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Abstract

Constrained portfolio selection problems in continuous-time are solved via the
methods of continuous-time stochastic dynamic programming and the calculus
of variations.

First a portfolio selection problem including inequality constraints (in the
absence of transaction costs) is considered. The expected utility of terminal
wealth over a finite time horizon is maximised for portfolios comprised of a
money market security and diffusions. (Merton [101] solved a similar problem
but implicitly considered only the equality constraint that the portfolio security
weights sum to unity, for the rest of this thesis referred to as the unity weight
constraint, and maximised the expected utility of consumption over a finite time
horizon.) A value functional is defined and proofs of its properties are provided.
Using a theorem of stochastic dynamic programming Hamilton-Jacobi-Bellman
(HIB) equations are derived. Optimal portfolios are given in feedback form in
terms of the solutions of the HJB equations and their partial derivatives. An
analysis of the no-constraining (NC) region of a portfolio is conducted and an
example is provided.

Second a financial market comprised of non-Markov securities driven by Lévy
processes is considered. A constrained portfolio selection problem for an insider
with a strictly increasing, concave, at least once-differentiable utility function is
solved by maximising the expected utility of terminal wealth over a finite time
horizon. An insider is an investor who has more information available about
the disturbances in a financial market than an honest investor. We generalise
to a multidimensional setting the models of ([18], [42], [62]) and this immedi-
ately introduces (amongst other things) an explicit unity weight constraint on
the portfolio security weights which is not present in these papers. Inequality
constraints are also imposed on the insider’s portfolio sccurity weights and the
resulting constrained portfolio selection problem is solved via the method of
calculus of variations. Some analytical solutions are derived and some problems
are solved numerically.

Unless otherwise stated all results in this thesis are original. A summary of
the results in Sections 2.3-2.6 (of this thesis) was published in [48].

Keywords: control theory, utility maximisation, stochastic dynamic program-
ming, Lévy process, insider, enlargement of filtration.

Please direct all correspondence to fernandod®@pq.co.za or (+2721)-670-4986.
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Chapter 1

Introduction

The most important aspect of Markowitz [96] and Roy's [118] work was to
show that it is not a security’s own risk, perhaps as measured by variance,
that is important to an investor, but rather the contribution the security makes
to the risk of his entire portfolio. The general problem of choosing the best
allocation of assets in a portfolio is called portfolio selection theory. [100] There
are two main methodologies for the study of portfolio selection problems: one
that relies heavily on the theory of partial differential equations (the control
theoretic approach) and the other on martingale theory. [151] (See ([140}. pp403)
for a comparison of the two approaches.) The main aim of this thesis is to
incorporate portfolio security weight constraints into both approaches.

In Chapter 2 (stochastic) dynamic programming is employed to solve a con-
strained portfolio selection problem where the risky securities are diffusions.
Since dynamic programming is emploved, the state variables (which in this set-
ting are the risky securities) must be Markov, which is why these are modelled
as diffusions. Not a great deal of attention has been given to continuous-time
portfolio selection models with weight constraints solved by the method of dy-
namic programming. One of the early important contributions is a consumption-
investment portfolio selection model for diffusions by Robert Merton [101] where
the only constraint is a unity weight constraint. In practice portfolio managers
are required to impose inequality constraints on the total or relative amount
of investment in particular securities. In the presence of constraints other than
the unity weight constraint, the solution obtained in {101] cannot be applied
and a constrained portfolio selection model must be derived from seratch. In
this chapter optimal portfolios are derived where the portfolio weights are con-
strained between realistic bounds.

Consumption-investment portfolio selection models with constraints have
been derived in [150] where a financial market with only two securities (a log-
normal risky security and a riskless bond) is considered. The control variables
are the portfolio security holdings and the expectation of total utility of con-
sumption over an infinite horizon is maximised. As explained in {150}, since the
security drifts are constant, short-selling constraints need not be considered.
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The model in [140] is the same as that in [150] except that a nonnegativity of
wealth constraint is also included. In [140] and [150] no short-selling constraints
are considered but in our model we find that short-selling constraints are impor-
tant in keeping the portfolio weights within realistic bounds. Control problems
with constraints have also been considered in ([134], [135]) but these are de-
terministic control problems whereas our problem is stochastic. The model
considered in Chapter 2 differs from those mentioned above in the following
ways:

(i) We allow an arbitrary, finite number of securities in an investor’s portfolio.

(ii) A riskless (money market) security may or may not be available for in-
vestment by the insider.

(iii) Drifts and volatilities of the portfolio securities can be stochastic processes
but the portfolio securities must be Markov processes.

(iv) The weights of the portfolio securities are the control variables (and not
the security holdings).

(v) The expected utility of terminal wealth over a finite time horizon is max-
imised (rather than the expected utility of consumption over an infinite
time horizon).

(vi) Both buying and short-selling constraints are included in the portfolio
selection model.

(vii) A positivity of wealth constraint is imposed.

From (v) above, constrained optimal portfolios are derived in Chapter 2 by
defining a value functional and using a theorem from stochastic dynamic pro-
gramming to derive a Hamilton-Jacobi-Bellman (HJB) equation which the value
functional should satisfy. Using the Karush-Kuhn-Tucker conditions [149] we
show that constrained optimal portfolio weights are given in feedback form in
terms of the solution of the HJB equations and its partial derivatives. In an
example a constrained portfolio selection problem is solved. An analysis of
the no-constraining (NC) region of a portfolio is conducted and an example is
provided.

In Chapter 3 a financial market comprised of non-Markov securities driven by
Lévy processes is considered. The securities are non-Markov since the expected
returns, volatilities and jump coefficients of the securities are path dependent.
The portfolio selection model in this chapter is a generalisation of that in Chap-
ter 2 in at least four ways viz:

(i) The risky securities are modelled as being non-Markov processes.
(ii) The logarithinic returns of the risky securities are allowed to exhibit jumps.

(iii) The hypothetical investor is modelled as having more information available
to him other than that generated by the financial market - the investor is
assumed to be an insider.



(iv) Particular types of investment strategy of the insider are penalised. This
is accomplished by including penalty functions in the objective functionals
of the insider portfolio selection problems solved.

A constrained portfolio selection problem for an insider with a strictly increas-
ing. concave, at least once-differentiable utility function is solved. An insider
is an investor who has more information available about the disturbances in a
financial market than an honest investor. The fundamental difficulty associated
with solving a portfolio selection problem for an insider in continuous time in
the presence of non-deterministic disturbances, is how to interpret the resulting
integrals, which in general are no longer stochastic integrals. We follow closely
the models of ([18], [42], [62]) and generalise these to a multidimensional set-
ting and this immediately introduces (amongst other things) an explicit unity
weight constraint on the portfolio security weights which is not present in these
papers. Inequality constraints on the insider’s portfolio security weights are also
imposed and the resulting constrained portfolio selection problems are solved
via the method of the calculus of variations.

In ([62], [116]) optimal insider portfolios comprised of a money market secu-
rity and a diffusion are derived by maximising the expected logarithmic utility
of terminal wealth of the insider. In [62] penalty functions are included in the
objective functional so that optimal insider portfolios are not conspicuous (rela-
tive to an optimal honest investor portfolio) and so that the objective functional
maximised in [62] is finite. In [116] the authors assume a particular form for the
insider’s filtration and moreover assume that the Brownian motion disturbance
(emploved in [116]) is in fact a semimartingale with respect to the insider’s fil-
tration. In [31] optimal insider portfolios comprised of a money market security
and a diffusion are derived by maximising the expected difference between the
logarithmic utility of the terminal wealth of the insider and the logarithmic util-
ity of the terminal wealth of an honest investor. In ([18], [79]) optimal insider
portfolios comprised of a money market security and a diffusion are derived
by maximising the expected utility of the insider’s terminal wealth, where the
utility function need only be concave and at least once differentiable. In [79]
however the coefficients in the stochastic differential equation of the diffusion
are modelled as being anticipative. In ([51], [57]) optimal portfolios comprised
of a money market security and risky securities driven by independent Brownian
motions and (compound) Poisson processes are derived by maximising the sum
of the expected utility of intertemporal consumption and the expected utility
of terminal wealth of the insider. In ([42], [78], [110]) optimal insider portfolios
comprised of a money market security and a risky security driven by a Lévy
process are derived by maximising the expected logarithmic utility of terminal
wealth of the insider. In [110] however the coefficients in the stochastic differen-
tial equation of the risky security are assumed to be anticipative. The portfolio
selection model considered in Chapter 3 differs from those mentioned above in
the following ways:

(i) We allow an arbitrary, finite number of securities in an insider’s portfolio.



(ii) A riskless (inoney market) security may or may not be available for in-
vestment by the insider.

(iii) The risky securities are driven by Lévy processes and can be non-Markov.

(iv) Drifts, volatilities and jump coefficients of the risky securities can be non-
Markov processes but these must not be anticipative.

(v) The expected utility of terminal wealth over a finite time horizon is max-
imised (rather than the expected utility of consumption over an infinite
time horizon).

(vi) Penalty functions are introduced into the objective functionals so that
optimal insider portfolios are not conspicuous (relative to optimal honest
investor portfolios) and so that the objective functionals maximised are
finite.

(vil) In particular penalty functions are included in the case where the insider
has logarithmic utility and the securities are driven by Lévy processes
(with jumps).

(viii) The insider portfolio selection problem is solved for general utility where
the securities are driven by Lévy processes (with jumps).

(ix) Both buying and short-selling constraints are included in the portfolio
selection models.

(x) A positivity of wealth constraint is imposed.

Chapter 3 contains only theoretical results. In Chapter 4 some analytical solu-
tions are derived and some problems are solved numerically.

1.1 The organisation of this thesis

In Chapter 2 a portfolio selection problem including inequality constraints is
solved. Constrained optimal portfolios comprised of a money market security
and diffusions are derived by maximising the expected utility of terminal wealth
over a finite time horizon. A value functional is defined for the constrained
portfolio selection problem and proofs of its properties are provided. Using a
theorem of stochastic dynamic programming HJB (Hamilton-Jacobi-Bellman)
equations are derived. Constrained optimal portfolios are given in feedback form
in terms of the solutions of the HJB equations and their partial derivatives. An
analysis of the no-constraining (NC) region of a portfolio is conducted and an
example is provided.

In Chapter 3 a non-Markov financial market driven by Lévy processes is
considered. A constrained portfolio selection problem for an insider with a
strictly increasing, concave, at least once-differentiable utility function is solved
by maximising the expected utility of terminal wealth over a finite time horizon.



We generalise to a multidimensional setting the models of ({18], [42]. [62]) and
this immediately introduces (amongst other things) an explicit unity weight
constraint on the portfolio security weights which is not present in these pa-
pers. Inequality constraints are also imposed on the insider’s portfolio security
weights and the resulting constrained portfolio selection problem is solved via
the method of calculus of variations. In Chapter 4 some analytical solutions are
derived and some problems are solved numerically.

Chapter 5 is the Conclusion. Derivations of some equations are listed as
appendices. For the rest of this thesis the following are required:

e The variable T € R* will be fixed and will denote the time horizon of the
portfolio selection problems.

e All matrices will be in bold and all vectors will be columns. AT will denote
the transpose of the matrix A.

o Let v:= (v1,...,v4) € R% d € N. Then the matrix diag(v) will denote
a diagonal matrix with its diagonal elements equal to that of v, in other
words with V := diag(v) we have that

Vu'i:{ v; ifi=j.

0 otherwise.

o Let (Q.F.P) be a complete filtered probability space where F := {F, }o<;<r
is a filtration.

e The variable w will denote a sample point of Q2.

e The symbol := will denote that the expression on the left (of this symbol)
is defined as the expression on the right (of this symbol).

e The variables N, Ng, Ng. N, € N and the sets N o= {1.....] AY '},/\/’s =
{1.....;‘\‘5‘}._/\/3 N {l,...,;\‘rB}.,/\/‘q = {1 ...... AY 'q}.
e The vector S := (S5,...,Sn.) will denote Ng risky securities and where

required Sy will denote a money market security or another risky security.

e For each i € Ng the variable m; = 7m,(f,w),0 <t < T,w € Q will denote
the portfolio security weight of S; and 7 := (my....,7n,) will denote a
portfolio.

e B(RN=) are all Borel sets in Rs.
e The symbol @ will denote the empty set.

o The symbol B will denote the end of a proof, theorem. proposition, lemma
or corollary.

e The symbol ¢ will denote the end of a definition. assumption or remark.

We now progress to the main part of this thesis where constrained optimal
portfolios comprised of Markov processes (in particular diffusions) are derived.



Chapter 2

Constrained portfolio
selection with Markov
processes

A constrained portfolio selection model is derived for diffusions where in-
equality constraints are imposed on the portfolio security weights. A
value functional is defined for the problem of mazimising the expected
utility of terminal wealth over a finite time horizon and properties
of the wvalue functional are proved. Using the method of stochastic
dynamic programming HJB (Hamilton-Jacobi-Bellman) equations are
derived. Optimal portfolio weights are given in feedback form in terms
of the solution of the HIB equations and its partial derivatives. In an
example a constrained portfolio selection problem is solved. An analy-
sis of the no-constraining (NC) region of a portfolio s conducted and
an example is provided. A summary of the results in Sections 2.3-2.6
was published in [{8].

2.1 Introduction

Optimal portfolios in the presence of short-selling constraints have been derived
in [71] and [72]. The fundamental difference between these two papers and
our model is that there the authors employ the martingale theoretic approach
to solving constrained portfolio selection problems. The martingale theoretic
approach to portfolio optimisation allows the state variables to be non-Markov
processes whereas the dynamic programming approach applied in this chapter
requires all state variables to be Markov. (In Chapter 3 a constrained portfolio
selection model including non-Markov processes is derived.) Also in [71] the sum
of the expected utility of terminal wealth and expected utility of intertemporal
consumption is maximised. In [72] the same model as in [71] is used except that

10



more general constraints are dealt with other than those relating only to short-
selling. In our model we do not maximise the expected utility of intertemporal
consumption and we maximise only the expected utility of terminal wealth. We
do this since the future liabilities (or consumption) of an institutional portfolio,
for example a portfolio managed by an asset manager, are known a prior,
hence an optimum consumption rule need not be determined. (For example
the fee agreement between the asset manager and client are defined upfront.)
The inclusion of intertemporal consumption better describes the investment
behaviour of an individual - see [22] and [105].

In [150] optimal portfolios with only short-selling constraints are derived by
maximising the expected total utility of consumption over an infinite horizon.
The investor’s opportunity set if comprised of a lognormal risky security and
a riskless bond. The model in [140] is the same as that in [150] except that a
nonnegativity of wealth constraint is also included. In [140] and [150] no short-
selling constraints are considered but in our model we find that short-selling con-
straints are important in keeping the portfolio weights within realistic bounds.
Control problems with constraints have also been considered in {[134], [135])
but these are deterministic control problems whereas our problem is stochastic.
The model considered in this chapter differs from those mentioned above in the
following ways:

(i) We allow an arbitrary, finite number of securities in an investor’s portfolio.

(ii) A riskless (money market) security may or may not be available for in-
vestment by the insider.

(iii) Drifts and volatilities of the portfolio securities can be stochastic processes
but the portfolio securities must be Markov processes.

(iv) The weights of the portfolio securities are the control variables (and not
the security holdings).

(v) The expected utility of terminal wealth over a finite time horizon is max-
imised (rather than the expected utility of consumption over an infinite
time horizon).

(vi) Both buying and short-selling constraints are included in the portfolio
selection model.

(vit) A positivity of wealth constraint is imposed.

The rest of this chapter is organised as follows: in Section 2.2 the financial
market model is defined, in Section 2.3 the portfolio selection problem with
constraints is solved, in Section 2.4 a procedure for calculating constrained op-
timal portfolios is provided, in Section 2.5 an example is solved and in Section
2.6 an analysis of the no-constraining (NC) region of a portfolio is conducted.
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2.2 The Financial Market Model

Suppose we have a financial market comprised of risky securities S := (S, ..., Sn,)
satisfying for all 0 <¢ < T
dSi(t)
Si(t)

The requirements of this financial market model are:

(i) The expected security returns & := (&1,...,&n,) and volatilities o :=
(01,...,0nN,) must satisfy certain regularity conditions [117] which ensure
the existence of solution of (2.1).

(ii) The Ng Brownian motions B := (By,..., By,) are correlated with
E[dB;(t)dB;(t)] = py;(t)dt, 4,j=1,...,Ng

and p,;(t) € (—1,1) almost surely for all 0 < ¢ < T is the correlation
between B; and Bj at time £.

(iii) For all 0 <t < T the covariance matriz of the returns of the securities S

a(t) = [oy(1)] = [pi (t)o(t)o; (1)) (2.2)

must be positive definite. (This is actually only stated for completeness
since covariance matrices are by definition positive definite.)

(iv) Forall 0 <t < T let
Ny

W(t) =Y Ni(t)Si(t) (2.3)

i=1
be the investor’s portfolio wealth value at time ¢, where N;(#) is the number
of units of S; held in the portfolio at time ¢. For all 0 <t < T,i € Ns
let m;(t) := %T(—t—) be the time-t portfolio weight of S;. Then assuming

the investor’s portfolio is self-financing [101] the evolution of the wealth
process W is described by the stochastic differential equation

Ng NS
AW =Y mWe&dt+ Y mWadB, (2.4)
=1 i=1

where we have suppressed the notational dependence of the variables in
(2.4) for simplicity.

v) The hypothetical investor takes prices as given, the shares of the securi-
Yp
ties are infinitely divisible, short sales are permitted with full use of the
proceeds, taxes on capital gains are zero and transaction costs are zero.
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For the portfolic selection problem we consider, derivative securities may also
be included in the investor’s opportunity set {Sj..... Sn.} where the only re-
quirement is that the price processes of the derivatives are Markov. For example
using the Greeks [63] one can show that European vanilla call options priced
according to the Black-Scholes model have price processes that are Markov. In
(2.4) we require that for all 0 <t < T

Ny
Zm(t) = Y(t) and (2.5)
a(;.,W,S) < w(t) < b(t.W.S). (2.6)

almost surely where Y(t) € R and w(t) := (m1(¢)..... mne (). In (2.6) we have
that the variables

a(ty = a(t,W,8) = (ai(t, W,S).....an.(t.W.S)) and
b(t) = b, W,S) = (b(t.W.S),..., bn.(t. TV, S))

are exogenously given bounds for the portfolio weights w(t). We also require
that a;(t) < b;(t) for all 0 <t < T,7 € Ng. Also the bounds a and b must be
such that if any set of constraints (2.6) is active for 7(t). then we must have
that vaz‘“l (1) = T(¢) almost surely. In (2.5) the function Y is almost alwayvs
identically one requiring the portfolio security weights #(¢) to sum to unity at
each time ¢. The function T need not always be identically one. The reason for
this is that a money market security has zero volatility and this will result in the
covariance matrices ¢(t),0 < t < T of the security returns being singular and
the analysis in Section 2.3.3 below (where no security is assumed to be riskless)
then cannot be applied. Even if we try (to incorporate riskless securities in (the
portfolio selection model in Section 2.3.3 by) taking the limit as the volatilities
tend to zero, we shall find that the solution is undefined. If a money mar-
ket security is available for investment, then this constrained portfolio selection
problem must be solved from scratch and this is done in Section 2.3.4. The only
way the weight of a money market security can be explicitly constrained is to
choose its weight say mo(t) and ensure that the weights of the risky securities
S sum to T(t) = 1 — mo(t) = Ziv;l m;(t). Since portfolio sccurity weights must
sum to T, the equality constraint (2.5) must always be active. This is why the
function T and not the value 1 is the right hand side of (2.5). For asset managers
there are prudential guidelines which require minimum investment in cash. It
is thus important for them to be able to constrain their money market security
weight. For hedge fund managers however there is less restriction on the per-
centage investment in cash. Managers of these funds have more freedom in the
bets they take. Thus it may be more appropriate to model their money market
account as a catchall security. Dealing with their monev market account in this
way doesn’t make it possible to explicitly constrain investment in this security.
(As will be seen, the fuss we make about a money security is not unwarranted.
The optimality equations (2.41) and (2.66) for example, are not special cases
of each other. These arc respectivelv constrained optimal investments where a
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money market security is unavailable and available for investment.) For the rest
of this thesis, if no inequality constraints (2.6) are active, then we shall refer to
the resulting portfolio as an unconstrained portfolio. A portfolio will be referred
to as constrained only if at least one inequality constraint in (2.6) is active.

