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Abstract

Transport problems in porous media constitute an important field of scientific research in
modern world, due to their broad applications in area such as petroleum engineering, water
resources, pollutants transport and greenhouse gases sequestration to just mention few. The
mathematical models that describe such problems have been developed and form one of the
main classes of partial differential equations (PDEs) that scientists encounter in the real world
modeling. Nevertheless, in most of the cases, the exact solutions in the classical sense of those
models are not available. The study of numerical approximation of PDEs is therefore an active
research area and there is an extensive literature on numerical methods for PDEs.

In this work, after providing the well-posedness results, we review some numerical techniques
to approximate the model equations, more precisely we present finite volume method with two-
point flux approximation and mixed finite volume method for spatial discretization of elliptic
and parabolic PDEs modeling transport flow in porous media. We then present some standard
explicit and implicit methods, Rosenbrock schemes and exponential time stepping schemes
for temporal discretization. We finally run some numerical simulations of advection-diffusion-

reaction problems in heterogeneous and anisotropic porous media.



Chapter 1

Introduction

Many physical processes can be described by mathematical models in the form of partial differ-
ential equations (PDEs). Nevertheless, to get a better knowledge of those problems and provide
better solutions, the analysis of the PDEs has become an important field of research for both
the engineers and the mathematicians.

The researches in petroleum engineering and the hydrology have significantly contributed
to the search of the solutions to the subsurface flow problems. In recent years, the transport
problems in porous media have become more attractive with some practical new challenges such
as radioactive waste sequestration, geothermal energy recovery, greenhouse gases sequestration,
transport of contaminant and many other more. In real situations, flow problems are often
complex. On one hand, the flow can be single phase when it involves one single fluid (for
example underground water flow), it can be multiphase when it involves more than one fluid
(for example oil and gas ), and it can be compressible or incompressible. On the other hand,
the properties of the porous medium itself influences the flow. For example the medium can
be anisotropic or isotropic, in the sense that the flow can be directional dependent or not. The
transport of a physical phenomenon (like heat) or physical matter (like chemical substance)
across a medium is not due only to the fluid flow (advection) but also to diffusion and reaction
processes. Fortunately despite the complexity of the real world problems, there are some good
mathematical models. The models in subsurface are described by three fundamental laws, the
laws of conservation of mass, momentum and energy.

Assuming that there is not transport of energy, the Darcy’s law (conservation of momentum)
along with the mass conservation law yield a simple PDEs model that describe the flow of fluid
in porous media. The resulting PDEs can be time dependent (for example parabolic PDEs) or

time independent (for example elliptic PDEs)[1, 4]. Very often the classical solutions of those
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PDEs are not known |4, 6, 10]. This lack of exact solutions leads to search for the so-called weak
solutions or generalized solutions in some Sobolev spaces [10, 11]|. Afterward, some numerical
schemes are used to approximate those weak solutions.

This work is mainly about modeling of the transport process in porous media, the conditions
of existence of the generalized solutions of the PDEs and some numerical methods that can be
used to approximate the weak (or classical) solutions.

In Chapter 2, we give the definitions of some key concepts for modeling flow and transport
problems. More precisely, we recall the empirical Darcy’s law and the equation of the conser-
vation of mass that allow to model single phase flow and transport equation in porous media.
In Chapters 3 and 4, we recall some fundamental concepts on distributions and Sobolev spaces
that are essential for the definition of weak solutions of the equations set up in chapter 2.
Thereafter, we give the conditions that ensure the existence and uniqueness of the generalized
solution. More precisely, we use standard variations formulation and the mixed formulation for
the existence and uniqueness of the weak solution of the flow equation, while the semigroup
approach is used for the existence and uniqueness of mild solution of the transport equation.

Chapters 5 and 6 are devoted to the numerical methods to approximate the weak solutions.
For spatial discretization, we present the finite volume method with two-point flux approxima-
tions for both the flow equation and the transport equation. We also present the mixed finite
element method for the flow equation. For the temporal discretization, we present a range
of time integrators, especially some implicit methods, Rosenbrock methods and exponential
methods.

In Chapter 7, we present some numerical simulations. More precisely, we run some advection-
diffusion-reaction problems in heterogeneous and anisotropic porous media, along with some

numerical convergence results. Finally we draw a conclusion in chapter 8.



Chapter 2

Governing equations of flow and transport

in porous media

In this chapter, we first give the definitions of some key concepts of porous media for a good
understanding of the whole process of transport. We then formulate the governing equations

for transport in porous media.

Definition (Porous media).
A porous medium is medium that contains connected void spaces through which some entities

can pass.

In reality every material is porous when working at the microscopic scale. In the area of
fluid flow, we consider a medium as porous if the molecules of the fluid can flow through its

void spaces.

Figure 2.1: Cross section of a porous medium from |[2]
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Definition (Porosity).

The porosity of a medium is the ratio of its connected void spaces by its volume.

volume of void spaces

total volume of the medium * It is a non-dimensional

In this work, we denote the porosity by ¢ =
quantity.

Definition (Permeability).

The permeability of a medium is its ability to allow a given material to pass through it.

It is intrinsically related to the property of porosity. In three dimensions, the permeability

tensor is a 3 X 3 matrix:

k:ca: kxy kxz
K= kyo  kyy Ky
kzm kzy kzz

In two dimensions it is a 2 X 2 matrix and in one dimension it is a scalar. In the sequel we will

use the notation K for all dimensions.

Definition (Isotropy and anisotropy).
The isotropy is the property of being directional independent while the anisotropy is the prop-

erty of being directional dependent.

In the later case, in the multi-dimensional problems, the permeability tensor is of the form

KC = kI where k is a scalar and I is an identity matrix .

Definition (Conductivity).
The conductivity is the rate at which a given fluid flows through a medium per unit of area

and time. It is related to the permeability tensor by

K="k (2.1)
i

where p is the density of the fluid, u is the viscosity of the fluid and g is the gravity acceleration.

We notice that K is a scalar in one dimeunsion.

2.1 Governing equations

2.1.1 Darcy’s law

Henry Darcy (1803-1858) was a French engineer who made major contributions to hydraulics.

He derived from experimentation an empirical law known as Darcy’s law which constitutes one
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of the fundamental laws of fluid flow in porous media. A modified version of Darcy’s apparatus

is shown in Figure 2.2

I
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Figure 2.2: From |[2]

Darcy’s law in one-dimensional flow is as follows:

Q= K-A%, (2.2)

where
e () is the total discharge (volume of water passing per unit of time),
e A is the cross-sectional area,

e Ah = hy — hy is the difference of the piezometric head (h = z + ;ig, z is the altitude

above datum level) and
e [ is the length of sand column.

By dividing equation (2.2) by A and tending L to zero we get the so-called equation of

motion in a porous medium for one dimensional flow:

Q K K
u=—=-KVh=—— (Vp+pgVz) =——-(Vp—pg), 2.3
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with g = —gVz. uis called Darcy’s velocity or specific discharge and is related to the velocity

u

v at which the fluid flows through the medium by v = re In muti-dimensional problem, the

equation of motion has the same structure u = ——(Vp — pg).
i

2.1.2 Equation of conservation of mass

We derive the equation of conservation of mass by considering a unit volume called the Repre-
sentative Elemental Volume (REV). The coordinates of the center of REV is (z,y, z) and
those of its faces are (x + %, y,2),(z,y + %, z) and (z,y,z £ %) We denote by Ax = AB,
Ay = BC,and Az = AFE.

Figure 2.3: REV

Let Uigm Bz gy Uigy_ Lo ) and Uy, ) be the incoming Darcy’s velocity, and J(I_%VW),

J Ay
b

(1’79—7 z

We have then

) and J(x v A5 their corresponding mass flux per unit of time and area respectively.
1 2

J(xf%uyvz) - pu(xf%vyvz)
J(:my_%vz) - pu(x7y_%ﬂz)

J(mvyvzf%) - pu(xvyvzf%) ’

The total influx mass per unit of time is therefore

M, = J(%%’y,z) ANy z+ J(mf%’z) ANx A z+ J(M’Zf%) VANV VAT
= PUy_te Ny z+ PU(g L ) Nr A z+ Pl y —oz) VAN VANETH (2.4)
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Similarly as above, by considering the outgoing Darcy’s velocities and their corresponding mass

fluxes, the outflux mass per unit of time is:

My = PUiqy B2, AylDztpu,, ooy Dx D z+pu

Az
= Y,z

YAz Ay (2.5)

We denote by @' the distribution of source or sink density in REV; @' is positive if the mass is

produced and negative if the mass is destroyed. It generates a mass flux:
M,=Q ANz ANy z. (2.6)

Summing up on equations (2.4,2.5,2.6), the equation of mass conservation in REV is:

oM
E = Mzn - Mout + Ms- (27)

The volume of pores in the REV is ¢ A x Ay A z and the mass of the fluid in the pores is
M=ppAxAyAz. (2.8)
Considering equations (2.4 - 2.8) we have subsequently

%(pqﬁ&x&y&z) =M, — Mow + M

:[pu(m_%vy’z) o pu(x'l'%vyfz)] A y A <
Uy sy = UG DY Lz
+ [pu( 8:y — pu(L%H%)] AxAy

Z,Y,2—

+Q ANx Ay z. (2.9)

Dividing equation (2.9) by Az Ay A z and taking the limit as Az, Ay, Az — 0, we get:

% =—-V.(pu) +Q". (2.10)

We set

O(¢p) _ O(¢p) p _ Sy 0p
ot dp ot g ot’

with S, = g%ﬁf) called the specific storage (the volume of the fluid that can be stored by
compressing the porous medium and the fluid itself). Its unit is [m™}].
Following closely [1| and assuming that p is independent of position we get the mass conservation

equation in terms of pressure:

S, Op (/c ) Q'
2R v Z(Vp — + X 92.11
g ot u( P — pg) p (2.11)
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2.1.3 Transport equation

In this section we consider the transport in a porous medium of a given substance that we call
solute or contaminant.

Transport of a substance involves generally the phenomena such as diffusion modelled by
Fick’s law, convection (advection) due to the motion of a fluid and reaction. If we denote
by C the concentration, the convective flux is generally expressed by j; = uC and the diffusive
flux by jo = —DVC, where D stands for diffusion tensor and u is the Darcy velocity. The total

flux is therefore
J=Jj1+j=—-DVC+uC.

Transport processes can be dominated by convection or by diffusion and that phenomenon is
determined by the so-called Peclet number. It is a dimensionless number and is the ratio of
the rate of advection of a substance by the flow to the rate of diffusion of the same substance.
In some problems as mentioned in [3], a basic transport model equation is formulated as: Find

the concentration C of a matter (usually chemical reactive) such that
Oh(C) ==V - (ji+j2) + Q(C) = V- (DVC —uC) + Q(C). (2.12)

Here Q(C') is the source or the sink term of the contaminant and h the function of absorption
of the contaminant by the medium.
In summary, transport problems in porous media lead to the following system:
(
Ss Op (’C Q'
—— =V [ —(Vp- pg)) +—,
pg Ot I p

) (2.13)
14

| :h(C) = V- (DVC — uC) + Q(C).

Here p,u and C are the unknowns.

K
Assuming that the fluid is incompressible and setting K = —, the system (2.13) is reduced to
L

-V (K(Vp - pg)) = L (2.142)
u=-K(Vp-—pg) (2.14b)
8,h(C) = V - (DVC — uC) + Q(C). (2.14¢)

Remark 2.1.1.

In the Darcy’s experiment (water flow in a column of sand) there is no source or sink terms
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therefore we have V.u = =V - (K(Vp — pg)) = 0 as in fluid dynamic for incompressible flow.
But in the system (2.14), we assume that the source or sink distribution which is % is not null,

which leads to (2.14a).

PDESs require in addition boundary conditions for stationary problems, and boundary con-
ditions and the state at a given time usually at the initial time for evolutionary problems.
Furthermore in some complex systems of PDEs, the problem can be split into subsystems of
PDEs. Here we split (2.14) into two sub-problems along with their initial conditions.

Firstly we set up the stationary problem that we call the pressure-velocity system:

Q/

V- (K(Vp —pg)) = i f, (2.15a)
u=—K(Vp—pg), (2.15b)
p=fionlp, (2.15c¢)

KVp-v=f, on [y, (2.15d)

where I'p is the Dirichlet boundary, 'y is the Neumann boundary, () is the domain on
which the problem is considered and f; and fy are real value functions on the boundaries of
Q2. In some problems we can have mixed boundary condition in the form KVp- v + ap = g3
also known as the Robin boundary condition . But we limit this work to the Dirichlet and
Neumann boundary conditions and we have 0Q =T'p Uy and I'p NIy = 2.

Secondly we set up the evolutionary problem

d,h(C) =V - (DVC —uC) + Q(C), (2.16a)

C=gion(0,T] xTp (2.16D)
DVC.v = g on (0,T] x T'y, (2.16¢)
C(0,z) =Cy, €K, (2.16d)

where [0, 77 is the time interval and g; and g, are real value functions defined on the boundaries
of 2. The two sub-problems make up the full transport problem.

