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Abstract

This work studies the approximation of plane problems concerning transversely isotropic elasticity,

using a low-order virtual element method (VEM). The VEM is an alternative finite element method

characterised by complete freedom in determining element geometries that are otherwise polygonal

in two dimensions, or polyhedral in three. Transversely isotropic materials are characterised by an

axis of symmetry perpendicular to a plane of isotropy, and have applications ranging from fibre

reinforcement to biological materials. The governing equations of the transversely isotropic elasticity

problem are derived and a virtual element formulation of the problem is presented along with a sample

implementation of the method. This work focuses on the treatment of near-incompressibility and near-

inextensibility. These are explored both for homogeneous problems, in which the plane of isotropy is

fixed; and non-homogeneous problems, in which the fibre directions defining the plane of isotropy vary

with position. In the latter case various options are explored for approximating the non-homogeneous

terms at an element level. The VEM approximations are shown through a range of numerical examples

to be robust and locking-free, for a selection of element geometries, and fibre directions corresponding

to mild and strong inhomogeneity.
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Chapter 1

Introduction

In this chapter we describe the subject and motivation of this dissertation before providing some

background information to set the scene for this work. We then detail the objectives of this work and

highlight its scope and limitations. Finally, the structure of the rest of the dissertation is described.

1.1 Subject and motivation

Partial differential equations (PDEs) and systems of partial differential equations are used to describe

the physics of a broad range of natural phenomena and engineering applications including thermal

energy transfer, diffusion, electrostatics, electromagnetism, fluid dynamics, and elasticity [1]. It is

generally not possible to solve systems of PDEs analytically, and approximation techniques need to be

employed. These include finite difference methods and finite volume methods [2, 3], the latter being

used extensively to solve fluid dynamics problems [4].

In the context of solid mechanics the finite element method [5] has become the standard approach and

is widely used in commercial software for this purpose. It has been very successful in solving problems

involving complexities from non-linearities to complex geometries [6, 7]. Near-incompressibility and

small length scales can lead to pathologies such as volumetric and shear locking respectively. There

exist a variety of approaches including mixed methods, non-conforming approaches and discontinuous

Galerkin approaches [8, 9, 10] to address these problems.

A recent development in the context of finite element methods is the virtual element method (VEM).

In contrast to the geometric restrictions on finite elements, which are most generally triangular or

quadrilateral in 2D, and tetrahedral or hexahedral in 3D, the VEM permits elements to be arbitrary

polyhedra in three dimensions or polygons in two. Applications of the VEM to the elasticity problem

have dealt mostly with linear and non-linear isotropic elasticity and plasticity. There has been little

investigation into the behaviour of anisotropic and non-homogeneous elasticity, which create additional

challenges for VEM approaches.
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1.2. Background information Introduction

1.2 Background information

1.2.1 Finite element methods

The finite element method has become the standard approach used for generating approximate solu-

tions to problems in solid mechanics. The method is characterised by the partitioning of a domain into

a collection of elements, assuming a simple (polynomial) form for the solution on each element, and

from these elements assembling a global system of simultaneous equations to be solved. An explicit

approximation of the solution is made at an element level by using shape functions to relate the nodal

degrees of freedom to the approximation.

In the finite element method global function spaces of admissible solutions (trial functions) and ar-

bitrary (test) functions are defined and built up element-wise by local function spaces. These spaces

contain functions that are globally continuous on the domain and are square-integrable. Globally

continuous polynomial approximations of the local function spaces are then made such that the ap-

proximations of the test and trial functions are of the same order. Low-order finite element methods are

susceptible to numerical pathologies such as locking when modelling nearly incompressible materials.

This has been remedied in various ways, for example, through the use of mixed and under-integrated

methods, and discontinuous Galerkin methods.

1.2.1.1 Mixed finite element methods

An alternative approach to solving the problem of locking in low-order finite element methods is to use

a mixed formulation. Mixed methods [9, 11] introduce an additional variable in the form of a Lagrange

multiplier to the relevant constraint. This additional degree of freedom prevents the artificial stiffening

that arises when modelling near-incompressible materials with standard finite element methods and

circumvents locking. When using mixed formulations it is important to choose appropriate elements

to approximate the primary and secondary variables to ensure convergence. It has been shown that in

particular cases there is an equivalence between selective under-integration of standard finite element

methods and mixed methods [12, 13].

1.2.1.2 Discontinuous methods

Discontinuous methods [14] are similar to standard finite element methods, the distinction being that

the global function spaces are now discontinuous across element boundaries. This discontinuity makes

for a more inclusive function space than with conforming finite element methods. Discontinuous

methods allow greater flexibility with regard to meshing, and when designed appropriately, are stable

and uniformly convergent even in situations of near-incompressibility for low-order approximations

[15, 16, 17].
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1.2. Background information Introduction

1.2.2 Virtual element methods

A recent, and rapidly developing, approach to approximating the solution to PDEs is the virtual

element method. The VEM permits elements to be arbitrary polyhedra in three dimensions and ar-

bitrary polygons in two. Elements need not be convex, may contain co-planar or collinear edges, and

may have arbitrarily small edges. The VEM formulation is very robust and the flexibility of meshing

allows meshes to be easily constructed on complex domains. There has been much work on the math-

ematical formulation of the method and its application and implementation to 2D and 3D problems.

Notable early contributions [18, 19] considered the application of the method to the Poisson equation

in two dimensions. The method was then extended to two and three dimensional linear elasticity in

[20, 21]. In [22] a second order mixed virtual element formulation was developed for two dimensional

linear elasticity problems involving near-incompressibility. The successes of the VEM in modelling lin-

ear elasticity problems spurred the development of a virtual element for non-linear elasticity problems

involving finite deformations of isotropic materials [23, 24], elastoplasticity [25, 20, 26] and contact [27].

In the context of elasticity problems the VEM has been applied largely to isotropic materials. There

has, however, been some investigation into the treatment of isotropic materials with inextensible fibres

[28]. The VEM can be easily extended from the case of linear isotropic elasticity problems to include

the behaviour of homogeneous anisotropic materials. Challenges arise, however, for problems involving

non-homogeneous anisotropic materials, in which material properties vary spatially.

1.2.3 Transversely isotropic materials

Transversely isotropic materials [29, 30, 31] are a class of anisotropic materials characterised by an

axis of symmetry perpendicular to a plane of isotropy. The transversely isotropic material model has

applications ranging from fibre-reinforced composites [32] to biological tissues, such as collagen [33]

and ligaments [34, 35], wood [36], and even rock mechanics [37]. To illustrate the nature of trans-

versely isotropic materials we present in Figure 1.1 examples of these materials. Figure 1.1(a) shows

a homogeneous fibre-reinforced material, Figure 1.1(b) shows a ligament, Figure 1.1(c) shows wood

as an non-homogeneous transversely isotropic material with a spatially varying fibre orientation, and

Figure 1.1(d) shows rock strata as a non-homogeneous transversely isotropic laminar material with

properties varying through the thickness of the material.
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1.2. Background information Introduction

(a) Fibre-reinforced material [38]

(b) Transversely isotropic ligament [35]

(c) Transversely isotropic wood [39] (d) Transversely isotropic rock [40]

Figure 1.1 Transversely isotropic materials exemplified by (a) fibre-reinforced material, (b) liga-
ment, (c) wood, and (d) rock strata

The wide range of applications warrants a thorough analysis of and development of computational

models for the material. In [41] a detailed treatment of the boundary value problem for homoge-

neous transversely isotropic linear elastic materials is presented and conditions for well-posedness are

established. The work extends the treatment in [42] in which limiting extensibilty is investigated in

an otherwise isotropic material. There has been little investigation of the effects of and numerical

pathologies arising from inextensible or nearly inextensible fibres with varying fibre orientation. Fur-

ther, there has been little investigation into the effects of the degree of inhomogeneity beyond simple

functionally graded materials [43, 44].
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1.3 Objectives

In this work we aim to apply the virtual element method to elasticity problems involving both homo-

geneous and non-homogeneous materials and compare the ability of the VEM to model these materials

with respect to that of the finite element method. We aim to investigate the ability of the VEM to

model near-incompressible materials and near-inextensible fibres. Additionally, we aim to investigate

the effects of fibre orientation for homogeneous transversely isotropic materials and that of the degree

of inhomogeneity of fibres for non-homogeneous transversely isotropic materials. These effects are to

be investigated for varying degrees of anisotropy.

The objectives of this work are therefore to:

1. Formulate and implement a virtual element method for plane homogeneous linear elasticity

problems

2. Investigate the ability of the VEM to model nearly incompressible isotropic materials

3. Investigate the effect of the degree of anisotropy for homogeneous transversely isotropic materials

4. Extend the VEM to accommodate non-homogeneous transversely isotropic materials

5. Investigate the convergence behaviour of the VEM in modelling non-homogeneous materials

6. Investigate the effects of the degree of anisotropy on compressible and nearly incompressible

non-homogeneous transversely isotropic materials

Limitations and scope This work is limited to plane problems under the assumption of plane

strain. Further, the displacements are considered to be small and as such, materials are modelled as

linear elastic. Finally, the formulation of the virtual element method is limited to low order elements

for which displacements are piecewise linear along the edges of elements.
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1.4 Plan of development

The plan of the rest of this work is as follows. In Chapter 2 we present the governing equations of linear

elasticity problems and derive a weak formulation of the problem. We then derive general constitutive

relations for linear elasticity and apply symmetry transformations to form the reduced relations for

orthotropic, transversely isotropic, and isotropic materials. We then present the material parameters

and conditions for well-posedness of isotropic and transversely isotropic materials. In Chapter 3 we

present a detailed formulation of the virtual element method followed by a sample implementation of

the method for a homogeneous transversely isotropic material in Chapter 4. In Chapter 5 we present

the results of numerical tests for homogeneous materials. We present the results for compressible and

nearly incompressible materials, followed by those of nearly incompressible homogeneous transversely

isotropic materials for a range of fibre parameters. In Chapter 6 we present results of numerical

tests for non-homogeneous transversely isotropic materials. We present results for varying degrees of

inhomogeneity and anisotropy for both compressible and nearly incompressible materials. We conclude

the work in Chapter 7 with a discussion of the results and some concluding remarks.
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Chapter 2

Governing equations

In this chapter we present the governing equations of the boundary value problem for linear elasticity

followed by a derivation of a weak formulation of the problem. We then derive the most general

constitutive relations for linear elasticity before reducing these relations to orthotropic, transversely

isotropic and isotropic material models. Thereafter we provide more detail on the components of

the transversely isotropic constitutive tensor and present requirements for positive definiteness and

pointwise stability of isotropic and transversely isotropic constitutive relations.

In this chapter and throughout we use a combination of coordinate free and index notations. We

choose a fixed Cartesian coordinate system xi with orthonormal basis ei. In coordinate free notation

we denote scalar quantities by lower case Roman or Greek letters, vector quantities by bold Roman

letters, second-order tensors by bold upper case Roman letters or bold lower case Greek letters and

fourth-order tensors by calligraphic letters. This general notation is exemplified in Table 2.1.

Quantity Coordinate Free Notation Index Notation

Scaler a, b, α, β a, b, α, β

Vector a,u ai, ui

Second-Order Tensor Q,σ, ε Qij , σij , εij

Fourth-Order Tensor C Cijkl
Table 2.1 Generalised notation

Further, we denote prescribed quantities by an over-bar, e.g. t̄, ū, and nodal values with a hat, e.g.

û and v̂.
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2.1. Governing equations of continuous media Governing equations

2.1 Governing equations of continuous media

Consider an arbitrary elastic body occupying a bounded domain Ω ∈ Rd, d = {2, 3}, shown in Fig-

ure 2.1 for d = 2. The body has boundary Γ = Γd ∪ Γn with outward facing normal n and with Γd

and Γn denoting the Dirichlet and Neumann boundaries respectively, with Γd ∩ Γn = 0. The body is

subjected to a body force b, a prescribed traction t̄ and a prescribed displacement ū on Γd.

AA

Γd

Γn

Ω

t̄

n

b

Figure 2.1 Arbitrary elastic body

Hereinafter we will denote by u the displacement field, by ε the strain field obtained from the sym-

metric gradient operator ε = ε(u), and the stress field by σ. Assuming infinitesimal deformations the

governing equations are:

equilibrium equation: divσ + b = 0 (2.1)

Hooke’s law: σ = Cε (2.2)

strain-displacement relation: ε(u) =
1

2
(∇u+ [∇u]T ) or εij(u) =

1

2
(ui,j + uj,i) (2.3)

where C denotes the elasticity tensor, with boundary conditions

σ · n = t̄ on Γn, (2.4)

u = ū on Γd. (2.5)

Equations (2.1)-(2.5) constitute the boundary value problem for linear elastic bodies.

2.2 Weak formulation

As required for finite element methods, we construct a weak formulation of the boundary value prob-

lem. The weak formulation serves to reduce the order of approximation and continuity requirements

of the solution. A further benefit of the weak formulation is the naturally arising Neumann boundary

conditions that are then easily applied.
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2.3. Linear elasticity Governing equations

We denote by L2(Ω) the space of square-integrable functions on Ω, and by H1(Ω) the Sobolev space

of functions that, together with their first derivatives, are square-integrable, and set

V =
{
v ∈

[
H1(Ω)

]d
: v|Γd

= 0
}
. (2.6)

To account for the non-homogeneous boundary condition (equation (2.5)) we define the function

ud ∈
[
H1(Ω)

]d
such that

ud|Γd
= ū. (2.7)

Multiplying equation (2.1) by an arbitrary function v ∈ V and integrating over the domain we have∫
Ω
v · divσ dΩ +

∫
Ω
v · b dΩ = 0 ∀v ∈ V. (2.8)

Applying Green’s theorem equation (2.8) becomes∫
Ω
ε(v) : σ dΩ =

∮
Γ
v · σn dΓ +

∫
Ω
v · b dΩ ∀v ∈ V. (2.9)

We then incorporate the Neumann boundary condition and use (2.6); these yield∫
Ω
ε(v) : σ dΩ =

∫
Γn

v · t̄ dΓ +

∫
Ω
v · b dΩ ∀v ∈ V. (2.10)

The bilinear form a(·, ·) and the linear functional `(·) are defined by

a : [H1(Ω)]d × [H1(Ω)]d → R, a(u,v) =

∫
Ω
σ(u) : ε(v) dΩ, (2.11a)

` : [H1(Ω)]d → R, `(v) =

∫
Ω
b · v +

∫
Γn

t̄ · v dΓ− a(ud,v). (2.11b)

The weak form of the problem is then as follows: given b ∈ [L2(Ω)]d and t̄ ∈ [L2(Γn)]d, find U ∈
[H1(Ω)]d such that U = u+ ud,u ∈ V, and

a(u,v) = `(v) ∀v ∈ V. (2.12)

2.3 Linear elasticity

We begin by defining a strain energy density function that relates the stored energy in a material per

unit volume to the deformation. We will denote the strain energy density by ψ:

ψ = ψ̂(ε). (2.13)

The stress is then obtained from

σ =
∂ψ

∂ε
or σij =

∂ψ

∂εij
. (2.14)
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2.3. Linear elasticity Governing equations

For a linear elastic material the energy density function is given by

ψ =
1

2
ε : Cε =

1

2
Cijklεijεkl, (2.15)

from which we obtain the Hookean relation [45]

σ = Cε or σij = Cijklεkl. (2.16)

Here C is a fourth order constitutive tensor with 81 components generally. Since σ and ε are symmetric

it follows that we have the symmetries

Cijkl = Cjikl and Cijkl = Cijlk. (2.17)

This reduces the number of components from 81 to 36. Finally, since

Cijkl =
∂2ψ̂

∂εkl∂εij
=

∂2ψ̂

∂εij∂εkl
= Cklij (2.18)

it follows that the number of independent components of C is reduced to 21.

2.3.1 Material classes

In this section we present the formulation of a few common material classes by using material sym-

metries. Each symmetry results in invariance of the constitutive tensor to specific symmetry transfor-

mations. We represent these symmetry transformations by orthogonal second order tensors Q such

that Q−1 = QT and [45]:

det(Qij) =

+1 rotation,

−1 reflection.

