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NOMENCIATURE

. This is a list of symbols used in the main text of this thesis.

Special Symbol

the differential with respect to a time scale
a vector or matrix

a matrix

the absolute value of

the norm of

T (superscript) the transpose of a vector or matrix

-1 {superscript) the inverse of a matrix

d

-8

differentiation with respect to
the partial differentiation with respect to
the increment in

of the order of

Lower Case Characters

[ dd [ d T e
Lte fde

| il

av

dv
w

dw

te

constants used for evaluating the consistent constitutive matrix

constants used to evaluate the plane stress constitutive matrix

a constant used for evaluating the consistent constitutive matrix
the increment in volumetric strain

the volume of the migrated fluid

the incremental work density

the voids ratio

the initial wvoid ratio

the deviator strain vector



eij the deviator strain tensor

e* the radius of a strain point in deviator strain space
e** the radius of a strain point for a kinematically hardening material
£ the vector of nodal values for imposed fluid flow

g the 'load’ vector resulting from the migration water strain
k a yield parameter

kij the permeability tensor

n the porosity

n the initial porosity

P the excess pore pressure

P the vector of nodal values for excess pore pressure

r the out of balance residual force vector

s the second invariant of the deviator stress tensor

s the deviator stress vector

sij the deviator stress tensor

t time

tC a critical time parameter

u the global displacement vector

uy the local disﬁlacement vector

Gi the local prescribed displacement vector

X; the position vector

Upper Case Characters

A the shear modulus multiplier

B the bulk modulus multiplier

[B] the strain displacement matrix

C a constant used for evaluating the consistent constitutive matrix
Cvl one-dimensional coefficient of consolidation

C two-dimensional coefficient of consolidation

v2



a material constant (when referring to the cap model)

dissipation function (when refering to the internal wvariable

the

formulation)

the elastic constitutive matrix

the elastic-plastic constitutive matrix
the elastic stiffness modulus

the elastic-plastic stiffness modulus

Young’'s modulus

the

the

the

the

the

predicted elastic deviator strain
strain energy

body force vector

shear modulus

tangent shear modulus

a linear hardening parameter

a submatrix defined in the text

the
the
the
the
the
the
the
the

the

compatibility matrix (imposes the incompressibility constraint)
improvement during minimisation of the in the potential energy
global stiffness matrix

global stiffness of the soil skeleton

contribution to the stiffness matrix from an integration point
contribution to the predictor stiffness from an integration point
contribution to the tangent stiffness from an integration point
bulk modulus of the soil skeleton

bulk modulus of the pore fluid

a matrix relating excess pore pressure to flow rate

a constant used for evaluating the consistent constitutive matrix

a submatrix defined in the text

a transformation matrix used for the consolidation formulation

a constant used for evaluating the consistent constitutive matrix

a matrix of shape functions
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t=
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N

a matrix of shape functions

a constant used for evaluaéing the consistent constitutive matrix
the global load vector evaluated at the nodes

the imposed strain load vector

a constant used for evaluating the consistent constitutive matrix
the cap vield surface shape factor

the nodal force vector

a constant used for evaluating the consistent constitutive matrix
the tension cut-off value

the local surface traction vector

the potential energy functional

the augmented potential energy fuﬁctional

the strain energy density of the body

the potential energy functional

the volume of the body

the volume of voids

the volume of solids

the initial volume of the body

the initial volume of voids

the initial volume of solids

the limiting value of volumetric strain for the cap yieid surface
the strain energy functional

the deviator part of the strain energy functibnal

the volumetric part of the strain energy functional

the internal forces acting on the slips

a vector of internal forces acting on the slips and satisfying yield
a constant used for evaluating the consistent constitutive matrix

a constant used for evaluating the consistent constitutive matrix
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Greek

o a material constant

8 the time integration constant

Sij the Kronecker delta

€ the total strain vector

€ the imposed‘strain vector

Ee the elastic part of the strain vector

eij the total strain tensor

ei the elastic volumetric strain

es the inelastic/plastic volume strain

:s the total inelastic/plastic volume strain

:50 the initial total inelastic/plastic volume strain

€, the volumetric strain

€ v the volumetric strain in the pore fluid

€, the migration water strain ‘

o, the vector of nodal values of migration water strain

e* the difference between the total and inelastic volumetric strain

T, the specific weight of the pore fluid

© infinity

A the internal slip vector

An non-negative plastic multipliers associated with plastic strain rate

A a non—negafive scalar plastic multiplier

Aﬂ non-negative plastic multipliers associated with increments in plastic
strain |

s defined in equation (4.46)

v Poissons’s ratio

v, the outward normal to the surface

¢ the yield function

' the specified fluid flow across a boundary

¥ the product of the yield function and non-negative scalar multiplier



a time increment multiplier

the

the

the

the

the

the

the

the

stress vector

effective stress tensor

stress tensor

effective volumetric stress

total volumetric stress

mean hydrostatic stress

cap yield surface hardening parameter

uniaxial yield stress

a Lagrange multiplier

Subscripts

SE

the

strain energy density

element

the

the

the

iteration number

iteration number

time increment number

Right Superscripts

T

SE

the

the

the

the

the

the

the

transpose of a matrix or vector
elastic part of

iteration number

iteration number

time increment number

plastic part of

strain energy density

Left Superscripts

(i)
(>

the

the

iteration number

iteration number



CHAPTER 1

INTRODUCTION

The formulation and solution of the problem of an elastic-plastic body subject
to successive increments of loading is a fundamental problem in plasticity. A
variety of powerful iterative techniques are available for the solution of the
problem {1-4], mostly based on Newton-Raphson methods using an explicit scheme

for the integration of the constitutive relations.

The procedures in current use can be criticised {5] in that they are
- essentially heuristic, and they are not fully 1linked to the governing
mechanical principles of the incremental plasticity problem. Recent work aimed
at the improvement of the accuracy and stability of the numericai algorithms
in plasticity explores the fundamental relationship between the nature of the
forward integration algorithm and the mechanical principles of the

problem [6].

In this thesis we attempt to advance this understanding. Through the use of
an internal wvariable formulation of the problem, we are able to explore links
between a consistent mathematical programming formulation of the incremental
problem in plasticity [5 & 7] and the conventional Newton-Raphson iteratiwve

solution procedures.

The internal wvariable formulation is closely linked teo initial strain or
imposed inelastic strain formulations of problems in plasticity, and provides
considerable insight into the nature of the problems. The imposed inelastic

strain concept is used to extend the formulation discussed in the thesis to



consolidation problems, adopting the concept of a migration water strain which

traces the diffusion of the pore fluid in a porous medium.

The organisation of the thesis is as follows. In Chapter 2 Imposed inelastic
strains are introduced, and a finite element formulation which incorporates
’the strains as a load vector 1is presented . A porous medium is considered as
a two phase material and the concept of a migration water strain which traces
the flow of pore fluid in the medium is introduced . The principle of
effective stress is used, and various methods of approéching the solution to

the mechanical problem are explored.

In Chapter 3 the structural formulation of the incremental elastic-plastic
problem is presented using an intermal variable approach. Successive minimum
principles are used to arrive at a Newton-Raphson scheme. For the case of a
von Miées yield criterion wvarious predictors are considered, and their
performance evaluated with regard to efficiency and robustness. A simple
_numerical example is used for this purpose. Special attention is drawn to two
of the predictors investigated : the one utilises a secant shear modulus, and
the other (the "consistent" tangent predictor) is derived from a Taylor’'s
series expansion about the increment in plastic strain. In the latter case

second and higher order terms are neglected.

An algorithm for the numerical solution of static incremental problems which
uses imposed inelastic stréins and iterates on the secant shear modulus is
dealt with in Chapter 4. Initially only elastic-plastic materials with a von
Mises yield condition are considered. The algorithm involves the minimisation
of a series of quadratic functionals, and a proof for convergsnce is given.
The relationship between this approach and the Newton-Raphson scheme which
uses the secant shear modulus is shown. The application of the algorithm is

then extended to a material with a Drucker-Prager yield condition. Numerical



examples illustrating the robustness of the algorithm are presented. They
however also show that the rate of convergence is relatively slow when

compared to a commercial finite element code.

In Chapter 5 a formulation is proposed for the backward difference integration
of three plastic constitutive materials namely, a von Mises, a Drucker-Prager,
and a Drucker—Prager with a nonlinearly hardening parabolic cap and tension
cut-off. The corresponding consistent tangent predictors are derived and
presented in a form which can easily be implemented into a finite element
code., A special numerical approach is required to solve plane stress problems
and this method, common to all the predictors considered, is shown. Examples
which validate the theory and show that the algorithm converges quadratically
are analysed numerically. The results are compared to results obtained with

ABAQUS [8] and a code using the forward integration method.

Finally, Chapter 6 deals with a formulation for the consolidation of a porous
medium. The formulation makes use of the previously defined migration water
strain. The mechanical and seepage problems considered separately are then
linked by means of this migration' water strain and a backward difference
integration scheme. A series of examples which are compared with analytical
solutions and solutions obtained with ABAQUS are analysed. These examples aim
at highlighting certain practical issues involved in solving consolidation

problems as well as at showing the effectiveness of the algorithm.



CHAPTER 2

IMPOSED INFIASTIC STRATNS

2.1 CAUSES OF IMPOSED STRAINS

Imposed inelastic strains occur in bodies due to influences such as
shrinkage, creep, temperature changes, crystal growth, and wvarious in situ
conditions. Further imposed strains could be induced by manufacturing and
assembly processes or by the body’s previous loading hiétory. The sum of all

these effects can be viewed as constituting the total imposed strain field.

The use of inelastic strains for solving elastic-plastic and consolidation
problems is of major interest. Various methods have been proposed for solving
problems with nonlinear material behaviour, and many of these methods make use
of imposed strains, either directly or indirectly. In the former case these

are generally refered to as initial strain methods [2].

2.2 FINITE ELEMENT FORMULATION FOR IMPOSED STRAINS

Let the total imposed strain field be represented by the vector €5- To
obtain a finite element formulation for small initial strains, the stresses

3 ‘ .
are related to the elastic strains ¢ as follows:

e
g = [0 &£ (2.1)
e
where £ = £ = ei s -
and ¢ 1is the total strain vector.

The stresses and strains contribute to the strain energy density of the
potential energy functional only, and subsequently it is the only term that

needs to be considered. The strain energy density term can be written as



uSE -y J Tppe® av . (2.2a)
v |

By substituting (2.1) into the above, we obtain

ook . aj ¢T[(D]e av - aj eT[Dle Qv - aj eT[D]e, Qv + aj ¢.T[D]e. av
v ~ ~itTeis v =i =1

v v -
(2.2b)

When differentiating the resultant potential energy functional to obtain the
-~ equilibrium equations, the contribution from the imposed strains is in the
form of an additional load vector g’. The final equilibrium equations can be
‘written as
'
(Klu=P <+ P {(2.3)
where

P - J (817 (D] av
v

(K] = L[Bﬁw}ta]dv ,

i

is the vector of nodal displacements,

P is the vector of applied nodal loads,

-

and [B] 1is the matrix relating the strains to the displacements.

¢ .
The load term P essentially brings about a displacement field which is

compatible with the imposed inelastic strain and the boundary conditions. In a

[4

statically determinate case the displacement field resulting from P will have

. - . . e : .
no internal stresses associated with it as (e - ei) = ¢ = (), whereas this

will not necessarily be so in a statically indeterminate case.



2.3 IMPOSED STRAINS TN CONSOLIDATTION PROBTEMS

In consolidation problems we are concerned with multiphase soils. The
phases are essentially a mineral skeleton containing a pore fluid which could
be éither air, or water, or a mixture of the two. When the pore fluid is air
only, the contribution te the stiffness of the whole is ﬁegligible. From a

.mechanical point of view the soil can be considered as a single phasé material
and modelled as such. When the soil is saturated or partially saturated some

“of the load is carried by the pore fluid.

We will assume that the material is saturated, and therefore a two phase
material. The soil skeleton and the pore fluid may be considered as separate
elements which occupy the same physical space. Considering an instant in time
At, in the limiting case where At - 0O, there is no movement of the pore fluid
relative to the soil skeleton, and we essentially have quasi-static

conditions.

Consider an infinitesimal element where

i) the current volume is V,
ii) the current volume of the skeleton frame is Vs’
and. iii) the current volume of voids is VV.

In the initial state these volumes are Vo, Vv , and Vvo respectively. In

50
general the change in VS is due to the wvolume strain of the skeleton only,
whereas the change in Vv is due to both wvolume strain in the pore fluid as

well as migration of pore fluid. ‘ -

The void ratio is defined as

<‘.l<<

» (2.4)

[



the porosity as

<

v
n o= 5 s . (2.5)
the volume strain as

€ = = , ~ (2.6)

and the volume strain in the pore fluid as

dav

v ,
T T . (2.7)
vo

—

D utuint Sl ax\ 28

vo \Y

80

NN
NN

(a) Initial configuration (b) Current configuration

Figure 2.1 : Infinitesimal element of soil.
From Fig. 2.1 it is evident that V = VV + Vs , and this can be rewritten as--
V = Vs(l + e) . - (2.8)
Since the pore fluid can sustain hydrostatic stress only, we concentrate on
the hydrostatic stress in the soil skeleton. Generally, soil subjected to

hydrostatic stress will have a stress strain relationship of the form depicted

in Fig. 2.2 with



Tk ™ 3Ks € . V (2.9
where

a;k is the hydrostatic stress in the soil skeleton,

Ks is the bulk modulus of the soil skeleton,
and ei iz the elastic volumetric strain.

O'f

. P
JCK e e e o s e e e e e s S o o F(Ev)

P

Figure 2.2 : Nonlinear volumetric behaviour of soil.

- . . e . .
The wvolumetric strain €, has an elastic component £, which involves the

deformation of soil grains, and an inelastic component 55

which occurs as the
result of the crushing of asperities etc., without change in volume of the

soil grains.

The hydrostatic stress in the pore fluid is related elastically to € v by

p= 3K e (2.10)
where

P is the excess pore pressure,
and K is the bulk modulus of the pore fluid.



The total hydrostatic stress sustained by the two phase mixture is given by

the sum of the contributions from the skeleton and the pore fluid as

L3

vk = kK + p (2.11)
This is known as Terzaghi’s principle of effective stress.
From equation (2.6) we have
dvs dVV, dvvo
L R : ‘ (2.12)
o vo o
and it is easy to verify that “
N SN (2.13a)
v 3KS o Vv e
and that
1 kK
‘v " n v " 3n K (2.13b)
(] o8

It was mentioned earlier that the change in volume Vv has two components,
namely the volume strain in the pore fluid and the migration of the pore
fluid. Supposing that a volume of fluid dV, has migrated to or from a&n

element, the migration volume strain is defined as

</ &
€

(2.14)

o
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The quantity dVv denotes the change in original volume of voids and hence
dV = dV + dV + dv . (2.15)
s v W

It thus follows from equation (Z.6) that

€ = e T € + €. , (2.16)

and hence
3K, K, 3K,
P = - € = T %%k T n Cw (2.17a)
o 0 s o
with
, K, 3K, 3K
I SO Y S (2.170)
o's o (o)

The solution to the instantaneous problem can easily be found by treating €.
as an imposed strain. It should be noted that when EE =€ the term € -0
and hence p = 0 . This is equivalent té the fully drained case in
consolidation analyses, and the fully undrained case can be recovered by
setting € = 0

We havé discussed the more general case where the pore fluid is considered to
be compressible. Problems are often encountered when trying to obtain
numerical solutions for this general case, and special techniques are required
to obtain acceptable solutions. One method of solving this is to treat ;he

pore fluid as incompressible and in this case KV - o with € 0 . Starting

again at equation (2.16), it is apparent that



11

e =Xk L | (2.18a)

Since ¢ =0 , we know that ¢ = P , and hence
v w v

’

Txk

= 3Ks(eV - ew) . ] (2.18b)

The total hydrostatic stress is given by equation (2.11) with the excess pore
pressure p not related to the strains, but  included in the formulation as
Lagrange multipliers. This topic will be addressed in some detail in

Chapter 6.
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CHAPTER 3

A FORMUTATION FOR ETASTIC-PIASTIC ANALYSTS

3.1 OBJECTIVES AND ASSUMPTIONS

The aim of this Chapter will be to use the insights gained from the
application of mathematical programming concepts to plasticity to provide a
formulation for the incremental elastic-plastic problem. This permits the
efficient heuristic methods to be compared more clearly with the framework of

mathematical programming applications.

Discussion will be‘ limited to the classical stable time-independent
velastic-plastic problem. Phenomena which lead to strain softening and non-
associated flow rules will not be considered.. A simple formulation of the
elaétic~plastic problem is presented inkdiscrete terms, and evolves naturally
as an incremental deformation theory (or holonomic) problem. The appropriate
minimum principle, or mathematical programming problem for this formulation

can then be easily established.

