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Abstract

Identifying outliers aud/or influential observatious is a fundamental step in any
statistical analysis, since their presence is likely to lead to erroneous results. Numerous
measures have been proposcd for detecting outliers and assessing the influence of
observations on least squares regression results. Since outliers can arise in different
ways, the above mentioned measures are based o motivational arguments and they
are designed to measure the influence of observations on different aspects of various
regression results. In what follows, we investigate how can one combine different test
statistics based on residuals and diagnostic plots to identify outliers and influential

observations (both in the single and multiple case) in general linear regression models.
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Chapter 1

INTRODUCTION

The problem of identification of outliers and eventually influential observa-
tions is one of the most nmportant aspects of regression theory. It is counted among
the oldest but also most active problems in statistics. Several books have been writ-
ten and 1najor results about how to detect and treat outlicrs or influential data have
been found as well. However, 1t appears that more research on the same topics are
uot useless, as long as the outliers appear in different contexts. A good illustration
of this reality is the Masking and Swamping problems when one is dealing with a
sample containing more than one outlier.

Many vears ago the linear regression model became one of the statistically useful
quantitative tools in many applied and physical sciences. As for the techniques used
in the rclevant lincar regression, we can obviously realize the wide popularity of
the ordinary least squares, this holds to the fact that this technique allows an easy
statistical inference, a relatively low computational cost, a simple way of testing
hypotheses , giving good results in interpretation and prediction. In practice, however,
when it comes to assessing the stability or effectiveness of the model and possibly the
influence of the data, the above characteristics of the ordinary least squares alinost
disappear. In fact, inferences based on the ordinary least squares regression are widely
affected by influential data even if these are very few. Nevertheless, the reader should
note that such data are not necessarily bad: they can provide soine more nnportant
features for the analysis. In this regard, Neyman, J., and Scott. E.L.(1971) suggest
that “apparent outliers” necd sustained attention as well as careful study because
they might be the most important observations. However, it doesn’t matter whether
the mfluential data are harmful or not. the ivestigator needs to identify them and
hence improve the confidence about the model and its offshoot by drawing specific

information contained 1 such data.



1.1 OUTLIERS

According to the encyclopedia of statistical sciences, the mtuitive definition of an
outlier is some observation whose discordatcy from the majority of the sample is ex-
cessive in relation to the assumed distributional model for the inodel, thereby leading
to the suspicion that it is not generated by this model. N.R. Drapper & Smith (1931)
provide a similar and interesting definition of outliers: “ the outlier is a peculiarity and
indicates a data point which is not at all typical of the rest of the data”. From the
residual point of view, they define an outlier as one that is far greater than the rest
in absolute value and perhaps lics three or four standard deviation or further from
the mean of the residuals.

With regard to the above definitions, an outlier can be considered as an obser-
vation which deviates considerably from the others and seems to be generated by a

mechanism different from that generating the rest of the observations.

1.2 Origins of Outliers

Two main reasons are generally retained as being the origin of outliers among the
data. The first one is that the data come from some heavy tailed distribution known
as “Outlier-Prone” (Green, 1976). These are statistical distributions with tails that
go to zero slowly (e.g. t-distribution, Cauchy distribution, ete...). The second reason
is that the data are from two different distributions. One of which, the basic distri-
bution, with a given probability p generates good observations and the other one, the
contaminating distribution, generating bad observations with probability (1 — p).
When there is evidence of outliers in the sample, the knowledge of its origin might
be of great interest for the statistician in handling and making good decisions about
them. For example, if the experimentalist is convinced that the second alternative
happens to be the origin of outliers in the sample, hie can choose the rejection method
as a palliative without risk of compromising the results . However, if the first rcason
1s the cause of outlhiers in the sample, sone caution should be taken because in this

case the outlier 1s a valid observation.



1.3 Notation

This section introduces the symbols and notation adopted in this thesis; these are
presented in the form of tables indicating i respective order the symbol, the dimen-
sion and the description. We use the expression “reduced model” to indicate that
one or a group of regressors have been omnitted in the regression model, whereas the
expression “reduced data” refers to the regressor matrix W, with the i-th observation
or group of in observations indexcd by some sct I deleted. Ommission of the i-th case
is indicated by the subscript (), while omission of the i-th variable is indicated by
the subscript [i]. Thus, W, being the regressor matrix, one has

wr

Wl

Wo =1 Wt

1—1

Wi,

Wl

n

and
Wiy = (1, Wi, Wa, o, Wisy, Wiy, W)

Finally, the regression of 1y, on the remaining regressors 1V is referred to as the

“secondary linear regression”.



Table 1.1 Matrices

H_# symbol | Dimncension | Description
L w nxq Matrix of regressors
2 | Wy (n-1)xq Matrix of regressors based on the reduced data
3 | Wi (n-m)xq Matrix of regressors based on the reduced data
4 TV nx(q-1) Matrix of regressors based on the reduced model
5 || W nx(qg-1) [ Matrix of centered regressors
6 ff’(i) (n-1)x(q-1) || Matrix of centered regressors based on the reduced data
T\ Z N nx(q+1) ” Augmented matrix [W X] ”
| 8 ||V nxn Hat or projection matrix
9 |'Vi nxn Projection matrix of the column space of W) W
10 | (V1), mxm Submatrix of V; indexed by the set I with # (1) =m |
11\ M nxn M =1 -V, I is the identity matrix




Table 1.2 Vectors

# || Symbol Dimension || Description

1| X nx1 Vector of responses

2 | X nx1l Vector of estiinated responses

3 X nxl Vector of centered responses

4 |3 qx1 Vector of (unknown) regression parameters

) fj’ gx1 Vector least squares estimators

6 B(i) & B( n || axl Least squares estimators based on the reduced data
7 |le nxl Vector of residuals

8 | ew, nx1 Vector of residuals from the secondary regression

9 | d; nxl unit vector with 1 in i-th position and zero elsewhere
10| &; (a-1)x1 least squares cstimators from the reduced model

11| W; nxl j-th regressor

12 W’j nxl Vector of secondary fitted values

13| W gxl Vector of column means of W

14 W(i) gxl Vector of cohunn means based on the reduced data
15 || w; qgxl j-th row of W

16 5’ gx1l Vector of ridge estimate

17| e nx1 Vector of ridge residuals

18 B(i) & ,7)’( n || ax1 Vectors of ridge estimates based on the reduced data
19 | B qxl Vector of the principal component cstimator

20 || e~ nx1 Principal component residuals

21 | A* qxl Estimator under the stochastic prior information

22| r* nx1l Residuals from the stochastic prior information model

[




Table 1.3 Residuals and Sumns of squares

# || Symbol Dimension || Description

1 €iv 1 i-th residual

2 €)X 1 i-th predicted residnals based on the reduced data

3 r; 1 Standardized residual

4 | 1 Studentized residual

5 || 13 1 LGeneralized studentized residual

6 || eav; 1 i-th residual from the secondary regression

7| rav, 1 standardized residual from the secondary regression

8 | tar, 1 Studentized residual from the secondary regression

9 || euyw, 1 i-th predicted residual from the secondary regression
and based on the reduced data

10 || RSS or RSSx || 1 Residual sum of squares

11| RSSx,, 1 Residual sum of squarcs based on the reduced data

12 | RSSw, 1 Residual sum of squares from the secondary regression

13 (| RS SW(,-)j 1 Residual sum of squares from the secondary regression

and based on the reduced data

6




Table 1.4 Leverage and influence related measures

# || Symbol || Dimension || Description

1 =1y | 1 i-th diagonal element of V

2 "ufi 1 i-th diagonal element of the projection niatrix (V[j]) from
the reduced model

3 | v - | 1 measure of the i-th partial leverage

4 O; 1 -th orientator for X

5 || Oav, 1 1-th orientator for W;

§ Siy 1 i-th scale inflator for X

7| S, 1 i-th scale inflator for 1W;

8 | Py, 1 Primary potential for W,

9 ld; 1 likelihood distance due to the deletion of the i-th observation

10| 1Fy qxl Influence function with m observations indexed by I deleted

11 || A 1 measure of influence of the i-th observation

12 | A 1 measure of influence of a group of m observations indexed by 1




Chapter 2

DETECTION OF A SINGLE
OUTLIER

As an introduction to this chapter we briefly look at some important and often used
central and non-central distributions when onc is dealing with outliers in the linear
inodel. Following this, we will present some tests and procedures for the identification

of outliers.

2.1 Distributions

2.1.1 Univariate normal distribution

The random variable X follows a univariate normal distribution with mean g and variance o?

if its probability density function is given by

flz) =

1
exp{ —=—= (2 — u)? s for — oo < < o0
202

1
V2o
As shorthand for the statement 7 X follows a normal distribution with paramcters

@ and o?, it is convenient to usc the following notation: X ~ N(u,?). The special

case for which pt = 0 and ¢ = 1 is called the standard normal distribution.

2.1.2 Multivariate normal distribution

Consider an n-random vector X' = [X1, Xo, ..., X,,]. The random variables in X’ follow
a multivariate normal distribution if their probability density function is given by
exp { =3(X — ) X 7H(X — 1)}

(2m) 2 |52
where E(X) = pand E(N — ) (X —p) =)

f(;L‘l.;Ifg,...,.’L’71,) -

3



2.1.3 The Chi-square distribution

A random variable U is said to have a Chi-square distribution with n degrees of

freedom if its probability density function is

utexp{
== foru >0
2T (1) "

Note: If X; ~ N(0,1) then the random variable

U= ixf
k=0

follows a Chi-square distribution with n degrces of frecdom and we denote it as

fu) =

U~ X?n)'

2.1.4 The F-distribution

A random variable V has the F-distribution with parameters n; and ns if its proba-

bility density function is given by

{2 1 )n%n%zv%_l
2 1 "2 .
f(?’) = 1L]+1L2 fO’ v 2 O

P2 ) (n2 + nyv) ™ 2
If the random variables U; and U, follow the Chi-square distributions with n, and
ny degrecs of freedom respectively, then

Ui/,

V =
UQ/T]/Q

follows an F-distribution with ny and ns degrecs of freedom.

Notation: V ~ F( ny,n9)

2.1.5 The t-distribution

The random variable W follows the t-distribution with 1 degrees of freedom if its

probability density function is given by the expression

F nt+1 2
flw) = (72)(1 + i) for —oc <w < ¢

vnrl'(5) n

Notation: W ~ t(n)
Let consider the following random variables: X ~ N(0.1) and U ~ x*(n). The

random variable
X
W =—~t(n)
U

.



2.1.6 The Beta-distribution

The random variable X has the beta distribution with parameters o and 3 if its

probability density function is given by

_F<a+ﬁ),,a7 — 2\ for x
f(z)—m.z/ 1 =2 for0< o<1

Notation: X ~ Be(a, 3)
2.1.7 Non-central chi-square distribution

When X ~ N(u,I) and U = X'X, the distribution of the random variable U is the
non-central y? with n degrees of freedom and non-centrality parameter v given by

e
T

4

The probability density function of this distribution is given by

n42i—=1  __u

> e”yiu' 2 ¢ 2
) = ; i2ETT(E 1 ) foru =10

Notation: U ~ x*(n, )
2.1.8 Non-central F-distribution

Let Uy and U, be independent random variables such that U; ~ x%(n,v) and Uy ~

x2(n). the random variable
_ Uym
- UQ/"Q

has the non-central F-distribution with n, and n, degrees of freedom and non-

v

centrality parameter v, its probability density function is

n T Ty s 2% Slyd 2o 1

f('p) &= - fO’T' v >0
E : : "

A ) s 5 )

Notation: U ~ F(ny,ng, )




2.1.9 Non-central t-distribution

X and U being independent random variables. if X ~ N(j. 1) and U ~ X:(Zn) then the

random variable

Las the non-central t-distribution with n degrees of freedoin and non-centrality
parameter p; its probability density function is
n 1.2 ; iyg S .
125(:‘*5“ 00 F(”fﬁ“),u"?”tz

t) = . — for —oo <t <>
M TG & w0

Notation: T ~ t(n, u)
The techniques used in this work for outliers detection will be essentially based

on residuals .

2.2 Definition of residuals

Given X an nxl vector of dependant variables, W an nxq matrix of independent

variables. § a gx1 vector of unknown parameters and £ an nx1 vector of uncorrelated

random variables with mean ¢ and covariance matrix ¥ = %1, the standard form of

the general lincar model is:
X=W3+: (2.1)

Almost all the information about outliers is carried by the vector of residuals

below:
e=X-W3

Where 3 = (WTW)'WTX is the vector of the least squares estimated of the
}BIS.

Thus
c= X )T
aud

e= (I -1y why

11



setting

vV =www)y-twt

one can write:

e=({[—-V)s (2.2)
which scalar form is
€ = &; — Z vie; fori=1,....n (2.3)
=1

V' is known as the Hat matrix. We also define Ml =1 -V .

From (2.3) it appears that the e, will be closer to the £, if the ;5 are closer to
zero. Hence . a good insight and understanding of the hat matrix V' is essential for
most regression diagnostics.

If we partition W as follows
W = (W, Wy)
where W) is an nxp matrix, one has
1°
Wy =W (W W) twl

the projection matrix for the colmmnm space of Wi,

K)O

Wy =Wy —WiW, = (1 - W)W,

is the component of W5 orthogonal to Wj.

Hence,
T _ T
U=W;(W; W) "W,
is the projection matrix of the coltunu space of I orthogonal to the column space of
1.

Since, V may be regarded as a sum of two components :

V=UT+U (2.4)

which is the orthogonat forn of V.



2.2.1 Properties of the Hat matrix, V

Propertyl.
V is symmetric, that is VI =V
Property2.

V is idempotent, that is V=V

n
2

1)1]

Jj=1

trace(V) = rank(V)=q

Let denote the eigenvalues of V by A1, Ay, ..., A, Given that V' is idempotent, these

eigenvalues are either 0 or 1. Thus

trace(V) = i Ai
= ’Il“?L;k (V)
= rank (W)
= g
Property3
V is invariant under a non-singular linear transformation; namely if Viy and Viyp
are the projection matrices of W and W x F respectively, with F' non-singular, one
has
Vwr = WEWTETWE)y ' FIwT
= WEF Y (WIw)- gttt
= W(witw) twt
= Vw
Property4. The eigenvalues of V are either 0 or 1.

Propertyb5.

The Hat or projection matrix V can be written as
vV =UU"

with U an orthonormal matrix, that is 70U = 1I.

Let cousider the singular value decomposition of W. say

W =upv?t

13



we have that
Vo= wwrw)y'wt
= upv" (vputupvt) ' vpu”
— upv" (vpV") vpUT
= UU”
Property6.
0D<p; <1

Proof: From property 2 we have

n

Vi = E ']72,],
7=1
123

_ 2 2

= UiiJrE vy

jAi

S+

which shows that 0 < v; <1

Property7.

In the hat matrix V, if v;; = 0 then v;; = 0 and if v; =1 then v;; = 0Vj # 4.
In 6 above we wrote

n
2 2
Vi = Vj; + § Ui

i
n 2

substituting v; = 0 for v; we get 0 = 0 + Z#i v and it follows that v;; = 0.

The same, substituting v; = 1 for v; one obtains 1 = 17 + Z;;Z Y,V;‘)j which leads
PropertyS8.

1 1 v
—5 <y <5, VjFi

expanding the expression in property 6, one can also write

n
— 2 72 E 2
Vy = U -+ Nij -+ Vi

k#ij
cquivalently
n
9 2 : 2
Uiy = Uy Vig — Uige
ki
and
2 2
Z!ij S Ui — 121

4



The maximum value of v;; — 2,27 being % the result follows.

Property9.

If Vi is a kxk submatrix of V obtained by the intersection of the k rows and k
columns of V indexed by k, then the k eigenvalues of Vi, and (/ — V) have values
between 0 and 1.

Without loss of generality, suppose that Vj, is the submatrix of V consisting of the

first k rows and k columns of V. One can write V as

-
V = ‘/A ‘//c,n—k'
‘/k,‘n,—k ‘/n—k
V5. being syinmetric, one has
k & D) 3
V., = NDNT

with NV an orthonormal matrix containing the eigenvectors of Vi, and D a diagonal

matrix containing in the main diagonal the eigenvalues of Vj.
Vi = ViV + Vil Ve (V is idempotent)

from the above

Vie > ViV
or

NDNT > ND’N"

which inplies that

D—D*>0

This last expression shows that the eigenvalues of Vi have values between 0 and

1. The following can be deduced:
I —V,  is positive definite when the maximum eigenvalue of V is less than 1, and positive
semidefinite otherwise.
Let assume that A; (i =1,2,.... k), the cigenvalues of Vi, satisfy 1 — X\ > 1 —

Az > 1 — Asz... > 1= X The eigenvalues of (I —Vy) satisfy (1 — X)) < (1 —Xy) <

(T —=2X3) ... < (1= Ap); letting A; = 1 in this last expression gives (1 — A1) = 0 which

shows that (1 —X\) > 0i=1,2, ..k



Property10

det <I/1/'<'§')II'<Z-)>
det (WTTT)

?’ii ey —_

Propertyl11

If the regressor matrix has a column of ones then

° U >

3=

e If an observation w; occurs k times, then v;; < %

In (2.4) above if the regressor matrix is partitioned as follows
W= (1 W)
where 1 is a vector of ones, the projection matrix W is given by

wr = 1(171) 17

1 -
@
n

Hence, following the same reasoning as previously, one can write

Vo= W +U
= W (L= W W (W (L, = Wiy Wa) ™ W (1, — Wy)
| N
_ (—> 117 + W (WTW) W

n

1 ~
= (—) 117+ v
T

Since, the diagonal elements of V' can be expressed as

|
= -+t Uy

T

Vg

with 7;; nonuegative; the first result follows, namely v;; > &

n’

Secondly, let define
S={jrw;=w;, j=12.3... k}.
Knowing that
v = wl (U*"J‘II”'Yl w;

one has vj; = v; for 7 € .5 and the expression from property 6 becones

2
Uy = § "

J

16



§ : 2 § : 2
= 17[.].—{— Uz'j

jes jes

2 2

= kv + § Vi
jgs

From which vj; > kv? and finally v; < %

Property12

The diagonal clements of the hat matrix v;; are non-decreasing in the number of
independent variables q.

Let partition the regressor matrix as follows
I = (i 1)

with respect to the earlier notation. Rcasoning similar as above, the projection

matrices are

. ~1 ..,
Vi = Wy (W5W) Wi

and
ViV = V=W
= (1= Vi) Wy (W] (1= Vi) W) W (1= V)
_ er 6%{,]_
~ RSSw,
Hence,

Vo= WVt (V - VD])
enyeag

Vi
(] + RSSH'J.

In scalar form this can be written as
2

iy
W

RSSyy,

— o)
Vig = Uy, -+

2
€5 .
W . . N . . . -
where YT the partial leverage of the i-th observation, is the contribution of
7o

2
. . . . ny
the j-th regressor to the leverage of the i-th observation. Shice zgz— > 0, one has
DOy, T :
J

Vi > ?'{r which proves the result of the above property.
Propertyl13
Deletion of the ith observation in the data inatrix denoted by W leads the following

results:



Vjillie .
Vik(i) = Vjk + 7 ! ok £

= Uy
2.
02
ik
Vkk(i) = Vkk + 1_ .
U
3
U5
Vii(iy = 1
(44

The proof of these results is made possible by means of appendix Al,

(W) wa! (W)~

L —wy

1
1

(WEWe) = (W) ¢

and
Uik(iy = w]-T (W’(?)EV(Z-))*Iwk
, _ Wi L ww? (T !
= w; ((WTW) 1+( V) 1101101 W) )wk

[w;f (WTW)f1 'wl} [w.T (WTw)*1 wk}

— Uy

(3

= ij (I/VTI/V);1 Wy +

1 — vy
?)jivik:
1 — Uy,

= 7'jk -+

in the sanie way

Uik
Vkk(s) = Vkk +
1— vy
and
2
f{)() — 171 + 123
22{2 17
L=y
Vg
L=y

Property 14
Let Vi be the kxk submatrix of V' indexed by the k cases to be deleted from W.

On the condition that W is of full rank ¢, one has
Vi. = I, & rank (U"'(m) =q—Fk

Proof:
Let start by proving the property from the left to the right hand side

with regard to property 7, v; = 1 implies that ;= 0 V) # /. The projection

18



watrix V can be expressed as
Wi (WTW) WL 0
0 I

V =

: : , . .
because V is idempotent this last expression shows that 1y, (W) 1/V(1/;) 1s

idempotent and

rank (I”V(/C) (WTVV)Hl VV}{)) = rank (W(U)

Now to prove the property in the other direction, one should remember that the
expression rank (I/V(k)) = q — k simply means that they are k columns of Wy, that
are linearly dependent; without loss of generality assume that these columns are the
k last columns of W, hence the k rows to be left out are the last k rows of W. onc

can write

¢ 0
W = F
0 I
= MF

where £ gxq is non-singular, and C' : (n — k)x(g — k) has rank ¢ — k. Following
property 3 which state that the projection matrix V is invariant under a non-singular
linear transformation, one can write
Viv = Vur
= Vi

= M (MTan) M7

1

[ ccrtey ctoo
N 0 I
B Ly O
R A
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2.3 Standardized residuals

With respect to the earlier notation, the standardized (internal studentized) residuals
are defined as:

€;

i=1,2...n (2.5)

T =
m;s

where ¢; is the i-th element of e, m; the squarc root of the i-th diagonal element

« ’ . . . -
my; of M and s? = << (the residual mean squared error) is an unbiased estimator of

n—q
the variance 2.
Let’s define

€;

bz' =7T; = (26)

;S

Each b? is distributed as a beta random variable with parameters 3 and

(n —q—1)/2,say Bel, (n —q~—1)/2]; that is the distribution of the ¥}s is given

2
by
F(n_—(l) g n=g=—2 1
f(bi):ﬁﬁi_— (rl)(1~bf) e 7 —1l<h <1 (2.7)
2 2

That is the standardized residuals r; arc rclated to the beta statistic, 1.e. r? has
a beta distribution.

Another version of the standardized residuals is the “external studentized resid-
uals”, Cook and Weisberg (1982), or "RSTUDENT", Belsley (1980), or jack-knife
residuals, Atkinson (1931). They arc defined as

fi — eé (28)

Sy

where sfi), the residual mean squared error with the i-th row deleted is the es-
timator of the variance o?. The numerator and the denominator of ¢; are indepen-
dent, so that ¢, has the Student’s ¢ distribution under Gaussian assumption, that is
ti~t(n—q—1).
Using the deletion formulac (Rao, 1973)
(n—q— 1)5'(21.) = (n—q)s* — A (2.9)

i

leads to the following relationship between the two versions of standardized resid-



uals.

(2.10)
Chen, J. (1978) cousiders
Fi= (%j% (2.11)
from which
e —EE F) 212

The standardized residuals r; and ¢; will be large when e; is large or m; 1s small;
they are sensitive to outliers in the dependent space and/or outliers in the regressor

space.

2.4 Test procedures

The test for a single outlier in the data set, based on the studentized residuals uses

the maximum-absolute studentized residuals, say
R, = Maz{|r|}
From the above relationship between F; aud r; in (2.11) and (2.12), one has

_(n—q-1)R:
- (n—q-R3)

n

(2.13)

or
2 (7) — q)EL
L (n—q—-1+F,)

In these last relations, F}, denotes the maximum of the different F; (i = 1,2, ..., n).

(2.14)

We have the following two different casecs: In the first. a specified observation is
suspected as being an outlier and in the second, the observation which could possibly

be an outlier is not known.

2.4.1 Test for a specified observation
From model (2.1) we have

E(XG) =W,3 i=1.2....n



If observation Xy, & known, is suspected as being in error by an amount A, then
we can sct up the following hypotheses:
H, : Ar =0
H, A # 0 kis specified

These hypotheses derive from the following:

H, : E(X;) = pu, 1=1.2,...,n
Fi L Fk
g+ Ak i ="k, kis specified
If X is an outlier, then the corresponding studentized residual rp will be large
in absolute value. Let F (o, 1,n —q — 1) denote the upper 100a% point of the F —
variate with 1 and (n — g — 1) degrees of freedom, then in regard to (2.12) the test

for outlier will reject if Fy > F (o, 1,n —q— 1)

2.4.2 Test for an unspecified observation

Most of the time, the potential outlier is not known. We are interested in this case

to test the hypotheses:

H, : Thereis nooutlier in the data set.

