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Abstract

The aim of this thesis is to provide a survey of the topic of composition operators on spaces of (equivalence
classes of) measurable functions and attempt to unify some of the most important results contained in the liter-
ature. A large class of these spaces can be equipped with norms turning them into Banach lattices. These spaces
are called Banach function spaces and examples include the Lebesgue, Lorentz, Orlicz and Orlicz-Lorentz spaces.
A composition operator can be defined between spaces of measurable functions as follows. Let (£1,%1, p1) and
(Q2, X9, u2) be measure spaces, where ; is a set, ¥, is a o-algebra of subsets of §2; and pu; is a positive measure
on ¥; for ¢ = 1,2. Let F;(€;) (i = 1,2) be vector spaces of equivalence classes, modulo almost everywhere
equality, of real or complex-valued functions on Q; (i = 1,2) and let 7 : Qs — Qy be a map, which will be
referred to as the symbol function. For g € [f] € F1(©4), put

(Crg)(x) = g(r(z)) x€Qyand

C:f] = [Crl

If C; maps F1(€y) into F5(Q2) then C; is called a composition operator from Fj(€;) into F5(2). The first
two questions which arise naturally from the definition above are, “When does C, map Yp-measurable functions
onto Yo-measurable functions?” and “When is C; well-defined as a mapping of equivalence classes?”. Apart from
these preliminary questions, we investigate three main problems. The first is determining the conditions on the
symbol function 7 such that C; is a continuous composition operator and providing estimates for the norm of
the composition operator (in the settings where C; is acting on normed spaces). The second is characterizing the
conditions under which the composition operator is compact. The properties of the underlying measure space
will play a significant role in this part of the study. The third is characterizing those bounded linear operators
on a Banach function space which are composition operators. The simplifying assumptions that the measure
spaces are the same and that the spaces of measurable functions are the same will be made for the majority of
results to be presented in this thesis.

There are scattered results in the literature ([37], [20], [5], [22] and [21]) regarding these three issues in
the contexts of Lebesgue, Lorentz, Orlicz, Orlicz-Lorentz and Banach function spaces. The aim of this paper is
to investigate composition operators in the most general of these contexts, namely Banach function spaces, to
facilitate a more unified approach to the study of composition operators on spaces of measurable functions. It
will also be shown which of the results in the literature for specific examples of Banach function spaces follow
from this more general framework. Furthermore, we point out what appear to be errors in proofs in the literature
and give proofs for similar (and often weaker) versions of the stated results. In addition to studying composition
operators on Banach function spaces, we also investigate composition operators on spaces of measurable functions
equipped with a (generally) non-normable linear topology and detail an important application of composition

operators, namely the characterization of isometries between Lebesgue spaces.
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0.1. INTRODUCTION 7

0.1. Introduction

The aim of this thesis is to provide a survey of the topic of composition operators on spaces of (equivalence
classes of) measurable functions and attempt to unify some of the most important results contained in the
literature. A large class of these spaces can be equipped with norms turning them into Banach lattices. These
spaces are called Banach function spaces and examples include the Lebesgue, Lorentz, Orlicz and Orlicz-Lorentz
spaces. We define the general notion of a composition operator. Let £y and Q5 be sets, F;(€;) (i = 1,2) vector
spaces of real or complex-valued functions on €; (i = 1,2) and let 7 : Q2 — ©; be a map, which will be referred

to as the symbol function. We define the composition transformation C; on F;(21) by
(Cr (@) = f(r(z)) €, feF(h)

If C; maps F; (1) into F»(s) then C. is called a composition operator from Fy () into F5(€Qs). It is possible to
classify composition operators into three main classes based on the nature of the spaces 27 and €5 and the type
of functions considered on these spaces. Composition operators induced by continuous symbol functions appear
in the context of spaces of bounded continuous functions on topological spaces 2; and . If spaces of analytic
functions on subsets 7 and Qs of the complex plane are considered, then composition operators induced by
analytic symbol functions arise (see [32], for example). Finally, composition operators induced by measurable
symbol functions appear in the context of spaces of measurable functions over measure spaces {2; and 5. The
focus of this thesis will be on this third class of composition operators. Furthermore, the majority of results
will be presented under the simplifying assumptions that the measure spaces are the same and the spaces of
measurable functions are the same. There are three main problems to be investigated. The first is determining
the conditions on the symbol function 7 such that C is a continuous composition operator and providing
estimates for the norm of the composition operator (in the setting where C is acting on normed spaces). It
will be shown that this is equivalent to evaluating the conditions under which the symbol function induces a
composition operator. The second is characterizing the conditions under which the composition operator is
compact. The properties of the underlying measure space will play a significant role in this part of the study.
The third is characterizing those linear operators on a Banach function space which are composition operators.

There are scattered results in the literature ([37], [20], [5], [22] and [21]) regarding these three issues in
the contexts of Lebesgue, Lorentz, Orlicz, Orlicz-Lorentz and Banach function spaces. The aim of this paper is
to investigate composition operators in the most general of these contexts, namely Banach function spaces, to
facilitate a more unified approach to the study of composition operators on spaces of measurable functions. It
will also be shown which of the results in the literature for specific examples of Banach function spaces follow
from this more general framework. Furthermore, we point out what appear to be errors in proofs in the literature
and give proofs for similar (and often weaker) versions of the stated results. In addition to studying composition
operators on Banach function spaces, we also investigate composition operators on spaces of measurable functions
equipped with a (generally) non-normable linear topology and detail an important application of composition
operators, namely the characterization of isometries between Lebesgue spaces.

In Chapter 1 we provide the requisite background information regarding measure spaces, measurable func-
tions, decreasing rearrangements and operators. In Chapter 2 we define linear topologies on a vector space of
(equivalence classes of) real or complex-valued measurable functions, and on two of its vector subspaces. These
topologies are generally non-normable. Order structures are also defined on these spaces in the case where they
are real vector spaces and the interactions with the topological structures are noted. Furthermore the structure
and properties of the Lorentz spaces, Orlicz spaces and Orlicz-Lorentz spaces are discussed. The salient features
of Banach function spaces and and an important class of Banach function spaces, the rearrangement invariant
ones, are detailed in Chapters 3 and 4. In Chapter 5 the sum and intersection of Banach spaces are described

and the interpolation theory to be used in the sequel is given. In Chapter 6 the connection between multplication
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operators and composition operators is demonstrated and the boundedness and compactness of multiplication
operators on LP spaces are investigated. The main results concerning the boundedness, compactness and charac-
terization of composition operators are contained in Chapters 7,8 and 9 respectively. Finally, in Chapter 10 the

application of composition operators in the characterization of isometries between LP spaces is demonstrated.



CHAPTER 1

Preliminaries

In this chapter we present the requisite background information regarding measure spaces, measurable func-
tions, decreasing rearrangements, topological vector spaces and operators. In providing background information
and useful results, our general strategy will be to provide references, but to omit proofs of results which are
contained in the literature unless a particular proof serves to illuminate some important aspect of the theory.
Where a particular result is not explicitly stated or proven in the literature, proofs will usually be furnished.
We have tried to give some motivation for the results to be given in this chapter and to connect, where possible
the concepts to be explored. There are however sections where we have merely listed those results we would like
to refer to at a later stage.

We will assume familiarity with the basic concepts of functional analyis, measure theory and complex analysis
as presented in [3], [6] and [31] respectively.

We start by making some comments about notation and terminology. We will adopt the convention of
calling a function positive (rather than nonnegative) if f > 0 and strictly positive if f > 0. Similarly we will
distinguish between monotone and strictly monotone. If X and Y are normed spaces, we denote the unit ball of
X using Bx and the set of all bounded linear operators from X into Y using B(X,Y"). F will be used to denote
an arbitrary field of scalars. If F'(£2) is a vector space of real or complex-valued functions on a set 2, then Fr(Q2)
will be used to denote the set of all real-valued functions in F'(2) and F, (£2) will be used to denote the set of
all positive real-valued functions in F(2). We will use L%(u) = L°(Q, 3, 1) to denote the set of all equivalence
classes of complex-valued (finite almost everywhere) measurable functions on 0 where any two functions which

are equal p-a.e. have been identified. For simplicity we will use f to denote the equivalence class containing f.

1.1. Measure spaces and measurable transformations

There is often an interplay between the underlying measure space and the function space structure. This
connection will be developed in the sections on resonant measure spaces and rearrangement invariant Banach
function spaces. For the moment we present some results which will be useful in the sequel. Throughout this
paper we will use (2, X, 1) to represent a measure space, where § is a set, 3 is a o-algebra of subsets of Q and
X — [0,00] is a positive measure. We will assume that Q is o-finite, i.e. that there exists an increasing
sequence of measurable sets of finite measure whose union is 2, and that the completion process has been carried
out on (Q,%,u), i.e. ¥ contains all subsets of sets of zero measure. We will use ¥ to denote the family of
measurable sets with finite measure, ¥y to denote the family of measurable sets with measure zero and ;¢
to denote the family of all measurable sets with finite nonzero measure. A nonempty set A € ¥ is called an
atom if B C A implies pu(B) = u(A) or u(B) = 0. If ¥ does not contain any atoms then p (or Q) is called
nonatomic or continuous. It can be shown that if y is nonatomic and A € ¥ is such that u(A) = to, then for
every 0 < t < g, there exists a measurable subset A; of A with u(A;) =t. Let R denote the real line, R* the
positive part of the real line and m the Lebesgue measure on R (or RT). As examples of nonatomic measure
spaces we have (R, B,m) and (R™, M, m), where B is the Borel subsets of the real line and M is the Lebesgue
measurable subsets of the positive part of the real line. If there exists a partition of Q consisting of countably
many elements from Y such that each element in this partition is either an atom or a null set, then (Q, 3, i) is
called purely atomic. Let E denote the natural numbers N (including zero) or the integers Z and Let w = (w;);er
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be a sequence of positive real numbers. The measure space (E,P(E), u,,) where P(E) is the powerset of E and
tw({7}) := w; will be denoted by E,, and is an example of an atomic measure space. If p,,({i}) = 1 for all i € E,
then pu,, is called the counting measure and will be denoted p.. The following result shows that any o-finite

measure space can be decomposed into atomic and nonatomic parts.
PrOPOSITION 1.1.1. [40, p.67] A o-finite measure space ) is uniquely decomposed as follows
Q=0.UQ,

where Q. is nonatomic and Q, = flen (where (A,)22, is a countable collection of disjoint atoms of strictly
n=

positive measure).

An important example of a positive measure is a Haar measure. A Borel measure p in a locally compact
topological group Q is called a Haar measure if 1(G) > 0 for every non-empty Borel open set G and p(xA) = p(A)

for every x € Q2 and for every Borel set A. The following is an important existence result for Haar measures.

THEOREM 1.1.2. [23, p.254] In every locally compact topological group there exists at least one reqular Haar

measure.
We list some properties of positive measures.

THEOREM 1.1.3. (cf. [31, p.16]) Let u be a positive measure on a o-algebra ¥ and let (A,); C X. Then
(1) lim u(Ay,) = u(A) if A= OleAn and A, C Apq1 for alln € Nt
n—oo n=
(2) lim u(A,) = u(A) if A= OﬁlAn, Api1 C A, for alln € NT and u(Ag) < oo for some k € NT,
n—oo n=

When characterizing those linear operators from a Banach function space into itself which are composition
operators, it will be useful to know the relationship between set mappings and point mappings. We present
some preliminaries on the algebraic structure of the underlying measure space and include Sikorski’s Theorem

which specifies the conditions under which a set mapping is induced by a point mapping.

ProPOSITION 1.1.4. [37, p.22| The o-algebra ¥ of measurable sets is a Boolean algebra under the binary
operations of union and intersection as join and meet respectively and the unary operation of set-complementation

as Boolean complementation.
REMARK 1.1.5. In general, we can define an order relation on a Boolean algebra by
<y & xzVy=y

In the case above, the Boolean order relation defined in this way coincides with set-inclusion. We will use the
notation A\B to denote AN B¢

We wish to form a quotient algebra using Yo := {A € ¥ : u(A) = 0}. We therefore require the following

result.

PROPOSITION 1.1.6. (cf. [37, p.22]) X is a o-ideal of the algebra X, i.e. ¥ is closed under countable union
and if B € 3y and A C B, then A € 3.
PRrROOF. Let (4,)52; C ¥. Then u ( (EJOlAn> < > u(A,) = 0 since u(A,) = 0 for all n € NT and so
n= n=1
OL_len € Y. Furthermore, if A € ¥y and B C A, then u(B) < u(A) =0 and so B € Xy. O

We form the quotient ring /% on which we define the Boolean operations
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AlU[B] = [AUB]
AIN[B] = [ANB]
Al = (A7

PROPOSITION 1.1.7. [37, p.22] ¥/X¢ is a Boolean algebra when equipped with the operations defined above.

REMARK 1.1.8. Since [A] :={B € ¥ : A~ B} where A ~ B < AAB € %, we have that [A] = [B] if and
only if 4(AAB) = 0 and so if we define [A] C [B] if and only if [A] N [B] = [4], then
[AlC[B] & [AnB]=[A]
< pu((ANB)AA)=0
< p(A\B)=0
Furthermore if we define [A]\[B] := [A] N [B]¢ then [A]\[B] = [4] N [B¢] = [AN B¢] = [A\B]
The following result follows easily from the above remark.

PROPOSITION 1.1.9. If A, B € X, then

(1) [xal = [xs] if and only if [A] = [B]
(2) [xal < [xs] if and only if [A] C [B]

We now present Sikorski’s Theorem, which holds for a particular class of spaces, namely absolute Borel
spaces, and for a particular class of set mappings, namely o-homomorphisms. A topological space is said to be
an absolute Borel space if it is homeomorphic to a Borel subset of the Hilbert cube. A map ¢ : A — B between
two Boolean algebras is called a (Boolean) homomorphism if it preserves joins, meets and complements. If ¢

preserves countable joins and countable meets then ¢ is called a o-homomorphism.

THEOREM 1.1.10 (Sikorski). [33, p.110] Let Q2 be an absolute Borel space, ¥ the o-algebra of all Borel
subsets of Q and ¥; a o-ideal of £. If 3 is a o-algebra of subsets of a set Q and &; a o-ideal of © then every
o-homomorphism ¢ : £/3; — i/f}l s tnduced by a point mapping, i.e. there exists a map T : Q — Q such that

o([A]) =[r7H(4)]  V[A] e T/%;

Next we define separability of a measure. Let [¥¢] := X7 /3, and define d : [¥f] — [0, 00) by

d([A],[B]) = /Q . —xsldu  [A][B] € 3]

It can be shown (cf. [2, p.27]) that ([X¢],d) is a complete metric space. A measure 1 is called separable if the
corresponding metric space is separable. Let A be a family of subsets of a set Q. M(A) and S(A) will be used
to represent the monotone class generated by A and the o-ring generated by A respectively. We present one

result regarding the separability of a measure.

THEOREM 1.1.11. [23, p.168] Let (2, X, 1) be a o-finite measure space. Then i is separable if there exists a
sequence of (Ap)o2, C 3 such that ¥ = S((An)52,)-

n=1

REMARK 1.1.12. Since (N, P(N), p,,) is a o-finite measure space and P(N) = S(({n})nen), tw is separable

for any sequence of positive real numbers w = (wy, )nen.

In the process of characterizing those rational functions which induce bounded composition operators on
Banach function spaces over (R, 8, m) it will be useful to show that if a property holds for a particular class of

sets then it holds for all Borel sets. We present one result in this direction.
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THEOREM 1.1.13. [23, p.27] Let R be a ring. Then M(R) = S(R).

REMARK 1.1.14. If F is a topological space, then Rudin ([31, p.12]) defines the Borel sets of E to be the
smallest o-algebra B containing the open sets of E. Halmos ([23, p.62]) defines the Borel sets of the real line to
be the o-ring generated by the class of all bounded semiclosed intervals of the form [a, b). Theorem 15B (|23,

p.63]) shows that these two definitions are equivalent.

Next we consider some measure theoretic properties of the maps 7 : 2 — Q which will be used to define
composition transformations.

Let (Q1,%1,p1) and (Qg, X2, uo) be o-finite measure spaces. A map 7 : Qo — 5 is called a measurable
transformation if 771(A) € ¥y for all A € ¥y . If 7 is a measurable transformation such that po(771(A4)) =0
whenever p1(A) = 0, then 7 is called nonsingular. A measurable transformation 7 can be used to define a

positive measure pp o 77! on ¥ in the following natural way:
po o T HA) = pa(t7H(A)) VA e ¥y
We show that, under certain conditions, 7 maps any atom essentially into an atom.
PROPOSITION 1.1.15. (cf. [38, p.507]) Let 7 : 2 — Q be a measurable transformation such that
(1.1.1) pot H(A) <ku(A) VAeX;
for some k > 0. Then for any atom A with u(A) > 0 there exists an atom B such that (AN 771 (B)) = u(A).

PROOF. (Q,3, ) is o-finite, so we can write €, the atomic part of 2, as a union of atoms A,, (n € N*) of
finite strictly positive measure. Assume that there exists an atom A such that u(AN771(A,)) # u(A) for every
atom A,,. Since A is an atom this implies that

pANTHA)) = 0 VneN'
:>,u(Aﬂ7'_l(Qa)) = /“L<Am7—_l (n§1An>>

- (ElA N T—l(An))

Y uAnTiA)
(1.1.2) = 8:1
Furthermore
Q = 7712 UTH(Q,)
= u(4) = p((ANT7H Q) U (ANTH ()
= p(ANT7H(Q) +p(ANT7 Q)
(1.1.3) = p(AnT71(Q)) by (1.1.2)
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Let € > 0. Since €2, is nonatomic and o-finite we can find a sequence (B,,)5; of pairwise disjoint measurable
subsets such that u(B,) < ¢ for each n and Q. = fJoan. Therefore
n=

WA = H(Am—l (n‘ilen)) by 1.1.3
)

= ( fle N Y(B,)
o0
- ZM (AnT7Y(By)) since the 77 (B,,)’s are pairwise disjoint
n=1

(1.1.4) = p(AnTt Y (By) for some k € N*
< por (By)
< kw(Br) by (1.1.1)

(1.1.5) < e

Line (1.1.4) follows since A N 771(B,) is a subset of an atom and hence for each n, u(AN7-4(B,)) = 0 or
w(ANT1(B,)) = u(A). Since (1.1.5) holds for any € > 0 we have that u(A) = 0, which is a contradiction. [

1.2. Measurable functions

In this section we outline some of the important features of measurable functions and state some results
concerning the convergence of sequences of measurable functions and the relationships between some of the
different modes of convergence. Furthermore, we provide some information regarding the Radon-Nikodym
derivative, rational functions and convex functions. First we describe some notation to be used. Let (2, %, )
be a o-finite measure space. The vector space of equivalence classes, modulo almost everywhere equality of
real or complex-valued measurable functions, finite almost everywhere on Q, will be denoted L°(Q,3, i) or
L°(u). Unless specified otherwise we will identify functions which are equal almost everywhere and denote the
equivalence class [f] of a function f using f. The set of all functions in L°(u) which are bounded, except possibly

on a set of finite measure, will be denoted L ().

PROPOSITION 1.2.1. If f € L°(Q,X, u) such that f # 0, then there exists an ¢ > 0 and a B € % with
w(B) =9 >0 such that |f(m)| > ¢ for all x in B.

Proor. Let A = {z € Q : |f(z)| > 0}. f # 0 implies that u(A) > 0. For each n € N, define
Ap={ze€Q:|f(z)] > 1}. Then A = t)_olAn and so

u4) = u(0A)

< ZIU’(AYL)

n=1

A simple proof by contradiction shows that this implies that p(Az) > 0 for some k € NT. Let ¢ = ¢ and

B=A,. 0
PROPOSITION 1.2.2. Let f,g € L°(Q, X, n) such that [, fdp and [, gdu exist for every A € Sy. If

(1.2.1) /fd,uz/gdu VA e Xy
A A

then f = g.
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PROOF. Let f = f1 +ifs and g = g1 + ige where f1, f2,91,92 € LY(Q, X, ). If (1.2.1) holds then

(1.2.2) /A frdu

/f2du /ggdu VA e,
A A

Assume that f # g. Then either f; # g1 or fo # go. If fi # g1 then by Proposition 1.2.1 there exists an € > 0
and an A € Xy such that ‘fl () — ¢ (x)‘ > e for all z € A. A simple proof by contradiction shows that there
exists a B C A with p(B) > 0 such that fi(z) > gi(z) + § for all x € B or fi(x) + § < g1() for all x € B. Tt

follows that
/ Jidu 7’5/ g1 dp
B B

which contradicts (1.2.2). Similarly, a contradiction can be reached if fy # go. It follows that f = g. d

/ g1dp VA e Xy and
A

LEMMA 1.2.3. [39, p.325] Let 1 < p < g < 0o. If a measurable set A is nonatomic and p(A) > 0, then there
exists an f € LP(u) such that
[ 171" du=oc
A

PrOOF. Let 0 < o < p(A). Since A is nonatomic one can find a sequence (A,)52; of pairwise disjoint
measurable subsets of A such that for each n € N

Define a function f on €2 as the pointwise limit

f= Z wak

Then the pointwise limit is well-defined since the A} s are pairwise disjoint. Furthermore, f € LP(u) since

o p
1
flrdp = / —— X, | dp
/Q| | Q ,;M(Ak)l/q g
= /Qk 1 p/qXAk du

= ZM(Ak)lip/q
k=1
1y > /1 (1-p/q)k
_ -p/q -
iy (3)
k=1

< oo,

since 1 — p/q > 0 implies that (%)(kp/q) < 1. We show that fA’f|q dp = oo:

o0

/Qlﬂqdu = /(meAk>qdu

k=1

= Xa, dpt
/le (Ag) "

= 21
k=1

= o0
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We list some important convergence properties. f is called a simple function if there exists (Al-)f:1 C ¥ and
k

(ai)iy C Fsuch that f = Y aix,, - If (A:)f_; C Xy, then f is called a simple function with support of finite
i=1

measure.

THEOREM 1.2.4. |31, p.15] Let f be a positive measurable function. Then there exists a sequence (f,)5,
of simple functions such that 0 < f, T f pointwise.

THEOREM 1.2.5. [28, p.93] If (fn)52, is a sequence of measurable functions which is Cauchy in measure,

then there exists a measurable function f such that f, — f in measure.

THEOREM 1.2.6 (Monotone Convergence Theorem). [31, p.21] Let (f,)52; be a sequence of measurable
functions on Q0 and suppose that 0 < f, T f p-a.e.. Then f is measurable and

/fnd/,t—>/fd,u as n — 0o
Q Q

L°(11) and some of its subspaces will become topological vector spaces when equipped with various topologies
related to convergence in measure. The relationships between different modes of convergence are therefore

significant. Two such relationships are listed below.

PROPOSITION 1.2.7. [31, p.74]| Let (Q, 3, 1) be a finite measure space. If f is a complex valued measurable
function and (f,)52, is a sequence of complex valued measurable functions such that f, — f in measure, then

there exists a subsequence (fn, )72, such that f,, — f pointwise ji-a.e.
THEOREM 1.2.8. [31, p.68] Let 1 < p < 0o and (fn)S%, C LP(p). If fn — f in LP(u), then (fn)22, has a
subsequence which converges pointwise almost everywhere to f.
THEOREM 1.2.9. [3, p.75] Let (2, %, 1) be a measure space, 1 < p < 0o, % + ﬁ =1andge L (). Define
¢g : LP(u) — F by
bg(f) :=/fgdu
Then ¢4 € LP(p)* and the map g — ¢4 is an isometric isomorphism of L(p) onto LP(p)*.

We will require the following three results to show that monotone functions on the real line induce compo-

sition operators on certain function spaces over the real line.

THEOREM 1.2.10. [12, p.99] Let f : [a,b] — R be an integrable function. Then the function F(x) := f; ft)dt

is absolutely continuous on [a, b].

LEMMA 1.2.11. (¢f. [30]) If ¢ : [a,b] — R is increasing, then
(1) there exists f : [a,b] — R such that f is left continuous, increasing and the set {x € [a,b] : f(z) # ¢(x)}

is at most countable;

(2) there exists a positive Borel measure p on [a,b] such that
f(@) = fla) = p(la,2))  a<z<b
(3) [ exists m-a.e, f € L'([a,b],B,m) and
f@) - 1@ = [ F@d+s@)  asa<y

for some s increasing such that s'(x) =0 m-a.e.

(4) ¢'(z) = f'(z) m-a.e.

COROLLARY 1.2.12. If ¢ : R — R is monotone, then ¢' exists m-a.e.
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1.2.1. The Radon-Nikodym derivative. We state the Radon-Nikodym theorem and some related re-

sults.

THEOREM 1.2.13. [28, p.154] Let (2, %, 1) be a o-finite measure space and let 7 : Q@ — Q be a nonsingular

measurable transformation. Then for any f € L°(u)

(1.2.3) /Qfordu:/ﬂfduofl

in the sense that the existence of the integral on either side implies the existence of the other and equality holds.

PROOF. It is easily checked that po 7! is a positive measure on X. Let A € 3, then

/XAOTdu /XT_1<A) dp
Q Q

= port(4)

Q

By the linearity of integration (1.2.3) holds for all positive simple functions. Let f € L°(u) such that f > 0.

Then there exists a sequence of positive simple functions (f,,)22; such that f, 1 f pointwise p-a.e. Since 7 is

nonsingular this implies that f,, 1 f pointwise o771

(1.2.4) /andMOT_lz/QfHOTd,u

Furthermore, we also have that f, o7 1 fo7 pointwise p-a.e. By the Monotone Convergence theorem, it therefore
follows that

-a.e. For each n, we have

/fdMOT_l = lim fadpor !
Q Q

n—oo

= lim fnoTdu since (1.2.4) holds for each n
Q

n—oo

/QfOTdM

f=(g"—g7)+i(h" —h7)
where gt g7, hT,h~ > 0. Using the linearity of the integral and the fact that (1.2.3) holds for all positive
measurable functions we have that (1.2.3) holds for all f € LO(p). O

Let f € L°(u), then

THEOREM 1.2.14. [31, p.23] Let f : Q — [0, 0] be measurable and define v : ¥ — [0, 00] by

I/(A)::/Afdu AeckX

/diV=/ngdu

for every measurable function g with range in [0, oc].

Then v is a measure on X and

THEOREM 1.2.15 (Radon-Nikodym theorem). [6, p.132] Let (2,3, u) be a o-finite measure space and let v
be a positive measure on X. If v is absolutely continuous with respect to p (written v < ), then there exists a
Y -measurable function f:Q — [0,00) such that

V(A):/Afdu VAe X

Furthermore, the function f is unique up to p-a.e. equality.
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The function f in the theorem above is called the Radon-Nikodym derivative of v with respect to p and is

sometimes written g—z.
Let (21,%1, 1) and (Qs9, o, o) be o-finite measure spaces and let 7 : Q3 — ; be a measurable transfor-

mation. Recall that we can define a measure ps o 7-! on X by setting

proT H(A) = pa(r7H(A))  VAED

1

If 7 is nonsingular then py o 77+ is absolutely continuous with respect to pu; and so we can apply the

Radon-Nikodym theorem to obtain the following result.

COROLLARY 1.2.16. Let (21,%1, 1) and (Q2,X92, u2) be o-finite measure spaces. If T : Qy — Q4 is a

nonsingular measurable transformation, then there exists a ¥1-measurable function fr : Q1 — [0,00) such that

,U,QOTil(A):\/deﬂl VA e ¥
A

Furthermore, the function f. is unique up to pi-a.e. equality.

Let Q = Q. UQ, where Q. is the nonatomic part of 2 and €, is the purely atomic part of 2. Let Ay, Ao, ...
be the atoms of .

PROPOSITION 1.2.17. If 7 : Q — § is a nonsingular measurable transformation such that o1 (Q.) =0,

then fr =0 p-a.e. on Q. and f.(4,) = %1531”) for each A,.

PRrROOF. We have

OzluoTil(Qc):/ f.,-d,LL
Qe

and so f, =0 p-a.e on §2. since f, non-negative. Furthermore

por t(A,) = /Afrdu
= fr(An)u(An)
_ poT 't (4n)

= fr(dn) = T a4y

O

THEOREM 1.2.18. (cf. [23, p.164]) Let (21, %1, u1) and (Qo, Yo, ua) be o-finite measure spaces. If 7: Qo —

1

Q1 is a measurable transformation such that pus o 77" is a absolutely continuous with respect to uq, then there

exists a non-negative measurable function f. on 1 such that
[ str@)dua(o) = [ gw)s-t) i)
QQ Q1
for every measurable function g, in the sense that if either integral exists, then so does the other and the two are

equal.

REMARK 1.2.19. The function in the theorem corresponds to the Radon-Nikoym derivative since the Radon-

Nikodym derivative is unique up to almost everywhere equality and if A € X, then

pzoT H(A) = / dpz
T-1(A)

/ xa(r(2)) dpia(z)
Q2

= /Q X4 (y)-fr(y) du (y) by Theorem 1.2.18

/ fr(y) dpa(y)
A
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1.2.2. Rational functions. We state three properties of rational functions and then provide an explicit

description of the Radon-Nikodym derivative “induced” by a rational function.

LEMMA 1.2.20. Let T = % be a rational function where v is a polynomial with distinct complex zeros x1, ..., Ty

of order mq, ..., m,, respectively. Then |TI(£L')’ — 00 a8 T — Tg.

LeMMA 1.2.21. Let 7 = % be a rational function and let deg ¢ = n, deg v = m.
(1) If n>m+1, then |7/(z)| = o0 as |z| = oo
(2) If n =m + 1, and the leading coefficients of ¢ and v are both 1, then ’T/(l‘)‘ —1 as ‘x’ — 00

Let the number of zeros and number of poles of the rational function 7 be denoted by #(Z) and #(P)

respectively.

LEMMA 1.2.22. [35, p.332] Let 7 be a discontinuous rational function. If deg¢p >degt and 7'(x) # 0 for all
x € R, then #(Z) = #(P) and the zeros and poles occur alternately on R.

It can be shown that if 7 : R — R is a rational function, then 7 is a nonsingular measurable transformation.
It follows that the Radon-Nikodym derivative f,. = % exists. We first calculate the Radon-Nikodym

derivative “induced” by a strictly increasing function.

PROPOSITION 1.2.23. Let 7 : (a,b) — R be a strictly increasing function which is measurable with respect to

1

the o-algebra of Borel sets on R and such that the measure m o 7~ is monsingular with respect to the Lebesgue

measure on R. Then .

PRrOOF. We note first that 7 strictly increasing implies that 77! exists and 7/ exists m-a.e. by Lemma

fr(z) =

m-a.e. € (a,b)

1.2.11. Furthermore, 7'(x) # 0 for all x € (a,b) since 7 is strictly increasing. It is easily shown that

1
—1\/ _
)@= aeTw)
Let z,y € (a,b) such that = < y, then
m(r 'z, y) = m([r(2), 7 () since T is strictly increasing

= -

= [

(1.2.5) _ /y ﬁ dm(s)

Since (1.2.5) holds for all semi-closed intervals in (a, b), we have for any Borel set A C (a,b)

1 -1
[, ey me) = )

m(
(1.2.6) / fr(s)dm(s) by Corollary 1.2.16
A

Since m and m o 771

that

are positive measures we have that 5, f-(s) > 0 m-a.e. and so (1.2.6) implies

ot
77 1(s))

= f(s) m-a.e.

O

To prove a sufficient condition for a rational function to induce a bounded composition operator we will use

the following explicit description of the Radon-Nikodym derivative.
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LEMMA 1.2.24. Let 7 = % be a rational function with deg ¢ >deg v and 7'(x) # 0 for all x € R such that

7' exists. Let x1...,x, be the distinct real zeros of 1 arranged in increasing order and define

71 = 7| (—00,21),
T = T (Tr_1,2k) for (2<k<n) and
Tn+41 = T f (xn,oo)
Then
n+1 1
D e B
PROOF. Since
LS ow
(¥)?

7/ has the same poles as 7 and is continuous on the interval between consecutive poles. It therefore follows
from 7'(z) # 0 for all x € R where 7’ exists that 7 is strictly monotone on the intervals between consecutive
poles, i.e. 7 is strictly monotone for each k. It follows by Proposition 1.2.23 that

1
fr(x) = m m-a.e. T € (Tp_1, Tk)

Furthermore since the Radon-Nikodym derivative is unique modulo almost everywhere equality, we have
f"’ I (—OO,.’El) = f’rl
frl(@p-r,21) = [, 2<k<n

f'rr(xnaoo) = f7'n+1

where equality holds m-a.e. So

n+1
fr(z) = (me) (z) m-a.e.
k=1

O

1.2.3. Convex functions. Convex functions will be used in the definition of Orlicz spaces and Orlicz-
Lorentz spaces. We recall the definition of a convex function and give two results concerning convex functions.

A function ¢ : R — R is called convex if
A+ (1= N)s) < Ao(t) + (1 — N)o(s) Vs,t € R
for any A € [0, 1]. We can characterize convex functions as follows.

THEOREM 1.2.25. [29, p.7] A function ¢ : (a,b) — R is convex if and only if there exists a monotone

nondecreasing and left continuous function ¢ : R — R such that

for every closed subinterval [c,d] C (a,b).

PROPOSITION 1.2.26. Let ¢ be a convex function such that $(0) =0 and let 0 < o < 1. Then ¢(at) < ag(t)
for all 0 <t < 0.
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Proor. Let t € [0,00), then

dlat) = ¢lat+ (1 — «)0)
(1.2.7 < ad(t) + (1 — a)p(0) since ¢ is convex and « € [0, 1]
(1.2.8) = a¢(t) since ¢(0) =0

1.3. Distribution functions, decreasing rearrangements and maximal functions

Decreasing rearrangements feature prominently in the definition of Lorentz spaces and Orlicz-Lorentz spaces.
Furthermore, under suitable conditions the norms of rearrangement invariant Banach function spaces can be
expressed in terms of decreasing rearrangements. We therefore explore the salient features of decreasing rear-
rangements and maximal functions, which can be defined using decreasing rearrangements. This will require

some background information regarding distribution functions.

1.3.1. Distribution functions. We define distribution functions and the notion of equimeasurability. The
distribution functions of some functions which will frequently be encountered in the sequel are then given and
the general properties of distribution functions listed.

Let f € LO(u). The distribution function, us of f is given by

pr(A) ::,u({xeﬂz‘f(x)’>)\}) for any A >0

If f€L%Q, %, 1) and g € LO(Q, Xo, o), then f and g are said to be equimeasurable if they have the same
distribution functions, i.e. p1 f(A) = pa,4(A) for all A > 0. If this is the case we will write f ~ g.

REMARK 1.3.1. It will often be convenient to let Ay = {z € Q: |[f(x)| > A}; then puyp(X) = pu(Aj))

The distribution functions of the zero function, characteristic functions and simple functions are given in

the following example.

ExawmpLE 1.3.2. [2, p.3§]
(1) If f =0 p-ae. , then ur =0
(2) If A€ X, then
p(A) ifo<A<1

MXAO‘) = .
0 ifA>1

3) If f= ;aiXAi, where a; > a; 41 for each i, A; N A; =0 for i # j and A; € 3y for each 4, then

n

Mf(/\) = ijx[a,-+1,aj)

i=1 ’
J
where m; = > u(A;) and ap41 :=0.
i=1
The following proposition highlights the properties of distribution functions.
PROPOSITION 1.3.3. (cf. [2, p.37]) Let f,g € L°(n), (fn)5%; C L°(11) and o € F. The distribution function
py is positive, decreasing and right continuous on [0,00). Furthermore,
(1) ’f| < ’g’ p-a..e. implies that py < pg

(2) par(N) = pp(M/|a) for all A >0
(3) mprg(A1+ A2) < pp(Ar) + pg(A2) for all Ay, A2 >0
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(4) |f| < liminf|fn| p-a.e. implies that yuy < liminfpy,
n—oo n—oo
(5) |fn’ 0 ‘f| p-a.e. implies that py, 1 iy
(6) If f is bounded except possibly on a set of finite measure, then pg(X) — 0 as A = oo.

PRrOOF. (6) will be shown; the remainder of the proofs can be found in [2, p.37]. Assume that ps(A) - 0
as A — oo, L.e. there exists an € > 0 such that for all A € R* there exists an a > X such that ur(ay) > e
Therefore

(1.3.1) pr(N) > pplax) > e YAeRY

since py is decreasing. Since f is bounded, except perhaps on a set of finite measure, we can find an M > 0
and an A € Sy such that |f(z)| < M for all z € A°. For n € N, let A, = {& € Q:|f(z)| > M +n}, then
1(Ag) < oo, since Ag C A, and furthermore A, ; C A, for all n € N. So
p({zeQ:|f(z)] =o0}) M(n?joA")
= nh—>H;oM<An) by Theorem 1.1.3

> € since p(A,) > € Vn € N by (1.3.1)
Therefore f ¢ L°(u), which is a contradiction. O

1.3.2. Decreasing rearrangements. We start by defining the decreasing rearrangement of a function
and giving explicit descriptions for the decreasing rearrangements of functions frequently encountered in the
sequel. Important properties of decreasing rearrangements are then listed and the norms of LP spaces are
expressed in terms of decreasing rearrangements. Subsequently, pointwise convergence of a sequence of decreasing
rearrangements will be characterized and resonant measure spaces introduced.

The decreasing rearrangement of a function f € LO(p) is the function f* given by
fr@) =inf{A > 0: pp(A) <t} forany t > 0

The decreasing rearrangements of the zero function, characteristic functions and simple functions are given in

the following example.

EXAMPLE 1.3.4. [2, p.39]
(1) If f =0, then f* =0
(2) If A€ X, then (x,)* = X(o.p(a))

3) If f= ZaiXAi7 where the A;’s are pairwise disjoint. Then
i=1

n
o— .
f - Zazx[ki—lvki)
=1

J
where k; = > nu(A;) and ko = 0.

=1

The following proposition details some of the important properties of decreasing rearrangements.

PROPOSITION 1.3.5. Let f,g € L°(n), (fn); C L°(n) and o € F. The decreasing rearrangement f* is
positive, decreasing and right continuous on [0,00). Furthermore,
(1) |f{ < ’g| p-a.e. implies that f* < g*
2) (af)" = |aff*
(3) (f+9)*(t1 +t2) < f*(t1) + g*(t2) for all t1,t2 >0
(4) |f’ < liminf’fn’ p-a.e. implies that f* < liminff*
n—o0 n—oo
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(5) |fn’ 0 |f| p-a.e. implies that f* 1 f*

(6) If g is such that pg(X) < oo for all X > 0, | fu| < |g| p-a.e. for all n and f,(x) — f(z) p-a.e., then
(f=fn)*(t) =0 forallt >0

7

(
(8) f and g equimeasurable implies that f* = g*
(

9) f*(up(N) < A for pug(A) < o0 and py(f*(t)) <t for f*(t) < oo

) f and f* are equimeasurable
)
) f
10) If f is a decreasing positive function on (0,00), then f* = f.
)
) f
) f
)

(
(11) If there exists an M > 0 such that pg(A) < Mps(A) for all X > 0, then g*(t) < f*(t/M) for all t > 0.
(12) f*(t) < oo for allt > 0 if and only if f is bounded except possibly on a set of finite measure

(13) f*(t) = 0 ast — oo if and only if p1r(N) < oo for all X\ >0
(14) Let €,6 > 0, then f*(6) < e if and only if ps(e) < 9.

ProoF. The proofs of (1) to (10) are given in [2, p.41,42] and [18, p.63-68]. The remainder of the proofs
will be shown here.

(11): Since pg(A) < Mpg(A) for all X > 0, we have that
{A>0: Mpr(A) <t} C{A>0:p,(N) <t} Vi >0
and so
g (t) = f{A>0:p\) <t}
inf{\>0:Mpsp(A) <t}
inf{)\ >0:pp(X) < ]\Z}

= [1(t/M)

IA

(12): (Sufficiency):Let ¢ > 0. If f is bounded, except possibly on a set of finite measure, then pr(A\) — 0 as
A — oo by Proposition 1.3.3, and so there exists a A\; € RT such that pr(X\;) < t. So

[t = ifAeRT:u(0) < 1)
At

IN

N

o

(Necessity): Let f*(t) < oo for all ¢ > 0 and let A = {\ € R" : us(\) < 1}, then inf A = f*(1) < co and
so A#0. Let \y € Aand B ={x € Q: |f(2)| > A\1}. Then u(B) = us(A1) < 1 and so | f| is bounded by Ai,
except possibly on B, which is a set of finite measure.

(13): (Sufficiency): Let € > 0 and let ps(A) < oo for all A > 0. Let n. € N* such that -~ < e and let
apn, = pg(1/ne). Since py is finite-valued, o, < oo and so there exists a t. € R such that ¢, > ozne. Then

fr(te) = inf{AeRY:pup(N) <t}
< - since pp(1/ne) < te
< €

And so f*(t) < e for all t > ¢, since f* is decreasing,.
(Necessity): We show the contrapositive. Assume there exists some Ao, > 0 such that pf(As) = oo and
hence pf(X) = oo for all A < A\, since p is decreasing. Then for any ¢t > 0

fr(t) = inf{A>0:pur\) <t}
> Ao since {A > 0: pur(N) <t} C (Ao, 00)
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and hence f*(t) » 0 as t — oo.
(14): (Sufficiency):

pr(e) < 0
=inf{A > 0:pr(X) <5} < e
= [7(6) < e
(Necessity):
@) < e
= pus(e) < pur(f*(9)) since py is decreasing
< 4 by Proposition 1.3.3

O

REMARK 1.3.6. We have by the Proposition above that f*(t) < oo for all ¢ > 0 if and only if f is bounded,
except possibly on a set of finite measure. It follows that

L) ={f € L°(Q, %, 1) : f*(t) < oo Vt > 0}

We will often use this implicitly when dealing with functions in L% (u).

The following proposition provides a description of the LP norm of a function in terms of its decreasing
rearrangement.

PROPOSITION 1.3.7. |2, p.43] Let f € L°(p)

(1) If 0 < p < o0, then y
11, = ([ oarar)

I£]l, = £*(0)

(2) If p= o0, then

The following result relates the convergence in measure of a sequence of functions to the pointwise conver-
gence of the sequence of decreasing rearrangements.

PROPOSITION 1.3.8. Let (f,)%2; € L%(u). fn — 0 in measure if and only if f:(t) — 0 as n — oo for all
t > 0.

PROOF. Let f;(t) — 0 for all t > 0 and let €,6 > 0. f; (2) — 0 implies that there exists a n. s € N* such
that n > n. s implies

i (g) < e
0 ..
= pug,(e) < B by Proposition 1.3.5
:xu({xeﬂ:|fn(x)70|>e}) < 0

Since this holds for all n > n¢s and €,6 > 0 were arbitrary, it follows that f,, — 0 in measure.
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Conversely, if f,, — 0 in measure and ¢, e > 0, then there exists a n.; € Nt such that n > n.; implies

u({er: |fn(m)—0| > %}) < t
€
= (5) < ¢
= frit) < % <e by Proposition 1.3.5

— 0Oasn— oo

Hardy and Littlewood showed ([2, p.44]) that if f,g € L°(u), then

(1.3.2) /Q\fg\du < /OOO fr(s)g"(s) ds

It follows from this that if ¢ and g are equimeasurable, then

[lsalan< [ T (9)g" () ds

since (§)* = ¢* by 1.3.5. It turns out that spaces where

sup {/Q!fsﬂdu (g~ g} = /OOC [ (9)g*(s)ds  Vf,g € L%(n)

have a richer structure than those spaces not having this property. These spaces are called resonant spaces. If
the supremum on the left is attained, then the space is called strongly resonant. The significance of resonant

measure spaces will be discussed in Section 4.1. We provide a characterization of resonant measure spaces.

