
Univ
ers

ity
 of

 C
ap

e T
ow

n

PREDICTION OF LEACHATE GENERATION 

FROM 

MINERALS PROCESSING WASTE DEPOSITS 

by 

Graham Mark Davies 

Dissertation submitted to the University. of Cape Town 
in fulfilment of the requirements for the degree of 

Master of Science in Engineering 

Department of Chemical Engineering 
University of Cape Town 
Rondebosch 
7700. 

September 1995 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

 

 

 

 

 

 

 

 

 

The copyright of this thesis vests in the author. No 
quotation from it or information derived from it is to be 
published without full acknowledgement of the source. 
The thesis is to be used for private study or non-
commercial research purposes only. 

 

Published by the University of Cape Town (UCT) in terms 
of the non-exclusive license granted to UCT by the author. 
 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

Synopsis. 

The minerals processing industry in South Africa produces significant tonnages of waste 
material which are disposed of commonly in dedicated waste depositories. These 
deposits pose a potential to pollute the environment if leachate is generated within the 
deposit and released to the surroundings. Leachate generation is generally investigated 
using laboratory columnar experiments which attempt to mimic the physical and chemical 
processes which occur in the deposit. These experiments, termed lysimeter experiments, 

. are time consuming in that they typically last for at least a few months and can last for 
up to three years. Lysimeter experiments are also costly to conduct. Because of 
restrictions such as these, relatively few deposits have been characterised to determine 
the leachate which they generate and thus the risk which they pose to the environment. 

There is an urgent need to be able to estimate the environmental risks associated with 
existing waste deposits. The first step towards assessing this risk would be an ability to 
predict leachate generation within a specific deposit. Such an ability could be used to 
identify which of the existing deposits produce significant leachate and thus pose a 
potential hazard to the environment. Equally, if leachate generation from new deposits 
could be estimated as a function of waste material and characteristics of the waste 
deposit, this information could be used to improve the engineering design of waste 
deposits. 

The work presented in this thesis involved identifying suitable modelling strategies which 
could be used to determine leachate generation within waste deposits which contain 
waste material typical of that produced by the minerals processing industry. Two 
modelling strategies have been investigated. The first modelling strategy involved a 

macroscopic model in which all effects such as intrinsic chemical kinetics, intra-particle 
diffusion, external mass transfer and hydrodynamic considerations are lumped into a 
single parameter. The result of this approach is an effective reaction rate for the release . 
of hazardous constituents from a volume element of the waste deposit. The effective 
reaction rate is determined by fitting the model to experimental data base9 on lysimeter 
tests. The main advantage of this model is that it eliminates the need for a detailed 
understanding of the individual factors which contribute to leachate generation. This 
model was investigated both for its inherent simplicity and for use in cases where 
insufficient information with respect to the intrinsic chemical reaction rates, intra-particle 
diffusion, external mass transfer or hydrodynamic aspects exist. The main disadvantage 
of this model is that it has a limited predictive ability in that the individual significance 
of any one factor which contributes to leachate generation cannot be determined. For 
this reason a second, more detailed model, termed the heterogenous columnar model, 
has also been investigated. 
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The heterogenous columnar model describes the release of hazardous constituents at the 

single particle level and relates this information to the overall leachate generation within 

the deposit. This is achieved by calculating the release of hazardous constituents from 

the size distribution of particles to the bulk fluid between these particles. The release 

of hazardous constituents from individual particles is determined by making use of a 

particle-scale chemical reaction 'model. This particle-scale model is sufficiently detailed 

to be able to determine the relative contribution to the overall release of hazardous 

constituents from the particles of intrinsic chemical kinetics of the reactions to the effects 

of diffusion of the fluid reagent into each particle. The heterogenous columnar model 

can also be used to determine whether the effective rate of release of hazardous 

constituents from the particles (which include intrinsic kinetic and diffusional 

contributions) or the flow of fluid reagent through the deposit limits the release of 

hazardous constituents from the deposit. This information can be used to determine the 

main factors which affect the release of hazardous constituents from waste deposits and 

can thus be used to improve the design of waste deposits. 

Probably the most important attribute of the heterogenous columnar model is that 

methods have been investigated to determine the model parameters from a simple 

continuously stirred tank reactor (CSTR) type experiment. 

The ability of the heterogenous columnar. model to predict leaching behaviour has been 

investigated using data on precious metal leaching found in the literature. The results 

are encouraging in that the model can accurately predict the leaching behaviour of 

precious metals. A preliminary investigation into determining suitable particle-scale 

model parameters for a sample of waste from a CSTR experiment has been conducted. 

This too has yielded encouraging results. However, the application of using the 

heterogenous columnar model using these parameters to describe leachate generation 

within waste deposits or lysimeter experiments still needs to be demonstrated. Once the 

heterogenous columnar model has been verified against data pertaining to leachate 

generation from a waste deposit it may start to provide the minerals processing industry 

with the information which it so desperately requires in order to dispose of wastes in a 

manner which minimises the impact on the environment. 
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Nomenclature. 

Roman Letters 

DG2. 
I 

DG3. 
I 

E 
I 

~i 
~i 
L 
M 

z 

stoichiometry number, kg solid reactant ilkg fluid reagent 
concentration of reagent A, kg Alm/ 
concentration of reagent A external to particle, kg Alm[ 
initial extractable grade of solid reactant i, kg ilkg ore 
concentration of dissolved species i, kg ilmr 3 

bulk concentration of dissolved species i, kg ilm/ 
grade of solid reactant i within particle, kg i/kg ore 
initial grade of solid reactant i within particle, kg ilkg ore 
grade of solid reactant i on particle surface, kg ilkg ore 
initial grade of solid reactant i on particle surface, kg ilkg ore 
fraction of the void space within the deposit filled with fluid, dimensionless 
effective pore diffusivity of reagent A, m[lfI\ s 
effective pore diffusivity of dissolved species i, m[I~ s 
ratio of the actual fluid percolation velocity to a reference percolation 
velocity, dimensionless 
ratio of the chemical reaction rate i at z=O to the rate of fluid reagent 
replenishment, dimensionless 
dimensionless stoichiometric ratio which indicates the fluid reagent strength 
relative to the solid reactant concentration i within the deposit 
extraction of dissolved species i, dimensionless 
rate constant of solid reactant i within particle, kg ilkg ore s[Cp]0 [CA] 
rate constant of solid reactant ion particle surface, kg i/mP2 s [CJ" [CA] 
deposit depth, m 
number of size classes in the size distribution of particles, dimensionless 
number of solid reactants 
pellet flow Reynolds number, dimensionless 
volumetric flow rate of fluid into the deposit, m31s 
radius, m 
rate of 'production' of fluid reagent A by reaction with solid species i, kglm2s­
particle radius, m 
time, s 
reference space time for the deposit, s 
superficial bulk flow velocity, mi lmh2 s 
reference fluid velocity (percolation velocity), mis 
fractional conversion of solid reactant i, dimensionless 
depth, cm 
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Greek Letters 

dimensionless concentration of reagent A 
dimensionless concentration of reagent A external to particle 
reagent strength parameter relative to solid reactant i, dimensionless 
modulus in steady-state model 
ratio of diffusivity of dissolved species i to reagent A, dimensionless 
bulk solution volume fraction 

€ c01 heap void fraction 
€ 0 ore porosity, cm//cm/ 
!: dimensionless depth 
T k ratio of the volume of the particles in size class k to the volume of the 

particles in the reference size class, dimensionless 

Tl effectiveness factor for solid reactant i, dimensionless 
e dimensionless flow time 
Kpi Damkohler II number for solid reactant i within particle, dimensionless 
Ksi Damkohler II number for solid reactant i on particle surface, dimensionless 
A.i surface fraction of solid reactant i, dimensionless 
11 ratio of volume bulk fluid to fluid in particle pores, dimensionless 
~ dimensionless radius 
Z dimensionless particle radius 
p0 ore density, g ore/cm3 ore 
a pi dimensionless grade of solid reactant i within particle 
asi dimensionless grade of solid reactant i on particle· surface 
T dimensionless diffusion time 
T ' dimensionless flow time for the deposit 
¢pi reaction ·order for solid reactant i within particle, dimensionless 
<Psi reaction oredr for solid reactant i on particle surface, dimensionless 
Xi dimensionless concentration of dissolved species i 
Xib dimensionless bulk concentration of dissolved species i 
t ratio of the surface grade of hazardous constituents to the bulk grade of 

hazardous constituents within the particle, dimensionless 
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Chapter 1. Introduction. 

Increasing environmental awareness is challenging both the chemical and minerals 
processing industries to examine the type and quantity of the waste which they produce, 
and to critically assess the methods used to dispose of this waste. Presently new 
technologies are being developed to minimise the overall waste produced. Since the 
total eradication of wastes is not feasible from both thermodynamic and economic 
perspectives, industry is still faced with the problem of safely disposing of chemical and 
mineral wastes in such a manner as to ensure their minimal impact on the environment. 

One industry in particular which is being forced to assess the impacts of its wastes on the 
environment is the minerals processing industry. This industry produces high tonnages 
of waste streams which include slimes, slags, bag house dusts and leached ores. Slimes 
consist of solid particles suspended in fluid from the extraction process, while slags, dusts 
and the leached ores are all granular solid waste particles. All these solid particles 
contain leachable components in addition to significant quantities of inert material. 

These wastes are presently disposed of in various ways. In each case attempts are made 
to minimise the impact on the environment by containing the waste and any leachate 
generated within the site of disposal. Slimes are usually disposed of in slimes dams or 
tailings impoundments. These structures are designed to allow the process fluid to drain 
from the solid particles and to be returned to the process. The solid particles 
accumulate in the dams or tailings impoundments until the useful capacity of these 
structures have been exhausted. Once this stage has been reached, the remaining process 
fluid is allowed to drain and the dams and tailings impoundments resemble deposits of 
very fine granular material on closure. There is a possibility for leachate to be generated 
even after closure when rain water periodically percolates through the system. For this 
reason these structures not only need to be maintained during their useful lifespan but 
also for extended periods of time after their closure. 

Granular solid wastes in tum are usually disposed of in dedicated waste deposits. These 
deposits are engineered entities which may or may not have clay or polymer liners to 
prevent any leachate which may be generated from penetrating the environment. In 
granular deposits leachate may be generated from rain or ground water which penetrates 
and percolates through the system. In cases where significant leachate is generated, 
leachate collection sumps and treatment processes are provided. As in the case with 
slimes dams and tailings impoundments, these deposits need to be maintained well after 
they have been filled to capacity with waste. Both slimes dams and dedicated deposits 
have hazards associated with them. The most obvious hazard is their potential to pollute 
the environment if they are not sufficiently maintained, especially for the extended 
periods of time after they have been filled with waste. Further, the liners used in these 
systems are not perfect and may deteriorate with time, allowing potentially harmful 
leachate to enter the environment. 

A more attractive option which eliminates the need for liners, leachate collection sumps 
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and treatment systems is where the waste is physically or chemically pretreated in such 
a manner to either totally eliminate leachate generation, or to reduce it to release rates 
which the natural environment can assimilate. Although deposits containing stabilised 
wastes have the advantages of not requiring maintenance and eliminate the possibility 
of liner failure, their long term stability needs to be assessed. In this respect, the stability 
of deposits over at least a few decades needs to determined as well as the stability of 
deposits over much greater time periods. These time periods are consistent with the 
time scales being considered in Life Cycle Assessment of waste disposal strategies [Clift 
1995]. 

Since leachate generation and subsequent transport through granular waste deposits 
represents a significant environmental hazard, an ability to predict these phenomena 
would be most useful. In the case of slimes dams and dedicated waste deposits, such an 
ability would enable process engineers to calculate the leachate which would require 
treating and which would penetrate the environment in the case of a liner failure. This 
information could then be used to assess the potential environmental hazards of such 
waste disposal strategies and would form part of a rigorous risk assessment of landfill 
practice. Since upstream processes directly affect the properties of the waste which 
needs to be disposed of, an ability to predict the leachate generation as a function of the 
waste properties would enable process engineers to investigate upstream processing 
strategies which would produce· wastes which limit the production of leachate. This 
would enable the processing system to be optimised to limit the impact of its waste on 
the environment. Further, an ability to predict the leachate generation from deposits 
which contain stabilised wastes could be used to determine the effectiveness of the 
stabilisation procedures. In summary, an ability to predict leachate generation and 
subsequent transport through granular waste deposits would start to provide the minerals 
processing industry with the tools which it requires in order to determine the most 
appropriate disposal strategy for its wastes. 

In order to predict leachate generation and transport through granular waste deposits, the major 
physical and chemical processes involved need to be identified. In this work it has been assumed that 
the leachate is generated by the reaction of a fluid reagent with the granular solid waste particles. 
These particles usually contain several potentially hazardous and leachable constituents in addition to 
other components which exhibit buffering capacity within an inert matrix. Here buffering capacity 
refers to any component which will provide a neutralising capacity to acid which flows through the 
system. As an example, many wastes contain an alkali silicate matrix which behaves as a buffering 
component. t::>article characteristics which affect the release of hazardous constituents include 
particle size, shape and hazardous constituent location. Because of the nature of waste streams, these 
characteristics vary significantly both between the types of wastes as well as between individual 
waste particles. 

Fluid reagent flow characteristics also play an important role in both the release and 
subsequent transport of hazardous constituents. The flow patterns are important because 
they determine the extent to which the fluid is in contact with the individual waste 
particles. In this work it has been assumed that once hazardous constituents have been 
released they are transported by the bulk convection of the fluid reagent. Thus the fluid 
flow patterns significantly affect the mobility of the hazardous constituents. Other 
physical processes which affect this mobility include adsorption and desorption reactions 
of the released hazardous constituents onto the surfaces of the solid waste particles. 
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Closely associated with fluid flow characteristics is the degree of saturation within the 
deposit. This is an important consideration because it determines the amount of fluid 
reagent available for reaction as well as the available wetted surface area of the particles. 
The influence of the degree of fluid saturation is particularly important in the analysis 
of South African waste deposits which are rarely saturated with fluid. This is in stark 
contrast to most North American and European deposits which are usually saturated. 

The work presented in this thesis is a start towards determining suitable strategies for 
the prediction of leachate generation and its subsequent transport through waste deposits 
which contain granular wastes typical of those produced by the minerals processing 
industry. 

1.1 Statement of the Objectives. 

The objectives of the thesis can be summarised as follows: 

To derive physical models which describe the generation and subsequent 
transportation of leachate within waste bodies which contain solid granular 
material with several leachable constituents. 

To represent these models mathematically and to propose . suitable 
strategies for their solution. 

To code these models into suitable computer routines using the 
appropriate solution strategies. 

To identify suitable experimental techniques to quantify any model 
parameters which are required. 

J'o explore methods to verify the models against experimental data which 
is typically in the form of laboratory column experiments. 

1.2 Research Methodolo107. 

The literature has been reviewed critically to determine the state of the art with respect 
to leachate generation and mobility within granular waste deposits. As will be shown in 
the literature review, none of the existing modelling strategies include a sufficient level 
of complexity required to either predict the leachate generation or to yield sufficient 
information about the system which could be used to engineer improved disposal 
practices. Noting similarities between the leaching of hazardous constituents from waste 
particles and precious metal heap leaching operations, the modelling strategies used for 
precious metal heap leaching have also been investigated. As will be shown in the 
literature review, these too do not contain sufficient detail to adequately model leachate 
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generation when dealing with waste particles as opposed to mineral ores. Despite this, 
it seemed feasible that these modelling strategies could be extended to include the 
required complexities and this forms the major part of this work. 

A second area of existing modelling strategies which has value in attempting to address 
the complexities associated with leachate generation and mobility in waste bodies is the 
design of trickle bed reactors. These models too have been reviewed and included in the 
present development. 

The research methodology adopted in this work was to identify or develop models which 
are sufficiently detailed to predict leachate generation and mobility within granular waste 
deposits and yet not too complex to preclude implementation. Factors which often limit 
the usefulness of models include large computational loads, a large number of 
parameters which need to be determined or when required inputs to the model cannot 
be determined experimentally. An example of a model input which would be difficult 
to determine experimentally would be if the model required a full speciation of the 
components within the waste particles. 

The first model investigated was a macroscopic model in which the effects of chemical 
kinetics, fluid flow characteristics, wetting efficiency and fluid saturation were 'lumped' 
together into a single parameter. The macroscopic, lumped parameter model describes 
the leachate concentrations within a granular waste deposit as well as the leachate 
concentration emanating from the base of a deposit as a function of time. The main 
reason for investigating this model was its inherent simplicity and its ability to 
characterise granular deposits as reacting entities. The main disadvantages of this model 
stem from the lumped parameter used in the model. Because this parameter lumps 
together the effects of chemical kinetics, fluid flow characteristics, wetting efficiency and 
fluid saturation on the release of hazardous constituents, it is not possible to isolate the 
individual contributions of any of these factors. This limits the use of this model for 
waste deposit design because the main characteristics of a deposit which can be altered 
include the chemical kinetics and hydrodynamic aspects. Without a knowledge· of which 
particular aspect is dominant in causing contaminant release it is impossible to engineer 
better deposits-- other than on a trial and error basis. The lumped parameter is specific 
to a particular situation and must be determined from an appropriate laboratory column 
experiment. This .is a severe limitation in that a column experiment, usually referred to 
as a lysimeter experiment, is required for each different waste and fluid flow scenario 
envisaged. The disadvantages of lysimeter experiments are the costs involved with such 
experiments and the long duration of the experiments which typically last for at least a 
few months and can continue up to two or three years. Because of these limitations it 
was decided to investigate a model which would be capable of isolating the chemical and 
hydrodynamic effects on the release of hazardous constituents and which, if possible, 
obviated the need for lysimeter experiments to determine the model parameters. 

This leads to the second model investigated. This model, termed the heterogenous 
columnar model, also describes the leachate concentrations within a waste deposit as well 
as the concentration of the leachate emanating from the base of the deposit as a function 
of time. The main difference is that this model is neither a macroscopic nor a lumped 
parameter model. Instead, this model calculates the leachate generated as a function of 

4 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

the individual particles present in the waste deposit as well as the fluid flow 
characteristics, wetting efficiency and fluid saturation. The other main advantage of this 
model is that the required model parameters can be determined from appropriate CSTR 
type experiments on small samples of the waste material. The time savings incurred by 
using CSTR type experiments over lysimeter experiments are significant. 

The limitations of the heterogenous columnar model as it is presented in this thesis include 
the fact that only perfect plug flow of fluid through the deposit has been considered, 
interphase mass transfer limitations or resistances between the bulk fluid reagent and particle 
surfaces have been neglected, and, adsorption and desorption of released hazardous 
components has not been considered. It is important to note that more complex flow 
scenarios, interphase mass transfer and adsorption and desorption reactions can be included 
into the present model. The model has been specifically coded in a modular manner to allow 
the incorporation of these aspects. 

1.3 Thesis Layout. 

The thesis commences with a review of relevant considerations when modelling leachate 
generation and mobility in granular waste deposits. In this section, more detailed 
information on particulate and hydrodynamic characteristics of the waste and waste 
deposit is presented. This is followed by a critical review of modelling strategies with 
respect to the release of hazardous constituents from granular waste deposits. This 
review covers existing leachate generation modelling strategies, heap leaching modelling 
strategies and trickle bed reactor design strategies. 

Chapter 3 presents the model development for the macroscopic, lumped parameter 
model. This chapter includes the derivation of the equations required for this model, 
an investigation into an appropriate solution strategy and details with respect to 
computer routines which have been written to implement the solution strategy. Also 
included in this chapter are details of how to fit the model to lysimeter data. The 
limitations of the macroscopic, lumped parameter model indicated that a more complete, 
particle scale model would be required to determine sufficient detail about the system 
in order to facilitate active engineering of the deposit to limit the release of hazardous 
constituents from granular waste deposits. 

The more complete model, which determines the release of hazardous constituents from 
individual waste particles and relates this information to the overall waste deposit 
performance, is developed in Chapters 4 to 6. Chapter 4 is a summary of Dixon's [1992] 
chemical reaction model which describes the progression of reactions within an individual 
waste particle. As will be shown, this model has limited applicability on its own. Waste 
deposits consist of a size distribution of particles and a finite amount of fluid reagent. 
The performance of this system, rather than that of a single particle, is the desired end 
product. For this reason the chemical reaction model of Dixon [1992] was extended to 
form a suitable CSTR model in Chapter 5 and a heterogenous columnar type model in 
Chapter 6. A CSTR type model has been included due to the fact that the model 
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parameters required in the heterogenous columnar model can be determined from a 
CSTR type experiment. The heterogenous, columnar model has been verified against 
experimental data presented in a paper by Roman et al. [ 197 4]. The details of this 
verification have also been included in Chapter 6. 

The final chapter presents a summary of the conclusions and recommendations which 
can be made from this work . 

... 
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Chapter 2. Relevant Considerations when Modelling 
Leachate Generation and Mobility. 

This chapter discusses important aspects of leachate generation and mobility within 
granular waste deposits. As discussed briefly in the introduction, both the physical 
composition of the waste particles and the fluid flow characteristics within the waste 
deposit affect the manner in which hazardous constituents are released from the waste. 
The first section of this chapter considers these particulate and hydrodynamic 
considerations which are important in modelling leachate generation. In this section, 
information from the literature on trickle bed reactor design has been used to help 
understand the complex flow patterns of fluid within granular waste deposits. 

The existing leachate generation and mobility models which can be found in the 
literature have been reviewed. This section critically assesses which of these models have 
any potential to predict leachate generation within deposits which contain granular 
wastes typical of those produced by the minerals processing industry. 

As alluded to in the introduction, heap leaching processes, designed to extract precious· 
metals from ores, share similarities to leachate generation within waste deposits. In both 
cases the leachate is generated from the reaction of a fluid reagent with solid particles. 
Both processes have a similar dependence on the solid reactant location within the ore 
or waste particles and the fluid flow characteristics. The major difference between the 
two processes is that the generation of leachate is desired in the case of heap leaching 
and undesired in the leaching of hazardous constituents. This leads to significant 
differences between the systems. The fluid reagent used in heap leaching for example 
is usually chosen in such a manner as to selectively extract one desired component from 
the ore matrix. This is in contrast to the leaching of hazardous constituents where 
several contaminants are leached simultaneously by fluid percolating through ·the deposit. 
Further, heap leaching processes are designed to optimise the wetted area of the 
particles. When waste deposits are designed, if any consideration is given to particle 
wetting, it would be to limit the surface area of the particles in contact with the fluid 
percolating through the deposit. Despite these differences between the two systems, the 
models for heap leaching of precious metals are a good starting point for developing 
suitable models to predict leachate generation within waste deposits. For this reason the 
general strategy behind these models is presented. 

The final section of this chapter deals with modelling leachate generation and mobility 
within unsaturated deposits. 

2.1 Particulate and Hydrodynamic Considerations. 

2.1.1 Particulate Considerations. 

Granular solid wastes produced by the minerals processing industry vary considerably 
from one waste stream to the next in terms of the number and type of reactive 
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components present within the particles. Even within a single waste stream, the spatial 
distribution of the components may vary between the different sized particles. These 
differences need to be investigated to determine their significance in the modelling of 
leachate generation. 

Number and t,me of reactive components present within the waste particles. 

The most desirable form of waste is a waste in which the constituent particles are totally 
inert to fluid reagent percolating through the deposit. In this case there would be no 
reactive components and leachate could not be generated. Although wastes of this 
nature are the goal of pretreatment and stabilisation processes, they are seldom achieved 
in reality. The simplest waste type which is capable of producing leachate is the waste 
which contains a single reactive component. Such wastes are very uncommon. Far more 
probable however are wastes which contain two or more reactive components which 
display significant leaching potential. 

The reactive components in waste particles can either be hazardous constituents or other 
components, termed buffering components, which merely consume fluid reagent but do 
not release any hazardous constituents. Typical hazardous constituents in minerals 
processing wastes are heavy metals while the buffering capacity is usually due to fluxing 
agents. 

It is difficult to provide a general description of the relative amounts of leachable 
hazardous constituents, buffering and inert material within waste particles. Leached ores 
or tailings residues, for example, contain a relatively high fraction of inert material with 
trace amounts of leachable hazardous constituents and buffering material. This is in 
contrast to a slag waste stream which has a high buffering material content in addition 
to leachable hazardous constituents and inert material. 

Although there may be several potentially leachable hazardous constituents within waste 
particles, usually only a few occur in sufficient quantities or are sufficiently reactive to 
be of concern. -For example, although wastes from the minerals processing industry often 
contain several heavy metals, usually only one or two of these are in significant 
concentrations to pose a hazard if leached out of the waste. 

Hazardous Constituent location within waste particles. 

Hazardous constituents present in waste particles may either be distributed 
homogenously throughout the particle or be concentrated onto its external surface. 
These differences in hazardous constituent location are both waste specific and particle 
·size specific and are usually a result of the conditions under which the waste was 
produced. As an example of hazardous constituent location as a function of waste type, 
compare the hazardous constituent location in a slag waste stream and an electric arc 
furnace dust. The hazardous constituents present in a slag waste stream would be 
expected to be distributed reasonably homogenously throughout the particle. This differs 
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markedly from an electric arc furnace dust which usually exhibits surface concentrations 
of heavy metals much higher than the bulk concentrations within the particles [Driesinger 
et al. 1990]. 

Turning to the case of hazardous constituent location as a function of particle size, work 
conducted at the University of Cape Town on specific ferro-alloy waste products 
indicated that different sized particles exhibit different surface hazardous constituent 
concentrations [von Blottnitz 1994]. 

2.1.2 Hydrodynamic Considerations. 

Hydrodynamic aspects are concerned with the transport of fluid through waste deposits 
and the manner in which the fluid and solid waste are contacted. Hydrodynamic aspects, 
for granular waste deposits as well as for solidified monolithic structures, have been 
investigated in order to determine their significance on the modelling of leachate 
generation. Monolithic structures are obtained when granular wastes are mixed with 
suitable binding agents, cement being one example, in order to physically bind the 
particles together. Even although the particles are physically bound together, monolithic 
structure exhibit a continuous pore structure through which fluid can enter the structure. 
Although monolithic structures are not directly within the brief of this work, the fluid 
flow patterns associated with these structures can be considered as a limiting case for 
granular waste deposits which contain very fine, densely packed material. 

Fluid flow patterns within granular waste deposits. 

Fluid flow patterns through granular waste deposits range from near perfect plug flow 
to highly irregular flow patterns involving a few preferential flow paths for the fluid 
reagent. Knowledge of the flow patterns is important because it is related directly to the 
solid-liquid contacting efficiency. 

Trickle bed reactors, common within the process engineering community, are packed bed 
reactors through which one or more fluid is allowed to flow. These reactors exhibit a _ 
wide variety of fluid flow regimes which range from strictly trickle flow, in which a single 
liquid flows downward through the reactor under the influence of gravity, to pulse and 
foaming flow, caused by high flowrates of gases and liquids through these reactors. Since 
the physical situation in a trickle bed reactor operating in trickling flow regime is 
comparable to fluid percolation through granular waste deposits, a knowledge of the flow 
patterns in these reactors can be used to understand the fluid flow patterns in granular 
waste deposits. 

A review of the literature on trickle bed reactors shows that, traditionally, with respect 
to hydrodynamic considerations, only two quantities, the liquid holdup ·and wetting 
efficiency, have been measured and correlated [Columbo et al. 1976; Schwartz et al. 1976; 
Mills and Dudukovic 1981; Ramachandran et al. 1986; Gianetto and Specchia 1992]. 
Although these two quantities are useful to describe the overall bulk effects of the 
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hydrodynamic interactions, they offer little insight into the flow patterns. 

Until fairly recently, relatively little was understood about the flow patterns in trickling 
flow trickle bed reactors due to the difficulties involved with determining these patterns. 
A novel use for computer assisted tomography (CAT scans) has eliminated most of these 
difficulties and enabled Lutran et al. [1991] to investigate the flow patterns in a packed 
bed of equi-sized glass spheres. At the particle level, they identified two distinct types 
of fluid flow which they termed 'film' and 'rivulet' flows.· Film flow represents the case 
where the fluid tends to cover most of the particle surface area, while rivulet flow 
describes the case where the flow of fluid over a particle is restricted to a narrow band. 
They also identified pendular structures and liquid pockets at the · microscopic level. 
Pendular structures reside at the contact points between spheres while liquid pockets fill 
the pore space between spheres. At the macroscopic level Lutran et al. [1991] identified 
fluid filaments. A filament was defined to be a stream of fluid flowing down the packed 
bed. In effect, a filament could be considered as a string of connected liquid pockets. 
These definitions are graphically depicted in Figure 2-1 (taken from Lutran et al. [1991]). 

Figure 2-1. Film, rivulet and filament flow patterns as described by Lutran et al. 
[1991]. 

Rivulet 

Pendulu 
StructW'H 

Lutran et al. [1991] investigated <the effect of liquid flow rate, the influence of surface 
conditioning, the influence of particle size, the influence of inlet configurations and the 
effect of flow history on the flow patterns. A typical result from their work is shown in 
Figure 2-2 (taken from Lutran et al. [1991]). CAT scans (a) through (t) represent 
successive vertical planes from the front to the back of a square column packed with 
equi-sized glass spheres. Filament flow can clearly be seen in these figures as the darker 
regions moving from the top to the bottom of the column. The experimental conditions 
under which these CAT scans were taken can be summarised as follows: 3mm glass 
spheres were used, distilled water was evenly supplied through a uniform inlet distributor 
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at a rate of 3.1631/m2 s and the particles were initially dry. 

Figure 2-2. CAT scans used to investigate the flow patterns in a square column packed 
with equi-sized glass spheres. (Taken from Lutran et al. [1991].) 
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Although Lutran et al. [1991] do not discuss correlating their findings, it is very unlikely 
that any correlation would employ the particle Reynolds number as a parameter. The 
main reason for this is due to the fact that pore size and differences in local porosity 
seem to play an important role in the flow patterns which are established. As an 
example, Lutran et al. [1991] have shown that for a constant flowrate, film flow is more 
prevalent in packed beds containing larger particles (6mm spheres) compared to packed 
beds containing small particles (3mm spheres) in which filament flow is observed. They 
attribute this to the fact that packed beds which contain larger particles will have larger 
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pores between the particles. They suggest that at the fluid flow rate investigated 
(3.1631/m2 s), there was insufficient fluid to fill any of the pores between the 6mm 
spheres and thus establish filament flow. As the fluid flowrate was increased, more 
filaments were established which supports this hypothesis. 

By a similar argument, any regions which exhibit a local decrease in porosity would 
favour the formation of filaments. Filament formation would also be aided in these 
areas by the increased number of solid-solid contact points which allows fluid to more 
easily distribute to these areas due to the lower surface tension forces on the fluid 
surface [Zimmerman and Ng 1986]. Wastes which contain a size distribution of particles 
or non-uniformly shaped particles usually exhibit localised regions of decreased porosity. 
This implies that these deposits would favour filament flow. It is important to note that 
channelling of fluid, where the fluid flows through deposits in preferential flow paths, is 
also probably a result of regions of decreased porosity. Channelling results in fluid short 
circuiting sections of the deposits. Although this is a highly irregular flow pattern which 
is extremely difficult to model, it is a very desirable flow pattern for fluid in waste 
deposits because it reduces the number of particles with which the fluid comes into 
contact as it percolates through . the system. 

Fluid redistribution on the other hand is accomplished by capillary and viscous forces. 
Capillary forces are inversely proportional to the pore size [Ng and Chu 1987]. Thus the 
capillary pressure is higher in deposits which contain small particles because the pores 
are relatively small in these deposits. Capillary forces also result in higher void space 
liquid holdup [Ng and Chu 1987]. This implies that deposits containing smaller particles 
will contain proportionately more fluid in their pore spaces compared to deposits 
containing larger particles. 

Using the information discussed above, the following heuristics of fluid flow patterns in 
granular waste deposits are suggested. These are intended to give an idea of the most 
likely fluid flow patterns under different conditions. 

The most likely fluid flow patterns in deposits which contain relatively large particles, 
such as leached ore particles, would be that of film flow. In this case the fluid would 
most likely tend 'to cover the surfaces of the particles as it progressed from one particle 
to the next. As the standard deviation for the size distribution of the particles increases, 
so too will the likelihood for filament formation and eventual channelling increase. 
Deposits of this nature are also most likely to exhibit a very low degree of fluid 
saturation. This implies that the external fluid holdup, that is the holdup of fluid in the 
pore spaces, would be very low. 

As the average particle size decreases, the degree of saturation will increase due to 
capillary effects. Likely flow patterns include film flow with associated filament flows. 

In the case where the deposit contains very fine particles, such as are encountered in 
slimes dam and tailings impoundment residues, the most likely flow patterns would be 
filament flow, and the deposit would most probably be almost totally saturated. The size 
distribution . of particles is unlikely to affect the flow characteristics due to the high 
capillary forces which would be present. In all probability, the flow patterns in such 
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deposits could be described by plug flow models. 

Fluid flow patterns within _solidified structures. 

Cote and Birdle [1987] have discussed the likely flow scenarios which can be associated 
with solidified monolithic structUres. In summary they considered the situation shown 
in Figure 2-3 where the monolithic structure is surrounded by materials of different 
permeabilities. 

Figure 2-3. Layout of a waste form in a landfill. (Taken from Cote and Birdle [1987].) 

Ground surface 

Material 3 

Material 2 

Material I 

The first case they investigated is when the monolithic structure is in contact with a finite 
volume of static groundwater. This corresponds to the case when the hydraulic 
conductivity of the materials (1) and (2) are much smaller than the monolithic structure 
or material (3). Physically this situation represents the case where a pool of water exists 
on top of the waste deposit. In this situation, the water penetrates the solidified 
structure by diffusion. 

The second situation addressed was when groundwater flows around the monolithic 
structure. This is the most common scenario because monolithic structures typically have -
hydraulic conductivities which are several orders of magnitude lower than that of the 
surrounding ground. Because groundwater will follow the path of least resistance, very 
little, if any, will flow through the structure. Even although there may be no convective 
flux through the structure, there is still the possibility of a lateral diffusive flux into the 
structure. 

The last case considered is when the groundwater flows through the monolithic structure. 
This typically occurs when the monolithic structure fails and the hydraulic conductivity 
increases to a point that it is comparable to that of the surrounding materials. In many 
respects this situation can be compared to a granular deposit where the fragments of the 
original structure represent the 'particles' in the deposit. 
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2.2 Review of Existin2 Leachate Generation and Mobility Models. 

Literature models which address leachate· generation and mobility can be divided into 
four classes. The first two classes deal with predicting the breakthrough curves from 
granular waste deposits. The breakthrough curves are the curves which are formed by 
plotting the dissolved hazardous constituent concentrations which emanate from the base 
of the deposit as a function of time. The third class applies to modelling hazardous 
constituent release from solidified monolithic structures. The last group is concerned 
with hazardous constituent migration away from waste deposits. 

All of the literature models are summarised in Table 2-1 which highlights their respective 
areas of application, advantages and disadvantages. 

2.2.1 Empirical Models. -

Purely empirical models fit experimental results obtained from lysimeter studies to an 
exponentially decaying function of time. These models [Demetracopoulos et al. 1986] 
were the only models up until the mid 1980's to describe hazardous constituent release 
from waste deposits. The mathematical form of the model can be summarised as: 

where C0 

t 

C = C e <-Pt> 
0 (2-1) 

hazardous constituent concentration in the leachate at the time of initial 
breakthrough (t=O), 

time, and, 

an empirical constant. 

Work carried out at the University of Cape Town [Petersen 1994] has shown that the 
fitting of lysimeter data to such a function often leads to a poor correlation. Even if the 
correlation was excellent, such a model could not be used to scale up to full scale deposit 
proportions because no size dimensions appear in the model. Thus in order to 
determine the breakthrough curve for leachate from granular deposits, where the fluid 
flow can often be approximated by one . dimensional flow, a lysimeter of identical height 
to the envisaged deposit would be required. The only use of such a model would be the 
extrapolation of data to predict the release of hazardous constituents in the future. 
Because of the poor correlation and limited predictive ability of this model it is 
concluded that is has little applicability to modelling the release of hazardous 
constituents from hazardous waste. deposits. 
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2.2.2 Models which make use of the Continuity Eguation. 

The second group of models makes use of the fluid continuity equation to describe the 
contaminant migration through the system. Demetracopoulos et al. [1986] have used 
such an approach to model leachate generation from domestic waste landfills. They 
considered the refuse material as a homogenous, partially saturated porous medium. 
Although domestic waste landfills often contain laminates, which preclude any attempts 
to approximate the fluid flow as one dimensional, Demetracopoulos et al. [1986] limited 
their study to cases in which the fluid flow can be approximated as one dimensional. 
Because of these assumptions, the refuse and flow characteristics are comparable to 
those found in granular waste deposits. 

Demetracopoulos et al. [1986] make use of a hydraulic flow equation to predict the flow 
of fluid through the system. Demetracopoulos et al [1984] describe the derivation of this 
equation which was then solved numerically by Korfiatis et al [1984]. These equations 
can be summarised as: 

where e 

K(O) 
q 
D(O) 
t 
z 

where I/; 

ae + aK(8) _ _E_ [D (S) ae 1 =o 
at az az az (2-2) 

q=K(8) -D(8) ~~ ( 2-3) 

moisture content, or the fraction of the control volume occupied by liquid 
(m3/m3); 
hydraulic conductivity of the medium, (m/s); 
volumetric flux per unit bulk area (superficial velocity), (m/s); 
yapillary diffusivity coefficient, defined by equation (2-4) below, (m2/s); 
time, (s); and; 
space coordinate, measured vertically downward (m). 

D(8) =-K(8) ~ 
d8 

(2-4) 

tension suction head which is defined as the negative capillary pressure 
potential [Shaw 1994]. 

The tension suction head versus moisture content relationship which was used can be 
summarised as: 
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where s 
b 

indicates saturation conditions; and; 
fitted empirical constant. 

(2-5) 

The release of hazardous waste constituents from a granular waste deposit was modelled 
using a continuity equation. The resulting equation can be summarised as: 

where C 
E(O) 
q 
R 

a (6c) + a ( qc) =__£_ rn E(S) ac1 +e R 
at az az az (2-6) 

fluid phase concentration of the hazardous constituents (kg/m3
); 

longitudinal dispersion coefficient (m2/s); 
volumetric flux per unit bulk area (superficial velocity) (m/s); and; 
source or sink term (kg/m3s). 

By assuming that the source or sink term R, which corresponds to the rate of release of 
hazardous constituents, is controlled by the mass transfer between the solid and liquid 
phases, an equation which describes the generation and transport of non-biodegradable 
hazardous constituents was obtained and can be summarised as: 

where k' 
s 

a(ec) + a(qc> =__£_ [e E(6) ac1 +e k'_§_ (c -c) at az az az S
0 

st 
( 2-7) 

rate coefficient for mass transfer (l/s); 
local solid mass fraction of hazardous constituent available for transfer 
(kg/m3

); 

local solid mass fraction of hazardous constituent available for transfer at 
time t=O (kg/m3

); and; 
maximum possible hazardous constituent concentration in the fluid phase 
(kg/m3

). 

Models of this nature are not limited to the case where mass transfer effects control the 
rate of release of hazardous constituents. By using appropriate expressions for the 
source or sink term, R, the model can be adapted to describe the situation where 
chemical kinetic or intra-particle diffusion resistances are rate limiting. In each case, a 
parameter is being used to quantify the rate limiting mechanism in the release of 
hazardous constituents. 
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Demetracopoulos et al. [ 1986] extended the model to incorporate biological activity. This 
resulted in two coupled partial differential equations, one which describes the growth 
and transport of the microorganism population and one which describes the release and 
transport of hazardous constituents. 

The merit of such a model is that it offers a relatively simple method by which to study 
the release of hazardous constituents from waste deposits. 

The disadvantage of this model is that there is no way of predicting the parameters used 
to describe the rates of release of hazardous constituents. These parameters need to be 
determined from appropriate lysimeter experiments. 

