3 in
N. N'is the same part of the Petri net after the transformation of simplifying redundant

places. In this example all the weights are zero and the place p3 has been removed.
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Property Conditions
Bounded
Safe
S-invariant Covering
Proper Termination
Home State
Unavoidable state
Pseudo-Live
Quasi-Live
Live

vV eT, w, =0

>V eT,w;,=0
=>VheT,w, =0

progoene

Table 5.1: Properties invariant under simplification of redundant places

t1

123

P2

i3

Figure 5.1: Simplification of redundant places
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5.1.2 Fusion of Doubled Places

When one combines two places into a single place and is able to distinguish to which of
the original two places tokens in the combined place belonged (by markings on sets of
other places) then the two places are doubled. [Ber86a] defines doubled places in terms of

the application conditions of this transformation:

Definition 5.5 Doubled Places [Ber86a)
Two places p.p' € P.p # p' are doubled if and only if the following application conditions
hold:

1. L. L, CP:pelhandVteT:pcet—dqg€l,:qcC ot (5.6)
and an m-vector v € 2" such that

>0 if])ell,

v(p) <0 ifpel, and
=0 otheruwise.

vT M, <.

oI'B > 0T,

vT(F-B) <OT.

2. L, CP:p el andVteT :p cet=3q€l):qc ot (5.7)
and an m-vector v' € Z™ such that
>0 ifpel],
v'(p) <0 ifpel;and
=0 otheruise.
vIAM, <.
o' B > 0T,
oT(F-B) <oOT.

3. LN, =0. (5.8)
/. YA € R(PN, M) : (5.9)

Yo, M(¢)>0 = Y e M(q) =0 and
qulé A[(q)>0 :quh A[(q):O.

5. YteT: (5.10)
B(p.t) >0 = B(p'.1) =0 and
B(p'.t)>0 = B(p,t)=0.
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After having identified two places as being doubled places the transformation can be
performed. This is done by fusing the two doubled places, that is, places p and p' are
removed and a single place, p”, is inserted into the Petri net such that ep” = ep U ep’ and

pII. — p. Up’..

Table 5.2 from [Bers6a] lists properties which remain invariant under fusion of doubled

places.

Property Conditions
Bounded
Safe

S-invariant Covering

= v(p) = v(p')
Proper Termination
Home State
Unavoidable state
Pseudo-Live
Quasi-Live

Live

1980 A

Table 5.2: Properties invariant under fusion of doubled places

Figure 5.2 from [Ber86a) shows a part of a Petri net N that contains doubled places p and
p’ and the same part of the Petri net N’ after the transformation of fusing the doubled

places.

5.1.3 Fusion of Equivalent Places

If the set of markings reachable after the firing of one transition is the same for two
different places because of the markings of those places then the places are said to be

equivalent [Ber86al:

Definition 5.6 Equivalent Places [Ber86a]
Let N = (P.T, B, F, My) be a marked Petri net. Two places py,p; € P are equivalent if
and only if 3t,.t, € T, t; # ty such that the following conditions hold:

1. B{pi.t1) =1 and B(ps,t3) = 1.
2. B(p2.t1) =0 and B(p;.t3) = 0.
3. Vt € T\ {t1,t2}, B(p1.t) =0 and B(py,t) = 0.

4. Yq € P\ {p1.p2}, B(q.t1) = Blg.t2) and F(q,t1) = F(q,t2).
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Figure 5.2: Fusion of doubled places

5. teT:pi€te and It €T :py Etoe,

After having established that the places p; and p; are equivalent, the transformation is
performed by fusing places p; and p; as described above in Section 5.1.2. Transitions
t; and t, are identical transitions and can subsequently be fused (see the algorithm in

Section 5.1.4 for fusion of transitions).

Table 5.3 from [Ber86a] lists properties which remain invariant under fusion of equivalent

places.

Property Conditions
Bounded
Safe
S-invariant Covering
Proper Termination
Home State
Unavoidable state
Pseudo-Live
Quasi-Live
Live

= v(p1) = v(p2)

<~ Afh(pl) =0 and A’Ih(pz) =0
< My(p1) = 0 and My(pz) = 0

grogoonnt

Table 5.3: Properties invariant under fusion of equivalent places
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Figure 5.3 from [Ber86a] shows a part of a Petri net N containing equivalent places, p;
and p; and the same part of the Petri net N’ after fusion of the equivalent places to form

the place pop.

v v v

Po
2] P2

Figure 5.3: Fusion of equivalent places

5.1.4 Post-Fusion of Transitions

Sets of transitions Tr and Ty can be fused if all the transitions in T have a single place p
as input, and the place p has as only inputs the transitions of Ty. More precisely, {Ber86a]

defines structural post-fusion in terms of the application conditions of the transformation:

Definition 5.7 Structural Post-Fusion [Ber86a)
Let N = (P,T. B, F, My) be a marked Petri net. A subset Tp C T is said to be structurally
post-fusible with a subset Ty C T if and only if 3p € P and m € MY such that the following

conditions hold:

m ifq=p,

1. VfeTr.Vge P,B(q, f) =
“I { 0 ifq#pand

VfeTr Fip,f)=0.

o

3feTr:3¢€ P:Flq.f)>0.

3. Yh € Ty.B(p,h) =0 and Ik, € T1: F(p,h) = mky.
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4. VieT\ TgUTE),B(p.t)=0and F(p,t) = 0. (5.11)

Once the sets Tr and Ty are found. such that Tg is post-fusible with Ty, the transformed
Petri net is ohtained by performing the following procedure: Let N = (P, T, B, F, M)
with T = Tp U Ty J Tp where Tr and Ty are structurally post-fusible. The Petri net
N' = (P T'.B'.F'. M{) can be constructed by fusing the sets T C T and Ty C T of

post-fusible transitions:

Algorithm 5.1 Fusion of Transitions

1. PP — P.
2. Ty — Tp and for each t, € Tyy and for all p € P, either one of the following conditions
hold:

(a) theNeTp =0 and ety NTre = @ then for all t; € Tp:
1. B’(p,/’!) — B(p.ty) + B(p.ty) Vt) € Ty and Vi; € Tp.
ii. F'(ty.p) — F(ty.p)+ F(ty.p) Vty € Ty and Vt; € TF.
(b) theNeTp # 0 then for all ty; € Tp:

. B'(p,/'!) — B(p.th) + max{0, B(p.ty) — F(ta,p)} Vtn € Ty and Vt; € Tr.
ii. F'(ty.p) — F(ty.p)+ max{0. F(tn,p) — B(p.ty)} Yty € Ty and Vt; € Tr.
(c) oty NTre # 0 then for all t; € Tr:

i. B'(p,t}) — B(p.ty) + max{0. B(p.tn) — F(t;,p)} Vt» € Ty and Vt; € Tr.
. F’(t’!,p) — F(th.p)+ max{0, F(ty,p) — B(p,ta)} Vtn € Ty and Vt; € Tr.

3. T" — Ty U T, where
(a) T, — Tp.

(b) B'(s'.t') — B(s.t)Vs' € P and V¢’ € Tj together with the corresponding s €
PandteT;.

(¢) F'(s'".t')y — F(s,t) Vs € P and Vt' € T} together with the corresponding s €
PandteT.

4. My — M,

Algorithm 5.1 is not only used for the application condition of post-fusion but is a general

procedure for the fusion of transitions [Ber86b].

Table 5.4 from [Ber86a] lists properties which remain invariant under fusion of post-fusible

transitions.

Figure 5.4 from [Ber86a] shows a part of a Petri net N containing sets of post-fusible
transitions Ty = {tn}, Tr = {ty,,ts,} with respect to the place p. The figure also shows
part of the Petri net, N’, after performing the transformation which resulted in the removal
of the place p and transition t,. and the replacement of transitions t; and ty, by t'f1 and

t',» respectively.
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Propertyv Conditions
Bounded
Safe
S-invariant Covering
Proper Termination
Home State
Unavoidable state
Pseudo-Live
Quasi-Live
Live

< If no multiple arcs exist.

prorenny

Table 5.4: Properties invariant under fusion of post-fusible transitions

Figure 5.4: Post-fusion of transitions
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5.1.5 Pre-Fusion of Transitions

As with post-fusion. pre-fusion identifies transitions that can be fused. However, in this
case, if a transition /» has a place p as its only output and it is one of the. possible many,
inputs of transitions in a set of transitions Tr then Ty is said to be pre-fusible with A.
More precisely. [Berts6a] defines “pre-fusible” in terms of the application conditions of the

transformation:

Definition 5.8 Pre-Fusion [Ber86a]
Let N = (P, T.B.F, My) be a marked Petri net. A subset Tp C T is said to be pre-fusible
with a transition h € T if and only if Ip € P such that the following conditions hold:

L. Vs € P F(s.h) = { boys=p. (5.12)
0 ifs#pand

B(p.h) = 0. (5.13)
2 3s€ P B(s.h) > 0.
3. ¥/ €Tk, Bp.f)=1and Fp. [)=0. (5.14)
n ¥t e T\ Tp U {h}, B(p.t)=0 and F(p,t) = 0. (5.15)
5. Mo(p) = 0. (5.16)
6. Vg€ PY e T\ {h}. B(q.h) #0 = B(q,t) = 0.

Once the set Tr of transitions and the transition h have been found, such that Tr is pre-
fusible with h. the transformation can be performed in the same manner as in Section 5.1.4

by letting the set Ty = {h}.

Table 5.5 from [Ber86a] lists properties which remain invariant under fusion of pre-fusible

transitions.

Figure 5.5 from [Ber86a] shows a part of a Petri net N containing sets of pre-fusible
transitions with Ty = {h}, Tp = {ts,.1s,} and p, and the same part of the Petri net N’
after pre-fusion of the transitions resulting in the removal of place p and transition h, and

the replacement of transitions ¢y, and ¢y, by t/; and t/ , respectively.
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Table 5.5: Properties invariant under fusion of pre-fusible transitions

Property

Conditions

Bounded

Safe

S-invariant Covering
Proper Termination
Home State
Unavoidable state
Pseudo-Live
Quasi-Live

Live

pgoororny

Figure 5.5: Pre-fusion of transitions
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5.1.6 Lateral Fusion of Transitions

The fusion of laterally fusible fransitions is similar to the case of pre-fusible transitions
except that the fused transitions now have symmetric roles in that they either both precede

a common transition or they both follow a common transition [Ber86a].

Definition 5.9 Lateral Fusion [Ber86a]
Let N = (P, T. DB, F. My) be a marked Petri net. Two transitions t,ty € T are laterally
fusible if and only if there exists two places py.p2 € P and a transition t. € T such that

either:

1. t. precedes t; and to and the following conditions hold:

(a) F(pi.t.)=1, F(p.t:) =1 and (5.17)
vie T\ {t:}, F(pr.1) = 0 and F(py,t) = 0. (5.18)
(b) ds1.89 € P B(s1.t;) > 0 and F(s3,t;) >0 fori=1,2. (5.19)
(c) B(pi.t;) =1 and ¥t € T\ {1}, B(py,t) =0. (5.20)
(d) B(pa.ty) =1 and ¥t € T\ {t2}. B(pa,t)=0. (5.21)
(e) fori,j=1,2,i#j, (5.22)

1 ifq=p;and

F(s,t;) > 0.5€ P = B(qg.t;) = ffq by an

0 ifq#p;.

(f) Mo(p1) = Mo(pa). (5.23)
(g) Vg€ P, B(q.t;)>0= B(q. )= 0.t #1t; fori=1,2. (5.24)

2. Or, t. follows py and py and the following conditions hold:
(a) B(I)lvtC) =1, B(P?Jc) =1 and

vVt e T\ {t:}. B(p1,t) =0, and B(pz,t) = 0.

(6) 381,82 € P : F(s1,t;) > 0 and B(sp,t;) >0 fori=1,2.
(c) F(pi,ty) =1 and vVt € T\ {t:}, F(py,t) = 0.
(d) F(pa,ty) =1 and vVt € T\ {t3}, F(py,t) =0.
(€) fori,j=1.2,i#j,
B(s,t;) > 0,s € P = F(q.t;) = { I l:fq = p; and
if q # pj-

(f) Mo(p1) = Mo(p2).
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(g9) Vee P, Flgt))>0= F(q.t)=0.t £t for i = 1.2.

Once laterally fusible transitions t; and f; have been found then the fusion of ¢; and t,

can be performed using Algorithm 5.1.

Table 5.6 from [BerS6a] lists properties which remain invariant under fusion of laterally

fusible transitions.

Property Conditions
Bounded
Safe
S-invariant Covering
Proper Termination
Home State
Unavoidable state
Pseudo-Live
Quasi-Live
Live

rrogngnae

Table 5.6: Properties invariant under fusion of laterally fusible transitions

Figure 5.6 from [Ber86a] shows a part of a Petri net, N, containing two laterally fusible

transitions. t; and 7,. and the same part of the Petri net, N’, with fused transition ¢;5.

5.2 Synthesis Transformations

The transformations in this section can be used to build Petri net models that are guar-
anteed to have certain properties. These transformations are due to [Ber86a], [Val79],
(SM83] [Esp90., ES90] and [SX92].

The synthesis transformations can be further split into the following broad classes:

1. Net Additions. These transformations are performed by adding one Petri net to
another by fusing together places or transitions. The application conditions apply

to the constituent Petri nets (see Sections 5.2.1, 5.2.2 and 5.2.3).

2. Element Refinement. These transformations perform a stepwise refinement of
Petri nets. This is done by refining transitions or places of a Petri net by replacing

the transition or place with a Petri net (see Sections 5.2.4, 5.2.5 and 5.2.6).

