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Abstract

A variety of approaches has been used to estimate the term premium of bond
yields. Early attempts include linear regression models, such as those of Fama
and Bliss (1987) and Cochrane and Piazzesi (2005), but these have been shown to
be inconsistent and lacking in robustness (Kim and Orphanides (2007)). Affine
term structure models developed by Duffie and Kan (1996) and extended by Duf-
fee (2002) provide a more sophisticated framework for modelling bond yields and
term premia, with improved results over the aforementioned regressions. How-
ever, parameters of these models have historically been estimated using maximum
likelihood methods which are computationally inefficient and have been shown to
have problems in finding the global maximum of the likelihood function (Hamilton
and Wu (2012), Adrian et al. (2013)). The framework and estimation procedure of
Adrian, Crump and Moench, or ACM, addresses the above problems by using or-
dinary least-square regressions exclusively to estimate the parameters of an affine
term structure model (Adrian et al. (2013)). This dissertation applies the ACM pro-
cedure to South African zero-coupon nominal bond yields to estimate the term pre-
mium embedded in these yields. Performance of the ACM procedure is tested un-
der Monte Carlo simulation and under applications to the smoothed United States
nominal bond yield curves of Gurkaynak et al. (2006) and bootstrapped nominal
bond yield curves from the South African market. Dynamics of the level, slope and
curvature components of the US yield curves are compared to each other and to
the estimated term premia. Results show that the ACM procedure generates very
accurate fits to observed yield curves, but has some trouble capturing idiosyncratic
features of the South African yield curve. Further, magnitudes of the term pre-
mium estimate are shown to be affected by the choice of time series of yield curves.
Despite these limitations, the ACM procedure is shown to be a fast estimation pro-
cedure which generates term premium dynamics consistent with other approaches.
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Chapter 1

Introduction

The term structure of interest rates, depicted through the yield curve, represents
the relationship between the yield and time-to-maturity of a given class of fixed
income instrument. While the short end of the nominal bond yield curve is mostly
determined by expectations of central bank policy, yields on longer-term bonds
also incorporate compensation for the risk inherent in owning the bond to matu-
rity. Thus, the yield on long-term bonds may be thought of as being comprised of
two components: expectations of the short rate and the so-called term premium.
While the term premium may be defined in subtly different ways, in general it rep-
resents the additional compensation that investors seek for investing their money
for the long term as opposed to rolling over multiple short-term investments. The
term premium is determined by risks including interest rate risk, inflation risk and
liquidity, as well as the price of risk, which may vary with business cycles and
other economic conditions (Kim and Orphanides (2007)). The magnitude of the
term premium can therefore have important economic implications, such as in-
vestors’ expectations of long-term inflation or sentiment regarding government or
central bank policies. In the context of zero-coupon bonds (ZCBs), the risks associ-
ated with long-term investments tend to increase with time to maturity. The term
premium correspondingly tends to increase with maturity of the ZCB, giving the
typical upward-sloping shape of the yield curve, referred to as a “normal” yield
curve. The slope of the yield curve is sometimes equated to the term premium for
simplicity, but in reality expectations of the short rate and other factors also con-
tribute to the slope.

The term premium takes on additional significance in the context of fixed income
portfolio management. When there is meaningful movement in the slope of the
yield curve, the term premium can be a valuable indicator in choosing the con-
struction of a bond portfolio. Consider two cases of changing slope in a normal
yield curve: i) the yield curve flattens (either the short rate increases, long rates
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decrease, or both); ii) the yield curve steepens (the short rate decreases, long rates
increase, or both).
In case i) a portfolio manager will benefit from holding a “barbell” portfolio, that is
roughly equal holdings in long-dated and short-dated bonds, with few or no hold-
ings in intermediate-dated bonds. This maximises the convexity of the portfolio
for a given portfolio duration1. If long rates fall, the portfolio will benefit from
a concentration in long-dated bonds. If short rates rise, losses are minimised by
a concentrated holding in short-dated bonds, owing to the low sensitivity of the
value of short-dated bonds to interest rate moves2.
In case ii) a portfolio manager should hold a “bullet” portfolio, or holdings con-
centrated in intermediate-dated bonds. This configuration conversely minimises
the convexity of the portfolio for a given duration. If long rates rise, the portfolio
minimises losses by avoiding holdings in long-dated bonds. If short rates fall, little
profit is lost owing to the low duration of short-dated bonds.

The term premium plays a significant role in determining whether the yield curve
will steepen or flatten. For example, a decomposition of the yields of a given bond
may show that the term premium is at an all-time high. If a fixed income portfo-
lio manager determines that economic conditions do not justify the term premium
sustaining this level, the yield curve will likely flatten through a reduction in long-
term rates, and the portfolio would profit from a barbell construction.

Despite its relevance, the term premium is not directly observable and hence for
this information to be interpreted, bond yields must be decomposed. Chapter 2 de-
tails some approaches to estimating the term premium, including simple, regression-
based models such as those developed by Fama and Bliss (1987) and Piazzesi and
Swanson (2008). These approaches generate somewhat intuitive results, but are
shown to be inconsistent and lacking in robustness. Cochrane and Piazzesi (2005)
develop a similar model, and achieve a high degree of forecasting accuracy.

More sophisticated affine term structure (ATS) models, developed by Duffie and
Kan (1996) and extended by Duffee (2002), can also be used to estimate the term
premium. This requires the parameters of the ATS model to be estimated, for ex-
ample through maximum likelihood estimation (MLE). However, this approach
has drawbacks, including numerical difficulties in optimisation. Hamilton and Wu

1 The modified duration of a bond or portfolio of bonds represents the sensitivity of its value to
changes in interest rates.

2 The duration of zero-coupon bonds can be shown to increase linearly with the maturity of the
bond.
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(2012) and Joslin et al. (2011) improve on this method by increasing computational
efficiency and reducing the aforementioned numerical difficulties.

Chapter 2 ends with a description of the ATS framework of Adrian, Crump and
Moench (henceforth ACM). ACM use ordinary least-squares (OLS) regressions ex-
clusively to estimate the model parameters, which avoids the aforementioned nu-
merical problems completely, and additionally has greatly improved computational
efficiency while being able to capture a large number of pricing factors (Adrian et al.
(2013)). Chapter 2 also includes a brief overview of the ATS framework of Abra-
hams et al. (2016), which estimates the inflation risk premium of nominal bond
yields, or the compensation that investors receive for bearing inflation risk. Ap-
pendix C discusses a naı̈ve estimate of the inflation risk premium and compares it
to that of Abrahams et al. (2016). Chapter 3 details the implementation of the ACM
estimation procedure and Chapter 4 discusses the results of implementing the pro-
cedure in the US and South African bond markets. Lastly, Chapter 5 examines the
performance of the procedure in detail, in particular accounting for unexpected
results from Chapter 4.



Chapter 2

Modelling the Term Premium

This chapter outlines a variety of approaches to modelling the term premium. Early
approaches include linear regressions on macroeconomic and market factors, but
more sophisticated affine term structure (ATS) models have been shown to pro-
vide more consistent estimates of the term premium. After providing an outline
of the theoretical framework of ATS models and specifications of the price of risk
in such models, this chapter then describes the framework of Adrian et al. (2013),
which enables model parameters to be estimated via OLS regressions exclusively.
An overview of the framework of Abrahams et al. (2016) is also included, which
estimates the inflation risk premium in nominal bond yields.

Since the mid-2000s, the long-term interest rates in many major economies’ bond
markets have exhibited non-intuitive behaviour, such as rising short-term rates be-
ing accompanied by low long-term rates following policy interventions by the US
Federal Reserve in 2004 (Kim and Orphanides (2007)). These effects seem to pro-
vide evidence against the Expectations Hypothesis of the term structure. This hy-
pothesis states that the term structure is simply the current expectation of future
short rates, implying that a positively (negatively) sloped yield curve represents
the market’s expectation that short rates will rise (fall) with time (Fabozzi (2006)).
Since the aforementioned Federal Reserve interventions did not warrant an expec-
tation of falling short rates, the subsequent behaviour of the yield curve points to
the fact that there must be additional factors, such as the term premium, influenc-
ing the shape of the yield curve. Additionally, the Expectations Hypothesis implies
that current forward rates should predict future short rates, but there is little evi-
dence for this (Fabozzi (2006)). Events such as those in 2004 have led to the term
premium receiving much attention from practitioners and academics alike, with
substantial progress being made in methods for its estimation.

Consider a discrete time series t = {t0, t1, . . . , T} and times to maturity n = {1, . . . , N}.
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Denoting the time-t price of a bond maturing in n periods as Pn
t , the continuously-

compounded short rate is defined as rt := − ln(P 1
t ) and the time-t continuously-

compounded forward rate accruing over the period [t + n − 1, t + n] as fn−1,n
t :=

ln(Pn−1
t ) − ln(Pn

t ). Kim and Orphanides (2007) provide three illustrative defini-
tions of the term premium. The time-t term premium associated with maturity n,
ϕn
t , may be defined in terms of forward rates as the difference between the one-

period forward rate with maturity n and the expected short rate at the start of the
accrual period:

ϕn
t,f := fn−1,n

t − EP[rt+n−1|Ft]. (2.1)

Here Ft represents the information observable at time t. Henceforth it will be as-
sumed that expectations are under the objective measure P, unless specifically de-
noted with the subscript Q for the risk-neutral measure.

In terms of excess returns, the term premium may be defined as the difference
between the expected one-period excess return on a maturity-n bond and the one-
period yield (i.e. the short rate). Letting en−1

t+1 := ln(Pn−1
t+1 )− ln(Pn

t )− rt denote the
time-(t+ 1) excess return on the bond maturing in n periods1,

ϕn
t,e := E[en−1

t+1 |Ft]− rt.

Lastly, the term premium may be defined in terms of bond yields as the difference
between the yield on a maturity-n ZCB and the average of expected short rates up
to the maturity of the bond. Denoting the time-t continuously-compounded yield
on the ZCB maturing in n periods as ynt ,

ϕn
t,y := ynt − 1

n

n−1∑
i=0

E[rt+i|Ft].

