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In accordance with the regulaflons govern|ng The award of
the degree of Ph.D. aT the UnuversuTy of Cape Town, the candldaTe presents
the foTlowing,summary of the contents of the: thesis to indicate in what

way it constitutes a confrlbufion to knowledge.

. SUMMARY

Tne‘pa++ern»of rhislfhesis is broadly speaking, one ofvincreasing

specialiZaTion - We start with relations in regular categories. _Thenn_

we sTudy Top caTegorles over regular cafegorles Next we con5|der"
caTegorles of relaflonal algebras over regular cafegorues; These belng
a'specialized Type of +op-ca+egory. Flnaily we interpret The-resulTs

of The prevnous secTuons in the caTegory of Topologlcal spaces thCh fs
|+self a cafegory of reIa+|onaI algebras - The concepT of acproToreercTion.
serves as a bas:s for The more |mpor+an+ results of sections 5 6, 9.

~and’ II on. monoreflec+|ons and exTremaI—epn—reercTuons

In- secflons 1 and 2 we summarize and exTend The work of
Gr|IIe+ L1971] and Kleln [|970] on reIa+|ons in regular ca+egor1es In
pathcuIar we show Thaf many of the resulTs of Klenn concerning The action
of a funcTor on reIa+|ons are true W|+hou+ The severe cond|+|ons wh|ch
he nmposes_onlfhe funcfor. |n secflon 3 we ldenflfy The (P) proper+|es

of the fop categories of Wyler C1971a, b1,

All of the resUJTS of secffcn 4 concerning proforeflecfions_are
-new although the basic definition has been used before (by Johnson o
[f966]),for‘a.differen+ purpose. Many quesficns'concerning proToreercficns

"..remain open.



In sections 5 and 6 we obtain many pleasant results for those -

protoreflections which are:monic'and those which are extremal-epi.

I'n secTiOnSi7v— 10 we extend the work of Barr [1970] and .
Manes [|973]'cohcerning éafegorie; df relational algebras éyer the
cafégory of se+sl+o re[éfioﬁal'algebras over regular categories. ,‘in
secfion 9 weiéonsider generalized point sépafafion axioms and oBTafn éome

nice results for the Ty property.

Finally in section |1 we obtain results concernjhg:classes of
structured equivalence felafions and structure functors associated with
a given extremal-epireflective subcategory of the category of fopologicaf

spaces. These give fise'Tb‘furTher.dpen problems.
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~ INTRODUCT ION

- The subject or this Thesis is.perﬁaps best explained'by'fhe
TiTles_of the papers;which form its starting point. These are
'Reoular CaTegories' [Grillet 197I]. FReIaTiohs-in CaTegories' [Klein I970]e
'Top CaTegories.ahd CaTegor|caI TOpoIogy EWerr 1971b and also I97Ia]
'Ljﬁif Operafors and T0pologscal Coreflec+|ons' [Herrl;ch 1969a]
Univeréal.FacToriZaTion Theorem in Topo[ogy' [Sharpe, Beattie and Marsdeh
19661, 'RelaTnonaI Algebras' [Barr I970] and 'Compact Hausdorff ObJecfs |

[Manes l973]

" The work in Thiexfhesis is concerned mainly with two concepts,"

viz. protoreflections and categories of relational algebras.

Protoref lections appear in a paper of‘Johnson,[l966] Under the -
hame 'reIaTive reflecfions' "However Johnson does not 'iterate! his
reIaTuve reflecTuons and his work, bar the def|n|+|on is entirely disjoint ‘

f rom ours. TheyTerm _pro+oref[ec+|on' wasvsuggesfediby my -supervisor.

SpeCIal examples of proToreflecflons'have been exTensnver sTudsed.
ExTremal epnproToreflecTtons ‘are considered by Sharpe, Beattie and. Marsden
A[I966] who did not, however form the |+era+es of Thelr proToreerc+|ons
Heller and’ Rowe [l962] define a,sheaf proToreerc+|on and they form
iterates of it in order to ob+a|n The sheaf reflec+|on (see also Griltet .
Ci971 D). . Fakir [1970] consTrucTs a proTocoreflecTuon and iterates it in
“order To'obfaln the 'ndempofenT monad' coreflection. ProToreercTions  -'

appear in.a‘slighfly more.implicif form in the papers of Barr [1970]



'Relational PrealgebraS.TO Relational Algebras' and Thomas [196§]

'"Topological Spaces™to Regular Topological Spacee.

We have not. been-able To_find any general treatment of

protoreflections in the literature.

Relational Algebras are better known. They have been studied

by Barr [1970], A. Burroni C1971], Manes [1973] and E. Burroni:[l973]..

Barr ‘gives the basic result that the fopological spaces are
the relational algebras of The'uITrafiITer monad on the eaTegory of
gets'while Manes gives seme'general properties of categories of

. relational algebras of monads on thée category of sets.

: SecTions‘l, 2 and 3 of this thesis are mainly inTroducTer

~and are concerned with relations ‘in regular categories and fop categories.

ThevdefihLTTOn'ef a protoreflection is giveh in eecfion 4;_
We‘show.how +¢ form‘iTeraTeskof a proToreflecTioa and djscuss The
quesTnon of when Thrs process gives us a reflec+|on An interesting
problem which we have noT been able To seTTIe is the equlvalence or
oTherwnse, in general of The concepts of 'weakly genera+|ng' and
| sTroneg generaTnng’ a reflecTnon . Epi- proTorefelecTnons and mono-
| proToreercTaons have pleasanT prOper+|es particularly in regular |

caTegortes and in top caTegorles whose base category is regular.

"SeCTion 5, inspired'by a paper'of Herrlich [1969a] is



Vi

. concerned‘wiTh'monoproforefleofions in top oafegorfes whose base fs .
regular. - Here weisfudy fhe'correspondence beTween'monoproforeflecfions
and e+rUC+ure funcfors. We also obTa{n some"resuITS»concerningthe:a

3I|f+lng of exTremaI eplreflecflve subcafegorles using sTrucTure funcfors
Secflon 6 lnsplred by. Sharpe, Bea++|e and Marsden [1966] sTudles extremal-

gepiproforeflecflons in the same se++|ng as secflon 5. Here we. have a - |
oorrespondence between exTremaI-eplproforeflec+|ons and sTrucTured

-equnvalence relations. We obtain some results concerning the class of

sTrucTured relations assocnaTed with a gnven exTremaI—eptreflecTuve '

"subcafegory We‘also-sfudy The concest of initial, hered|+ary and
'producTsve sTrucTured relaflons and - show how These properTues are

refLecTed in the correspond|ng;exTremaI—epnproTorefIecTyons.

In section 9 we efudy The-'Tif;;'Ri'-and fS}' prororef{eofrons
in a category of'relafjonai'afgebras; In sec+ionnlJ.The>ee++ing'is fhe v
h.cafegory.of +opoJogioal epaces.and:here ne obtain some in+eree+fng |
.properT;es of The.T 'poin+ separafion axiom' pro+oref|ecfions. Theh 5
reader s a++en+|on is. drawn to the. resuIT II 4. 2 where we show that The
'naTuraI' T2 proToreercflon is ln a sense The smaIIesT proToreflecflon
which generaTes the T2 reflecTion.j_ Can one consTrucT a similar proof_
in-fhe oaserf Uryeohn Spaoes,-CompIeTeLy‘HaUsdorff spaces etfc.?7 See

also.the problem I1.6.

.Relafional_Algebrashare studied Tn section 7 - 10 where we, .
extend the work of Barr and:Manes‘from relafional aIgebras‘oVer seTs to
relational algebras over regular caTegorles We have been able To

'generallse most of their resulTs, some w1+h raTher lnTeres+|ng proofs



vii

See particularly 8.3.1 and 8.3.3. _Four'reeulfs remain to be generalized.

See 8.4, 9.11.3, 10.5 and Manes' 'Stone-Cech compactification theorem'.

The study in section 9 ef.'poinf separation axioms' in a
‘category of relational algebras]wasvihspired by some definitions of
‘Ramal ey and‘Wyler [1970a]. - The best résdl#s here are perhaps those

concerned with the Tq property (see 9.9.2).

Finally. the seCond.perT of section Il is concerned with

solutions to some problems of Thornton [1971].



0. - . NOTATION

OQur terminology for Cafagories'is that of Mac Lane [1971]
,add Herrlfch [l968] with few exceptions. ln parTicular,-éaTegorias
are denoTed by A, B, C e+c, their obJecfs by A, B, X, Y efc. dnd -
their morph|sms by f, g, h, a eTc. Monlcs are monomorphlsms, aIso :
denofed by > ; Epis are épxmorph¢sms and reguJar—epls
(see §1) are denoted by —» - . Relations are denoted by —
. , _ dehafes a pul I back diagrarﬁ. " Products are
. - ) ’

denoted by X X Y, XX and sums by X U'Y and U X,

meafaMIyofnmmhbms foiX, ———9 Y Xx — XY
is the product ofjfhe‘fi.p For a famlly f :X ————9 Y sfi>
is the induced morphism X f—e—> XY.. Note that’ this notation

differs from that of'eri||e+ C1971].

SeTs is the usuaI caTegory of sefts, E is The caTegory of

Topologacal spaces and Haus is The caTegory of Hausdorff Topologlcal

spaces.



“|. RELATIONS IN REGUhAR CATEGORIES
p Relations in Cafegorles'havelbeen discussed by various
aufhors, among fhem Mac,tane [1961], Klein C1970], Gritlet [1971],
-Fay'[l973] and Meisen [1973a, bJ. - Mac Lane is concerned with abelian
cafegorles,lKleLn and Meisen~Wlfh‘relaflons lnva category wifh:a |
glven bicategory sfruofure; while Grillet as Well as'Melsen'dlscuss

relations in regular categories.

'ln.fhls work we'wlll follow'GriIIef by restricting our
affenflon to relaflons in regular cafegorles cJThis'resfrlcflon appears
to be Jusflfled for the folloW|ng reasons: The ‘axioms® for a reguIar-

cafegory are weak enough to |ncIude as examples (I) sefs, (2) abellan

- cafegorles, (3) varlefles of unlversal aIgebras, (4) algebras of

.monads in regular cafegorles, (5) funcfor cafegorles of fhe form .
Funcf (X A) W|+h X small and A regular, (6) every parflally ordered .
: sef whlch has |nf|ma of f|n|fe subsefs, consldered as a cafegory,

(7) compacf Hausdorff spaces and (8) compacf Hausdorff zero
_dlmenS|onal spaces : The aX|oms are aIso sfrong enough fo glve .
-relaflons in regular cafegorles mosf of fhe properfles requlred for
fhe proof of the 'Topologlcal fype' resulfs thCh we presenf |n lafer

sections,

.3'Our sfarfing»polnf is fhus Grillef's paper.f-‘ln‘fhls
secflon we summarlse fhe resqus of Grlllef whlch we quI use. Iafer

on and aIso derive a number of addlflonal properf|es of relations.



| .1 Definition: [Grillet 1971

A reguiar-epi is a coequal iser.

A regular category is a finitely complete cafegory with (regular-epi,

mono) decomposifions in which pullbacks preserve regular-epis.

A category is regularly co-wel | -powered if for each object X in the

category there is a representative set of regular-epis with domain X.

A category is regular in our sense if and only if it is regular in

the sense of Barr [1971] and is finitely complete.

For the rest of this section we work in a regular category C.

| 2 Proposition [ Grillet 1971, pp. 121-138]

. (a) C has a +efmina|;objec+ henceforth denoted by N.
(bi If C has arbitary products +hen:i+ is complete.
V(c) In 9; regu|ar-epi is équivalenf to extremal-epi.

(d) Every éplif—epi is regular.

(e) If ge = mf with e reqular-epi and m monic, then there is a unique

+ such that
. e
~
7
e
f -t g
s
7 . )
s . commutes.
\V\K A\L
LA S —/\v



(f) A morphism ls an lsomorphlem‘lf and only if il is both monic
and regular epi. - | |

(g) /lf f and g are regular epl and fg lsideflned, then fg is regular—
epi. . |

vlh) It fg is regular—epl Then f ls regularaepl

-(l) Every finite product of regular epls is regular epi.

a(j) Every morphlsm f has a unlque*(regular epl, mono) . decomposnllon

|.3 Subobjects, Direct and Inverse Images. [Grillet, 19717

We recall that a‘eubob]ecl‘ol‘an objeof A'in g_lS'ah
equlvalence class of monlcs W|+h codomaln A. ”

[f me > > A is mon|c, +hen im m denoles The'subobjecl'of,A

whloh’oonlains m.. ~ We have a parllal order rela+|on on subobJecls

ofVA'giyen'by: lm’m < lm n if and only |f m = nt for some morphlsm t.

t is then monic.

"% We shall use the word "unlque" when it is clear from +he conlexl

that we mean "unlque up +o |somorph|sm" 3



C has finite lnTersecTiens of subobjecfs and TheSe inter-
.secflons are infima relaflve to the order relaflon lf'{lm m, l

'ls a famlly of subobJecTs of A, then /\lm m. denofes their InTer-

f secflon lm(\m Cif it eX|sTs). If C has arbifrary |nTersec+|ons then
‘suprema exist and they are denoTed by \/lm m. . |A = Im lA is The

- largest subobjec+ of A.

" Each merphism f:-.A. > B has an image in the eense of
MchheII [I966]-given by Im.f = Imm where m is the monic in the
(regular epl, MOAG) decomp05|T|on of f. £ 1 ls a-regular-epl then

Im(fT) Im f. £ Im m is a subobJecT of A Then £ (lm m) = lm(fm)

|s a subobJecT of B called The d|recT image of lm(m) under f.

On the other hand if Im n is a subobject of B, we'define~"

% (im n) = Im m where
A 3 3
AT - — & B
' S B A : is a pullback.
! , - . - In>
B o
A

.\,'7

v

Cfx(Im n) . is called +he'inverse"if""?:‘SJI'e of Imn under f..

f, and f* are order preserV|ng and lnduce.a'Ganié connecflonb

*

[Birkhoff, 19487 beTween The subobJecTs of A and the subobjects of B

fu preserVes suprema, f*_preserves infima and Ta (im m) < Im n |f and



only if Imm g f%(im n).

|.3.1 Proposition [Grillet, 1971]

(a) I, =1, %=1,
(b)) (fg), = fug, , (fg)* = gt f*.

(&) 1f g = ft then Im g € Im f.

1.4 Relations [Grillet, 1971 pp. 143-153]
It A,B are objects of C, then a relation «:A ——> B

is a subobject of A X B;-or"eqUivaIenTIy a . subobject of A X.B

| defermined_by a pair

for which <a, b> ¢ >—— AXB is monic.

Thé,order‘on relafidns is that given by the order on subobjecfs;

if -<a, b> :R >AXBand <a', b'’> :R'- —> A X B with

f: R

—> R' such that al f = a and b'f-=b then Im <a; b> &
fm <a','b'>1.' " Every morphism‘f:A_—?—ﬁ> B can be uniquely inter-

.pfefed as a relation A —>B via The,correspondence'f — jm<|;f>.

tf e , is a.palr of morphisms then the relation



Im " <a, b> :A ——> B is a morphism if and only -if a is an isomorphism. .
Each relation «:A — B has asseciefed with it an
“inverse relation « ! B— A given by « ! = |m<b, & for any

pair a, b such that « = Im<a, b

Composition of relations is defined using pullbacks as

“fol lows:
[f o:A ————5 B and B B-—-——A C are. re|a+10ns W|+h « = Im <a, b ,.'
B = Im <c, > , then Boc:A —> C is the relation B« = Im <ac', db'

where bc' = cb' is a pullback in the dlagram

ThIS def|n|+|on is con5|s+en+ The composifion of reIaTions ?sw

assOC|a+|ve order preserV|ng and is compa+|ble W|+h Thaf of morphusms

‘The formation of ﬁnverses of relafions and The Takfng of
direct and inverse |mages are order preservnng Operafnons I'n
add|+lon formlng inverses preserves both suprema and |nf|ma while

taking inverse lmages preserve infima and d»recT images suprema



IA’denOTes the identity relation ( = identity morphism) on

an object A.

|.4.1 Proposition [ Grillet, 1971]

Lot «:A — B and B:B —> C be relations.
Then; |
@) (D7 =, (Bl o= <17,
b)) | =<, «|, =«,
(é)' |f « = Im <a, b>. ;'Thén < = ba-l ( <a, b> need noT»be monic).

(d) The following are equivalent: (i) « isa morphism, -
(11) ax™d ¢ Igand = ta 3 1y,
-1

and then o« ‘e = e,

"(e) If f:A——> B then f s monic if and only if f 'f = |, and

" #'1s regular-epi 1f and only If ff 1 = I,

.9

(£) 1f f, gtA ——% Band f < g fhen f

| (@) If «=1Im<a, a> : A—> Aanda is monic, then lA € « implies

(h) 1f

k l' R l g

f

commutes then hk'! € g 'f, and If

i+.1s a pullback then hk = g™'f.

1.4.2 Proposition [Klein 1970, Melsen 1973a]

Let «:A — B with = = Im <a, b> and <a,b> monic.



Then: :
(a) ox ! g Il & a is monic.
: lg &b is regular-epi.
Bl § f L, Lo
(b) « ‘e "Aéé::bt) is monic.
1, &= a is regular-epi.

N\

N

!
!
\%

1.5 Proposition: Miscellaneous results.

(a) If.@ifB-f——h o for each i and f:A

/\a=)f /\(cc f)

> B then

(b) - If mi:B >—> B is monic for each i and m: B' >—> B is their

.intersection, then mm'1 =='/\mimi 1,

 _(c) | f m.tB. >

 (A\m m. 1«

> B as above énd'm:Aé——A B, then /\(mimi-la) =

ﬂ”?.@.f_ |
"(a) We cerTaInIy have (/\d ) < /\(0C ). | E; 8 .is‘ a r'ela"l'ion’wi.‘l'h
‘ 8 é & f for each |,‘+hen Bf o1 s.a ff ! g ¢|f
So Bf ! < ./\cx ‘and it foll_ows that g < Bf Tt g (A oc{)’f.

- Thus CA «;i>f- /\(oc £).

(b) Let Ti B Bﬁ‘> > B be The canonical morphlsms such that the .

diagrams. commuTe.f

L= Im <m, m >

Now m.m, = Im <my,m.> and mm



. 1T is easily seen that ., me>
, | Bi > > BXB. (for all i) is a pul Iback.
- t, [ <m,m>

Thus mm * = Im <m,® = NIm <mi, m> =A mm, ! .

(c?i Let « = Im <a, b > with <a, b> R > > A X B'monic. - . -
Let m and +i be as in (b)..

Now (/\mim-i-l)oc = mm = is given by:

A 7B B

Using the fact that m and <a, b> are monic we see easily That

<am', mb'> r Q> > A X B is monic.

" Thus (/\mimi-1)¢ = Im <am', mb'> .

Now for each i,=mim}-1m is given by




with <aci, midi> monic.

Thus mimi la = Im <aci, midi> .

If for each i we can find a morphism si:Q >Si

such that
h <aci,midi? ‘ ‘ v .
i————f—~> A X B, (for all 1) C ieeeaee SNGRED!

<am',mb'>

O =—==DdDU

i

Im ¢am',mb'>

is a pullback, then (_/\mimvi-l)a

Nim <ac,,m.d>

A Smjm}-la) and the proof

will be complete.

Now for each i, bm' =mb' = mifib‘ and so using Thé pullback

> S' such ThaT'cisi‘='m' and

d.s, = t.b'. Soac;s; = am' and midi$i =mb'., Thus these s, make

in (ii) we have morphisms si:Q

-~ (jii1) commute. . 1t remains to be shown that (iii) is a pullback.

To do this suppose That ui:U > Si and u:U > A XB
are morphisms such that <aci,midi> u; =u for ‘each 1.
<ac.,m.d.>
_ I RO A o
S ' >AXB (iv)




Bl
We need to fill in a w such that (iv) commutes (since <am',mb'>
is mdnic, such a w will be anque).

Let p,:A x B —>A and pg:A X B —3B be the projections.

Now » ‘ u, A _ d. .

m, ' chmufes'for each:i ahd‘so _
since m: B'»3B is the inter-
" section of fhe'mf. -
there. is a morphism v:U —> Bf'suéhvfhaf the diagrams -

‘Now‘for‘all‘J,% ac,u; = PAu = écjuj and -
_bciui-= midiui = pgu ='bc3uj.
So c.u, = c.u. =k (say). '
It T B
Now bk = béiui-= m.du; = mrfiv = mv.



Thus there is a morphism w: U > Q which makes (vi) commute.

To complete the proof we heedvonly show that this w makes (iv) commute.

Now p, <am',mb'> w = am'w = ac,u, =

jUj = Py and

" = ’ = : = | =
mb'w = mv mLTiv midiui pBg.

‘Thus <am', mb'> w = u.. Also for each i (ac.)s,w = am'w = (aci)ui,

i

Pg <am',mb'> w
and[(midi)siw =mb'w =myv =‘mi+iv = (m‘df)ui.
Thus since the <ac,, m.d.> are monic we have s.w = uivfof each 1.

~ So (iv) commutes. v : | _ 0

 Let f:A > A' and g:B

> B! be‘morphisms.

|f_m:A-;;-A B is_a relation then (f X g)*é:A'-+—fA B' is the relation
obtained by regarding « as a subobject of A X B. Similarly if

<! AT — BYIThen‘(f‘X g)*m':A -fé—A_ B.v' éri|4e+_shows +5a+ for

f =g wé,have (F X £ = faf ! and (f‘X'f)*ml = fle'f, We -

generalise this result as follows.



.6 rProposiTion;

et f:A —> A' and g:B ——> B'.

(a) For «:A ——>B.we have (f X @)y« =_g¢f_1:A' — B!,

(b) For «':A! —SB' we have (f X g)*«' = g 'x'f:A —>B.
Proof :
(a) Llet « = Im. <a,b> with <a,b> :R >—> A X B monic.
~Then (f X Q5 = Im (f X g) <a,b> = Im " <fa,gb> . " Using the
descrlpflon of gmf "l via pullbacks, ‘we see that g«f 1V='lm <fa,gb>

(b) By the Galois connecfnon.(f X g)*cc Sup{ <A —S BI(fXg) « g oc'}
'Now (f X g)x(g lm'f) = gg lm'ff 1 g m' and if
S f X g)*oc < «' then g=f ! € «!) So «'gq gmf lf =.g-1¢‘f,

| Thus g le'f = FX gi¥ete : O

I;7. ProdUcTs_of'Re1a+ions

Let X =:)(FX., Y = )(‘{; and suppose fhaT fdr‘each.f.we have
a rélaflon <. X ————A‘Y ' We wish to define a relaflon
sy )(X ————>)<Y thCh W||I be the: producf' of ‘the relaflons <.
Our def|n|+|on must be compa+|ble with the usual produc+ of morphlsms
and.musf.be a.generallsa+|on of the situation when C = sefs. We. J

" make the following def?niffon:

Let « = Im <a',b > with <a;,bi>‘:Rf >——> X. X Y; monic
 for each i. Let a =_)<a and b )(b Now define:

X « =ba ! = Im<ab> . Note that <a,b> is monic.
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One sees easily that the formation of products of relations is an

order preserving operation.

~Xa. ~ b = Xb.‘ .
:X&i< S Xr. L S Xy, =Y

Pi: Cll, ri are

p. : r. q; the projections.

X, & - R ~ Y

We see easily that )((cri_l) = (X°=i)_v1.

:Now suppose +ha+ <. = Im <a;,5;> with »<a{,b;5 :R; ———>Xiin
not necessary monic. We'wanf %o know Uader what circumsfancea we
Wil have.ba—l. = 5' (a')_1 (where a'_';)(a!, .b = Xb!).
For.each.i +hera is'a.regular—epi T ‘such that a; T = a: and
u%QQb;. sobwawf1—<wa<xaw1 Uxb Mx+)]3xa)<X+)]1

.=(Xb)<X+)<X+) HXa) L

- 1f we are handllng flnlfe producfs then )(T is a regular-epi and so a
Y(Xfi)(‘ﬁXTi) Lo, Thus in this case b'(a')—lk = ba '.
Théasame,is-frae in general if Cisa QI category in the folfowfng

sense:

.7.1 Definition:
Cis a-vglgéafegorx if and only if every product of>regu|ar—epis:in

Q_ié again regularéepi.

- This cond;flon is caIIed regular C1 by Grlllef Ci971, p|7|] 1t s

satisfied if C = sefs, or more generally if C is any varleTy .



|.7.2 Proposition.

The félfoWing'properfies of C are equivalent:
(a) g_fs a. Q! éafegory}

(b} Given relations oc'i,xoc'i = Xb)(Xa)™ for ,}a"lvl pairs (a ,b.) such |
| that “i ='Im_<ai;bi>'(wi+h. <éi’5i> ‘not nece;éarjly monic).

.(<.:) Given oclxl —AYI and.Bi:rY,i ——\Zl we have

X (Xe=p) = X8,

Proof:

(a) ——=>(b): =Followé from the préceeding discussion. -
(b) ;:::::)(a): 61veh regular—epls_fi:Ri

So by (b), (Xfi)(X_fi)—-.l:[,Th'us X-+i is r"egu-lar“-epi'.

>> Xi'we”have.lm <+i;+i> =1,

(c) T—)(a): For t, as above,c) tellsus that (Xt (Xt =
L . ->((+}#i—¥) = |. Thus Xfi is regular-epi. '
(a),:;:::ﬁh(c)f Let éi ;'Lmv <ai’bi> anq Bi = lml scj,di};‘w1+h .

R <a1;b€> and <c,,d> monics. -

NowABimi'jsvgiven by:




So B.«. = Im <a.c!, d.b!>

[ [ I B
Thus W =) = (Xd.bD(Xach™ = (Xd(XbD(XeD H(Xap) .
By Mac Lane's interchange of |imits theorem 1971 pp. 210],
(Xb)(Xcl) = (Xc)(Xbl) isa pullback. It follows by 1.4.1(h)
that (Xp})(Xch) ™ =<xcif“<Xbip

SoX(Bfi)=(XdQ(XCQ_WXbR(XaH-I=(XBH(X¢R.

|.7.3 Remarks:

Our definition of the product of relations is the same as

Kiein's. The above result extends Klein's result 3.3 [1970].

}.7.4 Proposition: An alternative description of the product of

relations.

Let oci:Xi ————>‘{i for each i.
’Theanr.l :/\(pi X qi)*oci =/\(qi-1°cip'i) where

Py XXy = X;» a: XY,

>Yi are the projections.



Proof:
Let @, = Im <a;,b;> with <a b.> iR, >—> X, x Y, monic.
_‘Bygl.éb we have (pr X qi)*cci ?-(q}l'a{pii’

‘Set (p, x q ¥, = Imm, as in fhé foI]owfng”puIlback diagram:

P, X Q.

(XXX (XY,) — . > X, x Y.
. | | L ] 1
ml '(é§> \ - ey
A : A
S — > R,
| ' |
Sp

By the associativity of products the p, x q; are the projections
X, x.Yi).-——é X, X Y.

Let a =Xa; and b =Xb..

Let r.: XR, — R, be the projections. It is easy to see that -

the outer square of the quIowihg diagram commutes:

;pi'x a;

XX R XY s X XY

So using'+he pu||b@ck We can f?]l,ih‘mofphﬁSms T} Sd Thaf the

diagram (i) commutes.



Now by definition X(Ii = Im <a,b>
So we need only show that im <a,b> ='/\Im'mi

Suppose that in the diagram

(XXi)x(XYi) . - > X, x Y
/N

mu, =u for each i. We need to find a morphism t which makes (ii)
commute. (Uniqueness of t follows as <a,b> is monic).
Llet t+ = <siu}> . So riT = s.u..

Now (pi)( q-i) <a,b> *t :_(piX qi)mifif

<a.,b,> s.t.7T
i’ i

= <a.,b> r.*t
P70 i

<a,,b.” 's.u,.
[ | P

(P X ap) myu,

1

(pi X qi)u for each i.
Thus since the (pi‘x qi) are the projections of a product, we
have <a,b> t = u.

