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In accordance with the regulations governing the
award of the degree of Ph,D. at the University of
Cape Town,the candidate presents the following
summary of the contents of the thesis to indicate in

what way it consitutes a contribution of knowledge.

SUMMARY

This thesis consists of.th chapters, of which the
first presents a categorial study of the concept of '
initiality (also known as projective generation) and the
second gives applications in the theoery of uniform and

quasi-uniform spaces..

The first three sections of chapter 1 expound basic
aspects of initiality, such as its relation to categoerial
limits and to embeddings, the latter being defined with
respect to a faithful functor to a bicategory. The notion

of a separated object with respect to such a functor is

defined. The main contribution of the chapter lies in the
fourth section, where, given two amnestic functors

L A —> Band M : B — C, the functors F : B — é

with MLF = M are studied. These functors were characterized
by HuSek [}96701, Our investigctions branch away from
HuSek's by proceeding to further specialization of the type
of functor F. We characterize the functors F for which the

initiality construction depends only on a class of objects

of A. Among these F we study the right inverses of F in
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detail. The results are then applied in the sixth section
to find conditions for the existence of an adjoeint’ right
inverse of L, in the seventh section of explore the
natural order structure of the class of all right inverses
of L, and in tHe eighth section to study monorefieétors in
EL The chapter ends with a brief investiéction of the

lifting of epireflectors from B to A against a functor

L : A > B.

Chapter 2 starts with a minimal self-contained intro-
duction to the categories of the quasi-uniform spaces (Qun),

the-bitopologicol spaces (2 Top), and the quasi-uniformizable

bitopological spaces (Bcrg): their classical analogues are
Un, Top, Crg. We show that the notion of separated object,

abstractly introduced in chapter 1, corresponds in each of
these categories to the epireflective property obtained by
lifting the To—epireflector from Top. We settle a numbék

of queétions concerning right inverses of forgetful functors
among the mentioned categories and among their subcctégories

of separated objects, We also characterize the epimorphisms,
extreme monomorphisms and equalizers in these categories.

Thus equipped, we study total boundedness and completeness

in Qun, and compactness in 2 Top, by regarding these properties
as lifted from Un and Top, respectively; we thereby obtain

some new results and perspectives on quasi-uniform spaces.
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CHAPTER O. INTRODUCTION AND - PRELIMINARIES.

O,1 INTRODUCTION

The naive concept of initiality is that of a space
having the coarsest structure that makes certain functions
continuous (or uniformly continuous, efc.) into certain
given spaces, Ini%iclity constructions so permeate general
topology that they resort more to the folklore than to
specific items of literature; but one may mention that
the concept was formalized by Bourbaki [1957], Sonner [}965]
and Taylor [}965] and that certain degrees of freedom in
the definition have become apparent LCech 1966] Pusek 1966,
1967a, l967b] Ewyler l97lb]) Relctlvely few other papers
had initiality as a major concern' such were e.g. [Husek
19640, 1964b, 1965], [Antoine 1966, l966b] and [éoberts 1968J.
Considerations of initiality are more or less implicit in the
theory of concrete or structured categories ([ﬁsbell‘l957],
[_Semcdeni 1963], EEhresmcmn 1964, 1968], [E’ultr 1968],
knlenko 1969], Ewyler 19710]).

This dissertation is not an essay on concrete or structured
categories, but has something in common with that subject.
The motivation is that not single categories, byt rather
categories together with certain faithful %unctOrs present
themselves for study in categorial topology [Wyler 19710]:
Thus our typical object of study is a faithful functor

K:A—> C, with C fixed. Given another such entity
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=
o

—> C, the natural task is to consider the functors

L : A—> B with K = ML, and the functers F:B—> Awith

M = KF. (These functors L and F are readily characterized
in terms of initiality; this was done by HuSek [19670J.)

In practice at least one such functor, say L A — B,
is given and distinguished., One may call L a forgetful
functor (a term which I do not define, preferring to keep

the notion naive and opén), but one should realize that other
forgetful functors A — B as well aé B — A may be educlly
distinguished. However, given L : A — B with K = ML,

one question is about the F : B — A with M = KF.

Thus our point of departure is simply that we are given
two faithful functors L : A —» B and M : B — C and we
have to sthy the F : B — A with MLF = M, Our main
contribution lies in characterizing a number of increasingly
special conditions on these functors F. It is hoped that
these chorocferizctions will be of service in categorial
topology beyond the confines of the (bi-)topological and
(quasi-)uniform spaces to which the given applications are
restricted. The approach does uncover a number of new facts
and perspectives on ducsi-uniform spaces, and it may be
claimed that the very successful investigations of Salbany
[}970, 19719] in this field were partly motivated by just

such an approach.
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This work is not intended to be or to develop into a
monolithic theory, and I do not strive after maximal
generality of assumptions., I keep to one simple
definition of initiality (the Bourbaki - Sohner.- Taylor
form) and, as indicated above, I derive special results.
This may make the work readable, but risks that some of
the results may by some be written off as mere consequénces

of other (high-powered) theories such as those of Ehresmann

E964, l96§] or Gray E965]n
A survey of the contents now follows.

Chapter 1 deals with initiality., In its first two
sections, 1.1 and 1.2, basic and largely known aspects of

initiality, such as its relation to limits, are expounded.

In section 1.3 we consider a faithful functor M : B — C,
with the simplest assumptions about given "injectioné" and
"surjections" in C such that the resulting M-embeddings
and M-quotients in B suffice for our later purposes;
eventually the assumption is that C is an Isbell bicategory.

The innovation in this section is the definition of

M-separated objects in B these are shown to be an abstraction
of To-spccesk The curious "dual" of To in Top is also charact-
erized,

In section 1.4 we consider two amnestic functors L :‘A —> B

and M : B = C. (The restriction to amnestic rather than
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faithful functors is a practical but removable simplification.)
We étudy the functers F : B — A with MLF = M, Under the
assumption henceforth that L presérves initiality for M,

we isolate first those F which are right M-subinverses of L.
Then we consider the F for which_the initiality construction
depends just on a class U of objects of A; they‘receive the
notation F = (L, M : (Q)), and are shown to be the right
M-subinverses of L which satisfy FLF = F. Then a basic
necessary and sufficient condition for (L, M : (U)) fo be

a right inverse of L is givén; and further adapted . to forms

involving the theory of embeddings from section 1.3.

Section 1.5 discusses the special form (L,'lB : (U)) and

its relations te (L, M : (U)).

We then have a little calculus of forhcl properties of
the functor (L, M : (U)), which we cpplyiin section 1.6 to -
the finding of sufficient conditions for the existence of an
adjoint right inverée of L. A postscript also gives a
necessary conditien : L should preserve initiality fof every

M (the simple proof is omitted).

In section 1.7 the "little calculus" enables us to study
the natural order structure of the class of all right inverses

of L, thereby extending the results of the paper [BrUmmer 19690].
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In section 1.8 we observe that, by a résult stated
above, the functors (1B, M : (V)) are just the functors
F: B —> B with FF = ;'EEM 1B° - Under conditions of wide
validity these are, up to nct:ral equivalence, just the

monoreflectors in B.

Section 1.9 gives ad hoc conditions on a category A and
a functor L : A —5' B in order that each epireflector in B
~can be lifted against L to an epireflector in A. These -
conditions are applied several times in chapter 2, but they

seem still susceptible to a good deal of sharpening.
Chapter 2 consists of applications.

Section 2.1 gives a minimal self-contained introduction
to the categories of the qucsi-dniform'spaces (Qun), the
bitopological spaces (2 Top), and the qUaéi-uniformizcble

bitopolegical spaces (Bcrg). The classical analogues

are Un, Top, Crg.

Section 2.2 shows that the separated objects (in the
sense of section 1.3) in the categories Qun, Un, Berg, Crg,
2 Top are obtained by lifting the property To from Top

against the forgetful functors.

Section 2.3 dwells on right inverses of various forgetful
functors among these categories and among their subcategories
of the separated objects; a problem of Salbany [197lb] is

solved.



(xiv)

Section 2.4 discusses the total boundedness monoreflector
in Qun; this is an instance of lifting from Un. Some new

results for Qun are obtained.

Section 2.5 concerns the categeries of separated objects
of Qun, Un, Berg; Crg. We find their (partly known)
epimorphisms, equalizers and extreme menomorphisms. Then

all is ready for applying the lifting theorems of section 1.9.

Secfion 2;6 studies completeness in Qun and compactness
in 2 Top as properties lifted from Un and Top. Thus some
of the results of [§clbcny l97Cﬁ are Eetrived by "external”
methods. It is observed that a very important property of
the completeness epireflector in Qun is not obtained from the
present results on the'lifting of epireflections., This
points to the desirability of studying the preservation of
special properties of an epireflector under the lifting.
The section concludes with proeblems; one on the lifting of

realcompactness.



0.2. NOMENCLATURE AND NOTATIONS.

What in the sequel is called "initiality" is termed
"préjective generation” in the Prague school ([éech 1966],
[Huéek 19673])u However, I needed a basic term allowing
certain combinations cnd'infiections, and I could not be
sure how "projective.génerction" is inflected in Prague.
Therefore it was safer to adapt my terminolegy from
Bourbaki's [1957] "structures initiales", This has the’
further justification that Bourbaki's definition is a
precategorial form of the single concept that I employ,
whereas Hugek.uses a whole scale of concepts. Confusion
with initial objects need not occur. Definitions follow

in chapter 1.

_The'terminology on categories is that of Freyd [}964]
and Herrlich [196%], with few exceptions : 1In a category C,
C (X, Y) denotes the set - of all morphisms X — VY. Functor

always means covariant functor. If B is a reflective

subcategory of A, we speckvof the reflgctioh functor A —> ‘Q,l

but of the reflector A —> A (or reflector in A) which is

obtained from the reflection functor by composition witﬁ the
inclusioﬁ funétor. We have the general topologist'é bad
habit of writing small letters for reflection functors and
reflectors; these should not be confused with the corres-

ponding natural transformatioens.
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The categories.

Qun, Un, Berg, Crg, 2 Top, Top

which are mentioned in examples throughout chapter 1, are

defined in section 2.1, So also are the spaces

The categories

Qprox and Prox
of the nqn-seporoted quasi-proximity and proximity spaces,
respectively, are not defined; for Prox see [}gbell 1964]

and for Qprox see [?olbcny 1970, chapter 4].

Discrete topologies and uniformities are well known;
we use accrete (instead of "indiscrete") for the opposite

extreme.

Complete regularity does not imply TO. Tihonov spaces

are completely regular To—spoces.
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0.3 ERRATA AND ADDENDA

The references to [Antoine'l96é] in 1,1.13(2) and
after 1.2.2 should read [Antoine'1966]. Proofs of 1.2.2

and '1.2.6 for the case C = Ens were given in [Antoine l966b]r

In 1.3.2 the reference to [Isbell 1963] should read

[1sbe11 1964p] .

The theory of sets and classes that we use throughout
the thesis is the Bernays - von Neumann - G8del system
as developed in the appendix of'LKelley 1955]. We--make

only one exception, which is indicated in section 1.7,



CHAPTER 1 : INITIALITY

1.1 BASIC CCNCEPTS.

This section contains basic definitions and a few simple,
largely known basic results, The definitions dgree in
content with standard uscge,.especiolly with that of the
Prague school, e.g. zgechv1966], The nomenclature, however,
is adapted from that of Bourbaki ]1955} for reasons stated in
section 0.2, (Further references to the literature are to

be found at the end of the section.)

f

Throughout this section B and C will be categohies with

a_faithful functor M: B—C.

1.1.1. Definition. Let X € obj B. A class &fj : j & J}

Of E - morphisms fj X = Yj (each with X as domain) is an

M;initiélitx (at X) if, whenever B-morphisms hj 7 — Yj
(wifﬁ the same arbitrary Z as domain) are given togethér with
K : MZ — MX such that ij.k = Mh, (; & J), there exists
m: Z =X with Mm = k. An M-initiality {f} consisting of.

~a single morphiém is called simple and we may then abuse the

language, saying that f is a simple M-initiality.

We observe that the faithfulness of M implies uniqueness

of-m, and implies that fjm = hj’ Each class of B-morphisms

with common domain is a 1B—initiolity.

The dual concepts are M-coinitiality (gi X) and simple

M-coinitiality.




We shall always set out the diagrams for the situation
of definition 1.1.1 as in figure 1:

Y.

> ]

X J

(upper diagram)

(lower diagram):

figure 1
Indeed, we like to think of B as the "upper", C as the "lower"

category.

1.1.2. Proposition. If gfj I €.J} is an M-initiality and

if {fj tJ E.J} is an equivalent family in the sense that
there are isomorphisms t, tj such that f't = tjfj' then
{fj : JE& J}S is an M-initiality.

O

1.1.3. Definition, Given objects Yj in B and C-morphisms

9; ¢ cC - MYj (i € ). We shall say that the B-object X is

M-initial (over C) for the 9; to the Yj if there exist
fj P X = Yj such that ij =9 and Efj': J €.J§ is an
M-initiality at X, Cccasionally it will be economic to say:

X is a solution to the M-initiality problem {C, 9 Yj : &€ J).

If the index class J is non-void, so that C is determined by

the gj, we take the liberty of abbreviating this last notation



to (gj, Yj : JE J). (Dual : X is M-coinitial for the 9;

from the Yj.)

1.1.4, Remarks. (a) It is very important to note that in

the phrase "X is M-initial for the‘gj to the Yj"' X and the
Yj are B-objects whereas the gj are C-morphisms. Thus the
words "to the Yj" should not mislead one to think of Yj as
codomain of gj; to guard dgcinst this, the reader may

replace our "to" mentally by the lengthier "with respect to".

(b) It would be in line with fhe usage on limits to call
(X, (fj : j & J)) a solution to the M-initiality problem.
However, in this context the fj are determined by the other
data, and our convention seems on the whole hore convenient

for our purposes.

(c) In the phrase "X is M-initial over C for the 9;
to the Yj" we may and do omit the object C when the index
class J is non-void. " However, when J is void; we shorten

the phrase to "X is M-initial over C", which means : For every

Z €obj B and every k : MZ — C, there exists m : Z — X with

Mm = k. We then also say : X is a solution to the M-initiality
problem (C). Thus when we speak of a void M-initiality

problem, we do require that its source C (or MX) be prescribed.
By grace of this restriction, the following proposition

remains valid for void M-initiality problems.

1.1.5. Proposition. If X and X' are solutions to the same

M-initiality problem, there exists a unique isomorphism



h : X' — X such that Mh =1,

1

1.1.6. Definition. The faithful functor M : Q,—é C is
amnestic if, whenever h is an isomorphism in B with Mh = 1,

then h =1.

We observe that amnesticity is a self-duul notion,
closed under composition and natural equivalence, and true

of any identity functor.
If M is amnestic, then by 1.1.5. each M-initiality
problem has at most one solution, and then the following

notation is permissible:

1.1.7. Definition. The notation

- 3 Y-
X iny (c, g Yj 2 J)
means that X is M-initial over C for the gj to the Yj" If
J is non-void, we may briefly write X = inM (gj, Yj 1 j € J).
No confusion wili result from using this notation when
M is not amnestic.

1.1.8. Definition. The relation <,, among objects of B is

M
given by: X fEM Y (read : X is M-coarser than Y)

if and only if there exists a morphism f : Y — X with Mf =1,

(Dual : X :>'Y — X is M-finer than Y).



Habit and the set-theoretic inclusion between two
topologies are to blame for the above notation. The Prague

V P
school [Cechg Huge{] has the ordering sign the opposite way.

1,1.9, Proposition. The faithful functor M : B — C is

amnestic if and only if X EEM Y and Y ééM X always implies

X =Y,

[l

v
1,1,10. Associativity Theorem X?ech 1966, p.87él

Let X = inM (c, 9y Yj : 3&J) and, for each jEJ, let

Y, = iny (D4, hy, 7 k& K)o Then X = iny (C, hi g, Z,
j&€ J, k G_'_Kj)q
Proof. This is straightforward from figure 2 when all index

classes are non-void.

3
_— e ,>><
o
o
\
\
\
\
Y]
, X

> Mz,
figure 2
The proof is trivial when J is void., If J # ¢ and each

Kj = @, it is easy to see that X = iny (c). Finally, with



J # ¢, let J = J'y J" where Kj ¥,¢ for jE J', Kj = @ for

(c, h Z

j & J"; then one readily sees that X = in k95" “k

M.
ieJr, kc-.KJ.).

1.1.11. Proposition : Augmenting an initiality

Let &fk ik G.Kg be a family of B-morphisms with domain X.
If JC K and S_fJ L je J‘g is an M-initiality at X, _
then Efk : k<E.K}\is an M-initidlity at X.ﬁ
L]
It is worth observing why the following apparently similar
proposition has a markedly different outcome. In the one’
proposition, morphisms in the upper category are given; 1in

the other, they are given in the lower category.

1.1.12. Proposition : Decreasing an initiality

Let X be M=initial (over é) for the g,  to the Y, (k& K).

Let JC K, and let X' be M-initial (over C) for the g  to the’

Y, (k&J). Then X' £ X
1.1.13. Remarks (1) The definition of M-initiality can be
generalized as follows. Let C' be a subcategory of C. = The’

morphisms fj : X —é.Yj form an (M, C')-initiality at X

if, whehever hj 2 - Yj and k& C'(MZ, MX) are given with

Mf .k = Mh., there exists m : Z —>X with Mm = k.  This is

the concept used by HuSek E966, 1967a, 1967@ under the name



<M, 9':> -projective generation. When C'=C, this is
M-initiality; the other extreme case is when C' consists of

just the identity morphisms of C (write C' = obj C). In

v L . :
Ygech, 196&1, (M, obj C)-initiality is termed M-projective

generation, while M-initiality is termed strong M-projective

generation. " Certainly, (M, obj g)-initiolity is a concept
very ready to hand in Top or Un, if M forgets to Ens.
 Fortunately, in these examples (M, obj C)-initiality and
M-initiolity éoihcide, but there are exomplés [ﬂuéek 1967b,

p. 12%} where they do not coincide.

M-initiality has given us the associativity theorem l.l.iO,
and it bears straightforward relations to limits (section 1.2)
and embeddings (section 1.3). These benefits we cannot
claim, at léost not so easily, from (M, C')- or (M,.objjg)-
initiolity. Considering also that M-initiclity gives an
interesting theory of great clarity and of sufficient
‘generolity to cover the applications we have in mind, we shcll
henceforth discuss only M-initiality.
(2) Cur concept of M-initiality agrees, modulo terminology,
with those of [5ntoine 196§&, (?ourboki 195%X, [?rUmmer 1969a,
l969é], Iéoberts 196€1, Kéénner 1965], and [Toylor 196§l. The
name amnestic comes from [?ech 1965], and the concept is used
by [éntoine 196%&. An explicit treofment of void initiality
problems dqes not seem to occur in the literature. We shall

find void problems forced on us in sections 1.2 and 1.4,



1.2 INITIALITY AND LIMITS.

The self-dual concept of M-initiality completeness is

introduced and related to limits and completeness.

Throughout this section M : B — C will be a faithful

functor.

1.2.1. Definition The category B is M-initiclity complete

if every M-initiality problem has a solution (in B, of course).
(Void M-initiality problems in the sense of remark 1.1.4(c)

are admitted.)

This concept is self-dual:

1.2.2. Theorem The category B is M-initiality complete if

and only if every M-coinitiality problem has a solution.

First Proof Eéoberts 1968, proposition 4.61.

]

The first proof employs universes, which is not nécessary

here:

Second Proof Let B be M-initiality complete. Let objects

Y, of B and C-morphisms g. : MY, —> C (j €.J), with J # @, be

given. Thus a non-void M-coinitiality pkoblem is posed

(figure 1). For each object Z of B we define a class é(Z) of



C-morphisms as follows:
k €A (Z) iff k : C .+> MZ and there exists a function h¥ : J —B
such that, for each j &€ J, hk(j) : Yj — Z and kgj = th(j).

\)

|
|
|
|
|
|
~
N

(o]

. -
e 1K

.

figure 1

Let B‘= inM (C, k, Z: Z&obj B, k&A (2)).

‘B exists by hypothesis, even though A (Z) may be void. For
each k &A(Z) there is then k' : B —» Z with Mk' = k. Also,
tHinking of j as fixed and k ranging through A(Z), Z‘ronging
through obj B, we see (figure‘2) tﬁot there is gj : Yj — B
with Mg§>= gj. Now, given the commutative lower diagram

in figure 1, we complete its upper diagram with gé and k', and
the M-coinitiality problem is solved. If we start with a ’
void M-coinitiality problem over C, the above pfocedure applies
in appropriately simplified form. Finally, thé converse
implication follows by duality. | Ej
The above thedrem was also stated, without proof, for

the special case C = Ens, by Antoine [}962 proposition a .