In general, classical solution to the problems described above are not available. The only
alternative that remains to make those PDEs useful in the applications is to seek for approxi-
mate solutions of the weak forms of the PDEs. To address the weak formulations of the PDEs
issue, the mathematical analysis of the functions involved in the equations is needed. The next

chapter recalls some fundamentals on the relevant functions spaces.



Chapter 3

Functions Spaces

Sobolev spaces form the basis upon which the development of the PDEs’ analysis has flour-
ished. They provide a wide set of tools that allow to prove the existence and uniqueness of
PDEs’solutions. In this chapter we give a review on the fundamentals of Sobolev spaces and
some basics of distributions upon which Sobolev theory itself depends. More details can be

found in [6, 7, 8, 9]. We introduce some notation that will be used throughout the rest of this

work.
We set N = {1,2,...}, Ng = {0,1,2,...}. We denote by € a non-empty open subset in R%, d € N
0
and all functions on (2 are real value functions. For a function f defined on 2, 9,,f = af . For
Z;

olel
a=(a,..,a) € NI 0o f = /

x _W>Where |Oé| =a;+ ...t aq andﬁz(l'l,..,xd).
.0z

Definition (Vector space).
Let 'V be non-empty set. The set (V,+,.) is a real vector space (vector space on R) if the

following conditions are met:
(i) a+b€V,Va,beV (closure),
(i) a+b=0b+a, Va,b € V (commutativity),
(iii) (a+b)+c=a+ (b+c), Ya,b,c € V (associativity),
(iv) there exist a unique element oy € V called identity such that oy +a =a, Va € V,

(v) for any a € V there exists a unique element —a € V called inverse of a such that

a+ (—a) = oy,
(vi) hae V,VAeR, a eV,
(vii) l.a=a, Ya € V,

10
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(viii) A\.(a+0b) = AXa+ Ab, Va,b €V and X\ € R,
(viv) A+ pB).a=Aa+ B.a, VA\,f €ERand a € V,

(x) (A.f).a=A.(B.a), Y\, € Rand a € V.

Any element in V is called vector and any element in R is called scalar. We will denote
A.a by Aa and we will use the expression vector space or linear space instead of real vector

space for simplicity. More details on vectors spaces can be found in [5, 6]

Definition (Norm and Semi-norm).

A norm on a vector space V is any mapping N : V — R satisfying
(i) N(Aa) =|A|N(a), VA€R and a €V,
(ii) N(a+0b) < N(a)+ N(b),
(iii) N(a) =0 if only if a = oy.

If N does not meet the last condition, then it is a semi-norm. A vector space endowed with

a norm is called normed vector space. More comments on norms and semi-norms can be

found in [4, 5, 6, 10, 12]

Definition (Linear and bilinear forms [4, 5, 6]).

Let V a be a normed vector space with norm ||.||.

(i) A linear form on V is any mapping P : V — R satisfying
P(Aa + Bb) = AP(a) + BP(b) for every \, 3 € R and a,b € V.
The mapping P is continuous if there exists a constant ¢ > 0 such

|P(a)| < c||a|| for all a € V.

(ii) A bilinear form on V is any mapping @ : V x V — R which is linear on the first and the
second arguments. @ is symmetric if Q(a,b) = Q(b,a) for all a,b € V.
The bilinear form @ is continuous if there exists a constant m > 0 such that

1Q(a,b)] < ml|al|.||b]| for all a,b e V.

Definition (Inner product).
An inner product F' on a vector space V is a symmetric bilinear form that is positive definite

that is

(i) F(a,a) >0 for any a € V,
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(ii) F(a,a)=0if and only if a = oy.

Definition (Banach and Hilbert spaces [4, 5, 6, 11]).

Let V be a vector space.
(i) V is a Banach space if it is normed and complete.

(ii) V is a Hilbert space if it is a Banach space and the norm on it is induced by an inner

product.

Definition (Dual Space).

Let V be a vector space. The set of all linear forms on V called the topological dual of V
is a Banach space denoted by V* or V'. See [10] for the proof that V' is a Banach space and
comments on V.

Usually, for a € V and f € V', f(a) is denoted by (f,a)v'v and (.,.)y/v is a bilinear form
on V' x V called the duality pairing between V' and V (see [10, 6]). Sometimes, (.,.)v v is
replaced by (.,.) for simplicity.

By means of Riesz-Fréchet representation theorem [10, Theorem 5.5] we can identify V'

and V .

Definition (Orthogonal of space).
Let V be a vector space and M C V a subspace of V. The orthogonal of M denoted by M+
is a vector space [10], and is defined as M+ = {f € V'|{f,a) =0 Va € M}.

Definition (Operator [18]).

Let V; and V5 be vector spaces.
(i) Any mapping O : Vi — V5 is an operator.

(ii) The domain of O that we denote by D,,(O) is the set of elements in V; on which the
operator acts and we denote by ker(O) = {a € D,,(0O) | Oa = oy, }.

(iii) The operator O is linear if O(Aa + $b) = AO(a) + SO(b) for all A\, 5 € R and a,b € V.

(iv) The operator O is closed if V; and V5 are normed spaces, and if for any sequence (a,)nen

of elements in D,,,(O) such that as n — oo, a,, = a and Oa,, — b, it follows that Oa = b.

(v) The operator O is bounded (or continuous) if D,,(O) = Vi, V; and V, are normed
spaces and there exists a constant M > 0 such that ||O(a)||v, < ||al|y, for all a € D,,,(O)

where ||.||v; and ||.]|1; are norms on V; and V respectively.
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Definition (Adjoint of operator).
Let Vi, V5 be Banach spaces, and O : V; — V5 an operator. The adjoint of O denoted by
O* is the operator O* : Vo — V; defined by

<b7 Oa>vé7v2 = <O*b, a>V’1,V1 Vb € Dm(O*), a < Dm(O)

Definition (Analytic semigroup [18, 40]).
Let Ay = {z € C||arg(z)| < m — 0} be a sector in the complex plane containing the positive
real axis, with 0 < 6 < 7/2.

A family {S(z), z € Ay} is an analytic semigroup in Ay if
(i) S(z) defines a bounded linear operator from V to V for all z € A,.
(ii) The mapping z — S(2) is analytic in Ay.
(iii) S(0) = I, and llg(l] S(z)a = a for every a € V, I being the identity operator.
(iv) S(z1+ 22) = S(21)S(22) for all z1, 25 € Ay.

Definition (Generator of analytic semigroup [18]).
A linear operator P is an infinitesimal generator of an analytic semigroup O operating on V if

the domain of P is

t—0
teR

O(t)r —
D,(P) = {x e V| limw exixts}

and

Py — lim 2D =2
t—0
teR

3.1 Basics on distributions

Distributions are related to the regularity concept of functions defined on a given domain €.
The notion of regularity in the distributional sense is different from the classical regularity

(pointwise regularity) in differential calculus. Here we present some key definitions.

Definition 3.1.1.
Let k € No. A function f € C*(Q) if one of the following conditions holds;

(i) k=0 and f is continuous on .

(ii) k> 1 and f has partial derivatives 2L, i = 1,...d in C*1(Q).

ox;’
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Moreover f € C*(Q) if f € C*(Q) for all k € Ny. Here in this definition, the differentiability

is pointwise.

Definition 3.1.2 (Support of function and test function [12]).

(i) The support of a function f denoted by supp f is defined by supp f = {z € Q| f(x) # 0}.

(ii) A test function is a function in C*°(Q2) having compact support. The set of all test
functions on  is a vector space and is denoted by D(£2). We recall that compact sets on

R? are bounded and closed.

Definition 3.1.3 (Convergence [7, 8, 9]).
The sequence (uy,)nen of elements in D(€2) converges to u € D(Q) if the following conditions

hold:
(i) There is a compact K C Q such that suppu, C K Vn € N.

(ii) For all « € N4 lim ||0%(u, — u)||ee = 0.
n—o0

The norm ||.||s is defined by ||u||e = ||u||r~) = inf{c > 0] |u(z)| < c a.e} and is called

the uniform norm.

Definition 3.1.4 (Distribution [7, 8]).
A distribution 7 on D(Q) is a linear map from D(£2) to R that meets one of the following

conditions:

(i) For every sequence (un)nen in D(2) converging to zero with respect to the norm |||,

T (u,,) converges to zero.

(ii) For every compact K C €, there are some constant ¢ and integer p such that for every

0 € D(Q), with supp§ C K we have [T(0)] < ¢ > [|020]|w.

la|<p
We denote by D'(Q2) the set of all distributions on D(2) and D’(2) is a vector space. The
notation (7, 6) is commonly used rather than 7(0).

Theorem 3.1.1.

Buvery locally integrable function f on Q defines a distribution Ty by setting
(Ty,0) = /f@dm, VO € D(Q).

See [8] for the proof of this theorem.
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Corollary 3.1.1.
Every continuous function f defines a distribution 77 on D(2). Moreover if (T7,0) = 0 V0 €
D(2), then f = 0 almost everywhere [6, §.

Definition 3.1.5 (Derivatives of distributions).

Let T € D'(Q) and 6 € D(Q2). The partial derivative of T respect to z; denoted by 9, T is
defined by (0,,7,0) = —(T,0,,0). This definition is a direct consequence of integration by
part. More generally for o € N¢, 92T is defined by (997 ,6) = (=1)l*/(T,026).

Definition 3.1.6 (Derivatives of functions in distributional sense).

Let f be a function on §2.The function f is differentiable in the distributional sense with respect
to x; denoted by 0., f if f defines a distribution and then we have (0,,f,0) = —(f,0.,0). 0., f
is called weak partial derivative or generalized partial derivative of first order with

respect to x;. We have the following corollary from this definition
Corollary 3.1.2.

(i) Let f be a real function on Q. If f is weakly differentiable with respect to z; to order
k > 1, then it is infinitely weakly differentiable at any order with respect to z; (see |7] for

more information).

(ii) If f € C*(Q) then the weak derivatives 0%f coincide with the classical derivation for

la] <k (see |7, 8] for the proof and more comment).

Definition 3.1.7 (Multiplication of distribution by functions).
Let 7 be a distribution. The multiplication of 7 by a function § € C'*°(€2) is the distribution 87
defined by (6T, ®) = (T,60®). Indeed 6P is a test function since we have supp 6P C supp 6.

3.2 Fundamentals on W"?()) spaces

The solutions of PDEs are commonly seeked in the Sobolev spaces. We give the general defini-
tion of those spaces before we focus on a particular space in which we are interested. But first

all we introduce the LP(Q) spaces. Details can be found in [6, 10, 11, 12]

Definition 3.2.1.

Let 1 < p < oo. The set of all functions f such that / |fIPdz < oo if p < oo is denoted by
Q

LP(2), and the set of essentially bounded functions is denoted by L>°(Q2), that is

L) ={f:Q— R|sup f(z) < 0o a.e}.
z€Q)



CHAPTER 3. FUNCTIONS SPACES 16

Indeed f is regarded as a representative of class of functions that are equal to f almost every-

where (see [12], Chapter 2).

Theorem 3.2.1.

LP(QY) is a vector space. Moreover endowed with the norm

1/p
1 ooy = ( / Ifl”dw> ifp < o,

1l = nf{e = 0] [f(2)] < ¢ a.e} if p = o0,

LP(Q2) is a Banach space .
See [10] for the proof and more comment on this theorem.

Corollary 3.2.1.
The space L?(Q) endowed with the scalar product defined on L*(Q2) x L*(Q) by

<f,g>o=/gfgdl‘

for all f,g € L*(Q) is a Hilbert space. Indeed we have for all f € L*(Q)

(. fo = / f2dz = ||f|I2

So here we identify L*(Q2)" and L?*(f2). See definition of dual space above at the beginning
of this Chapter.

Definition 3.2.2 (Sobolev spaces).
The sobolev spaces W™P(§2) = W;*(2) where m € Ny, 1 < p < oo are defined by

WP = {u € LP(Q)| 0% € LP(2), |a] <m} if p < oo,
W™ =Ly € L®(Q)|0%u € L=(Q), |a] < m}.

The differentiations 02 are understood in the distributional sense. We denote by

H™(Q) = W™? and these spaces are of great interest in PDEs problems. Hence it is obvious

that HO(Q) = WO2(Q) = L*(Q).

Theorem 3.2.2.
The Sobolev space W™P endowed with the norm
lwmotey = Ml = (3 [ 102pd) " ifp < o
jaf<m 7S
[fullwrse@) = [fullmoe = max {[|07ullz=}
is a Banach space. Moreover if 0 is a Lipschitz domain then C>(Q) is dense in the space with

respect to the above norm.
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A Lipschitz domain is a bounded domain with some regularity on the boundary. See [4, 6,
12, 17] for the mathematical definition of Lipschitz domain and the proof of this theorem. For
p = 2 we simply denote the norm |||, by ||.||m. For instance we have

o) = [l-Hz2@) = [I-]o-

Corollary 3.2.2.
The space H™(2) endowed with the scalar product

(U V), :/ Z Ocudsvdx
Q

laf<m

is a Hilbert space. We notice that for p # 2 we can not define a scalar product on W™»(Q) [4].

