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“...Whether these ideas [modifications of General Relativity] are leading physicists
down blind alleys or are steps toward the master theory of the universe only time will
tell. But they are wild ideas that could be crazy enough to be right.”

-Heinz R. Pagels, Perfect Symmetry
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Abstract

We study the evolution of scalar cosmological perturbations in the 1 + 3 Covariant
Gauge-Invariant formalism for generic f(R) theories of gravity. Working in the energy
frame of the total matter, we give a complete set of equations describing the evolution
of matter and curvature fluctuations for a multi-fluid cosmological medium. We then
specialize to a radiation-dust fluid described by barotropic equations of state. We ap-
ply the perturbation equations around a background solution of R" gravity and look
at exact solutions for scales much smaller and much larger than the Hubble radius.

Keywords: general relativity, modified gravity, multi-component fluids



Acknowledgments

This work would never have been possible had it not been for the excellent and
painstaking follow up of Prof. Peter Dunsby, my supervisor. Thanks Peter, both for
the insightful discussions we had during the course of the project and for getting me
started with the hike up the mountain of knowledge. Working with you has always
been an exciting experience for me.

My special thanks go to Dr. Sante Carloni for his untiring efforts to help me grasp
the créme de la créme of a zoo of equations in a short time. jMuchisimas gracias!

I am also very grateful to my collaborator and friend, Mohamed Abdelwahab,
with whom I have had so many fruitful discussions throughout my dissertation.

There were many occasions when I had to run to Drs. Julien Larena, Kishore
Ananda and Rituparno Goswami for help, especially at times when Peter was not
around. All deserve my sincere gratitude.

I have got many suggestions and comments especially at the last “normalized”
minute of my write up from Deger Sofuoglu. Teshekkiir ederim, canwm/

Abiy and Yaby, my special thanks are due to you for you have always been inspi-
rations for me.

My friends Anne Marie, Aymen, Daniel, Maye, Obinna, Sean (listed alphabeti-
cally!) and everyone in the NASSP 2008, thanks so much for all the good and hard
times we had together.

I also want to take this opportunity to thank the NASSP administrators (former
and incumbent) Penny and Nicky for all the help rendered to me when it was much
needed.

I am very much indebted to my parents, who have always been there for me in
the background. My Mom and my brother Getch, this is especially for you, for all
your constant love, caring and moral support.

Last, but not by any means least, I am very grateful to the National Astrophysics
and Space Science Programme (NASSP) and the University of Cape Town for the
generous scholarship offered to me during my study in the latter.

v



Contents

Declaration

Abstract

Acknowledgments

1

2

3

INTRODUCTION

THE CONCORDANCE COSMOLOGY

2.1 The Cosmological Principle . . . . .. ... ... .. ... .. ...
2.2 The FLRW Universe . . . . . . ... ... ... ... ... ....
2.2.1 Solutionsofthe EFEs . . . . . ... .. ... .. ......
2.2.2 Distance Scales and Ages in Cosmology . . . . . ... .. ..
2.2.3 Causal and Visual Horizons . . . . . ... ... ... ....
2.3 Imflation . . . . . . ..
2.3.1 The Horizon Problem . . . . . . ... ... ... .. .....
2.3.2 The Flatness Problem . . . .. .. .. .. ... .. .....
2.3.3 The Structure Problem . . . . . . ... ... ... ......
2.3.4 The Magnetic Monopole Problem . . . . ... ... ... ..
2.4 Dark Matter and Dark Energy . . . . . . ... ... ... ... ...
2.5 The Anthropic Principle(s) . . . . . . .. ... .. ... ... ..
2.6 Openlssues . . . . . . . . . e

THE 143 COVARIANT FORMALISM

3.1 The 1+3 Covariant Approach . . . . ... ... ... ... .....
3.1.1 Covariant Variables . . . . . .. ... ... ... .. ... ..
3.1.2 Kinematic Quantities . . . . . .. ... ... ... ... ...
3.1.3 Geometry of Spacetime: the Ricci and Bianchi Identities . . .
3.1.4 Propagation Equations . . . . .. .. ... ... ...
3.1.5 Constraint Equations . . . . ... ... ... ... ......

iv



CONTENTS vi
3.1.6 Maxwell-like gravitational equations . . . . . . . .. ... ... 28

3.2 Gauge-invariant Perturbation Theory . . . . . .. .. ... ... ... 29

4 f(R) THEORIES OF GRAVITY 31
41 Introduction . . . . . . . . . . ... 31
4.2 Covariant Decomposition and Projection . . . . . . ... ... .. .. 33
4.3 Propagation and Constraint Equations . . . . .. .. .. ... .. .. 34
4.4 Background Dynamics of f(R) Gravity . . . . . . .. .. ... .... 36

5 PERTURBATIONS IN SINGLE FLUIDS 38
51 Introduction . . . . . . . .. ... ... ... .. 38
5.2 Linearized Equations . . . . . . . . . .. ... .. 38
5.3 Dynamics of Scalar Perturbations . . . . ... ... ... ....... 39
5.4 Scalar Equations . . . . . . .. . ... ... 42
5.5 Harmonic Analysis . . . . ... ... .. ... ... ... 43

6 PERTURBATIONS IN MULTI-FLUIDS 48
6.1 Preliminaries on Multi-component Fluids . . . . .. .. ... ... .. 48
6.2 Total Fluid Perturbations . . . . . .. .. ... ... ... ...... 51
6.2.1 The Inhomogeneity Variables . . . . . ... .. ... .. ... 52

6.2.2 Linear Conservation Equations for Matter . . . ... ... .. 52

6.2.3 Linear Gradient Equations . . . . . ... ... ..... ... 53

6.2.4 Scalar Equations . . . .. ... .. ... . . 54

6.2.5 Harmonic Analysis . . . .. . ... .. ... ... . ...... 55

6.2.6 Second-order Equations . . . ... .. ... .. ... ... .. 56

6.3 The Component Equations . . . . . ... ... ... ... ....... 57
6.3.1 Linear Gradient Equations . . . . . .. . ... ... ... ... 57

6.3.2 Relative Evolution Equations . . . . .. ... ... ... ... 58

6.3.3 The Caseof Two Fluids . . . .. ... ... ... ....... 59

6.3.4 Scalar Equations . . . . . ... ... Lo 60

6.3.5 Harmonic Analysis . . . ... ... ... ... .. ....... 60

6.3.6 Second-order Equations . . .. ... ... ... ... ..... 61

7 RADIATION-DUST PERTURBATIONS 62
7.1 Background Setup . . . ... ... Lo 62
7.2 Total Fluid Equations . . . . . .. . ... ... ... ... ...... 63
7.3 Component Equations . . . . ... ... .. ... .. ... .. ... 63
7.4 SHORT WAVELENGTH SOLUTIONS . .. ... .......... 66
7.4.1 Perturbations in the Radiation-dominated Epoch . . . .. .. 66

7.4.2 Perturbations in the Dust-dominated Epoch . . . ... .. .. 72

7.5 LONG WAVELENGTH SOLUTIONS . ... ... .. ........ 76
7.5.1 Background Model . . . . ... ... ... . L. 76

7.5.2 Perturbations in the Radiation-dominated Epoch . . . . . .. 77

7.5.3 Perturbations in the Dust-dominated Epoch . . . . .. . . .. 78



CONTENTS

Vil

8 DISCUSSION AND CONCLUSION

80



List of Figures

2.1

2.2
5.1

6.1
7.1

7.2

7.3

7.4

The energy content of the Universe then and now. Credit: NASA/WMAP
Science Team (2008). . . . . . . . . .. . . 17
The Cosmic Microwave Background Radiation.. . . . . . . ... ... 19

Plot of the real part of the exponents of each mode of the solution
(5.63) against n in the case of dust. The continuous and dashed lines
show the t* and t* modes, respectively, whereas the dashed-dot and
the dotted lines represent the 5" and ¢! modes, respectively [21]. . 47

The Multi-fluid diagram . . . . . ... .. ... ... .. ....... 50

Analytic solutions in the radiation-dominated epoch. The horizontal
axis stands for the normalized cosmic time. . . . . . . . ... ... .. 70
Numerical solutions in the radiation-dominated epoch, showing that
they match the exact solutions in the quasi-static approximation in

Fig. 701 o e 71
Analytic solutions in the dust-dominated epoch. The horizontal axis
stands for the normalized cosmic time. . . . . . ... ... ... ... 75
Numerical solutions in the dust-dominated epoch, showing a good
match with the quasi-static solutions in Fig. 7.3. . . . .. ... ... 76

viil



Chapter 1

INTRODUCTION

There are at least three areas where the standard General Relativity theory faces
serious challenges from other competing fundamental theories. Attempts to unite
quantum mechanics with general relativity have so far been unsuccessful, and with
the remarkable success the former has achieved for the last hundred years, many are
questioning the unique status of General Relativity and suggest that a fundamen-
tal modification of the theory could lead to quantum-gravity. In standard particle
physics, all the forces of nature save gravity have been shown to be manifestations
of an underlying unified theory of nature, and hopes are there that modification of
Einstein’s General Relativity could lead to a grand unification of all the known forces
as a single theory of everything. And, most important to us here is the missing link
between the observed universe and the theory invented a priori to explain it.

The recent discovery of the accelerated expansion of the Universe has shed new
light on the not-for-so-long established standard model of cosmology based on Ein-
stein’s General Theory of Relativity. Observational analyses show that only a tiny
fraction (~ 4%) of the energy content of the Universe is known to exist in normal
matter form, whereas ~ 23% of it exists in a little understood dark matter form.
Dubbed as Dark Energy, the remaining (> 72%) of the energy budget of the Universe
is often believed to be the cause of the accelerated cosmic expansion.

Many candidates have been put forward as an explanation for Dark Energy [1-4],
but most of them fall under one of these three forms: the cosmological constant
A, exotic scalar fields (such as Quintessence) and geometrical dark energy (modified
gravity, i.e., Scalar-Tensor and f(R)models). In this work we will only concentrate on
the interpretation of Dark Energy as geometrical interpretation of a more fundamental
theory of gravity, f(R) — gravity.

Whereas it is well known that dynamical evolution of large scale structures is
always present in the Universe, it is not very well understood whether there is a
dynamical mechanism to generate the seeds of these structures or whether the seeds
are laid down as part of the initial conditions of he Universe [5-10,12-14]. From a
physical point of view, the dynamical picture is more attractive because it is more



consistent with cosmological observations and the Big Bang theory which is our best
model of the Universe. Most cosmologists now believe that large scale structures have
formed through the growth of density perturbations via gravitational instability. Thus
a cosmological perturbation theory has been developed to understand the formation
of large scale structures, based on the linearity assumption of the structures, which
seems to hold in the early and the late time evolution stages of the Universe [15].

An excellent framework to study cosmological perturbations is the 143 covariant
approach which has been developed to analyze the evolution of linear perturbations
of FRW models in General Relativity [16-20]. In recent years higher order theories of
gravity have attracted lots of attention, where a detailed analysis of FLRW models
using the dynamical system techniques shows that there exist classes of fourth order
theories which admit a transient decelerated expansion phase during which structure
formation can take place, followed by a DE-like era which drives the present cosmo-
logical acceleration. In [21] the evolution of scalar perturbations of FLRW models in
fourth order gravity has been studied for single barotropic fluids using the 14-3 covari-
ant approach; and the solutions of the perturbation equations show that a decelerated
phase is not necessarily required to form large scale structures. This divergence from
the standard GR can provide us with a distinguishable signature of the fourth order
theories, which can be tested against observations. But, since the Universe consists of
a mixture of interacting fluids, a complete treatment of perturbations in fourth order
theories requires taking this fact into account. The aim of this thesis is to present a
general framework to study the multi-fluid cosmological perturbation theories with a
variable equation of state for a general f(R)-gravity theory, using the 143 covariant
approach.

The outline of this thesis will be as follows: In chapter 2, we will give an overview
of the standard models and principles of cosmology. The third chapter is dedicated
to a discussion of the covariant and gauge invariant formalisms of cosmological per-
turbations. In Chapter 4, we discuss the shortcomings and pitfalls of the Standard
Model and the need for generalized gravitational theories. Then we give a review
of the covariant approach of cosmological perturbations as applied to higher order
theories of gravity. Chapters 5 and 6 focus on the analysis of perturbations in single
and multi-fluid cosmological media, respectively. As applications, we present in chap-
ter 7 solutions of the multi-fluid perturbation equations in the short wavelength and
long wavelength regimes for a universe dominated by a radiation-dust mixture. We
conclude the main body of the thesis by pointing out the implications of this work
and the open problems that need to be addressed in subsequent works.

The traditional sign and natural unit conventions are in use. Thus the natural
units (A = ¢ = kg = 8@ = 1) i.e., the normalized reduced Planck’s constant, speed
of light, Boltzmann constant and Newton’s gravitational constant (also denoted by &),
in that order are assumed unless otherwise purposefully retained, and Latin indices of
tensors run from 0 to 3. The symbols V and ; represent the usual covariant derivative,
d and , correspond to partial differentiation and an over dot shows differentiation with
respect to proper time.



We use the (—, +, +, +) signature and the Riemann tensor is defined by
R%eq = D%ae — T + D%al%ee — [y, (1.1)

where the I'%yy, etc. are the usual affine connection symbols defined by

1
Iy = §9ae(gbe,d + Gedp — God,e)- (1.2)

The Ricci tensor is obtained by contracting the first and the third indices:
Rap = 9° Racoa, (1.3)
and the scalar curvature (Ricci scalar) is defined to be the trace of the Ricci tensor:
R=g¢"R, = R%,. (1.4)
Moreover the following are standard notations used in the thesis:

g: the determinant of the metric gg

)

(1.5
(ab) : symmetrization over the indices a and b (1.6)
(1.7

)

[ab] : anti-symmetrization over the indices a and b



Chapter 2

THE CONCORDANCE COSMOLOGY

2.1 The Cosmological Principle

Cosmology is the study of the Universe, and the Universe, by definition, is the entirety
of all physically existing things, including ourselves. We are no privileged citizens of
a privileged place in the Universe, unlike the fast held creeds until as recently as a few
hundred years ago used to argue. This assumption that the Earth occupies no unique
position in the Universe is known as the Copernican Principle. A more encompassing
hypothesis upon which most modern cosmological models are built is known as the
Cosmological Principle. This principle states that the large-scale structure of the
Universe is homogeneous everywhere and isotropic about every point in the Universe.

A fundamental observer in a homogeneous Universe sees the same general struc-
ture of the Universe in time. As a consequence these fundamental observers see the
sequence of events by which all the observers can synchronize their clocks to measure
a universally defined cosmic time t. Our fundamental thermodynamical quantities
such as the energy density u and pressure p are then functions of this time, i.e.,
p=u(t), p = p(t), etc.

The isotropic version of the Universe asserts that the Universe, at large scales,
looks the same in whichever direction the fundamental observer chooses to look.
State-of-the-art cosmological observations attest to this hypothesis within an accuracy
of 3 % and 0.001% for the distribution of matter in the Universe and the cosmic
microwave background (CMB), respectively [22].

In short, the homogeneity and isotropy hypotheses are only simplifying assump-
tions that claim that, on large enough scales, the Universe looks the same at every
location and in every direction, respectively.
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2.2 The FLRW Universe

The standard way of studying the Universe is by assuming that the large-scale evo-
lution of spacetime can be determined by applying Einstein’s Field Equations of
Gravitation everywhere [23]: global evolution will follow from local physics. The
standard models of cosmology are based on the assumption that if averaged over a
large enough physical scale, the Universe is isotropic to all fundamental observers
(the preferred family of observers associated with the average motion of matter in
the Universe). If the isotropy is exact, then it follows that the Universe is spatially
homogeneous as well. In such (homogeneous and isotropic) a universe matter moves
along irrotational and shear-free geodesic curves with tangent vector w*. This means
that there exists a canonical time-variable ¢ for which u, = —t,. These symme-
try properties are embodied exactly in the Friedmann - Lemaitre - Robertson - Walker
(FLRW, for short) geometries, geometries used to describe the large-scale, isotropic
and homogeneous structure of the Universe. Consequently the FLRW geometries are
conformally flat, i.e., the Weyl tensor is zero:

Cijkt = Rijia + 3(Rikgjt + Riigix — Rugjx — Rijkgit) — §R(Gikgst — gugie) = 0.  (2.1)

This tensor represents the free gravitational field, enabling non-local effects such as
tidal forces and gravitational waves which do not occur in the exact FLRW geometries.
Comoving coordinates in this geometry are usually chosen such that the metric takes
the form:

ds? = —dt* + a®(t)do®, u, = 6%(a=10,1,2,3), (2.2)

where a(t) is the scale factor. That the scale factor is a time-dependent parameter
tells us the fact that the Universe expands. The worldlines with tangent vector
u® = -9-‘%“ represent the histories of fundamental observers. The (t = constant) space
sections are surfaces of homogeneity and have maximal symmetry: they are 3-spaces
of constant curvature K = ;1—2%5 where k is the sign of K. The normalized metric do?
characterizes a 3-space of normalized constant curvature k; coordinates (r, 6, ¢) can
be chosen such that
do? = d?r + f*(r){d?6 + sin*0d¢), (2.3)

where

sin(r) for k= +1,

f(ry=< r for k =0,
sinh(r) for k= —1.

The rate of expansion at any time ¢ is characterized by the Hubble parameter H(t) =
-g. The time evolution of the metric can be determined from the EFEs, showing the
effect of matter on space-time curvature, to the metric. As a consequence of local
isotropy, the energy-momentum tensor (EMT) T, necessarily takes a perfect fluid
form relative to the preferred worldlines with tangent vector u®:

Top = (1t + P)UaUp + DYas. (2.4)
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The energy density u(t) and pressure term p(t) are the time-like and space- like
eigenvalues of T}y, respectively. The energy-density conservation equation determines
the integrability conditions for the EFEs:

T, =0 i+ 3(n+p)= =0. (25)

Upon prescribing a suitable equation of state function such that p = wy where w
isa function of energy density (u) and temperature (T ), the integrability conditions
become determinate. Baryonic matter(dust) is pressureless and hence wy = 0 whereas
radiation has p, = /3 & w = 1/3, u, = aT, which by (2.5) imply

paoxa™®, puroxat T,ocal. (2.6)

The scale factor a(t) evolves according to

3= = —2r(p+3p) + A, (2.7)

Q|2

where & is the gravitational constant and A the cosmological constant.! This equa-
tions is known as the Raychaudhuri equation and is the basic equation of gravitational
interactions. The equation shows that the active gravitational mass density of the
matter and fields present is pgrey = gt + 3p. Ordinary matter has a positive gravita-
tional mass density:

p+3p>0w>-1/3 (2.8)

(the Strong Energy Condition, SEC for short), so ordinary matter will tend to cause
the Universe to decelerate ( @ < 0). A positive cosmological constant causes an
accelerating expansion ( @ > 0), whereas when matter and a cosmological constant
are both present, either result (i.e., an accelerated or decelerated expansion) may
occur depending on which effect is dominant. The first integral of equations (2.5, 2.7)
when a # 0 is the Friedmann equation

a? ku Ak

Z-3 37 & (2:9)
This is just the Gauss equation relating the 3-space curvature to the 4-space cur-
vature, showing how matter directly causes a curvature of 3-spaces. Because of the
spacetime symmetries, the ten EFEs are equivalent to the two Friedmann equations,?
Models of this kind, that is with a Robertson-Walker (RW) geometry with met-
ric (Eqns. 2.2,2.3) and dynamics governed by equations (2.5, 2.7, 2.9), are called
Friedmann-Lemaftre-Robertson-Walker universes (FLRW). The Friedmann equation
(2.9) controls the expansion of the Universe, and the conservation equation (2.5) con-
trols the density of matter as the Universe expands; when & # 0, Equ. (2.7) will
necessarily hold if (2.5, 2.9) are both satisfied [23].