3. Module Decomposition. This method decomposes a system into subsystems or

modules. where the modiiles are modelled by marked graphs. These modules are
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P P2 pP1 P2

Figure 5.6: Lateral fusion of transitions

integrated to form the model of the system. Finally, the modules can be simplified
without changing the model’s behaviour using a “reduction” transformation (see

Section 5.2.7).

5.2.1 Addition of a Derivable Subnet

This transformation duplicates a subnet of a Petri net. This refines the process by adding
an alternate path along which tokens can flow. The tokens which take this alternate
route are removed {rom the original Petri net, flow through the added subnet and then
are returned to the original Petri net. This transformation does not change the dynamic
hehaviour of the Petri net as each firing sequence in the transformed Petri net has a
corresponding firing sequence in the original Petri net (replacing any transitions in the
added subnet with the corresponding transitions of the subnet in the original Petri net)
and each firing sequence in the original Petri net is still a firing sequence in the transformed

Petri net [BerRGa].

[Ber86a] defines a derivable subnet in terms of the application conditions that must be

satisfied before this transformation can be applied:
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Definition 5.10 Derivable Subnet [Ber86a]
Let N = (P, T.B.I.My) be a marked Petri net. A subnet Ny = (P, T5. Bs, F) of N is

derivable if and only if the following conditions hold:
1. N, is an open subnet of N, that is, P, contains all the places of P which are
connected to transitions of Ts.

2. N, is a marked graph (according to the alternate definition of marked graphs — see

Chapter 2).
3. N, is connected and contains no cireuit.
4. 3ty € Ty such that there is a path from t| to every other transition of Nj.

3. N, is not re-entrant; for all markings M € R(My) reached by N, every path included

in Ny (a marked graph) contains at most one token.

6. P, can be partitioned into:
o Pp={p€ Ps:p¢gT,e}.
e Ps={pe Py:pdeTy}.
o Pr=eT,NTje.

7. N, can be emptied by firing transitions in T, and non-conflicting transitions of T'.

8. (T\T;)enP; = 0.

After having identified a derivable subnet the addition of the subnet transformation is

completed in two steps (let Ny be the duplicate of the derivable subnet):

1. The inputs of .V, are set to the inputs of Ny and the outputs of N, are set to the

outputs of Ng, i.e. Ny = o N, and Vyo = Nje.

2. Nq4 is added to N by fusing inputs and outputs of N, and Ny leaving the internal

places distinct.

Table 5.7 from [Ber8Ga] lists properties which remain invariant under addition of a deriva-

tive net.

Figure 5.7 shows a part of a Petri net N with a derivable subnet and the same part of the

Petri net N’ after duplicating the subnet.
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Property Conditions
Bounded
Safe
S-invariant Covering
Proper Termination
Home State
Unavoidable state

Pseudo-Live
Quasi-Live
Live

prooooony

Table 5.7: Properties invariant under addition of a derivative net

”

P2

p3

N N’

Figure 5.7: Addition of a derivable subnet
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5.2.2 Regulation of Laterally Fusible Transitions

The application conditions of this transformation are the same as those for fusion of
laterally fusible transitions (see Section 5.1.6. page 51). The difference between this trans-
formation. and the fusion of laterally fusible transitions, is that instead of having a single
transition firing, being the fused transition, the firings between the two transitions are
alternated by the inclusion of a circuit between the two transitions that contains one

token.

Definition 5.11 Regulated Transitions [Ber86a)
Two transitions t; end ty may be regulated if and only if they are laterally fusible transi-
tions. The regulation is established by adding two places p, and py, and arcs forming the

circuit
th — Py — ta —pp — 1
containing ezxactly one token.

Table 5.8 from [Ber36a] lists properties which remain invariant when two laterally fusible

transitions are regulated.

Property Conditions
Bounded
Safe
S-invariant Covering
Proper Termination
Home State
Unavoidable state
Pseudo-Live
Quasi-Live
Live

propronos

Table 5.8: Properties invariant under regulation of laterally fusible transitions

Figure 5.8 shows a part of a Petri net N with laterally fusible transitions ¢; and t,.
Figure 5.8 also shows the same part of the Petri net N’ after transitions ¢, and ¢, have
been regulated by adding the places p, and p,, and the arcs to form the circuit consisting

of these transitions and places.
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-1

(1]

" P2

N N

Figure 5.8: Regulation of laterally fusible transitions

5.2.3 Regulation of Identical Transitions

Identical transitions are those that have the same input places and output places. The
behaviour does not change if identical transitions in a Petri net are regulated since it does

not matter which of the identical transitions fire as the same markings are still reachable.

Definition 5.12 Identical Transitions [Ber86a]
Given a Petri net N = (P, T.B.F). a set of transitions {t,t2,....t,} C T are said to be
identical if

B(p,t1) B(p.t;) =
F(pﬂtl) = F(7)~t2)

B(p,t,) and
F(p.ty)

for allpe P.

The transformatioun is performed by adding a set of places p;,ps,...,pn to the Petri net

N and a circuit

p—ti—p—ty— =t —p

containing a non-zero number of tokens.
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Property Conditions
Bounded
Safe
S-invariant Covering
Proper Termination
Home State
Unavoidable state
Pseudo-Live
Quasi-Live
Live

brgnngany

Table 5.9: Properties invariant under regulation of identical transitions

Table 5.9 from [Ber86a] lists properties that remain invariant under regulation of identical

transitions.

Figure 5.9 shows a part of a Petri net N with identical transitions t; and t;. Also shown
is the same part of the Petri net N’ after adding the places p; and p, corresponding to
each of the identical transitions t; and ¢, and the arcs to form a circuit of the identical
transitions and the added places. This circuit must also contain a non-zero number of

tokens (not shown).

V

N N’

Figure 5.9: Regulation of identical transitions

5.2.4 Stepwise Refinement of Transitions

This refinement transformation is performed by replacing a transition of a Petri net, in

which certain conditions hold, by another Petri net, for which certain other conditions
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also hold such that the resultant Petri net is live and bounded. This transformation has

its origins in [Val79 and was generalised by [SMR3]:

Definition 5.13 k-enabled Transitions [SM83]
A Petri net N = (P.T, B, F, My) has a transition t € T which is said to be k-enabled for
ke 1t in N if and only if there exists a marking M € R(My) such that

kB(p.t) < M(p).Vpe P.

Definition 5.14 Block and Associated Petri Net [SM83]

A Petri net N = (P.T,B.F.My) with two distinct transitions t;,,toyt € T is called a
block. The Petri net B(N,t;,,. tout- %) = (PU{po}.T. Bp, Fg, Mopg) is called the associ-
ated Petri net of the block N, and is defined as follows:

1 t:,'in‘p:p()v
1. Bg(p.t)=4 0 t#t;,.p=po and
B(p.t) peP.

1 t=15ut+P = Pos
2. Fg(p.t)=4¢ 0 t #tout-P= po and
F(p.t) peP.
: p=Dpo and
3. Myg(p) =
Mo(p) pe P

where k € ITF.
The place pg € P is called the idle place.

Definition 5.15 k-well-behaved [SM83]
A Petrinet N = (P, T, B, F, M) is said to be k-well-behaved with respect to two distinct
transitions t;p .t oyt € T if and only if the following conditions hold:

[

tin 18 live in B(N t; . Loy k).

8]

For each ay € L(B(N.t;,.tous k) such that #(oq,t;,) > #(01,tyt), there ez-
ists 02 € (T \ {t;,})* such that a\0; € L(B(N,t;n,tout, k) and #(o1,t;,) =
#(UIUZsf()ut)-

3. #(o.t;n) > #(a.tyyy) forany a € LIB(N. .t oy, k).
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[SM83] shows that for n € 11+, if a Petri net N is (n + 1)-well-behaved with respect to t;,
and tqy¢. then NV is n-well-behaved.

Let N = (P.T.B.F. Mg)and N' = (P.T'. B', F'. M) be Petri nets such that PN P’ =0
and TN T' = 0. Assume that for some k& € 11, a transition t; € T is not (k+1)-enabled
in NV and that N’ is k-well-behaved with respect to two distinct transitions t;,,toyt € T

The transformation of refining transition ty vields

N" = TR(N, N to, bty tout) = (P T". B", F" MY)
defined as follows:
1. P'"=PuP.
2. T"=(T T\ {t).
0 teT\ {to}.pe P,
0 te T\ {tj,}.pe P,
3. B"(p.t)=1{ B(p.t) teT\{t).peP,

B'(p.t) teT',pe P and

B(p.ty) t=1t,.p€P.
0 teT\{to}.pe P,
0 teT'\ {tout},P € P,

4. F'(p.t)

F(p,t) teT\ {to}.pe P,
F'(p,t) teT',pe P and
F(p,ty) t=tout.p € P.

[

M () = My(p) pé€ P and
° Mi(p) pe P.

Table 5.10 lists properties that remain invariant under refinement of transitions [SM83].

Figure 5.10 from [SM83] shows a Petri net N with a transition fy that is 3-enabled and not
4-enabled. Figure 5.11 shows the Petri net N’ which is a block with respect to transitions
tin and f5,¢ and is 3-well-behaved and not 4-well-behaved. Figure 5.12 shows the Petri
net B(N'.#;, . tout. 3) associated with the block and Figure 5.13 shows the Petri net N”

which is the result of refining transition ty in N using N'.

5.2.5 Stepwise Refinement of Places

This transformation allows a place to be refined into a Petri net by introducing transitions.
The reverse of this transformation. a reduction, could thus be used to ignore certain

activities or events [SMR&3].
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Property Conditions

Bounded | < | => Vpe P':

pis bounded in B(N',t;, . toyt- k)
= B(N'.t;, tout- 1) is safe

= VM € R(My) :tg is k — enabled
in (P.T,B,F,A)and

B(N'.ti,  toyt. k) is live

Safe
Live

Il

Table 5.10: Properties invariant under stepwise refinement of transitions

Figure 5.10: Petri net N in which ¢4 is 3-enabled

mn

tout

Figure 5.11: Block ¥’ which is 3-well-behaved and not 4-well-behaved



CHAPTER 5. PETRI NET TRANSFORMATIONS

Figure 5.12: Associated Petri net B(N',t;,,toy¢,3) of block N’

tout

Figure 3.13: Petri net N” produced by refining to in N using N’

62
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Definition 5.16 S-transformation [SM83]
Let N = (P.T.B.F.My) be a markcd Petri net with some place pg € P. The Petri net

N = (P.T'.B'.F'.M}) is derived from N using the S-transformation where

1. P" = (P\ {po}) U {po1.poz}-

o

TI =T U {fo},

B(po.t) p=poz and t # to,
1 = lt=1
3. BI([), t) - P Po1 and 0,
0 P # por andt =ty and
B(p.t) otherwise.
F(po.t) p=po andt # tg,
1 ) = pop and t = tg,
J. F’(p.t): ! Po2 a 0
0 P # poz and t = tg and
F(p.t) otherwise.
Mo(p)  p€ P\{po},
5. My(p) = Mo(po) p=por and

0 P = Po2.

Table 5.11 lists properties that remain invariant under the S-transformation [SM83].

Property Conditions
Bounded | <=
Live > | = epg #0

Table 5.11: Properties invariant under S-transformation

Figure 5.14 shows a subnet N of a Petri net N and the place py and a subnet N’ of the
same Petri net after applying the S-transformation to the place py [SM83]. The transition
ty introduced by the transformation can now be refined further by using the transition
refinement transforination described in Section 5.2.4. The preservation of properties is
transitive so Table 5.10 and Table 5.11 can be used to determine which properties are

preserved by the combined transformations {and the conditions for the preservation).

5.2.6 Generating Classes of Nets From Kits of Rules

[Esp90] presented his rules in the form of kits which are classes of rules. The name of the

class of rules or kit is due to the class of Petri nets that it generates (although the Petri
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bo to

N N/

Figure 5.1.: Refinement of place po

nets produced by a kit need not be restricted to the class). Of the kits in [Esp90], it is only
the SLESB kit which preserves liveness and boundedness. The SL&SB kit produces only
structurally live and structurally bounded Petri nets. In this stepwise refinement technique
the atomic net is not marked and nothing is said of the actual markings which ensure that

the system is live and bounded, only that such a marking exists. This transformation is
also described in [ES90].

The following definitions are used by [Esp90] to define the transformations of the SL&SB
kit.

Definition 5.17 Refinement Kits and Classes [Esp90]
A refinement kit is a set {R;,..., Ry} of transformations, called refinement transforma-
tions. The class of Petri nets generated by {Rq,...,Ri}, denoted N (Ry,...,R), is the

smallest class of Petri nets given by:

o Noge N(R,.....Ri). where Ng is an atomic net in which the arc weights are one.

o If N € N(Ry....,Rx) and N R N" where R; € {Ri,...,Ri} then

N e N(Ri.....Ry).

Definition 5.18 SL&SB Kit Rules
Let N = (P, T.B,F)and N' = (P'.T',B'. I') be two unmarked Petri nets. The SLE&SB
kit comprises two refinement rules Ry and Ry ([Esp90] numbered these transformation

rules and did not name them).
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1. Refinement Rule Rj3. N R N if and only if the following conditions hold:

(a) PP=PU{po}l. ppog P andT' =T.
(b) B''pty = B(p.t)Vpe PVteT
F'pity = F(p.t)Vpe PVteT
and
' eT:B(pyt') # 0
" eT: Flpy.t") # 0
(¢) The row in the incidence matrir corresponding to the place po is a linear com-

bination of the rows corresponding to the other places of N.

2, Refinement Rule R,. R N’ if and only if 3p € P and a P-graph N" =
grap

(P".T".B".F")C N' sucl that the following conditions hold:

(a) N = NoorVteep|te|>1 andVt € pe |et]| > 1.

(b) N' is obtained by replacing p in N by N".

