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Chapter 1

The Canonical Description of
Conserved Quantities

1.1 Introduction

In this work the methods of exact quantum number conservation in statistical mechanics are
discussed and applied to the field of high energy nucleus-nucleus collisions. Various types of
ha,d;onic gas models are discussed as well as their merits and restrictions. Attempts to con-
struct a phénomenological equation of state for nuclear matter are discussed in the context

of the phase transition from hadronic matter to the quark-gluon plasma (QGP).

The fundamental difference between the nonrelativistic and relativistic scenaria is that
whereas in the nonrelativistic limit particle numbers are conserved since the energies com-
pared to the masses of the particles are small, in the relativistic case particles can be created
from kinetic energy. Thus, in the relativistic scenario the conserved quantity is the conserved
charge (e.g. bafyon number, electric charge or strangeness which is usually dealt with by
introducing a chemical potential), and not the particle numbers themselves which can take
on all possible combinations provided that the charge ¢ remains fixed. It is clear that all
conservation laws can be treated grand canonically by the introduction of a chemical potential
for each conserved charge but in view of the number fluctuations inherent in this formalism
it seems neccessary to employ the canonical formalism -which conseﬁ/es the charge exactly-
and to compare the results.

In the following section the partition function for a free, pointlike gas subject to the

constraints of conserved baryon number B and strangeness S will be discussed. This is

5



6 CHAPTER 1. THE CANONICAL DESCRIPTION OF CONSERVED QUANTITIES |

of interest because these quantum numbers are conserved by the strong interaction which

dictates the physics of high energy heavy ion collisions.

1.2 Exact Baryon and Strangeness Conservation

The way of incorporating quantum number conservation in statistical mechanics is to restrict
the statistical trace to only those states having the required quantum number(s). This may

be done by defining the Restricted Partition Function
1 2 . —
Zo(T,V) = 5= [ 46 exp (~iQO)Z(T,V,9)

where @ refers to the (fixed) overall charge the gas possesses and Z(T,V, ¢) is the function
obtained by substituting ¢ = —ifp in the usual statistical trace.\ Here g is the chemical
potential conjugate to the conserved charge(s). A derivation of this result may be found in
(1],]2]. The extension to non-Abelian symmetries is possible, see (1], [3].

The starting point of the analysis is the partition function as presented by Hagedorn and
Redlich [4]. The partition function differs from the one above in that now two quantum

numbers Q1,2 are conserved so two angles ¢ and ¥ are required:
1 2r . 1 27 . —
Zaua(TV) = 5 [ 46 exp (<i@ue) - [ av exp (<iQ2¥) Z(T, Vi, ¥)

An extension of this work may be found in [5]. The methods of exact quantum number
conservation for the cases where the gas is composed of particles having baryon number
plus/minus one and strangeness plus/minus one, two or three will be investigated in the
following sections. These quantum numbers correspond to the charges ¢y and ¢z above. A

shorter version of the mathematical results presented here may be found in [6].
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1.2.1 Case 1: Baryonnumber=+1, Strangeness=4-1

Starting with the basic integral as presented by Hagedorn and Redlich with the angle ¢
labelling the baryons and ¢ labelling the strange particles and assuming Boltzmann statistics
one has for the canonical partition function Z} (T, V) (where the subscripts imply that one
conserves B and § exactly and the _uperscript refers to the case where only particles with

|strangeness| = 1 are included):

Zs(TV) = Zoge [ d6exp(-iS6)5- [ v exp(-iBY)
-exp (Zx(exp (i6) + exp (=i)))
~exp (Zn(exp (1) + exp (=¥)))
exp (Zy (exp (i(p ~ ) + exp (=i(¥ = 9)) 1y

Here Z;(T, V) is the sum of all the one particle partition functions evaluated in the continuum

limit corresponding to those particles having the same quantum numbers e.g.
Zxk =72k + Zkv + ...
IN=ZN+ Za+ ...

Zy =20+ Zar + ...

Explicitly, the one particle partition function for a given species of mass m; and degeneracy

g; in a volume V at temperature T is given by:

2:(T,V) giV_[: (';153 exp (-¢/T)

my

I ym?
Vm TKz( T

272

where K3(x) is the modified Bessel function of order 2. Thus one has for the partition function

2L (TV) = Zom- [ d ise) L [a B
»B,s( V) = 0“2‘;/0 ¢ exp (—1 ¢)§;/] ¥ exp (—iBy)

-exp (2Zk cos (@) + 2Zy cos (¥) + 2Zy cos (¢ — ) (1.2)
Zo is the multiplicative part originating from those particles not possessing either of the

quantum numbers e.g. the pions. The introduction of a “1” in the form of a Delta function

allows the decoupling of the angles ¢ and ¥ which would otherwise prevent the integral from
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being solved analyically for the case where the strangeness is plus/minus two or three,

We make use of the following (Fourier) representation of the Delta function:

é(z) = -21”— i exp (inz)

-0

Choosing the variable z to be ¢ — ) — a one obtains

zh o(T,V) = Zo 5 | d¢ exp (~iS$) 5= / i exp (—iBY)
exp (2ZK cos (¢) + 2Zn cos () + 2Zy cos (¢ — ¥))
E / daexp (in(¢ — ¥ - a)) (1.3)

N O

Making use of the delta function one may now decouple the angles for the hyperon particles

exp (2Zy cos (¢ — 9)) = p: / da exp (in(¢ — ¥ — a))exp (2Zy cos (a))
= i exp (in(¢ — ¥))n(2Zy) | ‘ (1.4)

where use has been made of the integral representation of the Bessel function of order B:

an '
Ip(x) = 57 Jo df exp (z cos (§)) exp (—iB6) .

Thus one has for the partition function

° 1 2n ) )
Z}B,S(TJ/) = Zy E 27 Jo do exp(—15¢ + ing)

T =00

1 2T . .
5 ) di exp (—1 By — iny)

-exp (2Zk cos (¢p)) exp (2ZN cos (¥)) (1.5)

and performing the integrations one is left with the result

Ths(T,V) =2 3 @25 (22K)Ip4n(228) (1.6) -

Tiwm = OQ
It is important to realize that the overall strangeness of the gas has the arbitrarily large value
S and is composed (in this case) of particles having |strangeness| = 1 i.e. the kaons and the

hyperons.
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The canonical partition function for a gas with two conserved charges has been evaluated.
The question now is how to obtain the particle numbers; in the usual canonical formalism
where charge is not conserved the particle' ﬁilmber is fixed by éonstruction, here the overall
- charge of the gas has been fixed so how does one obtain these numbers? They can be obtained
by introducing an additional chemical potential for each particle sort and then making use

of the standard grand canonical method to project them out:

T 7062
N'"'z'('a;:-)

here N; is the particle number conjugate to the chemical potential u; i.e. one treats each

(1.7)

;=0

particle sort as if it were a conserved quantity. Notice that all the chemical potentials have
been set tb zero after differentiation: this has to be done so that one remains within the.
- canonical formalism. Thus one has the rule that with respect to particle numbers one has to
use the graﬁd canonical description while for the conservation law one has the choice between
the grand canonical and the canonical formalism [4].

Using the above prescription the particle numbers follow as:

i) = 202KV S L0z (220 s (225)

K
? TLER 0D
Z o
(N%) =2y —-]-\ig’—v—)- E L,(2Z2y) I+ B+1(2ZN)Is-n(22k)
Zy(T,V) &
(Ng) = Zo —Y-'-%’—-)- 3 Li1(22Zy) Ly B(2Z8)I5-n(22k) (1.8)
. Tl == 00

The results presented above may be found in [7] They were used to predict strange

particle abundances in small volumes of hot hadronic gases in F-nucleus anmnihilations.
1.2.2 Case 2: Baryonnumber=+1, Strangeness=42

In this case one includes the Z and Z which have strangeness F 2 respectively: the Z= term
in the partition function now contains the angle 2¢. The partition function in its integral

form reads:
27 2m
23 (T, V) = Z -1-. / 4 exp (~i59) 5 S / dy exp (~iB)
-exp (2Zk cos (@) + 22 cos (3
-exp (2Zy cos (¢ — ¥) + 2Z= cos (¢ — 2¢)) (1.9)
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Before decoupling the angles ¢ and % it is uséful to separate the angles of the Zz term

into exponentials which enables one to use an alternative generating function of the Bessel

polynomials :
o

exp (%(t + -1—)) = ) t"Iy(z)

== o0

Setting £ = 2Z= and exp (i(¥ — 2¢)) =t the result for the partition function follows

27 27
Zs(T,V) = Zog- [ dbexp(-ise) o [ av exp(-iBy)
-exp (2Zk cos (¢) + 2Zn cos (V) + 2Zy cos(¢ — ¥))
LS In(2Z2) exp (im(y — 26) (110)

Introducing the Delta function to decouple ¢ and 9 again one obtains

255(T.V) = Zo Y, In(2Zg)

Mme=—00

=) 27
. Z 2i7r/0 d¢ exp (—i(S — n + 2m)¢)exp (2ZK cos(¢))
o= 02" dy exp (=i(B + n — m)p) exp (2Zy cos ()

1 por .
57-;/ da exp (—ina) exp (2Zy cos («)) (1.11)
0
and thus the partition function reads in closed form:

[>]
25 5(T,V) = Zo Y In(2Zz)

m=-o0
o0

Y Isent2m(2Zk) B on-m(2ZN) 10 (22y) (1.12)

n=-=oo

The particle numbers follow as

(N%) - ZO’ZK—(ZT’”Y_) i Im(zz?_:'.) i Ini:l—S-—Zm(zzK)

-In+3_m(2ZN)In(2Zy)

MR =00 TR 00

Zn(T,V) & 3
2 N(Z: ) S 1222) S Tncams(22k)

JotB-m71(2ZN) 1. (22Zy)

=
l

TRLER = OO =00

ey = 22TV S 102 S Leams(22x)

=/
¥ Z mE—0oQ n=—oo

'In+B-m(2ZN)In:i:1 (2ZY)
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Z(TV s

(Ng) = Zo==3— 3 In(2Z2) E In-am-s32(2ZK)
- T s 00 - 00
-In+3-m;1(2ZN)In(2Zy) , (1.13)

One sees that two infinite sums appear: one from the Delta function and the other from the

generating function of the Bessel polynomials.
1.2.3 Case 3: Baryonnumber=%1, Strangeness=13

This is the most complete case since now all the particles of the hadronic spectrum may be

included in the gas.