THEOREM 1.3.9. [2, p.51] A o—finite measure space (Q, X, 11) is resonant if and only if it is either nonatomic

or purely atomic with all atoms having the same measure.

1.3.3. The maximal function. The operation f — f* introduced in the previous section is not necessarily
subadditive (i.e. we do not necessarily have (f + g)* < f* + g*) as can be seen by considering f = x[o,1) and
9 = X[1,2))- However, the operator which takes a function to its maximal function is subadditive. We define the
maximal function and list some of its properties.

Let A € ¥ be such that u(A) =¢ > 0. Applying the Hardy-Littlewood inequality (1.3.2), we obtain

/Q [ Faldu / T P9 (xa) (s)ds

n(A)
(1.3.3) = / fr(s)ds by Example 1.3.4
0

IN

We therefore have that ﬁ Lalfldn <+ fot f*(s)ds. This shows that the average of | f| over any set of measure
t is dominated by the corresponding average of f* over (0,¢). Furthermore, since f* is decreasing, the latter
average is maximal among all averages of f* taken over sets of measure t. We define the mazimal function of f,
denoted f**, by

1 t
P = ;/ Fs)ds >0
0
EXAMPLE 1.3.10. Let A € ¥ with p(A) =¢ > 0, then

e =t Hesed
WA)s i s> u(4)

The maximal operator f — f** has the following properties:
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PROPOSITION 1.3.11. [2, p.52| Let f,g € LO(p), (f1)2%, C L°(u) and o € F. Then f** is positive, decreasing

and continuous on (0,00). Furthermore,

(1) f** =0 if and only if f =0 p-a.e.

2) fr=f

(3) |f] < 9| p-a.e. implies that f** < g**
(4) af *ok |a|f**

(5) |fu| 1 |f] p-a-e. implies that f3* 1 f**
(6) (f4+9)™() < f**(t)+ g™ (t) for allt >0
(7) If (Q, %, p) is resonant, then

@) = %sup{/E|f|du s u(E) =t} Yt € ranp

(8) If f*(0) < oo, then f**(t) — f*(0) ast — 0.
(9) if f and g are decreasing positive functions on (0,00), then (f + g)** = f** + g**

Proor. The proofs of (1) to (7) are given in [2, p.52-54]. We show (8) and (9).

(8): Since f** is decreasing, (f**(1/n))22,
it is easily checked that f*(0) > f**(1/n) for each n € N, ie. (f**(1/n))22, is bounded above. Let € > 0. f*
is right-continuous on [0, c0) and thus there exists a 6 > 0 such that 0 < ¢ < ¢ implies that f*(0) — f(t) <e. It
follows that if we let n. € Nt such that ni < 8, then n > n. implies that

is an increasing sequence. Furthermore, since f* is decreasing,

1/n

e =n [ ez a(Famt) > o -

Therefore f**(1/n) — f*(0). It follows by the continuity of f** on (0,00) that f**(¢t) — f*(0) as t — 0.
(9): If f and g are positive decreasing functions then so is f + g. By Proposition 1.3.5, (f + ¢)* = (f + g)-
Thus for any ¢ > 0,

1

F+970 = 5 [ Gror@ds

= 1/<f+g>< ) ds

_ /f ds+ = / g(s) ds
)+ ¢ (t) by Proposition 1.3.5

O

The order relationships of maximal functions will be significant. We will therefore write f < g if f** < g**
The relation < is called the Hardy-Littlewood-Pi;elya relation. We will give two results in terms of the Hardy-
Littlewood-P7i; celya relation, but first we state Hardy’s lemma.

ProposITION 1.3.12 (Hardy’s lemma). [2, p.56] Let f,g and h be positive measurable functions on (0,00).

/Otf(s)dsg/otg(s)ds V>0

/ F($)h(s) ds < /O " g(s)h(s) ds

COROLLARY 1.3.13. Let f,g,h € L°(u). If f < g, then

/ T p (o)t (s)ds < / gt () (5) ds

If h is decreasing and

then
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PROOF. f* ¢g* and h* are positive measurable functions on (0, c0). Furthermore h* is decreasing and

t t
/ f*(s)dsg/ g*(s)ds vVt > 0 since f < g
0 0
The result therefore follows by Hardy’s lemma. O

LEMMA 1.3.14. (¢f. [2, p.76]) Let f and g be nonnegative decreasing functions on (0,00), then

oo 1 1 t
Ji swn= (o) > (e iy | 700%)

PROPOSITION 1.3.15. [2, p.57] Let (2,3, ) be a resonant measure space and let (An)nen be a collection of
pairwise disjoint subsets of ), each with finite positive measure and let A = Q\ UNAn. If f € L°(pn) such that
ne

f 1is integrable on each A, and

1
rr= e 5 (2 L fn) v,
then Tf < f.

1.4. Topological vector spaces

We describe some of the basic features of topological vector spaces. These will be used when defining
topologies on L°(u) and other related spaces. We also include Alaoglu’s theorem and a result regarding the
weak-star metrizability of the unit ball in a dual space, which will be used in the characterization of the
conditions under which a composition operator is compact on an Orlicz space.

A topology on a vector space is called a linear or vector space topology if it is compatible with the underlying
vector space structure in the sense that the operations of addition and scalar multiplication are continuous with
respect to this topology. Let A, B C E where E is a vector space. If there exists an « > 0 such that B C \A for
all A € F such that ‘)\} > « then A is said to absorb B. If A absorbs points then A is called absorbing. If A is a
subset of a topological vector space E, and A is absorbed by every neighbourhood (or equivalently every basic
neighbourhood) of the origin, then A is called bounded.

We give some basic results regarding topological vector spaces.

THEOREM 1.4.1. [13, p.81] If E is a topological vector space, then there exists a basis U for the neighbourhoods
of the origin such that:

(1) every N € U is absorbing;
(2) every N € U is balanced;
(3) for every N € U there exists an M € U such that M + M C N.

Conversely, if E is a vector space over F and U is a filter basis on E satisfying the three conditions above,

then there is a unique vector space topology on E such that U is a basis for the neighbourhoods of the origin.

PROPOSITION 1.4.2. [13, p.84] In a topological vector space E every neighbourhood of the origin contains a

closed neighbourhood of the origin.
COROLLARY 1.4.3. [13, 84] If a topological vector space is Hausdorff, then it is reqular.

Next we state Alaoglu’s theorem and the result concerning the weak-star metrizability of the unit ball in a

dual space.
THEOREM 1.4.4 (Alaoglu). [3, p.130] If E is a normed space, then B~ is weak-star compact.

THEOREM 1.4.5. [3, p.134] If E is a Banach space, then Bg« is weak-star metrizable if and only if E is

separable.
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1.5. Operators

1.5.1. Positive operators. Let F(Q)) be a vector space of real or complex-valued functions on a set 2. We
want to show that if F/(Q) is equipped with a suitable topology and 7 :  —  is such that C.(F(Q2)) C F(£),
then C; is continuous with respect to the topology on F(€2). The required result does not appear in the literature
in the form we desire. Several results appearing in the literature are therefore quoted (without proof) and it is
shown how these may be manipulated to obtain the desired result. We start by providing some basic definitions
and results for Riesz spaces.

Let A C E, where (F, <) is a partially ordered set. If A has both upper bounds and lower bounds then A is
called order-bounded. Let (E,+,-) be a linear space over R and < a partial ordering on E. (E,+,-, <) is called
a partially ordered linear space if for every x,y,z € F and « € R such that a > 0 the following conditions hold:

1) z<y=z+z<y+z

(2) 0<z=0<azx
If (E,+,-,<) is a partially ordered linear space such that (E, <) is a lattice, then E is called a Riesz space or
vector lattice. We write  V y and z A y for sup{x,y} and inf{x, y} respectively. Furthermore, we define

=2 V0, x” = (—x) VO, |z ==V (~z)

Let E be a Riesz space. A set A C F is solid if |y| < |x’ and z € A implies that y € A. It is easily checked
that if A is a solid set, then so is AA for any A € F. If A is a vector subspace of F, then A is called an order
ideal if A is solid and a Riesz subspace if A is a sublattice of E. A vector space topology 7 on a Riesz space is
called locally solid if there is a neighbourhood basis of the origin consisting of solid sets. T is compatible with
the order structure on E if E+ := {z € E : 0 < z} is closed in this topology. Finally, let T': E; — E be a linear
map between Riesz spaces. If 0 < Tx whenever 0 < x then T is called a positive linear map. We are now in a
position to state the result which will form the basis for showing that a composition operator is automatically

continuous.

PROPOSITION 1.5.1. [1, p.111] Let T : E; — E5 be a linear map where (E1,T1) is a Riesz space with a
compatible complete metrizable vector space topology and (Es,T2) is a Riesz space with a vector topology such
that order-bounded sets are bounded. If T is positive, then T is continuous with respect to the topologies on E,
and Es.

The desired modifications are captured by the following two results.

PROPOSITION 1.5.2. [8, p.41] Let (E,T) be a Riesz space equipped with a locally solid Hausdorff vector space
topology. Then T is compatible with the order structure of E.

PROPOSITION 1.5.3. [8, p.38] Let E be a locally solid Riesz space. Then order-bounded sets are bounded.

COROLLARY 1.5.4. Let T : E — E be a linear map where (E,T) is a complete Hausdorff metrizable locally
solid Riesz space. If T is positive, then T is continuous with respect to the topology T .

Since it is easily shown that composition operators are positive, we apply this result to composition operators
and show that if 7 induces a composition operator on an appropriate function space, then the induced composition
operator is automatically continuous. Note first that if we let F(Q) be a vector space of real or complex-valued
functions and Fgr(Q) := {f € F(Q) : ranf C R}, then Fr(Q) is not generally a vector subspace of F(), but
can be viewed as a vector space over R. As a result some care is required to show that if C; is a composition

operator then it is automatically continuous. Specifically,

PROPOSITION 1.5.5. Let F'(Q2) be a vector space of real or complex-valued functions equipped with a metrizable

linear topology T such that the conjugation map f — f is continuous and such that the real vector space Fr(f),
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equipped with the subspace topology (T N Fr(RY)), and a partial order <, is a complete metrizable locally solid
Riesz space. If T: QQ — Q is a map such that C.(F(Q)) C F(§2), then C; is continuous with respect to T .

PROOF. Lei(fn)jle C F(Q) be such that f, — f in F(Q). For each n € N* we can write fi, = #

and fo, = L2202 then f, = fi, +ifon and fin, fo, € Fe(). Similarly, let f; = £ and f, = L=, Since

the operations of conjugation, addition and scalar multiplication are continuous, we have that f;, — f; for

j =1,2. Since C-(F(Q2)) C F(2) and C, maps real-valued functions onto real-valued functions, we have that
C-(Fr(2)) C Fr(Q)). We can therefore think of C, as a positive real linear map on Fr(f). (Fr(Q),+,r, <
, TNFr(Q)) is a complete metrizable locally solid Riesz space. It follows by Corollary 1.5.4 that C; is continuous
on Fg(Q). Therefore

Cr(fj,n) — CTfj for _] = 1,2

= C:(fn) = C:(fin) +iCr(fon) since C; is linear
— Cr(f1) +iCr(f2) since Cr(fj.n) — C-(f;) and F(Q) is equipped with a vector topology

O

In the sequel we will be focusing on composition operators on Banach spaces of measurable functions. We
show briefly that the topology induced by the norm is suitable for transferring the result above to composition
operators on these spaces.

Let (E, <) be a Riesz space. If HH is a norm on F such that xz,y € E,

ol <y = [|l=] < ly
is called a lattice norm and (F, <, HH) is called a normed Riesz space. If in addition (E, |
(E, <, ||-||) is called a Banach lattice.

> then [|-[
H) is complete, then

REMARK 1.5.6. If (F, <, HH) is a normed Riesz space, then E is a Hausdorff metrizable locally solid Riesz
space. This follows since any norm topology is Hausdorff and if we let A" := {B(0, +) : n € N}, then A forms
a countable basis for the neighbourhoods of zero. Furthermore, it is easily checked that each of these sets is

solid and hence E is a metrizable locally solid Riesz space.

1.5.2. Compact operators. The compactness of composition operators on Banach function spaces will
be studied. We therefore present a few results that can be used to evaluate the compactness of an operator. We
start by recalling the definition of a compact operator. Let E and F' be Banach spaces and T : E — F a linear

transformation. If T(Bg) is compact in F', then T is called a compact operator.

REMARK 1.5.7. It is easily shown that if 7" is a compact operator then T' € B(E,F). Furthermore if
T:FE — F is a compact operator and A is a closed subspace of F, invariant under 7', then T [ A is compact.

Recall that in a normed space, a set A is compact if every sequence in A has a subsequence which converges
to a point in A. Furthermore, any scalar multiple of a compact set is again a compact set. We therefore have

the following simple way of showing that an operator is not compact.

ProprosITION 1.5.8. Let E and F be Banach spaces, « >0 and T : E — F a linear operator. If there exists

a sequence (2,)22, C aBg such that (T'x,,)22, does not contain a Cauchy subsequence, then T is not compact.

If T eB(E,F) and HTxn — Tx”F — 0 for every sequence (x,)52; C E such that z, — = weakly for some
x € E, then T is called completely continuous. The relationship between compact operators and completely

continuous operators is given by the following result.

PROPOSITION 1.5.9. [3, p.173] Let E and F be Banach spaces and let T € B(E,F). If T is a compact
operator then T is completely continuous. Conversely, if E is reflexive and T is completely continuous, then T

s compact.
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REMARK 1.5.10. In general, completely continuous operators are not necessarily compact.

A linear map T : E — F between Banach spaces is called a finite rank operator if the dimension of the range
of T is finite. Let By(FE, F') denote the set of all compact operators from E into F' and let Byo(E, F') denote the
set of all finite rank operators. The following result shows that Bog(E, F') C Bo(E, F').

PROPOSITION 1.5.11. [3, p.174] Let E and F be Banach spaces. If ()52, is a sequence of finite rank
operators from E into F such that T,, — T € B(E, F) in the operator norm, then T is a compact operator.

ProOPOSITION 1.5.12. [3, p.177] Let E be a normed space and T : E — E a compact operator. If T has a

bounded inverse, then E is finite dimensional.
PRrOOF. T~ is linear and bounded, therefore
(|77 Be) = |77 T BR)
S [ i -2

(1.5.1) = aBp  for some 0<a<oo, since 0 < ||T|

|

71 < oo

It follows that

HTH_lBE T (T_l (HTH_lBE>) since TT ' =1

T(aBg) by (1.5.1)

-
C OLT(BE)

HTH_IBE is closed and has been shown to be a subset of a compact set oT'(Bg) and is therefore compact itself.

It follows that Bg is compact and thus F is finite dimensional. O

We will use the theorem above in conjunction with the inverse mapping theorem, which we state here for

ease of reference.

THEOREM 1.5.13 (Inverse mapping theorem). [3, p.91] Let E and F be Banach spaces and T : E — F a

bounded linear transformation. If T is bijective then T~ is bounded.






CHAPTER 2

Spaces of measurable functions

2.1. Topological vector spaces of measurable functions

Recall that L°(u) = L°(Q, 3, 1) will be used to denote the set of all equivalence classes of real or complex-
valued measurable functions (finite almost everywhere) on €2, where any two functions which are equal p-a.e.
have been identified, and that for simplicity we will use f to denote the equivalence class containing f. In
addition to studying the continuity and compactness of composition operators on Banach function spaces in
later sections we will also investigate transformations 7 : Q — Q which induce composition operators on L°(1)
and on two important subspaces of L°(;1) in Section 7.2. To this end we consider the topological and order
structures of these spaces. A useful consequence of these results will be that positive operators on such spaces

are automatically continuous.

2.1.1. L°(Q, %, ). We define topological and order structures on L°(u). We start by defining a family N
of subsets of L°(11) and showing that there exists a linear topology on L°(x) such that A forms a basis for the
neighbourhoods of the origin. It will then be shown that this topology is complete, metrizable and described by
convergence of sequences in measure on sets of finite measure. Finally, in the particular example where L°(1)
consists of equivalence classes of real-valued, almost everywhere finite, measurable functions on 2, it will be
demonstrated that a partial order can be defined on L°(u) such that L°(u), equipped with this partial order
and the topology of local convergence in measure, is a complete metrizable locally solid Riesz space.

Recall that Xf:={A € X: pu(A) <oo}. For A€ X; and ¢, > 0, let

N(Ae6) = {fell:p({zeA:|f(x)|>e}) <d} and
N {N(A,e,8): A€ Zf,¢6,6 >0}

We list some of the properties of these subsets of LO(u).

PROPOSITION 2.1.1. Let N be as defined above, then
(1) Ay, Ay € ¥ with Ay C Az = N(Az,€,0) C N(A1,¢,0) foralle,6 >0
(2) 0<er <ea= N(A,e1,0) CN(A,e2,90) for all Ac Xy, § >0
(3) 0< 81 <d2= N(A,€,01) CN(A € 2) forall Ac Xy, €>0
(4) Let a >0 and N € N, then f € aN = f € AN for every A € F such that|)\| >«

PROOF. 1) Let A1, As € Zf with A7 C As, €,6 >0 and f € N(A2,€76), then
{reA:|f(z)] =€ {redy:|f(z)] =€

sp(fredi:|f@)|>e¢) < p({zeds:|f@)]=e})
< 4§ since f € N(Aq,¢,0)

N

and so f € N(Ay,€,9)

31
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2)Let 0 < e < e, Ac ¥y and f € N(A,e1,6), then
{reA: ‘f(x)’ >et C {zeA: ’f(a:)‘ > e}

:>,u({x6A:|f(x)|262}) < u({xeA:’f(x)|261})
0 since f € N(A,¢1,0)

and so f € N(4,¢€,9)
3) Let 0 <61 <02, A€ Xy and f € N(A,¢,61), then

,u({xeA:‘f(x)’Ee})<(51§52

and so f € N(A,¢,02)
4) Let a > 0, A\ € F with |)\| >a, N=N(Ae6) € N and f € aN, then

{(;m < |£(x)| vz e A
e lwizg ¢ wea:|lwlzg
s u(wed:f@lza) < a(tea:|Lwiza)
<5 wmelon
andso £ € N, ie. f € AN O

PROPOSITION 2.1.2. There is a vector space topology T on L°(i1) such that N is a neighbourhood basis for

the origin.

ProOOF. We show that N is a filter basis on Q satisfying the three conditions of Theorem 1.4.1. To show
that N is a filter basis, let Ny = N(A1,€1,81), Na = N(Ag,€2,82) € N. Set A = A U Az, ¢ = min{ey, e2} and
d = min{d1,d2}. Then N = N(A,¢,8) € N, since €, > 0 and

p(A) = p(Ar U Az) < p(Ar) + p(Az) < oo,
Furthermore N C N1 N N since for ¢ = 1,2
N(A,¢e,0) C N(A;¢€0) by Proposition 2.1.1 (1)

C N(A;€,9) by Proposition 2.1.1 (2)

C N(A;e€,0;) by Proposition 2.1.1 (3)
N is therefore a filter basis.

1) Every N € N\ is balanced: Let N = N(A,¢,0) € N, f € N and X € F such that [A| < 1. If A =0, then

Af=0eN.If0< |)\| <1, then f € %N by Proposition 2.1.1(4) and so Af € N.

2) For every N € N there exists an M € N such that M + M C N: Let N = N(A,¢,6) € N. Then choosing

M = N(A,5, g), we obtain M € A and for any f,g € M
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((f+9)@)]>e = [f@)]=

S{eed:|[(f+9)@)| 2 C {red:|f@)|zF}u{red:|gw)] =5}

Su{red:|[(f+9@)| =) < u({zed:|f@)]= 5 u{aed:lgw)>5)
< n({zea:|f@)|z51) +u(freai o) = 5)
< g—i-g since f,g e M

and so f+ ¢ € N. Since f,g € M were arbitrary we obtain M + M C N.
3) Every N = N(A,¢,6) € N is absorbing: Let f € LO(u) and let A, := {x € A : |f(z)| > n}. Then
1(Ay) < oo for each n, since A,, C A and p(A) < co. Furthermore (A4,,)3°

o 1 is a decreasing sequence and thus
by Theorem 1.1.3

Jim p1(Ap) I (:golAn)
= p({reA:|f(z)] =o0})

=0 since f € L%(p)

We can therefore choose an ns € N* such that p(A,,) < é. This implies that

u({meA:;|f(a:)|26}> <5

and hence f € %2 N. Thus by Proposition 2.1.1 (4) f € AN for all A € F with ‘)\‘ > "4, i.e. N is absorbing.
It therefore follows by Theorem 1.4.1 that there exists a unique vector space topology 7 on L° such that A
is a basis for the neighbourhoods of the origin. O

We want to show that this topology is complete, metrizable and described by convergence in measure on
sets of finite measure. To facilitate this we define two other families of subsets of L°(u) and show that these
form neighbourhood bases at the origin for the topology 7. Since we have assumed throughout that (Q,%, u)
is a o-finite measure space we can write ) = noL:len where u(9,) < oo and Q,, C Q,41 for every n € N*. For
AecXyand e>0,let N(Ae):= N(A, e¢€). Put

N = {N(Ae):AecXse>0}
1
No = {N(Qn, ﬁ) :m,n € Nt}
PROPOSITION 2.1.3. Let T be the topology on L°(u) defined by N'. N1 and N are neighbourhood bases of

the origin for T.

PROOF. It is clear that N5 C N7 C N. Let N = N(4,¢,6) € N. We show that there is an M € N3 such
that M C N. Since (2,)52, is an increasing sequence such that U1Q = (1, we have that B,, :== AN Q¢ defines

a decreasing sequence and u(B,,) < oo for each n, since B, C A for each n and p(A) < cc. By Theorem 1.1.3
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we have that

nh_{gou(Bn) - M(noriB")
- oan(Em)
- oan(3))

)

[
=
N
D
=

. o0

since U Q, =
n=1

= 0.

It follows that there exists a ms € N* such that (AN ;) < 3. Let n € N* such that 2 < min{e, 3}, and let
f € N(Qn,, L). Then

{zeA:|fx)] > C {xeA:|f(x)’2%}
_ {xeAQOé:yf(x)yzi}u{xeAmQ;m:\f(x)\z%}

p{zeA:|fz)|>¢}) < u(@eAans | f(a)] > %}u{meAﬂﬁfnd | f(@)] >

— w(tre AN @) 2 1) +u(fo e Angs, 1@

)
> 711}>

IN

1 {JJGQm5: )’2711})+M(Aﬂﬂf‘né)

1
< + since f € N(Qm;, ﬁ)

< +

N 3|~
NS> o>

It follows that f € N(A,¢,0) and therefore that N (€, 1) C N(4,¢,6). O

It is shown in [1, p.28] that a Hausdorff topological vector space (E,7T) has a metrizable topology if and
only if 7 has a countable basis for the neighbourhoods of the origin.

PROPOSITION 2.1.4. Let T be the topology defined above. L°(u) equipped with this topology is metrizable.

PROOF. The proposition above shows that 7 has a countable base N3 for the neighbourhoods of the origin.
Since T is a vector space topology on L%(u), it follows by our previous discussion that it suffices to show that
this topology is Hausdorff. Let f € L° such that f # 0. It is therefore possible (Proposition 1.2.1) to find an
¢ >0 and an A € ¥ such that pu(A) > 0 and |f(z)| > € for all € A. Since Q = nOleQn is o-finite, we can find
ann € Nt with 0 < p(ANQ,) =6 < oo. Let € = min{e, d}, then

{zeANQ,: |f(z)| 2 D {xcAnQ,:|f(z)]>¢€}
p({reAnQ:|f(@)|>¢) > p{zeAnQ,:|f(z)|>¢})
= pu(ANQ,)  since |f(z)| >eVze A
= 6
> €

and so f ¢ N(ANQ,,€é). It is shown in [13, p.83] that a topological vector space E is Hausdorff if for every
x € E such that = # 0 there exists a neighbourhood of 0 which does not contain z. It follows that L°(u) is
Hausdorff. O

Next we show how this topology can be described in measure theoretic terms.
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PROPOSITION 2.1.5. A sequence (f,)3%; in (L°(n),T) converges to f € L°(u) if and only if f, — f in

measure on sets of finite measure.

PROOF. T is a linear topology, so f, 7 fif and only if (f,, — f) 7, 0. Tt can be shown that similarly f, — f
in measure on a particular set if and only if (f,, — f) — 0 in measure on that set. Without loss of generality we
can therefore consider a sequence of functions tending to the zero function. We have that f,, — 0 in measure
on sets of finite measure if and only if for every A € X and for every €,d > 0 there exists an n4 5 € Nt such
that n > nas implies u({x € A : |fu(x)| > €}) < 6. This happens if and only if, for all A € Xy and for
every €, > 0, there exists an n4 s € N* such that n > na s implies f,, € N(A,¢,d). This last statement is
equivalent to f, — 0 in (L°%(u), T). O

REMARK 2.1.6. Since this topology is metrizable and hence fully described by sequences, this topology is

called the topology of local convergence in measure.
PROPOSITION 2.1.7. (L°(u),T) is complete.

PRrOOF. Let ()5, be a Cauchy sequence in (L°(y), 7). A similar argument to the one employed above can
be used to show that (f,)5%, is Cauchy in measure on every finite subset of €. Since € is o-finite, we can write
Q= :leQn, where 1(€2,,) < oo for each n and Q,N, = 0 if n # m. Let m € N*. Since (f,, | Q)52 is Cauchy
in measure on (2,,, there exists by Theorem 1.2.5 a measurable function f on 2, such that f, [ Q,, — f™ in
measure as n — oo. Since this can be done for each m € N* and the ,,’s are disjoint one can define a function
fon Q by letting f | Q,, = f™. f defined in this way is a measurable function since if G is an open subset of I,
then (f™)~1(G) is a measurable subset of 2, and hence of Q for each m. f~1(G) = mOle(fm)*l(G) is therefore
measurable and hence f is a measurable function. We show that f,, — f in measure on sets of finite measure
and hence that f,, — f in (L%(u), T). Let A € ¥ such that u(A) = a < oo and let € > 0. Let ay, = (AN Q).
Then

p(A) = M( U AQO)

m=1

= ) wANQ,)  since (ANQy)N(ANQ,) =0if m#n
m=1

o0
= D am
m=1
So there exists an m. € NT such that m > m. implies

) me ¢
Z am:a—Zam<§.
m=1

m=me+1

Since f, — f in measure on each (2,,, we can choose for each m an nc,, € N* such that n > n, ,, implies

i (e € 1) - 1@ 2 551) < o

— 2me 2me
€

S (e[ fule) —f@)] 2 ) < 5
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Let ne = max{ne, : 1 <m < m.}, then for n > n,
p{z € Az |fulz) = f(2)] > €})
- (Q;nil{x € ANQ : [ful@) = f(@)] 2 e}) U <mz§e+1{f € AN Qs fulw) = f(@)] 2 })>

=S u{r e AN [fa@) — f@) 2D+ S wl{r € ANy [ful@) — f@)] 2 )
m=1 m=m+1
< P
Me\om. ) T2~ ¢
and so f, — f in measure on A. By the Proposition above this implies that f,, — f in (L°(u), 7). O

For the remainder of this subsection we will assume all scalars are real and that L°(u) consists of equivalence
classes of real-valued, almost everywhere finite, measurable functions. We show that we can define an order

structure on L%(x) such that it becomes a Riesz space.

PROPOSITION 2.1.8. Define < on L°(u) by f < g & f(z) < g(x) p-a.e. Then (L°(pn),+,-, <) is a Riesz

space.
PROOF. It is easily checked that < is a partial order on L°(u). Furthermore, for any f,g,h € L°(u) and
a > 0 it is easily checked that
() f<g=f+h<g+h
(2)0<f=0<af
So (L°(p), +,-, <) is a partially ordered linear space. It is easily checked that if we let
hz) = max{f(z),g(x)} and
j(@) = min{f(z),g(x)},
then h,j € L%(p) and fVg=hand fAg=j,ie h> f,gandif k€ L) such that k > f,g, then k > h;
similarly j < f,g and if k € L%(u) such that k < f, g, then k < j. So (L°(u), <) is a lattice and hence L°(u) is

a Riesz space. O

Since the proofs in the previous section on the topological structure of L°(u) did not depend on the field
of scalars or whether the functions were real or complex valued, the families A/, N7 and A, define a complete
metrizable linear topology 7 on L°(u). Next we investigate the interaction between the topological and order

structures on L°(y).
PROPOSITION 2.1.9. (L°(u), T) is a complete metrizable locally solid Riesz space.

PROOF. It has been shown that (L°(u),T) is a Riesz space equipped with a complete metrizable vector
space topology. It remains to prove that 7 has a basis for the neighbourhoods of the origin consisting of solid
sets. Let N = N(A,e) € N, f € N and g € L°(u) with |g| <|f], then |g(z)| < |f(z)| p-ac. and so

{fredA:|glx)| >} Cc {zed:|flx)|>efU{zeA: ’g(x)| > |f(:r)’}
Su(redilg@| 2 ) < p(ize s |f@] =g ulre A: g@)] > [F@)])
< p({red: |[f@)]z ) +u({zedilg@)]>[f@)]})
e+0

A

So g € N and hence N is a solid set. N therefore consists of solid sets and thus 7 is locally solid. (Il
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2.1.2. L%(Q, %, u). Recall that
LS, ) = {feLl’(Q3,p0):3A€%, M >0:|f(z)| <M Ve e A%}
= {fel’Q,2,u): f*(t) <ocoVt>0} by Remark 1.3.6

It will be shown that L°(u) equipped with the topology of convergence in measure is a complete metrizable
topological vector space. Furthermore, in the case where L°(u) consists of equivalence classes of real-valued,
almost everywhere finite, measurable functions, it will be shown that L% (u) is a complete metrizable locally
solid Riesz space.

PROPOSITION 2.1.10. L%(u) is a vector subspace of L°(u).
ProoOF. Let f,g € L°°(u) and o € F. Then for any ¢ > 0
(af) (t) = l|a|f @) by Proposition 1.3.5(2)

< 00 since f € L%(u)

Furthermore,
(F+97@) = (F+9) (5 +3)
< f*(%) + g*(%) by Proposition 1.3.5(3)
< 0 since f,g € L%(u)
So af and f+ g € L%(u). L°(u) is therefore a vector subspace of L°(u). O

Next we define a linear topology on L%(u). Let N(e,8) := {f € L%(u) : p ({x € Q: |f(z)| > €}) <6} and
let M :={N(e,J):¢6 > 0}.

REMARK 2.1.11. Using the definition of a distribution function and Proposition 1.3.5(14), we have that
N(e,0) ={f € L) : ny(e) <0} = {f € L) : f*(0) < ¢}.

PROPOSITION 2.1.12. M is a basis for the neighbourhoods of the origin for a vector space topology U on
L% (). Furthermore, L°(p) equipped with this topology is a complete metrizable topological vector space.

PROOF. It can be shown in a similar way to the L°(u) case that M is a basis for the neighbourhoods of the
origin for a vector space topology on L°(u). The one important difference is that in the L% (1) case we do not
have to restrict ourselves to measurable sets of finite measure when defining the sets N (e, d). The reason for this
can be seen in proving that every N (e, §) € M is absorbing: Let f € L%(u). In this case we have the additional
information that this implies that f*(¢) < oo for every ¢t > 0. In particular f*(§) = § < co. Let A € F such that
|)\| > g Then

(if)*(é) = ’i’f*(t) by Proposition 1.3.5(2)

€
< 2B
B
= ¢
Therefore 1 f € N(e,5) by Remark 2.1.11, i.e. f € AN(e,6).
A similar process to the one employed in the LY(u) case can be used to show that this topology is metrizable
and complete. 0

REMARK 2.1.13. Since this topology U is metrizable and a sequence converges in this topology if and only
if it converges in measure, this topology is called the topology of convergence in measure.
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To investigate the order structure of L°(u) we consider the order structure it inherits from L°(p). For
the remainder of this subsection we will assume that all scalars are real and that L°(u) consists of equivalence
classes of real-valued, almost everywhere finite, measurable functions. Let E be a Riesz space and A C F a
vector subspace. If A is also a sublattice of F, then A is called a Riesz subspace. If A is a solid set and also a

vector subspace of a Riesz space E, then A is an order ideal and hence a Riesz subspace [8, p.12].
PROPOSITION 2.1.14. L%(u) is a Riesz subspace of L°(p).

PROOF. It has been shown (Proposition 2.1.10) that L%(u) is a vector subspace of L°(u). To show that
L%(p) is a Riesz subspace it therefore suffices by the discussion above to show that L% (u) is solid in L°(u).
Let f € L°(u) and g € L%(u) such that | f| < |g|. Since g € L%(y) there exists an M > 0 and an A € ¥ with
11(A) < oo such that |g(z)| < M for all x € A°. Let

B={zeQ:|gx)| <|f(z)]}

Then |f(z)| < M for all x € (A°N B°) = (AU B)® and u(B) = 0 since | f(z)| < |g(x)| p-a.e. Hence g € L% (y)
and so L% (p) is a solid set. O

PROPOSITION 2.1.15. L% () equipped with the topology of convergence in measure is a complete metrizable

locally solid Riesz space.
PRrROOF. Similar to the proof of Proposition 2.1.9 (]
2.1.3. LY(Q, 3, 1). Let
LOYQ, 2, ) = {f € LY(Q, 8, u) : f*(t) = 0ast — oo}

It will be shown that L' (u) equipped with the topology of convergence in measure is a complete metrizable
topological vector space and in the case where L°(u) consists of equivalence classes of real-valued, almost
everywhere finite, measurable functions, then L% (1) is a complete metrizable locally solid Riesz space.

PROPOSITION 2.1.16. LY (Q, X, 1) is a closed subspace of L%°(Q, 3, 1) equipped with the topology of con-

vergence in measure.
PRrROOF. Let f,g € L°! and o € F. Then
(af) @) = |o|f @) by Proposition 1.3.5(2)
— 0 since f*(t) = 0 as t — oo

Furthermore,

N | =+

F+oy®) = (F+o G+

5 )
< f*(%) + g*(%) by Proposition 1.3.5(3)

Since this holds for all ¢ > 0 and f*(%) and g*(%) tend to zero as ¢ tends to infinity, we have that (f+g)*(t) — 0
as t — oo. So L9 () is a vector subspace of L% (p).

Let ()22, C L% (p) such that f, — f in measure and f € L% (u). This implies, using the continuity of
addition, that f — f,, — 0 in measure and hence for any ¢ > 0, (f — f,)*(t) — 0 as n — oo by Proposition 1.3.8.
We can write f = f — f, + f,. and therefore for a fixed t > 0

fre) = (f=fut fa)" (1)

v-(5)+ 5 (3)

(2.1.1)

IN
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Let € > 0. Since (f — f,)*(1) — 0 as n — oo, there exists an n. € N such that n > n. implies that
(f = fn)*(1) < €/2. Furthermore since f,. € L% (u), there exists a to > 2 such that ¢ > t; implies that
fr (%) < e/2. It follows using (2.1.1) that f*(¢) < € for ¢ > t; and hence that f*(t) — 0 as t — oco.

Therefore f € L°*(u) and hence L°(u) is a closed subspace of L°(u) equipped with the topology of

convergence in measure. ]

COROLLARY 2.1.17. L (u) equipped with the topology of convergence in measure is a complete metrizable

topological vector space.

In the case where L°(p) consists of equivalence classes of real-valued, almost everywhere finite, measurable

functions we have the following result.

PROPOSITION 2.1.18. L (u) equipped with the topology of convergence in measure is a complete metrizable

locally solid Riesz space.

2.2. Banach spaces of measurable functions

The Lebesgue spaces are well-known examples of Banach spaces whose elements are equivalence classes
of measurable functions. The Lebesgue function norms are lattice norms and possess the Fatou property.
Furthermore Lebesgue spaces always contain all simple functions and there is a relationship between the integral
of a measurable function over a set of finite measure and the LP-norm of that function. We study Orlicz spaces,
Lorentz spaces and Orlicz-Lorentz spaces, which all form generalizations of the Lebesgue spaces. Some salient
properties required for the sequel will be documented and it will be shown that each of these spaces possess the
properties listed for the Lebesgue spaces. This will serve as motivation for our definition of Banach function

spaces, which will provide a common generalization for all of these spaces.

2.2.1. Lorentz spaces. We define four types of Lorentz spaces, namely LP%(u), LP9(u), M, and A,,.
The LP? spaces generalize the LP spaces and will be used extensively for the study of composition operators.
The L9 spaces will be important when considering duality properties of Lorentz spaces. The remaining
two Lorentz spaces are included predominantly for completeness, but are also significant when considering the

embeddings of rearrangement invariant Banach function spaces.

DEFINITION 2.2.1. [2, p.216] Let f € L9(u) and define

1/
(fooo (tl/Pf*(t))q%) "o <p<o0,0<q<oo

Hf”pq:: sup tY/Pf*(t) if0<p<oo,g=00
’ 0<t<oo
£*(0) ifp=g=o00

The Lorentz space LP4(u) is defined as the set of all f € LY(u) such that Hpr g < 00

The functional |-, , is not always a norm, but we have that if 1 < ¢ < p < oo (or p =g = 00), then LP?(y)
is a normed space ([2, p.218]).
We show that the LP'? spaces generalize the L? spaces.

ExaMPLE 2.2.2. The Lorentz space LPP (1) coincides with the Lebesgue space LP(u) with equality of norms
for (1 <p < ).



40 2. SPACES OF MEASURABLE FUNCTIONS

Proor. For 1 < p < 0o, we have that
> dt
_ 1/p gx 4\ 22
I, = [ wrrers
| wrwra
0

= /I, by Proposition 1.3.7

Similarly ||f||oo = f*(0) = ||f|| by Proposition 1.3.7. ]

The following result will be useful when considering the boundedness of composition operators on Lorentz

spaces.
PROPOSITION 2.2.3. Let 1 <g<p<oo, M >0, f € LP9(u) and g € LO(n). If
g ) < fr@/M) V>0
then ||g||p7q < Ml/prHpﬂ

Proor. We have that

e “( th
loll,, = ([ (o) %)
>0 AN
< </ (tl/pf t/M) t) since /7 > 0
0
1/q
= </ (sM )P (s )qﬂj\ﬁis) letting s = t/M
= Ml/p< ~ 1/pf ))q ds>1/q
0 S
(2.2.1) = MY7||f|

p,q

O

We are able to obtain normed spaces for all p and ¢ such that 1 < p < 0o and 1 < g < 0 if we replace the

decreasing rearrangements in the definition of the LP? spaces with maximal functions.

DEFINITION 2.2.4. [2, p.219] Let f € L°(u) and define

1/
(o @rrg=@) ) ™ i< pson0<g <o

P tl/pf**(t) fl<p<oo,g=oc
0<t<oo

The Lorentz space L®9 (1) is defined as the set of all f € L°(x) such that ||f||(p g < 0

HfH(p,q) =

It can be shown (]2, p.219]) that
Hpr,q = HfH(p,q) HfH Ve L(p)

and hence that LP(u) = L9 (u) for all p and ¢ such that 1 < p < co and 1 < g < oo.
We define two other types of Lorentz spaces. Let ¢ be a nonnegative function defined on [0,00). If ¢ is
such that ¢(t) = 0 if and only if ¢ = 0, ¢ is increasing and %t) is decreasing, then ¢ is called a quasiconcave

function. Let ¢ be a quasiconcave function and let n be a nonnegative, increasing concave function. Consider
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the following two functionals on L°(R*, M,m)

HfHM¢ = sup {fT()e(t)}  and

0<t<oco
11y, = /0 P s) ds + £ (0)(0+),

where the latter is a Lebesgue-Riemann Stieltjes integral. The Lorentz spaces M, and A, are the spaces of all
functions f in LO(R*, M, m) for which the respective functionals above are finite. M, is sometimes also called
a Marcinkiewicz space.

The following result shows that the different types of Lorentz spaces defined above all share some important

properties.

THEOREM 2.2.5. [2, p.219][2, p.72] Let X = LP9(pn), (1< qg<p<o0) or X = LPD (), (1 <p<oo, 1<
qg < oo) or X = M,, where ¢ is a quasiconcave function, or X = Am where 1 is a monnegative, increasing
concave function. Then X is a normed space and furthermore

(1) If 0 < f < g p-a.e. then HfHX < HgHX and |||f|HX = HfHX for any f € L°(u) (f € L°(m) for
X =M, Ay), ie HHX is a lattice norm on X

(2) If0< fo 1 f, p-a.e. then Hf"”X 0 ||f||X, i.e. ||| x possesses the Fatou property

(3) If A€ Xy, then HXAHX

(4) If A € 3y, then there exists a constant Ca depending only on A, such that

< 0

[ rauscalsl,  viex
2.2.2. Orlicz spaces. The Lebesgue space LP(u) (1 < p < 00) is the set of all f € L°(u) such that

/ o(|£(@)]) ds < oo
Q

where ¢(t) = tP. It is natural to consider replacing ¢ with a more general function. This leads one to consider the
restrictions that have to be imposed on such a function in order to generate a Banach space of equivalence classes
of measurable functions. We note that if ¢(t) = ¢*, then ¢ is a convex function, ¢(0) = 0 and tlifgf(t) = 00.
We define Orlicz functions based on these attributes and describe some of their properties. In particular,
consequences of a growth condition, namely the As-condition will be investigated. Thereafter Orlicz spaces will

be defined and it will be shown that the Lebesgue spaces are examples of Orlicz spaces.

DEFINITION 2.2.6. [5, p.190] ¢ : [0,00) — [0, o0] is called an Orlicz (Young) function if ¢ is convex, ¢(0) = 0
and tlim @(t) = co. We assume furthermore that ¢ is neither identically zero nor infinite on (0, 00) and that ¢
—00

is left continuous at by := sup{t > 0: ¢(t) < co}. We also define the constant, as := inf{t > 0: ¢(¢) > 0}.
The following theorem yields an equivalent definition of an Orlicz function.

THEOREM 2.2.7. [2, p.265] ¢ : [0,00) — [0, 0] is an Orlicz function if and only if there exists a ¢ : [0, 00) —

[0, 00] which is increasing, left continuous, not identically infinite nor identically zero such that ¢(0) =0 and

t
(2.2.2) 6(t) = / o(s) ds
0
We use this to show the following result.

PROPOSITION 2.2.8. [2, p.276] If ¢ is an Orlicz function, then ¢ is increasing on [0, 00) and strictly increasing
on (ag,by).
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ProOOF. Let ¢ be as in Theorem 2.2.7. Using (2.2.2) and the fact that ¢ > 0, it is clear that ¢ is increasing.
Let ay < t1 < ta < by. Assume that ¢(¢1) = 0, then

ty
o) = [ e)ds
0
= 0 since ¢ is increasing
=ay > 1

This is a contradiction and therefore ¢(t1) > 0. Therefore

ots) = / " o(s) ds

= [ewas | ols)ds

> d(tr) + (t2 — t1)w(t1) since ¢ is increasing
o(t1) since ¢(t1) >0

REMARK 2.2.9. It follows that if ¢ is any Orlicz function, then ¢ is invertible on (ag, by).
We define the right continuous inverse of ¢ as follows
¢ 1(t) ;= inf{s > 0: ¢(s) > t}.
REMARK 2.2.10. It is easily checked that ¢! is increasing and that
inf{s > 0: ¢(s) >t} =sup{s > 0: ¢(s) <t}
and so

¢~ (t) = sup{s>0:¢(s) <t}.

