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ABSTRACT

In this thesis we study the mathematical structure and numerical
approximation of two boundary-value problems in small strain elasto-
plasticity. The first problem, whichnﬁe call the incremental holonomic
problem, is based on a consistent incremental holonomic constitutive
law, which in turn derives from the notion of extremal paths in stress
and strain space as originally proposed by PONTER & MARTIN (1972); the
second.problem which we study is the classical rate problem. We show
that both problems can be formulated as variational inequalities, with
internal variables being included explicitly in the formulation.
Corresponding minimisation problems follow naturally from standard

results in convex analysis.

Perturbéd minimisation problems are introduced, in which the
original functionals J are replaced by perturbed functionals J_ which
depend on a parameter € > O . In the rate problem £ is a penalty
parameter; here J_. differs from J by a term 8-1j(‘) where j(*) is a
penalty functional which allows the non-negativity constraint on thé
plastic multipliers to be removed. In the incremental holonomic problem
the non-differentiable plastic work function ﬁp(.) is regularised, and
replaced by a differentiable function ﬁg(i) . In both problems the
perturbed functionals form the basis for finite element approximations,
the error in the approximate solutions ndw depending on both mesh size

and on the magnitude of € .



i1

Numerical algorithms are‘proposed, and implemented in two computer
programs. On the basis of preliﬁinary numerical experiments we conélude
that the penalty-rate formulation isv'useful in a 1limited class of
elastic-plastic problems, and that the incremental holonomic formulation

has exceptional potential, without any apparent limitations.
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CHAPTER 1

INTRODUCTION

"Another way of pursuing unification [of the theory of
plasticity] ... 1s to focus on the formal structure of
some basic governing relations and utilise the relevant

mathematics”.

MATER and NAPPI (1984)

The solution of a boundary-value problem in classicél quasi-static
rate-independent plasticity consists in seeking the history of response
of a body (comprising the displacements, strains, and so on) to a given
- history of applied 1oading.- For convenience we regard the history of

loading and the history of response to be parametrised with respect to a

Figure 1.1 Loading history, parametrised with resbect to
t, 0<t< 1, showing the discretisation of
the load path.



parameter t ; for example, t could measure distance along the path, as
shown in Fig. 1.1 for a typical loading history. Without loss of
generality we may assume that the loading and response are zero at the
start of their respective histories. Thus, for a given loading function
E(t) » 0 <t €1, we seek the response of the body, also as a function
of t . The response i1s in general path-dependent, so that different

loading paths which terminate at the point P(t) will give rise to

different responses at t = 71T .

Numerical approximations of the elastic-plastic problem necessarily
involve both a spatial discretisation and a discretisation with respect
to the parameter t . For the spatialtdiscretisation the finite element
method provides a well established procedure which we need not elaborate
on at this point. However, the discretisation with respect to t is
accomplished on a somewhat ad hoc basis, whereby we sample the history
of loading at any n convenient points E(ti) = Ei , 1 €1 € n, as shown
in Fig. 1.1; this procedure is equivalent to a piecewise linearisation
the load path. We may then conceive of the following generic problem :
given the response at t = t; and the loading increment Azi+1
- P, , find the response at t = ty., . We shall refer to this as

~

the incremental elastic-plastic problem; clearly, a sequence of such

problems may be expected to provide some sort of approximation to the

true continuous response.

The parametrisation of the loading and response histories allows us
to define rates of change of these quantities with respect to t . Thus,
it is meaningful to speak of the rate of change of the }loading, or
loading rate, E(ti) = Ei at some point E(ti) on the loading path, where

P(t) = dP(t)/dt .

of



Similarly, we may speak of displacement rates, stress rates, and so
forth. For numerical approximations, where the loading path is
piecewise-linearised, we usually effect a consistent approximation of
the loading rate by choosing Ei to be in the same direction as A£i+1 H

thus we have Azi'l'l = zi Ati+1 , where Ati'l'l =ty ~ ty -

The behaviour of elastic—plastic materials under arbitrary loading
histories is path-dependent and this behaviour is conveniently expressed
in terms of constitutive laws relating rates of change of stress and
strain. We are thus led to the formulation of the following rate
problem : given the complete history of response up to t = tj; and the
loading rates E(ti) , find thé response rates at t = t; . Now, in order
to obtain the response'at t = ty47 it 1is necessary to integrate the
response rates at t = t; and hence update the known response at
t = t;y , a proéedure which 1is generally referred to as “state
determination”. We will refer to the rate problem coupled with a

suitable state determination scheme as the incremental rate problem, and

recognise this as one way of solving the incremental elastic-plastic

problem.

For certain programs of loading, for example, proportional loading,
. elastic—plastic materials exhibit behaviour which may be regarded as
being path~independent. Such material behaviour is called holonomic* s

and it is assumed that the response of such materials may be determined -

This term was first used by FINZI (1955), and later popularised by

Professor Guilio Maier and the Italian School.



without regard to the loading path. These are the assumptions upon

which deformation theories of plasticity are based (see MARTIN (1975a)),

and they have played an 1mportant role in the development of the more

general holonomic problem which we describe next.

An alternative approach to solving the incremental elastic-plastic

problgm is via the following incremental holonomic problem* : glven the
response at t = ty and the loading increment A£1+1 sy and assuming
holonomic material behaviour over the interval At;,; = [tj,ty4;] , find
the response at t = ty;y, . Because of the holonomic assumption the
governing equations for this problem may be written in terms of finite
increments, thus obviating ﬁhe need for a state determination scheme to
obtaln the response at t = ti4l (comgare this with the incremental rate
problem). ‘ Indeed, no restriction 1is placed on the size of the
increments, so that we may immediately define a special case of the
incremental holonomic problem, being that problem for which the chosen
interval is At = [0,t] , and only a single response at t = 1 1s of

interest. We shall refer to this as the holonomic problem or

deformation theory problem.

To provide some perspective on the various problems described above
we offer the following summary. Let the 1nterval [tn’£ﬁ+1] define an
arbitrary increment in the loading and response paths (Fig. 1.2), and
let X(ty) = {displacements, strains, ... at t = t;} characterise the

response of the body at any t; ; similarly, let X(ti) characterise the:

* Also referred to as the stepwise holonomic problem. °



response rates at any ty . The definitions of the various problems are

summarised in Table 1l.1.

TABLE 1.1

PROBLEM DEFINITIONS

Problem Given Find
\
Rate X(ty) , 0¢41<n X(t,)
ﬁ(tn) h Incremental
Rate Problem
State Determination X(t,) ' X(to41)
/
Atpyr = [tastyel
Incremental Holomomic| X(t,) v X(to41)

AEn+l » Aty

Holonomic or X(0) X (1)

Deformation Theory P(T)




Figure 1.2 Loading and response paths showing the arbitrary increment
[tn’tn+1] :

We propose in this thesis to study two elastic-plastic boundary-

value problems. We will assume that the loading is quasi-static and the

material behaviour 1is rate—independent, and based on the classical

theory of plasticity for small deformations (where the influence of

geometry changes on equilibrium equations is negligibdle). The first

problem which we study is the incremental holonomic problem, and the

second is the rate problem. 1In both cases our objectives will be two-

fold : to study in detail the mathematical structures of the problems in

terms of equivalent variational formulations, and to develop and analyse

consistent numerical approximations to the original boundary-value

problems using the Galerkin finite element method.



With the above broadly stated objectives in mind we embark now on a

review of the relevant literature.

THEORETICAL ASPECTS

Closed-form solutions to the elastic-plastic boundary-value problem
are 1in general unobtainable and recourse must therefore be made to
approximate numerical methods, of which those which use the finite
element method are most common. It has long been recognised that tﬁe
elastic-plastic boundary-value problem can be formulated alternativeiy
as a constrained minimisation problem, also commonly known as a minimum
principle, and it is these principles which are used as the basis f;r
numerical approximations. Minimum principles thus play a central role
in the development of numerical approximations and we devote some time
to their discussion here.” Recently, interest has been shown in the
formal study of the mathematical structure of the elastic-plastic
boundary-value problem, particularly within the context of the theory of

variational inequalities, and we discuss these developments as well.

Variational formulations for the Rate Problem

Constrained minimisation problems can be formulated either in terms
of kinematic variables (for example, displacement rates or straiﬁ
rates), or static variables (for example, stress rates); thus, we refer
to a kinematic minimum principle in the former case, and a, static
minimum principle in the latter case. PRAGER (1942, 1946) was the first
to establish both kinematic and static minimum principles and'these were
later generalised into their present form for smooth yield surfaces by

GREENBERG (1949a,b), and for singular yileld surfaces by KOITER (1953).



A brief historical sketch of the subsequent development and discussion
of these principles, known as the classical minimum principles, has been

given by MARTIN (1975a).

An alternative formulation of the static minimum principle was
given by CERADINI (1966); who derived his result directly from the
classical minimum principle. MAIER (1968) recognised that, when cast in
finite dimensional form, Ceradini's principle could be formulated as a
mathematical programming problem; subsequently, he derived an
alternative finite dimensional formulation of the kinematic minimum
principle (MAIER (1969b)) in. the form of a quadratic programming
problem, using the decomposition principle of COLONNETTI (1955). HODGE
(1968) has given dual minimum principles for the rate problem, and has
shown that finite dimensional forms of these minimum principles could 'be

formulated as mathematical programming problems.

By making wuse of a particular property of the constitutive
equations ‘in the form of an inequality concerning an arbitrary division
of the strain rate into elastic and plastic parts, MARTIN (1975a,b)
showed that the result of MAIER (1969b) could be derived directly from
the classical kinematic minimum principle. Martin's principle, known as
the extended kinematic minimum principle, allows the rate problem to be
expressed as a constrained minimisation problem involving velocities

(that is, displacement rates) and plastic multipliers.

Following an initial study of thermodynamically based internal
variable theories of plasticity (MARTIN (1975a,c)), CARTER and MARTIN

(1977) made use of an internal variable description of the constitutive



equations to rederive both the conventional and extended kinematic
minimum principles, and later also the conventional static mninimum
principle (CARTER and MARTIN (1979)). 1In Carter and Martin's internal
variable formulations the internal variables (whose physical meaning
varies from one problem to the next) are included amongst the fields of

variables which are to be determined by the solution.

An alternative minimum principle, also in terms of velocities and
plastic multipliers, but for plecewise linear yield surfaces, has béen
given by HAVNER and PATEL (1976). The value of this work derives not so
much from the principle itself but from the detalled convergence proofs

which they give for their finite element approximétion.

In a recent paper JIANG (1984) has shown how the rate problem may
be formulated as a variational inequality, and has proved existence and
uniqueness of a solution when the yield function is plecewlse-linear and
the hardenigg matrix 1s positive—-definite. Jiang also considers the
problem of regularity and shows that the solution, consisting of the
velocity u and the scalar k-tuple ﬁ of multipliers, 1s smooth enough to
belong to [H2(R)]™ x [HY(Q)]X when the data are in L,(Q) . ANZELLOTTI
(1983) has_given a detailed treatment of a rate boundary-value problem
for elastic-perfectly plastic bodies, and gives existence results for
stress rates, plastic multipliers, and velocities, the last in the

space* BD(Q) of functions of bounded deformation.

* We expand on the space BD(R) a little later in this chapter.
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REDDY, GRIFFIN and MARAIS (1985) have shown the equivalence of the
rate problem to a varlety of variational formulations, and have
discussed penalty-finite element approximations to the problem in some
detail. This paper 1is essentially a summary of part of the work

reported in this thesis.

Variational formulations for the Holonomic Problem

Holonomic, or deformation theory, descriptions of mechanical
behaviour are capable of yielding exact solutions to the elastic-plastic
problem when the stress path follows a radial line in stress space and
no unloading or neutral loading occurs. Such behaviour occurs as the
result of proportional loading, that is, when the load path follows
radial lines in the load space. HENCKY (1924) and later NADAI (1931)
both introduced deformation theories, but the widespread belief that
suéh theories were limited strictly to proportional loading (and éhe
fact that proportional loading was of limited practical significancé)
led to certain amount of hesiFation in their being accepted (see, for
example, HILL (1950), page 47). BUDIANSKY (1959) succeeded "in
dispelling this belief to some extent by showing that, using Nadai's
theory, quite acceptable results could be obtained for loading paths

which deviated considerably from proportional loading.

The first minimum principle for the holonomic problem was that of
HAAR and VON KARMAN (1909) who extended by heuristic argument the
elastic minimum complementary energy principle (see also MARTIN (1975a)
for a discussion of this). Interest in the holonomic problem was
revived with the publication of a series of papers (MAIER (1968),

(1969a,b)) 1in which dual minimum principles were established based on
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quadratic brogramming arguments. These principles were derived for
structures composed of a discrete assemblage of finite elements and a
material which obeys Koiter's hardening rule with a number of pilecewise
linear, independent yleld surfaces. The stress point 1s assumed to
remain on the yield surface, once engaged, indicating that no local
unloading may occur, and thus satisfying the holonomic assumption. DE
DONATO (1968) extended Maler's finite dimensional results to continua
for both the rate and holonomic problems. Further4 dual minimum
principles which proved to be more attractive from the computational
IViewpoint were given by MAIER.(1970), again formulated as finite dimen-

sional quadratic programming problems.

From the concept of extremal paths In stress space, introduced by
MARTIN (1966a,b), and the various complementary work bounding theorems
which followed (PONTER (1968), SOECHTING and LANCE (1969), MARTIN
(1970)), PONTER and MARTIN (1972) were able to establish a consistent
definition of a holonomic material for continua which exhibit hardening
behaviour governed by a smooth yield surface. Dual extremum principles
and bounding theorems are given for the holonomic problem defined using
this material. The bounding theorems indicate that_solutions obtained
using this holonomic theory bear a consistent relationship to those
obtained using the incremental rate theory. Subsequently, MARTIN and
PONTER (1972) showed that the holonomic theorems of Maler, referred .to
above, could be derived from Ponter and ﬁartin's theorems and that
Majer's theorems thus also provided a consistent. formulation of the
finite dimensional holonomic problem within the context of quadratic

programming methods.
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Finite dimensional formulations of the incremental holonomic
problem using quadratic programming techniques appear to have been
derived initially as a direct extension of the corresponding holonomic
formulation (see, for example, COHN and MAIER (1979), Chapter 15).
Recently, however, MAIER and NAPPI (1984) have given dual minimum
principles for the finite dimensional incremental holonomic problem,
again using quadratic programming methods. MARTIN, REDDY, GRIFFIN and
BIRD (1984) have also given a minimum principle for the finite
dimensional problem using an internal variable formulation in terms of

displacements and plastic multipliers.

It 1is clear from the above that the theory of mathematical
programming has played an important role in the developﬁent of minimum
principles for finite dimensional cases of both the rate and holonomic
problems, and it 1is fitting to expand briefly on this role. A

mathematical programming problem (to quote from MAIER and MUNRO (1982))

"consists of the optimisation (say minimisation) of an
objective function over a feasible domain singled out in
the vector space of the variables by the equality or
inequality constraints”. '

Mathematical programming problems may be divided into three major
categories, depending on whether the objective function which 1s to be
minimised is linear, quadratic, or generally nonlinear : thus, we refer
to a 1linear programming problem (provided the constraints are also
linear), a quadratic programming problem (again, provided the
constraints are  linear), and a nonlinear programming problem (the
constraints may be nonlinear). Broadly speaking, the use of a rigid-

plastic constitutive law will give rise to a linear programming problem,
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whereas the use of an elastic-perfectly plastic or elastic-strain
hardening law will give rise to a quadratic programming problem. The
inclusion of second-order geometric effects will generally result in a
nonlinéar Qrogramming problem. It is therefore clear that the elastic-

plastic problems in which we are interested here will all give rise to

quadratic programming problems.

Powerful theoretical tools and numerical algorithms are provided
for dealing wi;h mathematical programming problems, provided that the
problem is cast in finite dimensional (or discrete) form, and the yield
surface is piecewise—linear}sed beforehand. Thus, in the case of the
discrete elastic-plastic problem, for example, one organiseé the yield
condition, compatibility equations and equilibrium equations into the
form of a set of Kuhn-Tucker conditions (these provide the optimality
conditions for the problem), and then, subject to certain convexity
conditions, one may infer the corresponding mathematical programming
problem. Suitable interpretation of the problem in mechanical terms
then allows the inference of an extremum principle. More than this, the
dual extremum principle usually folléws naturally from the duality

theory of mathematical programming.

Mathematical programming also provides a unified framework for the
study of finite dimensional elastic-plastic problems. A simple example
of this is the formal analogy between the qu;dratic programming problems
for the rate and holonomic problems, as demonstrated by MAIER (1969b).
Recently, MAIER and NAPPI (1984) have formulated the finite dimensional

incremental holonomic problem as a pair of dual quadratic programming

problems on some finite interval At of the loading path, and shown that
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under certain specific assumptions a variety of well established
principles may be recovered by suitable interpretation of these
problems. In particular, they show that as At + 0 these quadratic
programming problems become formulations of the minimum prineciples for
the rate pfoblem establighed by CERADINI (1966) and MAIER (1969b) which
we referred to earlier. Their suggestion 1s clearly that a single
unified pair of dual minimum principles suffices to define both the

holonomic and rate approaches to the elastic-plastic problem.

A state-of-the-art review of mathematical programming applications
to engineering plasticity has been given by MAIER and MUNRO (1982), but
for an in-depth coverage of‘all aspects of the theory and application of
the method the conference proceedings edited by COHN and MAIER (1979) is

egsential reading.

To complete our review of the holonomic problem we should mention
the work of ODEN and WHITEMAN (1982) who considered the analysis of a
holonomic problem formulated in terms of stress only. Variational
inequalities are established and an exterlor penalty formulation of the
problem 1s presented for which existence, uniqueness, and convergence
theorems are given. Finite element approximations based on the

penalised problem are discussed together with some convergence criteria.

Other Variational Formulations of the Elastic-Plastic Problem

Up to now we have been concerned with the variational formulations
of the rate and holonomic problems, where, in the majority of cases, the
primary objective has been the development of sultable numerical

approximations. There has also, however, been much interest in the



15

study and analysis of the mathematical structure of elastic—-plastic
problems, (in particular the questions of existence, uniqueness, and
regularity of solutions), which cannot be classified as either rate
problems or holonomic problems (acco?ding to the definitions which we

gave earlier), and it is these particular cases which we wish to review

here.

Perhaps the greatest interest has been in the application of the
theory of variationai inequalities to the elastic-plastic problem. An
early contribution in this field was made by TING (1966), in the context
of the elastic-plastic torsion problem, who showed that this problem may
be formulated as a variational inequaiity if a stress function 1is
. used. However, 1t was the definitive work of DUVAUT and LIONS (1972)
which provided the major impetus for the mathematical study of the

elastic—-plastic problem.

Duvaut and Lions formulate the dynamic and quasi-static problems
for both a visco-plastic and a perfectly plastic material. Briefly, the
quasi-static problem 1s stated as follows : find the stress o1 and the

displacement u; in Q which satisfy

(1) the equations of equilibrium
Uij’j+fi=0 in @ 3
where f; 1s a force per unit volume,.

(i1) a suitable constitutive law, written in terms of stress rates,

velocities (i.e. displacement rates), and plastic strain rates,

(ii1) suitable boundary conditions on the stress and displacement.
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Existence, uniqueness and regularity of solutions is then proved by
setting up a weak form of the problem containing a variational
inequality. The procedure involves firsf eliminating the velocities
fpom the fo;mulation, showing the existence of the stress field, and
finally proving the existence of a corresponding velocity field. For
the perfectly plastic case, the determination of the velocity field
" presents a problem which Duvaut and Lions left unresolved. JOHNSON
(1976a), using the same formulation as that used by Duvaut and Lions,
waé able to resolve this problem by introducing an additional assumption
on the behaviour of the stresses. He subsequently extended his
existence results to includenhardening (JOHNSON (1978)), by introducing

an additional solution variable called a hardening parameter.

Based on his earlier work, Johnson has described finite element
approximations for a perfectly plastic material (JOHNSON (1976b)) and a
hardening material (JOHNSON (1977)). In the former case an error
estimate 1s derived, and in the latter case, in which a mixed method is
used, he proves convergence of an iterative scheme, based on Uzawa's
method, for obtaining the finite element solution, . Although Johnson
himself gives no numerical results, SAMUELSSON and FROIER (1978) have
done sd fd; thﬁéon's hardening material, usiné'his suggested numerical
scheme. HLAVACEK (1980) considers a mixed finite element approximation
in which only stresses and hardening parameters are approximated (the
velocities being eliminated) and gives e;ror estimates (for three
different types‘of boundary conditions) and a proof of convergence of

his numerical approximation.
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The problem of determining the velocities for a perfectly plastic
material (left unresolved by Duvaut and Lions, and resolved only with
the aid of additional assumptions by Johnson) was formally resolved by
SUQUET (1978a,b), by recognising that the conventional Sobolev spaces
provide too restrictive a setting in which to seek a solution.
Physically, Sobolev spaces do not admit the possibility of slip lines
acroés wﬁich the velocity 1is discontinuous. This deficiency has been
overcome by requiring that the displacements belong to a space of
integrable functions for which the corresponding strain is a bounded
measure. This space, denoted BD(Q) is called the space of functions of
bounded deformation, and was first introduced by MATTHIES, STRANG and
CHRISTIANSEN (1979), SUQUET~(1978a), and TEMAM and STRANG (1978). It
was within the space BD(Q) that Suquet succeeded in proving the
existence of both stresses and velocities. Subsequently, SUQUET (1981)
extended this work to consider the dynamic problem for a large class of

dissipative materials.

COMPUTATIONAL ASPECTS

The most successful numerical solutions for the elastic-plastic
problem are based on the classical kinematic minimum principle for the
rate problem, formulated in terms of velocities. Discretisation in
space 1s accomplished by wusing the finite element method, and
discretisation in the parameter t is usuall& done on an ad hoc basis.
Thus, if at some point t = ty in‘the history of response the discrete
displacements uy corresponding to discfete loading 51 are known, then we

can write

Kk u=p ., (1.1)
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where G and f are corresponding rates at t = ty » and K% is the tangent

stiffness matrix, which depends on the solution ug - From (1.1) we may
easily solve for the rates é and then integrate these rates forward over
sone finite chosen interval At = ti41 — ty to find the response at t =
tiyr - This is called the tangent stiffness (or tangent modulus)
method* and represents a well-established and powerful technique for

solving a wide variety of elastic-plastic problems (see, for example,

ZIENKIEWICZ (1977), OWEN and HINTON (1980), and BATHE (1982)).

Various state determination schemes (for forward integration and
updating of the various response quantities) have been suggested, all of
which are based on heuristic arguments. The earliest, and simplest,
scheme involves an Euler forward integration in which E and g are
replaced by A51+1 and’ A£i+1 respectively (MARCAL and KING l(1967)).
Subsequently, a number of implicit iterative schemes based on Newton-
Raphson methods were introduced and these remain the most effective
schemes in use today (see, in particular, OWEN and HINTON  (1980) and.
MARQUES and OWEN (1984)). Recent studies include an analysis of
accuracy and stability of various state determination scheﬁes (ORTIZ and
POPOV (1984)), and a proposal for the notion of consistency.between the
tangent stiffness operator and the state determination algorithm (SIMO

and TAYLOR (1985)); the latter study was motivated by the desire to

maintain the quadratic convergence characteristics of the Newton-Raphson

method.

* There are several variants of the method of which the best known is

.the 1initial stress method for which K% remains constant throughout the

~

sequence of incremental problems.
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Although studies of this type lend credibility to certain state
determination schemes they do not address the fundamental problem of
attempting to measure the accuracy of a sequence of 1incremental
solutions; that 1s, in what way, 1if any, the full solution can be

expected to improve as the number of increments is increased.

In the search for a mechanical principle which 1ncorporates both
spatial discretisation and discretisation of the parameter t , MARTIN
(1986) ha;s provided a partial answer to the above question. Spatial
'discretisa-tion is assumed to be adequately represented by a suitable
finite element mesh, but the choice of a consistent algorithm for the
integration of the constitutive equations (with respect to t) remained
unresolved until recently when MARTIN, RED.DY, GRIFFIN and BIRD (1984)
showed that ‘the form of the governing equations of plasticity, written
in discrete internal variable form, dictates the choice of a backward
difference algorithm for the integration of the internal variables. 1Imn
mechanical terms this choice is equivalent to the assumption of extremal
work and complementary work paths 1in strain and stress space
respectively, which 1in turn 4is the foundation of the consistent
holonomic theory of PONTER and MARTIN (1972). Thus, the assumption of

holonomic material behaviour implies a consistent choice of algorithm

for the integration of the constitutive equations.

Now solutions obtained via the consistent holonomic theory (or
deformation theory) are rel'ated to the continuous solutions via the
deformation tt;eory complementary work bounding principle (HODGE
(1966)). What MARTIN (1986) has attempted to show 1is that a similar

principle can be established for the incremental holonomic problem,
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which will bound the complementary work computed as a function of the
total number of 1increments used to approximate the continuous
solution, To date only preliminary results ‘in this direction have been
obtained and we return to a discussion and numerical confirmation of
these in Chapter 7. Suffice it to say that this work has provided a
strong motivation for our present detai_led study of the incremental

holonomic problem.

Numerical approximations based on the extended kinematic minimum
principle of MARTIN (1975b) have been given by MARTIN and REDDY (197'7)
for trusses, REDDY and MITCHELL (1983) for plates, and DITTMER, GRIFFIN
and MARTIN (1985) for two-dimensional cont:lnua.‘ Although the problem
here 1is a quadratic programming one, the numerical solutions are not
obtained using conventional quadratic programming algorithms. Instead,
a tangent stiffness approach 1is used in conjunction with a simple ad-hoc
algorithm for handling the inequality constraints. The subsequent
recognition that the inequality constraints could be handled formally
using an exterior penalty algorithm led to the present work, part of

which has been reported by REDDY, GRIFFIN and MARAIS (1985).

Mathematical programming techniques provide alternative methods for
the numerical solution of elastic-plastic problemé. ' There "éppear to be
a bewildering array of quadratic programming algorithms available, a
trend which has been actively encouraged in the interests of exploiting
particular features of different problems. This trend has been
recognised, however, as being not in the interests of the gener_al
engineering user since the selection of an appropriate algorithm

i:equires extensive experience. This has led to the development of a
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general purpose computer program STRUPL (COHN and FRANCHI (1979)),
designed to automatically select the appropriate algorithm for any given
problem. Nevertheless, even with such programs available, of which
there appears to be only one, quadratic programming methods must compete
with tangent stiffness methods which have a very wide and well-
established base within the engineering community. Moreover, the
chances of quadratic programming methods being generally accepted are
not helped by the fact that the method remains fairly restricted with
respect to the classes of problems to which it may be easily and
effectively applied. An extensive review of mathematical programming
applications is given in COHN and MAIER (1979), and again we mention the
recent state-of-the-art suévey by MAIER and MUNRO (1982) for further

remarks.

It is particularly interesting that numerical quadratic programming
solutions are based almost exclusively on the incremental holonomic
formulation of the elastic-plastic problem*, with plecewlse linearised
yield surfaces. Certainly those working with quadratic programming
methods recognise inherent advantages in this formulation (see COHN and
MAIER (1979), Chapter 15) : for example, the elimination of the
requirement of numerical forward integration and its associated error,

being the major cause of concern in the incremental rate problem.

* This contrasts with the tangent stiffness method which 1s based

exclusively on the rate formulation. The present-WOrk appears to be the
first application of the incremental holonomic problem which is not

based on quadratic programming methods.

o
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FRANCHI and GENNA (1984) have shown that the initial stress tangent
stiffness algorithm (ZIENKIEWICZ (1977)) can be cast in the fo;m of a
nonlinear programming problem which wuses an incremental holonomic
constitutive law with a backward difference integration method. This
work parallels to a large extent that reported by MARTIN, REDDY, GRIFFIN
and BIRD (1984) referred to earlier. Again, the wuseful 1insights
provided by mathematical programming methods into the consistent

formulation of elastic-plastic problems are apparent.
 OBJECTIVES

We propose to study first an incremental holonomic bOundary—value
problem based on a comstitutive law which is an extension of that given
by PONTER and MARTiN (1972), and second, a rate boundary-value problem
based on a conventional rate comstitutive law. In both cases we start
with the partial differential equations and inequalities which describe
the problems, and s8how that both these problems have a common
variational setting. In particular, we show that both these problems
are naturally formulated as variational inequalities : in the case of
the incremental holonomic problem the inequality is due to the presence
of a non-differentiable function in the original boundary-valuebproblem
and is known as a varlational inequality of the second kind; in the case
of the rate problem the inequality is due to the presence of inequality
constraints in the original boundary-value problem and is known as a
variational inequality of the first kind. The minimum principles first
given by PONTER and MARTIN (1972) and MARTIN (1975b) then arise
automatically from standard results 1n convex a&analysis. Current

interest in a unified formulation of the elastic-plastic problem has
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also provided a motivation for studying these two problems in parallel,
although, apart from confirming numerically results given by MARTIN

(1986), we do not propose to make a definitive contribution in this

area.

Our study of these two problems follows a parallel development
within a variational framework™. We begin by establishing variational
inequalities which are equivalent statements of the original boundary-
value problems. In the case of the rate problem we generalise the
treatment of JIANG (1984) by distinguishing between elastic and plastic
zones (Jiang considers bodies whch are everywhere plastic), and by
dealing with an arbitrary convex, continuously differentiable yield
function. Minimum principles, involving the constrained minimisation of
a functional J , tﬁen follow in a natural way, as mentioned above. We
then introduce perturbed variational principles in which the original
functionals J are replaced by perturbed functionals J_ which depend on a
parameter € > 0 . In the rate problem € is a penalty parameter : here
J. differs from J by a term e—lj(°) where j(+) is a penalty functional
which allows the non-negativity constraint on the internal variables
(plastic multipliers in this case) to be removed. %We also discuss a
saddle—point'formuiation of the rate problemi  In the:iﬁcremental

holonomic problem the non-differentiable plastic work function ﬁp(.) is

Although our studies in this field were motivated by the work of
DUVAUT and LIONS (1976), our ideas have been strongly influenced by the
numerous studies of variational principles and numerical analysis of

problems in mechanics by Professor J T Oden and his co-workers.
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regularised and replaced by a differentiable function ﬁg(-) . For both
problems we show that the perturbed solutions converge to the exact

solutions as the parameter & approaches zero.

The perturbed functionals form the basis for finite element
approximations, leading to a system of algebraic equations for each
problem. For the rate problem these equations represent the discrete
approximations of the displacement rates and plastic multipliers, and we
show that a condensed form of these equations, from which the plastic
multipliers have been eliminated, 1s identical to that used in the
conventional tangent stiffness approach. Our work on the rate problem
constitutes a formalisation of that reported earlier by DITTMER, GRIFFIN
and MARTIN (1985). 1In the case of the incremental holonomic problem the
algebraic equations represent the discrete approximations of the
displacement and plastic strain increments; unlike the rate problem,
these equations are nonlinear in the plastic strain increments. We
solve these equations using Newton's method, thus providing a direct
solution for the incremental problem. For both problems we provide a
full analysis of the convergence of solutions to the perturbed problems,
and give estimates of the errors in the numerical approximations in
terms of the penalty (or regularisation) parameter € and the finite

element mesh size h (for regular mesh refinements).

We discuss several worked examples to illustrate the effectiveness
of our numerical solutions as compared to solutions obtained wusing
alternative methods, both analytical and numerical. We suggest that
both the penalty-rate and incremental holonomic formulations offer

viable alternatives for the solution of elastic-plastic problems, and
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that the penalty-rate formulation in particular has advantages for

certain applications.

To summarise, we regard our work as being of an essentially
investigative nature where we attempt to clarifj .the wvariational
structures of two Important elastic-plastic problems. In addition we
use parts of these respective structures as ;he basis for numerical
approximations which we analyse for convergence, and whose efficacy we
investigate via numerical examples. We regard the fundamental study' of
these problems as relatively complete and hope that this work provides a
foundation for their successful exploitation, particularly in the case

of the incremental holonomic problem.

PLAN OF THIS THESIS

In Chapter 2 we discuss in detail constitutive laws for elastic-
plastic hardening materials. We develop first the classical rate
constitutive equations and then, extending the work of PONTER and MARTIN
(1972), we develop a constitutive law for an incremental holonomic

material.

Chapters 3 and 4 are devoted to the incremental holonomic
problem. In Chapter 3 we discuss theoretical aspects : statement of the
boundary-value problem, various variationél'principles, statement of the
problem on a finite dimensional subspace(s), and an eétimate of the
error in the solution of the finite dimensional approximation. In

Chapter 4 we discuss computational aspects : finite element

approximations and numerical procedures for obtaining the solution.
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Chapters 6 and 7 are devoted to the rate problem with the
development being identical to that described above for Chapters 3 and

4.

In Chapter 7 we discuss numerical examples for both the incremental

holonomic and rate problems and in Chapter 8 we present our conclusions.

Appendices A and B and the 1list of References will be found

following Chapter 8.



27

?

CHAPTER 2

CONSTITUTIVE EQUATIONS FOR ELASTIC-PLASTIC CONTINUA

We propose to treaé in this thesis two boundary-value problems each
of which may be used under appropriate conditiéns to describe the
behaviour of elastié—plastic continua. Both boﬁndary—value problems
have the same physical foundations ¢ they employ the same stress and
strain measures and obey the same equilibrium equations. They differ,
~however, in the constitutive equations which govern the material
behaviour, although even here both sets of constitutive equations are
based on what is commonly regarded as the classical theory of plasticity
for small strains. The first set of constitutive equations with which
we will deal are the well known rate constitutive equations which relate
rates of change of stress and strain along paths in stress and strain
space which remain a priori unspecified. The second set of constitutive
equations are based on the assumption that the stress and strain paths
are known in principal beforehand, and are extremal paths in a sense
which we will describe 1later. These equations define a nonlinear
elastic material which is equivalent, under appropriate conditions, ‘to

the original elastic-plastic material.

We begin this chapter with a brief description in Section 2.1 of
the stress and strain measures, and the equilibrium equations which
together will form the foundation of our boundary-value problems. Since
the rate constitutive equations are now well-established we present in
Section 2.2 an overview of their development which follows the monograph

of MARTIN (1975a). In our later numerical work we will restrict our
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attention to materials which exhibit 1linear kinematic hardening and
which obey the von Mises yield criterion, so that Section 2.3 is devoted

to a discussion of these.

The remainder of the chapter is devoted to a detailed developmént
of the constitutive equations based on extremal paths. We discuss first
the fundamental constitutive equations in Section 2.4, and follow this
with a development vof suitable criteria for determining the extremal

paths themselves in Section 2.5.

Before proceeding with the body of the chapter we define the

notation which we will be using throughout this work.

NOTATION

Throughout this thesis we will use coordinate-free notation as far
as possible, but indicial notation will also be used wherever additional

clarity is necessary.

We denote by RV the set of all ordered n-tuples of real numbers.
Let ey 1 =1,2, ..., N) constitute a fixed orthonormal basis for RN .

Then any vector v has the representation
v o= Vigy . (1)
and we identify vectors with elements of RV .

We adopt the summation convention throughout, unless indication to the

contrary is given : when a letter subscript is repeated in a term it
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denotes the sum of all the terms obtained by giving the letter subscript

the values 1,2, «..ce., N .

The orthonormal basis ey satisfies

: 1 if 1 =3
where 6ij = ‘ (3):
0 if 1 # j | i

is the Kronecker delta. The scalar product of any two vectors u,v is

~ o~

given by

RN

= uyvy , using 2) . » (4)

If the scalar product of two non-zero vectors u,v is zero, that is,

~ o~

ue*y=0, then u and v are orthogonal vectors. Here 0 indicates the

~ ~

zero vector.

A second-order tensor is a linear map of the space of vectors into
itself. We can define a basis f.i® ey » (i, =1, ..., N) for this
space of tensors where (Ei Q@ Sj)ik = Siéjk . Then any second-order

tensor T has the representation

~

T=Ti; ¢ ey " (5)
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and we have, for any vectors u,v

~ ~

Tu=v or Tyguy=v : (6)

~~ ~

We identify second-order tensors with elements of RN*N , The scalar

product of two tensors'T,S is defined by

If the scalar product of two non-zero second-order tensors T,S is zero,

~

then T and S are orthogonal. The inner product on the space of second

~ ~

order tensors is defined by -

The Schwarz inequality is

|z - sf <z Is| -

A fourth-order tensor is a linear map of the space of second—drde;
tensors to itself. We can define a basis ﬁ®5j®sk®s£ (1i,3,k,1 =

1, ..., N) for this spacé of tensors where

(gi® s_’|®gfk®.‘:ﬁx)%r®E's N 21®sj6kr6£s ¢
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Then any fourth-order tensor C has the representation

~

€= Cirei e e Reyg

and we have, for any second-order tensors T,S

~ o~

CT = E or Ciij.Tkl = Sij .

e

We identify fourth-order tensors with elements of RNXNXNxXN

It should be pointed out that we make no distinction between upper-
case and lower-case letters for the naming of vectors and tensors.
Whether a given quantity is a vector or tensor will be made clear when

the quantity is first mentioned in the. text.

Vectors and Tensor Fields

Let x be a point in a bounded domain & CR™ , and let u(x) denote a
vector field on Q@ . The gradient of a vector field is a second-order

tensor field defined by

6ui ,
grad‘g = V~ = % 21®23 . (10)
J

The transpose of this tensor is given by

du
(Vo' = Ty = af 2 ®sy - | | (b
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We may on occasion make use of the more concise comma notation for

’ writing derivatives; thus we may use either of the following forms :

6ui _
By 1,3
(12)
dT
19 _
or a—; —Tij’j .

Let T(x) denote a second-order tensor field on Q . The divergence

of a second-order tensor field is a vector field defined by

- 13
- div E " & (13)
|
Let ¢(T) be a scalar field on Q which is a function of the second-
order tensor field T(x) . The gradient of ¢ with respect to T is a

second-order tensor defined by

oo u®sy - (14)

If we imagine an (NxN) dimensional subspace defined by the components of
T , then ¢ = O may be regarded as a surface in this subspace; we will
then refer to the gradient 3¢/dT as the outward normal to this surface

at the point T .

2.1 FRAMEWORK FOR THE PROBLEM

We consider a homogeneous, isotropic material body which occupies
| ' o
an open bounded domain Q in RN » N <3 (Fig. 2.1). Each material point

in the body is identified by its position vector x » or its coordinates

~
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3

x4, 1 € 1 <N, with respect to a fixed cartesian set of axes, Xy « The
vector field u(x) represents the displacement, and since displacements

are assumed to be smali, we make use of the (infinitesimal) strain

»

tensor
g=x g+ . (1.1)

The strain tensor is a second-order symmetric tensor by definition.

Figure 2.1 The material body Q .

At each material pointtin the body we require that the equations of

equilibrium are satisfied :
divg+ f =20 on : ' (1.2)

where o(x) is the Cauchy stress tensor field and f is the body force per

~

unit volume, assumed constant over Q . The stress o is a symmetric

second-order tensor by definition, and the force f is a vector.