Now miui =u = <a,b> +t = mifif and since mi is monic we have
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A A

the unique morphism to the terminal object N.

u, = fiT. Thus the diagram (ii) commutes.
' a
This completes the proof.
|.8 Congruences [Grillet 1971 pp. 154-169]
Let f:A > B. We define ker f = f 'f:A —> A and this
is called the congruence induced by f. It is clear that ker f =
Im <a,b> where - - ;A is the kernel pair of f.
If £ =mt is the (regular-epi, mono ) decomposition of f, then
ker f = ker t.
ker IA = 'A is the least congruence on an object A. There
 is also a greéTeST congruence on A, ker n, where n,:A —> N is

In fact ker Ny = Im IAXA

Every congruence « is an equivalence relation, i.e. it is

‘symmetric « = « ! reflexive | € « and transitive o= g «,

The converse is.however not true. Following Grillet, we say that the

category Q_Safisfies,LawvereYs condition if:

(L) Every equivalence relation in C is a congruence.

:Fér a regulaf category our COncepT‘of an‘eqﬁivalence
relation agrees with that of Kock and Wraith [i97|], Barr [1971],
. with Lawve}e's [|963].'5recongruences; and Duskin's [1969]
" 'equivalence pairs!'. Lawvere's condition is equivalent to Duskin

and Barr's conditions ' every equivalence pair is effective',
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and- to Lawvere's condition 'every precongruence is a congruence',

"~ The category of‘seTsf'every elemenTary Topos: [Kock and
Wrai¢n,l97|],ievery caTegory monadic over sets [Duskin 1969 5.131],
every algebraic variety as well as all abelian categories satisfy
,Lawuere's condition. The Stone spaces do not satisfy the condiTion

l[Barr 1971].

~1.8.1 Proposition. The induced morphism theorem [Grillet 1971 5.4]

If f, g are morphlsms with f regular- ep| and ker f g ker g then

g = tf for some morphism + . t is monic if and only if ker f = ker g.

1.8.2 Proposition [Grillet 1971 -5.5,6:7]
A weIIpowered regular category is regularly cowell—
powered and |f it has COproducTs then it has 1n+ersec+|ons d

C rs comoleTe if and onIy if C has producTs and if this-is
so then inTersecTions of congruences are agaln congruences In
- facT/\ker f_ = ker <f. >
Grillet [l97| 6. 8]g|ves furTher condiT|ons on G under which There is

a least congruence conTalnlng a. glven relaTlon

The next result will be used frequently in this work:




21

1.8.3 ‘Proposition [Grillet 1971 6.1]

Let P :)(Xi _— Xi' be the projections of the product.

- Then Aker p, = | X.X .
' S T

1.9 DifunéfionaI’RelaTiohs [MeiSen.l973a]

A relation « n C is difunctional (or Von Neumann regular)

Tif am-la::_ «

In abeljan categories as well as in-groups, rings and vector spaces’

all relations are difuncTidnaI. In sets there are relations which

are not difunctional.

Meisen [1973a] defines a relation « = Im <a,b> to be a

'pullback relaTnon |f a,b is The pullback of a panr of morphlsms He

lproves the follow1ng resulT of whlch we presenT a snmpler proof.

1.9.1 Proposition: [Meisen 1973a]

let « be a relafion;in'gk

(a) a;g.ma_lﬁ .

(b’ If « is a'pu|1back-féla+ion then « is difunctional.

-Proof
LeT o« = ba "1 for morphisms a and .b.
(a) So == l= =ba 'ab_ lha ! . ba -1 =

(b)  Since « is a pullback relaTlon it has the form « =d lc

for morphlsms c and d. So = la = d"lcc ldd” 1c €dlc=e,
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2. REGULAR CATEGORIES: THE ACTION OF A FUNCTOR ON

RELATIONS

We now consider the following problem: ‘Given regular
categories C and Q_and'a functor 7:C.—— ;g,_cén'we extend the action

cof T from_fhe-mofphisms of-g_fo the relations of C 7-

Barr [rg7o] and Manes [1973] have obtained some Eesul+54

for the case C=D-= sets without placfng any rés+rié+ions on the
fqnéfor; while Klein,[|§7o]'has studied this situation when T

- preéerves finifé prbducfs énd moni;s; Kleinfs definition of the
»a¢+ion.of'+he.func+0r on a reléjion uses, in an essential way, the .
fesfkjcfion'imposéd.dn Thé fﬁhc&of. - However.an eésy genefalisafibn
Qf Barf;s definition enables u§ +Q give é_definffion.Which Wdrké

with no restrictions on the functor.

In this Seéfidn wevugé this defini+jon to Qbfain Klein's -
resulfé wifh.minimél’rés+r?é+ié%s on +hé funcfof. '.In pérficular
we are able to drdp the requirement Théf the functor preéerves.fjni+e
products¥. - Thréughouf this se?+ion'9_énd.9.will be regQIar

| Cafegofiés and T:C —> ;Q;a‘becfor,

* This is imporTanT‘becaUSe'moét of the functors to which we shall. -

apply the resulfé_of'fﬁé secfidn.do not preserve‘fini#e products.:
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2.1 Definition

Let @:X — Y be a relation in C. .
Define T(=):TX ——> TY, .a relation in D by T(x) = T(b)T(a) ?

where « = Im <a,b> with <a,b> monic.

-Z.i.I"Remérks

(2) The definition of T(x) is consistent:
Suppose that <a',b'> is another monic such that

o« .

fl

Im <a',b"> . - Then there is an isomorphism t such that a

a't and b = b'ft. " Sou =Tt is an isomofphism_and

-

a
| T()T(@ ™! = T(bNuu H(TaH ™ =.T(b;)T(a‘)-1.
(b) If f:X ———;) Y is a mbrphfsm and we let « =.1Im <I,f>.
- the T(=) = T(f). Thus Tﬁe definiTion 2.1 is é pfoper'exfension
'of_The'acfion 6f T on mbrphiéms, | |

(©) T(=) ! = T(="h:

1

|f m ;'1m;<a;b> with <a,b>‘m5nic then « 1 = Im <b,a>.

Thus T(=) ! = [T<b)T<a)'i]f’ = T<a)T<b)‘1'='T<¢‘1)}
(d5 'f is order préser&ing on relations: |

Let m,s:x::::::fr'wi+hﬂ« = lm'<a,b; , 3'; lm’<c;d>

and « ¢ B. There is'a t such that a = ct and b = dt.
S0 T() = TEB)T(@) ! = T(OTHOT(H (o) ™

< DT = TR,

(e) In-definition 2.i, we-can'drop,+he requirement that <a,b>'is_

monic if and only if T preserves regular-epis.



&—— : Let =,’a and b be as in 2.1 and « = Im. <, b'> with

<a',bf> not neCessarily_monic._ We want to “show that T(b')T(a‘) R

T(b)T(é)". |

Slnce im <a,b> = im <a', b'> Thenals a regular-epi t such that at = a'
and bt =b'. So T(b')T(a') = T(b)T(T)T(T) Tyt T(b)T(a) }.

 :::::::>: Suppose that the requ1remen+ can be dropped Then if T

fs"a,regular-epi Im <t,¥> = im <L,Iv; So by The assumpflon e have

made | = T(1) = T(HTH . o

It follows fhaij(T) is a regular-epi. : S

 The following proposi+ion gives the promfsed genera1f5a+ion

of Kiein's [1970] results. -

2.2 _PfopoSiTion:

Let é,B_be relaTibns and f, g be mbrpﬁisms inC.

Ih‘each.FésuIT we assume'c?mposasiif+y{. |
(a) T(at) < T(m)T(f) R
(b T(ef 1) 3 T(m)T(f) o
() Tifa) > -T(f)T(m).
<d>: T(f 1a> < T(H) lT(m)

(e) If f ismonic then Teef Ty s T(aT(F) and‘T(fm) =‘T(f)T(af;
A(f)‘.The foIIOW|ng are equ1vaJen+..3 | :
N _(f5 - T ﬁresefvés-regujar;epis;

(i) T(ef?) =T(¢7Tff5—?‘f§r all @ £,
(i T = TOTE fof‘élf-ég f,

C(iv) (B < T(RIT(=) ~ for all =, B,
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(g) If T preserves kernel pairs then T(fﬁlf) t»T(f)flT(f).
(h) The following,are_eqﬁivalenf:
Sy T(f 1g) = T(H) 'T(g) forfaTl f; g,
G T(xf) - T(a)T()  for all x, f,
iy TG e = T M= for all «, f,
(V) T 3 T@T@  for all =, 8,

A

and if T preserves finite pul Ibacks then T has these properties.

Proof:

Let « = Im <a,b> and B = Im.<c,d> with <a,b> and.<c,d> monic.

(a)- «f .is given by

«f = |Im <a',bf'> and <a',bf!'> is monic.

11

Thus T(ef) = T(BIT(ENT@ND ™Y
< TOT@TITHE) (14,10

CT(E)T($).

H

(b) - fol_is given by:
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We factorise <fa,b > = <a',pb'> t with 1 regular-epi and
<a',b'> monic. So «f ! = Im <a',b'>.

Thus T(T(H) ! = T(B)T(a) 1 T(f) 1= T(b)T(fa) ?

T(bHT)T(H *T(a") !

A

T(b"T(a" ?

T(ef 1),
(c)-This is obtained from (b5 using the fnverse'oﬁerafionvaé fbl]ows:
T(fe) = [T 1 H] ! > [Tk«f1)T(f)‘1]'1
o : =TT,
(@) T e = [T(eT14) T < [TEEHTOT (by (@)
| | T, |
(e) . In the pkoof of -(b) we‘gee that if f is monic then so is
:<fé,b$}. Tﬁus'wé can take t = | anﬁ_sé T(a)T(f)_; = T(ef 1y,
.Tﬁé.sécond sfafemenf is obTafned using.ihvérsesm~ |
.(f)  Using fnverseé wé:see that (fi)fénd;(iii) aré equvalehf.
‘(fL):iﬁzb (1) is trivial. = Also by examining the proof of
» (b)‘weigee:fhaf (i) ==:i>kfi).-  Using‘(c)Awe'see that
| (jv):::#i> i) - | -
(iii):% ( ivi: T(B)T(.a)‘

T(d)T(C) (=)

3 T(DT(c ) =~ (by (d).)

T(dc™de) (by Tii)

T(Be)



{(g) Let

be a pullback.

So g, h is the kernel pair of f. Also f 'f = Im <g,h> with

(g,.tQmonic. Now Tg, Th is the kernel pair of Tf and so

is a pullback.

Hence’krf)’1<Tf) (Th) (TQ) ! - O (4ah

| T, '
-(h)~.A$ in (f), (?i);ahd'kiii) are equivalent and obViQusly.
| (V) = (ii) === (0. |

(D ==(iv): TET=) = T TbIT(a)?

= T(d)T(c *b)T(a) ! by €1 )
<T@ . . (by ()
s-T(d'cflba'.l) -~ (by (b) )
g .

Now if T pfeservésffiniTe pu|lbacks then in the proof of (a)

we see that T(a)T}Tef) = T(£HT(aH ™} and so T(=f) = T()T(f). O
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Remarksf

2.2,

(a)

- (b)

(o)

(d)

énd

Let RC denote the category whose objeéTS'are those of Q_and’

whose morphisms are the relations of'C Kiein 1970 2.6] shows
that The class of |somoroh|sms is noT ‘enlarged by Da551ng from

C fo RC' Now 2. 2 (fY and (h ) show that if T preserves regular-

epis and pullbacks,Then T extends To'a‘funcfor RC > RD'

Some of the results giVen'in .7 about products of relations

can be obtained from the results of this section by regarding

the product Operafibn as a functor Qn a product of caTegofies;

.The converse of 2. 29 and 2 2h are not true:

- The power seft funcTor P has the. properTIes of 2.2(g) and (h).
" However. it does not preserve kernel pairs~(or finite pullbacks).

For details see 7.I10c.

If however T preserves funITe producTs then the converse of

2.2h is True CKlein 1970] ' Moreover one sees easily that
if T preserves +the terminal objecT then:

iy T preserves kernel pairs ::::; T preserveé finite
o 'self -products’, 1. e. TXX X) = ITEXx TX-,

(1i) T preéérves (finite) pul | backs — T preserves

(finite) products.
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3. TOP CATEGORIES: BASIC RESULTS

~ Top categories are defined and discussed in the papers of.
Wyler [1971a, b] and Ramaley and Wyler (1970 a].  In this section
we repeat the basic facts about top categories which we shall require

fater on. We also derive some additional results.

3.1 Definition [Wyler 1971 b]

A Tgpoiogicai theory on a cefegory Cis a contravariant:
funCTer S*:E;—————) ORD (where ORD is The category of ordered sets and -
orderpreserVing‘funcTione) such ThaT rOr‘a|Irobjec+s X fn'C,

,4S*X is a compleTe lattice and for morphlsms f in C s¥*f preserves
1nf|ma of arbuTary familles lncluding the empTy family. We then’
define a CaTegory’C as follows- The'obJeCTs of C are: all pairs

‘(X x) w:Th X in C and X € s*X These pairs are Called spaces. The

. morphisms f:(X,x) —-———> fY,y) in 9. (someTnmes referred To as E@EE? |
‘are’the morphiems f:X ——> Y. in C such that x & (s*f)y. Composnflon

of morphlsms i's deflned as in C. Theresis a forgeffu| functor

P:c® —> C defined by. P(X x) = X and Pf = f P is called the

- projection functor and 9_ is said to be a top category over C.

Let fiX —> Y in c. We write f* = s*f (when no: confusion
-is pOSSIbIe) and deflne s*f = f : S*X-———éé s*Y in ORD by
f X - Inf{yes*le < f*y}, for all x e s*X.

Then, x € f*y <§::::§'f*x-s y and so fy, f* give us a Galois connechon
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between s*X and s¥Y. Also f¥f f* = £%, f,f*f, = f, and f, preserves

suprema.

Examples of Top,cafégories abound. Over EEiE we have !imiTI
spaces, Topo}ogical spaces, proximity spacés, uﬁiform spaces, quasi-
uniform spaces and uniform convergence spaées. ‘Categories of
Tqbo!ogicaf algebras ére top categories over the underlying categories

cof algebras. More examples can be found in Wyler's papers.

For the rest of this section 9?’wi|| be a top category over

c.

3.2 General properties of top categories CWyler 1971a, b]

Thekprojecfion_funcfor P.has a left adjoint « given by

a(X) = (X, ax) and «(f) = f where «

X is the least element of s*(X).

P also has a right adjoint w giveﬁ by wlX) = (X, wy) and w(f) = f, where w, Ts
the Iargesf element of s*X.  Spaces of the form (X, ax) are said |
to. be. discrete and those of the formv(X,wX) are ihdiscfeTé.

X — Y +hgn f(y) = @Y»gnd £X(0y) = .

For f:(X,x) =—> (Y,y) in 9?, f is monic (resp. epi) in
_'Ef if and only if it is monic {resp. epi) in 93 f is an isomorphism

in_gé if.and only if it fs,an isomorphism in C and x = fry (of fex = y)o .

£ (X, %) 7'),(Y,y)_Is extreme-monic in 9? if and only’

if it is extreme-monic.in C and x = f¥y. By dualifty, f;(X,x)-———¥) (Y,y)
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is extreme-epi jn"§§ if and only if it is extreme-epi in C and y =
feX If f as above is exfreme~monic +hen_We say +hé+'(X,x) is a

subspace of (Y,y) and f is an embedding.. "Dually we have quotient

‘.sEaces and quotient maps.. A map of the form f:(X,x) — (Y, fyx)

is said +o  be coinitial while f:(X,f¥y) —3 i-(Y,y) is initial.
Suppose that f:(X,x) ;———9 (Y,f*x) is aisé initial and fg = | for

.sgme g:Y-—;——é X. Then g:(Y,fyx) ————%) (X,x) . The proof is

as follows: g¥x = g¥f¥fux = fux.

I'f C‘is.a‘cogenerafor of C then (C, wc) is a Cogéneréfor
of 9?. ~The brOjeéfion funéfor creates limits and collimits énd SO
9? fé comprefe (resp. co—complefe) if énd dnly_if C is éomplefe
(resp. co—gOmpleTe). A simiiar statement is +rqe for 'wellpowered!'
and 'co-wel lpowered'.  If N is the terminal object of C then
(N, w)) is the terminal object of C°.  Further if N has a unique s-
'sTfucTure and 9_is_coﬁnecfed (i.ef it haé non-empty mérphism sets)

“then Qé'is also connected.

Let A be a full subcaTegory'of 9? and let

F*A = {xes*A | (A,x) is an object of A} - (for all A in C).

A_Ts said to bé'a top subcategory of 9? if Thé.following Two cohdiTions
are satisfied: H
| (f) ‘r*A is closed uhder»infima in.S*Avarlall Ain C.
G % maps r*B in+o:r*A"for all f:A — 8 'mg.
- A is then a reflective subCaTegory_oflgé wahAreflec+or of the forh

!
X
For f:X ——> 'Y define r¥f = s*f.

(X,x) +——> (X,Lx) where Lx = Inf {x'es*X |x € x' and (X;x")eA}."
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Then Qr is a top category over C which is isomorphfc to A and
ref = L(s,f). L then preserves suprema and L(s,f) = (r f)L.
All the indiscrete spaces of 9? befong to A and are the
indiscrete spaces of Qr. This méy not be true of the discrete spaces.
- : - op . <OP ,
Every top category has a dual top category (g_p) © over
vg?p defined in the obvious way. Thus the general theory of top

categories is self-dual.

'3.3 Construction of limits and colimifs in top categories

The constructions given befow‘éan be found in Wyler's paper

U Dio71al.

(a) Products:
LeT”{(Xi,xi)} be a family of ‘spaces from C°.
1t XX, exists in C then XX, x;) = (XX;,AP¥x),

where pi:X>ﬁ ) Xi are the projections of the product in C.

(b) SUms;
et the (Xi,x{) be as ‘in (a). |If the sum LJXi exists in C
then LJ(Xi,xi)~=‘(LlXi, \/(ki)*xi) where ki:Xi-—f——) UXi are

the injections of THe sum fn'gf

(c) Egualfzers _ _ ‘
Lef.f, g (X,x) R ? (Y,y) héve'equalizer‘k:K-——f—? »X in 9: .:
Then k:(K,k*<) —3 (X,x) is the equalizer in E?}
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(d) Coequalizers

Let f, g be as in (c). If c:Y —— ' C is The-coequalizer-of

f, g in C then c:(Y,y) —— (C,cyy) is the coequalizer in 9%.

3.4 Proposinon:

'"Products of indiscrete spaces are indiscrete'
'Sums of discrete spaces are discrete'

Let {Xi} be a family of objects of.gf

(@) 1f X X, exists then X (X, w, ) ={XX., wy, ).
\ i i Xi i XXi
Kb) | f UXi exists Then'L](Xi, x . ) = (lJXi, alJX-)T

X, .
P [

Proof :

¥ = : - ' . : _ N
,pigxi wxxi and (ki)*mx, GLJXi where the pi are the prOchflons
of the product and. the kr are the injecTioné of the sum. [j

3.5 Some properties which a top category may or may not have:

The properties |isted below are not true in every fop
cé+egory. " They will be used later as assumptions required in order °

to obtain varicus results. .

(finite) (P1): 'EVery (finite) product of discrete spaéés in 9? is

deéreTe;;' The dual fs_(PT)*: -Everyvéum_of indiscrete spacesAjs indiscrete.

‘Since TOP satisfies (finite) (PI) but not (finite) (PI)* we

see that the top category _TOPOP satisfies (finite) (P1)* but not



(finite) (PI);

(P2); | f:X)————)lY'iS monic Then f*mY';i; .
As the 'dual' we take (P2)*; |

X —— ‘Y is'régulaf—epi—fhen f*wx Ly
(P3) If f:X)——F—% Y is monic then f*f*‘i l.
As the 'dual' we take (FS)*: |

If. f:X %Y is regular-epi then fyf* = I,

3.5.] Remarks:

(a) These propeh+?es are related as follows:

(P3) == (P2) and (P3)*¥ == (p2)*:

Proof: (P3) ==> (P2):. Let fiX»—> Y be monic. Since

fey = =y and f¥fy = I, we have
mX‘= FXf gy f.f*mY ahd so.(PZ) holds.
The 'dual' proof is similar. - O

(b)) If fiX>—> Y is a s§1i+-mohib (resp. a split-epi)

then it satisfies (P3) (resp. (P3)*) [Ramaley and Wyler 1970a].

 Proof: For (P3), gf = | with g:Y —3 X implies that gufy = I.

Thﬁs f*rjs_mohic_iﬁ-gggnand the resul+ follows
from f,f*f, = f,. Again the tdual ! is simifaﬁ. a
“(c) Every +¢p cafegbry over sets has +he'pfoper+ies (93)*'and
(Pé)f,_énd,furThermoré has'fPS)vand (P2) fof alr.mOnics with
.non—eﬁp+y domain.  If the emp+y:sef has a unique $+ruc+dre.
+hen fhis iS'+rue?for.éver9 monic; | In particular IQE.hés

all four properties. The proof is by (b).
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(d)" - Top subcategories:

Let A be a +op,subca+egory of'gé.
We have the fo1jowing results, the pfodfs of which are
' Sfraighfforwafd: | .
(1) 1f C° has the property (P1)* (resp. (P2)¥, (P3)%),
then A has the property (P1)* (resp. (P2)%, (PB)*).
i vagé has the property (PI)(reSp.(P2)v) and ﬁ_conféin; all
the disérefe'spaceé df 9?, then A also has the properfy

(P1) (resp.(P2))
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3.6 Proposition:

Let A be a full subcategory of 9%.

The following are equivalent:

- (@) A is a reflec+fve subcategory of 9? snd the reflec+ion

maps are C-isomorphisms.

(b) A is a reflective subcategory of QF.Whibh contains all the:

“indiscrete spaces.

(C)'A_is a Top‘subcafegofy oflgé.

Proof: -

(a) :===;>(b): We can assume.fhaf_fhe reflector has

the form | (X x) ————} (X;Lx). So for XeC, Wy £ wa.

Thus Wy = wa and so (X,wX)EA:

(b) == (a): For (X;x)eC”, let nx:(.x,w-——)ux,x) be

the reflector. Since (X,wx)e_A_ there'is a f such that

(x,x) ————) L(X,x)

~ cdommutes.
X . ,

(X,wx)

So n*-is sblif monic fOr'aII (X,x)egé.' Now by -

‘[Herrlich 1968 8.2.4] each n, is a]sé epi'and hence is a
C-isomOrphiémQ

' (a)::(c) Le+ L be as: in (a)-=>(b) We need to

verify the COﬂdITIOﬂS (|) and (ii) |n section 3. 2

For.(ii), IeT FiX —2Y W|+h (Y y)eA., Then

‘ since (Y,y)€A, +he dlagram

1
(X, f*y) (X, Lf*y)

\\\M k///// . commutes.

C(Y,y)
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So Lf*y < ¥y g Lf*'. Thus wé have equality and so (X f*y)eA

The proof for the cond|+|on (|) is similar, -

()= (a): trivial. - . O

3.7 Proposition: Suppose +ha+.9_is‘comple+e, wel | and co-well-

" powered and Ais arsubcafegoryfof 9?.

'Then: A s a1monoreflec+ive suBéa#egqry of-gf_if and onfy it
Av}s'closed under produefs, subspaces‘and'if cohfafhs,all the
}ndlscrefe spaces A

Proof: By [Herrllch 1968 IO 2 I] and The resuIT 3.6 above .[j

3.8 . Proposf#ion:

Every top category 9? over ayreguJar cafegary g_has (regUIar—epi, mono)
"decompqsi+ions.

Proof : ‘LeT'f:(X,xi R (Y,y?'in_gf have as its decomposition

in,C; X —-—99 Z >— Y. 'Leive be,ThebcoequaIizer of g, hiW —> X
in C. Le+ W ='g'*>‘<,\ h*x.  Then ‘ei(X,x) —> (Z,e,x) is the

) coequallzer of g, h:(W, w) ———7> (X,x) - in C _ Thus
m o
-(X x) ———¥> (Z e*x)>———9 (Y y) is a (regular epi 'mano)

decompos|+|on of finC% 4 '.. o O

~ 3.8.1 Remark:

i

It follows that in a top caTegorY'ovér a regular category the
‘.concepfsvaf.regular—epi'and'exfrémal—epi are'equ}valenf-[’Grirlef
1971 I.4]. Also. the codomain of an eXTremal—epi (= regular-epi) has

the quotient structure. - In panfipu1ar F:(X,x) —> (Y,y) in
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c® is extremal-epi in 9? if and only if f is regular¥epi in C

and y = fyx.

3.9 'Proposifion:

Let C be a complete category which is regularly-co-wellpowered.
Then a subcategory A of gé is extremal-epireflective in 9? if and

Lonly if it is closed under products and subobjects.

Proof: -9? is complete and extremal-epi-co-wel |powered

‘We now apply Kennison's result 1.2 [1968]. . 0

" 3.10 Example: The top category er

Let C be a wel | powered regula}wcafegofy with inTersechons.
- qu each X in C define rl*(X):To be the complete lattice of
reflexive felaTions_bn X. _?or fiX —> Y défine'
¥ o= rQ*(f) = (fX ff*. ‘ I+ fol lows by 1.6 that for
B:Y — Y we Have ¥ = £ Igf, and for «:X ——> X we have
foo = fof 1, |
Qrgvis +hen'av+0p category over C and gflihas the

properties (P1), (P2), (P3), (P2)* and (P3)* (but not (PI)* in the

case C = setfs).

This example is .important for the work of § 6.

- C fg is also obtained as the category of relaTTonaI-prealgebras of

the identity monad on C. (éeef7,IOa5.'

3.11 Connected spaceé'

In this éubseéinDHWe assumethat the base cafego?y Cis
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regular and fhaf the Terminal;objecf N has a unique's¥é+ruc+ure.

3.[!.1 Definition:

A space (X,x) is connected if-and only-if every map in 9? with
domain (X,x) and codomain a dfscrefe space factors through (N mN)

(or equivalently through N).

(X,X) e (Y, &)

3,1I.2 Remarks :

. (a) A spacé (S,s) is connecfed if and only if given
) Pl '
FX,x) —» (Y o« ) wnTh f regularnepl, it follows Thaf Yy €N,

v(b), Ki aII the |nd|screTe spaces are connecfed then N is the
| only obJecT-up to iso’ wnTh a-unlque s—sTrucTurew
| . (c)‘ | f C has the properTnes (P2) and (P2)* and N is the only
'obJecf up to |so with a unlque sTrucTure, Then aII The |nd|scre+e

Cd

spaces are connecfedu

i
[

Proof: Let f=‘v(.><'; w) *—-—7" (Y,=,) have the decomposition

X ——~—99 Z >——~—9 Y Since (P2) holds we have

l

¥a = o * =
m¥ec,, | az and by (PZ) we have e*wx .wz.

E Thl..JsicrZ z.wz and jT follows that Z ¥ N. =~ _ .'CJ

3.11.3. Pfoposifion:"'A_confingpus image of a connected- space is

connected!
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If (X,x) is connected and f:(X,x) —> (Y,y) be regular-epi,

i

then (Y,y) is connected. =«
Proof:
Let g Y,y) —> (Z; mz)1 In" the diagram below we can fill in

h k W|+h k monic so ThaT the dlagnam commutes.

(X,x) 5 oy, —— (7, «)
S
I
-
(Nf mN)
. Now using I'.2(e) we can £ill in t:Y.—> N so that kt = g.

3.11.4 Proposition

P
ot

Lef {(Aj;_m?x)}_be‘a fémily of cohnééfed sqbspaces of {X,x).
: ) Suppose furfher Thé1j(\ Ai and \}A exist and there is a

-Q N ————4—) N Ai. |

| Then (\J AL '*x) is Coﬁhec+ed where m: L)A )——~—9 X is the
naTuraI monic aSSOC|aTed wnTh The union.

