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Abstract The gluon radiation spectrum of a classical par-
ticle struck by a sheet of colored glass, is a key ingredient
in understanding the distribution of energy and baryon den-
sity in the fragmentation region, particularly in the initial
stages of heavy ion collisions. However, the currently known
classical spectrum has a troublesome high-momentum tail
(Kajantie et al. in Phys. Rev. D 100(5):054011, 2019;
Phys Rev D 101(5):054012, 2020). By comparing tree-level
bremsstrahlung of a spin-less quark to the above-mentioned
known result, we propose an interpolating formula that takes
into account the recoil of the struck particle, and therefore
produces the correct perturbative behaviour at high momen-
tum of the radiated gluon.

1 Introduction

In the context of developing a description of the early stages
of heavy-ion collisions, great success has been achieved by
describing the initial condition of the collision in terms of
the Color Glass Condensate (CGC), followed by a highly
coherent phase of matter (called the Glasma), which produces
rapid thermalization to the Quark Gluon Plasma [3,4]. The
CGC (and subsequent Glasma) picture relies on the realiza-
tion that the density of gluons in a boosted nucleus becomes
so large that their transverse separation becomes negligible.
Traditionally, this high density of charges is then used to
motivate a separation of degrees of freedom that allows one
to consider a classical evolution of the small-x modes in the
presence of static large-x color charges. Here, the density of
color charge is very high, so for sufficiently low transverse
resolution, one observes the charge as classical, i.e. belong-
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ing to a high-dimensional representation of the color group
SU (3).

The picture described above can be carried over to under-
stand the fragmentation region, that part of phase-space in
which the fragments from a collision have rapidity similar to
that of the initial projectile or target [5–7]. In a heavy-ion col-
lider experiment, the fragmentation region corresponds to the
very far forward (or backward) region and may offer access
to higher density regions of the quantum chromo-dynamical
(QCD) phase diagram [8,9].

A few years ago, McLerran set forth an interesting pro-
gram to calculate properties of matter produced in the frag-
mentation region in a manner that generalizes the notion of
the Glasma to include finite (net) baryon density [10]. Impor-
tant first steps were taken by Mclerran et al. [9] in calculating
the space-time evolution of baryon density, then by Kajantie
et al. [1,2] in calculating the resulting gluon radiation clas-
sically. The latter result (hereinafter “the classical result”)
is rather remarkable and elegant. However, the authors high-
light that the result is only valid in the kinematic region where
the recoil of the struck quark may be neglected. Indeed, it
does not reproduce the perturbative ∼ 1/k4

T behavior at large
gluon transverse momenta kT (cf. [11]). In this paper, it is our
intention to offer a remedy to the aforementioned shortcom-
ing, in the form of an interpolating formula which is readily
useful for phenomenology.

The literature on gluon radiation, both classically and in
perturbative QCD, is extensive, but traditionally deals with
computations in the lab frame (see for example [12–14], at
NLO [15–17], and references in [1,2]). Extending such cal-
culations to the target’s fragmentation region by boosting
the kinematics is not straightforward. We do not attempt that
here, but instead remain in the target’s rest frame as done
by Kajantie et al. . When studying the space-time evolution
of energy and the matter formed in the target fragmentation
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region, it can be very helpful to work in the rest frame of
the target; it is in this frame that one can clearly understand
baryon compression, as well as baryon stopping power in
terms of the saturation scale Qsat [1,5–10,18].

The way in which we arrive at our result builds on the
work done in [19], wherein it is observed that it is also pos-
sible to compute an “analogue” to the classical result in per-
turbative QCD (pQCD) (hereinafter “the pQCD result”) in
order to account for the recoil of the struck quark. This was
done in the hope that a comparison with the classical result
would allow one to write down an ansatz for the spectrum
of gluon bremsstrahlung that is able to both describe the
non-perturbative physics of interactions encompassed in the
framework of the Color Glass Condensate (CGC) [7,18,20],
and produce the correct perturbative behaviour in the high
momentum (of the radiated gluon) limit. Unfortunately, the
inclusion of the physics of spin in the pQCD result [19], in
addition the the fact that the pQCD result is presented at the
level of the amplitude squared, obscures any such attempt at
comparison.

We solve the problem of reconciling the discordant known
perturbative and non-perturbative (classical) results by mak-
ing a pQCD-inspired modification of the classical result. In
order to see more clearly the relationship between the clas-
sical and pQCD results, we make two simplifications to the
pQCD calculation of [19], both of which bring the quark
closer in nature to the classical point particle studied by
Kajantie et al. [1,2,21]: first, we remove the quark’s spin from
the problem. Secondly, we treat the quark’s color charge as
classical (i.e., commuting). We are thus led to study, pertu-
batively, gluon bremsstrahlung in scalar QCD in the limit
of classical color charge (we will make this statement more
precise in Sect. 2.2 and Appendix A). The result (hereinafter
“the scalar result”) takes a simple form at the amplitude level,
and is therefore easy to compare with the classical result, even
at the level of the cross-section. We argue that one may sim-
ply adjust the form of the classical result to match that of the
scalar result. What one is left with is then an ansatz for gluon
bremsstrahlung in the fragmentation region (hereinafter “the
ansatz”) that is able to fully take account of non-perturbative
interactions, but also produces the correct high-frequency
limit. That is, the low-frequency limit of our ansatz is pre-
cisely the classical result, while the high-frequency limit falls
off in the expected way as ∼ 1/k4

T . This paper formalizes
the proffered solution and carefully explores the relevant lim-
its. We also offer a physics interpretation of the connection
between the classical result and the ansatz.

