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m"ttCJnlIllg III OU"!-"vOb form is a two decision Based on the 

evidence in two sensed a must decide whether two views 

of the same scene, or views of two different scenes. Previous solutions to this PH)blem were either 

based on an intuitive notion of or were modelled on to the OUIJ<:;''''-'HCU'.Y 

similar of detection in This in uses a decision theoretic 

formulation the as unit of observation and error in 

UU01Uo,"~.U uv\..'mVH as criterion. A model is Df()D()Sea 

and test of match mismatch of this random process is 

derived. The test is written in terms of a statistic and a decision 

threshold. The of a solution derived from first are illustrated with 

the derivation of conditional 

of error in the decision. 

Two the error-rate is 

range of '-oVlll.UJI"RIU" 

measures from the literature prove to be more in this case. 

the of the 

\.<UJ,UjJ'Vlltl.lI," from the two 

to reduce the dnneJ[1Sllon<3.Jlt;y 

test is addressed. It is established that 

com­

is used 

the test 

statistic. alternative methods for ~UU~'''h ~V'''pUU'h",'J'', and 

are used to calculate the test statistic of a 

individual 

The then extended to the 

referred to block m1JLtclllng. This formulation of the 

sUlrnnlmg the statistics 

of <l1"r"T'T\" that is 

IJVvl.l';"'" and 

a for the PO:SltllOn of correct where the latter is useful if there is a about 

the mechanism that VU5Ul<HJI'y 

block .. .I.e"""".,,!', <;O,'''''.L<;O'.,"'.Y 

out of reglst(~r are 

~P"U"~' test and for tests based on standard measures. 

benefits an 

and real 

test 

with artificial noise illustrate once 

from first IJU.iHhlj,"';" 
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[1- v)] . (2.8) 

statistical the nt€:rpl:et,:tticm often in 
nY'f>,,<>.nnT'O that maintains n".-tnrm under a wide range of conditions. 
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2.2. IMAGE SIMILARITY MEASURES 19 

dependence and histogram-based measures have the potential to use a more general model 

for the relationship between two matching images. 

Pairing Functions Garret, Reagh and Hibbs propose the pairing function N as the basis 

of an image correlation measure [48]. Given images u and v with pixels quantized to G levels, 

define the pairing function N as the G x G matrix where the entry Nkl represents the number 

of times the pixel value k from image u pairs with pixel value l in the corresponding pixel of 

v. Note that exact pt<el matches accumulate on the diagonal of N. One correlation measure 

(or similarity measure) based on N is the simple sum 

1 G-l 

¢s (u, v) = N L Nkk (u, v) , 
k=O 

which is the total number of matches divided by the total number of possible matches. The 

normalized cross correlation can also be written in terms of pairing functions as 

where 

G-l 

L Nkl (u, v) the number of pixels with value k in u 
l=O 
G-l 

L Nkl (u, v) the number of pixels with value of l in v. 
k=O 

Note that the pairing function itself is actually just the joint histogram of the pixels in u and 

v. Figure 2-1 is a simple illustration of the pairing function concept. 

One of the motivations for the pairing function concept is that the "easily calculated" 

expected values of the Nkl allow one to calculate appropriate match thresholds [48]. Garret, 

Reagh and Hibbs do this for G = 4, but following the same procedure for the large number 

of intensity levels that are common in modern imaging systems is impractical. Of course, the 

levels can be re-quantized to a manageable number, but this approach discards information 

from the original image. 
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20 CHAPTER 2. A REVIEW OF DIRECT IMAGE MATCHING 

628 0 0 0 0 0 0 0 
0 1026 0 0 0 0 0 0 
0 0 2482 0 0 0 0 0 

N= 
0 0 0 4342 0 0 0 0 
0 0 0 0 1641 0 0 0 
0 0 0 0 0 3044 0 0 
0 0 0 0 0 0 2817 0 
0 0 0 0 0 0 0 404 

(a) Subimage A of the 'pep- (b) N for two identical images: image (a). As expected, N is a 
pers' image. diagonal matrix. 

8 6 41 127 81 128 125 112 
1 2 96 201 464 185 44 33 

267 105 328 537 383 438 258 166 

N= 
80 62 533 1067 540 794 533 733 
23 3 174 417 272 450 163 139 
46 35 200 594 568 1034 394 173 

484 290 434 479 155 605 322 48 
57 22 61 155 48 46 9 6 

(c) Subimage B of the 'pep- (d) N for two dissimilar images: images (a) and (c). Off-
pers' image. diagonal elements are non-zero, indicating mismatch. 

