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SUMMARY 

Va~iational eigenvalue p~oblems fo~ linea~ and ene~gy stability 

theo~y of buoyaney-d~iven flow a~e studied. c~itieal Rayleigh 

numbe~s a~e dete~mined by the finite element method. The penalty 

method is used to app~oximate the ineomp~essibility eondition. We 

eonside~ the stability of Boussinesq flows in a two-dimensional 

box in whieh inte~nal heat sou~ees a~e pPesent. The influenee of 

side walls a~e studied fo~ va~ious bounda~y eonditions and width­

to-height ~atios. The tempe~atu~e bounda~y eonditions inelude 

fixed heat flux at the side walls~ fixed tempe~atu~e and fixed 

heat flux at the bottom su~faee~ and a gene~al eonveetive 

exehange at the uppe~ su~faee whieh ineludes fixed tempe~atu~e 

and fixed heat flux as speeial eases. The veloeity bounda~y 

eonditions inelude ~igid side walls and ~igid and f~ee uppeP and 

ZoweP su~faees. 
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CHAPTER 1 • INTRODUCTION 

Stability of fluid motions 

Fluids in motion exhibit VaPied and sometimes ~omplex flow 

pattePns. In oPdeP to undePstand su~h phenomena, mathemati~al 

foPmulations of the laws that govePn the behaviouP of the fluid 

aPe sought. The equations des~Pibing the a~tual fluid motion 

allow some pattePns of flow as solutions. These pattePns of flow 

aPe only possible foP ~ePtain Pangea of the paPametePs that 

~haPa~tePize them. Outside these Pangea the pattePns of flows aPe 

Pepla~ed by otheP flows, with tPansition fpom one type of flow to 

anotheP o~~UPPing as a Pesul-t of the instability of the foPmeP. 

Stability theoPy enables us to obtain ~~iti~az val-ues of 

paPametePs whi~h sepaPate the diffePent types of flows. 

FoP example, ~onsideP flows of vis~ous in~ompPessible 

fl-uids, whi~h aPe des~Pibed by the NavieP-Stokes equations. We 

staPt with a sol-ution of these equations satisfying the boundaPy 

and initial ~onditions; this solution is ~al Zed the basi~ 

motion. Suppose now that the initial ~ondition is distuPbed; this 

gives Pise to a distuPbed sol-ution whi~h al-so satisfies the same 

equations and boundaPy ~onditions. By subtPa~ting the equations 

foP the basi~ flow fPom those foP the distuPbed flow, we obtain 

the equations govePning the evolution of the distuPban~e. When 

investigating the stability of the basi~ motion to distuPban~es 

we want to know whetheP the distu~ban~e gPows o~ de~ays with 

time. 

In the ~ase of the Navie~-Stokes equations the paPamete~ 

govePning the stability of the basi~ solution is the Reynolds 

numbe~, Re. When Re is Less than a ~ePtain ~Piti~al value, ReE, 

all solutions tend monotoni~aZly to a single flow, the basi~ 
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flow, and the enerogy of any disturobance of this fLow will decay 

froom the initial instant. If Re > ReE, disturobances of the basic 

flow will groow at firost, and may latera die away. This croitical 

Reynolds numbero, which separoates the monotonically decaying 

disturobances froom those whose enerogy incroease initially is called 

the enerogy stability limit (see Figuroe 1.1). Theroe is a second 

croitical Reynolds numbero Re~ called the global stability limit, 

wheroe ReG ~ ReE. When Re < ReG the basic flow is stable since 

disturobances, whatevero theiro size will die away eventually. When 

Re > ReG the basic flow is unstable to some disturobances although 

it may be (conditionally) stable to small disturobances. The thirod 

croitical Reynolds numbero, indicated in Figuroe 1.1, is called the 

linearo stability limit, ReL, wheroe ReL ~ ReG. When Re > ReL, all 

disturobances of the basic motion will groow, no mattero how small 

they aroe. In this case the basic flow loses its stability to morae 

complicated flows. As the Reynolds numbero is incroeased furothero, 

these flows may in turon lose theiro stability to othero morae 

complicated flows, and so on. 

Energy 

of the 
disturbance 

Monotonically 
and globally 

stable 

I 
I 
I 
I 
I 
I 
I 
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I 
I 
I Globally 
I 
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Figuroe 1.1 
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ThePe aPe two well-known methods fop obtaining aPitiaal 

values sepaPating diffePent types of flows. The lineaP theoPy of 

stability Pesults when the distuPbanae is assumed small~ so that 

a lineaPized vePsion of the equations govePning the distuPbanae 

may be used. In the enePgy theoPy of stability the size of the 

distuPbanae is unPestPiated. 

In the lineaP theopy we aonsideP only infinitesimal 

distuPbanaes so that aLL tePms whiah aPe nonLineaP in the 

distuPbanae may be negleated in the equations govePning the 

evolution of the distuPbanae. Dependenae on time is eliminated in 

the Pesulting LineaPized equation by seeking a sepaPable solution 

whiah is pPopoPtional to exp( at). This leads to an eigenvalue 

pPoblem foP ~ ~ whePe u may be aomplex. The aondition foP 

stability is that the PeaL paPt of a be negative. We have 

neutPal stability when the Peal paPt of u is zepo~ and 

instability when it is positive (see ChandPasekhaP (1961)). FoP 

any Reynolds numbeP~ Re~ we aan woPk out a smallest eigenvalue a. 

The aPitiaal Reynolds numbeP of lineaP theoPy~ BeL~ is the value 

foP whiah the PeaL paPt of u is zePo. LineaP stability theoPy 

gives no pPediation about instability due to suffiaiently ZaPge 

distuPbanaes, whiah may oaauP even when this theoPy indiaates 

stability. Thus~ the aPitePia of lineaPized theoPy aan only give 

suffiaient aonditions fop instability sinae a flow whiah is 

judged stable by the LineaP theoPy may beaome unstable to 

distuPbanaes of finite size. 

The enePgy theoPy Leads to an eigenvalue pPoblem foP the 

aPitiaal Reynolds numbeP of enePgy theoPy, and gives a sufficient 

aondition fop stability. In this theoPy one staPts with the 

distuPbanae equations and, by applying the divePgenae theoPem, 

obtains the equations govePning the evolution of the enePgy of 

the distuPbanae. The enePgy equation aonsists of the avePage 
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dissipation and enePgy pPoduation whiah aouples the basia flow to 

the distuPbanae. Osbopne Reynolds was the fiPst to dePive suah an 

enePgy equation in 1895; howeveP, his enePgy equation did not 

apply to the basia motion and a distuPbance, but PatheP to 

fluctuations fpom a mean motion (see Joseph (19?6 I)). The modePn 

theoPy of enePgy stability dates fpom studies by SePPin in 1959. 

He was the fiPst to apply the vaPiational method to the pPoblem, 

which Pesults fPom deaomposing the motion into a basic motion and 

a distuPbance. SePPin fopmulated a stability theoPem pPoving the 

existence of a stability limit, ReE, suah that if Re < ReE the 

enePgy of the distuPbance decpeases at each and evePy instant. 

The pPoof that Re < ReE implies exponential decay is given in the 

papeP by Joseph and ShiP (1966). 

When the Reynolds numbeP is small, the basic flow is 

globaUy stable. This flow wiZZ lose its stability, howeveP, if 

the Reynolds numbeP is incPeased past the level of the cpitiaal 

Reynolds numbeP of ZineaP theoPy. Out of the instability of the 

basic flow new solutions develop. Bifupaation is the phenomenon 

whiah occuPs when two solutions aPe possible foP a given Reynolds 

numbeP. AacoPding to the aPitePion of ZineaP theoPy the enePgy of 

all sufficiently small distuPbances decays to zePo if Re < ReL. 

HoweveP, if ReE < ReL, solutions exist whose enePgy do not deaay 

even though the stability cPitePion of lineaP theoPy is 

satisfied. Such bifupaating solutions, which exist foP values of 

Re judged stable by the lineaP theoPy, aPe called subcPiticaZ. 

A aompPehensive tPeatment and Peview of the stability 

pPoblem foP the NavieP-Stokes equations has been given by Joseph 

(19?6 I). 
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Fluid flows with heat conduction 

Conside~ flows in which tempe~atu~e va~iations a~e int~oduced 

th~ough tempe~atu~e diffe~ences at the fluid bounda~ies o~ by 

inte~nal heat gene~ation. The tempe~atu~e va~iations give ~ise to 

va~iations in the p~ope~ties of the fluid, such as density. The 

exact Navie~-stokes equations can be simplified by igno~ing 

va~iations in the fluid density except fo~ the va~iations of 

density in the buoyant fo~ce te~m. The equations which ~esult as 

a consequence of these simplifications, togethe~ with an equation 

gove~ning the conduction of heat, a~e r.:alled the Obe~beck­

Boussinesq equations. In the Obe~ber.:k-Boussinesq equations the 

pa~amete~s gove~ning the stability of the basic solution a~e the 

Reynolds numbe~, Re, and anothe~ non-dimensional numbe~ called 

the Rayleigh numbe~, R, whir.:h is a measu~e of the "ave~age" 

tempe~atu~e g~adient found in the fluid. The p~oblem of finding a 

stability limit now r.:onsists of finding the la~gest ~egion in the 

Rayleigh-Reynolds numbe~ plane fo~ whir.:h the fluid wilt be 

globally stable. This p~oblem is simplified by int~oducing a 

positive pa~amete~, r.:, defined by Re = c R, and seeking stability 

limits fo~ fixed c, the~eby eliminating the explicit dependence 

on the Reynolds numbe~. 

A p~obtem which is adequately modelled by the Obe~ber.:k­

Boussinesq app~oximations, and whose stability cha~acte~istir.:s 

have been investigated extensively, is the Bena~d p~oblem; a 

ho~izontal Zaye~ of fluid in whir.:h an adve~se tempe~atu~e 

g~adient is maintained by heating the lowe~ su~far.:e. The fluid at 

the top of the Zaye~ wilt be heavie~ than the fluid at the bottom 

due to density diffe~ences caused by the~mal g~adients. Such a 

situation is potentially unstable. The instability is opposed by 

the f~ir.:tionat ar.:tion of the viscosity of the fluid and also by 

its the~mat r.:ondur.:tivity whir.:h tends to Pemove tempe~atu~e 
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differoences in the f7,uid. Instabi1-ity wi7,L on1-y set in when the 

adverose temperoaturoe groadient is stroong enough to overocome these. 

Benarod convection has been extens·iveLy investigated, both 

experoimentaLLy and theoroeticaLLy. The earoLiest experoiments 

demonstroating the onset of theromaL instabiLity weroe those by 

Benarod in 1900 (see Chandroasekharo (1961)). His experoiments we roe 

caroroied out on veroy thin Layeros of fLuid, about a miLLimeter> in 

depth, oro Less, standing on a LeveLLed metaLLic pLate maintained 

at a constant temperoaturoe. The upper> suroface, which was in 

contact with airo, was at a Lower> temperoaturoe. Benarod was 

paroticuLaro1-y interoested in the viscosity of the f1-uids with which 

he experoimented. He found that a croiticaL adverose temperoaturoe 

groadient had to be exceeded beforoe instabi1-ity set in, and that 

the roesu1-ting motion had a cel1-uLaro charoactero. 

ExperoimentaL worok by Bknarod 1-ed to theoroeticaL investigation 

on buoyancy-droiven instabiLity by Lorod RayLeigh in 1916 (see 

Joseph (19?6 II)). His buoyancy theoroy was, however>, not 

appLicabLe to Benarod's obserovations as was assumed at the time. 

It has onLy been shown roecentLy that Bknarod ceL1-s weroe proimaroiLy 

induced by the suroface tension groadients roesuLting froom 

temperoaturoe varoiations acrooss the froee upper> suroface of the Layer> 

of f7,uid. RayLeigh showed that the stabi1-ity, oro otherowise, of a 

Layer> of f1-uid heated froom beLow depends on the vaLue of the 

RayLeigh number> R and that instabiLity sets in when R exceeds a 

cerotain croiticaL vaLue Rcroit· RayLeigh obtained the equations 

exproessing the conditions of neutroaL stabiLity by negLecting 

second orodero teroms and setting aLL time varoiations to zeroo. 

PeL1-ew and SouthweLL (1940) estab1-ished that in seeking the 

conditions foro maintained convective motion onLy roeaL exponentiaL 

time-factoros need be consideroed. In fact, Chandroasekharo (1961) 
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shows that fo~ the Bena~d p~oblem ~ is ~eal. If the imagina~y 

pa~t of if is ze~o when the ~eal pa~t is ze~o the p~inaiple of 

exchange of stabilities is valid. Since cr is ~eal it follows that 

the t~ansition f~om stability to instability must oacu~ via a 

stationa~y state. The equations gove~ning the state of neut~al 

stability a~e the~efo~e obtained by setting a'= 0 in the 

linea~ized equations. The solution to the stability p~oblem is 

then obtained by dete~mining the lowest eigenvalue fop R, called 

Ra~it at which instability will occu~. In the Bma~d p~oblem the 

linea~ and ene~gy stability limits coincide and subcPitiaal 

solutions a~e not possible. The smallest Rayleigh numbeP, RcPit, 

fo~ which cr = 0 is the global stability limit, i.e., we have 

global stability when R < Ra~it and instability when R > Ra~it· 

Spa~~ow, Goldstein and Jonsson (1964) detePmined 

anaLytically the conditions fo~ the onset of convection in a 

ho~izontal laye~ of fluid bounded only in the ve~tiaal di~ection, 

fo~ a b~oad ~ange of thePmal bounda~y conditions. They fuptheP 

investigated the effect of a non-linea~ tempe~atu~e dist~ibution 

on the stability of the fluid. The non-Zinea~ dist~ibution a~ises 

when heat .is gene~ated unifo~mly th~oughout the fluid. In this 

situation instability sets in when a modified Rayleigh numbe~ 

exceeds a c~itiaal value. Joseph (1965) investigated a simila~ 

p~oblem by the ene~gy method. He compa~es his ~esults to those of 

Spa~~ow et al. (1964) fo~ the linea~ theo~y and shows that fo~ 

the Bena~d p~oblem the linea~ and ene~gy stability limits 

coincide. In this ease, all stable distu~banae~ whateve~ thei~ 

size, will decay exponentially f~om the initial instant. When the 

fluid laye~ contains heat sou~ces, Joseph and Shi~ (1966) found 

that the linea~ and enePgy stability limits diffe~ only by a 

small amount and that suba~itical instabilities a~e confined to a 

na~~ow band of Rayleigh numbe~s between the ene~gy and lineaP 

stability limits. Shi~ and Joseph (1968) obtained an imp~oved 
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a~ite~ion fo~ stability and uniqueness th~ough the fo~mulation of 

a va~iational maximum p~oblem. 

Pellew and Southwell (1940) investigated the effect of side 

walls on the stability of flows fo~ a va~iety of bounda~y 

conditions. Mathematical difficulties a~ise when ho~izontally 

bounded domains a~e aonside~ed because conditions imposed on the 

side walLs cannot be satisfied and sepa~ation of va~iabLes is 

made impossibLe in the analytic solution (see Chand~asekha~ 

(1961)). Davis (1967) investigated the infLuence of side waLls on 

the convective p~ocess in a T'ectanguLa~ box. He used a Gale~kin 

p~ocedu~e to obtain app~oximate c~itical Rayleigh numbe~s whose 

co~~esponding app~oximate eigenfunctions satisfy aLL bounda~y 

conditions and continuity exactLy. Cha~lson and Bani (1970) gave 

a simila~ analysis when the fluid is contained in a T'ight 

ci~cula~ cylinde~. Hall and Walton (1977) investigated linea~ and 

non-linea~ stability in a two-dimensionaL box fo~ a ce~tain cLass 

of bounda~y conditions. 

Davis (1969) deveLoped an ene~gy theo~y fo~ motion in a 

ho~izontaL, heated laye~ subject to both buoyancy and su~faae 

tension effects and showed that the equations gove~ning the 

enePgy th~o~y a~e the symmet~ic pa~t of the time-independent 

Linea~ theo~y p~obLem, and that su~face tension te~ms behave Like 

a bounded pe~tu~bation to the Bl::na~d p~obLem. 

The p~obLem of Bl::na~d convection in an infinite ho~izontaL 

laye~ aan be soLved exactLy (see Chand~asekha~ (1961)). Howeve~, 

exact soLutions a~e not aLways possibLe fo~ bounded domains, and 

app~oximate solutions have to be sought. The finite eLement 

method is a gene~aL technique foT' constT'ucting app~oximate 

soLutions to bounda~y-vaLue p~obl,ems. This method is a special 

ease of the GaLe~kin method fo~ solving· p~obl,ems app~oximateLy in 
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finite-dimensionaL subspaaes; in the finite eLement method the 

subspaaes ape aonventionaLLy spanned by piecewise poLynomiaLs. 

The method is PapidLy gaining popu.LaPity in aomputationaL fLuid 

meahanias (see, foP exampLe, Chung (19?8) and TayLoP and Hughes 

(1981)). 

Finite eLement soLutions fop pPobLems in fLuid stabiLity 

have Peceived a Limited tPeatment. Jaakson and wintePs (1984) 

used a standaPd finite eLement pPogPam foP buoyanay dPiven-fLow 

to obtain aPitiaaL RayLeigh numbePs foP the BmaPd pPobLem as a 

funation of the width to height Patio of the containeP foP 

VaPious diffePent boundaPy aonditions. They aLso studied the fLow 

at RayLeigh numbePs gPeateP than the aPitiaaL vaLue. Van Steeg 

and wesseLing (19?8) studied the aaauPacy of sevePaL finite 

eLements by soLving the BenaPd pPobLem and detePmining the 

aPiticaL RayLeigh numbeP. The convePgence of the finite eLement 

appPo:x:imation of the cPitiaaL RayLeigh numbeP and aeLL size foP 

the onset of BenaPd conveation in an infinite hoPizontaL LayeP 

was investigated by WintePs and CLiffe (1985). 