The above definitions allow for the term premium to be estimated from observed
market or economic data, and the following sections discuss some examples of
such estimation procedures. The term premium may also be estimated in a model-
independent approach as, for example, the difference between forward rates and
surveyed expectations of short rates. While such estimates may be subject to mea-
surement errors and are updated infrequently, they provide a benchmark against
which model-implied estimates can be compared.

1 The bond with time-t price Pn
t will have the price Pn−1

t+1 in one period’s time. Thus the one-period

return on the bond is
Pn−1
t+1

Pn
t

such that the log return over the short rate rt (i.e. log excess return) is
ln(Pn−1

t+1 )− ln(Pn
t )− rt.
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2.1 Linear Regression Models

Under the Expectations Hypothesis, there should be no predictable difference be-
tween the time-t forward rate maturing in n periods and the ex-post realisation of
the short rate at time t + n. A predictable difference between these two quantities
implies a failure of the Expectations Hypothesis and consequently the existence of
a term premium (Kim and Orphanides (2007)). As such, the predictable component
of this difference can be used as a measure of the term premium. This component
can be estimated via linear regressions, such as those of Fama and Bliss (1987) and
Piazzesi and Swanson (2008). Fama and Bliss regress one-year bond returns over
the period [t, t+ n− 1] on a constant plus the spread between the forward rate ac-
cruing over [t+n− 1, t+n] and the current spot rate, with bond maturities n given
in years:

rt+n−1 − rt = α+ β(fn−1,n
t − rt) + ε.

For constants α, β and residual ε. Values of 0 and 1 for α and β respectively imply
that the short rate realised at time t+n−1 is equal to the forward rate fn−1,n

t , which
is a representation of the Expectations Hypothesis.

Piazzesi and Swanson (2008) make use of a linear regression model with K fac-
tors:

fn−1,n
t − rt+n−1 = α∗ + β∗

1Xt,1 + . . .+ β∗
KXt,K + ε,

for constants α∗ and β∗
k , k ∈ [1,K]. Xt,k represents the time-t value of the kth pric-

ing factor and rt, f
n−1,n
t are defined as above. The left-hand side of the equation

is interpreted as the term premium according to equation (2.1). With a single fac-
tor Xt,1 = fn−1,n

t − rt, letting α∗ = −α and β∗
1 = 1 − β gives a representation of

the Fama-Bliss model. Piazzesi and Swanson (2008) make use of four-month Fed-
eral Funds Futures rates and year-on-year employment growth as factors in their
model.

These approaches generated interesting results. For example, the Piazzesi-Swanson
method shows countercyclical behaviour with high term premia during economic
recessions. However, neither approach saw much use by central bank practition-
ers since the two methods give substantially different results to one another, with
the estimated term premium being sensitive to the choice of regressors2 and sample
data (Kim and Orphanides (2007)). Kim and Orphanides (2007) compare the results
of Piazzesi and Swanson (2008) to survey-implied estimates and find that there is

2 These regressions make use of only a handful of explanatory variables, and it is questionable
whether the term premium can be accurately estimated using such limited information.



2.2 Affine Term Structure Models 7

a substantial difference between the two, which raises further questions about the
accuracy of the Piazzesi-Swanson results.

Cochrane and Piazzesi (2005) (CP) extended the Fama-Bliss model in a popular
2005 paper. The CP model takes the form

en−1
t+1 = βn

0 + βn
1 f

0,1
t + . . .+ βn

5 f
4,5
t + εnt+1,

where en−1
t+1 is the log excess return on a bond maturing in n periods as defined

above and fT−1,T
t is the one-year continuously-compounded forward rate accru-

ing over the period from year T − 1 to year T . CP show that this model can be
formulated with a single factor bn for each maturity n:

en−1
t+1 = bn(α0 + α1f

0,1
t + . . .+ α5f

4,5
t ) + εnt+1.

This formulation allows for the factor bn and coefficients αi to be estimated eas-
ily via linear regressions. While the CP approach is computationally efficient and
achieved impressive out-of-sample forecasting, the estimated five-year term pre-
mium exhibited larger variation than the four- to five-year forward rate itself, which
suggests that the estimate may be unrealistically volatile (Kim and Orphanides
(2007)). CP extended their term premium estimation approach to an ATS model
in a 2008 paper (Cochrane and Piazzesi (2008)) which would go on to influence
Adrian et al. (2013), whose framework and estimation procedure are discussed in
Section 2.4 and Chapter 3 respectively.

2.2 Affine Term Structure Models

A popular alternative to the simple regression-based models above are term struc-
ture models, such as those developed by Vasiček (1977) and Cox et al. (1985) (CIR).
These models are able to capture bond returns under variations in both state vari-
ables and times to maturity and have seen widespread application in pricing inter-
est rate derivatives (Brigo and Mercurio (2007)). A further characterization of term
structure models is the class of affine term structure models, with bond prices given
as exponentially affine functions of the pricing factors. ATS models have likewise
seen widespread application and success in instrument pricing and parameter es-
timation, with the latter often accomplished in the literature via MLE methods.
While Kim and Orphanides (2007) find that regression-based estimates of the term
premium are inconsistent with model-independent approaches in both trends and
magnitude, Cohen et al. (2018) show that ATS-based estimates of the term premium,
while differing in magnitude, agree with trends in model-independent estimates.
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ATS models have since become the preferred approach to estimating the term pre-
mium.

2.2.1 Bond Price Dynamics

ATS models assume that spot interest rates are affine functions of pricing factors. In
a one-factor model, this pricing factor is typically the short rate rt. For a K-factor
model, the pricing factors are denoted as a K × 1 vector Xt such that the time-t
value of the continuously-compounded spot rate R for maturity τ is given by:

Rτ
t = p(t, T ) + q(t, T )′Xt,

where the K × 1 vectors p(t, T ) and q(t, T ) are deterministic and T is the time at
maturity such that τ := T − t. The time-t price of a ZCB maturing in τ periods is
therefore

P τ
t = exp(−Rτ

t (T − t))

= exp(−(p(t, T ) + q(t, T )′Xt)(T − t)).

Letting A(t, T ) := −p(t, T )(T − t) and B(t, T ) := q(t, T )(T − t), ZCB prices can be
represented as

P τ
t = exp(A(t, T )−B(t, T )′Xt), (2.2)

for K-dimensional vectors A(t, T ) and B(t, T ). To ensure an affine term structure,
the pricing factors must have the following dynamics under the risk-neutral mea-
sure Q (Brigo and Mercurio (2007)):

dXt = b(t,Xt)dt+ σ(t,Xt)dW
Q
t ,

where WQ
t represents a K-dimensional Q-Brownian motion. The term structure is

affine in Xt if b(t,Xt) and σ2(t,Xt) are affine functions of Xt:

b(t,Xt) := ϕ(t)Xt + η(t)

σ2(t,Xt) := γ(t)Xt + δ(t),

for deterministic functions ϕ(t), η(t), γ(t) and δ(t). Accordingly, Duffie and Kan
(1996) model the Q-dynamics of pricing factors as follows:

dXt = κ(θ −Xt)dt+ΣStdW
Q
t , (2.3)

where κ and Σ are K ×K matrices, θ is a K × 1 vector and St is defined as:

St :=


√
α1 + β′

1Xt 0 · · · 0

0
√

α2 + β′
2Xt · · · 0

...
...

. . .
...

0 0 · · ·
√
αK + β′

KXt

 , (2.4)
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for constants αk and βk, k ∈ [1,K]. Duffie and Kan (1996) show that this model
satisfies the requirements for an affine term structure. The short rate rt is modelled
as

rt = δ0 + δ′1Xt, (2.5)

where δ0 and δ1 are K × 1 vectors.

Under the specification of Duffie and Kan (1996), the functions A(t, T ) and B(t, T )

from equation (2.2) satisfy the following ordinary differential equations (ODEs):

∂A(t, T )

∂t
= −θ′κ′B(t, T ) +

1

2

∑
i

(Σ′B(t, T ))2iαi − δ0 (2.6)

∂B(t, T )

∂t
= −κ′B(t, T )− 1

2

∑
i

(Σ′B(t, T ))2iβi + δ1. (2.7)

A(t, T ) and B(t, T ) can be computed numerically from these ODEs given that A(T, T ) =

B(T, T ) = 0, since P 0
t = 1.

In order to model Xt under the objective measure P, the dynamics of the pricing
kernel Mt are defined as follows:

dMt

Mt
= −rtdt+ Λ′

tdW
P
t ,

where W P
t is a K × 1 P-Brownian motion and Λt is a K × 1 vector specifying the

price of risk associated with the Brownian motion. Applying Itô’s Lemma to ln(Mt)

gives the time-t value of the pricing kernel:

Mt = exp
(∫ t

0
(−rt −

1

2
Λ′
tΛt)dt−

∫ t

0
Λ′
tdW

P
t

)
. (2.8)

This allows bond prices to be obtained as an expectation under the objective mea-
sure. For some future time s ≥ t,

P τ
t = EQ[P

τ
s |Ft]

= E[MsP
τ
s |Ft].

According to Girsanov’s Theorem, WQ
t = W P

t −
∫ t
0 Λsds, such that

dXt = [κ(θ −Xt) + ΣStΛt]dt+ΣStdW
P
t . (2.9)

Applying Itô’s Lemma to equation (2.2) and inserting equations (2.6), (2.7) and (2.9)
yields

dP (t, T )

P (t, T )
= (rt −B(t, T )′ΣStΛt)dt−B(t, T )′ΣStdW

P
t . (2.10)
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The term −B(t, T )′ΣStΛt can be interpreted as the expected instantaneous excess
return above the short rate rt of holding the bond, and −B(t, T )′ΣSt the volatility
of the bond price. Thus it can be seen that excess bond holding returns are driven
by both St and Λt. The specification of Λt therefore has important implications for
the dynamics of bond returns.

