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Abstract 

We explore periodic and chaotic motion in a soliton-bearing chain of nonlin­

ear oscillators and study the effect of disorder on the spatiotemporal chaos. 

The chain we consider consists of torsionally coupled, damped, parametri­

cally driven pendulums. We show that the amplitudes of the pendulums 

satisfy a system of equations in slow time, the "nonlinear Schrodinger (NLS) 

oscillators". The evolution of the chain of NLS oscillators is simulated nu­

merically. 

Simulating the homogeneous chain, we demonstrate the existence of pe­

riodically oscillating solitons, the period-doubling sequence of transitions to 

temporal chaos and the degeneration into spatiotemporal chaos for larger 

driving strengths. ~ext, we explore the effect of introducing weak disorder 

in the simplest form, a single impurity, into the chain. We describe how a 

long impurity can induce a pinned soliton to form and prevent spatiotcmpo­

ral chaos, synchronizing the oscillators in the chain. Lastly, we study chains 

with several impurities in various configurations. Cases considered include 

chains with multiple impurities of different strengths, equal equidistant im­

purities (both long and short), and equal impurities which are positioned 

randomly along the chain. 

vVe show that all the previously reported features of the continuous NLS 

equation are reproduced in the dynamics of the discrete chain. Our results in­

dicate that the dominant structures of the spatiotemporal chaos are unstable 

solitons. We show how spatiotemporally chaotic motion can be suppressed 

by disordering the chain through the inclusion of one or more impurities, 

synchronizing the oscillators. 

A comprehensive analysis of chains with identical equidistant long impu-



rities reveals an unexpectedly complex relationship between the number and 

strength of impurities and the dynamics observed. As a result of disordering 

the positions of impurities, we find that oscillatiug solitons form between 

impurities when the gaps are large enough. The oscillations may be periodic 

or chaotic. Equidistant short impurities may also stabilize the chain. 

We conclude that for a 8et of irnpuritie8 to prevent spatiotemporal chaos 

from emerging in the array, the intervals between the impurities should be 

sufficiently small, and the stre11gth of the impuritic8 should be sufficiently 

large. The required number and strength of impurities depends on the oscil­

lator parameters and the initial condition of the chain. 
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Chapter 1 

Introduction 

''Synchronization'' is described as "an adjustment of rhythm of oscillating 

objects due to their weak interaction" by Pikovsky, Rosenblum and Kurths 

[31]. This phenomenon is observed across the full spectrum of scientific fields 

including physics, chemistry, engineering, biology and even social science. 

The synchronization phenomenon has been a topic of great interest in the 

field of nonlinear dynamics in recent years. Of particular interest is the result 

that synchronization is sometimes less likely to occur in an array of identical 

coupled oscillators than in a disordered array which includes variations in 

the parameters of the oscillators. 

In this work, we study an array of nonlinear Schrodinger oscillators which 

is reduced from a chain of coupled pendulums. The discrete damped driven 

NLS equations describing these oscillators form a soliton-bearing system. 

The array becomes prone to spatiotemporal chaos for a range of parameters. 

Suppression of this chaos amounts to the synchronization of the oscillators 

in the chain. 

Under certain conditions, introducing disorder can synchronize our NLS 

chain and suppress spatiotemporal chaos. We employ pendulums which are 

longer or shorter than the others in the chain as a form of weak disorder. We 

study how varying the number, strength and position of such impurities can 

promote synchronization. 
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CHAPTER 1. Introduction 

1.1 First observation of synchronization 

The earliest recorded scientific description relating to synchronization dates 

back to the 17th century [31]. Dutch mathematician Christiaan Huygens had 

a strong interest in pendulum clocks. According to his accounts, during a 

voyage in 1665, he became ill. He had set up two clocks suspended from a 

single wooden beam which he could observe from his bed for a few days, in 

order to track their accuracy relative to each other. 

Unexpectedly, he noticed that the pendulums of the two clocks swung 

with exactly the same rhythm, but in opposite directions. The ticks from the 

two clocks always sounded at the same instant. Furthermore, if one pendulum 

was slightly disturbed, the synchronous rhythm was soon reestablished. 

This type of system, where the two oscillators always reach their maxi­

mum amplitude at the same instant but move in opposite directions, is said 

to be in a state of anti-phase synchronization. The motions of the two oscil­

lators arc identical, hut they have a phase difference of 180 degrees. 

The phenomenon observed was the mutual synchronization of the clocks 

as a result of their coupling through the beam. The motion of the beam was 

barely perceptible, but it was sufficient to entrain the oscillations of the pen­

dulums in anti-phase. In-phase synchronization is also possible; that happens 

when the oscillators have zero phase difference. In general, the synchroniza­

tion of two oscillators is more likely to occur when the difference between 

their natural frequencies ( called frequency detuning) is small. Stronger cou­

pling tends to make synchronization possible for a wider range of detunings. 

In this study, we simulate the evolution of a coupled array of self-sustained 

nonlinear oscillators over a period of time. A self-sustained oscillator is driven 

by some force, meaning that if it were to be isolated from the rest of the 

system, it would continue oscillating under the action of the force. Also, 

the oscillations are stable under small perturbations: the oscillator quickly 

returns to the original rhythm after being disturbed if the perturbation is 

not too large. Such an oscillator can be described mathematically without 

explicit time dependence -- it is autonomous. 

2 



1.2. Types of synchronization 

1.2 Types of synchronization 

Different types of synchronization occur in different configurations of oscil­

lators. For example, studies have been performed on the synchronization 

of pairs of chaotic lasers [36], phase synchronization of an electrochemical 

oscillator through forcing [21], synchronization of chaotic oscillations in an 

electric circuit [39], phase synchronization of chaos in a plasma discharge 

tube [43], phase locking of relativistic magnetrons [9], synchronous flashing 

of large populations of fireflies [14], acoustic synchrony of the chirping of 

snowy tree crickets [44], the synchrony of menstrual cycles of women liv­

ing together in a college dormitory [24] and the synchronization of circadian 

rhythms through exposure to bright light [4]. 

In this section, we describe synchronization characteristics in three types 

of systems: systems containing two oscillators, systems containing N oscil­

lators, and oscillatory media. We also introduce the ideas of phase synchro­

nization and complete synchronization of chaotic signals. 

1.2.1 Two oscillators 

The pair of pendulum clocks in the previous section is an example of a system 

which exhibits the mutual synchronization of two interacting oscillators. Fol­

lowing the exposition of Pikovsky et al. [31], suppose the natural frequencies 

of two oscillators arc different, say w1 and w2 . If the oscillators are coupled 

in some way, then the rhythms of both oscillators may be adjusted to some 

common frequency w*, different from both w 1 and w2. If the coupling is de­

pendent on the phases of the two oscillators, then the phases can be described 

by the equations 

dc/>1 , ) 
dt = W1 + kQ1(1>1, ¢2 , 

d:t = W2 + kQ2(</>2, ¢1), 

Here k is the coupling constant and Q1 ,2 are some coupling functions. 

Another form of synchronization involving two oscillators occurs when 
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CHAPTER 1. Introduction 

the adjustment of frequency is unidirectional. In this case: one oscillator has 

a set rhythm which cannot be influenced by the other. The first oscillator 

acts as an external periodic force. If the detuning (frequency mismatch) 

.6.w = w1 --- w2 is not too large, the second oscillator can be entrained by 

the first. It will then also oscillate with frequency w1 . This is known as 

synchronization by an external force. 

Two examples in nature arc the entrainment of daily rhythms of liv­

ing organisms by the revolution of the Earth and the regulation of seasonal 

rhythms by the motion of the Earth around the sun. In both these cases, 

the coupling action is clearly unidirectional. Note that while the period of 

each individual's internal clock will normally be exactly locked to the length 

of a day (24 hours), the phase shift may differ. This is evident from the fact 

that some people are more active early in the morning, while others prefer 

to work till late at night. 

1.2.2 Arrays of oscillators 

Often a system consists of many oscillators. The ensemble could be arranged 

in a chain or lattice, where the position of each oscillator in the structure is 

fix<:,d aud the oscillators arc evenly spaced. Alternatively, the spatial distri­

bution of the ensemble could be without a fixed or regular structure. 

Local coupling 

In a chain or lattice: it is common to assume that only adjacent oscillators 

interact. In such cases, one models the interactions with nearest-neighbour 

coupling. Often the same coupling function q is used for all interactions. The 

function q can depend, for example, on the phase difference of the oscillators 

or on their spatial separation. According to Pikovsky et al., in a chain with 

typical diffusive coupling, the phase of then-th oscillator (which wc say has 

natural frequency wn) can be described with the equation 

(1.1) 
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1. 2. Types of synchronization 

A simple attractive coupling function which is commonly used has the cou­

pling proportional to the siue of the phase differences: 

The coupling effect is thus greatest between oscillators which are 90 degrees 

out of phase. 

The oscillators may be numbered from 1 to N, regularly spaced and placed 

symmetrically about the origin on some domain of length L. The distance 

between adjacent ot-cillators is Llx = L/N. Different bournlary conditions arc 

possible. For a chain with free ends, one would use the boundary conditions 

The phases ¢0 and <PN+l are not real quantities but mm;t be specified in order 

to use equation (1.1) to calculate the phase derivatives at the boundaries, 

which in this case are simply equal to the natural frequency wn. If the chain 

forms a ring, the equations of motion for c/>1 and c/> N are 

d!i = W1 + cq(<PN - ¢1) + cq(¢2 - ¢1), 

d:; = WN + cq(rfJN-1 <PN) + cq(</>1 - <PN)-

Note that if there is no coupling ( c = 0), then each oscillator simply rotates 

with its own natural frequency. The system thus evolves in a quasi-periodic 

manner with N different frequencies. On the other hand, for very stroug cou­

pling, the differences between the natural frequencies Wn become negligible, 

and all oscillators synchronize eventually. For intermediate coupling values, 

clusters of synchronized oscillators tend to form. The transition between 

states with different dusters depends on the distribution of the frequencies 

Consider the transition from the state of complete synchronization to the 

state containing two clusters. We follow the pioneering work [:31]. The phase 

difference between adjacent oscillators can he written as 'i/Jn = ¢n+l - <Pn· 
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CHAPTER 1. Introduction 

Using this in equation (1.1) gives a set of N ---· 1 equations, 

n=L ... ,IV-1. 

Here the frequency differences between adj accnt oscillators are denoted by 

fln = Wn+1 - Wn-

vVhen all oscillators become synchronized, ·¢11 = 0. This leads to a tridi­

agonal algebraic system with a unique solution for Un = q( V'n). Inverting 

this relation gives an expression for the phase diffcn·nccs, ~)n = q 1 (nn), 

but because q( 1.j;) is periodic, many inverse solutions exist. Ermentrout and 

Kopell [16] showed that if q has one minimum and one maximum per period, 

011ly one root is stable. All other fixed points are saddles or unstable nodes. 

For the inverse solution to exist, all components uk must lie in the interval 

( qmin, qma.x). At some critical coupling value, where Uc = Qmin or Uc = qmax l 

a saddle-node bifurcation occurs, the stable fixed point disappears and a 

periodic orbit emerges. The result is that oscillators n = 1, ... , c have fre­

quency 0 1 while oscillators n = c + 1, ... , N have a different frequency 0 2 . 

Subsequent bifurcations could split the clusters into smaller groups. 

