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(ii)

INTRODUCTION

The purpose of this work is to demonstrate the vital role
played by measures in the study of Uniform Algebras. Most
authors in the subject of Uniform Algebras are, essentially,
Functional Analysts and this emphasis is apparent in their
treatment of the subject. Usually the basic Measure Theoretic
assumptions are mentioned at the outset and thereafter under-
played or taken for granted so that one is left with very
little impression of the continuous role played by, for instance,
the Borel conditions or the regularity condition, in the develop-
ment of the subject. We here endeavour to present this aspect.

In the first chapter we introduce Uniform Algebras and
some basic examples are dealt With. We proceed in the second
chapter to provide the basic measure theoretic toéls needed
and to show the existence of representing measures and non-
trivial annihilating measures for uniform algebras. The
crucial theorems used here are the Hahn-Banach Theorem and,
particularly, the Riesz Representation Theorem.v Starting
from the case of real, positive Borel measures and positive,
definite linear functionals we éxtend directly to the case of
complex Borel measures ahd bounded linear functionals. Here,
especially, the importance of regularity is apparent and a
substantial part is also played by Lusin's Theorem. Various
results relating to representing measures and annihilating
measures are proved. These are used extensively later on.
Perhaps the most important of these is the Riesz-Banach result
(2.11(c)(ii)) whose application is critical in the proving of
many major approximation theorems. (e.g. of Bishop and Glicks-

berg.)
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In chapter three we define peak sets and peak points and
p-sets and p-points. We characterize p-sets in terms of
annihilating measures and, in the case where the underlying
space is metric, we characterize peak points in terms of their
representing measures. It is precisely these characterizations
which help us to exploit these concepts so usefully.

The main result of chapter four is Bishop's Theorem on
Rational Approximation and, later, its extension to all
T-invariant Uniform Algebras. Here we introduce the powerful
idea of the Cauchy transform of an annihilating measure. It's
role is seen to be almost ubiquitous in Rational and, indeed,
all T-invariant approximation. Fubini's Theorem is néeded in
the development of this idea.

In chapter five we find that Gleason Parts, particularly,
are characterized by representing measures. The Radon-

Nikodym theorem is useful here.‘ In considering Gleason parts
of T-invgrianf uniform algebras we combine the measure theoretic
aspecfs of peak points, Cauchy transforms and Gleason parts,

to obtain a restatement of Bishop's theorem and a partition of
the underlying space which is related to the representing
measures of the various Gleason parts.

Although this is by no means an exhaustive work, we feel
that it would be "incomplete" without mention of the generalized
F. and M. Riesz Theoremn. This is proved in chapter six and,
as it's consequence, the Decomposition Theorem for Orthogonal
measures. These results are then related to Gleason parts and
used to extend a previous result about Gleason parts of
T-invariant algebras.
| In chapter seven we deal with Glicksberg's Theorem on closed

Restrictions -~ another example of a major approximation theorem,
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the crux of whose proof is the Riesz-Banach result and in which
the role of regularity is clearly illustrated.

A fairly comprehensive bibliography is provided. This is
preceeded by several pages of notes which give a detailed
reference to source material and some historical information.
Any reference given should not be considered as the origin of
the relevant results, unless explicitly stated as such, The
bibliography could probably have been streamlined, particularly
with regard to the textbooks. There are two reasons for this
diversity; firstly because the given reference often contained
the particular form of the result required and secondly because
some of the texts played an important part in our study of
background material for this subject and related topics.

We envisage that this work will be particularly useful to
a student of Honours level whose measure theoretic background
is similar to that of Bartle's "The Elements of Integration"
[7] or the first seven chapters of Halmos' "Measure Theory".

[8]
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CHAPTER 1

Uniform Algebras

We shall use the following notation throughout

X is a compact, Hausdorff, topological space.

C(X) 1is the set of all continuous, complex-valued

functions on X .
Cr(X) 1is the set of all continuous, real-valued

functions on X

We regard C(X) as an algebra, being closed under
pointwise addition, multiplication and scalar multi-
plication.

It is easily established that the relation

hen = Sen | £ |

defines a norm on C(X) , called the uniform norm.
We regard C(X) as having the topology generated by this
norm, Hence, as is well known, C(X) , and, indeed, any

closed subalgebra of C(X) , becomes a Banach Algebra.

Note that, in this context, the terms "closed" and

"uniformly closed" are synonymous.



Definition A is a Uniform algebra on X 1iff

-
(2}

(i) A 1is a uniformly closed subalgebra of C(X)
(ii) A separates points of X 3 i.e. V¥Vx , y € X ,

x #y ,3f €A £(x)#* £(y)

(iii) A contains the constants, or, equivalently, 1 € A .

Note that Uniform Algebras coincide with Function

Algebras, as defined by Browder [1].

Note also that the giyen topology on X is equal to the
weak topology induced by A .

Proof  Call these topologies & and ¥ respectively.
Clearly § o> W . Thus the identity map,

i (X,8) — (X,w) 1is continuous. By condition (ii) in
1.3, (X,w) 1is Hausdorff and, since (X,§) 1is compact,

i is a4 homeomorphism as required. (See [2], 0.12)

The following three examples of Uniform algebras will interest

us

Let K be a compact subset of ¢

P(K) - the sét of functions in C(K) which can be approxi-
mated uniformly on K by polynomials.

R(K) - the set of functions in C(K) which can be approxi-
mated uniformly on K by rational functions with
poleé off K

A(K) - the set of functions in C(K) which are analytic

(or holomorphic) on the interior of K



[y
(2]

(a)

(b)

The relation : P(K) < R(K) < A(K) < C(K) is trivial.
Less trivial are the conditions under which strict inclusion
or equality hold. Some results relating to these will be

developed later.

Hereafter, K , unqualified, will denote a compact subset

of T .

We now investigate this relationship for some examples of K .
In order to do this we neéd the following three well~-known

results, which we state without proof.

The Sténe-Weierstrass Theorem.
If A 1is a subalgebra of C(X) with the properties
(i) 1 €A
(ii) A separates points of X
(iii) A 1is closed under complex conjugation.

Then A. is uniformly dense in C(X). (See [3], 17. Thm. 1)

The Maximum Modulus Theorem.
If f 1is analytic throughout a bounded domain D and
continuous on the closure D and if M denotes the maximum
value of | £(z) | in D , then, unless f 1is a constant
fﬁnction,

|f(z)] < M for every point 2z in D.

(See [4], sectién 54)

This means that any such f could only assume its maximum

modulus on the topological boundary of D.



(c)

(d)

(e)

(£)

(g)

If f(z) is holomorphic throughout a domain D ,it is
uniquely determined by its values on an arc in D

(See [5], 7.68)

We define : A {se€e¢ : |s| <1} , the closed unit disk

r

{se¢ : |s| =1} , the unit circle.
We refer to P(A) as the disk algebra on the disk
and to P(T') as the disk algebra on the circle.

We maintain this notation as these examples will be used again.

Taylor Series Expansion

Let £(z) be holomorphic at all points within a circle C,

with centre at 1z, . Then, at each point 2z 1inside C,

£ (20

n!

£(z) = £(z,) + (z - z,)"

n=1

(See [51, 7.47)

During the course of the proof hereof it becomes clear that

~f is, in fact, uniformly approximated in C, by polynomials

of the form :
f(n)(Zo)

n!

m
f(zy) + L (z-z¢)"

n=1
If f 1is a continuous mapping from a compact metric space X
into a metric space Y , then f is uniformly continuous

on X. ‘ " (See [51, 3.56)

We now consider the space A , as defined above in (4d).

Firstly we show that P(A) = A(A)



Take f € A(A) and, for r st. 0 <r < 1 , define
£,(z) = f(rz) . Clearly each f, 1is holomorphic in a
neighbourhood of A and hence, by (e) , can be approxi=-
mated uniformly on A by polynomials, i.e. f, € P(A)
Now, by (f) , we know that f 1is uniformly continuous
on A ., Thus
Ve > 0,3 6>0 st.Vz;, 2, €A, Iz, - 2,| < &= 1f(z;) - £(z,)] < ¢
Now for any such ¢ and corresponding & , choose r st.
1 -r<é.
Then Jz - zr| =11 - rl|lz] <6 , since |z|] <1 on A
So Ve>0,3r, st.vz€A, [f(z) - f(2)l <e , Vr st.r;<r<l
So we seé that f, — f vuniformly on A as r — 17
Thus f € P(A) as required.
Secondly we show that A(A) # C(A)
Consider f(z) = lz1% ., f 1is continuous at any point
Z, € A

Let |z - z,] <6 then

1£Cz) - £(z)1 = {1212 - 1z41%| = 122 - z Z |
= 12z = 2,) + 2,(Z - Zy) |
< 1zllz = z4l + lzollz = z4l
< 26 since lz] <1 on A . Continuity

follows easily.

However, f is holomorphic nowhere, except at zero

zZ - Z
We have L L0

f(Z) - f(Zo) - E + z
Z-‘Zo OZ"'ZO

(set 2z - z, = reie) =z + zoe_2ie
1im f(Z) - f(Zo)

Thus z5 2z,

depends on 68 except when 2z, =

0.



(h)

(i)

So f € C(a) but f ¢ A(A)

Now for A we have established that'{

R(A) = A(A) & C(a) .

P(A)

Suppose that f, 1is holomorphic in a domain D , V, and that
the sequence {fn(z)}‘ converges uniformly to a function

f(z) in D . Then £(z) is holomorphic in D . Also
£l(z) converges'uﬁiformly to f'(z) in D .

(See [6], Chap. 5, Thm.1)

Now we consider the space T , defined in (d)

Firstly we show that R(T') = C(T):

Certainly R(T) contaihs the constants and separates points
of T . Let f € R(IM . Then there are rational functions,
fno » with poles off T such that f, — f uniformly on T .
It is trivial to check that f, — ¥ uniformly on T . So

it remains only to show that £ € R(I') for each n . In fact,

we can show that ¥, is a rational function with poles off T .

Let £, (2z) = p(z) , where p, q are polynomials on T

q(z) _
and q has zerces off T .
@) (2) (%)
Now fp(z) = B22 = 1227 - Pzl , since z = = on T
q(z) q, (z) q, (1) 2
z
‘Here q,(z) = q(z) # 0 on I , since z €T e 2z €T . So
q, (z) has zeroes off T . Say that q,(z) has zeroes at
Z,s Zys e«s Zps Where z; €T , 1 <1 <n. We see that

the only possible poles of £

n would be z =

1<i<n. None of these points would be in



so f, € R(I') = f € R(T) . So R(T) is closed under complex
conjugation and satisfies the conditions of (a) . Hence
R(T) = C(T)

To investigate the relation between P(T') and R(TI') we first
establish a relation between P(A) and P(I') . Now (h)

tells us that f € P(K) = f 1is holomorphic in a neighbourhood
of K , for any compact subset, K , of (€ . The maximum
modulus principle, (b) , tells us that the restriction mapping
from P(A) into P(T') is an isometry. Furthermore, this
isometry is one-to-one : Take f, , f, € P(A) and let

flh‘ = f2“1 . Now, by a preQious comment, f, , f, are
holomorphic on a neighbourhood of A, hence, by (c) ,

f, = £, on A

Finally, we show that the restriction mapping is onto

Let g € P(I') 3 then there is a sequence of polynomials, f, ,
which converge uniformly on I to g . Now (b) tells us
théf the f, converge uniformly on A to some f € P(A) .
Certainly f|F =g . So we know that P(I') is isometrically
isomorphic to P(A)

We denote by B(z,,e) the open disk, centre , radius e

Zy
1
zZ

Clearly % € R(T) and, for any positive ¢ , is holo-
morphic in the domain, D, = B(0,1+e) ~ {0} . Assume that

% € P(T) . Then there 1is a unique f € P(A) such that

flP = % and for some ¢ < 0 , f 1is holomorphic on B(0,1+¢)
Now, by (c), f coincides with '% on D, . This contradicts

the continuity of f at zero. Thus ‘% ¢ P(T') , and we have
established that

P(I) & R(I) = A(T) = C(T)



CHAPTER II

Representing Measures

Much of the material in the first few sections of this
chapter is devoted to a comprehensive definition of terms.
This is mainly for the sake of clarity, as many authors
use these terms with different definitions, which are
usually, but not always equivalent, depending often upon
the limits of his field of work; e.g. "just positive

measures" or '"complex measures" etc.

We have dealt rather briefly with some of the measure

theoretic results as we wish only to establish them for use

in the treatment of the Riesz Representation Theorem. Where

proofs are omitted and references given, the statement of
the result can easily be seen .to be valid in the contexts of
both the source and this essay. Where we have used terms
such as "clearly", "easily" or "trivially", they are used,

we hope, meaningfully.

Definitions

(a)

Signed Measure An extended,.real—valued, countably additive

set function, u , on the o=-ring § of measurable sets

of a measurable space (Y,8) » such that u(g) = 0 and

U assumes, at most, one of the values +e or -



Note The Jordan decomposition Theorem tells us that a
signed measure, B, may be expressed as.
W= u'- u, where u* and - are positive

measures.

(See [7], 8.5)

(b) Complex Measure A set function y = u, + iy, where y,

and u, are signed measures on some measurable

space, (Y,8) .

(c) Borel Sets Let Y be a iocally compact, Hausdorff space.

Let € be the set of all compact subsets of Y ;
S the o-ring generated by € ;3 and U the class
of all open sets belonging to S . We say that §

is the family of Borel sets of Y

(d) Borel Measure A positive measure, u , defined on the class,

S , of Borel sets of Y such that p(C) < = ,

vCe C .

(e) Regular Measure Let pu be a positive Borel measure and
EE S :-

u(E)

inf{u(U) : Ec U€ U} = E is outer regular wrt. u .
MW (E) = sup{pu(C) : Eo C€ C} > E is inner regular wrt. u .
E 1is regular if it is both inner and outer regular.

U is regular if every E€ $  is regular.

Note that if u 1is a positive Borel measure, then

E,» E, € 8 A E cE = u(E;) < u(E,) .



(£)

(g)

(a)

(b)

Signed, regular, Borel Measure A signed measure whose

positive and negative parts (see note in (a)) are

regular Borel measures.

Complex, regular, Borel Measure A complex measure whose

real and imaginary parts are signed, regular, Borel
measures., “
In our context, where Y = X , a compact space, we have
X €C ., Thus S8 1is a o=-algebra and |[u(X)] < e for any
Borel measure, . Also, since every closed set in X 1is
compact, we know that every closed set, hence also every
open set, is in §
Hereafter, "measure", unqualified, shall mean "finite, complex,

regular, Borel measure"
We define the following

Probability Measure Positive measure of total mass 1 ;

i.e. (X)) = 1

ful 3 Positive total variation measure

Let E € § and let m; denote any finite, pairwise-

disjoint collection E; , ... , E5 such that
Ei €ESAE;cE; 1 <1i<n.

sup | 2
Then : |ul(E) = g { igl lu(Ei) }

(the supremum taken over all possible collections,

Tz s With the required property)

10



(c)

Observe that:

sup | 2 su |
lwE| = 52 | 2 uED] < 5D 2 JuED] = ulE
Here we should check that |p| is, in fact, a positive measure.

Proof

The non-negativity and the property that |p|(@) = 0

follow trivially from the definition. It remains to show

countable additivity.

Let {Anln € W} be any countable collection of mutually
disjoint measurable sets. Let -{Ek} " be a Tya, @S
: k=1 '

defined in (b) .

m ‘
Then, for every n € N , '{Ek n A“}k~1 is a ﬂAn, and

[ Ene =

: m
| u(E) | = I | £ w (Eg N Ay | by countable additivity of u
n€N
m
< I z u(Ex N A,)
k=1 n€m I k n |

m
L | uE . nAD | <z JulAp
n€m k=1 . nem

Taking the supremum over all Ty, we obtain
n

For the reverse inequality, choose real numbers, r

[w]uay) < = |ulay)) .

neN

o »Such that

ro < |ul(ay)

Then

vV, €EW , 3 Ta, = {Enk}m:1 such that

| w(E ;) |

11



(d)

(e)

Since U Tya is a ﬂ we have
nem  Pn UAn 2
mp
I r, < I z ‘ U(Enk) | < |u]CuAp)
n€N neny k=1 .

Taking the supremum over all possible choices of {r,} on the

left hand side, we obtain

T jul|Ay) < |u|(UA,)  as required.

n€m
If u is a signed measure, then lu] = u* + u= .
Proof Firstly note the relation between a Hahn decomposition

of X for ¢ and the Jordan decomposition of u . (see [7],
8.2 - 8.5) .

Let A, B be a Hahn decompostion of X for u . Then
' sup /D

For E.€ S ;3 |u|(E) 1r 1§( u(Ek)|>}

= Sup{ ( H(Ex N A) + u(Eg 0 B)l)}

P g[ *(E,) + u (E )]}

Ialyel=!

A

since u* and U~ are positive measures

< u* (E) +u (E)

We see that equality holds if we consider wgy = {ANE , BN EL

ful = [u](x) It is easily seen that this defines a norm.

We check the triangle inequality

n
Butvll = |p+v|[(X) = »iﬁf(g

)

12



(£)

13

n
%%f(%lu(Ei) + v(Ei)l)

A

n
Wl + hepl)

< Jul X+ el = o+ vl

We show that : u 1is a regular Borel measure <« |u| is a

regular Borel measure.

Proof If py is positive, this is trivial.

Necessity : If 4 1is a signed measure, then u* and u~ are

regular Borel measures. Then, by (d), |u| = u* + y~ 1is
regular Borel.
If w is complex, say u = u, + iy, where u;, and u, are

regular, signed Borel measures. From the definition of [

it is clear that |u| < [u,;] + |u,| . Hence [u| is Borel.

‘Assume-—that [u| 1is not regular. So there exists some

Borel set E which is not outer regular (a similar argument

may be applied to inner regularity, but is not really

necessary, in view of [8], §52 F). Thus 3 € > 0 such that
|u|(U ~E) > e for all U such that Ec U €U . By the
previous inequality, we have : Cluy |+ [u, DWW ~E) > ¢

for all such U . This contradicts the regularity of

RN R TP
Sufficiency : This last argument gives the sufficiency,
using the obvious inequalities u* < |u| for signed measures

and |u1| < |u| for complex measures.



(g)

(h)

(a)

64 3 the unit point mass at. x : The measure defined by
6,(E) = 0 ; x € E
1 3 x € E
supp ¢ '3 the support of u : The complement of the union of

all open sets U , such that

Until this stage we have used definitions found in Halmos [8]

and Taylor [9] . However, we wish to refer to the treatment

[u|(U) = 0

in Rudin [10] of the Riesz Representation Theorem. It is

easily seen that in our case, i.e. X

compact, the

definitions of Borel set and Borel measure in Halmos and

Rudin are equivalent (see [8] , §51,3.

). We shall use the

definition of measurability of a function given by Rudin

If X 1is a measurable space and Y 1is
and f 1is a mapping from X into Y ,
be measurable provided that f~'(V) is

X for every open set V in Y .,

a topological space,
then f 1is said to

a measurable set in

An immediate consequence of this definition is that every

14

f € C(X) is Borel measurable. In view of [10] , Thm 1.12(a) ,

it is clear that, for f € C(X) , this definition of measur-

ability is equivalent to that of Halmos (see [8] , §18)

(Here we must bear in mind that f = u+iv 1s measurable if

»

and only if u and v are real measurable functions (see

[101, 1.9)) .



(b)

(c)

(d)

15

We are now in a position to introduce the concept of the integral.