OutLine of this woPk 

(\ 

The aim of this study is to show how the finite eLement method 

aan be used to obtain cPitiaaL RayLeigh numbePs foP buoyanay­

dPiven stabiLity pPobLems aoPPesponding to the LineaP and enePgy 

stabiLity theoPy. We consideP pPobLems in bounded domains, and 

foP whiah intePnaL heat souPaes aPe pPesent. The infLuenae of 

side walLs aPe studied fop VaPious diffePent boundaPy aonditions 

and geometPies. We PestPiat oup woPk to the study of fLows which 

satisfy the ObePbeak-Boussinesq equations; that is, we aonsideP 

onLy incompPessibLe fLow (pPessuPe vaPiations do not pPoduce any 

signifiaant density VaPiations), and fLuids of aonstant 
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viscosity. The penalty method is used to approo:r:imate the 

incompr>essibility condition by one of small compr>essibility. This 

has the advantage that the hydroostatic proessur>e is eliminated 

froom the foromulation, theroeby roeducing the number> of unknowns. 

In Chapter> 2 we foromulate the equations goveroning the 

evolution of the disturobance of the basic flow, which leads to 

var>iational eigenvalue prooblems foro the linear> and ener>gy 

stability theoroy. Finite element appr>o:r:imations of these 

eigenvalue prooblems aroe discussed in Chapter> 3. The computer> 

pr>ogroam used to solve the finite element approo:r:imations to the 

eigenvalue pr>oblems is discussed in Chapter> 4. Results obtained 

aroe discussed in Chapter> 5 and comparoed to published worok wher>e 

approoproiate. We conclude -with a shorot discussion in Chapter> 6. 
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CHAPTER 2. THEORY OF CONVECTIVE STABILITY 

When investigating the stability of a fluid, we want to know how 

the fluid pea~ts to distuPban~es. Spe~ifi~ally, we ask: if the 

basi~ flow is distuPbed, does the distuPban~e de~ay OP gPow with 

time? If the distuPban~e de~ays, we say the basi~ flow is stable 

with Pespe~t to the paPti~ulaP distuPban~e. The basi~ flow is 

said to be ~onditionally stable if it is stable only fo1" 

distuPban~es smalleP than a given magnitude, othe1"wise it is 

globally stable. If the enePgy of the distuPban~e de~Peases foP 

all time fpom the initial instant, we say that the basi~ motion 

is monotoni~ally stable. 

The stability of motion of a fluid subje~t to the1"mal 

gPadients depends on the Reynolds numbeP Re and on the non­

dimensional quantity R known as the Rayleigh numbe1"; R is defined 

by 

R = ..... fag T' d3 
.,. I( v 

whePe d is the ~haPa~tePisti~ Length, T' is a ~haPa~tePisti~ 

tempePatuPe, g is the a~~ele1"ation due to gPavity, and Cl. , v and 

K aPe Pespe~tively the ~oeffi~ient of thePmal expansion, 

kinemati~ vis~osity, and thePmal diffusivity. In oPdeP to find 

quantitative stabitity ~PitePia we need to ~al~ulate ~Piti~al 

values foP the Rayleigh numbeP. ThePe aPe two ~PitePia foP 

obtaining ~Piti~al values of R : one is based on the LineaP 

theoPy of stability and the othe1" on enePgy theoPy. 

The LineaP stability theoPy enables us to make quantitative 

pPedi~tions about when instability sets in. In this method only 

infinitesimal distuPban~es aPe ~onsidePed. When R ex~eeds the 

~Piti~al stability Limit, R~Pit, obtained by the LineaP method 
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the distuPbance will gPow exponentially with time. When R < RcPit 

the basic flow is conditionally stable, since it may be unstable 

to finite distuPbances. Thus, the lineaP theoPy leads to a 

cPitePion which is sufficient foP instability. It does not 

guaPantee stability. 

The enepgy stabiZty theoPy allows foP distuPbances of finite 

size. The cPitical stability limit RcPit, obtained by the enePgy 

method, sepaPates the monotonically decaying distuPbances fpom 

those whose enePgy incPeases initially, as illustPated in FiguPe 

2.1. When R < RcPit all distuPbances of the basic flow will decay 

fpom the initial instant. When R > RcPit the enePgy of the 

distuPbance will incPease fop a time and may ultimateLy decay. 

The enePgy method leads to a sufficient condition fop the global 

stability of the basic flow. It is silent about instability. 

R >Rent 

--------R < Rcrit 
~------------------------------------------~time 

FiguPe 2.1 

In Section 2.1 we foPmulate the equations descPibing the 

basic flow of the fluid. We distuPb the initial conditions and 

obtain the equations govePning the evoLution of these 

distuPbances. The lineaP stabiLity theoPy· is given in Section 

2.2. We obtain the equations govePning the distuPbances of the 

basic flow by neglecting pPoducts and powePs of the distuPbances 
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and Petain onLy the tePms whieh aPe Linea~ in them. We then 

aPPive at an eigenvaLue pPobLem fop the Linea~ theo~y. In Seetion 

2.3 we fopmuLate the ene~gy stabiLity theo~y. We define the 

enePgy of the distuPbanee as a Linea~ eombination of the kinetie 

enePgy and the "thePmaL" ene~gy. To study the stabiLity pPobLem 

we fiPst fix the eoupLing eonstant in the Lineap eombination and 

define a maximum pPobLem to find a ePitieaL stabiLity numbeP foP 

gLobaL stabiLity. This Leads to a vaPiationaL eigenvaLue p~obLem 

foP the ene~gy theopy. Sinee eaeh ehoiee of the eoupLing eonstant 

gives a diffePent stabiLity numbeP , this Leads to the pPobLem of 

finding the optimaL eoupLing eonstant, i.e. that whieh gives the 

LaPgest stability numbeP. Suffieient eonditions aPe given fo~ the -

existenee of the maximum. The foPmuLation of the equations 

foLLows that of Joseph (19?6 II) and Shi~ and Joseph (1968), 

though ouP dePivation of the weak foPmuLation appea~s not to have 

been eaPPied out pPeviousLy. 

2.1 Equations of flow 

Tempe~atuPe va~iations within a fluid give Pise to vaPiations in 

density as weLl, as matePial, paPametePs sueh as viseosity. 

Simpl,ifieations aPe possibLe when the vaPiations of these 

paPamete~s and the eoeffieient of voLume expansion aPe 

suffieientl,y smal,l,. In the Boussinesq equations [Joseph (19?6 

II)] the fLuid is assumed to have a unifoPm density, i.e. the 

motion is as if ineompPessibLe. Density vaPiations aPe Peeognized 

onLy in the gPavitational, tePm in the equation of motion. 

13 



Accorading'ly, we can tr-eat the density, p, as a constant in a'l 7., 

ter-ms in the equation of motion except in the gr>avitationa'l ter>m. 

The Boussinesq appr>oximation fur>ther> assumes a 'linear> dependence 

of p on T, the temper>atur>e. As an extension to the above 

simplifications the f'luid is assumed to have a constant heat 

capacity C, and ther>ma'l conductivity k. 

Let Q be a two-dimensional, r>egion with boundar>y rand :t: = 

i=1,2 a gener>a'l point in Q. The equa:tions for> 

incompr>essib'le, heat conducting and convective flow of a viscous 

fluid in ter>ms of the for>egoing appr>oximations ar>e given by the 

Ober>beck-Boussinesq equations, in ter>ms of the velocity U(=,t), 

temper>atur>e T(x, t) and pr>essur>e P(x, t). These equations ar>e: 

(a) the incompr>essibi'lity condition: 

div U = 0 on n ; 

(b) the equation of state: 

P=P0 ( 1 -cv.( T- T0 )) on n 

wher>e a is the coefficient of votume expansion and 

T0 is the temper>atur>e at which p = p0 ; 

(c) the equation of motion: (Navier>-Stokes equation) 

p.!!. = pg_ + divT on n 

wher>e r = -pi + 2 p.D[UJ is the str>ess , 

(2 .1) 

(2. 2) 

D[U] = 1;2 ( V'U + (V'UJT) is the defor>mation r>ate tensor>, 
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and ~ is the gPavitational aecelePation . 

Substituting fop ~ and 1!', we have 

The above equation in tePms of the appPoximations and equation 

(2.2) becomes 

(2. 3) 

whePe v = ~lp0 is the kinematic viscosity . 

(d) the heat conduction equation: 

on 0 ( 2. 4) 

whePe K = k;p
0
c is the coefficient of thePmal diffusivity and 

Q is a pPescPibed heat soupce field; 

(e) the boundaPy conditions: 

(i) tempePatuPe conditions: 

T = T0 (pPescPibed tempePatuPe) on rT, 

aT; an = qo (pPescPibed heat flux) on rq, ( 2.5) 

and aT; an + hTT = Po (mixed boundaPy condition) on rh , 

whePe rT, rq and rh aPe disjoint subsets of r such that 

15 



r T U r q U r h = r , and 

hT is the heat troansfero aoeffiaient aaUed the NusseZt 

numbero; 

n 

(ii) veZoaity boundaroy aonditions: 

and 

wheroe T (U) is 

i .. e ., 

u.n = 

T(U) 

U =U - =-o 

Un 

j 
=Io 

the tangentiaL 

on 

on rt = r_ ru 

surofaae troaation, 
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given by 



(fJ the initial conditions: 

U( :z:, 0) = ¥_o ( :z:) 

in n . ( 2. 9) 

To investigate the stability of the basic motion, [U, T, P ], 

we distu~b the initial condition so that we have an altePed 

motion 

[U + u, T + () , P + p ] , 

satisfying the ObePbe~k-Boussinesq equation~ ~OPPesponding 

boundaPy conditions and initial conditions. The equations foP the 

diffePence motion aPe fopmed by subtPacting equations (2.1) -

(2.9) fop the basic flow fpom those foP the distuPbed flow, and 

aPe 

a!!; at+ (V'uJU + rVuJ~ + (\JuJ~ = -a.(}JI.- 1!p
0

V'p + 2 vdiv{D[uJJ 

•• (2.10) 

(2.11) 

div u = o (2.12) 

The boundaPy conditions aPe: 

() = 0 on rT , 

ao; an = 0 on rq , (2-13) 

and 

aO; an + hT() = 0 on rh . 

1? 



On the supface rU we have 

Ill = 0 (2.14) 

and on the SUPface r- rU 

u.n = 0 (2.15) 

and 

D[u]n - n(n.D[u]n) = 0 (2.16) --- -----

The initial conditions aPe: 

in n . (2.17) 

The dimensionLess descPiption of the basic motion is obtained by 

dividing 

[ U, D[U], T, 'iJ T, g_, :t:, t ] 

by 

[ I U1
; I T 1 j d d21 U , d, T , d, g, , V J 

whePe U 1
, T 1 and d aPe typicaL vaLues fop U, T and the Length of 

the domain, and by dividing 
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by 

_, 

P. v2 
0 

]. 

Since we witt be concePned excLusiveLy with the stabiLity of 

motionLess states ZateP_, we assume hencefoPth that the basic 

state is motiont ess_, so that U = !!_ in equations ( 2.10) - ( 2.11). 

The set of equations (2.10)- (2.1?) govePning the evoLution of 

the distuPbance of the motionLess state_, in dimensionless 

vaPiabtes_, aPe 

(2.18) 

on n (2.19) 

div u = 0 (2. 20) 

whePe R =~~ 
"~ 

is the RayLeigh numbeP and 

PP = 11/K is the PPandtZ numbep _, 

satisfying the boundaPy conditions ( 2.13) - ( 2.16) and 

initiaL conditions (2.1?). The dimensionLess vaPiabtes u_, .a_, p, 

etc. aPe denoted by the same notation as theiP dimensional 

countePpaPts. 
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2.2 Linea~ stabiLity theo~y 

In the Linea~ theopy onLy infinitesimaL distu~banaes a~e 

aonside~ed, so that onLy LineaP tePms in (2.18) - (2.19) need be 

Petained. 

Suppose that the distu~banaes u, 8 and p have the fo~m 

~(:=, t) = u(:=)e at 

er :c, tJ = 8(:) e (Jt 

p(:=, t) = p( :=J e at 

whe~e u may be aompLex. 

The LineaP equations that gove~n the infinitesimaL 

distu~banae of the motionLess state, obtained f~om equations 

(2.18), (2.19) and (2.20), a~e 

au=- R 8g_- Vp + 2div(D[u)J ( 2. 21) 

(2.22) 

div u = o • ( 2. 23) 

SoLutions of these equations must satisfy the bounda~y aonditions 

(2.13) - (2.16) and initiaL aondition (2.17). 

The gPowth o~ deeay of the distu~banee depends on the sign 

of the PeaL paPt of a . If Re( a J is positive, the o~iginaL fLow 

b~eaks down and instabiLity sets in. If Re(aJ is negative the 

o~iginaL fLow is stabLe to aLL infinitesimaL distuPbanaes. The 

fLow is maPginaLLy o~ neut~aLLy stabLe if Re( a J = o. States of 

maPginaL stabiLity can be one of two kinds: smaLL distuPbanees 
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can gPow (oP decay) apePiodieally; oP they can gPow (oP decay) 

with oscillations of inePeasing (oP deePeasing) amplitude. In the 

foPmeP ease, Im( uJ = 0 and we say that the pPineiple of 

exchange of stabilities is valid. In the latteP ease, Im( u) =1= 0 

and we say that we have a ease of ovePstability. Assume that the 

pPineiple of exchange of stability holds so that Im(~) = 0 when 

Re(uJ =a. Consequently the tePms on the left-hand side of 

equations (2.21) - (2.22) may be deleted. The value of R 

COPPesponding to the maPginal state is then found fpom (2.21)­

(2.23) with ~= o. The lineaP method detePmines when the 

motionless state is unstable to infinitesimal distuPbances. This 

leads to sufficient conditions foP instability since flow 

coneidePed "stable" by the lineaP method may be unstable to 

finite distuPbances. 

In oPdeP to constPuct finite element appPoximations (ChapteP 

3) of the maPginal state we wiU need to constPuct a vaPiational 

foPmulation of (2.21) - (2.23) with a= o. FiPst we define a 

numbeP of spaces of functions which will be PequiPed, staPting 

with the spaces L 2 ( n) of Lebesque- squaPe integPable functions. 

and the Sobolev space H1(Q), the latteP being defined by 

H1 r n ; = 

Both L2 (n) and H1(Q) aPe HilbePt spaces with inneP pPoducts 

( • , • ) and noPms II • II defined by 

( () , cf> ) L2 = f () cf> dx , , 
n , 

( (), cf> J Hl = J ( () cf> + V() • ,V cf> J dx , II ()II Hl = V ( (), () J Hl • 
n 

We also define the spaces Q and V by 
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Q = { cp E H1 
( n ) : cp = 0 on rT J , 

v = vi E Hl ( 0 ) , V = 0 on r U , 

v.n = 0 

Q and V aroe c:losed subspac:es of nl ( n) and Hl = [Hl ( n )]2 

roespec:tively, and aroe thus Hilberot spac:es with the inner> prooducts 

( ., .) L and ( ., .) 8, wheroe 

(u,vJ 8 t = Jfr!!·~ + 
n 

= Jfruivi + 
n 

It is convenient to define the prooduct space V by 

V=VxQ; 

this is a Hilberot spac:e with inner> prooduc:t 

· wheroe il = (u, (}), v = (v,~) 

A weak forom of the boundaroy value prooblem may be obtained by 

multiplying (2.21) and (2.22) by an arobitroaroy member> v E V, 

integroating overo the domain n and applying Groeen' s Theoroem • 

This yields a pairo of equations 

R J (}o.s_ = J p div o - 2 jp[u] .D[v] ( 2. 24) 

and 
n n n 

ilj<PrVTJ}!= -lfve .vcp + JhTB<P l (2.25) 
n n r11 
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whe?e the scala? pPoduct D.D = D~J·D· .• 
-- " 'l-J 

We eliminate the incompPessibility const?aint by intPoducing a 

small amount of compPessibility, i.e. by setting 

whePe 8 is a penalty pa?ameteP. 

div u -e: (2.26) 

Thus. instead of ( 2.24) and ( 2.25) we cons ide? the following 

penalised vaPiational eigenvalue pPoblem fop the linea? theoPy: 

find ue: E V, R£ E IR such that 

fop aU v E v. 

If we define the bilineaP foPms 

a: V x V- IR , a(u,_!!) = 2 Jp[u] .D[v] + 

n 

b: QxQ -tR , br(),¢J = /vo.v¢ 
n 

c: QxV-IR, c((},_!!) = J-().E_.~, 
n 

d: v X Q - IR , d( u, ¢) = f- ~ !!· V' T 

n 

and 

A: Vxv-IR, A(u,v) = a(u,1J) + b((},¢J, 

23 

(2.27) 

(2.28) 

( 2. 29) 



B: VxV-lR , B(iJ.,v) = c((},11PJ + d(u,Q:>), 

then the ~esuZting va~iationaZ eigenvaZue p~obZem can be 

exp~essed in the fo~m: find u£ E V and RL,r. E IR such that 

fo~ aZ Z 1J E V (2.30) 

whe~e the lowest eigenvaZue, RL£ , obtained f~om the eigenvalue 
• 

· p~obZem co~~esponds to the c~iticaZ stability numbe~ obtained by 

the linea~ stability theo~y. 

The advantage of the above fo~mulation is that the p~essu~e 

is eliminated as an unknown; fu~the~mo~e, it is expected that 

p8 - p, ue: - u and RL,£. - RL as 8 - O. P~oof of conve~genee, 

howeve~, is beyond the scope of this wo~k (see Geveci, Reddy and 

Pea~ce (1986) fo~ a t~eatment of eonve~gence in the case of the 

penaZised eigenvalue p~obZem fo~ the Stokes ope~ato~). 

If A(.,.) and B( ., .) a~e symmet~ie, the eigenvalues 

associated with A and B a~e all ~eat. In the tinea~ stability 

theo~y, howeve~, B( ., .) is in gene~at not symmet~ic. In this 

ease, necessa~y and sufficient conditions fo~ eigenvalues of the 

va~iationat eigenvalue p~obtem (2.30) to be ~eat a~e not known, 

though ou~ nume~icat studies show that ~eat eigenvalues exist. 
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2.3 EnePgy stability theoPy 

An altePnative method foP assessing the 'stability of a fluid is 

the enePgy method; a fluid is aalled stable if the enePgy of any 

distuPbanae, no matteP how laPge, of the given motion deaays. In 

oPdeP to obtain aPitiaal enePgy stability paPametePs below whiah 

the hydPodynamical system is stable, we intPoduce the kinetic 

( 2. 31 ) 

and the "thePmal enePgy" 

( 2. 32) 

of the distuPbance. 