What we achieve in the end is a generalisation of the gluon
radiation spectrum calculated by Kajantie et al. ,to include the
effects of the particle’s recoil.

This paper is organised as follows: we start by reminding
the reader of the classical result and its properties in Sect. 2.1.
We will then present the calculation of bremsstrahlung in the

fragmentation region within the context of a scalar field with
classical color charge in Sect. 2.2. In Sect. 3 we present an
ansatz for gluon radiation in the fragmentation region by first
reformulating the classical result in Sect. 3.1 and then use the
scalar result to inform a modification to the classical result
in Sect. 3.2. In Sect. 3.2 we also spend some time discussing
the ansatz before making concluding remarks in Sect. 4.

2 Bremsstrahlung in the fragmentation region

2.1 Striking a classical color charge with a sheet of colored
glass in the no-recoil approximation

The distribution of gluon radiation from a classical point
particle struck by a sheet of colored glass (representing the
nucleus A, associated with a strong background Yang-Mills
field Aμ), schematically given by the following process:

A + q(p) → X + q(p′) + g(k), (2.1)

has recently been derived in two papers by Kajantie et
al. [1,2], and is given by,1

dN

dyd2kT

∣
∣
∣
∣
Cl.

= g2CF

16π3 4
∫

d2h

(2π)2 S̃(k − h)

×
[

Mi
Cl.,bulk + Mi

Cl.,brems

]2
(2.2)

where

Mi
Cl.,bulk = hi

h2
T + 2(k−)2

− ki

k2
T + 2(k−)2

, (2.3)

Mi
Cl.,brems = ki

k2
T + 2(k−)2

− ki − ξp′i

|k − ξp′|2 + ξ2m2 . (2.4)

In Eq. (2.2), S̃(k−h) is the Fourier Transform of the two-
point correlator of two Wilson lines and carries the physics of
the scattering of the quark and the projectile nucleus.2 The
radiated momentum relative to the final momentum of the
struck quark is described by the fraction ξ = k−/p′−. The
momentum h arises as a subtlety of convoluting two Fourier

1 Other bremsstrahlung calculations (for eg. in both the classical and
quantum treatments of electrodynamics [22, Ch. 6] [23, Ch. 1-3-2], as
well as the result presented here in Eq. (2.20), have an additional factor
of 1

2 . There appears to be a typographical error in the final result given
in Eq. (53) of [2], which should have 4 on the right-hand-side instead
of 2. This may be seen by substituting Eqs. (A13) and (A19) into the
unnumbered equation between Eqs. (52) and (53) of [2].
2 Kajantie et al. employ the approximation of the McLerran–
Venugopalan (MV) model which will lead to a Gaussian expression
for S(x − y) [20,24].

123



Eur. Phys. J. C           (2023) 83:886 Page 3 of 11   886 

transforms and will not play an important role in the present
work.

The calculation of pQCD bremsstrahlung in the fragmen-
tation region has been performed [19] and shows that, as is the
case in QED, the gluon multiplicity distribution should fall
off as 1/k4

T for large gluon transverse momentum kT . The
classical result quoted in Eq. (2.2), calculated by Kajantie
et al. [2], does not display this expected 1/k4

T behavior at
high kT , but instead follows a 1/k2

T fall-off throughout. Of
the two contributions to their result MCl.,bulk and MCl.,brems,
the culprit for the undesired behavior is the bremsstrahlung
termMCl.,brems. Kajantie et al. argue that this is because their
formulation cannot take quark recoil into account.

One might argue that there is no reason to believe that
the complicated non-perturbative interaction considered by
Kajantie et al. should preserve the 1/k4

T behaviour; However,
it must be true that, in the limit that the background field is
weak, one must recover the known perturbative result.

In order to incorporate the physics of the recoil, the cor-
rect problem to study is bremsstrahlung in “classical” scalar
QCD.3 The spectrum for gluon bremsstrahlung in classical
scalar QCD will allow us to quantify the recoil that the fully
classical result is unable to. We will then be in a position to
suggest a formula for the spectrum of gluon radiation in the
fragmentation region that holds more generally, and reduces
to the classical result in the no-recoil approximation.

2.2 Fully perturbative bremsstrahlung by spin-less classical
quarks

We consider a quantum field theory which contains a com-
plex scalar field and a gauge field, both with classical color
charge. We develop the notion of a classical color charge
formally in Appendix A, but in practice the term “classical
color charge” means that the generators {T a}i j of the rep-
resentation commute. Such a theory is then a classical and
scalar version of QCD, and we will henceforth refer to it as
the “scalar theory”.