Global coupling 

An alternative to nearest-neighbour coupling is global coupling [35], where 

each oscillator influences every other oscillator in the system. For a system 

of N oscillators where the coupling is dependent on all the phase difforcnc1~s 

in the system, the equations for the phases are 

where q is a general coupling function [31]. 

Systems of globally coupled oscillators are not considered in this work. 
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1.2. Types of synchronization 

1.2.3 Oscillatory media 

In situations when we cannot identify distinct oscillators, we can speak of a 

continuous oscillatory medium. A well-known example in chemistry is the 

Belousov-Zhabotinsky reaction. This reaction between liquids takes place in 

a container, with oscillations at different sites exhibiting different phases and 

frequencies. For a light-sensitive version of the reaction, it has been shown 

that frequency locking can be induced by a periodic optical forcing [30]. A 

result was the observation of resonant pattern formation. 

Pikovsky et al. describe the complex amplitude of weakly nonlinear oscil­

lations in a uniform one-dimensional lattice with the equation 

By scaling the coupling constants j3 and 6, and by normalizing time and the 

amplitude to eliminate µ and 1, the Ginzburg-Landau equation 

aa(:;c,!;) ( ) 2 ( )112 at = a + 1 + ic1 v a - 1 + ic2 a a (1.2) 

may be obtained. The first term describes the linear growth of oscillations. 

The second term describes the spatial interaction, and the third term de­

scribes the nonlinear effect. 

If the medium is driven by an external periodic forcing, an additional term 

accounting for the amplitude of the forcing c and the frequency mismatch v 

is added to equation (1.2), giving 

aa(x.t) ( ) 2 )112 at. = (1 - iv)a + l + ic1 v a - (1 + ic2 a a - ic 

for the weakly nonlinear one-dimensional case. The driving frequency should 

be close to the natural frequency of the medium. An important observa­

tion is that if the system is not in a spatially homogeneous state ( with the 

phase at each point in the medium being equal), the synchronized solution 

a = constant can lose its stability as a result of the growth of any spatially 

inhomogeneous perturbations. 

7 



CHAPTER 1. Introduction 

1.2.4 Chaotic oscillators 

In many systems, self-sustained oscillators generate a signal which is chaotic. 

The amplitude of such oscillatious may vary, and the time differences between 

successive maxima may not be equal. Nevertheless, chaotic oscillators may 

also undergo synchronization through coupling. We must, however, specify 

what we mean by synchronization in this context. 

Often it is helpful to define the average frequency of an oscillator. Fol­

lowing the recipe of Osipov and Sushchik [28], we do this by counting the 

number of times n1 that a signal ¢1 ( t) reaches a maximum over a long time 

period T. The average frequency of· oscillator j is then calculated as 

(1.3) 

When chaotic oscillators interact, two forms of synchronization may be 

observed for different coupling strengths. If the coupling is weak, it does 

not cdfoct the amplitudes of the oscillators which may rcmai11 irregular and 

uncorrelated. However, the frequencies may be adjusted so that the average 

frequencies become equal and the phase shift between the signals may become 

constant. This is known as phase synchronization. For stronger coupling, 

complete synchronization is possible. In this case, the amplitudes as well as 

the frequencies in the system coincide. 

1.3 Taming chaos with disorder 

1.3.1 The phenomenon 

Intuitively, one might expect synchronization of an array of nonlinear oscilla­

tors to be more easily achieved if all oscillators are identical. In technological 

applications, frequency locking of such arrays is often highly desirable but 

difficult to achieve iu practice. 

A key example in electronics involves an array of Josephson junctions. 

The aim is to produce high power, high frequency voltage oscillations from 

a direct current. A single Josephson junction can produce extremely fast 

8 



1.3. Taming chaos with disorder 

oscillations, but with a very low power output. A goal is to use an array 

or lattice of junctions to increase the power output to levels useful for prac­

tical applications, but obtaining synchronized oscillations in such an array 

is difficult in practice. A potential problem is that the in-phase state may 

be dynamically unstable, causing the system to evolve to some other asyn­

chronous state [18]. The failure to obtain a system of synchronized junctions 

was often thought to be because of the small variations between oscillator 

parameters which are inevitable in any real system. However, in contrast to 

this conclusion, researchers have demonstrated in recent years that in many 

cases, synchronization can in fact be induced by increasing the disorder in a 

system [2, 37, 41, 42]. 

Braiman, Ditto, Wiesenfeld and Spano studied an array of current-biased 

Josephson junctions connected in parallel [11]. The phase difference across 

the j-th junction, </>j, is governed by the dynamical equations 

numbered j = l, 2, ... , N. Free-end boundary conditions, ¢0 = </>1 and 

<PN+I = ¢N, are used. An array of N = 21 junctions was simulated. The 

disorder in the system was introduced as a spread in critical currents 

with each ~j being a random number uniformly distributed between -0.5 and 

0.5, modified by the disorder parameter c It was shown that for a wide range 

of parameter values, an increase in c would often enhance the synchronization 

of the array. On the other hand, the opposite, more expected behaviour was 

also observed for different critical currents. 

In another study, a series array of nonidentical Josephson junctions sub­

ject to a load ,vas analysed by \Viesenfeld, Colet and Strogatz [45]. The N 

governing equations for the wave-fm1ction phase difference across the j-th 

9 



CHAPTER 1. Introduction 

junction, ¢}, were given as 

In this case, the circuit analysis gave rise to a globally coupled system. The 

authors found two transitions in the dynamics as the spread in the critical 

currents of the junctions was varied. As the level of disorder was reduced, 

frequency locking appeared iu the dynamics at the first transition. At the 

second transition, complete synchronization was observed. 

1.3.2 Synchronization and chaos in pendulum arrays 

Let us consider a single periodically driven damped pendulum 

m£20 + 10 = -mg£ sin f) + T 1 + T sin wt. 

Depending on the parameters chosen (pendulum mass and length, driving 

strength and frequency), three qualitatively different motions arc possible: 

libration, whirling or chaos. Whirling occurs when the length of the pen­

dulum is short. It completes a full rotation for each period of the driving 

force. Longer pendulums librate backwards and forwards, while for interme­

diate lengths, the pendulum alternates between the two motions in a chaotic 

fashion. 

Braiman, Lindner and Ditto [12] simulated a chain of N = 128 forced, 

damped, coupled pendulums governed by the equation 

Free-end boundary conditions were assumed: 

and (1.5) 

10 



1.3. Taming chaos with disorder 

The model parameters were chosen such that each pendulum would exhibit 

a chaotic motion if isolated from the chain. The authors showed that when 

the chain was homogeneous (all lengths equal), the spatiotemporal evolution 

was chaotic. However, when some disorder was introduced into the system, a 

periodic pattern emerged. The disorder chosen was a uniformly distributed 

variation in the lengths of the pendulums, with the distribution of the vari­

ations symmetric about zero. 

The researchers suggested that the stabilization of the chaotic array was 

a result of the removal of certain pendulums from their chaotic band. Clus­

ters of periodic oscillators formed, and they induced the remaining chaotic 

clusters to lock on to a common frequency, creating periodic solutions to the 

equations of motion. 

Similar results were obtained in a practical experiment with an array 

of ten real pendulums [41]. The pendulums were driven, damped and cou­

pled torsionally with springs. The centre of mass of each pendulum was 

adjnstablf\ effectively allowing the length of t1ach pendulum to be set inde­

pendently as required. Digitized videotape was used to record the motion. 

When all pendulums were set equally (i.e. the chain was homogeneous), the 

spatiotemporal evolution was chaotic. After disordering the chain, however, 

periodic patterns emerged. Under such configurations, all pendulums oscil­

lated with the same frequency - the driving frequency - but with different. 

amplitudes. 

Lindner, Prusha and Clay simulated a similar array of 32 pendulums [22]. 

They chose parameter values such that the evolution of the homogeneous 

chain would be chaotic if the pendulum lengths were set to P..n = 1 for all 

n. They varied the amount by which the pendulum lengths were disordered 

using three different methods to disorder the array. For the first method, 

alternate pendulums were given different lengths so that £11 = 1 - b for 

odd n and fn = l + b' for even n. For the second method, the pendulum 

lengths increased linearly from £1 = 1 6 to £32 = 1 + <5. In the final 

method, the lengths were randomly selected from a uniform distribution 

[1 - 6, 1 + 6]. In each case, they calculated the largest Lyapunov exponent 

which they used as a measure for the degree of chaos in the system. When 

11 



CHAPTER 1. Introduction 

the Lyapunov exponent was larger, the evolution was more chaotic, while the 

smallest observed Lyapunov exponent was found when the system was most 

regular. The authors concluded that there was an optimal level of disorder for 

taming chaos and that this level depended on the type of disorder introduced. 

The model (1.4)-(1.5) with N = 128 was also studied by Gravielides, 

Kottos, Kovanis and Tsironis [17]. They showed that often a single impu­

rity placed appropriately was sufficient to tame chaos. For larger coupling 

constants, self-organization of the array was observed for a wider domain 

of impurity pendulum lengths. The authors noted that for longer chains, 

synchronization could still be achieved by placing more than one impurity of 

appropriate strength at selected sites. 

A different. strategy for taming chaos was studied by Qi, Hou a11d Xin 

[:3~1]. They modified the model (1.4) by allowing a fimall number of random 

shortcuts, i.e. additional coupling between pairs of non-adjacent oscillators. 

They found that there was an optimum number of shortcuts, expressed as a 

fraction of total possible connections, which resulted in the highest degree of 

synchronized periodic spatiotemporal motion in the system. The explanation 

given was that a few shortcuts would create local structures. These could 

have an effective average pendulum length diff<'rent from unity, bringing them 

out of the chaotic regime. They could then entrain the rest of the array in 

periodic motion. 

1.3.3 Various examples 

Synchronization phenomena aud the effect of disorder have been observed in 

a wide variety of nonlinear systems. Some examples are listed in this section. 

For a chain of N diffusively coupled Rt)ssler oscillators, uurnbercd j = 
1, 2, ... , N, with (nonidentical) natural frequencies wj, 

Xj -WjYj - Zj, 

Yj WjXj + ayj + c(Yi+1 - 2yj + Yj ··1), 

Zj 0.4 + (x1 8.5)z1, 

12 



1.4. Objectives of this thesis 

phase synchroni,mtion effects were studied [27]. Two types of synchroniza­

tion were observed for sufficiently strong coupling, namely, the formation 

of clusters of synchronized oscillators as well as global synchronization of all 

oscillators. For small coupling strengths, the transition to global synchroniza­

tion was via a gradual adjustment of frequencies, while for large couplings a 

jump in the frequencies was observed. 

Severn! of the effects observed in the lattice of coupled Rossler oscillators 

were also found to be evident in a system of diffusively coupled periodic Van 

der Pol oscillators [29]. Both global and cluster synchronization was shown 

to be possible. As a result of multi stability, different types of transitions were 

found between states containing a different number of clusters 

Spatial disorder in a regular monotonic trend of natural frequencies was 

found to increase oscillation intensity in an array of diffusively coupled limit­

cycle oscillators [38]. The result wa..s to eliminate oscillator death, even in 

the presence of strong dissipative coupling. 

Phase synchronization has been studied in systems of coupled circle maps 

[25], limit cycle oscillators [23], chaotic rotators [26], chaotic oscillators which 

exhibit intermittency behaviour [20] and ensembles of bursting oscillators 

[19]. 