10

Cur term "M-initiality complete"” is cloéose to the term used
by Antoine.  Roberts ‘2965] expresses the same concept

by calling M an initial functor.

1.2.3. . Example. Each of the categories Top, Crg, 27Top,

Un, Qun, Prox, Qprox is M-initiality complete, where M is in

each case the forgetful functor to Ens. (The first five are
obvious. For the others see [Eygek 1967b, p.lZél or
[L\lfsen and Fenstad 1959, p,359] and [Sclbcny 1970, p,84].)

Further, any category B is 1B- initiality complete.

1

l1.,2.4. Theorem. Let J be a small category. Consider a

diagram D : J — B and let (C, qj) be limit of MD. For any
object B of B we have:

B = inM (c, a5 Dj) if and only if M? = C and there exist .
pj.: B —Q_Dj with ij = qj such that (B, pj) is limit of Df
Proof It is understood that the j range through obj‘i.
As;ume’thct B = inM (c, qj, Dj). Thus there are pj : B — Dj
with ij =a; and hence MB = C. Fofany g : j — j' the

diagram

D3

L4 ~:

Dg
commutes because its image under the faithful M commutes. . Thus

(B, pj) is a lower bound of D. Let (B', pj) be any lower
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bound of D. Then (MB', Mpséfis lower bound of MD, and thus

o . .
J . :
? Dj there is unique k : MB' — C

making the lower diagram in
figure 3 commute. By the

initiality of B it follows that

3
W—=——===3 m

there is m : B' —. B with Mm = k,

and then pjm = pgo If also
pjm' = pj then the uniqueness
of k in the lower diagram would

imply Mm' = k, whence by the’

foitHfulness of M, m' =.m.

figure 3

Hence (B, pj) is limit of D.

Conversely, let (B, pj) be 1imit of D, with ij = a and
MB = C. To prove that B = iny (c, qj, Dj), we have to consider
b

B y > Dj hj : Zx—) Dj and k : MZ —% C such

4\ .

: that the lower diagram in figure 4
L

)

|

!

z

h commutes. We claim that (Z,'hj)

is lower bound of D.

Given g : j — j' then, as (C, qj)

is limit of MD, we have

o MDg.q. = q.,.
<] qJ ‘ qJ.

Hence

M(Dg,hj) = MDgath = MDg.qjk =

= g. , k = th, and thus, as M is faith-

. 3!
figure 4 ful, Dg.h, = hi,.  Thus (Z, h,)
is lower bound of D, and there is unique m : Z —» B with pjm = hj’

Hence'qum = th. But (MZ, th) is lower bound of MD, so k is
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unique in qjk = th. Thus Mm = k and B = in, (c, a5 Dj).

In case J is void, C is a terminal object of C. It is
easy to see that B = iny (C) if and only if MB = C and B is
a terminal object of B. This is the sense to which the

theorem reduces when J is void.

-

1.2.5. Corollary. Let B be M-initiality complete. Let J

be a small category. If C has J-limits, then B has J-limits
and M preserves them. If C has J-colimits, then B has

J-colimits and M preserves them,

Proof. Given a diagram D : J — B, and let C have J-limits.
Then MD has limit (C, qj). Letting B = inM (c, qj, Dj), we
have by theorem 1.2.4 a limit (B, pj) of D, with ij = 4q;-
To see that M preserves J-limits, consider any given limit
(z, sj) of D. Thgre is an isomorphism t : Z — B with pjt =

Then Mt is an 1isomorphism with ij.Mt = qut = Msj, whence

(Mz, Msj) is limit of MD.

The dual statement follows from theorem 1.2.2.

o

l1.2.6. Corollary Let B be M~initiality complete. If C

is complete, then B is complete and M preserves limits. 1If C

is cocomplete, then B is cocomplete and M preserves colimits.

O
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Theorem 1.2.4 and its two corollaries may well be
generally known: Corollary 1,2.6 was stated without proof
for the case C = Ens by Antoine [}966, proposition é}. The
special case of theorem 1.2.4 for products was stated in
{éech 1966, p.87é}, and essentially the form given here

was announced in Yﬁugek 1966, theorem éX'

The following result, however, seems to be new. It

has an illuminating application in the next section (1.3.13).

1.2.7. Proposition Each equalizer in B is a simple

M-initiality if one of the following two conditions is
satisfied:
(1) ™M sends equalizers to monomorphisms

(2) B is M-initiality complete and C has equalizers.

Proof  Let (B, d) be equalizer of f, g : X => Y in B.

Given h : Z — X and k : MZ — MB with Md.k = Mh, we have to
find m : Z = B with Mm = k. Now M(fh) = Mf.Md.k = Mg.Md.k =
= M(gh), whence fh = gh and there is unique m : Z — B with

dm =vh. Then Md.Mm = Mh = Md.k. Under either of the given

conditions, Md is mono (use 1.2.5 in case (2)) and thus

O

1.2.8. Remark., Initiality complefeness can be a very
strong requirement. Let L be the forgetful functor Un —e»Crg.
It will be shown in 1.5.3 that Un is not L-initiality complete.

Yet Un and Crg are both complete and cocomplete (this follows

!
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by applying corollary 1.2.6 to the forgetful functors to
Ens, see 1.2.3) and L preserves limits. A great deai of
our work in section 1.4 and later owes its applicability
to the fact that though a category A may not be
L-initiality complete (L : A —> B), there may be a

functor M : B = C such that A is ML-initiality complete.

Clearly desired is a characterization of initiality
completeness in terms ofilimits. There is a discrepancy
between the convention of taking limits over small categories
and our insistence on solving large initiality problems.

We leave the matter here.
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1.3 EMBEDDING, SEPARATICN AND FACTORIZATION.

Throughout this section M : B — C will be a faithful

functor.

It, is safe (because vague) enough to claim that "true"
subobjects should cerrespond to the intuitive nétion of
embedding. AsSuming some settlement of the “true" subobject
problem in the lower cctégory C, one can use the faithful
functor M to define "injections" and "embeddings" (to name
but two types) in the upper cctegofy B.  This is a wide=-
spread idea in the theory of concrete or structured categories,
cf. [Isbell 1957, 1958] . [Semcdeni 1963] . Ef:onner 196‘% . [‘_l'dylor
1965, p. 789 , [tech 1966, p.877], \Hubek 1966, .definition 2],

[calenko 1969, p.502].

We shall start with rather rudimentary assumptions about
"injections” and "surjections" in C, and exhibit some basic
properties of the consequent "injections", "embeddings" and

their "duals" in B.

Next we give an apparently new definition of M-separated

objects in the category B, and shéw that these become the

To-spcces wheh M is the forgetful functor Top —> Ens; we
also isolate the property which can be regarded as dual to

To in Top.
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Finaliy we assume that C is an Isbell bicotegofy and
obtain a standard factorization theorem for morphisms in B;
we also find a reason why equalizers in B are often

embeddings.

We do not claim any canonicity for the assumption of
bicofegory stfucture on C; finer distinctions can be drawn
for various purposes {;sbell 1957, 195éx, or the initiality
mechahism can be modified {Wyler 1971'QX: but what we do,
suffic;s'for our later applications. We do claim that our
exposition shows that the concept of initiality deals with

these matters in a simple and clear way.

1.3.1. Motivation. It is known»[}aylor 196%1thot the -

topological "embedding lemma" (as Kelley @955} calts it) can
be phrased in terms of initiality. I have found the following

a very teachable analysis of this lemma.

Let E : Top —> Ens be the forgetful functor. Given

mappings fj X —é-Yj (; &€ J) in Top.

(i) Let f : X —éfTﬁYS be the unique mapping given by

pjf = fjf with‘:he pj the projections.

(ii) f is an E~-initiality if and only if {fj : ] € J} is
an E-inifiolity.

(iii) f is an embedding if and only if f is an E-initiality
and Ef an ihjection.

(iv) f is an ihjection if and only if the fj distinguish

points.,
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(v) If f is an E-initiality, then f sends sets open in X°
onto sets open in fX (as subspace of‘TTYj). The
converse fails,

(vii) The f, distinguish boints and closed sets if and only
if the preimages of open sets under the‘fj form a
base for open sets of X. This condition is sufficient
for f to be an E-initiality, but not necessary (only

a subbdse is necessary). {?rUmmer 1968 d].

0

We are only concerned here with generalizing (i) (ii)
(iii), which is almost merely a matter of definition. It is

easy to generalize (iv) and seems feasible to. generalize (v) (vi)

‘along the lines of [Semcdeni 1963, %é}.

1.3.2, Conventions. We assume throughout this section that

in- C there is given a class §ﬂg)of morphisms which we shall

call surjections, as well as a class - I(C) of morphisms which

we shall call injections, such that:
(1) S(C) consists of epimorphisms, I(C) consists of

monomorphisms, and both classes are closed under
composition; |
(2) S(c)nI(C) is the class of all isomerphisms in Cj
.(3) in case C is equivalent to Ens, S(C)shall consist
of all epimorphisms and l(g) of all monomorphisms

of C.

We' call C (more precisely, C equipped with S(C) and

I(C)) an Isbell bicategory ( [_Isbell 1957, 1958, 1963,
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[SOnner 1965}, [pclenko 1969] ) if, in addition, the following

condition holds:

(4) Each C-morphism factors, uniquely up to isomorphism:

into a member of S(C) followed by a member of I(C).

1.3.3. Remark. For an Isbell bicategory the condition (3)

is redundant. Indeed, any epimorphism e factors as e = js
with s& S(C), j €& I(C); j is then mono and epi, and
supposing C equivalent to Ens, (2) implies that j€& S(C), and

hence by (1), e € S(C); dually any monomorphism will be’ in

]

1.3.4. Definition. A morphism f in B is an

M-injection iff Mf is an injection,

M=surjection iff Mf is a surjection,

M-embedding iff f is an M-initiality and M-injection,

M-quotient iff f is an M-coinitiality and M-surjection.

"1.3.5. Proposition Each of the four classes:

M-injections, M-surjections, M-embeddings, M-quotients, is
closed under composition and under equivclence (i.e. composition
with isomorphisms). Each M-injection is a monomorphism, and

each M-surjection is an epimorphism in B,

Proof The class of M-initialities is closed under
equivalence by 1.1.2, and under composition by the associativity

theorem 1.1.10.

D .



1.3.6. Proposition

f in B are equivalent:

(a) f is an isomorphism

19

The following conditions on a morphism

(b) f is an M-surjective M-embedding

(¢) f is an M-injective M-quotient.

Proof. By 1.3.2(2), (a) implies (b) and (c).

> Y

Mf

MY

We now reach the promised generalization of l.3.l»(i)(ii)(iii):

1.3.7. Proposition

Given Q:morphisms‘fj‘:

Let (b) hold, then Mf

is iso. Initiality gives

g : Y — X with Mg = (Mf)_l

and then fg = 1

M(gf)

.-
Mg.Mf = (Mf)~Ll.M¢

Hence gf = 1,. Thus (a)
follows.

Dually, (c) implies (a).

X =y, (€,

let the product CTIYj, pj) exist, and let M preserve this

product.

(i) Let f : X — T’IYj be the unique morphism with pjf = f,

(3 €J).

J

(ii) f is an M-initiality if and only if {fj 25 EiJ} is an

M-initiality.

(iii) f is an M-embedding if and only if f is an M-initiality

and Mf an injection.
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Proof (i) and (iii) are matters of definition and (ii)

is essentially the special case of theorem 1.2.4 for

products.
1.3.8. Definition An object X of B is M-separated if

every simple M-initiality at X is an M-embedding. X is

M-coseparated if every simple M-coinitiality at X is an

M-quotient.

This definition and the following result seem to be new.
The approach differs from the way in which Kéharpe, Beattie,

Marsden 196éx generalized certain lower separation axioms.

1.3.9. Theorem Let E : Top — Ens be the forgetful functor.

(i) The E-separated objects in Top are precisely the
To-spaces.

(ii) The E-coseparated objects in Top are precisely the
spaces without closed isolated points. (A one-

point space is regarded as having no isolated point.)

Proof (i) The'To-reflbction sX . of a topological space X'
can be obtained by taking the quotient space with reépect

to the relation: x my iff X and y have the same

neighbourhoods.
It is then clear that the quotient mapping s* : X = sX
is an E-initiality.  Therefore, if X is E-separated, sy is
an E-embedding onto and thus a homeomorphigm, so that X is
a To—space. Conversely, let f be a simple E-initiality at

thevTo-space X. The open sets of X are preimages of open
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sets, and therefore f distinguishes points.

(ii) Consider a non-éurjective E-coinitiality f : Z = X.
We have some b & X — fZ and e10im b is a closed isolated
point. If we refine the topology of X by adding {p} and

X - &é&_os new subbasic open setsndthe relative topology

on fZ is unaltered, so that f remains continuous to the new
space, As X has the finest topology making f continuous,
abi and X— 1b} are opén sets of X, 1.e. b is'o closed
isolated point. Cohvgrsely, given X with at least one

closed isolated point b, then by agreement X—’{pl# D.

X-Xp\ i 5 X The inclusion mapping 1
Em X—'2b§;—9»bx is non-surjective
9 % and an E-coinitiality. Indeed,
j;, given k and g such that k.Ei =Eg,
.then there is m : X — Y with
E(X-ﬁ%) .__Ei___n; EX Em = k bécop;e k is continuous
. .k‘ at the isolated point b and
Eg

its restriction to the open
EY set X—'%bkcdincides with g.

]

-

1.3.10 Remarks. (1) We shall see in section 3.

that, -in all the categories we discuss there, the (forgetful
functor to Ens)-separated objects are precisely the spaces

with To—topology or its natural substitute.

(2) The conjecture that under mild conditions the M-separated
objects will form a reflective subcategory of B, 1is quickly
subdued by the example EOp : IQBOp-—a.EQEOp. The
E°p-sepcrcted objects do not form a reflective subcategory

of Top®P as it is clear from 1.3.9 (ii) that they do not
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form a coreflective subcategory of Top.

(3) It is natural to ask whether other separation

T T

1' "2' '3' '3a°’

as K-separation for suitable functors K. This question

properties in Top, e.g. T T can be represented
leads to the following observation. Consider any category

D between Top and Ens in the sense that the forgetful

functor E : Top —> Ens decomposes into two amnestic
functors K : Top — D, L : D— Ens. (For example, any
coreflective or monorefiective subcategory of Top is

between Top and Ens.)

Then edéh K-separated object of Top is E-separated;

i.e. K-separation implies Ty (Proof: ‘Edbh E-initiality
is a K-ihitidlity. The K-injections are defined in the
obvious way : f is a K-injection iff Kf is an L-injection,
Thus the K-injections are precisely the E-injections,

i.e. the one-to~-one mappings. It is immaterial that we
do not here apply all the conventions 1.3.2 to D). I
have to leave this questibn with the following conjecture:
For any epireflective subcategory S of Top between the
subcategory of the To-spdces and that of the Tihonov spaces,
there is a decomposition of the forgetful functor E

Top — Ens into two amnestic functors, K followéd by L,
such that the objects of S are precisely the K-separated

objects of Top.

The following factorization result generalizes a well-
known situation in topology. 1Isbell Yi964, p. 153 gives it

for uniform spaces.
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1,3.11 Theorem - Let B be M-initiality complete. Let

f : X—= Y in B be such that Mf has d fcctorizotion,«

5 . h N

surjection” C injection MY .

Then f has the following two factorizations:

m, - k

1 L 1 b
(1) X M-surjection ~ B, M-embedding “ Y
: k
(2) X 2 4 2y v
M-gquotient 7 2 M-injection
 with Mm, = Mm, = g and Mk, = Mk, = h. Further there is
a unique morphism n : B, —> B, with Mn = 1C' which is

also the unique n making the diagram.
B

_ | 1
m N
1
(3) _
X n Y commute..
x
B2
Proof There exists an M-initiality kl : Bl —» Y with
Mkl = h. . As the'triangle
Mk
C —1 > My
g
Mf
MX
commutes, there is m, X == Bi with Mmi = g, and then
'-klml = f. -~ Dually, since by 1.2.2 B is-.also M-coinitiality

complete, we obtain first an M-coinitiality L X = B,

with Mm2.= g, and then k2 ; 82 —> Y with Mk2 = h; whence
k2m2 = f. ~ Again, since kl is an M-initiality and the
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triangle ‘Mkl

O

L | Mk,

C
commutes, there is n : 82 — Bl with Mn = 1C' and then
'kln = kyo Dually, we have n' : B, — Bl‘(sic:) wi th
v ' — , o w1+
Mn -lc and n'm, = m,, As n, n' : B, —> B, with
Mn = Mn', we have n = n', Finally the uniqueness of n

in the commutative diagram (3) immediately follows from

the fact that kl is mono and m,, is epi.

[j

1.3.12. Corollary, Let B be M-initiality complete and

let C be an Isbell bicategory. Then each f : X — Y

in B has factorizations of the forms (1) and (2) above,

each uhique up to isomorphism. Further, given factorizations
(1) and (2) of f, there exists a unique n : B2'—% B, making

the diagram (3) commute, and then Mn is an isomorphism.

D .

Finally we use a result from the previous section to
shed light on the fact that an equalizer is very often an

embedding.

1,3.13., Proposition. Either of the folloWing two conditions

is sufficient for each equalizaer in B to be an M-embedding
(a) M sends equalizers to injections
(b) B is M-initiality complete and C is an Isbell

bicategory having equalizers.



25
Proof Apply corollary 1.2.5. to the definition of
M-embedding. In case (b), observe that each equalizer in

an Isbell bicategory is an injection [?clenko 1969, p.'498].

O

1.3.14, Remark Certain results in this sectien did not

require the factorization condition 1.3.2(4). It is therefore
worth observing that, if we only require the conditions
1.3.2 (1)(2)(3) to be satisfied, it is possible to define

"species" I and S of morphisms for all categories C; e.g. let

)
)

1(
(

@]

{gll C-monomorphisms which are iso or not ep%'

]

{cll C-epimorphisms which are iso or not meno}.

ln
10

In this example, I and S are dual to each other and contain,
respectively, the species of the extreme menoemorphisms and of
the extreme epimorphisms. It may be interesting to seek still
wider species I and S, dual to each otﬁer, satisfying

1.3.2.(1)(2)(3) for all C.
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1.4 RIGHT INVERSES OF AMNESTIC FUNCTORS.

The main purpose of this section is to give several
characterizations of the right inverses of an amnestic functor
L : A-—>B, in terms of initiality., For reasons touched upon
in remark 1.2.8 and to become clear in the next section, it
is advantageous to consider also an amnestic functor

M : B —>C and work with ML-initiality (and later also with

M-initiality). Thus we may start with the situation
A
L
B ML
M
v
¢

Clearly, if F : B—A is a right inverse of L (i.e. LF = 18)'

then MLF

M. We shall become interested in the class of
functors F for which MLF = M. Obviously, for this class M

and ML are relevant, but L itself is irrelevant. Thus we shall
gain generality, with nqrextrc effort, by studying at first the

functors F : B —» A for which the triangle

V4
0 &
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commutes. There is a basic construction which characterizes
such F, as follows. Given any subclass V of obj B and any
function w : V —» obj A such that the expression

FX = ing

exist for each object X of B: then F, thus defined, can be

(Mf, wB : BeV, fe&B(X, B))

uniquely extended to a functer B —> A satisfying KF = M,
Conversely, any F : B —» A for which KF = M can be obtcined
in this way (propesitien 1.4.4),

Having done that, we have to assume K = ML in order to
proceed to our objectives. First we give a notation to the
above construction:

F= (L, M: w),

Thus the functors of this form are precisely those that satisfy

MLF = M, Next we characterize those w for which F is a right
M-subinverse of L - (that is, LF £, 1., which means
LFX 2££M X for each X in obj Q), It is also necessary from

here on to impeée a certain preservation cendition on L. The
foellowing stage of narrowing down the clcs§ of functors intro-
duces a moere unexpected procedure : we consider a type of
function w which is determined in a special way by a subclass

U of obj A, and we set dewn the notation w = (U) (definition
1.4.17). It then turns out that F is of the form (L, M : (U))
if and enly if FLF = F and LF fEMﬁlB. Then we look for a
condition on U in order that L,M ¢ ?Q)) be a right inverse of

L. The neéessory and sufficient conditien is that the objects
LU, with U€U, be sufficiently plentiful se that each ebject of

B is M-initial for its morphisms into these objects. We name the
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conditioen : LU is M-sufficient in B. Thus the right inverses
of L are characterized. Finally, we obtain certain interesting
modifications of the characterization theorem under additional
cssumptions; in pafticular we express the M-suffiéiency of

LU in terms of the notien of M-embedding from section 1.3,

thereby making intensive use of the theory of that section.y

Lest the above described excursion be suspected of being
an ekercise for'its own sake, we promise here fhct eﬁch of the
four successive layers of generality of the functor (L,M : w)
will"find its cppliccﬁions in later sections. It will be
helpfulyto think of A, B, C as Un, Crg, Ens respectively, with

L and M the forgetful functors.