2.3 Constrained portfolio selection problem

LetneN, f:R* 5> R, h:=(h,...,hn),m € Nand h; : R® — R for all

1 =1,...,m. Then consider the constrained optimisation problem
max f(x)
subject to h(x) < 0. (2.7)

From [94] an inequality constraint h;(x) < 0 is said to be active (inactive) at a
feasible point x if h;(x) = 0 (h;(x) < 0). The constraints that are active at a fea-
sible point x restrict the domain of feasibility in neighbourhoods of x, while the
inactive constraints have no influence in the neighbourhoods of x. So if we know
a priori which constraints in (2.7) are active, then the resulting solution is a lo-
cal maximum point of f(x) determined by ignoring the inactive constraints and
treating all other constraints as equality constraints. In other words constrained
optimisation problems subject to inequality constraints are solved by solving
a family of constrained optimisation problems subject to equality constraints,
where the equality constraints are different combinations of active inequality
constraints. This insight is crucial when dealing with inequality-constrained
optimisation problems.

In this section we solve two optimisation problems in which we maximise
the expected utility of terminal wealth over a finite time horizon subject to the
constraints (2.5)-(2.6). We consider a money market security being unavailable
and available for investment and these are Sections 2.3.3 and 2.3.4 respectively.
In Section 2.3.3 it is assumed that a money market security is not available for
investment and we now define the investor’s set of admissible portfolios in this
case.

Definition 1 (Admissible portfolios) A set of control processes w where
w(t) € RN for all 0 < t < T, is said to be admissible (or an admissible
portfolio) if (2.4) has a unique solution, (2.5)-(2.6) hold and the resulting
wealth process W is positive almost surely. We denote by Py the set of all
admissible portfolios. ¢

We want to solve the constrained optimisation problem

sup Eo[U(T, W(T))], (2.8)
nEP

where U : [0, T]xR* — R is a predefined utility function not necessarily concave
which is assumed to best describe the investor’s investment preferences and E,[]
is a conditional expectation operator defined as

Eewsl] = E[[W(t) = W,S(t) = 8.
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We also require that U(#,W) := —oc for W < 0 which effectively imposes a
positivity of wealth constraint.

2.3.1 The Value Functional

Solving (2.8) is not trivial since we are trying to maximise over entire functions
and not simply point estimates of the controls . Using the Bellman Principle
of Optimality [15], the problem of finding optimal control functions over the
entire period [0, 7] can be reduced to a general subproblem of finding optimal
control functions only over the period [¢t,T] for each t € [0,T]. Then using
dynamic programming which specialises in solving sequential decision problems
[131], the sequence of subproblems can be solved. For w € Py let

J* = JN(tW,S) = Eows[U(T.W(T))] (2.9)

where W evolves according to (2.4) using . Then from (2.8)-(2.9) and the
Bellman Principle of Optimality [15] we define the time-t value functional as

J=J(W,S) = sup J"(t.IV.8). (2.10)
ncPy

2.3.2 Properties of the value functional

First. from (2.10), if U is bounded, then J is bounded. Next we show that the
value functional J is concave in its second argument if U is concave in its second
argument.

Proposition 1 J(t,W,S) is concave in W if U(t.x) is concave in its second
argument and the constraints in (2.5)-(2.6) are linear in w.

Proof: Let t € [0,T]. i € {1,2} and let ' := (7%..... Ty.) be a constrained
optimal portfolio over [¢t,T] if the time-t wealth value is W™ and the time-t
security prices are S. Let 0 < 6 <1 and for all 0 <+t < T let

W3 .= oW 4 (1 - 0)12,

Consider a portfolioc m with a time-t wealth value of ¥ and for all t < u < T let
its time-u value be denoted by V, (W, 7)) = V,(W.,S,m). Forallt <u <T,i€
{1. 2}k e Ng let

Tr}c(u)Vu(IVi.ﬂi)

N,i(u) = _W'— (211)

be the optimal units variable sample paths over {¢t.T] corresponding to the

constrained optimal portfolio #*. Note that given (2.11), for allt <u < T,k €
.

Ng.ie {1.2}

i/ _ ]V,é(u)Sk(u) _ A\“',i(u)sk(ll)
) = SN N ) S5 (u) (212)



Next, for all t <uw < Tk € Ng let
Ne(u) = ON}u)+ (1 - 0)NE(w) (2.13)
Then we have from (2.13) that
V.(W3m)y = V,(Wha') + (1 -0V, (W2, x?), (2.14)

where 7 := (71,...,7n,) and for all t <u < T,k € Ns we have (as in (2.12))
that 7g(u) = % Since U is concave in its second argument we have
from (2.14) with v = T that

U(T, Vp(W3. 7)) > 0U(T, Vp(W', x")) + (1 — O)U(T, V(W2 7%)).  (2.15)

Taking time-t expectations in (2.15) and using the fact that 7', € {1,2} are
constrained optimal portfolios, we get that

E(U(T, Vp (W3 1)) > 8J(t, W, S) + (1 —6)J(t, W2, 8S). (2.16)
Since J(t, W3, 8) > E,[U(T, Vp(W?,7))] inequality (2.16) reduces to
Jt,W3.8) > 0J(t, W S)+ (1 —8)J(t, W?8)

which proves the proposition. |

The following corollary follows from the above proposition.

Corollary 1 For all 0 <t < T the second partial derivative B?—;J(t. W.8S) is
nonpositive almost surely where it is defined if U is concave in its second argu-
ment. |

We now show that J(t,W.S) is concave in S if U is concave in its second
argument.

Proposition 2 J(t,W,S) is concave in S if U is concave in its second argument
and the constraints in (2.5)-(2.6) are linear in x.

Proof: Let t € [0,T], 7 € {1,2} and let n* := (n},..., 7} ) be a constrained
optimal portfolio over [t,T] if the time-t prices of S are 8' := (S},...,S4.)
and the time-t wealth value is W. If the time-t prices of S are S?, then for all
t < u < T let the resulting prices of S be denoted by S*(u). (So in particular
we have that S*(¢t) = 8".) Let 0 <@ <1l and for allt <u <T let

S3(u) := 0SH(u) + (1 — 0)S*(u).

Consider a portfolio m with a time-¢ wealth value of W, time-t security prices
of S and for all t < u < T let its time-u value be denoted by V,,(W,S, 7). For
allt <u<T,i€{1,2},k €N let

7 (u) Vo (W, S, ")

Ni(u) = S () (2.17)
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be the optimal units variable sample paths over [t.T] corresponding to the
constrained optimal portfolio w*. Note that given (2.17), for all t <u < T,k €
Ns.i € {1,2}

NpwSHw) - NHwSiw)
VLW Sha) YN Vi) i)

RO

Next, for all t <u < T let

Ne(u) = GN'%(U)S’%(U)ES(J) 9)“\%(“)52@). (2.18)

Then we have from (2.18) that for all t <u <T
V(W83 @) = 6V (W,S,wl) + (1 — )V, (W, 82, m?). (2.19)

where T := (71....,7n,) and for all t < u < T,k € Ng we have that T (u) =

%’3—(:—; Since U is concave in its second argument we have from (2.19) with

u =T that

U(T, Vp(W, 8%, 7)) > 0U(T.Vp(W.S' . ah)) + (1 — O)U(T. Vp(IV. 8%, 7%)).

(2.20)

Taking time-t expectations in (2.20) and using the fact that «'.j € {1,2} are
constrained optimal portfolios, we get that

E [ U(T. Vp(W.8% 7)) > 0J(t. W.S . x!) + (1 — 6)J(t.W.S%.n%).  (2.21)
Since J(t, W,S3) > EU(T. Vp(W, S*. m))] inequality (2.21) reduces to

Jt,W. 8% > It W.SY) + (1 —6)J(t.W.8?)

which proves the proposition. |

The following corollary follows from the above proposition.

Corollary 2 For each i € Ng the second partial derivative —635J t,W.8). 0 <
EXE

t < T is nonpositive almost surely where it is defined if U is concave in its
second argument. [ |

The following corollary follows from Propositions 1 and 2.

Corollary 3 For fired t € [0,T]. J(t.W.S) is continuous in W and S. [ ]

We now show that J(t, W, S) satisfies a Homothetic Property.

17



Theorem 1 (The Homothetic Property) Leti € {1,2}, p,x € RT and let
k(t), Ci(t,z) be real-valued functions. Then if U satisfies

Ut k(t)z) = Ci{t,k(t))+ Colt, k(t))U(t,z) forall0<t<T, (2.22)
then J satisfies the homothetic property
J(t, pW, p8S) = C1(T, p) + Co(T, p)J (t, W, S).

Proof: For all 0 <t < T let S(t) := pS(t) and W(t) := pW(t). Then from
(2.10) and (2.22) we have that

J(&W,S) = sup E[U(T,W(T)) | W(t) = W,S(t) = S]
wePy

= sup EJU(T,pW(T)) | W(t) = W,S(t) = 8]
weEPy

Ci(T, p) + Co(T, p)J (¢, W, S).

Ut z)= %1, z,v € Rt, then J satisfies the homothetic property
J(t, pW,p8) = p?J(t,W,8).
If U(t,z) = logz, x € R", then J satisfies the homothetic property
J(t, pW. p8) = logp+ J(t,W,S).

As in {101] the constrained portfolio selection problems where a (riskless) money
market security is unavailable and available for investment, must be solved
in slightly different ways. The reasons for this is that (i) the invertibility of
the covariance matrices (f),0 < t < T (defined in (2.2}) is required for the
tractability of the solution methodology and (ii) a money market security cannot
be constrained if it is included in the investor’s opportunity set. A money market
security has zero volatility and this will result in the covariance matrices being
singular. Thus we first solve the constrained portfolio selection problem where
a money market security is unavailable for investment (Section 2.3.3) and then
we solve the constrained portfolio selection problem where it is available for
investment (Section 2.3.4).

2.3.3 Solving the constrained optimisation problem (2.8):
No investment in a money market security

Let w € P; and let the operator

0 NS a Nﬁ \ s dQ
£1[~;1‘,, W/’.’S] = —0—; +Z€imh/w +ZEZ + ZO’L]WNTJ OH/Q
=1 1= =1 j=1
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QZZ"” Jas 95, *ZZUU KRR dS o &P

i=1 5=1
be the differential generator [82] of the processes W and S. Let
o1(m; t. W, 8) i= Ly[J™: t. W, 8] (2.24)

where J™ is defined in (2.9). From the theory of stochastic dynamic program-
ming the following theorem provides a method for deriving constrained optimal
controls (in this case portfolios) .

Theorem 2 If the variables (W,S) are Markov processes. then there exists a
set of constrained optimal controls m* satisfying

= ¢ (n"t, W.8) > d(m:t.W.S) forall 0<t<T.

Proof: See (|82], Chapter 4, Theorem 5) or ([7], Theoremn 3.5.2). |

In (2.10) it was important to define correctly the arguments of J. If we posited
J = J(t, W), then if we derived the corresponding HJB equation for J, then we
would find that this equation contains more variables other than simply ¢ and
1. The variables S enter into the HJB equation for J since W is dependent on
the drifts and volatilities of S which are functions of S. This would imply that
J is not a function of only ¢t and W but J = J(t.W.S). This is why £, has
the form in (2.23) - it includes partial differentiation with respect to S. From
Theorem 2 we have the HJB equation

;r%%:)fﬁl[']J = 0 (2.25)

almost surely which is equivalent to the problem

max ¢1(m) (2.26)
N

subject to Y mi(t) = Y(t) (2.27)
=1
a(t) <w(t) < b(t) (2.28)

such that maxy ¢1(w) = 0 almost surely where 7(t) € RV for all 0 <t < T
From (2.23) the functional ¢; is quadratic in 7, thus since the covariance matrix
g is positive definite (from (2.2})), a sufficient condition for a unique global and
local maximum of ¢, is that Jyww < 0. We want to find a local maximum of
¢1 satisfving the constraints (2.27)-(2.28) and we use the Karush-Kuhn-Tucker
conditions (Appendix A) to do this. Thus suppose w* is an optimal solution
of (2.26)-(2.28). Then from [149] therc must exist multipliers A € RY, p :=
(py.. ... un.) and fi= (s, ..., fng e jtg. i € RT for all 1 € Ng such that from
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(2.26)-(2.28) we have that

) N
G NN L
ome om0 T

i=1

Ny d d
_Z;m5am?fm)fzygaapm;+%) —0. k=1.....Ns

=1
wi[mr —b;] =0, 1=1,...,Ng
/7,j[—7r;+a,j} :0, _]: ,...,IVS
(Ap.g) >0

’ (2.29)

where we have suppressed the dependence on time for simplicity. Now ¢ (71*) =
L£1]J] so the system (2.29) reduces to

Ng
GWIw + W2Tww > Gkmr,
m=1
Ng
WY okiSidiw A=+ = 0, k=1,...,Ng, (2.30)
i=1
Ny
A (T C wa) = 0, (2.31)
wlnr —b] = 0, i=1,...,Ng, (2.32)
fji-m; +aj] = 0, j=1,...,Ng, (2.33)
(A, p) = 0, (2.34)
where Jy 1= g and J, := 65 ,1 € Ns. Solving for 7} in (2.30), substituting

*

¥ into (2.31), solvmg for ), then substituting A into (2.30), results in'

(3

Ng

T Ng Ng 1 Ny
T = FZVM‘FZVM [m (,Uk k—“ZZVnm n_,an)>
k=1 k=1

m=1n=1
Ng No Ng
+imy— wa ( DY bavam - a) T o JW ZM > ok M;
m=1n=1 j=1
(2.35)
where v = [p] :=07", T ZN" ZéVSl vep and M; := J;wS;. To determine
the values of 7* in ( 5) we need to solve for the values of the unobservable

multipliers g and f.

1See Appendix B for the details.
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Recall from the introduction of Section 2.3 that an inequality-constrained
optimisation problem is solved by solving a family of equality-constrained op-
timisation problems (where the equality constraints are different combinations
of active inequality constraints). Thus we do the following. Now from (2.6) we
have that a;(t) < b(t) for all 0 <t < T.i € Ng. Thus for any portfolio weight
7.1 € Ns. the expression y — i always reduces to u; where

i < by(t) is active (and —7f < —q(t) inactive),
— = puf =< —m if —wf < —aq(t) is active (and m; < by(t) inactive),
0  otherwise.
(2.36)
So (2.35) can be rewriten as

7 =Gy + WQwa (Z Viift}, — G, Z Un i, ) + M, (2.37)

keC* nec*

where

Ng
v, = § Vi,

k=1
. v
G, = Y= and

T

Ne
~ ( v v 1 v -
YA R . S D e S VA v
W Ju w ( Zﬁnu Zgwk > M Jww <F pzz:] i >

n=1

In (2.37) the set C (C) is the index set of active upper (lower) bound constraints
and CUC =: C* := {a1. a2, ....q;m}, where m is the number of active inequality
constraints. Each number «; € C* denotes that an inequality constraint of
security S, is active. So if we have a universe of 5 securities and only the
upper (lower) bound constraint of m; and the lower (upper) bound constraint
of my are active, then C* = {1.4} in both cases. If 3 .. B, is defined to be
zero for C* empty and some expression B, then our derived equations reduce
to the corresponding equations in [101]. Also if for all i € Ng the bounds
a; and b; tend to —oo and +oo respectively, then the number of elements in
C* decreases since fewer control variables w will hit the boundaries a and b.
Thus if for all i € Ns the bounds a; and b; tend to —oc and +oc Tespectively,
then optimal solutions of the constrained optimisation problem (2.26)-(2.28)
tend toward optimal solutions of the unconstrained optimisation problem (2.26)-
(2.27). From (2.6), since a < b the upper and lower weight constraints of no
security can be active at the same time.

For each i € N we represent the two inequality constraints m7 < b; and
-7 < —a; in (2.28) in a more compact form as

f <. i=1.....Ng. (2.38)
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where

. — b .

com for the constraint 77 < b; and
d; =0

c; = —ay i .

' ¢ for the constraint -z < —aj.
d; =1

Note that we have still have two constraints in (2.38), but we represent these
as such because of the observation in (2.36). Thus we can rewrite (2.32)-(2.33)
in a more compact form as

w (=% —¢] =0, i=1,...,Ng. (2.39)

Substituting (2.37) into (2.39) and solving for the nonzero multipliers u*, we
find that? R R
w:w%mWVJkAGfML (2.40)

where all vectors in (2.40) are of length m (the number of active inequality
constraints), ¥ is an m X m matrix,

Voo Vey —d;
U = (U] = |Vara, — —5 "} , = (1),

&
G = [éa,l]7 M = []\[al]

and the invertibility of ¥ can be verified before projecting the model from
the current time to the next. Since ¥ is not the covariance matrix, it is not
necessarily invertible.

Forall .5 € {1,...,m} let ¢;; denote the elements of ¥~!. Continuing with

our main derivation, if we substitute (2.40) into (2.37), then we get that?
n =Ci+ Ey, (2.41)
where C; 1= éz + ]\L and

R, = Z Vk'i(k-c((‘fc - Gc)s

k,ceCc*
R = Z ’/ng‘nd(ad - Gd)v
n,dcC*
v Ng Nq
c
Ni = Z VEiSke <‘f’ Z gnl/n - Z gmymc> 3
k,ceC* n=1 m=1
Ns
Ve }
Oi = ) Vkiske (F > M, - Mc> :
k,ceC* p=1
v Ny Ng
= d
N = Z VnSnd <‘1?$ Zibl/b - Z&;%d) ;
n.dec- b=1 q=1

2Sece Appendix C for the details.
3See Appendix D for the details.
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n,deC* e=1
~ A
R, = Ri—i}R
N, = NZ—II:—iN
~ ]/z
0, = Oi—FO and
R Jw N, e
E, = R -2 (2.42)

Wiww Wlyw

From (2.41) we see that constrained optimal portfolios m* are given in feed-
back form in terms of the solution J of the HIB equation (2.25) and its partial
derivatives. Also a constrained optimal portfolio w of problem (2.8) is the uncon-
strained portfolio C;(t), i € N plus the terms present if 7 (¢) are constrained. By
inspection of E;, if C* is empty (in other words no inequality constraints (2.28)
are active), then FE; is zero for all ¢ = 1....,. Ng and (2.41) is exactly ([101],
equation (25)). Substituting (2.41) into (2.20) we obtain the HJB equation

Ns Nk. 1\/\ N\

0= AF+Z GEW Jw+= Z > 6i(B.Ci+CiE+EE)W Juw+Y > 6,8 E;W Jay.

i=1 i=1j=1 i=1 j=1

(2.43)
where
- Ny
e T, +ZngJ + 5 Zlouss T - Z My + Wy ngck
1]
11’72 J WW 1
— MMy, — M,
T 2 3;1%" o Z

2

J Ng Ny Jf) Ng Ng

7% . ~ .