Definition 3.2.3 (Embedding |6, 40]).
Let X and Y be vector spaces with ||.||x, ||.||y their respective norms and X C Y. X is
continuously embedded in Y and we write X < Y if there is ¢ > 0 such that |Ju|ly < c||ul|x

for all u € X.

Example 3.2.1. We have (H?(Q2),]].]|2) = (HY(Q), ||.]|1)-
Indeed by the definitions of H*(2) and H'(Q) we have

H*(Q) c H'(Q).

Moreover by the definition of the norms ||.||,, we have for all u € H*(Q),

1/2 1/2
lully = (D lozullo) < (Do lozullo,) = Ifulla.
a<l a<2

In general we have H?(Q)) — H4(Q2) for p > q.

Theorem 3.2.3 (Sobolev Embedding).
For a lipschitz domain Q, the space H™(Q) is continuously embedded in C*(Q2) where m >
k+d/2 (see [6, 12] for the proof).

This theorem is important to know under which conditions a weak solution of a PDE chosen

in H™ is regular in the classical sense.

Theorem 3.2.4 (Trace theorem).

Let Q be a bounded Lipschitz domain. There is a unique linear and continuous operator

20 (B, M) — (L2090, Ll )

that is for any v e H'(Q). ||vov||r2ry < cl|v]|1 for some constant ¢ >0 .
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See [4, 6, 12| for the proof. The operator 7, is called the trace operator and 7gv is called
the trace of v (the boundary value of v) for all v € H'(Q). We denote by
Hy(Q2) = {v € H'(Q)]70(v) = 0} = ker (7).

Definition 3.2.4 (H'/2(9) and H3/%2(952)).
The space H'/2(0R) is the range of the trace operator defined in the theorem (3.2.4) that is

H'2(09) = 70(H' (%)),
and is endowed with the norm

ullizo0) = lullizo0 = nf  |[|v|[m@)-
veyy  ({u})

The space H'/2(0Q) is a proper dense space of L2(0Q). Its dual is H~'/2(99Q) with the dual

norm

% X L ut,u >
||u ||H—1/2(8§2) = ||u*||-1200 = sup ————,
u€H1/2(08) ||U||1/2,asz

where < .,. >> is the duality pairing between H'/2(9Q) and H~/2(0Q). Likewise as H'/2(09),

with sufficient regularity condition on 9Q we define the space H*/2(0Q) to be
H2(09) = 70 (H*(Q)).

The spaces H2(2), H'(Q), H/2(0Q) and H>/?(9€2) will allow us to define the normal trace

(the normal derivative).

Theorem 3.2.5.

Let Q) be a bounded Lipschitz domain. The outer unit normal vector v = (v;); -1

4 1s defined

-----

almost everywhere and v; € L>(T') (see [4]).

Definition 3.2.5. Let u € H?*(2) where  is assumed to be a bounded Lipschitz domain. We
have Vu € (H'(Q))¢ and we define the normal derivative of u, denoted by d,u to be the

function

rv;.

d
o,u := Z Oy, u
i=1

Corollary 3.2.3.
Let €2 be bounded Lipschitz domain.

(i) Foru € H'(Q) and ¢ € (H'(2))4, we have

/q-Vudxz—/V-qudf—F/ q-vudo.
Q Q o0
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(ii) For u € H*(Q) and v € H'(Q) we have

/Vu-Vvdx: —/Auvdm—i— d,uv do.
Q Q 90

(iii) For u € H*(Q), v € H(Q) and k;; € Wh(Q) where (k;;)1<i j<a = K we have

/KVU-Vde:—/V.(KVu)de+ KVu - vvdo.
Q Q o0

See [4] for the proof.

Theorem 3.2.6 (Lax-Milgram [4, 12, 15]).

let A:V xV — R be a bilinear form not necessarily symmetric, L :V — R a linear form.

If :

(i) A is continuous, that is, there exists M > 0 such that |A(v,u)| < M||ullv||v||v,
(ii) A is V —elliptic, that is, there exists o > 0 such that A(u,u) > ol|ul|?,, and
(iii) L is continuous, that is, there exists m > 0 such that |L(u)| < ml|ul|y,

Then there 1s a unique solution to the problem: Find uw € V such that
A(u,v) = L(v)
for allv eV . Furthermore we have

1
[lully < —|1£][v
(07

3.3 H(div, Q) space

The spaces we set up in the previous section in this chapter are suitable for standard vari-
ational formulation that we will develop in the next chapter. In some problems, where
there are two dependent unknowns to find, the so-called mixed formulation appears to be

advantageous in some ways and this leads to introduce some new spaces.
Definition 3.3.1.
(i) The space H(div, () is defined by H(div,Q) = {q € (L*(Q2))?|divqg € L3(Q)}.

(ii) The space Hy y(div, () is defined by H(div,2) = {q € H(div,Q)|¢-v =0 on I'y}.
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Theorem 3.3.1.
The space H(div, ) endowed with the norm

1/2 '
lallaiw = (1lall3 +119-ql2) ", Vg € H(div, )
18 a Hilbert space.
For the proof see [17]

Corollary 3.3.1.
For any ¢ € H(div,Q), ||q|lo < ||g||aiv that is, the norm ||.||q;y is stronger than ||.||p in the space
H(div, Q)

3.4 L*(0,T),V) space

The spaces W™P(Q) and H(div,2) we defined earlier are suitable for time-independent prob-

lems. For time-dependent problems, we need to define new function spaces.

Definition 3.4.1. [4]
Let V be a Banach space. The space L*((0,7),V) is the set of real valued function v on
(0, T) x € such that

(i) v(t,.) € V, Yt € (0,T)

(ii) The mapping f, : (0,7") — R defined by
fot) = lJo(t, )|lv is such that, f, € L*((0,T)).

We define on L*((0,7), V) the norm

HUHLQ((O,T),V) = ||vaL2((0,T))7

Definition 3.4.2. [4]
A function u € L*((0,T),V) is said to have a weak derivative w if the following holds:
T d T
| utged= - [ w@ed e Do),
0 0

We will also need some key inequalities for the next Chapter.

Definition 3.4.3 (Garding’s inequality).
Let H and V be two Hilbert spaces such that V. — H. Identifying H and H’ so that V C
H = H' C V' and the pairing duality (.,.)y’ v between V' and V coincides on H x V with the



CHAPTER 3. FUNCTIONS SPACES 21

scalar product (or inner product) and defining an operator Oy, : V. — V' with its associated

bilinear form A = A(w;.,.) : VX V = R so that
Aw;v,u) = (Oyv,u)y v, Yv,ueV,
the Garding’s inequality for v € V is defined by
Aw;v,v) 2 allvllv = B|[v]|a, (3.1)
for some constants a and [.
Some comments on this definition can be found in |26, 40].
Definition 3.4.4 (Young’s inequality [13]).

1 1
Let a,b,p and g be positive real numbers such that — + — = 1, we have the inequality
P q



Chapter 4

Variational formulations and well
posedness of equations occurring in

transport problems

Several phenomena comprise the transport processes in porous media. They include the dif-
fusion described by Ficks’ law, advection, described by Darcy’s law, and reaction due the
destruction or the production of mass of the substance under study. All of these physical phe-
nomena are modelled by PDEs as shown in Chapter 2. Before looking for the solutions of these
PDEs, we first have to investigate whether they have solutions . This investigation leads to the
concepts of well posedness and the variational formulations of a PDE.

A problem is said to be well-posed if :

e it has a solution,

e the solution is unique, and

e the solution depends continuously on the given data (initial condition).

The well posedness does includes information about whether the solution is analytic (infinitely
differentiable), classical (continuously differentiable at least at the order of the PDE) or a
generalized solution (a solution with less regularity conditions). In this work the well posedness

is intended to find weak solutions which need the concept of a variational formulations.

22
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4.1 Standard variational formulation of the elliptic bound-
ary problem

Let us consider the elliptic problem (2.15a)-(2.15d). In the generalized solution view, the weak
solution p, if it does exist, has to fulfill the conditions: p € H*(2) N’V where V is a space that
will be defined later, f € L*(Q), K;; € Wh*(Q) and there are Fy; € H'(Q), Fy € H*(Q) such
that Fl|oq, = fi and Fy|pa, = fo. Unfortunately H3/2(0Q) C HY2(9Q) and HY?(09Q) is a
proper dense space of L?(9€2) . So we assume the existence of Fy and Fy (see [4]).

Now we want to put problem (2.15a)-(2.15d) in its standard variational form. To do so, we
identify Vp — pg with Va and we use (iii) of corollary (3.2.3), that is we multiply (2.15a) by a
test function ¢ € H'(Q) and do integration by parts to obtain

| K5 pg) - Vade = [ jads+ [ K(V5- p) vado (4.1)
Q Q T

where v is the outward normal unit vector to 9. From (4.1) the requirements for p and K are
now p € H'(Q) NV and K;; € L>(Q) for 1 <i,j < d; and F; € H'(Q). Now we transform
(4.1) into
/KVﬁ'qux:/fqda:—i-/Kpg~qux—|— faqdo
Q Q Q Ty

+ KVp-vqdo — / Kpg - vqdo. (4.2)
r

I'p
To write the variational formulation and set up the space V, we consider the case where f; =0
and the case where f; # 0 because the test function is chosen according to the Dirichlet

boundary.

(1) Case f; =0. Weset V= Hj, = {qg € H(Q)|yq = 0 on I'p}. Taking ¢ € Hyp, the

formulation (4.2) becomes

/KVﬁ-quac:/fqd:c+/Kpg-qum+ f2qda—/ Kpg -vqdo. (4.3)
Q Q Q 'y

I'n
Hence the variational formulation in this case is: Find p € H(}’D such that for every

q € Hy p, the equation (4.3) holds.

(2) Case f; # 0. We assume the existence of Fj as said earlier with yow = F; and we set the
change of variable p; = p + w where p € V. = Hj , = {g € H' () |7q =0 on I'p}. The
variational formulation in this case is: Find p € Hj p such that for every ¢ € Hp the

following equation holds
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/KV(ﬁl)-qua::/fqd:E—l—/Kpg-qu:z:+ foqdo — Kpg - vqdo,
Q Q Q

INY INY

which is the same as

/KVﬁ-qux:—/KVw-qua:—l—/fqda:
Q Q Q

+ / Kpg - Vqdr + foqdo — Kpg - vqdo. (4.4)
Q

I'n I'n

Summarizing the above two cases, the primal variation formulation can be formulated as find

pE H&D such that for every p € Hj ;, the following equation holds

A(p,q) = L(q), (4.5)
where
(i) Hyp={ue H'(Q)[yu=0o0nTp},

(ii) A is the bilinear form defined on Hj , x Hg ;, by

A(p,q) = / KVp - Vqdz. (4.6)
Q
(iii) £ is a linear form defined on Hj j, by

/fqu—/Kpg-qux—l—/ fqu0+/ Kpg - vqdo, if f1 =0,
Q Q I'n I'n

—A(w,q)+/fqu—/Kpg-qum+ foqdo + Kpg -vqdo if fi #0,
Q Q

I Tn

(4.7)

with w € HY(Q) and yow = fi.

4.2 Mixed formulation of the elliptic boundary problem

In the primal variational formulation there is only one variable which is the pressure p, and then
one solves for the velocity field once we obtain the pressure. In the mixed formulation, both
the pressure p and the Darcy’s velocity field u are obtained simultaneously. So we reconsider

the problem (2.15a-2.15d) and we transform it into
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= K(Vp - pg), (4.8a)
—V-u=f (4.8b)
p=fionTp, (4.8¢)
u-v=f;ony. (4.8d)

Similarly as in standard variation formulation, since the Neumann boundary condition becomes

essential boundary we begin by case f3 = 0 and end up with f3 # 0.