If K and 8 - 0 as t - oo , we say the basic motion is stable. 

Let u = (u, (}) be a solution of the OB equations (2.18) -(2.19); 

then it is easily shown [Joseph (1976 I)] that the Pate of change 

of K and e aPe given by 

dKI 
dt 

and 

= f !!·(a!!/ at + ( v u) u) 

0 

= - f R (}!! . .s:_ + 2 D[ u] • D[ u] 

0 

de I dt = fo ( a01 at + ( V 8 J uJ 

0 

= - 1 I pp { fr V (}. V f) + R (}!! • V T) + fh T (} 2 J • 

0 ~ 
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We ar>e now abLe to define an "enerogy" E.,., of the system which is a 

Linear> combination of the kinetic enerogy, K, and the "ther>maL 

ener>gy", e : 

EA (VJ=1 I 2 J .!!_·711 + A Pr> ¢ 2 

n 

Her>e, A > 0 is a coupLing par>ameter>. 

(2.35) 

Using equations (2.33) and (2.34) we define the biLinear> foroms 

J: v X v - IR , 

I: v X v - IR , 

J 1 (u,.E_) = 2 J D[u] .D[V] , 

n 

I 1 (u, v) =- 112 J (~ ¢ + 
n 

I 2 ru,vJ = - 112 J (~ ¢ + 
n 

wheroe A is a given constant, 0 < A < oo • 

(} V) ·6_ , 

(}vJ.VT , 

If u is a soLution of equations (2.18) - (2.20) then it can be 

shown [Joseph (19?6 II)] that the r>ate of change of enerogy can be 

wroitten as 

·dE.,., ru:J 1 dt = -J(u, uJ + R I(u, uJ 

= J(u, uJ 1 -1 + R ( I ( u, u J I ( - -J J l J u, u 

< J(u,uJ l-1 + R;P I 
).. 
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p_ -1 = sup( I(v~ vJ 1 _ _ ; 
:>.. J(v~vJ ~ the supr>emum being taken 

over> aLL functions in V satisfying div v = o. 

We ar>e now in a position to state the basic ener>gy stabiLity 

theor>em. Fir>st~ we define the spaces W and W by 

w = t1 E v : div t1 = 0 l ~ 

Both of these ar>e HiLber>t spaces with inner> pr>oducts ( ·~ .) li and 

( ·~ .Jv~ r>espectiveLy. 

Theor>em 2.1. Suppose ther>e exists a constant a> 0 such that 

2 
J r v ~ v; ~ a II v II v for> aU v E v. 

Suppose fur>ther> that ther>e ar>e constants A 1 ~ A 2 > 0 and Pr>1 ~ Pr>2 

> 0 such that 0 < A1 ~ A ~ A2 and 0 < Pr>1 ~ Pr> ~ Pr>2• Then 

ther>e is a constant ~ > 0 such that 

t 

E >.. ( u ( t) ) ~ E >.. ( u ( 0 J J exp { - J 
0 

pr>ovided R < p (t} in the time inter>val [0~ tJ~ wher>e E (u(OJJ is 
)., )., 

the initiaL ener>gy of the differ>ence motion. If R < p>..(t) for> aLL 

t then E 'X ( u( t) J- 0 as t - oo and the fl. ow is asymptoticaLLy 

stabLe. 

Pr>oof. We have 
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E,JurtJJ = 112 f.!!·!!+ A. p.,. () 2 

n 

< 1; 
- I 2 c fu.~ + ()2 

n 

2 

= 1 I 2 C ( L II ui II £
2 
+ 

i 
2 

~ 1 I 2 c II u II v ~ c I 2a. J r u, uJ • 

Hen~e fpom (2.J7) 

By integPating oveP the time inte-,.val [O,t] we obtain 

t 

-f 
0 

The ma~imization pPoblem 

= sup [ I(ff,vJ IJrv,vJ J 
vew 

is equivalent to the pPoblem 

=sup {rrv,vJl 
vew 
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subject to 

Jrv,vJ = 1. ( 2. 41 ) 

The enePgy studies cLeaPLy depend on the existence of the maximum 

of I(v);J(v)· This is equivaLent to showing the existence of 

i1 E S such that 

I(u) > I(V) foP aLl, V E S 

whePe 

Set 

s = lvEW:J(v,vJ=11 

I(u) = I(u,il) and 

I(v) = I(v,v) 

, 

I(u, v) = 1 ! 2 f !!· (_!! ~ + .! 0 ) 

whePe !! = -(.a_+ A \IT) and 

a E [ L oo ( S1 ) ]2 • 

n 

We staPt the existence pPoof with the foLlowing lemmas. 

Lemma 2.1 Suppose that thePe exists a constant a2 such that 

max llaill 
i 

and constants A1 and A 2 such that 

then 

I (u, v) < c llu.llr; llvllr; 
2 2 
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............................................... 
Prooof. 

I(fi, V) = 

1ilheroe 

~ I J ai vi 0 I 
f2 

~ a2 I ( 0, :Ei viJ £ 2 1 ! a2 Li lr 0, viJ L
2 

I 

and, simiZaroZy 

! a2 II Oll£2 Liilvill£2 ~ 2a2 II oiiL)I.E.Ii£2 

~ 2 a 2 II 0 II L
2

ll11 II L 
2 

~ 2 a 2 II u II L 
2 

II v II £
2 

~ 2 a 2 II u II v II v II v 

Set C = 2a2 and add to get roesuZt. 

Lemma 2.2 Assume that hTELc~f rh) and that hT(z} ~ 0, ilhTil L (~) 
00 h 

! h2• Then theroe exists constants a and K such that 

and 

. 2 
J r v; ~ a II v II v 

J ( fi, v) ~ K II u II v II vII v 

1ilheroe J(u, vJ = 2 J D[u] .D[I1] + A.j \l 0. \l ¢ + A J hT 0¢ . 
n n rh 

Prooof. We have 

JO 

( 2. 4J) 
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J(v) = 2 J D[vJ .D[vJ +A 
n 

(using KoPn's inequality fop the fiPst tePm [Duvaut and Lions 

( 19 76)]) 

> cxllv 11
2v 

The pPoof of (2.44) is similaP to that of (2.42). We have 
( 

< II ui J.ll L llv i J./1 L + II uJ· i II L llv i J.ll L + A 2 II () i II L II <P i II L , 2 , 2 _, 2 , 2 , 2 , 2 

(we extend h by zepo to an of r ) 

(using the tPace theoPem in the last tePm and assuming that the 

pPoblem is two-dimensional) 

<Kllull v llvllv. 

On the basis of Lemma 2.1 and 2.2 we have the following existence 
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PesuZt [Galdi and StPaughan (1985)], [RionePo(1968)]. 

TheoPem 2.2 Assume that the fJonditions of Lemmas 2.1 and 2.2 

and TheoPem 2.1 hoZd. Then thePe exists u € S sufJh that 

sup I(iJ,v) = I(u,u) = 1; pf'A) < 00 • 

VEYI J(v, iJJ J(u, uJ 

-If R < pr'AJ foP aZZ timet then E (u(t))- 0 as t-oo and the 
~ 

flow is asymptotifJaZZy stable. 

The.fJonstPained maximisation pPobZem (2.39) is PedufJed to an 

-unfJonstPained pPoblem by intPodufJing the LagPange multipZiePs p~ 

and p, and defining the LagPangian L by 

L(v,m,q) = I(v,v) - m(J(iJ,v) - 1) + fq div v 
n 

(see Oden and KikufJhi (1982)). 

Then a nefJessaPy and suffifJient fJondition foP I OJ, v) to be a 

maximum ~s that the fiPst VaPiation of L vanishe~ i.e. 

<DL(u, p, p),('iJ, m, q)> 
;\ 

= tim d;dh 
h-0 

L(ii + hv, p + hm, p + hqJ = o 
X 

This leads to the vaPiational eigenval-ue pPoblem of finding u €~ 

p € L 2 ( n ) and p € IR SUfJh that 
X 

J (u, vJ + J p div v = o 
n 

J q div u = !!_ , 
n 
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J(i1, il) - 1 = 0, 

As in Section 2.2, we appPoximate the pPessuPe p in (2.45) by 

whepe 8 > 0 is the penalty paPameteP. 

Substituting the above into equation (2.45) and expanding, we 

obtain the vaPiational eigenvalue pPoblem fop the enePgy 

stability theoPy: find i1 € V and p e R such that 
£: ~ 

2 J D[ur.J .iJ[vJ + 1 ;8 J divut.divv = - p f ;2 ()£!!.(9:. + A\/ T J ( 2. 46 J 
n n ~.e: n 

and 

A f \/ () r.· \l cP + A f hT()t¢ (2.47) 
n rh 

fop an ii € v . 

In addition to the bilineaP foPms (2.29) defined in Section 

2.2, we define 

e: V x Q - IR , e ( u, c/> ) J -1 I 2 cP u. ( g_ + A \l T) , 
n 

A': vxv -IR, A'(ii.,vJ = a(u,!!_) + Ab( (),¢J, 

and 

B ': V x V- IR , B ' ( ii, v) = e ( u, ¢) + e ( () , o) . 

The eigenpPoblem can now be WPitten as follows:foP a given A> 0, 

find u£ € V and p € IR such that 
.,..,r. 
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foro aU v E V ( 2. 48) 

~heroe p coror>esponds to the lo~est eivenvalue. As in Section 2.2, 
]l.j:. 

~e expect that the solution to the penalised prooblem (2.48) 

converoges to the solution of (2.45 J as 8 - 0, i.e., that u£- u, 
- p and p 

~ 
~ as 8- 0 [Geveci, Reddy and Pearoce (1986 )] • 

Since both A'(.,.) and B '( ., .) a roe symmetr>ie the eigenvalues 

of (2.48) aroe all roeaZ. The left-hand side of (2.48) is 

equivalent to the left-hand side of the eigenvalue prooblem (2.30) 

defined in Section 2.2 if ~e set the coupling paroametero A equal 
' 

to one. Moroeovero, ~hen$.= \J T (the Blmarod prooblem), B(u, v) = 

B'(u, vJ and the t~o eigenvalue prooblems coincide. 

The enerogy theoroy gives sufficient conditions foro stability, 

~hile the linear> theoroy gives sufficient conditions foro 

instability. When the linear> and enerogy stability limits 

coincide, all stable disturobances, ~hatevero their> size, ~ill 

decay exponentially froom the initial instant. In this situation 

subcroiti~al instabilities cannot occur>. Thus, ~hen RL = pA ~e 

have a neccesaroy and sufficient condition foro stability. 

Generoally ~e may select A to give the best possible limit 

foro stability. This is equivalent to the prooblem of finding RE 

such that 

RE = max [ p J = max [ min J(v, vJ I I(v, vJl· 
A. >o A A.>o v E v 

(2.49) 

Each choice of coupling constant gives a differoent enerogy and 

leads to a differoent stability numberop. The larogest value of p 
A A 

over> A leads to the best possible limit foro stability, RE, as 

illustroated in Figuroe 2.2. 
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FiguPe 2.2: The optimum stability limit RE. 

We ~on~lude this ChapteP with an examination of the 

~onditions undeP whi~h a unique value of RE exists. OuP pPo~eduPe 

follows that of ShiP and Joseph (1968), who investigated this 

pPoblem fop the ~ase when tempePatuPe and ~on~entPation gPadients 

aPe pPesent. FiPst, we seek the A at whi~h p is a maximum. 
X 

FPom FiguPe 2.2 we see that the best A must appeaP as a Poot of 

the equation d Px 1 d~ = 0. Se~ond, we need to show that thePe 

exists one and only one value A satisfying the above equation, 

i.e. that thePe is only one su~h a maximum. 

Define 

[;] , 

and set 

note that u and G aPe fun~tions of A. 

The EuleP-LagPange equations ~OPPesponding to (2.46 J and (2.47 J 
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using the above notation a~e 

and 

px G cp = 2 div D[u] 

p G.u = \]2cp x--

If we int~oduce the symmet~ic mat~ix 

~= 

and the ope~ato~ L defined by 

, 

then equations (2.50) and (2.51) can be w~itten as 

on n 
0~ 

!l'i1 = ( L - A)u = 0 on n 

Define an inne~ p~oduct ( ., .) on W by 

('it, V) = J !!·V + cp if; . 
n 

Then (i1,'l'VJ = J G. ( !! if; + v cp J 

n 

= I(u, vJ 

36 

( 2. 50) 

( 2. 51 ) 

(2.52) 

(2.53) 



and 

(u,LvJ = J ~-2 div D[vJ + cj). 'J 2tf; 
n 

= - J(u, vJ 

for> u, v E W, assuming 'i1 to be the solution of ( 2. 52), ( 2. 5J). 

Using the above r>esults, the maximum pr>oblem (2.J9) may be wr>itten as 

= max - (i1,!_vJ 

J(v, vJ 

We assume that n > 0 and set ,....,., -

H(u, vJ = J(u, vJ + 

> "' ""' (V,!_V) 

Jr'v, vJ 

"' .-..,.,. Px (u,Av) ; 

then nr'V, vJ ~ o • 

( 2. 54) 

Hencefor>th, u = (~, cj)) denotes the actual solution and v is 

ar>bitr>ar>y. 

Differ>entiating (2.5J) n times with r>espect to A, we get 

n 

M d"u; d'A + ,El (~) dk~ d~k ( 2. 55) 

d
n,..,. 

Next, multiplying (2.5J) by u; d~n and integr>ating over> Q , we 

obtain 

Because M is self-adjoint we have 

J? 



FPom (2.53) we have 

n 
= _d ~di! 

because L does not depend on A . 

Putting n=l in equations ( 2.55) and (2.56) it fo"LZ.ows 

that 

and 

Substitute fop M du;d"'Ain the above equation to get 

ru, d!!J d>.. uJ = o 

and using (2.5?) with n=l we obtain 

r11.. d~ d>.. uJ = o 

whePe 

0 

dA; d"'A = 

0 

( 2. 56) 

(2.5?) 

( 2. 58) 

(2.59) 

The best A which solves (2.49) must appeaP at the Poot of the 

equation 
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FPom (2.59) and (2.60) ~e get 

0 dQ/d'A 

d~d'A = 

dQ;d,'A 0 

Substituting the above into (2.58) we get 

0 = !2 p'A dQ/d'A ·!!¢ 
n 

= f- 114 A _3;2 p'A (.a_- A 'V T) ·E.¢. 
n 

( 2. 60) 

Thus, the val.ue of A l-eading to the optimum stabil-ity l.imit 

satisfies 

"" A. = ( 2. 61 ) 

~hePe E. and ¢ aPe the vel.ocity and tempePatuPe coPPesponding to 

this optimal. val.ue. 

We need to show that thePe exists onl.y one such val.ue 

satisfying equation (2.60). To establ-ish that the stationaPy 

point is a gl.obal. maximum it is necessaPy to show that 

< 0 (2.62) 

at any point whePe d P>../d'A = 0, so that a minimum cannot 

exist. 

Put n=2 in equation (2.55) to get 
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Multiply by u and integ~ate ove~ n to obtain 

using the ~esult obtained in (2.5?). 

F~om (2.55) and setting n=l we have 

Sinee d~dA is symmet~ie 

( 2. 64) 

Substituting (2.64) into (2.63) and using (2.56) with n=2, we get 

(2. 65) 

Then with P.,_ ('u, Au) = -1, one finds that 

( 2. 66) 
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• 

-
• 

-

I 
I 
I 

At a stationa'Y'y point dp.,., 1 d"A = 0 and 

2 
0 d Q; 2 

2 ... d'X. 
d ~ d"A2 = 

2 
d 0 d"A2 0 

Substitute in (2.66) to get 

Since we assume p.,._ is positive, H(du; d'A , df1; d"A ) and J 1 ( cJ>, cJ>) 

aPe positive definite, and (2.62) is pPoven, i.e. p.,., is a local 

maximum at evepy stationa'Y'y point. It follows that p.,., is a 

concave function of X. so that the local maximum is unique, and 

is a gLobaL maximum for' A > o. We summaPise these PesuLts in the 

foLLowing theopem. 

..... ..... 

Theopem 2.3. Assume that Px > 0 and A > 0, whe'Y'e A is the 

best value of the coupLing paPamete'Y'. 

Then (i) the best vaLue satisfies the PeLationship 

( 2. 67) 

whe'Y'e u = 

[;] 
is the maximizing function fop (2.54) ; 

(ii) the'Y'e exists exactly one optimal vaLue RE of the 
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stability numbeP, whePe 

fop aU A > o. 

(iii) PPovided that R < RE, the basic sol uti on (U, T, P) wi l Z 

be globally monotonically stable. 

PPoof that pA is positive and that pA attains a mazimum fop a 

positive value of A is beyond the scope of this woPk and is 

thePefope omitted 
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CHAPTER J. FINITE ELEMENT APPROXIMATIONS 

In Chapte~ 2 ~e fo~muLated the penaLised vaPiationaZ eigenvaLue 

pPobLems fo~ the LineaP stability theo~y (2.JO) and the ene~gy 

stabiLity theoPy (2.48) in the fo~m: find a funetion u E V, 

R E R such that 

A (u, u') = R B ( u., u') foro aLL u' E V ( J .1) 

~he~e u = (u, v, (}) and 

u' = (u', v', (}') 

He~e and hencefo~th the subseroipts E a~e omitted fo~ ela~ity. 

It is diffieult to solve (J.1) sinee the spaee of admissable 

funetions V is infinite-dimensional: ~e have 

00 
v = span { cPi J i=1 

~he roe { cPi, i=1, .. . , oo} is a basis fo~ v. 

The GaLe~kin method is a method fo~ eonst~ueting an 

app~ozimate soLution to the vaPiationaL eigenvalue p~obLem (J.1) 

in a finite-dimensional subspaee of V of admissible funetions, 

~athe~ than in the ~hoLe space. Instead of posing the p~obLem in 

V ~e define a space vh to be a finite-dimensionaL subspace of V 

spanned by a finite numbe~ of LineaPLy independent functions cPi, 

i=1, ... , N, i.e. 

vh E v, span { cPiJt:1 = vh . . 