LN > &My — Y MEG | - 2J:’w > &k — T (E 51V1>
k=1 s =1

Ju
ww Ji=1 k=1

Substituting for Cj and Ej (defined in (2.41) and (2.42) respectively) in (2.43)
it becomes?*

0 = M+W Za” (SR Jw + 5 Ql]>+u Jw Z &R, + = ZJUQ

i.j=1
1 Ng ]‘_) Ng Ny
7ij | $.0;Tiw — PO>— “1 &N —=Y 5
Jww Zg; Y ( l Jww ; o Z wF

4See Appendix E for the details.
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Ng

Ny Ng
JW A - — < 1 1 +9 - _
R Z &0; + ZUU <51N3sz - §NS> + §W“JWW Z CTU'GZRJ—.
, =

1=1 ,7=1

(2.44)
subject to the boundary condition J{t,W,S) = U(T.W(T)). In (2.44) for i =
1,..., Ng the variables

L Ns Ny
Ny = Fl Zgnyn Zékyku
n=1 k=1
~ v, Ns
()z - “I?I Z.Af[p ]\[Z,
p=1
G = (RiGj+Giky + Ry,
Pi‘j/ = (*"\/i‘;}_l ]+ 1_7)
x = (Rl ~j - VZGJ - ézV] + VzRg - Ri A]' — VJ%) and
Nz(; = (*NZO] - Oi]vj — NZOAJ — Oi]\}j + NzO] + OiNj) s

where V' is a variable taking values in the set of letters { N, O}. If no inequality
constraints in (2.28) are active, then (2.44) reduces to

0=M°. (2.45)

Suppose some subset C* of the inequality constraints (2.28) are active. From
(2.10) J is explicitly dependent on the wealth W, and in (2.4) we see that the
wealth is explicitly dependent on the drifts and volatilities of the securities S.
If however the expected returns £ and volatilities ¢ of all securities S are not
dependent on (the security prices) S, then the variables S do not appear in the
HIB equation (2.25) for .J. In this case J = J{(t, W) so (2.44) reduces to

Ng Ny Ng

: . : R 1

0 = J+Wliw E &G + E LR+ 5 E O’ing
k=1 i=1 j=1

JQ 1 Ny Ng 2 Ng 1NS
w % — N
- gL zskglukl—r(z@w> DNEUEE LD

k=1 =1
1 1
2 _ R
+§VV Jww f —+ »Zl Uiszj
)=
(2.46)
and (2.41) reduces to
Ng N .
- Jw Vi - - JwN;
o= Gz 3 = ntn — e R Rz - - . 247
T W ww (r 7;5 v ;5’*”‘> * Whew 247
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What we have shown in (2.46)-(2.47) are the forms of the HJB and optimality
equations if the securities S are lognormal. In the next section we solve a
constrained portfolio selection problem where it is assumed that a money market
security is available for investment.

2.3.4 Solving the constrained optimisation problem (2.8):
Investment in a money market security

Suppose Sg is a money market security with evolution

dSo(t)
Sy = T 0s<i<T (2.48)

where Sy(0) := 1 and r = r(t) € R for all 0 < ¢ < T is a stochastic, continuously
compounded risk-free interest rate the same for both borrowing and lending.
In Section 2.3.3 if at least one of the securities in the investor’s universe is
riskless (in other words its volatility is identically zero over [0, T}), then we
cannot simply apply the analysis in Section 2.3.3 using a zero volatility for this
security. Doing this will result in each covariance matrix 6(t) being singular,
and an optimal solution of the portfolio selection problem (2.8) then cannot be
determined. Even if, in Section 2.3.3, we tried to let the volatility of say S; tend
to zero in (2.41) (to mimic the dynamics of a riskless money market security),
the magnitude of the portfolio 7 obtained from (2.41) will tend to infinity since
the magnitude of the inverse of the covariance matrix a(t) will tend towards
infinity. (In particular see the second term in A, defined in (2.37).) Thus if a
money market security is available for investment, then the constrained portfolio
selection problem must be solved from scratch.

Suppose that the investor desires an optimal asset allocation for a uni-
verse comprised of risky securities S defined in (2.1) and a (riskless) money
market security Sp. With the investor's wealth process defined as W(t) =
Zf\;\b Ni(t)S:(t).0 < t < T we have that if 1} is self-financing. then its evolu-
tion is given by

Ny Ns N N
aW = N emWdt+ Y omWdB, = > (& —r)mWdt + > oimWdB,.
i=0 i=0 i=1 i=1
(2.49)
In (2.49) we require that for all 0 <t < T
Ny
> mit) =1 (2.50)
i=0
and
a(t) <w(t) < b(t) (2.51)
are satisfied almost surely, where o is still defined as ®# = (.. ... Tng). It is

due to the second equation in (2.49) that we can solve a constrained portfolio
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selection problem if a money market sccurity is available for investment. Essen-
tially the money market security is treated as a catchall security - first optimal
allocations to the risky sccurities S are determined, then 7y (t) is defined so that
(2.50) is satisfied. Also most importantly is that, to determine optimal alloca-
tions to S, only their nonzero volatilities are taken into account {(and not the
identically zero money market security volatility). We now define the investor’s
set of admissible portfolios and then state the constrained portfolio selection
problem we wish to solve.

Definition 2 (Admissible portfolios) A set of control processes w where
w(t) € RN for all 0 <t < T, is said to be admissible (or an admissible
portfolio) if (2.50) and (2.51) hold almost surely, (2.49) has a unique solution
and the resulting wealth process W is positive almost surely. We denote by Po
the set of all admissible portfolios. ¢

The constrained portfolio selection problem we wish to solve is

sup Eo[U(T, W(T))]. (2.52)
TEP,
For m € Ps let
JT = Tt W,S) = By ws U(T, W(T))] (2.53)

where W evolves according to (2.49) using . We define the time-t value func-
tional as
J=JtW,S) = sup J"(t,W,S). (2.54)
TeEP:
We could have defined J to be dependent on Sg, but we have not since the state
variables W and S account for all variables that occur in the HJB equation for
J. Asin (2.24) we define ¢o(m; t. W, S) = Lo[J™;t, W, S} where L is defined by

. Ng Ng Ng
Lof-t, W, S] gt + (;(& —r)m + r) 5w 5 21 Z] oy W2 ()?V
Ny st— P Ny o Ny Ng
+;;oi]—sﬂjww+;& 35 " 3 ;;55%8365
(2.55)
From Theorem 2 we obtain the HJB equation
max LolJT] = 0 (2.56)
which is equivalent to the problem
max Pa(m) (2.57)
subject to (f) <7(t) < bt) (2.58)
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such that max, ¢o(m) = 0 almost surely where w(t) ¢ RV for all 0 < t < T.
The disadvantage of Sy not featuring explicitly in the constrained portfolio
selection problem (2.57)-(2.58) is that it is now a catchall security. (First all the
constrained optimal security weights #7..... 7. are determined and then the
portfolio weight my is obtained via the unity weight constraint (2.50).) Thus it
is not possible to explicitly constrain my. A necessary condition though which
mo must satisfy for all 0 < ¢ < T is that almost surely

Ng N
1-—- Z bi(t) < mo(t) < 1— Z a;(t)
i=1 i=1

since if all the upper (lower) bound constraints are active, then my will have
its minimum (maximum) value. Recall that this (modelling of Sy as a catchall
security) could be appropriate for hedge fund managers for example who have
greater flexibility in the bets they take. Explicit constraining of a money market
security portfolio weight can be done using the methodology in Section 2.3.3 -
the function T.

The function ¢»(m) in (2.55) is quadratic in &, thus since @ is positive defi-
nite, a sufficient condition for a unique global and local maximum of ¢» is that
Juwuw < 0. We want to find a local maximuin of ¢y satisfving the constraints
(2.58). Suppose w* is an optimal solution of (2.57)-(2.58). Then there must
exist multipliers g, gt € (RNS)+ such that the Karush-Kuhn-Tucker conditions
hold viz

N
(& — MW Ty + W2lww Z Them Ty
m=1
Ng
+Wzaki5i']zw “pkt+pae = 0. k=1..... \s. (2.59)
=1
wlmr—b] = 0. i=1....Ns.  (2.60)
Al owlta] = 0. j=1...Ns.  (26])
(w.p) > 0. (2.62)

where we have suppressed the dependence on time for notational simplicity.
Solving for 77 in (2.59) we find that for all i € Ng

Ng Ng
: L Pi _ .
R - > Vi & - - Zokjn[j . (2.63)
k=1 j=1

where 1] is defined in (2.36) in other words

o if o <by(t) is active (and —w; < —a;(t) inactive),
M= [ =gy = —py if = < —a(t) is active (and 7/ < b (t) inactive),
0  otherwise.



The constraints (2.58) can also be rewritten as (2.38) and (2.39) can then also
be derived viz

wi(-)%rr —¢]=0, i=1,...,Ns. (2.64)
So substituting (2.63) into the Karush-Kuhn-Tucker conditions (2.64) we find
that for each k € C*

Hy = VVQJW'W Z Chj [Ej + Fj}, (2.65)
jec~
where

Uy = Vaya,, x €CT,

\i’~1 = [@]] and
) Ne N

F, = W Zyki le(gk"r)+25'kj]\'fj , i=1,...,Ng.

WW j=1

Substituting (2.65) into (2.63) we find that for all i € Ng
ﬂ';-k - *Fi + Z I/kigvkj [Ej - F]] (266)
k,jece

From (2.66) we see that a constrained optimal portfolio 7 of problem (2.52) is
the unconstrained portfolio —F;(t),i € Ng plus the terms present if w(t) are
constrained. Substituting (2.66) into the HJB equation (2.56) it reduces to

e . ! 1. . .
0 = M =W vZeYe—Whw Y venZe X + §WJWW > 2}

kec kecr kec*
1 s Jw JZ, 9
+2J Z I/kkYk + J - Z I/kak,Yk + 2] Z I/kak
ww o ww 7 Jww 5.
(2.67)
subject to the boundary condition J(t,W,S) = U(T, W (T')) where
Ny 1 Ns 1 Ny
e = J+ Zgilei +5 Z 01853 Ty +TW v = 57— 'Z & jan M My,
=1 t,j=1 Fm=1
7 Ng J2 Ng
w ] w
- —r)My — - —
- ;(ﬁk r) My, Gy - k¥1(§k r)(& = 1)k (2.68)
and
N
Zy = Z SkeCes  Yi 1= Z CkeMe and Xp = Z ST1»‘02: l/bc(gb - 7").
ceCr cel* ceC* b=1
If no inequality constraints in (2.58) are active, then (2.67) reduces to
0= Me. (2.69)
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Suppose some subset C* of the inequality constraints (2.58) are active. From
(2.54) J is explicitly dependent on the wealth 1", and in (2.49) we see that the
wealth is explicitly dependent on the drifts and volatilities of the securities S.
If however the expected returns £ and volatilities o of all securities S are not
dependent on (the security prices) S, then the variables S do not appear in the
HJB equation (2.56) for J. In this case J = J(t. W) so (2.67) reduces to

N

J2,
0 = —J—-rWiw W . — — M
¢~ rTWlw + T k%:l(fk TIE — T)Vki
i 1 J2.
+WJw E Ve Zr Xk — §W2JWW E vk Z¢ — QJ‘H E v Xi
VW rec-

keC keCr
' (2.70)

and (2.66) reduces to

. Jw : =
= WJWW;V“(&“ D v |8 g JWW ZU’] &)

k.jec
(2.71)
What we have shown in (2.70)-(2.71) are the forms of the HJB and optimality
equations if the securities S are lognormal. We now provide a procedure for
calculating constrained optimal portfolios for problems (2.8) and (2.52).

2.4 Procedure for calculating constrained opti-
mal portfolios

In this section we provide a procedure for calculating constrained optimal port-
folios for problem 2.8 (equivalently 2.52) using the methodology in Section 2.3.3
{equivalently Section 2.3.4 if a money market security is available for invest-
ment). First we solve for an unconstrained portfolio 7(t) and the corresponding
functional value J(t.W,S). If w(t) satisfies the constraints (2.28) (in other
words a(t) < w(t) < b(t)), then the unconstrained portfolio () is in fact also
the time-¢ constrained optimal portfolio. Otherwise. which is the drawback of
using the Karush-Kuhn-Tucker conditions to solve a constrained optimisation
problem, we have to consider many different combinations of active and inac-
tive constraints (2.28) (equivalently (2.58)), where each multiplier u;(t),7 € Ns
and f1;(t),j € Ns is zero and nonzero. In fact we have to consider at most N
combinations of active and inactive inequality constraints (2.28) where

2Ng

v A\S oar 2(2Ng

N = 1+Z[< >~2A\S< i_;) H (2.72)
and ( }E) > =1,k € N. Soif Ng =2,3.4,..., then one has to calculate at least
one and at most 5,19,65,... values respectively of J(t.11.8) to find a time-t

constrained optimal portfolio #*(¢). In (2.72) recall that
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the unity weight constraint is always active,

the upper and lower bound constraint on some security weight cannot be
active at the same time,

if a money market security is (not) available for investment, then at most
Ng (Ng — 1) inequality constraints can be active at the same time.

From Theorem 2 a time-t constrained optimal portfolio w*(¢) is that which satis-
fies (2.28) and has the largest value objective functional value J(¢, W, S). (Recall
that we actually choose 7*(t) as that portfolio which maximises ¢;(m) (equiva-
lently ¢o(m)) such that max;ep, ¢1(mw) = 0. By Theorem 2 this is equivalent to
finding 7* () which - satisfies (2.28) and - maximises J(¢t, W, S).)

Suppose we are at time ¢, the investor’s wealth value is W (t) and there are
Ng risky securities in the investor’s opportunity set. Then constrained optimal
portfolios are determined as follows:

(i)

(iii)

(iv)

Solve the unconstrained portfolio selection problem (2.26)-(2.27) (equiva-
lently (2.57)) by solving the HIB equation (2.45) (equivalently (2.69)) for
J(t,W.8). Calculate the unconstrained portfolio w(t) via (2.41) (equiva-
lently (2.66)).

If a(t) < w(t) < b(t), then the unconstrained portfolio w(t) is optimal for
time ¢ and we do not need to solve the constrained optimisation problem
(2.26)-(2.28) (equivalently (2.57)-(2.58)) for a constrained optimal portfo-
lio. Save this portfolio and its corresponding objective functional value.
Proceed to step (i) above, increment time and calculate the next con-
strained optimal portfolio.

If in contrast to (ii) above m;(t) < a;(t) or b;(t) < m;(t) for some i € N,
then we need to solve the constrained optimisation problem (2.26)-(2.28)
to find a time-f constrained optimal portfolio. Proceed to step (iv) below.

Consider all possible ways of coustraining the sccurity weights w(¢), in
other words all possible ways of setting active the upper and lower in-
equality portfolio weight constraints (2.28). In each case save the portfolio
m(t) and its corresponding objective functional value J(t, W, S). From the
set of constrained portfolios, the time-t constrained optimal portfolio is
that which satisfies (2.28) and has the largest objective functional value
J(t,W.8). The time-t set of constrained portfolios (from which the time-t
constrained optimal portfolio is chosen) is determined as follows. Start
with setting only one constraint active.

(a) Set active only the lower bound constraint on m(¢). Then the set
C*(t) = {1} and in (2.40) (equivalently (2.65)), ¢1(t) = a1(t) and
¢;(t) = 0 for all i € Ng\{1}. Using these values of C*(¢t) and €(#),
solve the HJB equation (2.44) (equivalently (2.67)) for J(t,W,S) and
calculate the optimal values of 7a(t),..., 7N, (t) using (2.41).
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(b) Set active only the upper bound constraint on w1(¢). Then the
set C*(¢) = {1} and in (2.40). & (t) = by(t) and &(t) = 0 for ali
i € Ng\{1}. Using these values of C*(¢) and ¢(t). solve the HJB
equation (2.44) for J(t,W.8) and calculate the optimal values of
72(t), ... TN, () using (2.41).

(¢) Repeat steps (a) and (b) for all securities S.

(d) If there are some portfolios in (a)-(c¢) which satisfy a(t) < w(t) < b(¢),
then the time-¢ constrained optimal portfolio is that with the largest
objective functional value J(t, W.S). Proceed to step (i) above, in-
crement time and calculate the next constrained optimal portfolio.
Otherwise proceed to step (e).

(e) Set active only the lower bound constraints on 7 (¢) and mo(¢). Then
the set C*(¢) = {1,2} and in (2.40), & (t) = a1(t).22(t) = az(t) and
¢;(t) =0 for all i € Ng\{1,2}. Using these values of C*(¢) and c(t),
solve the HIB equation (2.44) for J(¢, W. S) and calculate the optimal
values of m(t),...,mn.(¢) using (2.41).

(f) Set active only the lower bound constraints on 7 (t) and w3(¢). Then
the set C*(¢t) = {1,3} and in (2.40), &1(t) = a;(t).&(t) = a3(t) and
¢;(t) = 0 for all ¢ € Ng\{1.3}. Using these values of C*(t) and &(t),
solve the HJB equation (2.44) for J(t, W, S) and calculate the optimal
values of ma(t), ma(t). ..., Ty, (t) using (2.41).

(g) Repeat (d) and (e) for all security pairs and all pairs of active upper
and lower inequality portfolio weight constraints.

(h) If there are sotne portfolios in (e)-(g) which satisfv a(¢) < x(t) < b(t),
then the time-f constrained optimal portfolio is that with the largest
objective functional value J(t.W.S). Proceed to step (i) above, in-
crement time and calculate the next constrained optimal portfolio.
Otherwise proceed to step (i).

(i) Find constrained portfolios w(t) for different sets of active upper and
lower portfolio weight inequality constraints.

(j) The constrained optimal portfolio mw(¢) is that which satisfies (2.28) and
has the largest objective functional value J(t. W, S).

(k) Save this time-t constrained optimal portfolio and its corresponding objec-
tive functional value. Increment time and calculate the next constrained
optimal portfolio.

Remark 1 We make the following two remarks.

o A grid of constrained optimal portfolios corresponding to different values
of t.W and S should be produced. Then we start at time 0 and let the
stochastic differential equations (2.1) evolve. From the grid produced. for
each time t. we simply read off the constrained optimal portfolio (for that
sample point w € Q).
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o Recall that (2.44) is a final value problem. Thus we use the time-t values
J(t, W.8) in the calculation of constrained optimal portfolios at time t —
A0 < At < 1.

We now solve an example.