Hy : Thereis one outlier 1n the data set.

If Hy 1s true, then the absolute-maximum studentized R, would be large. For fixed
values of «,n and q, let R, 1y be the critical value from Lund (1975), the rejection

region is given by:
Ry, > R
or equivalently (see 2.13 above)
By > F,

where
- (n—q— I)R'(“)Q

1
o (n—q-— Rfa_”)

)

]
[N}



2.5 The mean shift outlier model

The mean shift outlier model for a single row detection is given by

X=Wg+do+e (2.15)
With
E(g) =0 and Var(s) = a*1.

d; is an n-vector with all components equal to zero except the i-th which is equal

to 1.

As in (2.4), putting the added variable in the orthogonal form to the columns of

W, one can write:

X=Wpg"+{U~-V)di¢o+¢ (2.16)
Thus, parameters in (2.16) can be fitted in two steps as shown below, given the
orthogonality:
Step 1: f)’* = (WTW)"'WTX, estimator from the regression of X on W, ignoring
the added variable (I —V)d,.

Step 2: From the regression of the residuals obtained in the preceding step on the

added variable (I — V)d,, the estimator of ¢ is given by:

AT =V -V)X e
TV Vyd, T—

(2.17)

(2.17) can be found by solving for ¢ in the system of normal equations from (2.16),

that is

WW3 W = V)dip =W'X (2.16a)

A" VYW3 +d"(I -V = V)dyo =d" (1 - V)X (2.16b)



If the reduced model X = W 3" + = can be fitted, that is (W72 lexists, the

normal equation (2.16a) yields:

~

B = (WIW) WX — (W)W = V), o

substitution of the above result in (2.166) vields:

dr I=WYW[WIW) " WT X —WIW) " W (I =V)d;o|+dT (I-V)YI=V)d;ip = d" (I-V) X

AT (I = VY =V)dip —dT (I = VIWWTW) W - V)dio = dT (I -V)X —

AN - VYW WIW)-twTx

d51 =W = wWWIwW) " W - VYdip = dP (1 - V) [T — W WTw)twl)x

and finally expression (2.17) can be derived from this last equation, that is

d5(I - V) —WwWTw) " 'wT)x
A (I = V)T = W(W W) 'WT(I — V)d,

¢ =

After arrangement

Test Statistic for ¢ =0

From stepl above, the sum of squarcs of regression of X on 1V is given by X7V X,
and from the sccond step the sum of squares for regression of e = (I — V)X on the

added variable (I — V)d; is given by

Xr-wvirr-wvx = xXta-wvyr -v)x

Hence. the residual sum squares for the model (2.16) is



2
€;

RSS = X'x — X’f‘VX—1
— U
2
’ X -
L -y

(2.18)

e
1
2

Under the normality assumption, the statistic for the test o = 0 is:

P (177)1’.,')%’
XTI = V)X — =13/ (n

Under the null hypothesis, the statistic ¢; follows a t-distribution with (n —q¢—1)

degrees of freedom. Thus, « being a nominal level, a two-tailed test for a single outlier
will reject if | ¢; [> t(a/n,n — q— 1). If the row suspected for an outlicr is unknown,

an alternative rejection region (the Bonferrouni inequality) is given by:
max; |t |>t{a/n,n—q—1)

A similar rejection rule accommodating the v is given by Cook and Weis-

berg(1980) as follows:
maz; | t; |=]t; |> t(vze/q,n —q—1)

Remarks:
1 One should notice the similarity between the external studentized test statistic
and the one under the mean shift outlier model; they arc in fact two identical tests.

2 When ¢ # 0, the distribution of #2 is non-central F-distribution with noncen-
. It clearly appears that this parameter gets small as v;; is

2(1—’0“)
a2
close to 1, it therefore becomes difficult to identify outlying poiuts with such values

trality parameter 2

of vj;, and vet these are of great interest.

Since
V=www) "

r;; 18 increasing in ¢, the number of explanatory variables in the model. Thus, the

larger the model the more difficult to detect outliers.

[\
(Wn



2.6 Added variable plot

In the mean shift model (2.15), replacing d; by another explanatory variable, say Z,

vields to the new model:

X=Wp+¢Z += (2.19)

Multiplying both sides of (2.19) by (I — V'), one has:

(I-V)X=I-VWB+o(U-V)Z+(I-V)e
that is
e=¢p({-V)Z+({[-V): (2.20)
taking expectation over both sides gives:
Ee)=¢(I-V)Z (2.21)

This last relation suggests that the new or added variable Z should enter the
model linearly, that is the plot of e versus (I — V)7 is linear and through the origin
of axis as illustrated in figure(2.1) below. Hence, as in the previous chapter if we
define P to be the projection matrix of the column space of W except W,,, (the m-th
coluinn of W), one can plot ( I — P)X versus (I — P)IV,, to test wether or not case
m might be suspected as outlier.

Note: Practically, the added variable plot is realized as follows: we take on the
y-axis the residuals of the regression of the dependent variable X on the explanatory
variables excluding the one that is being tested. On the other hand, we take on the
x-axis, the residuals of the regression of this last variable on the other independent

variables.



(I-V)Z

Figure 2.1 Illustration of an added Variable plot
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2.7 Partial residual plots

The partial residual plot, Ezekiel (1924), is a variaut of the added variable plot
introduced above. Let consider the following model (full model)
X =WynBg +W;B;+ 2 (2.22)
From the previous, the vector of residuals 1s given by

ey — (] e V) JY

It follows that
ex,, =ex + (I — Vi) Wb,
Putting V{;) to zero, one has
GX(J_) = €x + L’Vj/}))j

The partial residual plot is defined as the plot of ex + LV]-B ; versus ([ — V(]-)) X;.
[t therefore appears as a special case of the added variable plot where V{;y has been
replaced by 0. Here again, the slope is given by f)’j. This plot is restricted in detecting

influential observations.



Chapter 3

MULTIPLE ROWS DETECTION

3.1 Introduction

The multiple case is analogous to the single one, but one needs to take care of some
peculiaritics that sometimes arise when one is trying to identify more than one out-
lier at a time. We have for example the problem of masking and swamping effects
mentioned earlier in this study.

In this chapter we first present a non-parametric test for a multiple detection based
on the mean shift outlier model. We will also look at the test procedure proposed by
Gentleman and Wilk (1975); finally we will give an overview of the partial-regression

leverage plots.

3.2 Mean shift model

Let L = (4.4, ..., iy be an m-vector of case subscripts, ep = {e;;j = 1,2,...,m} an
m-vector of residuals and Vi an mxm submatrix of V' with rows and columus indexed
by L above. The mean shift outlier model for multiple rows detection can be written

as follows:

X=WgB+D¢+z E()=0 Var(z) =0T (3.1)

Where D is an nxm matrix with the ¢ — th clement in the & — th colunn equal
to 1 while the remaining elements are all equal to 0. @ is the null natrix and ¢ an

m-vector of unknown parameters.



Both Gentleman and Wilk (1975b) and Cook and Weisberg (1980) have shown

that

[eE (1 = Vi) le]/m
[(n — q)6° — eT(I = Vi) ~ter]/(n — g — m)
is the statistic for the test of Hy : ¢ = 0 and that under the nornality assumption,

(3.2)

2
t; =

t3 follows the F-distribution with m and (n—g—rm) degrees of freedom. Critical values
for this multiple case outlier test are based on the Bonferroni inequality mentioned
above.

Remark: As in the single case, the following relationship between ¢7 and the mul-
tiple casc analogue of the studentized residuals rp is recommended for computation

purposes :

2 (o
AU ) (3.3)
m(n—q—ry,)
Note that
ei(] — VL)’leL

(3_2

2 =
can easily be computed using the Choleski factorization of (I — V1) which is summa-

rized as follows:

stepl: find a triangular matrix C' such that
c'c=1-Vp

step2: solve for A in the systeimn

CTA =€y,
stepd: compute
9 AT A
TL = 5
5

3.3 GGeneral distance measures for several cases

Let I be the set of indices for the n cases to be deleted. the empirical influence

[unction is defined as
IFy =B, — 3 (3.4)

and the distance function is

N A S — DTG, — 3
D,(W’n:qs-’):(” w = DL . Ny =) (3.5)

qs-




From Bingham (1977) .
Aoy = 3= —(WIW)y" W/ (T = Vi)t

(3.5) can be written as

eI = V)WV (I = Vi), 'y

Dy (WTW, gs*) = poe (3.6)
Applying the spectral decomposition to V;, we have
V; =TTAD (3.7)
where I' is an orthogonal matrix and A = diag(A. ... A,,) an mxim diagonal matrix
with 0 < A\ < ... <A, < L
therefore (3.6) becomes
ri(DTT — TTAD)ITTAD(ITT — TTAT) !
DWW, gs?) = i )7 LA (5
qs*
(T - A)TIAT = A) (T )
= e
Letting ¢ = I'"r;, onc has
. T —A)TAJ - A
D](‘/VTW, qu) — 4 ( ) 2( )
qs
that is
) ‘ 2\
Di(WTW, qs*) = L g/ L= A)° (3.9)
s>
or
1 m
Dy(WTW, ¢s?) ?Z j (3.10)
where
h? = _L
T Ry

Following Gentleman and Wilk (1975), the likelihood ratio test statistic for the

hyvpothesis that the m cases are not an outlying set is given by

n—q—m)> " h?
o L= )
m(n —q— Y0 hi)

~

Fy~ F(m,n—q—m)
A comparison of (3.11) and (3.3) shows that

m
P T 2
1,7,~E I
j=1

Auother interesting formulation leading to the sane results as above is provided
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by Draper and John (1981): Writing the model (2.1) as follows

Xl W, 0 3 21
— + (3.12)
X, W, I A n
where X and =z, are (n—k)x1 vectors, on the other hand X, and ¢,, are (kx1) vectors;
W is an (n — k)xq matrix and W, is an (kxq) matrix . I is a kxk identity matrix

and \ a kx1 vector of additional parameters. The least square estimate of 3 in this

model is given by
B = (W)~ X,
and that of A can be derived as follows:

from (3.5) we have

2 Liw — (WW)'WL =W (WW) W) X, (3.13)
~W,(WW)"'W, I — W, (W'W)~ 1w X, '
Hence,
g, = [l = Wn(W'W)'W!|X,, — W,(W'W) "W/ X,
and

Xy, = [ = W (W'W) "Wz, 4+ Wa (W'W) 1V X
Since from (3.4)
X, =W,3+ A
we can write, using the above expression
A= X, - W3
= [l — W,(WW) "Wz, + W, (WW) "W X — W, (W W) W] X,
En + WL (WW)H) =1V X, —

= (I — Wo(W'W) W/
(L, — W, (W)~ W, (W) TV,

let
I{/’,L(W"U")*lI'V{Xl — e — VV,I(W”H’)’IHff',’z]ﬂf",l(ﬂ’l’l{"1)*1LI/'1’X1 = A
olle has

A = 0T TIIVIX, — W (W) VX A+ T, () 00, (VW) LWL X

= W, (W) T — (WW)Y W)+ T, (1) i X
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= W, (W) YT = {W'W — WIW, W) IV X,
= W,(WI)TYT — {WW, + WIW, — W, LW W) X
= W, (W)Y — (W (W) IV X
= 11,0 oW X,
=0
The expression reduces to

A= (L = W,(WW) "] e,
Gentleman and Wilk (1975) show that

Qr = E,[1 — W, (WW) 1V 71e,

which they termed “outlier sumn of squares”, the extra sum of squares due to fitting
A in the model (3.4). The statistic for the test of H, : A = 0 of no outliers is therefore
given by

__ Q. n—q-k
RSS — Q¢ k

where RSS is the residual sum of squares. Under Hy, F follows the F-distribution

F

with k£ and (n — ¢ — k) degrees of freedonu.

3.4 The recursive residuals

The model (2.1) can also be written in partitioned form as follows,

X, W, .
= 8+ (3.14)
X W

[Q)

[0

where (X,,, W,,) is the last observation. With regard to the deletion formulae, if
the n-th observation is omitted from the samiple, we have the following results from

the subregression
g, = (W)X,

S;o= (Xy =8 (X1 =113
From the work of Plackett(1950). we have

(= wo 3OV b,
(U4 w0, (W) )

/3 — /L?'}l +
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RSS = RSS, + (1, — w,3y)?

(In - lUnBl)
1+ w, (W)~ Tw! |

(r, — wn,@) =

(W{W)~hw! w, (W)~
14+ w,(W[Wy)~tw! ]

(WW)™t = (Wjwy) ! —

The above formulac allow us to produce (W[1V;) 1, ,Bl and RSS; from their
corresponding term in the full model, say (W/W)~ 1, 3 and RSS.
Following Beckman and Trussell (1974),

(mn - wmg)

B \/1 + w, (WiWy)~lw!

Tn

Under the assumiption that W has full rank ¢, one can produce (n — ¢) such
variables, namely 1, 7,-1, ..., 7g41. Thesc last are known as recursive residuals; they
are independent and distributed as N (0, o?).

RS'S, the residual sum of squares is given by

n

RSS= Y

k:q+1
Now, suppose that the last k& observations corresponding to the last &k recursive

residuals have been removed, the residual sum of squares becomes

n—=k

RSSp= Y 1}

i=q+1
Following Hawkins(1980), if the observations are pernuted so that the suspected
outliers occupy the position n, n — 1,..., n — k + 1: the following two statistics can

be calculated:

RSSy . .
by = k, a global statistic for the presence of up to k outliers
RSS
71”._ o . . . . .
Ry = R stepwise statistic appropriate for testing for the presence of &

VRSSy'

outliers given that the sample contains & — 1 outhers

Smiall values of Ej iudicate that the £ observations put in the “outlier” partition
are in fact contaminants. Fractiles of E; for given n, k. v and «. ave provided by
Hawkins (1978b) .

This formulation has the advantage of preventing several outliers from masking
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each others’ presence. However, it is generally impossible to arrange the data as

described above.

3.5 Test procedures

Procedures for detecting outliers in lincar models have been suggested by nmiany au-
thors. e.g. Mickey, Dunn and Clark (1967), Gentleman and Wilk (1975). Named
“step-up” and “step-down” procedurcs, they arc also known under the names “for-
ward deletion” and “backward dcletion” procedures respectively: in this work we use

both nomenclatures.

3.5.1 Step-up procedure

In the step-up procedure, one starts with the full data set and delete sequentially
each observation that is erroneous. This procedure is recommended when the data
set has at most one outlier because in this case it allows us to avoid unnecessary
computation. However, in the presence of more than one outlier the forward deletion
procedure possesses some weaknesses; it is insensitive to the masking effect and can
cause some inliers to appear as outlicrs when the true outliers occur at high influence
points.

The second type, the backward deletion, begins with a reasonable number of
outliers k, and decreases it scquentially. This procedure has the advantage of being
less affected by the masking cffect. In the following section, we briefly present the
backward deletion procedure based on the maximum absolute studentized residuals

R, as defined in the previous chapters.

3.5.2 Backward deletion (Gentleman and Wilk (1975))

We have two different cases; for the first one the number of possible outliers, k, is
preassigned and for the sccond it is unknowr.

In the first case the first step consists of identifying a subset of k potential outliers
from the full data set. One way of doing this is to choose the subset whose deletion
yields the mininmun stun of squares of the residuals of the remaining observations.
Another way 1s to select the k observations having large residuals in absolute value

from the ordinary least square regression.



If k is not fixed i advaunce, then the procedure can be performed in the following
mteresting fashion:
step 1: Order the sct S of residuals by absolute value, say sy, s, ..., s, with

s; > s fori > j.

step2: Determine s* = max |S;41 — $;
step3: Let ¢ = s; corresponding to s~
If we let S, be the subset of absolute values of residuals related to the possible

outliers then we can write
S*:{<‘>’i€S\S,‘>C}

k is therefore the number of observations in S,.

The interesting part of the procedure perforined this way is that we can set an
upper bound on k, the number of possible outliers in the data sct.

step4: After the subset of k possible outliers has been selected, starting with a
sample of size (n — k), one reenters the possible outliers one by one and calculates its
corresponding residual *r; from (n — k + 1) observations.

Let *R = min{*r,* ro, ...,* 7}

If *R is less than a critical value from Lund’s tables of conservative values for the
sample size (n. — k + 1), the corresponding observation is entered in the data set and
the process is repeated with the (n—k+ 1) observations until none of the observations

corresponding to the elements in Sy, say sy, $2, ... s, where p < k can be entered.

3.6 Partial-regression leverage plots

Though appearing at the end of the chapter, these plots should be used as preliminary
tools in applying the multiple row detection test. They display how any given group
of potential outliers can work together to influence the regression parameters and
most of the tie, allow a clear visualization of the masking or swamping effects.
The partial-regression leverage plot is a device that can be motivated in the fol-
lowing way: Let W, be the nx(q — 1) submatrix of 11" obtained by deleting the i-th
column w;. If we denote by u; and ¢; respectively, the residuals of the regression of
X oon w; and W, the i-th regression coefficient of the full model can he found by
reeressing u; on vy (siiple regression). The partial-reeression leverage plot is there-

fore the scatter plot of u; agaiust v; plus their simple linear reeression hne. It can be
o O
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shown that the residuals from this regression line ave the same as the residuals from
the full model (regression of X on W) and the simple correlation between wu; and v; is
equal to the partial correlation between X and W, in the multiple regression. These
plots are indicated if the rows suspected of being outliers are known.

Following Belsley et al.(1930), the added variable plots are called partial-regression

leverage plots when deletion is of interest.
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Chapter 4

TRANSFORMATIONS

One of the effective approaches to a variety of problems in regression analysis is the
transformation of the data such that the assumptions of the linear regression model
are more closely met. Generally, transformations are used for remedy to asymmetry
. nonconstant variance and for linearization purpose. To achieve this, several families
of transformation of independent or dependant variables are available. The following
are the most used:

1) X being the variable concerned with the transformation, the power transforma-
tion family used earlier by Tukey (1949) and then by Box and Cox (1964) is defined
as follows:

(x* = 1)/A , A#£0
log , A=10

X» = (4.1)

where X™ is the transforied variable. This family is of great use when the x’s
are all positive.
2) The extended power transformation is defined as:

[(z + X)) = 1J/A A #0
log(a + Ay) A =0

XxW = (4.2)

Here (x + A2) > 0, the transformation is applicable in the presence of negative
values of the x’s.
3) Modulus transformations, John and Draper(1930).
sayllrz r+1)> = 1]/A . A #0
swlloglizt+1)] . A=0

P (4.3)

5( 18 the sign of x.

1) Fawily of folded-power transformations. Mosteller and Tukey (1977) and Atkin-
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son (1932)

2t — (b—x)M /A, A#D
N B e A PR "
log[z/(b—x)] , A=0
This family is useful when the x’s are constrained to beloug to the interval [0,b].
In this section we will focus on Atkinson and Andrews method (sec Atkinson

(1985) and Andrews (1971)) in addition to the maximum likelihood method for se-

lecting a transformation because of their diagnostic ability .

4.1 TRANSFORMING THE DEPENDANT VARI-
ABLE

4.1.1 MAXIMUM LIKELITHOOD METHOD

Andrews (1971a) demonstrates that the likelihood method for choosing a transforma-
tion is sensitive to outlying responses; that is, an outlier in the untransformed data
may be brought into line by a transformation.

Let’s consider the monotonic power family and suppose that the transformation
is indexed by the parameter A. The object being the normalization of the error dis-
tribution, the stabilization of the error variance and straightening the model, one can

write

xW = By + Bywy; + ... + ﬁq?b’qi + (4.5)

g, ~ NID(0,0%)

where
A
2= 1)/A, A£0
xw o P DAL A0
log z; , A=10
since, the likelihood can be regarded as a function of the transformation parameter

A and the usual regression paranicters, say

LN, By. 3. .. 8

(17 K) ‘2

20

‘ A 1
0?) = (2r0) " exp {~ (XN T x™ — W,@)} J (4.6)

where
oxW
0X,; |

is the Jacobian taking in account the change of scale due to the transformation.

J =1 |
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. ~(A) . R . )
Let’s denote by 3 ° the maximum likelihood estimate of 3 for the transformed
model. we have

< (A
6’()

i

= (Wrw)~TTx®W (4.7)
Hence, the residual sum of squares of the X5 is given by
RSS(A, X) = XYW [T —wwTw)-lwTx™
that is
RSS(A, X) = XN — V] xW (4.8)

Dividing (4.8) by n one obtains the maximum likelihood estimate of the variance

denoted by &?A):
o4y = RSS(A, X)/n (4.9)

The log-likelihood is therefore obtained by replacing 3 and o in the logarithn of

(4.6) by the expressions given by (4.7) and (4.9) respectively; that is
1
Limax(A) = —5n log[RSS(A, X)/n] + log(.J) (4.10)
equivalently it can be written as:
L 2n
Lmax(/\) = __Q_NIOg[RSS(A? X)/??] + 2_ log(])
n

1 2
= —5n log[RSS(A, X)/n] + %nlog(,])‘/"

4

1 XN = vixW

= —5n log| T ]
1 {XW’/.J%[J ~ VXN /5 }
= —=-nlog
2 n
1 VAU G R VA YACY
= —-nlog
2 n
ad
1
Lmax(\) = —5nlog [RSS(A. Z)/n] (4.11)
where the n-vector Z has elemnents
N = oWy g (4.12)

The usefulness of the normalized transformation (4.12) is that it allows compar-

1sons of residual suns of squares for different values of the transformation parameter
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The last step before the test consists of finding the maxiiun likelihood estimate of
the transformation parameter A, that is the value X for which the profile log-likelihood
is maxinmun. A is obtained by finding the solution to

dLmax </\)
dA

Hence. the likelihood-ratio test statistic for the hypothesis Hy : A = Ay is given by

=0

Gé = ;2[[/11150((/\ = /\0) - Lmax(A = ;\>] (413)

and G2 is distributed as a x? variable with the number of degrees of freedom v
equal to the number of components in A. Since, one can built a 100(1—«)% confidence

region for A by considering all the values of A satisfying

Q[L ma.x(;\) - Llna)c(/\)] < X?U.a) (414>

Atkinson (1985) suggests values of A between —1 and 1 and considers the approx-

imate 100(1 — a)% confidence region for A below
2[L max(ﬁ) — Liax (A)] < X‘fm)

The null hypothesis of no transformation corresponds to the value Aq falling in

the above confident region

4.1.2 THE SCORE TESTS AND CONSTRUCTED VARI-
ABLES
Let's consider the nornalized model
7N =Wt = (4.15)

Expending  Z™ in a Taylor series about g vields

BIVAS
ZW = Z0 (- A -
+ ( ()) 0/\ ‘/\wz\o
or
Z0 = 200 L = 2 e (4.16)
where
5 7N
U{.(/\u) 0z ‘\7\
O\ o



is known under the name of the Constructed Variable. Box(1980).

Thus
Z00 L (X = M) =TV 3 + =
and
Z00 — W — (A= X))t =
Z00) = W34 )+ 2 (4.17)
with
¥ = (A= A)

As in section (2.1) above, the least squares estimate of the constructed variable
coefficient is given by

. ¢(A0)T([ o V)Z()\o)
7 - ,¢<A0)T([ - V)/L/J(/\o)

YT (T VY = V)yPo?
[7/)</\0)T([ - V)w(/\o)];z

Var(4) =

and
2
a
¢(A0)T([ _ V)w(/\O)
In consideration of the residual sum of squares RSS of section 2.4 , the estimate

Var(§) =

of #® may be found from the expression

(23T (1 — V)2
TV

Hence, the approximate score test for the hypothesis v = 0 is given by the following

statistic (Atkinson (1973) )

(n—q—1)82 =z y)zG%)

Z(/\O)T([ _ V)q/)(/\”)
SZW)(AO)T([ _ V)w(/\o)]l/"z

The negative sign comes from v = —(A — Ag) in (4.17)

Tq(AO) - =

under the asstunption that the lincar approximation leading to (1.17) is exact, one

can write
”A/ = '(/\ - )\0)

Therefore, the test of v = 0 is approximately equivalent to the test of the hypoth-



esis A = Ag of no transformation.