2.2.2 Specifying the Price of Risk

Completely Affine

Dai and Singleton (2000) and Fisher and Gilles (1996) specify the price of risk Λt as

Λt = Stλ1, (2.11)

where λ1 is a K × 1 vector. The prices of risk in the Vasiček (1977) and CIR models
follow this specification in a one-factor setting. It follows that the kth pricing factor
has Λt,k =

√
αk + βkXtλ1,k. Consequently, it can be seen from equations (2.3) and

(2.9) that the dynamics of Xt are affine under both Q and P, which simplifies em-
pirical estimation (Duffee (2002)). The instantaneous volatility of the pricing kernel
Λ′
tΛt is also affine in Xt, which gives this specification the label “completely affine”.

Duffee (2002) points out two major limitations of this formulation: first, the volatil-
ity of Λt is fully determined by the volatility of St; second, the elements of Λt and λ1

must have the same sign, since St is by definition non-negative (see equations (2.11)
and (2.4)). The former implies that the volatility of excess bond returns are entirely
determined by the volatility of bond yields. This is a major drawback, as such be-
haviour is contradicted by empirical evidence (Duarte (2004)). Empirical evidence
also shows that excess bond returns exhibit low means with high volatility and fre-
quently take on negative values, with the distribution of excess returns having a
low skew (Duffee (2002)). The latter point above implies that the completely affine
specification cannot capture this behaviour. Consider a one-factor model. Let eτt
be the excess returns of the bond P (t, T ) with time-to-maturity τ := T − t and vτt
be the volatility of P (t, T ) such that eτt := −B(t, T )ΣStΛt and vτt := −B(t, T )ΣSt,
according to equation (2.10). Thus,

eτt = vτt Stλ1.

Since vτt is by definition non-negative, eτt is therefore bounded by zero. Since eτt
exhibits a low mean and high variance, this means that the distribution of excess
returns must be highly skewed. Hence the completely affine specification cannot
produce values of eτt that range from positive to negative, and consequently implies
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an unrealistic skew in the distribution of excess returns. This specification therefore
cannot capture the empirical behaviour of excess returns described above. This is
less obvious in a multifactor setting, but the above intuition can be shown to hold,
given that long-term yields tend to be driven predominantly by a single factor in a
well-fitted multifactor ATS model (Duffee (2002)). Therefore, the completely affine
price of risk cannot produce realistic behaviour of bond returns for all maturities.

Essentially Affine

In response to these limitations, Duffee (2002) introduces the “essentially affine”
price of risk as

Λt = Stλ1 + S−
t λ2Xt, (2.12)

where λ2 is a K ×K matrix. For k ∈ [1,K], S−
t is defined as

S−
t =

(αk + β′
kXt)

− 1
2 if inf(αk + β′

kXt) > 0

0 else.

The second case ensures that the elements of S−
t do not explode if the correspond-

ing element of St approaches zero. This specification maintains the affine relation-
ship between StΛt and Xt under the objective measure, and hence the benefit to
model estimation. However, Λ′

tΛt is no longer affine in Xt, hence the label “essen-
tially affine”.
Equation (2.12) removes the strict relation between Λt and St as well as the restric-
tion on the sign of the elements of Λt. The essentially affine specification therefore
maintains the advantages of the completely affine price of risk, but eliminates the
two drawbacks just discussed. Duffee (2002) shows that this specification improves
forecasting results and obtains a better model fit to empirical bond yields.

ATS models allow for the term premium to be estimated as the difference between
model-implied bond yields under the objective and risk-neutral measures, captur-
ing the component of model-implied yields that correspond to the market’s percep-
tion of risk. Given objective nominal bond yields ynt and risk-neutral yields yn,Qt ,
the term premium ϕn

t can be estimated as

ϕn
t := ynt − yn,Qt .

An accurate estimate of the term premium therefore relies on a good choice of
model and accurate parameter estimation.
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2.3 Maximum Likelihood Estimation

Maximum likelihood estimation techniques are a popular approach to estimating
model parameters in ATS frameworks. However, MLE typically suffers from two
major drawbacks. Firstly, computational inefficiencies stemming from the numer-
ical optimisation routines used tend to make estimation slow, especially when in-
creasing the number of pricing factors in the model. Secondly, such approaches
have been shown to suffer from problems relating to finding the global maximum
of the log-likelihood function (Adrian et al. (2013), Hamilton and Wu (2012)).

In the traditional MLE approach, the unknown parameters are grouped into a vec-
tor θ which maximises the log-likelihood function. For some log-likelihood func-
tion L, parameter space Θ and data x:

θ̂ = arg max
θ∈Θ

L(θ;x).

Kim (2008) points out that estimating the parameters of an ATS model using MLE
can be challenging, since flexibly specified ATS models typically involve a large
number of parameters with non-linear relationships between the parameters and
bond yields. Hamilton and Wu (2012) (HW) demonstrate this with an example of
a three-factor discrete-time ATS model as formulated by Ang and Piazzesi (2003).
Under this formulation, pricing factors follow a first-order vector autoregression
(VAR(1)) process:

Xt+1 = µ+ΦXt +Σut+1, (2.13)

where Xt is a 3 × 1 vector of pricing factors, µ is a 3 × 1 vector, Φ is a 3 × 3 matrix
and ut+1 is a 3 × 1 vector of standard normal residuals with Σ representing the
variance-covariance matrix of Xt. This model makes use of the essentially affine
price of risk specification of the form Λt := λ0 + λ1Xt, for K-vector λ0 and K ×K

matrix λ1. Risk-neutral dynamics are defined as:

Xt+1 = µQ +ΦQXt +ΣuQt+1,

where HW show that the risk-neutral parameters are given by

µQ = µ− Σλ0

and
ΦQ = Φ− Σλ1.

The short rate is modelled according to equation (2.5). Under the formulation of
Ang and Piazzesi (2003), the parameters that must be estimated include those of
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the above VAR(1) for both the objective and risk-neutral dynamics, the parameters
specifying the price of risk and the parameters determining the short rate in equa-
tion (2.5), for a total of 23 parameters in the three-factor case. HW use an uncon-
strained numerical search algorithm to find the 23×1 vector θ̂ via MLE. Estimating
θ 100 times using this algorithm, HW found that only one estimate corresponded
to the global maximum of the log-likelihood function, and that 19 of the estimates
failed to achieve convergence of the search algorithm. Such algorithms are also
computationally inefficient, especially as the number of pricing factors (and hence
model parameters) increases.

Joslin et al. (2011) (JSZ) propose a representation of the ATS framework which al-
lows for more efficient estimation of model parameters. JSZ make use of pricing
factor dynamics such as those in equation (2.13), with pricing factors given as lin-
ear combinations of observed zero-coupon bond yields (such as principal compo-
nents). JSZ show that, in their representation, estimates of the parameters µ and Φ

under the P-measure can be obtained via OLS regression instead of MLE, increas-
ing computational efficiency of the estimation procedure. However, JSZ still make
use of MLE to estimate the parameters of the model’s Q-dynamics, and HW show
that the JSZ procedure found the global maximum of the log-likelihood function in
only 54 of 100 estimates of θ. HW improve on this approach. After estimating the
pricing factor parameters in equation (2.13) using OLS (as per JSZ), HW make use
of a minimum chi-square estimator (MCSE) function to estimate the parameters
δ1 and ρQ. This estimator function has a much simpler form than a log-likelihood
function, which greatly improves efficiency and addresses the numerical difficul-
ties discussed3. HW then obtain ρ̂ analytically from the aforementioned estimates,
and finally obtain estimates of δ0 and cQ using a numerical search algorithm. HW
therefore greatly reduce the reliance on numerical search algorithms as compared
to standard MLE, and improve the efficiency of the numerical search they do use
through the use of an MCSE function.

The estimation procedure of Adrian et al. (2013) builds on the approaches of HW
and JSZ. The following section and Chapter 3 show that the ACM model is formu-
lated such that all model parameters can be estimated via OLS regressions. The
result is an estimation procedure that avoids the aforementioned numerical issues
while being much more computationally efficient and able to handle a large num-
ber of pricing factors.

3 HW find that their approach obtains the global maximum of their estimator function in 100 of
100 experiments.
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2.4 The ACM Framework

The framework underlying the estimation procedure of Adrian et al. (2013) is an
affine term structure with K pricing factors. The time series of yields t and times
to maturity n are given in months. Similarly to Ang and Piazzesi (2003), Joslin et al.
(2011) and Hamilton and Wu (2012), ACM formulate their pricing factor dynamics
under the objective measure as:

Xt+1 = µ+ΦXt + vt+1,

where µ is a K × 1 vector, Φ is a K × K matrix and vt+1 is a K × 1 vector repre-
senting normally distributed pricing factor innovations with mean 0 and variance-
covariance matrix Σ. ACM assume an exponentially affine pricing kernel Mt

Mt+1 = exp(−rt −
1

2
Λ′
tΛt − Λ′

tΣ
− 1

2 vt+1), (2.14)

which is a discrete-time equivalent of equation (2.8). ACM define the short rate rt as
the continuously-compounded one-month treasury yield, i.e. rt := − ln(P 1

t ). The
market price of risk Λt is defined according to the essentially affine specification of
Duffee (2002):

Λt := Σ− 1
2 (λ0 + λ1Xt), (2.15)

where λ0 is a K × 1 vector and λ1 is a K × K matrix. Equations (2.14) and (2.15)
allow for bond prices to be computed as a time-t expectation under the objective
measure:

Pn
t = E[Mt+1P

n−1
t+1 |Ft], (2.16)

where Pn−1
t+1 is the price of the bond Pn

t in one period’s time. As per Cochrane
and Piazzesi (2005), the time-t log excess holding return on a bond maturing in n

periods is defined as
en−1
t+1 := ln(Pn−1

t+1 )− ln(Pn
t )− rt. (2.17)

Substituting equations (2.14) and (2.17) into equation (2.16) yields

1 = E[exp(en−1
t+1 − 1

2
Λ′
tΛt − Λ′

tΣ
− 1

2 vt+1)|Ft]. (2.18)

Since innovations in the pricing factors drive excess returns, ACM assume en−1
t+1

and vt+1 are jointly normally distributed. Cochrane and Piazzesi (2008) show that
equations (2.18) and (2.15) then yield the following expression for expected excess
returns:

E[en−1
t+1 |Ft] = Cov[en−1

t+1 , v
′
t+1|Ft]Σ

−1(λ0 + λ1Xt)−
1

2
V[en−1

t+1 |Ft].
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ACM then define βn−1
t