0 628 0 0 0 0 0 0 
0 0 1026 0 0 0 0 0 
0 0 0 2482 0 0 0 0 

N= 
0 0 0 0 4342 0 0 0 
0 0 0 0 0 1641 0 0 
0 0 0 0 0 0 3044 0 
0 0 0 0 0 0 0 2817 
0 0 0 0 0 0 0 404 

(e) Subimage A with inten- (f) N for images differing only by an intensity offset: images (a) 
sity offset of 1 level. and (e). Non-zero elements are shifted one diagonal to the right 

with respect to (b). 

Figure 2-1: Pairing function matrices for 64 x 64 pixel subimages of the 'peppers' image 
(quantized to 8 levels). 
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o 50 100 150 200 250 

(a) Medical radiograph - 'Skull'. 

J. .~ 
o 50 100 150 200 250 

(b) Standard image - 'LAX' (subimage) . 

o 50 100 150 200 250 

(c) Standard image - 'Lena' (suhimage). 

Figure 4-1: Local averages and histograms for three test images. The histograms are accom­
panied by the best fit normal pdf. 



Univ
ers

ity
 of

 C
ap

e T
ow

n

58 CHAPTER 4. MODELLING AND SYNTHESIS OF IMAGE PAIRS 

approaches or in more sophisticated models. As examples of the latter, multiresolution models 

[85, 86], mixture distributions [87], or generalized Gaussian models [78] have been reported. 

Alternatively, the images can be transformed so that they better resemble samples from a 

stationary MVN process. for example, Hunt and Cannon propose a model with additive 

nonstationary mean and stationary residual components [75], Hunt proposes normalization 

and spatial warping to enforce stationarity in the second order image statistics [88], and 

Chapple and Bertilone propose a pointwise transform to make image pixel statistics better 

resemble the normal distribution [89]. These methods can potentially overcome the non­

normal and nonstationary characteristics of images, and Appendix A investigates them in 

more detail. 

For the purposes of this research, then, the assumption is made that images can either be 

adequately modelled as an MVN process or they can be transformed to better resemble the 

samples of one. Normal marginal pdfs do not guarantee a normal joint pdf [29, p. 7], so the 

fact that MVN models are adequate for the individual images does not imply that the same 

is true for the image pair. Even so, for the tractability it offers, the additional assumption 

is made that a linear model adequately represents the match/mismatch relationship between 

the images. The resulting pdf for the image pair w T = [aT, bT ] is given by 

( 4.1) 

where m~ = [mr, mr] is simply a concatenation of the mean vectors for the individual 

images. Kw is the joint image-pair covariance matrix, which can be written as 

where Ka = O"~Ra and Kb = O"~Rb are the covariance matrices of the individual images, 

and 0" aO"bRab is their cross-covariance matrix. 

4.1.2 Shared Intra-Image Correlation Structure 

It is assumed that the images a and b share the same intra-image correlation structure, and 

therefore Ra = Rb = R. In a matching application the two images will probably contain the 

same sort of subject matter, making this a reasonable assumption in most cases. Applications 

that require multi-modal matching are possible exceptions, although it should be noted that 
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the model still allows the images to differ by a systematic offset (mean vectors rna and rnb) 

and overall scale (variances a~ and a~). The image-pair covariance matrix can now be written 

as 

(4.2) 

4.1.3 Additive Noise 

The sensed image has two main components. First, there is information about the scene and 

second, there is superfluous information that was added during the generation of radiation, 

the irradiation of the scene and the image capture. This additional information is commonly 

referred to as noise. Figure 4-2 illustrates the distinction made between scene information 

and noise in a medical X-ray image: subfigure (a) is the original image, (b) highlights scene 

information in the form of the vertebrae, (c) highlights statistical noise in a quiet part of 

the image and (d) shows a structure noise artifact introduced by the line-scan operation of 

the imaging system. For now it is assumed that image formation artifacts are either absent, 

or that they can be ;:emoved by preprocessing that exploits their deterministic structure. 

Assumptions must now be made regarding the nature of the statistical noise. 

(a) Medical X-ray 
image. 