The constitutive tensor under these transformations is then expressed as

Cijkl = QipQjqQkrQlsCpqrs. (2.19)

For the purposes of illustrating the effects of the symmetry transformations we introduce Voigt notation

which allows us to express the fourth-order constitutive tensor as a second order tensor. Consider first

the general second-order stress and strain tensors:

σ =


σ31

σ21

σ11

σ32

σ22

σ12

σ33

σ23

σ13

 , ε =


ε31

ε21

ε11

ε32

ε22

ε12

ε33

ε23

ε13

 .
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2.3. Linear elasticity Governing equations

These symmetric tensors have 6 unique components and can be expressed as vector quantities by

σv =


σ12

σ13

σ23

σ33

σ22

σ11


, εv =


2ε12

2ε13

2ε23

ε33

ε22

ε11


,

where to preserve the symmetry of the shear stress-strain relations we multiply the shear strains by

2. We are then able to express the constitutive relation as [45]
σ12

σ13

σ23

σ33

σ22

σ11


=



C1111

sym

C2222

C1122

C3333

C2233

C1133

C2323

C3323

C2223

C1123

C1313

C2313

C3313

C2213

C1113

C1212

C1312

C2312

C3312

C2212

C1112




2ε12

2ε13

2ε23

ε33

ε22

ε11


. (2.20)

2.3.1.1 Orthotropic materials

Orthotropic materials have three mutually orthogonal planes of reflection symmetry. These symmetry

transformations are given by

Qa =


0

0

−1

0

1

0

1

0

0
 , Qb =


0

0

1

0

−1

0

1

0

0
 and Qc =


0

0

1

0

1

0

−1

0

0
 .

Applying these symmetry relations by using equation (2.19) reduces the number of independent com-

ponents of C. For example, consider the relation Qc, for C1111 we have

C1111 = Qc1pQ
c
1qQ

c
1rQ

c
1sCpqrs

= δ1pδ1qδ1rδ1sCpqrs

= C1111.
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2.3. Linear elasticity Governing equations

The component C1111 is therefore unaffected by this transformation. Consider now the component

C1123; we have

C1123 = Qc1pQ
c
1qQ

c
2rQ

c
3sCpqrs

= δ1pδ1qδ2r(−δ3s)Cpqrs

= −C1123,

which is only satisfied if C1123 = 0, thus eliminating a component of C. After applying all three

symmetry relations we find that orthotropic materials have 9 independent components [46]; that is,
σ12

σ13

σ23

σ33

σ22

σ11


=



C1111

sym

C2222

C1122

C3333

C2233

C1133

C2323

0

0

0

C1313

0

0

0

0

C1212

0

0

0

0

0



2ε12

2ε13

2ε23

ε33

ε22

ε11


. (2.21)

2.3.1.2 Transversely isotropic materials

Transversely isotropic materials are characterised by a single plane of isotropy. These materials have

three mutually orthogonal planes of reflection symmetry, as with orthotropic materials, plus an axial

symmetry. Assuming symmetry about the z-axis we have the following transformations:

Qa =


0

0

−1

0

1

0

1

0

0
 , Qb =


0

0

1

0

−1

0

1

0

0
 ,

Qc =


0

0

1

0

1

0

−1

0

0
 , Qd =


0

− sin θ

cos θ

0

cos θ

sin θ

1

0

0
 with 0 ≤ θ ≤ 2π,
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2.3. Linear elasticity Governing equations

which reduce the number of independent components of C to 5:
σ12

σ13

σ23

σ33

σ22

σ11


=



C1111

sym

C1111

C1122

C3333

C1133

C1133

C2323

0

0

0

C2323

0

0

0

0

1
2 (C1111 − C1122)

0

0

0

0

0



2ε12

2ε13

2ε23

ε33

ε22

ε11


. (2.22)

2.3.1.3 Isotropic materials

The simplest class of materials is isotropic materials; these are materials that exhibit identical prop-

erties in all directions. Isotropic materials are defined by 2 independent material parameters. The

general isotropic stress-strain relation is given by
σ12

σ13

σ23

σ33

σ22

σ11


=



C1111

sym

C1111

C1122

C1111

C1122

C1122

C2323

0

0

0

C2323

0

0

0

0

C2323

0

0

0

0

0



2ε12

2ε13

2ε23

ε33

ε22

ε11


. (2.23)

In terms of the Lamé parameters λ and µ this becomes

σ = λtrεI + 2µε (2.24)

or, in matrix form,
σ12

σ13

σ23

σ33

σ22

σ11


=



λ+ 2µ

sym

λ+ 2µ

λ

λ+ 2µ

λ

λ

µ

0

0

0

µ

0

0

0

0

µ

0

0

0

0

0



2ε12

2ε13

2ε23

ε33

ε22

ε11


. (2.25)
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2.3. Linear elasticity Governing equations

The Lamé parameters may be expressed in terms of Young’s modulus Ey and Poisson’s ratio ν; that

is,

λ =
Eyν

(1 + ν)(1− 2ν)
, (2.26)

µ =
Ey

2(1 + ν)
. (2.27)

For positive definiteness of the strain energy we require [47]

ε : Cε > 0 ∀ε, (2.28)

for which the conditions

λ+
2

3
µ > 0 and (2.29)

µ > 0 (2.30)

are sufficient and assumed to hold. We denote by k the bulk modulus which relates hydrostatic

pressure to volumetric strain by

trσ = ktrε, (2.31)

where k is given by

k = λ+
2

3
µ =

E

3(1− 2ν)
. (2.32)

The implication of equation (2.31) is that as k → ∞, tr(ε) → 0 which corresponds to zero volume

change, called incompressibility. From equation (2.32) it is clear that we approach incompressibility

as ν → 0.5 and λ→∞.
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2.4. Transversely isotropic materials Governing equations

2.4 Transversely isotropic materials

For a transversely isotropic linearly elastic material with fibre direction given by the unit vector a,

the constitutive tensor is given by (see [41])

C = λI ⊗ I + 2µT I + βM ⊗M + α (I ⊗M + M ⊗ I ) + γM

or (2.33)

CABCD = λδABδCD + 2µT δACδBD + βMABMCD + α (δABMCD +MABδCD)

+ 2 (µL − µT ) (δACMBD +MACδBD) ,

with I the second order identity tensor, I the fourth order identity tensor, M = a ⊗ a and M the

fourth order tensor defined by

MR = MR + RM for any second-order tensor R. (2.34)

As with isotropic materials, λ denotes the first Lamé parameter, with µL the shear modulus in the

longitudinal direction, and µT the shear modulus in the plane of isotropy. Additionally γ is defined as

γ = 2(µL − µT ). (2.35)

The linear stress-strain relation is then given by

σ = λ(trε)I + 2µTε+ β(M : ε)M + α((M : ε)I + (trε)M ) + 2(µL − µT )(εM + M ε)

or (2.36)

σij = λεkkδij + 2µT εij + βMklεklMij + α (Mklεklδij + εkkMij) + 2(µL − µT )(εikMkj +Mikεkj).

We can write the transversely isotropic material parameters in terms of more familiar engineering

properties. We denote by EL and νL the Young’s modulus and Poisson’s ratio in the longitudinal

direction, and by ET and νT the Young’s modulus and Poisson’s ratio in the plane of isotropy. We

then have the relations (see [41])

λ =
ET (ν2

LET + νTEL)

(1 + νT )(EL(1− νT )− 2ν2
LET )

,

α =
ET [ELνL(1 + νT )− ν2

LET − νTEL]

(1 + νT )(EL(1− νT )− 2ν2
LET )

, and (2.37)

β =
E2
L(1− ν2

T )− E2
T ν

2
L + ETEL(1− 2νT νL − 2νL)

(1 + νT )(EL(1− νT )− 2ν2
LET )

− 4µL.
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2.4. Transversely isotropic materials Governing equations

Henceforth, to focus on behaviour in the incompressible and inextensible limits we will assume that

νL = νT = ν, and

µT = µL. (2.38)

Furthermore, we set

p =
EL
ET

. (2.39)

Thus p will be used as a measure of the degree of anisotropy of a material. We can now write the

transversely isotropic material properties in terms of p and the engineering properties as before with

λ

ET
=

ν(ν + p)

(1 + ν)(p(1− ν)− 2ν2)
,

α

ET
=

ν2(p− 1)

(1 + ν)(p(1− ν)− 2ν2)
, and (2.40)

β

ET
=
p2(1− ν2) + p(1− 2ν − 2ν2)− ν2

(1 + ν)(p(1− ν)− 2ν2)
− 1

2(1 + ν)
.

From equation (2.40) we note thatλ is bounded as ν → 1
2 , if p > 1, and as p→∞ (inextensibility)

λ→∞ as ν → 1
2 , for p = 1 (isotropy)α is bounded as ν → 1

2 , if p > 1

α→ 0 as p→ 1 (isotropy)β is bounded as ν → 1
2 , if p > 1

β →∞ as p→∞ (inextensibility)

We find that as ν → 1
2 , if p = 1 then λ → ∞, corresponding to the normal case of isotropic near-

incompressibility. Additionally, as p→∞ we find β →∞, corresponding to near-inextensibility.

Sufficient conditions to ensure pointwise stability of transversely isotropic materials are (see [41])

λ+
2

3
µ > 0, (2.41)

µ > 0, and (2.42)

p ≥ 1. (2.43)

We therefore assume these conditions to hold.
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2.4. Transversely isotropic materials Governing equations

Hereinafter we will adopt the following notation to describe the orientation of fibres in transversely

isotropic materials. We will denote by a(x) the family of curves describing fibre position. The fibre

orientation, or axis of symmetry, is then given by the unit tangent vector to a(x), which we denote

by a as before. In cases of constant fibre orientation we will denote by â the angle between the axis

of symmetry a and the horizontal x-axis.

17



Chapter 3

Formulation of the virtual element method

In this chapter we develop the method of approximating the solution to problems posed by systems of

partial differential equations using a virtual element method. The VEM is an adaptation of the finite

element method that allows complete freedom in the selection of element geometries. We will develop

a virtual element method formulation of the problem posed in Chapter 2 for two-dimensional problems.

We partition a two-dimensional polygonal domain Ω into a collection of non-overlapping polygons

Th. These polygons need not be convex, may contain collinear edges and may have arbitrarily small

edges. We however make the restrictions that each polygon must contain its own centroid, and must

have finite area.

Consider an arbitrary element E depicted in Figure 3.1.

Figure 3.1 Arbitrary virtual element
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3.1. Virtual element space Formulation of the virtual element method

We number the element vertices Vi counter-clockwise with indices in the range of 1 to nV . We denote

by ei the edge connecting Vi and Vi+1; again the indices are in the range of 1 to nV as ne = nV . The

degrees of freedom, i.e. displacement, of some arbitrary function on an element are the values of the

function evaluated at the element vertices. Therefore, ndof = 2nV for two-dimensional problems.

3.1 Virtual element space

The virtual element space Vh is defined element-wise by defining local spaces Vh|E .

We construct a conforming approximation in a space Vh ⊂ V . The space Vh comprises functions

that are continuous on Ω, piecewise linear on the boundary ∂E of each element, and with divε(vh)

vanishing on E [18, 19]:

Vh|E =
{
vh ∈ V | vh ∈ [C(Ω)]2 , divε(vh) = 0 on E, vh|e ∈ P1(e)

}
. (3.1)

Here and henceforth P1(X) denotes the space of polynomials of degree ≤ 1 on the set X ⊂ Rd

(d = 1, 2). The element-wise virtual displacement space is then given by

Vh|E =
[
Vh|E

]2
. (3.2)

Any function vh in Vh|E is therefore characterised by three important properties:

� vh is a polynomial of degree ≤ 1 on ∂E,

� vh is globally continuous on ∂E, and

� divε(vh) = 0 on E.

3.2 L2 projection

We introduce a projection operator Π∇E that takes a function in the local virtual element space and

projects it onto the subspace of constants, where the projection is defined by its gradient such that

Π∇ : Vh|E → [P0(E)]2 , with (3.3)∫
E

Π∇E (vh) dΩ =

∫
E
ε(vh) dΩ. (3.4)

The operator represents the best approximation of the strain, using an L2(E) orthogonal projection,

in the space of constants. Note: since Π∇E (vh) is constant we can write

Π∇E (vh) =
1

|E|

∫
E
ε(vh) dΩ, (3.5)

which is equivalent to the mean value of the strain on an element.
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3.2. L2 projection Formulation of the virtual element method

3.2.1 VEM approximations

As with the finite element method we introduce approximations of the displacement and strain fields

in terms of nodal degrees of freedom. We approximate the displacement field on an element by

uh = φûh|E (3.6)

where φ is a 2× ndof matrix; that is,

φ =


0

φ1

φ1

0

0

φ2

φ2

0

. . .

. . .

φndof

0
 , (3.7)

and φi is the basis function corresponding to the ith degree of freedom. All computations will be

carried out on the edges of elements, on which the basis functions are piecewise linear. Thus, the basis

functions φi are not explicitly known and not required; they however collapse to simple Lagrangian

functions on the boundary of an element:

uh|∂E = Nûh, and (3.8)

ε(uh) = Bûh, (3.9)

where we denote by ûh the nodal values of uh.

3.2.2 Computing the projection

The projection of a function is constant for low-order virtual elements which allows us to write (3.4)

as

Π∇E (uh) =
1

|E|

∫
E
ε(uh)dΩ =

1

2

1

|E|

∫
E

[(uh)i,j + (uh)j,i] dΩ. (3.10)

Applying Green’s theorem to equation (3.10) we get

Π∇E (uh) =
1

2

1

|E|

∮
∂E

[(uh)inj + (uh)jni] dΓ, (3.11)

into which we substitute the approximation (3.8) yielding

Π∇E (uh) =
1

2

1

|E|

∫
e∈∂E

[Nikûknj +Njkûkni] dΓ. (3.12)

The integrals in (3.12) are computable as the basis functions are known on an element boundary. Thus

the projection is available as a function of the nodal degrees of freedom.

20



3.3. Discrete bilinear form Formulation of the virtual element method

3.3 Discrete bilinear form

To construct the virtual element formulation we begin with the discrete bilinear form

aEh (u,v) =

∫
E
ε(vh) : Cε(uh)dΩ, (3.13)

such that aEh (·, ·) denotes the contribution of element E to the bilinear form a(·, ·). We set

ε(vh) = Π∇E (vh) + (ε(vh)−Π∇E (vh)). (3.14)

Substituting equation (3.14) into equation (3.13) we get

aEh (u,v) =

∫
E

[
Π∇E (vh) + (ε(vh)−Π∇E (vh))

]
: C
[
Π∇E (uh) + (ε(uh)−Π∇E (uh))

]
dΩ, (3.15)

which we expand, yielding

aEh (u,v) =

∫
E

Π∇E (vh) : CΠ∇E (uh)dΩ +

∫
E

Π∇E (vh) : C
(
ε(uh)−Π∇E (uh)

)
dΩ

+

∫
E

(
ε(vh)−Π∇E (vh)

)
: CΠ∇E (uh)dΩ +

∫
E

(
ε(vh)−Π∇E (vh)

)
: C
(
ε(uh)−Π∇E (uh)

)
dΩ.

(3.16)

From the equation (3.4) the second and third terms on the right hand side of equation (3.16) are zero.

The discrete bilinear form is then made up of two terms; a consistency term and a stabilization term:

aEh (u,v) =

∫
E

Π∇E (vh) : CΠ∇E (uh)dΩ︸ ︷︷ ︸
Consistency term

+

∫
E

(
ε(vh)−Π∇E (vh)

)
: C
(
ε(uh)−Π∇E (uh)

)
dΩ︸ ︷︷ ︸

Stabilization term

. (3.17)

3.3.1 Consistent term

To compute the consistency term we substitute (3.12) into the consistency term in (3.17) which yields

the expression ∫
E

Π∇E (vh) : CΠ∇E (uh)dΩ = v̂TKE
c û, (3.18)

in which KE
c is the consistency stiffness matrix for element E.
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3.3. Discrete bilinear form Formulation of the virtual element method

3.3.2 Stabilization term

The basic idea behind the virtual element method is to only perform integrals on element boundaries,

and as the basis functions φi are unknown on the interior of an element it is impossible to exactly

compute the stabilization term and it must be approximated. There are several methods that can be

employed, see for example [20, 21]. We choose to use the stabilization method presented in [48] as it

has proven very robust. We present a derivation of this term.

We begin by expanding the stabilization term in (3.17):

aEstabh(u,v) =

∫
E
ε(vh) : Cε(ε(uh)−Π∇E (uh))dΩ−

∫
E

Π∇E (vh) : C(ε(uh)−Π∇E (uh))dΩ. (3.19)

From the definition of the projection (3.4) the second term in (3.19) is equal to zero. We expand the

remaining term to obtain

aEstabh(u,v) =

∫
E
ε(vh) : Cε(uh)dΩ−

∫
E
ε(vh) : CΠ∇E (uh)dΩ

=

∫
E
ε(vh) : Cε(uh)dΩ−

∫
E

Π∇E (vh) : CΠ∇E (uh)dΩ

−
∫
E

(ε(vh)−Π∇E (vh)) : CΠ∇E (uh)dΩ.