Proof :

Let S e uI . _ n. :
NA >——> A > VUA,




4|
be the diagram of ‘monics associated wh“hf\Ai and k)AT'
u = ‘ ‘ i j' EN
So.ni P nJ \ﬁ for all. i, J' B U
Let g: (L/Ai,m*x) E— (Y,&Y)}‘ We need to show that g factors. .
- through N.  Now for each i, gn.:(A., m? x) —> (Y, =) and

'so there are morphisms h., T, such that

commutes.
S'o.fi :A+ihi uju F g upu s gnj uju = +J for aI[ i, Jj-
Write T = +i and s = ng.whefe,n:Y'————)\ N.. We need to sth-‘
that ts = g. Now'(+s)ni = t.ngn, = t.nf;h, = Tih, = gn forall 1.

It follows [Mitchell 1965 1.9.1] that ts = g. -~ O
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4, PROTOREFLECT IONS AND PROTOCOREFLECT IONS

Many refjecffons andicorefleCTidﬁs are obtained by ordinal
- iTeraTion of a functorial proéesé. We.give a number of examples of
sﬁch procgséés in 4.5 below.f; Invfhis secTiOn_we note that all
~these are instances of what we shall éafI a pronreflec+i§n (or its
'Quél). Under cerTafnAcircumsfances ordfha1-iférafion of a

~protoreflection gives us a reflection.

Corresponding-+o eachvresuIT in this section there is an

‘obvious dual result which we usually do not state expficifly.

4.] Definition:

"A protoreflection in a category g!ys a triad (F, n, fg; where

F:Q_——_—> EZis a . functor, n;lv—e—ea F.is a natural transformation
and A is a subcategory of g_such<fha+ for each X in C and
f:X —=> A with AeA, there is a unique f':Fx ——> A such that

1 =
f_nx f.

X e———> FX.

£

3y
|
|
¥
A

~The duafﬂcohcepf is Thaflof:a protocoref [ection.

If (F1, n1, A) and (F,, ﬁz,'ﬁ) are protoreflections in C

then we éay that:
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(i) (F1, n1, A) € (Fy, na, A) if and only if there is a

natural transformation p sdéh_fhaf -

, ni:

J— T
l’ 0 »_v' : commutes.
CFp o |

(i) (F1, mi, A) % (Fp, mp, A) if and only if there is a
‘natural isomorphism p such that the previous

diagram commutes.
~ The relation g is reflexive and symme%rﬁc.

(F, n, A) is said to be a mono-protoreflection (resp. e i,-

regulareepi—efc ) if all THe‘mbrphjsmsfnx are mono, (epi,lregu[ar—epi etc.)-
A’proTOreflecTibn is said to be strong if it is a reflection.

4.1.1 Remarks:,

ProToreflecTnons appear in [Johnson |966] as 'relative
'réflecfions'.  Johnson uses them to study commu+a+|V|Ty of reflectors

and-cofeflecfbfs. } His workl|s enflrely d|SJ01nT from ours.

'The obvious Thihg to do with a protorefiection is to iterate

4.2 Iteration of a protoreflection.

Let (F, n, é)ﬁbe-alproforeflecfjon in C. Write FO = |,
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0 e o : ) ‘ |
n" =1, Fl'=F, n'=n. Define F? = FF, n? = ne-n and inductively
for each integer n, gt FZFn, nn+1 = hPH.nn
{(Fn, nn, é)} n=20,1,2 ... is then an ascending sequence of

prOereerCTionS'ih C.

Let w denote the firsT infinite ordinal. Suppose that.

- for X in C, the diagram

X E X e S B ey BRI >

o TRx
has collmlT (LX 2 ) with QX F —————9 LX.:
.For each fiX ——>» Y, the collmIT consTruc+|on gives us a ﬁorphlsm
Lf:LX —————> LY in such a way ThaT L becomes a functor and
"AQ F ~————9 L a naTural TransformaTlon Deflne FY = FL and
w

n = nL.Q . ‘Then (F , n ,» A) is a proToréflepTioh in C.

!

V-

_More generally,  if fhe appropiate colimits exist, then
for each.ordinal «, we have a protoreflection (F",n", A) and

for each pair of ordinals «, 8 with « € B we have a natural

transformation na’BéFoc —;——9 FB with the following five.properTies:
(a) O - I, F! =F, no =1, n'=n.
) FH e, s I =0T,
» o, ot i' ‘

nFoc for all ordinals «.

X 8<

..(c) For « B < y, ng Y ’B = na’y .
(d) Suppose that « IS a limit ord|nal For each X in C,
let {(Lx, 28)} " be the colimit of the diagram



(For all B € B' < «.

~52,>B<: FBX———) LX

2B

Then F X = F(LX)

o« .
(e) If « € BA;- Then (F‘I’,_T'lo;: é_) £ (FB’ nB’ A)'

The details of the constructions are sTraighTforwérd and are omiTTed.

Duat Iy, he existence of céhTajn limits in C allows us

to obTaiﬁ iterates of proTocoreflechon.

4.2.1. Remarks: 'Preservafion.of phopeffies undef‘iTeraTion,

(a) All |+era+es of an ep| proToreercTnon are ,epi.
(b) Al f|n|+e |+era+es of a mon|c proToreerc+|on are monic.
For the infinite case The question is Open. FurTher results

~are givén in 4.6.

4.3 Definition: Generaffon'of reflections

A pro+ofef|ec+ion'(F\ n, A) is said to weakly gehéraTe

"a reflec+|on if for each X in C there is an ordlnal o such that
£ (X)'e.éj 'If Thls is so, we denote by X’ the IeasT ordinal with

This_propeETy. Y is called the Order of X relative to (F, n, Ad.
It follows that .

{ X —__2£; F X} is a reflection C —> A.  Further, we say
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that (F, m, A) strongly generafes a reflection if for each Xe C we

B

(X)e A whenever B> o,

can find an « such that F

For epi-protoreflections these two concest'are'equiva|enT.>'

I3

: S
4,3,1 - Proposition:

-If an epi-protoreflection weakfy'generafes a reflécflon then it
sfrongly generates a reflection .
Proot:

Let (F, n,'ﬁ) be epi. For each X € C and = 2> <y there is a mbrphism

[og

't such that tn;_in

Ny

s X {(X)
o Yo
X
X t
(II g
F (X
‘ xx , _c-zx ——, o 'czx h &X,oc _ '.v '
_.So tnx . Ny = tnx = Ny - Thus tnx = | and since
ax o A . " : o T
-n, .’ is epi, it is an isomorphism. Thus F (X)e A.. ‘ O

X .

4.3.2 An open'problém. -

Proposition 4.3.1 tells us that for epiéprofofeflec+ions, the properties
_of weak geherafiohvand‘sfrong éenerafion are equivalent. We do not
know whether this is frue in general.
We have +hé’following paffial Fesuffs:_
(&) If F“(xy_and‘F§<X) both lie in A for some
H | " ) (I’B & . o B , -
ordinals « € B then Ny : F (X)) —— F(X) is

an isomorphism.
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V-

(b) £ (F, n, é)'sfrongly geneEaTes a reffecfjon, then

« ¢« =3F (X)e A.

“(c) If (F, n, A} weakly generéfeé-a reflection then. for

each X and «, there is an ordinal B » « such that

FFooe A.
Proofs: v
. S B =
(a) There is a morphism t such that tny = Ny.
(o SN
F(X)
v
s Box
(erBy o = ef = = LS and b
- tnx nx Ty T hx T M ene R

'un|queness it follows “That tnx

Also (nX’Bt ) nﬁ =1 X

and . agaun by unlqueness we have nx

Bx _ B
J —

=By = 1.

(b) For XeC, et « be such that Bxe :====i>F (X)€A.

+1

By (a) F X(X) ®FT(X). (X) "F (X).
 Thus F° '<x>eA and so by (a), ok x*', isan |
isohorphism. " -The. proof. now fol lows by'inducfion.

() Trivial.

4.4  Defini+ibn'

Let (F n; A be a proToreerchon inC.

Ejv

- DenoTe by C(F, n A) The full subcaTegory of C of obJecfs X such

nX:X -————9 FX is an |somorphjsm.



" Proofs If

4.4.1 Proposition:

If (F, n, A) is an epi-proforeflection then:
(a) A ¢ C(F, n, A).
(b) AF, n, Q(F, n,.é)) is an epi-protoreflection.
(c) For each = for which the iterate exists, we have
o fed 4 S
C(F,n, A = C(F, n, A).

Probf:

~ (a) For XeA, there is a morphism t such that tny = |
But ny s epi, so it is an isomorphisn.
(b) Trivial.

(c) Let X C(F 0 A Now nLsn = o and since i, s ar
(c) Let XeC(F , n » A) Now nx nx ny and since nx is an
'lsomorphlsm and Ny is epl, nX is an lsomorphlsm _

'vConverser tet XeC(F n, A) ' Then_nX and F(nx) are
.{somorph;sms. _ S|nce F(nx)nX = nFXnX’ nFX is an
-isomorphism. —.Now usxng |nduc+|on we. see that nX is.an

isomorphism. - o . a

4 4.2 Prop05|+|on

If (F n, A) weakly generafes a reflecflon Then

'QfF, n,-é} Q.A_a nd §f |+ sfrongly generafes a ref|ec+ton then we have

C(F, n, A) =

1t
1>

ﬁx'is én'isomorphism +then

- . .
as in the proof of 4.4. I(c) we see fhaf nxx is-an

|somorph|sm But F X(X)eA and SO XeA

lf we have ’sfrongly generafes’. +hen XEA 1mp|!es that |

= =0 and by 4.3.2(a), (b) we see that Ny is an. isomorphism.
‘ S » a o
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_Examples:

(1

(25

(3)

‘The identity protoreflection.. -

I f A is a subcategory of a category Q.Theh (i,1, A is both

-é.proToreflecfion and a protocorefiection.

Reflections and coreflections.

0t A is a refiecfive subcategory of C and R:C ———> A is the

reflecfibn with unit. n, then (R, n, A) is a protoreflection.

The idempotent monad associated with a monad.

Fakir [1970] give a proce§§ of iteration over the ordinafs

~ whereby one mddifiesvan‘arbifary'monad on a category C to ‘

»obTain an associafed'idempoTenT monad. This prdcess is a

proTbcoreflecTion in The'céTégory of monads on C and it

generates a coref lection if Q;TS wel lpowered and has limits.

let T = (T,'n,u)_be a monad on sets such that Tp = ¢

-'and for some set X,TX has at least 2 points. Then by the
~results of Frel and MacDonald [1971 p.3] we see that the first

_ modification of m gives us the identity monad. Frei and

'.MacDonald give an example-of a monad on groups for_whiéh the

~ first modification is not fthe identity.

(4)

The sheaf associated with.a presheaf.

Hel ler and Rowe's [I962]vlféra+ive consTrucTion of the sheaf *
associated with a given presheaf on a topological space X

(wiTh.yaIuesvin an'exabfé@a+egory) is a protoreflection in

the category of presheave$ on X. Grillef [1971] shows that

with c¢ertain-conditions Qh Q, this construction terminates

after at most 2 steps.
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(6)

Let F:C — C be the finctor defined by F(X,t) = (X, T%)

50

'TOpblogicaI‘modificafian of a closure space..[Cech 1966

’LeT C be the category of_clbsure spaces as defined by Cech.

where T is a closure operator on a set X. Then (X, 1) —2£ﬁ> (X, 2

is a natural #ransformafioh | —>» F and (F, 1, Top) is
. (I : '

a proToreercTTon»which generates ThevTopoIogical-modificaTion.

Kent [1968] shows Thaf_for‘each ordinal «, there is a closure
SpaCe‘(Sx,'Ta) whose Qrder:wiTh.respecT to the protorefiection
is.exaafly x,

Structure funcTors on Top caTegorles

4n §5 we show that every sTrucTure functor on a Top caTegory

" has associated wnTh it a proToreercflon (as well as a

proTocoreercT|on) which IS not. in general a reflecTton

This example is quITe general and includes The regular|Ty

_'properfjes R~ > RI and‘regularbln v op, coreflections and
K monoreflecfiohs in Top, The.+0pologica| modificaTion as
_descrlbed above, The generaflon -of the relaTnonal algebra

"assoc1aTed with a relaTtonaI prealgebra and the Transuflve

' :relaflon aSSOC|aTed W|Th a reflexnve relaTnon (see §7)

(7

~S+ruc+ured equivalence reraTions, poinT separaTion axioms.

In §6 we show. ThaT every. structured equlvalence relation

on a Top caTegory has aSSOC|aTed w1Th it a proToreercflon
wh:ch generaTes the reflecflon into the aSSOC|aTed exTremaf—'
epl—reflecflve subcaTegory ’ ‘As examplas we have The_TO{ T1,
Tz and Urysohn proToreflecT|ons In.__B In §11 we show That

the Ty and T» proTorefJecTwons are not strong.
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4.6 Protoreflections and regular categories.

In +hjs subsection we consider'a‘regular category C.

"4;6;I_ Proposition:

LeT (F n, A) be a regular-epi proToreercTnon in the regular caTegory

C. ~Then each sferaTe of (F, m, A) which extsTs is again regular—epl

Proof:

We proceed byuinducfion and prcVe that all n;’B are regular-epi.
For non-!imit ordinals the lnduc+|on sTep is ‘trivial (use I,ZQ).

B .

So flet Y be a IlmIT ordinal and assume that nx is regular—epi for

“all 0 € << B« Y- We now -use the notation of 4.2d.

By [Griltet 1971 6.6] \v/ Iy = 1 e S (i)
"Now for each o<y, QO =w2anaf .b ...... e (i)
X XX , e _
By a55ump+|on nx is regular epl |+ fol Fows ThaT
Im 22 = Im 2; for each <, So by (i) it fol|ows that
'Im'ﬂg = | and hence 22 is regubareepl. Now by (|1) and 1. 2h

- we see that R; ie—regular—epi,for each «.  The rest of the procf is trivial.
: : - S i ) C]
ExTremal—epinroforeffeCTIOns in top categories over "nice' regular

categories. always generate reflections and have other pleasanfvproperfies..

. 4.6.2 Proposition:

Let (F;in; A) be'ah ex+remal—epi—pro+orefPechon in a fop cafegory 9?
where C is regular. |
jThen:

(a) Every |+era+e of (F n, A) which eXISTS is exTremaI—epx

B

- Now suppose that every relation in C.is conTanned in a least congruence ‘

and +ha+-9_has unions (see’ 1.8):
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(b) Every-iterate of (F, n, A) exists.
(c) 1f further C is regularly—co-weflpoWered and
A = Q?KF, n, A},'Then (F, n, A)fsfrohgly generates a

reflection..

Proof:

(@)

(b)

_Use 4.6.1 and the prOperTies,of'exTremai—epis and colimits in .
‘top categories.

. S . " .‘;_ . ) v . ' ’

For (X,x)eg_, write F(X,x) = (FX,Fx) and Ny = n(X;x)'

We need only show that the ppropiate colimits exist in C.
'So let « be a'limit ordinal and for XeC let ¢2:X —» X'

be<regular¥epi such that ker ¢2 is the IeasTvcohgruence
0.8 : : _

. on X,coﬁfaining V kerfnx

A Now by 1.8.1 there is for

each B<x. a morphism ¢§'Sucﬁifha+ :

0,8

—»

commutes.

u_We'see easily that {(X', ¢§)}Bém is-the colimit of the

diagram
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,B

(c) By .(a): and (b) all 1+era+es exist and all nx are exfreme—

.epis. Since C is regularly—co wellpowered there are for each

«,B

»(X x)eC , ordlnals Oc<B such +ha+ nx - Is an isomorphism in 95.

act )

‘_I+ follows that nx is an isomorphism in 9? and so

FXeA. ' - - ' -

4.6. 3 Proposition

Let. C be regular and cocomplefe and saTnsfy Grilléf's conditions
| C;, crr, it C1971 pp. 170].. R
Let (F, n, A) be a:mono—protorefleCTfon in g?. ‘Then:
-(a) Every i+eré+é of (F, n, A) is a méno—proToreflec{iOn{
(b)- 1f (F, ﬁ, A) weakly generates a refiecfion_fhenv(F; ﬁ,‘ﬂ)
,'?s also an epi—ehiprdféreffeCTIOn.. o . |
(a) is proved by |nduc+|on using GrnIIeT's resul+ 2.5 [1971 pp- I78];
(b)vThe_proof,ls S|m|Jar to +h§+vqf the correspondlng resul ¥ fgr

 monoreflections. o L 0
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5. ToP CATEGORIES | STRUCTURE FUNCTORS;~MONOREFLECTIONS

AND COREFLECTIONS

In this section we generallse some resul+s of Herrllch
[1969a] and Kannan [I970a] concernlng monoreercTnons and coreflec+|onsvf
: .ln Top +o apply to general +op cafegorles . We-show that +hese
reflec+|ons are’ in general ob+a|ned by |+era+|on of a. pro+oref|ec+|on
’ We also ob+a|n some results concern|ng +he I|f+|ng of ex+remal—
eplreflec+lve subca+egor|és +hus par+|ally generaIISIng a- resul+ of

Brummer [I97|] on the llfflng of eplreflecflons

fThkougth+ this section Q?fandugf will be Tpp_cafegoriés
over 9_(whiéh‘need not -be regular). = P will denote the projection:

funcfof of bo+h 9? éndVQF,

5.1 Definition.: [Wyler 1971a]
A functor L:Qf f4———§‘9F such that PL = P is called a structure
functor. Sy e |
“In-Wyler's terminology L 'lifts! the identity on C. For (X,x) in

‘,CS, we'wri+é~L(X X) =‘(X Lx). 5 For each obJec+ X of C +he mapplng:_‘

*X ————) t*X |nduced by L is- called +he s+ruc+ure morphlsm
i nduced by ‘L. o |
_I+"fQIlow$ that 1 £:(X,x) —> (Y,y) in C°, then.
Lx € f¥Ly. | |
fFor the res+ of +h|s sec+|on L, LY will be structure functors

.E —> .
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5.0 Remafks:‘

" There are two frivial sTruCTuré‘futhors 2?5—4-79 EF. These are
-‘évand'w where cc(X,x).: (X{'ax X

= EF'Then;The identity functor is another one.

Y-and wiX,x) = (X, w,).
{f_g?

'The-following elementary pfoperTieS of structure functors will be;

- used frequenttly later on.

5.1.2 Lemma:

(a) If f‘:X.—% Y andr(Y','y)egS then Lf%‘y < f'*l__'y'.
(b) ._-If FiX — Y and-(x',g-_)‘ejgs'fhen_f_*Lx € Lfyx.

s (c’). .,.If ,(Xi-_,.xi) is a fam.'i ly ’of:‘sp"acesv' f‘r.om _(_I_S and )(X'i
: 'ekisTs fn_£b then L(/\p?x;) é)ﬂ p?in.. | |
() 1f (X ,x.) is a'fanily of spaces from ¢® and UX%
exists in ¢, then L(V (kdyx ) 3 Ve,

' Proof:

4 Tfiviaj; see 3.3.

5.2 Definition: Speéialspfdperfieé of structure functors.

A sTrucTure'funchva:fs ééid to preserve subspaces (resp. duofiénfg)
'ff.we ﬁaye'equajjfy in 5,{.2(8) (fésp. (b)) fof‘f-exfrémeémonip
;(résp;’ex%reme-epi).in_gfi |

L preserves produéfs‘(rQSp:végﬂi).if‘Qe:han equalify.fn (c).

(resp. (d)).
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5.3 .Definition: Subcategories associated with a structure functor.

L and L' have associated with them two full replete subcaTegdries of
C° defined as follows: '
. ta) 9?(L € L") 'has as spaces all (X,x)egé for which Lx € L'x.

(b) c® (L =LY has as. spaces all (X,x)egf7for which Lx = L'x.

In. the next few results we examine some properties of the subcafegories

| defined above.

5.3.1 Proposition:.
(a) If L! preserves subSbaées (resp. products) Then"

: QE?(L g L") is closedvundér subspaces;(resp; products).
S (b)Y If L pfeservés quotients (resp. sums) ThenAQ?(L g LY

" is closed under quotients (resp. sums).

.Proof:"

©(a) Let f: X >—> Y be extreme-monic, (Y;y)EQ? and Ly € L'y.

Then L(f¥y) € XLy € FXLTy = L'#¥y.  Thus (X, £¥y)eci(L < L.

For'prbduéfs,'(ef (Xi"xi) be~a'fam§!y bf-spaces.from'gé.-
Then L(A p¥x,) é/\»p.’i‘ins Ap"i‘L"xi' = LY(A p’i‘xi).""
It follows that X (X, x JeC(L & L.

The proof of (b) is similar fo that of @>. 0O

.5.3.2 Corollary:
If L and L' both preserve subspaces'(resp} products, quofiehfs, sums)
then Qé(L = L") is closed under formation of subspaces (resp.

i
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products, quofienfs; sums) .

- The next result generalises the main result of Herrlich's paper [1969a]

- concerning coreflections in Top.

5.3.3 Pronosifion:

‘LeT'L-CS — CS be a sTrucTune-funcTor:'“
- '_(a) cS(L < ). is closed under producTs, subspaces and contains-all
| indiscrefe spaces. IT |s a top subcaTegory of C and The
reflection is;efrongly generaTed by the proToreercTyon_
(F, 1, C° (L'< 1)) where F is The.funeTor:

) — (X, xVlx ), f p—> f.

(b) C (I € L) is closed under sums and quoTnenTs and conTalns

call. dlscreTe spaces ‘ It is a coTOp subcaTegory of C 'd

the coreflechon is strongly generaTed by The proTocoreercTnon

| (Ff,:l, C (1 < L)) where F' is the funcTor:.

(X,%) — (x x,\Lx) f p—> f.

(a) The |den+|+y funcTer preserves subsnaces ‘and products and :
| it fol lows (by 5.3. I(a)) ThaT C (L 6 1) is closed under
These opera+|ons C (L < I) obviously contains the . o
v|ndlscreTe Spaces AR (X;%) ————1> (Y »y) Then x € f*y
.>.and Lx g f*Ly So xV Lx < f*ny*Ly < f*(yV Ly) -
‘So F is a sThucTurefuncTor and 2] —————) F lS ‘a naTuraI
_Transformafion. lf Y, y)eC (L < I) Then F(Y y) =’(Y,y).

‘ Thusv(F, b, C?(L.s*l)) is a proToreflecTnon.
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Write Fx = xVix. Then FP X, X = X, F0 for each
" integer n and for « a IlmIT ordinal The coI|m|+ is given
by (X, B\{ FB Thus FE(X,x) = (X,F( \/ x))
- Thus all The |+era+es of The proToreflecflon exnsT and

{F X}a is an‘increasing chain of structures on X.

It follows that there. is anrordinal « such that LFéx < Fx.

(b) This is dual fo (a): o L O

5.3.4 Remafksf

1Herrlich [l969a]-s+a+es‘fn effeCT that for C= Top, the proToce—
reflec+|on associated quh a structure functor is. always strong

(l.e. it is aIready the coreflec+|on) ThlS is not true. | Herrllch
~,has also made Thls observaflon in a IeTTer To the auThor | We giVe
an example' For (X x)e__B_ IeT Lx be The Topology on X quh subbase'
X TogeTher quh the complemenTs of members of x. Then C (1 <L) |

is The full subcaTegory of - spaces 1n which every open seT is closed;

| L f we let u be the. upper Topology on IR (the reals) then Lu is a T1

Topology but |s_noT dlscreTe arid hence_(JR Lu)éC (L l);  Thus L

‘iS‘nOT‘The coreerCT}on._A

5.4 Examples

We list beIow a nUmber of examples of sTrucTure funcTors for Wthh

the assoc1aTed proToreflecTnon is noTZSTrQng:

1({) The generaTnon of The relaflonal algebra associated with

a relaTnonaI prealgebra (see 7.3).

(2) 'The_TonIOQICaI modf?icanon of a cloeure,Space (see 4.5(5)).
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(3) The fegular modification of a TQEpiOQIcaI_spaée [Thomas 1968].

(4) . Ry-topological spaces [see Murdeshwar and Naimpally 1966].

‘Let L;IQE_——Q——) Igé_be the sfrucTure functor which selects
from each topology x (on a set X) The k—open sets U which
have The prOper’ry aey -—_'—-) CSL aCU |
It is easy to check that These open seTs do form a Topology Lx‘
on X and x £ Lx. Then C (L =‘ Q—EEEEEEJ

Thus The proToref|ecT|on associated with L strongly genera+es.
the Ro reflecflon (5 3. 3) . It |s_noT strong howevef._ We

. giVe an . example To show this: | N |

| Let X = At/B.wheré A={a }andB={b} are
counfably fnfinife se%s. .LeT:x'be the Topolqu.on X
W|Th open se+s @, X B, B , An(lB for all-m,n where

~

o _ A . _ |
A‘v— {a1, aa, SRSRRERE a } and B {bm, bos1? P2

“Then Lx = {@#, X, B} and so (X,x)1s not yet a Ry space. jC]



- 60

5.4.1 .Problem:

For M a monoreflective subcafegory of 9?, denoTe'by Qé(M) the
“class of structure functors L:Q? — Qé'such that | € L and
,ﬂQ_(L'; 1 =M.

Study the clase Qﬁgp._ Ln particular censjder‘fhe following

_questions:

(a). The fﬁncfor of The»monereflecffOn ie aiwaye the largest
member of C(M). ' When-dees C(M) haQe a least memberf

(b) When does CM) have exacTIy one member7

"<¢) Are any of The sTrucfure functors descr:bed in 5.4 the

least members of the correspondlng class nyp? |
. Note that Tn §6 and §11 we ob+ain sdme'resulfs cdncerning the
'correspondlng problems for sTrucTured relations.

Con5|der also the 'dual' roblems for coreflecflve subcaTegorles
P

5.5 Monoref lective and Coreflective hulls.

LeT A be a full subcafegory of C We.deffne‘sffucfure fUncfors
L,_L',Qn Q_'as ol lows: |
: L(X, %) = A‘{vfm' a, |__f; ':_<>'<.,x)?;—§ (A_, a), for-all f_
S | i_<A°c,' a.) in A}
L' (X, x)- \/i(f o) %3 If‘ H(Ag, ay) —————) (X,x),for‘alj
| | f,’(A,a)ihﬂ_A)

ed

- QF(L < ) =c3L = 1) has spaces al |l (X,x)_such that
x =Af*_a_-in the above'neféfion.' A similar

statement is true for L',
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The proToreercT|on and proTocoreflecT|ons lnduced by L and L'

are hoTh strong. Further 9_(L = 1) is the smallesT Top
:veubcafegory of 9? which contains A, and if C is balanced then it
is the mondreflecfive hull of A. | A_correspohding result is True‘

for the dual case.:

" 5.6 Definition: Lifting subcategories via structure functors

Let L:Q? —f——éS-Ef be a structure functor and A be a full
“subcategory of QF. Define Qé(L;ﬁ) to be the full subcategory of

c> consisting of )hose_spaées whose image under L lies in A

The.subcaTegory c3(L, A) is a genera!isafioh of Kannan's
.subcaTegory (B, A) where B is a coreflecflve subcaTegory of To op.
and L is the B-coreflection [I970a]. ‘ In 86 we wull apply some of the

results given.below o +he eTudy of sTrucTured equlvalence re!aTlons.

5.6.1 Proposu+|on

lf A is closed under subobJecTs and (flane) producTs, then

C (L, A) is also c|osed under these opera+|ons

Proof :
Let £: (X,x)  >— (Y,y) be monic with (Y y)ECZ(L,A) .

Since'fE(X,Lx) )4—4—9 :(Y,Ly) we have (X,Lx)eA, Thus (X, x)eC (L A)

- For a preduc+ X(_Xi,x'i) we have |: L(X(X X )). )——-) )(L(X »X ).

- So ifteaCh'(Xi;ki)egé(L,A) we have. the producT also in C (L,A). C]



62

5.6.2 Corollary: -

(a) 1 " has the proberty (finite) (P|>'of’3.5; then

'QF(L - «) is closed Qnder (finite) ﬁroducTs.
() 1f Ct has +he properTy (P2) then C3(L = «) is closed under
| éubobjecfsa' |

Proof: C°(L = «) = QF(L, discrete spaces). Now use 5.6.1. [

~5.6.3 Remarks:

(a) Let c° =C".
If L g I,Theh'gé(L ; oc>)"con‘rains all discrete spaces.
1f | & L then (x,xiegka - ) impfies X = .
(b)l If-The.injecTions of.Thé:gum'are'monic TheniJ(Xi,xi)ggé(L = «)
implies that each (Xi,%i)egé(t - ).