3.2 FORMULATION OF THE ELASTIC-PTASTIC PROBLEM —

The structural formulation used in this Chapter is based on the form
given by Martin {9]. The formulation will be presented in discrete terms in a

manner which can readily be identified with finite element approximations.
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Consider a structure discretised by a finite element mesh where the nodal
displacements can be represented by the components of a digplacement vector
u o The continuous displacement field can be approximated as closely as
necessary by increasiﬁg the components of u . Similarly, the internal slips
in the structure can be represented by the vector A . Strain quantities do
not appear directly in the formulation, but will be brought in later when

various constitutive relations are discussed.

The strain energy F of the structure is assumed to be a homogeneous
quadratic function of the components of u and A . Small changes in the
kinematic variables yield
aF aF
dF = 3a du + ax di

o

=Rdu -Xd |, : (3.1)

where the nodal forces R and the internal forces X acting on the slips are

fdentified as

4ar
g,,.,_.ag (3.2&)
and
aF
X=- 5y . {(3.2b)

The minus sign is chosen in equation (3.2b) to represent the forces applied by
‘the structure to the slips. Both R and X are homogeneous linear functions of

wand X .
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82F - 32F
85 63 du 8x

Note that since the nodal and internal forces are

and

“X=Lu+d A (3.3)

the expression for strain energy thus becomes

Fohu Ku+shu LA+

[y
vt
o
+
&
B>
(e s
i >

T [ i P
= 2| X L 4
A L' A (3.4)

The rate of change of the internal slip wvector is governed by a rigid
perfectly plastic relation. The existence of a dissipation function D which
is homogeneous and of degree one in é is assumed. It is further assumed to be

related to the internal force vector as follows:

.0 (3.5)

It is assumed that D is convex, and that D =z 0 with D = 0 if and only if
85:- 0 . It follows that the derivatives of D are discontinuous at the
origin, and that since 3D/3§ is homogeneous and of degree zero in é ,
derivatives of D may be discontinuous along lines which are radial in the é

‘space. This 1is so because D will generally be the sum of independent

.
dissipation functions associated with individual components of X , or groups
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of components of X At a point on the surface D, where an;ai is mnot
continuous, equation {(3.5) is interpreted as requiring X to assume some value

within the domain bounded by adjacent values of BD/aé .

Equations (3.3) and (3.5) completely define the mechanical behaviour of the
structure., If the external forces at the nodes are defined by g , equilibrium

requires that

o)
]

P , ’ ‘ (3.6)
and that the governing equations ¢an be conveniently written as

Ru+Li=2 , (3.72)

Lu+HA= -2 | (3.7b)

Equation (3.7a) represents the equilibrium condition of the structure, whereas

(3.7b) represents the yield condition.

In elastic-plastic problems, the loading P is regarded as a function of time

and hence

P=B()
!
u = }?(t) . B
A= AE) o S (3.8)
., ax
and ;X' = a?

«

The problems are rate independent, and the parameter t measures the order of
events, rather than real time. Equations (3.7) must hold at each instant of

the loading history.
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The initial conditions are given by

Blo) =P,
u(o) =u (3.9)

and &(o) = Ao R

which could easily be accommodated in the formulation, but will be taken to be
zero for the sake of convenience. This is done without loss of generality.
These equations describe a broad class of stable, quasi-static, time

independent, elastic-plastic problems.

3.3 INCREMENTAL ELASTIC-PLASTIC SOLUTIONS

In order to set up a numerical procedure which determines the response
of the structure to a certain loading program P(t) , the time as well as the
spatial doméin is discretised. The time is divided into discrete intervals At
which are not necessarily equal. We seek to satisfy equations (3.7) only at
the end of these intervals. Thus at time t, after the passage of n

intervals, the equations (3.7) are written as

Ku +LXx =P | (3.10a)
- -n < An  ~n
Py +ny - |2 . (3.10b)
ax |
fad ¢

The only difficulty in this problem is posed by the term on the right hand
side of equation (3.10b), which is a function of én . This indicates that the
only further assumptions that we need to make, relate to the way in which A

varies with time.
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Firstly., we note that since 8D/6§ is homogeneous and of degree zeroc in the
components of 5 , we are concerned only with the direction of 5 in the A
space, rather than with its magnitude. Secondly, we note that the direction
é(t} can be expected to be discontinuous, in as far as yielding or unloading

can take place on any slip system at any time in the loading history.

Clearly, in the discretized scheme, in must be written in terms of An'i+1 and

. where 1 = 1,2,3, ... . In view of the possible discontinuities in i(t),

e ¢ 5

caution must be exercised in using iInformation at previous time intervals

L3
t The most evident choice is thus one in which An is written

ta-1 tn-2

as terms of én and An-l , and the discussion will therefore be limited to this

case.

#

In addition to the decision that én depends only on the wvalues 5n and A 10 we

R ¢ L
need an assumption on the path in A space between }-n- and -)f-n as shown
diagrammatically in Figure 3.1. In many finite element applications it is

assumed implicitly that the total strain ¢ follows a straight line path from

€n-1 EO &, + @ recent review of some commonly used algorithms has been given
by Marques [10]. In general, this implies a relatively complicated path in

the A space, and the direction of én is effectively taken as tangential to the
path at én . The calculations are carried out in terms of stress o and the

total strain ¢ , frequently using a subincrementation procedure.

A more direct choice would be to adopt a simple backward difference scheme,
assuming that X follows a straight line path in the ) space between in-l and

&n , as shown by the dotted line in Figure 3.1. This is achieved by putting

$ 1 Af\.n
A1 = A Qp - ALY T (3.11)
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P
A
Figure 3.1 : Path followed between 5n-1 and &n'

Because 6D/8§ is homogeneous and of degree zero, it is not necessary to

distinguish between én‘and Aén . VWe write
D = D(aX) .

and this may be interpreted as the dissipated work associated with A%n

Equations (3.10) become

Ku +LA =P (3.12a)
T aD ‘
Ly, v, = [am LA : (3.126)

The advantage now is that §n can be written as a potential function, which is
not necessarily true if A)A is based on a straight line path in total strain
space. Following the concepts discussed by Ponter and Martinv{ll} and Carter
and Martin [12], the assumption of a straight line path in A space implies

that the total strain £ follows a minimum work path from €n-1 to €, -
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3.4 MINIMUM PRINCIPLE FOR THE INCREMENTAI PROBLEM
Equations (3.12) imply a minimum principle for the incremental
problem. This will be indicated at this stage without attempting to be

rigorous in the argument. Putting

u  es + Au s
~n  -n-1 -n
A = Anp TR, (3.13)

equations {(3.12) can be written in incremental form :

Ko, + WA =By - Kupy LA (3.142)
T ap T
{a Agn -+ l}Aén -+ { m} = e L -1 - }j én-l . (314]3)
- 1AM
-n
If the solution at tn-l is exact,
K Y1 Y 2An "B o
{(3.15)
T
Luir v 820004

It then follows that equations (3.14) express the condition that the convex

function Up(AEn , Aén) should assume its least value, where

T ]
sa || K L | Ay,
U =X + D(AX)
P ~=T
AX LT H AX
-1 - - ~T
(3.16)
T T
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Note also that if the solution at tn—l is not exact, due to the use of an
iterative scheme with some specified tolerance, we may use equations (3.14)

directly and define

T ,
S I S B .
ng“ % + DA - A-L}n<-~}3n SRu g c AL
A LT H A
~n - - ~n
o o €
+ax LT L+ HA : (3.17)
: ~n'% ~n-1l - ~n-1 ’

i

A

Equations (3.12) express the condition that UP should take its least value.

Framed in this way, the minimum principle does not limit the choice of the
step size in any way. The load may be applied in a single step (n=l), in
which case o in-l = (, and the principle reduces to that for the minimum
work path deformation theory given by Ponter and Martin [11]. As the number
of steps over which a given load P ié applied is increased, the sequence of
solutions at tl' t2, ..., will converge towards the continuous analytical

solution.

i.5 NUMERICAL ALGORITHMS FOR THE INCREMENTAL PROBLEM

Solution strategies for equations (3.14), or minimisation of the
functions given in equations (3.16) and (3.17) can be based on what have been
referred to as heuristic Newton-Raphson iterative approaches [5]. In such
iterative approaches we seekvalgoritﬁms which permit us to replace estimates
Agi , Aéi by improved estimates Agi+1 , Aéi+l . One strategy is to iterate
between equations (3.l4a) and (3.14b), using one equation to improve ABn and
therofher to improve Ain . This follows the general thrust of the algorithms
which are in common use in elastic-plastic finite element analysis {1-3}. We

A

show how this strategy can be evaluated in terms of the minimisation of Up in
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. A . i i . .
equation (3.17). VWe assume that we have estimates Aun , AAn which satisfy

equation (3.14), so that

T, i i an_ | T
L Agn + gﬁén * [ EVS) } i~ 7 L ~n-1 H 5&-1 : (3.18)
= jax
-1

Put

sttt - Ay + By ' (3.19a)
and

st o mlem (3.19b)

Substituting equations (3.19a) and (3.19b) into equation (3.l4a), we find that
" - i i
ISAB + ];'Ai = zn - g(gn.l + A}.ln) - E‘(én-l + A:.\.n) * (3 ‘ 20)

We write equation (3.14b) without updating the (3dD/3A)) term as

ad wgn o 2 | Ty CEH . (3.2D)
- S<n -Ten anx |1 © <n-1 - Zn-1
~T1

L'Au + HAA = 0 . (3.22)

N N -

We eliminate AX from equations (3.20) and (3.22) : note that AX will be non-
zero only at integration points where the material is at yield and where it

can be expected from the previous iteration to be yielding. We set A\ = 0 at

s} A

other integration points, and introduce L , H as matrices which contain only

those parts of L , H which refer to the integration points where yield is
A

expected. Elimination of AA from equations (3.20) and (3.22) leads to
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( - LE Lhou - Ko =R (3.23)
where

Ri ; P - K(u + Aui) - L(x + AAi) (3.24)

- ~ - en-1 ~T - ten-1 ~n ’

is the residual force vector and gT is the tangent stiffness matrix.

A

Equation (3.23) is solved for Au and the revised estimate for the internal

i+l

variable increment is obtained from equation (3.14b); Ain satisfies the
equation
T, i+l i+l aD T
L R "R 7o i JUE RS R R B S (3.25)
-1
. . i+l i+l . . .
We now have "improved" estimates Au , AA . The iteration is started

s . o o .
with the assumption that both ABn and Akn are zero, and proceeds until a

i, . o
tolerance on some norm or norms of Ri and Aun is satisfied.

Assessment of whether the revised estimates provided by the iteration loop are

indeed improvements should be based on whether the value of Up in equation
(3.17) is decreased in the step. We thus consider
- i+l i+l i

AL i ’
I=U (e ™ At - U e, aD (3.26)
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It follows from equation (3.17) that

T .
AB;+1 ) 15 {-‘ A~;+l
I =X
AA1+1 LT . AA1+1
Tl - - Tl
i T f ] i
Au K L Au
-1l - y —T1
- %
at LT H amt
P e - . -n
+ peaxrly Copandy
=T ~TY
“T ATT
~ MR - Ku - LA ) +M(LTu - HA ) (3.27)

With some straightforward manipulation we can rewrite equation (3.27) in the

form
I = Il + 12 + 13 s {(3.28a)
where
AT [ ] A
sl 2 n] [a
I - - o (3.28b)
81 o ow| |
L, = - ot RFE (3.28¢)

i i+l i i+1.7T i+l
13 = - D(én) + D(Ain Y} + (Aén - Aén y© X , {3.284)
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and where
i+l i+l i+l
E = gn - I.{(gn-l * agn ) - E'(:}.n-l + Aén ) ? (3'286)
i+l T i+l i+l ,
- gn =1L (En-l + Agn Y} + g(in-l + Aén ) . (3.285)

The terms I, and I, are negative definite and non-positive respectively, from

1 3
the convexity of the strain energy F and the dissipation function D . The
sign of 12 however, could be either positive ‘or negative. Clearly, if
ST i+l

Au” R >0 , (3.29)
N
we have a sufficient condition that Up decreases in the iteration. The sign

of I, will depend‘on the calculation of K The predictor step (equation

-T2 T -
3.23) is often replaced by a modified Newton-Raphson procedure involving less
frequent updates of gT , or by matrix updating techniques. The condition
given in equation (3.29) «can potentially provide’ a test for the
appropriateness of the choice gT in a particular iteration, permitting the
iteration to be scrapped and redone if the sign constraint is not met. The
procedure described above is not identical to that used in conventional finite
element codes. Nevertheless, the general thrust remains the same, and it
would appear that the general class of Newton-Raphson methods follow the
requirements of the solution of a mathematical programming problem quite

closely.

3.6 PILASTIC CONSTITUTIVE EQUATIONS

At this point it is necessary for us to take a closer look at the
material behaviour. The internal wvariable framework adopted in this Chapter
makes it possible to represent conventional perfect plasticity, kinematic and

isotropic hardening, as well as simple combinations of these without
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difficulty. Uniaxial models for these cases are discussed by Martin [13].
Multiaxial constitutive equations can be generated through piecewise linear
yield surfaces, or more directly through appropriate forms of the free energy

and dissipation functions.

The global dissipation function D will in‘general be the sum of dissipation
functions associated with elements, or with integration points within
elements. The local dissipation functions will each be convex funcfions of
degree one in the local components of é . The convexity permits us to define
convex yield functions on the local and global level. On the global level we
~ introduce the yield function ¢(§) . The forces g acting on the slips are

restricted by the condition that

$(x) <0 . | (3.30)
Equation (3.5) can be written as

aix = ap

and noting that

with ¥ = A.¢(X) and A being a scalar multiplier we obtain the equation

o 3¢ i
A=A 3X , (3.31a)

with
Az 0 if ¢(X) =0 ,

A0 if g <0 . (3.31b)
i
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As a result of the convexity of D , the principle of maximum plastic work
holds in its conventional form. If the relationship between X and X are given
*
by equation (3.5) or (3.31), and X is a set of slip forces such that

$(X") < 0, then

[ -

1a ¥

$(X) = 0

Figure 3.2 : Principle of maximum plastic work.

3.7 INCREMENTAL ANALYSTIS WITH A VON MISES YIELD CONDITION
In order to gain insight into how the method relates to multiaxial
constitutive equations, we will consider a von Mises yield condition. Let us

assume that we have an elastic, perfectly plastic material. The strain tensor

eij is divided into its hydrostatic and deviator components, ekk and eﬁi'j
respectively, where

€ = @ + 1 € § (3.32a)

ij ij 3 "kk "ij )
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The stress tensor aij is similarly divided into its hydrostatic and deviator

parts, Tk and sij" with
1
., = 8,. + = 0 §, . . (3.32b)

Plastic behaviour is confined to the deviator part of the strain which can

further be split up into elastic and plastic components as

The e?. term is equivalent to the internal wvariable X . The volumetric

behaviour is always elastic and is governed by

Tk ™ 3K €1k (3.33)

where K is the bulk modulus.