(3.20)

From the definition (3.4) the third term in (3.20) is equal to zero, we therefore have

aEstabh(u,v) =

∫
E
ε(vh) : Cε(uh)dΩ−

∫
E

Π∇E (vh) : CΠ∇E (uh)dΩ. (3.21)

We will denote by D the ndof × 6 matrix relating the nodal degrees of freedom of a linear vector

polynomial a to its degrees of freedom s relative to a scaled linear monomial basis (1, ξ, η):

a = Dsa. (3.22)

We can then write the degrees of freedom of vh and uh in terms of linear approximations by

ûΠ
h = Dsu (3.23)

v̂Π
h = Dsv. (3.24)

The scaled linear basis monomials are given by

ξ(x) =
x− xc
dE

, and η(x) =
y − yc
dE

, (3.25)

where dE denotes the diameter of the element, which is defined as the largest distance between any

two vertices of element E.
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3.3. Discrete bilinear form Formulation of the virtual element method

The matrix D is given by

D =


0

1

...

0

1

0

1

1

0

...

1

0

1

0

0

ξ(VnV )

...

0

ξ(V2)

0

ξ(V1)

ξ(VnV )

0

...

ξ(V2)

0

ξ(V1)

0

0

η(VnV )

...

0

η(V2)

0

η(V1)

η(VnV )

0

...

η(V2)

0

η(V1)

0


. (3.26)

Here ûh and v̂h are the exact nodal degrees of freedom of the trial and test functions, and ûΠ
h and v̂Π

h

are the nodal degrees of freedom of linear approximations of the trial and test functions.

We now replace the stabilization term by the approximation

aEstabh(u,v) ≈ C(v̂Th ûh − v̂ΠT

h ûΠ
h ) (3.27)

where C is a suitable scalar. We then have

aEstabh(u,v) = C
[
v̂Th ûh − sTvDTDsu

]
(3.28)

= C
[
v̂Th ûh − sTvDTD

(
DTD

)−1 (DTD
)
su

]
(3.29)

= C
[
v̂Th ûh − v̂ThD−TDTD

(
DTD

)−1 DTDD−1ûh

]
(3.30)

= Cv̂Th

[
I −D

(
DTD

)−1 DT
]
ûh. (3.31)

We need to choose a suitable value for the scalar C, which needs to be some value representative of

the constitutive tensor. We consider the transversely isotropic material properties λ, α, β and µT .

As seen in Section 2.4 λ, β → ∞ as ν → 0.5, to keep the VEM locking free we therefore reject these

options. We choose C = µT as it is bounded and is representative of both isotropic and transversely

isotropic materials. We then have

KE
stab = µT

[
I −D

(
DTD

)−1 DT
]
. (3.32)

As we have used scaled coordinates no area scaling of the stabilisation term is necessary. In the case

of isotropic materials equation (3.32) is simply given by

KE
stab = µ

[
I −D

(
DTD

)−1 DT
]
.
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3.4. Loading term Formulation of the virtual element method

The complete stiffness matrix is then given by

KE = KE
c +KE

stab. (3.33)

3.4 Loading term

From equation (2.11b) the loading term (linear functional) has the form

`(v) =

∫
Ω
b · v dΩ +

∫
Γn

t̄ · v dΓ. (3.34)

We denote by t̄ the vector function describing the components of the traction forces:

t̄ =


t̄y(x)

t̄x(x)
 . (3.35)

We then compute the component of the force vector arising from tractions at an element level by

Ft̄ =

∫
∂E
φT t̄ dΓ =

∫
∂E
NT t̄ dΓ. (3.36)

We denote by b the vector function describing the components of the body forces:

b =


by(x)

bx(x)
 . (3.37)

We then compute the component of the force vector arising from body forces at an element level by

Fb =

∫
E
φTb dΩ. (3.38)

In the absence of a quadrature rule on arbitrary polygons it is sufficient to approximate the loading

contribution from body forces by

Fb ≈ |E|b(xc), (3.39)

and distributing the body force equally over the nodes. The complete loading term is then given by

F = Ft̄ + Fb. (3.40)
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Chapter 4

Implementation of the virtual element

method

In this chapter we describe in detail, by means of an example, the implementation of the virtual ele-

ment method. We choose the example of Cook’s membrane problem. This sample problem is solved

using a mesh of four Voronoi elements. We present all data in this chapter to three significant figures

to allow for accurate comparison should the reader wish to implement the method him/herself. We

choose to use a homogeneous transversely isotropic material in this example problem as the method can

be easily extended from there to accommodate isotropic and non-homogeneous transversely isotropic

materials. The MATLAB code used to solve this problem can be found in Appendix A.

Cook’s membrane problem consists of an irregularly tapered panel fully fixed along its left edge with

a uniformly distributed load along its right edge. The applied load is P = 100N and the material has

a transverse Young’s modulus of ET = 250Pa, an anisotropy ratio of p = 5, fibres oriented at â = π
4

and is nearly incompressible with a Poisson’s ratio of ν = 0.49995. Figures 4.1(a) and (b) respectively

show the geometry of the Cook membrane problem and the discretisation of the domain used in this

example problem.
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4.1. Domain information Implementation of the virtual element method

(a) Cook’s membrane problem geometry
V1

V2

V3

V4
V5

V6

V7

V8

V9

V10

E1

E2

E3

E4

(b) Discretised domain

Figure 4.1 The Cook problem: showing (a) the problem geometry with fibres inclined at â = π
4 ,

and (b) the discretisation of the domain

4.1 Domain information

The domain is discretised into a collection of elements with nodes at the vertices, as shown in Figure

4.1(b).

Degrees of freedom We create a global position array containing the x- and y- coordinates of each

node. We name this array XYg. The first row in the global position array contains the x-coordinates

and the second row the y-coordinates, with column i corresponding to the i-th vertex. The global

position array of the sample domain is given below:

XYg =


0

0

34.553

0

44

0

33.216

5.980

30.564

24.117

23.240

25.353

44

48

50.298

48

52.303

48

60

48
 .

Interconnectivity We now introduce the interconnectivity array (ICA). The ICA is a matrix that

describes how the nodes are connected to form elements. The non-zero entries of each row of the ICA

describe an element, with the columns containing the numbers of the nodes forming the element. We

choose the convention of anticlockwise node numbering.

ICA =


9

4

7

9

4

2

8

10

5

1

5

3

8

6

6

2

0

5

0

4

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4.2. Element parameters Implementation of the virtual element method

4.2 Element parameters

In this section we present the process of calculating the local stiffness matrix KE of element E1 only.

In practice this process would be repeated for all elements in the domain. Figure 4.2 depicts our

sample element, labelled in the convention defined in Chapter 3. For clarity in this section we will

number nodes/vertices in the form VLocalNumber(GlobalNumber).

V1(9)

V2(10)

V3(3)

V4(2)

V5(4)

E1

e1

e2

e3

e4

e5

Figure 4.2 Element one (E1)

Element vertices We begin by creating a vector containing the the node numbers of the nodes

making up the element. This is simply a vector of all the non-zero entries of the row of the ICA

corresponding to a specific element. This vector of vertices is given below for element E1.

vertices =
[

9 10 3 2 4
]

We then determine the number of vertices of the element from the length of the vertices vector:

nV = 5.

We now create a local position array containing the x- and y-coordinates of the vertices of the element.

This is created by extracting the columns of XYg indicated by the vertices vector.

XYE =


52.303

48

60

48

44

5.980

34.553

0

33.216

24.117

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4.3. The consistency term Implementation of the virtual element method

Area, centroid and diameter We now have the information required to calculate the area and

coordinates of the centroid of the element. The area |E| and centroid xc of the element are calculated

from

|E| = 1

2

nV∑
i=1

[
Xi
eY

i+1
e −Xi+1

e Y i
e

]
,

xc = (xc, yc),

xc =
1

6|E|

nV∑
i=1

[(
Xi
e +Xi+1

e

) (
Xi
eY

i+1
e −Xi+1

e Y i
e

)]
,

yc =
1

6|E|

nV∑
i=1

[(
Y i
e + Y i+1

e

) (
Xi
eY

i+1
e −Xi+1

e Y i
e

)]
.

For our example element we have

|E| = 496.627,

xc = 22.294,

yc = 46.157.

The element diameter, dE , is simply the largest distance between any two vertices of the element. The

diameter of element E1 is

dE = 54.328.

4.3 The consistency term

Calculating the projection We recall from equation (3.12) that the projection operator is defined

by

Π∇E (uh) =
1

2

1

|E|

∫
e∈∂E

[Nikûknj +Njkûkni] dΓ. (4.1)

As in [19, 48] we choose to write the projection in terms of a matrix operator and nodal degrees of

freedom such that

Π∇E (uh) = Π∇E ûh. (4.2)

For ease of computational implementation we choose to write equation (4.1) in Voigt notation:

Π∇E ûh =
1

|E|

∫
e∈∂E

N VNdΓûh, (4.3)
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4.3. The consistency term Implementation of the virtual element method

where N V denotes the edge normal in Voigt notation:

N V =


ny

0

nx

nx

ny

0
 . (4.4)

We are then able to compute the projection matrix operator by

Π∇E =
1

|E|

∫
e∈∂E

N VNdΓ. (4.5)

The calculation of Π∇E requires the integration of N along the element boundary. However, Ni is only

non-zero on edges ei and ei−1. This allows us to loop over the nodes and integrate the basis functions

corresponding to each node individually. The function is linear from Ni(Vi) = 1 to Ni(Vi±1) = 0,

which makes the integral easy to compute. The portion of the matrix corresponding to vertex i (Vi)

is computed from

Π∇i =
|ei|
2

N V
i +

|ei−1|
2

N V
i−1.

The portion of the Π∇E matrix corresponding to node 1 in our example element (global node 9) is

computed to be

Π∇1(9) =


−0.042

0

0.027

0.027

−0.042

0
 .

The resulting 3 × 2 Π∇i matrices are then assembled to form the complete 3 × 2nV Π∇E projection

matrix for the element:

Π∇E =



0.027 0

0 −0.042

−0.042 0.027︸ ︷︷ ︸
Π∇

1(9)

−0.008 0

0 0.048

0.048 −0.008︸ ︷︷ ︸
Π∇

2(10)

−0.026 0

0 0.048

0.048 −0.026︸ ︷︷ ︸
Π∇

3(3)

−0.011 0

0 −0.006

−0.006 −0.011︸ ︷︷ ︸
Π∇

4(2)

0.018 0

0 −0.048

−0.048 0.018︸ ︷︷ ︸
Π∇

5(4)


.

From equation (3.18) the consistency part of the stiffness matrix is given by

KE
c =

∫
E

Π∇
T

E CΠ∇EdΩ,

= |E|Π∇T

E CEΠ∇E , (4.6)
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4.4. Stabilization matrix Implementation of the virtual element method

where CE denotes the 3× 3 constitutive matrix for the element. In the case of plane strain C is given

by

C =


sym

λ+ 2µT + 2(γ + α)a2
1 + βa4

1

λ+ 2µT + 2(γ + α)a2
2 + βa4

2

λ+ α+ βa2
1a

2
2

µT + γ
2 + βa2

1a
2
2

(α+ γ)a1a2 + βa1a
3
2

(α+ γ)a1a2 + βa3
1a2

 . (4.7)

For our example element the consistency term of the local stiffness matrix is given by

KE
c =


−123.229

214.668

25.171

−20.837

147.231

−242.850

93.771

−180.079

−142.944

229.099

521.808

−60.966

86.781

95.912

−508.914

122.274

−537.633

−14.276

437.958

−142.944

−104.118

−257.096

−101.801

−84.015

51.505

226.306

168.689

294.884

−14.276

−180.079

−686.789

−51.818

−159.048

−167.232

643.266

−43.410

740.204

168.689

−537.633

93.771

84.203

−247.963

−45.626

−1.102

−117.441

265.608

−43.410

226.306

122.274

−242.850

−617.027

41.588

−112.972

−122.883

595.647

−117.441

643.266

51.505

−508.914

147.231

142.795

38.328

51.408

67.625

−122.883

−1.102

−167.232

−84.015

95.912

−20.837

133.659

70.847

51.580

51.408

−112.972

−45.626

−159.048

−101.801

86.781

25.171

0.349

252.063

70.847

38.328

41.588

−247.963

−51.818

−257.096

−60.966

214.668

648.348

0.349

133.659

142.795

−617.027

84.203

−686.789

−104.118

521.808

−123.229


.

4.4 Stabilization matrix

Calculating D Calculating the matrix D is a straightforward process as all we need to do is compute

the scaled coordinates at the vertices of an element. The scaled coordinates given by equation (3.25)

are shown again below:

ξ(x) =
x− xc
dE

, η(x) =
y − yc
dE

,
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4.4. Stabilization matrix Implementation of the virtual element method

and the matrix D given by equation (3.26), and again below:

D =


0

1

...

0

1

0

1

1

0

...

1

0

1

0

0

ξ(VnV )

...

0

ξ(V2)

0

ξ(V1)

ξ(VnV )

0

...

ξ(V2)

0

ξ(V1)

0

0

η(VnV )

...

0

η(V2)

0

η(V1)

η(VnV )

0

...

η(V2)

0

η(V1)

0


.

For our example element E1,

D =


0

1

0

1

0

1

0

1

0

1

1

0

1

0

1

0

1

0

1

0

0

−0.300

0

−0.410

0

−0.410

0

0.473

0

0.473

−0.300

0

−0.410

0

−0.410

0

0.473

0

0.473

0

0

−0.238

0

−0.214

0

−0.040

0

0.255

0

0.113

−0.238

0

−0.214

−0.040

0

0.255

0

0.113

0


.

Recalling equation (3.32) we are now able to compute the stabilization matrix from

KE
s = µT

[
I −D

(
DTD

)−1 D
]
,
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4.4. Stabilization matrix Implementation of the virtual element method

which for our element E1 is given by

KE
s =


0

−17.678

0

−3.486

0

18.962

0

−31.422

0

33.624

−17.678

0

−3.486

0

18.962

0

−31.422

0

33.624

0

0

13.141

0

7.828

0

−19.332

0

29.784

0

−31.422

13.141

0

7.828

0

−19.332

0

29.784

0

−31.422

0

0

2.973

0

−19.471

0

16.869

0

−19.332

0

18.962

2.973

0

−19.471

0

16.869

0

−19.332

0

18.962

0

0

−34.851

0

49.980

0

−19.471

0

7.828

0

−3.486

−34.851

0

49.980

0

−19.471

0

7.828

0

−3.486

0

0

36.415

0

−34.851

0

2.973

0

13.141

0

−17.678

36.415

0

−34.851

0

2.973

0

13.141

0

−17.678

0


.

Local stiffness matrix The local stiffness matrix is the calculated by summing the consistency and

stabilization terms:

KE = KE
c +KE

s .

The local stiffness matrix for element E1 is given by

KE =


−123.229

196.989

25.171

−24.323

147.231

−223.889

93.771

−211.501

−142.944

262.723

504.130

−60.966

83.295

95.912

−489.953

122.274

−569.054

−14.276

471.582

−142.944

−104.118

−243.955

−101.801

−76.187

51.505

206.974

168.689

324.668

−14.276

−211.501

−673.648

−51.818

−151.220

−167.232

623.934

−43.410

769.988

168.689

−569.054

93.771

84.203

−244.990

−45.626

−20.573

−117.441

282.477

−43.410

206.974

122.274

−223.889

−614.054

41.588

−132.442

−122.883

612.515

−117.441

623.934

51.505

−489.953

147.231

142.795

3.477

51.408

117.605

−122.883

−20.573

−167.232

−76.187

95.912

−24.323

98.808

70.847

101.559

51.408

−132.442

−45.626

−151.220

−101.801

83.295

25.171

0.349

288.479

70.847

3.477

41.588

−244.990

−51.818

−243.955

−60.966

196.989

684.764

0.349

98.808

142.795

−614.054

84.203

−673.648

−104.118

504.130

−123.229


.

32



4.5. Global stiffness matrix Implementation of the virtual element method

4.5 Global stiffness matrix

Once the local stiffness matrix has been computed it must be assembled into the global stiffness ma-

trix as with traditional finite element methods. For a two-dimensional problem the local and global

stiffness matrices comprise 2× 2 portions of matrix that describe the interplay between the degrees of

freedom of the system. In our example the global system has 10 nodes/vertices and therefore 20 degrees

of freedom. This constitutes a 20 × 20 global stiffness matrix. A schematic global stiffness matrix is

given below with each entry representing a 2×2 matrix. The entry in row i and column j is simply i : j.

Global
Stiffness
Matrix 1 2 . . . 10

1 1:1 1:2 . . . 1:10

2 2:1 2:2 . . . 2:10

...
...

...
. . .

...

10 10:1 10:2 . . . 10:10

.

We represent the local stiffness matrix in the same style below.