! A cosmological constant can also be regarded as a fluid with pressure p related to the energy
density p by (p = —p,w = —1).

2Strictly speaking both of these equations (2.7 & 2.9) are known as Friedmann equations, but
we will use the aforementioned names throughout this thesis.
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Once an integrable matter description (specifying the equation of state w =
w(p, T) explicitly or implicitly) for each matter component is given, the existence
and uniqueness of solutions follows both for a single matter component and for a
combination of different kinds of matter, for example p = tper + frad + toDrm +
where we include cold dark matter (CDM) and neutrinos (v). Initial data for such
solutions at an arbitrary time ¢y (eg. today) consists of:

* The Hubble constant Hy = (£)|,—o = 100hkm/sec/Mpc;

* A dimensionless density parameter Qi = k4% for each type of matter present
(labelled by 4);

¥ If A 5 0, either Qpp = 3—1‘:,3, or the dimensionless deceleration parameter gy =
—(&)|i=oHg 2.

If the equations of state for the matter are specified, a unique solution for (a(t), u(t))
is determined, i.e., a unique corresponding cosmic history. The total energy density
is the sum of the terms ;o for each type of matter present. Thus

Qo = Qoaro + Cro + Qopmo + o, (210)
Qo = hmo + a0, (2.11)

give us the total matter energy density and the total energy density(the cosmological
constant included).

If the pressure term p is negligible relative to the matter term p in (2.7), then we
get

1
Go = §Qm0 — {lao, (2-12)

thus showing that a cosmological constant A can cause an accelerated cosmic expan-
sion (go < 0). A vanishing A (go = 3{mo) on the other hand shows that matter
can cause deceleration of the expansion. The Friedmann Eqn.(2.9) evaluated at the
present time ¢ gives the spatial curvature

Ko = - = H2(Q — 1). (2.13)
ag
We speak of open, flat or closed universes depending on whether Ky < 0 (Qp < 1),
Ko=0(Q =1), or Ko >0 (£ > 1). To completely define the geometry of the
homogeneous and isotropic Universe, we define the density parameter {1 to measure
the curvature of space, in such a way that

Qo + Q0+ Q. = 1. (2.14)

Owing to their extreme geometrical simplicity the FLRW models are the standard
models of modern cosmology [23]. They have been used extensively in the analysis
of the gravitational effect of matter (dust and radiation) on the global evolutionary
dynamics of the Universe and the local background physics of the evolution of matter
itself.
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2.2.1 Solutions of the EFEs

For dust and non-interacting radiation (2.9) becomes

2
(& D R Ak
a

R, + 3 o0 (2.15)

where D = n,u(d)oag and R = n;,u(,,.)gaé with D = 0 and R = 0. The behaviour of the
equation depends on the value of A.

For A = 0 the Universe starts off at a very dense initial state, where its energy
density and curvature tend to infinity. Its future fate depends on the value of the
spatial curvature, or equivalently the density parameter 2. The Universe expands
forever if (k =0« Qg = 1) or (k < 0 & Qy < 1), but collapses to a future singularity
if (k> 0« > 1). Thus Q = 1 corresponds to the critical density pr;; separating
A = 0 FLRW models that recollapse in the future from those that expand forever,
and (1 is just the ratio of the matter density to this critical density:

K I
Qorit = 1€ Kptrsy = 3HZ = Qo = 3—1’% - ﬁc% (2.16)
When A < 0, all solutions start at a singularity and recollapse.
When A is positive, there are some interesting possible scenarios:
* If k=0 or k= —1, all solutions start at a singularity and expand forever.

* If k = +1, there can again be models with a singular start, either expanding
forever or collapsing to a future singularity. However in this case a static solution
(the Einstein static universe) is also possible, as well as models asymptotic to
this static state in either the future or the past.

* Models with k = +1 can bounce (collapsing from infinity to a minimum radius
and re-expanding).

In the standard cosmological models, the Universe contains a realistic mixture of
matter components (baryons, radiation, neutrinos, cold dark matter, a scalar field,
and perhaps a cosmological constant). Here are some very specific models with simple
expanding solutions [23]:

* The Einstein-de Sitter model, for which (p = 0,A = 0,k = 0) = Qp = 1. This
is the simplest expanding non-empty solution:

a(t) = Ct*/3, (2.17)

starting from a singular state at time ¢t = 0 (C is an arbitrary constant). Its
age (the proper time since the start of the Universe) when the Hubble constant
takes the value Hy is 14 = 3—}2{5 This is a good model of the expansion of the
universe since radiation domination ended until the recent times when a cos-
mological constant started to dominate the expansion. It is also a good model

of the far future universe if £k = 0 and A = 0.
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* The Milne model, for which (u = p =0,A =0,k = -1) = Qy = 0, giving a
linearly expanding empty solution:

a(t) = Ct. (2.18)

This is just a flat spacetime as seen by a uniformly expanding set of observers,
singular at ¢ = 0. Its age is 79 = ?}5 It is a good model of the far future
universe if £ < 0 and A = 0.

* The de Sitter universe, for which (z = p = 0,A # 0,k = 0) = Q = 0, giving
the steady state expanding empty solution:

a(t) = Ce’t, (2.19)

where C and H are constants. In this model, the Universe expands at a constant
rate, and hence there is no start and its age is infinite. It is a good model of
the far future universe for those cases which expand forever with A > 0. It can
alternatively be understood as a solution with A = 0 and containing matter
with the exceptional equation of state yu + p = 0.

Other FLRW forms of the de Sitter Universe include: a geodesically complete form
with k = +1, a(t) = agcosh(Ht) (a regular bounce), and another geodesically incom-
plete form with £ = —1, a(t) = agsinh(Ht) (a singular start). The fact that there
are no preferred time- like directions or space sections in this spacetime of constant
curvature has led to there being no uniqueness in the solutions of such a universe .
In general, however, the Raychaudhuri equation and the SEC lead to the following
theorem [23]:

Friedmann-Lemaitre Universe Singularity Theorem 1 In a FL universe with
A <0 and u+ 3p > 0 at all times, at any instant ty when Hy = (%)0 > ( there is a
finite time t, : to — (Ela) < t, < to, such that a(t) — 0 ast — t.; the Universe starts
at a spacetime singularity there, with y — oo and T — oo if u+p > 0.

This state of singularity, famously known as the Big Bang, is generally taken to be
not only the start to matter and spacetime, but to physics itself.

2.2.2 Distance Scales and Ages in Cosmology

Cosmography, measurement of the ‘distance’ between two observed cosmological ob-
jects or events, is one of the most challenging tasks in cosmology. This is due to
the expansion of the Universe, which makes the comoving distances between any two
objects to constantly change. We often use such directly observable quantities as
the luminosity of a quasar,the redshift of a galaxy, or the angular size of the CMB
power spectrum acoustic peaks to indirectly measure another quantity not directly
observable, but mathematically calculable, such as the comoving coordinates of the
quasar or the galaxy.
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All distance measures in the FLRW geometry somehow make use of the fact that
light travels on radial null geodesics z%(\) in spacetime [23,25], the tangent of which
is k% = such that k%,k® = 0, k%, = 0. Thus using Eqn. 2.2 for a photon emitted
at a tlme t the comoving radial distance r(t, t,) it travels before it is received by an
observer (receiver) at a later time tg is given by

ds* =0, (2.20)

with
df = 0 = dg, (2.21)

to Qg
Pt ta) = / d ] da. (2.22)

The Hubble constant Hy (the O referring to the present epoch) is a key param-
eter in cosmological distance measures since the age and the size of the observable
region of the Universe scales with its present rate of expansion. The proportionality
between the recession speed v and distance d between two cosmological objects in the
expanding Universe is given by

and hence

v=H,d. (2.23)

The exact value of Hj is yet to be determined, but present estimates show that it lies
somewhere around [22, 25, 26]

Ho =72 + 5kms *Mpc™" or  Hp = 100hkms *Mpct, (2.24)

h being a normalized dimensionless number parameterizing our uncertainty in Hj.
The corresponding Hubble time given by g = ?}5 is the time taken for light to
traverse a Hubble distance Dy = -%. Thus these quantities give us a rough estimate
of the scales of the Universe: 7y o 1 2 — 1.5 x 10'° years, Dy ~ 1.2 — 1.5 x 10%m

o~ 3700 — 4700Mpc.

Redshift

The redshift z of an object emitting a wavelength )\, ( and a frequency v.) and
observed with wavelength X, (and a corresponding frequency v,) is defined to be the
fractional Doppler shift of its emitted light (photons) due to its radial motion [23,25]:

p=e Yy (2.25)
€ VO
In general,
14+ z=(142z)(1+ 2), (2.26)

where 2z, is the redshift due to the local peculiar motion of the object whereas z, is
the cosmological redshift due to the expansion of the Universe given in terms of the
scale factor as

_ a(to)
1 + 2o == m;)-, (227)

For comoving objects, we note that z, = 0 and hence 2. = 2.
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Distance Types
The Proper Distance D, is defined by [24]:

Z dzl
b= [~ [ v ovme (228)

The Line-of-Sight Comoving Distance D, between two nearby objects in the
Universe is the constant distance between them at any epoch if the two objects are
moving with the Hubble flow, and is defined by [24, 25

/
D, = /Cdt / dz . (2.29)
VOl + 23+ Qu(1+2/)2 + Qn

The Transverse Comoving Distance Dj; measures the distance between two
events at the same redshift but separated by a certain angle in the sky and is math-
ematically defined by

Dgﬁl;sinh[\/Qch/DH] for Q. > 0,
DM = Dc for Qk = O,
Dirrggsinh[v/|Q%|De/ D] for O < 0.

The Angular Diameter Distance Dy is one of the most important and widely
used distances in cosmology. It defines the ration of an object’s transverse physical
size to its radian angular size:

14
Dy = —. 2.30
It is also related to the comoving distance through
Dy =1+ 2)Da. (2.31)

Another very important distance measure of astronomical importance is the Lumi-
nosity Distance Dy,

L
Dy = 4] —, 2.32
= (2.32)
which relates two bolometric quantities, the Luminosity L and the flux f of a distant
object such as a supernova. Here also there is a simple mathematical relation between
this quantity and the comoving and angular diameter distances:

Dy = (14 2)Dy = (1 + 2)*Da. (2.33)

Sometimes we might be interested in predicting the evolutionary properties of objects
at high redshift. This can be achieved by taking the difference between the present
age of the Universe ¢y and the age t, of the Universe when the photons were emitted as
measured by a hypothetical observer attached to the object. This difference in time
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gives us what is known as the Lookback Time t; of the object. Mathematically
this is given as

z dzl
tp =1 . 2.34
t H/o (14 20/ Qa1+ 23 + U1+ 2)2 + Qy (2.54)

The Light Travel Distance LTD is the distance the emitted photons travel during
the lookback time:

LTD = ct;, (2.35)

2.2.3 Causal and Visual Horizons

Due to the finite speed of light, and the fact that causal effects cannot propagate
faster than light, the feature of cosmological structure formation and our observational
knowledge of the cosmos is highly constrained [23,27]. We can neither influence nor
be influenced by regions outside our past null cone; in short, there are regions of the
Universe beyond which we have no access. The boundary separating the accessible
part of the Universe from the inaccessible is called a horizon. We have two main types
of horizons in cosmology:
The Particle Horizon

io dtl

is the maximum distance particles could move to an observer during the Universe’s
period of existence. In other words, this is the largest region of spacetime we could
have probed so far. The physical distance to the matter comprising this horizon is

Dph s a(tg)xph. (237)

This horizon exists for all FLRW spacetimes for all ordinary matter (dust) and ra-
diation, since (2.36) converges in those cases. This horizon always grows, and once
matter enters the horizon, it never leaves [23]. Apart from limiting causality (and
hence cosmic structure), the particle horizon can also set limits on what is testable in
the Universe. It has been found that in a perturbed FLRW Universe, once a causal
contact has taken place, it remains forever (until the end of the Universe) [23].

The other commonly discussed horizon in cosmology is the Event Horizon. It
represents the largest comoving distance that light emitted now can ever reach at an
observer any time in the future:

tinf dt/
R 2
Xeh [ a(t’) ( 38)

0

It sets the maximum extent to the particle horizon, and is said to exist if the integral
in (2.38) does not diverge. One common application of event horizons is in the general
relativistic description of blackholes, where the escape velocity of the blackhole inside
the horizon is superluminal. Light emitted from beyond the horizon can never reach
the observer and time itself stops at the boundary. Within the horizon, all light-like
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paths, and hence all paths in the forward light cones of particles within the horizon,
are warped so as to fall farther into the hole.

It is worth mentioning that the comoving Hubble radius Ay = 1/aH determines
the relevant physical scales for local causal influences in an expanding universe. This
radius increases during any standard evolutionary history of the Universe (such as
the radiation-dominated and dust-dominated epochs).

2.3 Inflation

Despite the impressive successes the Big Bang model of the Universe has enjoyed,
there are many serious puzzles that it also leaves unanswered.

2.3.1 The Horizon Problem

As we have seen earlier, (2.36) converges since a t2 in the early radiation-dominated

epoch of the Universe and at later times the Universe enters the dust-dominated phase,

in which case [28]

6000
0(2)

This implies that at last scattering the particle horizon was only ~100 Mpc in size
and subtending an angle of ~ 1 degree in the sky. But this is in contradiction with
the large number of causally disconnected patches we see on the CMB sky, all at the
same temperature.

h~Mpc. (2.39)

ph =

2.3.2 The Flatness Problem

The evolution of the curvature density parameter
(14 2)Hy]?
e O e
mot [ H(z)
Qo

_— , 2.40
(1+ Z)Qd,() + (1 -+ Z)QQT,O + (1 -+ Z)—ZQA,() + Qo ( )

Pk
k=0T
a*H

where the matter content of the Universe comprises of only dust and radiation can
be shown to be [31]

Qp = 20, Hq = Qe H(Qg + 20, — 2Q4). (2.41)

In the absence of a cosmological constant, we see that {05+ 2€2,. > 0. If at high enough
redshift (i.e., at an early cosmic time) §2; were slightly different from zero, then the
spatial curvature would rapidly evolve away from the spatially flat case, i.e., {2, would
either approach 1 in the open case or diverge to —oo in the closed universe case. But
a positive A term would dominate the dust and radiation terms at some finite cosmic
time such that € is fine-tuned to 0. The above relations show that no matter how
much ;¢ is different from zero, €1, at high 2 could not have been significantly far
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from zero, the deviation being only 1 in 10%° at the Planck epoch, for example. The
flatness problem is then: why the fine tuning?

Another problem from particle physics is the so-called Anti-matter problem
[28]. At kT > my,c?, m, being the proton mass, there are roughly equal numbers of
photons(7y), protons (p) and antiprotons(p) in equilibrium, whereas the ratios today
stand at Np/N, ~ 107% and N;/N,, ~ 0. Since baryon number is a conserved quantity,
it would then imply the necessity that N,/N; = 1 + O(107°) during baryogenesis.
What, then, is the source of this initial asymmetry?

2.3.3 The Structure Problem

The Universe is not absolutely homogeneous. What brought about the matter clump-
ing that finally led to cosmic structures like galaxies and clusters? It is generally
believed that inhomogeneities must have existed in the primordial matter to account
for the structures we observe today. But according to perturbation theory, any small
inhomogeneities in the primordial matter rapidly grow into large ones through grav-
itational self-interaction. This implies that an extreme smoothness in the primor-
dial matter must have existed for these inhomogeneities of galactic scale to exist at
present. If we extrapolate further to 107%%s after the Big Bang, then an almost perfect
smoothness, but not quite an absolute smoothness, must be assumed to have existed.
Why the primordial matter must have been so smooth is not accounted for in the
standard Big Bang FLRW model. This problem is variously called the smoothness
problem, the homogeneity problem or the structure problem all for obvious
reasons [28,29].

2.3.4 The Magnetic Monopole Problem

This problem suggests that if the Universe were very hot at early times (this amounts
to the Universe kicking off with a Hot Big Bang), a large number of heavy, stable
magnetic monopoles would be produced, and should be detected observationally.

To tackle these problems,a special epoch of exponential expansion, termed as
inflation, was proposed in the early 1980s. This epoch is characterized by a decreasing
comoving Hubble radius:

d(1/aH)
dt
leading to the Hubble radius being swallowed by the outpacing accelerated growth
of the expansion. As a consequence,all physical conditions become correlated on
scales much larger than the Hubble radius [30], smoothening the primordial matter
fluctuations along the way.

The inflationary theory of cosmic evolution starts by assuming that at some point
in the early Universe, the matter energy density was dominated by some form of mat-
ter, called scalar field ¢ with a negative pressure. In the absence of the cosmological
constant, the Raychaudhuri equation (2.7) reduces to

<0&d>0, (2.42)

i= --é(;f, +3p)a (2.43)
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which means that

1
p< —3H (2.44)
in order for inflation to occur. Thus the Friedmann equation (2.9) reads
a1 k
= g — 2.
a® 3 a? (2.45)

Since the scale factor must increase faster than a(t) o< ¢, the curvature term becomes
negligible.
The scalar field is assumed to have the energy - momentum tensor

1
Tob = (82069)(0s9) — Gab §(ac¢)(ac¢’) - V() (2.46)
and the Lagrangian
1

£ = 54"(8:9)(39) ~ V(#) (2.47)

and is governed by the Fuler-Lagrange Equation

av
02¢ 4 — = :

¢+ i 0, (2.48)

where 0? = VoV, = ¢®V,V, is the covariant d’Alembertian operator. Treating ¢
as a perfect fluid with negligible spatial variations [31] we get the energy and the
pressure associated with it to be

1

B = '2‘¢52 + V()
1.
ps = 58 = V(9) (2.49)
The equation of motion for the scalar field will then be
. . dV
fto + 3(pts +Pp)H =0= ¢+ 3Ho + Pl 0. (2.50)
This, coupled with the Friedmann equation in the scalar field-dominated universe ,
2 111
H =250+ 4] (2.51)

completely describe the evolution of the scalar field and the expansion during this
epoch. The condition (2.44) and Eqn.(2.49) will constrain ¢ and V such that for
inflation to occur ¢* < V(¢).

Making a further approximation, called the slow-roll approzimation ¢* < V(¢)
makes Eqns (2.50, 2.51) analytically solvable. This approximation will simplify our
inflation equations into

av

(2.52)
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H? = %V(qﬁ), (2.53)

. 1.