“The restriction to amnestic (rather than faithful) functors
- is for convenience and clarity. The restricfion can be dropped
at the cost of almost everywhererepiccing equciities by

natural equivalences, but no essential gain in information
would‘result, It is no great concern here that one encounters
in the literature many "fofgefful“ functors whicﬁ fail to be
amnestic : for example the-various "operations" of [?sdszér
1963]_, ‘Indeed in this example one can make oll.the
"operations" amnestic by identifying equally coarse objects.

If a man seems driven by reasons other than convenience to dis-
tinguish between equally coarse objects, one can usually suggest
that he should really be dealing with a cctegofy "above" the one
he professes to study (and that if he takes this step, his

forgetful functors will become amnestic).
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l1.4,1. Definition Given functoers F,G : D — B and

M:B-— C we write F E;M'G (and say F iE M-coarser than G,

G is M-finer than F) if there is a natural transformation
t ¢+ G —» F such that Mt is the identity natural transformation

MF = MG,

=Y

here, and of objects in definitien 1.1.8; no confusien need

We use the same symbol &£, for an ordering of functors

arise, since the two orderings are related as follows.

1.4.2. Proposition In the situation of definition 1.4.1, let
let M be faithful. Then F==, G if and only if FX ==, GX for
each oebject X of D, E]
1.4.3. Proposition Given functers F, G : D —» B and
M:B-—> C. Let F‘_:MGcnd G‘=’/-M F. Then F and G are
naturally equivalent. If further M is amnestic, thén F = G.
l1.4.4. Propoesition Given two amnestic functors K : é — G,
M:B—=> C.

(i) Given a class Vc obj B Gnd.c functien w : V — obj A
such that for each object X of B, the K-initiality proeblem

(Mf, wB : B & V, f & B(X,B))
has a sélution FX (necessaril; unique) . Then the correspondence
X 0~ FX can be uniquely extended to a functor F : B - A

satisfying KF = M.
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(ii) Each functor F : B — A with KF = M can be obtained as

in (i) above.

Remark It is possible for the K-initiality problem .in (i)
to be void for certain X (of course not when X & y). When the
pfoblem is void, it is necessary to mention its source (see |
remark 1.1.4(c)). Here the notation tells us that the source,
dom Mf, is MX since f & §(X,B)u Even if there is no f, we

agree that MX is the source.

Proof of 1.4.4. (i) We have

1

(Mf, wB : B &V, f& Q(X.B))-.

FX = inK
Ex f 5 WB Hence KFX = MX (see above remark).
”~ ' .
, 1 For each f : X —> B with B& V,
| .
_ Fg: tg) " there exists unique f' : FX —> wB
[}
i with Kf' = Mf. Hence also KwB = MB
FY (even if the problem is void).
X “Further, given g : Y —> X, there
A : : '
.is unique (fg)' : FY-—> wB with
°] K(fg)' = M(fg). As the lower
Y - diagram in figure 1 commutes, there
Kf'=MFf ) is uniQUe Fg ¢« FY = FX with
KFX=MX 3 MB=KwB -
’ K(Fg) = Mg. We show that F thus
extendéd to morphisms is a functor.
(fg)=K(fg)' :
Consider also h : Z =Y. Then
MY -
K(F(gh)) = M(gh) = Mg.Mh =

figure 1 = K(Fg) .K(Fh) = K(Fg.Fh) whence by
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the faithfulness of K, F(gh) = Fg.Fh. Likewise K(Fg,) =
= MYy =1, =_1KFX = K(1Fx), so Fly =1qy- Thus F : B — A

is a functor with KF

M. IfF' ¢+ B — A is also a functor

with KF' = M and F'X FX for each object X of B, then it

follows at once from the faithfulness of K that F' = F,

(ii) Given F : B —» A with KF = M. We take V = obj B and

F . W = F‘y. For each f in B(X,B)

FX FB : |
' the morphism Ff : FX —» FB 1is such
| , .
| that K(Ff) = Mf
b a f .
1 f | |
{ If morphisms hf : Y — FB and
’ 1
: £ \ g k : KY = MX are given such that
the lower triangle in figure 2
.KFX=@X > MB=KFB  commutes for each f, then cs‘1x
is one of the considered f, we
h
f have K(hy ) = k.  Thus
KY X
- figure 2
FX = in, (Mf, wB 1 B& Vv, f g B(X,B)). . (we remark

that our choice of V made this initiality problem non—void.)‘

In (ii) above we see the relevance of "large" initiality
problems : it might be impossible to have V a set; this

matter is considered further in section 1.7.

1.4.5. Corollary Given two amnestic functors K : A —>

o
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and M : B — C. If A is K-initiality coemplete, there

exists at least one functer F : B — C with KF = M,

Proof Any choice of w in 1.4.4(i) will do; in particular

we may choose V void.

n

" HuSek [}9670, P.557; ;1967b, p.l2é] made intensive use
of the constructien of propoesitien 1.4.4, but in a more
complicated form due te his moere general concept of initiality
(see remark 1.1.13(1)). Our use of the construction branches
off from Hufek's investigations at this poeint, because we
are aiming at describing the right inverses of an amnestic
functer L : A — B. . Froem now on the functer K takes

the more special form ML.

THROUGHOUT THE REMAINDER OF THIS SECTION WE CONSIDER
TWO GIVEN AMNESTIC FUNCTORS

L : A— B AND M : B— C.
1,4.6, Definition Given a subclass V of obj B and a
function w : V — obj A. The unique functer (if it exists)

F : B—> A determined by the.twoe conditions
(1) MLF = M |
(2) for each ebject X of B,
‘ (Mf, wB : B & V, f & B(X,B))

EX = lnML

will be written F = (L, M : w).
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1.4.7. Theorem (i) The functers F : B —> A with

MLF = M are precisely the functors F = (L, M : w).
(ii) If A is ML-initiality complete, then (L, M : w)

exists for each functien w : V— obj A with V < obj B.

Probf 1.4.4.

O

1.4.8, Remark Our choice of the notation (L, M w)

invites criticism at this point where, as remarked at the
beginning of the section, M and ML are relevcnt but L is
irrelevqnt. However, from 1.4.17 onward we concentrate on
special w to which L is relevant, and then our notctioen is
Qery efficient. Further, there is a formal trickiby which
the notation can still be used in the morevgenerol situation
A —f— c "8
of prepositioh 1.4.4, namely: write (M-lK, M : w) for the

functor of 1.4.4. and agree that, formally, M-lK = L when

K = ML.

1.4.9. Préposition. If the functor F : B — A satisfies

MLF = M, then F = (L,M : Floebj B).

Proof This was obtained in the proof of 1.4.4(ii).
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1.4,10. Proposition If the functor F = (L, M : w) exists,

then wB =, FB for each B in dom w.

Proof Take X = B, f =1 in figure 1,

B

. D

1.4.11, Remark Oné might be misled by 1.4.9 to expect
1.4.10 to be an equality. An eaéy counter example is given by
the forgetful functors T : Qun — Top, E : Tep —> Ens and
the Pervin functor P of chapter 2, given by P = (T; E : w)

‘with dom w = {Il} and wl, = I, while P1u7é1q (see 2.3.7).

1.4.12 Definition The functor F : B — A is a right

M-subinverse of L : A —>B if LF =, 1_5_'

Clearly such F has to satisfy MLF = M.

1.4.13 Remark There.has been recent interest in continuous

uniformities for a topological space, i.e. unifermities whose
topologies are coarser than the given topelegy [Alb and
Shapiro 1970]. If L : Un —> Top and M : Top —> Ens are
the forgetful functoers, then the right M-subinverses of L
give continuous uniformities to topoloéiccl spaces. Hence
we see also that the functoers F with MLF = M need not be
right M-subinverses of L (consider F : Top —> Un giving

each space the discrete uniformitylh
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1.4.14, Definitien L preserves initiality for M if,
whenever
Y = in (C, 9., Y. : j € J)

ML h) j
then

Ly = in, (c, g LYj : ] & J).

1@4;15, Example If L and M are the forgetful functors

Un —» Crg, Crg — Ens, then cleahly‘L preserves initiality
for M. However, if L and M are the forgetful functers

Un — Eﬁﬁiv Prox —» Crg, then L does not.preserve initiality
for M (_[Alfsen and Fenstcd 1959, p.35é], Ypowker 196ﬂ )

E:sészér 1963, p.96]).

0 1.4.16 Theorem (i) IfF : B - A is a right M-subinverse
-of L, theré exists a functien w such that F = (L, M : w) and,
for ecchia in dohvw, LwB =y B.

(ii) Let L preserve initiality for M. If F = (L, M : w)

and LwB = B for each B in dom w, then F is a right

M-subinverse of L.

Proof (i) We may by 1.4.9 take w F‘obj B. By 1.4.10,

wB =, FB, whence LwB =, LFB =, B (definition 1.4.12).

(ii) Given w : V — obj A with F = (L, M : w) and, for
each B in V, LwB =y B. Thus fer B & V'we have

tg ¢ B —y LwB with Mty =71 .. For each f : X — B, with
B & V, we have tg.f + X = LwB such that the triangle



36

MX- Mf > MB

MX (t
MX

commutes; alsoe by the conditien on L we have
LFX = in, (Mf, LwB : B & V), f &B(X,B)).

Thus there is m. : X —» LFX such that Mm

X X =1Mx,

i.e. LF é;M 112;

We now introduce an important special form of the

functions w hitherto considered.

1.4.17 Definition . Let U be a subclass of obj A. Then
the functien (U) : LU —> obj A is given by
(U)B = in (Mf, A : A€ U, f g B(B,LA))

ML

provided this expressioen exists'fer each B in LU; otherwise

the function (U) is neot defined,

We now cndlyse the construction of the functor (L,M : w)

when w = (U).

1.4.18. Propoesition Let U be a subclass of obj A.
(i) If the expression

FX = Mf, A : AE U, f & B(X,LA))

ingL (
exists for each X in ebj B, then the correspondence X ~— FX
can be uniquely extended to a functer F : B —> A with MLF = M;

and indeed F = (L,M : (U)).
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(ii) I1f F = (L, M : (U)) exists, then MLF = M and for each

object X of B,

we (Mf, A A EY, f&B(X,LA)).

FX = in
Proof (i) Applying the procedure of the proof of proposition
1.4.4(i) to figure 3, we see that there is @ unique functor
F with MLF = M such that, for each X & obj B,

FX = in

we (Mo A A ey, f &B (X,LA)).

f ]

> A

-
x

\

L
I
Fa,
X (fg)"
[}
[}
|
FY
X
\
g
Y
Mf = MLTf'
MLF X=MX ' > MLA
A
Mg M(fg)
MLFY=MY

figure 3
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‘Now the function (U) exists; indeed from definition 1.4.17
and the given expression for FX, we see that (U) = F‘pg.
We have to show that F = (L,M : (U)); by 1.4.4(i) it suffices

to show that

FX = in, (Mf, (U)B : B € LU, f & B(X,B))
that 1is, 5
FX = in, (Mf, FLA : A € U, f & B(X,1A)).
A - Putting X = LA (with A g U) and
£ ? f = 1LA in figu}e 3, we sge that
tA there is ty @ FLA — A with
- FX e FLA MLt, = Mf =7 : in other words

A MLA

A\

: ////2 A Z. FLA for each A &. U.
m . —ML s
-/;///// ¢

» For each

£ f : X — LA we have
>LA ‘
MLEXaMX —MEF =M mia_miFia FFf @ FX — FLA with ML(Ff) =
4 ,
= Mf. Further, given hf Z — FLA
Kk and k : MLZ — MX such that the
L{h )=ML(tyh ' , ‘
/// o f ( A P lower triangle in figure 4

commutes for each f, we seek

MLZ figure 4
m: Z —» FX with MLm = k. We observe that tA.hf 1 Z—» A
is such that ML(tA.hf) makes the lower triangle in figure 4
commute; then from FX = inML (Mf, A : A < Y, f'Q;_Q(X, LAY) -

follows the existence of m : Z — FX with MiLm = k.

(ii) Let F = (L, M : (U)). Thus the function (U) has to

exist and by definition 1.4.17,



39
(UB = in, (Mg, U: U €U, g &B(B, LU))
for each B € LU, Also by definition 1.4.6 we have
MLF = M and, for each X & obj B,
FX = 1Nyl

From these two equations the associativity theorem 1.1.10

(Mf, (Q)B : B € LU, f & B(X,B)).

gives
f
FX = in, (Mg.Mf, U: U & U, B & LU, X —> B <5 ).
We wish te augment this initiality (propesition 1.1.11) to

h

yield FX = in, (Mh, U : U & U, X—> LU)

ML
which is the desired result. But to apply propoesition
1.1.11 we need to know that for each h : X — LU there is
h' : FX = U with MLh' = Mh, Now from the above equation
for (U)B we readily see that there is r : (UJLU — U with
MLU’ and from 1.4.10 we have the existence of

sy ¢ FLU — (U)LU with MLs,

MLr =71
U

Taking h' = r .< .Fh

=1MLu‘ u'u

FX —> U, we have MLh'= 1,4 MLFh = Mh, as required.

An approximate summary of the above fundamental proposition
is:
F=(L, M: (U)) iff

MLF = M and, for each X &. obj B,

FX = in

e (Mfy A AE U, f& B(X,LA)).

It is essential to observe the contrast between this

result and definitien 1.4.6 which approximately says:
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F=(L, M:w iff
MLF = M and, fer each X & obj B,

FX = in

. (Mf, wB : B € domw, f & B(X,B)).

1.4.19 Propositioen Let U be a subclass of obj A. If

the functor F = (L, M : (U)) exists, then

(i) for each A & U, A

¢£”L FLA
(ii) (V) = Flry.
Proof By 1.4.18(ii), the assumptions of 1.4.18(i) hold.

In the proof of 1.4,18(i) we explicitly obtained the two

results here asserted.

We have been developing a hierarchy of functors of
increasing spéciclizction : First come the F with MLF = M,
which are preciseiy the (L, M : w). Next.come the right
M~subinverses of L, which are precisely the (L, M : w) with
a certain conditieh on w (theorem 1.4.16),°cssuming that L
preserves initiality foer M, We have now reached thé third
level, that of the (L, M : (U)), which we characterize as

follows.,

3

1.4.20 Theorem Let F : B — A be a functor. Consider

the following two conditions:

(a) LF =, 12 and FLF = F
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(b) there is a subclass U of obj A such that

Then (a) implies (b). If L preserves initiality for M,

then (b) implies (a).

Proof Given (a), we then have MLF = M. Letting
U= &FB : B & obj Ei , we wish to prove F = (L, M : (U)),
that is (1.4.18)

FX = in (Mf, FB : B & obj B, f & B(X, LFB)).

ML

: Given f : X — LFB we have
FX Ff — FB !
~ Ff : FX —¥ FLFB = FB, and
| .
| ML(Ff) = Mf. Further, consider
‘ ,
' he he t Y —> FB and k : MLY =» MX
| .
lY such that the lower triangle in
' 5 f JLFB figure 5 commutes for all f. As

T4

M X f#‘,LFX

with Mix =1

X

with the commuta-

LF = liB we have i

MX ¢
tivity of the lower triangle for

f = ix this gives k = MLh, , which
X
proves the required initiality.

figure 5

Conversely, given (b), i.e. F = (L, M : (U)), whence
FX = inML (MFf, A : A &€ U, f & B(X,LA)). Assuming that L
preserves initiclity‘for M, we have

LFX = .iny (Mf, LA : A U, f & B(X,LA)). Thus for

each f : X — LA (A& U) we have f' : LFX — LA with Mf' = Mf.
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LFX -y LA As the 1ower'triongle in figure 6
A' .
5 commutes, we have mx X — LFX
|
m : =
X i f with me = 1MX'
X
ME'=Mf ' '
MLFX=MX 3 MLA Thus LFX éMX, and hence from
MLF = M follows LF == 15. Hence |
iMX - alse FLF ==L F, and it remains to
: prove F = FLF, i.e. to find
MX —ML
figure 6 jy * FLFX — FX with MLj, = 1'Mx.
Consider again that FX = in, (Mf, U: U €U, f e B(X, LU)).
Hence for f : X — LU with U & U we have f' : FX — U with
, . : . .
£X f Y MLf' = Mf, leeW1§e, q§
’l* " Lf' : LFX = LU we have
. ] - ’ &
IX ! " f' ¢ FLFX — U with MLf" = M(Lf') =
1 : ,
i = Mf. Thus the lower triangle in
] .
FLEX figure 7 commutes and there exists
f N
X _?LU iy FLFX — FX with MLjy = Y-
LFX
Mf
MX — MLU
Tvx Lf"
MX figure 7

We remark that the third level in the hierarchy, which we
have just characterized, is properly distinct from thevsecond

level. Indeed we shall give an example (1.8.4) in which L
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preserves initiolify for M and there is a right M-=subinverse
F of L which does not satisfy FLF = F, i.e. is not of the form

(Le M & (V).

We now prepare for'the fourth and last level in the

hierarchy, that of the right inverses of L.

Let us for a mement consider the special situation that

A =Band L = 1B' In this situatien we can deal with the
functor (1., M T (V)), where V is a subclass of ebj B. This
functer wiIl be further considered in section 1.8, but here
we need to observe just one fact : by i.4,18,

(1B, M (V)) = 1B,if ond‘only'if, for each object

X of B, X = inM(M-f-, B:B eV, f & B(X,B)).
This will certainly be the case when V = obj B. When M is the
forgetful functor Top — Ens, then already V ='kDu} suffices,
where Du is thé space éf two poeints and three open sets. We

shall show in 1.4.28 that the condition (1B, M (V) = ]B

closely resembles that of V being a "cogenerating class" for B.

1.4.21, Definition A subclass V of obj B is M-sufficient

(in B) if (1B, M (V)) = 15 An object B of B is M-sufficient

if the class {é} is M-sufficient.

We recall that we are dealing with two amnestic functors

L:A-—-»B and M : B — C.



1.4.22 Theorem

(L, M

M-sufficient in B.

Proof Let F = (L, M
X & obj B, that
X = inM(Mf, LA
A
/
f 1
In

LA

r
3
<— - 3 X

Mf

<
X
\
=<
S

Let U & obj A.

(g)) and LF =1

: A & U,
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If the functor

(U)) is a right inverse of L, then the class LU is

To prove, for

B
f & B(X, LA)).

For f.: X — LA with A & U,
consider 9¢ Y — LA and

k : MY = MX such that the lower

diagram in figure 8 commutes.

By 1.4.19(i) we have in FLA —> A

i

1 Let f' = j,.Ff

with MLjA MLA *

‘then MLf' = Mf and ML(jA,Fgf) = Mg,.

considering that

i A U, fEB(X,LA))

Hence,

FX = in (Mf, A

ML

(1.4.18), there exists m : FY — FX

such that MLm = k. Now since

LF =1 we have Lm Y = X, and

:B’
M(Lm) = k, as required.

1
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1.4.23 Theorem (i) Let F : B —» A be a right inverse of

L. Then there is a subclass U of obj A such that F = (L,M : (U))
and LU is M-sufficient in B.

(ii) Let L preserve iﬁiticlity for M, If U is @ subclass

of obj A such that LU is M-sufficient in B, then the functor

(L, M : (U)), if it exists, is a right inverse of L.

Proof (i) Immediate from 1.4.20 and 1.4.22.
(ii) Let F = (L, M : (V)),

i.e. FX = ME, At A E U, fe& B(X, LA)),

lnML(
As L preserves initiqlity for M, we have

LFX = in,(Mf, LA : A €U, f e B(X,LA)),

i.e. LF = (18, M (LU)). As LU is M-sufficient in B,
LF=1E‘
1.4.24 Corollary Let L preserve initiality for M, and

let F = (L, M : (U)) with U C obj A. Then F is a right inverse

df L if and only if LU is M-sufficient in B.

Proof 1.4.22 and 1.4.23.

O

1.4.25 Theorem Let L preserve initiality for M, let V be
an M-sufficient subclass of obj B, and let the functor
F:B-—> A bearight M-subinverse of L. Then F is a right

-inverse of L if and only if LFV = V for each V & V.
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Proof If LF =Té, then trivially LFV = V. = Conversely, let
LF =y 1p
a function w with F = (L, M : w) and, for each B € dom w,

with LFV = V for each V & V. By 1.4.16 there is

LwB<,,B. By 1.4.6. we have, for X & obj B,

M

FX = Mf, wB : B € domw, f& B(X, B))

inML (
so that by the condition on L,
LFX = inM(Mf, LwB : B &€ dom w, f & B(X, B)).
For V & V'this equation gives
V = LFV = inM(Mh, lwB : B € domw, h & B(V, B)).
As V'is M-sufficient, |
X = inM(Mg, V:Vv v, g& g(-x, V)).
By the associativity theorem 1.1.10, the equations for X and V
together imply | |
X = inM(Mh.Mg, LwB : V é; V, B & dom w,
x-—9-—-> v —1 5 B).