From first principles one has for the partition function in its integral form:
2 1 27 .
55(T,V) = Zo 51—/ do exp (—15¢) -—/ dy exp (—iBY)
E / da exp (in(¢ — v — a))

n—-oo
-exp (2Zx cos (¢)) exp (2Zn cos (¥)) exp (2Zy cos (¢ — ¥))
<exp(2Z=cos (2¢ — ¥) + 2Zq cos (3¢ ~ ¥)) (1.14)
Performing the integrations one obtains for the partition function
og o0
23 (T, V) = Zo ) I(2Z=) ) In(2Zq)
k=00 5 OO
o
© Y In(2Zy )Is-n-2k-3m (2ZK ) B tntk+m(2ZN) (1.15)
N =00
The particle numbers follow as
Zg(T,V) & al
(Wg) = 2220 S Rz Y Lez)
ko0 n=—00

’ E IS:f:l-n-?k—Sm (2ZK)IB+n+k+m(2ZN)Im(2Zﬂ)

TILES e OO

(Ny) = ZO%Z& f; Ik(22=) f; I,(2Zy)

==00 n=—o0

212

E IS—n~2k—3m(2ZK)IB+n+k+m=F1 (2ZN)Im(2ZQ)

T 0Q

)’ = Zy Z}’(T V) E I(2Z"") E In:f:l(2ZY)

k=—o00 . N=—oo

(N

i~

Z Is—n—2k-3m+1(2ZK)IB4n+k+m+1(2ZN)Im(2Z0)

T2~ 00
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Z- T,V
) = ( ZL.V) Z Ix(2Zz) Z Ind:l(zz}’)
k=00 . n=-=00

Z IS—n—-Zk—3md:2(ZZK)IB+ﬂ+k+m 1(22\’)[,,—,(229)

TR= O

(N

8] |G

(Ng) = Z“(T V) Z L(222) i Lns1(2Zy)

k==—0q =00

oQ
Y Isn-ak-3m23(2ZK)IBnikims1(22N8)In(2Z0) (1.16)

mz=—00
One infinite summation comes from the Delta function whereas the other two come from

decoupling the multiple angles 2¢ and 3¢ respectively.

This section concludes the derivation of the particle numbers in the exact baryon number and

strangeness formalism. The results will be used in the section “Hadron Gas Models” where

particle numbers will be predicted which originate from the thermalised gas produced in the

collision of nuclei.

1.3 Convergence Properties

The canomnical partition functions for a gas with two conserved charges have been derived.
One may choose one of three partition functions: Zj (T, V') is the one to use if one wishes
to consider a gas where the strangeness is carried only by the kaons, ZZB’S(T ,V) is the one
if one includes = (and kaons) and Z%‘S(T, V) is the one to use if one includes the & (and =
and kaons). The equations for the respective particle numbers involve at least one infinite
summation over indexed Bessel functions. The question is how useful are these expressions;
can they be evaluated numerically?

In the following figures the magnitude of Z}% s(T,V)/Zy is plotted against the running index
n. The gas was composed of 56 particles including antiparticles. Clearly the convergence of
the series is very rapid and the summation is centred about the index n = 0; see Figure 1.1.
Figure 1.2 shows a similar plot, this time for a gas having baryonnumber 5 at the same tem-
perature and volume. The magnitude of the partition function decreases markedly and the
summation becomes centred around small values of negative n. Figure 1.3 is the result of a
calculation performed in a larger volume thus increasing the arguments of the Bessel func-

tions. Although the magnitude of the partition function increases dramatically, convergence
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30
T = 180 MeV
B=0
261 V = 20 fme+3
20t
16}
10+
6.—
o 1 d [ ] ] ’ s J 3
-5 -4 -8 -2 -4 0 1 2 8 4 &
, n

Figure 1.1: Magnitude of ZIB,S(T, V)/Zy as a function of index n for a baryonless and zero
strangeness gas at T = 180 MeV and V = 20 fm®. Taken from [6)].

is still very rapid.

Further investigation showed that the largest terms in the sum were centred about the neg-
ative value of B chosen. Only a few iterations of the index n were neccessary to obtain
accurate results: for a given value of B it was sufficient to sum from B — 10 to B + 10. For
the Z%,S(T, V) particle numbers this already meant at least 8000 sums of Bessel functions;
the computer time increased dramatically when calculating particle numbers derived from
Z:sB,S(T, V) compared to ZZB,S(T, V). The differences in particle numbers these equations

predicted will be demonstrated in the next chapter.
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0.12 - ,
T = 180 MeV
B=5
0.1+ V = 20 fm+*+3
0.08 -
0.08 |
0.04
0.02+
o ! ' § e - 1 -
-8 -4 -2 0 2 4 n 8

Figure 1.2: Magnitude of Z} (T, V)/Z as a function of index n for a gas with baryonnumber
5 and zero strangeness at T’ = 180 MeV and V = 20 fm3. Taken from [6].

1.4 Finite Volume Effects

A direct consequence of imposing exact quantum number conservation is that particle num-

bers are not additive i.e. the usual relationship that
N(V1) + N(V2) = N(V1 + V3)

is not fulfilled for finite volumes. This can easily be seen from equation (1.8): consider the

number of kaons in two volumes V] and Va.
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140
T = 180 MeV
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V = 100 fme*+3

100

80+

60

i

40

20+

0 i .!] ]f-L —d

-6 -10 -5 0 5 10 R 16

Figure 1.3: Magnitude of Z} 5(T,V)/Zo as a function of index 7 for a gas with baryonnumber . . -
5 and zero strangeness at 7' = 180 MeV and V = 100 fm?. (Note magnitude of ordinate).
Taken from [6].

One has
() + ) = 2D S 02y (M) L 220 (M) s -r (225(4)
422KV S 1 02y (V2)) s 52 (V) - (22(VD)
Z(T, (Vi + V2)
# Zo <K 7
* E In(2ZY(I/1 + I/2))-111.+B(2ZN(.V1 + V2))IS—n—-1(2ZK(‘/1 + VZ))

(1.17)

The one particle partition function Zg (7', V) is linear in the volume and in the usual canonical
formalism this allows particle number additivity but in the case above the infinite summations

prevent this; the sums can be understood as “correction factors” to the usual canonical
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particle numbers.

Indeed, the correspondence between the exact B and S partition function Zp g(T,V) and
the grand canonical one has been established to be exact by Hagedorn and Kedlich [4] in the
limit of large B and 5. |

1.5 Conclusion

The partition function for a gas with two conserved quantum numbers has been presented in
closed form, albeit as infinite sums over Bessel functions. Numerically, these sums turn out
to converge rapidly -even for large volumes.

This section then concludes the derivation of the particle numbers in the exact B and 5
formalism; the results will be used in the following chapter where particle ratios will be

predicted which originate from the thermalised gas produced in the collisions of nuclei.



Chapter 2

Modelling Particle Production In
Ton Collisions

2“.1 Hadron Gas Models

Experiments performed at accelerators yield, amongst other things, information about parti-
cle numbers produced at chosen projectile energies and target. The question arises whether
one can model these observed numbers in an equilibrium statistical picture: does it make
sense to attemp‘t to model a process occuring in a very small volume ( of the order of mul-
tiple nuclear volumes ) and over very short periods of time? The predictions of statistical
mechanics after all are expected to apply firstly in the infinite volume limit and secondly
ensemble theory presupposes the validity of the ergodi¢ theorem !. This then raises the inter-
esting question whether processes occuring in very short periods of time sufficiently populate
all the microstates of the ensemble so that statistical physics applies to the macrostate or
whethér certain subsystems are populated preferentially and a bias towards these states is
observed in the result. Simulating nuclear collisions with nonequilibrium thermodynamics is
a formidable task: one has to know the cross-section for each possible process in order to
construct the rate equation. In this work only equilibrium techniques will be assumed.

Statistical modelling of particle production has a twofold aim: can the observed particle
numbers be accomodated in a thermodynamical picture (of a free relativistic gas, or at least
nearly free) and if so, what can one learn about the process i.e. what is the temperature
of the gas and what is its baryon density and furthermore, should the predictive power of

the model fail only for strange particles, does this indicate the formation of the quark gluon

1This states that the time average of an observable may be replaced with its ensemble average.

17



18 CHAPTER 2. MODELLING PARTICLE PRODUCTION IN ION COLLISIONS

plasma in energetic collisions [8],{9] ?

The experimental support for the thermodynamic picture comes from the measured particle
spectra from which one can then dedeuce the temperature [10]. Plotting mt-Ts dn/dmy; vs
m; ( with m; being the transverse mass normalised to m; = m for all particles ) shows the
exponentially decreasing trend as predicted by the differential Boltzmann density. This is
the proof that thermal models provide a good first approximation to the particle production
rates as observed in collisions and that a common temperaturé may be used to describe all
the species in the gas. Information about the volume of the fireball system can be obtained
from interferometric methods. The baryon chemical potential used in grand canonical models
can be obtained from the 7_’% ratio. The overall zero strangeness of the gas fixes the strange
chemical potential. Thus,'in principle, all the parameters néeded to employ free gas models
are avajléble from experiment. Interacting gas models require more parameters ( strengths
of interactions etc. ) but these are also experimentally known, albeit often only for normal
nuclear matter. In this work all parameters required are fitted to reproduce the observed

particle ratios and none have been extracted directly from experiment.

2.2 Hadron Gas Models in Action

The motivation for hadronic gas models has been presented in the previous section. At this
stage we wish to investigate how successful they are. There are then three formalisms in
" statistical physics at one’s disposal with which to model the processes where baryon number

and strangeness are conserved:
e grand canonical. Variables are up, ps, T’ as used in {11]
e mixed canonical. Variables are ug, S, T as used in [12]
e canomnical. Variables are B, S, T,V

where pup is the baryon chemical potential and ug is the strange chemical potential. 5 is
the strangeness of the gas, B the baryon number, V' the volume and 7" the temperature. We
will investigate the canonical formalism where baryon number and strangeness are conserved
exactly and compare it to the grand canonical approach 'which is generally used to predict

particle ratios or multiplicities. At this point it is worthwhile to stress that the grand canonical
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formalism explicitly deals with conserved quantities of a given species. This can be seen

directly from the thermodynamical trace

Z=Tre:@;ﬂl

where the chemical potential governs only the conserved quantities and not the particle
numbers as a whole. Thus, in the framework of the thermal models, pions, which are not
assigned a chemical potential because they do not carry either strangeness or baryon number
are produced proportional to the temperature,

