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Abstract

We examine the origin of possible failures of the quark-hadron local duality. In particular, we consider a correlator of
two currents comprising heavy quark operators, and compare the evaluation by the Operator Product Expansion with the
result obtained inserting an infinite set of hadronic states, in the N. — co limit. Whereas the smeared spectral functions
agree with each other, their local behaviour is different. The difference manifests itself in the form of a term O(A/e€) (e
being the residual energy) that is not present in the expansion in powers of A /e predicted by the OPE. © 1997 Elsevier

n Y7

Science B.V.

1. Introduction

Quark-gluon/hadron duality represents a key con-
cept in the theoretical description of inclusive hadronic
processes. By its use, high energy processes such as,
e.g., eTe™ annihilation, can be computed in terms of
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the Operator Product Expansion (OPE), whose lead-
ing term is represented by the perturbative Quantum-
Chromo-Dynamics expression. As a matter of fact,
duality provides the tool to extrapolate from the deep
Euclidean region, where the OPE is defined, to the
Minkowski domain, where physical observables are
measured. The basic assumption underlying this trade-
off between hadronic quantities and quark-gluon am-
plitudes is that, at high energy and/or momentum
transfer, the hadronic behaviour should be well de-

scribed by quark and gluon interactions, provided that

cufficiently inclugive variahlec are concidered
suimcieny nciusive variabies are ConsiGered.

In the last few years this approach has been ex-

tended to the decays of hadrons containing one heavy
quark, exploiting the presence in these systems of a
large parameter, the heavy quark mass my, that can be
taken, at least formally, infinitely large: mg — oo [1].
In this extension, however, a clear distinction must be
maintained between semileptonic and nonleptonic de-

cave Ac a matter of fact 1in ceneral the hadronic and
Cays. As a Maulr o1 1acy, In generai, ind naGronic and

the OPE amplitudes cannot be identical even at very
high momentum transfer, due to the different struc-
ture of their singularities: multiparticle thresholds in
the former case and quark-gluon production thresh-
olds in the latter. For semileptonic heavy hadron de-
cays, however, this difficulty does not prevent duality
to hold; as a matter of fact, in computing the semilep-
tonic inclusive width, one has to integrate over lepton
variables, which amounts to a smearing of the OPE
width. The equality between smeared OPE and phys-
ical, i.e. hadronic, widths is sometimes referred to as

olobal dualitv { assumed to he distinet from local du-
Fe00dy duaitly { assumea ¢ 8¢ GIsUNCI Irom tocal du

ality, i.e. without smearing) and it is generally be-
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lieved that global duality holds between quark-gluon
and hadronic cross sections [2]; for B and Aj decays
it has been proved explicitly in [3] to two orders in
the 1/mg expansion and to the first order in «, in
the so-called smail-velocity (SV) limit (mp, m, >
mp — me 3> Agep) [41.

For nonleptonic heavy hadron decays, on the other
hand, there are no lepton momenta to be integrated
and, therefore, one cannot use global duality to prove
the identification of OPE and hadronic observables.
Therefore local duality must be assumed, which is a
stronger hypothesis. For this reason, the validity of
OPE for the computation of nonleptonic heavy hadron
inclusive decays appears more debatable. For exam-
ple in [5] it has been argued that the discrepancy be-
tween the OPE prediction 7(Ap) /7(By) > 0.9 and
the experimental result 7(Ap) /7(Bg) = 0.78 4 0.04
(9] might be solved assuming a violation of local du-
ality with the appearance of a O(1/mg) correction
not predicted by OPE. In this context, it may be useful
to observe that in [ 10] local duality has been proved
for nonleptonic A and B inclusive decays, for the first
two terms in the 1/m;, expansion, and at the order a; in
the perturbative expansion, assuming factorization of
the weak amplitudes. Also this result, however, holds
in the SV limit, i.e. in a kinematical regime which is
far off from the physical one; therefore, in absence of
a general proof, the failure of local duality, with the
appearance of O(1/mg) corrections to OPE, remains
a logical possibility and constitutes a simple explana-
tion of the A lifetime data.