′ := Cov[en−1
t+1 , v

′
t+1|Ft]Σ

−1 such that

E[en−1
t+1 |Ft] = βn−1

t
′(λ0 + λ1Xt)−

1

2
V[en−1

t+1 |Ft]. (2.19)

The unexpected excess return over the period t to t+ 1 is decomposed into a com-
ponent correlated to the pricing factor innovations and an uncorrelated component
εn−1
t+1 :

en−1
t+1 − E[en−1

t+1 |Ft] = βn−1
t

′vt+1 + εn−1
t+1 . (2.20)

εn−1
t+1 therefore represents the error observed in the return pricing process. These

errors are assumed to be independently and identically distributed (i.i.d.) with
V[εn−1

t+1 |Ft] =: σ2. Since ACM estimate βn
t via a linear regression over the time

series of yields, βn
t = βn is constant over time. Combining equation (2.20) with

equation (2.19),

en−1
t+1 = E[en−1

t+1 |Ft] + βn−1′vt+1 + εn−1
t+1

= βn−1′(λ0 + λ1Xt)−
1

2
(βn−1′Σβn−1 + σ2) + βn−1′vt+1 + εn−1

t+1 . (2.21)

This can be represented in matrix form across all time periods and times to matu-
rity. For a time series t = {t0, . . . , T} and times to maturity n = {1, . . . , N},

e = β′(λ0 + 1′T + λ1Xl)−
1

2
(B∗vec(Σ) + σ21N )1′T + β′V + E, (2.22)

where 1T and 1N are T × 1 and N × 1 vectors of ones, respectively, e is defined
as the N × T matrix of log excess returns, β is the K × N matrix [β1 . . . βN ], Xl is
the K × T matrix of lagged pricing factors [Xt0 . . . XT−1], E is the N × T matrix of
return pricing errors εn−1

t+1 , and B∗ is defined as the N ×K2 matrix

B∗ :=
[
vec(β1β1′) · · · vec(βNβN ′)

]
, (2.23)

such that B∗vec(Σ) is an N × 1 vector with entries

[B∗vec(Σ)]n = (βn
1 )

2Σ11 + βn
1 β

n
2Σ21 + . . .+ (βn

n)
2Σnn

= βn′Σβn.

Equation (2.22) forms the basis of the linear regressions that are used to estimate
the parameters of the ACM framework, described in detail in Chapter 3.

2.4.1 Computing Bond Pricing Parameters

Under the assumption of an affine term structure, bond yields are affine in the
pricing factors:

ln(Pn
t ) = An −B′

nXt + unt , (2.24)



2.4 The ACM Framework 16

where An is a constant, Bn is a K × 1 vector and unt represents the error in the yield
pricing process. Substituting equation (2.24) into equation (2.17) gives

en−1
t+1 = An−1 −B′

n−1Xt+1 + un−1
t+1 −An +B′

nXt − unt +A1 −B′
1Xt + u1t

= An−1 −B′
n−1(µ+ΦXt + vt+1) + un−1

t+1 −An +B′
nXt − unt +A1 −B′

1Xt + u1t ,

and equating this to (2.21),

An−1 −B′
n−1(µ+ΦXt + vt+1) + un−1

t+1 −An +B′
nXt − unt +A1 −B′

1Xt + u1t

= βn−1′(λ0 + λ1Xt)−
1

2
(βn−1′Σβn−1 + σ2) + βn−1′vt+1 + εn−1

t+1 , (2.25)

which holds for all t. The parameters A0 and B0 correspond to P 0
t = 1, hence

A0 = B0 = 0. Since n = 1 corresponds to the one-month yield, i.e. rt, A1 = −δ0

and B1 = δ1, according to equation (2.5). Matching terms in equation (2.25) yields
the following relations:

An−1 −B′
n−1µ−An +A1 = βn−1′λ0 −

1

2
(βn−1′Σβn−1 + σ2) (2.26)

−B′
n−1Φ+B′

n −B′
1 = βn−1′λ1 (2.27)

Bn−1 = −βn−1 (2.28)

un−1
t+1 − unt + u1t = εn−1

t+1 . (2.29)

Equation (2.28) implies that βn is equivalent to the loading Bn on the pricing factor
Xt which prices the bond Pn

t . Inserting this result from (2.28) into equations (2.26)
and (2.27) gives recursive formulae for computing the pricing parameters An and
Bn:

An = An−1 −B′
n−1(µ− λ0) +

1

2
(B′

n−1ΣB
′
n−1 + σ2)− δ0 (2.30)

B′
n = B′

n−1(Φ− λ1)− δ′1. (2.31)

Equation (2.29) implies that if εnt is i.i.d. then unt is correlated across t and n, and
vice versa. Since ACM assume return pricing errors to be i.i.d., yield pricing errors
are implicitly assumed to be correlated in this framework. This reflects the empir-
ical behaviour of zero-coupon bond returns. In comparison, maximum likelihood
approaches (including those of Joslin et al. (2011) and Hamilton and Wu (2012))
tend to assume i.i.d. yield errors and correlated return errors (Adrian et al. (2013)).
The next chapter describes how equation (2.22) is used to estimate the model pa-
rameters via OLS regressions.
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2.5 Modelling the Inflation Risk Premium

Abrahams et al. (2016) extend the work of Adrian et al. (2013) to a decomposition of
the real yield curve in order to jointly price nominal bonds and Treasury Inflation-
Protected Securities (TIPS) and extract an inflation risk premium. Abrahams et al.
(2016) make use of an ATS framework closely resembling that of ACM, while incor-
porating the Consumer Price Index (CPI) to allow for the pricing of inflation-linked
zero-coupon bonds. As in the ACM framework, bond yields are affine in the pricing
factors Xt, in this case three principal components of treasury yields, two principal
components of TIPS yields and a liquidity factor (discussed below). Break-even
inflation for horizon n, πn

t , can therefore be estimated in this framework as

πn
t := ynt − ynt,R = − 1

n

(
An −B′

nXt − (An,R −B′
n,RXt)

)
,

where ynt represents the time-t continuously-compounded yield on the ZCB matur-
ing in n periods, and the subscript R denotes the yields and pricing factors associ-
ated with real bonds. Similarly to the ACM framework, these pricing parameters
are computed recursively using estimated price of risk parameters according to
equations (2.30) and (2.31), with adjustments made to the recursions for An,R and
Bn,R in order to incorporate CPI into the real bond prices. Setting the price of risk
parameters to zero in the recursive equations yields risk-neutral break-even infla-
tion πn,Q

t :

πn,Q
t := yn,Qt − yn,Qt,R = − 1

n

(
AQ

n −BQ
n
′Xt − (AQ

n,R −BQ
n,R

′Xt)
)
.

The inflation risk premium ϕn
t,i is then given as the difference between break-even

inflation under the two measures, i.e.

ϕn
t,i := πn

t − πn,Q
t . (2.32)

This formulation implies that the nominal term premium ϕn
t can be decomposed

into the inflation risk premium and a “real term premium” ϕn
t,R, according to the

definition ϕn
t := ynt − yn,Qt :

ϕn
t,i = (ynt − ynt,R)− (yn,Qt − yn,Qt,R )

= ϕn
t − ϕn

t,R

⇐⇒ ϕn
t = ϕn

t,i + ϕn
t,R.

While in theory equation (2.32) should represent the inflation risk premium, in re-
ality the relative illiquidity of inflation-linked securities means that there is a large
liquidity premium embedded in real yields. To adjust for this, Abrahams et al.
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(2016) incorporate a TIPS liquidity factor constructed from TIPS yield curve fitting
errors from a Nelson-Siegel-Svensson (NSS) model4 and a moving average of the
ratio of Treasury Bill transaction volumes to TIPS transaction volumes. This factor
is included in the vector Xt in the model, and bond pricing parameters An and Bn

are computed as usual according to recursive formulae (2.30) and (2.31), and the
equivalent recursions for An,R and Bn,R. Liquidity-adjusted yields are then com-
puted by subtracting the yield component associated with this liquidity factor from
the unadjusted yields. Unlike the estimation procedure of ACM, the model param-
eters in this framework must be estimated using MLE, so this decomposition does
not benefit from the efficiency of the ACM procedure. Abrahams et al. (2016) find
that their estimate of the inflation risk premium is closely aligned with relevant
macroeconomic variables such as consumer confidence, and that model-implied
inflation expectations closely match surveys of professional forecasters. While im-
plementation of this model is out of the scope of this dissertation, Appendix C dis-
cusses a naı̈ve approach to estimating the inflation risk premium using the ACM
procedure.

4 See Appendix A for an overview of the Nelson-Siegel-Svensson framework.



Chapter 3

Estimation in the ACM Framework

The ACM framework is constructed such that model parameters can be estimated
via a three-step OLS regression process. This chapter describes the estimation pro-
cedure in detail.
Let the time series over which yields are observed be given as t = {t0, t1, . . . , T}
and the cross-section of maturities in the yield curve as n = {1, 2, . . . , N}. ACM
make use of monthly observations of yield curves with maturities n in months.

3.1 Principal Component Analysis

ACM’s approach allows for the use of observable or unobservable pricing fac-
tors. In their original paper, ACM make use of K principal components (PCs)
of continuously-compounded zero-coupon nominal bond yields as pricing factors.
These PCs are obtained through a principal component analysis (PCA) of the (T +

1)×N time series of yield curves. Let Y be the matrix of observed ZCB yields such
that

Y :=


y1t0 · · · yNt0
...

. . .
...

y1T · · · yNT

 ,

where ynt represents the time-t yield to maturity of the ZCB maturing in n periods.
The PCA proceeds as follows. First, the normalised matrix Ȳ is obtained. For col-
umn Yn of the matrix Y with mean µn and variance σ2

n, the column Ȳn of Ȳ is given
as Ȳn := Yn−µn

σn
. The N ×N variance-covariance matrix ΣȲ is computed from Ȳ .