H= -»2«/)2. (2.54)
Eqn.(2.54) is not an independent equation on its own, but tells us how the rates
of change of the Hubble parameter and the scalar field are related. These equations
further tell us that the scale factor grows exponentially, keeping the Hubble parameter

constant i
a(t) oc et = a(t) < eV3VOR, (2.55)

If the Universe followed the standard radiation-dominated epoch after inflation, then

1 1
t 12 X = .
a(t) ? X (2.56)

where T' is a measure of the typical particle energy: E ~ kgT'. This means that

1
ing (M)z T
ag to Ting

(2.57)

CMB analyses show that at present Ty ~ 3K and we have seen earlier that {5 ~ ng ~
10'8s. Using (2.40) we can write

Dking _ ( y )2< % )2 ~ bint (2.58)

Qo Hing Qinf to
Since inflation is generally thought to have occurred somewhere between the Planck
era and the period of GUT phase transition, particle physics has it that the ratio
(2.58) lies somewhere between 107%° and 10754, thus showing that an extreme fine-
tuning must have occurred for (Y to attain its present value (—0.5 < Qo < 0.5).
The implication of this is that the scale factor must have grown by a factor of about
10?7 —10% or about 60-70 e-foldings during inflation, thus solving the flatness problem.

Once again, if the Universe underwent a radiation-dominated like expansion during
its earliest stages, the particle horizon at inflation would be

Dph,inf = zctmf, (259)

resulting in a size of a causally connected region about 1073 — 1072"m across, in
sharp contrast to the 1073m — 1m wide region obtainable from (2.58) [31]. This goes
in accord with the previous discussion that the scale factor must have grown by about
60-70 e-foldings, and hence solves the horizon problem.

As far as the monopole problem is concerned, supercooling of the Universe occurs
at the inflationary phase transition-suppressing the production of the monopoles.

Inflation is an extremely short period scenario (~ 1073¢s— ~ 1073%3) after the Big
Bang and it ends when the scalar field is converted into radiation, a process called
reheating. Reheating lead the Universe to the hot Big Bang epoch.



2.4. Dark Matter and Dark Energy 17

2.4 Dark Matter and Dark Energy

Thanks to the advances made in observational eostology, there are now dillerent tech
nicues of determining the energy atd matter content of the Universe, such as temper-
ature Huctuations in the CMB, distance-luminosity relations analyses in supernovae,
large scale structure and big bang nueleosynthesis. In the Cloncordance Model, the
presently accepted energy budget breakdown of the Universe shows that [26, 32-35]

BT — Dark
o7 Energy
72%
Dark
Matter
23%
TODAY
Neutrinos Dark
10 % Mﬂttef
63%
Photons
15%
Atoms
12%

13.7 BILLION YEARS AGD
(Lniverse 380,000 years old})

Figure 2.1; The energy content of the Universe then and now. Credit: NASA/WMAP
Science Team [2008)

* 0, ~ (L28, e, ~ 28% of the total energy of the Universe exists in the formn
of nou-relativistic matter, of which only a tiny fraction (£, ~ 0.046} is known
to exist in baryonic matter form, wherecas the remaining matter is not as yet
properly understood. Known as as Dark Matter, this missing matter is helieved
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to exist in two forms: non-relativistic cold dark matter (Qcpy ~ 0.23) and
non-relativistic hot dark matter (Qgpar < 0.0152).

Qa ~ 0.72, i.e., the largest portion (~ 72%) of the Universe’s energy budget
goes into the unknown! This unknown form of energy is termed Dark Energy.
It was discovered when, in 1998, observational data from supernovae hinted at
an accelerating expansion of the present Universe. According to Eqns.(2.7) and
(2.9), this would be possible if the Universe is dominated by a component “fluid”
with negative pressure. This called for the reinstatement of the cosmological
constant A as the new component fluid with wy, = —1. Ironically, the same
cosmological constant that Einstein once used to produce a static universe is
now held respounsible for speeding up cosmic expansion.

2.5 The Anthropic Principle(s)

One of the most fundamental philosophical questions in cosmology is why the Universe
appears the way it does, with all the different parameters (and their numerical values).
A proposed answer to this question lies in the Anthropic Principle: We see the universe
the way it is because we exist” [36,37]. But why do we (intelligent life forms) exist,
and how did we come into existence in the first place? There are two main versions
of the Anthropic Principle that try to answer these questions.

A. The Weak Anthropic Principle (WAP)

According to this principle, in a universe that is large or infinite in spacetime, the
conditions necessary for the development of intelligent life will be met only in certain
regions that are limited in space and time. The intelligent beings in these regions
should therefore not be surprised if they observe that their locality in the Universe
satisfies the conditions that are necessary for their existence [36]. Thus the various
physical relations between fundamental quantities and the initial/boundary condi-
tions in nature are such that intelligent observers should develop to observe them,
and hence restrict the times and spaces from which the Universe can be observed.
Such seemingly coincidental phenomena that raise questions such as: Why did the
Big Bang occur 13.7 billion years ago? Why is the Universe so smooth (homogeneous
and isotropic)? Why does the Universe’s expansion accelerate now, and not much
earlier (since the Big Bang)? all resort to the WAP for an explanation.

B. The Strong Anthropic Principle(SAP)

An even bolder principle of anthropic nature is the Strong Anthropic Principle, which
claims that an intelligent existence is a necessary condition for any universe model
to make sense [23]. This principle claims that there are many different regions with
varying initial conditions (this could either mean there being multi-universes or many
different regions of our Universe with different initial conditions)where the laws of
physics may not necessarily be the same. In only a few of these regions such as this
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Uniiverse would there be just the right conditions for intelligent observers to develop
and wonder why the Universe is the way it is, for which the answer woild be: Had it
been slightly different, we would not have been here to ask and wonder.

There is also a much more controversial version of thie Anthropic Principle, namely
the Final Anthropic Principle (FAP), This ‘priuciple’ states that intelligent observers
must necessarily evolve in the Universe and once they come into existence, they will
never die out (or never so nntil the end of the Universe itself) [37]. The "prineiple’ has
been deemed too unscientific to be taken seriously that at times it has been mockerd
at as a Completely Ridiculous Anthropic Principle ({CRAP) [23].

2.6 Open Issues

As we mentioned carlier, the Concordance Model is built upon a universe where mote
than 95% of its matter/energy content is yet to be known. The inflationary scenatio
is still a controversial issue {(mainly because what triggered it s not preciscly known)
ancd the Big Bang scenario by itself is a problem, as symmetry (and hence all the laws
of pliysies) break at the Big Bang: no one knows what happened exactly at the Big
Bang and “before”. This means that either the [Concordance Model has to undergo
a rigorous serutiny or a brand new cosmological theory has to come up.

Figure 2.2: The Cosmic Microwave Background Radiation.

One often forwarded suggestion is that the FLRW metric may not be the right
geometry for all scales, te., isotropy and homogeneity of spacetime could be broken as
we go to higher and higher redshifts. In such a scenario, there could be two potential
ways out of the dark energy conundrum:

* The Universe is inhomogeneous and hence only inhomogeneous cosmological
models, such as the Lemaitre-Tolman-Bondi (LTB) models can best describe it.
We note here that Cosmological Principle is no longer valid ;

* Back reaction, where inhomogencities aronnd a FLRW background are treated
but the cosmological dynamies is deseribed by averaging the nonlhinear EFLEs.
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Another suggestion is, as we mentioned in the Introduction, that cosmology based on
the standard General Relativity theory may not be the right description and hence
that it should be studied through modified-gravity approach, to which the present
thesis is dedicated, with a particular emphasis on structure growth in f(R) gravity
models.



Chapter 3

THE 143 COVARIANT FORMALISM

We have made a passing mention earlier that the Universe is not perfectly smooth:
primordial fluctuations seeded the formation of structures at large scales and hence
the real Universe is slightly lumpy. Theories of cosmological perturbations tell us how
these small fluctuations grow and form the large scale structures (galaxies, clusters
and superclusters) in the real Universe.

There are basically two approaches to cosmological perturbations: the standard
Gauge-Invariant Perturbation Theory and the Covariant Perturbation Theory.

Pioneered by Lifshitz (1946) and later developments made by Bardeen (1980) and
Kodama and Sasaki (1984) the standard gauge-invariant approach is based on the
foliation of the background spacetime with hypersurfaces and perturbing away from
it. It is a non-local, linear theory applicable once we have fixed our metric, i.e., it is
coordinate-dependent. Since it is a linear theory, nonlinear effects are not accounted
for. The main shortcoming of this approach, however, is in handling the unphysical
gauge modes that are inherent to the theory [5-10,12-14,16-19, 38-41].

The covariant formalism is a way of describing spacetime via covariantly defined
variables with respect to a partial frame formalism suchas 1+3or14+1+2. Itisa
suitable method to describe physics and geometry by tensor quantities and relations
valid in all coordinate systems. Although earlier attempts had been made by Hawking,
Ehlers and Olson, the covariant and gauge-invariant method was first formulated by
Ellis and Bruni and further developed by Bruni, Dunsby and Ellis [16-19]. It is a local,
covariant theory based on threading spacetimes with frames. This approach differs
from the standard one in that it starts from the theory and reduces to linearities in a
particular background. Nonlinearities can be accommodated, but the main advantage
of this approach is that no unphysical gauge modes appear here.

21
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3.1 The 143 Covariant Approach

In this approach, a fundamental observer slices spacetime into time and space (hence
1 4+ 3 to indicate the number of dimensions involved in each slice) to investigate
deviations from homogeneity and isotropy of the Universe. It provides an alternative
description of spacetime in terms of scalars, 3-vectors and projected symmetric trace-
free(PSTF) 3-tensors and their corresponding equations using the Ricci and Bianchi
identities [20, 42, 43].

3.1.1 Covariant Variables

The 4-velocity The average motion of a cosmological fluid at a point can always
be represented by a family of preferred worldlines in spacetime, with a uniquely
defined average 4-velocity with respect to fundamental observers associated with the
worldlines given as

a

dz®
Ul =

Codr’
where 7 is proper time measured along the worldlines [42]. For any u®, there exist
unique projection tensors

uu® = —1, (3.1)

Uty = —uluy = U%US = U%, U, =1, Ugpgtt® = u, (3.2)
hab = ab + UaUp = h%ch = h%, h%y = 3, kg’ = 0. (3.3)

U?, projects along the 4-velocity vector u® whereas hg;, projects the metric properties
of the instantaneous restspaces of observers orthogonal to u®. The volume element
for the 3-restspaces is defined by

Tabe = udndabc = Tabe = Mabe]s nabcuc =0, (34‘)

where 7),peq 1 the 4-dimensional volume element such that
Nabed = Mabed] = 2nab{cud] - 2u[anb}cd' (35)

In particular, Mg123 = +/|det ga|-

Nabe Satisfies the following identities [43]:

17N = 3R gh0 b ¢ (3.6)
7% = 21h1 hY (3.7)
n“bcnbcf == Q!haf (3.8)
1% Nape = 3! (3.9)

Since it is a time-space split formalism, we define a covariant time derivative along
the fundamental worldlines

fab = oV, TH0, (3.10)
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and a fully orthogonally projected covariant derivative
VTP, g = hi k%, hoht . R s T9, (3.11)

for any tensor 7%, 4 It is worth mentioning here that V is not the same as the
3-dimensional (spatial) covariant derivative 3V unless u® is vorticity-free. Orthog-
onal projections of vectors, the orthogonally PSTF part of tensors, and orthogonal
projections of covariant time derivatives along u® (known as ‘Fermi derivatives’) are
denoted by angular brackets as follows:

0@ = pab, Twuzhmmu_%meT% (3.12)
. 1 .
99 = haypb, TWM=V%mu—yﬁm4T@ (3.13)

3.1.2 Kinematic Quantities

These are the quantities that tell us about the overall spacetime kinematics, i.e., the
expansion, shear and vorticity of the fundamental worldlines, obtained by splitting
Vi into its irreducible parts defined by their symmetry properties:

1
Vaub = Vaub — U Uy = g@hab + Tgp + Wap — UgUp, (3.14)

© = V,u® being the volume rate of expansion of the fluid with © = 3H. g, = 6<aub>
is the symmetric, trace-free rate of shear tensor (oq = o(ab),aabub = 0,0% = 0)
and describes the rate of distortion of the fluid flow; and wy, = @[aub] is the skew-
symmetric vorticity tensor (wap = Wiy, wepu? = 0), describing the rotation of the fluid
relative to a non-rotating(Fermi-propagated)frame. The vorticity vector w® is defined

to be

ab

¢ N*Wpe = Watt® = 0, Wap = Nape®. (3.15)

L= 1
2
The following definitions are frequently used in the literature:

2

1
0= Zou0® >0, W= §wabw“b = wew® > 0. (3.16)

1
2
The relativistic acceleration vector

g = g = Ugptt (3.17)

represents the effects of non-gravitational forces (such as pressure) and vanishes for
a particle moving only under gravitational or inertial forces {20].
The representative length scale is the cosmological scale factor a(7) defined in
terms of the expansion © and the Hubble parameter H(7) as
a

1
-=30=41. (3.18)
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Matter Description

The EMT specifies the matter-energy content of the Universe and can be decomposed
along the fluid flow lines

Tab = pbaty + oo + UaGs + Phab + Tab, (3.19)

where
p=Tpuv’,  ¢*=-Twu’h®, p=3(Twh®), 7w ="Tuh’ch% (3.20)

are the relativistic energy density with respect to u®, the relativistic momentum
density (energy flux), the relativistic isotropic pressure and the trace-free anisotropic
pressure of the fluid. The trace of the EMT above is given by
T=T%=3p— p. (3.21)
We note that
qQut=0 7% =0 Top="T(a), Tatt® =0 (3.22)

In a perfect cosmological fluid both ¢® abd ,; vanish, and the equation of state p =
p(p, 8), where s is the entropy density of the fluid, characterizes the thermodynamics
of the fluid.

The following energy conditions generally put constraints on p and p in any cos-
mological model [44]:

* Null Energy Condition (NEC): p+p > 0;

* Weak Energy Condition (WEC): p > 0,u+p > 0;

* Strong Energy Condition (SEC): p+p > 0,p+3p > 0;
* Dominant Energy Condition (DEC): p > |p|.

Inflationary models typically violate the SEC.
The isentropic speed of sound of the fluid is defined by

¢ = (9p/Op) s=const- (3.23)

In order for matter stability and causality to be preserved the acoustic speed should
be constrained
0<c?<1. (3.24)

Causality breaks beyond ¢? = 1 and matter with ¢? < 0 is unstable.

3.1.3 Geometry of Spacetime: the Ricci and Bianchi Identi-
ties
The field equations
Rab — $Rgap + Agap = KTy (3.25)

determine the trace part of the gravitational field at each point in spacetime from the
matter at that point. They are obtained using the Ricci and the Bianchi identities.
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The Ricci identities
The curvature of spacetime is represented by the Riemann tensor Rgy.q via the Ricei
identities:

(VaVs — VoV )ue = Rapug. (3.26)
These identities tell us about the non-commutativity of the second covariant deriva-

tives of a dual vector(the 4-velocity in this particular case). The Riemann tensor has
the following symmetry properties :

Rapea = Rigbjed) = Redady  Rapeq) = 0, (3.27)

which result in its 20 independent components. The tensor can be split into its trace
part given by the Ricci tensor Ry = R (10 components) and the trace-free part
define as the Wey! tensor or conformal curvature tensor Cgpeg (10 components). The
Weyl tensor is given by

R
C%q = Ry — 291 Ry + —gg[a{cgb}d}. (3.28)
Because it is trace-free,

C%a = 0 (3.29)

and can be split into its “electric” and “magnetic” parts, Fq, and Hgp respectively
given by
Ey= C’agbhuguh, Hyp = '%naeghcghbdueud. (3.30)

These tensors are each symmetric and trace-free in the local rest frame (LRF) of u*:
Eowo = Ewyy, Hap = Hap),
E® =0, H%, =0,
Eupub =0,  Huu®=0. (3.31)

Using these tensors the Weyl tensor can be rewritten as

Cabcd = (nabpqncdrs + gabpqgcdrs)upurEqs + (nabpqgcdrs + gabpqncdrs)upuqusy (332)

where

Gabed = GacGbd — JadJbc- (3.33)
H,, and E, represent the free gravitational field, enabling gravitational action at a
distance (tidal forces, gravitational waves), and influence the motion of matter and
radiation through the geodesic deviation for timelike and null vectors respectively [43].

Whereas the magnetic part does not have a Newtonian analogue, the electric part
can be clarified by its Newtonian analogue

Eop = ¢ — 5hasd’ s (3.34)

¢ being the usual Newtonian gravitational potential [20].
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The Bianchi Identities

The Bianchi identities read
VieRpga® = 0. (3.35)

The twice-contracted Riemann tensor yields the Ricci scalar R = R%;. Using this
and contracting twice (3.35) we obtain

VoR + VyRL — V. R =04 V°Gy = 0. (3.36)

The trace equation
R=pu—-3p+4A (3.37)

can be obtained by substituting the trace of the EMT into the trace of the EFEs
(3.25). Using this result we can write out the 1 + 3-split of the Ricci tensor

Rap = 3(1 4 3p — 20 uaup + (1t — p + 2A) By, + 2u(age) + Tab. (3.38)

Spatial Gradients

The spatial gradient (orthogonal to u®) of any scalar function f in the LRF of fun-
damental observers O, is defined as

fa = €7af- (3.39)

In particular we define here the gradients of the thermodynamical quantities p, p, ©
[20] . 5 5
Xo = Vau, Y, = Vap, Z,=V,0 (3.40)

and the divergence of the acceleration vector and its spatial gradient are given by

A=a%,, A, =V, A (3.41)

3.1.4 Propagation Equations

A complete description of any arbitrary spacetime using the covariant approach re-
quires the irreducible sets of the geometrical and thermodynamical quantities

{9, Tab, Wob, ,aa’ Eaba Hab}a
{u’ap: qaaﬂ-abaA} (342)

with a prescribed equation of state of the cosmological fluid. The evolution equations
for the kinematic quantities are obtained by separating the parallel projected part
of the Ricci identity for the fundamental timelike 4-velocity u® into trace, symmetric
trace-free and skew-symmetric parts.
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The Raychaudhuri equation

This is the basic equation of gravitational attraction and gives the propagation equa-
tion for the expansion

O+10% - A+2(0® - w?) + ik(u+3p) — A =0, (3.43)
which, in terms of the scale factor, can also be given by

3d

— = 2(w® = 0?) + A — 1k(p +3p) + A (3.44)

The (1t + 3p)-term in this equation represents the active gravitational mass density;
the pressure term appears as a general-relativistic effect. A non-negative A acts as
a repulsive force and hence tends to speed up the expansion; the vorticity tends to
hold the matter apart while the shear tends to cause contraction. The divergence of
the acceleration represents spatial pressure gradients and affects the average distance
of the worldlines through its divergence.

The shear propagation equation

The twice-projected symmetric part of the Ricci identities(3.26) yields the evolution
equation for the shear:

¢l — VP = 200 + 40P — 019,0%¢ — Wt — (B — Lr®). (3.45)
It shows how the anisotropic pressure 7y, and the “electric” part of the Weyl tensor
E, induce distortion in the surrounding fluid flow.
The vorticity propagation equation

This equation is obtained from the twice-projected skew-symmetric part of the Ricci
identities and is given by

W' — LpeT,q, = 20w + 0%, (3.46)

3.1.5 Constraint Equations

These equations are also obtained from the Ricci identity, through orthogonal pro-
jection ,indices contraction and by taking the PSTF parts. These equations do not
involve time derivatives of the kinematic quantities.