The assumption made when using these models is that relative chemical equilibrium exists.
This means that chemical reactions are taking place at the same rate both in the forward
and reverse direction. This is the basic assumption of equilibrium statistical mechanics.
Thermalisation means that the particles produced in the fireball have interacted sufficiently
so that a common temperature may be used to describe all species in the gas. Thus thermal
equilibrium means that the particles’ momenta are distributed according to the equilibrium
statistical mechanics and chemical equilibrium means that the abundances are dictated by
the particles’ statistical weight. The question whether thermalisation indeed occurs has
recently been addressed by Davidson et al. [13] who found that an equilibrium statistical
model with hadronic interactions incorporated in a mean field way reproduced the WA 85
and NA 35 data; only the pion multiplicities remained a problem: the modelé predicted less
than observed. The problem of the pion multiplicities will be addressed in the next sectioﬁ.
Finite size effects incorporated by modifying the phase space volume element td include
surface and linear terms in the momentum distribution were found to be small because the |
volumes were of the order of 500 fm®. That the system becomes thermalised seems to be
a weaker requirement than chemical equilibration; the time scales for the two processes are
very different. It seems plausible that thermal equilibrium is attained far more rapidly than
chemical equilibrium; for thermal equilibrium one requires an interaction between particles
of any type whereas for chemical equilibration certain reactions are required for which there
may not be enough time so that full equilibration is attained. However, the successes of
these models in predicting observables gives one faith in the statistical picture provided
that it includes the basic physical requirements: baryons are extended objects and volume
corrections play an important role in fixing e.g. ‘the haryon density; it is unrealistic to use

point-like particle expressions when dealing with extended objects. For temperatures of the
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order of hundreds of MeV’s resonance production and decay into pions and kaons must be
included as a basic ingredient. It is important to note that because hadronic gas models
presuppose equilibration - both chemical and thermal - all information about the early
history of the fireball is lost. The predictive power of these models is restricted to the very
last instance of the fireball’s existence; the freeze-out. Experimental data very different from

model predictions could point to
¢ model deficiency: no equilibration
e violent reactions in the fireball (fragmentation, hot spots, j.ets)
¢ QGP production in early phase of fireball’s existence

Information about the early history of the fireball is mediated by particles that do not inter-
act with the secondaries and thus retain their ‘memory’ of the early period. The dileptons
are such particles -they are essentially a clock for the hadron gas lifetime- but their spectrum
(which is modified by the existence of the fireball) is experimentally ambiguous [14].
A strength of these models is that they allow calculation of densites other than the 4r
value. This can de done by changing the spherically symmetrical momentum distribution
d®p = 4mwp?dp to a cylindrically symmetrical one corresponding to the experimental setup:
d®p = 2rp;dp.dp (with E = (/m?+ p? + p?) and infinite integration over the longitu-
dinal component of the momentum (p;) is understood. The lower bound on p; can then be
set to the experimental p; cut. This is an advantage these models have: one can quite easily
investigate the particle production in a specific dynamical window. Not only is the exper-
imental data not the 47 value, it is also measured in a specific rapidity window. This has
an important consequence: the temperature obtained from the m; spectrum is thus only an
effective temperature applying to the particles at midrapidity —at first sight. However, if one
invokes the Bjorken picture [15] of particlé collisions, the p; spectrum of particles produced
is independent of the rapidity y. It is clear that the under this assumption the experimental
data measured in a specific window will differ from the y-integrated data by a constant factor.
Given the overall success of the Bjorken model, let us see how these statistical formalisms
perform when one attempts to reproduce the experimental data if one makes this assumption.
The experimental situation at present is as follows: at ISR energies ( p-p collisions ) at

midrapidity the K/7 ratios were approximately 11% [16]. The E 802 Collaboration at BNL
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[17] have measured the K/ ratios in the central rapidity region of Si-Au and Si-Cu collisions
(14.6 GeV per nucleon) to be:

+
A 19.2£3%
T
T =36£08%

and at CERN the WA 85 [18] and NA 35 [19] collaboration ( 5-W and S-S collisions respec-

tively ) measured the following strange baryon ratios :

A

X—19:1:1%
\ é" :

= =36+ 7%

The K~/ and A/A ratios do not show significant increases when one goes from p-p to
heavy ion collisions, however the K* /7 and Z/Z ratios do. The question is whether one can
understand these increases as a volume increases in the statistical picture.

The K/7 ratios can be reproduced using a hadron gas model with the parameters 7=100
MeV and baryon density ng ~ 0.1/fm?® although the error bars on the data allow values
of 0.02< ng < 0.17, see [11]. The CERN data obtained at the higher projectile energy of
200 GeV per nucleon can be acommodated at a larger baryon density of ng ~ 0.12/fm?® and
a higher temperature of approximately 180 to 200 MeV. Note that the higher temperature
neccessarily implies a greater meson density as this grows proportional to 72 in the mass-
less limit. The models used to predict the particle ratios are typically grand canonical with
respect to baryon chemical potential and strange chemical potential [11] or mixed canonical
e.g. exact strangeness conservation and grand canonical with respect to baryon number [12]
and [20]. This can be justified provided the baryon number of the gas is sufficiently large
so that the particle number fluctuations inherent in the grand canonical formalism are not
important. When investigating the particles produced in p-p collisions, it is not justifiable
to use the grand canonical approach; this has been advocated by Hagedorn for some time
[21]. The concept of an infinite heat bath of baryons and mesons is clearly not sensible when
dealing with a gas of baryonnumber two.

The production of strange baryons in a small volume is not favoured since these are relatively
massive particles (~ 1 GeV) and secondly they have to be accompanied by an antistrange
baryon or meson making the total expenditure in energy not less than 2 GeV. As the in-

teraction volume increases it becomes easier to produce these particles and one explains the
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observed increase in antistrange baryons to strange baryons as one collides heavier nuclei this
way. Kaons are light strange particles produced significantly in p-p collisions but even more
so in heavy ion collisions; in excess of a factor of 1.5, even when";‘,hc data is rescaled. This
can be explained by assuming a greater interaction volume for the gas as well as noting that
the strange chemical potential increases rapidly with increasing baryon chemical potential
thus leading to a greater production in the number of K. Conséquently, as the baryon
content in the gas increases, the K~ /7~ and Kt /77 ratios diverge. Figures 2.1 and 2.2
are the K/ ratios obtained from a grand canonical hadron gas model with three hard-core

radii and temperatures, taken from [11]. As can be seen, the grand canonical approach can
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Figure 2.1: K/7 ratios in grand canonical model as a function of baryon density np and hard
core baryon radius R. Taken from [11].

be justified for heavy ion collisions; the data measured can be fitted quite well. Figure 2.3
shows the exactly conserved baryon and strangeness result with the variables temperature,

volume and baryonnumber. The plot comes from [6] with the Si-Au data point corrected, in
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Figure 2.2: K/7 ratios in grand canonical model as a function of baryon density for two
temperatures T'=100 MeV and T=110 MeV. Taken from [11].

the published paper the volume was calculated incorrectly.

The grand canonical formalism can clearly be justified in the case of Si-Au and Si-Cu col-
lisions but small volume effects are manifest in the p-p, p-Cu results. To reproduce these
results the mixed canonical or B, S exact formalism is neccessdry. For a fixed baryon density
ng = B/V but B,V — oo one obtains the grand canonical results since particle fluctuations
in the grand canonical ensemble behave as ﬁ

The freeze out volume for the reaction system is obtained by considering the following geo-

metrical picture: a given projectile of radius Rp and mass number Ap bores a volume V;,

out of the target given by :

2 1
Vi = TRp2Rr = 3VoAb A} @.1)
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The target is labelled with the subscripts T and V; is the volume of a baryon. The baryon

number B inside this volume is

_ Vin
B=Ap+yiAr (2.2)

After the collision the system expands up to the freeze out time after which the hadrons

cease to interact. This expansion is characterised by the parameter a. The pointlike baryon

density nY is given by

B

"B = aVin (2'3)
and the extended baryon density npg is given by
B

(2.4)

"B= aVim + BVo

which follows from reducing the available pointlike volume by B times the volume of a baryon:
Vpoint-like =V — BVo ~(25)

For a baryon density of 0.1/fm® the expansion parameter and freeze out volume (given by

a - V;,) can be determined:
1. Si-Au collisions: a =4.95, freeze out volume Vg;_4,= 398 Vj
2. p-Au collisions: a =4.1, freeze out volume Vp_4,= 36 Vo
3. p-Cu collisions: a =4.3, freeze out volume V¢, = 26 Vo
4. p-p collisions: a =7.3, freeze out volume V,.p,= 7 W

For the p-p collisions we took V;, = Vp with B = 2,

The results obtained for K~ /x~ and Kt /7% ratios using the particle numbers derived from
the Z%,S(T, V) and Z"’B’S(T, V) equations is presented in Figure 2.4. The curves cannot be
disentangled at at large volumes however at small volumes the production of an {2 has to be
accompanied by at least three kaons, that is why the K% /r* ratio increases more rapidly
than in the strangeness=+2 case. One observes a slight decrease in the K+ /7% ratio, as
calculated with 124 resonances (cut-off mass about 2 GeV) when compared to a hadronic

gas containing 56 resonances (cut-off mass about 1.6 GeV). This can easily be explained by
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Figure 2.3: The K*/nt and K~ /7~ ratios as a function of the interaction volume. The
experimental points are plotted with their quoted error bars. Taken from [6].

the fact that massive resonances have more pions than kaons in their decay products, thus

reducing the K*/n* ratio. See Figure 2.5.

Consider now the abundance of strange baryons as measured recently by the NA35 and
WAS85 collaborations at CERN using a beam of sulphur ions at an energy of 200 GeV /nucleon.
Figure 2.6 is a plot of the =~ /A and the Z-/A ratios as a function of the baryon number B for
a fixed net baryon density (ng = 0.1/fm?) and a fixed temperature T and using the exactly
conserved baryon and strangeness formalism. The ratio as calculated in a gas containing all
hadronic resonances up to a cut-off mass of approximately 1.6 GeV, (curve denoted 56) and
for a gas composed of 124 hadronic resonances (including antiparticles), corresponding to a
cut-off mass of about 2 GeV is presented. As can be seen from the figure the 7 /A and the

Z-/A ratios do not depend strongly on the hadronic resonances with masses above 1.6 GeV.
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Figure 2.4: Comparison of K/ ratios derived from the Z} (T, V) and Z§ ¢(T, V) equations
as a function of the baryon number B at fixed T and baryon density (0.1/fm?).

For the A/A and the /= ratios one finds the following: for small volumes the A/A ratio
tends to zero because the A can be produced with one accompanying K while the A requires
more accompanying particles in order to conserve strangeness as well as baryon number (e.g.
AXK versus ANNK). In a small system therefore the A/A ratio has to go to zero. This is not
the case for the Z/Z ratio which approaches a finite value as the volume goes to zero. In this
case the = can be compensated by two A’s (WAA) while the = can be compensated by two
kaons (VK K). From the formulae given in 1.1.2 one obtains (§ = 0):

Ims ~ I Faanany
[zy(T, V)] : [m§<x2(1ﬂjx)]2
Zx(T, V)| — | m&Ky(BK)

1

This is shown in Figure 2.7.
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Figure 2.5: Comparison of K/ ratios derived from the Z} 5(T,V) equation as a function of
baryon number B at fixed baryon density (0.1/fm?) for different compositions of the hadronic
gas: 56 and 124 resonances. Taken from [6].