The relevant Feynman rules of scalar QCD are described in
Appendix B and given there in Fig. 3. The relevant diagrams
for bremsstrahlung at tree level are shown in Fig. 1. We will
compute the diagrams in Fig. 1 using the kinematics that are
relevant in the fragmentation region [19]: We will compute
the bremsstrahlung resulting from the collision between a
‘quark’ (scalar field) with very high momentum P colliding
with a stationary ‘quark’ with four-momentum p. We will
take the momentum of the lower line P to be the largest
scale in the problem. Starting with the diagrams in Fig. 1,
some algebra will show that the correct kinematics are (in

3 By classical scalar QCD we mean QCD with spinless quarks and
classical (commuting) color charge, see Sect. 2.2.

light-cone coordinates xμ = [

x+, x−, x
]

)

pμ =
[
m√

2
,
m√

2
, 0

]

,

p′μ =
[

ξm2⊥
2k− ,

1

ξ
k−,q − k

]

,

Pμ = [

P, 0−, 0
]

,

P ′μ = [

P − q+, 0−,−q
]

,

kμ =
[
k2

2k− ,
m√

2

ξ

1 + ξ
,k

]

,

qμ =
[

p′2⊥ + m2

2m
(1 + ξ) + k2

2k− − m√
2
, 0−,q

]

. (2.5)

As usual, in light-cone gauge the polarization vectors must
obey ε(k) ·k = 0 and n ·ε(k) = 0. Thus, the two polarization
vectors ε

μ
λ=1,2 may be chosen using the standard transverse

basis {ê1 = (1, 0), ê2 = (0, 1)} so that:

ε
μ
λ=i (k) =

[
ki

k− , 0−, êi

]

, λ = 1, 2. (2.6)

One may check that Eq. (2.6) satisfies the conditions ε(k)·
k = 0 and n · ε(k) = 0 using the light-cone metric which
defines the dot product a · b = a+b− + a−b+ − a · b.

The three-gluon diagram (diagram (d) in Fig. 1) is sup-
pressed because it is proportional to a commutator of the
generators. Therefore, the scalar result, at the level of the
amplitude, is given by

MSc. = ε∗
μ(λ)

(k)Mμ
Sc. , (2.7)

Mμ
Sc. = − g3

q2⊥
P(T b)mn

{

T b, T a
}

i j

×
[
(2p − k)μ

2p · k (p′ + p − k)−

− (2p′ + k)μ

2p′ · k (p + p′ + k)− + 2gμ−
]

. (2.8)

This amplitude is the main ingredient in getting to a mul-
tiplicity distribution that takes into account the recoil of the
quark.

It is interesting to compare the expression in the square
brackets in the above Eq. (2.7) to the well-known4 current
associated with classical bremsstrahlung of a charged particle
kicked from initial momentum p to p′:

Jμ(k) ∼ pμ

p · k − p′μ

p′ · k . (2.9)

4 See for instance [25], and, in the present context, Eq. (86) of [1].
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Fig. 1 Tree-level diagrams that
contribute to bremsstrahlung in
a scalar field theory

In both Eqs. (2.7) and (2.9), the first and second terms cor-
respond to the diagrams in which the bremsstrahlung gluon
is radiated before and after the collision respectively. In the
first two terms of the fully perturbative, scalar result of Eq.
(2.7), the numerators have two components: (1) the average
of the momentum of the upper quark before and directly after
radiating the gluon, and (2) the sum of the “−”-momentum
of the upper quark before and directly after the collision. The
classical result in Eq. (2.9) has the exact same two contribu-
tions to the numerators of each term, but is derived in the
kinematics that the incoming and outgoing upper quark have
the same momentum. That is, the classical result assumes
(i) no recoil, and (ii) low frequency emission, or small k.
Assumptions (i) and (ii) imply that (1) is given simply by
the incoming or outgoing upper quark momentum respec-
tively, and (2) is factored out in Eq. (2.9). Analogously to
[25], assumption (ii) of the classical result then also explains
why the third term of the scalar result does not have a coun-
terpart in the classical result: In the limit that k is small, the
first two terms of Eq. (2.7) have small denominators, making
them large relative to the third term.

We would now like to compute the gluon multiplicity dis-
tribution. A careful derivation of the expression we will use
below in Eq. (2.10) appears in Appendix C. The derivation
follows the procedure introduced by [26] in which the Born
cross section (for the same process without radiation) is used
to normalize the cross section before careful evaluation of the
phase-space integral. The resulting expression is as follows.

dN

dyd2kT

∣
∣
∣
∣
Sc.

= 1

2

1

(2π)3 (1 + ξ)
|MSc.|2

|MSc., Born|2 (2.10)

The appearance of the factor of (1 + ξ) is crucial.
We will now use Eq. (2.7) to calculate the gluon multi-

plicity distribution in Eq. (2.10). To do so we also need to

calculate the Born amplitude, given by

MSc., Born = g2

q2⊥
2
√

2mP(T a)i j (T
a)mn . (2.11)

Summing over final states and averaging over the initial,
we get the following results for the amplitude-squared

|MSc., Born|2 = g4

q4⊥
8m2P2C(R)2(N 2

c − 1)

d2
R

, (2.12)

|MSc.|2 = g6

q4⊥
P2

∑

λ

4C(R)2CR(N 2
c − 1)

d2
R

×
∣
∣
∣
∣

4 ελ · p
2p · k p′− − 4 ελ · p′

2p′ · k (p′− + k−)

∣
∣
∣
∣

2

.