~
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The boundary T' of the domain Q is assumed to be Lipschitz and
divided into two non-overlapping parts, Fu and Fs s, such that T =
Iy U I'y « The displacement field u(x) will be assumed to be given over

I, » while a traction vector t is prescribed over the remainder of the

boundary, I'g . If the outward normal vector at any point on g 18 v

then the traction vector t 1s related to the stress tensor o at that

~

point by
ov=1t . N (1.3)

The above relations constitute the basic framework for the
boundary-value problem in »which we are interested. To compiete the
framework, however, we require one or more constitutive equations which
govern the relationship between stress and strain. The remainder of

this chapter is devoted to this important topic.

2.2 THE CLASSICAL RATE CONSTITUTIVE .EQUATIONS

We dintroduce in this section the fundamental relationships
governing the behaviour of our idealised elastic-plastic material. At
the outset we restrict our discussion to behaviour which is. time-
in&ependent, path—dependent, and takes place under 1isothermal
conditions. The types of materials which we have in mind as falling
within the framework to be discussed here are polycrystalline metals at
room temperature. We present the results in this section 1in the form of
a review, and the interested reader may refer to the monograph of MARTIN

(1975a) for an in-depth analysis of the subject.
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We distinguish between two types of 1idealised elastic-plastic
materials : hardening materials, in which changes in strain at constant
stress do not occur, and materials which.exhibit flow, which means that
changes 1in strain at constant stress can occur. Unless otherwise
specifically stated, we shall assﬁme throughout that we are dealing with

a hardening material.

Yield Surfaces

A material point in a given state of stress may exhibit either
elastic or elastic-plastic behaviour. Thus we assume that the strain is

divisible into two parts,

€= e + P ; (2.1)
the elastic strain tensor e is related to the Cauchy stress S through
e = Do (2.2a)

where D is a symmetric, positive-definite fourth-order tensor of elastic

constants. The inverse relationships may be written as

(2.2b)

ta
L]
[}
®

where C is the inverse of D and is assumed to exist. The plastic strain

~ Lo~

tensor p 1s defined by (2.1).

~
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The presence of plastic strains p causes the behaviour of the
material to be history-dependent. We choose to characterise this
history-dependence by a set of internal variables Hy , a= 1,2, ey n,
whose nature and number 1 we leave unspecified for the present. The
state of an element of material is then defined by the stress g and the
internal variables H, « We may then imagine a multi-dimensional (c,Ha)

space which is defined in such a way that the state of the material is

uniquely represented by a point in this space.

In order to distinguish .between elastic and elastic-plastic
behaviour in an element of the material we assume that there exists a
convex region in gg,Ha) space, bounded by a hypersurface called the
yield surface, such that if the material state point lies within this
region the behaviour is elastic and path—independeﬁt, and the plastic
strain P does not change. The yield surface is characterised by a yield

function
b = 6(5,Hy) = 0 (2.3)

such that ¢§ € 0 for material states which 1lie within or on the yield

surface; material states for which ¢ > 0 are not admissable.

We will find it more convenient when dealing with the yield surface
to define a subspace of the more general (S’Ha) space called the stress
space, in which the H, are assumed fixed an& are the current values of
the internal variables in the material elemept. The projection of the
yield surface ¢ = 0 , for fixed Hy , into stress space may theﬁ be

expressed as

#(s) = 0 | @)
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wherein it is tacitly ‘assumed that the H, are fixed at their current
values. The yield surface in stress space 1is shown schematically in

Fig. 2.2.

’1’,,¢$

t

stress path ,/V
N7

/

s 0 .0

‘Ioij’t

» 0jj

-

Figure 2.2 The yield surface .in stress space.

Any stress state S méy be represented by a point in stress space.
As the sﬁate of stress in an element of material changes, the stress
point traces out a trajectory which we call the stress path (Fig.
2.2). Since. we have already noted that’ the material behaviour is
history-dependent, it is apparent that the state of stress at any time
during a given history of loading. will in general depend on the
partiéular stress path which has‘been folloﬁed to reach fhis state of

stress. Thus, in order to account for the path-dependence of the stress
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point we introduce, as we did in Chapter 1, a scalar parameter t which
parametrises the stress path. We may then define the rate of change of

the stress state at any point along the stress path as

{3

=.g..t_(g) .‘ (2'5)

Referring again to Fig. 2.2, the line integral along the stress path
between some initial state ¢® at t = t° and some terminal state o at

~

t =t is given by
[ gdat={ dg (2.6)

and this will represent the total change in the state of stress between
‘the initial state ¢° and the terminal state c* . Definitions similar to
(2.5) may be written for the strain rates é, é, ﬁ » displacement rates

é s internal variable rates ﬁa » and the rate of change of the yield

function $ .

Let us now consider a material state (o,H,) for which ¢(o,Hy) =0,
and consider changes in the stress state and internal variables
represented by o dt and ﬁa dt  respectively. Changes in the yield

function are then represented by

o_ad).o a¢.o
¢--Fg 3+6Ha Ha . (2.7)

If the new stress point (o + Bdt) lies within the yield surface then
clearly $ < 0 ; the behaviour will be entirely elastic and no change in

the internal variables will occur. We refer to such a stress change as
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representing unloading, characterised by ,
¢ .
¢(0) = 0 and = ° g< o . (2.8)

During loading the internal variables and the yield surface in stress
‘space must change, but the stress point (S + édt) must continue to 1lie
on the yield surface so that & = 0 . Thus, loading is characterised by
the condition

¢(o) = 0 and (2.9)

o’lo’

Wale
L]

lqe
v
o

A third possibility exists in which neither the internal variables nor
the yield surface in stress space change, but the stress point remains

on the yield surface. We refer to this as neutral loading,

characterised by

¢(o) = 0 and g

-©

(2.10)

1%
[}
o

tQ

We assume that changes in plastic strain occur only during loading,
that is, only when there are changes in the internal variables H, . The
magnitude of the change in intérnal variables is governed by é , and the
direction of the change by the stress state Qg,Ha) at the start of
loading. The plastic strain rate é is assumed also to be homogeneous

and of degree one ‘in the stress rate o . Together with these

~

assumptions we postulate a plastic potential g(o,Ha) , such that the

plastic strain rate satisfies the following relations :
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P=0 if o(0) <0 (2.11a)
or (o) = 0 and '%g— *+0¢<0 ;
P = G(g,H,) % (% ) (2.11b)

= 06 , ¢
if ¢(g) 0 and QS g >0
where G(o,H;) is a scalar hardening parameter, as yet unspecified.

‘Bearing in mind that we are dealing exclusively with hardening
materials for which the projection of the yield surface in stress space
may change during some program of loading, 1t is necessary to
distinguish between certain basic projections. We will refer to the
yield surface at the start of a program of loading as the virgin yield

surface, defined by
¢(0,0) =0 . (2.12)

Since a change in the projection of the yield surface in stress space
must be accompanied by a change in the values of the internal variables

H any subsequent yield surface, (including the current yield

a td

surface), will be uniquely defined by the current values of Hy, . Thus

subsequent yield surfaces will be defined by

|
[

¢(S)Ha) =

{

]
o

or o(0o) (2.13):

where it is to be understood in the second form that the Ha are fixed.
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Uniqueness and Stability Postulates

We now review the two well-known postulates due to D.C. Drucker,
which together constitute the definition of a stable plastic material.
For a more detailed discussion of these postulates the reader is

referred to DRUCKER (1951), or MARTIN (1975a), Section 2.4.

The First Postulate

* ok
If the stress state is changed from ¢° at t = t° to ¢ at t =t in

such a way that the stress -point moves monotonically along a straight-

line path in stress space then we require that
(] * [-]

*
where ¢ and ¢ are the strains associated with ¢° and o

~

respectively.

Consequently, since rates of change occur by definition along straight

line paths, we require that’

(2.15)

ta-

1M
Y
(]

The first postulate has the following two consequences : the net
work and the net complementary work along a straight line path in stress

space are non-negative, that is

*
t

[ (g-¢) +gat>0 , (2.16a)

o]
t
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and

[ (g~ so) . é at > 0 . (2.16b)

Here, o and € are the stress and strain states at any point t along the

~

respective paths.

Before stating the second postulate we introduce the concept of a
cycle in stress as a stress program in which the initial and final
values of the stress are identical. We place no restrictions on the
strains during such a cycle and assume that the cycle may be either

entirely elastic or may also include elastic-plastic behaviour.

The Second Postulate

For a cycle in stress the complementary work is non-positive, that

is,
$eg.dg<o . (2.17)

Furthermore, we distinguish two forms of the second postulate : if the
changes in plastic strain are infinitesimal or zero during the cycle we
refer to (2.17) as the weak fo;m of the second postulate; alternatively,
if no restriction is placed on the size of the plastic strain changes

then we refer to (2.17) as the second postulate in itslstrong form.
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If we combine the first postulate and the strong form of the second
postulate we obtain the result that the net work associated with any

path in stress space is non-negative; that is,
[ (g-3 .gde>0 . (2.18)

It can be shown that this result implies both the first postulate and
the second postulate in its strong form and can thus be used in théir

place (see MARTIN (1975a), page 96).

The sccond postulate in its weak form can be used directly to
establish a result of fundamental importance in small strain classical
plasticity. This 1is the principle of maximum plastic work which we now

state without proof (see MARTIN (1975a), page 101).

The Principle of Maximum Plastic Work

*
Let the current yield surface be defined by ¢ = 0 , and let o be
any stress state for which ¢(o*) = 0 , and at which the plastic strain

ok
rate is p If o is any stress state for which ¢(c ) € 0 , then
(¢ 9 +p 20 . (2.19)

As we stated above, this result follows from the second postulate in its

weak form. However, it may be physically interpreted as requiring that

ok *
for a given plastic strain rate p - the associated stress o 1is

~
~

distinguished from all other admissable stress states by the requirement

* ok
that the plastic work ¢ < p during the increment takes its greatest

~

value.
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The principle of maximum plastic work has the following two

important consequences

(1) the yield surface is convex;
(ii) the plastic strain rate is normal to the yield

surface, which may be expressed as

(2.20)

27D -
]
>

o104

where A is a positive scalar parameter called the plastic multiplier.

Equation (2.20) expresses the so called normality rule for the
plastic strain rate ﬁ . If we now compare this result with (2.11b) we

see that 1f both results are to be true we may put

212

A = G(g,H ) %% . & , and

oaloa
2Q |09

(2.21)

thus identifying the plastic potential g with the yield function ¢ .
Since (3¢/0g) - é > 0 for loading, (eqn (2.9)), it follows that
G > 0 . On the basis of the above results, the plastic constitutive

equations may be written in the following form :

o= 64)
E A EE (2.22)
A=20 if ¢(9) < O
(2.23a3)
or %(o) =0 and 2. 5<o0
~ a,gN
St e iy o 2 , &
A= 55 g 1if ¢(g) = 0 and 35 g>o0 . (2.23b)



45

Equations (2.22) and (2.23) are the rate form of the plastic
constitutive equations. To complete the description of an elastic-
plastic material it remains only to add the rate form of the elastic
constitutive equations, together with the rate form of the subdivision
of the strain into its elastic and plastic parts. These results follow

immediately from (2.1) and (2.2) and are written as follows :

€=e+p (2.24)
e = Do (2.25a)
G=Ce . (2.25b)

Equations (2.22) through (2.25) are the complete set of constitutive
equations for an elastic-plastic hardening material, written in rate

form.

Elastic~-Perfectly Plastic Materials

Our development up to now has been restricted to hardening
materials. Nevertheless Qe would also like to make allowance in the
formulation for materials which exhibit flow, that is, changes of strain
at constant stress. We may do this by introducing a 1limit function
¢(S) (see MARTIN (1975a), Section 2.6) which for the purposes of the
present work we will take to coincide with the virgin yield function
6(2,0) » In this case changes in plastic strain occur as a result of
flow only, and the yield surface remains fixed in stress spéce. It will

become apparent when we develop explicit expressions for such quantities
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as the plastic work and the yield function that the quantities required
for the description of flow arise quite naturally when considering
hardening materials, and that the case of flow may be considered simply
as a special case of hardening when some suitable hardening parameter
tends to zero. For the sake of completeness, however, we include here
the plastic constitutive equations for the case of flow (or for what we

shall also refer to as an elastic-perfectly plastic material) :

S -y 2
3 A 53 (2.26)
A=0 if (o) <0
3¢ . (2.27a)
or ¢(g) =0 and -55 *g<o0 :
- 3¢ , = _
A>0 if ¢(g) =0 and 3G " 9= o . (2.27b)

Here A\ is a non-negative but otherwise unspecified scalar.

The relations (2.26) and (2.27) replace (2.22) and (2.23) when the
material is assumed to be elastic-perfectly plastic. In the remainder
of this thesis we shall not find it necessary to treat the elastic-
perfectly plastic case separately since the mechanism of flow will arise

naturally as a special case in our consideration of hardening materials.

Summary of the Classical Rate Constitutive Equations

!
The constitutive equations for a hardening material given in (2.22)

through (2.25) may be written more concisely by combining (2.22), (2.24)
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and (2.25b) to obtain
s=Cle-AQ | | (2.28)

where the plastic multiplier A\ is given by (2.23). Later on when we
come to discuss a variational setting for the rate problem we will find
it convenient to express eqns (2.23) in a slightly different form which

we now describe.

If we assume that the initial stress at t = t° is known then the

region Q@ may be divided into two non-overlapping open regions Q€ and QP

defined by
¢ ={xee : oax) <o}

P = {xeQ : ¢ax)) =0} (2.29)

fueP=0 , {®ngP-reP

where O°,0P denote the closures of Q€ and QP , and T®P is the elastic-
plastic interface. Thus, purely elastic behaviour will take place in Q€
while either elastic or plastic behaviour may occur in QP . Continuity

considerations dictate that elastic behaviour occurs on T€P .
Let us now define the scalar parameter « by
n-. s , (2.30)

Then with the definitions (2.29) in mind it is readily verified that

eqns (2.23) may be written as
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(2.31)

Eqns (2.23), or alternatively eqns (2.31), refer of course to the
loading-unloading conditions for the elastic—plasﬁic material. It is in
this context that eqns (2.31) are sometimes referred to as the Kuhn-
Tucker form of the loading~unloading conditions, being the form commonly
used in the mathematical programming formulation of the elastic-plastic

problem.

2.3 THE VON MISES YIELD SURFACE WITH LINEAR KINEMATIC HARDENING

The elastic-plastic constitutive equations which were established
in the preceding section depend explicitly on the yield function ¢ and
the hardening parametef G . In the later stages of our development of
constitutive equations based on extremal paths (Sections 2.4 and 2.5) we
will find it necessary to have at hand explicit expressions for ¢ and G .
We propose now to develop the necessary expressions, and we choose to do

so using a von Mises yield function with linear kinematic hardening.

We assume that for the materials in which we are interested, namely
polycrystalline metals, there is no volume change associated with

plastic strain, so that

P = 0 - | BB
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It follows that the yield surface must be independent of the mean
hydrostatic tension ckk/3 » and consequently it is a function of the

stress deviator s , so that
where s is a symmetric second-order tensor with components

- -1
513 % %15 7 %Oy - | (3.3)

We introduce the plastic strain deviator r whose components are

~

1
Tij = Pij T 3 Pdyy - (3-4)
In view of (3.1) it follows that
r=p . (3.5)

For linear kinematic hardening the internal variables H, are the plastic

strains themselves so that we may replace (3.2) by

¢ = ¢(E’R) = ¢(§,£) . (3.6)

Iﬁ accordance with (3.6) we adopt the so called Jy form of the von

Mises yileld function for linear kinematic hardening :

(s - hr)(s - hr) - k2 | (3.7)

©
L]
N~
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where h 1s a positive hardening constant and k = ob//s » O, being the
virgiﬁ yleld stress obtained from a uniaxial tension test. Equation
(3.7) defines a hypersphere in the deviatoric'stress space whose centre
is given by the quantity hi ; thus the virgin yield surface is given by
(3.7) with hz = 2 .

During loading the stress point must remain on the yield surface so

that we require

(3.8)

S
i
@1
e
+
1054
e
]
(=]

where the rate of change of the plastic strain deviator is given by
ﬁ=G°—i’(93-§)- (3.9)

Substituting (3.9) into (3.8) and rearranging, we have

= - (0%, 30y-1 o
c-- @G- (3.10)

Noting from (3.7) that

8¢ . _ 20 3¢, 3¢
BE = - h 3s and 3s  Bs 2k (3.11)

G =— = 3 . | (3.12)
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For numerical purposes it is useful to relate the parameters G and
h to data which 1is directly available from uniaxial stress-strain
curves. Referring to Fig. 2.3 and using (2.24) we may define a plastic

modulus Ep by

1 .1 1 '
¥ E. E (3.13)
P T
Ta Oa
:ET Ep
Ogl----- T,
E
|
> € »p

Figure 2.3 Uniaxial stress—strain curves defining E,Er and Ep .

where E 1is Young's modulus and Ep is the tangent modulus. It is a

simple matter to then show that

h=t and G = 3 . (3.14)

We will also have occasion to use the von Mises yield function
written in terms of total stresses and plastic strains. Writing Tiy =

o145 = hPij we have for a general state of stress
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6= o(ty )

1 _ 2 ) 2 ) 2 2 2
=g LGy = mpp) F (ryy = Ty) 7+ (g5 = )]+ T, T,

2 _ 2 (3.15)

+ 131 .

This form is equivalent to the deviatoric form (3.7) so that the
parameters h and k have the same meaning as before. Again, it is easy

to show that

d¢(g,p) _ 0d(s,r)
3~ " B (3.16a)
and that %%(S,E) = %%(Q’E) (3.16b)

so that (3.11)1 may also be written as

8¢ (g,p) _ _, 2¢(g,p) -
5 7/ =-n 3G~ ~ (3.17)
2.4 CONSTITUTIVE EQUATIONS BASED ON EXTREMAL PATHS

In. Chapter 1 we discussed the motivation for a holonomic theory
which makes use of extremal paths 1n stress and strain space, and
pointed out that the solution obtained from such a theory provides a
consistent bound on the exact rate solution. PONTER and MARTIN (1972)
have derived constitutive equations for the.consistent holonomic problem
where the body 1s assumed to be in its virgin state at the start of the
application of the loading. We propose here to extend these
constitutive equations to the case where initial stress and strain

fields are present in the body at the start of a finite increment of
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loading. Thus, we will generalise Ponter and Martin's equations to a

form which 1is suitable for use in a consistent incremental holonomic

Eroblem.

As we have already mentioned, the concept of extremal paths was
introduced by  MARTIN (1966a,b) for elastic-perfectly plastic
materials. The {dea was subsequently extended to isotropically
‘hardening materials by PONTER (1968) and by MARTIN (1970), and to
kinematically hardening materials by SOECHTING and LANCE (1969). 1In the
developments we describe here we draw upon and extend the more recent
treatment of extremal paths in both stress and strain space given by
MARTIN (1975a).

-]

Let us assume that at t = t° there exists at an arbitrary point in

the body an initial stress o¢° and an initial straim €° , and that at

* * *.
t =t > t° the terminal stress and strain are o and € respectively.

We assume that the terminal states of stress and strain are reached by
following an extremal path (which will be defined below) from the

initial states, unless we specifically state otherwise.

We use the symbol A to denote a change or finite increment in a
given quantity along a specified path 1In either stress or strain

space. The change in stress along any path between the two states

*
¢® and ¢ 1is written as

~

Aot = o -0 . | (4.1)
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The superscript attached to the change (for example, the * in Ac* above)
identifies the terminal state with which the change 1s associated.
Similarly, the change in strain along any path between the states

e and c* is written as
Ae =€ - ¢ . (4.2)

It is of course clear that since ¢° and €° will always be given,

~ ~

the changes Ac and Ae are functions of only one independent variable

each, namely, the terminal states. We will therefore treat the changes
Ac and Ae as independent variables in their own right, it being thereby

~

understood that it is the terminal states which are of real importance.

Throughout the development of this theory we will work alternately
in stress and strain space. Suppose that a material point whose initial
stress state 1is S° is subjected to a history of stress which terminates
in a stress state o* ; the complementary work along any path between

~

these two stress states in stress space is defined by

g +Ag
- *
R(Ag ) = f e(o) ¢ do
go
or
*
- % t .
2(t) = [ g(t) ¢ o(t)dt . (4.3)
(o]

t

Similarly, for an element of material whose initial state of strain is

€® and which is subjected to a history of strain which terminates in a

~

*
strain state € , the work along any such path in strain space is

~
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defined by
e? + Ae

- *

W(ag ) = [ a(g) - dg
.-o_

or
*

- % t .

W(e') =[ g(t) + gle) de . (4.4)
o
t

Definition 4.1 An extremal path in stress space 1s a particular stress

path such that the complementary work Q(Ao*) along this path is not less
than the complementary work between the initial and terminal stress

states ¢ and o* along any other path; thus
Q(AcT) > ad™) . (4.5)

Definition 4.2 An extremal path in strain space is a particular strain

. N

path such that the work W(Ae ) along this path is not greater than the
' *

work between the 1initial and terminal strain states €° and & along any

~

other path; thus
W(AeT) < w(ae') . - (4.6)

The paths described in the above definitions are illustrated in
Fig. 2.4; from the definitions 1t 1s clear that the extremal paths
depend only on the initial and terminal states of stress or strain.
These definitions do not imply any specific»gonnection between extremal
paths in stress and strain space, although we shall show later that such

a connection does indeed exist. '
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40'"- , *’eij

Figure 2.4 Paths in stress and strain space.

We now present a result which plays a decisive role in establishing
the duality of Q and ﬁ + The proof (and indeed the result itself) {is

similar to that already given by MARTIN (1975a), page 724, to which the

reader is referred.

Proposition 4.1 (The Complementary Work Inequality)

Consider a material point which has an initial stress state o° . Suppose tha

*
the stress state 1s changed along an extremal path to o .

-
~

Alternatively, let the stress state be chaﬁged along some unspecified.
path to a stress state o # ¢ (Fig. 2.5). Then

Q(ac") - oF . 2> AAR) - P . 2 (4.7)

~ ~
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~ this inequality may be expressed in an alternative form as

fé(Ao*) + a(Aea) > o* .2 . 0O

~

(4.8)

The proof of the above proposition relies on the introduction of a

*
straight - line path between o and o ;

as a consequence the first

postiulate in the form of (2.16b) may be invoked to obtain the desired

result.

extremal path
N\

unspecified path

Figure 2.5 Alternative stress paths.

|

An important class of extremal paths arises when the behaviour of

an element of material 1s elastic, that 1s, when the stress path lies

entirely within the current yield surface, "and the change in plastic

straln associated with this stress path 1s zero. It is easily shown

that for such paths the complementary energy RQ(Aoc) (see eqn (4.21)) and

the maximum complementary work ﬁ(Ac) are identical énd that any elastic

path is consequently an extremal path. We summarise this result in the

following proposition.
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*
If an elastic path can be found between the stress states ¢° and g it

~ ~

1s an extremal path, and
P *
Q(Ac ) = Q(Ac) . Od (4.9)

This result is of particular significance for elastic-perfectly plastic
materials when the 1limit function ¢ coincides with the virgin yield
function § , since é(AS*) is then given by the elastic complementary
energy Q(Ao*) - It is of course implicitly assumed throughout that any
extremal path must be realisable; it must 1lie either within or on the

yield surface at all times.

We turn our attention now to the properties of extremal paths. Let
* .
us assume that for every terminal stress state o an extremal stress

%
path exists in stress space. We may then associate with each o a state

~

of total- straiun s* which is the terminal strain when the stress path

~

*
follows an extremal path from the initial stress state ¢° to ¢ . Let

Q(Ao*) » a8 defined in (4.3), denote the complementary work along some
Ak

path between o¢° and o* » and let Q(Ac ) denote the maximum complementary

work along an extremal path between o° and o . Then we have the

~

following proposition.
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Proposition 4.3

A sufficient condition that

-
x  0Ag)

X = Bho (4.10)

Ag

for a class of stress paths between c¢° and o s and defined in terms of

~

* -
Ag , 1s that the path makes 2 an extremum.

Proof

Consider two adjacent states of stress S* and o which we assume may be
reached by following extremal paths AB and AC from the initial stress
state 3° (Fig. 2.,6). Let ﬁ(AS*) and ﬁ(As) be the maximum complementary
work associated with these two extremal paths, Then, from the

complementary work inequality (Proposition 4.1) we have
A * . A *
(Ag) - Q(Ag) - £(g) - (¢ =9 >0 ‘ (4.11a)

where £(c) 1s the terminal strain associated with the extremal stress
path between ¢ and ¢ . Now set o = od" + (1-6)c , 0 < 6 <1, 1n

(4.11a) to obtain

A~ % A *
R(Ag ) - Q(eAg +(1-6)Ag)

- (80" = (1-0)9) + (- 6" = (10)0) >0 . (4.11b)

Similarly, set & ao and o = 00" + (1-6)c in (4.11a) to obtain

Q(89) = 2(6ag™+ (1-6)A0)

< = 5(8g" = (1=0)9) + (g- 0d" - (1-0)g) 50 . (4.11c)
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Figure 2.6 Extremal stress paths from o to > and o ,

~ ~

Multiplying (4.11b) by 6 and (4.1llc) by (1-6) and adding the results, we
obtain

A %k ~ - %*

60(Ac ) + (1-0)Q(A0) > ABAc + (1-6)A0) . (4.12)
Eqn (4.12) expresses the convexity of Q. Thus, from eqn (4.1la) and
making use of a standard result from convex analysis (see Section 2.5,
Def inition 5.1), we have

e(g) € afz(AS)

where aé(Ac) is the subdifferential of Q at Ao . Further, If SA? is

differentiable at Ac then

. a.Q(Ag)
aQ(Ac) =
AAQ Ao

~

from which it follows that

30(A0)
5(9 = 0Ag *
Ag
Similarly,
30(83")
x _ x  04g
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This result implies that ﬁ(Ag*) is a potential function from which
the total strain E* resulting from én extremal stress history may be
derived. The implication is that we may associate with a path-dependent
elastic-plastic material a new material which {is path-independent (or

elastic) and whose constitutive equation is given by (4.13).

A dual result may be obtained for paths in strain space between an

« Let 5*

~

initial state of strain E° and a terminal state of strain ¢
be ;he stress state associated with E* when the strain path follows an
extremal path in strain space. The work along some‘path'in strain space
between E° and E* is denoted by E(AE*) » as defined in (4.4), and the
minimum work along an extréﬁal path between E° and E* is denoted by

w(Ag*) . We then have the following proposition, the proof of which

follows identical arguments to those of Proposition 4.3.

Proposition 4.4

A sufficient condition that

(4.14)

for the class of paths between c° and e* y defined in terms of Ae¥ , I8

~

that the path makes W an extremum.
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It follows from this result that

o e (4.15)

and that W is thus a potential function for the stress g* at the end of
an extremal path in strain space. Furthermore, recalling (4.2), ﬁ(AE*)
depends only' on the 1initial and terminal states of strain on the
,extremal path and is thus path-independent. In (4.15) we again have a
constitutive equation which defines a path-independent (or elastic)

material,

We propose now to present a result which establishes a relationship
between maximum complementary work paths 1in stress space and minimum
work paths in strain space. The proof of this result has been given by
MARTIN (1975a), Section 22.3, for the holonomic problem. Since its
extension to the case under discussion is trivial we will briefly sketch

the =alient ideas.

Using the complementary work inequality (Proposition 4.1) it is
easy to show that é(AS*) and ﬁ(AEf) are convex functions (we have
already shown this for é(Ag*) in Proposition 4.3). It can then be shown
that the maximum complementary work path between the initial state S°
and terminal state 3* maps Into strain space the minimum work path
between the initial state E° and terminal state E* , where E* and AG™

are related by (4.13). The converse can also be argued to be true

except that the maximum complementary work paths which are mapped by
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minimum  work paths need not necessarily be unique. We can show,
further, that the terminal stress obtained from (4.15) 1s uniquely
determined, but that the terminal strain obtained from (4.13) is not
necessarily uniquely determined; a situation where the latter case is
obvious 1s when the material is elastic-perfectly plastic. We summarise

these abservations in the following proposition.

Proposition 4.5 The duality of 0 and W .

The maximum complementary work function fz(Ac*) and the minimum work
function ‘:!(Aa*) » as defined in (4.5) and (4.6) respectively, are dual
potential functions in the sense that (4.13) and (4.15) are inverses

with respect to each other, Furthermore, both © and W are convex

functioas.

It 1is apparent that Propositions 4.3 and 4.4 provide simple yet
powerful tools for’ determining the terminal strain f.* associated with an
extremal stress path in stress space, and t;.he terminal stress 3*
associated with an extremal strain path in strain space. Furthermore,
from the‘ duality.reéult abbve, these two results provide two forms of
the constitt;tive equation for the same path-independent material. All
that rema,ins;‘.is‘i""'to ‘del_:ermine explicit expressions for 0 and W such that
these quantitles éepresent maximum and minimum values -°f,5’ and -\TI
respectively. Before doing so, however, we shall investigate a ”
~consequence of such a procedure which allows us to frame an alternative

but equivalent éet of constitutive equations which involve work

quantities only.
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Let us first discuss the special case in which the extremal paths
are elastic paths. As before we assume that the total strain 1is

divisible into an elastic part s and a plastic part R such that
csetp ; | - (4.16)
recall from eqns (2.2) that the elastic part e is given by

S = Do _ (4.;7a)
and we assume also that the inverse relationship

| 2 = Ce (4.17b)

exists as well. We assume that the initial stress state o° satisfies

the inequality
¢(a®,p°) <0 ; (4.18)

then the states of stress which can be reached by elastic paths are

those states of stress which satisfy the inequality
¢(a,p°) <0 . o (4.19)

From Proposition 4.2 such a path is -an extremal path, which, according
to Proposition 4.5, maps into strain space a minimum work path which
begins at a strain state t-:-'6 (which may include initial plastic strainé

p°) and terminates at the state ¢ - Since the path 1is elastic the

~ ~
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changes in stress vand strain along these extremal paths must be related
by the elastic equations (4.17), and the change in plastic strain along
the strain path must be zero. The minimum work along an extremal path
in strain space for which the change in plastic strain AR = 3 is then
given by

~

W(Ae) = W(Ag) s% (2e)TC Ae + o . Ae (4.20)

‘where Ae = € = €° and W(Ae) denotes the elastic strain energy assoclated
with Ae ., Similarly for an extremal path in stress space between the
initial stress state ¢° and terminal stress state o , which satisfy

(4.18) and (4.19) respectively, the maximum complementary work 1is given

by

R 1 'T

Q(Ac) = Q(Ao) 5-2- (AG)'D A+ €° . Ao (4.21)
where Ac = o - ,0° and Q(Ac) 1is the elastic complementary energy

assoclated with Ac . It is clear that both W(Ae) and Q(Ac) are path-
independent since they depend only on initial and terminal states of

strain and stress respectively.

Suppose now that, following the division of the total strain into
e_last_ic and plastic parts, we divide the complementary work along any
Path in stress space between initial state o and terminal state c* into

two parts and write

* *
t t

[ e+gdt+ [ poegdt

t:O : t:O ~

-, %
Q(Ac )

Q(Ag*) + ﬁp(Ag*) . (4.22)
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The elastic part Q is already determined from (4.21), so that in order
to determine the maximum value of Q we need to find the maximum value of
ot

Q . In doing so we may ignore the elastic behaviour, so that the

determination of the extremal value of @ 1s equivalent to finding the

maximum complementary work path for a rigid-plastic material.

Our development so far has placed no limitation on the type of
- material which may be considered, so that we may conclude that the

duality result (Proposition 4.5) 1is wvalid also for rigid-plastic

p
materials. Thus, paths in stress space which maximise ® will map into
—p -—
plastic strain space paths which minimise W , where Wp is the plastic

part of the total work W along any path in strain space between initial

* * * -
state €° = e® + p° and terminal state ¢ = e + p , with W defined by

~ ~

w(Ae*) = w(Ae*) + WP(Ap*)
] ' ]
t L ] t [ )
=] oeedt+ [ oepad . (4.23)
t° t° ~

From (4.20)'the minimum value of the elastic part W is given by W(Ae*) =

1
E (Ae*)TC pe* + & . Bt , 60 that in order to minimise W we need to

~

determine the minimum value of W .

Let us assume for the present that we can determine this mi nimum
value and call it ﬁp(Ap*) . Now it is evident from the dual nature of
the extremal paths in stress and plastic strain space that the terminal
state Ef cannot be arbitrarily chosen, but must be considered, for the

purposes of minimising WP , as a given state. The elastic and plastic

*
parts of & , on the other hand, can be considered to be as yet

~
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undetermined. Since the initial state ¢° is also by definition a given
state this implies that the change in strain AE® along the path must
remain fixed, whilst the changes in the elastic and plastic parts may

vary.

Let us now assume that we have expressions for W(Ae*) and ﬁp(Ap*)

so that the minimum work along the extremal path in strain space 1is
ﬁ(Aa*) =vW(Ae*) + ﬁp(Ap*) . (4.24)

ok ok
Let Ae and Ap be the rates of change of Ae* and Ap* along the extremal

~

path., Then, by definition we have

A

o ok ek
W= -ﬁg . (re + AE ) (4.25a)
Ae

and from (4.24) we also have

A fou ox)  [ouP ok
v _<8Ag * he )+<6Ap % AE ) * (4.25b)
Ae ~ 1 Ap

Equating the coefficients of Ae* and Aﬁ* in eqns (4.25) we conclude that

W WP
L —_— . (4.26)
ohe % 0Ap *
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From Propositions 4.2 and 4.5 the elastic strain energy W(ae™) s always

an extremum and thus we have from Proposition 4.4 that

&= | (4.27)

and hence, from (4.26)

+ _ oyP
S = %p . (4.28)

%*

Ap
Equations (4.27) and (4.28) represent respectively the elastic and
plastic constitutive equations for a nonlinear path-independent (or

elastic) material. Such a material, as we have seen, can be assoclated

with the classical path-dependent elastic-plastic material.

Since we already have an explicit expression for the elastic strain
energy W we treat eqn (4.27) immediately. Replacing Ac by Ae in (4.20),

we have
W(Ae) =1/2 (Ae)TC e + 0° ., Ae .

Making use of this result in (4.27) we obtain

o* = Che” + o

1]

Che® + Ce® y» from (4.17b).
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Cle® + Ae*]

cle® - p° + AeX - Ap*] , using (4.16) . (4.29)

This result establishes an explicit expression for the elastic

constitutive equation for our nonlinear elastic material.

We defer further discussion of the plastic work contribution until
the following section where we will develop an explicit expression for
WP for the particular case of the von Mises yileld function with linear

kinematic hardening.

2.5 THE DETERMINATION OF EXTREMAL PATHS FOR A VON MISES YIELD
FUNCTION WLTH LINEAR KINEMATIC HARDENING

Our first objective 1is to establish appropriate conditions which
must be satisfied by an extremal path, based on the simultaneous
maximisation of the plastic complementary work and minimisation of the
plastic work. Let us suppose that at t = t° the state of a material
point is defined by initial stresses g° and initial strains E° = s° +
£°. Recall that for kinematic hardening the internal variables are the

plastic strains themselves so that the current yield surface at some

t > t° is given by

¢(g,g) =0 . (5.1)

We assume as before that ¢ 1is a convex, continuously differentiable

function. Since we are interested only in plastic behaviour we may also
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assume without limiting the generality of the intended result that the

initial stress state ¢° lies on the yleld surface at t = t° , so that

0(a°,p%) =0 (5.2)

and that the stress state remains on the yleld surface at all times

along the extremal path.

We adopt the classical rate form of the plastic constitutive

equations, (eqns (2.22) and (2.23)), which we write here as

. é) » 1f ¢(g) = 0 and

1T
]
(]
3l
~~
gl
218
L]
lae
\%
(o)

(5.3)

ﬁ =0 , otherwise

where G > 0 is a hardening parameter, for which an explicit expression

has already been given in (3.12).

Let the plastic work computed along some path in plastic strain

space between the initial state p° and terminal state p* be given by

%*

- % t .
V() =) gepadt . (5.4)

t° ~

The first variation of ﬁp » keeping the initial and terminal values of

the plastic strain fixed, 1is

*

t
SiP(ap™) = [ (p - 6g+ g+ &p) dt
~ to ~ ~e [
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which after integrating by parts becomes

*
- t . .
5wp(Ap*) =[ (p 6g -~ o » 8p) dt (5.5)
~ o ~ ~
t

in which the variations 6o and 8p are related via (5.3).

Let the complementary plastic work along some path in stress space

between the initial stress o¢° and the terminal stress o be given by

- . t
2" (ad") = |

pegdt . (5.6)
The first variation of Qp » keeping the initial and terminal wvalues of

the stress fixed, is

- b3 t* Y .
éQp(Ag ) = f (p » 60+ g » &p) dt

o ~ ~
t

which after integrating by parts becomes

*
- t . .
°(A0%) == [ (p e bg-G + bp) dt . (5.7)
~ o ~ ~
t

P . 65p = 0 , whence we

In order to extremise Wp and Qp we set &W
see that the resulting two problems become identical except for their
respective terminal conditions; (note that since the initial conditions

are assumed to be given, 8p° = 60° = 0 by definition). Thus, 1f we can

solve the broader wvariational problem

*
t

J (pe+8g=g = 6p) dt=0 ~ (5.8)

(o] ~ ~
t
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% ‘
such that at t = t no restrictions are placed on the values of the
plastic strain nor on stress, we would then have coincident solutions
for the original problems

—p=

s =8 =0 .

We assume that during the interval [t°,t*] the stress point remains
on the current yleld surface 4(o,p) = 0 so that the first variation of ¢

must be zero :

-2, 28, s =
RS A A~ RN (5.9)

~ ~

Substituting for ﬁ in (5.8) from (5.3) we get

*
t
ﬁ.. .aﬁ. -— .. = .
fo.[G (ag g)(ag 50) = (o 62)] it =0 ;
t

now substitute for (d34/d0) . 60 from (5.9) to get

*

t
[ [-G%%(%%-é)-é]-épdt=0 : (5.10)

o ~ ~e

t ~

From the fundamental lemma of the calculus of variations the extremal

path must satisfy the Euler equation

5=-c2% 20, ¢ '
A A R B (5.11)

Equation (5.11) yields a set of extremal paths in stress space emanating

from various stress states on the yleld surface ¢(c°,p°) =0 .

~o
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Recall from Section 2.3, eqn (3.17), that for linear kinematic

hardening with a von Mises yield function

=-h=— , (5.12)

where h is a positive scalar hardening parameter. Substituting (5.12)
1

into (5.11) yields

= pe 20 (B9, ¢
S_hcag(a_o 9

(5.13)

]
=3
T e

where we have used (5.3) to obtain the final result. It is now clear
that the extremal paths have the same direction as the plastic strain
rate p « Since p is always normal to the yield surface, and since we
have chosen to work with yield surfaces whose normals are uniquely
defined at every point, R also defines the point on the yileld surface

from which the extremal stress path emanates : we call this stress state

ta?

. An extremal path and the various associated stress states are

illustrated in Fig. 2.7.
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®(o5.p;)=0
N\

Figure 2.7 Extremal path in stress space.