Figure 2.8 and Figure 2.9 show the A/A and Z/Z ratios respectively. The curves labelled 5
have been calculated for a hadronic gas containing only the stable particles (K,N,A,X and
Z) while the curves labelled 56 and 124 have been calculated for gases containing 56 (cutoff
in mass approximately 1.6 GeV) and 124 (cutoff about 2 GeV) respectively. One sees that
the results are substantially different in each case. This ﬁeans that these ratios cannot
be calculated reliably in this hadronic gas model. An independent calculation performed
within the grand canonical ensemble showed the same trends: an increase in the number of
resonances separates the ratios. Thus the number of hadronic resonances changes the results
in a crucial way. This result can be explained Igost easily within the context of the grand
canonical ensemble as follows. By increasing the number of hadronic resonances from 56 to

124 one also increases the net baryon number since baryons have a greater statistical weight
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Figure 2.6: /A and Z/A ratios as a function on baryon number B at fixed baryon density
(0.1/fm3) for a gas composed of 56 and 124 resonances. Taken from [6].

than antibaryons because of the sign of the baryon chemical potential:

M

baryons ~ exp(u—T + —‘l?
M

antibaryons ~ exp(u—T _EB ;

However, the baryon density can only remain fixed in the system if one lowers the chemical

potential ug. This in turn leads to a corresponding enhancement in the A/A and Z/Z ratios

]

/A ~ exp(-2up/T)
/

but not in the Z/A or K /7 ratios since these are less sensitive to up :

[th
11

~ exp(-2pp/T)

Z/A ~ constant
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Figure 2.7: Small volume limit of =/= ratio for a gas composed of 56 resonances as a function
of the temperature T'. Taken from [6].

K/7 ~ constant

Hence the observed behaviour seen in Figures 2.5 and 2.6 compared to the behaviour in
Figures 2.8 and 2.9. A

The final state of a relativistic heavy ion collision has been described by a hadronic gas
with hard-core repulsion between particles. It has been found that for large baryon numbers
and/or interaction volumes, a description using the grand canonical ensemble could be jus-
tified. For a small system, however, corrections arising solely from the exact conservation
of baryon number and strangeness are important and cannot be neglected. This is particu-
larly relevant if one wants to compare results from p-p collisions with those from heavy ion
collisions. Most of the particle ratios considered (Kt/at, K~ /n=,Z"/A,Z /A and A/A)
increase smoothly from zero in a small intera.ct\ion volume towards the value obtained in

the grand canonical ensemble. The only exception is the =/Z ratio which tends to a finite
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Figure 2.8: A/A ratio as a function of the baryon number B for three hadron gases containing
5,56 and 124 resonances at fixed temperature T" and baryon density (0.1/fm?®). Taken from

[6].

non-zero limit for small interaction volumes.

Due to the dependence on the precise composition of the hadronic gas, i.e.the number of
resonances kept, it turns out that the A/A and =/Z ratios cannot be evaluated in a reliable
manner at present. However, at some mass scale one hopes that these ratios saturaté, that is,
the Boltzmann factor e ¥ will at some point sufficiently suppress the heavier resonances and
the A/A and =/= ratios can then be predicted independently of the number of resonances
kept. Including resonances up to 2 GeV is clearly not sufficient. The determination of high
mass resonances and their decay channels to date still poses an experimental challenge. The
K /7 ratios can be fitted reasonably well to the experimental data for p-p, p-Cu, p-Au and

Si-Au collisions in a simple thermodynamical picture.
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Figure 2.9: Z/Z ratio as a function of the baryon number B for three hadron gases containing
5,56 and 124 resonances at fixed temperature 7' and baryon density (0.1/fm3). Taken from

[6].
2.3 The Low-p; 7~ Anomaly

The transverse momentum (p;) spectra of particles produced show a very interesting low- p,
charged pion enhancement leading to the question whether a new mechanism for low p; 7~
production is required.

Systematically, an incréase in the charged pion multiplicity is observed when one increases

\/8 in p-p collisions. Experimentally, this increase has been established as being due to the

resonances decaying into pions. The conclusion that one may draw is that resonance decay
plays a major role to the 7~-multiplicities, and thus perhaps also in nucleus-nucleus inter-
actions. Note that the low-p; roundoff in the 7~ muliplicities is observed in the p;-spectra
and not in the transverse mass (m; )-spectra. T.he so-called 7~ anomaly has recently been

discussed in [22]. For completeness the arguments are listed again.
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The conclusions drawn by Sollfrank et al. come from compariﬁg 2-body and 3-body decays.
Less energy is available to the daughters in the 3-bofdy decays and they thus tend to occupy
the low-p; region of the spectrum. Also, the 3-body decays exiljbit clea,r> thermal nature i.e.
the plot of mt_Ts dn/dm; vs my is a straight line throughout whereas the line from the 2-body
decays rounds off at low m;. The authors also investigate the effect of finite width resonances
on the p; spectrum and find this effect to be small. By considering a hadronic gas of 11 reso-
nances the authors were able to reproduce the experimental S-S data ( NA 35 ) to within the
error bars. The conclusion that can be drawn is that no new mechanism for 7~ production
is required at low p;; the enhancement effect can be attributed to the resonances ( these are
thermal ) which chiefly produce pions by 3-body decays. This argument is a strong contender
to the proposed argument of nonequilibrium contributions to charged pion multiplicities [23].
Here the low-p; pion enhancement is attributed to a partial thermal equilibration of a super-
dense pion fluid i.e. one having a greater density than predicted by assuming thermalisation.
Modification of the pion p; spectrum due to final state (elastic) 77 scattering leads to a
nonzero pion chemical potential. Not only can the m enhancement be explained, but the
spectral shift (dN/dp; vs p;) can also be reproduced 'accurately in the case of the NA 35
when making the assumption of partial thermalisation of the pions.

It is, however, satisfactory to know that equilibrium gas models at least do explain the low-7 p;
behaviour siﬁ-ply by including enough resonances before one has to deal with nonequilibrium

kinetic theory to explain the subtleties of the observed spectra.

2.4 Summarising Hadronic Gas Models

As has been demonstrated, hadronic gas models are a useful tool for describing the end
products resulting from a collision. In their form they are simple to implement with all the
parameters in principle obtainable from experiment.

The question on the type of ensemble to be employed has been discussed; for few-body
collisions the canonical ensemble is required while for many-body physics the grand canonical
ensemble suffices.

There are of course many ways in which to improve tl\le hadronic gas models: including
interaction terms, collective flow phenomena and possible nonequilibrium effects will surely

refine the predictions but also add a number of parameters to the model. The question
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whether the data measured can be understood in the simplest possible picture has been
answered: up to problems with the number of resonances kept, the data is indeed compatible
with a simple hadron gas model provided that one incorporates the finite volume of the

hadrons and takes sufficiently many hadronic resonances into account.
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Chapter 3

Therfnodynamic Description of the
Phase Transition

The phase diagrams obtained have been calculated with equilibrium (statistical) mechanical
methods. It is important to understand whether or not the Gibb’s criteria for the phase
transition have to be modified when conserving quantum numbers as in our case, baryon
number and strangeness. In this section the arguments given in [24] are developed again.
In several of the papers to date the strange chemical potential suffers a discontinuous jump
when going across the phase boundary from the hadronic phase to the quark gluon plasma.
Since discontinuities lead to irreversible processes it seems neccessary to understand why
these apparent discontinuities appear. The crucial observation to make is that both baryon
number and strangeness have to be conserved globally i.e. in all regions of the phase diagram
simultaneously. Conserving the quantum numbers locally will lead to discontinuities, as will

be seen. (See for instance: [25],(36].)

Consider a two-phase system composed of quarks in phase 1 and hadrons in phase 2 in
mechanical equilibrium. In order to model the non perturbative vacuum of the ground state
of QCD a vacuum energy density of ~B (B is the Bag Constant) is included in phase 1.
The gluons allow the quarks to thermalise and their density is a function of the temperature
only. The two phases are described by the following parameters and contain the following
particles: phase 1 with volume Vj, energy E,, quark numbers N;, N7, N, and N5. Phase
2 has volume V2, energy E, and particle numbers Nn, Nz, Na, Ny, Nk, Ng and N, for

the nucleons, lambdas, kaons and pions. The question is now whether one can determine the

35
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particle numbers given the following constraints:

S1 -+ 52 = § fixed total entropy

V1 + Vo =V fixed total volume

E, + E,; = F fixed total energy

SN, = Np) + 5(N, = N5) + (Vo — Ne) + (Na — Ng) = Vg
expressing baryon number conservation.
(Ng—N3)+(No—Ng)—(Ngk—Ng)=-Ns=0

expressing strangeness conservation. (3.1)

Consider now the following reactions occuring at equal rates in chemical equilibrium as

well as the reactions for the antiparticles:

¢tgtg=n
gtg+s=A
g+s=K
g+g=m
(3:2)

If one were to conserve the quantum numbers in each of the phases separately one would
restrict some of the above reactions which list the chemically allowed transfer of quarks to
hadrons and vice versa. '

The minimisation of the total energy of the systeni with respect to the entropy leads to
the equality of temperature of the two phases and minimisation of the energy with respect
to the volume yields the equality of pressure of the two phases at the phase transition point.

The variations of the particle numbers take on the form:
> pabNa+ D psbNsg=0 (3.3)
o A

with the chemical potential 2 as usually defined in thermodynamics. The label a runs over
the quark species and label 8 over the hadronic species. Consider now the variations of the
particle numbers. The question is whether they are compatible with the quantum number

 conserving relations expressed in equation (1) above or whether they are independent of them.
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The variation of the particle numbers may be expressed as follows: (where 7 runs over all

contributing particle species)
§N; =) _ viz 6N, (3.4)

This equation states that the variation in the number of the ith species is brought about by
the chemicaly(’stoich.iometric) coefficient v;, multiplied with the variation of the parent species
- N, summed over all allowed parent species. Note that the parent species are independent of
another and must thus be varied independently. For example, one may consider the variation
of the up and do_wn quark species. This comes from a variety of reactions e.g. nucleon
dissociation, lambda dissociation etc. Chemically, these reactions are independent of one
another and occur at different rates.

If one subsitutes the varied particle numbers from (4) into (3) and uses the fact that
different reactions are independent of one another then one obtains the chemical equilibrium

condition for a given reaction:
D HaVia+ D ppvig =0 (3.5)
a <] .

Note that this relation is independent of the parent species N,. If one considers the variation
of the conserved charges, namely the baryon number and strangeness in a way similar to (4)
one finds that they are also satisfied independently of the variations of the parent species.
Consequently the conditions for equilibrium imposed by the chemical reactions are not af-
fected by the imposition of the conservation equations since only the chemical coefficients
appear and not the variation of the particle numbers (which are subject to the conservation
laws).