The following definitions hold for a positive measure, u

We define the integral, wrt. u , of a simple, measurable

function, ¢ , as follows

n
J @edu = ? aiU(Ei)
n
where ® = % ®iXE; the a; being finite and distinct,
the Ej disjoint. We say that such a ¢ is integrable.

We say that a property is "almost everywhere (u)" true if it
is true on the whole space with the exception only of a set

of wu-measure zero. (abbreviate : a.e.(u)) .

We say that a sequence, {fp} , of a.e.(p) finite-valued,
measurable functions converges in measure (u) to the

measurable function f if

Ve >0 %igli({x : | fnlx) - £(x)] > 8}) -0

We briefly present a different aspect of this latter definition.
Here we may consider "convergence in measure" in a topological,

rather than measure theoretical, sense.

Firstly we associate with every positive regular Borel
measure, U , a topology, J, , on the class, M , of
measurable functions. We define a neighbourhood system as

follows:

Let f € &H. Uc M 1is a neighbourhood of f 1if
it contains a set of the form

Neg(8) = {g € M| u{x @ £(x)-g(x) # 0} < 6} .



16

Let Nf be the family of neighbourhoods of f . It is easily
shown that | |
(1) UE€E Ng=>f €U

(ii) U , V€ ¢ =2UnV € Nf

(iii) U € N and Vo U=V € N¢

(iv) U € ¥ =3 Wec U such that W € ¥; vand .vg €W, WE Ny
[To see this, let W = Ng(8) (by definition) . Take
g € Ne(8) , then wulx : £(x) - g(x) # 0} = &, < & .

Then we have : Ng(d) o Ng(d-dl) € Ny as required .]

Now we have
The sequence, {fp} , of a.e.(u) finite-valued,
measurable functions converges in measure (p) to
the measurable function f if and only if {f_ }

converges to f in terms of the topology Ju

Ezggg-;”{fn} converges in measure (u) to f

= Ve > O,iiz u({x : l fa(x) - £(x) | = ¢e}) = 0

> Ve > 0,v6§ > 0,3 N €W st. n > N = p({x:|[fo(x)-£f(x)| > €}) < &
e V8§ >0, 3NENW st.n>N= p({x:|{fp(x)-f(x)] # 0}) < ¢

<> V§ >0, 3N EN st.n>N= f, € Ne(§)

< {fn} converges in terms of the topology, J, , to f .

(e) A sequence {f,} of integrable functions is mean fundamental

() if J | fn - fn | dp — 0 as m,n — o .

(f) An a.e.(u) finite-valued, measurable function, f , is
integrable with respect to u 1if there exists a mean

fundamental (u) sequence {f_ } of integrable simple



(g)

(h)

(1)

functions which converge in measure (u) to f

The integral of f wrt. ¥ is defined by

_ lim '
deu = 0 J fadu .

It is easily gseen that these definitions lead to the follow-
ing characterization
is

A complex-valued function, f = f, + if

1 2

integrable (u) if and only if its real and
imaginary parts, f, and f, , are integrable (u) .

Also, in general; J fdu = J fidu + 1 J f,du .

Another easy result is that if f is integrable wrt.u and
{fn} 1is the corresponding sequence fulfilling the conditions
of (f),’ then so does the sequence {|f, ]|} satisfy those
conditions and {|fn|} -2» |f| which is then integrable wrt. u

(see [10], 1.9(b)) .

We state the following result without proof
If f 1is measurable, 'g is integrable wrt.u and
|f] < |g| a.e. (u) , then f is integrable wnt.u

(see [8], §27.A)

Although this result is proved only for real-valued functions
in Halmos, the characterization in (g) allows us to extend

it easily to complex-valued functions.

An immediate consequence of this result is that every

f € C(X) 1is integrable wrt. any positive Borel measure u

17
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(2}

~
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~

(b)

(c)

18

To see this we note that X 1s compact, hence every
f € C(X) 1is bounded, and that certainly every constant

function is integrable wnt. u

Now we wish to extend these notions to signed measures, u
Bearing in mind the following two facts, from 2.3(d) that
lul = u* + y= and that, in general, [ fd(u+v) = [ fdu +[ fdv ,
(This can be seen by logking firstly at characteristic
functions, then extending to simple and integrable functions.),
it can easily be seen that if f 1is integrable wnt.|u]

then it is also integrable wrt.:u* and p~ and we can define

[ fdu = [ fdu* - [ fdu~ .

Finally we look at complex measures, u = u, + iy,

It is easily seen that |u;| <.|u| and that |u,| <|u| .
Hence it follows easily that if f = f, + if, 1is integrable
wrt. |u| , then it is integrable wrt. ly,| and |u,| , and
we défine

[ fdu J fdu, + i fdy,

]

J £iduy - [fudu, + 1 f foduy, + 1 [ £ duy

Now we wish to establish the following useful property

| f fau | < [ [£f] 4 |u]

Proof Corresponding to f we have a sequence {f_}
satisfying the conditions of 2.u4(f) wrt. |u]

Each f, 1is a simple function ;
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P
n
= X
Let |fn] ‘ k§1 A By
Pp :
= A
kEl ‘kn XEkn
since the Ey  are disjoint
Now : I |f] 4 lu| = iig j |fn]| 4 Jul
> _
_ lim n
(B o)
. B
lim n \
> lim ( 2 Ak, |u(Ekn) )
. P
lim n
=
il | (E) kg (Ekn)l)
lim _ .
> nim |J fao dy| = | j fdy | as required

This last step follows by breaking the

intégral into parts, as in (a) and (b) .

(d) We use (c) to establish a result which we shall use later

T el = |iT21 l [x x du

taken over all |u]|-integrable functions, x, such that

XE dUI)
J %

, where the supremum is

Ix(t)] < 1, v t €KX

Proof We have |u|[(X)

sup( ™ _ sup(n

'nX(% U(Ek)l)— Ty iva
n

- Sup

= ﬂx{§(AkJXXEkdu)}

for suitable Ay , we have |[A]| =1, Vk,

_ supf[ ¥
© T Feoxee

Tx

n
sup l I (A )di}
Tx { Jx P kg S

< liTzl Hxx du{ , where x 1is |u|—integbable.

On the other hand ; |iT21 I Jxx du

< liTzl J [xldju! by (c)
X



(a)

(b)

(c)

< J dlu| , since |u| is a positive measure
X

< |ul(X) as required.
In fact, the same argument will give a more general result by
substituting E for X , where E is measurable. (In fact,
one would need a more general form of (c) as well., This,

too, is easily shown by a similar argument.)

We say that a linear functional, ®, on C(X) is a
positive linear functional if it has the property

f20=0() 20.

Now, by virtue of what appears in Rudin [10]}, 2.14 - 2.17 , we

may state the Riesz Representation Theorem in the following form

Let ¢ be a positive linear functionai on C(X) , then there
exists.alunique, positive; regular Borel measure, u , on X ,
which represents ¢ in the sense that

o(£) = jxfdu , V€ COO

with the property that Hel = Il

This latter property can be proved easily as follows

- sup _ sup
ol = nfu<1{|¢’(f)|} : ufu<1(fod“|>

< l|§r21(Jxlfld|U|> (by 2.5(e))

A\

de]u] = lul (here |u| = w

1 , we have equality;

i

but for f

20
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(a)

In fact, this tells us that any positive linear functional on
C(X) is bounded, hence continuous. This result holds, of

course, because X 1is compact and because of property 2.2(d).

Looking at a positive linear functional, ¢ , more closely, we
see that ¢(f) 1is necessarily real-valued for all f € Cyr(X) .
So we may conceivably generalizerthe statement of (b) in two
directions : - |
(i) To those linear functionals, ¢ , such that

e(f) €R ,Vf € Cxg(X) , but that property (a)‘ does

not necessarily hold ;3 and
(ii) To those linear functionals, ¢ ', such that

0(f) = ¢, (f) + ip,(f) , Vv £ € C(X) , where o, , @,

belong to the class described in (i)

The question is : Can a statement similar to that of (b) be

made for these wider classes of linear functionals ?

The answer is : Yes, provided that we consider only those
linear functionals that are continuous. (i.e. bounded in the
sense that el = Hiﬁgl le(£f)| is finite.) This is shown

in the following sections.

Firstly we look at those linear functionals mentioned in

2.6(d)(1).

Lemma Let ¢ be a bounded linear functional on C(X)
such that ¢ : CR(X) — R . Then there exist two

+

positive linear functionals, ¢* and ¢, such that

o(f) = @*(f) - o (f) , Vv £ € C(X)

21
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Proof If f € Cxg(X) and f > 0 define-

@e*(f) = sup {p(g) : g € Cr(X) A 0 < g < f}
(hence the necessity for the boundedness condition) .
It is clear that o¢*(cf) = co'(f) ,VYc > 0,
If 0 <gi < fi , then o(g,) + o(g,) = (g, + g,) S 0" (f, + £,),
Taking the suprema over all such g; we have

O (£,) + 97 (£,) S O (EF, + £,)
Conversely ;3 if 0 <h < f, + £, , let g, = sup(h-f, , 0)
and let g, = inf(h,f,) . Then g, + g, =h and 0 < g, < f; .
Thus ©(h) = @©(g,;) + @(g,) < o*(f;) + @™ (£f,) .
Taking the supremum over all such h € Cr(X) , we have

0" (f, +5,) < ©'(f,) + o' (f,) .

Now let f be an arbitrary element of C(X) ; say f = f +if, :

Then set : @*'(f) = @*(f,) + i’ (£,)

@ (f7) = o (£f7) + i0*(£f3) - 1*(£f3) ,

f; and f; Dbeing the positive and negative parts, respectively,

of fim:

It is now trivial to show that ¢* 1is, in fact, a positive
linear functional . We now define : @ (f) = o*(f) - ¢ (£f) ,
vV f€ C(X) . . Clearly ¢  is a linear functional and, if
f>0, then O (f) =2 0 since @*'(f) = o(f) by definition.

So ¢ 1s a positive linear functional and the lemma is

established.

(cf. [7], 8.13)

We shall need the following topological results which we state

without proof

Definition A set E 1is o-compact if there exists a sequence,

{c,} , of compact sets such that E = ? Ch
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If Cc X is compact and §g , then 3f € Cr(X) such that

C = {x : f(x) = 0} . (see [8] , §50. c)

If C is compact, U is open, and C <« U , then there
exist sets, C, , compact and §5 , and U, open and
g-compact, such that
CecU,cCycU.
(see [8], §50, D)

Any o-compact set is a Borel set. (trivial)
We also need Lebesgue's Bounded Convergence Theorem

If {f,} 1is a sequence of integrable, real-valued functions
which converge to f a.e.(u) and g 1s an integrable function
such that [f (x)|] < |g(x)| a.e. (W) , Vv, €N ;3 then f is
integréble and [ fdp = %iﬁ Jfady . (p a positive measure) .
(see [8], §26. D.)

(Strictly speaking, we have used this result before ; e.g.

to arrive at 2.4(i))

We wish, however, to use a more general form of this result
Firstly we wish to extend it to include complex-valued functions
{fn} 3 By considéring real and imaginary parts of f, and f
we easily see that the same statement would hold, replacing

"real” by "complex"

Secondly, we wish to consider complex-valued measures ;

wos oy, iy, Here we can express u = pi-uj+ip,-iu; and,
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bearing in mind that each such component is less than |ul,

it is easily seen that the following statement is true

If {f,} 1is a sequence of |u|-integrable, complex-valued

functions which converge to f a.e. (|u|) and g 1is a
|u|-integrable function such that |f (x)]| < lg(x)] a.e. (Ju])
YvneE M ; then f, is |u|-integrable and [ fdu = iig‘[ﬂ1d11.
Now, by virtue of 2.6(b) and with ¢ a bounded linear

functional as in 2.6(d)(i) , we have

e(f) = @™ (f) - ¢ () (by (a))
= [fdu, - ffdu, = [ fdu .
where W = p, = U, (uia positive measure.)

So ¢ 1is represented by a signed, regular, Borel measure yu

But is u unique ? : Let XA be a signed, regular, Borel
measure which represents ¢ . Then u=-A 1is a signed, regular,
Borel measure representing the zero functional ; 1i.e.

J fa(u-x) = 0 , vE € C(X) .

Let u-X = v,-v, where the vi. are positive measures.

Now let 'C, be compact and § and let f be the function

§
associated with C, as in (c¢) . Clearly we may choose
0 €S fs<1. (Simply take (f v 0) A1) . Form the sequence
of functions f, = nf A 1 . Clearly {f_,} converges pointwise
to XX"'CO

Now set g, =1 - f, , then {g,} — Xc » and , by (£) , we
T 0

have 0 = llm,fgnd(vl—vz) = Xe d(vl—vz) = %(Co)- v, (Cy)
0

n-»o

= v,(Cy) =v,(Cy) for all compact and &g sets, C, .
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Let C be any compact set. We have
v,(C) = inf {v,(U) : Cc U €W} = 8 , by the outer

regularity of wv,.

But, by (d) , there exists, for every such U , a compact and

96 set, C such that C < C, < U .

0o
Similarly, for any compact and g set , C, 2 C , there exists
by (d) and (e) an open Borel set U 2 C, . Thus, by the

monotonicity of v,

8

inf { v,(Cy) : C = C, , compact and & 4}

inf { v,(Cy) : C < Cy ; compact and & g} by the

above

v, (C) by the same argument .

Thus the Vv; coincide on compact sets

Now let E be an arbitrary Borel set. Then

v (E) = sup{v,(C) : E > C € C} by the inner regularity of v,
= sup{v,(C) : E> C € C} by the above
= v,(E) by the inner regularity of v, .
Thus v, = v, ==y = X . So we have uniqueness.

In fact, we have shown more than just the uniqueness required.
This argument also shows that for a positive linear functional
¢ , the positive measure representing ¢ 1is unique , not only

as a positive measure, but as a signed measure as well.

Secondly we look at the class of bounded linear functionals
described in 2.6(d)(ii) . Let © = @, + ip, . We see that

the boundedness condition tells us that ¢, , ¢, are bounded



26

linear functionals from the class 2.6(d)(i) . So, by (g)
we have

e(f)

©, (£) + i, (f)

J fdu, + i fdu2 = [ fd(u, + iu,) .

So w o= oy, o+ iy, represents ¢ , where y, and y, are
unique signed measures. Since the decomposition of functions
into real and imaginary parts is unique, we may say that

¥ is unique.

Thirdly ; We must show‘that toll = lull . We deal with
both cases at once : |

We shall need the following result, which we state, without
proof, in simplified form for X compact

Lusin's Theorem Suppose that f 1is a complex, measurable’

function on X and ¢ > 0 . Then 3 g € C(X) such that

u ({x : f(x) # g(x)}y < € (u is a positive measure)
.- \ /

sup

Furthermore, g may be chosen so that gl < EX

fix) l .

Corollary : Assume that the ‘hypotheses bf Lusin's‘theorem
are met and that |[f] <1 .. Then there is a sequence {gp}
such that g, € C(X.) A lgn]l €1, Vv €W and

f(x) = iig gn(x) a.e. (W) (4 a positive measure) .

(see [10], 2.23)
Since this holds for all positive, regular, Borel measures,
we may, in view of 2.3(b) and 2.3(f), say that this result
holds, in a sense, for éll complex~-valued, regular Borei measures.
(Mbre specifically : In Lusin's theorem we may write
[u({x : f(x) # g(x)})| < ¢ and in the Corollary we may write
Cf(x) = Lim gn(x) a.e. (|u]) . )

n-»o
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- In view of the Lebesgue bounded convergence theorem (2.7(f))

we may say that : [ fdu = ii? [ gndu 3 the f and g,

as in the above corollary .

Then, since any f which is |u|-integrable is measurable,

we use this and 2.5(d) to get

full = Jujx) = li?gl Ix fdul , £ is |u|-integrable
= |§T21 rllig Sx gnd“‘
= ”;‘Ilgl Sy gdul , g € C(X)
= ”:ng m(g)l = ol  as required .

Since this last result is found independently of whether |uf
or ¢ are bounded, it giveé us some extra information. Namely
that, since X is compact, hence |u| finite, it is clear
that the boundedness condition on ¢ 1is necessafy, and has
not just been introduced by limitations in our method of

proof.
Thus we may state the Riesz Representation Thm. as follows

Regarding the set of continuous linear functionals on C(X)
and the set of regular, Borel measures on X as symmetric
Banach spaces (easily checked), we may say that they are
isometrically *-isomorphic, the relationship being given by

©(f) = [ fdu ,VEf € C(X) &= ¢ +> u

One immediate and useful result of this is that if a regular
Borel measure, W , is such that J fdu = 0 ,vf € Cr(X) ,

then us=so0.



2.8

——

(a)

28

Clearly, if u 1is a probability measure, the associated
linear functional, ¢ , on C(X) has the property

(1) = lloll = 1

Conversely 3 if ¢ 1s a continuous linear functional on
C(X) such that (1) = lloll = 1 , then the associated measure

is a prdbability measure.

Proof In view of 2.6(b) it will be sufficient to show that

¢. is a positive linear functional. Since, V £ € Cp(X) A £ 20
we have 0 < F%[ <1, it will be sufficient to show that
0Sf<1=0f)=20. Now let @(f) = a + ib ; a,b real .
For each t € R , se‘tAft = £ + ibt .
2
. 2 . 2 _ (sup .
Th;n : L = If + ibth = (xEX | f(x) + ibt D

_ (sup Jer.32 7.2\
(Xex VE(x)? + b2t )

) SUp 2 2.2 )
= (vfgex.f(x) + b2t )

2
<(\/1+b2t2> = 1 + b*t?

Thus Jo(f ) |2 <N @l ZIf 1% <1 + b2t?

Hence : a? + b2(1+t)? = |a + ib + ibt]? = lm(ft)lz< 1 + pb2t?
Thus VY t€R ; 2tb? <1 - a® -b?>=b=0.

Now : 1 - fll <1 = |o(1 - f)] €1 = |1 ~-a]l <1=a2>0 as
required ..

Let R be a linear subspace of C(X) and R* the space of
continuous linear functionals on R

Definitions

M is a complex representing measure for ¢ €-R* if and only if

f fdu = @(f) 3 V£ €R
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(b) w 1is a representing measure for ¢ if and only if

{ fdu=@(f) ,vf € R and MHoll = lpl

Clearly a complex representing measure is a representing measure

if and only if [l = lul

(a) We state this famous theorem without proof

Hahn-Banach Theorem

If E 1is a normed linear space and R any linear subspace
of E , then any bounded linear functioﬁal, 2 , on R may
be extended to a linéar functional L on E such that
fallg = WL g .

(see [10] , 5.16 - 5.18)

(b) We state, also without proof, a result which is a consequence

of the Hahn-Banach Theorem

If E 1is a normed linear space and R any linear subspace
of E , then x, € E is in the. closure R of R if and only
if there is no bounded linear functional L on E such

that L(x) = 0 , Vvx € R but L(xo) # 0 . (see [10], 5.19)

(c) Now let R be a linear subspace of C(X) . Then the
Hahn-Banach and Riesz Representation theorems give us the

following two results

(i) Each ¢ € R* has a representing measure.
Since ¢ can be extended with preservation of norm to C(X) ,

by the Hahn-Banach Theorem, and the resulting extension has
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a representing measure, by the Riesz Representation Theorem,

which will clearly be a representing measure for © as well.