Local
Stiffness
Matrix 9 10 3 2 4

9 9:9 9:10 9:3 9:2 9:4

10 10:9 10:10 10:3 10:2 10:4

3 3:9 3:10 3:3 3:2 3:4

2 2:9 2:10 2:3 2:2 2:4

4 4:9 4:10 4:3 4:2 4:4

The process of assembling the global stiffness matrix involves taking the 2 × 2 portions of the local

stiffness matrix and cumulatively adding them to the correct positions in the global stiffness matrix.

The result is a symmetric matrix whose entries sum to zero; these properties can be used as simple

checks to ensure assembly is performed correctly.
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4.6. Loading term Implementation of the virtual element method

4.6 Loading term

With the VEM the construction of the loading term is very similar to that for the finite element

method, and in the case of tractions is the same as for Q1 elements.

Traction Recalling equation (3.36) we have

Ft̄ =

∫
∂E
NT t̄dΓ.

In our case of a uniformly distributed traction on the right hand edge the only non-zero integrals are

those performed on the right hand edge. For our example element we need only concern ourselves

with the edge connecting nodes 9 and 10:

FE1

t̄
=

∫ V2(10)

V1(9)

NT


P
16

0
 dΓ

=
|e1|
2

P

16


0

0

0

0

0

0

1

0

1

0


=


0

0

0

0

0

0

24.054

0

24.054

0


.
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Body force In our example we neglect body forces. However, if present, one would use equation

(3.39) to obtain

FE1
b = bx(xc)

|E1|
5


0

1

0

1

0

1

0

1

0

1


+ by(xc)
|E1|

5


1

0

1

0

1

0

1

0

1

0


.

The resultant loading term for our sample element would then be given by

FE1 = FE1

t̄
+ FE1

b .

This local force vector is then assembled into a global load vector in a similar fashion to the the

construction of the global stiffness matrix. As the construction of the global force vector is similar to

and simpler than the construction of the global stiffness matrix we choose not to illustrate the process.

4.7 Displacement

Once the global stiffness matrix and the global load vector have been created we are ready to calculate

the displacement vector. To calculate the displacements we need to impose the boundary conditions.

There are several methods to achieve this, but in this example we choose a simple penalty method; this

works by choosing some value much larger than those comprising the global stiffness matrix, called

a penalty value, and using it to force the boundary conditions to be satisfied. Let us denote by pen

the penalty value and by d̄ a vector of prescribed displacements/boundary conditions. We choose

pen = 1010. We then modify the global stiffness matrix such that

Ki,i = pen,

and the load vector such that

Fi = pen× d̄i.
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4.7. Displacement Implementation of the virtual element method

The displacement vector with boundary conditions imposed is then calculated from

d = K−1F .

For a final comparison we present in Figure 4.3 below the undeformed and deformed meshes, in green

and red respectively, of our example problem. Additionally, we present the global displacement vector

alongside.

Figure 4.3 Undeformed and deformed meshes

d =


3.011

−2.968

3.016

−1.884

3.246

−1.897

3.361

−1.37

0.947

0.315

0.994

−0.232

−0.12

−0.361

0

0

0

0

0

0

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Chapter 5

Numerical results - homogeneous

In this chapter we present results obtained from two common benchmark problems. We compare the

numerical results achieved using the VEM with those of the finite element method to evaluate the

performance of the VEM. In this section we consider only homogeneous materials.

5.1 Element types

In this chapter and those following we consider a variety of VEM configurations and finite element

types. In Table 5.1 below we define the shorthand used to refer to the different elements considered.

Q1 The standard bilinear approximation

Q2 The standard biquadratic approximation

Quad The VEM formulation with four-noded elements

Hex The VEM formulation with six-noded elements

Voronoi The VEM formulation constructed by Voronoi tessellation

Table 5.1 Element types

For clarity, Figure 5.1 depicts example meshes constructed for two of the virtual element types.

(a) Hex mesh example (b) Voronoi mesh example

Figure 5.1 VEM mesh examples with a mesh density of d = 7 elements per side for (a) a Hex mesh,
and (b) a Voronoi mesh
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5.2. Cook’s membrane problem Numerical results - homogeneous

We consider first the results from two common benchmark problems, the Cook membrane problem

and beam in pure bending, for isotropic materials.

5.2 Cook’s membrane problem

The Cook membrane problem consists of an irregularly tapered panel fully fixed along its left edge

with a uniformly distributed load along its right edge (Figure 5.2(a)). The applied load is P = 100N

and the Young’s Modulus is Ey = 250Pa. This test problem has no analytical solution. The vertical

displacement at point C is recorded. Figure 5.2(b) depicts a sample hexagonal mesh for this problem.

(a) Cook’s membrane problem geometry (b) Cook’s membrane mesh example

Figure 5.2 Cook’s membrane problem: showing (a) the problem geometry, and (b) a sample mesh

Figure 5.3(a) shows a convergence plot of tip displacement vs mesh density (defined by number of

elements per side) for a compressible material, with ν = 0.3. The VEM formulations exhibit greater

degrees of accuracy than the Q1 approximation but less than the Q2 approximation.

Figure 5.3(b) shows a convergence plot of tip displacement vs mesh density for a nearly incompressible

material, with ν = 0.49995. The VEM formulations exhibit degrees of accuracy comparable to that of

the Q2 approximation. The VEM formulations show no signs of locking, while the Q1 approximation

is seen to lock.
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5.3. Pure bending problem Numerical results - homogeneous
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(a) Compressible material - ν = 0.3
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Figure 5.3 The Cook problem: convergence tests for compressible (a) and nearly incompressible
(b) isotropic materials

5.3 Pure bending problem

This problem consists of a beam subject to a linearly varying load at its right edge with the left

edge constrained horizontally as shown in Figure 5.4. The load has maximum and minimum values

of Fmax = ±10N . The beam has width and height w = h = 2m and Young’s Modulus Ey = 250Pa.

The vertical displacement at point C is recorded.

Figure 5.4 Pure bending problem geometry

The displacement at point C is given by (see [49]):

u(x, y) = 2Fmax
1− ν2

Eyh
x

(
h

2
− y
)
, (5.1a)

v(x, y) = Fmax
1− ν2

Eyh

[
x2 +

ν

1− ν
y (y − h)

]
. (5.1b)
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5.4. Cook’s membrane problem Numerical results - homogeneous

Figure 5.5(a) shows a convergence plot of tip displacement vs mesh density for a compressible material,

with ν = 0.3. The VEM formulations exhibit greater degrees of accuracy than the Q1 approximation

but less than the Q2 approximation.

Figure 5.5(b) shows a convergence plot of tip displacement vs mesh density for a nearly incompressible

material, with ν = 0.49995. The VEM formulations exhibit degrees of accuracy comparable to that of

the Q2 approximation. The VEM formulations show no signs of locking while the Q1 approximation

exhibits well known locking behaviour.
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0 10 20 30 40 50

0

2

4

6

·10−2

Q1

Mesh Density

D
is
p
la
ce
m
en
t

Quad Hex
Voronoi Q1

Q2 Sol

(b) Nearly incompressible material - ν = 0.49995

Figure 5.5 The pure bending problem: convergence tests for compressible (a) and nearly incom-
pressible (b) isotropic materials

We now present the results from the same benchmark problems but consider homogeneous trans-

versely isotropic materials. We will investigate the performance of the VEM in dealing with nearly

incompressible materials while varying the fibre orientation and anisotropy ratio p. We define the

fibre orientation â as the angle, measured in radians, between the horizontal x-axis and the axis of

symmetry of the material, a.

5.4 Cook’s membrane problem

We present again Cook’s membrane problem but now with homogeneous transversely isotropic ma-

terials. We set P = 100N , ET = 250Pa, EL = pET and consider only the near-incompressible limit

with νT = νL = 0.49995. As before we record the vertical displacement at point C. Figure 5.6 depicts

the problem domain with a sample fibre orientation of â = π
4 .
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5.4. Cook’s membrane problem Numerical results - homogeneous

Figure 5.6 Cook’s membrane, showing fibres inclined at â = π
4

Figure 5.7 shows a convergence plot of tip displacement vs mesh density for â = π
4 and p = 5. The

VEM formulations exhibit degrees of accuracy superior to that of the Q1 formulation and comparable

to that of the Q2 formulation. The VEM formulation with Voronoi elements converges erratically for

coarse meshes due to the unstructured nature of the meshes, but converges much more smoothly as

mesh refinement increases.
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Figure 5.7 The Cook problem: convergence test for fibres angled at â = π
4 with p = 5

Figures 5.8(a) and (b) show plots of displacement vs p for fibres oriented at â = π
4 and â = π

9

respectively. A mesh density of d = 50 is used for both figures. In both instances the VEM formulations

correlate closely with Q1 and Q2 approximations. However, the Q1 approximation exhibits locking as

p→ 1, corresponding to near incompressible isotropy, while the VEM formulation does not. Consistent

with the results in [41], we find that a mild degree of anisotropy overcomes the volumetric locking

behaviour of the Q1 approximation.
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5.4. Cook’s membrane problem Numerical results - homogeneous
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Figure 5.8 The Cook problem: tip displacement vs p for fibres angled at (a) â = π
4 , and (b) â = π

9

Figure 5.9 shows a plot of displacement vs fire orientation â for near-inextensible fibres, p = 105,

with a mesh density of d = 50. Again, we note poor performance and locking behaviour of the Q1

approximation for much of the domain, and conversely the robust behaviour of the VEM formulations.

The Q2 approximation displays sub-optimal accuracy for fibre angles greater than π
2 and close to zero.

This is somewhat surprising, in that the behaviour of this element in the near-inextensible limit would

be expected to mirror its good performance for near-incompressibility. On the other hand, while the

element has been shown to be uniformly convergent for incompressible materials, there does not exist a

corresponding analysis for near-inextensibility, to the best of the author’s knowledge. Such an analysis

would shed light on the behaviour seen in Figure 5.9, in one way or another.
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Figure 5.9 The Cook problem: tip displacement vs fire orientation, for p = 105
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5.5. Pure bending problem Numerical results - homogeneous

5.5 Pure bending problem

We present in this section a slightly different pure bending problem. The beam is now pinned at

its left extrema and has dimensions w = 10m and h = 2m. The magnitude of the loading is now

Fmax = ±30N . The material properties are ET = 1500Pa, with EL = pET and νT = νL = 0.49995.

As before, we record the vertical displacement at point C. Figure 5.10 depicts the problem domain

with a sample fibre orientation of â = π
4 .

Figure 5.10 Pure bending problem, showing fibres inclined at â = π
4

The analytical solution for this problem is given by (see [42]):

u(x, y) =
2Fmax
h

[
S11xy +

1

2
S31

(
y2 − h2

4

)]
, (5.2a)

v(x, y) =
Fmax
h

[
S21

(
y2 − h

2

)
− S11x

2

]
. (5.2b)

The components of the compliance tensor S are lengthy functions and can be found in Appendix B.

Figure 5.11 shows a convergence plot of tip displacement vs mesh density for â = π
4 and p = 5.

It is seen that for the various VEM formulations the convergence behaviour is similar to that of the

Q2 approximation for sufficiently fine meshes.
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Figure 5.11 The pure bending problem: convergence test for fibre angle â = π
4 , with p = 5
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5.5. Pure bending problem Numerical results - homogeneous

Figures 5.12(a) and (b) show plots of displacement vs p for fibres oriented at â = π
4 and â = π

9

respectively. A mesh density of d = 50 is used for both figures. In both instances the VEM formulation

correlates closely with both the Q1 and Q2 approximations as well as the analytical solution. However,

the Q1 approximation exhibits locking as p → 1, corresponding to near-incompressible isotropy, as

well as for p → ∞ corresponding to near-inextensibility. The Q1 approximation is only accurate for

cases of mild anisotropy for p > 1 and up to p ≈ 10 for â = π
4 and p ≈ 100 for â = π

9 .
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Figure 5.12 The pure bending problem: tip displacement vs p for fibres angled at (a) â = π
4 , and

(b) â = π
9

Figure 5.13 shows a plot of displacement vs fibre orientation â for near-inextensible fibres, p = 105,

with a mesh density of d = 50. The various VEM formulations agree closely with each other as well

as the Q2 approximation and exact solution. The Q1 approximation exhibits locking behaviour and

is inaccurate for much of the domain while the Q2 approximation is accurate throughout.
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Figure 5.13 The pure bending problem: tip displacement vs fibre orientation, for p = 105
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5.6. Results summary Numerical results - homogeneous

5.6 Results summary

In Table 5.2 we provide a ‘binary-style’ summary of the numerical results for homogeneous materials.

We measure the performance of the formulations used with a pass/fail criterion. If the formulation is

able to accurately or realistically model the behaviour of a test problem a 3is placed in the appropriate

cell. Failure to accurately model a problem, unrealistic behaviour or numerical instability is denoted

by a 7. For compactness of the table we introduce the following shorthand notation; we denote by

‘Cook’ Cook’s membrane problem, by ‘Beam’ the pure bending problem, by ‘ν ≈ 0.5’ the case of

near-incompressibility and by ‘Conv. Test’ a convergence test/analysis.

Quad Hex Voronoi Q1 Q2

Isotropic
Material

Cook
& Beam

ν = 0.3 3 3 3 3 3

ν ≈ 0.5 3 3 3 7 3

Homogeneous
Transversely

Isotropic
Material

Cook

Conv. Test 3 3 3 3 3

Disp vs p - â = π
4 3 3 3 7 3

Disp vs p - â = π
9 3 3 3 7 3

Disp vs â 3 3 3 7 7

Beam

Conv. Test 3 3 3 3 3

Disp vs p - â = π
4 3 3 3 7 3

Disp vs p - â = π
4 3 3 3 7 3

Disp vs â 3 3 3 7 3

Table 5.2 Summary of results for homogeneous materials

In the cases of isotropic materials the VEM formulations and Q2 approximation perform well for both

compressible and nearly incompressible materials and show no numerical problems. The standard Q1

approximation locks for nearly incompressible materials.

In the cases of homogeneous transversely isotropic materials the VEM formulations perform well

showing no numerical problems. The Q2 approximation did not exhibit numerical instability or lock-

ing for Cook’s membrane problem in the inextensible limit, but did show sub-optimal accuracy for

fibre orientations with â > π
2 . Due to this lack of accuracy for part of the domain the Q2 approxi-

mation is considered to fail to model the problem. The Q1 approximation performed poorly in most

tests only showing accuracy in instances of mild anisotropy.
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Chapter 6

Numerical results - non-homogeneous

In this chapter we present the results from common benchmark problems. Here we consider only

transversely isotropic materials with fibres of non-constant direction. We will consider directions

described by polynomial and sinusoidal functions. We begin this section with an investigation of the

convergence behaviour of the VEM for compressible, non-homogeneous, mildly transversely isotropic

materials. We then investigate the behaviour as a function of increasing anisotropy, and increasing

inhomogeneity.

6.1 Problem types

Throughout this chapter we will use the Cook membrane and pure bending problems as benchmark

tests. The problem geometries and loading will be fixed. We will however be dealing with inhomoge-

neous materials with fibres defined by several different functions. As such we will detail each problem

type formally here and in each subsequent test describe only the changes to the problem.

We use families of functions to describe the position of a fibre, denoted by a(x); the vector used

to determine directional properties is then the unit tangent vector a(x). For both problems the trans-

verse Young’s Modulus is ET = 250Pa with an anisotropy ratio of p = 5. The material is assumed to

be compressible with ν = 0.3.
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6.1. Problem types Numerical results - non-homogeneous

6.1.1 Cook’s membrane problem

We consider Cook’s membrane problem as described in Section 5.2 but now with a non-homogeneous

transversely isotropic material. In the example problem shown in Figure 6.1 the fibre position is

described by a fourth-order polynomial.

Figure 6.1 The Cook problem, showing fibres of variable orientation

6.1.2 Pure bending problem

We consider a further variation on the pure bending problem. The beam has dimensions and is

subjected to loading as described in Section 5.5, with constraints as described in Section 5.3. In the

example problem shown in Figure 6.2 the fibre position is described by a sinusoidal function.

Figure 6.2 The pure bending problem, showing fibres of variable orientation
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6.2. Representative fibre orientation Numerical results - non-homogeneous

6.2 Representative fibre orientation

When dealing with non-homogeneous materials we treat them as homogeneous at an element level by

determining some representative fibre orientation for each element. Immediately obvious choices for a

representative fibre orientation include that at the centroid of an element, as well as the average fibre

orientation at the vertices of an element. We will also consider a weighted combination of the fibre

orientation at the centroid of an element and the average fibre orientation at the vertices of an element.

Figure 6.3 shows a sample mesh for the Cook membrane problem for a non-homogeneous material

with fibre position described by a fourth-order polynomial to illustrate the points in an element at

which the fibre orientation can be sampled.