(c) lf.g_is connected and-has a terminal object N with a uhique

It
]

‘s=structure Theh.)((xi,xi)sgé(L'

implies that each (X, x.)eC*(L

«).

5.7 Lfffing of exTremaléépiféf|ecTive subcaTegoEies;_

Brimmer [1971 1.9] gives the following result: Let L:C' —> B
be é func%or with C! compléfé; welfpowered and'bo—weflpdwered and |
let C' be'an»epirefIQCTiveVsﬁbcéfegory of g: If L preserVes.IiﬁiTs
or pfoduéfs.aﬁd‘éXTréﬁe—monicé,‘Theh The subcéTégdry»L—l(gf) of C'
df 65jéc+$iwho§e imagé under L l'ies in @f,,jsvan epifefiecTIVe-

_ subcategory of C!



We show. in Thfs.subseéfioﬁ Thaf BrUhmer's cbndifjons én'L o
caﬁ'be relaxed Somewhéf if'we insist that B! bé:én-exfﬁemaf— :
eplreflecflve subcategory. Léfer.on in'§é We wil{robfain'a meThdd
v{of lifting the exTremaI-eplreflecfor d|rec+|y so that we can avond

 The use of comp leteness. conditions on the base caTegory.

SQpposé that Q_Tsvcomplefe; exiremal—epi—cofWellpowered»and‘

L}Ef > QF is a structure functor :

5.7.1 Proposition:
f A_Ts_an'éxfrémal—epirefIecTiveischaTégory ofygf,lfhén Qf(L,ﬁ):-

is an exTremaI?epireflecfiVé_subcafegory of 9?.

. Proof:  3.9,5.6.1.

5 7. 2 Problem

. Wthh Top caTegorles C have a 'un|vér$a|' exTEemaI—epnreercTuQe
.subcaTegory,'ln the. sense ThaT aII oTher exTremal eplreflec+|ve
subcafegor|es are obTalned from it by’ l|f+|ng via a. sTrucTure »
functor?, ~In:parT|cular.are fz—sgaces unnveraL in IQR}” See aIde[|.9.
o
The resulf 5.7. I handles the llffnng of The p0|n+ separaflon

properTnes Tg, Tl, Tz from E To The caTegor|es of Unlform spaces,'

‘ Proxxmlfy spaces etc.. HoweVer |+ does not tell us how These-prOper*iés o

it from » E To caTegorles of Topologncal algebras. Fbr.fhié we

need To work in a more general s:TuaTnon as follows: Let 9? and QF

be-Top cafegories,, L:Q? f——;—é ji a functor which 11fts the functor
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L':c —> B [Wyler 1971a].

A5.7.3, Proposifien:

rFor each full subcafegory of A of B et CS(L;L',A) denofevfhe sﬁbcafegory e"
of C of spaces whose lmage under L Iles in A | |

-Le+ C, B be complefe and ex#remal epl—co wellpowered Suppoee rurfhere
ThaT L' preserves monics. and that. for eaCh producf inC, the |nduced

| 3morph|sm ’<L'p > L'(XX ) ————-)XL'(X ) is monic. |

Then if A !S an exfremal-eptreflecflve subca#egory of B C (L, L' A)

is an exfremaleeplreflecflve subcategory of g_.

Proof: Similar to 5.7.1.. o : o
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6. TOP"CATEGORIES' STRUCTURED EQUIVALENCE RELATIONS

EXTREMAL EPlREFLECTIONS

Throughour"This,seCTion Q_nill bela weIIpowered reguiar

»Ca+egory with intersections wnich satisfies Lawyere's condiTion

'every‘equivalencelrelafion is,aioongruenoe:(see 1.8)'. It fo|lowsa

oy 1.8.2 that C will be reoularly—oo—We1|b0wered and so‘by a result -

of GrllleT Cto971, 6. 8] C has The properTy for every relation

«:X ————5~ X There is a leasT congruence on X Wthh conTalns «, We
2

recall The descr|p+lon of C (3. 10) as ‘the caTegory with - sTrucTures '

- the ref1exnvevrela+|ons on the obJecfs of 9:

We wnII deflne 'sTruc+ured reraflons' and 'sTrucTured
A‘eqU|valence re|a+|ons' on a top caTegory C as a generallsa+|on of
the 'Topologlcal equnvalence re|a+|ons' of Sharpe, Beattie and Marsden
[|966].' We show that there i's a:one'To onelcorrespondence beTween‘
'The'STruoTUred eqnivalence'relafjons and-THe1ex+remai—epipro+orefIecTione.
" We examine in_some’deTail.Tne’relaTionship between the proper+iee:

of a sfrucTured'eqoiValence relaTion‘andanoee ofi+he oorrespondino',,"
pro+oref|ec+|on _ We also examlne The I|f+|ng of an extremal-

epxproToreercT:on usnng a sTrucTure funcTor, as promised in §5

eThe assumption that Q;beawellpoweredvcan'be Qeakened to
regularTy?co—welIooWered and aII The resul+s'of +hie'éeo+jon-wil1
LSTI|| be True w:Th essenTnalIy The lden+|cal proofs The reason

_ for the sTronger assump+|on is To ensure ThaT C Q-IS a Top caTegoryv
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(the structures on each object must forﬁ a set). However‘wifh
+he weaker assump+|on there is an obvious way by WhICh one can

reformulafe the basic deflnlflon, 6.1.

6.1 Definition: ‘Structured Relations. [cf. Sharpe, Beattie and

'Marsden }966].

A structured relation E on a top category C?,is a structure

';funcfor E'CS —_— Cr9
: -'As usual we wrlfe E(X,x) (X, Ex) : If for all (X‘x)ECS

Ex is an equtvalence relaflon, then we say that E is a sfrucfured

equtvalence‘rejaflon on C,.

No+e +ha+ for f: (X x) —> (Y y) in’ C we have f (Ex)vs.Ey

and equ;yalenfly Ex < f*(Ey) i.e. ﬂEx)f "1 'S Ey and Ex < f 1(Ey)f

"~ The cafegery CS(E'a T) is'fhen +he full subcategory of

‘ Q? consns+|ng of +hose spaces (X x) for which Ex = lX‘

We say- +ha+ +he sfrucfured re|a+|ons E and E' are compaflble

6.2 ‘DefiniTion:. Proper structured relations.

A sfrucfured relation E on C is said +o:be‘grbEer.if‘E #‘l-and o
# *.where I and * are +he s+ruc+ured rela+|ons deflned by
I(X x) (X,_(X).aad (X,x)‘. (X,Imalx o x).

6.2.!, Remarks‘

(a)' For each X' in C the foIiOW|ng are equ1va|en+



(b)

(c)

'6 3

67

(i) For each Y in C There‘is‘aT most one morphism Y —> ’X._

‘(ll) The diagonal A: X —> X x X. is an lsomorphlsm
(|||) The Two prOJecfuons X. x X ————) X are equal.

(|v) The two prOJecflons X x X ———) X are ;somorph|sms

| f these COHdITIOﬂS are.-satisfied then X is caIIed a Ear+|a|

terminal objebT (see also Barr 1971, I11.2.4).
U= —‘9?
C3(* = 1) is The full subcaTegory of spaces (X x). for.

‘which X saflsfles The condnTnons of (a)

Let C be a cogenerator of C:' f (C,;wc)égé(E = I)CThen

E=1..

Proofs: (a) and (b) are trivial.

(c) For (X,x)eC® let Ex = Im<a, b> with

<a, b>:R »——> X xAx,mon:c. ~ For fiX --—; c,

C
~ Thus we have‘(fb)ﬁfa);;'s.lﬂ [+ fd!lows that fb < fa

F1(X,x) —> (€, w) and so fyEX) = f(ba‘l)f'l's'ic.

and so fb = _;_ S|nce Cisa cogeneraTor it follows

X

" that a #,b° Now by b, 4 I(g) we have Ex ='i . CJ:

Lot

(a)

(b)-

(c)

ProposnTnon [cf. Sharpe, 'Beaffie and Marsden |966]
E be a sTrucTured relaTuon on C |

CS(E = 1) is closed under producTs and subobJecfs FurTher

|+ conTalns The space (N, n) for all sTrucTures n on N

'lf ¢ is complefe ThenyC_(E =_|) is an exTremal-eprreflecTive

l'subcaTegory of C

Suppose ThaT C IS connecTed and ThaT the Termlnal obJecT

N has a unlque s-structure. Then if a producT lies in. C (E. =

. so does each factor space.

1)
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Proof
(a) _9_2 has The properTnes (Pl) and (P2). We now apply 5.6.2.
Now since N |s_Term|nal N x NEN and so- 1y = 0. Thus E(n)- = IND

(b)) Use 3.9.

(c) 5.6.3(c)..

6.3.i- Remafk:

in 6L5}1 we will preve ThaT'Q?(E =1y is an-exTremal—epifreflecTiVe

subcategory of QF without the assumpTion'fhaT Q;be complete.

6 3., 2 The case C ‘sefs

Let E-be'a sTrucTured relaflon on. @ top caTegory seTs ‘in.which fhe
~Stngle+on has a un|que sTrucTure and suppose that E # X,
. Then sets (E 1) conTalns all The dlscreTe spaces and is

closed -under the formation of.sums.

-Proof:

.Since E # ¥, we'see(ThaT sets (E =1) .contains a space with at

IeaST two poTnTs. Thus +akfng products we see that it confaineia"v
space of any glven cardlnallfy and hence a!l diecrefe spacee
Now |e+ (X i x:)s seTs (E=1 for aII isiﬁ" Wr|+e'(X,x) LJ (X ’ X, ).
Suppose ThaT (a, b)s Ex.. We need To show. ThaT a'evb.
LeT f LJ(X $1%5 ) — (I e« ) ‘be the map- deflned by
r__f(X}) = {i} fer-eaeh i Then (faffh)e-EgOCI =
»anddseva,‘bexj fer sbme‘jei. | o .
Now [ef'g;gglxi;x}) ;—59'@xj,xj) by gx;‘=dlki'and"
' g ' S : Jo - J :
| o _.g(x}> ;i{a}dfor D

Then (a,b) =‘(ga,gb)e-E2j =1, and so a = b. . s
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6.4 The Structured equivalence relation associated with &

‘sTrucTurec reIaTionL
Every sTrucfured'relaTion E}qh.gf has‘associaTed wiTh.iT a
least (see 6'6) sTrucTured equivalence.reia+ion E9 such that for-all
(X,x)€C° we have Ex € E%x. E% is defined fo be the least
eqUIvalence reIaTlon on’ X whrch is larger +han Ex. :_IT is easy to. .
check that EY is.indeed.a sTrucTured eqU|valence relation and’+ha+;E '

and E9 are compatible.

6.5 The correspondence between structured equivalence relations

and,exTremaI—epipro+oref|ecTions

‘Let E be a structured equiva|ence.re|a+ion on CS.-x
R Slnce C sa+|sf:es Lawvere s, condlflon, +here is ror each space
(X x) a regular—epl in C whnch we denote by p , such Tha+
| Ex =. ker p .

For each space (X,x) let E X be The codomann of pE and gejige
E (X,x)_= KEXX,(pX)*x). For f: (X x) ————) (Y y) the |nduced
morphfsm'fheprem (Y;B;l)‘gives us‘a map E-f ET(X, x)~———? E (Y, y)

The consTruc+|on apove g|ves us an exTremal ep;proforeflecflon
V(Er,.pE;lgé(E;= 13) Cé; We say ThaT The structured equnvalence o

relation is sftrang lf +he correspondlng protoreflecflon is sTrong

.(i,e._iTVis‘The‘reflechon)}

It s easy To see +ha+ +h|s COHSTFUCTIOH in fac+ g|ves
us a one fo one correspondence beTWeen +he sTrucfured equuvalence
reIaTions on 9; and the (|somorph|sm'classes of) extremal-

epiprotoreflections on Qé.
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For each ordinal =, we define Em, the «'th . power of the

sTrucTUred'equivalence relation by : % = ker(pE); where (pE)m,is

tThe natural Transfqrmafidn of the;ﬁ'th iteration of the proToreercTion

- associated with E (see §4).

6.5.1 Proposition:
Let E be a structured relation on C°.

Then CS(E = 1) is an eXTremal-epiref1ecTive subcategory of CS and
: The ref|ec+10n is sTroneg generaTed by the protoreflection

correspond;ng To Eq

Proof:

U§e 4.6;2.> ' T ' O

‘"6.5.2'.Rémarks:

The resulf'aboVe will be applied in §9 and §11 fo give
"rn+erna1':descrip+iohs of the ref1e¢+iohs associated with the
'To, T1 and T2 ponnT separaTnon aX|oms in Top as well as ‘in other

caTegorles of relaflonal algebras

6.6 The"complefe-1aTT}Ce?'df'sTrucfured relations.

: ~

The collecTnon of all sTrucTured-reIaTibns on Q?Vadmifs'a-"
partial order lnduced by The orderlng of relations. We'give below

'some-bas:cAproper+|es-of this order.i



(a)

(b)

(c)

6.6.

71 .

The order:

Let E and E' be structured relations-on C°.

We define: E < E' if and only if Ex € E'x for all

(X,x)sgé. The order < is reflexive, anfi—symmerric and
transitive.

Infima and suprema:

These -are formed 'pointwisely'. | is the | east structured

relation and * is fhevgreaTeST structured relation.

*

Compatibility classes:

Let é_beAan exTremal-epireflec+ive subcategory of 9?. - The

" “collection of all structured relations E on_gé such that

E=1) =A s cafled,+he compéfibili+y class of structured

relations asschafed with A.

 Proposition: Properties of the order.

" Let E; and E, be structured relations on 9?.

(a)

(b

()

(d)

E; € Ep == C°(E, = 1)g C%(E1 = D).
Each compa+1b1||+y class isuconvex, is closed under sdprema
and has a largest’ elemen+ which is the sfrong structured

eqU|vaIence relation assocnafed with the exTremal eplreflecfnon

'whiCh corresponds (see 6.5).+o the comparlblllfy class.

E.l Ez ﬁ Eq £ Ezq

The correspondence be+ween s+ruc+ured equsvalence rela+wons

and pro+oref|ec+ion5'is order preservung.

Proof:

Trivial. .. | R S ' O
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.~ 6.6.2 Open problems:

‘The results given.above'sUQgeST fhaf ohe should study the

-rela+|onsh|p between The properties of an exTremaI—eplreercflve-

‘subcaTegory and The mOperfles of The correspondlng class of

structured relations.

“More spec1f1cally we have the follow1ng open questions:

<a).

NG

>-(c5

(d)

The companblllfy class of sTrucTured re|a+|ons assoc1a+ed

bwjfh the Ty Topolog;cal spaces does not have a least

member (see 1. 3 2a). . However the compatibility class of

s+ruc+ured egunvalence relaflons assoc1a+ed erh The Tl-spaces

v does have a least member and the same resulT is True for the

sz—Topologlcal spaces (II 3. I 11.4.2)." Is this frue in general7

Are. compa+|b||1+y classes always wel ! ordered?

.When do compa+|b||1+y classes have exacTIy one. member7

|n Top the subcaTegory of To spaces has Thls property. (see lI 2 l)
When does a compaflblllfy class cons|s+ simply of powers of

a single sTrucfured eQUgyalence relaflon? (see I1.3.2c).

Inthe next three subsecTions'We study initial, hereditary and

producflve sTrucTured relaTtons and show how These properfles

transfer to The associated proToreercTnons

6.7

Ihifial STrUCTUred eQuivaIehce'reJaTTons;

A sTrucTured eqU|vaIence re|a+|on E is |n|+1al if The

" induced proToreercTnonAmaps.are 1n4T1aL, i.e. for aII spaces (X x),

x = (pEI*(p]) yx.
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6.7.1 Proposition:

' . Suppose that every regular-epi in.C is Splif—épi, ,

' T | yas s . 3
Then every initial structured equivalence relation on C” is strong.

Prodf'

' "We use the no+a+|on of 6.5. Hor (X; x)eC wrlfé g = pg and le+

f E X ————? X-be such ThaT gf ¥1I; Slnce E.Ls nnTTial,

; f;(E\(x), gyx) — (X,x) (see53.2). Thus E(g;x)‘é f¥(Ex).

B | | | :‘<‘fﬂlg~Fgf |

- (gH) M (gf) = |

‘and so EN(X,x) = (Eix{ g¥x559?‘(E«= D 'iC ' C o

6.7.2. Remarks:
The converse of 6 7.1 is not true. 'In facT in §|l we will prove
. that To is the onIy |n4+|al sfrucfured equuvalence relaflon on

Top (1r72.3).

6.7. 3 Proposffidn..

Suppose +that C has the properTy (P3)* of 3. 3
. Lef E be an |n|+|al sTrucTured equ1va|ence relaf:on on C

Then the funcTor E C ———9 C '|nduced by E preserves 1n|+|a| maps

" Proof:

Let f:X —>. Y and (Y,y)eC?.'vwkffe x = f*y, p = pE

X X
E

y "By .
ﬁThen (p dux = fpx)*f*y

andvp

(o )% ¥ (0 )% (0 )y (E is initial)

(p*>*<px>*<E“f>*(py>*y_C

B

(Eff>¥(py>*y - (by (P3)*).
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- 6.8 Heredi+ary,s+ruc+ured relainns.

‘A structured relaflon E'is hered|+arx |f for all f:X ———9 Y

and (Y y)eC we have E(f* ) = f*(Ey).

‘(Noflce that we do not res+r1c+ To f monic:)

6.8.1 Proposffioﬁ:

LeTIE be a éfruc+ured_equiva|ence relation on 9?.
The following arevequivalenfz
(a) Eis hereditary.

(6) For f:X ——3 Y and (Y,y)eC® the morphism Ef:E" (X,x) — ETCY,y)

is monic.
Proof : -
' ' E ' E
= .~ = * = L=
o | Write x = f Yy Py px_and py .py.
(a) == (b):
. Py L
(X,x) - - —>> E (X,x)
f E"f
| N - | N ,
_(Y’Y), - _ —» £ (Y,y) .

E(f*y)-.?.f*(Ey) gives us ker(p ) = ker (p f)

and so by 1.8. I we see +ha+ e f is monic.

-(b)::::?(ai:_Now f*(Ey)-= f'lp o f

~1 -1 .
y Pyt =0 (E_f) (E,f)px

1}
jo]
o]

1t

r.l_'l
X
O

' 6.8.2 Corol lary:
Let C be balanced and 9? have the property (P3)¥,

N
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Then the protoreflection funttor induced by a structured

equivalence relation which is initial and .hereditary preserves
. s

subspaces in C™.

Proof: 6.7.3 and 6.8.1. o

6.8.3 Remarks:

tn 811 we will prove that Ty is the only proper structured equivalence
relation on Top which is hereditary (11.2.3).  The structured
relation T; is also hereditary but is not an equivalence relation.

s

6.8.4 The case 9 = sets.

We say that a structured reldtion E on a fop category sets® s

" weakly hereditary if for allispaces (X,x) and (a,b)e Ex there is a

finite subset {ci, c2, . . . én} of X such that a = c1, b =c_

and (Ci’ Ci+|)€ E(jrx) for L-g i € n-1 where

i {Ci’ci+|} >»— X are the inclusions.

We have the following result which is a contribution towards the

sdlu+ion of the problem stated in 6.6.2(a).

Proposition:

Let E and E' be structured F¢|a+ions on EEiEi'
(a) E hereditary ===E weékly'heredi+ary.
(b) E hereditary == 9 is weakly hereditary.
(c) Let E and E' be compatible.
|f either (i) E is herédifary aﬁd E' is symmetric,
or (ii) E is weakly hereditary and E' is an
equivafence,
then E ¢ E'.

If further E is strong then E = E'.
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(a) and .(b) are TriviaI; _
() (i) Let (X,x)e se+sS and (a, b)a Ex‘Wi+B a#b.
| Let X' = {a, b} and RS >—-—> X be the inclusion.
Since E is hereduTary we have (a ,ble E(J*x)
So (X', j*x)¢ T __R.E = 1) and since E and E' are
cmm&ﬁMe(Xh_ﬁxm_ER'Y=ﬂﬁf SoEWJ&)#I
and since E' is symmetric we Bave'E'(J*x) - X! x X',
So (a b)e E'(J*x) and |+ follows +ha+ (a,b) = (Ja,Jb)E E'x.
So E < E'. o | |
The proof in the case'a% (iij fs aim{lar.

“ Now if E is strong then by 6.6.1b we have E' € E and so E =‘E','[j

In Ig&, The sTruc+ured equnvalence relaTuon Tq is weakly hered1+ary
,buf not hered|+ary The s+ruc+ured eqU|valence relation Tq IQR.
is +he least sTrucTured equlvalence relaTnon assoc1a+ed W|+h Thev‘
- T,- spaces but Tq is not weakly heredITary (con5|der N with the
cofinite Topology). SQ~wa do noT have a converse for (c). For .

details see §!1.

6.9 Productive Structured Relations.

A structured relation E on C is (f|n|+ely) EroducTave

--jfcas'a funcTor-QF _ Ef&'IT preserves (f|n|+e) producTs

Let (Xi,xi) be a‘family ofvspaces and- (X,x) =)((xi,xi)
with P, 'Xx -—-9 X, the projections.
Then if E |s produc+|ve, we have Ex —g/\p*(Ex ) ,
' ‘ = /\p 1(Ex )p ‘(see 3.10)
)( Ex, (by 1.7.4).
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6;9.Iv Remarks:

(a) The structured relation Ty on Top is ‘productive (9.8.3)
but the associated equivalence relaTiOnAT? is not productive
(1.3.2d). ' N .

(b)  The case C = seTs

1f sets” is a top caTegory in whlch +he s1ngle+on has
a unfque structure. then every sTrucTured equivalence
relation on sets® is finfTely prdducfive (for prodf see
[Sharpe, Bea++ie and Mérsden 1966, prop: 4.

Let E be a sfkucfured'eququlence rélafion.

For «X,x) =X (X, x;)s let 'p.:XX. ~—— X; and

' q )(E X, —————) " X, be the prOJecflons '
‘«,Le+¢ <Ep>: E(XX)-——)XEX

'Then

9 E.r(XXi)

£, - |
o commutes for

o ) | : | each
T :

Now q (¢p ) = (E" p )p -px.p q, ()(p ) for each 1,
|

~and so ¢p )(p . Thus if the index seT for i s f|n|+e or C
is_a“Ql4caTegory : (|;7.l)-Thénf¢pg is hegu{ar—epi ahdtso.é is

regular-epi. -
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6. 9 2 PrOpOSITnon

Suppose that C has the properTy (PB)* and ThaT Cis a Ql—caTegory
Let E be a structured eqU|valence relation on 9_ which is productive
:éndAiniTial.

Then the aséocfaTed proforef(ecfioh functor E preserves producTs'in 9?.

" Proof:

We use the notation of The preceedlng dlSCUSSIOﬂ
:F;rsle we show ThaT ¢ is an |somorph|sm inC. By the above -
dlscu551on )T is regularfepl and so we need only fo show that it is

monic.  This is frue since:

i

¢ 12 o, p ¢ ¢p p

_ . -1 : -3 .
= :Dxpx ¢( (/\qI q1)¢pxpx, (1.8.3)
o AT e e

. p>< i(px-¢ 95 qi¢px)px

_. -1 -1 BRI
- px(ﬁ\‘pi p><i pxipi»px ,

= px(ﬁ\p?(Exi))p;li: px(Ex)p;1
= pelleolt =l | |
) Tp~complé+eifhe‘prodf we need to show that ¢ iS’in(TiaI.
This fol lows by: '_ - |
| ¢*(/?\(qi*‘(px.)* *i))‘ (p ) (p )*¢*(/\q*(p )*xi)'
. v P

(p ) /\ ((q;9p, )*(p )*x )
i

: / ¥n (A
(px')*/i\(_pipxi(pxi)* xi)

fl

% ' , o
(px)*(/q\pixi) (since E s initial)

. see 6.7. [j'
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©6.9.3 Remafks:

- The structured eqUivaIehce relation Tg in Top (and more generally in
" certain categories of relational algebras) satisfies all the conditions

'spécified in the preceeding Eesulf' (see 11.2.1).

6.10 ExTremaI—epiref(ecTiveihulIs

Let A be a fuII subcafegory of C
For ea¢h <x,x>eg_, let Ex —/ﬂ £ 1f (X, x) ———9 (A, ,a ),
v all (A »a, )eA}

It is easily seen that Efisva structured équnvalence reJaTron on 9?,

- With the above notation we have:

6,!0;I PkoposiTion:-

The structured equiva]éncé;rela+i¢n E is é+rohg'and,9?(E = 1)
is the eXTremal-ep(reflécTiVe hull of A.

Proof :

'By I 8 1 each morphlsm ln tThe deflnlflon of Ex facTors Through
e (X x) " Thus for each f. There is a 9; Hal (X x)-———) (Ai,ai)
such ThaT gipx = f &3/\9 g = pxp_>< (/\gi‘gi)pxpx

- - | -1

o (Alg.0) (gipxﬂpx

o “1e 471
pxs/\fi fi)px

px(px.px?px, = 1.

Nl

11, follows that ECp.x) = | and so Er(x;x)eg?(gj= .

- So we have proved that E is strong..
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wa_le+ é;be an éxfrema]éepireffecfive.SUCca+egory‘of C?
which contains A and let o':l —» R be.}hé.g;reflec+o}.
~For (X,X)EC?(E = 1) we need fo show +h5+;p; is an i somorphism.
{Now~+here_afe‘map$ %i:(x,k) — “(Aj,ai)'wi+h(Ai,ai)eA apd
,/\ fflf. =~]. | For ea;H i There is a map.giiR(X,x) B _(Ai,gi?-
.such that g p' = fi. .. . ./ ' .
So (p')p £ p 1/\ g g o) —Af lf 4 ‘l. 'T'hus' o}, is.monic and |

o

‘since it is regular—epl, it.is an |somorphism.

©6.10.2 - Remarks:’

1t is well known that if Cis comp|e+é then the extremal-
epireflective hull of A consists precisely of all subobjects of

", products. of spaces from A.

6.11 -Monoreflecfive huIIs of-exThemaI?epireflecfive subcategories.
" Let E be a sTrucTured reIaTlon on C We define a structure

funcTor L: C ———é C by

T LX) = <x (px)*(px)*xyg

6.11.1 Proposition:

lf Eq is sfrong +hen C (L. l) is the smallest top subcategory -

4of C wh|ch conTanns C (E

1) and L is strong.

;Proof°:

‘Let M be-a top subca+egory of C° which contains C°(E = 1).
For (X, x)eC (L=1) we have x = (p )*(p )*x Al so

E (X, x) ;(Etx, (p*)*x)e M_énd so by +he condifion (iﬁ);
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for top subcaTegorles (3.2) we have (X, x)eM

To show that Lis sTrong one uses The facT ThaT P and pL dlffer |

,by.an.lsomorphysm. . o ‘. . a

6.12 LifTihg‘of'exTremél—epiproTorefIecTions;

.We"now continue the discussion Which'was started in 5.7.

LeTAL:QF —_ -QF be a sfrUCTQre fuanor. Wé can use L

fo 1ift structured reIaTionS‘from QF +o_9?7as follows:

For E.a_STrucfured FéIaTion on QF'Thé'composi+idnvEL,is'

: ‘ . S .
a structured relation on.C™ and

6 12.1 Pr0p051+lon

(a)_ The proToreercT:on induced by the IlfTed sTrucTured rela+|on
vsTrong|y generaTes an exTremal-eplpro+orefIecflon and
g_(L,g_(E ‘ I)) is-an exTremaI—epnreercTuve subcaTegory of C

(b) Supposé.#ha+ Lf* =‘f*L for all regu|ar epifs. f. " |

Then if E Is strong .so is: EL.