The indez h is a pa~amete~ that Lies bet~een 0 and 1, and is a 

measur>e of ho~ elose Vh is to V (e.g. h = 1/dim vh;. Having 

defined the spaee vh the va~iationaL eigenvalue p~obLem no~ 
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becomes: find uh e vh, Rh € !R that satisfies 

Since 

N 
-h I: a·<P· u = , 

1- 1-

i=l 

U)e have 

Or> 

N N N 

""' ""' A ( </) · · ,~... ·) a · b · = Rh ""' ~ ~ 1-, 'fJ J 1- J ~ 
i=l i=l 

N 

I: b. ( 
J 

i=l i=l 

i=l 

N 

u'h = L 
i=l 

K •• 
1-J = A ( </) i, ~ j) 

and 

M·. = B(</)i,<j)j) 1-J 

aPe N x N matPices. 

b. <P . 
J J 

,~...·)a ·b · 'fJJ 1- J 

(3.2) 

(3.3) 

(3.4) 

( 3.5) 

Since u'h is aPbitPaPy, so aPe the coefficients b j, and the 

pPobZem is Peduced to one of soZving the set of simuZtaneou~ 

Linea,.. equations 

N 

I: 
i=l 

K· ·a·= 1-J 1- M· ·a· 1-J 1-
, j=l, ••• , N • (3.6) 

Once these equations aPe soZved, the appPoximate soZution uh can 

be found fpom (3.3). We U)OuLd Like to choose famiLies of basis 

functions <j)i in such a U)ay that as N gets Laroger>, vh appPoaches 
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the space V and uh approoaches the exact soLution u. 

In the Ga"lerokin method theroe is no systematic way of 

constroucting roeasonab"le basis functions. A poor> choice may 

prooduce iLL-conditioned eLement matroices roesu"lting in inaccuroate 

soLutions. These difficuLties can be overocome by using the finite 

eLement method, which is a speciaL case of the Ga"lerokin method. 

In the finite eLement method the basis functions aroe generoated in 

a systematic manner> in such a way that the famiLy of spaces 

fih(h E (0,1)) defined by the finite eLement prooceduroe has the 

prooperoty that vh approoaches v as h approoaches zeroo. 

In Section 3.1 we constrouct a finite eLement mesh 

r>eproesenting n and piecewise-poLynomiaL basis functions defined 

on the mesh, which generoate a finite-dimensionaL subspace of v. 
. ~ 

To simpLify caLcuLations we constrouct a master> eLement Q so that 

everoy eLement Qe in the domain can be generoated by a map Te• 
...... 

Having constroucted the sequences of coorodinate maps Te froom Q 
into eLements Qe we can approoximate the "linear> and enerogy 

eigenvaLue prooblems obtained in Chapter> 2. In Section 3.2 we 

caLcuLate the eLement matroices foro the eigenvaLue proob"lems. The 

numeroica"l integroation schemes used to caLcuLate these matroices 

aroe discussed in Section 3.3. We concLude this chapter> by giving 

an a"lgoroithm foro soLving the eigenvaLue proob"lems. We aroe 

interoested onLy in the "lowest eigenvaLue and cororoesponding 

eigenvector>, ·and an effective technique of finding these is the 

Inverose Iteroation Method, which is descroibed in Section 3.4. Our> 

exposition in this Chapter> of the finite eLement method foLLows 

that of Becker>, Caroey and Oden (1981) and Reddy (1986). 
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3.1 Finite eLement app~oximation 

The finite eLement method is a technique fo~ const~ucting an 

app~oximate soLution to the va~iationaL eigenvaLue p~obLem (3.6) 

in a finite dimensionaL subspace vh. The method invoLves dividing 

the domain of soLution up into a finite numbe~ of subdomains, the 

finite eLements, and const~ucting an app~oximation of the 

soLution ove~ the cottection of finite eLements. The basis 

functions a~e defined piecewise ove~ the finite eLements and a~e 

chosen to be ve~y simpte functions. To const~uct the piecewise 

basis functions, we fi~st pa~tition the domain n of ou~ p~obtem 

into a finite numbe~ E of subdomains S11 , 

finite eLements which satisfy 

... , 

E 

Jd1 ne = n 

Fo~ simpLicity, we assume that the domain S1 is in IR2 and 

that S1 is poZygonaZ, so that the domain can be cove~ed exactLy 

by potygonat eLements, as shown in Figu~e 3.1. Within each 

eLement, ce~tain points a~e identified, catted nodes o~ nodaL 

points, which ptay an impo~tant ~ote in ~he finite eLement 

method. Nodes a~e aLLocated at Zeast at the ve~tices of eLements. 

nf 

I4 

'L. 
De 

r; 

Figu~e 3.1 
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To impPove the appPoximation additional nodes may be intPodueed 

at the midpoints of the sides of elements and at the eentPe of 

elements, as in FiguPe 3.2. ThePe aPe a total of N nodes, 

·numbePed 1, 2, ••• , N whieh have position veetoPs =._1, =._2, ••. , 

=.N· The set of elements and nodes that make up the domain is 

ealled the finite element mesh . 

• 

FiguPe 3.2 

In the finite element method we set up basis funetions whieh 

aPe pieeewise polynomials, and whieh aPe non-zePo only on a small 

paPt of the domain. ThePe aPe a total of N basis funetions 

~1 (=._j), ~2 (=._j), ••• , ~N(: j) sueh that span { ~i} ~=1 = vh, and 

foP whieh 

if i = j 

if i :/= j 

(3. 7) 

whePe (=._j) aPe the eooPdinates of nodal points in the finite 

element mesh. When (3.7) holds we have, fop vh E vh, 

so that bj is the value of vh at node j. 
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( --

.. 
l 

• 

LoaaL basis funations ~te) a~e aonst~uated oVeP eaah 

eLement n e suah that when patahed togetheP they p~oduae the 

basis funations. The LoaaL basis funations satisfy the p~ope~ty 

if i = j 

if i + j 

We aan now WPite (3.5) as 

E 

Kij = A ( q, i, q, j) = I; A (e) ( q,i, q, j) = 

e=l 

and, simiLaPLy 

E 

MiJ= B( (j)i, q,j; = I; B(e)( (j)i,(j)j) = 

e=l 

! 

.... 
1/tl 

E 

E 
e=l 

E 

E 
e=l 

~; ____ ....... 
nodel 11 =-1 

(3.8) 

A (e) ( '1/;~e), l/lye); 

--K· .(e) 
1-J 

( 3.9) 

8 (e)( tj;feJ, t/;yeJ; 

--M· .(e) 
1-J 

3 

FiguPe 3. 3: The maste~ eLement ~ • 
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Instead of defining locaL basis functions fop each element, 

we can simplify mattePs by setting up a masteP element ~ which 

is isolated fPom the actuaL finite element mesh and which has its 
,.. 

own cooPdinate system. FoP simplicity, we choose Sl to be the 

squaPe (-1,1) x (-1,1), as shown in FiguPe 3.3. The masteP element 

has the same system of nodal points as the elements Sl e in the 

actual mesh (nine nodes in this case). An invePtibLe 

tPansfoPmation is used to map points fpom the masteP element 

onto points in each element, as shown in FiguPe 3.4. We <!an now 
,.. 

intPodu<!e a map T e of n onto n e: 

X = X( ~, 1J ) 

y = y( ~, 1J ) 
(3.10) 

1J 

" FiguPe 3. 4: The element Q e as the image of Q undeP the map T e 
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The advantage of setting up a masteP element in this way is 

"" "" that we ~an define the lo~al basis fun~tions ~i on n and 

simply use ( 3.10 J to map ~ to ~ feJ by defining t/lte) to be 

fun~tions on n e satisfying 

(3.11) 

FoP a mast.eP element with nine nodes the lo~al basis fun~tions that 

satisfy (3.8) aPe 

"' 11 t/;1 = 4 ( ~2- ~ ) ( T/2- Tl ) 

"" 112 (1 - ~ )(T/ 2- Tl ) t/;2 = 

"" ~3 = 114 ( ~2+ ~ ) ( T/2- Tl ) 

"" 112 ( ~2+ t/;4 = ~ }(1 - Tl ) 

·-""· 11 (~2+ ~ )(T/2+ Tl t/15 = ) (3.12) 4 

"" (1- ~ )(T/ 2+ Tl) ~6 = 112 

"" 114 ( ~2- ~ ) ( T/2+ 'Y'J ) ~7 ·= 

A 

r e- ~ ) (1 - 'Y'J t/la = 112 ) 

A 

(1 - ~2) (1 - TJ2) t/;9 = 

The pie~ewise biquadPati~ polynomial basis fun~tions ¢i aPe 

fopmed by pat~hing togetheP the Zo~al basis fun~tions t/;~e) 

asso~iated with node i. 
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It is now possibZe to tPansfoPm the opePations on finite 
. "' 

elements Qe so that they hold on Sl • The aomplete finite eZement 

mesh aontaining E eZements is genePated by a sequenae of 

tPansfoPmations I T1, T 2, •..• , TE J in whiah eaah element Sle is 

the image of the fixed masteP eZement undeP a aooPdinate map Te , 

as iUustPated in FiguPe J.5. 

FiguPe J.5: GenePation of the finite eZement mesh. 

The map Te aan be aonstPuated using the finite eZemen~ loaal basis 

funations :. 

n 
"' x( ~ , 'Y'f ) =E t/; i ( ~ , 'Y'f ) Xi 

Te~= ~ i=l (J.lJ) 

n 
"' y( ~ , 'Y'f) =I; t/;i(~ , 'Y'f J Yi 

i=l 
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whe~e x and y a~e the coo~dinates at any point of the element, 

xi and Yi, i = 1, ••• ,n a~e the coo~dinates of the n 

element nodes and 

"" ~i a~e the local basis functions defined in the natu~al 

coo~dinate system of the element. 

The var>iables u, v and 0 at any point within the element a~e 

given by 

n 
u( ~ , 11 J = I: "" ~i(~ , 11 ) Ui 

i=l 

n 

v('~,11 J "" = I: ~i(~,11Jvi (3.14) 
i=l 

n 
"" (}(~,11) = I: ~i( ~ , 11 J(}i 

i=l 

whe~e ui, vi and (}i, i = 1, •• • , n a~e values of u, v and (} at 

node i. 

The bilinea~ fo~m A(.,.) in (3.9) contains de~ivatives of u, 

v and (} which need to be evaluated with ~espect to the local 

(x,y) coo~dinates. Because u, v and (} a~e defined in the natu~al 

coo~dinate system as defined ·in (3.14), we need to ~elate the x-y 

de~ivatives to the ~ -11 de~ivatives. Since the map Te is 

inve~tible, we may define the inve~se map Te-l of the x-y 

coo~dinates into the ~ - 11 coo~dinates: 

Te-l : ~ = ~(x,y) 

11=11(x,y) 
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To obtain the de~ivatives a;ax and a;ay in te~ms of a;a~ and 

alaTJ we use the chain ~uLe in the fo~m 

alax = a~lax a;a~ + aTJ;ax a;a11 

and (3.16) 

a;ay = a~ay a;a~ + aTJ;ay a;aTJ 

and the de~ivatives a~e evaLuated as foLLows 

= (3.17) 

He~e, the 2 x 2 mat~ix of pa~tiaL de~ivatives is eat Led the 

Jacobian mat~ix , J, of the t~ansfo~mation (3.15). We want to 

soLve fo~ a;ax and alay in te~ms of a;a~ and a;a11 and use 

a;ax a; a~ 
= J-1 

a;ay a;aTJ 

0~ (3.18) 

a; ax aY1a11 
= 

11detJ 

__ oy;a~ o;a~ 

a; ay _ax1a11 ax;a~ a;aTJ 

which ~equi~es that the inve~se of J exist. This inve~se exists 

if the~e is a one-to-one co~~espondenee between 'the natu~aL and 
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LocaL cooPdinates of the eLement. We can now evaLuate the paPtiaL 

dePivatives in tePms of the masteP eLement and can thePefoPe 

constPuct the matPices defined in equation (3.6). 

3.2 Finite eLement caLcuLations 

In the finite eLement method the vaPiabLes uh and (} h aPe 

compLeteLy descPibed by vaLues at nodaL points. ConsideP the two­

dimensionaL nine-noded eLement shown in FiguPe 3.6. 

y i 
v 

(} 
u 

7 6 5 

8 9 4 

Oe 

1 2 3 _,. X 

FiguPe 3.6 

At each node i, i=l, ..... 9 we have 3 unknowns: the hoPizontaL 

and VePticaL components of veLocity, u and v, and the tempePatuPe 

(} • The nodaL vaPiabZes foP each eLement can then be WPitten as 

Ql 

Qe = Q2 (3.19) 

. 
Q9 
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~he~e ~ at node i is given by 

( 3. 20) 

The va~iabLes u,v and 9 at any point inside the eLement a~e 

given in te~ms of thei~ nodaL point vaLues using the Lo~aL basis 

fun~tions (3.12). Thus 0 at any point ~ithin the eLement ~an be 

exp~essed, in te~ms of the eLement basis fun~tions, as 

using (3.11). 

9 

0 = t/1 oe = I: 'f:.i Q.i 
i=1 

( 3. 21) 

The de~ivatives of u,v and· 9 ~ith ~espe~t to the Lo~aL 

~oo~dinate system a~e ~oLLe~ted togethe~ in a ve~to~ 8 , defined 

by 

dv; ay 

e = r ou1 a + av 1 ~ ;./2; y ax 2 ( 3. 22) 
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Substitution foro u, v and {] fr>om (3.21) r>esul,ts in 

wher>e 

Bi = 

If we set 

r 

9 

§. = B g_e =I; 
i=l 

o$i/ ax 

0 

B· Oi _-z._ 

0 

" 
al/li; a y 

A A 

1 li;2 a 1/li; a y /2;2 ot/li; ax 

0 0 

l 0 0 

D. = au; ax + ov I OY 

0 

0 

0 

A 

. at/;i/ ax 

"' 
at/li; ay 

then substituting for> u and v froom (3.21) we get 

wher>e 

9 

D. = c g_e = E ci Di 
i=l 

C·= -1.-

"" 
at/li; ox 

"' 
at/li; ay 
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I . ( 3. 24) 

(3.25) 

(3.26) 

(3.27) 
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Next, define 

E· = _7, 

then we can w~ite 

0 

0 ,.. 

t/;i 

and ; ( 3 0 28) 

and 1) = p (/o 

We define Q.'e, 8'e, C'e, E'e and pre in te~ms of u' simila~ly, 
i oe o, 

u '· 7, 

Qi = vt 
7, 

( 3 0 29) 

Oi 
and 

8' = B' o'e , 

!:::.' = C' o'e , 
( 3 0 30) 

(J' = E' o'e , 

1) , = P' o'e 

(i) The penalised eigenvalue p~oblem fo~ the linea~ 

stability theo~y obtained in Section 2o2 has the fo~m 

( 3 0 31) 
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wheT'e A(u£, u') a(u£, u') + b(9£, (} ') and 

B(uE, u') = c(f)E:, u') + d(!!:_E:., (} '). 

( ,) • 32) 

(3~33) 

Equations (3.32) and (3.33) in teroms of the approoximations (3.19) 

- (3.30) aPe, foT' eLement e, 

and 

o'e)T hT!'TE Qe 

••• (3.34) 

Be(u£, u'J =- fr Q.'e;T lE'Tp(_s:.i) + p'TE(\]T.iJ! g_e 

f2e 

( 3. 35) 

wheroe i is the unit vector' in the diT'ection of incroeasing y. 

The eigenvaLue pT'obZem is obtained by summing (3.34) and (3.35) 

over> al,l, E eLements in the mesh. Thus, (3.31) becomes 

wheT'e K = 2B 'TB , 
H = c'Tc , 

gb = E'TE and 

M = - E'TP(g_.i) - P'TE( \]T.i). 

The integroation in equation (3.36) is defined in the local, 

(:r;y) cooT'dinate system. The differoentiaZ dxdy in teT'ms of the 

naturoaZ cooT'dinates is 

dxdy = det J d~ d'T/ 

/ 

wheT'e det J is the deteT'minant of the Jacobian opeT'atoT'. The 
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integPation extends oveP the aPea -1 ~ ~ ~ +1 and -1 ~ ~ ~ +1. 

FoP the one-dimensional case J = L;? whePe L is the length of the 
"' 

element boundaPy. The integPation defined in the natuPal ( ~, ~ ) 

cooPdinate system extends oveP one of the boundaPies of the 

masteP element. 

Substituting into (3.36), we get 

E E 

.E ( Q 1 e; T xe Q e .E ( g_1e;T ~ Qe 

e=1 e=1 

+1 +1 

whePe x.e = J Jrx + 1;8 HJ det J d~ d~ + J hT xb rL;2J ds 
-1 -1 

+1 +1 

JIB = J J II det J d~ d~ 
-1 -1 

K=K(x(~,~J,y(~,Tl_)), 

M = M( x( ~ , ~ J, y ( ~ , ~ ) J , etc. and 

(3.37) 

8 measuPes the distance along one of the masteP boundaPies. 

(ii) The penalised eigenvalue pPoblem foP the enePgy 

stability theoPy obtained in Section 2.3 has the foPm 

A I rut, iJI; = p B I rue:, -u~; ( 3. 38) 
:\.£ 

whepe A 1(u£, iii) = a( ue:, ul) + b ( (h_, 0 I) and ( 3. 39) 

B 1(ile:, ul) e ( _!!e:, 81) + e(Br_, il' ) (3.40) 
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The biZineaP foPm A'(ue::~u'J diffeps fpom A(u£~u'J in the ZineaP 

theoPy and the vee toP 8 defined in ( 3.22 J must be modified 

sZightZy. 

Define 

and B \ simiZaPZy. 

Equations (3.39) and (3.40) in tePms of the finite eZement 

appPoximations aPe~ foP eZement e 

A 'e(ii 
e::~ u'; = Jr Q.'e;T f 2 B ~T B >.. + 1 I 8 C'' T C' } Q_ e 

ne 

+ Jr o'e ;T A_h ETE 
- '-X--

oe ( 3. 41) 

and r;:e 
h 

B 'e(iie::~ ii') = - Jr o'e;T 1;2(p'TE + E'TP)(B_ +A \jTJ.i oe 

ne ( 3. 42) 

whePe i is a unit vectoP in the diPection of incPeasing Y• 
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The eigenvalue pPobZem appPoximating (3.38) is given by 

whePe K,= 2 B'T B and 
(\ -"- -;\ 

II=- (p'Tg + E'Tp) (g_ +A,'iJTJ.i. 