Figure 6.3 The Cook problem, showing points at which fibre orientation can be determined

The following quantities are relevant to the different approaches to calculating average fibre orienta-

tions at an element level:

ac = a(xc) − centroid (6.1)

aV̄ =
1

nV

nV∑
i=1

a(Vi) − mean at vertices (6.2)

arep = wcac + wV̄ aV̄ − weighted combination (6.3)

(wc + wV̄ = 1)

We will consider both a constant weighted combination, defined by wc = 0.5, and a varying combina-

tion. For the latter case we denote by dcr some user-defined problem-specific critical mesh density. In

this work we simply choose dcr = 10, and define the varying centroidal weight by

wc =
π
2 + arctan(dcr − d)

2π
. (6.4)
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6.2. Representative fibre orientation Numerical results - non-homogeneous

The weight given to the fibre orientation at the centroid wc is plotted against mesh density, denoted

in this equation by d, in Figure 6.4.
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Figure 6.4 Varying weight as a function of mesh density

Figure 6.5 provides insight into the motivation for the formulation of the equation describing the

varying weighting. Figures 6.5(a) and (b) show convergence plots for Cook’s membrane problem with

a fibre position described by a = 2 sinx for fibre positions at the centroid and vertices respectively.

Figure 6.5(c) shows a convergence plot for the same problem but considering a varying combination of

fibre orientations. We are able to preserve the smoother behaviour of finer meshes when considering

the vertices while smoothing out the erratic behaviour seen in coarser meshes when considering either

only the centroid or vertices.
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Figure 6.5 Behaviour with respect to mesh density, for various choices of representative material
properties
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6.3. Polynomial fibre orientations Numerical results - non-homogeneous

6.3 Polynomial fibre orientations

In this section we present convergence results for the Cook’s membrane and pure bending problems for

materials with fibre positions described by polynomials of increasing order. As we will use polynomial

fibres to test the effects of mild material inhomogeneity, we only consider the results obtained using

the centroidal values of the elements and those at the vertices of the elements.

6.3.1 Second-order polynomial fibre

6.3.1.1 Cook’s membrane problem

Here we choose an orientation based on the family of curves a = (x − 24)2 + c where c is a constant

(Figure 6.6).

Figure 6.6 The Cook problem, showing fibres described by a second-order polynomial

Figure 6.7(a) shows a plot of vertical tip displacement vs mesh density, using the centroidal value of

a. The VEM formulations exhibit degrees of accuracy superior to that of the Q1 approximation, and

similar to the Q2 approximation, for meshes with a density of d ≥ 4.

Figure 6.7(b) shows a plot of vertical tip displacement vs mesh density with the representative fi-

bre orientation given by the average over the vertices of an element. All VEM formulations considered

exhibit similar convergence behaviour comparable to the Q1 approximation.
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Figure 6.7 The Cook problem: convergence tests for fibres described by a second-order polynomial
considering fibre orientations based on; (a) the centroidal value of a, and (b) the average nodal value
of a

6.3.1.2 Pure bending problem

Here we choose an orientation based on the family of curves a = (x − 5)2 + c where c is a constant

(Figure 6.8).

Figure 6.8 The pure bending problem, showing fibres described by a second-order polynomial

Figure 6.9(a) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the fibre orientation at the centroid of an element. The VEM formulations exhibit

degrees of accuracy ranging between that of Q1 and Q2 approximations with Quad elements displaying

significantly better accuracy than the other VEM formulations.

Figure 6.9(b) shows a plot of vertical tip displacement vs mesh density with the representative fi-

bre orientation given by the average fibre orientation at the vertices of an element. All formulations

exhibit similar convergence behaviour for sufficiently fine meshes. The Voronoi formulation exhibits

erratic convergence behaviour for very coarse meshes as a result of the highly unstructured nature of

the meshes.
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6.3. Polynomial fibre orientations Numerical results - non-homogeneous
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Figure 6.9 The pure bending problem: convergence tests for fibres described by a second-order
polynomial considering fibre orientations based on; (a) the centroidal value of a, and (b) the average
nodal value of a

6.3.2 Fourth-order polynomial fibre

6.3.2.1 Cook’s membrane problem

Here we choose an orientation based on the family of curves a = (x− 24)2(x− 12)(x− 36) + c where

c is a constant (Figure 6.10).

Figure 6.10 The Cook problem, showing fibres described by a fourth-order polynomial

Figure 6.11(a) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the fibre orientation at the centroid of an element. The VEM formulations exhibit

slightly better accuracy than the Q1 approximation but in this instance Q2 approximation is superior.
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6.3. Polynomial fibre orientations Numerical results - non-homogeneous

Figure 6.11(b) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the average fibre orientation at the vertices of an element. The Hex and Voronoi

VEM formulations exhibit convergence behaviour similar to the Q1 approximation. The Quad VEM

formulation, however, unexpectedly exhibits convergence behaviour that is poorer than that of the

other VEM formulations and the Q1 approximation.
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(b) Average nodal value of a

Figure 6.11 The Cook problem: convergence tests for fibres described by a fourth-order polynomial
considering fibre orientations based on; (a) the centroidal value of a, and (b) the average nodal value
of a

6.3.2.2 Pure bending problem

Here we choose an orientation based on the family of curves a = (x− 5)2(x− 2.5)(x− 7.5) + c where

c is a constant (Figure 6.12).

Figure 6.12 The pure bending problem, showing fibres described by a fourth-order polynomial

Figure 6.13(a) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the fibre orientation at the centroid of an element. We note an initially erratic

convergence behaviour of the Q2 approximation that then transitions to a smoother convergence after

a mesh density of d ≈ 10. Conversely we find an initially smooth convergence of the VEM formu-

lations, comparable to that of Q1 elements, that starts to behave erratically after a mesh density of

d ≈ 10.
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6.3. Polynomial fibre orientations Numerical results - non-homogeneous

Figure 6.13(b) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the average fibre orientation at the vertices of an element. In contrast to Figure

6.13(a) there is an initially erratic convergence behaviour of the VEM formulations that then behaves

more smoothly after a mesh density of d ≈ 10. In the smooth region of this plot the convergence

behaviour of the VEM is similar to that of the Q1 approximation.
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Figure 6.13 The pure bending problem: convergence tests for fibres described by a fourth-order
polynomial considering fibre orientations based on; (a) the centroidal value of a, and (b) the average
nodal value of a

6.3.3 Sixth-order polynomial fibre

6.3.3.1 Cook’s membrane problem

Here we choose an orientation based on the family of curves a = (x−24)2(x−8)(x−16)(x−32)(x−40)+c

where c is a constant (Figure 6.14).

Figure 6.14 The Cook problem, showing fibres described by a sixth-order polynomial
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6.3. Polynomial fibre orientations Numerical results - non-homogeneous

Figure 6.15(a) shows a plot of vertical tip displacement vs mesh density with the representative fi-

bre orientation given by the fibre orientation at the centroid of an element. The VEM formulations

exhibit slightly better accuracy than the Q1 approximation but are again not comparable to the Q2

approximation.

Figure 6.15(b) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by the average fibre orientation at the vertices of an element. The Hex and

Voronoi VEM formulations exhibit a similar degree of accuracy to the Q1 approximation. The Quad

VEM formulation again, unexpectedly, exhibits poorer accuracy than the other VEM formulations

and the Q1 approximation.
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Figure 6.15 The Cook problem: convergence tests for fibres described by a sixth-order polynomial
considering fibre orientations based on; (a) the centroidal value of a, and (b) the average nodal value
of a

6.3.3.2 Pure bending problem

Here we choose an orientation based on the family of curves a = (x−5)2(x− 5
3)(x− 10

3 )(x− 20
3 )(x− 25

3 )+c

where c is a constant (Figure 6.16).

Figure 6.16 The pure bending problem, showing fibres described by a sixth-order polynomial
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6.4. Sinusoidal fibres Numerical results - non-homogeneous

Figure 6.17(a) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the fibre orientation at the centroid of an element. The VEM formulations exhibit

largely smooth convergence behaviour similar to that of the Q1 approximation. Interestingly, we note

much better agreement between all formulations for this nominally more complex distribution than

found for the fourth-order case.

Figure 6.17(b) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the average fibre orientation at the vertices of an element. The VEM Hex formu-

lation exhibits smooth convergence behaviour comparable to that of the Q1 approximation. The VEM

Quad and Voronoi formulations show initially erratic behaviour but become smoother as mesh density

increases; their accuracy is, however, significantly poorer than that of the VEM Hex formulation and

the Q1 approximation.
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Figure 6.17 The pure bending problem: convergence tests for fibres described by a sixth-order
polynomial considering fibre orientations based on; (a) the centroidal value of a, and (b) the average
nodal value of a

6.4 Sinusoidal fibres

In this section we present convergence results of the Cook membrane and the pure bending problems for

materials with fibre positions described by sinusoidal functions of increasing amplitude and frequency.

As we will use sinusoidal fibres to test the effects of extreme material inhomogeneity, we obtain results

for fibre orientations at the centroid of the elements and the vertices of the elements, as well as constant

and varying combinations of the fibre orientations at the centroid and vertices.
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6.4. Sinusoidal fibres Numerical results - non-homogeneous

6.4.1 Variation with sinx

6.4.1.1 Cook’s membrane problem

We present the results of a convergence analysis for Cook’s membrane problem with a material con-

taining a fibre with orientation described by the family of curves a = sinx+ c where c is a constant,

as depicted in Figure 6.18.

Figure 6.18 The Cook problem, showing fibres described by a = sinx+ c

Figure 6.19(a) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the fibre orientation at the centroid of an element. The convergence behaviour

of the VEM formulations is initially erratic, but as mesh density increases they stabilise and closely

match the Q2 approximation. In the range of mesh densities presented here the Q1 approximation

does not converge.

Figure 6.19(b) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the average fibre orientation at the vertices of an element. The convergence of

the VEM formulations is initially erratic but as mesh density increases they stabilise and yield similar

results to the Q2 approximation.

Figure 6.19(c) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by a constant weighted average of the fibre orientation at the centroid and the

average fibre orientation at the vertices of an element. Combining the fibre orientations results in less

erratic behaviour for coarse meshes. The VEM formulations correlate well with the Q2 approximation

as mesh density increases, but the convergence is still not monotonic.

Figure 6.19(d) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by a varying weighted average of the fibre orientation at the centroid and the average

fibre orientation at the vertices of an element. The varying combination yields the same improvements

for coarse meshes as the constant combination, and also improves the smoothness of convergence as

mesh density increases. The VEM formulations show similar accuracy to the Q2 approximation with

the Quad element even exhibiting superior accuracy.
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Figure 6.19 The Cook problem: convergence tests for fibres described by a = sinx+ c considering
fibre orientations based on; (a) the centroidal value of a, (b) the average nodal value of a, (c) a
constant weighted combination of the centroidal and average nodal values of a, and (d) a varying
weighted combination of the centroidal and average nodal values of a

6.4.1.2 Pure bending problem

We present the results of a convergence analysis for the pure bending problem with a material con-

taining a fibre with orientation described by the family of curves a = sinx+ c where c is a constant,

as depicted in Figure 6.20.
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6.4. Sinusoidal fibres Numerical results - non-homogeneous

Figure 6.20 The pure bending problem, showing fibres described by a = sinx+ c

Figure 6.21(a) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the fibre orientation at the centroid of an element. The VEM shows some initially

erratic behaviour but as mesh density increases it exhibits superior accuracy to the Q1 approximation,

with the Quad formulation closely matching the Q2 approximation.

Figure 6.21(b) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by the average fibre orientation at the vertices of an element. The convergence

behaviour of the VEM is again initially slightly erratic and shows convergence behaviour similar to

the Q1 approximation.

Figure 6.21(c) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by a constant weighted average of the fibre orientation at the centroid and

the average fibre orientation at the vertices of an element. The VEM Voronoi formulation is initially

very erratic but quickly smooths. Thereafter it shows monotonic behaviour and exhibits very similar

accuracy to the Q1 approximation. The other VEM formulations converge smoothly throughout the

domain and exhibit accuracy midway between that of the Q1 and Q2 approximations.

Figure 6.21(d) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by a varying weighted average of the orientation at the centroid and the average fibre

orientation at the vertices of an element. Making use of the varying weighted average greatly reduces

the initially erratic behaviour of the VEM Voronoi formulation in Figure 6.21(c). Again, the other

VEM formulations converge smoothly throughout the domain and exhibit accuracy midway between

that of the Q1 and Q2 approximations.
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Figure 6.21 The pure bending problem: convergence tests for fibres described by a = sinx + c
considering fibre orientations based on; (a) the centroidal value of a, (b) the average nodal value of
a, (c) a constant weighted combination of the centroidal and average nodal values of a, and (d) a
varying weighted combination of the centroidal and average nodal values of a

6.4.2 Variation with 2 sinx

6.4.2.1 Cook’s membrane problem

We present the results of a convergence analysis for Cook’s membrane problem with a material con-

taining a fibre with orientation described by the family of curves a = 2 sinx+ c where c is a constant,

as depicted in Figure 6.22.
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6.4. Sinusoidal fibres Numerical results - non-homogeneous

Figure 6.22 The Cook problem, showing fibres described by a = 2 sinx+ c

Figure 6.23(a) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the fibre orientation at the centroid of an element. The VEM formulations exhibit

erratic convergence behaviour over the whole domain. In the range of mesh densities presented the

Q1 approximation does not converge.

Figure 6.23(b) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the average fibre orientation at the vertices of an element. The VEM formulations

converge erratically up to a mesh density of d ≈ 20 after which they smooth and yield similar results

to the Q2 approximation.

Figure 6.23(c) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by a constant weighted average of the fibre orientation at the centroid and the av-

erage fibre orientation at the vertices of an element. The constant weighted combination reduces the

initially erratic behaviour of the VEM formulations, however, the convergence never shows monotonic

behaviour.

Figure 6.23(d) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by a varying weighted average of the fibre orientation at the centroid and the average

fibre orientation at the vertices of an element. The varying weighted combination again improves the

initially erratic behaviour as well as the overall smoothness of the convergence. For fine meshes the

VEM formulations yield similar results to the Q2 approximation.
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Figure 6.23 The Cook problem: convergence tests for fibres described by a = 2 sinx+c considering
fibre orientations based on; (a) the centroidal value of a, (b) the average nodal value of a, (c) a
constant weighted combination of the centroidal and average nodal values of a, and (d) a varying
weighted combination of the centroidal and average nodal values of a

6.4.2.2 Pure bending problem

We present the results of a convergence analysis for the pure bending problem with a material con-

taining a fibre with orientation described by the family of curves a = 2 sinx+ c where c is a constant,

as depicted in Figure 6.24.
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6.4. Sinusoidal fibres Numerical results - non-homogeneous

Figure 6.24 The pure bending problem, showing fibres described by a = 2 sinx+ c

Figure 6.25(a) shows a plot of vertical tip displacement vs mesh density with the representative fi-

bre orientation given by the fibre orientation at the centroid of an element. The convergence of the

VEM formulations is initially erratic but behaves more smoothly after a mesh density of d ≈ 15; after

which the VEM formulations show superior accuracy to the Q1 approximation, with the Quad element

closely matching the Q2 approximation.

Figure 6.25(b) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by the average fibre orientation at the vertices of an element. The convergence

of the VEM formulations is initially erratic. The VEM Quad and Hex formulations exhibit accuracy

between that of the Q1 and Q2 approximations throughout the domain.

Figure 6.25(c) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by a constant weighted average of the fibre orientation at the centroid and the

average fibre orientation at the vertices of an element. The initially erratic convergence behaviour of

the VEM formulations is slightly improved using the constant weighted combination.

Figure 6.25(d) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by a varying weighted average of the fibre orientation at the centroid and the

average fibre orientation at the vertices of an element. Using the varying weighted combination further

improves the initially erratic behaviour and improves the overall accuracy of the VEM formulations.

The VEM Voronoi formulation closely matches the Q1 approximation. The VEM Quad and Hex

formulations exhibit accuracy between that of the Q1 and Q2 approximations.
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Figure 6.25 The pure bending problem: convergence tests for fibres described by a = 2 sinx + c
considering fibre orientations based on; (a) the centroidal value of a, (b) the average nodal value of
a, (c) a constant weighted combination of the centroidal and average nodal values of a, and (d) a
varying weighted combination of the centroidal and average nodal values of a

6.4.3 Variation with sin 2x

6.4.3.1 Cook’s membrane problem

We present the results of a convergence analysis for Cook’s membrane problem with a material con-

taining a fibre with orientation described by the family of curves a = sin 2x+ c where c is a constant,

as depicted in Figure 6.26.
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6.4. Sinusoidal fibres Numerical results - non-homogeneous

Figure 6.26 The Cook problem, showing fibres described by a = sin 2x+ c

Figure 6.27(a) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the fibre orientation at the centroid of an element. The VEM formulations ex-

hibit extremely erratic convergence behaviour for mesh densities up to d ≈ 25. In the range of mesh

densities presented neither the Q1 nor Q2 approximations converge.