(c) Vp" € P", there exists a path (pf ,....p",....p},) in N", where p/ and p) ,
are a way-in place (has an input transition outside of N") and a way-out place
(has an output transition outside of N") of N, respectively.

(d) ¥p" € P" and for all way-out places p') € P” there exists and path (p”,
e yy) in NV

The refinement rule Ry always operates on places added to the Petri net by the refinement
I p Y

rule R3 except when R, is applied to the atomic net NO,[EspQO].

Table 5.12 lists properties that remain invariant under the refinement rules of the SL&SB

kit [Esp90).

Property Conditions
Structurally Bounded
Structurally Live

=
==

Table 5.12: Properties invariant under the refinement rules of the SL&SB kit

A rule is said to be local if it can be determined whether the application conditions hold by
examining a small environment of a node of the graph. In the SL&SB kit the refinement
rule R4 is a local rule while the refinement rule R3 is a non-local rule. It has been
conjectured that it is not possible to generate precisely the class of strongly connected

graphs using local rules alone. Since live and bounded Petri nets are strongly connected
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[Murf9]. it may not ve possible to synthesize live and bounded Petri nets using only local

rules [Esp90].

Figure 5.15 shows a Petri net which is refined in Figure 5.16 using refinement rule R4 and

which is further refined in Figure 5.17 using refinement rule R3 [Esp90].

Figure 5.15: Petri net before refinement using an SL&SB refinement rule

Figure 5.16: Petri net after application of refinement rule R4 of the SL&SB kit
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Po

OO =

Figure 5.17: Petri net after application of refinement rule R3 of the SL&SB kit

[Esp90] also introduces a refinement rule R5 which is a restriction of Rz, and this rule
is used to define a new kit that generates exactly the structurally live and structurally

bounded free clioice nets:

Definition 5.19 The Free Choice Kit

Let N =(P.T.B.F)and N' = (P".T'". B'". F') be two unmarked Petri nets in N (R4, R5)
{R4.Rs} is called the free choice kit where Ry is as defined in the SLESB kit and Rs is
defined as follows: N &» N’ if and only if N R N’ and the place pg introduced by R3
is such that |pge| = 1.

5.2.7 Event Graph Module Decomposition

The placement of this work as a syvnthesis transformations needs some clarification. The
method described here builds models of svstems from components which can be modeled by
marked graphs and in this sense is a svnthesis transformation. However, the method also
abstracts the individual marked graphs by a transformation which is actually a reduction

transformation.

Event graphs or marked graphs are an important sub-class of Petri nets which can model
synchronization and in which liveness and boundedness characterisation is straightforward

(Chapter 3).
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Definition 5.20 Augmented Event Graph [SX92]

An augmented event graph is composed of:

1. An event graph.

(£S5

. A set of places which make tokens available to the event graph. These are called

input places.

A set of places which remove tokens from the event graph. These are called output

places.

A transition of the event graph which follows an input place is called an input transition. A
transition of the event graph which precedes an output place is called an output transition.
The transitions of the event graph excluding the input transitions and output transitions

are called internal transitions.

The models considered are those that use Petri nets in which basic modules are integrated
to form the model of the system and in which each module can be modelled by an aug-
mented event graph. The integration is performed by merging the input and output places
of the modules [SX92].

Definition 5.21 Token Distance [Mur89]
The token distance d(t;,t;) between two transitions in a marked graph N = (P, T, B, F, M)
(tist; € T) is the minimum token content among all possible paths from t; to t; at the

marking My. If no path erists between t; and t; then the token distance is defined as co.

The reduction transformation is performed on each event graph module by replacing them

with their minimal representations:

Definition 5.22 Minimal Representation [SX92]
Given a marked event graph module N = (P,T.B,F,My). Let T;, C T, Toyy € T
denote the sets of input and output transitions. respectively. The minimal representation

N' = (P T'.B'. F'. M) of N is derived as follows:

o Forallty € T, and for all t; € T}, U Tyt there is a place pi2 € P' connecting t,

to t; in N’ if and only if there exists a path from ty to t; in N.
) 1

o The number of tokens in p13 is equal to the token distance from ty to t in the event

graph N .
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Property Conditions
Bounded
Live

—
—

Table 5.13: Properties preserved by replacing event graph modules by their minimal rep-
resentations

Table 5.13 lists properties which remain invariant when the event graph modules are

replaced by their minimal representations [SX92].

Figure 5.18 is an example of a Petri net model with modules (details omitted) in which
input and output places and transitions are shown. Figure 5.19 shows the reduced Petri

net model after replacing the event graph modules by their minimal representations.

-
|
|
|
event graph modules -
I N 1
1
1
l

Figure 5.18: Petri net with integrated event graph modules
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Figure 5.19: Petri net with integrated minimal representation event graph modules
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5.3 Complete Reduction of Classes of Petri nets

The kits of synthesis rules presented in [Esp90] (Section 5.2.6) generated the classes of
structurally live and structurally bounded Petri nets and structurally live and structurally
bounded free choice nets. Such refinement kits would have to be used in software systems
where the operator guides the construction of the Petri net, unless some goal could be
communicated to the software tool. for example, a formal specification in some other
language. In the absence of such goals it would be useful if a kit of rules could reduce a
constructed Petri net, possibly restricted to a class of Petri net, to a suitable small Petri
net or a subclass of Petri net in which the analysis was straight forward. This section

surveys the proposals of [Des90] and [Esp91]. both of which are based on free choice nets.

[Des90] presents a set of reduction rules that can reduce live and safe free choice Petri nets
without frozen tokeus (defined below) and shows that these rules can always reduce such a
Petri net to either a marked graph or a state machine. [Esp91] presents a set of reduction
rules that reduces preciselv the class of live and bounded free choice nets to an atomic
net. Unlike the svnthesis transformations of Section 5.2.6 these sets of reduction rules are
not restricted to structural properties but are defined on marked Petri nets. Furthermore,
the classes of Petri nets in this section are characterized by these sets of rules so their
failure to reduce a given Petri net to one of the target classes of Petri net means that the

corresponding properties did not hold for the original Petri net.

Some of the transformations in this section are special cases of the other reduction trans-

formations (covered earlier).

The importance of {ree choice nets can be seen in their power to model certain program-

ming svstems [Pet81].

5.3.1 Well-behaved Free Choice Systems

[Des90] describes four local rules which reduce well-behaved free choice systems to a system
that has no concurrency or a svstem that has no choice, the idea being that the analysis
of such reduced systems is simpler. In the sense of the application conditions either
concurrency or choice is strictly local and for this reason these rules, which are local, can
remove one of these properties in the process of reduction. These two “classes” are not
disjoint and determining whether a particular system belongs in any of these classes can

be done without having to apply the reduction rules [Des90].

The reduction transformations of this section and the results are applicable to live and

safe free choice systems without frozen tokens:
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Definition 5.23 Frozen Tokens

Consider a safe Petri net N = (P.T. B, . My) initially marked with some initial marking
Mo. If there exists an infinite firing sequence a € L(N) such that for some place p € P
where p is marked at My and marked for the whole of the firing sequence o then the token

on p is said to be a frozen token.

Definition 5.24 Well-Behaved System [Des90]
A well-behaved system is a live and safe free choice net with an initial marking void of

any frozen tokens.

Definition 5.25 Well-formed Net [Des90]
A Petrinet N = (P.T, B. F) is termed a well-formed net if there exists an initial marking

My such that the Petri net N together with the initial marking My is a well-behaved system.

[Des90] shows that under his set of rules a svstem is well-behaved if and only if the reduced
system is well-behaved. A Petri net is well-formed if and only if the reduced system is
well-formed. Furthermore, [Des90] shows that a well-behaved system can be reduced by

his set of rules if and only if the well-formed Petri net can be reduced.

Also of importance is the fact that each well-forme:d net can be reduced to either a state
machine or a marked graph [Des90]. Results concern to which type of Petri net (state
machine or marked graph) the well-formed Petri net can be reduced. Each well-formed
Petri net is covered by P-components and by T-components (since a well-formed Petri
net is also a well-formed free choice Petri net). This is used to characterise the reduced
Petri net. A well-formed Petri net can be reduced to a marked graph if and only if its
T-components have a non-empty intersection. In addition, a well-formed Petri net can be
reduced to a state machine if and only if its P-components have a non-empty intersection

[Des90].

The Place Reduction

Consider a marked free choice Petri net N = (P, T. B, F, My) with distinct places py,p; €
P. If for all t € T, B(p;.t) = B(py.t) and F(p1.t) = F(py,t), and Mp(py) # 0 <
My(p,) # 0. then p: and p, are “co-redundant” according to [Ber86a] in the strong sense
(the redundant place can be completely removed as its simplification isolates it, see Sec-

tion 5.1.1) [Des90].

The above conditions are the application conditions of the place reduction (or P-reduction)

transformation, which is performed by removing one of the places p; or p;.
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In addition to the resultant svstem being well-behaved if ¥ is well-behaved, the other
properties shown to be preserved by [Ber86a) for redundant places are also preserved by

the P-reduction.

Figure 5.20 from [Des90] shows a part of a Petri net V in which the P-reduction is appli-
cable on the left and on the right is the part of the Petri net .V’ after the transformation

has been applied.

g P2 P12

N NV

Figure 5.20: Applyving the P-reduction

The Transition Reduction

For a marked free choice net N = (P.T, B. F, Aly), if two distinct transitions t;,t; € T
are identical. that is, for all p € P B(p.t;) = B(p,t;) and F(p,t;) = F(p,t3), then for
all Af € R(My) such that Af LA it is true that M -2~ A’ and vice versa. These
are the application conditions of the transition reduction (or T-reduction) transformation
[Des90].

Ignoring the exact actions represented by such transitions allows one of them to be removed

as they both result in the same state change in the system.

This transformation is also called fusion of parallel transitions and when applied to the
general Petri net preserves liveness, boundedness and safeness [Mur89]. The T-reduction

is also a special case lateral fusion of transitions (Section 5.1.6).

Figure 5.21 from [Des90] shows a part of a Petri net IV in which the T-reduction is appli-
cable on the left and on the right is the part of the Petri net N’ after the transformation

has been applied.
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Figure 5.21: Applving the T-reduction
The Flow Reduction

The application rules for the flow reduction (or F-reduction) are as follows: Let N =
(P, T, B. F. M) be a marked free choice net. then the F-reduction is applicable if there
exists a place p € P and a transition t € T such that ¢ is the only output of p and p is the
only input of ¢, p is not an output of t and there is no contact situation with respect to ¢

(contact situations are those that threaten the safety of the Petri net) [Des90].

The F-reduction is performed by removing the place p and the transition ¢t. The inputs
to the place p are duplicated as inputs to all the output places of the transition ¢. All the
outputs of the transition t are duplicated as outputs of all the transitions that are inputs
to the place p. The new initial marking is obtained as follows: If p is marked in My then
each of the outputs of ¢t are marked in the modified Petri net and if p is not marked at Mg

then the markings of all the other places remain unchanged.

The F-reduction is a special case of post-fusion of transitions [Ber86a], and so all the

properties preserved by that transformation are inherited by the F-reduction.

Figure 5.22 from [Des90] shows a part of a Petri net N in which the F-reduction is appli-
cable on the left and on the right is the part of the Petri net N’ after the transformation

has been applied.

The “A” Reduction

The name of this transformation is somewhat of a misnomer as it does not reduce the size

of the free choice net. Although [Des90] showed that this transformation preserves the
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Figure 5.22: Applving the F-reduction

well-behavedness property, he states that it is an open problem whether A-reductions are
necessary (to reduce a system to a state machine or a marked graph). This transformation

can, however, reduce the number of T-components [Des90].

For the application conditions of the A-reduction, consider a marked free choice net N =
(P.T. B, F. M) which is P-reduced (the P-reduction cannot be applied). If there exists
transitions t;.t; € T such that et; C t;e and | et3]| > 1 then the A-reduction is applicable
[Des90].

The transformation is applied by removing the arcs from ¢; to the input places of t; and
adding arcs from t; to the output places of t;. The A-reduction does not change any

markings.

Figure 5.23 from [Des90] shows a part of a Petri net N in which the A-reduction is appli-
cable on the left and on the right is the part of the Petri net N’ after the transformation

has been applied.

5.3.2 Reduction of Live and Bounded Free Choice Nets

The subclass of Petri nets that these transformation rules completely reduces is a ‘relax-
ation’ on the class of well-formed nets (Section 5.3.1) in that frozen tokens are permitted
and the net need not be safe. This relaxation increases the modelling power of the Petri
nets allowed in the subclass and the reduction rules are also more powerful in the sense that
complete reducibility (to an atomic net) is always possible. Since a well-behaved system

is a live and bounded free choice net. these rules will also completely reduce well-behaved
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Figure 5.23: Applving the A-reduction
systems.

Definition 5.26 Well-formed Free Choice Nets [Esp91]
A Petri net N = (P.T,B.F) is a well-formed free choice net (WFFC net) if and only
if there ezists an initial marking My such that the Petri net N together with the initial

marking My is a live and bounded free choice system.

The above definition states that the Petri net must have the free choice structural property,
be structurally live and structurally bounded in order to be a well-formed free choice
net. Furthermore, it states that live and bounded free choice (LBFC) systems can be
characterised in terins of their underlying WFFC net: A Petrinet N = (P, T, B, F, Myp) is
LBFC system if and only if the underlving unmarked Petri net is a WFFC net and that

every P-component is marked at Mg, { Theorem 3.10).

[Esp91]’s rules are organised into kits and it is these kits which reduce the subclass of

Petri nets to an atomic net.

Merging Places — Rule 1

For a marked free choice net N = (P.T. B. F, My) if there exists ¢t € T such that | et;| =
|ty 0] =1, o(et;) # 0 and (et )e = {t,} then p1,ps € P can be merged where {p;} = ot;
and {p;} = t)e.