Since LwB <,, B, we can augment (1.1.11) the class of morphisms

M
X —9 5 v —Ny B to the class of all f : X — B: in other
words
X = in, (Mf, Lwb : B & dom w, f € B(X,B)).

M
Thus X = LFX. As MLF = M, it follows that LF = 1B'

d

1.4.26 Remark The above theorem fails if the assumption

that F is a right M-subinversive of L is weakened to MLF = M.,
This follows from {?rﬂmmer'1969o, example 3.2:3, On the other
hand, we can givevdn extreme éxample ‘}bidem, p. 40ﬂ'of an F

with LF =, 15 and FLF = F, such that F is not a right inverse
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of L. Indeed, iet L and M be the forgetful functors

Qun = Top, Top — Ens. LetF =1L, M : (U)) where U is void
df{ jbét as well, consists of a single quasi-uniform space of.
éne peint. By 1.4.20 and 1.4.22, F has the stated properties, -
It is further easy to see that F is the ML-coarsest éf all the

functors G : Top —3 Qun for which MLG = M,

(I

The following result strengthens theorem 1.4.20.

1.4.27 Theorem Let the functor F : B — A be a right

M-subinverse of L such that FLE. = F.  Then there is a largest
subclass U of obj A satisfying F = (L, M : (U)), namely

A ‘ . 1
U = {A € obj At A £, FLAf.

Proof Taking'g as stated, we first show
. e
FLA that F = (L, M : (U)). For each
Ff i ’ ~ |
A A € Uwe have i, : FLA — A with
ML1A = LMLA' Then ML (1A°Ff) = Mf,

Consider hf Y — A and
k : MLY — MX such that the lower
triangle in figure 9 commutes for

each f : X = LA (A & D).

As LF =M 12, we have jx : X — LFX

with Mj, =:1MX' As FLF = F,. we
”~N
have FX = FL(FX) so that FX& U;

hence j, : X —» L(FX) is one of
X

MLY

figure 9



48

the considered f. We have hj : Y = FX, and (with f = hj )
X ~ X
the lower triangle gives k = Mth . Thus F = (L, M : (U)).
X
Now consider any U'C obj A such that F = (L, M : (U)). By

-\
1.4.19(1i) immediately U< U.

L]

The fellowing propesition elaborates our earlier remark

that M-sufficient classes resemble "cogenerating classes",

1.4.28 Proposition Given an amnestic functer M : B — C,

assume that
1) B is M-initiality complete
‘is co-wellpowered

3) C has products

—~ —~ —~ —~
—
[ [o3)

4) C is an Isbell bicategery.
Let X be an M-separated object of B, and let VC obj B. Then
the following twe statements are equivalent:
(a) X = ing (Mg, V: V&V, g B(X, V))

(b) There is an M-embedding of X into a product of a set of

members of y;

Proof By 1.2.5, B has products and M preserves them. Let
(b) hold. Thus we have an index set J and v,Ee ¥ (;j € J)
and an M-embedding ‘ . _ . .

f X =>Tr Vi

the preduct having projectiens pj. By 1.2.4 the pi form an
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M-initiality, and hence by the associativity theorem 1.1.10
the pjf form an M-initiality at X. We can clearly augment
this M-.initiclity by 1.1.11 to obtain (a).

Conversely, let (a) hold. For each f : X —= V
with V & V'we have a distinguished factorization

] "
e — X S A
M-surjection f M-embedding

namely that of 1.3.11(1); the proof there provides a means
of qistinguishing this factorization ameng equivalent ones.
By assumption (2), since the f' are epimorphisms, there are,
up te isomorphism, only a set of them, which we denote

{fj 2 J EiJ}. Thus we have
L f f! £
e v, = X omdy X, —d— V..
‘ 3
We claim that {fj : ] € j} is an M=initiality. Given

h, : ¥ —> Vj and k : MY = MX

J
X ‘ fj - vj such that the lower triangle in
figure 10 commutes, we seek
3 | m: Y —» X such that Mm = k.
Y | © Consider any f : X — . V, V& V.

Then f' is equivalent té some

fj, i.e, there is an isomerphism

dj such that f' = d.fj, and we set

J
dj =1 in case f = fs. Since
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ja k) and since thevf; as constructed in the

" N

Vv proof of 1.3.11(1) is an

Xf'
AN e . .
M-initiality, there is

a morphism mj Y ™ Xf

: 9
with Mmj = ij*ki‘ Now .
let h, = f'd.m.. Thus

f Jj)
hf ¢+ 'Y = V is such
that h, = h. when f = f..

f J J

Hence Mh_, = Mf".Md..Mf'.k
f ] J

= Mf" ,Mf'.k
= Mf.k
Mf' . ME" . o S ‘ .
MX ’fW?f 7. MV and therefore, by condition
’r ‘ (a), there is m : Y = X
Md.]iso :
J such that Mm = k. Thus

{fj ] €& J} is an

M-initiality at-X. By

proposition 1.3.7 there

is then a simple

Mmmmnwe:xaﬂ%,

and as X is M-separated,

e is an M-embedding.

|

1.4,29 Theorem Let the following six ossumptiéns hold.

(1) A is ML-initiality complete

(2) L preserves initiality for M
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3) B is co-wellpowered
4) C has products
5) C is an Isbell bicategory
6) There is an M-sufficient M-separated object Bo
in B.
Then for any subclass U of obj A the functor‘F = (L, M : (U))
exists and the following five statements are equivalent:
a) F is a right inverse of L
b) LU is M-sufficient in B.

o

d) B_ = in , LU))

o] M(

e) There is an M-embedding of Bo into a product of a

Mf, LU : U U, fe B(B

(

(

(c) LFB, = B
( o]
(

set of members of LU.

Proof By 1.4.24, (a) and (b) are equivalent. Since F is
a right M-subinverse of L, the equivalence of (a) cnd (¢)
followé immediately from 1.4.25. By assumption (2),

LFB, = inM(Mf, w:uvey fe E(Bo, Lu)),
so that (c) and (d) are equivalent. From assumptions (1) and
(2) clearly follows fhct B is M-initiclitybcomplete; thﬁs

1.4.28 is applicable and (d) and (e) are equivolent{

|

Remark The assumptions (3), (4) and (5) were only used to

prove the equivalence of (d) and (e).
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The theory of the four-level hierarchy in this section
oeriginated in a result [ErUmmer 1969a, theorem B.il which

described the right inverses of the forgetful functer

Qun — Top., That theorem was obtained in igherance of the
fact that the censtruction of the lowest level éf the hierarchy
overlaps with one giyen by HuSek (see our rémcrk after 1.4.5).
A preliminary attempt at develeping the present theory was

made 1in [BrUmmer l969é3,
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1.5, THE SPECIAL RIGHT INVERSE THEORY

The situation A
L
L .
B ML
M.
\r
C

in which right inverses of L and their generalizatioens were
studied in the previeous section, admits the following two

specializations:

A
L
R L and
\EE>§A\V
B

2 c

The first'will be studied in this section, the second in
section 1.8, We show here that thevtﬁeory of the previous
section applies very readily tovyield a Aescription of righf
inverses of L in terms of L—initidlity. We alse give.cerécin
relations between L-initiclity and ML-initiality from which

it becomes clear why the mére complicafed theoery of the

previoeus sectien was riecessary.

THROUGHOUT THE PRESENT SECTION L : A —» B IS

AN AMNESTIC FUNCTOR.
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We observe two trivialities:
(1) L preserves initiality for 1B’
(2) For functors F : B — A, th; condition MLF = M of the.
previous section here reduces to LF = 18” so that the
entire hierarchy of section 1.4 here collcps:s to the class

of right inverses of L.
Thus theorem 1.4.7. gives:

1.5,1, Propoesitioen (i) The right inverses of L are precisely

the functers (L, lB : w) with dom w <T-obj B, codom w < obj A.)
(ii) If A is L-initiaelity cemplete,. then (L,1B : w) exists
for each functien w with dom w C obj B, codem w Cobj A.

O

Likewise theorem 1.4.20 yields:

1.5.2, Theorem The right inverses of L are precisely the

functors (Ly1g ¢ (W) with U < obj A.

O

This simple description'of the right inverses of L raises
the question of whether our more complicated descriptions in
section 1.4 . were necessary at all. The following example

and remark answer this question,

1.5.3, Example Let L : Uh = Crg and M : Crg — Ens be

the usual forgetful functors. Then Un is ML-initiality complete

i
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but net L-initiality complete.

Proof. We said in 1.2.3 that it is obvious that Un is
ML-initiality comblete. (Remcrk This is obvious excétly

because ML—initialEty is so easy to hcndle in Un : given
uniferm spcces'.Aj and functions gj :VC - MLAj, one takes the
preimages -under the gj of the entourages in the Aj,'cnd
observes that one thereby has on C a subbase for the uniform

space inML(C, g., Aj)' On the other hand, I know of no

j
such simple way of dealing with L-initiality fer Un).

Te continue with the proef, suppose that Un is L-initiality
complete. Let U be the class consisting of just one uniferm

space of one single poeint a. Then the functor F = (L,'QB : (U))

exists and is a right inverse of L (1.5.2). For any objéct X

of Crg, FX is then the L—codrsest, and hence the ML-coarsest,

Y

ameng all the uniform spaces Y for which LY = X. This is

clear from figure 1.) But
it is well known Yéillmcn and

Jerison 1960, preblem l&%

< omerme I

that a Tihonov space X admits

an ML-coarsest unifermity if

and only if X is locally

x
N
-

~

S

compact.

1
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The follewing result is a pesitive and typical application

of theorem l1.5.2,

1.5.4. Ekcmple The forgetful functor E : Top —> Ens has

exactly two right inverses : one giving the accrete, another

giving the discrete topology te each set.

Proof By 1.5.2 each right inverse F of E is o the from

F = (E,i_.Ens 3 (g))' with U C oebj Top. By 1.'4.27 .we mc:y‘
take U mo;;;ol, namely

u = {A:e obj Top : Az F[—:A} .
Let Du denote‘the t'epologicc:i space , If; Duéy, :then
FX is dlwoys discrete — indeed éoch f @ X > LDu becomes a

continuous mobping'Fx —> Du and hence every subset of FX

is epen in FX. On the other hand, suppose.DUG*: U. From
the above form of U, it follows that no space finer thoﬁ Du'
can be in U. Writing D for a set of two points, we sée that
FD is an accrefe space. For any set X, any functioﬁ,

f : D—> X becomes a continuous mapping Ff : FD — FX.

As FD is accrete, so is FX,

Finally we give twoe useful general relations between the

functers (L, M : (U)) and (L, 1B : (U)).

1.5.5. Proposition. Let U C.obj A. If the functor

F = (L, M : (U)) is a right inverse of L, then F = (L, 15 : (U)).
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Proeof.. By 1.4.18, it suffices to prove that

FX = in (f, A : A& U, fg B(X, LA)).

fl

FX A We have

A

[} o

. FX = 1nML(Mf, A: A E U, fe B(X,LA)).
m! '

: Given f ¢ X = LA, there is

o

| f' ¢+ FX = A with MLf' = Mf, As

v . .

LFX = X, we have Lf" : X —>» LA and

then by the faithfulness of M,
Lf' = f.  Consider h. : Y —> A
and k : LY —» X such that the middle

triangle in figure 2 commutes. Then .

the lower triangle commutes and there
ism: Y = FX with MLm = k. As

both Lm, k : LY =3 X and M is

faithful, we have Lm = k.

figure 2 . Ej

In 1.5.5. we cannot assume lgss than that F is a right

inverse of L; this is immediate from 1.5.2.

1.5.6. Proposition Let U & obj A. If the functor

F= (L, 1B 2 (Q)) exists, then there is a class U' with

Ic

< U' cobj A such that F = (L, M : (U')).

Proof By 1.5.2 F is a right inverse of L. Hence by 1.4.23

there is U with F = (L, M : (U))). Fer f : X — LA with
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A & U there is by hypothesis f' : FX — A with Lf' = f, and

hence MLf' = Mf.

initiality.
FX = lnML(
to FX = lnML(

where U =Ug U

—0

Thus by 1.1.11 we can augment the

Mf, A A U, f&B(X,1A))

Mf, A : A e U, f & B(X,LA))



59

1.6. RIGHT INVERSES AND ADJOINTS

In this section we give sufficient conditions for an

amnestic functer L : A —» B to have an adjoeint right inverse,

that is, a right inverse which is also a (left) adjoint in
the sense of E(on 1958], [r:‘r*eyd 19641, Yl_-ierrlich 196él, (and
termed a "coadjoeint" by Mitchell E96§1). An adjoint right

inverse was called a lari by Gray [}965]a
The basic relatioens between adjoeint right inverses and
finest right inverses are clarified with the did of the special

theery of the previous section.

THROUGHOUT _THIS SECTION, L:A— B AND

M:B—> C ARE GIVEN AMNESTIC FUNCTORS.

1,6.1. Proeposition If F and G are right inverses of L,

G if and only.if‘F = G.

then F & ML

L

[

Hence in dealing with right inverses of L, we may use the

terms finer, finest, codrser, coarsest without the prefixes L-

‘or ML-.

We shall occasionally impose the cohditioh on the category
B that there is‘only one natural transformation ef the identity

functor ]B to itself. This is no great restriction, as it is
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‘fulfilled when B has a generator (in the sense of [Mitchell
1965]’) with just one endomorphism; such is the case when B
is a concrete category centaining a one-point object. (1

owe this remark toe Dr. K.A, Hardie.)

1.6.2. Proposition Let B be such that there is only one

natural transformation of]B to ‘i't‘s'el-f-, Then:

(i) L : A — B has at most one adjoint right inverse.
(ii) If R is an adjoint right inverse of L with the adjunctioens

and

r ng —» LR ond.s : RL = lAv then r = (lB)BaBI

Ls = (‘LA)AEAU |
(iii) If R is an adjoint right inverse of L thén }, = RL

and hence R is the finest right inverse of L.

Proof (i) If R and R' are adjoint right inverses of L, there

is a natural equivalence t : R' — R. Then Lt tdg — jB' so
that Lt = (] B)' and thus R £ R'. Considering ¢t gives
R'-_:__L R. As L is amnestic, R' = R.
(ii) r = (18) since LR =lB. For each A € obj A we have
Lsp-ria = 1ia

(s_ge e.g. [J;lerrllch 1968, Satz 6.4«.3]) and as r , = lLA’

=1
LSp = ‘L.

(iii) Immediate from (ii).
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The followiné example shows that it is possible for
the functor L to have a finest right inverse but no adjoint.
However, 1 hdve not inVéstigoted whether it is possible for
L’(in 1.6.2) to have a finest right inverse oﬁd an adjoint,

but ne adjoint right inverse.

1,6.3. Example - Let L be the forgethl functor Un —» Prox.

The condition in 1,6.2 is satisfied.. There is a well;known
right inverse R of L, assigning te each proximity space fhe
coarsest coempatible uniform sboce, which is alse the‘uhique
c§mpotible précompoct unifoerm space [Alfsen and Fenstad 1959].
Hence if A is a non-precompact uniform space, then A 45L RLA.
Thus 1A 4;L RL, so tHot by 1.6.2(iii) R is not adjoint to L.
Howeve: there is an unpublished proof by S. Solbany'(dnd an
implicit claim in'[HU§ek 1967a, example 5}) fhot R is the

only (and thus the finest) right inverse of L. Furthér,ﬂL has
no adjoint. Indeed, R induces an equivolence between Prox and
Pc (the full subcategory of precompdét spaces in gg) carrying

L to tHe precompdct reflectionUn —> Pc and R to the inclusion
Pc — Un: thus L is adjoint to R. Hence, if L had -an adjoint
K, then LK would be adjoint to LR (which is lProx) and thus

LK would be naturally equivalent to 1 By considering

Prox"®
the underlying sets one then readily sees that K would be
naturally equivalent toe R, in contradiction to the fact that R

is not adjoint to L.

1
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1.6,4. Proposition If R is a right inverse of L Such that

1, £, RL, thén R is adjoint to L.

Proof. The adjunctions (jB) :1,85;, LR and s : RL — ]A
(given by IA'féL RL) satisfy the required conditions

(e.g. [Herrlich 1968 Satz 6,4533) for R to be adjoint to L.

O

1.6.5. Proposition Let R be a right inverse of L. Then

1p =, RL if and only if R = (L”]E : (obj A)).

Proof Let 1A’55L RL. By 1.4.27 there is a lorgest subclass
U of obj A with R = (L, lB (U)), namely
U = {A Eobj A: A= RLA} -
= obj A.

f

Conversely, from R (L, 1B % (obj A)) follows RLA

RLA = _inL (g, U: U €. 0obj A, ge&. B (LA, LU)).

Taking U = A and g =:1LA we have f : RLA —> A with Lf = g,
i.e. A‘fEL RLA.
1,6.6. Proposition Let there be only one natural transform-

ation of ]B to itself.

(i) If L has an adjoint right inverse R, then R = (L, 1B : (obj A)).

(i) If the functor (L, 1 (obj A)) exists, then it is the

B

adjoint right inverse of L.
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Proof - (i) 1.6.2. and 1.6.5,

(i) 1.5.2, 1.6.5 and 1.6.4,

L

1,6.7, Proposition CIf A is L-initiality complete, then L

has an adjoint right inverse.

Proof 1.5,2, 1.6.5, 1.6.4, Ej
1.6.8. Example Let L : Un — Prox be the forgetful functor.
Then Un is not L-initiality complete. (This follows from 1.6.3

and 1,6.7.)

O

We now extend proposition 1.6.7. by bringing in the second

amnestic functor M (the motivation again being &xample 1.5.3 and

the discussion in section 1.5),

1.6,.9 Propositioen Let A be ML-initiality complete, let L

preserve initiality for M and let L(obj é) be M—sufficient in

B. Thép (L, M ¢ (obj A)) is the adjoint right inverse of L.

\

Proof By 1.4.23, F = (L, M : (obj A)) is a right inverse of

L, By 1.4.19, for each A &€obj A, AAfEiML FLA. Thus there

is jA : FLA = A with MLjA = 1MLA“ As F 1is right inverse to

Postcript. There is a partial converse to prpposition 1.6.9:
If there is a right inverse R of L such that foEL RL, then L

preserves initiality for M,
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L, we have LjA : LA — LA and it follows that LjA = lLA

Thus ¥ FL, and by 1.6.4 F is adjoint to L.

_A_‘.éL

)

v

1.6.10 Remarks (1) The condition that L(obj A) be

M-sufficient in B is often trivially satisfied, namely when

L(ebj A) = ebj B.

(2) Let L be the forgetful functer Un —» Crg. The existence
of an adjoint right inverse of L follows immediately from

1,6.9 (using the forgetful functer M : Crg — Ens and the
ML-initiality compieteness of Un, proved in ' 1.5.3). We observe
that the éxistence of this adjoeint right inverse is thus purely
an elemenfory conseguence of initiality consideratiohs, though
some texts (e.g- [Kelley ‘195§]ﬁ construct this functer by means

of pseudometrics.

(3) We do not discuss the analogy between proposition 1.6.9
and Freyd's Adjoeint Functor Theoreml{Freyd l964].w We do
observe that each right inverse of a functer L can be regarded

as an adjoeint right inverse of a suitable restriction of L

l.6,11 Propoesition Let R be a right inverse of L. Let A’

be the full subcategory of A whose class of objects is

{U & obj A U= RLUB;. 'L and R induce functors L' : A' — B

and R' : B —> A'. Then R' is an Gdjoint right inverse te L',
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Proof Clearly L'R' =1 B and 1 =

é" L' R'L'l Thus by 1.6!4.

R' is adjoint to L',

O
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1.7, STRUCTURE OF THE CLASS OF RIGHT INVERSES.

We again consider an amnestic functor L : A-—> B, and
shoew that, under certain conditiohs invelving a second
amnestic functor M': B — C, the class of right inverseé of
L with the eordering "coarser than" is a complefe "lattice".
We say ' "lattice" ' because the class may be an unset,

i.e, not a set,. This occurs when L is the forgetful functor
Un - Crg and in some analegous cases.- For these cases

we raise twe appealing problems cencerning the occurrence of
right inverses of the form (L, 1 B’ (U)) with U having enly

one member,

1.7.1. Definition ri(L) is the class ofall right inverses

bvef L{'bartially ordered by the relatioen = -

1.7.2. Remarks (1) 1In dealing with classes of functers

B — A we use the obvious symboels SUPy 1nfML (resp. SUP,

infL) determined by the ordering =, (resp,.fEL). However
by 1.6.1, ==y Ghd’EEL coincide on ri(L), so that here we may

simply write sup, inf, <.