Set dx dy = det J d~ d~ 

then equation (3.43) may be WPitten in the foPm 

+1 +1 

0,e;T J II"- Qe 

.~(3.43) 

( 3. 44) 

whePe gB"- = f Jrx + 1;£ H) det J d~ d~ + jA.h~b (L/2 ) ds and 
-1 -1 

+1 +1 

~ = J J 11 det J d ~ d~ 
-1 -1 
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3.3 NumePi~al integPation 

In the finite element method integPals of the foPm (3.3?) and 

(3.44) aPe evaluated using numePi~al te~hniques be~ause of theiP 

advantage oveP analyti~al pPo~eduPes [Bathe (1982)]. In 

paPti~ulaP~ ~e ~hoose Gauss quadPatuPe foP the ease ~ith ~hi~h it 

~an be implemented and fop its high a~~uPa~y. 

The element mat~i~es~ 

+1 +1 +1 

ge = J J f( ~ ~ 'Y/) d~ d'Y/ + f g( ~ ~ 'Y/ ) d~ 
and -1 -1 -1 'Y/ =1 

+1 +1 

~ = f f h( ~ ~ 'Y/ ) d ~ d'Y/ 
-1 -1 

~an no~ be evaluated as 

and 

p 

Kije = E ai aj f( ~i~ 'Yij) 
ij 

p 

M· .e = E 1,J 
ij 

~hePe f~ g and h aPe the element matPi~es evaluated at the 

integPation points~ 

(3.45) 

( 3. 46 )' 

~i and 'Yij aPe the ~ooPdinates of the integPation points~ 

ai and aj ape the ~o~Pesponding ~eighting fa~toPs and 

p is the total numbeP of sampling points. 

The integPation (oP sampling) points and ~eighting fa~toPs 

aPe ~hosen to obtain maximum a~~uPa~y in the integPation. In 

Gauss quadPatupe foPmulas~ a polynomial of oPdeP (2p -1) is 

integPated exa~tly fo~ p sampling points. The sampling points and 
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weights depend on the intePval of integPation. The sampling 

points and weights fop the masteP element with intePval -1 to +1 

aPe given in Table J.1 fop values of p = 1, 2 and J. 

integPation 

p = 1 

p = 2 

p = J 

Sampling 

points 

o.o 

+ 0.5??J50J 

t 0.??4596? 

o.o 

weighting 

faetoPs 

2.0 

1.0 

0.5555556 

0.8888889 

Table 3.1 

6J 

LotJation of 

integPation points 

• 

• • of 

trJ 

I. 
I l 

T c -

-· ~ 



The ohoioe of the oPdeP of numePioaL integPation is 

impoPtant beoause the PesuLts ape sensitive to diffepent 

integPation oPdePs. Sinoe aLL integpands aPe of poLynomiaL type, 

aLL matPioes aPe evaLuated exaotLy if the oPdeP of the numePioaL 

integPation is high enough. It has been shown that the use of a 

LoweP integPation oPdeP when evaLuating the penaLty matPix, 

J c'Tc , is neoesaPy fop Peasons of stabiLity [Oden, Kikuohi and 

Song (1982)]. ThePefoPe, Peduoed integPation may Zead to impPoved 

PesuLts. The appPopPiate integPation oPdePs in the evaLuation of 

a 9-noded eLement aPe given in TabLe 3.2. 

ELement Exaot Reduoed 

integPation oPdeP integPation oPdeP 

3 X 3 2 X 2 

OP 1 X 1 

TabLe 3.2 

3.4 SoLution method of the eigenvaLue pPobLem 

We need to find the soLution to the eigenvaLue pPobLem 

Ka= (4.4'1) 

whePe K and M aPe, PespeotiveLy, the stiffness matPix and mass 

matPix of the finite eLement assembLage. 
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In pa~ti~ula~, we want to find the smaZZest eigenvalue Rh1 and 

~o~~esponding eigenve~to~ !!:.1 • The ve~to~ ite~ation method uses 

the p~ope~ty that 

K a·= - -t. 
( 4. 48) 

whe~e K is positive definite. 

A ve~to~ ite~ation te~hnique that ~al~uLates an eigenve~to~ 

and ~o~~esponding eigenvaLue ve~y effe~tiveLy is the inve~se 

ite~ation method. The basi~ steps of the inve~se ite~ation method 

a~e as foLlows [Bathe (1982)] : 

Assume a sta~ting ve~to~ =.1 so that ll1 = 11:::1 , and evaluate· in 

ea~h ite~ation step k=l, 2, ••• 

K =.k+1 = 1lk ( 3. 49) 

llk+1 = M E<+1 (3.50) 

zT k+1 1lk 
( 3 ~51) 

:::T k+1 llk+1 

llk+l 

1tk+1 = ( 3. 52) 
,. lf .. 

r=: k+1 lik+1 J ~ 

whe~e, p~ovided that ~T1 E1 f 0, 

llk+l - II~ and as k- oo • 
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In (3.51) we obtain an appPoximation to the eigenvaLue 

given by the RayLeigh quotient p(=k+l). This appPoximation to 

Rh1 is used to detePmine ~onvePgen~e in the itePation. We say we 

have ~onvePgen~e when 

< toL (3. 53) 

whePe toL is a spe~ified toLePan~e and 

p(:k+l) denotes the ~uPPent appPoximation to Rh1. 

If m is the Last itePation, then we have 

( 3. 54) 

and 

( 3. 55) 

66 



CHAPTER 4 • THE FINITE ELEMENT PROGRAM 

In the proevious Chapter> we obtained the equations aroising froom 

the finite eLement approoximation of the eigenvaLue proobLems foro 

the Linear> and enerogy stabiLity theoroy. These ~an be wroitten in 

the forom: find a E Vh and Rh E JR su~h that 

{ 4.1) 

wheroe Rh is the Lowest eigenvaLue, 

a is the eigenve~toro ~ororoesponding to Rh, 

K is the stiffness matroix {whi~h in~Ludes the ~ontroibution 

due to the penaLty approoximation) and 

M is the mass matroix. 

In this Chapter> we set up the finite eLement proogroam to 

~aL~uLate the eigenvaLue, Rh, and ~ororoesponding eigenve()toro, a~ 

in {4.1) numeroi~aLLy. The proogroamming detaiLs aroe based on 

Hinton and Owen {1977) and Bathe {1982). 

In the finite eLement method individuaL eLement stiffness 

and mass matroi~es aroe ~aL~uLated separoateLy and then assembLed 

into the gLobaL stiffness a~d mass matroi()es, roespe~tiveLy. The 

gLobaL matroi~es aroe obtained by summing the eLement matroi~es, so 

that we have 

E 

K = L z:.e 
e=1 

and 
E 

M=L ~ 
e=1 

wheroe ge is the stiffness matroix of eLement e and 

~ is the mass matroix of eLement e. 

{4.2) 

The eLement stiffness and mass matroi~es, xe and Me, aroe of the 

same orodero as the gLobaL stiffness and mass matroi~es, K and N, 
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and have non-zePo entPies onZy in those Pows and aoZumns that 

aoPPespond to nodes in eZement e. ThePefoPe~ we onZy need to 

stoPe the aompaated eZement matPiaes~ whiah aPe of the oPdeP of 

the element degPees of fpeedom, togetheP with an aPPay that 

Pelates to eaah element degpee of fpeedom the aoPPesponding 

assembZage degPee of fpeedom. This veatoP is aalZed the 

aonneativity aPPay~ LEQNS, and is of the oPdeP of the numbeP of 

degPees of fPeedom p~P element. FoP example~ aonsideP the mesh 

shown in FiguPe 4.1. 

-
21 22 

0 
0 

17. 16 

III 0 -
11 12-

u <D • 6 7 

I 
8 --1 2 

-@ @ 
23 24:- 25 

18
4 
® G) 

200 
., 

19. 
IV 
® ® a 

13 14:- 15 

® 0 0' • lOU 8 9 

II 
--3 5 

FiguPe 4.1 

D 

c 

@ equation numbePs 

n node numbePs 

___ _,.X 

Assume foP ease of explanation that only one degPee of fPeedom 

exists at eaah node, and that ai=O along the edges AB, BC and CD. 

ThePe aPe thus a total numbeP of 12 equations~ ai ( i=1, ••• , 1'2), 

in this example. The aompaated element stiffness and mass 

matPiaes aPe of the oPdeP of the element degPees of fPeedom, 

i.e., they aPe 9 x 9 matPiaes. FoP element I in FiguPe 4.1. the 

aonneativity aPPay has the following entPies 

Pow, aolumn 1 2 J 4 5 6 7 8 9 

LEQNS = ~....l_o __ o __ o __ 2 __ s __ 4 __ o __ o __ 1__, 
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whe~e a ze~o means that the ~o~~esponding ~ow and ~o~umn of the 

compa~ted e~ement mat~ix a~e igno~ed and do not ente~ the g~oba~ 

mat~ix. Simi~a~~y, the ~onnectivity a~~ay fo~ e~ement II is 

LEQNS = 0 0 0 0 0 6 5 2 , 

fo~ e~ement III 

LEQNS = 0 4 5 8 11 10 0 0 7 , 

and fo~ e~ement IV 

LEQNS = 5 6 0 0 0 12 11 8 9 

The ~onnectivity aPPay of an e~ement is detePmined f~om the noda~ 

points and the equation numbePs that have been assigned to it. 

On~e the conne~tivity aP~ay has been defined, the compa~t e~ement 

mat~ices may be added to the g~oba~ mat~i~es. 

In pPacti~e, we neveP a~tuaLLy assembLe the compLete gLobaL 

stiffness and mass matPi~es since this PesuLts in wasted ~omputeP 

stoPage. The gLobaL matPices possess spe~iaL featu~es which aLLow 

us to e~onomise on ~omputeP stoPage and computationaL time. These 

speciaL featuPes aPe: (i) the symmet~y and 

(ii) the handedness of the gLobaL mat~i~es. 

In the enePgy pPobLem, dis~ussed in Section 2.3, both the 

stiffness and mass mat~i~es aPe symmetPi~. In the LineaP pPob~em, 

discussed in Se~tion 2.2, the stiffness mat~ix, 1!, is symmet~i~, 

but the mass mat~ix, 11, is gene~aL Ly unsymmet~i~. The symmetPy 

aLLows us to pPo~ess onLy that paPt of the mat~ix on and above 

the Leading diagonaL. In addition, the matPi~es aPe banded due to 

the systematic numbe~ing of the nodaL points. The non-zePo 
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elements in the mat~ix fo~m a band whiah aontains the main 

diagonal, as i llust~ated in Figu~e 4.2. Let m( i), ( i = 1, •.• , n) 

be the ~ow numbe~ of the fi~st non-ze~o element in aolumn i; we 

~efe~ to m ( i), ( i = 1, ... , n) as the sky line of the mat~ix. The 

handedness allows us to sto~e and manipulate only that pa~t of 

the mat~ix whiah lies below the skyline. ALl ze~o elements 

outside the skyline a~e igno~ed in the solution p~oaedu~e. Ze~o 

elements within the skyline of the mat~ix a~e sto~ed and ope~ated 

on, sinae they may beaome non-ze~o du~ing mat~ix ~eduation. 

An effeative sto~age saheme fo~ the stiffness and mass 

mat~iaes is to sto~e only the elements below the skyLine of the 

mat~iaes K and M in one-dimensional a~~ays A and B, as 

iZlust~ated in Figu~e 4.3. In addition, we also define an a~~ay 

MAXAI whiah sto~es the add~esses of the diagonal, eLements of K in 

A and, simi l,a~Zy, of 11. in B. Thus, the add~ess of the i th 

diagonal, element of K, Kii" in A is given by MAXAI( i). 
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K 
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K 

K 

K 

K 

K 

Figu~e 4.2: The uppe~ t~iangLe of K. 
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1 2 3 4 s 6 7 8 9 10 11 12 

1 A1 A3 A9 A14 

2 A2 As A8 A13 A19 

3 A4 A? A12 A18 

4 A6 All A17 A23 A28 A40 A48 

5 A1o A16 A22 A27 A33 A39 A47 As6 

6 A1s A21 A26 A32 A38 A46 Ass 

7 A2o A2s A31 A37 A4s As4 

8 A24 A30 A35 A44 As3 

9 A29 A3s A43 As2 

10 Az4 A42 As1 

11 A41 A so 

12 A49 

MAXAIT = 1 2 4 6 10 1S 20 24 29 34 41 49 

PiguPe 4.3: APPay A stoPing elements of the uppeP tPiangle of K. 

In the lineaP stabiLity pPobLem the mass matPix is genePaLLy 

unsymmetPic. When deaLing with an unsymmetPic mass matPix we need 

to stoPe the LoweP tPiangLe of M in the same way as the uppeP 

tPiangLe. In this case the eLements beLow the skyLine of N aPe 

stoPed in a one-dimensionaL aPPay~ ~~ and the eLements below the 

skyline of MT aPe stoPed in a one-dimensional aPPay, Bl. The 

diagonaL elements of the uppeP and LoweP tPiangLes have the same 
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add'Y'esses, i.e., onl,y one a'Y''Y'ay MAXAI is needed to addr>ess both 

!!u and Bz,, as iUustr>ated in Figur>e 4.4. 

1 2 3 4 5 6 ? 8 9 10 11 12 MAXAI 

1 
1- 3 u 9-- - --- - -- ---- ~---- -- -:- - - -

2 3 2 5 8 2 

3 5 4 ? ----------- 4 
..... I T----4 8 ? 8 / 8 / 

I 
~ 

58 I '110 5 10 

8 I •• • 55 I I • • • 
? 54 

8 53 

9 52 

10 51 

.11 50 

12 l58 55 54 53 52 51 50 49J--- -i 49 

Figur>e 4.4: The unsymmetr>ia mass matr>i~ M. 

The basia str>uatur>e of the finite eLement pr>ogr>am is given 

in Seation 4.1. The input r>equir>ed by the finite eLement anaZysis 

is disaussed in Seation 4.2. The add·r>esses of the eLements in the 

gLobal, matr>iaes ar>e aaZaul,ated in Seation 4.3. In Seation 4.4 the 

aompaated eZement matr>iaes, ge and lie, ar>e aal,aul,ated and added 

to the gZobaZ veator>s A and B. The eigenvaLue soLution r>outine is 

disaussed in Seation 4.5. 
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4 .1 The pr>ogr>am 

A modular> appr>oach is adopted wher>e separ>ate subr>outines per>for>m 

the varoious main finite element oper>ations. The basic finite 

element steps ar>e peroforomed by pr>imar>y subr>outines which roely on 

auxiliaroy subr>outines to car>r>y out secondar>y oper>ations. The 

mastero·oro main r>outine oroganises the calling of the pr>imar>y 

r>outines as outlined in the flow diagr>am Figur>e 4.5. Subr>outine 

INPUT r>eads the mesh data. A separ>ate subr>outine is not used to 

output the r>esults. The r>esults ar>e output as soon as they ar>e 

obtained. Subr>outine LINKIN [Hinton and·owen (1977)] links the 

r>est of the pr>ogroam with the solution r>outine, i.e., it gener>ates 

all the inforomation needed by the eigenvalue solving rooutine foro 

matr>ix manipulation. GSTIFF calculat·es the global stiffness and 

mass matr>ices in compacted for>m. EIGSOL [Bathe (1982)] soLves the 

·eigenvalue pr>oblem using inver>se iter>ation. 

A broief descr>iption of the auxiliar>y r>outines ar>e given 

below: 

Subr>outine NODEXI 

Calculates the coorodinates of the midside nodes which Lie on a 

str>aight Line connecting two adjacent midside nodes. 

Subr>outine GAUSSQ 

Sets up the sampling point positions and weighting factor>s for> 

numer>icaZ integr>ation. The Gauss quadr>atur>e r>outines utilised in 

our> proobZem ar>e one- two- and thr>ee-point integr>ation routes. 

The numer>icaL integr>ation scheme used is discussed in Chapter> 3. 
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,NODEXI I 
I INPUT I 

IGAUSSQ j 

1
cor.MHT 1 

,r.INK.IN I 

~ADDRES I 

SPR2 I 
jMASTER 1 1GSTIPP l I 

1JACOB2 I 
I BMAf J 
t CMAT I 
1FEMAT I 
1ADDBAN I 

rl DECOMPj 

: EIGSOI.: -'INVERSE 1 
I I l MUI.TPij 

y REDBAKI 

Figuroe 4.5. 
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·sub-,.outine COLMHT 

Calculates the ve-,.tical column heights above the diagonal of the 

global stiffness and mass mat7'ices. 

Sub-,.outine ADDRES 

This 7'0utine add-,.esses the diagonal, ent7'ies of the global 

mat7'ices using the coLumn heights. 

Sub-,.outine SPR2 

The shape functions and thei7' local de-,.ivatives a7'e computed fo7' 

the two-dimensional p7'oblem. 

Sub-,.outine JACOB2 

The Jacobian mat7'i~ and its inve7'se and the de-,.ivatives of the 

shape functions a7'e computed fo7' the two-dimensional p7'oblem. 

Sub7'outine B~T, C~T, FE~~ 

These sub7'outines compute the mat7'ices B, C, P and E obtained in 

Section 3.2 

Sub-,.outine ADDBAN 

This -,.outine assembLes the element stiffness and mass mat7'ices 

into the gZobal stiffness and mass mat7'ices in compacted fo7'm. 

Sub7'outine INVERSE 

This 7'0utine solves fo7' the lowest eigenvalue and eigenvecto-r' 
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using invePse itePation. 

SubPoutine DECOMP 

This Poutine factoPises a symmetPic positive-definite matPix into 

loweP, diagonal and uppeP matPices. 

SubPoutine MULTPY 

This Poutine evaluates the pPoduct of a squaPe matPix and an 

SubPoutine REDBAK 

This Poutine solves the equations afteP the stiffness matPix is 

decomposed in the foPm LDLT using foPWaPd and backwaPd 

substitution. 