Defining the two following variables,

PR = (1 — V)P and 7000 = (1 - V) ZW),

. (g ) . .. .
20)* against " which is in fact the added variable

one can consider the plot of Z!
plot. It tells whether the information for the traunsformation is concerned with all the
data or depends on one or a few observations only. In this last case the observations

should be given particular attention.

4.1.3 ANDREWS’ METHOD

Like previously, the Andrews method is based on the test of the null hypothesis A = Ag
with the small difference that Andrews ignores the Jacobian of the transformation.

The test is constructed by expending X™ about Ao,
X = xQo) (A — Xo) G(ﬁo)

or equivalently

X0o) = X (g = ) GO (4.18)
where
v (A
aow . 0XY
z OXN a=x

is the constructed variable.

Replacing XM by W43 + &, (4.18) beconies

Xl =8 4 (Ng — N) GWo) 4 = (4.19)

The Andrews test statistic,which has a standard t-distribution with (n — ¢ — 1)
degrees of freedom (Milliken and Graybill (1970)), is equal to the usual t-statistic for

the test of Ag — A =0 1n the model
XD =3 4 (A — NG =
where Gg%‘)) is equal to G&AO) evaluated at the fitted values from the null model

X0l — 173 4 =,
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Chapter 5

TECHNIQUES BASED ON
MEASURES OF INFLUENCE

5.1 INTRODUCTION

In this chapter, techniques for the identification of outliers, related to different collinearity-
influential diagnostics, are presented; namely the change in the volume of confidence
ellipsoid, the Cook-Weisberg statistic, the COVRATIO, the Wilk’s A , the Andrews-
Pregibon statistic and the Likelihood distance. First, let us look at the Variance
Inflation Factor as a measure of collinearity. This will lead us to distinguish between

different categories of outliers mentioned in the following.

5.1.1 The variance inflation factor(VIF)

The variance inflation factors are diagnostic tools often used to determine at what

extent regressors are involved in collinearity. By definition

1

1 Ry,

_ ; @fj (5 0
RSSy, '

with R‘f‘,j, the coefficient of determination from the regression of 1, on the other
regressors. To see how the variance inflation factor is affected by individual observa-

tions, we can consider the jth VIF after deletion of the ith case, namely
=2
Wi
Zk kj f .
——— for k #£i
RSSy.
(1)J
~2 n 2
Zz’ Wiz — (n,fl> Wi
\ \2 )
RSSU,'J. - (,m,j/ 1 ’ii)

VILE ),
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5/ BSS, — (1) 0%/ RS,
1— @?“r’_/RSSu,’j(l — l’fl-jl-)
VIE, — () %/ RSSy,

(1= i) /(1= 1)

e () (o i

N TN —wy n—1) RSSy VIF;
= ovrm (2 (G ") 5

- AL — vy n—1) %,

= VIF;0i,Shy, (5.2)

where v}, is the ith diagonal element of the hat matrix with the jth regressor

1- 'ufi .
Oq:WJ- = (1 _ 1%2‘) (5-3)

Lo\ 1
n W=

Siw, = | 1 = = 4

" < (n - 1) > wz‘zj) (54)

are referred to as the orientation away from collinearity due to the ith obser-

omitted and where

and

vation and the scale inflation due to the ith observation respectively. Based on
these two factors, one distinguishes between Type A and Type B observations. For
the first category Oy, will generally be smaller and for the second it will be larger.
Extreme type A observations have values of Sy, larger than Oixvj~

Note that the expression (5.2) above can be written as
VIFa, _ Ow,
V]F] S”,Vj

VIF;, . : .
vt > Lif and only if Oiy, > Suy,, that is if
J

(5.5)

given that Sy, > 1 and O, > 1
the «th obscrvation is of type B.

In conclusion, type A observation inflates the VIF (O, < Siv;) and type B
observation deflates the VIF (Oz‘wj > szj). Obscrvations for which ()”Vj ~ SZ-;,V]. are

referred to as type AB.

5.1.2 Definition 5.1.1

Type A outliers refer to outliers that inflate the VIF. that is outliers for which one

has either

Oiw, < Sar,



or

Ui — ?/‘i. < (1 - 'I',‘J(Sﬂ\'] - 1) (5())

5.1.3 Definition 5.1.2
A type B outlier deflates the VIF, this mcans that either
()zﬂ’] > Sm;
or
v — ’I,Vgi > (1-— 'Ul-i)(Sm-j —1) (5.7)

holds.

5.1.4 Definition 5.1.3
Type AB outliers refer to outliers for which one has either
Oiwj 2 Smg
or

Vii — ’Ui- ~ (1 — 1) (Siw, — 1) (5.8)

5.1.5 VIF BASED PLOTS

This diagnostic plot consists of plotting in the same set of axes, the orientation away
factor Oy, and the scale factor S, . Observations lying far above and below the
45 degrees line through the origin, can be regarded as tyvpe B and type A outliers
respectively. In fact, type B outliers are such that Oixj > Sixj and any observation
belonging to this group lies above the 45 degrees line OI-X] = Sz')(]- The same, type A
outliers satisfy Oy, < S5i, and observations from this group lie below the 45 degrees
line (),-_\,J = iy, -

A variant of this plot, accommodating the change in the VIF due to a specific

. . VIF,;~VIF o
observation. is the ¢, = ({3’[ —— versus ;. In other words, it is the plot of
o J
Oy
'X . . .
—= — 1 versus v;. Type B outliers lie far above the zero line and type A below.
Siv

J
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5.2 Changes in the volume of confidence ellipsoid

The general equation for an ellipsoid G is given by Seber (1977) as

(U — 0T TL (W — ) <m (5.9)

where W is the kerncl of the ellipsoid and L some positive definite inatrix.
The volume of this ellipsoid is proportional to the inverse of the square root of

the matrix L, that is

Vol(G) o |L|'? (5.10)

That being the case, let’s write W in the partitioned form

W = (W W) (5.11)

where Wi is an nx(q — p) and W5 an nxp matrix. The last p components of the

coefficient vector @ are of interest in this case. Thus, one can define

C=(01,) (5.12)

where C', an pxg matrix, is such that

b =Cp (5.13)

is the coeflicient vector of interest, and its corresponding least squares estimator
d=Cp (5.14)
A (1 — a)x100% confidence ellipsoid for ®, based on the estimate @, is given by

all ®* such that

(E:0" (@ — ) (COVTW) ) (@ = d) < ps°Falpon - q))

e
[
—
[

Sa—’

or

[E:0 | (@ - )7 (COrT) T @ - @) < 1)

DR a(pn — )
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If only one regressor is left out, this expression becomes

1
(g—1Ds*Folqg—1.n—q)

(o)) Ter - 9) < 1)
(5.16)

(B0 | (0"~ d)']
and the situation where one case is deleted follows from (5.7), that is

1
((1 - 1)5%1‘)}71—(1({1 —1n—q- 1)

{Eg @ [ (2= (COVEWe) ICN) (@ b)) <1}

(5.17)
Like in (5.2), one can write
vol(E) o [(q = 1) Fy_olg — 1n — )]V e Tw) 1ot (5.18)
and
vol(E) o [(q — 1)s7y Fimalg — 1,n — g — 1)) fC(Wg)W@)“lCT/1/2 (5.19)
Thus, the ratio of (5.11) and (5.10) can be obtained, namely
2 Vg=1)/2 vy, -1 |
7’OZ(E(1')) B [(q — 1)5(¢)F1—u((1 —1,n—qg- 1)} C(U (i)W@) C ’
vol(E) [(q — 1)s2F)_alg — 1,0 — @))e D2 |C(WTW) 10T
5 @172 | oL Pl
s(i)Fl-a(q —1,n—q—1) ( 'V(,I-)‘V(i)) C l (5.20)
5 5.
s*Fi_a(qg —1,n —q) C(WTw)-1CT|H?

Given that

S?i) (= q)—eF/(1 —vy)s?
s2 n—q-—1
on-—q-—r}
- g—1

(5.20) becomes

NpYE:
C(UY(?)I'I'v(;))AICI

COVTIV)-1 T
(5.21)

1'()Z(E(Z‘)) o <Fl(r(q — ]_7 n—q-— 1) (” —q— ,;2))(’]‘1)/2

rol(E) Flalg—Ln—q (n-g-1)

Special cases:

e mi=1. p=q and C=I.
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This case corresponds to the deletion of one observation from the full model and

since C=1 leads

CWEW)~tCT
cayri)-ier)? (Y-t

)1/2

(5.21) reduces to

vol (B 1n—ag—1) (n—g—rH\¥? 1 1/2
vollB) _ (Fialg—ln—g=1) (n=g =)\ ( 1 (5.23)
vol(E) Fiolg—1,n—q) (n—q—1) [—

e The j th regressor and the i th obscrvation are omitted.

The voluine ratio in this case is given by

) (g-1)/2 , |12
wllB) _ (@D syFala—Ln—a=D)" OOV "C
WOZ(E) ((q - 1) SQFl_a(q — 1’ n — q))(q—l)/Q lC(LVTW/)flcTP/E
( 1/2

; (q—1)/2 AR
N e A A A
52 (g —1,n —q)

L — vy

: (Fla(q —1,n—q- I)X(n —q— 7"?)>(q_1)/2 1- > w?,
Flg=1n—q ~ (n—q-1)

e An observation and the intercept are omitted

This case corresponds to C=(1 0). thereforc one has C'IV = 1 and 'wfj = 1 and

> wj; = n. Hence, the volume ratio can be written as

vol(Ewy)  ((n—q-—71})Fiolq—1,n—q—1) (@02 LN2 (5.25)
'zyol(E) N (n-q- l)Flva(q_ 17"7’_(1) 1 — Uy )

These expressions have the advantage of allowing one to write down separately
two factors, the first one related to outliers in the dependent space and the second

one to outliers in the regressor space.
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5.3 The Cook-Weisberg statistic

The Cook-Weisherg statistic is based on the change in the volume of confidence
cllipsoid. It is defined as the logarithm of the ratio obtained in the previous section.
For simplicity. we consider the following two coufidence cllipsoids associated with

(5.16) and (5.17) respectively

(B8 [ (5 = B (WIW)(B = B) < a5*Fr_ala,n — o)} (5.26)

and

{E(i) DA (3T = 3<i>)T(W5>W<i>)<ﬁ* - B(i)) < qsl(zi)Fléa(q> n—q—1)} (5.27)

Cook and Weisberg (1982) consider the ratio

Vol(E)

10g VOZ(E@) - g{

52F1—a<(I7 = q) ]q/-z}
2 Falan—a-1
n—q—1 Fi olq,n —q)
257
n—q—r; Fi_o(¢n—q—1)

‘W We!|
WTw |2

X[

1
= log(l—w) + %log{ 1(5.28)

Following the same authors, if the i-th case is an outlier, its deletion may result
in a large and positive quantity of the above ratio.
For the more general result of the above, let’s write IV in the following partitioned

form
W = (W1, W)

where 1V is an nx(q — p) and W, an nxp matrix. The last p components of the
cocfficient vector 3 are of interest in this case.
The change in the volume for estimating ¢, a subsct of p components of the 3

vector, after deletion of m cases indexed by I, is given by

vol(E. ) 1 I — Vi (n—q—m) Fi_o(qg,n—q)
1 oy ————— 1 = —-1 %) o X
o vol(Epy. <I>)} 2 OO{] — Uyl b+ 5 logd (n—q—30", hj)\Fl,”(q., n—aq-—m)
(5.29)

where

hjis as defined in (3.10). Vi and Uy are submatrices of V' oand U indexed by 1.
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with
U=wwlw) vl

If we let m=1. (5.29) reduccs to (5.28) above.

5.4 The COVRATIO

The COVRATIO is a measurc of influence based on the change of the covariance
matrix 3 due to the deletion of one observation. Following Belsley, IKuh and Welsch

(1980)

(WE W)
] ( 1VF [1’) -1 J

_ (<>) (]
)\ W(i))‘

2\ 7
_ fn—q—7 1
_ (n—q—l) (1_[%) (5.30)

Hence, cases with large values of COVRATIO should be cousidered as outliers

52- g
COVRATIO = ((”)

in the regressor space, since high leverage observations will result in an increase in
COVRATIO while cases resulting in a decrease in COVRATIO should be regarded as

potential outliers in the dependent space since large values of r? decrease the factor

5.5 The Wilks’ A statistic

The Wilks’A statistic is another test, useful for discovering groups of outliers in the
regression analysis. Let Z be the nx(q+ 1) matrix formed by adjoining the vector X

to the 1V matrix. that is
Z =W X]

On the geometric point of view, each row of Z can be regarded as an observation
in the (¢ + 1) dimensional space.

If we let Z denote the centered Z matrix. The Wilks™ A statistic 1s defined as



S =T = o~
A = Det|ZTZ — (n — DzZy20 — 2 2 (5.31)
B Det[ZT 7] '

where Det symbolizes the determinant and 5(,7) the g-vector (row) of column means
of Z<7-). Applying the formulas for adding a colummn to a matrix, Rao(1973) shows that

the above expression reduces to

Do)t — (5.32)

Alz) =
(2) n—1 n—qg-—1

Let D,, denote the set (of size m) of indexes of the rows to be deleted, 1; an nxl
vector consisting of ones for rows contained in D, and zeros otherwise, 1 an n-vector
of ones and 1, = 1 — 1;. The statistic for testing whether a group of m observations

(indexed by D,,) is an outlying group is given by [Rao(1973)]

| DellZTZ - 27T17 - L7147

A(Dp) ——
Det[Z7 7]
which, following (5.32), reduces to
’,’)/ o~ o~ —_—~ —~
=1- IEAVAV AR VA :
MDy) =1 = 1277 2) 1, 2" (5.3

this statistic is related to the F-statistic, that is

(=20 (5 o

Small values of (5.33) indicate possible discrepant observations that should be

given particular attention.

5.6 The Andrews-Pregibon statistic

Adrews and Pregibon (1978) propose a similar statistic whose distribution (in the case
where X is Gaussian and W fixed) has been developed: it also provides significance
levels for finding sets of outlicers for small values of n.

The Andrews-Pregibon Q-statistic is defined as

Det|Zl, Zip,)]
Del [ZIZ]

QD))



B (n—q— m)S‘(ZDm)Det[U'(I;JNI)U'(DW)} (5.34)
B (n— q)S?Det[WTTV] '

where D, and Z are as in the previous section.

In the case of a single case deletion, the Audrews-Pregibon statistic is defined as

HDy) = Dol i (5.35)
Since
Det[Z7Z) = DetWTWIRSSx (5.36)
and
Det[Z[3Z )] = Det[WiW;)]RSSx,, (5.37)

where RSSx and RSS X,y are the sum of squares of residuals of X and X with
the i-th case deleted respectively.

Expression (5.35) becomes

Det[Zév)Z(i)}
Det[Z7Z]
Det[I/V(YiV)I’V(i)] RSSX“)
Det[WTW] RSSy

= (- [1- ]
RSSX(l — 1’1'2')

2
== (1 N /“ii) (1 - i )
n—q

The Andrews-Pregibon statistic is more likely to identify outliers in the regressor

Q(Dy)

(5.38)

2

space than the dependent space since 77 is very small compared to its denominator

(n—1q).

In practice, sonie authors make use of the following transformation

1
Q"(D1) = —log(Q(D1))
L / L n—gq _
= 73 log(1 — v;;) + 5105% <m> (5.39)



5.7 Influence measures based on likelihood distances

Let write the model (2.1) as follows

X =Wj+oz (5.40)

with z; ~ iid N(0,1) and o2 is known.
Let also L(3) and [(3) denote respectively the likelihood function of 3 and its

logarithm. The expression of the last is given by

[(5) = *g log(2m) — g10g<ﬁ2) _ (X —Wg

~—

(X —WB)
2

o

(5.41)

[\

with respect to the earlier notation, the likelihood distarnce is defined by Cook and

Weisberg (1982) as

;=2 (1(5) -1 (Bw)) (5.42)

where [ ([)’) is the log-likelihood evaluated at ,3, namely

RSS

; RPN 2 .
[ ([)’) = —§log (27r(7 ) ey (5.43)
the same for [ (B(i)> but with th i-th case deleted, that is
: n (X = X)) (X~ Xy)
[ ([7’(1-)> = —§log (27r(r ) g 202
B n g RSS vl
= —5log (270 ) — 207 T A1 )i (5.44)
the likelihood distance reduces thercfore to
ve?
d; = — 15 (5.45)

Following Cook and Weisberg (1982) the maxinuun likelihood over the parameter

space for 6, with 6; fixed is given by

L(61,0:(61)) :111§1X(l(91,92)) (5.46)

453

and the likelihood distance when the 1ith case is deleted 1s



ld;(0y | 62) =2 (l(()) — moaxl(@l(i)./ 92)>

where 1(8) = (04, 6).

(5.47)

Applying the above to the model (5.40) with 8, = 3 and 63 = ¢ (unknown but

not of interest), one obtains

where

o (X -WAT(X -W3)

n

(5.48)

(5.49)

the maximum likelihood estimate of o2, is function of 3 . Hence, following (5.42)

and (5.47), the likelihood distance is

1d,(3 | %) = 2(I(

=
Q>
&
|
5.5
oy
o
q
&l/

with

. . n n R .
By 0?) = -3 log(27) — B log o2 — 53 Z(Ik — w5,
* k=1
n 1
= -3 log(27) — = logo; — 52 RSSx,,

where o2, the value of o* that maximizes I(5;y,0?) is given by

) 1 ) L
&l = ;(X—X<i>)T(X - X))
1< AP
RS ST
n
k=1
1
~ —RSSx,

Expression (5.50) becomes

(3 | o) =2(~

52
&2

(5.50)

(5.51)

(@]



(X )( (w)/n

= nlog( )
(X - VVB - W ,3)/71,
RSSx + g5 ””6
a RSSY
= n 100 ,) (5.53)
n —q

where D; is the Cook’s distance.

5.7.1 The likelihood distance when both 3 and ¢° are of in-

terest

In the former cases, interest was only on the vector 3; in the following the likelihood
distance is reviewed when both 8 and &2 are of intcrest.

As in (5.48), the log-likelihood is given by

where

. " ) (X — W3, )( —Wh)
LBy (ré)) ~ —;log(%rrrm — po
- (i)
n RS S
= —log(2nd}) — (5.57)
“ 207
where
viie?
RSSYy = RSS+ ——
< (i) 1 — I”'
> p2
= HSSX(,) — + -



Il
iy
%
z
4+

Il

n—a—1)%

n—g—1

— )(T <(i)e one has

Replacing the likelihood estimator &fi) by (

2
N N n n—q—1Y) ., (”Aq_l) +(7)
UB. 6% = —=log|2m | ——— )]
(B(L)(T*(Z)> 2 OD ( T ( n — 1 > (T*(L)> 2 (nnqll) *()

— - —— (5.59)

Using (5.56) and (5.59), Cook and Weisberg (1982) provide the following likelihood

distance
o .9 noon. n—qg—1Y\ ,
ldl( 70) = 9{——1Og (277'( ) *) —§+510D27l— (’n——‘l) U*(i)
n—1 n—l 12
. ¢
2 n—q—l)(l Vi)

= nlog n-lyn=-g¢-1 n—d — (=1
N ’1"(( 2 ) n—gq )(n—q—lthf)) 1+(”/—Q’—1)(1‘“n‘)

_ nlog(( n oy ezl ))+< (=Dt 1 (5.60)

n—1"n—q—1+t? n—qg—1)(1—-uvy)

For models with a constant term, the above likelihood distance is an increasing
function in ¢?. Thus, outliers in the dependent space can easily be identify by means of
(5.60) . In the same expression, leverage values play an important role in identifying

outliers m the independent space.

5.8 Influence measures based on the volume of con-

fidence ellipsoids for the secondary regression

Consider the following secondary regression fit

W, =11 G0 (5.61)



A (1 — «)x100% confidence ellipsoid, based on ;. is given by

E(a;) = {af | (o) —a,) " (WEWy(a)—a;) < (a=1)a5 Fialg— 1.0 —g+1) (5.62)

Like previously. after the i-th observation has been delcted. the (1 — «)x100%

confidence ellipsoid for «; is given by

Ey(ay) ={a; | (o] —dg i) (PVJ Wiy (o —dy) < (g— l)ﬁk D jFl_Q(q—l,n—q)

(5.63)

The volume of these confident ellipsoids are proportional to the square root of the

determinant of the inverses of VV('JJ.WV( and W W (in the last case, the first

subscript indicates the observation that has been deleted and the second is related

to the regressor that is being treated as the dependent variable in the secondary
regression model). Namely we have

-1/2
1

(= 1oy, Fialg—1,n—q+1)

VollE(a;)] (W W)

1/2

= [(¢g—= 1)o7, Fyalqg— Lin—q+ D]TV2 |(WEW)| 7 (5.64)
and
1 —~1/2
Vol Ey(aj)] o — (Wl W)
o (a=1) <Zz‘>w]F1-a(q—1,n—q) (O™ U
= [(a= 160, Fiala— Lo =) 2 W00 W[ 5.65)

The ratio of (5.63) to (5.62) gives the change related to the deletion of the ith

observation in the volume of secondary confidence ellipsoid, that is

~ (q—1)/2 p ST 1 -1/2
VollEwlap)] [Tl Fioolg=1.n—q) )WW ‘(”’énﬂ‘/‘/cwm)
Vol[E(a;)] & Fi olg—1.n—q+1) ‘(I/V’,I W)
[]J Ul
_ RSSy,, /(n = (¢ 1) = 1) WO =10 — )\
RSSw, /[(n = (¢ —1)) Fiolg—1n—q+1)
. —1/2
‘ (W) ‘
’ (5.66)

]



_ (n —qg+1 . RSSw,,, ) (g=1)/2 ( Fiolg—1,n—1¢q) )(Q~1)/2
B n-—q RS Sw;, Fil olg—1ln—q+1)

, ~1/2
W Wanm) }

W),

Since the residual sum of squares with the 1ith can be expressed as

2
RSSw,,, RSSw, — ! :IV]
-y
= RSSw, 05, (5.67)

the above expression becomnies

Voll[Eg(e)]  (n—q+1 . Flg—1,n-q) (4=1)/2 :
Vol[E(a;)] - n—q W Fiolg—1,n—q+1)

The Cook-Weisberg statistic for the secondary regression model can easily be
derived from this expression by means of taking the logarithm over its right hand

side, that is

1 ; —1 -1 1= @) Flalqg—1,n—
CW, (E(a;)) = —=1log (1 — o))~ L log Oy, - L= 10g (n=9)Falg=Ln-qg+l)
2 2 T2 (n—q—1)Fi_a(qg—1,n—q)
(5.69)
CW; (E(ay)) is an increasing function of v?..

For simplicity of interpretation, some authors suggest the following adaptation

ACW,; (E(ay)) = CW? (E(ey)) — CW; (E(a;)) (5.70)

where CW (E{a;)) is the Cook-Weisberg statistic for secondary regression model,
evaluated at the following:

1 ?’{z =1-(1- vii)Siv;

) ? -1

T ij

S“VJ - (1 - 1 =2 )
n—1%, i

is the scale inflation due to the ith observation. In this expression @;; is the 7, jth

where

component of the centered matrix W.