It would be clearly extremely important to under-
stand, in this scenario, the origin of this possible 1/mg
correction to the Operator Product Expansion, but this
appears, at the moment, a formidable task since, at the
present stage of (analytical) understanding of nonper-
turbative QCD, no first-principle answer can be given
to the question of how good duality really is and which
violations it may suffer. A more modest, but, neverthe-
less, potentially instructive aim could be to prove the
existence of a violation of local duality and the emer-
gence of a 1/mg correction in some definite model.
This is the main purpose of the present Ietter.

There have been some other recent studies on the va-
lidity of the quark-gluon/hadron duality in connection
with nonperturbative QCD applications in the heavy

1 For a discussion see [6-81.

quark sector [11,12]. Also these works are motivated
by the hope to improve the precision with which vari-
ous observables are determined using the OPE coupled
with duality. For example, the model studied in [11]
is based on an Ansatz for the evaluation of the two-
point function involving the difference between scalar
and pseudoscalar heavy-light currents. In the chiral
limit (for the light flavour) and the infinite mass limit
(for the heavy flavour), the coefficients of the OPE for
this correlator can be calculated analytically. A spec-
tral function model (in the time-like region) is then
expanded in a power series (in the space-like region)
and compared with the exact result. From this compar-
ison one can gauge the validity of (local) duality. In
this letter we consider the same two-point function and
we analyze two models: the first model, to be studied
in the next Section, represents a slight modification
of [11] and leads to a maximal violation of duality.
The second model, discussed in Section 3, uses results
for the hadronic evaluation of the two-point function
obtained by a constituent quark approach; therefore it
represents an improvement as compared to the previ-
ous Ansitze that are ad hoc assumptions without phys-
ical justification. This calculation explicitly shows a
violation of local duality in the form of an unexpected
O(1/myg) correction to OPE.

2. Mathematical models for the two-point function

We begin by considering the following two-point
function:

I(g) = é‘/dxe"‘”
x (O] (Js(x) J5(0)) — T(Jp(x)J5(0))|0)
=Ms(g) —Tp(q) » (1)

where the scalar (Jg) and the pseudoscalar (Jp) cur-
rents are

Js(x) =0 (x)q(x), (2)

Jp(x) = Q(x)iysq(x) , (3)

and Q(x), g(x) are heavy and light quark operators,
respectively. This two-point function is particularly
simple, as in the chiral limit #, — O it vanishes in



P. Colangelo et al. / Physics Letters B 409 (1997) 417424 419

perturbation theory. Hence, II(g) is entirely nonper-
turbative. Additional simplifications take place in the
infinite mass limit myp — oo, where it is convenient

to write
=(mg—€,q=0). (4)
In this limit the correlator becomes a function of €, i.e.

+0o0

Il(e) = 3: / dre "®(r) (e>0), (5)
0

where ® (1) is sometimes called the nonlocal quark
condensate [13]

B (V=) = (0]g(x) & o B0y (6)

In the limit € > Aqcp, the OPE expression for IL(€)
is given by

0|gq|0
(€)= qul>
z 4 6
X [1 Se 2—Fc‘;—’@—%mo—l— } (7

where (0|Gg|0) = (—240 MeV)3,

2 = <O|gsq0'/,wG'qu|O>
0 (0]g10)

The positive coefficients c¢;, above, depend on the ac-
tual form of the nonlocal condensate. We note explic-
itly the alternating signs in Eq. (7) and the absence
of even powers of € ~1; both these features are conse-
quences of the general principles on which the OPE
is based [11]. In particular, the absence of a D = 4
term, proportional to the gluon condensate (a;G?), is
due to the limit my — oo, my; — 0.

Let us now briefly review the model proposed in
[11] to analyze duality violations. It is given by

=0.8+0.2 GeV?.

e+A

<0|61q|0>3( y (8)

I(e)

where A is a parameter and

=3 [ (551) -0 (3)] ©)

¢(z) being the logarithmic derivative of the Gamma
function. The model correlator admits the following
series expansion

(0lg410) ¢~ _ (=1)
II(e) = = , 10
©="R L derziei a0
where A = 1/A. From this expression for I1(€) we

get, by the Mellin transform,

(0]g410)

)
(r) = COSh(AT)

(11)

For € —» 00, II(€) has the asymptotic expansion

- oo i2n
() ~ (0194/0) S E AT (12)

e—o0 2n »
de L= €
where E,, are Euler numbers (Eg =1, B = —1, E; =
5, Eg = —61,...) [14].