(1) Case f3 = 0. We consider the variational formulation: Find
pe€H} p={uec H(Q)|ur, = fi} and & € (L*(Q))? such that for all v € (L*(Q))? and

q € Hy p, we have:

/K‘lﬁ-vdx—/(Vﬁ—pg)-vdx:O, (4.9a)
Q Q
/ﬁ-qux—/fquzO (4.9b)
Q Q

By integrations by parts the variational formulation (4.9a-4.9b) we get the variational
formulation known as Mized Formulation; find p € L*(Q2) and

u € Hy n(div, Q) such that for all ¢ € L*(Q2) and v € Hy x(div, Q) we have:

/Klﬁ-vdx—i—/ﬁv-vdm :—/pg-vdx+ fiv - vdo,
Q Q Q Iy

/V~ﬁqdm :—/fqd:r;.
Q Q

(2) Case f3 # 0. Similarly as in primal formulation, we assume that there is g € Hy y(div, 2)

(4.10)

such that uy - v = f3 on I'y and we make change of variable
;= Uy + u with a € Hy y(div, ). Thus the Mixed Formulation in this case is: Find
p € L*(Q) and u € Hy y(div,Q) such that for all ¢ € L*(Q) and v € Hy y(div,Q) we

have:

/K uvdm—i—/pv vdr = — / gvdx—i—/ fiv- VdU—/K U - vdr,
I'n
/V ugdr = — /fqu—/v ugq dz

(4.11)
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The formulations (4.10-4.11) can be put in the form: Find p € L*(Q) and 0 € Hy y(div, Q)
such that for all ¢ € L*(Q) and v € Hy y(div, Q) we have:

A(w,v) + B(v,p) = Di(v),

(4.12)
B(u, q) = Dy(q),
where
(i) A is a bounded bilinear form on Hy y(div,2) x Hy y(div,€2) defined by
A(u,v) = / K 'u-vdxr, (4.13)
Q
(ii) B is a bounded bilinear form on Hy x(div, Q) x L*(Q) defined by
B(v,q) = / V.vqdz, (4.14)
Q
(iii) D; is a bounded linear form on Hy y(div,2) defined by
—/pg-vdx+ fiv-vdo if f3=0,
Dl(V) = ¢ I'n (415)
—/pg-vd:ﬂ—l— flv-yda—/K_lﬁo-vdx, if f3#£0,
Q Tx Q
(iv) D, is a bounded linear form on L?(2) defined by
- | fads it f3 =0,
Dy(q) = Q (4.16)
—/fqdm—/v-ﬁoqu if f3 #0.
Q Q
In the sequel we set Hy y(div, Q) = Q. It is clear that we have the estimate
llgllq = [lgllo- (4.17)

Now let us prove the assumptions made on A, B, D; and D, previously.
Proof.

(i) Bilinearity and boundness of A

Vaq,as € R and vy, vo,u € Q we have:
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Aoy vy + agvo,u) = / K ' (ayvi + agvy) -udr = / K 'v; - udzs + as / K lvy - udz
Q Q Q
= CYlA(Vl, 11) —+ Oé2A<V2, Ll).

A is linear in the first variable and since it is symmetric (because K and K~! are sym-

metric) A is bilinear. To show the boundedness, consider

[A(vy,u)| = )/K-lvl-udx(
0
<K [ il ulde
Q
< IK Y|sollvillo][ullo  (from Cauchy-Schwarz inequality)
<|IK || [villllullq  (from inequality) (4.17).
Hence A is a bounded bilinear form.

(ii) Bilinearity and a boundness of B

Let o, € R, vi, vy € Q and py, py € L*(Q2). On the one hand we have:

B(aivy + agva,p1) = /

V(oavy 4+ aave) - prde = oy / Vv -prdr + Oéz/ Vvsy - pydx,
Q Q Q

= a1 B(v1,p1) + e B(va, p1),
and
B(vy,a1p1 + aap2) = g /Q Vv prdr + /Q Vv - pydz,
= a1 B(v1,p1) + a2 B(v1, pa),

that proves that B is bilinear. On the other hand, we have

|B(V1>P1)| = ‘/V'leldﬂf‘
Q
§/|V'V1Hp1‘dl’7
Q

< HV‘VlHoleHO,

< [Ivallellp1llo,

so that B is bounded.
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(ii) Linearity and boundness of D; .

We recall that the normal trace is continuous that is for v.€ Hy y(div, ), there is ¢ > 0

such that [|v||r200) < ¢||V]]aiv. Let a1, a0 € R, v,u € Q. We have

Di(anv + agu) = / —pg - (v + apu) dx + fi(a1v + agu) - vdo — / K ') - (qv + asu) du,
Q 'y Q

:oq/—pg'vdx—i-oq f1V'I/dU—Ocl/K_11~10~udx
Q Q

I'n

+a2/—pg-udx+a2/ f1u~uda—a2/K_1ﬁ0-vdx,
Q Iy Q

= Olel(ll) + OllDl(V),

that is D, is linear. Furthermore,

|D1(v)| = ‘/—pg.vdw—f—/ fIV.l/dO'—/K_lle.Vde“
Q Ty Q
fsugy/«wdx+1/|ﬁuvuumu+WK-wuolﬂﬁah4dx
[9] T

< logll¥llo + 1./l 2200 | VIl 2a0) + K™ [lool[Tollo] [Vilo
< logllvlla + cll fill 2o [Vl + 1K™ o[t o] [V]]q.

= Mvllq
where M = |pg| + ¢|| f1]|12(00) + ||/ K| ||Q0|[o. Hence Dy is a linear bounded form

(iv) Linearity and boundness of D; .

Let p1,po € L2(2), a1, s € R. We have
Dy(oapr + asops) = _/ flarpr + aops)dax — / V.ag(oapr + asps) dz
Q Q
= al/ fpidr — oy / V.agpdx — 042/ fpadr — as / V. agp, dx
Q Q Q Q
= a1 Dy(p1) + Dy (p2),
that is Dy is linear. Furthermore,
’Dz(P1)| = ’ - / fpidr — / V.agp; dI‘
Q Q
< [l do+ [ 19.Gllpi|do
Q Q

< |[f1lollp1llo + [IV-0o|lol[p1lo

< (11110 + 117 5o lo ) 1[0

that is Dy is a bounded linear form. We only consider the case f3 # 0, since the case

f3 =0 is a direct consequence of the first case.
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[]

Let O be the bounded linear operator from Q to L*(Q2) defined by the bilinear B. Such an
operator always exists (see [15]). We denote by O = ker(O) ={v € Q|V.v = 0}.

Remark 4.2.1.

In our case the operator O = div. Indeed we have for v € Q and any q € L*(Q)

B(v,q) = (Ov,q)o

:/qudx

Q

:/V.qux.
Q

Hence Ov = V.v € L*(Q) = L*(Q) that is O = div and O = ker(O). As consequence, it

follows that ||v|| aiv = ||V]|q = ||V]|o for v € O.

The existence and the uniqueness of the solution of the problem (4.12) is given by the

following theorem.

Theorem 4.2.1. [15]
Let H and Q be real Hilbert spaces, a a bounded bilinear form on Q x Q, b a bounded bilinear
form on Q@ X H, l; a bounded linear form on Q, ly a bounded linear form on H and N = ker(o)

where o0 s the operator defined by b. If
(i) the bilinear form a is N -elliptic,

(i1) the bilinear form b satisfies the inf-sup condition; that is there is § > 0 such that

b b
sup (v.p) > BlIp|lr2) or equivalently inf sup & > 8,
veo [|vlle reL?(@) veo |pllr20)|vllo
p#0 p#0  v#0

then there is an unique solution (x,y) € (Q x L*(Q)) for the problem:

a(x,w) +b(w,y) =hL(w) vYweQ,
b(x, 2) =lh(z) Vze L*Q).
Instead of using inf-sup condition (i) in the theorem, we rather use its equivalences in the

following Lemma.

Lemma 4.2.2. [15/
Let b be a bilinear form on Q x H and W its induced operator on Q to L*(Q). The following

statement are equivalent:
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(i) There exists > 0 such that

b(v,
sup 2P S il Vo € LA(Q).
¥l

veQ
v

(ii) The operator W*, the adjoint of W is an isomorphism from L*(Q) to ker(W)*, and
IW*(0)llo = BlIpllrae  Vp € L*(Q)
(iii) The operator W is an isomorphism from ker(W*)* into L*(Q)) and

IWW)llz2@) = Bllvlle Vv € ker(W)™.
(iv) The operator W : L*(Q) — Q is surjective.

The proof of theorem 4.2.1 and lemma 4.2.2 can be found in [15]. Now we let’s prove that

the mixed formulation 4.12 is well-posed, that is it satisfies the conditions of the theorem 4.2.1.

Proof.
(i) We assume that K=t is (L?(2))%elliptic that is there exist ap > 0 such that

K lv.v > alv]? Vv e (L*(Q))4. So we have
|A(v,v)| = \/K‘lv.v dz| > apl|v][§ = ao|[v|]g Vv e D.
Q

Hence the bilinear A defined in (4.12) is O-elliptic.
(71) Instead of using the inf-sup condition, we use condition (iv) in lemma (4.2.2).
So let ¢ € L*(f)), we consider the problem
—V.Vp=gqin Q
p=0onTp (4.18)
Vprv=0onTIy.

The primal variation formulation of problem (4.18) is: Find @ € Hj, = {p € H'(Q)|p =
0 on I'p} such that

A(p,w) = L(w) Yw € H&D, (4.19)

where A(p,w) = /ﬁw dr and L(w) = /qw dx (see 4.6-4.7). Similarly to the proof of the
assumptions made gn A, and D, previousgfy, we prove that A is a bounded bilinear form on
Hyp x Hyp and L is a bounded linear form on Hg ;. From the Lax-Milgram Theorem we
deduce that problem (4.19) has a unique solution p. Then defining v = —Vp, we have V.v = ¢;

that is v € Q. We conclude that the operator O = div is surjective. O
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4.3 Well posedness of parabolic initial value problem

In this section we are interested in looking for a more general solution since in limited cases,
separation of variable technique leads to classical solution (see [4] chapter 7 ). Considering

equation (2.16a), we have

8th(C) = (9ch3tC

where Och can be degenerate matrix. In the case it is non-degenerate, the equation (2.16a) can
be treated as in the case O¢h is an identity matrix. So we will consider in this work the simpler

case, that is:

0,C —V.(DVC —uC) = Q(C),
C= g1 on (O,T] X 8QD
DVC.v = g on (0,7] x 0Qy, (4.20c

C(0,x) =Co(x), x €. (4.20d

In this sketch of the weak solution to the problem (4.20a-4.20d), we consider the space
L*((0,T), V) where V is a space of functions on € that will be specified later. To deal with

the weak solutions, functions in L?((0,7), V) are treated as the following:

(i) For a fixed time ¢, C(t,.) is treated as parameter-dependent function in V.
(ii) For varying the time ¢, the function ¢t — C(¢,.) is a function valued mapping with range
in V.

In addition to the space V, we require that Cy € L?(Q) = L*(2). Now to put the problem (4.20a-
4.20d) in the weak formulation, we start by the Dirichlet homogeneous boundary condition on
['q. Hence the obvious choice of V is V = H}(Q) = {p € H'(Q)|vp = 0}. So we multiply
equation (4.20a) by a function ¢ € V|, fix the time variable and do integration by parts and we

get:

/Qthder/QDVC.qux—/QV.(uC)qu:/QQ(C)qu. (4.21)

We consider on H}(Q2) x H'(Q)o the bilinear form defined by

v

A(p,q):/QDVp.qux—/QV.(up)qu, (4.22)

associated with the operator

OC = —V.(DVC — uC). (4.23)
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In the homogeneous Dirichlet boundary conditon that leads to equation (4.21), we have
A(C,p) = (OC,p)o (4.24)

for all p € H}(Q) and C € D,,(0) = H(Q) N H*(Q). Hence the weak formulation of
the problem (4.20a-4.20d) in the homogeneous Dirichlet boundary condition case is: Find

% v

C € D,,(0) such that for all p € D,,(0)

(Ci, o + (OC, p)o = (Q(C), p)o,

(4.25)

The existence and uniqueness of the solution of system (4.25) within the semigroup framework
is based on operator’s theory. Here we give briefly some key concepts that are necessary for
this work. A complete understanding of operators and semigroups can be found in [6, 18, 19].
Let V be a Banach space. If for a linear operator O , —O is an infinitesimal generator of a
bounded analytic semigroup, and —O is invertible, the operator O is defined and is a closed
linear invertible operator for 0 < o < 1. The domain D,,(0%) =V, is dense in V', and endowed

with the norm ||z||, = ||O%z||v is a Banach space (see |18, Chapter 6|).

Theorem 4.3.1.

Let —O be an infinitesimal generator of a bounded analytic semigroup S(t) and —O invertible.
Let U be an open subset of Ry x V,, and assume that f : U — V 1is Hélder Lipschitz int € R,
and Lipschitz with respect to x € V,,, that is for (t1,x1) € U there is a neighborhood U C U of
(t1,x1) such that for every (t,x), (t',2") € U we have

I1f(t,x) — f(t',2)]| < L(|t = ¢']P + ||z — 2'||a), for some constants 8> 0 and L > 0.

Then the Cauchy problem

(4.26)
Y (to) = Yo,

has locally an unique solution Y € C([to, T), V) N CY((to,T), V) where T = T(ty, Yp).

For the proof of the theorem see (|18],Chapter 6). The unique solution can be extended to
the interval of time [0, 400) for some additional condition on the function f (see [18],Chapter

6, Theorem 3.3).

Remark 4.3.1.

From the semigroup theory, the solution of the Cauchy problem is in the form
t
Y(t) = SO)Y (to) + / S(t— $)f(s,Y(s))ds, t€ [to, T]. (4.27)
to

This solution is called a mild solution of the Cauchy problem.
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The remaining work is to prove that problem (4.25) lies in the framework of theorem (4.3.1).
Actually we will use a transformed problem that has the same solution. For that purpose we

need the following assumptions and theorem.