Definition R* = {u : [ gdu = 0 ; Yg€ R} , the set of
annihilating measures for R . For u € Rl we also write

L 1lR.,

(ii) R={f : £ €CX)A ffdu =0, Vu € RY} .
Bearing in mind that any H € Rl represents a linear functional
which is zero on R , we sée that (b) gives us this result

immediately.

Let 1 € R and ¢ € R* such that fol = @(1)=1. Clearly any
Hahn-~Banach extension of @ to C(X) will also have this
property. So, by the arguments in 2.9 , any representing

measure for ¢ 1is a probability measure

Again let 1 € R «© C(X) . With any x € X we may associate
the evaluation functional , Tx , defined by : T4(f) = f(x) ,

VfE€ R . Certainly Ty € R*¥* and Txg(1) = 1

_ sup |Tx(£)] _ sup [f(x)|  _

£l

So any representing measure for T, 1is a probability measure
We say that U 1is a representing measure for x if and only
if M 1is a representing measure for Ty

i.e. U represents x <> U represents T,

Let f be |u|-integrable. Then the relation g » [ gfdy

defines a linear functional ¢ . ¢ is bounded since



- sup

< [ |f] 4 |u] by 2.5(c)

< oo since any integral is necessarily finite
Thus there is a regular, Borel measure, representing ®,
which we denote by fu

Consider the set function defined by (fp)'(E) = IE fdp

for any Borel set E . It is easily shown that (fu)' is
a measure . (See [7], 5.2; easily extended to arbitrary
measures and complex functions.) Now we show that (fu)’ is

finite, hence a Borel measure

(Fw (B = | Jg fau | < Jglf] d [u| , by note after 2.5(d)
< Jglfld|u| <= by the above .
Now we Qlaim that (fu)’ represents © . We have
[ gd(fp!' = iig J g,d(fw)’ 3 where the g, are as the

fn in 2.4(f)

P
y n
- lim { 5 oA, (£ (B )
k= n

n-xo 1 %n J
. P '
_ lim n
T nosoo { k£1 Akn JEknfd“}
_ lim
= e J g, fdu

and then by 2.7(f)

It still remains to show that (fu)! is regular.

. ‘ p _ sup | B '
Firstly note that | (fu)! | (E) = . X | (fu)! (Ep) |
E
_ sup g ]
Te [ 1 l_IEnfdul
sup [ 2
< P teletnl] w250
< Jg £ d ]yl

(|£] |u|)(E) , ¥ Borel sets, E

N

J fgdu , since we may choose the g, st. |gn|< |g]

31
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(a)

Now we show that |[(fw'| 1is regular. Assume that it is not.

In view of [8] 8§52 F., we may assume that there exists a
Borel set, E , which is not outer regular with respect to
| ¢(fw'] . Thus 3¢ >0 such that | (fwW' |(U~E) >¢e ,

VU such that E cU €U

32

So we have (|f ||u|)Y (U~ E)>¢e ,V Ust. Ec U€U (see above)

= fug |Eld U] > ¢ ,VUst. EcUE€EU

Now let {f_ } be the sequence corresponding to f as in
2.4(E) . It is easily seen that there exists n € W such

that
Ju~g |fnl @ Ju] > &2 YU st. EcU €U .

su
So we have in | £,(x) | |ul(U~E) &, vU sst. Ec U €U

This contradicts the regularity of |u| (by 2.3(£)).
Thus I(fu)'l is regular. Again by 2.3(f) , (fu)' is

regular

So, by the uhiqueness of 2.8(c) we have fu = (fu)'
Clearly, R is an algebra = (f € R A u L R=f y L R)
Conversely; V[R closed A (f € RApup L R=fuy LR)] = R is
an algebra. We show closure under multiplication : Take
f,g€R and u € R

Then [ gfdu = [ gd(fu) = 0 = gf € R by 2.11(c)(ii)

Definition Let R be a Banach Algebra with identity.

Then ¢ € R¥ is a multiplicative linear functional if
@ 0 and o@(fg) = o(f).e(g) 3 vE, g € R . Set of all such

¢ denoted by SpecR.
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Clearly ; ¢ € Spec R = (1) = 1 (since (1.1 = @(1).9(1))
It can also be shown that ¢ € Spec R = ol = 1 .,
(see [1], L.1.2.9). Thus ¢ € Spec R = any representing .

measure for ¢ 1is a probability measure

(b) It is clear that ¢ € Spec R is a homomorphism of R onto
the field of complex numbers.
In the case where R « C(X) we see, from [11] , §11,1, I and II

that Spec R coincides with the maximal ideal space of R .

(c) From now on we shall mostly consider R = A , a uniform
algebra on X and ¢ € M, , the maximal ideal space of A .
All of the above remarks, referring to R , carry naturally
over to A , and, in some cases, in view of the closure of

A , may be immediately extended.

(d) Let u be a representing measure for ¢ € M,

Then : (f € AA [ fdu = 0) = fu lA
(since [ gfdu = ©(gf) = ©(g) o(f) = f gdu . [ fdu = 0
2.15
(a) Let ¢ € Mp . Denote by M, the set of representing
measures for -w . By virtue of 12.11(d) , these are all

.probability measures.

(b) Definition Let E be a real or complex normed linear space.

Consider the conjugate space E* . For each L € E* , each
finite subset {x; , ... , x,} of E and each ¢ > 0 , define

U(L 5 Xp9eeeXp3€) = {MEE¥ | M(xp)- L (x| <€ 31<k<n}

These sets form an open basis for a topology for E* , called the
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weak~-* topology for E* | It is the weakest topology on E*
for which each x’ € E** is continuous on E* ., The weak
and weak-* topologies on E* clearly coincide if E is

reflexive
We state the following theorem of Alaoglu without proof

Let E be a real or complex normed linear space. Then the
closed unit ball , S* = {L € E* : LI <1} in E* is
compact in the weak-* topology of E¥*

(see [12] , B2u4, B25)

My 1is weak-* compact and convex .

Proof By 2.8(c) we have a 1-1 correspcendence between
(C(X))* , the set of continuous linear functionals on C(X)
and the set M(X) of all regular, Borel measures on X

Since each member of My 1is a probability measure, we may
regard My as being a subset of S* , the closed unit ball
in (C(X))* . By Alaoglu's Theorem, S* is weak-* compact
in (C(X))* , so it remains to show that My 1s a weak-*
closed subset:of S*

Let L be a limit point of Mgy , then for any €& > 0 and

any finite set {fi} in C(X) , U(L, f, , ... fn; €)
(as defined in (b)) will contain members of M, . Now take
a fixed f € C(X) and an arbitrary ¢.> 0 . Then any

neighbourhood U(L, f, &) will contain a member of Mp >
say M . So we have |L(f) - M(f)| < € . Firstly, we may

take f € A and , noting that M(f) = @(f) , we can say that



L(f) = (f) for f € A
Secohdly, for an arbitrary f € C(X) we have

[L(EY| - [ M(E)|| < ¢ . But [M(£)| <Ifl for any
MEM, . Thus |L(£)| <Ufl » Ll < 1, but we have
L(1) = (1) e 1=l =1 as required. Thus L € M, as

required. The convexity of M, 1is trivially confirmed.

[
()]

(&) It is clear from definitions 2.10 that M, coincidesA
with the set of norm-preserving extensions of ¢ from A to
C(X) and that the set of complex representing measures for
) coincides with the set of continuous extensions of ¢
from A to C(X)

(b) Let Re(A) = {Re(f) : f € A} . © can be defined on Re(A)

as follows

@(Re(f)) = Re(®W(f)) ; ¥V f €A

Then' ®(u) = J udl for all u € Re(A) and all W € My, .
. (This is easily checked by looking at real and imaginary
parts of functions in A). Thus ¢ 1is bounded, hence
continuous, on Re(A) and ¢(u) 2 0 if u € Re(A) and

u 2 0 (since W is positive) . From this, it follows easily

that ¢ 1is monotone on Re A

(c) Now let L be a monotone extension of ¢ from Re(A) to

Cr(X) . Then : L(v) < LUvll) = llvllt , ¥V v € CR(X) . Thus
L 1is bounded, hence continuous. It is easily seen that L
is norm-preserving (in fact ILl = 1) . By the Hahn-Banach

. Theorem, we may now extend L , with preservation of norm, to

c(x) . It is easily checked that this extension of L 1is,
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‘monotohically to B by letting @(v)

in fact, a Hahn-Banach extension of ¢ from A to C(X)
(again, look at real and imaginary parts of functions in A.)
Thus there is some u € M, which represents this extension
of L .

Conversely, it is clear that any u € M, will represent a
monotone extension of ¢ from Re(A) to Cg(X) .

Thus M(p coincides with the set of monotone extensions of

@ from Re(A) to Cg(X)

We state, without proof, a well~known result

Zorn's Lemma If each chain in a partially ordered set has

an upper bound, then there is a maximal element of the set.

(éee [13],'1, 25.)
Now let v € Cr(X) and v E}Re(A) . Let B be the subspace
of Cgr(X) spanned by v and Re(A) . We can extend ¢

¢ , where ¢ 1is any

number such that

sup {@(u) : u € Re(A) and u < v} < ¢ < inf{ep(u) : u € Re(A) A u = v} .

We partially order the Sét of ﬁénotone extensions of ¢ by
f, < £, 1if £, 1is a monotone extension of £,

Any chain {fi} in this set will have a maximum f , defined

on gﬂ)(fi) » (9(f;) = domain of f;) , by f£f(x) = f;(x) if

x € D(£;) . ' So, by Zorn's Lemma, there is a maximal element

in this set, Which, by the first four lines of this section,

extends ¢ to Cr(X). Thus ¢ can be.extended monotonically to

Cr(X) such that o¢(v) = c . By virtue of our conclusions

in (c¢) ,.for any v and ¢ as above, there exists

nE My st. fvdu = ¢

36
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2.17
(a)

(b)

Let A be a uniform algebra on X and let © € Mp
If v € Cr(X) , then

5

sup{w(u) : u € Re(A) and u < v} = inf{ [vdu : u € Mot
inf{p(u) : u € Re(A) and u> v} = sup{ [vdu : p € Mp} .
Proof For the first equality : By (e) we can choose ¢

equal to the left hand side and have some u € M, such that

o(u) = ¢ = J vdu . (The equality is, of course, trivial if
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v € Re(A)). On the other hand, for any u € Re(A) , v € Cp(X)

and u € My we have ¢(u) = [ udu < [ vdu . This establishes
the equality. The second is similarly proved.
Definition Let u and Vv be measures. We say that v is

absolutely continuous with respect to u if
|[u|C(E) = 0 = V(E) = 0, for all Borel sets E . We denote

this by ¢ v << u

If f 1is |u|-integrable and v 1is the representing measure

for the linear functional defined by : o(g) = [ gfdu ;v¥g € C(X) ,

then v << u

Proof We know from 2.13(a) that v has the property
V(E) = [g fdu , for all Borel sets E

Now let {f,} be the sequence of |u| -integrable, simple

functions of definition 2.4(f) , such that

fdlul = iiﬂ J £,dlu] . We note that the sequence {f,}

also has the property [ fdu = iiﬂ [ fndu , and that, by

. . | ' 11
similar arguments [y fdu = [ xgfdu = ﬁiﬂ J xgfndu = i S £ndu



38

(see note at end of 2.5(c)) . We also note that any simple function ,

¥ , can be written : V¥ = ap’ , where o is the maximum of

the moduli of the finite values which ﬁake up ¥, and Y’

is a simple funetion such that |[¢'] < 1

Following from the note at the end of 2.5(d) , we can say that

lul(E) = ]irgl [f xdu | 3 V Borel sets E ; x is

|u|-integrable. |

So we have

[u](E) = 0 = [g xdy = 0 ; where x is lu]-integrable such that |x|<1
» fp fodu = 0 3 f, any |u|-integrable simple function.
= IE fdu = fxfodu= iﬁ IX xefnde = S‘rng fodu = 0.

= V(E) = [fdu = 0 as required.

(c) We define : L2*(|u|) = {f : f 4is measurable and |[f]? is
|u|-integfable}
Clearly f 1is Alul-integrable = f € L2(|u]) and also
f € L2(|u}) =T € L%(ju|) 3 T being the complex conjugate of f .
We claim that f , g € L®(|u]) = fg is |u{—integrable 5

This follows from the easily proven inequality

2 .
ab < & +]—°5- , Va,b>0

2 2
So we have |fgl| < ,fi + i%; . Hence, by 2.u4(i) , fg is

integrable with respect to |u| .

It is well-known that L2*(|u|) is, in fact, an inner product
space (see [12] , 12.8) . The inner product is given by
<f,g> = [fgdlul| . By the claim above, this is well~-defined,

and the inner~product properties are easily checked .

(d) We state, without proof, a well-known result for inner product

spaces
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The Projection Theorem If M is a closed subspace in the

Hilbert space H and x 1is an arbitrary vector in H , then

M contains a unique vector x’ such that x-x’ L M i.e.

<x-x' ,y> =0 ,Vy €M,

(see [11] 85, 2 II )
Let A be a uniform algebra and let ¢ € My Let 1 be a
complex representing measure for ¢ . Then there is a repre-

senting measure for ¢ which is absolutely continuous with

regpect to uw .

Proof Let Ap denote the kernel of ¢ . Let H and Hyp
be the closures of A and Ay respectively in LZ(|u}) .

Here the closure is in terms of the metric topology on LZ({u})
generated by the norm given by Hfll = (f|f|2d|u|>% .

Now if f € A  , then [|1-f|2%dlu} = f(1-£)2du (by 2.5(c))

®
We also claim that ApH € Hy : Let f € Ap and g € H . Then

there is a sequence {gp} in A which converges in the

L2(|ul) norm to g . It is easily seen that the sequence
{fg,} converges in the LZ(|u|) norm to fg . But, since

Ap 1is an ideal in A , fg, € Ap » Y nem. Thus fg € H@ as
claimed.

Now, by the projection theorem we may choose F € H and F € Hg,
such that F L Hy . Multiplying by a constant if necessary, we
may say that J|F|2dlu|l = 1 . Thus |F|?|u| 4is a probability
measure, which, by (b), is absolutely continuous with respect

to |ul . Clearly, then, we also have |F|?|u| << b
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It remains to show that |F|?|u| represents ¢ . Let
f € Ap , then fF € Hy, = fF L F = JfFFd|u| = 0 =_jf|r|2d|u| = 0

Now take any h € A , then :

fnlrl2dfu] = flo(h) + h - ©(h)1|F|%d]|u]|

o(h) + [[h - @M)]|F|2%d]ul

1]

¢o(h) , since h - @(h) € Ag -

Thus |F|? |u] 4is the required representing measure.
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CHAPTER ITII

Peak Sets

Definition A subset K  of X 1is said to be a peak set

for A , (a uniform algebra on X), if fhere exists - f € A
such that |
Xx € K= f(x) =1 aAx € K> |[f(x)] <4 .

Any such f 1is said to peak on K

We call K a p-set (or generalized peak set) if it is the

intersection of a collection of peak sets.

x € X is called a peak point if the set {x} 1is a peak set.

x € X 1is called a p-point if the set {x} 1is a p-set.

Note that a peak set K is a %S set, since it is the

countable intersection of a family of open sets, U, , where
1

. Uy = {x : f(x)| > 1 - ;}
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Also ; peak sets and p-sets are compact, being closed subsets

of a compact space.

A countable intersection of peak sets for A 1is a peak set

for A . Clearly, if f, € A peaks on E, , then

o

o
f = nEI fmén peaks on Q En . Furthermore, since A 1s

uniformly closed, f € A ‘as required.

Let E be a p-set and W a g -set containing E . Then

there is a peak set F such that : E<C F<cW.
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Proof Let W = E Wnp 35 Wp open V, €N . Clearly W,',
‘the complement of W, , is closed, hence compact. Also E < W, .
Certainly the complements of the peak sets, whose intersection
gives E , form an open covering for Wé . By the compact-

ness of W,' , we may choose from this covering, a finite
subcovering. Let F,,..., F, be the peak sets corresponding

to this subcovering, then we have : E< F, nF,... N F, W,

. m
Let E, = Q F; , clearly a peak set. This argument holds

o8

Vn € W ., Thus T = E is the desired peak set (3.1(d))

m m

1

(b) In particular, we note that ; If E is &g , then E 1is a
peak set. This, together with the previous note (3.1(c)), gives

A p-set is a peak set if and only if it is gg

(c) The concepts of peak set and p-set coincide when X 1is
metrizable, since every closed set in a metric space is &g
E closed in X , then x € E ® d(x,E) = 0 , d the metric on X .
‘ 1

We construct a secuence of open sets, D = {x : th,E)< H}

= U B(x,%) , h€ N whose intersection is E.

X€EE
3.3
(a) If By 1is a closed subspace of a Banach space B , then B/B
’ 0
is a Banach space with the quotient norm given by
Ix + Bol = IBE Ix +yl 5 xeB

B* , the dual space of B , is the set of continuous linear

functionals on B .

(see [11] §9, L(iv))

(b) B¥ 1is isometrically isomorphic to Bﬁ%y ; B; being the set
4]
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of functionals in B* which annihilate B .

B7 s consists of equivalence classes of functions which coincide
By '

on B, . Since B, 1is closed, we may use the Hahn-Banach

Theorem (see 2.11(a)) to extend any f € B¥ , with preservation

of norm to T € B*¥

We define a relation « : B} — BjBL by a(f) = T + B:
[

Since any two extensions of f will belong to the same

equivalence class in 'BjBl, a 1is a function.

0

If f, , f, € B¥ A f, # f, then f, + Bt # £, + Bt , so «a

is one-one, Finally, it is clear that

IT + BLI = g“;‘f 1T + gl = ITI , since g annihilates B, and
0
also 0 € B; . Since IIfl = Ifl (Hahn-Banach Thm.) , a is
an isometry. (a is clearly onto, since g € B* = glg € B¥ .)
0

If T is a bounded linear operator between Banach spaces E & F (T:E -» F) and
T(f) = g , then we define the adjoint operator T* : F* — E%*
by (T*¥(P))(E) = w(g) v¢ € F* . |
We note the following

(1) ITHh = NT*i (see [5], 5.44)

(ii) T norm-decreasing = Tl < 1 = |JT*] < 1 = T* 1is norm-
decreasing.
(iii) If T is one-one dnd onto, then T°! exists and, by
the Open Mapping Theorem (see [51,5.41), is bounded

(iv) If T 4is one-one and onto, so is T* , Furthermore
T*~1 = 71!
The first claim is easily seen from the definition and by
noting that if ¢ € E*¥ then @T"' € F* . For the second,
let T*y = ¢ , then we have

(TP *Q)(g) = (T Y (g)) = ©(f) = P(g) = (T* ty)(g)
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Since this is true for all pairs f, g and ¢,y we have

T"'* = T#"'  as required.

Let B be a closed subspace of C(X) . Suppose E is a
closed subset of X such that u € B! o ug € B! (ug 1is the
restriction of. pu to E) . Then BIE is ciosed in C(E) .
In fact, BIE ‘is isometriq to B/ » where Iy 1is the

Ig
subspace of functions in B which vanish on E .

Proof We have that Ig is the kernel of the restriction

~operator B — Big - It is easily seen that this operator

can be factored into two linear operators S and T as

follows : ’B'—§» B/I -E—*BIE " Where S takes f € B
E

to the equivalence class, of functions which coincide on E ,

containing. f . T then takes this equivalence class to the
coincident function, i.e. fTE . It is clear that both S
and T are surjective and that T is one-one . It is also

clear, in view of (a), that both S and T are norm-
decreasing. Hence Sl <1 and HTI < 1 . It remains to
show that T 1is an isometry, i.e. also norm-preserving. We
look at the adjoint operators of T and S

B‘ * I, /p \x _S*, p«

E - /IE

Now by (c)(i) we know that : IT*Il = lITHI < 1 and I SHl =lISH < 1.
Thus S* and T* are both norm-decreasing, hence S* T* is

norm-decreasing.