The shear constraint

This equation shows how the energy flux vector ¢* controls the spatial gradients of
O, wap and og:

Vyo® — 2V°0 + %[V, + 2upw,] + £¢* = 0. (3.47)
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The vorticity constraint equation

Vow® — (qw®) = 0. (3.48)
This equation is also known as the worticity divergence identity [42]. As will be
discussed in the next section and Chapters 4 and 5, the second term on the LHS
is second order, and hence the equation shows the decoupling of vector and tensor
modes from the scalar modes in the linearized background.
The H,, constraint equation
H® 4 20000 + Veuh — pedey 6%, = 0. (3.49)

This constraint characterizes the “magnetic” Weyl tensor as being constructed from
the distortion of the vorticity and the curl of the shear, the “curl” being defined by
the expression (curl 0)® = eV o,

The twice-contracted Bianchi identities

The twice-contracted Bianchi identities (3.36) give us two important conservation
equations. Projecting the identity along u® results in the energy conservation equation

[+ Vg, = —O(p + p) — 20aq® — 0%, (3.50)

whereas orthogonal projection with respect to u® leads to the momentum conservation
equation

N - 4 .
¢ + Vo + Vyr® = —geq“ — %" — (u+ p)i® — ™ — " wege.  (3.51)

3.1.6 Maxwell-like gravitational equations
Using the Weyl tensor and the Bianchi identities we can write
VoCied® + V((Rga — ¢ R9qa) = 0. (3.52)

Covariant decomposition of these identities will produce the following evolution and
constraint equations :

The E-equation

B 4 Lileb) _ eyrl B + 1viagh
— %’(N +p)gab = (_)(Eab + %,ﬂab) + 30(ac(Eb)c _ %’Nb)c) . u(aqb)
+ T]Cd( [Qﬂcde -+ wc(E">d + %ﬂb)d)] . (3.53)
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The H-equation

HO o oyl B — Lourlr® = ~©OH® + 3ole HY® %w<aqb>
— e 20, By — 20% qs — w HY4) (3.54)

These propagation equations describe gravitational radiation and are analogues to
the Maxwell’s equations for electromagnetic radiation [20].

The Divergence of E equation

@Q(Eab - %W"b) - %@“u) b %@qa - %J“bqb — 3wH — n“bc[odedc - %wchj = 0. (3.55)

The Divergence of H equation
VoH® + (1 + p)w® + Swy(E — Lypaby 4 pobe [%ﬁ’ch + opa( B4 + %ﬂ’dc)] . (3.56)

Eqns.(3.55) and (3.56) are constraint equations sourced by the spatial gradient of the
energy density and the vorticity, respectively. The first equation shows how scalar
modes are coupled to the divergence of the electric Weyl tensor while the second one
shows how vector (vorticity) modes are coupled to the divergence of the magnetic
Weyl tensor [43].

Commutation relations in the covariant formalism will be presented in the AP-
PENDIX.

3.2 (Gauge-invariant Perturbation Theory

The Universe at large scales is almost homogeneous and isotropic, and is well described
by the FLRW background model. But deviations from symmetry (homogeneity and
isotropy) start to become more and more apparent as we go to smaller and smaller
scales. Such deviations can be accounted for by perturbing the FLRW slightly [20,43].
Let’s consider a background spacetime (M, gp) in the homogeneous, isotropic
Universe and the real, physical spacetime (M, gq). Quantifying the deviation of
the physical from the background spacetime requires a mapping ® : M — M which
identifies points in the background M with their corresponding points in M such that
Tab — Gab = Jap + 0gap. Given a physical quantity @ on M and the corresponding
quantity Q on M, the perturbation §@Q of @ at a point p € M is defined as

§Q(p) = Qp) - Q(2~*(p)). (3.57)

The perturbation 6@} is usually taken to be small, but can be assigned to take any
value at the point p by altering the mapping function ®: there is no @ priori reason
for choosing a particular mapping over another.The freedom of choice of the mapping
between M and M is called the gauge freedom. Any change of the mapping &
which leaves the background manifold M unchanged is called a gauge transformation.



3.2. Gauge-invariant Perturbation Theory 30

Gauge transformations reflect the freedom of choosing different coordinates {z*} on
the manifold M, i.e.,
% — % = 1% + €*(x) (3.58)

for an arbitrary infinitesimal vector field €2(z). Thus in the new correspondence ®,the
perturbation becomes

5Q(p) = Qlp) — A&7} (p)). (3.59)
Taking the difference of (3.57) and (3.59) we get
AQ(p) = 6Q(p) — 6Q(r) = Q(37'(p)) — A&~ (p)). (3.60)

This difference is a pure gauge artifact and leads to unphysical modes-and hence
need to be identified and eliminated when they arise. In fact this is a standard gauge
problem of General Relativity.

The Stewart-Walker Lemma

We can notice from Eqn.(3.60) that @ is gauge-invariant if it vanishes in the back-
ground spacetime M. In general, the Stewart-Walker Lemma states that the linear
perturbation 6@ of a tensorial quantity ¢ on the background spacetime (M, 3) is
gauge-invariant (GI) if and only if one of the following holds:

1. @ vanishes;
2. @ is a constant scalar;
3. Q is a constant linear combination of products of Kronecker deltas.

In this thesis we will use this Lemma to define the complete set of covariant GI
quantities, which, in our context, are the quantities that vanish in the background.



Chapter 4

f(R) THEORIES OF GRAVITY

4.1 Introduction

We have discussed in Chapter 2 that the late time accelerated expansion of the Uni-
verse does not have a well established explanation in the Concordance Model of
cosmology. If GR is the correct theory of gravitation that controls the expansion of
the Universe, then most of its energy content exists neither in the luminous nor in
the dark, invisible forms of matter but instead in the form of an exotic, unclustered,
invisible dark energy. There has been a surge of attempts to explain the observed
discrepancy between theory and observation recently, most of which fall into one of
the following classes [44-52]:

* a non-zero cosmological constant A

* dark energy

* modification of GR

The Cosmological Constant

One of the earliest explanations put forward as a dynamical origin of cosmic accelera-
tion is a non-zero cosmological constant with equation of state wy = —1. A cosmolog-
ical constant coming into dominance at late times can cause cosmic acceleration and
make the Universe enter an irreversible de Sitter phase. But this model has two main
problems: the cosmological constant problem and the coincidence problem [53,54].
The cosmological constant problem refers to the huge (~ 10'?° orders of magni-
tude) discrepancy between the “observed” value of A responsible for cosmic acceler-
ation and that predicted by quantum field theoretic arguments for the energy of the
quantum vacuum at Planckian scales. There are even some supersymmetric theories
that require a cosmological constant that is exactly zero. Apparently an extreme or
infinite fine-tuning must have occurred at the very early Universe if these energy scale

31
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discrepancies are to reconcile. The total fractional energy density (Eqn. 2.14) is close
to 1.0 (or is precisely 1.0 if the Universe is taken to be perfectly flat) at the present
time when we are here to observe it, after about 13.7 billion years of expansion when
it was always greater than 1.0. Since {1, is the only constant component, it is natural
to be curious about why A is so finely tuned as to be dominant only now. This is the
essence of the so called coincidence problem.

Dark energy is probably the most extensively speculated candidate in recent years.
However, since it is a merely phenomenological explanation with no prediction of
its existence from the Big Bang or inflationary cosmology, its dynamical nature re-
mains dark, and none of the variant models put forward (such as the decaying A,
quintessence, k-essence, etc.) have been convincingly viable so far.

This takes us to the third idea: the search for a new (modified) gravitational
physics that could be responsible for the observed cosmic acceleration. Historically,
there have been several proposed “modified” gravity models such as braneworld cos-
mologies, and Gauss-Bonnet gravity theories. In this thesis we will consider models
that involve infrared modifications of the standard GR that become significant only
at low curvatures in the matter dominated era: the f(R) gravity models. These mod-
els are purely phenomenological and are built by including higher order curvature
invariants in the Einstein-Hilbert action [21,44,46,47,51,52, 55]

A= /d4m\/~_g BR + Em} , (4.1)
and rewriting the generalized higher-order-gravity action
Agy = [ o/ R) + L, (42)

where the £,, and R terms show that the Lagrangian contains matter and curvature
contributions,respectively. Throughout this thesis “matter” refers to all component
contributions of the cosmic fluid except curvature. Thus it includes, for example,
baryonic matter and CDM(collectively referred to as dust) and radiation.

A generalization of the EFEs can be derived in three ways [47]: in the metric,
Palatint or metric-affine formalisms.

The metric (second order) formalism

In this formalism, the metric gq is the only independent variable with respect to
which the action (4.2) is varied to derive the field equations

f,Gab = fl(Rab - ‘;‘gabR) = ng + ';’gab(R - Rfl) + vbvaf, - gabvcvcf,: (43)
where i 5§ I

- E“R, ab = \/:§ 5gab
Due to the introduction of fourth order derivatives of the metric in the last two terms
of the RHS of Eqn. (4.3), this formalism is sometimes referred to as a fourth order
theory of gravity (FOG).
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The Palatini (first order) formalism

The Palatini formalism treats both the metric and the affine connection I'%,. as inde-

pendent variables. Hence the field equations are derived by varying the action with

respect to both the metric and the affine connections. In GR it results in the same

field equations as those obtained via the metric formalism, but this no longer holds
for f(R) theories whose Lagrangians are no longer linear:

Tab f 1 3

7

1 Y] I l 1 AvwiF
Gap = 7,—_§(R—'}7)gab+'ﬁ(vavb—gabD)f AL Vo'V f = §9abvcf V({;L‘

We note that there are no second order covariant derivatives of f’,and hence the alias
first order formalism.

The metric-affine formalism

The matter part of the action (4.2) depends explicitly on the affine connection and
hence introduces a torsion associated with matter. The theory is not yet a well-
explored one.

In this thesis we will only focus on f(R) theories based on the metric formalism.
Hence let’s go back to Eqn. (4.3) and rewrite it in a more convenient and compact
form

Gabzfgg“"Tﬁ:Tab: (46)
where
Tm—m d TR—1 1 R) — Rf'Y + V. f V.Vef 4
ab"'_f—,") an ab—‘f? §gab(f( )_ f)+ pVaf — gV VEf (7)

are the effective EMTs for standard matter and curvature treated as a fluid, respec-
tively. Assuming that the momentum conservation of standard matter Tﬂf;b = ( still
holds prompts us to conclude that Ty is divergence-free, i.e., Taz = 0, and that 1:’,}
and TE are not individually conserved [21]:

N 1 g

Frb = Zab _ L mp, (4.8)
Rib fgf % fb

Tab, == -fT;ETaTgR‘ . (49)

4.2 Covariant Decomposition and Projection

Using the 1 + 3 covariant formalism, we can decompose the effective total energy-
momnmentum tensor,
Tup = pugup + phap + 2q(atip) + ap (4.10)

into the following dynamical quantities:

W= Topuul = a4 uk, (4.11)
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p= STuh® = 7"+ 57, (4.12)
6o = —Thchqu = G + 47, (4.13)
Tab = Teah, iy = i + 7oy, (4.14)
with - m o
pm=t = grot gm e (4.15)

f,a p :7,_7 dq —77 Top = f,'
In a perfect cosmological medium, the quantities ¢* and 7} both vanish.
The effective thermodynamical quantities for the curvature fluid are given by:

= TRyob = =7 [ (Rf'— f) —O©f'R+ f"V?R + f”ubva} : (4.16)

Pt ;Tafghab {5( f—=Rf)+ "R+ "R + % (@ f"R—f"V’R
~ ["V°RY.R) + [" VR, (4.17)
if = ~T = = | [RGB VR - 3170%.R), (1s)
gy = Tagh{aht = fi /Ty R+ f"V @BV R + 0] (4.19)

The parallel and orthogonal projection of the twice-contracted Bianchi identities
(3.36) with respect to the flow lines give us the energy and momentum equations
equations

p"=—0™+p"), (4.20)
i+ Vel = -0 +pf) — 20l — 0% + 1 f;,f, (4.21)
qy + Vet + Vil = —geqf = o%agqy = (1™ +p")itg

— Ul — 1 awp gl + fﬂjzrf 4 (4.22)

The curvature fluid and effective matter exchange energy and momentum; and this
is exhibited by the last terms on the RHS of the last two equations, respectively.
The conservation of momentum of standard matter relates the energy density and
the isotropic pressure to the relativistic acceleration:

Vop™ = —(p™ + p™)uc. (4.23)

4.3 Propagation and Constraint Equations

The propagation and constraint equations we saw in the previous chapter take the
following form in higher order theories of gravity [21]:
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The generalized propagation equation

© + 10% + 0w0® — ww® — Vg + Ugt% + LA™ + ™) = —1(uF + 3pT). (4.249)

The vorticity equation

W) + 2Owe + Leurl G — o’ = 0. (4.25)

The shear propagation equation

Glaby + 2004y + Eap — V(o) + Ocla0f) + Wias) — Ualit) = 3oy (4.26)

Gravito-electric propagation equation

E(ab) 4+ ©OFE,, — curl Hyp + l(ﬂm + ™) 0up — 2acncd(aHg§ - 3UC<QE§) + w“ncd(aEf)
3+ pMow — —W(ab -3V, aqb sorl — %Ufaﬂ’gc Q %wcnf(aﬁgd. (4.27)

Gravito-magnetic propagation equation

Hab -+ @Hab + C’LLT‘lEab - 3GC(QH§> -+ wcncd(aHgi) + zﬂcncd(aEb)d
§cu'rl R — <aqb> + a(anb)c qd (4.28)

The vorticity constraint equation

Ve, — 1%we = 0. (4.29)

The Shear constraint equation

Veoab — curl wy — 2V,0 + 2w, 0], = —¢F. (4.30)

The Gravito-magnetic constraint equation

curl oy + 6(61&)5) — Hyp + 2’6’,@(4)5) = {J. (4.31)

The Gravito-electric divergence equation

VE,, — %ﬁa,&m — [0, Hla + 3Hpw" = 0%qf" — 3w, ¢"]a — Vo 4+ %@' — 104k

(4.32)

The Gravito-magnetic divergence equation

vbJHab - (ﬂ*m "I'ﬁm)wa“i' [U, E]a - 3Eabwb = %CU’T‘! Q’g'*‘ (”R+pR)wa - %[U, WR} - 'Wiwb

(4.33)
It is worth noting that the corresponding GR equations we saw earlier can be recovered
from their f(R) counterparts upon setting f(R) = R, in which case the RHS of the
above equations all vanish.



4.4. Background Dynamics of f(R) Gravity 36

4.4 Background Dynamics of f(R) Gravity

Since our perturbation equations should be given relative to a background metric, we
have to carefully choose the background that best describes the observed universe.
In light of this, we choose the FLRW background for two main reasons. Firstly,
this metric has a remarkable symmetry (CMB analyses show that this background is
isotropic to within 1 in 10°) and is, therefore, efficient in handling the perturbation
equations more easily than any other metric. Secondly, most of the perturbations in
GR are done around this background [21], and this makes comparison of our work
with already existing ones easier.

The Friedmann, Raychaudhuri and energy conservation equations of the back-
ground are

©% = 3(a™ + ") — IR, (4.34)
O+ 207 + 1(a™ + 3p™) + (™ + 3p") = 0, (4.35)
g™ 40 (u™ 4+ p™) =0, (4.36)

where R is the 3-Ricci scalar defined by R=6K /a?, K being the spatial curvature
(taking values of 0 or +1).

The simplest and widely studied form of higher order f(R) gravitational theories
is R"™ gravity where f(R) = xR" and for which (4.2) becomes [21, 52]

A= / d*z/=g[XR" + L) (4.37)

x = x(n) is a coupling running constant chosen in such away that it has the right
dimensions and reduces to unity for GR. In this toy model of gravity, the modified
EFEs take the form

nR" Gy = x T + 3gap(n — 1)R™ + [n(n — 1)R* 2R
+n(n = 1)(n = 2)R"°R*R?] (gacta — JabFed)- (4.38)

For comparison with Eqn. (4.6), we can rewrite this equation (for R # 0) as

T;ﬁ ) ;ab 0 b
Gy = e + 5= gap{l — )R+ |(n — 1) 7t (n—1)(n - 2)—*—@- (9acGbd = Jabgea)
=T +TH (4.39)

where the non-Einsteinian part of the EMT is taken as an effective fluid with a differ-
ent thermodynamical behaviour from standard matter. The corresponding Friedmann
system of equations for a barotropic equation of state p = wy are:
v R R Rz R
2n% + 3n(n — I)GE +n(n — 1>I_?£ +n{n—1)(n - 2)7{-5 +(n— 1)5
B

L = 4.40
+ o e (14 3w) =0, (4.40)
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3R 7

9k R
2 , IF _ AT L AU — )
O + =t 3(n I)GR + 5 (n—1) TR 0, (4.41)
where R is given by
a a* ok
R=—6|-4+—+—1]. 4.42
6 (a T az) (4.42)

We then need the energy conservation equation (4.36) to complete the system.
A dynamical systems analysis of R™ gravity was presented in [52] where it was
shown that the model has a Friedmann-like transient solution

a= a0t3<121:w5 (4.43)

before it enters the de Sitter-like, accelerated expansion phase. In this case, we ob-
tain the following expressions for the expansion, the Ricci scalar, the curvature fluid
energy density, the curvature fluid pressure and the effective matter energy density
respectively:

2n

o= Tror (4.44)
- (4.45)
. 2(n—1) {2§gzi j; )52)t2— 3(1+ w)]’ (4.46)
pp= 20 —1) [n(ﬁwgg iww;f?) — 3wl +w)] wan

(3 e ()" a7 e
(4.48)

In the following chapters these background quantities will be used to find solutions
to our perturbation equations in both the long and short wavelength limits.



Chapter 5

PERTURBATIONS IN SINGLE FLUIDS

5.1 Introduction

Single fluid covariant perturbation equations in f(R) gravity have been derived by
Carloni, Dunsby and Troisi [21]. These equations describe the evolution of the per-
turbations in a barotropic fluid with a constant equation of state around a FLRW
background where the local rest frame is chosen to coincide with the energy frame of
standard matter. In this chapter we present a review of these mathematically well
defined equations and the solutions thereof.

5.2 Linearized Equations

The evolution - and - conservation equations we presented in Chapter 4 (Eqns 4.24 -
4.33) are exact non-linear covariant equations valid for any f(R) cosmology in any
spacetime where our fundamental observer is comoving with standard matter. In this
section we present the corresponding linearized equations around a FLRW background
metric. In the linearization procedure, the Stewart-Walker Lemma defines which
terms are GI and linear. Thus all inhomogeneous and anisotropic quantities that
vanish in this background, e.g. ¢ and %, are taken to be of linear order.