(2.13)

Comparing Eqs. (2.8) and (2.7) to Eq. (2.13) above, it
appears as though we have omitted the term proportional
to εμgμ−. Indeed, this is simply equal to ε−, which van-
ishes by our choice of polarization vectors in Eq. (2.6).
We have also made use of the kinematics of the problem
(Eq. 2.5) to make the replacement p− → (p′− + k−). Here
R denotes a representation with dimension dR , chosen to be
large enough that the generators essentially commute. We
denote the normalization of the inner product by C(R), that
is, Tr(T aT b) = C(R)δab;CR denotes the quadratic Casimir
defined by T aT a = CR1.

The gluon multiplicity distribution is given by Eq. (2.10):

dN

dyd2kT

∣
∣
∣
∣
Sc.

= 1

2

1

(2π)3 (1 + ξ)
g2CR

2m2

∑

i

×
∣
∣
∣
∣

4 εi · p
2p · k p′− − 4 εi · p′

2p′ · k (p′− + k−)

∣
∣
∣
∣

2

. (2.14)
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We can use the following identities

εl · p = 1 + ξ

ξ
kl , (2.15)

εl · p′ = 1

ξ

(

kl − ξp′l) , (2.16)

2p · k = 1 + ξ

ξ

(

k2
T + 2(k−)2

)

, (2.17)

2p′ · k = 1

ξ

(

|k − ξp′|2 + ξ2m2
)

, (2.18)

p′− = 1

1 + ξ
p− = 1

1 + ξ

m√
2

, (2.19)

derived from Eqs. (2.5) and (2.6), to rewrite Eq. (2.14) as

dN

dyd2kT

∣
∣
∣
∣
Sc.

= g2CR

16π3 4
1

1 + ξ

×
∣
∣
∣
∣
∣

ki

k2
T + 2(k−)2

− (1 + ξ)
ki − ξp′i

|k − ξp′|2 + ξ2m2

∣
∣
∣
∣
∣

2

.

(2.20)

Equation (2.20) is the main result of this paper. It is the
lowest order perturbative contribution to gluon bremsstrahlung
and includes quark recoil. The ratio ξ = k−/p′− that features
above is a good measure of quark recoil, and we will show
how one recovers the classical results of [1] in the no-recoil
approximation ξ � 1 in Sect. 3.2.

3 Ansatz for gluon radiation from a classical particle
struck by a sheet of colored glass

3.1 Reformulating the classical result

We wish to complete the goal of modifying the classical result
Eq. (2.2) to a formula that incorporates the effects of quark
recoil. We will do so by insisting that the the expansion of Eq.
(2.2) to lowest order in the background field should match
the functional form of the scalar (and perturbative) result in
Eq. (2.20).

The expression for the gluon distribution in Eq. (2.2) con-
tains the background field to all orders. All of the back-
ground field dependence is carried by S̃(k − h) which is the
Fourier transform of the Wilson line correlator S(x − y) =

1
N2
c −1

〈

Tr
(U(x)U†(y)

)〉

ρ [1]:

S̃(qT ) :=
∫

d2re−iq·rS(rT ) , (3.1)

with the following normalization

∫
d2q

(2π)2 S̃(qT ) = 1 . (3.2)

It turns out that S(rT ), in the McLerran–Venugopalan
approximation, can be written as an exponential

S(rT ) = exp
(

−Q2
s D(|r|)

)

(3.3)

where D(|r|) depends on the Green’s functions of the two-
dimensional Laplacian, and Qs is the saturation momentum,
a scale which arises naturally in the CGC framework. Recall
that problems involving classical fields correspond to tree
level diagrams in perturbation theory. In order to make this
connection, we will take the lowest order in the background
field of Eq. (2.2) and compare it to lowest order tree-level
bremsstrahlung in scalar QCD.

Expanding Eq. (3.3) to lowest order we get S̃(qT ) →
(2π)2δ(2)(q). This corresponds to the lowest order in the
background field expansion. The gluon multiplicity distribu-
tion at lowest order in the background field is therefore given
by

dN

dyd2kT

∣
∣
∣
∣
Cl.

→ g2CF

4π3

×
[

ki

k2
T + 2(k−)2

− ki − ξp′i

|k − ξp′|2 + ξ2m2

]2

. (3.4)

3.2 An ansatz motivated by the scalar result

Comparing Eq. (3.4) to the perturbative result in Eq.
(2.20) leads us to propose the following ansatz for gluon
bremsstrahlung in the fragmentation region.

dN

dyd2kT

∣
∣
∣
∣
An.