4.2 SubPoutine INPUT 

The input data pequiPed foP a finite element analysis consists of 

the contPol data and data PequiPed to define the geometPy of the 

stPuctuPe. SubPoutine INPUT Peads and WPites the contPol 

paPametePs,nodal point cooPdinate~ element connectivities, 

boundaPy conditions and paPameteP values used in the matPix 

calculations. In addition it calls the subPoutines NODEXY and 

GAUSSQ. 
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Figu:Y'e 4. 6 

X 

n g"lobal, index 

@ Zo~az inde:x: 

® ® 0r .,. ,13 
6 7 t0 ® (j). 9 ' 

I 
1 2 

·~ (D ~ 0 

{a) Cont~oz data: 

The foZZowing "list of ~ontPoZ pa~amete~s a~e ~equi~ed as input: 

NPOIN 

NELEM 

NVFIX 

NBELEM 

ELEM 

Fo~ exampZe, 

in Figu~e 4.6. 

Total, numbe~ of nodal, points. 

TotaL numbe~ of eZements in the domain. 

Total, numbe~· of bounda~y points, i.e., nodaL 

points at whi~h one o~ mo~e deg~ees of f~eedom 

a~e ~est~ained. 

Total, numbe~ of eZements with bounda~y te~ms that 

ente~ the mat~i:x: ~aZ~uZations expZi~itZy. 

Typi~az Length of an eLement in the mesh. 

NPOIN = 25 , 

NELEM = 4 , 

NVFIX = 16 , 

NBELEM = 2 and 

ELEM = 0.5 
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Onee the domain Q has been disePetised into a numbeP .of 

finite eZements, the geometPy must be defined numePieaZZy. Eaeh 

node is identified by pPesePibing a numbeP to eaeh nodaZ point as 

in FiguPe 4.6. The nodaZ points aPe numbePed in an antieZockwise 

sequenee beginning at a eoPneP node. Eaeh eZement in the mesh is 

numbePed in the oPdeP in whieh it is intended to be pPoeessed. 

(b) Speeifieation of eZement eonneetions: 

The geometPy of eaeh eZement must be speeified by 'Listing in a 

systematie way the numbePs of the nodaZ points whieh define the 

eZement. The eZement numbePing is Pead into the aPPay 

LNODS(NUMEL,INODE) 

whePe NUMEL, (NUMEL = 1,NELEM) is the numbe~ of the eZement 

undeP eonsidePation and 

INODE (INODE = 1, 9) Puns oveP aZZ nodes in the eZement 

(9 nodes in ouP ease). 

LNODS wiZ Z have the foZ Zowing entPies foP the exampZe given in 

FiguPe 4.6. 

eZement I: 1 2 3 8 13 12 11 6 7,, 

eZement II: 3 4 5 10 15 14 13 8 91, 

eZement III: !11 12 13 18 23 22 21 16 171 

and 

eZement IV 13 14 15 20 25 24 23 18 191. 

(e) Speeifieation of the spatiaZ eooPdinates of eaeh node: 

The eooPdinates of eaeh nodal, point defined in the ZoeaZ (x-y) 

eooPdinate system aPe Pead into the aPPay 
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COORD(IPOIN,IDIME) 

whePe IPOIN, (IPOIN = 1, NPOIN) COPPesponds to the numbeP of the 

nodaL point and 

IDIME, (IDIME = 1, 2) Pefeps to the x-y components. 

(d) BoundaPy conditions 

The nodes at which one OP moPe degPees of fpeedom aPe PestPained 

aPe Pead into the aPPay 

IFPRE(IDOFN,IPOINJ 

whePe IDOFN, (IDOFN = 1, 3) Panges oveP the numbeP of degPees of 

fPeedom peP node (in ouP case u,v and OJ. 

A unit vaLue in the PeLevant coLumn indicates a fixed degPee of 

fPeedom whePeas a zePo entPy indicates no PestPaint of that 

paPticuLaP component. Thus, IFPRE may have the foLLowing vaLues. 

1 1 1 u, v and e PeStPained, 

1 1 0 u and v PestPained, 

0 1 1 v and 0 PestPained and 

0 1 0 noPmaL component of veLocity PestPained. 

NodaL points on which natuPaL boundaPy conditions hoLd that 

enteP the matPix caLcuLations expLicitLy aPe input, aLong with 

any pPescPibed paPameteP associated with that boundaPy, in the 

aPPay 

IBNODS(NUMEL,JNODE) 

whePe NUMEL, (NUMEL = 1, NBELEM) is the numbeP of the eLement 
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• 

whiah side aoinaides with the bounda~y unde~ aonside~ation 

and 

JNODE~ (JNODE = 1~ 3) ~uns ove~ the nodes that lie on that 

pa~t of the bounda~y 

Elements whiah have sides that aoinaide with the pa~tiaula~ 

bounda~y a~e ~eaognized by ente~ing the pa~amete~ value 

assoaiated with the natu~al bounda~y aondition into the aroroay 

BELEM(NUMEL) 

Foro example~ i~ the eigenvalue prooblems obtained in Chaptero 2 we 

have a boundaroy terom of the f orom J hT O<P • Let J hT e<P be non­

zero() on the boundaroy rh in Figuroe 4.6~ then the input data have 

the forom 

(d) Paroameteros 

4 

21 22 23 

23 24 25 

The varoious pa~ameteros that enteroed the fo~mulation of the 

prooblem in Chaptero 2 must be initialized. These aroe: 

g the penalty paroametero~ 

A. the aoupling aonstant~ 

Hs the heat-souroae paroametero (see Chaptero 5) and 

g the groavitational aaaeleroation. 

(e) Integroation points and weighting faatoros 

The integroation (oro Gauss) points, defined in Seation 3.3, foro 
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one-, two-, and thPee-point integPation aPe Pead into the aPPays 

POSG1 ( IGA US) , POSG2 ( IGAUS) and POSG3 ( IGA US) 

Pespectively, whePe IGAUS = 1 foP one-point integPation, 

IGAUS = 1, 2 fop two-point integPation and 

IGAUS = 1, 2, 3 foP thPee-point integPation. 

The weighting factoPs foP one-, two-, and thPee-point 

integPation aPe Pead into the aPPays 

WEIGl ( IGAUS) , WEIG2 ( IGAUS) and WEIG3(IGAUS) 

Pespectively. The integPation points and weighting factoPs aPe 

given in Table 3.1. · 

4.3 SubPoutine LLNKIN 

This Poutine calculates the equation numbePs fPom the aPPay IFPRE 

which stoPes the infoPmation about the PestPained degPees of 

fPeedom. It calls COLMHr which calculates the vePtical column 

heights above the diagonal of the global matPices using equation 

numbePs and the total numbeP of degPees of fPeedom of an element. 

It also calls ADDRES which addPesses the diagonal elements of the 

global matPices using the column heights. 

(a} calculate equation numbePs 
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Equation numbePs aPe assigned to the IFPRE ve~toP whi~h have zePo 

entPies. If IFPRE is non-zePO then IFPRE is Peassigned as zePo. 

The total, numbeP of equations~ NEQNS~ is equal, to the numbeP of 

unPestPained degPees of fpeedom. 

(b) Eval,uate the ~onne~tivity aPPay 

Equation numbePs ~OPPesponding to ea~h degPee of fpeedom at ea~h 

node in the el,ement aPe assigned to the ve~toP 

~---~ @QNS(IEVAB~IE!!§_!i_L) 
\) 

' 

whePe IEVAB~ (IEVAB = 1, 27) Puns oVeP al,l, the degPees of fPeedom 

in ea~h el,ement in the mesh. (In ouP ~ase, 3 degPees of 

fpeedom at ea~h of the 9 nodes). 

(~) Cal,~ul,ate the ~oLumn heights 

SubPoutine COLII.H'r ~al,~ul,ates the ~ol,umn heights above the 

diagonal, of the gZobaL mass and stiffness matPi~es using the 

~onne~tivity aPPay, LEQNS, and stoPes it in the aPPay 

MHIGH(IEQNS) 

whePe IEQNS is the numbeP of the equation undeP ~onsidePation. 

(d) AddPess diagonal, el,ements 

SubPoutine ADDRES assigns the Lo~ations of the diagonal, entPies 

in the gl,obal, stiffness and mass matPi~es, using the ~ol,umn 

heights, to the aPPay 

MAXAI(IEQNS) 
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The totaL numbe~ of ent~ies unde~ the skyLine of the gLobaL 

mat~ices a~e sto~ed in NWKTL. 

4.4 Sub~outine GSTIPF 

This ~outine gene~ates the compacted stiffness and mass mat~ices 

f~om the eLement stiffness and mass mat~ices defined in Section 

3.2. The eLement stiffness mat~iz is symmet~ic fo~ both the 

Linea~ and ene~gy p~obLems. The element mass mat~iz is symmet~ic 

fo~ the ene~gy p~obLem but this is not aLways the case fo~ the 

Linea~ p~oblem. The stiffness and mass mat~ices a~e both squa~e 

and of size NEVAB x NEVAB whe~e NEVAB = 27 fo~ a 9-noded el-ement 

with 3 deg~ees of f~eedom pe~ node. 

Sub~outine GSTIPP caLLs BIIAT, CHAT and FEMAT which caLcuLate the 

a~~ays B, C, P and E. It also caLLs SPR2 and JACOB2 which 

caLcuLate the shape functions~ thei~ de~ivatives and the 

Jacobian mat~iz. Afte~ the element mat~ices a~e calculated, 

ADDBAR is caL led which assembLes the element mat~ices into the 

• globaL mat~ices in compacted fo~m. The st~uctu~e of GSTIPF is 

iLLust~ated in the flow diag~am Figu~e 4.?. 
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(a) Shape fun~tions and theiP dePivatives 

SubPoutine SFR2 ~at~utates the shape fun~tions, as defined in 

(3.12 J, and theiP dePivatives foP a two-dimensionaL etement. The 

shape fun~tions asso~iated with the nodes of the etement undeP 

~onsidePation sampted at any Gauss point within the eLement aPe 

stoPed in the ve~toP 

SHAPE(INODEJ 

whePe INODE, (INODE = 1, 9) an etement with nine nodes. 

The dePivatives of the shape fun~tions with Pespe~t to the 

natuPat ~ooPdinate system aPe stoPed in 

DERIV(INODE,IDIME) 

whePe IDIME, (IDIME = 1, 2) fop a two-dimensional, etement. 

(b) Ja~obian and ~aPtesian shape fun~tion dePivatives 

SubPoutine JACOB2 ~at~utates the Ja~obian matPi:c, J, defined in 

(3.1.7) and its invePse, J- 1• The ~aPtesian shape fun~tion 

dePivatives asso~iated with the nodes of the ~uPPent etement 

sampLed at any Gauss point within the eLement aPe ~at~utated 

using (3.18) and stoPed in the aPPay 

CARTD(IDIME,INODE) 

SubPoutine BIIAT ~az~utates B and BT defined in (3.24), using the 

~aPtesian shape fun~tion dePivatives, and stoPes them in 
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BMATX(ISTRE,IEVAB) and BMATT(IEVAB,ISTRE) 

r>espectively, 

~her>e ISTRE, (ISTRE= 1, 5) and 

IEVAB, (IEVAB = 1, .27) r>uns over> aU the degr>ees of fr>eedom 

in the element. 

Subr>outine CIIAr calculates the penalty matr>ix C defined in 

(3.27 )_, using the car>tesian shape function der>ivatives_, and 

stor>es it in 

CMATX ( IEVAB) 

Subr>outine PEIIAT calcuZ.ates the vector>s P and E defined in 

(3.28), using the shape functions_, and stor>es them in 

FMATX ( IEVAB) and EMATX(IEVAB) • 

(d) EvaLuation of eZ.ement stiffness and~ matr>ices 

The compacted eZ.ement matr>ices ar>e evaLuated numer>icalLy using 

Gauss quadr>atur>e_, as discussed in Section 3.3. The sampLing 

positions and ~eighting factor>s ar>e set up in subr>outine GAUSSQ 

for> one-_, t~o- and thr>ee-point integr>ation. 

The finite element stiffness matr>ix for> the element under> 

consider>ation is stor>ed in the ar>r>ay 

ESTIF(IEVAB,JEVAB) 

~her>e IEVAB_, (IEVAB = 1, 27) and 

JEVAB, (JEVAB = 1_, 27) for> a nine-noded element ~ith thr>ee 
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degPees of fPeedom peP node . 

The finite element mass matPix fop the cuPPent element is stoPed 

in 

EMASS(IEVAB,JEVAB) • 

(e) GenePation of globaL matPices 

SubPoutine ADDBAN assembLes the uppeP tPiangLe of an eLement 

matPix into the gLobaL matPix in compacted foPm. This Poutine 

uses the infoPmation genePated by subPoutine LINKIN to assembLe 

the gLobaL matPix. 

The uppeP tPiangLe of the element stiffness matPix is 

assembled into the one-dimensionaL aPPay 

STIFF(IWKTL) 

~hePe IWKTL, (IWKTL = 1, NWKTL) is equal to the cuPPent equation 

numbeP. 

FoP the case ~hen the element mass matPix is symmetPic 

( enePgy pPobLem), the uppeP tPiangle is assembled into the one­

dimensional aPPay 

MASS(IWKTL) • 

When the element mass matPix is not symmetPic (LineaP pPoblem), 

the uppeP tPiangle is assembled in 

MASSU ( IWKTL) 
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and the LoweP tPiangLe is assembLed into the aPPay 

MASSL ( IWKTLJ • 

4.5 SubPoutine BIGSOL 

This Poutine : (i) Peads the foLLowing paPametePs 

I STAR an output fLag and 

the shift (see (b) below), 

and initializes VaPious paPametePs, 

(ii) caLLs subPoutine INVERSE which soLves foP the 

Lowest eigenvalue and coPPesponding eigenvectoP of the pPobLem 

Ka.=R Ma. ( 4 0 J) 

whePe K is symmetPic and positive definite, and 

(iii) pPints the Lowest eigenvalue and cOPPesponding 

eigenvectoP if they exist. 

(a) SubPoutine INYRSE 

The invePse itePation method, descPibed in Section 3.4, is an 

efficient and simple method to caLcuLate the Lowest eigenvaLue 

and coPPesponding eigenvectoP. A shift is used in invePse 

itePation when the stiffness matPiz, X, is positive definite and 

the mass matPiz, M has zePo diagonaL eLements. SubPoutine INVRSB 

calls DBCOMP which factoPises the symmetPic, positive definite 

stiffness matPiz into the foPm LDLT. RBDBAK is caLLed in evePy 
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ite~ation to solve the equations using fo~wa~d and backwa~d 

substitution. MULPPY is also caLLed in eve~y ite~ation to 

evaluate the p~oduct of a vecto~ and the mass mat~i:r:. The 

st~uctu~e of INVRSE is iLLust~ated in the flow diag~am Figu~e 

4.8. 

Initialize pa~amete~s 

Establish sta~ting vecto~ 

DECOIIP: 

Facto~ise K into LDLT 

CaLcuLate the eigenvecto~ ~ 

and eigenvalue R1 

~------ no ~ 

Figu~e 4.8 
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(b) Shifting 

In the so tution of ( 4.3) wheroe II has zeroo diagonal, e Zements, we 

peroforom a shift on M to roemedy the situation. The shifted 

eigenvalue proobtem has the forom 

K a'= R' (JI a'+ /)-K a'J ( 4. 4) 

wheroe R' is the eigenvatue cororoesponding to the shifted proobtem, 

and a' is the cororoesponding eigenvector>. 

To identify how the eigenvalue and eigenvector> of (4.3) aroe 

roetated to that of proobtem (4.4), we roewroite (4.4) in the forom 

1C a'= [ R'/(1- /)- R')]Jia' (4.5) 

which is equivatent to the eigenvatue proobtem (4.3) if we put 

R = [ R'/(1 - fJ- R')] • (4.6) 

The shift does not affect the eigenvector> ~, so that ~' = ~, 

because the shift causes a change in size, not diroection. 

(c) Factoroisation of stiffness matroix 

In subrooutine DECOMP the stiffness matroix K, storoed in the one­

dimensional, aroroay STIFF, is factoroised into tower> , diagonal, and 

upper> matroices using Gauss roeduction. The LDLT matroices aroe 

storoed in the aroroay 

STIFF ( IWKTL) • 

An erorooro message is output if the stiffness matroix is not 
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positive definite. 

(d) Multipli~ation of~ mat~ix and a ve~to~: (Rk+1 = Nzk+1 ) 

Sub~outine MUL'.fPY evaluates the p~odu~t of the squa~e symmet~i~ 

mat~ix, MASS, and an ite~ation ve~to~ and sto~es the ~esulting 

ve~to~ in 

FINAL(IEQNSJ 

whe~e IEQNS, (IEQNS = 1, NEQNSJ ~una ove~ all the equation 

numbe~s. 

If the mass matroix is not symmetroi~ (linear> stability prooblem), 

then sub~outine MUL'.fPY evaluates the p~odu~t of ( MASSU + MASSL) 

and the iteroation ve~toro and storoes the roesult in FINAL. 

(e) Solution of equations: (Kxk+1 = jk) 

Subrooutine REDBAK solves the equations, after> the stiffness 

matroix K has been de~omposed. The matroix STIFF and the iteroation 

ve~toro FORCE is input and the solution ve~toro is sto~ed in 

FORCE(IEQNS) • 

4.6 Sample input 

The input foro a simple p~oblem is given in this Se~tion. The 

domain ~ in IR2 is divided into fou~ nine-noded elements, as 

illust~ated in Figuroe 4.9. At ea~h nodal point theroe aroe th~ee 
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degr'ees of fT'eedom, u, v and B • .4 ssume the foLLowing boundaT'y 

tJonditions : 

u = 0 on r, 

e = o on f;Urj , and 

0=0 
r3 U=O 

Y=t - -
21 -22 23 -24 25 

~1& • 4. • ~ ~ r. 
17 18 19 2 

III N d(J 
- =0 - - an 

u -u 13 -14 15 

U=O 

4 .6 .7 4.8 •s 10° 
I II 

1 _2 3 _4 5 - -r1 O=O x=1 
U=O 

Figur'e 4.9 

The data is T'ead in fr'ee foT'mat and vaLues may be sepaT'ated 

by a spatJe(s) OT' a tJomma. The input fop the above situation wouLd 

be the foLLowing: 

DATA LINE 1. Contr'ol. data- One Line tJOntaining 

NPOIN NELEM NVFIX NBELEM ELEM 

25 4 16 4 0.5 
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The fiPst fouP values aPe integePs, the last Peal. 