1.4 Objectives of this thesis 

In our work, we study a soliton-bearing chain of oscillators which we simu­

late numerically. For some parameters, the homogeneous chain exhibits spa­

tioternporally chaotic behaviour. Spatiotemporal chaos can be suppressed 

in favour of periodic motion or a stationary state if the oscillators can be 

synchronized. We explore how introducing disorder can synchronize some or 

all of the oscillators in the chain. 

\Ve disorder the chain by adding impurities, that is by altering the lengths 

of one or more of the oscillators. We vary the number, strength and position 

of the impurities. Since we only change the lengths of a few of the oscillators 

(the lengths of most oscillators remain identical), we describe our chain as 

being weakly disordered. 

13 



CHAPTER 1. Introduction 

One of our tasks is to analyse the spatiotemporally chaotic motion. vVe 

wish to determine what structures, if any, this motion consists of. Under­

standing this may help us to determine how and why chaos is suppressed 

after the introduction of impurities. 

The outline of the thesis is as follows. 

In Chapter 2, we reduce a chain of damped driven pendulums to the 

chain of nonlinear Schrodinger oscillators which we simulate. We show that 

the chain of NLS oscillators has the NLS equation as its continuum limit. 

In Chapter 3, we consider a homogeneous chain. We discuss the stability 

of solitons and the attractors which occur for different damping and driving 

strengths. We analyse the spatiotemporal chaos which arises. 

In Chapter 4, we demonstrate how a single impurity in the chain can 

cause a soliton to form and tame spatiotemporal chaos. V./e produce examples 

highlighting the properties of both short and long impurities. 

In Chapter 5, we study chains with several impurities. Cases we consider 

include sets of impurities of equal strength placed equidistantly along the 

chain, as well as equal impurities which have been positioned which some 

randomness. 

The results are summarized and conclusions are given in Chapter 6. 

14 



Chapter 2 

Model 

In this project, we perform simulations of the evolution of a nonhomogeneous 

chain of nonlinear Schrodinger oscillators. In this chapter, we show in Section 

2.1 that the equations for our NLS chain can be derived from those for a 

chain of pendulums with an impurity. In Section 2.2, we show that when the 

distance between oscillators L'.!..:z: - 0, the chain of Schrodinger oscillators may 

be reduced to the continuous nonlinear Schrodinger equation. We conclude 

this chapter with some notes on our numerical model and simulations in 

Section 2.3. 

We consider a driven Frenkel-Kontorova chain of N pendulums, meaning 

that each pendulum is driven by a periodic force and each pendulum in 

the chain interacts only with the two nearest neighbours through harmonic 

diffusive coupling [1:3]. Under this model, with the addition of damping due 

to friction, the interaction of the pendulums is described by the differential 

equations of motion 

2 .. . , ( 2 ) · rnfn0n + afn0n -- k (0n.~1 -- 20n + 0n-1) = -mf.71 g + 4w pcos2wt sm0n, 

(2.1) 

where 0n is the angle of the n-th pendulum. Each pendulum has mass m, 

and we choose to set this and the gravitational constant g equal to 1. The 

damping constant is n, the coupling strength is k and the driving amplitude 

is 4w2 p, each of which we assume to be small. The length of each pendulum 

is Rn = 1 for all n i= 0, while we allow the ccntrnl pendulum to differ by a 
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small amount. The natural frequency of each pendulum ( except the central 

pendulum) is~= 1. We assume that the driving frequency 2w is slightly 

less than double the natural frequency, and so w ,:S 1. 

2.1 Amplitude equations for coupled pendu­

lums 

We wish to derive amplitude equations for the chain of pendulums (2.1). 

Employing a similar multiple-scaling technique to that used by Alexeeva et 

al. [2, 3] and Chen et al. [15], we make the following assumptions, where E is 

a small parameter: 

1:2 
w= 1--

2' (2.2) 

We look for solutions 0n, n = 0, ±1, ... , for small amplitude waves of the 

form 

Differentiating, we get 

Also, we use the approximation sin 0n ~ 071 - 0~/6, where 

and the identity 
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e2,wt + e -- 2,wt 
cos2wt = -----

2 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 



2.1. Amplitude equat10ns for coupled pendulums 

Substituting (2.2)-(2.7) into (2.1) and keeping terms up to those proportional 

to c3 and e-iwt gives, for n =/=- 0, 

2 ' 4 3 I ' 12 / 2h 3; = - E'l/'n + E 'l/'n 'lPn - E 1r'n· 

We compare like powers of E. We note that terms of order E cancel. For 

terms of order E
3

, 

(2.8) 

For n = () we get 

( 
2 ) 2 [ . ·i d 'l/Jo 2 J 1 + 2QE -21£' dT - 2(1 - E )c:1/Jo 

+ 1 E
2 

( - 2iE1/Jo) - 2E3 
t,,,

2 (i/J1 21./Jo + ·l);-1) 

(1 + 2QE2
) (2e!)Jo 4c:3 l'I/Jol 2 1f!o + 2hE31j;0 ) . 

Again terms proportional to E cancel, and we need to equate terms propor­

tional to c:3: 

Equations (2.8) and (2.9) can be combined into the following equation, valid 

for all n [5]: 

The advantage that equation (2.10) has over the original chain of pen­

dulums (2.1) is that the ~LS oscillators evolve on a much faster time scale. 

(Recall that T = E2t/2 and that Eis a small parameter.) This is preferable 

for computational reasons. 
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2.2 Continuum limit: the nonlinear Schro­

dinger equation 

We will now show that the chain of Schrodinger oscillators can be reduced 

to the nonlinear Schrodinger equation. The motivation for this is that the 

parametrically driven ~LS equation has a variety of stationary and periodic 

solutions with well-understood stability properties. The availability of these 

solutions is useful as they can serve as benchmarks in the analysis of the 

discrete system (2.10) in the large-coupling limit. 

We introduce the spatial variable x so that 1/;n = '!j;(1.:n). Then Xn+ 1 = 

1.:n + 61:: where ~x---+ 0, and we set ('6.x) 2 = l/x;2
. 

For n # 0, the Taylor expansion of 1;,,(xn) gives 

· 1 ± 1/(A )+ 1 
•//(A )2± 1 ,///(A )'3+ l}; +l = 11) V} Ll.X -1/J Ll.X -'U) uX ' · · · , n . 'in , 21 't n 3! , n , 

and so 

Neglecting ('6.x) 3 and higher terms, we rearrange to get 

1);;; ~ ( 'l/Jn+l - 21/Jn + 'l/Jn-1) / ( ~X )
2 

= K
2 

( 'lf1n+l - 2'1/Jn + 'l/Jn 1) • 

We can now rewrite equation (2.8) as 

For n = 0 the Taylor expansions for V'±l around 1)10 are 

, ,, (~:r)2 II 

'l/:1 = 'l/)o + '6.x'lj; + -,.-, -'I/Jo + · · · 
x---.+o 2. 

and 
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2.2. Continuum limit: the nonlinear Schrodinger equation 

Here, we are assuming that the second derivative is continuous while the first 

derivative is not necessarily so. This will be justified by the following results. 

Adding equations (2.12) and (2.13) gives 

(2.14) 

We choose to use the scaling Q = r..,q, remembering that r.., = 1/ ~xis a large 

parameter. When we use this and equation (2.14) in equation (2.9), equating 

terms proportional to ;;;1 gives us the boundary condition 

'!j/\ - 'lj/1 + 2q1/'o = 0. 
x--t·O i;• .. ·•--0 

(2.15) 

Terms of order '"o give us the equation 

Combining the boundary condition (2.15) with equation (2.11) gives the con­

tinuous NLS equation 

(2.16) 

\Ve will be interested in continuous solutions to this equation. Such solu­

tions obviously have a continuous second derivative, justifying our assump­

tion above. 

We can verify that equation (2.16) is indeed the continuous analogue of 

equation (2.10) by integrating equation (2.16) in the neighbourhood of .T = 0, 

that is from -µ top, where p -+ +0. The integral of each term vanishes as 

the interval becomes infinitely small, with the exception of the terms 1/Jxx and 

2q'5 ( x )1/-1• Calculating the integrals of these terms gives 

The integrals above must sum to zero for consistency, and equation (2.15) 
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shows that this is indeed the case. 

2. 3 Numerical simulations 

Having shown that the chain of pendulums can be reduced to the nonlinear 

Schrodingcr chain (2.10), we simulate this chain on a ring from --L/2 to L/2 

on the x domain. In all simulations, the length of our array is L = 150, 

with the origin (x = 0) at the centre of the chain. In most cases, a chain 

consisting of 500 oscillators is used, except in a few examples where we prefer 

the higher resolution provided by 1000 oscillators. 

The results of simulations on the ring should be a close approximation to 

results for an array with free-end boundary conditions. This is because the 

length of the chain is much larger than the spacing between the oscillators 

(.6.x = 0.3 for N = 500) and the damping constants used in our simulations 

arc not very close to zero. 

The system is solved numerically using the fifth-order Cash-Karp Runge­

Kutta method with adaptive step-size control [32]. 

In the next chapter, we illustrate the dynamical behaviour which occurs 

in a homogeneous chain of NLS oscillators. 
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Chapter 3 

Homogeneous chain 

The first objective of our work is to review some features of a homogeneous 

chain of NLS oscillators, 

(3.1) 

which is equation (2.10) with Q = 0. (\Ve remind that r;, = 1/ .6.x.) This 

chain is a discretization of the parametrically driven, damped NLS equation, 

(3.2) 

which is equation (2.16) with q = 0. This equation describes the dynamics of 

a variety of physical and biological systems (see [1, 7, 8, 40]). In particular, 

the equation was derived by Barashenkov et al. to describe small-amplitude 

breathers in the easy-plane ferromagnet [6]. 

We review the stability of soliton solutions of equation (3.2) in Section 

3.1 and the types of attractors which arise in Section 3.2. We demonstrate 

and describe the period-doubling transition to chaos in Section 3.3. Aspects 

of spatiotemporally chaotic evolution are described in Section 3.4. We sum­

marize our results from Chapter 3 and give conclusions in Section 3.5. 
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CHAPTER 3. Homogeneous chain 

3.1 Stability of solitons 

Equation (3.2) has two soliton solutions, even when the damping is nonzero, 

expressed explicitly as 

(3.3) 

with 

1 'y 

0+ = - arcsin -h', 
2 . 

7f 1 . 1' 
0 = - - - arcsm - . 

2 2 h 

Barashenkov et al. [6] show that the 1/J- soliton is always unstable for all 

values of the driving amplitude h and the damping constant 1 . Thus it is 

disregarded in what follows, and henceforth the term "soliton" will always 

refer to 'l/J+· The stability domain of the soliton 'l/J+ was analysed; the results 

of that analysis are summarized in Fig. 3.1. The chart consists of four regions 

in which qualitatively different stability behaviour is found, and two of these 

regions overlap. 

i 
j 

j 
0.50, 

l 

0 0.20 O.t..0 

Figure 3.1: Stability diagram for the '!/'+ soliton on the ( 1 , h)-plane. (Repro­
duced from [6].) 
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3.1. Stability of solitons 

1 < t < 130 1 < t < 130 
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Figure 3.2: Time series and phase portrait showing the stability of a soliton 
in the empty region of (Fig. 3.1). Here 'Y = 0.4, h = 0.7 and L'lx = 0.3. 