(b) Scene: verte­
brae. 

(c) Statistical 
noise. 

Figure 4-2: Image model components. 

(d) Structure arti­
fact. 

A common assumption is that the noise in an imaging system can be modelled in terms of 

additive (signal independent) and multiplicative (signal dependent) components [8, p. 268], 
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implying the model 

u = J.L x 0a + J.L+ (4.3) 

where 0 denotes the Hadamard product l , a represents the scene, J.L x represents multiplicative 

noise and J.L+ represents additive noise. In the event that one of the noise components domi­

nates the other, the model can be further simplified by neglecting the smaller component. In 

some situations, purely multiplicative noise can be made additive by taking the logarithm of 

the image intensity values [17, p. 80], suggesting that the additive noise model, u = a + J.L, 

can describe a wide range of imaging scenarios. 

Further, it is assumed that the noise can be modelled as a zero-mean, stationary MVN 

random process. Since most imaging systems accumulate signal at various stages of the 

image formation process (e.g. scintillation, CCD camera integration and software summing 

of image frames), the normal approximation can be justified at each stage using the central 

limit theorem of statistics. Denoting the noise components of images u and v as J.L and v 

respectively, their pdfs are given by Pp. (J.L) = N (J.L; 0, Kp.) and Pv (v) = N (v; 0, Kv)' If the 

noise is white, then Kp. = (J~I and Kv = (J~I. 
Based on the rules governing sums of multivariate normal random vectors, the covariance 

matrix of w is the sum of the covariance matrices of the scene and noise components (see 

Mood, Graybill and Boes [61, p. 178] and Appendix B.1). Therefore, assuming that the noise 

in separate images is statistically independent, Kp.v = 0, and 

[ 

(J2R+(J21 
a fJ. 

(Ja(JbRab 

(4.4) 

4.2 Models for Match and Mismatch 

The model for the image pair is characterized by the mean vector mw and the covariance 

matrix Kw in equation (4.4). All of the quantities in the covariance matrix are characteristics 

of the individual images except for the normalized cross-covariance matrix Rab. Since this 

matrix governs the relationship between images u and v, it will be instrumental in defining 

1 a = b 0 c ==> ai = bi . c; 'rIi 
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the squares of the canonical correlation coefficients are the eigenvalues of K;: 1 KabKb 1 Kab 

[29, p. 550]. Substituting (4.2), 

which has n 2 eigenvalues of P~b. The n2 canonical correlation coefficients of {a, b} are therefore 

P~b' confirming that all correlation between a and b is captured by the cross-correlation 

coefficient parameter Pab. 

4.3 Image-Pair Synthesis 

A procedure for generating artificial images can be used to analyze matching algorithms 

numerically using Monte Carlo methods and to test them under controlled conditions with 

unlimited test data. Such a procedure for an MVN random field is described next, followed 

by the derivation of an efficient method for synthesizing correlated image pairs that are 

realizations of the joint model developed in the previous section. 

4.3.1 Simulating Stationary MVN Fields 

A procedure for synthesizing MVN random fields by generating a white noise image and 

transforming it to an image with the required covariance matrix is outlined by Johnson [90]. 

Conceptually, the procedure that generates a, a sample of an n x n MVN field with mean 

vector m and covariance matrix K, is as follows: 

1. Generate a zero mean, unit variance white noise image z. 

2. Derive the unitary transform matrix G that diagonalizes covariance matrix K. Denote 

the diagonalized covariance matrix Kd, where 

3. Scale the pixels in the white noise image by the square root of the elements on the 

diagonal of Kd: 
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This step transforms z to a sample of a process with covariance matrix K d . 

4. The unitary transform matrix G diagonalizes the covariance matrix K. If a is a sample 

of a N (0, K) process, then Ga is a sample of a N (0, Kd) process and vice versa, if i 

is a sample of a N (0, Kd) process, then G-1i is a sample of a N (0, K) process [29, 

Theorem 1.2.6, p. 6J. The inverse of real unitary matrix G is its transpose, so 

generates a sample with the required correlation structure. 