DATA SET 2. Element Conneations - One line foP eaah element, 

total of NELEM lines. The node numbePs aPe Pead in an 

antialoakwise sequenae. 

NUMEL LNODS(ELEM,1) LNODS(IELEM,9) 

1 1 2 3 8 13 12 11 6 7 

2 3 4 5 10 15 14 13 8 9 

3 11 12 13 18 23 22 21 16 17 

4 13 14 15 20 25 24 23 18 19 

The element numbeP and nodal point numbe~s aPe all integeP. 

DATA SET 3. Nodal point aooPdinates. - One tine fo~ eaah node. The 

last node (IPOIN = NPOIN) is Pead at the end. 

IPOIN 

1 

2 

.3 

COORD(IPOIN,l) COORD(IPOIN,2) 

o.o o.o 
0.25 o.o 
0.5 o.o 

: : 

1.0 1.0 J 

The x and y aooPdinates aPe Peat. 

DATA SET 4. RestPained nodes. One tine foP eaah PestPained node, 

total of NVFIX tines. 
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IPOIN IFPRE(IVFIX~1) IFPRE(IVFIX~2) IFPRE(IVFIX~J) 

1 

2 

J 

4 

5 

6 

10 

: 

1 

1 

1 

1 

1 

1 

1 

: 

1 

Att vatues must be intege~s. 

1 

1 

1 

1 

1 

1 

1 

: 

1 

0 

1 

1 

1 

0 

0 

0 

: 

DATA SET 5. Un~est~ained bounda~y nodes - One tine fo~ each 

etement containing un~est~ained bounda~y nodes~ totat of NBELEM 

tines. 

NUMEL 

1 

2 

J 

4 

IBNODS(NUME£~1) IBNODS(NUME£~2) IBNODS(NUMEL~J) 

1 

5 

11 

15 

6 

10 

16 

20 

11 

15 

21 

25 

HNUS 

o.o 
o.o 
o.o 
o.o 

At t vaLues a~e intege~s~ e::ccept fo~ the Nusse Lt numbe~ HNUS. If 

BELEM = 0 then data set 5 is omitted. 

DATA LINE 6. Pa~amete~ vatues - One Line containing 

g 

94 



whe~e aLL the pa~amete~ vaLues a~e ~eaL. 

DATA LINE ?. Pa~amete~ vaLues - One Line aontaining 

I ISTAR /1. 

ISTAR is an intege~ whiah aontains 0 on ent~y and is set to 1 if 

additional output is ~equi~ed. The shift J1. is a ~eal value. 
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CHAPTER 5 • EXAMPLES AND NUMERICAL RESULTS 

We aonsidero a roeatanguLaro aontainero of stationaroy fLuid heated 

froom be Low and interonaL Ly. It is assumed that the extension in 

the z-diroeation is suffiaientLy Laroge so that the throee­

dimensionaL proobLem aan be roeduaed to one of two dimensions, in 

the :r:-y pLane, as shown in Figuroe 5.1. The width and depth of the 

Layero aroe denoted by L and d roespeativeLy. 

y y 

Figuroe 5.1 

Let the unit veatoro i point in the diroeation of y 

inaroeasing. We aonsidero situations in whiah the temperoaturoe 

groadient, '\1 T, and the dimensionLess groavity fieLd, Jl aroe 

paroaLLeL veatoros. Foro ouro proobLem we take ~ as a aonstant groavity 

fieLd pointing "down", i.e. in the diroeation of -i. Thus, we have 

and Jl = -i 

(roeaaLL that Jl is dimensionLess). As in Sparoroow, GoLdstein and 

Jonsson (1964) we aonsidero a quadroatia temperoaturoe distroibution 

whiah depends onLy on y, and whiah may be wroitten as 
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whe~e s is the inte~nat heat-sou~~e intensity and 

K is the the~maZ ~ondu~tivity. 

Equation (5.1) in dimensionless va~iabZes is given by 

whe~e (dimensionless T) = T;T' and 

(dimensionZess y) = Yjd; 

( 5.1) 

(5.2) 

T' is the ~ha~a~te~isti~ tempe~atu~e, whi~h wi Z Z be ~hosen 

sho~tl.y. 

Let T1 and T2 be the tempe~atu~e at the bottom and top of the 

l.aye~ of fl.uid ~espe~tivel.y, with T1 > T2 • Then 

and 

Substitution of the above into equation (5.2) Pesults in 

( 5. 3) 

If we set 

whePe Hs > 0 is the heat-soup~e paPameteP, then the dePivative of 

(5.3) with pespe~t to y is given by 

T' dT; = dy 

9'1 

(5.4) 



We ahoose T' suah that 

to obtain 

Thus 

and 

dT = [8s(1 - 2y) - 1] 

dy [8s + 1] 

(g_.i) = -1 

( 'iJT.i) = [8s(1 - 2y) - 1] 

[8s + 1] 

( 5. s) 

( 5. 6) 

(5. 7) 

in the expPessions foP the eigenvaLue pPobLems fop the LineaP and 

enePgy stabiLity theoPy obtained in ChapteP J. 

In Seation 5.1 we obtain PesuLts foP the BenaPd pPobLem 

(8s=0) and we detePmine how aaauPate the finite eLement method 

appPoximates the soLutions to the penaLised eigenvaLue pPobLems 

obtained in ChapteP 2. We fuPtheP use the BataPd pPobLem to show 

that the soLutions to the penaLised pPobLem aonvePge to a 

soLution of the unpenaLised pPobLem as the penaLty paPamateP 

8 - 0. Onae we have found a suitabLe woPking mesh size and 

penaLty paPameteP we study the BenaPd pPobLem foP a vaPiety of 

width-to-height patios rL I d) and boundaPy aonditions. 

The stabiLity pPobLems foP the LineaP and enePgy theoPy aPe 

studied in Seation 5.2 foP a fLuid heated fPom beLow and 
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intePnally. We fiPst detePmine how the lineaP stability limit RL 

VaPies with the heat-souPee paPameteP Hs foP diffepent width-to­

height Patios. Stability limits foP the enePgy pPoblem, p , aPe 
. " 

obtained foP diffePent Hs and eoupling paPametePs A • The optimal 

stability limit, RE, foP any heat-souPee paPameteP Hs is given by 

the maximum of p).. oVeP "'A. • CPitieal stability limits foP the 

lineaP and enePgy pPoblems, RL and RE, aPe eompaPed to detePmine 

the Pegion foP possible subePitieal instabilities. Most Pesults 

aPe illustPated gPaphieally and eompaPed to published Pesults 

whePe appPopPiate. 

In the BlmaPd pPoblem the tempePatuPe distPibution of the 

motionless state is taken as lineaPly deePeasing with height {no 

intePnal heat souPees pPesent) so that 

\] T = ~ = -i 

The ePitieal stability limits, RL and RE, foP the lineaP and 

enePgy stability theoPy eoinoide. If the Rayleigh numbeP, R, is 

less that the oPitioal stability limit thePe is no flow and we 

have global stability. If R is gPeateP than the ePitieal value we 

have instability. 

In Chaptep 2 we foPmulated the penalised eigenvalue 

pPoblems foP the lineaP and enePgy stability theoPy in the foPm: 

find u£ € V and R£ E IR satisfying 

foP aU V E V {5.8) 
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We expeet that the solutions (~,pe;,Re;) to the penalised pr>oblem 

wil,l, eonver>ge to a solution (ii, p,R) of the unpenalised pr>oblem as 

8 tends to zer>o, although pr>oof of eonver>genee has not been 

established. To aonstr>uat a finite element appr>oximation ?f 

( 5. 8), we eons tr>ueted a family { vh} of finite-dimensional 

subspaaes of V using pieaewise polynomial basis funations. In the 

finite element method these basis funetions ar>e ahosen in sueh a 

way that vh appr>oaahes V as h appr>oaehes zer>o. As the mesh is 

r>efined the dimension of the finite element solution spaae is 

inar>eased to aontain ultimately the solution. Thus, the finite 

element solution should aonver>ge to the solution of the penalised 

eigenvalue pr>oblem as the number> of elements is inar>eased. 

The finite element appr>oximation to the eigenvalue pr>oblem 

(5.8) has the for>m 

Ita 

wher>e H is the matr>ix ar>ising fr>om the penalty ter>m, 

R~ is the Lowest eigenvalue, and 

a is the aor>r>esponding eigenveator>. 

( 5. 9) 

We need to know how aaaur>ate our> appr>oximate solution is and how 

the er>r>or> in the appr>oximation is affeated by the par>ameter>s 

8 and h. In or>der> to obtain infor>mation about the er>r>or> we 

solve (5.9) for> the smal,l,est eigenvalue R~ for> var>ious values of 

8 and h. Let the domain Q in whiah (5.9) is solved be the unit 

squar>e (O,l)x(O,l), as shown in Pigur>e 5.2. ALL four> walls ar>e 

r>igid and adhesion is assumed so both veloaity aomponents, u and 

v, ar>e zer>o ther>e. The side walls x=O,l ar>e taken to be per>feat 

insulator>s and the upper> and lower> sur>faaes ar>e isother>mal. The 

domain is subdivided into a unifor>m mesh of squar>e elements, so 
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the mesh paPameteP is given by 
1/2 

h = {l/(d*numbeP of elements)} 

~hePe l = 1 = d foP a unit squape. 

ao =o 
a 

U=O 

y 

1 

j ~ 

0,5 

I 

0 

8=0 U=O 
--
• 0 

--
• 

• 4. 

--
8:0 o,s 

PiguPe 5.2 

--
• • ao= 0 a 
-. - u=O 

• ~ 

--
U=O 1 

X 

The matPiees K and M in (5.9) aPe evaluated using 3x3 Gauss 

numePieal integPation. The penalty matPix, H, should be evaluated 

~ith a lo7JJeP integPation than that ~hieh is neeessaPy to 

integPate it exaetly [Oden, Kikuehi and Song (1982)], foP Peasons 

of stability. Using a nine-noded element the penalty matPix is 

evaluated using 2x2 Gauss numePieal integPation ~hieh eoPPesponds 

to a lineaP intePpolation of the pPessuPe. 

Geveei, Reddy and PeaPee (1986) obtained estimates of the ePPOP 

foP the smallest eigenvalue of the fopm 

(5.10) 

and 

(5.11) 

in the penalised eigenvalue pPoblem fop the Stokes opePatoP, 
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using the nine-noded element. EPPOP estimates aPe not available 

foP ouP pPoblem but we assume that estimates of the foPm (5.10) 

and (5.11) hold in ouP ease> i.e. we assume that estimates of the 

foPm 

I Rh - Rh I < c ( R Q ) e;P. 
E: - > 

(5.12) 

and 

I~ - R I ! a ( R, Q ) ( E P. + h(3 ) (5.13) 

hoLd, fop p. > 0 and (3 > o. 

Since the actual ePPOP aannot be aalaulated unless the e~aat 

solution is known, Pelative ePPOPS aPe calcuLated instead. We 

shall fiPst e~amine the dependenae of the Pelative ePPOP on the 

penalty paPameteP E as follows: we fi~ some values of E and h, 

"' " E and h say, and obtain the Pe~ative ePPOP 

-I R~ - Rh I < I RB - Rh I + f Rh - Rh I 
£ £ - E: e: 

< C ( R, n ) ( E fJ. + £:P.J 

':;:' c e;P. (5.14) 

" 
using (5.12), whePe Rh is the lowest eigenvalue of (5.9), and 

" assuming that E << E • 

"" Results foP h=0.5 and E =0.00001 aPe given in TabLe 5.1, 

and a plot showing the Pesults is given in PiguPe 5.3. The slope 

m of the line thPough the data points is a measuPe of the oPdeP 

of aonvePgenae p.. If m is positive, the Pelative ePPOP 

appPoaahes zePo as E tends to zePo. The points in PiguPe 5.3 

appeaP to indiaate that p. =1, i.e. that the lineaP aonVePgenae 

obtained by Ceveai et aL. is PepPoduaed in this pPoblem. The 
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point eororoesponding to E =0.0001 lies faro off the stroaight Zine, 

""' but this is to be e:x:peeted sinee E =0.0001 is veroy etose to E , 
A 

and the assumption E << E is not val-id foro this ease • 

8=0.0001 

logt; 

• 

e: 

0.1 

0. 01 

0. 001 

0.0001 

0.00001 

1 

.... 

Rh · h=0.5 e: , 

Tabl-e 5.1 

Figuroe 5.3 
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Next, we examine eonvePgenee as mesh size goes to zePo, foP 

fixed E . In oPdeP to detePmine the Pate at whieh R~ eonvePges to 

~as h tends to zePo it is neeessaPy to Pun the analysis with 

pPogPessively fineP meshes until ehanges in the smallest 

eigenvalue aPe suffieiently small. We detePmine how fast the 

Pelative ePPOP deePeases with h by fixing the penalty paPameteP 

at a value E and obtaining R~ fop a sequenee of values of h. 

Using (5.13) we obtain the Pelative ePPOP 

IRE - R~l 
~ ~ 

< IRF- Rl + IR~- Rl 
~ ~ 

< e ( R, rl ) { ( 2 E J.t + h {3) + h {3 }-

=-a h{3 (5.15) 

A ~ 

foP E and h suffieientLy smalL. 

The Pesults foP h=1 I 8 and S=0.0001 aPe given in Table 5.2 

and pLotted in FiguPe 5.4. The point in FiguPe 5.4 eOPPesponding 

to h=116 may be ignoPed sinee (116 )4 is elose to h4. We appeaP to 

have eonvePgenee of the oPdeP 21 ;p whieh does not eOPPespond to 

the eonvePgenee obtained by Geveei et al. foP the Stokes pPoblem. 

Also, sinee the ePPOP estimate is valid only as h- 0, points 

eoPPesponding to h=1 12, 1 ; 3 may not be Peliable. This Leaves us 

only two points fpom whieh to estimate {3, whieh is 

unsatisfaetoPy. We see nevePtheless fPom both FiguPes 5.3 and 5.4 

that the Pelative ePPOP deePeases monotonieaHy with deePeasing 

e and h, Pespeetivel-y, and we eonelude that R~ wil,l, ul-timatel-y 

eonvePge to R as e and h tend to zePo. 
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log h 

-------------------------------------
h R~ ; S =0. 0001 

£ 

-------------------------------------
1/2 60.52 

1/3 60.65 

1/4 50.69 

1/5 50. ?8 

1/6 50.8? 

1/8 61.06 

------------------------------------

1 1 
h: ~ 7s 

Table 5.2 

• 2 

3 

• 

Figur>e 5.4 
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• The r>esults given in Tables 5.1 and 5.2 can be used to make 

an acceptable choice of mesh size and penalty par>ameter> foro use 

in the r>est of this worok. We must choose par>ameter> values £ and h 

that give accur>ate r>esults and which economise on computation 

time. Fr>om Table 5.1 we see that a laroge value of £ leads to 

inaccur>ate r>esults. Fr>om Table 5.2 we see that a r>ather> coar>se 

mesh (h=0.5) pr>oduces roelatively accuroate roesults, wher>eas a fine 

mesh gives only slightly better> r>esults although aomputation time 

is inar>eased aonsideroably. We choose £ =0.0001 and h=0.5, as 

shown in Figur>e 5.5, whiah should lead to aaaur>ate and effiaient 

solutions. 

y 

1 

05 06 07 0, 
0,5 

h=O,S 

{}1 02 03 n. 
-1 -o,s 0 o,s 1 X 

Figur>e 5.5 

Having found suitable woroking values for> £ and h we pr>oceed 

to study the Benar>d pr>oblem foro varoious geometr>ies and 

investigate the dependenae of the stability of the motionless 

state on the temper>atur>e and veloaity boundar>y aonditions given 

in Chapter> 2. The temper>atur>e boundar>y aonditions (2.13) inalude 

a fixed temper>atur>e, fixed heat flux, and a generoal aonveative 

exahange with the enviroonment at the bounding surofaae. 
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ConsideP fiPst a fluid layeP with a fixed tempePatuPe at 

both uppeP and loweP bounding suPfaces. We will investigate the 

following velocity boundaPy conditions: (a} the uppeP and loweP 

bounding supfaces aPe both Pigid, (b) the loweP suPface 

is Pigid while the uppeP suPface is fpee, and 

(c) the uppeP and loweP 

suPfaces aPe fpee (this condition does not COPPespond to a Peal 

physical situation but may be of theoPetical intePest). 

We PequiPe that the side walls be Pigid (u=O} and pePfect 

insulatOPS ( ao/az = 0) thPoughout this study. 

U=O 

U=O 

(a) 

u.n=O 

U=O 

(b) 

FiguPe 5.6 

u.n=O 

u.n=O 

(c) 

The cPitical Rayleigh numbePs foP the motionless solution to 

the BmaPd pPobtem with Pigid watts on all sides aPe pPesented in 

Table 5.3 (a) fop l;d in the Pange 1 to 10. The Pesults foP the 

Pigid-fpee case aPe pPesented in Table 5.3 (b) and foP the fpee­

fPee case in Table 5.3 (c). Results obtained by Hall and Walton 

(19?6), Jackson and WintePs (1984), and SpaPPOW, Goldstein and 

Jonsson (1964) aPe pPesented foP compaPi$on. Jackson and WintePs 

computed cPitical Rayleigh numbePs using the finite element 
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method with six-node quadPatic tPiangles to model velocities and 

tempePatuPe, and thPee-node lineaP tPiangles to model pPessuPe. A 

mesh size of h= 0. 2 5 was u.s e d t! om paP e d to h= 0. 5 in o uP 

calculations. CPitical Rayleigh numbePs wePe obtained 

analytically by Hall and Walton foP the fPee-fPee case and 

VaPious geometPies. Results obtained by SpaPPOW et aZ. include 

Pigid-Pigid and Pigid-fPee hoPizontal bounding suPfaces but aPe 

foP the case of an infinitely long containeP. 

Ratio PubLished RcPit 

* 1 50.52 51.11 

2 46.55 45.24 * 
4 44.97 42.94 * 
10 43.81 

00 
41.33 # 

Table 5.3 (a): Rigid-Pigid case. 