Assumption 4.3.2.

The nonlinear term Q(C) is continuous and satisfies the Lipschitz conditions of theorem (4.3.1).

Assumption 4.3.3.
The diffusion tensor D is symmetric and positive definite, and all its coefficients are bounded;

that is, D; ; € L>*(Q2), and there exists ky > 0 such that

d
S" DG = kilel, e R

ij=1
Theorem 4.3.4 (Garding’s inequality).
Under the assumption (4.3.3), there exists a constant ko > 0 such that

. k
Alp,p) + ollpllg = el (4.28)

Proof.

On the one hand we have

jl(p,p):/DVp.Vpdx—/V.(up)pdx
Q Q

> by [ [VoPde— [ Vifuppda
Q Q

> ka|pl§ — /QV-(up)pdw : (4.29)
On the other hand we have
/V up)pdx| = /Vup d:c—l—/qupdx
/Vup dx| + u.Vppdx
§/9|V.u\p2dx+ /Qu.Vppdx . (4.30)

Indeed V.u = f € L?(Q), u, Vp € (L3(2))? and |u.Vp| < |u||Vp|; we denote by M; = ||f]o
and My = ( / u? dx) * and by means of the Cauchy-Schwarz inequality, we get from (4.30)
Q

/ V. (up)pdz| < M lpl2 + / ul|Vpllp| de,
Q 0

< Milpllg + Ma|plulpllo- (4.31)
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Now we want to use Young’s inequality (see Chapter 3) for the term Ms|p|1||p||o. So we have

Mphllpllo = (Vilph ) (f—iupuo)

VElph) + 5 (S ls) (1.32)
<5( 16
Introducing (4.32) in (4.31) we get
1 2 1, M, 2
V.(up)pda| < Mil|plE+ 5 (Vialeh )+ 5 (5= lello) 4.33
| V-twmpds] < Milolf + 5 (VEleh )+ 5 (S22l (4.33)
Using (4.33) in (4.29) we get
v k M
Alp,p) > El\p!? (M + 5 )HpHo (4.34)
My  kq . . .
Taking kg = My + % —|— , we finally get the Garding’s inequality
1
121 2 ky 2 2 My k1 2
(p.p) + kollpllo = < [pli + Kollpllo — (M + 5 )Ilpllo 5 Il (4.35)
]

We now add koX to both sides of the equation (4.20a) to get a transformed problem that
we will refer to as (*). It is clear that the existence and the uniqueness of the solution of (*)
forces that of (4.20a-4.20d). In the problem (*), the right hand term Q(X) + koX satisfies
the same Lipschitz condition as Q(X) and the bilinear form flko associated with its operator

Ok, = O + koI is H'(Q)- elliptic. In fact we have

. < “ . k

Ak (p.1) = (Orop, p)o = (O + op. pho = Alp,p) + kol plls = = IIpIl7 (4.36)
From result (4.36), it follows that —Oy, is a sectorial operator on L(2) and then is the generator
of analytic semigroup (see [1]). As a consequence, the problem (*) has locally an unique solution,

and this implies that (4.20a-4.20d) also has locally an unique solution.



Chapter 5

Spatial discretization

After the investigation of some weak solutions of a PDEs in some Sobolev spaces, the next
step is to use some numerical schemes for their approximations. There are various numerical
schemes, and their choice depends in part on the type of PDE in consideration. For example,
an elliptic problem requires only spatial discretization while a parabolic problem requires both
spatial and temporal discretizations. Among the spatial schemes, the finite volume method
(FVM), finite element method (FEM) and finite difference method (FDM) are heavily used. In
this chapter we develop briefly two of those schemes.

In Section 5.1, we present finite volume method and a mixed-finite element method for
an elliptic problem, and in Section 5.2, we present the finite volume method for a parabolic

problem.

5.1 Elliptic boundary value problem

Elliptic problems need only spacial discretization. This entails dividing the physical domain
into cells that are usually called elements or control volumes, then the solutions of the
problems are approximated on each cell. With cells are associated some points usually called
grid points, nodes or centres. The cells together with the points are known as meshes. The
way of approximating a problem defines the type of mesh to generate and thus defines also
whether the method is FVM, FEM or FDM. Here we present the FVM with two-point flux and

a mixed finite element method.

35
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5.1.1 Finite volume method

The finite volume method is similar to finite element method but have an additional property of
local conservation of flux. In problems where discontinuities occur,the FVM can be used with a
suitable mesh while FDM is not appropriate (see [23]). These facts make FVM one of the most
used methods for the problems with conservation laws like fluid mechanics and heat transfer.
The following is the description of the FVM with two-point flux in the so called K-orthogonal

mesh.

Admissible mesh

Definition 5.1.1.

Let  be an open bounded polygonal subset of R?. An admissible finite volume mesh of Q, is
given by a family of open polygonal convex subsets of €2, denoted by M (called control volumes
or cells), a family of subsets of { contained on the hyperplane of R? denoted by & (elements
in £ are edges for d = 2 and faces for d = 3 of the control volumes) with strictly positive
(d — 1)-dimensional Lebesgue measure, and a family of points, denoted by P, satisfying the

following properties:

(i) The closure of the union of the control volumes is ).
(ii) For any I € M, there is a subset & of € such that O = I — I = U,eg,7 and € = U\ Er.

(iii) For any I,J € M with I # J, either IN.J = & for some o € & or the (d — 1)-dimensional

Lebesgue measure of 1N J is zero.

(iv) The set M is such that:
(1) The restrictions of f; and fy to each o € £ oy are continuous, where
Eext ={0 € &0 C N}, and for o C IN either 0 C I'p or o C I'y.
(2) The family of points P = (x1)7en is defined as x; € I (for all I € M), the strait line
from x; to o (0 € &) denoted by Dy, is orthogonal to o and x; # x; for I # J. We set

Toe =0 N Dig.

(v) For any 0 € Eu, let I be the control volume such that o € &, then there exists
Ty € 0N Dpy.
We associate with this definition the following notations. For o = I N J, dr, is the Eu-
clidean distance from x to o, Size(M) = sup{diam(I), I € M}, m(I) is the d—dimension

measure of I € M, m(o) is the (d — 1)-dimensional measure of o € £, and Eiyy = € — ey
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We highlight in the figure 5.1 two control volumes I and K among four control volumes

I,J,K and L.

a1

mier)

Figure 5.1: Admissible mesh

Discretization

We discretize over the mesh set up in the definition 5.1.1. The discretization consists of ap-
proximating the unknown (the pressure p) over each control volume a constant. For x;, and
z, we denote by pr and p, the approximations of p(x;) and p(z,) respectively, p; is taken as
the approximate solution over the entire control volume I and p, is just an auxiliary unknown
which does not appear in the final discretized equation. To get the discretized equation, we
integrate over each control volume the equation (2.15a) and we use the divergence theorem.
For a control volume I, we have

/V K(Vp+pg)) Z/K Vp + pg) - th,ds-/fdx (5.1)

oCol

where v, is the unit normal vector to o outward of I. Because of the symmetry of K, we

note that KVp - vy, = Ky, - Vp and we approximate Kv;, by Ky, at each point of o and

denote by K;, = |K;v;,|. We approximate /fdx by m(I)f(xr). Now the approximation of
I

/KVLU - Vpds is made as follows:
(i) For o C I'y, /KI/LJ -Vpds =m(o) fa(xy);

(i) For o C I'p, /Kw,a -Vpds = m(U)Kz,a—ﬁ(x;) — pl;
g I,0
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(iii) For o =1NJ, /KVIO. Vpds = m(o )Klapgd_pl
1,0

The local conservation of the flux across o implies that

/KVLJ -Vpds = — / Kv;, - Vpds;
that is,

m(o)K; 2P = —m(a)KJpz%. (5.2)
J,o

Solving for p, in (5.2) and using it in the first equation of (iii), we obtain

KI O'KJU
KI O'dJO' + KJUdIJ

/KVI,U-Vpdsz m(o) (ps — p1)-

Summing up on (i),(ii) and (iii), after approximations, the equation (5.1) is equivalent to

=S s —p) = Y mralfilwe) —pr) = Ym0 falws) = 3 m(o)Kpg - vi

o=InJ oCl'p oCl'n oCol
oCol oCoI
+m(I)f(xy), (5.3)
Ki.Kjo
where 77 ; = m(0) Lo, = m(a)i”” and I'p are

KI O'dJO' + KJO'dIO'
null if 97 N 9N = . Wr1t1ng the equation (5.3) for all the control volumes, we get a system of

equations that can be put in the following form:
M, P, = Fj, (5.4)

where M}, is a matrix whose coefficients are linear combinations of 77 ; and 77 ,, P, is the vector
of unknowns (approximated solutions over the control volumes), and Fj, the contributions from
the boundaries terms, the gravity terms and the function f. The subscript h denotes the size

of the mesh.

5.1.2 Mixed finite element method (MFEM)

The finite volume methods are not the only methods that have the property of local conserva-
tion. The mixed finite element methods have also that property. However, instead of computing
the approximation of one variable as do FVM, FEM, and FDM, it computes simultaneously
the approximations of a variable and its gradient. In cases where the gradient of a variable is

also relevant , MFEM gives a better approximation of the gradient [16, 21].
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Mesh

The meshes for MFEM are the same as those for FEM. Here we take a nondegenerate conforming
mesh from [4, 20, 22|. Let  be a bounded Lipschitz domain in R¢ with polygonal or polyhedral
boundary I'. We denote by P, any mesh on 2 of size h, consisting of d-simplices (polygons in

two dimensions, and polyhedra in three dimensions) satisfying the following:
(i) For any d-simplex I € Py, I # 0, I is closed, and Q = Urep, I
(i) For any two d-simplices I,.J € Py, 1N J = 0.
(ii) f o =1NJ, I,J € Py; then o is a full common face, edge or vertex for both I and J,

(iv) If o C INT, then 0 CT'p or o C T'y.
diam(7)

(v) There exists hy such that
PrI

< hg where p; is the radius of the largest closed ball

contained in I.

Discretization

Let H, — L*(Q) and Q) — Hon(div,Q) be finite-dimensional subspaces of L*(2) and
Hoy n(div, Q) respectively. Let N = dim(Qp), M = dim(Hp), {vin|1 < i < N} the basis
of @, and {g;, |1 <i < M} the basis of Hj,. We thus look for a couple (uy, pr) € Qn X Hy, such

that
A(uy, vi) + B(vi,pr) = Di(vn), Yvi, € Qp,

B(uthh) = D2(Qh)> vqh € Hh
where the bilinear forms A and B, and the linear form D; and D, are defined in Chapter 3.

(5.5)

We now define

a;; = A(Vin, Vjn), (5.6)
bij = B(Vin: ¢i), (5.7)
= D1(vin), (5.8)
= Ds(qin), (5.9)

and we denote by A, = (ai;), By = (bi;), f = (fi) and g = (g;). Writing u;, and pj, in their

basis

N
u, = E UiVih,
i=1
M
Dn = Zpi%'ha
=1
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and denoting (by abuse of notation) by u, = (u;) and p, = (p;), the system (5.5) can be put

in the matrix form
Apuy, + Blpy = g,

Byuy, = f,

(5.10)

or

A, BE| |u, L (5.11)
Bh 0 Pr f

The basis {gin|1 < i < M} are built using the FEM basis and the basis {v;, |1 < i < N} is
the Raviart-Thomas basis.

In fact, for £ € Ny let
Pr(Q2) :={L : Q2 — R| L is a polynomial and deg(L) < k}.
The Raviart-Thomas space on €2 of order £ is defined by
RT,(Q) = [Po(Q)]? + Pr(Q)z,

that is L € RTy(2) if only if there exist Ly, ..Lq € Pr(Q2) such that

We can see that RTy(Q2) C H(div,€2). Now a projection operator [ is used on RT(€2) to built

a finite-dimensional subspace @, of H(div,{2) (as it usually performed in FEM), such that

[1(0); € RT1)

for any d—simplex I and any L € RT(€2). The basis {v;, |1 <1i < N} is built by means of the
induced inner product on ;. More details on the discretization of MFEM and the construction

of the basis can be found in [15, 14, 16].

5.2 Parabolic initial value problem

Spatial discretization of parabolic problems is usually done using FEM, FVM or FDM. In this
section we present FVM scheme for diffusion-advection-reaction problems. We use the same

mesh presented in definition (5.1.1) but the only difference is that we replace the permeability
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tensor K by the diffusion tensor D. We consider the problem (4.20a)-(4.20d) and we integrate

(4.20a) over an arbitrary control volume I to obtain

/lath:c—/IV-(DVC) da:+/lu6dx:/IQ(C) dz. (5.12)

We perform the approximation of each integral on each control volume.

(i)

(i)

For the integral /V - (DVC) dx, we proceed as we did in the elliptic case. Hence the
I

vector [ / V- (DVC) dx} of the integrals on each control volume can be approximated
I IeM

by the terms

[/v ((DVC)de| =~ M,Ch+ ba(t), (5.13)

IeM

where M, is a matrix, Cj, is the vector of the approximations of the concentration at the

centre of each control volume, and by, is the vector of boundary terms.