An eigendecomposition is then performed on ΣȲ to obtain N N × 1 eigenvec-
tors vn and N eigenvalues λn. The N × N matrices Λ and V are constructed as
Λ := diag(λ1, . . . , λN ) and V := [v1 · · · vN ], respectively. By the Spectral Theorem,
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since ΣȲ is symmetric and V is orthogonal,

ΣȲ = V ΛV ′

⇐⇒ Λ = V ′ΣȲ V.

The normalised yield matrix is then transformed by the eigenvector matrix V to
create the transformed yield matrix Z:

Z := Ȳ V,

such that the columns of Z are orthogonal and the variance-covariance matrix ΣZ

of Z is given as

ΣZ = Z ′Z

= V ′Ȳ ′Ȳ V

= V ′ΣȲ V = Λ.

Thus the variance of the nth column of Z is given as V[Zn] = Λn,n = λn. Since
Ȳ = ZV ′, Ȳ is a linear combination of the columns of Z. Hence the columns of Z
with the highest eigenvalues contribute the most to the variation observed in the
data Y 1. The K pricing factors are chosen to be the columns of Z with the K highest
eigenvalues.

3.2 Step 1

The columns of the PC matrix Z are placed in descending order of their respec-
tive eigenvalues to give the matrix Z∗. For Z∗

k as the kth column of Z∗, the time
series of pricing factor Xk is then taken to be the 1 × (T + 1) vector Z∗

k
′ for k =

[1, 2, . . . ,K]. The vectors Xk are stacked into the K × (T + 1) matrix X . Letting
Xc :=

[
Xt1 · · · XT

]
and Xl :=

[
Xt0 · · · XT−1

]
denote the K × T matrices

of current and lagged pricing factors respectively, the VAR(1) parameters are esti-
mated via OLS regression according to equation (2.4). Parameters µ̂k and Φ̂k are
estimated for each of the k factors using the kth rows of the matrices Xc and Xl.
Defining the T × 2 regressor matrix for lagged pricing factors as R1,k :=

[
1T X ′

l,k

]
and letting Xc,k and Xl,k denote the kth rows of the respective matrices,[

µ̂k

Φ̂k

]
= (R′

1,kR1,k)
−1R′

1,kXc,k, (3.1)

1 PCA of the US zero-coupon yield curve from 1961 to 2021 shows that the first three PCs account
for over 99% of the observed variation in yields.
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such that µ̂ :=
[
µ̂1 · · · µ̂K

]′
is a K × 1 vector and Φ̂ := diag(Φ̂1, . . . , Φ̂K) is a

K × K diagonal matrix. The pricing factor innovations from this regression are
computed as the K × T matrix V̂ := Xc − (µ̂ + Φ̂Xl), and the variance-covariance
matrix of the pricing innovations is estimated as Σ̂ = V̂ V̂ ′/T .

3.3 Step 2

It can be seen from equation (2.22) that excess bond returns ent are modelled as a
linear function of V , Xl and E. In matrix form:

e = β′(λ0 + 1′T + λ1Xl)−
1

2
(B∗vec(Σ) + σ21N )1′T + β′V + E

= (β′λ0 −
1

2
(B∗vec(Σ) + σ21N ))1′T + β′V + β′λ1Xl + E

=: a1′T + β′V + cXl + E.

where a := β′λ0 − 1
2(B

∗vec(Σ) + σ21N ) is an N × 1 vector, β is the K × N matrix

of pricing factor loadings
[
β1 · · · βN

]
and c := β′λ1 is an N × K matrix. ACM

compute the N × T matrix of excess returns e directly from observed bond yields,
taking the short rate as the one-month treasury yield rt := y1t = − ln(P 1

t ):

en−1
t+1 = ln(Pn−1

t+1 )− ln(Pn
t ) + ln(P 1

t )

= −(n− 1)yn−1
t+1 + nynt − rt.

The regressors 1T , V̂ and Xl, computed in Step 1, are grouped into a (2K + 1)× T

matrix R2 :=
[
1T V̂ ′ X ′

l

]
. The estimators are then obtained via OLS regression

as: [
â β̂′ ĉ

]
= eR′

2(R2R
′
2)

−1. (3.2)

Residuals from this regression, representing the return pricing errors εnt , are stored
in the N×T matrix Ê. The variance of return pricing errors, defined in Chapter 2 as
σ2, is estimated as the variance of these residuals. Since the errors are assumed to be
i.i.d., the total variance may be estimated using the trace of the variance-covariance
matrix ÊÊ′/NT :

σ̂2 =
trace(ÊÊ′)

NT
.

Lastly, the matrix B∗ is estimated from β̂ as per equation (2.23):

B̂∗ =
[
vec(β̂1β̂1′) · · · vec(β̂N β̂N ′)

]
.
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3.4 Step 3

Since the coefficients a and c defined above are linear functions of the price of risk
parameters λ0 and λ1, these parameters are estimated using a final OLS regression
on the estimates computed in Steps 1 and 2:

λ̂0 = (β̂β̂′)−1β̂(â+
1

2
(B̂∗vec(Σ̂) + σ̂21N ))

λ̂1 = (β̂β̂′)−1β̂ĉ.

3.5 Estimating the Term Premium

Once the price of risk parameters have been estimated, fitted bond yields can be
obtained. Equations (2.30) and (2.31) allow for the bond pricing parameters An

and Bn to be computed recursively, given A0 = B0 = 0 and A1 = −δ0, B1 = δ1.
The parameters δ0 and δ1 are estimated via an OLS regression on the short rate
according to equation (2.5). Defining the T × (K + 1) matrix R3 :=

[
1T X ′

c

]
and

T × 1 vector rc :=
[
rt1 · · · rT

]′
,[

δ̂0

δ̂1

]
= (R′

3R3)
−1R′

3rc,

where δ̂0 is a constant and δ̂1 is a K × 1 vector. The pricing parameters are then
estimated recursively:

An = An−1 −B′
n−1(µ̂− λ̂0) +

1

2
(B′

n−1Σ̂B
′
n−1 + σ̂2)− δ̂0 (3.3)

B′
n = B′

n−1(Φ̂− λ̂1)− δ̂′1, (3.4)

giving model-implied bond prices as

Pn
t = exp(An −B′

nXt).

Setting the price of risk parameters λ̂0 and λ̂1 to zero in equations (3.3) and (3.4)
generates risk-neutral pricing parameters AQ

n and BQ
n . These parameters can be

used to compute risk-neutral continuously-compounded yields as yn,Qt := − 1
n(A

Q
n−

BQ
n
′Xt), which represent the time-t expectation of future short rates averaged over

the next n periods. Subtracting this risk-neutral yield from the model-implied yield
under the objective measure gives an estimate of the term premium:

ϕn
t = − 1

n

(
(An −B′

nXt)− (AQ
n −BQ

n
′Xt)

)
.
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3.6 Data

To validate implementation, the ACM procedure was first applied to the data of
Gurkaynak et al. (2006) (GSW), as per ACM’s original implementation. GSW pro-
vide the parameters of an NSS model of the US zero-coupon treasury yield curve
for June 1961 to present, giving a smoothed term structure of continuously-compounded
yields. These parameters are used to compute yield curves over this time series for
maturities of n = 1, 2, . . . , 120 months, with yield curve observations on the last
day of each month.

The ACM procedure was applied to zero-coupon continuously-compounded nom-
inal bond yields obtained from the South African market using the same maturities
for a time series from 30 September 2012 to 30 September 2021. Yields were ob-
tained from Bloomberg and bootstrapped via the Johannesburg Stock Exchange’s
(JSE) methodology (Modise (2019)), with yields observed on the last day of each
month. This data makes use of the South African Futures Exchange (SAFEX) overnight
rate, treasury bills for n = 3, 6, 9, 12 months, and nominal government bonds there-
after. Bootstrapped South African yield curves provided continuously-compounded
zero-coupon yields for maturities out to 30 years, with maturities at a range of in-
tervals. Linear interpolation was performed between the bootstrapped yields to
obtain yields for the required maturities of n = 1, 2, . . . , 120 months.



Chapter 4

Results

Results of implementing the estimation procedure described in Chapter 3 are dis-
cussed in this chapter. The procedure is first applied in the context of Monte Carlo
simulation to assess parameter estimation, then to data from US and South African
zero-coupon nominal yield curves to assess model fits and behaviour of the term
premium and other features of the yield curve.

4.1 Monte Carlo Simulation

Monte Carlo simulations were used to assess the performance of ACM’s estimation
procedure. In order to assess the accuracy of the procedure’s estimates, 1 000 reali-
sations of an ACM model were simulated and parameter estimates were evaluated.
Monte Carlo simulation of a single model was also performed to examine the fit of
the model-implied yield curves and the ability of the framework to capture pricing
factor dynamics.

4.1.1 Parameter Estimation

Using model parameters obtained from an application of the ACM procedure to
the US NSS yield curves, 1 000 simulated yield curves were obtained via equations
(2.30) and (2.31) for one- and three-factor models. Results of the parameter estima-
tion are given in Appendix B in Tables B.1 and B.2. The results of the simulation
generally show slight bias with standard deviation in the order of 10% of the esti-
mated value. The exception is the price of risk coefficient λ1, which is significantly
biased in the one-factor model and in the diagonals of the three-factor model, with
large variation.

Comparing the one- and three-factor models, it can be seen that the three-factor
model exhibits greater variation in every parameter. The three-factor model pro-
duces less biased estimates for δ1 and µ, but a larger bias for the other parame-
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ters. Both models show poor precision in the estimation of the prices of risk, with
standard deviations larger than the true value of λ1 in both cases. However, this
difficulty in estimating the price of risk is not unique to the ACM framework or
this estimation process. Poor estimation of price of risk parameters has also been
documented by Duffee and Stanton (2012) and Bolder (2001) when estimating the
parameters of ATS models using MLE.

In general, the precision of the ACM estimation procedure is in line with that of
MLE-based methods assessed in the literature. Bolder (2001) and Duffee and Stan-
ton (2012) both find that in the context of a single-factor ATS model, MLE obtains
parameter estimates with standard deviation in the order of 10% of the true value,
except for the price of risk parameters as discussed.