2.2.3 Models Suitable for Predictin2 Leachate Generation from Solidified Monolithic 
Structures. 

Batchelor [1990],Bishop [1990] and Cheng and Bishop [1990] all have developed models 
which are suitable to predict leachate generation from solidified monolithic structures. 
From CSTR leach tests on fragments of solidified structures, these investigators found 
the release of hazardous constituents to be dominated by diffusion internal to the 
solidified structure. The model considers the monolith as a single entity and determines 
the rate of release of hazardous constituents using semi-infinite.:.media diffusion theory. 
The following form of equation is almost always used in this approach: , 

where 

(2-8) 

hazardous constituent loss during leaching period n (kg); 
initial amount of the hazardous constituent present in the specimen 
(kg); 
volume of the specimen (m3

); 

surface area of the specimen (m2
); 

cumulative time to the end of leaching period n (s); and; 
effective diffusivity (m2/s). 

Equation (2-8) is based on the following semi-infinite-media equation: 

where c 
x 

C(X, t) =C
0 

erf( X ) 
2./ (D9 t) 

(2-9) 

hazardous constituent concentration at position X, 
distance from the outer surface of the monolith, and, 
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t time. 

A limitation with respect to the use of equation (2-9) which is not mentioned by any of 
the investigators is that the following condition must hold before this equation can be 
applied to finite systems [Welty, Wicks and Wilson, 1984]: 

v 
2S./Det 

> 2 (2-10) 

One reason for this omission may be because the assumption of a constant mid-plane 
hazardous constituent concentration can be considered to be a worst case scenario. This 
implies that the models would tend to predict a greater loss of hazardous constituents 
than would occur in finite systems. Another reason for this omission could be because 
the authors did not consider evaluating their models at times sufficiently large to violate 
this condition. · 

In general, the leach type models are suitable to extrapolate data in time as well as to 
predict the release of hazardous constituents from various sized monolithic structures. 

The limitation of these models is that they cannot be used to extrapolate the results to 
different hazardous constituent and buffer concentrations within the solidified matrix. 
The reason for this is that the effective diffusivity is a fitted parameter which is affected 
by the concentrations of the hazardous constituents, buffer and inert species within the 
solidified waste [Cheng and Bishop 1990]. 

Cote and Birdle [1987] have made use of this class of models to investigate several long 
term leaching scenarios for solidified waste forms. In particular they investigated the 
effects on the release and mobilisation of hazardous constituents of the hydraulic regime 
of the groundwater, chemical characteristics of the groundwater, hydraulic conductivity 
of the solidified structure and chemical speciation of the hazardous constituents within _ 
the waste matrix. Figure 2-4 is a summary of the results of their work. This figure can 
be used to estimate the release rates of hazardous constituents from monolithic 
structures. As an example, consider the release of hazardous constituents from a 
fractured monolithic structure. Such a situation would resemble a granular waste deposit 
and fluid would most likely percolate through the fractured structured as discussed in 
section 2.1.2. Typical release rates of soluble hazardous constituents in such a situation 
are shown in region (F) in Figure 2-4. This region indicates that very high leaching rates 
would be observed ( = 10 000 mmol m-2 day-1

) and that the leaching processes would 
cease within the first few months due to depletion of the hazardous constituents. 
Insoluble hazardous constituents could be released by active leaching and typical release 
rates are shown by region (H) in Figure 2-4. Notice that the leaching rates for insoluble 
constituents ( =1 mmol m-2 day-1) is much lower than for soluble components as expected. 
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Figure 2-4. 
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Inference of leaching rates following different leaching scenarios. (Taken 
from Cote and Birdle [1987].) 
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2.2.4 Models Describin2 Contaminant Migration away from Deposits. 

The last group of models includes work on contaminant migration away from hazardous 
waste deposits. These models uncouple the hydrodynamic analysis from the chemical 
reaction aspects, assuming . that no interaction occurs. The hydrodynamic part, which is 
a groundwater flow problem, is modelled using a Darcy law approach which incorporates 
a bulk hydraulic conductivity. A bulk hydraulic conductivity is an average measure of the 
distance which fluid would move through a porous medium per unit time. This quantity 
is a function of both the fluid type and fluid saturation within the porous medium [Shaw 
1994]. Saturated hydraulic conductivities are usually determined experimentally. 
Hydraulic conductivities under unsaturated conditions can also be determined 
experimentally but are much more difficult to determine than saturated hydraulic 
conductivities [Fourie 1995]. An alternative approach to determine unsaturated hydraulic 
conductivities is to use appropriate models, prese_nted in groundwater flow texts, which 
use the saturated hydraulic conductivity as a parameter [Freeze and Cherry 1979]. It is 
important to note that bulk hydraulic conductivities are quantities which are used to 
describe the macroscopic flow rates of fluids in porous media. As such, no information 
with respect to localised flows within the medium can be determined. In cases where 
this level of detail is required or in cases where local variations in hydraulic 
conductivities preclude the use of a bulk hydraulic conductivity, the full tensorial form 
of the hydraulic conductivity would need to be evaluated. Knox et al. [1993] present 
information with respect to the full tensorial definition of hydraulic conductivities. 

The chemical reactions are modelled either by adsorption/desorption isotherms, which 
are based on experimental results [Rowe and Booker 1990, 1985a, 1985b; Dance and 
Reardon 1983; Maslia et al. 1992; Sudicky et al. 1983] or by totally predictive 
thermodynamic analyses [Vogt 1991]. 

One of the assumptions used in these models is the value assigned to the leachate 
concentration at the base of the deposit. This is estimated by determining the volume of fluid 
within the granular deposit and assuming that all of the hazardous components are released 
into this fluid subject to adsorption and desorption equilibria. Once this leachate 
concentration has been estimated, the subsequent transport of the leachate through the 
underlying ground is modelled. Since these models do not address leachate generation 
aspects they could only be used as suitable mobility models within granular waste deposits. If 
this strategy could be used as a mobility model it would have the advantage of including the 
effects of adsorption and desorption on leachate mobility. 

Before these models could be used to describe leachate mobility in granular waste 
deposits, the adsorption/desorption isotherms of the hazardous constituents onto the 
granular particles would need to be determined. The determination of these isotherms 
for granular waste particles will be significantly more complex than for inert ground 
samples. This is due to the fact that it is difficult to determine an adsorption/ desorption 
isotherm for a material which is itself releasing the same components. Methods to 
deconvolute the effects of leachate generation from adsorption and desorption processes 
would need to be determined. 
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It is unlikely that thermodynamic analyses could assist to predict the chemical reactions 
taking place because of the complex chemical compositions of waste particles. In most 
cases it is impossible, due to physical and financial· constraints, to determine the initial 
hazardous constituent and buffering material speciation required for thermodynamic 
analyses. 

Although this group of models has limited applicability for the objectives as defined, it 
will be useful when a complete environmental impact assessment of a hazardous waste 
deposit is required. Once the release of hazardous constituents from a deposit has been 
calculated, this information can be used as the input data for the migration models. The 
subsequent migration through the environment, and thus the health risks and 
environmental impact, could then be determined. 

-
2.3 Summary of the Strate1:y Adopted in Precious Metal Heap Leachin1: 

Models. 

The general strategy used [Roman et al. 1974] in the analysis of heap leaching is to 
divide the heap conceptually into columnar sections. Each column is then considered 
as a simple one dimensional, non-catalytic reactor. The progression of the reactions in 
the individual particles is followed using a suitable chemical reaction model. These 
reaction models require the concentration of the fluid in contact with the particles. Thus 
by calculating the fluid concentration in contact with the particles and the progression 
of the reactions as a function of time, the dissolved hazardous component concentration 
can be determined. These concentrations can then be used to calculate the breakthrough 
curve. In order to calculate the fluid concentration in contact with the particles, the 
columnar sections are further divided into a set of discs which are stacked on top of each 
other as shown in Figure 2-5. The fluid concentration within each disc is assumed to be 
constant and is calculated by a simple mass balance. This strategy is summarised in 
Figure 2-6. 

Figure 2-5. An ore heap conceptually divided into columnar sections and the columnar 
sections divided into discs. (Figure taken from Roman et al. [1974].) 
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Figure 2-6. Summary of the strategy used to determine the breakthrough curve in heap 
leaching operations. 

Iterate in time. 

End. 

Iterate in space. 

• Calculate the concentration of fluid in contact with the 
particles within the disc. 

• Calculate the progression of the reaction within the particles 
using a suitable chemical reaction model. 

•Update the dissolved product concentration within each disc. 

·Calculate the breakthrough curve. 

Braun et al [1974], Roman et al. [1974] and Shafer [1979] have used this approach to 
model heap leaching operations. In all of these cases very simple hydrodynamic 
behaviour has been considered. This is evident in that all of the particles within each 
disk were assumed to be totally· wetted. For the application of heap leaching this is not 
a bad assumption because totally wetted particles is the objective of heap design and 
lixiviant spray patterns. Although it was not explicitly stated, these investigators have 
also assumed that no significant preferential flowpaths or stagnant zones are present. 

The chemical reaction model almost always used in this approach is a shrinking core 
model. This implies that diffusion of fluid reagent into the individual particles is the 
elementary rate controlling step. This can be a severe limitation because in some cases 
the chemical reactions are sufficiently slow to result in a homogenous reaction. In these 
cases, the intrinsic kinetics of the chemical reactions become very important. The simple 
shrinking_ core model as used by Roman et al. [1974] has a further limitation in that it 
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only considers a single reaction taking place. 

Dixon [1992] has developed a chemical reaction model which eliminates these 
shortcomings. Dixon's approach is similar to that of Demetracopoulos et al. [1986] in 
that it makes use of the continuity equation to model chemical release. The main 
difference is that Dixon applies the analysis to an individual particle while 
Demetracopoulos applied it to a lysimeter as a single entity. 

Dixon's model includes information on the diffusivity of fluid reactant into the particles 
and the intrinsic kinetics of the multiple reactions which take place. Although the 
intrinsic kinetics are not explicitly obtained in Dixon's model, the ratio of the diffusivity 
over the intrinsic kinetics is determined. In many ways this corresponds to determining 
the effective reaction kinetics, which include the effects of intra-particle diffusion, of the 
waste particles. The model is developed in such a manner that once the effective 
reaction kinetics of a particular sized particle have been determined, the technique can 
be extended to other sized particles. Dixon's model also makes provision for surface 
solid reactant concentrations which differ from bulk solid concentrations within the 
particles. 

In summary Dixon's chemical reaction model makes provision for the following: 

the diffusivity of the fluid reagent into the particles as well as the intrinsic 
kinetics of the solid reactant within the particles, 

multiple competing reactions, and, 

surface solid reactant concentrations which differ from the bulk solid 
concentrations within the particles. 

Dixon made use of this model to describe copper release from a heap leaching 
operation. He made similar assumptions concerning the hydrodynamic interactions to 
those of Roman et al. [1974]. Not withstanding the complications of preferential flow _ 
paths, Dixon's model has an excellent capacity to predict the release of hazardous 
constituents from hazardous waste deposits which contain granular material. 

Dixon's model can also be used to model the release of hazardous constituents from a 
monolithic structure. The ratio of the effective diffusivity of the fluid into the monolith 
over the rates of the hazardous constituent release can be determined by conducting a 
CSTR test on small fragments of the monolith. This information can then be used to 
predict the release of hazardous constituents from the monolithic structure. This is a 
more sophisticated method to the one adopted by Batchelor [1990], Bishop [1986] and 
Cheng and Bishop [1990], because it does not assume that diffusion is the controlling 
resistance or make use of the semi-infinite-media assumption. This method also has a 
greater predictive power in that it can also be used to investigate the effect of hazardous 
constituent and buffer concentration on the rate of release of hazardous constituents 
which the prior methods could not. 
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2.4 Modellin& the Release of Hazardous Constituents from Partially 
Saturated Granular Waste Deposits. 

No models exist in the literature which describe the release and subsequent transport 
of hazardous constituents under unsaturated flow conditions. 

Probably the most comprehens_ive attempt to include the effects of unsaturated 
conditions on leachate generation are those of Demetracopoulos et al. [1986]. They 
include these effects by using a hydrodynamic equation for unsaturated flow. These 
equations, described previously in equations (2-2) to (2-5), are often referred to as 
groundwater flow equations. Hydrodynamic equations or groundwater flow equations 
yield information about the local levels of saturation as well as local fluid flows. In the 
equations presented, which are already in one dimensional format, the saturation of fluid 
and fluid flow within a waste deposit can be determined as a function of position within 
the waste deposit and time. Although Demetracopoulos et al. [1986] determine the effect 
of unsaturated conditions on fluid flow, they do not consider the effect of these 
conditions on the mass transfer of hazardous constituents. Since they made use of mass 
transfer to describe the rate of release of hazardous constituents in their model, the 
influence of this factor should have been investigated. To circumvent the problem, 
Demetracopoulos et al. define a distribution coefficient, which relates the hazardous 
constituent concentration in the fluid to the hazardous constituent concentration in the 
waste particles, specific to the situation being investigated. This distribution coefficient 
needs to be determined experimentally for each situation. In effect, this coefficient 
includes the average effects of the degree of saturation on hazardous constituent release. 

The only other attempts to include the effects of the level of saturation on leachate 
generation can be found in the heap leaching models which usually include a saturation 
parameter [Roman et al. 1974]. The saturation parameter represents the average level 
of saturation within the lysimeter. All of these models further assume that all of the 
particles within the heap are totally wetted with fluid. Although this assumption is 
probably valid for heap leaching, it will almost certainly not hold in unsaturated waste 
deposits. The reason for this is that fluid which percolates through unsaturated waste 
deposits usually does so in a fairly random manner. 

The level of particle wetting is important in the effective operation of trickle bed 
reactors and several researchers have investigated means to determine a suitable wetting 
factor [Columbo et al. 1976; Schwartz et al. 1976; Sicardi et al. 1980; Mills and 
Dudukovic 1981; Ramachandran 1986]. A wetting factor is a simple factor which 
describes the average fraction of the particle surface area covered by fluid. It is felt that 
the inclusion of similar wetting factors into the heap leaching models when they are 
applied to hazardous constituent leaching would be most beneficial. 

Unsaturated flow through deposits drastically affects the flow patterns in deposits. As 
previously discussed, the flow patterns in waste deposits are extremely complex. All the 
hydrodynamic equations considered in the literature models are relatively simple one 
dimensional, plug flow models. More suitable hydrodynamic models need to be 
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developed for fluid flow in unsaturated deposits. 

The first extension to plug flow models which would begin to incorporate irregular flow 
behaviour is to include axial dispersion. Levenspiel [1972] describes the use of the 'tanks 
in series' approach to include axial dispersion. In summary, in a 'tanks in series' 
approach to a plug flow reactor, the plug flow reactor is modelled as a series of 
continuously stirred tank reactors. A mathematical analysis of the technique yields the 
number of tanks required in order to approximate plug flow through the system. 
Dispersion is included into the model by using fewer tanks than required because fewer 
tanks tend to erode the plug flow nature by allowing greater degrees of mixing within the 
system. 

The 'tanks in series' model discussed above is a one parameter hydrodynamic model. 
This means that one parameter is required to account for the non-uniform flow 
characteristics. More complex, multi-parameter models exist which account for highly 
irregular flow characteristics. These strategies consider the system to consist of several 
regions which can be described by plug flow, dispersed plug flow and mixed flow models. 
Zones which contain stagnant fluid can also be incorporated into these strategies. 
Levenspiel [1972] discusses the implementation of these techniques. 

An alternative approach to dealing with the effect of the complex flow patterns on 
chemical reactions within trickle bed reactors has been investigated by Funk et al. [1990]; 
Zimmerman et al. [1987], and, Ng and Chu [1987]. These investigators model the fluid 
flow at the particle level. To accomplish this they make use of a porous medium model 
and a fluid distribution model. The porous medium model is used to describe the 
geometric locations of the particles in the trickle bed reactor. To date, these 
investigators have only investigated porous media which consist of equi-sized spheres. 
Using Monte-Carlo techniques, a suitable representation of the geometric locations of 
the spheres within the trickle bed reactor is obtained. The result of one such simulation 
is shown in Figure 2-7 (taken from Zimmerman et al. [1987]). 

The fluid distribution model is used to determine the fate of fluid which impinges on a 
single particle in the assembly of particles. Ng [1986] has developed a wetting criterion 
for particles. For a given flow of fluid onto a particle, this criterion determines whether 
the fluid will totally cover the particle, which is comparable to ·film flow defined by 
Lutran et al. [1991], or whether it will be confined to a specific part of the particle -
which is comparable to rivulet flow. This information is then used to determine the flow 
paths of the fluid as it moves from one particle to the next. In this manner the flow 
patterns of fluid through the trickle bed can be determined. A typical result of such a 
calculation strategy is also shown in Figure 2-7 (taken from Zimmerman et al. [1987]). 
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Figure 2-7. An example of a two dimensional, porous medium model used to simulate 
the geometrical characteristics of particles in a trickle bed reactor and a 
typical flow pattern predicted by using the strategy of Zimmerman et al. 
[1987]. 

The densely shaded spheres represent complete wetting of the entire particle surface. The spheres 
with lighter shading over the entire circle are partially wetted. It indicates a liquid film covering 
more than 50 % of the sphere surface. All unshaded regions on the spheres represent dry areas. 
Note that the arrows indicate the flow of an isolated liquid rivulet. 

Funk et al. [1990] use this strategy to determine the fluid flow patterns and couple this 
information to a chemical reaction model for reaction in a catalyst pellet. Catalytic 
reactions are usually steady state reactions and as such are described by suitable ordinary 
differential equations. The calculations pertaining to the chemical reactions are 
simplified by making use of an appropriate steady state effectiveness factor. Using this 
combined model Funk et al. predict overall performance of the trickle bed reactor. 

It is very unlikely that such an approach will be able to be applied to leachate generation 
in granular waste deposits in the near future because of the following limitations. As 
pointed out earlier, the porous medium model in its present form can only accommodate 
equi-sized spheres. Although there is no reason why the model cannot be extended to 
include a size distribution of spheres, the calculation strategy to merely generate the 
porous medium model will become far more complex. Further, the reactions which take 
place in waste particles are non-catalytic in nature. Such reactions need to be described 
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using partial differential equations. Since these reactions are not steady state in nature, 
the calculation strategy cannot be simplified by the use of steady state effectiveness 
factors. This means that the full partial differential equations describing the reactions 
need to be solved. The computation involved in solving these equations is significant. 
The computers which would be required to solve the porous media model, the fluid flow 
path problem and a partial differential equation for each particle in the system makes 
this approach unattractive. Before such a method is adopted, it is felt that simpler 
models need to be investigated to determine whether they can be used to solve the 
problem. Two such simpler models are investigated in the remainder of this thesis. The 
first model is a macroscopic, lumped parameter model and the second model is a 
heterogenous columnar model. 
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Chapter 3. A Macroscopic, Lumped Parameter Model to 
Describe Leachate Generation and Mobility 
in Granular Waste Deposits. 

In this work, the first model _investigated, which is capable of predicting leachate 
generation and mobility within granular waste deposits, is a macroscopic, lumped 
parameter model. There were two main reasons for investigating a model of this nature. 
The first reason is due to its inherent simplicity. The macroscopic model considers the 
deposit as a single reacting entity. As such, it does not attempt to analyze the release 
of hazardous constituents at the particle level. Instead, it makes use of an overall 
expression which describes the rate of hazardous constituent release from a small volume 
element of the deposit. This expression includes the effects of chemical kinetics, 
hydrodynamic aspects, diffusion and hazardous constituent location on the release of 
contaminants. This is why the model is termed a lumped parameter model. In effect 
it assumes that not enough is known about the intrinsic kinetics of the system or about 
the complex hydrodynamics or even the hazardous constituent location to allow a more 
rigorous analysis. In many respects, it is this simplicity which makes the model very 
attractive. In any situation where these aspects cannot be determined or are uncertain, 
the lumped parameter model can still be used. 

The second reason for investigating the macroscopic, lumped parameter approach deals 
with model accuracy. The lumped parameter model does not require any assumptions 
with respect to particulate or hydrodynamic aspects. Instead, these effects are included 
in the experimentally determined model parameter. In effect, the rate of release of 
hazardous constituents from a waste deposit as a whole is being determined. This is in 
contrast to more detailed models. More detailed models determine the rate of release 
of hazardous constituents from the individual particles within a granular waste deposit 
and then predict the deposit performance. Before the deposit performance can be 
predicted however, assumptions with respect to fluid flow patterns, fluid saturation and 
particle wetting need to be made. If any of these assumptions are in error then the 
accuracy of the more detailed models will be effected. When insufficient information 
about the deposit is available to make confident choices with respect to these aspects, -
the most reliable method may be to make use of the lumped parameter which does not 
require this information .. 

The macroscopic, lumped parameter model was derived by applying a one dimensional 
fluid continuity equation to the deposit as a whole. The approach adopted is very similar 
to the one followed by Dixon [1992], the only difference being that Dixon applied the 
fluid continuity equation to a single particle rather than to an assembly of particles in the 
form of a waste deposit. The model developed is also very similar to the model of 
Demetracopoulos et al. [1986] which was discussed in the previous chapter. The main 
differences between the model developed and that of Demetracopoulos et al. is that the 
'rate of hazardous constituent release' term, R, used in the present model was assumed 
to be described by chemical kinetics rather than by mass transfer considerations. The 
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reason for this is that the effects of competing chemical reactions can be investigated 
with this approach. Realizing that the effects of competing chemical reactions can 
drastically alter the hazardous constituent release profiles, it was felt that it should be 
incorporated into the model. The other main difference between the present model and 
that of Demetracopoulos et al. is that the present model does not make use of 
hydrodynamic flow equations which describe unsaturated flow. Rather, much simpler 
'plug flow' hydrodynamic equations were used. It was realised that the more complete 
hydrodynamic equations could always be included at a later stage and it seemed more 
effective to first investigate the potential of the model using the simpler hydrodynamic 
equations. 

The remainder of this chapter ·presents the model derivation. It also discusses an 
appropriate solution strategy. This is followed by a section which indicates how a time 
dependent fluid percolation velocity can be incorporated into the solution strategy. The 
solution strategies have been coded into suitable computer routines and the details of 
these routines are discussed. Typical results obtained from the model are presented. 
Some discussion which indicates how the model can be fitted to experimental results is 
offered, and the limitations of the model are summarised. 

3.1 Development of the Equations. 

Figure 3-1, a schematic of a lysimeter which is thought to be representative of a real 
waste deposit, forms the basis of the macroscopic, lumped parameter model. It is 
assumed that the fluid reagent, A, percolates through the lysimeter and reacts with the 
solid reactants, Bi, according to the following stoichiometric equation: 

n 
A + I: biBi ... dissolved products 

i=l 

On a mass basis the stoichiometric coefficient, bi, would represent the mass of solid 
reactant, Bi, required to react with a unit mass of fluid reagent. This is very often more 
convenient to use than a conventional molar basis since mass concentrations are more 
easily determined experimentally, and the 'bi' terms then represent an aggregated 
elemental behaviour rather than a species balance. 
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Figure 3-1. Schematic of a lysimeter which forms the basis for the macroscopic, 
lumped parameter model. 

L 

Convection of 
fluid reagent 
through lysimeter. 

Lysimeter. 

The continuity equation for the fluid reactant can be obtained from a statement of 
conservation of mass. This equation in operator format is: 

where NA 

(3 -1) 

fluid flux through the deposit, including a bulk convective 
contribution and a diffusive contribution; 
deposit porosity; 
deposit saturation; and; 
defined as the rate of production of fluid reagent A by reaction with 
species i. 

The summation is required to account for the production of fluid reagent A by all the 
participating reactions. 

The equation derived by allowing the rate of production of a solid reactant, Bi, to be 
described by a kinetic expression which is of variable order with respect to the solid 
reactant and first order with respect to the fluid reagent is: 

( 3 -2) 
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where CBi 
CA 
~Bi 
kBi 

mass or moles of the solid reactant per unit volume of solid; 
mass or moles of the fluid reagent per unit volume of fluid; 
variable reaction order; and; 
reaction rate constant. 

The reaction rate constant has units, depending on the reaction order term ~Bi' such that 
the units on the right hand side of the equation are rendered to be mass or moles of 
solid reactant per unit time per unit volume of solid. 

In this analysis, the fluid flux through the column has been assumed to dominated by a 
convective flux due to the fact that the convective flux usually masks the effects of a 
diffusive flux. An expression for the convective flux is: 

(3 -3) 

where u represents the superficial fluid velocity. 

Substitution of equations (3-2) and (3-3) into equation (3-1) yields (expressed in one 
dimensional cylindrical coordinates with axial dependence only): 

where t 
z 

time; and; 
axial position within the deposit. 

(3-4) 

By assuming that the fluid is incompressible and that the relative void space saturation 
in the deposit remains constant, which implies that saturation is not a function of fluid 
velocity through the deposit, the second term on the right hand side of the above 
equation can be shown to be zero due to the fact that the divergence of the fluid velocity 
is zero. Thus the equation simplifies to: · 

ac ac n k ccl>sic 
A A _ ~ Bi Bi A 

Col%SatECol at = -u az LJ ( 1-eCol) 
i=l bi 

(3-5) 

The initial and boundary conditions which apply are: 
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CA ( 0' t) =CAinlBtconc. ( 3 -B) 

Note that in equation (3-8) the boundary condition imposed is that the inlet 
concentration of the fluid reagent to the deposit is constant. It is simple to incorporate 
the boundary condition which considers the inlet concentration of fluid reagent as a 
function of time into the model - as long as this function is prescribed. Only the use of 
a constant boundary condition has been demonstrated in the model development since 
it is very unlikely for the concentration of fluid reactant entering the column to change 
dramatically with time. 

3.2 Expressin2 the Equations in Dimensionless Form. 

It is desirable to express model equations in a dimensionless format. When expressing 
an equation in dimensionless format, · the original variables are grouped into 
dimensionless parameters which are less numerous than the original number of variables 
and which tend to have real physical significance. Reducing the number of variables is 
advantageous in that it provides results of greater generality, thereby enabling the effects 
of changing conditions within the deposit to be studied more easily. This is also helpful 
when attempting to plan experimental work or correlate experimental results [Welty, 
Wicks, Wilson 1976]. 

Equations (3-2) and (3-5) to (3-8) can be expressed in dimensionless form by defining 
the following dimensionless parameters and dimensionless groups: 

where 

CA 
a=----c 

ArnletConc. 

~= z 
L 

( 3 -9 ) 

(3-11) 
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L T=-
u • 

where L deposit length scale. 

DGl= ___ u __ _ 
u •ec,nCol, sat 

(3-14) 

(3-13) 

c 
Azni.,tcanc. 

CB. 1o 

k C+s1 
Bi Bi0 L 

u*b. 
1 

( 3-16) 

(3-15) 

u • is a reference fluid velocity (percolation velocity) which has arbitrarily been set at lm 
per 24 hours. It is important· to note that the definition of the reference fluid velocity 
is totally arbitrary and only serves as a convenient manner to non-dimensionalise the 
results. Also note that: 

UPercolation = 
u (3-17)· 

Following on, T is the equivalent of a reference space time for the column; DG 1 is the 
ratio of the fluid percolation velocity to the reference fluid percolation velocity; DG2 is 
the ratio of the chemical reaction rate at z=O to the rate of fluid reactant replenishment 
and DG3 is a dimensionless stoichiometric ratio which indicates fluid reagent strength 
relative to the solid reactant within the deposit. The rate of fluid reactant replenishment 
is defined to be the rate at which the fluid in a given volume of the deposit is totally 
replaced by new fluid due to the convective flux of fluid reactant through the lysimeter. 

Equations (3-4) and (3-5) in dimensionless form and in cylindrical co-ordinates are 
summarised as: 

aa DG aa ~ 4's1 -=- 1--"" DG2.(XOB· a-r:' a~ i=1 
1 1 (3-18) 

with 

a ( C 0) =O (3-19) 
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ex (O, i:1) =1 (3-20) 

daBi 4's1 
--=-DG2. DG3 ·CXOs· di:' .l .l l 

( 3 -21) 

with 

a Bi ( C 0) =1 (3-22) 

Equations (3-18) and (3-21) represent the progression of reaction within the deposit. 

3.3 Solution Strateay. 

Equation (3-18) is a first order hyperbolic partial differential equation. Simple finite 
difference methods and finite element numerical techniques must be used with care 
when solving hyperbolic problems since the discontinuous nature of the solution gives 
rise to difficulties when these techniques are used. The discontinuous nature of the 
solution arises due to the fact that a sharp reaction front, corresponding to the fluid 
reagent front, moves through the deposit Although it may be possible in some cases to 
obtain a stable method, it will invariably be very inaccurate. This implies that the 
solution strategy may calculate a solution but that this solution is incorrect. Note that 
solution strategies can also be accurate but not stable. This implies that although the 
correct solution is being calculated, the strategy breaks down before the entire solution 
is generated. Suitable solution strategies need to be both stable and accurate. 

The method of characteristics is a suitable method of solution for first and second order 
hyperbolic partial differential equations. This method converts the partial differential 
equation into a set of simultaneous ordinary differential equations. The ordinary 
differential equations can then be solved using the standard numerical techniques of 
finite differences or finite elements. 

Recall equation (3-18): 

acx acx ~ <Psi -=-DGl-- ~ DG2.cxaBi ai:' a~ i=l .l 

(3-23) 

Using the method of characteristics, which is summarised in Appendix I, the following 
set of ordinary differential equations is obtained: 

Only two of these equations are independent. The two equations used in the solution 
strategy are: 
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dr 1 =...Et_=-___ d_a __ 
1 DGl n :E DG2 .a;acjlBi 

i=l .l 

( 3 -24) 

dr1 _ 1 
, d~ - DGl 

(3-25) 

and 

da; n cjl - =- :E DG2. <XO' Bi 
dr1 i=1 

1 
(3-26) 

Equation (3-25) represents the relationship between the time increment and the spatial 
increment. This highlights the essence of the method of characteristics. By imposing this 
restriction (of interdependence between two of the parameters) the partial differential 
equation can be reduced to a simple ordinary differential equation. 

A simple expliCit finite difference numerical technique was found to be an adequate 
method to solve equations (3-26) and (3-21). Equation (3-26) in numerical format is: 

Equation (3-21) in numerical format is: 
• 

where j represents a time index. 

3.4 Introduction of a Variable Fluid Velocity into the Solution Strategy. 

At this point the velocity of the fluid percolating through the column has been assumed 
to be constant with respect to time. However, fluid velocity through granular waste 
deposits does vary as a function of time due to various reasons of which periodic rainfall 
is one example. This has been incorporated into the model in the following manner. 

The dimensionless group, DGl, has been redefined as a function of dimensionless time: 
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DG1 = fn ('t' 1) (3-29) 

Thus equation (3-25) becomes: 

dr1 _ 1 
d~ - DG1 ( 't1) 

(3-30) 

Where before the time increment was constant, it now needs to be evaluated using 
equation (3-30) before each iteration in time. In the case of a functional relationship for 
the dimensionless group DGl being prescribed, equation (3-30) can be used to determine 
the dimensionless time increment. However, it is more likely that the functional 
relationship for the velocity will be prescribed in dimensional terms. (Either in terms 
of a mathematical function or discretely.) In this case, the followirig equation, derived 
from equation (3-30), can used to determine the dimensionless time increment: 

(3-31) 

where (tn+i-tn) is obtained from: 

where ll.z 
L 

tn+l 

J u(t) dt =Ecol ll.z 
tn 

(3-32) 

is the length of a spatial increment within the deposit; and; 
is the total height of the deposit. 

3.5 Suitable Computer Routines for the Model. 

Program Model4Dl.PAS and Model4D2.PAS are PASCAL codes which solve these 
equations as a function of position and time. These codes make provision for the fluid 
velocity to vary as a function of time. The output of the codes include graphs of 
concentration versus position and time, with breakthrough curves as a function of time. 
The breakthrough concentration of any dissolved species in Model4Dl .PAS has been 
calculated as the amount of that species exiting the column in the time increment over 
the total original leachable amount of that species in the column. Model4D2.PAS 
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normalises all the breakthrough concentrations of the dissolved species relative to the 
total original amount of the first listed solid species in the program codes. This allows 
comparison between the relative amounts of the different species which appear in the 
leachate at the bottom of the column. As an example where such a comparison is useful, 
consider a waste which contains one leachable hazardous constituent and a large excess 
of buffering material. Although the fraction of the total buffering material released at 
any one time may be low compared to the hazardous constituent, the dissolved 
concentration of the buffer could be equal to, or much higher than that of the dissolved 
hazardous constituent concentration due to the large initial excess of the buffer material. 

A copy of the codes as well as a solution algorithm can be found in Appendix IL 

3.6 Verification of the Computer Routines. 

The code was verified by subjecting it to a set of tests. In the first test no reaction was 
assumed to take place. This represents the problem of fluid reactant progressing through 
a deposit in plug flow. Excellent agreement was obtained between the calculated and 
analytical fluid profile as a function of time and is shown in Figure 3-2. Figure 3-2 
represents the fluid reagent profiles within the deposit at successive time steps, beginning 
at the left hand side and progressing towards the right hand side of the graph. 

Figure 3-2. Comparison of the predicted flow profile with the analytical profile for a 
lysimeter in which no chemical reactions take place. 
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The next test involved introducing a single reaction and determining its effect on the 
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concentration profiles as the rate of reaction increased. The deposit would be expected 
to react in a homogenous manner for a very slow reaction, proceed through a transitional 
phase at intermediate reaction rates and finally react in a zone:.wise manner for fast 
reaction rates. A zone-wise reaction refers to the case where the reaction is restricted 
to a narrow band within the deposit. This can be clearly seen in the horizontal rows of 
graphs in Figure 3-5 where the reaction rate increases from left to right. 

The code was also checked to ensure that it could calculate the profiles when more than 
one reaction was occurring. Several other self-checking strategies were used to ensure 
that the code was operating correctly. These included the following: 

The model was checked to ensure that chemical species were 
interchangeable. This ensures that the order in which the chemical species 
are defined in the computer . routines is not important. This is 
demonstrated in Figure 3-3. In Figure 3-3, the profiles of the first solid 
reactant are depicted by solid lines while the profiles of the second solid 
reactant are depicted by dotted lines. (In Figure 3:.. 3 these profiles never 
touch the X-Axis. Unfortunately the fluid reactant profiles are also 
depicted by solid lines but they can be identified as the curves which touch 
the X-Axis.) 

The model was checked to ensure that the concentration profiles of two 
solid species reacting at the same rate were co-incident. This is 
demonstrated in Figure 3-4. In this figure the dotted lines cannot be 
identified because they are co-incident with the solid lines. 

Kinetic aspects of the model were also checked by ensuring that the model 
predicted the same profiles for a deposit with a single solid reactant 
compared to a deposit which contained two solid reactants in equal 
quantities to the solid reactant in the first lysimeter but which each reacted 
at .half the rate. 
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Figure 3-3. Chemical species in the model are interchangeable. 
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Figure 3-4. Profiles of hazardous constituents which react at the same rate are co­
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3.7 Results and Discussion. 

3.7.1 General Behaviour. 

In order to determine the- general behaviour of the model and the sensitivity to the 
model parameters, the following scenario was investigated: 

Deposit of 0.5m in length; 

Only one solid reactant present; 

First order rate dependence in the solid reactant concentration; 

Constant fluid velocity set at lm in 24 hours. 

These conditions are typical of those used in laboratory lysimeter experiments. In a 
similar manner, full scale deposit behaviour could have been investigated by merely using 
appropriate model parameters. 

The computer code calculated the dimensionless group DGJ which under the conditions 
defined is 0.0084. 

Figure 3-5 presents the profiles of fluid reagent A (solid curves) and one solid reactant 
(dashed curves) for all combinations of DG2 = 0.1,1,10 and 100, and, DG3 =0.1,1,10 
and 100. Figure 3-6 presents the breakthrough curve of the solid reactant for the same 
combinations of parameters. Note that in Figure 3-6 each row of graphs have the same 
Y axis scaling, however the Y axis scaling. changes between the different rows. 

For very low values of DG2 the chemical reaction rate is much slower than the rate of 
fluid reactant replenishment. Under these conditions, most columns would be expected 
to react in a homogenous manner. This behaviour can clearly be seen in Figure 3-5 by 
examining the first column of graphs. Only at very high relative fluid reagent 
concentrations are any solid reactant concentration gradients established. The release 
of hazardous constituents in columns with low values for DG2 is controlled only by -
kinetic factors. 

At moderate values for DG2, the type of kinetics depends on the relative fluid reactant 
concentration. At DG2= 10, non-transient fluid and solid reactant gradients are 
established for all values of DG3. When DG3 values are greater than 10, the column 
reacts in a fluid reactant limiting, zone-wise manner. 

At high values of DG3 the column reacts only in a fluid reactant limiting, zone-wise 
manner. 
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Some interesting features of hazardous constituent release can be observed in Figure 3-6. 
Notice that the breakthrough curves for all columns which react in a homogenous 
manner resemble an exponential decay function. This is as expected, since a column 
which reacts in a homogenous manner could be considered as a continuously stirred tank 
reactor. The concentration profiles for first order reactions which take place in 
continuously stirred tank reactors are exponential decay functions [Levenspiel 1972]. In 
contrast the breakthrough curves for columns which react in a zone-wise manner 
resemble impulse and Heaviside functions (step up followed by a step down function) 
which are characteristic of perfect plug flow reactors. When the kinetics of the chemical 
reactions are sufficiently fast for the column always to react in a zone-wise manner, the 
width of the Heaviside function is determined by the relative fluid reactant 
concentration. As the fluid reactant concentration increases, the width of the heaviside 

· function decreases. In the limit, the heaviside function approaches a Dirac delta as can 
be seen in the lower right hand corner of Figure 3-6. 

3.7.2 Effect of Competini: Reactions. 

As previously discussed in Chapter 2, granular waste deposits very often contain more 
than one reactive component in the matrix. This has a marked effect on the release of 
the individual hazardous constituents as the following test scenarios indicate. 

The effect of a buffering material on the release of a single solid hazardous constituent. 

The scenario investigated can be summarised as: 

Deposit of 0.5m in length; 

One primary solid hazardous constituent and one buffer material present; 

First order rate dependence with respect to the solid concentrations; 

Constant fluid velocity set at lm in 24 hours. 

The parameters . for the solid hazardous constituent were set at DG2conram. = 10 and 
DG3eontam. =1. . 

The combinations investigated are summarised in Table 3-1. 
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Table 3-1. Summary of the parameter combinations investigated to determine the 
effect a buffer material on hazardous constituent release. 

Buffer rate constant 100 Buffer rate constant 10 
times slower than times slower than 
contaminant rate const. · contaminant rate const. 

10 times as much buffer · DG2Bujfer = 1.00 DG2Buffer - 10.00 
as contaminant. DG3Buffer = 0.10 DG3Bujfer - 0.10 

100 times as much buffer DG2Buffer = 10.00 DG2Buffer = 100.00 
as contaminant. DG3Bujfer = 0.01 DG3Bujfer - 0.01 

Figure 3-7 presents the concentration profiles for the above combinations while Figure 
3-8 summarises the breakthrough curves. 

The concentration profiles in the top left hand corner of Figure 3-7 closely resemble the 
concentration profiles when no buffer material was present. The breakthrough curves 
for the same parameter specification show that in this case the buffer material is not 
sufficiently reactive to affect the release of the solid hazardous constituents; By merely 
increasing the relative concentration of the buffer material it begins to play a significant 
role. Alternatively a more reactive buffer material can be used to limit the release of 
hazardous constituents. 

~ . 

The buffering material effectively forces the column to react in a more fluid reactant 
limited, zone-wise manner. This is because the total rate of acid consumption has 
effectively increased. Further, due to the competition between the solid hazardous 
constituent and the buffer material for fluid reactant, the hazardous constituent reacts 
at a slower rate than before and the hazardous constituent breakthrough curves start to 
resemble exponential decay Junctions. 