= g2CF

16 π3

1

1 + ξ
4

∫
d2h

(2π)2 S̃(k − h)

×
[

hi

h2
T + 2(k−)2

− (1 + ξ)
ki − ξp′i

|k − ξp′|2 + ξ2m2

]2

,

(3.5)

= g2CF

16π3 4
∫

d2h

(2π)2 S̃(k − h)

×
[

M̃i
An., bulk + M̃i

An., brems

]2
, (3.6)

where, in Eq. (3.6), we have performed a split in the same
spirit as is done by Kajantie et al. so that

M̃i
An., bulk = 1√

1 + ξ

(

hi

h2
T + 2(k−)2
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− ki

k2
T + 2(k−)2

)

(3.7)

M̃i
An., brems = 1√

1 + ξ

(

ki

k2
T + 2(k−)2

− (1 + ξ)
ki − ξp′i

|k − ξp′|2 + ξ2m2

)

. (3.8)

From the perspective of the diagrams in Fig. 1, the no-
recoil approximation may be expressed as the case in which
p − k → p′, or that qμ → 0, which is equivalent to ξ � 1.
Notice then that, in the no-recoil limit in which ξ � 1, the
ansatz in Eq. (3.5) reduces to classical result in Eq. (2.2).

To see that Eq. 3.6 indeed cures the undesired high-
kT behavior of the classical result, we will separate the
bremsstrahlung, bulk, and interference contributions to the
gluon radiation distribution, respectively given by

dN

dyd2kT

∣
∣
∣
∣
An., brems

= g2CF

4π3

∫
d2h

(2π)2 S̃(k − h)

∣
∣
∣M̃i

An., brems

∣
∣
∣

2

(3.9)

dN

dyd2kT

∣
∣
∣
∣
An., bulk

= g2CF

4π3

∫
d2h

(2π)2 S̃(k − h)

∣
∣
∣M̃i

An., bulk

∣
∣
∣

2

(3.10)

dN

dyd2kT

∣
∣
∣
∣
An., int

= g2CF

2π3

∫
d2h

(2π)2 S̃(k − h)

×
(

M̃i
An., bulk

) (

M̃i
An., brems

)

. (3.11)

It is helpful to express the above contributions in terms of
the variables q = k + p′ and x = k−/p−, giving

M̃i
An., bulk = √

1 − x

(

hi

h2
T + m2x2

− ki

k2
T + m2x2

)

(3.12)

M̃i
An., brems = √

1 − x

(

ki

k2
T + m2x2

− ki − xqi

|k − xq|2 + m2x2

)

(3.13)

= √
1 − x

(

ki

k2
T + m2x2

− ki

|k − xq|2 + m2x2

+ xqi

|k − xq|2 + m2x2

)

. (3.14)

For kT 	 x qT , one can see that the first two terms in Eq.
(3.14) will cancel and M̃i

An., brems ∼ 1/k2
T . Since M̃i

An., brems
in Eq. (3.9) does not depend on the integration variable, and
the integral of S̃ gives unity, it follows that the bremsstrahlung
contribution, Eq. (3.9), falls off as 1̃/k4

T . To study the inter-
ference term, Eq. (3.11), we shift the integration variable
h → h + k, giving

dN

dyd2kT

∣
∣
∣
∣
An., int

= g2CF

2π3

∫

d2h S̃(k − h)Mi
An., bulkM̃i

An., brems

Fig. 2 The bremsstrahlung contribution (to lowest order in the back-
ground field) to the gluon spectrum in the classical result Eq. (3.4)
(dashed red and orange, “Cl.”), and in the proposed ansatz Eq. (3.8)
(solid blue and green, “An.” ), as a function of the radiated gluon momen-
tum kT for ξ = 1 (red and blue) and ξ = 0.1 (orange and green). Also
shown are ∼ 1

k2
T

(gray dotted) and ∼ 1
k4
T

(gray dot-dashed) curves to

guide the eye

= g2CF

2π3 M̃i
An., brems

∫

d2h S̃(−h)

×
(

hi + ki

|h + k|2 + m2x2 − ki

k2
T + m2x2

)

(3.15)

= g2CF

2π3 M̃i
An., brems

∫

d2h S̃(−h)

×
(

hi

|h + k|2 + m2x2 + ki

|h + k|2 + m2x2 − ki

k2
T + m2x2

)

.

(3.16)

Since the integral over h in Eq. (3.16) has an upper cut-
off set by ∼ Qs , one observes that, for kT 	 Qs , the last
two terms in the parentheses cancel and the remaining part
of the integrand goes as 1/k2

T . So for kT large enough, both
M̃i

brems, outside the integral, and the integral itself fall off as
1/k2

T , therefore the interference term, Eq. (3.11), falls off as
1/k4

T .
Using the same shift of integration variable, it is clear

that the bulk contribution, Eq. (3.10), also falls of as 1/k4
T

for kT 	 Qs . We therefore conclude that the ansatz gluon
multiplicity distribution Eq. (3.6), being the sum of all
three contributions, has the expected 1/k4

T fall-off at large
kT .