2.5 Example

Suppose we want to solve the constrained optimisation problem (2.8) with the
following inputs:

(i) The constant relative risk-averse (CRRA) investor’s opportunity set is
comprised of two securities S; and S3 with evolutions

dSi(t)

Si(t™)

= &(t)dt + oi(t)dB;(t),

where for i = 1,2, & and o; are stochastic processes with values given
in Table 2.1 and these are independent of the security prices S; and Ss.
Thus to solve (2.8) we have to solve the HJB equation (2.46) subject to
the boundary condition

J(t, W) = U(T,W(T)) = ((T)a + ¢(T))", 0<~y<1, (2.73)

where in this example the functions p and ¢ are deterministic and of the
form

p(T) = exp(T) and ¢T) = In(1+T).

The relative risk aversion coefficient 0 < v < 1 because we require J to
be strictly concave in W(t) - see the paragraphs below (2.28) and above
(2.59).

(ii) The other financial market parameters are assumed to have values:

Ng = 2, T 1 year, At = %years,
v = 05 T =1

and the values given in Tables 2.1 and 2.2.

We solve (2.46) discretely for constrained optimal portfolios at times %, 19—2, %, %
years and create a grid of constrained optimal portfolios as depicted in Table
2.3. For this example this grid varies only in two dimensions viz time ¢ and
wealth level W(t). (If any of the variables £,0,a,b are dependent on S, then
this grid will vary in more dimensions and consequently computational time
will increase.) To find a constrained optimal portfolio 7(¢) the following 5 cases

need to be considered:
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12 12 12 12 12
aj 0.40 0.40 0.40 0.40 0.40
a2 0.40 0.40 0.40 0.40 0.40
b 0.80 0.80 0.80 0.80 0.80
bo 0.80 0.80 0.80 0.80 0.80

£ 1 -0.0204 | 0.1232 | 0.0494 | 0.1058 | 0.0002
& | 0.1199 | -0.0345 | 0.0853 | 0.1455 | 0.0533
o1 | 0.8449 | 0.3659 | 0.4538 | 0.7287 | 0.4808
o2 | 0.6405 | 0.4829 | 0.7016 | 0.7354 | 0.8173

Table 2.1: Time-t values of financial market parameters for securities 51 and S
in Example 2.5.

t g
5 0.7139  0.1369
2 0.1369  0.1103
p 0.1339  —0.0238
12|\ -0.0238  0.2332
10 0.2059  0.0789
2 0.0789  0.4923
i1 0.5310 —0.0784
2 |\ 00784  0.5408
12 0.2312 —0.0134
2|\ 0.0134  0.6680

Table 2.2: Time-t covariance matrices of returns of securities S; and 5> in
Example 2.5.
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Case 1 pi(t) = 0,u3(t) = 0. Here C*(¢) is empty so (2.46) reduces to

L Wlihyw o J2 & & ’
0= Je+Wiw Y &Gi+ ! YN Gl - T (Z sz)
=1

k=1 2T 2Iww \ G2,
(2.74)
and (2.47) reduces to
J Vi o 2
= Gz W = n¥n — Vkiof - 2.75
™ T Wew (F ;f ) kz::lf"”“> (2.75)

We then have to solve (2.74) for J(t, W) and then calculate m1(t) and ma(t) via
(2.75). (Actually we only need to calculate either 7;(t) or mo(¢) from (2.75)
and calculate the other via the unity weight constraint (2.5).) If we find that
a(t) < w(t) < b(t), then we do not consider cases 2-5 below since the uncon-
strained portfolio w(t) is in fact also the constrained optimal portfolio for time
t and wealth level W (t). Otherwise do all of Cases 2-5 below.

Case 2 p1(t) > 0,a1(t) = 0,pa(t) = 0,f12(t) = 0. Here C*(t) = {1} and
¢1(t) = b1(t). We then have to solve the resulting HIB equation (2.46) for
J(t, W) and calculate 71 (¢) and m2(t) from (2.47).

Case 3 ui(t) = 0,21(t) > 0,p2(t) = 0,02(t) = 0. Here C*(t) = {1} and
c1(t) = ai(t). We then have to solve the resulting HJB equation (2.46) for
J(t, W) and calculate 71 (t) and wo(t) from (2.47).

Case 4 py(t) = 0,f11(t) = 0,pa(t) > 0,u2(t) = 0. Here C*(t) = {2} and
Ca(t) = ba(t). We then have to solve the resulting HIB equation (2.46) for
J(t. W) and calculate 71 (¢) and m2(t) from (2.47).

Case 5 y(t) = 0,a1(t) = 0,pa2(t) = 0,2(t) > 0. Here C*(t) = {2} and
G2(t) = ao(t). We then have to solve the resulting HJB equation (2.46) for
J(t, W) and calculate 7 (t) and ma(t) from (2.47).

The constrained optimal portfolio for time ¢ and wealth level W(¢) is that
which satisfies the inequality constraints (2.28) and has the largest value of
J(t,W). The actual numerical values obtained are given in Table 2.3. The
results show constrained optimal portfolios for specific values of t and W {t). So
at time ¢ = 11/12 years, if the investor’s wealth value is W = 6076076, then the
constrained optimal investments in securities S; and S» are 43.6% and 56.4%
respectively. We now show why the constrained optimal portfolio for ¢ = 10/12
and W = 7577578 =: W is (0.6;0.4). Let f1o := 1,#1; := 11/12,#; := 10/12
and tg := 9/12 years. To find 7*(t19) we need to choose from a set of constrained
portfolios. Now from (2.47), to calculate one constrained portfolio 7 (t0), we
need to know J(t10, W). So since the problem has been discretised, we actu-
ally compare values of J at time #9 to determine which constrained portfolio is
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t=8/12 | t=9/12 [t = 10/12 | t = 11/12 t=1
(0.4: 0.6) W = 70072
(0.6:0.4) | (0.430: 0.570) | W = 1571573
(08:0.2) | (0.6: 0.4) | (0.432: 0.568) | W = 3073074
(0.2:0.8) | (0.8, 0.2) | (0.6:04) | (0.434: 0.566) | W = 4574575
(08:0.2) | (0.6: 0.4) | (0.436: 0.564) | W = 6076076
(0.6;0.4) | (0.438: 0.562) | W = 7577578
(0.439: 0.561) | W = 9079079

Table 2.3: Grid of constrained optimal portfolios for Example 2.5.

in fact the time-f1y constrained optimal portfolio. So suppose we have calcu-
lated the constrained optimal portfolio w(t;1) and the functionals J(t;;. W) and
J(t10. ). We discretise (2.46) in the time variable ¢ and cases 1-5 mentioned
above then have the following form:

Case 1 From Tables 2.1 and 2.2 J(tg. 1) is calculated via the difference equa-
tion

J(fg. H') = J(tlo, ”r) + At <U.06I’1"7Juf'(flo. IV) + 0.09”@‘]“1”'(1‘,10. ”v) + 0.3
- 0.77 X . o
where G(t19) = 0.24 and I'(#10) = 5.68. The functional J(t19. ") is known

and we found that J(te, W) = 4446.53. Equation (2.75) reduces to
Jw (t10. W
ml(ty) = ( )+( )M = < )
W .]w'wf(tm. 13! )
Since the unconstrained portfolio 73(t19) < aa(t19) = 0.4 we have to consider

the other four cases to find a constrained optimal portfolio for time t19 and
wealth level .

0.77
0.24

0.07
—0.07

0.63
0.37

Case 2 /11(1‘10) > O.ﬂl(tlo) = 0,[12(1‘10) = 0./22(1‘10) = 0. Here C*(fl()) = {1}
and ¢1(t19) = b1(t10) = 0.8. This constrained portfolio will not be optimal since
72 (t10) = 0.8 implies that 73(t19) = 0.2 < aa(tip) = 0.4. however we still go
through the calculations for expositional purposes. From Tables 2.1 and 2.2
equation (2.46) reduces to

J(te. W) = J(t1o.W) + At <0.07H'.]W(f10. ) + 00812 Ty (f10. 1) + 0.30

T2 (to W)
Jww (ti0, W)

J& (110 . ”7)

JW'W' (f 10~ H’)

).

).



where U = 1.85, R = 0.08, N = 0.16 and

R () - ()

R () - (o)

N () - (ow )

v () - ()

Q¥ = 8 = (0o oo )

" = @ = (oo o) ™
N )

Since the functional J(t1g, W) is known we found that J(tg, W) = 4445.83 and
equation (2.47) reduces to
9 B 0.8
™ (tl(]) - < 02 .

Case 3 ,ul(tm) = 0,[11(1‘10) > 0,,[12(1510) = (),/22(7‘/10) = 0. Here C*(tlo) = {1}
and ¢ (t19) = aq(t10) = 0.4. From Tables 2.1 and 2.2 equation (2.46) reduces to
JQ’(tIO-,VV) )

J(tg, W) = J(tio, W) + At <0.()8WJW(t10, W) +0.14W2 Jyw (1o, W) 4 0.30 22—
Jww (tio, W)

Since the functional J(t19, W) is known we found that J(tg, W’) = 4445.26 and
equation (2.47) reduces to
0.4
WS(tIO) - ( 0.6 >

Case 4 p;1(t10) = 0, t1(tio) = 0, pua(tio) > 0, fia(ti0) = 0. Here C*(t1) = {2}
and ¢2(t19) = ba(t10) = 0.8. This constrained portfolio will not be optimal since
m3(t10) = 0.8 implies that 7#(t1g) = 0.2 < a;(t10) = 0.4, however we still go
through the calculations for expositional purposes. From Tables 2.1 and 2.2
equation (2.46) reduces to

2 17
.](tg, LV) = J(t]o, VV) + At <0.09VVJVV(t]0, VV) + 0.17I/VQJW’W’(I‘,10, VV) + 030M) .
Jww (tio. W)
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We found that J(tg, W) = 4442.07 and equation (2.47) reduces to

wow = (1)

Case 5 ;11(1‘10) = O-ﬁl(flo) = 0.[12(1‘10) = O.ﬂg(f]g) > 0. Here C*(flo) = {2}
and ¢a(t10) = a2{t19) = 0.4. From Tables 2.1 and 2.2 equation (2.46) reduces to

. 2 (t1o, W
J(te. W) = J(ti. W) + At (0.07If£/’Jw(t10. W) + 01112 Sy (0. W) + 0.30M> .
Jww (ti0. W)
We found that J(te, W) = 4446.51 and equation (2.47) reduces to

fa - (35)

The result from Cases 1-5 is that, since J(tg.ﬁ/.ﬂg(fw)) < J(te. W.T(t10)),

the portfolio
0.6
m(tio) = ( 0.4 >

is the constrained optimal portfolio for time ¢, and wealth value W. Recall that
the portfolios w2(t10) and w4 (t10) are not considered because these do not satisfy
the time-t1g inequality constraints (2.28) where a(t1g9) and b(t1g) are defined in
Table 2.1. To show that Theorem 2 holds in this case, a plot of ¢1(m*(t10):7)
versus T (subject to the unity weight constraint (2.5)) is given in Figure 2.1.
The functional ¢1(7*(t10);7) is evaluated as follows:

(i) Substitute the time-t,q constrained optimal portfolio 7*(¢;¢) into the HIB
equation (2.25).

(ii) In (i) above a particular HJB equation is derived which is determined by
the values of w*(¢19). Solve for the value functional J(t10.1¥.8) in this
particular HJB equation.

(iii) Using J(t10. W, S) calculated in (ii) above, evaluate its partial derivatives
and substitute these into ¢1(7*(t10): ™) defined in (2.24).

(iv) Plot o1(m*(t10);m) by using the partial derivatives of J(t10,W.,S) as co-
efficients and 7 as independent variables. Consequently ¢;(m*(t10):7) is
quadratic in m(t19).

We see that ¢ 5(m(f10);7) := ¢1(m5(t10); ™) has a maximum value of zero. This
is exactly the function ¢; that is referred to in Theorem 2. Recall from Theorem
2 that to find a constrained optimal portfolio of the problem (2.8) the following
two approaches are equivalent:

(i) Choosing a constrained portfolio 7(t10) with maxzep, 01(7(t10):7) = 0.

(ii) Choosing a constrained portfolio @(f30) which has the largest objective
functional value J(t,9, W, S) (defined in (2.10)).

In the next section the no-constraining (NC) region of a portfolio is analysed.
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Figure 2.1: Plot of functions ¢1 ;(w(t1g);m),7 = 2,3,4,5 for different active and
inactive constraints.

2.6 The No-constraining (NC) Region

In this section we show how to describe the NC region NC; of each security S;
assuming a money market security is not available for investment. (The analysis
is similar if a money market security is available for investment.) The point of
the NC region analysis is, at each time t, to determine beforehand whether
or not the time intensive process of constraining portfolio weights (to find a
constrained optimal portfolio) will have to be done. The NC region analysis
allows us to determine beforehand whether or not, at time ¢, we shall have to
go through the process of constraining the portfolio weights until we find that
portfolio which satisfies the inequality constraints (2.28) (equivalently (2.58))
and has the largest objective functional value J.

Now the portfolio NC region NCy is defined as ﬂzN;l NC;. Analogous to
the portfolio NT (no-transaction) region derived in ([38], [54]), the portfolio NC
region NCy derived in this section is a region defined only in terms of the state
variables (W,S). Secondly it is a region such that, if the state variables are
inside it, then it is guaranteed that an unconstrained portfolio 7 is in fact a
constrained optimal portfolio and so will not need to be constrained to some
subset of the bounds a and b. So we are interested in the calculation of the
boundaries of NCy . Intuitively, the way NCy will be obtained, is by letting
the weights 7* be unconstrained and roam free. When the weights hit their
boundaries a and b, record the values of the state variables (W, 8). One can
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then plot these values of the state variables in the space with axes (W, S) and
this will be the boundaries of NCy-. The NC region NC; of security S; is
obtained by letting the weight #} roam free and noting the values of the state
variables (W.S) when =7 hits its boundaries a, and b;. Essentially, what we
are doing when trying to determine NC;, is to set C* empty and 7 = a, in
(2.41) and obtaining a relationship between the state variables (W.S) at the
lower boundary a,. Then we set C* empty and 7} = b; in (2.41) and obtain a
relationship between the state variables (W, S) at the upper boundary b;. We
now do this. Recalling that for all i € Ng

. Jw
M, = ———p(t,8 G, E Spdpw — SiJiw
W JWWp (£.8) + Wlww Jw w ( P " )

where

pi(t,8) o= —anun ngum (2.76)

n=1

defining the set C* to be empty, (2.41) can be written as

~ ‘]"V
7 =G 4 ———pi(t,8) + tSE Spd, JiwS; | . (2.77
! W wap (t,8) + Wlww J ww ( m " ) @77)

We want to find a relationship between the state variables (W.S) if 7} = b; and
if 77 = a; in (2.77). These relationships define the boundary 9N C, of NC;. To
obtain an analytical relationship between the state variables on 9N C; from the
nonlinear equation (2.77) is unlikely, so these relationships will most probably
be obtained numerically. In simple cases however. closed-form relationships
between the state variables on dN(; can be obtained. which is what we now do.
We make the following two assumptions which allow us to obtain an analytical
relationship between the state variables on ONC;, viz for all i € Ng

(i) a(t.W.8) = a;(t, S)W + a;(t.S) and b, (t.W.8) = b,(t.S)W + bs(t, S),

(ii) @ =0and b, =0,
(2.78)

where di(t,S),él(t.S),éi(t, S) and b;(t,S) are functions of t and S. In (2.78)(i)
the linearity of a; and b; in W is arbitrary and is chosen so that we can deter-
mine analytical relationships between the state variables on dNC;. (In practice
portfolio weight bounds a and b are almost always constant and not stochastic,
0 (2.78)(i) is more than adequate for modelling real world situations.) From
(2.78)(i) with @} = b,, equation (2.77) reduces to

Ng
(bi = GOW Jww = pidw +Gi Y Spdpwy — Jaw'Ss. (2.79)

p=1
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By integrating (2.79) with respect to W we get that

. Ny
bW 2w (b — G )W Ty — (20, W 4-b— Gy —pi ) J +2b; / JAW = G,y " J,8,~JiS:.

p=1
(2.80)
Analogous to the NT region derivation in ([38], [54]), to produce an analytical
description of N, we want to obtain a first-order, linear, homogeneous partial
differential equation involving only first partial derivatives of some function of
(W, S). We try the substitution

F(t,W,S) := f(t,W,S)J(t,W,S), (2.81)

where f(t, W,S) is to be determined. Substituting (2.81) into (2.80) and multi-
plying by f we get that

< (1+Zf’”s> ( bW — )WfTWAQb (W f/f ldW)—pz
~ — ~ ~ N\

= (—(b,W + b)) + G)WFw + G Z F,S, — FS;. (2.82)
p=1

We see that the right-hand side of (2.82) involves only first partial derivatives

of F, so we want to make the left-hand side of (2.82) identically zero. The term
[ f~'dW is not easy to deal with, so using (2.78)(ii) equation (2.82) reduces to

(6 (1+358) (@) wae - ior 1) !

Ny
=(=bi+ G)WFw + G > _F,S, — FS.. (2.83)

p=1
This is the relationship that the state variables (W,8) must satisfy given as-
sumptions 2.78 and if the portfolio weight 7 attains its maximum allowed value
b;. The lower boundary state variable relationship of NC; is obtained by replac-
ing b with a in (2.83). We now consider a particular example to continue the

NC region analysis which becomes quite complicated even with the assumptions
(2.78).

2.6.1 Example

In this example we shall make the following assumptions viz
(i) in (2.83) §, =0foralli=1,...  Ng,
(ii) o1 = o1(¢,51) = Sf] and 0, = g;(t),i = 2,..., Ng,

(iii) the Brownian motion correlation matrix p = I the identity matrix and
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(1\) a; = 51(f) and Bl = 61(1’)
(2.84)

From 2.84(i), by inspection of (2.83) we see that the function f(t.11.8) = W !
will result in a partial differential equation involving only first partial derivatives
of F. viz

N
0 = (~b+G)WFy +G, Y FpS,—FS.. (2.85)

p=1

By inspection of (2.85) we see that NC; is dependent on 1" and the prices
of all securities S. Also the coefficients b, and G, of the partial derivatives in
(2.85) are functions of (W, S). Thus it is not necessarily the case that a solution
of (2.85) will always exist. Moreover, due to the many independent variables
(W, S) which will be the axes in the space in which NC; will be plotted, it is
not in general possible to visualise (in other words produce a three-dimensional
view of) NC;. To produce a three-dimensional view of NC; we must have one
or two non-lognormal securities in the investor's opportunity set. Thus from
(2.84)(ii)-(iii), in other words S; is the only non-lognormal security and the
Brownian motions B are uncorrelated, we have that

S77 0 ... ... 0 S 0 ... ... 0
0 o3 0 ... 0 0,2 0 :
o= 0 0 v= 0 .0
0 0
0 0 o3, 0 0 on
and
N 52 52
F:S%+ZU_2. é1:+a GZZ—ZNT- 1=2,...,
=2 ‘ 512 + Zz:AHQ 0:2 Siz + Z;;Q 01 ?