1. Below the straight line h = 1 , no solitons exist. The only attractor in 

this region is the trivial one, 1J 0. 

2. Above the curve h = Jl + 1 2 , the soliton exists, but it is unstable 

with respect to extended modes (radiation). 

~3. In the dotted region, the 1h+ soliton is unstable with respect to a local 

mode. 

4. The soliton is stable in the empty region. 

vVe illustrate case 4 in Fig. 3.2 with a result from our own simulations. 

[N otc that 1.vc are simulating not the continuous NLS equation, but a discrete 

chain of oscillators (3.1).] We show the time series and phase portrait for the 

central oscillator ljJ0 . It is clearly seen that oscillations cease as the real and 

imaginary parts of '1/Jo converge to a fixed point. This result for the discrete 

system is in agreement with the stability diagram for the continuous ~LS 

equation, at least for our choice of discreteness parameter (L'lx = 0.3). 
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0.0 0.1 0.2 0.3 0.4 

Figure 3.3: Attractor chart of the continuous NLS equation (3.2) on the 
(',, h)-plane. (Reproduced from [10].) 

3.2 Topography of attractors 

Equation (3.2) was analysed numerically [10] with the ~J+ soliton (3.3) being 

used as the initial condition for the simulations. The authors of [10] system­

atically determined which types of attractors arise from this initial condition 

for the range of the parameters h and I spanning the dotted region of Fig. 

3.1 below the curve h = Jl + 1 2 . The chart of Ref. [10] is reproduced in 

Fig. 3.3. 

Within the parameter space which was explored, four distinct classes of 

attractor were identified. We illustrate each of these in Fig. 3.4 Fig. 3.7 with 

results from our own simulations of the chain of oscillators (3.1). 
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1. Open circles and shadowed boxes denote periodic solitons; that is, the 

solitons are not stationary as in the empty region to the right of the 

curve, but their amplitudes and phases oscillate periodically. Open 

circles denote period-1 solitons, examples of which are shown in Fig. 



3 

2 

0 

-15 

3.2. Topography of attractors 

150 

15 120 

Figure 3.4: Evolution of a period-1 soliton. Here 1 = 0.315, h = 0.8 and 
~:E = 0.3. 

3.4, Fig. 3.5 and Fig. 3.6a. Shadowed boxes denote period-2, period-4, 

and period-8 solitons, such as those illustrated in Fig. 3.6b-d. 

2. Along the narrow band marked 2 between the regions of periodic soli­

tons and the trivial attractors, shadowed diamonds are used to denote 

strange attractors. These solutions are spatially localized but tempo­

rally chaotic, as i1lustrated in Fig. 3.6f. 

3. The trivial solution 'ljJ = 0 is the only attractor found in the area marked 

with open triangles (Fig. 3. 7). 

4. At the points covered by black triangles, the evolution from the soliton 

initial condition degenerates into spatiotemporal chaos (Fig. 3.8). By 

spatiotemporal chaos, we mean that no periodic patten for '1}1 is observed 

in either space or time. The evolution is unpredictable and irregular, 

over the whole x-axis. 
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Figure 3.5: Time series and phase portrait showing the period-I oscillations 
of the soliton in Fig. 3.4. Here 'Y = 0.315, h = 0.8 and ~x = 0.3. 

3.3 Period-doubling transition to chaos 

A phenomenon which is interesting to demonstrate is the period-doubling 

transition to chaos. For fixed darnpiug ,, the period of the soliton doubles 

and redoubles as the driving strength h is increased. A strange attractor then 

emerges briefly before disappearing in favour of the zero attractor as h is 

increased further. We were able to reproduce this effect with our simulations 

of a discrete chain as shown in Fig. :1.6. With the interval ~x = 0.3, we 

used the damping value 1 = 0.265 with the driving strength increasing from 

h = 0.38 (period-I) to h = 0.42 (strange attractor). For much stronger 

driving strengths (for example h = 0.9), evolution becomes spatiotemporally 

chaotic. 

It is interesting to measure the average frequency nj of each oscillator in 

the array for the different types of evolution described above using equation 

(1.3). Here we use the signal <Pi = Re ~;j, the real part of each oscillator. 

We simply count the maxima of Re 1/Jj in a chosen time period, and there 

could be more than one maximum per phase cycle. Some results are shown 

in Fig. 3.9 to Fig. 3.21. In each case, we denote the frequency of the central 

oscillator as nN;2 = w, so that we can measure other frequencies in terms of 

w. 

Our average frequency measurements of the whole array of oscillators are 

particularly useful because they allow us to study the radiation component of 
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Figure 3.6: Our simulations of the discrete system (3.1) demonstrate the 
period-doubling transition to chaos which was previously observed for the 
continuous NLS equation. Using ~x = 0.3, we fix,= 0.265. We increase h 
as follows: (a) h = 0.38 for the period-I solution, (b) h = 0.4 for the period-
2 solution, ( c) h = 0.41 for the period-4 solution, ( d) h = 0.4132 for the 
period-8 solution, (e) h = 0.4134 for the period-16 solution, (f) h = 0.42 for 
the strange attractor. ~otc that only a portion of the phase diagram for the 
period-16 solution is displayed. This is necessary in order for the trajectories 
to be distinguishable. 
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Figure 3.7: Time series and phase portrait showing the collapse of a soliton 
to the zero attractor. Here 1 = 0.25, h = 0.7 and Ar= 0.3. 
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Figure 3.8: In the absence of impurities, the evolution of a soliton produces 
spatiotemporal chaos. Here '"'I = 0.315, h = 0.9 and fix = 0.3. 



3.3. Period-doubling transition to chaos 

the system. The radiation waves arc emitted by the oscillating soliton. (The 

radiation is generally difficult to study because the radiation waves typically 

have a very small amplitude, but our method overcomes these problems.) 

Recall that the oscillating soliton observed for these parameters typically 

lies in the region -5 < x < 5. We have included the soliton in Fig. 3.10, 

Fig. 3.13, Fig. 3.16 and Fig. 3.19 so that its position and width can be 

directly compared with the pattern of the average frequency data in each case. 

The long tails of the soliton also oscillate, but with very small amplitudes 

(typically of order 10--3 to 10--5, decreasing as lxl increases). We observe that 

higher harmonics are present in the tails. 

We plot phase portraits for selected oscillators in the array for h = 0.38 

(period-1), h = 0.40 (period-2), h = 0.41 (period-4) and h = 0.42 (strange 

attractor) in Fig. 3.11, Fig. 3.14, Fig. 3.17 and Fig. 3.20 respectively. The 

phase portraits for the central oscillator (x = 0) clearly show the doubling of 

the period as the number of loops increases. From the phase portraits of the 

side oscillators, we can better understand the results of the frequency mea­

surements, as we illustrate the formation of new loops in the phase portrait 

as :r mcreases. 

Let us explain the progression of the average frequency plots with the 

aid of the associated phase portraits. In Fig. 3.10 ( the period-1 regime), 

we see that the soliton oscillates with an average frequency of n = w ~ l. 

We denote the period of these oscillations as T. Fig. ::t 11 confirms that 

the phase portraits of oscillators with n ~ 1 are single loops where Re 1./; 

has only one maximum. We see that there are also oscillations of frequency 

n 2w ~ 2. This value of n occurs in two cases: either the phase portrait 

consists of a single loop with two maxima, or it consists of a double loop 

where each loop has only one maximum. This double frequency arises because 

second harmonic radiation waves are superimposed over the oscillations of 

the soliton. 

Next, compare the frequency measurements in the period-1 and period-2 

regimes. In the period-2 regime (Fig. 3.13), we see that the average fre­

quency of the central oscillator is n = w ~ l, which is the same as the value 

observed in the case of the period-1 regime. Since the period-2 soliton has a 
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period of 2T, the frequency corresponding to this period is w /2. There is no 

contradiction, however, because each period in the phase portrait consists of 

two loops, and hence contains two maxima, so that we measure n = w. 

The frequencies of some oscillators have the additional values of n ~ ½ 
and n P;:; ~. The frequency n ;:::::; J appears when the phase portrait consists 

of a double loop, and Re '1/J has two ma.xima in one of the loops. V./e see this 

in Fig. 3.14 in graphs (c) and (e). Thus, we have identified radiation with 

the frequency ~w in the period-2 regime, which was unexpected. 

When the period doubles again (becoming period-4), and the phase por­

trait for 7/)0 consists of four loops, average frequency measurements of n ;:::::; ¾ 

and n ;:::::; i are also observed (Fig. 3.16). These frequencies occur when one 

out of four loops in the phase portrait has two maxima (Fig. 3.17c) or three 

out of four (Fig. 3.l 7e). These average frequencies are caused by radiation 

with a mixture of the frequencies 2w, ~w and ¾w. The higher the period­

icity, the more different possibilities there arc for values of n. The limit of 

the period-doubling process is seen in the case of the strange attractor (Fig. 

3.18), where the range of possible values of n is effectively continuous. This 

is a result of the soliton emitting a practically continuous band of radiation 

frequencies. 

30 



3.3. Period-doubling transition to chaos 

10 ,-------,--------,------,-----.----,-------,-----,--~ 

period-1 

8 

>, 

g 6 
<I) 
::, 
CT 

Jg 
<I) 
Cl 
~ 
~ 4 ., 

2 

o~--~--~--~--~--~--~------'-----' 
~ ~ ~ ~ 0 W ~ 00 00 

X 

Figure 3.9: Average frequency of each oscillator, for the case of the period-1 
soliton (Fig. 3.6a). Here 'Y = 0.265, h = 0.:38 and ~x 0.3. 
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Figure 3.10: The central portion of the plot in Fig. 3.91 with the soliton at 
t = 1000 superimposed. Here 'Y = 0.265, h = 0.~38 and ~x = 0.3. 
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Figure 3.11: Phase portraits for selected oscillators in the homogeneous array 
for 1 = 0.265, h = o.:.38 and ~:r = 0.3. The central oscillator, shown in graph 
(a), is period-1. In graphs (a) and (c), Rw1/1 has only one maximum (n = w), 
while a second maximum appears in graph (b) (n = 2w). We observe a 
double loop in graphs (d) and (e) (n = 2w), and a triple loop in graph (f) 
(n = ;1w). 
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3.3. Period-doubling transition to chaos 
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Figure 3.12: Average frequency of each oscillator, for the case of the period-2 
soliton (Fig. 3.6b). Here 1 = 0.265, h = 0.4 and .6.x = 0.3. 
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l = 1000 superimposed. Here 1 = 0.265, h = 0.4 and .6.x = 0.3. 
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3.3. Period-doubling transition to chaos 
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3.3. Period-doubling transition to chaos 
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CHAPTER 3. Homogeneous chain 
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Figure 3.20: Phase portraits for selected oscillators in the homogeneous array 
for 1 = 0.265, h = 0.42 and 6.x = 0.3, where we see the appearance of the 
strange attractor. 
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3.3. Period-doubling transition to chaos 
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3.5. Summary and conclusions 

This figure is in very close agreement with our estimate for the velocity of 

the ripples (v = 4.6). This strongly suggests that the measured frequency 

n ~ 5.9 is indeed a result of the radiation waves. 