Making use of the background cosmological equations (4.34, 4.35, 4.36), we can
write the linearized equations of propagation and constraint in the following form:

O + 107 — Vo4 + (@™ + 3p™) = —3(u® + 3p%), (5.1)
Wa + 20w, + Seurl 4, = 0,
Gap + 2004 + Egp — Vel = =2,
Elapy + OFqy — curl Hyp + 3 LA™ + 7" )oas

‘%(HR +p™)ow — Tr(ab) V(aqb @Wabv (5.4)
Hyp + OHy + curl By = §curl R (5.5)
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Vew, = 0, (5.6)
Va0 — curl wy — 2V,0 = —¢F, (5.7)
curl og + @(aw;,) — Hgp =0, (5.8)
VPEay — Vo™ = = Vinlt + %Vau - 3947, (5.9)
VPHay — (A" + 7™)we = —3eurl gf + (4 + p)w,. (5.10)

We need the linearized conservation equations and the acceleration equation to close
the above system:

pm = -e(m +p™), (5.11)

LR 670 R __ @ R R mf”R

Vo =0  +p7) +u T (5.12)
a . ~f"V.R

dfey + Vo + Vol = 2047 — (1* + P + 1 ! 7 (5.13)

Vep™ = — (™ + p™)il. (5.14)

5.3 Dynamics of Scalar Perturbations

We can uniquely decompose the different dynamical quantities we saw earlier into
their scalar, vector and tensor components [21]:

Vo= Vo4V, = %V, V, + V.V, (5.15)

Wap = Wab -+ Wab -+ ;b = Wab + ﬁaWb -+ @a@bw*, (5.16)
with

VYV, =0, 7%V, =0, (5.17)

VWa =0,  (curlW)e =0,  (curliW*)g = 0. (5.18)

Since density fluctuations are associated with the evolution of scalar perturbations,
we will discard all the non- scalar quantities by setting

Vi =V.V, Wa=V,VyW, (5.19)
where
curlV, =0 = curlW,,, VW = -V (V W), w,=0=Hygy (5.20)

in linear perturbations of the FLRW background.
The spatial gradients defined in (3.40) describe fluid inhomogeneities, but to give a
physically relevant characterization of spatial variation of the matter inhomogeneities
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in the lumpy universe, we need to define the comoving fractional density and expan-
sion gradient variables

DV = f—@aum, Za = aV,0,
C, = aV,R. (5.21)

Quantities with index m refer to matter (such as radiation, dust). The quantities
D7 and Z, define comoving fractional density gradient and comoving gradient of
the expansion, respectively and can, in principle, be measured observationally [17].
C, defines inhomogeneities in the 3-curvature scalar and is related to other gradient
quantities via a constraint equation derived from the Gauss relation (Eqn. B-13).

To describe inhomogeneities in the curvature fluid, two additional variables need
to be defined: the dimensionless gradients describing inhomogeneities in the Ricci
scalar

Ro=aV,R, R, =aV,R. (5.22)
The velocity of the curvature fluid relative to u}' given by
VE= _Val (5.23)
R

To obtain the evolution equations for the above defined variables, we differentiate the
gradients with respect to cosmic time and make use of the commutation relations from
the Appendix and the linearized forms of the propagation and constraint equations
presented in the previous section. Thus the propagation equation for the matter
density gradient of a vorticity-free, perfect matter fluid with a constant barotropic
equation of state w is given by

D —wOD} + (1+w)Z, =0. (5.24)

This equation depicts how the expansion hinders the growth of the density perturba-
tions.

The evolution equation of Z, is obtained by taking the time derivative of the
comoving spatial gradient of the expansion defined in (5.21), and is given by

2, = (2L~ 2e)z, +{ 1”’"+—“’-—-(§-i—2R@ff——ffﬂD;n

3 1+w ff 14+w\2 f f a?
fl’l 1 1 f_f” f”/f"fm B fll f/!l 2K il_/}
f’§R + [2 fzz + f12 R@( fl) R@ f' a2 f’ Ra
f” 2 2 m
f,v Ra — ﬁ_-v Dr (5.25)

In deriving this equation, we have used the relation of the 4-acceleration in terms of
the pressure gradient V,p, 3
v
fy = ——2Pm (5.26)
Hm -+ Pm
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taking the divergence of which we obtain

I G b v
Fhiy = — > VoPm, (5.27)
Hm + Pm
Hence using the identities [19, 56]
. e - = = o = . 1., -
VoVPVp = V,V VP = V,V,Y?, RY, = §hbaR (5.28)
and taking terms upto linear order we can write
1 2K -
Ay e e STV 5.29

Applying Eqns. (5.1, 5.29) and the trace equation (B-13) we find the evolution equa-
tion for Z, as given in (5.25).
The derivation of the equation for R, is straightforward and yields

Ry = Ry — ——RD™, (5.30)
14w

Finally the evolution equation for R, is obtained by taking the spatial gradient of the
trace equation and is given by

R, = (@+2Rf >§RG-RZa+((1"3"“)“m— w R)DZ‘

f"
fm ) f (4) f_/// i/_ B -}E 9 K]
|:R f” R f” + @R f// + f" 3 +

(5.31)

These 4 evolution equations give a closed system of equations describing inhomo-
geneities in the matter for a general f(R) theory of gravity. In addition, from the
Friedmann constraint (B-15), we can obtain an equation connecting C, with other
gradient variables

Co | |4 Ryf" o " E bm !

— + |40 +2——| Z,— 2D + |20R~— — (= — 2- + 2RO~ +——— Re

a2 f/ fl f/ f/ (f’ f/ fi )
f” 2

+ 20-—R, — 2%~ V R, =0. 5.32
f’ I (5:82)

This equation does not add any useful information on its own; it rather imposes
constraint on the other dynamical variables.
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The evolution equation for the above constraint is given by

3f/2 + zaz(@f// . 3Rf"’) f// Gf/Ca
s — | R+ K ,
a*f 20f" + 3Rf" a?(20f' + 3Rf")
i
+D;n( 16w0  12m )_ 12f" &
3(1+w) 20f +3Rf") 20f +3Rf"
202(0f" — 3Ry 12ROS [ = 67" (f = 2y + 2ROS")

B 3f (20f + 3Rf") f! Ra

120f"  2f ) } e
+ — )R b4
(2@ faskpr T

C, = 12K? [

@

2 2 pn 2 i apen
4wa*© Dm+2af SRQ——% (©f" — 3Rf")

(A +w) * f 3f

(5.33)

This equation will be used in the long wavelength analysis of the perturbations where
C, is known to be a conserved quantity.

5.4 Scalar Equations

The gradient equations we just described are general evolution equations of the per-
turbations. But only the scalar part of the gradient variables are understood to play
a role in matter clustering, and hence in structure formation. Thus we locally decom-
pose the gradient quantities into their corresponding scalar and vector components
by taking the divergence of the vector quantities in analogy with the one we have
already seen in (3.14):

aVpXo = Xap = 2hapX + T8 + Xia, (5.34)

where ©X = X(ab) — %habX describes shear whereas X[, describes the vorticity.
Vorticity and shear describe the rotation and distortion of the density gradient field,
respectively.

This decomposition extracts the scalar part of the perturbation gradients, which
are responsible for spherically symmetric clustering of matter. Thus we have

A, =aVeD™ Z =aV°Z, C = aVeC,
R = aV°R, R =aV'R,.
(5.35)

These variables characterize the spherically symmetric part (trace) of the gradients.
It follows that the scalar dynamical equations are obtained by taking the divergence
of their corresponding gradient equations:

Ap = wOA, — (1 +w)Z, (5.36)

R.\| .
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=kl -2 Lpm W (B opelf’ 3K
Z—(Rf' 3)Z+[1+ f’+1+w<2 ! 2R@f' azﬂAm’

fll {1 1 ffll f”Mm ff/ fll‘.':l fll 9 w o
+O—R+ |- — = — RO RO R - VR - ——V3A,,
Fhtla st RO RO R-FVIR -

(5.37)
. W R
R=%R- 1—+-——-RAm, (5.38)
h = (@+2Rf )se_z'zm (Bl 2 g) s,
fll fl/ 1 + w
fm 2f 4 fm f R} -
+R + OR~— R+ VR, 5.39
- |+ L verl 1 L2 (539
C 4 Rfll I«Lm [ fll/ f/l f [J»m f” }
— 9 42— | Z-22A,, + [20RL- — (= — 25 L 2RO R
2 f" fl f’ f’ (f' f’ f’ )
+2@f,§R 2~ ,\7272_0 (5.40)
f f
The evolution of the scalar constrain is given by
. 12 2 "o a D I /
&= vope |2 2EOF 3R __f" { 6/'C__
a*f’ 20f'+ 3Rf" a?(20f" + 3Rf")
LA ( 16wO _ 12um' ) B 12f o
3(14+w) 20f +3Rf" 20f' 4+ 3Rf"
2(12(@_]“’ — 3Rfm) 12R@f’f”’ Y 6f” (f - 2Um + QR@fH) R
3f (20f" + 3Rf") [
120 f 2 f”) } -, | 4wa®© 2a%f" . 2a2(©Of" — 3Rf")
+ — + Ry+V | A + R - R
(2@f’+3Rf” f 3(1+w) f 3f
(5.41)

5.5 Harmonic Analysis

The above evolution equations can be thought of as a coupled system of harmonic
oscillators of the form ) . _
X +AX + BX =C(Y,Y), (5.42)

where the second term from the left represents the friction (damping) term, the third
one, the restoring force term while C represents the source forcing term. A key
assumption in the analysis of the equation here is that we can apply the separation
of variables technique

/’\
c~i~
N’
ll

X(Z)X(¢),
Y(Z)Y () (5.43)

/\
ﬂ
Nt
iI
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and write

X =" XHt)Qu(@),
k
Y =) Y*)Qu@), (5.44)

where Qk(x) are the eignefunctions of the covariantly defined Laplace-Beltrami oper-
ator on an almost FLRW spacetime:

v20=--E¢ (5.45)

k = 22 is the order of the harmonic and @ (&) = 0 (Q is covariantly constant). In
this way the the evolution equations and the constraint equation can be converted into
ordinary differential equations-thus rendering them easier to solve. After harmonic
decomposition Eqns. (5.36 -5.40) and can be rewritten in the following form:

20 f//
i

AF = wOAF — (1 4+ w)ZF, (5.46)
ff_2 welpm w (R [ opof" 3K\, _w R
4 (R?T 39)2°+ L+ f +1+w(2 £ R@f' &) T Trwa) O
f” X l:l k2 f” 1 f fll f// 7. f” fm} k
+O—R"+ +——-— + —~ RO + RO | RF, 5.47
f/ 2 f/ f/2 f/2 (f/) f/ ( )
ko k
RF =R ---—1 — RAF (5.48)
; "N ok _ pok (1 — 3w)pm W s k
Re = (9+2Rf”)3% RZ* + 3 k) A
fm 2f (4) f//l f/ R} .
+R—+R +OR— + - —| R”, 5.49
|: fr/ f:/ f// 3f// 3 ( )
Ck 460 9 R fl'/ . P"m X !: fm fu f 2 Lo f” /C2
| = | 2P —2R2AR L 20R - L (L - T =25)| R+
a2 3 fl f’ f/ f/ (f/ f f’ )
= 0. (5.50)
along with
Cvk _ 12K2 frz + 2a2(®fll - 3Rfm) f/f | Rk K { 6flck .
a2 fr2 20" + 3Rf" a?(20f + 3Rf")

1 2
+ AR ( 16w® 12um. ) N 12f . k—ZRk
3(1+w) 20f +3Rf" 20f'+3Rf"a

i [ZGQ(@JC” — 3lgpm) 12ROS'7" — 6] (f — 2Um + 2RO f ") R

3f' (29]“ e 3an)f/

" i 2 2 2 g1 a? " gy
+( 120f Qf)%}_@_[azm@% 207" i 20(0f" ~3R[") e

Y TN 3(1+ w) Iz 3F

(5.51)

%k



5.5. Harmonic Analysis 45

The first four first order equations can be reduced to a coupled system of second-order
differential equations:

Ak - _2_ R k ,]fi - “_m — i k
AN [(w 3)@+ 5 AL+ w3 +(w—1) 7 wf, ANA
1+w 2]62 f" f” fm} 1+w y
= 1= 2 + 2RO f" 2RO—| R — ——Of"R¥,
L 1= B L (-t + 2RO - 2m0 | R - L
(5.52)
1t fm' f (4) f/u / R .
R* + 2R~ + O)RF + [ b R +@R-~+——-]R
( fll ) f/l f!l fll 3fl/ 3
S s I)B_ﬂ:+__ o422 1 oke)| Ak + LW RAR  (5.53)
3 I I i Y

The corresponding equations in GR can be retrieved by setting f(R) = R. This yields

2 Ak k2 ]- 3 2 k

R* = (1 - 3w)pnAF. (5.55)

A phase space analysis of the FLRW background dynamics shows that for specific
intervals of n, the R™ model gives a set of initial conditions for the Universe to undergo
a transition of decelerated expansion which then evolves into an accelerated phase at
late times [52]. It is argued that this decelerated phase could have been a suitable

era for structure formation to take place.
On scales much larger than the Hubble radius, a close look at Eqn. (5.51) in a
flat background shows that C will be conserved, i.e., C = 0, thus leaving us with 3

independent variables to deal with. Making use of (4.44-4.48) our first order equations
will then reduce to

v [1+w—2n 6(n—1)n AV, 3(1 + w)? .
B = [ TTw n+3(n—1)w—3] %t T dm T3 Dw =3 En 30w ale
9(n — 1)(1 +w)3¢t? 25 4 [3( (1 + w)? [n{6w + 8) — 15(1 + w)]} R
4[n+3(n— 1w~ 3] [4n — 3(1 + w)] 4[n+3(n— 1w — 3] [4n — 3(1 + w)] ’
(5.56)
: 8nw [4n — 3(1 A,
R =R+ 2 [3?1 n u()):" w) =, (5.57)
. (n—4)+2(n—-2)w 3n(n—1) 2n(4n — 3w — 3) C@ -
%_"2[ (14wt ~n+3w(n—1)—3}§R+(1+w){n+3(n~—1)w 3}&0 Tt
9n(n — 2)(n —1) 3n%(9n — 26) -+ 57Tn 8n?(n — 2) R
-2 {n+3(n—1)w—3 + 20 = Tn — 91 +w)(n—1) 91 +w)i(n—1) +6} 2t
16n [4n — 3(1 + w)] [4n + 3(n — D)w — 3] [(w(l +w) + 8) n® — (Bw(9w + 8) +13) n+ 3(1 + w)(1 + 6w)] A,
27(n — (1 +w)*[n + 3(n — 1)w — 3] 2

(5.58)
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where (Cp is the value of the conserved quantity C. These equations can be combined
to give a decoupled third order perturbation equation [21]

4 A, A, A (dn
(n—=1)Amp—(n—1) ( o 5) —+D(n, w)—t-iwﬁ-Dg(n, w)—z~3~+’D3(n, w)Cot (ifay)—! = 0,

1+w i
(5.59)
where the Ds are constant coefficients for prescribed n and w values defined as

2[-92(n—n+1)w?+6n(n(dn—7)+ 1) w + 18w + n (4n(8n — 19) + 33) + 9]

Dl(naw) = 9(1 T ’U))Q ’
(5.60)
[(2n — Dw — 1] [4n = 3(1 + w)] [3(1 + w) + n (n(6w + 8) — Yw — 13)]
Dy(n,w) = ,
9(1 +w)3
(5.61)
Dy(n,w) = _n[2lw —6n(2 + w)2+ 31] — 18(1 + w). (5.62)
6ag
The general solution of (5.59) was obtained in [21]:
Ap(t) = AjtEEI71 4 Apt® 4 Agtf — A49§t2‘(‘<—3 e, (5.63)

Qg

Ay,A; and Az being arbitrary integration constants to be determined from initial
conditions and with

1w V(n— 1) [4(3w + 8)?n® — 4 (Bw(18w + 55) + 152) n? + 3(1 + w)(87w -+ 139)n — 81(1 +w)]
*= ot ire T 6(n - {1+ w)?

(5.64)

5= 1 Lo V/(n— 1) [4(3w + 8)2n3 — 4 (Bw(18w + 55) + 152) n? + 3(1 + w)(87w + 139)n — 81(1 + w)]

2 14w 6(n— 1)(1+w)?
(5.65)
A 91 +w)® [18(1 + w) + (6n(2 + w) — 21w — 31)]
47 Bn(6w + 4) — 9(1 + w)] [6(2 + w)nd — (19 + 9w)n? — 3(1 + w)(1 + 3w)n + 9(1 + w)?}’
(5.66)

It has been shown in [21] that for n € (0.33,0.71) and n € (1,1.32), the Cy and
C; modes show damped oscillatory signatures that become sub-dominant at late
times and that only for n € [1.32,1.43), the modes grow slower than t>/>. Another
important distinction of R™ in this limit is that structure formation can take place
even in accelerated backgrounds (see fig 5.1) which is not a feature of the A-dominated
expansion phase in GR.
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Figure 5.1: Plot of the real part of the exponents of each mode of the solution (5.63)
against n in the case of dust. The continuous and dashed lines show the ¢ ancsi Eﬁ
modes, respectively, whereas the dashed - dot and the dotted lines represent the t°3

and t~! modes, respectively [21].




Chapter 6

PERTURBATIONS IN MULTI-FLUIDS

6.1 Preliminaries on Multi-component Fluids

In the previous chapter, we have seen perturbation equations that describe a universe
filled with one kind of matter with a constant equation of state. However, the real
universe consists of different components of matter fluids such as radiation, cold dark
matter and baryons. Thus in analyzing the formation of structures in a universe
containing such fluids, where each fluid interacts with other fluids besides having its
own dynamical behavior, it is imperative that we consider the governing perturbation
equations for each component.

A detailed analysis of multi-component covariant cosmological perturbations in
General Relativity is given in [18-20]. The main objective of this work is two-fold:
first, we want to extend the single fluid f(R) perturbations into multi-component ones.
Second, it is important to extend the general relativistic multi-fluid perturbations into
those of a generic f(R) gravity to account for structure formation in the late time
accelerated universe.

The thermodynamical description of a relativistic matter fluid is dictated by the
energy momentum tensor 7T, the particle flux N® and the entropy flux 5% of the
system. Whereas T7; and S* always satisfy the conservation of 4-momentum and the
second law of thermodynamics, namely

T =0, S% >0, (6.1)

particle flux conservation, i.e., the condition N%, = 0 may at times be violated.

The total energy-momentum tensor of the standard matter in a general frame is
sourced by the energy density u™, isotropic pressure p™, the energy flux ¢7'(= q%)
and the anisotropic pressure mg,(= 7, ):

b = K ug Uy + phay + 2qup) + e, (6.2)

and defines our thermodynamical quantities. In this case the effective energy-momentum
tensor of standard matter is defined by Eqn.(6.6). If we impose the SEC, T2VV?® >

48
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0, for all time-like vectors V¢, then T} will have a unique unit time-like vector uaE(m)

(u“}g(m)uf(m) = —1). Another time-like vector u%, can be defined along the flux Ny,
NCL

e, u% =
PN /ZNbNb

For a perfect fluid (or an unperturbed fluid in the background space), U (m)» ufy

and S* are all parallel [18] and a unique hydrodynamic 4-velocity uZ, can be defined
for the fluid flow, in which case

o= uy + phiy, N® = nu} , S¢ = sul, (6.3)
where u™ and p™ are related by the equation of state p™ = p™(u™, s). n = —N°u™
and s = —S,u?, define the particle and entropy densities, respectively, in the local

rest frame of an observer attached to ug,.

We can also decompose the EMT with respect to another frame, say n®, but in
this case we need to introduce a particle drift j¢ = h%pmyN® [17,18,57)].