The reverse of the above argument is as follows: one uses oﬁly the conservation equations
with Lagrange multipliers which one can then eliminate in terms of equation (6). Thus the
reaction equations do not produce any more restrictions to the conservation equations; all
reactions are allowed that are not explicitly excluded by the conservation equations. The
question is how the conservation equations manifest themselves in the system since we have °
shown that they do not alter the equilibrium conditions.

Consider now the problem of determining thle equilibrium values of the variables listed

in equation (1). The chemical potentials have specific relations in the quark and hadronic
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phase:

Hq = —Hg, bs = —l75 -

=1
.u'q—3l‘B
BN = 1B
KB = S = HA
e
pr = 0.

(3.6)

The equality of pressure of the two phases allows one to eliminate one variable in terms

of the others; (we choose to eliminate pg in terms of pp and T')

Py(pg,ps,T) = P(up,ps,T)
with ps = ps(up,T) (3.7)

The quantities V3, V,, g and T are determined by the overall energy and volume condi-
tions aswell as the conservation equations as listed in (1). The (zero) strangeness condition

gives:
Ns = 0=V (ns — n,) + V2 (ng = na + ng — ) (3.8)

Given the densities which are functions of the intensive variables pp and T" one can solve the

above equation for the ratio ¥;/V; i.e.

o= fup,T) (3.9)

The total volume condition then specifies ¥; and V;. The baryon conservation equation
and the total energy condition then specify up and T. All the variables have now been
specified. The chemical equilibrium conditions establish relations among quantities and the
conservation equations select certain values for some of these.

In summary, the two paramters pp and ps are coupled by the equality of pressure con-
dition but are not modified by equilibrium conditions which in turn are not altered by the
presence of the conservation equations. The discontinuities obtainedwfor the strange chemical

potential at phase transition to date are an artifact of preserving strangeness in each of the
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phases seperately and not globally. When this is done consistently a coexistence region of
nuclear matter and quark gluon plasma is found for particular values of the baryon chemical
potential. The coexistence region is present for those va.llies of the chemical potentials for

which equation (8) yiclds a solution in the range (00,0) for the ratio ¥} and V5.
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Chapter 4

The Physics of the Phase
Transition

4.1 Prologue

The description of the deconfining phase transition of hadronic matter to the quark gluon
plasma (QGP) is compactly described by thermalised gas models as an alternative to lattice
gauge theory calculations. These are at present still restricted to the zero baryon density
region as the calculations at finite baryon density are plagued by complex weights in the
action S. To date no conclusive techniques are available to eliminate this problem and thus
extend the calculations of this fundamental theory to finite baryon density. Grand canonical
gas models can be used to extrapolate from the zero baryon density point to finite baryon
densities to investigate, for instance, the possible existence of condensates in the high baryon
density region and the physics of the phase transition at zero temperature. Up to a short
while ago these models suffered from a serious deficiency: they were thermodynamically
inconsistent. This means that the ad-hoc changes introduced in order to realistically model
the phase transition altered the thermodynamic relations in a way which prevented these
modified relations from being directly derivable from standard thermodynamics. The problem
was, of course, the question on how to include finite size effects in the (relativistic) theory.
In order to understand why this was neccessary a brief historical review is of benefit.

At zero baryon density one expects a phase transition from a gas of mesons to a gas
of asymptotically free quarks. In the simplest scenario a gas of massless pions undergoes a
transition to a gas of massless u and d quarks. 'The pressure and density integrals can be

calculated analytically ( see Appendix 1 ) and one has the thermodynamic relation that

41
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P = %—c where P is the pressure and e is the energy density. Invoking the Gibbs’ criteria
for phase transitions in the grand canonical ensemble ( thermal, chemical and mechanical
equilibrium ) one obtains a critical temperature T, in the region 150 MeV < T, < 200 MeV
for a range of the Bag Constant B 180 MeV< B i <235 MeV. This rough estimate could be
improved by including the gluon pressure, massive quarks, pions and «; corrections.

In the massless hmJt one has that P = %e . However, the pressure of the quark gluon plasma is
reduced by an amount ~B relative to the vacuum which is taken to have zero pressure and the
energy density increases by an amount B relative to the vacuum. Clearly the phasé transition
is first order in this model; the energy-density jumps by an arﬁount B when reaching T, from
the mesonic side. This is the latent heat required to vapourise pions into their consituent
quarks. | |
The phase transition point at zero temperature can also be dealt with analytically. At this
point only fermions and condensed bosons are present. As the treatment of relativistically
condensed bosons is difficult it will be assumed that no condensation has taken place. The
simplest picture of the phase transition from a gas of massless nucleons to a gas of massless
~ quarks is unrealistic: from Appendix A the pressure of an ideal gas reads

_ gt
2472

Since p, = Lpy one finds that the hadronic pressure dominates everywhere; clearly this
Hq 3H

approximation is unrealistic. Turning to a massive fermion (nucleon) gas one finds that the
pressure in the asymptotically large p region reads

4

4p
24r?

P =

for the nucleons and for the u and d quarks the pressure reads:

12ut

—f ___ B
24 81r?

P, =

Thus P,/P, — 27 for sufficiently large baryon densities, contrary to what one expects from
asymptotic freedom where one expects the quark phase to dominate [26].

For low baryon densities there is a region in which the quark phase has the higher pressure and
is thus the favoured phase. This region is clearly a function of the Bag Constant B ( usually

taken independent of the baryon density and temperature T ) and can be parametrized
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as: (see [26],[27])

1 mi

1 m 3
i5) S8 <Gl (4.)

( m is the mass of the nucleon ). The above equa,tioﬁ corresponds to the following range in
the value of B: 149 MeV < Bi < 154 MeV which is a value of B close to the one obtained
when fitting the baryon spectrum in the Bag Model ( Bi = 145 MeV is commonly used ).
The essential feature that is missing is that one has to include the volume of the hadrons
( and mesons at finite temperature and chemical potential ) since one expects the physics to
change dramatically when the transition from a gas of extended particles takes place to a gas
of pointlike Dirac particles- the quarks. How to take the volume of particles into account has
a long history dating back to the classical Van der Waals equation of state but a relativistic
counterpart has been notably absent in the literature.

A proposal motivated on geometrical grounds [26],[28],[29] is to reduce the total available
volume by N times the volume of the particles. In the following discussion the only the
“baryonic” variables will be changed i.e. only P, and n,; will be modified. This is because the
meson-meson crossection g ., ~ 25 mb whereas the baryon-baryon crossection is significantly
larger. Here I is the total number of baryons, to be replaced with the conserved quantity:
Ny — Ny in the finite T region. Thus the equation for the density of pointlike baryons nd

reads

0 N, np
b

= = 2
V—NVD l—nbVO (4 )

n

where V; is the volume of the baryons. The above equation may be inverted to read for the
extended baryon density 7 in terms of the ( calculable ) pointlike density 7]
ny

B —— 4,
1+ TL?VO ( 3)

ny

For deformable nuclei one should replace the volume V4 by ¢V where ¢ > 1. Both the extended
particle energy density and pressure are then given in terms of their pointlike counterparts

by:

&
€h = ——te
1+ nSVo
and ‘
PD
P, : (4.4)
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Asymptotically, the baryonic pressures and densities are given by

P, ~ m
1
™o~ (4.5)

The quark sector remains unchanged. The pressure and density here follow the usual trend:

Py~ ‘pg
ng ~ ‘pg‘ (4.6)

The problem of the hadronic phase returning at high densities ( large 4 ) is now eliminated,
albeit at the cost of thermodynamic consistency. Fufthermofe, the Vanish.ing of the correction
factors at zero p means that the hadronic phase returns at sufficiently high temperatures.

The basic thermodynamical relationship (valid in the thermodynamic limit)
e+P=pun+Ts ” B CR))

neccessitates that:

¢ pressure is modified although no volume term appears in the expression for it in the

infinite volume limit

o the modified particle density cannot be derived from the modified pressure:

¢ since the baryon number appears in the correction factor the hadronic phase will reap-

pear at sufficiently high temperatures for u = 0. -

| This was the progress made up to 1986. It was known that both energy density and baryon
number density were discontinuous at the critical temper#ture T. and that e; mixed phase of
‘quarks and hadrons existing simultaneously in equilibrium was present when the phase dia-
gram for nuclear matter was calculated. Furthermore, the bare-bones description of hadfonic

“matter by pointlike physics was found to be intrinsically pathological.
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P(ThuBJ.u'S) = PO(TOHJ’OBNU'%) - .
ke = pht Vo [PT°, s, 8) ~ P(T%,0,0)]
ps = pg

T = To ' (4.9)

Note that the —P%(T?,0,0) term is required in order to conserve baryon number at the phase
transition: a hadronic gas at 4% = 0 must go over into a quark gas at ug = 0. We will now

show in detail the consistency of the “baryonic” modification with the fundamental relations

of thermodynamics, in particular with

dP sdl +npdug + nsdus

e+ P upng+pusns+7Ts

(4.10)

where the denotions ¢, s, ng and ng are for the energy density, entropy demsity, baryon

number density and strangeness, respectively.

¢ Baryon density

oP

dup

0P 08, 0P 8u% 9P OT°
9uy ons | 0p% 0pp | 910 Opp
%PTBE-%[#B - VoP]

= np(l-Vong)

which leads to the well-known result

0
g

— 'I'T"'/O-T;g . (4.11)

nB

This is the expression which has been used for the corrected baryon density in references.

Note that the baryon density appears and not the total particle density.
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o Strangeness density

P

Ops

QP 8u% 8P 8uy = AP OT°

Opy Ops ~ Opgdps  OT° dus

. gﬁfaa lus - VoP] + ﬁz g
aP

= nB ["Voa ] +ng

= —%anS + ns

from which one obtains the strangeness density of extended particles:

"s
ng = 1T VonB (4.12)

thus the change is the same as for the baryon density.
¢ Entropy density

dP

T

OP 0u%y  OP ouy 0P OT°

oul 0T =~ 9ud 0T ~ OT° T
PO 0

= g 0 a:r[ V"P]*gpo a(?r

= —-nBVos + 5% + g Vos®(7°,0,0)

—VoP(T,0,0) + s°

which leads to the result for the entropy density

s° "OBVO 070 ‘
= 1+n°BVo 1+n%Vos (17,0,0) (4.13)

An extra term appears this time proportional to the point-like entropy with vanishing chem-

ical potentials.

¢ Energy demnsity

It is now straightforward to extract the emergy density. Inserting all the results obtained
previously one obtains

6“1+V0n1°3+1+ (T ,0,0) | (‘4.14)
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i.e. similar to the entropy case.