1 1/3 .
20l =1~ (1—uvy) ’ (see appendix!!!)
Let consider first the case where v, = 1—(1—1y;)Say, and O;x;, = Siyy,, expression

(5.69) beconies

—1
2

X 1
CH;(I) (E((¥J>> = —5 10g ((1 — 77,5,1)Sjnr’1) — <q

=

) 10g Sz'u,']. - K
1 1 qg—1
= —5 10%(1 — ”ii) — 5 1Og(Siﬂ']) — (T) 10g Sju/']. — K
1 q .
p— *a 10g(1 — 77“') — 3 10%(51'1&*]) — ]\ (571)

where

—1 —q)Fi_o(qg—1.n — 1
K=t (In—afialg=Ln—at 1) (5.72)
2 (n—(]— 1>F17(1(q_ 1,77,—(])
And when v/, =1 — (1 — 1,7“»)1/ % is used, (5.69) becomes
F#(2) N _ 1 1/3 q— 1 ) —2/3 -
CL‘Z (E(QJ)) == —'5 lOg (1 — 77“') - 5 lOg(l — ?’Yii) — K
1 -1
= —Elog (1 —vy;) -+ (q 3 ) log(l —v;) — K
2g —3
- ( qﬁ ) log(1 — vg) — K (5.73)

substituting respectively Cm*(l) (E(a;)) and C'W'l-*u) (E(ay)) for CW} (E(ay)) in
(5.70), one has

i 1 q 1 ; q—1
ACW/il (E(O])> = —5 10g(1 5 ?7,',;) — 5 10%(51"‘"]-) + 5 10g (1 — I‘{T-) + ( 5 ) log ()iw']
q q q j
= *5 10g(1 — ?)u‘) — E 1Og(SZuJ> + 5 lOg (1 — l’;l—)
e g (—log(1 — v;;) — log(Sin, ) + log (1 — v{i))
(
s é (105%'(()1:»»3) — 10g(5m'j)) (5.74)

and

5 2g—3 , 1 ; —1
ACTW (E(ay)) = < 7 ) log(1 — v;;) + 5 log (1 — I'f,-) + (q ) log Oy,
[
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2

log (1 — %) — %108;(1 = i)

- (q_—l) log (1 v,) (5.75)

[Nl X~

In general, type A outliers observations will have negative values of ACW? (E(a;))

with a theoretical minimum of

lim ACW? (E(w;)) = %

) 2y
Vi Vi

log (1 — 1) (5.76)

whereas type B outliers observations will have positive values of ACW? (E(a;))

with a theoretical maximum of

lim ACW2(E(e;)) = —Llog (1 — ) (5.77)

Ui —{ 6

comparison of these two limit values shows that

lim ACWE (E(ay))

vl —0
1

lim |ACW? (E(q;))| =2 (5.78)

J .
Vi

that is type A outliers can potentially have larger values of |ACW? (E(«a;))| than

type B outliers.

5.9 The likelihood distance based on the secondary
regression models

From the previous results, One can easily derive the likelihood distance for secondary

regression nodels . firstly, we make an adaptation to (5.60) above, namely

Y = ldi(ag,0t,)

n n — n—1)t; .
= nlog (( )( ¢ )) + ( ( ) Wi (5.79)

S L B AT Ty

where ¢; is the external studentized residuals from the secondary regression and
N

is given by

b = L (5.80)

01



This leads
¢, (n—q)
" RSS, (1-0))
¢y, (1= q)

(RSS”/ — (/l“ / (1 — ?"iz')) (] — {v;jz,)
c? (n —q)/ RS Sy,

(1 — GZW / (1 — “zji) RSS;L]) (1 - ’T’Zi)
(Vi — T’fi)(” —q)
(1 — (v — 7’3‘;‘)/ (1 - 7’3:‘)) (1 - “zjz)

(i =) (n = q)
(1 —vy)

— Py (n—0) (5.81)
the factor By, = 71%?1 is known as the primary potential and relates to the
orientation Oi“,j as follows
Piwj = Oiwj —1 (582)
Therefore, expression (5.79) becomes
n n— (n—q)(n—1)
ngl) = nlog | ( ! ) n— 4 )|+ :
n-—-1"n— q+ (n - q)Pin'] (1 o szi) (T' - (])
n 711
= Y 1 o 041 +
n OO <<TI—1) ’Lwrj> (1_7) )
log ( (— ( LUz (5.83)
= nlog - .
° n—1 1’—7) 1_17 1*'[’“‘)
Secondly, another adaptation to (5.53) above leads
) .
ld?(' ' % ldi(a; | (7121/;)
g—1
= nl 14+ (———)D;
" og( +(n—q—|—1) Z)
where D7, the Cook’s distance for secondary regression, is given by
N
i q— 1 (Li)
n—q+1 Uy — ’u{i ;
—_= T (A
q—1 1— v (0
B n—qg+1 Vi — z'{l- 1— vy z'zji
B qg—1 I — vy 1-— zvi 1 - 1'1{-
n—q+1 IR .
- ('_ZTITI__> I (znllej (5.84)
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Hence,

1 gt
@2 = nlog (14 (-2 V(229N p oip
n—q+1 qg—1 sy

= nlog (1 + Pi“,_O;‘% Pf:‘ )
7 7 J

J

o ) Vig — V5

= nlog (1 + —1 —J 1)(2_1,))
1y

As in (5.72) and (5.73) above, substituting respectively v7* = 1— (1 —v;)S;,, and

W
H]

. - : 1
P =1 — (1= 1;)Y3 for vl in the expression of Id!" leads

. n 1 — i (7), — 1) (?’“‘ — 14+ (1 - 7’111’) S,j”.,)
ldEl) = nlog ( . ) ( i + 21
n—1 L=1+(1— /U”)Sj’”'] (1 =1+ (1 —vy) Sz'wj> (1 —wy)

1 D _g-1 1 Si“rj ! 1
= Tniog (m lij> + (TI, — ) (T——U“)T”] — (58

and

(1)%= i n I — vy (n—1) (?’nﬂ —1+(1- 1)ii)l/g>
ld; = nlog 1 e + — .

= nlog ( . (1- 7’172’)2/3) +(n—1) ((1 - ”1'1')1/3 - (1 - T'z‘z‘)) (1-— ?)z'z')—d/g -1

n—1

_ nlog( i (177»i2-)2/3>+(n—1) ((1_z|2-1-)“1—(1_7‘,-,,;)—1/3)—1 (5.86)

n—1
Hence. one can consider the following measures to identify potential collinearity-

influential observations:

Al = dV — 1dV

! 1 — vy n—1){vi— g
_ ,,1og(< L >( “f>)+(" Gl
n—1"\1-v (1 — l'fz-) (1—vy)
n Sip — 1
— | nlog Stl+m-1)|—2——] -1
C\n—1""; (1 — ?‘711') Si“"j
1 Si’w R\\'- Si‘\" —1
Y ’ o g - 1 J i . J
n10g O]'”,j + (7) ) (1 . ?’IJZ-) S[_Wj (1 o ?‘ii)
| S'i“,r. ()i\\' -1 Si\\’ -1
_ oo A, n—1 J _ J 5
nlog Omj +(n—1) (1 — u{l-) Sing (1—1y) (5.87)

Al = udyt -t

and
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(1 —vy) (1 — z*{{

(1 — ?'1'7‘) (1 — U’Zi)
(1) (L= ) (1= ) 1)
(1= i) (1= })

BINTE ,
= n]()g <u> BE (T), — 1) ((1 — ?,'1'7')71/3 — (1 — 7’7{7-)71)

Aldil) " will take on positive values in the iuterval [0, >c) for type B observations

(0. — o0 and S;,. — 1); for type A observations, for which one has O;, —
J J 7

1 and S;,. — oc, it will take on negative values in the interval (—oo, 0.

iy,
W

The same, Ald'V*™" will take on positive values for type B observations in the

interval
[Q%log (I—vy)+(n—1) (1 iﬁq,,, +(1—v) (1 ?’f;:)l>] (5.89)
since wfi —— 0, while for type A observations it will take on negative values in the
interval
—2n ) -1/3 -1
[ 3 log (1 —vy)+ (n— 1) [(1 — vy) — (1 — vy) ,0] (5.90)

since for this category of observations v/, — 1.

In the linear model, it can happen that the problem of outliers arises simulta-
neously with that of high correlations among the predictors. Following Marquardt
(1974), the two problems must also be tackled simultaneously. In the next chap-
ters, models with selected variables and the technique of principle components are

reviewedl.

64

i ((1 — 1)1'2').1/3> o) (’zm‘ - I’f}- - (l - l'zji) +(1— 7’1111)2/3 (1 —vi)

)
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(5.88)



Chapter 6

MODELS WITH SELECTED
VARIABLES

In case we have a near collinearity problem, for example, say the i-th column of the
W matrix is almost an exact linear combination of other columns of the same matrix.
The variables selection technique is useful and help to eliminate from the model such
a variable in order to improve the conditioning of the design matrix W7V, Hence,
more reliable estimates of the parameters of the model can be expected.

Suppose in the model (2.1) that p<q variables are retained and the rest discarded.

W and 3 can respectively be partitioned as follows
W = (V[/l, ‘/V‘Z) and ﬁ — (51’ 32)

with 117 au nxp matrix of observations in the retained variables, Wy an nx(q — p)
matrix of obscrvations in the discarded variables, 3, and 3, are the associated vectors

of parameters. We can rewrite (2.1) as below
X = LV],Bl + LVQ,LC))Q + = (61)

with = ~ N(0.0%1)

The least squares estimate for 3, is given by
B, = whwy)'wlx (6.2)
Now

E(3) = (WIwy) '] (0,3, +1,.3,)

= B+ W3, (6.3)

Var($,) = o (W/117)7! (6.4)



It can be shown that 3, is unbiased and Var(3) — Var(3,) is nonnegative definite
if 3,=0.1f 3, # 0 then 3, is preferred to # under the criterion

3T WIW, — WIW v W W, ) LS.
/32 (‘12 ‘Ll I/VZ I/Vl(l/ll II 1) IIl ”2) ‘32 g q __p (6.5)

a
with respect to the earlier notation, one has
rn = X =W

= (I-Ww(Wiwy) "W)X

(W
(I —=Wi(W{wW) "W (I8, + a8, + 2)
(I —WAWIW) W) (Wai, + 2)

= (I = W) (W23, + <) (6.6)

where
Vi =Wi(Wiwy) -t
taking expectation, one has
E(ry) = Oonlyif 3,=0
and
Var(r) = o*(I W) (6.7)

The total variance of ry is greater than that of the full model residuals r as onc

can see it from the following result
tr(Var (1)) — tr (Var (r)) = o*(n—p) —a”(n—q)
= o*q—p) >0 (6.8)
At this stage, the analysis will proceed as if the (¢ — p) discarded variables had

not existed. that is any of the previous diagnostic techniques can be applied to the

model with p independent variables. Thus, following chapters 2 and 3,

(t)F = — (ry); i=1.2..n (6.9)

Ny =L
(1)} = )i = V), )y (6.10)
m(s1)p,

are statistics for testing for the single and gronps of outlying observations; they

follow central F(L.n —p—1) and F (m.n — p—n) distributions respectively. The
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related measures of influence are given by
1 : , .
(Al)i - ; (tl>f (Vl>z:i / [1 - (V1>z:z'] (6-11>
for the single case, and
(r); L= (V)) " (Vi) (= (V) )™ (),

: 6.12
P(Slﬁf) ( )

(A1>1:

for the multiple case.

In practice, it is always assumed that critical points for the statistics (6.9), (6.10),
(6.11) and (6.12) can be obtained from tables of the central F distributions. However,
if the assumption 3, = 0 is not true, then the distributions are doubly noncentral
(see A.K. GUPTA & V.R. GIRKO(1996)).

The reader should also be advised that the technique of subset selection of vari-
ables should be applied with care, as this approach may result in removing some of
the important regression variables; it can also lead to a matrix (WlT 4% 1) that is still
ill-conditioned. In this last case, it is recommended to use ridge regression or the gen-
eralized inverse regression (Principle Components) which provide stable estimates. In
the next chapters, Ridge and generalized inverse or principle components regressions

are reviewed.
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Chapter 7

RIDGE REGRESSION

The ridge regression estimate (RR) was first proposed by Hoerl and Kennard (1970).
[t is a biased estimation technique to be followed when the matrix (W'TI/V) appears
to be ill-conditioned. Its procedure consists of adding a small positive constant k to
the diagonal elements of ( W'TW) which we will assume to be in correlation form.

The ridge estimate B is defined as the solution to

(WIW + kI B=W"X , k>0 (7.1)
that is
Bo= (WW+kl) WX
= UW'X (7.2)
where

hd ke —1
U= (WTW +kI)
k is an arbitrary constant chosen in such a way that the estimator ,71’ becomes

stable.

5 relates to 3 as follows

o= UWTX
= UwTw3
= 73 (7.3)
with
Z=UW"W =1-kU (7.4)
Properties

1 For b = 0. 3= ,’?3
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2 For k — oo. UWTW = (W1 + k:l)*l WTW approaches 0 and 3 — 0

3
E (B) — E (UW"‘WB)
= U3
~ 78
= [ -kUS
4

Var (3) = Var (uw'ws)
— UWTWVar (3)whwu
= CCUWTWU
= o2z (WTw) ' 27
For k& > 0, f)’ is a biased estimator of 3 and the bias is given by
—kUpB
Analyzing ridge residuals
Let
=X -W§g
be the ridge residual. Then
e = ([-WUwhx
= ([ -WUW") (W3 +e)

= WU -2)B+(I-wUWT)e
We have
E(e) # 0Oand
Var(e) = o (I -WUW —kiVvuU™wh)
= o' (I -Q)
where

QO = wuwl+rmvoutnT”
= WU +k)W" (U =U7)
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It can be shown that:

e Var(e)—Var(¢)is anon-negative definite matrix. In fact. following Goldberger
(1964), if A is an nxn positive definite matrix and P is an nxm matrix with
rank (P) = m. then PTAP is positive definite and if A is non-negative definite
and P any matrix, then PT AP is non-negative definite.

Consider
Var (&) — Var (¢) = o*W{(WW) —v - v w?”
rank (W) = ¢
We need to show that
B=W'W) " —U-kUUT (7.11)
is positive definite.
Let V be an orthogonal matrix such that
VIWTWV = A = diag (M, ..., \y)

We have

VBV =vT (WTW) 'V - VIV — eV UUTV (7.12)
which is a diagonal matrix with the ith diagonal element given by

1 1 k k?

- 2 2 >0
Therefore if £ > 0 then the roots of I3 are positive and B is positive definite.
o Total variance (¢) < Total variance (€)
Total variance (¢) = tr[o? (1 Ty WT)]

= 0% (n—q) (7.13)

q 2
. k
Total variance (¢) = o[n — q + E (/\ n k) ] (7.14)
i=1 N7

substracting (7.12) from (7.13) proves the result.

Thus. it scems hardly necessary to analyze ridge residuals as long as ¢ is a biased
estimator and more variable than the estimator ¢. which has also the advantage
of being nubiased. However, with respect to the generalized meau square error,

it has been shown that nnder certain cowditious (for e.e. whei multicollinearity
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and erratic data points are present). ridge residuals are better estimates of e

than the ordinary least square residuals.

Definition 7.1 (Theobald(1974))

Let 91 and f)g be two estimators of a vector parameter 6, and let
« - T
A, :E<9]- ~9> (0]- —e> Lj=1.2
be the second order moment matrices. Moreover let
N T .
’TTZJ':E<9]‘—9> B <9J—9> s J: 1,2

where B is a non-uegative definitc matrix. The m; is called gencralized mean
square error. 8 is said to be better estinate if the generalized mean square error of
0 is less than the generalized mean square crror of 0.

Lemma 7.1 (Theobald(1974))

The following two conditions arc equivalent

(a) M, — M, is non-negative definite

(b) my —mo >0

for all non-negative definite matrix B.

Lemma 7.2 (Theobald(1974))

If
N " T
Ms = E(5-8)(8-3)
= o*VAIVT
and

Mprp = FE (3 - 5) (B C 5)7
= FVAN+EDTVI L BV A+ RD VI3 TV (A + kD TV
Then therc exists a K > 0 such that M;pg — Mpp 18 positive definite whenever
0< k< K.
Theorem 7.1
There exists a /' > 0 such that the gencralized mean square error of € is less than
the generalized mean square of & whenever 0 < b < I\

Proof We have

i—e = <X—H';3’>—(‘\'~Hi3)

71



~ —X(3-9)

and the second order moment matrix of € is given by
~ ~ a
My, = E(é—e)(é—e)

N R T
~ B(X (,8—5) (,H—ﬂ) X7}
= XM X"

similarly

F_e=—X (ﬁ . 3)
and the second order moment matrix of € is

M, = E@—e)(e—e)
= XMprX?T

The result follows from definition 7.1 and lemma 7.1 and 7.2.

The following statistic is suggested for testing whether the i** data point is an
outlicr:
hi=——— i=1,..n (7.15)
sivV 1= qi
Using this technique, the influence of the #** observation can be measured by
~ AT ~ -
(5@) - 5) (WIW +kI) (ﬁm 72 5)
2
45y
Gy (WIW 4+ k1) (WTW + k1) (WIW + k1) wle,

7

A,

‘ ~ 2
(13(21) (1 — Uii)

i
qs'(zi) (1 — 0y)°

P 2 -
=) () (=)
q \s@iv1— g (1 —y) L -y

12 Uji 1 — g
— '—ti — — 716
q ((1—/1’1'71)) (1—%) (7.16)

Comparing (7.16) to (6.11) we notice the bias

I — qii
L — vy

that has been introduced by the ridge eftect.
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For the multiple case, (7.16) can be generalized as follows

—~ -NT — ~
- </8(]) - [3> I"/TLI/ (ﬁ(l) — 13)

A[ = 5 (717)
(]5‘([)
with respect to earlier notations.
Let
-1
Un = (WhHWuy + k) (7.18)
T = WUpW/ (7.19)
We have
WIW + kI = WhHWoy + W/ W, + kI (7.20)
and
[-TU+T)" = I+T)I+T) ' =TI +1T)"
= ([+7)" (7.21)
let
U* = Uy — UpWE T +T)" Wil (7.22)

multiplying (7.20) and (7.22) leads
(WIW + kU = (W Wy + kL) Ugy = (WhWay + kD UnW (I +T) WU
+ (WIW) Uy — (WEW) Uy Wi (L +T) Wil
= I-W (I+T) ' WU+ (WIW) Uy = WIT(T+T) Wil
= [ -WF[UI+T) "+ T1-TUT+T) ] WUp
= I-W/ [I+T)" = (I +T) ") WUy
= T
Thus
U =U=Uy —UpW (I+T)""W,U, (7.23)
It follows that
Uwl = UpW/ — U (I+T) ' WU
= UnW/ [I—-(I+T)"T]

= UpWlia+1)! (7.24)

73



by definition

Vi = wuwl

Il

W, (WIW k1)~ T (7.25)
so that
(1 . V/,) — I—w,uw!
= [ -WiUsW!(I+T)"" from (7.24)
= I-T({I+T1T)"
= (I+T)"! (7.26)
The residuals vector €; is given by
& = Xy - Wi
= X;-WUW}lX
= X; - WU (WhHXu+W/X))
= (I -W,UW/) X; = WUW[ X

= (1-Vi) (X1 - widy) (7.27)
Now
B = UWTX
= U (Wi X+ W/ X))
= (Up = UnWl (I+T)""WiUgy) (WhHXa + WEXp) from (7.22)
= UpWhHXw = UnWl (I+T)"" WiUnWh X+ UnW X,
~UnpWl (I +T) ' W,UpWiX,
= By - UnWr {(1 + T Wby - X+ (I +T) TX[}
= B+ UaW] 1+ 1) (X0 = WiBy,))
= By +UW (X - Wid,)
— G+ UW] (1 _ \7,)‘1 er
this expression can be written as

/

By =3 =— (W'w kD) i (1 - V‘,) ar (7.28)
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Substituting (7.28) into (7.17) we obtain what follows
~ I ~\ ! . - : - ~\ L
Ay = == (1=Va) W (WIW kD)WW (W kDT W] (1-1)E
75
1 - , N
— ([ - v,) WUW T WUw! ([ - V,) 2
151
I 4 =N T SN
- (1 - V[) W, (I — kU UW? (1 . v,) Z
T5(r)

N1~ ~\ —1 ~\ —1
| 53‘(1—\/1) v,(f—vf) (1;/,) e

~ NN R (7.29)
sty | g (va,) W UTUWT (14/,) 5

A group of observations for which the above statistic is large, given k, can be
group 3 5
regarded as being an influential group. To test whether this group is an outlying

group one can use the generalized studentized residuals

2 r(I-Qn e
2 =

el
ma(”

(7.30)

with m the number of observations in the group and
Qr =W, U +kU)w!

t2 follows a non-central F distribution with m and (n — g —m) degrees of frecedom;
the non-centrality paramcter is a function of & and the unknown parameter §. This
statistic approaches the ordinary least squares statistic, that is a central F distribu-
tion, as k — 0. Small values of £ are indicated because the central F distribution can
be used as an approximation.

Estimating the ridge constant k

An interesting way of choosing the valuc of % is the use of the ridge trace. The
ridge trace is formed by plotting B against k, as k varies through the interval [0,1].
The value of k£ is then chosen at the point where the coeflicients estimates stabilize.
sowe authors prefer values of k within the interval 107% < & < 1 (see for e.g. Mar-
quardt(1970)). In the context of identification of outliers and influential observations,
it is recommended that the analysis be performed for a nunber of different values of
k. whereas a table or a graph should be prepared, showing the values of the statistics
ff and A, (or f? and A, depending on the (:ase> for different values of k; this is a
sort of ridge trace. that will focus attention to observations that are potential outliers
but where the outlying effect has been masked by the collinearity.  Unfortunately

such a ridge trace is heavy on computer time. One may therefore specify a limited

=~
(11



number of values of k (say k=0, k=0.01, k=0.05, k=0.1. k=0.2 and k=0.3) and focus
a particular attention on those £ and A; that dramatically change with k.
If deletion is of consideration, then good candidates for deletion from the regression

could be the variables whose estimates do not stabihize.
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Chapter 8

PRINCIPAL COMPONENTS

When the matrix W W is ill-conditioned, an alternative technique is the generalized
inverse or principle components regression (Marquard (1970)).
Assume that W{' W is in the form of a correlation matrix. Let V = (V, V3, ..., V,)

be the matrix of orthonormal latent vectors of W'V, and further more let
VIWIWV = A = diag(A1, Mg, ..., \y) (8.1)
with
AL> A > o> A, >0

Suppose that the last (¢ — r) roots of WX are assumed to be close enough to

zero to indicate (g — r) near collinearity. Partition V and A as

A0
V=V, Vi) A= (8.2)
0 Aq~r

The principle component estimates of 3 are given by
B =A"W'X (8.3)

where

P - AT
AT = (W) =AY =y T

j=1

(8.4)

J
is the generalized inverse of (VVlT W, 1). Hence the naming 3, as the generalized
estimator.
If the model (2.1) is reparamcterized as
X = WWwWig+:=
= Zb+:= (8.5)
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with
Z=WVands=V13

and if the colmmns of Z arc ordered so that Z; corresponds to the smallest root,
then the estimator in (8.3) can also be obtained by deleting the principal components
Zyre... Zy from the model (8.5), applying ordinary least squares to the retained
components and making the necessary inverse linecar transformations to obtain esti-
mates for 3. That is, if Z = (Z,, Z,_,), 6 is partitioned conformably in 6, and 65, the

restricted model 1s
X = WV +¢"

= Z6+¢" (8.6)

Where 6, is now estimated by means of ordinary least squares technique, say 6.

The principle component estimator is then given by
6;)0 - Vrél

Note: 3, is identical to the restricted least square(RLS) estimator obtained by
imposing (¢ — ) independent linear restrictions Vq?rﬁ = 0 on the full model.

Following Judge et al.(1980), since 3, can be regarded as a RLS estimator, one
has

1

/[))pc — B - (LVYLI/) -1 ‘/{177« (‘/qlvr (I/I/'T{'I/v) B ‘/q~r) o qulrﬁ (87)

Therefore 3, is a biased cstimator, unless VT 3 is exactly zero.

qg—r!