Ezeei_

(a) 6. 5.1. |

(b) For_QX{x)gg?-wé_Héve LEEL) T (X,x) = L(EL ; (pL ) yX)
. | =L, (pEX>*Lg))

1

I } E'(X,Lx)eQF(E ="[).
g

6.12.2  Remarks:

" The conditions on L in (b) is satisfied .if in Wyler's terminology
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L is 'cotaut'.  Every fop subcategory has.aﬂcofép reflector

which is cotaut [Wyler 1971b, 2.7, 2.9.2].



83

7. RELATIONAL ALGEBRAS.:‘GENERALITIES'

Barr [1970] LnTroduced the concep+ of relational algebras
-of a monad (= triple = co-standard construction) on the category of
sets. Barr s main result is that Top is the caTegory of relational

'algebras of the ultrafilter monad.

' A. BUrroni [!971].hae furTher generalizafiohs of.fhis
concep+ and obtains rela+|ona| algebras for a monad in a general
>ca+egory. Therells I|++Ie overlap be+ween h|s work and ours. We
will defﬁne'relafional algebras of "a monad on a regular category

'using the obvious generaliZafTen of Barr's definition.

Manes [1973] has further results about relational algebras
over Sets. Many of opr results in :§7 - 10 are straight -

‘ generaliZafions of the reéulfs of Manes from Sefs to regular categories.

In‘This SecTioh we gfve genera!izaTiohé ef:The results in
§2 of . Barr s paper [1970] concernlng the reflecflon from reIaT:onaI
prealgebras to - rela+|ona| algebras We show that The relational
algebras (and the prealgebras) form a +0p category. We giVe
cond|+|ons on the functor of The monad thCh ensure ThaTvThe ;P'
.prOperfles-hoId. We dlSCUSS the formaflon of quofuenf sTrucTures
" and give a>genera|iza+ion’ef Mjchaels' Theorem_on producfs of

bfquofjehf maps. We'alsQ gfve some'examples.
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Our Terminotogyvfor monads follows Mac'Lane C19711].

c w1|l always be a wellpowered regular caTegory with inter-

sechons and which-satisfies Lawvere's cond|+|on. m-= (T, n, u)

“will1 be a monad eon C.

x7.l Definition: »[cf,'Barr 1970, A. Burroni 1971].
We define caTegories-QF(ﬂ) and CR(ﬁ>'as follows:

(&) CP(W)

, The category of relational n:prealgebrafé

has aé,objecTs all paiks.(x,x)'wifh.xgg and x:TX — X

a relation such Thaf [Xls XMy -

and as morphisms f:(X,x) —> (Y,y) the C-morphisms fiX — Y -

~ such that fx € yTf.

Tf

TX

X
€
: : : f
X : — Y
- R(ﬂ) L v
(b) C “the caTegory of reIaT!onaI = algebras is

the full subcaTegory of CP( ) consnsTnng of all (X,x)

for which x Tx € X ux.
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T2X ) TX
Tx < ‘ X
A
N
X : ' —\ X
' X
7.1.1 Remarks: ‘
| R(T)

(a) qu definition of C " is a straight generalfza+ion of
Barr's definiffonu 'However our reIaTioﬁal prealgebras
ére more special Than‘Barr's. ' H%s prealgebras do not
évén form a top caTegory:and so from our viewpoint are foo
genera{ To be inTeresTiné.

(b) A. Burroni's [1971] regular'ﬂ—graphs are equivalent to
Barr's prealgebkas, his fegular pointed ﬁ—graphs are 
0ur_rela+ionalAﬂ—prealgebraé wHiIe his preorders are our
reiafibna[ aigebras. |

(c) The caTégory.Eﬁ of.ﬁFaIgebras ié a full szcaTegory of

' cROM) | |

(@) Let (X,xect™ . Then (X,x)eC" &==> x is a morphism.

o
(e) IXSanh_—_} Ny € Xo

7.2 Proposition: [cf. Manes 1973 pp 27, A. Burroni 1971] .

CP(W) is a top category oveflgj j

Proof: o ' ' ' -

" For each XeC, we define s*X = {x:TX —= -X ] l, € X ”x}"

X
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and for f:X —————} Y, fr=g*f: s*Y -————} S*X by
(s*f)y = £ y Tf = (fof)*y ~(s§é j;6b5
We glve s*X the usual orderlng on reIaTxons
~ One checks eas:ly_fhaf.sff |s‘order-preserv1ng, it preserves infima
Cand £r00x0 —3 (Y,y) =D x < (s*)y
lf_remaine for us»To‘show that each s*Xeis.a complete lattice:
l'The Jargesfielemenf df.s*x is mx»¥ Im lT* ¥ X. |
‘Fer'xiesfx, we have | SA(xinX)==()12i)nX (If5a).

and so s*¥X is closed under -infima.

, o 1
._Slnce "< nx and I xny <ﬁ::::§ nx € x we see that n° is the
least member of s*X S . o EJ.
7.3 Proposition: [cf. Barr l97O 2. 3] The reflecflon CP(H) S CR(W)
".CR(W)‘is’a TOp subcategory of CP(N) and the reflection is sTroneg

'generaTed by the proToreerc+|on (L b, Qs(ﬂ))‘

‘where L(X x) = (X,x Tx ux ).

'Proof:

(i) L'is a sTruc+ure functor and | <L.

For (X,x)e CP(W) we have | < T(x.nx) and so
xT(an) £ x .Tx Tﬂx.z ‘ »(2.2a)
€ x Tx ux ‘uX_TnX
=X Tx uX .
P(ﬂ)

N Thus L(X x) €C and | € L.
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For f: (X,X) —= (Y,y) in QF(N),
f Lx = f(x,Tx’u;?)fs y Tf‘T% u;f |
<y T(Fx) u;l (2:2c)
<y Ty T W
<y Ty. T%f u;l, f2.2a),
<y Ty u,  TE (L4
= Ly Tf, and.so L is a

- structure functor.

an Maen =M |
| X Tx u;ll € x €==:=$ ‘x Tx € XUy
(lll) We now apply 5.3.3(a) To obtain fhe result. o a

. 7.3.1 Remarks:

} (a) thce'CR(ﬂ) is a Top subcafegory, |+ contains all The

1nd|screTe spaces of CP(“)

_B(ﬂ) also confalns aII +hetdiscre+e spaces‘eflgf(ﬂ)'

since ﬁ;l‘T(n;?) s. nX1 T(nxl) uX1 ux‘
- X G T Ty = My
(b) In 7.10a we guve an. example which 'shows that in general
- an |nf|nlfe number of.lferaflons are reqUIred in order
to generafe +hé reflecffon In fact in Thaf example there:
P(T)

'IS for- each ord|nal m,'a space inC whose order relaflve

to fhe proToreercf;on is exachy «,

Finally we op+arh the generalization-of the last result in§2

of Barr's papef.
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7.4 Proposition: - [Barr 1970 2.4, A. Burroni 197! 1.3.10]

The inclusion functor 9? ;——*f) {ig(ﬂ) has a left adjoint.

- Proof:

Since C is regularly co-wel lpowered we can use Barr's proof. 0

"7.5 Proposition: [cf. Barr 1970 pp. 45]( Formation of‘products.. i

Let™ (X,x) =)<(Xi,xi) with (X., e g?<">

and
'p%: )(Xi. f——é X, the projécf]ons;

Then x = (x xi_) <Tpi.>.

Proof:
Wehm@A ‘<Tm>. B - Xxi
TOXX) = > ,X(T<xij XX,
J 'S
X, X,
X,

(q_i dre the projecfions).

Write @ ='<Tpi>-,

-1

We have (Xx,)¢ ?»(/1p;1xigi)¢ LT
o EAGK e (s
=/\D*X = %, : . ' ) D
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7.6 FormaTuon of Coinitial sTrucTures in CP(W)

“P(Tm)

For f:X — Y and (Y,y) € C "7, we have défined»

¥y = £ 1y Tf (See 7;2). By the Galois connection result
¥y = y

we have: for (X,x)e CP(W) fox = Inf {y I x & f*y and (Y,yle CP(W)}
~We now give an'explicIT.descripfibn of fiy:
7.6.1 ProposiTion:
CLet f:X —> Y In C and (X,x)e cp(")
 Then (a) tyx = (F x (THTHV nit.
(b) tf f is regular—epi'fnen f*X»= f x (Te) X,
Proof:
(a) Write y' = (f x (Tf>‘1>\’ ny' -
” P(ﬂ)
1
Then 'Y nY nY Yy nY and S0 (Y y e C
.If on the oTher hand (Y y) CP( ™. and X € f*y then
ngt €y by 7.0.1e) and fx (TH7! ¢ f fry (THT
-ty T (T¢) !
€Y
_andlao v! €y, |
1 om1om - =1 eyl
(6) nyt =t £t fnyt (TF)
< fx (THL, |
~and the result now follows by (a). -0
7.6.2‘.Remarks: _
: - P ' o : S
- 1f we define 9? (m as the category of prealgebras in the sense of

Barr [I97O]4(where the requirement | € an) is dropped) then in C 7,

coinifial'sfrUCTures are formed as in (b) for all f.

3]
reflection CP Fﬂ)

Further,

—> Efﬂﬂ). is given by. x —> X \/11;1‘u

The‘
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In.this wéy'we recover. (a) from (b).

7.7 'Producfs 6f duo+ién+s in'bp(ﬂ) aré qu6+ieh+s.

‘In +His'secfion wé show_fhaf wi+h.¢er+ain conditions on C and T,
.every product of quo+i§n+ maps in gf(ﬂ?vis'agafn.a quotient map.
.Fi%s+ we fqrhulafé +he‘condifi§n:oh T: ..

A func+§r T:L —> lg.is>said to have.+he pEoEér+X Qg.

if for each family {fi; X} — :Yi} of regularFepis we have
<Tp'i>“T(.Xfi)—1. - ()‘(Tf'ii‘l <Tqi>. | |

where p')(XI —_— X-i. and qi:’ in.-___" Y»i are the projecﬁons".‘

‘T(XXi)_v — - T‘()(YI‘)
_ T(Xfi)' | |
<Tp>. | o - <1a;>

XTXi. — — )‘(wi -
: _ fo';' - .
Note that sihce the diagram commutes we always have -
<Tp.> T(Xfi)—l ¢ (XTE)7! <Tq.> and so
we need only considér'+he réverée_ihequa|i+y.’f

7.7..1 Prdposi*ion; N
‘SUppose.Tha+ Q_TS'a Ql_cafegbry_(seell.7.l) and +ha+-T has
-+he'properTy Q2. »

" Then every prodUCT of quoTieh+ in QE(W) is again a quotient map.
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Proof : _
Let { fiz(Xi,xi).——;Qéé (Yi}yi)} be'a family of quotient maps

Qf(v). . So eac-hvfi is regular-epi and-y. = f x.v(T'-f')"1

(7.5.‘|>'.‘

“Write ¢, = <Tp,> and 0, = <Tq,> where p, X X —> X

‘and q; )(Y —> Y are the prOJecflons |

.'By g!J )(fi'ls regular—epl and by 7.5

o XX, %)
S XLy (XY-% Xy, oy |

Also ()(‘vfi)'_(xxi 0, T(Xfi,) o= Xt x, )(XTf )71 by

' =X (f, .xirTfi 1 ¢Y,

‘and so by 7.6.1b we see'ThéT )(fi is a quoTnenT map . _j‘ - "EJ‘

B

'(-XXI (XX, )d)x) and

(1.7.2¢ and Q2)

. 7.7.2 Remarks: ‘Biquotient maps, MiChéél's Theorem.

M|chael [l968b] deflnes blquoflenf maps in Iég;and proves that
_every producT of quUOTIenT maps in __E_IS aga|n a blquoflenf map .
: By‘a resulf of ‘Kent [1969 Theorem 5] the blquoTIenT maps 1n_:ﬂ1
are pre;fseiy Tﬁose'mabs fﬁ Top which are quéfiénT.in Thé‘cafegofy
_ of,CthueT spaces [Wyleril973a, 3.2.21. o |
Néwvfhe'Chdque+ spaces éfe The reIaTiohal pfeélgébras 6f the uITra—v |
fllfer monad and the - Topologlcal spaces are The relaflonal algebras.' )
of this monad. Also The uITraf||+er funcfor has the properTy QZ (7. lO(b)(V|)

vand so we. obTaln Mlchael's result as a specual case of 7. 7.1,

j7.8 The 'P' properties
We now'consider‘fhe question of ‘whether the various 'p! pfoberfies,vl

(3.5) are true of a cafeéofy Qf relafional‘algebras. The results’
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given below are somewhat sharper than those given in 3.5.1a, b, c.
Note that 3.5.1d shows th these properties transfer to top

- subcategories.

'7.8.1 Prqpbsi+ion:

(@) If T preserves mdnics fhen CP(W) has the properfy_(PZ).

'(bf 'ff T breserves regularéepié_fhéh gé(r)'ha;ﬁfhe'properfiésl(PZ)*
:and.(PS)*. |
Proof : | |
(&) Fof fﬁIX'}+—~—}' Y a ménié.we have f* (n;i) :'f-x n;] Tf'
) | - L . n;lx‘Tf)"l T
= n;?.

(b) We need only prove (P3)*  (3.5a).

1f f is regular-epi then f,f¥y = f f 1y T¢ (Tf)"}

= y.
: a
7.8.2 Remarks: .
: Cm e - P(T) . o %
(a) 1f'C is connected and C has the property (P2)*, * .
then T preserves Eegulaﬁ—epis. | |
A Proof :
Let f:X —» Y be régqlar—epi.'
oy TlTem1 reT1
AThen.fvpxpTx | Tf fwx Tf | |
= w2 (by (P2)¥)

. '_'1 .
C Py Py
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where‘The.p'é are the projections.

So there is a regular-epi ¢ such Tha+_>

XXX

~ commutes.

7

PTy

- TYK Y

Since C is connected is regular-=epi.

s PTy
© Thus Tf PTx is regulérQij and so Tf is regular-epi.

 (b) . If for every (finite product {p.: XX. — X.} the morphism
. y p p.: XX, oy phis

<Tp.> is monic, then gf(“) is (finitely) (PI).
Proof:
. =1y S o S )Tl T _ Tl o
<}(nxi ) <Tpy> = ¢ <Tpi?:nx) <Tp> =ny . -Q

The‘cohdITiOn on T_aboyevis not satisfied by fhe'ulTrafilTer
functor (see 7.10(b)(v)) and $o this result for (PI) is not

very satisfactory..

Many of our results concerning top categories were proved using

the assumpTiOn'ThaTvThe términal object has a unique STruéfure.5
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7.9 Proposition:

T preserves the +erminalvobjec+‘of C if éhd'only_if +he"
g . P L
~terminal object has a unique C -structure.

" Proof:

As usual N denotes the terminal object.
1f. TN = N then TNXIQ'S_N and so' there is ekachy:one ref lexive
refation TN — N. Conversely if N has a unique structure then

there is an isomorphism ¢:N'———¥)' TNX N such fhaf

CTNXN

‘commutes.

Since N fs_fermfnal,Apr - is regular=epi and so nN_is regularéepf.

Slnce N 1s +ermyna1 nN ]s monlc_and so it is an |somorph|sm, a

~7.10 Examples of categories bf'relaffohaT'algebras;

(a) ReerX|ve and fran5|+|ve relations [Barr l970]
P(ﬂ)

Let T be the Ldenflfy'monad on C. Then C

i's +hé-ca+egory Crz of reerX|ve relaflons (see 3. IO)

"and CR(ﬂ) +he ref!ex:ve and +ran51+|ve relaf;ons

".CP(W)

has all +he ’P' properf;es The proforeflecfion :
of 7.3 is just (X,%) 3:;;_;_; (X, %)
To fulfill the promise made in 7.3.1b, let C = sets

and for each ordinal «, let X_ be the set of ordinals
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s +2 Let x, = A U LB, B+1),(B+1, B) | | < B <4l )

. Then the order of (me, x, ) relative to the protorefiection

is exactly «.

Topological spaces.

Let Q_:‘sefs and m = (B, n, W) be the ultrafilter monad.

i)

(ii)

The details of the definition of 1 are as follows
[Manes 1969 pp |o9]i;; For each set X, BX is the set |
of ultrafilters oni*. For f:X —2 Y, Bf : BX ——f) BY
by:.Bf (W is the {gnique) ulTrafilTer on Y generéfed.
by £f(U) | U ell}. |
The unit n:l — 8 is givé'n by :
f\for x €°X, nyx = x = {ACX | x € A},

while +he'mu|+iplica+ion p: BB —— B is given by:

for ACX, define A = {Ue B X | A eU} and

fq‘XEBBfMX = { ACX | AE”}.

(U is *he well-known 'contraction' of filters).

Manes [19697] showed that Tﬁe algebras of this monad

are The'compac+ Hausdorff spaces and Barr .[1970] showed
that the relafionél algebras are just all topological
spaces. ‘IT is frfyial 1o seé that Tﬁe relational

prealgebfas are the Choquet spaces of Wyler [19733.2.2].
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(i11) The functor B has the following property;:

- (iv)

For fiX — Y we have R(f ) = (Bf) ! Bf. (see 2.29)

Proof:

.By 2.2a we élways have‘B(fflf) < (Bf) ! Bf.

For the converse, let K = {(a, b)e XxX | fa = fb}.
Let p1, p2: K::::gX be the projections.

Then £ f = p, py ° and BUE 1) = (8p,) (Bpy) 1.
LéT_(‘L(,'U‘) e (BF)Y P BE, i.e. U,V are -
Sltrafilters on X such that (W) = BF V).

We need to find an ultrafilter W' on K'sucH that

Bpr W) =W and 8p,WH =V . For UeW and

VeV, it follows from Bf(U ) = Bf (V) that

there is a.V'e ¥ such that fv'c fU.. Thus
f(vn'v?)é'f(v')cAf(U) from which it follows that
_(Ux VA K # @ éov {(ux vin K | UeU, velr} :s a’
fflTer base on-k. LetW be an ultrafilter on

K éonTaining.This-filTer base. THen ve W
fmplie;»(U;X X)n Ke W, so-that Ue Bp1(10”).

Thus W = Bpy (W), and similarly we have

V= B (WD . @

The functor -B does not preserve kernel pairs.:

Proéf:

We know [Gillman and Jerison p97, 6N.2] that

BUIN X IN ) # BIN'X BIN.

It follows by 2.2.1(d){i), that B does not preserve

‘kernel pairs. -~ - 0
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(v) The funcTor B does not haVe the properTy,of 7.8.2(b);
Proof: _.<'Bp1,.‘ Bpa> : BON X I_N).,——'—i : BCN -‘)'.x B( IND
is eesi1y'seen to be epi (see>proof of (iii))
~ and so since it ie ﬁof an ieomorphism [fbidj

it cannot be monic. ‘ . -0

(vi) The functor B has the properTy.Qg (see 7.7).

~We use the notation of 7.7..

BX X)) —————— BIXY,)
ispi?-" B _}_ : B i ' f.<qu>
. xBxi4 _ > XBY|
U, . X,Bfi |
For each i, let 14'5e-ah UjfraffITer oh>Xi and |é+ “Lf'

be an 01Tréfi|+er oh‘X‘(_eucH-TheT Bf (2( ) = Bq (lf}
We need to find an ulTrafl ITerwon XX such ThaT
- for each i, p,(]lf) = 1‘i and also B(X f, )(UV) = zﬁ
Let é; {XtJ } S-Z(i and for arl.buT finiTejy many i. 
- ..wevﬁave.U. ='X{}.
We now’ show Tha+SU{(xf )"ty l v EV} is a filter
subbase on.x X - To do Thls we need only show ThaT fer
each XU eS and Velfwe have XU, n(Xf ) WA P,
| Let TI' be the finite subset of the lndex seT I such that -
i1 ===$ U, '=.Xi ‘and IeT Ve"'l/~ . For IEI'. f. (U ) €q, (Zf)
so that There are V, e]r such ThaT q (V ) C f (U )

Let V! = nv.ev‘- . So v'cf\-q g (u ) —Xf <u>
. 1! . I : 1

(since f. Is epi, i £ 1 = fi(U{) =Y.
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N‘ow»-V'ﬂ vt £ 9, so VI\)?( f.(Ui) £ 0 and, n’r fol.lows that
(Xf,) 1(vau # 0.

LeT Wbe any uITrafll’rer on XX "which con‘ralns

S U X £OTW ] e VD

Now X f. is epi and so for each Ve V. we have
Vo= (Xf )(Xf Y eB(X‘f ) (W) Thus'V‘CB(Xf )(W)

and snnce?fls maX|maI we have U = - BOX £ W

‘For cach | and U, z—:l(i, P, 1U eScuf

Thus Ui = pi(pi—lUi).E'Bpi(zﬁr)- It follows as before fhaTv

' Z(i = Bpi(1bf). So W has The'required.properfies. D

(¢) Generalized sup—semilaffices. EMaﬁes 1973]

Let C = sets and m = (P, n, W) be the power set monad on sefs.
(i)" The details of‘The defihi%ion of T are as foliows:_
P:sets — sefs is %he power set funefe}.
n:|<——¥): Pis giveniby.: for xsx; nxx‘=‘{x}.'
u-PP —'—5 P.1s given by u A - VA.
éii)_ The relaT;onaI prea|gebras are the palrs (X, sup) where
'sap is a re|aT|on PX ———A X such ThaT X is ‘a. supremum of {x},
L i.e. ( {x}, sup.
fhe morphnsms are The supremum pfeservung funcflons,
ive. f1(X, sup) —> (Y,sup) if ae.sup A ::::)fag;sup fA..
'The'relaTional‘algebras are the prealgebraS'(X,sup) which
have the prOperTy o B _
for aII a, a, EX and A c X, it aIE sup A “and a € sup {a }1
Then aesup L/A

Manes calls these the generalnzed sup- semllafflces
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H The category of algebras ofthis monad is the @tegory with the
complete lattices as objecTs_énd with horphisms the
Supremum.preserving functions.

(iii) The functor P does not preserve products or kernel pairs.

(iv)  The functor P has the property:

P 1g)

PfT1pg for all f, g (see 2.2(h)).

(v)"  The functor P _has the property Q2. (see 7.7).
We use.Thé notation of 7.7. A
et A CX. and BEXY, satisfy : f (A) = q,(B) for each i.
Let W = (XA )N (Xf "1(B)). Then p.W=A,

and. (Xfidw = B. , ' 0O

(d) Generalized semi-groups.[Manes 1973]

*

Let m = (T, n, 1) be the monad on sets defined as follows:

™X = L} Xn, NyX = {(x) and

neiN
1 1 n n N
ux( (X] seeens xm(l) ) I (><1 ......... xm(n)) )
~ ol 1 n
T OX] eeeeees Mgy et m(n)

So TX is the sef of all 'strings' in X. n is the injection
X! ——> Ux" and |
U is The opehafioﬁ of }Concéfenafion‘ of strings.
(i)  The rejafiénal é1gebras of this monad are the pairs
(X,comp) where comp: Ux" — X is a relation which

satisfies: (x,x) € comp for all x € X and if

. .

(Xg vonunn X (i) yi).e comp for | £ i € n and
. 1 1 2 n
(Y1 eeues ‘.yh,;y).s comp then (x; ...... X (1) X1 Xoimy? Y

These are called generalized semi-groups.
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(ii) ~ The.algebras of this monad are of course just the semi-

groups.
(i1i) The functor T preserves kernelvpaﬁrs but it does not
preserve the terminal object.

(iv). The functor T has the property Q2 (see 7.7).

Generalizihg this example to the case where we were given a set
Q. of relation symbols each with an assigned 'ariTY(, we can

construct a monad on sets and the relational algebras are then

‘the ‘generalized Q-algebras. For details see [Manes 1973 pp 35] .

and [Neumarn 1962 pp50].

Generalized R-modules:

Let R be a ring with identity. Let m = (T, n, u) be the monad on

- sets defined as follows (see-Mac Lane 1971 pp- 142 ex. 2): TX is the.

set of fiﬁi+ely non-zero func+ions‘X —3> R. For reR and xex let

<r,x> denote the funcfion X — wahich has the value r-at x and is

zero efsewhere.' “Using The addijon_R we can add members of TX and

so E <ri,xf> is the function with value roat x, (for each i) and

vajhexzero elsewhere. For t:X — Y énd'feTX, define

TR () = T 60, So Te(] <r,x>) = | <r e

xeX
tx=y

We see easily that T is a functor.

_Define'htl 4———9f T by'nxx_i <I,x>, :

and  wiT?2 —3 T by WK GO = T k(BFx), for k € T2, x € X,

. feTX

- The algébras of this monad‘are the left R-modules.

Let

Zrixi

£:TX — X be a relation. Write rx = & (<r,x>) and

= E(X <ri,xi> Y. So rx and ZrixT are subsets of X.
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(N THe relational algébras:

~The pair (X, &) is a relational ﬁ—algebra if and only if
(1) x e l.x forall x € X and

(2) for all a,a,, x. .eX,r. ,s. .¢eR, v .
SR R RN ’
X, and ae) ra == ae)r.s, .x ..
NN : Ry . Sihy T

by

ai Eiz S.
J

These are called genefalized R-modules.
faking R=2Z we obTain Thé abelian group monad and the
~ relational algebfas{afe then called generafized abeiian—
groﬁps. | |
Cii) The'funéfor T‘does not prééehve the Terminal object.
Giii) The functor T'has the proberfy: |
| RICRIE TQ*?Tf for all functions f, g.
Proof: Let f, g:x =3V jand K = {(x,x") | fx = gx'}.
n'

<r.,x.> and k' = ) '<r;,x;>'ahd suppose
RS ) & . -

Let k =

—t~13

h'.

that Tf(k) = Tgtk').  So <risfx,> = ) <r; gx;> .
A : o I- -

—r—13

K
NPz
1%
Tg
TY
We need to find h e TK such that Tpi(h) = k and
| - K.

Tp2(h)
We can aSsume:fhaT we“'have'fxi = gx; =y for all X: s x;.

- So we have ZriH=IZr};
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We can also assume:that n = n' (define The extra

ri or r; to be zero).

Let h = <r1,(X1,X;)? ot - ixg, > f
' !
<r, - rp + rl,(xz,x2)> e .ot
<r - r! '+ r O O 1"'1 + M, (x ,X')>
n n=1 n=1 n-n

Then h.has the required properties.

7.10.1 Problem: -
' !
(a) Give an example of a monad whose functor T does not satisfy:

T 1) T+ !Tf for all regular-epis f.
(b) Find 'nice' sufficient conditions for a functor to have

this property.

7.11 Morphisms of Monads

let m = (T, n, w) and " = (T', n', u') be monadson C.
A morphism from m to 7' [Frei 1969] is a natural

A

transformation ¢: 7 — T' such that

!

. T?///;//,)WTT \\‘\ifils
n : , '
| —_— 7 and Tz\ ‘ (T')2
T ///’///)
¢ ¢ THT T
n' '
Pou u'
T T > 1!
¢

commute.
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¢ then induces a functor ¢ : C° ~—— C° by:

b (X0 = (X,x ¢,) and 6(f) = f.

For‘re!afional algébras we have the following result:

7.11.1 Proposition:

The correspondence (X,x) ——— (X,x ¢X) and f +—— f gives‘us

top funcfors.¢P: Ef(ﬂ )-—~—+ gl(ﬂ)

o
¢R: CR(ﬂ ) R()

¢ — ¢
' L iy oy LS
wp and.l,bR given by: wP(X,x)v— (X,x ¢X ) and

and

with left adjofnfs

o wR(X,x) = L(X,x ¢;1) where

t N ) !
L:QF(U') —_— g?‘ﬂ ) is the reflector.

wp and wR héve the obvious actions on morphisms.