3.5 Summary and conclusions 

The continuous NLS equation (3.2) has two soliton solutions (3.3), one of 

which is always unstable ( 'ljJ_). The stability of the other solution ( 1/-1+), 

which depends on the parameters hand 'Y, was described in detail. The types 

of attractors found in the system are stationary solitons, periodic solitons, 

chaotic solitons (strange attractors) and the trivial solution V' = 0. For some 

parameter values, an initial condition in the form of a soliton degenerates into 

spatiotemporal chaos. Each distinct type of solution was illustrated with a 

simulation of the discrete system (3.1). We consistently found agreement 

between the dynamics produced by the continuous and discrete system with 

6:r = 0.3. 

We have demonstrated that the period-doubling transition to chaos, pre­

viously observed in the continuous NLS equation, also occurs in the discrete 

system. An analysis was made of the frequency of maxima of Re 'ljJ of each 

oscillator in the chain for systems with increasing periodicity. The average 

frequency plots Fig. 3.9, Fig. 3.12, Fig. 3.15 and Fig. 3.18 were interpreted 

with the aid of phase portraits for selected oscillators in each system. We 

conclude from our phase portraits and average frequency measurements for 

the oscillator at x = 0 that the strange attractor is the limit of the period­

doubling process. 

The difference between the average frequency plot for the strange at­

tractor (Fig. 3.18), where oscillations arc spatially localized, and those for 

the spatiotemporally chaotic regime (Fig. 3.21) is interesting. The measured 

frequencies of all the oscillators in the spatiotemporally chaotic regime con­

verge over a long time period T to the same value (here n ~ 5.9). In contrast, 

the range of possible values of n is practically <·ontinuous in the case of the 

strange attractor. Although oscillations are temporally chaotic here, the 

plot of measured frequencies is remarkably similar to the case of the period-4 
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CHAPTER :3. Homogeneous chain 

regnne. 

We used Fig. 3.22 to estimate the frequency of two solitons in the spa­

tiotemporally chaotic regime, obtaining values for w of 2.51 and 2.74. We 

noticed that these values were close to half of the observed value of n ~ 5.9. 

The linear wave frequency equation (3.4) enables us to calculate the wave 

number (k = 2.23) and hence the group velocity (vgr = 4.51). This value is 

remarkably close to our measurements for the velocity of the diagonal ripples 

in Fig. 3.22 (v = 4.6). 

The vertical stripes and diagonal ripples observed in the spatiotemporally 

chaotic regime are both interesting and surprising. In particular, we discov­

ered that adjacent solitons typically oscillate with a constant phase shift, 

which persists for the duration of the lifetime of the solitons. This means 

that frequency locking is evident in the chaotic system. We presume that 

this form of synchronization is a result of radiation-coupling. The frequency 

locking is possible because the natural frequencies of the solitons are closely 

matched in the homogeneous system. 

In the next chapter, we introduce an impurity into the chain which \Ve 

simulate. We examine how varying the strength of the impurity iufiuences 

the evolution of the chain. 
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hapter 4 

Single impurity 

As described in Section 1.3.2, impurities can sometimes synchronize a chain 

of oscillators, thus eliminating spatiotemporal chaos [17]. Our goal is to 

identify and study the effect of such disorder on our discrete NLS equations. 

In this chapter, we describe the evolution of the chain of oscillators (2.10) 

containing a single impurity - a slow-time oscillator corresponding to a pen­

dulum with a different length to all the ot.hers in the chaiu. The anomalous 

oscillator is always placed at the centre of the chain (at position x = 0). 

We consider both "long'' impurities (q > 0) and "short" impurities (q < 0). 

Altering the length of the pendulum changes the natural frequency of the 

corresponding slow-time oscillator. 

The discrete chain reduces to the continuous equation (2.16) in the limit 

1,_, -, oo (see Section 2.2). This continuous equation (which includes a 6-

function impurity) was studied by Alexceva et al. [2] using the pseudospectral 

method. We expect that, for sufficiently small ~:r, simulations of the discrete 

NLS chain will reproduce the behaviour of the continuous equation. Our aim 

is to demonstrate the proximity of the discrete NLS to its continuum limit. 

The main results of the analysis in Ref. [2] are summarized in Section 4.1. 

We then produce results from our own simulations in order to show that all 

the phenomena are reproducible using the discrete NLS chain. In Section 4.2 

we describe the effects of a loug impurity, and in Section 4.J we describe the 

effects of a short impurity. We give our conclusions in Section 4.4. 
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CHAPTER 4. Single impurity 

4.1 Analysis 

The continuous NLS equation containing a 6-function impurity (2.16), 

has two stationary soliton solutions, 

( 4.1) 

where 

x = arctanh(q/A±)-

It was demonstrated [2] that the solution 'lj; is always unstable. While it 

may be interesting to explore what comes from this instability, that is beyond 

the scope of this work. Thus, as in the previous chapter, we consider only 

the 1/J+ soliton in our investigations. 

The stability atlas for the 1./J+ soliton [2] is reproduced in Fig. 4.1 for easy 

reference. We summarize the main results here. If the impurity is weak 

(lql < 1), the·¢+ soliton exists for any hand I such that h > 1 . For strong 

impurities (lql > 1), the ¢+ soliton exists only if h > f)q,.,,, where fJ~,, = 
( 1 q2

)
2 + 1 2

. The family of curves h = f)q,, is the set of nearly horizontal 

curves in the middle of the diagram. Solitons are formed spontaneously by a 

long impurity (q > 0) between the dashed line h = Jl + 12 and the relevant 

f)q,, curve. Pinned solitons are stable to the right of the parabola-shaped 

curves. Note that the stability domain increases in area as q is increased. 

Short impurities (q < 0) repel solitons below the corresponding fJl/,"r curves. 

We now illustrate these properties in the following two sections. 

4.2 Long impurity effects 

In this section, we simulate a chain of NLS oscillators (2.10) with a single 

long impurity at x = 0. The length of the interval occupied by oscillators 
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4.2. Long impurity effects 
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Figure 4.1: Stability charts on the ('y, h )-plane for various values of the im­
purity q, reproduced from [2]. The point (, = 0.315, h = 0.9) is marked with 
a grey blob. The point ('y = 0.33, h = 0.99) is marked with a black blob. 
We use parameter values corresponding to these points in our simulations in 
Chapter 4 and Chapter 5 respectively. 

is L = 150, from x = -75 to x = 75. (Generally, we only show part 

of this range in our diagrams.) We show results of simulations with both 

N = 500 and N = 1000 oscillators, which have a spacing; of D.:r: = 0.3 and 

D.x = 0.15 respectively. The other parameters are , = 0.315 and h = 0.9. 

The corresponding point is marked with a grey blob on the ( 1 , h)-plane in 

Fig. 4.1. For increasing values of q, we demonstrate how the impurity can 

prevent spatiotemporal chaos, nucleate a stable soliton and suppress a soliton. 

Lastly, for a different set of parameters (, = 0.35, h = 0.6), we show how a 

long impurity can attract a soliton. 

47 



CIIAl-'T~:H ,1. SinglP_,_i_m_p_n_r_it1_/ _________________ _ 

:•~ 
Ar.,. ,,u,·,,, 

2. 

10 
•
5

/ .... 12L' 

F11~11rc· ,J.2: A Inuit :U11p111itv ><L 1· = 11 pn•,·p.11t, 1111 rn\l 1l1"l 1ttir soltton centred 
at, t.J-u, ori~111 from rltigPrn!rlltfog into spa1:iot,t~mpora.J dmDs. l!r.re ~i = n.:llf,, 
h = 0.9 and q = o.a. Th<' oi<c:iHatious p<'rsi,-l for ali Uuw when .6:r = 0.:1 
(show11 11,,r<'), while 1,lw s.1litot1 h<'<'otllt:H slat,i<HL,•1ry wlwu a:l:i.. = O.lii, 

Prevent.ion of chaos 

In Chapter .3 , we show<;d tlw1: wl.te11 t.hP c:h;iin t~ homoii;,~1100,1~ M1 initial 

wndition in the form of a free.-st.iiuding so]ito11 

(-1.2) 

is n118t,,1hk for onr du>t<'<' of prtrame1.er valnes (--i ,.· 0.315. h = 0.9). Co1h~i;,;. 

t:(:'nl, wit:h the alLracLor t·harL (Fi~. :1.:1), spatioterupornl chaos i:;0t.~ iJ1 if tlrnr<' 

is r10 irnpnricy [10] (~<'ti Fig, :J,8 nu pa).;O 28). 

If we ii1 t:rod11(·c aJt i111pmit,y wb1cl1 is strong enough, it is Hhlc to sL,\­

bilizf:' the sol it.on ( Fig. •1.2), pn'vcut.iug t,he sy.st,em frotn degern,·rat.iuii; iuto 

:;pat.iot:emporal chaos. llc•rc, Llie st,reup,th of our impurit,y i~ If= 0.3. 

18 



.f• i> ~-,,c,~---,.,.2~~,..,_.S __ 1,,<~---,.,.5~__,l.6 ·O.l\20~~-,~25~-.,,,~,-~,,-,,--,,._;n~ 1:.t, tt,~, 

~\.:.'I'll 

Fi~m•' LI: Phas<· µorl,rnh. and time, !;!:rips fo1 1/'l) COn'Po5pomung to Pig. 4.2. 

,\,.. lh,· phase pon.11:1it. for tbc· wnt ml o~dlh1r:or 1/•,i :,;how;,;, r.he osciUatiou~ 

of I.he acllpliLucl(• ;m• regular. and WEI observe a perio<l-1 limit. cycle wheu 

~:r. = 0.:3 (Fig. -l.3J. 

Koll' tlwt. accorrliug to llw stabi:il,v ch.ul (Fi~. ·l. l ), lb(• i,iollLon 8lmulil 

be staLiurwry iu lhC' conti.J1uuu;,; cquat.iou (or l,hl.' pnsalllel,er values nsed to 

g1~nc-,rnte the re;;ult,s shown in Fi~. 4.2. "lien simulati.!11( t.be <:orrnspoudiuµ, 

di~-:rer:e e<J\HJ.fion~. W+' have noticed tha1; llv· ;:,0lit.011 in<leed becomes st.ntiou­

ary by I = ,JO() fnr ~.r 0.1::.. Howcwi:, wlwu W(' tL~o ~ .r = 0.:1, t.hc• p(•riodic· 

u~cilbtions per~ist for all time. 

\·V1• 111<·asHrc·d t,lw ayciagc· Frccp t<'H<':V il of c:111.h o~rillator iu tltf' array using 

t'<t1rn\.ion ( J .:3} Th,, resHh->' are displnyf,cl in Fig. -1.4. Tn ttintrast to r.111~ case 

of t,lw homog<·neons arrny ( where• we frnm<l pba~ portniitii with, loub)e loops 

,:vc'n n:ry do~<· t.o 1 b(· ,-olito11 ), we oh,;erve th>t l, wlie11 an impurity is preseul. 

111/ the o,-;cillat.ors c:loHt' lo 1.lw impurity 11xltillit ll p\!riod-1 Jiinit cycl,e (Pig. 