5. Finally, the required mean is obtained by a = a + m. 

In practice K can be embedded in a circulant matrix and diagonalized by the discrete 

Fourier transform (DFT) in step 2. Complications not discussed here include non-trivial 

embedding of some covariance matrices into a larger circulant matrix and the fact that the 

inverse DFT in step 4 provides a complex output, when a real sample is sought [91J. Figure 

4-6 shows samples from separable and nonseparable Markov random fields [8, p. 33-37J that 

were generated using this procedure. 

p = 0.1 p = 0.3 p=0.5 p= 0.7 p =0.9 

(a) Separable Model. 

p = 0.1 p=0.3 p= 0.5 p= 0.7 p = 0.9 

(b) Nonseparable Model. 

Figure 4-6: Synthesized images based on Markov random fields. 
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4.3.2 Image-Pair Synthesis Equations 

Image pairs that are samples of the model developed in the previous section can be synthesized 

for Monte Carlo simulation purposes. Generating independent white noise is trivial, but the 

generation of correlated image pairs is more difficult. One possibility is to use a method that 

generates image samples based on a known covariance matrix K, like the one discussed in 

Section 4.3.1, but this approach suffers from the high dimensionality ofK and does not exploit 

the Toeplitz-Block-Toeplitz structure that is commonly used in stationary image models with 

structured covariance. 

O'a rna 

I I 

; N(O,R) i 
)~\ / v, 

------~~;--- 8 2 ~~)----a -- ) 
_ __ ___ J 

Pab 

Figure 4-7: Process for synthesizing an image pair with specified cross-correlation coefficient. 

A more realistic approach involves generating two images independently and transforming 

these to a correlated image-pair with the desired correlation coefficient. The process developed 

previously to illustrate the model (and repeated here in Figure 4-7) can be used for this 

purpose. Two random N (0, R) images (al and d 1 in Figure 4-7) are generated using the 

procedure in Section 4.3.1. The expressions 

and 

which are based directly on the process in Figure 4-7, can then be used to generate the 
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required images. 

4.3.3 Example Image Pairs 

Figure 4-S shows examples of ideal image pairs synthesized with different match correlation 

coefficients. The individual images are first order Markov random fields (MRFs) [S, p. 36] 

with a one-step spatial correlation coefficient of p = O.S. 

(a) Pab = 0.0. (b) Pab = 0.2. 

(c) Pab = 0.4. (d) Pab = 0.6. 

(e) Pab = 0.8. (f) Pab = 0.9. 

(g) Pab = 0.95. (h) Pab = 1.0. 

Figure 4-S: Synthesized image pairs. 
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not say anything abut the sensitivity of the decision threshold to inaccuracy in the model 

parameters. This is the case because the minimum error rate is estimated from the hypothesis 

conditional pdfs, and does not require that the threshold be specified. In practice, however, 

the decision threshold must be specified beforehand and an incorrect threshold will increase 

the error rate. Figure 6-11 shows the result of an experiment that used the theoretical ideal 

observer threshold given in Chapter 5. The error rate of an LRT that knows the correct model 

parameters is compared to an LRT with fixed model parameters. Once again, the test with 

fixed parameters is reasonably insensitive to parameter inaccuracies. Overestimating SNR by 

more than 0.5, however, might have a severe effect on the error rate. 
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Figure 6-11: Monte Carlo investigation of LRT decision threshold sensitivity to model pa­
rameter inaccuracies (To = Tl = 5000). 

6.3.2 Noise Deviations 

The assumed model caters for additive white noise. Real imaging systems also generate other 

types of noise and the effect of three common examples of these on matching performance are 

investigated here. They are correlated noise (or coloured noise), salt-and-pepper noise and 

multiplicative noise (or speckle). 



Univ
ers

ity
 of

 C
ap

e T
ow

n

120 CHAPTER 6. ERROR-RATE PERFORMANCE OF THE OPTIMAL TEST 

P =0 n 

d = 0.1 
sp 

CI = 0.1 x 

Pn = 0.1 P =0.2 n 

(a) Additive noise of varying one-step correlation (SNR = 2). 

d = 0.3 
sp 

d = 0.5 
sp 

(b) Salt and pepper noise for a range of noise density. 

CI = 0.2 x CI = 0.3 x 

(c) Multiplicative noise for a range of standard deviation. 

Figure 6-12: Synthesized images with varying degrees of noise. 