The von Mises yield condition is given by

¢ == sij sij -k , (3.34)
and since we can write
s., = 2G(e., - ey (3.35) —~
ij i ij

where G is the shear modulus, the yield condition can also be written as

-

= 0l P . Py 2 .
$ = 2G (eij - eij)(eij eij) k . (3.36)
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In a generic problem the strain deviator changes over a load increment from a

n-1 n . . . n
value eij to a value eij . The deviator strain increment is Aeij where
n n n-1
Ae,, = e.., - e, . (3.37)

We assume that the plastic strain at the beginning and end of the increment is

giv%p by eggn-l) and eg? respectively, and that the plastic strain increment
_pn
&eij is
8ePT = 7 P (3.38)
i ij ij

L
il

<

Figure 3.3 : Von Mises yield at tn;l

Fig. 3.3 shows diagrammatically the yield condition at the beginning of the

load increment. In strain space the yield condition is a hypersphere with its

p(n-1)

centre at eij . The current strain is indicated, and
sBTl o og(e®t L 2Dy (3.29)
1] 1] 1]

It is clear that ¢<s§51) <0
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Also indicated in Fig. 3.3 are the deviator strain increment Aeij and the
plastic strain increment Aegj which follows a straight line path in deviator

strain space. For a perfectly plastic material, the deviator strain change

. R . e .
Aeij can be divided into two sequential parts : an elastic change Aeij given

by

e 1 1 n n-1
Aeij = 3G Asij 5C ‘Sij sij )] , . (3.40)

. . . . n
and a plastic change Aegj which takes place at a constant deviator stress sij'
This is essentially the method commonly known as the radial return algorithm,

' n-1 n . .
and the strain path between eij and eij iz a minimum work path (i.e. the

incremental work density

1
e, .,
1]
dWaJ s, de.. (3.41)
a-1 1] il X
e, .,
i]

- takes its least value)
The constitutive relations follow directly from geometric considerations. Let

us define

* n  p(n-1) n_ _p(n-1),%
e (% (eij eij )(eij eij ) , (3.42)
" then we will have either
n n p(n-1)
sij = 2G(eij eij ) . {3.43a)
pn _ *  k
Aeij 0 for e = 56 s
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or

n Tk (n-1)
s,, = [ *} 2G(e?. - e?.n )

] 2Ge ] J
pn ) k n p(n-1) * k_
Aeij = [l zce*J (eij eij ) for e > G . (3.43b)

These relations are supplemented by the volumetric relations of equation

(3.33), which we now write in the form

n n
Yk = 3K €Lk , (3.44)
and hence
PR 1 o0 s (3.45)
ij ij 3 "kk "ij ’ , ’

As mentioned earlier, the internal slips X are simply the plastic strain

tensor eP,
1]

written in vector form. Similarly, the internal forces X acting on
the slips are the deviator stresses sij . For the meaning of the matrices K,
L, and H we need to refer to the equations (3.10) and (2.3) and see that the
contribution from each integration point to these is respectively, [B]T[D][B],
-[B]T[D], énd (D] . The dissipation function D(Ae?j) can be obtained from

equations (3.5), (3.31), and (3.36) and is

Py _ N ' |
D(Aeij) k J2 Aeij Aeij . | (3.46)
Note that the tensors eij and sij may also be written in vector form as e and
s respectively. Using this notation the incremental problem described by

equation (3.14) can be rewritten as :
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- K - L P D) (3.47a)

tTau  + HAGP + [ gD } - -1y g ePmD) (3.47b)
- -T-n P < -n-1 - -
8&3 n
agp
3.8 EVALUATION OF PREDICTORS

In this section we wish to investigate certain aspects of four

different predictors in the Newton-Raphson procedure described earlier. We
: ‘ ~oil
are concerned mainly with the term 12 = ‘- pAu R for evaluating the

-~

performance of each predictor. In every case, for the first iteration i = 1 of

an increment n , the elastic stiffness will be used. We write

*(i) _ n(i) _ _p(n-1),, n(i) _ _p(n-1),.%
e (% (eij ®i5 )(c-f:ij e )) ,
and hence we define
A(i> = —-“;klim . (3.48)
2Ge
Equation (3.43b) can now be rewritten as .
N T TS SN S LA O (3.49a)
1] L] 1]
pn (1),,.3(1) _ _p(n-1)
Aeij = {]1 - A )(eij - eij ) (3.49b)

We also define the strain displacement matrices @D and §V as

e=-3 u (3.50a)

and €, = B u . "~ (3.50b)
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We note that

K-8 DB-B DB +B DB . | (3.51)
The change in plastic strain within each iteration is

peP = Aep(i+l) - Agp(i) (3.52)

- Ay (g0 () | pn-D),

= (@ - A, f_sD A; + b

- (1 - A(i)) I}D Aé + (A(i) ) A(i+l))(]§D E(i+l) ) ép(n-l))

and these relations are independent of the predictor used.

Figure 3.4 . Typical strain quantities for two sucessive iterations.

The terms of equation (3.52), geometrically represented in deviator strain

space, are shown in Fig. 3.4.
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» - s ;. * » &
Consider the arbitrary predictor K , and let the displacement increment for

the iteration be related to the residual at the end of the previous iteration

by

o (3.53)

(]
tg >
]
i

It follows from equation (3.24) that

RV - - kaw - Lo (3.54)
and by substituting in equation (3.53),
R o (- au - Loae? . | (3.55)

The above relations are diagramatically presented in Fig. 3.5

e ¥

Figufe'B.S : Load vs displacement for a typical iteration.

We will now discuss various predictors. In each case, the predictor at the

beginning of the first iteration will be the elastic predictor K . For the
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- o » * F3
second and third iterations K may depend on the stress or strain state at the
end of the previous iteration. The tangent stiffness as described in equation

(3.23) will not be considered here.

3.8.1 The Elastic Stiffness Predictor (Initial Stiffness Method)

%
For this method we set g = K . It follows that

R - - Lae?) (3.56)

| and equation (3.23) becomes

1, = - su R - @ ach (3.57)

which in expanded form is

e AT . . _ . _
I, = AET§D P[(l . A<1+1>)§DAE + o) . A<1f1>)(§ngl ) Ep(n-l))}
(3.58a)
am T ) / ) ) _
- B ?[(1 Ay Bl @) Ay (P sp(n'l)>]
(3.58Db)

When referring to Fig. 3.4 in conjunction with equations (3.58), it becomes

obvious that

I2 <0 B

irrespective of the sign of

REE BN CON

It therefore follows from the argument presented in section (3.5) that by

means of an elastic predictor one is guaranteed of improving the estimate of

~

UP in each iteration. A typical sequence of solutions is shown in Fig. 3.6.
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gn—!

ey

Figure 3.6 : Elastic stiffness predictor.

3.8.2 The Secant Stiffness Predictor

Under this heading we wish to discuss two separate secant predictors.

3.8.2.1 The "Total"” Secant Stiffness For a problem with a single load

increment this method corresponds to the direct iteration method [2]. The
predictor is obtained by multiplying the shear modulus G at each integration

. i . . .
peint by the value A( ) from the previous iteration. We therefore set

B DB +B DB (3.59)

. T T SN
gi*l [_(1 - alddy gD D gD + (1 - atd)y g D ?DJAB
FPRCO NN CEEON BDTD IS B JCREON
. T . N
(A(l) A(1+1)) @D D (@D B1+1 ) Ep(n-l)) . (3.60)
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The result of substituting equation (3.60) into equation (3.23) is:

n T . . . R
1. = - ABT @D <A(:t.) ) A(l+l)) D (?D Bl+l ; fép(n-l)>

2 . (3.61)

and it becomes evident from Fig. 3.4 that when

(A(i> ) A(i+l)) > 0

A

» 12 is negative for all values of Agp . However, when
(A(i+1) ) A(i)) >0 |
12 is negative only if the condition that thé line between gp(i) and gp(i+l)
does not cross the surface of radius ;;i?i:i) ) holds.’It is required that

this condition be satisfied at each integration point,

Pé
pé -
~n wndi R v s s o, o
]
{ i
{
§
i v
e
I
P 7 4
o S T B ynd
7
,! //
/ 4
X4
yd
i
u
a) convergent A ) b) possibly divergent

Figure 3.7 : The "total" secant stiffness.

~ A global condition for the negativity of 12 is that if stiffening occurs in a
structure, the degree of this stiffening remains below the calculated secant

stiffness. This statement can be appreciated by referring to Fig. 3.7(b).
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3.8.2.2 The "Incremental”™ Secant Stiffness In this case, the predictor is

i
As .
calculated by replacing 2G &, 6, , by 2G = in the construction of the D
ij 'kl Aekl s
matriz,
P A
Pa -
. L]
gn—-——n-—-‘-w ——V— Tl P e e o o e S GRS S [rr——— 4
i {
| |
t !
e |
u
a) convergent b) possibly divergent

Figure 3.8 : The "incremental" secant stiffness.

For this predictor it is net possible to set wup conditions for which
contributions to 12 from the individual integration points will be negative.
it is evident from Fig. 3.8(b) however, that 12 may well be non-negative if

stiffening of the structure occurs within a time increment.

3.8.3 Ihe "Consistent" Tangent Stiffness Predictor -

In order to develop this predictor we refer to equations (3.18) and

(3.21). Instead of writing equations (3.21) without updating the { D ] term,
dhe

we write it in its updated form

e



LTautt 4 paePFL) o [9D - -1Ty o -meP®D
- Ten -~ 3AeP - ~n-1 -~
- AEp(1+1) [
. (3.62)
By subtracting equation (3.18) from (3.62) we obtain
Loy + Hae® = { aDp] - [ aDp} ; (3.63)
dbe . dhe .
~ Asp(l) - AEp(1+1)
and by expanding fp as a Taylor’s series about Aep(l), we obtain
05| oy
Agp
[ aD } _ [ aD }
P P
dle . dhe . A
- ASp(1+1) (Agp(l) + 8eP)

\ 30eP |ane R
~ AEp(l) ~ = Agp(l)
A m
o3 L 2 [0 . (3.64)
m=2 (30eP)™ [aneP (1)
ae
and hence equation (3.62) becomes
LTau + HaeP = - peP —& |22 ColeP?] . (e
aneP |aneP (1)
AEP *
. “p.2 . . s .
Neglecting the terms O[(Ag 17}, the change in plastic strains is
neP = [@ Sp— -1 ]'1 Llau (3.66)
6Agp aAgp
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Substituting equation (3.66) into equation (3.20) results in

‘]'1 £T} sa =gl (3.67)
p(1)

e - ifi 5 (2]
G PCE P

Ae

P

The carets indicate contributions from integration points where it is expected

from the previous iteration that yield will occur. This matrix can easily be

evaluated.
P g
Y
§
!
P , i
Mty oofe TNID WD GIID  THWNP STINYD VYD e i R el AR O 000 ~n D R S N SN U N SN RS W SRS G TRk G
. |
! I
y i
1
S Enﬂ e i i
18 B
u u
(a) Convergent - ' (b) Possibly divergent

Figure 3.9 : The "Consistent" Tangent Predictor.

As in the case of the "incremental” secant predictor, the "consistent" tangent
predictor will be used essentially for comparative purposes at this stage. It

may be non-negative if stiffening of the

is evident from Fig. 3.9b that 12

structure occurs within a time increment.
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3.8.4 NUMERICAL EXAMPLE
The above predictors have all been implemented in NOSTRUM [14], a
. . %
general purpose finite element package for solving plane and axisymmetric

problems, For the purpose of comparing convergence characteristics of the

predictors described, we shall consider a simple example.

3.8.4.1 Thin plate made up of two materials The structure used for this

illust?ation is depicted by Fig. 3.10. The inner core consists of an elastic,
perfectly plastic material with a von Mises yield criterion, whereas the outer
material is elastic. The material constants.used for the problem are Young's
modulus E = 1.0, Poisson’s ratio v = 0.3, and the uniaxial yield stress
ay = 10.0 . The thickness of the plate is 0.1, and due to the symmetry of the

problem only a quarter of the structure needs to be considered.

1

Elastic material
ol

Elastic-plastic

material with P
2 von~Mises yield ®

thickness = 0.1

1 2 H

——t —

Figure 3.10 : Thin Plate with two materials.

The loads are applied in such a way that the initial yielding is uniaxial.

These are then varied so that the stress point moves around the yield surface.
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Fig. 3.1lla and Fig 3.11b respectively, show the finite element model used in
this example and the applied load path.

A P

¥

HHHIHL -
. : '
3t - ;

T - *

ot 1

% - B

i ®3 i

x—-&—- -

b - 4

P . .
y’ a: Finite element mesh.

A | >
0.5 1.0 :

b: Load path.

Figure 3.11 :

Four noded plane stress elements are used with 2 X 2 Gaussian integration. The

resulting stresses at integration point 1 (Fig 3.1la) are shown in Fig 3.12
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These are superimposed on the locus of points given by the von Mises yield
condition in plane stress space

2 02 e 302

2
¢ = 911 " 91199 + 05, 12 ~ ay = 0 (3.68)

with 919 = 0 . The calculated values of 9y, are mnot precisely zero, but the

differences are so small that the points all appear to be on this yield

surface.

Symetric

-0 -

20

Figuré 3.12: Stress history.

The results obtained with all four predictors are almost identical ; what does
however vary is the number of iterations required to reach convergence. The

value of 12 and the convergence ratio (C.R.) at each iteration of the eighth
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time increment (i.e. where Px changes from 12.8 to 12.3 and Py changes from
9.0 to 10.0 ) are tabulated below. The convergence ratio referred to is the
ratio of the norm of the out of balance forces (residual forces) to the norm

of the applied loads {3], and is given by

TOL o= {3.69)
Incremental Consistent
Elastic Total'Secant Secant Tangent
i 12 C.R. 12 C.R. 12 C.R. 12 C.R.

-1 |-0.00190 | 0.379 |-0.00190 |} 0.379 }-0.00190 | 0.379 |-0.00190 | 0.379
2 |-0.00038 | 0.264 [-0.00038 | 0.263 {-0.00041 | 0.257 }-0.00039 | 0.147
-3 }-0.00020 Q.l91 -0.00020 | 0.191 [-0.00019 | 0.159 |-0.00001 | 0.011
.4 1-0.00010 | 0.139 |-0.00010 | 0.138 |-0.00008 | 0.095 0 0.001
’ 5 -0.00006 | 0.101 |-0.00005 | 0.100 }-0.00002 | 0.062
: 6 ~0.00002 | 0.074 |-0.00003 | 0.072 1 -0.00001 | 0.041
7 -0.00002 | 0.053 {-0.00001 | 0.052 0 . 0.026
| 8 -0.00001 | 0.039 {-0.00001 | 0.038

9 0 0.028 0 0.027

Table 3.1: Values of 12 and the convergence ratio for different predictors.
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Incremental Consistent
Elastic Total Secant Secant Tangent
i I1 I Il I Il I I, I
1 }-0.30862]-0.31052|-0.30862]-0.31052]-0.30861|-0.31051}-0.30863]-0.31052
-2 }-0.000091-0.00047}-0.00009]{-0.00047|-0.00041}-0.00055{-0.00045]|-0.00084
E 3 {-0.00004}-0.00024]-0.00004{-0.00024 ~0.5060? -0.00026}-0.00012{-0.00013
? 4 |-0.00002}-0.00012}-0.00002}-0.00012}-0.00002{-0.00010 0 0
% 5 }-0.00001}-0.00007 —0.00001A-0.0000? -0.00001}-0.00004
? 6 |-0.00001)-0.00003|-0.00001}-0.00004|-0.00001]-0.00002
7 0 -0.00002f © -0.00002| 0 -0.00001
| 8 0 -0.00001} O -0.00001 ¢ ’O
9 0 -0.00001 0 0
10 0 0
I = -0.31149 Ei = -0,31149 Zl = —0.31149 ZI = -0.31149

Table 3.2: Values of Il

and I for the different predictors.

These results tabulated above show that the value of I2 is generally negative.
It is not evident from these tables that there is any difference between the

results of the elastic predictor and the total secant predictor. This however,
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is not normally the case and in general the number of iterations required to
reach convergence is about 20% more when using an elastic predictor. Note
that the tdtal improvement (i.e. ZI ) is the same for all four the predictors,
This is to be expected since the same functional 1is essentially being

minimised in each case.

3.9 CONCLUSION

In this Chapter we have discussed the application of mathematical
programming techniques to incremental elastic-plastic analysis. We have‘
considered four different Newton-Raphson predictors in order teo gain insight
into the performance of these with respéct to the convergence - and the

minimisation of the potential energy.

It is clear that when the elastic predictor is used throughout a time step,
the algorithm is guaranteed to converge onto an existing solution. For the
global secant predictor we have only managed to show conﬁitional convergence
at the integration point level, but in the following Chapter we will show that

the convergence is unconditional.

For the "incremental" secant and the "consistent” tangent predictors we camnot
show that the algorithms will converge. It does however appear that
convergence is guaranteed if there is no local stiffening of the structure
within an increment. These methods are more efficient, and the "consistent”

predictor method in particular, yields a quadratic rate of convergence, -
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CHAPTER &

THE SECANT APPROXIMATION FOR HOIONOMIC EIASTIC-PLASTIC

INCREMENTAL ANALYSIS

4.1 INTRODUCTION

In this Chapter our objective is to develop an algorithm for the
numerical solution of static incremental problems for elastic, perfectly
plastic materials with a von Mises yield condition. The algorithm iterates on
the secant shear modulus, and at the end of each iteration equilibrium is
satisfied, but the yield condition may be violated. The algorithm is closely
related to the Newton-Raphson method with the "total" secant predictor ; this

relationship will be shown.

It is assumed that the strain follows a minimum work path which can Ee
associated with a potentialvfunction. In the previous Chapter it was assumed
that the internal wvariable followed a straight line paﬁh which 1is, by
implication, 'a minimum work path in internal wariable space. Another
important feature of the algorithm is that it is guaranteed to converge, and
proof of this will be given. The algorithm is also extended to include both
linear isotropic and linear kinematic hardening. A potential function for the
‘Drucker-Prager yield condition is set up, and proof of the convergence for the

resulting algorithm is presented.

Although the algorithm may not be very efficient, it does have several
advantages which may make it attractive as a means of finding comparison

solutions for general purpose packages. Convergence does not depend on the

1
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size of load increment, or on the degree of unloading which takes place. The
algorithm can easily be implemented in a program capable of performing elastic

analyses with arbitrarily imposed inelastic strains.