Comparison of this result with that of the OPE,
Eq. (7), indicates that this model is able to repro-
duce the right power structure of II(€). The associ-
ated spectral density corresponds to an infinite num-
ber of equally spaced poles located along the negative
€ axis, these poles having residues alternating in sign.
After smearing, the spectral function looks rather rea-
sonable [11]. However it is easy to show that this re-
sult strongly depends on the Ansatz (8). As a matter
of fact, let us consider the slightly modified model

1)/

I(€) = const. X Z ” +2J (13)
instead of (10). This implies
®(7) = const. X [tanh(%) ~1]. (14)
In the limit € — oo, this I1(€) becomes

1 Cont1
I(e), oy comst.x = |1+ Z S| - (19

A comparison with the OPE result, Eq. (7), shows
that except for the first term, the power structure is
wrong, so that one obtains a maximal violation of
duality. This model is still quite realistic. The spectral
function is also made of an infinite number of zero-
width resonances, with alternating sign residues, and
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located along the negative € axis. The only difference
with the model of [11] is a shift in the location of
the poles, due to the absence of the unit factor in the
denominator of Eq. (13).

From this example we learn that the agreement
found in [11] between the hadronic evaluation of the
correlator and the OPE result might be fortuitous; in
order to get a deeper understanding we compute now
the correlator Eq. (1) using a more realistic model for
the spectral density.

3. A realistic model for the hadronic correlator

We evaluate the two-point function (1) by inserting
hadronic states between the currents. In general this
can only be done in some approximation: we choose
to insert an infinite number of states, but in the N, —
oo limit (N, = number of colours), where the surviv-
ing contributions are J* = 0* and 0~ single particle
states, contributing respectively to the scalar (IIs) and
pseudoscalar (ITp) part of II. By denoting |S,) and
|P,) these states, with masses Mg, and Mp, respec-
tively, we define the current-particle matrix-elements:

M%"

(0 Js|Sn) = *@fs,, ) (16)
M2

(Ol Jp|Pa) = —2 fp, . 17)
my

In the my — oo limit we have
1
Ms, =mg + 85, + O(—) , (18)
mg

1
Mp, =mg +6p, + O(—). (19)
mp

The binding energies 65, and &p, can be obtained
by solving the wave equation

[\/—Vz +mj + \sz +m2 + V(r)] ¥, (r)
=M,V,(r) (20)

in the limit mg — oo,my; — 0. Assuming a cen-

tral potential V(r) = V(r) we can write ¥,(r) =

()
Yo (7) 5’7(’2 The scalar particles are obtained for £ =
1 (P-waves) and the pseudoscalar particles for £ =0

(S-waves). The corresponding equation [ 15] for Js,,
Op, is given, in this limit, by

[V(r) — 55")} uf,")(r)

+%/dr’/dkk,\/g(kr),w(kr')ué")(rl)
0 0

=0, (21

where the relation between Js,, 8p, in (18), (19) and
8" is as follows: 85 = 8p,, 8 = &5, moreover,
xe(x) = xji(x) (je are the spherical Bessel func-
tions).

V(r) is the static interquark potential; several forms
have been studied in the literature which reproduce
the experimental spectrum of the heavy Qg mesons.
In general they behave linearly V(r) ~ u’r for r —
oo and have a coulombic behaviour (V(r) =~ %) at
small distances. In order to simplify our discussion we
assume

V(r) = u*r (22)

with constant p (string tension). This form is ade-
quate for our aims because the coulombic part of the
potential mainly affects the first states (#n = 0) and
becomes negligible with increasing n 2.

In order to solve Eq. (21) for any integer n (n =
0,1,...), we work in the WKB approximation [16].
The spectrum and the wavefunctions are obtained by
the usual WKB procedure [15,16]; the spectrum is
given by

/ 3
&M = pu Tn+l+3) (23)

. s
the wave function, for r < rp = —ﬂ%—, reads as follows:

/'Lz 72

"™ (r) =g xe [5?')7 - —2—*}
(r<ro), (24)

whereas for larger values of r it decreases exponen-
tially. Let us observe explicitly that the factor ./mg
arises from the covariant normalization condition

2 For example, using the Richardson potential and solving numer-
ically the wave equation [15] one obtains a coulombic correction
to the meson mass as follows: AMy, /My = 7.9%,5.6% and 4.4%
for the radial quantum number n = 0, 1,2 respectively.
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/dr |¥,(r)|* =2M,. (25)

Let us now turn to the coupling fs, = fx(”) and
fr, = fé"). From the expression [17]
= /§ f,n( ka{™ (k) , (26)

V 27M,y ,(4
with the function ”e ) (k) defined as
7

i (k) = | dr xetkrua(r) (27)
one obtains

- /QW.Q é") ”

m ooy 28
fi \/ VR (28)

71

oy \ L
ne corrciator cg. (1.