Now we show that S*e T* is, in fact, norm-preserving
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Let M(X) be’the set of finite, regular, Borel measures
on X , then by 2.8(c) and 3.3(b) we may express B¥*

as C(XOMpl _ M(X)/pl and.[B ]* as M(E) L.
Bl = B IE /[B|E]
Now we can express S* o T* explicitly in the form :
1
(S* o T*)(u + (HE) ) = o+ Bl 3 u € M(E)

(Note we need only consider on the R.H.S. measures restricted
to E since a functional in- B* takes on f € B the same

value as the corresponding functional in (Blg}* takes on flg +)

Now let v € M(X) and u € M(E) , then

fu +v I = Butvell + Hvg gl .
To see this : R.H.S. = [u+ vg| (E) + [vgeg| (X~E)
o m
- sup{z Ku+vE)(En)]} + SUP {z: |vx~E(Fm)l}
T {1 m 1
E X~E
sup <2
= z | (u + Vg + Vg g) (En)|

since E 1is compact, hence Borel measurable,

- hence 7, D Tg U

X X~E

= |p+ v|[(X) = Ity + vl = L.H.S.
(also using the triangle inequality for norms.)

Now let ' p € M(E) and v € B 3 By hypothesis

vg € BN = v € (B )*

Thus :  llu '+ (B|E]l" < lly + vgl by definition
' < Iluw + vl - ivg.gll , by the previous paragraph
< g + vl .
Since this is trué vV v € Bl we have : Hu+(B|E)lH < Hu+BlH .

The reverse inequality holds since S* ¢ T* is norm-decreasing.
Thus S* o T*¥ is norm-preserving, as claimed.
Now we know that T* is norm-preserving and, by (c)(iv) is

an isometry. By (c)(iii) and (iv) we know that T-'and T*"!
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exist. Clearly T°! . is norm-increasing and T*"!' is an

isometry. But T*"' = T°'* ,  Thus IT"'I = HT"'* =1
Since T-! is norm increasing, it follows that T~'is an
isometry. Thus T 1is an isometry as required.

Let B and E be as in (d) . Let p be any positive

continuous function on X and let f € Bl be such that
[f(y)] <ply) , YVy €E . Then, given ¢ > 0 , there exists

g € B such that g|p = f and lg(x)] < p(x) + & , ¥V x €X

_ h(x)

Proof  Define h/p(x) F o0 Vx € X . Now let B/, De
the subspace of functions of the form h/p, h €B . It is

. 1
easily seen that B/p is closed. Clearly, also, Vv € (B/P)

if and only if v/p € B/p (cf.2.13).
Thus we have ‘

1 : . 1
v € (B/p_) = V/p €B = \)/p|E € Bl(hypotheSlS) = VE/j € B = Vg € (B/p)
Thus B/p and E satisfy the requirements of (d) and we

may say;}hat B/plE is isometric to B/a/IE/p . So, ve >0,

we may find a function g € B such that g|g = £ and

/ol <Vl * Yupy,  eeeeeeee )

(To see this, just look at the isometry, T , in (d)). Now for
any x € X , multiply through by p(x) to get

(x)
lg(x)| < ”g/purX PO < [ £/5) P(x) + e f;ﬁ; < p(x) + ¢

Since this will hold for all x € X , we have the required result.

Note Since BIE is isometric to B/IE (isometry,.T , in (d)),
we have : Given € > 0 and f € BlE , there exists g € B

such that glE = f and "g"x < nan + £, 1.e. the results

of (e) hold in the case p =1 . In (e) we have, in effect,

by arriving at the inequality (1) , reduced the general case

to the case p =1
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(g) Let B be a closed subspace of .C(X) and let E be a
closed subset of X such that : u e Bt = up € Bl . Let
fe BIE and p a positive continuous function on X such that
f(y)| < ply) , ¥y € E. Then there exists g € B such

that g|p = f and lg(x)] < p(x) , Vx€EX.

Proof Proceeding as in (e) (cf. Note (f)), we see that we
need only prove this result in the case p =1 . Thus assume
that p =1 and that lIflly <1 . By (e), there exists

g, € B such that g,|p = f and lg,lix < 5/4

Claim : Given any open set U containing E we

can find a continuous positive function h(x) such
that 0 < h(x) €1 ;hx) =1, X €E 3 h(x) = 3,x€EX~U .
Note%that X 1is compact Hausdorff, hence normal.

So wé.have a Urysohn function u(x) such that
0<u(x) <1 and u(x) =1 , x € E; ulx) =0
X € X~U . Then, clearly h = 4/9 + 3 will do.

This establishes the claim. (see [11] §2, 8(I1)).

Suppose €1 5 +++ s En-; Aare chosen so that gj|E_='f )

Let Up = {x € X : Jgy(x)] <1+ GF*y 1 <3 <n-1} .
Note that V,-€ W , U, is an open set containing E and
that U, = X . By the above claim and (e) , there exists

gn € B such that

gn|p = f and ugnux <1+ and |gp(x)| <% for .
x § Uy . (Jjust take h as a dominating function.)
Now let g = Zl_gn/zn 3; Then g € B, since B 1is closed
n= : .

under the uniform norm topology. Also 81E = f
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Now take any x € X We know that x € U, , some n €N
(since U, = X.) Say x € U, and x€U,,,
Then |gj(x)| <1 +(@GP** for 1 <3 <n,
while |gj(x)| <} for j >n .
n 1 o 1
Thus [g(x)| < (1 +@™H .t = + 31 =
| =1 97 j=n+1 5]

<1 _(%)2n+1
< 1
Say x € U, ,vn € N , then |gx)| <1 , Vv n €W , thus

lg(x)| <1 . So we have |g(x)| <1 , V x € X as required.

The results so far established in 3.3 have depended only
We now relate these results

on the linear structure of C(X)

to peak sets to get a characterization for p-sets:

Glicksberg Peak Set Theorem

Let A be a uniform algebra on X and E a closed subset

of X . Then E is a p-set if and only if y € A s ug € A,
Proof In order to show the sufficiency of the condition

weaA -y eal | we shall

extend the funcfion 1 € A|E to

A in such a way that the resulting function has a peak set

which contains

In fact,

E but is a proper subset of X .
we shall construct a family of extensions whose corresponding

peak sets have intersection equal to E . Thus E will be

known to be a p-set. By the claim in (g) , we can, for any

y € E and y € X, find a positive continuous function,
py(x) , such that 0 < py(x) <1 ,Vx€X; py(x) =1,
vx € E and p,(y) = 3 . By (g) , it is clear that the

family of extensions corresponding to all such dominating

functions will do.
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Conversely : Let T be a peak set of A and let f € A
peak on F . Now if u € A' then fp e a' , vnem

(see 2.13(b)) . It is clear that f"— Xz pointwise

a.e. (|u}]) and that each f" is dominated by f . 1In the
same way, for any g € A , we have : fng-—9XFg pointwise
a.e.(|u|) and each foig is dominated by g . So the

requirements of Lebesgue's Bounded convergence theorem are
satisfied (see 2.7(f)) and we may say

11
Jgdup = [xpgdy = pim JfPgdu = 0 , ¥V g € A . Thus yy € at .

'Now suppose that E is a p-set. 'Let p € Al , then u is

regular, thus, by 2.3(f) , |u| is regular. By the outer
regularity of |u| , we may find, for every n € N , an open

set, Up , such that E <« U, and |u|(U, ~E) < (1" .

Clearly the set, U = nlU is g¢g§ and contains E .

n=1 1
Furthermore |u|(U ~E) = 0 . Now, by 3.2(a), we may find
a peak set, F, such that E < F c U . So we have

Ug = _Up € Al as required.

If E and T are p-sets , then E U F is a p-set .
If .Ej » J €EN are p-sets and E = ngl E, 1is closed,

then E 1is a p-set.

Proof We note that E N T is a p~set . Let u'E al )

then , by (h) , ug 5 vp and ugnprp are in At . But clearly:
Weur = ME ; Wg = HgnF Thus ugyp € Al and EUTF is a
p-set (again by (h)).

For the second part, let p € Al . We note that

1
ME)UE,U...UEq € A7 for all ne& W . Also Xgp yg y.,,ug, — Xe

pointwise a.e. (|ul) . So we use the Lebesgue dominated
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convergence theorem, as in (h), to get:

- _ lim
Jedug = [xggdu = fom fexg yp, .. .ys,dH = 05 Vg EA .

Thus uﬁ € A* as required.

If E 1is a p-set of A and F < E is a p-set of AIE ’

then F is a p-set of A

' . 1 1 1
Proof We have : 1 € A =y € Ab =y € (A'E]

= up € (A|E)l = up € A' , since FcE

We see, from the above, that p-sets behave like closed sets
and hence generate the élosed sets of a topolegy on X , which,
since each p-set is closed in terms of the given topology,

must be weaker than the given topology on X . By virtue

of 1.4, it is clear that this topology is Hausdorff if énd
only if;it'is equal to the given topology. Furthermore, we

claim

The topology generated by the p-sets of A 1is equal to the

given topology on X if and only if A = C(X)

Proof For the necessity, we show that any closed subset of
X is a p-set of C(X) . Let E be a closed set in X .
By the claim in (g) , we can, for any y ¢ E Ay € X find

a positive continuous function, P&(x) , such that
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0 < Py(x) <1,V x € X and Py(x) =1, Vvx€E and Py(y)=j3.

Clearly E will be the intersection of the peak sets
corresponding to all such functions. (i.e. V y ¢ E) . [More

simply, we could note that u l C(X) = u = 0 (see 2.8(d))
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Now, applying Glicksberg's Peak Set theorem, we see that
every closed subset of X 1is a p-set .] For the sufﬁhﬁéncy,
Glicksberg's Peak set theorem tells us that

u € At = ug € A for every closed set , E , in X . Thus
every closed set in X , and, in particular, X itself, has
U-measure zero, Thus every open set in X has p-measure
ZETO. If p 1s a complex measure and u(U) = 0 for some

Borel set U , it is clear that the real and imaginary parts

of u also take value zero on U . So we need only consider
the case of a signed measure, u = p* - 1y~ . By the outer
regularity of u* and ¥ we have :. p*(U) = u"(U) for any

open set, U = p*(E) = p~(E) for any. Borel set E . Thus
u(E) = 0 for any Borel set E . So the only measure which
annihilates A is the zero measure. Thus by 2.11(ec)(ii) ,

A = C(X) as required.

We ndﬁ cbnsider the more specialized setting where X 1is a
metrizable space. _

Let x € X and ¢, M constants such that 0 < c <1 ; M>1
and with the property that :  For all neighbourhoods, U , of
X , there exists f, € A such that f,(x) =1 and

Ifgly <M &and |f(y)| <c , Vy €X~U . Ifsuch constants,

¢ and M , exist, then .x 1is a peak point of A .

Proof Choose 0 < g < 1 sufficiently close to 1 so that:

M -1 + s(c-M) < 0 . Choose a sequence '{sn}m

-0 decreasing

to zero, such that

€11 =™ +s?[M -1+ s(c-M)]<0,Vn=1

51
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Let {Fpl,-, be a sequence of closed subsets of X such

o

thaﬁ : ngo Fnp = X ~ {x} . Such a sequence exists since

X metric = {x} is Ss - , (see 3.2(c)) .
Choose a sequence of functions {hn}oo by induction, as
follows : Take hy 21 ., Supposznihat hy s5¢¢.5 hp have
been chosen;

Let W, = {y : 12?én'| hy ()] =1 + sn} .
Clearly W, = @ and the Wnp form an increasing sequence

of closed sets. Now take h € A such that hn+1(X) = 1

n+1

and llhy,, I, <M and HIhp,llyyur, < ¢ « This we can do by

X
hypothesis, since X ~ W, U F, 1is an open set containing x ,
hence, a neighbourhodd of x .

Define : h = (1 - s) I sjhj
j=0

Then h € A, since A is uniformly closed, and, clearly,

W

ncsg

h(x) =1 . Suppose y # x does not belong to n

n=o

Then | hj (y)] €1, 0<j <o, Also, y € Fy , some j ,

thus |hy,, (y)] < c <1 for some J . Thus |h(y)]| <1 .
Now suppose that y # x and y € U0 W, So there is an
n=
index, m , such that y € Wy, and y € W . Then the
m=1

following ihequalities hold:
Ins(y)| <1 +ep; 3 1 <3 <m1 (since y € Wp.,)
|hm(y)|] <M 3 by definition
Ihj(y)l < c 35 jJ>m ; since y € Wy U Fp .

m-1 3 n @ 3
Thus |h(y)| < (1 -.s8)q(l+4e ) I s +Ms +c I s
m-1 j=0 C j=m+1

< 1 + ¢ 1(1 - s™ + s™"[M -1 + s(c - M)]

m—
< 1

Thus |h(y)] < 1 ,V¥y#x . So we can say that h peaks

at x .
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The set of peak points of A 1is a §s set .

Proof Let d be a metric for X . Let U, , n=> 1, be

n

the set of all x € X for which there exists a continuous
function, f,, € A, such that [f, | =1, [fe,(x)] > 3

and |fya(y)| < 3 @ when d(x,y) > Yn .

We want to show that U, is open, Vv n € : Consider x € U, .

Then the closed set, D = {y : d(x,y) >'n} is a subset

} 3 So, centered-at

£

of the open set, 0 = {y : |f, (y)] <
any point y such that d(x,y) = Yn , we can construct an
open ball contained in O . Now we form an open covering

for D , which is compact, by taking all such open balls and
the set {y : d(x,y) > 'n}l . Looking at the finite subcover,
we choose the radius of the smallest open ball in it. Clearly

the open ball, centered at x , with this radius, will satisfy

® ., Now the intersection of this open ball with the open
set {x : |f,,(x}] > 3} will give a ncighbourhocd cof x
contained in Up , as required. (In fact, we have a neighbour-

hood of points, for each of which the function f,, will do.)

Now to show that the set of peak points coincides with

oo

n1 Ug Let x be a peak point. Let f € A be a

n=

function which peaks at x . Let U be any neighbourhood of
x of the form B(x, n) , n €W . Then X~U 1is closed,

hence compact. Now, since f attains the value Ifliy .y, on

X~U and |f(x)] # 1 , x € X~U , we have W Ellgoy = © <1

It is easily seen that the function f , taken to an appropriate
power, will serve to establish the membership of x in Up .
Since this argument holds for all n € N , we have

oo
x € ﬂlUn as required
n=



S5y

Conversely, say x € U, , Y n €N . Consider any neighbour-

hood, U, of x . Then there exists n € M such that the
open ball B(x, Yn) is a subset of U . Now, referring to
(a), take M =2, ¢ =3 , then, with f,, as described above,
£
(since x € Up) , it is clear that the function f = X7
fxn(x)
will satisfy the conditions of (a) . Thus x 1is a peak

point as required.

(¢) x € X 1is a peak point for A 1if and only if the point mass
at x 1is the only representing measure for x . This occurs
if and only if w({x}) = 1 for every complex representing

measure for x .

Proof We wish to prove

(i) x 1is a peak point of A .

= (ii) ¢ is the only representing measure for x .

X
= (i%i)- u({x}) = 1 for every complex repn. meas. for x .
'We do this as follows : (i) = (iii) = (ii) = (i)
(i) = (iii) : Suppose that f € A peaks on x . Then f©

tends pointwise a.e. and boundedly
(]£%] <€ 1) +to X{x} @ n —e. If yu is
a complex representing measure for x , then

1 = (F£(x)™ = [£f%du — u({x}) (Lebesgue dominated

convergence). Thus p ({x}) = 1 as required.
(iii) = (ii): Trivial .
(ii) = (i) : Suppose that 6, is the only representing

measure for x . Let U be any neighbourhood
of x . Choose v € Cr(X) such that v <0 ,

v(x) = 0 and v(y) < -2 for y € U .,
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(This we can do by the claim in 3.3(g)).
Now, by 2.16(f), we have :
sup{Ty(u) : u € Re(A) and u < v} = inf{fvdu:u € PITQ-.
= sup{u(x) : u € Re(A) and u< v} = 0 .
Thus we can choose g € A such that

Re(g) < 0 ;3 Re(g(x)) > -1 and Re(g(y)) < -2
eg—g(x) € A

for y € U . Then f = »  (since

A is uniformly closed), and f(x) = 1 ;

[£(y)]| < é vfor y € U and

Il £ty = SPP|e9-9(x)| < |e"9(X¥)| < e . Thus the
condifions of (a) are satisfied with ¢ = é
and M = e . So x 1is a peak point as required.

(d) x € X is a peak point for A if and only if u({x}) > 0 for

every complex representing measure for x .

Ezgggwff x 1s a peak point of A , then, by (¢) , we have,

for all complex representing measures, p 5, of x : u({x})=1 >0
as required. Conversely, say that x 1is not a peak point

of A . Then, by (c) , fhere-exists a representing measure,

v, for 14 such that v # §; . Since v must be a probability
measure we can say that v({x}) = ¢ <1 . Set

b= (1-=e)" (v =~ céy) . It is easily seen that u 1is a

representing measure for 1, and that u({x}) = 0 .
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CHAPTER IV

Bishop's Peak Point Theorem and T-invariance

=
[N

I.

We firstly produce the set of results which lead to Bishop's

Peak point Theorem.
(a) Initially, some definitions and notation

C(K)(U) ~ set of all complex-valued functions on U having

continuous partial derivatives up to order K .

CéK)(U) = {fec®w : f has compact support on U .}
af  _ ,(‘ of Of of  _ , [ 3f of ) .
= = 2 = - i ] = oz T + i—=
a7z o\ 9ox oy a7z ax oy
0 9f
Denote e by f, and =3 by f-
Note that : f 1is holomorphic « f € clwy A %E = 0 in U
- z

(Look at the Caachy—Riemann condition; see [5] , 7.5 )

Definition : Let X be a compact set in € and u a measure on
X . For all w € T we set : fi(w) = L( dlu
|w-z]
Definition : Let X be a compact set in € and u a measure
on X . For each w € T such that li(w) < o define;
- - du
pGa) =k (z-w)



(b)

(¢)

' 3f 3f
(z-w)zs f( } (z- w)~—-- f[ ]
Also g- = %(E_g_ " i_a_g) = 1 RES X} . 3y 3
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We denote Lebesgue two-dimensional measure in € by m .

i.e. [ dx dy = [ dm
We state without proof a well-known result which we need

Green's Theorem If two functions P(x,y) and Q(x,y) ,

together with their first-order partial derivatives are continuous
in a region R of € bounded by a closed curve C (where
R includes C) ,

then : [ (Pdx + Qdy) = [ f <§g - %‘5) dxdy = IRV(S'SE - %’9‘7}’“

Let & be a bounded plane domain with smooth positively oriented
boundary y . Let f € c () , where U 1is a neighbourhood
of § .

Then for all w € § ;

ey = Lo fdz | 1 £,
: 271 Ty z2-w T 5 z-w

Proof Choose € > 0 small enough so that B(w,e cd

(B(w,e) - the open ball, centréd at w , radius ¢ ) .
Let §, = & ~Blw,e) . Then &, is a smoothly bounded domain
with boundary vy - yg, where vyg denotes the circle
{s:|s-wl = e»} with positive orientation . Let g = ;%; .