J.:l aud J:'i)!,. 1.5). This iuclk;llcs 1.h:it. t,J.,• irnp11rity rcd11<:<\~ bigber-ltnrmonk 

nuliation. There i,,. l1owe\'er. sou,e evidence of R<:X:omt-harmonic- radiation in 

Pig. 4Jif and Fig . .J. 5h 

4.2.2 Nucleation of a soliton 

For the rn·xt, ,k>monstrntion, wt• 11~e tlt<> i11itfal condit ion 



CHA PTEfl ,t , Sing!,, irnpurilv 

10 

(a) 
period 1 l 

2 

0 ' '· ' -83 .f.O ·4C 20 ~ 2::i J, ' 6~ s,: 
y 

~ 

(b) 
period-I 

5 

4 

t 

~ '-----'=-~~-==---=-··:::...,._/ _; ......._\ __::;·•:.c...· -=--=-=-~~=la...= 
.15 .5 0 1!i 

X 

Figure -1.4: (a) fLc avc'ragc trcqn<'UC.V of oscillators in an array which exhibits 
11 pcriocl- L ;;olit,011 pimtccl OIi ;) !mtg impurity. Jlf'I'('; = o.:.115, I, = 0,9, I/ o ,;j 
>1.r11I .6,.,- = 0.3. (L) Tho t1?11tral port.inn of the d1<1i11 is rcdispla~~'d, wit.It 1-IIC' 
solit.on flt I = 600 superi.J.uposed. 

50 



500 <I< 600, ,.· = 1.5 
0.06 ~1 -~-~-~-~-~~~~-

0.04 • (a) 

0.02 [ 

or 
-0.02 t 

~ -0.04. 

§ -0.06 t 
I 

··-'-~ 
-0.14 
::o:!L 
-0.16 -~ ~-~~ 

0.16 0.18 0.2 0.22 0.24 
Re(~,) 

0.26 

500 < I < 600, x = 4.5 

0.28 0.3 0.32 

0.06 ~~--~-----r-----r-----r---, 
(c) 

0.04 f 
0.02 r 

o l 
E -0.02 

-0.04 

-0.06 

-0.08 L-~--~---====::::..C.--~----' 
-0.04 -0.02 0 0.02 0.04 

Re((/,) 

500 < t < 600, X : 9 

0.05 l 
0.04 

(<) 

0.03 

0.02 

§ 0,01 

E 0 

-0.01 

-0.02 

-0.03 

-0.04 
-0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 

Re(w) 

500<t<600, x=15 
0.02 

(g) 

0.015 

0.01 

0.005 

2 0 

E -0.005 

-0.01 

-0,015 

-0.02 

4.2. Long impurity effects 

500<t<600, x=3 
0.06 

(b) 

0.04 

0.02 

0 

~ -002 .§ . 

1£ 
_g 

-0.04 

-0.06 

-0.08 

-0.1 
-0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1 

Re(,/,) 

500<! < 60IJ, X = 6 
0.06 

(d) 

0.04 

0.02 

0 

-0.02 

-0.04 

-0.06 

-0.08 ~~-~-~~-~-~~-~~ 
-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05 

(Q 
0.02 

Q,01 

0 

-0.01 

-0.02 

Re(w) 

500 < t < 600, •c = 13.5 

-0.02 -0.015 0 

0.005 

0 

-0.005 

-0.01 

Re(,,) 

500 <t < 600, X: 18.6 

-0.o
2
lo2 -0.015 -0.01 -0.005 o o.oos 0,01 0.015 -0.o~_ooa -0.004 o 0.004 o.oos 0.012 

~M ~~ 

Figure 4.5: Phase portraits of selected oscillators in the array with a single 
long impurity at :r = 0 for 1 = 0.315, h = 0.9, q = 0.3 and .6.x = 0.3. Note 
the slight deformities in graphs (f) and (h) resulting in n = 2w in Fig. 4.4. 
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4.2. Long impurity effects 
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Figure 4. 7: A soliton initially centred at :r: = 0 decays to 'lj1 - 0 under the 
infl1wncc of a very strong impurity, q = 1.4. Here 1 = 0.315, h = 0.9 and 
~x = 0.15. 

4.2.3 Suppression of a soliton 

If the impurity is too strong, the soliton will be suppressed (Fig. 4.7). Here, 

we have used the initial condition in the form of the free-standing soliton 

( 4.2) and the impurity strength q = 1.4. When h < ~,,,, there can be no 

soliton pinned on the impurity, as is the case here. [The initial radiation 

which is evident in the diagram is produced while the soliton is adjusting to 

the pinned form (4.1).] 

4.2.4 Attraction of a soliton 

Long impurities are attractive. If the soliton is not initially centred at the site 

of the long impurity (which in this case is at the origin), it can be attracted 

by the impurity, if it is close enough (Fig. 4.8). Here, the initial condition is 

in the form of a free-standing soliton centred at x = -3, 
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6 

Figure 4.8: A soliton initially centred at x = -3 is attracted by an impurity 
at the origin. Here ry = 0.35, h = 0.6, q = O.:J and .6.:r = 0.15. 

4.3 Short impurity effects 

We show two examples of the effect of a short impurity on the evolution of 

the chain of NLS oscillators. In both examples, we use the pinned '1/J+ soliton 

( 4.1) as the initial condition. 

l n the first case ( h < ~q,-r) the soliton is unpinned and repelled from the 

impurity (Fig. 4.9). 

In the second case, h > ~'l,-r- The impurity is not repulsive here, and 

we see a double-humped soliton evolving with the two humps oscillating 

alternately (Fig. 4.10). 

For the second case, we have done the frequency analysis using equation 

(l.3) on the long-term oscillatory motion of the double-humped soliton. The 

results are displayed in Fig. 4.11. The results are similar to the case of the 

period-1 soliton in the homogeneous system (Fig. 3.9), apart from at the 

origin where we see oscillations at double the frequency of oscillations at 

other points in the array. This is clearly shown in the time series plots in 

Fig. 4.12. This is perhaps because '!/Jo lies at the cusp between the two humps 
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Figure 4.9: A soliton is repelled by a single negative impUTi y at tbc origin 

when f, < ~,.,. Herc q = -0.9, '1 = 0.45, h = 0.41 and /;,x = 0.15. 
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Figure 4.11: (a) Average frequency of oscillators in a chain exhibiting a 
double-humped soliton (Fig. 4.10). Here q = -0.9, ~1 0.45, h = 0.6 and 
.6.x = 0.3. (b) The central portion of the chain with the soliton at t = 1000 
superimposed. 
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Figure 4.12: Time series for the oscillators at (a) ::r = 0 and (b) x = 0.9 in 
the array of the double-humped soliton (Fig. 4.10). Here r = 0.45, h = 0.6, 
q = -0.9 and ~x = 0.3. Note that 'lj;0 has double the frequency of adjacent 
oscillators. 

of the soliton. Selected phase portraits are displayed in Fig. 4.13. The result 

that a second loop is about to emerge in the phase portrait in graph (f) is 

differeut to the result for the long impurity (Fig. 4.4) where only single loops 

in the phase portraits were observed. 

4.4 Summary and Conclusions 

All the results which were previously obtained for the continuous NLS equa­

tion with a 6-function impurity (using spectral techniques) have been repli­

cated for the discrete equations. Thus the stability charts (Fig. 4.1) arc 

still valid for small non:zero ~x. We have shown that this is the case for 

~:r = 0.15. In most cases, similar results were also observed for ~x = 0.3, 

but there wcrn some differences. 

The main features of the discrete system with an impurity are: 

1. A long impurity may prevent an initial condition in the form of a soli­

ton from degenerating into spatiotemporal chaos. A moderate strength 

impurity may a,llow an unsta,hlc solit:011 to osci]]a,te with a fixed ampli­

tude and frequency, while a stronger impurity can cause the soliton to 

become stationary. 
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Figure 4.13: Phase portraits of selected oscillators in the array with a single 
short impurity at x = 0 for 1 = 0.45, h = 0.6, q = -0.9 and 6x = 0.3. The 
cycle in graph (a) has double the frequency of that in graph (b), confirmed 
by the time series plots in Fig. 4.12. In graph (c) we clearly see that Re 1}, 

has two maxima per cycle at x = 2.1. In graph (f) we see that a second loop 
in the phase portrait is about to emerge. 
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4.4. Summary and Conclusions 

2. The stability of the stationary soliton is dependent on the discreteness. 

A soliton which is stable when !::ix is small can lose its stability and 

begin to oscillate if !::ix is increased. 

3. vVe have observed that: when there is an impurity in the chain, the 

phase portraits for all the oscillators in the neighbourhood of a peri­

odic soliton consist only of single loops. The impurity seems to reduce 

the amount of radiation produced, so that evidence of higher harmonics 

only appears much further from x = 0 than in the case of the homoge­

neous chain. 

4. A soliton may form spontaneously at the site of a long impurity. 

5. A long impurity may suppress a soliton if it is too strong. 

6. Long impurities are attractive; short impurities are repulsive. 

Having dealt with the dynamics of the chain of oscillators with a single 

impurity, we explore the effects of multiple impurities in various arrangements 

in the next chapter. 
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Chapter 5 

Multiple impurities 

In the previous chapter, we showed how a single impurity -- either a longer 

or shorter pendulum in the chai11 --- can affect the dynamics of our chain of 

oscillators. Now, we introduce disorder in the form of multiple impurities. 

That is, we investigate what happens when the lengths of several oscillators 

are changed. Our main objective is to explore under what conditions a set 

of impurities will suppress spatiotemporal chaos. 

In Section 5.1, we present some examples showing the effects of different 

configurations of impnritics and how they may stabili7,e the system. Scenarios 

we highlight include amplitude profiles which are static, oscillating regularly 

and chaotic. \Ve also show that the dynamics has a sensitive dependence on 

the initial conditions. In Section 5.2, we progress to a systematic analysis 

of cases with equidistant long impurities of equal strengths. In Section 5.3, 

we present examples of possible behaviours when the distance between im­

purities is varied. In Section ,5.4, we present the results of some simulations 

of arrays containing identical, equidistantly placed negative impurities. We 

summarize our results in Section 5.5. 
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CHAPTER 5. Multiple impurities 

5.1 A chain of oscillators with multiple im­

purities 

We have shown how a single impurity can spontaneously nucleate a soliton 

in a chain of NLS oscillators (2.10), 

(The n-th oscillator is located at position :rn, and the separation between 

adjacent oscillators is ~x. The array of oscillators forms a ring, so that 

'lf;N+l = 'I/Ji and I/Jo = 1f;N, \iVe remind that 1,, = 1/ ~:r and Q = q/ ~x. 

Here, q is the strength of the impurity, which corresponds to the length of 

the pendulum. The length of the chain is L = 150, so for a chain of 500 

oscillators, ~x = 0.3.) 

Now, we consider NLS chains containing several impurities. The impu­

rities serve the purpose of disordering the chain. We explore how different 

configurations may suppress spatiotcmporal chaos. \:Ve use initial conditions 

of the form 

(5.1) 

where a is a constant and each (n is a uniformly distributed random number 

between O and 0.01. 

In this section, we perform two simulations with different munbers of im­

purities. In the first simulation we have 7 impurities in the chain, while in 

the second simulation the chain contains 15 impurities. Our results demon­

strate how the evolution of the chain depends on the number of impurities, 

the strength of the impurities and the value of o: in the initial condition. 

Throughout this section, we use the parameter set (r = 0.33, h = 0.99), 

which corresponds to the point marked with a black blob on the stability 

chart (Fig. 4.1). 