4.2 CONSTITUTIVE MODEL FOR THE ELASTIC. PERFECTLY PIASTIC VON_MISES

MATERIAL

We will consider the constitutive relations developed in Section 3.7.
It is assumed that the strain follows a minimum work path in strain deviator
space, and can thus be associated with a potehtial function. This is evident

from the fact that equations (3.43) can be wfitten in the form

L L , (4.1a)
ij PR
i
where
* _ n _ _p(n-1) n _ _p(n-1) ‘ % k
W G(eij eij )(eij eij ) . for e = G
(4.1b)
2
* n _ _p(n-1) n _ p(n-1) b ) k™ * k
W 2k (% (eij eij )(eij eij )} G for e > G
(4.1c)

A question concerning the convergence of a sequence of minimum work paths‘onto
a continuous solution now arises. Let us consider a strain history eij(t) s

02 t=T . If we were to solve the rate equations for the perfectly plastic
material exactly, we would compute the associated stress history aij(t) and
the plastic strain history e?j(t) . We may subdivide the time interval into m
steps as shown in Fig. 4.1 below, and compute the stress and plastic strain at
the end of each increment by means of equations (3.43) - (3.45). It becomes
clear that as m - » , the sequence of stress and plastic strain computed will

P
converge onto aij(t) and eij(t)
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ij

Figure 4.1 : Plecewise approximation to ‘a continuous strain path.

4.3 MINIMUM PRINGIPLE FOR THE INCREMENTAL PROBLEM

We will formulate the incremental problem in continuum terms. Let us
consider a body of volume V and surface § and assume, for the sake of

simplicity, that the displacements are zero on part of the surface Su . The

‘body is subjected to a history of surface tractions Ti(xi't) , 0=t =T, on

the remainder of the surface ST .  The material is assumed to be elastic,

perféctly plastic with a von Mises yield condition. Our aim is to compute the
history of displacements ui(xi,t) , Stresses aij(xi,t) , and strains

Eij(xi’t) . The problem is taken to be static and hence independent of time.

The parameter t simply measures the order of events.

We treat the problem as incremental and divide the interval [0,T] into m

sub-intervals. The n-th interval extends from tn to tn and the tractions

-1

change from T?-l(xi} to T?(xi) . We assume that the solution is known at tnji

n-1 {(n

i j

The solution at t_ is denoted by u?(x.) . 6?.(X.), and e?.(x.) . The plastic
n i1 i3l i3t

strain increment Ae?j(xi) must also be computed in order to update e?gn‘1>(xi)

13
for the next increment. The constitutive relations which govern at time L

n-1 n-1 " n-1 p(n-1) <
so ;hat ui (xi) , Ti (xi) » 9y (xi} s (xi) , and ei (xi) are given.

are given by equations (3.43) - (3.45). The equilibrium and compatibility

equations which must be satisfied at tn are
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3an
i3
3%, 0 onV (4.2a)
J
143 g ’
Gij v, = Tj on ST s (4.2b)
n 3u? au?
I —"‘laxi * (4.2¢)
where vi is the outward normal wvector on § . In the case where m = 1 this

problem becomes the classical deformation theory problem. The more general
‘case where m > 1 leads to a generic problem in each increment which has the
same characteristics as the deformation theory problem. It is effectively
equivalent to a problem of nonlineaf elasticity, the solution of which can be

written in terms of a minimum principle. The solution is given by the least

value of

U - f Wee. ) av - J ™ u? ds (4.3)
v ij S Nt
T

subject to equation (4.2¢) and the condition that u? = 0 on Su . The strain

energy function W consists of a volumetric component
A (4.4)
kk ! ’

*
and the deviatoric component W (given in equation (4.1)). These components

are related by the expression

* .
We=W +W ) (4.5)
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* *
It is evident that W , and hence U is convex and the condition that U = 0
(i.e. U i ) yields equations (4.2a) and (4.2b). This general formulation
does not place any restrictions upon the spacial variation of the potential

function W .

4.4 SECANT ALGORITHM AND PROOF OF CONVERGENCE.
We propose an iterative solution algorithm as a sequence of
* *
approximations to the deviatoric potential function W . The function W can

¥*
be plotted against e (equation (3.42)) as shown in Fig. 4.2.

Figure 4.2 : Deviator potential function.

' ' %
The potential has a parabolic central region bounded by e = k/2G and is
. * . . dw . . *
linear for e > k/2G . The derivative = 1s continuous at e = k/2G .
de

*
For the first iteration we replace W by

* n  _p(n-1) n
Wl G(eij e]._j )(eij e

p(n-1)
1 ) ) (4.6)'
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This is identical to equation (4.1b), and implies that we use linear elastic

relations. Putting

W, =W o+ W | 4.7
1= Y (4.7)

we minimise

n n n
Ul - I Wl(eij) dv - f us Ti ds (4.8)
v ST

subject to equation (4.2¢) and the condition that ug = { on Su .» If we let

(1)€n ()n

 the solution field be denoted by u;, we can define

ij’
(L) (1) n ())n .n
Ut - Iv W, ( eij) av - Js u; T, dS (4.9a)
T
and ,
gt f w(P ey av - J Dp s (4.9b)
v 1] S 1 1
T

* : s .
where U is previously given in equation (4.3). From the strict convexity of

%
W it is evident that

(1) n (I’ n
W( eij) = Ul( ﬁij) s (4.10a)
and hence that
g o Uil) . | (4.10b)

In the second iteration we examine each material point in the body, and define

* .
a new deviatoric potential function W2 at each of these points.
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If
e L FDny cye
il
we put
* n p(n-1) n p(n-1) K
Wz G(eij eij )(eij eij ) : (4.11a)
whereas if “
e e*(me‘i‘j) > k/26 (4.11b)
we put
. 2
* k n pl{n-1) no_ p(n-1) (1) ) k™
Yot @y Cay v ey Ceyy ey )t ke 76

* *
In this process we fit a parabola Wz into the potential function W for

material points where e(l) > k/2G as shown below in Fig. 4.3 .

e(‘!)

Figure 4.3 : Fit of a parabolic potential functional.

* *
The parabola W, touches W at e(l) with a common slope. It is evident from

2

the diagram that in general
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* B * n
W (e,.) =< w2(eij) , (4.12a)
and that in particular
* (1) n * (1) n ' .
W ( eij) WZ( eij) . | (4.12b)
Putting
W, =W W, : | 4.13
2 T Ty 419
we now minimise the quadratic functional
_ n _— n.,.n '
U2 f W2(€ij) av f us Ti ds (4.14)
v S A
T
subject to equation (4.2c) and the condition that u? = 0 on Su . Let the
solution be denoted by the fields (z)u? . (2)e25 Given these fields, we can
define
v o PPy av - | Pt es (4.15a)
2 2 ij i1
v S
T
and
%
y* (2 =J w2ty av - J uy TV ds . . (4.15b)
ij i
v S
T
From equation (4.12b) we know that
()n (1) n *(1) . '
U2( u; o, 'eij) U . , v ' (4.16a)
*(1) . . . . s e .
where U *77 is given in equation (4.9b). Because we minimise the functional
U2 in order to find fields (z)u? , (2)525 , we also know that
(2) (Lyn (W, '
U2 =< U2( u; eij) . : (4.16b)
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Further, from equation (4.12a)

o () < U§2> . (4.16¢)

It then follows that

¥ (2 < D (4.17)

and hence the: functional which we seek to minimise (equation (4.3)), decreases

~in the iteration. It can be seen from the strict convexity of the
*

approximating potential functions W2 that the equality sign in equation (4.17)

k *

holds only if the least value of U has been achieved.

The third and subsequent iterations are carried out in the same way as the
* *

second iteration. At each iteration U 1is decreased and hence, since U is a

*
convex function, the algorithm decreases onto the least value of U .

Each iteration in the algorithm involves the minimisation of a quadratic

" functional with equality constraints, and hence is equivalent to the solution

of a linear problem. The deviator constitutive equations for any material

point in the (j+1)-th iteration reduce very simply to

ST, = 26(eR, - P(PD)y for ) < ks (4.18a)
ij ij ij
n _ k n _ _p(n-1) (i ‘
sij e<l) (eij eij ) for e > k/2G s (4.18b)
wvhere
e(j) o (;i ((j>et} - ean"l)) ((j)en . ep(n‘l))};i . (&.180)

ij ij ij ij
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A'comparison of equations (4.18) and (3.43) clearly shows the basis of the

algorithm. The parameter

(3 k ,
A e ‘ (4.19)
2G (I

is set to unity for the first iteration and the iteration process continues
until the improvement in the solution becomes less than some predetermined
tolerance. Once this convergence criterion is satisfied, the plastic strain

increments

p(n-1)

ij )] ‘ (4.20)

n
Ae,

L, N
1] = (1 - A)(eij - e

are computed in readiness for the next load increment,

The convergence proof does not depend on the load step size, and is not
affected by the direction of the locad increment in the load space. In terms
of the incremental elastic-plastic solution techniques presented in Chapter 3,

the procedure described above is as follows : at the beginning of step n we

-1
know the wvalue of the plastic strain from the previous increment e?én b

p(n-1)
ij

treated as an imposed strain, and we

Qur aim is to determine Aeij and u? and we do this by replacing»én by e

p(“"l) ig

in equation (3.12a). The term eij

solve for equation (3.12a) which is rewritten as

Ku =P - L»ep<n_1) (4.21a)
- nn n.n - - .
= P . Pl s
~n o

where e is the deviator strain tensor in vector notation.
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Equilibrium will be satisfied, but the yield condition of equation (3.12b) may

be violated., We substitute into this equation as follows

LT +m ™D [—‘3&] (4.21b)

- BAEP

Ae

thus obtaining the parameter A(j) described in equation (4.19). We multiply
the shear modulus G by the value of A(j) obtained at each iteration point, and
hence recompute K , L and H in readiness for the next iteration. This
iterative procedure continues until equation "(4.21b) is satisfied. Note that
the stiffness K, evaluated for the "total" secant method in Chapter 3 is the

. same as K in equation (4.21a).

4.5 EXTENSION TO LINFAR ISOTROPIC AND KINEMATIC HARDENING

Up to now we have considered only an elastic, perfectly plastic
material. The extension to isotropic and kinematic hardening materials for
the case of a von Mises yield condition is straightforwar&. Without going
into detail we will present the equivalent of equations (3.43) for the case of
a linear isotropic and a linear kinematic hardening material. The tangent

shear modulus is denoted by GT during simple plastic shearing.

4.5.1 Linear isotropic hardening
The yield condition is given by
2

- . = P P -
&b 3s sij sij k , k= ki{k eij eij) . (4.22)

In strain space the vield surface at the beginning of an increment is shown in

Fig. 4.4 . The minimum work path from e?&l to el

43 is again sequential : the

. first part is purely elastic, the second part is in a direction normal to the
yvield surface. The second part in this case involves both elastic and plastic

strain.
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Figure 4.4 : Strain path for linear isotropic hardening.

, kn-l (kn-l + ak)
The radius of the yield surface changes from g T T
Plotting both yield surfaces with their centres at e?én"l) , Wwe can see from

- the diagram that the stress can be computed elastically from the strain point

at A , while the change in plastic strain is represented by AB .

Conventional arguments show that

G k A

Ak T * n-1 (

e (e - Te ) , {(4.23)
where e* is defined by equation (3.42). The stress and plastic strain
increment is either

n - n p{n-1)

Sij 2G(eij eij )

2P, =0

3]
Ak =0
k
* n-1
kn = kn-l for e = G , (4.24a)
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or
(k 4 *+ &k)
s?. - 2 1 T . 2G(e?. - e?gn-l))
J 2 e ‘ ] 1]
(k + Ak)
Aeg. = ] - _ll_i_,k_n_ . (el}. - e?gn'l))
] 26" e L] 1]
k
* n-1
Ak T ZGT(e - —Ea-)
k =k . + 4k for oF > 21 (4.26b)
T n-1 2G . '

The first two equations of (4.24b) can alternatively be written in terms of
the shear moduli :

G, k ¢.1) :
2 = {;2 + -l {l - EI]} 26 (e, - e?gn'1>)

¥ b 4
1] G 2G e

(4.25)

k G i
Ae?. = 4] - n-l* 1 - az (e?. - eign-l))
J 26 e J ]

It can readily be seen that these equations reduce to equation (3.43) when

G, = 0 . The deviator stresses can also be written in terms of the deviator

potential as

*
R L - (4.26a)
£ R

ij

where

W - ol - P Dy n | p(ael)y for oF kn-1

17 7 %13 1j 7 ©ij =736 ¢ B

{(4.26b)
G 2 G k

* T * *2 k T * n-1
W=‘2k[l-‘é’*]e +2GTe ~§6[1-6—} Vfore >-"2-€'.

{4.26c)
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For implementing the algorithm we simply set

. k
f) o o1 T{l k ] , (4.27)

("

26G e(j) ¢ 2G e<j)
and equation (4.20) is replaced by

G ' .
P I n _ pn-1)
aeij (1 + G A)(eij eij ) . - (4.28)

4.5.2 Linear Kinpematic Hardening

For 1linear kinematic hardening, the radius of the yield surface

‘ . . .. . -1 .
remains fixed, but the centre does not coincide with eggn ) . We define the

. o . . . . .
strain e.. which defines the centre of the yield surface in strain space. It

. . . o et
is also convenient to introduce a stress sij’ given by

o .
= 2G es . (4.29)

From Fig. 4.5a we see that

¢

555 (n-1), (4.30)

=a 2G(e?. - eP
i ij

J

and hence it follows that

o G p(n-1)
e, = m—— gl , N
ij G - GT ij
2G G :
2, = —L Py | (4.31)

ij 76 - G %ij
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Figure 4.5 : Strain path for linear kinematic hardening.

The incremental work path is illustrated by Fig. 4.5b.

At first the path is

elastic; it is then normal to the yield surface, moving out along a line which

o{n-1)

is radial from eij We can see that

Rt | gaen L o0,
ij ij ij ij

£ *k k
or .e = 5G

2. =0
1]
and
n _ o(n-1) k - n  _o(n-1)
Sij Sij + EEN;;; ZG(eij eij )]
o] k n o{n-1) *% k
Ae,, = |l - ————l(e . - e, for e > o
ij [ 26 e**}( ij ij ) 26G
where

ek n _ o(n-1),, . n  o(n-1), %
e {* <eij eij )(eij eij ¥

(4.32a)

?

(4.32b)

(4.33)

The relationship between equations (4.32) and (4.33), and equations (3.42) and

(3.43) can clearly be seen.

GT =0 .

Equations {(4.32) reduce to equations (3.43) if
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A more convenient form of equations (4.32) may be achieved by using equations

(4.31) to eliminate e§§n_l) and sz§n*l) . Here we obtain
s, = 2G(e?. e?(n-l))
3] 1] 1}
P . ’ sk B'_..
Aeij 0 for e = T , {4.34a)
and
n k n G p(n-1) 26 GT p{n-1)
Sij T oo (%1 T T o6 % | YE e tij
J 2G e T T
Ae?. = |1 - ——~E;; eg. - 5—?—5— e?gn'l)
J 26 e N
*%  k
for e > bTe ) (&4.34b)
Here we put
e
2 - : -
SR DI e e i | D e el
T T
(4.35)
In implementing these relationships, we see that A(J) can be defined in the
ok %
same way as in the perfectly plastic case with e replacing e . When
ok ‘
e > %5 however, we must add a further term to the load vector to accommodate
2G G '
the "initial stress"®, T epgn-l)
G - GT ij
4.6 CONVERSION TO A NEWTON-RAPHSON METHOD

We have briefly discussed the Newton-Raphson method which uses a
"total” secant predictor and noted that the stiffness matrix is the same as
the stiffness matrix used in the secant approximation method described above.
In the latter case we are able to prove that the algorithm will always
converge if a solution exists. We will now show how these algorithms are

related.
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We start by minimising the potential energy functional of equation (4.3),

written loosely here as

* n ‘
U = J W(e ) dV - J T u  ds (4.36)
v S

in order to obtain the solution fields (1)En , (1)£n . Using the constitutive
and kinematic relations we can compute the corresponding stress field (1)gn,
and internal force wvector (1)§n .
We write

™= Wy B (4.37a)
where r is the residual force vector, and we rewrite

= Moy ae  (4.37b)
and

W = DBy (4.37c)

Substituting these relations into equation (4.36), we obtain

u* = I W((l)e + Ae) dV - J ((1)x + (l)r)T((l)un + Au) dS
v - - S - - - -
T
= f w((l)i + Ae) AV - f gT <1)3n ds - J (l)gT Au dS N
\Y ST ST
- J (l)rT Au dS
S = b

T
(4.38)
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If we write the first term in this expression as a Taylor’s series expansion

about (1)3 , the result is
(e 8% (e)
* (L ~ ~
U = w( €) dv + he P dv + M Ac Ae dav
v v - (l)e v de 8¢ <1)e

© aMiCe)
.+ f 1 m -
A

T
av - J ™ Dy g5 . J (WyT pu as
s

Z —y AE - I u
me=3 de (1)£ T ST
] J' DT puas . (4.39)
ST
.~ We write this expression as
¥ ) * * * :
U =TU_+ U +U_ +T, (4.40)
where
* (1) (1y,n® (1) n
U = J W( €) dv - J T u ds s
&y - S ) -
T
aw(e)
U: = J Ae 3e l av - I (1)§T Au ds .
v -~ (1)€ ST
2.
8°W(e)
U: - j ] AETaE T e av - J (1)£T Au 4as s
v de"de (1)$ ST
and

o7 A¢ ~ dv
m=3 65

* I O | m amW(s)
v

W,
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*

The term Ua is a constant, and it follows from the principle of virtual work

*

= 0.
that Ub
Let us consider the secant approximation in this context. At the beginning of
. ,

the second iteration we are replacing W (eij) (equation (4.1)) with a parabola

w’;(eij) (equation (4.11b)) so that

* (1) * (1)
W eij) Wz( eij)
and
* aw*
gg = ggg . (4.41)
it SREON
ij ij
It follows that
aw (e) awz(g)
- a N
e lwy, % o,
and hence Uz = () for this case as well. With Wg(i) being quadratic in ¢ ;
3™, ()
e form=z 3 ,
m
9
and hence
2
8 W,(e)

* &
U = Ua + J ] &ETAE

dv - J (1)£T Au dS .
S

T
oeae [V, T8y
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o 2 > > * * ® rd ® A
For the minimisation of U , Ua may be neglected since it is a constant. It

can thus readily be shown that the resulting equation for the iteration is

(e
>

i
B

s

(4.42)

where g* is the "total" secant stiffness matrix and %i is the residual
out-of-balance load wvector. The procedure is the same for subsequent
iterations and is identical to the Newton-Raphson method with the "total”
secant predictor as described in Section 3.8.2.1. Since proof exists for the
convergence of the secant algorithm, it follows from the relationship above

that the Newton-Raphson method is also guaranteed to converge.