For the integral /Q(C) dx,performing the approximation as in the elliptic case, the vector
I

[ / Q) dx} can be approximated by
I IeM

[ /1 Q(C) dx} = ltcn), (5.14)

For the integral / C dx we perform the following approximation:
I

C(ZL’[,t+ At) - C(x[,t)

/&C dx ~m(I) lim
I

At—0 At
CZC(ZL'[,t)
= N——7 1
(D)= (5.15)
Hence the vector [/@C d:v} ™ can be approximated by
I Ie
dCh
~V, 1 1
[ /] a,C dg:} =Vt (5.16)

where V}, is a diagonal matrix made of the volumes of the cells.

For the integral / uC dx we use the divergence theorem that yields
I

/uC de = Z u-vr,Cds. (5.17)
1 iat) i
We apply an upstream approximation to the term C. Considering two control volumes [

and J sharing the interface o, we approximate C on o by Cj if the fluid is flowing from 7
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Figure 5.2: Upstream

to J, otherwise we approximate it by C;.
For instance, considering the Figure 5.2 and denoting by C,, the approximation of the
concentration of the contaminant on ¢ by upstream technique, we have C,, ~ C;. From

an upstream technique, we can approximate the flux across o by,

u-v7,Cy = max(u-vy,,0)Cr + min(u - vr,,0)Cy, for o = I N J, (5.18)

u-v7,Co = max(u-vy,,0)Cr + min(u - vr,,0)C, for o C NN . (5.19)

Thus we have the approximation

uCdr ~ u - v ,Coyds,
/ S [uevmicos

eiate) i

= Z m(o)[max(u - vr4,0)C; + min(u - vr 4, 0)C/]

o=InJ
- Z m(o)[max(u - vy ,,0)Cr + min(u - vy ,,0)Cy]. (5.20)

ocCINon
The vector [ / uC d:zc} of the advection term on each control volume can be approximated

I IeM
as
[/uC d:c} ~ Nycp, + dp(t), (5.21)
I IeM

where N, is a matrix and dj, is a vector from the boundaries terms.
Summing up on the approximations done in (5.13), (5.14), (5.16), and (5.21), the spatial
descretization of problem (4.20a-4.20d) yields a system of ordinary differential equations that

can be put in the form

dc
d_h = UhCh + fh(t, Ch) = I‘h(t, Ch),
¢ (5.22)
ci(to) = co,

where U, = V,:l(l\/[h — Nj) and f, = V;l(qh + by, — dy). In some problems, the right-

hand side can be time-independent (for example in problems where the boundary condition is
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time dependent). In this case the problem is called non-autonomous. If the right-hand side is
independent of time, the problem is said to be autonomous. In that case the system (5.22) can

be put in the simpler form:

dc
— = Upep + fulcn) = ra(cyn),
— (5.23)
cn(to) = co-

After spatial discretization of a PDE we get a system of linear or nonlinear equations. A
natural problem we may encounter now is the existence and the uniqueness of the solutions
of those systems. Another problem that occurs is the convergence of the numerical schemes.
In this work we do not address those issues, we simply assume the existence of the numerical
solutions and the convergence of the numerical schemes. Those topics are mainly discussed in
[4, 14, 23]. For example in [23], it is proven that finite volume method with two-point flux

approximation have one order of convergence.



Chapter 6

Temporal discretization

The spatial discretization of time-dependent problems leads in some cases to a system of ODEs
in high dimension as shown in the previous chapter. The time integrators are used to the
resulting ODEs to obtain the fully discretized equations. However, some time integrators
perform better than others, depending on the type of the problem, in term of accuracy, efficiency
and stability.

In this chapter, we first give some definitions and then present some time integrators. More
precisely we will present some explicit methods, a semi-implicit method, the #—method, implicit

Runge-Kutta, Rosenbrock methods and some exponential time stepping methods.

Definition (Mesh).
Given an interval of time [0, 7], a mesh over the interval is a finite sequence 0 =ty < t; < ... <

tn =T. We set T = tz - ti—h 1= ]., .., n.

Definition (Stiff ODEs).

The definition of stiff ODEs is difficult to formulate clearly. In general, an ODE is stiff if
it contains some terms that vary rapidly, that is the magnitudes of some eigenvalues of the
Jacobian are very large. For a stiff problem, explicit methods do not perform well unless the

step size is sufficiently small. For example the problem

/
y =Fky,
(6.1)
Yo = 17
with exact solution y(t) = ¥, is stiff as reported in [36]. More details on stiff problems can be

found in [25].

Definition (Stability).

The stability of a time integrator gives information on how well it performs on the problem

44
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(6.1). After applying a time integrator, to this problem, we can obtain a scheme of the form

n+1 n+1 . .
y" = (¢(kT))" "y, if T is constant,
(6.2)
y" = ¢(kT)y" otherwise,

where ¢ is called the stability function of the integrator and y™ is the approximate solution

M 5y 0ast — +o0o for k € C with

at time ¢,. We note that the exact solution y(t) = e
|Re(k)| < 1.

The time integrator is said to be A-stable if it has the same behavior as the exact solution
for constant step size; that is for a fixed 7, y* = (¢(k7))"yo —> 0 as n —> oo. This only
happens if |Re(¢(k))| < 1. The set {k € C||Re(¢(k))| < 1} is called the stability region.

The method is said to be L-stable if it is A-stable and |¢(k)| — 0 as k — oc.

Definition (Accuracy).

The accuracy of a method is the rate of convergence of the numerical solution to the exact
solution. A method is said to be n—order accurate if the error E(7) (Error from discretization
in time) is of the form E(r) = C7", where C' > 0 and 7 is the maximum step-size of the

discretization.

6.1 Explicit Euler method and Runge-Kutta methods

6.1.1 Simplest Explicit Euler method

The oldest and simplest numerical integrator that has been successfully used for many non-stiff
problems is the forward Euler method. When applied to the problem (5.22), we get the fully
discretized equation of problem (4.20a)-(4.20d), which is

i =} + 1o (ta, C). (6.3)

The scheme (6.3) is only first order accurate for the problem (5.22). To obtain a higher order

of accuracy, explicit Runge-Kutta methods can be used.

6.1.2 Explicit Runge-Kutta methods (ERK)

The Runge Kutta methods have been constructed by Runge (1895) and Heun (1900) and finally

formulated by Kutta (1901) |36]. They are one-step methods with internal stages. An s-stage
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(ERK)for problem (5.22) is defined as follows:
CZ+1 — CZ —+ Tn Z blkn“ (64)
i=1
k.1 = rh(tna Cn)7
kn2 - rh(tn + CoTp, Cz + Tna21kn1>7

k.3 =r (tn + C3Tn, CZ + Tn<a31kn1 + a32kn2))

kns - rh(tn + CsTh, CZ + Tn(aslknl + as2kn2 + ...+ a(s—l)lkn(s—l)))'

The vectors k,,;, © = 1, .., s are called internal stages. The coefficients b;, ¢;, a;;, 7,7 =1, ..., s are

the coefficients that determine the methods and can be summarized in the so-called Butcher

tableau.
C1 0
Coy | 921 0
c3 | az azp 0 c| A
<
bT

Cs | Gs1  Qs2 Qs(s—1) 0

bl bg bs

Table 6.1: Butcher tableau (ERKM)

i1

The matrix A is a strictly lower triangle matrix, ¢; = Z a;j, and the coefficients a,; and b;
j=1

are given by the order conditions of . We do not give the order conditions here; these can be

found in [24].

Example 6.1.1.
An example of an ERKM of 4-stages is given by

1 1 1 1
Czﬂrl =cp + Tn(gkm + gan + gan + 6kn4)’

knl = rh(tna Cn)u
11
kn? = rh(tn + 57-71’ Cp, + §Tnkn1)a

1 1
kn3 = I'h(tn + 57'”, CZ + éTnk'rﬂ)a

kn4 - rh(tn + Thn,s C;LL + Tnkn3>‘
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This method is usually denoted by (RK4) and is of order 4. More details on this method
and its order equation can be found in |25, 36].

The major drawback of explicit methods is that they are unstable for stiff problems unless
the time step size is sufficiently small. Some methods that can be used for stiff problems are

presented in the next section

6.2 Semi-implicit method and #—methods

6.2.1 Semi-implicit method

The semi-implicit scheme for the problem (5.22) is given by

it = cp 4 7 (U™ + i (t, cpt). (6.5)
Rearranging (6.5) we get
it = (I —7,Up)(c) + T (tn, c})), (6.6)

where I is the identity matrix. This method is more stable comparing to Euler the backward
method that we have presented in the next subsection. There is only the need to solve a linear

system every time step. However the method is of order one accuracy in time [1].

6.2.2 Euler backward method and d—methods
Let 6 € (0,1]. The #—method for the problem (5.22) is given by

ct=cp+ 7, (9rh(tn+17 i)+ (1= O)ry(ty, CZ)) (6.7)

This method is implicit since we have CZH in both sides of the scheme. Every time step, we

need to solve a nonlinear system of equations, and Newton’s method is mostly used for that.

We note that for § = 1 we have the standard Euler backward method, which is

cZ“ = c} + Tarn(tnt1, CZ“). (6.8)

We can also note that for 6 = 1/2, we have the so-called trapezoidal rule given by

1 1
g =cp+ 1, (ﬁrh(tnﬂ, )t + §rh(tn, CZ)) (6.9)
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The major drawback of the #—methods is that they are of order one accuracy in time, except
for @ = 1/2 which is of order two. Furthermore, Newton’s iterations may not be convergent in
some circumstances where for example the first guess for Newton’s method is badly chosen. To
obtain higher order of accuracy and avoid Newton iterations, some other methods are proposed

in the next section.

6.3 Implicit Runge-Kutta and Rosenbrock methods

The main focus of this section is the Rosenbrock methods which are derived from implicit

Runge-Kutta methods. We present first the latter.

6.3.1 Implicit Runge-Kutta methods (IRK)

An s-stage implicit Runge-Kutta method applied to the problem (5.22) is given by
CZJFl — Cz + Tn Z blkn'w (610)
i=1

kni = rp(tn + ciTo, € + anknr + aiokno + ...+ aiskys), 1 =1, ., s.

The matrix A = (a;j)sxs is no longer lower triangular but rather a full matrix. More on this

method can be found in [25].

6.3.2 Rosenbrock type methods

Among the methods which are used for stiff problems, Rosenbrock methods are the easiest to
program. They replace the nonlinear system of equations by a linear system. In the literature,
Rosenbrock methods are referred to as linearly implicit Rung-Kutta methods, although they
are also called semi-implicit, generalized, modified, adaptive or additive Runge-Kutta methods.
Here we present the steps that lead to this class of methods. We start with the diagonally
implicit method scheme applied to the problem (5.22) that yields

( s
nt+tl _ _n
Ch = Cy + 7 E bzkm,
=1
knl =Ty (tn + C1Tn, CZ + Tnallknl

6.11
kn2 - rh(tn + C2Tn, CZ + Tn<a21kn1 + a22kn2))7 ( )

kns = rh(tn + CsTn, CZ + Tn(aslknl + as2kn2 + .+ asskns))a
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with its associated Butcher tableau

C1 | 411 0 s 0
Co a91 9292 0 0
C3 | @31 az2 A33 clA
<
bT
Cs as1 As2 e Ass
bl 62 e bs

Table 6.2: Butcher tableau (Diagonally Implicit)

Now we split the matrix A into two lower triangular matrices A = o + I" where o = (a;;)

i—1
is such that «;; = 0 for j >4, and I = (v;;) is such that 7,; = 0 for j > i. We set o; = Z Qj
j=1

and v; = Z%j‘ From table (6.2), we have ¢; = a; +7; and a;; = oy + ;5. For the i*"-stage
j=1
value 1 < i < s, we have, with the matrices o and T,

i—1

Kni = Th(tn + CiTn, Cp + T Y GijKnj + Tniikns) (6.12)
7j=1
i—1 7
- rh(tn + o; 7, + YiTn, CZ + Tn Z azgknj + Ty Z ’YZ]knj) (613)
p= =1

Instead of using Newton iterations to solve for k,; in the nonlinear equation (6.12), the clue
for Rosenbrock methods, is to linearize k,,; in the equation (6.13) with respect to ~; and I
However, in the linearization the exact Jacobians are replaced by the Jacobian at (t,,c}). This
approximation avoids the computation of the Jacobian at each stage; only one Jacobian is
computed at each time step and used for all stages of the time step. Hence the linearization
with the approximated Jacobian yields

i1 i
Kni = ri(tn + 04Ty + YiTn, € + Ty Z ik + 7, Z%‘jkng‘);
=1 =1
i1 i

~ I'h<tn + QGTy, CZ + Ty Z aijknj) —+ Tan Z %jknj -+ ”)/iTnI'nt@n, CZ), (614)
j=1 j=1

where J,, is the Jacobian of r; at (¢,,c}) and ry, is the partial derivative of r;, with respect to
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time. Rearranging equation (6.14), the s-stage Rosenbrock method is given by

S
1
CZJF = CZ + Th E bzknz
=1
i—1 i—1

(I - Tn’%z']n)km = rh(tn + ATy, CZ + Tn Z aijknj) + Tan Z ’Yijknj + /Yiannt(tny CZ)
j=1 j=1

(6.15)
Usually in the implementation of Rosenbrock methods on computers, we should avoid the

matrix-vector multiplication J,, Z’yijkm. Hence we introduce the variable k! . = 7, Z ViiKni
i=1 ‘
(see [25, 26, 36]). From this variable we have

K,; = —k’ Zk (6.16)

Vi

Introducing (6.16) in (6.15) leads to the mainly used Rosenbock scheme

n+1 _ Ch _i_TanZ -
(6.17)

1—1

i—1
1
— Jn)k, = I'h(t + oy iTn, Ch + — Z qU o 7-_ Z szk;] + 'Yz‘annt(tn7 CZ))
.