T
L A1

=
ot
o

Let us now reconsider

N, — oo limit the products of currents in Eq. (1) ar
saturated by single particle states with J© = 0% d
0, respectively. Therefore one can write
Fr ,_(n)'lz r 1(“)72 7
Hhad(e) - 1 i l.jl J _ I_jo J
8m3, —~ e+ &M e+ 8
L J
(29)
which, in the limit my — oo, becomes
(e) 3u i [ s 3" ]
Ry (ny ()
8 4= 1€+ 8 € + 6, J
_l)uTA n + _‘5 Z
Z vrad (30)

€+ pr/m(n+3/2)

Before continuing in the analysis, a comment is in
order on the model. The choice of considering only
single particle states between the currents in the cor-
relator (i.e. taking the N, — oo limit) is not too re-

YL ran ha oh 1
Siriclive, as it can be shown oy ccnsxdermg, for ex-

ample, the imaginary part of the correlator of scalar
currents IIg in Eq. (1) (the same result is obtained
taking ITp). By computing the imaginary part of the
quark loop diagram one obtains, for £ = —e >— +o00
and at the leading order in E:
3E?

mIYE(E) — :
87

~
[SY]
Yt
g

The resonance model gives

I
|y
| ey |

—

E)

o2
L____‘ =

rrhad /

ImII§*(E) looks very different from Imiig"*(£) in
Eq. (31), due in particular to the presence of the in-
finite set of Dirac & functions in Eq. (32). On the
other hand it is well known that a comparison should
be made only after a smearing of these distributions
[2]. A convenient way to do this in the present case
is make the approximation

Z—>/dn. (33)

Hence, we obtain

Im 12 = 3/";E/d 5[E © 27r(n+7/4]

_w

~ 8
Therefore [Ig( E) and I1p (E) satisfy global duality at
least at the leading order for £ — oo.

In the sequel we shall discuss the next-to-leading
contributions that are responsible for the difference

=ImII{PE(E) . (34)

TT =TT _TT_- for tho ti hainag lat m
11 = LJ..) _A.l[), LGr LI llme uviﬂs iwe us Cﬁﬁﬂuuent On the

value of the parameter u and the approximate choice
Eq. (22) for the potential. Assuming that the WKB
approximation works reasonably well already for the
the first quantum number n = 0, we obtain

2
/1«3’\/3—7;(7713—"117); (35)

for my, = 4.6-4.7 GeV this gives p =~ 300 MeV. The

first {(n# = 0) meson state may be sensitive to the small

distance, coulombic part of the interquark potential
that we have omitted in Eq. (22); however, as far as
we neglect consistently O(a;) terms also in the OPE
counterpart of 11", this approximation is reasonable

< ol 1,1 o nqriallyy onlid
dllU UIC uuaut_y Snoiia oc Cjudily vauu.
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Let us now apply the same resonance model to the

correlator Il (g) =1ls(qg) —I1p(g) in Eq. (1). When
we compute the correlator inserting hadronic states,
from Eg. (30) we find (E = —€ > 0)

Rhad(E) - Imnhad(E)

3 |

2,25 X [ /
_ oy 7O &4 _ n _ i
=3 g( 1 6{E M\/w(n—i—z)J )

/’3/\
(30)

On the other hand, from the first four terms in Eq. (7),
we have

ROPE(E) = ImIICPE(E)

SEASSS \

T Mg i
= —7(01440) [B(E) - 769 (B

m
+eag 8 (E) —cog) 350D (). ] (37)

c4 and cg are unknowns: in the model of [11] they are
given by ¢4 = 353, ce =
the two expressions look very different, but they can
be compared after an appropriate smearing; following
[2] we consider