If the matter fluid is imperfect, fluid hydrodynamic four-velocity is no longer
unique and our EMT will take the more general expression given above (Eqn. 6.2)
and the particle flux includes a drift term:

N® = nul, + j°. (6.4)

Choosing the relevant frame is a very crucial component of multi-fluid perturbation
theories. w2, is the velocity of fundamental observers in the universe.! In the particle
frame u2, = u%, called the Eckart choice (Gauge), an observer Oy, sees no particle
drift and hence j* = j% = 0. If, on the other hand, we consider the energy frame
Uy, = u%, also known as the Landau Gauge, an observer Oy—,» measures no energy
flux (g™ = qF = 0) along the flow line and the EMT takes the form (6.3). In this
work, our gauge choice will be the Landau Gauge, with the energy frame coinciding
with the energy frame of the total standard matter fluid. Therefore all decompositions
will be with respect to the 4 - velocity vector u® = uy,.
For multi-component matter fluids, the decomposition yields

b = ZTgbv (6*6)

where
vy = piubup + pihly, + qiu + qiul + Thy, (6.7)
hey = Gab + Ugtih, (6.8)
N’ia = niu‘? + jf: (69)

'Fluid flow vector u® is uniquely defined as the future directed time - like eigenvector of the Ricci

tensor:
dx®

=
where z%(7) describes the worldline of the fluid in terms of the proper time 7. In our multi-fuid
picture, it corresponds to the normal to the surface of homogeneity.

a

u (6.5)
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u! being the normalized fluid 4-velocity vector for the i*" component, uéu! = —1 which
we can fix by either choosing the energy frame uf = u$, thereby setting ¢f = ¢%, =0,
or the particle frame u} = u$,; for which j = j%, = 0 for that component. The
velocity of the i** fluid component relative to the fundamental observer O, is defined
to be

Ve =ul —ul. (6.10)

V¢ # 0 for tilted, inhomogeneous cosmological media whereas the special case where
uf coincides with u2 describes an untilted homogeneous cosmological medium.

In the energy frame of standard matter, for which u® = u&,, A% = u%u’ , decom-
position of the matter stress-energy tensor with respect to the 4-velocity u¢, gives the
following thermodynamical quantities:

N
= TR, = > s, (6.11)
i=1
] N
= —TIhY = 3 6.12
p 3 ab’'m ;pi ( )
N
g = — TR agmpu® = > (1 + i)V, (6.13)
i=1
Top = nghfa(m)hg(m» =0 (to linear order) (6.14)

In the linearization procedure, we take into account the fact that, since V is small,
all quadratic and higher order terms of this quantity are dropped.

Total {resultant) fluid

S
Curvature fluid

Ton = pttatiy + phop + gults + @it + Tap
T\:b = ]l,‘tlf‘ “’:: + pih’ib + q:iullz + ([;U:‘ + ‘ﬂ‘;&

2

Figure 6.1: The Multi-fluid diagram

Having fixed the frame to the energy frame of the standard matter u2,, we now
decompose the energy momentum tensor of the curvature “fluid” relative to 2.
Consequently, the corresponding thermodynamical quantities in the curvature “fluid”
are given by

= TRy b = }1- é(R f =) =Of' R+ f"°R+ f"u,¥°R|,  (6.15)
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1 . . , .
— __TRhab [_2'(.]0— Rfl) +f”R+me2 +§ (@f"R'" fl/vQR

3 ab
- f”’f?aRﬁfaR) + f”uﬁbR] , (6.16)
= —TER ey, = } {f’”RV R+ f"V.R— = f”emR] , (6.17)
ab —_ Tcdh(a(m)hb(m)) - f’ [f V(aVb)R + f V(ava)R + UabR} (618)

In the background FLRW universe, V,* = 0 and all perfect fluid components have
the same velocity. Applying the Stewart-Walker Lemma shows that V* is a first-
order gauge-invariant (GI) quantity. If we choose our fluid flow vector u® to coincide
with the energy frame of the total matter, i.e., v}, = uf,, then exact FLRW models
will be characterized by vanishing shear and vorticity of u%, and all spatial gradients
orthogonal to u%, of any scalar quantity [17}:

Opp=wWap =0,  Vaf =0 (6.19)
It follows that since
Xe=Vaptm =0, Yo=Vepm, Za=V,0=0 (6.20)

in the background metric, then p™ = p™(t), p™ = p™(t) and © = ©O(t). This
necessitates the EMT having the perfect fluid form, and hence the vanishing of the
anisotropic pressure 77 and the energy flux ¢'. We emphasize that from now on, we
will fix our frame to be along uZ,, and hence that, by energy frame, we interchangeably
mean the energy frame of the total matter.

There are two aspects of dealing with perturbations in multi-fluid systems. The
first one is where we are interested in the total fluctuation dynamics of the entire fluid.
But this alone does not give us a complete picture of the fluid until a characterization
of how each component of the fluid also plays a role in the overall fluctuation and how
it relates with the rest of the components is known. Thus in the following sections
we will investigate these differing yet complementary aspects of a multi-component
cosmic fluid.

6.2 Total Fluid Perturbations

The dynamics of the total “fuid” obeys the Friedmann, Raychaudhuri and energy
conservation equations,

©% = 3(i™ + u') - 3R, (6.21)
O + 102 + LA™ + 3p™) + L (uF + 3pR) = 0, (6.22)
LT+ O™ +p™) =0, (6.23)

in the homogeneous and isotropic FLRW background.
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6.2.1 The Inhomogeneity Variables

In addition to the gradient variables defined in (5.21), which define inhomogeneities
of the total fluid quantities in this case, we define the following gradient variables
to characterize inhomogeneities that arise when more than one fluid components are
involved:

' Vit N 1 iy i i
D! =a Hi Ya:Vap,;:«[ciiuDa-i—psa],
Hi, a
a ,0p, = . a 0p
= —\G av I Va N .24
€a pm(as)v 8 Ea pz(as> 8 (6 )
where &, is defined through the relation, 2
1 hiby y
PmEa = Z:piga +5 ij (%~ )SY, (6.25)

and defines the dimensionless variable ¢, that quantifies entropy perturbations in the
total fluid. The index i refers to the i**-component fluid. In situations where each
component is well described by a perfect fluid, €%, =~ 0. Thus in subsequent discussions
all terms containing this quantity are dropped.

The total pressure gradient of the fluid is given by

Y™ = Vopm = -i« [C2pm DY + Pmea] - (6.26)

6.2.2 Linear Conservation Equations for Matter

We know that , p and © are zeroth order (or background) quantities. Here we assume
that D,, Z,, Oab, Wab, Qa, Tab, ¢ and their first derivatives are first order quantities.
The linearized forms of the evolution equations of the background quantities can thus
be given as

fim + (tm +Pm)© + Q = 0, (6.27)
(bm + Pm)@a + Yo + Vb + ¢ + 30¢7 =0, (6.28)
O+30%— A+ L(u+3p) =0, (6.29)
where _
Q™ = g = Vagh, to linear order. (6.30)

In a more compact form we can re-write the conservation equations as [19]

fim + 3RHV ¥, = 0, (6.31)
ha, + YY" + h(F" + 1IT") = 0, (6.32)

?We will discuss this under the section Relative Equations
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where
h—ﬂm'*_pma \p;n_:g_;:__’
= %ﬁbﬂg;, F™ =, — (3¢ — 1) HY™, (6.33)

But since we are working in the energy frame of the total matter,

g =0=97 =0 (6.34)

6.2.3 Linear Gradient Equations

Using the above linearized equations, we can now write the evolution equations and
the constraint equation of the gradient inhomogeneity variables.
The evolution of the total matter fluctuations is given by

D™+ (14 w)Z, — wOD™ = 0. (6.35)

The comoving expansion evolves according to

Zy = (f-’i~—g@)za+[(202—w_l)—’fﬂ+ ‘s (E-——f—mzR@f” K)}Dm

3 I+w) f  (Q+w)\2 [ froa? ¢
w pm R f K f"
Firver (2R 7 Mg - e
1 1 ff” f”/l'm 7 ) p f/// 2K fll 2 CgﬁzD;n _ w@zea
+[-2--——f,2+ 72— ol ,)+R@-f-,-+-—-~j—f,~}7z—7,-v ~Er e o=
(6.36)

whereas the equations for the curvature inhomogeneities and the constraint are as
follows:

Re=Re — R [ S _pmy —i”—aa} , (6.37)
T+w 1+w

R, = (23%4—@) Ro — RZ, + {(1 —33;5?“’” - 1_‘?@)1‘%} Dy — [3“7@+I—$-ER] €a

_ (_ + RJ; vl 5 . R@J;:: 3%7 - —};) Ra+ V7R, (6.38)

% ( o +2-L ffﬂ)z -—2‘;’}?1)"1 [2R@%-%(%—2%~%)}Ra

+ 29?: J;,' VR = 0. (6.39)

The constraint evolves as

3]“2 4+ 2a2(@f/1 _ 3Rfm) fll
a2 fr 20 + 3Rf"

C, = 12K? {

6/
Rat K {a2(29 fr+3RfM
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@

[ 16w® 124t 2 -,
m —~ — | - — VR
3(14+w) 20f +3Rf" 20f + 3Rf"

2Gz2<@f” _ 3Rfm) }_ZR@f’f/” — 6f” (f - Qljlm + 2R@f”>
— 3f (2@ff + 3Rf”)f’

120" 27" -, | 4wa?® 25", 2a*(©f" — 3Rf")
+<2@f’+3Rf”+ f')%“}'*v [3(1+w)Da f T 3f

Ra

(6.40)

where the isentropic speed of sound ¢? = ;L: and the equation of state w = ﬁ—’i are
related via w = (1 + w){(w — ¢2)O to linear order. It is interesting to see that because
of our frame choice being the energy frame of the total matter u%,, the propagation
equation for the total density gradient (Eqn.6.35) is a simplified one whereas this is
no longer the case for the component fluids (¢f. Eqn. 6.65).

6.2.4 Scalar Equations

As in the single fluid case we define

Ay = aVeDr, Z =aV°Z,,
C = aV*C,, R = aV°R,,
R =aV°R, £ = aV,, (6.41)

and hence the corresponding scalar evolution and constraint equations become
Ap = wOA, — (1+w)Z, (6.42)

2 26 —w=1) pm (E__f__ L’L?E)J
2=l -0+ [P s i (5 - 20 -5 4

+ (lj‘_’w) [2‘}'?-;1—?—%—23@;—7-??} +@J;:§R

+ E - lf;f2 + f;ﬁ‘;“ - R@(J;:) +R®fftl} R - TVQR” iji’“ - ;“Zij
(6.43)

R=R- RL_C: m+-1—~%-—s}, (6.44)

R = (2Rf—l,l,l-+@)¥e-RZ {?}&«R”}j +R6$+%%—§-]R

'*'(1—33]5' __1wa) A — (”‘”Jffj”+r_:—3)e+v27z (6.45)

% @+2Rf" z - okn Am+[2@1%&-:'1'(1—2’“”’”+2R@f")]7e+2ef"

f f VA A L ! f

Ral .

4

R — 2%
fl



6.2. Total Fluid Perturbations 55

=0, (6.46)
. 2 2 " g " /

a2f 20"+ 3Rf" a2(20f' + 3Rf")

( 16wO 1204, ) 12"
- : — — VR
3(1+w) 20f +3Rf" 20f" + 3Rf"
~ 2a2(Of" — 3Rf”') 12R@f’f”’ —6f" (f = 2y, + QR@f”) »
3 (20§ +3RF)f
120" 2 f”) } =y | 4wa?© 2a2f" . 202(©f" — 3Rf")
+ 4 Ry +V Dy + R~ R
(2@ f'+3Rf" - f 3(1+w) f 3f

(6.47)

6.2.5 Harmonic Analysis

Following similar harmonic decomposition procedure as in Section 5.3, we write the
above scalar equations as

AF + (14 w)Z* —weAk =0, (6.48)
e (il 2eygry [ SRG - 214w | 2367+ Schlunt Spr) | G K]
2= (R Ia 36)Z +{ 2(1+w) f! 6(1 + w) 1+ wa? B
2f'0% + 3(1 + 3w + 3f (ur + 3pr) 1 kz} ok
O—R
+{ 6/ (1 +w) tiree] v tOF
1 kz f// 1 f f” f” L f” fm
el LA N\ 4
+ [2 TET Tyt TR R@(f,) + RO— f’] (6.49)
T Y BN S (6.50)
- I+w ™ 14w |’ '
: ﬂ k_ pok (1 = 3¢3)pm _ A WHm
Rk = (2Rf” -+ @) R* ~ RZ" + 37 1 +wR An - f” + 1+ R)e
f!/l ) f {4) f/// 1 f/ R) i
+R— + R**— + RO— + == — — | RF, 6.51
( f// ft/ f/: 3f/r 3 ( )
Ck 4 R f” [T |: fm fl/ f “m " k2 } fll
O+2=| ZF - 2EAF 4 12OR — L (= — +2R@——-2 R +20L-
az { f/ f/ f.' fl (f/ f/ f/ ) f/
=0. (6.52)

In the same manner, the evolution of the constraint equation takes the form

f/2 + 2a2(@fﬂ - BRJC/II) f// . N { 6flck
a?fr 20f + 3Rf" a?(20f' + 3Rf")
" 2
A ( 16w 12m_ )+ 12f" %’R’“
3(1+w) 20f +3Rf" 20f'+3Rf"a

C*k = 12K?
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2o - sipr) 12RO " ~ 67" ( = 2unm +2RO)") R
3 (20" + 3Rf")f’

120 f" 2 f”) } k?
+ romee o} Ry ——
(2@ f'+3Rf" a?

As in the single fluid case, this equation will be used when we discuss the long
wavelength limits of our perturbations in the radiation and dust backgrounds.

4wa’© 202 f" 202(0f" — 3Rf")
— = A+ RE — R*
3(1 +w) f! 3f

(6.53)

6.2.6 Second-order Equations

The first order equations (6.48, 6.49, 6.50, 6.51) combine to give the second order
pair of equations

Ak 4+ {(c e % —2w)O — RH Ak 4 K-g-wz + 5¢ — dw — 1) i 1(3w 5¢ )]{,
+(c? — w) (2R-4R@—§'—,’—1—2§—> +c kT Ak 4 [2%:-7-+-‘;—£—-—;7—Re%— %{-Jr kz} g
_1 gw { 1- Eff;: +(f — 2um+2R@f”)J£’; QRG(J}’:) - 2R®];:,] RY —(1+ )E-)J;,R’“
(6 54)
RE+ (2 j;,/: +O)RF + { +RJ;I:: R"”}j +R@%+}-%—§} RF + 1+ RA’“
(3053},})“’“ + ’f_‘::c RO+ - ffw <2R+ 2R2J;',') ‘ — [ + it - w)@)} Ak,
+ 1+ Re* + {wjff,m + 2;” ~ % o 4 ﬁ—- (2R+2R2J}:)] ¥ = 0. (6.55)

The corresponding equations of these in the general relativistic limit reduce to:

RF = (1 - 3cH) pm A, — 3wpe®, (6.56)
. . 2 2 _w) -2 k? 4
24301 m k2 1
. {2@ + 3( 6+ 3w a?} wek + _%l”_ (1 = 36) A%, — Buwpime) = 0

, 2 , 12K k?
:>A’,‘,’1+(c§+§—2w)9Aﬁz+ [(ng-{—Bc 4w——)um+(w—c )——-+ 2 } Ak

+w (E - ~a—2) e* = 0. (6.57)

This last equation is the standard equation presented in the same form as in [18].
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6.3 The Component Equations

The component background equations in the FLRW spacetime are given by

©% = 3(i™ + u¥) - 3R, (6.58)
©+ 107 + L(F™ + 3p™) + L (uf + ) =0, (6.59)
i + O + pi) = 0, (6.60)

It is worth noting that the Friedmann and Raychaudhuri equations are described
by the sum total of all the matter and curvature components of the energy density
and pressure, rather than by the individual components.

The speed of sound c% = ﬁi,, and the barotropic equation of state w; = % of the
ith-component fluid are related by the familiar expression

w; = —(1 +w;)(c — w;)©. (6.61)

As in the total fluid case, the linearized energy and momentum conservation equations
for the component fluids can be written (neglecting all the interaction terms) as

(i + 3R HV, W¢ = 0, (6.62)
hiag + Y7 + hy(F: + 1Y) = 0, (6.63)
with
) ('j’ qi .
i = Mg iy \Iﬂ =22 ;:
hi=p; +p «= 3 T h, +V
I = L o e Fi= Wi, — (3¢% — 1)HU:, (6.64)

hs
6.3.1 Linear Gradient Equations

Deriving the evolution equation for D in terms of the above quantities (6.64), we
obtain

s ) 1
Di — 3H(w; — ¢%)Di + (1 +w;) Za =3aH (1 + wi)(F* + 7)) + —3Hhi(2pim DY + Pmta)

h,
—a(l 4+ w;)V,Voui — 3le el (6.65)
For matter fluids in the energy frame, ¥7* = 0, F* = 0 and II* is a negligible second-order

quantity. But we note the dependence of this equation on the velocity ¢ of the ith-fluid.
Upon using the relation (6.25), the above equation yields

Di — (w; — c2)OD: + (1 +w;) Zy = a®(1 + wi) (F™ + 17

1+w@2 . hh;, 2
N 29p™ 4 — (1+w, {Zp,e +2Z — 259

— a1 + w;) Vo VO — w; Ot (6.66)
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The momentum equations for the total and component fuids

KL

Y,
hao + Yo + WE" +T7Y) = 0= aq = ——= — F* — 11,

hitg + Y + hy(F! + 1) = 0 = hiag + Y7 + by [\1’13 —(3c%, - DHV + H:J =0,

(6.67)
can be combined and rewritten as
ym . » ) , .
hi {"T o H;"} FYi+ b [x}r; — (3¢% —~ ) HV + H‘;] = 0. (6.68)

This yields the equation of motion for ¥’:

Ul — (3c%, ~1)HY, = F™ + OI7 — T + e [Ric2um D + hipmea — hekyp DYy + hp'el] .
(6.69)
The propagation equations for the expansion and the curvature inhomogeneity variables

are the same as in the total fluid since these quantities are global dynamical properties of
the total fluid and not of the components.

6.3.2 Relative Evolution Equations

The relative variables defined below relate the differences in the fluctuations of pairs of the
different components of the fluid. The derivation of their governing evolution equations
follow similar lines of argument as those for the total and component equations. These
variables depend only on the choice of the individual velocities, not on the choice of the
overall frame [18].

wDi wDi 1 o 1

=B = Di D?
Sa b h; I+w, ¢ 14w ¥
- pﬁi _ pJEJ Wi ¢ Wy &l
< hi hj l-l-wza 1+ w; e’
9 =T T, VI =V - VJ, ¥ =¥} - ¥, (6.70)

The evolution equations for these variables are therefore given by

S5 4 aV, VoY + @l = 0, (6.71)
0 - (3¢ - DHWY - 3(ck - B HY, = ——(ch - D} - LY + e ~TIZ.
(6.72)
Using the relations
Sl =3"n (\Izg - W) = h(¥i - U, (6.73)
l i

and
3 st = Zm(g—’pg ! D‘) h"“ D} — i D™, (6.74)
1 1
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we can rewrite the relative density perturbation equation and the relative velocity equation
in terms of the total matter and relative variables:

SY 4+ aV, VY 4+ @l = (6.75)
e . .
— [3(c + &) - |HYY + 5 Z hl(Cﬁj‘I’Zl - V) = 0(cg; — ¢3;) ¥

GH‘-‘

1
— (& = &) m D

. (% — )8 — =€l +— Z hi(c P — c2gity — MY,

(6.76)

These equations show the coupling between isothermal and adiabatic perturbations, and
the generation thereof, of one from the other.