4.1.2 Yield Curve and Pricing Factor Fits

The ability of the ACM procedure to capture pricing factors and fit the observed
yield curves was evaluated through the simulation of a single three-factor ACM
model. Figures 4.1 and 4.2 show model estimates of the pricing factors (estimates
shown as red dotted lines) and absolute error between the model-implied and ob-
served yield curves, respectively. It is evident that there is some bias in the esti-
mates of the principal components. Additional tests showed that the model has
some trouble distinguishing between pricing factors, especially for models with
a larger number of factors. Such behaviour has also been documented by Pillay
(2016) in the context of parameter estimation using the Kalman filter, suggest-
ing that this may not be unique to ACM’s estimation procedure. However, the
weighted sum of the PCs tended to have a low bias and variation. The result is an
accurate fit to the overall yield curve as shown in Figure 4.2. This figure shows that
model error is concentrated at the short end of the yield curve with a maximum
error of 10.68 basis points and an almost perfect fit at longer maturities. This con-
centrated error may be attributable to the fact that the short end of the yield curve
tends to be more volatile than the long end, since the model may have difficulty
capturing this variation.

4.2 US Yield Curve

The ACM procedure was applied to the data of Gurkaynak et al. (2006), as per the
original specification of Adrian et al. (2013). Zero-coupon treasury yield curves
were generated from the published NSS parameters according to equation (A.2)
for maturities n = 1, 2, . . . , 120 months. Figure 4.3 shows the absolute error for the
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Fig. 4.1: Pricing factor estimates - three-factor Monte Carlo simulation

Fig. 4.2: Yield curve model error - three-factor Monte Carlo simulation
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Fig. 4.3: Absolute error in model-implied US yield curves

model-implied time series of yield curves from January 2012 to January 2021, as
compared to the observed yield curves. The application to NSS curves generates
very accurate results, with a maximum absolute error of less than 10 basis points.
Figure 4.4 shows estimates of the US nominal term premium for maturities of 24
and 120 months over the period from January 1987 to December 2011. These results
are shown to closely match the term premia obtained by Adrian et al. (2013), pub-
lished by the New York Federal Reserve Board (2022). Chapter 5 briefly discusses
the discrepancies observed between the two sets of results.

Figure 4.5 shows the relationship between the 10-year US term premium and
the yield curve’s slope. Diebold and Li (2006) define the level, slope and curvature
of the yield curve as:

Lt := y120t

St := y120t − y3t

Ct := 2y24t − (y3t + y120t )

where Lt, St and Ct represent time-t level, slope and curvature respectively and
superscripts denote the maturity of yields in months. These quantities are shown
to be closely related to the parameters of the NSS framework (see Appendix A for
further details on level, slope and curvature in the NSS framework and their rela-
tion to the above definitions). The results shown in Figure 4.5 confirm the assertion
that the term premium is closely related to the slope of the yield curve. Figure 4.6
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Fig. 4.4: US nominal term premia

shows the relationship between level, slope and curvature in the US yield curve.
There is an evident inverse relationship between the slope and curvature since

1990, with curvature typically falling as slope rises. Correlation between the two
factors was -60.45% over this period. It is also noted that slope has a positive mean
and general skew towards positive values, while curvature has a negative mean
and skew towards negative values. All else equal, a negative curvature, as defined
above, implies a more convex yield curve. However, an increasingly positive slope
can also create a concavity in the yield curve, as visible from Figure A.11. Addition-
ally, the slope and curvature seem to be stationary and mean-reverting, as can be
seen in Figure 4.7. This was confirmed with augmented Dickey-Fuller tests, which
confirm stationarity for the two features at 95% significance. The result of these
two effects is that the yield curve tends to move between a flat (i.e. low slope and
low curvature) shape to a highly sloped, highly concave shape. The highly-sloped
yield curve often corresponds to a high term premium, as per Figure 4.5, although
the slope and term premium can also differ substantially. For example, a nega-
tive slope can exist simultaneously with a positive term premium, and vice versa,
as shown in this Figure. While the term premium is itself not a mean-reverting

1 Note that the ”slope” coefficient β1 under the NSS framework corresponds to the negative of the
real-world slope as defined above (see Appendix A). Hence the convex shape of the slope loading
factor under the NSS framework shown in Figure A.1 corresponds to a concave shape in the observed
yield curve.
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Fig. 4.5: 10-year US term premium vs yield curve slope

Fig. 4.6: Level, slope and curvature of the US yield curve, as defined by Diebold
and Li (2006)
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Fig. 4.7: Z-scores of level, slope and curvature in the US yield curve, means and
standard deviations shown as dashed lines

process, Figure 4.5 shows that a high term premium tends to be associated with
a subsequent flattening of the yield curve and may therefore be a signal to hold a
barbell portfolio of bonds, as described in Chapter 1.

4.3 South African Yield Curve

Figure 4.8 shows the absolute error between the observed and model-fitted time
series of yield curves for a five-factor ACM model. A maximum error of 145 basis
points was observed, with errors concentrated in the short end of the yield curve.
This is discussed further in Chapter 5.

4.3.1 Nominal Term Premium

Figure 4.9 shows the nominal term premium in South African bonds for maturities
of 24 and 120 months over the time period from September 2012 to September 2021,
and risk-free term rates are shown in Figure 4.10. Figure 4.11 superimposes the JSE
All-Share Index (ALSI), obtained from Bloomberg, onto the 10-year nominal term
premium.

Theoretically, the term premium should increase during times of economic un-
certainty with longer maturities having a more volatile term premium (Soobyah
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Fig. 4.8: Yield curve model error - SA data

Fig. 4.9: SA nominal term premium
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Fig. 4.10: SA risk-free term rates

Fig. 4.11: SA 10-year nominal term premium vs JSE ALSI
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Fig. 4.12: SA 10-year nominal term premium and difference between 10-year nom-
inal yield and swap rate

and Steenkamp (2020)), while the short rate tends to decrease during economic
downturns and falling inflation. The results obtained confirm this. For example,
sharp increases in the 10-year term premium are accompanied with dips in the
ALSI in December 2015 and March 2020, corresponding to the surprise firing of
South Africa’s finance minister and the start of COVID-19 lockdowns, respectively.
Falling risk-free rates are also observed in 2020, caused by the South African Re-
serve Bank (SARB) cutting repo rates in response to the economic slowdown caused
by COVID-19. Using bootstrapped swap zero curves obtained from Bloomberg as
a proxy for risk-free rates, the 10-year estimate was also compared to a model-
independent approximation of the term premium as the difference between the 10-
year nominal yield and the 10-year swap rate. This comparison is shown in Figure
4.12. The ACM estimate exhibits a larger magnitude and volatility than the model-
independent approach, but trends in the two estimates appear consistent and agree
with the economic interpretations discussed above.



Chapter 5

Model Diagnostics

This chapter investigates the speed and performance of ACM’s estimation proce-
dure and accounts for some of the results observed in the previous chapter. The
application to US data is compared to the term premia published by Adrian et al.
(2013), showing the effects of varying the length of the time series of yield curves
and jumps in the time series of parameters published by Gurkaynak et al. (2006).
Errors from the application to South African data are also investigated, showing
the effect of the increased variation in the short end of the curve.

5.1 Estimation Speed

The speed of the estimation procedure was tested for models with K = 1, 2, . . . , 50

pricing factors, using NSS curves generated from the parameters of Gurkaynak
et al. (2006) as input data. Computation time was measured as the average run time
of 1000 estimation procedures for a set number of pricing factors. Figure 5.1 plots
these average computation times in milliseconds, demonstrating that increasing the
number of pricing factors tends to increase computation times exponentially, albeit
with very fast estimation for any number of factors. Considering that a typical ap-
plication of the ACM procedure may use as little as five factors and that increasing
K too high can cause problems in the estimation procedure (discussed in Section
5.3), the exponential-time efficiency of the procedure is not a practical concern.

5.2 US Data

Implementation of the ACM algorithm was validated against the term premium es-
timates published by ACM (New York Federal Reserve Board (2022)). The length of
the time series of data was also varied to assess model performance. Under an ap-
plication of a five-factor ACM procedure with n = 1, 2, . . . , 120 months and the time
series from June 1961 to November 2021, the resulting model-implied yield curves
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Fig. 5.1: Average of 1000 run times of ACM estimation procedure under varying
number of pricing factors

match the inputted Nelson-Siegel-Svensson curves with a maximum absolute error
of less than 10 basis points, as shown in Figure 4.3. However, it was observed that
there is a discrepancy between these curves and the published curves of Adrian
et al. (2013). Figure 5.2 shows this error. After some investigation it was found that
the errors correspond to discontinuities in the NSS data. Figure 5.3 shows a plot
of the model-implied short rate as obtained from the GSW data versus the short
rate from ACM’s published yield curves, as well as the first two NSS coefficients
from Gurkaynak et al. (2006). It is evident that there are unrealistic discontinuities
in latter data, and that these correspond to similar discontinuities in the model-
implied short rate, which impacts regression (3.2) through equation (2.17). These
discontinuities correspond to errors in the resulting model-implied yield curves,
suggesting that ACM smoothed out these anomalies in their implementation.

By varying the length of the time series of data it was found that shorter time se-
ries created a positive bias in the term premium when compared to the initial time
series of June 1961 to November 2021. Figure 5.4 shows how reducing the length of
time series of the observed data drastically changes estimates of the term premium
cross-section for January 2011. The plot shows a cross-section of the January 2011
term premium for models trained on three time series: June 1961 to January 2011
(∼50 years of data), January 1981 to January 2011 (30 years of data) and January
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Fig. 5.2: Discrepancy between ACM’s published fitted yields and NSS yield curves
obtained via GSW’s parameters

Fig. 5.3: Comparison of ACM published short rate and short rate implied by GSW
parameters
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Fig. 5.4: Effect of varying length of time series on the January 2011 term premium
cross-section

2001 to January 2011 (10 years of data). Figure 5.5 shows a longitudinal view of the
same phenomenon. It is clear that there is a significant variation with respect to the
choice of time series, which has implications for the application to South African
data. This is discussed further in the next section.