(2)_ Since it is in genérgl-impessible for a functor to be a
‘member of a claés iﬁ a éerndys - ven Neumann - G&8del theory
of sets and classes, a ‘device such as a scale of universes
would.be needed for handling ri(L) and its subclasses. This

objection only properly applies to part (ii) of our theorem
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1.7.6; we treat that part naivelvy as it will not be applied
subséquently. All other occurrences of the symbol r_i_(L) can
be removed by the device : replace~"F & ri(L)" by "F is a

right inverse of L".

1.7.3. Proposition Let F, G & ri(L) with F = (L, M : (U))

and G = (L, M : §v)).
(i) If U <V then F== G.

(@) IfF éG drid V is maximal for G, then U C V.

Proof (i) is obvious.
(ii) If U & U then by 1.4.19
U=y FLU = GLU

so that by 1.4.27, U & V.

a
1.7.4. Pr‘opésitiori Let A be ML-initiality complete and
let L preserve initiality for M,
Let Fj = (L, M: (_Qj))e_f‘__i_(l-) (i &J)
and let U = U{g] : QJ}.
Then (L, M : (U)) = sup{Fj : j & .} € ri(L).
Proof Let F = (L, M : (U))- Since by 1.4.22 each L_l_J_j is

M-sufficient, so is LU, and hence by 1.4.23 F & ri(L). By
1.7.3, F is an upper bound of the Fj‘ If G is any upper. bound .
of the FJ. in ri(L), then by 1.4.27 we have maximal V with
G = (L, M: (V)), and 1.7.3 gives Fé G.

-
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The following definition is motivated by three important
examples : the spcceA[p, ﬂ' in Crg which admits a unique
unifermity, the space Du in Top which.ddmits a unique qucéi-
unifermity [ﬁrUmmer 19690]_ond the bitepelegical space 1

b
which admits @ unique quasi-uniformity [Sclbeny l970].

1.7.5. Definition An object B0 of B is an L,M-pivot if

B, is M-sufficient in B and there is a unique e-bject.Ao of

A such that LA@ = Bo‘

1.7.6. Theorem Let A be ML-initiality complete, let L preserve

initiality fer M, and let B have an L,M-pivot Bo' Then
(i) L bhas a coearsest right inverse, namely
=1
(LM (4L7H B},
(ii) Each nen-veid subclass of ri(L) has a supremum

and an infimum in ri(L).

. s 3 ’
Proof (i) Let A = L7'(B.) and let F_ = (L,M : (.{AG};)), then

F X < Fof > A by 1.4.23 Fo is a right inverse
[o] lo) .
’} of L. Consider any right
' .
! . ' ' inverse G of L. For f : X —» LA/
1
: we have Gf : GX — Ao since,
ex by the pivot property of Bo'
f
X —*Bo=y GLA =GB_= A, It is now
L , Mf=MLFof. . MLA ° o o
MLF X =MX ] > MLA, clear from figure 1 that
1MX | Fox £ML GX, so. that Fo = G.
Mf=MLG f
MLGX=MX

figuhe 1
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(ii) Suprema are given by 1.7.4. Further, for each nen=-void
subclass S of ri(L), the class of lewer boeunds of S is
nen-void (having Fo in it) and so has a supremum, which

is then inf S,
The above theorem is. an immediate generalizatien of

[_Br‘Ummer 1969a, prepesifions 1.5 and 1.7].

1.7.7. Proeposition Let J be an index set, let U = {UJ. : jé..!}

be a subfamily of obj A, let the product Ao = I 6' | Uj exist in
. J
A, and let ML preserve this product.
(i) If (L,M : (U)) is a right inverse of L, then

(LM s (W) = (LM (A1),

(ii) Suppose that L (as well as ML) preserves the produbt l IJ U..

J J
Then, assuming enly that (L,M : (U)) exists, we have .
(LM s (W) = (LM dAad)).
Proof. Let F = (L,M : (U)). To prove F = (L,M : ({AG})).
Given f : X — LAo__’ let fJ. = LpJ..f, where pJ. : A(3 —> Uj are the_,_ ,.
prejections. There are f3 : FX — Uj with MLfJ'. = MfJ., and
hence there is f' : FX —» Ao with pjf' = f3 Then
MLp..MLf' = MLf! =
J J
= Mf, =
J
= Mij.Mf,

and as ML preserves the product, the 'MLpJ. are projections, whence
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MLf' = Mf.

Now consider h Y —;"A0>sucﬁ

f
that Mth = Mf.k for each

f: X —> LA_.  Then

ij.k = ML(pjhf). If we;dssume
that L preservéé the product Ao'
then LA is a product with pré-

jections ij and then the fj,

range through all possible

morphisms g : X —> LUj. Since

FX = 1nML(ng, U.

e, g,
; ] gJ£

B (X,LU;))

and we have the pj.hf Y = Uj

such that the lower triangle

(ij.k = ML(pjhf)) commutes for
Lhe each 9; ¢ X =3 LUj and each

MLY j € J,lit follows that there
ficure 2 ‘gxists m Y —> FX with MLm = k.
: Thus (ii) is proved. To prove (i)
'we_drop the dssumption that L preserveé the product, and we
assume thbt F=(L,M: (U)) is right inverse to L. We heed oniy
prove‘ﬁhctyeoch gj : X = LUj is of the form ij.f, withJ
f @ X 29 LAo‘ Censider.gi P X~ LU:j givgn for each j &.J.
There exist gj : FX.—§t LUj.with Mng‘=~ng. Hence therg
exists g' : FX — Aé with“bjg' = 93. Let f = Lg'. Sihce
LFX = X, we have f : X,—+ LAo and both Lgi, gj : X —» LUj.
Thus by the faithfulness of M, Lgi': g.. Now gj = ng =

. J
= L(pjg') = ij,f, with f : X — LAO, as required.

I
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1,7.8. Definition. A right inverse F of L is simple if there

is an object A, in A such that F = (L, ]E : ({Ao})).

We point out that in this definitien we expressly aveid the

second functer M in order to make the definition intrinsic. It
is relevant that functors of the form (L, 1B‘: (U)) are always
right inverses of L (1.5.2).

1,7.9. Propositioen. If Aoris an object of A such that

F= (L, M: ({Ae}))'is a right inverse of L, then F is simple.

Proof. By 1.5.5, F = (L, 1, ¢ ( {AQ} )).

O

1.7.10 Propoesition. Let A have products and let ML preéerye
proeducts., If there is a set U of objects of A such that

F=(L M: (U)) is a right inverse of L, then F is simple.

Proof. 1.7.7(i) and 1.7.9.
It is possible for L to have no right inverse, or exactly
one (example 1.6.3), or exactly two (example 1.5.4). We now

discuss a case where there is an unset of right inverses. For

the rest of this section we consider the two forgetful functors

T : Un —> Crg, E : Crg —> Ens.
1.7.11 Theorem. For each infinite cardinal number

‘ﬂ;, let

= {A : A <obj Un and card ETA é;,m}

m_§2

U
—m

and F_ (T, E : (gm)).
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_Theh:
(i) Each F, is @ simple right inverse of 'T.
(ii) m<gn implies Fo< F, (i.e. F 4Fn and F <= Fn).

Thus T has an unset of right inverses.

(iii) Foer each simple right inverse G ofAT; there exists m
such that G < Fm.

Proof (i) .The conditien m EE £Tc;enSUres that the uniferm

space on [O, l] is in Hm'. and as LO, 13 is E~sufficient in

Crg,'it follow; from 1.4.23 that Fm is a right inverse of L.

That Fm is simple, is seen by taking one representative from

each uniferm isemerphism class in gm;ond applying. 1.7.10.

(ii) foellows as in [BrUmmer 1969a, propesitioen l.é].

L1_B : {A})) By 1.5.5,

F = (L11§ : (Hm))v

(i) Let G

m
and we take m large enough that Aééi&#f Then by 1.7.3

GzFa
= m

in

1.7.12 Coroellary. The adjeint right inverse of the forgetful

functor T : Un — Crg is not simple.

Proof By 1,6.10(2) the adjoint right inverse existsi it is the
finest right inverse of T and hence by 1.7.11(iii) and (ii)

cannet be simple,

]



73

We observe that, for a simple right inverse G of T, the
smallest cardinal m such that G = F gives a rough estimate
of the "height" of G in the "lattice" Ei(T)' This leads to

the follewing questioen.

1.7.13 Problem (1) 1Is the adjoint right inverse the

only non-simple right inverse of the forgetful functor
T : Un —> Crg?
(2) Suppose F,6& ri(T) and FZLG. If G is simple, is

then F simple?

1.7.14 Remarks (1) All.results of this section are very
readily cpplicable,vmutatis mutandis, when T and E are the
follewing pairs of forgetful functoers:

Un — Crg — Ens
Qun — Top —> Ens
Qun —> Berg — Ens
and also when these are restricted to separated spaces. For
the sake of brevity we have not given a generalization of

theorem 1.7.11 that would contain all these particular cases.

Such a generalization can be made if one introduces the notion

of ML_discrete objects in A and follows the idea of the proof
of the quasi-uniform analogue of 1.7.11(ii) iﬁ the paper
.[BrUmmer“1969c].

(2) Hudek [;9670, example é] gives an unset of full embeddings
of the category of semi-uniformizable spaces into the category

of semi-uniform spaces. His construction involves discrete
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objects but is further different frem eur censtructien fer

1.7.11(ii). Our construction gives right inverses, and they

of course are full embeddings.

(3) Problem 1.7.13 was raised in the talk LBrUmmer 1969c].
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1.8, MONOREFLECT IONS

The results of section 1.4 for the situation

A—Lt > p " 4

10

ofe here applied to the special situatien

E' = > EA‘. - 44)2,

Thus it is immediate that the. functers (4., M : (U)) with

B
UcCoebj B are precisely the functers F.: B — B with
FF = F ==\ jBn Further we find, under simple and useful

conditiens, that'these functers are, up te natural equivalence,
precisely the monoreflectors in B. Finally, these results
are used to obtain a general result that covers the behavieur

of the totally bounded monereflectors in Un and Qun.

We adhere to the convention that reflective as well as
coreflective subcategories are replete (i.e.'closed under
ismorphism) and full. A full, replete—subcotegefy B'of B is
reflecfive iff the ‘inclusion functer B’ - E‘hds an adjoeint.
In dgreement'with [Herrliéh 1968], [Kénnison 196?], [freyd 1964]
(but not with [Mitchell 1965]) we call such an adjoint a

reflection functer, and note that it is a functer B — B'.

It will be convenient to agree that a reflector B — B, or

refiecter in B, is the compesitien of the inclusioen functor

B' — B with a 'refle_ction functer B —> B'.

THROUGHOUT THIS SECTION L : A — B~

AND M

: B— C ARE GIVEN AMNESTIC FUNCTORS.
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We start with the situatien

ig
B —=— B —

A 4
10

It is clear that

15 preserves initiality foer M,

There is little to say aboeut the right inverse of lB' so we
consider only the first three levels of the hierarchy of
functers of section 1.4.

Frem theorem 1.4.7. immedictely follows:

1.8.1. Preposifion Consider functiens w : V — obj B

with VC ebj B.
(i) The functers F : B — B with MF = M are precisely the

functers F = (1 M ow).

Bl
(i) If B is M-initiality complete, then (kB, M : w) exists

for each functien w.

Likewise theorem 1.4.,16 gives:

1,8.2 Propoesition The functors F : B — B with

F =y 1g are précisely the functors F

(]
[y
[a3]
=
£
j—
n
C
(o]
0

~ that, for each B& dom w, wB =y B-

We observe that propositions 1.8.1. and 1.8.2 treat two
distinct clcgses of functors, Indeed, F =, 15 implies

MF = M, but the converse fails, witness the forgetful functof
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M : Top — Ens and the discrete coreflector F : Top — Top
(we may arrange that MF = M)7 In fact, up to natural
equivalence every éoreflector F : Top —> Top satisfies MF = M
[Herrlich 1968, p. 105] , so that it woeuld be interesting te
seek conditions on w for (1B” M ; w) to be a coreflector in

B; . but we do not investigate that question (nor its interesting

dual).

Again immediately, theorem 1.4.20 yields:

1

1.8.3, Theorem The functers F : B — B with FF = F =y B

are precisely the functoers (1B, M : (U)) with U CZoebj Ea
Te distinguish between the classes of 108,2_and 1.8.3 we

have to show that F does net imply FF = F, I am

—‘EMlB

indebted to Mr, I. Mordant for a conversation which led to
my finding the following example which alse fulfils the promise

made after the proef of 1.4.20.

1.8.4. Example Let B be the category of metric spaces and

nonagxpcn§ive mappings, i.e. mcppings f : (X, d) = (Y, e) such
that e(f(x), f(y))fg:d(x, y) for all x, y &X. Let C be the
category of metrizable toepolegical spaces and continuous mcppihgsi
Let M : B —> C be the forgetful functor which gives the metric |
topolegy te each metric space. One easily proves M amnestic.

There is a functer F : B — B with F = 1B determined by
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F(X, d) = (X, d) for each metric space (X, d). Clearly F

is not idempotent.

]

1.8.5. Theorem  Given a functor F : B —» B

(i) If FF = Faey 1

(ii) Suppese M sends bimerphisms to isomorphisms and B is

B then F is a monoreflector in B.

M-initiality complete. If F is a monoreflector, then
F.is naturally equivalent to a functer G : B —> B with

66 = 6 =y lp:

Proof (1) We have i, : X = FX with Mi, = lMX' Let B,

be the full subcategory of B of objects which are fixed under
F. From the amnesticity of M one readily sees that_B_o is
replete. Also FX 1is in Eo" Given f : X = Y with Y in

B then since Mi, = ] Ff 1is the'unique morphism FX — Y

=o' X MX'*
satisfying Ff.i, = f. As mereover iy is mono, (ix, FX) is

a Qo-monoreflection;
(ii) Given a monoreflector F, let the reflection morphisms

be'ix : X —» FX. Then ix is a bimorphism [Hérrlich 1968,

p.79:]ond by hypothesis Mi, is iso. Also by hypothesis, for

X

each X there exists an object

= x . 1 ' Fx L] ‘
GX lnM(Mlx: )‘

Hence we have unique‘tx : GX —» FX with Mtx = Mix, and the

form of proof of 1.3.6 shows that tx is an isomorphism, For

f : Y= X let Gf = t;liFf.tY then it is immediate that G
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' i% a functer and t =(tx) : G —> .F a natural equivalence. As
tX | the lower dicgrcm in figuré>1
Gé\ ~ FX commutes, there is LV X'Q} GX
mXJ with Mm, =EQMX° Thus G.fEM 1@- .
|

Finally to see that GG = G.

From Gg;” 1§ follows GG -, G

and it remains to show that

X e

FX

G ==, GG. Clearly G is a

Mi M

MX MX - reflectoer with reflection

| 4
>
| ’//////W morphisms my X -¥> GX. Thus
MX .Mix there exists kx making the"
"//////// diagram :

MX.

figure 1 . . eX

v_cemmute, and then

M1

Tux = luex = Migx =

whence G =, GG. (Alternatively, to see that GG = G we may

consider the triple associated with the réflector G.)

The above theorem is remarkable in that an intrinsic
property of F : B —> B — fhét of being a monoreflector —
is characterized in termS'éf an extrinsic datum, that of a

functer M : B — C. This is anether ins%ance of the usefulness

of the "second amnestic functor."
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follows: 1
A. .
A——=—s A —F—— c.

Thus we replace Mninvl.8a6 by ML, and only in eorder toe apply
1.8.6(ii) do we need A to be ML-initiality complete and ML
to send bimerphisms to isomor;phisms° New a monoFeflector
(1A ML : (U)) with U << obj A relates in some way tsnthe
fu:ctof (L, M : (U)), and it is tempting to look for

correspondencés independent of the particular U, but we do

net propese to do that.

We recall that in 1.7.6(i) we found, under certain
assumptions, that L had a cocrsést right inverse (L, M : {A;}),
provided LAo was an L,M=pivot. We also introduce for the
first time the obvious infimum symbols/\ML’cndi\L determined

by the orderings ==

ML cnd'ﬁgL respectlve}y.

1.8.8. Proposition Let the following five conditions hold.
(1) B, = LA is an L,M-pivot.
(2) Fo = (L, M : ( {Ao\)) is  the coarsest right inverse of L,

and A! is also an object of A such that F_ = (L, M : ({Aé})).
(3) The monoreflector s =~(lé, ML ({Aé })) exists.
(4) Ls = L. |

(5) For all objects X, Y of A, Y X = sX implies Y = sY.

=ML

(a) sF ='F'e for each right inverse F of L.

(b) s = 15.'\ML FoL = lé_ N F,L-
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Proof (a) Let F be right inverse to L. By (4), sF is

right inverse to L, hence Fo == sF. Consider that

FX = iny, (Mf,ﬁé ¢ f &B(X, LAé))
and sFX = inyl (MLg,Aé i g €A(FX, Aé)).
Since edch Lg is an f, we have sFX = Fox7by 1.1.12. Thus
sF = F .
. (o]

(b)  cConsider that
FoLY = iny. (Mf,Aé : f esg(LY,'LAé))

and sY = MLg, Al : g &A(Y, AL)).

iny
Since each Lg 'is an f, we have s =L FOL. Of course

s =5ML ié" Given any MLf;éwer bound t of 1A,ond FoL' we have

to show t =, s. Now tY we, F LY =_sF°LY by (i), hence
stY = tY by (5). As t ey 1é' we hovg Jjy 1Y > tY with

MLjY = 1; also the reflection morphism i Y —>» sY is such

Y
that MLi,, = 1, The reflection property of (iY,'sY) yields

kK, : sY —> tY with kYi = s,

Y y T vy |
so that s =1A ,\ML FoLl- Qs,i-ng (4) we readily get

Hence MLkY = ], i.e. t“"L

s = ié,h\L F;:.
]

1.8.9. Remarks In proposition 1.8.8 we proved (a) without

using (5).

If Aé = A, we éoﬁ prove (a) without using (4)-or.(5).
(Proof: Since LAo is. an L,M=-pivot, the morphisms f & X ;*5 LAO
are precisely the Lg with g : FX — AO' and thus the initiality

problems for FOX and sFX are the same.)
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Finally, if Al = A_, we have s = 1A-A‘ML F,L without
using (4). '

-
[

The: quasi-uniform case of (b) was proved in [BrUmmer 197OJ
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1.9 LIFTING EPIREFLECTIONS

Let L : A —év B be a functor. We shall give sufficient
conditions on L and A to ensure that each epireflecfor r in B
is lifted against L to an epireflector rL in A, Furtﬁer we
show that if L preserves epimorphisms and has a right inversé R,

then r ~ LrLR.

1.9.1, Definition Given a reflector r in a category E;

We write B(r) for the full, replete subcategory of B onto which

r reflects B (i.e. B € obj B(r) iff rB ~s B). Given a fﬁgétéF
L:A—~> B, then L—l(g(r)) denotes the full, replete subcategory
of A such that | ' |

A & obj L_l(E(r)) if and only if LA € obj B(r).

We recall that replete means closed under isomorphism.:
The repleteness of B(r) is a matter of convention, that of
L-l(gjr)) is then implied. We shall informally speak of

‘L-;(Q(r)) as the subcategory of A lifted (against L) from B(r).

If we think of obj E(ﬁ) as a property, then we speak of

obj L-l(gjr)) as the lifted property.

1.9.2. Theorem Let the cotegory'é be complete, well- and

co-well-powered. Given a functor L : A —> B and an epireflectéf
r in B. Either of the following conditions is sufficient for
L-l(B(r)) to be an epireflective subcategory of A,

(1) L ‘preserves products and extreme monomorphisms.