As an illustration of the large-kT behavior, we present
Fig. 2, showing the bremsstrahlung contribution to the gluon
spectrum, comparing the classical result with the ansatz. The
curves in Fig. 2 show the gluon multiplicity to lowest order
in the background field (as described in Sect. 3.1) so that the
dashed red and orange curves are given by Eq. (3.4) and the
solid blue and green curves are given by a similar expression
with the square parenthesis as in Eq. (3.6). It is important to
note that p’ = q− k, with qT = √

q · q set by the saturation
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scale qT = Qs ∼ 1 GeV. We have further taken the mass of
the struck quark to bem = 0.3 GeV and plotted for ξ = 1 and
ξ = 0.1. We have also integrated the angular dependence.
Figure 2 shows the two major properties of our ansatz: (1)
the ansatz (solid curves) exhibits the correct k−4

T behaviour
at large kT while the classical result (dashed curves) goes
like k−2

T for large kT ; (2) for values of ξ � 1 the classical
result and the ansatz agree in the low-kT region where the
classical result is to be trusted.

4 Conclusion

In this work we have presented a formula for the gluon
bremsstrahlung spectrum from a single target quark struck
by a sheet of colored glass. The extension to the fragmenta-
tion region of a nucleus–nucleus collision can be carried out
in a straight forward manner as shown in [8]. We now have
the final puzzle piece for the initial conditions of the frag-
mentation region of heavy-ion collisions, using the classical
framework laid out by Kajantie et al. [1,2].

Our formula utilizes both the correct non-perturbative,
low-kT physics, inspired by the work of Kajantie et al. [1,2],
as well as the correct perturbative high-kT behaviour, inspired
by the result for gluon bremsstrahlung by a classical scalar
field, presented here in Sect. 2.2.

In order to arrive at an ansatz for the spectrum of gluon
radiation in the fragmentation region, we have used the form
of the perturbative scalar result, at the amplitude level, to
inspire an appropriate modification of the associated clas-
sical result. This approach, with a little more work, could
possibly allow for the inclusion of spin effects. It would be
interesting to see how the radiation formula is modified in
that case.
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Appendix A: Classical color charge

We would like to formalize what we mean by “classical color
charge”. First note that the usual identities (see for instance
[22]) may be generalized to an arbitrary representation R of
SU (3) with dimension dR . For instance, there are two casimir
operators CR and C(R):

1. “Normalization Casimir”: tr[T aT b] = C(R)δab.

C(N ) = 1

2
(Fundamental rep.)

SU (3)−→ C(N ) = 1

2
C(G) = N (Adjoint rep.)

SU (3)−→ C(G) = 3 (A1)

2. “Two-Casimir”: T aT a = C2(R)1 ≡ CR1

C2(N ) = N2 − 1

2N
(Fundamental rep.)

SU (3)−→ C2(N ) = CF = 4

3
C2(G) = N (Adjoint rep.)

SU (3)−→ C2(G) = CA = 3 (A2)

We will use, from [22] (A.35) (where dG = d2
F − 1 =

N 2
c − 1)

C(R) = dR
dG

CR, (A3)

and from [22] (A.36)

T aT bT a =
[

C2(R) − 1

2
C2(G)

]

T b

SU (3)−→
[

CR − 1

2
CA

]

T b (A4)

f abcT bT c = 1

2
iC2(G)T a

SU (3)−→ 1

2
iCAT

a (A5)

We consider a charge described by the generator of a rep-
resentation of SU (3) that has dimension so large that the
generators essentially commute:
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Fig. 3 The Feynman rules for a
scalar field theory with classical
charge

T aT b = 1

2
{T a, T b} + 1

2
[T a, T b] � 1

2
{T a, T b} . (A6)

Formally, one may write

∥
∥{T a, T b}∥∥ 	 ∥

∥

[

T a, T b
] ∥
∥ (A7)

�⇒ Tr({T a, T b}{T b, T a}e) 	 Tr([T a, T b][T b, T a])
(A8)

2Tr(T aT bT aT b) + 2Tr(T aT aT bT b)

	 i2 f abc f badT r(T cT d) (A9)

If we sum over a and b then the traces above become

2Tr(T aT aT bT b) = 2CRTr(T
bT b)

= 2dRC
2
R (A10)

and

2Tr(T aT bT aT b) = 2Tr(T aT aT bT b) − C(R) f abc f abc

= 2dRC
2
R − C(R) f abc f abc . (A11)

Putting these into Eq. (A9) we get

2dRC
2
R − C(R) f abc f abc + 2dRC

2
R 	 C(R) f abc f abc

(A12)

�⇒ 2dRC
2
R 	 C(R) f abc f abc . (A13)

Also this means

Tr({T a, T b}{T b, T a}) = 4dRC
2
R − C(R) f abc f abc

� 4dRC
2
R , (A14)

Where we drop C(R) f abc f abc by Eq. (A13).