We will show later that the stress state é depends only on the
direction of E and not on its magnitude. To emphasise this we will
write é = E(Ag) » Where AR has the same direction as ébut is of
unrestricted magnitude. We shall also demand of é that it lies on the

yileld surface defined by
%(3(8p),p°) = 0 | (5.14)
assuming, of course, that AR #0 .

We must emphasisé that we are still working under thg assumption

that the material behaviour is rigid-plastic. This allows us to assume

that o° is on the yleld surface, as shown in Fig. 2.7. However, it
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should be noted that ¢° and 3 need not be coincident stress states.
Furthermore, when the elastic part of the behaviour is reintroduced
later it will become apparent that o° may be anywhere within or on the

yleld surface at t = t° .,

Returning to eqn (5.13) and integrating over the extremal path to

the terminal state o* we have

% ¥
t . 1 t .
/] pdt-= £ [ gat
° ¢°
*
P o
~e 1 ~e
= [ dp= £/ dg
p° ” g
# 1 % :
=> Ap = ;1 (" = o) (5.15)

where Ap* = p* - p° . Obviously the extremal paths in stress space are

straight line paths, as illustrated in Fig. 2.7. For the case of the
von Mises yield function defined in (3.7) the extremal paths in stress

space will also be proportional loading paths.

Plastic Work and Complementary Plastic Work

Having - explicitly defined the extremal paths we may proceed with
the development of explicit expressions for the maximum complementary
plastic work ﬁp(Ac*) and minimum plastic work ﬁp(Ap*) along these

paths. For the plastic work we have
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*
A * t L ]
WP(8p™) = [ o e pdt
e 7
t*
1 .
== [ gegdt, using (5.13)
h "7 7
t
*
g
- 1 ®
-thA d(s * o)
(o)

1 A
- h(Ap™ . 2p%) + (5. ap™) (5.16)

where we have used (5.15) to eliminate oF and so obtain the final
result. Treating Ap* as a variable in (5.16) for the purpose of
differentiating the plastic work, we have

A

P £ x 08
M o (Mt =) . (5.17)
dAp ~ ~ ~ dAp

~ ~

The last term in this expression involves the scalar product of two

vorthogo-nal second-order tensors, since amust always lie on the yileld

~

surface and Ap* must always be normal to the yield surface at o ; this

term then falls away. Substituting for Ap* from (5.15) leaves us with

Ap * ° .
RcL s (5.18)

*
oAp

~
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confirming that the terminal stress may be derived from the minimum

plastic work function.

The maximum complementary plastic work méy be obtained by arguments

similar to those above and is given by

OP(AS") = *

N | o

ap* L (K- ) . | (5.19)

~ . ~

Similarly, we may confirm that the terminal strain e may be obtained

from this function.

We shall find it essential for the later development to separate

the minimum plastic work function Qp into two parts. Let us then write
WP = ﬁf + ﬁg (5.20)

where we define the new functions

. 1
wf(Ap*) - h(Ap* . Ap*) - (5.21)
and ﬁg(Ap*) =0 . Ap* (5.22)

and we emphasise that G = S(Ap*) .

The Plastic Work Function ﬁg

We now wish to develop an explicit expression for the plastic work

‘function ﬁg . Recall from (3.7) that the yield function in deviatoric
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stress space at t = t° is given by
1 - 2
o = 5 (s = hr°)(s - hr®) = k“ =0 . (5.23)

We have already seen from (5.15) that the change in plastic strain Ap
follows a straight line path in the direction of the normal to the yleld
surface at the stress state o in stress space. Transferring this to

deviatoric stress space and noting from (3.5) that Ap = Ar it follows

that
>
tp =852 |
" s
=B (8- hr’) , from (5.23) (5.24)

where B 1s a positive but otherwise undetermined constant. Since ;

lies on the yield surface at t = t° we may replace s by s in (5.23);

then combining (5.23) and (5.24) we obtain
B = -/l— r’A_p}_ bp . o (5.25)

Substituting (5.25) into (5.24) and rearranging, we get

/EkAp

=———— + h’ . (5.26)
YAp ¢ Ap

! >
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Taking the scalar product of both sides with Ap and noting that p°® = r°,

we obtain
8 ¢ Ap = v2k Yhp - Ap + hpo s Np . (5.27)

In order to write the left-hand-side of the above equation in terms of

stress o we note that, using eqn (3.3)

A

8 Ap = s;,0p,,

~

A 1 A
= O138Pgy 7 3 Okkéijépij

. 1.
913%P13 = 3 %Pk
= %15%Pyy

=G« Ap (5.28)

~

since Apy, = 0 from (3.1). Using (5.27) and (5.28) in (5.22) we obtain

the following expression for the plastic work function ﬁg :

ﬁg(ap) = V2k /Ap + Bp + np® « op - (5.29)

~

It is apparent from the definition of ﬁ; given in (5.22) that

Q
=
N o

I
a »

. (5.30)

o
>
o

2
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Differentiating (5.29) with respect to Ap # 0 and using (5.30) we obtain

V2k Ap
YAp = Ap ~

~ ~

It 1s worth remarking that the components of o are clearly homogeneous
and of degree zero in the components of Ap , from which we may conclude
that the stress state o depends only on the direction of the plastic

strain increment Ap and not on its magnitude.

Before proceeding we cbmment briefly on the plastic work functions
ﬁi’ and Clg . The quantity ﬁi’ , eqn (5.21), 1s clearly a quadratic
function of AB » but because of 1its dependence on the hardening
parameter h , will only be present for materials which exhibit hardening
behaviour. The quantity CJ; » eqn (5.29) , consists of two terms, the
second of which also depends on the hardening parameter h and on the

initial plastic strain state p° , and may as a result not always be

present. The first term on the right-hand-side of (5.29) will always be

present, but suffers from the disadvantage of being non-differentiable
when Ap = 0 . We show in Fig. 2.8 a schematic representation of the '

function Clg and 1its derivative with respect to Ap . The function

clearly has a discontinuous derivative at Ap = 0 .

The Subdifferential aﬁg

The subdifferential 3F(u) of a function F at u 1s a well known

concept in convex analysis, and one which we aim to make use of here in
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connection with the pléstic work function ﬁg . Before doing so,

however, we must ensure that the plastic work wg is a convex function.

Figure 2.8 Plastic work function ﬁg and 1its derivative.

Lemma 2.1

The plastic work function ﬁg as defined in (5.29) is convex.
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=
o
il

Wa + Wb

Y2k YAp * Ap + hpo e dp , from (5.29) .

We show first that Wa is convex, and then, using the linearity of wb ,

that Wg must be convex.

(i) We have
[Wa(AP)]z = czAp . Ap , where c = 2k .

Then for 0 < 6 <1 , and for all admissible Ap,Aq , we have

(v_(58p + (1-8)Aq)]% = c2(6Ap + (1-6)Aq)(8Ap + (1-6)Aq)

= c292(Ap o Ap) + 2c29(1—6)(Ap s N) + cz(l—e)z(Aq e N) .

(5.32)
gNxN

For Ap , Aq € the Schwarz inequality gives

N

c2|AR . Ag' c2 'A2||A2|

c/Ap ¢ Ap cV/Aq * Aq

wa(AR) wa(Ag) . (5.33)
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Substituting (5.33) into (5.32) we get
(W, (onp + (1-9)AE?]2 < GZWE(AE? + 20(1-0)W, (8p)¥, (40)
+ (1-0)2 w2(aq)
= [oug(ap) + (1=, (812 .
Taking the square-~root of both sides, we get
wa(eAB + (I-G)AS) <.6Wa(Ag) + (l-e)wa(Ag) (5.34)
which establishes the convexity of W, .
(11) The linearity of wb(Ag) 1s expressed as
Wy (8ap + (1-8)4q) = oy (4p) + (1-8)W,(2q) (5.35)

Adding (5.34) and (5.35), and recalling that ﬁg =W, + W, , we

have
&g(eAp + (10)Aq) < B(sp) + (1-0)WD(A)
and the result is established. [

We introduce the subdifferential via the following definition (see

EKELAND and TEMAM (1976), Chapter 1, Section 5).
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Definition 5.1 Let Qg : RNXN 4, R be a proper function. The

subdifferential of ﬁg at Ap , denoted 6Q§(Ap) , is defined by
6W§(Ap) = {1 : wg(Aq) - Wg(Ap) -1 .(Aq=Ap) 30 , AQE RN

(5.36)

‘where © is called a subgradient at Ap .
Further, 1if Qg is convex and differentiable at Ap , then it is

subdifferentiable at Ap and

oP
bWZ(AB)

aﬁg(Ap) = . O . (5.37)

0Ap

~

We have already seen that Qg is differentiable everywhere except at
the origin, Ap = 0 . Thus, for Ap # 0 (5.36) reduces to (5.37); for
Ap = 0 (5.36) may be simplified by making use of the fact that ﬁg (0) = 0:

oWB(Q) = {1 : W(aQ) -3 *+ Aq> 0, VaAqQ) . (5.38)

The subdifferential 6&5(0) is illustrated schematically in Fig. 2.9.
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ApiJ
IW5(0)

typical subgradient

Figure 2.9 Subdifferential of the function ﬁg at the origin.

The subgradients T in (5.36) and (5.38) are, of course, stress
states; In the case of (5.38) they are all those stress states which are
~assumed to be attainable when the actual plastic strain AR = g . 1t is
essential therefore to ensure that the definition of the subdifferential
is consistent in the sénse that the subgradients are admissible stress

states. Thus, for Ap = 0 it is necessary that the stress states T lie

within or on the.yield surfacg ¢(:’R°) = 2 , defined at t = t° .

‘From (5.38) the subgradients T are defined by
Gg(Ag) -1 Ag >0, VAS, . (5.39)
Substituting for ag from (5.22) and rearranging, we get

(o(Aq) = 1) . Aq>0 , VAQ (5.40)
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Now since Aq is an arbitrary admissable plastic strain state, and 8ince
by definition a(Aq) always lies on the .yield surface (see eqn (5.14)),
it follows from eqn (5.40) and the principle of maximum plastic work

(Section 2.2) that
o(Tt,p°) <0 . (5.41)

p=10, are thus

~

The stress states f, , or the subgradients of fﬂz’ at A
seen to be all those stress states which lfe within or on the yield
surface at t = t° . We conclude then tﬁat the definition of the
subdifferential gives a consistent Iinterpretation of the fundamental

postulates of Section 2.2,

The Plastic Constitutive Equation

We return now to the plastic constitutive equation which was
developed in Section 2.4 based on extremal paths, and rewrite this
equation using the subdifferential 6\312’ . Recalling eqn (4.28) and the
subdivision of WP into 1its parts Cai’ and \:112’ , as defined in eqns (5.20)

through (5.22), we have

. oW ou)
~ ¥ ~ *
Ap Ap

The second term on the right-hand-side of the above equation 18, as we
have seen, not everywhere uniquely defined. We therefore introduce the

subdifferential 6{:112’ , which is everywhere defined, and rewrite (5.42) as
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awP
* 1 ‘p *
-1 € .
g A oWy (2p ) (5.43)
~ *

This 18 the general form of the plastic constitutive equation for a
material which is assumed to follow extremal paths in both stress and

strain space,

Alternatively, we may rewrite (5.43) in two parts, one part
pertaining to the case when AE = 2 , and the other pertaining to the
case when AB + 9, . Differentiating the plastic work function \AJ‘I’ in
(5.21) we get

awg(Ap)
o T hep

(5.44)

=0 whendp=90 .

"Using this result and the fact that the subdifferential bﬁ; is given by
(5.37) when Ap # 0 we have the following two equations which together

are equivalent to (5.43) :

o =-6—A; + 5 ’ if AE #0 3 (5.45a)
~ * ~ *
Ap Ap

o € awP(0) , if Ap=0 . : (5.45b)
2 2~ ~
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To summarise, we have developed a description of a new material
whose behaviour 1is governed by two constitutive equations (4.27) and
(4.28). These equations express a simple relationship between the state
of stress for a material element and two potential functions, W which is
the elastic strain energy, and ﬁp which is the plastic work function.
The presence of these potential functions means that the material
behaviour is path—independent, or elastic, and that the two constitutive
equations therefore define a nonlinear elastic material. This material
is nevertheless fully capable under certain circumstances of describing
conventional elastic-plastic behaviour. TFor the particular case of a
von Mises yield function . with 1linear kinematic hardening we have
developed explicit forms of the two constitutive equations; these have
been given in (4.29) for the elastic equation and (5.43), or

alternatively (5.45), for the plastic equation.

Our development has included the possibility that initial stresses
and plastic strains exist in the material element at t = t° ; moreover,
the constitutive equations have been formulated in terms of finite
increments in stress and strain. We do not, of course, claim that
solutions obtained using these constitutive relations are always exact,
although in certain cases they may be; for example, when the loading is
proportional. WNevertheless, we will use these equations to formulate a
consistent incremental holonomic problem, yhicﬁ subject we take up in

the next chapter.
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CHAPTER 3

THE INCREMENTAL HOLONOMIC PROBLEM

In this chapter we propose a new statement of the elastic-plastic
boundary-value problem which incorporates the constitutive equations
described in Sections 2.4 and 2.5. Our objective 1is then to procéed
with the formulation of a variational principle which can be used as a
basis for the numerical approximation of this new boundary—value
problem., Our formulation makes allowance fbr the existence of initial
stresses and strains, and is written in terms of finite increments in
the field variables. For this reason we refer to it as the incremental

holonomic problem.

We begin with the statement of the problem and definition of the
solution variables and data in Section 3.1. In Section 3.2 we set forth
the fundamental variational principle for the problem, which turns out
to be a variational inequality. In Section 3.3 we show the existence of
an equivalent minimisation problem. However, since these variational
problems involve a non;differentiable functional ﬁe consider in Section
3.4 a perturbed minimisation problem; we show existence and uniqueness
of the solution to the perturbed problem, and the convergence of the
perturbed solution to the solution of the original boundary-value

problem.

The perturbed minimisation problem is given in the form of .a
variational principle involving a differentiable functional, and forms a

suitable basis for an approximate numerical solution. 1In Sectionb3.5 we
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set up the perturbed minimisation problem on a finite dimensional
subspace, and in Section 3.6 we give an estimate of the error in the

proposed finite element solution,

3.1 STATEMENT OF THE PROBLEM

Consider a body which occupies an open bounded domain Q in rN s N<3,
with Lipschitz boundary I' . Tet t € [t°,t° + At] be a real parameter
which parametrises a family of sgtress fields S(f’t) , displ;cements
fields B(f’t) , and plastic strain filelds R(f’t)' Assume that when t =
t® , the stress field S°(§) is known and is in equilibrium with the
prescribed tractions™ £° on I's and body forces £° on R ; the
displacements 2°(f) » which are assumed to be zero on Iy, , and the
plastic strains p°(§) are also known and are assumed to consitute a

~

kinematically admissible set.

Suppose that over the interval At the tractions are cha;'lged by As
to 5 on 'y , and the body forces are changed by Ai:" to £ « Suppose
further that the stress field S(f) at the end of this interval {is
reached by an extremal path for each material point X in @ . Then we
seek the changes in the displacement field A'l\l'()ﬁ(') and changes 1in plastic

strain field Ap(x) which satisfy

* No confusion should arise between the scalar parameter t and the

traction vector t .
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(1) the equations of equilibrium

divo+£f=0 onQ (1.1)

(11) the constitutive equations

o = C[Vu® +Y(Au) - p° = Ap]
on . (1.2)
3P (Ap) .
6 - —= ~ € aW2(ap)
~ OAp 20
(141) the boundary conditions
EX = E on Fs
(1.3)
2 = g onT, .

e shall refer to the above statement as Problem (S).

The total plastic work Wp(Ap) is generally the sum of two terms
W?(Ap) and Wg(Ap) + The plastic work function Wf(Ap) is a consequence
of the hardening behaviour of the material and for 1linear kinematic

‘hardening is given by, (recall Section 2.5, eqn (5.21)),

~ 1
p =
wl(AB) > Ep(dp . 42) } | (1.4)
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where Ep (Z h 1{n Section 2.5) is a scalar hardening parameter defined in
Section 2.3, eqn (3.13). We require that 0 < Ep < E , where E 1is
Young's modulus.

The second plastic work function Wg(Ap) is due to both plastic flow

behaviour and the translation of the yleld surface in stress space, and

is always presént. From Section 2.5, eqn (5.29), we recall that

{:Ig(Ap) = /2 /Bp . Bp * E, p° . bp (1.5)
B B B 5

where k = ao//§ is the effeqtive yileld stress. The subdifferential

OGE(AB) was defined in Definition 5.1, Section 2.5, and is repeated here

for completeness :
awg(Ap) = {1 : Wg(Aq) - Wg(Ap) - 1. (rg-2p) >0, Vaql . (1.6)

The quantity Vu® represents the gradient of the 1initial

~

displacement field u°(x) . We assume that the components uj ; of the
~ 1,3

gradient are in L (Q) and that a positive constant h) exists such that

o
max ltu

I <h . (1.7)
1, b3 1 '

Similarly, we assume that the components pij of the 1initial plastic
strain field p°(x) are contained in L,(Q) and that a positive constant

hzeﬂsw such that

max 1pd, I_ < h

i (1.8)
1,j 2 -
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Relative to an orthonormal basis the components of C are Cijkl ’
being the elastic constants for the material. These components exhibit

the symmetries

Cijka = Ciyak = Cyaka = Ckatj | (1.9)

and obey the strong ellipticity condition : there exists a positive

constant c; such that

Ciyka Ak A1y > C184y Ay (1.10)

holds for all symmetric second-order tensors A(x) . We require further

that Cijkk € L,(Q) and that there exists a positive constant co such

that

max c I < ¢ . (1.11)
1kl = 2
1,9,k,0 13

The components fi of the body force vector f are assumed to be
glven as functions in LZ(Q) » and the components t; of the surface

traction vector t are assumed to be given in LZ(FS) .

We will find it convenient at times to make use of the symmetric

small strain tensor ¢ , defined by
€ =¥Q (Vu + vTu) . (1.12)
We define also the anti-symmetric small rotation temsor w by

w =¥@ (Yu - VTB) (1.13)
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so that we may write

(1.14)

<
(=
]
i m
+
LE
L]

Operating on both sides with the symmetric fourth-order tensor C , we

get

C Vu = Ce + Cuw

= Cc (1.15)

because of the symmetries in (1.9).

This completes the statement of the problem and the definitions of

the functions and data with which we will be working. We proceed now to

the formulation of the fundamental variational principle.

3.2 A VARTATIONAL INEQUALITY

Our objective in this section 1is to construct the fundamental
variational principle for the incremental holonomic problem which is in
some sense equivalent to the classical statement of the problem
discussed 1in Section 3.1. As we shall see, the principle which we

develop here will be in the form of a wvariational inequality defined on

a set of admissible displacements and plastic strains.
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Function Spaces

To begin with we will define the spaces of functions within which we
will be working. Throughout this chapter we will make use of the
notation and conventions for the Sobolev Spaces H™(Q) = wg(g) , where

wg(Q) is the space of functions on Q whose distributional derivatives of

order < m are in LZ(Q) . These Sobolev spaces are Hilbert spaces. We

will be concerned exclusively with the case m 1, for which the inner

product is
(u,v)y = [uv dx + | %ﬁ‘%% dx _ (2.1)
Q Q 1771

and for which the norm generated by the inner product is defined by
at? = (u,u) . (2.2)
1 1
The following spaces of functions on Q will be required.
1. The space
V = {X = (V]seeesVy) ¢ vi € ul(Q) 3 vy ='0.on Pﬁ} . (2.3)
This is a Hilbert space gith an inner product
(B’X)V = IQ uey+Vu e Vy dx (2.4)
and a ﬁqrm Iuly defined by

2 -
tuly = (o), . : | (2.5)



The space

L={q: qy €Lp(0) ;5 1,5 = 1,...,N}

NxN
(L,(2))
This is also a Hilbert space with an inner product

(p,a)y, =/ p*qdx
~ Q~ ~

and a norm "E"L defined by

Hzni = (E’E?L .

For convenience we define the pairs
us= (AE’AR) and Vv = (Az,Ag)

and the product space

=VxL

<\

which 1s a Hilbert space equipped with the product norm

lul_ defined by

\'
Wﬁ"z = HAuH2 + "Ap"2 .
7 ~'V L

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

96
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Korn's Inequalities

For proving the V-ellipticity of bilinear forms, Korn's
inequalities are essential mathematical tools. Korn's inequalities are
actually special cases of Garding's inequélity for elliptic systems and
are generally stated as follows. Let Q be an open bounded set with

regular boundary. Then we have the following two inequalities.

The First Inequality. Tlet v ¢ ((Hé(Q))N « Then

2
. > e, Iyl N .
IQE g dx > e lylid oy (2.12)

1

for some constant c¢; > 0 s Independent of v , where & 1is defined in

~

(1.12).

The_Second Inequality. Let v € (L)Y . Then

2
. + . > vl .
IQE € dx é ¥ * oy dx >,y (HI(Q))N (2.13)

for some constant ¢y >0 .

A proof of the first inequality is given by MARSDEN and HUGHES (1983),
Chapter 6, Section 1.12. DUVAUT and LIONS (1976) prove the more general

second inequality in Section 3.3, Theorem 3.1,

It is clear that the first inequality is suitable for use only in
Dirichlet type problems. For mixed problems, having both displacement

and traction boundary conditions, the second inequality is not directly
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applicable because the second term on the left-hand-side does not
generally occur in the bilinear form. However DUVAUT and LIONS (1976)
have shown (Section 3.3, Theorem 3.3) that for v € V , as defined in

(2.3), and for some c, > 0 , that

€ dx > cof v * vy dx
Q Q

~—
M
.
(y]

or [ gecedx-c f vevdx >0 . ‘ (2.14)
Q 9

1f we now multiply eqn (2.13) through by o and add the resulting

inequality to (2.14) we obtain

cec
o 2

2
> e 7l
(1 + co) v

= kg2 . (2.15)

It i1s in this form that we will use Korn's inequality later on. The
interested reader will find further useful discussion and application of
Korn's inequalities in HLAVACEK and NECAS (1970), and CHOU and WANG

(1979).

Bilinear Forms, Functionals and their Properties

We turn our attention now to the definition of the bilinear form
and functionals which we propose to use in the variational formulation :

we define
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(1) a symmetric bilinear forma : Vx V >R ,

a(@,v) = [ [C(V(Aau) - Ap)] + [V(Av) - Aq) dx + E, [ ap + Aq dx
Q ~ ~ R~ ~

= jQ[c“u(Aui,j - Apij)(Avk;l = Bq, )] dx + E, IQApij Bqyy dx

(2.16)
(11) a linear functional f : V » R ,
£(7) = - [ (c[vu® = p°]) « [V(Ay) - Aq) dx *
Q ~ o~
+ [ (€2 + Af) o vy dx + [ (¢ + At) ¢ Ay dx s
Q r ~ ~
8
o (o]
IQ[Cijkk(ui,j Pyy AV, o = Bgyp)] dx
o] (o]
+ IQ(fi + Af )ovy dx + fr (t] + ot,)Av, dx (2.17)
8
(111) a non-differentiable functional j : L >R ,
3(aq) = [ up(Aq) dx (2.18)
~ Q ~

where WZ(AQ) is given by (1.5).

The results which are to be presented later in this section
depend on certain fundamental properties of the above bilinear form and
- functionals, which we shall now state and prove in the following four

lemmas.



Lemma 3.1

(a) The bilinear form a : V x

that there exists a positive constant a such that

a(7,%) > alvi®

A

V + R 18 V-elliptic in the sense

(2.19)

(b) The bilinear form a : V x V » R 1s continuous; that is, there

exists a positive constant M such that

|aq@, | < mrai_ i
5

I"U

A

(a) We follow a similar proof due to JIANG (1984).

(2.16), using the identity (1.15),

a(v,v)

\ %

] (clae - Aq])  [ag - Aq] dx + E f Aq * Aq dx
Q

1f [Ag - Aq] . [Ag - Aq] dx + E f AqQ * Aq dx

using the ellipticity of C , eqn (1.10)

QN

QN

(2.20)

We have from

~

~

14
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lf [(Ae  Ae) - 2(Ag - Aq) + (Aq . Aq)] dx + E f Aq * Aq dx

c f (6(Ae « Ae) + (/T:ﬁAe -1 Aq) (/T-§Ae -
Y1-8

~

QN

=3

~

Aq)

~



(b)

T—G(AQ'AQ)] dx+Equ°Aqu
Pig ~ ~

cle
> fg[cle(Ag * Ag) + (Ep - T:E)(Ag . Ag)] dx

E

where 0 < 6 < 1 . Let us choose o = 5 D 3 then
cl + Ep
a(v,v) > [ ( “1” P s——==-)(Ac ¢ Ae) + l-E (Aq . Aq) dx
2c1 + Ep 2
ke, E
17p 2 1 2

using Korn's inequality (2.15), where k > 0 is Kormn's

constant. Hence,

a(v,v) > alvi?

<3

where a = min (

Note that a(V,V) is V-elliptic if and only if E_ > 0 , f.e. if the

P
material exhibits hardening.

We will show the proof in two stages. First, we consider only the

elastic contribution to a(u,v) by defining the bilinear form

Av ax .

a(Au,Av) = | C A
a(Au,av) IQ 13x2 “Y1,4 k2

101
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Then,

|acay, ay| = pv, , dx| -

'IQCIjkx Bug 5 A%, 2

Fal

e, [ (3 mu, M) av ) dx , using (1.11)
| 270 1, BT |

¢ (E M , Z Av, )
2' £ 1104, ke ol

n

e Iy Au, 0 4) Av
2 1,1 i,j o K, k,2 o

n

CZE’j"Aui,j"o E’anvk,lno (2.21)

using the triangle inequality, "2‘“0 < 2 n-uo s where H-ﬂo

denotes the L2 norm.

From the definition of the norm lAul , eqn (2.5), we easily deduce
\'

that

I otaw, 0 < NPuaul

1,3 131,

Substituting this result into (2.21) yields

[3(au,a0) | < e uaun, nayi

\

= Misgl, WAYN, . (2.22)

\
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Returning to the bilinear form a(u,v) we have
'a(u,v)' = 'jgcijkl(Aui,j - Apij)(Avk,l - Aqkl) dx + EPJQAijAqij dxl .

We extend the elastic result (2.22) by replacing A“i,j by (A“i,j -

Apij) and AVk,l by (Avk,l - Aqyy) , and so obtain

la(u,v)| < Miv(ay) - Aply 19(ay) = Aqly + 'Ep(Ap,Aq)L,

<%
MC1sgt

+ HAE"L)(HAxHV + HASHL) + EP"AEHL "ASHL ’

(using the triangle inequality for the first term, and the

Schwarz inequality on L for the second term)

Fay

M+ EP)[HABHV favll, + N1Aul HAEH + HAxﬂv "AE"L

v v L

+ “AE"L “AS“L]

]

- 1 1
2(M + EP) [/—5 (nagh, + "AB"L)”E (1l + I|ASIIL)]

2 2] Y 2
L

+ lADpl [1AVIZ + HAqQH ]1/2
v oP Xy d

A

- 2
2(H + E) [18g0 2

M oful_ v _
vV

which is the desired result. To obtain the penultimate step in

this proof we have made use of the inequality

1
a+b<ﬁ(a2+b2)/2 , ab€RrR .0
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Lemma_3,.2

¥

The functional f : V + R is continuous; that 1s, there exists a positive

constant m such that,
[£@)] < mwn_ . (2.23)
v

Proof

We give the proof in two stages. Consider the first integral on the

right-hand-side of (2.17), which we call I; here. Then

| = | fQ Coalty, g - Pyy 8w o = da ] ax]
(o] (o]
< 'C fQ E 5k l[ui,j - I>1._]][Avk,'Q - Aq ] dxl » using (1.11)
= (o]
= ey L4 G ) -, j><z )

o o
- (g,jp1j>(g’£Avk,l> + (E,jpij)(E,XAqu) dx|

<c {1y u? 0} av + 1) u? 1y aq
2844 1,1'0 o i,2' 1, b3 e, ke'o

+ 1) p2.h Y aAv + 1y p uE Aq }
1,5 Y05, k,2'0 1,1 13’0 ko

using the Schwarz inequality, where H°H° is the Ly norm,



105

From the triangle inequality Hi . "o £ 2 foe "o y and using (1.7)
1,] 1,]
and (1.8) in the above we get

) |
|11| < e,N°(h + hy){] 18v, gly * y Iag 0.} . (2.24)
K, 2 Ky L

From (2.5) we may easily deduce that

2
Y HAv, 0 < NSlAvl
K, L k,2 0

\
and similarly from (2.8)

2
Y MAq I < NSlAql
) kLo o L

Using the above results in (2.24) we get

4
|1,] € (b + ny)Cnayly + "AS"L) (2.25)

2
v

2, .
1) 2

S

V2 czNa(h + hy)( 1yl + aql

m, 1vi_ (2.26)

1y

1
2 2) P
where we have used the inequality (a + b) < /2 (a“° + b

' a,bER .
The second and third integrals on the right-hand-side of (2.17),
which we will call I, , contain the data f € (LZ(Q))N and t € (LZ(I‘S))N .

Using the Trace Theorem on I' we may write
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|1, = [(£° + af,av) + (t° + At,Av)

L(Q) L(Ps)'

< ﬂf + Afll HAxH + Ht + At TAvh

L(Q) ~ L) AL )

< [1£° + afl + Cllt + At

L(Q) L(P )] HAxHV

for some C > 0 , the last term following from the continuity of the

trace operator y : V(Q) » L(I') . Hence,

m

|1,} < 2 Ayl . (2.27)
rz ~o

Adding (2.25) and (2.27) we get
(m; + m,) m

1
Tavil, + — lAql
/3 V oy SF

HOIE

<L [1agh, + NaqH

vz " "

where m = max {m1 + m,, ml} =m +m, hence
- 2 2,1
HOIK m(iayly + llAgllL)

= mivl .

<l

which completes the proof. []
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(a) The functional j : L » R is convex.

(b) The functional j :.L + R is Lipschitz continuous; that is, there

exists a positive constant B depending on the domain Q , such that
|3¢ap) = 3(a0)| < Buop = aqi ~ (2.28)

Proof

(a) Using (1.5) in (2.18) we have
j(Aq) = Y2k [ /Aq * Bq dx + Epf q° s Aq dx

The proof then follows from the convexity of YAq ¢ Aq (Section 2.5,
Lemma 2.1), and the linearity of (q° « Aq) . O

(b) If we fix x arbitrarily then Ap(x),Aq(x) € RN N and we have, from
(1.5) and the definition of the norm on RNXN (we write simply Ap

instead of Ap(x) , ete),

wg(Ap) VZkvEp . Bp + Ep(po .« Ap)

Mclop] G e ) (2.29)
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Therefore, at x eEQ,
L (p) - ‘3§<Ag>| = | 7Z ([sp] - foa]) + & 15° - (ap = 80)] |

< /fk'Ap - Aq

~

+ EphZ'AB - Aq' ’

(using (1.8) and the Schwarz inequality for the second term)

= (/2k + Ephz)'Ap - Aq' . (2.30)
Here, we have used the Iinequality ,Apl - lAq' < 'Ap - Aq. s which

may be obtained from an application of the Schwarz inequality on

RVN | From (2.18) we have

38p) - 3(8Q) | < | wP(ap) - wP(Aq) dx
~ ~ 0 27 27

N

jglwg(Ag) - wg(Ag)l dx

2

(V2k + E hy) IQ,AE - Ag' dx , using (2.30)

a)

(V2k + Ephz) mes (Q) HAB - AEHL ,

BHAR - AEHL

where we used the Schwarz inequality to obtain the penultimate step. [J
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The functional j(Aq) is bounded below in the sense that there exists a

positive constant w such that

J(Aq) > = wivl

Proof

A

Using (1.5) in (2.18) we have

§(Aq) = Y2k[ /Aq * Aq dx + E, [ ¢ aqax .
~ Q ~ o~ Q ~ ~

(2.31)

(2.32)

Since k > 0 always, the first integral 1is positive. Thus, we foéus our

attention on the second integral and consider

E f qo e Aq dx
P o ~

N

o
A dx

, using (1.8)

/ n (z Aq,.) dx
Q 2 1,3 i3

(hz’g’quij)o

p 1Byl ny Bagyl,

1,3

using the Schwarz inequality.

From the triangle inequality Hz el € z el 3 and from the definition

1,3 1,3

of the norm on L we have
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2
Y WAq, 0 < NTlAqM, .
ij o L
i, H ~

Hence,

E [ q°+aqdx| <E °h mes(Q) NAql
Proe ~ p 2 L

= wHAEHL .

It follows that

E f qo * Aq dx

pQN ~s

s TAqT <o
Ty,

from which we see that

E [ ¢ ¢ Aq dx » - wlAql .

Dividing both sides by Ivl_ , we get

A
1Aq
_1 E f qo * Ag dx > - w— L
v Po o~ ~ v
A A
-w "ASHL
= 2 21/2
(HAZHV + "AEHL)
Z - Ww .,

Noting that the first integral in (2.32) is positive, the result follows

immediately. [
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A Variational Inequality

Before pro'ceeding with the state.ment of the variational principle we
- first show a simple result, which will prove useful in the subsequent

theorem.

Lemma_3.5

The functional j : L » R satisfies the following inequality :

j(aq) - 3(2p) - IQ(g- EpAp) e (Aq - Bp) dx > 0 . (2.33)

| emasws -

oW
- L eowP = {7 : wP(aqQ) - WP(2p) - -
9 - 35 €3V {z: WZ(AE) wz(Ag) T (AE Ag) > 0}
“ ~ aﬁf
=> wz(Ag) - wz(AE) - (g - ——-aAp) . (Ag- Ag). >0 .

~

» Integrating over Q and using (2.18) we obtain the result

3(8q) = 3(sp) = [ (g(sp) = Eap) * (g - tp) dx >0 . O

Q o~ -

We are now in a position to state the central result of this section.
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Theorem 3,1

Let u = (Au,Ap) be the solution of Problem (S) . Then u is also the

solution of the varifational inequality
a(u,v - u) + 3(Aq) - (Ap) - f(v-3) 20, Vev . (2.34)

Conversely, if u is a solution of (2.34) then it also satisfies (S) in a

weak sense. We shall refer to this statement as Problem (V).

We assume the equilibrium equations (1.1) are satisfied. Then if (Av -

Au) € V(Q) is a sufficiently smooth function on Q , we have"

J{Gatv g ) + £} « (Av - dw) ax =0 .
0

Using Green's theorem, we obtain

[ te(ay =00 dx=-[ g+ Way-tu)de+ [ £+ (Ay-0u)dx=0 .
I ~ 0 . g
S (2.35)

Making the substitution Ac = C[V(Au) - Ap] in (2.16), we have

[ Ao« [V(Av) - Aqldx + E_[ Ap - Aq dx
o~ ~ ~ P'o~ ~

a(u,v)

[ [(ag » 7(AY)) = (Ag + AQ)] dx + E_f ap » Aq dx .
Q ~ Po~ ~

* For brevity we write o in place of o(u) throughout.



It follows that we may write

a(u,v - u)
Q

Q

[ a5 « Ay - Au)dx ~ [ Ag + (A

Q

+ E,f Ap * (Aq -
P o~ ~

Using (2.36) in (2.35) we get

-] teu-Max+ [

T
3

+ [ (g- Epp) + (Aq - ap)dx + a(u,v - W) - |
Q ~ ~ ~

Q

Q

Ap)dx

~
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q - Ap)dx + Epf Ap + (Aq - Ap)dx

QN ~

[(c=-3") » Way - Awax - [ (g - go) » (Aq = Ap)dx

~

. (2.36)

« [V(ay - Aw) - (Aq - Bp)ldx

£+ (tv - Mu)dx = 0 .

Q

Using Lemma 3.5 in the above, and noting that ¢° = C[Vu® - p°] , we get

a(u,v - 1) + j(Ag)r- j(AR) -f(v-1) >0

which completes the first part of the proof.

() (V) => (S) :

We show this in two parts.

(1) Ve have from (2.16) and (2.17), replacing vby v- 1u ,

a(u,v - u)

and £(v - u)

-+

[ As < [V(ay - Bw) - (A
0

q - Ap)ldx + Eppr e (Aq - Ap)dx

(2.37)

- 5? * [V(Ay - M) - (Aq - Ap)ldx
Q ~ o~

[ (£ +28) » (ag - dwax + [ (

Q

r

t + at) . (Av = Aw)dx .

(2.38)
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Substituting (2.37) and (2.38)v1nto (2.34) and setting Aq = Ap , we get

i (g°‘+ Ag) » [V(Ay - Aw)ldx - [ (£° + Af) « (Av - Au)dx
Q Q

- (2 +ar) ¢ (ay - Mwax >0 (2.39)

r
s

Replacing Av first by (Au + Av) and then by (Au - Av) in (2.39)

yields

[ ¢ ¢ [V(av)1dx - J £+ v dx - | Av dx > 0
Q2 Q FBN

and

[ g+ [V(-ap)ldx = [ £ ¢ (-Av)dx - [ t * (-Ay)dx > 0
e

Q T ~
8
from which it follows that
J o Wawdx - [ £+ (Ap)dx = [ t «(Ap)dx =0 . (2.40)

Q Q T ~
s

Multiplying (2.40) by -1 and using the reverse Green's theorem yields

J(@ivg+£) s Avydx=0 |, Ay EV
Q

= dlvg+£=0

in the sense of distributions.
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(11) Again, substituting (2.37) and (2.38) into (2.34) and setting Av =

Au we get

- [ Ag + [Aq-Apldx + Epfv Ap * (Aq-Ap)dx = [ ¢ + (Aq-Ap)dx + j(Aq) - j(ap) >
Q

=> - [ (g~- E Ap)  (Aq - Apddx + [ WP (Aq)dx - [ WP (Ap)dx » 0O
@~ P. ~ o~ e? ~ 0% ~

= [ {ub(ag) - Wo(8p) - (g - EAp) * (Aq - ap)) dx >0 .
Q ~o ad ~o ~ ~

Using Lemma 3.5 we deduce the constitutive equation (1.2)2 » and this

completes the proof of the theorem. []

Theorem 3.1 represents nothing more than a statement of the
principle of virtual work for an elastic-plastic body whose plastic
material behaviour is governed by the assumption of extremal paths in
stress and strain space. Thus a(u,V - U) represents the work done by
the stresses g(ﬁ) in moving through strains caused by the wvirtual
displacements v-ou, together with the work done in plastic strain
hardening. The functional f(V - U) represents the work done by the
~initial stresses 3" and the applied body forces and surface tractions.
Finally, the terms j(.) represent the plastic work done during flow;
this may also be regarded as the work done by the elastic body on

internal slip-planes.

The inequality in the variational principle arises 'from the fact that
the functional j(.) 1s non-differentiable at the origin (recall Section
2.5). This may be interpreted, as can easily be seen from (1.2), that
the stresses g(ﬁ) are not uniquely determined when the plastic strains

are zero.
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The inequality precludes the direct use of this variational principle as
a basis for any conventional approximation procedure, so that we are

obliged to investigate alternative formulations for the problem.