. Proof:
o e P(m") IRV
(i) For (X,x) eC " 7, (x¢x) UX =X Ny > 'X'
So (X,x ) € chm
(i) For (X,x) € CR(W’) let x = Im %x x, > with <x_, x >
. o ’ = . P . a! b a’ b
monic. . _ - ; _
R ;
Xa¢//(/ \\\\\Tb
TIX - X
¢
TR R - T'R
Tx _ - < TIx
a . a
tT!
TT'X T‘T'X_
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N

. Then (x ¢X)T(x,¢x) X ¢XTx T ¢ . (2.2a)

il

x ¢ Tx ) ( Tx } T ¢X

i

. -1
x T! xb ¢R(Txa) 'T ¢X

N

(T ' ._‘1
x(T xb)(T xa) ¢T’X T ¢X

it

XTI 0pyy T 8y

IN

% ! = ‘ ’
So (X, x 9,) € CR(ﬂ)ﬁ 
' . = : - ! = - L
By |‘5§a)’_(/\xi)¢X' /\(xi ¢X) and W), ¢y = w,. Thus Thg structure
maps of~¢P and‘q)R preserve infima.
Also for fiX — Y and y:T!Y-4——3 Y we have
¥oyd = £ lyT = ¢™1 ™
(f y)¢x f tyT'f ¢X f (y ¢Y) Tf f (y ¢ ).
Thus ¢P and ¢R are top funcTors [Wyler 1971b 2. 8]

4‘,Byv[1bwd 2.8.1] The functors Y are The left adjoints.
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8.  RELATIONAL‘ALGEBRAS: CLOSURE

fn this section we wofk in a caTegoEy QE(N) of relational

-prealgebras where 9 and m=1(T, n, W are as in §7.

This section is devoted to shoWing'ThaT'almosT all of-the.

fesulTs of Manes [[1973] about ¢1osed subspaces, closed and strongly

closed maps in the case C = sef

are valid for monads on regular

categories.. However in our situation the proofs are much more -
involved than in Manes' case where because of the availability of points,

the proofs are very sTraighTfokWard.

8.1 Definition [cf. Manes 1973, §3 and pp. 30]
XX — (Y,y) inc”™ is Strongly closed if f x =y Tf.

A subobjechm:A')———é_'X of X js‘cloéed in1(X,x{‘if

m;(A; m*x) >—;—4 (X,x)Afs'sTroﬁély closed.

Cfi (X, x) ;:49 (Y,y)IIS'é c[ésed?map‘if_fhe image under f of closed
“subobjecTsAof (X,%) are éLosed'ﬁn (Y,y) i.e. for.m;A->———+ X
monic.wah m:(A,m*x) >—> (X;%) strongly closedbaﬁd |

A -—;L»' At Dy .The'(regular—epi, mono) decomposition of fm,

~ the map n:(A',n*y) 3 (Y,yi is strongly closed.

‘ o e
8.1.1 Remarks:

The funcTofs Induced by morphﬁsms of monads preserve strongly closed

maps (see 7.11).
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8.2 STrongly Closed maps.

We now give somé general properties of_sTrongly closed maps.

~ 8.2.1 Proposition: [cf. Manes 1973]

’(a)‘ If f and g are strongly closed, so is gf.

(b) Identity maps are strongly closed.

"(c). Strongly closed monics a%e initial in _F(“),
(d) - Each regular-ept which is initial in QE(“) is~s+rohgly closed.

(e) Finite products of strongly closed maps are strongly closed
'ahd if C has the proper+y'91_+hen the same is true for
finite prOduéfs.

Proof :

(a), (b) trivial.
E (c) f ox.= y Tf and f monic =— x = f lfx = f7ly TE o= ¥y,
(d) f regular-epi and x = f*y == fx = f f¥y = f 1y Tf = yTf,
(e) Let foaX,x,) — (Yaoy) be strongly closed for each i
Let (X,x) =X(X,,x.) and. (Y,y) =X(Y.,y.).

A-T(Xﬁ‘i)

TOX X)) ——— I T(XY%_)
N\ <Tp.> <Tq,> |
' | | .
\ R | /
x| XX XY, o
'_X',Xi —_— — XY,
| i, | i

,('1pf¥»XXi — X and_qi':)(Yf}———é in;afe the projections)
Byf7,5'and 1.7.2. the diagram commutes and so

Xf, is sfrqhgly clésed."' o | - m)
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With conditions on T we obtain furTHer results.

8.2.2 Proposition: - [cf. Manes 1973 pp. 97
Suppose that T preserves regular-epis. |
(a) If gf is strongly closed ahd'f isvregular—epi

then g is slrongly closed.

P(m)
).

~(b) A slrongly closed regular- epl is a quollenl (in C

(¢) Each strongly closed map ‘i's avclosed map .

Proof:

(a) Let fi(X,x) —> Y,y) and g:(Y,y)‘-——é' (Z,z) with

gf .strongly closed. Then zTgTf = z Tgf = gfx
‘ <gy T
£z Tg Tf

Sogy Tf = 2 Tg Tf and since Tf.ls reguler—epllwe have<
gy =z Tg. v.
(b) Let f:(X,x) -——ﬁ>:(Y‘y) be strongly closed with f
reédlar-epl.‘: Then f x (T#) ™ =y Tf (Tf) ! =.y..
| (c)'_LeT £10X,x) ——~9 (Y,y) bevslronglyvclosed‘and
"m: A>—> X be.a closed subobJecT of (X, x) . |

Let A ———» Al >———9 Y be the (regular epl mono) |
: L n l

decomposlllon of f m. ‘By.8 2.1(a) the map fm = nt: (A,m¥x) —  (Y,y)
is sTrongly closed and 50 by (a), n:(A!,n¥y) >———9 (Y,y)

fls sTrongly closed. So nf: Al >3 Y is a closed subobJecT of

(Y,y). A o Ej
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8.3 Closed subobjects.

" We now show that the closed subobjeCTs of a space in_gﬁ(“)

satisfy Manes' conditions C21, €22 and C83 [1973 pp. 81.

8.3.1 Proposition: [cf. Manes 1973 pp. 8 and 7.8]

(a) Every intersection of closed subob jects is closed.

~(b) Inverse images of closed subobjecTs,are closed.

~Proof: »

(a) L_ef{fni P AL >—> X} beia family of closed subobjecTs‘of (X,x)
and m:f\A} >—> X be their intersection. Let o
g;: f\Ai >3 A, be The;éanonical_monics asSociaTed'wah

the intersection.

Then m m¥*x ='mvm—?k Tm =;(Arnmwf1)x,Tm (1)
= At T (.50

| '=./\(‘mimi—1 X Tmi'-.Tgi)-

‘==/1<n”m{*<x) Tg,)

]

/8<X Tm. Tgi) ‘ (m, sTrqngly closéd)

t

”/\(x'Tm) = x Tm,

and so m:( f)Ar,.m*x))———) (X,x) is strongly closed.
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(b) Let f:(X,x) = (Y,y) and j:A >3 Y be a closed
subobject of (Y,y). LeT:k:B >—> X'be a monic which is

"The inverse image under f of . *So‘fhe_diagram

C I SO |
: . (E%) o ‘4 ‘ " is-a pullbagk.
8 M. S o
g

We want fo show that k: (B,k*x) >»——3 (X,x) is STrQngiy closed,v

' .é <
Let x Im xa,xb

> and y = Im <y_,y,> with
_<xa,xb> and <Ya,yb?_monfc.'

The composition f x 'is represented by

!

© and y Tf by

It is>eaéy To see Tha+'<fy1; yby2>_i$ monic.
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Since f x;SIIy Tf, there:is a morphism c such

commutes.

.‘,Rll'

We need to prove that k k¥« > .x Tk, i.e. k kK 'x Tk » x Tk.

Now k k ix Tk is given by

B

We need to_ffndAa mofbhism'dé such that

A_ b1 »l__‘Bl, | |l o \B |
/ 'dB \\X .




o RN
Now j j*y is %epresenfed by
i

i
|
i

'

CTA
WH.jh <aas , ja'u ag> monic:
~morphism dAVSUCh that

commutes.
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In each of the foWlowing diagrams the oufer,pafhs'are eqdal and
the morphism d. is induced by the pullbaék:'

‘ —> R'"!' —

._dl

3

B ‘ — ' —>TA

(yy, € by =T y,C by = TE x b, = Tf Tkb, = Tj Tgb,.)

d : : ‘as R aq
Ar 3 Ay —————> Ay ———> A
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R (byds-= by)

-So let dB'= q& .ln (i). .Then k bubedB é k-bl+ d3~= kd2 =Xy b2

and bibsdB = bl. Thus dB‘has’+he properfies'reddined'of iT."‘[j_

- 8.3:2 Définition: .Closure.

Let j:A >— ‘X be a’subobject of (X,x).

'By 8.3. la we can deflne The closure. of (A,J) in (X x) To be
The smallesT closed subobJeCT of (X x) which is

.IargerAThan (A;J). ‘(A,J)'ISYQEDEE.!D (X,x)vxf |+s'closure‘iﬁ

(X,x) is (X,x) .

" Relational algebras can be characterised as those prealgebras for

.which the structure reléfion:ishcdosed. We have the following result:

8.5.3 Proposition: [cf. Manes 1973, 7.71 .

Le‘I’ (X,x) & .

“The following are equivalent:

:(a) (X,x) € CR(N)
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(b)Y x is a closed subobJecT of (TX ux) X (X x).
_Furthermore if.these condlflons are saTnsfled Then x is the

closure of n;'.vin (TX, uxix (X,x).

'Proof:

Let x = Im <xa,xbé with <> monlc Write 1 for wy , )= <xé,xb>‘.
and-¢ =< TpTX’ TPX>. _By 7,§ﬂ
(TX, WX (X,x) = (TXxX, (Ux x) ).
T o o
TR , — TTXX X .
. . ¢ |
i ‘(uxx) o Tj T2X X TX
J ‘ 'J“',uxx‘

> TXXX,
3

Now_ o) TJ'= <Txa’Txb>f:

x Tx is.given by: SR
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X ux is given by:

T2X

A_Now‘< X o X X, is monic.
The statement (a) fs,équivalehf to x Tx & x My which is true
if and only if +here.ié.a morphism - ¢ such that

X1

¢ commutes. .




e

CNow § TG 4T Ts given by

<TXa ,Txb> '
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The statement (b) is equivalent fo J jT X x) ¢ Tj > (wx x) ¢ T

~ which is true (note that .<y1y5;jy“y6> js‘ﬁonic ) if and only if.

~ there is a morphishr d.vsuchlfhaf

. -commutes.
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(3) ———3 (5):  Suppose that (X,x) € C*"'. So there is c

which makes (i) commute. We_need to find a morphism d

which makes (ii) commute. In each of the diagrams below the outer
‘paths are equal and the morphism'di is induced by the pullback.
o p .
T2XX R. R

(T><b y1 :'PTX(“X xa)y2 = xngyz);

t

' d
by I X, C

x x cd = cd =uTx xd =uTx
axy 1 H xa 1 U- *a *1 1 U. *a yi

1.

l

U PTZX l x xa)\/2 = i p_]_zxyz' = p'TX(»]JfX xb),yz" |

dv i =. : . :" : = A : ‘ .
-an pXJ-X&C dl». XX, C d | xbxzd xpry2 px(u)( xb)y2 )
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(y3da = ya2)

Llet d = dj in (i1). Then-yi1ysd ='y1 .and
J yuyed = (U X Xb)Yzst = (u x.xb)y2. Thus d has the required

s

‘propér+ies.'

(b) ::::::# (a): ‘We assume -The existence of d and try to find c.

The procedure is as above.

, Txaxl,x2>

TR

( T > - Ty = 0 oy ' _
PTZX Txa,Txb X, Txax1 P12y (] Dot xa) < Txa,xl,xz? '

d - < ‘> = ¢ : ‘= . . .
and pr, . Txa,Txb X Txy x =% X, pTX.(I,X ga) <Tx xl,x2>)
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1
_‘
X
X
o)}
3
Q

So we fake.c = ¢ in (i). ~Then x ¢
2 3

b5, T X yqysd c1 = px(u X xb)ych = xpryzcl = x,x - and

so ¢ has the required propertfies.

This compietes the proof that (a) <=== (b).
_ i v

To prove the last statement let ‘y:TX — X with nil € y and vy

 closed in (TX, ) X (XX

We want to show that x < y.

Let y = Im <ya,yb>vwiTh‘<ya,y5? monic.

Write k= <y_,y > S '_i;//// | b

X - X
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Since n;l ¢ y there is a t such that

-t X v commufes"

¥

- Since y is closed the following diagram commutes.

' Tk .
TO \ — - Sy T(TX X X)
l“b
K Muxx) ¢ Tk o ‘ T2X X TX
3 U X x
\\4 k .

o - — 3 TX X X
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Nokak—l(u X x) ¢ Tk is giveh‘by:

TX XX .

with <gigs;, kq§q5> monfc.
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So there is a mOrphism- v. such that

commutes. -

Consider.

We have:

b <Ty Ty >Ttx =Ty Tex =p (X x)<TyTex,I>,
T2x @b = ST ’ T

. <Tv > Cx = : = i < | >.
and Pry <Tya’Tyb\_Tt xa, Tbeg x.a = X, T Pryx (rx xa) .Tya Tt xa’l~
- So the outer paths of the diagram are equal. Thus there is a

morphism . w which makes the diagram commute.
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Consider the diagram .

b

We have Ypd,9ev ¥ = pxﬁu X xb)qzw = X, P <TyaTt xa,{> = X

i

and yaguqev w: pTX(u x_xb)qzw =y pT2X S u.TyaTt X4
=uT NyXy = f’xa = X_e So Thé'diagram'

commutes and this tells us that x < vy. .
‘ O
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The following characlerlzallon of strongly closed maps in a category
f relallonal aldebras is glven by Manes [1973] for the case C = sets,

We have not been able o generallze this resull.

8.4 Proposition: [ibid pp. 9 and 7.91

"Suppose that C = sefs. . _ o
.Lel (X,x) and (Y,y) be.felallonal_algebras and f:lX,x)-—afé (Y,y).be
a map. ’Then‘f is s+rongly_¢lqsed~if and only if for all relafional -
_algebres lZ,z) the map X l:lX;x)x (2,2) — (Y,y)xv(Z,zl is

closed;

8. 5 Exampies:

(a) Reflexnve and lranstllve relations.

Let rx be a reflexxve relallon on-a set X ‘A subset AEX

is closedvln (X, x) if and only lf A is a right ray,

i;e; aecAh, . b £ X and (a b) € X _— b e'A. The closure

of a eubsel is the rlghl ray which it generales.

A map f:(X,xl ~é—§ (Y,y) is strongly closed it and only if

for all a € X.and_b € Y, (f(a), b) evy.::==$ there exists -

a' ¢ X such that (a,a'l-e « and f(a') =

(b) :Topologlcal Spaces _ z

The ooncepl of a closed Subsel coincides with the usual
lopOlogical concepl.
Manes C1973 pp..23]_glves»+he following'characlerlzalions
of slronqu closed maps in Too

S f (X, %) ———9 (y.y) is slrongly closed

s | x f:(BX, u ) X (X,x) — (BX, ux) x (Y, y) is a closed map ,
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; .

& X ‘s a closed subset of the space ﬂBX,-ux) X (Y,y).

() Generalized sup-semilaftices.

A subseT A of a qeneraltzed su

“if and only if all suprema. of

p- -semilattice (X,sup) is closed

subseTs of A tie in A.

The closure of a subset A of (X,sup) is the seTVof all

suprema of all subsets of?A,

(d) Generalized sehi—groups. i

1

A subseT A of a genera\nzed

semi-group (X,comp) s closed

it and only if for every sTrlng X eeeese X 0N A,
1

(% ..;...xn, x) € comp - ===> x.€ A.

ln_paFTicular a subset of. a semlrgroup is closed if and only

if it is avsubfsemi—group;

I
{

(e) Generalized R-modules. .

A subseT. A of:a general ized

R—moddle (X, r) is closed

if and only if for every'fUncTion E <ri,xi>_wiTh all X € A

we-have E r.x. ¢ A.
, i
In par%icular a subset of an

if it is a sub-module.

8.6 PropOS|T|on

Let C = sets and suppose ThaT the
for all subsefs ‘Al, AZC“X, - the
is epT

Then every finite union of closed

m-prealgebra is again clcsed

R-module is closed if and only

functor T haé the property:

induced function TAilJ TA — T(AiU Az)
. . 2 o :

subsets of a relational

Proof: Follows easily from définiTiCns. - A )
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8;6.1. Remarks’

The identity functor and.fhé:QJTrafilTer fﬁncTok saTiéfy the

cbndif?on required for the u;e‘of 8.6. None of the-other functors -
givén in.the eXamples in 7.IOvhaVe this property and the corresponding -
cateqories of relational preéhgebras do not satisfy the concfusion_of'

8.6, | P

8.6.2 Problem:

Ther is a.fop functor T* :CP(N)'—-—)'Top which is given by
associating wifh'each~rela+ional prealgebra (X,x), the topology on X
with the closed subsets of_(X,x) as base for closed sets.

‘By 8.3:I, T*¥ is indeed a functor.

The problem is: STQdy the relationship between properties of
and of T*. In'parficular, find conditions on m
: s % . R(T)
- which are sufficient for T* restricted to C
To be an -isomorphism of categories.

(See John W.: Gray's problem [T1D in [lilinois

Conference 1973]).
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9. RELATIONAL .ALGEBRAS: SEPARATION AX1OMS

Ramaley and Wyler [1970a] extend fhé séparafioh axioms
To,le;sz, Ro and Ri from‘IoE_fo cafegories of limit spaces. Manés
[1973] defines Hausdorff relational algebras in terms of closure
conditions on the diagonal and shows that this is bquivalenf fo-fhé
sfrucfure relation being 'monic'. He also proves +hat producfs and

subobjects of Hausdorff relational algebras are again Hausdorff.

Our sefflng fs agarn as in §7: m = (T, n, W) s a“modad
on a regular .catedory C. | First of all we define T Ri and Si
saparaflon aX|oms in a category’ of relaflonal algebras and produce
‘a proforeflecffon correspondtng to each properfy. ~ We show that in
.a cerfaun subcategory of CR(H), The To- proforeflecfnon is sfrong and
it preserves oroducfs and subsoaces. ‘This generalises the known
.‘properfiéavof the Tg—roflecfion in.IQE: For Tz, we generallse The

results of MahésQ
The basic definition for this section is the following:

9.1 Definition:
P(ﬂ),

_vLeT (X, x) e C ‘
“We say fhaf{(X,x) is: Tgp if (x‘nX)A(xan)il < IX,
| Ty if |
T2 iflx x ' gl
Ry if (x'ﬁx)'lfs (x Ny,
Ro if (x ny) (x nx)"1 < (xny),

Ry if x X P x‘nX,
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Sy if (xny) (xn) & xn

X)"

Sy 1f (xny xis X,

) !

So_ if (x nX

X € X,

S; if x X 1w < x.

—1

Using | € n, and Ny £ x 7, we see easily that eduivalenf definitions

X

“are obtained if we repléce the inequalities above by = .

9.1.1 Remarks:

(a) The anom.SE corresﬁpndé to Wyler's 'quasi—uniformizablé'
| [)973a] 3.2.6. S;; aﬁd Ry are as far as we know new, while
the other axioms are taken from'RaﬁaIey and.Wylér [1970a_3.2];
D) Ouf definition of T@ is'eéuivalen* to Manes'.'Hausdorf?'_[1973]..
“and. A. Burroni;s"sépafée' E|97f]{ | |
(c) - The functors induced by morphisms of monads (see 7.|I)'preserve'

all the T, 'R! and 'S’ properties.
The following simp1e lemma will be useful in the sequel.

9.2 Lemma: [Ramaléy and Wyler 1970a, 3.3]
For (X,x) e ¢\

the folldWing are equivalent:
(a) (X,x) is Rg;
' (b) X

ny fs-an equivalence relation;

(c) ﬁx nx) (x,nX) srx‘nx.
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_ Proof:

(a).:===§ {(b): Ivs x nxlgivevqsv(x nx)fl—s:(x nx)(x nx)—l £ (x nX).

! and

Taking inverses we get (x-nx)-= (x nx)—
- . - I‘ . . -
the result follows.

The rest of the proof is straightforward. =~ - 0O

9.3 Proposition: [cf. ibid 3.4]

- The following implications are true:

T2 .: Ty ﬁ_T_O ; _ . R and To (Zj Ty
Jl o u ' » Ro and So <= R

S) =——3 S0 => So S :
nl : 1[:> 0-_——} .0 } Ri and To = 71,

. a g . J‘, ) .. _ R
. Ry —/———= Ry ':Ro "R; and Sy @_ S,
- | ~ Rp.and Sy &==—3 So
Prdof: ‘
’ ,Lef(X;¥)-é _F(ﬁ>- ~ So |'§ X Ny n;% < xvand_nx < x L.

" Ta :Tl X rB(.S x x ! g b,
S1 —= So: | {x nx)_lx‘¥ Ny X, 3% € X X X £ X.
R{_::;; Ro: .(x nxs(x hx)-l': X Ty n;lx_lbé x « 1 g X Ty

-1

SIA;::$IQ1.‘ X X < xox Tyt ny <X X X M€ X Ny
So =}'Ro: So :92((:) = Ro. -
' The remaining proofs are straightforward. ) . L O

We now obtain a result concerning Thé'c!osufe of the 'T', 'S' and

'R! properTiésvunder'sTrQneg cIosed quotients.



13

9.4 Proposition:

Suppose that f:(X,x) —% (Y,f,x) is strongly closed and f is

regutar-epi.

'.(a5_.]f (X,x) is Tz'(respu SE; R1) then (Y, fyx) has the same

properfy;

(by 1T presérves régular—epis and (X,x) e C

R(m)

(Y,f4X) €

Procf: By 7.6.1 we have fyx = f x Tf

is strongly closed, f x =

(a) 1f (X,x) is T, then (

e and so (Y,fyx) is T25
1£-(X,x) is Sg then f

N

£ (X,%x) s Ry then (

f

and so (Y,fyx) is Ri.

f x TEITE.

£ (F,0 7

%X nY fex =

f x TF ITF

£ x ny x Tt

tx TE ! =

£ ) (F) 1

- fox x g f X n)( f

R(“) +hen

! and so since f

= f x TP TEx P F!

fx Tf1n
. -1
Ny % Tf
1
fox and so (Y,fux) is So.
= fox TELTE X P £

-1

"71 ~1
fx THTITE nyf

fx Tf ' n

Y

f ol = fexn,

1l
-
X
x
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)

() 15 (Xp0e T then (Fp0T (0 € £ x(THTH TE T(T20)7H (2.2(4))

il

fox Tx(T28)7 ¢ f x uX(TZf)"l

-1 .
f x (Tf) UY_

IN

= f*x'uY'and so (Y,fyx)e QB(W). -0

9.5 Examples:
We now examine the meaning of the 'TY, 'R' and 'S' properties in the

categories of relational (pre)algebfas described in 7.10.

(a) Reflexive and transitive relations.

Here.(X,x)e.QF(ﬂ> is Tg ¢===$ X ié antisymmetric, .

iéle'aﬁd Tz‘¢=$1*-= Lys
is S;— aﬁd So é=)>< is transitive,
v .<5=;><X’X)€ QB(H):
>':is Ry ‘ éﬁ:} x is symmetric,
v .i§ Ro, So, Si and R;¢=; x is an equivalencé
- relation.

(b) 'Topologiéal Spaces.'.
| RC 8)

In Top.=.seTs

;-To, Ti and Tz are Theiusuallpoinf
Sebarafionhaxiéhs. "ATlifopologfcaI.spaces are S; aﬁq So
and so by 9.3, R &= 51, Ry = Ro &= So-

Ro and Ry aré.The’regQ[ariTy condi+i§ns of Davis

[Murdeshwar and Naimpally 1966, 3.5, 3.11].

(c) Generalized supésemila+Ti¢es.
A'generalfzed sup-semilattice is T, if and only if every subset
‘has at most one supremum, and is Tp if and only if the only

supremum of a singleton {a} is the poihT a.’
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(d) Generallzed seml-groups

The T2 general|zed seml—groups are lhe usual parllal semi-
‘groups. More generally, lhe Ta generallzed Q-algebras are The

~usual parllal “Q-algebras [see Manes 1973 pp. 35].

(e) Generalized R—modules.

ATz generallzed R- module is just a parllal R—module',
i.e. a semi-abelian-group W|+h ldenllly WhICh is a parllal
group and has a parllally defined R-action which sallsfies The

usual R—module laws on its domain of definition.

9.6 Remarks:

sSuppose Thal C = groups, rnngs vecTor spaces or any abellan'ealegory.

-, Then every relal|on in C is dlfunCTlonal (see’' 1. 2. Thus all
'relallonal—prealgebras of a monad on C are S, and so in this snTuallon

The Tg, Ta and T2 aX|oms are equlvalenl

9.7 The 'S' and 'R' properties.

Each 'S' and 'R properly has associated wilh lT a‘sTruclure

funclor L: CP(H) — CP(H) W|Th | < L and Wthh has the correspondlng

st and 'R' Subcalegory as The assoc1a+ed top- subcalegory 9_(ﬂ)_(L = l)

(Seev§5). These slruclure functors are deflned as follows:
o o -1
Rp : x‘ —) X v((x nX) nX by,

-1y

Ry :. X- .Fé—f—) v ((x nX)(x nX)—llnX

Ry @ x +— X vix x ngl),

Sq R * — X v((x nX)(x nX)nX )f
So X X ”x
So : X —> (x T]X), X,
Sy : X > x‘xflx,

with the obvious actions on morphisms.
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We need o check ThaT the associated Top.subcafeqories are the
correcT ones (this is easy), and ThaT in each case for
f:(X,x)v—;———) (Y,Y) we Eave £ Lx € Ly Tf | _Jn fact.we need only
’ ,show this for L Thc*second tefm in each 'v! (see>5.3.3).

-1.
We have f nX S nY Tf.

For Ry, we have f(x Ny lln;1<s‘n;le'x—lf—lf n;f

=1 -1 1o
< Ny Tf T ‘y Ny Tf
Lom1 T - -1 "1
SNy Y My T = (y nY) Ny Tf.
-1 .71
< y Tfn, Ny 1 f—lf' gy n gty Gy TH) 1ot Tf
: X X ' X Y X Y
-1

< yngny Tf Tf'l'y—l'h;l ey ny) (v ny) nyt T

For Ro?_wé'have f(x n )( x nX)

The proofs for the other properties are simitar.

‘Moreover the discrefe spaces satisfy all the 'R' and 'S’ properTieéf

O

‘Now we: have the following result:

9.7.!1 ‘Proposifion:
: Y ret | P(ﬂ)
The 'R and 'S properfles define Top subcaTegornes of C
wh|ch conTaln aII the dlscreTe spaces and The sTrucTure functors defined

above give us proToref|echons which strongly generaTe The reflechons

Proof: 5.3.3 S -~ .o

9.7.2° Remarks :

By 7.3.1(b), 7.10(a) and 9. 5(a) we see that none of the proforeflections

given above can be sTrong_excepT possibly Ro-
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9.8 The ponnT segara+|on axioms Tg, T3 and T2

Each property Ti has assoc1a+ed quh it a sTrucTured relation T
(see §6) which has the corresponding subcategory of Ti—spaces as the
- associated ex+rema|¥epirefIec+ive-subca+egory. These structured

relations are defined as follows:

P(m) - | oo

| For (X,x)e C Y ‘Tox = (x nx)d(x.nx). ,
Tl* = (x ﬂx),
sz = x x !,

We need Td check that these are indeed structured relations.

. So |e+‘f:(X,x) ——> (Y,y). Then f x < .y Tf and ny 71 ¢ (TH)! UY-
We need to show in each case that 1°(Ti><)1°—l < T,y (see'6.l).
,!For'Tl we have f(x n”)f—"é y Tf (Tf)—1 hY <y nY.

'rFor To, we now have f(Tox)f g y nY and since the left hand Term

is symmeTrlc we also, have f(Tox)f g (y nY) -1

Thus f(ToX)f Tl € Toy.
For Tz, we have fx x ! f 1A< Yy Tt . (y TF) ! g Y Y_l.