Then g € C‘i)(Ul) » where. U, 1is a neighbourhood of & .

92 9Z

=

X oy (z-w)?2 (z-w)?
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N h : dz = 1 i
ow we have IY-Yeg vA f - (g,+ig,)(dx + idy)

J

Y_Ye[<g1 + ig,J)dx + (ig, - gz)dy]

{ a@x (ig, - g,) - %%y (g1+ig2)] dx dy (by (b))

1l
Sy
Sy

0

U
- og og |
= 1 —= - _— dm
ISC ox oy |
= 21 - d
Jg, &5 dm
= 21 [, Lz g (by the above)
£ Z-W
So we have : | fdz _ fdz . [ gdz
: Y z-w Ye z2-w Y-Yeg
S¢ z-w

Taking-the limit as € — 0 in this identity, we note that

(1) fdz . i[> f(w + eet®) e (set z-w = gct?)
e z-w 0
—7?» omi flw)
.. £z > fz
(1i) —= dm —~ —= dm
Ige Z=W ° IS zZ-w

The required result now follows immediately;

We note that, in the case where f is holomorphic in a neighbourhood

of &, i.e. f_ =0, this formula reduces to
Z

L fdz (Cauchy integral formula)

2nm1 Z=W

f(w) =



(d)

(e)

(£)
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Let f € cé"(m) . Then for all w e€ € , f(W) = %Lt fz dm .
Ww-z
Proof We simply choose <y to be a circle large enough to

properly include both w and supp f . (This is possible since

supp f is compact, hence bounded.) Thus ':§; is zero on vy

and the first integral of result (c) falls away, as required.
We state, without proof, this well-known result

Fubini's Theorem If (X, $,u) and (Y, T, v) are ' ¢g-finite

measure spaces and h is an integrable function such that

h: XxY —R/C , then almost every section of h is integrable.
Also, if functions f and g are defined by

f(x) = fh(x,y) dv(y) and g(y) = [fh(x,y) du(x) , then f and
g are integrable and ;

~fhduxv) =ffdu = fgdv.

(see [8] §36.c )

Let X be a compact plane set, p a regular Borel measure
on X and f € cél)(m) . Then
J4 fdu = Je f-fidm .

g - f:(2)
f, (F o dm(z)> du(w)  (by (d))

" Proof g{ f(w)du(w)

f

c

]
SYTIN

fE(Z) ey
(Ix — du(w) ) dm(z) by Fubini's Thm.

( dulw) \
J& £ (z) s Ix el dm(z)

1
A

= % Ic fé(z) f1{(z) dm(z) as required.

Note that we may use Fubini since u and m are o-~finite and

R _ .
; (wyz) ¢ X x €L — € 1is integrable.

w—
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Let p be a regular Borel measure on { , with compact support.

~

If U is an open set and § = 0 a.e. (m) in U , then

]
[en]

0 (i.e. supp M < supp fim). In particular : u

[u]Cu)

iff 1 =0 a.e.(m) .

Proof Let f € Cél)(U) , then [fdu = 0 by (f) and since

=0 a.e. (m) on U . Let K be a compact subset of U .
Then, since K 1is 95 , and by the argument in the claim of
3.3(g) , we can find a sequence f, € Cél)(U) » VYV, EN ,
decreasing to Xg Thus u(K) = 0 . Now, writing u in
terms of real, positive components and arguing as in 2.7(g) , we
see that |u|(U) = 0 . The second part of the result follows

trivially.,

Let X be a compact plane set and let u be a measure on X

Then n 1 R(X) iff § vanishes off X .

Proof Let u L R(X). If w € X then —— € R(X) . Thus

Z~W
alw) = 0 . Conversely, suppose that {i = 0 off X and that

f is.holomorphic in a neighboufhood U of X. Now, by virtue
of the note at the end of (c¢) , we may choose a boundary, Y ,

of U such that vy N X = ¢ and for each w € X we have

- dz .
2m1 Y zZ ~ W

Now, integrating with respect to

fxf(w)du(w) E%E Ix ( [Ylééél dz ) du(w)

= 2o f(z) ( jodulw) ) dz (Fubini)
. 2m1L Y X Z - W



(1)

(1)

61

1 { f(2) 1(2) dz
211 Ty

~

= 0 since u = 0 on Yy
Thus p annihilates the restriction to X of any function
holomorphic in a neighbourhood of X ;3 In particular, any
rational function whose poles lie off X . Thus u 1 R(X) as

required.

If f € C(K) and f extends to be analytic in a neighbourhood

of K, then f € R(K) .

Proof By Cauchy's Integralvfbrmﬁla we have :

_l.__f f(Z)

—=~dz , for T a suitable contour surrounding K.

f
(w) 271 f Z~-W

(see (c))

Say that T 1is defined by ¢(t) , 0 <t < 1 , then we have

Flw) = — fF 2 ey ge

211 o0 @(t) -w

Now we define a sequence of Riemann sums which approximate this

integral :

-1 fle(D)
gnlw) = —— % _L_n_l(pqg)

21in m=o w(g) -w

Clearly g, 1is a rational function of w , with poles off K and

the g, approximate f wuniformly on K

f(z) - f(x)

z - X

€ R(K)

If f € R(XK) and x € K , then

f(z) ~ f(x)
zZz - X

can be extended to be analytic in

Proof Clearly

a neighbourhood of K with the possible exception of only the
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point x . In view of (i) , we need only show that
£(z) - £(x) is analytic at the point x . Since f(z) - f(x)
zZ = X .

is analytic at x , we may, for a suitably small &, find a

Taylor series expansion (see 1.6(e)) as follows

" (3) '
£(z) - £60 = £ 600 + 22 (z0? + E282 ot v L, V]ax| < 6

. " (3) ‘
o EDE) | priyy 4 £ ;x> (z-x) + §..§T£>£l (2% + vuey Y|zex| <6 .
z =X '

It is easily seen that this series is, in fact, convergent in the given disk.
f(z) - £(x)
z - X

(see [15] , 3.39) . Thus

is analytic at x ,

as required.

Let X be a compact plane set and u 1 R(X) . If x € X ,

fitx) <o and W(x) # 0 , then Vv = = 1 £ is a complex
u(x) z-x

measure which represents x

Proof By 2.5(c) we know that fix)] < fi(x) <= . So v is
1 du

e = 1
p(x) X z-x

well defined . We have fx dv =

We note that v 1is, in fact, a regular, Borel measure (see

2.13(a)). If f € R(X) , then £- ) ¢ rex) (by (3))
Zz - X

Thus f, L £

du = 0
Z = X .

So, for each f € R(X) , we have

F(x) = [ f(x) av(z) = JIf - (f - £(x)) ] dv
= f fdv - —2 [ E=FGD) 5 o 1 gy
u(x) Zz - X .
Thus £(x) = [ fdv , ¥ f € R(X) as required .
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Let X be a compact plane set and x ¢ X . Then

x 1is a peak point for R(X) e (u 1 R(X) A f(X) < » o p(x) = 0).

Proof Let u 1 R(X) and §(x) < «» , Suppose that x 1s a peak
point of R(X) . Say that u(x) # 0
Firstly, since x is a peak point of R(X) and u L R(X) , we

can say by 3.3(h) that L R(X) . Hence u({x}) =0 .

u‘{x}
We know that there exists g € R(X) such that g(x) = 1 ,

lg] <1 on X~ {x} . Now, for every n € N , we have

I g“(z) du(z)
X z - x  u(x)

1"

[, &"(2) dv(z) , (v as in (X))

(g (x)H" =1

since v 1is a complex representing measure for x .

But gt — X{x} 2= (u)  pointwise on X and , since

u({x}) = 0 we can say gt — 0 a.e. (u) pointwise on X .

Now since is u~integrable (by hypothesié fi(x) < =) and

| z=x]
gn(z)
2=X

and since < 2 » V, € W 3 we may use the Lebesgue

z=-x|

dominated convergence theorem to get

f, %z dula)
Z=X pix)

This contradicts the previous statement ;3 So x 1is not a peak
point of R(X) when {i(x) # 0 .

Conversely, say that x 1s not a peak point of R(X) . Then by
3.4(d) , there exists a representing measure, A , for x with
A({x}) = 0 . Then it is easily seen that u = (z - x)A
annihilates R(X) . Furthermore, {(x) = u(x) = 1.

This completes the proof .
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Bishop's Peak point critericn for Rational approximation
R(X) = C(X). if and only if almost all points (m) of X are

peak points oif R(X) .

Proof Say almost all points (m) of X are peak points for

R(X) . Then,vby (1) , p =0 a.e.(m) on X for every

p L R(X) . Then, by (h) , 1 = 0 a.e. (m) on € . Thus,

by (g) , u 0 1is the only annihilating measure of "R(X) .

So, by 2.11(c)(ii) 3 R(X) = C(X) . Conversely, 1if

R(X) = C(X) , the peak points of R(X) coincide with the peak
pbints of C(X) . Now, since X 1is metric, hence normal,

any x € X can be considered as the intersection of peak sets
of all Urysohn functions U, such that Uy (x) = 1 A Uy(y) = 0,

Vy # x . Hence x is a p-set , and since X is metric,

a peak set. Thus X is the set of peak points of R(X) .

We introduce a concept which will help us to generalize
Bishop's Theorem on Rational approximation. We still, however,
restrict our attention to compact subsets, K , of the complex

plane,

Definition Té - operators

Let g € Cél)(E) and f be a bounded Borel function (i.e,

Borel measurable) . We define an operator on the space of

complex-valued bounded Borel functions as follows

- 1 . £(z2)  3g .
(Tg £)(w) = glw) f(w) + ﬂ‘& i dm(z) 3 we€dT .
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Definition T - invariance :-

A subalgebra A of C(K) is T-invariant if, whenever
g € Cél) and f 1s a bounded Borel function such that
We will show that A(K) and R(K) are, in fact, examples of

T-invariant algebras. To do this, we must look at some results

and definitions relating to T4-operators

Definition Local Integrability:-

‘Let u Dbe a regular Borel measure on (€ . We shall say that

f 1is locally u~integrable if it is a Borel function such

that Jo | fla |ul| <= for every compact subset KX of (

K
By considering the volume of revolution generated by the
function, y = 1/x in the xy-plane, it is easily seen that
the function 1/2 is, in fact, locally integrable with respéct
to Lebesgue measure on the complex plane. This, and more,

follows from the next result.

fg =2 < 2Vm(K) , VweECR

|z - vl

Proof Let R = vm(K)/m = m(K) = 7tR®2 . Let D = B(w,R) .

Then

ﬁ) [Zle ) Ifﬂf? i rdr d6 ; changing to polar coordinates

27R = 2 Vwm(K)

We have : K = (KnD)UI(K~D) and D = (K n D) U ~K) .

Since m(K) = m(D) we have m(K.~ D) = m(D ~ K)

1 = 1 on D~ XK and 1 <

| z=w] R | z=w|

Since % on K~D
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we have [ dm_ < dm
K~D | Z—wl D~K I Z‘W'
dm dm dm
So —_— = —— —_
e Taal ™ e Tama] o T
< dm _ dm
- KN.D |z—w| D~K|z—w|
< ID ldm | = 2 Vam(K) as required .
Z=W o

Note If our only restriction on K is that it be m-measurable,
rather than compact, the above proof still holds, subject to
the additional observation that if m(K) = o , the result

is trivial.
We state the following result without proof

If K 1is a compact subset of I and V 1s an open set
containing K , then 3 g € Cél)(E) such that
(i) g(x) =1 , ¥ x € K '
(ii) suppg < K |
(iii) 0 < g(z) <1 ,V z €C

(see e.g. [14] , 3.10)

If f € C(K) and f can be extended to be analytic in a

neighbourhood, V , of K , then f can be extended to
Feci

Proof  Produce a function, g, as in (c¢) . Then f = £, 8
will do, where f, = f* , the analytic extension of f , on V
and f, =0 on €~V

1

Let g be a bounded Borel function on K , a compact subset of .
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Let f(w) = | & — dm(z) , VvwecCtL
K z-w :

Then f 1is continuous on T and analytic on T ~ K

Proof If m(X) = 0 we have f = 0 trivially . Otherwise,
we may assume, without loss of generality, that m(K) = hgh = 1

Let € > 0 and choose R so that K c-B(O,R/g) . Now,"

proceeding as in (d) , obtain h € Cél)(E) such that

h(z) = 1/, on B(O,R) ~ B(0,6) and h =0 on B(0,%,)

Clearly, by choosing & small enough, we may, in view of (b) ,

obtain h so that lh - Y/2 | dm < ¢

B(0,R)
Choose & > 0 such that | h(s) - h(t) | < ¢ , whenever
ls - t] <z (1.6(£)) .

Now, for |t| < R/z, we have

| £C£) - Jg g(s) h(s-t) dm(s) |
1

< J | g(s) | | = - h(s-t) | dm(s) (2.5 (c))
. s-t
/. " ] 1 1, /.
< ugfc IB(O,R) , z - n I dm < ¢ {s € K and ltf < R/Z) .

Thus, for s , t € B(O,R/Q) and |s - t| < ¢, we have :
|f(s) -~ £f(t)| = |f(s) = L( g(u) h(u-s) dm(u)+Jkg(u)}Ku—s)chu)
- [ 8w hlu-t) dm(u) + fgg(Wh(u=t)dm(w)-£(t) |

A

€ + € + fK | g(u) | | h(u-s)-h(u=-t) | dm(u)

2¢ + gl m(X) sup{|h(s)-h(t)|:|s-t| < ¢}

A

< 3¢
Thus f 1is (uniformly) continuous on B(O,R/z) and hence on all
of T , since R/2 can be chosen large enough to include any given

point. Now consider w € K

we have f(w+h) - f(w) - Cdm(z)

h K (z=-w=h)(z-w)
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Provided that we can show that this latter integral varies
dm(z)

continuously with respect to h , we have f'(w) = L< < ¥
Z-wW

which exists for w § K .

=),

- \dm(z)

(g—w . Since w¢#¢ K , 4
(z=- w - nh) Z=w

is a bounded Borel function on X . Hence, by the first part of

Consider o(h) = Ix

the proof, bearing in mind that the translation by addition of
a compact set is again a compact set, we see that o(h) is

continuous on T , as required.

(f) We define a function on C as follows

clw) = 1-1T £C2) = £(W) 1,y dm(z)

z = W

where f 1s a bounded Borel function and h 1is a bounded Borel
function with compact support. Since (f(z) - f(w)) h(z) 1is a
bounded Borel function with compact support, we see, by (e), that

G 1s continuous on (C

(g) We now investigate the analyticity of G :

Considering the Newton Quotient

SGwrt) -6 | 1 [f(z) - flwtt) | f(2) - fw) ] h(z) dm(z)
t tr ¢ z-w-=1t Tz -w

L p £ Gm) = £ (o) # TE@=FW) 1y gy
(z=w)(z=w-t)

tm

l. I f(z) - f(w)

- ¢ mntaat) D@ an(z) -

1 f(w+t)-f(w) f h(z) dm(z)
T t C z-w-t

By virtue of (b) and (e) the second integral exists and is continuous

with respect to t . If f is analytic at w , then

f(z) - f(w)
Z=-w

is continuous in a neighbourhood of w and is thus




(h)

(i)

(3)

69

a bounded Borel function. Now, by (b) and (e) again, we may say that the
first integral exists and varies continuously with t . So we see that

€ 1is analytic whenever f is analytic.

Set h = 2% , where ge c&Nm) . Clearly h is a bounded Borel
Z

function with compact support. Substituting this into the expression

for ¢ , we get :

N o 1, f(z) 9g
G(w) = f(w) glw) + ﬂ_% — /o5 dn(z) .

Proof We need to show that g(w) %%J& ag/az(z-w)"dm(z) .

This is shown in 4.1(d) .

So, under the conditions of (h) , G(w) = (Tgf)(w) . Thus we may say

that Tgf is continuous and is analytic at every point where f is analytic.

Considering the uniform algebra A(K) , we see that if we have an appropriate

f such that £, € A(K) , then Tgf is analytic on the interior of K

|K

and continuous on K . f.e. [K € A(K) . Thus we have the T-invariance

of A(K). .

T-invariance of R(K) : Také fe€RK and e > 0 st. Vg = {x:d(K;x) < ¢}
admits an analytic extension, f , of f . Take a bounded Borel

f, st. £ =f. Let £, = E on Vg and f, = f, on T~ Vg . Then

IIK
f, is bounded and Borel and by (g) and (h), Tof, is analytic in Vg .
So by 4.1(1), TgleK € R(K) . We may choose ¢ st. sup‘(fl—fz)ggl <M< o,

N _1(ff)(z)ag
Thus @ ITgf, = Tfyl = |5 f~2222220 28 an 0.

Z~W ”K M”'{VC”K Z=W “K

As € — 0 , we just restrict the original f, to the smaller sets Vg .

Thus M 1is constant and we use (b) .

We now state a more general version of Bishop's Theorem on Rational

approximation :

If A 1is a T-invariant uniform algebra on K and if almost all



(a)

(m) points of K are peak points of A , then A = C(K) .

The converse also holds.
Before proving the theorem, we need several lesser results.

If A is a T-invariant uniform algebra on K , then the

functions Z!K and - s, wé& K, are in A

Z-Wiyg

~

Proof Consider K = {x : d(x,K) < ¢} and V = {x: dx,K) <2 ¢}

~

Then, by 4.3(d) , 3 g € cél’(m) such that g(z) = z , z € K and

supp g <V ., Let f = X Then f, g certainly satisfy the

X
conditions for T-invariance (cf. 4.2(b)) . So by hypothesis,
Tgf|x € A .
- 1 f(z) 2g
But (Tgf)(w) = f(w) g(w) + = &E — 52 dm(z)
= WXK
since f = 0 off K and %% = 0 on K, g being analytic
v = , .

on K . . Thus P(K) < A

d(z,K) and take K and V

Similarly, for ¢ € K , set he

as above. Now, by 4.3(d), 3 g € cél)(m) such that suppg < V

and g(z) = ~1E on R . Let £ = Xg then, as before
- 1 f(z) 99 .
(Tgf)(w) = f(w) glw) + 5 &: w5z dm(z)
1
= ———— € A
w_c XK

Thus we can say that R{(K) « A and, in view of 4,3(j) , we see

that R(K) 1is the smallest possible T-invariant uniform algebra

on K
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(b) One can find ¢ € cg1>(m) such that Hell =1 , o =0 on
B(0,8) ¢ = 1 on B(O,R) ~ B(0,28) for some R > 28 and some
given ¢& > 0 . Also “ —= ” < g .

B(O,R)

Proof  All conditions but the last could be satisfied by the

function whose existence is given by 4.3(c). However, we

proceed constructively by considering the joining of two
suitable parabola's in the xy-plane in such a way that the
derivative of the new function remains continuous. Then,

x + 1y , we arrive at

letting z

[0 ;3 0< Vx%+ y?2 < §

. 368
;. 6 < ‘/)(2+y2 <

2 2 2 2
2(x"+ y°) WX+ y© o,
52 s

£(z) = |

- 2, 2 o /o2 2 ‘
2(x%+ y*°) +-8 X ; y -7, 38/, ,§E:§7 < 926

62

Now by H4.3(c) we have f; € cél’(m) such that f, = 1 on
~B(O,R) and f, = 0 off B(0, R+d8) . Now set ¢ = f f,

It is easily checked that ¢ has all of the required properties.