6.3.3 The Case of Two Fluids

Let’s now consider a two-fluid case, where the relative inhomogeneities in fluids 1 and 2 are
given as

ha
h

mDg = f(umDT + h2S37). (6.78)

Ul =0, + =T (6.77)

The evolution equations for the relative variables are given by
812 4 oV, VPl 4 9el? = 0, (6.79)
. 3 1
‘I"lzz - [E(hﬂcgl + hlcgz) - 1] H‘I’f 'Y 3H(¢31 - ng)‘l’a - E(Cgl - ng)#mD
1 1
= —gﬁ(hgcgl + h1c2y) 822 1122 — 5}3. (6.80)
Following the definition in [18]

1
= “ﬁ(hZCgl + hicg), (6.81)

we can rewrite (6.80) in a more compact form :

. 1 1 1
;2 — (32 ~ DHYE ~ 3(chy — ) HYT = ——(cf1 = ci)um Dy = 35" — 1" — ~e”.
(6.82)

Reducing further to perfect fluid situations, we have II1? = ¥™ = 0 and ¥}? = V}¥ and
this will lead the equations to

812 4 aV,VPV!2 + 3HeL? = 0, (6.83)
Vam - (302 - 1)HVa12 . ( sz)HmDm - 502312 (115‘112~
(6.84)

A more detailed treatment of radiation-dust perturbations as an example of a two-fluid
system will be given in the next chapter.
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6.3.4 Scalar Equations

QOur scalar variables for the component fluids are given as

Al =aVeD Vi = aVeV}, T; = aVoy,
g; = AV, F; = aVOF}, I; = aVOIIi, (6.85)

and for the relative scalar variables:

. aqij mi mj
Sij = aVe 55 Tvw  TFw, (6.86)
V%j = a@avaij, \Ifij = a@’“‘llzj,
€y = a@agy’ Hij = a@“ﬁff. (6‘87)

Using these variables, we can write the corresponding propagation equations as follows:

Ab—O(w; - Z)AL + (1 +wi)Z = -ﬁ%«:ﬁmm + 1“_';“;10@5 — e
4+ aO(1 4+ w;)(F™ 4+ I™) — a(1 4+ w;) V2, (6.88)
. 1 o ,
¥, — (3c§i - 1)HY; = F™ + 11" —11; + P [hicgpmAm + hiPme — hcgiu’A;n + hp"r:i} ,
%
(6.89)
G4 -+ a'@Q‘Pij 4 @Eij = (, (6.90)

. e ) . 1
Y — [3(c5; + Cﬁj) - 1HTIY + Iy Z ht(cgj‘l’d — &V = (- ng)‘l’ - a‘ﬁ(cgi - ng)”mAm
1

(Cgi - ng)sw - EEU + zl-h' Z hg(ngSzl —_ C?Sﬂ) — T14. (691)
{

[ N

Specializing these for the two-component fluid system, we get

5.112 -+ a,<72\1112 + Beyg =0, (6.92)

. 1 1 1

Uyg — (302 —1)H¥yp - 3(0'521 - ng)H‘I’m = "Hi(cgl - sz)HmAm - 563512- — I — 5512,
(6.93)
(6.94)

which, for the perfect-fluid case, will further simplify to

S12 4 aﬁ%’lg + Be19 =0, (6.95)
. 1 1 1
Viz — (3¢ = 1)HVig = —;ﬁ(cgl — 2V um A — Ecsz - —en. (6.96)

6.3.5 Harmonic Analysis

In the harmonic space, the perfect-fluid component (where ¥; ~ V;) equations will take the
form
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— (wi — G)OAF + (1 + wi) 2* = Lrwi agak o LEw

T+w' s m T 1+ wOe* +(1+wz)-V;, (6 97)

1 1
- (c?i - —g)@‘/}k o [h csuA + hipe® — hcs,”u’Ak] (6.98)
. 1
V;? - (ng - g)eVi? - (Csi - ng)@v;k = “m(fﬁi - C?,—)M::Af;“ C 51’37 (6.99)
. k2
S ==V =0. (6.100)

6.3.6 Second-order Equations

The set of second-order differential equations involving Af,, R, ®, S;; and Vj;, in the
barotropic two-perfect fluid case are given by

. 2 . 1 17
Ak + (g — w;)OAF — ki wl ( J;, (c? ~ csz)@> AF 4% 2A’“
1 + w; H M f fl/
" " .
+(ed — e2)(c —w) (3%# + 53—}3 - S—}f; - 3R6-§7 - %{2{-) R@M AF — ———iiﬁ‘w@ék
14wy 1 1"
T 1+ wt {(w S(C + wcsz)) ‘F ~3 (w + 3(62 + wcgi)) f (2w 3(6 + wcsz)) R@.;/

+(w = 2 — cZw) (éﬁ—%) e
+ (1 + ;)0 ol rk 4 +(1+ ){1+ﬁﬂ~lm+f”“m—fé@(f) +R@fm}1a’“:0,

f’ 2 f" 2 f/2 f/Z f/
(6.101)
. fm X fm f (4) flll 1 ff R k k
RE 4+ (2R— 7 @)Rk+ +Rf” + R%4 77 + RO 7 3f” 3 R* + 1+ RA
2_1 N\ 2 " .
4 [S%c_gﬁ)_ﬁ‘_m 2R+ ”"fiCSR@J,« iw (2R+2R2’;H> + (e —w)R@} Ak
) 9 . i

+———Reb g | ZEm 0T Cho+ 2R + 2R2f,, ek =0, (6.102)

1+w f 14w 1 +w f
o K2 k2
. 1. 1
Vi = (2= 1oV + [2@ @ -3 (367 30 +30)22 + Lun+ 300 ) | 15

e ~c2 . et - 2 . 2@ 3¢
s }] i 53 . z

a0 T w) Do + PR )( 4w —c )@Am . 285 + —-—————~3a Sij. (6.104)

Since Eqns. (6.103) and (6.104) are linearly dependent equations, we can pick up either
one of them and, in combination with the other two equations, close our system of second
order equations.



Chapter 7

RADIATION - DUST PERTURBATIONS

7.1 Background Setup

We now are in a position to write the perturbation equations for a universe dominated with
radiation and pressureless matter or dust mixture. General relativistic covariant perturba-
tions in such a universe have have been investigated by Dunsby [19,20], and Dunsby, Bruni,
and Ellis [18].

Since the component fluids satisfy the conservation equations of the background sepa-
rately, we can write,

fta + Opuq = 0, (7.1)
fir + %@Hr = 0. (7.2)

The speed of sound and the equation of state parameter for dust are both zero, and for
radiation, they are 3. Equations (6.58) and (6.59) close the system of equations that

completely describe background.
For the total fluid we have

we= P _PatPr _ prwr __} ur (7.3)

Bm  Hd T+ pr ud+ur 3p

1 ;ur 44ir
2 3 sr
R S , 7.4
T T w) () ("d"’sd e ) i+ w) at i) ety Y
1 3pgcs
2 2 2 HdCgp

= —(h h = = 7.5
C; h( rCsd T dcsr) g + 4itr 3/11d+4.uwr ( )

And their variations in time are given by

. Hate
w = (1+w)(w-c§)®=~m, (76)
T
4 e

2 fd
. —————— @ 7.7
s 3(3,qu + 4ur)2 2 (.7)

4

(‘;2 — __Mm_ = ¢ 03@ = —cg (78)

# 7 3(3ug + 4pr)?

62
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7.2 Total Fluid Equations

Upon expanding Eqn.(6.25) for a radiation- dust mixture we get

Apigpir
€ = e S 7.9
and hence 4
Hg
€ = ————Sdp. 7.10
Sa + (7.10)
We can thus readily derive the evolution equation for ¢; and it is given by
.16 pgpr 4pig 2.2
€= et £ B Sy = —4c2c208,, — 4c2S 7.11
B gt dp? T Bt A b (71D

Using these relations and applying the general total fluid second order equations to the
radiation-dust mixture yields

fll 3 1 f
[(c +5-2w)6 - Rf,]Ak sz + 52 ——4w—1) g 5w -5c)f,

112K k2 R " 3K k2

1 +w 2k2 fll . 1 . i i 1 .
=5 { 1- ———-}7 +(f - 2um+2R@f")-f—,-§ - 2R9(f ) -—ZR@J;, ] Rk — (1+w)® {H’Rk,
(7.12)
H 1 (4) " ’
: ST NS U 1 DRSNS Py
R¥ +(2R7»,7 +O)RF + +R 7 + R 7 + RO~ ity T3 R+ T, B
3¢ -1 w+ 2 c? w :
( s3f,,)“"‘+ o R@+1+ (2R+2R2);,,>+ (cg+c§(c§-w)@)] Ak
4w 2 P b i
“Tre QRSdr [7,—; e (R + RO + R?* 7 )} Sﬁr = {J, (7.13)
kz 2 3 Ak
Sdr + (C + )esdr Sdr 2((1 + )A = O
(7.14)
where Ay, and Sy can be expanded as
Padg + pr Dy
A = il 7.15
" g+ pr ( )
Sy = HBg — %AT. (7.16)

These three equations form a closed system of equations characterizing the density, curva-
ture and entropy fluctuations of the total mixture.

7.3 Component Equations

Applying our component perturbation equations(6.97-6.100) to a radiation/dust fluid back-
ground we obtain

4etc iy k?

Ak 4+ 7k = 2ok - esk + vk, 7.17
d+ Cq d 3(Hd+ﬂr) dr+ a d ( )
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16c2c2u, . . 4k?

ik L 4k 4.2 k s k
dok _ d.2aak | T8l S 18
Ar + SZ 3639 T 9(,Uld +NT)@Sdr + 3a Vr ’ (7 )
. k2
Sar = = Var =0, (7.19)
. 1 4
k 2 k Mg T lr g 2
- = r - S 7.20
Vi + oV = gt ial, st (7.20)
It can also be shown that
ok 1 3 9 1,
Vdr == k2 @Sdr (C + 4(3 )A aczSdr. (7.21)

The perturbations of the density gradients of the radiation component of the fluid is
dictated by the second order equation

o

. 1 4 Bwpg (2= ) Apiy St
Ab 4=~ + 3 e - R A
’ (3 3(1 +w)(3Ud+4Nr Bd + ) 3(1 +w)(pa + pr) f r
N Atg dw -3 o_ Rf" | A
3(14w) |\ Bua+4pr  pg+ pe (a + pr) f
L4 [_’_ﬂi N ((w —A)pr  wpg fdfbr ) of”
3(1+w) [3a? pa+ pr Bpa+dpr o 3(pg + pr)? 7
_ dpapr_ Bwpa+ (Bw=pr _ 3(cs = Fpa (65— 3)E —whur (6 = Prarr | o
(Bpa +4ur)?  3(pa + pr) 3psq + dpr pd + phr 3(pa + pir)?
(O tw=2)pr bwpa | pat e ( Swpa . _Cii ) AN
P + fir 3pg + 4pr f! Bpg+ 4 patpe) f11T
e . 1"
L4 [(('w ColHd | _AWhd _ __ Hapr 2) R@'—f—;
3(1+w) pd+ pr 3pd+4pr  3(pa + pr) f
dpapr  Awpr+ (Qw+ Dpg (= Poapr 4~ Fua (- )(c2 —w)pa
3(3pa + 4pr)? fd + pr 3(pa + pr)? 3pa + dpr pd +
_((tw-2)pa  Swpa | patpr ( dwpg g ) N
fid + por 3pg+4pe | f 3pg +4ur  patpe) f11T°

f” 1 RS O1Ff (e + pa) f' " ok
3 f’ 3 [_ a2 2R Iz R@( =)+ RO— 7 ] R* = 0.
(7.22)
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Similarly the evolution equation of the dust density gradient is given by

. 2 “d 4w c? Hd f”
A+ K-+ e )@— Ak
G T e Gmran ) T T mr ) O F

2 . F .
1 {( BTU/JJd + Cglir ) @ + b R-f—] A?’f

L+w [\3ug+4ur  pat pir pat+ pr f
LM [( - c2 Lot o ) ol
T+w [\pa+pr  3pa+dpr  3(pa+ pr)? I
( dpr  dwpr + Gw+Dpg 4G -w)  (F-w)ed Gy ) o
3(3uq + 4pur)? ta + phr 3pa+4pr  pa+pe  3(pa+ pr)?
“(1+w~—2c§ Sw )}Ld+ﬂr+( dw c? )j——]Ak
pa+pr  3patdur)  f 3ug + 4y patpe) f1]00
Lt [((w — e Bwpa  papy ) gels . ( capapr _ 3(ci = w)ng
Ttw [\ patpr  Bpa+dur  3(pa+ pr)? F U \8ua + pr)? T Bpat+ A
(2 —w)ckp Apgpr (1= 3w)p, — 3wud> o2
fd + pir (Bpa +4pe)?  3(pa + pr)
. ( wiptg Cgﬂr ) i _ ((1 +w — 203) Hr Bwiig ) d -+ py A}c
Bug+4ur  patupr) f pd t pr 3pid + 4pr I
" 2 g " " 1" i
+@§, RE + [ + %—%},— - %”’;{2 +1 (”},j' ) R@(f )2 +R@ff, } RF=0. (7.23)

In terms of the component perturbation variables we can write the evolution equation
for the curvature gradient as

+ R?/— + R? I I 3f" 3

2 _ 2 _ .

(cs 1 pa —4wc")RAd+(C | TS +3wcz>RAff
I+wpg+p 14w I+twpg+pur 14w

2

e : .
+{{(3c§~1)”‘i+“r+w+%3@+ % (2R+2R2f )+ R (c§+c§(c§~—w)@)} e
fd + by

. 1 . 2 g 4) i i R
RE + (ZR”;,, e)7€’“+ i 2/ -|~R(—>J’c—+--i—--—]73’c

3fll 1 + 1 + fll

a2 [Hdt 2 2/ -1 papr k
4wcz[ 7t Trw <R+R@+R f” Hw(ﬂd_{_ng@ Ak

+ w + ¢ f’” R : i
+ { I:(3c§ - 1) Mdgf,,m T (2 f” tire (czz +c2(c? - w)@) L

Ud + r
B + Hr 2 gf"’>] -1 pgpr } k
3w R+RO+R R& 3y A =0,
owe [ I +1+w( TSR ) T30 ) G+ )2 '
(7.24)

The entropy perturbations follow the evolution equation

1o k2. k2
Sdr = ZVdT - gé‘)Vdr, (725)
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and this can be further expanded as :

&k 2, Line k? o k2 2, 35
Sgr + (Cs + g)@Sdr + Eﬁczsdr - E(CZ + ZCS)Am = (. (726)
In terms of component gradients (7.26) can also be given alternatively by

2

.. . 3 , 3k
Sk 4+ (2 + 2207 - Z(cz +2c2)0A, — Z;é«(cz +cHA, =0. (7.27)

In the coming sections, we will consider the short - and long wavelength limits of our
radiation/dust perturbation equations in a flat (K = 0) FLRW spacetime and look for their
exact solutions.

We observe that (7.1) and (7.2) integrate to give

a

pa = b (=), (7.28)
a

pr = “(7‘)0(_(;0)4' (7.29)

and thus the total energy density of the mixture is

Py« _
fm = pid + fr = Bryeas(l + ;E—;ﬁ)a t = pgoao(l + ca)a™, (7.30)
7o

where a = 290 Defining 8 = %, /—— we can rewrite (7.30) as
H(ryg a5 Y Hire

o = %a“‘*u + aa), (7.31)

and the pressure p = pg + pr = pr = .é. [ 8S

1
p= -ﬂ-ﬁa-“. (7.32)

Since we do not have an explicit expression of the Hubble parameter H and the curvature
scalar R as functions of the scale factor a in f(R), an exact multi-fluid background solution
is not available. This, however, is an important issue and will be investigated in a future
work.

In this chapter we will look at solutions in the short wavelength and long wavelength
approximations for perturbations both in the radiation and dust dominated epochs where

n
we can use the exact single fluid background solution given by a = agt30+% [21].

7.4 SHORT WAVELENGTH SOLUTIONS
7.4.1 Perturbations in the Radiation-dominated Epoch

Let us now look at the case where the characteristic size of the fluid inhomogeneities is
much less than the Jeans length for the radiation fluid but is still larger than the mean free
path of the photon. Similar investigation has been made by [19] for the case of General
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Relativity.! Here we assume that we can neglect the interaction between the component
fluids and that the radiation energy density can be taken as almost homogeneous, meaning
Ay 2

This amounts to studying dust and curvature fluctuations on a homogeneous radiation
background, whereby radiation affects the growth of the dust fluctuations by speeding up
the cosmic expansion [18]. In this epoch, the component and relative equations we have
seen in the previous chapter will take the form

. 5] k?
Af+ 28 = T (copmAr, + pme®) + a( )V, (7.33)

. f 2 (2¢2 —w—1) pm, c2 R _f >
2 -kl - Jort - (B e - o (3 - f-aioly )

" 2 1"
od [2— + R_1 —2R®f ] - l(ic—) [cﬁumA’.fn%—pms ] +@f RE

Q4w | T2 f h'a? Iz
1 kz # 1 1 " "
["ﬁ.ﬁ%‘i% +fff;m RO(= )2+R@J;,]Rk-»0 (7.34)
1
V::i + _@‘/Zi = csp,mA:fn + pmeF| (7.35)
3 ah
. 1 1 1
de;" — (2~ ")@Vd’? = ﬂﬂm&% - —cﬁS(’fT, (7.36)
=Rr - Rh [ 2umAE 4+ pe ] (7.37)
RE = 2R——"—/+® ®¥ — RZF + “’“A’“———P Ak 4 ek]
fll 3f// f” ,g,Uvm, m Pm
k2 . f”' f (4) fm 1 fl R
( + R+ + RP— 7t @7'7+§F“3' RE. (7.38)
Since A, << Ag4 we have
1
Czl‘mAfn + ngk = 'gl*'«rAf ~ 0, (7.39)
whence
Sk~ AR, (7.40)

Using these approximations the above set of equations can be rewritten as

. 2
Ak 4 7 — a(-’%mk 0, (7.41)
1
Z¢ (R ?-2H)Zk+’;fAk @’;,%k
1 k2 f// 1 f fll f” Ly f” f”' &
~lstaF gt SHR( -)2 + 3HR— 7 RF =0, (7.42)
VE+ HVf =0, (7.43)

Long wavelength General Relativity solutions for such a universe have also been studied by [19]
and [6].
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4
Vd, +3 ‘Z‘ HVE =0, (7.44)
= R¥, (7.45)
n f”' kK pok k
%z_( f,,+3H)§}t~RZ +3f,,A
flll f fl/l 1 f/ R k
( + R?T + R%_ 7 + 3HR?; + = ‘f—,; -3 R™. (7.46)

We can write Eqns. (7.41-7.46) as the pair of second order differential equations given
below:

> £l
A§+(2H~?ﬂ-—’iﬂ)4&§ Hank gt

Af! f f
+ [2 + @;i;; - %’;{: + f;,’;*" - SHR(f”)2 + 3HRJ;’:,] R¥ =0, (7.47)
R+ ( ’;,',' + SH) R — 35’? Ak - f”Ad
+ ( + RJ}IZ + R ffi N 3HRJ;,/,[ %, - ?) RF =0, (7.48)

It can be shown that H and RL, are of the same order whereas & << 1, implying
that curvature and radiation fluids effectively dominate the fluctuation dynamlcs In effect,
terms like pgAX merely sub-dominate in the curvature-radiation-dust ”mixture”. Hence we
can safely approximate the above equation by

. . fll 1 k2 f/l 1 ]('fll fl/ "
Al +2HAL + 3H > 7 RE4 |5+ SF g T ff;’" - SHR( ) + 3HR"}, RF =0,
(7.49)

. 1 i 4) 14 4 R
R + (QR-f—;,- + 3H) R+ ( + R"Jff” e ’;,, SHR% + # -3 R =0
(7.50)

These fluid equations tell us that, deep in the radiation-dominated era, the matter and
curvature fluctuations decouple.