Notice in the lower row of breakthrough graphs in Figure 3-8 that the solid hazardous 
constituent persists to breakthrough at large times. This is typical behaviour observed 
when competing reactions occur. 
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Figure 3-8. 
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Extension to more than one reactive hazardous constituent. 

Figures 3-9 and 3-10 are sample printouts of typical concentration profiles and 
breakthrough curves when two hazardous constituents and a buffer material are present. 
The scenario investigated was a second hazardous constituent of equal amount to the 
first, but which reacted 10 times slower than the first reactant. These parameters are 
summarised in Table 3-2: 

Table 3-2. Summary of parameters used to demonstrate extension of the model to 
more than one reactive hazardous constituent. 

Contaminant 1. DG2 1 - 10.00 
DG3 1 - 1.00 -

Contaminant 2. DG2 2 - 1.00 
- DG3 2 - 1.00 -

Buffer Material. DG2 3 - 10.00 
DG3 3 - 0.01 -

Figure 3-9. Sample printout of concentration profiles for more than one hazardous 
constituent. 
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Figure 3-10. Sample printout of breakthrough curves for more than one hazardous 
constituent. 
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3.8 Fittin2 the Model to Lysimeter Experiments. 

3.8.1 Model Requirements. 

The following information needs to be known in order to fit the model to lysimeter 
results: 

The basic chemical reactions which actually take place within the 
lysimeter; 

the effective concentrations of the participating species; 

the reaction orders with respect to the solid reactants; 

the percolation velocity of the fluid as a function of time; and; 

the voidage of the column and the void space saturation. 

The level of detail required in the understanding of the basic chemical reactions is to 
have identified the fluid reagent and the main solid reactants in the system. For example 
the fluid reagent is usually a dilute acid stream while the solid reactants are leachable 
heavy metals and buffering components. 
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The effective concentration refers to the total leachable concentration of any species, 
which in many instances is not equal to the total concentration of that species. This is 
caused by a certain portion of the species being unavailable to the leaching process. One 
method to determine this concentration is to conduct a CSTR leach test until equilibrium 
is reached. The initial effective solid concentrations of the dissolved species can then be 
determined by back calculation. 

Where the solid reactant is not in excess, a solid reactant order of unity is suggested for 
the following reasons. The solid reactants are known to be located in a size distribution 
of waste particles within the deposit. If the deposit contained equi-sized spherical waste 
particles, comparison of the variable order kinetic expression, equation (3-2), to a 'grain' 
reaction model indicates that the appropriate solid reactant order in this case would be 
2/3. Dixon [1992] has intimated that this order increases as the standard deviation of 
the size distribution of spherical 'grains' increases and that a reaction order of unity is 
reasonable. The appropriate reaction order for excess solid reactant is usually taken to 
be zero, which implies that the solid reactant concentration does not have an effect on 
the reaction kinetics. 

Usually the percolation velocity is set at a constant value. As previously discussed the 
model can accommodate a variable fluid velocity as long as the functional relationship 
for the velocity is prescribed. 

3.8.2 Fitted parameters. 

Each dimensionless group, DG2;, contains a lumped reaction rate constant for the 
chemical reaction corresponding to that group. These reaction rate constants cannot be 
determined a priori and so the fitted parameters in the model are the DG2; groups. The 
reason why the reaction rate constant cannot be determined from bench scale tests is 
because they include hydrodynamic effects. The hydrodynamic situation in bench scale 
tests is not comparable to the hydrodynamic situation in a waste deposit or its pilot-scale 
lysimeter equivalent. 

The DG2; groups are fitted by comparing the breakthrough curves from the model to 
experimentally determined breakthrough curves from lysimeters. A good method to 
optimise the agreement between the model and experimental results is to use a simplex 
search technique to determine the best values for the fitted parameters. 

3.9 Limitations of the Model. 

The macroscopic, lumped parameter model does have several limitations due to its 
inherent simplicity. The first limitation of the model is that it can only be used to 
extrapolate to deposit proportions and in time for deposits which contain identical wastes 
and which exhibit identical hydrodynamic characteristics to the ones observed in the 
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lysimeter. This implies that a separate lysimeter experiment needs to be conducted for 
each waste stream and hydrodynamic situation investigated. This is a severe limitation 
considering the expense and time involved with lysimeter experiments. 

The second limitation is that the model can be used only in situations where each solid 
reactant is released at a single overall rate. Often, particles which have most of the solid 
reactant concentrated onto the surface of the particle, can also have some of the solid 
reactant distributed in the bulk of the particle. The solid reactants in the two regions 
very often exhibit different rates of release.. The first rate of release is due to the release 
of the solid reactants on the surface. Usually this rate of release is much faster than that 
of the release from within the bulk of the particle due the added diffusional resistances 
of the fluid reactant into the particle. 

The model cannot be used to determine the individual contribution of the intrinsic 
chemical kinetics, the hydrodynamic aspects or the hazardous constituent location on the 
release of hazardous constituents. This is a direct consequence of using the lumped 
parameter approach. Since one aim of this work is to eventually be able to engineer 
better waste deposits, it is critical to be able to determine these individual contributions. 

For these reasons it was deemed necessary to investigate more complex models which 
would begin to address the limitations of the macroscopic, lumped parameter model. In 
effect this implied investigating models which describe the release of hazardous 
constituents at the particle level. This is the focus of the remainder of this thesis. 
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Chapter 4. A Summary of the Chemical Reaction Model 
Applicable to Single Particles as Developed 
by Dixon [1992]. 

The investigation into the macroscopic, lumped parameter model revealed a need to 
describe the release of hazardous constituents at the particle level. As discussed in 
Chapter 2, Dixon [1992] has developed a chemical reaction model for investigating the 
leaching behaviour of precious metals from ore particles. His model is sufficiently 
detailed to include the effects of diffusive and chemical reaction kinetic resistances, 
competing reactions and precious metal location within the particle on the leaching 
behaviour. Since these considerations are similar to the ones encountered in leaching 
of hazardous constituents from waste deposits, it was felt that Dixon's model should be 
investigated to determine its applicability to modelling contaminant leaching from waste 
particles. 

This chapter presents the details of the investigation into the applicability of Dixon's 
model to a single waste particle. This involved determining whether or not the model 
developed by Dixon could be used without modification. For this reason, this chapter 
summarises the model development followed by Dixon [1992]. Once it was determined 
that Dixon's particle scale model could be used, an appropriate solution strategy for the 
model was investigated and implemented. The computer routines which implement the 
solution strategy have been rigorously checked against the results obtained by Dixon. 
These details form the reminder of this chapter. 

4.1 Development of the Equations. 

Figure 4-1 depicts a porous, spherical particle of radius R which is submerged in fluid 
reactant and which contains small amounts of solid reactant deposits. Dixon [1992] 
assumed that these solid reactants, Bi, are dissolved by a single fluid reagent A. This is 
represented by: 

n 
A + :E biBi .... dissolved products 

i=l 

As in Chapter 3, the continuity equation for the fluid reactant can be obtained from a 
statement of conservation of mass. The continuity equation applicable to a single 
particle is: 

(4-1) 
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where NA 
€0 

rAi 

fluid flux into the particle; 
particle porosity; and; 
defined as the rate of production of fluid reagent A by reaction i. 

I 

As before, the summation sign is required to account for the production of fluid reagent 
A by all the participating reactions. 

Figure 4-1. Schematic diagram of a porous, spherical particle of radius Rand a graph 
showing the concentration gradients within the particle. (taken from Dixon 
[1992]). 

0 Particle radius, r R 
I I 

Co 
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0 Part! cl e radius, r R 

Dixon made explicit provision for different kinetics for those reactions which occur in the 
bulk of the particle compared to those which occur on its surface. Considering first the 
reactions which occur within the pores of the particle, Dixon assumed that the reaction 
kinetics can be described by an expression which is of variable order with respect to the 
solid reactant and first order with respect to the fluid reagent. This expression. can be 
summarised as: 

where cpi 

qCpi = k C<P~1 C 
dt - pi pi A 

(4 -2) 

mass or moles of the solid reactant in the pores of the particle per unit 
mass of solid; 
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CA mass or moles of the fluid reagent per unit volume of fluid; and; 
~i reaction rate constant. 

Here the reaction rate constant has units, depending on the reaction order term ~Bi' such 
that the units on the right hand side of the equation are rendered to be mass or moles 
of solid reactant per unit time per unit mass of solid. 

In situations where the kinetics of any species on the surface of the particle is different 
to the kinetics of that species in the bulk of the particle, another kinetic expression will 
be required. The kinetic expression adopted by Dixon can be summarised as: 

where csi 

dCsi 3ksic!1
1
cA --=-

dt R Po (l-e0 ) 
(4-3) 

mass or moles of the solid reactant on the surface of the particle per unit 
mass of solid; 
mass or moles of the fluid reagent per unit volume of fluid; 
radius of the particle; 
ore density; and; 
reaction rate constant. 

The following equation makes it a bit easier to see how this expression was obtained: 

Mass of pa+ticle dCsi --k 4's1 

Area of particle -cit- sicsi CA 
(4-4) 

Thus the units on the left hand side of the equation are mass or moles of solid reactant 
per unit time per unit area of panicle. Therefore, the units of the reaction constant, ~i' 
depending on the reaction order term ~si' are such which render the units on the right 
hand side of the equation to be mass or moles of solid reactant per unit time per unit 
area of the panicle. 

It is important to note that if the kinetics of the species on .the surface of the particle are 
not significantly different from the same species within the bulk of the particle, that the 
requirement for equation (4-3) is obviated. 

Substituting equation ( 4-2) into equation ( 4-1) gives: 

n 
'\!· NA - po ( 1 -eo) ~ 

i=l 
( 4 -5) 
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Dixon assumed that only a diffusive flux of fluid reactant entered the particles and made 
use of Fick's law to describe this flux. Substituting Fick's law into equation (4-5) and 
expressing the equation in spherical co-ordinates with radial dependence only gives: 

(4-6) 

The initial and boundary conditions which apply are: 

CA (I, 0) =0 (4-7) 

( 4-8) 

ac · a: (0, t) =O (4-9) 

It is important to note that equation ( 4-8) effectively implies that no film mass transfer 
resistances are being considered. This assumption is only valid where the film mass 
transfer is fast compared to the diffusion of the fluid reactant into the particle and the 
reaction of the fluid reactant within the particle. 

4.2 Expressini: the Equations in Dimensionless Form. 

Equations (4-3) and (4-6) to (4-9) can be expressed in dimensionless form by defining 
the following~ dimensionless parameters and dimensionless groups: 

c CA 
IX=--....:'.!. (4-10) IX - b (4-11) b--c CAo Ao· 

c. c. 
(J .=_.E3_ (4-12) (J . = __!!1:_ (4-13) 

pi c. Sl. C. 
Pl.o Sl.o 

I (4 -14) 
De,.t 

( 4-15) ~=- 't'= 
R e R 2 
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(4-16) (4-17) 

( 4 -18) ( 4 -19) 

.Bi represents a dimensionless stoichiometric ratio which indicates the reagent strength 
relative to the grade of solid reactant i. In a particle of given porosity which is in contact 
with a fluid reactant of concentration a= 1, a value of .Bi = 1 would imply that there is 
sufficient fluid reactant within the pores of the particle to completely react all of the 
solid reactant. 

Ai represents the fraction of solid reactant residing on the surface of the particle. 

Kpi and Ksi are ratios of the reaction rate of solid reactant i within the particle pores and 
on the particle surface, respectively, to the porous diffusion rate of fluid reactant A. 
In an investigation into the effects of flow, diffusion and heat conduction on reactor 
performance, Damkohler recognised the importance of four dimensionless groups. The 
second of these is the ratio of the chemical reaction rate to the rate of diffusion [Aris 
1975]. Thus Kpi and Ksi correspond to Damkohler numbers of the second type. These 
ratios can be identified a bit more easily if the equations are written in the following 
format: 

p (1-e) kpic:1:cA 

bi 
Kpi=~~~~~~~-

DeACA 
R2 

(4 -20) ( 4 -21) 

The equations in dimensionless form and in spherical co-ordinates are summarised as: 

(4-22) 

with 

a (CO) =O (4-23) 
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( 4 -24) 

aa. 
~ (0,'t) =O (4-25) 

(4-26) 

with 

(4-27) 

d A <l>si 
a si Ksi t' i a si Cl b --= - --,....----
d't )..i 

(4-28) 

with 

asi (0) =1 (4-29) 

Equations (4-2~) to (4-29) represent the progression of the reaction within a single 
particle. 

4.3 Suitability of Dixon's Model to Hazardous Constituent Leaching From 
Waste Particles. 

The development of the equations used in Dixon's particle scale model do not include 
any aspects which are unique to precious metal leaching from ore particles. The same 
equations would have been determined if the leaching of hazardous constituents from 
a waste particle had been considered. For this reason, Dixon's equations can· be used 
without modification to model hazardous constituent release from a waste particle. 

4.4 Solution Strategy. 

Equation (4-22) is a second order parabolic partial differential equation. A suitable 
solution strategy, which would be both stable and accurate, was desired to solve the set 
of equations. The Crank-Nicolson formula, which is an implicit finite difference method, 
is a suitable solution strategy since it is both unconditionally stable and sufficiently 
accurate [Crank 1975]. 
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The Crank-Nicolson approach uses a Taylor series expansion of the concentration 
function to obtain expressions for the partial derivatives. These are: 

where 

02N I a. 1 .-2cx . . +a. 1 . .... .. .l+ ,] .l,J .I- ,] 

a~2 i,j <.d~)2 

i is a spatial index and 
j is a time index. 

(4-30) 

(4-31) 

Crank and Nicolson [1947] suggested that a better approximation for the above quantities 
would be the average of the quantities evaluated at times j and j + 1. This yields the 
Crank-Nicolson formulas for the partial derivatives: 

(4-32) 

and 

::12N 1 a. .-2cx .. +ci. . a. . -2cx. . +a. . _er_ ... I· ... _. < .l+l,J .l,J i-1.1 + .l+l,J+l .l,J+l .i-1.1+1) 

a~2 .l,] 2 <.d~)2 (.d~)2 
(4-33) 

Using these formulas, equations (4-22), (4-26) and (4-28) were converted to numerical 
equations. 

Equation (4-22) in numerical format is: 

fori=O 

(4-34) 
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and for i< >0 

N 2 ~ (a~)2 .+ -·-
ex ._1 . (-i+l) +ex· · (2i+ ~Ki (a~) CJi j-2i a't ) exi+l,J' ( 1- 1) 

.l • J i, J i =l p • 
(4-35 

The reason for two equations being required is due to a singularity which exists at the 
origin in equation ( 4-22). This problem was overcome by noting that total symmetry 
exists at the origin and thus equation (4-22) can be expressed in cartesian co-ordinates 
at this point. Note that the canesian co-ordinates are only valid at the origin. The 
equation used to derive eq!Jation (4-34) is: 

(4-36) 

The numerical format of equation (4-26) is: 

oiJ+1- 0 iJ KPP (~ +~ 
, a 't , =- 2 ( 1-A.) o i.Jex i,J o i,J+1ex i,J+1) (4-37) 

The numerical format of equation (4-28) is similar to equation (4-37). 

4.5 Suitable Computer Routines for the Model. 
-

Program Model2D2.PAS is a PASCAL code which solves these numerical equations as 
a function of position and time. The output of this code includes a graph of the solid 
and fluid reagent profiles within the particle as a function of time and a graph of the 
fractional conversions as a function of time. The fractional conversion is defined as the 
fraction of a particular solid reactant species which has been released. 

A copy of the code can be found in Appendix III. 
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4.6 Verification of the Computer Routines. 

The computer routines written needed to be checked to determine whether they operate 
correctly. One method to check the routines would be to reproduce the results presented 
in Dixon's thesis. To this end, all of the results presented in Chapter 1 of Dixon's thesis 
which involve concentration profiles and fractional conversions as a function of time have 
been reproduced. To demonstr(j.te this, Figure 4-2 is a series of graphs produced by 
Model2D2. These graphs can be compared to those found in Figure 4-3 which are the 
graphs presented by Dixon for the same parameter specification. 

Further comparisons between the results predicted by Model2D2 and Dixon's work can 
be seen in Figure 4-4 and 4-5; and; Figure 4-6 and Figure 4-7. 
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Figure 4-3. 
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The corresponding concentration profiles to Figure 4-2 presented 
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Figure 4-4. Fraction conversion profiles predicted by Model2D2 for the parameters as 
Indicated in the Figure. 
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Figure 4-6. Fraction conversion profiles as a function of the variable order power 
predicted by Model2D2. 
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Dixon's Thesis.) 
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Due to the excellent agreement between the results of Model2D2 and those presented 
by Dixon, the routines of Model2D2 can be used with confidence. 

4. 7 Application of the Model. 

The chemical reaction model at the particle level is not that useful in itself. The model 
as it stands only describes the progression of the reactions in a single panicle. It is very 
unlikely that the progression of the reactions within a single solitary particle will be 
required. Further, the boundary condition used, equation (4.8) or (4-24), implies that 
the fluid concentration in contact with the surface of the particle is constant. The only 
situation where this would arise is where a particle is submersed in an infinite amount 
of fluid and where mass transfer resistances are negligible. 

· More realistic situations are when many particles are associated with a finite volume of 
fluid. Such situations correspond to a CSTR experiment in which the leaching behaviour 
of a single size class or a size distribution of particles is investigated. Equally, a volume 
element of a waste deposit could be considered as an appropriate size distribution· of 
particles associated with a finite volume of fluid. In this case the fluid would be the fluid 
in the void spaces between the particles. 

In these situations, as the chemical reactions within each of the particles progress, fluid 
reagent will be consumed which will cause the bulk fluid concentration, that is the 
concentration of the fluid which surrounds the particles, to decrease. This dropping bulk 
fluid concentration is the appropriate boundary condition which should be used in 
particle scale model. In effect, this implies that a suitable boundary condition, which 
would replace equation (4-8) or (4-24), needs to be developed which will account for the 
decrease in the bulk fluid reagent as a function of time. 

It is important to note that a partial differential equation, corresponding to equation 
(4-8) or (4-24), will be required for each particle size considered when the leaching 
behaviour of a size distribution of particles is investigated. The reason for this is that 
the rates of conversion of different sized particles will not be the same. Suitable 
dimensionless groups, which are defined in terms of a single reference particle size, need 
to be investigated. Lastly, appropriate solution strategies for the combined solution of 
the set of partial differential equations, which is comprised of a partial differential 
equation for each particle size, and the coupled boundary condition need to be 
determined. These aspects are considered in the following chapter. 
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Chapter 5. A Model to Describe Leachate Generation 
from Granular Wastes in a Continuously 
Stirred Tank Reactor Experiment. 

The continuously stirred tank reactor (CSTR) model describes the increase in the 
hazardous constituent concentratic;m and the decrease in the fluid reagent .concentration 
in the bulk fluid of a CSTR type experiment. This is· achieved by linking the particle 
scale, chemical reaction model, presented in the previous chapter' to an appropriate mass 
balance equation for the bulk fluid reagent concentration. 

The appropriate mass balance equation is developed initially for equi-sized particles 
submerged in a finite volume of fluid reactant. In a CSTR experiment which contains 
a size distribution of particles, the release of hazardous constituents from each size class 
of particles needs to be determined before the overall release of hazardous constituents 
for the system can be calculated. This implies that a partial differential equation, 
corresponding to equation (4-22), will be required for each size class of particles. Before 
these differential equations can be used, the appropriate parameters for each size class 
of particles need to be determined. For this reason, a section which discusses model 
parameters as a function of particle size, has been included. This is followed by the 
development of a suitable mass balance equation for the consumption of fluid reagent 
in a CSTR experiment which involves a size distribution of particles. 

An appropriate solution strategy for the model has been investigated and implemented. 
A case study has been used to illustrate the general behaviour of the model and the 
sensitivity of the model to particle size distributions as well as to hazardous constituent 
distribution within each solid particle. The following section discusses how the model 
can be fitted to typical CSTR data. Lastly the applications and limitations of the model 
are summarised. 

5.1 Development of the Mass Balance Equation for the Bulk Fluid 
Reaa:ent in a CSTR which Contains Equi-Sized Particles. 

Figure 5-1 depicts a few equi-sized spherical particles in a beaker of fluid reagent. It is 
assumed that the fluid reactant diffuses into the particles and reacts with the hazardous 
constituents which then enter the fluid phase. 

The fluid reagent mass balance replaces the boundary conditions used in the model of 
Dixon [1992]. Referring to equations (4.22) to (4.29), note that equation (4-24) is a 
boundary condition which sets the bulk fluid concentration in contact with the particle 
at a constant value. This boundary condition needs to be replaced due to the fact that 
the bulk fluid reactant concentration drops as the fluid reactant diffuses into the particle. 
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Figure 5-1. Schematic· of a few equi-sized spherical particles submerged m a well 
stirred beaker of fluid. 

0 0 
0 

Equi-sized 
Particles. 

Beaker. 

A mass balance equation which relates the consumption of the fluid phase reactant to 
the bulk fluid reactant concentration is: 

VPart. Po ( 1-Eo) f dCsi -D 'VC I 3 VPart. =V . 
bi i=l dt e A R R Liq. 

where V Part. 

Vu q. 

is the total volume of the particles; and; 
is the total volume of fluid reactant. 

(5-1) 

Note that the first term in the above equation represents the consumption of fluid 
reagent due to chemical reactions which take place on the surface of the particles. The 
second term represents the fluid reagent diffusing into the particles. This quantity is 
calculated as the product of the diffusive flux into a single particle (the diffusive flux 
being defined by Fick's Law), the surface area of a single particle and the number of 
particles in the system. The number of particles present in the system is determined by 
dividing the total volume of the particles by the volume of a single particle. The fluid 
reagent which diffuses into a particle is continually being consumed by the chemical 
reactions taking place within the pore volume of the particle. 

The same equation expressed in dimensionless terms is: 

67 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

~ cPsi aa. I aa. bulk 
- ."-'Ks Osi CX.bulk-3 ai: ~=l =V a 

i=l i ~ ~ 
(5-2) 

where 

v . 
V = Liq. 

Eo VPazt. 
( 5-3) 

As previously discussed, the chemical reaction model derived in Chapter 4, applies to a 
single particle. Equation (5-2) is a suitable boundary condition for equi-sized particles 
submerged in a finite volume of fluid reagent. This boundary condition, in conjunction 
with the chemical reaction model for the single parti~le, can be used to simulate both 
the concentration profiles of the solid reactants and fluid reagent within the particles as 
well as the bulk fluid phase concentration as a function of time. 

5.2 Model Parameters as a Function of Particle Size. 

As previously discussed, in order to simulate the progression of reactions in a size, 
distribution of particles, the chemical reaction model needs to be applied to each 
individual size class. The overall progression of the reaction for the system is then 
obtained by integrating the results of the individual size classes over the distribution of 
particles in the ·system. 

Before the chemical reaction model cap. be solved for each size class of particles, the 
model parameters applicable to each size class need to be determined. Two different 
approaches to defining the model parameters as a function of particle size can be used. 
In the first approach, model parameters are fitted to only one size class of particles and 
the parameters of all the other size classes are related to it. The assumptions behind this 
approach and the resulting relationships for the model parameters as a function of 
particle size aie discussed in the next section. In some cases, particles in different size 
classes exhibit sufficiently different properties to preclude any simple relationships 
between them. In these cases the model parameters need to be determined for each size 
class individually. 

5.2.1 Determination of the Model Parameters Applicable to Precious Metal Leachin2 
with Respect to a Reference Size Class of Particles. 

Dixon [1992] defined a set of relationships for the model parameters_ in terms of a 
reference particle size. The parameters of the reference particle size, which are denoted 
as barred quantities and which need to be specified, can be summarised as: 

68 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

Dixon's work [1992] was specific towards the extraction of precious metals from ores and 
so made use of information with regard to ore preparation to determine appropriate 
relationships for the model parameters. In summary, Dixon made the following 
assumptions with respect to ore preparation: 

Only the surface fraction, Ai, is affected by crushing, and not the total 
extractable grade, CEiO• or any other parameter; .and; 

A.i is proportional to the ratio of the particle area to the particle volume. 

Using these assumptions, the following relationship was obtained: 

where 

where Rk 
R 

). . 
). . =-2 

1.k e 
k 

( 5-4) 

( 5 :-5) 

radius of particle in size class k (k€{1..M}); and; 
radius of the reference particle. 

ek is a dimensionless total particle radius. It is important to note that the dimensionless 
total particle radius can be greater than one. This occurs when the radius of the 
reference particle is smaller than the radius of the particles in size class k. 

Dixon proceeds to determine relationships for Kpi• Ksi and T in terms of the 
corresponding reference class parameters combined with Ai and Ok. 

5.2.2 Determination of the Model Parameters Applicable to Leachina= of Hazardous 
Constituents from Waste Particles with Respect to a Reference Size Class of 
Particles. 

The assumptions which Dixon made with respect to ore preparation to determine the 
model parameters as a function of particle size do not hold for waste particles. The 
reason for this is that Dixon's assumptions are based on his previous assumption of the 
solid reactants being present in the form of discrete inclusions within the porous particle. 
Further, the only reason that the surface concentration of the solid reactants will increase 
with decreasing particle size is due to the fact that more inclusions stand a chance of 
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falling on the external· surface area of smaller particles. 

In contrast, the hazardous constituents in waste particles are usually not restricted to 
discrete inclusions. Also, the concentration of the hazardous constituents on the surface 
of particles in known to be enhanced in smaller particles in some cases [von Blottnitz 
1994; Van Craen et al., 1983]. (These aspects have been discussed previously in section 
2.1.1.) For these 'reasons, appropriate relationships for the model parameters with 
respect to a reference particle size which would be applicable to waste particles need to 
be determined. 

It has been assumed that the initial hazardous constituent concentration within the 
particles, Cpio' is the same for all particles. In contrast, the initial surface hazardous 
constituent concentration, Csio' is known to be a function of particle size [Van Craen et 
al. 1983]. In summary, it has been assumed that all properties of the particles, except 
the surface concentration and thus the total extractable concentration, remain fairly 
constant over the range of particle sizes. In a manner similar to Dixon, the reference 
size class's parameters have been denoted as barred quantities. The reference size class 
parameters which need to be defined are identical to. those of Dixon. 

It is not yet possible to predict the surface hazardous constituent concentration as a 
function of particle size from purely theoretical arguments. Instead this information 
needs to be determined from hazardous constituent location analyses for the particle 
sizes of interest or estimated from existing hazardous constituent location data. This 
information must be specified in a parameter which is defined as the ratio of the · 
hazardous constituent concentration on the surface of the particles to the hazardous 
constituent concentration within the particles: 

( 5-6) 

where C hazardous constituent concentration of species i on the surface of the si,O,k 
particle in size class k; and; 

C hazardous constituent concentration of species i in the pores of the particle pi,O,k 
in size class k. 

Once the S-i(ak) values have been specified, sufficient information is known about the 
system to formulate suitable functional relationships for the model parameters. This i~ 
demonstrated for the A.ik parameter, which represents the fraction of the solid reactant 
on the surface of the particles: 

70 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

(5-7) 

In a similar manner, relationships for the other model parameters can be determined. 
These relationships can be summarised as: 

( 5-8 ) (5-9 ) 

(5-10) (5-11) 

( 5-12) 

Dixon [1992] has shown that if it can be assumed that the chemical species within the 
particle would react to the same extent as the species on the surface of the particle, if 
both were exposed to the same fluid reactant concentration for the same time, then the 
surface parameters take on the form: 

( 5 -13) ( 5-14) 

This information can be used to eliminate the need to define Ksi· Thus equation (5-9) 
could be written as: 
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A, . r
1
, <l>pi 

_- 1 ("1r:) a 
Ksi -K_pi--=- -=- 'Clk 

/I: 1-A.i <;i 
( 5 -15) 

5.3 Extension of the Bulk Fluid Mass Balance Equation to Incorporate 
Fluid Reactant Consumption from a Size Distribution of Particles. 

Equation (5-1) is a bulk fluid reactant mass balance equation which accounts for the 
fluid reactant being consumed by equi-sized particles. This equation can be extended 
to apply to a size distribution of particles by summing the fluid reactant consumed by the 
different size classes. This can be summarised as: 

(5-16) 

where V Part,k is the total volume of particles in size class k; and; 
M number of sizes classes. 

This equation re-expressed in dimensionless format is: 

~ [- ~ y Part,k o"'~i ,.., - 3Y Part,k ( aa.) I ] - VLiq 
Ksi,k s1,k ""bulk 2 a~ k ~=1 -

k=l i=l e2k a e v uk o Part. 

(5-17) 
where 

v y = Part,k 
Part,k 

VPart. 

(5-18) 

where V Part,k total volume of particles in size class k; and; 
V Part . total volume of particles in the reference size class. 

Equation (5-17) is a suitable boundary condition which applies to a size distribution of 
particles. This boundary condition, used in conjunction with a suitable partial differential 
equation, equation (4-22), for each size class of particles can be used to simulate the 
concentration profiles within all of the particles in the system and the bulk fluid reagent 
concentration as a function of time. 
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5.4 Solution Strateay: 

The system of equations which define this model are identical to equations (4-22) 
through to (4-29) except that the one boundary condition, equation (4-24), is replaced 
by equation (5-17). This equation was incorporated into the solution strategy using an 
implicit finite difference technique. 

As it has already been pointed out, in order to simulate chemical release from a size 
distribution of particles, the chemical reaction model needs to be applied to each and 
every size class of particles. The solution strategy adopted for the CSTR model makes 
use of the solution strategy used to solve Dixon's model and is summarised in Figure 5-2. 

Figure 5-2. Summary of the Solution Strategy used in the CSTR model. 

J Within each time iteration: I 
~ J, 

Guess the bulk fluid reactant concentration. I 
' ~ 

Apply the solution strategy adopted to solve Dixon's model to 
calculate the fluid and solid reactant gradients in the particles for 
each size class 1 to M. 

Use the bulk fluid mass balance equation, equation (5-15), to 
calculate the bulk fluid reactant concentration. 

~ 
Iterate until the calculated bulk fluid reactant concentration approximates 
the guessed fluid reagent concentration. 

I 

5.5 Suitable Computer Routines for the CSTR Model. 

Programs Model5El.PAS and Model5E2.PAS are suitable computer codes for the CSTR 
model. Model5El .PAS is a code which assumes a reaction order of unity with respect 
to the solid reactant while Model5E2 .. PAS can accommodate a variable reaction order. 

Copies of the code as well as solution algorithms can be found in Appendix IV. 
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5.6 Verification of the Computer Routines. 

As before, the computer routines were rigorously checked to ensure that they were 
operating correctly. 

The first test applied was to use Model5El to predict the concentration profiles within 
a single size class of particles with a large excess of fluid reagent. Because of the large 
excess of fluid reagent, its concentration would not be expected to drop significantly 
during the CSTR experiment. Such a constant bulk fluid concentration boundary 
condition corresponds to the boundary condition used in the development of the 
chemical reaction model described in the previous chapter. Thus, Model2D2, using the 
same parameters as used in Mode15El, should predict the same profiles as Model5El 
for an experiment of this nature. This is demonstrated in Figure 5-3 and Figure 5-4. 

Several other self-checking_ strategies were employed to ensure that the routines were 
operating correctly. The most important strategies used included the following: 

The model was checked to ensure that it would predict the same 
concentration profiles for a given size class of particles irrespective of the 
order in which the size class of particles was entered into the program. 

The program was checked further to ensure that if the average particle 
size in two 'different' size classes were identical that the code would 
predict identical concentration profiles for both size classes. 

The fluid mass balance equation was checked to ensure that it was 
operating correctly by defining several 'different' size classes of particles 
all to contain the same sized particles. As long as the sum of the volume 
fractions of these size classes remain constant, the overall fluid reagent 
consumption should remain constant The computer routines predicted 
this expected behaviour. 

The fluid mass balance equation was further checked to ensure that as 
bulk volume of the fluid was decreased in a series of CSTR experiments 
that the resulting bulk fluid phase concentration of the reagent would 
decrease. 
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Figure 5-3. 

Figure 5-4. 

Concentration profiles predicted by Model5El for a single size class of 
particles with a large excess of bulk fluid reagent 
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Concentration profiles predicted by Model2D2 using the same parameters 
used in the simulation used to generate Figure 5-3. 
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5.7 Results and Discussion. 

5.7.1 General Behaviour. 

In order to determine the general behaviour of the CSTR model, the following scenario, 
representative of a typical bench scale CSTR experiment, was investigated: 

Volume of fluid reactant = ll; 

Total volume of solid particles = O. ll; 

Size distribution of the particles used is summarised in Table 5-1 and 
shown in Figure 5-5; 

-

Only one solid reactant present; 

First order rate dependence in the solid reactant concentration; 

r1 k used is summarised in Table 5-1 and shown in Figure 5-6; , 

Table 5-1. Size Distribution and r1 ,k used in the Analysis. 

Size Class Average Particle % r1,k 
Number. Size in Size Occurrence. 

Class. (mm) 

1 9.5 0.252 1.2 
2 8.5 0.428 1.2 
3 7.5 1.045 1.3 
4 6.5 2.564 1.3 
5 5.5 6.191 1.4 
6 - 4.5 14.061 1.4 
7 3.5 27.105 1.6 
8 2.5 34.247 1.8 
9 1.5 13.846 2.3 

10 0.5 0.260 5.0 

Note that the size distribution of particles included in Table 5-1 is representative of a 
log-normal size distribution. Also, the r1,k values were obtained by assuming them to be 
inversely proportional to the radius of the particle. The equation used to generate the 
r1 k values used in Table 5-1 can be summarised as: , 

( 5-19) 
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where Rk is the average radius of the particles in size class k. 

This corresponds to the situation in which infinitely large particles exhibit identical 
surface and bulk 'grades' of hazardous constituents. Also, the ratio of the surface to bulk 
grade for the particles in size class 10, which have an average radius of 0.5mm, has 
arbitrarily, for demonstration purposes, been chosen to be 5. In retrospect, a better 
relationship would have been: 

( 5-20) 

The reason why this relationship is superior to equation (5-19) is because it corresponds 
to the case where infinitely large particles exhibit a negligible surface grade of hazardous 
constituents compared to the bulk grade of hazardous constituents. This situation is far 
closer to what would be expected in reality. The reason for this is because the external 
surface area of a particle increases in proportion to the square of the radius while the 
volume of a particle increases in proportion to the cube of the radius. Thus infinitely 
large particles will have a negligible surface area compared to the volume of the particle. 
Hence the surface 'grade' of the hazardous constituents will be negligible. The ratio of 
·the surface grade of hazardous constituents to the bulk grade of hazardous constituents 
for the reference size class of particles in equation (5-20) has once again arbitrarily been 
chosen for demonstration purposes to be 5. 

Figure 5-5. Size Distribution of Particles used in Analysis 

50 ································· 

40 
Q) 
() 
c • Q) 

'.:i 30 () 
() 

0 

* 20 

• 
10 

o -
o 0.002 

• 

• 

0.004 

• 
0.006 

Radius (m) 

77 

. - - , 

0.008 0.01 0.012 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

Figure 5-6. Hazardous Constituent Location Data used in the Analysis. 
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From Table 5-1 size class 8 can be seen to be dominant. For this reason it was used as 
the reference size class in the simulation. The parameters used in the simulation for this 
size class are summarised in Table 5-2. The KP1 parameter corresponds to the chemical 
reaction rate being 10 times faster than the rate of fluid reagent diffusing into the 
reference particle. 

Table 5-2. Reference size class parameters. (Reference Size Class = Size Class 8.) 

B1 1.0 
Kp,1 10.0 
.llT 0.001 

Figure 5-7 presents the profiles of fluid reagent A (solid curves) and one solid reactant 
(dashed curves) for each size class of panicle used in the simulation. Figure 5-8 shows 
the overall conversion of the system. 

As expected, the smallest particles tend to react in a homogenous manner. These 
particles are sufficiently small for diffusion not to be rate limiting in any way. Instead, 
the release of hazardous constituents from these particles is dictated by kinetic 
considerations. As the particles get larger, they are seen to react in a more zone-wise 
manner. 
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Figure 5-7 Con't. Fluid Reagent and Solid Reactant Profiles for the Smallest Size 
Class in the Simulation. 
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Note that there is some numerical inaccuracy in the concentration profiles of the smallest 
size class shown in Figure 5-7. Although this inaccuracy can be eliminated by reducing 
the time step between iterations there is a· trade off between the time for computation 
and numerical accuracy. It is also important to note that the smallest particles will 
display the largest numerical inaccuracy. This can be seen from the fact that the smallest 
size classes have the largest relative time steps in the simulation (equation 5-12). 
Further, although the profiles in the smallest size class are inaccurate, they are 
unconditionally stable. This unconditional stability is a property of solving second order 
parabolic partial differential equations using the Crank-Nicolson method [Crank 1975]. 
Since the smallest size class in Table 5-1 contains such a low occurrence of particles, the 
numerical inaccuracy in this size class was deemed to be acceptable. 

Figure 5-8 exhibits some interesting characteristics. The graph consists of two distinct 
sections: a straight line section accounting for the· fractional conversion at the beginning 
of the experiment, and a concave section later on in the experiment. The straight line 
section is characteristic of a kinetic controlled situation with an excess of fluid reactant. 
Effectively it represents the release of solid reactant from the small particles which react 
in a kinetic controlled manner. In contrast, the concave section is characteristic of a 
diffusion controlled reaction. Roman [1974] also observed these trends in conversion or 
recovery calculations. (Although Roman's calculations were for a column, a CSTR 
experiment can be considered as a very short column in which no mass transfer 
limitations are present.) · 

5.7.2 Effect of Particle Size Distribution on the Fractional Conversion. 

The following scenarios, summarised in Table 5-3 and Figure 5-9, were used to 
investigate the effect of size distribution on the release of hazardous constituents. Note 
that all 51,k values were set to unity to eliminate their effect on the results. The 
parameters for the reference particle size wert? as previously defined in Table 5-2. 
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Table 5-3. Summary of the conditions used to investigate the effect of Size 
Distribution on Fractional Conversion. 

Particle Base Case Size Distrib. Size Distrib. fi(eJ 
Size. Size with with 
(mm) Distribution Predominantly Predominantly 

Small. Particles. Large Particles. 

9.5 0.252 1.0 1.0 1.0 
8.5 0.428 1.0 9.0 1.0 
7.8 1.045 1.0 55.0 1.0 
6.5 2.564 2.0 9.0 1.0 
5.8 6.191 2.0 5.·o 1.0 
4.5 14.061 5.0 5.0 1.0 
3.5 27.105 16.0 5.0 1.0 
2.5 34.247 55.0 5.0 1.0 
1.5 13.846 16.0 5.0 1.0 
0.5 0.260 1.0 1.0 1.0 

Figure 5-9. Summary of the Size Distributions used in the Simulations. 
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Figure 5-10 presents the fractional conversion curves for these cases. The size 
distribution with predominantly smaller particles is similar to the base case size 
distribution. As such, the fractional conversion for the two cases is very comparable. As 
expected, the simulation using the size distribution with predominantly smaller particles 
predicts a higher conversion at all times compared to the base case simulation. Further, 
the linear, kinetic controlled region is larger for the simulation consisting of smaller 
particles. The fractional conversion is significantly delayed for the size distribution 
consisting of larger particles. In effect, the conversion is being delayed by diffusional 
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resistances. 

Figure 5-10. Fractional Conversion for the Size Distributions Investigated. 
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5. 7.3 Effect of the Location of Hazardous Constituents on the Fractional Conversion. 

The following scenarios, summarised in Table 5-4 and Figure 5-11, were used to 
investigate the effect of contaminant location on contaminant release. The first case 
represents the physical situation in which no hazardous co'nstituents have been 
concentrated o_nto the surface of the particles. In other words these particles have a 
surface hazardous constituent concentration equal to their bulk concentration. The 
second and third cases represent the cases where the surface concentration of the 
smallest particle is 5 times and 10 times the bulk hazardous constituent concentration 
respectively. The r1,k values were determined as before, using equations similar to 
equation (5-19), and the parameters for the reference particle size were defined 
previously in Table 5-2. 
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Table 5-4. Summary of the conditions used to investigate the effect of Hazardous 
Constituent Location on Fractional Conversion. 