Var (8,) = o ((IV'VTW)_lvq--r (qu_'r (WTW)*VQH) lvqir (WTw) ™
= (W) =C) (8.8)

with

1

c=mww) "y, (Vq’{ (W) V,J_r> o vo (W) (8.9)

Toro-Vizcarrondo and Wallace (1968) have shown that 3. is preferred to 3 under
the generalized mean square error criterion if and only if

(vra)" (V"‘ (W), ) - (V1 3)
r/ r r rt
<1

72 -

owever. this condition cammot be verified exactly. as it depends u the -
H this condit cannot be vertfied exactl t depends upou tl

known parawcters 3.
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Given that C' is positive semi-definite and the variance of the ordinary least square
cstimate is
Var (B) =o* (W)
it follows that the diagonal elements of Var (;3})6) are equal to or less than the
diagonal clements of Var (,3) . If the restrictions mentioned above are true then Be
will be unbiased and best. And if they are not true the 3,. will be biased but with
smaller variance than ff )

Having found (3., the principal conmponents residuals e™ are given by

pe:
c” = X W3,
= ([-wAWHX
= ([-WAWHWE+{I-WAWT)e (8.10)
Hence
Var(e7) =o* (I - WA W) (8.11)

Suppose that the m observations suspected as outliers are grouped together and

indexed by I. without lost of generality, let it be the first m positions. Let

N = I-wA WT

= -0
Partition the above matrix as
v [ W N
NP N, .
where
N, =1-0Q,
with

Q=W (W'w)
The following statistics can be used to test whether the principal components

residuals are outliers

P B— (8.12)
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for the single case, and for the multiple case

e, ) N ter
F = (o) Noler F— (8.13)
S

with

T

e —e (U—-Q)) e/ (n—r—q)

2 -
(5(1) = €
which is the estimate of ¢* using the generalized inverse residuals with the m

suspected residuals deleted.

30



Chapter 9

USING STOCHASTIC PRIOR
INFORMATIONS

9.1 Introduction

In the preceding section, we have underlined the dramatic effects that outliers and
influential observations can have on the least squares estimates of the regression
coefficients. However, there can be a considerable improvement in the estimation
of 3 when stochastic prior information is available and hence, an improvement also
in the residuals.

Models with stochastic prior information are more realistic because in many prac-
tical situations, prior information on the regression parameters will not be exact; in
other words. exact restrictions are inappropriate. The procedure of this technique
consists in adding prior information to the data matrix as we will see it below.

When testing for outliers and influential observations in the presence of collinear-
ity, related techniques presented earlier in this work can also be characterized by
stochastic prior information or combined with stochastic prior information in order

to improve regression estimates.

9.2 Stochastic prior information
Let consider the gencral linear model (2.1), say
X=W3+:=

with X ). Wiwg- £(5) =0 and E (5”‘5) =0’A = >



Assumnie that the prior information is given by
(9.1)

Vi+u=~h
where h is an | — row vector of unknown constants, V' is an Ixq design matrix,

: o ., ) :
w is an [ — row vector distributed as N (6,0°R); 0= is unknown but R is known

(Belsey,IKuh and Welsch, 1980 ).
Combining (2.1) and (9.1) one can write
X 9% z
= 8+ (9.2)
h V u
or
X' =W'g+¢ (9.3)
with
€ 0
E()=F =
U o
and
. 0 a*A 0
Cov (€*E*F) — Zl _ {
0 >, 0 R
= o0 (9.4)
where
a*A 0

) =
0 o%R

If welet R = I and § = 0, model (9.2) reduces to the ordinary least squares

regression. in what follows, we will assume that R # [ and 6 # 0.
From the above model, the generalized least squares estimator for (3 is given by
(9-5)

G = (W'W +VIR™W) (WTX + VIR 'h)

or again
o —1
3 = (W*’Q*W*) oLy
= AW QX (9.6)

where
o —1 - . —
A= (womw) = () (9.7)
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It follows that
E(3) = p+AVIR™'
and
Var (3*) = o°A

Unless § =0, 3" is a biased cstimator. However. 5° has smaller variance than the
ordinary least squares estimator 3.

Computing residuals

Let
o= Xt W
- ([ ~ W*AW*TQ”) X*
- (1 - W*AW*TQ*I) (W*B + %)
= (1—wrawta)
= (I-DB)e (9.8)
With
B =W*AW* Q"' and B is idempotent
Then
0
E(rT) = (I-B)
5
and
Var (r*) = o*(I—B)QI — B)" (9.9)

Like previously, under the assumption that the mmequality

o" [V (wTw) VT 4 R|

<1 (9.10)

72
is true, the first n elements of the gencralized least squares residuals r* are better
cstimate of the unknown & than e is for =.
Searching for outliers and influential observations
Suppose that there are m suspected outliers indexed by [. The search for out-
liers in models with stochastic prior informatiou is conducted on the basis of the
sample information. In other words, outhiers will be sought only amongst the first n

observations of 1.
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Cousider any subset r7 of m clements from the first n elements of r*, say
o= U0
= (1,,,0)(I —B)e" (9.11)
Let
M=I-B and N=(I-B)QI-B)"=MoM"
Like previously, partition N as

.
Z\/m Na

T
N(L Nn+l7m

N =

where Ny, is the submatrix of N formed by the rows and columns indexed by 1.

We have
Var(r}) = oc*N,, (9.12)
and
T Ar—1_.%
SN )
with v = %(o,aT) (I —-B)" Ngll 3 (I — B) 2 (9.13)

A statistic for testing whether a group of mi observations is an outlying group is
given by

a1 A= s
ry N, 1]

Fp=-1-m-1 (9.14)
msp,
with
2 "
Wk Qfl WKk Nfl, *
S>(k12) e Ty Ty Ty m Tl (915)
n+I{—qg—1m

F} is distributed as a doubly noncentral F' — variable with m and n+1—qg —m

degrees of freedom and noncentrality parameters given by

1 NP O
v = =(0,6")(I-B)" (I — B)
2 0 0 §
and
1 i o AN 0
A= 5(0,51)(1—3)’ (I - B)
2 0 R 6

Given that outlving points positions arc not knowu. it is convenient to compute

the maximun of the different F7— statistics and use the Bonferroni-upper bound with
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n
critical level F' | o/
m

In testing whether a single observation is an outlier, we observe that for this special

case m = 1, and (9.14) reduces to
. (9.16)
‘ SE(Z) \/Tii :

with n;; the ith diagonal element of N = MQAM7T and

«2 rQ e - % 9.17
0~ n+l—qg—1 (9-17)

¥ has a doubly noncentral student ¢ — distribution
Here again, if the position ¢ of the outlying observation is not known, attention

should be focused on max |t}| with upper bound for the critical point given by
tu/n (7’1, 4+ — q— ])

The above is the upper a/n critical value of the central ¢ — distribution with
(n+1—q—1) degrecs of freedom.

Measure of influence

An appropriate measure of influence would be the Cook’s distance (Cook (1977))

for the multiple case, given by

T
ﬁ* . ,B* Aﬁl ﬁ)* R ,8*
uy ) A gy =) o
qs{
(H
where Sﬁ)and A~1 are as defined carlier.
For A = I, the above expression reduces to the following form
1 A o,
AI - *2 (T'}()[ NTZIX[A‘XVII Nr;1 (,7) (919)
251y
where
Nt = (1= X AXD) ™ (9.20)
The single case, corresponding to m = 1, is given by
N B A G-
¢ )
gst”
*\2 / T
rY w; Aws
_ P wdw, 0o

2 k2
qnsey

with w; the ith rvaw of W and n; =1 — 'u,z,l-Az,U)-I



Chapter 10

Other techniques

In this chapter, other plotting techniques basced on residuals, the Biplot, some addi-
tional influence related measures, as well as the Informational Complexity Criteria

for regression models are reviewed .

10.1 Diagnostics based on residuals plots

A variety of plots have been widely used in regression diagnostics for the analysis of
residuals. Three types of plots can indicate inaccuracy in a proposed model, and some
trends or influential points in data. The first type is a plot of some kind of residuals
against the index i; the second type is a plot of residuals against the independent
variable wy;; the third type is a plot of residuals against the predicted value z;.

Figure 1 below shows possible graph shapes which can occur in plots of residuals:

& ;

W X [RTV 9

- Vgl

»
>
1,

o

Wy, Xhar LW Xy

Fig.1: possible residuals’ graph shapes
For the first and second type of plot, a band pattern (bottom left) indicates some
crvor in calculation or the absence of w; in the model: but a band pattern may also

he caused by outlving points.
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10.1.1 The Williams graph (William (1973))

This graph has the diagonal elements of the hat matrix v; on the z-axis and the
Jackknife residuals ; on the y-axis. Two boundary lines are drawn, the first for
high-leverages, vy; = 2}—’;’ and the second for outliers, ¢, = tg95 (n —m — 1), where
toos (n —m — 1) is the 95% quantile of the student distribution with (n —m — 1)
degrees of freedom; n and m are the sample size and the number of independent

variables respectively. An illustration of Williams graph is given in figure 2 below:
Al

£9s(n-m-1 0

|-
Zm/n L

Fig.2 Williams graph: O stands for outliers and L for leverage points.

10.1.2 The Pregibon graph (Pregibon (1981))

Like the previous, this graph has the diagonal elements 1;; on the z-axis; but on the

y-axis it has the square of the normalized residuals ey ;. Based on the validity of the

expression F (771-1- + é?\,i) = mtl the following two constraining lines are drawn

n

2 1
(1) y — — + M a’n‘d’
n
3(m+1
By = —as 2t

To distinguish among influential points, the following two rules are applied:
(a) A point is strongly influential if it is located above the upper line;
(b) A point is influential if it is located between the two lines.
In both cases (a) and (b) the influential point can be cither an outlier or a high-

leverage point.

by,

%,
X

»
Vi

Fig.3 Pregibon grapli: (L,0) are inlluential poiuts and S(L.O) are strongly influ-

cntial points.



Note: The normalized residuals, also known as scaled residuals, are defined as

i

g = — (10.1)

It is falsely assumed that these residuals are nonnally distributed quantitics with
zero mean and variance equal to one, but in reality they have non-constant variance.
When these resicduals are used, it 1s strongly recommencded to apply the classic rule of
3o, that is quantities of éy; of magnitude greater than +30 are classified as outliers;
however. this approach is misleading at some extent and may cause wrong decision

to be taken regarding data.

10.1.3 The McCulloch and Meeter graph (McCulloch and
Meeter (1983))

This graph has In {Wfl_v—)} on the z-axis and the logarithm of square of the standard-

ized residuals In (72) on the y-axis. In figure 4 below, the solid line drawn represents
the locus of points with identical influence, with slope -1 and intercept given by

—1In Fyg (n —m,m). In other words, the equation of the 90% confidence line is given

by
y=—x—InkFyg(n—m,m)

The boundary line for high-leverage points is defined as

t(%.% (n—m—1)

r =1In
n—m

where 3 o5 (n — m — 1) is the 95% quantile of the student distribution with (n — m — 1)

degrees of freedom.

[ SN W —

| vil(m(1- vi)))

Fig.4: the McCulloch and Mecter graph

10.1.4 Gray’s L-R graph (Gray (1983))

This graph has the diagoual elements ¢;; on the r-axis and the squared normalized

residuals €3-; on the y-axis. All the points will lic under the hypotenuse of a triangle
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with the right angle in the origin of the two axes and the hypotenuse defined by the

limiting equality

.2
Vi + €N — 1 (102)
Contours of the same critical influence are plotted in the Gray's L-R graph, and
the locations of individual points are compared with them. It may be determined

that the contours are hyperbolic as described by the equation

1)
Y=
v (1-k)z—1

where k = n(n —m —1)/c*m and c is a constant usually equal to 2,4 or 8. Figure

5 below is an illustration of this graph:

4

Fig 5. The Gray’s L-R graph
The digit in the triangle stand for the order index i of the response variable z;.
Points towards to the upper part of the triangle are outliers, while points towards the

right angle of triangle are high-leverages.

10.1.5 The predicted residuals graph

The predicted residuals, also known as the cross-validated residuals are defined as

€

—_— 10.
o (10.3)

Cpi =

The graph of the predicted residuals has the predicted residuals on the z—axis
and the ordinary residuals é; on the y—axis. High leverage points lie outside the line
y = x and are located quite far from this line whereas the outliers are located on the

same line but far fromn its central pattern as shown in figure 6 below:
& L 0
L

Fig. 6 The graph of predicted residuals
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10.2 Biplot

A biplot is a graphical display of rows and columuns of a rectangular (nxq) data
matrix W, where the rows are often individuals or other sample units like cases, and
the columns are variables. The biplot was introduced by Gabriel(1971) and is widety
used and discussed by Greenacre and Underhill(1982), Greenacre(1984), and Gower
and Hand (1996).

In almost all applications, this analysis starts with perforniing some transforma-
tion oun W, depending on the nature of the data; to obtain a transformed matrix Z
which is the one actually displayed.

Assume that the transformed matrix Z has rank r (and not ). Then Z can be

factorized as
Z =FGT (10.4)

where F'is (nxr) and G is (qxr).

The rows of F and rows of G provide the coordinates of n points for the rows and
q points for the columns in an r—dimensional Euclidean space, called the full space
since it has as many dimensions as the rank of Z. The joint plot of the two sets of
points can be referred to as the exact biplot in the full space. There are an infinite
nmuunber of ways to choose F and G, and certain choices favor the display of the rows,
others the display of the colunins. However, for any particular choice the biplot in
r-dimensions has the property that the scalar product between the i** row point and
the j** column point with respect to the origin is equal to the (7. >m element z;; of

Z: that is if

fi
g1
F(nxr) - fi and G(q?\'r) - gj
Jp

fn
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are rows and vectors then

T’
zij = [i9; (10.5)

We are mainly interested in low dimensional biplot of Z. especially in two dimen-
sions. By means of appendix A, these can be conveniently achieved by using the

singular value decomposition (SVD) of Z, namely
Z=UDV" (10.6)

where U and V are matrices of left and right singular vectors, each with r-
orthonormmal columns, and D is the diagonal matrix of positive singular values in

decreasing order of magnitude, that is
dy>dy>...>d. >0

The Eckart-Young theorem (Eckart and Young (1936)) states that if one calculates
the (nxr*) matrix Zj.| using the first 7* singular values and corresponding singular
vectors, then Zj,.) is the least squarcs rank r* approximation of Z. That is, over all

possible matrices of rank r*, Zj;-; minimizcs the fit criterion
2 2
1Z = X7 =D (2 — )
g

where ||...|| denotes the Frobenius matrix norm. It is this approximate matrix Zj,«
which is biplotted in the lower dimensional r*—space, called the reduced space. This
biplot will be as accurate as is the approximation of Z«) to Z. The sums of squares

of 7 decomposes into two parts:

1211° =1 Zes* + 112 = 2|
where
|Z|" = d3+d3+ ...+ d% and
1Z = Zp||” = iy 4ot & (10.7)

The goodness-of-fit is thus mecasured by the proportion of explained sums of
squares given by
‘ 2 9
di +d5 + ...+ &2
d3+d3+ ..+ d?

usually expressed as a percentage.
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The special case r* = 2 is of interest in this work. In this case one has

dy o
Zp = (u1, uy) (v, vy)
0 dg
HZ[Q] 2 = d%%—dg
|Z - Zg|" = B+d+ .. +&

where up, uy. vy and vy are vectors.
and the gooduess-of-fit in this case is given by

d? + d3
d3 +d3+ ...+ d?

The natural choice of F and G for the biplot in two dimensions is provided by the

SVD of Z, namely
Zpp) = Fy Gy
with
— [ed (o} _ -« l—a
Flop = (dfuy, d3us) , Gy = (dl Vi, dy v2)

for some constant «.

The common choices of o are 1 and 0, when the singular values are assigned
entirely either to the left singular vectors of U or the right singular vectors of V,
respectively. with « = 0.5 the square roots of the singular values are split equally
between left and right singular vectors. Each choice, while giving exactly the same
matrix approximation, will highlight a different aspect of then data matrix.

The term "principal coordinates” refers to the singular vectors scaled by the sin-
gular values, while "standard coordinates” are the unscaled singular vectors U and V
(Greennacre(1984)).

The most common biplot is of an individual(case)-by-variables data matrix W

which has been transformed by centering with respect to column means w; to give
Z = [z
Next. compute the SVD of Z to obtain

Z =UDVT



e Form Biplot: a =1

= [d1u1 . dQLlQ]

= [vi, V] (10.9)

where uy, uy, vy and vo are vectors.

The rows (cases) arc the principal coordinates and the columns are in standard

coordinates. This type of biplot favours the display of rows.

e Covariance Biplot: a =0

- [ulvuz]

F
G = {dlvl./(lQVQ] (1010)

The rows arc in standard coordinates and the columns arc the principal coordi-

nates.
e Equal weigths Biplot: o = 0.5
= [d}/Qul, d;/ZUQ:l

- [d{/%l, di/QvQ} (10.11)

Neither rows or columns are favoured. This biplot is often preferred when dealing
with the correlation matrix as in factor analysis.

In what follows, of great interest will be the first and second type of biplot. The
first will provide us with an optimal approximation of the form matrix ZZ7 by the
corresponding form matrix FFT of F; and the second, an optimal approximation of
the covariance matrix S = ZZ%/ (n — 1) by the corresponding matrix GG/ (n — 1) .

Since the FORM biplot favours the display of the rows, the FORM biplot is used
to identify outliers and influential observations. This can convenicntly be done by
mean of the SVD of the W matrix for influential observations and the SVD of the
composite matrix (X, W) for outliers. A scatter plot with a confidence ellipse will
inmmediately identify outlying and influential observations. The Biplot works very
well to overcome the "masking” and/or "swainping” effects mentioned earlier in this

work. The Biplot is a very good procedure for determining “multiple outliers”.

93



10.3 Other Influence related measures

10.3.1 Hadi’s influence measure (Hadi (1994))

This influence easure is based on the fact that potentially influential observations

are outliers in the dependent or independent space. It is give by the expression
m e v
: ‘N ii
H?

i = : 52 ,
1-— Vi 1-— eN,i 1- Vi

(10.12)

where €%, is the ith normalized residual. Large values of H? indicate influential
points. Hadi (1992) provides extensions of H? for the multiple case, namely H?,
influential subsets indexed by the set I can be identified by means of the J;-—class

that the above author defines as follows
Jr=g(n,,q,m) f(K(u,v,wab.c), (10.13)

where g (n,,q,m) is a function that is independent of the elements of the subset

whose influence we wish to monitor, f (A) is a norm of the kernel matrix A, and

Ky (u,0,w,0,b,¢) = (I = Vi) ™" Vi (I = Q1) ™" Q7 (I = Vi = Q)™ (Vi + Q1)
(10.14)
is the kernel of the J;—class which depends on integer parameters u, v, w, a,b and ¢
and on the following matrices: I,,, the identity matrix of order m; V; as defined in
T

. . -1,
the notation section and Q; = ¢; (e]e;)” ef .

For g (n,q,m) = £, (u,v,w,a,b,c) = (1,1,0,0,1,0) and
f (K7 (u,v,w,a,b,c)) = tr [([m — VI)_1 (Im — Q)1 Q[] +tr [([m - VI)_1 VI]

Hadi’s overall influence measure is given by

NS ;
q (XI - I’Vlﬂ(l)) ([m . ™ ‘/1) (Xm - IV'VI@(U) 1 - T
- ; + —tr (Wi (W W)™ W)

€
(10.15)

Note: Depending on the values given to the components of the above expression

(10.5), different tests statistic can be derived using the J; — class.
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10.3.2 The Atkinson influence measure (Atkinson (1985))

This measure. known as the modified version of Cook’s distance, enhances the sensi-

tivity of distance measures to high-leverage points. It is defined as

n—im Uy
A= [t \/ m Xl — Uy (10.16)

where |t;| is the absolute value of the jackknife residuals. This measure is also con-
venient for graphical interpretation and Atkinson (1985) recommends that absolute
values of A; be plotted in any of the ways customary for residuals.

The Atkinson influence measure is similar to the Belsey D FFIT'S; measure which
is given by the expression

DFFITS; = |t;| x—— (10.17)

1 — ’{7,1‘1‘
The ith point is considered to be significantly influential if DFFITS; is larger in
absolute value than 2, /%

10.4 Informational Complexity Criteria for regres-
sion

The Information Complexity Criteria (ICOMP), developed by Bozdogan (1994), is a
new approach for detecting influential observations i linear models. It consists of
two stages: in the first, Bozdogan’s ICOMP criterion is used as the fitness function
for variables’ selection and in the second, it is used with case-deletion on the selected
set of variables to detect influential cases. In what follows, we focus our attention on
detecting mfluential observations using the ICOMP.

Counsider the usual multiple regression model
X=Wpg+¢

as described in chapter 2. Without loss of generality, let assue that we have a

given finite number of nested models of the form
. 2
my = {8y, By s Bpe 07}

the diniension of my as a model is equal to (k4 2). The ICOMP, as a model

selection criterion. penalizes the covariance complexity of the model rather than the



number of frec parameters directly, as it is the case for the AIC and BIC criterion
(10.18)

AlIC = —-2In <L1\/) -+ 2(5,
(10.19)

BIC = —=2In (L) +dln(n)

where Ly, 1s the maximized likelihood.
The ICOMP criterion is defined by
(10.20)

[COMP = 2L (9) +20 (Z modd)
where L is the likelihood function, 6 is an cstimator of the unknown parameter #,

C represents a complexity measure and Y ,qe represents the estimated covariance

matrix of the parameter vector estimated by the model. Originally Van Emden (1971)

defined the covariance coniplexity as
(10.21)

k
1 : 1
C() (Z) = 5 Zhl(sz»j - 5111 |Z| s
j=1

., . j- N 2 . .‘ .
where k is the dimension of ), and the ¢3; are the diagonal elements of ).
The reader should notice that Cy (> ) = 0 when ) is a diagonal matrix. Based on

the fact that Cy (D) is not invariant under orthonormal transformations, Bozdogan

(1990) introduces
k.ot 1
—_11%2)_5111@, (10.22)

Cr(22) =maxCo(X0) = 5

as a penalty functional, where T is the set of all orthonormal transformations.
Van Emden (1971) and Bozdogan (1990) show that Cy is invariant with respect to
scalar multiplication and orthonormal transformation.
Formulation of ICOMP
In the context of multiple regression models with identical and independently
distributed errors, the complexity of the model my. is defined as

Cy (my) = C (6; )

5) is the vector of estimated paramecters and residuals under my. Fol-

where ([)’,
lowing Bozdogan (1990), given that the maximum likelihood or the least squares

estimators 3 aud 2 are independent, the complexity € satisfies the property
(10.23)

Cr(Be) = G (B) + €1
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The saine author defines the complexity of Bk as

~ ) _ 2 (vt L eyl
Cy (Z @k) — G (et wiw) ) = (i) ) (10.24)
Under the assumption that the random errors have 021, as their covariance matrix,

the complexity of #; 1s given by

Cl (ék) = Cl <(72[n—q)
= () ([nfq)

=0
Expression (10.15) becomes
A (Bes) = o (S5,)
- O ((W,? Wk)_1> (10.25)
and the ICOMP for the multiple regression model can be written as
[COMP (ﬁkrk> = 21 (L) + 20 ((W,{ LW”) (10.26)

It can be shown that this expression is equivalent to

ICOMP (ﬁkQ = nln(27)+nln (Ris"‘> +n
tr (WEW,)

1
+¢ln p } —In [det (Wl Wk)‘l} (10.27)

with respect to the previous notation.

Another approach to the formulation of the ICOMP considers the complexity of

RSS,
n

. - ~“ . ~9 = ~t .
the vector of estimated parameters ([ﬂ, ni) with 7, = .3, and &3 are indepen-

dent and their covariance matrix is given by

2(wrw,) 0
0= o (W Wi) (10.28)
U 20_4 (n—“q)

n?