LeMMA 2.2.11. Let 0 <t < oo, then
B¢~ (1) <t < 67 (g(1))

PROOF. Let B = {s > 0: ¢(s) > ¢(t)} and let s € B. Then, since ¢ is increasing, it is easily shown by
contradiction that s > ¢. Since ¢ is therefore a lower bound for B, it follows that

¢~ (¢(t) = infB
>t
Let C = {s>0:¢(s) < ¢(t)}, then clearly ¢ € C and so
t < supC
= ¢ '(¢(t)) by Remark 2.2.10
0

COROLLARY 2.2.12. (cf. [24, p.4]) Let ¢ be an Orlicz function and let f € L°(u) be such that ¢ (| f|) is finite
almost everywhere. Then

o (£ (1) = (8 (1£]))" (®)
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PROOF. Let A > 0 and let A\ ={z € Q: ¢(|f(x)]) > A}, By ={z € Q: |f(z)| > ¢ (\)}. If & ¢ Ay, then

o(lf@)]) < A
=¢ (o (|f(x)])) < ¢ '(N)  since ¢~ is increasing

= |f(z)] < ¢'(\) by Lemma 2.2.11

=T ¢ B
It follows that By C Ay. Let « ¢ By, then
f@)] < 7'\
= ¢ (’f(;v)|) < ¢ (¢_1(A)) since ¢ is increasing
< A by Lemma 2.2.11

It follows that Ay C By and hence that Ay = Bx. We therefore have that jus(s)(X) = pp(¢~())). It can
similarly be shown that mg«)(A) = my-(¢~*())). Therefore

oA = (671 (N)

(671 (N) since f and f* are equimeasurable by Proposition 1.3.5(7)

my (
= my(N)
0

Next, we consider an important growth parameter on an Orlicz function ¢. If there exists a o > 0 and a
C > 0 such that

(2.2.3) d(2t) < Cop(t) < o0 Vtsuch that tp <t < oo

then ¢ is said to satisfy the As-condition for large ¢t. If t; = 0, then ¢ is said to satisfy the As-condition
globally. We will sometimes write ¢ € A, for large ¢ (respectively globally) if this is the case. It is easily checked
that if ¢(z) = |x’p, then ¢ is an Orlicz function satisfying the As-condition globally. We give two important
consequences of an Orlicz function satisfying this condition.

PROPOSITION 2.2.13. Let ¢ be an Orlicz function satisfying the As-condition globally, then

(1) V& > 1, 3My, > 0 such that ¢(kt) < Myo(t) for all t >0
(2) ¢ is invertible

PROOF. 1): Let k > 1 and let C' > 0 be such that
(2.2.4) 6(20) < Co(t) <00 VE>0
There exists an n € NT such that k& < 27. It follows that

o(kt) < o(2"t) since ¢ is increasing

IN

C"o(t) by repeated application of (2.2.4)

Let Mk =C".
2): Since ¢ is an Orlicz function and hence not identically zero, we have that ay < co. We first show that

ay = 0. Assume that 0 < ay. Since ¢ is increasing we have that ¢ (%0%) =0, but

G o

= C¢ <4a¢> YO >0
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This is a contradiction since ¢ satisfies the Aj-condition globally. It follows that a, = 0. If ¢ satisfies the
Ag-condition for large t, then by = oo, since ¢(t) < oo for all t >ty = 0 by (2.2.3). It follows by Proposition
2.2.8 that ¢ is strictly increasing on (0, c0) and hence invertible. O

Next we investigate the spaces generated by Orlicz functions. If ¢ is an Orlicz function, it seems natural to

consider the modular Iy, defined by
()= [ o5@)han

and the space generated by the collection of all measurable functions f such that I;(f) < co. This collection of
functions is denoted P(¢) and is called the Orlicz class corresponding to ¢.

Orlicz classes would be nice generalizations of LP (i) spaces, but unfortunately an Orlicz class P(¢) is a
linear subspace of L°(u1) if and only if ¢ satisfies the Ag-condition globally (|2, p.267]). Even though P(¢) is not
linear in general, the next result shows that one can generate a linear space based on P(¢) using the Minkowski

functional.

PROPOSITION 2.2.14. [17, p.70] Let ¢ be an Orlicz function. The Orlicz class P(¢) is a convex set containing

the origin.

Let A= {f € L°(u) : I,(f) < 1}. Then A is a non-empty convex, balanced subset which is absorbing at each
of its points. A therefore has a Minkowski functional p associated with it such that A = {f € L%(pu) : p(f) < 1}

and
p(f) = inf{A:A>0and f € \A}
= inf{k™'>0:fek A4}
= inf{k7':kfc A}
= inf{k™': I4(kf) <1}

DEFINITION 2.2.15. Let ¢ be an Orlicz function. The collection of all f € L%(u) such that I,(A\f) < oo for
some X\ > 0 is called an Orlicz space and is denoted by L?(u). Restricted to L?(u), the functional Il :
Lo°(u)* — [0, 00) defined by

|\f|\¢ =inf{k™': I4(kf) < 1}
is a norm. |-, as defined above is called the Luzemburg norm.
REMARK 2.2.16. [2, p.268] It can be shown that if 0 < || f||; < oo, then
Il = min{A > 05 1,(7/0) < 1)

When studying the compactness of composition operators we will also be interested in weighted Orlicz

sequences spaces, which are defined as follows.

DEFINITION 2.2.17. Let w = (wy)5%, be a sequence of positive real numbers and let p. be the count-
ing measure defined on the powerset of all natural numbers. We define the weighted Orlicz sequence space
L? (N, P(N), i) as follows:

L (ue) == {f € L°(p) : I (f/A) < oo for some A > 0},
where

1Y (f) = > _o(|f(n)wn
n=0

REMARK 2.2.18. Letting
/1 = mf{A >0 IZ(f/3) < 1},
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(LY, HH::) is a Banach space and L% can be identified with L?(u,,) = L?(N, P(N), ) with equality of modulars
and hence norms, where i, is defined by
o ({n}) = wy

We demonstrate that the Orlicz spaces generalize the LP spaces.

EXAMPLE 2.2.19. [2, p.266] The following are examples of Orlicz spaces:
(1) 1 <p < ooand ¢(t) := tP, then ¢ is an Orlicz function satisfying the As-condition globally and
L?(n) = LP(u) with equality of norms.
0 0<t<L1

(2) If ¢(t) := then ¢ is an Orlicz function and L?(u) = L°° () with equality of norms.
co t>1

Proor. 1): It is easily verified that ¢ is an Orlicz function satisfying the As-condition globally. Furthermore

iy = [ (‘f') du

171
AP

It follows that ||f||p = Hf||¢
2): It is easily checked that ¢ is an Orlicz function. Let f € L°°(u) and || f||_ = k. Then

IN

%|f(x)’ 1 p-a.e.

:s¢<;|f(m)|>

= [o(Glr@l) an = o

Therefore f € L?(u) and Hf”¢ <k.
Let f € L?(u) and let A = {\ > 0: I4(f/\) < 1}. Since f € L?(u) we have that A # (. Let A € A, then

I
=

p-a.e.

1
/¢</\|f(w)\> dp < 1
Q
1
:>¢>()\|f(a;)|> < oo p-ae.
= §|f(x)| < 1 pae
Therefore f € L>(p) and [|f||_ < A. Since this holds for all A € A and Hf”¢ = inf A, we have that
HfHOO < Hqus It follows that f € L>(p) if and only if f € L?(u) and Hf”oo = Hf”¢ O

THEOREM 2.2.20. [2, p.269] The Luzemburg norm has the following properties:

(1) If 0 < f < g p-a.e. then ||fH¢ < ||g||¢ and |||f|||¢ = ||f||¢ for any f € L°(u), i.e. ||||¢ is a lattice
norm on L»%(p)

(2) If0< fu 1 f, p-a.e. then anH¢ 0 HfH¢
(3) If A€ Xy, then ||XAH¢ < 00
(4) If A € 3y, then there exists a constant Ca depending only on A, such that

[ ran=calsl,  vreri

We finish this subsection by defining complementary Orlicz functions and stating an important result linking

them.
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DEFINITION 2.2.21. [2, p.271] Let ¢ be an Orlicz function and let ¢ be as in Theorem 2.2.7. Let
P(u) = inf{t:e(t) >u} u € [0,00) and
/Ot¢(u) du telo,o0),

then U is called the complementary Orlicz function of ¢.

e
~
~
-

REMARK 2.2.22. Tt is easily checked that 1) is increasing, left continuous, not identically infinite nor identi-
cally zero such that t(0) = 0 and therefore ¥ is an Orlicz function by Theorem 2.2.7.

The complementary Orlicz function will become important when considering duality properties of Orlicz

spaces.
THEOREM 2.2.23 (Young’s inequality). [2, p.271] Let ¢ and U be complementary Orlicz functions. Then
st < ¢(s) + ¥(t) (0 <s,t < o0)

2.2.3. Orlicz-Lorentz spaces. As the name suggests, Orlicz-Lorentz spaces are a common generalization
of Orlicz spaces and Lorentz spaces. The process of defining an Orlicz-Lorentz space is similar to the one
employed for Orlicz spaces, except that decreasing rearrangements are used and a weight function is introduced.
After defining Orlicz-Lorentz spaces, we demonstrate that Lorentz LP-? spaces and Orlicz spaces are examples of
Orlicz-Lorentz spaces and we explore some of the important relationships between the modular and the norm.
Finally, some important properties of the Orlicz-Lorentz norm will be proved.

Throughout this section let (2,3, u) be a o-finite measure space and let I = [0, u(Q)] if p(Q) < oo and
I=10,00) if u(2) = 0co. A map w: I — (0,00) is called a weight function if w is decreasing, locally integrable
with respect to the Lebesgue measure and [, w(s)ds = oo if 1(Q) = co. For ¢t > 0 we define

I(t) = /Ot w(s)ds

If there exists a £ > 1 such that

D(2t) > kD(t) V¢ > 0 (or for all ¢ € (0, “(29)) if 11(2) < 00)
then w is called a regular weight.

REMARK 2.2.24. [14, p.1646] It can be shown that a weight function w is regular if and only if there exists
a k > 0 such that
tw(t) <T(t) < ktw(t) Vtel

To define Orlicz-Lorentz spaces, let ¢ : [0,00) — [0, 00] be an Orlicz function, and let w : I — (0,00) be a

weight function. Consider the following modular on L°(y):
Toulf) = [ o (o)

The Orlicz-Lorentz space L% (u) is defined as the set of all f € L%(u) such that I, (Af) < oo for some A > 0.
It can be shown (][22, p.80]) that the Orlicz-Lorentz space L®™(u) is a Banach space when equipped with the

norm

HfH(m =inf{\ > 0: Iy, (f/)) <1}

REMARK 2.2.25. If f*(t) = oo for any ¢ > 0, then it is easily checked that Iy ,,(f/X) = oo for all A > 0 and
hence f ¢ L%*(u). Tt follows that L%%(u) C L%(u).
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LEMMA 22.26. If 0 < |[f[|, , < oo, then

Hf|‘¢w =min{A > 0: I, (f/\) <1}

PROOF. Let 0 < ||f||, , = a < oo. For each n € N* put f, := ﬁﬁ/n, then
(2.2.5) Is(fn) = Ipw (f/(a+1/n)) <1
Furthermore,
fat) Tl f() W
= (fa)* 1t (a"'f)" by Proposition 1.3.5(5)
= o((f) () T (atf (1) vt
o0 O 1o (L )u)  vesinee w0
n() () *
= /0 ¢ ((fn)" (1)) w(?) dtT/O ) (i(t)) w(t)dt by Theorem 1.2.6.
The third line in the argument above follows since ¢ is increasing and left continuous and (g) - ‘J: by

Proposition 1.3.5(2). Furthermore, fO“(Q) & ((fn)* () w(t)dt <1 for all n € NT by (2.2.5) and so

#(Q) *
Lo (HfH;,lwf) = /0 ) (J;(t)) w(t)dt < 1.
O

We show that the Orlicz-Lorentz spaces generalize the Orlicz spaces and the Lorentz spaces. For the Orlicz
spaces, we initially show the result for Orlicz spaces over a resonant measure space. Once the properties of the
Orlicz-Lorentz norm have been verified, it will be demonstrated that this claim can be extended to more general

measure spaces.

EXAMPLE 2.2.27. (cf. [22, p.80]) Let ¢ be an Orlicz function. If (€2, %, 1) is a resonant measure space and
w =1, then L% (u) = L?(u) with equality of norms.

PROOF. Since w = 1, we can write w = (x,)". We first show that if ¢ (| f|) is finite almost everywhere, then

I¢,w(f) = I¢(f)
w(82) 00 .
/0 o(f @)w(t)dt = /0 (o))" @) (xo)" (t)dt using Corollary 2.2.12

sup { [ [ol11Date)| a0~ x. |

/ o(|f|(@)) du,
Q

where the second line follows using the defining property of a resonant measure space and the last line follows,
since g ~ x,, implies that ’g(x)’ =1 p-a.e. x € Q. Therefore I ,,(f) = I4(f).
If g € L?(p), then either g = 0 or I, (g/ ||g||¢) <1 (see Remark 2.2.16). If g = 0, then [|g||, = 0 = ||g[[, ,,- If

Iy (g/ ||g||¢) <1, then ¢ (|g\ / ||g||¢) is finite almost everywhere and hence Iy, (g/ ||g||¢) =1, (g/ ||g||¢> <1.
This implies that g € L% () and l9llg < llgll,- Hge L®% (), then either g = 0 or Iy, (g/ ||g||¢’w) <1 (see
Lemma 2.2.26). If g = 0, then ||gl[, =0 = [|g]l ., If Lp,w (g/ Hg\|¢7w> <1, then ¢ ((g/ ||g||¢7w> (t)) is finite

for all ¢ > 0. This implies that ¢ is finite on [0, (g/ ||g||¢7w) (0)) = [0, HH;JHILOO ) and hence, for any 0 < € < 1,
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) (|eg| /gl w) is finite almost everywhere. By the first part of the proof of this corollary, we therefore have

that Iy (eg/ Hg||¢w) =I4w (eg/ ||g||¢w) < 1, for every 0 < e < 1. It follows that [|g||, < |9l ., /€ for every
0 < e <1, whence [|g]l, < [lgll,.,,- We therefore obtain that L (u) = L?(u) with equality of norms. O

EXAMPLE 2.2.28. [15, p.30] Let 1 < ¢ < p < 00, ¢(t) = t? and w(t) = t» %, then LY (p) = LP9(u) with

equality of norms.

PRrROOF. It is easily checked that ¢ is an Orlicz function and w is a weight function since ¢ < p. Furthermore,
for any A > 0, (A’lf)* = A"1f* and so

[flly = mE{A>0:Ipu(f/A) <1}

inf {)\ >0: /000 ¢ (ATHFE(E) w(t)dt < 1}
= inf {A >0: /OOO AT9(fH ()% r " dt < 1}
— inf{)\ >0: /Oo(tl/”f*(t))q% < Aq}

0

9y e [ @@ <AL,

O

REMARK 2.2.29. Tt is easily shown that ¢ as defined in the example above satisfies the As-condition globally
and if w(t) = t» !, then T'(¢ fo st ds = pt’m’ It follows that I'(2t) = 29/PT'(t) and hence that w is a

regular weight. Furthermore, w is not bounded away from zero.

0 0<tL1
ExAaMPLE 2.2.30. Let ¢ = T 7 and w =1, then L»%(u) = L>(p) with equality of norms.
oo t>1

PROOF. It is easily checked that ¢ is an Orlicz function. By Example 2.2.38, L?% () = L?(u1) with equality
of norms. Moreover, by Example 2.2.19, L?(u) = L>(u) with equality of norms. O

The next series of results details the relationship between the modular and the norm.
LEMMA 2.2.31. [2, p.268] If ¢ is an Orlicz function and w is a weight function, then
f=0p-ae < Iy,(Af)<1 YA >0

ProoF. Let A > 0. If f =0 p-a.e. then f* =0 by Example 1.3.4. Therefore ¢p(Af*(t)) = ¢(0) = 0 for all
t > 0 and hence I ,(Af) = 0.

The converse will be shown using the contrapositive. Let f # 0. By Proposition 1.2.1 this implies the
existence of an € > 0 and A € ¥ such that u(A) = a > 0 and | f(z)| > € for all z in A. Therefore for 0 <A < e

A C {zeQ:|f(x)|>A}
=a=p(d) < pp(d)
=S ¢ {t> 000 < 5}
) =
(2.2.6) =) > e ogtg% since f* is decreasing

Since ¢ is an Orlicz function there exists a u € (0, 00) such that

(2.2.7) b(u) >
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Letting A = u/e we have that

Low(N) = jﬁaj¢((kf)*@))uxt)dt

a/2
> /" 6 (P (0) w(t) dt

Y

/ o (Ne)w using (2.2.6), ¢ increasing and w > 0

Y

(u) w(a/2) since w is decreasing

> 2 by (2.2.7)

LEMMA 2.2.32. [2, p.268] If ¢ is an Orlicz function and w is a weight function, then

(2.2.8) [l 1= Tow(F) < ||£]],.,
and
(2.2.9) [l > 1= Ml < Too(F)

PrOOF. Let HfH¢ w SLIE ||fH¢w =0, then f =0 p-a.e. and so Iy, (f) = 0 as in the proof of the lemma
above (using A = 1). Therefore I ,(f) < ||f||¢7w. If 0 < ||f||¢’w < 1 then by Lemma 2.2.26

(2.2.10) Ipw(af) <1,

where o = (||f||¢’w)’1. Furthermore, if s > 0

M < p(as) since o > 1 and
s as
% is an increasing function of ¢
(2.2.11) = ad(s) < olas) Vs >0
So

1 Z I¢w Ozf)

/ b ((af)" (1)) w(t) dt
- A 6 (af* (1)) w(t) dt

> /Oo ad (f*(t))w(t)dt using (2.2.11) and w > 0
0
= aId),w(f)
= Luw(f) < o' =|lf],,

Conversely, if ||f||¢w = a > 1, then there exists an N € NT such that N~! < o — 1. Let n > N, then

l<a-1c< ||f||¢’w. If we assume that I (#) < 1 then we obtain

. . 1
£l = f{A >0 Lp0(f/A) <1} < a— -

which is a contradiction and so

(2.2.12) i (afl/n) >1
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We have that ‘?(T’;) is an increasing function of ¢ and so

¢ ((a—1/n)""s) ¢(s)

(@=1/n)Ts Vs >0

since (o —1/n)"t <1

o(s) Vs >0

(2.2.13) = (a—1/n)¢ <a —Sl/n>
and so

Tow(f) = /Oooqﬁ(f*(t))w(t)dt

v

1 . .
/0 (a—1/n) (a_l/nf (t)) w(t)dt  using (2.2.13) and w > 0

e[ o( ) )0

= (a—1/n)lpw <(Oé—f1/n)>

> a—1/n by (2.2.12)
Since this holds for every n > N, we have that Iy, (f) > a = ||f[|, -
CoroLLARY 2.2.33. Isu(f) <1 [|f],, <1
ProOOF. We have by Lemma 2.2.32 (2.2.8) that
[fllg <1 = Tou(f) <[, <1
Let Iy,u(f) < 1. If we assume that ||f[|, > 1, then

Lyw(f) = |Ifll,, by Lemma 2232 (2.2.9)

> 1

which is a contradiction and so ||f||¢7w <1.

LEMMA 2.2.34. Let ¢ be an Orlicz function, w a weight function, k > 0 and f € L%(n). If 1., (f) > k, then

HfH(b’w >min{l, k}. If I,(f) < k, then HfH¢>w < max{1,k}.

PROOF. If I,,(f) > 1, then ||f||¢w > 1 by Corollary 2.2.33. If k < I ,,(f) < 1, then Hf”w < 1 by the
same corollary and so ||f||¢ w > 1s.w(f) = k by Lemma 2.2.32. Therefore ||f||¢ » = min{l,k}. It can similarly

be shown that if I4(f) <k, then HfH¢,w < max{1, k}.

PROPOSITION 2.2.35. Let ¢ be an Orlicz function satisfying the Ao-condition globally and let w be a weight

function. Then for every ¢ > O there exists a § > 0 such that
Ipw(f)<d= HfHQw <e
PrOOF. If ¢ € Ay globally then for every k > 1 there exists an My > 0 such that

(2.2.14) d(ku) < Mpp(u) Yu >0
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by Proposition 2.2.13. Let ¢ > 0. We can assume that 0 < ¢ < 1. Let M,/ be such that (2.2.14) holds for
k=2/eand let § = ﬁ Then Iy ., (f) < ¢ implies

() = [ e (Crw) v

0

n(€2)

< My ¢ (f*(t)w(t)dt  since w >0
0

= My/lsu(f)

< 1

and so
HfH¢,w = inf{A > 0:Is., (f/N) <1}

< €2
< €

PROPOSITION 2.2.36. Let w be a weight function and ¢1, po Orlicz functions. Then

(bl < ¢2 = I¢1,w(f) < Id’z,w(f) Vf € LO(M)
= [l SNl VFEL ()

PROOF. Let f € LO(u). If ¢1 < ¢o, then

n(€2)
%Mﬁ=té b1 (f* (1)) w(t) dt

IN

n(€2)
/ oo (fF (1)) w(t)dt since ¢1 < ¢ and w >0
0
I¢2,w(f)

We show that the second implication holds. Let I, . (f) < Iy, (f) for all f € LO(u). If ||f||(z>2 , = 0, then

f=0andso | f[l, ,=0<fl,,. K], =00 then [[fl,  <I[f,,, trivially. Let 0 <|[[f]|, . < oo,
then

Lpsiw (£/111]1,...)
1 by Lemma 2.2.26

Iy, w (f/HfH@»w)

IN

and therefore Hme,w < HfH@,w' O

The following result details the properties of the Orlicz-Lorentz norm.

THEOREM 2.2.37. Let ¢ be an Orlicz function and w a weight function, then the following hold:

1) 105 <g o then |15 < ol @00 (171 = 1 Jor oy 1 € L9, i Il i o
lattice norm on L% (u)

(2) fO< fu? f, prace. then || full, , [ £],.,
(3) If A€ Xy, then ||XAH¢,w < o0
(4) If A € 3y, then there exists a constant C'4 depending only on A, such that

[ ransCalsl, s

PROOF. 1): Let f,g € L°(u) such that 0 < f < g p-a.e.
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If ||g”¢ » = 0, then g = 0 p-a.e. This implies that f =0 p-a.e. and hence HfH¢ w=0= Hg||¢w.
If0 < ||g||¢)w < 00, then

(2.2.15) Hg”w =min{\ > 0:1;,(9/\) <1} =a by Lemma 2.2.26
We therefore have that
Loy < 2@ o
= (i) t) < (%)* t) Vt>0 by Proposition 1.3.5(1)
= ¢ <(£>* (t)> w(t) < ¢ (( ) ) Vt > 0 since ¢ is increasing and w > 0
n(s2) \* (s
=Lt/ = [ o (L) 0)wwa < t)) w(t)dt = 1,49/ o)
0 @ 0
< 1 by (2 2.15)

It follows that ||fH¢w =inf{A > 0:14,(f/N) <1} <a= ||g||¢7w

1t |lgf|,,, = oo, then [|f][, , < [lgll, .-

Since |f|* = f*, it follows that H|f|||¢w = ||f||¢7w. Therefore ||H¢w is a lattice norm.

2): Let 0 < fu T f, an := H'an¢,w and a := supa,. Then since |-[|, , is a lattice norm we have that
0< ay, < Hf||¢’w for each n. Tt follows that o < HfH¢,w' If « = 0 or & = 00, then we trivially have that
an T Hf||¢w Let 0 < o, < @ < 00, then

0< fi < Jo g et
Qp
= [¢7TU <f") < I¢,w <fi> Vn € Nt
o O
(2.2.16) < 1 for each n by Lemma 2.2.26

Furthermore

fufa 1 flo pae
= (fo/a)* (1) 1T (f/a)" (t) Vt>0 by Proposition 1.3.5(5)
= 0 ((fa/a)" @) w(t) T o ((f/)" (1) w(t)

since ¢ is increasing, continuous from the left and w > 0

n(82)
o Lyulfufa) = / 6 ((fufe)" (1)) w(t) dt

w(€2) .
r e )
by the Monotone Convergence theorem 1.2.6
= Isw(f/a)

Using (2.2.16) this implies that Iy ., (f/«) < 1 and hence that ||qu5 » < @ by the definition of [|-|| ;. Therefore
1714, = @ and thus [[full, , +[[£], ..
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3): Let A€ Xf and let A > 0. Then

()
Lw(,) = / 6 (M) (1) wit) dt

0

1(2)
/ ) ()\X[U,M(A)) (t)) w(t) dt by Proposition 1.3.5(2) and Example 1.3.4
0

n(A)
(2.2.17) N /O w(t) dt

Since w is locally integrable and u(A) < oo, it follows that f:(A) w(t) dt < oo. Furthermore, since ¢ is an Orlicz

function it is not identically infinite on (0, 00). Therefore there exists a A > 0 such that ¢(\) < co and hence
d(A) Oﬂ(A) w(t)dt < co. Thus x, € L»*(u) and so ||x, || < oc.

4): Let ¥ be the complementary Orlicz function to ¢ and let 0 < p(A) < oo. Then 0 < HXA H\IJw < 00, since
[/l ., is @ norm and it has been established that every Orlicz-Lorentz space contains all characteristic functions

of measurable sets of finite measure. If 0 < ||f||¢ » < 00, then

RONEAUN
10l Mxall

w(t) (HfH;lwf)* (t) (HXA H;’leA)* (t).w(t) by Proposition 1.3.5(2)

(2.2.18) < ¢ ((||f||;fwf)* (t)) w(t) + U ((||XA H;wXA)* (t)) w(t) by Theorem 2.2.23
Furthermore
w(p(A)) wa 1 ) Sl
A ffd < —m——m——— Jr(t)w(t) dt
Medelsh 70% = Fmmsh 7m0
since w is decreasing
1 o0
e [ ()X (Hw(t) dt
iy e ARACAERC
by Example 1.3.4
] . %
d
< [ o((Ir10r) @) wode+
/O U ((Iallyhxs) ®)w@de by (2218)
(2.2.19) < 141 by Lemma 2.2.26

It follows that

IN

r(A)
/ 0 dt by (1.3.3)
0

2[[£1l g l1Xa 1,2
w(p(A))
CA ||fH¢,w

[ 1l

by (2.2.19)

2
where Cy = % If u(A) =0or [[fll.,, =0, then

[ 11l

0

Callfll g

IA

O

ExamMPLE 2.2.38. Let (2, %, 1) be any o-finite measure space. If ¢ is an Orlicz function and w = 1, then
L% (u) = L?(u) with equality of norms.
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n
PROOF. If f is a positive simple function, then f can be written in the form f = ZaiXAi, where the A;’s

n
are pairwise disjoint. Then by Example 1.3.4, f* = Z%‘X[k_
i=1 o

that

n(82)
/0 S(F (B))wi(t) dt

i=1
J
x> Where kg = 0 and k; = > pu(A;). It follows
‘ i=1
Q) "
/ ¢ Zaix[’“i—bki) dt
0 i=1
n ks
> d(ay) dt
i=1 7 ki1
> dlai) (ki — kiv)
i=1
Z¢(ai)/x(A2) since k; — ki—1 = pu(A;)
=1
> [ sl
=174

/gb(ZaixAi) du since Ay, NA, =0ifk#m
2 \i=1

Therefore I, (f) = I4(f), and hence Hf”¢,w = HfH¢ for every positive simple function f. Let g € L%(u).
There exists a sequence (f,)%2; of positive simple functions such that g, 1 | f | pointwise p-a.e. It follows
that ||9”H¢,w T H|f|||¢w = ||f|‘¢w by Theorem 2.2.37. Similarly ||gn||¢ T |||f‘”¢ = ||f||¢ by Theorem 2.2.20.

Furthermore Hgn||¢’w = ||gnH¢ for every n and so ||f||¢’w = ||f||¢

d



CHAPTER 3

Banach function spaces

In Theorem 2.2.37 we saw that the Orlicz-Lorentz norm, and hence Lorentz, Orlicz and Lebesgue norms, all
satisfy a particular set of properties. Motivated by these properties we define a Banach function norm, which will
enable us to generalize the aforementioned spaces and provide a framework for studying composition operators
on Banach spaces of (equivalence classes) of real or complex-valued measurable functions.

This first section consists of a formal definition of Banach function spaces and some elementary properties
derived from this definition. Furthermore, associate spaces are introduced and some examples given. In the
second section we identify the conditions under which the dual space of a Banach function space X can be

identified with the associate space of X.

3.1. Banach function spaces

Authors differ somewhat on how to define a Banach function space. We discuss this briefly and provide some
motivation for our particular choice of definition. We then list some properties of Banach function spaces and
demonstrate some examples. Furthermore, the associate space of a Banach function space will be discussed and
some explicit descriptions given of the associate spaces of Orlicz spaces, Lorentz spaces and Lebesgue spaces.
Lastly, it will be shown that our definition of an associate space yields a generalization of Holder’s inequality
and that the second associate space of a Banach function space coincides with the original space.

DEFINITION 3.1.1. [26, p.138] Let p : L(u)* — [0, 00] be a mapping. If p satisfies properties 1) to 4), given
below, for all f, g, in LY (1) and for all o € F then p is called a function seminorm.
(1) p(0)=0
2) p(lalf) = |elo(f)
(3) p(f +9) < p(f)+p(g)
(4) g < f pace. implies that p(g) < p(f)
If in addition p(f) = 0 implies that f = 0 p-a.e. then p is called a function norm.

Let p be a function norm on LY (n). The Kijcethe function space X(p) is defined to be the set of all
f € L°(u) such that HfHX = p(|f|) < oo. It is clear from the definition of a function norm that a Ki;cethe

function space is a normed space. We list three important properties which a function norm may possess.

DEFINITION 3.1.2. [26, p.141,148] Let p : L9 (1) — [0, 00] be a function norm and let (f,,)52, U{f} C LY ().
(1) If f, T f pointwise p-a.e. implies that p(f,) T p(f») then p is said to have the Fatou property.
(2) If f,, T f pointwise u-a.e. and nh_)rrgop(fn) < oo implies that p(f) < oo, then p is said to have the weak
Fatou property.

(3) If > p(fn) < oo implies that p <Z fn) < 00, then p is said to have the Riesz-Fischer property.

n=1 n=1
It is clear that the Fatou property in the above definition implies the weak Fatou property. Luxemburg and
Zaanen ([26, p.150,143]) showed that the weak Fatou property implies the Riesz-Fischer property and that a

Kijoethe function space X(p) is complete if and only if p possesses the Riesz-Fischer property. Furthermore,

55
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examples are given to demonstrate that the Riesz-Fischer property does not necessarily imply the weak Fatou
property and that the weak Fatou property does not necessarily imply the Fatou property.

Some authors ([26], [27]) define a Banach function space to be a Kijcethe function space X (p) which is
complete with respect to the norm induced by p. Motivated by Theorem 2.2.37, which shows that the Orlicz-
Lorentz norms (and hence the Lorentz, Orlicz and Lebesgue norms) have the Fatou property, and a desire to

use results obtained in [2], we use the following definition for a Banach function norm.

DEFINITION 3.1.3. [2, p.2| Let p be a function norm on LY (). If in addition p satisfies the following two
properties, then p is called a Banach function norm.

(1) fn 1 f pointwise u-a.e. implies that p(f,) 1T p(f)
(2) p(A) < oo implies that p(x4) < co and there exists a 0 < C'4 < 0o such that

/A fdu < Caplf) Ve Ll

Let p be a Banach function norm on LY (p). The collection of all f € L%(y) such that p(’f|) < oo is called
a Banach function space and is denoted by X = X(p). For each f € X, define

171 = o(17D)

We list some properties of a Banach function space.

PROPOSITION 3.1.4. [2, p.4] Let X(p) be a Banach function space, then the following hold:
1) (X,|]llx) is a Banach space

2) 0 < f <g p-a.e. implies that ||f||X < ||g||X

3) X contains the simple functions with supports of finite measure

4) A € Xy implies there exists a 0 < Cy < oo such that

o~ o~~~

[lanscalfly  vrerw

(5) (the Fatou property) Let {f,}2,; C X such that 0 < f, 1 f uw— a.e.. Then f € X and anHX T ||f||X

or f ¢ X and ||fn||XToo
(6) If A,BeX and AN B =10, then

||aXA 75XBHX = HOéXA +/8XBHX VOL,ﬂ el

and if T : Q — Q is a measurable transformation, then

1,100y = Xemam i = 11X s ) Xl

PROOF. For the most part, these properties follow immediately from the definition of a Banach function
norm. We make two comments however.

1) It is clear that X (p) is a Kijcethe function space and therefore a normed space. We have defined a Banach
function norm in such a way that it possesses the Fatou property. By our earlier discussion this implies the
Riesz-Fischer property, which in turn is equivalent to the completeness of the Kijcethe function space.

6) If AN B = { then it is easily shown that |(ax, — Bx,)(z)| = |[(ax, + Bx,)(z)]| for all z € Q and hence
HaXA — BXp Hx = HaxA + Bx 5 Hx The second part of the lemma follows since

ANB=0=71A)nrYB) =0
The other properties follow directly from the definition of a Banach function norm. O

It can be shown ([8, p.12]) that if A is an order ideal (i.e. a solid set which is also a vector subspace of a

Riesz space E), then A is a Riesz subspace. We use this to show that X is a Banach lattice.
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PROPOSITION 3.1.5. If L°(u1) consists of equivalence classes of real-valued, almost everywhere finite, mea-
surable functions, and X C L°(u) is a Banach function space, then (X, +,-,<,|||) is a Banach lattice.

PRroOF. This follows since if g € X and f € L%(p) such that |f]| < |g

hence

, then | f|(z) < |g|(z) p-ae. and

1111

gl x
= ||gHX<oo since g € X,

1711

IN

i.e. X is a solid subset of the Riesz space L°(u) (Proposition 2.1.8). X is therefore a Riesz subspace of L°(u).
Since ‘f(x)| < {g(m)’ p-a.e. implies that HfHX < HgHX, Il x is a lattice norm. Furthermore, (X, || y) is
complete and hence a Banach lattice. ([

We will need the following result to apply interpolation theory to Banach function spaces.

THEOREM 3.1.6. 2, p.3] If X is a Banach function space, then X is continuously embedded in L°(11) equipped
with the topology of local convergence in measure, i.e. if f, — f in X then f, — f in measure on sets of finite

measure.

Proor. Let f, — fin X and let ¢ > 0. Let A € 3 and define A, := {m eA: ‘f(m) — fn(x)’ > 6}. It
follows that

pA)e < [ 15@) = o) da
Acn
1 .
= w(Aen) < - /A’f(x) = fa(@)| due since A, C A
< %C’AHf - f”HX by Proposition 3.1.4(4)

— 0 as n — oo

We show that the function spaces described in Section 2.2 are Banach function spaces.

ExampPLE 3.1.7. Let (2, X, 1) be a o-finite measure space, ¢ an Orlicz function and w a weight function.
The Orlicz-Lorentz space L% () is a Banach function space by Theorem 2.2.37. The Lorentz spaces, Orlicz
spaces and Lebesgue spaces are therefore also Banach function spaces, since these are examples of Orlicz-Lorentz
spaces (Examples 2.2.28, 2.2.38 and 2.2.2).

EXAMPLE 3.1.8. By Theorem 2.2.5 the Lorentz space M,(R*, M, m) is a Banach function space if ¢ is a

quasiconcave function.

EXAMPLE 3.1.9. The Lorentz space L") () (1 < p < 00,1 < q < 00) is a Banach function space by
Theorem 2.2.5.

Based on Holder’s inequality for LP spaces, it can be shown that if % + 4 =1, then

=
HgHLP/ _Sup{/ﬂ|fg|d,uif€BLp}

Let p be a Banach function norm on L (x). Motivated by the discussion above, we define a functional p’ on
LY (1) by

p'(g) := sup {/Qfgdu L feL(w)tp(f) < 1}~
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This functional p’ is called the associate norm of p. It can be shown (|2, p.8]) that if p is a Banach function
norm, then its associate norm p’ is also a Banach function norm. The Banach function space generated by the

associate norm p’ is called the associate space of X and is denoted X’. Furthermore

(3.1.1) HgHX, = sup{/g}fg|du i fe BX} Vg € X'

The following theorems show that we can give more explicit descriptions of the associate spaces of Orlicz

spaces, Lorentz spaces and Lebesgue spaces.

THEOREM 3.1.10. [2, p.275] Let (2, X, 1) be a resonant measure space and let ¢ be an Orlicz function. Then
L?(p) equipped with the Luzemburg norm has for its associate space L¥ (1) equipped with the Orlicz norm, where

@ is the complementary Orlicz function of ¢.

THEOREM 3.1.11. [2, p.220] Let (2, X, 1) be a resonant measure space and let 1 < p < q < co. Then the
associate space of LP%(u) is, up to equivalence of norms, the Lorentz space 'd (1), where 1/p+1/p' =1 =
1/g+1/¢.

COROLLARY 3.1.12. Let (2, %, u) be a resonant measure space and let 1 < p < oo. Then the associate space
of LP(u) is, up to equivalence of norms, the Lebesgue space Lp,(,u), where 1/p+1/p' = 1.

Holder’s inequality for LP spaces has the following generalization to Banach function spaces:

THEOREM 3.1.13 (Holder’s inequality). [41, p.418] Let X be a Banach function space and X' its associate
space. If f € X and g € X', then fg is integrable and

[ |slae < 1l ol

The following theorem due to Lorentz and Luxemburg asserts that every Banach function space coincides

with its second associate space.
THEOREM 3.1.14. |2, p.10] Let X be a Banach function space, then X = (X') and
11l = 11£ll ey
for every f € LO(p).

If X and Y are Banach function spaces and X is continuously embedded in Y, then the associate space of

Y will be continuously embedded in the associate space of X as shown by the following proposition.
ProposITION 3.1.15. [2, p.13] If X and Y are Banach function spaces and

1Al <klflle  vrex

for some k > 0, then

3.2. Duals of Banach function spaces

Let X be a Banach function space and let g € X', then

LgtfH/Qfgdu

defines a bounded linear functional on X. We are interested in the relationship between the dual space X* and
the associate space X’ of a Banach function space. In general, identifying g € X’ with L, it can be shown (]2,

p.13|) that X’ is isometrically isomorphic to a closed subspace of X*. To determine the conditions under which
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the associate space can be identified with the dual space we introduce two important subspaces of X, namely
X, the set of all functions in X with absolutely continuous norm, and Xj, the closure in X of the set of simple
functions. We give some properties of these subspaces before detailing their significance in describing the dual
of X and in determining if X is reflexive. We start by defining what it means for a function to have absolutely
continuous norm.

Let {A,}5°, be a sequence of p-measurable sets. We shall write A,, — 0 if the characteristic functions
Xa, — 0 p- a.e. If in addition the sequence {A,};°, is decreasing, then we shall write A,, | 0. Let X be a
Banach function space and let f € X. If HfXAn HX — 0 for every sequence {A,}°2 , satisfying A,, — 0, then
f is said to have absolutely continuous norm in X. If X, = X, then X is said to have absolutely continuous
norm. It can be shown ([2, p.14]) that f € X has absolutely continuous norm if and only if ||fx,, |, — 0 for
every sequence { A, }> ; satisfying A, | 0. The following is another characterization of functions with absolutely

continuous norm and provides a generalization of the Lebesgue Dominated Convergence Theorem.

PROPOSITION 3.2.1. [2, p.16] A function g in a Banach function space X has absolutely continuous norm if
and only if whenever (f,)2°, U{f} C L°(u) are such that ’fn’ < ’g’ for all n and f, — f p-a.e. then f, — f
mn X.

We give some examples of spaces with absolutely continuous norm.

PROPOSITION 3.2.2. [29, p.77, 85| If ¢ is an Orlicz function satisfying the Ao-condition globally, then L% (1)

has absolutely continuous norm.

PROPOSITION 3.2.3. (cf. [2, p.222]) The Lorentz space LP9(p) (1 < ¢ < p < 00 orp = q = o0) has absolutely

continuous norm.
COROLLARY 3.2.4. L”(p) (1 < p < 00) has absolutely continuous norm.
Next we characterize X, and explore some of the relationships between X, and Xj.

PROPOSITION 3.2.5. [2, p.17] X, is the closure in X of the set of bounded functions with supports of finite

measure.

THEOREM 3.2.6. (cf. [2, p.18,19]) Let X be a Banach function space. Then
(1) X, and Xy are closed order ideals of X
(2 X, XX
(3) If X has absolutely continuous norm, then X = X,
(4) X, = Xy if and only if
X4 € Xa VAe Xy

The main result linking dual spaces and associate spaces is as follows.

THEOREM 3.2.7. [2, p.20] Let Y be a closed order ideal of X such that'Y contains the simple functions.
Then Y* is isometrically isomorphic to X' if and only if Y C X,. In this case,

Y=X,=X,
We will, however, be more interested in the following corollary.

COROLLARY 3.2.8. (cf. [2, p.23]) If X, contains the simple functions, then (X,)* is isometrically isomorphic
to X'. Furthermore, X* is canonically isometrically isomorphic to X' if and only if X has absolutely continuous

norm and therefore X is reflexive if and only if X and X' both have absolutely continuous norm.
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The Orlicz spaces (for Orlicz functions satisfying the As-condition globally), Lorentz spaces and Lebesgue
spaces have absolutely continuous norm (Propositions 3.2.2 and 3.2.3 and Corollary 3.2.4). Furthermore, explicit
descriptions of the associate spaces of these Banach function spaces were given in Theorems 3.1.10 and 3.1.11 and
Corollary 3.1.12. Using the previous corollary, we can therefore identify the dual spaces of the aforementioned

spaces.

COROLLARY 3.2.9. Let (9,3, 1) be a resonant measure space and suppose 1 < ¢ < p < 0o, (orp =q =
00). Then the dual space of LP9(y) can be identified with the space L9 (1) (with equivalent norms), where
1/p+1/p=1=1/q+1/¢.

COROLLARY 3.2.10. Let (2, %, 1) be a resonant measure space and let ¢ be an Orlicz function satisfying the
As-condition globally. Then the dual space of L?(u) equipped with the Luzemburg norm can be identified with
L¥(u) equipped with the Orlicz norm, where ¢ is the complementary Orlicz function of ¢.

COROLLARY 3.2.11. Let (Q,%, ) be a resonant measure space and let 1 < p < oo. Then the dual space of
LP(1) can be identified with L (), where 1/p+1/p' = 1.

We present one result regarding the separability of a Banach function space.

THEOREM 3.2.12. [2, p.27] Let X be a Banach function space over a measure space (0,3, 1) and let Y be
a closed order ideal of X containing the simple functions. Then Y is separable if and only if Y has absolutely

continuous norm and u is a separable measure.



CHAPTER 4

Rearrangement invariant Banach function spaces

An important class of Banach function spaces are those which have the property that equimeasurable
functions have the same norm. These are called rearrangement invariant Banach function spaces. The Lebesgue,
Lorentz, Orlicz and Orlicz-Lorentz spaces are examples of such spaces. In Section 4.1 we show that if X is a
rearrangement invariant Banach function space over a resonant measure space, then the norm of X has a
description in terms of decreasing rearrangements and that the norm of such a space can be represented in terms
of the norm of a rearrangement invariant space over (R*, M,m). In Sections 4.2 and 4.3 we discuss two of the
useful features of rearrangement invariant spaces, namely that we are able to define the notion of a fundamental

function for such spaces, and that we are able to provide conditions under which such spaces have preduals.