A homogeneous chain with the small random initial condition (5.1) with 

a = 0 evolves to lJ'1 = 0. We have shown how a single impurity can nucleate a 

pinned soliton from the same initial condition (Fig. 4.6). Now, we show that 

62 



5.1. A chain of oscillators with multiple impurities 
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Figure 5.1: Starting from a small initial condition Re 'lj_;n Im 1/Jn = ~n, 
different impurity magnitudes give rise to 7 stationary solitons of different 
amplitudes. Here 'Y = 0.33, h = 0.99 and ~x = 0.3. 

if more than one impurity is present in the chain, each is able to nucleate its 

own soliton. In Fig. 5.1, we see that seven solitons have formed, pinned on 

seven impurities of different strengths. The impurities are distributed evenly 

between x = -60 and x = 60, with an interval of 20 units. Solitons with 

smaller amplitudes form at sites of longer impurities, and solitons with larger 

amplitudes form at sites of shorter impurities. Here, all the emerging solitons 

are stationary. 

For the parameters 'Y and h which we are using, initial conditions which 

have the form of equation (5.1) with 0 ::S; a < 0.07 evolve to '!jJ 0 when 

the chain is homogeneom,. By increasing o, we can induce spatiotemporal 

chaos in the homogeneous chain. For example, if we choose a = 0.1, the 7 

impurities used to generate Fig. 5.1 are iusuIBcient to prevent evolution from 

degenerating into spatiotemporal chaos. However, chaos can be suppressed if 
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Figure 5.2: 15 impurities of various strengths stabilize the chain, even though 
a relatively large initial condition is used (Re 1/.1r, = Im VJn = 0.1 + ~n). Here 

1 = 0.33, h = 0.99 and 6x = 0.3. 

we increase the number of impurities. We show an example of a configuration 

of 15 equidistant impurities which stabilizes the chain in Fig. 5.2. Here, the 

initial condition is (5.1) with a = 0.1, and all formed solitons are stationary. 

Note that the ouly differences between the two simulations (Fig. 5.1 and 

Fig. 5.2) are the initial conditions and the number of impurities present. 

When the 15 impurities we have chosen are included, a stationary soliton 

becomes pinned on each impurity, apart from at x = 60. We will nmv explain 

why the impurity at this point ( q = 1.5) is too strong to nucleate a soliton. 

In the case of a single impurity, solitons may be nucleated spontaneously 

if the driving strength h is greater than a critical value f:Jq,,,, where 

For fixed values of hand 'Y, this expression can be rearranged to give a critical 
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5.1. A chain of oscillators with multiple impurities 

range of values qmin < q < qmax for which solitons would be nucleated: 

(5.2) 

For h = 0.99 and 1 = 0.33, we have 0.258 < q < 1.390. Consistent with 

this, note that in Fig. 5.2 a soliton is not nucleated by the impurity with 

q = 1.5 at x = 60. However, the presence of the impurity still helps to 

stabilize the chain. In fact, when the long impurity q = 1.5 was removed 

from ih, position at x = 60, spatiotemporally chaotic motion was observed 

in the neighbourhood of :D = 60. These chaotic oscillations gradually spread 

in both directions along the array, to a maximum extent of about half its 

700 

2 

0 

25 

Figure 5.3: Long-term evolution of the central portion (-25 < x < 25) of 
an array with 15 impurities. The impurities arc identical to those in Fig. 
5.2, apart from at x = 0 where a rather weak impurity (q = 0.3) has been 
placed. Here 1 = 0.33, h = 0.99 and ~x = 0.3. The initial condition is 
Re 1/1r1 = Im 1);71 = 0.07 + ~71 
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length. In the remainder of the array, the solitons retained their form, but 

small chaotic vibrations were present. 

If an impurity is rather weak, it may nucleate an oscillatory soliton. We 

demonstrate this in Fig. 5.3 using a simulation with the same 15 impurities 

used in Fig. 5.2, apart from the impurity at the origin which is replaced by 

one of strength q = 0.3. The initial condition used is equation (5.1) with 

a = 0.07. The soliton which forms at x = () oscillates periodically. Radiation 

from this soliton causes small periodic oscillations in the amplitudes of the 

other solitons pinned on impurities along the array. These oscillations become 

smaller further away from x = 0, as is shown in the phase portraits (Fig. 5.4). 

In this example, spatiotemporal chaos is totally absent from the system. 

The shapes of the phase portraits for the oscillators at :r = 19.8 and 

x = 30 show the presence of second harmonic radiation. This radiation is 

produced by the oscillating soliton at x = 0, and the waves travel along 
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Figure 5.4: Phase portraits corresponding to Fig. 5.3 are drawn for the oscil-
lators at x = 0, x = 9.9, x = 19.8 and x = 30, all points at which impurities 
exist and solitons have formed. Here 'Y = 0.33, h = 0.99 and ~x = 0.3. 
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-=--~-Eq11idi;,tant impurities of equal sr.rc11µ,1-.J, 

5.2 Equidis tant hnpuritics of equal strength 

l.1L I w.s sc(:1,itHL we amLlys,· 1 hn r•fF,•ct,- vf hupuriti<,~ it1 1.lw dmi11 wl,(•rn all th<-' 
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0 < t .. < 0.01. 

;\~ d<',-:1·1 ih,•d iu Ht1• J.>rnvh)u::; ~ec1.ion, tl1i~ iniLial coudit.im1 ,woh1,h d1flol·,ically 

iu 1111' homogP11c·ouh sy~t.1>1J1. ThP <lamping and 1lriviu~ pimm1cr.l 'rh haY0 

hc~·u duu1g-ctl ><lightly here, L>ut 1.lte evolution of 1.he lHHllO~cu,•0111- c lir1iT1 is 

qaalit11t.ivdy Lh<· t-,am,·. 

For this <'iioicc of rmrnrt1t"tc!r~ <tnrl initial condition. ill) 1,0 12 <·qmdi,;1,rnt 
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pornl l'hm1,; (Fi~. 5.8). 
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impm·iiies. Ilert' "! = 0.:1. I, = 0.85. !:,.c = 0 3 arnl // = 0.9. 

(i!J 



Cl-I A P'T'BR ;). !v!ult.ipk intpllritinij 

This hehaviom cforni,,c'H wl1('11 <l- 1.:1th. impurity 15 adclcd, _'fow. $t1clcknh-. 

C'a,d1 impurity cecks ,i solit.011 whwli is stfihli, ,rnd :,hlJoua1y ( Fip;. 1i.!JL l'ot 

I.his to ocr,ur, the impmity ,lrcugth mu.~t Ii<· witl1in a ('~•rtain range., given 

arproximatdy h_v hu-'<Jll!\lity (G.'..!). This l)cL:wiour p1·r:sist-H lf 11t◊rt' i111puritiPH 

ar0 a,htcd. 

X 
0 

Figure i>,!J; 1:.1 staliona,ry soliton~ an' formccl at tl.ic Hit<'S of l:l "qm11 ,~l'Jidis-
t.anl· impurities. Hi,re ~• = U.J, h = 0.8!:i . .6.x · O.:.l and <1 0.9. 

Braima11 et. al. sugp;estccl a method fo1 enlculal ing an order pim1111etcr 

lo measun· tLe degree of S} nrLronizatinu pnw•.m in a sysl em ) L Iu tLis 
n1et Lod. l.hC' nw,m a1nplih1clc of all the <lsdllat,ors is ckl:<'.rmincd. and tLeu 

the order p1tratnct,1'!' is cak:nlnt.c'd by avnmging th<• Hb\n<l;ir,! clc•\·ial iuus fn>m 

t.hc !llC'au, Da.~cd 011 t.hiH idea. wo L,ivc clovis,:d ml! own onlcr paramet.cr 

P wl11r,h 1s more ,ipf>rOprial:e for our s,v:;l:0m nf <X111at.inns. \\\• describe our 

method hdow, 

I.et !\'1 be tlte total number of impnrit,icH cont,l.innd iu I llC' cl111iu 1)f o~til­

lator~. Our ii~snmptit>n i8 thid if the irnpnritic~~ i11 I he d1ai11 t,,U11<: Hpatiotcru-
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5.2. Equidistant impurities of equal strength 

poral chaos, pinned solitons will form at the sites of the impurities. 

A stationary solitou which in pinned on an impurity of Htrength q has the 

form 

'1/J ( x) = s A sech (AI x I + i) e iO 

where 

i = arctanh(q/A) 

and s = + 1 or s = -1. In our simulations, we calculate the polarity sk of 

the k-th soliton using 

if Re 1/Jr1 ( t) > 0 

ifRe'l/Jn(t) < 0 

where n is the number of the oscillator at which the k-th impurity is located. 

Hence, for 1 :s; k :s; N 1 , after determining sk, we subtract the pinned soliton 

of the corresponding polarity from 'lj,111 ( x), producing the real and imaginary 

parts of its perturbation: 

Re 1J;n ( t) - skA sech(i) cos 0 

Im 'lj,;n(t) + skAsech(i) sin 0. 

Next, we evaluate the frequency of the perturbation of the k-th soliton. If 

then 

We find the average frequency 
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CHAPTER 5. Multiple impurities 

and then finally calculate the synchronization measure 

In order to eliminate the computational inaccuracies one obtains when divid­

ing two very small nmnbers, we modified our algorithm tiO that the integrand 

would be set to zero at any time step at which lwl < 10-2 . 

This method is capable of identifying (by producing 13 0) not only 

oscillations which are in phase with one another, but also oscillations with a 

constant phase shift, even if the values of Pk are unequal and varying. Indeed, 

assume 

where ak are (constant) phase shifts. Then for all k we have wk= '-Po, whence 

w = '-Po and so (3 = 0. 

We have calculated /3 for different impurity strengths (0.4 s q s 1.;325) 

aud for different numbers of equidistant impurities (10 s N1 s 36). For each 

( q, N 1 ) pair, we have run a single simulation starting with identical initial 

conditions. The results of our calculations are summarized schematically in 

Fig. 5.10. The values of ln(l + (3) are represented with a grey scale from 0 

(black) to 4 (white). Darker shades indicate that a higher degree of synchro­

nization occurs. The time at which averaging starts (t 1 = 1000) was chosen 

to be large enough to eliminate any transient effects from the results. The 

time period used for averaging was T = 500. 

In Fig. 5.10, we see that spatiotemporal chaos always occurs when N 1 < 
13 and q < 0.6. Looking from left to right, an unexpected result is that the 

minimum value of q required to tame spatiotemporal chaos suddenly increases 

to q = 0.8 when I'h = 22. This minimum value then decreases steadily 

between N1 = 24 (q = 0.85) and N1 = ;34 (q = 0.65), before another sharp 

increase at N1 = 35 to q = 0.9. These results indicate a more complicated 

relationship between N 1 and q than what was anticipated. 
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CHAPTER 5. Multiple impurities 

to each impurity position: 

Each r]k is normally distributed with a mean of O and standard deviation of 

er. We increase the level of disorder by increasing a. 

In Fig. 5.11, we show an example of how the evolution changes as a grows 

and the gaps between the impurities become more irregular. Here we have 

chosen to use N1 = 14 impurities. The initial condition used is 

where each ~n is a uniformly distributed random number between O and 0.01. 

The random number generator uses the same seed in each simulation. If the 

impurities are regularly spaced (a-= 0), a stationary soliton arises at the site 

of each impurity. (Here, r = 0.3 and h = 0.85.) Referring to Fig. 5.10, note 

that at the point (N1 = 14, q = 0.9) we have /3 = 0. 