P =0.3 n 

d
sp 

= 0.7 

CI = 0.4 x 



Univ
ers

ity
 of

 C
ap

e T
ow

n

assumes in is 

as a nonsep-

error rate over a error rate per-

"ia,~.1UU is very uncommon in •••• ~n" •• n 

rUJlU",W:::,.. cornman '''''''OT"'' 

error rate ULJ"aJ'U1:::U 

(>,,",.""<"Qnnnrl to very extreme ,",UJClUj'",'-'H" 

can ur .... itt~,t1 as u = a + It a is scene 

case, itis 



Univ
ers

ity
 of

 C
ap

e T
ow

n

~ 

e 
~ 

6. 

Optimal and Approximate LRT Statistics lRT and Suboptimal Statistics 
O,351-~---'---~--;:'===1l 

0, 

0.25 

0.3 

0,25 

0.2 

0.15 

0,1 

0,05 

Parameter 
size (n) 

Mismatch correlation 
Match correlation 
Scene one-step correlation 
SNR 

0.45 

0.4 

0.3 

0,2 

Value 
16 
o 
0.6 
0.95 
2 

Low match correlation coefficient. 

Optimal and Approximate LRT Statistics 

0,35 

0.3 

0,25 

f '" 0.2 rr 

0.1 

0.05 

0.2 0.4 0,6 0,8 ° 0.2 
Pn 

Parameter Value 
size 16 

Mismatch correlation 0 
Match correlation 0.99 
Scene correlation 0.95 
SNR 2 

match correlation coefficient. 

error rate versus 

LRT and Suboptimal Statistics 

0.4 0.6 0.8 



Univ
ers

ity
 of

 C
ap

e T
ow

n
Optimal and Approximate LRT Statistics 

0.5,---.---...,---,.-----;:::::=:::::::::;-, 

0.45 

0.4 

0.35 

0.3 

0.2 

0.15 

0.1 

0.05 

0.1 

.>:<. 

0.2 0.3 0.4 0.5 

Parameter 

Match correlation 

LRT and Suboptimal Statistics 
0.45 i----c----,-----.----;:==:::::;l 

0.1 0.2 0.3 0.4 0.5 

Value 
16 
0 
0.6 

Scene one-step correlation 0.95 
SNR 3 

errOr rate versus 



Univ
ers

ity
 of

 C
ap

e T
ow

n

0.5 

0.45 

0.4 

0.35 

O. 
l)' 

-;::-
e a; 0.25 
i:r' 

0.2 

0.15 

0.1 

0.05 

0 
0 

0.45 

0.4 

0.35 

0.3 

0,25 
'C 
g 

0.2 Ol 

ir' 
0.15 

0.1 

0.05 

6. 

Optimal and Approximate LRT Statistics 

¢ 

.¢' 

0.2 0.4 0.6 0.8 
cr. 

Optimal and Approximate LRT Statistics 

0.2 0.4 
cr 

x 

0.6 0.8 

LRT and Suboptimal Statistics 
0.45 

-$- S 

0.4 

0.35 

0.3 

0.2 

0.1 

0 
0 0,2 0.4 0.6 0.8 

cr. 

match correlation coefficient. 

LRT and Suboptimal Statistics 
0.31-~---r--............,--~===;]J,. 

0.25 

'C 0.15 
g 

.!!!-n. 0.1 

0.05 

0.2 0.4 0.6 0.6 

Mismatch correlation 
Match correlation 

correlation (p) 

match correlation coefficient. 

a 



Univ
ers

ity
 of

 C
ap

e T
ow

n

6.4. DISCUSSION 125 

6.3.3 Occlusion 

A more serious deviation from the assumed model occurs when the scene is occluded by 

another object in either or both of the images in the pair. Some similarity statistics, like 

the SSC criterion, have been motivated by the need for robust operation in the presence of 

this sort of deviation [42]. The experiments here characterize occlusion in terms of (1) the 

fraction of image area occluded fo, (2) the occlusion-to-signal ratio (OSR), which is defined 

as the ratio of the pixel intensity standard deviation in the occluded portion to the standard 

deviation in the original image, and (3) whether the occlusion is opaque (reflected radiation 

imaging) or additive (attenuated radiation imaging). Figure 6-16 shows examples of images 

with different degrees of occlusion. 

The results of experiments show that the LRT is the least robust method in the presence 

of occlusion. Figure 6-17(a) graphs error rate for additive and opaque occlusion over the 

occlusion fraction fo. The suboptimal measures outperform the LRT, with the nonparametric 

SSC criterion proving to be the most robust statistic as should be expected. Over a range 

of OSR in Figure 6-17(b) the same trend is observed. Here the true advantage of the sse 
criterion is observed - it is invariant to the increasing energy in the occluded part of the 

image (i.e. the increasing OSR) because it does not take the pixel intensity values directly 

into account. 