Figure 5.6 shows the relationship between the regression coefficient β (shown
as blue dots), obtained from equation (3.2), and the pricing factor B (shown as a red
line) obtained from equation (2.31), from an application of the ACM procedure to
the smoothed curves published by Gurkaynak et al. (2006). As shown in Chapter 2,
both B and β correspond to the loadings on pricing factors which determine bond
yields at different maturities. Since this relationship is not imposed directly, these
plots provide an indication of how accurately the model generates bond returns
(Adrian et al. (2013)). Figure 5.6 shows that the application to US data generates
very accurate bond returns.

5.3 South African Data

A five-factor ACM procedure was applied to the South African data described in
Section 3.6. Figure 5.7 shows that the application to South African bootstrapped
yields provides significantly less accurate results than the application to the data of
Gurkaynak et al. (2006), albeit with a fairly accurate fit for PC1 and PC2.
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Fig. 5.5: Effect of varying length of time series on 10-year term premium time series

Fig. 5.6: Pricing factor B vs regression coefficient β - GSW data
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Fig. 5.7: Pricing factor B vs regression coefficient β - SA data

These errors point to problems with the linear regressions used to obtain β.
The estimation problems here are most evident at a maturity of one month, as can
be seen in panels 4 and 5 of Figure 5.7. This also corresponds to the location of
maximum error in Figure 4.8. Observing the bootstrapped yield curves from the
South African market shows noticeable idiosyncratic variation in the short end of
the curve, especially around the one-month yield, which the model has trouble
capturing (shown in Figure 5.8).

The variation in the short end of the curve appears to be the source of the error
observed in Figure 5.7, and consequently the main source of error in the model-
implied yield curves. In theory, such variation can be captured by additional pric-
ing factors. Figure 5.9 shows that adding pricing factors does indeed capture addi-
tional variation in the yield curve and hence reduces the maximum model error.
Model error in Figure 5.9 is measured as the logarithm of the maximum abso-
lute error in basis points between the observed and model-implied yield curves
for K = 1, 2, . . . , 30.

Figure 5.9 also shows that there is a limit to the accuracy that can be achieved.
Increasing K too high (24 in the application to SA data) results in the matrix R′

1,kR1,k

in regression (3.1) tending towards singularity as the principal components Xk be-
come progressively smaller in magnitude. This results in poor estimation of the
VAR(1) coefficients and increasing model error. Optimal performance is achieved
with South African data for K = 18.
Using 18 pricing factors, errors from the application to South African data are still
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Fig. 5.8: Comparison of a selection of yield curves showing idiosyncratic variation
in short end

Fig. 5.9: Log maximum absolute model error for varying number of pricing factors
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substantially higher than those from the five-factor application to NSS curves from
the US market, owing to the fact that such curves smooth out some of this variation
from the short end of the curve.

Comparing the term premia obtained from South African data to those obtained
by Soobyah and Steenkamp (2020) (SS) of the SARB shows a significant bias. For
example, the SS 10-year term premium peaks at about 2.25% in 2016, whereas the
term premium estimated in this implementation peaks at 3.7%. This bias is evident
at all maturities and seems to mirror the bias observed in Figure 5.5. Given that
SS obtain their term premium estimates from a 20-year time series of yield curves
beginning in 2000, whereas the data used for this dissertation contains nine years
of yield curves from 2012 to 2021, training the model on a longer time series of data
may reduce this bias.

Observations from Cohen et al. (2018) corroborate this conjecture. Cohen et al.
(2018) compare term premium estimates from Adrian et al. (2013), Hördahl and
Tristani (2014) and Kim and Wright (2005), and find that while the shape of the
three estimates closely match, their magnitudes vary substantially, by up to 2%.
Cohen et al. (2018) also estimate the term premium as the difference between the
10-year yield and surveyed 10-year expectations of the short rate obtained from the
Survey of Professional Forecasters. This estimate is therefore model-independent
and should not depend on the time series of data used in the estimation. The
ACM estimate appeared more volatile, with generally higher levels than the other
three estimates. Cohen et al. (2018) note that all three model-based approaches had
very close fits to yield data, such that fitting error is not the cause of this discrep-
ancy. The implication is that model-based approaches to estimating the term pre-
mium, as in any model-based estimation, necessarily introduce biases stemming
from parameter estimation and modelling assumptions. By varying the time series
of data used for estimation, the model assumes dynamics based on varying market
regimes, which may differ substantially from one another. Despite these biases, the
shape of the term premium estimates are consistent across choices of model and
data, and trends in the term premium obtained by Soobyah and Steenkamp (2020)
closely match those obtained in this dissertation. Similarly, trends in the longitu-
dinal views of the three scenarios shown in Figure 5.4 are also closely matched,
despite obvious biases.

Depending on the context, it may be beneficial to estimate the term premium us-
ing a joint term structure and macroeconomic model such as that developed by
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Hördahl and Tristani (2014), which provides term premium values more closely in
line with survey estimates. However, trends in the term premium, rather than its
magnitude, are the most important variable for analyses such as that of portfolio
management described in Chapter 1.



Chapter 6

Conclusion

The ACM procedure is shown to generate model-implied yield curves that closely
fit observed yields, with parameter estimation being completed in milliseconds.
Adding pricing factors to the model was shown to have negligible practical impact
on estimation speed. Under Monte Carlo simulation, model parameters are esti-
mated with a fair degree of accuracy, albeit with greater variation in the estimation
of models with increasing numbers of factors, and poor accuracy for the price of
risk estimates. Duffee and Stanton (2012) and Bolder (2001) find that MLE-based
techniques also produce poor estimates of these parameters in ATS frameworks,
suggesting that such difficulties are not unique to the ACM procedure.

Applying the ACM procedure to Nelson-Siegel-Svensson curves fitted to US zero-
coupon nominal bond yields produces very accurate fits to the observed yields.
Application to bootstrapped South African zero-coupon yield curves produces sub-
stantially less accurate fits, attributable to the idiosyncratic variation observed in
the short end of the yield curve, some of which is smoothed in the US data through
the use of NSS curves. Adding additional factors to the ACM model allows for
much of this variation to be captured, with optimal model accuracy achieved us-
ing 18 factors when applied to South African yield curves; however, increasing the
number of pricing factors above 23 was found to cause problems with the proce-
dure’s linear regressions. It was also found that the choice of yield curve time series
substantially impacts the magnitude of the estimated term premium, a result which
is corroborated by the findings of Cohen et al. (2018). Despite the varying magni-
tudes of the estimate, trends in the term premium are preserved across choice of
sample data, which is arguably the most important variable in analysing the term
premium.
Estimates of the nominal term premium in both the US and South African markets
are shown to reflect the market’s perception of risk, showing sharp increases dur-
ing economic downturns and periods of uncertainty. The ACM term premium is
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shown to closely match trends in a model-independent approximation of the term
premium and to be closely related to the slope of the yield curve.

While this dissertation focuses on the performance of the ACM estimation pro-
cedure, there is scope for a detailed practitioner-oriented analysis of the estimated
nominal term premium in the South African bond market, and of the inflation risk
premium through an implementation of the framework of Abrahams et al. (2016).
Such analyses may include further investigation of the relationship between the
term premium and macroeconomic variables, similarly to Soobyah and Steenkamp
(2020), and backtesting of bond portfolio strategies using the term premium as a
trading signal.
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Appendix A

The Nelson-Siegel-Svensson
Framework

This appendix discusses the Nelson-Siegel-Svensson framework of the yield curve,
as formulated by Diebold and Li (2006). The NSS framework provides an intuitive
description of the main drivers of the shape of the yield curve, namely, level, slope
and curvature.

A.1 Level, Slope and Curvature

Level is commonly calculated as the maximum maturity yield of a given curve,
and under the NSS framework. Changing this quantity results in a parallel shift
of the curve. Diebold and Li (2006) measure level as Lt := y120t , i.e. the time-t
yield of the 10-year bond. Slope is calculated practically as the difference between
a long-term and short-term yield, such as the 10-year yield minus the short rate,
and corresponds to the increase in yield as maturity increases in a normal yield
curve. Diebold and Li (2006) measure this as St := y120t − y3t . This is related to the
term premium, which is described similarly. However, the slope of the yield curve
necessarily includes the component of yields arising from expectations of future
yields. As such, a high slope may be reflective of high short rate expectations rather
than a high term premium. Curvature describes the relationship between the short,
middle and long end of the curve. Visually this can be thought of as a “hump” in
the curve, measured as Ct := 2y24t − (y3t + y120t ). Figure 4.6 in Chapter 4 shows the
relationship between the three shape factors for the US yield curve, while Figure
4.7 shows the Z-scores and means of the factors.

A.2 The Framework

In certain contexts it may be beneficial to have access to yield curve data which
smooths out idiosyncratic pricing issues such as liquidity, hedging demand, bid-
ask spreads, etc. While such anomalies may be of interest to practitioners such as
traders, in the context of a macroeconomic analysis it is often helpful to smooth the
yield curve since such idiosyncratic factors are not explained by macroeconomic
variables (Gurkaynak et al. (2006)). ACM use data published by Gurkaynak et al.
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(2006), who address this problem by using the framework of Svensson (1994), an
extension to the original framework developed by Nelson and Siegel (1987).

Diebold and Li (2006) formulate the framework of Nelson and Siegel (1987) in equa-
tion (A.1), with forward rates described by the four parameters β0t, β1t, β2t and λt:

ft(τ) = β0t + β1te
−λtt + β2tλte

−λtτ , (A.1)

which implies the following form for yields:

yt(τ) = β0t + β1t

(
1− e−λtτ

λtτ

)
+ β2t

(
1− e−λtτ

λtτ
− e−λtτ

)
. (A.2)

Diebold and Li (2006) point out that the coefficients β0t, β1t and β2t can be inter-
preted as the level, slope and curvature of the yield curve, respectively. It can easily
be shown that the loadings on the factors β1t and β2t asymptote to zero such that
lim
τ→∞

yτt = β0t, and hence that β0t corresponds to the level of the yield curve. Frankel

and Lown (1994) define the slope as y∞t −y0t , and −β1t is exactly equal to this quan-
tity. Lastly, the curvature of the yield curve is defined by Diebold and Li (2006) as
2y24t − y3t − y120t , with maturities in months. Diebold and Li (2006) show that this
quantity equals 0.00053β2t + 0.37β3t, such that yield curve curvature is equivalent
to β3t.