Since .57 is the only security with its volatility dependent on its price we have
that F' = F(t,W,S1). Assuming Fy # 0 in (2.85) it reduces to

- N A dW
0 = (=i +G)W+ (G, — 1)51E. (2.86)
1

Using (2.84)(iv) (in other words b; is independent of S). the unique solution of
(2.86) is

. 1—b1(1)SE\ o b
W = exp —( Nl( ) ,)1 S, bt
2 Zz:A\Q Ui_~
This is the relationship that W and S; must satisfv at the upper boundary of

NC; (in the presence of Assumptions 2.78 and 2.84). The upper boundary value
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Figure 2.2: Plot of the no-constraining region NC of risky security S; discussed
in Example 2.6.1, where 0.05 < 71(¢) < 0.85 for al 0 <¢ < T.

b, was arbitrary thus the relationship that W and S; must satisfy at the lower
boundary of NC; is

1—-a;(t)S7\ —a
W= exp [ LZG)5T fvl‘(m‘zl sy,
22505

With Ng = 3,a, = 0.05,b; = 0.85 and 0, = 0.3,4 = 2,3, for all 0 < ¢ < T the
region NCp has the form given in Figure 2.2. NTyy is then the intersection of
NC;,i = 1,2,3. In the next chapter a constrained portfolio selection problem
is solved with the following relaxations relative to Chapter 2 viz

(i) the risky securities arc modelled as being non-Markov processes,
(it) the logarithmic returns of the risky securities are allowed to exhibit jumps,

(iii) the hypothetical investor is modelled as having more information available
to him other than that generated by the financial market - the investor is
assumed to be an insider, and

(iv) Particular types of investment strategy of the insider are penalised. This
is accomplished by including penalty functions in the objective functional
of the insider portfolio selection problem solved.
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Chapter 3

Constrained portfolio
selection with non-Markov
processes and Insiders (I)

A financial market comprised of non-Markov securities driven by Lévy
processes is considered. The securities are non-Markov since the ez-
pected returns, volatilities and jump coefficients of the securities are
path dependent. A constrained portfolio selection problem for an in-
sider with a strictly increasing, concave and at least once-differentiable
utility function is solved. An insider is an investor who has more in-
formation available about the disturbances in a financial market than
an honest investor. The models of ([18], [42]. [62]) are closely followed
and generalised to a multidimensional setting and this immediately in-
troduces (amongst other things) an explicit unity weight constraint on
the portfolio security weights which is not present in these papers. In-
equality constraints on the insider’s portfolio security weights are also
imposed and the resulting constrained portfolio selection problems are
solved via the method of calculus of variations. This chapter contains
only theoretical results. In Chapter 4 some analytical solutions are
derived and some problems are solved numerically.

3.1 Introduction

In Chapter 2 constrained optimal portfolios comprised of a money market secu-
rity and diffusions were derived. Since the method of dynamic programming was
emploved to solve those optimisation problems, we were restricted to including
(in the opportunity set of the honest investor) only state variables which are
Markov processes. (This is why only diffusions, which are Markov processes,
were assumed to be available for investment by the honest investor.) The other
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drawback of the dynamic programming framework is the Curse of Dimension-
ality [131]. With the use of dynamic programming it is not advisable to include
too many state variables in the (dynamic programming) problem. The reason
for this is that since the dimensionality of the dynamic programming problem
increases disproportionately with the number of state variables, it becomes very
difficult to solve a practical dynamic programming problem, in particular a
portfolio selection problem. In this chapter the state variables (in this case the
security prices) are allowed to be non-Markov. Further complicating the portfo-
lio selection problem is that it is also assumed that the hypothetical investor is
an insider defined in the next paragraph. The calculus of variations is employed
to solve the constrained portfolio selection problems in this case.

From {62}, by an insider in a financial market we mean an investor who
possesses more information than the information generated by the disturbances
in the financial market itself. An insider may be for example an executive
or simply an employee of a company. [62] An honest investor can only use the
filtration (or information) generated by the market itself if making an investment
decision. An insider has a larger filtration available to him and uses this to make
investment decisions. In reality insiders do not trade in the absence of market
inefficiencies. Considered in this chapter and the next is the market inefficiency
of portfolio security weight inequality constraints since an insider may not be
able to trade unconstrained monectary amounts of some security. An application
of this work is to improve the detection of insider trading. This work can also
be extended to the pricing of contingent claims in the presence of investment
constraints and where the amount of information agents have is important - for
example partial equilibrium and general equilibrium [97] models.

The fundamental difficulty associated with solving a portfolio selection prob-
lem for an insider in continuous-time in the presence of non-deterministic distur-
bances, is how to interpret the resulting integrals, which in general are no longer
stochastic integrals. For example, from [18], let B be a standard Brownian mo-
tion on the complete filtered probability space (Q,F,P), where F := {F; }o<i<r
is the natural filtration of B. Consider an insider who has access to a filtra-
tion H := {H, }o<;<7 which is larger than F, in other words F, C H, for all
0 <t <T. Let f = f(t) be a process describing the insider’s investment be-
haviour. Then f is not F-predictable but H-predictable. We are interested in
the interpretation of the integral of f with respect to B. (These types of integral
arise in this chapter since the insider’s portfolio is predictable with respect to a
larger filtration than that generated by the financial market disturbances - see
section 3.4 below.) This integral is denoted by the object

K /T f(t,w)d™B(t)", we. (3.1)

Since the most well-known form of stochastic integration requires the integrand
to be predictable with respect to the filtration of the integrator [117], from [18]
a natural (and the most common) approach is to assume that H is such that B
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is an (H.,P)-semimartingale. In this case from [117] we can write
B(t)=B(t)+ H(t), 0<t<T. (3.2)

where B is an (H, P)-Brownian motion and H is a continuous, H-predictable,
bounded variation process. One can then define

T T N T
/0 F(t.w)d B(t):/o f(t.w)dB(t)+/0 F(t.w)dH(t).

Quoting from (18], Section 1), approach (3.2) generates the following questions
viz (1) How do we know if (3.2) is possible?, (i) If (3.2) is possible, then how
do we find H? and (iii) What do we do if (3.2) is not possible? In this chapter
we follow and generalise the models in ({18], [42], [62]) and solve a constrained
portfolio selection problem for an insider without assuming that (3.2) holds.
As in ([18], [42], [62]) we show that if a constrained optimal insider portfolio
m = (m...., N, ) exists, then in fact (3.2) holds with (the bounded variation
process) H closely related to m. Since inequality constraints are imposed on 7,
if the bounds are large enough, then our results will reduce to those in ([18],
42]. [62]).

Now the portfolio 7 of an insider is H-predictable since the insider makes
his investment decisions based on the information H available to him. Thus,
as will be seen in equations (3.19) and (3.21). the resulting integrals in the
stochastic differential equation of the wealth process of the insider are no longer
stochastic integrals (since it will not necessarily be the case that the integrand
is predictable with respect to the filtration of the integrator). Now if the insider
is in fact honest, then we want optimal insider portfolios to reduce to optimal
honest investor portfolios. Thus in this chapter, as in ([18], [42], [62]), we
choose to model these integrals (in the differential equation of the insider wealth
process) as forward stochastic integrals (defined in Section 3.3 below). We do
this since forward integrals

(i) are objects where the integrand is predictable with respect to a larger
filtration than that of the integrator,

(ii) are also defined as a limit of Riemann sums and

(iii) reduce to stochastic integrals if the integrand is predictable with respect
to the filtration of the integrator.

This is why forward stochastic integration is such an important part of the
portfolio selection theory in this chapter.

In ([62], [116]) optimal insider portfolios comprised of a money market secu-
rity and a diffusion are derived by maximising the expected logarithmic utility
of terminal wealth of the insider. In [62] penalty functions are included in the
objective functional so that optimal insider portfolios are not conspicuous (rela-
tive to an optimal honest investor portfolio) and so that the objective functional
maximised in [62] is finite. In [116] the authors assume a particular form for the
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insider’s filtration and moreover assume that the Brownian motion disturbance
(employed in [116}) is in fact a semimartingale with respect to the insider’s fil-
tration. In [31] optimal insider portfolios comprised of a money market security
and a diffusion are derived by maximising the expected difference between the
logarithmic utility of the terminal wealth of the insider and the logarithmic util-
ity of the terminal wealth of an honest investor. In ([18], [79]) optimal insider
portfolios comprised of a money market security and a diffusion are derived
by maximising the expected utility of the insider’s terminal wealth, where the
utility function need only be concave and at least once differentiable. In [79]
however the coefficients in the stochastic differential equation of the diffusion
are modelled as being anticipative. In ([51], [57]) optimal portfolios comprised
of a money market security and risky securities driven by independent Brownian
motions and (compound) Poisson processes are derived by maximising the sum
of the expected utility of intertemporal consumption and the expected utility
of terminal wealth of the insider. In ([42], [78], [110}) optimal insider portfolios
comprised of a money market security and a risky security driven by a Lévy
process are derived by maximising the expected logarithmic utility of terminal
wealth of the insider. In {110] however the coeflicients in the stochastic differen-
tial equation of the risky security are assumed to be anticipative. The portfolio
selection model considered in this chapter differs from those mentioned above
in the following ways:

(i) We allow an arbitrary, finite number of securities in an insider’s portfolio.

(ii) A riskless {(money market) security may or may not be available for in-
vestiment by the insider.

(iii) The risky securitics are driven by Lévy processes and can be non-Markov.

(iv) Drifts, volatilities and jump coefficients of the risky securities can be non-
Markov processes but these must not be anticipative.

(v) The expected utility of terminal wealth over a finite time horizon is max-
imised (rather than the expected utility of consumption over an infinite
time horizon).

(vi) Penalty functions are introduced into the objective functionals so that
optimal insider portfolios are not conspicuous (relative to optimal honest
investor portfolios) and so that the objective functionals maximised are
finite.

(vii) In particular penalty functions are included in the case where the insider
has logarithmic utility and the sccurities are driven by Lévy processes
(with jumps).

(viii) The insider portfolio selection problem is solved for general utility where
the securities are driven by Lévy processes (with jumps).

(ix) Both buying and short-selling constraints are included in the portfolio
selection models.
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(x) A positivity of wealth constraint is imposed.

With respect to (v) above, as in Chapter 2, this is done since the future liabilities
(or consumption) of an institutional portfolio, for example a portfolio managed
by an asset manager, are known a priori, hence an optimum consumption rule
need not be determined. (For example the fee agreement between the asset
manager and client is agreed upon upfront.) The inclusion of intertemporal
consumption better describes the investment behaviour of an individual - see
[22] and [105].

The rest of this chapter is organised as follows: Section 3.2 includes prelim-
inaries: in Section 3.3 forward stochastic integration is defined: in Section 3.4
the financial market model is defined: in Section 3.5 Ttd’s formula for function-
als of forward Lévy processes is stated and the forward stochastic differential
equations of the insider wealth process are solved: in Section 3.6 the optimisa-
tion problems to be solved are stated: and in Sections 3.7 and 3.8 the insider’s
portfolio selection problems, where the securities are driven by diffusions and
Lévy processes with jumps respectively, are solved.

3.2 Preliminaries

In this section definitions and results required for the rest of this thesis are
stated. This section was summarised from {7]. First a Lévy process is defined.

Definition 3 (Lévy process) Let (Q.F.P) be a complete filtered probability
space and let X = (X(1),0 < t) be a real-valued stochastic process defined on
(QUF.P). Then we say that X has independent increments if for each n € N
and each 0 < t; <ty < -+ < tpyy < 20, the random variables (X(t;41) —
X(t;).1 <j < n) are independent. We say that X has stationary increments if
each random variable X (t;11) — X (t;) has the same distribution as the random
variable X(t;11 —t;) — X(0). We say that X is a Lévy process if:

(L1) X(0) =0 almost surely.
(L2) X has independent and stationary increments.

(L3) X is stochastically continuous. in other words for all z € R™ and for all
0<s.t
lim Pz < |X(t) — X(s)]) =0.
—*8

¢

From [117] one can show that every Lévy process is cadlag and for the rest of
this thesis it will be assumed that all Lévy processes considered are cadlag. See
[7] for more information on Lévy processes. We now define Poisson random
measures.

Definition 4 (Poisson random measures) Let (5.G) be a measurable space.
Then a random measure g on (S.G) is a collection of random variables (q(B), B €

G) such that:
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(i) q(0) = 0.
(it) Let (A, € G.n € N) be a sequence of mutually disjoint sets. Then it is

required that
g <U An) =Y a(An).
n=1

n=1

(iii) For each disjoint family (By, ..., By,) in G, the random variables ¢(B1), .. .,
q(By) are independent.

If each random variable ¢(B) has a Poisson distribution whenever ¢(B) < oo,
then q is called a Poisson random measure. ¢

We now define a compensated Poisson random measure for the special case where
the set S in Definition 4 is the product space {0,7] x RV, N € N. First, from
([7], pp87), aset A € B(RY), N ¢ N is said to be bounded below if 0 ¢ A, where
A is the closure of the set A.

Definition 5 Let the set A € B(]RN) be bounded below and for all0 <t <T
let
q(t, 4) := q([0,t] x A).

Suppose the set S in Definition 4 is the product space [0,T] x RN N € N and
define the intensity measure v(A) = E[g(1, A)]. Then for all 0 < t < T the
compensated Poisson random measure G is defined as

q(t, A) = q(t, A) — tv(A). (3.3)

¢

We now define a Lévy measure.

Definition 6 (Lévy measure) Let S C R. Then a Borel measure is any
measure on the space (S,B(S)). Let v be a Borel measure defined on R\{0}.
Then we say that v is a Lévy measure if

/ (y? A Du(dy) < oo.
R\{0}

¢

For notational simplicity, for the rest of this thesis if we integrate over RV, N € N
and it should be bounded below, then it should be assumed that it is. (This
convention permits us to write [,y (---)v(dz) instead of fRN\{o}(' - Yv(dz) each

time.) For some set A € B(RY) however it will clearly be stated whether or not
this set must be bounded below. The following results are also required.
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Theorem 3 (Girsanov-Meyer) Let (0. F.IP) be a complete filtered probabil-
ity space. Let P and Q be equivalent probability measures on (Q.F) with dP =
F(T)dQ and F(t) := E[F(T)|F] for all 0 <t <T. where F(T) is a (nonnega-
tive) Fr-measurable random variable. Let M be an (F.P)-semimartingale with
decomposition M = My + M, where My is an (F, P)-local martingale and M5 is
a process of bounded variation. Then M is also an (F.Q)-semimartingale and
has decomposition M = Mgz + My. where
L1
]\[3(t) = ]\I](L‘) — / —d|F. A4 (5) 0<t<T
Jo F(s) | |

is an (F,Q)-local martingale and My = M — Mz is a Q bounded variation
process.

Proof:  See ([117], Theorem I11.35). [ |

Corollary 4 Let P and Q be equivalent probability measures on (Q,F) with
dP = F(T)dQ and F(t) := E{F(T)|F:] for all0 <t <T. Let M be an (F,P)-
martingale. Then

£
Als(t) = M(¢) - —d|F.M(s). 0<t<T
(0= M) = [ FdP M. 0<t<
s an (F.Q)-local martingale.
Proof: Let Ms =0 and M; = M in Theorem 3. |

Theorem 4 Let M be an (F,P)-local martingale. Then M is an (F,P)-martingale
with E[A2(t)] < oo for all 0 < t. if and only if E[M. AM|(t) < oc for all 0 < ¢,

Proof: See ([117], Corollary II.3). |

Theorem 5 Let X = (X(t),0 <t < T) be an (F,.P)-semimartingale and let
f = f(t) be integrable with respect to X. Then we have almost surely that for
al0<t<T

[ /0 ' F()aX(s), /0 t f<s>dX<s>] - /0 P s)dLX. X](s)
Proof: See ({117}, Theorem I1.29). | |

We now define forward stochastic integration.
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3.3 Forward stochastic integration

In this section forward (stochastic) integration is defined. Forward integration
is required in this chapter since the integrals encountered (in the stochastic dif-
ferential equation of the insider wealth process) have the integrand predictable
with respect to a larger filtration than that of the integrator. Forward integrals
occurring in this chapter is a direct consequence of solving a constrained portfo-
lio selection problem for an insider who has more information available to him
than that of an honest investor. We now define this type of integration.

Let {(Q,F,P) be a complete filtered probability space. Then from [117] the
most well-known stochastic integrals that can be defined are of the form

/ (s (5,0).

where (Z(t),0 < t < T) is an (F,P)-semimartingale and f = f(t,w) is an F-
predictable integrable process. Let H O F be another filtration and let g =
g(t,w) be an H-predictable integrable process. Then the integral of g with
respect to Z is called a forward stochastic integral and it is denoted by the
object

”/(]‘g(.s,w)(lAZ(s,w)”. (3.4)

The stochastic process in (3.4) includes stochastic integrals as a special case,
thus it does not always satisfy all properties of a stochastic integral. If the
process ¢ is in fact F-predictable, then (3.4) reduces to a stochastic integral.
Let e € R and (X (#),0 <t < T) and (Y(#),0 < ¢ < T) be two stochastic
processes continuous at 0 and T, where X is an (H, P)-semimartingale and
Y an (F,P)-semimartingale. Then from [123] the forward stochastic integral

“Y o with respect to 1$
JTXd™Y of X with resp Y i

T 1 T
/ X(Hd“Y(t) == lim —/ XY ((t+e)AT) - Y(t)dt,  (3.5)
JO 0

e—0t €

where the limit in (3.5) is taken in probability. If the limit in (3.5) exists, then
X is said to be forward integrable with respect to Y. In the next two Sections
3.3.1 and 3.3.2, the forward diffusion integral and the forward Poisson integral
are defined.

3.3.1 Forward diffusion integration

A forward diffusion integral is a special case of (3.5) where the processes X and
Y are continuous over the whole interval [0, T]. As mentioned in Section 3.1, we
model the insider’s wealth process as a forward integral since we want at least
insider constrained optimal portfolios to reduce to honest investor constrained
optimal portfolios if the insider is in fact honest. We show in Proposition 3
below when a forward diffusion integral reduces to an Ito diffusion integral.



First however, from [123], for a locally integrable function f on RT. we define
Z(f) to be the set of all 0 < ¢ such that

e—0

y
lim%/i f(s)ds # f(1). (3.6)

Next, let (X(#),0 <t < T) be a stochastic process. Then for every t € [0,T] let
the process
X'u) = X(u)xpq(u), 0<u<T,

where for A C R x4 is the indicator function. From [123] we state the following
proposition in which it is shown that if a process f is predictable with respect
to the filtration of the Brownian motion integrator, then the forward diffusion
integral reduces to an It6 diffusion integral.

Proposition 3 Let (L.F, P) be a complete filtered probability space. let H D F
be a larger filtration and let B be an (F,P)-Brownian motion. Suppose B(t) =
B(t) + H(t),0 < t < T where B is an (H,P)-Brownian motion and H is a con-
tinuous. H-predictable. bounded variation process. Suppose f is an F-predictable
and bounded process such that

T
/ X{sez(fn{d|H|(s) +ds) =0 almost everywhere. (3.7
0

Then for every t € [0,T] we have almost surely that

T T
/ fi(s)d” B(s) :/ fi(s)dB(s).
Jo 0

Proof: See ([123], Proposition 1.1). [ ]

3.3.2 Forward Poisson integration

First Poisson integration and then forward Poisson integration is defined.