() is asymptotically equivalent, as n — oo, to the Inverse-Fisher Information

Matrix (IFIM) given by

(W) 0
ol (WiW5) (10.29)
0 201 /n
Hence, we can use Q or £71 to define the complexity of the vector (,ffkj,fr‘i)

namely € (Q) or (F ’1) respectively; this leads to the following two other versions
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of ICOMNMP

ICOMPIFIM (Bk,&i) = —2In(La) +2C; (57 7Y)

= nln(27)+nln [RS&"} +n

n

e (W) 262 /0
o 0T
g+1

- 25,
—ln(let((I/Vg W) 1) “n (ﬂ) (10.30)

n

and

ICOMPCOV (Bk,&ﬁ) = —2In(Ly) + 20, (Q)

= nln(27) + nln {RSSAW +n
n

tr (W[ I/Vk)fl + 267 (254)
1)1 n
+(¢g+1)In ! o
e (07710 - (35 ()
(10.31)

ICOMP as an influence measure

The approach of detecting influential observations using ICOMP takes into account
both lack-of-fit and model complexity in one criterion function. As in the previous
cases, an observation is said to be influential, if deleting it from the sample causes

the ICOMP score to fall, that is if
AICOMP = ]CO]V[P_fu”_dam (mk) — ]CO[\[P(I) (mk) >0 (1032)

where TCOM Pry—gato (my) is the IMCOMP for the subset mj when the full
data set is used, and ICOM Py (my) is the ICOMP for the same subset my when
observation 7 is deleted. This measure of influence can be extended to the multiple

case.

98



Chapter 11

CASE STUDIES

In this chapter we present some case studies using 4 different data sets that we shortly
describe below. As we mentioned it earlier, we will combine different techniques
to identify outliers and influential observations (if any) in each of the data sets.
In particular graphing techniques will be used when delction of observations is not,
convenient. The complete data sets are displayed in appendix D.

Data set 1: The Siml4 data set

This data set of 40 observations and 5 independent variables was generated by
Jacobs, M.(1982) as described below.

The first independent variable W7 is a trend variable, namely W; = 1 for 1 =
1,...,n. The variables Wy, W3 and W, are independently normally distributed, with
Wy ~ N(5,1) and W3, Wy ~ N(10,1). An approximate linear relationship between
the independent variables was introduced by making W5 = W5 + W, + e where

e ~ N(0,0.1?). The dependent variable was generated as
X =100 + 2W7y + 10Wy + 10W5 + 10W, + 10W;5 + 7

where e* ~ N(0,25)

The following extreme cases were introduced into the data set: in observation 1,
the variable Wy was given a value of 10 (W, is usually centered on 5); in observations
2 and 3, W3 and Wy were centred on 15 instead of 10, and corresponding adjustments
were made in the values of Wy and X. In addition a possible outlier was iutroduced
by substracting 10 from the X valuc of observation 2 only. Finally, observation 4 is
made to be a straightforward outlier by adding 20 to its X value.

Data set 2: Building Society Staff Recuirements (Bld.soc)

The size of this data sct is 48 cases x 9 variables:

o X =C(Clerical staff
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e W;=Banking hall transactions (in thousands)

Wa=Number of saving cheques drawn (in thousands)

Wi=Investor transactions (in thousands)

Ws=Loans transactions (in thousands)
e Ws=Insurance transactions (in thousands)

e Ws=Loans information transactions (in thousands)

Wr;=Name and address capture (in thousands)

Ws=Other general information capture (in thousands)

X is the dependent variable and all the remaining are independent variables.

Data set 3: The JSEANG data set

This is made of data that allow to model the Johannesburg Stock Exchange as a
function of different indices, the following are the variables,

o X =Jse

o Wi=ang

e Wo=dmark$

e Wsi=gold r

o Wy=jelec

e W5=jfood

o We=jinsr

o Wi:=jplat

e Ws=yen §

Data set 4: The ANGJSE data set

The data set is the same as above except that W, becomes the dependent variable
and X an independent variable.

The numerical results for each case study were found using R-codes ( appendix
E). For quality reasons, most graphs in this section were plotted in Eviews.

From the graph displayed below (see Jambu (1991)) , observations 1, 2 and 3

may be suspected as being outliers, since they lie far outside the 95% confidence

ellipse; we therefore use this information to run the R-program and find out whether
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these observations are in fact outliers, both individually and as a group. The results
are presented in tables showing values of some statistics computed in this work, as
well as the changes in some regression parameters owing to the deletion of different

combinations of the suspected outliers.

Projection of the cases on the
factor-plane (1 x 2)
with a 95% confidence ellipse (SIML4)

4 — T

Factor 2: 23.06%

-10 -8 -6 -4 -2 0 2 4 6 8
Factor 1: 568.27%

< Active

fig. 7: Projection of cases on the factor plane with a 95% confidence ellipse.
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TABLE 1: SIML4 OUTPUT

279.76

1
[ 2| 203 -213i 454 041 27976 195.91 83.85
R 3 2.37 2.56 6.5 0.4 279.76 193.84 85.92
{ 4, 324/ 384, 1457, 026 279.76 186.24 93.52
[ 5 021 0.2 004 0.4 27976 200.94 78.82
EE 6/ -051 -051 025 024 27976 200.7 79.06
N 7. -0.01, -0.01 0 013 279.76 201.02 78.74
i 8 027 026 007 021 27976 200.91 78.85
| 9 147 149  224{ 0.8 279.76 198.39 81.37
| 10, -0.72| -0.72|  0.51 0.14| 279.76 200.39 79.37
s 11, -0.61 0.6/ 037 0.06 279.76 200.57 79.19
| 12, -026, -0.26) 0.07)  0.06/ 279.76 200.93 78.83
| 13 115/  116| 1.34|  0.06| 279.76 199.43 80.33
B 14, -0.39) -0.39] 0.15  0.09; 279.76 200.86 78.9
P 15 0.06 0.06 0 0.05! 279.76 201.03 78.73
2% 16| -0.84  -0.83 07,  0.08 279.76 200.18 79.58
B 17, -079,  -0.79] 062  0.18/ 279.76 200.28 79.48
[ 18, -0.41 -0.4 0.16,  0.09 279.76 200.83 78.93
| 19|  -0.66/ -0.65 043/  0.19 279.76 200.53 79.23
| 20, -1.05f -1.05 1.1 0.1, 279.76 199.71 80.05
| 21 0.14/  013] 002  0.08/ 279.76 201.01 78.75
[ 22 1.08 1.09 1.17 0.06 279.76 199.63 80.13
5 23 034 034 011 0.25 279.76 200.9 78.86
A 24 -018 -0.18  0.03  0.23 279.76 201.02 78.74
&z 25/ 014 013 0.2 0.1, 27976 201.05 78.71
s 26/ 031  -0.31 0.09 0.1 279.76 200.94 78.82
E 27, -029 -0.29 0.08 013/ 279.76 200.96 78.8
EBE 28 029 028 008  0.07 279.76 200.97 78.79
[ 29, 061 06/ 037/ 008 279.76 200.65 79.11
i 30/ 1.83 1.9 3.6 0.1, 279.76 196.92 82.84
( 31 093 093 086 007 279.76 200.06 79.7
E 32 083 082 068  0.09 279.76 200.27 79.49
| 33 067 066/ 044,  0.14, 279.76 200.58 79.18
[ a8 34 -236| -254 6.43 0.16 279.76 193.96 85.8
B 35 -0.91  -0.91 0.821  0.09 279.76 200.11 79.65
| 36/ -046  -046  0.21 0.2 279.76 200.86 78.9
E 37 0.2 0.2 0.04 0.1, 279.76 201.08 78.68
] 38 063 063 039 018 279.76 200.67 79.09
19.2:3 39 073 -073 053 015 279.76 200.49 79.27

400 048 047 023 0.15 279.76 200.87 78.89

Signif. codes: 0 “***7 0.001 “**7 0.01 “**’ 0.05 > 0.1’ 1
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TABLE 2:CHANGES IN SOME REGRESSION PARAMETERS

(SIML4)
FULL MODEL (1,2) DEL (1,3) DEL [(2,3)DEL| (1,2,3) DEL |
intercept 113.473 104.883 122.714 117.291 116.47
b1 2.039 1.959 2.096 2.046 2.044
b2 9.934 9,732 10.016 9.675 9.831
b3 22.881 22.697 23.98 24.142 23.768
b4 24.032 24.809 25.738 26.131 25.829
b5 -4.077 -3.805 -6.019 -5.888 -5.544
R-squared 0.9893 0.9895 0.9886 0.9871 0.9871
F-statistic 626.2 604.5 553.4 490.4 474.7
DF 5and 34 5 and 32 5and 32 5and 32 5 and 31
p-value < 2.2e-16 <2.2e-16 <2.2e-16 | <22e-16 < 2.2e-16

Comments (SIML4 OUTPUT)

Table 1 indicates that of the 3 observations suspected as outliers, the test statistic
failed for case 1 and was only significant for cases 2 and 3 for a = 5%. However, case
1 seems to be a high leverage point with the largest hat value of 0.46. Observation
4 should be given a sustained attention as well as a careful study, since it lies near
the 95% confidence ellipse and its deletion leads the highest change in the [COMP
(delta.icomp=93.52); In fact, from the simulation of this data set, observation 4 was
constructed to be a straightforward outlier. For case 34, there is not enough evidence
that it is either an outlier or influential observation. Deletion of different combi-
nations of the suspected observations does not considerably change most regression

parameters (see table 2 above).
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Factor 2: 20.45%

Projection of the cases on the factor-plane (1

with a 95% confidence ellipse (Bld. Sc
7 - v - T ¥ v — r

-20 -18 -16 -14 -12 -10 -8 -6 -4 -2 0 2 4 6 8
Factor 1: 72.25%

Fig 8.: Projection of cases on the factor plane with a 95% confidence ellipse.
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TABLE 3: BLD.SOC OUTPUT

i sdz stz F.i.del vii icomp |icomp.i.del|delta.icomp F-test
1 -1.22 | <1.23 | 1.51 0.6 390.24 268.84 121.4

2 4.11 5.39 | 28.51 0.43 390.24 | 240.17 150.07 *
3 0.43 0.43 0.18 0.33 | 390.24 266.56 123.68

4 -1.01 | -1.01 1.02 0.37 | 390.24 266.31 123.93

5 0.49 0.49 0.24 0.04 390.24 266.3 123.94

6 -0.42 | -0.42 0.17 0.2 390.24 266.4 123.84

7 0.19 0.19 0.04 0.1 390.24 266.51 123.73

8 -0.15 | -0.15 0.02 0.06 390.24 266.53 123.71

9 0.32 0.31 | 0.1 0.05 | 390.24 266.43 123.81

10 -2.3 -2.45 5.94 0.2 390.24 259.68 130.56
11 0.41 0.4 0.16 0.12 390.24 266.51 123.73

12 0.25 | 0.25 0.06 0.15 | 390.24 266.51 123.73

13 1.44 1.46 2.13 0.14 390.24 263.97 126.27

14 | -1.35 | -1.36 1.86 0.1 390.24 264.29 125.95

15 0.49 0.49 0.24 0.05 | 390.24 266.26 123.98

16 | -0.19 | -0.19 0.04 0.08 390.24 266.56 123.68

17 | 0.05 | 0.05 0 | 0.18 390.24 266.56 123.68

18 0.59 0.58 0.34 0.05 | 390.24 266.15 124.09

19 | -0.15 | -0.14 0.02 0.05 | 390.24 266.53 123.71

20 | -0.76 | -0.75 0.57 0.06 | 390.24 265.84 124 .4

21 -0.13 | -0.13 0.02 0.06 | 390.24 266.54 123.7

22 | -012 | -0.12 0.01 0.05 | 390.24 266.53 123.71

23 | -0.49 | -0.49 0.24 0.71 390.24 266.53 123.71

24 | -014 | -0.13 0.02 0.03 | 390.24 266.53 123.71

25 -0.9 -0.9 0.81 | 0.16 | 390.24 265.62 124 .62

26 | -0.37 | -0.37 0.13 0.1 390.24 266.41 123.83

27 2.07 217 4.68 0.24 | 390.24 261.03 129.21 *
28 0.58 0.57 0.33 0.14 | 390.24 266.18 124.06

29 | -1.96 | -2.03 4.14 0.14 390.24 261.62 128.62 *
30 | -0.85 | -0.85 0.72 0.14 | 390.24 265.71 124.53

31 0.79 0.78 0.62 0.36 | 390.24 265.84 124 .4

32 0.77 0.76 0.59 0.88 390.24 265.85 124.39

33 1.49 1.52 2.29 0.23 | 390.24 263.79 126.45

34 | -0.52 | -0.51 0.27 0.24 390.24 266.26 123.98

35 [ -0.37 | -0.37 0.13 0.04 | 390.24 266.39 123.85

36 0.48 0.47 0.23 0.14 | 390.24 266.27 123.97

37 0.02 0.02 0 0.07 | 390.24 266.55 123.69

38 1.37 1.38 1.92 0.26 390.24 264.2 126.04

39 | -0.97 | -0.97 0.94 0.12 390.24 265.37 124.87

40 0.18 0.18 0.03 0.42 | 390.24 266.51 123.73

41 -0.5 | -0.49 0.25 0.07 | 390.24 | 266.24 124

42 0 0 0 0.06 | 390.24 | 266.55 123.69

43 | -0.85 | -0.85 0.72 0.19 | 390.24 265.65 124.59

44 | -1.23 | -1.24 1.53 0.3 390.24 264.71 125.53

45 1.07 1.07 1.15 0.06 | 390.24 265.12 125.12

46 0.87 0.87 0.75 0.21 390.24 265.62 124 .62

47 0.49 0.48 0.24 0.1 390.24 266.3 123.94

48 | -1.24 | -1.25 1.56 0.13 | 390.24 264.76 125.48

Signif. codes: 0 “*** (.001 “* 0.01 **" 0.05 " 0.1 -~
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TABLE 4: CHANGES IN SOME REGRESSION PARAMETERS

(BLD.SOC)
4.1 Full Model
Residuals:
M in 1Q Median 3Q M ax
-26.8651 -7.0984 -0.7301 6.0419 40.4265
Coefficients:
Estimate Std. Error t valuc Pr(>|t])
Intcrcept 3.2031 3.2386 0.989 0.32875
Wl 0.5435 0.1721 3.158 0.00307**
W2 -5.2677 2.2554 -2.336 0.02475*
W3 0.8175 4.9872 0.164 0.87065
W 4 11.5285 4.1293 -0.752 0.45657
W5 -3.2608 4.3362 -0.752 0.45657
W6 -4.5805 2.896 -1.582 0.1218
W 7 -0.1839 0.8848 -0.208 0.83646
W 8 4.1591 0.6533 6.366 1.61e-07***

Signif. Codes: 0 "*** 0.001 ™** 0.05°. 0.1’ 1
Residual standard error: 13.02 on 39 degrees of freedom
Multiple R-squared: 0.98, Adjusted R-squared: 0.9759
F-statistic: 238.6 on 8 and 39 DF, p-value: <2.2e-16
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4.2 Cases 2 and 10 deleted

Residuals:

M in 1Q Median 3Q M ax
-19.9811 -5.1025 -0.6385 5.3933 18.1298
Coefficients:
Estimate Std. Error t value Pr(>[t]
Intercept 3.5538 2.2704 1.565 0.12603
W1 0.5866 0.1251 4.69 3.66e-05***
W2 -1.4174 1.8058 -0.785 1.46e-06***
W3 8.9323 3.7136 2.405 0.02127
W 4 17.3448 3.0272 5.73 1.46e-06***
W 5 -3.1442 3.0358 -1.036 0.30706
W 6 -5.8432 2.0377 -2.868 0.00679**
w7 0.787 0.6406 1.229 0.22699
W 8 2.7472 0.506 5.429 3.73e-06***

Signif. Codes: 0 ** (0.001 "** 0.05°.) 0.1 " 1
Residual standard error: 9.116 on 37 degrees of freedom

Multiple R-squared: 0.9887, Adjusted R-squared: 0.9862

F-statistic: 404.3 on 8 and 37 DF, p-value: <2.2e-16




4.3 Cases 2 and 27 deleted

Residuals:

M in 1Q Median 3Q M ax

-23.331 -4.7809 0.6227 4.7353 20.5441

Coefficients:

Estimatc Std. Error t value Pr(>|t]
Intercept 3.8247 2.3725 1.612 0.115439
Wl 0.5956 0.1338 4.452 7.56c-05***
W2 -1.2019 1.8739 -0.641 0.52524
W3 6.784 3.8829 1.747 0.088906
W 4 13.6439 3.2769 4.164 0.00018***
W5 -0.7982 3.3206 -0.24 0.811376
W 6 0.0609 0.6741 0.09 0.928501
W7 2.9065 0.5195 5.595 2.22¢-06***
W 8 2.7472 0.506 5.429 3.73e-06***

Signif. Codes: 0 7***7 0.001 ™** 0.05°.7 0.1 7" 1
Residual standard error: 9.471 on 37 degrees of freedom
Multiple R-squared: 0.9876, Adjusted R-squared: 0.9849
F-statistic: 367.1 on 8 and 37 DF, p-value: <2.2e-16
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4.4 Cases 2 and 29 deleted

Residuals:

M in 1Q Median 30 M ax

-22.2505 -3.8764 0.4568 5.5888 17.0623

Cocfficients:

Estimate Std. Error t valuc Pr(>|t)h
Intercept 3.4758 2.3258 1.494 0.14354
W 1 0.4074 0.1288 3.163 0.003712**
W2 -0.4078 1.8203 -0.224 0.82399
W3 6.5891 3.8338 1.719 0.09403
W 4 16.9055 3.0859 5.478 3.20e-06***
W S -5.1501 3.226 -1.596 0.1189
W 6 -5.0329 2.0888 -2.409 0.02107*
W7 0.4466 0.6437 0.694 0.49213
W 8 3.2864 0.5246 6.265 2.7c-07***

Signif. Codes: 0 ™*** 0.001 ** 0.05°. 0.1 1
Residual standard error: 9.341 on 37 degrecs of freedom
Multiple R-squared: 0.9881 Adjusted R-squared: 0.9856
F-statistic: 385.2 on 8 and 37 DF, p-value: <2.2e-16



4.5 Cases 10 and 27 deleted

Residuals:

M in 1Q Median 3Q M ax
-17.941 -6.445 -1.3 6.273 36.234
Coefficients:
Estimate Std. Error t value Pr(>|t])
Intercept 4.4036 2.912] 1.512 0.13899
W 1 0.7757 0.168 4.618 4.56e-05***
W 2 -6.7617 2.0565 -3.288 0.00222**
W3 1.0779 4.5056 0.239 0.81224
W 4 10.6279 3.9249 2.708 0.01019*
W5 -0.396 4.0691 -0.097 0.92299
W 6 -4.8743 2.5916 -1.881 0.06789
W 7 -0.1855 0.8289 -0.224 0.82414
W 8 3.6378 0.6022 6.041 5.52¢-07***

Signif. Codes: 0 *** 0.001 ** 0.05°. 0.1 " 1
Residual standard error: 11.61 on 37 degrees of freedom
Multiple R-squared: 0.9847, Adjusted R-squared: 0.9813
F-statistic: 296.7 on 8 and 37 DF, p-value: <2.2e-16
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4.6 Cases 10 and 29 deleted

Residuals:

M in 10Q Mecdian 3Q M ax
-18.2274 -6.7554 -0.9714 5.1224 37.8208
Coefficients:
Estimate Std. Error t value Pr(>[t])
Intercept 3.8723 2.9375 1.318 0.195529
Wl 0.5508 0.1679 3.28 0.002265**
w2 -5.8999 2.0717 -2.848 0.007145**
w3 0.8368 4.595 0.182 0.856499
W 4 14.3831 3.8375 3.748 0.000608***
W s -5.535 4.068 -1.361 0.181861
W 6 -4.6843 2.636 -1.777 0.083784
w7 4.116%8 0.6226 6.612 9.37e-08***
W 8 4.8168 0.2662 6.102 5.52e¢-07**x*

Signif. Codes: 0 ’***’ 0.001 *** 0.05°. 0.1 " "1

Residual standard error: 11.78 on 37 degrees of freedom
Multiple R-squared: 0.9844, Adjusted R-squared: 0.981
F-statistic: 292.1 on 8 and 37 DF, p-value: <2.2¢-16
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4.7 Cases 27 and 29 deleted

Residuals:

M in 1Q M edian 30 M ax
-25.93 -7.384 -1.137 5.98 37.491
Coefficicnts:
Estimate Std. Error t value Pr(>|tD)
Intercept 4.1472 3.038 1.365 0.1805
W 1 0.5712 0.1798 3.177 0.003**
W 2 -5.6378 2.1245 -2.654 0.0117%*
W 3 -1.3357 4.708 -0.284 0.7782
W 4 10.1875 4.1085 2.48 0.0178%*
W 5 -4.0345 2.7046 -1.492 0.1443
W 6 -4.6843 1.363 -2.013 0.083784
W 7 -0.5353 0.8488 -0.631 0.5321
W 8 4.2498 0.634 6.703 7.08e-08***

Signif. Codes: 0 ™** 0.001 ™** 0.05°. 0.1 "’ 1
Residual standard error: 12.12 on 37 degrees of freedom

Multiple R-squared: 0.9833, Adjusted R-squared: 0.9796

F-statistic: 271.7 on 8 and 37 DF, p-value: <2.2e-16




4.8 Cases 2, 10 and 27 deleted

Residuals:

M in 10 Median 3Q M ax
-16.737 -3.615 -1.109 4.546 18.747
Cocfficients:
Estimate Std. Error t value Pr(>]t)h
Intercept 4.1817 2.147 1.948 0.0593
W1 0.6897 0.1248 5.528 2.97e-06***
W 2 -2.1441 1.7212 -1.246 0.2209
W3 7.7153 3.5219 2.191 0.035***
W 4 15.0296 2.9957 5.017 1.43e-05**+*
W5 -0.8505 3.0007 -0.283 0.7785
W 6 -5.6306 1.915] -2.94 0.0057**
w7 0.4166 0.6202 0.672 0.5061
W 8 2.6557 0.4766 5.573 2.59¢-06***

Signif. Codes: 0 ™**’ 0.001 "** 0.05°. 0.1 "’

Residual standard error: 8.559 on 36 degrees of frecdom

Multiple R-squared: 0.9901, Adjusted R-squared: 0.9879

F-statistic: 449.6 on 8 and 36 DF, p-value: <2.2e-16
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4.9 Cases 2, 10 and 29 deleted

Residuals:

M in 1 Q Mecdian 3Q M ax
-16.6492 -4.7799 -0.2441 5.3401 15.4017

Coefficients:

L Estimate Std. Error t value Pr(>[t])

L Intercept 3.7968 2.1216 1.79 0.081927
W1 0.5005 0.1216 4.117 0.000214**x*
W 2 -1.3042 1.6862 -0.773 0.444305
W 3 7.5613 3.5083 2.155 0.037902*
W 4 18.2079 2.8461 6.397 2.05e-07***
W 5 -5.1231 2.9388 -1.743 0.089828
W 6 -5.4547 1.9083 -2.858 0.007036**
w7 0.7897 0.5979 1.321 0.19494
W 8 3.0334 0.4856 6.247 3.26e-07**x*

Signif. Codes: 0 "*** 0.001 ** 0.05°. 0.1 "1

Residual standard error: 8.51 on 36 degrees of freedom

Multiple R-squared: 0.9904, Adjusted R-squared: 0.9883

F-statistic: 464.4 on 8 and 36 DF, p-value: <2.2e-16
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4.10 Cases 2, 27 and 29 deleted

Residuals:

M in 1Q Median 3Q M ax

-22.5096 -3.8766 0.7951 5.5228 18.8526

Coefficients:

Estimatc Std. Error t value Pr(>1t])
Intercept 3.9603 2.2628 1.75 0.08862.
W1 0.5034 0.1344 3.745 0.00063***
W2 -1.0155 1.7887 -0.568 0.57374
W3 5.7526 3.7324 1.541 0.132
W4 14.8532 3.1736 4.68 3.98¢-05***
W5 -2.9808 3.322 -0.897 0.37553
W 6 -4.904 2.0204 -2.427 0.02035%*
W 7 0.1349 0.6436 0.21 0.83515
W 8 3.1749 0.5105 6.219 3.54e-07***

Signif. Codes: 0 ***> 0.001 *** 0.05 " 0.1 1
Residual standard error: 9.03 on 36 degrees of freedom
Multiple R-squared: 0.989, Adjusted R-squared: 0.9865
F-statistic: 404.1 on 8 and 36 DF, p-value: <2.2e-16