Collecting all the changes one can show that the basic thermodynamic relation
—de+Tds+ pgpdng + pusdns =0 (4.15)

is satisfied.

This concludes the discussion for the baryonic modification. The symmetrical modifica-

tion

- P(T,p,ps) = P°(T° u%,p3)
pe = i+ Vo [POTO, b, 13) — PA(T,0,0)]
ps = p%+ Vo [PU(T, b, u3) - PO(T°,0,0)]
T = T° ' (4.16)

yields a similar correction factor for the baryon, strangeness, entropy and energy density ( as
well as being thermodynamically consistent ) with the slight modification that the overall

correction factor:

1 1
1+n%Vo—) 1+ (n% +nd)Vo

(4.17)

The entropy density ( equation (13) ) gets an extra term in the numerator of the second

piece:
ng — n} +nl (4.18)

A similar correction is needed in equation (14) . Equation (15) is satisfied identically.

The phase diagrams discussed in the later sections have all been calculated at zero strangness
i.e. the gas had (S) = 0 so there is no immediate change in the correction factor but because
the strange chemical potential of the quark sector is boosted by a term proportional to the

hadronic pressure, the physics will be very different.

4.4 Phase Diagram with Modified Chemical Potentials

The phase diagrams presented were obtained by considering a mixture of a relativistic Bose
ana Fermi gas. Each particle carrying either baryon number 2~d/or strangeness was assigned

ilie same hard core radius R = 0.8 fm corresponding to a hard- core volume Vp = 2.14 fm?3.
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In the quark sector a value of 235 MeV was used for Bi. The equation of state thus ob-
tained is quite hard: the particles continue to occupy a rather large volume, even when large
compression takes place. Since the modified 2‘1;emical potentials conéa.in only the repulsive
effect it is clear that the equation of state obtained is valid only.for the high T and large u
limit, precisely because the attractive interactions leading to bound states are ignored. At
this stage the reader is referred to the chapter “Thermodynamic Description of the Phase
Transition” where it is shown that in order to correctly construct the phase diagram for a

system with the two conserved charges baryon number and strangeness, it is neccessary to

parametrize the strangeness content of the gas in the form:
ns=ansg+(1-a)nsy =0 (4.19)

where a = VQ /V i.e. the volume fraction of the quark sector compared to the volume of the
system. The phase diagram corresponding to @ = 0 (the hadron boundary) and a = 1 (the
quark boundary) are shown. Note that the label HG refers to the hadron gas phase and the
label QGP reférs to the quark gluon plasma phase in the plots. For other values of a the
reader is referred to reference [34]. With this in mind we can turn to the phase diagrams
presented.

The diagrams corresponding to the modification of only the baryonic chemical potential ( that
is, the strange chemical potential is left at its point-like value ug ) are consistent with the by

now established expectations:

o no mixed phase at u§ = 0 as predicted from lattice calculations -

¢ kaon condensation occurs at low temperatures ( T < 80 MeV ) and at high baryon
densities ( ~ twice nuclear matter density ). (See Section 4.5 for a discussion of the

effect of Bose-Einstein condensation of kaons.) (Figure 4.2,4.3)

¢ kaon condensation occurs only in the mixed phase where most of the hadrons ( ~ 90% )

are already converted to quark matter [35],[34].

e a coexistence region in u2 of quarks, gluons and hadrons attributable to strangeness

conservation [24].(Figure 4.2)

The diagrams corresponding to the shift of all the chemical potentials are also shown.

There are several important similarities and differences to the previous results:
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Figure 4.1: T vs u$ plot for case where only up is shifted. No coexistence region because of
baryon number conservation. Curve shown is the phase boundary between hadronic gas and
quark gluon plasma.

¢ again no mixed phase at up = 0.

e kaon condensation { which depends on the value of the pointlike strange chemical po-
tential /zg- = my ) is not manifest at all. This is because the strange chemical potential
of the quark phase is given a boost proportionally to the hadronic pressure. From
the equality of pressure condition of the two phases this requires a smaller x§ in the

hadronic phase, less than is required for kaon condensation.

e the strange chemical potentials across the phase boundary are switched, i.e. in both
the cases of T' vs. 4 and T vs. ug the chemical potential of the hadron gas is greater
than that of the quark gluon plasma. The point to note is that the calculations in the

hadronic phase are done with point-like chemical potentials whereas the calculations
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Figure 4.2: T vs pZ plot showing coexistence region “(Mixed)” where hadrons, quarks and
gluons are present simultaneously in thermodynamical equilibrium and showing the region
where Bose-Einstein condensation of kaons can take place. (To right of vertical line which
defines the onset of condensation at p% = mg.)

in the QGP are performed with shifted values of . There are thus no problems with
the Gibbs’ criteria being fulfilled. The T' vs. pp and T vs. p% curves show the correct
behaviour. See Figure 4.4 and Figure 4.5 for details.

o the mixed phase is as pronounced for us and p% in this formalism as it is for the case
where only one chemical potential is shifted; of the order ~ 200 MeV broad at T =0.
-See Figure 4.4 and Figure 4.5.

The diagrams obtained are in good agreement with most of those found in the litera-
ture [36],[37]; the important feature is the existence of a large mixed phase which does not

- disappear when all chemical potentials are shifted symmetrically.
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Figure 4.3: T vs np plot showing the baryon density at the phase transition. For the case
where only pp is shifted from its pointlike value.

4.5 Bose-Einstein Condensation of Kaons

The question of Bose-Einstein condensation of kaons has been hotly discussed for several years
now. Indeed, the condensation of free bosons has never been observed [2], so the possible
existence of a relativistic condensate is even more intriguing.

Bosons can' condense into the zero momentum mode because of their positive statistical -
correlations: unlike fermions which repel another, bosons tend to clump together [38]. The
singular nature of the Bose-Einstein distribution at p = 0 and # = m (here m is the mass
of the boson) signals the phase transition. Condensation can only take place in the presence
of a conserved charge, generally of U(1) symmetry, e.g. strangeness if one has chemical
equilibrium. '

In the literature one usually finds a discussion of the nonrelativistic Bose-Einstein conden-
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Figure 4.4: T vs. p% plot for the case where both chemical potentials are shifted. Note that
p% for the hadron phase is larger than that of the plasma at the phase transition. Note that

no condensation of kaons takes place.

sation [38] which is determined by the restriction that m 3> T where T is the temperature.

The expression for the ground state charge density Qp is

Q=0 [1 - (%) ] (4.20)

where T, is the temperature determined by

d° 1
Q= P

=V (2r)3 exp (2—%27-;) -1

In the relativistic scenario the integrals for the conserved charge slightly more complicated:

(4.21)

the nomnrelativistic energy-momentum relation E = p?/2m is replaced by the relativistic one:

E = /pP* + m?. In the region where T. > m one finds that the critical tempyerature T, is
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~Figure 4.5: T vs. ps plot showing coexistence region. us for the hadronic phase is again larger
“than in the quark phase because the potentials are shifted proportionally to the hadronic
~ pressure.

determined by

_ {319 |
Tex\—7 ‘ (4.22)

Below T, the charge density in the ground state is given by (see [39],(40])

Qo=10 [1 - (TT:) 2] . (4.23)

Bose-Einstein condensation of kaons has been discussed in the literature for some time

now, see [36];[41],[42],[43],[44], The questions raised are:
.¢ is condensation model dependent?

e if so, where does it take place? Before or after the transition to the QGP?
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e how can it be seen; what are the experimental signatures?

Kaon condensation in the frec-ga: “node! was proposed by Cleymans et al. in [36]. The
point to note was that the proposal made by the authors that kaon condensation takes place
in extremely dense nuclear matter at low temperatures was founded on thermodynamically
inconsistent volume corrections. These corrections were of the type discussed in the prologue.
With these type of corrections it is clear that condensation has to take place at some stage:
correcting the hadronic pressure results in an increase in gp which in turn causes ug to reach
the kaon mass and signal the onset of condensation.

Note that for ug > 0 there is a baryon-antibaryon asymmetry which results in an excess
of strange baryons. This excess of strange baryons can only be counteracted by an increase
in the number of antistrange mesons, hence Xt condensation for the case where the overall
strangeness of the gas is zero. The baryon chemical potential and strange chemical potential
are coupled, see the previous chapter.

The first question has recently been discussed by Davidson et al. in [43]. They proposed
a thermodynamically consistent mean field model where baryon-baryon and meson-meson
_interactions were included in the Hartree approximation, that is, self energy contributions

were included by modifying the free space dispersion relation

E=\/p*+m?— E = \/p* + m? + kprnpr

where kps and nps are the meson-meson coupling strength and meson density, respectively
[43]. Similar terms were used for the baryons. The authors chose values for the coupling
strengths and showed that condensation does not take place. Again, the coupling strengths
were taken from nuclear physics, that is physics at low temperatures and densities. How
these parameters change when going to dense media is an important consideration. One set
of parameters was chosen and used throughout, no comparisons using other parameters were
made in the paper. Thus the existence of a condensate cannot be excluded outright; it seems
to depend on the form of the hadronic interactions.

The phase diagrams constructed with the modified potentials again point out this model
dependence: shifting only u% (which results in a correction factor of (1+ Von%)~! ) leads to a
condensate whereas the quantum number modification (which leads to a correction factor of

(1 + Vo(n% + n%))~1) does not show a condensate, although some other peculiar properties:
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the strange chemical potentials ére “inverted” at the phase transition; pg' and pg for the
‘hadronic phase is greater than the corresponding terms for the quark gluon plasma. This
is because the strange quark pressure is boosted proprtionally to the hadronic pressure thus
p and ps have to decrease to fulfil the requirement of equality of pressure at the phase
transition point. However, it should be noted that p% which is used in the hadronic phase is
“always less than ps which is used in the quark phase.

A common observation ([34],[35],[36]) is that kaon condensation, should it take place, occurs
at low temperatures and very high baryon densites, of the order 3-4 times nﬁclear matter
density. Thus the analysis of Haber et al. [39] of high-T condensation does not apply here.
It makes more sense to speak of induced condensation; induced because of the interplay of
two quantum numbers, the baryon number and strangeness. Thus the study of a fixed charge
canonical Bose-Einstein and Fermi-Dirac gas of, say, kaons and lambdas, might shed light on
“how Bose-Einstein condensation is induced by varying the density of the baryons. Following

the prescription and the notation of Section 1.2 this partition function reads:
1 2T . 1 27 ‘ .
Zps(T,V) = 5 [ dbexp(-iB¥)5- [ d exp(~iS)
- 27 Jo 2r Jo

exp [v / (‘;—’; (in (1 + exp (~E/T + i($ — 6))) +In (1 + exp (~E/T — i( - ¢))))]

exp [—V/ (erl;s (In(1-exp(—E/T+i¢))+In(1 —exp(—E/T + iqS)))] (4.24)

In the calculations with only p% shifted it was observed t”hat‘ kaon condensation sets in. This
occurs when pus = mg. At that point an increase in the strangé chemical potential is no
16nger possible otherwise the density of the kaons could become negative. Thus once the
strange chemical potential reaches the kaon mass, the hadronic phase stagnates; it cannot
exist for pug > mg + ps. Thus unless the hadronic phase changes to quark matter at that
point, it can never do so.