4.7 NUMERTICAT, EXAMPIES FOR THE VON MISES YIELD CONDITION
In this section our first objective is to illustrate what happens when
the number of subdivisions of the time interval under consideration is wvaried.

Hereafter we proceed to solve a more practical problem.

4.7.1 Single Element Problem

Consider the single 8-noded plane stress element (Fig. 4.6a) subjected
toe the applied displacements Ax and Ay as shown in Fig. 4.6b . The analysis -
is done with 10, 20, and 40 subdivisions of the time domain. In each case 3x3
integration is used, and the results obtained for both stress and strain are

compared to results obtained with ABAQUS (8] in Fig. 4.8(a-f). The strain
histories for the three different numbers of subdivisions are compared in

Fig. 4.7. - ,

The differernce between our results and those obtained with ABAQUS is due to
the difference in integration algorithms ; this phenomenon has been discussed
in some detail by Krieg and Krieg [15]. It can be seen that as the number of
subdivisions increase the solution converges, and in the limiting case the

exact solution would be obtained.
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Figure 4.6 : Single element example.
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Plastic strain histories for 10,20, and 40 increments.
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4&.7.2 Solution of Rachet Rates
In the nuclear industry, the walls of the pressure vessels are
subjected to an extreme cyclic variation in temperature. Problems have been
encountered in the past with the numerical modelling of this feature. We are
coﬁcerned here essentially with the natﬁre of the numerical problem and not
with physical details. For illustration purposes we have considered a single
(plane stress/strain) element problem where tractions are first applied and
then held fixed to simulate the loading applied by the pressure. The thermal
cycling is modelled by applying displacements in a cyclic manner. Details of
the loading caE,be seen in Fig. 4.9a. Three ranges of behaviour depending on
the applied stress and the applied displacment amplitude are possible
(1) elastic behaviour with no plastic strain,
(ii) elastic shakedown where plastic strain occurs, but the element
converges on a steady state where no further plastic strain occurs,
(ii) ratchetting, or plastic shakedown, where the steady state involves

incremental creep in the direction of the applied displacement.

P

Au
2y —
’ Ly
B —a—a— "1t
= -
1.0
SHAKEDOWN
a
|
!
|
Ay !
ELASTIC |
|
’ o {
- (®) mé 0.5 0.6 0.8 i,
b . - e . P/y
E=1.0; v=03: H=0; 0,=1.0: A,=10 c L

Il

Figure 4.9 : Ratchetting example.
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The object of the analysies is to predict the elastic 1limit, the elastic
shakedown 1imit, and the contours of constant rachet rate. This is done by
conducting a series of analyses at different load levels and different cyclic
displacement amplitudes. In each analysis the displacement is imposed or
removed in one step (giving two steps per cycle), and the analysis continued
until a steady state is reached. The contours of constant ratchet rate are

interpolated from these results.

The contours are compared to an analytical sdlution provided by Ponter [16].

Agreement is very good and within the resolution of the diagram.

4.8 SECANT APPROXIMATION FOR THE DRUCKER-PRAGER YTELD CONDITION
In the case of a Drucker-Prager yield surface, the radius of the yield
surface in the stress and strain deviator space depends on the hydrostatic

stress and volumetric strain. The yield condition is defined by

¢ =85 - k + 3aam , , (4.43)

i
L

where s -3 si. is the second invariant of the deviator stress

and o =

By writing the stresses at the end of the load increment explicitly in terms

of total strains, plastic strains from the previous time increment, and the

plastic strain increment, we have

s?. = 2G(e?. - e?gn-l))
1] 1] 1]
n * ' * k - 3a Ke*

oy = 3K e for e = 5 - (4.44a)
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* %
n 1802K e - 3aKKe +k n p{n-1)
5,, = o Gle,, - ef; )
H € + 9%’ K) e Heoon
GKe - 6aKGe +3acKk *_ % - 3a Ke' *
oz - € - o 2“’ 2 for e > -—-—i-é—‘i—-—f— ., (4.44D)
(G + 9« K)
and
st =0
ij
n k * k
O’m W‘é‘; for ¢ - 6a e 53_(,!_1( ’
where
* n p(n-1)
€ (ev €, ) (4.64¢)
We need to construct a function W(eij',egj) so that
*_ * *
Wie,, £y =w(e &) =uS(e™, ™) = 26 &% &y kT2
13 1] ‘
aaw =st. ., ) - (4.45)
e., ij
ij * %
(e ,¢)
and
*
L = an when evgf ==-———-———-—k - 3o Ke
de . % m 2G
(e ,e)
1f we set
*7 *3 *I k 3a K *
W=12Ge “ +1% Ke for e zmlz-,ci—‘— , (4.46a)
1 2 *2 * * * Gk *° K2
W o= ; (182" K Ge - 6a KGe ¢ + 2k Ge + 3a K ke + 5 € - E“)
%
* .
for o » K - 3a Ke (4.46b) —
2G
dwk*;—-k—zf*s*<k 4. 46
an =33 € - R |34 or ¢ =~ ba e = P R {(4.46¢)

where u = G + 9a2 K , we will satisfy the conditions of equation (4.45).
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7 W(eij,egj) is a continuous function, and it can easily be verified that

P e P '
W(le, ’eij) = W (e..,eij) . (4.47)

ij RS

The solution algorithm is the same as the algorithm for the von Mises case.

We want to minimise the functional

e P ) : _
Ul J W (eij’eij) dv J Ti u, ds ) (4.48)
S
T
for the first iteration. Minimisation yields a solution field (1)ui , and
hence (1)Eij , <1)eij , <1)ev . e(l), and e<1) (corresponding value of e*) can

be computed. As in the case of the von Mises yield condition we want to fit a

* * . (1y (L)
parabola Wz(e ,€ ) through the point W(e € ) so that

v
o - 3o (4. 49)
ij (e(l),e<l)) ij (e(l)’e(i))
and ‘
aw
v (e(l)’e(l)) v (e(l),e(l))

A further condition that needs to be satisfied is that

wzce*,e*) > We',e) for all (e ,e) . (4.51) -
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A function which satisfies the above condition is as follows :

1 18a2 K e(l) - 3a K e(l) + k n p{n-1) n p(n-1)
W, = - G(e,, -~ e%. Y(e,, - e%.; )]
2" b NGO ij = %13 iy~ %ij
ax ** 1 1 * 1L (D) @ K
4 o g - = 1 {(ba K G e - 3a Kk)e + 3a G Ke e + k Ge - ——)}
2 I 2
(4.52)
The quadratic potential function
* ok
U2 - J Wz(e € ) dv - IS Ti us ds (4.53)
v T -

can thus be defined. Note that if we set a = 0, the function U2 defined in

equation (4.14) is recovered.

Having defined these functions, the proof of convergence follows the same
'argument as for the von Mises case. For the (j+l)-th iteration we will have

the shear modulus multiplier defined by

A0 [lBaz R ) _3a g U)o k] ’ 4. 54a)

2n o)

and an additional bulk modulus multiplier defined by

g3 M% ] : (4.54b)
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4.9 NUMERICAL EXAMPLE FOR THE DRUCKER-PRAGER YIELD CONDITION

The problem used in this example is a strip footing on an infinitely
e%tending layer of overconsolidated clay. The shallow layer of clay is 12ft
deepr and extends infinitely in the horizontal direction, whilé the strip
footing is 10ft wide. The problem is modelled in plane strain, and the
symmetry about the vertical line through the centre of the footing is used.
The finite element mesh is shown in Fig. 4.10, and the Drucker-Prager
constants used are k = 9,22 psi and o = 0.112. The elastic constants are
Young’s modulus E = 30000 psi and Poisson’s ratio v = 0.3. The soil is
assumed to be weightless, and a smooth and flexible footing is simulated by

applying vertical pressure.

Resende et al [17] reported great difficulty in obtaining solutions to this
problem when using a tangent predictor method with a subincrementation process
for reducing the stress point onto the yield surface. The plot of load vs
displacement at the centre of the footing appears in Fig. 4.11 . This plot

was obtained using the secant method.

24,

Figure 4.10 : Strip footing on an infinite layer of overconsolidated clay.
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Figure 4.11 : Load vs displacement at the centre of footing.

The results are almost identical to results obtained with ABAQUS, and the
limit load is between 155 psi and 160 psi which is in agreement with the value

of 158 psi quoted by Mizuno and Chen [18].

The number of iterations for each time increment are tabulated in Table 4.1,
and are compared with.ABAQUS.' The‘convergence checks are not the same for the
two  programs, but are close enoﬁgh to .show that the secant algorithm is
~relatively inefficient. Note that as the load approaches the limit load, the

secant algorithm requires more iterations to converge.
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No.

LOAD DISPLACEMENT of iterations No. of iterations
(psi) at centre (in) SECANT ABAQUS
30 - 0.0963 1 1
40 - 0.1307 8 3
50 - 0.1718 8 3
60 - 0.2160 9 3
70 - 0.2629 12 3
80 - 0.3129 13 3
90 - 0.3651 14 3
100 - 0.4193 15 3
110 - 0.4753 16 3
120 - 0.5337 17 3
130 - 0.5966 19 3
140 - 0.6774 32 3
150 - 0.8175 81 3
155 - 0.9758 153 3
160 © no convergence no convergence

Table 4.1
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4.10  CONCLUSION

The secant algorithm, implemented as described, has several
advantages. In general, it deals easily with complex load paths and with
unloading. In addition, it always converges providing reliable results. The
algorithm can easily be added to a code capable of linear analysis with
imposed inelastic strains. The only changes which need to be made are to the

shear and bulk moduli at each iteration.

One of the major disadvantages of the algorithm is the slow rate of
convergence which is at its worst when a solution is sought for an applied
load approaching the limit load. Since the convergence rate is monotonic a
simple Aitken acceleration method may improve it, but it could possibly affect
the robustness of the algorithm. A simple variation of an Aitken acceleration

method has been tried, but with limited success only.

There appears to be little difficulty in defining potential functions for
different yield surfaces, provideé that the~stfesses at the end of the load
increment can be written explicitiy in terms of strain quantities. It appears
that this algorithm is best suited to obtaining comparison solutions, and is
also very helpful in understanding some of the minimum principles on which the

Newton-Raphson methods are based.
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CHAPTER 5

BACKWARD DIFFERENCE INTEGRATION WITH CONSISTENT TANGENT PREDICTORS

5.1 INTRODUCTION

In the preceding Chapters we have considered the Newton-Raphson and
the secant approximation (essentially mathematical programming) methods for
the solution of incremental elasgic-plastic problems. The relationsﬁip
between these two methods has been established, and it has been shown that
when the secant predictor is used in the Newton-Raphson procedurg (for an
elastic, perfectly plas;ic material with a von Mises yield condition) the two
are identical. We have assumed that the internal wvariables follow a straight
line path in internal wvariable space, In the iterative procedure, the
internal variables are only updated once convergence has been achieved, and
this is essentially a backward difference scheme for the integration of the
- constitutive relations. The notion of consistency between the predictor and
the integration algorithm, adopted in the incremental problem, plays a crucial
role in the rate of convergence of the iterative scheme for the Newton-Raphson

~

methods [19}].

In this Chapter we will present the backward difference algorithm for _a
general yield condition, and then look at three vield surfaces in this general
framework. They are the von Mises, the Drucker-Prager, and the Drucker-Prager
cap with tension cut-off. The relationship between the consistent tangent

predictor and some of the concepts in Chapters 3 and 4 is explored, and then

the predictor for each of the yield conditions above is evaluated.
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5.2 BACKWARD DIFFERENCE INTEGRATION OF THE CONSTITUTIVE RELATIONS
Let us start by assuming that the load path can be divided into m load
steps. At the end of each step the total strain can be written as the sum of

its elastic and plastic components
€., o= es. v el (5.1)

The stress is related to the elastic part of the strain by means of the

elastic stiffness modulus

i} P |
aij Dijkl(sij eij) . (5.2)

The mean hydrostatic stress and volumetric strain respectively are

(5.3)
and

e =e. =2 1P AN | (5.4)

The deviatoric stress and strain tensors were introduced in equations (3.32)

as

1
Sij = aij "3 O Sij ‘ (5.5)
and
1 ,
13 T fi3 T 3 Ckk %15 (5.6) o
where Sij is the Kronecker delta.
We define éij and gij as the rate of stress and strain respectively. The

components of plastiec strain rate éij are given by classical plasticity for

associated flow rule as
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°P a¢ﬂ
gf = An 3o R n=1, ... m (5.7)
1]
for a general multi-surface yield condition. én are the individual yield

surfaces, and An are the non-negative multipliers associated with each

surface.

; . R . k n-1
We consider a generic time increment At , from ¢t to t . We assume that we

1

. D= ' . . cops
have the full solution at t and that holonomic behaviour takes place within

"each load step. We integrate equation (5.7) over the time interval to obtain

a¢
Al = a 1 , (5.8)
ij n do, .
iji n :
g, .
1]
where Aegj is the increment in plastic strain during the n-th load increment
with

and where An are non-negative multipliers.

The strain increment can also be divided into deviatoric and wvolumetric

components, and it can easily be verified that

a¢
Ae?. = A ]
ij 7 6si. n
J Sij
(5.9)
a¢
Aep = A 1 R
v n do a
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where Ae?. = e?? - e?gn-l)
1] 1] 1]

pn _ _p(n-1)

and Aep = €
v v v

As in the previous chapters we define the quantities

* n p(n-1) n p(n-1) 1%

e = [% (eij - eij )(eij - eij )] ) (5.10)

R (5.11)
v v

*
and by assuming elastic behaviour in the n-th step, e 1s related to the
second invariant of the stress tensor by

§n~l)) 2G (en - e?gn-l))]%

s = (% s,, s..)],2 = [% . ZG(e?. S . . .
i ij ij ij ij

J 3]
*
= 2G e \ ' (5.12)

*
The relation between % and ¢ is given in equation (4.44) for elastic

behaviour as

¢ =K ¢ . (5.13)

5.2.1 Von Mises and Drucker-Prager ¥Yield Conditions

We need only consider the Drucker-Prager yield condition since the von
Mises yield condition is eséentially a special case of the Drucker-Prager
yield conditon. The yield surface is identified by

6= [1s.. s, 1%+ 3ag - k=0 S (5.14)

which can be rewritten as
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n n n . k% n
¢ = [k Sij sij] + 3acrm -k=<0 (5.15)
at the end of the n-th step. Where a=0 , the von Mises yield condition is

recovered. The increment in plastic strain follows from equation (5.9) as

n
8.,
Aef_’ = A -—-’:-31-
J 23
{5.16)
&ep = A 3a
v
The stress at the end of the step is written as
st = QG(e?. - e?gn“l) - Ae?.) (5.17a)
1] 1] 1] 1]
P = k(D - PO aRy (5.17b)
m v v v
and substituting from equation (5.16)
n s" n (n-1}
iy = || 26 (e}, - e*}.’_’. ) (5.18a)
J s+ G A J J
o = g(e - PEDy gk | (5.18b)
m v v ,

- Multiplying both sides of equation (5.18a) by * S?j and extracting the square

root yields the value

n *
s = 26e - GA , : (5.19)

and hence

3 .
sP = (2ot A) gp (oD L Py (5.20)
ij ) o ij ~ %ij



82

To complete these equations we need to evaluate A . In order to do this the

following procedure is adopted : we assume the step to be elastic and evaluate

P P T L (5.21)
If ;n < 0 , the linear elastic assumption holds and A = 0 . This results in
% = 26(e", - P77y (5.22a)
ij ij ij _
= k(eD - Dy (5.