4.1. Rearrangement invariant spaces

Recall that two functions f and g are called equimeasurable (written f ~ g) if they yield the same distribution
functions, i.e. if uy = puy. If X is a Banach function space and py = 4 implies that HfHX = HgHX, then X
is called rearrangement invariant. We show that in the particular case where X is a rearrangement invariant
space over a resonant measure space, the associate space is also rearrangement invariant. Significantly, if this is
the case, we are able to give descriptions for the norms of X and X’. This leads to a generalization of Holder’s
inequality and some useful properties of rearrangement invariant Banach function spaces over resonant measure
spaces. Finally we state and prove the Luxemburg representation theorem which will enable us to transfer results
obtained for rearrangement invariant Banach function spaces over (R*, M, m) to rearrangement invariant spaces
over more general resonant measure spaces.

We start by showing that Orlicz-Lorentz spaces (and hence Lorentz, Orlicz and Lebesgue spaces) are re-

arrangement invariant.

EXAMPLE 4.1.1. Let (2,3, 1) be a o-finite measure space, ¢ an Orlicz function and w a weight function.

The Orlicz-Lorentz space L?™(u) is a rearrangement invariant Banach function space.

PROOF. L%%(u) is a Banach function space (Example 3.1.7). If f and g are equimeasurable functions, then
f* = g* and so by Proposition 1.3.5(2), (\"1f)" = A"1f* = A71g* = (A\~1g)" for every A > 0. Hence

£l o = mf{A>0:/I¢(<A) (t)) w(t)dt§1}
= inf{A>0: AN d 1}
i {30 [o((2) ) wio =
= |lgll o0
L¢’w(u) is therefore rearrangement invariant. 0

EXAMPLE 4.1.2. [2, p.69] Let ¢ be a quasiconcave function on R*. The Lorentz space M, is a Banach func-
tion space by Example 3.1.8. Since the norm of the Lorentz space M, (R*, M, m) is defined in terms of maximal
functions and the equimeasurability of two functions implies the equality of their decreasing rearrangements,

and hence of their maximal functions, it follows that M., is rearrangement invariant.

61
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It has previously been mentioned that there is often an important interplay between a Banach function
space and the underlying measure space. Of particular significance is the following which shows that for a
rearrangement invariant Banach function space over a resonant measure space we have an explicit description

of the norm.

PrROPOSITION 4.1.3. [2, p.59] If X is a rearrangement invariant Banach function space over a resonant

measure space (2,3, 1), then X', the associate space, is also rearrangement invariant. Furthermore, for all
fr9€ L%n)

(4.1.1) I1£1l = sup{/ooo FH(8)g" (s)ds : ||| < 1}
and
(1.12) loll =sup{ [ 7)1+ ] < 1}

PRrROOF. We show that (4.1.2) holds. Let g € X’ and h € Bx. Then

/ooh* ds /|hg|du
0 Q

by the Hardy-Littlewood inequality (1.3.2).
(4.1.3) = sup{/ h*(s)g*(s)ds : ||h||X < 1}
0

sup{ [ gl 0] <1}

Furthermore, if h € Bx and f is equimeasurable with h, then HfHX = ||h||X < 1 since X is rearrangement

sup{ [ faldus £ ~n < suwd [ |folau 1] <1}

| e

Y

Vv

invariant. It follows that

Therefore

sup {/ |fg| dp : f ~ h} since (€2, X, u) is resonant
Q

sup{ [ [Falau 1] <1}

Since this holds for every h € Bx, we have that

(1.1.4) sup{ [ s ol <1 < s { [ |70l 1 <1}

Combining (4.1.3) and (4.1.4) and recalling that sup { [,,|fg| dp : ||f||X <1} = HgHX,, we obtain (4.1.2). Since

the decreasing rearrangements of equimeasurable functions are equal it follows that X’ is rearrangement invariant.

IN

Furthermore,

||f||X = HfH(X,), by Theorem 3.1.14

= sw{ [T 7@l <) by @12

REMARK 4.1.4. We note that if X is a rearrangement invariant Banach function space, then X C L% (u),
ie. f*(t) < oo for all t > 0 and for all f € X. We give a brief proof by contradiction. Let f € X. Assume
that there exists a to > 0 such that f*(tg) = co. Then f*(t) = oo for all ¢ < tg, since f* is decreasing. Let
A € ¥ such that 0 < p(A) < oo, and let o = min{tg, u(A)}. Then HXAH;XA € Bx/ and a > 0. Furthermore

(]
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— * —
(HXAHX}XA) = HXAHX}X[O,LL(AD and so

Iflly = /0 (HXAH;xA)* (s)f*(s)ds by (4.1.1)
n(A)
= / f(s)ds
0
> /0 f*(s)ds since f* >
> af*(a)  since f* is decreasing
= oo

Therefore f ¢ X, which is a contradiction.

We have the following generalization of Holder’s inequality (Theorem 3.1.13) if the underlying measure space

is resonant.

COROLLARY 4.1.5 (Holder’s inequality). [2, p.60] Let X be a rearrangement invariant Banach function space
over a resonant measure space. If f, g € L°(u), then
o0
| reeeas

/|fg|du
Q
£l 19l

PrOOF. By the Hardy-Littlewood inequality (1.3.2), we have that fQ’fg’ dp < fooo f (s)g*(s)ds. If f*(t) =
oo for some ¢ > 0, then f ¢ X by Remark 4.1.4, i.e. HfHX = oo and so (4.1.5) holds. Let f € L%%(u). If
||g||X, =0 (ie. g=0)or HgHX, = 00, then the second inequality follows trivially. If 0 < ||gHX, < 00, then

(HgH;g)* = ||gH;g* by Proposition 1.3.5(2) and so

IN

(4.1.5)

IN

| reeeds = ol [ 7o (lolde) @ ds

ol (1] by (4-1.2)

IN

O

Let f,g € L°(p). Recall that we will write f < gif f** < g**. We list some useful properties of rearrangement

invariant Banach function spaces.

PROPOSITION 4.1.6. (cf. [2, p.61]) Let X be a rearrangement invariant Banach function space over a resonant

measure space (0,2, 1).
(1) If Ay, As € ¥ with u(Ay) < u(As), then HXAI HX < HXA2 HX

(2) If f.g € L°(n) and f < g, then ||f|| < 9]l
(3) Let (An)nen be a collection of pairwise disjoint subsets of €, each with finite positive measure and let

A=Q\ UNAn. If we define
ne

1
Tf=fx. JFnEN (W/Anfdﬂ> Xa, feL(n)

then
ITf|| < IFlly  VfeX
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Proor. 1) Let u(A;1) =t and p(As) = to, then
||XA2 HX = sup {/ (Xa,) " (8)g" (s)ds Hg”X, < 1} by Proposition 4.1.3
= Ssup s)ds : ||9HX < 1} using Xiz = Xjo,u(a9))

> sup{ s)ds : HgHX, < 1} since g* > 0
{ XAl

g*(s)ds : Hg”X, < 1}

~ sup
= lxallx
2) f < g implies that
OOO I (s)h"(s)ds < /0 T g (s)h*(s)ds  h € By by Corollary 1.3.13
=flly < lolly by (411

3) If f € X, then f is locally integrable by Proposition 3.1.4(4) and so T'f < f by Proposition 1.3.15. It
follows by 2) that | Tf|, <|/f| - 0

It can be shown ([2, p.62]) that if p is a rearrangement invariant function norm on L% (R*, M,m) and

(Q,%, p) is an arbitrary o-finite measure space, then defining a functional p on LY (1) by

p(f) = p(f7)

yields a rearrangement invariant function norm on L (x). The theorem below shows that the converse of the
above is also true, i.e. that the rearrangement invariant spaces over resonant measure spaces are completely

determined by the rearrangement invariant spaces over (R™, M, m).

THEOREM 4.1.7 (Luxemburg representation Theorem). [2, p.62] Let (2,2, 1) be a resonant measure space
and let X be a rearrangement invariant function space over (2, %, ). Then there exists a rearrangement invariant

function norm p on LY (RT, M, m) which can be considered a representation of ||-|| y i.e.

£l = o) ¥fe L)

Furthermore, if o is any function norm on (R, M, m) representing |-||y, then the associate norm |||y, is

represented by o', i.e.

£l =o'(f)  Vfe L

PROOF. Define p on LY (R, M,m) by

p=sw{ [ @@ ol <1

It follows by (4.1.1) that ||f||X = p(f*) for all f € L°u) and p is clearly rearrangement invariant. We show
that p is a Banach function norm on LY (R*, M,m). It is clear that if f = 0 m-a.e. then p(f) = 0. Let
p(f) =0, then [;° f*(s)g*(s)ds = 0 for all g € Bx,. There exists an A € ¥ such that 0 < u(A) < co. Then
0 < HXA < oo by Proposition 3.1.4(3) and (HXAHX’XA> HXAHX’X[O .(ay, DY Proposition 1.3.5(2) and
Example 1.3.4. It follows that

0 = / I |XAHX’X[D;4(A))) (s)ds

n(A)
= |XH/0 f(s)ds
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and therefore f*(s) = 0 for all s < p(A) since f* > 0. Thus f* = 0, since f* is decreasing, and hence f = 0
m-a.e. It is easily checked that p(af) = |a|p(f) for all a € F. We show that the triangle inequality holds. Let
f,g € L°(RT, M, m), then

(f+9)™ < [f"+g¢" by Proposition 1.3.11(6)
= (f"+g¢")" by Propostion 1.3.11(9) since f* and g* are positive and decreasing
= (f+9) (f*+g")

<
= /OO(f +g)*(s)h*(s)ds < /OO (f*(s)+g*(s))h*(s)ds  Vh € X' by Corollary 1.3.13
0 0

— /OOO FH(s)h*(s) ds+/oocg*(s)h*(8) ds

It can easily be shown that this implies that

sup {/Ooo(f +9)"(s)h*(s) ds : Hh’

< 1} < sup{/:o st (s)ds ]| < 1} ;
sup{ [ 7o) ds ], < 1}

and hence that p(f + g) < p(f) + p(g). Since f < g m-a.e. implies that f* < g* by Proposition 1.3.5(1),
it follows that f < g m-a.e. implies that p(f) < p(g). To show the Fatou property, let e > 0, h € X’ and
(fa)oz U{f} € LY(RT, M, m) such that 0 < f, * f m-a.e. Then

fo T f by Proposition 1.3.5(5)
= fah 1 fTR since h* >0
(4.1.6) = / fa(s)h*(s)ds 7 / fr(s)h*(s)ds by the Monotone Convergence theorem (1.2.6)
0 0

By definition of p(f) there exists a sequence (h,)35_; C Bxs such that [~ f*(s)h,(s)ds — p(f). Let m € N*
such that m > m, implies

(@17 o) [ ) ds <2
0
By (4.1.6) there exists an n. € Nt such that n > n. implies that
(4.1.8) / F($)B% () ds — / Fr(s)h2 (s)ds < €/2
0 0

Combining (4.1.7) and (4.1.8), we obtain
o) = [ i) ds <o

Furthermore p(f) > p(f,) and, by definition of p, we have that p(f,) > [ fi(s)h;,(s) ds. Hence p(f)—p(fn) < €
for n > n..

Let A € M such that m(A) = s < co. We show that p(x,) < oo and there exists a 0 < C4 < oo such that
J4 fdm < Cap(f) for all f € LI (RT, M, m): There exists a B € ¥ such that 0 < u(B) =t < co. It follows by
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Proposition 3.1.4(3) that ||x, ||, < cc. Let n € N such that nt > s. Therefore,

I
p(x.) = p(Xo.) since p is rearrangement invariant
< 2 (Xoomn) since p is a lattice norm

= P (X[O,t) + X[t,zt) +..t X[(n—l)t,nt))

< p (X[o,t)) +p (X[t,Zt)) +..+p (X[(n—l)t,nt)) using the triangle inequality
= np (X[o, t)) since p is rearrangement invariant
< o0

Furthermore,

/Afdm = [ xugim

R
) f*(s)ds by (1.3.3)
0

nt
/ f*(s)ds since f* >0
0

IN

IN

¢
< n/ f*(s)ds since f* is decreasing
0

> R . X ) X
_Xs d | =TT
el | (uxBuX) ALK O (anuX,) Fllx

n||XBHX,p(f) by definition of p

IN

Put Cy = onBHX,, then 0 < Cy < o0,

/ fdm < Cap(f)  Vfe LS (RY,M,m)
A

and Cy is only dependent on A. The second part of the theorem has been included for completeness, but will

not be used and therefore the proof thereof is omitted. O

4.2. The fundamental function

Certain boundedness and compactness properties of composition operators can be expressed in terms of the
norms of characteristic functions of sets of finite measure. This motivates our definition of the fundamental
function. We describe and prove some of the salient properties of fundamental functions and derive expressions
for the fundamental functions of the Orlicz-Lorentz spaces, Orlicz spaces, Lorentz spaces and Lebesgue spaces.
Throughout this section we will assume that X is a rearrangement invariant Banach function space over a o-finite
measure space (€2, %, ). For the definition of the fundamental function we will not restrict ourselves to resonant
measure spaces. It will be shown that the fundamental function has certain useful properties if the underlying

space is resonant.

DEFINITION 4.2.1. |18, p.101] The fundamental function ®x : [0,00) Nranu — [0,00) of a rearrangement

invariant Banach function space X is defined as follows:
Dx(t):=||xa|lxy  where A € ¥ such that pu(A) =t

REMARK 4.2.2. ®x is well-defined since if A, B € ¥ with p(A) =t = u(B), then x4 and x, are equimea-

surable and so || XA f X5 || + by the rearrangement invariance of X.

I =1
REMARK 4.2.3. If (Q,%, 1) is nonatomic, then ®x(¢) is defined for all ¢ € [0, u(€2)), since ran p = [0, u(£2))

for nonatomic spaces. If (2, %, 1) is purely atomic with all atoms having equal measure a > 0, then ran u = aN.
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PROPOSITION 4.2.4. [2, p.67] ®x has the following properties:
(1) ox(t) =0<t=0
(2) ®x is increasing if (Q, %, p) is resonant

PROOF. i) By the definition of a Banach function norm

HXAHX =0 & x,=0p-ae
& w(A) =0

ii) Let t1,t2 € ranp such that 0 < t; <ty < 0o, and let Ay, As € ¥ such that pu(A;) = ¢; and p(As) = to,
then

Ox(t2) = []xa,llx

o)

= sup{/ (Xa,)"(5)g" (s)ds : Hg”X, < 1} by Proposition 4.1.3
0
to

— sup{/0 g*(s)ds : ||gHX, < 1} since (XA2)* = XD
t

> sup{/ ' g*(s)ds : ||g}|X, < 1} since g* > 0 and t; <t
OOO

= sw{ [0 @ ol <1

= POx(ty)

O

Before listing some of the other properties of fundamental functions, we state and prove the following result,

which will be used to prove subsequent properties, but will also find application in other settings.

THEOREM 4.2.5. [2, p.66] Let X be a rearrangement invariant Banach function space over a resonant
measure space (Q, %, ). Then
Ox(t)Px/(t) =1t Yt € ranu N[0, 00)

ProOF. We note first that if X is a rearrangement invariant Banach function space then so is X’ by
Proposition 4.1.3 and so ®x is well-defined. If ¢ = 0, then the result follows by Corollary 4.2.4. Let 0 < t < oo
and let A € ¥ such that u(A) =¢. Then

ex(t) = [lxallx

HXAH(X/)/ by Theorem 3.1.14

(4.2.1)

sup {/ |g| du HgHX, < 1} by definition of the associate norm
A

Let 0 < g € X’ such that ||gHX, < 1 and define

1
Tg:=gx,e + (t/|g|du) XA
A

Then ||(% fA|g| du) XAHX’ = (% fA|g| dp) ®x-(t). Furthermore

1
(t/Algldu) xa <Tg
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since g > 0, and so

(1 /A’g’ d,u> Dy (t) < |Tg|ly,  since X' is a Banach lattice
< ||g||X, by Proposition 4.1.6(3)
(4.2.2) < 1
So
@ ’ t @ ’ t
Xt()@x(t) = Xt()sup{/A|g|du: ||gHX/<1} by (4.2.1)
1
= sup{ (7 [laldn) @) : . < 1]
< 1 by (422

In the last line we have also used the fact that g and | g| have the same norm and therefore

sup{ (3 [ loldn) @000+ ol <1} =sun{ (3 [ loldn) 2020 < g o] < 1]

We therefore have that ®x (t)®x/(t) < ¢. For the reverse inequality we note that

t = p(A)
= / ’XA Xa | d,u
Q
< ||XA HXHXA ||X, by Holder’s inequality (Corollary 4.1.5)
= Ox(t)Px/(t)
Note that application of Proposition 4.1.6 requires the resonance of the underlying measure space. ([

Some further properties of the fundamental function are shown by the following result.

COROLLARY 4.2.6. [2, p.67] Let X be a rearrangement invariant Banach function space over a resonant
measure space. Then
(1) (I)Xf(t) is decreasing for all 0 <t < oo

(2) ®x is continuous, except perhaps at the origin.

ProoF. 1) Let t1,t2 € ranp such that 0 < ¢; < to < o0, and let A, Ay € ¥ such that u(A;) = ¢t; and
((Az) = ta. Then by Theorem 4.2.5

Ox(t2) 1
to - Oxi(ta)
< L since ®x/ is increasing by Proposition 4.2.4
Dy (1)
_ Ox(t)
t1

2) (Q,%, ) is resonant, so by Theorem 1.3.9 (Q, %, 1) is either nonatomic or purely atomic with all atoms
having the same measure. In the latter case ®x is continuous since it is defined on a discrete subset of [0, 00).
Let (€2, 3, p) be nonatomic. Assume there exists some tg > 0 such that ®x is not continuous at tg. Since ®x is
increasing, the discontinuity at ¢; must be a jump discontinuity. There are two possibilities, namely

a) Ja > 0 such that ®x(tg+€) — Px(tg) > a for all e > 0 or

b) Ja > 0 such that ®x(tg) — Px(to —€) > « for all € > 0.
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Assume a) holds. Let e = 1 (% - to). Then € > 0 and

q)X(t()—l-e) > (I)X(to)-i-a
to+€ - e+1p
2 to)Px(to)/t
= (2€ + to)2x(to) /to by definition of €
6+t0
Px (o)
to

since a) holds

>

But this contradicts the fact that %‘f(” is decreasing. A contradiction can similarly be obtained if b) holds. We

therefore have that ®x is continuous at every ¢ > 0. O

We mention briefly as a matter of interest that rearrangement invariant Banach function spaces can be
roughly classified according to their fundamental functions. It is clear from Proposition 4.2.4 and Corollary 4.2.6
that every fundamental function is a quasiconcave function. It can be shown ([2, Proposition 2.5.11]) that if X
is a rearrangement invariant Banach function space over a resonant measure space, then X can be equivalently
renormed with a rearrangement invariant function norm in such a way that the resulting fundamental function
is concave. Let X be a function space which has been renormed as described. We define the Lorentz spaces
A(X) and M (X) to be the spaces Ag, and Mg, as described in Subsection (2.2.1). Then ([2, Theorem 2.5.13])

A(X) and M(X) are rearrangement invariant Banach function spaces, each with fundamental function ®x and
AX) = X <> M(X)

where each embedding has norm 1.
We turn now to explicit descriptions of the fundamental functions of particular rearrangement invariant

Banach function spaces.

EXAMPLE 4.2.7. Let (2,%, ) be a general o-finite measure space. Listed below are expressions for the
fundamental functions of specific rearrangement invariant Banach function spaces over (2, %, ). Let ¢ be an
Orlicz function and let w be a weight function. Recall that I'(¢) := fg w(s)ds and ¢~ 1(t) := inf{s > 0: ¢(s) > t}.
Let ¢ € ran u N[0, 00), then

0 t=0
(1) pow(t) =

1
Framm >0
0 t=0
(2) ®p4(t) = )
1l >0

»=1(1/t)
(3) Prra(t) = (§>1/q tYP for 1 < qg<p< oo
(4) ®rp(t) =t/ for 1 <p<oo
0 ift=0
(5) Pr=(t) =
1 ift>0
PROOF. Let X be one of the spaces above. All of the above spaces are rearrangement invariant Banach
function spaces so by Corollary 4.2.6, ®x(t) = 0 < ¢t = 0. Let t € (0,00) Nrany and let A € ¥ such that
w(A) = t. It follows that 0 < ||X A || < oo since all Banach function spaces contain characteristic functions of sets

of finite measure.
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1) Let A > 0, then

n(€2)
Iy (AX,) / ()™ (5)) ws) ds
/ s)ds since (Ax,)" = |A (x.)" = AXo,pua))
(4.2.3)
So
[Xallpow = min{A>0: I (x,/A) <1} by Lemma 2.2.26

= max{A'>0: 1, (A\x,) <1}

= max{)\l >0:¢(N) <

)

-1
= (gb_l (F;t))) by Remark 2.2.10

2) We note that L?(u) = L%%(u) with equality of norms if w = 1 (Example 2.2.38). Therefore

Pro(t) = Prew(t)
1
= sare Y
! i =tifw=
= m sice P(t) =t f = ].

3) Recall (Example 2.2.28) that LP(u) = L®%(u) with equality of norms if ¢(s) = s7 and w(s) = s9/P~1.
If this is the case then I'(t) = fot 51/P=1 s = %tq/p and ¢~!(s) = s'/9. Therefore

q)Lp,q(t) = ®L¢v“’(t)
S by 1)

(1 (z)) "
- (p> e /P
q

4) LP(u) = LPP(u) with equality of norms (Example 2.2.2), therefore

Dro(t) = Prew(t)
1/p
<p> t1/p by 3)

p
t1/p

) 1% [l =1 0

4.3. Preduals of rearrangement invariant Banach function spaces

We wish to show that under certain conditions a rearrangement invariant Banach function space will have
a predual. This will enable us, using Alaoglu’s Theorem, to conclude that the unit ball in such a space is

weak-star compact. This will be useful when considering the compactness of composition operators on certain
Orlicz spaces.
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Recall that a o-finite measure space is resonant if it is either nonatomic or purely atomic with all atoms
having equal measure (Theorem 1.3.9). We give two preliminary theorems which state similar results, but in
the two different contexts characterizing resonant measure spaces. For a purely atomic measure space we have

the following result.

THEOREM 4.3.1. [2, p.67] Let (2, X, 1) be an atomic o-finite measure space with all atoms having the same
measure. If X is any rearrangement invariant measure space over (2,3, 1), then
(1) X, =X,
(2) (Xp)* is isometrically isomorphic to X'
(3) Xy is separable

The result for nonatomic measure spaces is as follows.

THEOREM 4.3.2. [2, p.67] Let X be a rearrangement invariant space over a monatomic o-finite measure
space. Then the following are equivalent
1) lim®x(t)=0
(1) lim @x(1)
(2) X, =X,
(3) (Xp)* is isometrically isomorphic to X'

The following result is given in [16] for rearrangement invariant spaces over (R*, M, m). We generalise it

to rearrangement invariant spaces over resonant measure spaces.

PROPOSITION 4.3.3. [16, p.353] Let X be a rearrangement invariant Banach function space over a o-finite
measure space (2, %, u). If (Q,X, 1) is nonatomic and tﬁ@ﬁ(” =0 orif (U,X%,un) is atomic with all atoms
having the same measure, then

(X)a)" = (X)a) =X
with equality of norms. Furthermore, (X'), contains every bounded function with support on a set of finite

measure.

ProoF. By Corollary 3.2.8 ((X'),)* is isometrically isomorphic to ((X'),)’. We show that ((X’),)* is
isometrically isomorphic to (X’)’. The result will then follow since (X’) = X" = X and |[|x» = ||-||x by
Theorem 3.1.14. If (2, X, ) is atomic, then (X'), = (X')p by Theorem 4.3.1 and so ((X')q)* = ((X')p)* and
((X")p)* is isometrically isomorphic to (X’)" by the same theorem. For the nonatomic case we use Theorem
4.2.5 which states that

(4.3.1) Dx(t)Px:(t) =t VE>0
and so
t
lim &x/(t) = lim ——
dmee® = mE
= 0 by assumption

By Theorem 4.3.2 this implies that (X'), = (X'), and so ((X")a)* = ((X')p)* and ((X')p)* is isometrically
isomorphic to (X’)" by the same theorem. (X’), = (X’), and so (X'), contains every bounded function with
support on a set of finite measure by Proposition 3.2.5. O






CHAPTER 5

Interpolation theory

The interpolation theory developed in this chapter will provide a technique for evaluating the boundedness
of composition operators on rearrangement invariant Banach function spaces over resonant measure spaces. We
start in Section 5.1 by defining the sum and intersection of two Banach spaces and describing some of the
properties of the sum and intersection spaces generated by the L' and L> spaces. In Section 5.2 we show
that every rearrangement invariant Banach function space over a resonant measure space (£2,X, 1) is an exact

interpolation space between L'(u) and L ().

5.1. The sum and intersection of two Banach spaces

Let X¢ and X; be Banach spaces. To define the sum and intersection of these two spaces (in particular
to be able to speak meaningfully about the sum of elements from X and X;), the pair must satisfy a suitable
condition. More specifically, (Xy, X1) is called a compatible couple if there is a Hausdorff topological vector
space (E,T) such that X, and X; are continuously embedded in (E,T), i.e. Xy and X; are linear subspaces
of F and the topologies induced by 7 on Xy and X; are weaker than the norm topologies. For any compatible
couple (Xg, X1), the sum and intersection of these two spaces will be defined. As an example of such spaces
we consider the sum and intersection spaces generated by the L' and L™ spaces. We give expressions for the
norms of (L' 4 L>°)(p) and (L' N L>)(u) and show that these two spaces are mutually associate. Furthermore,
an Orlicz space which can be written as an intersection space will also be investigated. Apart from exhibiting
another example of an intersection space, this Orlicz space will also be useful when considering the compactness

of composition operators.

DEFINITION 5.1.1. [18, p.9] Let (Xo, X1) be a compatible couple. The space XoN X consists of all elements
in the intersection of Xy and X; and the space X + X7 consists of all elements of the form x = zg + 21 where
zo € Xo and 21 € X;.

Let (2,3, 1) be a o-finite measure space. By Theorem 3.1.6 L'(u) and L>°(p) are continuously embedded
in the topological Hausdorff space, L°(u), equipped with the topology of local convergence in measure. We
therefore have the following example.

ExaMPLE 5.1.2. [2, p.74] Let (2,3, 1) be a o-finite measure space.

(1) The space of all functions f in L°(u) which are representable in the form f = g+ h where g € L'(p)

and h € L®(u) will be denoted by (L' + L>)(u) = (L* + L>)(Q, X, ). For each such f, let
1l ey g = mf{llgll, + 12l s f = g+ R g € LH(p), b€ L¥(u)}

(2) The space of all functions in the intersection of L' (1) and L (u) will be denoted by (L' N L>)(u) and

we define

11 g s= mas (L[] 1] 3
for each f € (L' N L) (u)

It can be shown in general (|18, p.9]) that Xy N X; equipped with HxHX(le = inf{“x”zo, m||X1} and

Xo + X1 equipped with H917|‘X0+X1 = inf{onHXo + |\x1|!x1 rx=1x9+ 21 € Xo +X1} are Banach spaces.

73
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However, for the sum and intersection spaces defined in Example 5.1.2, it will be shown that these can be
identified with certain Lorentz spaces and are therefore rearrangement invariant Banach function spaces by
Example 4.1.2.

THEOREM 5.1.3. [2, p.74, 76] Let (2,3, 1) be a o-finite resonant measure space. The spaces (L* + L) (p)
and (L' N L*)(n) are rearrangement invariant Banach function spaces and for any f € L°(u), the following
holds:

(1) ap:= inf{HgHL1 —&-tHhHLoo : —g+h} fo s)ds for all t > 0.
(2) ||f||L1+L°° fo s)ds = f**(1 )
@>HprﬂLm=:m3; wn(r Jo J7(s)ds = sup {f7(t) x max(1, 1)}

ProOF. (1): Let f € L%u) and t > 0. We show first that

(5.1.1) /0 fr(s)ds < oy

If f ¢ (L'+L°°)(p), then f cannot be represented as g+h for g € L(p), h € L°°(u) and therefore o, = inf () = co
and so (5.1.1) holds. Let f € (L' + L>)(u). Let g € L*(u) and h € L>°(u) such that f = g + h, then

t
/f*(s)ds = tf*(t) by definition of f**
0

= tlg+h)"()
tg™ (t) + th*™(t) by the subadditivity of the operator f — f**

[rassie(f [ rea)

< / g*(s)ds +th*(0) since g* > 0 and h* is decreasing
0

IN

= HgHL1 —ﬁ-tHhHoo by Proposition 1.3.7

Since this holds for any g € L*(u), h € L>(u) such that f = g + h, we obtain (5.1.1) by taking the infimum

over all such representations of f. Next we show that

(5.1.2) atg/ f*(s)ds

If fo s)ds = oo, then (5.1.2) follows immediately. Let fo s)ds < oo. We note first that this implies
that f* ( ) < oo since if not we would have that f*(s) = oo for 0 < s < t since f* decreasing and hence
fo f*(s)ds = oo, a contradiction. Let E = {x € Q: |f(z)| > f*(¢)} and to = p(E), then

pp(fr(t))
< ¢ by Proposition 1.3.5(9)

to
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Let g(x) := max {|f(x)| — f*(t),0} sgn (f(z)). Then 0 < |g(z)| < |f(z)| for all # € E and g(x) = 0 for all
x € E°. We therefore have that
[ls@lan = [ |o@]du
Q E
< /wmnm
E
to
< f(s)ds by (1.3.3)
< /f since f* > 0 and tg <t
<

so g € LY(p). Let h(x) := min{’f(x)

and

(5.1.3)

Furthermore, f = g + h, as can easily be shown by considering the appropriate case distinctions. Now,

IN

HgHLl +t||h||L°C

IN

IN

to
fr(s
0

2] e < 17(®)-

/ (| (@) = f* @) dp+tf*(t) since g(z) = 0 Vz € E€ and (5.1.3) holds
B

= /E}f(x

/0 " FH(s)ds + (t—to)f*(H) by (1.3.3)

) du—tof* () + (1) since p(E) = to

t
)ds +/ f*(s)ds since f* is decreasing
to

- AV%@@

and so ay = inf{||gHL1 JFtHhHLw :

t > 0 was arbitrary, we obtain

(5.1.4) inf {|lgl|, +#l[Hl|,: f=g+h) = /f ds V>0
(5.1.5) = () V>0
2): This follows immediately from the definition of ||'HL1+L°0 and letting ¢t =1 in (5.1.4).
3): Let f € (L' N L>)(u), then
£ i max {||f[| .. |[£]| - }
= max {/ f(s) ds,f*(O)} by Proposition 1.3.7
0
(5.1.6) = max{ sup / f*(s)ds, sup f/ f( }
1<t<oo o<t<1t

using f* > 0, Proposition 1.3.11(8) and f** decreasing

1 *
2 gy f, 1
sup {f**(t) x max{1l,¢}} from (5.1.6)

0<t<oo

(t)} .sgn (f(x)), then |h(z)| < f*(t) for all z € Q and so h € L>(y)

f=g+h} < fg f*(s)ds. Combining (5.1.1) and (5.1.2) and noting that
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To show that (L' + L>)(u) and (L' N L°°)(u) are rearrangement invariant Banach function spaces let
p(t) = min{l,t} and
0 t=0
max{1,t} t>0

It is easily checked that ¢ and v are quasiconcave functions. Furthermore, if ¢ < 1, then

/0 ' (s)ds

1

< / f*(s)ds since f* >0

0
= (@)

and if ¢ > 1, then f**(t)p(t) = f**(¢) < f**(1) since f** is decreasing. It follows, using (2), that H]‘HL1+Loc =

,Sup {f**(t)e(t)}. We also trivially have that Hf”leLoo = Sup {f=)v(t)}. (L*+L>®)(n) and (L*'NL>) (1)
<t<oo <t<oo

therefore correspond to the Lorentz spaces M, and M, respectively and are therefore rearrangement invariant

T (@)e(t)

Banach function spaces by Example 4.1.2. O

REMARK 5.1.4. Since (L' + L®)(p) and (L' N L*>)(u) are rearrangement invariant Banach function spaces,
we have that these spaces are subsets of L% (u) by Remark 4.1.4.

As an application of the description of the norms given by the theorem above we give expressions for the
fundamental functions of these spaces.
PROPOSITION 5.1.5. [2, p.77] The fundamental functions of (L' + L®°)(u) and (L' N L*>°)(u) are given by
Driypo(t) = min{l, ¢} and
0 t=0
(PLIF]LOO (t) ==
max{1,t} ¢t>0

PRrROOF. We note first that by Theorem 5.1.3 (L + L>)(u) and (L' N L°)(u) are rearrangement invariant
Banach function spaces and therefore their respective fundamental functions are defined for all ¢ € [0, c0) Nran p.

Furthermore
Qriypeo(t) = HXAHL1+L°<> for some A € ¥ such that u(A4) =t
= /1(XA)*(S) ds by Theorem 5.1.3(2)
O1

= /O X[o0,t)(s) ds

= min{l,t}
and

Prinr=(t) = |[xal for some A € 3 such that pu(A) =1t

max{HXAHLU HXAHLoo}
0 t=20
max{1,t} t>0
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THEOREM 5.1.6. [2, p.76] Let (2,3, 1) be a resonant measure space. (L' + L°°)(u) and (L* N L>®)(u) are

mutually associate rearrangement invariant Banach function spaces.

PRrROOF. We first prove the result for (Q,%, ) = (RY, M, m). Let f,g € L' (m), then

> * * ! * 1 ¢ *
/0 f (s)g*(s)ds < (/0 f(s) ds) . (0<S;1<poomin(1,t)/0 g*(s) ds) by Lemma 1.3.14
(5.1.7) = |l lloll e by Theorem 5.1.3(2 and 3)
Therefore
HgH(LlJer), = sup {/0 ¥ (s)g*(s)ds : HfHL1+LOO < 1} by Proposition 4.1.3

= HgHLlan by (5.1.7)

To show that HgH<L1+LOo consider the following:

y 2 HQHleLw

t
/ g (s)ds < HX[O,t) ||L1+Loo Hg||(L1+L°°), Yt > 0 by Holder’s inequality (Corollary 4.1.5)
0
= min{1,t}{|g[| ;. ~)  Vt> 0 by Proposition 5.1.5

ftg*(s) ds
= m - ||g||(L1+Loo)/ vVt >0

=19l ipe < N9ll(rypey by Theorem 5.1.3(3)

Therefore ||gH(L1+LOO), = ||gl| 1z for all g € L%m) and hence for all g € L°(m) since HgH(LIJrLDO), =00 =
HgHleLm if g € L°%(m)\L"(m) by Remark 5.1.4. It follows that (L' + L>)'(m) = (L' N L>)(m). Thus, by
Theorem 3.1.14, (L' + L>°)(m) = (L' + L*>°)"(m) = (L* N L>)'(m). If (Q, X, i) is an arbitrary resonant measure

space, then the result follows by the Luxemburg representation theorem 4.1.7. O

Finally, we consider an example of an Orlicz space which can be identified with an intersection space.

PROPOSITION 5.1.7. [29, p.130] Let ¢ be an Orlicz function which is continuous on the closed interval [0, by]
with ¢(by) > 0 and p(by) = B < 0o, where ¢ is the left derivative of ¢. Let

o(u) if 0 <u < by
¢1(u) = )
Bu+ ¢(by) — Bby  if u> by
and
sty o= 10 if 0 <u<by

oo if u > by
|fH¢2} for every f € L®(p).

PRrROOF. It is easily checked that ¢; and ¢ are Orlicz functions and ¢(u) = max {¢1(u), p2(u)} for all
u > 0. Since ¢ is continuous on the closed interval [0, by, we have that ¢(bgs) < co. Furthermore 5 < oo and
so it is easily checked that ¢ is finite-valued. Since ¢; < ¢ for i = 1,2, it follows by Proposition 2.2.36 that
/] o < Hqus for all f € L°(u) for i = 1,2 and so

(5.0.8) Il = max{[If],,. 01711, }

Then L?(u) = (L® N L?2) () and ||fH¢ = max{”f||¢l,
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To show the reverse inequality, let o > 0 and f € LO(p). If |f(:r)/a| < by for p-a.e. x € 2, then

w(t/e) = [ o(lf@yal) dn
= [ o (lf@yal) dn
(5.1.9) = Iy (f/e)  and I, (f/a)=0
If there exists an A € ¥ with (A) > 0 such that |f(z)/a| > by for all © € A, then
Iy(f/a) = oo
(5.1.10) = I, (f/a)  and I (f/a) < oo

Combining (5.1.9) and (5.1.10), we have that I;(f/a) = max {I;,(f/a),Is,(f/a)} for all @ > 0. We show that
(5.1.11) 11, < max {171, 1411, }

Clearly (5.1.11) holds if max {||/[|,.. | /]|, } = oo- 1 max{|[f],.[I/ll,,} = 0. then f = 0 yrae. and so

[£]l, = 0, ie (5.1.11) holds. If 0 < maX{HfH%, |fH¢2} = A < oo, then Iy, (f/X) < 1if ||f[[, = A (using
Lemma 2.2.26) and Iy, (f/\) < 1if ||f||¢1 < A using the definition of ||fH¢, It follows that

1o(f/A) = max{Is, (f/A), Lo, (f/A)} <1

and hence that HfH¢ < A, ie. (5.1.11) holds. Combining (5.1.11) and (5.1.8), we have that

11, = max {I1£1,,. 1411, }
Since this holds for all f € LO(u), it follows that L?(u) = (L% N L#2) (). O

5.2. Interpolation spaces

Let (Xo, X1) be a compatible couple. A Banach space X is called an intermediate space between X, and
X; if Xy N X7 is continuously embedded in X and X is continuously embedded in Xy 4+ X7, i.e.

XonNX; = X = X+ X1

It will be shown that if (2,X, ) is a resonant measure space, then rearrangement invariant Banach function
spaces over (£, %, ) are intermediate spaces between L'(u) and L°°(u). Admissible operators will then be
defined and the admissible operators relative to the couple (Ll(,u),Loo (,u)) characterized. Furthermore, since
interpolation spaces will be defined in such a way that the restriction of an admissible operator to an interpolation
space X is a bounded operator on X, the value of the characterization of the admissible operators relative to the
couple (L*(w), L>°(u)) will be demonstrated by showing that every rearrangement invariant Banach function

space is an interpolation space between L!(y) and L>(u).

THEOREM 5.2.1. [2, p.77] If X is a rearrangement invariant Banach function space over a resonant measure

space (0,3, 1), then X is an intermediate space between L'(u) and L (u).

PROOF. We first prove the Theorem for rearrangement invariant Banach function spaces over (RT, M, m).
Let f € X, then

1
1l gy = / f*(s)ds by Theorem 5.1.3(2)
0

— / X[(,J)f*(s)ds
0

<I>X/(1)HfHX using Holder’s inequality (Corollary 4.1.5) and x;

IN

e X’

0,1)
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It follows that X < (L' + L°)(m). It can similarly be shown that if f € X’ then

HfHL1+L°° < (I)X(l)HfHX/
and therefore X’ — (L' + L°)(m). It follows by Proposition 3.1.15 that
(L' +L%) (m) < (XY
s (L'nL>®)(m) — X using Theorems 3.1.14 and 5.1.6

If (2,5, ) is an arbitrary resonant measure space, then the result follows by the Luxemburg representation
theorem 4.1.7. (]

Let (Xo,X;) and (Yo, Y1) be two compatible couples and let T be a linear map defined on Xy + X; and
taking values in Yy + Y;. T is called an admissible operator if T maps X; into Y; for i = 0,1 and T € B(X;,Y;)
for i = 1,2. Let A= A((Xo, X1); (Yo, Y1)) denote the set of all admissible operators and define the norm of an
admissible operator as follows

|| = g%ﬁHTHB(Xi,m

It can be shown (|2, p.100]) that if T" is an admissible operator, then T € B(Xy + X1, Yy + Y1) and furthermore
(A,
admissible operators for the couple (L*(y), L°(u)).

H A) is a Banach space which is continuously embedded in B(X, + X1,Yy + Y1). We characterize the

PROPOSITION 5.2.2. [2, p.106] Let T be a linear operator defined on (L' + L°°)(n) and taking values in
LO(u). Then T is an admissible operator for (L'(u), L> (1)) if and only if there exists a k > 0 such that

(5.2.1) Tf=<kf Vfe(L'+L®) ()

Furthermore,
|||, =inf{k>0:Tf <kfVfe(L"+L)(u)}

PrOOF. (Necessity): Let T be admissible and let f = g+h € L'(u) + L>(u) be a representation of f. Then

Tf = T(g+h)
= Tg+Th since T is linear
€ L'(u)+ L>=(u) since T is admissable
Let ¢t > 0. Then
¢
/(Tf)*(s) ds < HTgHL1 +t||Th||LOC by Theorem 5.1.3(1)
0
< Wllagrgy ol + 1T g Wil = since 7 i admisabie
(5.2:2) < Tl (lglls +tllRll ) by definition of ||-]

Since (5.2.2) holds for all representations f = g+ h € L*(u) + L>(u), we have

/ 1y (s)ds

IA

1Tl 4 inf {llgllps + ellall e 2 f = g+ b € L) + L= ()}

t
HTHA/ f(s)ds by Theorem 5.1.3(1),

0
Since the above inequality holds for all ¢ > 0, we have that (T'f)** < ||T||Af**, ieTf < ||T||Af and hence

(5.2.3) |T|| = inf {k>0:Tf <kfVfe (L +L)(n}
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(Sufficiency): Let k > 0 such that (5.2.1) holds and let f € (L' + L®)(u). Then

ITfl ;1 = (TF)™(1) by Theorem 5.1.3(2)
< kf(1) since T'f < kf
= Kl

So Tf € (L' + L>)(u). We show that T [ L'(u) € B(L'(11)) and T | L> () € B(L>(p)). Let g € L*(u), then

t
HTgHLl = lim [ (Tg)"(s)ds by Proposition 1.3.7

t—o0 0

t
< lim k:/ g*(s)ds if this limit exists (using (T'g)**(t) < kg™ (t) Vt > 0)
0

T t—oo
= Kllgll.
< 00 since g € L* (1)

So Tg € L'(1) and ||| ;51 < -

Let h € L*(u), then h*(0) = HhHLw < oo by Proposition 1.3.7. Therefore h*(0) = 1ir(r)1+h**(t) by Proposi-
t—

tion 1.3.11(8). Since (Th)**(t) < kh**(t) for all ¢ > 0, it follows that lim (T'h)**(¢) exists and

t—0t
lim (Th)**(t
Jim (Th)™ (t)
< lim kh**(t)

t—0+

= kaf

|Th]| e = (Th)*(0) =

Therefore Th € L*(y1) and HT”B(LOO(H)) < k. It follows that

HTHA = max (HTHB(Ll(,u))’ THB(Loo(u)))
< k Vk > 0 such that (5.2.1) holds
(5.2.4) > |7, < Wf{k>0:Tf<kfVfe (L' +L®)(u)}
Combining (5.2.3) and (5.2.4) we obtain equality in (5.2.4). O

Let X be an intermediate space between Xy and X; and let Y be an intermediate space between Y, and
Yi. (X,Y) is called an interpolation pair if every admissible operator maps X into Y. The following lemma will
be used to demonstrate that if (X,Y) is an interpolation pair and T is an admissible operator, then T | X is

automatically a bounded operator from X into Y.

LEMMA 5.2.3. [2, p.102] Let A and B be Banach spaces continuously embedded into Banach spaces C' and
D respectively. If T € B(C, D) and T maps A into B, then T € B(A, B).