The alternative is to introduce a kaon-kaon interaction (repulsive) of the type £ = —)\(‘I’L‘I’ K)?
where ¥k is the kaon field and A a measure of the repulsive interaction. The minimum value
of A is determined by the electromagnetic coupling strength, ~ 1. Treating the kaons in the
mean field approach, that is, only the condensed kaons interact with each other, leads to a

contribution of the condensed kaons to the pressure and density of the form:

1
Feondensed = ZX(/‘%{ - m%{)2 (kx> mK) (4.25)
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and

(b ~r ) px  (ux > M)

Neondensed ™ =

il
o )a',_a

(ux <mg) - (4.26)

The derivation of these results can be found in [35]. In this way the chemical potential of the
kaons can exceed the rest mass of the kaons and the phase diagram can be completed; it is
thus also a type of mean field model. For an investig#tion how the pha.se’diagra,m changes as
a function of A, see [34]. | |
The phase diagrams found on the previous pages were constructed with A = 100.

Thus one finds that, if condensation takes place, it occurs at high densites and low tempera-

tures, A signal for the effect would be an increase in the number of correlated kaons at low

Pe-

4.6 Further Comments on Modlﬁed Quantum Number Po-
tentials

Several interesting results concerning the strange chemical potential can be derived by con-
sidering the low temperature region of the phase diagram. At T = 7 such that 7 « m, the
average zero strangeness of the gas requires that the density of the lambdas is equal to that
of the kaons ( the K*’s and K9’s). For the case where 1 < m i.e. the A’s are produced only
thermally one finds thé,t, by equating the Boltzmann densities (see [25]):

ny = pexp(_(EA“foB’f'ﬂ?S)) |
= ar )S/dsp exp( _#%))

: nKg ' (4.27)

Since T = 7 ~ p one has that F; ~ m; and thus truncating the integral at the p = 0 point

leads to the following equation:
0o_1 20
#s = 5(up = ma + mk) (4.28)

This equation still holds if one shifts both potentia.ls in a symmetric way. In the mixed phase
the strangeness neutrality is guaranteed by a balance of the K+ and s-quark density. By a
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similar argument to the one above one finds that the chemical potential ug is, at T = r,

given by

1
H§ = 5(mk = my + ﬁ3§ (4.29)

Two comments are in order. The above holds if us < mg otherwise kaon condensation sets
in, g < my is required for Boltzmann statistics and furthermore it holds only for the case

ps = p$. For the case where both potentials are shifted this equation reads
1 UB ,
Pg - 5 [(mK - mg + _3"') -V (P(Tovﬂoﬂvpos) - P(TO,O,O))] (4'30)

This is the low T' point —dictated by overall strangeness neutrality— to which all the curves
of constant volume fraction « ( except a =0,1 ) tend.

In summary then, there are 3 points at T = 7 to which the strange chemical potential is
restricted: ( the first row of each item corresponds to the case where ug = u , the row set in
brackets to the case where the strange chemical potential is modified similarly to the baryon

chemical potential.

o (1) a=0 p§ = 3(ug — ma + mx)

118 = 3§ = ma + mx)]

¢ (2)0<a<l p§=1(mg—ms+ LE)
[/‘g = %(mK -ms+ 5) - %‘VB (PY(T°, p3, 1) — PO(TOvaO))]

3 (3)0’:1 szﬁsﬂ_ms
g = ESE' -m;—V (PO(T()’”%"“OS) - PO(TO’O’O))]

Although the results obtained are in good agreement with those in the literature, one prob-
lem remains with the quantum-chemical formulation: since the correction factor (1 + Von%)'l
vanishes at zero baryon chemical potential, it is of the same form as the ad-hoc modifica-
tion discussed in the prologue. The problem of the hadronic phase ( strictly the mesonic )
returning for high T is recurrent. This is demonstrated in the P vs. T plot, Figure 4.6.

At low T the hadronic phase dominates, in the intermediate temperature range of 162 MeV
< T £ 300 MeV the quark phase dominates but then the hadronic phase returns, contrary
to what one expects. The origin of this problem can be tr‘aced_.ba.ck to the rapidly increasing

multiplicity of the hadronic phase as a function of temperature whereas the multiplicity of
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the quark phase is fixed at the number of quark flavours. The vanishing of the correction

factors at u = 0 is a feature of the quantum chemical formulation.
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Figure 4.6: The pressure P vs T% at up=0 in the modified chemical potential formalism.
Only pp has been shifted from its pointlike value 4. The hadronic phase is seen to reappear

at high T'.

As a concluding remark it should be stressed that the concept of a relativistically rigid

body of fixed volume V; is not correct; it violates causality. However, at the temperatures

the phase transition is expected to occur the particles are non relativistic and this effect is

not expected to play a major role.

4.7 Interacting Plasma with Consistent Volume Corrections

The calculations performed with the thermodynamically consistent corrections are at best still

a very naive picture of the highly complicated physics of the phase transition of hadronic into

quark matter. Interactions in the plasma have been ignored from the beginning. Hadronic
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interactions have been assumed to be only repulsive and all hadrons were endowed with the
same hard core volume. However, that the quark masses were taken to be zero ( except the
s-quark ) does make sense when dealing with very dense media: asymptotic freedom allows
e

A modification of our model which would cure the =0 problems is to include quark-gluon
interactions in the plasma [45]. The hadronic side of the phase diagram has bYeen modelled
taking into account the neccessary features at high density: volume. The strong coupling
constant as which is a momentum, temperature and renormalisation dependent quantity
should ideally be used to represent the quark-gluon interactions. Although calculations have
been performed with nonzero ¢, the important feature of the coupling constant is its explicit
temperature dependance.

The inclusion of a ag term of the form
_ 4ir
(11- V) (%)

( where A is the renormalisation scale set at a few hunderd MeV, @? is the four momentum

(4.31)

as(Q?)

transfer of the scattering process and Ny the number of quark flavours ) yields a correction

to the pressure of the QGP of the form ( for two massless quark species )

PoGp = Pdeal QGP — @5 (%—wT“ + %yquz + ’;—g‘f) (4.32)
Uddin and Singh [46] show that unless one includes terms up to order g* the pressure of the
QGP at low temperatures ~ 50 MeV becomes ( unphysically ) negative. Furthermore they
show that og varies strongly in the region 7" ~ 150 MeV which is the temperature region
where the problems of the recurring hadronic phase occurs at g = 0. Thus including higher
orders in the coupling constant is vital. However, in this region (7 ~ A) perturbation theory
becomes unreliable and lattice gauge techniques are neccessary.
The following conclusions can thus be drawn: including temperature dependent as correc-
tions to the QGP is an important feature which could prevent the hadronic phase recurring
at u=0. This is because the O(g3) term is additive to the pressure, enhancing the QGP
pressure, not reducing it thus perhaps preventing the hadronic phase from returning at high

T [46):
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Pogp = PFdeal QGP

11 4, 2 2.9 Pq4
—-ag (?WT +;r-,wq T +-7l'_3

3 272 3

+ 333\5/27 (8”3T + 2#2) (4.33)

The coupling constant is a stongly varying function of the temperature T and sufficiently
high orders have to be calculated so that the results are physically meaningful: at lower
temperatures the coupling strength increases and high baryon densities it decreases so there
is no region in the phase diagram where one may take a constant value of as. A model for ag
is requifed which extends from u=0 to u ~ 2 GeV and furthermore spans the temperature
range 0 MeV < T < 200 MeV. The construction of such a mode_l is clearly a formidable task.

Concluding then, our model for the phase transition is successful in the high-u region but
shows a severe deficiency at p=0. This can perhaps be cured by including as corrections to

the QGP pressure. A model for this important parameter is needed.

4.8 Alternative Proposal

In section 4.3 the concept of a shifted quantum number chemical potential was intro-
duced. The basic idea was to include the volume of a hadron (Vp) in the thermodynamical
description by modifying the chemical potential in a way so that the pressure retained its
volume independent form. It is important to stress that the chemical potentials are conjugate
to conserved charges i.e. quantum numbers and thus the problem of the returning hadronic
phase at pp = 0 was really to be expected (Figure 4.4).

In the following analysis, originally presented by [33], the chemical potentials are defined as
usual in thermodynamics; they remain particle chemical potentials.

The analysis is based on Laplace transforming the excluded volume partition function. This -
enables one to prove that the pressure of a gas of extended particles is identical to that of a
gas of pointlike particles provided that one modifies the chemical potentials.

Starting with a canonical partition function with a Van der Waals-like restriction on the

volume Z excl(T, N,V):

25T, N, V) = Z(T,N,V - VoN)O(V = VoN) O (434)



62 CHAPTER 4. THE PHYSICS OF THE PHASE TRANSITION

where @(V — VyN) is the usual step function. The grand canonical one follows from the
above one as usual:
o - -
Z2¥5N T, 0, V)= ¥ P Z(T, N,V - VoN)O(V - VoN) (4.35)
N=0
where the chemical potential y is now conjugate to the particle number N . The dependence
of the volume V on the particle number N prevents one to sum the series but this problem

can be overcome by reverting to the pressure ensemble (isobaric partition function) as follows:
1 *® 1
2% Tp,e) = [7av exp (-eV)ZNT, V)
0 ,
o0
= [ e (-1, 70) (4.36)
0
The last equation results from inserting equation (2) and then de'ﬁning E=p-—WVTE and

shifting the integration variable V to z = V — Vp N. The pressure can be proven to be [47):

In (Ze*¥(T, u, V)

% =T¢(T, 1) (4.37)

Pl ) = Jim T
—00

where £" is the largest right singularity of the function ZEXCI(T, i, €) in the variable £ . This
has only one singular point, namely where the integral over z diverges at the upper limit; i.e.

z — 0o, Using the usual grand canonical definition of the pressure

In (Z(T,p,V))

P(T,p) = Vh—l.»%o T 7 (4.38)
for 2% and using the fact that
€ = lim In (Z(T, 75, 2)) (4.39)
00 z

with & = p — VpT€", gives the relationship between the extended and pointlike particle

pressures:
PEUT, u) = P(T, ) , B=p~-VoPNT,p). (4.40)