For small variations in the sizes of the gaps between impurities (small 

u), we see no change from the case with even spacing. Thus, for u = 2, 14 

stationary solitons form at the sites of the impurities as before (Fig. 5.lla). 

We can sec in the figure that the gaps between the lines arc not all equal, 

but there are no oscillations. 

When we increase the standard deviation to a- = 3, free-standing oscil­

lating solitons appear in the larger gaps between impurities near x = 39 

and x = 61 (Fig. 5.llb). Measuring the average frequency using equation 

(1.3) shows us that the oscillations are periodic, and radiation with higher 

harmonics travels along the length of the array (Fig. 5.12a). When a = 4, 

another oscillating soliton appears near x = -28 in a gap between two im­

purities. The oscillations are still periodic (Fig. 5.12b). When we set u = 5, 

a fourth oscillating soliton appears near :1.: = -50. In this case, however, the 

oscillations in the whole array arc chaotic (Fig. 5.12c). 
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5.4 Equidistant negative in1purities 

In clus c:haplcr, so for W<' have only considered arra11ge1111>11Ls of long bnpuri­

cie;; (q > !J), Sometimes, a :-,t't of ;;,hort impuricks 1s also able lo ~ynchtoniie 

the :syslem. Soliton;, are not nudeated by short impurieies. but, w1> J1H.w 

found that p<'.rsi:,;tcnt o;,cillatory solu.ons ma,r forrn in the parti;. of the ,1.rn1.y 

hetween the impurities. 

\Ve sl,ow the rc~ulls of some sinmlacions with 21 equidist:iut id.,nt.ic,ll 

shore impurilies m Fip;. 5.13 Fig. ::i .16. 'T'hP 1ln.1upi1111, awl drivin)!, p,mLDl­

Pter;;, used are , = IJ.3 r-1nd /l = 0.8;.,. (With tht>s1> parrw1P.1-er~. an ini1.i11l 

c·oudil.ic,n ill lhe form of Lt soliton deg,mer:i,tPs into ,p»tiot.P.mporrd diao,; in 

the hornog1.meom; c\i::1iu.) Thi:' i11i1.ial c·ciJLdit.ion u&:cl in each simnlatiou ii:. 
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5.4. Equidistant negative impurities 

Re 1/-'n = Im 'IPn = 0.2 + <;n, where each <;n is a uniformly distributed random 

number between 0 and 0.01. It was necessary to wait a long time for all 

transients to settle. In each figure, we plot the real part of '1/J(x, t), using a 

grey scale ranging from min{Re 1/J} (white) to max{Re lj;} (black). 

For q = -0.2, we observe spatiotemporal chaos (Fig. 5.13). As in the 

case of the spatiotemporally chaotic regime of the homogeneous array which 

was analysed in Chapter 3, we see that short-lived solitons are created and 

annihilated continuously. 

The result is very different for q = -0.4. Now, the chaotic oscillations 

previously observed disappear, and only two periodic solitons remain (Fig. 

5.14). These solitons are both positioned in a region of the chain between 

two adjacent impurities. They oscillate with a frequency of w ::::::: 2. 7. We see 

from Fig. 5.14b that the solitons radiate at the frequency 2w. 

For stronger impurities, such as q = -0.6, we see more periodic solitons 

appearing. Solitons with both positive and negative polarity are formed here. 

Their frequency of oscillation is w ::::.:: 2.8 (Fig. 5.15). As before, the solitons 

radiate at the frequency 2w. 

In Fig. 5.16, where q = -0.8, we see some interesting oscillatory solutions. 

The pair of solitons between 1: = -40 and x = -20 oscillate in phase, while 

the pair between x = 40 and ::r = 60 oscillate out of phase. At x = -8, we 

observe a double-humped soliton. 

In an array with 21 stronger impurities ( q = -1.4), a single stationary 

soliton was observed. When the value of q is decreased further, or when more 

impurities are introduced into the array, all amplitudes decay to zero. 
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CHAPTER 5. Multiple impurities 

5.5 Summary and Conclusions 

In Section 5.1, we showed that whether or not a chain of NLS oscillators 

degenerates into spatiotemporal chaos depends on the initial condition as well 

as the number and strength of long impurities. We compared two simulations, 

identical apart from the initial condition, of a chain containing 15 equidistant 

impurities of various strengths. In one simulation, a periodic soliton formed 

at the site of a weak impurity, while in the other simulation, for which a larger 

initial condition was used, spatiotemporal chaos was evident in a localized 

region around the same impurity. In both simulations, radiation was seen to 

propagate along the whole chain. The frequency analysis showed that in the 

first case, the radiation was periodic, while in the second case, the radiation 

was chaotic. In the phase portraits (Fig. 5.4) and frequency analysis (Fig. 5.6) 

for the periodic case we observed evidence of second harmonic radiation. The 

result of the frequency analysis for the chaotic case (Fig. 5. 7) was similar to 

the result obtained for the strange attractor in the homogeneous chain (Fig. 

;3.18). 

An investigation of systems with equidistant identical impurities (Section 

5.2) revealed an unexpectedly complex relationship between the impurity 

count and strength and the type of dynamics observed. For our choice of 

parameters (, = 0.3, h = 0.85, L'lx = 0.3) and initial condition, we observed 

that the impurities in the chain had no stabilizing effect until sufficiently 

many were included (N1 = 13), regardless of their strength. Particularly 

unexpected was the observation that, for certain impurity strengths ( e.g. 

q = 0.8), increasing the number of impurities (e.g. from 21 to 22) would 

destabilize the chain. 

\\Then varying the intervals between impurities of equal strength (Section 

5.3), we found that oscillating solitons formed in the gaps when the gaps 

became too large. These oscillations were initially periodic, but they became 

chaotic in cases which had more large gaps between impurities, and hence 

more solitons. 

We also conducted some simulations with arrays containing equidistant 

negative impurities of equal strength (Section 5.4). We found that the 
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5.5. Summary and Conclusions 

negative impurities were also capable of preventing spatiotemporal chaos 

in certain cases. With 21 short impurities, we observed chaotic motion 

for q = -0.2, but this was replaced by isolated oscillatory solitons for 

-1.4 ~ q ~ -0.4. The solitons appeared in the regions of the chain between 

the impurities. Occasionally, double-humped solitons were also observed. 

Through our observations, we have made the following conclusions re­

garding the ability of a set of impurities to stabilize an array of oscillators 

(that is to prevent spatiotcmporal chaos from emerging): 

1. The impurities should be of sufficient strength. The strength required 

depends on the number of impurities and amplitude of the initial con­

dition. In our simulations, impurities of strength q > 0.6 were used. 

2. If the gaps between adjacent impurities are too large, free-standing 

oscillatory solitons tend to form in the gaps. Again, this depends on 

the initial condition. For example, when the initial condition used was 

Re 1/Jn = Im '!fJn = 0.2 + <;n, the intervals between the x coordinates 

of the impurities needed to be less than 12 in order to prevent these 

oscillatory solitons from forming. The distance is independent of the 

impurity strengths. 

3. We reiterate that the system studied is highly dependent on initial 

conditions. Generally, when the amplitude of the initial condition is 

larger, more impurities are required to stabilize the chain. 
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hapter 6 

onclusion 

In this thesis, we have simulated a chain of nonlinear Schrodinger oscillators 

numerically. Vile have studied the effects of various choices of parameters 

( damping r, driving strength h and oscillator spacing D.x) on the dynamics. 

For larger driving strengths, the chain is prone to spatiotemporally chaotic 

evolution. Our main tasks were: 

1. to study the advent of spatiotempora1 chaos and to try to identify the 

fundamental structures which this chaos consists of, and 

2. to explore how various configurations of impurities (number, strength 

and position) are able to synchronize the oscillators, suppressing spa­

tioternporal chaos. 

We demonstrated through our simulations of a homogeneous chain that 

the discrete array of NLS oscillators exhibits similar behaviour to the con­

tinuous NLS equation. This includes the period-doubling transition from 

a periodic to a chaotic soliton solution ( the strange attractor) as well as 

the degeneration of the soliton into spatiotemporal chaos for large driving 

strengths. Frequency analysis highlighted the fact that the spatiotemporally 

chaotic evolution is qualitatively different frorn the evolution of the strange 

attractor, where the chaos is spatially localized. 

Our analysis of spatiotemporal chaos in the homogeneous chain revealed 

some new and interesting results. We identified many short-lived unstable 
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CHAPTER 6. Conclusion 

solitons distributed throughout the chain. All solitons had similar periods. 

We measured the average frequency of maxima of the oscillations at all sites 

along the chain. We found that this measurement converged to the same 

value along the whole chain. This value was approximately double the fre­

quency of the oscillating solitons. Adjacent solitons tended to oscillate with 

a constant phase shift. We surmise that the mechanism for the synchroniza­

tion of the frequencies of the solitons is coupling due to radiation produced 

by the solitons. This conclusion is supported by our measurement of the 

radiation speed which was remarkably close to the theoretical group velocity 

for linear waves with our measured average frequency. 

Our next task was to explore how spatiotemporal chaos could be sup­

pressed as a result of introducing intermittent disorder into our chain. In our 

work, we disordered the homogeneous chain by swapping one or more oscil­

lators for longer or shorter ones. Since we only alter a few of the oscillators, 

the disorder we employ is rather weak. 

\,Vhen simulating a chain containing a single impurity, we replicated re­

sults previously obtained for the continuous NLS equation with a 6-function 

impurity. We showed how an impurity can prevent the periodic oscillations 

of a soliton from degenerating into spatiotemporal chaos, thus synchronizing 

the chain. We also demonstrated that a stationary soliton can form sponta­

neously at the site of a long impurity. 

Lastly, we studied the effects of including multiple impurities in the chain. 

We showed that spatiotemporal chaos could often be suppressed if sufficiently 

many impurities were present. We showed that the number of impurities re­

quired depended on the initial condition, with larger initial conditions being 

more likely to produce chaos. We showed that spatiotempora.lly chaotic evo­

lution could sometimes be contained in a small region of the chain, though 

radiation caused small chaotic vibrations throughout the array. 

For a. specific initial condition and fixed driving aud damping, we system­

atically studied arrays with equal equidistant positive impurities. We varied 

the number of impurities as well as their strength. We found that for our 

chosen initial condition, we required at least 13 impurities for the oscillators 

to synchronize, regardless of their strength. 
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When we disordered the positions of evenly spaced impurities, we noticed 

that the chain lost its stability when the distances between the impurities 

were too large. It appears that if the gaps between the impurities are small 

enough, the dominant structures of the spatiotemporally chaotic regime (un­

stable solit011s) cannot fit in, and they are therefore suppressed. 

Negative impurities were also found to stabilize the chain in certain cases. 

These impurities do not nucleate solitons, but they can split the chain with 

periodic free-standing solitons forming between the impurities. 

In summary, our results indicate that unstable solitons arc the domi­

nant structures which make up the spatiotemporally chaotic evolution of the 

chain. The oscillators in the chain can be synchronized if weak disorder is 

introduced in the form of impurities placed intermittently along the chain. 

This synchronization, which amounts to the suppression of spatioternporal 

chaos, occurs if sufficiently many strong impurities arc inserted into the chain. 
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