ProoF. The closed graph Theorem [31, p.114] will be used to prove the boundedness of T'. Let (a, )52, C A
be such that a = lim a, and b = lim Ta, exist in A and B respectively. Now a,, — a in A implies that a,, — a
in C since A is c?);toi?luously embneggéd in C. Similarly Ta,, — b in D. Since T is a bounded operator from
C into D, we have that Ta,, — Ta in D and so Ta = b since D is Hausdorff. T is therefore continuous or

equivalently bounded from A into B by the closed graph theorem. (I
PROPOSITION 5.2.4. [2, p.103] Let (X,Y) be an interpolation pair. If T € A, then T | X € B(X,Y).

PROOF. By the definitions of an interpolation pair and intermediate spaces, X and Y are continuously
embedded in X+ X7 and Yy + Y7 respectively and T"maps X into Y. By the lemma above, T is bounded since
Xo 4+ X1 and Yy + Y7 are Banach spaces. O
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It is shown in [18, p.20] that if (X,Y) is an interpolation pair relative to the compatible couples (Xg, X1)
and (Yo, Y1), then there exists a ¢ > 0 such that

(5.2.5) |7 rXHB(X,Y) = CHTHA

If ¢ <1in (5.2.5) then (X,Y) is called an ezact interpolation pair. We are particularly interested in the case

where X; =Y; fori=0,1 and X =Y.

DEFINITION 5.2.5. [2, p.105] If X is an intermediate space for the compatible couple (Xo, X1) and every
admissible operator T' € A((Xp, X1); (Xo,X1)) maps X into itself, then X is called an interpolation space
between Xy and X.

If X is an interpolation space relative to the compatible couple (Xg, X1), then (X, X) is an interpolation
pair relative to the compatible couples (Xg, X1) and (Xo, X1). We therefore have the following application of
Proposition 5.2.4

COROLLARY 5.2.6. Let X be an interpolation space relative to the compatible couple (Xo, X1), then every

admissible operator is bounded on X.

If ||T 1 XHB(X) <||T|| , for all T € A, then X is called an ezact interpolation space. The following yields a
family of exact interpolation spaces.

THEOREM 5.2.7. [2, p.106] Let X be a rearrangement invariant Banach function space over a resonant

measure space. Then X is an exact interpolation space between L'(u) and L (u).

PROOF. By Theorem 5.2.1 X is an intermediate space relative to the couple (L*(x),L>(un)). Let T be
an admissible operator for the couple (L'(u), L°(p)) and let f € X. Then f € (L' + L*)(p) since X <
(L' + L*°)(p). Furthermore, by Proposition 5.2.2, there exists a k > 0 such that

(5.2.6) Tg=<kg Vge (L'+L®)(n
and so by Proposition 4.1.6(2),

177l = lIkfly
(5.2.7) = k[f|y

Therefore T(X) C X and hence X is an interpolation space relative to the couple (L*(y), L>(p)). Since (5.2.7)
holds for every k > 0 such that (5.2.6) holds, we have that

IN

1755y < inf{k>0:Tg=<kgVge (L +L¥)(u)}

= ||T||, by Proposition 5.2.2

and hence X is an exact interpolation space. ([






CHAPTER 6

Multiplication operators

Let (21,31, 1) and (Q2, X5, u2) be o-finite measure spaces. In section 7.4 we wish to investigate the
conditions on the symbol function 7 such that C,(L?(p1)) C L% (us2), where 1 < p,q < oo. In this chapter the
connection between composition operators and multiplication operators will be detailed and the multiplication
operators between LP(u) and L9(u) will be investigated. Furthermore we study the compactness of multiplication

operators on LP spaces.
6.1. Multiplication operators between L?(y) and L7(u)
Let 7 € L%(u) and 1 < p,q < oo. m induces a linear transformation M, from LP(p) into L°(11) defined by
(Mof)(@) = 7(2) f() e LP(u),z e

If M, takes LP(u) into L9(p), then M, is called a multiplication operator from LP(u) into L(u).

The following describes the connection between composition operators and multiplication operators.

LEMMA 6.1.1. [39, p.330] Let 1 < p < o0, 1 < ¢ < o0 and 7 : Q3 — Q1 a nonsingular measurable

transformation, then
HCTfHLq(M) = HM'i/quLq(m) Vf € LP(m)
where f, is the Radon-Nikodym derivative of yio o 7~ with respect to 1 (see Corollary 1.2.16).

PROOF. Let f € LP(u1), then

[ — /Q (Co ) ()| dps

(p2)

= [ atr@)die  where g(a) = | )|

/ 9(y) f+(y) dpa by Theorem 1.2.18
Q1

= [ ()" du

= 1M fl oy

O

COROLLARY 6.1.2. Let 1 <p < o0, 1 <qg< oo and 7: Qs — Q1 a nonsingular measurable transformation.
Then 7 induces a bounded composition operator from LP(uy) into Li(ue) if and only if ffl/q induces a bounded

multiplication operator from LP(uy) into L (u1). Furthermore,
1G]l = 11322

We therefore investigate the conditions 7 must satisfy to induce a bounded multiplication operator between
LP(u) and L9(u), where g = py = pz. The symbol functions 7 € L°(u) which induce bounded multiplication
operators from LP(u) into L?(u) will be characterized. The three cases p > ¢, p = ¢ and p < ¢ will be treated

separately. We start by showing that every multiplication operator from LP () into L?(u) is necessarily bounded.

83
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PROPOSITION 6.1.3. [39, p.323| Let 1 < q,p < co. Every multiplication operator M, from LP(u) into L(u)

is a bounded linear operator from LP(u) into LI(w).

Proor. Let f, — f in LP(u) and assume that M, f, — g in L%(u). By Theorem 1.2.8 there exists a
subsequence (fy,, )72, such that f,, — f pointwise p-a.e. Since M f,, — ¢ in L(u), we similarly have a

subsequence (fp, )pv=1 such that M, f, —— g pointwise p-a.e. It follows that for almost every = €
(Mzf)(z) = n(x). lim fnkm (2)
m—o0
= mlgnoc(MTrfnkm)(x)
= g(x)
Therefore M, f = g and hence M, is continuous by the Closed Graph Theorem ([31, p.114]). O

When considering multiplication operators from LP(u) into L%(u) we will treat the cases p < ¢ and p > ¢
separately. We start with ¢ < p.

THEOREM 6.1.4. [39, p.323] Let 1 < g <p < oo and m € L(u). 7 induces a bounded multiplication operator

from LP(u) into L(u) if and only if m € L"(u), where % +1 =1 Purthermore

1
q

17| = ||,

. . -1 T, -1 r l
PROOF. (Sufficiency): Since ; + ; = ¢, we have that (%) + (5> = 1. Therefore (L™/9(p)) = LP/%(p)
by Corollary 3.1.12. Let m € L"(u) and f € LP(u), then

ottty = ([lroriran)

<<A(“@”””qWQWT<L(U@M%”qu%@>
Il 141,

where the second line follows using Holder’s inequality (Theorem 3.1.13) and the fact that 79 € L'/9(u) and
f? € LP/9(u). We conclude that M, is a bounded multiplication operator from LP () into L7(u) and

1/q

IN

(6.1.1) [ M| < ],

(Necessity): Let 7 induce a bounded multiplication operator from LP(u) into L?(u). Let r’ be such that
% + L = 1. Define a map ¢ on LT/(,u) by

Mﬁ:éﬁw fer ()

We show that ¢ is a bounded linear functional on L™ (11): Let f € L" (1) and let ¢/ be such that % +L =11t

a
is easily checked that © + ; = ;. Let

filz): = |f($)|rl/p and

f@)/fi(z) if fi(z) #0
0 if fi(z) =0

fa(z): =
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Then f, € LP(u) and f, € L9 (u) since
[1a@lan = [|5@] <o and
Q Q
q _ (1-r"/p)d
\fo(@)|" du = [ |f(2)] dp
Q Q
/Q|f(x)|r dp < o0

Furthermore
(6.1.2) LAl = IIf
and f = f1f2, so

6(f)| = |/Q7T-fdu|

q/
‘q’

[ =11fe

= |/ T f1.f2 dpl
Q
< [ IMfillfe]do
< HMnf1Hqu2| M using Holder’s inequality and f; € LP(u) = M, f1 € LI(n)
< HMWHHleprQ{ o« since M, is bounded
= (AL AR by (612)
,r/ ,',,/
(6.1.3) = |Ia|[I£]].. since 45 =1

85

This implies that ¢(f) € F for all f € L (). ¢ is linear by the linearity of the integral and is therefore a

bounded linear functional on L™ (1) by (6.1.3). Furthermore
(6.1.4) o] < [|Mx]|

By Theorem 1.2.9 there exists a g € L"(u) such that ¢ = ¢4, where

6o(f) = /Q fodu  YfeI” ()

It follows that
/Qfgdu - /wadu vfe L (u)

In particular, for every A € X5, x, € L” (1) and so

/gdu:/ﬂdu VA e Xy
A A

It follows by Proposition 1.2.2 that ¢ = 7 p-a.e. and hence m € L"(u). Furthermore

Il = lsll.
= [1%]
= |[|¢|| = since ¢4 =0¢
(6.1.5) < ||Mz]| by (6.1.4)

Combining (6.1.1) and (6.1.5), we obtain ||7r||T = || M|

Next we consider the case p = q.
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THEOREM 6.1.5. (cf. [10, p.211-213]) Let m € L°(pu) and 1 < p < co. 7 induces a bounded multiplication
operator on LP(u) if and only if m € L>°(u). Furthermore, if M, is a bounded multiplication operator on LP(u),
then || Mx|| = 7|

ProoF. Let m € L*>®(p) and f € LP(p). If 1 < p < oo, then

sl = [ frt)s@)a
I=I2. [ 7@ a

= =l

If p = oo, then it is easily checked that we obtain ’|M7TfHoo < HWHOOH]‘HOO Therefore M, is a bounded

multiplication operator and

IN

(6.1.6) [ M| < l=]|

Conversely, let M, be a bounded multiplication operator on LP(u) and assume that = ¢ L (p). Let € > 0, then
there exists an A € ¥y with u(A) > 0 such that |m(z)| > ||Mx|| + € for all z € A. Therefore x, € LP(u). If
1 <p < o0, then

HA4WXAH§ = L/Wﬂ(x)XA(x)deu
/ ()|
(I[Mx] + )" u(4)

(HMwH +9)" [Pl

If p = oo, then HM“XAHOO > (HMWH +e) HXAHOO' In both cases we obtain a contradiction and therefore
m € L*(u) and

(6.1.7) [[Mz || > ||,
Combining (6.1.6) and (6.1.7), we obtain || M| = ||71'||Oo O

Finally, we consider the case p < ¢. Recall that Q = Q. U Q, where ). is nonatomic and , = OleAn is
n=
purely atomic and each A,, is an atom of strictly positive measure.

THEOREM 6.1.6. [39, p.324] Let 1 < p < q < 0o and 7w € L%(u). Then 7 induces a bounded multiplication
operator from LP(u) into LY(u) if and only if = satisfies the following conditions:
(1) w(x) =0 for p-a.e. x € Q.

(2) bup4|—| ((A")) —,B<oowhere%+%:%
neN+ "

If this is the case then

_ |7 (An)]
|31l = wethe p(An) e

Proor. (Sufficiency): Let f € LP(u) such that Hf”p < 1. We note first that for each n € NT this implies

|f(An)’pM(An) = / {f|pd/l

| IN
S
=
i
QL
=

\
=
=
A
=

(6.1.8)
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Therefore

H -JHq /’ ')‘ !
7.’ d + 7(.’ d

= 0+ Z|7T(An).f(An)}qu(An) using Condition 1
n=1

(%) s ‘I/S
= Z(%ﬂ ) | £ ()| (A )0/
n=1 n

oo

B3 (| £(An) [P A) "

n=1

IN

1 1 1
using Condition 2 and — + — = -
q s

oo

/Bq/sz (|f(An) |pM(An))

n=1

IN

since ’f(An)‘p,u(An) <1 by (6.1.8) and % > 1
= o0 [ |ip
Qa

< ﬁQ/S /
- Q

(6.1.9) < BY*  since /\f!deZHinSl
Q

FI7 dp

More generally, if f € LP(u), then HHijpr =1 and so
HMﬁfHZ = ”fHZ’|M7THfH;1fHZ since M, is linear
< |fI537* by (6.1.9)
M, is therefore a bounded multiplication operator and
(6.1.10) || M| < gl/s

(Necessity): Let 7 induce a bounded multiplication operator from LP () into L(p) and let B = {x € Q. : w(z) # 0}.
Assume that p(B) > 0. Then by Proposition 1.2.1 there exists an € > 0 and an A € ¥ N Q. with p(4) > 0
such that |m(z)| > € for all # € A. Since A is nonatomic we have by Lemma 1.2.3 an f € LP(u) such that
[4£]? duw = o0o. Then

IN
7 N N N
m‘_
3 BS
—
&
=
8
N—
T e
=9
=
~__
—_
~
Q

IN

< oo since M (LP(pn)) C LI (p)
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‘TF(An)
,U'(An) ’

This is a contradiction and so u(B) =0, i.e. w(z) = 0 for p-a.e. z € Q.. To show that sup
neNt

Xa,

=

Then f,, € LP(p) and ||fn||p =1 for each n € N*. So

Im(A)]" |m(An)|* s/q . .
u(An) Wﬂ(!‘ln) since 1 — i

(/o)

Ay
AT
gl since |7, =1

IN

Since this holds for all n € N*, we have

S

< [l < o

sup LT(AH)‘S
neN+t IU‘(ATL

s |7T(A” |
:ﬁ»ﬁl/ = ;2%1;&;5;77? < HAfWH

(6.1.11) 8

O

COROLLARY 6.1.7. Let 1 < p < q < oo, 7 € L°(u) and Q nonatomic. Then the zero operator is the only

multiplication operator from LP(p) into L9(u).

PROOF.  is nonatomic, so 2 = .. Condition 2 of the theorem above is satisfied since
sup TADL
neN+ /j‘(An)
= 0<oo
It follows by the Theorem above that 7 induces a bounded multiplication operator from LP(u) into L9(u) if and
only if w(x) = 0 for p-a.e. x € Q. = Q. O
6.2. Compactness of multiplication operators

Let ¢ : Q@ — F be a measurable function and define

af

{z e Q:|p(x)] > €} and
{f € LP(p) : f(x) =0 for pra.e. x € (Q‘f)c}

If 7 : Q — Qis a nonsingular measurable transformation, then we show that the compactness of the multiplication

z¢

operator M fi/p ONL AN LP space can be characterized in terms of the compactness of the composition operator C.;

1/
or in terms of the dimension of Zef =" Furthermore we apply this result to the case where the symbol function
7 maps the entire underlying measure space into the atomic part of the measure space to obtain a sufficient

condition for M 1/, to be compact on LP(u). We start by showing that Z¢ is a Banach space.
PROPOSITION 6.2.1. Let ¢ : Q — F be a measurable function and ¢ > 0. Z¢ is a Banach space.

PROOF. It is easily checked that Z¢ is a subspace of LP(u). We show that Z¢ is closed. Let (f,)%, C Z¢
such that f,, — f € LP(u). If we assume that f ¢ Z2, i.e. there exists a B € N (Qf)c with p(B) > 0, such
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that f(x) # 0 on B, then by Proposition 1.2.1 there exists a 6 > 0 and an A € ¥ N (Q‘f)c with u(A) > 0 such
that |f(x)| > § for all z € A. It follows that for all n € N we have

1= £l = /Q\fm—fn(x)!”du

P
—Jn d
> [ 156~ ool
= /’f(@‘pdu since f,, =0 on (Q?)CDA
A
> ()

This is a contradiction and hence f € Z2. It follows that Z¢ is closed and therefore complete since it is a closed

subset of a Banach space. (Il

The main characterization is given by the following result.

LEMMA 6.2.2. [38, p.506] Let (2,3, 1) be a o-finite measure space, 7 : Q — Q a nonsingular measurable
transformation and ¢ = le/p.The following are equivalent:
(1) C; is a compact operator on LP (1)
(2) My is a compact operator on L ()
(3) For any e >0, Z¢ is finite dimensional

PrOOF. (1) < (2): Since C and My are linear and ||CTfHLp = ||M¢fHLP for all f € LP(u) by Lemma
6.1.1, (Crfn)o2; is Cauchy if and only if (M, f,)52; is a Cauchy sequence in LP(u) ,where (f,)52; C Brsr.
Therefore C; is compact if and only if My is compact.

(2) = (3): Since My is compact and Z¢ is invariant under My, M§ := My | Z¢ is compact by Remark
1.5.7. We show that Mg is invertible: Let f,g € Z?, such that M§f = Mgg, then

$(2).f(z) = ¢(x)g(x)  p-ae onQ?

= f(r) = g(z) p-a.e. on Q2 since ¢(x) > € Vo € QO
= f(xr) = g(z) p-a.e. on €, since f =g =0 on (Q‘f)c
=f =9

and so Mg is injective. To show that Mg is surjective, let f € Z¢ and define

() ¢
x € Q¢

glw) = { 7
0 ¢ Q?

Then Mgg = f since f = 0 on (Q¢)°. Furthermore it is easily checked that g € LP(u) using ¢(z) > € for all
z € Q% It follows that g € Z¢ and therefore that Mg is surjective. Since Z?%is a Banach space (Proposition
6.2.1), it follows by the inverse mapping theorem (1.5.13) that Mg : Z¢ — Z? is invertible. Z¢ is therefore finite
dimensional by Proposition 1.5.12 since Mg is compact and invertible.

(3) = (2): If (3) holds for each € > 0, then Zf ,, is finite dimensional for each n € N*. Let

/
¢

ulay = {207 S

0 z¢ Q‘f/n
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Then My, is a finite rank operator for each n since ran My, C Zf)/n. Furthermore we show that ||M¢—M¢n H — 0:
Let f € LP(u), then

[0t = Mo )Wy = [ 660)-£@) = 00(0)-F @) i
™ Sy

1

np /(ms )C

1/n

¢(z).f ()| dp

IN

f(x)‘p du since ¢(x) < % Vo € (Qf/n>c
1
< o Q|f($)|pd,“

Ly
— Ly,
Since this holds for any f € LP(u), it follows that ||M¢ — My, H < % My is therefore the limit of a sequence of

finite rank operators and hence compact by Proposition 1.5.11. O

COROLLARY 6.2.3. . If 7: Q — Q is a nonsingular measurable transformation such that 7=1(Q,) = Q and
Tl/p(An) — 0, then M 1/, is compact on LP(u).

PROOF. Let ¢ = £/? and let ¢ > 0. There exists an N. € N* such that

n>N. = |¢(An)| <e€
(6.2.1) = A, C (Qf)c for n > N,

Furthermore 771(Q,) = Q implies o 771 (£.) = 0 and hence
0=por *(Q) = / frdu by Corollary 1.2.16

Qe

Therefore ¢ = ffl/p =0 p-a.e. on .. It follows from the above and (6.2.1) that
N.—1

Q7 c U A

N.—1
Therefore for any f € Z?, f(z) = 0 for all = ¢ ngl A,,. Tt follows that {XAn :1<n< N, — 1} is a linearly

independent set spanning Z?, i.e. Z¢ is finite dimensional. Since € > 0 was arbitrary, we have by Lemma 6.2.2

that My is compact. O



CHAPTER 7

Composition operators on spaces of measurable functions

Let (Q1,%1, 11) and (2, 3o, p2) be measure spaces, 7 : Qo — 1 a map and F;(Q;) (i = 1,2) vector spaces
of real or complex-valued functions on €2; (i = 1,2). Recall that we can define a composition transformation C,
on Fi(€1) by

(Crf)(x) = f(r(z)  x€Qy, feFi(th)

In the setting of spaces of measurable functions, the first natural question to ask is “what conditions must the
symbol function 7 satisfy to ensure that C f is a Y.o-measurable function for every ¥;-measurable function f7” If
we then identify functions which are equal p-a.e. and define the composition transformation C; on equivalence
classes of measurable functions (i.e. elements of L%(u)) via

C-[f]:=1C- 1,

then it is necessary to determine the condition(s) on the symbol function 7 such that C, is well-defined as a
mapping of equivalence classes. Note that for simplicity we will often abuse notation and use f to denote the
equivalence class generated by f, and as has been done above, we will not distinguish between the composition
transformation acting on measurable functions and the composition transformation acting on equivalence classes
of measurable functions.
Recall further that if C. (F1(21)) C F2(€Q2), then C. is called composition operator from F7 (1) into F»(€22).
We are interested in the conditions 7 must satisfy such that
(1) Cr (F1(21)) C F»(Q2) and
(2) C;is continuous from F(€2;) into F5(Qs2), where F;(Q;) (j = 1, 2) are equipped with suitable topologies
(in the case where F;(€2;) (j = 1,2) are Banach function spaces the topologies will be the ones induced
by the Banach function norms).
In Sections 7.2 and 7.3 we consider these questions for topological vector spaces and rearrangement invariant
Banach function spaces respectively under the simplifying assumption that Fy(21) = F»(£22). In Section 7.4
these questions will be considered for composition operators between LP(u1) and L9(u2), i-e. in a setting where
the simplifying assumption is not made. Finally, as examples of composition operators, we characterize those

rational functions on the real line which induce bounded composition operators.

7.1. Composition operators

We start by addressing the preliminary questions stated earlier and then give a few simple examples and
properties of composition operators.

PROPOSITION 7.1.1. Let (21,31, p1) and (2, 3o, p2) be measure spaces and let 7 : Qo — Q4 be a map. C; f

is a Lo-measurable function for every X1 -measurable function f if and only if T is a measurable transformation.
Proor. (Sufficiency): Let G C F, then

(C-H)THG) = (for)THG)
= 7 H(f7HG)

91
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If G is open, then f~1(G) € ¥, since f is a Xj-measurable function, and so 771(f~1(G)) € Xa, since 7 is a
measurable transformation. C; f is therefore a ¥s-measurable function since G C F was an arbitrary open set.

(Necessity): Let A € Xy, then it is easily checked that x, is a ¥j-measurable function. x =Crx, is

—1a)

therefore a Yp-measurable function by assumption. It follows that 771(A) = (Crx,)~1((0,2)) € ¥ and hence

that 7 is a measurable transformation by the arbitrariness of A € ¥4. (Il

PROPOSITION 7.1.2. Let (21,31, p1) and (Q2, X, u2) be measure spaces and 7 : Qo — Q1 a measurable

transformation. C; is well-defined as a mapping of equivalence classes if and only if T is nonsingular.

ProOF. (Sufficiency): Let [f]=[g9], A={z € Q1 : f(x) #g(x)} and B ={z € Qo : (C,f)(z) # (Crg)(x)}.
Then

B = {zeQy: f(r(x)) # g(v(x))} by definition of C'-
= {zeQ:7(x) € A}
- )

and so pz(B) = pg o 7 1(A) = 0 since u1(A) = 0 and 7 nonsingular. We therefore have that [C; f] = [C.g], i.e.

C:[f1 = C+lg].
(Necessity): We show the contrapositive. Let A € ¥y such that p;(A) = 0, but us o 771(A4) # 0. Then

[0] = [x,] since 0 = x, p1-a.e. However,

[CTXA] - [erl(A)]
# (0]
= [C:0]
ie. Cr[x,] # C-[0] and so C; is not well-defined. O

COROLLARY 7.1.3. Let (2, %, 1) be a measure space and 7 : Q — Q a map. C- is a composition operator on

LO(u) if and only if T is a nonsingular measurable transformation.
We provide some simple examples of composition operators.

ExamMpLE 7.1.4. Recall that M is the o-algebra of Lebesgue measurable subsets of the real line and m
is the Lebesgue measure defined on M. Fix y € R and let 7, : R — R be defined by 7,(z) = y + . Then
7, (A) = A—y e Mfor all A€ M and so 7, is a nonsingular measurable transformation, since the Lebesgue
measure is translation invariant. 7, therefore induces a composition operator on LO(R, M, m), called a translation

operator.

EXAMPLE 7.1.5. Let w := (w;);ecz be a sequence of strictly positive real numbers and recall that g, is
defined by u,({i}) = w; for i € Z. Consider the maps 7, and 7, defined on the integers by 7,(i) =i — 1 and
75(i) = —i. 7, '(A) = A+ 1 € P(Z) and 7, }(A) = —A € P(Z) for any A € P(Z), i.e. 7, and 7, are measurable.
Furthermore p,,(A) = 0 if and only if A = 0. It therefore follows trivially that 7, and 7, are nonsingular. The
composition operators on L°(Z,P(Z), i) induced by 7, and 7, are the bilateral shift operator and symmetry

operator respectively.
It is easily checked that composition operators have the properties listed in the following proposition.

PROPOSITION 7.1.6. Let (21,%1, p1) and (2, X2, p2) be o-finite measure spaces and let 7 : Qa2 — Q1 be a
nonsingular measurable transformation. Let f,g € L°(u1) and (f,)3; C L°(u1). Then
(1) Crlaf +Bg) =aCrf + BCrg for all a, 8 €T
(2) Crf € Ly(pa) if f € Ly ()
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(3) Crf=0iff>0
(4) Crfn — Crf pointwise ps-a.e. if f, — [ pointwise pq-a.e.

7.2. Composition operators on topological vector spaces

Let (2,3, 1) be a o-finite measure space. Some results concerning composition operators on L°(;) have
been obtained in [23]. We characterize the maps 7 : Q — Q which induce composition operators on L°(x) and
two of its important subspaces, namely L% (u) and L% (u1). In section 2.1 it was shown how these spaces can be
equipped with complete metrizable linear topologies. Furthermore, it was shown that in the case where these
spaces consist of equivalence classes of real-valued measurable functions, these spaces are complete metrizable
locally solid Riesz spaces. This implies that whenever 7 induces a composition operator on any of these spaces,

then the induced composition operator is continuous with respect to the topology on that space.

7.2.1. Composition operators on L°(Q, ¥, ). By Corollary 7.1.3, the symbol function 7 induces a
composition operator on L°(u) if and only if 7 is a nonsingular measurable transformation. It remains to be
shown that the topology of local convergence in measure defined on L°(11) satisfies the conditions of Proposition
1.5.5 and hence that continuity of the composition operator C; on L°(u) follows automatically if 7 induces a

composition operator on L%(p).

PROPOSITION 7.2.1. Let (2, %, 1) be a o-finite measure space and 7 : Q — Q a map. C; is a continuous
composition operator on L°(0, %, 1) equipped with the topology of local convergence in measure T if and only if

T 15 a nonsingular measurable transformation.

ProoF. (Sufficiency): By Corollary 7.1.3 C, maps L°(u) into itself and is therefore a composition opera-
tor. Furthermore, L°(u1) is a metrizable topological vector space when equipped with the topology 7 of local
convergence in measure (Propositions 2.1.2; 2.1.4 and 2.1.5). We show that the conjugation map is continuous
with respect to 7: Let (f,)2%; C L°(u) such that f, — f in (L%(u),T), let A € X and let ¢,6 > 0. Since

fn — [ in measure on A we can find an n. s € NT such that n > n. s implies

,U({*T €A: |fn(1') —f(x)| 2 5}) <¢,

but since |f,,(z) — f(z)| = |fa(z) — f(@)| = | fu(z) — f(2)| for all 2 € A, we have that n > n. s implies

w({e € A: [Fae) ~ F@)] > 6}) <

and hence f, — f in measure on A. Since A € Yy was arbitrary we have that fo — f. L%(p), viewed as
a vector space over R, is a complete metrizable locally solid Riesz space when equipped with the topology of
local convergence in measure restricted to L% (1) (Proposition 2.1.9). It follows by Proposition 1.5.5 that C; is
continuous on L°() with respect to 7.

(Necessity): If C; is a bounded composition operator, then 7 is a nonsingular measurable transformation
by Corollary 7.1.3. (]

If C, is a composition operator on L°(u) and f € L%(u), then C,f € L°(u) and so we can calculate the
distribution function of C. f .

PROPOSITION 7.2.2. Let (2,5, u) be a o-finite measure space, 7 :  — Q a nonsingular measurable trans-
formation and f € L°(n). Then pc, ;(A) = po7 =t (As) where Apy = {z € Q:|f(z)] > A}
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PROOF. Since 7 is a nonsingular measurable transformation, C,f € L°(u) by Corollary 7.1.3. Let A\ > 0,
then

po. s = n({zeQ:[(Crf)(2)] > A})
p({ze: ‘f(T(x))’ > A})
p(r ({reQ:[f@)] > A}))
= por ' (Asy)

O

When considering the compactness of composition operators we will often work with functions of the form

Crx, — Crx, and their decreasing rearrangements.

PROPOSITION 7.2.3. If (0, %, 1) is a o-finite measure space, T : & — Q a measurable nonsingular transfor-
mation, o, 3 >0 and A, B € ¥ such that AN B = (), then
* —
(CTQXA - CT/BXB) = ﬁX[O,uor_l(B)) + X or—1(8),por—1(AUE))

where we have assumed that o < 3.
ProOF. We note first that since AN B = (), we have that 7=1(4) N 77Y(B) = () and hence

X, 1) BX, 15y =0

Therefore

‘CTXA _CTXB| = |aXTf1(A) _ﬂX771(B)’
= ax, g, TOX
An argument similar to the one used for simple functions can therefore be used to obtain the desired result. [

7.2.2. Composition operators on L%(Q, ¥, 11). Recall that L% () is the set of all f € L°(u) such that
f is bounded except possibly on a set of finite measure. In light of this description of L% () it is perhaps not
surprising that if 7 is such that the pre-image under 7 of a set of finite measure has finite measure, then 7
induces a composition operator on L%(u). It will be shown that this is the case, but an example will be given
to demonstrate that this is not a necessary condition for 7 to induce a composition operator on L% (u). The
maps which induce continuous composition operators on L% (1), equipped with the topology of convergence in
measure, will then be characterized. Equipped with this topology, L°(u) is a complete metrizable topological
vector space and satisfies the conditions of Proposition 1.5.5 and therefore a composition operator on L% (1)

will automatically be continuous. Recall (Remark 1.3.6) that L% (1) can also be described as follows:

LO%Q, %, pu) = {f € L%Q, 2, p) : f*(t) < ooVt > 0}

PROPOSITION 7.2.4. Let (2, X, u) be a o-finite measure space and 7 : Q — Q a nonsingular measurable trans-
formation. T defines a continuous composition operator on L°°(Q, X, 1) equipped with the topology of convergence

in measure if the following condition holds
(7.2.1) AeY u(A) <oo=por ' (A) <0

PROOF. 7 nonsingular and measurable implies that C. is well-defined by Proposition 7.1.2. We show that
Cr(L%(n)) € Lu). Let f € L%(u); there exists an M > 0 and an A € ¥ with p(A) < oo such that
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|f(x)| < M for all z € A°. Then
[(C-H@)] = [f(r(2))]
< M Vo € 771 (A9,

but 771(A¢) = (T_l(A))c and po7 1 (A) < oo by (7.2.1), so C- f is bounded except possibly on 771(A), which
has finite measure. Hence C, f € L% (u). The continuity of C, follows as in the L°(u) case. O

REMARK 7.2.5. In [9, p.442-444], condition (7.2.1) is called local absolute continuity of 107! with respect

to . This condition is explored in detail in the non-commutative context in this paper.

REMARK 7.2.6. Condition (7.2.1) is not necessary for C, to be a composition operator on L% (u) as the
following example shows: Let (2,%, ) = (N, P(N), ) and 7(n) = 1 for all n € N. Then 7 is a nonsingular
measurable transformation and furthermore C. is a composition operator on L% (N, P(N), p1.) since if f €
LOO(N, P(N), o), then

[(C-Hm)] = |f(r(n))]
= |f(1)| Vn € N
and so C, f € L=(N, P(N), u.) € L%(N, P(N), u.). Condition (7.2.1) does not hold however since u.({1}) = 1,
but po77t({1}) = p(N) = .

PROPOSITION 7.2.7. Let (0, %, i) be a o-finite measure space and 7 : @ — Q a nonsingular measurable trans-
formation. T defines a continuous composition operator on L°°(Q, X, 11) equipped with the topology of convergence

in measure if and only if
(7.2.2) Ve >0 35, > 0 such that A€ %, u(A) <6 =por '(A) <e

Proor. (Sufficiency): 7 is a nonsingular measurable transformation and hence C; is well-defined. Let
f € L%(u) and let t > 0. By (7.2.2) there exists a §, > 0 such that

(7.2.3) AeY, w(A)<d; = por (A<t

And so by Remark 1.3.1

o | S

o | S
—

1nf{)\>0 w(Agy) < } = inf{)\>0:uf()\)<

* 5t
-7 (3)
< o0 since f € L%(p)
IR
Let o € {A>0:pu(Apx) < %}, then p(Apa) < % <8 and so o7t (Af,) < t by (7.2.3). Therefore

(C‘rf)*(t) = lnf{A >0: ,uch()\) < t}
inf {A>0:por ™ (Afy) <t} by Proposition 7.2.2

INSg

:>{/\>0 /.LAf)\ <

IN

a since o7t (Ay,) <t

A

o0

Since t > 0 was arbitrary, we have (C f)*(t) < oo for all t > 0 and hence C,. f € L% (). Furthermore, f € L% (1)
was arbitrary and so C, (L% (u)) C L%(u). The continuity of C; follows as in the L°(u) case.
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(Necessity): We show the contrapositive. If condition (7.2.2) does not hold then there exists an € > 0 such
that
V6 >0, 3A € ¥ with u(A) < 6, but por ' (A) > e

In particular

1
(7.2.4) vn € NT, 34, € ¥ with u(A,) < o0 but por ! (A,) >e

k
Let fr := Y nx,, . We show that this yields a Cauchy sequence in L°(x) and hence that the limit f = klim fr
n=1 c— 00

exists by the completeness of L% (p). Let 4,¢ > 0 and let 7 € N* such that 3% < & Without loss of generality
we can assume that 0,¢ < 1. Then for n,m € NT and n > m

Z k:XAk

k=m+1

:>{x€Q:|(fn—fm)(x)|25} c U 4,

k=m+1

0OA
n(,0, )

n

> nlAg)

k=m+1

IN

= ({o e |- @] 2 )

IN

&/ 1
> o
k=m+1
< € fornm>n+1

IN

Therefore (f;)%2; is Cauchy in L% (u) equipped with the topology of convergence in measure. Let A = fJolAn.
n=

oo}

Then f(z) = 0 for all z € A° and p(A) < > u(A,) < 57 = 1 so f is bounded except possibly on a set
n=1 1

of finite measure, i.e. f € L%(u). We show that C-f ¢_L00(u): Let By = {x € Q:|(C;f)(z)| >k}, then
Bk+1 C By, for all k£ and

T_l(Ak+1) Cc By Yk
(7.2.5) =e<por (A1) < u(By) vk

If p(By) < oo for some k € NT, then

p({zeQ:|(C ) =x}) = pu (k%OlBk)
kli_}rrolou(Bk) by Theorem 1.1.3

> ¢ by (7.2.5)
and so C,f & L°(u) D L%(u). If u(By) = oo for all k € NT | then uc, ¢(k) = p(By) > 1 for all k € NT and so

E g D> 0ip0 )<} vk

= (C,)*(1) = inf{A>0:pc, ;AN <1}>k VkeNT
= (C:f)"(1) = o0
and so C, f ¢ L°(u). Hence C, is not a composition operator on L% (1). O

We note that we could have removed from the statement of the proposition above the requirement that 7

be nonsingular, taking into account the following result.
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PROPOSITION 7.2.8. If for every ¢ > 0 there exists a ¢ > 0 such that A € ¥ and u(A) < 0. implies that

pot 1 (A) <e, then T is a nonsingular transformation.

ProOF. Let A € ¥ such that u(A) =0 and let € > 0. By assumption we can find a §. > 0 such that B € X,
w(B) < d. implies o7~ (B) < €. And so u(A) = 0 < &, implies that po7~! (A) < e. Since € > 0 was arbitrary,
we have that po77 ! (A) <eforall e >0andso uor ! (A)=0. 7 is therefore nonsingular. O

7.2.3. Composition operators on L% (Q, 3, ). We define L (1) as follows:
LOYQ, S, p) = {f € L%%Q,Z, 1) : f*(t) > 0as t — oo}

As was the case for L°(u), it can be shown that a composition operator on L% (1) is automatically continuous on
L% (11) equipped with the topology of convergence in measure. The maps which induce composition operators

on L% () are characterized in the following proposition.

PROPOSITION 7.2.9. Let (2, X, 1) be a o-finite measure space and 7 : Q — Q a nonsingular measurable trans-
formation. T defines a continuous composition operator on L°Y(Q, X, 11) equipped with the topology of convergence

in measure if and only if
(7.2.6) AeY u(A) <oo=por ' (A) <0

Proor. (Sufficiency): Let f € L°(u). By Remark 1.3.1 and Proposition 1.3.5(13) this implies that
p(Afx) = pp(A) < oo for all A > 0. By Proposition 7.2.2 and condition (7.2.6) this implies that puc, () =
poT 1 (Af ) < oo for all A > 0 and hence (C, f)*(t) — 0 as t — oo by Proposition 1.3.5(13). C- is therefore a
composition operator on L' (x). The continuity of C, follows as in the L°(u) case.

(Necessity): We show the contrapositive. Let condition (7.2.6) not hold, i.e. there exists some E € ¥ such
that o7 ! (E) = co. Let f = x,, then

priy = {1 A<

0 A>1
so f € L% (u) by Proposition 1.3.5(13). However, uc, (3) = po7= ! (E) = 0. So Cy f ¢ L% () by Proposition
1.3.5(13) and hence C; is not a composition operator on L% (y). O

7.3. Composition operators on rearrangement invariant Banach function spaces

Throughout this section we will assume that X is a rearrangement invariant Banach function space over a o-
finite measure space (2, X, p) and that 7 is a measurable transformation from € into itself. It was demonstrated
(Example 4.1.1) that Orlicz-Lorentz spaces, and hence Lorentz, Orlicz and Lebesgue spaces, are examples of
rearrangement invariant Banach function spaces. The maps which induce bounded composition operators on
these examples of rearrangement invariant Banach function spaces and on rearrangement invariant Banach
function spaces in general will be characterized. Furthermore, estimates for the norm of the composition operator
will be provided. The motivation for focusing on rearrangement invariant spaces is that in this setting we are
able to use the notion of a fundamental function.

Historically, the LP-spaces were among the first spaces of measurable functions used as settings for studying
composition operators. Consider the following example. Let 7 : 2 — Q be a nonsingular measurable transfor-
mation such that C. is a bounded composition operator on L'(u). It follows that if A € X¢, then x, € L'(u)

and
1Cxall < [ICIxall
& P (,u or ! (A)) < HC’TH(I)Ll (u(4)) since Crx, = X, 14,
SporH(A) < |Cx || 1n(A) by Example 4.2.7
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Furthermore since 7 is a nonsingular measurable transformation, the Radon-Nikodym derivative f, exists by
Corollary 1.2.16. If f; is essentially bounded, then

ecflly = [ [C-pia)dnta)
- / |£(r(@))] du(z)
Q
= / |f ()| f~(y) duly) by Theorem 1.2.18 and Remark 1.2.19
Q

< /Q|f(y)|-||ff||oodu(y)
= £l Il e

This motivates considering the conditions

(7.3.1) IAM > 0: por H(A) < Mu(A) VA e Xy
(7.3.2) k>0: Ox(por 1 (A) <kPx(u(4) VAe;
(7.3.3) 7 is nonsingular and f, € L>®(u)

when trying to generalize results obtained for LP-spaces. It is easily shown that if C; is a bounded composition
operator on X, then (7.3.2) holds. Two important aspects of this section will be to
(1) show that (7.3.1) is sufficient to ensure that 7 induces a bounded composition operator on any re-
arrangement invariant Banach function space over a resonant measure space or on an Orlicz-Lorentz
space over any o-finite measure space, and to
(2) establish the conditions under which (7.3.1) is also a necessary condition.
It will therefore be useful to know the relationship between these conditions (to simplify matters, we will
refer to the first condition as “the condition on the measure” and the second condition as “the condition on the
fundamental function”). We therefore start this section by investigating the relationship between these conditions

and some of the conditions encountered previously.

7.3.1. Conditions on the symbol function. We start by showing that “the condition on the fundamental
function” and “the condition on the measure” are sufficient to ensure that the symbol function 7 is nonsingular
(and hence to ensure that the composition transformation is well-defined as a mapping of equivalence classes).
The relationship between “the condition on the measure” and “the condition on the fundamental function” is
then considered. Lastly we present two lemmas which demonstrate the relationships between “the condition on

the measure” and a condition on decreasing rearrangements and a condition on maximal functions respectively.

PROPOSITION 7.3.1. If there exists a k > 0 such that

Ox (o 1 (A) <kdx (u(4) VAeX;

then T is nonsingular. The converse is not necessarily true, however.

PrOOF. Let A € ¥ such that p(A) = 0, then

Xl = @x(uor™(4)
< kPx(u(A))

Fllxal

0 since x, = 0 p-a.e.

Hence x _ =0 p-a.e. and so po7 1 (A)=0

—la)
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To show that the converse is not necessarily true consider the following example. Let (2, %, 1) = (N, P(N), u.),
where p. is the counting measure on N and let X = [; (N, P(N), u.), then X is a Banach function space. Define
T:Q = Qby 7(n) =1for all n € N. Then 7 is trivially measurable since every subset of N is measurable.
Furthermore if A C N such that u(A) =0, then A = () and so

por H(A) = por (D)
= u(0)
=0

and so 7 is nonsingular. We show that for every k > 0 there exists an A C N such that ®;, (u o771 (4)) >
k@, (1(A)):

Dy, (/LOT?I ({1})) = HXTfl({l})Hll
=[xl

oo

V

kHX{l} Hll VE > 0 since HX{l} Hll =1

= k&, (p({1}))

Recall that ¥ is the set of all measurable sets with finite, nonzero measure.
PROPOSITION 7.3.2. Let 7 : Q — Q be a measurable transformation such that there exists a k > 0 such that

pot HA) < ku(A) VAe Xy

Let A= {k>0:port(A) < kp(A) VA€ S0} and B= {“";(’;g’” A€ zf,o}, then inf A = sup B.

Proor. Let k € A, then
pot !t (A)

>
4 1(A)
=k > supB

k VAE Ss0

Since this holds for all k in A, we have that inf 4 > sup B. Furthermore,

—1
pwot t(A)
7 < supB VAe X
p(A) e
= por t(A) < (supB)u(A) VA e X

=supB € A

=supB > infA

PROPOSITION 7.3.3. There exists a k > 0 such that
(7.3.4) por H(A) < ku(A) VA e Xy

if and only if T is nonsingular and f. € L°° (). Furthermore if either of these conditions hold then

Proor. (Necessity): Let A and B be defined as in Proposition 7.3.2. Let & > 0 be such that condition
(7.3.4) holds, i.e. k € A. It is clear that o 77! (A4) = 0 whenever u(A) = 0 and so 7 is nonsingular. Let f, be
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the Radon-Nikodym derivative of po 7! with respect to u. We claim that f, < k p-a.e. Assume that this is
not the case. Then we can find (using a slight modification of Proposition 1.2.1) an € > 0 and an A € ¥ with
#(A) > 0 such that f.(z) > k+ € for all z € A and so

por ' (A) = /Afrdu
> (h+eu(A)
> ku(A)
This contradicts condition (7.3.4) and so f; € L*(u) and HfTHoo < k. Since this holds for any k € A, we have
1], < int.a

(Sufficiency): Since the Radon-Nikodym derivative is bounded we have the following;:

por t(A) = /dep VA e Xy
A
< [Ifldn vaex
= HfTHoo'u(A)
and so HfTHoo € A. Therefore HfTH(><> > inf A and hence

= supB by Proposition 7.3.2

_ o JreT (A
= p{ (A .AGEf,O</J,(A)}

O

We show that if the underlying measure space is resonant, then “the condition on the measure” implies “the

condition on the fundamental function”.