Figure 6.27(b) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by the average fibre orientation at the vertices of an element. The VEM formu-

lations, again, exhibit initially erratic convergence behaviour for meshes up to d ≈ 25 after which they

behave more smoothly than in Figure 6.27(a). The various formulations however do not converge to

a similar solution.

Figure 6.27(c) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by a constant weighted average of the fibre orientation at the centroid and

the average fibre orientation at the vertices of an element. Use of the constant weighted combination

improves the initially erratic behaviour of Figure 6.27(b), the erratic behaviour is now only evident

up to a mesh density of d ≈ 10.

Figure 6.27(d) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by a varying weighted average of the fibre orientation at the centroid and the

average fibre orientation at the vertices of an element. Using the varying weighted combination yields

erratic convergence behaviour for mesh densities up to d ≈ 20 after which it is smoothed significantly.

For fine meshes the VEM Hex and Voronoi formulations appear to approach a similar solution to the

Q2 approximation.
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Figure 6.27 The Cook problem: convergence tests for fibres described by a = sin 2x+ c considering
fibre orientations based on; (a) the centroidal value of a, (b) the average nodal value of a, (c) a
constant weighted combination of the centroidal and average nodal values of a, and (d) a varying
weighted combination of the centroidal and average nodal values of a

6.4.3.2 Pure bending problem

We present the results of a convergence analysis for the pure bending problem with a material con-

taining a fibre with orientation described by the family of curves a = sin 2x+ c where c is a constant,

as depicted in Figure 6.28.
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6.4. Sinusoidal fibres Numerical results - non-homogeneous

Figure 6.28 The pure bending problem, showing fibres described by a = sin 2x+ c

Figure 6.29(a) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the fibre orientation at the centroid of an element. The VEM formulations exhibit

slightly erratic convergence for mesh densities up to d ≈ 20 after which they behave smoothly and

show better accuracy than the Q1 approximation.

Figure 6.29(b) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by the average fibre orientation at the vertices of an element. The VEM formulations

converge erratically for mesh densities up to d ≈ 10 after which they converge smoothly and exhibit

accuracy comparable to the Q1 approximation.

Figure 6.29(c) shows a plot of vertical tip displacement vs mesh density with the representative fibre

orientation given by a constant weighted average of the fibre orientation at the centroid and the aver-

age fibre orientation at the vertices of an element. Use of the constant weighting combination improves

the smoothness of convergence over the whole domain. However, the VEM Quad formulation behaves

slightly erratically for very coarse meshes.

Figure 6.29(d) shows a plot of vertical tip displacement vs mesh density with the representative

fibre orientation given by a varying weighted average of the fibre orientation at the centroid and the

average fibre orientation at the vertices of an element. The varying weighted combination produces

the smoothest convergence over the domain. This method yielded no notably erratic convergence be-

haviour whereas the Q2 approximation behaves erratically for very coarse meshes. The VEM Voronoi

formulation exhibits similar accuracy to the Q1 approximation with the Quad formulation closely

matching the Q2 approximation for meshes with density greater than d ≈ 10.
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Figure 6.29 The pure bending problem: convergence tests for fibres described by a = sin 2x + c
considering fibre orientations based on; (a) the centroidal value of a, (b) the average nodal value of
a, (c) a constant weighted combination of the centroidal and average nodal values of a, and (d) a
varying weighted combination of the centroidal and average nodal values of a

6.5 Effect of anisotropy

In this section we investigate the effects of the anisotropy ratio p on the robustness and accuracy of

the VEM when modelling non-homogeneous transversely isotropic materials. We consider the Cook

membrane problem and pure bending problem benchmark tests described in Section 6.1. The problem

geometries are unchanged but we now consider both compressible, ν = 0.3, and nearly incompressible,

ν = 0.49995, materials. In the subsequent plots we have calculated the averaged fibre direction for

each element using the varying weighted combination method with a mesh density of d = 50.
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6.5. Effect of anisotropy Numerical results - non-homogeneous

6.5.1 Second-order polynomial fibre

6.5.1.1 Cook’s membrane problem

We present the results of an anisotropy analysis for Cook’s membrane problem with a material con-

taining a fibre with orientation described by the family of curves a = (x−24)2+c where c is a constant.

Figure 6.30(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The Q2 approximation shows poor approximability as p → ∞, with the Q1 ap-

proximation exhibiting severe locking. The VEM formulations are locking free as before. The VEM

Voronoi formulation shows some mild scatter for very large values of p.

Figure 6.30(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. As with Figure 6.30(a) the Q2 approximation shows poor approximability as

p → ∞, with the Q1 approximation exhibiting locking behaviour. The Q1 approximation is locking

free for small values of p, for p > 1. The VEM formulations are again locking free with the Voronoi

formulation showing mild scatter.
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(a) Compressible material - ν = 0.3
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(b) Nearly incompressible material - ν = 0.49995

Figure 6.30 The Cook problem: tip displacement vs p for fibres described by a second-order poly-
nomial for; (a) compressible material, and (b) nearly incompressible material
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6.5. Effect of anisotropy Numerical results - non-homogeneous

6.5.1.2 Pure bending problem

We present the results of an anisotropy analysis for the pure bending problem with a material con-

taining a fibre with orientation described by the family of curves a = (x−5)2 +c where c is a constant.

Figure 6.31(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The Q2 approximation and VEM formulations perform well over the domain with

the Q1 approximation exhibiting locking as p→∞.

Figure 6.31(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. The Q2 approximation and VEM formulations again perform well over the

domain with the Q1 approximation exhibiting locking as p→∞ as well as for p→ 1.
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Figure 6.31 The pure bending problem: tip displacement vs p for fibres described by a second-order
polynomial for; (a) compressible material, and (b) nearly incompressible material

6.5.2 Fourth-order polynomial fibre

6.5.2.1 Cook’s membrane problem

We present the results of an anisotropy analysis for Cook’s membrane problem with a material con-

taining a fibre with orientation described by the family of curves a = (x − 24)2(x − 12)(x − 36) + c

where c is a constant.
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6.5. Effect of anisotropy Numerical results - non-homogeneous

Figure 6.32(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The Q1 and Q2 approximations both exhibit severe locking as p → ∞ while the

VEM formulations remain locking free. The VEM Voronoi formulation again shows mild scatter be-

haviour for large values of p.

Figure 6.32(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. The Q1 and Q2 approximations again exhibit significant locking as p → ∞,

with the Q1 approximation exhibiting its well established locking behaviour as p → 1. The VEM

formulations perform well with mild scatter shown by the Voronoi formulation.
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(b) Nearly incompressible material - ν = 0.49995

Figure 6.32 The Cook problem: tip displacement vs p for fibres described by a fourth-order poly-
nomial for; (a) compressible material, and (b) nearly incompressible material

6.5.2.2 Pure bending problem

We present the results of an anisotropy analysis for the pure bending problem with a material con-

taining a fibre with orientation described by the family of curves a = (x − 5)2(x − 2.5)(x − 7.5) + c

where c is a constant.

Figure 6.33(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The Q2 approximation shows poor approximability for large values of p, while the

Q1 approximation shows locking behaviour as p → ∞. The VEM formulations are locking free and

the different formulations yield similar results and trends over the domain with the usual scatter from

the Voronoi formulation.
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6.5. Effect of anisotropy Numerical results - non-homogeneous

Figure 6.33(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. The Q2 approximation and VEM formulations perform well over the domain. The

Q1 approximation exhibits locking as p→∞ as well as for p→ 1.
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(b) Nearly incompressible material - ν = 0.49995

Figure 6.33 The pure bending problem: tip displacement vs p for fibres described by a fourth-order
polynomial for; (a) compressible material, and (b) nearly incompressible material

6.5.3 Sixth-order polynomial fibre

6.5.3.1 Cook’s membrane problem

We present the results of an anisotropy analysis for Cook’s membrane problem with a material con-

taining a fibre with orientation described by the family of curves a = (x − 24)2(x − 8)(x − 16)(x −
32)(x− 40) + c where c is a constant.

Figure 6.34(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The Q1 and Q2 approximations as well as the VEM Quad formulation exhibit similar

locking free behaviour. The VEM Hex and Voronoi formulations yield a different solution to the other

formulations with the Voronoi formulation showing significant scatter. In the absence of an analytical

solution or different approximation methods it is difficult to predict which formulations approximate

the solution best. There is, however, a difference of only ≈ 1.2% between the formulations.

Figure 6.34(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. The Q2 approximation and VEM formulations perform well over the domain with

very slight scatter from the Voronoi formulation. The Q1 approximation atypically exhibits locking

only as p→ 1.

72



6.5. Effect of anisotropy Numerical results - non-homogeneous

100 101 102 103 104 105
8.6

8.8

9

9.2

p

D
is
p
la
ce
m
en
t

Quad Hex
Voronoi Q1

Q2

(a) Compressible material - ν = 0.3
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(b) Nearly incompressible material - ν = 0.49995

Figure 6.34 The Cook problem: tip displacement vs p for fibres described by a sixth-order polyno-
mial for; (a) compressible material, and (b) nearly incompressible material

6.5.3.2 Pure bending problem

We present the results of an anisotropy analysis for the pure bending problem with a material contain-

ing a fibre with orientation described by the family of curves a = (x−5)2(x− 5
3)(x− 10

3 )(x− 20
3 )(x− 25

3 )+c

where c is a constant.

Figure 6.35(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. We note little correlation between the formulations. The Q1 and Q2 approxima-

tions both exhibit locking behaviour as p → ∞, and the VEM Voronoi formulation shows significant

scatter. The VEM Quad and Hex formulations show no numerical pathologies and both tend to a

specific value as p → ∞, the formulations, however, do not tend to the same value. This behaviour

is possibly due to regions in which fibres have a very small radius of curvature. The smaller radius of

curvature corresponds to more extreme inhomogeneity which is difficult to model accurately.

Figure 6.35(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. We note largely similar behaviour to that seen in Figure 6.35(a) with the addition

of the Q1 approximation locking as p→ 1.
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Figure 6.35 The pure bending problem: tip displacement vs p for fibres described by a sixth-order
polynomial for; (a) compressible material, and (b) nearly incompressible material

6.5.4 Variation with sinx

6.5.4.1 Cook’s membrane problem

We present the results of an anisotropy analysis for Cook’s membrane problem with a material con-

taining a fibre with orientation described by the family of curves a = sinx+ c where c is a constant.

Figure 6.36(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The VEM formulations perform well over the domain with mild scatter behaviour

from the Voronoi formulation. The Q1 and Q2 formulations both exhibit locking as p→∞.

Figure 6.36(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. The VEM formulations again perform well over the domain with mild scatter

behaviour from the Voronoi formulation. The Q1 and Q2 formulations both exhibit locking as p→∞
with the Q1 approximation also locking as p→∞.
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100 101 102 103 104 105

0

2

4

6

8

p

D
is
p
la
ce
m
en
t

Quad Hex
Voronoi Q1

Q2

(b) Nearly incompressible material - ν = 0.49995

Figure 6.36 The Cook problem: tip displacement vs p for fibres described by a = sinx+ c for; (a)
compressible material, and (b) nearly incompressible material

6.5.4.2 Pure bending problem

We present the results of an anisotropy analysis for the pure bending problem with a material con-

taining a fibre with orientation described by the family of curves a = sinx+ c where c is a constant.

Figure 6.37(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The VEM formulations perform well over the domain. The Q2 formulation exhibits mild

locking and the Q1 approximation severe locking as p→∞.

Figure 6.37(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. The VEM formulations perform well over the domain. The Q2 formulation

exhibits mild locking and the Q1 approximation severe locking as p→∞. The Q1 approximation also

shows its propensity to lock as p→ 1.
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(b) Nearly incompressible material - ν = 0.49995

Figure 6.37 The pure bending problem: tip displacement vs p for fibres described by a = sinx+ c
for; (a) compressible material, and (b) nearly incompressible material

6.5.5 Variation with 2 sinx

6.5.5.1 Cook’s membrane problem

We present the results of an anisotropy analysis for Cook’s membrane problem with a material con-

taining a fibre with orientation described by the family of curves a = 2 sinx+ c where c is a constant.

Figure 6.38(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The VEM formulations generally perform well over the domain with the Voronoi

formulation showing some mild scatter behaviour. The Q1 and Q2 approximations both lock as

p→∞.

Figure 6.38(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. The VEM formulations, again, perform well over the domain with the Voronoi for-

mulation showing some mild scatter behaviour. The Q1 and Q2 approximations both lock as p→∞
with the Q1 approximation also locking as p→ 1.
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(b) Nearly incompressible material - ν = 0.49995

Figure 6.38 The Cook problem: tip displacement vs p for fibres described by a = 2 sinx + c for;
(a) compressible material, and (b) nearly incompressible material

6.5.5.2 Pure bending problem

We present the results of an anisotropy analysis for the pure bending problem with a material con-

taining a fibre with orientation described by the family of curves a = 2 sinx+ c where c is a constant.

Figure 6.39(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The Q2 approximation and VEM formulations perform well over the domain with

very mild locking of the Q2 approximation as p→∞. The Q1 approximation exhibits severe locking.

Figure 6.39(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. The VEM formulations perform well over the domain while the Q2 approximation

shows slightly more locking than in Figure 6.39(a). The Q1 approximation locks as p→∞ and p→ 1.
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(b) Nearly incompressible material - ν = 0.49995

Figure 6.39 The pure bending problem: tip displacement vs p for fibres described by a = 2 sinx+ c
for; (a) compressible material, and (b) nearly incompressible material

6.5.6 Variation with sin 2x

6.5.6.1 Cook’s membrane problem

We present the results of an anisotropy analysis for Cook’s membrane problem with a material con-

taining a fibre with orientation described by the family of curves a = sin 2x+ c where c is a constant.

Figure 6.40(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The VEM formulations all exhibit the same locking free trend over the domain, however

the solutions from the different formulations do not correlate closely. The Q1 and Q2 approximations

both exhibit severe locking as p→∞.

Figure 6.40(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. As with Figure 6.40(a) the various VEM formulations show the same locking free

trend but again the solutions do not correlate closely. The Q1 and Q2 approximations both exhibit

severe locking as p→∞ with the Q1 approximation also locking as p→ 1.
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(b) Nearly incompressible material - ν = 0.49995

Figure 6.40 The Cook problem: tip displacement vs p for fibres described by a = sin 2x+ c for; (a)
compressible material, and (b) nearly incompressible material

6.5.6.2 Pure bending problem

We present the results of an anisotropy analysis for the pure bending problem with a material con-

taining a fibre with orientation described by the family of curves a = sin 2x+ c where c is a constant.

Figure 6.41(a) shows a plot of tip displacement vs p for a compressible material over the range

1 ≤ p ≤ 105. The VEM formulations perform well and are locking free with the Vornoi formula-

tion showing very mild scatter behaviour. The Q2 approximation exhibits mild locking as p → ∞,

with the Q1 approximation locking severely.

Figure 6.41(b) shows a plot of tip displacement vs p for a nearly incompressible material over the

range 1 ≤ p ≤ 105. The VEM formulations, again, perform well and are locking free with the Voronoi

formulation showing some mild scatter behaviour. The Q2 approximation exhibits mild locking as

p→∞ with the Q1 approximation locking severely p→∞.
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(b) Nearly incompressible material - ν = 0.49995

Figure 6.41 The pure bending problem: tip displacement vs p for fibres described by a = sin 2x+ c
for; (a) compressible material, and (b) nearly incompressible material

6.6 Results summary

In Table 6.1 we provide a summary of the results of the convergence analysis of non-homogeneous

transversely isotropic materials in the style described in Section 5.6 with the addition of ‘-’ denoting

that no test was performed. We introduce further shorthand to denote the VEM formulations and the

methods of fibre calculation used. We will use the form Xy to describe the formulations. The base

X will identify the element geometry, with Q denoting Quad elements, H denoting Hex elements and

V denoting Voronoi elements. The subscript y will identify the type of fibre calculation method used;

with c denoting the centroid, v the average at the vertices and cw and vw the constant and varying

weighted combinations respectively.