3.3 A MINIMISATION PROBLEM

We now make use of a standard result from convex analysis (see, for
example, EKELAND and TEMAM (1976)), to establish the connection between
the classical problem (S) , the variational inequality (V) , and a

minimisation problem which we shall shortly define. -
We introduce the functional J(v) : V » R defined by

J(v) =

N |

a(¥,v) + 3(aQ) - £(¥) . (3.1)

For convenience we separate the differentiable and non-differentiable
parts of this functional by defining a differentiable functional

1(v) : V>R ,
- 1 _ -
I(v) = 5 a(v,v) - £(v) (3.2)
so that J(V) may then be written as
J(¥) = (V) + j(Ag) . : (3.3)

The minimisation problem, which we shall refer to as Problem (M), is

defined in the following theorem.
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Theorem 3.2A

Let J : V > R be a proper functional of the form J = I + j where I 1s
convex, continuous, and Gateaux-differentiable, and j 1is convex and

continuous. Then if U € V , the following two conditions are equivalent :

J(u) < J(v) , veE v "(Problem (M)) (3.4).

<!
m
<1

<DI(1),v - uw> + j(Aq) - j(ap) > 0 , (3.5)

- where DI(u) 1s the Gateaux differential of I at @ , and <.,.> denotes

duality pairing on V' x V , V' being the dual space of V . []

The proof of this theorem is given by EKELAND and TEMAM (1976), Chapter
2, Proposition 2.2, and also by ODEN and KIKUCHI (1980), Theorem 1-5.1,
in which they refer to (3.5) as a variational inequality of the second
kind. It remains therefore to show that the stated conditions on

functionals J,I and j obtain for this particular problem.

(1) 1(V) 1is Gateaux-differentiable : it is easy to show that I(V) is

differentiable with Gateaux differential DI(u) characterised by
<D1(u),v > = a(u,v) - £(¥) (3.6)

Note that this establishes that (3.5) is an equivalent statement

of Problem (V) as defined in Theorem 3.1.
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(11) I(V) 1s continuous : this follows immediately from Lemmas 3.1 and

3.2.

(i11) 1(v) 1is strictly convex : for 0 < 8 < 1 we have,

(iv)

(v)

I(6u + (1-9)v)

1

2

- 0f(u) - (1-0)f(V) .

Now since a(u,u) is V-elliptic (Lemma 3.1) we have
a(@ - v,u - ¥) = a(4,d) - 2a(§,%) +a(¥,% >0 .

Making use of (3.8) in (3.7), we have
I(6u + (1-6)%) < 7 0%a(@,i) + 2 0(1-0)[a(3,d) + a(7,9)]
+ 2 (1-9%a@,3) - 6£(1) - (1-0)£(F)
< 0I(u) + (1-6)I(v) .

Thus I(V) is strictly convex.

L 0%a(,n) + 6(1-0)a(w,v) + % (1-0)2a(3,7)

—;-a(eﬁ + (1-0)V , Ou + (1-0)%) - £(6u + (1-0)¥)

(3.7)

(3.8)

(3.9)

j(Aq) 1is convex and continuous : this follows immediately from

Lemma 3.3.

J(v) 1is strictly convex : this follows immediately from (3.9)

above and the convexity of j(Aq) , Lemma 3.3.
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Theorem 3.2A establishes the conditions under which the solution u
of the variational inequality (V) is also a solution of the minimisation
problem (M) . It remains to establish the conditions of existence and

uniqueness of the solution u , which we now do in the following theorem.

Theorem 3.2B

Assume the conditions of Theorem 3.2A are satisfied, and that J 1is
coercive., Then Problem (M) has at least one solution. Furthermore,

since J. 1s strictly convex (Theorem 3.2A), the solution u is unique. []

The proof of this theorem can be found in EKELAND and TEMAM (1976),
Chapter 2, Proposition 1.2. It remains therefore to show that J(v) is

coercive. Using the results of Lemmas 3.1, 3.2 and 3.4, we have

N

J(v) > % alvis = wivi_ = mivi_

v v

<

where w and m are positive constants and a 1s a ﬁon—negative constant.

Dividing both sides by IVI_ gives

v
.‘E.Eﬁ.)%all;ﬂ_-w- m
vll_ v
v
> © as Ivi_ > o , iff a >0 . (3.10)

v ‘ -

It is important to nofe that the coercivity result obtains 1f and

only 1f « > 0 . Since a = 0 when the hardening parameter Ep = 0 it 1is

clear that we do not have coercivity for a material which does not harden.
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The preceding two theorems, 3.2A and 3.2B, are standard results
from convex analysis which establish the conditions under'which Problems
(V) and (M) are equivalent, and also the conditions under which the
solution u to Problem (M) exists and 1is unique., 1In the light of these
theorems and the observations which follow them we may now state the

following existence and uniqueness theorem for the incremental holonomic

problem,
Theorem 3.3

There exists a unique minimiser U of the functional J of (3.3).

Moreover, u is also the sdlu;ion of the variational inequality (2.34). [J]

3.4 A PERTURBED MINIMISATION PROBLEM

The primary objective of developing the variational formulation 1is
to provide a basis for the construction of finite element
approximations. However, the way in which the problem is presently
formulated does not lend itself to solution using conventional finite
element procedures because the functional j(Ag) is non-differentiable, a

fact which is expressed equivalently in the inequality in (V) .

It seems natural therefore to approximate the non-differentiable
functional j(.) by a family of functionals J¢(.) which are convex and
Gateaux—&ifferentiable, and which are parametrised by a positive real
parameter € ., Our objective should be to choose je(°) in such a way
that it approximates j(.) arbitrarily closely as ¢ approaéhes zero. We

refer to j.(.) as the regularised form of the functional j(.) .
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Recall from Section 2.5 that the non-differentiability of 3j(.)
arises from the term /5k/Aq * Aq in the plastic work function Wg(Aq) ,

which was given in Section 3.1, eqn (1.5), as
' wg(Aq) = /Ik/Bq + Bq + Ep(qo . Aq) . (4.1)

GLOWINSKI, LIONS and TREMOLIERES (1981) suggest several candidate
regularisation procedures of which the most suitable for the present
application is to replace the scalar product Ag . Ag in (4.1) by the
perturbation Ag . Ag + €2 . Hence, we define the regularised plastic

work function

WE(Aq) = /2k/q « Aq + ez + Ep(qo o Aq) (4.2)

~

whence the regularised plastic work functional j_(Aq) becomes

Je(aq) = [ WP(aq) dx . (4.3)

Q
The effect of the regularisation is illustrated schematically in
Fig. 3.1, where we show both the original curves (recall Fig. 2.8,
Section 2.5) and the regularised cur&es for the plastic work function
ﬁg and 1ts derivative. In the case of the plastic work it is seen that
the regularised function 1lies everywhere above the original function.
It 1s not zero at the origin, but has a vélue ¢ which we can of course
make arbitrarily small. In the case of the derivative of the plastic

work the curve representing the regularised function 1s everywhere

differentiable.
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Figure 3.1 E.ffect of the regularisation of the plastic work function
wg .

Since this derivative represents a stress quantity (see eqn (1.2)2) we

have the’ implication that for every value of the stress a non-zero

plastic strain 1s defined. Needless to say, the curves shown in the

figure are highly exaggerated and we would expect that for stress states

lying within t;he current yleld surface these plastic strains will be of

the order of € .

We should emphasise that Fig. 3.1 represents only the part V}g of
the total plastic work, which includes the plastic work due to flow of
the material and the plastic work which arises out of the presence of
initial plastic strains. The plastic work due to hardening behaviour,
ap sy 1s quadratic and well-behaved, and 1its contribution will be

1
examined later in Chapter 4.
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In order for the regularised functional j.(.) to qualify as a

suitable candidate for inclusion in the perturbed minimisation problen

it 1s necessary that it possesses certain characteristics.

established in the following two lemmas.

These are

(a) The functional j. : L > R is Gateaux-differentiable for all € > 0 ,

(b)

(e)

(a)

with Gateaux derivative given by

<D3(Bp),Aq> = VZk|

Q O~

(4.4)
The functiomal j_ : L >R is convex for all ¢ > 0 .
The functional j_ : L » R is Lipschitz continuous; that is, there
exists a positive constant Be » depending on the domain Q , such

that

[1c080) - 3c(00)| < Bfap - aqfy, (4.5)

From (4.2) and (4.3) we have

2

je(Ap + BAq) = Y2k f Y(Ap + 6Aq) « (Ap + BAq) + €° dx

Q

+ Epj p°® . (Ap + 6Aq) dx .

QN ~ ~

-1
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Evaluating'%[je(Ap + 6Aq) - jE(Ap)] and taking' 1im , Wwith the
~ o~ ~ 6 >0

aid of the Lebesgue dominated convergence theorem we get

dje(Ap,Aq) = /2k | = - dx + Epf p° ¢ AqQ d&x .
Ap * Ap + €

Clearly dj(Ap,*) is linear in Aq . Furthermore, we have

Ap * Aq
|dj€(Ap,Aq)l = ./fkf / dx + B [ p° « Aq dx
~ o~ 0 2 Q ~ ~
Ap » Ap + ¢
Ap
~ o
+
< 2k I I, lAql  + E nR I, Vgl

/Ap ¢ Ap + €

~ ~

n

K HAqu

~

using the Schwarz inequality on LZ(Q) , Where H-Ho denotes the Lo-
norm , and K is some positive constant. In arriving at this

result we have used the fact that

Ap ¢+ Ap

J = = 5 dx < mes(Q) < =
Q Ap * Ap + €

~ ~

Ap

=> € L(Q) .
2

YAp * Ap + €

~

Hence, the operator Dj_(Ap) , defined by Dj_(Ap)Aq
= dj(Ap,Aq) is bounded and is the Gateaux derivative of je at
Ap (see Appendix 3A). [I



125

(b) The proof is accomplished in three stages. First we show that the
function Wy defined by

Wa(Aq)(x) = c/éé(g) * Aq(x) + e2
1s convex, where we have written C = v2k for brevity.

Squaring both sides and replacing Aq by (6(Ap) + (1-6)Aq) ,
0 <6<1, weget, at x € Q (it 1s understood that all functions

appearing below are evaluated at x) ,

[v_(6ap + (1-0)4q)]1% = c*{oap + (1-0)aq} {6sp + (1-0)aq} + C?? .

c26?(ap + tp) + 2¢*6(1-6)(ap » Aq) + CP(1-0)2(Aq « Aq) + CPe

c?0%(ap + dp + €2) + 2¢%0(1-6)(Ap + Aq + €2)

~ ~ ~

+ c2(1-0)2(aq » Aq + €2) . (4.6)

Using the Schwarz inequality on RNXN we have

|AB . Ag' < |A3||Ag|

= /Ap « Ap YAq * Aq

and hence,

C2(Ap e A\q + 82) < Cz(/Ap e Ap /Aq * N + 82)

~

< Cz/Zp s« Ap + 82 /Zq . Aq + 82

(4.7)

~ ~

2 ‘
=C Wa(Ap)wa(Aq)

- where we have used the inequality /a-/l; + e2 < /a + ez/b + sz ’
a,b>0 , >0,
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Substituting (4.7) into (4.6) and taking the square-root of both
sides, we get

W, [0ap + (1-8)Aq)(x) < © W (8p)(x) + (l-e)wa(Aq)(g)

which confirms the convexity of W (Aq) Using this result it is
easy to show that the function Wp(Aq) is convex, the proof being
identical to that already used to show the convexity of wp(Aq) ,
(see Lemma 2.1 of Section 2.5).

Finally, we show that j.(Aq) is convex : noting that WE(AQ)

is everywhere differentiable, from the convexity of WE(Ap) we

may write, at x €Q ,

P (4p)

P - uP -1 £ o~ . -
W (Aq) W (Ap) 35p (Ag AE) >0 .

~

Integrating this inequality and using (4.3) gives
j(Aq) - 3 (8p) - < Dj_(Ap),Aq = 2p > >0
which confirms that j.(Aq) is convex. [J

(¢) Define Aq.(x) € RIMLIX(NHL) 4

9

€

I

I—
e I

|
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whence we have

A (x) ° Aq (%) = IAqE(§)|2‘

= Aq(z) . AQ(?\(’) + Ez .

Using the above result in (4.2) we obtain, at x € Q (it is

understood that all functions appearing below are evaluated at x) ,

CJE(Aq) = /Tk/pq » B + €2 + Ep(qo . 1q)

~

- fZ-RIAgEI + Ep(go )

" Hence,

WP(ep) - agmg)' - mc||ARE| - |aa,l

+ E[0% + (o - Aq)l

< /7k|ApE - Aqe

+ Eph2|Ap - aq|

(using (1.8) and the Schwarz inequality)

= (/Zk + E b)) 'AE- Agl .

The remainder of the proof follows that of Lemma 3.3(b), whence it

1s easily shown that the constant B_ is given by

Be = (/Zk + E b)) mes (2) >0 . O



12¢

Lemma_3.7

The functional j_. : L + R 1is bounded below in the sense that there

exists a positive constant w such that

1e(Aq) > - wlvi . . (4.8)

v

Subtracting (4.1) from (4.2) we have, at x € Q ,

Wg(Aq) - Wg(Aq) = /fk(/zﬁ o Aq + e - /Aq ¢ Aq )

>0 , provided € > 0 .
Integrating both sides and using (2.18) and (4.3), we get
Je(Aq) - 3(Aq) > 0 , provided € > 0 .,

Hence,

Je(8q) > 3(Aq) > = wivl
~ ~ v

where we have used Lemma 3.4 to obtain the final resuit. O

The preceding two 1lemmas have established the necessary and
sufficient conditions for j.(.) to constitute a suitable regularisation
of j(.) for inclusion in a perturbed minimisation problem. In the

following lemma we show that j.(q) indeed converges to j(q) as € + 0 .
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The functional j.(.) converges to j(.) in the sense that, for € > O ,

Ij(Aﬂ) - je(Aﬂ)l < 2k mes(R) & . (4.9)

Using the definition of j(.) and j.(.) given in (2.18) and (4.3)

respectively, we have

|je(Aq) - j(Aq)l ,v’fkf (/Aq ¢ Aq + e - vAq * Aq ) dx
~ ~ N~ ~ ~ ~

A

/2kf (V/Aq * Aq + ez - YAq ¢ Aq ) dx
Q ~y ~e ~e ~y

N

Y2k[ (/Aq * Aq + € = /Aq * Aq ) dx
QO ~ ~ ~ ~

Y2k mes(Q) €

h where we have used the inequality Vaz + b2 < sz + /gi to establish the

final result. O

It is convenient to introduce at this point the regularised

functional JE(V) which we define as

! .
Je (V) = 5 a(v,v) + je(Ag) - £(v) . (4.10)
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An important observation concerning J (V) is that it is everywhere
differentiable, as follows from the differentiability of je(Ag) + Once
again we may make use of standard fesults from convex analysis to
establish that a unique solution exists to the perturbed minimisation
problem (defined below), and that this solution is characterised by a
variational equality. Since these.developments parallel closely those
of the minimisation problem (M), as given in Theorems 3.2A, 3.2B, and

3.3, we simply summarise the pertinent results in the following theorem;

Theorem 3.4

For each € > 0 there exists a unique solution Ee € V of the perturbed

minimisation problem
Je(ﬁe) < J (V) VEV | (4.11a)
characterised by the variational equality

(4.110b)

<l
m
<

DI (u.),v> =0 ,

We shall refer to the minimisation problem defined by (4.1la) as Problem

M) . O

It is easy to show that (4.11b) is equivalené to

a(l,,¥) + <3 (Ap.),A> - £(F) =0 , veEV , (4.12)
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We confirm that the following requirements for Theorem 3.4 are also

satisfied.

(1)

(11)

(111)

(iv)

According to Lemmas 3.1, 3.2 and 3.6, J_(V) is a continuous

functional on V .

In part (1i1) of the demonstration of conditions required for

1
Theorem 3.2A we showed that I(V) = p a(v,v) - £(v) was strictly
convex; thus, since j_(.) is convex (Lemma 3.6), it follows that

Je (V) is-strictly convex.

In part (1) of the demonstration of conditions required for
Theorem 3.2A we showed that I(V) is Gateaux-differentiable; thus,
since j_(.) is Gateaux- differentiable (Lemma 3.6) it follows

that J (V) 1s differentiable.

Finally, to show the coercivity of J (V) we use the results of

Lemmas 3.1, 3.2 and 3.7 in (4.10) to obtain

2
- 1 - - -
JE(V) > E-aﬂvﬂ_ - wivl_ = mivl

7 v

where w,m are positive constants and a is a non-negative

constant.

Dividing both sides by 1vi_ we get
\

Je(v) 1 -
— > i-a“v"_ -w=-m
vl _ \

v

> +o aslvl_ > = , Affa >0 .
v
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The reader Is referred at this point to the remark which
concludes the demonstration of the coercivity of J(V) following
Theorem 3.2B, concerning the constant a , from which we conclude
that the coercivity result obtains if and only if the material

exhibits hardening behaviour.

To complete the discussion of the perturbed minimisation problem we

enquire whether the solution u. converges to the solution u of the

€

original minimisation Problem (M). We treat this in the following

theorem.
Theorem 3.5

Let u be the solution of Problem (M) , and u. the solution of Problem

(M) , for fixed € > 0 . Then there exists a positive constant C ,

independent of € , such that
fu - ul <o . (4.13)
e -
1
Proof
From (2.34) we have
a(u,v - u) + j(Aq) - j(ap) - £(v - 1) > 0 (4.14)

and from (4.12) we have

a(d.,v) + <Dj.(Ap.),Aq> - £(V) =0 . (4.15)
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Setting V = U_ in (4.14) and ¥ = Uc - U in (4.15) and subtracting (4.14)

from (4.15) we obtain

a(u_ -u,u_-u) - j(Age) + j(AE) + <Dj€(AEe) »4p, = Ap> <0
=> a(ﬁe - u,u_ - u) < j(Age) - j(AE) - <Dj€(£pe),AE€ - AE> . (4.16)
From the convexity of je(Ag) (Lemma 3.6), we have
- <Dje(A£€),AEEI- AE) < je(AE) - je(Age) .. (4.17)
Substitutingl(4.17) into (4.16), we get
a(u, - u,u_ - u) < J(Age) - j(AE) - je(Age) + je(AE) . (4.185

From the V-ellipticity of a(+,*) , (Lemma 3.1), we have

alu, - W2 < a(@_ -3, 3_ - @)
v
< 3Cp) - 3C8p) - 3 (Bp.) + 3 _(8p) , using (4.18)

<3000 -3 ()| + [30a0) - 3 (20)| -

<2k mes (Q) ¢ + 2k mes (Q) ¢
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using Lemma 3.8. Hence, dividing both sides by a > 0 , we get

N

lu_ - ulZ <4 k mes (2) €

Vv a

from which the result follows with C = /%l-(- mes (Q) . O

The variational equality (4.12) which characterises the solution of
the perturbed minimisation problem (M.) provides a suitable basis for
obtaining an approximate solution using conventional finite element .
procedures, We are assured that the solution u. to Problem (M) exists
and 1is unique (provided the mater‘ial hardens), and moreover, that the
solution Tie converges to the solution u of the original minimisation

problem (M) as the regularisation parameter ¢ + 0 ,

We now turn our attention to the construction of a suitable finite

element approximation for this problem.

3.5 FINITE ELEMENT APPROXIMATIONS AND ERROR ESTIMATES

In the preceding section we derived a variational principle for the
original boundary-value problem which provides a suitable basis for a
numerical approximation of the problem. We propose tiow to describe the
discrete approximation of the variational formqlation using the Galerkin
finite element method, following which we will derive an estimate for

the error in this approximation.

We introduce two families of finite-dimensional subspaces, {VI'} of

V and {Lh} of L , each member of which is spanned by a finite number of
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linearly independent basis functions, usually pilecewise polynomials.
Here h € (0,1] is a real parameter (such as the mesh size), so that for
each h we 1identify a particular subspace from each of the families. We
expect that as h > 0 the corresponding finite-dimensional subspaces vh

and Lb approach the spaces V and L respectively, in some suitable sense.

Recalling Theorem 3.4, we pose the following problem on the above
finite-dimensional subspaces : find Tile‘ € vh = yh x b s such that
a(@l, 7" + <03 (apM),a¢™ - £GP =0 , TFevh | (5.1)
The subspace VP s a Hilbert space with the same inner préduct (ey) as
V 1itself. Thus, Theorem 3.4 applies also to the problem defined above
and we are assured of the existence and uniqueness of the solution gh to

€

(5.1).

The remainder of this section is concerned with finding an estimate
of the error lu - 32" due to both the regularisation and the finite
element approximation. Before proceeding with this, however, we will
make a brief excursion into interpolation theory in Soboiev spaces. We
review the standard interpolation errorA'estimates with a view to making
slight modifications to these estimates in order to be able to use them
in the present work. Finite element int:grpolat:ion theofy in Sobolev
spaces 1is discussed in detail by CIARLET (1978), and ODEN and CAREY
(1983), although the present discussion follows closely that of REDDY

(1986).
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Interpolation Error Egstimates

We begin with a brief introduction to the notation to be used here :
much of what we introduce here will be expanded upon in greater detail

in Chapters 4 and 6.

Consider a finite element mesh in RN s Where each element Qe is
generated from a single master element 2 (Fig. 3.2). We assume that
Qq and Q are affine-equivalent and that the family of elements

{Q5¢0004,Q8} 18 thus affine. The relative size and shape of an

arbitrary element Q, is quantified by defining the constants

h, = diam(Q,) = max{'z - Z, » XY € Qg} (5.2)
and
pe = sup{diameters of all spheres contained in Q,} . (5.3)

An affine family of elements is said to be regular 1if

(1) there exists a constant y such that h,/p, < Y for all elements
Qg » and

(11) the diameters h, approach zero.
Let q € C(Q,) be a continuous scalar function on Qe » and let K, be
an operator from C(Qe) to C(ﬁ);'which maps q to a function a being

defined by

Re ¢ C(9) » C®) , Kga=a , a(x)=a(x)
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Affine transformation Fe

A

Fg + @ Q,, x= Fo(x) = Tex+ b
for Te a constant matrix and b

a constant vector.

TF —9
he
Ay © -8
/

e ’

8 / T 1

S

%o X

| R 3 s s —>

Figure 3.2 Finite element mesh in R2 R generated from Q using the
affine transformation F .

where x = Fé(;) « Further, let X be a finite-dimensional subspace,
- ~ N .

spanned by local basis functions {¢;};E; , containing polynomials of

degree < k , so that Pk(ﬁ) g_ﬁ ; here N, 1s the number of nodes on Qe »

and P, is the set of polynomials of degree < k . Similarly, let X be a
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N
finite-dimensional subspace, spanned by local basis functions {¢§e)}igl ,

-1

where the latter are mapped from {&i} using the inverse operator K,

c(®) » c(8,) , K;l &1 = ¢§e) . Ve now construct a projection operator Il

which maps any a € C(ﬁ) to its interpolate ﬁa in X :

A ~ ) A A N A A ~

I:c(@+»Xx , OHg= § qlx,) ¢, . (5.4)
- ~30 73
=1

Similarly, we construct a projection operator He which maps any

q € C(Qe) to its interpolate g in X, :

I :c(Q) »X 1 =I§ x.) o'® (5.5)

e’ e e el & q ~37 73 : :

=1

Our objective now is to derive a local interpolation error estimate
~in the H™-norm for a function q which is smooth enough to be in Hk+1(Qe).
Thus, we require that I, maps members of Hk+1(Qe) into H™(Q,) , with the

range of He}being.xe c Hm(Qe) ; that is
o : BN » H™Q) , R(L) =X, . (5.6)
since P, (Q,) < X, we have
Teq =q , VqePr(R) ,
and I, is a projection operator.
We now state the standard local interpolation error estimate. Note

that the references cited with Theorems 3.6 and 3.7 are for the convenience

of the reader.
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Theorem 3.6  [CIARLET (1978), Theorem 3.1.6, or
REDDY (1986), Section 45, Theorem 3]

Let k and m be non-negative integers such that

Rkt @y C c@) (5.7)
uktl Q) C ™ (Q) (5.8)
Pi(2) C X CHMQ) . (5.9)

Let I and I be the projection operators defined in (5.4) and (5.5), and
let {91,.....,QE} be a regular family of finite elements. Then there
exists a constant ¢ such that for any Q¢ In this family and all

functions q € Hk+1(Qe) ,-
‘k+l-m
Iq nequm’9e< chg ,qlk*l’ge (5.10)
where l°1k+1,Q denotes the Sobolev semi-norm :
e

2 - “Wx)N? ax .
|a] k+1,Q, | Z - er(D alx O

We turn our attention now to the global interpolation of a function
q € C(Q) defined on the entire domain Q . We define a finite-
dimensional subspace xh » spanned by global pélynomial basis functions
¢i (which are constructed from the local basis functions ¢ie)) s, and

construct a projection operator which maps q to its interpolate Il;q , or

h .

~

q

M .
M, o:c@) »xP ,  Imgq = i§1q<5i) 6,00 = 3" (5.11)
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where M is the number of nodes iIn Q@ . Also, since we are now dealing

with global quantities we define the mesh parameter h by

h = max {h} . ' (5.12)
1< e<E
We now state the global interpolation error estimate in the following
theorem.
Theorem 3.7 [CIARLET (1978), Theorem 3.2.1, or
REDDY (1986), Section 46, Theorem 1)

Assume that all the conditions of Theorem 3.6 hold. Then there exists a

constant C , independent of h , such that for any q € gktl(Q)

h Chk+1

g - q < m=0 or m=l . [J (5.13)

"m,Q _m'qlk+1,9 ’

We now wish to examine the situation where Q € RN and m =k = 0 .
Returning to Theorem 3.6 we see that condition (5.7) cannot be satisfied
for N > 1 , since by the Sobolev Embedding Theorem (CIARLET (1978),

Section 3.1) we can only guarantee that for Q erV
k+l (3 5 N
Q) C c(Q)  1f  k+l >§ . (5.14)

We therefore replace eqn (5.7) by the weaker requirement that

q € Hk+1(Qe) M C(Q,); of course, if k > N/2 then eqn (5.7) holds
anyway. Furthermore, for k = 0 we define the operator He by

Heq(z) = min q(x) . | ’ (5.15)

X € Q
~ e
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It is easy to show that I, is a projection with
Md =a »  q€P(R); ' (5.16)
Also, I, is bounded fromka+1(Qe) » H™(Q,) and the result of Theorem 3.6
femains unchanged. We summarise the above modifications to Theorem 3.6
in the following theorem.
Theorem 3.8
Let the conditions of Theorem 3.6 hold, but with the following
modifications : (1) replace eqn (5.7) by the requirement that

q € Hk+1(9e) N C(R,) , and (11) for k = 0 , define I, by eqn (5.15) .

Then there exists a positive constant ¢ such that
k+1
Iq Heqﬂo’Qe < chy 'q|k+1'9e . O (5.17)

We now make the same modifications to Theorem 3.7 as were made to

Theorem 3.6. We define thie operator I, by

Mo = Mea = L | (5.18)
Again, it is easy to show that I 1; a projection operator with

.th* =vq* , T € P (Q) . (5.19)

The modifications to Theorem 3.7 are contained in the following theorem.
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Theorem 3.9

Assume that all the conditions of Theorem 3.8 hold. Then there exists a

constant C , Independent of h , such that for any q € Hk+1(Q)

~h k+1 '
tg - g, o < Ch lq|k+1’9 . | (5.20)
Proof

Making use of (5.18) we have

Iq - Hh"o,Q [ Z Iq - T qII 0.0, 1Y,
B e=1

N

[ Z 2 2(k+1), ! ]1/2 , using Theorem 3.8
&) k1,9

cpktl %@

A

[z,|k+1§2

Chk+1|q|k+l,9 - O

This completes our discussion of the {Interpolation error
estimates. We now make use of these results in deriving an error

estimate for the incremental holonomic problem.

Error Estimates for the Incremental Holonomic Problem

Let Vh be the space spanned by functions whose restrictions to each

element Qe contain complete polynomials of degree 1 (for example, the 3-



143

noded triangle or 4-noded quadrilateral in Rz). Suppose further that

the solution Au is smooth enough to belong to HZ(Q) . Then the

following interpolation error estimate holds (Theorem 3.7) :

~h
u

h
’ Au

log = AGM < C_hilAul ev (5.21)

1,0~ "2 2,9

~,

where Auh is the interpolate of Au on 9 .

Let LB be the space spanned by functions whose restrictions to each
element @, are constant. Further, let us define the interpolate

Aphe Lh of Ap by the step—function

in {ap(x)} . (5.22)
Q ~
e

Nh _
Ap a = m
~ |7e x €

" Then the following interpolation error estimate follows from Theorem 3.9 :

assuming Ap € HI(Q) ,

~h
"AE AE "o,Q < Clh"ApN

~

1,0 ° (5.23)

In the absence of an established regularity result for the solution
EE = (Aﬂe , AEe) we will make the followiﬁg assumption., Let the data f
in eqn (5.1) be given in (LZ(Q))N, for @ € RN : then the solution u, of
eqn (5.1) belongs to (H2(2))N x (H1(Q))N and satisfies
lAg i

+ 1ap_ll, < 'c'ufuo

2

1 (5.24)

where "'“o denotes the Lz-norm.
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Before proceeding with the derivation of the estimate "Ge - 32" we

need to establish a preliminary result, as given in the following lemma.

The operator Dj. : L » L'(=L) , as defined in Lemma 3.6(a), satisfies a

Lipschitz condition; that is
- * -
“Dje(AE) Dje(Ag)"L < M "AR AgﬂL (5.25)

where M' 1is a positive constant.

Let Dj. = £ : L » L' , where f(Ap) : L » R 1s defined by

Y2kAp

~

f(Ap) = 1
~ |(ap * ap + €2) 2

+E p°le L (5.26)

(see the proof of Lemma 3.6(a)).

Following Lemma 3A.1 (see Appendix 3A, following this chapter) we need

to show that the Gateaux—differential df(Ap,Aq) , defined by

df(Ap,Aq) = 1im -19- [£(Ap + 6Aq) - £(Ap)]

defines a bounded linear operator Df(Ap) on Aq .

o
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(1) First we show that df(Ap , Aq) is linear in Aq . From (5;26) we

have

Ap + 6A

~ ~

d o
d£(Ap,Aq) = v fE ]
~o . ((Ap + BAq) ¢ (Ap + 6Aq) + az)kb p =0

~ ~ ~ ~

Ap(Ap * Aq)

=1
= Aq(Ap * Ap + 82) f2 -
~ o~ ~ (Ap . Ap + £

~

2)3/2

Aq(Ap * Ap + €3) = Ap(Ap * Aq

~ o~ ~ ~ o~ ~

2)3/2

(Ap * Ap + ¢

~ ~

Aq Ap(Ap + Aq

- (5.27)
(Ap * Bp + 82)1‘/2 (ap » 2p + e2)3/2

~ ~ ~ ~

whence it is clear that df(Ap, Aq) 1is linear in Aq .

(11) Next we show that df(Ap,.) 1s a bounded operator. From (5.27) we

have

 1df(ap ,_Aq)"i = [ df(Ap , Aq) * df(Ap , Aq) dx
~ . ~ Q ~ ~o ~ ~

Aq * Aq (Ap + Ap)(hp » AQ)2  2(ap + Aq)?
Q (Ap .* Ap + 82) (Ap * Ap + 82)3 (Ap = Ap + 82)2

(Aq + AQ)[(ap » 8p)2 + 262(ap » dp) + %] + (Ap + 2p)(Ap * Aq)?

= f dx
Q : “(Ap ¢+ Op + 82)3
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2(Ap - Aq)zlAp * Ap + e2]

- j = = it it dx
Q (Ap » Ap + 52)3

e2(Aq * AQ)[2(Ap * Ap) + €21 + (Aq + Aq)(Ap « Ap)?
< j 53 dx
Q (8p « Mp + €7)

~ ~

ez(Aq * Aq)[2(Ap + Ap) + €2 Aq * Aq
< it = NZ; +~2~dx
Q (Ap * Ap + €7) €

since (Ap ° Ap)z/(Ap * Ap + 82)2 <1, and 1/(Ap * Ap + ez) <1,

~ ~ ~ .

Hence,

2

1df (Ap , Aq)“i < [ 2(aq + 8l = 53 T 12] dx
~ o~ Q@ ~ ~ (bp - tp+e) 2
< f 208 * s [A5 + A5 ax
0 ~ ~ € 2¢

| 25 (Aq + Ag) dx
Qe ~ ~

(5.28)

|
|

5

=

and so df(Ap,.) = Df(Ap) is a bounded operator on L , and the

operator Dj. satisfies a Lipschitz condition. []

Theorem 3.10

Let V! and LD be as defined above and assume that f € (LZ(Q))N and

i, € #H2(@)HY x (#1(Q))Y , so that the iInterpolation error estimates
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(5.21) and . (5.23) hold. Then there exists a constant & > 0 ,

independent of h , such that

h,
e-

< Chifl . (5.29)
v 0

fu_-u
Proof
From Theorem 3.4 we have

a(EE?V) + <D (8p,) 5 Ap> - £(F) =0 . | | N (5.30)

The counterpart of this result on the finite-dimensional subspace vh is ,

from eqn.(S.l) ’
a(al, 7 + <pj (2ph) , A - £GGM) =0 . | (5.31)

Setting v = WM n (5.30) and subtracting (5.31) from (5.30) we get

a(@,_ -, ) + <03, (8p,) - bje(Azg) , A> =0 . (5.32)

Now consider the foliowing fdentities :

h = _=hy . .~ _=h =h -h
» U v)+a(|.1e u_, v u_

- -h - -h - -
a(ue -u , u - ue) a(ue - u_

(5.33)

and

h h_. . h ' '
<Dj€(Ag€) - Dje(Age)’Aze - Ape >'= <Dj€(Ap€) - Dje(Age) , Age - Agh>

~ ~

+<pf (8p) - DI (D) , A" - pph

~ ~

> . (5.34)
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Adding (5.33) and (5.34) and using (5.32), with wh replaced by h - 32 ,

on the right-hand-side of the result, we get

-h h h
ue) + <Dj€(Ag€) DjE(Age),AEe Ape >

~

a(@a_ - o,u
€ e’ e

- =h - _=h , h
= a(ue -u_,u -V ) + <Dj€(A£€) - Dje(Age) , AEE - Agé>

<M u_ - ng_ - W
v v

+ ¥ w03 _(ap) - D3 _(ap!n_ wap_ - aqMi_

(using Lemma 3.1 for the first term and Lemma 3.6(a) for the
second term)

by -
€ = €

< Miu_ - u _
v v

h h

= _ _
+ MM HABE Ageno HABE Ag ﬂo ,

(using Lemma 3.9 for the second term)

NGRS N A Ll
v v
= M - G‘;u_ fu_ - W (5.35)
v v

We note that from Lemma 3.6 j. 1s convex, and so the diffefential Dy, 1s
monotone, from which it follows that the duality pairing on the left-

hand-side of (5.35) is non-negative. Using this result and the V-
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“ellipticity of a(°*,*) (Lemma 3.1) on the left-hand-side of (5.35) we

obtain

~ = _=h, ,~ _<h
<M I!u€ ueﬂ_ I!ue vl . (5.36)

-: 0
v 7

a Iy -
€

<N

~

Setting = uh tn (5.36), where ul s the interpolate of u_ , we obtain

~

fa, - an_ < 2ag - G
¥ v
Mo ~h 2 ~h 2 . Y
=g [isg, - B7 + wp = B0 ) (5.37)

where, again, the superposed tildas denote the relevant interpolates.
Making use of the interpolation error estimates (5.21) and (5.23) in

(5.37) we have

- _-h, _M 2 2,
b - h < g Cyhliag 1 + tap 1]
<M e nliau v, + 1ap 1] (5.38)
a 3 ~E " 2 el °

where C5 = max(Cl,Cz) « Finally, using the regularity assumption of eqn

(5.24) 1n (5.38) we obtain

RIX>

- -h
Hue. ueﬂ_ < C

Ch hEw
v

3

which 1s the required result with C = ﬁC3C/a . dJ

Since we already have an estimate fof‘ﬂﬁ - ﬁeu'from Theorem 3.5,

. the final error estimate follows as a trivial consequence of the
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application of the triangle inequality together with the latter result

and that of Theorem 3.10. We summarise the final result in the

following theorem.

Theorem 3.11

Let the conditions of Theorems 3.5 and 3.10 hold. Then we have

a-aM <Chifl + ¢/ . O (5.40)
£ “; (o) .
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APPENDIX 3A

DIFFERENTIATION OF OPERATORS AND FUNCTIONALS

We follow here the work of ODEN and REDDY (1976), and VAINBERG

(1964).

Let U and V denote mormed linear spaces and let P be an operator
from U to V . Let S be a convex subset of U and u an arbitrary element

of U, and let 6 € [0,1] . Then we define the Gateaux-differential of

the operator P : SC U » V at u in the direction n as the limit

ap(u,n) = Um % [P(u+ 6n) - P(w)] .

86+ 0
When dP(u,n) 1is linear and continuous in 7n it defines for each u a
bounded linear operator on U denoted DP(u) which we refer to as the

Gateaux derivative of P at u , and DP(u)n = dP(u,n) . When this is the

case, P is said to be Gateaux-differentiable (or simply differentiable)

at u .

If V = R then DP(u) is a bounded linear functional on U and we

write

DP(u)n = <DPP(u),n>

where <*,*> : U' x U » R denotes duality pairing and U' {s the dual
space of U . In this case we have dP(u,n) = DP(u)n = <DP(u),n> , which

we refer to as the Gateaux derivative of P at u in the direction n .

The following lemma 1s required in Lemma 3.9.
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Lemma 3A.1

Let U and V denote normed linear spaces and let P be an operator from U
to V. If P has a Gateaux derivative DP(u) at each point u in U , then P
is Lipschitz~continuous, that is

IP(v) - P(u)llV <K llv = ull velu

U ?

where K 1s a positive constant.

The above lemma has been given In a more general form by VAINBERG

(1964), Lemma 3.3, page 37, to which the reader may refer for the proof.
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CHAPTER 4

NUMERICAL, SOLUTION OF THE INCREMENTAL HOLONOMIC PROBLEM

‘In Chapter 3 we deVeloped a variational formulation of the
incremental holondmic problem in the form of a perturbed minimisatiénA
problem and showed that this problem constituted a suitable basis for
the numerical approximation of the original bound#ry-value problem. 1In
this ghapter we wish to continue with the development of the numerical

approximation using the Galerkin finite element method.

Wercontihueiin Sectioﬂ 4,1 with the description ofvthe discrete
approximation of the perturbed ﬁinimisation problem begun in Section
3.5. This leads to a system of nonlinear algebraic equations, the
solution of which we describe in Section 4.2. In Section 4.3 we provide
some useful physical insight 1ﬁto the solution procedure, and end the

chapter with some computational details and a summary in Section 4.4.