(c) Let A be a T-invariant uniform algebra on K . Let p € K
and € >0 and f € A . Then 3 g € A which is analytic at

p and such that IIf-gll < ¢ .

Proof We may assume without loss of generality that f(p) = 0
and that p = 0 . Choose 6> 0 so that |[f(s)| < 8/9

whenever |s| < 26 . Take ¢ as in (b) with R so large
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that K e B(0, R) . Let f = £y
Let g(w) = (T E)(w) = 1 g E2) = TG B0 4p0p)  (4.3¢3))
T 7 —— z - w LY )
Let g = é[K . By hypothesis, g € A and by U4.3(e) g 1is
analytic at 0 . For any w € C
N | E 1, £(z) %
| Fa-gn| = | fan o + 21 5= an(a)]
e . - ol 1 -1
< —= i = -
150,20 * 150,20 52 80,260 7 Jp00,20) 127917 dm(2)
P 2
Shfllgo,26(1 + 5 - 48) (4.3(b))
< &
Thus Hf - gll < ¢ ‘as required.
Let A, f, p and ¢ be as in (c) . Then 3 g € A such
that e - £(p) = (z - p) gl < ¢

Proof By (c) we have g €A st. H0f - gl < e/, and g is
analytic at p . Then HIf - f(p) ~(g - g(pMll < ¢ Now set

g = g - alp) . Since g is analytic at p , g is continuous
zZ - p -

at p and, in fact, on all of K . Clearly it remains only
to show that g € A .
Again, without loss of generality, we assume that é(p) = 0 and

that p = 0 . Choose ¢ as in (c) , set h(z) = %(p(z)

Then h € C{VV(T) . Let g(z) = (g(z) - z 5(0))x, -
Choose § such that |z| < 26 = |g(2) - g(0)]| < & .
By (a) we know that g(z) - z g(0) € A . Thus, by hypothesis,

~

ﬂlg € A .



(e)

Now consider for w € K :

- - g d
Ig@w—g(O%%Thg)Uﬂl = | g(w)-g(0) - glw)h(w) - %LE%Q?% 5% dm(z) |

= | e-500) ) 1-0w) }-3, EZZZEO) - Lo (o)

| 1 dm(z)

<& -glg (0,20 *18 80N (0,261 0315 0,26 T (0,26) T,
| 2 4]

< ¢

Thus g(z) - g(0) is uniformly approximated on K by members

of A . So g€A.

Let A be a T-invariant uniform algebra on K , p € K and

‘ L . '
p €A such that p(p) < = , Then , if f € A , we have

f f(z) - f(p)

. du(z) = 0
N Z_p

Proof Let € > 0 . By (d) , we choose g € A such that
NE - £(p) - (z-plgl < e/ﬁ(p)

Then we have

o f - £(p) du '

f - £(p) du - [, gdu since ul g
z - D K

l K 2z -p

‘IKf—f(p)-(z-p)gdul
z - p

i ! f - £(p) - (z - plg ‘ dlul  (2.5(e))
z - P

A

1
< £
S |z-p|

dlul

< ¢

Since ¢ 1is arbitrarily small, we have the required result.
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(f) Proof of the Theorem :

=
w

(a)

(b)

The proof of the general version of the theorem is analogous
to that given in section 4.1. We substitute A for R(K)
throughout, noting that
(i) In 4.1(h) we need only the forward implication.
This follows by (a).
(ii) Section 4.1(k) is proved in (e).
(iii) 1In section 4.1(1l) we need only the forward implication

(although, in fact, the equivalence is easily shown.)
We make some further comments about T-invariance.
Let A be a T-invariant uniform algebra on K . Let f = ¥

and g € cél)(m)

Then

i

”~~
bl
<
A

(T@f)(w)

+
R
-
1]
~~
N
-
o
NIcq
),
3
-
N
-

ip]

>¢

..
a
N

1

s
Q

SR
—
l”
QJ]Q)
NI
o
=
~~
N
4

=z g(w)xK +

So we see that if § € C(K) can be extended to g € Cl') (D)
such that g 1is analytic almost everywhere (m) in K , then
g € A . This tells us immediately that R(K) < A, a result

which we used before

This also gives immediately a result known as the Hartogs-

Rosenthal Theorem

If m(K) = 0 , then A = C(K) . 1In particular, R(K) = C(K)

Of course, this is also just a corollary to Bishop's theorem, 4.4(f) .
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In view of (a) and 4#.3(c) , it is easily seen that A contains the

characteristic function of any open-closed subset of K

Let G Dbe an open subset of K . Define A(K,G) as being the
set of all f € C(K) such that f 1is analytic on G . It is
easily checked that A(K,G) 1is a uniform algebra and that it

is T-invariant (4.3(1)) . By the Maximum Modulus Principle

" (1.6(b)) it is clear that if x is a peak point of A(K,G) ,

then x € G . Since G <clearly has positive planar measure
if it is non-empty, we have by Bishop's theorem (the converse,
in fact, will do)

G # B = A(K,8) # C(K)
In particular, int(K) # @ = A(K) # C(K) and, by a similar

argument , int(K) # 8 = R(K) # C(K) .

We know that the intersection of uniform algebras on a given
space is not necessarily a uniform algebra, since the separation
property may not be preserved. However, for T-invariant

algebras 1t is easily seen that

The intersection of T-invariant uniform algebras on a set K
is again a T-invariant uniform algebra on K
The intersection of all T-invariant uniform algebras on K 1is

R(K)
This enables us to make the following definition

Let B be a subset of C(K) . Then the T-invariant hull of
B, TH(B) , 1is the smallest T-invariant algebra containing B

i.e. TH(B) 1is the intersection of all T-invariant uniform algebras



(g)

containing B .

Further, we may denote by T(B) the set

{T, f: feBageciwm)}

In general T(B) TH(B) .. It is also easily checked that

In

T(B) < T(B) < T(B) < TH(B) = TH(B)
If B < R(K) then TH(B) = R(K) . Let ¢ be a constant,
then T{c} = R(K) . It may be interesting to investigate the

conditions under which T(B) = TH(B)
We may restate Bishop's theorem (4.4(f)) as follows
Let E be such that m(K ~ E) = 0 . Let B be such that

vx € E, 3 f € B such that f peaks at x . Then

TH(B) = C(K)
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CHAPTER V

Gleason Parts

5.1 Many concepts relating to uniform algebras find their origin
in algebras on the disk and on the circle. So it is with
Gleason Parts. (Introduced by A.M. Gleason in 1956, see [16]).

We briefly examine the algebra P(A)

(a) Schwartz's Lemma

If f € P(A) and f(0) = 0, then |f(s)| < |s| Ifll , Vs € 4 .

Proof  Firstly we show that if f € P(A) and f£f(0) = 0 then
£ .

= € P(A) .
z
By Taylor series expansion (see 1.6(e) we have
| 22 (3) 23 '
£(z) = £(0) + £7(0)z + £"(0) 55 + £ (0) 25 + cees¥|z] <1
2
e L I (DI A (I Vz] <1 .

It is easily seen that this series is, in fact, convergent
(see [15] 3.39). Thus g is analytic on the interior of A
and clearly g is continuous on r . Thus g € A(A) = P(A)
(1.6(h)). Now we apply the maximum modulus principle (see

1.6(b)), to get:

f(z)
z

< g vaeo

= | f(2) | < |z| | £l = |z | # £ , by the maximum modulus

principle again.

a — Z

(b) The mapping 0 (z) = I—j—g; is a linear fractional transform-
ation . (see [10] , 14.3)
It has the following properties : (i) o (a) ‘r 0
(ii) ¢ : T — T , if Ja] # 1 . .0
Take z = ei® » then o, (2)) = i : ;eie
= | -eif] 11 —'ae'iel —
1 - 3 e
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(iii) ¢, maps a circle to straight line or circle.

(iv ) ©_ preserves boundaries.

Thus, for Jlal] < 1 , o, is .a homeomorphism on A which
maps ' to I , A° to A° and a to 0 .

Note that the inverse function @' is given by

o (w) = L2,

aw - 1
Take [al <1 and f € P(A) such that lfll <1
We define .the function g = We(ay) ¢ I ° w;‘ . Noting that
$g(a) and 7' are analytic in a neighbourhood of A (since
[f(a)| < 1 by Schwartz's Lemma) and remembering thaf'
P(A) = ACA) , it is easily seen that g € P(a) . Clearly,
also, ligll <1 and g(0) = 0 . Applying Schwartz's Lemma :

[gCz)| < |z gl < |z] .

Now let 3'(z) = t , then z = -2
s at - 1
- a
f(a) - f(t) < a -t
1 - £ f(t) 1 - at
- |f(a) - £(0)] < |-2=Z| |1 - (D £
1 -~ at

Now if Jal <1 and |t| <1 , the first factor on the right-

hand side of this inequality is strictly less than 1 . (by the

properties of ¢@,) . Since IIfll <1 , the second factor is
clearly less than or equal to two. So we have

sup {|f(a) - £(t) | : £ € P(A),IIfll <1} <2 if |al| <1 and
[t} < 1
On the other hand, if lal] = 1 and |t| < 1 we can define

- 5 __Z - ra
f,(2) = a T a. Yz €A and 0 <r <31 . Then,
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clearly, f_ € A(A) , hence f

r

€ P(A) and also f_(a) =1,

r

ne = 1. But fr(t) L2t -r -1 as pr — 1 . So we have:

1 - rat

sup {|f(a) - f(t)|:f € P(A) , Ifll <1} = 2 if |a] =1, |t} < 1.

Now, identifying points in A with the corresponding evaluation functionals,
we have established the relation:
ls - th <2 iff [both s and t are in A° or s = t] .

Now let ¢ € Spec P(A) (the maximal ideal space of P(A) see

2.14(b)) and let g(z) = z , g € P(A) . Suppose o(g) = z, ,
then |o@(g)| = |zo] <ol Ilglh=1 since loll = 1 A ligh=1 .
So for any polynomial p(z) = a, + a,z + a,z? + ... + anzn

we have : @(p) = a;, + a,z, + azzg + ...+ oagzl = plz,) .

So V f € P(A) , o(f) = f(z,) i.e. ¢ 1is the evaluation functional
at z, € A . So Spec P(A) = A, i.e. every ¢ € Spec P(A)

is an evaluation functional at some point in A

So we see that the relation IIs - tll < 2 divides Spec P(A) into

a family of equivalence classes.

In fact, the maximal ideal space of any function algebra, Spec A (or Mp),

can be split into parts, also called Gleason parts, in this wayﬁ

Definition Let A Dbe a function algebra. The Gleason parts

of A are the equivalence classes defined by the relation

o~y 1iff e - ¢l < 2

It remains, of course, to show that ~ 1is, in fact, an equivalence

relation. We shall do this shortly.

- Characterization of Parts

Before exhibiting a characterization of Gleason parts, we need
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an elementary result from Banach algebra theory.

Let R be a Banach algebra with unit. If f € R, s € T and

ffll < |s| , then s - f has an inverse in R, given by
the norm-convergent series X

n=o Sn+1
Proof Let g = f/S », so llgh< 1. The above result is

equivalent to saying that 1 - g has an inverse, given by

© . . oyt [s=f\Y ® £
ngo g <81nce then (1 g) = (—§~> = Sngo Sn+1} .
2k
Let G, = k§ g So for m < n we have
1. - G| -_s? Boky < pogik < el ties of
n m = k=m+1g B m¥, g EY ;‘_"g” ’ W pr’oper‘ les O

the norm.

Thus since llgll< 1 , G 1is a Cauchy sequence and has a limit,

‘G, in R .

Since (1 - g) G, = G (1-g) = 1-g™*' and gf*! — 0 as n — =,

we have : (1 - g)G = G(1 - g) = 1 s as required.

If A is a function algebra and ¢, ¥ are in M, , then the

following are equivalent : (i) ¢ , ¥ are in the same part
of Mp

(i1) Let Ay = {f € A:¢(f) = 0} . Then

sup{|e(£)|: If#l <1 and f € Ay} < 1 i.e. the norm of the

restriction of ¢ to Aw is less than one.
(iii) If {f,} 1is a sequence in A such that If, <1 , V€N
and J|o(fy)|—1 , then |y(f))| — 1.

(iv) 3 ¢ > 0 such that Harnack's inequality is valid, i.e.

1 o we) , V U € Re(A) st.u > 0 .
c u(y)
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Proof  The proof will proceed as follows : (1) = (ii) = (iii) =

(iv) = (1)

(1) = (ii) : Let Ml = Yl = 2¢ < 2 . Let f € A st.dfll<1

and Y(f) = 0 . We can assume that ¢(f) > 0 (multiply f
by a rotating factor.) . Put g = %—:—ig . By (a) , we
know that g € A . By (5.1)(b) , since ¢ 1is real, we see

that flgh <1 . By hypothesis |o(g) - ¥ (g)|< 2¢c

1 - co(f)

= (1-c?)e(f) < 2c(l-ce(£f)) by (5.1)(b) again.

> o(f) < 2¢ < 1 as required.
1+c?
(ii) = (iii) : Suppose that (iii) does not hold, i.e. there

is a sequence f, € A st. lIfpall < 1 , Vv, and (fy) — 1
(having multiplied f, by a rotating factor) , but
e < c <1, v,

Now we must show that (ii) does not hold:

Let qu(2z) = z - V(fy) . Set gn = qn-° f, . By(a) and (5.1 (b))

gn € A and lghll <1 . We have : yY(gyp) = 0 and
lo(g,)] — 1 (using 5.1(b) again and continuity.) So the norm

of ¢ on A¢ is one , as required.

(iii) = (iv): We show: ~ (iv) = ~(iii) . Suppose we have a

sequence u, € Re(A) such that u, >0 and 5%33% =n ,
‘ Y(un

Vnp €M (we may assume this without loss of generality). Now

let g, € A Dbe such that Re(gn) = un ,¥, € IW . Then set



(c)

(d)

—&_

fp = — . Then it is easily seen that Re(f ) > 0 and
ll)(U.n);/n n

Y(Re(fp)) = 0 and @(Re(f,)) — = Now set hj = e~fn,

then h, € A 3 lh,ll <1 and |¢(h))| — 1 while @(h)) — 0 ,
A

contradfcting (iii) .

(iv) = (is : We show : ~(i) = ~(iv) : Assume (o - Ypll=2

So we may choose a sequence g, € A such that lg,ll <1 and
lo(gn) - v(gn)| — 2 . If we set fn = gnoan(l + %)'1, an a
suitable rotating factor, we get : f, € A , NE < 1,

loC£,) = ¥(£)| — 2 and o(fy) — 1 so that ¢(fy) — -1
Now set u, = Re(l1 - f,) , then u, > 0 , 9(u,) — 0 and

w(un) ~ 2 . So (iv) is contradicted and the chain of

equivalences proved.

As an immediate corollary to this, we see that the relation
defining Gleason parts is, in fact, an equivalence relation.

Symmetry and reflexivity are obvious. For transitivity, take

@~y and Y ~ 0 Then by (b)(iv) we have : 3 c, >0
such that 1 < ©(u) < ¢, and 3 ¢, > 0 such that
¢, yuw 2

1w c, ;Y u € Re(A) st. u >0 . Then clearly
C, o(u)

1. m(u) < c,c, 5, Vu€e€Re(A) st, u >0 and c¢,c, > 0 .
SPRSP) g(u) 172, 12
So @~ 6 .

Definition We say that two measures y and. v are mutually
sihgular if there exist two disjoint sets A and B such that
A UB =X and for every measurable set E , ANE and B N E
are measurable and |p| (AN E) = |v] (BN E) = 0 . We often
say "p 1s singular with respect to v" or "v 1is singular

to u"
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Let A Dbe a function algebra on X and ¢,y € My such
that ffe-9fl=2 . If u and v are representing measures

for ¢ and ¢ respectively, then u - v represents ¢ - ¥
+ -

Byvvirtue of 2.5(d), we see that Iy - vl =22 . Let X = A
be the Hahn-decomposition of u - v, Then we have X = A U B
such that llpy -vil = AT(A) + A=(B). Bearing in mind that

u , V are probability measures, we see that ATa)y = 1 = utCa)

and AT(B) = 1 = v(B). So clearly u , v are mutually

singular . Thus we can state:

If ¢ and ¢ have representing measures which are not

mutually singular, then they lie in the same Gleason part.
We state a well known measure theoretic result

The Radon-Nikodym Theorem If (X, $, u) is a totally

o-finite measure space (u a positive measurc) and if a
o-finite signed measure v on § 1is absolutely continuous
with respect to u, then there exists a finite-valued

measurable function, f , on X such that v(E) = [gfdu

for every measurable set E. f is unique in the sense that

if also Vv(E) ='L3gdu sVE €S , then f = g a.e.(ul.
(see [8] §31.B)

Let 6 , ¢ belong to the same part éf My » the maximal
ideal space of a function algebra A . Let b(8 , ) be the
infimum of all positive numbers, c¢ , for which Harnack's
inequality holds (cf. (b)(iv)). It is easily seen that

b(6, ¢) has the following properties



(g)

1 < g(u)
b(6,9) @(u)
(ii) Db(6,9) = 1 .

(1) < b(6,9) , VYV ue€ Re(A) , u>0

(1ii) b(8,9) 1 iff 6 = ¢

(iv) Db(8,0) b(yw,06)

(v) Db(6,9) ble,P) < b(B,y) if ¢ also belongs to the
same part as 6 ,

Clearly 1log b(8,9) 1is a metric on each part of M .

We now state and prove a result which includes the converse

Cof  (d)

Let A be a function algebra on X and let 6, ¢ be in

the same part of Mp . Then there exist constants a and
b, 0<as<b«< o and a Borel function , h , on X such
that a € h < b and representing measures u , Vv fof 6 and

¢ respectively such that u = h v .

Proof - Write b for b(6,9¢) . By (£)(i) we have :
‘be(u) - 6(u) =2 0 for all u € Re(A) st. u > 0 . Since the

L.H.S. of the inequality represents, in fact, a linear
functional on A , we have,; by 2.6(b) , a positive measure,

a , on X , such that : be(u) - 8(u) = f uda , u € Re(A)
Similarly we have a pfobability measure, B, on X , such that
bo(U) - @(u) = [ udp , u € Re(A)

Solving these equations simultaneously for 6(u) and ¢(u)

we gef measures; W = SEE?iwﬁl and v = ba + B s which
b® -1 b2 -1

represent 6 and ¢ respectively. Clearly these are positive,
hence, representing measures. Clearly also they areAmutually

absolutely continuous.
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So, by (e) , there is a Borel function, h , on

X st. u(E) = fyhdv , for every Borel subset, E , of X .

By the arguments of 2.13(a) , u = hv . Now, let E be the
Borel set on which h > b . Then
uw(E) = fghdv

= u(E) > [gbdv if V(E) # 0
= (b8 + a)(E) > b(ba + B)(E)
- a(E) > b2a(E) , which by (£)(ii) is absurd unless
b=1 or afE) = 0 . By (£)(iii) we may discard the
possibility that b = 1 . But, if o(E) = 0 , the
second last inequality is contradictory. So we must
assume that Vv(E) = 0 . |
Now, bearing in mind that h 1is unique only in the sense that
it is a member of an equivalence class of a.e. (v or pu) equal

functions, we may say that h < b , A similar argument gives

- 3 3 . 3
. So the conditions of the thecorem are satisfied.

h 2

loai R

Corollary If 0, ¢ lie in the same part of M, and n 1is a
representing measure for 6 , then there is a representing
measure A for ¢ , such that n 1is absolutely continuous
with respect to- A .