The result of applving this reduction transformation is a new marked free choice net

N' = (P'.T'.B'. F'.M}) where P' = (P\ {p1.p2}) U {p12} and p;2 is a new place created
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as a result of merging places p; and p,. T/ = T\ {t;} and all input arcs to p; in NV are
inputs arcs to pyp in N’ and all output ares of p; in .V are output arcs of pyy in N/, The
new initial marking is obtained by placing on p;2 the sum of the initial markings on p;

and pp. The initial marking of all the other places remains the same [Esp91].

This reduction transformation is also called fusion of series transitions and preserves, in

both directions. liveness, safeness and boundedness in the general Petri net [Mur®9].

Figure 5.24 shows a part of a Petri net N in which the merging of places is applicable on
the left and on the right is the part of the Petri net N’ after the transformation has been

applied.

n \l/

D12

N N’

Figure 5.24: Applving the transformation to merge places

Merging Transitions — Rule 2

For a marked free choice net N = (P.T. B. F. Al if there exists p; € P such that | e p;| =
[pre| =1.(pre)e # 0 and e(pye) = {p} the t;,t; € T can be merged where {t1} = op;
and {t;} = pye [Esp91].

The result of applying this reduction transformation is a new marked, free choice net
N' = (P'.T'.B'".F', M) where P' = P\ {p1}, T' = (T \ {t1,t2}) U {t12} where t15 is a
new transition created as a result of merging transitions t; and t;. Further, all inputs to

t; in N are inputs to t;o in N and all outputs of t; in N are outputs of t1o in N’. The
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new initial marking obtained by adding the initial marking on p; to all the output places

of tj2 in N” [Esp91].

This reduction transformation is also called fusion of series places and preserves (in both
directions) liveness. safeness and boundedness [Mur89]. This reduction transformation
is also a restriction of post-fusion of transitions [BerS6a], and as such all the properties

preserved by that transformation are also preserved by this transformation.

Figure 5.25 shows a part of a Petri net NV in which the merging of transitions is applicable
on the left and on tne right is the part of the Petri net N’ after the transformation has

been applied.

e

P1

N N’

Figure 5.25: Applving the transformation to merge transitions

Linear Dependent Places — Rule 3

Given a marked free choice net N = (P.T, B, F, M) in which every P-component is
marked at My. a place p; € P, which is a non-negative linear combination of the other
places in P. is called a linear dependent place (that is, the row of the incidence matrix
C = F — B corresponding to p, is a non-negative linear combination of the other rows)

[Esp91].

The modified net is obtained by deleting p; from the net and removing all arcs incident

on p;. The initial marking is obtained from Mg by ignoring p; [Esp91].

[Esp91] proves that this transformation preserves structural boundedness and the free

choice property when applied (in hoth directions) to the general Petri net. As for the
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liveness property., [Esp91] shows that if the Petrinet after the transformation is structurally
live, then the original Petri net is structurally live, but that the reverse is not true (that
is, this rule is not strongly sound with respect to liveness). This means that the rule can

be used for reduction but not svnthesis if liveness is to be preserved.

This transformation is similar to [Ber86a]’s simplification of redundant places (in the case
of total redundancy) in the sense that the application conditions of linear dependent places
implies the last application condition of simplification of redundant places (the application

condition restricting the incidence matrix).

Figure 5.26 shows a part of a Petri net .V in which a place is linear dependent on the left

and on the right is the part of the Petri net N’ after the transformation has been applied.

N N

Figure 5.26: Applving the linear dependent places transformation

Linear Dependent Transitions — Rule 4

Given a marked free choice net N = (P, T.B, F, M), then a transition t; € T which
i1s a non-negative linear combination of the other transitions in T is a linear dependent
transition (that is, the column of the incidence matrix C = F — B corresponding to t; is

a non-negative linear combination of the other transitions) [Esp91].

The modified Petri net is obtained by deleting the transition ¢; from the Petri net N
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together with any arcs incident on t;. The initial marking remains unchanged [Esp91].

[Esp91] shows the soundness of this transformation rule by showing that the structural
rules corresponding to removal of linear dependent places and removal of linear dependent
transitions are related in the following way: If the structural linear dependent place rule is
applicable in a Petri net N = (P, T. B, F) then the structural linear dependent transition
rule is applicable in the reverse dual N™ = (T, P, BT, FT), and vice versa. Furthermore,
the result of applying the structural linear dependent place reduction to a place of a Petri
net N, is the same as applving the structural linear dependent transition rule to the
corresponding transition of N™®. and then taking the reverse dual. Similarly, for *he result
of the structural linear dependent transition reduction. With this property [Esp91] was
able to show that the linear dependent transition rule applied in either direction preserves
together the liveness. boundedness and the free choice property of a Petri net (that is, the

reduction rule is strongly sound with respect to live and bounded free choice nets).

Figure 5.27 shows a part of a Petri net ¥ in which a transition is linear dependent on
the left aud on the right is the part of the Petri net N’ after the transformation has been

applied.

N N/

Figure 5.27: Applying the linear dependent transition transformation
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Kits to Reduce Live and Bounded Free Choice Nets

[Esp91] showed that the class of Petri nets reduced to an atomic net by the kit of rules
comprising Rule 1, Rule 3 and Rule 1 is precisely the class of live and bounded free choice
nets. In addition, | e showed that the kit of rules comprising Rule 2, Rule 3 and Rule 4

reduces preciselv the same class.



Chapter 6

Algorithms and Complexity of

Transformations

Algorithms are considered in this chapter as a means of providing complexity bounds for
proving the tractabi.ityv of deciding the applicability of the respective Petri net transforma-
tions. Intractabilitv results are based on showing reductions from certain hard problems.
The tractability of some of the decision problems is proved by illustrating a compatible
reduction from a tractable problem. In the case of reduction transformations, it is inter-
esting to consider, in addition to the complexity of deciding the application conditions,
the extent of the decreases in the size of the coverability tree which are possible. This
makes any analvsis requiring the inspection of the coverability tree easier. This is not
necessary for synthesis transformations as the generated Petri nets are guaranteed to have

the desired properties.

The formal correctness of the algorithms in this chapter has not been established. They

have, however, been recoded as C functions and tested on small examples.

6.1 Reduction Transformations

Examples of Petri nets are used to illustrate the possible reductions that can be achieved
with reduction transformations. These examples are designed to maximize the reduction
in the state space using a particular reduction transformation. Fortunately, it is often the
minimum Petri nets satisfving the application conditions that yield the larger reductions
in the size of the state space. This is because the part of the net affected by the transfor-
mation. and possibly removed. forms a larger proportion of the Petri net for smaller Petri

nets than it does for larger ones. The examples used to illustrate the possible reductions

82
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are created by considering such minimal Petri nets satisfving the application conditions.
Further, suitable initial markings are chosen to accentuate the reductions in the size of

the reachability set.

The power of any set of Petri net reduction transformations is limited when used to decide

one of the properties liveness or boundedness alone:

Theorem 6.1 Let ('p be the set of all Petri nets for which liveness (boundedness) can be
decided in polynomial-time. No set of reduction transformations which preserve liveness
(boundedness) and which can be applied in polynomial-time, can reduce a general Petri net
to some member of Cp. If Cp is the set of all Petri nets in which liveness and boundedness
together can be decided in polynomial-timme, then no set of reduction transformations which
preserve liveness and boundedness and can be applied in polynomial-time, can reduce a

general Petri net to some member of Cp.

Proof For liveness: Assume that there exists such a set of reduction transformations.
Since deciding livencss in a member of C'p is in P, this implies an algorithm to decide

liveness of any Petri net in polvnomial-time. However, this problem is EXPSPACE-hard
[JLL77].

For boundedness: In this case any such set of reduction transformations would contradict

the fact that any algorithm to decide boundedness requires exponential-time [Pet81].

The decision regarding whether boundedness and liveness hold together in a general Petri
net is intractable; L pton showed that reachability in bounded Petri nets requires expo-
nential space [Pet81]. Thus, by Theorem 4.17 (page 35) liveness in bounded Petri nets

requires exponential space. O

Other properties, in addition to liveness and boundedness, will have to be required to
hold in order for the combined properties to be determined in the general Petri net, for
example, requiring some structural restriction to hold as well as liveness and boundedness.
This, however. amounts to defining a class of Petri nets in which liveness and bounded-
ness analvsis can bc¢ performed in polvnomial-time. For this reason it is important to
understand the complexity of deciding the applicability of the transformations, and what

reduction in the size of the reachability set can be achieved.

The algorithms in this section assume the environment of the following fragment of a

Pascal program:
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Algorithm 6.1

{ Context assumed by all the algorithms }
program transformation(input, output);

const lambda = 0; { used as a null marker }
first_place =1; {
1

first place in given Petri net }

first_transition = 1; { first transition in given Petri net }

last_place = ; { number of places in given Petri net }

last_transition = ; { number of transitions in the given Petri net }
type place_range = first_place .. last_place;

place_index = lambda .. last_place;

transition_range = first_transition .. last_transition;

transition_index = lambda .. last_transition;

naturals = 0 .. maxint;

incidence_matrices = array [place_range, transition_range] of naturals;
markings array [place_range] of naturals;

begin { transformation }

end. { transformation }

6.1.1 Simplification of Redundant Places

In order to show that deciding the application conditions for the transformation that sim-
plifies redundant places (Definition 5.1 on page 41) is tractable, the problem is rearranged
to show that it can be stated as an instance of the linear programming problem: Substi-

tuting in Inequality (5.3) the value for b from Equation (5.2) gives the matrix inequality
vTB < vTAMyeT or

vI(B = MpeT, < O7 (6.1)
Using Inequalities (6.1) and (5.1). and Equation (5.2) gives an augmented matrix

D ={(B - MoeT)|(B = F)|(=My)]
and the matrix inequality

vTD <07,
Define an m-vector w such that

v(p) ifp=p and

u(p) =
—e(p) ifp#p.
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0
[\ ]

and a matrix .1 = («;;) with the same dimensions as D = (d,;), that is |P| x (2|T| + 1),

such that

{ d;;,  if row i corresponds to place p’ and
a;; = )

—d;;  otherwise.

The problem of deciding whether the place p’ is redundant reduces to whether there exists

a nonnegative solution to the matrix inequality

1 ifp=7p and

(6.2)
0 ifp#£Yp.

v v

uT 4 < O where u(p) {

Theorem 6.2 (Consider ¢ given Petri net N = (P.T. B, F, My). The problem of deciding

whether a given place p' € P is redundant is in P,

Proof By Theorem 4.12 (page 32) deciding whether there exists a vector u satisfying

Inequality (6.2) is in P. O

To find such a vector u to perform the transformation, a linear programming algorithm
could be used, specifying a suitable optimization function (see. for example, [NW8S§])
followed by a scaling of the vector entries to natural numbers. Alternatively, the all integer
algorithm of Gomory (see, for example. [Hu69b}) could be used, but, this algorithm, based

on the simplex method, is exponential.

It is possible that there might he bounds imposed on the arc-weights of the resultant Petri
net. For example, if the resultant Petri net were required to be an ordinary Petri net
{only arc-weights of one allowed), or if it is required that redundant places be isolated and
removed from the Petri net (arc-weights of zero). By Theorem 4.14 (page 33), deciding
whether there exists a u satisfving Equation (5.5) and Condition (5.4) such that for all
t; € T: w; < b for some given b € I is N'PC.

The functional dependence between the changes of markings of the simplified place and
the other places imposed by Equation (5.5) ensures that this transformation does not
reduce the size of the state space [Ber86a). However, it may be possible to perform further

reductions because of the simplification of a redundant place.

6.1.2 Fusion of Doubled Places

The following discussion centres around the subproblems concerning the application con-
ditions of doubled places. Whether the whole problem is intractable depends on whether

the subproblems are restricted by their inter-dependence.
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The application conditions for doubled places (Definition 5.5 on page 43) are a combination
of structural and behavioural conditions. Condition (5.6) and Condition (5.7) depend
on the initial marking and the structure of the Petri net. Since Condition (5.6) and
Condition (5.7) define I and I3, Condition (5.8) also depends on the initial marking and
the structure of the Petri net. Condition (5.9) is similar to the submarking reachability
problem (Definition 4.20 on page 35). Finally, Condition (5.10) depends only on the
structure of the Petri net and can be checked simply by inspecting the rows of the backward

incidence matrix corresponding to the places p and p'.

The following problem concerns Condition (5.9):

Definition 6.1 Mutual Exclusion of Markings (MEM) Problem
Given a Petri net N = (P.T. B, F. My) and disjoint subsets of places Q,Q' C P, does
there exist a marking M € R(My) such that 32 o M(q) # 0 and 3" .o M(q) # 07

Theorem 6.3 Given a Petri net N = (P, T.B, F, M), and subsets I3, I, C P with I N
I} = 0. Deciding whether application Condition (5.9) holds is Co-N"PH. In other words,
deciding the MEA problem is N'PH.