If én > 0 , we use equations (5.18b), (5.19) and (5.20) to substitute into

equation (5.15). Solving for A yields

A = —~§3-5§—- & 262 ] LS : . (5.23)
G + 9% K G + %a" K G+ 9% K

Substituting this expression for A into equations (5.20) and (5.18b) yields an

explicit relation for stresses in terms of total strains :

2 * %
- lrke s laKe BE o (5.262)
1] (G + 9aK)e J J
K e - 6Ca K e + 3a Kk
o -G Ke - 6Ga 2e r2e : (5.24b)
m (G + 9a°K)

These relations were used as the starting point for constructing the potential

functions in the previous Chapter.
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5.2.2 Drucker-Prager Cap Model with Tension Cut-off

A full description of this model appears in a recent paper [20]. The

model is made up of three distinct yield surfaces :

(i) Drucker-Prager yield condition,
(ii) a parabolic cap with a nonlinear hardening law,
and (iii) a tension cut-off surface.
We define
¢l =m 5 4+ 3o o, - k s 0 . ’ {(5.25a)
é, = - 3o - ac) + R2 32 < 0 | (5.25b)
2 m m - :
$q -/3cm -T=0 , (5.25¢)
where
R is the parabolic cap shape factor,
T is the tension cut-off limit,
and a; is a hardening parameter which depends on the current plastic

volume strain.

= Ailat, al; <3 a'?
s s ;E{U‘J oty =3 o }

. Cap shape
factor

movable
cap

lC 1
T g am(-ve}

Figure 5.1 : Drucker-Prager cap yield with tension cut-off.



84

The hardening law on the cap is defined by

“p _ P P _ R m
€, € + € W(l e ) , {5.26a)

where 23 is the initial plastic volume strain (degree of compaction) and W is
o

a limiting value for the velumetric strain.

L “

{-ve)

c -
evzu(I-eD°m) !

SRR NI AR SIS S —-

[+
=

4 -
, ¥ 8"( Ve}

Figure 5.2 : Nonlinear hardening law on the cap.

This relation is represented diagrammatically in Fig. 5.2, and can be written

as

C
a

S =3C =2l - (@ 4 By (5.26b)
) o)

The increment in plastic strain can be obtained from equation (5.8) as

3¢ 3¢ dé
P 1 2 3
dess = A 35, Ay 75, * A3 35, (5.27a)
1] n 1] 1]

. 5. . 8. .
1] 1] 1]
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d¢ aé d¢
P 1 2 3
Ae A 3o A2 P + A3 - , (3.27b)
1 o mi n do
o 4 mlo
m m
and by evaluating the derivatives, these relations become
n
: 515 2 n ‘
aeP. = a, =4 p RS ST (5.28a)
ij 1 2 M 2 ij
p 3 e
Aev Al 3 3A2 + 3A3 (5.28b)

We assume that the behaviour in the step is linear elastic and evaluate

$7-26e +32ar -k, (5.29a)
4y = - 3K e - oSy + R%(26 e5y2 (5.29b)
and 83 = 3 K A (5.29¢)

- There are six modes of behaviour possible, and the initial choice of which

mode is active will depend on equations (5.29).

Figure 5.3 : Choice of mode active.
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These modes, shown in Fig. 5.3, are identified as follows :

s

(i) Mode 1 the material behaves elastically ; in this case, ¢§

A
o

;g = 0, and ;g € 0 in equétion (5.29)
(ii)  Mode 2 the cap on the compression side is active. For this m&de
;i"so,;?so,and;g>0
(iii) Mode 3 only the Drucker-Prager yield surface is active and ;? >0,
- ;g <0, and ;? <0
(iv) Mode & the vertex between the Drucker-Prager yield surface and the
cap is active and for this case, ;? >0, %g >0, and ;g = 4
(v) Mode 3 the vertex between the Drucker-Prager and tension cut-off is
active and ;? >0, ;2 =0 , and ;g >0
(vi) Mode 6 the tension‘cut~off is active and here ;? =0 , ;g =0, and

“n
¢3 >0 .

For each of these modes the plastic strain increment is given by equation

(5.28), and the final state of stress by

oo n. _ p(n-1) . p

sij ZG(eij eij Aeij) (5.30a)
o% = R(eD - (PO APy (5.30b)
m v v v

These equations can be written as

*
2e - A
1 -
D= — S 26(e]; - P, (5.31a)
I 2e7(1 + 26 R 8y J
0% = k(™ - Py gon w3k AL - 3K A . (5.31b)
m v v 1 2 3 ! ’
and the wvalues of Al’ A2 , and A3 will depend on which mode is active. Ve

briefly deal with these individually.
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5.2.2.1 Mode 1 active For this case the material behaves elastically and
Al = A2 = A3 = ., The stresses are
s, = 26¢e?, - P71y (5.32a)
1] 1] 1]
n n p(n-1)
% K(eV € ) , (5.32b)

and all plastic strain increments are zero.

5.2.2.2 Mode 2 active Plastic strains take place starting from the cap.
At the end of the step ¢; = J (equations (5.25)). Since ¢? <0 , A1 = {) and
since ¢§ =0 , A3 = 0 . It is therefore follows that

S 26 (o - P, (5.33a)

Joa+22r )y M J ,

n n _ p(n-1)

o, = K(eV € Yy + 3K A2 (5.33b)
We set ¢; = 0 to evaluate A2 , and hence we have

$h = - (D - es(n'l)) - 9K A, + % (in (1 - %(25 - 38)0)

2GT R R p(n-1)

e
2 )

p(n-1),
2 ( ij ij ) =0
(L + 2GR A,

ij

n
)(eij - @

(5.33¢)

Since we cannot determine A2 explicitly, we have to use some numerical.

In

this instance a Newton-Raphson method does not work effectively since the

following limitation exists :
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1.-p
1- 2P -3y 20 : (5.34)

We therefore make use of a bisection method, and while it may not be very

-efficient, it is robust.

5.2.2.3 Mode 3 active For this case, only the Drucker-Prager surface is
active, and the explicit relations for stresses are determined in the same way
as in Section 5.2.1. Since ¢, = 0 and ¢y = 0 it follows that A, = Ay = 0 ,

and hence the result

2 % *
omiirle s e R 2 Kgn P (5.35a)
J (G + 9a“K)e J J
GKe - 6GaKe + 3aKk
ag - £ - oa 23 - . (5.35b)
(G + 9"K) :
5.2.2.4 Mode 4 .active ¢3 % 0 and hence A3 = 0 , but both the

Drucker-Prager yield surface and cap on the compression side are active. The

_stresses are

F 3
2¢ - A
st = 12 26(e?, - P(m-1)y (5.36a)
AL) ij ij
2

L 2e*1 + 26 R

o = k(D - 2Dy agan w3kA, (5.36b)
m v v 1 2
and the non-negative multipliérs can be determined from
*
2e - A

* *

7 - — L 26" +3aK & - %K A +9a KA, - k=0

2¢ (1 + 2GR AZ) :

(5.37a)
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60 = - 3(K ¢ + 3KahA, + K A) + =
2 2) * D

1,-p
1 In (1 - #(P - 3a

2 + 3a Al))

* 2

2e - A
2 12 (26e % =0 | (5.37b)

2¢7(1 + 26 R Ay

+ R

From equation (5.37a), Al can be written in terms of A2 and the solution of

the nonlinear equation is achieved in the same way as when mode 2 is active.

5.2.2.5 Mode 5 active This mode is active when ¢§ > 0 and ¢§ >0 . ¢; <0

and hence A, = (

2
Ze* A
s = ——— 1 ggcel, - PEmD)y (5.38a)
ij 5 oF i ij
o = k(™ - PO Dy apon 4 3k A (5.38b)
m v v 1 3 ’ ’
where,A1 and Ay can be determined explicitly from
A = Loace® - x4 aD) (5.38¢)
G .
Ay = % ((G + 9a’K) (3Ke® - T) - a(2Ge” + 3aKe® - k)) . (5.38d)

} .
5.2.2.6 Mode 6 active Plastic strains take place starting from the tension

~cut-off surface. In this case ¢? =0, ¢§ = 0 , and ¢§ > 0 . Since Al =0

and A2 = (0 the stresses can be written explicitly as

s = 26(el, - P(M1)y (5.39a)
ij ij ij

n
o =T/3 . (5.39b)
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Once the stresses have been evaluated, we substitute these values back into
equation (5.25) to affirm that we have indeed assumed the correct mode to be
active. If we have not chosen the correct mode, we base our next choice on
the re-evaluated state until we have the correct mode and hence the correct

state of stress.

5.3 A CONSISTENT TANGENT PREDICTOR

We define the tangent predictor which is consistent with the backward

difference integration scheme as

do. .
ep _ _1]
Dijkl der g (5.40)

where the relationship between stress and strain is defined in the previous

section.

/]

5.3.1 The Drucker-Prager (von Mises) vield condition

For this vyield condition we are minimising the potential energy

functional (Section 4.7)

*
U = J W(eij) dav - J Ti u, ds s (5.41)
\Y S
where
, k - 3a o
W == 2Ge*2 + % Kexz for e* = —-——§~——E s
. G
1 2 %2 % % %*
W= 5 (18a” K Ge - 3a K Ge ¢ + 2k Ge
G + %k
2 2 k- 3ao0
* GK * k * m
+ 3a K ke + 5 € -5 ) for e > 5G s
d W= K F - Ly k2 for ¢ - 6a e* < L
an “3a ¢ T 2K[3a " 3eK
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Let us assume that we have a solution field (J)ui and hence (j)eij , (j)eij
etc. at the end of the j-th iteration. Following the same argument as in
Section 4.5, we can write
U* U* + U* + U* + U* 5.42
T Ta b c d (5.42)
where
vF - f w(@e ) av f 7, Dy, a5
a ij i
v ST
W(e..) .
v - J A = av - J g, au, a8 |
b ij ael (i) i i
v J J €., S
ij T
2
* 4 W(ei.) G3)
U = Y Ae,, Ac dav - r, Au, dS ,
c i kl de,, 8¢ . i
137 k(D)
\Y €., S
ij T
" @ 8mW(£i.)
and U, = f S = e 629 72 ge av
yo=3m Y Py o Tl
1]

*
Minimisation of U is thus equivalent to the minimisation of

R P U
“ Yt ta ’
since Ua is a constant, and by the principle of wvirtual work Ub = 0 . If we

%
disregard terms with m = 3 , we are essentially minimising Uc

2
a W(ei.)
k1l de..d¢
1]

% *
U =U = j % Ae,. Ac
c ij

v

av - j Dy pu. ds
() ot
ij St

kl

(5.43)
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From the definition of W(eij), we know that
3w
3e. .~ aij s (5.44)
1]
and hence
* 301. G)
U =] % Ae., Ae, ., — av - r. Au, dS . (5.45)
ij kl de¢ . i i
v k1 (J)e S
ij T
aai.
In equation (5.45) it is evident that 5;—1 is the consistent predictor
k1| (§), |
ij

which is defined in equation (5.40).

In Section 3.8.3 we discussed various predictors for the von Mises yield

condition. Among them was a consistent predictor defined in equation .(3.67) as

Evaluation of this predictor reveals that it is identical to the consistent

predictor defined in equation (5.40).

5.3.2 The Drucker-Prager vield surface with a garabolic cap and Tension

Cut-off ‘ —

This multi-surface yield condition is the only one that we will
consider, since it encompasses both the von Mises and Drucker-Prager yield
conditions. We introduce certain values whichywill facilitate the calculation

of the tangent operator.
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We will consider only plane and axisymmetric problems, and write the stress

and strain tensors in vector form as

T
= (Ull) 0221 0121 033) (5.463)

tQ

T
12 €33)

€

Ion

~ (e (5.46b)

11’ "22°

Similarly, we will write the deviator and hydrostatic stresses, and the

deviator and volumetric strains in vector form

(5.47a)

tn

(s117 Spp» 8190 S330 9p)

(5.47b)

o

e

(611 €9pr 190 €33 €)

Constraints imposed on the deviator stresses and strains are :

s11 + 522 + s33 = () and ell + e22 + e33 = 0

Simple transformations which relate the total stress and strain vectors to
their deviatoric and hydrostatic/volumetric counterparts, and which satisfy

the above constraints are defined by ;

g = [Ts} s , 7 (5.48)
P ,/_..r» -

@
where [TSJ = 1 0 0 0 1
0 1 0 0 1
0 0 1 0 0
0 0 o 1 1 ,




where {TeJ = % : 2 -1 0 '1‘
-1 2 0 -1
0 0 1 0
-1 -1 0 2
3 3 0 3

We will rewrite equation (5.40) as

do,, 38s de
ep 13 Pq rs

ijk1 = 85,0 %rs %64

FER

and all that is necessary now is to evaluate

Let us define

- n __p{(n-1)
frg 7 o1y T oy

and hence
* E..
de 1]
de, *

94

(5.49)
{5.50)
ds
3e
(5.51a)
(5.51b)
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5.3.2.1 Mode 1 active The stresses are

s?. = 2G(e?, - e?

(n-1)
ij ij j )

J

o - K(en ) Ep(n-l) '
m v v

and 2l 20 5158 : : (5.52a)

where

§.. =1 for i=3 (5.52b)

In matrix form

da - -
-— = 2G 0 0 6 0
de
2G 0 0 0
2G 0 0
sym 2G 0
K

5.3.2.2 Mode 2 active The stresses are

21
st = 26 > (e?. - ep(n l")

Hooareriay M 1]

o8 = k(™ - POy ap g
m v v

2 7
where
n_ n p(n-1) ) 1 ) 1l -p )
¢2 3K(ev € ) 9K A2 + 5 In (1 w(ev 3A2))
2 2 ’
+ 26 R (e, . P Dy n D)y g
2 )2 ij ij ij ij

(1 + 2GR A2
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. n . . . s . . .
Since ¢2 includes a nonlinear hardening term, it is not possible to write A2

explicitly in terms of the other variables. We will therefore adopt the

following approach: at the end of the i-th iteration we have the solution

fields en(l), e?gl)
v ij

but which satisfy the equation

, and Aél), which do not necessarily satisfy equilibrium,

by (e n(l) en(i),Aéi)) -0 . (5.53a)

Py
We seek a solution at the (i+l)-th iteration such that

¢g(en(i+l), n(i+1),A(i+l)) -0

. s 5.53b

ij v ( )
Assuming that the difference between solutions of consecutive iterations is
sufficiently small, it becomes possible to rewrite equation (5.353b) as a
Taylor's series expansion about the solution at the i-th iteration. It
follows that

n n(1+1) En(i+l)’A§i+l)) n, n(i) en(i),Aéi))

¢ (e = ¢2(e - 3K aev - 9K 8A

J ¥ ij » 2
p 2
2 $ , 2G 2GR n
* 13 2 ) 13 klaekl i 9 )2 Sij 8A2
(1 + 2G R A2 (].+2GR»A2
3 1 .
+ @ T p aA2 + higher order terms
1 - —(e - An)
v 2
(5.53¢)

If we neglect the higher order terms, we are essentially linearising the
hardening law at the beginning of the iteration. This leads to a predictor
which is not consistent with the corrector algorithm, and thus results in a
loss of the quadratic convergence rate. Inclusion of the higher order terms
however, will require special numerical treatment which is noﬁ dealt with in

this thesis.
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Equation (5.53¢) can now be rewritten as

3 f , 1
-3K 3ev -« 9K 3A2 + o T l('P o 3A2
W v 2 .
2
+ % §%, 26 §..6 .de . - 2GR P oan| =0
ij 9 ) ij k17 k1 2 )2 ij 2
(1 + 2G R A2 (1 + 2G R A2
{5.54a)
It follows from the stresses that the increments are
2G : 2GR2 n
Bsij = ; 51j6k1 aekl - y sij 3A2
(1 + 2GR A2) (1 + 2G R Az)
{5.54b)
and -
aam o K.acv + 3K 8A2 (5.54¢)

We write 6A2 in terms of 6ek1

~this expression into equations (5.54b) and (5.54c). The result is

and aev in equation (5.54a), and then substitute

935 = . 5151 k1
(L + 2GR A2
2 n
2 R™ 2G s
- 2GR szj 2%5 de + k; se, ;| (5.55a)
(1 + 26 B2 A C(1 + 26R" A,)
and
- 3K RZ 26 -
do_ = K de + K |7z de_+ 5 de, . , (5.55b)
C(L + 2GR A,) J
2GR4 s?. s?. 3 1
where C = 19K + 8 1.2
2 DV 1y - LGP L o3a
1 + 2G R® A W'y 2



It follows that

where M

where

and

8si. Ré M&
FoL =M 88y -~ Ey E
k1l 3 )

sy _ 3K R? M2 £
de C ij
v
do,  ag r% M2
de,. .~ C i3
k1
aom ) [ ) 255}
de C ?
v
_ 26
)
{1 + 2GR Az)
8§ -
de T | ¥R SE11F2)
SEjoB1p  HSEpEy,
SE19E11 SE19E99
SEy3Eqq SEq3Es
YE YE,,
Q=H
S=‘R4M§
¢
o _ 3k M%R?
G
Yﬂ
2]
9K
Z = [K - *E—J

In matrix form this is

5811812

SEjoE1o

Q+SEle12

SEy3E,

YE12

98

{5.56a)

(5.56b)

(5.56¢)

(5.56d)

SE11E34 PE 4

SEjpEa PE,,

SE19E34 PE19

Q+SE33E33 PE33
YE33 VA

(5.57)
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5.3.2.3 Mode 3 active The stresses at the end of the step are

182K e - 3a K ¢ + k 1
S 18 e - 3aKe + G(e?. ; ep(n- ))\

1] (G + 9a2K)e" Y

% %
an - GKe¢ - 6GaKe + 3a Kk
(G + 9a2K)

m

It can easily be verified that

ds 2 % % k3

i3 - (18K e - 3aKe + k)G 5§ + (3 K e - k)G E E
.. o
der1 © + 9a’K)e” 137kl 96 4 9a%kye™ MK
(5.58a)

9545 3a KG

5~il - a % By (5.58b)
€ (G + 9a“K)e I

do

. m__ 3a §G + By (5.58¢)
K1 (G + 92°K)e

do

= - - cK = (5.584d)
‘v G + %K

and the matrix of equation (5.57) is recovered with

2 * *
18 e - 3czKe + k
(G + 9a"K)e

Q

*
_(BaKe - k)G

206 + 9a’K)e™>

3a KG
P = - %
(G + %9aK)e
Y =P
G + 92K
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5.3.2.4 Mode 4 active The stresses at the end of the step are

3 .