PROPOSITION 7.3.4. Let X be a rearrangement invariant Banach function space over a resonant measure
space (Q, 2, ). If there exists a k > 0 such that

(7.3.5) por H(A) < ku(A) VA e Xy
then there exists an M > 0 such that
(7.3.6) Py (poT ' (A) < MPx (1 (A)) VA € 3y

The converse, however, is not true in general.
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PROOF. Let k > 0 such that (7.3.5) holds. Without loss of generality we can assume that k > 1. Let g € X’
and A € ¥y, then

/ S (Coa) (g Dt = / () (09" (1) dt

oo

IN
S— — — S—

X[0,p0r—1(AY) (£)g™ (t) dt by Example 1.3.4

por~H(A)
g (t)dt

ku(A)
g (t)dt since g* > 0

w(A) t
9" (sk) kds using s = %

IN

0
n(A)

k/ g*(s)ds since g* is decreasing and s < sk Vs
0

o0
b ) @ (9)ds
0
Taking the supremum over all g € X’ such that ||g||X, < 1, we obtain

1Cxallx < Kllxallx

or equivalently

Dx(por ! (A) < kPx(u(A))
where the resonance of (2,3, ) was used to apply Proposition 4.1.3 to obtain the norms in terms of the
decreasing rearrangements.

To show that the converse does not necessarily hold, consider the following example. Let (N, P(N), u.) and
define 7: N — N by 7(n) =1 for all n € N. Let X = [(N, P(N), ). We note that if A =0, then

’XT—MA)HZM = HX(DHZOO
= |xall.
If A0, then
’X-rfl(A)Hloc < 1
= HXAHZOC

So (7.3.6) holds with & = 1. Condition (7.3.5) does not hold however since

por t({1}) = u(N)
> ku({1}) Vk > 0 since p({1}) =1
(I

The following two examples illustrate that there are particular spaces where “the condition on the funda-

mental function” does imply “the condition on the measure”.

ExamMpLE 7.3.5. Let 1 < g <p < ooandlet 7:Q — Q be a measurable transformation. If there exists a
k > 0 such that

(7.3.7) Bpoa(por t (A) < kBpoa(u(A)  VAEN,
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then
pot 1 (A) <kPu(A) VAe Xy

PROOF. Let A € ¥ and let k& > 0 such that (7.3.7) holds. Then

» 1/q 1 D 1/q
(7.3.8) (q) (nor™1(A4)"" < &k (q) (W(ANY? by Example 4.2.7
(7.3.9) =po7 ' (A) < KkPu(A) VA€ Xso
T is nonsingular by Proposition 7.3.1 and therefore (7.3.8) holds even if p(A) = 0. O

EXAMPLE 7.3.6. Let ¢ be an Orlicz function satisfying the As-condition globally and let 7 : Q — € be a

measurable transformation. If there exists a k& > 0 such that

(7.3.10) Pro(por ' (A) <k®rs(u(Ad) VAeX;
then there exists an M > 0 such that

(7.3.11) por HA) < Mu(A)  VAey;

PROOF. Let k& > 0 such that (7.3.10) holds. Without loss of generality we can assume that k > 1. By
Proposition 2.2.13 ¢ is invertible and there exists an M}, > 0 such that

(7.3.12) p(kt) < Mypop(t) V=0

Let A € ¥¢. Condition (7.3.10) implies that

¢t (1/u(4) < ko ' (1/por t(A)) by Example 4.2.7
= ¢ (o7 (1/u(A) < ¢ (ko' (1/por' (4))) since ¢ is increasing
= 1/pu(4) < My (¢~ (1/por ' (4))) since ¢ is invertible and (7.3.12) holds
= My/pot (A since ¢ is invertible

= por 1 (A) < Myu(A)

If u(A) =0, then
por (A = 0 since 7 is nonsingular by Proposition 7.3.1
< Mu(A)

Therefore (7.3.11) holds with M = M;,. O

Motivated by these two examples and the significance of the relationship between the two conditions under

discussion we give the following definition.

DEFINITION 7.3.7. Let X be a Banach function space over a o-finite measure space (€2,3, u). X will be
called a Banach function space of type 1 if, whenever 7 : 2 — 2 is a measurable transformation such that “the
condition on the fundamental function” holds, then “the condition on the measure” holds.

ExampLeE 7.3.8. It follows by Examples 7.3.5 and 7.3.6 that the LP'%-spaces, Orlicz spaces (for ¢ € Ao
globally) and therefore LP-spaces are examples of Banach function spaces of type 1.

PROPOSITION 7.3.9. Let X be a rearrangement invariant Banach function space over a nonatomic measure
space (Q, 2, p). If for every k > 1 there exists a Cy, > 0 such that

(7313) k®x (ﬁ) < (I)X(th) Vt >0
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and there exists an M > 0 such that

(7.3.14) Dy (poT ' (A) < MPx (1 (A)) VA € 3y

then there exists a K > 0 such that

(7.3.15) potr H(A) < Ku(A)  VAeX;
ProOOF. Let M > 0 be such that (7.3.14) holds. Let Cas41 be such that

(7.3.16) (M +1)Px(t) < Px (Cpriat) vt >0

Therefore if A € ¥4, then ®x(n(A)) > 0 by Proposition 4.2.4 and so

(o ()

A

(M +1)dx(u(4)) by (73.14)
< Ox (Cyvt1u(A)) by (7.3.16)
=por 1 (A) < Cyu(A) since ® x is increasing
If p(A) =0, then ®x(u(A)) =0 by Proposition 4.2.4 and so

por H(A) = 0 since 7 is nonsingular by Proposition 7.3.1
< Cysap(A),

ie. (7.3.15) holds with K = Cjsy1. Note that we needed the underlying measure space to be nonatomic to
ensure that there exists a B € ¥ with u(B) = Cpr41(A), i.e. to ensure that ®x(Cpr1p(A)) is defined. O

REMARK 7.3.10. The above shows that if X is a Banach function space over a nonatomic measure space
such that
Vk > 1 3M}, > 0 such that k®x (¢) < §x (M) vt >0

then X is a Banach function space of type 1 by Propositions 7.3.9 and 7.3.4 since a nonatomic measure space is

resonant by Theorem 1.3.9.

Next we show the relationship between the decreasing rearrangement of a function f € L%(u) and the
decreasing rearrangement of the image of f under a composition transformation if 7 is such that “the condition
on the measure” holds.

LEMMA 7.3.11. If there exists an M > 0 such that
por HA) < Mu(A) VAeX;
then for every f € L% (u)
(Cf)* () < f(t/M) Vi e]0,00)
PROOF. Let f € L%(u), then

po, ;N = p({reQ:[(C-f)(x)] > A})

= p({reQ:|f(r@@)]>A})
p(U{r ' {y}) iy e Q: [fy)] > A})

p(rt(U{yeQ: [fy)] > A}))

Mor_l({yeQ:’f(y)’>)\})

Mu({yeQ:|fy)| > A})

Mpg(A)

IAN Il
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Therefore (C-f)*(t) < f*(t/M) for all t > 0 by Proposition 1.3.5(11). O
The following is a similar result to the one above, but in terms of maximal functions.
LEMMA 7.3.12. If there exists an M > 0 such that

(7.3.17) por HA) < Mu(A) VAeX;

then
(CF)™(t) < f(t/M)  Vt>0, feLPQ)

ProOOF. We have by the lemma above that (C f)*(t) < f*(t/M) for all ¢t € [0, 00) and so for t € (0, 00)

(o) (t) = 1 / (C. f)* (s) ds

/fs/M

=7/ J*(u) Mdu

IN

t/M
0 /

REMARK 7.3.13. Let M > 1. Since f* > 0 and t/M < t, we have that

t/M/ w)du < / f(uw)du = M f**(t)
and hence condition (7.3.17) for M > 1 implies C, f < kf.

7.3.2. Composition operators on rearrangement invariant spaces. The strategy employed in this
section is to start by proving a general result for composition operators on arbitrary rearrangement invariant
Banach function spaces and then to determine which of the results for composition operators on specific examples
of rearrangement invariant Banach function spaces can be derived from the general result. It will often be the
case that a result in a more general setting will yield (when applied to a special case) a somewhat weaker result
than can be obtained using a direct proof in the context of the special case. In these situations elements of
the original proofs will be incorporated to obtain the desired results. Furthermore, translation operators, the
bilateral shift operator and the symmetry operator will be used to illustrate some of the main results. Based
on Proposition 1.5.5, we start by showing that if 7 induces a composition operator on an appropriate function

space, then the induced composition operator is automatically continuous.

COROLLARY 7.3.14. Let (Q,%, 1) be a measure space and 7 : Q — Q a map. If X is a Banach function
space and C; maps X into itself, then C, is bounded on X.

PROOF. Xg can be viewed as a Banach function space over R and therefore (Xg, +, -, <,

-HXR) is a Banach
lattice by Proposition 3.1.5. By Remark 1.5.6 this implies that Xg is a complete metrizable locally solid Riesz
space. Furthermore, the conjugate map is continuous with respect to the norm topology since |f| = | f| and

H |f‘ Hx = Hf||X The result thus follows by Proposition 1.5.5. O

In the case where the underlying measure space is resonant we are able to use Proposition 4.1.3, which
allows us to express the norms of Cf and f in terms of their decreasing rearrangements, or Theorem 5.2.1,

which allows us to use interpolation theory, to obtain the following general result.
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THEOREM 7.3.15. (¢f. [21, p.2112]) Let X be a rearrangement invariant Banach function space over a
resonant measure space (Q, X, u) and let 7 : Q — Q be a measurable transformation. If there exists an M > 0

such that
(7.3.18) por HA) < Mu(A) VA e Xy

then C. is a bounded composition operator on X. Conversely, if C- is a bounded composition operator on X,
then there exists a k > 0 such that

(7.3.19) Dy(por H(A) < kdx(u(A) VAex;

Furthermore,

By (por 1 (A)) por 1 (A)
e ) e = 1, -
aes, Dx(u(A)) < (|G| < max aes, p(A)

PRroOF. Let f € X. Without loss of generality it may be assumed that M > 1. By Lemma 7.3.11
(7.3.20) (C P () < (/M) VEe [0,00)

Let g € X'. Then using the above and the fact that ¢g* > 0, we obtain
[ enwron < [ ramngoa
0 0
= / fr(s)g"(Ms)M ds using s = t/M
0

< uf " P () ds,

since g* decreasing and M > 1 implies that s < Ms for all s > 0. Then, using the above and Proposition 4.1.3,

I = sup { / TCor et |l < 1}
< sw{ar [T re sl o<1
(7.3.21) = M| f||4

Since this holds for every f € X, we have that C. is a bounded composition operator on X. Furthermore,
|C-]] inf{k > 0:||C-f|| < k|| f|| Vf € X}

< inf{M >1:po7 '(A) < Mu(A) VA € X4} since (7.3.21) holds VM >1 such that (7.3.18) holds

max< 1, sup L() by Proposition 7.3.2
Aexy,  H(A)

For the converse, let C; be a bounded composition operator on X and let k£ > 0 such that

(7.3.22) IC-fll <E||flly, VfeX

Let A€ X¢. Then x, € X, since X contains all characteristic functions of sets with finite measure, and so
Cx(porH(A) =[x,k

= lExallx
kllx.llx by (7.3.22)

k®x (u(A))

IN
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In particular

IC-fllx < le-llIfllx
:>(I)X([LOT71 (A)) < ||O7-H(I)X(,U(A)) VAEEf
Dx (o (4))
= HC-,—H = W VA € Ef,o
= |lcy]| > sup Ex(por (4)

A€Xy o q)X(:u(A))

The following is an alternative proof of the sufficiency of condition (7.3.18) for the boundedness of the composition
operator using interpolation theory:

By Proposition 7.3.3, condition (7.3.18) implies that 7 is nonsingular and hence C,(L°(u)) C L°(u) by
Corollary 7.1.3. C, is therefore defined on (L' + L>°)(u) C L°(u) and takes values in L°(p). Furthermore, by
remark 7.3.13, condition (7.3.18) implies that C. f < M f for all f € (L' + L>°)(u). C. is therefore an admissible
operator for (L', L°°) by Proposition 5.2.2. By Theorem 5.2.7 X is an exact interpolation space relative to
(L', L>) and so C, is bounded by Corollary 5.2.6. O

REMARK 7.3.16. To prove the sufficiency of condition (7.3.18) for the boundedness of the composition
operator we required the resonance of the underlying measure space in order to apply Proposition 4.1.3. The

proof of the necessity of condition (7.3.19) however did not require the underlying measure space to be resonant.

REMARK 7.3.17. Recall that X' is the associate space of X. The original result (|21, Theorem 2.4|) states
that “C is a bounded composition operator on X and X’ if and only if (7.3.18) holds”. If X is a rearrangement
invariant Banach function space over a resonant measure space (2, %, u), then so is X’ by Proposition 4.1.3.
Therefore, by the theorem above, C; is a composition operator on X’ if (7.3.18) holds. If C. is a composition
operator on X and X', then by the theorem above there exist k, k" > 0 such that

Px (por ' (A) < kPx (u(A)) VA € Xy and
Oy (o (A) < Ky (u(A)  VAEy,
Therefore
Oy (por ' (A)@x (por H(A) < kK Ox (u(A)Px (u(A)  VAeX;
=por ' (A) < kku(A) VA€ X; by Theorem 4.2.5

The original result has been modified to obtain a result which is independent of the associate space.

We have defined Banach function spaces of type 1 to be those rearrangement invariant spaces such that
condition (7.3.1) holds if 7 is a measurable transformation such that condition (7.3.2) holds. We therefore have

the following corollary.

COROLLARY 7.3.18. Let X be a rearrangement invariant Banach function space of type 1 over a resonant
measure space (0,3, u) and let 7 : Q@ — Q be a measurable transformation. C; is a bounded composition operator
on X if and only if there exists an M > 0 such that

(7.3.23) potT HA) < Mu(A) VA e Xy

Next we consider the boundedness of the composition operator C'; on specific examples of rearrangement

invariant Banach function spaces over a general o-finite measure space.

THEOREM 7.3.19. (cf. [22, p.81]) Let (2,%,u) be a o-finite measure space, T : Q — Q a measurable

transformation, w a weight function and ¢ an Orlicz function. Define T'(t) := fg w(s)ds. If there exists an



7.3. COMPOSITION OPERATORS ON REARRANGEMENT INVARIANT BANACH FUNCTION SPACES 107

M > 0 such that
(7.3.24) pot HA) < Mu(A) VA€ Xy

then C. is a bounded composition operator on the Orlicz-Lorentz space L% (). Conversely if C, is a bounded
composition operator on LY (i) then there exists a k > 0 such that

1 < k
“H(A/T(por1(A4)) = ¢~ (1/T(n(A)))
In particular, if C; is a bounded composition operator on L% (u) and ¢ satisfies the Ao-condition globally, then
there exists a k > 0 such that

(7.3.25)

VA € Ef’o

(7.3.26) D(por 1 (A) <kT'(u(A)  VAEX;

If C, is a bounded composition operator on L*™ (1), then

5~ (/DAY por (4
e <1/r<uor—1<A>>>S”CT”Sma"{l’Ai“?o W) }

ProoF. (Sufficiency): Let (7.3.24) hold. If the underlying measure space is resonant, the result follows by

Theorem 7.3.15, since L®™ (y) is a rearrangement invariant Banach function space (Example 4.1.1). Let (2,3, 1)
be a general o-finite measure space. Without loss of generality it can be assumed that M > 1 in (7.3.24) and so
by Lemma 7.3.11

(7.3.27) (CAf)*(t) < f*(t/M)  Vt>0

We therefore have that if ||f||¢w > 0, then
)
Ipw(C-f /(M| f]l,.,) = /0 <M||f|| ) C
¢, w
() (t/M)
(7.3.28) = /0 <MHfH¢w>
ar ()

_ / ¢< 1 f*(s)

0 M |[f]

(@) 1
/ (HfH ) (sM)M ds using Proposition 1.2.26, w > 0 and M > 1
0 o

S

using (7.3.27) and ¢ increasing

) w(sM)M ds using s = t/M

'LU

(7.3.29)

n(82) F*(s)
/ 0] HfH w(s)ds since w is decreasing and M > 1
0 bw

< 1 by Lemma 2.2.26

and so HC’TfH(%w = inf{A > 0: I, (C,f/N) <1} < MHfH¢,w' If HmeU =0, then f =0 and so C,f = 0 by
the linearity of C'., whence HCTfH¢ w=0< MHfH¢ » We therefore have that

yoQ
= =
Qs
— &
ININ

M|\ flly,  YFELY ()

M VM >1 such that condition (7.3.24) holds
inf {k>1:po077" (A) < ku(A) VA€ Ss0}

max {1, inf {k > 0:por™ " (A) < ku(A) VA€ Spo}}

Y
el
I

max < 1, sup L() by Proposition 7.3.2
AeEf)g /’L(A)
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We note that our proof required M > 1 in order to use the convexity of ¢ (see (1.2.7) in Proposition 1.2.26) and

apply w decreasing (see (7.3.29)).
(Necessity): Recall (Example 4.2.7) that ® 4. (t) = m If O, is bounded on L#¥ (1), then (7.3.25)

holds by Theorem 7.3.15 and Remark 7.3.16. Furthermore,

671 (1/T(u(A)
Ie=Il 2 s (o 1 ()

If (7.3.25) holds for some k > 0, then
(7.3.30) ¢ (1/T (u(4)) < ko ' (1T (ot " (A))) VAE Xy

If in addition ¢ satisfies the Ay-condition for all u > 0, then by Proposition 2.2.13 ¢ is invertible. So applying
¢ to both sides of equation (7.3.30) and using the monotonicity of ¢ we obtain

LT(u(A)) < ¢ (ko™ (1/T (no 7" (4))))
My ¢ ((;5_1 (1/T (po 1 (4)))) by Proposition 2.2.13
My/T (o™ " (A)) since ¢ is invertible

IN

and so
T (por ' (A) < ML (u(A)) VA€ ;o
O
The following is an application of the theorems above and yields a family of bounded composition operators.
THEOREM 7.3.20. [37, p.19] Let Q be a locally compact abelian topological group and let p be a Haar measure
on (Q,X) where ¥ is the family of Borel subsets of Q. Let y € Q2 and define 7, : @ — Q by
(7)) = yz

for x € Q. Then C;, is a bounded composition operator on X if X is an Orlicz-Lorentz space or X is a

rearrangement invariant Banach function space and (2, %, 1) is resonant. Furthermore HC’TH =1.

PROOF. We note first that by Theorem 1.1.2 there exists a Haar measure p on 2. Furthermore if G C €,
then

NG = {zeQ:iyzeq}
= {zeQ:zecy G} y~ ! exists since (2 is a group
(7.3.31) = ¢y @

Since  is a topological group, ¥y~ 'G is open if G is open and so
7, (G) e X VG open,
since X contains the open sets. 7, is therefore measurable. We also have that if G € ¥, then

por, H(G) = p(y'G) by (7.3.31)

(7.3.32) = u(G) since p is a Haar measure

C is therefore a bounded composition operator on X by Theorem 7.3.19 if X is an Orlicz-Lorentz space or by
Theorem 7.3.15 if X is a rearrangement invariant Banach function space and (2, X, i) is resonant. Furthermore,

Dy (107 1(4) wor1(A)
= v < |lC, < 1, gy v/
S =g iy S NGl s maxq s swp T

=1< ||C;| <1 by (7.332)
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O

COROLLARY 7.3.21. Let X be a rearrangement invariant Banach function space over (R,B,m). Then the

translation operators on X are bounded composition operators of norm 1.

Proor. If R is equipped with its usual topology and the operation of addition, then (R,+) is a locally
compact abelian topological group and (R, B, m) is resonant, so the mapping 7, : R — R defined by 7,(z) = z+y
induces a bounded composition operator by Theorem 7.3.20. O

Since Orlicz spaces and Lorentz spaces are special cases of Orlicz-Lorentz spaces we have the following two

corollaries to Theorem 7.3.19.

COROLLARY 7.3.22. (cf. [5, p.193]) Let 7 : Q — Q be a measurable transformation and ¢ an Orlicz function.
If there exists an M > 0 such that

(7.3.33) por HA) < Mu(A)  VAeX;

then C. is a bounded composition operator on the Orlicz space L? (). Conversely if Cy is a bounded composition
operator on L?(11) then there exists a k > 0 such that

1 < k
o=t (/por=1(4) = o7 (1/u(A))

In particular, if ¢ satisfies the Ao-condition globally, then C. is a bounded composition operator on L?(u) if and

(7.3.34) VA€ Sp0

only if (7.8.33) holds for some M > 0. In general, if C; is a composition operator on L? (i), then

¢~ (1/u(4)) por”t(A)
Ai‘é‘;m—l(l/uor—lm))<’|CT|‘§m’“‘X{1’AZ‘;€,O H(A) }

PRrROOF. If w = 1, then L»%(u) = L?(u) with equality of norms (Example 2.2.38) and so the result follows
by Theorem 7.3.19 and the fact that if w = 1, then T'(¢) = fot w(s)ds = t. Furthermore if ¢ € Ay globally and
C, is bounded on L?(u), then

P(por7'(4))
Spor " (4)

IN

M (u(A)) VAe X by (7.3.26)
Mypu(A) VAeXso since I'(t) = ¢

IN

Alternatively, we could also use the fact that if ¢ € As globally, then “the condition on the fundamental function”

implies “the condition on the measure” (see Example 7.3.6). g

COROLLARY 7.3.23. (¢f. [21, p.2111]) Let (2, %, 1) be a o-finite measure space and 7 : Q@ — Q a measurable
transformation. C; is a bounded composition operator on LP%(u) (1 < ¢ < p < o0) if and only if there exists an
M > 0 such that

(7.3.35) pot H(A) < Mu(A) VAeX;

and

1/p
p,OTil(A) 1/p
ol = AR CON B
fert = (e o) = sl

PROOF. Let ¢(t) := 7 and w(t) = t» ', then L®* (1) is an Orlicz-Lorentz space and L#® () = LP4(y)
with equality of norms by Example 2.2.28. (Sufficiency): If condition (7.3.35) is satisfied then C. is a bounded
composition operator on L% (u) by Theorem 7.3.19. We obtain a better estimate of the norm though by
considering the following direct proof: Let f € LP9(u). Then (C,f)* (t) < f*(¢t/M) for all t > 0 by Lemma
7.3.11. It follows by Proposition 2.2.3 that ||C, f|| < MY?|f||

P.q — P.q°
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Similar to the Orlicz-Lorentz case it can be shown that

|C-||” < M VM >0 such that (7.3.35) holds
sup 1° T (4)

A€S; o n(A)

= ||f7.||Oo by Proposition 7.3.3

= [

IN

(Necessity): By Theorem 7.3.15 and Remark 7.3.16 we can find some k > 0 such that
(7.3.36) Proa(por t(A)) <k®rra(u(d)) VAN
By Example 7.3.5, this implies that
poT HA) < kPu(A) VA e Xy
- p or1(A
Since (7.3.36) holds for k = HCTH7 we have HCTH > Asetép “TAg) = HfTHoo O
f,0
Since every Lebesgue space is a special case of a Lorentz space, the previous Corollary yields

COROLLARY 7.3.24. (c¢f. [37, p.19]) Let (2, %, 1) be a o-finite measure space and 7 : Q — Q a measurable
transformation. C, is a bounded composition operator on LP(n) (1 < p < o) if and only if there exists an
M > 0 such that

(7.3.37) por HA) < Mu(A) VAeXy

Furthermore,

MOT‘l(A)>1/p 1p
c.| = B2 D) = ||
ezl = s (22 5]

PROOF. Let ¢ = p, then LP?(u) = LP(u) by Example 2.2.2 and so the result follows by Corollary 7.3.23. O

We give two examples to illustrate the results on Lorentz spaces and Orlicz spaces. These are generalizations
of results appearing in [37] for Lebesgue spaces. Recall that the bilateral shift operator and symmetry operator

are examples of composition operators (Example 7.1.5).

EXAMPLE 7.3.25. (cf. [37, p.20]) Let w := (w;);cz be a sequence of strictly positive real numbers and let
X be an Orlicz space (with ¢ € As globally) or a Lorentz L7 (1 < ¢ < p < o0) space over (Z,P(Z), ti). The

bilateral shift operator C;, is a bounded composition operator on X if and only if
(7338) 3b > 0 such that Wwitr < bw; Vi € Z

Proor. If C;, is bounded on X, then there exists, by Corollary 7.3.22 or Corollary 7.3.23 an M > 0 such
that
po(my H(A) < Mpy(A) VYA€ P(Z)go

In particular, if i € Z and A = {i}, then
frw(ry H({3})) M p ({i})
= pw({i +1}) My ({i})

= w41 < Muw; Vi € 7Z since i was arbitrary

IN

IN
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Conversely if (7.3.38) holds and A € P(Z), then
[y © Tb_l(A) = Xow;
ier, '(A)

i€(A+1)

o igAwiH
< AEAbwi since (7.3.38) holds
1€
icA
= buw(4)
Since A € P(Z) was arbitrary, we have C,, bounded on X by Corollary 7.3.22 or 7.3.23. O

COROLLARY 7.3.26. The bilateral shift operator is bounded on X (Z,P(Z),u.) where u. is the counting

measure.

Next we characterize the weighted sequence spaces on which the symmetry operators are bounded compo-
wW—4
wi; °

sition operators. Let a := («;);ez where «; :=

EXAMPLE 7.3.27. (cf. [37, p.20]) Let X be as in Example 7.3.25. The symmetry operator C._ is bounded
on X if and only if & € L (puy)-

PRrOOF. If C,, is bounded on X, then by Corollary 7.3.18 there exists an M > 0 such that
poo (7571 (A)) € Mp(A) - YA€ P(Z)so

In particular

po(ry ({i}) < Mp({i})  VieZ
= p({=i}) < Mp({i}) VieZ
=w_; < Muw; VieZ
sl < M viez
:>1d € L)

po(r N (A) = Y w

i€A
ZHanwi since o € L™ (1)
i€A
leel] D _wi
€A
o] o110 (A)

Since this holds for all A € P(Z), C;, is bounded on X by Corollary 7.3.18. O

IN

COROLLARY 7.3.28. The symmetry operator is bounded on X (Z,P(Z), tic)-
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Finally, we characterize the bounded composition operators on L*(x). Even though condition (7.3.37) is
sufficient to induce a bounded composition operator on L (y), using Corollary 7.3.22 and L?(u) = L (u), with
equality of norms (Example 2.2.19), if

0 0<t<l1
o(t) =

oo t>1

a stronger result can be obtained using a direct proof for the L>°(u) case.

THEOREM 7.3.29. (cf. |37, p.18|) Let (2, X, 1) be a o-finite measure space and 7 : & — Q a measurable
transformation. C; is a bounded composition operator on L>(u) if and only if 7 is nonsingular. Furthermore,

|Cz|| =1 if C- is a bounded composition operator on L>(p).

PRrROOF. (Sufficiency): Let f € L°(u). Then there exists an A € ¥ such that u(A4) = 0 and |f(z)] <
HfHoo < oo for all z € A¢. Therefore

[(C-f)(2)] [fr@)] < [Ifll,  Veer H(A)=(r"1(4)°

= ||C’Tf||OO < HfHoo since 7 mnonsingular implies that po 77" (A) =0,

and so HCTH < 1since f € L*°(u) was arbitrary. Let f(z) = 1for all z € Q, then f € L>(u) and |(CTf)(;v)| =1
for all z € Q. So HCTfHoo =1= ||f||oo and hence ||C’TH > 1.

(Necessity): If 7 is not nonsingular then C; is not well-defined by Proposition 7.1.2 and hence not a bounded
composition operator. O

7.4. Composition operators between LP(u;) and L%(us)

The focus thus far has been on composition operators which map a function space into itself. In the
present section we turn our attention to composition operators acting between two distinct Lebesgue spaces
over potentially different measure spaces. More specifically, let (21,31, 1) and (Qa, Xo, pi2) be o-finite measure
spaces and let 7 : Q9 — Q1 be a nonsingular measurable transformation. We investigate the conditions on the
symbol function 7 such that C-(L”(u1)) C L(uz), where 1 < p,q < 0.

Recall Corollary 1.2.16. There exists a locally integrable nonnegative function f, € L%(u;) such that

or YAy = [ f.d VA e (2
pao ' (4) = [ frdu e (%),

It was shown in Section 6.1 that 7 induces a bounded composition operator from LP(uy) into L9(u2) if and
only if f; induces a bounded multiplication operator from LP (1) into L9(uy). It follows that the necessary and
sufficient conditions for a function 7 € L°(x) to induce a bounded multiplication operator M, from LP(u;) into
L%(uy), obtained in Section 6.1, will be used extensively. We treat the two cases ¢ < p and p < ¢ separately and
provide conditions in terms of f,, the relationship between s o 77! and p;, and the quantities Q,(A) and I,
to be defined below. Lastly, the difficulties of trying to generalize the methods employed in this section to more
general Banach function spaces will be explored briefly.
For any A € ¥, define Q-(A) as follows:

Q-(A):=inf{b>0:ppo7 Y (B) <bu(B): BC A,Be ¥}

LEMMA 7.4.1. [39, p.331] For any A € £1, Q-(A) = ess supf,(z).
T€EA
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PrOOF. Let B € ¥ such that B C A, then

ot Y(B) = - d
H2 (B) /Bf M1

(ess supr(x)) pi(B
z€EB

< (ess supﬂ(ﬂf)) 1 (B)
T€EA
Since this holds for any B € 3; such that B C A, we have Q,(A) < ess supfr(m). If Q-(A) = oo, then

IN

clearly ess supfr(z) < Q,(A). Let Q-(A) < oo and assume that Q,(A) < ess supr( ). This implies that
€A

€A
w ({x e A fr(x) > Q-(A)}) > 0 and therefore by Proposition 1.2.1 there exists an € > 0 such that p; (B) > 0,
where B = {z € Q; : fr(x) > Q-(A) + ¢} N A. Since B is the intersection of two measurable sets we have that
B € ¥, and clearly B C A. Let n € NT such that 1 — < ¢, then

<QT(A) + ;) w(B) > ot }(B) by definition of Q,(A)

M2
= / frd

> (Q-(A)+ ) m(B)
This is a contradiction since - < ¢ and therefore Q,(A) > ess sup f-(z). O
€A

Let 1 < ¢ < p < oo and let r be such that %Jr%:a. Define
I; :=inf ZQ D (A;) (A;)52; is a partition of 4

LEMMA 7.4.2. [39, p.332] 'le f:/q dp =1,

PRrOOF. Let (F;)72; be a partition of ;. Then

(o

iy = Z/ fr/ dp
j=1"F;

IN

oo /r./q
Z (ess supr(x)> p(Fy)

j=1 €l

(QT(Fj))r/q w(Fy) by Lemma 7.4.1

Il
.Mg

Jj=1

Since this holds for every partition of €5, we obtain
/ frledp <1,
Q1

For the reverse inequality, let « > 1 and for m € Z let G,, := {z € Q; : a™! < f:/q(ac) < a™}. Let
Fy={zeQ : f/%) =0} and for n > 2, define

G2 n even

G(,n+3)/2 n odd

F, =
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Then (F,,)5%, is a partition of Q; since f; is nonnegative. Furthermore,

I < Y (Q-(Fu)""u(F,) by definition of I,
n=1
o] r/q
= Z (ess sup f-( )) w(Fy) by Lemma 7.4.1
n—1 zcF,
> r/q
= Z (ess Supf‘r(x)) M(Gm)
M——o0 z€Gm
< Z o™ u(G) by definition of G,
= « ( Z am_lu(Gm)>
m=—o0
o
< « ( Z / fria du) since a™~! < fr/4(z) Yo € Gy,
m=—oo” Gm
= « (Z/ fr/a d#)
n=1 Fr
— af frlrdu
Q1
Since this holds for all o > 1, we have that I, < le f:/q dp. O

We are now in a position to characterize those transformations 7 : 2o — 2 which induce bounded compo-

sition operators from LP(uq) into L7(us). We start with the case ¢ < p.

THEOREM 7.4.3. [39, p.331] Let 1 < ¢ < p < oo and let r be such that % + % = %. Ifm: Q9 — Q isa

nonsingular measurable transformation, then the following are equivalent:

(1) 7 induces a bounded composition operator from LP(u1) into L(u9),
(2) fr € L/9(11) and
(3) there exists a partition (A;)%2, of 1 such that

Jj=1
D Qr(A))pi(4y) < oo
j=1

Moreover, if any of these assertions hold, then

ICAF = 147y = 127

Lm(p1)

PrOOF. 1) < 2): By Corollary 6.1.2, 1) holds if and only if le/ % induces a bounded multiplication operator
from LP(u) into L(py) and

(7.4.1) 1Cx| = ([ M /6|

By Theorem 6.1.4, le/q induces a bounded multiplication operator from LP(uq) into L%(uq) if and only if
1/q r : :
€ L"(u) and in this case

(7.4.2) 1M a0 ]| = || £1]

L™ (p1)
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But
1 r 1/r
(7.43) P A B
1/q
- ||ff| Lr/a(py)
So fHhe Lr(p) < fr € L/9(uy).
2) < 3):
fre L (m) & Frdpy < oo

(951
& <o by Lemma 7.4.2

< 3) holds by definition of I,
It follows that if any of these hold then C; is a bounded composition operator from LP(u;) into L9(uz2) and

1
(R o
= I by (7.4.3) and Lemma 7.4.2

Ic-|

by (7.4.1) and (7.4.2)

If p < ¢, we have the following result.

THEOREM 7.44. [39, p.332] Let 1 < p < g < oo and let 7 : Qo2 — Q1 be a nonsingular measurable
transformation. The following are equivalent:

(1) 7 induces a bounded composition operator from LP(uq) into L(us),

(2) fr(z) =0 for pi-a.e. x € (1), and sup T{Z% < o0, where (1), is the nonatomic part of Q and
neNt X

(An)$2, are the atoms of {1

(8) p2 o771 ((€1),.) = 0 and there exists a b > 0 such that
(2077 (An))" <b(u(A,)?  YneNT

Moreover, if any of these assertions hold then

fr(An)?

rq
HCT” - nsg§+ul(14n)q—p

= inf{b>0: (uz0 T_l(An))p <b(u1(A,))?* Vn e NT}

Proor. 1) & 2) : As before, 1) holds if and only if le/q induces a bounded multiplication operator from
LP(uy) into L9(py) and

(7.4.4) 1Cx | = ([ M /6|

By Theorem 6.1.6 le/ ? induces a bounded multiplication operator from LP(u;) into L?(py) if and only if

(7.4.5) frl/q(x) =0 w-ae. z € (), and
( ) nbeul\llOJr i) 00 where - + 5 =~
But

pa

‘r A s/q s
(7.4.6) holds < (sup %) < oo  since % >0
neNt 1\An
fr(An)P . pg
=4 nSéng < 0 since ? =q—p
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Furthermore,
[Co[[™ = [[M ][ by Corollary 6.1.2
1/Q(A) pa
= sup ———~ by Theorem 6.1.6
<nel\ll)+M1(An)1/s> '
T An P
g L)

nen+ H1(Ay )17
2)  3): fr(x) =0 p-ae. € (), if and only if
p2or H((Q1),) = / frdur =0 since f; >0
(1),

Furthermore, since

proT H(An) = /An Jrdu
= fr(An)pm(4yn),
we have for each n € N*
(AP (fr(An)m(An))
Ml(An>q_p Nl(An)
_ (2ot 1(An))p 79,
Ml(An)q . "

Let C={b>0: (u2o7 1 (A,))" <b(ui(4,))? ¥n e N*} If B :=inf{b € C'} < o0, then C #  and so for any
beC

b

Y

Qp Vn € N+
=b > supa, =«
= (> «
Furthermore, if a < oo, then a € C' and so 8 < «. It follows that
Foldn o
— 7 —inf{b>0: An <b AanEN+
et i (Ayap — {p>0: (n2077(4n))" < b (11 (4n)" ¥ }

Therefore condition 2) is equivalent to condition 3) and

rq fT(An)p
=" = et fi1(An)T7

= inf{b>0: (u2o7  (4,))" <b(ui(An))? ¥n e NT}
U

A natural question to ask is whether this method can be generalized to other Banach function spaces. More
precisely, can this method be used to determine the necessary and sufficient conditions on a map 7 : Qo — Q3
such that C, is a bounded composition operator from X (21,31, 1) into Y (Qo, X, o) where X and Y are
Banach function spaces over (21,31, p1) and (2, 3o, u2) respectively? The strategy employed for the Lebesgue
spaces depended fundamentally on the following:

e 7 induces a bounded composition operator from LP(uq) into L%(us) if and only if f; induces a bounded
multiplication operator from LP(uq) into L%(uq), and
e the conditions such that a function = € L°(y;) induces a bounded multiplication operator from LP (1)

into L?(uq) can be determined.
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The first result depended on the fact that

HCTfHLq(,Q) = HM l/quLq(M) Vf e LP(u)

which was shown by direct calculation and application of Theorem 1.2.18. Since the multiplicativity of the
function H was used and Orlicz functions and decreasing rearrangements, for example, do not possess this
property, it is not clear how this might be generalized to other Banach function spaces. The second difficulty is
that even if a more general form of 1) could be obtained, it is not clear how one could determine the conditions
on a function 7 € L%(u1) such that 7 induces a bounded multiplication operator from a Banach function space

X into a different Banach function space Y if X and Y are not Lebesgue spaces.

7.5. Composition operators induced by rational functions on (R, B,m)

Recall that (R,B,m) denotes the set of real numbers equipped with the Lebesgue measure on the Borel
subsets of R. Throughout this section X will denote a Banach function space of type 1 over (R,B,m). As
examples of composition operators, we will characterize those rational functions 7 : R — R which induce
bounded composition operators on Banach function spaces of type 1 over (R, B,m). This is a generalization of
results presented in [35] for LP-spaces, since all LP-spaces are Banach function spaces of type 1 (Example 7.3.8).

The following assumptions will be made:

(1) 7 = ¢/v where ¢ and v are polynomials with real coeflicients.

(2) ¢ and v have no common real zeros

(3) The coefficients of the leading terms of ¢ and ¢ have magnitude equal to 1

(4) deg v > 1
It will be shown that a rational function induces a bounded composition operator on a Banach function space
of type 1 over (R, B,m) if and only if the degree of the polynomial ¢ is strictly greater than the degree of the
polynomial ¢ and 7' is nonzero whenever it exists. The process to be followed is first to characterize those
monotone functions and polynomials with real coefficients which induce bounded composition operators. These
results, the properties of rational functions listed in Subsection 1.2.2 and the Radon-Nikodym derivative induced
by a rational function (Lemma 1.2.24) will then be used to deduce the main result. At various junctures the
specific results for LP-spaces will be mentioned and for these special cases of the more general theory, estimates
of the norm of C.. will be given in terms of 1/7’.

A rational function is continuous in a neighbourhood of every point where its derivative exists. We first

show that a necessary condition for a rational function to induce a bounded composition operator is that the

derivative of the rational function must be nonzero wherever it exists.

THEOREM 7.5.1. [35, p.330] Let 7 : R — R be a measurable function which is continuous in a neighbourhood
of every point where its derivative exists. Then C, is a bounded composition operator on X only if 7/, the

derivative of T, is nonzero whenever it exists.

ProoOF. Since X is a Banach function space of type 1 and (R, B,m) is resonant, the boundedness of C, on
X implies (see Corollary 7.3.18) that there exists some M > 0 such that

(7.5.1) m(t7HA)) < Mm(A) VA€ By

Let ag be a point of R where 7’ exists. By assumption it is possible to find a neighbourhood N of ag such
that 7 is continuous on N. Since N is a neighbourhood of ag we can find an € > 0 such that B(ag,e) C N
and so A; := [ag,a0 + §] C N. 7 is continuous on N and hence on A;. This implies that 7, defined by
T(z) = }T(ac) - T(a0)|, is continuous on A; and hence attains its maximum relative to A; at a point a; € A;.

Clearly |7(a1) — 7(ao)| is also the maximum with respect to the interval [ag, a1]. Since 7(ag) =0 < 7(x) for all
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x € Ay, it follows that a; can be chosen such that ap < a;. Let Ay = [ag, a1 — “5*¢]. By the same arguments

as used above we can find an ay € As such that ag < as < a1 and 7 has a maximum with respect to the interval

[ao, as] at as. Let Az = [ag, az — “*5*¢]. Continuing in this fashion, we obtain a sequence (a,)s%; such that
(1) QA \L ao
(2) 7 has a maximum with respect to the interval [ag, a,] at a, and so |7(2) — 7(a)| < |7(an) — 7(ao)| for

all z € [ag, ay)

Let
Aa, = a,—aop,
Ar, = 7(an)—7(ap) and
E, = [r(a)— |A7—n|,r(ao) + |A7—n|].

Since 7 has a maximum with respect to the interval [ag, a,] at © = a, Vn € N*, we have

7([ag,an]) C E, VneN?t
= [ag,an] < THE,) Vn € N*
(7.5.2) = Aa, =m([ag,a,]) < m(r7'(En)) Vn € Nt
= ‘ATnVA(ln =1 m(E,)/Aa,
1
> indﬂh)ﬂn(T_%E%)) by (7.5.2)
1
> — 0.
> g7 by (15
and so
T(an) — 7(ao) ATy, 1 n
Am) AU >
ap — Qg ‘Aan - 2M vmeN
1
!/
>
= ’T (a0)| =i >0

Next we characterize those monotone functions which induce bounded composition operators.

THEOREM 7.5.2. [35, p.330] Let 7 : R — R be a monotone function. Then C. is a bounded composition

operator on X if and only if 1/7" is essentially bounded.

ProOOF. (Necessity): Let C; be bounded on X. Then since X is a Banach function space of type 1, there
exists, by Corollary 7.3.18, an M > 0 such that

(7.5.3) m(t7HA)) < Mm(A) VA€ By
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We first consider the case where 7 is increasing. Let z,y € R with < y. 7 increasing implies that 7(z) <

7(s) < 7(y) for all s in [z,y] and so

[z, 9] TN ([7 (), T(y)])
= m([z,y]) < m (7 ([7(2), 7))
(7.5.4) < Mm([r(z), 7(y)]) by (7.5.3)
=y—z < M(r(y) —7(z))
T(y) = 7(2) 1
METEr I
=7'(z) > % if it exists
(7.5.5) T/gl') M whenever 7'(z) exists

By Corollary 1.2.12 7’ exists m-a.e. and so ||1/T’||OO < M by (7.5.5). It can similarly be shown that if 7 is
decreasing then ||1/7/|| _ < M.

Conversely, suppose that 1/7’ is essentially bounded and consider the case where 7 is increasing, i.e. 7/ > 0.
Let A=[c,d) CR, f=inf{x e R:7(x) > ¢} and v =sup{z € R: 7(z) < d}.