Poisson integration

Suppose! f:[0.T] x RY — R is a Borel measurable function. For each sample
point w € Q we are interested in the integral of f with respect to a Poisson
random measure g over the set [0,T] x A, where A € B(R") is bounded below.
This integral is denoted by the object

T
”/ /f(t.z)q(dt.dz)" (3.8)
Jo Ja

! This subsection was summarised from [7].
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which is simply a Lebesgue integral. From [7] define the vector pure jump
process associated with ¢ as

Y:Y(t):/zq(t,dz), 0<t<T.
A

Then Y has the form

where

AY (1) = { 0 if jump size z of Y at time t is not in A

z if jump size z of Y at time ¢ is in A.

From ([7], equation (4.4)), the integral of a predictable function f = f(¢t,z) with
respect to the (Poisson random measure) g is defined as the random finite sum

//jtz (dt.dz) = > f(t.AY($))xa(AY(1)). (3.9)

0<t<T

From ([7], Exercise 4.3.3) the predictability of f in (3.9) is required to ensure
that it is at least a local martingale.

For integrals with respect to a compensated Poisson random measure ¢, we
have from (3.3) and (3.9) that

/OT/Af(t,z)@(dt,dz) /OI/A f(t,z)q(dt,d,z)A/T/ F(t.2)v(dz)dt

FEAY () xalAY (¢ f(t,z)v(dz)
Og;T xal / / z)v(dz)
(3.10)

The important difference between (3.9) and (3.10) is that, from ([117], Section
I.4), the set A need not bounded below? in (3.10).

i

i

Forward Poisson integration

We now have the following definition taken from [41] for forward Poisson inte-
gration.

Definition 7 The forward Poisson integral of an H-predictable process f =
f(t,z) with respect to the compensated Poisson random measure § is denoted by

the object
T
”/ /f(t,z)q(d‘t,dz)”, (3.11)
0 A

2From ([117], Section [.4), if integrating with respect to a compensated Poisson random
measure, then the spatial set need not be bounded below.




where A € B(R™) need not be bounded below. From ([42]. Definition /) the
object in (3.11) is defined as

m—2C

T T
/ / ft.z)g(d " t,dz) = lim / / flt.z)x,, (z)q(dt. dz) (3.12)
0 Ja Jo Ja

if the limit in (3.12) exists in L*(P). In (3.12) we have that the {Uy}men is
an increasing sequence of compact sets such that U, C A for all m € N and
lim,, .o Uy = A. If the limit in (3.12) exists. then the function f is said to be
forward integrable with respect to (the compensated Poisson random measure)
G or simply forward Poisson integrable. ¢

In Definition 7 the set A need not be bounded below since the forward Poisson
integral (3.12) is a limit of compensated Poisson integrals. See ([41], Propo-
sition 3.1) which shows that, if the integrand of a forward Poisson integral is
predictable with respect to the filtration of (the pure jump processes associated
with) the integrator G, then the forward Poisson integral reduces to a compen-
sated Poisson integral.

3.4 The Financial Market Model

The financial market model is comprised of the following:

o Letq:=(q1.....qn,).q; = q;(dt. dz).j € N, be Poisson random measures
such that the vector pure jump processes associated with q are indepen-
dent.

o Let vF = (o], 1//}2,'1), 1/]L = I/JE(dz).j € N, be the corresponding inten-

sitv measures of . Denote the jth compensated Poisson random measure
g;(dt.dz) — I/]F(dz)dt by ¢; = ¢;(dt.dz) and define

q=1(G..... qn,) (3.13)
e Let B :=(Bj,..., Bn,) beindependent standard Brownian motions (which
are independent of the pure jump processes associated with q.)

e Let F be the natural filtration of B and (the pure jump processes associ-
ated with) q.

e Let (©2,F,P) be a complete filtered probability space satisfying the usual
conditions [56].

There is an insider who invests in a financial market comprised of risky securi-

ties® Sp and S := (S1...., Sy, ) assumed to evolve as
dSo(t) A o
0 ~ .
Sorm) Sttt ;Uo.](t)dBj(t) n ;[ g0, (t2)d;(dt.dz)  (3.14)

3Note that derivative securities may also be included in the insider’s opportunity set.



Np N

Si(i?) - 51(t)dt+-]§::1m](t)dBj(f)+;/RNglj(t,z)(]j(df.dz). (3.15)

Equations (3.14) and (3.15) are written separately because in (3.14) any or
all of the processes g ;,j € Np are allowed to be identically zero. In (3.15)
however, for each i € Ny, we do not allow all the processes o, ;.7 € N to be
identically zero. More specifically these restrictions relate to the requirement of
the invertibility of the covariance matrices defined in (3.17) below. To ensure
that the insider’s portfolio selection problem can be solved the financial market
model (3.14)-(3.15) must satisfy the following requirements:

e If Sp is a money market security, then for all 0 <t < T,j € N,k € N
we must have that & (t) = r(t) the stochastic continuously compounded
interest rate assumed to be the same for both borrowing and lending, and
00,;(t) =0 and go x(t) = 0.

e For all i € Ng U {0},j € N,k € N, we must have that the stochastic
continuously compounded interest rate r, the expected security returns &;,
volatilities o;; and jump coefficients g;; must be [F-predictable integrable
processes satisfying

T N« Np
o > B[ [0+ e+ ok
0 =0 j=0

N, o
+Z/ gfj(t.z)l/?(dz) dt
j=0 /R
(3.16)

e Moreover for all i € Ng U {0},j € N,k € Ny it is required that r. &, 0y
and g; must satisfy certain regularity conditions ({117}, Chapter V) which
ensure the existence of a strictly positive solution of (3.14)-(3.15). In
particular for all 0 <t < T,z € RV i € Ng U {0} we require that —1 <

Z;V;l ¢i;(t,z) almost surely.
e Forall 0 <t <T,i,j € Ng, k€ Np let

Np
Guk(t) == ouk(t) —ook(t) and  &,(t) == Gu(t)o(t).  (3.17)
k=1

Then we require for all 0 <t < T that the covariance matrix 6 (t) = [7;,(t)]
is nonsingular. The processes &, in (3.17) arise in Sections 3.7.1 and 3.8.2
where we convert a constrained optimisation problem to an unconstrained
optimisation problem. We do this by eliminating one of the securities Sy
from the optimisation problem. If a money market security is not available
for investment, then Sy should be regarded as any other risky security.



e We also require that the shares of the securities are infinitely divisible,
short sales are permitted with full use of the proceeds. taxes on capital
gains are zero and transaction costs are zero.

Note that in (3.14)-(3.15) for each i € Ng U {0}.j € Np. k € N; we have from
[117] that the processes

t
/ 0;5(s)dB;(s) and / / gir(5.2)q1(ds. dz) (3.18)
G ',(EIV

are (F,P)-local martingales. As in (Chapter 2) Section 2.3 we solve the insider
portfolio selection problems assuming a money market security is unavailable
and available for investinent, thus we now define two sets of admissible portfolio.
Recall that the reason for doing this is that a money market security has zero
volatility and this will result in the covariance matrices & being singular. One
then cannot simply extend the analysis where all securities are risky, to the
case where some security is riskless, to solve that constrained portfolio selection
problem. (As in Section 2.3 the constrained optimal portfolios derived in each
case are not special cases of each other. Compare for example the formulae in
(4.26) and (4.41)).

For all 0 <t < T let w(t) := (mi(),.... 7wy« (t)), where the variable 7,(t)
denotes the time-t portfolio weight of security S;. We now define the set of
admissible portfolios assuming a money market security is not available for
investment (by the insider).

Definition 8 (Admissible portfolios - money market security not avail-
able for investment) A set of control processes ® where w(t) € RN for all
0 <t < T. is said to be admissible (or an admissible portfolio) if the
following are satisfied:

(i) m is H-predictable and bounded. (Recall that m is H-predictable since the
insider implements his portfolio allocation m based on his filtration H.)

(ii) Let W(t) denote the insider’s time-t wealth value. Then we require for all
0<s<t<T,ieNs.jc Np keN, that the following forward integrals
erist. viz

/tai]-(u)m(u)W’(u Yd~ Bj( and / / gir(u, z)m (W)W (u )qr(d™ u,dz)
1
/Jij(u)m(u)d"Bj(u) and //“Nglk(u,z)m(u)('jk(d_u.dz).

(iit) In [57] the insider wealth process W is shown to evolve according to the
forward stochastic differential equation

Np Ns

dWW(t Zfl Jm (¢ (1T+ZZU” Jm (t)d™ B;(t)

Jj=11=1



Ny Ny

+ZZ/RN 9:5(t, 2)mi(t)3; (4"t dz). (3.19)

j=11i=1

We require w to be such that (3.19) has a unique solution for W and 0 <
W(t) almost surely for all 0 <t < T. In particular for all 0 <t < T,z €
RN we require that —1 < Z;-V;l ZlN;l gi;(t,2)m;(t) almost surely. (Forward
stochastic integrals are present in (3.19) since the insider portfolio 7 is H-
predictable and the Brownian motions B and (the pure jump processes
associated with) q are F-adapted.)

(iv) Forall0 <t <T,zc RN jc Ny we must have that 1+Z£V;] gi;(t, z)m;(t) >
0 almost surely since this expression will be the argument of the natural
logarithm in (3.30) below.

¢

In Definition 8 7 is not constrained to sum to unity because the portfolio selec-
tion problems in Section 3.6 are solved subject to constraints of which the unity
weight constraint is one - see the discussion after Definition 9. We now define
the set of admissible portfolios assuming a money market security is available
for investment (by the insider).

Definition 9 (Admissible portfolios - money market security available
for investment) A set of control processes m where w(t) € RV for all0 <t <
T. is said to be admissible (or an admissible portfolio) if the following are
satisfied:

(i) m is H-predictable and bounded.

(ii) Let W = W(t) denote the insider’'s time-t wealth value. For all 0 <t <
T,ze RN i,j e Ng, ke Ng,me N, let

§i(t) = &) —&ol(t). Gik(t) = ou(t) — oox(t),
Gim(t,2) = gun(t,2) = gom(tz) and  Gy(t) = SR Gu(t)ak(t).
(3.20)

Then we require for all0 < s <t < T,i € Ng,j € Ng,k € N, that the
following forward integrals exist, vz

/GA'Z']'(U)WZ'(U)I/V(’U/_)d—B]’('U) and //RNQik(u,z)Tri(u)W(u")(jk(d_u,dz)
/&ij(u)ﬂ,‘(u)dej(u) and //RNQik(u,z)m(u)qk(dfu,dz).

(i11) If a money market security is available for investment. then from [57] the
evolution of the insider wealth process is given by the forward stochastic



differential equation

Ny

=W (1) ak
W_)_ = Zfl 7 (t df+zzgz] ymi(t)d” B()

j=11i=0
Ny, Ng
+ZZ/NJU (t.2)7, (t)q; (dt, dz).
j=1i=0

(3.21)

We require w to be such that (3.21) has a unique solution for W and
0 < W(t) almost surely for all 0 <t < T. In particular for all 0 < t <

T.z € RN we require that —1 < Z] 1ZN‘1 Gij(t.2)m(t) almost surely.
(iv) Forall0 <t <T.z¢€ RN, j €N, let

Ny
Gi(t.z) = go;(t.2) + ¥ Gi;(t.2)milt). (3.22)

=1

Then we require that 1 + G;(t,z) > 0 almost surely since this expression
will be the argument of the natural logarithm in (3.32) below.

We now discuss the equality and inequality constraints which admissible port-
folios must satisfy. First the equality constraints. In Sections 3.6.1 and 3.6.3
the security Sy (which could possibly be riskless) is eliminated from the opti-
misation problem to make it unconstrained. In this case we require that the
portfolio (7. m) satisfies

N
domt)y = 1 (3.23)
1=0

almost surely for all 0 < ¢t < T. In Section 3.6.2 no riskless securities are
available for investment and in this case we require w to satisfy

Ny
> om(t)=T{) cR (3.24)

almost surely for all 0 <t < T. In (3.24), as in equation (2.5), the function
T is almost always identically 1 requiring the portfolio weights 7 to sum to
unity at each time ¢t. The function T is included in (3.24) so that a money
market security weight can be explicitly constrained. Suppose a money market
security is not available for investient. At some point in finding a constrained
optimal portfolio (for the insider), the inverse of the covariance matrix &(t) will
be calculated. If however a monev market security is available for investment,



then one cannot simply extend the analysis where all securities are risky, to
the case where some security is riskless (to derive insider constrained optimal
portfolios). The reason for this is that the covariance matrices & will no longer
be nonsingular. Thus, if a money market security is available for investment,
then it is not possible to explicitly constrain the weight g of Sg. If one wants to
explicitly constrain investment in Sg, then decide on the desired money market
security weight mo(t). Then ensure that the weights of the risky securities S
sum to T(t) = 1 — mo(t).

If however the insider is not concerned about explicitly constraining invest-
ment in a money market security, then via (3.23) eliminate g from the portfolio
optimisation and solve the resulting portfolio selection problem. Dealing with
a money market security in this way doesn’t make it possible to explicitly con-
strain investment in this security. We discuss this further in Section 3.6.3.
As stated in Chapter 2 (Section 2.2), for asset managers there are prudential
guidelines which require a minimum percentage investment in cash. Thus it is
important for them to be able to explicitly constrain their money market secu-
rity weight. For these managers the portfolio selection model in Section 3.6.2 is
more appropriate. For hedge fund managers however there is less restriction on
the percentage investment in cash. Managers of these funds have more freedom
in the bets they take. Thus it may be more appropriate to model their money
market account as a catchall security, which is the approach in Sections 3.6.1
and 3.6.3 (where 7y is eliminated via (3.23)).

Next we discuss the inequality constraints which admissible portfolios must
satisfy. In Section 3.6.1 an unconstrained portfolio selection problem is solved.
In Sections 3.6.2 and 3.6.3 however constrained optimal portfolios 7 are found
which must satisty almost surely the inequality constraints

a(t) < w(t) < b(t) forall0<t<T. (3.25)

In (3.25) we have that a(t) := (a1(f),...,an.(t)) and b(t) := (b1(t), ..., bn. (1)),
where for all 0 < ¢t < T.,7 € Ng,a;(t) < b;(t), are some bounded exogenously
given bounds for the portfolio weights w(t). If a money market security is (not)
available for investment, then the bounds a(t) and b(#) must be such that if
any set of constraints (3.25) is active, then we must have that equation (3.23)
(equation (3.24)) must be satisfied almost surely. To continue we require It6’s
formula for functionals of forward Lévy processes.

3.5 Ito’s formula for functionals of forward Lévy
processes
Let u = u(s,w) be Lebesgue integrable. For each j € Ny let the process

v; = v;{t,w) be forward integrable with respect to B;. For each k € N let
A € B(RY) be bounded below and let each process py = pi(t,2z,w) be forward



Poisson integrable. Consider the forward Lévy process of the form

t ‘Vu
Xty = X(O)+ 11(S)+Z pj(s.z)u;(dz) ds
0 =74,

Np .t Ny
+Z/ v;(s)d™ B;(s) +Z/ / p;(s.2)4;(d ™ 5. dz).
=0 m1/0 Ja,
(3.26)
From [42] we have the Ité formula for functionals of forward Lévy processes of

the form (3.26). This formula has the same form as the usual It6 formula (for
functionals of Lévy processes) in ([7], Lemma 4.4.6).

Theorem 6 For each j € N, let A; ¢ B(RN) be bounded below. If X is a
forward Lévy process of the form (3.26). then for each f € C*(R) and for each
0 <t we have almost surely that

t No
f()((f))_f(X(O)) — /0 f/(X(S>)u(S)+%fﬁ(‘Y(S’))ZU?(s) ds
j=1

Np .
+§/o FX )y () B (s)

Ny )
_;/0 Ja, (X (s))p;(s.2)v; (dz)ds

Nao o

X(s~ y5 (8. — (X (s )| vi(dz)ds

+321/0/“ f(X(s7) + py(s.2)) — FX( )] F(dz)ds

Ny g o
+jzl/0 ./A, [f (X(S ) +p;(s.z)) — f(X(s m G;(d" 5. dz).

Proof: See (|42], Theorem 8). |

Using Theorem 6 we now derive the form of the insider wealth process W if
the securities S are respectively continuous and discontinuous.

3.5.1 Form of W if S is continuous

In this section the form of the insider wealth process W is derived assuming the
securities S are continuous. Let the matrix of jump coefficients be denoted by
g = [gi].1 € Ns,j € N,. Suppose S are driven by diffusions, in other words
g = 0 almost surely in (3.19). Forall 0 <t < T.z ¢ RV.j € Ng.k € N let

fz) = Inx, u(ty = U'(f_)z:z*] At (),
o) = W)Y outm(t)  and  p(tz) = 0.



Then from Definition 8 and Theorem 6 we have that

T N NB S -
W(T) = Wi(t)exp / Zél(s)m(s) Z(ZUU ) ds
t i=1

j=1 i=1
Np

+ZZ/ oi(s)mi(s)d™ By ()

j=11=1
(3.27)
In later sections we shall require the formula of the wealth process for the case
where 7 is eliminated from the portfolio optimisation via the equality constraint
(3.23). Thus with g = 0 almost surely in (3.21) we have that

d-W(t ol
W(t()) ( +Z§’ Y (t )dt+; (UOJ ZU” Y (1 >d B()
(3.28)
Forall 0 <t < T,z e RN j e Np, keN,let
flx) = Ingz,
Ns
u(t) = W) (»so(t) + Z&(ﬂm(ﬂ) :
v;(t) Wi(t™) (JUJ + ZO’Z] m(t > and
pr(t.z) = 0.
Then from (3.28) and Theorem 6 we have that
T Ny .
W(T) = W(t)exp </t <§0(5) + Zfl(s)m(s)
= 2
—= Z <UOJ + ZU” (s)mi(s > ds
Ng T Ng
+ Z/ (Uo,j(S) + 51‘3'(8)7%'(8)) d” Bj(s)
=17t i=1
(3.29)

3.5.2 Form of W if S is discontinuous

In this section the form of the insider wealth process W is derived assuming the
securities S are discontinuous. Forall 0 < ¢t < T,z € RV, j € N,k € N let

fl&) = lnz, u(t) = W'(t')zz 1 &(t)ma(t),
(1) W)X outm(t)  and  pr(tz) = W) SOV gt 2)m(t).
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Then from Definition 8 and Theorem 6 we have that

2

W(T) = W(t)exp (/ (Z@ §)7, (. Nz(ioj >) ds

Np Nx

+ZZ/ 015 (s)my(s)d™ By (s)

j=1i=1

+Z//hl(lJngusz“l )q](dsdz)

S (oo i) - Steao) )

(3.30)
If 7y is eliminated from (3.21) using (3.23), then we have that

d=W(t)

W(f*) = <£g(t)+;fi(t)m )dt+z<aoj +Zaw m(t )d B;(t)

+Z/ (QO] t 4 +ZJU t. Z /tl > (d t, dZ) (331)
Forall 0 <t <T.ze RN je Ng ke N, let
f(x) = Inx,

N
u(f) = W) (50(1‘) + Zéz(f)ﬁz(t)> .
vi(t)y = W) ((70 ;) + Z gyt > and

Ny
pelt,z) = W(t—)<g0,k(t.z)+Zgzk(t.z)m(t)).