Proof Let XA = N4 +v =~ HA (b,v,u as in (gl).

Suppose 6 and ¢ are not in the same part of Ma . Then
there afe disjoint Borei sets, E;, and E, , such that every
representing measure for 8 is.suppdrted on LE; and every
representing measure for ¢ is supported on E, . In particular,

representing measures for 6 are singular to representing

measures for ‘o .



86

Proof Proceeding as in (b) (proof of (i1) = (iii)) we have

a sequence {gp} € A such that ligall <1 , 6(gn) —%}» 1 and

olgy) =0 , ¥V, €N

: n-1
T - 2z
Now let qp(z) = i Set f, = Q ° g . By (a) and 5.1(b).
| Tz -1
we have : fn € A, Iifnll <1 , 8(f,) —%}4 1 and
o(fy) = 1%2 . So @(f,) 4%%* -1 . Clearly we may choose the
£, so that [1 - 8(f)| <2, and |1+ o(£)] <3, .

Now let E, be the set of x in X such that £, (x) —1 ,
and E, the set of x in X such that f_ (x) — -1 . Then

E and E are disjoint Borel sets.

1 2
[Let Vp, = {x€X: 1-£&x)]< %} . Since £, 1is continuous,
this is a closed set, hence Borel. Now set V_ = U V¥ .

p nem pn
Then E, <V, , a Borel set. Then clearly E, = pgm]VP . Hence

E, 1is Borel as required.]

Now let. . -u Dbe a representing measure for 6.

Then [|f, - 1]%du = [[(Re fy - 1)% + (Imf )%] du

f1f,]?du + 1 - 2Re [f du

< 2 - 2 Reb(f,)

< 2/n¢ .
o0
Thus jngllfn—uzdu < o ,
Now we claim that f, — 1 a.e.(u) . Assume that this is not

true. Then there exists a Borel set, E , such that u(E) > 0

and Vx € E 3 g >0 such that Y €N , 3n> N st.[1-f (x)]| >¢,.

Thus n£1|1 - £, )] =» ,Vx€eE, In fact, we may say that
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n§1 |1 - £,(x)]|? = »,vx € E . Note that n§1 |1 - £,] is
measurable (see [7] , 2.9) . It follows that
fn§1|1 - £,]%dy = » . As this contradicts the above result

we see that f, — 1 a.e.(p) . Thus u 1is supported on E,

n
Similarly every representing measure for ¢ 1is supported on

E as required.

2 b}

5.3 We now leave the general case and again restrict our attention
to uniform algebras on plane sets. In particular, we look at
T-invariant uniform algebras. A shall denote such an

algebra throughout this section.

(a) The following result is essentially due to Arens.

Let A be a T-invariant uniform algebra on K . Then My = K.
(see 2.14)

Proof Consider ¢ € My - By 4.4(a) we have 2z € A and

1 € A , 1f w ¢ K . Let o¢(z) = 2z, . Assume that

zZ=w :

z, &€ X

. - 1
Then 1 = (p(l) = (p(.z_.._._%.‘l.) = (p(z_zo).(p(z_z ) = 0.
Z = 2y 0

Contradiction. So we have 1z, € K . Take f € A . By 4.u4(c),
we have a sequence {f,} € A which converges uniformly to f

and is such that £, 1is analytic at =z . Byvthe proof of

£a(2) = £,.(z,)
Z - Z,

4.4(d) we know that € A, ¥Yne M.

So we have ©(f) - £(z,) = il (@(fg) - £n(z )

= T3 (£, - £.(z,))
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n->coo
Z Z 0

So @ evaluates every f € A at 1z, € K . l.e. each @ € M,

is of the form 1, , x € K

(b) Peak points of A are one-point parts of A

Proof Let x be a peak point of A . By 3.u4(c), 6x , the
unit mass at x , 1is the only representing measure for x
(i.e. for 1,) . Consider ® € Mp , ® # T, . We wish to

show that ¢ is not in the same Gleason part as Tx

Let u represent ¢ . Then, by (a), we have
ffau = f(zy) , Vv £ €A, some 3z, € K. Assume that
p({x}) =c >0 and choose f € A which peaks at x . Now

n
f€ A and f tends pointwise boundedly to the characteristic

function of {x} . Then
0 = 2iM o(f,) = pim (£, du
= (3D e qu (2.80E))
= c >0
By this contradiction we see thatv u{x} = 0 . Thus u 1is
mutually singular with &_ . Now, by the conclusion of 5.2(d) ,
¢ 1is not in the same part as Ty

(c) We must digress briefly to establish a pfoperty of {i(w) ,

namely

i is integrable with respect to Lebesgue planar measure, m ,
over any bounded set. In particular, {i < « a.e.(m) on any

bounded set .
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Proof Say that is a measure on K and note that any
bounded set is contained in D = B(0 , R) for R large
enough. Now, using Fubini's theorem (4.1(e)) whose conditions

are clearly satisfied, and u4.3(b) we have

f f dlulCz) dm(w)

|w - z

d
[ 5, —-nl(—w%d|u|(z)

|w-z

A

2R || (K) .

Let A be a uniform, T-invariant, algebra on K . If p€eK
is not a peak point of A , then the Gleason part containing

P has positive planar measure.

Proof Let v be a representing measure for p which has no

mass at p (by 3.4(d)) . Clearly n = (z-p)v is a regular .
Borel measure (2.13(a)) which annihilates A . Let q € K

Provided that {i(q) < » and f(q) # 0 we know that

1 1 >
Aq T uiz) is a complex representing measure for q .
i(q) z ~q
(This is mentioned in u4.u4(f)(ii)). Now, since v has no mass
at p , we know that u # 0 . . Thus, in view of 4.1(g), we

know that fitq) # 0. for q € Q a set such that m(Q) > ©
Furthermore, by (c), ﬁ(Q)‘< o a.e,(m) in Q. So we may assume
that both the conditions, {i(gq) < « and pu(q) # 0 , are
satisfied on Q. Thus every q € Q has a complex represeht-
ing measuré, Ay - Now, by 2.17(e), there exists, for every

q

such that o, << Aq .

q

qQ € Q , a representing measure, og >

It is easily seen that agq << v . (see 2.17(b)). Now, by
5.2(d), q 1lies in the same part as p . Since this is true

for every q € Q , we have the result.

Now we have:
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p 1s a peak point of A iff it is a Gleason part of A ,
or equivalently, the one-point parts of A are precisely the

peak points of A
Proof Immediately from (b) and (d4) .

In view of (e), we may make the following restatement of

Bishop's Theorem (u4.4) .
Every point of K 1s a Gleason part of A 1iff A = C(K) .

The number of non-trivial parfs of A (i.e. not one-point parts)

is, at most, countable.

Proof Follows from (d)

representing measure

L

Let P be a Gleason part of A and v

for p € P. Then v 1is supported on P .

Proof By (e) , we may assume that P 1s not a one-point part
and, by 3.4(d), that v({p}) = 0 . Let u = (z - plv
Arguing as in (d) we see that if § # 0 on a set of positive

m-measure off P then there would be a point, gq ¢ P , such

that ﬁ(q) # 0 and n(q) < = . But, as demonstrated before,
such a point must be in P . So we know that . = 0 a.e.(m)
off P . Now, by 3.5(g), |u|(C ~P) = 0 . Thus u , and

hence v , are supported on P

Let P; , 1 €W Dbe the nontrivial Gleason parts of a T-invariant

uniform algebra, A , on K . ( cf.(g)) . Then there exist

Borel sets E;j , i € W such that



(i) The E are pairwise disjoint

i

(iii) . Every representing measure for any point in P, is

supported on Ej

Proof Consider the parts P, and Py , j # 1 . Let x € P
and .y € Py . By 5.2(i) , we have disjoint Borel sets B
and Dlj such that any representing measure for x 1is

supported on B and any representing measure for y is

13
supported on Dlj . In particular §  1is supported on Blj .

Hence x € By . Consider z € P, , z # x . By 65.2(h) ,

there is a representing measure X for x such that

6, << A . Since A is supported on By , so is §, .
Hence 2z € By . Thus P, < By . Similarly Py © Dy
Now set E; = 0 B4 Clearly E, . is Borel, supports any

j>r T
representing measure of any point of P, , 1in particular

P < E;, and E; N D,y = 6 4 3 # 1. Now for P, we have
corresponding sets B,y and Dy 3 j#F 1, 2. We set
E, = B, ﬂbjgz B, - Clearly, if we continue in this way we

obtain a sequence E; satisfying properties (i) and (iii)
In view of (h) , we may replace E; by Ej N P; . Thus

property (ii) is also satisfied.
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CHAPTER VI

The Generalised F. and M. Riesz Theorem

In this chapter we find that the classical F. and M. Riesz

Theorem can be generalised to apply to all uniform algebras.

Firstly we must formulate more general concepts of singularity

and absolute continuity of measures. We do this as follows:

Definition The measure u 1is singular with respect to a

set M of probability measures if 1y 1is carried by some
Borel set F such that A(F) = 0 , V A € M. By "carried by"
we mean that if E is é Borel set such that ENF =0 ,

then |u](E) = 0 . We say that u is M-singular. Such

an F will be called an M-null set,

Definition If p vanishes on all M-null sets of a set M

of probability measures (i.e. |u|(F) = 0) , we say that wu

is M-absolutely continuous. We denote this by u << M

Definition Let wu , A Dbe two measures. We say that

g + H, is the Lebesgue decomposition of u with respect to
A 1f pw o= ug + u, and g is singular with respect to A
and pa << A . This decomposition exists and is, in fact,

unique. (see [8] §32.c)

Extending this idea, we say that for u » @& measure, and M ,
a set of probability measures, there exists a unique Lebesgue

decomposition of u with respect to M . i.e.
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(a)

M= Up + upr , where up is M—singular and uf, << M. (Here, by up

and ups , we mean the restriction of u to F and F' respectively.)

Proof Let C = sup{|u|(E) , E an M-null set} . Choose

a sequence {E,} of M-null sets such that |u|(Ey) —2» C .

Let F = UE By the regularity of [u| (2.3(f)) and of

n .

Hcs

A €M we have |[u|(F) = C and F is M-null.

Then, if E is M~-null, so is E U F and we have

Mugyp = Buplh + Bugap I < fugl

Thus |up |(E)

0 and ppr << M.

For the uniqueness, let py = ug + pz be a Lebesgue decom-
position of vu with respect to M such that ug << M .

Now let E Dbe any M-null set. We have

0 = (Up = Ug + Upr = U)(E) = (up - pug)(E) = |pp = ug|(E) .
(The last step follows since any Borel subset of E 1is also

M-null). So up and ug coincide on any M-null set.

-Sincé, by definition, they are both carried on M-null sets,

we have up = ug as required.'

We need one result before proving the Generalised F. and M.

Riesz Theorem.

Let A be a uniform algebra on X . Let ¢ € M, and let

My be the set of representing measures of ¢ . Let F Dbe

an M-null set which is F Then there exists a sequence

o
{anh} = A such that flapll <1 , vn €W and a, — 0 on F

and a, — 1 a.e. (X)) , VX € Mo
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K be an increasing sequence of closed

Proof Let T =

r—-cs

n

sets in X . Firstly, let n be fixed. Then, since K,
is compact and A 1is outer regular, we obtain, using
2.7(c) and 2.7(d), a sequence {gyx} < Cr(X) such that
gk — ~NXy_ point-wise from below and a.e.(}) , VA € My
Furthermore lgyll<n , vk €M . Thus [g d\ — 0 from
below VA € Mp » Dby Lebesgue dominated convergence theorem
(2.7(£)) .
In the weak-x topology on Mp > fx @ A — fgx dX is’
continuous (see 2.15(b)) and M, is compact (2.15(d)).
By 1.6(f) , fy 1is uniformly continuous on My . So we have:
Ve>0, [f (xy)- £x(A5)| < e 3 for XA; close enough to Ay
= |f, (A < € + | £x(A4y)] 5 for X; close enough to Ay
> lfkj()\i)| <2¢ 3 for kj large enough and \; close

enough to Ay .

Now the sets {A; : WA - Ay < s} Ay € M, form an open
covér for My . Since M(p is compact, we can choose a
finite subcover, j = 1, 2, ..., n . Then if we set

k = max{k,, ..., kp} we have

Ve>0,3ke€N such that I£f (M)l < 2e , VA € Mg
So we have [gpdX > -in~* VX € Mp » for some k €N
Now by the first part of 2.16(f) we have hy € A such that

Re hn < -n X, and Re @(h,) > -n~*
n

(We introduce the notation : sgn z = Izl and sgn(z) = lil ;
z €T.) Now set ap = e n sgn (ew(hn5 . Then a, € A
(since A contains the constants). llapbll <1 , since Re hp < 0
and |ap| <e™ on K, . Thus a, —0 on F and
12p(a,) = | e?Mn) | = exp [Rep(h)] >e™ “>1 - n~*

(using Taylor's expansion 1.6(e))



Thus [lap, - 1]/2dX < [[(Rea, - 1® + (Imay?]dA

<1+ 1~ 2 Regplayp)

N

2n"* , VA € M,
Arguing as in the proof of 5.2(i) , we see that

anp — 1 a.e.()) ,¥v A € Mm
(b) The Generalized F. and M. Riesz Theorem

Let A be a uniform algebra on X . Let ¢ € Ma and
woeat . If uw = up + up» - is the Lebesgue decomposition

of u with respect to Mp » then up ,up, € At .

Proof We know that [ is an Mp-null -set. As we saw in
6.1(c), F can be taken as an Fy; set . So, applying (a),

we get {ap} < A such that llagii<1 , vn € M and

ap — 0 on F and a, — 1 a.e.(X) , VX € Mo - Let. E
be the set where ap -~ 1 . Then X(E) = 0 , VX € My
So E is My - null . Thus |[up |(E) = 0 since pgr << Mo -
Hence a_  — 1 a.e.(|upm |) . Now let g € A
We have Jg dug, = iiz /g apdu (2.7(£))
=0 .

Thus ppr € Al and hence Up € Al as required.

Note that the separation property of A and the closure of
A were not used. So the theorem may, in fact, be stated

for algebras which contain the constants.

(¢) It is clear from the formulation of the Lebesgue decomposition
with respect to a set, M, of probability measures (6.1(c))

that the components, up and upryare mutually singular .
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Use of the Generalized FTF. and M. Riesz Theorem enables us
to formulate the following decomposition theorem for

orthogonal measures.

Let A be a uniform algebra on X and let pu € Al . Then
there are linear functionals Yn € Map and measures u, and

Un s N €M , all in Al such that s 1is M,-singular,

Q
Vo € My and up << Mwn , Vn € N . The up, are pairwise
mutually singular and

VIR VIR ? U, s the series being norm-convergent

Proof If ¢ € My , let

Ho be the M@-absolutely continuous
component of the Lebesgue decomposition of pu with respect
'tO M(p .

Now let C, = sup{llugl;o € My}

If ¢, =0, let u=ypg . Clearly upg 1is M@—singular,
any @_EWMA.. if ¢, # 0 , choose ¢, € My such that
My = w, satisfies Ny 0>V, . Say wo=ou, +ou, .
We now repeat this process.

Let ! = p‘— My Set C, = éup{Hﬁé ; @ € Myl

Ift C, =0, let u = pg + u,. Clearly ug is Mp-singular,

Vo € Ma and u, << M@I

If C, # 0 , choose ¢, € My such that ' = p_, + u, , the

Lebesgue decomposition of ul' with respect to Mo, > satis-
. ’ 2

fies p, << M@Z and iy, H'>C2/2 .

Now let p? = p! - My, = o= (u, + ) . etc.

We carry on repeating this process as indicated. If it termi-
nates after a finite number of steps, we clearly get a finite

decomposition satisfying the statement of the theorem. If not,

we obtain a sequence, {upl, n €N, with the following properties.
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n
Un 1is singular to w - ¥ u. . To see this we

nes

have u - M3 = Usn », using the terminology

j=1
established above. By (¢), wu, is singular to ug, .
In fact, U, is carried on a set disjoint from the
set which carries Wug, . But any My , k >n

will be carried on a set which is a subset of the

set cabrying Mgn Thus Yy, 1is singular to H, ,

for k > n . Since this is true Vn € W , we see

that the W, are pairwise mutually singular.

It follows that n§1 Up converges in norm and that

00

“nglun ” ) nél Wl

Now let pg = wm _n§1un . By the generalized F, and M.

Riesz theorem p, L A , Vn € N . So ug LA .
For any-fixed n and any ¢ € Ma we have : The Mgp-absolutely
L

continuous part of - has norm less than or equal to

Ch < 2lupll 5, Yo € Mp . Now, since ug 1s the restriction of
W' to some subset of supp '"', we know that the
Mp-absolutely continuous part of pg does not exceed 2lupl ,

Vo €M . But we know that fupll —g» o . Thus pg 1is

Mw—singular » Vo € Mp as required.

We now relate the generalized F. and M. Riesz theorem to

some of our earlier results on Gleason parts and T-invariance.

Let A he a uniform algebra on X and let ¢ , ¢ 1lie in
the same Gleason part of M, . Then the Lebesgue decompositions

of a measure, W , with respect to Mw and Mw coincide.
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Proof Clearly it will suffice to show:

E is My-null < E is My-null,  Say that E 1is Mgp-null.

{0
Let A €My . By 5.2(h) , 3 A €M, such that A << )\ .
Thus A (E) = 0= A(E) = 0 . So E is My-null. The

converse is similarly proved.

Let A Dbe a uniform algebra on X . Let ¢ and ¢ 1lie in
different Gleason parts. For a measuré u, let uy, be
Mw-absolutely continuous. Then wu, is Myg~singular.

Proof By 5.2(i) we have disjoint Borel sets B, and B,
such that My is carried on B, and MW is carried on B, .
Thus My is carried on B, . Clearly then, W, is

My-singular.

It is easily seen from (a) that each ¢, of 6.2(d) lies in

a different Gleason part. Now, using (b) as well, we may say:

Let A be a uniform algebra on X and u L A . Then there

is a sequence, F,, F,, F,, .... of pairwise disjoint Borel

sets and a sequence P, , P Pys ... of Gleason parts for

which

(1) wu = E

(ii) g is Mw—singular, Yo € Mp
(iii) For i 21 , Hp, is Mp-singular for ¢ & P,

and Hp g << Mp for ¢ € B

In view of these latter comments, we may restate the decomposi-

tion theorem for orthogonal measures as follows
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of M

Let A be a uniform algebra on X . Let {ma} be a subset
a containing exactly one linear functional from each
part of Ma . Let u 1 A and let Uy, be the absolutely
continuous component of u with respect to Mma . Then
Uy € A! and the Ug are mutually singular.

Furthermore : (i) u = pug + Zug

(i) Ml = flugl + é'“ﬁ f
(iii) .us L A and ug 1is My-singular,

Vo € MA .

We digress briefly to prove a theorem of Wilken

Let A be a T-invariant uniform algebra on K . If u € Al

is Mw-singular for every ¢ € My , then py =0 .

Proof ~Assume that u # 0 and u L A . Choose z, € K

‘such that {i(z,) < « and ﬂ(zo) # 0 (such a 2z, exists by

3.5(g) and 5.3¢(c)) . Then we know that v = -
ulzg)(z=z,)

is a complex representing measure for =z (see L.u(f£)(ii)) .
Now by 2.17(e) , we have a representing measure, A, for

Zy such that A << v . Hence X << uy , If A 1is also

‘singular with respect to p , then X = 0 , which is a

contradiction. So the theorem is proved.