We show that 8 < v and 771(A4) C [B,7]: Assume 3 > v and let z € R such that 8 > z > v, then by the
definition of 8 and v and using the fact that 7 is increasing, we have ¢ > 7(z) > d, which is a contradiction since
¢ < d. To show that 771(A4) C [B,7], we note

zet HA) = c<7(2)<d
= ze{rxeR: flx)>ctn{reR: f(z) <d}

= pB<z<y

By Lemma 1.2.11 there exists a left continuous function f : [3,7] — R such that {z € [8,7] : f(z) # 7(x)}
is at most countable, f’ exists m-a.e. and

ﬂm—ﬂm=AUWMHw@> z € (B,

where s is increasing and s'(z) = 0 m-a.e. = € [3,7]. 1/7’ essentially bounded implies that there exists a k > 0
such that

|1/7"(@)| <k m-a.e. x € [5,7]
=1/7'(z) <k m-a.e. z € [3,7], since 7 increasing implies 7" positive
1
(7.5.6) = f'(z) > Z m-a.e. x € [3,7]

since f'(z) = 7'(x) m-a.e. x € [3,7] by Lemma 1.2.11. Let x,y € [3,~] such that z < y and let

Nz w’d
fula) Af@)t
ful@) = s(@)+
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Then f = f, + fs where f, is absolutely continuous by Theorem 1.2.10 and f’ = f! m-a.e. since f. =0 m-a.e.
So

(fa+fs)(y)_(fa+fs)(x)
() z) + (s(y) — s(z))

x) since s is increasing

fly) = f(=)

ul
ul
/fadt
:/f £ dt
>

—x)/k by (7.5.6)
(7.5.7) =y—z < k(f(y) - [(2))

We show that m (77!(A)) < km(A): Noting that 77'(A) C [8,7] and f(z) = 7(z) m-a.e. x € [3,7], we have

Y

(7.5.8) m(f1(4) = m(r7'(4))
(7.5.9) < m([8,7]) by ii) and the monotonicity of m

It follows that m (f~'(A)) = 0if 8 =~. If 3 # v, then Ve > 0 such that 2¢ < y— 3 we have 8 < f+e < y—e <7y

and therefore
(7.5.10) c<f(B+e) < fly—e€) <d
by the definition of 3 and + and the monotonicity of f. It follows that 3 +¢,v — e € f~1(A) and so

Yy=B8-2 = (y—¢ —(B+¢)

< k(f(y—e - f(B+e) by (757)

< k(d—c) by (7.5.10)
(7.5.11) = km(A)
Therefore,

m(r1(4)) = m(f1(4))
(7.5.12) < m([B,7]) as before
= -0
(7.5.13) < km(A) by (7.5.11) and letting e — 0
For n € N* define
By, = [n—1,n)
Bgn_l = [777,, —n + 1),

and let F,, := {gl[ai, b;) : a;,b; € B,, N € Nt}. We show that F,, is aring and (7.5.13) holds for all E € M(F,),
the monotone cllgmss generated by JF, for each n.

i) F, is a ring: Since the union of two non-disjoint intervals of the form [a, ) yields another interval of the
same form it follows that EU F € F, for all E, F € F,,. Similarly E N F,B,\E € F,, for all E,F € F,,. The
algebraic ring properties of (F,,,U,N) follow since F,, is a subfamily of P(R).
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N
ii) (7.5.13) holds for all E € F,, : E can be written in the form Y [a;, b;) where the intervals are disjoint.

Therefore,

= Zm (77 ([ai, b)) since the intervals are disjoint

IN

N
ka([ai, bi)) by (7.5.13)

N

=1

N
= km (_Ul[ai, bl)) since the intervals are disjoint

1=

Let G,, be the family of all subsets of B,, for which (7.5.13) holds.
iii) G, is a monotone class: Let (En)%_, be an increasing sequence of sets in G,,. By Theorem 1.1.3

m(EN) — m(NOQlEN) and

-1 —-1(
m (T (EN)) - m (T (NLilEN)>
Since these limits exist and m (77 (En)) < km(Ey) for all N € NT, we have that

m (7-_1 (NOQlEN)) = lim m (T—l(EN)) < lim km(EN) = km (NOL;EN)

N—oco ~ N—oco
and so N(EJolEN € Gp. Similarly, if (En)%_; is a decreasing sequence of sets in G,,, then, using the fact that

E;, C B,, and hence that m(F;) < 1 < oo, we obtain NoriEN € G,. We have therefore shown that G, is a

monotone class containing F,, (and thus M(F,,), the monotone class generated by F,,), i.e. (7.5.13) holds for
all E € M(F,).
By Theorem 1.1.13 M(F,,) = S(F,,), the o-ring generated by F,,. Let

./.'ZL = {[a“bi) : ai,bi S Bn},

then clearly ), C F, and so S(F),) C S(F,). By Remark 1.1.14 S(F}) is the family of all Borel subsets of B,
and therefore (7.5.13) holds for all Borel subsets of B,,. Let C be a Borel subset of the real line. Let n € N,
then C' N B, is a Borel subset of B,, and so (7.5.13) holds for C' N B,,. Therefore

m(r7'(C)) = m (7—1 (:szlC N Bn>> since n§1 B,=R
= m (nLilT_l(C N Bn)>
= Y m(r7(CNB)) since (CNB,)N(CNB,)=0ifn#p
n=1

(o)
< ka(C N B,) since (7.5.13) holds for each n

n=1
= km(oleCﬂBn> since (CNB,)N(CNBy)=0ifn#p
= km(C)

C; is therefore a bounded composition operator on X by Theorem 7.3.15. (]
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REMARK 7.5.3. If the conditions of the above theorem are satisfied for the case X = LP(m), then HC’THP =
|1/7'|| .. This follows since we have shown that ||1/7'||_ < M for all M > 0 such that (7.5.3) holds. In
particular, (7.5.3) holds for M = HCTHP and so Hl/T/HOO < HC’THp. It has also been shown that if 1/7/ < k
m-a.e., then m(771(A)) < km(A) for all A € B and so

, - (meria)
/7 = AZB‘;U( () )

= |c:|]f by Corollary (7.3.24)

The polynomials on R which induce bounded composition operators on Banach function spaces of type 1 can be

characterized as follows:

THEOREM 7.5.4. [35, p.331] Let 7 : R — R be a polynomial with real coefficients. Then C; is a bounded
composition operator on X if and only if 7'(x) # 0 for all x € R.

Proor. (Sufficiency): Let T be a polynomial such that 7'(x) # 0 for all z € R. Since 7 is a polynomial, so
is 7/ and hence 7’ is continuous. Combining these two facts we have 7/ > 0 or 7/ < 0, i.e. 7 is monotone. Next

it will be shown that 1/7’ is bounded. Since 7’ is a polynomial we have that either
1/7(x) — Oas|z| =00 or
1/7'(x) = k if 77 is constant
We can therefore find an M > 0 and a ¢t > 0 such that
lz| >t = |[1/7@)| <M

Furthermore, 7/(z) # 0 for all x € R and the continuity of 7" implies that 1/7’ is continuous and so bounded on
[—t,t]. 1/7" is therefore bounded for all 2 € R. By Theorem 7.5.2 C. is a bounded composition operator on X.

(Necessity): 7 exists for all z € R since 7 is a polynomial. Furthermore 7 is continuous for all € R and so
7/(x) # 0 for all x € R by Theorem 7.5.1. O

REMARK 7.5.5. If the conditions of the above theorem are satisfied for the case X = LP(m), then HC’THP =
/7] -

Finally we characterize those rational functions which induce bounded composition operators on X. We

start by elucidating two necessary conditions.

THEOREM 7.5.6. [35, p.332] If C; is a composition operator induced by a rational function T = ¢/, then
degop >deg).

PRrROOF. The contrapositive will be shown. Let deg ¢ < deg. Then
|7(z)] = Las |z| 00 if degep=deg
"T(.’E)| — 0 as |x| — o0 if deg¢p < deg
In either case, we can find an M > 0 and a ¢ > 0 such that |7(z)| < M for all # > ¢. Let A = [t,00). Then
T(x) € [-M,M] Vee A
=A c 7 Y[-M,M))
=00 =m(4) <

:>m(T_1([—M,M]))

m (171 ([-M, M])) since m is monotone
20M Vb >0
bm([—M, M])

V
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Since X is a Banach function space of type 1 this implies that the following condition does not hold
3k > 0 such that ®x (m (r7(A4))) < k®x (m(A)) VA € By
and so C; is not a bounded composition operator on X by Theorem 7.3.15. (]

THEOREM 7.5.7. [35, p.332] Let 7 be a rational function. If T induces a bounded composition operator on

X, then 7 has at least one real zero.

PROOF. The contrapositive will be shown. Let 7 be a rational function without any real zeros. By Theorem
7.5.6 if deg ¢ < deg ¥ then C; is not bounded. Let deg ¢ > deg . Then

(7.5.14) !T((E)| — 00 as |m} — 00

We consider the cases 7 continuous and 7 not continuous separately.
7 continuous: 7(x) # 0 for all z € R implies that 7 > 0 or 7 < 0. If 7 is strictly positive for all z € R, then
there exists a tg € [—1, 1] such that

T(x) < 7(to) = M Vo e [-1,1]
since 7 is continuous. By (7.5.14) there exist ¢; < —1 and t2 > 1 such that
T(t;) > M + 2 fori=1,2.

By the Intermediate Value Theorem we can find x; € (¢1,%9), 2 € (fo,t2) such that 7(x;) = M + 1 for i = 1,2.
By Rolle’s Theorem there exists an xg € [r1,x2] such that 7/(x9) = 0 and so by Theorem 7.5.1 C; is not
bounded. It can similarly be shown that if 7 is negative for all x € R, then C’ is not bounded.

7 not continuous: This implies that 7 has at least one real pole. Let ¢ty be the largest real pole of 7, then 7

is continuous on (tg, 00) and

I7(z)] » 00 as o0,
|7(x)| 200 as a1t

A similar argument to the one used above for the interval (—oo, c0) can be used for the interval (¢, c0) to obtain
an xg such that 7/(z¢) = 0 and hence show that C; is not bounded. O

COROLLARY 7.5.8. [35, p.332] Let 7 be a continuous rational function. If the composition operator induced

by T is bounded on X, then T has one and only one zero.

PRrROOF. Theorem 7.5.7 showed that if C.- is bounded on X, then 7 has at least one real zero. Assume that 7
has more than one real zero and let 1 and x5 be two such zeros. Then 7(x1) = 7(z2) and so by Rolle’s Theorem
there exists an xg such that 7/(z¢) = 0. C; is therefore not continuous by Theorem 7.5.1. O

We state and prove the main result of this section, namely the characterization of those rational functions

which induce bounded composition operators on Banach function spaces of type 1 over (R, B, m).

THEOREM 7.5.9. A rational function 7 = ¢/v induces a bounded composition operator on X if and only if
dego > deg and 7' (x) # 0 for every x where it exists.

PROOF. (necessity): Let C. be a bounded composition operator on X. Then deg¢ > deg, by Theorem
7.5.6. Since 7 is continuous in a neighbourhood of every point where its derivative exists, 7/(x) # 0 whenever it
exists, by Theorem 7.5.1.

(sufficiency): We consider two cases.
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i) If 7 is continuous then 1 (x) # 0 for all x € R and so
oy P @)Y(@) — ¢a)d' ()
T (z) = >
(¥ (x))

is continuous at every x € R. Since 7/(z) # 0 for all z € R, we have that 7" > 0 or 7/ < 0 since 7’ is continuous.

Furthermore deg¢ > degt and so by Lemma 1.2.21, |7/(z)| — oo as |z| — oo or |7/(z)| = 1 as |z| — oo.
Therefore if 7/ > 0 there exists an M > 0 such that

1

2| >M = 1'(2)> 5

7' is continuous on [—M, M], so there exists an z¢ € [—M, M] such that
(z) > 7' (x0) =a >0  Vze[-M,M)|

We therefore have that |7/(z)| > min{},a} for all € R and so 2 is bounded. Furthermore, 7' > 0 implies
that 7 is monotone and so C; is a bounded composition operator on X by Theorem 7.5.2. It can similarly be
shown that if 7/ < 0, then C; is a bounded composition operator on X.

ii) If 7 is discontinuous, then by Lemma 1.2.22 #(P) = #(Z) (where #(Z) denotes the number of zeros
and #(P) the number of poles of 7) and the poles and zeros occur alternately. Let x1, ..., 2, be the distinct real
zeros of ¢ arranged in increasing order. Define 7 as in Lemma 1.2.24. Then by Lemma 1.2.24

n+1 1
(7.5.15) fr@) =Y ————  maae z€R

kZ:lTIQ(Tk (2))
Let 2 < k < n. By Lemma 1.2.20 |7/(z)| — 00 as # — x. 7' is continuous on (zj_1,2%) and 7/(x) # 0 for all
x € (x_1,x)) implies that either 7/, > 0 on (zx_1,xx) or 7, < 0 on (xx—1,2x). If 77, > 0, then by Lemma 1.2.20
there exists an €, > 0 such that 2¢; < xp — xr_1 and

1
T]/C({E) > 5 Vo € (xk,l,xk,l—i—ek)u(xk —Gk,l'k)

T,’C is continuous on Ay := [xx—1 + €k, Tx — €x] and so there exists a t; € Ay such that

/

(x) > 7i(ty)=ar >0  Vre A,

%' is therefore bounded on (xg_1,xy). The case T,’C < 0 is similar. For k =1 or k =n+ 1, we use Lemma 1.2.21
k

as before to obtain an M > max{|z1|,|2,|} such that

DN | =

’33‘>M = ’T,IC(I)‘Z

Since for k = 1,n + 1 we also have |T,’§(x)’ — 00 as ¥ —> Tk, we can use a similar argument to that used for
2 < k < n to show that 2 is also bounded for k = 1,n+ 1. Let zyp = —o0 and z,,+1 = 00, then

- 1
fi= 1§rl?27}f+1 max m @ € (Th—1, ) < o0
and | f,(z)] < B m-a.e. by (7.5.15). We therefore have that || f-[| _ < 8 and
mo7 ! (A) < Bm(A) VA€ By

by Proposition 7.3.3. C. is therefore a bounded composition operator on X by Theorem 7.3.15. (]



CHAPTER 8

Compactness of composition operators

The necessary and sufficient conditions for a map 7 : 2 — € to induce a compact composition operator
on various Banach function spaces will be investigated. Of particular significance is the interplay between the
map 7 and the underlying measure space. We show first that if X is a Banach function space over a nonatomic
measure space then no composition operator is compact and subsequently focus on the necessary conditions for a
composition operator to be compact on Banach function spaces over more general measure spaces. In particular it
will be shown that for certain Orlicz-Lorentz and Orlicz spaces and all Lorentz and Lebesgue spaces, a necessary
condition is that 7 must map the underlying measure space (modulo a set of measure zero) into the purely
atomic part of the measure space. Some examples are subsequently given of compact composition operators on
Banach function spaces for which the underlying measure spaces are not purely atomic. The remainder of the
section will focus on Banach function spaces over purely atomic measure spaces.

Recall (Proposition 1.1.1) that if (2,3, u) is a o-finite measure space then € can be uniquely decomposed
as 2 = Q.U Q,, where Q. is nonatomic and €, is purely atomic. Throughout this chapter, whenever (2, %, )
is a purely atomic measure space, we will use (A4,,)22; to denote the countable set of atoms of strictly positive
measure whose union is ). Furthermore, whenever this is the case, we will define for each n € NT the quantities

an, b, and c,, where

Ap = N(An)v

_meri(A)
b, = (A and
N Dy (,uo7'71 (A,L))
o Px (1(4n))

In general it will be shown that if C; is a compact composition operator on a Banach function space X over a
purely atomic measure space (€2, 3, i), then hm 1 cp = 0. For certain Orlicz-Lorentz and Orlicz spaces and all
Lorentz and Lebesgue spaces this can be 1mpr0ved to having hrn bn = 0 as a necessary condition. Lastly, the
conditions under which lim b, = 0 is sufficient to ensure that T 1nduces a compact composition operator will

n—oo
be described.

THEOREM 8.1.1. (¢f. [21, p.2116]) Let X be a rearrangement invariant Banach function space over a o-
finite measure space (0, %, 1) and let 7 : Q@ — Q be a nonsingular measurable transformation. If (Q, %, pn) is

nonatomic, then C is not compact.

PROOF. We note that 771(Q) = Q and hence
0<u(Q)=por Q) = / frdu by Corollary 1.2.16
Q

This implies that there exists an € > 0 and an A € ¥ such that p(A) =0 > 0 and f;(z) > efor all z € A. We can
choose € such that O < e < 1. Since ) is nonatomic, there exists a pairwise disjoint sequence (E,)32; C ¥ N A

such that u(E,) = 2,1 for each n. For each n € Nt set

£ = XEn
= L
P [l

125
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Then ||f,|| =1 for all n. It will be shown that (C;(f»))5Z; does not contain a Cauchy subsequence. We first

note that since (€, 3, ) is nonatomic it is resonant by Theorem 1.3.9 and so by Corollary 4.2.6 the fundamental

function ®x is increasing and ®x (t)/t decreasing. Furthermore ®x (¢) is defined for all ¢ € [0, u(2)) by Remark

4.2.3. Since 0 < € < 1, we therefore have that

Oy (ep(En)) > Dy (u(En))
ew(En) T p(ER)

(8.1.1) Vn e N*

Let m,n € N*, m # n, then

(8.12) Xrod (B o Xo=b(Ba) | Xt (Bu)
sl = lxeallx  lIxe.llx
and
XT_l(En) XT‘I(Em)
Crfn - C‘rfm = -
” S Y P P
= B XME) | by Proposition 3.1.4(6)
ey ||X wllx
(8.1.3) > HTTT at ﬁ )Hx since |||y is a lattice norm and (8.1.2) holds
XEn || x
(I)X (/J'OT 1(En))
8.14 =
(814 @ (u(Ey)
_ 2xlUs o) U, 7~ i) by Corollary 1.2.16
= oy uE) y Corollary 1.2.
(8.1.5) > W since fr(z) > e Vr € A D E,, and ®x is increasing
X n

B (cp(En)) Jen(En)
Dx (u(En)) JeulEy)
Dx (u(En)) /1(En)
x (u(En)) en(En)

- €

by (8.1.1)

3

It follows that (C f,) does not have a Cauchy subsequence and hence that C; is not compact by Proposition
1.5.8. O

REMARK 8.1.2. This is a slight modification of the result appearing in the literature. The result in [21]

required a Banach function space which has a concave fundamental function.

Let A,B € ¥. Recall that [A] = [B] if and only if u(AAB) = 0 (see Remark 1.1.8) and that a weight

function w is regular if and only if there exists a £ > 0 such that
tw(t) <T'(t) < ktw(t) Vt € I (Remark 2.2.24)

where I = [0, u(2)] if () < 0o and I = [0,00) if p(2) = co. In the case of Orlicz-Lorentz spaces we have the
following result.

THEOREM 8.1.3. (cf. [4, p.1779], [22, p.83]) Let ¢ be an Orlicz function satisfying the Aq-condition globally.
Let 7 : Q0 — Q be a nonsingular measurable transformation and let w be a weight function which is either reqular
or bounded away from zero. If C; is a compact operator from L% (u) into itself, then for every e > 0, there
exist a finite number of atoms A, AS, ..., A5, of strictly positive finite measure and a set B. C Q. with p(Bc) =0
such that

(8.1.6) N ={xeQ: f(x)>e}= (;_le2) UB
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and therefore [Q)] = [171(Qy)] and lim b, = 0.

n—oo
PRrROOF. We show the contrapositive. If (8.1.6) does not hold for some € > 0, then either there exists a
B C Q. with u(B) > 0 such that B C N, or there exists a sequence (AS)S2; of atoms of strictly positive finite
measure such that OleAfL C N, or both. It is possible in all cases to obtain a sequence (B,)32; of pairwise
ne

disjoint measurable sets of strictly positive finite measure such that

por Y (B,) = /B frdu by Corollary 1.2.16
(8.1.7) > eu(an) Vn € Nt
For each n in NT, define
an = 1/®pew (u(Bn))
(8.1.8) = ¢ '(1/T(u(B,))) by Example 4.2.7

and f, := anX,, . Then it is easily checked that Hf"H¢ » = 1 for each n. We therefore have that (fn)S C Brsw.
Let m,n € Nt such that n # m and assume that o, < ,. Then

w(£2)
I¢7w(C‘rfn_CTfm) = /0 (b((CTfn_C‘rfm)*(t))w(t)dt

w(2)
/0 ¢ (anX[OvMOT_l(Bn)) (t) + AmX | or—1(B,)00r—1(BnUBm)) (t)) w(t) dt

by Proposition 7.2.3

por ™ (By)
/ @ (an) w(t) dt since ¢ is increasing and w > 0
0

>
€p(Bn)
> qﬁ(an)/ w(t) dt by (8.1.7) and using w > 0
0
> ¢ (67 (1/T((Bn)))) len(Br)w(en(Bn))]

using (8.1.8) for «,, and w decreasing for the integral

B, B, . . : .
= tU(Br)w(ep(Bn)) since ¢ is invertible by Proposition 2.2.13.

L(u(Bn))

If w is bounded away from zero, there exists an a > 0 such that w(t) > « for all ¢ > 0. It follows that

ep(Bn)w(ep(Br)) > ep(Byp)w(ep(Bn))
I'(u(Bn)) - (B )w(0)

S _ca
- w(0)
If w is a regular weight function then by Remark 2.2.24 | there exists a k£ > 0 such that

since w is decreasing

since w is bounded below by «

(8.1.9) () < ktw(t) Vtel

We therefore have that

eu(By)w(ep(Bn)) (B )w(ep(Bn)) .
PuBn)  © maBawBa) e G
> m since w is decreasing
Tk

It follows that if w is either regular or bounded away from zero then there exists a > 0 such that

I(ﬁ,w(c’rfn - C’rfm) > B
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Therefore ||Crfn — Crfm|| > min{1, 3} by Lemma 2.2.34 and hence (C-(f,))s, does not have a Cauchy
subsequence. Thus C is not compact by Proposition 1.5.8. We therefore have that for any ¢ > 0, N, consists
of the union of finitely many atoms and a nonatomic set of measure zero. In particular for every n € N* there
exist a finite number of atoms and a B,, C Q. with u(B,) = 0 such that

ky
Nl/n = ( UlAn) U B,

Since {z € Q. : f-(x) >0} = OleBn, it follows that

p{zeQ: fr(x) >0}) < ) u(B)
n=1
(8.1.10) =0 since u(B,) =0 Vn

We therefore have that

=
o
3
L
—~
2
o
~—
|

/ frdp by Corollary 1.2.16
Qe
=0

It follows that

@ =[ 1)
= [771(90)] U [Tﬁl(Qa)]
= [7YQ)] since o7 1 (Q.) =0

Furthermore, since po 77! (A,) = fAn frdp = fr(An)u(A,) for any atom, we have that

b /14 O T_l (An)

& p(An)
(8'1'11) = f‘r(An)
Let ¢ > 0. Since (8.1.6) holds, there exists an n. € N* such that n > n. implies A,, ¢ N¢/o and therefore
fr(An) <€/2 < e for n > ne. Using (8.1.11) it follows that ILm b, = 0. |

REMARK 8.1.4. We have imposed restrictions on the Orlicz function and the weight function which do not
form part of the original result ([4, Theorem 2.1]). Furthermore, it is claimed in [4] that the converse also holds.

As part of the proof of this assertion it is claimed that
1oV < €up(X) VA0

implies that

gr(t) <ef*(t)  VE=0
This need not be the case (consider g = x, ., and f = X, ,,). In general all that can be said is that g*(t) < f*(t/e)
for all ¢ > 0.

REMARK 8.1.5. This is a significantly weaker result than [22, Theorem 3.1]. It is claimed there that the
compactness of a composition operator on any Orlicz-Lorentz space implies that the underlying measure space
is purely atomic. The argument employed in [22] is to show that the sequence (f,)52,, as defined in the
proof above, converges weakly to the zero function and then to show that (C;f,)52; does not converge to zero
strongly. This would contradict the compactness of C; (see Proposition 1.5.9). The claim that f,, — 0 weakly

may however not be true. Consider the case ¢(t) =t and w = 1, i.e. L%%(u) = L*(n) with equality of norms.
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Then (Ll(u))* = L>(u) and @1 (t) = t. So if f, is defined as in [22, Theorem 3.1] then f, = (u(B,)) " X, -
Furthermore, letting B = OleBn we obtain x, € L™ (u), but

/Q Xodudp = (u(Ba) " u(Ba)  since fu = (u(Ba) " xo,
= 1 Yn e Nt

and so f, - 0 weakly. Furthermore, Theorems 8.1.8 and 8.1.12 exhibit compact composition operators on
rearrangement invariant spaces over measure spaces which are not purely atomic. The proof I have employed
above is a modification of the proof given in [5, Theorem 3.1] for Orlicz spaces.

If, however, X = L% (u) and X’ both have absolutely continuous norm then one can show that f, — 0
weakly as follows: X has absolutely continuous norm and therefore X* is isometrically isomorphic to X', by
Corollary 3.2.8. Therefore if ¢ € X* then ¢ = ¢, for some g € X’ where

b(f) :=/Qfgdu VieX

We note that fr,g = ||x,, H;XBng = ||xz, H)_(IXBTL 9Xp, since x, X, = X, and furthermore gy, € X’ since
g€ X' and |9XBW,’ < |g|.Theref0re

|¢g(fn)| = ‘/angXBn dﬂ'|
< / | fn9Xs, | A
Q
< anHX ||ngn x by Holder’s inequality (Theorem 3.1.13)
—- 0 since | fn|| =1L X ' has absolutely continuous norm and B,, | (

Continuing with the proof as in [22, Theorem 3.1], one obtains

¢~ (1/T(u(Bn)))
¢~ (1/T(ep(Bn)))

I am unable to show that this last quantity is bounded away from zero, unless w satisfies the same extra

|1 fullg o =

conditions as in Theorem 8.1.3.

Since L% (u) = L?(u) with equality of norms if w = 1 (Example 2.2.38), the same result holds for Orlicz
spaces where the Orlicz function satisfies the As-condition globally. Furthermore, LP9(y) = L% (u) with
equality of norms if ¢(t) = ¢ and w(t) = t» ' (Example 2.2.28). It follows by Remark 2.2.29 that Theorem
8.1.3 also holds for Lorentz spaces.

REMARK 8.1.6. In [21, Theorem 3.1] it is claimed that the compactness of the composition operator on a

Lorentz space implies that the underlying measure space is purely atomic. It uses the argument that pu(E) =0
(where E = {z € Q. : fr(z) # 0}) implies

(8.1.12) por 1(Q)=0 = /Qde“
e’ u(Qe

)

The equalities follow since p(E) = 0 implies f. = 0 p-a.e. on . and from (8.1.12) it can be deduced that

(8.1.13) >

[Q] = [r71(Q4)], as in the proof of Theorem 8.1.15. However, the inequality (8.1.13) seems to be flawed, since
E.:={x€Q.: f-(x) > e} C E (and hence u(FE,) = 0) implies that f, < €? u-a.e. on €2, and therefore

[ dedu< ouo)
Q.

It is not clear from [21] how the reverse inequality might be obtained.
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REMARK 8.1.7. Since LPP(u) = LP(u) (1 < p < oo) with equality of norms (Example 2.2.2), the above

result holds for Lebesgue spaces.

We give two sets of examples to show that the compactness of a composition operator does not necessarily

imply that the underlying measure space is purely atomic.

THEOREM 8.1.8. (cf. [36, p.314]) Let (2,%, 1) be a finite measure space with the property that the atomic
part 0, consists of finitely many atoms of finite measure. Let X be a Banach function space over (Q,3, u) and
let 7: Q — Q be a nonsingular measurable transformation. If [Q] = [771(,)], then C. is a finite rank operator

and hence compact.

PROOF. Let Ay,..., A, be the atoms of Q and let f € X. [Q] = [771(Qu)], so Q@ = 771(Q,) U A, where
w(A)=0and A C 771(Q.). So if x € Q, then either 7(x) € Q, or z € A. If 7(z) € Q,, then

(C @) = flr(x))

= f(Ax) since 7(x) € Ay, for some k
If z € A, then 7(z) = % for some Z € Q.. We therefore have that C. f(z) = Zf(Ak>X771(Ak)($) + f(@)x,
k=1

and hence [C;f] =[>] f(A’C)XT—l(Ak)]’ since p(A) = 0. It follows that B = {X 1<k < n} is a basis for
k—

r=1(Ay)
1

ran(C;) and hence that C; is a finite rank operator. We have used the fact that (2,3, ) is a finite measure
space to ensure that u(771(Ay)) < oo for each k and hence that B C X. Since C, f is a linear combination of

elements from B for each f € X, this also ensures that C(X) C X, i.e. that C; is a composition operator. [

REMARK 8.1.9. The original theorem ([36, Theorem 2.10]) is a characterization of compact operators on
L%-spaces over this particular class of measure spaces. Their claim regarding the necessary condition should
be adjusted however to include the possibility 2 = 773(Q,) U A where pu(A) = 0 and A C Q.. The theorem
as stated above is therefore a generalization of the sufficient condition to arbitrary Banach function spaces. A
generalization of the necessary condition to a particular class of Orlicz-Lorentz spaces follows from Theorem
8.1.3.

We give an example to demonstrate the theorem above.

EXAMPLE 8.1.10. (cf. [36, p.314]) Let n € N* and Q = [-n,0]U{1,2,...,n}. Let u be the Lebesgue measure
on [—n, 0] and the counting measure on {1,2,...,n}. Then  is a finite measure space with finitely many atoms
of finite measure. Let X be a rearrangement invariant Banach function space over (2, %, ) and

1 it x € [-n,0]U{n}
7(z) =
x+1 ifxe{l,2,..n—1}

7 is measurable: Let A be a measurable subset of Q. Then A = BUC, where B is a measurable subset of [—n, 0]
and C C {1,2,...,n}. Tt follows that

T HA) = T HBUTHO)
= @UTﬁl(C)
_JEnu@\{1h) -Huin} ifleC
¢-1 if1¢C

which yields a measurable set in either case. 7 is nonsingular: Let A C Q be such that p(A4) = 0, then
A =0or AC [-n,0]. In both cases we have that 771(A) = () and hence o771 (A4) = 0. Furthermore,
771({1,2,...,n}) = Q and so C., is a finite rank operator on X by Theorem 8.1.8.
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REMARK 8.1.11. The original example ([36, Example 2.5]) is given for 2 = [0, 1] U {2, 3}.

The next theorem due to Singh ([36, Theorem 2.9]) demonstrates another class of o-finite measure spaces
which are not purely atomic, but over which LP-spaces (1 < p < oo0) may admit compact composition operators.

THEOREM 8.1.12. (cf. [36, p.313]) Let (Q, X, 1) be a o-finite measure space with atoms (A,)22, of finite
non-zero measure. 1If sup {u(4,) :n € NT} = oo, then LP(u) (1 < p < oo) admits a compact composition

operator.

PROOF. Let Q = Q. U, be the usual decomposition of 2. Since €2 is o-finite and (2. is nonatomic, we can
write Q. = OleBn, where B, # 0, u(B,) < 1 for each n and B, N B,,, = 0 if n # m. We define 7 : Q@ — Q
inductively. Since sup {u(A,) : n € NT} = oo, we can find a k; € NT such that

1(Ag,) > 1(pu(A1) + 1)

Let 7(A1) = Ag,. Similarly, we can find a ko > k; such that

#(Ak,) > 2(n(Az2) +1)
Let 7(A2) = Ag,. Continuing in this fashion we obtain a strictly increasing sequence of k,,’s such that
(8.1.14) u(r(An)) = u(Ap,) > n(u(An) + 1)

For each n, choose y,, € B,,. To define 7 on the nonatomic part, let

)= A € Ba\a)

Yn T =1Yn

Then 771(Q.) = ole{yn} and therefore po771 (Q.) = > pu({yn}) = 0. By Proposition 1.2.17, f, =0 p-a.e. on
n= n=1

Q. and fr(Anm) = % for every atom. Therefore, if 771(A4,,) = 0, then f.(4,,) =0. If 771(4,,) # 0, i.e.

m = k,, for some n, then 7=1(4,,) = A, U (B, \{yn}) and so

port (Anp) 1 (An U (Bp\{yn}))
w(An) + (B \{yn}) since A, N B, =0

I

< p(An)+1
1

< %/J(Akn)
1

Therefore f;(A4n) < %, where m = k,,. Let € > 0. There exists an N, € Nt such that NL < e Let M, = kn,,
then m > M, implies that f,(A,,) = 0 if m # k, for any n and f,(4,,) < N% < e if m = k,, for some n, since
(kn)S, strictly increasing and m = k,, > ky, implies that n > N.. Therefore f;(A,) — 0 and so le/p(Am) — 0.
It follows that M 1/p is compact by Corollary 6.2.3 and hence C'; is compact by Lemma 6.2.2. O

REMARK 8.1.13. This is a slight generalization of [36, Theorem 2.9], which is given for L?-spaces. Fur-
thermore, the theorem exhibits another compact composition operator C, with the property that 771(Q.) # 0

and hence illustrates that the necessary condition “[Q] = [771(€2,)]” in Theorem 8.1.3 cannot be replaced with
“0) = T_l(Qa)”.

We give an example to illustrate the theorem above.
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EXAMPLE 8.1.14. (cf. [36, p.314]) Let Q = (—o0,0] UNT and let u be the Lebesgue measure on (—oo, 0],

and

n2 if n is an even natural number

p({n}) =

1 if n is an odd natural number

For A C N*, we define u(A4) := > u({k}). If A C Q, then we can write A = B U C where B C (—o0,0]
kKEA

and C C NT. A will be called measurable if B is a Lebesgue measurable subset of (—oo, 0] and we will define
w(A) == p(B) + p(C). It is easily checked that p is a positive measure.
Let n € Nt and define
2n —n<zr<-n+1
T(r) =< n if z = n and n even
(n+1)2  if z =n and n odd

It is clear that 7=!(NT) = Q. 7 is measurable: Let A be a measurable subset of {2, then
T (4) =771(0)

for some C C NT. Since 771(C) is a countable union of subsets of the form (—n,—n + 1] and elements of N*,
it is measurable as a countable union of measurable sets. 7 is nonsingular: let A be a measurable subset such
that u(A) =0, then A =0 or A C (—00,0]. In both cases, 771(A) =) and so po 771 (A) = 0.

Furthermore 7= *({n}) = 0, if n is an odd natural number; 7=!({n}) = (5%, =%=2] U {\/n,/n — 1}, if n is
an even natural number and a square of an even number; and 77! ({n}) = (52, =%2] if n is an even number

but not a square of an even number. It follows that f.({n}) = ”OZE{IS?}) < Hdl 0 and therefore it can be

shown as in Theorem 8.1.12 that C; is compact on LP(u).

For the remainder of the section the focus will be Banach function spaces over purely atomic o-finite measure
spaces. The following is a generalization of [22, Theorem 3.1], which is originally given for Orlicz-Lorentz spaces.

THEOREM 8.1.15. (cf. [22, p.83]) Let X be a rearrangement invariant Banach function space over a purely
atomic o-finite measure space (0, %, 1) and let 7: Q — Q be a measurable nonsingular transformation. If C is

a compact composition operator on X, then lim ¢, = 0.
n—oo

ProOF. We show the contrapositive. Let ¢, - 0. Then there exists an ¢ > 0 such that for each k € NT,
there exists an ng > k with the property c,, > €. For each k € N* set
XAnk

e = S o1 (A0
Then
i = Pl
Tx (o (A,))
_ 1
T

A
|
<
>
m
Z
T
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So f € %BX for each k € NT. Let k,m € N* with k # m. Then

Xo-1(an,) Xr1(an,)
Crfi = Coful = A L
[C- = Crtmll = g orT @) ~ Tx (ot (A
— Xo—1(an,) X1 ) iti
= oo T e 1 (a, | by Proposition 3.14(6)

[
Ox (noT 1 (Ay,))
Py (u or1 (Ank))

Ox (por7t (4n))
=1

Therefore (C; fx)52, does not have a Cauchy subsequence and hence C- is not compact by Proposition 1.5.8. O

If (2,%, 1) is a purely atomic o-finite measure space which is resonant, i.e. all atoms have equal measure
(Theorem 1.3.9), then we have the following.

THEOREM 8.1.16. Let X be a rearrangement invariant Banach function space over a o-finite purely atomic
measure space (2, %, u) with atoms (A,)52, of equal measure. Let T : Q — Q be a nonsingular measurable
transformation. If C, is a compact operator from X into itself, then uo7 1 (A,) = 0 except for finitely many
n € NT.

PROOF. We show the contrapositive. Assume that there are infinitely many n € N* such that por =1 (A4,,) >
0, i.e. there exists a subsequence (A,, )%, of (4,)%2, such that po7r7'(4,,) > 0 for each k € NT. All the
atoms have equal measure; let o be the measure of an atom. Since po7=1 (4,,,) > 0, we have that 7=1(A,, ) # 0.
This implies that 77!(A,,) can be written as a union of atoms and hence o771 (A4,,) > « for each k € N*.
It follows that

Ho 7—71 (Ank) +
bp, = —— L >1 Vk € N
g N(Ank)
For each k € NT set
XAnk
Jri=
[pow!
Then ||fk|| =1 for each k and
C fk — XT—l(Ank)
[pow!

Let k,m € NT, with k # m, then

Dy (u o T_l(Ank))
(I)X (/"(Ank))

@ x (bn, p1(Any)) . 1 . .

= Sk ks since b, (A, ) = po71 ~(A,,) and 7 measurable implies

7Y An,) €%, i by, u(An,) €ranp

||C’Tfk - CTmeX > as in Theorem 8.1.1 (8.1.4)

> since by, > 1 and ®x is increasing
=1
(Crfr)72, therefore does not have a Cauchy subsequence and thus C is not compact by Proposition 1.5.8. O

REMARK 8.1.17. Since (9, X, 1) is purely atomic and all atoms have the same measure, we have that the

condition “p o771 (A,,) = 0, except for finitely many n € N7 is equivalent to lim b, — 0.
n—oo

We show that for specific Banach function spaces over more general purely atomic o-finite measure spaces,

the condition lim b, — 0 is necessary for the composition operator to be compact, provided the underlying
n—oo
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measure space is purely atomic. The desired result for Orlicz-Lorentz spaces, where the Orlicz function satisfies
the As-condition globally and the weight function is either regular or bounded away from zero, follows from
Theorem 8.1.3.

We show that a similar result can be obtained for Orlicz spaces by relaxing the condition on the Orlicz

function somewhat and placing a restriction on the underlying measure space.

THEOREM 8.1.18. [5, p. 204] Let (2, X, u) be a purely atomic o-finite measure space with atoms of measure
w(Ay) = ayn, > 0 with the additional property that liminf u(A,) = a > 0. Let ¢ be an Orlicz function with ay = 0,
by < 00 and p(by) = f < oo, where ¢ is the left derivative of ¢. If 7 : Q@ — Q is a nonsingular measurable

transformation such that C, is a compact operator from L?(p) into itself, then lim b, = 0.
n—oo

PROOF. Let
o(u) if 0 <u<by

Bu + ¢(b¢) — ﬁb(b if u> b¢

¢1(’LL) =

and

(]52(’11) =

oo ifu>by

Then by Proposition 5.1.7 L% () = (L% 11 L) (1) and |||, = max {[| ][, | f]l,, } for all f in L?(). Fur-
thermore a4, = ag = 0 and by, = oo since ¢; is finite valued. Therefore ¢, is invertible.

Let C; be a compact operator and assume that b, - 0. This implies that there exists an ¢ > 0 and
a subsequence (b, )2, such that b,, > € for every k¥ € N*. Furthermore, hnnl)io{})fM(An) = « implies that
likrrig.}fu(Ank) > o and so there exists a subsequence (A, )o—1 C (An, )32, such that u(An, ) > «/2 for all
m € NT. We can therefore assume, without loss of generality, that b, > € and a,, = u(A,) > /2 for all n € N*.
For each n € NT define

frn := min {b¢7 qbfl(l/an)} Xa,
Then

L(fa) = /Q¢(|fn(fv)|) dy

A / o1 (fn(z)) du since 0 < f,,(z) < by Vx € Q
Q

¢1 (min{bg, ¢7 ' (1/an)}) p(An)
¢1 (stl(l/an)) an,
= (1/an)ay, since ¢, is invertible

1

IN



8. COMPACTNESS OF COMPOSITION OPERATORS 135

Therefore Hf””¢ < 1 for all n € N*, by Corollary 2.2.33 (and using the fact that every Orlicz space is an

Orlicz-Lorentz space). Let By := min{by, ¢; ' (1/ax)} and let m,n € N* such that m # n, then
1oCrtn=Crt) = [ (1B, a0, =Bk, ) di

— / & (Bm) dp —|—/ & (Bn) du since 771 (A,,) N7 H(A,) =0
T (Am)

T1(AR)
= ¢1(Bnpo T (Am) + ¢1(Bp )0 T (An) since By < by Vk € N*

= min {¢1 (b¢), P1 ((bl_l(l/am)) } bmft(Ap) + min {¢1(b¢), ¢1 (d’l_l(l/an))} bnp(An)

since ¢, is increasing

min {¢1(by), 1/am} bpmam +min{¢i(by), 1/an} bpan since ¢ is invertible
min {anm,¢1(by), 1} € + min {a,¢1(by), 1} € since by, > e Vk
2e min {%¢1(b¢), 1} since ap, > a/2 Vk

v

Y

Therefore (C- f,)22, C C-(Bpe) does not have a Cauchy subsequence and hence C; is not compact, which is a

contradiction. 0

The last few results in this section show that for Orlicz spaces, where the Orlicz function satisfies the As-
condition globally, and Lorentz spaces (and hence Lebesgue spaces), the condition lim b, = 0 is both necessary
n—oo

and sufficient for a composition operator to be compact, provided the underlying measure space is purely atomic.

THEOREM 8.1.19. (c¢f. [19, p.203]) Let ¢ be an Orlicz function satisfying the As-condition globally. Let
(Q, %, 1) be a purely atomic o-finite measure space and let 7 : Q@ — Q be a nonsingular measurable transformation.

The composition operator C, is a compact operator from X = L?(u) into itself if and only if lim b, = 0.
n—oo

Proor. (Sufficiency): We show that C,(Bx) is compact by showing that every sequence in C,(Bx) has a
Cauchy subsequence. Let € > 0, (9,)%2; C C,(Bx) and for each n € NT, let f,, € Bx such that C; f,, = g,. By
Proposition 2.2.35 there exists a § > 0 such that
€
2

We wish to show that X has a predual. In order to apply Proposition 4.3.3 we require a Banach function space

(8.1.15) Is(f) <o=|flys <

over a resonant measure space. By Remark 2.2.18, X = L? (N, P(N), s1.), the weighted Orlicz sequence space
over the natural numbers equipped with counting measure, where w = (a,,)22 ;. Furthermore, by the same
Remark we have that I’ = I, and hence ||-||5’ = [|-|| ,- By Proposition 4.3.3, we therefore have that (X'), is a
predual of X. By Theorem 3.2.6, (X’), is a closed subspace of X’ and is therefore a Banach space. Furthermore
e is separable by Remark 1.1.12 and so (X'), is separable by Theorem 3.2.12. It follows, by Theorem 1.4.5,
that B((x),)» = Bx is 0(X, (X'),)-metrizable. Furthermore, by Alaoglu’s Theorem 1.4.4, Bx is o(X, (X'),)-
compact. Since Bx is o(X, (X'),)-metrizable this is equivalent to Bx being o(X, (X'),)-sequentially compact.
We can therefore find a subsequence (f,, )72, of (fn)pZ; such that f,, — f € Bx in the o(X, (X’),) topology
for some f € X . If it can be shown that for all (h,,)22, C 2Bx such that h, — 0 in the o(X, (X’),) topology
we have C;h,, — 0 in the norm topology, then it will follow that

C"rfn;C - C'rf = C‘r(fnk, - f)
— 0 in the norm topology, since f,,,f € Bx = fn, — f € 2Bx

and therefore that (g,)22, has a Cauchy subsequence. Let (h,)$2,; C 2Bx be such that h, — 0 in the
(X, (X'),) topology. Since b,, — 0 there exists an ms € NT such that

5
(8.1.16) m > mg = by, < 5
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We show that for all k € NT, h,(A;) — 0 as n — 0: For any v € (X'),, ¢, defined by

©o(u Zv w(Ay) uecX

is a linear functional on X. For each k € NT, define ¢, : NT — F by

1 n=k
0 n#k

€L (An) =

Then, since ey is a bounded function with support in a set of finite measure, e € (X'), by Proposition 4.3.3.
We therefore have that
1
hn(A = er (Pn
(40 = Pulin)ps

— Oasn— o0

since h, — 0 in the o(X, (X’),) topology. So for all £ € NT such that 1 < k < ms there exists an nsy € NT
such that

(8.1.17) n>nsp = ‘};”(Ak)‘ <¢? (5)

2m5.bkak

where we have used the fact that ¢ vanishes only at zero to ensure that ¢! ( g ) > 0. Let ng =  Jmax {nsi}
Sk<ms

and A = {7(An) : m € N*}. For n > ns we have ek
%(CJ?> - §3¢0“ﬁgﬂAwDumm
- Z‘b ( 5 (14 \) H(Ay)

< Z 0] |hn(Am)|> pot (A by letting A4,, = 7(4,)
AncA 2

= Z¢<|h2n(Am)|>,u07'l(Am) since A, ¢ A= po7 1 (A4,)=0
m=1
mes—1 h [e’s} h

- Y o1 + 3 o (15 ) bnan)
m=1 m=ms
" 5 § & h

< mz_:l ¢ <¢1 (2m§bmam)> bt (Am) + QmX;nédj( ;(Am)|) w(Am) using (8.1.17) and (8.1.16)
mes—1 5

- mZ: 2msbmam i & mzmaqﬁ ( ) i)

since ¢ € Ay = ¢ invertible (Proposition 2.2.13)

6 0 hn,
2*2%(2)

)

IN

IN

(%) <1 by Corollary 2.2.33. So by (8.1.15) we have

i
[Cohall, =2, < e Vnms

and hence C,h, — 0.
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(Necessity): Since L% (u) = L?®(u) with equality of norms if w = 1 (Proposition 2.2.38) and furthermore ¢
is invertible if ¢ satisfies the As-condition globally (Proposition2.2.13), the result follows by Theorem 8.1.3. [

We give an example to illustrate the theorem above.