We now apply 6.3 and 6.5?! to obtain the following keeulf:

9.8.1 Proposition:

For i = 0, | and 2 the subcategory of Q?KN) consfsfing of. fhe
Ti—epaees fs clesed‘dnder products and subobjects. It is an
exfremafaepireflecfive,sdbcafegory. ; The_sTrucTured'equjvalehce
relafion generafed by»The:sThucTured're]affoh T. induces a

pro+orefiec+10n whiéh-efrongly‘genehafes The reflection..
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9.8.2 Miscellanecus Results

(a)

(b)

(c)

(d)

(e)

()

(g)

The sTrucTured relations Ti are ordef_ﬁelafed as folldws:

To Ty € Ty

9-P(Tr) (m)

(To = Ty) = R34— spaces, EE
It for f:X —> Y and (Y,yle C T
(X,f*y) is To, fhen f is monic. Of

Proof: £ 1f ¢ f 1Toy f = (f 1y nf)

it

To(‘f*y)»:

(Tg = Ta) = Ri-spaces.

the space

. [Brimmer 1971, 1.3.8-97
-1 -1

NG Y an)

‘X and so f is monic.

(X, ) s To = It is Ty & it is T2 & ny s monic.

Frei and MacDonatd [ 1971 |emma 3] show that for C = sefts,

ali the nx are monic ¢ there is a set X for which TX

has cardinality > 2.

The indiscrete space (X, mx) is To ¢==¢_i+ is T

e— It is T,

&> X is a partial terminal

Lot (x0e € and x = Ime<x_,x,
Then (X,X) is Ty & X is monic.
Proof:1.4.2.

We say that X.e C is m-finite if ny

object. (see 6.2.1).

> with <xa,x > monic.

b

is regular-epi.

(i) A m-finite T spacé is discrete.

(ii) A m-finite subobject of a T1 space is closed.

~1

- . i v = 1 ‘=
Proof. (1) x = xmny Ny Ny -

(ij) Llet f:X }f—~—9fY 5e monic with X ﬁ—finife'and

(Y,y) a Ti-space. Then

g n = f £
f:f Y Ny ff oy Tf Ny

[}

ffTy ngf = £ = f

= yvan =y Tf Ny and

since ny is regutar-epi

we have f f¥y = yTf. ()
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9.8.3 Proposition:

(a) The_sTrucfured'relaTions Te and T, are,herediTary and -
' producTive.
(b) .lf‘(X,x) is SEf then Tox fs an equivaienee relation.
Tix is an equivalence reIaTIen If and only if (X,x).is Rg.
Proof :
() T is.herediTary: Let f X ——— Y and (Y y)e CP(N)
O Then Ti(f%y) = ny_nX = +7ly nf = HHTay),
Ty is producTIve: Let (X,x)'= >((Xi’xi)' So.x :/\p?x{
and T1(p X, ) = p*(Tlx ). Thus Tix = (/\p?xi) nX'
_/\(p*xI Ny —/\p(Tx) |
- The proofs for Ty follow using The |denT|Ty Toy = (le)A(le) R
The first part of (b) is sTra!ghTforward and the resT fol!ows

!

b_y.9.2. . ' - ‘ ' ‘ o

9.9 The To—proTorefJecTion.

The Ias+ result euggeeTs rhaT The-To—proTereercTion is likely to
have nice properfree when we restrict ourselves‘To.The supceTegory‘of
Saf—spaces and'TheT Tpe fl—proToreerCTioh mey'noT be 'so nice unless
we work ln The subcaTegory of Ro spaces where To and T, are equal.

I'n Thls subsection we prove ThaT the To- proToreercT|on is tndeed

'nice' if we restrict further to the Sy relational algebras.

9.9.1 Lemma:

Suppose ThaT T preserves regular eprs and ThaT for all regular-epis

f we have T(f 1f) = Tf 1 O TE.

Then for,(X;x)»a'SE relational algebra the foflowing statements



are ftrue:

and

Proof:

(a)

(b)

(c)

the To-protoreflection map SN (X,x) —» (TDX,'(px)*x)
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is initial,

(ToX, (px)*x) is an S;—re1afional algebra,

(ToX, (px)*x) is a To-space.

Tox is an equivaLence relation on X (9.8.3) and so

Tox =.(x nX)A(x-nX)

(a) x < p¥ (

X

px)*x

NN

”n

~1
p><

1
pX

v(x»nx) x‘T(x n

x Tx
X UX

So

- Using (a) and 8.2.1(d) we

9.4 we obfain (b).

(¢c) Since o, is strongly

Write Yv=.ToX.

So (px)*x‘nY =

It follows that

Py
= ‘px
= px

To (

1 _ -1 _ =1
= p>< px. Also (px)*x pxx(T px) ‘

1 _ 7.6.1b).
px‘x‘(T px) T o, (
£ -1
O, X T(oxv P
W
T ny - (S and 2.2(a))

T n

= = *
Ny x, and so X (px) (px&x

o is initial..
p-X ' .

see Thanbx is sTrohgly closed and using

closed we have

o, X .Apxx(T px) (T px).

x(T o)™ my = o x(T px')'-l ny 0 p

1

, - _
x(T-px) (T px) Ny px-
3 -
(x.nx) px . |
Voo ! St U Y
(px)*x; (px(x,nx) P, ),\(p>< (x.nx)l o, ).

Now p, ( (x_nX)A(x nx)—l) p;l.s'(px(x ny) p;l)A(pg(x'nx)fl p;l)

CI
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If y € ”(px(x‘nx) p;_l),\(px(x_nx)—1 p;l) then
: -1 -1 NV
oy p_ & (px px)(x nx)(px ex) a?q

BTN
px)(x nx) (px px).

5o o'y b, < (x Y (x N (x ) € (x ny) (53 )

and similarly p;ly o, < (x nX)—1

Thus p;ly o, € (x nX)A(x nX)'ﬁ1

and so since'px is regular—epi we have -
y < left hand side of the inequality (¥).
It follows that we have equality in (¥) and so.

Tol (p )y = p ( (x n)alx nx)—l)_p;l

1
ko]
o)
©
o

]

a

-~ 9.9.2 Proposition:

. Suppose. +ha+ T preserves.regu]ar&epﬁs and that for all regu]aFeris
'f “we have T(f lf) =fof1 Tt | | |
Let A be the top caTegory of So- re|a+|onal algebras
ThenThe To proToreflecflon in +he caTegory A is sfrong and the
T4- reflecflon in A has +he foIIOW|ng properties: . |
{a) the reflecfxon _maps are 1n|+|al
(b) 1f g_is afgl_cafegory then +he,ref|ec+i§n preserves
products and | | ”

(c) If C is balanced then the reflection preserves subspaces.

" Proof:  Use 9.9.1, the fact that the reflecTion'maps'are

coinitial in EF(W) and so satisfy the condition (P3)¥,

9.8.3, 6.9.2 and 6.8i2 (see also proof of 6.7.3). -0
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9.9.3 Remarks:

(é)

~'(b5

(c)

(d)

In each of the examples of monads given in'7.10, the functor

_satisfies the conditions for 9.9.2.1Avln particular the

ultratiiter funcTQr satisfies the conditions for 9.9.2

v(seev7.IO(b)) and so this result gives as an application the

well known properties of the Tg-reflection in Top.

P(m)

The To-protoreflection in C is not strong.

Let C = sefs and m be the identity monad (see 7.10a),

A space (X,x) is Ty ¢ x 1s antisymmetric.

1]

For the example, let X = {a,b,c} and

x = A,V {(a,b),(b,a),(a,0),(c,b)}.

Then Tox = x A X ! = by Y {(a,b),(b,a)}.

So the Tg-protoreflection of (X,x) is an_indiscrefe space with

2 poinfé and so is not Ty.

‘In 81 we give'an ekample whfch.shows that the T; and T,

proforeflecfioné.in Top érefnofvéfrong,

Suppose that . C .= setfs and T has the prdperiy that T(f 1f) =

T#71 Tf for all regular-epis f.

Then +he3s+ruc+ured-eQvaalence relation Ty is the only
symmefricstfUCTurédreWaTion on the category of Sp-relational
algebras which.has'The'To—spaces as the associafed'subcafegOky-

(use 6.8.4). . For the identity monad or the ulfrafflfer monad

we can drop the word 'sYhmeTricf (see 11.2.1). -
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9.10 Proposf+ion5

Let C = seTS A be The caTegory of So relaflonal algebras and suppose
, =

+hat TOf 1) = Tf T Tf for all regular epis f.

- Lef E _be a structured relation on A with T < E.
Then (a) A(E = To) is the monoreflective hull in A of AGE = 1),
and (b) the subcaTégory of Ro (resp Rl) spaces is The
monoreflective hull in A of The subcategory Qf
T1 (resp. Tz)rspaces.

Probf:

(a) osvious|y A(E = 1) @€ A(E = Tg). By 9.8.2(e) we have To # | ;
and so wé have E(w,x),=‘To(w X> =?Im Ly x % for all XeC.
By 9.8.3(a) and 5.3.1 we see that A(E = To) is closed
" under producTs.andyéﬁbspéCes and so it is a\monore%lechve
subcategory of A (3.7). Let (X,x)e A(E = T¢).  Then by
9.9.2, o :(x-g> —» TLX,x) = £T(X,x) is fniTiaI'in‘A
and so by 6.7. I we see that E' (X;x)e A(E = I);
Thus <Qx,lx>:KX,x) }———9 3 (X,x)X (X wx) is_an efoeme—monic'.
~ whose éodbhain.lies.in every monoreflective subéaTegory of
A_which cdnTains- AKE = |). o | |
| 0

(b) follows now by’9;8l2(b);

9.11 T, - spaces.

-AATopongical space is Hausdorff it and only if The’diégonal'Ls
closed. The next theorem shows that this is true also for

- relational algebras over a regular category.
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First we need a lemma:

g.t1.l Lemma:

C1

Let ‘a:R ——3 Y in C have kernel pair K —=, R and let
. C2
k%ac1=ac2.
'Then the diagram : o .
Y - R X R oo )
A
v

Y x Y
is a pul iback.
It is ciéaf that The diagram (i) cpmmﬁfes:  Let rooiRX R_;—A—) R
and q} XY ——> kae the projections.  Now suppose that
»we.havé morbhisms g:- + —> Yand h: - —— RxR which
- satisfy AYg':A(a'X a)h. We need fb_find a morphiSm
f: _‘ —> K.such'fhaf_k¥ = g and <c1,c2> f = h.
Now a qh==q“axafh =@14Yg = g for i = 1,2.

So therzis a morphism f which makes

commute .
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Then kf = ac,f = arih = g and ri <ci,cp>f = e f = rh

for i = 1,2 and so f has the required properties. a

©9.11.2 Proposition: [cf. Manes 1973, 4.5]

For (X,x)e CP(H) the following are equivalent:

() (X,x) is Ta.-

(B AgX 33 XXX is closed Tn (X,x) X (X,x).

(;5 For‘a|l (Y,y) ahd f; g:(Y,y) :::ﬁ:h (X,x), the kernél

| of f, g is closed in (X,x). |

- (d) For all f: (Y,yJ —f——é ~(X,x), the subob ject <l,f>: Y >—> YX X
is closed’ip (Y,y) X (X,x).

Proof: -

v.Lef x = Im <xa,xb>-wiTh <xé,xb> monic. Lef p]: XXX —3 X
be +he’projécfionsvand ¢ = <Tpy,Tp2>.
By 7.5 we have (X,x)X (X,x):= (X-x X, p?x'A pAx) = (X X X, (x x x)¢).
| also aAQ (p¥x A‘pﬁx) = x. »
S0 DXy XXX s closed in (X,x)X (X,x) if and only if

TRy . |
X ' — —f} TX X X)
& ¢ commutes.
y TX X TX |
g deeees (M
X XX
A
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- We see easily that ¢ TAX = ATX ~and AXxb_:;‘xb x’xb? AR.

Consider the diagram

TA

X - > TIX X X)
l¢
TX %X TX
X% X
X '
N
: s yx
o= Oy - » XxX
We .see that (i) commutes if and only .if
' . -1 _ . . ;1 , ‘ :
,' (xbx xb) AR Xy (xbx>%ﬂ(xa X xa) ATX | ceenn(PED

(a) =) (b): Let (X,x) be a Ty space. Then by 9.8.2(f) we

know that x_  is monic and so. the kernel pair
of x_ is © R T——=3R. Nowby9.ll.1 and I.4.1lh we

: : -1 _ 7 -1 A N
:have AR X, = (xax xa) ATX and_so (]y) is true.

(b) == (a): We éuppoée,ndwifhaf AX:X —> XX X is closed,
. - . } ‘ <
i.e. that (ii) is true. Let KZIZ} R be the
, | . S
kernel pair of x_- .and let k = x_c1 = X _Ca.

Novw ‘by_ 9. 11,1 and l.4.1h we have :<,><ax x )7 Ay = <c1,c2> K L.
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So by (ii) we have
Im< > = =1 _ oy -1
m xaf Axxb . Axxbxa. _(xbx:xb) AR o

1]

' . -1 o5 L -1
.(Xbx xb)(xax xa) ATX = (xbx xb)<¢1,c2> k
= <x ¢ ,x.c,> K1Y= 1Im <k,<x

c ,Xx.C > >.
bl)bz 1) 2

b b

NOy <Xa’AXXb> is monic and so there is a morphism f such that

XX commutes.

< c,>
*pCrXpT2”

.

'So.xbc1'= xbf = X,Cpr Alsof'xacl‘é X.C, andvso sihce o

<xa,%b> is monic, we haVe ¢ci = ¢ which fells us'Thaf,xé is monjc.'

Now by 9.8.2(f) we ses that (X,x) is T,.
'_(55 :::ﬁﬁ:;)(c)::_ <f,g>—?(AX5 is the edualizer of f,g and so by
o | ASfB.Lb, it A is closed then so is the equalizer.

(c) === (d): .<I,f> is the equalizer of f Pys Px-

_ _ : _ a

© 9.11.3 Probtem:-

1t is well known that for (X,x) a topological space, the relation x x !

is the closure of the diagonal A in (X,x) X (X,x).
This is also true for relational algebras in the case C = sets.
The proof is as fol lowss By 8.3.3 the relation x:(TX,:ﬁX)‘e———l (X,x).

is closed. The map (TX, ﬁX)X(x,x)-———>'<x;x)x<Tx, pxy
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which 'interchange coordinates' is an isomorphism and so the inverse

relation x ! is also closed. Now since (TX, My is compact, 10.5(iii)
Télfs‘us that x x ! is closed. I+ remains fo be shown that .

S A Coxxlcclh,. Thefirst part follows from | € x n.

For the other inclusion tet (a,b) € xx ! amd ceTX be such that

(¢,a) € x and (c,b) e x. Llet ¢! = T(<IX,IX>)'c.
c! 7 , .
Ty - 3 TXXX)

L<TP1,TP2>

TXX TX (c, c)

XX X

A, - ,"7‘ — —> XXX (a,b)
From the diagram we see that (a,b) € cl AX. ‘ " 0O

‘The problem is: is this result True %or C a regular category?

Fdf prealgeﬁras the result is'ﬁoT frde: Lefiﬂ be fhé idenTi+y monad
on sets. Let X = {|,2,3} and x = AV {(|,2>;'(2,3)}. |
Thén (X,x) is a prealgebra buT'nofla'reléfionéj'algebré.
| The'closure'of.AX in (X;xXX(X,x) is X X X (see.8.5a5‘

Cobut (1,3) £ x x 1.

9.12 Proposition: 'The closure .of a connected space'is'conhe¢+ed"'
- Suppose that for all X;Q the morphjsm nx is monic and that =T

preserves the terminal object N.
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Let j:A >3 X be a dense subobject of (X,x) and suppose
that (A,j*x) is connecTed.
Then (X,x) is connected.

Proof.: -

By. 7.9 we -have “ T Wy Let f:(X,x) —D> (Y,va) Since (A, j*x)

is connected there are morphisms t and h such fthat th = fj.

DA ) ey (XX — 3y, =)

RCRCME

.LeT_t';X —— N be the unique morphism._v>Since g T Wy
't';(X,x)-——;é (N, &N). | Since t4t'-j =,thv= f J we have
In j < kernel (t t',f). . Also by 9.8.2d and 9.11.2¢c

kernel ét tf,f)jjé cloéed fn.(X;xi and so since Im-j is deﬁse

in (X,X) we have t t'. = f. v . o : O
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|0 RELATIONAL ALGEBRAS: COMPACTNESS

"~ Compactness for relational algébéas over sefs is discussed
'by Mahes [1973]. 'The Feéul+s given in this subseCTibn are, as in.
§8,amain|y the generaliza+30n to régular_cafegories of Maﬁes' resul ts.
.We'have been able to dé this for all of his work on compactness
except for his 'Stone-Cech! compéc+ifica+i§n theorem (1973, 8.4] and

his.characterization of compécfness as stated here in.10.5.

10.1_Definition: [cf. Manes 1973, 7.10]
, B O PM L R
We_say that a space (X,x) € C is compact if x "x 2 JTX'

AIO.Ial Remarks:

ka) Let x = Im <xa,x5> With <x_,x, > ménié._ By I.4.2v
we see that (X,X);is coﬁpéc+.if and only i f X is
régdlar—epi.  -SQ for. the ulfrafilTervmonad (7.10b)
'cohpac*‘ i's équivaleﬁ+-+o FeQery ultrafilter converges' which
' agfees with the usual idea of coﬁpac+ne$s in fop.
(b)A (X,x) is a comﬁaé+ Tz'spaée if and oﬁly if (X,x) is a m-algebra.
Proof: i.4.1d{ |
(c) The indiscréTé's+rUCTQre.is the only compac+_T2 s+ru§+ure
.on the Termihai'objec+;' If Cis cdnnéc+ed then aII‘The'
iﬁdi;cre+e spaces are compéc+.
(d) The éompac+ discrefe spaces are precisely those whose uﬁdeflyihg
object is n—finjfé_(seé-9;8.2g)._ |

Also, all m-finite spaces aré¢ compact.
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(el The fuanofs"induced by morphisms of monads preserve compactness.

We now give the generafizafionsvof some of the basic results of Manes

[1973] about compactness in fopology.

10.2 Proposition:

(ai '"Tychonoff theorem!’
Every finite product of compact spaces is combacT and if
C has the property QI then the same is true for infinite
products.
S - . PO
(b) Suppose that T preserves regular-epis. Then a map in C
which is regular-epi in.g;and has a compact domain has a -
compact codomain.

(c) Evefy closed subspace of a compact space is compact.

(d),vaefy map from a.compact:space fo a Tz‘spaée is strongly closed.

Proof :

(a) Let (X,x) = XX, ,x) with (Xi,xi) compact for each 1.

By 7.5 we have:x'= (X xi)¢ with ¢ = (Tpi> .

So. x_!x j¢_1(X:xi)-1(X><i)¢ = ¢ 1 XTIX;)¢ o (h7.2)

It

|
% ¢)"1¢>’ |-‘

(b)) Let f:(X,x) —» (Y,y) be regular-epi in C with (X,x)

VR

~ compact. Then yily > (T (TF) ! y 1t £y (Tf)(Tf)fl

1

(TE (F*) TH(E*y) (TF) 7

(TETLOTH™ 3 (THTH™ =,

Y
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(e)r Let m:i(A,m¥*x) >——3 (X,x) be strongly pldsed with (X,x)vcompac+;
Then (m¥) " Hm*x) = (Tm) " Ix im m*x = (Tm) " 1x Ix Tm.
> (Tm) N > 1.
(d) Lef f10X;x) — (Y,y) with (X,x) compact and (Y,y)-T,.

Let x = Im <x_,x, > and y = Im <ya,yb>'wi+h <x

> X, >
a’’b a’"b

i

Im <x ,fx >
a

and <ya,yb> both moenic. Now f x b

Im <a;b>

wheré.{xa%fxb> = <a,b> t is the (regular-epi, mono)
déédmposi+ion of <x_,fx > .
ALSO_ y Tf ‘ig givén by‘;

~ Since (Y,y)'is a Tzfspacé”fhe morphism Y, iS_anic (9.8.2f)
- and it follows that a' is:monic.  Thus <a',y b'>' is monic.
Now f x-sfy_Tf implies that there is a monic u such that the

fol lowing diagram commutes.
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Since (X,x) ‘is compacf the morphism X is regu|af—epi(|0.|.la.).
It follows that a and a' are both monic and regular-epi and ‘so

They'are isomorphisms. Thus u is an.isbmorphism and so fx = yTf.

10.3 Proposition: [cf. Manes 1973, 4.2]
_ A 'space is compact if and onty if the uhique map from The space

to the terminal objecT_wiTh'The‘indiscréfe structure is strongly

~ closed.

- Proof:

Let n .belfhe indiscrete s+kuc+ure onT+he %erminal objecf' N.
By !Q.I;lc n:TN — N {s;a morphism.

et £10x) —) '(N,nj; "By 9.8.2, (N,n) is a T, space. |
f (x;xﬁ is.compacf.fhen 10.2d tells us that .f isvsTrongfy closéd.
Conversely assume-Thaf f is strongly éldéed!

b

Then fx = Imv<xa,fx

Let x = Im <X X > with <x_,x > monic.

b> ‘and since fx =n Tf there is a regular-epi t
which makes the leIwang diagram commute.

yr7i
SN

TX

So xa'is regular-epi and hence  (X,x) is compact (10.1.1a).
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0.4 Examples:

(a) Every relational prealgebra of the identity monad is compact.
(b) A generalized sup-semilattice is compact if and only if

every subset has at least one supremum.

The fdllowing characterizations of compactness in a category of

kelafional algebras are given by Manes [1973] for the case 9.:-sefs.

We,have.nof been able to geheralize these results. We say that a

relation is closed if it is closed as a subob ject of the prdducT space.

10.5 Probosifion:. Cibid 4.2 and 7.10]

géf.(x,xd be a relaTionql'algébra.

- The following are eqhivaleﬁT: !

v(i) (X,x) is compact,

(ii) for all relational élgebr;s (Y,y), the préjecfion
LR OG0 —> (,y) s closed,

(iji) fé% aLl c[oéed relanons.m:(+;y5 — T (X,x), S:(X;x) —_ (Z,z)t_

_The coMposiTe Bm:(Y;y) —> (Z,2) is closed. : ' 0
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Il. TOPOLOGICAL SPACES-

In this sécfionlwé will study in some detail the 'lattice!
»ofrsffucfured relations on Top. We obtain some strong results
concerning the sfrucfured relations associéfed with the schaTegorTes
~of Tp, Ty and Tp-spaces. | |

We also use the éoncepf of sTrucTﬁred re|a+ions to make a
‘conTribufibn to the .solution éf problem of Wyler [1971c] on function
space fopologfes éﬁd Tblsolyg a number of problems of Thornton [1971]

concerning'equalizérs, closure operators and the double construction.

"AII.J -Examples: Structured relaTioﬁs on Top.:

We list be]ow a numbér of sTchTuréd relafions;on Top and their
assbciafed subcaTegbrfes»which we wiJ] sfudy in this section. Some

) oszheéé'afe also described by-Shérpe, Beanie'andearsden,[I966].

The descfip+ion§ df’To, Tl and T, afe the 'épen se+"vérsfons of those

given.in 9.8.

Le+ (X;x) € IER' ‘
(a) 'To;spaées: (3,b) € Tox £ (for all U opeﬁ in.X,

| _ ".. | - a e U ~ be w.
'(b);,T;—Spaées:< (a,b) € Tlx é::::> (%or all Uopen inX, b eU

::) atEIU )



(c)

(d)

(e).

)

©(g)

CThen (i) Ty = Ta,

154 -

Tz—sEaces:

(a,b) € Tox == (for all U,V open inX, a eUandbeV

= UNnV #£0).
T -spaces: Englino 1971, Porter and Votaw 19737
For each integer 'n, a structured relaT?on‘%n is defined by
(a,b) € Tnx '¢:::;? (for.each sequence 01,05, .;..ﬂQ,vO
of n open sets such that
a€0,€0,€0,. ..0_ €O
‘we''have b € 6n ).

(i) Tz-Spaée$7=]UrySohn spaces,
Gi Ty &To€Ts e,
V|gl|no shows,ThaT_The.caTegorles Qf'Tn— paces are all d|s+|nc+.

CompIeTely Hausdorff spaces

(a b) € T[O I] CZ:::> (for all f: (X x) ———%} fo,1] with usual Topology,

we have f(a) = f(b) ).

T*—sEaces: (qUésffcompbnenfs are singlefdns)

(a,b) € Tyx €= (for all f:(X,x) —> @@ , (the two point
o ” ' djscrefevspacé)

we have f(a)" f(b))

Semj-Hausdorff spaces: (sequences have unique ItmuTs)

(a,b) e'TSHx > '(There is a sequence {xn}‘]n X such’

that x  ——> @ and x — b ).
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1.2 To-spaces.

For the Tgq structured relation the work doheiin §9 gives us the

- following nice results.

I1.2.1 Proposition:

'The structured relation T§ is a structured equivalence relation which
is hereditary, producTivé, inifial_ahd strong and the Te-reflection
'pfégerves prodhcfs and subspaées. “Also Tg is the on]y structured

relafidn-associafed with the To-spaces.

Froof:

‘ALl topological spaces éfé;SE.and Thé'urfrafijfer functor satisfies

" the condjfibns réquired for The,useibf 9.9.2..' wa-apply 9.8.3 and
9.§.2 . ?or +he Iés+ asse#fion,lléf E be a sfrucTUred reLaT{on'whfch
isfeoﬁpafibfe with To. By 6\6.Lb‘we_have E<Te. IfE were
‘.syﬁmefric‘fhen 6;8.4(Ci) tells us }haT To € E and'sb Te = E.  However |
the propf of 6;8.4(ci) bnjy uses Thé symmefry of E on é ceffain‘Z—poinT
spaée which in +hié'¢ésejis just the fndiscréfe spéCe.Qn wHich every
s+Fuc+ured relafjon;is symmetric. - So the same result .is true even if

E is not assumed. fo be symmetric. j‘  L O

" 11.2.2 . proposition:

LeT'E_be'a'propeh sTrUcTuFed relafion.on‘IQE:

Then To < E € Ty

Proof:

By 6.3.2 the two-point discrete space (5,d) lies in Top (E = I).
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CLet (X,x) é'IQEE qu‘(a;b) £ T,x there is.a mab ‘f;(X,x) v———}-(D;d) =
such,+ha+- f(a) = Oiand_ffb)'='l.' 1t fol lows that (a,b) £ Ex.} |
S E< Ty | | | |
fo 6;2.lc,.fhe Z—poinf-indisérefe space (D, aj) £ Top (E = .
THe proof that To ¢ E.is now similar to the ﬁroof of the last

~assertion in ll.2;l. o o . o B

11.2.3 Proposition: !Characterization of Tg'

Let E bé a pfoperfsfrucfurea eqdivafence relation on Igé;'.
. The following ére equivalent::
(a) ;E = Ty,
: (b) E is hereditary,
(© Eis ihf+ja|,_
(d)- Fdr’all-(X,x)'EZIgE; eacb’opén_sef {s E-sé*ura%ed,

.. 1.e. UCX open, (a,b) e Exand a e U = b eU.

(a)==) (b) and (a) é::}(c); NINE |
(bi::::;(a):_ By IT.Z.Z‘We ngd only_show +ha# E<Ty.
| | 'Leflfx;kf‘e,igg_aﬁd (a,b) € Ex ‘with a#b.
Sincé E“ié'héredifary we have (a,b) € E(j*x)
wHere‘jE{a;b} }—Ef% X is fhe ihclusionimép.
Since E'is'pfober, J*x- cannot bé the discrete

fopology._
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Let (B,b) be the space

If j*x is one of the To-fopologies a - oor

' Then'using_fhe_maps

we see ThaT'(b ¢) € Eb and so since E is hereditary we have
(b;c) €. Ed (where d is The dlscreTe Topology on- the 2—p0|n+ space)

.”whieh is not true. : So J*X musT be The lndlscreTe Topology

_ .'fhus:(a;b) e To (j*x) and it follows that (a,b) € Tox. . |

‘(c)'¢===; (e). Trnvnal .A' - '_ a . o - o
(d) == (a): By (d) the space (0,d1) =  eTop (E= Iyand

50 To spaces (: Top(E I)L  By 11.2.2 we have To g

- and . so Toe(E = 1) C‘Tofspaces. So we have'equalify here and
by 11.2.1 we have E = Te. . wj
. 2 4. Remarks

For The equuvalence (a) l—— (d) we can: drop the requuremenT that
E bevan equivalence. However'for (a)ﬁ::; (b) E»musT be an
equivaleﬁbe relation.  For a counTer example we note that T1 is an

heredITary sTrucTured reIaTnon (9. 8 3)
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1.3 T,-spaces.