In the R™-gravity toy model, the simplest form of higher order f(R) gravitational theo-
ries discussed earlier, the corresponding expressions to Eqns. (4.44-4.48) in the radiation-
dominated epoch become

n n
@‘EZ:'H_E’ (7.51)
Inn-1
R= (tz ), (7.52)
g = 3(n—1)(8n—1) (7.53)
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3 3n(n —1)\""! 8n — 5n% ~ 2
Hm, = (Z) nx ( (t2 )> 5 . (7.55)

Since n = 1 is a singular limit in R" models of f(R)-gravity theories, we need to analyze
our general relativistic (GR) limit and the non-GR equations separately.
The General Relativistic Case
General Relativity is a subclass of the generalized R"™ models of gravity where n = 1. In
this limit, Eqns. (7.49) and (7.50) reduce to
" , 1
A§+2HA§+§Rk=O, (7.56)
RF =0, (7.57)

thus yielding the standard Meszaros equation for the density contrast of dust in a radiation
background, valid on small scales,

1

A§+5A§:0. (7.58)

The general solution of this equation is given by
Ak@) = C1 + CyInt. (7.59)

Dust density perturbations grow logarithmically deep in the radiation epoch.
For n # 1, with w = % in the radiation-dominated epoch, Eqns. (7.49) and (7.50) takes
the following form:

2
ik Ak Tk 12-51 n Iy 2—nl| gk __
Af+ AL+ 3R +[ T T\ ) R* =0, (7.60)
. B — 16 n? (Ag\? 6(n — 2)
ko k H —-n _ O\ &) E_
& ( 2t >R+[4(A>eqt t? met e

2

where we have used the fact that %—; = 'a—‘; (3}1) t~™ with normalized time f.;, = 1 at the
eq

time of radiation-matter equality.

Quasi-static Analysis

The system of equations (7.60)-(7.61) yields a very complicated pair of Bessel - hypergeometric
type analytic solutions. Analyses of these solutions show that the temporal variations of
R¥ can be neglected, i.e., R*¥ ~ 0 and R¥ ~ 0, because they quickly damp away. It can
shown that the solutions of the resulting equations is a good approximation to the actual
solution of the exact equations. This is depicted by the plots below where the quasi - static
solutions, as the solutions obtained using this approximation are called, and those obtained
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by numerically integrating the full equations are plotted against time. In this scheme, the
density perturbations lead to the decoupled, simple equation

Ak + -?A’; = 0. (7.62)

This equation admits the general solution

Ak)y = €y + Cot* ™. (7.63)
We choose the initial conditions A’(“T) o = A'(“T) g = 1075, The initial conditions deter-

mine the values of the integration constants C; and Cs.
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Figure 7.1: Analytic solutions in the radiation-dominated epoch. The horizontal axis
stands for the normalized cosmic time.
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Figure 7.2: Numerical solutions in the radiation-dominated epoch, showing that they
match the exact solutions in the quasi- static approximation in Fig. 7.1.
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On these scales, radiation suppresses the growth of fluctuations as they enter the horizon
before radiation-dust equality, and dust (baryon) self-gravitation is not yet strong enough
to offset the cosmic expansion. This is because the expansion scale factor grows faster
than the perturbation amplitudes do. The phenomenon is known in the literature as the
Meszaros effect.

It is clear from the above analysis that the Meszaros effect puts a constraint on the
value of n in R"™ gravity. To do so, all we need do is to determine the allowed values of
n for which the perturbation amplitudes grow slower than the expansion in the radiation
dominated era, i.e.,

4 [A4() o2 L <0=1-" <0 (7.64)
dt[a(t)] d[ } 2

This means that only values of n > # glve a growth rate compatible with the Meszaros
effect.

7.4.2 Perturbations in the Dust-dominated Epoch

During this epoch of the Universe the dust energy density dominates in the two-fluid dy-
namics and all order-of-magnitude approximations go in line with the assumption that
tq >> up. The first order evolution equations for this epoch are then given by

Ak 4 7k = 9(c§umAg + pme®) + a(g)vf, (7.65)
2l - foiz- [BAts i - o5 (3o F ko) ot
-4 i’w) { ’}T,”' + g - % - 239{:} - %(f“;) [2m A, + pet] + @J;,'snk
- [% + g’; - %J;{: + f;’;’” - R@(]},,,) + R@“’;:,} Rk =0, (7.66)
Vi + %@de = % [CsUmAm + pme’“] , (7.67)
Vh (&= OVE = gopomdh - 7355, (1.68)
Rk =gk p1 - [csumAk + Pmé ] (7.69)
RE = (21%—1;,,,: +@> R - RZ"+ 3 f,,Ak i [ 2um AL, + pme ]
( + RJ;,I: R ffi + R@ff','—,' + l}f—:, - 5;) RE. (7.70)
Imposing the short-wavelength assumptions (as in 7.39)
CumAE, + prme® ~ %—WA'Q ~ 0, (7.71)
Sk~ Ak (7.72)

will lead our equations for this regime to taking the simpler expressions
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A§ + 2%+ aVVF =0, (7.73)
i
(Rf - 2H)Z* + Bk - @);, R
kZ f” 1 f f” fll L fli f/// k

[_ +IF 3 it - 3HR( f,) +3HR f,}n =0, (7.74)
VE+ HVd =0, (7.75)
. . 4
VE + 35 Erpve —0=vE+ gg-;iHVd’f, =0, (7.76)

= Rk, (7.77)

i1
R = — ( i},-;-+3H) R — RZ* + “f”i,A’“
fll’/ f (4) f/// 1 f’ R
( +R}—;+R2 7 +3HR~},—,+§F—§ RE. (7.78)
The resulting second order equations is then
7

A+ (2}1 RJ;,) A - 7 =N +3ch,

1 k? f” 1 ff” f”llld flll
+[ 2 gt SHR(G )2+3HRf,}R =0, (7.79)

£
RE + ( J;,, +3H> RE — RA% — Bf”Ad
" 4) " ! R

+ ( + RJ}” R2ff,, + 3HR% + % - g) RF=0. (7.80)

As can be seen, these two equations differ from their counterparts in the radiation-
dominated epoch in that they form a coupled system of equations. In this epoch the
expressions given in (4.44-4.48), upon setting w = 0, reduce to

o= Qt” =>H=?3§, (7.81)
R= 4_’1_(‘;_7;2;?32 (7.82)

_ 2(n — 1):))§210'n - 3)’ (7.83)
PR = —@%27-1—)-, (7.84)
b = phg = (%%) x (4 — 3)"! (W) - (7.85)

The General Relativistic Limit

Equations (7.79) and (7.80) when reduced to the case of General Relativity in this epoch
are given by

A% 4 2HAE — Ak, +%R’“ =0, (7.86)
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Pl Ak 1Rk = :
- + = 3 0. (7.87)
These then lead to the decoupled equation
. 2
k k.
AL+ 3tAd 3t2Ad = 0. (7.88)
This equation admits a general solution of the form
Ak(t) = Cit™ + Cyt3, (7.89)
giving a standard solution of the perturbations in the dust dominated epoch.
For n # 1, the equations take the form
. 10n 6 ; 2(8n? — 13n + 3) 3(n—1)
k k k k
A A ——---t’R
A“‘( 3t ) d+( 3t2 T
-n(n——l) A2 o e 2702 —8n® —18n| _,
R SRS t = 7.
+ 3(4n«—3)<)\)6q Yoy | X =0 (7.90)
. [ 8n ([n(8n — 13) + 3] (4n — 3)) 8n(4n — 3) . 8 —2n .
k k k
——————A
R+ 37 (m — 1)t Ad s hd TR
. [ 4n? (@1)'—" 4 2[n(Bn+5)—69+54] o _ (791)
] 9 A e 9(n — 1)t2
2 n
where E’g 43 (%{1) % during this epoch.
eq
Quasi-static Analysis
2
In the quasi-static limit with (i\;{i> >> 1, we get a single second order equation
eq
Ak Ak, 4(8n? — 13n + 3) Ak — 0 (7.92)
CR™ 9t2 “ ‘
the solution of which is given by
Ag(t) _ Clt_g%+%+5g—112n23184n-39 n Czt_%y_;_i_%_y_’_nznzg—mztn-as. (7'93)
C; and Cy are integration constants to be determined from initial conditions.
At t = teg = 1 we have
A?d)eq(t) = O + Oy, (7.94)
and differentiating (7.93) gives
Ag(t) _ -gﬁ + 1 \/ 112n2 + 184n — 39 Ort __ﬂ_1+g—112n?g-184n-39
3 2 6
T2 = MW= rrers e
n {_gﬁ % _ V~112n? +184n 39} Oyt~ B3~ 1120?1184 397 (7.95)

3 6
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which, at equality, will give

. 2n 1  +/=112n2% 4+ 184n — 39 2n 1 /=112n2 + 184n — 39
k e
(7.96)
Solving (7.94) and (7.96) simultaneously yields
Ak _ (_2n 1 _ V=ii2n21184n—39 \ Ak
Cy = ; {A(d)eq ( 3 3 5 ) A(d)eq} (7.97)
v—=112n2 + 184n — 39 ’ '
31—Ak + _2n + 1 + /= 112n? 1 184n -39 Ak
Cg _ [ (d)eg ( 3 2 6 ) (d)eq] . (7.98)

v—112n2 + 184n — 39

k
The following plots show the evolution of the density perturbations (‘5@“‘) (t) in time
(d)eg
(t from 1 to infinity, where t = t,q = 1 is the normalized time at equality)for the above

linearly independent solutions, C; and 5 having been obtained by setting A% g = 107°
and Af, =107,
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Figure 7.3: Analytic solutions in the dust-dominated epoch. The horizontal axis
stands for the normalized cosmic time.

These plots are consistent with the drop in power observed in the matter power spectrum
in [21].
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3.0

Amft]

Figure 7.4: Numerical solutions in the dust-dominated epoch, showing a good match
with the quasi-static solutions in Fig. 7.3.

7.5 LONG WAVELENGTH SOLUTIONS
7.5.1 Background Model

For specific intervals of n a set of initial conditions provides with non-zero measures for
which the cosmic histories include a transient decelerated phase which evolves towards an
accelerated phase . Structure formation is believed to have taken place during the transient
regime [21]. Here we analyze the evolution of scalar perturbations during this phase,in the
long wavelength limit. In this limit the wavenumber % is so small that A = 2—29 >> Ag,

ie., -(;{%g << 1. All Laplacian terms can therefore be neglected and spatially flat (K = 0)
backgrounds guarantee the conservation of C : € = 0. This follows from an earlier discussion
we saw, Eqn.(5.33).

We consider only adiabatic perturbations (= Sj; = 0) in this thesis and hence, for a
radiation-dust mixture, the equation for the evolution of entropy perturbations

Sir +aV2Vy =0 (7.99)

implies that
Var = 0. (7.100)
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Combining this with the equation
y 2_ 1 1,2 2 1o
V;ir - (Cz - g)QVdr = _EE(CSd - CS,,.)H;Am - aCzSdT, (7101)

we obtain
(ng - Cgr)lulmAm =0. (7.102)

We thus have the following system of equations:

Am+ Q1 +w)Z - wOA,, =0, (7.103)

4 e»’;,—'% + E - %Lf{—:- + i;—ﬁgl"- - R@(-’};)z + R@ff':ﬁ] R, (7.104)
R=R- - fwmm, (7.105)
#=— (23-’}%4-@)%.-32_%?’.@%

~ (R%+R2$+R@%+%%~—§) R, (7.106)
%’. + (ge + 2%;) Z - 2%’7’&% + {21’%@% - "% (-]{; - 2%{-,2 + 21’2@%)] R+ 2@1;;9% = 0.
(7.107)

where Cp is the conserved value for the quantity C.
In terms of the background R™ solutions and making use of the conservation of C the
above equations can be rewritten as

. [l+w-—2n 6(n — )n A 3(1 + w)? -
B = [ T+w n+3(n-1)w—3] T 4a%[n+3(n-—~1)w-3][4n—3(1+w)}tl T Co
9(n — 1)(1 + w)3¢? 2R 4 [3(11 - D{(1 +w)?[n(6w+8) — 15(1 + w)]] R
" 4fn+3(n - Dw - 3] [4n — 3(1 + w)] Afn +3(n — Dw — 3] [4n — 3(1 + w)] ’
(7.108)
R =4 20 E"é;%;f )l %—?—, (7.109)
. (n—4)+2(n—2)w In(n—1) 2n{4n — 3w — 3) & pp——
%__2[ (1 +w)t n—l~3w(n—~1)-—3]gce (1+w)[n+3(n-l)w—3]a%t T
In(n — 2}(n — 1) 3n?(9n — 26) + 5Tn 8n?(n — 2) R
2 !:n+3(n—1)w—3 + 20~ Tn.~ 9T +w)n—1) 91 +w)i(n—1) +6 —t—i+
16n [4n — 3(1 + w)] [4n + 3(n — L)w — 3] [(Qw(1 + w) + 8) n? — (3w (9w + 8) + 13) n + 3(1 + w)(1 + 6w)] A,
27(n — 1)(1 + w)? [n + 3(n — L)w — 3] Iz
(7.110)

7.5.2 Perturbations in the Radiation-dominated Epoch

The second order set of equations governing the dynamics of density perturbations in the radiation-
dominated epoch is given by
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“ n{9n — 14) + 4 , n (n(n(19n — 54) + 58) — 32) + &

Bt =gy Omt 2(n — 2)2E2 A
2(n(3n—4)+2) .. (n(15n —22) + 14) 4(n® - 1)

O LR T ) L T 7
o n(lin —32) +32 . 3(n(5n —9) + 8) 3n{n(n—3)+2)
R =y 272 R~ o)
3n(n—1) (n(19n — 28) + 4) A 3n{n—1)
4(n — 2)t4 ™" (n—2)a

7 "Co = 0, (7.111)

Ak

="+, = 0. (7.112)

Making use of the conservation of C we can eliminate our R and R quantities in favour of A,,
{and its derivatives) and C,. This way we can get a decoupled third order equation for A,

Kk D0 Ak (n(24 - 19n) +8) ;& +(n—2)(”(5”—8)+2)Ak

12-Tn (a1
— A, e — et~ . (7.113)

2t3 m 3ad

The general solution of this equation is give by

2(24 — 14n)
(Tn3 — 18n? + 16)

—1pn_ NEELT-ddniy)
+ Ot 14m (81 444 +12)’ (7'114)

V/3(BIn - adnt12)
3

A (t) = 3 270y + Cyt8 1 4 Cot 3+t

where Cy, Cp and Cs are arbitrary integration constants to be evaluated from initial conditions
whereas Cp is the conserved quantity defined earlier.

7.5.3 Perturbations in the Dust-dominated Epoch

Proceeding in a similar fashion as for the radiation-dominated regime, we get the second order
equations of the dust-dominated case given by

Ak 4 n(s?n—f;a)): 3 Ak (n(8n — 13) ?I f-)—(g)(;gn —15) +9) Ak 4 3(n ;(;) Ené)lf&; _153))+ 9) 7k
n [(n(lﬁn(ézz; _3?) :247;:9 3—) 540 +189 - 1 (17( : f§?2[426f2§);527)t“ %0, =0, (7.115)
pr_ A fn&(ﬁ(fﬁg?f 6) i, 4l (n(2n(196?n(—n63)4;r ilsf))t; 198) +81] -

A - T iy a =, (r116)

These equations decouple at the third order to give the equation

ok Bae 2[n(4n(Bn—-19)+33)+9] 1, 2(4n-—3) (n(8r—13)+3) .4
A+ 38m o(m—1)? Bm o(n— )88 A
_pQ2n=3) +18) gy g, (7.117)

6(n — 1)ad

the general solution of which is given by

Ak () = 9 [12n? — 31n + 18]
" 8(48n* — 184n3 + 159n2 + 63n — 81)

B34/ (n—11(266n3 ~608n<+417n~81)
o{n—1)

2= 80+ Ot 4 Cot™
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3n—3—/(n—1)}{2560° —608n<+417nB81)
5

+ Cst™ D) . (7.118)

This solution is the same as that obtained for the single-fluid equation (5.63) with w = 0, except
that here A, is the total density gradient of the mixture (dominated by dust), and not of the dust
alone. Nonetheless, the discussions on the solutions of the single fluid dust case still hold here for
the multi-fuid perturbations in the dusi-dominated era.



Chapter 8

DISCUSSION AND CONCLUSION

In this thesis we have extended the 1+ 3 Covariant and Gauge-invariant cosmological perturbations
to a multi-component fluid universe with a general equation of state parameter for generic f(R)
theories of gravity. The linearized evolution equations of the density and curvature perturbations
of such a universe have been derived in a frame that coincides with the four-velocity vector of the
total matter. We then have applied background transient solutions of R® gravity to these equations
for a two-fluld system dominated by radiation and dust and looked for solutions in both the short
and long wavelength approximations.

In the short wavelength limit, the full integration of the equations analytically proved to be
complicated and a quasi-static approximation technique is used instead. For the values of n consid-
ered in the vicinity of 1, the quasi-static approximation is reasonably valid, l.e., it is in a good fit
with the solutions found by numerically integrating the full equations for certain initial conditions.
It is also worth mentioning that the equations in this limit generate standard solutions when n =1,
for which GR is recovered.

The two-fluid perturbations in the multi-Auid approach are shown to reduce to their respective
single fluid cases when radiation and dust- dominated cases are considered in the long wavelength
limit.

Investigating a way of solving the equations analytically or exploring better approximation
techniques is left for future work. Finding signatures from the plots of the power spectrum by
solving the fleld equations and the background for solutions that connect the Friedmann-like era
with the late time accelerated de-Sitter-like phase for specific f(R) models is also left for future
work.
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APPENDIX

A: Covariant Identities

For any scalar f,vector V¢ and second-rank tensor We the following commutation relations are

valid identities in a FLRW

geometry:

(6af). = vaf - %eﬁ?af + fua

- . 2K - .
VA(Vaf) = Va(V2f) = = Vaf — 2fwa
(Vf) =9°f - S09%1 + %4

(ﬁavb)‘ = 6@% - %ev"ya%

SR K

VeV Ve = —Ez‘v[ahb]c

PV e) = 9V + 3T + e
(@ach)' = V?Q,ch - %eﬁach

where V, = Vi) and Wy = Wiay) are first order quantities.

B: Some Useful Relations in f(R)

The following f(R) relations are generally used throughout this thesis:

p= f’ =+ 1R
1 . -
un = f,{ (Bf f)~ef"R+f"v2R}
p"—‘z%%"pn
pRZ} { (f Rf)'{"f”R-i"me?'F (—)f”R f//VZ
R = —3p=fim + tr — 3pm — 3pr
3Rf" 4+ 3R2f" + 30Rf" — 3V f' = prn + Rf — 2f — 3pm
f i i 9
+ 3 wl—Sw——————.‘Z@R +2°—V?R
ke +3pr = ( )f’ 7 7 7z
3R 3f " ey 9K
6? 3—f,—+ Qf,—sﬂef,+3f,v3 =

(A1)
(A-2)
(A-3)
(A-a)
(A-5)
(A-6)
(A7)
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