The result for the pressure can most easily be obtained from the very definition of the grand

canonical pressure partition function ZPT®SSUre(T ;. P) [29)]:

gpTessuTe(T |\ py = /‘°° e Z(T,V,p)dV
A t

TinZ

= / T e FP-THE) gy (4.41)
0
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As a function of the pressure P, ZPT®SSUI€(T 4 P) has a pole for

TinZ
1%

. P=

The right hand side of the last equation is the pressure in the thermodynamical limit thus

P = lim (—%) = lim Thhz

Voo Voo V

where (2 is the thermodynamic potential. Thus the pole of the isobaric partition function
represents the pressure in the thermodynamic limit. Note that the result for the extended
particle pressure is a recursive relation in PeXd(T, p). For clarity the densities of a few

particle species are listed below (in the limit of Boltzmann statistics):

N+ = _ (gjsa exp <_§Z_+ ll;+ Pe);fl‘/())] / -1+V02j:n§t-
e - Uyl et frngr
BN TRUEES
nw o= | (‘jff;s exp (—% + %’E em%)} :1 + Vozjjn;?*:

(4.42)

where the sum }_; n;’t runs over all pointlike particle densities in the gas.
It is clear that particle chemical potentials are being used, these are related to the
quantum chemical potentials by the following relations (the subscript N refers to the

nucleon):
— BN — Iy
B o= —
BN — px
2 .
= pup (4.43)

Thus the baryon chemical potential g does not change when one introduces the hard-core
repulsion. For ng = 0 one has ug = 0 = 7ig, there is thus no contradiction with the Gibb’s
equilibrium conditions. However, the chemical potentials of the particles and antiparticles

are the same at this point because of the pressure term.
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Expressions for the excluded particle density, entropy density and energy denmsity are given
in the reference under equations (11), (12) and (13). What I wish to point out here is this
formulation does not have the problem of the returning hadronic phase at pp = 0. This is

because the quantum number correction factor
(1+ Vorg)™" or (14 Vo(np + n3))™!

gives the pointlike particle density at up = 0 whereas in the present formulation the excluded
volume particle density nFXd is replaced by a sum over all particles j whose (particle) chemical

potential is not zero. The proof is as follows (here pt refers to pointlike quantities):

Cexed _ 0P
' JT
g pexcl O
om; Juy
St [8:5 = VonfXdl]
J
= Pt~ VoniXl > (4.44)
i

il

il

thus

nexcl —_ nft (4 45)
Y1+ VoY '

This concludes the proof.

For the excluded baryon density n%Xd the equation reads
pt
P2 L) - B— (4.46)

1+ V% 3; nft
Note that the above correction factor implies that particle interactions are not selective; al-
though the proton-antiproton cross-section is much larger than the proton-proton one, the
correction factor implies that the reactions occur at the same strength. This is becm;se one

corrects proportional to the total -and not the net- particle density in the gas.

4.9 Conclusion

It is clear that the point-like particle formulation of the pﬁase transition of nuclear matter to

the quark gluon plasma is insufficient because the volume of the hadrons defines the dense
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packing limit which is an essential ingredient of the process. This feature has been included
in a thermodynamically consistent description of modified quantum number chemical poten-
tials. With these the phase diagraxﬁs’ have been calculated 15r the case where only the baryon
chemical potential has been shifted and for the case where both (baryon and strange chemical
potential) have been modified. The difference between the two formulations becomes appar-
ent in the high baryon density region where the asymmetric shift shows kaon condensation
while the symmetric change does not. The baryon density (defined by u%) at the phase
transition is the same in both formulations.

Volume correctioﬁs that are proportional to conserved quantities which vanish at ug = 0
allow the hadronic phase to reappear at high T'. This unphysical feature could be avoided by
including strong coupling constant corrections to the quark gluon plasma which have been
shown to add to the pressure of it, thus perhaps preventing thé hadronic phase from reap-
pearing. However, this is a rather ad-hoc cure to the formulation which is not neccessary in
that of [33] where the correction factors are proportional to the total particle number density.
Although this formulation is rather difficult to implement and is of a geometric type thus
assuming that all particles interact with each other with equal strength, it does not have the

problem of the quantum number formulation at high T and ug = 0.
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Appendix A

Analytic Results

In this Appendix some of the important analytic results that have been used in the previous

chapters will be listed. In order expressions for
¢ the density of an ideal, relativistic, massless fermion gas
o the pressure of an ideal, relativistic,massless fermion gas
o the pressure of an ideal, relativistic gluon gas
o the density of an ideal, relativistic, low temperature fermion gas
o the pressure of an ideal, relativistic, low temperature fermion gas
will be developed.

Density of massless fermion gas

In a relativistic fermion gas the conserved quantity is the charge @ conjugate to its chemical
potential x. In the Grand Canonical formalism the expressions for the charge densities are

(for degeneracy g;):

o0 2
gi / pdp
n= —— —_— Al
212 Jo exp(Ep2) +1 _ (A1)
_ gi /°° prdp
= — _— A2
" 272 Jo exp (BF£) +1 (4.2

with E = p in the zero mass approximation. Defining 2 = &z one splits integral (1) into a

finite and an infinite term:

GT3[ [0 (s+ 4)ds [ (z+ £)2dz
272 [/:ae. exp(z)+1 * /0 exp(z) + 1] (A-3)

67
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For the antiparticles the substitution is = Z and thus
T3 F(z—4)dz - £)2d
m= oo (e—p)da | f=(z—f§)de (A.4)
27 o exp(z)+1 exp(z)+1
Letting x — =x in the last (finite) integral and using the identity
- 1 1
exp(-z)+1 "~ 1- exp (z) + 1 (A-5)

one obtains. for the conserved charge density @: ( the first term in equation (3) is cancelled )

_ —_ 9T dzh dz
Q_n—n——z—;r—,_;—[/__* dil?‘}'/ exp(.’c)-}-l] (A.6)

These integrals are elementary and are solved to be:
T s |
n—7 = g = + 67r2) (A.7)

A.1 Pressure of massless fermion gas

The pressure of a massless fermion gas reads

00 3 % 3
gi p°dp p°dp
R TN T - As
6#2[ o exp(&£)+1 Jo exp(?—}‘i)+1] (4.8)
Using the same substitutions as before one finds that the pressure P reads:
77l'2T4 T2”2 #4
P= g‘( 360 T 12 T 24n (A.9)
Since the expression for the energy density e differs only by a factor 3 it is clear that
P=ze. (A.10)

A.2 Pressure of a gluon gas

Since the number of gluons is not a conserved quantity one does not associated a chemical
potential for them (the analogy is the photon in the Abelian U(1) theory Quantum Electro-

dynamics) and so the pressure P is simply:

00 3dp
P= 27r2/ exp(B)—1

g:iT*m ‘
67215
8r2 T

45

(A.11)

The degeneracy of the gluon gas is 8 colours and 2 polarisations.
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A.3 The density of a low T fermion gas

Unlike bosons and antifermions the low temperature behaviour of a fermion gas is not Boltz-
mannian if g > m; it is dictated by the Fermi-Dirac box-like distribution present at zero 7.
The following development is vaild for u > m; i.e. the fermions are generated by the chemical
potential and not by thermal production as is the case when u < m where the distribution
is Boltzmannian.

The density integral reads:

n= / °__pldp (A.12)
27 )o oxp (B2) 41 |
and is converted to an integral over energy using pdp = EdE:

\/iEi —m?)EdE
=2 - (A.13)
T exp (=7£) +1

The substitution z = Ef# allows one to rewrite the integral as:
T? [ (2 + ()= + () - () dz
T 212 Jmoe exp(z)+1

Splitting the integral into a finite and an infinite piece and making the transformation z — —z

(A.14)

on the finite piece, then making use of the identity

1 ~ 1

exp(-z)+1 1- M (A.15)
leaves one with the following result:
_oT? /oo (e + PNz + (52 - (3))dz
22 0 exp(z)+1 :
AR CEENC R
L (2 —-(%))\/(((%)—x)z —(§))de
/ exp (z)+1 (A.16)

In the limiting case where 45 — oc the above integrals reduce to a zero T’ contribution and

a finite T term:
_ m2\3
n= 2”2 { (lu )2

o[ (= + 21T BP = (B - (4 - V(B) - 27 - (3

0 exp(z)+1

(A.17)
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The procedure now is to expand the numerator in a Taylor series in powers of z. The

exponential damping in the denominator justifies this approximation.

Since the function ome is expanding is of the form =~
o0 dz . .
/ sl @~ 1) (A.18)

only odd powers remain when expanding f(z) — f(—z). The O(1) term is:

272 2
_ g;i T Y
Po(1)T 35776 [7.:—— e + - mz] (A.19)

The O(3) term is:

TriT4 1 pt 2u?
n0(3) - 120 [ /———‘“‘Pg —m? + (uz — mZ)'g' - (u'-’ B mz)% (A20)

Collecting the terms one finds the low temperature fermion density corresponding to the

chemical potential u to be

3
. 2 __ m2)7 272 2
o 29;2[(# m?) +1rT( w2 #2_m2)

3 6 \/p2-m?

+77r4T4 1 N pt 242
120 \+/u? —m? (u? - mz)% (u2 - mz)%

+0(T®) (A.21)

A.4 The pressure of a low T fermion gas

The standard integral for the infinite volume expression for the pressure is

4dp

A.22
= o2 ./ 3E (exp (—T-‘—‘) +1) ( )
which is converted to an integral over energy to give:
joo (EZ - m2)2 dE (A 23)
~ bn? exp (Zp£) +1 '
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-With the substitution z = g{-’ﬁ and making use of equation (15) after changing z — —z
in the finite part of the integral one obtains an identity for the pressure in terms of finite and
infinite iﬁfégrab of the following form:

-4 [ /:r((-;-‘,- -2 — () da

~ 6r?

. (@ + )2 - ()i da

exp(z) + 1

s (h-op— (g ]
- /0 OS] ] (A.24)

The first term is the zero T contribution to the pressure and may be integrated to give

.> 2'_’ 2% 1#2 _ 4 T
L(u(u m*)?  3miu /(2 m§5+3m ln(#+\/z m)) (A.25)

Preo=gm\™ 17 7 8 8

- The remainder of the terms are dealt with as previously; under the strict assumption that

bt — o0 one obtains the first d:der correction to the pressure (in the variable x):

Po(1) = ﬂu\/ (u2 —m?) . (A26)

and a t]urd order correctlon of
g 77r4T4< “ u T

'P0(3)V 672 120 \,/ ,ui-mf (pz_mz)%

- Collecting all the terms one finds a pressure P given by

_ __9___ {u(u’ ~m?)i  3m #m (ﬂ«+ m)

4 8

31?2
Ay wyf (u? = m?)
,+77r4T4< 3u _ ul )
120 N\t -ml) (2 - m2)t

+0(T*) (A.28)

) (a2
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