From Table 6.1 it is clear that varying the method of fibre calculation can be used to improve the per-

formance of the VEM formulation. Take for example the Quad element, the Qc and Qv formulations

fail in four and seven instances respectively, while the Qcw and Qvw formulations fail in only two

and one instances respectively. The Hvw and Vvw formulations show even more robust behaviour

performing well in all instances and showing no numerical pathologies.
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6.6. Results summary Numerical results - non-homogeneous

Qc Qv Qcw Qvw Hc Hv Hcw Hvw Vc Vv Vcw Vvw Q1 Q2

x2 Cook 3 3 - - 3 3 - - 3 3 - - 3 3

Beam 3 3 - - 3 3 - - 3 3 - - 3 3

x4 Cook 3 7 - - 3 3 - - 3 3 - - 3 3

Beam 3 7 - - 3 3 - - 3 3 - - 3 3

x6 Cook 3 7 - - 3 3 - - 3 3 - - 3 3

Beam 3 7 - - 3 3 - - 3 7 - - 3 3

sinx Cook 7 7 3 3 3 3 3 3 3 3 3 3 7 3

Beam 3 3 3 3 3 3 3 3 3 3 3 3 3 3

2 sinx Cook 7 3 7 3 7 3 3 3 7 7 3 3 7 3

Beam 3 3 3 3 3 3 3 3 3 3 3 3 3 3

sin 2x Cook 7 7 7 7 7 7 7 3 7 7 7 3 7 3

Beam 7 7 3 3 7 3 3 3 3 3 3 3 3 3

Table 6.1 Summary of results of convergence tests for non-homogeneous materials for p = 5 and
ν = 0.3

In Table 6.2 we provide a summary of the results of the displacement vs p results for non-homogeneous

transversely isotropic materials in the style described in Section 5.6.

Table 6.2 shows the VEM formulations to be far more robust than the conforming finite element

approximations in dealing with the combined challenges of non-homogeneous materials and near-

inextensibility as well as near-incompressibility. The VEM formulations perform well in all instances

except for the family of fibres defined by sixth order polynomials, and the Cook membrane problem

with fibres defined by a = sin 2x + c. The conforming finite element approximations on the other

hand, and in particular the Q1 approximation, perform poorly in almost all instances.
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6.6. Results summary Numerical results - non-homogeneous

Quad Hex Voronoi Q1 Q2
ν =
0.3

ν ≈
0.5

ν =
0.3

ν ≈
0.5

ν =
0.3

ν ≈
0.5

ν =
0.3

ν ≈
0.5

ν =
0.3

ν ≈
0.5

x2 Cook 3 3 3 3 3 3 7 7 7 7

Beam 3 3 3 3 3 3 7 7 3 3

x4 Cook 3 3 3 3 3 3 7 7 7 7

Beam 3 3 3 3 3 3 7 7 7 7

x6 Cook 3 3 7 3 7 3 3 7 3 3

Beam 7 7 7 7 7 7 7 7 7 7

sinx Cook 3 3 3 3 3 3 7 7 7 7

Beam 3 3 3 3 3 3 7 7 7 7

2 sinx Cook 3 3 3 3 3 3 7 7 7 7

Beam 3 3 3 3 3 3 7 7 3 3

sin 2x Cook 3 3 3 3 7 7 7 7 7 7

Beam 3 3 3 3 3 3 7 7 7 7

Table 6.2 Summary of results of the effect of anisotropy for non-homogeneous materials
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Chapter 7

Discussion and conclusion

In this chapter we conclude the work with a discussion of the numerical results, present a conclusion

of the work, and highlight related open problems.

7.1 Homogeneous materials

Isotropic materials The virtual element method was able to model the behaviour of both compress-

ible and nearly incompressible isotropic materials accurately and exhibited no numerical pathologies.

In all cases the VEM exhibited superior accuracy to the standard bilinear finite element approxima-

tion, and in cases of near-incompressibility the accuracy of the VEM was comparable to that of the

biquadratic finite element approximation. In cases of near-incompressibility the bilinear approximation

exhibited the well known pathology of locking.

Homogeneous transversely isotropic materials For homogeneous transversely isotropic mate-

rials we considered the case of near-incompressibility and focused on the effects of varying the degree of

anisotropy and fibre orientation on the formulations. The convergence tests considered a mild degree

of anisotropy and showed the VEM to exhibit accuracy superior to the bilinear approximation and

accuracy comparable to the biquadratic approximation for sufficiently fine meshes.

Numerical tests of the effects of the degree of anisotropy showed the VEM to be locking free in

the cases of both near-incompressibility and near-inextensibility, and show similar accuracy to the bi-

quadratic approximation. The bilinear approximation, however, exhibited locking behaviour in both

the near-incompressible and near-inextensible limits, only showing accuracy for mild anisotropy. This

behaviour is consistent with that shown in [41].
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In the tests of the effects of fibre orientation in the near-inextensible limit the VEM showed robust

behaviour and no numerical pathologies with accuracy comparable to that of the biquadratic ap-

proximation. The bilinear approximation performed poorly and exhibited locking behaviour. The

biquadratic approximation was accurate for fibres of orientation 0 ≤ â ≤ π
2 . In the case of the Cook

problem for â > π
2 it performed poorly and exhibited atypically erratic behaviour and suboptimal

accuracy. This is somewhat surprising, in that the behaviour of this element in the near-inextensible

limit would be expected to mirror its good performance for near-incompressibility. On the other hand,

while the element has been shown to be uniformly convergent for incompressible materials, there does

not exist a corresponding analysis for near-inextensibility, to the best of the author’s knowledge.

7.2 Non-homogeneous materials

Convergence analysis The convergence analysis was performed in two parts; first for materials

containing fibres with orientation described by polynomials, then for materials containing fibres with

orientation described by sinusoidal functions. For both parts only compressible materials with mild

anisotropy were considered.

Polynomial fibre descriptions were used to describe materials with mild inhomogeneity, in which

increasing polynomial order corresponded to increasing inhomogeneity. For these problems represen-

tative fibre orientations were computed from centroidal values as well as the average of nodal values.

Both methods of fibre calculation yielded results that for finer meshes corresponded well both the

bilinear and biquadratic finite element approximations. We found, however, that using the average of

nodal values generally yielded smoother convergence behaviour. This is simply due to the average of

nodal values providing a fibre orientation that is more representative of an element. We note that in

the case of the VEM Quad formulation the use of average nodal values resulted in significantly slower

convergence.

Sinusoidal fibre descriptions were used to describe materials with more severe inhomogeneity, in which

increasing amplitude and frequency of the sinusoid corresponded to increasing inhomogeneity. For

these problems representative fibre orientations were computed from centroidal values and the av-

erage of nodal values, as well as constant and varying combinations of the centroidal and average

nodal values. For fibres described by the families of curves a = sinx + c and a = 2 sinx + c we

found similar behaviour as for the polynomial fibres. For finer meshes the various methods yielded

results that corresponded well with those of the biquadratic finite element approximation. We again

found that the method of average nodal values produced smoother convergence behaviour than that

of the centroid, this behaviour was, however, often still quite erratic. The convergence behaviour was

found to be smoother when using combinations of the centroidal and average nodal values with the

varying combination of the two yielding the smoothest convergence. For fibres described by the curves

a = sin 2x + c, for the Cook problem in particular, we found that the degree of inhomogeneity was
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too severe for either the virtual or finite element methods to capture the behaviour of the material

with neither of the formulations converging. The same improvements in smoothness of convergence

behaviour, as with the other sinusoids when using the various methods of representative fibre calcu-

lation, were achieved even for this most severe material inhomogeneity. In all instances of the Cook

problem for these materials the bilinear finite element approximation was unable to capture the ma-

terial behaviour and showed non-convergence. For the pure bending problem, however, it generally

yielded results comparable to the VEM formulations for fine meshes.

For both the Cook and pure bending problems we found a trend of increasingly non-uniform conver-

gence with decreasing accuracy of the virtual and finite element methods for polynomial and sinusoidal

fibres of increasing inhomogeneity. We noted, in particular, the difference between the results of sinu-

soidal fibre descriptions between the Cook and pure bending problems. The Cook problem generally

yielded more erratic convergence than the pure bending problem for the same fibre description. The

reason for this is the difference in the size of the domain. The width of the domain for the Cook

problem is 48m compared to 10m for the beam. The larger Cook domain contains ≈ 5 times more

sinusoidal periods than the beam. As we used the same level of mesh refinement for both problems,

each element for the Cook problem was more inhomogeneous than the equivalent element for the beam

problem, resulting in the more erratic convergence behaviour. This behaviour was less evident for the

problems with polynomial fibre descriptions as the polynomials were nominally scaled to width of the

domain. The degree of inhomogeneity that can be accurately modelled is therefore dependant on the

level of mesh refinement.

Effect of anisotropy Varying the degree of anisotropy for a range of inhomogeneous materials for

both compressible and nearly incompressible materials provides a good indicator of the numerical

robustness of a method. We found, generally, that the virtual element formulation showed no patholo-

gies over the range of anisotropy presented, for both compressible and nearly incompressible materials.

However, as noted in the convergence analysis, there is a decrease in accuracy of the formulation with

increasing inhomogeneity.

For the range of non-homogeneous fibre descriptions presented, we found a close correlation between

the results obtained from the various virtual element formulations, except for the sixth-order fibre

description. These results showed similar accuracy to the conforming biquadratic finite element ap-

proximation for the range of anisotropy over which it was free from pathological behaviour. The

behaviour from sixth-order polynomial fibres was possibly due to regions in which fibres have a radius

of curvature much smaller than seen with the other fibre descriptions. The smaller radius of curvature

corresponded to more extreme inhomogeneity which is difficult to model accurately.
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The conforming finite element formulations exhibited several numerical pathologies. The bilinear

approximation was seen to lock for near-incompressible materials as isotropy was approached, p →
1, as well as in the inextensible limit, p → ∞, for both compressible and nearly incompressible

materials. The biquadratic approximation showed sub-optimal accuracy, mild locking behaviour, and

poor approximability in the inextensible limit, as was noted in the case of homogeneous transversely

isotropic materials.

7.3 Concluding remarks

In this work we have formulated and implemented a virtual element for plane homogeneous linear

elasticity problems and made provision for non-homogeneous materials. In the latter case various

approaches to taking into account the non-constant elasticity tensor have been investigated. A step-

by-step implementation of the method has been presented by means of a worked example. The virtual

element formulation has been studied numerically through two model problems, and for three different

types of meshes. The numerical results have been compared against those obtained using conform-

ing finite element methods with bilinear and biquadratic approximations. Numerical investigations

into the behaviour of the virtual element method in modelling isotropic, homogeneous transversely

isotropic, and non-homogeneous transversely isotropic materials have been presented.

Isotropic materials For isotropic materials the virtual element formulation was found to be locking

free for nearly incompressible materials with no modification to the method, and exhibit superior ac-

curacy to the conforming bilinear finite element approximation. The bilinear approximation exhibited

well-known locking behaviour when modelling nearly incompressible isotropic materials.

Homogeneous transversely isotropic materials For homogeneous transversely isotropic ma-

terials the virtual element formulation was found to be locking free for the cases of both near-

incompressibility and near-inextensibility with no modification to the method. The VEM formulation

exhibited similar accuracy to the conforming biquadratic finite element approximation for sufficiently

fine meshes. The bilinear approximation exhibited locking behaviour in both the near-incompressible

and near-inextensible limits and was only accurate for cases of mild anisotropy. The biquadratic ap-

proximation exhibited numerical pathologies and suboptimal accuracy in the case of near-inextesibility

for certain fibre orientations.

Non-homogeneous transversely isotropic materials For non-homogeneous transversely isotropic

materials the virtual element formulation exhibited no numerical pathologies and similar accuracy to

the conforming biquadratic finite element approximation for sufficiently fine meshes. Minor modifi-

cation of the method was employed to improve the smoothness of the convergence behaviour of the

virtual element formulation. The conforming finite element formulations exhibited several numeri-

cal pathologies; the bilinear approximation locked in the near-incompressible and near-incompressible

limits, and the biquadratic approximation showed suboptimal accuracy and locking behaviour in the

inextensible limit.
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Recommendations Further investigation could be performed into the methodology employed in

approximating the fibre orientation of non-homogeneous materials at an element level. The methods

used in this work constitute only a few possibilities and techniques could be developed to obtain

smoother convergence behaviour and more accurate results.

Open problems There have been few studies of small-strain transverse isotropy in the context

of development of new finite element and related methods. The present study and [41] constitute

two new contributions. Further work is in progress on alternative formulations such as the use of

Discontinuous Galerkin methods. The extension to problems involving non-linear material behaviour

and large deformations is also in progress. It would be of interest to investigate the extension of

the work presented here to problems in three dimensions. Of further interest would be an analytical

investigation of the conforming biquadratic finite element approximation in the inextensible/near-

inextensible limit.
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[39] M. Gaff, M. Gašpaŕık, V. Bor̊uvka, E. Haviarová, Stress simulation in layered wood-based materi-

als under mechanical loading, Materials & Design 87 (2015) 1065–1071. doi:10.1016/j.matdes.

2015.08.128.

[40] Rock layers diagram of undisturbed description, Online (Oct. 2018).

URL http://scooplocal.co/rock-layers-diagram-of-undisturbed.html

[41] F. Rasolofoson, B. Grieshaber, B. D. Reddy, Finite element approximations for near-

incompressible and near-inextensible transversely isotropic bodies, International Journal for Nu-

merical Methods in Engineering, Advanced online publication. doi:10.1002/nme.5972.

[42] F. Auricchio, G. Scalet, P. Wriggers, Fiber-reinforced materials: finite elements for the treatment

of the inextensibility constraint, Computational Mechanics 60 (6) (2017) 905–922. doi:10.1007/

s00466-017-1437-9.

[43] W. Chen, K. Y. Lee, H. Ding, On free vibration of non-homogeneous transversely isotropic

magneto-electro-elastic plates, Journal of Sound and Vibration 279 (1-2) (2005) 237–251. doi:

10.1016/j.jsv.2003.10.033.
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Appendix A

Sample implementation code

1 %% VEM − LINEAR ELASTICITY

2 % Transver se ly I s o t r o p i c Mate r i a l s

3 % Cook' s Membrane Problem

4 % Sample Problem

5 %% CLEAR − Clear Workspace , Close Figures , Clear Console

6 c l e a r a l l

7 c l o s e a l l

8 c l c

9 %% −−−−−−−−−−−−−−−−−−−−−−− START USER SECTION −−−−−−−−−−−−−−−−−−−−−−−−−−
%%

10 %% INPUTS

11 % DOMAIN − Corners Of Domain Entered Counter−Clockwise

12 Corners = [ 0 , 0 ; 48 , 44 ; 48 , 60 ; 0 , 4 4 ] ;

13 dens i ty = 4 ; % Mesh Density − Elements Per Side

14 % LOAD − Applied Load

15 Load = 100 ;

16 % MATERIAL PROPERTIES

17 E T = 250 ; % Transverse Young' s Modulus

18 p = 5 ; % Ratio o f Long i tud ina l Young' s Modulus to Transverse Young' s

Modulus

19 v T = 0 . 4999 5 ; % Poisson ' s Ratio

20 c = 1 . 0 0 0 1 ; % Ratio o f Long i tud ina l Poisson ' s Ratio to Transverse

Poisson ' s Ratio

21 F ibreOr i enta t i on = pi /4 ; % Fibre Or i enta t i on ( rad ians )

22 %% MESH

23 ICA = [ 9 , 1 0 , 3 , 2 , 4 ; 7 , 8 , 5 , 6 , 0 ; 4 , 2 , 1 , 6 , 5 ; 9 , 4 , 5 , 8 , 0 ] ;

24 Xg = [0 ,0 ,0 ,5 .98032000000000 ,24 .1172400000000 ,25 .3529040000000 , ...
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25 4 8 , 4 8 , 4 8 , 4 8 ] ;

26 Yg = [0 ,34 .5532880000000 ,44 ,33 .2158761391200 ,30 .5639579784700 , ...

27 23 .2401620000000 ,44 ,50 .2983520000000 ,52 .3027360000000 ,60 ] ;

28 %% −−−−−−−−−−−−−−−−−−−−−−−− END USER SECTION −−−−−−−−−−−−−−−−−−−−−−−−−−−
%%

29 %% MESH−RELATED CALCULATIONS

30 Nodes = length (Xg) ;

31 n dof = 2*Nodes ;

32 Elements = s i z e (ICA) ;

33 Elements = Elements (1 , 1 ) ;

34 %% TRANSVERSELY ISOTROPIC MATERIAL PROPERTIES

35 a = [ cos ( F ibreOr i enta t i on ) , s i n ( F ibreOr i enta t i on ) ] ; % Axis Of

Symmetry

36 a1 = a (1) ;

37 a2 = a (2) ;

38 E L = p*E T ; % Long i tud ina l Young' s Modulus

39 v L = c*v T ; % Long i tud ina l Poisson ' s Ratio

40 u T = E T/(2*(1+v T ) ) ; % Transverse Shear Modulus

41 u L = u T ; % Long i tud ina l Shear Modulus

42 G L = u L ; % Long i tud ina l Shear Modulus − Not r e a l l y necce s sa ry

43 lambda = (E T*( v L*v L*E T + v T*E L ) ) /( (1 + v T ) *(E L*(1 − v T )−2*

v L*v L*E T) ) ; % Lambda

44 alpha = (E T*(E L*v L *(1 + v T ) − v L*v L*E T − v T*E L ) ) /( (1 + v T )