4.1 : DISCRETE APPROXIMATION OF THE INCREMENTAL HOLONOMIC PROBLEM

In Section 3.5 we wrote down the global approximation of the
variational problem on the finite-dimensional subspace ;h , Where ;h was
assumed to be spanned by a finite number of piecewise polynomial global
basis functions. It is well known that thesé global basis functions can
be constructed from local basis functions defined on each element.
Accordingly, we partition the domain Q, assumed to be polygonal, into a

ffinite number E of subdomains Qg (Fig. 4.1) such that

a= UE g

e=1 e » fe Noe=2¢ yetf .
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We then refer to the connected set {Qe}egl as the finite element mesh

for a particular value of the mesh parameter h , defined by

h = max {h} , h = dia(Q) .
l<e<E ° e e

The discrete global approximation of the variational problem
(Section 3.5, eqn (5.1)) takes the following form : find ﬁg = (AuE,Apg)

such that

a@@, ) + o3 (apM),a - £GP =0,  Fhevh | (1.1)

? o & - & o -
) S S — 4 4
y [ -0

Figure 4.1 A typical finite element mesh in R2 .
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Hereafter we drop the subscript € for brevity, it being then understood
that we are dealing throughout with the approximation of the perturbed

minimisation problem,

The global approximations of the bilinear form and functionals
which appear in (1.1) are constructed by adding contributions from each

element. Thus, noting that

Q e

we may rewrite (1.1) in the following form :

E E E
TG + T oy (e, - T e@Eh <0 (1.2)
e’e E' e e e
e=1 e=1 ~ ~ g e=1
‘e
where (e) and e denote restrictions to Qe » with (-)e being interpreted
in the sense (')e = (-)’Q ; likewise <-,'>,Q denotes the restriction
e e
of the duality pairing to Qe + With the problem defined in this form we
may proceed with the approximation at the 1level of the individual

elements,

N
Let {¢1}1:1 be a suitable family of local basis functions defined

on Q. , and having the property
¢i(xj) =_61j ’ 1< 1,j < Ne (1-3)

where fj is the position vector of the j-th node on Qe and Ne is the

h

number of nodes on Qe . Then the restriction of a typical element Aug
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of the finite-dimensional space Pﬂ’(j Hl(Qe) of displacements* to Qé may
be approximated by
N

h ye
bug () = o Aag by (%) | (1.4)

where Aa1 = Aug(ﬁi) is the value of Aug at node 1 on Qe . If Agg e yh

is a vector whose components are approximated as in (1.4) then we may

write the approximation of this vector in matrix form as
Auh(x) = ¥(x)Aa 3 (1.5)

2N ~ e 7 ,
similarly, an arbtirary vector Avg EEVh may be approximated by

h _ *
MR = Wx)rag . (1.6)
Here, ¥ is a matrix of shape functions ¢i(x) , and Aae and Aa: are
ordered 1lists of the discrete nodal values of the displacement
functions.

The strain vector is related to the displacement wvector by

Ae(aul) = D Au’; . (1.7)

* For brevity we will omit the word "increment” when referring to the

quantities prefixed by A .
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where D 1s an appropriate matrix of differential operators (see Appendix

A), eqn (A.4)). This may be approximated using (1.5) by
h =
be(bug)(x) = D

e . (1-8)
Here, B(x) is the elerent strain-displacement matrix*, consisting of the
.bartial derivatives of the shape functions ¢i(x) with respect to x .

Similarly, we have

AE(AXZ)(E) = E(f)Ai: . (1.9)

'
For the approximation of the space LP of plastic strains we adopt a
slightly less conventional approach. Let LR be the space spanned by
.piecewise polynomial basis functions, with the 1-th function having a
Vvalue of 1 at the i-th quadrature point and a value of 0 at every other
quadrature point. Thus for a (2x2) Gaussian quadrature rule for Qe in

R2 » for example, the basis functions will be bilinear polynomials over
Qe » but globally-discontinuous; for‘ a single-point rule the basis

functions will be constants. The restrictions to @, of typical basis

funcfions for LM are illustrated in Fig. 4.2.

* Matrices D, B, Bp, etc., are only ever defined at element level and so

we omit the subscript e for brevity.
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Element Integration Basis functions on AA
A, A g
3 i)
2%x2 !
* *
¢1'
I -
A X 1
A4 . 4 1x1
—

L1

Figure 4,2 Typlcal basis functions for Lh .

Let (xi) 1 <1 ¢ Ne be the position vector of Gauss point 1 on

Qes Ng being the number of Gauss points defining the chosen quadrature

N
rule. Let {¢j}j21 be a suitable family of local basis functions on

Qe with the property

¢j(§i) = 61j ’ 1 <¢1,j < NG .

Then the restriction of a typical element Ap

(1.10)

of the finite-dimensional

space Lg of plastic strains to Qe may be approximated by

NG
ApB(x) = jz‘l day 0, (x)

where Aaj = Apg

h

(1.11)

(x;) is the value of Apg at Gauss point j on @, . If

Ape € Lh is the solution vector whose components are approximated as in

(1.11) then we write the approximation of this vector in matrix form as
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. i
and similarly, for an arbitrary vector Aqg € Lh we have

Aqe

~

2x) = By (x)Aay . » (1.13)
Assuming, for example, that there are three plastic strain components at

each Gauss point, Bp(x) will be a (3x3N;) matrix of shape functions

¢4(x) having the following form :

"(1.14)

e e

~

Tk
The vectors Ax, and Ax, are ordered 1lists of discrete plastic strain
components at the chosen Gauss points. = We note for future reference

that according to (1.10) the matrix B_. has a particularly simple form

~P
when it is evaluated at any of the chosen N Gauss points. For examplé,
'when evaluated at Gauss point 2 , ¢9 =1 and ¢4y =0, for 1 < { < Ne »

1 # 2 . There will thus be a distinct advantage in integrating all

functions which include the matrix B_(x) using the same number of Gauss

points as were used to define the functions ¢y .

The approximation of the initial strains €° is done in the same way

as for the strains € , so that following (1.8) we write

~
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oh - ‘
where a; is the vector of discrete values of the initial displacement

~&

components at the nodes on Q Similarly, the approximation of the

e L

initial plastic strains follows according to (1.12) and we write

h(y) =
p°e(x) = B (x)ag (1.16)

-

where a; is the vector of discrete values of the initial plastic stréin

components at the Gauss points on Qe

We may now substitute the approximations described above into eqn
(1.2). In doing so we make use of the original definitions given in
Section 3.2, eqns (2.16) and (2.17) for a(°,*) and £f(*) , and Section

-3.4, eqn (4.4) for <*,*> . Thus, we obtain :

-h = *
a(®@h, h h) = [ (Age)Tng BAa dx - | (A2 )'B'C B Ag, dx
Q, j Qq
T,T

- j (Aa ) B,CBla dx+ f (Aa )T B ¢ B Ag, dx
e e

+ Epf (Aa )T B BpAa dx | (1.17)

e

hy , h| _ * T T 2.-Y, w71 T
<3 (8p2)s0q > |, = V2k[ [(Aa) B, Bpbg, + €71 2 (8g)7B B Ax dx
~ ~ e Qe
+E [ (ag *)TgT B @ dx (1.18)

P’g ~p ~p~
e



i

Q
e e

Q

*
+ [ (aa)BY ¢ B a° dx - f
o & "TPTTTe T g

=h , *T T o * T T
E(v) =- ) (Ba)BGRa, dx+ [ (m)BCBH

*
(Aa )TBT CB a dx
c Ne ’\’p ~J f\pN ~J

(1.19)
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Here, Pse is that part of the element boundary over which tractions to

are applied.

With a view to simplifying the above expressions we define the

following matrices on Qe :

k(®) - [ pTc B ax

Q
e

e -7 8% ax , @@= [ BF ¢ B dx
e e

s{e =/ gTcp ax , -5 ¥ ax
e e

we also define the following vectors :

(e) - 2 2 =1 T
E (Age) = /fqu {y (Age) Al Ep gpAge dx
“e

p® o e ges [ e oar

e se

where the scalar y(Aa,) is defined by

- T.T
v(da) = /?Age) IR

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)
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In anticipation of a future requirement we also define the following

derivative :

ag(e)

~

dAa
~e

2,-3/2, T T T
172 ae ) (BTB ax )" ax

2
= = /2k A ) + €
fQ[Y (Az) “( B Aa,

e

2 2.-1 T ,
+ /Ekfge[Y (8g,) + €1 "“BB dx . (1.26)

Using (1.20) through (1.24) in (1.17) through (1.19) and then
substituting the resulting expressions into (1.2), we obtain the

discrete global approximation of the perturbed minimisation problem :

{27t 1(ag™T} Tk 1 1| fae

LT o

-8(8g) - 5¢° + L'g

~o

=0 . (1.27)

where we have written S = S; + §2 for brevity. The matrices in (1.27)
now refer to the assembled element matrices, whilst the vectors
represent ordered lists of all displacements and plastic strains in the

finite element model.
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Since the starred quantities represent arbitrary displacements and

plastic strains we must have
|
I
b - i T (1.28) -
- ‘
|

which represents a system of simultaneous nonlinear algebraic equations
in the global unknowns Aa and Aa . For convenience we shall

occasionally refer to the global system of equations (1.28) in the form

Aa - :
[K*] {—-”—} = P*(Aa) . (1.29)
~ Aa ~oo ) ‘

Some remarks concerning the system of equations (1.28), or

aiternatively (1.29), are now in order.

1. The matrix <" 1s constant in the sense that none of 1its submatrices
depend on the solution variables Aa or Aa . K is the conventional
elastic stiffness matrix. -

2. The global matrices Sy and S, are extremely sparse : in the case of
plane stress, for example, their only non-zero elements occur: in

(3x3) submatrices arranged along their .diagonals,

3. The first of the two matrix equations in (1.28) represents the
discrete system equilibrium equation and is linear in both Aa and

Aa . Noting that P = P° + AP we may write this equation as

~
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Kda - LAx - AR = —Ka® + La® + B = 0

since the initial state of the body 1s assumed to be one of
equilibrium. Hence, the terms involving initial quantities do not

contribute to the first matrix equation and may be discarded.

4. The second matrix equation in (1.28) represents the discrete form
of the system constitutive equations; it 1is nonlinear since it
includes on the right-hand-side a term g which depends on the

current plastic strains Aa . We expand on this point in some

detail in Section 4.3.

Figure 4.3 The discretised domain and master element defining the
_ coordinate map Te .



165

Calculation of Element Matrices and Vectors*

Let us assume that the body occuples a domain Q in RZ . The
position vector of each point iIn Q is x = (x,y) , relative to the

cartesian axes X,Y (Fig. 4.3).

We adopt the notion of a master element Q having a natural
coordinate system (£,n) , and an invertible coordinate map T, from 2 to
Qa o We assume that T, 1s an 1soparametric map and we let li(&,‘ﬂ)'
denote the Jacobian of the transformation Te - We restrict our

attention to a family of quadrilateral, conforming Lagrangian elements

having N, = 4,8, or 9, where N, is the number of nodes on the element.

A N A
Let {¢i(5,‘ﬂ)}1:1 be a family of basis functions defined on Q (see,
for example, BECKER, CAREY and ODEN, page 198). Then the family of

N
basis functions {q;i(x,y)}i:l are obtained from

by (x,y) = by (ECx,y),n(x,y)) , 1 <1<Ng . (1.30)

The matrix B(x,y), which relates strains to displacements (eqn (1.8)),
is transformed {into ﬁ(&,n) in the usual way using the Jacobian IJI ,

(see BECKER, CAREY and ODEN, page 189).

* The calculations which we describe here fdllow closely those described
in Chapter 5 of BECKER, CAREY and ODEN (1981) to which .the reader 1is

referred for further details.
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We assume that, given a quadrature rule of order N, on Q y we can
construct a suitable family of basis functions {$1(E,n)}§21 y which are
- defined at the Gauss points, as shown in Fig. 4.2. Then the family
{¢1(x,y)}1:§1 are obtained in the manner indicated in (1.30), and
similarly, the matrix Ep(g,n) may be obtained from E (x,y) in the same
way as é is obtained from E . It is worthwhile noting, however, that if
we numerically integrate functions containing $1(£,n) using the same
quadrature rule as was used to define the $1 , then the shape function

$1 need not be explicitly defined.

Let f(x,y) be any matrix of functions defined on @, G‘R2 and f(&,n)
the transformation of this matrix of functions to ﬁ under the inverse

map Tzl. Then, writing dx = dxdy , it 18 clear that

| £(x,y) dx = | £(E,m|I(E,n)| dgan . (1.31)
Q ~
e Q
Now let I(°*) denote the numerical quadrature formula which is to be used
to evaluate the right-hand-side of (1.31), given by

N
A G ~
1(£) = ] £ |1 ) v, (1.32)
~ o 1=l :

where NG. is the chosen number of quadrature points, (E4,7ny) are the
coordinates of each quadrature point, and Wy > 0 1s the quadrature
weight associated with point 1 . We use the above formula to integrate

each of the element matrices and vectors, for which the relevant E

functions are given in Table 4.l.
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TABLE 4.1

Functions £ in (1.32) for integration of element matrices and vectors

Matrix or f(gi,ni)

Vector ~
k(e [B(z4,mp)1TC Bley,ny)
Lle) - [BCeg, 1 TC Bo(gg,my)
s{e) [By(£4,m)1TC B (2 y,np)
s§e) EplBy(Egamg)1T B (£g,my)
E(e) ET(Ei,Tli)Ee and

ET(gi’”i),Ee

Note: C is the matrix of elastic constants; see, for example, Appendix

A, eqn (A.2).
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As far as the orders of 1ntegration are concerned we always
integrate E(e) ‘exactly (see BATHE (1982), Table 5.5), but allow the
option of a different order of integration for E(e),i§e)and Eée).
However, the computations are considerably simplified 1f we use the same
quadrature rule to integrate the latter matrices as was used to define
the basis functions ¢j(£,n) in (1.10) . In this way the matrix
ép(ii,ni) takes the trivial form described in the text following eqn
(1.14), with the result that, assuming there are three plastic strain
components at each Gauss point, the matrix fje) is made up. of (3x3)

submatrices arranged along its diagonal, and the matrix Sge)is diagonal.

The vector g(e)(Aae) in (1.23), although dependent on the current

~

values of the discrete plastic strains, is integrated using the same

procedure as described above. We divide the function £ to be used in

.the formula (1.32) into two parts :

£ (€,,n,) = (Ac )T (B (& n 178 (€, ,m,)Aa_ + €2 (1.33)
1'71° ~e’ taptti? T ~ptteL? i e y
which is a scalar quantity, and

A _ A TA

which is a vector. Then, using (1.23), we may write

~ A o 1/2 ~ '

A similar procedure to that described above can be used to evaluate

the matrix ag(e)/bAae which appears in (1.26). Both the latter matrix
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and the vector g(e) are integrated using the same quadrature rule as is

used for L(®) and s(e)

4.2 SOLUTION PROCEDURES

The system of nonlinear equations 1in (1.28) represents - the
following incremental problem : given the initial loads E° acting on a
body, its initial displacements i° and initial plastic strains g° y find
the chéuges in displacement Ai and plastic strain Ag due to a change in
the loads AE « In this section we consider the numerical solution of

this problem and the subsequent calculation of the stresses.

An Iterative Solution Procedure

Newton's method is a well-established procedure for éolving systems

of nonlinear equations of the form

F(u) = 0 5 (2.1a)
or, using indicial notation,

Fi(uj)'= 0 , 1<1,j <N, (2.1v)
Taking the first two terms of the Taylor's series of E(B) we may write

E(B) = E(Eo) + 5(50)(3 - EO) =0 (2.2)

~



where u_  is the initial estimate of the solution and u is the improved

estimate which is to be computed. The matrix J is called the Jacobian

matrix and is given by

aFi .
J(u) = [Tu‘] y 1< 4,3 <N . (2.3)
- J

Eqn (2.2) 1s easily generalised to form an iterative procedure which may

be written as
Flup) + J(up)(upyy = up) = 0 (2.4)
where n refers to the iteration number (n=0, 1, 2, ...).

Let us now apply the above procedure to the system of equations

given in eqn (1.28). Following (2.1b) we define the variables

UIEABEE , uZEAgEE (2.5)
and the functions

F| = K& - L - AP ' (2.6a)
ERRS S &Y RS (2.6%)

where iIn writing (2.6a) have made use of Remark 3 following eqn
(1.29). Using the above notation and definitions in (2.3) and (2.4) we

obtain the following iterative procedure :

170
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=  —~ ) r - -
K | ~-L Aa -Ka + La + AP
| H #
| og ﬁ
T | ~ - T - - o T o
- + — - - -
i P it= 1 \Azn/ \kan e, - 8(g) - 8¢+ La
I
~n

(2.7)
where Aa, = an4)] ~ 8, , and Azn = 4y - En . We anticipate that a
convergent solution to the original nonlinear problem (1.28) will be

obtained as n » » .

i
The matrix 3g/da in (2.7) has already been defined in (1.26), where

we note that because of its dependence on B, it has the same degree of

sparsity as the matrix Sl .

Static Condensation of eqn (2.7)

There are certain features of the system of equations in (2.7)
which suggest that static condensation prior to the solution would
improve not only the numerical efficiency but also the ease with which
the numerical computations can be handled. The features which we have

in mind are the extreme sparseness of the lower right submatrix En which

we define by

(2.8)

and the linearity of the first matrix equation.
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We propose first to eliminate the plastic strain increments Aan as
follows. From the second matrix equation in (2.7) we have

L a)- s +3)l . (2.9)

= =g yv1nTas - oS T .0
bg = (§) “[L'4a E(gn)+1-(g +

Substituting (2.9) into the first matrix eqﬁation of (2.7) and

rearranging we obtain

2 3L Tias o oaes v lie o T, .0, =
K- L(S) "Llaa =1L(S) "I E(gn)+1,a(g +a)
(2.10)
- S(®+2)] -Ka +La + 4P .

Eqns (2.9) and (2.10) constitute the condensed Newton 1iterative
procedure, which now replaces the original procedure given in (2.7).
Thus, we solve (2.10) ;first for the displacement increments AEn , and
then use these in (2.9) to find the plastic strain increments AEn 3 we

continue in this way until an acceptable solution has been obtained.

In applications of Newton's method to problems of the type

described here it is standard practice to choose the following initial

estimates of the solution
3 =3 =0 ; (2.11)

(recall that a° and a° represent the initial conditions at the start of
an increment). However, a better choice of initial estimates must
clearly be the elastic solution for the increment; in fact, in certain

cases, for example, when the body unloads elastically, such estimates
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will obviously be optimal. Thus, we choose the following initial

estimates :

- -1 -
go = by AE » go - 2 ‘ . (2-12)
Since K remains constant for a given sequence of incremental solutions
the inversion of K need only be performed once; the initial estimates
for increments 2,3,... are obtained by simply scaling the initial

estimates for increment 1 according to the current value of AP .

At the end of the n~th iteration we update the displacement and

plastic strain chénges according to

8n+] = 3 * b3, %atl = G * bay

at the same time we compute the new residual vector R+l (the right-
hand-side of (2.10) with n replaced by n+l) using the results a . and

§n+1 and check to see whether |gn+1| is less than some prede termined
tolerance. If it is not, we continue with the (n+1)th iteration; if it

1s less than the tolerance then the solution is deemed to be acceptable.

It s important to emphasise that the static condensation described
above is essential for the viability of the present formulation, since
the solution of the original equations (2.7) demands excessive
computational effort in all but the most trivial of problems., We are
fortunate in this respect that the matrix én 1s so sparse and that the
computation of its inverse, as required in (2.10), requires no more than

the computation of a sequence of (NxN) matrix inversions, where N 1s the
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number of plastic strain components at each Gauss point. Furthermore,
the number of equations to be solved in (2.10) is substantially 1less
than the number that would need to be solved in (2.7), even if low order

interpolation of the plastic strains were used.

Calculation of Stresses

Since both the displacement and plastic strain increments are
immediately available at the end of the iterative procedure described
above, the calculation of the étresses is a particularly simple task.
Let Aie be the restriction to Qe of the displacement vector AE. as
obtained from a convergent Qolution. Then the corresponding strains at

Gauss point j on Q_ are, using (1.8),
Aey = B(xy)ta, . (2.13)

Similarly, let Ap; be the restriction to the j—-th Gauss point on Qe of
the plastic strain vector Aax , as obtained from the preceding convergent
solution. Then the corresponding stress state at Gauss point j 1s

computed from

Aoy = Clbey = Bpy] | (2.14)

~ ~

{
where C i1s a matrix of elastic constants (see Appendix A, eqn (A.2)).

Thus, 1f the stress state at the start of the increment is denoted by 33 ,

then the stress state o, at the end of the increment is given by

oy = S; + Agj . (2.15)
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It is particularly intéresting to note that there is no explicit
requirement for the sttessés to be calculated during the {iterative
solution procedure defined by eqns (2.9) and (2.10). Thus, the stresses
need be calculated only 6nce for each loading increment. Furthermore,
since there 1s no implied integration in (2.14) this is the best

available estimate of the stresses.

This completes'the discussion of the solution procedures. In the

next section we will discuss some of the more interesting computational

details of these procedures.

4.3 SOME REMARKS CONCERNING THE ROLE OF THE CONSTITUTIVE EQUATIONS
IN THE SOLUTION PROCEDURE

We recall from Section 3.1 that the incremental holonomic boundary-

value problem includes the following two consﬁitutive equations* :

o = Cle® + Ac = p° = Ap] (3.1)
aﬁf . o
o= 755 € 0M, . (3.2)

The second constitutive equation 1includes the non-differentiable
functional QE , which we subsequently regularised in order to be able to

formulate the perturbed minimisation problem. The discrete

*  We make use of eqn (1.15), Section 3.1, in wfiting down the first of

these equations; for. Fonvenience we refer to them as the first and

seéond constitutive'equations respectively.
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approximation of the perturbed minimisation problem gave rise to a
system of nonlinear algebraic equations, the nonlinearity arising as a
result of the original non-differentiability of ﬁg « As we shall see
here, both of the above equations appear in discrete form in the second
- (nonlinear) matrix equation in (1.28)., It is, therefore, instructive to
examine the role whichv these equations, and in particular the
regularisation procedure, play in the solution of the discrete

incremental holonomic problem.

We begin by recalling the second matrix equation in (1.28), which
we repeat here for convenience :
T

L'a® . (3.3)

T - - - o

kidg + (8 + 80 = -g(Ag) - (§) + §))a" + L
Now we may imagine without loss of generality a body consisting of a
single element Re ¢ then, using the definitioms of L, S and g in (1.21)
through (1.23), and the various strain approximations proposed earlier,

we may rewrite (3.3) in the form

| | r
/ %}; CIe® + 8 - p° = tp] dx = VZk [ (ap + tp + D)™ 2 I}:;Ap dx
~o ~o Q ~S ~S

2 v
e e

~

T o T
+ E B dx + E B Ap dx .
e e

(3.4)

It is readily apparent that the expression C[e® + Ae = p° - Ap] in the

~ -

integrand on the left-ﬁand-side of this equation is the stress in the

element as given by the first constitutive equation (3.1). The complete
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integrand represents work per unit volume which when integrated over the
element volume ylelds the work done by the stresses, as computed via the
first constitutive equation, when the stresses move through unit plastic
strains. Similarly, the right-hand-side of eqn (3.4) represents the
work done by the stresses, as computed via the second constitutive
equation in its regularised form. Eqn (3.4) clearly provides the link

between the two constitutive equatibns of the holonomic theory.

‘Let us now rewrite eqn (3.3) on Qq with the terms in the same order
as they occur in (3.4), so that the left-hand-side contains the first

constitutive equation and the right-hand-side contains the second :

L'(2° + 82) - §,(¢° + 80) = g(8g) + 5,(° + 80) . (3.5)

Each of the terms appearing in (3.5) is a vector with the same number of
components as the number of discrete plastic strains om Q, . As we
intimated above, this equation my be regarded as posing the following
problem : given E, El’ 52, g° and g° , find Ai and Ag such that the work
done by the stresses calculated from the constitutive equation implicit
in the left-hand-side 1s equal to the work donme by the stresses as
calculatgd from the ‘constitutive equation implicit on the right-hand-
side. (0Of course, the stresses must also satisfy .the equilibrium
equations, ©but this 1is not ,directly relevant to the present
discussion.) The difficulty in solving this problem lies in the fact

that the right-hand-side of (3.5) depends on the current solution Ax .

For simplicity let us consider a single component of each of the

vectors 1in (3.5) and write the expression for this component, as
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computed from the right-hand~side of (3.5), as
G(dx) = g(Aa) + Sy(a® + Aa) (3.6)

Fach of the work terms in eqn (3.6) has a stress associated with it :
g(Aa) 1is the work done in plastic flow, Sza° is the work due to the
initial plastic strains, and Soha  1is the work due to plastic
hardening. The curves representing the stresses assoclated with each of
these work quantities are shown in Fig. 4.4(a), (note that for
simplicity we use the same nétation to represent work and the stress
associated with that work) : here, g(Aa) represents the regularised
stress, whereas g'(Aa) ,N which 1s a step-function, represents the
original unregularised stress., The sum of the stresses shown in Fig.
4,4(a) 1is represented by the curve G(Aa) , in Fig. 4.4(b), for the
regularised case, and by the curve G'(Aa) for the original unregularised
case, Thus, the effect of the regularisation, or the parameter € , 1is
to smooth the nondifferentiable curve G'(Aa); alternatively G(Aa) -
G'(Aa) as € > 0 . Returning to the problem stated in the previous
paragraph, we may restate it as follows : find Aa such that the stress
given by the curve G(Aa) is equal to the stress which satisfies the
first constitutive equation (and the equilibrium equations). The
essential cause of the nonlinearity of the discrete 1incremental

holonomic problem is thus clearly evident.

It is apparent that there can be no change in work done (or change
in stress) without a correspdnding change 1in- plastic strain. However,
while the solution point remains on the essentially "vertical"” part of

the curve G the plastic strains will be of the order of ¢ .
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[~ 9(a)

g(aa)

Figure 4.4 Stress-plastic strain curves for the second constitutive

equation.
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By choosing € small enough the "vertical" part of the curve G can be
made to extend Virtually to the point A; since this point corresponds to
the current yield stress it is evident that while the stress remains
within the yield 1imit§ the plastic strains will be of the order of ¢ .
Conversely, it is equally apparent that 1if € 1is chosen too large the
curve G will be so "rounded"” at the knee that stresses which are well
inside the yield 1limits will not be attainable without significant
change in plastic strain. In such a situation we would expect the

solution to diverge as in fact we will show in Chapter 7.

The fact that the curve G in Fig. 4.4(b) approaches a step—function
ags € > 0 gives rise to some unusual numerical behaviour in the Newton
iterative procedure. Recall from eqn (2.7) that the procedure requires
the cbmputation of the term 6§/aAg at each iteration. Returning to Fig.
4.,4(b) it is clear that this term will have a very large and essentially
constant value for values of Ao of the order of & , but will undergo
very rapid changes of wvalue in the vicinity of the point A (;hat is,
assuming € 1is sufficiently small). Thereafter, the term will again

remain essentially constant with a value approaching E_ . There appears

P
to be some cause for concern here in thatbaglaAa exhibits pronounced
sensitivity to changes in plastic strain over a very limited interval of

plastic strain domain. This phenomenon can be easily demonstrated by

numerical examples so that we defer further discussion until Chapter 7.

Up to now we have been concerned exclusively with hardening
materials. TFor elastic-perfectly plastic materials Ep = 0 and thus

82 =0 , and the curve G becomes antisymmetric about the a axis with

3
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horizontal asymptotes. .The essential characteristics of the regularised
curve remaln unchanged. The regularised curve G dogs however have one
additional advantage over the unregularised curve G' in this case : the
relationship between stress and plastic strain is uniquely defined for
all values of plastic strain, which is clearly not true for the curve G'
ﬁhen Ep =0 .

The foregoing disc‘uésion suggests an iInteresting interpretation of
the behaviour of the second constitutive equation in a sequence of
incremental holonomic problems. For ’a glven sequence of incremental
problems the value of S, remains constant;‘ hence, since the shape of the
G(Aa) curve depends >on1y or; Aa the shape must remain fixed, but may
translate (without rotation) 1in the stress-plastic strain space
according to the current value of «° . Since a° is updated at the
beginning of each 1increment we may Iinterpret this as effecting a
corresponding update of the second Iconstitutive equation. Thus, we may
think of a sequence of incremental holonomic problems as one in which
the constitutive equations are continually updated at the beginning of

each increment to reflect the current state of plastic strain.

4.4 AN ALCORITHM FOR THE INCREMENTAL HOLONOMIC PROBLEM

We summarise in Table 4.1 an algorithm fof computing the solution
for the discrete approximation of the inc;:emental holonomic problem.
The algorithm 1s based on the Newton iterative procedure given in eqns
(2.9) and (2.10), and assumes the elastic initial estimates of eqn
(2.12). 1t 1is also assumed that since the matrices E, E énd E remain

constant during the entire iterative procedure, they may be computed and
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stored at the start of the algorithm for subsequent repetitive use. The
solution of the equation in Step 3 1s performed using the Cholesky

decomposition with forward/backward substitution due to BATHE (1982).°

It is worth mentioning briefly the computational advantages of the
incremental holonomic formulation. Perhaps its most outstanding feature
is the ability to compute the incremental solution within a single
iterative procedure, namely, the algorithm described in Table 4.1. This
follows from the fact that the integration which {s normally required to
march the solution forward across the increment 1is implicit within the
formulation. This differs -from the rate approach (which we discuss in
Chapter 6) where the forward integration must be performed explicitly,
subsequent to the solution of the rate problem itself. Furthermore, all
the primary matrices requiéed in Table 4.1 are constant (and thus need
only be computed once), and the matrix En is sufficiently sparse so as
to render the computation of 1its inverse a relatively trivial
exercise, It 1is therefore clear that we have 1in the incremental
holonomic algorithm one which 1s remarkably compact and simple, and
which would appear to offer a computationally viable alternative to the
conventional algorithms for solving the incremental elastic-plastic

problem.

We return to the incremental holonomic problem in Chapter 7 where

we shall perform numerical experiments to test its viability and

accuracy.
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TABLE 4,2

Solution algorithm for the extended holonomic problem

1.

The following notation is used here :

o 1(c \=1:T
K- Ls)TE

K

s - T, 0o, - o, -
Ra = LG [-8() + 1%+ 2) - (2 + 31

~

TOLER = a predetermined convergence tolerance.

We assume K, L and S are already available, Compute the chosen
load increment AP ; coinpute S, £ S and invert. Compute 30 using
eqn (2.12) (or by scaling Zo from a previous increment), and hence

compute R° .
Complete the following steps for n = 0,1,2, ...

- - = v=1.T *
Using gn ’ computel;gn and hence E(En) E . Assemble En .

Solve the system of equations E; AED =R, .

Using Aa, compute A%, from eqn (2.9).

Compute a .y = a, +_A§n

%a+l = %y * Agn .

Using the results from Step 5, compute Rn+1 .

~

Compute |§n+1' and perform the following check :
if 'En+ll > TOLER , 8o to .Step 2
otherwise proceed to Step 8.

Using the results from Step 5, compute the stress increments using
eqns (2.13) and (2.14). This completes the solution.
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CHAPTER 5

A PENALTY APPROACH TO THE RATE PROBLEM

In this chapter we focus our attention on the quasi-static rate
protlem : given the complete history of response of a body at t = t1 ,
we are required to find the response rates corresponding to rates of
change of data, also at t = ty . We will derive a variety of
variational formulations which are equivalent to the rate boundary-value
-problem, but we will pay particular attention to the penalty formulation
8ince it 1s our 1intention to develop a penalty-finite element

approximation for the rateiboundary-value problem.

First, we formulate the classical rate problem and then show the
equivalence of this formulation to a variety of variational
formulations; the minimisation problem of MARTIN (1975b), and the
variational inequality of JIANG (1984) are two such formulations, and we
also discuss saddle-point and penalty fprmulations. In demonstrating
.this equivalence we generalise slightly the treatment of Jiang by
distinguishing between;elastic and plastic zones (Jiang considers a body
which {s everywhere plastic) and by dealing with an arbitrary convex,
continuously differentiable yield function. In the case of the pena1t§
formulation we show that the penalised solution converges to the exact

solution as the penalty parameter approaches zero.

Finally, we derive estimates of the error due to the penalisation

and finite element approximation.
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5.1 STATEMENT OF THE PROBLEM

Consider an elast1c~§lastic body which occupies an open bounded
domain @ in R' , N < 3, with Lipschitz boundary I' = T, UT, . Let
t € [0,t°] be a real parameter which defines a family of stress fields
S(f’t) corresponding to a history of given data. Assume that the stress
field 2(5) is ‘known at t = t° , and that the domain Q may be divided

into two non-overlapping regions 0% and OP as defined in Fig. 5.1.

Suppose now that at t = t° the body force rate f 1s prescribed on Q ,
traction* rates t = ov are prescribed on Ps , and velocities u are
prescribed to be zero on F& . Then we seek the velocity field u(x) and

a field of plastic multipliers A which satisfy
(1) the equations of equilibrium

div on Q (1.1)

Qs
+
2 Hhe
[}
1O

(11) the constitutive equations

C[E - AM] on Q (1.2)

lQe
n

A=0 on O°
(1.3)

A>0 , k>0 , =0 on QP

* No confusion should arise between the scalar parameter t and the

traction rate vector E .



186
(111) the boundary conditions

L ] L ]
ov =t on T

8
(1.4)

u=0 onT o

We shall refer to the problem defined in (1) through (iii) above as

Problem (S).

' 1
In (1.2) E = E(Vu + VTu) is the symmetric strain rate temsor, C is a
fourth-order tensor of elastic moduli, and M is a symmetric second-order

tensor defined by

0d
g oo (105)

~

¢

where ¢ 1is the yleld function, which 18 assumed to be convex and
continuously differentiable. The reader may wish to review the summary
at the end of Section 2.2 for the origins of eqns (1.3) and the
definition of the scalar parameter «k , which we repeat here for

convenience, using (1.5) :
A .

where G(x) 1s a scalar hardening field which' depends on the stress o and

one or more internal variables.
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0% = {xe 0

¢(g(§)) < 0}

QP

(x €21 8(a(x)) = 0)

R = QfUeP , 1P = 8NP

Figure 5.1 The elastic-plastic body.

Relative to an orthonormal basis the components of C are Ci Jk H

these components exhibit the symmetries

Cigee = Ciyme = Cym = Ciany (1.7)

and obey the strong ellipticity condition : there exists;ia positive

constant ¢ such that
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for all symmetric second order tensors A . We require further that
Cijkl € L,(Q) and that there exists a positive constant ¢, such that
(1.9)

max Cc

IC b < .
1ikl = 2
1,1,k,2 13

We assume that the components Mij of M belong to L_(Q) , and that
positive constants my 5M, exist such that

MijMij >m o, '{"’:’j‘"Mij"m <m, . (1.10)

Returning to the scalar fileld G(x) in (1.6) we shall require that
G € L,(Q) and that G(x) > 0 a.e. on @ . We define a hardening material

as one for which positive constants h1 and hZ can be found such that

Gt < 1/h1

(1.11)
G(x) > 1/,

for all x € QP , 4An elastic-perfectly plastic material is defined as

one for which IGI_ > =,

5.2 A VARTATIONAL INEQUALITY

Our objective 1nv this section 1is to; construct a wvariational
principle which 1is equivalent in some sense to the problem defined in
eqns (1.1) through (1.4) of the preceeding section. As we shall see,
the variational principle which we develop here will be in the form of a

variational 1inequality, the inequality arising as a consequence of

constraints on the plastic multiplier A defined in eqns (1.3).
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Function Spaces

We begin by defining the function spaces within which we propose to

work.

As in Chapter 3, we adopt the notation and conventions of the

Sobolev spaces H™(Q) = wg(Q) .

The following additional spaces of functions on Q will be required.

1.

The space

V={v= (vl,...,VN) t v, € HI(Q) sy Vv, =0 on Fu} .

~ i i
(2.1)

This is a Hilbert space with an inner product

(B,X)V = IQE v+ Vu -+ W d (2.2)
and a norm "X"V defined by

iz = (v,v). . ' (2.3)

~y T Ry

The space

A={p€L,( : p=0a.e. on &) . (2.4)
>The space Alis a Hilbert space with an.inner produ;t

(ByA)y = fgux dx = [ pAodx - | (2.5)

oP



and a norm Hu"A defined by

"p“i = (p,p)A . (2.6)

The convex set

K={pEA:u>0a.e., on P} ., (2.7)

For.convenience we define the pairs

(E,K) =u and (X,u) =v . (2.8)

We shall also make frequent use of the product spaces ; and E

defined by

V=vxAh (2.9)

K=V xK . (2.10)

The product space ; is a Hilbert space with norm

w12 = avi & np? (2.11)
7 ~'V A

and K 1s a convex subset of V .

In the definitions of the space A and K , and indeed hence-
forth, we assume meas(Qe) >0 , that is, there is always an

elastic region present.

190
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Bilinear forms, Functionals and their Properties

We will find it convenient to define the following bilinear forms :

a:VxV>R, a(yv)=[(C(V)) « W dx
Q

~ o~

= fgcijkl 5 Vi, 2 dx (2.12)

[

b: AxA>R, b(A,p f [{(g M) - g} +'é-]Xu dx

Q@

1
= IQ[cijkl Myy My * S dx (2.13)

[ICcHw » Wlp dx

c:VxA-=>R, clv,p
~ Q

fgcijkl Mg Vi, o * 9% - (2.14)
In view of the symmetry properties of C , a(.,.) and b(.,.) are
symmetric bilinear forms. The above bilinear forms may now be combined

to form the symmetric bilinear form A : V x V + R defined by

A(u,v)

3(292) + b()\,lJ-) - C(E,,“') - c(!,}\)

gy - ap} e vy - wt) ¢ 2] ax
Q

' ' 1
= fQ[ciju(ui,j - xnij)(vk,l Wt ) + 5 Al dx (2.15)
We will also require the linear functional f : V » R defined by

f(y) = / é v dx + / é s vdx . (2.16)
Q r
8
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The results which are to be presented later in this section depend
on certain basic properties of the above bilinear form, which we now

state and prove in the following lemma.

Lemma 5.1 ‘ : '

(a) The bilinear form A(u,v) in (2.15) is continuous in the sense that

there exists a positive constant K such that

'A(ﬁ,\-r)l < Kiul_ fvi_ (2.17)

A v

(b) The bilinear form A(E;V) is V-elliptic in that there exists a

positive constant a such that

A(v,V) > an?rnf_ . (2.18)
v

Proof

(a) The bilinear form a(u,v) in (2.12) has already been shown to be
continuous (see Section 3.2, Lemma 3.1), so that for Ky > 0 we may
write
laCu,v)| < &jnung 1yl

A v °

We consider next the bilinear form b(A,u) : from (2.13) we have

1
b | = | €,y MM, A dx + [ = Apd
[o0h, | ”Q 13k2 13 k™ éc b dx|
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< e MY M, (T M ) dx + h [ awoax|
e o 1,5 gkt L |

using (1.9) and (1.11)
4 2 ‘

= (c,N'm, + h2)|foxu dx|

<R MM, Ml

using the Schwarz inequality on A , and where K2 = c2N4m% + hz .