Ratio 

1 43.87 45.62 * 
* 2 38.45 38.54 

4 35.24 34.58 * 
10 34.44 

00 33.18 # 

Table 5.3 (b): Rigid-fPee case. 
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* 
# 

·II 

Ratio Raroit Publ-ished Raroit 

---------------------------------------
* 1 39.30 41.29 

2 29.44 29.90 * 
II 

29.75 

4 2 7.19 27.17 * 
II 

27.09 
II 

10 26.24 25.91 

Table 5.3 (a): Froee-froee case. 

Jackson' and Winteros (1984) 

Sparoroow~ Goldstein and Jonsson (1964) 

Hall and Walton (1976) 

The aroitiaal Rayleigh numberos foro onset of convection 

dearoease monotonically as the width inaroeases, and we expect that 

Raroit wilL ultimately aonveroge to the aroitiaal value obtained by 

Sparoroow et al. (1964) foro the case of an infinitely Long channeL. 

Plots of aroitiaaL Rayleigh numbero verosus width-to-height roatio 

foro the roigid-roigid, roigid-froee and froee-froee cases aroe given in 

Figuroe 5.7 (a)~ (b) and (a). Comparaison of ouro roesults with those 

of otheros gets proogroessively bett~ro as the velocity boundaroy 

conditions aroe roelaxed. This is proobably as a roesuLt of the 

aoarose mesh used (h=0.5). 
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I. 

• Present work 

* Jackson & Winters 

(Sparrow et al.) 

Figuroe 5.7 (a): Rigid-rigid ~ase. 

• Present work 

* Jackson & Winters 

(Sparrow et aL) 

~---P--~~------~--------------------------~----·~ a 
1 2 10 

Figuroe 5.7 (b): Rigid-froee ~ase. 
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( 
I 

Rcrit 

40 

35 

30 

25 

1 2 

•,..: 

• Present work 
f 

·*Jackson & Winters 

" Hall & Walton 

FiguPe 5.7 (c): FPee-fPee case. 

10 

At the cPiticaL RayLeigh numbeP convection occuPs and the 

motion takes th~ foPm of. eeL Ls. Fig-uPe 5.8- shows. the veLocity 

vectoP fieLd foP ~i 1 d = 1 and 2. F'iguP~ 5.9 shows the isothePms 

coPPesponding to -LId·= 1. 
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U=O 

a!'ax=O 

yt 
1 

U=O 

a~ -o - ax-

0 

li=O 

u=o 

li=O 

~~ 
~ 

l + t 

\Q ....._..,/" 

li:O 

t ~ ..._.\Q 

! t + l 
+ ~~ r/ 

2 

FiguPe 5.8: VeLoeity veetoP fieLds foP L;d = 1, 2. 
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a~=o ax 

8=0 

0 
0 . 
0 

8=0 

~ <::) 

~· , 

Figu~e 5.9: Isothe~ms fo~ l;d = 1. 

a~=o 
ax 

We no~ investigate the stability of a fluid fo~ a b~oad 

~ange of tempe~atu~e bounda~y conditions. These include a fixed 

tempe~atu~e ( 8 =0) and fixed heat flux rd8;dy=0) at the lo~e~ 
bounding su~face and a gene~al convective exchange at the uppe~ 

su~face (d 8 I dy+hT 8 =0 J. The last condition includes fixed 

tempe~atu~e and fixed heat flux as special cases. We ~equi~e that 

the lowe~ bounding su~face of the fluid laye~ be ~igid. The uppe~ 

su~face may eithe~ be a f~ee su~face o~ a ~igid su~face. 

Fo~ each Nusselt numbe~, hT, the~e is a c~itical Rayleigh 

numbe~ below which the motionless state is stable. The c~itica~ 
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Rayleigh numbePs maPking the onset of instability fop a fluid 

layeP ~ith l;d = 10 aPe pPesented in FiguPe 5.10 and FiguPe 5.11. 

In FiguPe 5.10 the lo~eP suPfaee is at a fi~ed tempePatuPe and in 

FiguPe 5.11 the lo~eP suPfaae is at a fi~ed heat flu~. The 

tPanspaPenaies sho~ the Pesults obtained by SpaPPO~ et al (1964) 

foP an infinitely long fluid layep. On eaah of the gPaphs thePe 

aPe t~o euPVes; the auPve eoPPesponding to the /Pee uppeP suPfaee 

is PefePPed to the left-hand oPdinate seale; the aupve 

eOPPesponding to a Pigid uppeP suPfaee is PefePPed to the Pight­

hand oPdinate seale. 

FPom FiguPes 5.10 and 5.11 it is seen that, fop a given 

veloeity boundaPy eondition at the uppeP suPfaae, the aPitieal 

Rayleigh numbeP inePeases monotonieally ~ith inaPeasing Nusselt 

numbeP hT. Thus, the most stable situation eOPPesponds to a fi~ed 

tempePatuPe (hT--oo). FPom FiguPe 5.10 ~e note that the ePitiaal 

Rayleigh numbePs foP the Pigid supfaee e~eeed those fop the /Pee 

suPfaee by a neaPly unifoPm amount. FuPthePmoPe, the auPVes 

eoPPesponding to l;d=10 e~hibit the same qualitative shape as 

those of SpaPPO~ et al. 

To sho~ eonvepgenae to SpaPPo~'s Pesults foP the Pigid-Pigid 

aase ~ith fi~ed tempePatuPe at the lo~eP suPfaee, a plot of 

aPitiaal Rayleigh numbeP VePsus l;d is sho~n in FiguPe 5.12. 

ThePe aPe t~o auPves; the one eoPPesponds to an uppeP suPfaee 

~ith h~1 and the otheP eoPPesponds to an uppeP supfaee ~ith 

h~10. Both eupves appPoaeh the limits obtained by SpaPPO~ et aZ. 

as Z;d gets ZaPgeP. 
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Pigu~e 5.10: Pized tempe~atu~e at the lo~e~ bounding su~face. 
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Pigu~e 5.11: Fixed heat flux at the Zo~e~ bounding su~face. 
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5.2 Non-lineaP tempePatuPe distPubution 

We now investigate how the stability of a fluid in the 

motionless state is affe~ted by the tempePatuPe distPibution. In 

Se~tion 5.1 we examined the stability of a fluid in whi~h the 

tempePatuPe distPibution de~Peased lineaPly with height. In this 

Se~tion the tempePatuPe distPibution is non-ZineaP due to an 

intePnal heat souP~e in the fluid layeP. The tempePatuPe gPadient 

\}T, obtained in (5.5), is given by 

\JT= 

Hs(1 - 2y) - 1 

(Hs + 1) 

With Hs=O the above equation Pedu~es to a lineaP tempePatuPe 

distPibution, dis~ussed in Se~tion 5.1. The magnitude of Hs is 

thus a Pough measuPe of the degPee of nonlineaPity. When HsfO the 

~Piti~al stability limits foP the lineaP and enePgy theoPy, RL 

and RE, do not ~oin~ide. By the ~PitePion of the tineaP theoPy 

the motionless state is stable if R<RL. The motionless state is 

unstable by the ~PitePion of the enePgy theoPy if R>RE. When 

H
8

>0, RE<RL and solutions exist whose enePgy does not de~ay even 

though the stability ~PitePion of the tineaP theoPy is satisfied. 

su~h solutions aPe ~alled sub~Piti~al. 

In oPdeP to ~ompaPe Pesults obtained in this Se~tion with 

the pPevious Se~tion we divide the ~Piti~al Rayleigh numbeP 

~OPPesponding to a non-ZineaP tempePatuPe distPibution by a 

fa~toP (H s+1 /12 • This is ne~essaPy sin~e the ~Piti~al Rayleigh 

. numbeP ~OPPesponding to a lineaP tempePatuPe distPibution is 

given by 
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wher>e T' = (T1 - T2 ) is the temper>atur>e differ>ence accr>oss the 

fluid layer>. However>, for> the case when we have a non-linear> 

temper>atur>e distr>ibution, T' is defined by 

1 
X 

We fir>st calculate the cr>itical values of the Rayleigh 

number> for> the linear> theor>y. Consider> a fluid layer> with Z;d = 1 

and 10, and the boundar>y conditions: hor>izontal bounding sur>faces 

both r>igid and isother>mal, and ver>tical bounding sur>faces r>igid 

and per>fect insulator>s. The cr>itical Rayleigh number>s, RL, ar>e 

plotted in Figur>e 5.13 for> values of heat-sour>ce par>ameter> Hs in 

the r>ange 1 to 100. The r>esults obtained by Spar>r>ow et al. (1964) 

for> an infinitely long layer> ar>e shown on the tr>anspar>ency for> 

compar>ison. The cr>itical Rayleigh number> for> Hs=1 is Ver>y close 

to that cor>r>esponding to a linear> temper>atur>e distr>ibution and, 

as Hs incr>eases the cr>itical Rayleigh number> decr>eases 

monotonically. Thus, the non- linear> temper>atur>e has a 

destabilizing effect on the fluid. Compar>ing the thr>ee sets of 

r>esults, we see that the cur>ves differ> by an almost unifor>m 

amount and we expect that this value will appr>oach zer>o as the 

r>atio l;d appr>oaches infinity. 
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Figu~e 5.13: C~itieal Rayleigh numbe~s eo~~esponding to a non­

linea~ tempe~atuPe dist~ibution fo~ the ~igid-~igid ease. 

We next obtain e~itieal values of the Rayleigh numbe~ fo~ 

·the ene~gy theo~y. In the ene~gy theo~y stability is gua~anteed 

if R < p (A) fo~ a fixed value of H s and fixed A >0. A set of 

minimum eigenvalues P. a~e found fo~ diffe~ent A keeping Hs 
). 

fixed. The A whieh p~oduees the maximum value of p_ deter>mines 
/ ). 

the e~itieal stability limit RE. The va~iation of p_ with A is 
). 

given in Figu~e 5.14 fo~ values of H s in the ~ange 0 to 1 0 0. The 

dashed line gives the optimal values of p eo~~esponding to the 
). 

e~itieal Rayleigh numbe~ RE, ove~ the ~ange of values of H s· In) 

Figur>e 5.15 the er>itieal Rayleigh numbe~s, RL andRE, of _the, 

linea~ and ene~gy theor>y ar>e eompa~ed. When H s=O, RL=RE, and no 

suber>itieal instabilities exist. Fo~ Hs>O the er>itieal Rayleigh 
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numbePs foP the enePgy theoPy aPe sZightLy Zess than those given 

by the LineaP theoPy, the diffePen~e in~Peasing fpom zePo with 

the magnitude of the heat-souP~e intensity. The ~uPVe 

~OPPesponding to the LineaP theoPy defines a boundaPy above whi~h 

the fZow is ~ePtainLy unstabLe. The ~uPve ~OPPesponding to the 

enePgy theoPy defines a boundaPy beZow whi~h the fZow is 

~ePtainZy stabLe. The Pegion between these two ~uPves is open to 

sub~Piti~az instabiLities. ResuLts obtained by Joseph and ShiP 

(1966) and SpaPPOW et aZ. (1964) aPe PepPodu~ed on the 

tPanspaPen~y and in TabLe 5.6 foP ~ompaPison. 
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FiguPe 5.14: CPiti~aL RayLeigh numbePs p as a fun~tion of A . 
" The optimaL vaLues, RE, aPe given by the maxima of the ~uPves. 
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0 .. 

44.292 41.326 

44.180 41.304 

42.952 39.306 

32.662 29.933 

1,9.117 17.464 

12.483 11.402 

TabLe 5.6 

44.292 41.326 

44.276 41.315 

43.712 40.409 

37.380 33.443 

23.280 20.213 

15.345 13.302 

(!) ENERGY THE8RY 
A LINEAR THE8RY 

DEFINITELY UNSTABLE 

Energy theory 

(Joseph et al. ) 

OEF IN I TEL Y STABLE · 

lo 
HEAT-S8URCE PARRnETER 

(Sparrow et al. ) 

00 

Figur>e 5.15: StabiLity boundar>ies for> the Linear> and ener>gy 

theor>y. 
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CHAPTER 6. DISCUSSION AND CONCLUSION 

The penaZised vaPiationaZ eigenvaZue pPobZems fop the ZineaP and 

enePgy theoPy have been dePived [Pom the ObePbe~k-Boussinesq 

equations fop heat ~ondu~ting and ~onve~tive fZow. The existen~e 

of eigenvaZues have been ~onsidePed and~ foP the enePgy theoPy~ 

pPoof of existen~e and uniqueness of an optimaZ ~Piti~az RayZeigh 

numbeP given. PPoof of existen~e foP Peal eigenvaZues of the 

unsymmetPi~ eigenvalue pPoblem ~OP~esponding to the Zinea~ 

stability theo~y is beyond the s~ope of this wo~k and has 

the~efo~e been omitted. Finite eZement app~oximations have been 

~onstPu~ted of the penaZised eigenvaZue p~obZems and soZved using 

Inve~se Ite~ation. A nine-noded quad~ilate~az eZement with 

biquad~ati~ inte~poZation of the velo~ity and tempe~atu~e used. 

The stability of Boussinesq flows in a two-dimensional box 

in whi~h a negative tempe~atu~e g~adient o~~u~s have been 

studied. Results a~e pPesented fo~ width-to-height Patios in the 

~ange 1 to 10 and fo~ a numbeP of boundaPy ~onditions. The 

tempePatuPe ~onditions in~lude fixed heat flux at the vePti~al 

bounding suPfa~es~ fixed tempe~atuPe and fixed heat flux at the 

bottom suPfa~e~ and a gene~al ~onve~tive ex~hange at the uppeP 

supfa~e whi~h in~Zudes fixed tempePatuPe and fixed heat flux as 

spe~ial ~ases. The velo~ity boundaPy ~onditions in~lude Pigid 

VePti~al supfa~es and Pigid and [Pee hoPizontal suPfaces. 

The Pesults aPe summaPized below: 

• The ~Piti~al Rayleigh numbeP maPking the onset of ~onve~tion 

decPeases monotonically with in~Peasing width-to height ~atio. 

• The ~Pitical Rayleigh numbeP is gPeatest foP a boundaPy 

~ondition of fixed tempePatuPe and de~Peases as the ~ondition of 

fixed heat flux is appPoa~hed. Fo~ the velo~ity bounda~y 
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conditions, the most stable situation co~~esponds to a ~igid 

bounding su~face. 

• As the heat-sou~ce intensity within the laye~ is inc~eased 

the c~itical Rayleigh numbe~ dec~eases, i.e., the nonlinea~ 

tempe~atu~e dist~ibution has a destabilizing influence. 

• The c~itical Rayleigh numbe~s given by the ene~gy theo~y a~e 

slightly less than those given by the linea~ theo~y, the 

diffe~ence inc~easing f~om ze~o (the Blm.a~d p~oblem) with the 

heat-sou~ce intensity. 

• Compa~ison of the linea~ and ene~gy stability limits yields 

a ~ange of Rayleigh numbe~s in which subc~itical instabilities 

a~e possible. 

• Results obtained in this wo~k compa~e well with existing 

~esults and c~itical Rayleigh numbe~s fo~ inc~easing width-to­

height ~atios app~oach stability limits fo~ the oo case smoothly. 

In the ene~gy stability theo~y, discussed in Chapte~ 2, we 

int~oduced a positive coupling constant. Each choice of coupling 

constant gives a diffe~ent c~itical Rayleigh numbe~, and a 

maximum p~oblem was fo~mulated to obtain the optimal coupling 

constant leading to the la~gest c~itical Rayleigh numbe~. In 

obtaining sufficient conditions fo~ the existence and uniqueness 

of a maximum c~itical Rayleigh numbe~ co~~esponding to a optimal 

coupling constant we assumed that, fi~st, all c~itical Rayleigh 

numbe~s a~e positive, and second, that the optimal coupling 

constant at which the c~itical Rayleigh numbeP is a maximum, is 

positive. P~oof that the global maximum is obtained at a positive 

value of coupling constant is lacking, howeve~, and is a p~oblem 

which is wo~thy of futu~e investigation. 

The conve~gence of the finite element app~oximation of the 

penalized p~oblem was studied only computationally. E~~o~ 

estimates a~e not available fo~ ou~ p~oblem. A theo~etical 
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investigation necessaPy to obtain estimates was not attempted and 

ePPOP estimates of the fopm obtained by Geveci, Reddy and Peapce 

(1986) foP the Stokes opePatoP wePe assumed. The Pesults shoUJ a 

similaP tPend to those of Geveci et al. (1986) foP the ePPOP 

dependence on the penalty paPameteP. HoweVeP, the Pesults 

obtained in investigating the dependence of the ePPOP on mesh 

size UJePe not adequate. Relative ePPOPS coPPesponding to fineP 

meshes aPe needed, UJhich Pesults in VePy laPge matPices, causing 

stoPage pPoblems. FoP such laPge pPoblems an altePnative stoPage 

scheme will have to be developed. A theoPetical study of 

convePgence of finite element appPoximations would also be UJOPth 

investigating, though this is not a tPivial pPoblem due to the 

non-coePsiveness of the foPm I(.,.) in ChapteP 2 and due to its 

non-symmetPy foP the lineaP theoPy. 

We considePed only fluids UJhich aPe initially motionless. 

This study can be extended UJithout difficulty to include fluids 

in which a basic floUJ is pPesent. The eigenvalue pPoblems foP the 

lineaP and enePgy theoPy UJi ll then have an extPa tePm, each 

involving the basic floUJ, and a stability paPameteP, called the 

Reynolds numbeP. The explicit dependence of the Reynolds numbeP, 

~e, is eliminated by intPoducing a positive constant c such that 

Re = c R. This Pesults in eigenvalue pPoblems UJhich aPe in tePms 

of Rayleigh numbeP only. The cPitical Rayleigh numbeP is found by 

fixing c and obtaining RcPit, in the usual way, the best value of 

c leading to the optimal value RcPit coPPesponding to the altePed 

pPoblem . 

. We conclude that the finite element method lends itself UJell 

to the solution of the eigenvalue pPoblems foP the lineaP and 

enePgy stability theoPy. No difficulties occuPPed due to the 

pPesence of unsymmetPic matPices in the lineaP theoPy. The 

boundaPy conditions, initial conditions and geometPy of the 
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pPobLem can be changed with ease. HoweveP, caPe must be taken 

when woPking with pPobLems which Pesult in laPge matPices since 

stoPage pPobLems may aPise. 
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