=1

Then from (3.31) and Theorem 6 we have that
T N .
W(T) = Wit)exp ( /[ (50(5) + Y Gms)
Jt .
Np 2
V_Z <O’0] ZO’U ) ) ds
+Z/ (cm] +Zm] >d B;(s)
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Ny T
+ Z/ / In(1+Gj(s,2))q;(d” s, dz)
e Ja,

Ny T
+ In(1+G,(s,2)) — Gj(s.2) l/f(dz)ds
> [ |
(3.32)

We now define the insider portfolio selection problems we wish to solve.

3.6 The Optimisation Problems

Let U : [0,T] x Rt — R be a strictly increasing, concave and at least once
differentiable utility function which is assumed to best describe the insider’s
investment preferences. We also require that U(t,W) = —oc for W < 0
which effectively imposes a positivity of wealth constraint. In this section we
state the insider constrained portfolio selection problems we wish to solve. The
constrained portfolio selection problems are multidimensional generalisations of
those in ([18], [42], [62]) and this immediately introduces (amongst other things)
an explicit unity weight constraint on the portfolio security weights which is not
present in these papers. Inequality constraints on the insider’s portfolio secu-
rity weights are also imposed and the resulting constrained portfolio selection
problems are solved via the method of caleulus of variations. We employ the
calculus of variations to show how at cach point in the derivation of insider
constrained optimal portfolios, our results reduce to those in ([18], [42], [62])
in the unconstrained one-dimensional case. We now define the insider portfolio
selection problems we wish to solve.

3.6.1 Problem (P1)

The first portfolio selection problem we wish to solve is of the form

Problem (P1):

sup Ji(m) := sup E[U(T, W(T))] (3.33)

wEP wcPy
where Py is the set of admissible portfolios (Definition 9) for problem (P1). No
explicit portfolio weight constraints or penalty functions [39] (defined in Section
3.6.2 below) are included in (P1). The reason for this is that if the utility
function in (3.33) is not logarithmic, then we cannot solve problem (P1) in
the presence of explicit portfolio weight constraints and/or presence of penalty
functions. See Section 3.7.2 specifically Remark 3 for further discussion of this.
Note that the portfolio weights 7 must always sum to unity, so in the presence
of the equality constraint (3.23), problem (P1) is actually a constrained opti-
misation problem. We convert (P1) to an unconstrained optimisation problem
however by eliminating 7y using (3.23).
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3.6.2 Problem (P2)

From [62], considered in [116] is an insider portfolio selection problem. There
the expected logarithmic utility of the insider’s terminal wealth over a finite
time horizon [0, T is maximised, in other words

V :=supE [log W(T)]. (3.34)

where the supremum in (3.34) is taken over all admissible portfolios as defined in
[116] and the insider’s financial market is comprised of a money market security
and a diffusion. In [116] it is assumed that, at time 0, the insider knows in
addition the future value of the underlying Brownian motion B at time Ty € R¥,
where T < T,. His filtration H is then given by H; = o(F; U a(B(Ty))), the
filtration generated by the Brownian motion up to time ¢t and B(Ty). In [116]
it is proved that in this case the optimal insider portfolio is

£(t) —r(t) . B(To) - B(t)

t) = 3.c
=m0 (3.35)
and that the corresponding maximal expected utility is
T 1L(Es) = r(s)? 1
- E Ny 3 36
%4 /0 (r(s) + 5 2(5) + 5Ty - 5)> ds (3.36)

The portfolio (3.35) is unappealing for the insider since as t — T, (3.35)
becomes proportional to the derivative of B at t = T, . But B is nowhere
differentiable so this will result in the insider having to implement significantly
different portfolio rebalances (infinitely often) and so draw much attention to
his investment. Secondly, as T — Tj in {3.36). V' becomes infinite. Due to the
introduction of penalty functions in [62] the above undesired properties of (3.35)
(the optimal insider portfolio derived in [116]) are mitigated. So from [62] let L
be a linear operator of the form

d

—1
dt

where x is deterministic and & at least once-differentiable such that (L(m(t)))?
is Lebesgue integrable. (For simplicity we do not assume that & is differentiable
in distribution as explained in [88].) For notational simplicity we write L(7(t))
instead of (L(7)})(¢) (which emphasises that L acts on a function 7 and produces
another function of time). In (3.37) the operators . measure respectively the
size and fluctuations of the portfolio 7. To prevent or suppress the undesired
behaviour of a wildly fluctuating optimal insider portfolio (3.35), the following
objective functional is posited in [62] viz

L(r(t)) = k()m(t) or L{x(t)) = k(t)—n(t), 0<t<T (3.37)

L7
V :=supk {log W(T) — 5 /0 (]L(r(s)))st} . (3.38)

Before we state the second insider constrained portfolio selection problem we
wish to solve. we define the set of adinissible portfolios.
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Definition 10 (Admissible portfolios) A set of control processes ® where
w(t) € RN for all 0 < t < T, is said to be admissible (or an admissible
portfolio) for problem (P2) if the following hold:

(i) w satisfies Definition 8.
(ii) For each i,j € Ng let
Li; : L*([0,T) — L*([0, 7))

be a linear operator. Let L = [L;;]. Then for each w € Q the port-
folio m must be in the domain of L, the Ng processes I(w(t)) must be
H-adapted and using the Hilbert-Schmidt norm* the function ||L(m(t))||?
must be Lebesque integrable.

We denote by Py the set of all admissible portfolios for problem (P2). ¢

In Definition 10 the operator L is linear to ensure that ||L(w(¢))||* is convex
in each m;(t),7 € Ng so that the objective functional (3.43) defined below is
concave in each 7;(t),i € Ng. Also particular clusters of securities S may be
penalised differently which is why L is not simply a diagonal matrix operator.
For each i,j € Ng the penalty function L;; : P — P measures for example
the size and/or fluctuations of the portfolio weight ;. As a multidimensional
generalisation of the penalty functions discussed in [62] we could have for all
0 <t <T that

L{x(t)) = s(t)m(t), (3.39)

where the Ng x Ng matrix of real-valued functions & are deterministic such
that the function [|L(x(t))||? is Lebesgue-integrable. The form of L in (3.39)
models the situation where the insider is penalised for large volumes of trade in
the securities S. Again generalising the penalty functions discussed in {62], an
alternative choice could be
_..d
L(x(t)) = n(t)gﬂ(t), (3.40)

where the Ng x Ng matrix of real-valued functions K are at least once-differentiable
such that the function || L(m(t))||? is Lebesgue-integrable. In this case the insider
is penalised for large trade fluctuations in the securities S. Other choices of L
are possible, including combinations of (3.39) and (3.40).

In this section the objective functional of the portfolio selection problem we
solve was inspired by (3.38), the objective functional posited in [62]. We now
explain why the insider constrained portfolio selection problem (P2) has the

1From ([61], [144]) the Hilbert-Schmidt norm of a real-valued Ng x Ng matrix K = K]

is defined as
Ng
_ 2
K= S K2

i,j=1
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form stated in (3.43)-(3.45) below. Now we aim to derive constrained portfolios
which provide for an insider the maximal expected utility of terminal wealth
(over a finite time horizon). To explain the ideas we state one of the simpler
insider constrained portfolio selection problems we wish to solve viz

sup E[U(T.W(T))] (3.41)
wEP,
subject to (3.24) and (3.25). (3.42)

The difficulty with solving the constrained optimisation problem (3.41)-(3.42)
is that the objective functional (3.41) is comprised not only of Lebesgue inte-
grals but also more general stochastic integrals. If (3.41) was comprised only of
Lebesgue integrals (in other words the financial market model (3.14)-(3.15) was
deterministic), then it is very easy to solve a constrained optimisation problem
subject to either algebraic or (Lebesgue) integral constraints. See [563] for how to
do this. (Algebraic constraints are for example of the form (3.23)-(3.25).) From
[53], a deterministic constrained variational problem (in other words a problem
in veriational caleulus [125]) is solved by focusing on the integrand in the ob-
jective functional and forming the Lagrangian by incorporating the constraints.
The (constrained) variational problem (3.41)-(3.42) is stochastic. Thus we can-
not focus only on the integrand in (3.41) (and form the Lagrangian). From the
form (3.30) of the insider wealth process 11", the integrators B and q contain
crucial information about the evolution of the financial market (3.14)-(3.15). We
have not found any theory which solves stochastic variational problems subject
to algebraic constraints where the important point is that forward stochastic
integrals are present in the objective functional. The theory which comes clos-
est to possibly solving (3.41)-(3.42) is duality theory discussed in ([72], Chapters
5-6). Duality theory allows one to solve stochastic constrained variational prob-
lems where (the objective functional is a stochastic integral and) the constraints
are algebraic. Duality theory however cannot be applied to the insider problem
(3.41)-(3.42) since duality theory relies heavily on sub- and super-martingale
properties of the stochastic integrals comprising the investor’s wealth process
which is not present in our setting. (Recall that the disturbances B and q are
F-adapted whereas the insider portfolio process 7 is H-predictable and F C H.
This is why the insider wealth process W is comprised of forward stochastic in-
tegrals.) This is the first reason why the constrained portfolio selection problem
(P2) has the alternative form defined in (3.43)-(3.45) below.

Next, an isoperimetric problem is a variational problem subject to integral
constraints. There is standard theory in ([39]. Section 3.6) and [45] for solving
isoperimetric problems. We have not however been able to convert the problem
(3.41)-(3.42) (subject to algebraic constraints) to an equivalent isoperimetric
problem (subject to integral constraints). At this point however we recall the
following from the introduction of Chapter 2. Section 2.3:

Consider a constrained optimisation problem with a concave objec-
tive function. The constraints that are active at a feasible port-
folio m restrict the domain of feasibility in neighbourhoods of 7.



while the inactive constraints have no influence in the neighbour-
hoods of w. So if we know a priori which constraints in (3.25)
are active, then the resulting portfolio is a local maximum de-
termined by ignoring the inactive constraints and treating all
other constraints as equality constraints. We then solve
each of a family of equality constrained optimisation problems
from scratch to find a constrained optimal solution.

So the way to solve a constrained optimisation problem with a concave objec-
tive functional is first to solve the unconstrained form of the problem. If the
unconstrained solution satisfies the inequality constraints (3.25), then the un-
constrained solution is in fact also the constrained optimal solution. If the
unconstrained solution violates (3.25), then different combinations of inequality
constraints need to be set active (at the times when the unconstrained solution
violates the inequality constraints) and each equality constrained optimisation
problem must be solved from scratch. A constrained optimal solution is that
which satisfies the (equality and inequality) constraints in (3.42) and has the
largest objective functional value (3.41). So in summary:

e We are interested in solving the constrained optimisation problem (3.41)-
(3.42) which is comprised of an integral objective functional subject to
algebraic constraints.

e We cannot simply focus on the integrand in (3.41) and form the La-
grangian (by incorporating the constraints (3.42)) since (3.41) is com-
prised of stochastic integrals. The integrators B and q provide crucial
informnation about the state of the financial market (3.14)-(3.15).

e We have not found any theory which solves variational problems subject
to algebraic constraints and where forward stochastic integrals are present
in the objective functional.

e Theory for solving isoperimetric problems exist. We have not however
been able to convert the problem (3.41)-(3.42) (subject to algebraic con-
straints) to an equivalent isoperimetric problem.

o Constrained optimisation problems are solved by setting active different
combinations of inequality constraints when required and solving each
equality constrained optimisation problem from scratch.

o Recalling how inequality constrained optimisation problems are actually
solved, to solve (3.41)-(3.42) (subject to algebraic constraints), we solve
an alternative isoperimetric problem (subject to integral constraints) in
which we can set constraints active when required.

¢ We employ the standard theory in ([39], Section 3.6) and [45] (to solve
isoperimetric problemns) to solve the insider constrained portfolio selection
problem (P2) defined below.
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Thus the (alternative) insider constrained portfolio selection problem we solve
is

Problem (P2):

Jy := sup Jo(mw) := sup E

1 [T .
U(T.W(T))——/ 11L(7r(.s))||~ds] (3.43)

wEP2 TEP2 2, 0
T Ns
subject to E / ky(t) |T(t) — Z i (t) dt} =0 (3.44)
0 i=1
T Ng
=1

For generality the function k}(t) in (3.44) is allowed to have the value 0 but
in practice it is identically 1. Thus since the integrand in (3.44) is nonnegative
it implies almost surely that (3.24) holds. Although (3.44) is a special case of
(3.45), it is explicitly included to distinguish between the cases where a money
market security is unavailable and available for investment by the insider. In
(3.45) A € N denotes the number of (linear) integral equality constraints. Let
the set AVyy = {1,...,M}. Then for j € N each k} = k}(t.w) is an a priori
defined function which has either the value 0 or 1 and as a result defines over
which time intervals in [0,7] that integral equality constraint is active. For
i € Ns.j € Nas each function h;; = h;;(t,w) and h; = h;(t.w) must be such
that each Lebesgue integral in (3.45) exists. The general integral constraints
(3.44)-(3.45) will be used to impose (or set active) the algebraic constraints
(3.24)-(3.25) when required. Other equality constraints which are also special
cases of (3.45) include for example the following:

e The weighted sum of the expected returns of the securities S must equal
some required portfolio expected return € = £(t.w) (as in a mean-variance
optimisation). This constraint is imposed via the integral constraint

E[/OTk}(t)

where the function ki is identically 1. Note that since the integrand in
(3.46) is nonnegative, (3.46) implies almost surely that we must have

Ng .
S &tmt) - €(t)
i=1

dt} =0 (3.46)

Ny
D o&t)m(t) =&(t) forall0<t<T.
=1

One could also impose that the weighted sum of the expected returns of
some group of securities S must equal some required expected return.
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e The sum of the weights of some group of securities must equal a desired
value. For example

.
E /0 ky(t) |1 (t) + ma(t) + mi7(t) — 7(t)| dt| =0 (3.47)

where # = 7(t,w), and the function kJ could have the value 1 only over
some subset of [0, T|. Since the integrand in (3.47) is nonnegative it implies
almost surely that we must have

Wl(t)+ﬁ4(t)+ﬁl7(t):ﬁ(t) forall0 <t <T.

e We could constrain the weight of some sccurity to be a prespecified value
for a prespecified period of time over [0,T]. This will be effected by the
integral constraint

T
E [/ EL(t) |m6(t) — be(t)| dt| =0 (3.48)

0
where the function bg = bg(t,w) could be an a priori defined upper bound

of mg and the function ki = ki(t,w) could have the value 1 only over the
time intervals [0, 1] and [3.5] (with T = 10 say) and zero otherwise.

So knowing how to solve constrained optimisation problems, we solve prob-
lem (3.41)-(3.42) (subject to algebraic constraints) by solving the alternative
isoperimetric problem (P2). Continuing, we use the theory of the calculus of
variations ([39], [45]) in the presence of integral equality constraints, and form

the Lagrangian
T
[ Kk
Jo

Vo(mr) = Jo(m)—E ds

N
T(S) o Z ﬂ-l(s)
=1

ds

M T
vz/ k3kj(s)
j=1"0

N )
Z hij(s)mi(s) — h;(s)
-1

(3.49)

where the constants k7, lc]z € RT are the Lagrange multipliers associated with the
integral constraints (3.44)-(3.45). At some point in trying to solve (P2) we shall
have to differentiate (3.49). This will be done by considering the cases where
the arguments of the absolute values in (3.49) are either positive or negative.
The results of differentiating will differ only by a negative sign. Thus not to
duplicate the operations we define for all 0 <t < T, j € Ny the functions

N(t) = | RN ETE) T m(n) >0
o kZki(t)  otherwise
and (3.50)
M) = —R2EN(t) i SN R (tym(t) — hy(t) > 0
J o K2ki(t)  otherwise.
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We then rewrite the Lagrangian (3.49) as

T Ns

/0 Ao(s) (T(s) -3 m(s)) ds
Mo N )

+ Z/ Aj(s) [Z hyj{s)mi(s) — h](s)} ds
j=170 i=1

VQ(ﬂ') 1= J2(7r)+]E

(3.51)
Thus by differentiating (3.51) once we produce the results of differentiating
(3.49) in the two cases, by simply considering the positive and negative form of
the multipliers \;, 7 € My U{0}. As is standard in the calculus of variations, by
partially differentiating (3.51) with respect to the Lagrange multipliers k2, ka,
we obtain the integral constraints (3.44)-(3.45). Thus a solution of (P2) is
equivalent to finding a solution of the problem

sup Va(m) subject to (3.44)-(3.45).
wEP,

3.6.3 Problem (P3)

In the solution methodologies of both problems (P1) and (P2), to obtain an
explicit formula for an optimal portfolio m, at some point in the analysis the
inverse of a covariance matrix will need to be calculated. If a money market
security Sg (defined in (3.14)) is available for investment, then since its volatility
is zero, the resulting covariance matrices will be singular. We circumvent this
problem by eliminating 7 via the unity weight constraint (3.23) and do not
include the constraint (3.23) in the optimisation problem since it is then always
satisfied. The difference between problems (P2) and (P3) is that in (P2) 7
can be explicitly constrained to particular values whereas in (P3) the best one
can do is ensure that for all 0 <t < T almost surely

Ng Ng
1= bi(t) < molt) € 1= alt).
i=1 i=1

where a and b are lower and upper bounds defined in (3.25). Essentially in
(P3), Sy is a balancing security, which is the drawback of the approach in
(P3). Note however that in (P2) none of the characteristics of Sp (such as
its expected return r(¢) and its zero volatility) are taken into account in the
portfolio optimisation. In (P2) the value of my(t) is fixed irrespective of the
relationship between the moments of the return distributions of Sy and S. This
is the drawback of the approach in (P2). In (P3) all the moments of the
return distribution of Sg are taken into account in the portfolio optimisation. In
practice either one of the two approaches can be emploved. Long-only managers
may have to use the approach in (P2), whereas hedge fund managers possibly
have more flexibility and can employ the approach in (P3). We now define the
insider’s set of admissible portfolios and then state the constrained portfolio
selection problem we wish to solve.
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Definition 11 (Admissible portfolios) A set of control processes m where
n(t) € RN for all 0 < t < T, is said to be admissible (or an admissible
portfolio) for problem (P3) if the following hold:

(i) m satisfies Definition 9.
(it) Definition 10(ii).
We denote by Py the set of all admissible portfolios for problem (P3). ¢

If a money market security is available for investment, then the insider con-
strained portfolio selection problem we want to solve is

Problem (P3):

J3 = sup Js(m) = sup E U(T,W(T))fi/ HL(W(S))HQdel (3.52)
wEPy wEPs 0
subject to  (3.45). (3.53)

As in Section 3.6.2 we can show that solving (P3) is equivalent to solving the
constrained optimisation problem

sup Va(m) subject to (3.45),

weP
where the Lagrangian
M T Ns B
Va(m) == Ja(m) + E Z/ Ai(9) {Z hij(s)mi(s) — hi(s)| ds|, (3.54)
j=170 i=1

J3(m) is defined in (3.52), A;,j € Ny are defined in (3.50) (and for all 0 < ¢ <
T we must have that (3.23) holds almost surely). We now consider different
forms of the disturbances in the financial market (3.14)-(3.15) and solve the
portfolio selection problems (P1)-(P3) in each case. We consider two types of
financial market where the disturbances driving the evolution of the securities
S are respectively diffusions and Lévy processes with jumps. For each portfolio
selection problem and financial market there are additional requirements for a
portfolio  to be admissible and these are listed in each section.