Particle Size. Size Case 1-r1,i. Case 2-r1 " Case 3-t1,i. 
' (mm) Distribution. 

9.5 0.252 1.0 1.21 1.47 
8.5 0.428 1.0 1.24 1.53 
7.5 - 1.045 1.0 1.27 1.60 
6.5 2.564 1.0 1.31 1.69 
5.5 6.191 1.0 1.36 1.82 
4.5 14.061 1.0 1.44 2.00 
3.5 27.105 1.0 1.57 2.29 
2.5 34.247 1.0 1.80 2.80 
1.5 13.846 1.0 2.33 4.00 
0.5 0.260 1.0 5.00 10.00 

Figure 5-11. Summary of the Hazardous Constituent Location Data used in the 
Simulations. 
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Figure 5-12 shows the conversion curves for the different scenarios. As expected, the 
cases where hazardous constituents are concentrated onto the surface obtain higher 
fractional conversions for all times. This is caused by the fact that hazardous constituent 
deposits on the surface of the particles cannot be retarded by diffusional resistances 
(although they may be retarded by mass transfer resistances which have not been 
accounted for in this work). Also note that as the surface concentration increases, so 
too, the straight line kinetic controlled portion of the conversion graph increases. 
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Figure 5-12. Fractional Conversion for Surface Hazardous Constituents Concentrations 
Investigated. 
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5.8 Fittini: the Model to CSTR Results. 

The complete CSTR model which predicts the fractional conversion as a function of 
dimensionless time for a size distribution of particles has many parameters. This is due 
to the fact that each size class of particles has the following parameters associated with 
it: 

It is not possible to determine all these parameters simultaneously from a single CSTR 
experiment. Instead, a CSTR experiment which contains only a single size class of 
particles, termed the reference size class, must be used to determine the parameters for 
that size class. If the properties of the particles in the remaining size classes are 
sufficiently similar to the reference size class then the remaining parameters can be 
determined, through the relationships defined in equations (5-8) to (5-12). Alternatively 
when the particles in the other size classes exhibit sufficiently different properties to the 
reference size class, a CSTR experiment for each size class needs to be conducted to 
determine all the parameters. 
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5.8.1 Model Requirements. 

The following information needs to be known in order to fit the model parameters for 
a single size class of particles to CSTR results: 

The relative stoichiometric consumption of the fluid reagent for each 
participating solid reactant; 

the effective concentrations of the participating species; 

the reaction orders with respect to the solid reactants; 

the ratio C5/Cpi' (.\i,k), for each species in the reference size class; and; 

the voidage of the particles. 

Note that the discussion on model requirements presented in section 3.8.1 with respect 
to the chemical reactions, effective concentrations of the species and reaction orders is 
equally applicable to the CSTR model. 

5.8.2 Fitted Parameters. 

The fitted parameters in this model are the Kpi and Ksi groups. Notice that there is one 
Kpi and one Ksi group for every chemical reaction taking place. These groups are fitted 
by comparing the fractional conversion curves determined by the model to experimentally 
determined conversion curves. 

Before the comparison between the model predictions and the experimental results can be 
made, the experimental results need to be converted into appropriate dimensionless form. 
Typical experimental results will be in the form of curves which represent the dissolved 
concentration of the hazardous constituents in the bulk fluid as a function of time. These 
curves can be converted into fractional conversion versus time curves. This is a straight 
forward procedure because the total leachable concentration of each species is known. (The 
total leachable concentrations of each species can be obtained by conducting a leach test until 
no further hazardous constituents are released. The bulk fluid concentrations can then be 
used ·to back calculate the leachable concentrations within the waste particles.) Non­
dimensionalising the time variable is a more complicated procedure. It is usually not feasible 
to use the dimensionless diffusion time, 't, defined in equation ( 4-15), to non-dimensionalise 
the time. The reason for this is that the dimensionless diffusion time includes the effective 
diffusivity for the particle which is unknown. The dimensionless group defined as: 
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k -Ccl>Ri C 
'K .A ·'t= pi pi,O A,O t 

piPi C. 
EJ.,0 

( 5-21) 

and which is termed the dimensionless reaction time can be used to non-dimensionalise the 
time variable. The reason for this is that the total extractable grade, Cei,O , and the group 
kpiCpi<\Jsi CA,o , which represents the initial reaction rate, are known. (The initial reaction rate 
can be determined from the initial slope on the experimental concentration versus time 
graph). Thus the dimensionless reaction time, equation (5-21) can be used to non­
dimensionalise the time variable to yield a totally dimensionless experimental curve. By 
coding the model to predict the conversion versus dimensionless reaction time curves, the 
model predictions can be compared to the experimental results. 

Note that if the hazardous constituents on the surface of the particle can be assumed to 
react in the same manner as the hazardous constituents within the particle then only the 
Kpi groups are fitted to the experimental results. 

5.9 Applications and Limitations of the Model. 

5.9.1 Applications of the model. 

As the name implies, the CSTR model is particularly suited to the analysis of CSTR 
experimental data. Once parameters for a reference size class have been determined, 
the effects of the following factors on the release of hazardous constituents can be 
investigated: 

particle size distribution; 

hazardous constituent concentration; 

hazardous constituent location; and; 

competing reactions. 

The CSTR model is also used to determine the model parameters for the Columnar 
Model presented in the next chapter. 
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5.9.2 Limitations of the model. 

The CSTR model has two main limitations. Firstly it cannot be used in cases where 
there are significant mass transfer resistances because these have not been accounted for 
in the model. Should the functional relationship between the bulk fluid reactant and the 
surface fluid reactant concentration be known, it would be easy to incorporate the mass 
transfer resistances into the model. The second limitation is that the model cannot be 

applied to a case where the diffusion of the dissolved solid species is rate limiting. Dixon 
[1993] has included this aspect into his previous model [1992]. The inclusion of dissolved 
species transport limitations into the model are discussed in section 7. 
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Chapter 6. A Microscopic, Columnar Model to Describe 
Leachate Generation and Mobility in 
Granular Waste Deposits. 

The macroscopic, lumped parameter model, which was described in Chapter 3, 
essentially modelled a waste deposit as a single columnar entity. No particulate features 
within the column were identified in this model. Instead, the contributions of the 
effective chemical reaction rates, hazardous constituent location and hydrodynamic 
aspects where lumped together in a parameter which described the effective rate of 
release of hazardous constituents from the column. 

As previously discussed, the main limitations of this model result from using this lumped 
parameter approach. The most notable limitation is that the individual contributions of 
the effective chemical reaction rates, hazardous constituent location or hydrodynamic 
aspects on contaminant release cannot be determined. The overall effective chemical 
reaction rate for the column is a function of the size distribution of the particles within 
the column since different sized particles react at different rates. Hazardous constituent 
location within the individual particles also plays an important role in the release of 
these constituents. This too in known to be a function of particle size and has been 
discussed in section 2.1. l. The hydrodynamic aspects, previously discussed in section 
2.1.2,are affected by the superficial velocity of the fluid entering the column and by the 
size distribution and packing of the particles within the column. Since these factors are 
all dependent on particulate features, a more detailed model which includes particulate 
information has been investigated. 

The heterogenous, columnar model is essentially a columnar, non-catalytic, packed bed 
reactor type model. The main difference between it and the macroscopic, lumped 
parameter model is that the particles within the column are included in the model 
description. Figure 6-1 graphically shows the differences between the two models. 

Figure 6-1 Graphical comparison between the macroscopic, lumped parameter 
model and the heterogenous, columnar model. 

No internal 
structure is 
considered in 
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Parameter 
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Two methods to determine an appropriate solution strategy for the heterogenous, 
columnar model are presented. The first and more simple method is based on the heap 
leaching modelling strategy of Roman et al. [1974] .. The second method, which is a more 
rigorous mathematical approach, results in a solution strategy identical to Roman's 
strategy and has been included merely as a validation of the simpler approach. 

This presentation is followed by a section which indicates how a global wetting factor has 
been incorporated into the solution strategy. Next, the details of suitable computer 
routines which have been written to implement the solution strategy are discussed. The 
model has been verified against experimental results which have been presented in a 
paper by Roman et al. [1974]. The last section in this chapter summarises the 
experimental data which is required in order to verify the applicability of the 
heterogenous columnar model to describe the leaching of hazardous constituents from 
waste deposits. 

The following chapter summarises the application of the heterogenous, columnar model 
to predict the release of hazardous constituents from waste deposits. This chapter also 
includes a discussion on the advantages of the heterogenous, columnar model over 
existing models as well as giving details with respect to possible extensions to the model. 

6.1 A Modelling Strategy based on Heap Leaching Models. 

The strategy adopted in heap leaching models has already been discussed in section 2.4. 
In summary, the general strategy is to conceptually divide the heap into columnar 
sections. Each column is then further sub-divided into a series of disks within which the 
fluid concentration is assumed to be spatially uniform. It is important to note that if the 
column is divided into too few disks, the assumption that the fluid reagent concentration 
within each disk being spatially uniform will no longer be valid. The accuracy of the 
assumption with respect to uniform spatial fluid concentration will increase as the 
number of disks within the column increase. These sub-divisions of the deposit and 
columnar sections were shown in Figure 2-5. 

The flow of fluid through the column is simulated by allowing the fluid from one disc to 
replace the fluid in the disk below it at specified time intervals. During each time 
interval, the fluid reactant is allowed to react with the solid particles resulting in the 
precious metals, or hazardous constituents, being released. 

It is important to note that, within each time interval, each disk in the column consists 
of an assembly of particles associated with a finite volume of fluid reagent. Since film 
mass transfer effects have been assumed to be negligible, the decrease in the fluid 
reagent concentration within each disk and time interval can be described by the CSTR 
model which was developed in the previous chapter even although the physical 
characteristics of a CSTR are very different from that of a 'reactor slice' or disk. Since each 
disk is being described by a CSTR model, the behaviour of the column is being 
approximated by a number of tanks in series. (The number of tanks corresponds to the 
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number of disks in the column.) 

The modelling strategy has been summarised in Figure 6-2. 

Figure 6-2. Summary of the Solution Strategy used which was based on Roman's 
Solution Strategy. 

j For each time interval: 

'\ J, 

•Allow the fluid from each disk to replace the fluid in the disk below 
it. The fluid in the first disk will need to be supplied from a 
reservoir and the concentration of this fluid forms the boundary 
condition for the column. The fluid from the bottom disk is 
discharged from the column and represents the breakthrough fluid. 

•Apply the CSTR model to each disk. (Note that the CSTR model 
can be used because mass transfer resistances from the bulk fluid 
phase to the liquid/solid interface have been assumed to be 
negligible.) 

Iterate in time. 

The equations which describe the release of hazardous constituents within each disk 
during each time interval, which constitute the CSTR model, have been presented in the 
preceding chapter. 

Effectively the time intervals which elapse between successive fluid replacements 
represent the time which the fluid would have taken to flow through the disk. Thus for 
a constant volumetric flowrate, q, the time intervals can be determined from: 

where €c01 

Col% Sat 

A~coI 

At= Fluid Volume of Disc 
q 

EcolCOlrg Sat A~col L A 

q 

column voidage; 

(6 -1) 

saturation . of the void space within the column; 
dimensionless length of a disk; 
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L 
A 

length of the column; and; 
area of column. 

For a volumetric flowrate which is a function of time, At will need to be determined from 
(tn+ 1-t1) where (tn+ 1-tJ is obtained from: 

Cn+l 

J q( t) dt=ecol Col, sac A~col LA (6 -2) 

t;n 

Since the computer routines which' have been written for the CSTR model are in 
dimensionless format, it would be convenient to express the time intervals between 
successive fluid replacements in dimensionless form. These time intervals can be 
converted to non-dimensional quantities by dividing them by a reference time period. 
One appropriate reference time period is the space time of the column defined by 
equation (3-13): 

L T=­
·u • 

( 6 -3) 

where u· is a reference fluid velocity (percolation velocity) which has arbitrarily been set 
at lm per 24 hours. 

6.2 A Modellini: Strate2y based on a Rii:orous Mathematical Approach. 

The starting pQint for this analysis is a mass balance equation which describes the bulk 
fluid reactant concentration within the column. To obtain this equation an approach 
very similar to the one adopted in the macroscopic model development can be used. 
The only difference is that the rate term, rai' which represents the 'production' of fluid 
reagent due to chemical reaction, is retained in equation (3-5) and not replaced by an 
overall lumped rate expression such as equation· (3-2). The modified form of equation 
(3-5) is: 

acA acA n 
E Col col =-u col+~ I 

Col % Sat: a LI t az i=l ai 
( 6 -4) 

The same equation expressed in dimensionless terms is: 
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acxcol =-DGl acxcol +----L ____ £I 

a I ai: *C C 1 ' A1 't "col U Ao Ecol 0 % Sat .i=l 

(6-5) 

where DGl is as previously defined in equation (3-14), and has the physical significance 
of being the ratio of the fluid ·percolation velocity to the reference fluid percolation 
velocity. 

The appropriate initial and boundary conditions for this equation are: 

«col (~Col' 0) =O (6-6) 

( 6 -8) 

Equation (6-5) is a first order hyperbolic partial differential equation. As discussed in 
Chapter 3, the method of characteristics can be used to convert the partial differential 
equation into two ordinary differential equations. These equations are: 

( 6-9) 

and 

dabulk L I:ri 

d't' CA bulk
0 
Ecol Col% Sat U * 

(6-10) 

It is interesting to note that the term on the right hand side of equation ( 6-10) represents 
a normalised - rate of consumption of fluid reactant over the rate of fluid reactant 
replenishment. In this regard, this term represents the same ratio as the previously 
defined dimensionless group DG2. 

Before these equations can be solved, suitable expressions for the rate of 'production' 
of fluid reactant A by the i reactions, rAi, need to be determined. 

Rather than redevelop these expressions, recall equation (5-16): 

~ [ VPazt kPa ( 1-Eo) ~ dCs1 n I 3 VPazt k] dCA .,. · .,. -D vC • -v 
k b . -dt e A Rk R - Liq. dt 

=1 i i=l k . 
( 5-16) 
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where V Part,k is the total volume of particles in size class k; 
M number of sizes classes; and; 
Rk Radius of the particles in size class k. 

This equation expressed in dimensionless format is: 

~ r-f iPaxt,k a4>s:1 N - 3iPaxt,k ( aa;) I ] = VLiq 
Ksi,k si,k "'bulk 2 ~~ k ~=l 

k=l i=l 0 k2 ak u.., e v o or o Part. 

(5-17 or 6-11) 

This equation describes the change in the bulk fluid reactant concentration as a result 
of the fluid reactant being consumed by chemical reactions within a range of different 
sized particles. Note that the time variable used in equation (6-11) corresponds to a 
dimensionless diffusion time corresponding to the reference size class of particles. In 
contrast, the time variable used in equation (6-10) corresponds to a dimensionless space 
time of the column. If the column time increment is set equal to the reference size class 
time increment then equation (6-11) can be used in place of equation (6-10). This 
implies: 

where Eo 

VPart. 

Vu q. 

TPart,k 

panicle porosity; 

da; bulk da; bulk 

en - d-r.' 

(6-12) 

in this case represents the total volume of the reference size class particles 
within the spatial increment in the column; 
in this case represents the volume of fluid within the spatial increment in 
the column; 
defined in equation (5-18) ·and which represents the ratio of the Yolume 
of the particles in size class k to the volume of the particles in the 
reference size class; and; 
defined in equation (5-5) and which represents the ratio of the average 
radius of the particles in size class k to the average radius of the particles 
in the reference size class. 

The overall mathematical solution strategy can be summarised as follows. Firstly set a 
suitable spatial increment, A~c01 , for the column. This increment corresponds to the 
length of a disk in the previous heap leaching analysis. Equation (6-9) is then used ·to 
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determine the time increment for the column. As shown in Chapter 3, an alternative 
method to determine the time increment for the column is: 

(3-31 or. 6-13) 

where (tn+ 1-tJ is obtained from: 

tn+l 

J u ( t) dt = Ecol Col, Sat t:.Z 

=ecol Col, sat A~col L (3-32 or 6-14) 

Notice the similarity between equation (6-14) and equation (6-2). In effect these two 
equations are identical. 

Within each time increment and within each spatial increment the change in the bulk 
fluid reactant concentration can be solved using equation (6-12). Before this equation 
can be solved however, the fluid reagent profiles within each particle size class need to 
be known. These can be determined by applying the particle scale model of Dixon to 
each size class of particles. This approach is summarised in section 5.4. 

It is important to note that in reality it is not always feasible to set the column scale time 
increment equal to the particle scale time increment. The reason for this is that the 
column time increment is usually sufficiently large to result in the Crank-Nicolson 
method, used to solve the particle scale concentration profiles, becoming totally 
inaccurate. This problem is easily overcome by using a much smaller time increment for 
the particle scale calculations and repeating these calculations until the cumulative time 
increment for these calculations is equal to the column scale time increment. This can 
be summarised as: 

n A'tParticle scale=A'tcolumn Scale (6-15) 

where n is the number of times that the particle scale calculations need to be repeated. 

The solution strategy has been summarised in Figure 6-3. 
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Figure 6-3. Solution strategy derived from a rigorous mathematical analysis. 

Choose an appropriate column increment, Ll~c01 ; 

Use equation (6-9) to determine an appropriate time increment, Llr'; 

Within each time increment do: 

•Within each spatial increment use equation (6-12) to determine the 
fluid reagent concentration. (This effectively involves solving a set 
of equations identical to the CSTR model equations defined in 
section 5 .4.) 

Iterate in time. 

Comparison of Figures (6-2) and (6-3) shows that the solution strategy derived from the 
rig~rous mathematical analysis is identical to the simpler heap leaching modelling 
strategy. 

6.3 Inclusion of a Global Wetting Factor into the Solution Strategy. 

A global wetting factor has been incorporated into the solution strategy to account for 
the partial wetting of particles. The global wetting factor represents an average fraction 
of particle surface area wetted by fluid reagent. As an example, a global wetting factor 
of 0.5 implies that all of the particles are only half covered by fluid reagent. It has 
further been assumed that sectors within particles which are bordered by dry external 
surfaces will not release hazardous constituents. In effect, this implies that even with dry 
zones within a particle, the diffusion will remain one dimensional - in the radial direction 
only. 

From the above discussion, wetting can be seen to influence the release of hazardous 
constituents in the following manner. Firstly, the degree of wetting determines the solid 
which is available to react with the fluid reagent. As before, a global wetting factor of 
0.5 implies that only half of the particle volume is available to react with the fluid 
reagent. This in effect also determines the maximum release of hazardous constituents 
_achievable. A column with a wetting factor of 0.5 will have a maximum contaminant 
release (conversion) of 50%. 
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Using this information the effect of partial wetting was incorporated into the solution 
strategy as follows. Equation (6-12) has previously been used to determine the bulk fluid 
reagent concentration within the particles as a function of time for totally wetted 
particles. This equation can still be used in the case of partially wetted particles if V Part.,k 

is defined as the product of the volume of the particles in size class k within a spatial 
increment within the column and the global wetting factor. This can be summarised as: 

v = y v Part, k Part, kActual 
( 6 -16) 

where V Part,k,ActuaI in this case represents the actual volume of the particles in size 
class k within the spatial increment in the column; 

V Part,k in this case represents the volume of the particles in size class k 
which is available to react with the fluid reagent within the spatial 
increment in the column; and; 
is a global wetting factor. 

By using a global wetting factor, all particles have been assumed 
portion of their external surface area covered by fluid reagent. 
information with respect to particle wetting as a function of particle 
could be included into the model as follows: 

v = y v Part, k k Pazt, kActual 
(6-17) 

where 'Yk is a size dependent wetting factor. 

to have an equal 
If more detailed 

size is available, it 

6.4 Suitable Computer Routines for the Heteroi:enous Columnar Model. 

Program Model6Cl.PAS and Model6C2.PAS are suitable computer codes for the 
heterogenous, columnar model. As before, Model6Cl.PAS is a code which assumes a 
solid reaction order of unity while Model6C2.PAS can accommodate a variable reaction 
order. 

These codes are sufficiently large to justify some explanation as to their organisation. 
From the discussion on the solution strategy in the previous section it became evident 
that the codes need to calculate, as a function of time, the reactant profiles within each 
particle size class within each disk of the column. This information is then related to the 
fluid reactant and dissolved hazardous constituent profiles within the column itself. 
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The particle scale calculations, which are essentially identical to the CSTR model 
calculations are incorporated in Unit6Cl and Unit6C2. These units are almost identical 
to previous PASCAL codes Model5El and Model5E2 respectively. All the particle scale 
parameters are defined and set in these units. The column scale calculations are 
performed in the main program Model6C 1 or Model6C2. All the column parameters 
are defined and set in these programs. Figure 6-4 summarises the overall organisation 
of program Model6Cl.PAS. 

The output of these codes is a display of the solid and fluid reactant concentration 
profiles for the smallest, largest and reference size class of particles as a function of time 
and position within the column. This information helps to visualise how the different size 
classes are reacting in different positions of the column at different times. This 
inf9rmation is most useful because it helps to identify which size classes of particles react 
in a chemical kinetic controlled manner and which react in a diffusion controlled 
manner. In effect, this information can be used to determine the relative importance of 
intrinsic chemical kinetics and diffusive resistances on the overall rate of release of 
hazardous constituents. A typical display of the solid and fluid reactant concentration 
profiles is shown in Figure 6-5. 

Once the required iterations in time have been performed and the calculations are 
completed the programs display the conversion and breakthrough curves as a function 
of dimensionless time. Although the computer routines do not presently display the 
concentration profiles within the column as a function of time, the data required for 
these curves is already calculated. Thus this feature can easily be incorporated into the 
computer routines if required. 

Figure 6-4. Summary of the overall organisation of Program Model6Cl.PAS. 

Model6C. 

Column Scale 
Calculations. 

The main program 
contains all UoitflQ, the column 
parameters. Particle Scale 

Calls Unit6C Calculations. ... ... 
to perform ... . 
particle ' This unit contains 

scale calculations. all the particle 
parameters. 
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Figure 6-5. A typical display produced by Model6Cl.PAS showing the solid and fluid 
reagent profiles for the smallest, largest and reference size class of 
particles. 
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It is worth p.omtmg out that these programs include numerical step size scaling 
procedures. As such, the programs have been written to detect numerical stability and 
to increase the step size used in the calculation strategy whenever appropriate. The 
main advantage of using such procedures is that the overall calculation time can be 
greatly reduced. 

Copies of the code as well as solution algorithms can be found in Appendix V. 

6.5 Verification of the Computer Routines. 

Roman et al. (1974] conducted two lysimeter tests which were significantly different in 
terms of lysimeter dimensions, fluid reagent concentrations and flow rates, and the size 
distributions of particles, in order to determine the predictive capability of their model. 
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In summary, they used one set of data to determine the single unknown parameter in 
their model and then used the model to predict the second set of data. Although the 
heterogenous, columnar model presented in this chapter is capable of incorporating far 
more complexities than the model presented by Roman et al. [1974], its predictive 
capacity can be tested in a similar manner. 

The lysimeter experiments conducted by Roman were concerned with copper extraction. 
The physical properties, operating conditions and size distributions of the particles used 
in the two experiments have been reproduced from Roman [1974] and are summarised 
in Table 6-1 and 6-2, and in Figure 6-6 and 6-7 . 

Roman et al. did not include the voidage of the ore particles in their data and this value 
has been assumed to be 1 % . It is important to note that the Kpi parameter used in the 
heterogenous columnar model is the ratio of the chemical reaction rate within a particle 
to the effective rate of diffusion of fluid reagent into the particle. The effective rate of 
diffusion of fluid reagent into the particle is a function of the particle voidage. The 
effect of particle voidage on the effective diffusivity has not been considered in the 
heterogenous columnar model. The particle voidage only affects the heterogenous 
columnar model through the continuity equation ( 4-1). Equation ( 4-6) is equation ( 4-1) 
in expanded form. The heterogenous columnar model was determined to be relatively 
insensitive to small changes in particle voidages in the region of 1 % . For this reason a 
particle voidage of 1 % has been assumed to be an adequate assumption. 

The acid consumption which was determ~ned experimentally has been assumed to include 
the effects of fluid reagent holdup within the particles. This implies: 

Acid Consumption=~e- b l-E copper 
(6-18) 

where bcopper is the mass of copper released per mass acid consumed. 

Table 6-1. Physical Properties and Operating Conditions. 

Lysimeter 1. Lysimeter 2. 

Weight of ore. (kg) 121 74.5 
Column height. (cm) 176 305 
Column diameter. (cm) 25.4 14.3 
Solution flowrate. (l per min per m2) 0.155 0.652 
Acid concentration. (gpl) 48.8 69.7 
% Voidage. 49.8 42.3 
% Saturation. 36.1 37.1 
Acid consumption. (g Acid per g Cu.) 3.6 3.6 
Copper grade. ( % ) 1.9 1.9 
Ore specific gravity. 2.7 2.7 
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Table 6-2. Size Distributions. (% Occurrence.) 

Particle Size. (mm) Lysimeter 1. Lysimeter 2. 

37.5 58.1 -
37.5 - 25.0 15.8 -
25.0 - 19.0 10.3 -
19.0 - 13.2 4.1 29.8 
13.2 - 9.5 3.2 22.9 
9.5 - 6.7 1.8 15.0 
6.7 - 4.75 1.3 6.4 
4.75 - 3.35 1.0 5.4 
3.35 - 2.36 0.6 3.3 
2.36- 1.70 0.5 1.9 
1.70- 1.00 0.5 1.9 
1.00 - 0.85 0.3 1.6 
0.85 - 0.60 0.3 1.6 
0.60- 0.425 0.3 1.4 

- 0.425 1.9 8.8 

The size class used as the reference size class in both simulations was arbitrarily chosen 
as the 9.5mm to 13.2mm size class. 

Since no appreciable amount of copper is concentrated on the surface of the particles 
the 'surface grade'' csi 0• was assumed to be zero for all particles. 

Using this data, the only unknown parameter in the simulation is the Kcopper parameter 
which represents the ratio of the intrinsic chemical reaction rate within the reference size 
class of particles to the rate of fluid reagent diffusing into these particles. Using the 
experimental data for the second lysimeter, this parameter was determined to be 4.5 for 
the reference size class (9.5mm to 13.2mm). It is worth noting that the model is fairly 
sensitive to this parameter. For example, running the model with Kcopper=4 and 
Kcopper=5 resulted in significantly different curves to the experimentally determined 
curve. Further, the model converges to a Kcopper value of 4.5 irrespective of the whether 
the initial guess for the Kcopper is larger or smaller than 4. 5. 

Using a value of 4.5 for the Kcopper parameter, the model was used to predict the 
performance of the first lysimeter. The results of both simulations compared to the 
experimental points are shown in Figure 6-8. 
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Figure 6-6. Size distribution of the particles in Lysimeter 1. 
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Figure 6-7. Size distribution of the particles in Lysimeter 2. 
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Figure 6-8. Fitted curve and predicted curve for Model6Cl compared to the 
experimental points of Roman [1974]. 
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Figure 6-8 shows that Model6Cl is capable of accurately predicting the performance of 
heap leaching experiments. 

6.6 Determination of the Heteroaenous Columnar Model Parameters from 
Appropriate CSTR type Experiments. 

In the previous section, the parameters for the heterogenous, columnar model were 
determined from a lysimeter experiment. Where external mass transfer resistances are 
negligible, the model parameters can be determined from an appropriate CSTR type 
experiment. 

The model parameters would be determined as follows. A CSTR experiment would be 
conducted on a single size class of particles which would then represent the reference 
size class of particles. The CSTR model would then be fitted to the experimental curve 
as discussed in section 5.8. These parameters could then be used as the reference size 
class parameters in the heterogenous columnar model. 
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This strategy will be demonstrated in reverse. The model parameters in section 6.5 were 
determined from fitting the heterogenous columnar model to a lysimeter result. Using 
the parameters determined, the predicted CSTR conversion versus time curve 
corresponding to 0.1/ of 9.5mm to 13.2mm particles and 1/ of 48.8 gp/ of acid is shown 
in Figure 6-9. This curve was predicted using the CSTR model presented in the previous 
chapter. The significance of Figure 6-9 is that it is the conversion versus dimensionless 
concentration curve which would have been obtained had a CSTR type leach test been used 
instead of a lysimeter test. This demonstrates that parameters determined from one type of 
experiment can be used to predict the performance of other CSTR or lysimeter scenarios. 

Figure 6-9. Predicted CSTR conversion versus time curve for O. llof 9.5mm to 13.2mm 
particles and 1/ of 48.8 gp/ of acid. 
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There are distinct advantages in using a CSTR type experiment to determine suitable 
model parameters for the heterogenous columnar model. Probably the most important 
advantage is the short duration of a CSTR experiment. Most heap leaching type models 
make use of lysimeter data in order to determine the model parameters. (This is exactly 
the procedure used in the previous section to verify the model.) As previously stated, 
lysimeter tests typically last for at least a few months and can last up to 3 years. In 
contrast, a CSTR type leach test takes at most a few days to complete. This means that 
the potential release of hazardous constituents from a proposed deposit can be 
determined much more quickly than before. This is a significant advantage in that the 
mineral processing industry needs to know the likely impacts of certain disposal strategies 
so that it can determine wether or not the present disposal strategies are adequate. 
Before, the industry would merely dispose of the wastes and conduct a lysimeter 
experiment to determine the likely impacts of the disposal strategies. This information 
would then be used to improve future disposal strategies. In cases where a disposal 
option was determined to pose a significant risk to the environment, the industry was 
faced with the expensive rehabilitation or reprocessing of the waste material. The ability 
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to predict the likely impacts of the disposal strategies· a priori will help to eliminate the 
costly rehabilitation or reprocessing procedures. 

The financial savings incurred by conducting CSTR type experiments over lysimeter 
experiments are also significant. CSTR experiments are much cheaper to conduct than 
lysimeter experiments. This has significance in that existing deposits can be investigated 
to determine their environmental risks. Previously, suitable lysimeter experiments for 
all waste deposits were not feasible due to the costs associated with these tests. By 
making use of the cheaper CSTR tests, samples from these deposits can now be tested 
to determine their potential to pollute the environment. 

6.7 A Summary ofthe Experimental Data which is Required to Verifythe 
Applicability of the Hetero2enous Columnar Model to describe the 
Leachin2 of Hazardous Constituents from Waste Deposits. 

In order to demonstrate the applicability of the heterogenous columnar model to 
describe the leaching of hazardous constituents from waste deposits, it. needs to be 
verified against suitable experimental data. Section 6.5 verified that the computer 
routines were operating correctly by testing them against heap leaching data for copper. 
Although this shows that the model can be used to accurately predict the leaching of 
copper from a heap leaching operation, the ability to predict contaminant leaching from 
a waste deposit still needs to be demonstrated. 

This project has not involved any experimental work. Where experimental data has been 
required, data which has been reported in the open literature has been used. 
Unfortunately, suitable data is not reported in the literature which can be used to verify 
the applicability of the heterogenous columnar model to contaminant leaching from 
waste deposits. This section summarises the type of data which is required and suitable 
methods to verify the model using this data. 

It may be· worth pointing out some of the short comings of data reported in the open 
literature so that these can be avoided when suitable experiments are planned and 
conducted. Firstly, although there is data on leach experiments for waste particles, these 
leach experiments have always involved a size distribution of particles. The reason for 
this practice is probably due to the fact that leach tests have been typically used to 
determine the 'leaching potential' of wastes. To determine this 'leaching potential', a 
sample of the waste, which inherently involves a size distribution of particles, is leached 
and the final leachate concentration is taken as a measure of the 'leaching potential'. 
These tests are usually termed Toxicity Characteristics Leaching Procedure tests (TCLP 
tests) [US Government Printing Office; 1988, 1980]. These experiments have not been 
used to model the effective release of hazardous constituents from waste particles. It has 
been continuously demonstrated in this thesis that the leaching of hazardous constituents 
from waste particles is dependant on the particle size. Thus to determine the effective 
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release of hazardous constituents from waste particles a leach test on o single size class 
of particles is required. 

0 

The second factor is that the heterogenous columnar model describes the leaching of 
hazardous components from wastes. Some hazardous components of wastes are released 
due to dissolution reactions. It is unlikely that the chemical reaction model used in the 
heterogenous columnar model can be used model dissolution reactions. The reason for 
this is due to the fact that dissolution reactions are controlled by solubility constraints 
which have not been included into the model. Instead the model describes the rate of 
hazardous constituent release by making use of a kinetic expression corresponding to 
equation (4-2). Thus care should be taken not to apply the model to instances in which 
hazardous constituent dissolution is significant. 

It goes without saying that a model can only be applied to situations for which it was 
designed. With this in mind, the heterogenous columnar model has been designed to 
describe the active leaching of hazardous components from granular waste deposits in 
which there is no external mass transport resistances. (The external mass transport 
resistances refer to the transport of components from the bulk fluid phase to the 
fluid/solid interface and vice versa.) Additionally, the particle characteristics as a 
function of size have been assumed to be fairly uniform. The only exception to this is 
that the concentration of hazardous constituents on the surfaces of the particles, and thus 
the total leachable concentration of hazardous constituents, has been allowed to vary as 
a function of particle size. 

There are two stages to verifying the ability of the heterogenous columnar model to 
describe the leaching of hazardous constituents from waste deposits. The first stage 
involves determining whether the model can be fitted to lysimeter data and then used 
to predict other lysimeter operating conditions. This approach is very similar to the 
strategy adopted by Roman et al. [1974] and used in section 6.5. This approach would 
involve setting up two different lysimeter experiments. These experiments could differ 
in terms of the column heights used, the fluid flow rates through the columns (which in 
turn would affect column saturation and the wetting efficiency), the fluid reagent 
concentrations and the particle size distributions. The results of one of the columns 
could be used to determine the parameters in the heterogenous columnar model. The -
model could then be used to predict the results of the second column and the predictions 
compared to the actual results. 

The second stage involves determining whether the heterogenous columnar model 
parameters could be determined from a suitable CSTR experiment. This would involve 
conducting a CSTR experiment on a single size class of the waste particles and 
determining the model parameters as described in section 5. 8. These parameters would 
then be used in the heterogenous columnar model to predict the two column experiments 
discussed above. Once the model has been verified in this manner it could be used with 
confidence to predict the leaching behaviour of hazardous waste constituents from waste. 
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An initial investigation into determining the particle-scale model parameters from a 
CSTR type experiment on a single size class of waste particles has been conducted. The 
data used in this analysis is from an experimental program currently being conducted at 
the University of Cape Town. The experimental conditions are summarised in Table 6-3. 

Table 6-3. Summary of the Conditions in the CSTR Test on a Waste Sample. 

Waste type. Stainless steel electric 
arc furnace dust. 

Volume of fluid reagent. 1.6 l 

Mass of waste particles. 0.04 kg 

Particle Voidage. 1 % 

Solid density. 2900 kg/m3 

Average particle size. 3e-6 m 

The pH remained fairly constant at a value of 10 during the experiment. 

The concentration of dissolved magnesium in the bulk fluid was used as a measure of 
the leach potential. This is shown as a function of time from one CSTR experiment m 
Figure 6-10. 

Figure 6-10. Concentration of Dissolved Magnesium in the Bulk Fluid as a Function of 
Time. 
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The point labelled (a) in the diagram has been taken to be an outlier. The curve drawn 
through the experimental points is the expected increase in the magnesium concentration 
in the bulk fluid with time based on the data points. This curve was used to back 
calculate the total extractable grade, CEio' of the magnesium. 

These initial reaction rate for the release of the magnesium has been determined using 
the initial increase in the bulk fluid concentration of magnesium as follows: 

( 6 -19) 

is the dissolved fluid phase concentration of solid reactant i; 
is the volume of the fluid in the batch test; and; 
is the mass of the waste particles in the batch test. 

The total extractable grade and the initial reaction rate were used to prepare the 
fractional conversion versus dimensionless reaction curve as described in section (5-8). 
This curve is shown in Figure 6-11. 

Figure 6-11. Fractional Conversion versus Dimensionless Reaction Time. 
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Mode15El was fitted to Figure 6-11 and the results are shown in Figure 6-12. The 
dashed curve in this figure corresponds to the curve in Figure 6-11. The solid curve is 
the fractional conversion calculated using Mode15El. The parameters fitted in the model 
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were B, which represents the dimensionless reagent strength relative to the concentration 
of the magnesium in the waste; Kpi - Damkohler II number for the magnesium within the 
waste particles; and; ~which is the ratio of the surface grade of magnesium to the bulk 
grade of magnesium. The magnesium on the surface of the particles has also been 
assumed to react in a similar manner to the magnesium in the bulk of the particle. This 
is the reason why there is no explicit dependence on the surface kinetics in equation (6-
19). The values determined by an initial fit are summarised is Table 6-4. There is 
excellent agreement between Model5El and the CSTR data from a sample of 
metallurgical waste. 

Table 6-4. Values of the Fitted Parameters. 

B1 0.8 

Koi 30 

~ 1.0 

Figure 6-12. Model5El versus CSTR Experimental Data on a Waste Sample. 
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Chapter 7. Summary of the Applications, Limitations 
and Extensions of the Heterogenous, 
Columnar Model. 

The previous chapter presented the development of the heterogenous columnar model. 
Conceptually, the modelling strategy involved the division of the waste deposit into 
columnar sections and then determining the release of hazardous constituents from a 
single column. The release of hazardous constituents from a single column is determined 
by making use of a one-dimensional, non-catalytic, packed-bed type reactor model. The 
reactor model is derived by applying a fluid reagent mass balance to the column. Within 
the column, fluid reagent is consumed due to chemical reactions which occur both on the 
surfaces and within the waste particles. This consumption is modelled using a particle 
scale, chemical reaction model which also determines the release of hazardous 
constituents into the bulk fluid surrounding the particles. Once the hazardous 
constituents are released from the particles, they are assumed to be transported out of 
the column by the bulk fluid flow through the column. 

This chapter summarises the applications, limitations and possible extensions of the 
heterogenous columnar model. The first section compares this model to the model of · 
Roman et al. [1974] and the columnar model of Dixon [1992, 1993]. As previously 
discussed, although these last two models were developed as precious metal leaching 
models, several similarities exist between precious metal leaching from ores and the 
leaching of hazardous constituents from waste particles. Most importantly, this section 
highlights the advantages of the heterogenous columnar model, which was specifically 
designed to model the leaching of hazardous constituents from waste deposits, over the 
heap leaching models. 

The next section discusses potential engineering applications of the heterogenous 
columnar model. In particular, this section summarises the type of information which 
can be determined using the model and demonstrates how this information can be used 
to improve waste deposit design and to choose upstream processing options which result 
in more stable wastes. 

The limitations of the heterogenous columnar model, which are largely due to the 
simplifying assumptions which have been made, are then reviewed and methods to 
remove these limitations are presented. 

Finally, a statement of the significance of this work is made. 

7.1 Comparison of the Hetero&enous Columnar Model to the Model of 
Roman et al. (19741 and the Columnar Model of Dixon (1992, 19931. 

The heterogenous columnar model is comparable to the model presented by Roman et 
al. [1974] and the columnar model presented by Dixon [1992, 1993]. All of these models 
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approximate deposit or heap performance by determining the performance of a single 
column packed with waste or ore partides. Further, all three models approximate the 
fluid flow through the deposit or heap as perfect plug flow and include a saturation 
index. This parameter is included to account for unsaturated conditions in the waste 
deposit or ore heap. The heterogenous columnar model includes a global wetting 
parameter, presented in section 6.3, to accommodate the effects of incomplete particle 
wetting on the release of hazardous constituents. Since the fluid reagent distribution 
systems in ore heaps are specifically designed to maximise particle wetting, incomplete 
particle wetting is not considered by Roman et al [1974] or Dixon [1992, 1993]. 