2e (1 - A

sni. - o % 2G(e2. - eggn-l))
J o 92e7(1L + 2GR A,) J J

n o n _ p(n-1),
% K(ev € )v 3erA1 + 3K A2 ,

where
A
1
a--t)
n 2e * *
47 =0 = : 26e™ + 3a(K ¢ - 3a K Ay + 3K A) - k
(1 - 26 B )
(5.59a)
A 2
, 1 - -2
4 =0=-3(Ke -3aRA +3KA+ R2 282 e
(1 - 26 B A
(5.59b)

1 1.-p
+ 3 In (1 - W(ev + 3a A1 - AZ))
Following the same argument used in the case of mode 2 when it is active, we
write ¢? and ¢; as Taylor’s series expansiohs about the solution field at the

end of the previous iteration. Once again, by neglecting second and higher

order terms, it follows that

3¢1 = 0 = b11 aekl + b12 aev - a11 aAl - ag, 6A2 (5.60) -
8¢2 wm () = b21 aekl + b22 Bev - a21 ?Al - a22 3A2 s (5.61)
where
M
b,, = — E
i1 Ze* ij
b12 = 3g K
a = 9a2 K+ u

11 2
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A

a = - 9a K + Mz Rz(l - -—-]-'---)ae*2
12 *
2e
A
2 .2 1
b21 = R" M"(1 - *)(Eij)
2e
b22 = - 3K
a,, = a,, + 3a 1
21 “12 " DwW 1-p
1 - W(Ev + 3e Al - 3A2)
A
*
a,, = %+ ’ACQ - 2n? ML 2 ——
2e 1 - ﬁ(ev + 3a Al - 3A2)
and M= 26 5
(1 + 2GR Az)
From the stresses we note that
M 2 2 A
asij = M 6135k1 aekl - ;;; Eij 3A1 - M7 R°(1 - ;;;)Eij 3A2
(5.62a)
aam =K aev - 3a K 6Al + 3K 3A2 (5.62b)
From equations (5.60) and (5.61) we evaluate
a b, - a b
dA, = 22_ % 12 2 “ (5.63a)

211 292 T 312 %21

a b, - a b
an, = — 2 21 1 (5.63b)

811 822 T 212 291

where

By = by depy * by, de

and then substitute these wvalues into equation (5.62).

The matrix in equation (5.57) can be evaluated in the same way as before, and

it is easily verified that
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*

{[§—~ + aMszl} {9 KM + 9a K M2R2L
2e

Y =0
2
9 K 2
Z =K - 3 (a a22 + a(a12 + a21) + 411)
“with
d = a)18y9 © 31539
and
A .
1
L=’=(1--—;) .
2e

5.3.2.5 Mode S5 active The stresses in this case are written explicity as

8, . — es " .
i] 2 & ij i3

n _ n p(n-1) )
I K(ev €, ) 3 K A1 + 3K A3

*
(2Ge - k + aT)

&
H
ot
ju o
=
i
DI

1 2 * * *
Ay =Z ((G+%K)(BKe -T) -a(2Ge +3aKe -k)
and hence
985 (k - aT) (k - aT)
= §..6,, - “ememed o E (5.64a)
aekl e* ij k1l 26*3 ij "kl



3si. i
de =0
do

=
5ek1
do
FPalial

The matrix in equation (5.57) follows with

k - o
Q= 5=
e

S =-Q2e?

P=20
Y =20

and Z =0

5.3.2.5 Mode 6 active The stresses are

st = 2@(6?. - eggn-l))
1] 13 1]
n
o = T/3 ,
and hence
ds. .

2l 265,58
aekl ij k1
851.
de =0

v
do
de =0

103

(5.64b)

(5.64c)

(5.64d)

(5.65a)

{5.65b)

(5.65¢)
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do

m
-0 . (5.65d)
v

The constants for the matrix in equation (5.57) are

Q = 2G

and Z =0

- Note that when yielding occurs on the cap, the nonlinear hardening law is
linearised. This linearisation essentially takes place at the beginning of
the iteration, and the resulting predictor is therefore not truly consistent

with the backward difference corrector algorithm.

5.3.2.7 Drucker-Prager wvield condition The stresses are the same when

mode 3 is active for the cap model. The constants for the matrix in equation

(5.57) are the same as those described in Section (5.3.3.3), namely

2K e* - 3a K e* + kNG

- 18c
(G + 9a’K)e”

*
(e K e - kG
2(G + 9a°Kye >

3a KG
G + 9a°K)e”

P o -

Y =P

and Z = ___§§_§_
G + %9a K
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5.3.3.8 Von Mises Yield Condition (Elastic, Perféctly Plastic) Since
this yield condition is effectively the Drucker-Prager vield condition with

a = 0 , the constants are simply

k
Q="
e
k
S = -
2e*3
P=20
Y =0
-and Z =K

5.4 PLANE STRESS CONSIDERATIONS

We have presented the backward difference corrector in generalised
three dimensional strain space. We have formulated the consistent tangent

predictor by making the assumption that the out of plane shear terms
E,,~E,, =E,=E_. =0 (5.66)

Using plane strain or axisymmetric considerétions, the components of the
matrix in equation (5.57) can easily be obtained. The predictor described can
thus be applied without modification to the iterative process. In the case of
plane stress however, the terms may not be easily obtained for certain yield
criteria, and the predictor will then have to be modified to impose the zero

condition for the out of plane stress.

5.4.1 Backward Difference Corrector for the wvon Mises vield condition

The stress at the end of the n-th step for an elastic perfectly

plastic yield condition is given by
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n k n pi{n-1)

§,, = 2G (e,, - et 5.67
H [2G e*]. REC TR .67
n

o = K €, . (5.67b)

We enter the corrector phase without having a predicted value for the out of

: e n n-1
plane strain value €49 = €33 ° e§§ ) , and hence the parameter % cannot
2G e
be determined exactly. We make use of the plane stress constraint that
Onqq = 0 and employ an iterative scheme to evaluate This is described

2G e

below, and for the first iteration it is assumed that the material point is

elastic. We evaluate

e 1 e
€q3 = - E; (e11 + 522) . (5.68)
with o =43P csr | _ (5.69a)
c, =238 cex (5.69b)
where A(i) = k % R (A(l) = ] since it is assumed to be elastic)
2G e ‘
in order to obtain an estimate (1)533 , which then enables us to evaluate
(l)e*. The parameter
/
(2) k
A Y s—————————
2G e*(l)

. . . : i
can be computed in readiness for the second iteration. A( ) decreases

monotonically, and we use the Aitken acceleration technique to speed up the

. . i . s *
convergence by taking three consecutive values of A( ) and predicting A ,

where
* (1) (A(i) ) A(i+1))2

A=A - - : : : (5.70)
(A(l) } 2A(1+1) + A(1+2))
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The difference between two consecutive values of A(l) is wused as a check on

‘convergence. A series of Aitken accelerations can be performed, but

generally, one or two should be sufficient for most cases.

5.4.2 Predictors for Plane stress
The elastic-plastic predictor is determined as in Section 5.3.3.8. In

matrix form we have

r - ep ep ep 7 5
11 'Dyy D O Dy, €11
_ ep ep ep
999 Dap Dy O Dy, €92
< > Y < >
o1, 0 o SP 0 e, (5.71)
ep  ep ep
933 Da1 Paz O Dy | |33

By imposing the condition that 9353 = 0 , we can write

D41£11 + D42£22 + D44€33 = , : (5.72a)

and hence it follows that

1
€nny = = = (D
33 Dys

41611 + D42€22) (5.72b)

We can now rewrite equation (5.71) (leaving out the row and column involving

out of plane stress and strain) as :

r 3 ¢ 3
, [D 3@.1.] [D ?faz] o | .
11 11 " B, 12~ B, 11
D D
41 42
bk = b2 b2 o] ok
22 21 " B, 22 " B, 22
%12 0 0 Dasal |12
Y # \ 4

Note that this matrix is only symmetrical when D,, = D
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5.5 NUMERICAL EXAMPLES

We will consider a number of examples in this section to illustrate
the effectiveness of the backward difference algorithm with a consistent

predictor.

5.5,1 Thin Plate with Two Materials
Details of this problem are given in Section 3.8.4.1 , and the results
-obtained using the consistent predictor are reported there. It is evident

from these results that this method is both efficient and stable for the case

of a von Mises yield condition.

5.5.2 Strip Footing on a Laver of Overconsolidated Clay

The problem under discussion is described in detail in Section 4.8.

At this point we will be considering two material models and the performance
of each.

5.5.2.1 Drucker-Prager material The material parameters are the same as
those used in the previous Chapter. The solutions obtained are also the same,
but what does vary is the number of iterations required to reach convergence
in each increment. For the consistent predictor algorithm implemented in
NOSTRUM [14], four iterations are required per increment, as opposed to the
three iterations per increment required by ABAQUS. The reason for this
difference is that for the first iteration of each increment in NOSTRUM the
material behaviour is assumed to be elastic. The benefit of this feature
wguld become evident in the case where cyclic loading is applied. The results

for this problem are plotted below in Fig. 5.4
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5.5.2.2  Drucker-Prager with Cap  The Drucker-Prager constants are the same
as those described above. The parameters required to define the cap are the
cap shape factor R = 0 (vertical cap), the initial cap position Uik - - 46.53
psi, the limiting volumetric plastic strain W = - 0.003, the "rate" of plastic
compaction D = 0.0087(§%E), and the tension cut-off value T = 82.00 psi. The
convergence rate in this case is not quadratic as it generally is for
consistent predictors. The reason for this is that the hardening law has been
linearised at the beginning of the iteration. In this example the algorithm
" does not reach the limit load because numerijcal problems are encountered at

125 psi. The results obtained for the displacement at the centre of the

footing are shown in Fig. 5.4 below.

P(psi) v

100 -

e + i + w— + wonm « PrUCkEr-Prager

50
Drucker-Prager Cap

0.5 . 1.0 (in} u

Figure 5.4 : Load vs displacement,
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5.6 CONCLUSION

In this Chapter we have formally presented the backward difference
corrector algorithm which is essentially used throughout this thesis. In the
case of the wvon Mises yield condition, the backward difference method is
simply the radial return algorithm. A consistent predictor has been derived
for the backward difference algorithm, and three vyield conditions in
particular, have been discussed. They are the von Mises, Drucker-Prager, and
Drucker-Prager cap yield conditions. The numerical examples which are solved
_reveal that the rate of convergence for this combination of predictor and
corrector is in general quadratic. The cap model however, proves to be an
exception when yielding occurs on the nonlinear hardening cap since the

predictor in this case is not consistent.
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CHAPTER 6

A FINTTE ELFMENT FORMULATION FOR THE CONSOLIDATION OF POROUS MEDIA

6.1 BRIEF LITERATURE REVIEW AND OUTLINE OF FORMULATION

In this survey we discuss the development of consolidation theory in
the finite element context. The three dimensional theory of Biot [21] can be
regarded as the common starting point for all the early finite element

formulations for consolidation.

There are essentially two methods of approach. The first is to consider and
-solve the mechanical and seepage:problems separately. This is the method
adopted by Christian and Boehmer ([22] who used finite elements for the
sclution of the mechanical problem, a finite difference method for the
solution of the seepage problem, and an Euler forward integration scheme to
map the transient response. The second was suggested by Sandhu and Wilson
[23]. They included the continuity of the pore fluid together with the
equilibrium and compatibility for the mechanical probiem in a single
functional. Many researchers essentially use the basic formulation proposed
by Sandhu and Wilson and then make minor adaptions in order to suit individual

needs [24-29]. .

Most researchers assumed the material behaviour to be linear elastic [24-26]
until the beginning of the decade . In recent years the thrust has been to
include both material and geometric nonlinearities [27-29]. The most recent
work in this field has been the development of special purpose elements to

cope with rapidly changing pore pressures at free boundaries [30].
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In this chapter we are coicerned with the development of a formulation for
consolidation which can be easily implemented in a finite element code. The
‘emphasis in particular is on making the formulation compatible with the
Drucker-Prager cap model discussed in the previous chapter since this model
represents the behaviour of a consolidating soil wvery well. The approach is
similar to that of Christian and Boehmer where the mechanical response and
fluid flow are considered separately. At any instant in time, as discussed in
Chapter 2, the mechanical problem is essentially quasi-static with an imposed
volumetric (migration) strain measuring the- amount of pore fluid that has
migrated to or from an element of soil. The pore pressures evaluated in the
mechanical problem are substituted into the seepage equation yielding flow
rates, These equations ére coupled by means of a backward difference

integration scheme to map the transient response.

6.2 FORMULATION OF THE MECHANICAL PROBLEM
For this formulation it is assumed that the soil is saturated and that

the pore fluid is incompressible. We have previously defined the migration

water strain as

(6.1)

¥
<3
2

o]

Since the fluid phase of the soil is capable of transmitting hydrostatic
stresses only, it will be necessary to consider the fluid phase and the soil

skeleton separately. This is achieved by the definition of the effective

stress,

oij = aij + p sij R . (6.2)



113

where aij is the total stress tensor,
§
oij is the effective stress tensor,
6ij is the Kronecker delta,

»

and P is the hydrostatic pressure in the pore fluid.
This definition holds true in incremental terms, and equation (6.2) can be

rewritten as

Bogy = by + 8p 6ij . (6.3)

ﬁThe elastic-plastic constitutive equations of the soil skeleton invelve the
effective stress tensor, and the éontribution of stress from the pore fluid
can be considered to overlay the hydrostatic stress in the soil skeleton. The
effective stress increment can be related to the strain increment by means of

a tangent stiffness modulus,

r” ep . '
Aaij DijklAekl , (6.4)

where Di;il depends on the current state of the material.

Incremental equilibrium and compatibility conditions, in terms of total stress

increments must also be observed:

dho,
™ o+ AFi = ( on V , : (6.5a)
Aaij v, = ATj on part of the boundary ST , ~(6.5b)
1 8Aui dAu,
Aeij = 3 { 8xj + —ggi} , ) (6.5¢c)

Aui - Aﬁi on the remainder of the boundary Su s (6.5d)
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where X, is the position vector,
v, is the outward normal to the surface,
T, is the surface traction,
F. is the body force,
u, is the displacement vector,
u, is the prescribed displacement,

and V is the volume of the body.

It follows from the incompressibility of the pore fluid that the wvolumetric

strain is constrained to be €0t and hence
Au, = Ae {6.6)

for the porous medium. A solution to the incremental problem which satisfies
equations (6.4),(6.5), and (6.6) can be obtained by minimising the augmented

potential energy functional
£
vt - L J Ao, . Ae, . dV + J AT . Au dS + f AF . Au,dV + J C(hu, .- Ae )dV
o] 2 v i i] g I 1 vy + % v i,i w
T

(6.7)

where { is a Lagrange multiplier which, upon evaluation, turns out to be the

increment in pore pressure Ap [1l]. Equation (6.7) can thus be written as

Ap(Aui’i- Acw)dV .