Appendix B: Feynman rules for scalar quarks carrying
classical color charge

In order to derive the Feynman rules for scalar quarks that
carry classical color charge, we start with a non-interacting
Lagrange density L0

L0 = (

∂μφ
)†

∂μφ − m2φ†φ, (B1)

which is invariant under global SU(N) transformations
U = eiαT

a
. We then elevate to a local gauge theory in the

usual way by introducing ∂μ → Dμ = ∂μ + igT a Aμa , so
that

L0 → L = (

∂μφ
)†

∂μφ + igAa
μ(T a)i, j

×
[(

∂μφ
†
i

)

φ jφ
†
i

(

∂μφ j
)]

+ g2
(

T aT b
)

i j
Aμa Ab

μφ
†
i φ j + m2φ

†
i φi . (B2)

We will take the generators T a in Eq. (B2) to be the gen-
erators of a representation with a very large dimension, as in
Appendix A, describing a classical color charge.

From Eq. (B2) we arrive at the Feynman rules for a scalar
field theory carrying classical color charge, given in Fig. 3.

Appendix C: Derivation of the gluon multiplicity distri-
bution

In this section we will derive Eq. (2.14), the expression for the
gluon multiplicity distribution. We consider the process pμ+
Pμ → p′μ + P ′μ + kμ with qμ the exchange momentum.

We start by defining the gluon multiplicity distribution
dN

d2k dy in terms of a suitable normalization of the cross sec-

tion dσ
d2q dy for the process. We will take the Born cross section

(the same scattering without radiation) to define the normal-
ization, as in [26]:
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dσ

d2k dy
=

∫

d2q
dσBorn

d2q
dN

d2k dy
. (C1)

We need to compute the two cross sections. In the usual
manner, the Born cross section is given by

dσBorn

d2q
= 1

(2π)2

1

f lux

1

4PM
|MBorn|2 , (C2)

where P = P+ and M = √
2m for m the quark mass. The

f lux factor will cancel.
The bremsstrahlung cross section requires more work as

the phase-space integral is non-trivial. The expression that
needs to be computed is

dσ =
∫

1

(2π)5

1

f lux
|M|2 d3P ′

2EP ′
δ+

(

p′2 − m2
) d3k

2Ek
.

(C3)

Now, notice that, since P ′ = P − q, so that we may
perform a change of variables

d3P ′ = d4P ′δ(4)
(

P′2 − m2
P ′

)

�(P ′) (C4)

= d4(P − q)δ(4)
(

(P − q)2 − m2
P ′

)

(C5)

=
∫

dq+dq−d2q δ+ (

(P − q)2
)

, (C6)

since mP ′ � 0 (because P ′ is the largest scale), and P ′
has only a “+”-component. Since the derivative of x2 is 0
at x = 0, the delta function in Eq. (C6) is poorly defined.
However, the relevant part of Eq. (C3) is, in fact,

∫
d3P ′

2EP ′
δ+(p′2 − m2)

= 1

2EP ′

∫

dq+ dq− d2q δ+ (

(P − q)2
)

δ+(p′2 − m2).

(C7)

We may do a change of variables for the second delta
function, using the kinematics, given in Eq. (2.5):

p′2 − m2 = 2

(
m√

2
+ q+ − k2

√
2m

1

x

)
m√

2
(1 − x)

− (q − k)2 − m2 (C8)

= √
2m(1 − x)q+ + m2(1 − x) − k2 1 − x

x
− (q − k)2 − m2. (C9)

Equation (C9) is a function of q+, and p′2 − m2 = 0 has
a root at q+

0 :

q+
0 = −m2(1 − x) + k2( 1−x

x ) + (q − k)2 − m2

√
2m(1 − x)

. (C10)

Now, using the identity

δ (g(x)) =
∑

i

δ(x − xi )

|g′(xi )| , (C11)

for xi the roots of g(x) = 0, with g(x) the right hand side
of Eq. (C9), we may write Eq. (C7) as

∫
d3P ′

2EP ′
δ+(p′2 − m2) =

∫
1

2EP ′

∫

d2q
1√

2m(1 − x)

=
∫

d2q
1

4PM

1

1 − x
. (C12)

The last element of Eq. (C3) is

d3k

2Ek
= 1

2

dx

x
d2k = 1

2
dy d2k. (C13)

Substituting Eqs. (C12) and (C13) into Eq. (C3) gives

dσ = 1

(2π)5

1

f lux

∫

d2q dy d2k
1

4PM

1

1 − x

1

2
|M|2

dσ

dy d2k
= 1

(2π)5

1

f lux

1

8PM

1

1 − x

∫

d2q |M|2 (C14)

We now have all the ingredients to compute the gluon
multiplicity distribution Eq. (C1) by substituting in Eq. (C2)
and Eq. (C12):

dN

d2k dy
= 1

(2π)3

1

2

1

1 − x

|M|2
|MBorn|2

. (C15)

Finally, since x = ξ
1+ξ

, we arrive at the expression
for the gluon multiplicity distribution used in the current
manuscript:

dN

d2k dy
= 1

(2π)3

1

2
(1 + ξ)

|M|2
|MBorn|2

. (C16)

Appendix D: Universal notation

D.1 Bremsstrahlung in perturbative QCD

Lushozi et al. [19] have computed the process qq → qqg
to lowest order in perturbative QCD in the fragmentation
region. For ease of reference, the diagrams used in the cal-
culation by Lushozi et al. are reproduced in Fig. 4. Lushozi
et al. consider a quark with very high momentum P striking
a stationary quark and inducing bremsstrahlung, in the kine-
matic limit of the momentum P being the largest scale in the
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Fig. 4 Tree level diagrams to
be computed in the QCD
calculation

problem.5 In order to make the relevant comparison, we will
have to rewrite the result in [19] by taking the classical limit
as described in Appendix A.