Figure 6.1 illustrates the construction in the following proof:

Proof Let .J = /'\,’:l(a’i V ag V ag) where aj- = 2, of "2k, 2x € X be an instance of
the 3-CNF-SAT problem. Construct a Petri net and an instance of (5.9) such that J is
satisfiable if and only if Condition (5.9) does not hold for two sets of places I, and I} in
the constructed Petri net. This can be done as follows: Corresponding to each zp € X
construct a place s;, each of which is initiallv marked with one token. Corresponding to
each place s, construct transitions t,, and t.;, such that s;, is an input to both t,,
and f.;, and s, is not an input to any other transition. Firing ¢;, or ¢, determines
an assignment of the variable z;. This assignment is represented by a token on a place
Pz, OF P-z,, respectively. Therefore corresponding to each transition ¢, construct a place
Pr.. initially not marked, such that ¢, is the only input to p;, and t;, is not an input to
any other place and to each transition -, corresponds a place p-,, initially not marked,
such that t-,, is the only input to p-,, and t-,, is not an input to any other place. For
each of the aj— construct a transition ta; such that if aj- = z for some zx € X then t"‘;
has an input from and an output to the place p,, and if a} = -z for some z4 € X then
ta; has an input from and an output to the place p.,, . Corresponding to each clause
I' = o} V oy V o construct a place p;, initially not marked, such that each place p; has
an input from each of the transitions tos s 1‘0.2 and to(5 and these places have no other

inputs. The place p; represents the value of the clause I'. The transition ¢, as depicted in
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Figure 6.1 has as inputs each of the places p; and as output a single place p,, initially not
marked. which represents the value of the conjunction of all the clauses /*. To represent
the subset I3, construct an additional place p, which is isolated and has an initial marking

of one token. Figure 6.1 illustrates the construction for the 3-CNF-SAT expression
.]0 = (.’l’[ Vg VvV 1'3) A (’IT] ViV .'1‘3) A (‘11‘2 V ~x3 V .’L‘_l).

Defining I = {p.} and I} = {py} we get an instance of (5.9) and the formula J is
satisfiable if and only if Condition (5.9) does not hold for the constructed Petri net. Since
3-CNF-SAT is .\"PC this implies that deciding whether Condition (5.9) fails is AVPH and

the result follows. a

l&m% oLy Ay

T3 t~t3 T4 ~ry4

~

O O~

Figure 6.1: Petri net construction from a 3-CNF-SAT instance

It is possible to state a much stronger result about Condition (5.9) and the MEM problem.

Theorem 6.4 The MEM problem is EXPSPACE-hard.

The result follows by showing that the SMC problem can be reduced to the MEM problem

in polvnomial-time. Figure 6.2 illustrates this construction:
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Proof Consider a given instance of the SMC problem; N = (P, T, B. F. M), a marking
M’ and a subset P" C P. Construct a transition ¢’ such that for each p’ € P’ there is
an arc with weight V/'(p’) from p’ to ’. Construct places ¢q; and ¢z such that ¢, has as
its only input ¢’ with arc-weight one and ¢z has no inputs. The new place ¢ is initially
not marked and the new place ¢, is marked with one token. Neither ¢; nor ¢, have any
outputs. With respect to the MEM problem, let Q = {¢;} and Q" = {¢2}. Then the MEM
problem holds if and only if there exists a marking M € R(Ay) such that M(p) > M'(p)
for all p € P’. Thus SMC <p MEM and the MEM problem is EXPSPACE-hard. O

The above proof could just as well have used a reduction from the coverability problem.

Theorem 6.1 shows that deciding whether Condition (5.9) holds is Co-EXPSPACE-hard.

N = (P.T,B,F, M)

Figure 6.2: Reduction of the SMC problem to the MEM problem

By Theorem 6.4 deciding whether Condition (5.9) alone fails is EXPSPACE-hard.

The problem of deciding whether all conditions apply, that is, whether the two places are
doubled. can also be shown to be intractable. The following result is used in the proof of

the intractablility of deciding whether two places are doubled:

Theorem 6.5 Consider a Petri net N = (P, T, B, F, My) with doubled places p,p’ € P.
Then for all M € RiMy), M(p)> 0= M(p') =0 and M(p') > 0= M(p)=0.

Proof By considering the firing rule, that is if M L, M, then M’ = M + Ce;, and,
by Condition (5.6), TAg < 0 and T(F = B) < OT, it follows that v M < 0 for all
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M € R(My). This can be rewritten

> velq)M(q) ~ > v(q)M(q) < 0.

q€ g€l
Assume that M (p) > 0 for some marking M € R(\My). then qull v(g)M(q) > 0. Hence,
Saen M) M(g) < 0 or 3 cp, M(q) > 0. Thus. by Condition (5.9), qulg M(q) = 0.
However. it follows from Condition (5.7). that for all M € R(3y),

ST V(M) + D v (9)M(q) <0.

q€l} q€l]
Hence qu’f P'(q)Mq) < 0. However. v'(¢q) > 0 for all q € I, and hence ZQEI{ M(q)=0.
Since p’ € [1. M(p') = 0. Similarly. if M(p') > 0, then M(p) = 0. 0

Theorem 6.6 Consider a given Petri net N = (P. T, B. F, My). Deciding whether two
places p.p' € P are doubled is Co-EXPSPACE-hard.

Figure 6.3 illustrates the construction used in the proof showing a reduction from the

coverability problem.

Proof Consider a given instance of the coverability problem: A Petrinet NV = (P, T, B, F,
Mp) and a marking M’. Construct a transition ty with input arcs from each place p; € P
with arc-weight M’(p;), and no other inputs. For the rest of the construction, all the
constructed arcs have an arc-weight of one. Construct a place pg which is the only output
place of transition t,. Construct transitions t; and ¢, which are the only outputs of pg.
Transitions t; and t, have no other inputs. Construct places p; and p; which are the only
outputs of t,. Places p; and p; have no other inputs. Construct transition t3 which only
has inputs from p; and p,. Transition t3 is the only output of places p; and p,. Construct
places p3 and py which are the only outputs of t,. Places p3 and py have no other inputs.
Construct transition t4 which only has inputs from p3 and py. Places p3 and py have no
other outputs. Construct place ps which only has as inputs t3 and t4. Neither transition
t3 nor transition 74 have any other outputs. Construct transition {5 which has as only
input ps. Place ps has no other outputs. Counstruct place pg which only has as input ¢s.
Transition ts has no other outputs. Construct transition tg which only has as input pg
and output pg. Place pg has no other inputs and place pg has no other outputs. At the
initial marking. pg is marked with exactlv one token, and no other constructed places are
marked. With respect to Definition 5.5 let [, = {p2}, I2 = {m}, {1 = {p3}, I3 = {pa},
p=p2. P = ps.

1 if s = po,
v(s)=<( -1 ifs=p; and

0 otherwise. and
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]. lf 8 = 1)33
v'(s) =< -1 ifs=pyand

0 otherwise.

By considering the initial marking as well as the backward and forward incidence ma-
trices of the Petri net NV with the additional places and transitions, it is easy to verify
that v satisfies Condition (5.6), v’ satisfies Coondition (5.7), p = p2 and p’ = p3 satisfy
Condition (5.10). Since I N I = 0. p; and p3 are doubled if and only if Condition (5.9)
is satisfied. If tg does not ever fire then Condition (5.9) is satisfied. However, if tg can
fire then there exists a marking in the reachability set of the Petri net NV augmented with
the construction such that places p, and p3 are simultaneously marked, and hence by
Theorem 6.5 places p, and p3 cannot be doubled. Transition tg will fire if and only if
there exists a marking M. covering A’ . in the reachability set of the original Petri net
N. Thus, places p; and p3 are doubled if and only if the given instance of the coverability

problem has no solution. The result follows from Theorem 4.19 (page 36). a

The fusion of doubled places does not change the size of the reachability set. To see this,
one only has to realise that the combined place p” has a dual role, that of the doubled
places p and p’. These roles cannot be confused in N’. By Condition (5.10), p and p’
do not share output transitions. Thus, the fact that the roles of p” cannot be confused
follows from Condition (5.9) and the fact that p and p’ cannot be simultaneously marked

in all markings reachable by NV (Theorem 6.5).

6.1.3 Fusion of Equivalent Places

Algorithm 6.2 finds all pairs of equivalent places (Definition 5.6 on page 44) in a given

Petri net:

Algorithm 6.2

{ Algorithm to find all pairs of equivalent places in a given Petri net }
procedure find_equiv(B, F : incidence_matrices);
var pl, p2, p3 : place_range;
tl, t2, t3 : transition_range;
plnz, p2nz : boolean;
equivalent : array [ place_range, place_range ] of boolean;

begin { find_equiv }

for pl := first_place to last_place do
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N = (P.T.B.F,}M)

Ps P

Figure 6.3: Reduction of the coverability problem to doubled places
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for p2 := first_place to last_place do
if pl = p2 then equivalent[pl, p2] := false
else begin
equivalent([pl, p2] := false;
for t1 := first_transition tq last_transition do
for t2 := ti1+l to last_transition do
if not equivalent[p1, p2] then begin

equivalent[p1, p2] := (Blp1, ti] = 1) and
(B(p2, t2] = 1) and
(B(p2, t1] = 0) and
(Blpt, t2] = 0);
if equivalent[p1, p2] then
for t3 : = first_transition to last_transition do

if (t3 <> t1) and (t3 <> t2) and
((Blp1, t3] <> 0) or
(B(p2, t3] <> 0)) then
equivalent(p1l, p2] := false;
if equivalent[p1, p2] then
for p3 := first_place to last_place do
if (p3 <> p1) and (p3 <> p2) and
((B[p3, ti] <> B[p3, t2]) or
(F(p3, t1] <> F[p3, t2])) then
equivalent[p1, p2] := false
if equivalent([p1l, p2] then begin
pinz := false; p2nz := false;

for t3 : = first_transition to last_transition do
begin
if F[p1, t3] <> 0 then pinz := true;
if F(p2, t3] <> O then p2nz := true
end;
equivalent(pl, p2] := pinz and p2nz
end

end
end

end; { find_equiv }

Counting the maximum number of times the loops in Algorithm 6.2 can be executed in
terms of the Petri net N = (P, T, B, F). the complexity of finding all pairs of redundant

places is
T(N) O(PPPITI*(|P] + 2|T)))

= O(|PP|IT|? + 2| P|YTP). (6.3)

If ¥ is encoded such that |[{ V)| = n. then in this case the input only contains the backward
and forward incidence matrices, and the values of | P| and |T| are largest when the entries
of B and F occupy the minimum number of bits, that is, one bit each. This gives | P||T| =
O(n) irrespective of the actual dimensions of B and F'. If the term with the highest power
in T(N) has the same power for |P| and |T|, then T(n) can be found by substituting

the product |P}|T| for n in this term and ignoring all the other terms. If the term with
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the highest power in T(.V) is not the same for {P| and |T|. then the largest value of
T(N) is realised wlen the factor with lower power is taken to be some small constant.
This constant can usually be taken to be one, but some of the transformations specify
a minimum number of places or transitions greater than one. In Equation (6.3) there is
a different factor with a highest power in each of the terms and these powers are equal.
In this case it does not matter which factor is chosen to be constant. The largest value
of T(N) is realised when the term with the largest coefficient has its lower power factor
replaced by some constant k. The factor with the highest power is then O(n +(2k)). From
Equation (6.3). the complexity in terms of the input length n is

)

_ 3,02 52
T(n) = O(/.(_Zk) +2k(2k

= O( /)3).
Notice that even if )/, were encoded in the input. then at worst this amounts to 2|T| + 1
rows of || bits, rather than 2|T| rows of | P| bits, and so does not change the asymptotic
complexities.
To illustrate the reduction in the size of the reachability tree that is possible by fusion

of equivalent places. consider the Petri net N = (P.T, B, F, My) where P = {pg,p1,p2},
T = {fg.f].fg},

(1 0 0]
B=10o10].
001

[0 0 0]
F=110
10 0|

and MoT = [£.0,0]. In this Petri net the places p, and p; are equivalent and the result of
fusion is the Petri net N' = (P'. T', B'. F', M{) where P' = {po,p1}, T' = {to, t1 },

R—hl 0 0
01 11’

o foo o
F =
2 00}

and M()T = [k.0]. By generating the reachability tree for different values of k, the reach-
ability set size of N can be verified to be

2k + 1P +3(k+1)2+k+1

Sn(k) = |Rn(Mo)| = -
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and that of N is
Syi(k) = [Rx(Mg) = (k + 1)%

By considering the ratio

Snilk=1) 6k
Snik=1) — 2k3+3k2+ 4k
3
k+3+ 5%

one sees that for large k the size of the reachability set is reduced by a factor of £/3 = O(k)

after fusion of the equivalent places.

6.1.4 Post-Fusion of Transitions

Consider a given Petrinet ¥ = (P, T, B, F'). Algorithm 6.3 finds all possible candidates for
the place p € P and the subsets Tp. Ty C T that satisfy Condition (5.11) (Definition 5.7
on page 46):

Algorithm 6.3

{ Algorithm to find all possible candidate sets for structural
post-fusion of transitions and their corresponding place. }

procedure post_fusion_candidates(B, F : incidence_matrices);
type candidates = record

T_.F : set of transition_range;
T_H : set of transition_range;

end;
var p : place_range;
t : transition_range;

candidate : array [ place_range ] of candidates;
skipping : boolean;

begin { post_fusion_candidates }

for p := first_place to last_place do begin

candidatelp].T_F := [];

candidatel(p] .T_H := [J;

for t := first_transition to last_transition do begin
if t = first_transition then skipping := false;

if not skipping then
if (Blp, t] > 0) and (F[p, t] = 0) then
candidate[p].T_F := candidatelp].T_F + [t]
else
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if (B[p, tl = 0) and (F[p, t] > 0) then
candidate[p] .T_H := candidate[p].T_H + [t]
else
if (Blp, t] > 0) and (F[p ,t] > 0) then
skipping := true
end
end

end; { post_fusion_candidates }

Once the candidate sets of transitions have been found, they can be verified using Algo-
rithm 6.4 which checks whether the given sets of transitions are post-fusible with respect

to the given place:

Algorithm 6.4

{ Algorithm to test whether given sets of transitions are post-fusible
with respect to a given place. }

procedure post_fusion_test(B, F : incidence_matrices;
T_F, T_H : set of transition_range;
P : place_range);
var q : place_range;
t, tg : transition_range;
post_fusible : boolean;
positive : boolean;

begin { post_fusion_test }

if T_F <> [] then begin
tg := first_transition;
post_fusible := true;
positive := false;
for t := first_transition to last_transition do
if (not (tg in T_F)) and (t in T_F) then tg := t;
for q := first_place to last_place do
for t := first_transition to last_transition do
if (t in T_F) and (q = p) and post_fusible then
post_fusible := (B[q, t] = Blp, tgl]) and
(Flq, t] = 0)

else
if (not (t in T_F)) and (q = p) and post_fusible then
post_fusible := (B[q, t] = 0) and
(F[q, t] mod B[p, tg]l = 0)
else
if (t in T_F) and (q <> p) and post_fusible then begin
post_fusible := (B[q, t] = 0);
if Flq, t] > O then positive := true
end;
post_fusible := post_fusible and positive
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end
else
post_fusible := false

end; { post_fusion_test }
In terms of the Petri net NV, the complexity of Algorithm 6.3 is
T(N) = O(P|IT})
and that of Algorithm 6.4 is
T(N)=0(T|+ |P||T)D.