Huber describes near optimal performance under the classical model as one of the de­

sirable characteristics of a robust procedure [38, p. 5]. Strictly speaking, the SSC criterion 

is nonparametric rather than robust, but the same principle can be applied . So even if the 

optimal LRT is unsuitable in a particular situation because of outliers, it can be used as a 

benchmark for performance under the classical model. For example, the experiments in this 

chapter suggest that .'l.lthough the SSC criterion is effective in the presence of occlusion, it 

sacrifices significant performance in comparison to the optimal error rate without occlusion. 

There would therefore appear to be scope for developing a test that exhibits close-to-optimal 

performance under the classical model, but is robust in the presence of occlusion. 

6.4 Discussion 

This chapter has demonstrated the utility of Monte Carlo simulation methods for evaluating 

matching techniques. Image-pair synthesis equations that were derived in Chapter 4 were 

used to generate ensembles of matching and non-matching image pairs. The performance 
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(a) Opaque occlusion for a range of occlusion fraction. 
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(b) Opaque occlusion for a range of occlusion-to-signal ratio. 

OSR= 1 OSR = 1.5 

(c) Additive occlusion for a range of occlusion-to-signal ratio. 
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OSR = 2.5 

OSR=2 

Figure 6-16: Synthesized images with varying degrees of occlusion. 
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7.2. ECONOMY BY REDUCED DIMENSIONALITY 

J 
" 

.. 
" 

~ 

• • • • • .. .. 

i = 1 

i = 6 

i = 11 

i = 242 

., 
-• • I:i • -'j • • • :;;: 

• • ~ 

• 

i =247 

" g • ::.; • J: • • • • • • II • ., • r, 

i =252 

.'. " 
g • ••• , · : 

.. 

• • • • • u • 
II 

G ... -.' • • • • • • 
• • 

" -. ..... '" 
• • 

" ... 

L 

" 

t 

" 

i = 2 i = 3 i =4 

i = 7 i = 8 i =9 

i=12 i=13 i=14 

(a) Basis vectors for top 15 eigenvalues. 

.. 

i = 243 

tJ Ii' 

", • L, • .. • • • • ~ • J • .. :;,i 

i =248 

· . . .' " • • II '-, 

...; .~ .. 
!1 • • · .. ~ .-• • , • • tJ ' 

.. ~ •• ii · . . . " ~,. r 

i =253 

i =244 i = 245 

" ~ • II • • • • ,. 
" • .o, • • • 

• • II • • .: ~ • • • • II • ,', 

i =249 i = 250 

i =254 i = 255 

(b) Basis vectors for bottom 15 eigenvalues. 

137 

i =5 

i=10 

i=15 

i = 246 
.. • • ~ OIl • • • i:I • • - • • : • • !I • • ;.: -• • - • • • • ,- • • • = • • g - • • • • .. • • • .. : ~ • • 

i = 251 

i =256 

Figure 7-2: Basis vectors associated with covariance matrix eigenvalues of 16 x 16 images . 
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Figure 7-3: Significance of the pixel-pair terms in the LRT statistic when ordered with de­
scending canonical correlation coefficient (n = 16, P = 0.8, PI = 0.8, and SN R = 0.5). The 
solid line depicts the mean of the terms. The dashed line delineates a one sigma confidence 
interval around the mean. 

7.2.2 An Approximate Test Based on the Canonical Subset 

An approximate version of the LRT can be written with statistic 

c 

Sc (ti, v) = L ~i (Ui - muJ (Vi - mvJ - ai ((Ui - muJ 2 + (Vi - mvJ2
) (7.12) 

i=1 

and decision threshold 

(7.13) 

where c < n 2 . Note that the new notation, ai, ~i and ki indicates that these coefficients have 

been ordered with decreasing magnitude for increasing i. 