7j=1

I

TnYii

(

where (mq,..,ms) = (b1,..,bs)T7, (¢;;) = Q=al' and (8);; = =T"".

To get satisfactory accuracy in time integrations, constant time steps often turn out to be
inefficient. Time step control is then essential to improve the efficiency. The embedded formula
is mainly used in Rosenbrock schemes. It considers two Rosenbrock schemes of order p and p
with p = p — 1. To get the lower-order scheme, the coefficients b; are modified. Then the time
step T, = t,4+1 — ty, is chosen with respect to the norm of the difference cj — ¢j. Here we give

some examples of the Rosenbrock methods with an embedded methods.

Example 6.3.1.
We give a 2-stage method known as Ros2 and a 3-stage method referred to as Ros3p in |26, 40|,
and designed for nonlinear parabolic problems. They have order 2 and 3 respectively with

embedded methods. The schemes are given by

.
n+1
—ch+rn E m;k ni>

AZ—H - Ch + Tn Zmz ni) (618)

i—1 i—1
1

(7_ ~y - Jn)k, - rh<t + QG Ty, Ch + — Z Qz] Zﬁz]knj + Vzannt<tn7 Ch)

\ j 1
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The coefficients for Ros3p are in Table 6.3 and those for Ros2 are in Table 6.4. The order
conditions that lead to these coefficients can be found in [25, 26, 40].

v = 7.886751345948129¢ — 01

q21 = 1.267949192431123e + 00
qs31 = 1.267949192431123e + 00
g32 = 0.000000000000000e +- 00

P21 = 1.607695154586736e + 00
P31 = 3.464101615137755e + 00
P32 = 1.732050807568877¢e + 00

a; = 0.000000000000000e + 00
ap = 1.000000000000000e + 00
ag = 1.000000000000000e + 00

v1 = 7.886751345948129¢ — 01
Yo = —2.113248654051871e — 01
v3 = —1.077350269189626¢ + 00

my = 2.000000000000000e + 00
my = 5.773502691896258e — 01
ms = 4.226497308103742¢ — 01

my = 2.113248654051871e + 00
My = 2.000000000000000e + 00
ms = 4.226497308103742¢ — 01

Table 6.3: Ros3p coefficients

v = 1.707106781186547¢ + 00

¢11 = 0.00e + 00
g21 = 5.857864376269050e — 01
q22 = 0.00e + 00

B11 = 5.857864376269050e — 01
Ba1 = 1.171572875253810e + 00
Bas = 5.857864376269050¢ — 01

oy = 0.000000000000000e + 00
o = 1.000000000000000e + 00

v1 = 1.707106781186547¢ + 00
v = —1.707106781186547¢ 4 00

my = 8.786796564403575e — 01
mo = 2.928932188134525¢ — 01

my = 5.857864376269050e — 01
mg = 0.00e 4+ 00

Table 6.4: Ros2 coefficients

6.4 Exponential methods

Exponential solvers are not new in fact, but they have been regarded as impractical. Krylov
subspace approximations of the matrix exponential operator have been found useful in the
1980s. Since then a number of classes of exponential integrators have been implemented. Here
we recall that the exact solution of problem (5.22) within the analytic semigroup framework in

the interval [t,,, t,1] of time is given by
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cn(1) = e™Urc(t,,) +/ eIV, (c(s), s)ds, T € [tn, tns1]. (6.19)
0

As we cannot compute the integral term exactly, approximations are needed. Here we present

some of them.

6.4.1 Exponential Time Differencing (ETD)

The technique of ETD is to approximate f;,(cs(s),s) in (6.19) by a polynomial in the interval
[tn, tni1]. The simplest ETD, denoted by ETDI, is first-order accurate [28, 29] and is such that
f.(c(s), s) is approximated by fj,(c},t,) = f7. Applied to the problem (5.22), ETD1 yields

CZ+1 _ eTnUhCZ n /Tn e(T"_s)Uhf}?dSa
0
=e™Urey + U (e — ). (6.20)
The scheme (6.20) is commonly put in the form
cZ“ = cp + 71 (1 Up) (£ + Upcy), (6.21)

where ¢ is defined by
¢1(U) =U"" (¥ 1), if U is invertible,

0 i-1

901(U)=Z S otherwise.
il

i=1

To achieve a higher order of ETD, the approximation of f;(cp(s), s) uses information about fj,
at n'" and previous time steps, and hence this leads to a multi-step exponential method. An
arbitrary order of ETD can be found in [29]. The problem with ETD methods of high order
is that they are multi-step while only one value is available at the initial time. To avoid this

problem, exponential Runge-Kutta or exponential Rosenbrock can be used.

6.4.2 Exponential Runge-Kutta methods

Exponential Runge-Kutta methods are similar to explicit-implicit Runge-Kutta methods with
internal stages. A general scheme of s-stage of exponential Runge-Kutta for equation (6.19) is

given by

( S
czH = eT”Uth + 7, g b (1, Up) ",

=1

£ = £),(1,, + ¢;Tw, 1), (6.22)

S
; U nj
cp = e“Tm el + 1, E a;; (1, Up)E",

\ Jj=1
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where ¢;, b; and a;5, 1 < 4,5 < s are the parameters that determine the method. As usual,
these parameters are given by the order conditions [31, 30, 29, 24, 25]. The coefficients a;; and

b; are linear combinations of the entire functions ;. defined by

1 ek—l
or(z) = / U= —_qh k> 1.
0

kE—1
: . 1 :
The functions ¢y, satisfy ¢, (0) = i and the recurrence relation
or(2) — or(0 .
on() = BD =8O oy

z

The coefficients of the method have to satisfy the conditions

s

sz-(z) =pi(2), Y ai(2) = cipi(eiz), 1 <i < s. (6.23)

j=1
A rearrangement of (6.22) yields a simpler scheme [30, 32, 33|

( s
ot =cp+ 7 Y bi(rUR) (£ + Usel),

=1

f,ffi = £, (t, + cima, czi), (6.24)

C;Ln = CZ + T Z az’j(TnUh)(f:j —+ UhCZ).
\ J=1
Exponential Runge-Kutta methods can be implicit or explicit [31, 33]. In the case of explicit

methods, the scheme (6.23) reduces to

( s
cptt =+ 7 ) bi(rUn) (£ + Unch),

i=1

£ = £, (t, + i, €}, (6.25)

i—1
C;Ln = CZ + T Z aij(TnUh)(f:j —+ UhCZ).
\ Jj=1
Here we give an example of an explicit exponential Runge-Kutta method.

Example 6.4.1.
The simplest example is the method with one stage. From conditions (6.23), we have

(

by = 1,
c =0,
il = e,
\ £ =] = £,(t,, ).
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Hence the scheme is given by

i =l + a1 (1 Un) (£ + Upc)). (6.26)
Other examples of s-stage with s > 1 and high order can be found in [33].

The explicit exponential Runge-Kutta methods have been shown to be efficient for parabolic
problems that have small remainder, or when the remainder is bounded with respect to the
operator of the linear part. In our case, the remainder is f;, and the operator is Uj,. However,
these methods turn out to be inefficient in some problems. For instance, in the case in which the
numerical solution stays near an equilibrium point (e.g, a saddle point) of a long time problem,
the integrator is forced to take small time steps due to the stability requirements (see [32] and

references therein). Exponential Rosenbrock-type methods overcome this issue.

6.4.3 Exponential Rosenbrock-type methods (EROW)

The EROW methods are based on the continuous linearization on the ODEs along the numerical
solutions at each time step. Consider for example the autonomous version of the problem (5.22)
which is given by (5.23). The non-autonomous case can be recovered by some transformation
that we state later.

The linearization of (5.23) at ¢} yields

dc
—= = Jjen + galcn),
dt (6.27)
Ch(tg) = Cp
of or
where J} = U, + a—(j}(cﬁ) = 8—CZ(CZ) and g, (c,) = rp(cy) — Jicy.

When applied to the system (6.27), the explicit exponential methods yield the so-called
EROW given by

(

it = e+ T (TR R+ Tich),
=1

gr' = gn(tn + ¢iTa, 1), (6.28)
1—1
il =cp 47 Y ay(rIn) (g + Tpep).

\ Jj=1

The methods are fully explicit. The simplest of this method class is given in the following

example.

Example 6.4.2.

For s = 1 we get the simplest of EROW known as the exponential Rosenbrock-Euler method.
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Its scheme for the autonomous problem (5.23) is given by

ntl _ n P (gn L TRen
¢, = ¢, + Tupr1(Tad}y) (8L + Jhen), (6.29)
g, = gn(ch).

The exponential Rosenbrock-Euler method is computationally attractive. It is second-order
accurate and requires only one Jacobian computation per step. More details on EROW can be
found in [30, 32| and references therein.

To extend the scheme (6.28) to non-autonomous problems, we add the trivial equation

t" = 1 to the system (6.27), linearize the resulting system at (¢,,c}'), and then apply the

explicit exponential Runge-Kutta again.

6.4.4 Krylov spaces

In the exponential methods developed above, a;; and b;, 1 < 4,7 < s are linear combinations
of ¢r. The computation of (7, U,) for large systems of ODEs is a real challenge that made
exponential methods non-practical for a long time. The implementation of Krylov space ap-
proximations and other techniques like Léja point [28| boosted the use of exponential methods.
Here in this section, we only discuss Krylov space approximations.

For a given non-singular matrix U (in our case, U = U, or U = J}) of dimension d and a
given vector v € RY, the Krylov subspace method approximates ¢ (7,U) by an element in the

so-called Krylov space:

K, (aU,v) = span{v, (1,U)v, .., (T,LU)m’IV},
= span{v, Uv,.., U" v},
- Km(Ua V)a

= K, (6.30)

with an arbitrary m << d. The approximation is done by the projection of U onto an orthog-
onal basis V,,, = [vy, ..., Vy,] of the space K,,. The basis V,, is built in general by the Arnoldi
algorithm, using a modified Gram-Schmidt process. In the case where the matrix U is sym-
metric, the Arnoldi process can be replaced by the Lanczos process for computational savings.
Here we present the Arnoldi process; the details of the Lanczos process can be found in [34].
Algorithm: Arnoldi

1: initialize: vi = v/||Vv]|2

2: Iterate: for j=1,..,m do
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(a) Compute w = Uv;
(b) for i=1,...,j do
hij = (W, v;)
W =W — hij — hijvi
(©) by = lIwll2
Vit1 = W/hji1;.
The matrix H,, = [h;;] from the Arnoldi process is called the upper Huessenberg matrix. It

fulfils the relations |28, 34|

UV, = ViuHy + Bt Vi1 (677 (6.31)

vIuv,, = H,, (6.32)

where hy,11,, and v,,4; are recovered from the Arnoldi precess, and e]* is the first vector of
R™ standard vector basis.

The value ¢ (7, Uv) is then approximated by

Pe(1UV) 2 |[V] 2 Vins 100 (o L)€, (6.33)

where

_ H,, 0
H, = . (6.34)
0 . 0 hyprm O
What remains now is the computation of (7, H,,41). Since we have (z) = €* and

— 0 _
orr1(2) = M for z # 0, ¢x(mH,,11) can be recursively obtained once we find
z

e™Hmi1 The computation of e™™n+1 and the recursion formula can be found in [33].



Chapter 7

Numerical Simulations

After the development of the theories in the previous chapters, we present in this chapter a
series of simulations on two main problems. All the problems are two-dimensional. We use
FMV for spacial discretization for all the simulations and we use the implicit, semi-implicit,
Ros2, Ros3p and #-methods with # = 0.5 for temporal discretization. We also present the
relative errors of the temporal discretization. However, we do not run any simulation with the
exponential methods. A comparative work on the exponential methods and the methods we
use in our simulations can be found in [28].

The Chapter is structured as follows. We will first present two simulations. The first
simulation is a diffusion dominated advective and reactive transport problem in a heterogeneous
porous medium, and the second simulation is the corresponding convection-dominated. Finally
simulations on convection-dominated reactive transport are performed in homogeneous and
isotropic medium for both the permeability and the diffusion tensor, and in anisotropic medium

with heterogeneous permeability and constant diffusion tensor.