4.11 Cases 10, 27 and 29 deleted

Residuals:

M in 1Q M cdian 3Q M ax
-16.14 -6.865 -1.325 5.583 35.833
Coefficicnts:
Estimate Std. Error t value Pr(>][t])
Intercept 4.5249 | 2.83606 1.595 0.119345
Wl 0.67876 0.17277 3.929 0.000371**+*
W2 -6.48971 2.00828 -3.231 0.002634
W 3 0.08054 4.42376 0.018 0.985576
W 4 11.84441 3.88445 3.049 0.004286**
W 5 -2.5955 4.15793 -0.624 0.536413
W6 -4.558 2.52967 -1.802 0.079954.
W 7 -0.11698 0.80795 -0.145 0.885685
W 8 3.90588% 0.60613 6.444 1. 78e-07***

Signif. Codes: 0 7***’ 0.001 "**’ 0.05° 0.1 "’

Residual standard error: 11.3 on 36 degrees of freedom

Multiple R-squared: 0.9858, Adjusted R-squared: 0.9827

F-statistic: 313.1 on 8 and 36 DF, p-value: <2.2e-16




4.12 Cases 2, 10, 27 and 29 deleted

Residuals:

M in 10Q Median 3Q M ax
-15.865022 | -3.739099 -0.004101 4.881405 17.216963

Coefficients:

Estimate Std. Error t valuc Pr(>|t])
Intercept 4.2973 2.0339 2.113 0.04182*
W1 0.6 0.1246 4.816 2.79e-05***
W2 -1.9378 1.6325 -1.187 0.24322
W3 6.7155 3.3643 1.996 0.05375.
W 4 16.1198 2.8774 5.602 2.58e-06***
W5 -2.8993 2.9818 -0.972 0.33756
W6 -5.3275 1.8185 -2.93 0.00594**
W7 0.4743 0.5879 0.807 0.42521
W 8 29161 0.4657 6.262 3.49¢-07***

Signif. Codes: 0 ™** 0.001 "** 0.05°. 0.1 1

Residual standard error: 8.105 on 35 degrees of freedom

Multiple R-squared: 0.9914, Adjusted R-squared: 0.9894

F-statistic: 501.7 on 8 and 35 DF, p-value: <2.2e-16

Comments (BLD.SOC OUTPUT)

For this data set the outcomes of the graphical display and the non-parametric
tests introduced on pages 21 and 26 arc completely different. Observation 1 has a
high hat value of 0.6, and can be regarded as a high leverage point since it lics far
outside the 95% confidence ellipse. However, case 1 was not identified as an outlier
by the non-parametric test statistics. Like in the previous case, there is not enough
evidence that observations 38 and 40 are either outliers or influential observations
(see the results of table 3 above). The individual test statistics for cases 2, 10,
27 and 29 were significant at o« = 5% and the deletion of these observations leads in
respective order the following 4 highest changes in the ICOMP: 150.07. 130.56, 129.21
and 128.62 respectively. In the same order. they also have the largest studentized
residuals (stz) in absolute value . To find out whether these observations cau forn
sonie outlving groups. we look at the changes of sowme regression parameters resulting
from the deletion of different combinations of observations 2. 10, 27 and 29, In all 11

cases the changes are dramatic and sigmficant, especially in the last case where all 4
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observations have been deleted.
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Comments (ANGJSE AND JSEANG)

The analysis used for these two data sets was purely graphical. It aims to show how
the principal component analysis downweights the cffect of outliers on the regression
parameters. In the color graphs ”Graphs of Least Squares and Principal Component
Squared Residuals of JSE fit on ANGLOS (respectively of ANGLOS fit on JSE)” | the
ordinary least squares squared residuals (blue), and the principal component squared
residuals (red) were plotted, both on a crossing dual scale and a non-crossing dual

scale. The downweighting of potential outhers is remarkable.
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Chapter 12

CONCLUSION

Outliers and /or influential observatious arise in different contexts in general lincar re-
gression models. Whether they are harmful or not, the investigator nceds to identify
them. In the first case, they nmight be deleted from the data set or simply down-
weighted using the principal component analysis if deletion is not convenient. In the
second case, they should be given a sustained attention because they might be, in
this case, the most important observations.

In this work, graphical and numerical methods were used for the identification
of outliers and/or influential observations. Since the deletion of observations is not
convenient for time series, only graphical methods were used for the ANGJSE and
JSEANG data sets. For the other two data sets, we jointly analyzed the standardized
and studentized residuals, the test statistics based on the mean shift outlier model,
the hat values, the change in the ITCONP due to the deletion of the suspected cases,
and the graphical display of the projection of observations on the factor-plane with a

95% confidence ellipse.
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APPENDIX A
Al

The results of this important appendix are obtained by applying the Sherman,
Morrison and Woodbury theoremn [Rao(1973)] as shown in appendix A.2:

For a nonsingular matrix A and two column vectors v and z.

Aty A1

n —1 _
(A*U?Jj) :A l—m

Now, letting

A=W'W, and u=z=w!

70

one has
_ o (WIW) e (WTW)
(WEWw) ™ = (Wiw) '+ ( ) - ;y”( )
Similarly
-1 -1
WIW, wyw! (WEW;
_ - (i) (t)) it ( 2"V (@)
W) = (WLWe) ™ - (
( ) ( (Z) ( )) 1 —
Miller(1964) shows from the above that
~ ~ 1VT1V ! W;€;
B—=Bu= ( ] _)”. (12.1)
Hence, the deletion formulae mentioned earlier can be derived:
Since
P N2
(n—q—1) 5(21-) = Z (LL“j - w]ﬂ(i))
J#i
Using (11.1) leads
n 9 2
‘ Vi€ e:
— g — 1 2 = O Y J — ! _
=a=1)s Z (PJ T “n‘) (1— )
=1 i
2 261‘ i (’72 " 2
= (TI, - q) S + 1 — ”ii Z 6]?’1] —|— m Z?)ij
=1 i) =1
01— m)

And because V' annihilate the vector of residuals, this expression reduces to

~ b

(&

2 2
n—q—1)s;=Mn-q)s" — ———
( oty = (1= a) s~ =

A2

Given A, a gxg symmetric matrix of rank ¢, B and C'. pxg matrices of rauk p, and
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provided that their inverses exist, the Sherman, Morrison and Woodbury theorem is
(A+B'C) ' =a —A BT (I+CcA'BYY AT

det [WHWi ]| = (1= vii) det [W1]
Proof
Consider first det (I — uzT) , wherc and z are as in Al. Let () be the orthonormal

matrix such that Qu = [Jul| Ay, where Ay is the first standard basis vector, then

I

det (I —uz") = detQ[I ~ uzT] Q"
= det [ — Jul| M 2" Q"]

= 1—2"Q A [ul]
= 1-2"Q"Qu
= 1-z:Mu
Now,
det [WE W] = det | (1= wlw, (WTW)™") W] (12.2)
Let u=w! and 27 = w; (W Tw )71 , the above expression becomes

det, [WEWi | = (1 — vi) det (WTV)
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APPENDIX B

(W’YTW’Y) - w;e;

}‘3 - [5(1) = 1 _ "
Proof
P =B = W) WX - (WEw) Wl
= (W'W) T WX — (WTW — waw!) (WX — wa,)
— (WTW)T WTX - ((WTW)“1+ 1_1 — (W) wal (W) 1) "
(W’l —w:L)
-1 1 -1 Ty
= (VW) i = g (VW) T ] (W) Pt x
+1_11‘H (WTw )* w! (WIW) ™ wia,
= (W'w) gy — (WTW) lwiwzwff+ 1—1?’1‘1' (1VTW)_lwi7)iiﬂ7i
- (WTw) L + — (W) Lwi (v = 23)
= (WTW) L (1 — ) @i+ v — )
- (IVJ w) wies

B2 Sum of squares of residuals RSS :

NI\D

C:

RSSq = RSS —

— Uy
Proof

In the mean shift outlier model, one has
E(X)=W158, + 05,

where ¢ is an n-vector with 1 in the ith position and 0 elsewhere. Omitting the
ith case is the same as fitting this mean shift outlier model. as we mentioned carlier

in chapter 2. Thus. by means of Al
(I = Vi) o0 (I =V1)
ol (I —11) ¢,

Vin=W+

T I—1 I -1
RSS; = X! (I‘Vi—( 1) oo ))A\

o/ (I -11)o,
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B3

\
VN
S,
|
S
I
-
N’:’
g

(X - %)

Proof
o (W) wies

Since § = 3y = ~—=——

W (WTT) ™ we,

BW — B, W =
I /k(z) ]_—l'l'l'

hence

o NT wl (WIW) " wTw (W) ™
(- x0)" (5 %0) e
wl (WIW)

(1 — 171'2')2
€2

(1 — )’




APPENDIX C
Cl

Let Al be the following gxq nonsingular matrix

a a

a 1?\'[1

M =

where a is (¢ — 1)x1 and M is (¢ — 1)x(q¢ — 1)

If Af; 1s nonsingular, then the determinant of A/ can be expressed as
det (M) = det (M,)det (1 —a’ A 'a)

1 .
= adct (M — —a! a)

a
Proof

Premultiplying Af by the nonsingular matrix A}, where

1 ol
M = @
—éa I
one has,
La
MM = @

0 M, — laa”

The reader should note that

1
det (M{M) = det (1\[1 — —aaT)

a

and
det (M7 M) = det (M) det (A])
Hence
det (M7M) = det (M) det (M)
1
= det <—[> det (M)
a
1
= —~ (et (;\[)
a
Finally

det (M) = adet (M] M)

1 -
= adet <A\l, — ~aa1>
«
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C2

If WIW is nonsingular, then
det (WiHWe) = (1 — vy) det (W)

Proof

Let

1 wl

13

w; WTW

Z:

By appendix C]_ the determinant of Z can be obtained as

det (7). = det (WTW)det (1—w] (W) " w)
= (1 —vy)det (W'W)

The determinant of 7Z can also be written as

det (Z) = det (VVTW — w,—w?)
— (1 — Uii) det ({/I/TLI/)

Since I'V(Ii‘)LV(i) = WTW — w;w!, the result follows.
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APPENDIX D: DATA SETS
D.1: SIML4 DATA SET

obs X W 1 W 2 W 3 w4
1 587.231 1 10 8.808 10.448

2 715.932 2 4.37 15.011 14 .151

3 766.807 3 5.573 16.714 13.355

4 527.182 4 6.776 7.417 9.058

5 512.057 5 4.98 8.12 9.261

6 556.932 6 3.183 11.323 9.464

7 629.807 7 6.386 12.026 10.667

8 508.182 8 4.589 8.23 8.87

9 569.057 9 5.792 9.933 10.073
10 541.932 10 4.495 9.136 9.776
11 558.807 11 6.198 9.339 9.48

12 562.182 12 5.401 10.042 9.183
13 616.057 13 5.105 11.245 10.386
14 658.432 14 6.308 11.948 11.589
15 614.307 15 4.511 11.151 10.792
16 549.682 16 5.214 8.355 9.995
17 545.057 17 3.917 10.558 8.198
18 579.932 18 5.12 9.261 10.401
19 612.807 19 5.823 11.964 9.105
20 571.182 20 5.526 9.667 9.308
21 584.557 21 5.23 9.37 10.011
22 586.932 22 4933 10.073 9.214
23 568.807 23 4636 10.276 8.417
24 638.182 24 5.839 11.48 10.12
25 670.557 25 6.042 12.183 10.823
26 589.432 26 5.745 8.386 10.526
27 585.807 27 3.448 9.089 10.73
28 630.682 28 5.651 9.792 10.933
29 643.557 29 3.855 10.995 11.136 |
30 628.932 30 3.558 10.198 10.839
31 645.307 31 5.761 10.401 10.542 |
32 602.682 32 4.464 10.105 9.245 |
33 661.057 33 | 4.667 12.308 9.948
34 651.932 34 6.37 11.511 10.151
35 623.807 35 4573 9.714 10.855
36 619.682 36 3.776 8.917 11.558
37 659.057 37 4.48 10.62 11.261
38 706.432 38 4.183 11.823 12.464
39 627.807 39 2.886 11.026 10.167
40 642.182 40 5.589 10.23 9.87
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D.2: BLD.SOC DATA SET

T

Obs| X W1 W2 W3 W4 W5 W6 W7 W38
1 | 497 | 379.604 | 14.984 | 8.107 0.099 0 22.406 | 35.008 | 114.871
2 | 329 | 196433 | 5.302 3.456 0.133 0 11.232 | 15.875 | 61.681
3 | 146 | 105.975 | 3.837 1.686 0.666 0.86 3.838 8.509 27.333
4 | 249 | 209.451 | 10.621 | 4.913 0.052 0 14.099 | 21.368 | 63.052
5 82 46.641 2.31 1.554 0.322 0.397 3.701 5.601 17.713
6 98 57.725 1.226 1.615 0.648 0.822 4.408 0.77 21.41
7 32 14.87 0.237 1.021 0.219 0.622 1.164 0.022 5.687
8 23 15.601 0.393 0.703 0.05 0.069 1.33 1.592 4.98
9 36 16.826 | 0.405 0.441 0.276 0.208 1.012 1.844 5.739
10| 109 80.64 1.512 1.369 1.84 1.252 3.799 8.726 23.455
11| 124 | 86.852 | 3.345 2.269 0.732 0.398 5.088 8.405 24.547
12| 97 40.114 | 2.652 1.644 1.099 0.634 3.73 7.199 21.496
13| 87 43.165 1.544 1.56 0.603 0.661 4.225 6.647 15.769
14| 65 33.714 1.463 1.196 0.434 0.501 2.58 5.468 18.354
15| 46 24735 | 0.484 0.659 0.4 0.275 1.359 1.763 6.728
16 | 78 48.252 | 0.995 0.917 0.662 0.771 3.12 7.005 15.839
17| 64 26.543 | 0.734 1.583 0.585 0.499 1.906 4.181 12.678
18| 62 35.609 | 2.026 0.943 0.423 0.579 2.419 3.052 12.15
19| 43 23.206 | 0.697 0.902 0.311 0.507 1.832 1.468 9.305
20| 256 18.481 0.266 0.323 0.183 0.119 0.632 1.678 5.753
21 37 21.287 | 0.651 0.818 0.435 0.379 1.508 2.751 7.275
22| 26 12.469 | 0.766 0.395 0.278 0.406 0.806 0.038 5.547
23| 175 110.42 5.54 5.03 0.011 0 7.923 0 42.429
24 | 42 20.472 1.306 0.722 0.255 0.362 1.646 2.765 10.097
25| 126 | 54.363 | 3.494 2.233 1.455 2172 4.777 7.638 32.259
26| 84 37.196 1.392 0.878 0.7 0.891 3.499 5.996 20.131
27 | 160 | 50.162 | 4.086 1.69 2.133 1.644 4.233 9.987 30.808
28| 60 41.921 3.457 0.851 0.023 0 2.061 5.406 13.163
29| 71 31.187 | 2.41 0.756 1.278 0.826 2.792 5.404 21.218
30| 89 50.144 | 2.006 0.995 1.31 1.238 4.554 5.475 21.487
31 96 50.299 | 3.856 0.99 1.202 1.351 2.987 0.287 19.488
32| 64 25.574 | 4.057 1.099 0 3.907 5.74 18.624 | 25.574
33| 90 48.554 | 4.412 1.515 0.055 0 2.282 5.543 18.321
34| 93 42.784 1.117 0.5 0.281 0.288 1.567 5.06 20.122
35| 45 23.72 0.741 0.492 0.38 0.307 1.252 2.909 9.628
36 | 37 19.295 | 0.674 0.38 0.383 0.389 2.579 2.378 7.179
37| 18 11.038 | 0.297 0.16 0.064 0.036 0.985 0.952 3.369
38 | 130 5.607 0.071 0.025 3.762 3.559 0.248 2.165 18.882
39| 54 4.035 0.092 0 2.613 2.597 0.194 2.612 9.783
40| 129 5.38 0.094 0.058 5.068 4.226 0.509 3.842 19.208
41 7 7.88 0.12 0.074 0.021 0 0.138 0 1.624
42 8 4.729 0.153 0.119 0.027 0 0.195 0 0.831
43| 55 2.874 0.016 0.012 2.24 3.017 0.297 1.175 11.029
44| 86 49.364 | 4.121 0.792 0.017 0 3.057 6.665 25.349
45| 57 15.977 1.5623 0.429 0.887 0.652 0.984 3.149 8.706
46 | ©1 22.383 1.97 0.546 0.877 0.846 3.522 3.417 13.195
47| 78 42.041 1.979 0.881 0.002 0 1.755 5.374 15.549
48 1 95 83.133 | 4.326 | 1.363 0.006 0 5.348 7.616 26.262
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D.3 ANGJSE DATA SET

X 1 wi W2 | W3

= |

W4

)

W6

W7

W8

-0.06416 | -0.04978 | 0.003741

| -0.02012

-0.06347

-0.00963 |

-0.03489

-0.07677

0.0282442

0.090939 ' 0.069998 | -0.00133

-0.05589

-0.01319

0.045622

0.095848

0.123836

-0.018865

0.058741 | 0.062373 | -0.05614

——

0.037007

0.066777

0.132602

-0.01081

0.145244

-0.0703808

0.032261 | -0.00356 | -0.01842

-0.05328

0.026962

0.033

-0.07914

0.03931

-0.0222817

-0.03226 | 0.01166 | 0.02079

0.009626

0.039128

0.022516

0.017493

-0.00639

0.0238829

0.141044 | 0.084067 | 0.051096

-0.03575

0.150823

0.141963

0.121757

0.015588

0.0365248

0.04564 | 0.057184 | -0.02506

0.0525692

-0.02371

0.048936

0.098805

-0.0285566

0.17431 | 0.103038 | 0.04047

FO'O‘] 7039
0.018457

0.030829

0.03393 |

-0.00196

0.051007

0.0503007

-0.02031 | 0.023797 | -0.00874

-0.01368

0.040564

0.010925 |

-0.00098

0.231802

0.0024122

-0.13406 | -0.07857 | 0.06698

0.04111

-0.118

0.030125

-0.04499

-0.13723

0.0757361

0.190731 | 0.091588 | -0.03093

0.024434

0.0342

0.092075

0.056647

0.055303

0.0012556

0.064015 | 0.017726 | -0.04299

-0.05754

-0.00578

0.009217

0.025752

| 0.030637

-0.0473203

0.032937 | 0.039939 | 0.048624

0.020969

0.047179

0.105078

0.1079

0.031047

0.0549593

-0.00481 | -0.00649 | -0.04782

-0.01013

-0.04332

-0.03623

0.00674

0.005483

-0.0369956

-0.03601 | -0.02563 | -0.01701

0.002502

-0.11514

0.014064

-0.06863

0.022706

0.0212373

0.089612 | 0.058703 | -0.02788

[ == T

0.0739%4

-0.01523

-0.02499

0.044843

1 0.157535

0.0023165

0.028171 | 0.040108 | -0.05466

-0.03919

0.016314

0.070701

0.112899

0.030224

0.0082397

0.230524 | 0.070694 | -0.00593

0.036792

0.013926

0.126604 |

0.050179

0.037563

0.0030551

-0.12084 | -0.03505 | 0.007054

-0.01944

-0.07051

0.008168

-0.01324

-0.12549

0.0304523

0.102436 | 0.054579 | 0.00289

-0.0544

0.0181

-0.02082

0.111265

0.072033

0.0697144

NS R kN R B R EIRNEIENPRISI BS

-0.12153 | -0.07158 | -0.0106

-0.00713

-0.09643

-0.07829 | -0.0893

0.021905

0.0060003

N
N

0.094818 | 0.050171 | -0.00095

-0.00782

0.015922

0.011017 |

0.150939

0.095198

-0.0495052

N
w

-0.10947 | -0.03544 | -0.00796

-0.03708

-0.01223

0.001184

-0.06762

0.002399

0.0057401

)
N

-0.00447 | 0.024082 | -0.04559

0.029404

-0.02491

0.041425

0.047489

0.021027

-0.0386998

N
wn

-0.11886 | -0.05176 | -0.00808

0.033881

-0.03595

-0.06295 |

-0.01601

-0.13801

-0.0158537

N
[e)]

-0.06498 | -0.08686 | -0.00827

0.049158

-0.05508

-0.05179

-0.08344

-0.17716

-0.0424358

N
~J

-0.0184 | -0.02846 | -0.03082

-0.08181

-0.02801

-0.02644

-0.06076

-0.07731

-0.0609735

N
[e4]

-0.02956 | -0.02506 | -0.00907

0.004918

0.071263

0.11181

0.044484

-0.12493

0.0270595

N
[<s]

0.032088 | 0.044736 | -0.0034

0.019829

0.087342

0.148037 .

0.125834

0.028462

0.0115565

[8%]
(@]

-0.10232 | -0.06219 | -0.00918

-0.06254

-0.06899

-0.07508 |

-0.01393

-0.13616

-0.0228689

w
e

0.123158 | 0.092247 | 0.022637

0.000935

0.06778

0.138781

0.001911

0.276142

0.0039361

W w
WIiN

0.005347 | 0.026058 | 0.119026

0.042697

0.054323

0.039639

0.096409

0.063165

0.0631589

0.037436 | 0.052804 | 0.005246

0.02583

0.002296

0.091377 |

0.097934

0.0926

-0.0342685

®

0.048207 | 0.026677 | -0.00279

0.016876

0.043753

-0.0077

0.017148

-0.10391

0.0097141

w
[

0.075049 | 0.05951 | 0.055453

0.048317

0.046121

-0.00084

0.069165

0.020013

-0.0009454

&

0.038374 | 0.054449 | -0.0376

N
&

-0.01251 | -0.04153 | 0.002517

-0.02278

-0.03412

0.057519

0.099671

-0.01602

0.0005819

-0.03942

0.026754

-0.01914 |

0.043846

-0.14777

-0.0075175

w
2]

-0.02377 | -0.01565 | -0.05146

-0.00408

-0.03766

-0.05313 |

-0.04211

-0.03162

-0.0267276

w
O

0.059209 | 0.067151 | 0.006474

0.016559

0.020619

0.10835 |

0.071654

0.163535

-0.0135603

N
o

0.038349 | 0.004527 | -0.02959

0.011016

0.034832

-0.01227 :

-0.0283

-0.01828

-0.0081177

N
—

-0.01401 | -0.02922 | -0.06826

-0.05487

-0.00416

| 0.026455 |

-0.01763

017376

-0.0404856

=S
N

0.031558 | 0.04685 | 0.059605

0.023972

0.069409

0.069118 '

0.047539

-0.02298

0.0035169

i=S
w

-0.02964 ' -0.00222 | 0.013137

0.011305

-0.00487

-0.01199 :

0.044224

0.160059

0.0293272

S

-0.04282 | -0.01315 | 0.007326

-0.02082

-0.01377

0.040673 |

-0.00387

0.000675

0.0323998

S
[6))]

-0.02743 | -0.02741 | 0.006669

-0.01573

-0.03015

0.003231 !