Thus the complexity of finding all sets of post-fusible transitions is

T(N)

OUPITIITI + PIIT])
= O(PPITP) (6.4)

If N is encoded such that |(N)| = n. then since |P||T| = O(n)., Equation (6.4) gives the
complexity in terms of the encoding length as

T(n) = O(n?).

Structural post-fusion of transitions can give even greater reductions in the size of a Petri
net’s reachability set than is possible in the example of fusion of equivalent places. Let

N = (P.T.B.F. M) be a Petri net with P = {po.p1}, T = {to,t1}.

_10.
B = ,
OIJ
~ 1.
F =
1
L d

and MyT = (0.k]. If Tr = {to}, T = {t,} and p = po then Tr and Ty are post-fusible
and the resultant Petri net is N' = (P/.T', B'. F', M]) after fusion where P’ = {po,p1},
T’ = {{0. fl}.

0 0
B' = ,
10
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and

o |0 0

and MéT = [0.k]. Actually, pg and t; can be removed as they are isolated. The reachability

set size of N is

Sn(k) = Ryt Mo)| = k + 1
and that for V' is

Sxi(k) = |Rx(My)] = 1.

Hence. no matter what the size of the reachability set, the fusion of post-fusible transitions

reduces this example to a trivial reachability set.

6.1.5 Pre-Fusion of Transitions

Algorithm 6.5 finds all candidates h € T, Tr C T and p € P that satisfy Conditions (5.12),
(5.13). (5.14). (5.15) and (5.16) (Definition 5.8 on page 49) such that T is pre-fusible with

h with respect to p:

Algorithm 6.5

{ Algorithm to find all possible candidate subsets of transitioms
with corresponding place and transition such that the transition
and set of places are pre-fusible with respect to the place. }

procedure pre_fusion_candidates(B, F : incidence_matrices;
MO : markings);

type candidates = record
T_F : set of transition_range;

h : transition_range;
end;
var p : place_range;
t : transition_range;

candidate : array [ place_range ] of candidates;
skipping : boolean;

begin { pre_fusion_candidates }

for p := first_place to last_place do ‘begin



CHAPTER 6. ALGORITHMS AND COMPLEXITY OF TRANSFORMATIONS 98

skipping := false;
candidate(p] .T_F := [];
if MO[p]l = O then

for t := first_transition to last_transition do

if not skipping then
if (B{p, t] = 1) and (F(p, t] = 0) then
candidate[p] .T_F := candidate[p].T_F + [t]
else
if (B{p, t] = 0) and (Flp, t] = 1) then
candidate([p].h := t

else
it (Blp, t] <> 0) or (Flp, t] <> 0) then begin
candidate[p].T_F := [];
skipping := true
end
end

end; { pre_fusion_candidates }
After having collected all possible candidates for pre-fusion, Algorithm 6.6 verifies that
pre-fusion can indeed take place:

Algorithm 6.6

{ Algorithm to test whether a given set of transitions are post-fusible
with a given transition with respect to a given place. }

procedure pre_fusion_test(B, F : incidence_matrices;
T_F, : set of transition_range;

h : transition_range;
P : place_range);
var q : place_range;
t : transition_range;

pre_fusible : boolean;
begin { pre_fusion_test }

it T_F <> [] then begin
post_fusible := true;
for q := first_place to last_place do
1f q <> p then begin
if B{q, h] > O then
for t := first_transition to last_transition do
if t <> h then
if B{q, t] <> 0 then

pre_fusible := false;
if Flq, h] <> 0 then
pre_fusible := false

end
end

end; { pre_fusion_test }
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In terms of a Petri net .V = (P.T.B.F. ). Algorithm 6.5 has a time complexity
T(N)=O(|P|IT])

and Algorithm 6.6 has a time complexity of
T(N) = O(P||T)).

This gives the complexity of finding all such sets of pre-fusible transitions as

T(N) = O(|P]*|T|%. (6.5)

Equation (6.5) gives the complexity in terms of the length of the input encoding n = [(N)|

as
T(n) = O(n?).

The example used in Section 6.1.4 can also be used to illustrate the size of reductions in
the reachabilitv set size that are achievable. The same resultant Petri net is possible by

the pre-fusion of transitions if p = pg, Tr = {tp} and h = t;.

6.1.6 Lateral Fusion of Transitions

Algorithm 6.7 finds all candidate transitions t,, t; and ¢, and places p; and p; satisfying
Conditions (5.17), (5.18), (5.19). (5.20). (5.21) and (5.23) (Definition 5.9 on page 51):

Algorithm 6.7

{ Algorithm to find all possible candidate transitions for
lateral fusion and the transition and places with
respect to which they are laterally fusible. }

procedure lateral_fusion_candidates(B, F : incidence_matrices;
MO : markings);

type candidates = record
t1, t2, tc : transition_index;

end;
var pi, pj) : place_range;
t : transition_index;

candidate : array [ place_range, place_range ] of candidates;
skipping : boolean;
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begin { lateral_fusion_candidates }

for pi := first_place to last_place do
for pj := first_place to pred(pj) do
if MO[pi]l = MO[pjl then begin
candidate[pi, pjl.tc := lambda;
candidate[pi, pjl.t1 := lambda;
candidate[pi, pjl.t2 := lambda;
skipping := false;
for t := first_transition to last_transition do
if not skipping then
if (B[pi, t] = 1) and (B[pj, t] = 0) and
(Flpi, t] = 0) and (F(pj, t] = 0) and
(candidate[pi, pjl.t1 = lambda) then
candidate(pi, pjl.t1 := ¢t
else
if (Blpi, t] = 0) and (B[pj, t] = 1) and
(Flpi, t] = 0) and (F[pj, t] = 0) and
(candidate[pi, pjl.t2 = lambda) then
candidatelpi, pjl.t2 := ¢
else
if (B[pi, t] = 0) and (B[pj, t] = 0) and
(Flpi, t] = 1) and (Flpj, t] = 1) and
(candidate[pi, pjl.tc = lambda) then
candidatelpi, pjl.tc := ¢
else
it (B[pi, t] <> 0) or (Blpj, t] <> 0) or
(Flpi, t] <> 0) or (Flpj, t] <> 0) then
skipping := true

1]

end

end; { lateral_fusion_candidates }

100

Once all possible candidates for lateral fusion have been found they can be verified using

Algorithm 6.8 which checks that Conditions (5.22) and (5.24) are satisfied:

Algorithm 6.8

{ Algorithm to test whether a given pair of transitions
are latterally fusible with respect to a given pair
of places and a given transition. }

procedure lateral_fusion_test(B, F : incidence_matrices;
pl, p2 : place_range;
t1, t2, tc : transition_index);

var p : place_range;
t : transition_range;
laterally_fusible : boolean;
u, v, W, x, y ! naturals;

begin { lateral_fusion_test }
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if (t1 <> lambda) and (t2 <> lambda) and (tc <> lambda) then begin
laterally_fusible := true;
u :=0; v :=0; x :=0; y := 0;
for p := first_place to last_place do
if (p <> p1) and (p <> p2) then begin

u :=u + B[p, t1];

v := v + Blp, t2];

x := x + Flp, ti1];

y :=y + Flp, t2];

v = 0;

for t := first_transition to last_transition do

if (t <> t1) and (¢t <> t2) and (t <> tc) then
v := w + B[pi, t];
laterally_fusible := laterally_fusible and
{((Blp, t1] <> 0) and (B[p, t2] <> 0) and (w <>0)) or
(Blp, t1] = 0)) and
(((Blp, t2] <> 0) and (B[p, t1] <> 0) and (w <>0)) or
(Blp, t2] = 0))
end;
laterally _fusible := laterally_fusible and
(((x <> 0) and (v = 0)) or (x = 0)) and
(((y <> 0) and (u = 0)) or (y = 0))

" n
o

end; { lateral_fusion_test }

If N is a Petri net then the complexity of Algorithm 6.7 is
T(N)= O(|PI*IT])

and that of Algorithm 6.8 is
T(N) = O(P|IT]).

The complexity of finding all pairs of laterally fusible transitions, the pair of places and

the transition with respect to which they are laterally fusible is, thus,
T(N) = O(|P)’|IT}?). (6.6)

If V is encoded such that |[(N)| = n. then the greatest value for Equation (6.6) will be

realised when there are a constant number of transitions (|7 = k):
_ n 352
T(n) = O3
O(n?).

Algorithms 6.7 and 6.8 test for lateral fusion of transitions with respect to part one of
Definition 5.9. Since part two of Definition 5.9 is merely a reversal of the roles of B and

F, the complexity of lateral fusion of transitions with respect to part two is also O(n?).
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To illustrate the possible reduction in the size of the reachability set, consider the Petri
net N = (P, T.B, F.My) where P = {p1.p2.p3.pa}, T = {t1,t2, .},

J
J

o o - O
—

1
0
0
0

o o= o O
—_ o O O
—

and MT = [0.0,k.k]. Transitions t; and t, are laterally fusible with respect to t., py
and p;. N is not a minimal Petri net containing laterally fusible transitions (only 3
places are required in a minimal Petri net), however this 4 place Petri net simplifies the
combinatorical argument for the size of the reachability set. Fusion of ¢; and t; results in
the Petri net N/ = (P, T', B', F', M}) where P’ = P, T’ = {t,t.},

10
g |10
01
[0 1
S
oo |01
10

|

1 0]

and MT = [0.k, k]. The reachability set size of N is
Sn(k) = |Rx(Mo)| = (k +1)°

and that for N’ is
Swi(k) = [Ran(M)] = k +1.

Hence the size of the reachability set is reduced by a factor & + 1 after lateral fusion of

transitions ¢; and t..
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6.2 Synthesis Transformations

Wlhen reducing a Petri net using reduction transformations the goal is always quite clear;
to reduce the size of the Petri net and. possibly. the size of the reachability/coverability
tree. This means that any transformation can be applied to any part of the Petri net as
long as progress is made toward this goal. When svnthesizing Petri nets using synthesis
transformations the goal is not as easy to establish. The goal is not only to refine a given
Petri net by applving a synthesis transformation to some arbitrary part of the Petri net,

but that the resultant Petri net model a given system.

The view taken in this thesis is that of the engineer using Petri nets to model a system.
Using synthesis transformations the modeller builds subcomponents and “attempts” to
either refine or add additional subnets to them. Whichever the case it is the engineer who
completelv specifies what transformation is to be applied and what elements are involved.
Thus, in this thesis it is only the complexity of deciding the applicability of particular
svnthesis transformations, with respect to given subcomponents of a Petri net, that are

studied.

Synthesis transformations which guarantee that certain properties hold in the resultant
system do not need any analysis to determine whether such properties hold. For this reason
the effect on the size of the reachability/coverability tree is not considered for synthesis

transformations.

6.2.1 Addition of a Derivable Subnet

Let V = (P,T. B, F, Mp) be a Petri net to which a subnet Ny = (P, T, By, Fs, My,) is to
be added as a derivable subnet (Definition 5.10 on page 54):

Theorem 6.7 Deciding whether a given subnet of a given Petri net is derivable is Co-
EXPSPACE-hard.

The proof is by reduction from the coverability problem. Figure 6.4 illustrates the con-

struction used in the proof:

Proof Given an instance of the coverability problem, N = (P, T, B, F, My) and a marking
A, construct a transition to with inputs from all places p € P with arc-weights M'(p).
Construct places py. p, and ps3. and transitions ¢; and ¢ such that p; has as only input
the transition t; with arc-weight 2 and as onlv output the transition ¢; with arc-weight

one. Place p, has as only input transition t; and as only output transition t,, both with
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arc-weights of one. Place p3 has as only input transition t; and as only output transition
t3, both with arc-weights of one. Initiallv the places p{, p2 and p3 are not marked. Denote
by Ny = (P,. Ts. Bs. Fs. Myg) the subnet where Py = {py,p2.p3}, Ts = {t1.t2},

10
Bs=10 1],
0 0
0 0
Fo=110
0 1

and M,,T = [0.0,0] It is obvious N satisfies parts 1, 2, 3, 4, 6, 7 and 8 of Definition 5.10.
Thus N, is a derivable subnet if and only if part 5 of Definition 5.10 holds, that is, if and
only if .V, is not re-entrant. Transition ty can only fire if the marking M’ is coverable in
the original Petri net, and if it does, it will deposit two tokens in .V, in which case Nj is
re-entrant. If ty cannot fire then N, will never have any tokens placed in it. The result
follows since the coverability problem is EXPSPACE-hard (Theorem 4.19 on page 36).

a

The complexity of each of the parts of Definition 5.10 may be important if the hard

questions have been answered by, for example, the modeller building a Petri net.