With a classical color charge, the squares of the remaining
two diagrams ((A) and (B)) have the same color factor6:

|c (MA)|2 = |c (MB)|2 (D1)

=
[

T aT b
]

j1,i1
T b
j2,i2T

b′
i2, j2

[

T b′
T a

]

i1, j1
(D2)

= Tr
(

T aT bT b′
T a

)

Tr
[

T bT b′]
(D3)

= Tr
(

T aT bT b′
T a

)

C(R)δbb
′

(D4)

= C2
RC(R) Tr(1) (D5)

= C2
RC(R)dR . (D6)

Line Eq. (D4) is by the definition of C(R), and line Eq.
(D5) by Eq. (A10). A similar calculation will lead to

c(MA) c∗(MB) = C2
RC(R)dR

(

1 − 1

2

CA

CR

)

(D7)

� C2
RC(R)dR, (CR 	 CA) (D8)

We have used R to denote the representation we have
chosen (in which the generators commute), so that dR is
the dimension of the representation, CR is the usual Casimir
(defined by T aT a = CR1, such that CF = 4

3 , CA = 3) and
C(R) is the normalization Casimir (defined by Tr(T aT b) =
C(R)δab, such that C(F) = 1

2 and C(A) = 3). In the limit
of classical color charge then, the squares of the amplitudes
of the two contributing diagrams in Fig. 4, along with the

5 As an aside, one may also show that diagrams with emissions from
the bottom, very high-momentum quark are suppressed by a factor of
P .
6 The color factor is not immediately obvious from the form of the result
in [19] since the prefactors in those results already include the averaging
over initial states, which is to say that the amplitudes in Eqs. (13), (14),
and (16) of [19] have already been divided by a factor of 2d2

R = 2N 2
c

for quarks.

corresponding “Born” diagram (the case of no radiation) are
given by:

∣
∣
∣MQCD

A

∣
∣
∣

2 = 4K
C2
RC(R)

dR

[

x2

DA
+ 4x2M2(x − 1)

D2
A

]

(D9)
∣
∣
∣MQCD

B

∣
∣
∣

2 = 4K
C2
RC(R)

dR

[

x2

DB
+ 4x2M2(x − 1)

D2
B

]

(D10)
∣
∣
∣MQCD

A MQCD,∗
B

∣
∣
∣ = 2K

C2
RC(R)

dR

[

− x2

DB
+ x2(x2 − 2c + 2)

DADB
q2

− x2

DA
+ 8x2M2(1 − x)

DADB

]

(D11)

|MBorn |2 = K

g2
s (1 − x)

C(R)CR

dR
(D12)

Where DA = k2 + 2x2M2, DB = (k − xq)2 + 2x2 M2,
K = 8g2

s (1 − x)M2P2/q4
T , 2M2 = m2, and m is the quark

mass. Therefore the square of the sum of the amplitudes is
given by
∣
∣
∣MQCD

A

∣
∣
∣

2 +
∣
∣
∣MQCD

B

∣
∣
∣

2 + 2
∣
∣
∣MQCD

A MQCD,∗
B

∣
∣
∣ (D13)

= 4 K

dR
C2
RC(R)

[

4x2(x − 1)M2
(

1

DA
− 1

DB

)2

+ x2(x2 − 2x + 2)

DADB
q2
T ,

]

(D14)

Following the methods of [19] closely again, we find that
the gluon spectrum for bremsstrahlung in perturbative QCD,
in the limit of classical color charge, is given by

dN

d2k dy

∣
∣
∣
∣
QCD

= 1

2

1

(2π)3 g
2
s CRx

2
[

4(x − 1)M2
(

1

DA
− 1

DB

)2

+ x2 − 2x + 2

DADB
q2
T

]

. (D15)

Note that this is precisely the part of the full result given
in Eq. (21) of [19] that is proportional to CF .
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D.2 Fully classical result

One may also go through the rather tedious task of writing the
classical result Eq. (3.4) in terms of the variables of the per-
turbative result. Note that the directions are reversed between
the perturbative and classical results (so that the minus direc-
tion in one is the plus direction in the other). Since x ≡ k+

p′+
in the perturbative calculation, we make the association that

ξ = x

1 − x
. (D16)

We may then, realizing that we must also make the replace-
ment k− ↔ k+, further make associations such as

DA = k2 + 2(k+)2 , (D17)

DB =
(

1

1 + ξ

)2
[

(k − ξp)2 + ξ2m2] . (D18)

and therefore that the square of the bremsstrahlung term
in the classical result may be written as

∣
∣
∣Mi

bremm.

∣
∣
∣

2

Cl.
= − 2x2M2

(
1

DA
+ 1 − x

DB

)2

+ x

DA
− x(1 − x)

DB
+ x2(1 − x)

q2
T

DADB
. (D19)
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