*(E L*(1 − v T ) − 2*v L*v L*E T) ) ; % Alpha

45 beta = ( E L*E L*(1 − v T*v T ) − E T*E T*v L*v L + E T*E L*(1 − 2*v T*

v L − 2*v L ) ) * (1/( (1 + v T ) *(E L*(1 − v T ) − 2*v L*v L*E T) ) ) − 4*

G L ; % Beta

46 gamma = 2*( u L−u T ) ; % Gamma

47 % Cons t i tu t i v e Tensor − Plane St ra in

48 c11 = lambda + 2*u T + 2*(gamma + alpha )*a1*a1 + beta*a1*a1*a1*a1 ;

49 c12 = lambda + alpha + beta*a1*a1*a2*a2 ;

50 c13 = ( alpha + gamma)*a1*a2 + beta*a1*a1*a1*a2 ;

51 c22 = lambda + 2*u T + 2*(gamma + alpha )*a2*a2 + beta*a2*a2*a2*a2 ;

52 c23 = ( alpha + gamma)*a1*a2 + beta*a1*a2*a2*a2 ;

53 c33 = u T + gamma/2 + beta*a1*a1*a2*a2 ;

54 C = [ c11 c12 c13

55 c12 c22 c23

56 c13 c23 c33 ] ;

57 %% GLOBAL MATRIX INITIALISATION
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58 % S t i f f n e s s Matrix

59 K = ze ro s ( n dof , n dof ) ;

60 % Load Vector

61 f = ze ro s ( n dof , 1 ) ;

62 %% STIFFNESS MATRIX

63 % LOOP OVER ELEMENTS

64 f o r i = 1 : Elements

65 % Element In format ion

66 % V e r t i c e s

67 Element Nodes = ICA( i , : ) ;

68 V e r t i c e s = ze ro s ;

69 count = 0 ;

70 f o r j = 1 : l ength ( Element Nodes )

71 node = Element Nodes ( j ) ;

72 i f node ˜= 0

73 count = count + 1 ;

74 V e r t i c e s ( count , 1 ) = Xg( node ) ;

75 V e r t i c e s ( count , 2 ) = Yg( node ) ;

76 end

77 end

78 n v = s i z e ( V e r t i c e s ) ; % n v = Number o f V e r t i c e s

79 n v = n v (1 , 1 ) ;

80 n e = n v ; % n e = Number o f Edges

81 % Area and Centroid

82 % As we w i l l need to loop the whole way around the

element the

83 % we modify the 'Vert i ce s ' vec to r to end with i t s

f i r s t ver tex

84 Mod Vertices = ze ro s ( n v +1 ,2) ;

85 Mod Vertices ( 1 : end−1 , : ) = V e r t i c e s ;

86 Mod Vertices ( end , : ) = V e r t i c e s ( 1 , : ) ;

87 area = 0 ;

88 c en t r o id = [ 0 , 0 ] ;

89 f o r j = 1 : n e

90 area component = Mod Vertices ( j , 1 ) *Mod Vertices ( j

+1 ,2) − Mod Vertices ( j +1 ,1)*Mod Vertices ( j , 2 ) ;

91 area = area + area component ;

92 c en t r o id (1 , 1 ) = cen t ro id (1 , 1 ) + ( Mod Vertices ( j , 1 ) +

Mod Vertices ( j +1 ,1) )*area component ;
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93 c en t r o id (1 , 2 ) = cen t ro id (1 , 2 ) + ( Mod Vertices ( j , 2 ) +

Mod Vertices ( j +1 ,2) )*area component ;

94 end

95 area = 0.5* area ;

96 c en t r o id = (1/(6* area ) )* c en t r o id ;

97 % Diameter

98 diameter = 0 ;

99 f o r m = 1 : n v−1

100 f o r n = (m+1) : n v

101 t e s t d i a m e t e r = s q r t ( ( V e r t i c e s (m, 1 )−V e r t i c e s (n , 1 )

) ˆ2 + ( V e r t i c e s (m, 2 )−V e r t i c e s (n , 2 ) ) ˆ2) ;

102 i f t e s t d i a m e t e r > diameter

103 diameter = t e s t d i a m e t e r ;

104 end

105 end

106 end

107 % Calcu la te Cons i s t ent S t i f f n e s s Matrix

108 % Calcu la te Nodal Contr ibut ions To PI ( c a l l e d B here )

109 B = ze ro s (3 ,2* n v ) ;

110 % Very Modif ied V e r t i c e s

111 Mod Mod Vertices = ze ro s ( n v +2 ,2) ;

112 Mod Mod Vertices ( 2 : end , : ) = Mod Vertices ;

113 Mod Mod Vertices ( 1 , : ) = V e r t i c e s ( end , : ) ;

114 f o r j = 1 : n v

115 c u r r e n t v e r t e x = V e r t i c e s ( j , : ) ;

116 next ve r t ex = Mod Vertices ( j +1 , : ) ;

117 p r e v i o u s v e r t e x = Mod Mod Vertices ( j , : ) ;

118 Normal next = [ next ve r t ex (2 )−
c u r r e n t v e r t e x (2 ) , c u r r e n t v e r t e x (1 )−
next ve r t ex (1 ) ] ;

119 Normal next = (1/ s q r t ( Normal next (1 )ˆ2+

Normal next (2 ) ˆ2) )*Normal next ;

120 Normal previous = [ c u r r e n t v e r t e x (2 )−
p r e v i o u s v e r t e x (2 ) , p r e v i o u s v e r t e x (1 )

−c u r r e n t v e r t e x (1 ) ] ;

121 Normal previous = (1/ s q r t ( Normal previous

(1 )ˆ2+Normal previous (2 ) ˆ2) )*

Normal previous ;
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122 Ne next = [ Normal next (1 ) , 0 , Normal next

(2 )

123 0 , Normal next (2 ) , Normal next

(1 ) ] ;

124 Ne prev ious = [ Normal previous (1 ) , 0 ,

Normal previous (2 )

125 0 , Normal previous (2 ) ,

Normal previous (1 ) ] ;

126 Edge next = s q r t ( ( nex t ve r t ex (1 )−
c u r r e n t v e r t e x (1 ) ) ˆ2+( next ve r t ex (2 )−
c u r r e n t v e r t e x (2 ) ) ˆ2) ;

127 Edge prev ious = s q r t ( ( c u r r e n t v e r t e x (1 )−
p r e v i o u s v e r t e x (1 ) ) ˆ2+( c u r r e n t v e r t e x

(2 )−p r e v i o u s v e r t e x (2 ) ) ˆ2) ;

128 B temp = ( Edge next /2) *( Ne next ) ' + (

Edge prev ious /2) *( Ne prev ious ) ' ;

129 B( : , 2* j−1) = B temp * [ 1

130 0 ] ;

131 B( : , 2* j ) = B temp * [ 0

132 1 ] ;

133 end

134 % Calcu la te Pi

135 Pi = (1/ area ) .*B;

136 % CONSISTENCY MATRIX

137 Kc = area *Pi '*C*Pi ;

138 % Calcu la te S t a b i l i s a t i o n Term

139 D = ze ro s (2* n v , 6 ) ;

140 f o r j = 1 : n v

141 D(2* j −1 , : ) = [ 1 , 0 , ( V e r t i c e s ( j , 1 ) − c en t r o id (1 ) ) /

diameter , 0 , ( V e r t i c e s ( j , 2 ) − c en t r o id (2 ) ) / diameter ,

0 ] ;

142 D(2* j , : ) = [ 0 , 1 , 0 , ( V e r t i c e s ( j , 1 ) − c en t r o id (1 ) ) /

diameter , 0 , ( V e r t i c e s ( j , 2 ) − c en t r o id (2 ) ) / diameter ] ;

143 end

144 % STABILISATION MATRIX

145 Ks = u T * [ eye (2* n v )−D* inv (D'*D)*D' ] ;

146 % Calcu la te Element S t i f f n e s s Matrix

147 Ke = Kc + Ks ;

148 % Assemble Global S t i f f n e s s Matrix
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149 f o r j = 1 : n v

150 f o r k = 1 : n v

151 K(2*ICA( i , j )−1:2*ICA( i , j ) ,2*ICA( i , k )−1:2*ICA( i , k ) ) =

K(2*ICA( i , j )−1:2*ICA( i , j ) ,2*ICA( i , k )−1:2*ICA( i , k ) )

+ Ke(2* j −1:2* j , 2*k−1:2*k ) ;

152 end

153 end

154 end

155 %% BOUNDARY CONDITIONS

156 t o l e r a n c e = 10ˆ−10; % Tolerance on IF statements

157 %% D i r i c h l e t Condit ions

158 NDir ichletNodes = 0 ;

159 f o r i = 1 : Nodes

160 i f Xg( i ) <= 0 + t o l e r a n c e && Xg( i ) >= 0 − t o l e r a n c e

161 NDir ichletNodes = NDir ichletNodes + 1 ;

162 end

163 end

164 D i r i c h l e t = ze ro s (2* NDirichletNodes , 2) ;

165 count = 0 ;

166 f o r i = 1 : Nodes

167 i f Xg( i ) == 0

168 count = count + 1 ;

169 D i r i c h l e t (2* count −1 ,1) = i ;

170 end

171 end

172 f o r i = 1 : NDir ichletNodes

173 D i r i c h l e t (2* i −1 ,1) = 2* D i r i c h l e t (2* i −1 ,1) − 1 ;

174 D i r i c h l e t (2* i , 1 ) = D i r i c h l e t (2* i −1 ,1) + 1 ;

175 end

176 %% Force Vector

177 % I f two nodes o f an element l i e on the l i n e x=48 the element has an

edge

178 % expe r i enc ing a t r a c t i o n

179 Tract ion = Load /16 ; %N/m

180 %NForceNodes = dens i ty + 1 + AddNodes* dens i ty ;

181 NForceNodes = 0 ;

182 f o r i = 1 : Nodes

183 i f Xg( i ) >= 48 − t o l e r a n c e && Xg( i ) <= 48 + t o l e r a n c e

184 NForceNodes = NForceNodes + 1 ;

99



Sample implementation code

185 end

186 end

187 NForceNodes ;

188 NForceSides = NForceNodes − 1 ;

189 ForceS ides = ze ro s ( NForceSides , 6 ) ;

190 SideCount = 0 ;

191 % Loop Over Elements

192 f o r i = 1 : Elements

193 % V e r t i c e s

194 Element Nodes = ICA( i , : ) ;

195 V e r t i c e s = ze ro s ;

196 count = 0 ;

197 f o r j = 1 : l ength ( Element Nodes )

198 node = Element Nodes ( j ) ;

199 i f node ˜= 0

200 count = count + 1 ;

201 V e r t i c e s ( count , 1 ) = node ;

202 V e r t i c e s ( count , 2 ) = Xg( node ) ;

203 V e r t i c e s ( count , 3 ) = Yg( node ) ;

204 end

205 end

206 n v = s i z e ( V e r t i c e s ) ; % n v = Number o f V e r t i c e s

207 n v = n v (1 , 1 ) ;

208 Mod Vertices = ze ro s ( n v +1 ,3) ;

209 Mod Vertices ( 1 : end−1 , : ) = V e r t i c e s ;

210 Mod Vertices ( end , : ) = V e r t i c e s ( 1 , : ) ;

211 f o r j = 1 : n v

212 X1 = Mod Vertices ( j , 2 ) ;

213 X2 = Mod Vertices ( j +1 ,2) ;

214 i f X1 <= 48 + t o l e r a n c e && X1 >= 48 − t o l e r a n c e

215 i f X2 <= 48 + t o l e r a n c e && X2 >= 48 − t o l e r a n c e

216 Y1 = Mod Vertices ( j , 3 ) ;

217 Y2 = Mod Vertices ( j +1 ,3) ;

218 N1 = Mod Vertices ( j , 1 ) ;

219 N2 = Mod Vertices ( j +1 ,1) ;

220 SideCount = SideCount + 1 ;

221 ForceS ides ( SideCount , 1 ) = SideCount ;

222 ForceS ides ( SideCount , 2 ) = N1 ;

223 ForceS ides ( SideCount , 3 ) = N2 ;

100



Sample implementation code

224 ForceS ides ( SideCount , 4 ) = Y1 ;

225 ForceS ides ( SideCount , 5 ) = Y2 ;

226 ForceS ides ( SideCount , 6 ) = abs (Y2−Y1) ;

227 end

228 end

229 end

230 end

231 % Create Force Vector

232 f o r i = 1 : NForceSides

233 f (2* ForceS ides ( i , 2 ) ) = 0.5* ForceS ides ( i , 6 ) *Tract ion ;

234 end

235 f o r i = 1 : NForceSides

236 f (2* ForceS ides ( i , 3 ) ) = f (2* ForceS ides ( i , 3 ) ) + 0.5* ForceS ides ( i , 6 )

*Tract ion ;

237 end

238 %% Solve − Penalty Method

239 B = 10ˆ10 ; % Penalty

240 Kp = K;

241 f o r i = 1 :2* NDir ichletNodes

242 Kp( D i r i c h l e t ( i , 1 ) , D i r i c h l e t ( i , 1 ) ) = B;

243 f ( D i r i c h l e t ( i , 1 ) ) = B* D i r i c h l e t ( i , 2 ) ;

244 end

245 d = spar s e (Kp) \ f ; % Sparse Used To Improve Speed

246 %% Find the t i p ( Point C)

247 f o r i = 1 : Nodes

248 i f Xg( i ) == 48 && Yg( i ) == 60

249 t i p = i ;

250 end

251 end

252 % Display V e r t i c a l Displacement

253 d i sp ( 'The t i p i s Node : ' )

254 d i sp ( t i p )

255 d i sp ( 'Tip Displacement = ' )

256 d i sp (d(2* i ) ) ;
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Appendix B

Compliance relations

For a transversely isotropic material under the assumption of plane strain with fibre orientation a =

[a1, a2]T the compliance relation is given by [41]
ε11

ε22

2ε12

 =


S11 S12 S13

S12 S22 S23

S13 S23 S33




σ11

σ22

σ12

 , (B.1)

where

S11 =
1

detC

[(
λ+ 2µt + 2(γ + α)a22 + βa42

)(
µt +

γ

2
+ βa21a

2
2

)
−
(
(α+ γ)a1a2 + βa1a

3
2

)2]
,

S12 =
1

detC

[(
(α+ γ)a1a2 + βa31a2

)(
(α+ γ)a1a2 + βa1a

3
2

)
−
(
λ+ α+ βa21a

2
2

)(
µt +

γ

2
+ βa21a

2
2

)]
,

S13 =
1

detC

[(
λ+ α+ βa21a

2
2

)(
(α+ γ)a1a2 + βa1a

3
2

)
−
(
(α+ γ)a1a2 + βa31a2

)(
λ+ 2µt + 2(γ + α)a22 + βa42

)]
,

S22 =
1

detC

[(
λ+ 2µt + 2(γ + α)a21 + βa41

)(
µt +

γ

2
+ βa21a

2
2

)
−
(
(α+ γ)a1a2 + βa31a2

)2]
,

S23 =
1

detC

[(
λ+ α+ βa21a

2
2

)(
(α+ γ)a1a2 + βa31a2

)
−
(
λ+ 2µt + 2(γ + α)a21 + βa41

)(
(α+ γ)a1a2 + βa1a

3
2

)]
,

S33 =
1

detC

[(
λ+ 2µt + 2(γ + α)a21 + βa41

)(
λ+ 2µt + 2(γ + α)a22 + βa42

)
−
(
λ+ α+ βa21a

2
2

)2]
and

1

detC
=
(
λ+ 2µt + 2(γ + α)a21 + βa41

)[(
λ+ 2µt + 2(γ + α)a22 + βa42

)(
µt +

γ

2
+ βa21a

2
2

)
−
(
(α+ γ)a1a2 + βa1a

3
2

)2]
−
(
λ+ α+ βa21a

2
2

)[(
λ+ α+ βa21a

2
2

)(
µt +

γ

2
+ βa21a

2
2

)
−
(
(α+ γ)a1a2 + βa31a2

)(
(α+ γ)a1a2 + βa1a

3
2

)]
+
(
(α+ γ)a1a2 + βa31a2

)[(
λ+ α+ βa21a

2
2

)(
(α+ γ)a1a2 + βa1a

3
2

)
−
(
(α+ γ)a1a2 + βa31a2

)(
λ+ 2µt + 2(γ + α)a22 + βa42

)]
.
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Compliance relations
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