Now consider the bilinear form c(v,p) : from (2.14) we have

|eCe,m] = 'fgcijklMijvk,lu dx|

N

e/ (F M, WY v, dudx| , using (1.9)
ez Q1,3 W, g ket |

N

2
|c2N mzfgu(z’gvk’k) dxl y using (1.10)

2
Y
el k,x'fg

u vk,l dx|

n

5 |
¢, N Yool v,
2" M ka0 ko

using the Schwarz inequality on LZ(Q) where H-Ho is the Ly=norm.

It follows from the definition of the norms on V and A that
leCy,w)| < Ryluly Iyl

. 4
where K3 = c2N my .
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Let K = 2max(K1 ,K2,K3) « Then, from (2.15) and making use of the

above results we have

|ACu,v)| < LoeCnan tvn. + 1 Tl
’ 2 ~V ~ A

+ lud + HxHVHKHA)

v A VALLY

1
=3 K( ﬂgllv + ll)\llA)(ll)\/'ﬂ.V + llp.llA)

< Riul_ Ivn_
v oV

1
where we have used the inequality a + B < /f(az + BZ) ) y ,BER ,

to establish the final result. [

We follow a similar proof due to JIANG (1984). Using the identity

C(Vu) = CE (Section 3.1, eqn (1.15)) in (2.15), we have

A, %)

[ G- ) « (E- N dx+f-é-x2dx
Q Q

v

o

clf (E=- N « (E~- ) dx+fé-)\2 dx , wusing (1.8)
Q

c; J{O(E + B) + (JITB E - == n1) + (/TTB E - —— )

Q /1-8 /1-6
-2 2 oW+ (22, 0<o<
-0 ~ X N ie
c, 9 .
>c0f E+E dx=-—= [ 22 + M) ax + [ L2 ax
19 20k -0 Len @
2 2
c,N"'m,0
1N M 2 1.2
> CIQIQE E dx 1-6 IQ)‘ dx + IQE)‘ dx- using (1.10)
_ c1N2m§9 9
>¢,8f/E ¢ E dx + (h, - ) [ A° dx , using (1.11) .
17 r R 1 1-9 o
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h
Choose 6 = 5 ; H then we have
2c1N m2 + h1
c,h
AR,V > 11 JE +E a& +‘% hy A2 ax
2c1N m2 + h1 Q Q
ke, h
> 11 Wi? + = h, 1A12
% N2m2 + h ~V 2 1 A
1 2 1

using Korn's inequality (Section 3.2, eqn (2.15)) on the first term
on the right-hand-side, where k > 0 is Korn's constant. Hence,

using (2.11) we obtain

A(Y,Y) > au;u_z_
A
keyhy 1
where a = min| s, =h 1, and the result is
2 2 21
2c1N m, + h1

established. It should be noted that the result holds if and only
if hl >0, if.e. if the material exhibits hardening behaviour

(see the remark following eqmn (1.11)). O

A Variational Inequality

We propose now to establish a relationship between the classical
formulation given in (1.1) through (1.4) and a variational inequality.

This we do in the following theorem.
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Theorem 5,1

Let u = (u,\) be a solution of Problem (S) . Then u is also a solution

of the variational inequality

(2.19)

<
m
~i

A(u,v-1u) - f(v-u) >0 ,

Conversely, if u is a solution of (2.19) then it also satisfies (S) in a

weak sense. We refer to eqn (2.19) as Problem (V) .

Proof

(1) (s) = (V) :

We assume that the equilibrium equations (1.1) are satisfied on

Q . Then for arbitrary v € K we have

Jatv o+ £) e (v-w dx=0 .
0

Using Green's theorem, we get

[ () - (v-wdx-[Wy-u) »ode+ [ £+ (y-u x=0 .
T Q o
& (2.20)

Using (1.2) in (2,15), we get

ALY = [ &+ (- wD) ax + [ 2 phoax
0 Q |

= [ g Wdx + J wdx , using (1.6) .

~ ~

Q Q
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Replacing v by v - 1 in the above we get

A -8 = [ &+ Wy-u) dx+ [ (b= Ve dx .
Q ‘ 9]

Making use of this result in (2.20) and noting that ov = t on Iy we

o

get

i é c(v=-u) dx - A(u,v = u) + [ (p - Mk dx + fﬁ *(v=-u) dx=0
Q

T
8

From (1.3) we have Ak = 0 ; but since p > 0 is arbitrary, uc > 0

and 1t follows that
A(u,v - u) - f(z - E) 20 .
(11) (V) = (8) :
We define the space
A = neci@ : nx) >0 , xeo} .
In'part (1) above we showed that (2.19) may be written as

(3 * Wy -w ax+ [ (n-Dedx=£G-u >0 . (2.21)
Q 1%

Setting v = u and p = A + E in (2.21), we get

~

[ Exdx>0 , AIACHN
oP

and so k > 0 1n 0P



Next, set u = v and o= 0 in (2.21) : then

- [ mdx >0
P

=> [ %<0 .
oP

But A >0 in QP , and « > 0 in QP . Hence

Ac = 0 in QP
Finally, we set u=Aand v=uzw , w € [C:(Q)]N y In (2.21) to
get
f é * W dx - f é *w dx - f fewdx >0
Q r Q
s
and

Combining the above two inequalities and using Green's theorem in

reverse we get

[ (v g = £) *w dx = 0

in the sense of distributions. [

198



199

Theorem 5.1 represents the principle of virtual work for an
elastic-plastic body whose material behaviour is governed by the rate
constitutive equations given in (1;2) and (1.3). Thus A(u,v - 1)
represents the rate at which work 1s done by the stresses é in moving
through the so-called virtual displacements v-u (strictly speaking,
displacement rates), part of which 1is stored as elastic strain energy
and part of which is dissipated in plastic straining. Obviously
f(z - 3) represents the rate at which work is done by the applied
loads. The inequality in (2.19) 1s directly attributable to the
inequality constraints on A given in (1.3), as can be seen from the

proof (S) => (V) above.

We note here for later reference that the variational inequality

(2.19) may be written in the following alternative form :
a(u,v) = c(v,\) = £f(v) , vev (2.22a)
- c¢(u,p = A) + b(A,u=2) >0 , pLeK . (2.22b)

Eqn (2.22a) is obtained by setting p = A and v = u £ w in eqn (2.19),

wE [C‘;"(Q)]N ; eqn (2.22b) is obtained by setting v = u in eqn (2.19).

Problem (V), involving as it does an inequality, is not suitable as
a basis for any of the conventional methods of approximation. We
therefore investigate an alternative variational principle in the next

section.
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5.3 A MINIMISATION PROBtEM

We propose now to make use of a standard result from convex
analysis (see, for example, EKELAND and TEMAM (1976)), to establish the
connection between the classical problem (S), the variational inequality
(V), and the minimisation problem of MARTIN (1975b). In doing so we
will define an alternative minimisation problem which we will refer to

as Problem (M).
We introduce the functional J(V) : V + R defined by
- 1 _ ‘
J(v) = E A(v,v) - f(v) (3.1)

where A(.,.) is defined in (2.15) and £(.) in (2.16). Before proceeding
with the statement of the minimisation problem we shall establish some

fundamental properties of the functional J(V) in the following lemma,

(a) The functional J(¥) defined in (3.1) is strictly convex.

(b) The functional J(V) is coercive in the sense that J(V) > + = as

vl_ > =
v

Proof

(a) Ve may write, for 0 <6< 1 ,
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I(6n + (1-0)%) =% 6%A(,5) + 6(1-0)A(T,V)
+ 1 (107G, - 0w - -9 . (3.2)
From the ;-ellipticity of A(.,.), Lemma 5.1, we have
A(u-vu-9v)>0
-- 1 . -
=  A(u,v) < E[A(u’U) + A(v,v)] . ‘ (3.3)

Using (3.3) in (3.2) we get

1

J(6u + (1-8)v) < 5 62A(;,G) + % 8(1-6)[A(u,u) + A(v,v)] '

+ 2 (1-0%AG,9) - ofw) - (1-0)E(Y)
< 63(u) + (1-9)J(¥)
which establishés the result. [
(b) Using identical arguments to those used in the second part of Lemma
3.2 (Section 3.2) concerning the continuity of the data f and t
we may obtain the following result (which parallels that given in

eqn (2.27), Section 3.2) :

f(w)| <mivl, , m>0 .
| ~ | ~

\'
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It follows that

£(v)

-meqgro <m
Xy

from which we see that

£(y) > - m Iyl .

Dividing both sides by Ivi_ , we get
v

£(v) byl

foll_ fvil_

\') v
-m Hx"v

2 2 5&
[igy + tury]

> - m .

Making use of the above result together with the V-ellipticity of

A(e,*) , Lemma 5.1(b), in eqn (3.1), we get

() > -;— « W12 - mo
v v

Dividing both sides by H;H_ s We get
\'

) 5, Lo w -m
vi_ ¥
v

> 4+ o gs I|;|| > ® ’ 1ff a > 0 .

N
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We emphasise again that the coercivity result 1is only wvalid for
materials which exhibit hardening (see Lemma 5.1(b)). We now establish
the connection between the variational inequality (V) and a minimisation

problem (M) in the following theorem.

Theorem 5.2A

Let J : V> R be a proper, convex, Gateaux differentiable functional.

Then 1f u € K the following two conditions are equivalent :

I@) < 17, 7EK  (Problem () (3.5)

<l
m
=

<DJ(u) , v-w >0 , (3.6)
where DJ(u) 1s the Gateaux derivative of J at u and <.,.> denotes

duality pairing on V' x V , V' being the dual space of V . []

The proof of this theorem may be found in EKELAND and TEMAM (1976),
Chapter 2, Proposition 2.1. It remains to show that the conditions of
the theorem are satisfied. Certainly J 1is differentiable with Gateaux

derivative DJ(u) : V > V' given by
<DI(n),v> = A(w,v) - £(y) . &)

Furthermore, J is strictly convex (Lemma 5.2(a)), so that the result is

established.
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Theorem 5.2 establishes the conditions under which the solution
u € K of the variational inequality (V) 1is also a solution of the
minimisation problem (M) . The conditions for existence and uniqueness

of the solution are established in the following theorem.

Theorem 5.2B

Let J(V) satisfy the conditions of Theorem 5.2A and in addition, let
J(¥) be coercive. Then the minimisation problem (M) has at least one
solution. Moreover, if J(v) 1s strictly convex then this solution 1is

unique. [

The proof of this theorem can be found in EKELAND and TEMAM (1976),
Chapter 2, Proposition 1.2. Since J(v) has already been shown to be
coercive provided the material exhibits hardening, (Lemma S.Z(b)), and
strictly convex (Lemma 5.2(a)), we are assured of the existence of a
unique solution to Problem (M). We summarise these results for the rate

problem in the following theorem.
Theorem 5.3

There exists a unique minimiser U of the functional J of (3.1).

Moreover, u is also the solution of the variational inequality (2.19). O

In the following section we digress sli.ghtly from the main theme of
our development to discuss a saddle-point formulation of the problem.
We will find that the ideas expressed in this formulation play ‘an
important part 1in developing error estimates for our numerical

approximation.
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5.4 A SADDLE-POINT PROBLEM

Yet another way of formulating the weak problem is to use a saddle-
point formulation, in which the constraint on X\ 1is removed by

introducing a field of Lagrange multipliers. Accordingly we consider

the following problem : find u € V, A € A and the Lagrange multiplier

k € K which satisfy

L(u,%) < L(u,k) < L(v,k)

for all v E(I and 2 €K , v_where the Lagrangian L is defined by

L(v,8) = J(¥) = (X,p), (4.1)

and (.,.), denotes the inmer product on A (that is, the Lo-inner product

on QP) . Note that % here is an arbitrary Lagrange multiplier.

Minimisation of (4.1) in V and maximisation over all % € K is equivalent

to finding u € V and k € K which satisfy

AT - (uw)y = £(v) ,  TEV (4.2)
or equivalently,
a(g,z) - e(rA,v) = £(v) (4.3a)

and
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- c(u,g) + b\, p) = (k) =0 , (4.3b)
together with the inequality

(L=-KkA), 20 , _ - (4.4)
foraileV,uEAand,QEvK .

The rélationship between this problem and the constrained minimisation

problem (3.5) follows again from standard results (see, for example,

EKELAND and TEMAM (1976)), and is summarised in the following theorem.
Theorem 5.4

The functions u and A\ are the solution of the constrained minimisation
problem (M) if and only if u , A and k are the solution of the mixed
problem defined in (4.3) and (4.4). ‘Furthermore \ and k satisfy the

conditions

[}
o
O

A>0 , k>0 , k\ (4.5)
We note that conditions (4.5) are identical to conditions (1.3), in
the classical statement of the problem when- the Lagrange _m_ult:lplier k
are interpreted as the variable K sy defined 1in (1:6). Lagrange
multipliers generally have a physical interpretation and ‘are indeed very
often an :lnt:egral part of the solution; for example, in problems

involving incompressible materials the Lagrange multiplier appearing in



207

a mixed formulation i1s a hydrostatic pressure while in problems of
unilateral contact it is the contact pressure. In the present problem,

though, the function k does not appear to be readily interpretable.

We do not propose to use the saddle-point formulation as the basis

for a numerical approximation. We return instead to the minimisation

problem (M_) and effect a perturbation of the formulation which can then

be used as a basis for a numerical approximation.

565 A PERTURBED MINIMISATION PROBLEM

As discussed earlier, the minimisation problem (M) amounts to
seeking a minimum of J in a convex subset E of .\; « Though there do
exist algorithms which carry out this process numerically (for example,
the many quadratic programming algorithms), it is clearly of interest to
be able to formulate the problem in such a way that a minimum is sought

in V . This may be achieved by penalisation of J , which we ndw propose

to discuss.

The Penalty Functional

We introduce a convex, differentiable functional j : A » R with the

property that
j(p) >0 (5.1a)

jCw) =0 , If and only 1f hEK .. (5.1b)
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For problems involving constraint sets of the form of (1.3) GLOWINSKI,

LIONS and TREMOLIERES (1981) have suggested the penalty functional

1 2 .
J(u)=-2'f g(x)p_(x)1° ax (5.2)
QP

where u_ € Ly(RP) 1s the function defined by
1
b0 = = (b0 = [u[1, xe® (5.3)

and g(x) > 0 is a continuous scalar function. We note that p_(x) =
min(0,u(x)) for x € oP and that this choice of penalty functional
clearly satisfies eqns (5.1). 1In the following lemma we show that jCw)

is convex and differentiable.

(a) The penalty functional j(p) defined in (5.2) is differentiable,

with Gateaux derivative given by

DI, = [ g (DK dx . (5.4)
Y
Q

(b) The penalty functional j(p) is comvex.

Proof

(a) Let sgn : Ly(QP) » L,(QP) be defined by

+ 1 if K(E) >0

(sgn M) (x) = for xe ® .
-1 1M <o
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ﬁet us also define for convenience the operator F : LZ(QP) > LZ(QP) by
F(A) = 2\ (5.5)
where 7\_(5) is defined. in (5.3). Then for 6 €ER and some X € QP we have
6(x,0) = [F(h + 8w 12(0) = [FOV12(0) = 400 u(x) + 2622 (x)

+ 23 (x)sgn(M(x)) = 2(M(x) + 6u(x)) sgn(M(x) + Ou(x)) . (5.6)

Now suppose that M’f,) > 0 : then for sufficiently small 9; Mf.) + Gp,(i) >0
also, and G(f,e) =0 . ‘ Next, suppose that )\(f) < 0 : then for
sufficiently small 9, Mf) + eu(::) < 0 also, and we find that G(E,G) =
BOM(x)n(x) + 492u2(§) . Finally, 1f A(x) = O then G(x,0) =

62(ux) = |u(x)? .

Now let @P = 0P UoP Uk , where
R
of = {x el : Mx) > 0}
QE ={xeqP : Anx) < 0}

QB = {zeszl’ : M(x) =0} .

Multiplying eqn (5.6) by g(x)/8 and integrating over QP , we obtain, for

sufficiently small 6 ,

%,' [ &(x) 6(x,0) dx = [ 0 dx +% [ gx)[86M(x)u(x) + 492u2()~<)] dx
p p
+ %f g(g)ez(ﬁ(g) - Iu(gt,)l)2 .

p
9
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Making use of eqns (5.2) and (5.5) on the left-hand-side, and then

dividing both sides by 6 and taking 1lim we get
9 +0

Un % [3(A(x) + 0u(x)) = JAGN] = [ g(RMRulx) dx
0 +0 oP
‘ 2
=>  dJ(Mx),ux)) = [ gG)A_(x)u(x) dx | (5.7)
QP

where dj(A,pn) denotes the Gateaux differential of j , which is clearly

linear in pu(x) . Also, we have

1 son (onc e
oP

| a3 (A x) uix)) |

n

||g()£) )\_(5) “o Ilp,(z) “o

N

Clu(x) 1
for some constant C > 0 . Hence, since j : A + R, dj(A,*) defines a

bounded linear functional and we may write dj(A,*) = <Dj(A),> , where

Dj(\) is the Gateaux derivative of j at A . Thus, from (5.7) we have

<DIN),w> = [ glxA (X)wx) d&x . O
oP

(b) Using the definition (5.3) it is a simple matter to show that for

a,B €ER

(o = B_)a=-8) - (o_=B)2 == (aB)_ >0 . (5.8)
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From the definition of the Gateaux derivative of j (Lemma 5.3(a)) we
have, at x € QP (1t 1s assumed that all functions appearing below are

evaluated at x) ,

<Dj(N) = Di(p)yA = w> = <DJ(A),A = > = <DI(p), A = >

[ g (M=) dx = [ g(x)p (- p) dx
QP QP

[ oelx)(h_ = p)(A = p) dx .
oP

[ sx)(n_ - u_)z dx , using (5.8)
QP

v

>0

since g(x) > 0 . Thus, the Gateaux derivative Dj(p) is a monotone
mapping from A into A' from which it follows that j(p) is convex (see

EKELAND and TEMAM (1976), Chapter 1, Proposition 5.5). [1

The Perturbed Minimisation Problem

We now make use of the penalty functional j(u) to comstruct the

perturbed functional J_: V »>R defined by
3% = 3@ + < hiw) (5.9)
where J(v) 1s defined in (3.1), and € > 0 1is called - the penalty

parameter. We note that since J(v) has already been shown to be

strictly convex, differentiable and coercive, it follows from Lemma 5.3
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that Je(?r) must also be strictly convex, differentiable and coercive.
' We may thus again make use of the familiar results of convex analysis to
establish that a unique solution exists to the perturbed minimisation
problem (defined below), and that this solution 1s characterised by a
variational equality. Since these developments parallel closely those
of the minimisation problem (M), we simply summarise the pertinent

results in the following theorem,
Theorem 5.5

For each ¢ > 0 there exists a unique solution Tle € V of the perturbed

minimisation problem
I (@) <I . , veEv (5.10)
characterised by the variational equality

DIy (U),v> =0 , vev | (5.11)

where DJ_(i.) is the Gateaux derivative of J_ at u_ and <.,.> denotes

duality pairing on -‘;' X ;l , ;l' being the dual space of ‘-l .

It 1s easy to show that (5.11) is equivalent to

AGE,T) + eDI(A),w = £v) vTEV . (5.12)
Substituting for the Gateaux derivative of j ‘at )‘e from (5.4) we get

MGG, + & [ gl _(9) wx) & = £(v) . (5.13)
; |
Q
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In the same way as eqns (2.22) are equivaleni: to eqn (2.19), so also are

the following two equations equivalent to (5.13) :
a(ue,v) - c(v,)\e) = f(v) (5.14a)
= c(ug,p) + b(A,p) = (k 1)y =0 (5.14Db)

where k_(x) = - e-lg(x))xe_(x) » and (.,.), denotes the inner product on

A, given by

(kob)y = €0 g(OA_(0) wlx) dax . (5.14¢)
oP

The penalisation procedure has evidently removed the explicit
constraints from the perturbed minimisation probleﬁ, resulting in the
variational equality (5.12). It is clear that this latter ‘form 1is
suitable as a basis for a numerical approximation, a fact which we shall
shortly pursue. However, before doing so, it 1is 1important ¢to
investigate the convergence characteristics of the perturbed

minimisation problem.

Convergence of the Perturbed Minimisation Problem

We would like to show that the solution (u.,A.) of the perturbed
minimisation problem converges to the solution (u,\) of the original
problem as € -+ 0 . In the following theorem we shall attempt this in

which

three stages. First we will show that there exists a séquence Txe

converges weakly to an element Txo in V . Then we show that TJOC K,
and that u_ coincides with u . Finally we show strong convergence of Txe

to U . The theorem requires the following preliminary result.



214

Lemma 5.4

'Let ln ¢t U >R be a sequence of bounded linear functionals such that
Xn > 20 in U' , where U' is the dual space of U . Let u, be a bounded

sequence in U which converges weakly to U, in U . Then
<ln,un> > <2°,u°> .

Proqf

We have
<& u> - <Jl°,u°>| = |<Jln,un> + <h,u> = <2o,u > = <xo,uo>|

>|

< |<2n - lo’un>| * '<20’un = U

L N R ST
>0

using the convergence properties of ln and u, and the boundedness of
u . O

n

Theorem 5.6

Let U, be the minimiser of J. over the space V , and let U be the

minimiser of J in K . Then u_. converges to u as € + 0 .

€
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Proof

(1) Ve show first that the sequence ﬁe i1s bounded independent of

€ .
From theorems 5.2A and 5.5 we have respectively

J(u) < J(¥) | ’ vEK : (5.15)
and Je(ﬁe) < JE(V) R vev . (5.16)
Choosing v as u in (5.16) we get
J(u) <J (@) . | (5.17)

Furthermore, using the definitions of J and Je , and the fact
that u and u. are their respective minimisers we can show,

together with (5.15) and (5.16), that
I(uy) < I (uy) < I (W) =30 <I(E) . (5.18)

Setting v = 0 in (5.18) and using the coercivity of J , Lemma
5.2, we obtain

3(0) > 1(T,) > 3 uﬁeuz . (5.19)

v

Hence, HBEH 1s bounded above and so there exists a subsequence,

denoted by u., , which converges weakly to an element u, in Vv ;
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that is, the subsequence U, converges weakly to u, in V , and

the subsequence xe. converges weakly to xo in A .

We show next that U is in K ., From Lemma 5.3 we know that the
Gateaux derivative Dj(p) is a monotone mapping from A to A' .

Thus, we have
<DI(Ags) = DI(u),A,y = w> >0 (5.20)

In taking the limit as €' +» 0 of this functional we treat each

term separately. We have for the first term

<Dj(ke.);ﬁ> = e'[-c(ugi,u) + b(Aa,0)]

< e'[Cl + C ﬂke,ﬂ ] ona

e Iy + G A

< C3e'llu€,||V HuHA

+0as ' +0

where we have used the boundedness of Hﬁe,ﬂ_ .
\'f

Before considering the next term in (5.20) we need to show that
Dj(ke.) > 0 in A' . Using the conventional operator norm on A'

t

we have

u<Dj(x€.),p>u
Y]

ﬂDj(xe,)ﬂA, = gup
i

S
C4e Tt

< 8Up ——



- CAE'

+ 0 as e'. > 0 .

Hence, from Lemma 5.4 we have

im  <OJ(A_D)A,> =0 .
e > 0 £ £

For the third term in (5.20) we have

1im <Dj(u),K€,> = <Dj(u),xo>
e >0

since A, — Ko as €' » 0 from (1) above.
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Finally, the fourth term in (5.20) remains unchanged in the 1limit

as €' > 0 , so that collecting the above results together we have

1lim <Dj(K€') - Dj(u),Ke, - w = <Dj(p),un = K°>-
e >0

>0 , LEA . (5.21)

Following FUCIK and KUFNER (1980), page 350, we choose pu = Ay +

tn , where t > 0 and n € A ; then making this substitution in

(5.21) we get

<DI(A + tn) , tn > = [ g(x)(A + tn)_ (x)tn(x) dx > 0
_ Q

or | g(x) (A + tn)_ (x)n(x) dx > 0 ,, since t> 0 .
Q
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As t » 0 it follows that

<DI(A)),m> >0 , mE€A .

But this inequality holds for the element -7 as well, so that

<DI(Ag,m> <0 n €A

from which it follows that

<Dj(K°),n> = 0 .

Thus, from (5.4) we have

DI ), = [ g()A _(x) n(x) dx = 0
QP

and so A, € K , and ﬁo € K.

Next we show that u, solves (3.5), that is, u_ = u .,

From (5.18) we have

Taking 1lim inf of both sides gives
e' >0

J(u) > Um inf J(u,,)
et >0

P J(Tlo) (5.22)
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since J is convex and differentiable, and therefore weakly lower
semi-continuous. But since u is the unique minimiser of J(u) ,
we must have U, = u . Because all the above holds for every

convergent subsequence, it follows that the sequence Be itself

converges to U .

We demonstrate strong convergence next.. Since (5.22)'app11es to

any member of the sequence u. , with u, = u , we have

o

1im J(Ee) = J(u) . (5.23)
e >0

Now, from the definition of J (eqn (3.1)) we have
[1Ga) = 3@ = |aG- w8, - 8) - £y - w - 24,1 - 3)|

> |aGu, - wu, - W) - £, - W] - 2]aCw,u - w)| .

Taking the limit as € > 0 and using both the weak convergence of

u_ and (5.23) we get

1im |A(Ge - E,Ge -w|=0 .
e+ 0

Finally, using the continuity and V-ellipticity of A, (Lemma

5.1) we obtain

lim Tu_ - ul_=0 (5.24)
e+0 € v .

which establishes the strong convergence of ﬁe ., O
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An TIllustration

It is enlightening to review the penalty formulation in one
dimension where the physical concepts are more readily appreciated. The
classical boundary-value problem corresponding to (5.11), or

alternatively (5.12), is

div o) +£=0 , inQ@ (5.25)
o(@.) = C[E(u) - A M , 1nQ (5.26)
A =0, in@°
€
(5.27)
Li8 (- -Mea)=0, P
XE[G + o= 1 sgnke)] M g(ue) =0, in @ .

The term (KEgIZE)(l - sgnxs) is the penalty function, where g is defined
in (5.2), € is the penalty parameter, the operator sgn is defined in

Lemma 5.3, and M is defined in eqn (1l.5).

Consider the case where o1 * 0 and all other stress components are
zero. We assume a plecewise linear uniaxial stress-strain relationship

(Fig. 5.2) for which the yield function reduces to
6= oy = 8Y| =¥, <0 (5.28)
where Y° and Y are the initial and current values of the yleld stress

respectively, and AY = Y - Y sgn(Y) . The only non-zero component of M

is Mll s, with

Mll = Y = sgn(cu - AY) . : (5.29)
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Astress

v €,

Yot

- —p
strain
Y=<T,sY+2Y,

Figure 5.2 Uniaxial stress-strain curve.

We choose g to be equal to 1/G (which is a constant in the uniaxial
case) and consider tensile behaviour for which Mll = 1 , Then from
(5.27) we have
11

g(l - sgn} )
2e

1
E+

- 11 | (5.30)
T+ (1-sgar) °
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This result indicates that A, and c'xu always have the same sign. If Ae
is positive then we have plastic loading with }‘e = Gc"ll s Where G 18 the

inverse slope of the loading curve given by G = cotan 6 (Fig. 5.2).

1

The penalty function gives rise to the possibility of a negative

value of )‘e » In which case :

A = = . (5.31)

This behaviour is shown in Fig. 5.3 : whereas elastic unloading normally
occurs along AB , the perturbed problem exhibits unloading at a slope
(1/6)(1 + e'l) « Thus, as €& » 0 the unloading slope approaches the

vertical corresponding to the exact problem.

A stress

—»>

plastic strain

Figure 5.3 Unloading behaviour in the penalised problem.
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5.6 FINITE ELEMENT APPROXIMATIONS AND ERROR ESTIMATES

In the preceding sections we have developed three wvariational
principles, each of which may be associated with the original classical
formulation of the problem defined in Section 5.1. We propose now to
describe numerical approximations which are based on each of these three
variational principles. We again choose the Galerkin finite element

method to provide the framework for these approximations.

We introduce the families of finite-dimensional subspaces {Vh} of V
and {Ah} of A , using plecewise polynomial basis functions on a sequence
of finite element meshes; here h € (0,1] is a real parameter which
identifies a particular subspace vhcwy s O AhCca. e expect that
vh 5y and J LI\ in some sense as h > 0 . In physical terms we may
imagine that the members of the families (v} and (AP} are obtained
through regular uniform refinements of a finite element mesh defined on
Q , where h then represents the mesh size. We also define a finite-
dimensional approximation kh of the constraint space K . It is not
necessary at this stage to be specific about the definition of Kh except
to mention that K! need not necessarily be a subset of K . For example,
Kh. may be defined to be a set of functions spanned by pilecewise
polynomials of given degree which satisfy the constraint A > 0 only at

selected points in each element, for example, the integration points.

Then clearly kb ¢K .

We now define the finite-dimensional counterparts of Theorems 5.1,

5.4, and 5.5 as follows.
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A_Variational Inequality (see Theorem 5.1, and eqns (2.22))

-h
Find b = (uh,kh) € K = vD x gM guch that
a(ul,vly - c(v Dy < £(vh)
(6.1)

- c(ul, b - Ay 4 pab hC by 5

for all ¥ ¢ gh .

A_Saddle-point Problem (see Theorem 5.4 » and eqns (4.3) and (4.4))

Find @" ¢ VP and kP € KM such that
a(uh,vh) - c(kh,vh) = f(vl)
(6.2)
- e u® + b, - kBl = 0

(2 - SR ONER

for all Vh € vh and b € Kh » and where ("‘)A denotes the inmer product

on A .

A_Penalised Minimisation Problem (see Theorem 5.5, and eqns (5.14))

Find ﬁg € VP such that
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3. < I () for a1l Fh e vh
or, equivalently,

a(ull,v) - c(vB,Al) = £(v1)

~

(6.3)
- c(ulul + pB - ad,uy, =0
for all ¥ € vh » and where kg is defined by
B(x) = - tgM_(x) . (6.4)

The proofs of the finite-dimensional counterparts to Theorems 5.1,
5.4 and 5.5, as stated above, follow in much the same manner so that we

are assured of the existence of unique solutions to the above three

h

problems. Also, the solution 32 converges to u as € >0 ,

The remainder of this section 1is concerned with finding an estimate

for the error Iu - ﬁgﬂ due to both the penalisation and the finite
element approximations. This 1s accomplished in two stages, by
establishing estimates for Iu - Eh" and for Hﬁh - 32" . The general

approach follows to some extent that adopted by KIKUCHI (1981) in his

study of the obstacle problem.

In developing our error ‘estimates we consider the following

h h

specific restrictions of the spaces Vh and A" . Let V  be the space

spanned by functions whose restrictions to each elemeﬁt Qe contain

complete polynomials of degree 1 (for example, the 3-noded triangle or
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4-noded quadrilateral in Rz). Suppose further that the solution u is
smooth enough to belong to HZ(Q) « Then the following interpolation
error estimate holds (Section 3.5, Theorem 3.7) :

h

g - w'ty o < Cyh Nyl ev (6.5)

1,0 2,0 ° X

~,

where h

is the interpolate of uon Q .

Let Ab be the space spanned by functions whose restrictions to each
elehent are constant in the plastic region QP , and which are zero in
the elastic region Q% ; that is, Ab consists of pilecewise constant
functions in QP . Furthermore, let us define KhCK by

h

kP = (uPh 2 uhe ab(q) , w0} (6.6)

and the interpolate Al e ghoof A by the step-~function

A = min {A(x)} for NEK . (6.7)

Q ~ .

e x €Q

Under the assumption that A € HI(Q) the following interpolation error

estimate (Section 3.5, Theorem 3.9) holds :
h

A = A < C,h Il

0,0 <% 1,0 ° ‘ (6.8)

The choice of piecewise constant basis functions for Ak déserves
further comment. It can be shown that for higher order polynomial
approximations, the estimate Tu - l-ll;" depends on a positive constant o

defined by



| 227

a, IR I, < sup T , L7 €A (6.9)

h
LI R

where I(+,+) denotes the operation of numerical integration (see, for
example, KIKUCHI (1981)). Condition (6.9) is known as the discrete LBB
condition after LADYZHENSKAYA, BABUSKA (1973), and BREZZI (1974). For
piecewise constant basis functions the condition reduces to the trivial
result where oy is a constant independent of the mesh parameter h .
However, for higher order basis functions the determination of ay
depénds on both the choice of element and nume.rical integration scheme, -
and can present a formidable computational task. KIKUCHI (1981) has
given results for o for the three-noded triangle and four-noded
quadrilateral elements within the context of the obstacle problem. In
each case a simple numerical integration rule was used : for example,

the trapezoidal rule in the case of the four—-noded quadrilateral.

We record in the following theorem a regularity result for the

elastic-plastic problem due to JIANG (1984).
Theorem 5.7

Let the data f in eqn (5.12) be given in (LZ(Q))N , for Q@ CRN .
Then the solution u = (u,\) of the variational inequality, Theorem 5.1,

belongs to (HZ(Q))N X (HI(Q))N and satisfies

hat, + I < Cifl . O | (6.10)
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It is important to note that Jiang proves this theorem under the
assumption that the entire body is plastic, that 1s, 0 = ¢ , Although
the extension to the case Q% # @ 1s not obvious because of the
conditions on the interface between the elastic and plastic parts, we
will nevertheless assume that for the case Q% # ¢ the result of Theorem

5.7 remains valid.

We proceed now with the error estimate due to the finite element

approximations, as given in the following theorem.

Theorem 5.8

Let vh and Ab be as defined above, and let the interpolation error

estimates (6.5) and (6.8) hold. Then there exists a constant C > 0 such

that

- =h ~

lu=ull < Ch Ifl . (6.11)
- o
\')

Proof

From Theorem 5,1 we have
A(u,v - 1) - f(v=-u) 20 (6.12)

for which the counterpart on the finite-dimensional subspace Kh may be

written as

AG@L, T -y - g -y >0 . ‘ (6.13)
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Adding (6.12) and (6.13) we get .
AGE - @05 - @) < AGG, ¥ - T + A@ED,FP - T)

+ £(u = v) + £(ul - vh) | (6.14)

~

= AU -ua - + AGE,T -0+ TR -3TD)

- f(v-u + v - uh) .

~

Since Kh C K C A and Ah is spanned by pilecewise constant basis

~,

functions, we may choose v = @ + G = ul', and ¥ = uP (here uP denotes

the interpolate of u') in (6.14) to give
AG-ala -3 <A@ -a-u) . (6.15)

Using the intermediate results of Lemma 5.1(a) we may express the
continuity of A as follows :
A(u,v) <K

flull, vl + K HKHA full

1~V s 2 A
+ K3llp,llA "l’,“v + K3 lIMlA ||2||V
< K(Ilgllv + nqu)(u!uV + "u"A) . . (6.16)

We now make use of the V-ellipticity of A (Lemma 5.1(b)) on the left-
hand-side of (6.15) and the continuity of A , as expressed by (6.16), on

the right-hand-side of (6.15) to get
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ol - 301 < k(g - o™i+ 0= AP (g - B+ - R
7 ~T Ry AMVRT R A
h,2 h2. 1 ~h ~h
< Y2 R[Ig = wiiy + = AT 2 (g = wli + I = RT)
= /T Rim - w_(u - B+ - Ry (6.17)
v

Using the interpolation error estimates (6.5) and (6.8) in (6.17) we
obtain

- -h V2
fa = w'_ < =2 KC3h(Nyl, + IAI) (6.18)

\
where C3 = max(Cl,Cz) . Finally, using the regularity result of Theorem
5.7 in (6.18) we get

V2

m -t < 2 xe
- o

Ch I£N
7 3 o

which is the required result with & =2 KCsa/a . O

We now proceed with the estimate of the error due to penalisation,
in which extensive use of the mixed (saddle-point) formulation 1is

made. The result is given in the following theorem.
Theorem 5.9

Let the conditions of Theorem 5.8 hold. Then there exists a positive

constant K , independent of ¢ , such that

. Ii:u_ < Ke M (6.19)

lu
7 A



Proof
Following eqn (5.3) we define u+(§) by.

iy (x) =% G+ [wx) |1, b€ Ly(eP) , x €P, | (6.20)
so that p_+ p_=p.

Now, subtracting (6.2)2 from (6.3)2 we get

- c(ult - uPuP) + b = B,y - oy o

With the choice of uh = Xh - Xg in the above, we get

h .h h

h . h h b _ by FUBBLY

h h h = - (1D -
-c(ge—g,)\-k€)+b(7x€-X,X-7x€- (k€ k

(6.21)
Consider the right-hand-side of the above equation :

- G - KPRl = -, - ah - KBy,

N

(P - kB,D) | using (4.5) and (6.4)

E—

N

ek - kB,kD), , using (4.5) and (6.4)

h_ hh_  h, .h
e(k? = kB, Kkl - kP 4+ Kby,
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(kP - kBal ) B - kBl ustng (6.20)
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ek - kB, - e - B -y,

n

h h h
elk ke"A Ik "A (6.22)

where the final result follows from the fact that kh and kg were chosen

to be piecewise constant functions.

Subtracting (6.1); from (6.3); and choosing v = b - uE we get

af - gh Al - b (6.23)

Substituting (6.22) into (6.21), adding the result to (6.23), and then

using (2.15), we get

=h _ =h =h _ =h h_ h h
A(ag = uhug = u%) <elk= kI, Wkl (6.24)

Also, from the V-ellipticity of A(+,*) , Lemma 5.1, we have

AGER - ahEh - Ry > il - Ehu; . (6.25)
Now, from (6.3), we have
[P = k2uhy | = |- e - ulW®) 4 bR - AR, B
< Ic(gh | ue,uh)| Ib(xh - Ke,uh)l
h h h 2 h h

<K - - h .2
L M P N N VS S L (6.26)
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which follows from the continuity of b(+,¢) and c(*,*) , Lemma 5.1(a).

But, since kh and kg are plecewise constant functions, we may write

[P - kg,uh>A| = kh - k:HA nuhuA . (6.27)

Hence, from (6.26) and (6.27) we have

h _.h h h h _.h
M - kI, < Kyly - Re"v + K, I = A0,
h h h _.h
< 04["2 - Ra"v + 0N - xeuA] , c4 = max(Kz’K3)
h_ hp2 h_ ,h2, 1
< /2 ¢, [hg™ = wlig + S
) (6.28)
=7 ¢, Iat - 3
4 8‘-’

where we have used the definition (2.11), and the inequality a + B <

V2 (az + BZ) ) » %, € R . Using (6.28) in (6.24) and then combining

the result with (6.25) we get

V2 C, e
:u_ < = 4 "kh"A
\'

h

lu' - u

which is the required result with K = /2 CA/a . O

The final error estimate 1is a trivial consequence of the
application of the triangle inequality together with (6.11) and (6.19),

and 1s summarised in the following theorem.
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Theorem 5,10

Let the conditions of Theorems 5.8 and 5.9 hold. Then we have

h_
v

h

la - u < Ch IEN_ +Ke Ml . [ (6.29)

- We should point out that the result in Theorem 5.10 depends on the
indeterminate quantity Ilkhll A? where kh is the discrete approximation of
the Lagrange multiplier defined in Section 5.4. We my, of course,
assume that VLN 0 as h > 0 , but if this proves to be an invalid

assumption (as shown by numerical experiment, for example), then we may

be forced to make the pen;-alty parameter € depend on h .
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CHAPTER 6

NUMERICAL SOLUTION OF THE ELASTIC-PLASTIC PROBLEM

USING A PENALTY-RATE APPROACH

In Chapter 5 we developed a variational formulation of the rate
problem in the form of a penalised minimisation problem, and showed that
this problem constituted a suitable basis for the numerical
approximation of the original boundary-value problem. In this chapter
we wish to continue with the development of the numerical approximation

using the Galerkin finite element method.