The c components of ti and v used by (7.8) capture more of the correlation structure 

between random images u and v than any other c-component reduction of the joint image­

pair dimensionality. In other words, the property of the individual KL transforms on u and v 

that ensures the optimal compaction of energy into c components [8, p. 168] translates into an 

optimal compaction of the correlation structure into c component-pairs, Wi = {Ui' vd, under 

the proposed image-pair model3 . Therefore (7.8) represents the most powerful test for match 

3Note that the words "optimal compaction" are used here in a mean squared sense. In other words, the 
compaction is optimal over the population of possible image pairs, rather than for a single image pair. 
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than V2 to find a good match in any search area, since s (u, v) is monotonically increasing 

with the likelihood of match between u and v. Figures 8-6 and 8-7 show the screening statistic 

for each position in a real and a synthetic image, respectively. The blocks with the maximum 

and minimum statistic are extracted and displayed alongside these images, illustrating that 

the former contain more useful information for matching purposes. 

A simple procedure for selecting control points on the basis of this information would 

select a well-spaced group of points that report high values for the screening statistic in their 

vicinity. Figure 8-8 shows the result of registration performed for two identical scenes with 

additive noise (SNR = 2). Subfigure (a) shows the result for a uniform grid of control points, 

whereas in (b) the best control points were chosen for local areas using the screening statistic. 

Since the scenes are identical, the correct result for each control point is zero translation. 

It is clear that choosing control points using the screening statistic reduces the number of 

registration errors - the only two significant errors for the best control points are obvious 

examples of ambiguity in the scene (see the two erroneous displacement vectors on the brim 

of the hat in Figure 8-8). This improvement is achieved by avoiding areas that do not have 

distinguishing features, such as the forehead in Figure 8-8. 

8.4 Monte Carlo Experiments 

The block matching procedure based on hypothesis testing is now analyzed and compared to 

the standard methods using Monte Carlo simulation experiments. Three types of experiment 

are performed. The first computes the average match surface of a similarity statistic over 

many trials, which provides a qualitative indication of matching performance. The second 

experiment analyses the registration errors in simulated block matching for a quantitative 

measure of matching performance. The third adds two different samples of a synthetic noise 

field to a single real image in order to produce an image pair, and performs block matching 

for randomly selected control points. 

8.4.1 Match Surfaces 

Figure 8-9 compares the match surfaces of several registration statistics that have been aver­

aged over 1000 trials. The surfaces have been normalized to make them comparable. Denoting 

the variance in peak amplitude as a~ and the mean and variance of the background level as mb 

and a~ respectively, the normalized match surfaces f are calculated from the original match 
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(a) Original image. (b) Screening statistic. 

Best block Worst block 

(c) Blocks. 

Figure 8-6: Control point comparisons for a real image. 

(a) Original image. (b) Screening statistic. 

Best block Worst block 

(c) Blocks. 

Figure 8-7: Control point comparisons for a synthetic image. 
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(a) Uniform grid of con­
trol points. 

(b) Best control points ac­
cording to the screening 
statistic. 

Figure 8-8: Control point selection in a registration experiment. 

surfaces fusing 

f = _f-;:-=m=b=·=l= 

Ja~ +a( 

177 

The values of mb and a~ are obtained from separate Monte Carlo trials where no match for 

the block is present in the search area. 

The results given in Figure 8-9 indicate that the optimal registration statistic has a more 

prominent peak than the suboptimal measures do. Phase correlation is investigated for the 

first time in this experiment, and exhibits poor performance for low SNR in Figure 8-9(a). 

This is expected, since the images are corrupted by additive white noise, whereas phase 

correlation is purportedly effective in narrowband noise [18]. One might expect that this 

technique would be effective for high SNR and low match correlation coefficient, because 

the difference between matching images for PI < 1 could be viewed as narrowband noise. 

Even in this case, however, phase correlation is no better than the correlation coefficient in 

Figure 8-9(c), and is excluded from further experiments. The next section provides more 

quantitative evidence of the optimal test's superiority over standard similarity statistics in 

the block matching application. 
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Ukellhood Rallo T eSC Correlation Coefficlenl Sum 01 Squared OItferences 

(a) SNR = 2. 

Uk&~hOOd Ratio Test Correlation Coefficient Sum 01 Squated Differences PhaM Correlatkln 

(b) SNR = 3. 

lIke~hood Aatlo le51 Correlation Coeffic*,1 Sum 04 SQuar~ Differences Phase Correlation 

~ ..... 

. ...... .... :-

(c) SNR = 10. 