Table 7 .1 summarises the properties of the heterogenous columnar model and the heap 
leaching models of Roman et al. [1974] and Dixon [1992, 1993]. 

Table 7 .1. Summary of the properties of the heterogenous columnar model and the 
heap leaching models of Roman [1974] and Dixon [1992, 1993]. 

Fluid flow 
model: 

Chemical 
reaction 
model: 

-

Heterogenous 
Columnar Model. 

Plug flow model. 

Constant or variable 
fluid flow into 
deposit. 

Includes a saturation 
index and a global 
wetting factor. 

Particle scale model 
which includes the 
effects of intrinsic 
chemical kinetics, 
diffusion and 
hazardous constituent 
location on 
contaminant release. 

Parameter spec. as a 
function of particle 
size is particularly 
suited to waste 
particles. 

Heap Leaching 
Model of Roman 
et al. 

Plug flow model. 

Constant fluid 
flow into heap. 

Only includes a 
saturation factor. 

Particle scale 
shrinking core 
model which 
assumes that 
diffusion of the 
fluid reagent is 
rate limiting. 
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Heap Leaching Model 
of Dixon. 

Plug flow model. 

Constant fluid flow 
into heap. 

Only includes a 
saturation factor. 

Particle scale model 
which includes the 
effects of intrinsic 
chemical kinetics, 
diffusion and precious 
metal location on 
metal release. 

Parameter spec. as a 
function of particle 
size is particularly 
suited to ore particles. 
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7.1.1 Comparison to the Model of Roman et al. (19741. 

The main difference between the heterogenous columnar model and the model of 
Roman et al. [1974] is in the method used to determine the rate of hazardous constituent 
or precious metal release from the individual particles. Roman et al. assumed that the 
release of the precious metals was dominated by diffusion of the fluid reagent into the 
ore particles and thus made use of a diffusion controlled, shrinking core reaction model. 
As previously discussed in section 2.4, this model cannot include the effects of intrinsic 
chemical kinetics, precious metal location within the ore particle or competing chemical 
reactions on the rate of precious metal release. 

The heterogenous columnar model developed here employs a chemical reaction model 
which is based on a fluid continuity equation at the particle scale. This model, which 
was used by Dixon [1992] and summarised in Chapter 4, is used to determine the release 
of hazardous constituents from waste particles. (The particle scale model of Dixon is 
distinct from his columnar model.) This approach is capable of including the effects of 
intrinsic chemical kinetics, intra-particle diffusion, hazardous constituent location within 
the particle and competing chemical reactions on the rate of release of the hazardous 
constituents. 

The ability of the particle scale chemical reaction model, which is incorporated into the 
heterogenous columnar model, to include the effects of competing chemical reactions is 
particularly important when describing release of hazardous constituents from waste 
particles. The reason for this is that most waste particles consist of two or more solid 
reactive species present in significant concentrations which compete for fluid reagent. 
As long as the voidage of the waste particles remains fairly constant, this competition has 
the effect of reducing the available fluid reagent for each reactive species. Thus the 
release of an individual species is slowed down for each additional competing reaction 
which occurs. In contrast, competing reactions which result in an increase in the voidage 
of the particles may result in increased leaching rates. The reason for this is due to the 
fact that an increase in the particle voidage will result in an increased effective diffusivity 
of the fluid reagent into the waste particles. Only the case of constant particle voidage 
has been considered in this work. The extension of the model to include a dynamic 
particle voidage is discussed in the next section. 

It is important to note that the particle scale chemical reaction model will reflect 
diffusion control, chemical kinetic control or an intermediate condition depending on the 
Kpi parameter specification. The Kappa parameter, Kpi• defined in $ection 4.2,represents 
the ratio of the chemical reaction rate within a particle to the rate of diffusion of fluid 
reagent into the particle. As such, the Kpi parameter corresponds to a Damkohler 
number of the second type [Aris 1975]. A high value for Kpi implies that the reaction is 
controlled by diffusion of the fluid reagent into the particle. Similarly, a very low value 
for Kpi implies that the reaction is controlled by the intrinsic chemical kinetics of the 
reactions. Figure 4-2 showed reagent profiles for several parameter combinations. Note 
that diffusion controlled reactions result in steep fluid reagent and solid reactant 
gradients within the particles. In contrast, reactions which are controlled by the intrinsic 
chemical kinetics exhibit very flat fluid reagent and solid reactant gradients. 
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7.1.2 Comparison to the Columnar Model of Dixon [1992, 19931. 

Dixon [1992, 1993] has also incorporated the particle scale, chemical reaction model into 
a column type model to predict the performance of heap leaching operations. Probably 
the most important difference between his model and the heterogenous columnar model 
developed here is the manner in which the particle scale model parameters have been 
determined as a function of particle size. In summary, it is desirable to determine or 
specify parameters for a single size class of particles, termed a reference size class, within 
the column. The parameters of all the other size classes of particles are then determined 
from the reference size class parameters using suitable mathematical relationships. The 
reason why this approach is desirable is that it eliminates the need to define suitable 
particle scale model parameters for each size class of particles. This greatly reduces the 
number of parameters required. 

Dixon [1992] presented mathematical relationships for the particle scale model 
parameters as a function of particle size for ore particles. These relationships, discussed 
in section 5.2.1,were found not to be applicable to waste particles because they required 
information about precious metal location in the ore particles as a function of particle 
size. This information was determined from a knowledge of ore preparation. 
Hazardous constituent location in waste particles is usually highly size specific and a 
result of the processing operations which generate the waste. For this reason, additional 
mathematical relationships, which are specifically applicable to the determination of the 
model parameters for waste particles as a function of particle size, have been proposed 
in section 5.2.2. It is worth noting that these relationships are more complex than those 
defined by Dixon, but, under appropriate conditions, will simply to those of Dixon. This 
implies that the heterogenous columnar model developed in this work can be applied to 
both the leaching of hazardous constituents from waste deposits as well as to precious 
metal leaching from ore heaps. These equations have been included in a bulk fluid 
reagent mass balance. These aspects and an appropriate solution strategy have been 
discussed in section 5.3 and 5.4 respectively. 

The next main difference between the columnar model of Dixon and the heterogenous 
columnar mod_el is that the new model includes the possibility for a variable fluid reagent 
flow into the deposit. The inclusion of a variable fluid velocity into the model is 
important in order to model the effects of periodic rainfall on the release of hazardous 
constituents from waste deposits. Further, work at the University of Cape Town 
[Petersen 1994, 1995] has revealed that fluid flow through lysimeter columns can vary 
significantly during the experiment. Thus, in order to fit the heterogenous columnar 
model to lysimeter data, it must be capable of including variable fluid reagent flow into 
the deposit. The strategy adopted to include a variable fluid reagent flow into the 
heterogenous columnar model is identical to the strategy adopted to include this effect 
into the macroscopic, lumped parameter model which was discussed in section 3.4. In 
summary equation (6-9) is redefined in a manner similar to equation (3-29). This 
equation is then used to determine the appropriate time interval for each successive 
iteration in time. 
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Another difference between the models is that Dixon [1993] has included a mass balance 
equation to include the effects of dissolved species transport within the particles. Due 
to time limitations, this was not included in the heterogenous columnar model. The 
inclusion of this mass balance equation into the heterogenous columnar model is 
discussed in a later section in this chapter. The importance of including this aspect into 
the model is that it will extend the applicability of the model to cases where dissolved 
species transport within the waste particles is significant. 

7 .2 A Summary of the Potential Engineering Applications of the 
Heterogenous Columnar Model. 

The heterogenous, columnar model, described in the preceding sections, has two 
particular attributes which make it attractive in the engineering design of better waste 
deposits. The first of these attributes is that it is capable of determining the relative 
contributions of the intrinsic chemical kinetics and the diffusion of fluid reagent into the 
particles to the release of hazardous constituents. These rate terms are in tum a function 
of the hazardous constituent location within the particles, the size distribution of the 
particles, competing chemical reactions and the bulk fluid reagent flow. The second 
attribute is that the parameters required for this model can be determined from a simple 
CSTR type experiment. One particular advantage of being able to determine the model 
parameters from CSTR type experiments is the short duration of these experiments. 
This implies that the potential release of hazardous constituents can be determined much 
more quickly than existing methods which are fitted to lysimeter data. This ability will 
enable the minerals processing industry to determine a priori the suitability of various 
wastes for disposal in waste deposits. Another distinct advantage of using CSTR tests 
to determine the model parameters is that CSTR tests are much cheaper to conduct than 
lysimeter experiments. This implies that more wastes can be tested prior to disposal and 
that samples from existing waste deposits, which could not be tested previously due to 
the expense of lysimeter experiments, can now be tested. 

7.2.1 Improved Deposit Desi2n based on Results from the Hetero2enous Columnar 
Model. 

Once the particle scale model parameters for a given waste stream have been 
determined, the heterogenous columnar model can be used to investigate the behaviour 
of a typical deposit which would contain this material. The results of the heterogenous 
columnar model will not only give an indication of the release of hazardous constituents 
from the waste deposit but can also be used to improve the disposal strategy to minimise 
the release of hazardous constituents. 
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Deposits Which React in a Zone-Wise. Fluid Reagent Limited Manner. 

As an example, consider the case where the results of the heterogenous columnar model 
indicate that the deposit is reacting in a zone-wise,fluid reagent limited manner. The rate 
of the chemical reactions occurring in the particles of such deposits is relatively fast 
compared to the rate of fluid flow through the deposit. Even if the breakthrough curves 
determined by the heterogenous columnar model are acceptable in terms of the 
concentrations of the hazardous constituents, deposits of this nature present an 
environmental risk. The reason for this is that the release of hazardous constituents is 
only limited by the amount of fluid flowing through the deposit. Should this increase, 
so too would the rate of release of hazardous constituents. It is a high priority therefore 
to keep deposits which react in a fluid reagent limited manner dry. This could be 
achieved by using suitable liners to prevent rain or ground water from percolating 
through the deposit. 

As an alternative to keeping the deposit dry to limit the release of hazardous 
constituents, pretreatment options for the waste could be investigated which would slow 
down the rate of release of hazardous constituents at the particle level. One likely 
factor which would result in relatively fast chemical reactions would be if a significant 
fraction of the hazardous constituents are concentrated onto the surface of the particles. 
(These reactions would be relatively fast because they do not experience any fluid 
reagent diffusional resistances.) If significant concentrations of hazardous constituents 
are known to exist on the surface of the particles, their release could be reduced by 
removing these components in a pretreatment process. Surface hazardous components 
could be removed from the particles by making use of an active leach procedure. It may 
be possible to purify the leachate generated by such a process and return the 
'contaminants', which are often heavy metals, to the process which generated the waste. 
If it is not feasible or economical to pretreat the particles using a leach procedure then 
alternative methods to stabilise the waste need to be investigated. One alternative 
method would be to agglomerate the particles into larger particles using suitable binding 
agents. In this process, much of the external surface area of the original particles would 
be incorporated into the bulk of the larger agglomerated particle. Before the fluid 
reagent could react with the hazardous constituents it would need to diffuse through the 
agglomerated particle to the location of the hazardous constituents. Binding agents 
usually exhibit a buffering capacity with respect to the fluid reagent. This too, would 
slow down the release of the hazardous constituents from the particles due to the 
competition between the binding agent and the hazardous constituents for the fluid 
reagent. Suitable particle scale model parameters can be determined for such 
agglomerated particles using a CSTR experiment. These parameters could then be used 
to determine whether the agglomeration would improve the overall deposit performance. 

In the case where the release of hazardous constituents from particles is fast and where 
there is not a significant concentration of hazardous components on the surfaces of the 
particles, methods to retard the effective chemical reaction rates need to be investigated. 
The first way in which this can be achieved would be to enhance the diffusional 
resistances which limit the fluid transport into the particle. As before, this can be 
achieved by agglomerating the particles using suitable binding agents. Alternatively, 
attempts can be made to slow down the intrinsic kinetics within the particle by 
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chemically altering the speciation of the hazardous constituents. Usually little is known 
about the complex chemistry of waste particles and any attempts to alter the intrinsic 
chemical kinetics will most probably require extensive experimentation. In contrast, note 
that the only instance in which agglomeration will not result in reduced effective 
chemical reaction rates will be when the intrinsic chemical kinetics are many orders of 
magnitude slower than the rate of fluid reagent diffusion into the particle. Such a 
situation will be easy to identify because the particles will react in a totally homogenous 
manner. (This situation corresponds to a very low Kappa, Kpi• parameter.) 

Deposits Which React in a Homogenous Manner. 

In contrast to deposits which react in a zone-wise, fluid reagent limited manner, some 
deposits react in a homogenous manner. The release of hazardous constituents from 
these deposits is not limited by the flow of fluid through the deposit but rather by the 
release of hazardous constituents from the individual waste particles. These deposits 
present little or no environmental risk if the results of the heterogenous, columnar model 
indicate that the release of hazardous constituents is acceptable. The reason for this is 
that the . individual particles within the deposit, release hazardous constituents at a 
sufficiently slow rate which the natural environment can assimilate. An increase in the 
fluid reagent flow through the deposit will not increase the rate of hazardous constituent 
release. 

Should the results of the heterogenous columnar model indicate that the release of 
hazardous constituents from the deposit is unacceptable, then methods to slow down the 
effective chemical reaction rates similar to those discussed in the previous section need 
to be investigated. 

7.2.2 Usine the Heteroeenous Columnar Model to Choose Upstream Processes which 
would Result in More Stable Wastes. 

The properties of a waste stream are dictated by the upstream processes from which it 
arose. These properties include the chemical composition of the waste stream, the 
location of the hazardous constituents within individual particles and the size distribution 
of the particles within the waste stream. 

Using the heterogenous columnar model, the particle characteristics which contribute 
most to the release of hazardous constituents from waste particles can be identified. 
This information can then be used to identify the upstream processes which result in the 
waste particles exhibiting the particular characteristic. Alternative processing options can 
then be investigated which would result in more stable wastes. 

As an example, should the results of the heterogenous columnar model indicate that it 
is mainly the smaller particles within the size distribution of waste particles which are 
responsible for the release of hazardous constituents (due to smaller diffusional 
resistances in small particles), then the upstream processes which produce these particles 
should be identified and investigated. In this case, alternative processes which still 
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achieve the desired process goal but which do not produce the small particles would be 
preferred. 

Equally, the heterogenous columnar model could indicate that significant concentrations 
of hazardous constituents on the surfaces of particles are responsible for the release of 
contaminants. In this case, process options which aim at recovering the 'contaminants' 
from the wastes should be investigated. 

7 .2.3 Using the Heterogenous Columnar Model to Asses the Risks and Liabilities 
Associated with Existing Waste Deposits. 

South Africa is not unique in the fact that it has many waste deposits which could pose 
a significant environmental hazard due to the generation and release of leachate. For 
various reasons, which include financial constraints of conducting lysimeter experiments 
and ineffective legislation with respect to the disposal of industrial wastes, the risks 
associated with many of these deposits is unknown. The heterogenous columnar model 
can be used to estimate the potential leachate generation of these deposits and thus 
determine the risks associated with them. This would be achieved by conducting a CSTR 
test on a single size class of the material in the deposit being examined. As before, this 
would be used to determine appropriate model parameters for the heterogenous 
columnar model which would then be used to predict the deposit performance. This 
information could then be used to estimate the risks associated with these deposits and 
to identify which of the existing deposits require remediation. 

7 .3 Limitations and Possible Extensions of the Hetero2enous Columnar 
Model. 

The heterogenous columnar model has been presented as. a suitable model to describe 
the release of hazardous constituents from waste deposits. The applicability of this 
model can be .extended by beginning to remove the simplifying assumptions which were 
made during the model development. This section summarises the limitations of the 
model and suggests methods to address these limitations. 

7.3.1 Incorporation of External Mass Transfer Resistances into the Model. 

The heterogenous columnar model assumes that the mass transfer of the fluid reagent 
between the bulk fluid, which is the fluid between the particles, and the surfaces of the 
particles is negligible. Such an assumption is only valid when the effective reaction rate 
of hazardous constituent release is slow compared to the supply of fluid reagent to the 
particle surface. In cases where this assumption does not hold, external mass transfer 
resistances need to be accounted for explicitly. 

Equation (5-1) is a mass balance equation which relates the consumption of the fluid 
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reagent within the particles to the overall bulk fluid reagent concentration between the 
particles. This equation is valid only when external mass transfer resistances are 
negligible and needs to be modified when external mass transfer resistances are 
important. The modification involves relating the consumption of the fluid reagent 
within the particles to the rate of fluid reagent trapsfer to the particles. Equation (5-1) 
as well as the new equation are summarised below: 

where V Part. 

VLiq. 

dCA 
BUllc 

dt 

is the total volume of the particles; and; 
is the total volume of fluid reactant. 

(5-1 or 7-1) 

This equation is equivalent to: 

de 
A sulk 

dt 
(7 -2) 

The new equation is: 

where~ 

~ 

CA.Bulk 

CA,Surface 

(7 -3) 

is the mass transfer coefficient, determined using correlations for 
Sherwood numbers or j 0 factors; 
is the total extemal area of the particles; 
is the bulk fluid reagent concentration; and; 
is the concentration of the fluid reagent on the particle surface. 

Suitable correlations are required to determine the external mass transfer rate, ~. 
before the heterogenous columnar model can be applied to cases where external mass 
transfer resistances are important. Several correlations are presented in the literature 
[Agarwal 1988; Kawase and Ulbrecht 1985; Wakoa and Funazkri 1978; Nelson and 
Galloway 1975; Mochizuki and Matsui 1973; Calderbank 1967; Wilson and Geankoplis 
1966; Rowe and Claxton 1965; Pfeffer 1964; Ranz 1952; Smith 1981] for Sherwood 
numbers and j 0 factors as a function of Reynolds and Schmidt numbers. The Sherwood 
number is a ratio of the rate of convective mass transport to the rate of molecular mass 
transport at the particle surface and can be used to determine the external mass transfer 
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coefficient. Similarly j 0 factors can be used to determine external mass transfer 
coefficients. 

It is important to note that the external mass transfer rates are normally defined in terms 
of average mass transfer coefficients [Smith 1981]. Thus a single value of the mass 
transfer coefficient can be -used to describe the rates of transfer between the bulk fluid 
phase and the particle surface. The error introduced in using an average coefficient is 
not as serious as might be expected, since the correlations for the mass transfer 
coefficient, ~'are based on experimental data for packed beds of particles [Smith 1981]. 

7.3.2 Inclusion of Intra-Particle Dissolved Species Transport Resistances into the 
Model. 

The intra-particle dissolved species transport resistances have been assumed to be 
negligible compared to the diffusion resistances of the fluid reactant into the particles 
and the chemical reaction rates within the particles. As discussed in section 7 .1.2,Dixon 
(1993] has included these effects into his columnar model. The strategy adopted was to 
apply a mass balance equation for each dissolved species at the particle level. The 
equations derived are very similar to equation ( 4-6) which represented a mass balance 
for the fluid reagent at the particle level. Equation (4-6), and the mass balances for the 
dissolved species are summarised as: 

(4-6 or 7 -4) 

[ a2ci 2 aci J ( il>pi aci n. --+--- +po 1-eo)k .cpi CA=Eo at 1 ar 2 I ar pi 
(7 -5) 

where Ci dissolved hazardous constituent concentration of species i. 

Equation (7-5) can be used to determine the dissolved concentration of hazardous 
constituents within the particle and at the particle surface. Should external mass 
transport of the dissolved hazardous constituents from the particle to the bulk fluid be 
significant, a suitable mass transfer correlation, similar to the correlations described in 
section 7. 3 .1, would be required to determine the bulk concentration of dissolved 
hazardous constituents. If external mass transport resistances are negligible, then a 
simple mass balance can be used to determine the bulk concentration of dissolved 
hazardous constituents. 
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7.3.3 Inclusion of Matrix Dissolution and Hazardous Constituent Re-Precipitation in 
the Hetero2enous Columnar Model. 

Neither matrix dissolution or the re-precipitation of dissolved hazardous constituents 
have been incorporated into the heterogenous columnar model. Matrix dissolution refers 
to the process of the waste particles becoming more porous due to significant quantities 
of the particle being dissolved during the life span of a deposit. It is unlikely that the 
effects of matrix dissolution will, be easily incorporated into the particle scale chemical 
reaction model. The reason for this is that the particle scale model makes use of an 
effective diffusivity De to determine the diffusion of fluid reagent into the particle. As 
matrix dissolution takes place, the voidage of the particles will increase. A larger 
voidage within the particles will substantially effect the rate of diffusion of fluid reagent 
into the particles. Thus before the effects of matrix dissolution can be incorporated in 
the particle scale model, a suitable model for the effective diffusivity, De, would need to 
be determined. It is worth noting that simple models for the effective diffusivity such as 
the parallel pore more model, described by Smith [1981] and summarised in equation 
(7-6), are inappropriate. The reason for this is that the tortuosity factor used in the 
models is also a function of matrix dissolution and would be an unknown in the model. 

where De 
D 
€ 

0 

D =ED 
e 0 . 

effective diffusivity; 
actual diffusivity; 
particle voidage; and; 
tortuosity factor. 

(7 -6) 

Once the hazardous constituents have been dissolved there is a good possibility for them 
to reprecipitate either within the particle or onto the surfaces of surrounding the 
particles. These aspects need to eventually be incorporated into the heterogenous 
columnar model. 

7.3.4 Inclusion of More Realistic Hydrodynamic Flow Models into the Hetero2enous 
Columnar Model. 

The only fluid flow pattern through the deposit which was considered in the 
heterogenous columnar model was perfect plug flow. As discussed in section 2 .1. 2, the 
hydrodynamic flow patterns within waste deposits are often far more complex than a 
simple plug flow pattern. These irregular flow patterns need to be incorporated into the 
heterogenous columnar model. 

The simplest manner in which 'non-ideal' flow patterns can be inco.rpOrated into the 
heterogenous columnar model would be to make use of a one parameter fluid dispersion 
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model. In this approach any back m1xrng and short circu1tmg of fluid reagent is 
considered as fluid dispersion. A suitable one parameter fluid dispersion model which 
is applicable to columnar reactors is the 'tanks-in-series' approach described by 
Levenspiel [1972]. In this approach, the reaction in the column is approximated by a 
number a discrete, equi-sized continuously stirred tank reactors in series. The single 
parameter in the approach is the number of tanks-in-series which are required to 
approximate the fluid flow behaviour within the columnar reactor. A tracer study which 
yields the residence time distribution of the column can be used to determine this 
parameter. This technique is described by Levenspiel [1972]. 

This approach would be easy to implement in the heterogenous columnar model. In 
section 6.1 a modelling strategy for the heterogenous columnar model which was based 
on heap leaching models was described. In summary the column was assumed to consist 
of a number of discrete disks. Within each disk the fluid reagent concentration was 
assumed to be uniform. It was noted in section 6.1 that the column would need to be 
divided into a sufficient number of disks in order· to ensure that this assumption would 
be valid. In effect, this corresponds to the case of 'N-oo' in the tanks-in-series approach 
where N represents the number of tanks in the chain. In reality, the number of 'tanks' 
or disks required to model perfect plug flow is finite and is determined as the number 
of disks beyond which model accuracy does not improve. This number of disks 
represents the minimum number of disks which are required within the column to 
adequately simulate perfect plug flow in the column. In effect, the 'inaccuracies' 
introduced when fewer disks are used can be interpreted as fluid dispersion and can be 
taken as an indication of the performance of columns which exhibit irregular flow 
patterns. The performance of a particular column which exhibits irregular flow patterns 
can be approximated by conducting a tracer experiment on the column and using the 
residence time distribution obtained to determine a suitable number of tanks, N, which 
will approximate the flow patterns within that column. By using the heterogenous 
columnar model with N disks, the performance of the column can then be estimated. 

More complex multi-parameter dispersion models will be required as the flow patterns 
within a deposit become more irregular. These models consider the column to consist 
of several hydrodynamically distinct regions which can each be described by plug flow, 
dispersed plug flow and mixed flow models. These models were discussed briefly in 
section 2.5. 

To improve the ability of the heterogenous columnar model to predict the release of 
hazardous constituents under truly unsaturated conditions, the ground water flow 
equations used by Demetracopoulos et al. [1986] can be incorporated into the model. 
These equations, presented in section 2.3.2,determine the saturation and fluid velocity 
as a function of position within the column and time. These factors are included in the 
heterogenous columnar model by updating equation (6-4). The updated equation can 
be summarised as: 

ac ac a n 
E Col Acol =-u Acal -c __!::! + "C1 r 

Col % Sat: A ~ at az Col az i=l ai 
(7 -7) 
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where the Col% sat is now a function of position within the column and time. (Col% sat 

corresponds to 01 Ec01 , where e is the moisture content used in equation (2-2) and (2-3).) 

Note that the second term on the right hand side of the equation is a direct result of the 
divergence of the velocity field within a volume element in the column no longer being 
equal to zero. (Compare equation 3-1, 3-4 and 3-5.) 

7.4 Statement of the Significance of the Work Presented in this Thesis. 

Waste deposits which contain wastes from the minerals processing industry pose 
environmental hazards due to the possibility of leachate generation and the subsequent · 
release of this leachate into the environment. The impacts of waste deposits have been 
traditionally investigated using lysimeter experiments. These experiments are both very 
time consuming and costly. This and other factors, such as ineffective legislation with 
respect to waste disposal strategies, have resulted in a limited study of the environmental 
impacts of disposing of mineral wastes in waste deposits. 

Due to increased environmental awareness, the minerals processing industry is being 
encouraged to investigate the environmental impacts of its disposal strategies. As such, 
suitable modelling strategies which could predict deposit performance would be most 
useful. The reason for this is that these models could be used to investigate the potential 
for waste deposits to pollute the environment. If sufficiently detailed, these models could 
also be used to identify the major contributing factors to the release of hazardous 
constituents from waste deposits. This information could then be used to engineer better 
waste deposits in future. Models could also be used to investigate modifications to the 
upstream processes with the aim of producing more stable wastes. Equally as important, 
the risks associated with the many existing waste deposits could be determined and 
remedial action taken before a catastrophic situation arises. 

The work presented in this thesis is an investigation into identifying suitable modelling 
strategies to describe the release of hazardous constituents from waste deposits. The first 
model investigated was a macroscopic, lumped parameter model. This model was 
investigated due to its inherent simplicity and its ability to characterise a deposit as a 
reacting entity. The investigation into this model revealed that it had limited 
applicability to identify the main factors which result in the release of hazardous 
constituents from waste deposits. This implies that this model has limited applicability 
in the design of new deposits. Further, the parameters required for the macroscopic 
lumped parameter model are determined from fitting the model to lysimeter data. This 
too is a limitation due to the fact that lysimeter experiments take a minimum of a few 
months and can take up to three years to complete. For these reasons a second model, 
termed the heterogenous columnar model was investigated. 

The heterogenous columnar model describes the release of hazardous constituents from 
the individual particles within a waste deposit and relates this release to the overall 
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deposit performance. This model has been developed to apply specifically to the release 
of hazardous constituents from waste deposits. The heterogenous columnar model has 
the capability of identifying the main factors which can be associated with the release of 
hazardous constituents. As an example, the heterogenous columnar model can be used 
to determine the relative contributions of the intrinsic chemical kinetics of the waste 
particle and the diffusion of fluid reagent into the particle to the release of hazardous 
constituents. Equally, the significance of the bulk fluid flow through the deposit 
compared to the effective rate of hazardous constituent release can be determined. This 
information could be used in the engineering design of waste deposits and was discussed 
in section 7.2.1. Further, this information could be used to investigate upstream 
processing options which would result in more stable wastes. This was discussed in 
section 7.2.2. 

The heterogenous columnar model has the distinct advantage that the parameters which 
it requires can be determined from CSTR type experiments. Probably the most 
important advantage of being able to determine the heterogenous columnar model 
parameters from CSTR experiments is that CSTR type experiments are considerably 
quicker than lysimeter experiments. This means that the large delay times associated 
with the traditional lysimeter experiments can be eliminated. Using the heterogenous 
columnar model, the minerals processing industry_ would be able tp determine the 
suitability of a particular waste for disposal in a waste deposit. The second significant 
advantage of being able to determine the model parameters from a CSTR type 
experiment is the relatively low costs associated with these experiments when compared 
to lysimeter experiments. 

The heterogenous columnar model can also be used to investigate the risks associated 
with existing waste deposits. This would be achieved by collecting samples from these 
deposits and conducting a CSTR type experiment on a single size class of the particles. 
The data from this experiment could be used to determine the heterogenous columnar 
parameters as discussed in section 5.8 and 6.6. The heterogenous columnar model could 
then be used to estimate the release of hazardous constituents from these deposits. This 
information could be used to asses the risks with these deposits and to identify which 
deposits require remedial attention in order to prevent pollution of the environment. 

This work has been a first attempt to identify or develop suitable modelling strategies 
to determine the release of hazardous constituents from waste deposits. The 
heterogenous columnar model has been identified as a possible candidate for this 
purpose. This model has been applied to the leaching of precious metals from ore 
particles and the capability of the model to describe and predict the leaching behaviour 
is encouraging. The verification of the model against data from waste deposits or 
lysimeter experiments still needs to be completed. The type of data required for this 
purpose has been summarised in section 6. 7. Once the heterogenous columnar model 
has been verified against waste leaching data it may start to provide the minerals 
processing industry with the information which it so desperately requires in order to 
dispose of their wastes in a responsible manner which will not pose a threat to the 
environment. 
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Appendix I. Summary of the Method of Characteristics. 

This appendix presents a summary of the method of characteristics which is used to solve 
first and second order hyperbolic partial differential equations. Much of the matter 
presented in this section has been summarised from Chapter 9 of the book Analysis and 
Solution of Panial Differential Equations by Robert L. Street [1978]. 

The solution of first-order or second-order partial differential equations with a single 
dependent variable and two independent variables can be visualised as a surface in (x,y,z) 
space. Analytical geometry can be used to enhance an understanding of the solution 
technique for such equations. This is particularly valid for initial-value problems in 
which we expect the solution to propagate from the region on which the initial data was 
specified. 

In the case of first-order and hyperbolic second-order equations, information from the 
initial data propagates over well-defined paths in the surface representing the solution. 
These propagation paths are called characteristics. A knowledge of the existence of 
characteristics gives considerable insight into the expected behaviour of a problem's 
solution, even before the solution is known. 

This summary is restricted to first-order equations which involve a single dependant 
variable and two independent variables. 

The general first-order partial differential equation in two independent variables (x,y) 
is: 

where 

F(x,y, z,p, q) =O 

az p=­ax (Al -2) 

(Al-l) 

(Al-3) 

If equation (Al-1) is a quasi-linear equation, it can be written as: 

Pp+Qq=R (Al-4) 

where P,Q and R are functions of x,y,and z but not of p or q. It is assumed that P,Q 
and R, together with their first derivatives, are continuous in the region of the problem 
under consideration. Further, P and Q are assumed not to vanish simultaneously. This 
implies: 
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(Al-5) 

First-order equations arise in many physical systems. Equations (3-5) and (3-23) were 
both first-order hyperbolic partial differential equations. These equations model the bulk 
flow and chemical reaction of a fluid reagent through a column. These equations, which 
are so-called Convection Equations, are identical to the quasi-linear equation (Al-4). 
To demonstrate this, equation (3-23) has been written below in exactly the same form 
as equation (Al-4): 

where 

1 =P (Al -7) 

aa. +DGl aa. =-DG2a.a418.1 

ai' ae 81 

DG2=Q (Al-8) 

(Al-6) 

G 4's1 
-D 2a.aBi =R (Al-9) 

The solution z(x,y) to the quasi-linear equation (Al-4) can be represented as a surface 
in (x, y ,z) space shown in Figure A 1.1. This surface is called an integral surface because 
it represents the solution or 'integral' of the partial differential equation. The integral 
surface for (Al-4) is represented by the formal identity: 

I(x,y,z)=z(x,y)-z (Al-10) 

Figure Al.1 An integral surface representing the solution to equation (Al-4). 

l(x,y, z) = z(x, y) - z = 0 

z 

Taking the differential of equation (Al-10) will, from analytical geometry considerations, 
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result in the. equation for the tangent plane to the integral surface at any point. The 
equation for the equation plane is thus: 

or 

ar dx+ ar d + ar =o 
ax ay y az 

az az -dx+-dy-ldz=O ax ay 

(Al-11) 

(Al-12) 

Equation (Al-12) is nothing more than the total differential and can be written as: 

dz=p dx+q dy (Al-13) 

Equation (Al-13) is a tangent plane to the solution plane at any point. Accordingly, the 
vector N=pi+qj~lk; that is, the vector (p,q,-l);is normal to the integral surface, depicted 
in Figure Al .1, at any point. 

The scalar product of N and the vector (P, Q,R) is zero because: 

(P, Q, R) · (p, q, -1) = (Pi+Qj+Rk) · (pi+qj-lk) 

= Pp+Qq-R = 0 

(Al-14) 

from equation (Al-4). Thus (P,Q,R) is perpendicular to N. Consequently, (P,Q,R) is 
tangent to the integral solution surface at every point and lies in the plane of the tangent 
equation (Al-13). This means that the first-order equation (Al-4) can be regarded as 
a geometric requirement that any integral or solution z(x,y)through the point (x,y ,z)must 
be tangent to the vector (P, Q,R). In fact, by beginning at some point on the integral 
surface, one line which lies in the integral surface can be determined from the known 
tangent vector (P,Q,R). This line is termed a characteristic. By determining sets of 
characteristics, the solution surface can be generated.· 

Stated in another way, the vector (P,Q,R) has been determined to be tangent to the 
solution surface at all points. A single line in the integral surface can be determined by 
starting on a point on the integral surface, moving in the direction of (P, Q,R) and 
determining the curve which is tangent to (P,Q,R). 

Suppose tha~ the position vector r of a point on a characteristic curve 1s: 

r=xi+yj+zk (Al-15) 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

This vector can be expressed parametrically in terms of distance s along a particular 
curve: 

r(s)=x(s)i+y(s)j+z(s)k (Al-16) 

and the tangent vector to the curve at a particular point is: 

ar = ax i + ay . + az k 
as as as 1 as 

(Al-17) 

The vector (dxlds;dy/ds;dzlds) is tangent to the characteristic curve and the solution or 
integral surface. (P, Q,R) is also tangent to the solution or integral surface thus the two 
vectors are co-incident and their components must thus be proportional. This implies: 

dx/ ds = dy/ ds =dz/ ds (Al-18) 

or 

p Q R 

dx= dy =dz 
p Q R 

(Al-19) 

The system of equations represented in (Al-19) must be satisfied by any characteristic 
in the solution surface. Thus the partial differential equation (Al-4) can be converted 
into a system of ordinary differential equations represented by (Al-19). Equivalent 
systems of equations (Al-19) are: 

dy= Q dz R (Al-20) ---
dx p dx p 

or 

dx p dz R (Al-21) --- ---
dy Q dy Q 

Equations (Al-20) or (Al-21) are ordinary differential equations which can be solved by 
conventional means. 

F: I WP51 \THESIS\GDTH2AP1 .1 
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Appendix II. Solution Algorithm and Code for 
Model4Dl.PAS and Model4D2.PAS. 

Model4 represents the computer routines for the Macroscopic, Lumped Parameter 
Model Presented in Chapter 3. 

Solution Algorithm for Model4D. 

Start. I 
Set/Initialise 
Variables. 

Iterate in Time. 

Determine Corresponding 
Time Increment. 

Calculate the appropriate 
Alpha and sigma vector 
values within the column. 

Increment Fluid Vectors. 

I 

Graph Breakthrough 
Curves 

I 
End. 
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} 
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.0

; 
(R

ea
ct

io
n 

or
de

r 
of

 
th

ir
d

 r
ea

ct
io

n
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 d
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 d
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 d

im
en

si
on

le
ss

 g
ro

up
. 

} 

DG
3 

1 
:=

 
1

.0
; 

(D
ef

in
ed

 d
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 d
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 d
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ra
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re
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re
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=
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]
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 D
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 d
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>
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 b
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 b
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F
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e 
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e 

re
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ra
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P
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t 
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m
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at
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1
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C
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=
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C
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D
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D
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=
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=
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 b
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pV
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D
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D
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D
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D
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 d
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Appendix ID. Solution Algorithm and Code for 
Model2D.PAS. 

Model2 essentially represents suitable computer routines for Dixon's [1992] particle scale 
model discussed in Chaper 4. 

Solution Algorithm for Model2D. 

Start. I 
Set/I nitialis.e 
Variables. 

Iterate in Time. 

Calculate the A-Matrix 
and Y-Vector required 
for the Crank-Nicolson 
Method. 

l 
Use the A-Matrix and 
Y-Vector to calculate the 
Alpha and Sigma vectors 
within the Particle. 

I 
Graph profiles. 

I 

I Graph conversion versus time. 

End. 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

07
/3

0/
19

95
 

15
:Q

1 
Fi

le
na

m
e:

 
M

OD
EL

2D
2.P

AS
 

-
-
-
-
-
~
-
-

P;
ig

e 

Pr
og

ra
m

 M
od

el
2D

2;
 ·

 

{M
od

el
2D

2.
 

{ 
T

hi
s 

pr
og

ra
m

 c
al

cu
la

te
s 

th
e 

co
n

ce
n

tr
at

io
n

 p
ro

fi
le

 o
f 

fl
u

id
 

} 
an

d 
so

li
d

 r
ea

ct
an

ts
 w

it
hi

n 
a 

p
ar

ti
cl

e 
us

in
g 

th
e 

eq
ua

ti
on

s 
a
s}

 
{ { { { { { { { { { { { { { { { { 

de
ve

lo
pe

d 
by

 D
ix

on
. 

} 
In

cl
ud

es
 t

he
 p

o
ss

ib
il

it
y

 o
f 

a 
se

co
nd

 s
o

li
d

 r
ea

ct
an

t.
 

} 
In

cl
ud

es
 t

he
 p

o
ss

ib
il

it
y

 o
f·

 a
 s

u
rf

ac
e 

co
nc

en
tr

at
io

n 
} 

d
if

fe
re

n
t 

to
 t

he
 b

ul
k 

co
n

ce
n

tr
at

io
n

. 
} 

A
llo

w
s 

fo
r 

a·
 r

ea
ct

io
n

 o
rd

er
 

in
 t

er
m

s 
of

 
th

e 
so

li
d

.r
ea

ct
an

t 
} 

ot
he

r 
th

an
 1

. 
} 

T
hi

s 
pr

og
ra

m
 a

ls
o

 c
al

cu
la

te
s 

th
e 

fr
ac

ti
o

n
al

 
co

nv
er

si
on

. 
} 

N
um

er
ic

al
 

st
ra

te
g

y
 u

se
d 

is
 a

 f
or

m
 o

f 
C

ra
nk

-N
ic

ol
so

n 
Im

p
li

c
it

}
 

fi
n

it
e
 d

if
fe

re
n

ce
. 

} 

A
ss

um
pt

io
ns

 
in

 t
h

is
 m

od
el

 
in

cl
ud

e:
 

} 
Th

e 
so

li
d

 r
ea

ct
an

t 
d

ep
o

si
ts

 w
it

hi
n 

th
e 

p
ar

ti
cl

e 
} 

re
se

m
bl

e 
th

os
e 

on
 

th
e 

su
rf

ac
e.

 
} 

Th
e 

d
ep

o
si

ts
 w

ou
ld

 b
ot

h 
re

ac
t 

to
 t

he
 s

am
e 

ex
te

n
t 

} 
if

 e
ac

h 
w

er
e 

ex
po

se
d 

to
 t

he
 s

am
e 

ac
id

 c
o

n
ce

n
tr

at
io

n
 

} 
fo

r 
th

e 
sa

m
e 

ti
m

e.
 

} 
S

ur
fa

ce
 a

ci
d

 c
o

n
ce

n
tr

at
io

n
 i

s 
s
ti

ll
 

as
su

m
ed

 
to

 b
e 

} 
co

ns
ta

nt
 

-
ie

 a
lw

ay
s 

1.
 