EXAMPLE 8.1.20. |37, p.36] Let w > 1 and let u(A4,) = w™ for all n € N*. Furthermore, let ¢ be an Orlicz
function vanishing only at zero and satisfying the As-condition globally. If 7(n) := 2n for all n € N*, then C,
is a compact operator on L?(1).

PRrROOF. 7 is clearly measurable and nonsingular. Furthermore

pot 1(A,) 0 if n is odd
bn = =
1(An) w™™?  if nis even
—- 0 as n — 0o
and so C'; is compact by Theorem 8.1.19. O

COROLLARY 8.1.21. (cf. [37, p.35]) Let (2,3, ) be a purely atomic o-finite measure space and let 7 :  — Q
be a nonsingular measurable transformation. The composition operator C is a compact operator from X = LP(u)
(1 <p < o0) into itself if and only if lim b, = 0.

n—roo

PROOF. ¢(t) = tP is an Orlicz function satisfying the As-condition globally and in this case L?(u) = LP(u)
with equality of norms by Proposition 2.2.19 . The result therefore follows by the previous theorem. O

The result for Lorentz spaces is as follows:

THEOREM 8.1.22. (cf. [21, p.2114]) Let (Q, X, 1) be a purely atomic o-finite measure space and let T :  — 2
be a nonsingular measurable transformation. Then C; is a compact composition operator on the Lorentz space
LP9(p) (1 < g <p<o0) if and only if lim b, = 0.

n—oo

PROOF. (Necessity): Note that LP4(y) = L?% (1), with equality of norms, if ¢(t) = t4 and w(t) = t» "
(Example 2.2.28). The necessity therefore follows by Theorem 8.1.3 and Remark 2.2.29.

(Sufficiency): It will be shown that C is the limit of a sequence of finite rank operators and hence compact
by Proposition 1.5.11. Let f € LP%(u). Since f is measurable, f is constant on each atom and so using the fact
that Q = :leAn, we have that

F=Y (An)xa,
n=1

For each k € N*, let C*) be defined by
k
C‘r('k)f = Zf(An)XTqun)
n=1

Since {XT—l(A L in < k} forms a basis for ran Cﬁk), Cﬁk) is a finite rank operator for each k € N*. It will be
shown that C¥) — C. in B(LP%(u)). We note first that

1y (M) pn({zeQ:|f(x)]>A})
p (U |40 > 2))
Z w(Ay) since the A,,’s are disjoint

| F(A)]>

(8.1.18)
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If we let AW :=<Jz2eQ:| 2 FOARX )(:c)| > )\}, then y € A®) implies that y € 77!(A,,) for some
n=k+1 "

n > k and ‘f(An)| > \. Therefore

ye AW =y e U{r 1 (A,) :n>kand |f(An)| > A}

and so
”(c,-c&’”)(f)()‘) = H(A(k))
< p(U{r Y(A,) :n>kand ‘f(An)| > A})
< Yo porH(A)
n>k,| F(An)|>A
= Z bnp(An)
n>k,| F(An)|>A
< sup{b,:n >k} Z w(Ap)
n>k,| F(An)|>A
(8.1.19) < sup{b, :n>k}pr(N) by (8.1.18)

By Proposition 1.3.5(11) this implies that ((CT - C’gk)> (f)>* (t) < f*(t/Bk), where By := sup{b, : n > k}.
Therefore

I(c: =) ()]
Since this holds for all f € LP9(u), we have

b S 5;/p||prq by Proposition 2.2.3

| (C’T - Cﬁk)) | < (sup{bn:n> k})l/p
— Oask — o0 since b,, — 0

and so Cﬁk) — C;. O

REMARK 8.1.23. The claim is made in [22, Theorem 3.2] that the condition “ lim b, = 0” is sufficient
n—oo
to ensure that the composition operator is compact on Orlicz-Lorentz spaces. The argument is as follows. A

sequence (Cﬁk))zil is defined as in the theorem above. Furthermore it is shown as above that if f € L%(u), then
.U(CT_CQC))(J()(/\) < Brpr(N)

For each k € NT, an n; € NT is then chosen to ensure that Bin, > 1. It is then demonstrated that if
0 < [|£ll. < oo

(¢ =™ ()

8.1.20 Ipw | —n 2" <
(8120 S e v

and hence that
(e =9 (D)l < Brernnll 1,

The claim is then made that 5kn’foH¢ » — 0, since B — 0. This claim is false, however, since for each k € N+,
ny, was specifically chosen to ensure that Sing > 1, so (nx)32, is not a bounded sequence. Unfortunately, since

w is a decreasing function, one requires Sxny > 1 to show that (8.1.20) holds.



CHAPTER 9

Characterizations of composition operators

In this section two conditions will be investigated which can be used to determine if a linear operator on a
Banach function space is a composition operator. In general we have identified a function f with its equivalence
class [f]. For the majority of this section we wish to be more explicit and will therefore take care to distinguish
between a function and its equivalence class. Let X be a rearrangement invariant Banach function space over
a o-finite measure space (2,%, 1) and let K ={[x,]: A€ X}, K' =KnNX and [f],[g],[fg] € X. U 7:Q — Q
is a measurable transformation such that C. is a composition operator on X, then it will be demonstrated that
C;(K') c K’ (i.e. K is invariant under C;) and C,([f].[g]) = C-([f])-C-([g]) (i.e. C; is multiplicative) for any
composition operator C on X. It will be shown that under particular restrictions on the Banach function space
X and the underlying measure, a linear operator under which X’ is invariant or which is multiplicative is in fact
a (generalized) composition operator. We start by defining a generalized composition operator.

DEFINITION 9.1.1. |37, p.21] Let X be a Banach function space over a measure space (2, %, ). Let Q' € &,

7: Q' — Q a measurable transformation and [f] € X. Define the generalized composition transformation C, by

CAlf] = [Cif] where
- 7(x)) ze
G f)x) = flr(z)) e
0 z e N

If C(X) C X then C; is called the generalized composition operator induced by 7 and €.

REMARK 9.1.2. Slight modifications to the proofs of Propositions 7.1.2 and 7.1.1 show that a generalized
composition transformation is well-defined as a mapping of equivalence classes and maps (equivalence classes
of) measurable functions onto (equivalence classes of ) measurable functions if and only if 7 is a non-singular

measurable transformation. Furthermore, it is easily checked that we still have C;[x,] = [X,flw}'

The first result to be proved characterizes composition operators in terms of the invariance of K’ under the

operator.

THEOREM 9.1.3. [21, 37, p. 2112, p.23] If T is a generalized composition operator on a Banach function
space X, then K’ is invariant under T. Conversely, if X is a Banach function space with an absolutely continuous
norm over a o-finite absolute Borel space (2, %, 1) and T is a bounded linear operator on X, such that K' is

invariant under T, then T is a generalized composition operator on X.

PROOF. Let T be a generalized composition operator on X, i.e. T' = C; for some measurable transformation
7:Q — Q, where Q' € ¥. Let [x,] € K'. Then

T[XA] = CT[XA]
= [XT,1<A)} by Remark 9.1.2,

where the first equality shows that T[x,] € X, since C; is a composition operator and therefore maps X into
itself, and the second equality shows that T[x,] is a characteristic function of a measurable set, since 7 is
measurable. Therefore T'[x,] € K’ and T'(K') C K'.
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Recall (Proposition 1.1.7) that ¥/%, is a Boolean algebra. For the converse, we will first define Q and ¥’
before constructing a o-homomorphism from ¥/ to ¥’ /5. Sikorski’s Theorem (1.1.10) will then be applied

to yield the desired measurable function 7 : Q' — Q such that 7 = C,. Let A € 3¢. Then H[XA < oo by

I
definition of the Banach function norm and so [x,] € K’. By our assumption, T'[x,] = [x] for some B € ¥
such that [|[x,]|| < co. We note that if T[x,] = [x,] = [x.], then [B] = [C] by Proposition 1.1.9. This means

we can use this association to define a function ¢g : Xy — X /%, by letting

¢0(A) = [B]a where T[XA] = [XB]‘

We will use [x, ] to denote [x,]. Then T[x,]| = [x, ). We show that ¢ is a c-homomorphism. Let A,
As € Zf.
i) ¢¢ is monotone: Let Ay C As. Then
[X¢0(A2)} T[XAz]

S G E )

= T, +TXaya,] by the linearity of T'

= Wooean] T Wopeanan]

2 Dopuapl  since [y (ay0a,)1 20

= ¢o(A2) D ¢o(41) by Proposition 1.1.9

ii) ¢ preserves disjoint unions: Let A; N Az = (. Then x, ., = X4, +X,, and so

TXa,0a,]

T ([xa, ]+ xa,])
Txa, ]+ TxA,]
Xoocan] T Xogcan]

[X¢0(A1UA2)]

and therefore ¢o(A1) N ¢o(A2) = [0], since | ] < 1. This yields

X¢>0(A1UA2)

Xoocanusotan] = Kagan] + Xogan] = Kogiaruan

and therefore ¢g(A41) U ¢g(Az) = ¢po(A1 U Az) by Proposition 1.1.9.
iii) ¢o preserves finite unions: We have from i) that

d0(A1) C ¢o(A1U Ag) and
do(A2) C  ¢o(A1U Az)
So
$o(A1) U do(Az2) C ¢o(A1 U Az)
Furthermore,
Po(A1UA2) = ¢o((A1\A2) U (A2\A1) U (A1 N Az))
= ¢o(A1\A2) U dp(A2\A1) U dp(A1 N Ag) by ii)
C ¢o(A1) Ugo(A2) Udo(A1) by i)
= ¢o(A1) U go(Az)
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iv)¢o preserves intersections:

= T[Xa 4,

= T ([xa, ]+ Xay] = [Xay0a,))
= Txa, ] +Txa, = TXa,0a,]
= opapl T

[
= Wopan] + MXogian] = Dogianvsecan by iii)

[Xq&o(AlﬁAz)]

X¢0(A2)] - [X¢0(A1UA2)]

[X¢0(A1)H¢O(A2)]

Therefore ¢o(A1 N Az) = ¢o(A1) N ¢o(Asz), by Proposition 1.1.9.
v) ¢ preserves differences:

Xopcarian)] T[Xa,\a,)
= T ([xa,] = [Xarnn,))
= Txa,) = TXa 4,
= Wopan] = Wogarnan]
= Wopan] = Wogapnegan] DY V)

Xoocannsocan]
and so ¢o(A1\Az) = ¢o(A1)\¢(Az) by Proposition 1.1.9.

vi) ¢ preserves countable disjoint unions: Let (A4,)5%; C X be pairwise disjoint such that A = n(EJ_olAn € Xy.
Then [x,] € X. We note that since X is a Banach function space with absolutely continuous norm, f, T f

pointwise p-a.e. and f € X implies that f, T f in X (Proposition 3.2.1). Let f, := ZXA , then f,, T x.

pointwise u-a.e. (since n # m implies A, N A, = 0) and so f, T x,in X by the previous argument Therefore

T, = 7 (lim [£.])
= lim (T[f.]) since T is continuous
n— oo
= nll_n;o (;T[X%O since T is linear

o0
= Z Xoo(ap]
]

o0
= [l where [B]:= U go(4))
The last equality follows since

= ¢o(0) in#m
= [0]  since T[y,] = T[0] = [0] = [x,]

Hence ¢o(A) = [B] = (EJO qu(Ak) by Proposition 1.1.9. Since (2, %, ) is o-finite, we can find a sequence

()52, of pairwise disjoint measurable subsets of finite measure such that Q = U Q,. Let [2,] == ¢o(Q,) and

’

Q] = U [2,]. Then [2,] € %/%, for each n by definition of ¢y and hence [Q ] € %/%. Let &' represent the

n=1

family of measurable subsets of Q' (i.e. X' = {A NQ :Ae Z}) and ¥ := {B e> : uB) = 0}. It is easily
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checked that ¥ is a o-field and 26 is a o-ideal. Define ¢; : ¥ — ¥/%( by
91(4) = nLil%(A NQy).

Then ¢, : X — %' /% since

Go(ANQ) C ¢o(h) =[] for each n by i)
= Uoo(ane) T l0,]=10]
=61(4) = (Uao(ane,))nie]
= U (@o(anu))nie’)]
e ¥/%,

and ¢, extends ¢g since if A € ¥y then A = Otle nQ,

o0

¢1(4) = U do(ANQy)

= ¢ (ntJ:lA N Qn) by (vi)
Po(A)

(9.1.1)
¢1 is a o-homomorphism:
a) ¢1 preserves countable unions: Let (A4,)52; C ¥ and let A = OleAn, then
n—=

1(A) = mogl(bo ((:Lj A”) \ Qm)

=1

= moLzlﬁbO (7:0:1(14” N Qm))

- mfil (:L:jlqbo(An n Qm)) by vi)

= U (T so(4.n0))

n=1
oo
n=1
b) ¢ preserves intersections: Let Ay, A € X, then

91(A1n42) = U o ((A1NA2)N Q)

T o (A1 N Q20) N (A2 N1 20))

5 (60(A1 1 20) N go(42 N 2,))

(T o0(an) 0 ( T o(d2n00))
$1(A1) N 1(Az)

c) ¢1 preserves complements: This follows since A° = Q\ A, ¢ preserves difference and ¢, (Q2) = [ ].
¢1 induces a map ¢ : £/3y — E//Eg defined by

(9.1.2) o([4]) := d1(A).
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¢ is well-defined since if [A] = [B], then

= T[XAan] = T[XBrmm] Vm since [XAQO} = [XBan]
= d0(ANQn) = ¢(BNQyn)  Vm
= Oled)O(A N Qm) = Oleqi)o(B N Qm),

and therefore ¢1(A) = ¢1(B). Furthermore, it can be checked (using the properties of ¢; and similar strategies
to those used already) that ¢ is a o-homomorphism. By Sikorski’s Theorem 1.1.10 there exists a map 7 : Q=0
such that

(9-1.3) o([A]) = [r(4)]  V[A] €2/,
7 is measurable since ¢ : /% — X' /% and so 771(A) € ¥ for every A € ¥. Furthermore 7 is nonsingular:
pA) =0 = [A]=[0]

=o([4]) = &) =[]
= u(r7'(4)) = 0 since [r1(A)] = o([A])

Let C; be the generalized composition transformation induced by 7. We show that 7' = C;: If A € ¥y, then
|[x.]|| < oo and

Tlxa] = [Xyy] by definition of ¢
= ) by (9.1.0)
= [X,u,] by (9.12) and (9.1.3)

= [Crx.] by Remark 9.1.2
= C; [XA]

Therefore T and C; agree on the set of all characteristic functions of measurable sets of finite measure. By
linearity, 7" and C.- agree on the set of all simple functions. Let f € X, f = f1 + if2, where f1, fo € Xg and
fi = ff — [;, where f;,f; >0 for j = 1,2. By Theorem 1.2.4 there exists a sequence (f,)%2; of positive
simple functions such that f,, 1 f1+ pointwise p-a.e. This implies that
(9.1.4) 0<Crfn 1 Coff pointwise p-a.e.
(9.1.5) = HTan = HC’Tan 0 HCTffrH since T and C. agree on simple functions

and using Proposition 3.1.4(5)
However, since X has absolutely continuous norm, f,, 1 f;” in X by Proposition 3.2.1. It follows that T'f,, — T'f1,

in X since T is continuous and hence

(9-1.6) |7l = s since [g] — (0] < llg = Al Vo, b € X
= |7/ = |G-/ using (9.1.5), (9.1.6) and the uniqueness of limits in R

Since T(X) C X, we therefore have that C, f;” € X. Application of Proposition 3.2.1 to (9.1.4) yields C, f,, —
C.fi in X. But since Tf, — Tf;" in X and C, f,, = Tf, for each n, it follows by the uniqueness of limits in
X that C,f;" = Tf;". Tt can similarly be shown that Cyfy” = T'fy” and C.f; = Tf; for j = 1,2. Using the
linearity of T' and C, we therefore have that T'f = C, f. (]

The next result shows that composition operators can also be characterised in terms of a multiplicativity

property. For this result we will not distinguish between equivalence classes and their representatives.
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COROLLARY 9.1.4. [21, p.2111] Let T be a composition operator on a Banach function space X. Then
T(f.g) = T(f)T(g) whenever f,g,fg € X. Conversely, if X is a Banach function space with an absolutely
continuous norm over a o-finite absolute Borel space (2,3, ) and T is a bounded linear operator on X, such

that T(f.g) = T(f)T(g) whenever f,g, fg € X, then T is a generalized composition operator.

ProOF. Let f,g, fg € X and let T = C; for some measurable transformation 7 :  — 2, then

(T(f.9)(x)

Since this holds for all = € Q, we have that T'(f.g) = T(f)T(g).
For the converse, let x, € K’. Then Ty, € X since T is an operator on X. Furthermore,

Tx, = T(Xa-Xa)
= (Tx.)-(Tx.,) by assumption
= (Tx.)?
= ((Tx)(z). 1= (Tx,)(z)) = 0 VzeQ
= (Tx,)(z) = O0orl VzeQ

This means that Ty, is a characteristic function and since Tx, € X, we have Tx, € K'. It follows that
T(K') C K’ and hence T is a generalized composition operator by Theorem 9.1.3. O



CHAPTER 10

Isometries and composition operators

As an application of composition operators the link between composition operators and isometries will
be explored. We have the following theorem by Banach and Stone which represents isometries on spaces of

continuous functions as the products of unimodular functions and composition operators.

THEOREM 10.1.1. [7, p.25] Let Q1 and Qo be compact Hausdorff spaces. If T is an isometric isomorphism of
Cr(Q1) onto Cr(€s), then there is a homeomorphism T from Qs onto Q1 and a continuous unimodular function
h:Qy — T such that for each f € Cp(91),

(Tf) (@) = hz).f(r(x)) =€

We will investigate the conditions under which a similar result holds for Lebesgue spaces. First we detail
some notation to be used and present requisite information regarding regular set isomorphisms and the linear
transformations induced by them.

Let (21,21, p1) and (22, X2, 12) be measure spaces. Recall (Proposition 1.1.7) that if ¥ is a o-algebra, then
/% is a Boolean algebra, where % is the o-ideal of sets with zero measure. We will use [¥;] to represent
¥;/(Z;)o Recall further that [A] = [B] if and only if u;(AAB) = 0. We will call a sequence ([4,])52; C [X4]
pairwise disjoint if [A,] N [A,;,] = [0] whenever n # m. If [A] € [¥;] and B,C € [A], then p (BAC) = 0 and so

w1(C) = p1(B). We will abuse notation somewhat and write
wi([4]) := ui(B) for some B € [4]

We note that if (f,,)5%, U{f} € L%w;) and f, — f pointwise u;-a.e., g € [f] and g, € [f,] for each n, then
gn — g pointwise p;-a.e. This follows since f,,(x) — f(z) for all z € Q;\ A, where u;(A) =0, and f,,(z) = gn(x)
for all x € Q;\B,, where p;(B,) = 0, and f(x) = g(z) for all x € Q;\B, where y;(B) = 0. So for any
x € Q;\ ((nongn) UAU B) we have that g,(z) = f.(z) for all n and f,, — f. Furthermore since a countable
union of sets with measure zero has measure zero, it follows that g, — ¢ pointwise p;-a.e. We will therefore
write “[f,] — [f] pointwise” if f,, — f pointwise p;-a.e. If [f], [g] € L°(u), then we can define [f][g] := [fg] since
if f(z) = f(z) for all z € A° and g(z) = §(x) for all = € B, then f(z).g(x) = f(x).g(z) for all z € (AU B)".

We define the essential support of an equivalence class of functions [f] € L%(u;) as follows:
[supp [f] := [{z € Qi : g(x) # 0 for some g € [f]}]
It is easily checked that this notion is independent of the choice of g € [f].

DEFINITION 10.1.2. [25, p.461] A map 7 : [X1] — [X2] is called a regular set isomorphism if
(1) n ([ UA ]) = Otjln ([An)] for any pairwise disjoint sequence ([A,])5%; C [34]

(2) ([91\14]) 1 ([Q1]) \n ([4]) for all [A] € [£4] and
(3) n([A]) = [0] if and only if [A] = [0)].

The following properties follow from the definition of a regular set isomorphism.

PROPOSITION 10.1.3. [7, p.52] Let [A],[B] € [£1] and n : [X1] — [X2] be a regular set isomorphism. Then
(1) If [A] C [B], then n ([A]) € n([B])

145
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REMARK 10.1.4. 7 is injective (as a mapping of equivalence classes), i.e. if [A],[B] € [%1] such that
1 ([A]) = n ([B]), then [A] = [B]
7 is injective: Let n([A]) = n([B]), then

n((\A]) N a([B])

([ ])\n([4])) N n(B) since 7 is a regular set isomorphism
0] since n([A]) = n([B])
= [UW\A]N[B] = [0 by Proposition 10.1.3(4)
=[Bl < |
It can similarly be shown that [A] C [B] and hence [A] = [B].
REMARK 10.1.5. Let A € X4, then [A] € [¥1] and n([4]) € n([X1]). Define
Y7 :={B € Xy : B en([A]) for some A € ¥}
It can be shown that X7 is a o-algebra. If B € 37 and A € ¥, is such that B € n([A]), then put
pon H(B) = p(A)

p1on~t is well-defined since if A’ € 3 such that n([A]) = n([4’]), then [A] = [A'] since 7 is injective. It follows
that p1(A) = p1(A’). Tt can be shown that u; on~! is a positive measure on ¥J. We show that pq on~! is
absolutely continuous with respect to ps | X7. Let B € 33 such that us(B) = 0 and let A € ¥; such that
B € n([4]). u2(B) = 0 implies that [#] = [B] = n([A4]) and so [4] = [] by definition of a regular set isomorphism.
It follows that 0 = p1(A) := p3 on~(B).

Let n: [X1] — [S2] be a regular set isomorphism. We define a linear transformation 7, on L'(x) using 7.
We start by defining 7}, on characteristic functions. If A € ¥y, then let [x, ] := [xz], where E € n([4]), and
define T,, for [x,] € L°(u1) by

TW[XA] = [X,,([A])]

We extend T, to positive simple functions by letting
n
Tylfl = Zo‘ixmmm’
i=1

if [f] = [EaiXAi]’ with o; >0, A; € 31 and A4; ﬂAj =0Qifq = j. For [f] S Lg(ul), define
i=1

T, [f] == sup {Ty[g] : g simple, 0 < [g] < [f]}
To extend T, to LY (1), note that if [f] € LG (1), then [f] = [f*] — [f~], so put
T[f] =Ty [f 7] = T, f 7]

Finally, since [f] = [Ref] + i[Imf] if [f] € L°(u), T, can similarly be extended to all of L%(u1). The details are
omitted, but it can be checked that 7, defined in this way is well-defined and linear.

PROPOSITION 10.1.6. (cf. [7, p.52|) Let n : [£1] — [32] be a regular set isomorphism and let A € 3,. If T,
is defined as above then T, : L°(2, 31, u1) — LO(n([]), X2 N n([1]), w2 | n([$U])) is a linear transformation
having the following properties: for any [f], [g] € L°(21, %1, 1),

(1) T,[fn] = T,,[f] pointwise pa-a.e. if ([fn])5%, C LO(Q1, 31, 1) is such that [f,] — [f] pointwise
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(2) T, ([1.9]) = (Ty1f1) - (T [g])

@) Ty ([17]]) = [71A]

(4) If[f] < [g] then T, [f] < Tylg]

(5) Ty[f1-xal = [0] if [A] = n(Qu)\n([supp [£])

REMARK 10.1.7. T, is a positive operator, since T;, is linear and T),[f] < T, [g] if [f] < [g].

If 1) is a regular set isomorphism, f € L%(u2) and A € %, then us(EAF) =0 for all E, F € n(A) and so
/ Jdpz2 = / [ dpz
E F

/ fdups = / fdus for some E € n(A)
n(A) E

/gdu=/hdu
Q Q

and so we will use the notation [,[f]du := [, g dp for some g € [f].

We will therefore define

It g, h € [f] € L%(p;), then

We need one further result before proving the main result of this chapter.
LEMMA 10.1.8. [25, p.461] If [f] and [g] belong to LP(u), then

|+ 6”+ A=) < 2iAl°+2)e]” o<p<2
1A+ + =6 = 2l +2g)]” p>2

In either case, if p # 2, then equality occurs if and only if [f].[g] = 0.

REMARK 10.1.9. If p = 2 in the above Corollary, then L?(u) is a Hilbert space and so by the parallelogram
law ([3, p.8])
171+ 9 + 1111 = [9l” = 201117 + 219

for any [f], [g] € L*(1), not just for [f] and [g] such that [f].[g] = 0.

THEOREM 10.1.10. [25, p.461] [7, p.53] Let (1,31, 1) and (2, Lo, p2) be o-finite measure spaces and let
U:LP(Q21,%1,11) = LP(Q2, %0, u2) (1 < p < oo, p#2) be alinear isometry. Then there exists a regular set
isomorphism 1 : [21] — [Z2] and a function h : Qo — F such that for all [f] € LP(Q1, 31, 1)

(10.1.1) ULf] = [n]. (T, (1)
where T}, is the transformation induced by 7. Furthermore,
d(pyon~t
(10.1.2) [(h]|P dps = don™) b~ () vAen,.
d
n([A]) n([A]) H2

Conversely, if ) is a reqular set isomorphism and h : Qo — F is such that (10.1.2) holds, then the operator U
defined by (10.1.1) is a linear isometry.

PRrOOF. We first prove the sufficiency for finite measure spaces. Let p1(€1) < oo. Define a set mapping
n: [E1] = [Z2] by

n([A]) = [supp(U[x.])]
= [{r€Q:g(x)#0}]  where g € Ulx,]
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We show that 7 is a regular set isomorphism. 7 preserves finite disjoint union: Let [A],[B] € [£4] such that
[A] N [B] = [0]. Then

1D+ UDGI + 10D = UG = U0+ xsDIT + 10D = xaDIF
since U is linear

= |HXA]+WXBHV)+‘HXA]_[XBHV

since U is an isometry
= 2[dl” + 2]

by Lemma 10.1.8, since [x,].[x5] = [0]
= 2Ub" + 2 Ul

since U is an isometry

and so
(10.1.3) (Ulx,)-(Ulxz)) = [0] by Lemma 10.1.8
Therefore
n([A) Nn([B]) = [supp(U[x.,])] N [supp(U[x,])]
(10.1.4) = [0
From this it follows that
n([AuB]) = [supp(U[x.y5))]

= [supp(U[x,]+ Ulx,])] using [A] N [B] = [0] and U linear
= [supp(Ux, D]V [supp(Ulx,])] by (10.1.4)
(10.1.5) = n([A]) un([B])

7 preserves countable disjoint union: Let ([A,])S2; C [X;1] be a pairwise disjoint sequence. Let [f] :=

n
Z Xial = [x . ]], where the latter equality follows since the [A]’s are pairwise disjoint. Let [f] = [X[ - ]],
Ak kBIAk

k
then [fn] T [f] pointwise. We show that [f,] 1 [f] in LP(u1). Since p;(€21) < oo, we have that [x, | € LP(u1).
Furthermore [f] < [x,, ] and so [f,] 1 [f] in LP(u1), using the Fatou and Banach lattice properties of the L?
norm. Therefore

Ulfl = U(lim [fa])

n—oo

= lim Ulfn] since U is continuous

- ,}zf;oZU ol
By (10.1.4) [supp(U[x,, D] N [supp(U[x.,,, )] = 0 if & # m and so

1(L34) =

Il
8|\C8?
7 g
%/-\
s o
S =

>~

>

I
i C
=
S
Bv
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7 preserves complements: Let [A] € [¥]
n([) = n(AJU[2:\A))
= n([A) Un(\A]) by (10.1.5)
Since n([A]) and n([A¢]) are disjoint by (10.1.4), we have that

n(a\[A]) = n([2])\n([A])
n([A]) = [0] if and only if [A] = [0]:

X4l =0
bl =0
||U[XA]||p =0 since U is an isometry
Ulxal =0
[supp(Ulx.,])] = [0]
< n([A]) = [0]
So 7 is a regular set isomorphism. Let 7}, be the transformation induced by 7.

Since p1 (1) < 00, [Xq, ] € LP(Q1, ¥1p1) and so Ulx,, | € LP(Q2, Xg, pi2). Let [h] := Ulx,, ] and let A € ;.
Then

K R

[h] = U[stl]
= U(xa] +[X4e))
= Ulx.] + Ulx,e]

We also have that Ul[y,] and U[x,.] have disjoint support by (10.1.4) and so if h € [h], g € U[x,] and
B & [supp(U[x4])] = n([A]), then
h(z) = g(x) for pg-a.e. z € B

Therefore

Ulx.l = [h]‘[Xn(A)]
(10.1.6) = [h.Ty[x.]

It follows that (10.1.1) holds for characteristic functions. By the linearity of U, (10.1.1) also holds for simple
functions. Therefore (10.1.1) holds for all [f] € LP(£21, X1, 1) since simple functions are dense in LP (€1, 31, p1)
and U is continuous.

Next we extend the result to o-finite measure spaces. Let 0y = OL?IQ;L, where 1(€2,) < oo for each n
n=
and Q, NQ, =0 ifn # mandlet X, := {ANQ, : A € £}. For each n, U induces an isometry from

S , . t)y teq,
LP(py) := LP(Q,,, %, p1 | §2,,) into LP(u2) in the following way: Let [f] € L2 (u1) and let f(t) = {g( ) e Q) .

Then [f] € LP(uy). Define Uy, : L2 (p1) — LP(uz2) by

(10.1.7) Unlf] :==Ulf]
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Then U, is an isometry, since

Ol Ly = NNy

H H since U is an isometry

|f(x)|p dp
1951
/, |f(x)|p dpy since f(z) = 0 for pi-a.e. x € (Q,)°

(1621 e

Furthermore, it is easily checked that U, is linear. From what has been shown in the case where (1) < oo,
we therefore have for each n € N*, a regular set isomorphism 7, : [¥,] — [£»] and a function h,, defined on €

such that

(10.1.8) Unlf) = [l Ty, f] 1f] € Lo ()
Define 7 : [£1] — [Ss] by

(10.1.9) n([A]) == T (AN Q)]

It is easily checked that 7 is a regular set isomorphism. Let

[h] =[]

n=1

We show that [h] is well-defined and for any n € N* and that [h,] = [h][x ]: We note that

n(27,)
hal = Ualx,,]
= [ha] Ty, lx,, ] by (10.1.8)
= [hn]- X, @ :L] by Proposition 10.1.6(5)
(10.1.10) = [l ] by (10.L9)

Furthermore, 0, N Q. = 0 if n # m implies that 7(Q,) N 7(Q,,) = [0] if n # m by Proposition 10.1.3(4).
Therefore [h] is well-defined and

[h]'[xnm,’")]: - (Z ) n(sm
J

(10.1.11) = [hs] by (10.1.10)
Let [f] € LP(u1). We show that
(10.1.12) Ulf] = [n].T;[f]
Let ,
Fule) = flx) ze Q?
0 x ¢ Q,

and f, := f | €. Since the Q,’s are pairwise disjoint, we have that f(z) = <Z fn> (z). Furthermore LP (1)
n=1

ko
has absolutely continuous norm by Corollary 3.2.4. So if we let g, = > f,, then |gi| < |f| for all k and g — f
n=1
p-a.e. and hence [gr] — [f] in L? by Proposition 3.2.1. We show first that

(10.1.13) (T g )= Tolfad) [,y ] ¥

n(Q,)
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Let [A] € [£41], then x,, T, =x . Thus

m [AnQ
(Tulxd) B, 0 ) = Db, )
- [Xn< ADNa(0 ]>]
= [x (tane. ] by Proposition 10.1.3(3)
- [XW[AW ) by (10.1.9)
= Tnm [X[Arm ]]
- (T"[X[A1D'[Xn<min1)] - (T"m Xang, 1) [Xnunin,])]

This implies that (10.1.13) holds for [f] = [x,,]. We can therefore extend this result to all [f] € LP(u1) as
before. Next we show that (10.1.12) holds:

k
vl = U(,}ggo Z[ﬁ})

k

= lim Y U[f] since U is continuous and linear

k—o00
n=1

k
(10.1.14) kl;n;();Un[fn] by (10.1.7),

k
where the limits above are LP limits. By Theorem 1.2.8 the sequence defined by [jx] = > U,[fn] has a subse-
n=1

quence ([jx,]);2; which converges pointwise to lim Z Unlfn] = U[f] (where the equality follows by (10.1.14)).

k—00,—1
Without loss of generality we can therefore assume that [j;] — UJ[f] pointwise. It follows that the following

pointwise limits are equal

]

m)

k k
(10.1.15) (hm Un [fn]> X, )= klggoZUn[fn]. o
n=1

k—
n=1

and therefore using (10.1.14) and (10.1.15), we have

k
Wi I, ) = Jim (Z[hnumfn]).[xﬂggn)]) by (10.1.8)

(A (T, [fm]) [ ;n)} using (10.1.10) and n(Q )’s pairwise disjoint

= [T Ix ] by (10.1.13)
Since the n(Q )’s are pairwise disjoint we have that U[f] = [h]. (T},[f]). Furthermore, by Remark 10.1.5 p; on~!

defined on X7 is absolutely continuous with respect to pz [ 7. The Radon-Nikodym derivative ’m‘#’jl)
therefore exists. Let A € ¥; and let B € n([A]). Then

n(Q
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/n([A])Hh”pdu2 B /QQHhHXnuA])”p dpi
— UL by (10.1.1)

= |lx.]|I”  since U is an isometry
= m(4)
= won '(B) by definition of p; o5t

d —1
_ /Mdm by Theorem 1.2.15
B dpo

d(py on~t
_ / (uld ") g
n(A) H2

For the converse, let 17 be a regular set isomorphism and let h be such that (10.1.2) holds. Define U by
n

(10.1.1) and let f be a simple function. Then f can be written in the form ZaiXAi where the A;’s are pairwise
i=1

disjoint. It is easily checked that

n

]:Z{ai’p[XAi]

i=1

(10.1.16)

n
[ ZaiXAi
i=1

Furthermore, the same equality holds if the A;’s are replaced by 7([A;])’s since 1 preserves disjoint unions. It
follows that

lwiAllF = dpis

" P
TV] [ZaiXAJ

orhe)

o 1)) <Z|ai|p[xn(f,i)]> dpy

P

dps by the linearity of 7T,

=1
— Z|ai\p |[R]|” dpsa
i=1 n([As])
—1
: Z|al| /[A] “10” )dug by (10.1.2)

= Z‘O‘i‘pul([AiD as before

= A(;IM [xAi]> dp

o ;ai[XAi]
= [l7I°

Let [f] € LP(, 51, p1). There exists a sequence (f,,)52; of positive simple functions such that f,, 1 | f| pointwise

din by the R-N theorem (1.2.15)

u1-a.e. By Proposition 3.1.4(5) ||[fn]||p T || || since LP(u1) is a Banach function space. Then by Proposition
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10.1.6(1),
Tylfa] 1t T[|f|]  pointwise
= |[R.T,[f0]7 1+ BTl fI]° pointwise
S Wl = [ T e [ TP dre
by the Monotone Convergence theorem
= oAl
But HU [ fn]” = H[ fn]H for each n, since U preserves the norm of positive simple functions. We therefore have
that ||U[fa]]| = ||[f=]l] 1+ ||[f]]] and ||U[fa]]| * [|[ULF]]| and so ||U[f]|| = ||[f]]|, since limits are unique in any
Hausdorff space. |

REMARK 10.1.11. Since T,[f,] — T'[f] pointwise if [f,] — [f] pointwise (Proposition 10.1.6(1)), a similar
method to the one employed in the proof of Proposition 6.1.3 can be used to show that T}, is bounded.

Conditions under which an isometry can be represented using a composition operator are given by the result
below.

COROLLARY 10.1.12. Let (2,3, ) be a o-finite absolute Borel space and let U : LP(Q, 2, u) — LP(Q, X, 1)
(1 <p<oo,p=#2) be alinear isometry. Then there exists a generalized composition operator C; and a function
h:Q — T such that for all [f] € LP(Q, X, 1)

(10.1.17) [Uf] = [h].C-[f]
PROOF. By the theorem above there exists a regular set isomorphism 7 : [X] — [X] such that
[Uf] = [WTy[f];

where T, is the transformation induced by 1. By Corollary 3.2.4, L?(u) is a Banach function space with absolutely
continuous norm. Furthermore, T),([f].[9]) = T,[f].T,[g] whenever [f],[g],[f.g] € LP(1), by Proposition 10.1.6,
and T}, is bounded by Remark 10.1.11. T, is therefore a generalized composition operator by Corollary 9.1.4. [






Bibliography

Aliprantis, C.D. Burkinshaw, O., Locally solid Riesz spaces, Academic Press, 1978

Bennett, C. and Sharpley, R. Interpolation of operators, Academic Press, 1988

Conway, J.B., A course in functional analysis, Second edition, Springer, 2007

Cui, Y., Hudzik, H., Kumar, R. and Kumar, R., Compactness and essential norms of composition operators on Orlicz-Lorentz
spaces, Applied Mathematics Letters 25 (2012), 1778-1783

Cui, Y., Hudzik, H., Kumar, R. and Maligranda, L., Composition operators in Orlicz spaces, J. Aust. Math. Soc. 76(2004),
189-206

Cohn, D.L., Measure theory, Birkh&user, 1980

Fleming, R.J. and Jamison, J.E., Isometries on Banach spaces: function spaces, Monographs and surveys in pure and applied
mathematics, Chapman and Hall/CRC, 2003

Fremlin, D.H., Topological Riesz spaces and measure theory, Cambridge University Press, 1974

Goldstein, S. and Labuschagne, L.E., Composition operators on Haagerup LP-spaces, IDAQP, 12(3)(2009), 439-468

Halmos, P.R., A Hilbert space problem book, Second edition, Springer-Verlag, 1982

Halmos, P.R., Measure theory, D. Van Nostrand Company, 1950

Hartman, S. and Mikusinski, J., The theory of Lebesgue measure and integration, Pergamon Press, 1961

Horvath, J., Topological vector spaces and distributions, volume 1, Addison-Wesley Publishing company, 1966

Hudzik, H., Kaminska, A. and Mastylo, M., On the dual of Orlicz-Lorentz space, Proc. Amer. Math. Soc., 130(2002), 1645-1654
Kaminska, A., Some remarks on Orlicz-Lorentz spaces, Math. Nachr. 147(1990), 29-38

Kaminska, A., Lennard, C., Mastylo, M. and Mikulska, S., The uniform Kadec-Klee property for Orlicz-Lorentz spaces, Math.
Proc. Camb. Phil. Soc., 143(2007), 349-374

Krasnoselsky, M.A. and Rutitsky, Y.B., Convez functions and Orlicz spaces, Hindustan Publishing Corporation, 1962

Krein, S.G., Petunin, J.I. and Semenov, E.M., Interpolation of linear operators, (Translations of mathematical monographs;
54), American Mathematical Society, 1982

Kumar, R., Composition operators on Orlicz spaces, Integral Equations and Operator Theory, 29(1997), 17-22

Kumar, R. and Kumar, R., Compact composition operators on Lorentz spaces, Mat. Vesnik, 57(2005), 109-112

Kumar, R. and Kumar, R., Composition operators on Banach function spaces, Proc. Amer. Math. Soc. 133(2005), 2109-2118
Kumar, R. and Kumar, R., Composition operators on Orlicz-Lorentz spaces, Integral Equations and Operator Theory, 60(2008),
79-88

Labuschagne, L.E., Composition operators on non-commutative Ly-spaces, Expo. Math 17(1999), 429-468

Labuschagne, L.E. and Majewski, W.A., Maps on noncommutative Orlicz spaces, Illinois J. Math. (to appear),
arXiv:0902.3078v2.

Lamperti, J., On the isometries of certain function spaces, Pacific J. Math., 8(1958), 459-466.

Luxemburg, W.A.J. and Zaanen, A.C., Notes on Banach function spaces I-V, Nederl. Akad. Wetensch. Proc. Ser. A 59 =
Indag. Math. 25(1963) 135-147, 148-153, 239-250, 251-263, 496-504

Meyer-Nieberg, P., Banach Lattices, Springer-Verlag, 1991

Rao, M.M., Measure theory and integration, John Wiley & Sons, Inc., 1987

Rao, M.M. and Ren, Z.D., Theory of Orlicz spaces, Marcel Dekker, 1991

Rudin, W., Real and compler analysis, Second edition, McGraw-Hill, Inc. 1974

Rudin, W., Real and complex analysis, Third edition, McGraw-Hill Book Company, 1987

Shapiro, J.H., Composition operators and classical function theory, Springer-Verlag, 1993

Sikorski, R., Boolean algebras, Springer-Verlag, 1960

Simon, B., Convezity: An analytic viewpoint, Cambridge University Press, 2011

Singh, R.K., Composition operators induced by rational functions, Proc. Amer. Math. Soc., 59(1976), 329-333

Singh, R.K. and Kumar, A., Compact composition operators, J. Austral. Math. Soc. (Series A), 28(1979), 309-314.

Singh, R.K. and Manhas, J.S., Composition operators on function spaces, North-Holland, 1993

155



156 BIBLIOGRAPHY

[38] Takagi, H., Compact weighted composition operators on LP, Proc. Amer. Math. Soc. 116(1992), 505-511

[39] Takagi, H. and Yokouchi, K., Multiplication and composition operators between two LP- spaces, American Mathematical Society,
Contemporary Mathematics, 232(1999), 321-338

[40] Zaanen, A.C., Integration, Second edition, North-Holland Publishing Company, 1967

[41] Zaanen, A.C., Riesz spaces II, North-Holland, 1983