Parameter Value 
Image size (n) 8 
Mismatch correlation (Po) 0 
Match correlation (PI) 0.6 
Scene one-step correlation (p) 0.95 

(d) Simulation parameters. 

Figure 8-9: Normalized Monte Carlo match surfaces for various similarity statistics. 
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for the stationary image to those obtained for a synthetic Markov image with the same 

image parameters. 

Results 

Figures 8-18 and 8-19 both provide block matching results for the original image, the station­

ary approximation and the synthetic equivalent. The optimal statistic reported the lowest 

error-rate in all of the experiments save one - the original 'skull' image. For both scenes, 

however, the best performance in the unaltered original image is significantly worse than 

that of the stationary image. Performance for all statistics is best in the synthetic equivalent 

image. In fact, the difference in error rate between the stationary image and the synthetic 

equivalent for both scenes is clearly an indication that the assumed model is inadequate. The 

ordering of different measures according to error-rate is the same, however, suggesting that 

qualitative aspects of the experimental results for synthetic images may still carryover to 

real images. 

8.5 Discussion 

The block matching sub-problem of image registration has been formulated as a hypothesis 

testing procedure and the test has been derived. The test includes a rejection hypothesis 

and can incorporate a prior for the expected displacements between images. The registration 

statistic incorporates the LRT statistic for image matching that was derived in Chapter 5. 

Block matching is computationally expensive whether the optimal test or the standard 

similarity statistics are used . It is shown that the standard approach to speeding up cor­

relation operations using FFTs can be extended and - together with a fast algorithm for 

calculating the pixel intensity sums in local image windows - used to develop fast algorithms 

for computing the match surface. Both the LRT and the standard similarity statistics can 

benefit from this approach. 

An insight gained from the scalar matching test derived in Chapter 3 - that some scalars 

have no potential macching counterparts - was used to derive a screening test for identifying 

blocks that have no chance of finding a match in any search area. These blocks can be 

eliminated before retstration begins, thereby reducing the required computation and reducing 

the number of registration misses. This absolute condition for selecting control points is only 

practical for very small images, and a more generally applicable strategy selects the best 
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Original Image Histogram Miss Probability versus SNR 
0.7,-------------, 
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Original Image Histogram Miss Probability versus SNR 
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Figure 8-19: Monte Carlo matching results for real X-ray images corrupted by artificial noise 
(n = 8, ns = 32, T = 600). 
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control points using relative comparisons of the screening statistic for the blocks that surround 

them. 

Monte Carlo experiments show that the block matching search based on hypothesis testing 

has the same performance advantage that was found for the LRT and image matching in 

Chapter 6. This advantage is carried over to experiments with real images that are corrupted 

by synthetic noise. Working with real images does reveal, however, that the success of the 

tests will depend on the adequacy of models and the accuracy of model parameter estimates. 
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Figure A-I: Histograms for the stationary component of a lung radiograph for a range of 
kernel sizes. 

(A.l) . The procedure uses estimate Illu to approximate the ensemble mean vector m u , which 

is a constant feature of the ensemble and therefore has no image specific information. The 

image-specific information is now assumed to be in the stationary component u, which has 

the pdf 

(A.2) 

Detection or matching algorithms now only need consider u and its pdf. However, if the 

estimate Illu is not an ensemble mean, then valuable image specific information will be lost 

when it is subtracted from u. The algorithms based on u will be suboptimal. 

Figure A-2 uses the 'LAX' image as a pathological example of this problem. Figure A-2(a) 

tabulates the magnitude of the skewness for a range of kernel sizes and suggests that a kernel 

size of 2 x 2 is optimal. Figure A-2(b) confirms that the 2 x 2 kernel provides a pdf that 

is more symmetrical than the original histogram, but the nonstationary component contains 

little of the information in the original image. Figure A-2(c) shows the results for a 16 x 16 

kernel. The pdf is clearly skewed, but the image captures more scene information. 

This procedure, therefore, should be viewed purely as an approximate decomposition into 
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206 APPENDIX A. SIMPLIFIED RANDOM FIELD MODELS FOR IMAGES 

N 
Skewness 

(a) Skewness of the stationary component. 

200 

(b) Ensemble mean estimate, stationary component and histogram - 2 x 2 kernel. 

-200 o 200 

(c) Ensemble mean estimate, stationary component and histogram - 16 x 16 kernel. 

Figure A-2: Skewness as a basis for kernel size selection. 
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