To set the stage for our discussions we will review the role of the
penalty~rate problem within the context of the incremental elastic-
pléstic problem. Recall that in Chapter 1 we stated that the elastic-
plastic problem could be solved numerically by subdividing the loading
history into a number of intervals At to which there correspond loading
increments AE s, thus defining a sequence of incremental problems for
each of which the corresponding displacement, stress and strain
increments were to be sought. The first stage in the solution of a
| typical incremental problem 1is the solution of the rate problem, and
this 1is usually followed by a suitable state determination# procedure to
complete thé incremental solution. We propose to describe 1in this
chapter the complete solution of the 1incremental problem using the

penalty-rate formulation.

* By state determination we mean any algorithm by means of which the

rates are integrated and the solution 1is updated.
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Assume for the purposes of illustration that a body 1s subjected to
two loads Pl and Py whose magnitudes vary in some predetermined way.
Let us define a load space (PI’PZ) and plot #he history of tﬁe loads in
the form of a load path in this space, as éhown in Fig. 6.1, So as to
be able to uniquely identify each point on the load path we introduce a
scalar parameter t which parameterises the path length. This allows us

to define the rate of change of the loads along the load path by

3o = er) . (a)
~ it ~
Due to the nature of numerical approxima;ions it would be impractical to
attempt to follow exactly the arbitrary load path shown in Fig. 6.1.
Thus, we construct a suitable pilecewise-linear approximation of the
original load path and, similarly, we effect a consistent approximation
of the load rates such that ;hey remain constant over each 1interval;
thus, in Fig. 6.1, Ei = E(ti) is the approximation of the load rate over

the interval [ti,ti+1].

4

7, P(7T)

Figure 6.1 The load space (P|,P,) showing the load path P(t) and its
plecewise~linear approximation. ~
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The generic incremental rate problem is 1llustrated schematically
in Fig. 6.2 1in uerms of a single loading variable P and a single
solution variable which we characterise as the displacement u . For
simplicity we assume a monotonically increasing solution path which 1is
parameterised using the scalar t , and assume also -that the path
corresponding to the interval [0,t] 1is known. Our objective 1is to

determine the displacement u at the end of the given interval

Te, t+ At] .

» 4

solution path

Figure 6.2 TIllustrating the incremental rate problem.
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As we shall see iIn this chapter, the rate problem is characterised

by a system of algebraic equations of the form

Kpu = P (b)
- or, for the situation depicted in Fig. 6.2,
KTl.l =P . (e)

Here, «Kp 1s referred to as the tangent stiffness matrix since it
represents, by analogy with the situation in Fig. 6.2, the slope of the
solution curve at t ; P and u are the load rate and displacement rate

vectors at t .

This system of equations, as we shall also see, 1is homogeneous in
the rates : thus, assuming the load rates remain constant over the
interval At , we may always multiply the load rates and displacement
rates by At , leaving the original rate equations unchanged. Thus we

may rewrite eqn (b) as
RpuAt = PAt . (d)

Clearly, 1in setting up the rate problem the magnitude of the load rate
vector may be arbitrarily chosen since we may always effect a linear
scaling of both the load rate vector and the corresponding displacement

rate vector subsequent to the solution of the rate problem.



239

Let us now assume that since the rate equations (b) are homogeneous
in the rates we may integrate forward along the solution path using a

one-step Euler forward method : then from eqn (b) we obtain

Rpdu = AP, ' (e)

Eqn (é) constitutes a first-order approximation of the incremental
problem, since if we are given the load increment AE we may immediately
solve for the displacement increment AE . However, a comparison of eqns
(d) and (e) shows that if we already know the load and displacement
rates (from theé solution of eqn (b)) we may compute the corresponding

increments from
AP = PAt , Au = uAt . (£f)

The first-order approximation of the incremental problem, therefore, may

be solved using two slightly different approaches :

(1) given the load rates E , 8olve the rate equations (b) for
the displacement rates E s hence, for a given interval At
solve the incremental problem using eqns (f) ;

(11) given the load rates E and the 1interval At , calculate
the load increments AP and solve the incremental problem

~

directly* using eqn (e) .

* This 1s the approach normally adopted in the literature : see, for

example, OWEN and HINTON (1980), BATHE (1982), ZIENKIEWICZ (1977).
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We adopt the former approach in our work here.

It is clear that the first-order approximation described above
causes the computed solution path to follow the tangent line Ky . Thus,
the point A in Fig. 6.2 represents the solution which would be obtained
from eqn (e), and this point will not lie on the true solution path,
which 1in general will be nonlinear as a result of our assumptions
regarding the material behaviour. Some of these assumptions can be
weakened by, for example, assuming a rpiecewise-l_inear stress—strain
relationship. Others, however, cannot be weakened without seriously
compromising the credibility of the resulting solution : for example, we
cannot assume that the direction of the normal to the yield surface
remains constant over any finite interval At . Unfortunately, this is
precisely what we are doing with the first-order approximation so that
this approximation will in general exhibit some error. However, the error

can be arbitrarily reduced by reducing the size of the interval At .

Whilst the procedure described above provides a simple and
effective method of solving the incremental problem it 1is by no means
the most efficient due to the .strict control that must be kept on the
size of the interval At in order to produce reasonable solutions. To
avoid such strict control we could adopt the following alternative
approach. Let eqn (e) be an initial solution predictor and use a
suitable Newton-Raphson iterative procedure to provide the corrections
to this prediction. At the end 6f each 1iteration calculate the stresses
using a separate predictor/corrector algorithm and hei;i"ce compute a new
tangent modulus Ky . In this way an essentially smooth approximation to

~

the solution path over the chosen interval At is built up, without any
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control over At (apart from common sense) being necessary. Although
these methods generally provide good accuracy and rapid convergence,
they do so at the price of a significant increase in the level of
complexity of the numerical computations. For an excellent review of
such methods the reader may refer to OWEN and HINTON (1980)). For a
discussion of the use of these methods in a formulation of the rate
problem very similar to the present one the reader may refer to REDDY

and MITCHELL (1983) and DITTMER, GRIFFIN and MARTIN (1985).

We begin 1in Section 6.1 with the description of the discrete
approximation on a typlcal element* ‘Qe of the bilinear forms and
functionals which appear "in the penalised minimisation problem. The
assembly of the element contributions leads to a system of nonlinear
algebraic equations which constitute the discrete global approximation
of the penalty-rate problem. Ve then des_cribe how each of the element
contributions are constructed using an 1soparametric mapping from a
master element Q to Q . In Section 6.2 we discuss the solution
procedure, including an algorithm for solving the global equations
referred to above, and a scheme for computing the increment At such that
the yield condition 1is always satisfied. Finally,Ain Section 6.3 we

summarise the advantages of the penalty-rate formulation and compare

this formulation with a conventional approach to the rate problem.

* _
For the purposes of illustrating certain concepts we assume Q‘e is in

R2 ; however, this 1is not intended to imply that the discussion 1is in

general restricted to R2 .
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6.1 DISCRETE APPROXIMATION OF THE PENALTY-RATE PROBLEM

In Section 5.6 we wrote down the global approximation of the
penalised minimisation problem on a finite-dimensional subspace ;h ’
where ;h is assumed to be spanned by a finite number of pilecewise
polynomial global basis functions. It is well known that these global
basis functions can be constructed from local basis functions defined on
each element. Accordingly, we partition the domain Q , which we will
assume is polygonal, into a finite number E of triangular or quadri-

lateral subdomains Qe such that

0=U_ S %NOo=0 , exf . (1.1)
The mesh parameter h i3 defined by

h = max (n} , h, = dia(Q)) . (1.2)

Then we refer to the connected set {Qe}egl as the finite element mesh

for a given value of the mesh parameter h (see Fig. 4.1).

The global approximation of the penalised minimisation problem on Q

takes the following form : find u (ue,Kh) such that
a(ua,vh) - c(vh,xg) = f£(vh) ’ (1.3a)
h h
-c(ug,u ) + b(ke,u ) - (ke,u I = s (1.3b)

for all 7 = (vh,uh) evh .
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Note that for brevity we will drop the subscript & hereafter, it being

understood that we are dealing with the penalised minimisation problem.

The global approximations of the terms in (1.3) are constructed by

adding contributions from each element. Thus, noting that

we may rewrite (1.3) in the following form :

E E E
Jal®whyh - ] S I £(2) () © (1.4a)
e=1 e=l . e=1
E E E
(e), h h (e),,h h h h _
ezlc (u ouy) + ezlb (Agstg) = eZl(ke,ue)A(e) =0 (1.4b)

where ;he superscript (e) and subscript e denote restrictions to Qe ’
with (-)e being interpreted in the sense (-)e = (-)'Q ; likewise

(.,.)A(e) is the restriction of the 1inner product zn A to Qe . With
the problem defined in the above form we may proceed with the

approximation at the level of a typical element Qe .

N
Let {¢1}121 be a suitable family of local basis functions defined

on Qe and having the property
bg(xq) =845 » 1< 4,5 <N,

where Xy is the position vector of the j~th node on Qe and Ne is the
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number of nodes on Q Then the restriction of a typical element of

e .

the finite-dimensional space‘ﬂ’C:Hl(Qe) to Qe may be approximated by

N

hiy) = Sea b, (x) . (1.5)
LIS A | -

h

where ay = “2(51) is the value of ug

h
e

at node 1 on Qe + If the solution
vector u, € Vh has components which are approximated as in (1.5) then we

may write the approximation of this vector as
ul(x) = ¥(x)a ; (1.6)
~e ~ ~ Ne ’ y

sinilarly, an arbitrary vector vg € vh may be approximated by

¥(x)ay . (1.7)

~ A~ oA

A

%*
and a_ are ordered

Here, ¥ 1Is a matrix of shape functions ¢i(x) » and a, o

lists of the discrete nodal values of uh and h

e Vo respectively.

The strain rate vector ¢ is related to the velocity vector by

~

o>

(1.8)

2me
i

O

e

where D is an appropriate matrix of differential operators (see Appendix
A, eqn (A.4)). This may be approximated using (1.6) by

) = D ¥0os,

x €Q . (1.9)

!
o]
—~
o]
~
[
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Here, B(x) 1is the element strain rate-velocity matrix* and consists of
partial derivatives of the shape functions dai(x) with respect to the

components of the position vector x . Similary, we have
£(x) = B(x)ar . (1.10)

For the approximation of the space AR of plastic multipliers we
adopt a similar approach to that used for the approximation of the
plastic strains in the incremental holonomic problem. Let Ah be the
space spanned by plecewise polynomial_ basis functions, with the 1-th
function having a value of 1 at the i-th quadrature point and a value of
0 at every other quadrature point. Thus, for a (2x2) Gaussian

2

quadrature rule for Qe in R® , for example, the basis functions will be

bilinear polynomials over Q but globally-discontinuous; for a single-

e ’
point quadrature rule the basis functions will be constants. The
restrictions to Q, of typical basis functions for Ah are illustrated in

Fig. 6.3.

Element integration Basis functions on AA

Mr— 0t
2x2

Al . fA 1x1 , I : |

Figure 6.3 Typical basis functions for AP on Q

* Matrices D, B, B, etc., are only ever defined at element level and so

P

we omit the subscript e for brevity.



Let (xi), 1 <1< No , be the position vector of Gauss point i on

~

N
Qo » Ng belng the chosen number of Gauss points. Let {¢j}jgl be
suitable family of local basis functions on Qg with the property
Then the plastic multiplier solution on Qe is approximated by
h NG
Aa(x) = T a, 6.(x) (1.12)
~ P I ,
j=1
where oy = kg(xj) is the value of the function Xg at Gaussvpoint
j o We write (1.12) in matrix form as |
h =
he(x) = By(x)ag | (1.13)
and similary, for an arbitrary member of pb we have
u2<5) = Ep(f)f: . (1.14)
Here, Bp is a row matrix of the form
Bp = [4)1’ ¢2, ceeey ¢NG] (1.15)
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a

and a_ and a: are ordered lists of the discrete plastic multipliers at

Ne ~

the chosen Gauss points. We note for future reference that according to

(1.11) the matrix B_ has a particularly simple form when it is evaluated

at any of the chosen N, Gauss points. For example, when evaluated at

‘Gauss point 2 on Q, it takes the form

Ep<’f2) = [0, 1, 0, vevees, O] . (1.16)
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It will thus be a distinct advantage to integrate functions which
include >\2 or ug using the same quadrature rule as was used to define

the functions d>1 .

For completeness we repeat here the definition of the row matrix M

~

(Section 5.1, eqn (1.5)) :
el
M= [ag] . (1.17)

Clearly, ’rj may be evaluated pointwise on Qe and depends on the state of
stress and plastic strain at each point. We note also that the bilinear
form b(+,*) (Section 5.2, eqn (2.13)) contains the term 1/G and that
for a von Mises yield function with linear kinematic hardening this term

is given by (Section 2.3)

1/G = EPMTM ) (1.18)

In view of this we will find it convenient to introduce the following

Y.
normalisation : let |M| = (M » M)/2 and define

- M
M= -]:-'- and o, = « 'M' (1.19)
so that
M = aM . | (1.20)

We may now substitute the approximations of u

~

2, vz, .)\2 and ”2 as

described above into the local forms of the functionals and bilinear
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forms given in (1.4), whilst also making use of the normalisations given
in (1.19). We treat each bilinear form and functional in turn, using
the original definitions given in Section 5.2, eqns (2.12) through

(2.16)., Thus we obtain

*
a(e)(uh,vh) = (a )Tf ﬂTC B dx a
e
*\T
@ k') 8, (1.21)

- - - -
L Y e N R R
e’’e ~el Tap v vt N e
“e
- T T -
+ (a E BB dx a
(z,) IQ ~p ~p N ~e
e
_ =% T_(e) -*.T.(e)= . .
(e), h .hy _ , *T T, = -
¢ Leh) = (a7 BGME, dx g
e
= (EZ)Tk(e) L (1.23)
(), h ' hy =*T, T =T
¢ (herke) T (8] B MCR g,
e
-t :
= @TaeHT : O (1.26)
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The linear functional f(e)(vg) 1s approximated by

f(e)(XZ) = (g:)TIQ v'f dx + (g:)TI 7't ds
e se
(1.25)
* T o(e)

where T, 1s that part of the boundary [, of Qe over which a traction

rate Ee is applied.

h

The approximation of the 1inner product (ke

h .
’“e)A(e) requires ‘a
little more care : recalling Section 5.5, eqn (5.l4c), we have

(kg,ug)A(e) - E-IIQ ge(xg)_uz dx (1.26)

e
where (¢)_ is defined in Section 5.5, eqn (5.3), and g, > O is some as
yet unspecific function, being the restriction of g to Q, . Although
the inner product in (1.26) 1is "almost"” 1linear in Xg , it cannot be
evaluated exactly because of the presence of the function (xg)_'. To
overcome this difficulty we resort to numerical quadrature : let I(°)

denote the operation of Gaussian numerical quadrature on Qe ’

Noo .
I(f) = ] wf(x,) (1.27)
1=1 |

where xg is the position vector of the i-th quadrature point on @, , and

wy > 0 is the quadrature welght for the i-th point. Then writing Lg and
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h

n

e In (1.26) in terms of their approximations (1.13) and (1.14), and

using (1.27) to perform the integration, we have
(kgrud) (o) = € 1lgg(a)” BY (Bpa).] . | (1.28)

Replacing a: and a, by their normalised forms, eqn (1.19), and choosing

e = lﬂlz ve get

et 10(ap) 8] (B,E,).]

]

(@b, (o)

- - - - -
l(ae)T[wlal_ [ Wzaz_ [} se 0 ey wNGaNG..]T

E—I(EZ)T E(e)(‘ie) (1.29)

where we have made use of the quadrature formula (1.27) with Nov = N
The constraints Kg > 0 are now controlled at the quadrature points on Qe

via the nonlinear vector F(e)(ae) .

We turn now to vthe assembly of the global approximations from the
element contributions. Let 3* and a be ordered 1lists of discrete
velocities at the nodes, and E* and E be ordered 1lists of discrete
normalised plastic ﬁultipliers at the Gauss points. Then using (1.21)
through (1.25) and (1.29) in (1.4) and assembling in the usual way we
obtain the following discrete global app;i'0x1mation of the penalised

minimisation problem :
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{(@")T (T [k IL- a
__..:__ _ 'l(a )T}'i(g)
-LT: S %
- {<a*)T ) P
(1.30)

Siaze the starred quantities are arbitrary this equation reduces to the

following system of algebraic equations :

L]
!

___.'|...._._. —_————

-t s e 1)) (1.31)

where we have written E = 31 + 52 for brevity. Due to the presence of
the vector E(E) this system of equations 1is nonlinear aﬁd.must therefore
be solved using a suitable iterative procedure, the discussion of which
we defer until the next section. We shall in future refer to the
assembled 5, E, ET and E matrices as 5* s Where E is the conventional
elastic stiffness matrix. Note that E is a diagonal matrix, and E* is

constant in the sense of being independent of the solution.

It 1is convenient to rewrite (1.31).in the following abbreviated

form :

(1.32)

—
2'7\1*
—

|

i
+

|

I

|

|

n
|
1



252

Now, as we shall see in the following section, if the components of a do
not become negative during the solution of (1.32) then the term e'lF(E)
1s superfluous, with the result that the system of equations which is

actually solved is
[g*] —t = {—=F . (1.33)

In such a situation the body is said to "continue loading”. In fact, it
1s interesting to note that the system of equations (1.33) can quite
easily be shown to be identical to that used .in the conventional tangent
stiffness approach (see, for example, ZIENKIEWICZ (1977), Section
18.4). Briefly, from the second matrix equation in (1.31), ignoring

the term F(a) , we have

7 = s 11Ta , (1.34)

~ o~

which, when substituted into the first matrix equation yields

K - 1.s"1LT)a =

~

|
e

=> Kp a (1.35)

[
e

Here, Kg is the conventional tangent stiffness matrix which  is

constructed by modifying the elastic stiffness matrix K with
contributions which are due to the current state of plasticity in the
body. Formal proof of the above has been given by DITTMER (1978) to

which the reader may refer for further details.
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We emphasise that the above equivalence holds only for the
condition of “continued loading” and that the penalty-rate formulation
and conventional tangent modulus formulation have different approaches
to the condition of "elastic unloading”. We will see in the next
section how the latter condition i1s handled using the penalty-rate

formulation.

Calculation of Element Matrices and Vectors*

Let us assume that the body occupies a domain Q in R2 . The
position vector of each point in Q is x = (x,y) relative to cartesian

axes X,Y, as illustrated previously in Fig. 4.3

We adopt the notion of a master element 6 having a mnatural
coordinate system (£,n) , and an invertible coordinate map Te from é to
Qe (see Fig. 4.3). We assume that Te is an isoparametric map and we let
Ii(&,n)l denote the Jacobian of the transformation T, . We restrict our
attention to a family of quadrilaterial, conforming Lagrangian elements
having Ne = 4,8 or 9, where Ne is the number of nodes defining the

element. .

* The calculations which we shall describe here follow closely those
described in Chapter 5 of BECKER, CAREY and ODEN (1981), to which the

reader 1s referred for further details.
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~ N A
Let {¢1(§,n)}1:1 be a family of basis functions defined on Q (see,
for example, BECKER, CAREY and ODEN, page 198). Then the family of

N
basis functions {¢1(x,y)}1§1 are obtained from

bi(x,7) = o3 (E(x,¥),n(x,y)) , 1 <L <N, (1.36)
The matrix B(x,y) , which relates strain rates to discrete velocities
(eqn (1.9)), 1s transformed into ﬁ(&,n) in the usual way using the

Jacobian ’JI , (see BECKER, CAREY and ODEN, page 189).

We assume that, given a Gaussian quadrature rule of order N, on é ,
we can construct a suitable family of basis functions {$1(£,n)}T§1 R
which are defined at the Gauss points, as shown in Fig. 6.4. Then the
family {¢1(x,y)}§gl are obtained in the manner indicated im (1.36), and
similarly, the matrix ép(g,n) may be obtained from‘Ep(x,y) in the same
way as é 1s obtained from E . It is worthwhile noting, however, that if
we numnerically integrate functions contgining $1(E,n) using the same
quadrature rule as was used to define the‘$i , then the shape functions

$i need not be explicitly defined.

The matrix M of normalised yield function derivatives, being a
function of position on Qe s is transformed to a function of position on

9 via
MOx(E,),3(E,m) = B(E,m) (1.37)

Thus, all the constituent matrices required for the element computations

~

are availlable as functions on Q .
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Let f(x,y) be any matrix of functions defined on Q CRZ and E(E,n)
the transformation of this matrix of functions to a under the 1inverse

map T;l . Then, writing dx = dxdy , it 1s clear that

[ £(x,y) ax = [ £E,m)|I(E,m)|dFdn . (1.38)
) Q
g)e e
Now let I(°*) denote the numerical quadrature formula which is to be used
to evaluate the right-hand-side of (1.38), given by

N NG A
I(f) = 121 £E O[3 ) Wy (1.39)
where NG is the chosen number of quadrature points, (Ei,ni) are the
coordinates of the i-th quadrature point, and Wy > 0 1s the quadrature
weight associated with the i-th point. We use the above formula to
integrate each of the element matrices and vectors for which the

relevant function f is given in Table 6.1.

As far as the orders of integration are concerned we always
integrate E(e) exactly (see BATHE (1982), Table 5.5), but allow the option
of a different order of integration for I:'(e), E]fe), Eée) and E(e)
However, the computations are considerably simplified if we use the same
quadrature rule to integrate the latter matrices as was used to define
the basis functions d’j(fi) fn (1.11). By doing so the matrix ﬁp(fi)
takes the trivial form of eqn (1.16), with the result that the matrices

Sy and Sy are diagonal.
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TABLE 6,1

Functions £ for integration of element matrices and vectors using

(1.39).
Matrix/vector £
K(e) [E(Ei,ni)]TE E(Eifni)
L(el) [é(&i,ni)lTS E(Ei’ni)ép(gi’ni)
§§e) [B (Fi,ni)] [M(E 1’“1)] ¢ M 1’“1) B (Ei’ni)
Eée) Ep[ép(?,i,ni)]T Ep(éi,'ﬂi).
w(e) e B, (8451 T By (Eg,0y)
g(e) vT(gg,n)E and ¥(Eg, Myt

Note: C 1is a matrix of elastic constants; see, for example, Appendix A,

~

eqn A.2,
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6.2 SOLUTION OF THE PENALTY-RATE PROBLEM AND INCREMENTAL PROBLEM

In the preceding section we developed a system of nonlinear
algebraic equations representing the discrete approximatioﬁ of the
penalty-rate problem. We now wish to consider the solution of these

equations, and subsequently, the solution of the incremental problem,

Solution of the Penalty-rate Problem

We assume that at the start of any increment we know the states of
stress S° and plastic stra;n R° at each Gauss point in the model, this
information ©being gained from the solution for the preceding
increment. Let us also assume that the solution for the preceding
increment included N_ positive plastic multipliers §° = {33 : 1 €3 <

P

Np} o Thus, with the load rates P being chosen, we may construct the
system of equations* (1.32), with the exception of the term F(a) for

which the following iterative scheme 1s proposed.

Let Fgr)(agr)) be the j—th component of F(r) in the r-th iteration :

then, for 1 < j < Np , and following (1.29), we set

F§r)(&§r)) (Gj&j)(r) , if &gr'l) <0

(2.1)

|
(=)

Fgr)(Egr)) = ,  if agr'l) >0

* We 1include only those plastic multipliers which are either known, or

assumed, to be positive. We clarify what we mean by "assumed” later.
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where Ej = |i(Ej,nj)|wj from (1.39).

The system of equations (1.32) 1is then solved by the successive

iteration of

E*] s I S —_ (2.2)

for r = 1,2, ... «+ The procedure is terminated when, at the end of the

r-th iteration, the following condition is satisfied :
|a§r)| <e , for all Egr) <0 . (2.3)

where ¢ > 0 1s some predetermined tolerance of the order of ¢ . At this
stage each a§r) < 0 is assumed to be zero (and will be discarded from
the system of equations which 1s formed at the start of the next -

increment).

It has been observed that 1f any Ej is to become negative during
the iterative procedure it will do so on the first iteratioms, r =1 .
This is easily explained on physical grounds since Ej < 0 indicates that
the corresponding Gauss point is "unloading elastically”. At this point
a second iteration is begun during which Ej.is penalised, and providing
€ is chosen small enough this éecond iteration should be sufficient to
satisfy eqn (2.3). Thus, it is seldom necessary to proceed beyond two

iterations of thé penalty algorithm.
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It is also important to note that since the terms s'lﬁj are added
to the diagonal elements of E » which include constants of the order of
magnitude of Young's modulus E , it 1is crucial to the success of the
penalisation procedure to use an effective penalty parameter € , which

may be taken as

- €

g = ‘E- L] ) (2.4)
1

That is, in practice el 1n (2.2) 1s replaced by € © .

Solution of the Incremental Problem

Recall that in the solution of the penalty-rate problem the
absolute magnitude of the load rates P 1is unimportant provided the

direction 1s correctly chosen (see Fig. 6.1). Consequently, the

solution vector {a : @}! remains a relative quantity until such time as

~

it is scaled by the chosen interval At , representing the "size of the

increment”.

To emphasise the fact that the solution variable a 1is a dis-

~

. placement rate we introduce the alternative notation b=a ,» and write
the solution vector as {b : @)Y . Then, letting Be and Ee denote the

restrictions to Qe of b and w we may compute the following additional
rates, each at the j—-th Gauss point on Qe + Using (1.9) we obtain the

strain rates

£y = B(xj)be ] (2.5)
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using eqn (2.22) of Section 2.2 and eqns (1.17) and (1.20) we obtain the

plastic strain rates

By = Ty 1y | (2.6)

where c_xj is the j-th component of o, , and M; is the vector of
normalised yield function derivatives at the j-th Gauss point. Finally,

from eqn (1.2) of Section 5.1 we obtain the stress rates

5. = Cles = D 2.7
o5 = Cle EJ] (2.7)

where C 1s a matrix of elastic constants (see Appendix A, eqn (A.4)).

We may now choose At and compute the following solution increments :

(2.8)
hey = g50t , Apy = pjAt , Agy = gjht

where Ab 1s the displacement increment. The above calculations are
performed for each Gauss point in the body and the increments are then
added to the totals that existed at the start of the increment to

produce updated totals.

At this stage it {s necessary to check whether any of the updated
stress states crj violate the yield condition, since if this 1s so a
smaller interval At will need to be chosen. This check need only be

performed for those Gauss points whose stress state at the beginning of
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the increment lay 1inside the yleld surface; those stress states which
lay on the yield surface at the beginning of the increment will, by
virtue of the inclusion in (1.32) of an aésociated plastic multiplier,

continue to move with the yield surface, or will move back inside of

1,

Consider a typical Gauss point in the model. Referring to Fig.
6.4, we assume that the stress state at the beginning of a particular

increment 1is ¢° , with plastic strains p° , and at the end of the

~

increment it is 0= ¢®° + Ao . It is assumed further that

2(3,0°) > 0 - (2.9)

where ¢ = 0 defines the current yileld surface. Our objectiw is to find

the scale factor p such that the stress

o= 0 + pAc (2.10)

¢(o,p°) =0 . (2.11)

The stress increment pAc will, of course, be elastic by definition.

* We qualify this statement later for the case of elastic-perfectly

plastic materials.
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Figure 6.4 Definition of stress states for the scaling procedure.

We begin by writing down the expression for the effective stress ©
corresponding to the stress state o , using plane stress for the
purposes of illustration. Thus, from Appendix A, eqn A.6, substituting

from (2.11) above, we have

=z _ o - o y2 ] - o 2
2 (0%, + PAo,, Eppxx) + (o'yy + pAoyy Eppyy)
- °o 4 - o ° 4 - o
(ogx + PAC Eppxx)(cyy pAoyy Eppyy)
+ 3o, + pho - Epp)t . . (2.12)

For convenience we define the quantities

XX XX prxx ? xx T “Oxx ? (2.13)
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and similarly for the other components. Then using (2.13) in (2.12) and

simplifying, we get:

P = (R = Oy Oy + oy + 302,)

x ~ %xx%y * %y Xy

A A ~ A ~

+ p(20,, A0, - cxxAcyy- "yyAUxx + 2 "yyA"yy

+ 60, A0y)
2 ~ ~ ~ ~ )
+ p2(A2, - Ao bogy + Ak, + 380%)

= ap2 +bp+ec . ‘ (2.14)

Now (2.11) may be written as (Appendix A, eqn (A.7)),
=2 _ 03 =0 (2.15)

where o, is the unaxial yield stress in tension. Thus, combining (2.14)
and (2.15) we have

ap2 + bp + (c - 63) =0 (2.16)

from which the scale factor p is easily determined.

The above calculations are performed for every Gauss point for
which the stress state o lies outside of the yield surface. From the
set of values of p thus computed the minimum, p, ., , is selected. The

original choice of At is then scaled by Pmin and the calculations in
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(2.8) are repeated. The overall effect is that the analysis proceeds
with the program automatically selecting the size of the interval At in
such a way that the yield condition is never violated. Thus, if .an
‘initial choice of At ylelds a single stress path which violates the
yield condition, such as that shown in Fig. 6.5(a) for example, then the
scaling procedure must be invoked to compute a new value of At which
causes the stress path at the offending point to terminate exactly at
the yield surface, as shown in Fig. 6.5(b). Once a stress state lies on
the yleld surface it may load plastically* (Fig. 6.5(c)) or unload
elastically (Fig. 6.5(d)) in subsequent increments without the need for

further scaling.

The computations described above provide the only means by which a
plastic multiplier can become active in the system of equations (2.2).
For the first increment in a. sequence of incremental problems none of
the plastic multipliers are active and l‘we solve an elastic system of
equations, However, whenever a Gauss point 1is associated with the
current P4 the plastic multiplier corresponding to that Gauss point is
assumed to be active, that is, it will be assumed to be positive at the

start of the next Increment and will thereby be included in eqns (2.2).

* We refer to this as "plastic loading"” to avoid confusion with Fig.
6.5(a). The situation shown in Fig. 6.5(c) will generally include both

elastic and plastic strains.
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AN AN
[b] [c] [d]

Figure 6.5 Alternative stress paths at a point in a hardening material
during a single load increment. (a) inadmissible stress path
(b) elastic loading (c) plastic loading (d) elastic
unloading.

A final remark regarding elastic-perfectly plastic materials 1is
required. Since the yield surface remains fixed for such materials it
is not possible for plastic loading to take place as shown Iin Fig.
6.6(c); during plastic loading the stress point must remain on the
inftial yield surface. Hoﬁever, the numerical approximation may cause
the stress point to move outside the initial yield surface so that to
correct this we scale the updated total stfess S as follows. Let Ej be
the effective stress and o, the initial yield stress; then we compute
the factor Rj = 00/33 and multiply each component of Sj by R to obtain
the final corrected stresses. Provided At 1is reasonably small this
stress scaling procedure reduces the original error to negligible

proportions.

This completes the description of the solutfon procedure. 1In the

next section we briefly examine some computational aspects and compare
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the penalty-rate approach with a conventional rate approach to the

solution of the incremental problem.

6.3 SUMMARY AND COMPARISON WITH A CONVENTIONAL APPROACH

The solution which we have presented here for the 1incremental
elastic-plastic problem differs 1in principle from conventional .
solutions* only in the formulation of the rate problem. The equilibrium
iterations and forward integration schemes normally used in conventional
approaches may easily be incorporated, and whilst they would improve the
accuracy of our stress calculations, they would not have any effect on
the rate solution itself.h In drawing comparisons with conventional
methods it therefore suffices to examine in detail only the solution

procedure for the rate problem itself.

The algorithm for the solution of the penalty-rate problem is given
in Table 6.2, The first two steps are straightforward, although it is
worth noting that E, E, E and E all remain constant throughout the
algorithm, and that E is a diagonal matrix. In step 3 we compute the
elements of the penalty vector according to (2.1); the non-zero elements
are then added to the corresponding diagonal elements of E . In step &4
we use the Cholesky decomposition with forward/backward substitution to

solve the equations (see BATHE (1982)). This 1is a significant choice

since 1t allows us to assemble and triangularise the complete elastic

* For example, the tangent modulus approach as discussed By ZIENKIEWICZ

(1977), and OWEN and HINTON (1980).
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stiffness matrix E prior to entering the iterative procedure. Thus, at
step 4, all that remains is to triangularise the matrices E and i , and
perform the forward/backward substitution on E* . Noting again that E
is a diagonal matrix the solution of the equations at step 4 obviously
requires less effort than would be required if Ef were a conventional
banded matrix with no prior triangularisation. The convérgence checks
in step 5 are trivial, and as we have mentioned already, with a suitable
choice of penalty parameter it should never take more than two
iterations to‘obtain an acceptable solution. It 1is worth emphasising
that the E and E matrices will generally change 1in _size from one
increment to the next since only plastic multipliers which are assumed

or known to be positive are included in the system of equations in step

4,

We may mnow compare the penalty-rate formulation with the
conventional tangent modulus approach by first investigating the effort
required to obtain a single rate solution, and then looking at the
information obtained from the respective solutions. For the penalty-
rate formulation we use Table 6.2 to estimate the effort, and compare
this with our estimate of the effort ianvolved in assembling and solving
eqn (1.35), which we will assume to be representative of the tangent

modulus approach. The comparison is given in Table 6.3.

If we study first the effort involved in obtaining a penalty-rate
solution it is evident that provided the number of plastic Gauss points
in the model is relatively small (that {is, K* 1s not significantly

larger than KT) , the penalty-rate formulation will ianvolve less

effort. TFor example, for step A.l the efforts may be assumed roughly

r
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TABLE 6.2

Algorithm for the solution of the penalty-rate problem.

1. Compute and assemble the global load vector {# : 0)
2. Compute and assemble into K* the matrices X , L and S ; L and S
=(r)

include only those parts corresponding to & which are known

~

or assumed to he positive

_1e(r)=(r)
3. - Compute and assemble the vector ¢ IE (5 )
g(r) 0 E
*
4, Solve [5] ————)t F fem——————— = (——
E(r) E—lg(r)(é(r)) ,Q,
5. Check |E§r)| <e , for all E§r) < 0, where ¢ > 0 is some
tolerance
6. If any check fails, return to step 3. Otherwise, the

"algorithm is complete and all R§r) < 0 are assumed to be zero.

Notes: (1) It is assumed that K* and P are stored so that steps 1 and 2

need not be repeated at each iteration.

(11) Step 3 1is never performed on the first iteration (r = 1)
since we always have a° > 0 from the previous increment (see

eqn (2.1)).
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e&ual, bearing in mind that § is diagonal and E(r) i1s a vector. At step
A.3 the penalty-rate effort will always be slightly greater, but at step
A.2 the penalty-rate effort will be significantly less. Conversely, as
the number of plastichauss points increases a point will be reached at
which the penalty-rate formulation becomes distinctly cumbersome, a
drawback which we note does not effect the tangent modulus approach. On
the other hand, turning to the solution we see that the penalty-rate
formulation yields more 1information, in the form of the plastic
multipliers, from which the plastic strains may be directly obtained.
In the conventional tangent modulus approach plastic strains must be
computed using a suitable state determination scheme. 1In fact, perhaps
the most significant advantage of the penalty-rate formulation is that
elastic unloading 1s detected and acted upon at the level of the rate
problem and not at the level of the state determination, as 1s the case

in the tangent modulus approach.

To summarise, it seems fair to conclude that provided the extent of
plastic deformation in the body 1s relatively small, as occurs for
example in a body subject only to localised stress concentrations, the
penalty-rate formulation provides a moré efficient and faster solutio;
procedure than the conventional tangent modulus approach, and one which

is, moreover, at least as simple to implement.



Comparison of the penalty-rate and tangent modulus algorithms

TABLE 6.3
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Penalty-rate

Tangent modulus

A,

Major areas of effort in solving the rate problem

Compute L, S and e lp(r)

and assemble into K*

~

Compute plastic contributions

"1.s71LT" and assemble into Ky

~eY o~

2. Triangularise L and S Triangularise Ky
*

3. FBS on K FBS on Ky

B. Comparison of solution data

Yields displacement rates
and plastic multipliers,
from which plastic strain
rates are immediately

obtainable

E§r) < 0 indicates "elastic

unloading” at Gauss point

i. ¢

Yields displacement rates only;
plastic strains must be computed

using a suitable state determina-

tion scheme

"Elastic unloading” can only be

detected with additional

computations

Notes:

(1) FBS means forward/backward subétitution

(11) "elastic unloading" is illustrated in Fig. 6.5(d)

(111) In part A we assume that the elastic stiffness matrix K is
already assembled into K or Kp , and that in the penalty-
rate case it is already triangularised ; Ky cannot be

triangularised prior to step A.l,
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CHAPTER 7

NUMERICAL EXAMPLES

|

The solution methods described 1in Chapters 4 and 6 have been
implemented in two separate computer programs called RATE and HOLO : the
former uses the incremental penalty-rate formulation and thé latter the
incremental holonomic formulation. Both programs are 1limited to
applicat-:ions in the analysis of plane stpess and to materials which obey
the von Mises yleld condition with either perfect plasticity or 1linear
kinematic hardening. The element library for each program includes the
4, 8, and 9 node quadrilateral elements with conventional displacement
interpolation, but each element may use either constant, linear, or
quadratic interpolation for the plastic multipliers or strains, as the

case may be.

The two programs must be regarded at this stage as pilot programs
because of thelr somewhat limited scope and the fact that very little
effort has been devoted to their efficient operation. Thus, 1in our
view, exhaustive testing and comparison with other numericai solutions
would be premature at this stage. What we need to do is determine the
characteristic behaviour of the numerical solutions, especially in thosé
areas where our theoretical developments have pointed to potential
problems, For example, how well does the penalty-rate algorit}ﬁn handle
.ela.tstic unloading; what iInfluence does the regularised stress—plastic
strain curve for the ﬁolonomic formulation have on the convergence of
the iterative solution, and so forth. These are. the sorts of questions

which we will address here and on the basis of the answers obtained we
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may judge whether our two methods are worthy of further development, and

assuming this to be so, under what conditions,

We plan to discuss the following behavioural characteristics in

this chapter :

(1) the role of the penalty and regularisation parameters £ in each
solution, and the effect of varying their magnitudes;

(11) the improvement of both solutions as the intérval At 1s
reduced, that 1is, as the number of subdivisions of the 1load
path 18 increased;

(111) the relationship between the RATE and HOLO solutions;

(iv) the behaviour of the solutions in limit load and cyclic

loading/unloading analyses.
In the case of the RATE solution we also investigate 1its efficiency

with respect to the extent of plastic deformation in the model.