We use this and the decomposition theorem in order to extend

result 5,3(1).

Let P;

i » 1 €N , be the non-trivial Gleason parts of a T-

invariant uniform algebra A, on K . Then there exist Borel
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sets Ej , 1 € N such that
(i) The E; are pairwise disjoint
(ii) Py €« Ej P, , Vi €N
(iii) Every representing measure for every point in P;

is supported on Ej .

(iv) If uw L A, then Mg, € Al and y = I ME{

Proof The first three properties are proved in 5.3(1) .

For part (iv) we apply (d) to A , noting that if ¢y = T ,
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x a peak point of A , then yug = 0 . This follows from -

the fact (3.4(c)) that Mg = {8x} and that u{x} = 0.
(3.3(h)‘. By (e) , ug =0 .

So, as in (c¢) we have Borel sets F,, F,, F;, .... such
that Mp,; << Mmi,Vwi € P, and p = I My, - Now, since

i=1

K~E; is Mg -null , Vo; € P; , we have Fj < Ej

- Since the E; are pairwise disjoint, we have

u(Eji) =”uFi(Ei) , Vi €N . Thus Mg; = Up; as required.
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CHAPTER VIT

Glicksberg's theorem on closed restrictions

In this section we shall prove a result first shown by
Glicksberg in [17] . The proof given here is based on the

work of Katznelson in [18] on Idempotents in Quotient Algebras.

”,Firstly, some notation and definitions:

In what follows, A is a function algebra on. X , a compact,

T, set. Let F be closed in X ; Then
kF = {f € A : frF = 0} is a closed 2-sided ideal in A
Then A/ is a Banach algebra with respect to the norm :

kF

N{£Ilh = if + kFIl = inf{lf + gll 3 g € kF}.
[f] Dbeing the equivalence class containing f . These well-

known results may be found, for example, in [11]

It is easily seen that v¥x € F , the evaluation map

0, ([f]) = £(x) 1is a multiplicative homomorphism of A,y

into € . i.e. ¢, € Spec A/kF .
Thus oyl = 1. (see 2.14(a)) . So we have :
= < =
IlfllF lIleH HLE£I Wf + kFI .

We state, without proof, the Open-Mapping Theorem

If X and Y ‘are Banach Spaces and T is a bounded linear
transformation which maps X onto all of Y, then T
is an open mapping. In particular, if T is also a one-one

map, then T°' is continuous.

(see e.g. [19132,20)
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Consider the map T : A, o —->A|F given by T([f + kF1) = f| . .

This is clearly one-one and onto and, by the inequality in
(a), it is continuous, hence bounded. Since T satisfies
the conditions.of the Open-Mapping thebrem, we see that T7!
is continucus. So there exists a constant Cg > 0 such that

If + KFIl < Cph £ Iy

‘An idempotent in A/kF is an equivalence class of functions

in A which take, on F , only the values 0 or 1 ; 1i.e.
[£*) = [f]¥ = [f] . We can now define a certain concept

of boundedness :

A 1is bounded on ;V X if 3 Cy > 0 such that : If F

is a closed subset of V and ‘if [f] is an idempotent in

Ajp » then HIf1N < Cy . A is said to be bounded at a
point , x € X , 1f it is boﬁnded on some neighbourhood of

that péiﬁt.

Let A be such that AI is closed in C(F) for every

F
closed subset F of X . Then, if F and K are disjoint,
closed subsets of X , 3 f € A such that |

f|F=1 and flK=0

Proof Take x € F and y € K . By the separation property
of A , we have g € A such that g(x) = 0 and g(y) = 1 ..

Choose neighbourhoods V

x and ny of x and y respective-

ly such that |[g(V, )| < and |g(W,,) - 1| < § . Since X

Fi=

is normal (see [11] §2,8) we may easily choose V, such

that VvV, 0N K = @
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Now we require the existence of a sequence of polynomials

{pn(2z)} which converge uniformly on

{z : ]z] <3} vz : |1-z] <%} to a function which is 1 on
{z : |z| <%} and 0 on {z : |1-z| < 1}. This sequence
can be constructed as follows : Consider the functions
an(z) = exp { -e"? -n/z}, n € N, | It is easily seen that

the sequence, {qp(z)} converges uniformly on

{z : |z] <3} U {z : |1-z}| € 1} +to the required function.
Since each qp(z) is holomorphic throughout the plane, we
have a Taylor series expansion.for each one. Now let
pn(2z) be the partial sum to n terms of the expansion for
qn(2) . The sequence {pp(2z)} will do. (see 1.6(f)) .
Now {pn(g)}. will be a sequence in A which converges
uniformly on Vy U Wyy to the function which is 1 on Vg

and 0 on W But since, by hypothesis, AIV U W
X Xy

Xy °*

is closed in C(Vy4 U Wxy) » this function belongs to

A ) . Hencc 2 ¢ € A st. e{Vy) = 1 and
v, vy, X
e(Wxy) = 0 . Since F is compact, it may be covered by
finitely many of the sets V, , x € F . Call these
Vi, 5 »ees Vg o Let e, s +++s 5 €5 be the corresponding
n
elements of A . Then e! = e, +e, - e;e, is 1 on
Vxl U sz and 0 on wxly n wx2y . Proceeding in this way
we obtain fy € A such that fy is 1 on F and 0 on

n . .
N Wy = Uy o But Uy is a neighbourhood of y and,

since K 1is compact, we can find Ug. s eeeey Ugo which
1
cover K . Let fy »e...5 £, € A Dbe the corresponding
1 m
functions, achieved as above. Then f=f£f, f, ... f, €A
. Yy 7Y, Ym

m
is 1 on F and 0 on u U,, > K, as required.
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Proof Take a closed T < V1 uv
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Let A be as in (e). Then, if A 1is bounded on the open
subsets, V,, Vz,vof X 5, 1t is bounded on every closed set
contained in V; uv, .

) Then F ~ V, 1is
closed and so, by normality, 3 W, open, such that
F~V,cW, and W, €V, . Similarly, F ~ W, 1is closed
and there exiéts an open set W, such that

F~W cW,cW,cV, . Clearly if FcV;, 3 i=1or 2,
then the result follows trivially. So we may assume that
FOW, #0 ,1=1,2

Now the closed sets F ~ W, and F ~ W, are disjoint and

£ 1 and g|F~W1 = 0 .

so, by (e): 3 g € A such that &|Few
o 2

Now take a closed set F, €« F and let f + kF, be an idem-

potent in Afyp Then f + k(F, 0N W3) is an idempotent
Lo

in A/k(FonWj) , J = 1,2 (Since Foln Wj < F,y, J = 1,2) .

So there exists fj € £ + k(F, N Wy) such that

HEy < Cvj + 0.1 , say. iz 1,2. CVj being the constant
referred to in (4) .

On F, we have : f = gf, + (1-g)f, , since f5 = f on

Fo N Wy and Fy, e FeW, UW, .
So f + kF, = gf, + (1-g)f, + kF, and

flf+ kPFyli=ligf, + (1-g)f, + kFoll < ligf, + (1-g)f, i

<IIglI(CV1 + 0.1) + (1+|Igll)(CV2 + 0.1)

Thus, this constant, independent of F, , is an upper bound

for any idempotent on F, . So F 1is bounded as reguired.

Let A be as in (e) . If F c X 1s closed and A 1is

bounded at every point of F , then there exists an open set,
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A 1is bounded, such that x € V
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Vo>F, onwhich A is bounded.

Proof For every x € F we have an open set Vg , on which
x + By the compactness of F ,

we have a finite number of bounded open sets V, ,... , Vp

n
such that T « ?Vi .

Claim: Any closed set E , contained in ?Vi is
bounded. To see this we proceed by induction.

The claim is true for n = 2 (by (£)).

Assume that it is true for n = m . Consider
, m+1
ECl{Vi .

If EN Vgpy, = @ , then E is bounded,by hypothesis.
If EN Vo ¢,m » then E ~V . 1is a closed set
.contained in ?Vi

By the normality of X , there exists an open set

U such that : E ~Vp,, €U cU < ?\Q

By hypothesis, U is bounded. Hence U is bounded.

So we have : E e« U y Vyp4, », which is the case

ns=2, Thus E 1is bounded as required.

Now, by normality,,we have an open set, V , such that:
n
FecVeVec gvi . By the claim above, V is bounded, hence

V 1s bounded, as required.

Let A Dbe as in (e) . There exist only finitely many points

at which A 1s not bounded.

Proof  Suppose the contrary. Let {x; ; 1 € I} be an

infinite set of points at which A is not bounded. We can
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select a sequence {x, , n € N} of distinct points and a

corresponding sequence {V,} of mutually disjoint neighbour-

hoods such that x, € V, . To see this we proceed by
induction

Assume that we have m points, x, , ... , Xy with
corresponding open neighbourhoods Vi 5 ««. s Vp such that
ViNVy =0, i+ 3 and an infinite number of the x; lie

>
outside of ? i . Choose one of these. If it has a
neighbourhood such that an infinite number of the Xy lie
outside of thatyneighbourhood, call this point Xmy

If no such neighbourhood exists, choose any other of the
x;(1#1, ... ,m) and call this Xp4, - By the Hausdorff
property of X , this will have a suitable open neighbourhood,
say U, . By the normality Of, X , there exists an open set,
U, » such that xp4, € U, and U, N ?V' =0 . By normality
again, 3 an open set V,,; such that

X € Vg4, € Vpy, €U, N U, . We now have m + 1 points, with
corresponding neighbourhoods, which satisfy the conditions

of the above assdmption. The case, m = 1 , 1is easily
established, using elements of fhis argument.

Now, since some neighbourhood of x, is not bounded, we may
assume that V, is not bounded for all n € N (if nof, the
intersection of V, with the unbounded neighbourhood will
satisfy all of the conditions.) So vn €N , 3 a closed set
F, €V, and an idempotent f_  + kP, in rA/an such that
W€, + KF_ll >n . Now let F =(g‘?‘;{) . Then

F=F, U(F ~F,) is a decomposition of F into disjoint

closed sets. To see this we note the following
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.F = F, U < U Fm> and F, N ( y Fm> = § since F, « V, which

m¥n m¥n

is open and such that V, n( UF ) = @ . Furthermore

m#n M
<mgnFm) = (F ~ F,) and, since this does not intersect with F, ,
we have F ~ F, = (F ~ F,) as required. Now by (e),

3 g € A such that = 1 and glp.p. ~ o .
~in

glr,
Then gf, + kI 1is an idempotent in A/ip and we have :

lgf, + kFll =2 ligf, + kF,Il = #f, + kFpll > n . (gfy = f5 on Fp)
But, by (c¢) : Hgfy, + kPl < Cgligfyllyp = Celifylp, = Cp or 0,¥n € N.

This gives the required contradiction.

(Glicksberg): Let A be such that .AIF is closed in C(F)

for every closed subset; F , of X. Then A = C(X) .

Proof Let T = {xX,,...5 Xxp} Dbe the finite set of points on
which A 1is not bounded (by (h)) . Let F be closed such

that P« X~ T,

(1) Firstly we show that for such an T , AIF = C(F)

By (g) we have an open set V such that F < V and

VnT=9¢6 and A is bounded oﬁ V . So there exists a constant,
Cy > 0 , such that, if K is a closed subset of V, then

every idempotent in Apy has norm less than or equal to Cy-

Let u be a regular Borel measure on F which annihilates AIF'
Choose any closed set K< F and ¢ > 0 . Now we have a

closed set, K, ¢ F ~ K such that [ul(F ~ (KU Ky)) < CQCV .

(by regularity; see 2.1(f)).

By (e), we have : £ € A such that fIK =1 and f|, = 0.
0

Then f + k(K U K,) is an idempotent in A/k(KUK y 5
0

Hence HIf + k(K U Ky) lI.< Cy. So there exists f* € A such
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that f* € £ + k(K U Ky) and Hf*l < 2C, . Also, clearly

* = * =
hif lx = 1 .and f IKO =0 . Then
0 = f*dy = | f*dy + f£*d
IF H jK H jF-v(KUKo) H
= (K)| = f*d < 2Cy . &9y = &
[ | |jF-v(KUKO) d v 2Cy
Since ¢ 1is arbitrary, we have |[u(K)| = 0 for all closed
sets K« F . Now, by regularity and the definition of |u| ,
we have |p|(F) = 0= p =0 . So, by 2.11(c) and since

AlF is closed, we have A'F = C(F) .

(2) Secondly we show that every measure, u € At , 1is

supported on T . Take F and V as in (1). Then F and
X ~ V are two disjoint closed sets. So, by (e), 3f € A
such that f|F = 1 and f|X~V = 0 ., Then the measure fy
annihilates A , (2.13(b)) , and is supported on V . Since

VeXx~T, we have, by (1) : A‘V = C(T) . So

Fu L C(T) = fu = 0 (2.11(c)).

However flF = 1= fu(F) = u(F) = 0 . By regularity again, we
have |u[(X ~T) =0 . Thus u 1is supported on T , as
claimed.

(3) Finally we show : u € Al = u =0 . Thus by 2.11(c) ,

A = C(X) |

' m
By (2): u€A and fE€A=0 = fyfdn= fpfdu =2 £Oq) nlxy) .

By the separation property, we have, for i = 2, ..., m ;

fi € A such that

"won
%
H
g
®
3
H
n
4
_ H
H
=)
m
T
ja)
3
[aB

B 1,x
f; (x) = {O,X X, ' £, f,...
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So 0 = l IT Eldul = I I{xl}du l = I]JI{Xl}
Similarly |u[{x3}=0,1i=1,2, ..., m = |u|(T) =0=>u=0 as

required.



110

BIBLIOGRAPHICAL NOTES

CHAPTER I

Our definition of a uniform algebra is taken from Gamelin {2117.
This coincides with the definition of a uniform algebra in
Stout [29] and the definition of a function algebra in Browder
[11. Stout, in fact, defines a function algebra in a slightly
wider sense, which does not however ccincide with the definition
of Browder, in the case of a compact underlying space, since
the condition of uniform closure is missing. The predecessor
of these notions is probably the "sup-norm algebra" as defined
by Hoffman in [31]. To be found in [1] are section 1.4, the
notation invoiving ' and A and the first part of 1.6(g)

The second part is taken from Professor Kotzé's notes [5].

The work of 1.6(i) is mainly our own, except the isometric

isomorphism, P(T') = P(A) , which is mentioned by Browder.

CHAPTER II

The initial Measure theoretic definitions are taken from Halmos
[8] and Taylor [9]. The proof bf 2.3(c) is substantielly due

‘to Professor Kotzé. The proofs of 2.3(d), (e).and (f), although
probably well-known, are our own. The compatibility of

various definitions and results taken from different sources

was carefully investigated and comments with regard to this
‘occur in several places in the text, particularly in section 2.4.
The definition of integrability is that of Halmos, while its
extension to complex measures follows the outline of Taylor.

The proofs of 2.5(c) and (d) are our own, as are the comments

in 2.6(d). In 2.7(a), we generalize a result which appears

in Bartle [7]. The proof of the uniqueness in 2.7(g) is our
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own, as is the method of using Lusin's theorem in 2.8(a) to
obtain the norm property. The results of sections 2.9 to
2.14 inclusive are outlined in Browder [1], with the exception
of the proofs of 2.13, which are our own. Sections 2.15 and
2.16 elaborate on the outline given by Gamelin [21], which
excludes our proof of 2.15(d). The proof of 2.17(b) is our

own, while that of 2.17(e) appears in [21].

CHAPTER III

The definitions of peak sets and generalized peak sets (and
the notatien "p-gsets") are those used by Gamelin [21], The
approach to the main result, 3.3(h), which was first proved by
Glicksberg [26], is, with some modification, basically that

presented by Gamelin in [21]. The remark (3.3(k)) about

topologies of p-sets, appear in Browder [1] . The proof given
is our own. The results about peak points in 3.4 stem mainly
from work by Bishop [28] . In Browder [1], result 3.4(d)

actually preeedes 3.4(c)

CHAPTER IV

The notation ahd approach to Bishop's Theorem are basically
those of Browder [1], with the exception of 4.1(h) which
appears in Gamelin [21].  The actual theorem, 4.1(m), is
originally due to Bishop [28], who was the first to make
extensive use of the Cauchy transform in the area of Rational
approximation. The formulation of T-invariance is presented
by Gamelin in [25].  The investigation of T-operators and

the T-invariance of R(K) and A(K) (a fact stated without
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proof by Gamelin in [25]) contains elements of arguments
from both Gamelin [21] and Browder [1]. Bishop's theorem
for T-invariant algebras is stated in [25], where an outline
of the proof appears. By means of results 4.4(a), (b) and
(e), which we have proved independently, and 4.4(c) and (d),
where we have generalized results appearing in [1], we are
able to'present a full proof. The comments in H.SQ with
the exception of 4.5(b), where we generalize a result of

Hartogs and Rosenthal [30], are mainly ours.

CHAPTER V
)

. As stated in the text, this idea originates with Gleason [16].
The approach in 5.1 is basically that outlined by Browder [1]
and the definition of Gleason parts is the original one, which
arises naturally, rather than given by Gamelin [21]. The
well-known result, 5.2(a), may be found in [1] and the main
charaéfé;ization theorem, 5.2(b), contains arguments from both
[1] and [21] . The remainder of section 5.2 follows the
outline of Gamelin [21], which arises mostly from work by
Bishop [33]. We generalize a result of Arens [32] in 5.3(a)
The proof of 5,3(b) is our own, whereas 5.3(c) may be found in
[i]. Results of 5.3(d), (g) and (h) are generalizations of
those found in Wiiken [34] and [35].  The formulation of
Bishop's theorem in 5.3(f> is suggested in Stout [29]. The
proof of 5.3(i) generalizes the argument outlined in Gamelin

[21]. This and most of the other results in this section are

stated without proof in Gamelin [25].
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CHAPTER VI

The definitions we give for M-singularity and M-absolute

- continuity are those of Glickberg [20] rather than those of
Gamelin ([21], II, 7) although, as Gamelin points out, the

two approaches coincide in our context. The proof of 6.1(c)
contains elements of arguménts from both Glicksberg and Gamelin.
A form of 6.2(a) was first proved by Forelli [22] in the
context of Dirichlet algebras, a subject with which we do not
deal. The statement we use is due to Glicksberg [20] and the
proof, although modified somewhat by us, is essentially his.
The classical F., and M, Riesz theorem appears in [23].

The statement and proof of 6.2(b) is essentially that of
Glicksberg [20]1. This followed on work by Ahern [27]1. It
can be shown (see [21] II, 7.10 or [1], 4.2.4) that the
classical result follows from the abstract result. The
Decomposition theorem (6.2(d)) appears in [21] and our proof
follows the outlihe of the proof given there. Results 6.3(a),
(b) are mentioned in both [20] and [21]. Result 6.3(c) is
stated in [20] and 6.3(d) appears in [21] . In 6.3(e) we
have generalized a result of Wilken [24], to apply to
T-invariant uniform algebras. The statement of 6.3(f) is
given by Gamelin [25] without proof. The proof we give

follows naturally from the results previously developed.

CHAPTER VII

As mentioned in the text, the main result is due to Glicksberg
[17]. The proof given here appears in Stout [29] and is

based on the work of Katznelson [18]. Only the generation
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of a sequence of polynomials as described in 7.1(e) is our
own. The lucidity of this section is due to the exposition
thereof by Professor Kotzé in the M.Sc. seminar on uniform

algebras, held during 1976 at the University of Cape Town.
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