} 

{C
od

ed
: 

G
ra

ha
m

 D
av

ie
s.

 
} 

<
 

D
ep

ar
tm

en
t 

of
 

C
he

m
ic

al
 

E
ng

in
ee

ri
ng

. 
} 

{ 
U

ni
ve

rs
it

y 
of

 
C

ap
e 

To
w

n.
 

} 
<

 
5 

A
ug

us
t 

19
94

. 
} 

{ 
28

 
Ju

ly
 

19
95

 
-

U
pd

at
ed

. 
} 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

{D
ec

la
ra

ti
on

s:
 

} 

us
es

 c
rt

,s
td

hd
r,

gj
,g

ra
ph

,w
or

ld
dr

,s
eg

ra
ph

,i
nt

eg
ra

t,
M

2C
1B

re
nt

R
oo

ts
; 

ca
ns

t B
et

a1
 

=
1.

0;
 

K
ap

pa
P1

 
=

10
.0

; 

La
m

bd
a1

 
=

0.
0;

 

O
rd

SP
1 

=
1.

0;
 

B
et

a2
 

=
0.

0;
 

K
a
~
P
2
 

=
0.

0;
 

La
 

a2
 

=
0.

0;
 

O
rd

SP
2 

=O
.O

; 

N
 

=2
4;

 

D
el

ta
T

 
=

0.
00

05
; 

D
el

 ta
E

 
=1

/C
N

+1
); 

N
or

m
_C

rit
 

=
1e

-1
0;

 

C
on

v_
C

ri
t 
~1

e-
8;

 
sc

on
e 

To
l 

=
1e

-5
· 

-
, 

{D
im

en
si

on
le

ss
 S

to
ic

hi
om

et
ri

c 
ra

ti
o

 d
ef

in
ed

 p
g 

11
 

} 
{R

at
io

 o
f 

re
at

io
n

 r
at

e 
of

 
so

li
d

 r
ea

ct
an

t 
re

si
d

in
g

 
} 

{w
it

hi
n 

th
e 

p
ar

ti
cl

e 
to

 p
or

ou
s 

d
if

fu
si

o
n

 o
f 

fl
u

id
 

} 
{i

n
to

 t
he

 p
ar

ti
cl

e.
 

D
ef

in
ed

 p
g 

11
 

D
ix

on
. 

} 
{

fr
ac

ti
o

n
 o

f 
th

e 
te

ac
ha

bl
e 

m
at

er
ia

l 
on

 
th

e 
su

rf
ac

e.
} 

{L
am

bd
a1

=1
 

im
pl

ie
s 

a
ll

 
th

e 
m

at
er

ia
l 

is
 o

n 
th

e 
} 

{s
u

rf
ac

e.
 

} 
{R

ea
ct

io
n 

or
de

r 
of

 
th

e 
so

li
d

 i
n

 t
he

 p
or

es
. 

} 

{H
al

f 
th

e 
nu

m
be

r 
of

 
in

te
ri

o
r 

p
o

in
ts

. 
r=

O
 

an
d 

r=
R 

} 
{n

ot
 

in
cl

ud
ed

. 
} 

{T
im

e 
In

cr
em

en
t 

} 
{S

pa
ce

 
In

cr
em

en
t.

 
C

al
cu

la
te

d 
fr

om
 

1/
(N

+
1)

. 
(S

in
ce

}
 

<
 

R
=i

*d
E 

an
d 

R
 i

s 
at

 p
oi

nt
 N

+1
.) 

} 
{C

on
ve

rg
en

ce
 c

ri
te

ri
a
 b

as
ed

 o
n 

th
e 

no
rm

 o
f 

v
ec

to
r 

} 
{*

**
 

} 
{C

on
ve

rg
en

ce
 c

ri
te

ri
a
 f

or
 

th
e 

B
re

nt
 

R
ou

ti
ne

. 
} 

<
D

im
en

si
on

le
ss

 c
on

ce
nt

ra
ti

on
 o

f 
so

li
d

 b
el

ow
 

w
hi

ch
 

} 
{

it
 

is
 a

ss
um

ed
 

to
 b

e 
n

eg
li

g
ib

le
. 

} 

07
/3

0/
19

95
 

15
:0

1 
F

il
en

am
e:

 
M

O
D

EL
2D

2.P
A

S 
Pa

ge
 

2 

va
r M

ax
lt

er
 

=1
00

; 

lt
er

at
io

n
s=

6
0

0
; 

P
ri

n
t 

C
ri

t=
10

; 
G

f2
_M

ax
X

 
=3

0;
 

<M
ax

im
um

 
it

er
at

io
n

s 
fo

r 
th

e 
B

re
nt

 
R

ou
ti

ne
. 

{
It

er
at

io
n

s 
in

 t
im

e.
 

{D
et

er
m

in
ed

 f
ro

m
 d

es
ir

ed
 P

ri
n

t 
D

el
ta

 T
/D

el
ta

 T
 

{G
ra

ph
 

2 
m

ax
im

um
 d

im
en

si
o

n
le

ss
-r

ea
ct

io
n

 t
i
m
e
~
 

A
R

T,
A

R
TP

1,
SR

T1
,S

R
T1

P1
,S

R
T1

P1
C

 
SR

T
2,

SR
T

2P
1,

SR
T

2P
1C

,Y
V

ec
to

r 
D

at
aS

et
X

,D
at

aS
et

Y
,l

nt
er

G
1,

ln
te

rG
2 

C
on

v1
,C

on
v2

 
A

M
at

ri
x,

A
ln

ve
rs

e 
A

M
at

D
et

,ln
te

gV
al

,X
A

xi
sM

ax
 

N
or

m
1,

N
or

m
2,

A
,A

P1
,S

,R
oo

t,V
al

ue
A

tR
oo

t 

R
ow

s,
C

ol
s,

A
rb

ln
de

x,
D

at
aP

oi
nt

s,
R

ep
ea

ts
 

er
ro

r,
P

lo
t 

V
ar

,C
on

v 
V

ar
,N

ew
tl

te
rs

 
H

ar
dC

op
y1

,H
ar

dC
op

y2
-

B
et

a1
S,

K
ap

pa
P1

S,
la

m
bd

a1
S,

G
D

T
S,

G
L

ab
el

1 
B

et
a2

S,
K

ap
pa

P2
S,

L
am

bd
a2

S,
G

L
ab

el
2 

O
rd

SP
1S

,O
rd

SP
2S

 

{A
RT

 
A

lp
ha

 
fn

(r
) 

at
 

ti
m

e 
T

 
CA

RT
P1

 
A

lp
ha

 
fn

(r
) 

at
 

ti
m

e 
T+

1 
{S

RT
1 

Si
gm

a 
fn

(r
) 

at
 

ti
m

e 
T

 
(S

R
Ts

P1
 

Si
gm

a 
fn

(r
) 

at
 

ti
m

e 
T+

1 
{S

R
Ts

P1
C

 
Si

gm
a 

fn
(r

) 
at

 
ti

m
e 

T+
1 

·s
h

o
rt

V
ec

to
r;

 
"S

ho
rt

V
ec

to
r;

 
·v

er
yl

on
gV

ec
to

r;
 

·v
er

yL
on

gV
ec

to
r;

 
·s

qr
M

at
; 

re
al

; 
re

al
; 

in
te

g
er

; 
in

te
g

er
; 

in
te

g
er

; 

st
r 

ng
 

st
r 

ng
 

st
r 

ng
 

(g
ue

ss
ed

) 
(c

al
cu

la
te

d
) 

ra
ng

e 
0 .

. N
 

ra
ng

e 
0 .

. N
 

ra
ng

e 
0 .

. N
 

ra
ng

e 
0 .

. N
 

ra
ng

e 
0 .

. N
 

{Y
V

ec
t 

'C
on

st
' 

v
ec

to
r 

in
 C

ra
nk

-N
ic

ol
so

n 
m

et
ho

d 
ra

ng
e 

0 .
. N

 
C

A
M

at
rix

 
M

at
ri

x 
of

 C
ra

nk
-N

ic
ol

so
n 

co
ef

ft
ci

en
ts

 
ra

ng
e 

N*
 

N
 

{D
at

aS
et

X
 

X
 v

ec
to

r 
us

ed
 

in
 t

he
 g

ra
ph

in
g 

r9
u

ti
n

e 
ra

ng
e 

0 .
. N

+1
 

} } } } } } } } } } } } 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

F
un

ct
io

n 
P

ow
er

(B
as

e,
P

ow
:r

ea
l)

:E
xt

en
de

d;
 

be
gi

n if
 P

ow
=O

 
th

en
 P

ow
er

:=
1 

el
se

 
if

 B
as

e=
O

 
th

en
 P

ow
er

:=
O

 
el

se
 

P
ow

er
:=

ex
p(

P
ow

*l
n(

ba
se

))
; 

en
d;

 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 T

im
eO

 
AR

T 
an

d 
SR

Ts
; 

{T
hi

s 
pr

oc
ed

ur
e-

us
es

 t
h

e 
in

it
ia

l 
co

n
d

it
io

n
s 

to
 s

et
 t

h
e 

al
ph

a 
an

d 
si

gm
a 

{v
ec

to
rs

. 
} } 

su
rf

ac
e}

 
{N

ot
e 

th
at

 A
RT

 [
N

+1
J, 

AR
TP

1 
tN

+1
l, 

SR
T1

 [
N

+1
J 

an
d 

SR
T1

P1
 [

N
+1

J 
ar

e 
th

e 
{c

o
n

ce
n

tr
at

io
n

s 
of

 
th

e 
li

q
u

id
 a

nd
 s

o
li

d
 r

ea
ct

an
ts

. 
be

gi
n fo

r 
A

rb
ln

de
x:

=O
 

to
 N

 d
o 

be
gi

n 
A

R
T

"[
A

rb
ln

de
xJ

:=
O

; 
SR

T
1"

C
A

rb
ln

de
xJ

:=
1;

 
SR

T
2"

[A
rb

ln
de

xJ
:=

1;
 

en
d;

 
A

RT
. [

N
+1

J 
:=

1;
 

SR
T1

. [
N

+1
J 

:=
1;

 

} 

n 0 c.
. 

~
 

t""4
 -· Cl'.> !'

"t
o,

 -· :s ~
 

""S
 :: 0 c.
. 

~
 N
 
~
 

N
 . ~ 0
0

 . 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

07
/3

0/
19

95
 

15
:0

1 
F

il
en

am
e:

 
M

O
D

EL
2D

2.P
A

S 
Pa

ge
 

3 

• 
SR

T
2"

[N
+1

J:
=1

; 
A

RT
P1

. [
N

+l
l 

:=
1;

 
(I

m
po

se
d 

bo
un

da
ry

 c
on

di
ti

on
 o

f 
th

e 
co

n
ce

n
tr

at
io

n
 o

f 
(t

h
e 

bu
lk

 f
lu

id
 

re
m

ai
ni

ng
 c

on
st

an
t 

to
 t

he
 o

ri
g

in
al

 
(v

al
u

e.
 

if
 K

ap
pa

P2
=0

 
th

en
 f

or
 A

rb
ln

de
x:

=O
 

to
 m

ax
c 

do
 

be
gi

n SR
T2

" 
[A

rb
ln

de
xJ

 
=O

 
SR

T2
P1

. [
A

rb
ln

de
xJ

 
=O

 
SR

T2
P1

C
. [

A
rb

ln
de

xJ
 

=O
 

en
d·

 
en

d;
 

' 

} } } 

(
-
--

-. 
--

--
--

-
--

--
--

--
---

--
--

--
--

--
--

·;
 --

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 G

ue
ss

 
SR

T
sP

l; 
{T

hi
s 

pr
oc

ed
ur

e-
pr

ov
id

es
 t

he
 
in

it
ia

l 
"g

ue
ss

" 
fo

r 
th

e 
it

e
ra

ti
o

n
. 

It
 u

se
s 

} 
(t

h
e 

pr
ev

io
us

 t
im

e 
in

te
rv

al
's

 v
al

ue
s 

as
 

th
e 

gu
es

s.
 

} 
be

gi
n fo

r 
A

rb
ln

de
x:

=O
 

to
 C

N
+1

) 
do

 
be

gi
n 

SR
T

1P
1"

[A
rb

ln
de

xl
:=

SR
T

1"
[A

rb
ln

de
xJ

; 
SR

T
2P

1"
(A

rb
in

de
x]

:=
SR

T
2"

[A
rb

ln
de

xJ
; 

en
d·

 
en

d;
 

' 

{
--

--
--

--
--

--
·-

--
--

--
--

--
--

--
-·

-·
--

--
--

·-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
·-

--
-}

 
P

ro
ce

du
re

 R
eG

ue
ss

 
SR

Ts
P1

; 
{T

hi
s 

pr
oc

ed
ur

e 
pr

ov
id

es
 a

n 
up

da
te

d 
"g

ue
ss

" 
fo

r 
th

e 
ne

xt
 

it
e
ra

ti
o

n
. 

It
 

{u
se

s 
th

e 
SR

T1
P1

C 
ve

ct
or

 a
s 

th
e 

up
da

te
d 

gu
es

s.
 

be
gi

n fo
r 

A
rb

ln
de

x:
=O

 
to

 C
N

+1
) 

do
 

be
gi

n 
SR

T1
P1

" 
[A

rb
ln

de
x]

 :
=S

R
T

1P
1C

"[
A

rb
ln

de
xJ

; 
SR

T
2P

1"
[A

rb
ln

de
xJ

:=
SR

T
2P

1C
"[

A
rb

ln
de

xl
; 

en
d·

 
en

d;
 

' 

} } 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 C

al
e 

A
M

at
ri

x 
an

d 
Y

 v
ec

to
r·

 
{T

hi
s 

pr
oc

ed
ur

e 
ca

lc
u

la
te

s-
tn

e 
C

ra
nk

-N
ic

ol
so

n 
co

ef
fi

ci
en

t 
m

at
ri

x
. 

} 
be

gi
n fo

r 
R

ow
s:=

O
 

to
 (

N
+1

) 
do

 
be

gi
n fo

r 
C

ol
s:

=O
 

to
 (

N
+1

) 
do

 
A

M
at

ri
x·

 [
R

ow
s,

C
ol

sJ
 :

=O
; 

en
d;

 

A
M

at
ri

x"
[0

,0
J:

=
·6

·D
el

ta
E

*D
el

ta
E

*C
K

ap
pa

P
1*

P
ow

er
(S

R
T

1P
1"

[0
J 

,O
rd

SP
1)

 
+K

ap
pa

P2
*P

ow
er

C
SR

T
2P

1"
[0

],0
rd

SP
2)

) 
-2

*D
el

ta
E

*D
el

ta
E

/D
el

ta
T

; 
A

M
at

ri
x"

 C
O,

 1
) 

:=
6;

 
Y

V
ec

to
r"

[O
J 

:=
A

R
T

"[
0J

*C
6+

D
el

ta
E

*D
el

ta
E

*C
K

ap
pa

P1
*P

ow
er

(S
R

T
1.

[0
J,

O
rd

SP
1)

 
+K

ap
pa

P2
*P

ow
er

(S
R

T
2"

[0
J,

O
rd

SP
2)

) 
·2

*D
el

ta
E

*D
el

ta
E

/D
el

ta
T

)·
A

R
T

.[
1]

*6
; 

07
/3

0/
19

95
 

15
:0

1 
F

il
en

am
e:

 
M

O
D

EL
2D

2.
PA

S 
Pa

ge
 

4 

fo
r 

R
ow

s:
=1

 
to

 N
-1

 
do

 
be

gi
n A
M

at
r i

x
· 

[R
ow

s, 
R

ow
s-

11
 :

 =
R

ow
s-

1;
 

A
M

at
ri

x-
[R

ow
s,

R
ow

sl
 

:=
-2

*R
ow

s-
R

ow
s*

D
el

ta
E

*D
el

ta
E

 
*(

K
ap

pa
P1

*P
ow

er
(S

R
T

1P
1"

[R
ow

s]
,O

rd
SP

1)
+ 

K
ap

pa
P2

*P
ow

er
(S

R
T

2P
1"

[R
ow

sJ
,O

rd
SP

2)
) 

-2
*R

ow
s*

D
el

ta
E

*D
el

ta
E

/D
el

ta
T

; 
A

M
at

ri
x"

[R
ow

s,
R

ow
s+

1J
:=

R
ow

s+
1;

 
Y

V
ec

to
r"

[R
ow

sJ
 

:=
A

R
T

"[
R

ow
s·

1J
*C

·R
ow

s+
1)

+A
R

T
"[

R
ow

sl
*C

2*
R

ow
s+

R
ow

s*
 

en
d;

 

D
el

 ta
E

*D
el

 ta
E

 
*C

K
ap

pa
P1

*P
ow

er
(S

R
T

1"
[R

ow
sJ

,O
rd

SP
1)

 
+K

ap
pa

P2
*P

ow
er

C
SR

T
2"

C
R

ow
sJ

,O
rd

SP
2)

) 
-2

*R
ow

s*
D

el
ta

E
*D

el
ta

E
/D

el
ta

T
) 

+A
R

T
"[

R
ow

s+
1]

*(
·R

ow
s-

1)
; 

AM
 a

t r
 ix

. 
[N

, 
N

-1
1 

: =
N

-1
; 

A
M

at
ri

x"
(N

,N
J 

:=
·2

*N
-N

*D
el

ta
E

*D
el

ta
E

*(
K

ap
pa

P1
*P

ow
er

(S
R

T
1P

1"
 [

N
J,

O
rd

SP
1)

 
+K

ap
pa

P2
*P

ow
er

(S
R

T
2P

1"
[N

],O
rd

SP
2)

) 
·2

*N
*D

el
ta

E
*D

el
ta

E
/D

el
ta

T
; 

Y
V

ec
to

r"
[N

J 
:=

A
R

T
"[

N
-1

l*
C

·N
+1

)+
A

R
T

"[
N

J*
C

2*
N

+N
*D

el
ta

E
*D

el
ta

E
* 

(K
ap

pa
P1

*P
ow

er
(S

R
T

1"
[N

],
O

rd
SP

1)
 

+K
ap

pa
P2

*P
ow

er
(S

R
T

2"
[N

J,
O

rd
SP

2)
) 

-2
*N

*D
el

ta
E

*D
el

ta
E

/D
el

ta
T

)+
 

A
R

T
"[

N
+1

J*
C

-N
-1

)·A
R

T
P1

"[
N

+1
]*

(N
+1

);
 

en
d;

 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 C

al
cS

R
T

sP
1C

; 
{T

hi
s 

pr
oc

ed
ur

e 
is

 a
 n

o
n

-l
in

ea
r 

ro
ot

 
fi

n
d

in
g

 p
ro

ce
du

re
. 

It
 

us
es

 B
re

n
t'

s 
} 

(M
et

ho
d 

to
 s

o
lv

e 
fo

r 
th

e 
ro

o
t.

 
} 

be
gi

n if
 

X]
 

ex
] 

(K
ap

pa
P1

<>
0)

 
th

en
 b

eg
in

 
if

 O
rd

SP
1=

1 
th

en
 b

eg
in

 

en
d SR

T
1P

1C
"[

A
rb

ln
de

x]
 :

=
SR

T
1"

[A
rb

ln
de

xl
*C

1-
D

el
ta

T
*K

ap
pa

P1
*B

et
a1

*A
R

T
.[

A
rb

ln
de

 

/C
2*

C
1-

L
am

bd
a1

))
)/

(1
+

D
el

ta
T

*K
ap

pa
P

1*
B

et
a1

* 
A

R
T

P1
"[

A
rb

ln
de

xJ
/C

2*
C

1-
L

am
bd

a1
))

);
 

el
se

 
if

 S
R

T
1P

1"
[A

rb
ln

de
xl

<S
C

on
c_

T
ol

 
th

en
 S

R
T

1P
1C

"[
A

rb
ln

de
x]

 :
=S

R
T

1P
1.

C
A

rb
ln

d 

el
se

 b
eg

in
 

A
 

:=
A

R
T

"[
A

rb
ln

de
xl

; 
A

P1
:=

A
R

T
P1

"[
A

rb
ln

de
xJ

; 
s 

:=
SR

T
1"

C
A

rb
ln

de
xJ

; 
S

R
T

1P
1C

"[
A

rb
!n

de
xJ

:=
B

re
nt

R
oo

ts
(0

.0
,1

.0
,D

el
ta

T
,K

ap
pa

P
1,

B
et

a1
,L

am
bd

a1
,0

rd
S

 
P1

,A
,A

P1
, 

X
] 

S,
 1

e-
8,

10
0,

V
al

ue
A

tR
oo

t,
er

ro
r)

; 
en

d·
 

en
d·

 
' 

if
 

C
K

ap
pa

P2
<>

0)
 

th
en

 b
eg

in
 

if
 O

rd
SP

2=
1 

th
en

 b
eg

in
 

SR
T

2P
1C

"[
A

rb
!n

de
xJ

:=
SR

T
2"

[A
rb

ln
de

x]
*(

1-
D

el
ta

T
*K

ap
pa

P2
*B

et
a2

*A
R

T
"[

A
rb

ln
de

 

/C
2*

C
1·

L
am

bd
a2

))
)/

(1
+

0e
lt

aT
*K

ap
pa

P
2*

B
et

a2
* 

A
R

T
P1

"[
A

rb
ln

de
xl

/C
2*

C
1-

L
am

bd
a2

))
);

 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

07
/3

0/
19

95
 

15
:0

1 
F

il
en

am
e:

 
M

OD
EL

2D
2.P

AS
 

Pa
ge

 
5 

ex
] 

en
d 

el
se

 i
f 

SR
T

2P
1"

[A
rb

ln
de

xJ
<S

C
on

c_
T

ol
 

th
en

 S
R

T2
P1

c·
 [

A
rb

ln
de

xl
 :

=S
R

T
2P

1"
[A

rb
ln

d 

el
se

 b
eg

in
 

A
 

:=
A

RT
" 

[A
rb

ln
de

xl
; 

A
P1

:=
A

R
T

P1
"[

A
rb

ln
de

xJ
; 

s 
:=

SR
T

2"
[A

rb
ln

de
xl

; 
SR

T
2P

1C
"[

A
rb

ln
de

xl
 :

=
B

re
nt

R
oo

ts
(O

.O
, 1

.0
,D

el
ta

T
,K

ap
pa

P
2,

B
et

a2
,L

am
bd

a2
,0

rd
S

 
P2

,A
,A

P1
, 

en
d·

 
en

d·
 

' 
en

d;
 

' 

S,
 1

e-
8,

 1
00

,V
al

ue
A

tR
oo

t,
er

ro
r)

; 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 C

he
ck

 
C

on
ve

rg
en

ce
; 

{T
hi

s 
pr

oc
ed

ur
e-

ch
ec

ks
 w

he
th

er
 

or
 n

ot
 

th
e 

so
lu

ti
o

n
 h

as
 

co
nv

er
ge

d 
by

 
} 

{c
om

pa
ri

ng
 t

he
 g

ue
ss

ed
 v

al
ue

 o
f 

SR
T1

P1
 

w
ith

 
a 

ca
lc

u
la

te
d

 v
al

ue
 o

f 
SR

T1
P1

. 
} 

be
gi

n N
or

m
1:

=0
; 

{U
si

ng
 

a 
no

rm
**

* 
} 

N
or

m
2:

=0
; 

fo
r 

A
rb

ln
de

x:
=O

 
to

 C
N

+1
) 

do
 

be
gi

n 
C

al
cS

R
Ts

P1
C

; 
if

 
(B

et
a1

<>
0)

 
an

a 
C

K
ap

pa
P1

<>
0)

 
th

en
 b

eg
in

 
N

or
m

1:
=C

SR
T

1P
1C

"[
A

rb
ln

de
x]

-S
R

T
1P

1"
[A

rb
ln

de
xJ

)*
(S

R
T

1P
1C

"[
A

rb
ln

de
xJ

­
SR

T
1P

1"
[A

rb
ln

de
xl

);
 

en
d 

el
se

 N
or

m
1:

=0
; 

if
 

(B
et

a2
<>

0)
 

an
d 

C
K

ap
pa

P2
<>

0)
 

th
en

 b
eg

in
 

N
or

m
2:

=(
SR

T
2P

1C
"[

A
rb

ln
de

x]
-S

R
T

2P
1"

[A
rb

ln
de

x]
)*

(S
R

T
2P

1C
"[

A
rb

ln
de

x]
­

SR
T

2P
1"

[A
rb

ln
de

x]
 )

; 
en

d 
el

se
 N

or
m

2:
=0

; 
en

d·
 

en
d;

 
' 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 U

pd
at

e 
AR

T 
an

d 
SR

Ts
; 

{T
hi

s 
pr

oc
ed

ur
e 

up
da

te
s 

th
e 

al
ph

a 
an

d 
si

gm
a 

ve
ct

or
s 

fo
r 

th
e 

ne
xt

 
it

er
at

io
n

}
 

Cb
y 

re
pl

ac
in

g 
th

ei
r 

co
m

po
ne

nt
s 

w
it

h 
th

e 
al

ph
aT

+1
 

an
d 

si
gm

aT
+1

 
v

ec
to

rs
. 

} 
be

gi
n fo

r 
A

rb
ln

de
x:

=O
 

to
 (

N
+1

) 
do

 
be

gi
n 

A
R

T
"[

A
rb

ln
de

xl
 :

=A
R

T
P1

"[
A

rb
in

de
xl

; 
SR

T
1"

[A
rb

ln
de

xJ
:=

SR
T

1P
1"

[A
rb

in
de

xl
; 

SR
T

2"
[A

rb
ln

de
xl

 :
=

SR
T

2P
1"

[A
rb

ln
de

xl
; 

en
d·

 
en

d;
 

' 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

·-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 C

al
e 

C
on

ve
rs

io
n;

 
{T

hi
s 

p
r
o
c
e
d
u
r
~
 
ca

lc
u

la
te

s 
th

e 
fr

ac
ti

o
n

al
 

co
nv

er
si

on
 o

f 
th

e 
p

a
rt

ic
le

 f
o

r 
} 

{t
h

e 
ti

m
e 

in
te

rv
al

. 
It

 u
se

s 
th

e 
fo

rm
ul

a 
on

 
pg

. 
13
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Th
e 

in
te

g
ra

to
r 

} 
{

is
 t

he
 Q

ui
nn

-C
ur

ti
s 

ve
ct

or
 

in
te

g
ra

to
r.

 
} 
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M

O
D

EL
2D

2.
PA

S 
Pa

ge
 

6 

if
 K

ap
pa

P1
<>

0 
th

en
 b

eg
in

 
fo

r 
A

rb
ln

de
x:

=O
 

to
 C

N
+1

) 
do

 
ln

te
rG

1"
[A

rb
ln

de
xJ

 :
=

C
1-

S
R

T
1"

[A
rb

ln
de

xJ
)*

A
rb

ln
de

x*
D

el
ta

E
*A

rb
ln

de
x*

D
el

ta
E

; 

ln
te

gr
at

eV
ec

to
rC

ln
te

rG
1"

 ,D
el

ta
E

,0
,(

N
+

1)
 

In
te

gV
al

);
 

C
on

v1
·c

co
nv

_v
ar

J:
=3

*<
1-

L
am

bd
a1

)*
1n

te
gV

a[
+L

am
bd

a1
*C

1-
SR

T
1"

[N
+1

J>
; 

en
d·

 
if

 K
ap

pa
P2

<>
0 

th
en

 b
eg

in
 

fo
r 

A
rb

ln
de

x:
=

O
 

to
 C

N
+1

) 
do

 
ln

te
rG

2"
[A

rb
ln

de
xJ

:=
C

1-
S

R
T

2"
[A

rb
ln

de
xJ

)*
A

rb
ln

de
x*

O
el

ta
E

*A
rb

ln
de

x*
D

el
ta

E
; 

In
te

g
ra

te
V

ec
to

r(
ln

te
rG

2
",

D
el

ta
E

,0
,(

N
+

1
),

ln
te

g
V

al
);

 
C

on
v2

" 
[C

on
v 

V
ar

] 
:=

3*
C

1-
L

am
bd

a2
)*

1n
te

gV
al

+L
am

bd
a2

*C
1-

SR
T

2"
[N

+1
J)

; 
en

d;
 

-

en
d;

 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 G

ra
ph

1 
In

it
ia

li
se

; 
' 

be
gi

n 
-

in
it

S
E

G
ra

ph
ic

s(
1
F

:\
tp

6
1
)
;
 

S
et

C
ur

re
nt

W
in

do
w

(2
);

 
B

or
de

rC
ur

re
nt

W
in

do
w

C
1)

; 
S

et
A

xe
sT

yp
e(

0,
0)

; 
S

ca
le

P
lo

tA
re

a(
0

.0
,0

.0
, 1

.0
, 1

.0
);

 
S

et
X

Y
ln

te
rc

ep
ts

(0
.0

,0
.0

);
 

S
et

C
ol

or
(2

);
 

D
ra

w
X

A
xi

s(
0.

2,
1)

; 
D

ra
w

Y
A

xi
s(

0.
2,

1)
; 

L
ab

el
X

A
xi

s(
1,

0)
; 

L
ab

el
 Y

A
xi

sC
1 

,0
);

 
T

it
le

X
A

xi
sC

'D
im

en
si

on
le

ss
 R

ad
iu

s'
);

 
T

it
le

Y
A

xi
s(

'D
im

en
si

on
le

ss
 C

o
n

ce
n

tr
at

io
n

')
; 

T
it

le
W

in
do

w
('M

od
el

2D
2'

);
 

S
tr

(B
et

a1
:6

:3
,B

et
a1

S
);

 
S

tr
(K

ap
pa

P
1:

6:
3,

K
ap

pa
P

1S
);

 
S

tr
((

D
el

ta
T

*
P

ri
n

t 
C

ri
t)

:6
:4

,G
D

T
S

);
 

St
rC

L
am

bd
a1

:5
:3

,L
am

bd
a1

S)
; 

S
tr

(O
rd

S
P

1:
5:

2,
0r

dS
P

1S
);

 
S

tr
(B

et
a2

:6
:3

,B
et

a2
S

);
 

S
tr

(K
ap

pa
P

2:
6:

3,
K

ap
pa

P
2S

);
 

St
rC

L
am

bd
a2

:5
:3

,L
am

bd
a2

S)
; 

S
tr

(O
rd

S
P

2:
5:

2,
0r

dS
P

2S
);

 
G

La
be

l 1
:=

C
on

ca
t(

1 
B

et
a1

 
',B

et
a1

S
, 
';

 
K

ap
pa

1 
',K

ap
pa

P
1S

, 
';

 
La

m
bd

a1
 

1 
,L

am
bd

a1
S 

•·
 

O
rd

er
1 

'O
rd

S
P

1S
 

•·
 

GO
T 

' 
G

D
TS

)· 
G

L
ab

el
2:

=
C

on
ca

tC
' 

B
et

a2
 

1
,B

et
aZ

S
,1

; 
Ka
pp
~2
 

',K
ap

pa
P

2S
,:

; 
La

m
bd

a2
 

',L
am

bd
a2

S 

. 
'·

 O
rd

er
2 

',O
rd

S
P

2S
);

 
L

ab
el

G
ra

ph
W

in
do

w
C

1,
93

0,
G

L
ab

el
1,

0,
0)

; 
L

ab
el

G
ra

ph
W

in
do

w
(1

,9
00

,G
la

be
l2

,0
,0

);
 

fo
r 

A
rb

ln
de

x:
=O

 
to

 N
+1

 
do

 D
at

aS
et

X
"[

A
rb

ln
de

xJ
:=

A
rb

ln
de

x*
D

el
ta

E
; 

D
at

aP
oi

nt
s:

=
N

+
2;

 
en

d;
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P
ag

e·
 

7 

P
ro

ce
du

re
 G

ra
ph

1 
R

es
ul

ts
; 

be
gi

n 
-

if
 K

ap
pa

P1
<>

0 
th

en
 b

eg
in

 
fo

r 
A

rb
ln

de
x:

=O
 

to
 (

N
+1

) 
do

 D
at

aS
et

Y
"[

A
rb

ln
de

xJ
 :=

A
R

TP
1.

 [
A

rb
ln

de
xl

; 
L

in
eP

lo
tD

at
a(

D
at

aS
et

x·
,o

at
aS

et
Y

",
D

at
aP

oi
nt

s,
3,

0)
; 

fo
r 

A
rb

ln
de

x:
=O

 
to

 (
N

+1
) 

do
 D

at
aS

et
Y

"[
A

rb
ln

de
x]

:=
S

R
T

1P
1"

[A
rb

ln
de

xJ
; 

L
in

eP
lo

tD
at

a(
D

at
aS

et
X

",
D

at
aS

et
Y

",
D

at
aP

oi
nt

s,
5,

0)
; 

en
d·

 
if

 K
ap

pa
P2

<>
0 

th
en

 b
eg

in
 

fo
r 

A
rb

ln
de

x:
=O

 
to

 (
N

+1
) 

do
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K

ap
pa

P2
S,

L
am

bd
a2

S 
. 

V
ie

w
Si

ze
C

lS
 

st
ri

n
g

 
st

ri
n

g
 

st
ri

n
g

 

be
gi

n in
it

S
E

G
ra

ph
ic

s(
V

al
id

O
ir

);
 

S
et

C
ur

re
nt

W
in

do
w

(2
);

 
B

or
de

rC
ur

re
nt

W
in

do
w

(1
);

 
S

et
A

xe
sT

yp
e(

0,
0)

; 
S

ca
le

P
lo

tA
re

a(
0

.0
,0

.0
,1

.0
,1

.0
);

 
S

et
X

Y
ln

te
rc

ep
ts

(0
.0

,0
.0

);
 

Se
tC

ol
or

C
2>

; 
D

ra
w

X
A

xi
sC

0.
2,

1>
; 

D
ra

w
Y

A
xi

s(
0.

2,
1)

; 
L

ab
el

X
A

xi
sC

1,
0)

; 
L

ab
el

Y
A

xi
s(

1,
0)

; 
T

it
le

X
A

xi
s(

'D
im

en
si

on
le

ss
 R

ad
iu

s'
);

 
T

it
le

Y
A

xi
s(

'D
im

en
si

on
le

ss
 C

o
n

ce
n

tr
at

io
n

')
; 

T
it

le
W

in
do

w
C

'M
od

el
5E

1'
);

 
S

tr
(B

et
a1

 
k"

[V
ie

w
S

iz
eC

l]
:6

:3
,B

et
a1

S
);

 
S
t
r
(
K
a
p
p
a
~
1
 

k"
[V

ie
w

Si
ze

C
ll

 :
6:

3,
K

ap
pa

P
1S

);
 

S
tr

((
D

el
ta

r•
P

ri
n

t 
C

ri
t)

:6
:4

,G
D

T
S

);
 

St
r(

L
am

bd
a1

 
k"

[V
ie

w
Si

ze
C

lJ
 :

5:
3,

L
am

bd
a1

S
);

 
S

tr
(B

et
a2

 k
~
[
V
i
e
w
S
i
z
e
C
l
J
:
6
:
3
,
B
e
t
a
2
S
>
;
 

S
t
r
(
K
a
p
p
a
~
2
 

k"
[V

ie
w

S
iz

eC
ll

 :
6:

3,
K

ap
pa

P
2S

);
 

S
tr

(L
am

bd
a2

=
k·

cv
ie

w
S

iz
eC

ll
 :

5:
3,

L
am

bd
a2

S
);

 
S

tr
C

V
ie

w
S

iz
eC

l:
2,

V
ie

w
S

iz
eC

lS
);

 
G

la
be

l1
:=

C
on

ca
t(

' 
B

et
a1

 
',

B
et

a1
S

,'
; 

K
ap

pa
1 

',K
ap

pa
P

1S
,';

 
La

m
bd

a1
 

L
am

bd
a1

S,
'; 

GO
T 

w
rt

 
R

ef
S

iz
eC

la
ss

 
',G

D
T

S)
; 

G
L

ab
el

2:
=

C
on

ca
t(

' 
B

et
a2

 
',

B
et

a2
S

,'
; 

K
ap

pa
2 

',K
ap

pa
P

2S
,';

 
La

m
bd

a2
 

L
am

bd
a2

S,
'; 

V
ie

w
C

la
ss

 
',V

ie
w

S
iz

eC
lS

);
 

L
ab

el
G

ra
ph

W
in

do
w

(1
,9

30
,G

L
ab

el
1,

0,
0)

; 
L

ab
el

G
ra

ph
W

in
do

w
(1

,9
00

,G
la

be
l2

,0
,0

);
 

en
d;
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} 

P
ro

ce
du

re
 G

ra
ph

1_
R

es
ul

ts
; 

be
gi

n if
 V

ie
w

Si
ze

C
l>

M
 

th
en

 
be

gi
n C
lo

se
se

gr
ap

hi
cs

; 
w

ri
te

ln
C

'G
ra

ph
 

1 
D

ra
w

 E
R

R
O

R
');

 
w

ri
te

ln
('

Y
ou

 h
av

e 
in

st
u

ct
ed

 t
he

 G
ra

ph
in

g 
R

ou
ti

ne
 

to
 g

ra
ph

 
th

e 
co

n
v

er
si

o
n

')
; 

w
ri

te
ln

('
cu

rv
es

 o
f 

a 
si

ze
 c

la
ss

 w
hi

ch
 

do
es

 
no

t 
e
x

is
t.

')
; 

w
ri

te
ln

('
R

es
p

ec
if

y
 =

 V
ie

w
Si

ze
C

la
ss

 
in

 D
ec

la
ra

ti
on

s 
se

ct
io

n
'>

; 
re

ad
ln

; 
en

d·
 

Si
z~
ln
de
x:
=V
ie
wS
iz

eC
l;
 

fo
r 

A
rb

ln
de

x:
=O

 
to

 (
N

+1
) 

do
 D

at
aS

et
x·

 [
A

rb
ln

de
xl

 :
=

A
rb

ln
de

x*
D

el
ta

E
; 

if
 K

ap
pa

P1
 

k"
[S

iz
el

nd
ex

]<
>

O
 

th
en

 b
eg

in
 

fo
r 

A
rb

Tn
de

x:
=O

 
to

 (
N

+1
) 

do
 

D
at

aS
et

Y
"[

A
rb

ln
de

xJ
:=

A
R

T
P

1"
[S

iz
el

nd
ex

,A
rb

ln
de

xJ
; 

L
in

eP
lo

tD
at

a(
D

at
aS

et
X

" 
,D

at
aS

et
Y

" 
,
(
N
+
2
~
,
3
,
0
)
;
 

fo
r 

A
rb

ln
de

x:
=O

 
to

 C
N

+1
) 

do
 

D
at

aS
et

Y
"C

A
rb

ln
de

xJ
:=

SR
T

1P
1"

C
Si

ze
ln

de
x,

A
rb

ln
de

x]
; 

L
in

eP
lo

tD
at

a(
D

at
aS

et
X

",
D

at
aS

et
Y

" 
,(

N
+

2)
,5

, 1
);

 
en

d·
 

if
 K

ap
pa

P2
 

k"
[S

iz
el

nd
ex

]<
>

O
 

th
en

 b
eg

in
 

fo
r 

A
rb

Tn
de

x:
=O

 
to

 (
N

+1
) 

do
 

D
at

aS
et

Y
"[

A
rb

ln
de

xl
 :=

A
RT

P1
" 

[S
iz

el
nd

ex
,A

rb
ln

de
xJ

; 
L

in
eP

lo
tD

at
a(

D
at

aS
et

x-
,D

at
aS

et
Y

" 
,(

N
+

2)
,3

, 1
);

 
fo

r 
A

rb
ln

de
x:

=O
 .

to
 (

N
+1

) 
do

 
D

at
aS

et
Y

"[
A

rb
ln

de
x]

 :
=

S
R

T
2P

1"
[S

iz
el

nd
ex

,A
rb

ln
de

xJ
; 

L
in

eP
lo

tD
at

a(
D

at
aS

et
X

",
D

at
aS

et
v·

 ,(
N

+
2)

,4
,2

);
 

en
d;

 

en
d;
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P
ro

ce
du

re
 G

ra
ph

2_
1n

it
ia

li
se

_a
nd

_D
ra

w
; 

va
r XA

x i
 sM

ax
 

:R
ea

l;
 

be
gi

n Se
tC

ur
re

nt
W

in
do

w
(2

);
 

B
or

de
rC

ur
re

nt
W

in
do

w
(1

);
 

Se
tA

xe
sT

yp
eC

0,
0)

; 
X

A
xi

sM
ax

:=
5;

 
C

**
**

*D
el

ta
T

*R
ep

ea
ts

;*
**

*)
 

S
ca

le
P

lo
tA

re
a(

0.
0,

0.
0,

X
A

xi
sM

ax
, 1

.0
);

 
S

et
X

Y
ln

te
rc

ep
ts

(O
.O

,O
.O

>
; 

S
et

C
ol

or
C

2l
; 

D
ra

w
X

A
xi

sC
C

X
A

xi
sM

ax
/5

), 
1

);
 

D
ra

w
Y

A
xi

s(
0.