(2) L preserves limits.
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Proof. Let (1) hold. We show that L™'(B(r)) is closed for
the taking of products in A.\ Let A be the A-product of ‘
objects Aj from L_l(gjr)). Then LA is B-product of the

LAj, and these are inyg(r), As B(r) is reflective in B it
follews (without any assumptions on B) that LA is in B(r)
lﬁerrlich 1968, Satz 9.1.2]. Thus A is in L_I(Q(r)).
Similarly, using [Herrlich 1968, Satz lO.l.é] we- see, that
Lal(gjr)) is closed for the goking of extreme subobjects,
i.e. whenever f : X = Y isﬁon A-extreme monomorphism with
Y in L-l(_B_(r‘)), then X is in L_l(_B_(r‘)).. Thus |_"1(_B_(r~)) is
closed for the taking of prodgcts and exfreme Subébjects in A,
and by the ossuhptions on A it follows from [Herriich 1968,
Satz 10.2.1] that L—l(g(r)) is epireflective in A,

Let (2) held, i.e. let L preserve limits. We show that
L_lgg(r)) is stréngly closed for the taking of limits in A;
then epireflectivity of L_l(gjr)) follows .from [Herrlich 1968,
‘Sqtz 10,2,1]. Let D : J —» A be a diagram partially in
L-l(gjr)) [Herrlich 1968, definition 9.3.1], and let (A, oj)
be A-limit of D. Then (LA, Loj) is B~limit of the diagram
LD : J = B which is partially in B(r). By.[Herrlich 1968,
Satz 9.3.2] LA is in B(r), i.e, A is in L—l(gjr)). Thus

L_I(B(r)) is strongly closed for the taking of limits in A.

The above theorem seems simpler than the corresponding

result of HuSek Ll967c, theorem,2] which deals with reflections.
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1,9.3, Definition Giyen a functer L :" A —» B and an

epireflector r in B. If the subcategory L-l(a(r)) is

epireflective in A, we shall denote by rL the epireflector

-

in /A, determined uniquely up to natural equivalences, which

is such that L‘l(g_(r)) = é(r‘L), We shall thHen say that r-

exists, or that'r can be lifted agdinst L.

1.9.4. Theorem Given a functer L : A —> B and an epireflector

r in B such that the epireflector rL in A exists. If L pre-
serves epimerphisms and has a right inverse R : B — A, then
we have @ natural equivalence.

rnJ LrLRu

Proof Consider f : X —» Y in B with Y in obj B(r). Then

Rf ¢: RX = RY with RY in obj A(rL) (since LRY = V). We have
. R f . . .
RX 3> RY the reflectien morphism
| r;x~: RX — rLRX and a unique

L merphism g : FERX —>  RY making

the upper triangle in figure 1

rRX commute, As L sends r;x to an
« f oy epimerphism, Lg is uniqye in
7~
making the lower triangle
L commute. By definitien of r
RX L L } .
g we have Lr RX &obj B(r). Hence
LV . (Lr;x, LrLRX) is a B(r)-reflection
Lr RX
of X and therefore equivalent to
figure 1 (r L

xt MX). Thus r A Lr R.

]
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The above theorem was inspired by the correspoending
result of Salbany [}970, pGB%]for the 1ifting of the Stone—éech
compcctificcfion te the category of pairwise Tihonov
bitepelegical spaces. This applicatien, ameng others, will

be given in Chapter 2.

I have net investigated sufficient conditiens for the
natural equivalence

rt Qg_LrL

to hold. We observe that this relation implies r nJ LnLR

.

for any right inverse R of L,
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CHAPTER' 2. APPLICATIONS IN THE THEORY
OF _UNIFORM _AND QUASI-UNIFORM SPACES.

2.1, THE BASIC CATEGORIES AND FORGETFUL FUNCTORS.

In this sectien the categories of the (quasi-) uniform
spaces, the (bi-) topolegical spaces and the (pairwise)
completely reguicr spaces are defined for the convenience
of the reader. Basic properties of the csseciated forgetful

functors are proved,
All definitions given coeincide with or are equivalent to
those in [Murdeshwar and Naimpally 1966]H[Lane 1967] and

Ealbany 1970] .

2.1.1. Definitions. A gquasi-uniform space X is a set ]XI

together with a filter ent X of subsets of 'XIX‘XI, called

entourages in X, such that

(i) each entourage contains the diagonal
(ii) for each entourage H there exists an entourage

K such that KeK < H,

In the category Qun of the quasi-uniform spaces, the
morphisms f : X — Y are the functions f : ]Xl-—a IY' such

that, foer each K in ent Y, (f x f)“lx is in ent X.

(-1)

The conjugation functor

(-1)

: Qun —» Qun is given by
(-1)

has as

X ~n—> X , functions being preserved, where X

1

entourages the sets H ~ with H in ent X,
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The' category Un of the uniform spaces is the full sub-

category of Qun which stays fixed under the conjugation functor.

Top is the categery of the topoloegical spaces and coentinuous
mappings; it has the obvious forgetful functor
E : Jop —> Ens.
The forgetful functor
| T, :Qun —> Top |
is given thus: for X &€obj Qun and each point 1.e;|X1, the
neighbourhoods ofj_in'Tlx are the sets Fi[x] w?th H in ent X;

cnd'Tl preserves functions.

The forgetful functer
T i Un — Top

is the restriction of T. te Un, written

1

T = Tl y_ﬂc

A bitopological space X is an ordered pair (xl;'xz) of
topological spaces with the same underlying set Exi = EX2; the
functions f : EXl-—9 EY,

which are continuous mappings
X, - \Y (for k = 1, 2) are the morphisms for the category

2 Top of the bitoepolegical spaces. The forgetful functor

E: 2 ToE —>» Ens

assigns the underlying sets and functions,

The important forgetful functer
T :Qun =5 2 Top

is given by X n—> (Tlx, Tl(X(-l)))a functions being preserved.
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There is a forgetful functor
s :Qun— Un
which can be defined as that coreflection functor of ggﬂ‘onto
Un which preserves underiying sets., Clearly
ex = x vx{=1)
(we should write v__ but we omit mention.of a forgetful
functor to Ens.)’ =T

The forgetful functoer
S : 2 Top — Top

is given by SX = le X2, functions being preserved.

The following proposition recapitulates all the forgetful

functors defined above.
Qun

s
2.1.2. Propoesitioen |
The diagram of forgetful Un

functors in figure 1 is 2 Top

commutative.

mi

Commutativity is lest
if the functor Top

“f
p
T1 : Qun — Top is
also entered. : E .
| \
s

En

figure 1

We need symbols for a number of special spaces.
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2.1,3, Definition. The real line and its subsets [O, 1]

and {O, l}, with their usual topology, are denoted by

IR, I, D respectively.

These sets, equipped with entourages for which a filter
base consists of the sets
{(x,, y) Ix.—y\ < r‘} with r>» O,
become uniform spaces, which we denote by
R, I , D respectively.

S S S

(Thus these spaces have the standard or usual unifermity.)

We may equip the same sets with the so-called upper

quasi-uniformity, basic entourages being the sets

{(x, y) @ y< x + r}, r>0 o

We denote the resulting quasi-uniform spaces by

qu, I, Dq resbectively,

Finally we name the bitepological spaces
IRb = Tqu, Ib =‘T'%, Db = TDq

and thé’topological spaces (having the so-called upper

topology)

2.1.4. Proposition. For each quasi-uniform space VY,

T,Y = ing (ETlf, I, f& Qun (Y, Iq)).,
Proof The right hand side clearly exists and is E-coarser

than T,Y: we have to show it also E-finer than T,Y. Let Q
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be the set of quasi-pseudometrics which determines Y
([BrUmmer 1969a, proposition 2.1.] ). Consider any open set
U in TlY and any peint b in U, There exist dl' see ey dn in
Q, bounded above by 1, with

n -1 _
N\, & ool = w

Let d = dl Yieaose V¥ dn' Since for each r>0,
-1 L : \ n .
d o, r) ={ -1 y
is an entourage in Y, we have d &€ Q. There is a morphism

g : Y ——) Iq given by

aly) = d(b, y)
(verification only involves the triangle ingquclity).' The
proof is completed by observing that |

b & gt [o, 1) < u.

O

The above proof is from [BrUmmer 1970]. Eséenticlly the
same result was obtained, with a longer proof, by Fletcher

[_1970, theorem 61. The idea is from [Bourbcki 1948, p.9].‘ "

2.1.5, Theorem For edch quasi-uniform space Y,
TY =in (ETf, I_ : f &€&Qun (Y, I.)).
= b - q
Proof. Noting that I =T I , we see that the proof of

2.1.4 can readily be adapted. to yield.

T,X = in_ (ET,f, Tl(I(;l) ) : £ €Qun (X, 1(;1)))
which upon replacing X by Y(-l) becomes
Tl(Y(‘l)) = in (ET,f, Tl(Ié_l)) : f & Qun (Y, Iq)).

This together with 2.1.4 immediately gives the stated ‘equality.

O
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We now retrieve a result of Lane _E962] corresponding

to a classical theorem of Weil [}937].

2.1.6. Proposition Let X be a bitopological space. Then

X = inE- (Eg, I, ¢ 9&27Top (_X,. Ib,)__h:)
if and only if there exists a quasi-uniform space Y with

TY = X,

As T preserves initiality fer E,

1
x

Proof. Let TY
- 2.1.5 implies

X = in (ETF, I, : f &Qun (v, Iq))

E ,
= in_ (Eg, I, 1 g& 2 Top (X, Ib))
, £ . |
(using 1.1.11). Conversely, taking the quasi-uniform space

Y = inE (Eq, Iq i g &€ 2 Top (X, Ib))

we have TY X provided X satisfies the given condition.

O

~2.1.7, Definition Berg is the full subcategory of 2 Top

whose objects X satisfy

X = inE (Egy I, : g & 2 Top (X, I.)). .
These spaces are called pairwise completely regular [}cne~196?],

[saibany 1970].

2.1.8. Proposition Bcrg is a moenoreflective subcategory

of 2 Tog}
Proof. The monoreflector is ( 12 Top' E ¢ ({ Ib} )), (see 1.8.6)

O
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2.1.9. Proposition A bitopological space X is in Berg

if and only if there exists a quasi-uniform space Y with
TY = X.

(One then says : X is quasi-uniformizable, X admits

Y, Y is compatible with X.)

Preof. 2.1.6, 2.1.7.

[].

Applying the functors s and S to 2.1.5 - 2.1.9 readily
yields their classical analoegues, which we summarize as

folloWs,

2.1.10. Proposition , (i) For each uniform space Y,

TY = in. (ETf, I : f & Un (Y, I))).

(ii) The category Crg of the completely regular spaces is
monoreflective in Top, with monoreflector (1T0 , E ({I})).
(iii) The objects of Crg are the uniformizable topological

spaces.

L1

2.1.11. CONVENTION In terms such ds : M-coearser, M-initiality,

M-eﬁbedding, M-injection, M-separated object, M-sufficient class,
supy etc. we omit mention of M if M is a forgetful functor to

Ens.

2,1.12. . Theorem The categories

Qun, Un, Bcrg, Crg, 2 Top, Top

are initiality complete.
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Proof. See 1.5.3 for Un. Qun is similar. Trivial for
Top and 2 Top. For Crg : an initiality problem in Crg

can be regarded as an initiality problem in Jop, where it

then has.a solution X{ The‘gsg—monoreflection of X 1is

then the solution in Crg; this works because the monoreflector
preserves the underlying set.

Likewise for Bcrg.

c

The functor S : 2 Top — Top sends Bcrg-objects to
Crg-objects. (Indeed if X = TY, then SX = STY = TsY, ond
sY &€ obj Un.)  This together with 2.1.9 and 2.1.10(iii)

warrants us to define:

2.1.13 Definition

.St Becrg — Crg is the functor induced by S : 2 Top — Top.

T' : Qun — Becrg is the functor induced by T :Qun — 2 Top.
T' : Unh —> Crg is the functor induced by T :‘gg-Jé Top.
E' = EchrQ E' = E|Crg.

2.1.14 Proposition. Throughout the diagram of figure 2 it

is true that L preserves initiality for M. Here L and M can
be taken from the disblcyed functors or their compositions,
provided that the target of L is the source of M, and the
target of M is Ens. Further, all functors in figure 2 dre

amnestic.



Proof To show that the_inclgsion functor Crg —» Top

preserves initiality, one considers its adjoint, the mono-

reflection functor. Likewise for Bcrg — 2 Top. THe proofs
for the other functors are straightforward. One observes that

preservation of initiality respects composition of functors.

|

2.1,15 Proposition The catégories

Qun, Un, Bcrg, Crg; 2 Top, Top

are complete and co-complete, well- and co-well-powered. In
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each of them, the epimorphisms coincide with the surjections,
and the monomerphisms as well as the extreme monomerphisms

and the equalizers coincide with the injective mappings.

Proof. The (co-) completeness follows from 2.1.12 and 1.2.6.
The epimorphisms can be checked by means of accrete two-point
spaces, the monomorphisms by means of discrete two-point

spaces, The rest is straightforward.

]

2.1,16 Corollary. All the functors in figure 2 preserve

limits (hence products), epimorphisms and extreme monomoerphisms.

Proof Preservation of products and equalizers is here

equivalent to preservation of limits [yitchell 1965, p.,SS].

2,1.17 Remarks (1) The functers in figure 2 thus satisfy

the conditions for the lifting of epireflectors in theorem
1.9.2, They also satisfy the conditioens of theorem 1.9.4

in so far as they have right inverses. We shall see that

T, T and the inclusion functors Crg —» Top, Becrg —> 2 Top
have no right inverses, | (

(2) The subcategory Becrg of 2 Top is not the epireflective
subcategory lifted from ng'ogoinst.s, for SX mcy_be

completely regular without X being pairwise completely regular.

(Take X1 discrete with more than one point, and X2 accrete

[Solbony 1970 p.5].)
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(3) Instead of regarding Crg as "above" Top (figure 2) one
might wish to regard the moenoreflection fuﬁctor Top => Crg
"as a forgetful functor. This, however, would be less
convenient  in the next section. Moreover, this functor does
not preserve initiality fer E', (Proof : it does not

- preserve the initiality Top (1,0,).)

A similar remark applies to Bcrg and 2 Top.
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2.2, THE SEPARATED CATEGORIES

It is cusfohory to call a unifoerm space separated iff
it has To—topology} | A Tihonov space is a completely
regular T _-space. (In both cases, one then has T2-t6pology.)
. Accordingly, we lift the To-separction property from Top
to the categories Qun, Un, Bcrg, Crg and 2 Top, thus obtaining
epireflective subcategories by virtue of the lifting theofem
1.9.2. Moreover, we show that the objects of these sub-
categories are the separated objects (in the sense of

definition 1.3.8) of the given categories.

2,2.1. Definition. Quns, Uns, Btih, Tih and 2 T

‘aré the fuil, epireflective subcategoeries of
Qun, Un, Bcrg, Crg and 2 Top
‘respectively, obtained by lifting froem Top the'To-epireflecter'

‘against the forgetful functors in the commutative diagram of

figure 1:
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¢

The claim of epireflectivity in the above definition is

immediately verified by remark 2.1.17(1).

2,2.2, Theorem The objects of the categories

Quns, Uns, Btih, Tih, 2T, , JTo

are the separated objects (in the sense of definition 1.3.8
and coenvention 2.1.11) of the categories

Qun, Un, Bcrg, Crg, 2 Top, Top

respectively.

Proof (1) For the case of To in Top the proof was given in
1.3.9(i).

The same bcttern of proof can be used for the
other cases, but the necessity half can each time be short-cut
as follows.

(2a0) Let X €obj 2 Ty, i.e. SX is a Ty-space. To show that
X is an E;sepcrated object of 2 Top, i.e. that each simple
E-initiality f at X is injective. Now, as S preserves
initiality, Sf is an E—initiclity and thus, by (1), injective,

i.e. f is injective.

(2b) The converse of (2a) has to be proved as in 1.3.9(i).

One.has to show that, for the epireflection r : 2 Top — 2T,,

each reflection mapping r X —> rX is an E-initiality. This

X

is easy if one constructs r_, as the quotient w.r.t. the equivalence

X
relation

x=y iff x and y have the same Sxfneighbourhoéd§;
(3) The proof for Uns in Qun is like (2a) and (2b) above. The

verification that the reflection mapping is an initiality may
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be found in [éolbcny'l97o, p,67].

The other proofs are exactly similar.

We shall henceforth. informally speak of

Qun, Un, Berg, Crg, 2 Top, Top

as "the non-separated cctegories" and of

- Quns, Uns, Btih, Tih, 2T7,, T,

as "the separated categories".

2.2.3., Remark. We have seen (2.1.12) that the non-separated

categories are initiclity complete. Nohe of the separated

categories is initiality complete.

Proof. In each case, the initiality problem posed by the
constant mapping of a two-point set to a one=point space has

ne solutioen.

O

2.2.4. Question. Are the objects of a separated category
‘zthe separated objects of that category (i.e. with respect to

the restricted forgetful functor)? That the answer seems

to'be hegotiVe, is no obstacle to the further development.
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2.3, RIGHT INVERSES OF THE FORGETFUL FUNCTORS

In the previous section we.introduced certain forgetful
func{ors among the "non-separated" categories Qun, Un, Bcrg,
Crg, 2 Top, Igg, and from these to Ens. In this section we
point ouf that we can fglly ;horocterize the r%ght inverses of
all these functers. These right inverses induce right’ |
inverses of thé restricted forgetful functers among the

"separated categories" Quns, Uns, Btih, Tih, 2T,, To —

an advantage due to the fact that the separation was achieved
by lifting T, against the forgetful functors. There are two
exceptions to this latter statement : the forgetful functor
T1 : Qun = Top, and a functor Cl: Berg —» Top to be

introduced. We devote a number of remarks to these two rather

curious functors, and solve a problem raised by Salbany.

2.3.1. We consider. the forgetful functors in figure 2 of

2.1,14. The catégories'cre initiality complete (2.1.12)
and the'fungtors preserve initiality (2.1.14). | Thus
sufficient conditiens reign for applying all our general
chahccterizotiqns of right inverses (in fact of all four types
of functors discussed in section 1.4). In particular, in
each sithtion

A—=—> B —" > gns

in figure 2 of 2.1.14, the right inverses of L are the functors
(Ly M : (U)) with LU M-sufficient in B.

We see immediately that T, T dnd the inclusion functors
Berg —> 2 Top, Crg —> Top have no right inverses (as they

are not onto. The functors E, E, E', E' have rather trivial
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right inverses (cf. 1.5.4). To show that T', T' and L

have right inverses, we prove:

2.3.2. Lemma (i) Ib is a T*, E'-pivot in Berg

(ii) 1 is a T', ELlpivet in Crg

(i1idi) D, is aT

1 E-pivet in Top.

Proof (i) By 2.1.7 each space in Bcrg is E-initial, and

therefore E'-initial, for its mappings to I That I_ admits

bl
a unique quasi-uniformity was proved by Salbany [}970 p;76].
(ii) [Brummer 1968b; 1969a .

(iii) Well known.

2.3.3. Definition F

(Tro B 0 {1y )

° =
Fo = (T'y E' ({Is} ))
P = (T), E = ({0g)).
2.3.4. Proposition Eo' Fo’ P are the coarsest right

inverses of the forgetful functors

n

T' : Qun — Bcrg
T :+ Un — Crg
T, ¢+ Qun — Top
respectively.
Proof. 2.3.2, 1.7.6(1i)
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We mention a simple result which sometimes facilitates

calculations.

2.3.5. Proposition (i) For any subclass U of obj Qun
(T, B ¢ (W) = (T.E : (u)|serg.

(ii) For any subclass V of obj Un,

(To B+ (W) = (T, E: (W)]cra.

Proof Direct from definitions.

]

2.3,6. Remarks (1) The functors S : 2 Top —> Top,

S' : Berg —> Crg, s : Qun — Un are "onto" cﬁd thus by
1.6.9 and 1.6,10(1) have adjoint right inverses. (In

fact all the "onto" functors in figure 2 of 2.1.14 have
adjoint right inverses.)

(2) Herewith we have completely settled the question of
existence of right inverses in figure 2 of 2.1.14.

(3) The adjoint right inverse of S, as well as that of S',
is given by X ~A— (X, X).

(4) The inclusion functof Un — Qun is the adjoint right
inverse of the forgetful functor s : Qun — Un. |

(5) Proposition 2.3.4, for the cases of P and Fgr was given

in [ErUmmer 19690], where P was called the Pervin functor since

it was shown there that P gives each topological space the

Pervin quasi-uniformity, due to Pervin h962], Of course

the functoriality of Fo had long been known [}sbeli 1964],
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Usually, as in [Gillmon\cnd Jerison 1960, chapter 15]_,,_Fo was

given by
F X = in KEf, R : f & Top( X, R) and f bounded)
o ET s —
- a construction which obviously coincides with ours. Our

use of I_ instead of R makes it very easy to see that FO is

the coarsest right inverse of T', and to prove the well-known
) A N . .

connection with the Stone-Cech compactification (section 2.6).

The functor F_ was used by Salbany [1970; 1971].