7.1 THE EFFECT OF THE REGULARISATION PARAMETER € IN THE
INCREMENTAL HOLONOMIC SOLUTION

We consider here a square block of material subjected to a uniaxial
tensile load; several léading/unloading analyses will be performed in
which only the value of the regularisation parameter € is changed. The
single element model and the data for the analyses are given in Fig.
7;1. Since the problem is statically determinate the stresses are known

y

a priori and are obviously Ok = P s Oy = Py _gnd are constant

throughout the element.
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We apply the load p; = 1.1 (p, = 0) in a single increment, (that
is, we treat the holonomic or deformation tﬁeory problem), this load

being sufficient to cause significant plastic deformation, and monitor

E=1.0, E, = 0.25

. &S5

thickness = 1.0

€ = variable

4

Figure 7.1 Single element model and corresponding data.

the x displacement at A , u, _, and the plastic strain si as the solution
iterates towards a convergent solution. These results are given in Fig.
7.2 for various values of € . The {nitial conditions for the increment
are the elastic displacement u, = 1.1 and eg = 0 (see Section 4.2, eqn
(2.12)); for € < 10”3 the solutions then proceed via different paths to

the identical convergent solution which is reached after 9 iterationms.
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Figure 7.2 Solution behaviour over a single increment as a function
the regularisation prarmeter € .
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For ¢ > 1073 the solutions show a tendency to converge much faster but
to a result which is greater than the correct one. These observations
are summarised in Fig. 7.3 which shows the converged solution for u, (for

each value of €) plotted against the corresponding value of -log ¢ .

2.0
»
3
°
0
4
[
>
[ =
c o
o 4

-+
1.0 i 3 4 4 : $ : = # Jr
¥ L T 5 10 A’
-log €

Figure 7.3 Convergent u, for each value of € .

We have already anticipated and attempted to explain this behaviour
in Section 4.3, but a few additional commeﬁts may be wuseful., - The
important point to realise is that the regularised stress-plastic strain
curve (see Fig. 4.4) approaches a step~function as ¢ + 0 , and it is the
31223 of this curve which 1s required’ in the Newton {iterative
procedure. Thus, for e = 10~9 the 1initial slope 1is very large and
remains essentially coanstant until thevyield stress 1s reached; at this
point there 1s a very rapid change in slope towards the asyﬁptotic value

Ep . As & becomes larger the stress-plastic strain curve becomes less
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"step~like” with the result that the changes in slope are smoother -and

more regular, This explanation is clearly evident in Fig., 7.2.

If we now reﬁove the existing load completely in a single increment
we find that, notwithstanding the assumption of elastic 1initial
conditions, three 1iterations are required to obtain a convergent
solution. However, this 1s somewhat misleading because in fact the
correct elastic unloading solution {s obtained in the first iteration,
'except that the stresses are not identically zero (they are of the order
of 10-12). Thus, a very small plastic strain increment must be found in
order to satisfy the constitutive equations and this 1s why the
additional iterations are required (the correct plastic strain increment
should be 2zero). The additional two iterations contribute nothing
meaningful to the solution so that it would be useful to find some
formal means of dispensing with these. It is worth noting that the
slopes of the unloading curves in the first iteration are exact for all

€ , indicating that the unloading behaviour is independent of € .

7.2 THE EFFECT OF THE PENALTY PARAMETER e IN THE PENALTY-RATE
SOLUTION

We again make use of the single element model and uniaxial loading
shown in Fig. 7.1 and perform several analysis changing only the value

of the penalty parameter e .

Provided that during any loading increment each Gauss point in the
model remains elastic or continues to load plastically (see Fig. 6.5(b),
(c¢)) then no penalisation is required and the solution proceeds without
any form of 1iteration. Thus, in considering the effect of € we need

only investigate elastic unloading conditions.
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We begin by loading the model, using a sequence of increments, to
the point o = Py = 1.1 at which significant plastic deformation has
taken place (Fig. 7.4(a)). We then remove the load in a single
increment. During the first iteration of this unloading increment the
plastic multipliers at each Gauss point will become negative; this
indicates that the Gauss point 18 attempting to unload and the
penalisation procedure must be initiated (see Section 6.2). Thus, a
second 1iteration 1is begun in which the plastic multipliers at the
unloading Gauss points are penalised. At the end of this iteration they
will have negatjve values whose magnitudes are of the order of e .
Providing that € 1s chosen small enough these values may be taken as
being effectively zero and the objective of the penalisation 1is assumed
to be accomplished. 1In practice, therefore, we never perform more than
two 1iterations since we assume that € will be chosen small enough.
Nevertheless, it is of interest to investigate the effect of varying the

magnitude of € in order to determine how small this parameter should be.

The unloading lines for several values of € are also shown in Fig.
7.4(a). The slopes of these lines vary between 0,9999 for ¢ = 1077 and
0.9260 for € = 10”1 (the exact slope is 1.0). The residual displacement
at the end of the unloading increment is plotted against -log ¢ in Fig.
7.4(b), showing the relative insensitivity of the final displacement to
e 5, for e ¢ 1()"3 . Since it 1s obvious that the plastic strain
increment must be zero during unloading we take the liberty of enforcing
this condition in practice, thus.overriding the theoretical predictions
given earlier in Fig. 5.3 (at the end of Section 5.5). Nevertheless,
those predictions are clearly qualitatively true in the stress-strain

case discussed here since it is clear from Fig. 7.4(a) that as ¢ > 0 the

slopeigf the unloading line clearly approaches the elastic slope E .

%
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Figure 7.4 (a) stress-strain curve for unaxial loadiﬁg/unloading
' (b) residual displacement u_ after unloading, as a function

X
of ¢ .
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On the basis of the above results and our general experience with
the penalty algorithm we conclude that the penalty solutions are
rerﬁarkably insensitive to the magnitude of € . Moreover, the algorithm
appears to be both robust and stable : for example, our general
experience confirms that local unloading does not giire rise to 1local
nunerical instability even in potentially unstable situations, as often

occur, for example, in the vicinity of a limit load.

7.3 CONVERGENCE WITH RESPECT TO At OF THE INCREMENTAL PENALTY-RATE
AND HOLONOMIC SOLUTIONS

In the introduction to_Chapter 6 we stated that because of our use
of the Euler forward method to advance the solution across an increment,
:the RATE solution depends for 1its accuracy on the size of the interval
At s or In practice, the load increment AE . Although no similar
argument has been presented for the incremental holonomic problem we
nevértheless assume, if only intuitively, that the solution must improve
in some sense as the size of At 1s reduced. Our objective here 1is to

demonstrate this.

First, however, we wish to show that under a certain assumption to
~ be given below, the penalty-rate solution is exact. MARTIN (1975a),
Section 5.5, has given the analytical solution for the plastic strain
rates at a material point in a state of bilaxial tension, obeying a von
Mises yleld condition with 1linear kinematic. hardening. If We assume
that all rate quantities in the a.nalytical solution may be integrated
using a simple Euler forward method then the analytical solution can be
compared directly .with the results of the penalty-rate formulationm.
Thus,- we replace tﬁe rate quantities in the analytical solution with

finite increments; for example 3x is replaced with Ao, . o {
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Let us assume that the current stress point is (1.0 , 0.) on the
initial yield surface (Fig. 7.5(a)). We apply a stress increment
Acx = 0,05 » and compute the following quantities (Martin, pages 252,

253)

2 . 9(s -E eP)-(o -E €P) = 2.0
X X y Pp.Yy

acy y y X
3 20
acx Acx + acy Acy
B = IR TRy = 0.02 (
e} o
x y
~ |
o = e = 0.04
X
bo, = s'%g- = -0.02
y
AP = Loac = 0.16
X Ep X
AP = Loac = -0.08 .
y By

The centre of the von Mises ellipse now has coordinates (0.04, -0.02) ,
and the stress point is (1.05, 0.) as indicated in Fig. 7.5(b). We now
apply a second stress increment Ao, = 0.05 and, following the same

calculations as those above, we obtain

Aei = 0.161914 Aeg = -0.078528 .
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Ao,

¢=07
. O-‘
a¢

[a]

Ao,

¢=0
7 (1.05,0) i‘ .

[b]
- (e - Py2 _ oo _ P _ py2 _ 2
o = (cx Ep sx) (cx Ep sx)(cy Ep ey) + (cy .Ep ey). g,

Figure 7.5 Translation of the von Mises ellipse at a material point in
uniaxial tension. (a) initial ellipse (b) ellipse at the
end of the first load increment. ‘
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We now perform the same analysis using the RATE program and the
model . given in'Fig. 7.1 (which effectively represents a material point
in a body), and we obtain‘ precisely the same results, correct to 6
significant figures, Thus, we have confirmed the validity of our
solution under the assumption of Euler forward integration and feel
confident that our solution should approach the ~continuous elastic~-

plastic solution as At > 0., This we demonstrate next.

We consider a monotonically increasing load Py » 0 < p; < 1.10 .
For p; < 1.0 the behaviour is elastic and we may use a single increment
to arrive at the sfress poiqt (o » oy) = (1.0, 0.) on the initial yield
surface. Thereafter we increase thelloading to p; = 1.10 using three
different increment sizes : Apl = 0.1 , Apl = 0.05 , and Apl = 0,01 .
The plastic strain components at the end of this program of loading are
shown plotted against the 1nterva1* size At in Fig. 7.6. Also shown are
the corresponding results for the incremental holonomic solutions. We

observe that :

(1) both the penalty-rate and incremental holonomic solutions
convergence linearly in At to the same solution, and

(11) the penalty-rate solution converges from below, whereas the
incremental holonomic solution converges from above; this 1is

!
more than likely due to the use of forward difference

*
To be consistent we used At to measure ;he size of 1ncrement but it

1s obviously synonymous with Ao, in this particulér case,
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integration in the penalty-rate solution as opposed to backward
difference integration in the case of the incremental holonomic

solution.

Although we do not have an "exact" solution with which to compare, 1t
still seems reasonable to conclude that the result towards which our two
solutions converge as At > 0 represents in some sense the “exact" or
"continuous” solution. We should emphasise, in view of what we will
discuss in the next section, that we do not lay claim to a general
validity for the HOLO results in Fig. 7.6§ we include them primarily out

of interest and as an encouragement to further numerical experiment.

JaN

0.1 0.1

0.05 0.05

0.01 0.01
, 1 1 >
0.32 0.33$p .-0.16 -0.15 g
fx 6,

Figure 7.6 Convergence of the RATE and HOLO solutions with respect to

At .
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7.4 CONVERGENCE OF THE INCREMENTAL HOLONOMIC SOLUTION TO THE
INCREMENTAL RATE SOLUTION

The incremental holonomic problem 1is formulated in ‘terms of finite
increments in the strains, stresses and so on. :I‘hus, if we were to
subject our single eiement model to a state of biaxfal 1loading as
defined by the load path in Fig. 7.7 we could find various ways of
approaching the problem of determining the solution for the load point F .
We rrﬁ.ght apply the loads (pl ’ pz) corresponding to the point F directly
in a single increment (that is, follow the load path AF), thereby
ignoring the given 1load path OABCDEF. This would constitute the
holonomic or deformation theory problem, but, assuming that the given
load path OABCDEF gives rise to plastic deformation, we would not expect
the holonomic solution to be completely accurate. Alternatively, we may
iattempt a sequence of iIncremental holonomic solutions by following the
path OAF or OADF, for example; we would expect each of these sequences
to yield a better estimate of the solution at F than the holonomic
solution. In fact, as we follow the given load path OABCDEF with a
sequence of incremental holonomic solutions we would expect the solution
at F to approach that given by a corresponding sequence of incremental

rate solutions.

Consider the following sequences of incremental holonomic prdblems
(Fig. 7.7) : OF, OAF, OABF, OABCF, OABCDF, and OABCDEF. Each sequence
includes one more increment than 1its predece.ssor,b and In each case the
additional increment 1is obtained by subdividing the last increment of
preceding sequence; thus, to obtain the last sequence, for example, we
divide the iacrement DF into .tWO 1ncr¢mentsADE and EF, Now, we recall
from Section 4.3 t.hat. the incremental holonomic constitutive equations

are effectively updated at the beginning of every increment. Thus, we



285

16 ¢

Figure 7.7 Plecewise-proportional load path.

may consider the sequence OF to embody 1 update (we consider the start
of a sequence as an update), sequence OAF to embody 2 updates, and so
forth., Clearly, we méy choose as many points for updating as we like,
so that as the number of updatés n > < we expect to approach the
continuous solution, as would be obtained, for example, by a sequence of

incremental rate problems,

As before, let us parametrise the load path using the parameter
t , 0<t< T, and let [Q(t)]n be the complementary work obtained by
following any given path up to the point t , along which n updates to
the constitutive equations have been made : the updates must be made at
points on the actual load path, but the path followed between updates

" may be arbitrary. Now MARTIN (1986)' has shown that for sequences of
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consistently formulated incremental holonomic problems
[2(0] > (0], > == > (el L . (4.1)

This continued inequality holds only if the sequence used to obtain
[Q(t)]n=1+1 , 1s obtained by subdividing the 1last increment of the

sequence used to obtain [Q(t)]n=1 , as we have already described above.

We have performed a numerical experiment to check the validity of
eqn (4.1) using the single element model of Fig. 7.1 , and the load path
shown in Fig. 7.7. Our results, given in Table 7.1, confirm the

validity for t = t .,

TABLE 7.1

Confirmation of Eqn (4.1) for t = 1

Load Path n [Q(-c)]n Remarks
OF | 1 3.519 the holonomic solution
oaF | 2 | 3519
OABF 3 3.417 incremental holonomié
OABCF 4 3.334 a ‘solutions
OABCDF 5 3.288
- OABCDEF 6 3.273 /
OABCbEF © 3.213 penalty-rate soiution for 41
o increments. We take this
solution to represent n > = .,
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We have also compared the complementary work given by the incremental
holonomic and penalty-rate solutions at each updaté point along the path
OABCDEF. This gomparison is shown in Table 7.2 and confirms that at
each update point Q(t) computed via the incremental holonomic sequence
is greater than or equal to Q(t) as computed via the incremental

penalty-rate sequence.

TABLE 7,2

Comparison of Q(t) for n =6 and n = ©

(ede)],
Point )

n=o n==~6
A 0.700 0.700
B 1.&68 1.168
C 1.771 1,772
D 2,337 2.344
E 2.803 2.828
F 3.213 3.273

The plastic strain paths corresponding to the load paths given in
Table 7.1 are shown in Fig. 7.8. The paths.indicate quite clearly the
convergence of the incremental holonomic solution towards the penalty-
rate solution. An additional incremental holonomic solution (n = 11)
has been included here to show that further subdivision of each of the
increments used in the n = 6 solution yields a solution which is still

closer to the penalty-rate solution.
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The result of Martin's which we have briefly discussed here must be
regarded as preliminary in the sense that there are rather stringent
constraints imposed on the manner in which the load path' may be
subdivided. The ultimate objective 1s a principle which may 1in one
sense be regarded as unifying the holonomic and rate problems.
Certainly it seems iﬁtuitively ébvious that the rate problem 18 a
limiting case of the incremental holonomic problem as At » 0 and we have
demonstrated numerically that this 1s so at least for certain sequences

of loading increments.

7.5 LIMIT LOAD ANALYSIS

The complete analytical solution for a simply supported beam under
a uniformly distributed load has been given by PRAGER and HODGE (1951),
where the material behaviour of the beam 1is assumed to be elastic-
perfecﬁly plastic. We have written a computer program which computes
the continuous load-displacement curve for the centre of the beam and we
will compare both the RATE and HOLO solutions with this. In addition we
have used the program* ABAQUS to obtain an alternative finite‘element
solution, based on the tangent stiffness appfoéch. We discuss briefly
the spread of plasticity through the beam up to the point of failure and
comment on the efficiency of the RATE solution in particular. We.also
investigate the gffect of different orders of integration for the

plastic strains and stresses.

* ABAQUS 1s a proprietary finite element analysis package, developed and

marketed by Hibbitt, Karlsson and Sorensen Inc., Providence, RI.
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The beam and its properties are shown in Fig. 7.9. Due to symmetry
we model only a quarter of the beam using ten quadrilateral 8-noded
elements of equal size. The element stiffnesses are computed exactly
using 3x3 Gaussian integration, but the interpolation of the plastic
multipliers (RATE) and plastic strains (HOLO) may be based on either 3x3
or 2x2 Gaussian integration, i.e. either quadratic or linear (recall
Figs. 4.2 and 6.3). The uniformly distributed load p is modelled by
consistent nodal loads applied to the upper edge of the beam. Note that
although we have proved existence of a‘solution to this problem only for

Ep > 0 , this does not imply non-existence of a solution for Ep =0 .

10 10

E = 200 000 v=20 Oy = 250 .7 Ep =0

Penalty (regularisation) parameter € = 10-9 .

Figure 7.9 Simply supported beam and its material properties.
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The six solutions which we propose to discuss here are summarised
in Table 7.3. In the case of ABAQUS and RATE thé size of the interval
At or the load increment Ap , 1is automatically chosen by the
program. ABAQUS bases its choice on a user-specified equilibrium force
‘tolerance, and 1includes Newton-Raphson 1terations to ensure that
equilibrium 1s maintained at the end of each increment. The number of
increments used in the case of RATE solutions is governed by the stress
scaling procedure described in Section 6.2. For the HOLO solutions we
purposely chose few increments in order to demonstrate just how few are

needed to yield good accuracy.

TABLE 7.3

Solution Statistics for the Limit Load Analysis

Name Formu- Plastic multiplier/ | No. of load Average iterations

lation strain interpolation increments per increment

.. Analytic|Analytical - - -

ABAQUS [Tangent : - 15 3
stiffness

RATE-2 |Incremental | 2x2 33 1
penalty-

RATE~-3 |rate 3x3 . 32 1

HOLO-2 |Incremental 2x2 6 12
holonomic

HOLO-3 3x3 6 : 13
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The load-displacement curves and limit loads for the six solutions
are shown in Fig., 7.10. The lower curve 1is the analytical solution for
which the exact 1limit load 1s p = 0.125, The upper curve 1s the
solution (to within the limits of the plotting scale) for ABAQUS, RATE-3
and HOLO-3; the RATE-2 and HOLO-2 solution 1lie l;etween these two curves
(and have been omitted for clarity), with the RATE-2 solution being the

closer to the analytical solution.

In perfectly plastic analyseé it is common for the solution to become
unstable _ (or to exhibit "thrashing”) in the vicinity of the 1limit
load. Thus; the given limit loads are those for the solution just prior
to the onset of what we have deemed to be unstable or meaningless
behaviour, In all but the case of RATE-3 the 1limit loads occur at

points well beyond the indicated limit of the displacement axis.

The general agreement between the various solutions is excellent,
with the RATE~2 and HOLO-2 solutions being marginally closer to the
analytical. The former solutions appear to be "less stiff" thén the
other numerical solutions, which 1s what we would expect from thé use of
a lower order of 1nterpola.t;10n for the plastic multipliers/strains, and
a lower order of integration to evaluate the plastic stiffness. This is
well illus.trated by the fact that although RATE-2 and RATE-3 have almost
the same limit load, the RATE-2 displacement just prior to fallure is

much larger than that of RATE-3.

The plastic strain distibutions in the beam immediately prior to
failure are shown for the five numerical solutions in Fig. 7.11. The

difference between the RATE-3 and ABAQUS results, whose load-~displacement
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solutions coincide, 1s due to the fact that the RATE-3 analysis fails
much earlier than the ABAQUS analysis. For the HOLO analyses the user
has direct control of the size of the load increments so that we have
not been able to capture exactly the failure point and a larger spread
of plasticity 1is clearly possible. It is also interestihg to note that
in the RATE-2 and ABAQUS cases, solutions have been obtained when the

beam section has clearly failed in principle.

We turn now to the question of the relative efficiency of the
incremental penalty-rate and holonomic solutions. If we study first the
average statistics given in Table 7.4 we observe that, al.though there 1is
a significant difference in the total CPU time for each solution, the
CPU times per {iteration show a different picture altogether. This
observation 1s particularly encouraging with regard' to the HOLO
solutions for it seems to indicate that if we could drastically reduce
the number of iterations per increment, we would have a solution
procedure which is potentially very fast. For example, if we could cut
down to three iterations per increment the HOLO-2 solution would take
approximately 150 CPU seconds, which is competitive éven by ABAQUS
standards. The crucial advantage of the HOLO solutions is that they
require fewer Increments to obtain good solutions than do the rate

approaches, RATE and ABAQUS.
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Figure 7.11 Extent of plastic deformation just prior to failure for the
five numerical solutions. »
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" TABLE 7.4

Average CPU statistics

RATE=-3 RATE~2 HOLO-3 HOLO-2 ABAQUS

CPU, total 351 236 660 316 175

CPU/increment 10.3 | 7.2 110.0 52.6 11.7
CPU/{iteration - 10.3 7.2 8.4 4.3 3.9

Note: CPIJ = central processing unit : a measure of computer processing
tine.

We have already mentioned in the iIntroduction to Chapter 6 that the
Euler forward integ;ation method {8 not the most efficient means of
advancing the penalty-rate _solution forward, and thus, we are not too
concerned with the statistics given in Table 7.4 for the RATE solutions :
these times can certainly be improved upon. However, what we are
concarned with 1s the pénalty—rate solution 1itself, particularly with
regard to the effect which the number of plastic Gauss points in the
model has on the time taken to complete the rate solution. (Recall that
for eagh plastic Gauss point an additional equation must be added to the
global E* matrix; see Section 6.2.) This effect 1s illustrated in Fig.
7.12. The time for zero plastichauss points 1is the time required to
solve the elastic problem when the elastic stiffness matrix has_already
been triangularised. The line denoted "elastic” 1is the fime required to
compléte a full elaétic solution, and cﬁrresponds to just over six

plastic Gauss points, or 3% of the total number of Gauss points in the
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model. Thus, for this example, with 8% of the model undergoing plastic
deformation, the rate solution is completed iIn no more time than. it
takes to complete an elastic solutibn, which would be the time taken to

complete a solution using the conventional tangent stiffness approach.

A

cPU
: sec_onds 2

1.0

elastic

10 20 ' 30
No. of plastic Gauss points ‘ .

Figure 7,12 'CPU time to complete the rate solution as a function of the
number of plastic Gauss points iIn the model.

To summarise this example, we have shown that both the RATE and

_ HOLO solutions agree closely with alternative solutions : as we would
expect, the RATE-3 and HOLO-3 solutions agree with ABAQUS whereas the

less stiff RATE-2 and HOLO~2 solutions agree more closely with the
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analytical solution. 1In particular we note that the HOLO solutions
require many less increments to produce aqceptable resﬁlts than do the
RATE and ABAQUS solutions, although the efficiency of the iterative
procedure leaves gomething to be desired. Finally, we have shown that
the penalty-rate solution is really only viablg when the extent of

plastic deformation in the model 1is relatively small. -

7.6 CYCLIC LOADING AND UNLOADING

Ih recent years the problem of structures subjected to cyclic
thermomechanical loading has become of increasing interest (PONTER and
COCKS (1984a,b), OOCKS and PONTER (1985)). In the nuclear industry, for
example, components are often subjected to moderate dead weight loading
together with large thermal fluctuations and in such situations it is
important to be able to determine whether the component will shake down
or whether the loads are such as might cause thermal ratchetting.
Rai:chetting is the phenomenon whereby an increment of plastic strain is
produced during each load cycle; the component undergoes increasing
deformation and if the number of load cycles increases indefinitely the
component may fail via a process called iIncremental collapse. The

ability to analysé ratchetting, whilst important in its own right, also

provides an excellent benchmark for the assessment of the stability and
accuracy of numerical algorithms under repeated cycles of loading.

|

We consider here a thin-walled tube which is restr.;ained against

axial deformation, subjected to a.cyclicly varying tempe.'rature change AT ,

and Internally pressurised to a hoop stress ¢

p
assumed to be in a state of uniform plane stress, so that it suffices to

« The tube wall may be
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consider a small element of the wall which {s then in a state of Biaxial

stress (Fig. 7.13(a)). We choose a single 8-node element to model the '

tube wall; the hoop stress o is assumed to be uniformly applied and

p

‘constant, and we replace the temperature change AT by an eqﬁivalent

prescribed displacement change Aux = oLAT , where a 1s the coefficient

of thermal expansion and L is the length of the element side parallel to

the X axis (Fig. 7.13(b)).

— _.
E = 1.0
Ep = 0, or 1.0
ve= 0.3
Oy = 1.0

thickness = 1.0

penalty parameter =.10‘-9

[b]

Figure 7.13 (a) thin-walled tube subjected to internal pressure and
temperature change (b) finite element model.
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During the analysis the prescribed displacement Aux will be cycled
- as shown in Fig. 7.l4(a). The interaction diagram showing the various
regimes of behaviour which can be expected for any combination of op and
op = Aux/EL 1s given in Fig. 7.14(b). 1In order to demonstrate the
ratchetting phenomenon we choose a point A which 1is just outside the
_shakedown regime, and which has the stress coordinates (0.4 , 1.996).
Our objectivé now is to demonstrate the behaviour of our model for this

combination of loads, and compare our solutions to both the analytical

and ABAQUS solutions.,

Consider first the elastic-perfectly plastic behaviour, as shown in

Fig. 7.15. The 1inset shows the initial yield surface, which remains

oA

ratchetting

shakedown

] L etlastic
[a] 3 1

Figure 7.14 (a) prescribed displacement cycles {b) interaction
diagram,

fixed, and the line AB at oy = op which the stress point traverses

during the cycling; plastic straining occurs only at A or B. The
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plastic strain versus cycle solution shows a constant increase in
plastic gtrain, Aeg , per cycle, The curve represents (to the scale of
plotting) both the RATE and HOLO sdlutions, which are identical, and the
ABAQUS solution, which actually lies jﬁst below the curve shown. The
points marked A, B, C on the curve correspon& to the points A, B, C in

Fig. 7.14(a). Notice that the line joining the points corresponding to

Figure 7.15 Ratchetting behaviour for the elastic—peffectly plastic
case,

the beginning (or end) of each cycle is a straight 1line. - Some

statistics for the solutions are given in Table 7.5.
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TABLE 7.5

Solution Statistics for the Elastic-Perfectly Plastic Case

Solution Load increments Iterations per Plastic strain

per cycle increment interpolation
RATE 4 1 3x3. (quadratic)
HOLO 2 : 10 2x2 (linear)
ABAQUS 6 1 or 2 -

The analytical solution for the increment in plastic strain per
cycle, Aeg , 1s easy to calculate (see ZARKA and CASIER (1977), page

134) and 1s 0.076646. Both the RATE and HOLO solutions yield exactly

this result, but the ABAQUS result, which varies very slightly from one

cycle to the next, has a mean value of 0.075790.

The RATE and HOLO solutions for linear kinematic hardening
(Ep = 1.0) are shown in Fig. 7.16, and the solution statistics remain as
given 1in Table 7.5. The inset shows the translation of the yield!

surface during cycling, with the stress point again remaining on the
line c}‘, = cp ; the elastic region, AoBo or AB , obviously changes as the
yileld surface translates, and the plastic straining may occur only at

A

Ags A, Bo or B. We have not shown the full ratchetting effect, because

of the large number of cycles, butblhave merely drawn a curve through the
solution points corresponding to the end of each cycle. The RATE and

HOLO solutions differ quite significantly for the first few cycles_, but
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after 10 cycles this difference 1s negligible; we are unable to obtain

an acceptable solution using ABAQUS.

Professor A R S Ponter has kindly supplied us with a simple first
order analytic solution for the asymptotic plastic strain, which is also
shown iIn Fig. 7.16 and has a value 0.2453. As can be seen, the
numerical solutions exceed this asymptote quite significantly (the value
at cycle 100 is 0.2847 , a difference of 16%). | Nevertheless, the
numerical solution does at least appear to be approaching an asymptote;
this 1s more clearly seen from the "rate of change of solution” curve,
which for all practical purposes may be considered zero at cycle 100
(the value is 0.0004). Thus, bearing in mind that the analytic solution
depends on simplifying assumptions* which are not made in the numerical
éolution, and that the numerical solutions do appear to be approaching
an asymptotic value, it is reasonable to conclude that our solutions are

acceptable,

‘It is clear that both the RATE and HOLO formulations exhibit stable
and accurate behaviour under repeated loading and unloading, which 1is
certainly one of the most stringent tests to which a ‘plasticity
algorithm can be subjected. Moréover, the solutions which we have shown
were obtained using the minimum number of increments consistent with the

respecfive algorithms and with no special "tuning" of the computer

* For example, that the yield surface does not translate in the oy

direction, but only along the o, axis; see the inset in Fig. 7.16 for

the true behaviour.
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programs : for example, it 1is not necessary to perform pilot analyses'in
order to determine a suitable penalty parameter or order of
interpolatifon for the plastic strains. It 1is éncouraging in ‘this
respect to note the success of the linear plastic strain interpolation
in the HOLO solutions since this gives rise to very significant

reductions in computational effort.

7.7 CONCLUSIONS REGARDING THE NUMERICAL EXPERIMENTS

As we have already said, it was never our intention to exhaustively
{

test the RATE and HOLO programs here since they are not yet fully
developed, especially with -regard to efficiency. Nevertheless, we

believe we have presented sufficilent data on which to base our

conclusions regarding their suitability for further development.
We summarise our conclusions as follows* :

1. Both methods have ‘proved to be stable and robust in
general 1loading/unloading conditions, and capable of
excellent accuracy.

2, The methods are particularly fast in elastic unloading,

| where the elastic solution is obtaihed within a single
iteration. This can be attributed to the iInternal

variable formulation where plastic multipliers/strains are

* Our comments regarding the incremental'penalty-rate formulation refer
specifically to the penalty-rate solution and do not include the forward

integration aspects of the Incremental problem.
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included amongst the solution variables, leaving the
elastic stiffness matrix permanently unchanged. This
approach differs from the conventional tangent stiffness
method where the elastic stiffness matrix is continually
modified to reflect the current state of plastic
deformation.
Accurate solutiohs are obtained via the incremental
holonomic formulation using many fewer lqad increments
than . are required using conventional methods.
Unfortunately, this advantage is negated at present due to

the large number of iterations required per increment, but

‘we believe this situation can be improved upon. It is

important to note in this respect that the number of
1£erations does not appear to be related to the size of
the increment.

Under certain conditions the 1incremental holonomic
solution converges to the continuous (rate) solution as
the number of subdivisions of the 1loading pathv is
Increased.

The penalty-rate solution constitutes a viéble alternative
to the conventional tangent stiffness approach only when
the extent of plastic deformation 1is limited to less than.
about 8% of the volume of the body. |
Both methods are as simple to implement and use as any
conventional method. From the user's point of view only
one additional parameter, mnamely the penalty or
regularisation parameter € , 18 required; morerﬁi_mpovrtant,

in using the incremental holonomic method the user need
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not be overly concerned with the size of load increments
which he chooses since the solution 1is unconditionally

stable in this respect.

It 1s clear that both the RATE and HOLO algorithms are stable and
robust, and capable of providing acceptable solutions. They are also
easy to implement and use. The question remains, however, as to whether
the efficiency of the algorithms can be improved to the point where they
are competitive with existing algorithms, for example, the tangent
stiffness method. 1In the case of RATE we fear not, since the processing
time for a solution depends critically on the extent of plastic
deformation in the model. However, in the case of HOLO we believe that
the efficiency can be dramatically improved : we note in this respect
that the processing per 1iteration 1is already competitive with ABAQUS,
and we regard this as encouraging enough to warrant further

investigation of the HOLO algorithm.
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CHAPTER 8 .

SUMMARY AND CONCLUSIONS

The behaviour of elastic-plastic materials is path-dependent in the
sense that the history of behaviour must be taken into account when
determining solutions. Thus, the constitutive equations for the
material are written in rate form, 1leading directly to the rate
boundary-value problems. Response rates obtained from solving this
problém must then be mtegr"ated forward in order to advance the solution
along the solution path corresponding to the given loading path. An
alternative approach 1s to. assume that the stress and strain paths
corresponding to some finite interval along the loading path are:
extremal (in the sense of complementary work and work respectively).

This allows the (forward) iIntegration to be performed at the level of

the constitutive equations, leading to constitutive equations which are

written in terms of finite increments of stress and strain. These
constitutive equations give us the Incremental holonomic bbundary-value
problem. In the original formulation of this problem due to PONTER and
MARTIN (1972) only the initial state (assumed to be the virgin state)
and final state of the body were considered, thus giving a consistent
formulation of the holon;)mic or deformation theory problem. We have
extended their constitutive equations to a fully incremental form
including initial stresses and plastic strains, and have subsequent:lyk

def ined an incremental holonomic boundary-value problem.

Having defined the two problems mentioned above, both of which

include internal variables, we proceeded to show that both problems can
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‘be formulated as variational inequalitfes, from which minimisation
problems follow in a natural way. We havé proven existence and
uniqueness of the solutions to the minimisation problems. Both problems
involve certain difficulties which have been circumvented by the
introduction of perturbed minimisation probléms which depend on a
positive parameter € , referred to as a penalty or regularisation
parameter. We show that the solutfons to the perturbed problems
converge to the original solutions as ¢ + 0 . In the case of the rate
problem (or penalty-rate problem) we also discuss a saddle-point
formulation. We use the perturbed problems as bases for finite element
approximations and give estimates of the errors in these approximations

with respect to both £ and the finite element mesh parameter h .

- The finite element approximation of the“ perturbed minimisation
problems gives rise to systems of algebraic equations relating discrete
values of the displacements, plastic multipliers or strains, and loads,
which are remarkably similar in structure. In the case of the penalty-
rate problem these equations are 1linear but since the plastic
multipliers are subject to inequality constraints the problem as a whole
is nonlinear. Moreover, since these equations respresent only the rate
problem 1tse1f, we use an Euler forward method to integrate the rate
solution forward to obtain the incremental solution. In the case of the
incremental holonomic problem the algebraic equations are nonlinear in
the plastic strainé and we use a Newton iterative method to solve thenm,

obtaining the incremental solution directly.

We have presented numerical algorithms for the solution of the

finite element approximations to both the incremental penalty-rate and
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holonomic problems, and these have been implemented in two computer
progiams RATE and HOLO. Since we regard' these as pllot programs in
their early stages of development we have only attempted to indicate the
éignificant characteristics of each of the solution methods, and these
have been summarised at the end of Chapter- 7. In our view the
incremental holonomic formulation has outstanding potential. Moreover,
we believe that in the near future a true unification of the incremental
holonomic and rate problems will emerge*. Assuming this to be so, and
recognising that the iIncremental holonomic problem represents _the
fundémental approximation to the elastic-plastic problem, are we not
looking at a future situation when the conventional tangent stiffness
approaches are replaced 5y~ ;he potentially more efficient incremental
holonomic formulations? We believe so, and we trust that the present

work is a step In that direction.

We recognilse that this has already been shown by Professor Guilio
Majer and his co-workers using quadratic programming methods within a

finite-dimensional framework.
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APPENDIX A

A REVIEW OF PLANE STRESS

Consider a body which occupies an open bounded domain Q in R2 ’

with Lipschitz Bouﬁdary r=r,uU Ps (Fig. A.1). For convenience we
llet the body lie in the XY plane so that each material point on the body
has a p§si£ion vector x = (x,y) , where x and y are the cartesian
coordinates of the point relative to global axes X and Y . Similarly,

the displacement vector u at any point has components u, and uy .

By definition the only _ﬁon—zero components of the stress tensor o

~

are o, and © = g . Henceforth we redefine o to be the stress

x* %yy xy = Oyx

vector 0 = {o “xy}T. +» Similarly, we refer to € as the total

~

xx? Uyyo'

strain vector £ = {¢ T » Wwith corresponding definitions for

£ xx? Eyy*2Exy)

-the elastic and plastic strain vectors e and p respectively.

I"’

&

X
>

Fgg ure A.1 Body Q in a state of plane stress.
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The elastic constitutive equations may be written in matrix form as

o= Ce

where the matrix C is given by

1 v 0
~ 2
1=v 1=-v
o o =

and where E 1s Young's modulus and v is Poisson's ratio.

The strains € are related to the displacements u by

ox
o)

R= 0 "a-;' .
3. 2
oy ox

L -

(A.1)

(A.2)

(A.3)

(A.4)

We assume that on the portion Fs of the boundary a traction vector

t(s) 1is defined, s € Iy , with components {tx,ty}T ; we assume that the

displacements u(s) on Fu s 8 € Fu , are zero. Finally, a body force

vector f = {fx,fy}T 1s assumed to be given on the domain Q .
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As far as plastic behaviour 1s concerned we again confine our
attention to materials which exhibit linear kinematic hardening and obey
the von Mises yield criterion, which 1s written In terms of total

gstresses as

1 2
o=z [(dxx - Eppxx) - (Uxx - Eppxx)(dyy - Eppyy)

(A.5)
2 2 2
+ (6 -E +3(c -E - 3k%] =0
(ogy = EpPyy) Oy = EpPyy? ]

where Ep > 0 is the plastic modulus (Section 2.3, eqn 3.13), k = ¢,//3 ,
and o, 1is the uniaxial yield stress in tension. From (A.5) we define

the effective stress o as

- 2 - -
5= (g = Egpiod? = (ox = EpProd (90 = Egp)
+ (o, - Ep. )2 + 3(a, - Ep, )21 | (A.6)
yy pyy Xy P Xy *

so that (A.5) may be written as

¢=§[32-02]=o' . (a.7)
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APPENDIX B

COMPLEMENTARY WORK IN PLANE STRESS

The elastic complementary wofk density along a path in stress space

between the virgin state and some state o is, for the case of plane

stress, x
-e 1 2 2 1+v, 2

0% = 2= - ary . _ .

¢ 5E [ej 2vo o + d ] + ( = )dxy | (B.1)

Let @, and Qg be the elastic complementary work denéities corresponding
to the start and end respectively of a loading increment. The the

change in elastic complementary work over the increment is given by o

o€ = 0 _ oe
A% = 0f - OF . (B.2)

In general, initial plastic strains p° may be present at the start

of é load increment and these will also contribute the following

complementary work :

90 =g (- )

A + p2 A + 2p2. A .
%x ¥ Pyyloyy ¥ 2Pyxylo%y | (8.3)

o
pxx

where Ao = (SB - SA) .

If a change iIn plastic strain Ap takes place during the 1load

increment then the complementary plastic work due to this change 1is
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(recall Section 2.5, eqn (5.19)),

~ ~

- 1
AQP = S 4. (og = 0)

[}
N ) -

f 5 + 0 + 0
[Agxon*x Apyonyy 2Apxon*y] (B.4)

where AG = (SB - 3)  Thus, the total change in complementary work

~

density during a given load 1ﬁcrement is
A = AO® + AQ® 4+ AOP (B.5)

The above computations are -performed at the element level and then
integrated over the volume of each element to give the complementary

work

A = [ AR av (B.6)
¢ v

{
1

The total compleﬁentary work for the body 1s then the sum of the element

contributions AQe .
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