Algorithm 6.9 tests in linear time whether a given subnet is open, that is T(N,N,) =

O(|P||T}):

Algorithm 6.9

{ Algorithm to test whether a given subnet is open. }

procedure test_open(B, F : incidence_matrices;

PS : set of place_range;
TS : set of transition_range;
var p : place_range;
t : transition_range;

open : boolean;
begin { test_open }

open := true;
for t := first_transition to last_transition do
if ¢t in TS then
for p := first_place to last_place do
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N = (P,T, B, F, M)

=

Figure 6.4- Reduction of coverability to the derivable subnet problem
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open := open and ((B[p, t] <> 0) or (F[p, t] <> 0))
and (p in PS);

end; { test_open }

Algorithm 6.10 tests whether the given subnet is a marked graph with T(N,N,) =
O(IP|ITI):

Algorithm 6.10

{ Algortihm to test whether a given subnet is a marked graph. }

procedure test_marked_graph(B, F : incidence_matrices;

PS : set of place_range;
TS : set of transition_range);
var p : place_range;
t . transition_range;
inputs : naturals;
outputs : naturals;

marked_graph : boolean;
begin { test_marked_graph }
marked_graph := true;

for p := first_place to last_place do
if p in PS then begin

inputs := 0;
outputs := 0;
for t := first_transition to last_transition do
if t in TS then begin
inputs := inputs + F[p, t];
outputs := outputs + B[p, t]
end;

marked_graph := marked_graph and (inputs <= 1)
and (outputs <= 1)

f

end; { test_marked_graph }

Part 3 of Definition 5.10 can be decided in polynomial-time as follows: The depth first
search algorithm (DFS) (described in. for example, [CLR90]) can be used to classify all
edges of the subnet as either tree edges, back edges or cross edges. Since back edges
appear if and only if there are cycles in the graph, the DFS algorithm can decide whether
or not cycles exist in polynomial-time (the complexity of DFS for a graph G = (V, E)
is O(|V| 4+ |F]) assuming adjacency lists for representing the graph, and in terms of the

data structures assumed in this thesis O(|V|?) — since |E| < |V|(]V] = 1)). Furthermore,
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N is connected if and only if all the transitions and places of (or vertices of the graph

G = (V, E)) are “discovered” by the DFS algorithm [CLR90].

Part 4 of Definition 3.10 can be verified using a topological sort of .V, this can be accom-

plished in linear time [CLR90].
Part 6 of Definition 5.10, the partitioning of the places of Ps, can be accomplished and

verified by Algorithm 6.11 with time complexity T'(V, Ns) = O(|P||T|):

Algorithm 6.11

{ Algorithm to test if places of subnet can be partitioned
as per a deriveable subnet. } '

procedure test_partition(B, F : incidence_matrices;

PS : set of place_range;
TS : set of transition_range);
var p : place_range;
t : transition_range;
P_E : set of place_range;
P_S : set of place_range;
P_I : set of place_range;
inputs : set of place_range;
outputs : set of place_range;

partition : boolean;
begin { test_partition }

inputs := []; outputs := [J;
P_E := PS; P_S := PS;
for p := first_place to last_place do
if p in PS then
for t := first_transition to last_transition do
if t in TS then begin
it Flp, t] <> 0 then begin
P_E := P_E - [p];
outputs := outputs + [p]
end;
if B[p, t] <> 0 then begin
P_S := P_S - [pJ;

inputs := inputs + [p]
end
end;
P_I := inputs * outputs;
partition := (PS = P_E + P_S + P_I) and
(P_I * P_.E = []) and
(P_I * P_S = [1) and
(P_E * P_S)

end; { test_partition }
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Theorem 6.8 proves that testing part 7 is infractable:

Theorem 6.8 Given a subnet Ny = (P;, Ty Bs. Fs. Mo,) of a Petri net N = (P, T, B, F,
My), the problem of whether Ny can be emptied by firing transitions in Ty and non-
conflicting transitions of T 1s EXPSPACE-hard.

This proof is similar to the proof of Theorem 6.7. Figure 6.5 illustrates the construction

used in the proof:

Proof Consider a given instance of the coverability problem: N = (P, T, B, F, M) and
a marking M’. Construct the additional places and transitions as for the proof of Theo-
rem 6.7, except that the arc-weight from transition tg to place p; is now only one. Con-
struct a place py inirially marked with one token, with no inputs and only one output to
transition t; with arc-weight one. N is thus not empty. Construct place ps which has as
input only the transition {g with arc-weight one and as output only the transition t3 also
with arc-weight one. Construct a place pg initiallv marked with one token, with no inputs

and only one output to transition ¢y with arc-weight one. Ny = (P, T, Bs, Fs, Mg,) where

Py = {pr.p2.pa.pa}. Ts = {t1, 12},

1 0

01
By = )

0 0

1 0

0 0

1 0
F, =

01

00

and My,T =1{0,0,0,0] is a subnet of the Petri net augmented with the constructed places,
transitions, arcs and initial markings. Since the token on place p; can be removed from
the subnet N, if and only if transition tg fires, it follows that part 7 holds if and only if
there exists a marking A € R(My) such that Af > M’ and the result follows. O

The construction of the subnet N, in Theorem 6.8 is such that all the conditions except
part 7 of Definition 5.10 hold. Thus the proof of Theorem 6.8 also proves the intractability

of the entire problem, and proves the following theorem:

Theorem 6.9 Deciding whether a given subnet of a given Petri net is derivable is EXP-
SPACE-hard.
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N=(P.T.B,F, M)

— - — - = o

i3

Figure 6.5: Reduction of the coverabilitv problem to the problem of emptying a subnet
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If it were known that a given subnet of a given Petri net satisfied either part 3, or alter-
natively part 7 of Definition 5.10, the problem of deciding whether the subnet is derivable
would remain intractable. However, given that part 5 and part 7 of Definition 5.10 both

hold, the problem is in P as the discussion of the algorithms above shows.

6.2.2 Regulation of Identical Transitions

Algorithm 6.12 decides whether a given set of transitions in a given Petri net are identical

(in the sense of Definition 5.12 on page 57).

Algorithm 6.12

{ Algorithm to decide whether a given set of transitions are identical. }

procedure identical_test(B, F : incidence_matrices;
S : set of transition_range);
var p : place_range;
t : transition_range;

identical : boolean;
begin { identical_test }

identical := true;
for t := first_transition to last_transition do
if t in S then
for p := first_place + 1 to last_place do
if B[first_place, t] <> B[p, t] then
identical := false
else
if Flfirst_place, t] <> F[p, t] then
identical := false

end; { identical_test }

Algorithm 6.12 has a worst case time complexity of
T(N.T,) = O(|P||T}).

The candidate identical transitions do not have to take up any extra space in the input;
some convention could be used, for example. specifying the candidate transitions as the
first columns of B and F. Thus the input only has to contain the matrices B and F. If
the encoded Petri net N is such that |(N)| = n, then the complexity in terms of the input

encoding length is

T(n)=0(n).
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6.2.3 Stepwise Refinement of Transitions

Deciding whether a given transition in a given Petri net is k-enabled (Definition 5.13 on

page 59) is an intractable problem:

Theorem 6.10 Consider a given Petri net N = (P.T, B, F, My), a transition ty € T
and a nonnegative integer k. Deciding whether to is k-enabled and not (k + 1)-enabled is

EXPSPACE-hard.

The construction described in the following proof is illustrated in Figure 6.6.

Proof The proof is by a polvnomial time reduction from the coverability problem. Let
N = (P,T,B.F.}M,), and a marking M’ be an instance of the coverability problem.
Construct a transition ¢’ which has as inputs each of the places p € P with arc-weight
M'(p). Construct a place pg, initially not marked, which has as input only the transition
t' with arc-weight one. Transition ¢’ has no other inputs or outputs. Construct another
transition o with an input from pg with arc-weight one and no outputs. Place pg has
no other outputs. Finally, construct a place p;, initially marked with one token, with
no inputs and which is the only other input to transition fy with arc-weight one. Place
p1 has no other outputs. The transition ¢’ will fire if and only if there exists a marking
M € R(My) such that Al > Af’; this will ensure that at least one token could be placed
on pg. In this case tg could fire, removing the token from p;. Thus there exists a reachable
marking of the constructed Petri net such that tg is 1-enabled and not 2-enabled if and
ounly if the given marking is coverable in the given Petri net. The hypothesis follows from
Theorem 4.19 (page 36) (the coverability problem is EXPSPACE-hard). O

Leaving out the construction of the place p; and the arc to transition to gives a reduction
which shows that deciding whether a transition is k-enabled is EXPSPACE-hard.

If it is known that the transition g is k-enabled but not (k+1)-enabled in some Petri net
in which it is to be refined, then deciding whether a given Petri net is k-well-behaved

(Definition 5.15 on page 59) is also intractable:

Theorem 6.11 Consider a given Petri net N = (P, T, B, F, My) a nonnegative integer
k and transitions t;,. .ty € T. Deciding whether N is k-well-behaved with respect to
tinstout € T\ ti # tout. is EXPSPACE-hard.

The proof is by reduction from the single transition liveness problem. The construction

used in the proof is illustrated in Figure 6.7:
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to

N = (P.T.B.F, M)

Figure 6.6: Reduction of the coverability problem to the k-enabled problem

Proof Consider a given instance of the single transition liveness problem; a Petri net
N = (P,T.DB.F. M) and a transition ty € T. Construct a place p; and a transition ¢
such that p; only has as input the transition tg, and as output the transition ¢, both
with arc-weights of one. Let this new Petri net be N'. N’ is a block with respect to the
transitions ty and {;. Now consider the associated Petri net N = B(N' tg,t1,1). The
loop tg — p1 — ti — po — tg, marked with one token, does not affect the liveness of
the transition tg in the given Petri net N. Furthermore, since the loop contains only one
token. transitions #; and t; fire in strict alternation and so part 2 of Definitjon 5.15 holds.
Since t; cannot fire until tg fires, part 3 of Definition 5.15 holds. Thus transition tg is
live in N if and only if N’ is 1-well-behaved with respect to to and ¢,. Hence according
to Theorem 4.17 (page 35) and .18 the problem of deciding whether a given Petri net is
k-well-behaved with respect to two given distinct transitions is EXPSPACE-hard. O

6.2.4 Refinement of Places

The S-transformation (Definition 5.16 on page 63) can always be applied to any place of

a Petri net.

6.2.5 SL&SB Kit Refinement Rule R4

The definition of refinement rule Rz (Definition 5.18 on page 64) does not give applica-

tion conditions. but rather, describes how the transformation is performed. Thus, this
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Figure 6.7: Reduction of the STL problem to the k-well-behaved problem
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refinement rule can be performed on any Petri net and there is no problem deciding its
applicability. If. however, a Petri net N = (P.T, B. F, My) and a place py € P were given
along with the arc-weights to and from the transitions in T, then there is the problem of
deciding whether pg satisfies this rule. This problem is in P by Theorem 4.4 (page 30): De-
ciding whether there exists a solution r € Q" to a given system of linear equations Az = b
where A € Z™*" and b € Z™ can be formulated as the following linear programming

problem

A b
r <

—A —b

and if in addition it is required that z € D" then

A b
—Ala<| 2. (6.7)
-1 0

6.2.6 SL&SB Kit Refinement Rule R,

Part 2b of the refinement rule R4 (Definition 5.18 on page 64) describes how the trans-
formation is performed and parts 2a, part 2c and part 2d are the application conditions

for the transformation.

Part 2a describes the condition that must be satisfied by the place p of that condition,
which Algorithm 6.13 verifies, that is, that each of the input transitions of place p has

other outputs and that each of place p output transitions have other inputs:

Algorithm 6.13

{ Algorithm to check that a place in a Petri net can be replaced
by a state machine by refinement rule 4 of the SL&SB kit. }

procedure test_rule4(B, F : incidence_matrices; pO : place_range);

var p : place_range;
t : transition_range;
otherinputs : boolean;
otheroutputs : boolean;
applicable : boolean;

begin { test_rule4 }

otherinputs := false;
otheroutputs := false;
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for t := first_transition to last_transition do
for p := first_place to last_place do begin
it (F[po, t] > 0) and (p <> p0) and (B[p, t] <> 0) then

otheroutputs := true;
if (B[po, t] > 0) and (p <> p0) and (F[p, t] <> 0) then
otherinputs := true
end;
applicable := otherinputs and otheroutputs

end; { test_rule4 }

The time complexity of Algorithm 6.13 is
T(N)=O(|P||T)]).

If [(.V)| = n then. as before. the complexity of the algorithm in terms of the input length

is
T(n)=0(n).

Parts 2c and 2d of the reﬁne'ment rule R can also be verified in polynomial-time: Consider
N" = (P".T".B".F") and subsets P/, Pj; C P" of way-in places and way-out places,
respectively. The cepth first search algorithm (DFS), [CLR90], can be used to verify
Parts 2c and 2a: For each place p” € P” search for a path from p” to any place in P; by
using the reverse direction of the arcs of N”. For each of the searches the DFS can run
with a time complexity of T(N") = O(|P"|?) since N is a state machine, and it is the
nodes of the state machine that are the nodes of the underlying graph. Also, the DFS
can be used to search for a path from each of the places p” € P” to each of the places
in P5. The total time complexity of verifying whether N is a suitable candidate for the

transformation is
T(N”) — O('P”HPIII2 + |P”‘2|P”|2)
= O(|P"").

If |(N")| = n then

n
T(n) = O((ﬁ

O(nt).