Figure A.1 gives a visual intuition for the above. The loading on the slope coef-
ficient can be seen to decrease linearly with maturity, giving a slope to the curve by
increasing short yields more than long yields. Loading on the curvature coefficient
can be seen to add a hump to the yield curve.

Gurkaynak et al. (2006) point out that the original Nelson and Siegel (1987) spec-
ification has trouble capturing the effect of convexity at longer maturities. Accord-
ingly, they make use of the extension of Svensson (1994), which adds an extra two
parameters to equation (A.1). This extension adds greater flexibility by adding a
second hump to the model, hence allowing for a more realistic representation of
convexity in the yield curve:

ft(τ) = β0t + β1te
−λ1tt + β2tλ1te

−λ1tτ + β3tλ2te
−λ2tτ

yt(τ) = β0t+β1t

(
1− e−λ1tτ

λ1tτ

)
+β2t

(
1− e−λ1tτ

λ1tτ
− e−λ1tτ

)
+β3t

(
1− e−λ2tτ

λ2tτ
− e−λ2tτ

)
.

This second hump typically appears at the far long-end of the curve, with the ma-
turity of its peak determined by the parameter λ2t. This extension has been shown
to generate closer fits to observed yields while maintaining the smoothness of a
Nelson-Siegel curve, and has seen widespread adoption in the literature (Gurkay-
nak et al. (2006), Raubenheimer and Kruger (2010)).
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Fig. A.1: NSS slope and curvature loadings as a function of maturity



Appendix B

Simulation Results

Parameter True Value Estimate Std Deviation
δ0 3.355× 10−3 2.697× 10−3 1.100× 10−4

δ1 7.843× 10−3 8.429× 10−3 2.291× 10−17

µ −2.175× 10−3 −1.806× 10−3 9.732× 10−5

Φ 0.9972 0.9970 1.916× 10−3

λ0 −5.528× 10−3 −5.318× 10−3 2.199× 10−4

λ1 8.284× 10−4 6.698× 10−4 1.918× 10−3

Tab. B.1: Parameter estimates from one-factor model
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Parameter True Value Estimate Std Deviation
δ0 3.355× 10−3 2.697× 10−3 1.100× 10−4

δ1 1× 10−3

7.84316.69
29.58

 1× 10−3

7.48014.77
30.67

 1× 10−4

8.61843.07
13.38


µ 1× 10−3

 −2.175
0.1767

−0.04269

 1× 10−3

 −1.960
0.003430
−0.002788

 1× 10−4

 3.861
0.9411
0.08082


Φ×10

9.972 0 0
0 9.690 0
0 0 8.210

 9.953 0 0
0 9.440 0
0 0 7.977

 0.06449 0 0
0 2.344 0
0 0 3.674


λ0 1× 10−3

 −6.435
−0.2140
−0.1537

 1× 10−3

−5.992
0.1562
0.2304

 1× 10−4

 7.805
5.496
2.6581


λ1×103

−3.089 74.86 157.4
−6.881 −12.21 188.8
−4.318 −3.240 −79.31

 −6.173 63.54 158.5
−6.431 −44.84 176.7
−4.335 −7.132 −93.67

  7.394 18.92 11.44
2.462 29.32 55.61
0.7182 14.35 40.83


Tab. B.2: Parameter estimates from three-factor model
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Naı̈ve Estimation of the Inflation
Risk Premium

As discussed in Chapter 2, Abrahams et al. (2016) estimate the inflation risk pre-
mium using an ATS model as the difference between model-implied break-even
inflation under the objective and risk-neutral measures. By extracting a “real term
premium” through an application of the ACM procedure to real bond yields, an in-
flation risk premium can be estimated naı̈vely as the difference between the nom-
inal term premium and this real term premium. This estimate has some obvious
flaws. For example, the larger liquidity premium present in real yields means that
this estimate of the inflation risk premium is biased by the difference between the
liquidity premia in the nominal and real bond yields. Differences between supply
and demand for the two classes of bonds and other idiosyncratic effects also affect
the accuracy of this estimate.

An application of this naı̈ve estimation using nominal and real yield curves ob-
tained from the NSS parameters of Gurkaynak et al. (2006) and Gurkaynak et al.
(2010) for the period from January 1999 to January 2014 is shown in Figure C.1,
with break-even inflation estimated as the difference between model-implied nom-
inal and real yields and risk-neutral break-even inflation given as the difference
between the risk-neutral nominal and real yields. This last component is discussed
in detail below.

A comparison to the results of Abrahams et al. (2016) (Figure C.2) shows that
while the estimates of break-even inflation under the objective measure closely
match, showing that the ACM procedure is able to accurately price real bonds un-
der the this measure, the naı̈ve inflation risk premium exhibits much more variation
and a stronger upward trend than the original estimate. However, the naı̈ve esti-
mate does capture some features of the original estimate, including a downward
trend between 2004 and 2007 and a sharp increase leading into 2008.

Abrahams et al. (2016) decompose break-even inflation into three components.
As per equation (2.5), the time-t break-even inflation for horizon n is denoted πn

t ,
with πn,Q

t representing break-even inflation under Q, interpreted as the risk-neutral
expectation of average future inflation. Letting ϕn

t,i and ϕn
t,L denote the correspond-

ing inflation risk premium and liquidity component respectively, this decomposi-
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Fig. C.1: Naı̈ve decomposition of break-even inflation

Fig. C.2: Decomposition of break-even inflation. Source: Abrahams et al. (2016)
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tion can be represented as

πn
t = πn,Q

t + ϕn
t,i + ϕn

t,L. (C.1)

In contrast, the naı̈ve approach decomposes break-even inflation as follows:

πn
t = ynt − ynt,R

= yn,Qt + ϕn
t − yn,Qt,R − ϕn

t,R, (C.2)

as per an ACM decomposition, with ynt representing nominal bond yields, ϕn
t the

nominal term premium and subscripts R denoting the same quantities associated
with real yields. The naı̈ve inflation risk premium is defined as

ϕ̄n
t,i := ϕn

t − ϕn
t,R.

Thus, under the assumption that ϕ̄n
t,i includes the liquidity component of nominal

and real yields, relating (C.1) and (C.2) yields

πn,Q
t ≡ yn,Qt − yn,Qt,R =: π̄n,Q

t .

That is, the risk-neutral inflation expectations of Abrahams et al. (2016) correspond
to the difference between the risk-neutral nominal and real yields obtained from the
ACM estimation. Contrasting these two quantities explains much of the discrep-
ancy between the naı̈ve inflation risk premium and that of Abrahams et al. (2016).
Figure C.1, plotting the decomposition πn

t = π̄n,Q
t + ϕ̄n

t,i, shows that the discrep-
ancies observed between the two approaches stem mainly from the fact that π̄n,Q

t

does not accurately represent the inflation expectations component πn,Q
t . The naı̈ve

expectations component π̄n,Q
t exhibits much stronger volatility and an exaggerated

downward trend, corresponding to the increased volatility and upward trend in
the naı̈ve inflation risk premium ϕ̄n

t,i.
Capturing this component accurately requires the joint pricing of real and nominal
bonds, as per the framework of Abrahams et al. (2016). In the naı̈ve approach, price
of risk parameters are necessarily estimated separately for the nominal and real
bonds, and the two procedures result in substantially different estimates of said
parameters. The joint pricing procedure of Abrahams et al. (2016) estimates one
market price of risk which is used to price both bonds, while the difference between
the nominal and real bond prices is derived from the inclusion of CPI into the real
bond pricing parameters and the liquidity adjustment. Under the naı̈ve approach,
these different prices of risk result in inconsistent dynamics of the risk-neutral real
and nominal bond prices, giving rise to the inaccurate dynamics of π̄n,Q

t . However,
the naı̈ve estimate is still able to capture many features of the rigorously estimated
inflation risk premium, and is shown below to be closely related to year-on-year
changes in CPI as well as surveyed inflation expectations.

Figure C.3 shows the naı̈ve inflation risk premium associated with the 24- and 120-
month nominal bonds in the South African market. This application made use
of a five-factor ACM model trained on real and nominal bond zero curves from



Appendix C. Naı̈ve Estimation of the Inflation Risk Premium 56

Fig. C.3: SA naı̈ve inflation risk premium and year-on-year CPI

September 2012 to September 2021. Yields were obtained from Bloomberg and
bootstrapped according to the JSE methodology. CPI data published by Statistics
SA (Statistics SA (2021)) was used to obtain year-on-year inflation rates, which are
superimposed on the inflation risk premia in Figure C.3.

This plot shows that the naı̈ve inflation risk premium captures trends in the
CPI, showing a sharp increase in late 2015 and a downward trend between 2016
and 2020. These trends are also in line with analysts’ decreasing surveyed infla-
tion expectations from the Bureau for Economic Research (2022) over that period,
shown in Figure C.4.

While the naı̈ve inflation risk premium has some clear drawbacks stemming from
the lack of a rigorous theoretical framework, the ease and speed of implementation
given the efficient ACM procedure may give the approach some utility in quickly
obtaining a rough estimate of trends in the inflation risk premium without the need
of MLE.
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Fig. C.4: One year ahead surveyed inflation expectations


	Introduction
	Modelling the Term Premium
	Linear Regression Models
	Affine Term Structure Models
	Bond Price Dynamics
	Specifying the Price of Risk

	Maximum Likelihood Estimation
	The ACM Framework
	Computing Bond Pricing Parameters

	Modelling the Inflation Risk Premium

	Estimation in the ACM Framework
	Principal Component Analysis
	Step 1
	Step 2
	Step 3
	Estimating the Term Premium
	Data

	Results
	Monte Carlo Simulation
	Parameter Estimation
	Yield Curve and Pricing Factor Fits

	US Yield Curve
	South African Yield Curve
	Nominal Term Premium


	Model Diagnostics
	Estimation Speed
	US Data
	South African Data

	Conclusion
	Bibliography
	The Nelson-Siegel-Svensson Framework
	Level, Slope and Curvature
	The Framework

	Simulation Results
	Naïve Estimation of the Inflation Risk Premium