7.1 Transport in a heterogeneous porous medium

7.1.1 Problem setting

We consider the general cases set out in (2.15a)-(2.15d) and (4.20a)-(4.20d). Then we simplify
these general cases to some specific cases as follows. For the fluid velocity, we neglect gravity
and we assume that no fluid is released or consumed in the domain. Hence we get the resulting

system from (2.15a)-(2.15d),

a7
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-V.(K(Vp) =0, (7.1a)
u=-KVp, (7.1b)
p=/fionlp, (7.1c)

KVp-v=0onTIy,. (7.1d)

We assume that there is no contaminant at the initial time in the domain. The reaction

C
function is set to Q(C) = T5C Hence the model problem to be solved is given by

C

0, —V.(DVC —uC) = ¢ (7.2a)
C=g¢gy0n (0, 7] xIp (7.2b)

DVC.v =0on (0,7] x I'y, (7.2¢)

C(0,z) =0, z €. (7.2d)

As shown in the Figure 7.1, we scale the functions f; and g; to 0 and 1. For the sake of
simplicity, we take the permeability and the diffusion tensors to be diagonal in each control

volume. More precisely we take

10

K - dl 5 (7 3)
0 1
10

D == d2 y (74)
0 1

where d; and ds are positive real numbers.

7.1.2 Domain

In this section we consider the rectangular domain Q@ = ABCD (Figure 7.1) with AB = 10,
BC = 1. We set Neuman boundary conditions at Iy and 'y, and Dirichlet boundary conditions
at 'y and T'3. We use a structured mesh of 2400 rectangular control volumes. Each control
volume has as dimensions A, x A, with A, = 0.25 and A, = 0.016. We denote by v, and v,
the outward normal vectors to I'y and I'y respectively.

The domain is heterogeneous for the permeability tensor (Figure 7.2a) and homogeneous
for the diffusion tensor (Fig.7.2b) . In the Figure 7.2a, the permeability in the white regions is

one thousand times the permeability in the blue region.
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u-vy; =0 DVC-vy=0

Fl F?
P = p=>0

I Wep=0 DVC-vy=0 B =

Figure 7.1: Domain

For the convection dominated simulation, d; = 100 in the blue region and d; = 100000 in
the white blocks, while d, = 0.1 in the entire domain. For the diffusion dominated simulation,

dy; = 0.1 in the blue region and d; = 100 in the white blocks, and dy = 100 in the entire domain.

y

Y
D C D C

BXA_BX

(a) Heterogeneous permeability (b) Homogeneous diffusion

Figure 7.2: Permeability and Diffusion tensors

7.1.3 Simulations

We run the simulations for the advection dominated and diffusion dominated cases. The stream-
lines and the velocity field are shown in the Figures (7.3a, 7.3b) in the both cases. The fluid
mostly passes through the high permeable region (two white blocks in the Figure 7.2a). But
this does not mean that the fluid does not passe through the other regions. As shown by the
velocity field in the Figure 7.3b, the fluid flows through any region of the medium but at a

different velocity.



CHAPTER 7. NUMERICAL SIMULATIONS 60

(a) streamlines (b) Velocity field

Figure 7.3: Streamlines & Velocity field

For the propagation of the contaminant across the region, we run the simulations on the
interval of time [0, 1], and we compare the concentrations of the contaminant at times ¢ = 0,
t=0.25,t=05and t = 1.

For the diffusion dominated case, the propagation of the contaminant is uniform. This is due
to the fact that the diffusion tensor is uniformly distributed in the domain. For the advection
dominated cases, the contaminant moves rapidly through the region with high permeability.

This is due to the fact that the contaminant is driven by the fluid in motion.

0.4 0.5 09 0.8
08 0.6 [k} 0.6
0.7 0.4 07 0.4

06 0.2 0.8 0.2

04 102 04 02
03 0.4 03 0.4
02 oG 02 06

01 0.8 0.1 0.8

(a) Diffusion dominated (b) Advection dominated

Figure 7.4: Concentration at time t =0

We take as exact solutions for both simulations (diffusion dominated and advection domi-
nated), the solutions with constant time step 7 = 1/4000 for all the time integrators. We then
run the simulations with different constant time steps and we compute the relative L? error

at the final time ¢ = 1. We plot the rate of convergence of each time integrator in the Figure
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Implicit, t= 0.025
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Figure 7.5: Concentration at time ¢t = 0.1
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Figure 7.6: Concentration at time ¢t = 0.5
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Figure 7.7: Concentration at time t = 1
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7.8. We notice that the orders of convergence in both simulations for each time integrator are
roughly the same.
We observe an order of convergence of 1.21 for both implicit and semi-implicit methods, an

order of convergence of 2.00 for Ros2, 2.06 for the 8 —method with # = 0.5 and an order of 2.87

for Ros3p.
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Figure 7.8: Convergence accuracy

7.2 Transport in anisotropic and isotropic media

7.2.1 Problem setting
We consider again the problems (7.1a)-(7.1d) and (7.2a)-(7.2d) with some changes. For an
isotropic medium, the permeability tensor on each control volume is of the form

0
01

K:dl

while for an anisotropic medium, the permeability tensor on each control volume is given by

1000 0O
— W2 9

0 1

where d; and ds are positive real numbers. That is the permeability tensor in the z-direction is
one thousand times the permeability in the y-direction for the anisotropic case. The diffusion

tensor has the same form as the permeability tensor in the isotropic medium, that is

D =d;
01
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For isotropic flow, we set d; = 1000 and d3 = 1, while for anisotropic flow, we set do = 10 and

dy = 1.

7.2.2 Domain

In this section we consider the square domain Q@ = ABCD (Figure 7.1). The domain has
dimensions AB = 5, BC' = 5. We set Neuman boundary conditions at I's and I'y, and some
parts of I'y and I's. Only some parts of the boundary around the vertices A and C' are set to
Dirichlet boundary conditions as shown in the figure. We use a total number of 2500 rectangular

control volumes. Each control volume has dimension A, x A, with A, = 0.02 and A, = 0.02.

C=0
p==0

Figure 7.9: Domain

7.2.3 Simulations

In this section we run simulations for the isotropic and anisotropic media. The streamlines are
shown in the Figure 7.10. For the isotropic medium, the streamlines are symmetric about the
diagonal line AC. These properties are also shown in Figure 7.11. However, the velocity field
varies in the different region of the domain.

The spread of the contaminant follows mainly the path of the flows since the problems
are advection dominated. We run the simulations over the interval [0, 1], and we compare the
concentrations of the contaminant at times ¢ = 0.0, t = 0.1, t = 0.5 and t = 1.

In the isotropic medium, the contaminant moves uniformly in  and y—directions, while in the
anisotropic medium, the contaminant moves rapidly in the z—direction and roughly uniformly

in the y—direction.
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(a) Isotropic medium (b) Anisotropic medium

Figure 7.10: Streamlines
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Figure 7.11: Velocity fields
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Figure 7.12: Concentrations at t =0
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Figure 7.13: Concentration at ¢t = 0.1
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Figure 7.14: Concentration at ¢t = 0.5
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Figure 7.15: Concentrations at ¢t = 1
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Here again as in the previous Section, we take as exact solutions, the solutions with constant
time step ¢ = 1/4000. We then run the simulation for different times and we compute the L?
relative errors at the final time ¢ = 1. We also plot the relative errors for each time integrator in
Figure 7.15. We note that the orders of convergence in both simulations for each time integrator
are nearly the same.

We observe an order of convergence of 1.09 for both semi implicit and implicit methods,
2.03 for the 6—method and 2.02 for Ros2. But unexpectedly, we observe an order reduction for
Ros3p, which is 2.38.
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Figure 7.16: Error

For the parabolic problems, the fully discretized equations bear two type of errors, the error
from space discretization and the error from time discretization. We made some brief comments
on those errors in the previous chapters.

Several authors worked on the combination of the two errors. Recently it has been proven
in [41] that the error of the fully discretized parabolic problems using FVM with two-point flux

approximation and the ETD1 with constant time step is of the form

| e(tn) —ci lon< B(]] co — con [fon +7 4 h), (7.5)

where ( is a constant depending on the parameters of the problem and || . ||o is a norm defined
in [41]. A similar work with FEM and Rosenbrock type integrators can be found in [40], and
with FVM and the §—methods can be found in [4].
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Conclusion

In this thesis we have considered some simple model of fluid flow and transport in porous
media. The model is formulated using the laws of conservation of momentum and mass as the
total energy is assumed to be constant. More precisely, we have established one phase flow
of incompressible fluid which is an elliptic PDE, and transport equation of a contaminant due
by advection, diffusion and reaction processes, which is a parabolic PDE. Standard variational
formulation and mixed formulation of the elliptic PDE have been used to ensure the existence
and uniqueness of the pressure and Darcy ’s velocity, while the semigroup theory has been used
to ensure the existence and uniqueness of the transport equation.

Afterward we have presented some numerical schemes to approximate the pressure/ Darcy’s
velocity, and the solute concentraction in transport equation. More precisely, we have presented
finite volume method with two-point approximation and mixed finite element for spatial dis-
cretization of the elliptic PDE, and the finite volume method combined with implicit methods,
Rosenbrock methods and exponential methods for temporal discretization of the transport
equation.

Numerical simulations with diffusion-dominated and advection-dominated problems in het-
erogeneous media have been performed. We have compared the order of convergence of different
time integrators. We have found that standard semi-implicit scheme and implicit method are
order one in time, Ros2 and the §—methods with § = 1/2, are order two in time while Ros3p
is order three in time.

We also have ran advection-dominated problem in both an anisotropic and an isotropic
media. In both simulations, we found similar order of convergence for standard implicit and
semi-implicit methods, the §—methods with § = 1/2 and Ros2 as in the previous two simu-

lations. Nevertheless, unexpectedly the order for Ros3p dropped to two in both simulations.

67
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We do not know the causes of this reduction of the order, but we remark that there is a great
difference between the boundary conditions for simulations in Section 7.1 and Section 7.2.

This work can be extended in many ways. Here we mention very few. Firstly, we can
investigate whether the boundary conditions participate in the reduction of the order for Ros3p,
and if so check whether they are the sufficient conditions for this phenomena as we know that
boundary conditions are very important when dealing with PDEs.

Another possible extension of this work is to deal with the case where the reaction term
is a discontinuous function. In this case, the discretization leads to a system of discontinuous
ordinary differential equations . We may now use adequate time integrators or schemes designed
for this type of problem.

Finally, the time integrators we used in our simulations including the exponential methods
are mainly used for transport problems in porous media. There are also well designed Rosen-
brock method for Partial Algebraic Equations (PAEs), especially when the matrix d¢h(C) is
degenerated; this type of problem occurs sometimes in subsurface reservoir simulation. How-
ever, well designed exponential methods for PAEs are not yet available. This also can be on of

our future work.
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Appendix

(General notations

N={1,2,3...}
Ny = {0,1,2,3...}
QCR?

oN=rT
oNp=Tp

My =Tn

1%

deN

= (T1,..,2,)

a=(ay,...,aq) € NG

E)
On f = 55

op oy
05 f = 5o o
o, u

suppu

Vu = (0p,u, ..., Op,u)

V.q=div(q) = 0zyq1 + ... + 02,q4

VW = VW, + .. + vqWwyg

D(Q)

O a ® %
I
=R

natural numbers set

an open bounded domain
boundary of €2

Dirchlet boundary
Neumann boundary

unit outward normal to I’

dimension of the domain 2

‘Oé’ =1+ ... tag

i=1,2..4d

outward normal derivative of u

support of u

space of test functions on {2
generic viscosity

generic permeability tensor

generic diffusion tensor
Darcy’s velocity
generic operator

the domain of operator O
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Notation on spaces

LP(2) :{u:Q—>R‘/]u\p<oo, 1 <u< oo}
L(Q) :{u:Q—>R‘]uS\)<oo ae. in Q)
\% generic vector space, Banach space or Hilbert space
\% topological dual of V
A\ orthogonal of V
Hy ={ue H(Q)|u=0onT}
Hop ={ue H(Q)|u=0o0nTp}
Hon ={ue H'(Q)|d,u=0o0n Ty}
H(div,Q) = {ge (LAQ)"] div(g) € (L*(€))"}
Hon(div,Q) = {q € H(div, Q)|q-1/:00n 'y}
lq] (q1+ +q2,) q=(q1, - qn), mEN, ¢ : Q2 =R
U] p /\8" |pdx semi-norm on LP(2)
la]=m
|-lom = !m2
||| m.p / |8au|pd:v norm on H™()
jal<m
1B1R% norm on the space V
{(,)o scalar product on L*(Q)’, x L?(Q)
() scalar product on HY x H*
I-1lo = [|.llo2 norm on L?(Q) induced by (,)
I-1l1 =||./l1.2 norm on H' induced by (, ),

=

|lallaiv = (\Q|(2)72 + ’diV(Q)%g) norm on H(div, )
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