)*)

6.3 Event Graph Module Decomposition

Combining event graphs (Definition 5.20 on page 68) to form a composite model is a

straightforward procedure.
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For the minimal rep esentation ( Definition 5.22 on page 68) and its initial marking: Since
the marked edges of the marked graph are alwavs nonnegative integers, they can be re-
garded as nonnegative arc-weights in a weighted directed graph. The token distance
between two transitions ¢; and ¢; in a marked graph is merely the path with minimum
weight between the nodes t; and ¢; in the weighted directed graph. The token distance
between t; and ¢; is thus the shortest path weight of the single-pair shortest-path problem.
Since no algorithm for this problem has an asvmptotic time complexity better than the
single-source shortest paths problem [CTLR90]. and since the token distances are required

from each transition t; € T;

in to each transition t; € T, U Tgyt, Dijkstra’s algorithm for

the single-source shortest-paths problem mayv be more appropriate. Dijkstra’s algorithm
(which uses adjacency lists to represent the graph) for a graph G = (V, E') has a time com-
plexity of T((/) = O(|V|?). This gives the complexity of finding all the token distances in
a marked graph .V = (P.T, B, F., My) with Ty, C T as

m
) = O(leHT,z)
= O(IT]).

T(N.T;

n

If most of the transitions are in Tj, then it may be more appropriate to use an all-pairs
shortest-paths algorithm. In the worst cases (dense graphs), however, these have no better
time complexities. The Floyd-Warshall algorithm for the all-pairs shortest-paths problem
has a time complexity of T(G') = O(|V]3) and represents the graph as a weighted adjacency
matrix H” with the entries being the weights between the nodes [CLR90]. Considering a
marked graph N = (P, T, B. F. My). the matrix IV ¢:n be computed as follows: Construct
the adjacency matrix A of the marked graph as the product FT B. Construct a matrix E
with entries F(i,J) defined by
[P

E(i,j)=Y_ F(k,9)B(k,j)Mo(k),
k=1

then W is the matrix with entries (¢, j) defined by

W(i‘j):{ E(i,j) if A(i,j) =1 and

00 otherwise.
The complexity of computing W is only Ty (N) = O(|P||T|? + | P||T|?), by considering
the multiplications required to multiply the matrices. The sets Tj, and Tyt can be
specified by reorganizing the columns of B and F', and thus no extra space is required in
the input encoding to specifv them. With respect to the standard encoding of Petri nets,
if |{N)] = n, then the complexity of finding the token distances is

P+ k(=) + k()P

n

T(TL) = O(‘E'E
O(n®).

n

2k

n

2k
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6.4 Complete Reduction of Classes of Petri net

The discussion in Section 6.1 showed that, for liveness and/or boundedness analysis,
tractable reducibility of the general Petri net, to a Petri net class in which liveness and
boundedness analysis is tractable, is not possible. The classes of Petri net considered in
this section are such that the complexity of determining the properties of liveness and
boundedness are in P. Thus although one might expect these classes to have tractable
and effective reduction transformations. they are of less significance than. for example, re-
duction in the general Petri net when used to perform liveness and boundedness analysis.

However, two important uses have emerged for such transformations:

e Only Petri ners within the larger class can be reduced to Petri nets of the smaller
or simpler class, so the reduction transformations can be used to decide whether a

given Petri net belongs to this class.

o Some of the results in this area have been useful in the development of efficient

algorithms for the analysis of the properties that characterise the larger class [KB91].

Since reachability analvsis is not necessary for these classes of Petri net in order to es-
tablish liveness and boundedness, the possible effects on the size of the state space is not

considered.

6.4.1 Well-behaved Free Choice Systems

The applicability of the reduction transformations used by [Des90] to reduce well-behaved

free choice svstems ( Definition 5.24 on page 72) can all be determined in polynomial-time.

The Place Reduction

Algorithm 6.14 finds all places in a given Petri net N = (P, T, B, F. My) which can be

removed using the P-reduction.

Algorithm 6.14

{ Algorithm to find all places in a Petri net which can be removed
by the P-reduction. }

procedure place_reduction_find(B, F : incidence_matrices;
MO  : markings);
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var pl, p2 : place_range;
t : transition_range;
removable : packed array [place_range] of boolean;

begin { place_reduction_find }

for pl := first_place+l to last_place do
for p2 := first_place to pl~1 do begin
removable[pl] := true;
for t := first_transition to last_transition do
if (B[p1, t] <> B[p2, t]) or (Flp1, t] <> F[p2, t]) or
(MO[p1] <> MO[p2]) then
removable[p1] := false
end

end; { place_reduction_find }

The time complexity of Algorithm 6.1 is T(N) = O(|P|?|T}) and so if |(N)| = n, the

complexity in terms of the length of the encoded input is

T(n) = O((;

The Transition Reduction

Algorithm 6.15 finds all transitions that can be removed from a given Petri ¥ = (P, T, B, F,

M) net using the T-reduction.

Algorithm 6.15

{ Algorithm to find all transitions in a Petri net which can be
removed by the T-reduction. }

procedure transition_reduction_find(B, F : incidence_matrices;
MO  : markings);

var t1, t2 : transition_range;
P : place_range;

removable : packed array [transition_range] of boolean;

begin { transition_reduction_find }

for t1 := first_transition+1 to last_transition do
for t2 := first_transition to ti-1 do begin
removable(ti] := true;

for p := first_place to last_place do
if (B[p, ti1] <> Blp, t2]) or (Flp, t1] <> F[p, t2) then
removable[t1] := false
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end

end; { transition_reduction_find }

The time complexity of Algorithm 6.15is T(N) = O(|P||T|?). If n = |(V)| then the worst
case complexity in terms of this input length is

n—*k,
2k ’)

T(n) ol

= O(n?).

The Flow Reduction

Section 6.1.4 has sliown that the complexity of deciding the applicability of post-fusion
of transitions is in P. Furthermore, [JLL77} has shown that deciding k-boundedness of
free choice nets is in P (a check for safeness can be used to check for possible contact

situations), and hence deciding the applicability of the F-reduction is in P.

The “A” Reduction

Algorithm 6.16 finds all pairs of transitions in a given Petri net N = (P,T. B, F, My) for

which the A-reduction is applicable.

Algorithm 6.16

{ Algorithm to find all pairs of transitions for which the A-reduction
is applicable. }

procedure a_reduction_find(B, F : incidence_matrices);

var t1, ti1 : transition_range;
P : place_range;
applicable : packed array [transition_range, transition_range]
of boolean;
outputs : naturals;

begin { a_reduction_find }

for t1 := first_transition to last transition do
for t2 := first_transition to last_transition do
if t1 = t2 then
applicable[t1, t2]
else begin
outputs := 0;
applicable[t1l, t2] := true;
for p := first_place to last_place do begin

false
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outputs := outputs + B[p, t2];
applicablelt1, t2] := applicablelt1, t2] and
(((Blp, t2] > 0) and (Flp, t1] > 0))) or
(Flp, t11 > 0))
end;
applicable(t1, t2] := applicable[tl, t2] and
{outputs > 1)
end

end; { a_reduction_find }

The time complexity of Algorithm 6.16 is T(N) = O(|P||T|?) and as shown above, if

[{N)| = n then in terms of the length of the input instance the time complexity is

T(n) = O(n?).

6.4.2 Reduction of Live and Bounded Free Choice Petri Nets

Esparza [Esp91], shows that each of his refinement rules (Section 5.3.2 on page 75) can
be checked and performed in polynomial-time. This means that each of Esparza’s kits of
rules can completely reduce the class of live and bounded free-choice nets to an atomic

net in polynomial-time [Esp91].



Chapter 7

Conclusion

This thesis has explored the viability of certain Petri net transformations. Those trans-
formations. all proposed in the literature, that the author has selected for study, are ones
which may be useful in liveness and boundedness analysis. Both synthesis and reduction
transformations have been studied. Liveness and boundedness analysis is intractable for
general Petri nets. Such analysis using reduction transformations was shown to be unvi-
able in the general Petri net, as it contradicts the intractable nature of these problems.
For synthesis transformations, the lack of suitable goals in building models necessitates

the use of interactive tools so that a modeller can guide the construction of the Petri net.

For each of the reduction transformations the author has considered the complexity of de-
termining the applicability of the transformations. The reduction in the size of the state
space that can be achieved has also been illustrated. For synthesis transformations, the
complexity of deciding the applicability of the transformations on specified components of a
given Petri net has also been investigated. These complexity results are summarised in Ta-
ble 7.1. The description of the problems in Table 7.1 assumes that N = (P, T, B, F[, My))
and that |(N)]| = n.

Additional results regarding special cases of well-known problems, which proved useful in

establishing the transformation complexity results, were proved in Chapter 4.

Due to the inherent complexity of the liveness and boundedness problems and based on

the results of this thesis, the author believes:

e Petrinet transformations will prove themselves most suitable in their synthesis forms

and when thev are used in interactive modelling tools.

e Even though reduction transformations may not be useful in the analysis of Petri

nets. thev may provide useful insight into certain problems concerning Petri net

121
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Problem Description ] Complexity j
Is a given place p € P redundant? Theorem 6.2 (page 85). | P
Can Condition 5.4 of Definition 5.4 be satisfied such that for | N PC

all t; € T. w; < b. for some b € 1?7 Theorem 4.14 (page 33).

Are given places py.p; € P doubled? Theorem 6.6 (page 89)

Co-EXPSPACE-hard

Can Condition 3.9 of Definition 5.5 be satisfied? Theo-
rem 6.4 (page 87).

Co-EXPSPACE-hard

Find all pairs of fusible equivalent places. Algorithm 6.2 | P, O(n®)
(page 90).

Find all candidate for post-fusion of transitions. Algo- | P, O(n?)
rithms 6.3 and 6.4 on pages 91 and 95.

Find all candidates for pre-fusion of transitions. Algo- | P, O(n?)
rithms 6.5 and 6.6 on pages 97 and 98.

Find all candidates for lateral fusion of transitions. Algo- | P, O(n>)

rithms 6.7 and 6.8 on pages 99 and 100.

Is a given subnet derivable? Theorem 6.7 (page 103) and
Theorem 6.8 (page 108).

Co-EXPSPACE-hard

EXPSPACE-hard

Is a given subnet open? Algorithm 6.9 (page 104).

o)

Is a given subnet a marked graph?
(page 106).

Algorithm 6.10

)

Is a given subnet connected and void of any circuits (part 3
of Definition 5.10)7 DFS algorithm (see page 106).

Is there a path in a given subnet from anyv of its transitions
to all the other transitions in the subnet (part 4 of Defini-
tion 5.10)?7 Topological sorting.

)
)

C'an a set of places in a subnet be partitioned according to
part 6 of Definition 5.107 Algorithm 6.11 (page 107).

D

Are a given set of transitions identical, and hence can be
regulated? Algorithm 6.12 (page 110).

P, O(n)

Is a given transition t € T k-enabled and not (k+1)-enabled,
where k£ € M? Theorem 6.10 (page 111).

EXPSPACE-hard

Is a Petri net k-well-behaved with respect to two given dis-
tinct transitions? Theorem 6.11 (page 111).

EXPSPACE-hard

Can p € P be replaced by a state machine using R4 of the | P, O(n)
SL&SB kit? Algorithm 6.13 (page 114).

Does a given Petri net N” satisfy the conditions for R4 of | P, O(n*)
the SL&LSB kit? DFS algorithm (see page 115).

Find the minimal representation of an augmented event | P, O(n®)
graph. Shortest paths algorithms (see page 116).

Find all places that can be removed using the P-reduction. | P, O(n?)
Algorithm 6.14 (page 117).

Find all fransitions that can be removed using the T- | P, O(n?)
reduction. Algorithm 6.15 (page 118).

Find all pairs if transitions for which the “A”-reduction is | P, O(n?)

applicable. Algorithm 6.16 (page 119).

Table 7.1: Summary of transformation complexity results
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analysis. This ~side-effect™ of Petri net transformation theory has already proved
useful in the development of efficient algorithms for the analysis of Petri nets (see,

for example. [KB91]).

The underlving complexity of the liveness and boundedness problems imposes restric-
tions on the ability of Petri net reduction transformations to reduce the general Petri net
reachability set to a manageable size. The possibility exists that if other properties were
considered for preservation as well as liveness and boundedness, useful classes of Petri
nets could be reducible to more manageable problems. The complexity results of the

transformations in [Des90] and [Esp91] show this to be true for the free-choice property.

7.1 Future Work

The aim of the analysis in this thesis was to establish whether the problems regarding
the applicability of the Petri net transformations are tractable or not. For the hard
problems. the thesis has not shown whether these problems are decidable. The decidability
of a problem X can be established by showing that X < D for some decidable problem
D. Alternatively. the undecidability could be established by showing that U < X for
some undecidable problem . The coverability problem, the reachability problem and
the problems polynomially equivalent to the reachability problem (Theorem 4.17), are
promising candidates for such decidable problems (Theorems 4.21 and 4.22) based on the

constructions used in this thesis.

If reduction transformations are to be used in a tool to reduce the size of a Petri net
reachability set. then for the given set of transformation an important property would be
the Church-Rosser property, that is, whether the order of applying the transformations
rules would be important in order to reach a terminal Petri net (one in which none of the
application conditions hold) with a reachability set of a certain size. Alternatively, if the
Church-Rosser property did not hold for a certain set of reduction transformations, then
it would be useful to know whether an order of precedence could be established such that

the least complex (to analyse) Petri net is produced.

Finally. it is the aim of the Data Network Architectures Laboratory research group to
build tools for the analysis of protocol specifications, manufacturing systems and inter-
active Petri net modelling tools. If the underlying models of the manufacturing systems
and protocol specifications can be represented by a class of Petri nets, then new transfor-
mations to assist ether in the analvsis. or the synthesis of such models would be useful.
In particular, it would allow the Petri net modelling tools to test for certain properties of

large protocol specifications and manufacturing svstems.
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