The structured relation Ty is not as 'nice' as Tp. This seems fo
- be due to the fact that it is not.a structured equivalence relafjoh.
We will useITl‘Tq.produée counter-examples to various possible

conjectures concerning. structured relations.

" 11.3.1 Proposition:

The sfrgcfured reléTion Tlais'heredifary‘énd producfivef.-;'
TV T Vis.The”IéésT‘émeeTric structured Eélafion assdcia+ed
'wiTh_fhé'T1-§B§gg§; and'T?  kThe sTrUC+uréd equsélehcé.réla+ion
}géﬁeraféd by T1) is Thé~ted§+_s+ruc+ured eduivalence‘relaTioh‘

. asséciafed:wifh'+he‘Tl—sEaces;

Proo¥:

9.8.3,6.8.4b,c.

11.3.2 Counter-examples (see 6.6.2):

() The class of strucfured relations associated with the

Ti-spaces has no least member.

- Proof: Ti.énd‘Tfl are disTincT-énd no+”comparable under
the order relation. If E< Ty and E ¢ Ty
then E < To and so E is not ‘associated with. the

Ti-spaces.
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(b)' The sTrucTﬁred'equivaience ré1a+ion,T?yis:ho+-s¢rong,

(iY The following example shows fhéf,if'E is a structured
equivalence‘relafion wiTth? < E g Tg ~ then
,E is not sTrong

(ii) Sharpe, Bea++|e and Marsden glve an'eXampleifor-TZ 19661

but their example is false. We‘givé another example.

(iii) Consider:

yti’

Let X = {a;b,x , x;13 Xypr '.....,'yb,

Cand let The +opo|ogy X have subbase The seTs {a}, {y } {a, x', v, }
{b’ YO:_ Yil‘; yizl)_ . ‘ } - {y }, all i ‘€ Z
‘The induced prdforeffecT:ons T1 dnd T2 glve us, afTer The fursT |+era+|on

the S;'Jace. which is 'nenTher T, nor Tz .

b! al
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(c) Not every structured equivalence relation associated with the

"Tl—spaces is a power of T?;

q

Let E = (TD? To. " Then 19 € E € (TH?2 and so

IER(Ev= 1) =,T1—sgéces.f
Let X =ZU{a,b} with the topology x.on X having as subbase
the sets  Z U {a}, {b}v Z -F for all finite FCZ.

- Then T3(x) = XXX and Ty(x) = AV {(a,m,(n,a) | n 2},

"~ The fifsTJifera+ion off+ﬁé,T1 proToreflec+ion gives the space ,
o and so (T;) = XX X. Thus Ex = XXX and Ex # Ty1x.
bt a' , ’ . o _ S o

‘ . e .-‘ qz
Now for the space (X,x) described in (b) we have Ex # (T1)°.

So E.is not a power of T.

(d) - The structured équivalence relation T? is not productive

“although Ty .is productive. -

The example given below also shows that Tg is not prbducTive.
For neN, let X =1{l, 1.5,2, 2.5, . . .. ,n}

‘with base for'The_fopology X, as in the diagram below:

Let (X,x) = X(X

n’,xn).f Leta =1, I, I, 1, 1, 1. .

N L _
and’b = (I, 2,3, 4,5, 6, ....).

So a =1land b = n.
SN - n--
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Using transitivity we éee_fhaf for each n we have (aﬁ,bn) e‘T?xn;
We " show by contradiction +ha+;?a;b)-t T?X.,'”

- 1f-(a,b) € Tix then there is a finite sequence a = cp, C1 .. Cy = b

Jin X such that (¢, ¢, ) € Tax Y Tilx for | € 1 < m-l. L@

For O i ¢m, let d.’ be the supremum of the coordinates
) . ’ N .

of tf (or 'eo! jf iT_does not exist)..
So.dg = | and d_= w,
L : . m : o
If for 1 &1 <muwehaved <d,_+.1 fhend &m+ 1.
‘So theremust be an 'with | € i «m, d, >d,_; + | and -
d,_, finite. It follows that for some:n € I,
S (c.) >d.  +1.%(c. ) + 1 (where (¢,)_ derotes

i'n -1 i-1'n o ir
' ' the r'th coordinate of ci)g

So (c.). 2 (¢. ) + 2 and thus (¢.)  and (¢, )
IR M ML i'n T Ti-i'n

have disjoint open-xhhpefghbdurhoddsl

So ((c.) , (c. ) )£ T.x_ andhence (c.,c. ) £ Tix ¥ T1ix.
SRS T°n i-1'n" 7 'm 7 b= :

* This contradicts ® _' | o - ' a

Thelfoilowing'resulf supplemehfs H.2.2.

II,3.3 Proposifibni”
Let E be a proper. symmetric sTkucTured-rélaTion on ToE.'_

f E#To  then Ty € E.
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Proof :

By 11.2.2 we have Ty € E and so Top (E = 1) C To-spaces.

Let (D,d1) be ’rhe‘sp-acé ‘ - and (D,di') be the 2-point ind'is:cre‘re sp‘éce'v.

So E(d;) = DX D.

"lf.E(dl) :,L then Tgy-spaces ¢ Top (E = |). Thus we have equal ity

here and by I1.2.] we'géf E = To. '_THis.is not so."

‘Herice since E fs symmeTricvwe must have E(dj) = D ? D.

Now fof-(X;x) e Top, (a,b) € Tix and a # b implies that the subspace:
{a.b} of (X,x) is either of the torm (D, d1) or (0,0

>SQ in eifher case we see, by u;ing fhe inclusion map

v {a,b} >—> (X,x) that (a,b) € Ex. Thus we have Ty < E. 0

11.4  Tp-spaces.

-We:haye élready'shown.+ha+ Tg is”néiTher sTfong nof pfoducfive.

1t is also not wéakiy'heréqi+ary'(tqnside5»nq- wiTh‘The cofinite
Topqlogy) bﬁf hévéffheless Ti .is the least sTrUchréd equivalence
relation associéTea‘QfTh.The T;-spaces. fo.phove +his we fifsT

need the folloWingrresu1+,

[1.4.1. Lemma:

Let (X,x). e Top.

P Tix‘— Ak, is finite then T3(X,x) is a To-space.
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Proof:

, g , o o |
Let a, b. e X and (a,b) £ Tx. We need only to find a pair of

. AR B
T,-saturated (see 11.2.3d) disjoint open neighbourhoods of a and b.
Let Y = {y e X| there is az e X ~ywith (y,2) ¢ T2 } Y {a,b}.

By the hypothesis, Y is finite.

let A={yex| (a,y) € Tax } and

B={yeXx| (b,y) e Tax }.
Then AN B =0 and A, B are both finite subsets of Y.
Consider any point ¢ € A. For each'y-e Y - A there is a pair of

“disjoint obenlnejghbourhoods of ¢ and vy, say Uz and VZ.

let U = N U and v.= U VZ
% yev-A O  yeY-A

-Then U_, V_ are disjoinf; open and celU,BCY-A cv,,
c’ ¢ T S o c’ T c
UL N (Y=A) = 0.
let U=V U and V= N V .
. e} 'C
ceA . CceA
" Then A. €U, B CV, U A V=0, UN(Y-A) =@ -and U, V are both open.
In a sfmilar manner we obtain Opeh»sé*s U' and V' such that
ACU, BCV!, U'A VL= g and VA (Y-B) = 8.
let U'" =UAU' and V' =V AV, ThenU'' and V'' are the

required disjoin+,’T§—éaTuré+ed open neighbourhbods Of_a, b. 0 -

|1.4.2 Proposition:
 T§ is The least structured équivalence relation associated with the

T,-spaces.
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Proof:

Suppose'Tha+. E IS a s+ruc+ured.eqU|vaIencé rela+|oﬁ assocxa%ed
‘.w1+h The T2-spaces Let . (X,x) € Top and (aj,la2) euTgx.
V:We need +o show +ha+ (a1, a2) e Ex.
We can assume +haT (i) ap # a2, 
| (i75v _aj,:é;-do no+ héye disjoin+ open neigh-‘ib
boﬁrﬁodds,f_ /
(iii) The'Subshace:{>a1, az}.Qf (X, %) fs.discre+ei
For i :‘l,:2, let Ai=‘{é€X4{a;,-a2ilAf0r all U open inﬁ(Xﬁx),
o | - éieU :::::}’,an_}.“A
Eégg_iz : AL D Ay £ 0.
Let ‘a e AN s H fol lows that for 1= 1,2 the subspace'

.:{a ; a} |s no+ dlscrefe, that (a , a) € E(subspace {a ,a} )

and- so (a, ,a) € Ex. Thus (a1, az) e Ex

Casé [1: Ay N Ay = p.

- Let x! be'+he.+obofogy on X WI+h subbase X +oge+her with +he seTs
:{a} X= -{a} for all a e X- {al, az}

So I (X, x') —-——) (X x) is a map.

We now show that ng'._.AX‘éh{(al:aZ);(az,ald} e, PTG P
~ The inclusion C‘f5'+fivialf

lf'(éi,az)ié Tgx'  then +here are dlSJO|n+ X’—open

'nefgthurhoods U1, Uz of a1, az | Now by +he def|n|+|on of x'

. we can find x-open nelghbourhoods V1, V2 of a1, a2 W|+h

'V1 N V2 .fmn‘e_.
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For i =1, 2,"le+"Fi = VAV, A XA,
For each a evF. we have ‘a £ Ai and so +Heke is-an x-open set
U} with a, € U3, a £ U,

Clet W= (O UV for =, 2.
' o aef, :

We have W A W2.=:@, W. is x-open and ai]E'Wi.

This contradicts (ii).

éd'we must Bave (al,az)"e Tix'.

This compIeTe§'+he proof of'(*),b

Now by‘IJ.4,l,vag(X,x') is a Tz;space. - 50 we have amap 't

which makes the fol]owihg diagram commute.

o X" e ET (XX ")

CTROGx!)

I+ follows that Ex' € Tox'.
Since (X,x') is not a Tp-space, Ex' # | and SO we musf have

Ex! = Tg

11.5 The lattice .of structured relations.

Thé following HaSée.diagram Illus+ra+es some of the Order:

relationships between the various structured equivalence relations on

‘Top which we have studied hefé.

x!. Thus '(al,az),éiﬁk' ahd it follows. that (aj,az) e Ex.

o
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The notation in the diagram is as follows:
(i) for E a'sirUC+uFéd'relafidn Er is the associated
strong structured relation,
(ii)  The ordér < increases as we descend.
" (iii) 4 means that no structured (equivalence)
. . ,F g .

relation Iies properly between E and F. -

Sor
> T
‘.
9. r
. \ N
w l )
T2 — T > T5
‘ ? N % ; l
T T g =q - =r
N
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1.6 Open problems concerning structured relations’ (see 6.6.2)

(a) For A an exTremaL-epfreflééfive suBcéfegbry of Top
»'|e+ Cq(é} (fesp. Crfé) ) deﬁQTe the family of structured:
equiValence;relaTions (resp. sfrucTUred rélafions) associated”
with A. |
(i) | ‘DQes Cq(é)'alwayéshave a'léasfkmembér?
| Equivalently, i§ Cq(é),c]oged under infima?
Cii) Ié.Cq(A) ToTaIly.érAered by € ?

(i) Answer (i) for A = Urysohn spaées, comp letely Hausdorff

spaces, Ty-spaces.
(iv) Is T, the Léééf.mémber qf CE(T24spaces)? .
). s it ’r.rl.lle that : C_(A) (or Cq(f\_)‘.per‘“ha_ps)_ has.a
| unique member if'and.phly if Alis fhe exTremalf‘
.epirefleéfiye (or.perhaps just epireflective) hull
of.a single ébace? . |
(vf) ' 13-+he subéafégory of T;fspaces.fhe on1y exTrémal—-_
| _ épireflec+19é sub@afegory Of.IEE whiﬁh-is'The:épirefleévae'
hﬁli of:é ;fnglé space? |
(b) Is I1f4.l*+ru§ foriali.§+ruc+ﬁred equivaiénce relations on Top? -
(c) Is»évery sfrbhg sercTuréd equivalence rela+ion on Igév‘

o ’pfoducTive? ,
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t1.7 On a'problem of ‘Wyler.

The seTTnng is as’ follows

LeT A be a full subcategory of Top which -
contains at least one‘non—empTy space, Ao'say.
© Let CA(X,Y) denofe the se+ of maps X —— Y with the topology Whigh '
has a;-subbése for open sets all. sets of the form |
| W(u,vd_% {f:X ——> vluta) € £ 1v},
fbr all AeA, u:A —> X and V open in Y. |
Let § be_a fu1|,.fepléfe ebireflecfive subcategory of Top.
Wyjer'slproblem'[l97lc, 3!7.I] is: Gipe condiTions'on'Q_which

- wil'l ensure that X, Y ¢ B =0 CA(X,Y) e B.

. Wyler shoWs‘Tha+ if B=To, Th, T2 or Ts-spaces, then this is frue.

Wé extend fhese résQITs as follows:

[1.7.1 Proposition:
Let B be an exfremaf—epireflecfive subcategory of Top.

Then Y € B ==3C,(X,Y) ¢ B.

Proof:'

Let & be the sTrong'STrucfured equivalence relation associated
‘with B “Let X denote The set X with the dlscreTe fopology and

’eXY: C (X Y))( X ——~——) Y denote the evaluation function.

For v €'Y open, we have e 1(V) NV W ,v) X {x}
, . XY <X X .

- where u A —————) X is the consTanT map W|+h value X.

Thus eXY {s continuous.
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Now (f,g) e_E(CA(X,Y)).::::)for all xeX, ((f,x),(g,x)) € E(C, (X, Y)X XD)
====>for all xeX, (fx,gx) e Ey,
—= for all xeX, fx = gx
Ev f = g.
Thus E(CA(X,Y))‘= | and so C,(X,Y) € B. : - Qa

1.8 On some problemsIOf Thornton.

!n‘The next part of this sechon we give solutions to some problems
posed by M.C. Thornton [1971].

First we have a definition..

[1.8.1 Definition:

- Let L:Top ———> Top be a structure functor. We define full

subcategories of Top és follows:

Top(s L) = {(X,x) ¢ Top | Ay 7s closed in (XX X, LOcxx)}.
To E(ker L) = {(X,x) € iQR Ibfof all f, g, (Z,z) € Top such that
| f,g: (Z z)___a(X x}, the set kernel(f,g)'
is closed in (Z,Lz) }.
TOE(CQA{-L)-: {(X,x)-é‘ToE | (Clxx>< AX)—AX is closed in

(XXX, L{x xx) }.

‘,We also have a sTruc+ured rélaTion EL on Top given by
E (X,x) = ClL(xx.x)AX ‘
For (X,x) e’ToE and AC X, we say ThaT A is L- closed in (X x)

if Alis closed.fn The‘+opology Lx.
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11.8.2 Remarks:.

(a) VOne verifies easily that: TQE(A L) = ng(keh L) = ToE(EL = 1)

and ‘it follows that these are exTremaI-epireflec+ive

‘subcaTegQries.of Top;
(b) Top(clA, L) is closed under formation of open subspaces.

" Proof:. Let f:(X;x) > (Y,y) be an embedding in ToE_wifh'

(ck A, - A))

(Y,y} € To?(clA, L). For (a,b) € ClL(xx:x) X xx X X

we have
| (fa,fb) E»CQ’L(yxy)'(fx f)(cslxxx'AX - AX)
and'so
(fa,0) e el (e yy ey By A = Sy A_Y. " Ay

So a # b and,Since f is‘an‘open embedding we have (a,b) € C%xX:x AXA
'SO' Cg’x'Xx.AX - AX is L-closed |‘n-(X)(_‘Xf X X X) . o ' D

" Thornton [1971 problems 2 and 3] asks:
Whiéh subcategories of ToE are obtained by imposing closure
restrictions on the diagonal and which subcaTegdries are characterized by

'necésséry condiTionsson.fhe equélizers of'maps into them?
Wé foer-parTiai'so1uTion§vTo These_problems.'

11.8.3 1Proposi+ion:

Let A be a full subcategory of Top.
-The follbwing are equivaleh+:'
(a) A is an exTremal—epffeflecTive subcategory of Top.

" (b) _Theré_fs a structure functor L such that Top(A L) = A.
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(c)_'There is a sTrucfure funcfof L such that Tcp(ker L) = A.

Proof:

A7

- (a) =====§r(b) For (X,x) € Top, let Lx be fhe TOpoIogy on X wi+h~subbase:

-.»for closed seTs, The famnly of. seTs of ‘the form

.kernel(f,g) for all f,g (X,x) ::::i (Z z) with (Z z) €A
One checks easily that L is. indeed a sTrucTure funcTor
1 (X, x) € A, then (X,x) € Top(A L) since by kernel(pl, pz)
lConverser suppose Thaf (X,x) € __pfA L).
. LeT a,'b‘c X W|Th a # b., Since A is L-closed There are maps_'
‘g%XxX'xxX5::3(Zz)th(Zz)eA |
.(a b) ¢ kernel(f 39) and (a, a) € kerne|(f,g)

’

.' Define a map Fa b:(X_,><) — (Z, z)X(Z z) by

b(c)'=v(f(a,c);g(e5c)_) for all c e X.

f(a, b) =vf(a.a) = g(a,a) = g(a,b) which is not frue.
Also. (Z, 2)X(Z, z) e A. - ' '

- Thus the famu!y of maps of t+he form F vfor a,.b e'X,:a»ﬁ b,

|nduces a monlc on- (X, x) quh codomaln in A. NOW-sipce A

is closed under formation of subobJecfs IT follows that (X, x) € A

~(b) ¢;:: (c) Z::;?(a):follows by 11.8.2a. N o _-[] -

11.8.4 Remarks;

The structure functor L constructed in 11.8.3 has the following
properties:
- (a) _ThepaSSociaTed structured equivalence reIaTion.ELvis strong

‘,'-and.'Top'(EL = 1) = A.
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(b)' tf L' is any oTher sTrucTure funcTor on Top such that

Top(A L) = A, Then L' ¢ L.

Proof :

(@) If (a,0) ¢ ot by then.as in the proof of I1.8.3

L(xX ))
There is amap F: (X x) — (A, a) with Fl a) # F(b)
I‘mand (A,a) € A. Conversely if we have such a map F, then
f(e)d) F(c) and glc,d) = F(d) deflnes a pair of maps
f, g:<x>¢x, XX X) :::::' (A a) A such that (a, b) ¢ kernel(f,g))'

.ahd AX o kerne|(f,g); IT fol|ows ThaT (a, b) £ CQL( X x)AX

Thus E is The sTrucTured equlvalence relation assoc1a+ed
pwnTh A thCh is deflned in 6. IO and’ by 6. IO I it is strong.
(b) Let (X,x) € Top ‘and_f g: (X,x) -3 (R,a) € A.

{ We need to show ThaT kernel(f,g)-is L'—closed )n X.
ThlS follows |mmed|a+ely from kernel(f,g) = <f,g> -1 AA

’ and.The facT that A is. L'—closed in (A, a))‘(A a) _ a

Thornton's problem 4 has The follownng rather +r|V|al solution.

The double consTrucTnon is exp|a|ned in ThornTon s paper

11.8.5 Proposition:

~ Let A'be a-subcategory of Top which is closed under finite products

+ and sUbebjecfs..
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Then for (X,x) €A and B C X, the following are equivalent:
(@) (X x)B,_fhe double of X along B belong to A.

(b)- B .is the kernel of a pair of maps with codomain in:A.

,Préof:
(a)-=?::$(b>; B = kernel(%, f):wherefllaad fvare'fhe left ahd
| rlghf ~hand- snde maps (see ThOrnfon I97l p3)
(b) :::Zi(a): Lef k:fX,x)B fef—} (X,x) be the foldang map [1bnd p5]
| LefiB = kefnel(f,é) f g-(X,x).___;) (A,a) € A.
: .Then~f g lnduce a map h: (X,x) -—;—9 fA,a)

and fhe map . <h K> (X x) >———é (A a) X (X,x) is monic..

"~ So (X,x)B € A. . _;..-‘ .,. - : | : [] .

[
i

[1.8.6 'Deffnifion: Locally Hausdorff spaces.

‘A Space (X,x) € Top is said to be Iocalldeausdbrff iffevery

ponnf of X has an x—nelghbourhood Wthh i's |fself a Hausdorff space

- We can nQW'give Thé'solufioh folfhe last part of problem 2 in

Thornton's paper [1971].

1. 8 7 Proposlflon

; Top(czA, 1) = Locally Hausdorff spaces.
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Proof:

Suppose that (X,x) € Top(ch, !)f- So Clxx.x AX'- AX

vis'cfosed in (XX X, xxx).. Forieach X € X (x,x) £ ck AX AX

and 'so there is an open set ucX such'fhaf x € U and _

uXxu f\(clAX —_A*) =-Q. We show that U is a Hausdorff space.
"_Lef a, b el Wwith a # b. So (a,b) e UXU and (a,b) £ A.

fHUS (a,b)‘é.cl Ay and SO +here are open.nefgthUrhoods V_, VEf

of a, b with (V_X V) N A ,¢ So V_ r\v = ¢ and’

Un Va,'LJan are d|SJonn+ open ne;ghbourhoods of a, b.in U

ConVersely'IeT (X,x) be a Iocally Hausdorff space.

Let (a b) £ X with (a b) é cl AX AX.

We have fwo cases:

' Case l: - a= b, - Let U be an open Hausdorff nelghbourhood of a.
Then U X UN <cmx b)) = 5.
.Cas'e"l'l'r:‘“,a #b. since (2, b) gf'_'chx,i a and b have disjoint open
o neighbourhoods V.' and VE say.‘- ‘Now '(VaX Vb) Nty = VI
~and so. (V X V) no(er By AX) = 0. _‘
S6 in both cases we have shown fhaf (a, b) £ cl(cl A | AX).X
Thus cl AX - AX_fs closed_fn (X,x)X ng). o ._ o O
V’Il.8 8 Remarks . | _
'fa)rvHausdorff > locally Hausdorff ;====$T}
The converses are not true. " We glve examples. Let U be

a proper open subset of a Hausdorff space which_is'nof closed.

: Then (X x)U, the double of X along U is Iocal|y Hausdorff but:
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not Hausdorf?. For the second implication, consider NN

* with the cofinite topology.

(b)

The subcategory of locally Hausdorff spaees is closed under
finite products, arbiTary sums‘ahd subobjeCTs. If an
infinite product is locally Hausdorff-Theh all but finitely

many of the factors are Hausdorff.

1.9 Problem: Reflective hulls in Top.

K

Let A be an extremal-epireflective subcategory of<Top.

Suppose that the funcTer L constructed in 11.8.3 has the following

two properties:

ta)

(b)

()
(d)

(e)

A (: Top (L Haus),

-The family of equal|ser subseTs kernel(f ,g) of (X, x) (see H.
(a) == (b)) are closed under f|n|+e uhlons when (X, x) e A

- and so form a fopology.

Then

‘A_ __R(L Haus)

epi in A means L—dense,

A is cowellpowered. -

-_Proof

(c) Le+ (X,x) € Top(L Haus) So(X, Lx) is a Hausdorff spéce
--;and thus A is closed in b<X Lx. Also LOpr) < Lxx bx
énd SO Ax_is closed in L(x X x). 1+ follows that

'A(X,g) e Top(A L) = ;
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(d) Use 11.8.5.
- (e) vLe+ (X,x) € A and Y be L-dense fnJ(X,x). S0 (X,Lx) is a
Hausdorff spéce and Y is dense in (X,Lx).

Now by the usual argument for Hausdorff spaces (see Herrlich

: : dinal (Y)
1968, 15.3.1(4) ) we see that cardinal (X) ¢ 22°°0 21107,

(!f) The following facts are easily verified:
(a) 1f A is a ménoreflecTive'subcafegory o% a cowel |powered
category B then ﬂ!isvélso.cowellpowered.
(bj Every epireflective subcategory of Top is a monoref lective

. subcategory of its extremal-epireflective hul I ..

(III5 Thus if the aésumbfibns‘bn L given in (1) are frue for
évéry éxTremal—epireflecTive subcaTegory A'of Top, then
.every,eﬁireflecfjve subcategory of iéE_is cowéilpowehed.
,Fuffher, by Theofemg 7 and 8 in Baron [1969] we could fhen'
conclude that;
(a) eQery.inTérsecfion of reflective subcéTegories of Top is.
a refjecfive subcaTegory and |

(b) reflective hulls exist in Top;’

_ This would nge affirmative solutions fto problems 2 and 3 in

Herrlich's paper [1969b] in the case of Top.

We do not ‘know of an epireflective sdbcaTegory of Top which is not -
cowel Ipowered.  We have checked that the properties (a) and (b) of (I)
do hold when A .is the Cafegoryvof'Td, Ti, T2, Ty or-completely-

' Hausdorff spaces.
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Appendix'Ar . List of definitions and formulae.

W

,L

W

IS

w

w

o U

@2}

(@)

~

~

o o B BN
® |- -

- 9.

I

|.

w

co

8.

co

w

IS

N

FoN

'.

.2(g)

o

N, the terminal object.

The‘propér+y Ql.

L) Lawvere's condition.
The 'P' properties (P1), (P2), (P3),(P1)*, (P2)*, (P3)¥,

The top category grl of refléxiye»re|a+ions on objec+s

of C.

C(F, m, A).

,Thews+ruc+Uré functors « and w.

c3(L g L'y, QF(L = L") for L and L' structure functors.

QF(L, A) fbr,L.é structure functor.

(E i_l).for E'é structured relation.

Eq, the structured equivalence relation assocfaTed with
a structured réiaTibn., |
The futhor,Er and'The‘haTural transformation pE
associaTed wah‘é s+ru¢+ured relation E.

Ea,.The,@'th power of The éTrucTQred relation E.

CP(N):ahd'CR(ﬂ);

'The'ﬁropérTyfgg;

The 'T', 'R' and 'S' properties.
The structured relations Tb,le,and Ta.
m-finite objects.

Top(A. L), Top(ker Ly; Top(cA, L) and E-.
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Appendix B: - Summary of open problems.

4.3.2 ;. Are the concepts of 'sTrongly generating a reflection' .

and"weakly enerating a reflection' equivalent?
9 9 q

5.4 STudy The.class'of eTrucTure‘fUnc+ors associated with
a given monoref lective subcaTegory}

5.7.2 :  Characterise those TopecaTegories,whichbhave a

" 'universal ex+remal-epiref|ec+ive subcategory.

6.6.2 - - Varlous quesflons concernlng the class of sTrucrured
‘relaflons ‘associated wnTh an - exTremaI-eplrefiecT|ve
subceTegory of a top category. |

7.10.t Find 'nicef‘sﬁfficienT conditions which ensure that a
fﬁncTOr T. Haslrhe prOperTy:

T(£71¢) = T¢TITE for all regular-epis f.

8.4 |s the result 8.4 true for C a reguLer eaTegeryf
8.6.2 sfudy,+he’fgnc+ok'T*:gf(")-——f—é Top.
9;11.3 R 2xf1 the closure of the diagonal for relational
vprealgebras of‘monads on a reguler caTegory?x
.§J£z o | Prove Manes' compacfificafien theorem [1973 Theorem 8;4]
| | .AW|Th seTs rep!aced by a regular caTegory
19;2_ o Is the resuIT 10.5 true for C a regular’ caTegory7 .
.-li;é.. :':v Problems concerning the sTrucTured reIaT|ons on Top.
(see also 6.6. 2)> | |
Jliji:.‘ . ls every exTremaI eplreflecflve subcafegory of j:ii

. S co-WeIIpowered?' Do reflecflve hulls exist in Top?
I's Haus a"universal'\exTremaI-epireercTive subcaTegory L

of Top?
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