2,
 1

);
 

L
ab

el
X

A
xi

s(
1,

0)
; 

L
ab

el
Y

A
xi

sC
1,

0)
; 

T
it

le
X

A
xi

sC
'D

im
en

si
on

le
ss

 R
ea

ct
io

n 
Ti

m
e 

(W
RT

 
R

ef
er

en
ce

 P
a
rt

ic
le

)'
);

 
T

it
le

Y
A

xi
s(

'F
ra

ct
io

na
l 

C
on

ve
rs

io
n'

);
 

T
itl

ew
in

do
w

('M
od

el
5E

1 
')

; 
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L
ab

el
G

ra
ph

W
in

do
w

(1
,9

30
,G

L
ab

el
1,

0,
0)

; 
L

ab
el

G
ra

ph
W

in
do

w
C

1,
90

0,
G

la
be

l2
,0

,0
);

 
if

 K
ap

pa
P1

 
k"

[S
iz

el
nd

ex
]<

>
O

 
th

en
 b

eg
in

 
fo

r 
A

rb
T

nd
ex

:=
O

 
to

 C
on

v 
V

ar
 

do
 

be
gi

n 
D

at
aS

et
X

"[
A

rb
ln

de
xJ

 :
;A

rb
ln

de
x*

P
ri

nt
 C

ri
t*

D
el

ta
T

; 
D

at
aS

et
Y

"C
A

rb
ln

de
xJ

 :
=C

on
v1

"C
A

rb
ln

de
xJ

; 
en

d·
 

Da
t~
Se
tY
"[
OJ
 :=

O
; 

L
in

eP
lo

tD
at

a(
D

at
aS

et
X

" 
,D

at
aS

et
Y

",
C

on
v 

V
ar

,5
,0

>
; 

en
d·

 
-

if
 K

ap
pa

P2
 

k"
[S

iz
el

nd
ex

]<
>

O
 

th
en

 b
eg

in
 

fo
r 

A
rb

T
nd

ex
:=

O
 

to
 C

on
v 

V
ar

 
do

 
be

gi
n 

D
at

aS
et

X
"[

A
rb

ln
de

x]
 :

;A
rb

ln
de

x*
P

ri
nt

_C
ri

t*
D

el
ta

T
; 

D
at

aS
et

Y
"C

A
rb

ln
de

x]
 :

=
C

on
v2

"[
A

rb
ln

de
xl

; 
en

d·
 

Da
t~

Se
tY

"[
OJ

:=
O;

 
L

in
eP

lo
tD

at
a(

D
at

aS
et

X
",

D
at

aS
et

v·
 ,C

on
v 

V
ar

,4
,0

);
 

en
d;

 
-

en
d;
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be
gi

n ne
w

(B
et

a1
 

k)
; 

ne
w

(K
ap

pa
P1

_k
>;

 
ne

w
(K

ap
pa

S1
_k

);
 

ne
w

(L
am

bd
a1

 
k)

; 
ne

w
(C

on
tR

at
T

oV
1)

; 
ne

w
(A

R
T)

; 
ne

w
(S

R
T

1)
; 

ne
w

(S
R

T
2)

; 
ne

w
(C

on
v1

);
 

ne
w

(D
at

aS
et

X
);

 
ne

w
(A

M
at

ri
x)

; 

c
l r

sc
r;

 

ne
w

(B
et

a2
 

k)
; 

ne
w

(K
ap

pa
P2

_k
);

 
ne

w
(K

ap
pa

S2
_k

);
 

ne
w

(L
am

bd
a2

 
k)

; 
ne

w
(C

on
tR

at
T

oV
2)

; 
ne

w
(A

R
TP

1)
; 

ne
w

(S
R

T
1P

1)
; 

ne
w

(S
R

T
2P

1)
; 

ne
w

(C
on

v2
);

 
ne

w
(D

at
aS

et
Y

);
 

ne
w

(A
ln

ve
rs

e)
; 

S
iz

e 
D

is
tr

ib
u

ti
o

n
 I

n
it

ia
li

sa
ti

o
n

; 
C

on
ta

m
in

an
t 

L
oc

at
io

n 
In

it
ia

li
sa

ti
o

n
; 

D
et

er
m

in
e 

M
od

el
 

P
ar

am
et

er
s 

fn
 S

iz
e;

 
G

ra
ph

1_
In

T
ti

al
is

e;
 

-
-

R
ep

ea
ts

:=
O

; 
Fl

ag
1 

:=
0;

 
P

lo
t 

V
ar

:=
O

; 
C

on
v:

:::
va

r:=
O

; 

Ti
m

eO
 A

RT
 

an
d 

SR
Ts

; 
G

ue
ss

:::
:s

R
T

sP
1;

-

w
hi

 l
e 

R
ep

ea
ts

<
It

er
at

io
n

s 
do

 
be

gi
n w
hi

le
 (

F
la

g1
=

0)
 d

o 
be

gi
n C
al

e 
AR

TP
1 

an
d 

SR
Ts

P1
C

; 
C

he
cK

 c
on

ve
rg

en
ce

; 
R

eG
ue

ss
_S

R
T

sP
1;

 
en

d;
 

P
lo

t_
V

ar
:=

P
lo

t_
V

ar
+

1;
 

ne
w

(D
el

ta
T

_k
);

 

ne
w

(S
R

T1
P1

C
); 

ne
w

(S
R

T2
P1

C
); 
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en
d;

 if
 P

lo
t 

V
ar

=
P

ri
nt

 
C

ri
t 

th
en

 
be

gi
n 

-
-

P
lo

t 
V

ar
:=

O
; 

C
on

v-
V

ar
:=

C
on

v 
V

ar
+1

; 
G

ra
pn

1 
R

es
u

lt
s;

 
C

al
e 

C
on

ve
rs

io
n;

 
en

d;
 

-

U
pd

at
e_

A
R

T
_a

nd
_S

R
T

s;
 

G
ue

ss
 

SR
Ts

P1
; 

F
la

g1
:=

0;
 

R
ep

ea
ts

:=
R

ep
ea

ts
+

1;
 

re
ad

ln
(H

ar
dC

op
y)

; 
if

 
H

ar
dC

op
y=

1 
th

en
 S

cr
ee

nD
um

p(
3,

0,
2,

 1
.5

,1
.5

,0
, 1

,0
,e

rr
o

r)
; 

C
le

ar
lJ

in
do

w
; 

G
ra

ph
2_

In
it

ia
li

se
_a

nd
_D

ra
w

; 
re

ad
ln

(H
ar

dC
op

y)
; 

if
 

H
ar

dC
op

y=
1 

th
en

 S
cr

ee
nD

um
pC

3,
0,

2,
 1

.5
,1

.5
,0

,1
,0

,e
rr

o
r)

; 

cl
os

es
eg

ra
ph

 i c
s;

 

en
d.
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Pr
og

ra
m

 M
od

el
5E

2;
 

(M
od

el
5E

2.
 

( 
* 

T
hi

s 
pr

og
ra

m
 

is
 a

 t
oo

l 
fo

r 
* 

Th
e 

pr
og

ra
m

 c
al

cu
la

te
s 

th
e 

an
d 

so
li

d
 r

ea
ct

an
ts

 w
it

hi
n 

de
ve

lo
pe

d 
by

 D
ix

on
. 

an
al

yz
in

g 
TC

LP
 d

at
a.

 
} 

co
nc

en
tr

at
io

n 
p

ro
fi

le
 o

f 
fl

u
id

 
} 

( ( ( ( ( ( ( ( ( ( 

* 
T

hi
s 

pr
og

ra
m

 o
nl

y 
pr

ov
id

es
 

or
de

rs
. 

a 
p

ar
ti

cl
e 

us
in

g 
th

e 
eq

ua
ti

on
s 

as
 

} } 
fo

r 
v

ar
ia

b
le

 s
o

li
d

 r
ea

ct
an

t 
} } 

* 
A

ss
um

pt
io

ns
 

in
 

th
is

 m
od

el
 

in
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ud
e:

 
} 

·T
h

e
 s

o
li

d
 r
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an
t 

d
ep

o
si
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 w
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hi
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th

e 
p
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e 

} 
re
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e 

th
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th

e 
su

rf
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e.
 

} 
· 

Th
e 

d
ep

o
si
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 w

ou
ld

 b
ot

h 
re

ac
t 

to
 t

he
 s
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e 

ex
te

n
t 

} 
if

 e
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h 
w
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e 

ex
po

se
d 
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 t

he
 s
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e 
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 c
o
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e 
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e.
 

} 
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od

ed
: 

G
ra
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m

 D
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} 
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D

ep
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of
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E
ng
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U
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F
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 c
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 C
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+
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=
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b
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n D
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=

O
 

th
en

 K
ap

pa
S

1_
k"

[S
iz

el
nd

ex
J 

:=
O

 
el

se
 

K
ap

pa
S1

 
k"

[S
iz

el
nd

ex
] 

:=
K

ap
pa

S1
*P

ow
er

((
C

on
tR

at
io

V
1"

C
Si

ze
ln

de
xJ

 
-

/C
on

tR
at

io
V

1"
[R

ef
S

iz
eC

ll
),

O
rd

S
P

1)
 

*S
iz

eD
at

a[
S

iz
el

nd
ex

,1
J;

 
if

 C
on

tR
at

io
v2

· 
C

Si
ze

ln
de

xJ
=O

 
th

en
 K

ap
pa

S2
 

k"
[S

iz
el

nd
ex

J 
:=

O
 

el
se

 
K

ap
pa

S
2_

k"
[S

iz
el

nd
ex

J 
:=

K
ap

pa
S

2*
P

ow
er

((
C

on
tR

at
io

V
2"

[S
iz

el
nd

ex
J 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

07
/3

0/
19

95
 

16
:2

7 
Fi

le
na

m
e:

 
M

O
D

EL
5E

2.P
A

S 
Pa

ge
 

5 

/C
on

tR
at

io
V

2"
[R

ef
S

iz
eC

ll
 )

,O
rd

SP
2)

 
*S

iz
eD

at
a[

S
iz

el
nd

ex
, 1

J;
 

en
d·

 
en

d·
 

' 
{-

-'
.·

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

-}
 

P
ro

ce
du

re
 T

im
eO

_A
R

T_
an

d_
SR

Ts
; 

{T
hi

s 
pr

oc
ed

ur
e 

us
es

 
th

e 
in

it
ia

l 
co

nd
it

io
ns

 t
o

 s
et

 
th

e 
al

ph
a 

an
d 

si
gm

a 
} } 

su
rf

ac
e}

 
{v

ec
to

rs
. 

{N
ot

e 
th

at
 A

R
T[

N
+1

J, 
A

R
TP

1[
N

+1
], 

SR
T1

CN
+1

J 
an

d 
SR

T1
P1

[N
+1

] 
ar
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+
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 m
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T
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+
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R
T
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Si

ze
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N
+
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T
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=
S

R
T
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S
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el

nd
ex
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rb

ln
de

xJ
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S
R

T
2P

1"
[S

iz
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nd
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rb

in
de

xJ
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=
S

R
T

2P
1C

"[
S

iz
ei

nd
ex

,A
rb

ln
de

xJ
; 

en
d·

 
AR

TP
1 
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S

iz
el

nd
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,N
+
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A
R
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V
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en
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 C
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M
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Y
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r 
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V
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; 

va
r R

ow
s,

C
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s 
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n
te

g
er

; 

be
gi

n fo
r 

R
ow

s:=
O

 
to

 
(N

+1
) 
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r 

C
ol

s:
=O
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N
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) 
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A
M
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R
ow

s,
C

ol
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 :
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A
M

at
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E
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E
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el
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+
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A
M
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Y
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-

fo
r 
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ow
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M
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ow
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R
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A
M

at
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ow
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R
ow
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ow
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D
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D
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D
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at
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=

N
-1

; 

A
R

T
"[

Si
ze

in
de

x,
R

ow
sJ

*C
2*

R
ow

s+
R

ow
s*

D
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el

nd
ex

l 
*P

ow
er

C
SR

T
2"

[S
iz
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at
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te

g
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to
r.

 
} 
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va
r ln

te
rG

1,
ln

te
rG

2 
ln

te
gV

al
,C

on
ve

rs
io

n 
:V

er
yL

on
gV

ec
to

r;
 

:R
ea

l;
 

be
gi

n fo
r 

S
iz

el
nd

ex
:=

1 
to

 M
 do

 
be

gi
n if
 K

ap
pa

P1
 

k"
[S

iz
el

nd
ex

l<
>

O
 

th
en

 
be

gi
n 

-
fo

r 
A

rb
ln

de
x:

=O
 

to
 C

N
+1

) 
do

 
ln

te
rG

1[
A

rb
ln

de
x]

 :
=

(1
-S

R
T

1"
[S

iz
el

nd
ex

,A
rb

ln
de

xJ
)*

A
rb

ln
de

x*
D

el
ta

E
 

*A
rb

ln
de

x*
D

el
ta

E
; 

ln
te

g
ra

te
V

ec
to

r(
Jn

te
rG

1
,D

el
ta

E
,0

,(
N

+
1

),
ln

te
g

V
al

);
 

C
on

ve
rs

io
n 

:=
3*

(1
-L

am
bd

a1
 

k"
[S

iz
el

nd
ex

J)
*l

nt
eg

V
al

 
+

L
am

bd
a1

_k
-[

S
iz

el
nd

ex
]*

(1
-S

R
T

1"
 [

S
iz

el
nd

ex
,N

+
1l

 )
; 

C
on

v1
"(

C
on

v 
V

ar
] 

:=
C

on
v1

"[
C

on
v 

V
ar

J+
C

on
ve

rs
io

n*
S

iz
eD

at
a[

S
iz

el
nd

ex
,2

] 
-

/S
um

Si
ze

D
at

a_
2;

 
. e

nd
; 

if
 K

ap
pa

P2
 

k"
[S

iz
el

nd
ex

l<
>

O
 

th
en

 
be

gi
n 

-
; 

fo
r 

A
rb

ln
de

x:
=O

 
to

 (
N

+1
) 

do
 

ln
te

rG
2C

A
rb

ln
de

xJ
:=

(1
·S

R
T

2"
[S

iz
el

nd
ex

,A
rb

ln
de

xJ
)*

A
rb

ln
de

x*
D

el
ta

E
 

*A
rb

ln
de

x*
D

el
ta

E
; 

ln
te

g
ra

te
V

ec
to

r(
ln

te
rG

2
,D

el
ta

E
,0

,(
N

+
1

),
ln

te
g

V
al

);
 

C
on

ve
rs

io
n 

:=
3*

(1
-L

am
bd

a2
 

k"
[S

iz
el

nd
ex

J)
*l

nt
eg

V
al

 
+L

am
bd

a2
 

k"
[S

iz
el

nd
ex

]*
(1

-S
R

T
2"

[S
iz

el
nd

ex
,N

+
1l

);
 

C
on

v2
"[

C
on

v_
V

ar
J:

=
C

on
v2

"[
C

on
v_

V
ar

J+
C

on
ve

rs
io

n*
S

iz
eD

at
a[

S
iz

el
nd

ex
,2

J 

en
d·

 
en

d·
 

' 
en

d;
 

' 

/S
un

S
iz

eD
at

a_
2;

 

{
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
~
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
}
 

P
ro

ce
du

re
 G

ra
p

h
1

_
1

n
it

ia
li

se
; 

va
r B

et
a1

S,
K

ap
pa

P1
S,

L
am

bd
a1

S,
G

D
T

S 
B

et
a2

S,
K

ap
pa

P2
S,

L
am

bd
a2

S 
V

ie
w

Si
ze

C
lS

 

be
gi

n in
it

S
E

G
ra

ph
ic

s(
V

al
id

D
ir

);
 

S
et

C
ur

re
nt

W
in

do
w

(2
);

 
B

or
de

rC
ur

re
nt

W
in

do
w

(1
);

 
S

et
A

xe
sT

yp
e(

0,
0)

; 
S

ca
le

P
lo

tA
re

a(
0

.0
,0

.0
,1

.0
,1

.0
);

 
S

et
X

Y
ln

te
rc

ep
ts

(0
.0

,0
.0

);
 

S
et

C
ol

or
(2

);
 

D
ra

w
X

A
xi

s(
0.

2,
1>

; 
D

ra
w

Y
A

xi
s(

o.
2 61>

; 
L

ab
el

X
A

xi
s(

1,
 

);
 

L
ab

el
Y

A
xi

s(
1,

0)
; 

T
it

le
X

A
xi

s(
'D

im
en

si
on

le
ss

 R
ad

iu
s'

);
 

T
it

le
Y

A
xi

s(
'D

im
en

si
on

le
ss

 C
on

ce
nt

ra
ti

on
'>

; 
T

it
le

W
in

do
w

('M
od

el
5E

2'
>

; 
S

tr
(B

et
a1

 
k"

C
V

ie
w

si
ze

C
ll

:6
:3

,B
et

a1
S

);
 

S
tr

(K
ap

pa
P

1_
k"

[V
ie

w
S

iz
eC

lJ
:6

:3
,K

ap
pa

P
1S

);
 

st
ri

n
g

 
st

ri
n

g
 

st
ri

n
g
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S
tr

((
D

el
ta

T
*P

ri
nt

 C
ri

t)
:6

:4
,G

D
T

S
);

 
St

r(
L

am
bd

a1
 

k"
C

V
ie

w
Si

ze
C

lJ
:5

:3
,L

am
bd

a1
S)

; 
S

tr
(B

et
a2

 k
~
C
V
i
e
w
S
i
z
e
C
l
J
:
6
:
3
,
B
e
t
a
2
S
)
;
 

S
tr

(K
ap

pa
P

2_
k"

C
V

ie
w

S
iz

eC
lJ

:6
:3

,K
ap

pa
P

2S
);

 
St

r(
L

am
bd

a2
 

k"
C

V
ie

w
S

iz
eC

ll
:5

:3
,L

am
bd

a2
S

);
 

S
tr

(V
ie

w
S

iz
eC

l:
2,

V
ie

w
S

iz
eC

lS
);

 
G

la
be

l1
:=

C
on

ca
t(

' 
B

et
a1

 
',

B
et

a1
S

,'
; 

K
ap

pa
1 

',K
ap

pa
P

1S
,';

 
La

m
bd

a1
 

L
am

bd
a1

S,
'; 

GO
T 

w
rt

 
R

ef
S

iz
eC

la
ss

 
',G

D
T

S)
; 

G
la

be
l2

:=
C

on
ca

t(
' 

B
et

a2
 

',B
et

a2
S

, 
';

 
K

ap
pa

2 
',K

ap
pa

P
2S

,';
 

La
m

bd
a2

 
L

am
bd

a2
S,

'; 
V

ie
w

C
la

ss
 

',V
ie

w
S

iz
eC

lS
);

 
L

ab
el

G
ra

ph
W

in
do

w
C

1,
93

0,
G

la
be

l1
,0

,0
);

 
L

ab
el

G
ra

ph
W

in
do

w
C

1,
90

0,
G

la
be

l2
,0

,0
);

 
en

d;
 

{·
···

-·
--

--
--

--
--

--
--
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--

--
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--
--

·-
--

--
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--
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--
--

--
--

--
--

--
--

--
--

--
--

--
--

-}
 

P
ro

ce
du

re
 G

ra
ph

1_
R

es
ul

ts
; 

be
gi

n if
 V

ie
w

Si
ze

C
l>

M
 

th
en

 
be

gi
n C
lo

se
se

gr
ap

hi
cs

; 
w

ri
te

ln
('

G
ra

ph
 1

 D
ra

w
 

ER
R

O
R

');
 

w
ri

te
ln

C
'Y

ou
 h

av
e 

in
st

u
ct

ed
 t

he
 G

ra
ph

in
g 

R
ou

ti
ne

 t
o

 g
ra

ph
 

th
e 

co
n

v
er

si
o

n
')

; 

w
ri

te
ln

C
'c

ur
ve

s 
of

 a
 s

iz
e 

cl
as

s 
w

hi
ch

 
do

es
 

no
t 

e
x

is
t.

')
; 

w
ri

te
ln

C
'R

es
pe

ci
fy

 =
 V

ie
w

S
iz

eC
la

ss
 

in
 D

ec
la

ra
ti

on
s 

se
ct

io
n

'>
; 

re
ad

ln
; 

en
d·

 
Si
z~
In
de
x:
=V
ie
wS
iz
eC
l;
 

fo
r 

A
rb

in
de

x:
=O

 
to

 C
N

+1
) 

do
 D

at
aS

et
X

"[
A

rb
ln

de
xl

 :
=

A
rb

in
de

x*
D

el
ta

E
; 

if
 K

ap
pa

P1
 

k"
[S

iz
el

nd
ex

l<
>

O
 

th
en

 b
eg

in
 

fo
r 

A
rb

Tn
de

x:
=O

 
to

 C
N

+1
) 

do
 

D
at

aS
et

Y
"[

A
rb

ln
de

xl
 :=

A
R

TP
1-

[S
iz

el
nd

ex
,A

rb
ln

de
xl

; 
L

in
eP

lo
tD

at
a(

O
at

aS
et

X
",

D
at

aS
et

Y
-,

C
N

+
2)

,3
,0

);
 

fo
r 

A
rb

ln
de

x:
=O

 
to

 (
N

+1
) 

do
 

D
at

aS
et

Y
"[

A
rb

ln
de

xl
 :

=
S

R
T

1P
1"

[S
iz

el
nd

ex
,A

rb
ln

de
xl

; 
L

in
eP

lo
tD

at
a(

D
at

aS
et

X
" 

,D
at

aS
et

Y
" 

,(
N

+
2)

,5
, 1

);
 

en
d·

 
if

 
K

ap
pa

P2
 

k"
C

Si
ze

ln
de

xJ
<>

O
 

th
en

 b
eg

in
 

fo
r 

A
rb

Tn
de

x:
=O

 
to

 C
N

+1
) 

do
 

D
at

aS
et

Y
"C

A
rb

in
de

xJ
:=

A
R

T
P1

"C
Si

ze
ln

de
x,

A
rb

ln
de

xJ
; 

L
in

eP
lo

tD
at

a(
O

at
aS

et
X

" 
,D

at
aS

et
v·

 ,C
N

+
2)

,3
,1

);
 

fo
r 

A
rb

ln
de

x:
=O

 
to

 C
N

+1
) 

do
 

D
at

aS
et

Y
"[

A
rb

ln
de

xJ
:=

S
R

T
2P

1"
C

S
iz

el
nd

ex
,A

rb
ln

de
xl

; 
L

in
eP

lo
tD

at
a(

O
at

aS
et

X
",

D
at

aS
et

Y
",

C
N

+
2)

,4
,2

);
 

en
d;

 

en
d;
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P
ro

ce
du

re
 G

ra
ph

2_
In

it
ia

li
se

_a
nd

_D
ra

w
; 

va
r X

A
xi

sM
ax

 

be
gi

n Se
tC

ur
re

nt
W

in
do

w
C

2)
; 

:R
ea
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B
or

de
rC

ur
re

nt
W

in
do

w
(1

);
 

S
et

A
xe

sT
yp

eC
0,

0)
; 

X
A

xi
sM

ax
:=

5;
 

(*
*

*
*

*
o

r 
D

el
ta

T
*R

ep
ea

ts
;*

**
*)

 
S

ca
le

P
lo

tA
re

a(
0.

0,
0.

0,
X

A
xi

sM
ax

, 1
.0

);
 

S
et

X
Y

ln
te

rc
ep

ts
(0

.0
,0

.0
);

 
S

et
C

ol
or

C
2)

; 
D

ra
w

X
A

xi
sC

C
X

A
xi

sM
ax

/5
), 

1>
; 

·o
ra

w
Y

A
xi

s(
0.

2,
 1

>;
 

L
ab

el
X

A
xi

sC
1,

0)
; 

L
ab

el
Y

A
xi

sC
1,

0)
; 

T
it

le
X

A
xi

s(
'D

im
en

si
on

le
ss

 R
ea

ct
io

n 
Ti

m
e 

CW
RT

 
R

ef
er

en
ce

 P
a
rt

ic
le

)'
);

 
T

it
le

Y
A

xi
sC

'F
ra

ct
io

na
l 

C
o

n
v

er
si

o
n

')
; 

T
it

le
W

in
do

w
('

M
od

el
5E

2'
);

 
L

ab
el

G
ra

ph
W

in
do

w
C

1,
93

0,
G

L
ab

el
1,

0,
0)

; 
L

ab
el

G
ra

ph
W

in
do

w
C

1,
90

0,
G

la
be

l2
,0

,0
);

 
if

 K
ap

pa
P1

 
k"

[S
iz

el
nd

ex
l<

>
O

 t
he

n 
be

gi
n 

fo
r 

A
rb

T
nd

ex
:=

O
 

to
 C

on
v 

V
ar

 
do

 
be

gi
n 

D
at

aS
et

X
"[

A
rb

ln
de

xl
:=

A
rb

ln
de

x*
P

ri
nt

_C
ri

t*
D

el
ta

T
; 

D
at

aS
et

Y
"C

A
rb

ln
de

xl
:=

C
on

v1
"C

A
rb

ln
de

xJ
; 

en
d·

 
Da

t~
Se

tY
"[

Ol
 :=

O
; 

L
in

eP
lo

tD
at

a(
D

at
aS

et
X

",
D

at
aS

et
Y

-,
C

on
v_

V
ar

,5
,0

);
 

en
d·

 
if

 K
ap

pa
P2

 
k"

[S
iz

el
nd

ex
J<

>
O

 
th

en
 b

eg
in

 
fo

r 
A

rb
T

nd
ex

:=
O

 
to

 C
on

v 
V

ar
 d

o 
be

gi
n 

D
at

aS
et

X
"[

A
rb

ln
de

xl
:=

A
rb

ln
de

x*
P

ri
nt

 
C

ri
t*

D
el

ta
T

; 
D

at
aS

et
Y

"C
A

rb
in

de
xJ

:=
C

on
v2

"[
A

rb
in

de
xJ

; 
en

d·
 

Da
t~
Se
tY
"C
Ol
 :=

O
; 

L
in

eP
lo

tD
at

a(
D

at
aS

et
X

",
D

at
aS

et
v·

,c
on

v_
V

ar
,4

,0
);

 
en

d;
 

en
d;
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·-
--
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--
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--
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--
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-
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n 

--
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--
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--
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--
--

-}
 

ne
w

(B
et

a1
 

k)
; 

ne
w

(K
ap

pa
P1

_k
>;

 
ne

w
(K

ap
pa

S1
_k

>;
 

ne
w

(la
m

bd
a1

 
k

);
 

ne
w

(C
on

tR
at

T
oV

1)
; 

ne
w

C
A

R
T)

; 
ne

w
(S

R
T

1)
; 

ne
w

(S
R

T
2)

; 
ne

w
(C

on
v1

);
 

ne
w

(D
at

aS
et

X
);

 
ne

w
(A

M
at

ri
x)

; 

c
l r

sc
r;

 

ne
w

(B
et

a2
 

k
);

 
ne

w
(K

ap
pa

P2
_k

);
 

ne
w

(K
ap

pa
S2

_k
);

 
ne

w
(L

am
bd

a2
 

k)
; 

ne
w

(C
on

tR
at

T
oV

2)
; 

ne
w

(A
R

TP
1)

; 
ne

w
(S

R
T

1P
1)

; 
ne

w
(S

R
T

2P
1)

; 
ne

w
(C

on
v2

);
 

ne
w

(D
at

aS
et

Y
);

 
ne

w
C

A
in

ve
rs

e)
; 

S
iz

e 
D

 s
tr

ib
u

ti
o

n
 I

n
it

ia
li

sa
ti

o
n

; 
C

on
ta

m
 n

an
t 

L
oc

at
io

n 
In

it
ia

li
sa

ti
o

n
; 

D
et

er
m

 n
e 

M
od

el
 

P
ar

am
et

er
s 

fn
 S

iz
e;

 
G

ra
ph

1_
In

T
ti

al
is

e;
 

-
-

R
ep

ea
ts

:=
O

; 
Fl

ag
1 

:=
O

; 
P

lo
t 

V
ar

:=
O

; 
Co

n.
v:

::v
a r

: =
O

; 

ne
w

(D
el

ta
T

_k
);

 

ne
w

(S
R

T
1P

1C
); 

ne
w

(S
R

T
2P

1C
); 
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Ti
m

eO
 A

RT
 

an
d 

SR
Ts

; 
G

ue
ss

:::
sR

T
sP

1;
-

w
hi

 l
e 

R
ep

ea
ts

<
Jt

er
at

io
ns

 d
o 

be
gi

n w
hi

le
 (

F
la

g1
=

0)
 

do
 

be
gi

n C
al

e 
AR

TP
1 

an
d 

SR
Ts

P1
C

; 
C

he
cK

 C
on

ve
rg

en
ce

; 
R

eG
iJe

ss
 S

R
Ts

P1
; 

en
d;

 
-

P
lo

t_
V

ar
:=

P
lo

t_
V

ar
+

1;
 

if
 P

lo
t 

V
ar

=
P

ri
nt

 
C

ri
t 

th
en

 
be

gi
n 

-
-

P
lo

t 
V

ar
:=

O
; 

C
on

v-
V

ar
:=

C
on

v 
V

ar
+1

; 
G

ra
pl
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--
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--
--

--
--

--
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--
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--
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} 

P
ro

ce
du

re
 R

ea
d_

A
R

T_
an

d_
SR

Ts
; 

va
r U

ni
tH

ea
pN

oS
,F

ile
N

am
e 

H
ea

pF
il

e 

be
gi

n S
tr

(U
ni

tH
ea

pl
nd

ex
,U

ni
tH

ea
pN

oS
);

 
Fi

le
N

am
e:

=C
on

ca
t(

'M
6C

1H
',U

ni
tH

ea
pN

oS
, 
'.

O
a
t'

);
 

as
si

gn
(H

ea
pF

il
e,

F
il

eN
am

e)
; 

re
se

tC
H

ea
pF

il
e)

; 
fo

r 
S

iz
el

nd
ex

:=
1 

to
 M

 do
 

be
gi

n fo
r 

A
rb

ln
de

x:
=O

 
to

 N
 d

o 
be

gi
n re
ad

(H
ea

pF
il

e,
A

R
T

"[
S

iz
el

nd
ex

,A
rb

Jn
de

xl
 )

; 
re

ad
(H

ea
pF

il
e,

S
R

T
1"

[S
iz

el
nd

ex
,A

rb
ln

de
xl

);
 

re
ad

ln
(H

ea
pF

il
e,

S
R

T
2"

C
S

iz
eJ

nd
ex

,A
rb

ln
de

xl
);

 
en

d·
 

re
ad

(H
ea

pF
il

e,
A

rb
V

al
ue

);
 

A
R

T
"[

Si
ze

ln
de

x,
N

+1
l 

:=
T

ot
H

ea
pA

R
T

V
ec

"[
U

ni
tH

ea
pl

nd
ex

l; 
re

ad
(H

ea
pf

il
e 

SR
T

1"
[S

iz
el

nd
ex

,N
+1

J 
>;

 
re

ad
ln

C
H

ea
pF

i(
e,

S
R

T
2"

[S
iz

el
nd

ex
,N

+
1J

);
 

:S
tr

in
g

; 
:T

ex
t;
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en
d·

 
re

ad
ln

(H
ea

pF
il

e,
H

ol
dC

on
v1

,H
ol

dC
on

v2
);

 
cl

os
e(

H
ea

pF
i 

le
);

 

en
d;
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P
ro

ce
du

re
 Y

rit
e_

A
R

T
_a

nd
_S

R
T

s;
 

va
r U

ni
tH

ea
pN

oS
,F

ile
N

am
e 

H
ea

pF
 i 

le
 

be
gi

n S
tr

(U
ni

tH
ea

pl
nd

ex
,U

ni
tH

ea
pN

oS
);

 
F

il
eN

am
e:

=
C

on
ca

t(
1
M

6C
1H

1
,U

ni
tH

ea
pN

oS
,

1
.0

at
1
)
;
 

as
si

gn
(H

ea
pF

il
e,

F
il

eN
am

e)
; 

re
w

ri
te

(H
ea

p
F

il
e)

; 
fo

r 
S

iz
e!

nd
ex

:=
1 

to
 M

 do
 

be
gi

n fo
r 

A
rb

ln
de

x:
=O

 
to

 N
+1

 
do

 
be

gi
n if
 A

RT
-

C
S

iz
el

nd
ex

,A
rb

in
de

xl
>

F
C

on
c 

T
ol

 
th

en
 

w
ri

te
(H

ea
pF

il
e,

A
R

T
"[

S
iz

el
nd

ex
,A

rb
Jn

de
xl

,' 
el

se
 w
ri

te
(H

ea
pF

il
e,

0.
00

0,
0 

'
)
;
 

if
 S

R
T

1"
[S

iz
el

nd
ex

,A
rb

ln
de

xJ
>

S
C

on
c_

T
ol

 
th

en
 

w
ri

te
(H

ea
pF

il
e,

S
R

T
1"

[S
iz

el
nd

ex
,A

rb
ln

de
xJ

,' 
el

se
 w
ri 

te
(H

ea
pF

i 
le

,0
.0

0
0

, •
 

• )
; 

if
 S

R
T

2"
[S

iz
el

nd
ex

,A
rb

ln
de

x]
>

S
C

on
c_

T
ol

 
th

en
 

w
ri

te
ln

(H
ea

pF
il

e,
S

R
T

2"
[S

iz
el

nd
ex

,A
rb

ln
de

xl
) 

el
se

 w
ri

te
ln

(H
ea

p
F

il
e,

0
.0

0
0

);
 

I 
) 

:S
tr

in
g

; 
:T

ex
t;

 

I 
) 

en
d;

 
w

ri
te

ln
(H

ea
p

F
il

e)
; 

en
d·

 
w

ri
te

ln
(H

ea
pF

il
e,

U
ni

tH
ea

pC
on

v1
, 

• 
',U

ni
tH

ea
pC

on
v2

);
 

w
ri

te
ln

(H
ea

p
F

il
e)

; 
w

ri
te

ln
(H

ea
pF

il
e,

•c
um

T
im

e 
1
,C

um
tim

e)
; 

cl
os

e(
H

ea
pF

i 
le

);
 

U
ni

tH
ea

pC
on

v1
:=

0;
 

U
ni

tH
ea

pC
on

v2
:=

0;
 

en
d;
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P
ro

ce
du

re
 O

et
er

m
in

e_
M

ax
im

um
_O

el
ta

T
_f

n_
Si

ze
; 

be
gi

n fo
r 

U
ni

tH
ea

pl
nd

ex
:=

1 
to

 N
oU

ni
tH

ea
ps

 
do

 
be

gi
n fo

r 
S

iz
el

nd
ex

:=
1 

to
 M

 do
 

en
d;

 

OT
 

fo
r 

Y
at

ch
S

iz
e"

[U
ni

tH
ea

pl
nd

ex
,S

iz
el

nd
ex

J 
:=

M
ax

O
el

ta
T

 
-

*
S

iz
e0

at
a[

S
iz

el
n

d
ex

,1
l*

S
iz

e0
at

a[
S

iz
el

n
d

ex
,1

J 
/S

iz
e0

at
a[

M
,1

J/
S

iz
e0

at
a[

M
,1

l;
 

fo
r 

U
ni

tH
ea

pl
nd

ex
:=

1 
to

 N
oU

ni
tH

ea
ps

 
do

 
Y

at
ch

S
iz

eO
T

[U
ni

tH
ea

pl
nd

ex
l:

=
M

; 

en
d;
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} 

P
ro

ce
du

re
 D

et
er

m
in

e_
C

or
re

sp
on

di
ng

_C
ol

O
el

ta
T

; 

(T
hi

s 
pr

oc
ed

ur
e 

us
es

 
th

e 
m

et
ho

d 
of

 
ch

ar
ac

te
ri

st
ic

s 
to

 d
et

er
m

in
e 

th
e 

} 
{p

ro
gr

es
si

on
 i

n 
tim

e 
fo

r 
a 

gi
ve

n 
C

ha
rC

ol
O

el
ta

E
. 

It
 a

ll
ow

s 
fo

r 
un

st
ea

dy
 

} 
{

st
at

e 
fl

ow
. 

} 

be
gi

n In
tl

en
g

th
 

:=
O

; 
C

ol
D

el
ta

 
t:=

O
; 

w
hi

le
 

In
tL

en
gt

h<
>

ln
tL

en
gt

hC
ri

t 
do

 
be

gi
n 

if
 E

O
F(

Su
pV

el
Fi

le
) 

th
en

 b
eg

in
 

cl
os

es
eg

ra
ph

ic
s;

 
w

ri
te

ln
('

In
su

ff
ic

ie
n

t 
D

at
a 

in
 t

he
 S

u
p

er
fi

ci
al

 V
el

oc
it

y 
D

at
a 

F
il

e 
to

')
; 

w
ri

te
ln

('
ex

ec
u

te
 t

he
 r

eq
ui

re
d 

nu
m

be
r 

of
 

it
e
ra

ti
o

n
s.

')
; 

w
ri

te
ln

('
P

re
se

n
t 

nu
m

be
r 

of
 

it
er

at
io

n
s:

=
 

1
,T

im
eC

ou
nt

er
);

 
C

on
tin

ue
:=

O
· 

In
tL

en
gt

h:
=

in
tL

en
gt

hC
ri

t;
 

re
ad

ln
; 

en
d·

 
In

tl
en

gt
h:

=
ln

tL
en

gt
h+

(S
up

V
el

D
at

a[
2,

1]
-S

up
V

el
D

at
a[

1,
 1

J)
*S

up
V

el
D

at
a[

2,
2J

; 
C

ol
D

el
ta

 t
:=

C
ol

D
el

ta
_t

+
(S

up
V

el
D

at
a[

2,
1]

-S
up

V
el

D
at

a[
1,

 1
])

; 
If

 
In

tl
en

gt
h>

ln
tL

en
gt

hC
ri

t 
th

en
 b

eg
in

 
A

rb
V

al
ue

:=
In

tl
en

gt
h-

In
tl

en
gt

hC
ri

t;
 

C
ol

D
el

ta
 t

:=
C

ol
D

el
ta

 
t-

A
rb

V
al

ue
/S

up
V

el
D

at
a[

2,
2J

; 
In

tL
en

gt
fi

:=
In

tL
en

gt
hC

ri
t;

 
S

up
V

el
D

at
a[

1,
1J

:=
S

up
V

el
D

at
a[

2,
1J

-A
rb

V
al

ue
/S

up
V

el
D

at
a[

2,
2J

; 
su

pV
el

D
at

a[
1,

2J
:=

S
up

V
el

D
at

a[
2,

2J
; 

en
d 

el
se

 b
eg

in
 

Su
pV

eL
D

at
a[

1,
 1

1:
=

S
up

V
el

D
at

a[
2,

1J
; 

Su
pV

el
D

at
a[

1,
2]

 :
=

S
up

V
el

D
at

a[
2,

2J
; 

re
ad

(S
up

V
el

Fi
 l

e,
 

Su
pV

el
D

at
a 

[2
., 

1
] 

);
 

re
ad

(S
up

V
el

F
il

e,
 

S
up

V
el

D
at

a[
2,

2]
) 

en
d·

 
en

d·
 

' 
C

ol
D

el
ta

T
:=

C
ol

D
el

ta
 t

*u
S

ta
r/

C
ol

L
en

gt
h;

 
C

um
Ti

m
e:

=C
um

Ti
m

e+
C

oT
D

el
ta

T;
 

en
d;
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ro
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et
er
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in

e_
A

pp
ro

pr
ia

te
_R

ef
_S

iz
e_

C
la

ss
_D

el
ta

T
; 

be
gi

n S
iz

ei
nd

ex
:=

W
at

ch
S

iz
eD

T
[U

ni
tH

ea
pl

nd
ex

];
 

It
er

at
io

ns
:=

IN
T

(C
oL

D
el

ta
T

/C
D

T
 

fo
r 

W
at

ch
S

iz
e"

[U
ni

tH
ea

pl
nd

ex
,S

iz
ei

nd
ex

J)
) 

+1
 · 

-
-

D
el

ta
T

:=
C

ol
D

el
ta

T
/I

te
ra

ti
on

s;
 

w
ri

te
ln

(S
iz

ei
nd

ex
);

 
en

d;
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P
ro

ce
du

re
 C

he
ck

_W
he

th
er

_W
at

ch
S

iz
e_

S
ti

ll
_V

al
id

; 

va
r F

la
g 

In
te

rG
1 

In
te

gV
al

 

In
te

ge
r;

 
V

er
yL

on
gV

ec
to

r;
 

R
ea

l;
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be
gi

n S
iz

ei
nd

ex
:=

W
at

ch
S

iz
eD

T
[U

ni
tH

ea
pi

nd
ex

];
 

Fl
ag

:=
O

; 
if

 A
R

T
"[

S
iz

ei
nd

ex
,N

]<
0.