[ T1 o

S
P

AF . Au, dV + f
i

j Aai.Aei.dV +‘J ATiAu.dS e J
vy X4 g - 1 v

v
T
(6.8)
In the finite element formulation, aui, Aew, and Ap are discretised and we

define
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p =1 p , (6.9a)
e, = N1 e, (6.9b)
and u; = (N] u , (6.9¢)

where [N] and {NP] are shape functions over the elements, and p, £ and u are

—

vectors of the nodal values of the respective variables. Since p and £, are

-

associated with the derivatives of displacement u, [Np} is an order lower than

[N].
We can denote the relation between strain and displacements as

€ = [Blu , (6.10)
and € = {B ] uwu , : (6.11)
where the coefficients of the matrices [B] and [BV} derived from {[N] are
dependent on whether we are considering plane strain or axial symmetry [1-3].
With the stress increments related to strain increments by equation (6.4), the

augmented potential energy functional in terms of discrete nodal values can be

written as

v - % J auT[B1T[D®P][B]Au dv + J AT Au dS + I AF AU AV
P v s~ v~ -
T
+ J auT[B_ T[NP ap av - f re (NP1T[NP] ap av (6.12)
v~ v - v v -

in terms of discrete nodal values, where [Dep] is the tangent stiffness matrix

derived from the tangent stiffness modulus which is defined in equation (6.4).
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Minimizing the above equation with vrespect to Au and Ap, we obtain the

o~

following system of equations :

-~ s 7 r -« 4 R
K H Au AP
) L ) L (6.13)
HT 0 Ap Ag
- . . — N -
where
(k%] = |- (B1T(0°P1(B] @v
v
[ T
(H] = | (B 1 (N°] av
Y
AP = | AT dS + I AF aV
‘ST v
ag = | vP1T (P av Ae
-W
P LAY
= [L] Afw .
6.3 FORMUIATION OF THE SEEPAGE PROBLEM

Equilibrium of forces acting on the pore fluid (Darcy’'s law),
continuity, and incompressibility of the fluid phase lead to the governing

differential equation [31],

2
Br
ij ox_ox, Yo (6.14)
where kij is the permeability tensor
and ¥ is the specific weight of the pore fluid.
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This is the classical statement of the seepage problem which has the boundary

conditions
p = p, on part of the boundary Sp ) (6.15a)
and yv.v = ¥ on the remainder of the boundary Sv . (6.15b)
where P is the prescribed pore pressure on the boundary,
v is the velocity of the fluid at the boundary,
and ¥ is the specified fluid flow across the boundary.

A weak statement of this problem is given by

‘ 2
p - :
,[Vq(kij 8xiaxj) av JVQ(Twa) av (6.16)

where ¢q 1is some arbitrary test function which satisfies the boundary

conditions. Applying Green'’s theorem, this equation can be rewritten as

‘ dg ap l l dp_ ¢
{ k.. 18V + g(v,v,)ds + qik, . Y ,dS = f q(y e )dav .
v axi ij axj‘ g i3 S ij axi j gy W

v P
(6.17)

In the finite element formulation we consider the same elements as in the

" mechanical problem, and we approximate p,q, and ;w by

p = [¥P]p

q =8} q , ' : (6.18)
and e = [NP] ¢

W el

By summing over all of the J elements in the domain, equation (6.17) can be

written as
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J .
T aNP. T aNP o T P
S } [ JV ([EET] klj[ax ])dV + JS s [N7] (ki [ax ]V )dS ] E

where Ve is the volume of the element, Se the surface of the element, and SVe
the part of Se which coincides with Sv . Since q is arbitrary, the equation

reduces to

J J 7
Ve -n Y] 0"

where
TR LR
e ax ij‘ax, e ’
uV J
e
o - T
£ =] [NP] v,v.dS
~e Jg JJ &
ve
o T D
aN
(2] = NP1 (kg 5 v as,
HS.S . J J
e v
e
P P
and L] = [N°] [NP] av_
hAY
e
J
It follows from continuity considerations that 2 [Pe]p = 0 at interelement
e=1

boundaries [32] and there is therefore no need to evaluate these =zero
contributions. The matrix . [Pe] is only evaluated if pore pressure is

specified on the element boundary, and thus the global equation follows:

[K'] p + £ = 7 [L] &, “ (6.21)
: J
where [Kw] = } [ [Ke] + [Pe] ] ,
e=]
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and (L] = E [Lelh

6.4 COUPLING THE MECHANTICAL AND SEFPAGE PROBLEMS

It is necessary to Iintroduce a time Integration scheme t¢ couple

equations (6.13) and (6.21) . Using the relation Ag = {L]Aiw we can write
t
n *
Ae = J e dt . (6.22)
iy -~y .
t
n-1

This can be approximated as

be . = At E(n-l+ﬂ) ) 4 (6.23)
where
Sw(n-148) (1-8) fw(n-1) )7 Zw(n) (6.24)
with ¢ and e being the discrete values of ¢ at times t and t
~w{n-1) ~w{n) « —~%F n-1 n
respectively. In order to be compatible with the integration of the

constitutive equations, B is set to be unity aﬁd this choice is defined as the
Euler backward integration scheme [2]. Rewriting equation (6.21) as

1
£w= -
7W

w e eg]

and substituting in equation (6.24), Ag becomes

e

Ag = %E [ [le(P(n*l) + 4ap) + £ } . ‘ (6.2;)

had w

Substituting equation (6.25) into equation (6.13), we obtain the global set of

equations
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oo - s A 4 3
H Au AP
< Y o= g > . (5.263)
At . w !
- —[K"] Ap ) Ag
o ol h - . —
where
ag = 2F k¥ + £ (6.26b
% E(n-l) ~n ’ _ . )
6.5 INCREMENTAT SOTUTION PROCEDURE
The process starts off with an initial water strain field E; which
will normally be zero at £, = 0 . The solution algorithm is then summarised

as follows:

1. Time increment n - 1 = n

1.1 Set i = 0
1.2 Evaluate AP from the applied loads data.

1.3

Iteration loop i =1 + 1

1.3.

1.3

1

.2

If (i = 1 and (n-1) = Q) then

solve equation (6.13) with Ag = [L] 5:.

Evaluate the residual forces and set AP equal to the
out of balance forces.

Go to 1.3

If (i =2 and (n-1) = 0) or (i = 1 and (n-1) = 1) then

. . At W
solve equation (6.26) with Ag = =—[K"]p + £ .-
D A ~n--l n

Evaluate the residual forces and set AP equal to the
out of balance forces.

Check for convergence.

If no, go to 1.3

If yes, go to 1.4
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1.3.3 If (i 23 and (n-1) = 0) or (i 2 2 and (n-1) = 1) then

solve equation (6.26) with Ag = 0,

o

Evalﬁate the residual forces, and set AP equal to the
out of balance forces.
Check for convergence.
If no, go to 1.3
If‘yes, go to 1.4
1.4 If t is the last time value go to 2.

Setn=n+1 , go to 1.

2. Exit the increment loop.
6.6 NUMERICAL IMPLEMENTATION

The formulation presented here has been implemented in NOSTRUM to
solve plane strain and axisymmetric problems. For [N] to be an order higher
than [Np], nine-noded Lagrangian elements are wused to approximate the
displacements, and 4-noded bilinear elements approximate the pore pressure
field for elements containing pore fluid; It is assumed that the soil is
drthotropic with respect to its permeability, and hence we set kij = (0 for

i 7.

For the‘purpose of modelling the response of the soil skeleton, the linear
model or any of the plasticity models described in the previous Chapters are
available. The Drucker-Prager cap model best represents the wvolumetric
behaviour of the consolidating soil [20], and 1its relevance to this

formulation can be appreciated.



122

A simple dynamic time-stepping algorithm which increases the time step length
At during the solution procedure has been included. Each time increment is
set to

At_ = § At (6.27)
n n

-1 s
where § is the time increment multiplier. The choice of“Ato and 4 will

determine the discrete time values of the solution procedure.

6.7 NUMERICAL EXAMPLES

In order to illustrate the effectiveness of the algorithm, a series of
examples is presented. The results are compared with available closed form
solutions, examples drawn from literature, and the numerical results obtained
) using ABAQUS [8].
- 6.7.1 One dimensional consolidation

The simplest case of consolidation is the one dimensional problem in
which the total stress is constant with time, and drainage occurs at the top
of the consolidating stratum of depth H. Under these conditions a closed form
solution, which is used for comparison with the numerical solutions, can be
obtained [33]. This problem can be modelled by using a vertical strip of
plane strain elements which are restrained horizontally. The drainage is
effected by setting the pore pressure to zero at the top of the strip where a
uniform pressure is applied. This pressure P6 is applied instantaneously at
t=0 and kept constant throughout the analysis. The finite element mesh and the
boundary conditions are shown in’ Fig. 6.1(a) . The load and material

parameters used in the linear analysis are as follows:
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P = 47997,
o
E = 287400,

v = (0.4,

and k =k . =1.22 x% 10*4.

11 22

We define the dimensionless time factor

vl
TV1=—H§Xt —
where
E(l-v) kll

c

vl T (1T+v) (1-2v) T,

is the coefficient of consolidation. The numerical subscript refers to the

dimension of the coefficient.

Additional parameters required for the cap model are as follows :

k = 12000,
a =0.11,
R = 0.0,
g © = -30000,
m
W = -0.07,
and b = -3 % 10-5,

Fig. 6.1(b) shows the pore pressure profiles for the analytical and numerical
solutions at discrete time intervals. In Figs. 6.1(c) and 6.1(d) the pore
pressures are plotted against time, and in Fig. 6.1(e) displacements at the

surface and in the centre of the layer are plotted against Tv'
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Figure 6.1(a) : One-dimensional consolidation.
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Figure 6.1(e) : Displacement vs time.

In general, the numerical solutions compare wvery favourably with the
analytical solution. By comparing the results obtained with the cap model to
those quoted by Siriwardane and Desai [27], (where a Cam Clay model was used

for the soil behaviour), we see that our results follow the same trends.

6.7.2 Triaxial sample

The problem of the >radia1 consolidation of a triaxial sample is
modelled using axisymmetric elements. Since no displacement occurs in the
.direction of the axis, we need only consider a thin disc with the top and
bottom restrained. The finite elemeﬁt mesh and corresponding boundary
conditions are shown in Fig. 6.2(a) . We assume linear behaviour for the soil
skeleton, and the numerical results obtained are compared with analytical
solutions quoted by Christian and Boehmer [22] who present a detailed
discussion of the problem. =~ A uniform radial pressure P0 is applied
instantaneously around the circumference of the sample at t = 0 , and the pore

pressure is set to zero for drainage to occur.



127

The load and material parameters used in this example are as follows:
P =1,
o
E =1,
v =0330rv =200,

kKiy = k,, = 1,

11 = koo
¢
Tvl - “X% xt iy
R .
c k
‘ ‘ v . E 11
and T, Rz"t with Co, = samy @) T,

At discrete time intervals for which analytical solutions are available, pore
pressures vs radius of the sample are plotted in Fig. 6.2(b) . The pressure
at the centre of the sample is plotted against time in Fig. 6.2(¢) . In both

cases v = (.33 and the numerical results compare well with the analytical

solution.
| [o] £ 3 % £ 005
1 — R
) 7 . . o]
| T o) (+] (4] T T TERe
¥=0 5 r
E

—{  (drainage)

E_‘ R p=0
[ ) | .
¢

Analytical

A = o o s, Linear —

Figure 6.2(a) : Triaxial sample problem description.
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Fig. 6.2(d) shows the total volumetric stress, the effective volumetric stress
and the pore pressure both near the surface and near the edge of the sample
for v = 0.0 . The results near the centre are identical to those obtained by
Boehmer and Christian. The results near the surface follow the same trend as
those of Boehmer and Christian, but differ numerically as‘they are not at the
same distance from the surface. The phenomenon of redistribution (total
stresses nearly constant with changing effective stress) and the Mandel-Cryer
effect (effective stresses nearly constant with changing total stresses) are
illustrated in this example, and are discussed in some detail in Boehmer and
Christian’s paper.

6.7.3 Mesh size and time incrementation analysis

In this example we illustrate an important issue in consolidation
problems, namely the dependence choice of initiai time step on the mesh size.
For this purpose we consider Terzaghi's one dimensional consolidation and
model it as before. The generic layout of the meshes used is depicted in Fig.

" 6.3{(a) . The element at the free surface has the dimension £

The following load and material parameters are used :

E =1.0 ,
Y = (0.3 .
kll = k22 = 1.0 .
To = 1.34615 ,
P =1.0 , —
o
, C . k
— : _ E(L - v) 11 _
énd I, 5 X t with C_ = Ty (1-20) = 1.0 .
H w
For the case where £ = 1 , the form of solutions at three time steps is

sketched in Fig. 6.3(b). The parameter tc, referred to in the sketches, is

defined by
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1,42
L = — . {(6.28)
c 6Ek22 |
The significance of this parameter is discussed in [34]. Because the

governing equations are parabolic, the initial solution is a local "skin
effect” solution. With the progression of time this "skin effect" reduces as

can be seen in Fig. 6.3(b).

Fig. 6.3(c) shows the time at which the numerical solutions differ by less
than 0.05 Po from the analytical solutions for the first time. These are

plotted for different values of { and are close to the locus of t,

Finally we consider the effect ‘of the time step multiplier ¢ in
equation (6.27). Using an initial time step Ato of 1.0 with § = 1.1 ,
# = 1.5, and § = 2.5 , full consolidation is achieved in réspectively 36, 14,
and 9 steps. The results obtained using the mesh with £ = 1 are compared to
fhe analytical solution in Fig. 6.3(d). It is seen that as ¢ decreases the

solution improves, but more steps are required to reach full consolidation.
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Figure 6.3
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132

6.7.4 Two dimensional analvsis

In this example we consider a footing of width 2B on a soil layer of
thickness 4B. Drainage occurs at both the top and the bottom of the layer.
Plane strain elements are used, and the finite element model is shown in
Fig. 6.4(a). The load on the footing is increased linearly to reach full
value at 25 dayé. The surface displacements at different time intervals are

plotted in Fig. 6.4(b) for both linear and nonlinear solutions.

The material parameters for the linear part of the example are:

E = 622700,
7 = 0,4,
k.. = k.. =1.22 x 107°
11 = kpp = L ’
¢
and T = ~X§ X t
v H2

Additional parameters required for the cap model are:

k = 12000.0
e = 0,11 ,

R = 0.0

0% = -10000.0
m

W = -0.10 ,

p =7x10% |

and T = 70000
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Figure 6.4(a) : 2-D consolidation problem description.

‘!U““"V

L] 1 4 4 i 1 4 L2 1 4 ‘ £

L]

L4 L 4 ! % k) 1 4 l k) L 1 2 ‘ > L) *

lill’llilllhllllhllill

Figure 6.4(b) :

1 8 1 ' -1 % F3 l F 3 3 g l % % & ! -3 # & 1 2 ] & ‘
g i 2 3 4 ] |
x/B

Surface displacement.



134

The results for the elastic case are in exact agreement with the numerical
results obtained with ABAQUS. When comparing the nonlinear case to similar
examples in the literature [27], we see that our solution follows the sanme

trends.

6.8 CONCLUSION

The consolidation formulation described in this chapter provides
results which are consistent with closed form solutions, and with results
obtained By other authoré, as well as results-obtained with ABAQUS. The main
" objective here has been to develop a formulation which would fit into the
framework of the incremental procedures described in the previous chapters,
‘and more specifically, one that would complement the Drucker-Prager cap model.
It has been shown that this can be effected by the defined migration water
strain which couples the mechanical and seepage problems. The water strain is
equivalent to the volumetric strain of the soil. Since the cap parameters
depend on the volumetric strain, this formulation 1s especially suited to the

cap model,
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CHAPTER 7

CONCILUSTON

The formulations of the incremental problem for elastic-plastic materials
presented in this thesis have provided valuable insights into how existing
numerical techniques are linked to the governing variational principles. The
use of imposed inelastic strains in particular has facilitated the formulation
and implementation of both the secant approximation algorithm and the
consolidation algorithm. 1In addition to this, the inelastic strains have been
helpful in undgrsténding the mechanics of the physical problems. A summary

will be presented of the conclusions drawn at the end of Chapters 3 to 6.

The application of mathematical programming techniques to incremental
elastic-plastic analysis has revealed that certain Newton-Raphson methods do
in‘fact have a parallel in mathematical programming. It has been shown that
the Secént approximation algorithm which involves the successive minimisation
6f' guadratic potential functionals can be formulated as a Newton-Raphson
- method. This secant algorithm is guaranteed to converge, but since it is not
very efficient the applicability is limited to comparison solutions. A
Newton-Raphson technique which utilises both a backward difference scheme for
the integration of the plastic constitutive equations as well as a tangent
predictor which is consistent with the corrector algorithm has provided
numerical solutions which exhibit a quadratic rate of convergence. This is
£rué for most of the yield conditions considered, except in the case of the

Drucker-Prager cap model when yielding takes place on the nonlinear hardening

cap.
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In general, the numerical results obtained with the algorithms presented
corﬁpare well with available analytical solutions and with results obta.inedv
with other finite element packages. In a case where a forward difference
scheme is wused for the integration of the constitutive equations, great
difficulty is encountered in obtaining solutions to a particular problem. The
solution to the same problem howeyer, can be easily calculated using the
backward difference approach with either the secant approximation for a
predictor, or the consistent tangent predictor. The convergence rate of the
consistent tangent algorithm is far superior to the other predictor algorithms

considered, and would therefore be recommended for use in commercial packages.
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