0.014245

0.01629

0.00045

E-S
D

0.050211 | 0.077411 | -0.02887 | -0.01235

0.090661

0.084603

0.118462

| 0.116454

-0.042426

BN
~

-0.02915 * -0.02085 | -0.06352

-0.00417

-0.01977

-0.03412 ;

-0.06271

0.072376

-0.0148163

E=S
o]

-0.02347 , -0.06324 | -0.03193

0.038714

-0.06886

-0.07768

-0.01898

-0.12974

0.0101115

iS
©

-0.18095 | -0.08481 | -0.05064

-0.05875

-0.07067 | -0.00753

0.031196

-0.07044

-0.0331619

a
(@]

i -0.06914 0.018545| 0.006181

0.050573

0.052167 | 0.050053

0.097904

0.06856 | -0.0268439

130




Obs

X

W1

W2

W3

W4

W5

W6

W7

W8

51

-0.07475

-0.06232

0.090017

0.021529

0.079723

-0.03367

-0.0354

-0.16188

0.0274125

52

0.043789

0.056385

0.034667

0.006454

0.075612

0.07349

0.091672

0.023559

0.0121067

53

-0.01146

0.019237

-0.00564

-0.00394

0.089967

0.018781

0.085939

0.028631

-0.007408

0.127114

0.05355

0.011254

0.012156

0.133531

0.053719

0.092034

-0.06083

0.0080496

55

-0.03638

-0.00438

0.020857

0.011767

0.006372

-0.01794

0.009948

-0.03738

-0.0562298

56

0.137471

0.040705

-0.01868

0.038539

0.02095

-0.09371

-0.04305

0.143804

-0.0259465

57

0.146837

0.047184

-0.014%4

0.04729

-0.01884

-0.00536

-0.04415

0.111648

-0.0319256

58

0.08179%

0.065342

0.017416

0.067314

-0.00353

0.026031

0.043621

0.117584

-0.0296406

59

0.007273

0.023075

0.048908

0.043418

-0.06521

0.059257

0.032602

-0.10589

-0.0191586

60

0.103184

0.023992

0.026459

0.079025

-0.00224

-0.02673

0.044909

0.004325

-0.0128201

61

-0.07461

-0.0346

-0.03682

-0.07766

0.014121

-0.01661

-0.03928

-0.06524

-9.558E-05

62

-0.11164

-0.06768

-0.0301

-0.02565

-0.01113

-0.021

-0.0744

-0.12876

0.0079022

63

0.097455

0.03799%

0.027477

0.014436

-0.03184

0.039512

0.016628

0.044938

0.0264836

0.108214

0.061405

0.022957

0.005803

0.059083

0.073012

0.068182

0.016036

0.0080026

65

0.341587

0.161125

0.01212

0.061466

0.149471

0.150385

0.092782

0.195934

0.0230936

66

-0.12606

-0.02861

0.003682

-0.02411

-0.07801

-0.04739

0.018922

-0.08592

-0.0258459

67

0.017823

0.018961

-0.01767

0.022256

0.034555

0.039904

0.045257

0.103633

-0.0441386

68

0.025064

0.019216

-0.02288

0.021025

-0.0019%

-0.04829

-0.00758

0.069379

-0.0133387

69

0.151318

0.081615

-0.00968

-0.01992

0.110778

0.124329

0.085016

-0.05216

-0.0129274

70

-0.07399

0.006881

-0.00563

0.054597

0.082069

-0.02511

0.059519

0.014831

0.0305775

71

0.037238

0.001481

-0.03315

0.013302

-0.00487

-0.0404

-0.00604

0.139625

-0.0580586

72

0.09462

0.044693

-0.0022

-0.00745

-0.0131

-0.05056

0.019316

0.137088

0.0150832

73

0.039375

0.031699

-0.00713

-0.01782

0.023352

-0.03784

-0.00335

0.072151

-0.0011983

74

-0.07619

-0.02728

-0.0159

0.017318

-0.03218

-0.05492

-0.02567

0.013997

-0.0103451

75

-0.01681

0.008246

-0.02827

-0.04648

0.002768

0.04732

0.002292

-0.03133

-0.0187512

76

-0.02141

0.00575

0.04043

0.012527

0.055376

0.031289

0.046589

-0.04345

0.0194577

77

0.021414

0.01893

-0.01474

-0.00297

-0.0265

0.026286

0.048339

0.026578

0.0059347

78

-0.22995

-0.14899

-0.02397

-0.02741

-0.0875

-0.09088

-0.12475

-0.29384

-0.0088648

79

0.032735

0.018234

-0.03416

0.024884

0.002927

0.005723

-0.02085

0.077584

-0.0206509

80

0.016583

0.025701

-0.05628

0.043833

-0.00293

0.029798

0.051815

-0.09525

-0.1055786

81

0.039806

0.036807

-0.00123

-0.00312

0.067976

0.036842

0.065812

0.079236

-0.0361168

82

-0.04735

0.000365

0.02363

0.002459

0.053837

-0.02473

0.037813

-0.06278

0.0080607

83

0.001227

-0.01119

-0.02045

-0.00315

-0.01253

-0.0262

0.003772

-0.00586

0.0011799

0.001225

0.003316

-0.0026

-0.0116

0.02183

-0.00056

-0.01657

0.036158

0.0378364

85

-0.00245

0.019125

0.060825

0.004093

0.08521

0.028538

0.010386

0.002664

0.1032577

86

0.035176

0.020358

-0.0315

0.000651

0.058679

0.012891

-0.013

-0.06222

0.0101886

87

0.024389

0.023066

-0.00777

-0.0025

0.054583

0.062708

0.04869

-0.21321

0.0364292

88

0.037826

0.031122

0.017563

0.017538

0.129148

0.042032

0.130223

0.03557

-0.0098223

89

0.020574

0.041973

0.001739

-0.00916

0.034951

0.031081

0.073118

-0.06572

0.0156697

90

0.178526

0.098109

0.035511

0.050764

0.08073

0.10716

0.108596

0.154374

0.0385066

91

-0.03876

-0.02431

-0.01283

0.044119

-0.01966

-0.03607

-0.00733

-0.01875

-0.0169735

92

0.01957

0.006393

0.011487

0.021869

-0.02143

-0.05128

-0.01681

-0.0479%

0.0094653

93

0.123794

0.03323

0.030436

0.081927

0.062322

-0.0184

0.017785

0.193686

-0.0132766

94

-0.03485

-0.02291

-0.00261

-0.00738

-0.03084

-0.06057

-0.02166

-0.0578

0.0319426

95

-0.02688

0.008762

-0.00959

-0.02596

0.072607

0.030378

0.090591

-0.15887

0.0095703

96

-0.09854

-0.04035

-0.02891

0.037941

-0.02574

-0.04878

-0.02464

0.050644

-0.023537

97

0.091223

0.012486

0.003795

0.005309

-0.00191

-0.0051

0.005955

-0.0086

0.018119

98

0.019909

0.027864

0.031167

-0.01065

0.01643

0.077699

0.080168

-0.04267

0.0252764

99

0.015137

0.014004

-0.00783

0.038285

0.123927

-0.01682

-0.02008

0.007933

0.0222853

100

-0.07243

-0.03829

0.013978

-0.0413

0.021365

0.007311

-0.06816

-0.09184

-0.0021095
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(Continue)

Obs|

X

W1

w2 |

W3

W4

W5

W6

W7 |

W8

103
104

-0.01923

-0.00838

0.011018

0.010905

0.057143

-0.01722

-0.00482

-0.01516

0.0214145

-0.01961
0.112259
-0.03237

0.00285

0.067894
-0.00716

0.052726

-0.08917

-0.0585

0.05622

0.047891

-0.04812

0.0467744

0.032957

0.016059

-0.09263

0.052137

0.107438

0.238279

-0.0096627

-0.00451

-0.04119

0.035102

0.009224

0.007543

-0.08149

0.0272599

105
106
107

-0.08246

0.037599

0.04384

108
109
110

-0.08546

-0.04109

0.005062

-0.01541

0.055139

0.008723

-0.02407

0.026391

-0.02067

0.000287

0.012238

-0.01669

0.021599

-0.00029

-0.00922 |

0.001402

-0.03335

0.0239379

0.012825

0.028981

-0.085901

0.024476

-0.0187

0.122912

0.020887

1 0.051925 |

-0.00874

0.078203

-0.00021

0.07487

0.14349

-0.016896

0.075789

-0.03362

0.030634

-0.02038

0.014826

-0.02114

-0.0791

-0.02147

0.006146

0.0139698

-0.00935

-0.02537

111

-0.13692

-0.07793

-0.01706

0.016973

-0.04167

-0.03178

-0.04093

0.014012

0.0124576

-0.02528

-0.03143

-0.045056

-0.05412

-0.05312

-0.08918

-0.0081214

112

-0.02927

-0.04073

0.023013

-0.04147

-0.03031

-0.01428

0.047677

0.003796

0.05675559

113

-0.0271

-0.0198

0.017156

-0.03051

-0.01715

-0.03519

0.028595

-0.1211

0.0218337

114

0.107901

0.054593

0.020643

0.074125

0.121863

0.058269

0.072181

0.029714

-0.021127

115

-0.05635

0.079925

-0.00939

-0.02631

0.190432

-0.00718

0.189857

0.03689

-0.005589

116

0.108833

0.065859

117

0.258892

0.083144

0.01955

0.030127

0.097007

0.002357

0.04136

0.106181

0.0452957

-0.0307

0.03931

0.181896

0.063492

-0.01393

0.065946

-0.0037036

118

-0.19106

-0.07644 |

119

-0.21107

-0.11931

1120/
121

0.086178
-0.2969

0.036114

-0.01477

-0.00475
0.012528

-0.03543
0.135915

0.008628

-0.08289

-0.08243

-0.2329

0.0472529

-0.06379

-0.10123

-0.14394

0.009354

0.0149117

0.019368

0.12573

0.020068

-0.00357

0.267586

0.0252947

-0.35485

-0.01203

0.007438

-0.4326

-0.23268

-0.44908

-0.05671

-0.0171447

122

0.036368

0.03493

-0.05047

-0.03682

-0.03127

-0.05236

0.049753

0.08415

-0.0469638

123

0.083334

0.133826

-0.01106

-0.03613

0.163217

0.121017

0.187357

-0.04835

-0.1521553

124

-0.0011

-0.03634

0.02854

0.013584

-0.09885

0.047452

-0.05729

0.115529

0.0596818

125

-0.09542

-0.03439

-0.01533

0.002343

0.023198

-0.00819

-0.08291

-0.09326

-0.0760073

126

0.036712

0.065746

127

0.116231

0.019637

0.024045 |

0.023895

0.109106

-0.04509

0.022481

0.117802

0.0171004

0.03468

0.026103

-0.01298

-0.00652

128
129

0.383417

0.10225

0.076159

0.10153

0.024996

-0.02323

0.111515

0.069145

0.001851

0.140789

0.0308473

0.011947

-0.03758

0.0015843

0.012538

0.004655

0.050692

0.008203

130

-0.10962

-0.08506

0.012918

-0.03422

-0.09591

-0.08539

0.076585

0.163747

-0.0046768

-0.04113

0.04718

0.0175086

131

0.00213

0.082648

132
133

0.121401

0.006788

0.012542

-0.06573

0.062843

0.091122

0.126647

0.14398

-0.0056092

-0.0363

-0.00017

-0.1473

-0.03661 | -0.02179

0.094184

-0.0464767

0.050225

-0.02238

0.016457

-0.01623

-0.04355

0.010863

134
135

0.030011

-0.01014

-0.00216

0.1706

-0.06512

0.026652

-0.0335

-0.0397

-0.0473787

-0.05495

0.144363

-0.031192

-0.05358

0.040659

0.005975

0.003247

-0.07358

0.077612

0.059661

0.056677

-0.0193078

136

0.102236

0.054281

137

0.089218

0.123183

0.038996

-0.02415

0.091052

0.065399

0.044549

0.048098

-0.0233007

0.001135

-0.00846

0.070541

0.149282

0.166137

0.042527

0.0007822

138

-0.10761

-0.00787

0.028512

0.003276

0.088126

-0.00958

-0.01165

0.045953

0.043325

139

-0.22342

-0.05868

0.006393

0.042338

-0.06536

-0.08335

-0.08396

-0.09944

0.0282385

140

0.060707

-0.00439

0.016345

-0.02629

-0.06376

-0.01764

0.008792

141

-0.09432

-0.07257

142

0.096301

143

0.0621

-0.00488
0.045785

144 | 0.019669 | 0.003626

1 0.039471

0.022459

-0.0245

-0.01094

0.019893

-0.05132

0.010967

-0.01189

-0.02592

-0.0546032

| -0.08554

0.0200739

-0.0406

-0.06382

0.158048

0.0072263

-0.0258

0.032836

0.058436

-0.02061

0.044363

0.048011

-0.0159295

0.032817

-0.01821

0.06033

-0.00727 |

0.001861

0.066896

0.0394034

145

0.171306

0.092757

0.034609

0.00112

0.117739

0.003313

0.075262

+

0.219557

-0.0270337

146

-0.02073

-0.02565

0.015675

0.029904

0.004183

-0.00424

-0.01739

0.010096

0.013423

147
148

0.073173

-0.0199 J 0.042505

-0.03315

-0.03858

0.010687

0.055311

-0.02898

-0.06449

0.047679

0.0093084

-0.02517

0.037542

0.000329

0.038895

0.012921

0.082349

0.0177302

149 0.028269 | 0.064747
150 0.164229 | 0.085699 | 0.001094

-0.07416

-0.01364

0.041407

0.000136

0.103267

0.111906

0.094105

0.0331502

0.063443 | 0.022639 | 0.049305 | 0.037288

0.0128207




(Continuc)

Obs

X

W1

W2

W3

w4

W5

W6

W7

W8

151

0.055682

-0.00641

70.009413

-0.00347

0.015579

0.006244

-0.05593

0.019243

0.0045515

152

-0.11333

-0.09967

+ 0.043846

0.008027

-0.07965

-0.07514

-0.08408

-0.30101

0.0637296

153

0.112936

0.095667 |

-0.00864

0.01713

: 0.067918

0.059923

0.031859

0.254835

-0.0057242

154

0.017514

0.044873

0.043884

0.01827

0.068983

0.063477

0.036127

0.155947

-0.0336284

1566

-0.0803

-0.01795

0.005163

0.017135

0.079905

0.052523

0.043963

-0.13462

0.0388701

156

-0.10202

-0.07496

-0.03398

0.004546

-0.06718

0.033912

-0.02439

-0.22342

0.0049743

157

0.118606

0.048924

-0.04295

0.045872

0.024182

0.018069

-0.00966

0.134955

-0.0482861

158

-0.12418

-0.10049

-0.00042

0.140294

-0.0321

-0.03248

-0.12001

-0.08468

-0.001513

189

0.124177

0.050043

0.010743

9.09E-05

0.001917

0.033564

-0.00653

0.022447

0.026562

160

0.242688

0.099844

0.017107

0.073252

0.095061

0.07196

0.028819

0.194891

0.0128593

161

0.167153

0.100784

0.002861

0.16021

-0.00087

-0.01184

-0.02863

0.225988

0.0592632

162

0.009777

-0.01234

0.028254

-0.02763

-0.03897

-0.00879

-0.00047

-0.04473

0.0137004

163

0.071943

0.047436

-0.00313

0.045524

-0.00597

-0.00433

-0.03252

0.095756

0.0074149

164

-0.05373

0.012315

-0.02154

0.014112

-0.00653

0.042819

0.010636

0.039845

-0.0111054

165

-0.1146

0.007371

0.001174

-0.05031

0.033005

0.046766

0.099862

0.034993

-0.0332175

166

0.066211

0.017081

0

-0.03074

0.022075

0.003442

-0.05238

-0.05806

-0.0348434

167

-0.0428

-0.05139

0

0.038832

-0.00473

-0.03266

-0.0659

-0.08914

-0.036604
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APPENDIX E: R-CODES

# Main function #

OUTLIERS<-function (ydata,xdata)

{

n<-nrow(as.matrix(xdata))

q<-ncol(as.matrix(xdata))

k<-q+1

xdata<-as.matrix(xdata)

ydata<-as.matrix(ydata)

a<-lm(as.matrix(ydata)~as.matrix(xdata))
rstand<-round(rstandard(a),2)
rstud<-round(rstudent(a),2)
ei<-residuals(a)

RSS<-crossprod(as.matrix(ei))

sigma?2.full<-RSS/(n-q-1)

hat.full<-xdata%*%solve(crossprod(xdata))%* %t (xdata)
hii<-round(Im.influence(a)$hat,2)

# Orientation away factor (section 5.1)

sec.reg=()

ow=summ=0

sw=cw.delta=0

crossp=0

for(j in 1:ncol(xdata))

{varindex=j
y=xdatal,j]
xdata.sec=arrangel (varindex,xdata)
sec.reg=Ilm(y "~ xdata.sec)
hat.sec=lm.influence(sec.reg)$hat
owlj|=((1-hat.seclj])/ (1 hiifi))}

# Scale factor (section 5.1)
center=apply(xdata.sec,2,mean)
xdata.sec.cent=sweep(xdata.sec,2,center, “-”)

for(i in l:ncol(xdata.sec.cent))
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{summli]=crossprod(xdata.sec.cent|,i])
swli]=1-(n/(n-1))*crossprod(xdata.sec.cent|,i] ) /summli] }
#single outlier detection (from section 2.2 to 2.4)

41,
Rn<-max(rstand)

#2.
Fn<-round((n-g-1)*(Rn"2) /(n-q-(Rn"2)),2)

#3.a standard f-test for outlier
Fi<-round((n-¢-1)*(rstand ~2) /(n-g-rstand ~2),2)
#3.b estimator of the mean shift outlier model parameter
phii<-ei/(1-hii)

#4. The Andrew-Pregibon statistic (section 5.6)
Qdi<-(1-hii)*(1-(rstand ~2) /(n-q))

#5. The likelihood distance (section 5.7)
ldi<-n*log(n*(n-q-1)/((n-1)*(n-g-1+rstud ~2)))+(n-1)*
(rstud~2) /((n-q-1)*(1-hii))-1

#6. The Cook-Weisberg statistic (section 5.3)
k=(q-1)/2*log((n-q)*qf(0,975,¢-1,n-¢-1) /(n-q-1)/
qf(0.975,q-1,n-q)) cw=((2*q-3)/6)*log(1-hii)-k

# influence measure

for(i in 1:ncol(xdata))

{varindex=i

y=xdatal,i]

xdata.sec=arrangel(varindex,xdata)
sec.reg=lm(y ~xdata.sec)
hat.sec=Im.influence(sec.reg)$hat
cw.deltali]=q/2*log(1-hat.sec)-k }

#7. Icomp (section 10.4)
icomp=n*(log(2*pi*RSS/n)-+1)
inv=solve(crossprod(xdata))
icomp=icomp-+q*log(tr(inv)/q)

icomp. full=round(icomp-log(det(inv)),2)

# Tcomp after deletion of i-th case
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RSS.i=0

icomp.i=0

yxdat.del=arrange2(ydata,xdata)

# yxdat.del=as.matrix(yxdat.del)

for(i in 1:nrow(xdata))

{z1=as.matrix(yxdat.del$ydatresult[i]])

z2=as.matrix(yxdat.del$xdatresult|[i]])

reg=lm(z1"z2)

RSS.i[i]=crossprod(as.matrix(residuals(reg)))

icomp.del=n*(log(2*pi*RSS.i[i|] /n)+1)

inv.del=solve(crossprod(as.numeric(as.matrix

(yxdat.del$xdatresult|[i]]))))

icomp.del=icomp.del+q*log(tr(inv.del) /q)

icomp.ili]=round(icomp.del-log(det(inv.del)),2) }

# influence measure using icomp

delta.icomp=icomp.full-icomp.i

# the multiple outlier case

m=readline( “how many potential outliers are suspected?
i.e observations outside the 95% confidence ellipse”)

m=-as.numeric(m)

if(m==0) stop(“there should be at least one suspected
outlier: the program was designed for cases with at least one
potential outlier known” )

ml=m

m=m-1

cat( “please enter their respective case numbers in numeri-
cal”,

“\n”,”order one at a time using the ENTER button”,”\n”)

pos=readline(”next case number 7 7)

pos=as.numeric(pos)

while(m>0) {s=readline("next case number 7 )

s=as.numeric(s)

pos—as.numeric(c(pos.s))
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m=ag.numeric(m)-1}
xdata.m.out<-as.matrix(arrange3(ydata,xdata,pos)
ydata.m.out<-as.matrix(arrange3(ydata,xdata,pos)
xdata.m.left <-as.matrix(arrange3(ydata,xdata,pos)
ydata.m.left <-as.matrix(arrange3(ydata,xdata,pos)
del.reg<-lm(ydata.m.left " xdata.m.left)
out.reg<-lm(ydata.m.out” xdata.m.out)
RSS.out.reg<-crossprod(as.matrix(del.reg$residuals))
sigma2.out.reg<-RSS.out.reg/(n-length(pos)-g-1)
e.L<-del.reg$residuals

[.L<-diag(n-length(pos))
hat.mult.outs<-as.matrix(xdata.m.left %*%solve
(crossprod(xdata.m.left))%*%t(xdata.m.left))

#8. (section 3.2)
t2.L.num<-(t(e.L)%*%solve(I.L-hat. mult.outs) %*%e.L) /m1
t2.L.den<-((n-q)*sigma2.full-t(e.L) %*%solve((I.L-hat.mult.outs))
%*%e.L) /(n-¢-ml)

t2.L<-t2.L.num/t2.L.den

#9. Outlier sum of squares (section 3.3)
Q.k<-t(e.L)%*%solve(I.L-xdata.m.left %*%
solve(crossprod(xdata)) %* %t (xdata.m.left)) %*%e. L
F<-round(Q.k*(n-q-m1) /((RSS-Q.k)*m1),2)

#10.The Andrews-Pregibon statistic (section 5.6)
Q.dm.num<-(n-g-ml)*sigma2.out.reg*
det(crossprod(xdata.m.left) )

Q.dm.den<-(n-q)*sigma2.full*

det(crossprod(xdata) )

Q.dm<-Q.dm.num/Q.dm.den

#11 Output table

sink( “outputfile” ,append=Ftype="“output”)

sp=""

spl—* "

cat(sp, “17,sp, “sdz” sp, “stz” ,sp, “F.i.del” ,sp, “vii” ,sp, “icomp” ,sp.

xdata.l)
ydata.l)
xdata.l.del)
ydata.l.del)

$
$

$
$
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“icomp.i.del” spl,“delta.icomp” sp, “F-test”, “\n”)

for(i in Imrow(xdata))

{cat(sp,i,sp,rstand[i],sp,rstud|i],sp,Fi[i],sp,hii[i},sp,icomp.full,

sp,icomp.ifi],sp,delta.icompli],sp,if(Fi[i]>qf(0.95,1,n-k-1)) {“*"}
else{if(Fi[i]>qf(0.99,1,n-k-1)){ “**” } },“\n") }

sink()

plot(rstand,type="1" ,main="“Standardized(blue) and Stu-
dentized(red) residuals” xlab="“case” ;ylab="“sta & stu” ,col="blue”)

lines(rstud, type=*“1",col="“red”)

grid(50,50,col=“lightgray” lty="dotted” lwd=.3)

}

# End of Main Function#

i A
# deletion of variable indexed by varindex
arrangel=function(varindex,xdatal)
{xdat=xdatal[,varindex]

for(i in 1:ncol(xdatal))

{if(i!'=varindex)
{xdat=cbind(xdat,xdatall,i])}}
xdat=as.matrix(xdat[,2:ncol(xdat)])
return(xdat)}
HHRHHARFHAHRHAAAFH AR R AR
arrange2=function(ydata,xdatal)
{xdatresult=vector(mode="list” length=nrow(xdatal))
ydatresult=vector(mode="list” length=—length(ydata))
for(i in 1:nrow(xdatal))

{xdat=xdatalli,]

ydat=ydatali|

for(j in 1:nrow(xdatal))

(i)

{xdat=rbind(xdat,xdatall[j,])
ydat=rbind(ydat,ydatalj])}}
xdatresult|[i]|=xdat[2:nrow(xdat).|
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ydatresult|[i|]=ydat|2:length(ydat)|}
return(ydatresult,xdatresult) }

i i ki
# deletion of observations indexed by pos
arrange3=function(ydata,xdata,pos)
{ydat=ydata[pos[1]]
xdat=xdata[pos|1],]

for(i in 2:length(pos))
{ydat=rbind(ydat,ydata[pos][i]])
xdat=rbind(xdat,xdata[posli],]) }

for(i in 1:length(ydata))

{if(any(pos==i))

{cat()}

clse {ydat=rbind(ydat,ydatali])
xdat=rbind(xdat,xdatali,) } }
ydata.I=ydat[1:length(pos)]
ydata.l.del=ydat|(length(pos)+1):length(ydata)]
xdata.I=xdat[1:length(pos),]
xdata.l.del=xdat|(length(pos)+1):length(ydata),]
return(ydata.l,ydata.l.del,xdata.l,xdata.l.del)}
ik i
# trace function (section 10.4)

tr=function(M)

{result=sum(diag(M))

return(result) }

# END()
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