5*
A

R
T

"[
S

iz
ei

nd
ex

,(
N

+
1)

] 
be

gi
n fo

r 
A

rb
in

de
x:

=O
 

to
 N

 d
o 

th
en

 

be
gi

n 
. i

f 
(A

R
T

"[
S

iz
ei

nd
ex

,A
rb

in
de

xJ
<

0.
8*

A
R

T
"[

S
iz

ei
nd

ex
,C

A
rb

in
de

x+
1)

l)
 

or
 

(A
RT

0

[S
iz

el
nd

ex
,A

rb
in

de
x]

>
1.

2*
A

R
T

"[
S

iz
ei

nd
ex

,(
A

rb
in

de
x+

1)
])

 
th

en
 F

la
g:

=
F

la
g+

1;
 

en
d·

 
~
d
•
 

I 

if
 F

la
g=

O
 

th
en

 
be

gi
n fo

r 
A

rb
ln

de
x:

=O
 

to
 N

+1
 

do
 

In
te

rG
1 

[A
rb

in
de

xJ
:=

A
R

T
"[

S
iz

ei
nd

ex
,A

rb
ln

de
xJ

; 
In

te
gr

at
eV

ec
to

r(
In

te
rG

1,
D

el
ta

E
,0

,(
N

+
1)

,l
nt

eg
V

al
);

 
fo

r 
A

rb
ln

de
x:

=O
 

to
 N

+1
 

do
 

if
 

(A
R

T
"[

S
iz

el
nd

ex
,A

rb
in

de
x]

<
(0

.9
*I

nt
eg

va
l)

) 
or

 (
A

R
T

"[
S

iz
ei

nd
ex

,A
rb

in
de

xl
>

(1
.1

*1
nt

eg
va

l)
) 

th
en

 F
la

g:
=

1;
 

if
 

(F
la

g=
O

) 
an

d 
(W

at
ch

Si
ze

D
T

[U
ni

tH
ea

pi
nd

ex
l>

1)
 

th
en

 
W

at
ch

Si
ze

D
T

[U
ni

tH
ea

pi
nd

ex
J:

=
W

at
ch

Si
ze

D
T

[U
ni

tH
ea

pi
nd

ex
J-

1;
 

en
d 

el
se

 i
f 

A
R

T
"(

Si
ze
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x,
N
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l>

FC
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T
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th
en

 D
T

_f
or

_W
at

ch
Si

ze
"[

U
ni
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ea
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nd
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,S
iz

ei
nd

ex
l 

:=
2*

D
T

_f
or

_W
at

ch
S

iz
e"

[U
ni

tH
ea

pl
nd

ex
,S
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ei

nd
ex

l;
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be
gi
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sJ
:=

T
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H
ea

pC
on
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ol

it
er

sJ
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bW
et
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T
ot

H
ea

pC
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·c
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:=

T
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H
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on

vz
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rs
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gi
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H
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pA
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] 

:=
A

R
T
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1,

N
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l; 
T

ot
H

ea
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SR

T
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U
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l:=

T
ot

H
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SR
T
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U

ni
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J+
 

(U
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ea
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);
 

T
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H
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pS
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SR
T
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U

ni
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pi
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l:=
T
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H
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pS

ol
SR

T
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"[

U
ni

tH
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pl
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ex
]+

 
(U
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);
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be
gi

n A
R

T
B

T
C
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C
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 +
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1J

:=
G

lo
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 d
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ra
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0.
0,

(T
im

eV
ec

to
r·

[c
ol

lt
er

sl
),

G
fM

ax
 Y

); 
(*

**
} 

S
et

X
Y

ln
te

rc
ep

ts
(0
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w

(S
R

T2
P1

C
); 

07
/3

1/
19

95
 

08
:2

7 
F

il
en

am
e:

 
M

OD
EL

6C
1 

.P
A

S 
Pa

ge
 

8 

ne
w

(D
at

aS
et

X
);

 
ne

w
(A

M
at

ri
x)

; 
ne

w
(A

R
TB

TC
); 

ne
w

(T
ot

H
ea

pA
R

T
V

ec
); 

ne
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at
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e;
 

ln
it
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_
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u

p
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_

V
el

o
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_

F
il
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C
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it
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l 

C
on
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s;

 
P
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e 
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it
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l 

C
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s;

 
G

en
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at
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U
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; 

D
et
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m
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e_

M
ax

im
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T
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n_

Si
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; 

w
hi

le
 C

ol
lt

er
s<

S
pe
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ol

lt
er

s 
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be

gi
n C
o

ll
te

rs
:=

C
o

ll
te
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+

1
; 

D
et

er
m

in
e 

C
or
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on
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ng
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ol
D

el
ta

T
; 

T
im

eV
ec

to
r·
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ol

lt
er

sJ
:=

C
um

T
im

e;
 

fo
r 

U
ni

tH
ea

pl
nd

ex
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1 
to

 N
oU

ni
tH

ea
ps

 d
o 

be
gi

n R
ea

d 
AR

T 
an

d 
SR

Ts
; 

if
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R
T-

cT
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FC
on

c 
To

i 
th

en
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gi

n 
-

C
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se
se
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; 
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w
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R
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B
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); 

ne
w

(T
ot

H
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pS
ol

SR
T

2V
ec

);
 

ne
w

(T
 im

eV
ec

to
r)

; 

D
et

er
m

in
e 

A
pp

ro
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ia
te

 R
ef

 
S

iz
e 

C
la

ss
 D

el
ta

T
; 

D
et

er
m

in
e-

D
el

ta
T
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 S
iz

e;
-

-
-

E
xe

cu
te

 U
ni

t6
C

1;
-

-
C

he
ck

_W
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th
er

_W
at
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S

iz
e_

S
ti

ll
_V

al
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; 
en

d·
 

up
D
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T
ot

H
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v;
 

U
pD

at
e 

T
ot

H
ea

pV
ec

to
r;

 
W

ri
te

 A
RT

 
an

d 
SR

Ts
; 

en
d;
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T
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A
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n(

C
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.D
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; 

A
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en
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C
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W
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eV
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to
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lt
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:8
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,' 
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H
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pC
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"[

C
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er
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:8
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C

lo
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xl
; 

S
R

T
1"

[S
iz

el
nd

ex
,A

rb
ln

de
xl

 
=

S
R

T
1P

1"
[S

iz
el

nd
ex

,A
rb

ln
de

xJ
; 

S
R

T
2"

[S
iz

el
nd

ex
,A

rb
ln

de
xl

 
=

S
R

T
2P

1"
[S

iz
el

nd
ex

,A
rb

ln
de

xJ
; 
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en

d·
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n
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f 
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e 
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{t
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D
ix

on
. 

Th
e 

in
te

g
ra

to
r}

 
{

is
 t

he
 Q

ui
nn

-C
ur

ti
s 

v
ec

to
r 

in
te

g
ra

to
r.

 
} 

va
r ln

te
rG

1,
ln

te
rG

2 
ln

te
gV

al
,C

on
ve

rs
io

n 
:V

er
yl

on
gV

ec
to

r;
 

:R
ea

l;
 

be
gi

n fo
r 

S
iz

el
nd

ex
:=

1 
to

 M
 do

 
be

gi
n if
 K

ap
pa

P1
 

k"
[S

iz
el

nd
ex

l<
>

O
 

th
en

 
be

gi
n 

-
fo

r 
A

rb
ln

de
x:

=O
 

to
 (

N
+1

) 
do

 
ln

te
rG

1 
C

A
rb

ln
de

xl
:=

(1
·S

R
T

1"
[S

iz
el

nd
ex

,A
rb

ln
de

x]
)*

A
rb

ln
de

x*
D

el
ta

E
 

*A
rb

ln
de

x*
D

el
ta

E
; 

ln
te

gr
at

eV
ec

to
r(

ln
te

rG
1,

D
el

ta
E

,0
1
(N

+
1)

,l
nt

eg
V

al
);

 
C

on
ve

rs
io

n 
:=

3*
(1

·L
am

bd
a1

 
k 

[S
iz

el
nd

ex
J)

*l
nt

eg
V

al
 

+L
am

bd
a1

 
k"

[S
iz

el
nd

ex
J*

(1
-S

R
T

1"
[S

iz
el

nd
ex

,N
+

1J
 )

; 
U

ni
tH

ea
pC

on
v1

:=
U

ni
tH

ea
pC

on
v1

+
C

on
ve

rs
io

n*
S

iz
eD

at
a[

S
iz

el
nd

ex
,2

J 
/S

um
Si

ze
D

at
a_

2;
 

en
d;

 

if
 K

ap
pa

P2
 

k"
[S

iz
el

nd
ex

]<
>

O
 

th
en

 
be

gi
n 

-
fo

r 
A

rb
ln

de
x:

=O
 

to
 (

N
+1

) 
do

 
ln

te
rG

2C
A

rb
ln

de
xJ

:=
(1

·S
R

T
2"

[S
iz

el
nd

ex
,A

rb
ln

de
xJ

)*
A

rb
ln

de
x*

D
el

ta
E

 
*A

rb
ln

de
x*

D
el

ta
E

; 
ln

te
g

ra
te

V
ec

to
r(

ln
te

rG
2

,D
el

ta
E

,0
,(

N
+

1
),

ln
te

g
V

al
);

 
C

on
ve

rs
io

n 
:=

3*
(1

-L
am

bd
a2

 
k"

[S
iz

el
nd

ex
])

*l
nt

eg
V

al
 

+L
am

bd
a2

 
k"

[S
iz

el
nd

ex
J*

(1
-S

R
T

2"
[S

iz
el

nd
ex

,N
+

1J
);

 
U

ni
tH

ea
pC

on
v2

:=
U

ni
tH

ea
pC

on
v2

+
C

on
ve

rs
io

n*
S

iz
eD

at
a[

S
iz

el
nd

ex
,2

J 
/S

um
Si

ze
D

at
a 

2;
 

en
d;

 
-

en
d·

 
en

d;
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P
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p
h
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; 

va
r G

ra
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e 
B

et
a1

S,
K

ap
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S,

L
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bd
a1

S,
G

D
T

S 
B

et
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S,
K

ap
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S,

L
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bd
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S 
O

rd
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1S
,O
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In
te

g
er

; 
S
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g
; 

S
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g

; 
S
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g
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C
um

T
im

eS
,U
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tH

ea
pN
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,V

ie
w

Si
ze

C
lS

 

be
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n in
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S
E

G
ra

ph
ic

s(
V

al
id

D
ir

);
 

Se
tC

ur
re

nt
W

in
do

w
(3

);
 

B
or

de
rC

ur
re

nt
W

in
do

w
(1

);
 

Se
tA

xe
sT

yp
e(

O
,O

>;
 

S
ca

le
P

lo
tA

re
a(

0.
0,

0.
0,

 1
.0

, 1
.2

);
 

S
et

X
Y
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te
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ep

ts
(0

.0
,0

.0
);

 
S

et
C

ol
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(2
);

 
D

ra
w

X
A

xi
s(

0.
2,

 1
);

 
D

ra
w

Y
A

xi
s(

0.
2,

 1
);

 
L

ab
el

X
A

xi
sC

1,
0)

; 
L

ab
el

Y
A

xi
s(

1,
0)

; 
T

it
le

X
A

xi
sC

'D
im

en
si

on
le

ss
 R

ad
iu

s'
);

 
T

it
le

Y
A

xi
s(

'D
m

ls
s 

C
on

e'
);

 
T

itl
eW

in
do

w
C

'U
ni

t6
C

1'
>

; 
S

tr
(B

et
a1

:6
:3

,B
et

a1
s)

; 
S

tr
(K

ap
pa

P
1:

6:
3,

K
ap

pa
P

1S
);

 
S

tr
((

D
el

ta
T

*P
ri

nt
 C

ri
t)

:6
:4

,G
D

T
S

);
 

St
r(

L
am

bd
a1

:5
:3

,L
am

bd
a1

S)
; 

S
tr

(O
rd

S
P

1:
5:

2,
0r

dS
P

1S
);

 
S

tr
(B

et
a2

:6
:3

,B
et

a2
S

);
 

S
tr

(K
ap

pa
P

2:
6:

3,
K

ap
pa

P
2S

);
 

St
r(

L
am

bd
a2

:5
:3

,L
am

bd
a2

S)
; 

S
tr

(O
rd

S
P

2:
5:

2,
0r

dS
P

2S
);

 
St

r(
C

um
T

im
e:

8:
4,

C
um

T
im

eS
);

 
S

tr
(U

ni
tH

ea
pl

nd
ex

:2
,U

ni
tH

ea
pN

oS
);

 
S

tr
(V

ie
w

S
iz

eC
l:

2,
V

ie
w

S
iz

eC
lS

);
 

:S
tr

in
g

; 

G
la

be
l1

:=
C

on
ca

t(
' 

B
et

a1
 

',
B

et
a1

S
,'

; 
K

ap
pa

1 
',K

ap
pa

P
1S

,';
 

La
m

bd
a1

 
L

am
bd

a1
S,

'; 
O

rd
er

1 
',O

rd
S

P
1S

,';
 

GO
T 

',G
D

T
S)

; 
G

L
ab

el
2:

=C
on

ca
tC

' 
B

et
a2

 
',B

et
a2

S
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; 
K

ap
pa

2 
',K

ap
pa

P2
S,

 '
; 

La
m

bd
a2

 
L

am
bd

a2
S,

'; 
O

rd
er

2 
',O

rd
S

P
2S

);
 

G
la
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C

on
ca

t(
' 

Cu
m

Ti
m

e 
1
,C

um
Ti

m
eS

,1 
• 

P
ro

fi
le

s 
of

 
u

n
it

 h
ea

p 
' 

U
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tH
ea

pN
oS
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an

d 
si
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s 

',V
ie

w
S
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eC
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);

 
L
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el

G
ra

ph
W
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w
C

1,
90

0,
G

L
ab

el
1,

0,
0)

; 
L

ab
el

G
ra

ph
W

in
do

w
C

1,
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0,
"G

L
ab

el
2,

0,
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; 
L

ab
el

G
ra

ph
W

in
do

w
C

16
0,

80
0,

G
L

ab
el

3,
0,

0)
; 

fo
r 

A
rb

ln
de

x:
=1

 
to

 2
 d

o 
be

gi
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 A

rb
ln

de
x=

1 
th

en
 G

ra
ph

T
yp

e:
=9

 e
ls

e 
G

ra
ph

T
yp

e:
=1

0;
 

Se
tC

ur
re

nt
W

in
do

w
(G

ra
ph

T
yp

e)
; 

B
or

de
rc

ur
re

nt
W

in
do

w
C

1>
; 

S
et

A
xe

sT
yp

e(
0,

0)
; 

S
ca

le
P

lo
tA

re
a(

0.
0,

0.
0,

 1
.0

, 1
.2

);
 

S
et

X
Y

in
te

rc
ep

ts
(0

.0
,0

.0
);

 
S

et
C

ol
or

(2
);

 
D

ra
w

X
A

xi
s(

0.
2,

 1
);

 
D

ra
w

Y
A

xi
s(

0.
2,

 1
);

 
L

ab
el

X
A

xi
s(

1,
0)

; 
L

ab
el

Y
A

xi
sC

1,
0)

; 
T

it
le

X
A

xi
s(

1
D

im
en

si
on

le
ss

 R
ad

iu
s'

);
 

T
itl

eY
A

xi
sC

'D
m

ls
s 

C
on

e'
);

 
T

it
le

W
in

do
w

('U
ni

t6
C

1'
);

 
if

 A
rb

ln
de

x=
1 

th
en

 L
ab

el
G

ra
ph

W
in

do
w

(2
00

,9
00

,'S
m

al
le

st
 

S
iz

e 
F

ra
ct

io
n

•,
0

,0
) 

el
se

 L
ab
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G

ra
ph

W
in

do
w

(2
00

,9
00

,1
L
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st
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e 

F
ra

ct
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n
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0
,0

);
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d;
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P

ro
ce

du
re

 G
ra

ph
1_

R
es

ul
ts

; 

va
r G

ra
ph

 In
de

x 
: I

n
te

g
er

; 

be
gi

n if
 V

ie
w

Si
ze

C
l>

M
 

th
en

 
be

gi
n C
lo

se
se

gr
ap

hi
cs

; 
w

ri
te

ln
('

G
ra

ph
 

1 
D

ra
w

 
ER

R
O

R
');

 
w

ri
te

ln
C

'Y
ou

 h
av

e 
in

st
u

ct
ed

 t
he

 G
ra

ph
in

g 
R

ou
ti

ne
 

to
 g

ra
ph

 
th

e 
co

n
v

er
si

o
n

')
; 

w
ri

te
ln

('
cu

rv
es

 o
f 

a 
si

ze
 c

la
ss

 w
hi

ch
 

do
es

 
no

t 
e
x

is
t.

')
; 

w
ri

te
ln

C
'R

es
pe

ci
fy

 =
 V

ie
w

si
ze

C
la

ss
 

in
 D

ec
la

ra
ti

o
n

s 
se

c
ti

o
n

')
; 

re
ad

ln
; 

en
d·

 
fo

r1

G
ra

ph
ln

de
x:

=
1 

to
 3

 d
o 

be
gi

n if
 G

ra
ph

ln
de

x=
1 

th
en

 
be

gi
n S
iz

el
nd

ex
:=

V
ie

w
S

iz
eC

l;
 

S
et

C
ur

re
nt

W
in

do
w

(3
);

 
en

d 
el

se
 i

f 
G

ra
ph

ln
de

x=
2 

th
en

 
be

gi
n S
iz

el
nd

ex
:=

M
; 

S
et

C
ur

re
nt

W
in

do
w

(9
);

 
en

d 
el

se
 

be
gi

n S
iz

el
nd

ex
:=

1;
 

S
et

C
ur

re
nt

W
in

do
w

(1
0)

; 
en

d·
 

fo
r1

A
rb

ln
de

x:
=O

 
to

 (
N

+1
) 

do
 D

at
aS

et
X

"[
A

rb
ln

de
xJ

:=
A

rb
in

de
x*

D
el

ta
E

; 
if

 K
ap

pa
P1

<>
0 

th
en

 b
eg

in
 

1 

fo
r 

A
rb

in
de

x:
=O

 
to

 (
N

+1
) 

do
 

D
at

aS
et

Y
"[

A
rb

ln
de

xJ
:=

A
R

T
"[

S
iz

el
nd

ex
,A

rb
ln

de
xJ

; 
L

in
eP

lo
tD

at
a(

D
at

aS
et

X
",

D
at

aS
et

Y
",

(N
+

2)
,3

,0
);

 
fo

r 
A

rb
in

de
x:

=O
 

to
 (

N
+1

) 
do

 
D

at
aS

et
Y

"[
A

rb
ln

de
xJ

:=
S

R
T

1"
[S

iz
el

nd
ex

tA
rb

ln
de

xJ
; 

L
in

eP
lo

tD
at

a(
D

at
aS

et
X

",
D

at
aS

et
Y

",
(N

+
2)

,)
,0

);
 

en
d·

 
if

 K
ap

pa
P2

<>
0 

th
en

 b
eg

in
 

fo
r 

A
rb

in
de

x:
=O

 
to

 (
N

+1
) 

do
 

D
at

aS
et

Y
"[

A
rb

ln
de

xJ
:=

A
R

T
"[

S
iz

el
nd

ex
,A

rb
in

de
xJ

; 
L

in
eP

lo
tD

at
a(

D
at

aS
et

X
",

D
at

aS
et

Y
",

(N
+

2)
,3

,0
);

 
fo

r 
A

rb
in

de
x:

=O
 

to
 C

N
+1

) 
do

 
D

at
aS

et
Y

"[
A

rb
ln

de
xJ

 :
=

S
R

T
2"

[S
iz

ei
nd

ex
,A

rb
ln

de
xJ

; 
L

in
eP

lo
tD

at
a(

D
at

aS
et

x·
,o

at
aS

et
Y

",
(N

+
2)

,4
,2

);
 

en
d·

 
en

d·
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G
ra

ph
1_

1n
it

ia
li

se
; 

R
ep

ea
ts

:=
O

; 
Fl

ag
1 

:=
O

; 
Pl

ot
_V

ar
:=

O
; 

G
ue

ss
_S

R
T

sP
1;

 

G
ra

ph
1_

R
es

ul
ts

; 

w
hi

le
 (

R
ep

ea
ts

<
lt

er
at

io
ns

) 
an

d 
C

A
R

T
.[1

,N
+1

J>
FC

on
c_

T
ol

) 
do

 
be

gi
n w
hi

le
 

C
Fl

ag
1=

0)
 

do
 

be
gi

n C
al

e 
AR

TP
1 

an
d 

SR
Ts

P1
C

; 
Ch

ec
K

 C
on

ve
rg

en
ce

; 
.R

eG
ue

ss
 

SR
Ts

P1
; 

en
d;

 
-

P
lo

t_
V

ar
:=

P
lo

t_
V

ar
+

1;
 

if
 P

lo
t 

V
ar

=
P

ri
nt

 C
ri

t 
th

en
 

be
gi

n·
 -

-
P

lo
t 

V
ar

:=
O

; 
G

ra
pF

i1
_R

es
ul

ts
; 

en
d;

 

U
pd

at
e_

A
R
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an

d_
SR

Ts
; 

G
ue

ss
 

SR
Ts

P1
; 

Fl
ag

1T
=O

; 
R

ep
ea

ts
:=

R
ep

ea
ts

+
1;

 

en
d;

 

G
ra

ph
 1

 R
es

ul
ts

; 
C

al
c_

C
on

ve
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io
n;

 

en
d;

 

en
d.
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; 

w
ri

te
ln

(H
ea

pF
il

e,
'C

um
T

im
e 

cl
os

e(
H

ea
pF

i l
e)

; 
U

ni
tH

ea
pC

on
v1

:=
0;

 
U

ni
tH

ea
pC

on
v2

:=
0;

 

',U
ni

tH
ea

pC
on

v2
);

 

• ,
C

um
tim

e)
; 

en
d;
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} 

P
ro

ce
du

re
 D

et
er

m
in

e_
M

ax
im

um
_D

el
ta

T
_f

n_
Si

ze
; 

be
gi

n fo
r 

U
ni

tH
ea

pl
nd

ex
:=

1 
to

 N
oU

ni
tH

ea
ps

 d
o 

be
gi

n fo
r 

S
iz

el
nd

ex
:=

1 
to

 M
 do

 

en
d;

 

DT
 

fo
r 

w
at

ch
S

iz
e·

cu
ni

tH
ea

pl
nd

ex
,S

iz
ei

nd
ex

J:
=

M
ax

D
el

ta
T

 
-

*S
iz

eD
at

a[
S

iz
el

nd
ex

,1
J*

S
iz

eD
at

a[
S

iz
el

nd
ex

,1
J 

/S
iz

eD
at

a[
M

,1
l/

S
iz

eD
at

a[
M

,1
l;

 

fo
r 

U
ni

tH
ea

pl
nd

ex
:=

1 
to

 N
oU

ni
tH

ea
ps

 
do

 W
at

ch
Si

ze
D

T
[U

ni
tH

ea
pl

nd
ex

J 
:=

M
; 

en
d;
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--
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--
} 

P
ro

ce
du

re
 D

et
er

m
in

e_
C

or
re

sp
on

di
ng

_C
ol

D
el

ta
T

; 

{T
hi

s 
pr

oc
ed

ur
e 

us
es

 
th

e 
m

et
ho

d 
of

 
ch

ar
ac

te
ri

st
ic

s 
fo

 
de

te
rm

in
e 

th
e 

} 
{p

ro
gr

es
si

on
 i

n 
tim

e 
fo

r 
a 

gi
ve

n 
C

ha
rC

ol
D

el
ta

E
. 

It
 a

ll
ow

s 
fo

r 
un

st
ea

dy
 

} 
{

st
at

e 
fl

ow
. 

} 

be
gi

n ln
tl

en
g

th
 

:=
O

; 
C

ol
D

el
ta

 t
:=

O
; 

w
hi

le
 

In
tl

en
gt

h<
>

In
tl

en
gt

hC
ri

t 
do

 b
eg

in
 

if
 E

O
FC

Su
pV

el
Fi

le
) 

th
en

 b
eg

in
 

cl
os

es
eg

ra
ph

ic
s;

 
w

ri
te

ln
('

In
su

ff
ic

ie
n

t 
D

at
a 

in
 t

he
 S

u
p

er
fi

ci
al

 V
el

oc
it

y 
D

at
a 

F
il

e 
to

')
; 

w
ri

te
ln

(•
ex

ec
ut

e 
th

e 
re

qu
ir

ed
 n

um
be

r 
of

 
it

e
ra

ti
o

n
s.

')
; 

w
ri

te
ln

('
P

re
se

n
t 

nu
m

be
r 

of
 

it
er

at
io

n
s:

=
 

',T
im

eC
ou

nt
er

);
 

C
on

tin
ue

:=
O

; 
In

tl
en

g
th

:=
In

tl
en

g
th

C
ri

t;
 

re
ad

ln
; 

' 
en

d·
 

In
tl

en
gt

h:
=

In
tl

en
gt

h+
(S

up
V

el
D

at
a[

2,
 1

J-
S

up
V

el
D

at
aC

1,
1J

)*
S

up
V

el
D

at
aC

2,
2l

; 
C

ol
D

el
ta

 
t:

=
C

ol
D

el
ta

 t
+

(S
up

V
el

D
at

a[
2,

 1
]-

S
up

V
el

D
at

a[
1,

1J
);

 
If

 
In

tl
en

gt
h>

In
tl

en
gt

hC
ri

t 
th

en
 b

eg
in

 
A

rb
V

al
ue

:=
In

tl
en

gt
h-

In
tl

en
gt

hC
ri

t;
 

C
ol

D
el

ta
 t

:=
C

ol
D

el
ta

 
t-

A
rb

V
al

ue
/S

up
V

el
D

at
aC

2,
2l

; 
In

tL
en

gt
fi

:=
In

iL
en

gt
he

ri
t;

 
S

up
V

el
D

at
a[

1,
1J

:=
S

up
V

el
D

at
aC

2,
1J

-A
rb

V
al

ue
/S

up
V

el
D

at
a[

2,
2l

; 
S

up
V

el
D

at
a[

1,
2J

:=
S

up
V

el
D

at
a[

2,
2l

; 
en

d 
el

se
 b

eg
in

 
· 

Su
pV

el
D

at
a[

1,
 1

] 
:=

Su
pV

el
D

at
aC

2,
 1

l;
 

Su
pV

el
D

at
a[

1
1
2J

 :
=

S
up

V
el

D
at

a[
2,

2J
; 

re
ad

(S
up

V
el

F
1l

e,
 

Su
pV

el
D

at
aC

2,
 1

J)
; 

re
ad

(S
up

V
el

F
il

e,
 

S
up

V
el

D
at

a[
2,

2J
) 

en
d·

 
en

d·
 

' 
C

ol
D

el
ta

T
:=

C
ol

D
el

ta
 t

*u
S

ta
r/

C
ol

le
ng

th
; 

C
um

Ti
m

e:
=C

um
Ti

m
e+

C
oT

D
el

ta
T;

 
en

d;
 

{-
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--

--
--

--
--

--
--

--
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--
--

--
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--
--

--
--

--
} 

P
ro

ce
du

re
 D

et
er

m
in

e_
A

pp
ro

pr
ia

te
_R

ef
_S

iz
e_

C
la

ss
_D

el
ta

T
; 

be
gi

n S
iz

ei
nd

ex
:=

W
at

ch
S

iz
eD

T
[U

ni
tH

ea
pi

nd
ex

J;
 

It
er

at
io

ns
:=

IN
T

C
C

ol
D

el
ta

T
/C

D
T

 
fo

r 
W

at
ch

S
iz

e·
cu

ni
tH

ea
pi

nd
ex

,S
iz

ei
nd

ex
J)

) 
+1

 •
 

-
-

D
el

ta
T

:=
C

ol
D

el
ta

T
/I

te
ra

ti
on

s;
 

w
ri

te
ln

C
S

iz
ei

nd
ex

);
 

en
d;

 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 C

he
ck

_W
he

th
er

_W
at

ch
S

iz
e_

S
ti

ll
_V

al
id

; 

va
r Fl

ag
 

In
te

rG
1 

In
te

gV
al

 

be
gi

n 

In
te

g
er

; 
ve

rr
L

on
gV

ec
to

r;
 

R
ea

 
; 
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19

95
 

09
:0

5 
F

il
en

am
e:

 
M

O
D

EL
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2.
PA

S 
Pa

ge
 

6 

S
iz

ei
nd

ex
:=

W
at

ch
S

iz
eD

T
C

U
ni

tH
ea

pi
nd

ex
J;

 
Fl

ag
:=

O
; 

if
 A

R
T

-[
S

iz
el

nd
ex

,N
J<

0.
5*

A
R

T
-C

S
iz

ei
nd

ex
,(

N
+

1)
] 

th
en

 
be

gi
n fo

r 
A

rb
ln

de
x:

=O
 

to
 N

 d
o 

be
gi

n if
 

C
A

R
T

-[
S

iz
el

nd
ex

,A
rb

ln
de

xl
<

0.
8*

A
R

T
-[

S
iz

el
nd

ex
,C

A
rb

ln
de

x+
1)

])
 

o
r 

C
A

R
T

·c
si

ze
ln

de
x,

A
rb

ln
de

xl
>

1.
2*

A
R

T
-[

S
iz

el
nd

ex
,(

A
rb

in
de

x+
1)

l)
 

th
en

 F
la

g:
=

F
la

g+
1;

 
en

d·
 

en
d·

 
' 

if
 

Fl
ag

=O
 

th
en

 
be

gi
n fo

r 
A

rb
ln

de
x:

=O
 

to
 N

+1
 

do
 

ln
te

rG
1[

A
rb

ln
de

x]
:=

A
R

T
-C

S
iz

el
nd

ex
,A

rb
in

de
x]

; 
ln

te
g

ra
te

V
ec

to
r(

ln
te

rG
1

,D
el

ta
E

,0
,(

N
+

1
),

ln
te

g
V

al
);

 
fo

r 
A

rb
ln

de
x:

=O
 

to
 N

+1
 

do
 

if
 

(A
R

T
-[

S
iz

el
nd

ex
,A

rb
in

de
x]

<
(0

.9
*1

nt
eg

va
l)

) 
or

 C
A

R
T

-C
S

iz
el

nd
ex

,A
rb

in
de

xl
>

C
1.

1*
1n

te
gv

al
))

 
th

en
 F

la
g:

=
1;

 
if

 
C

Fl
ag

=O
) 

an
d 

(W
at

ch
Si

ze
D

T
C

U
ni

tH
ea

pi
nd

ex
J>

1)
 

th
en

 
W

at
ch

Si
ze

D
T

C
U

ni
tH

ea
pi

nd
ex

l:=
W

at
ch

Si
ze

D
T

C
U

ni
tH

ea
pi

nd
ex

J-
1;

 
en

d 
el

se
 i

f 
A

R
T

-[
Si

ze
in

de
x,

N
+1

J>
FC

on
c_

T
ol

 
th

en
 D

T
_f

or
_W

at
ch

S
iz

e·
cu

ni
tH

ea
pl

nd
ex

 
,S

iz
el

nd
ex

] 
:=

2*
D

T
_f

or
_W

at
ch

S
iz

e"
[U

ni
tH

ea
pl

nd
ex

,S
iz

el
nd

ex
l;

 

en
d;
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--
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--
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--
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} 

P
ro

ce
du

re
 U

pO
at

e_
T

ot
H

ea
pC

on
v;

 

be
gi

n T
ot

H
ea

pC
on

v1
·c

co
L

it
er

sl
 :

=
T

ot
H

ea
pC

on
v1

·c
co

li
te

rs
J 

+G
lo

bW
et

Fa
c*

U
ni

tH
ea

pC
on

v1
/N

oU
ni

tH
ea

ps
; 

T
ot

H
ea

pC
on

v2
·c

co
L

it
er

sl
 :
=
T
o
t
H
e
a
p
C
o
n
v
z
·
c
c
o
l
i
t
~
r
s
l
 

+G
lo

bW
et

Fa
c*

U
ni

tH
ea

pC
on

v2
/N

oU
ni

tH
ea

ps
; 

en
d;

 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 U

pO
at

e_
T

ot
H

ea
pV

ec
to

r;
 

be
gi

n T
ot

H
ea

pA
R

T
V

ec
·c

un
itH

ea
pi

nd
ex

] 
:=

A
R

T
-[

1,
N

+1
l; 

T
ot

H
ea

pS
ol

SR
T

1V
ec

·c
un

itH
ea

pl
nd

ex
J:

=
T

ot
H

ea
pS

ol
SR

T
1V

ec
·c

un
itH

ea
pl

nd
ex

J+
 

(U
ni

tH
ea

pC
on

v1
-H

ol
dC

on
v1

);
 ·

 
T

ot
H

ea
pS

ol
SR

T
2V

ec
·c

un
itH

ea
pl

nd
ex

l 
:=

T
ot

H
ea

pS
ol

SR
T

2V
ec

·c
un

itH
ea

pi
nd

ex
]+

 
(U

ni
tH

ea
pC

on
v2

-H
ol

dC
on

v2
);

 
en

d;
 

{-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 

In
cr

em
en

t_
T

ot
H

ea
pV

ec
to

rs
_a

nd
_B

T
C

V
ec

to
rs

; 

be
gi

n A
R

T
B

T
C

-[
C

ol
lte

rs
 +

1]
 

:=
T

ot
H

ea
pA

R
T

V
ec

·[N
oU

ni
tH

ea
ps

l; 
S

R
T

1B
rc

·c
co

L
it

er
s 

+1
J:

=G
lo

bW
et

Fa
c*

C
T

ot
H

ea
pS

ol
SR

T
1V

ec
·c

N
oU

ni
tH

ea
ps

])
; 

S
R

T
2B

rc
·c

co
ll

te
rs

 +
1l

:=
G

lo
bW

et
Fa

c*
(T

ot
H

ea
pS

ol
SR

T
2V

ec
·c

N
oU

ni
tH

ea
ps

l)
; 

fo
r 

A
rb

in
de

x:
=N

oU
ni

tH
ea

ps
 d

ow
nt

o 
2 

do
 

be
gi

n T
ot

H
ea

pA
rt

V
ec

·[
A

rb
ln

de
xl

:=
T

ot
H

ea
pA

rt
V

ec
·[

A
rb

in
de

x-
1]

; 
T

ot
H

ea
pS

ol
SR

T
1V

ec
·[

A
rb

ln
de

x]
:=

T
ot

H
ea

pS
ol

SR
T

1V
ec

·c
A

rb
ln

de
x-

1l
; 

T
ot

H
ea

pS
ol

SR
T

2V
ec

·[
A

rb
in

de
xJ

:=
T

ot
H

ea
pS

ol
SR

T
2V

ec
·c

A
rb

ln
de

x-
1J

; 
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en
d·

 
T

ot
H

ea
pA

rt
V

ec
"[

1]
 :

=
1;

 
T

ot
H

ea
pS

ol
SR

T
1V

ec
"[

1J
:=

O
; 

T
ot

H
ea

pS
ol

SR
T

2V
ec

·[1
J:

=O
; 

en
d;

 

(-
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
--

--
} 

P
ro

ce
du

re
 G

ra
ph

_C
on

ve
rs

io
n_

an
d_

B
T

C
_C

ur
ve

s;
 

be
gi

n in
it

S
E

G
ra

ph
ic

s(
V

al
id

D
ir

);
 

S
et

C
ur

re
nt

Y
in

do
w

(2
);

 
B

or
de

rC
ur

re
nt

Y
in

do
w

C
1>

; 
S

et
A

xe
sT

yp
e(

0,
0)

; 
. 

S
ca

le
P

lo
tA

re
a(

0.
0,

0.
0,

C
T

im
eV

ec
to

r·
cc

ol
lt

er
s]

),
G

fM
ax

 Y
); 

{*
*

*
} 

S
et

X
Y

ln
te

rc
ep

ts
(0

.0
,0

.0
);

 
-

S
et

C
ol

or
(2

);
 

D
ra

w
X

A
xi

sC
C

T
im

eV
ec

to
r"

[C
ol

lt
er

s]
/5

),
 1

);
 

{
*

*
*

}
 

D
ra

w
Y

A
xi

s(
(G

fM
ax

 Y
/5

),
 1

);
 

L
ab

el
X

A
xi

sC
1,

0)
;-

L
ab

el
Y

A
xi

sC
1,

0)
; 

T
itl

eX
A

xi
sC

'D
m

ls
s 

Ti
m

e 
CD

m
lss

 
Ti

m
e=

C
tim

e 
* 

u
S

ta
r)

/C
o

ll
en

g
th

')
; 

T
it

le
Y

A
xi

sC
'F

ra
c.

 
C

on
v.

 
an

d 
BT

C 
C

ur
ve

s'
);

 
T

itl
eY

in
do

w
('M

od
el

6C
2

1
)
;
 

L
ab

el
G

ra
ph

Y
in

do
w

C
1,

93
0,

G
L

ab
el

1,
0,

0)
; 

L
ab

el
G

ra
ph

Y
in

dc
iw

C
1,

90
0,

G
la

be
l2

,0
,0

);
 

fo
r 

A
rb

in
de

x:
=O

 
to

 C
o

ll
te

rs
 

do
 D

at
aS

et
X

"[
A

rb
ln

de
xl

 
=T

im
eV

ec
to

r·
 [

A
rb

ln
de

xl
; 

fo
r 

A
rb

ln
de

x:
=O

 
to

 C
o

ll
te

rs
 

do
 D

at
aS

et
Y

"[
A

rb
ln

de
x]

 
=

T
ot

H
ea

pC
on

v1
"[

A
rb

ln
de

xl
; 

L
in

eP
lo

tD
at

a(
D

at
aS

et
X

",
D

at
aS

et
Y

-,
C

C
ol

lt
er

s 
+

1
),

5
,0

) 
fo

r 
A

rb
ln

de
x:

=O
 

to
 C

o
ll

te
rs

 
do

 D
at

aS
et

Y
"[

A
rb

ln
de

xl
 

=
T

ot
H

ea
pC

on
v2

"[
A

rb
ln

de
xl

; 
L

in
eP

lo
tD
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