We ‘may replace the two-point space Dq in the definition of

the Pervin functor P by the space Iq

2,3.7. Proposition P = (Tl, £ (4 Ié&))r

Proof. We‘first show that Iq = PIu,
A defining deic‘entourcge'of Iq is of the form
B, =3, y) €I x1:y<%+r}
with r> 0. Given r> O, we choose pointsq("l‘i’»:(2 4‘""'4mn
in (O,vl) such thotfhox (n'd
(Lo, =) x [o,2))0(

belong to the Pervin quasi-uniformity on Iu' and their inter-

Then the entourages

section is contained in B Thus Iq 55 PIu. (In fact, none~

of thesevenfoUrcges can contain B whence Iq aGPIua)

Since P = (Tl>, E (:{Dq};’))v .
and Dq is a subspace of Iq, we hdve P = (Tl, E ({_Ié&)).
It remains to show that above each f & Top(X, Iu) lies a

morphism PX — Iq- N But this is immediate as Pf : PX —» PIu

and Iq = PIuv,

]



106

The above.result was obtained by Huhsaker and Lindgren
[197é] via quaéi-proximities; I found the above proof in
late 1969. A different proof was later thcinéd by Salbany
[1970,'p'.75:], cddszdr [1960, o. 171] showed  that each
topological space is quasi-unifofmizable; his construction
consisted in taking the initial quasi-uniformity for the
bounded continuous mcppings into WR; this is tantamount to
taking the continuous mcppings to Iq; thus by 2.3.7, Pervin's

quasi-unifermity equals that of Csdszdr.

2.3.8. Definition, | The functor Cl : Becrg — TQE is given
by (Xl, X2) s X functions being preserved.

2.3.9. > Salbany .b970 PP . 37-4é] made interesting use of the

functor C ;amoﬁg other things,‘he proved that Ci has a unique

¢
right inverse. .LlLet
q Top — gs_g
denote the unique right’inverse of Cl' Since Gif'g T, it

follows that if F is a right inverse of Tl, then‘T'F is a right
inverse of Cl. Thus:
T'F = Q for each right inverse F of Tl. We now give the

following affirmative answer to a question posed by Salbany

[1‘9%1p] .

2.3.10. Proposition For each right inverse F of the forget-

ful functor Tl : Qun = Top, there exists a right inverse F

of the -forgetful functor T : Qun = Berg such that
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where Q is the unique right inverse of the forgetful functor
C1 : Berg — Top.
Proof. By 1.4.27 we have a thaximal class U of quasi-uniform

spaces for which

F = (Tlr E: (H)). -
namely U = {AA & obj Qun : A = FTlAS‘ Using 2,3.4,
we have Iq‘EE PIu < FI, = FTqu, hence Iqes_g. Let
F= (T, E' : (U)). The class T'U contains T'I_ = I_ and is

| a b
‘therefore sufficient in Becr; hence F is right inverse to T',

To show FQ = F, we consider X &obj Top and
FQX = ing,=, (E'f, A : AU, f& Berg (@x, T'A)).

FX

ETl

Since ETl = E'T', it will follow that FX = FQX if we can show

in (Eg;, A : A &EU, g &Top (X, TlA)).

that, for A €U,

jL—[—f'f : f &Berg (QX, T'A)}¢= {Eg : g & Top (X, TlA)}'
As A = FT,A and T'F = Q, we have T'A =QT,A.  The required

step now readily follows.

o

2.3.11, We now consider the separated categories:

Quns, Uns, Btih, Tih, glo' Io? and we exclude the functors Ti-

and Cl from our considerations. The sepdﬁaféd categories were
obtained by lifting the property Téa%rom Top against the forgetful
functors in figure 1 of section 2.2 (see definition 2.2.lland note

and C. could not be admitted there). It is immediately

that Tl 1
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clear that the given forgetful functors among the non-separated
categories induce forgetful functors among the separated
categories, Moreover, the right inverses of the forgetful
functors between the npn—seporoted categories then induce

right inverses of the induced forgetful functors between the

separated categories.

On the other hand, I do not know whether every right -
inverse of, say, the forgetful functor Uns —> Tih is induced
by a right inverse of T' : Un —> Crg. (The reader is
warned against a too easy affirmative answer.) At present;
this.ignordnce does no harm, for experience shows that one
éarries out initiality constructions in the non-separated
categories - because there one has initiality completeness -
and then restricts the resulting constructs to the separated
categories if one wishes. (fwo possible reasons for such a

wish are : to get embeddings, or to get compactness epireflective.)
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2.4. TOTAL BOUNDEDNESS.

Total boundedness, as it is usually defined in Qun,
is a property lifted from the familiar total boundedness in
Un against the férgethl functor s : Qun — Un. Salbany
[}970, p.Sé] constructed the total beoundedness monoreflector
in Qun in terms of initiality, basing his proof on his
construction of_the gquasi-uniform completion. We give a
diffefent,Adirect proof of the same construction. We use a
result from our section 1.8. to deduce éther fofmulce con-
cerning this monoreflectof in Qun. We also indicate how
the (largely known) onalogues in Un can be retrieved from

these results.

2.4.1 Definition ([Qsészér 1963], [MurdeshWor and Naimpally

1966] , [Fetcher 1970].)

A (quasi-)uniform space X is totally bounded iff for each

entourage H in X there exists a finite covering {Ak}k of X such

that _UkAk x A, CH.

2.4.2. Proposition [Murdeshwar and Naimpally 1966, p. SCJ.)

The quasi-uniform space X is totally bounded if and only if the

uniform space sX is totally bounded.

1

Thus we are dealing with a lifting against the functor’

s : Qun > Un.
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2.4.3. Proposition  The monoreflector (4o . ET) & ({1_}))

is the total boundedness reflector in Qun.

Proof This follows from 1.8.6 if we show that a space Y is
totally bounded if and only if

Y = 1nETl(ETlf, I, : f & Qunl(y, Iq)).

One direction is trivial; conversely, assume Y totaliy bounded.
It suffices to show that any entourage H of Y is an entourage of
the initial space. Given H gent Y, form a sequence of

entourages H_ of Y with H_ = H and H H EH. (n > 0)

n+i°Hn+l

and find aAquosi-pseudometric d with Hn+lC: d'.hl LP, 2—n)<£:Hn

]
n+1

for n = O {Kelley 1955,'b.185]. There is a finite covering
{A?} K of Y with kaAkx AkC:'Hz" There are morphisms
fi 1 Y = I, given by f (y) = ind(Ak, y) - the verification

involves only the triangle inequolity. The proof is completed:
by shoWing that :
(\kA(kafk)-l{(I. Y)E T x I @ ye X+ 1/4}C_:H

The above proof is from [?rUmmer 197Q].

Since the functor s preserves initiality, we retrieve

from the above proposition the following well known result.

2.4.4, Proposition The monoreflector (1Un' ET : ({Is})) is

the total boundedness reflector in Un.

[
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2.4.5, Definition We shall write
.~(19—u_rl, ET, (.{Iq}))
po= 1y, ET : ({I3))

for the total boundedness reflectors in Qun and Un respectively.

O
il

2,4,.6, Proposition Let J denote the inclusion functor .
Un - Qun. Then p = spSJ°
Proof 1.9.4 and 2.1.17(1)

[

This result has the curious consequence that for a uniform

space X one has

pX = 1nET(EGlf; Iq : f €Qun(JX, Iq)),
2.4,7. Proposition T'p° = T' and TlpS = Ti.
Proof From 2.4.5 by 2.1.5 and 2.1.4.
We recall that the forgetful functors
T '+ Qun— Berg, T': Un— Crg, T; : Qun —> Top:

have coarsest right inverses denoted by Eo' Fo' P respectively.

2.4.8. Proposition 65 =1Qun ANF T = 1 A PT

Proof 2.4.7 and 1.8.8.
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2.4,9. Proposition (i) For each right inverse F of T' we

have p°F = Eo’

(ii) For each right inverse G of Ty p°G = P.

Proof. 2.4,7 and 1.8.8.,

1

2,4,10., Remark The uniform analogues of the last three

propositions can be proved similarly. The uniform analogue
of 2.4,7 is well known, and so (but for the functional garb)

is that of 2.4.8 LGillmcn and Jerison 1960, p. 235]°

The following theorem, whose proof we omit, extends our

proposition 2.3.7. Part (i) is from [BrUmmer 197Cﬂ,

2.4,11. Theorem (i) Let A be a quasi-uniform space.

Then P =‘(Tl, E ;'({A} )) if and only if A is totally bounded
and TlA contains a homegmorph of Duo

(ii) Let B be a sgpdrcted uniform space. Then

Fo = (t, E* ¢« ( {B})) if and only if B is totally bounded

and T'B contains a homeomorph of I.

D.
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'2.5. SPECIAL MORPHISMS IN THE
'SEPARATED CATEGORIES.

In this section we characterize the epimorphisms,
equalizers and extremé monomorphisms in the "separated"

categories Quns, Uns, Btih, Tih and deduce that these

categories are comblete, well- and co-well-powefed. It
theh follows that sufficent conditions obtain for
applying the two theorems of section 1.9, on the lifting

of epireflections, to the forgetful functors

s : Quns — Uns S : Btih —> Tih

T : Quns —> Btih T : Uns —» Tih
2.5.1, Convention We defined the functors s and S' in
2,1.1., and 2.1.13. between non-separated categories; by

2.3.11. they induce functors between the corresponding
seporcted categories; these induced functors we shall
henceforth for convenience denote by

s : Quns = Uns S : Btih — Tih

Similarly the functors induced by T and T will simply be

denoted by
T : Quns —» Btih T : Uns —> Tih.
2.5.2, _Lemma If Y is a separated quasi~uniform space, then

the Qun-coproduct of two copies of Y, identified clong a set

closed in TsY, 1is again a separated quasi-uniform space.
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Proof By 2.1.12 and 1.2.2 Qun is coinitiality complete.

As Ens has copreducts, thé dual of thedreﬁ 1;2;4 éhows that
we ¢dn construct thelcobréduct YALY in Qun (say with

1 i2 : Y ™ YULY) as the solution of

a coinitiality problem. Given a set C closed in TsY, let

canonical injections i

R be the equivalence relation in YauLY defined as follows:

X Ry iff x =1y or izl(?) = igl(y) ecC

or iTi(y) = ij?
1 2

Denote by Z = (YuY)/R the space in Qun which is coinitial

(x) é‘:c

fof the canonical identificgtion function. We have to show
Z separated, i.e. to show the uniform space sZ separated.

The functor s preser9e§:coinitiolity for the forgetful

functor to Ens. . Proof:

Let fj : Bj’ —éi.A bé.c coiniticiity ingggg{ A
_éubbcse for ent A consists of those‘subsets H of IAlx'A]
such that (fj x fJ:)“lH E.en.?t- Bj for all j. The Ha H™1 .for‘m
d subbase for ent sA. Now

- - - -1,,,-1

(fj X fj) l(HmH 1_) = ((fj x fj) 1H)m((fj. X fj) H)

and henqe the sfj : $Bj -> sA fofm a coinitioiity in QQ.

Consequently sZ (s(YaLy))/R

(sYJisY)/R.

Our problem is‘thué reauced to that of showing that if the
‘uniferm space X = 'sY is.seporcted, so is (X X)/R. fhis

can be séen by‘presenting X‘in terms of its family of

uniform cove?s‘L}sbell 1964, chapter i] rather than entourages.

. VaS .
For each uniform cover U of X, we form a cover U of (x1LX)/R

by taking two copies of U and identifying their members along
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the closed set C. It is readily seen that the covers Q
form a base for the uniform covers of (X X)/R and hence

that this space has To—seporotion°

I

2.5.3. Theorem A moerphism f : X — VY is Quns is epic

in Quns if and only if the image set fX is dense in TsY.
Proof Let fX be dense in TsY. Suppose X ———> Y X
in Quns commutes. In the diagram

TsX ————> TsY T§Z in Tih,
, Tsh z

Tsf has dense image, hence Tsg = Tsh, hence g“= h. ThQs f
is epic in Qgﬂiu |

” The converse can be proved by an immediate adaptation of
a stondoﬁd proéedurev [5urgess 1965] or [ferflich 1968, Satz

15.2,21, using lemma 2.5.2.

2.5.4. Theorem. Let f : X —> Y be a Quns-morphism. The

following three conditions are equivalent:
(1) f is an equalizer in Quns
(2). f is an extreme moﬁomofphism in Quns
(3) f is equivclént to an inclusion mdpping A—= vV,

where A as subset of Y is closed in TsY,

Proof., Using lemma 2.5.2, the proof of [Herrlich 1968,

Satz 155253] can be readily adapted.

[



116

2.5,5. Remarks (1) As corollaries we obtain the known

characterizations of epimorphisms, equalizers and extreme

monomorphisms in Uns if we replace Quns by Uns and TsY.

by TY in the statement of theorems 2.5.3 and 2.5.4.

(2) Let L : A —> B be a faithful functor with a right
inverse R : B — A, It is clear that if f is an epi-

morphism in B, ‘then Rf is an epimorphism in A,

(3) Salbany [}970,‘p°40] used remark (2) to derive the

known chorocteriiction §f epi iﬁ Io fréh»his chcrccteriéotion
of epi in Eiiﬁ; his functor L : Btih — Ié was given by
(xl, >g2) N X, (cf. 2.3.9). We shall now use the

same idea to retrieve Salbany's characterization of epi in

Btih from our characterization of epi in Quns,

2.5.6. Theorem [éclbcny 1970, p,Bé]

A'morphism f «: X— Y in Btih is epic if and only if

the image set fX is dense in SY.

Proof Let f : X —> Y be epic in Btih., Choose any right

invefse F of T : Quns —> Btih. By 2.5.5(2), Ff : FX —» FY
is epic in Quns. By 2.5.3 the image set of Ff (i.e. of f)

is dense in TsFY = STFY = SY.

—9 5

-

. . f
Conversely, let fX be dense in SY. Suppose X —> Y "h S
commutes. As Sf has dense image in SY, we have S@ = Sh,
i.e. g = h. Thus f is epic in Btih.

[
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2.5.7, Theorem, For a morphish f : X—> Y in Btih the
foliowing three conditions are equivalént: o

(1) f is ;h equalizer in Btih |

(2) f is an extreme monomorphism in Eiih

(3) f is equivalent to an inclusion ﬁoﬁpingvA - Y,

where A as subset of Y is closed in SY,

Proof. If‘(ézpbj Btih and A is closed in SY, then the

Eg:g-coproduét of two copies of Y, identified clongvA, is
‘in giin. This can be proved 1ike lemma 2.5.2 sihce S!

preserves coinitiality. For‘the standard rest of thé

proof we agdain refer to’[ﬁerrlich 1968, Satz 15,2.3].

L1

2,5.8. Remark As corollaries one has the known character-

izations of the epimorphisms, equalizers and extreme mono-
morpHiSms in Tih if one replaces Btih by Tih and ST by Y in

the statement of 2.5.6 and 2.5.7.

2.5.9. Proposition The categories Quns, Uns, Btih, Tﬁh

are complete, well- and co-well-poweked.

Proof. Completeness follows from the'éxistence of products
(for Btih and Tih : reflectivity in 2 Top and Top, respectively)
and equalizers. - Co-well-poweredness follows from our knowledge

of the epimorphisms. The monomorphisms are the injections
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(as there are discrete two-point objects) and hence well-

poweredness follows.

O

2.5,10. Proposition ‘The forgetful functors
s : Quns —> Uns, S : Btih — Tih,
T : Quns = Btih, T : Uhs = Tih

preserve products and equalizers (hence limits), as well

as epimorphisms and: extreme monomoerphisms,

Proof Preservation of products is clear [§dlbcny 197Q}.
For the morphism types, the statement is immediate from the

characterizations of these types in this section.,

=

2.5,11, Remcrk‘_ By propositions 2.5.10 and 2.5.11 the
functors s, S, T, T sétisfy the conditions of theorems 1.9.2
and 1.9.4 for the liftiﬁg of'epireflections. As right
inve?ses of s and S, resﬁectively, one can take the

following two functors.

2.5.12. Definition  We shall write

J :+ Un —» Qgg
for the inclusion functor, and
O : Tih - Btin
for the functor given by DX = (X, X), functions being

preserved.
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2.6, COMPACTNESS AND COMPLETENESS.

Salbany [1970] defined a bitopological space X to be

pqirwise'compact iff the topologicci space SX = lelX2 is
compact, and a quasi-uniform space Y to be complete iff the
uniform coreflection sY is complete. These definitiohs
gdve rise to réflections and thereby to a theory
systemcticcliy cnclogoﬁs fo the basic classical theory of

compactifications and completions.

Salbany's pcirWise comp&ctness and quasi-uniform
completeﬁess ore instances of properties lifted against
forgetful functors. Their (epi)Feflectivity immediately
follows from‘the results of our previous‘section; However,
(epi)reflectivity does not exhaust what can be said about
Sdlbcny's results in this context, and therefore we shall
pqihf §u£ which of the resultg are straight ;onéequences |
of.the liffing;icnd‘which do not seem to be so. | We
further obfdin the bitopéiogiccl analogue of -the cicssiccl
relation betweeﬁ the'Stbne—éech compactification and the
coarsest right inverse ofvthe.forgetful functor,ugb—e> Cra.
Wé end by raising é few problems, one of which concerns the’

lifting of realcompactness to bitopological spaces.

2.6.1, Henceforth we shall mainly deal with the "separated"

categories Quns, Uns, Btih, Tih. However, the term
embedding is always to be taken relative to the ambient
"non-separated" category Qun, Un, Bcra (or equivalently

2_Top), Crg (or equivalently : Top), respectively. This is
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to ensure that our concept of embedding from section 1.3
coincides with the ordinary notion of embedding. A
similar remark applies to the notion of subspace, which

means that the inclusion mapping is an initiality.

2.6.2. Definition A bitopologiccl.spcce X = (Xl, X2) is
compact iff the topological space SX = le X2 is compqct
(i.e. iff every open cover of SX admits a finite subcover).
A quasi-uniform space Y is complete iff its uniform

coreflection sY 1s complete.

(We drop the word "pairwise" as it is only appropriate
to properties like pairwise Hausdorff, pairwise regularity,
pairwise complete regularity and pairwise normality

[Sclbany 1970] which are not obtained by lifting against S.)

2.6.3. The following results [?clbcny 1970, pp. 79, 18,

61, 19, 61, 19, 61] are immedicté consequences of the

corresponding results in Top ‘and Un.

(i) A quasi-uniform sbcce Y is complete and totally bounded.

if and only if the bitopological space TY is compact.
(i1) Compactness is productive in 2 Top.
(iii) Completeness is productive in Qun.

(iv) If the subspace A of the compact bitopological space

X is closed in SX, then A is compact.,
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(v) If the subspace B of the complete qucsi-uniform space
Y is closed in TsY, then B is complete.

(vi) 1If A is a compact subspace of the Btih-space X, then

A is a closed subset of SX.

Viit) If B is a complete subspace of the Quns-space Y, then

B is a closed subset of TsY.

Proof For (i) use 2.4. 2. The rest is trivial. (Salbany

L}97O p. lé] has a stronger version of (vi), with "pairwise

Hausdorff" instead of "pairwise Tihonov", )

OJ

Likewise the following proposition. is a straight

application of the lifting theorems of section 1.9.

2.6,4. Proposition (i) Let @ denote the compactness
_ epireflectdr in Tih. The compact spaces in Btih form an

epireflective subcategory with epireflector p S, and
p - sp 5p.
(ii) Let c denote the completenéss epireflector in Uns.

complete spaces in Quns form an epireflective sub-

category with epireflector cs, and ¢ = sch.

Proof. ' Immediate from definition 2.6.2 and remark 2.5.11.

7

The



122

The result (i) above is due to Salbony [1970 p. 37]
Apart from constructing the eplreflectlon c® [}970 P. 66]
he also showed that each quasi-uniform space X has a

completion, i.e. an embedding f': X —> Y into a complete

space Y such that fX 1is dense in TsY [}970g p,63]; but
did not explicitly mention ¢ = sc®J., The'cbmpletion
was anticipated by Csdszar E963], whose "doubl§“completeness",
for the case of quasi-uniform spccésv coincides with what is

here termed completeness,
The following analogue of a well-known theorem about
uniform spaces does not seem to be an immediate consequence of

“the lifting against the functor s.

2,.6.5. Proposition, Let Y be a complete separated Quqsi-

uniform space. Let f : X —¢>'Y'be an embedding such that the
image set fX is dense in TsY. Then the pair (f, Y) is

equivalent to the completeness reflection (c;,‘csx)u

Proof. In constructlng the completeness reflectlon,

Salbany [}970 P 64] showed thct cs is an embeddlng There-

X

with (c;, c X) is a "double completlon" in the sense of
[gsdszér 1963]. Csdszdr [}963: '1967, pu53] showed that any

two’ seporcted double completlons of a syntopogenous structure
are equ1valent this result immediately spec1ollzes to

qudsi—uniform spaces. -
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(A direct proof, without recourse to syntopogenous

structures, is desirable.)