6l Al iv the mrccant ~agn
375 £AS0 ifi ne present casce

RM(EA) = [apr BB mUED , (38)
’ (E E/)Z A2

ROPE(E A) dE/ ROPE<EI) (39)
’ = / (E — Er)z + A2

In the limit A — 0, R(E,A) — R(E); however one
has to impose A > Aqcp [2]. As a matter of fact,

R(E,A) = 51; [T(E —iA) —I(E+iA)],  (40)

and, for A > Aqcp, we are far enough from the sin-
gularities for OPE to be valid and duality to hold.
For very large E the two expressions should co-

incide regardless of A. From previous equations one
finds that this reauest imnlies the relation

n
S oulidy s ICLUOst 1P 110 4aiion

—3—=7=, (41)

and, for (0|gg|0) = (~240 MeV)?, this implies p =
317 MeV; it can be noted that this number agrees
nicely with the previous result Eq. (35). For smaller

wraliiac ~f i o 1 I M MNA R
values of E, i.e. 1 < E < 20 GeV, the numcrical

1.5

1.4 /\
X 1.3 /\\

0 5 10 15 20

E (GeV)

Fig. 1. Plot of the ratio (42) as a function of E for several values
of A (from top to bottom: A = 1.5,2.0,3.0 and 5.0 GeV).

results concerning the comparison between (38) and
(39) are reported in Fig. 1, where we plot the ratio:
Rhad

F = EO—PE-

of the smeared quantities as a function of E for sev-
eral values of A. We observe that, as expected, the
agreement between R" and ROPE increases with in-
creasing A; in particular for A = 3.0 GeV the difter-
ence does not exceed 20%. In any case, for any value

of the smearing parameter A, the ratic (42) tends to

unity for large E values.
A further test of the soundness of our approximation
is provided by the evaluation of

F= St (42)

in the limit m; — oo, using the WKB formula (28)

) s n’\ﬁf‘;\‘
£=10. We get I' =0.26 GeV 73/2 ¢

WIU 11 =
pared with the QCD sum rule result, obtained without
a, corrections, i.e. in the same approximation used in
this work: F' = 0.30+£0.05 GeV*/2 [ 18] (including e;
corrections, one would get F =0.41+0.04 GeV3/2).

In conclusion we have tested that the resonance
model we have proposed satisfies global duality: the
smeared imaginary parts of the correlator, when com-
puted by OPE or by hadron states agree with each
other. When we consider local duality, however, the
expressions are significantly different. As a matter of
fact, starting from Eq. (30), we obtain, by the Mellin

trancform
ansiorin.

to UU COoimn-~
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g+ioo
(r) = 571; / de ¢TI (€) (43)
with
3 o<
fi(r) = 83% > (=) m(n+3/2)
n=0

X g~ T/ T(n+3/2) (44)

IT can be expanded for small 7; we find numerically

3 2 2
fi(r) = X [_0.51 + “*f’ - 0.46i237—.,.

8/7
(45)
Since
II(e) =fd¢e‘”ﬁ(7), (46)
0
we find
0.51u%1 o 2
had —_— _ - -9
med(e)y = —3 87 6[1 - +0.93€2... )
(47)

The factor multiplying é coincides numerically with
(Oi;qlﬂl for u =317 MeV (see Eq. (41)). As for the
mass parameter g, numerically we find 7y = 560
MeV. In conclusion we get (e < 0):

- = =2
e oy = {019919) {1 - —"Z—O +o.93%129 + ] .

4e
(48)

A comparison between Eq. (7) and Eq. (48) shows
a violation of local duality which manifests itself in
the form of an unexpected term in the % asymptotic
expansion.

4. Conclusions

Studying simple correlators of quark currents, we
have found, in a particular quark model and in the
N, — oo limit, an explicit example of violation
of local duality which occurs in a condition where
global duality is verified. The difference between the

hadronic and the OPE spectral functions is made evi-
dent by the A /e term which is absent in the expansion
predicted by OPE.

The calculation in QCD of correlators of quark op-
erators between hadronic states, as required for the
evaluation of, e.g., the By and A, inclusive decay
widths, is, of course, beyond the aims of the present
analysis. However, the example described in this paper
supports the suggestion that the A, lifetime data could
find an explanation in the presence of a 1/mg correc-
tion not included in the usual QCD-OPE expansion.
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