2.6.6. Proposition There is a natural equivalence scs nNJ cs,

x P X —> o™X, As this

is an embedding and Quns-epimorphism, sc;

dense embedding into the complete separated uniform space

Proof For X in obj Quns; consider co

sX —> sésX is a

sc X, Now céx 1 sX — csX is another separated uniform

completion of sX; two separated uniferm completions are

equivalent; the equivalence is easily shown to be natural,.

O

On the other hand:

2.6.7. Proposition S@S’cnd @S are not naturally

equivalent.

Proof - Let the interval EQ,'I), as bitdpolégical subspace

of I, be denoted by X. Then SX is [p. 1) with the usual
topoelogy. Clearly pSX'is not I, as there are mappings
SX —> I which have no extensions I — 1I. However, pSX = Ib’

as a mcpping X —=>» 1I_ is monotone increasing and therefore

b

has a unique extension Ib — I Hence S@S‘X = 1.

b* |
]

I owe the above proof to Dr. S. Salbany.
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Let C* : Tih — Uns denote the functor induced (2.3.11)
by the coarsest right inverse F'o of the fof‘getful functor
L — .

T'" : Uh = Crg. Similarly let C : Btih — Quns be the

functor induced by Eo'

. - . * *
2.6.,8, Proposition (.1) C(S ~ cC

¥

—
(11)C@Su c C .,

Proof (i) Consider a Tihonov space X. As Un is initiality
I complete, there exists a uniform

S

space

Y o= ing,q, (.px, c*{sx)

and a mapping

Chyo Y:,—}"c*ﬁx

such that T hx = @X“

N - , I*- ) : :
Now we have CF3X=F p~x=
‘ ‘ ol

) - inE,.l.l_,“'v(E"f, Ig fgcfg(ﬂx, ;)).

% H

S BX o ﬁxv ot v
By the associativity thé'or‘e('rf 1.1.10, it follows that Y 1is
initial for the‘moppihgs f,@x to Is' where f ranges through
Crg (@x, I1). But by the réflection property of?ﬁlx, the
mappings f.fﬁx are precisely all the g : X —» 1I.
Thus Y = 1nE,T,(E’g, I, : g &Crg (X, 1)) = FJX =CX.

. *
Hence hX = C 6X; as this mapping is an initiality and also
is), it is an embedding. By remark

X
*
2.5.5(2), as @X is epic in Tih, C ﬁx. is epic in Uns.

injective (since (5
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* ' *
Further C @X is complete since TC @X = (3X ils compact.
* * L . o * ‘
Thus (Cf3,, C P X) is a completion of Y = C' X.  This
completion is equivalent to (CC*X’

N .
cC X). Again the
equivalence is easily shown to be natural.

(ii) The proof of (i) can be used verbatim to prove (ii),
with only changes of symbols, e.g. Iq and Ib take the places
of I_ and I, |

s

L]

The result (i) above is well known [Esbell 1964]; the
proof given above is essentially that sketched in E?illmcn

and Jerison 1960, pp. 225—22615

2.6.9., Problems (l) It is well known [ﬁerrlich 1968]

that the reclcompact spcces form the smallest eplreflectlve

subcctegory of Tih whlch contains the space R. Let v denote
the reclcompactness eplreflector in Tih, ‘Let

C : Tih —5 Un
be thé rlght 1n§erse of T :'Un —9» Tih 1nduced by
(T, : ,ﬁ]Q;} . It is known [Glllman and Jerlson 1960,
b. 225] that
| .Cv ~  cC,
(The form of proof of 2.6.8 does not quite suffice for this;
one needs a different créumént for the completeness of CvX.)
The lifted epirefléctor vS in Btih exisfs, and it would be
interesting to have a formula of the form
Cv> ~ ¢ C

with C right inverse to the forgetful functor T : Quns —» Btih.
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Indeed, from such a formula one would immediately deduce
the following bitopologicql analogue of tHe celebrated Shirota
theorem Lgillman cna Jerison 1960; P. 229]:
Let X be a Btih~spoce having ne subset of measurable
cardinality which is closed and discrete in SX Then
X cdmlts a complete qu051~un1form1ty if and only if
VSX’QL X.
Remains the question of su1tobly defining C. Induc1ng
C by (T;, iR % )) would be suitable 1f one could show that
the epiteflectlve subcategory of Btih given by vS is the’
smallest epireflective subcetegoty containing the space ﬂ?b
A more promising definition uses'(T' E' : (U)) where U is the
class of all those complete quesi-uniform sboces Y‘suchethat

STY = R.

(2) Each right inverse F of T': Un — ‘gtg can be'written in
the form F = (T', E; :V(U)) with U‘c class of seporeted uniform
spcces.‘ Hence 1t seems interesting to con51der the‘E-compoct
spaces in the sense of [Berrllch 1967] with \E. TU, cnd to

seek a relation between F and the Xl-compcctness reflector.

(3) The Pervin functor P : Top —=> Qun is faintly analogous
to the functor C . ° The functor P has a far from fully
elucidated relation to the Wdllman compactification,

cf. [Nielsen and Sloyer 197QJ and [?rUmmer (to appear) e].

(4) We have not considered the functors
X A= XA X( -1) : Qun =5 Un
and X > Xlr\ X2 : 2 Top —=> Top.
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Are these suited to the lifting of coreflections but not

of reflections?
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Note on a Compactification due to

Nielsen and Sloyer

G.C.L. BRUMMER®

We show that a compactification in terms of ideals of
lower semi-continuous functions recently given by Nielsen

and Sloyer is equivalent to the Wallman compactification.

We follow the notation of {t]: X 1s a T,-space,
Lf(X) is the semi-ring of all non-negative lower semi-
-continuous functions'on X, and M(X) is the space of all
maximal ideals in LY¥(X) with the Stone topology in which
a subbase (soon to be seen a.base) for the closed sets
consists of the sets f = {I & M(X) | f &I} with fe LY x0).
There is a mapping e : X » M(X), whose continuity we need

not yet check, given by e(x) = Ix = {fe LT l f(x) = 0}.

Cl(X) 1is the céllection of all closed sets in X. Let
wX, the set of all ultrafilters in C1(X), have the topology
in which a base (sic!) for the closed sets éonsists of the
sets A = {F&€ wX | A€@F} with A & Cl(X). There is a dense
embedding i : X + wX given by i(x) = {A € CL(X) | x& A}.
The pair (i, wX) 1is well known as the Wallman compactifica—

tion of X.

“Aided by a University of Cape Town Staff Research Grant
and by a bursary from the South African CSIR.



Nielsen and Sloyer proved [1 theorem 2] that thére is
a bijection b of the set M(X) onto the set wX, given
by B(I) = Z[I] = {f*i(O) | f e I}. Since bTF] = A where
A = f*?(O), b induces a bijection between the given subbase
(which is thus a base) for M(X) and the given base for wX.

Hence b is a homeomorphism. Clearly bee = i, so that

e 1s also a dense embedding.- Thus we have at once:

Theorem. The pair (e, M(X)) 1is a compactification
of the T,-space X, equivalent to the Wallman

compactification-of X.

Reference

L1 Nielsen, R., Sloyer, C. : Ideals of semi-
-continuous functions and compactifications of
T,-spaces. Math. Ann. 187, 329-331 (1970).

G.C.L. Brummer
University of Cape Town
Rondebosch |
South Africa.
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MATHEMATICS

INITTAL QUASI-UNIFORMITIES
BY

G. C. L. BRUMMER 1)

(Communicated by Prof. H. FREUDENTHAL at the meeting of April 26, 1969)

Introduction

This note discusses functors which are right inverses of the forgetful
functor 7': Qun — Top, where Qun and Top are the categories of quasi-
uniform and of topological spaces respectively.

In Section 1 we show that the class J  of all such functors, though not
a set, has complete lattice sfructure with respect to the partial ordering
“coarser than”. The coarsest functor in " endows each topological space
with its PERVIN quasi-uniformity [1]. The finest member of ", the
adjoint of 7', is characterized in a number of ways, one of them requiring
gection 2 on quasi-pseudo-metrics.

Section 3 justifies our title: it shows that the right inverses of 7' are
exactly those functors from Zop to Qun which are obtained from initial
structures in a certain way.

Section 4, as an application, gives an unusual characterization of the
Tp-spaces and answers a question of THRON. ‘

The results of sections 1, 2 and 3 have precise (and mostly known)
analogues for uniform spaces. The analogy hinges partly on the fact that
D, the space of two points and three open sets, admits a unique structure
in Qun, as does [0, 11 in Unif.

It may be said here that the Pervin quasi- umformlty, which has now
been shown to be functorial, induces the PErRVIN quasi-proximity [2] via
a forgetful functor (but see [3]). We intend to pursue this in a note on
initial quasi-proximities.

Notations

Qun is the category of quasi-uniform spaces [1, 4, 5, 6] with the mappings
which in [4, 5, 6] are called quasi-uniformly continuous as morphisms.
The uniform spaces with uniformly continuous mappings form a full sub-
category Unif of Qun. Top is the category of topological spaces and
continuous mappings, Ens that of sets and functions. We have the forget-

1) The author is indebted to Dr. K. A. Hardie for many elucidating and stimulatnig
conversations. This work was partly supported by University of Cape Town Staff
Research Grant 46-079.
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ful functors 7': Qun — Top, ||..|: Qun — Ens, ||..|: Top — Ens. The
topological space having two points 0 and 1 and ghree open sets ¢, {0},
{0, 1} is denoted by D-.

If we have a topological space X and quasi-uniform spaces Y and Z,
with ||Y]|=1X]|, and if Y is initial [7] in Qun Witlhrespect to the Z, for
the continuous mappings X — 7(Z,), then the following abuse of language
will cut down notation: Y is initial for the continuous mappings from
X to the Z,.

1. Right inverses of T
The following trivial result is well known.

1.1 Proposition. Each topological space X is initial for the st of
all continuous mappings from X to Dr.

We recall from [1] that the Pervin quasi-uniformity on a topologlca]

space X has a subbase consisting of the entoura’;ges o

S(4) = (Ax4) v (1 X]- ><!XI

with 4 ranging through all the open sets of X. One 1ead11y sees that the
Pervin is the only quasi-uniformity compatible with the topology of D.

1.2 Theorem. On any topological space X| the Pervin gquasi-uni-
formaty is initial for the set of all continuous mappings X — D with respect
to the unique quasi-uniformity of D,

~Proof. The quasi-uniformity on D' is generated by one niember;

SO ={(0, 0), (0, 1), (1, 1)}

Hence,vthe initial quaéi-uniformity on X is generated by the entourages

- (F % H28{0N = S(-{0)),

f ranging through the continuous mappings X — D". As the f 1{0} are
exactly the open sets of X, the theorem is pro ved. '

Observmg that for quasi-uniformities (as for uniformities) the topology

of an initial structure is the same as the initial topology, we retrieve
from 1.1 and 1.2 the theorem of Prrvix [1]:

1.3 Corollary. On any topological space the Pervin quasi-uniformity
is compatible with the topology.

From 1.2 and 1.3 immediately follows:

1.4 Proposition. There is a unique functor|P: Top — Qun (herein-
after to be called the Pervin functor) which satisfies| TP =1 and equips each
object of Top with its Pervin quasi-uniformity. '
B ﬁet A" denote the class of all right inverses of| 7, that is, functors F':
Top — Qun for which TF =1I. These functors satisfy ||..|[F=].. |, that
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is, they “‘preserve sets and functions”. Hence we can define a partial
ordering of " as follows:
F <@ (F coarser than @, G finer than F) iff for every topological space
X, F(X) has a coarser structure than G(X).

1.5 Proposition'. The Pervin functor P is the coarsest member of
the class A~ of all right inverses of T.

Proof. Consider any F e ¢ and X € Obj Top. For any morphism f:
X — D" we have F(f): F(X) - F(D')=P(D’). Since ||F(f)l|=If|, it follows
from 1.2 that the structure of P(X) is coarser than that of F(X).

1.6 Remark. P(X) need not have the coarsest quasi-uniformity
compatible with the topology of X. For example, let X be an infinite
discrete space. The entourages S({z}) with x € |X| generate a compatible
quasi-uniformity strictly coarser than the Pervin.

1.7 Proposition. KHvery non-void subclass of A~ has a supremum
and an infimum in A with respect to .<.

Proof. Consider any non-void subclass € of J". We construct its
supremum (. For any object X of Top, the class {F(X): F € €}is a set
(of cardinal <exp exp card |X x X|) and non-void. The union of the
quasi-uniformities of these F(X) generates the quasi-uniformity of G(X).
Letting & preserve functions, we have to show that ¢ is a functor. Consider
feTop (X, Y). An entourage M from the chosen subbase for G(Y).is an
entourage in F(Y) for some F e %, hence (f x f)"1M will be an entourage
in F(X); this proves that G(f) € Qun (G(X), G(Y)). Thus & is a functor.
Clearly G € £ and G=sup €. To construct the infimum of % one takes
the supremum of the (by 1.5 non-void) class of all lower bounds of %.

In particular 4" has a finest member 7'*, so that the following is almost
obvious: : :

1.8 Proposition. The finest member T* of A" is the adjoint of the
forgetful functor T. For any topological space X, T*(X) can be constructed
wn each of the following ways:

(i) T*(X) has the finest quasi-uniformity compatible with the topology of X.

(ii) T*(X) ¢s initial for the class of all continuous mappings of X into
arbitrary quasi-uniform spaces.

(iii) T*(X)-is initial for the set of all those identical functions which are

~sni " conbinuous from X to quasi-pseudometric spaces on the point set of X.

Only (iiij still needs proof, which we defer to sect,idn 2.
1.9 Proposition. The class A is not a set. In fact we can assign

to each infinite cardinal m a functor Fme X in such a way that m<n
implies Fp < Fo. ‘
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Proof. For any object X in Top, let Fn,(X
uniform space for the class of all continuous mapp
uniform spaces of cardinality <m. Letting Fp,
readily see that Fy, is a functor. As TFn,(X) is

) be the initial quasi-

ings from X into quasi-

preserve functions, we
initial in Top for the

relevant mappings and P(D’) is one of the spaces of cardinality <m,
we have TFn(X)=X. Thus Fme A Now let m<n. Clearly Fp<Fn.
To show Fy,+# Fy, consider a discrete topological s]!pace X of cardinality n.
By 1.8 (ii) or (iii) we have F,(X)=T*(X), so Fn(X) has the discrete
uniformity. However, if F,,(X) also had the discrete uniformity, there
would be a discrete tmiform space Y of cardmahty m and finitely many

functions fi, ..., fz: 1 X} — ||Y] with :
N U i @xiiy) = (@) ze X))
1<i<k yell?l

which is impossible with infinite m<n.

2.  Quasi-pseudo-metrics

Wherever possible, it is desirable that results a
in such a way that they correspond to results abo

spondence should extend to the proofs or constr

proposition is crucial in obtaining the equivalenc
and certain families (“gages’ [8]) of pseudo-met
(*) For any uniform space Y, the uniformity of

bout Unif be presented
ut Qun; and the corre-
uctions. The following
e between uniformities
Tics :

Y is induced by the set

of those pseudo-metrics which are uniformly continuous on Y x Y.

However, (*) does not carry over to Qun [6 p.
following proposition (1) [8 theorem 6.11] also ha
in Qun, seems to have obstructed the extension
equivalence to quasi-uniformities.

(1) Let Y be a uniform space and d a pseudo-m
uniformly continuous on Y x Y if and only if the
Y to (|| Y]], d) ¢s uniformly continuous.

254]. The fact that the
s no simple counterpart
of the above-mentioned

etric for || Y. Then d s
tdentical function from

The remedy is simple: one observes that (1) is not needed for the equiva-
lence, and one reformulates (*) as follows (together with its quasi-uniform

version):

2.1 Proposition.

Each (quasi-)uniform space Y is initial for the

set of those identical functions which are (quasi- umformly continuous from
Y to (quasi-)pseudo-metric spaces on the point set of Y.

Save for terminology the uniform half of this proposition occurs in
[9 theorem 24 A. 9]. Since the Metrization Lemma can be made inde-

pendent of symmetry [8 p. 185], a direct proof a
suffices to establish both halves of proposition 2

Proof of 1.8 (iii): This is immediate from 2
is the finest functor in . The same argument
analogue [9 theorem 24 B. 12] of 1.8 (iii).

5 in {10 theorem 20.13]
1 (see also [5 p. 228]).

1 and the fact that T*
establishes the uniform
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8. Characterization of right inverses of T

Let Z be the class of those functors F: Top — Qun which satisfy
I|..{F=1|..]|. Clearly o C 2.

3.1 Theorem. Let Fe L. Then Fe X if and only if the following
two conditions are satisfied:

() TF(D)=D

(B) There exists a class B of quasi-uniform spaces such that for each
topological space X, F(X) is initial in Qun for the continuous mappings
of X into members of A. "

Proof. If Fe X then (x) holds trivially and we choose #={F(4):
4 € Obj Top}. To see that the initial quasi-uniformity is coarser than
that of F(X), consider a morphism fe Top (X, T(B)) where B e #%. For
some A, B=F(A), hence FT(B)=FTF(4)=F(4)=B. Thus F(f) € Qun
(F(X), B). To see that the initial structure is finer than that of F(X),
one observes that 1x € Top (X, X)=Top (X, TF(X)) so that 1x is one of
the generating mappings.

Conversely, let F € & satisfy (x) and (8). TF(X) is initial for the con-
tinuous mappings of X into spaces T(B) with Be #. As this holds in
particular for X =D, one sees that there exists Bye & such that D" is
initial for mappings D' — T'(By). Hence TF(X)=

Clearly the uniform analogue of 3.1, in which D is replaced by the
closed unit interval, is valid; in the proof one replaces By by a set of
members of #. Categorial generalizations of 3.1 lie outside the concrete
scope of this note. The reader will observe that the proofs in section 1
could (with some loss of simplicity) be presented as applications of 3.1.

Extending the ordering of > by coarseness to &, one sees from the
proof of 1.5 that P is the coarsest functor satisfying (x) in #. Further, %
has a coarsest member —which satisfies (8) but not («).

3.2 Example of F e L satisfying (o) but not (8). Let F =P8 where
S: Top — Top is the sequential coreflector (the open sets of S(X) are
the sequentially open sets of X, and § preserves functions). The functorial-
ity of § is proved in [11 theorem 2.2]. Clearly TF(D’)=D", but TF(X)# X
whenever X is not a sequential space.

3.3 Example of F e L satisfying neither (x) nor (8). Let F be the
finest member of .. Consider an indiscrete space X to see that F does
not satisfy (B).

4.  Application to Tp-spaces

The T p-spaces were introduced by Avir and TaHrRON [12]; see also [13].
We characterize these spaces with the aid of a functor E from Top to
the subcategory of uniformizable spaces as follows.
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For any object X in Top, form the uniform space whose structure is

the supremum of the structures of P(X) and it

s conjugate. It follows

from 1.4 and [4 theorem 1.26] that this assignment is functorial. Then
apply the forgetful functor 7' to obtain E(X). Clearly E(X) has a uni-
formizable topology finer than that of X, and one expects that E(X) will

often be discrete.

4.1 Propoéition.l E(X) is discrete if and o

Proof. The topology of E(X) is induced by
where Z is the Pervin quasi-uniformity on X. R
subbase {S(4): 4 open in X}, one sees that E(X

if, for each z € |X|, there exist finitely many ope

such that
{x}= (N 8(4s) n N 8(Br) )

that is, by [4 prop. 0.18],
{#}=(N 8] O (N 8By

Now S(4y)[x]=4; if ze 4;, |X]| if ¢ 4;; and S
|X|— By if « ¢ Bx. Hence the condition reduces
intersection of an open and a closed set. This is
a Tp-space.

4.2 Remark. In the present context we ¢
of TERON in [10 p. 108], whether 7'p is preserved u
products. Clearly D" is a T'p-space. Consider the
giving the real line the topology with base for
the open intervals of the form (—oc, ). Since T
To-space, it can by 1.1 be embedded in the to

nly if X is a Tp-space.

the uniformity & v 2-1
ecalling that & has the

is discrete if and only
n sets A; and By of X

x],

[z]).

\Br) l[z]=|X| if x € B,
to each {z} being the
equivalent to X being

an answer the question
nder infinite topological
> space B obtained by
open sets consisting of
A" is a countably based
pological product D %o,

But Tp is hereditary and R’ is not a Tp-space. Hence D% is not a 7T'p-

space.

Note added in proof: Natural quasi-uniform analogues
(1) of_ Section 2 have now been found by S. SALBANY

Deg
|

of the propositions (*) and
[14]. .

partment of Mathematics,

Ungversity of Cape Town,
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