3.7 Market driven by Diffusions

In this section problems (P1)-(P3) are solved assuming the risky securities S
are driven by diffusions. The financial market in this section is a special case of
the financial market (3.14)-(3.15) viz with the jump coefficients g = 0 almost
surely. For a general utility function U, we have only been able to solve the
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insider portfolio selection problem in the absence of explicit weight constraints
and absence of penalty functions. We explain in Section 3.7.2. specifically Re-
mark 3. why this is the case. In Section 3.7.1 we solve the insider portfolio
selection problem for general utility - this is problem (P1) discussed in Sec-
tion 3.6.1. In Sections 3.7.2 and 3.7.3 we solve constrained portfolio selection
problems in the presence of penalty functions and explicit weight constraints
and assuming the insider has logarithmic utility. We then solve this problem
assuming a money market security is unavailable and available for investment
and these are problems (P2) and (P3) respectively discussed in Sections 3.6.2
and 3.6.3.

3.7.1 General utility

In this section we solve problem (P1). Here the insider is assumed to have gen-
eral utility and no explicit portfolio weight constraints and no penalty functions
are present in the portfolio selection problem. As mentioned in Section 3.6.1,
the unity weight constraint (3.23) is used to eliminate 7y from the optimisation
problem and in so doing problem (P1) is made unconstrained. By eliminating
7o the wealth process has the form (3.29). The main result in this section is
(3.70) an optimality equation which an optimal portfolio 7 for problem (P1)
must satisfy. For the rest of this thesis let 8 := (61,. ... On.) be a portfolio. We
now define the set of admissible portfolios Pp1.

Definition 12 (Admissible portfolios) A set of control processes ® where
w(t) € RN for all 0 < t < T. is said to be admissible (or un admissible
portfolio) for problem (P1) if the following hold:

(i) 7 satisfies Definition 9.

(11) We require that E{U' (T, W(T))W(T)] < x. where U'(t.z) := %U(t.a;).
(This is required to ensure that the Radon-Nikodym derivative in (3.57)
below is finite so that Bayes' Theorem can be applied. Recall that U'(t.x) >
0 since U 1is strictly concave. and W (1) > 0 almost surely. )

(1ii) Let w and @ be two portfolios which satisfy (i)-(ii) above. Recall the form
(3.29) of the insider wealth process. For all 0 <t < T.i € Ng let

ot . Np Ng Np t
M, (t) = / §(s) — Y o0s(s)6i(s) = D dii(s)m,(s) ds+2/ G.;(s)dB; (s).
0 j=1 j=1 j=170
(3.55)
where from (3.20) we have that G,;(t) = ij:"l Gik(t)ou(t). Lety =
(Y1...- yn.) € RN, Then there must erist a & > 0 such that for each
i € Ns we have that y; € (—6.8) and the family
{U(T.W(T, m+diag(y)0))W (T, m+diag(y)0)|A;(T. w+diag(y)0)|}o<y<s

is uniformly integrable. where W(T') = W(I.x) and AM(T) = M;(T.m)
and § is an Ng x 1 matriz with all elements equal to 8. (This is required

71



to ensure that the partial derivatives of the objective functional in (3.33)
exist.)

We denote by Pp1 the set of all admissible portfolios for problem (P1). ¢

In what follows, Theorems 7-9 are generalisations of ({18], Theorem 3.5(i}, The-
orem 3.6, Theorem 3.8) respectively. We now prove the following theorem in
which we show that that the processes M = (M,.... My,) defined in (3.55)
are (H, Q)-martingales.

Theorem 7 Suppose ® € Pp; is an optimal portfolio for problem (P1). Then
each M; in (3.55) is an (H, Q)-martingale where the probability measure Q is
defined by

dQ = F(T)dP (3.56)

and

F(T) := (E[U/(T, W(T))W(T)])" U (T, W(T))W (T). (3.57)
Proof: Recall (3.33) viz

sup Ji(w) := sup E[U(T,W(T))].

TEPpy wEPpB1

Let 8 € Pp; be another admissible portfolio of the following form. Fix ¢t € [0,T)
and h > 0 such that ¢t + h < T and

0:(s) = 02 (t)X(t.ern(s) forall0<s<T,ieNg, (3.58)

where cach random variable 69(¢) is bounded and Hj-mecasurable. Then, by
assumption of the optumality of 7, for y € (—46,48) the function

f(y) = Ji(m + diag(y)0) (3.59)

is maximal for y = 0, hence for each i € Ng

0 = [% (y)]

y=0

(N Ny
= E|U(T,W(T)HW(T) / &(s) =Y 00,(5)84(s)
0 J=1
Ny Np T
Azg”(q)w](s) 92(8)d$+2/0 G15(8)0;(s)d” B;(s)

(3.60)

Since the expected returns, volatilities and portfolios # and @ are bounded,
by the Lebesgue dominated convergence theorem the interchanging of classical
differentiation and Lebesgue integration in (3.60) is justified. (See Remark 2
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below.) Substituting the particular form (3.58) of @ into (3.60) and multiplying
by (E[U(T.W(T))W(T)]) ! we get that

t+h .
0 = BIFmEm | [ &) - el

Ngs Np t+h
= Gu(s)m(s) ds+Z/ 6:i(s)dB;(s) | | . (3.61)
j=1 j=1"1

where F(T) is defined in (3.57). Note that there is no longer forward diffu-
sion integration in (3.61) since ¢ are F-predictable and B are (F.P)-Brownian
motions. Since (3.61) is valid for all bounded H;-measurable random variables
69(t).i € Ng, we conclude that

t+h [
0 = E|FT) /t £(5) Y 00, (8)645(s)

t+h

Ng Np
SYoasem) | ds+ Y [ asiane | 1. e
j=1 g=17t

For all i € Ng let AL, be defined as in (3.55). Then recalling Bayes” Theorem?®
with dQ := F(T)dP, we have from (3.62) that

Eg[Mi(t+h) — M) Hy] = (Ee[F(T)H)) ' E[F(T)(M(t +h) — M(t))|[H,]
N0 (3.63)

which implies that

since each A[(t) is H¢-measurable. Since t € [0,7] and h > 0 are arbitrary in

{3.64). we conclude that each process M, is an (H. Q)-martingale. |

Remark 2 We make the following remarks.

(i) In the proof of Theorem 7 classical partial differentiation was employed.
In [62] the theory of Malliavin calculus is discussed. It is also briefly dis-
cussed in this thesis in Section 3.8.1. In the derivation of ([62]. equation
(5.14)) however Malliavin caleulus need not be employed. The reason is

5Bayes’ Theorem: Let Q and P be two probability measures on the space (Q. Hr, H), let
the random variable K := %3 and let £(t) := Ez[K|H;]. Then for some random variable X

Eg[X{H.] = (€)™ Ze[XE(T)H,].
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that the variational parameter y defined in ([62]. equation (5.14)) is a con-
stant and can be taken outside of the forward diffusion integral. This is
why Malliovin caleulus is not employed in the derivation of (3.60). Malli-
avin calculus will be required to find constrained optimal portfolios if the
securities S exhibit jumps. The reason for this is that in this case it is
not possible to take the wvariational parameters y outside of the forward
Poisson integrals and then classically differentiate with respect to'y. The
variational parameters y cannot be taken outside of the forward Poisson
integrals because they form part of the argument of the (nonlinear) natural
logarithm found in the analytical forms of the wealth process (5.30) and
(3.32).

(ii) Since the Brownian motions B are (F,P)-Brownian motions and the pro-
cesses 0 are F-predictable, the stochastic integrals Z;le Ot'&lj(s)dBj(S)
are (F,P)-1t6 integrals. Thus. albeit that each M; is an (H, Q)-martingale,
we don't know whether M; is an (IF, P}-martingale. So we cannot conclude

that the bounded variation process

t ) Np Ny
/0 ) = 3 005 ()u(s) = S au(s)m(s) | ds
j=1 J=1

in (3.55) is zero almost surely for all 0 < ¢t < T. In Theorem 9 we
show that by subtracting processes of bounded variation from the (I, 1P)-
Brownian motions B, we are able to convert the processes B to (H,P)-
Brownian motions.

We now prove the following theorem in which we show amongst other things
that the (F,P)-Brownian motions B are (H, P)-semimartingales.

Theorem 8 Let m € Pgy be an optimal porifolio for problem (P1). Then we
have the following. (i) Let the processes M and random variable F be given by
(5.55) and (3.57) respectively. Then for all 0 <t < T,i € Ns the processes

Mi(t) = Ml-(t)/ot% (3.65)

are (H,P)-martingales, where for all0 <t < T

F(t) == E[F(T)H,). (3.66)

(ii) For each i € Ng the process
Ng t
SE(@t) = Z/ 6.(s)dBj(s), 0<t<T
j=1"0

is an (H, P)-semimartingale.
(111) The Brownian motions B defined in (3.15) are (H, P)-semimartingales.
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(iv) Forward stochastic integrals of H-predictable integrable stochastic processes
with respect to B are in fact Ité integrals. In other words for all 0 < t; <
ts < T.j € Np and H-predictable integrable stochastic process (X (t.w).0 <t <
T.w € Q). we have almost surely that
tg ts
X(t)d™ B;(t) = / X(t)dB;(t). (3.67)
t t
Proof:
(i) Suppose the processes M := (]\1/1, - J\A[N_\.) are (H.P)-local martingales and
that for each t € [0, T] the expected value of the quadratic variation of each M,
is finite. Then from Theorem 4 we have that the processes M of (3.65) are
(H,P)-martingales and we have proved part (i).
Now for all admissible portfolios Ppy the terminal wealth value 0 < W(T)
almost surely, thus we have that 0 < F(7T") almost surely, where F/(T') is defined
in (3.57). Thus we have from (3.57) that

dP = F(T) 'dQ =: G(T)dQ. (3.68)
By Baves' Theorem let F' be the (H, Q)-martingale defined by
F(t) = Bg[G(T) ] = (Bs[F(T)[H,]) Es[F(T)G(T)H,) = (E=[F(T)[H,))~.

Now suppose ™ € Pp; is an optimal portfolio for problem (P1). By Theorem 7
we know that the processes M defined in (3.55) are (H.Q)-martingales. Thus
from (3.68) and Corollary 4, we have that the processes M are (H.P)-local
martingales. Secondly, from Theorem 5, for each ¢ € [0.T] the expected value
of the quadratic variation of the processes M is finite.

(ii) Suppose ® € Pp1 is an optimal portfolio for problem (P1). Then from
(3.55) and (3.65) we have that

Np

Np ¢ ) . ) |
;/0 6ij(s)dBj(s) = Mi(t)~/0 52(3)—;(1&](5)6—2].(8)

Ng t
Yo autsims) | ds+ [ FLs)
j=1 0

Thus for each i € s the expression SP(t) := Z;V:Bl g&ij(s)dBj(s) is an (H, P)-
semimartingale because it is the sum of an (H. P)-martingale M; and a process
of bounded variation.

(iii) Let 8B := (SE...., SZ ). Then from (ii) above the expressions
1 N

B(t) = y $ :
S (t)—/o o(s)dB(s)

are (H.P)-semimartingales. Thus the expressions

SB(t) = 'tAT.dst: tATsAsdB»: t’sd s
(t) A”“) (s) Ao(w) (s) Ad)&)



are (H, P)-semimartingales. Thus the expressions

/‘/6’_1(5)dSB(S) = /’5_1(8)0_'(8)(113(8) = B(t)
0 0

are (H, P)-semimartingales.

(iv) From (iil) above, since each B;,j € Np is an (H,P)-semimartingale, inte-
gration of an H-predictable integrable stochastic process X with respect to any
B; is Ito integration. [ ]

Note that the stochastic integrals (3.67) are not necessarily (I, P)-martingales
since the processes B are not necessarily (H,P)-Brownian motions. We now
prove the following theorem in which we derive an optimality equation for an
optimal portfolio 7 for problem (P1).

Theorem 9 Assume w is an optimal portfolio for problem (P1). Then (i) each
B;,j € Np is an (H,P)-semimartingale. in other words for each j there exists
an H-predictable bounded variation process H; such that

B, = B; — H; is an (H, P)-Brownian motion. (3.69)

(ii) Let € := (€1, ...,En,). Then if the processes [M, F] and H := (Hy,...,Hy,,)
are absolutely continuous, then we have the following explicit formula for an op-
timal portfolio m for problem (P1) viz for all0 <t < T

P d

w0 = o) (0 -0+ 6 GHO - FR O G M) (370

almost surely. where for fived k € NsU{0} the vector o* = [oF] := [Z;V:Bl Ok;j045).

Proof:
(i) From Theorem 8(iii) for each j € N the process B, is an (H, P)-semimartingale.
Thus each B; has a Doob-Meyer decomposition ([117], Theorem III1.3)

B; = B; + Hj, (3.71)

where each Bj is a continuous (H, P)-local martingale and each H; is a process
of bounded variation. From (3.71)

t = B;,B;l; = |B;, Bl

From the Lévy characterisation of Brownian motion ({117], Theorem II.39),
since B’j is a continuous (H, P)-local martingale with a quadratic variation of ¢,
it is an (H, P)-Brownian motion.

(ii) From (3.65) and (3.69) we have for all 0 <t < T,i{ € Ng that almost surely

A Np 3 . t . Np Ny
MM+Z/%MMM::/éM—ZmMW@—Z%MM@
j=1"9 0 j=1 =
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Ny

1

(3.72)
since by assumption the functions [M, ] and H are absolutely continuous. Now
the processes M are (H,P)-martingales. the processes B := (Bj.. ... BNB) are

(H.P)-Brownian motions and the processes 6 are H-predictable, thus the left
hand side of (3.72) is an (H, P)-local martingale which is also continuous. But
the right hand side of (3.72) is a bounded variation process. thus from ([117],
Corollary II.1) the process on the left hand side of (3.72) must be constant
almost surely equalling in particular its initial value which is zero. Then dif-
ferentiating (3.72) with respect to ¢ and applying the fundamental theorem of
calculus, (3.70) is obtained. n

In the next section a constrained portfolio selection problem is solved assuming
the insider has logarithmic utility and invests in a financial market driven by dif-
fusions. It is also assumed that penalty functions and explicit weight constraints
are present, however a money market securitv is not available for investment.

3.7.2 Logarithmic utility, weight constraints, penalty func-
tions and no investment in a money market security

In this section problem (P2) is solved assuming the insider has logarithmic
utility, invests in a financial market driven by diffusions and assuming that
explicit portfolio weight constraints and penalty functions are present in the
portfolio selection problem. It is assumed however that the insider cannot invest
in a money market security (since this will result in the covariance matrices
being singular). (In Section 3.7.3 this restriction is relaxed.) Consequently the
wealth process has the form (3.27). The main result in this section is (3.82) an
optimality equation which an optimal portfolio 7 for problem (P2) must satisfy.
We now define the set of admissible portfolios Pz for problem (P2).

Definition 13 (Admissible portfolios) A set of control processes m where
w(t) € RNs for all 0 <t < T, is said to be admissible (or an admissible
portfolio) for problem (P2) if the following hold:

(i) ™ satisfies Definition 10.

(ii) Let w and 8 be two portfolios which satisfy (i) above. Recall the form
(3.27) of the insider wealth process. For all 0 <t < T.i € Ng let

Np

¢ Ny ot
AL(H) = /0 &(8)—;511(3)771(3) d.s+;/0 a,;($)dB;(s)

~J

=I

(] t — [s _
+ E f}u(S)EHj(S) - / Fﬁl(s)EU\IDF}(S)
J=1 ’ 40 -

ds



+/0 Z]L Lji(me(s)) = Xo(s) + Y Aj(s)haj(s) | ds.

j=1

(3.73)
where the pmceaaes’ )\J,j € Ny U{0} are defined in (3.50) and from (3.17)
we have that a,;(t ZL L ok(Bou(t). Lety := (y1,...,Uny) € RNs,

Then there must emat a § > 0 such that for each i € Ng we have that
y; € (—0,8) and the family

{IM;(T, 7 + diag(y)8)|}o<y<s

is uniformly integrable, where M;(T) = M;(T,mw} and § is an Ngx1 matriz
with all elements equal to 6. (This is required to ensure that the partial
derivatives of the Lagrangian in (3.75) below exist.)

We denote by Ppgo the set of all admissible portfolios for problem (P2). ¢

In what follows, Theorems 11-13 are generalisations of ([62], Theorem 5.3-
5.5) respectively. For the rest of this thesis we require the following: Let
Lt : L%0,7)) — L2([0,T]) denote the adjoint operator of L. in the Hilbert
space L2([0,T)). Then for all sufficiently differentiable functions @ and 8 in the
domain of . and IL' we have that

T
]E{/O a(s)IL(ﬂ(s))ds} = E

T
/ LT(a(s))ﬂ(s)ds} .

0
We now prove the following theorem in which we show that the processes M :=
(M, ..., My..) defined in (3.73) are (H, P)-martingales.

Theorem 10 Assumem € Ppro is an optimal portfolio for problem (P2). Then
each M; defined in (3.73) is an (H, P)-martingale.

Proof: Recall the definition of the Lagrangian Va(m) in (3.51). Let € Ppo
be another admissible portfolio of the following form. Fix ¢t € [0,7) and h > 0
such that t + h < T and

0:(s) = 00 ()X(,e+n)(s) forall 0< s <T,i€ Ng, (3.74)

where each random variable #9(t) is bounded and H;-measurable. Then by
assumption of the optimality of 7, for y € (—4,4) the function

fly) = Valm + diag(y)6)

= Jo(m+diag(y)d) + E

T N
[ ot (T(s) -~ ) + yiai(s») s

i=1

M T
+ Z/O [Z hz] + yzez( )) - }1]( )j! ds (375)
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is maximal for y = 0, hence for each i € N

[ ()Z f (y)}

0

It

y=0

E U/(T,li/( ))IV( ()1/1 </0 (Zgz “z +yz l( ))
_—Z (ZU” s) -+ y.0:(s ))) ) ds

« Np
+ZZ/ 0’2] ﬂ-z +11191( ))dBJ(S))
=1 j7=1
T
o~ (—% [ iints) + diagtwpesy s
T Ny
[ aots) <T<s> =S () + ylms))) ds
0 =1

M T
+ Zv:l/o [Z hl] + ysz( )) - E](S):I ds):l

y=0
(3.76)

Since the expected returns, volatilities and portfolios 7 and @ are bounded,

by the Lebesgue dominated convergence theorem the interchanging of classical

differentiation and Lebesgue integration in (3.76) is justified. Since U is assumed
to be logarithmic, (3.76) reduces to

T Ny
0 = E{/O (gi(s)—;oij(s)m(s)> ds+Z/ 0.;(5)0:(s)d” By (s)

M
/ ( Z]L (L (me(s))) — Ao(s) + Z)\j(s)hij(s)> 9i(s)ds] .

j=1
(3.77)
Substituting the particular form (3.74) of 8 into (3.77) it reduces to

t+h Ny Np
0 = E [0%) (/ (gi(s)z%(s)w] )ds+2/ o.(s)dB;(s)
Jt j=1
t+h
+/+ ( ZLﬁ i (ma(s +Z/\ ) )}



Since (3.78) is valid for all bounded H;-measurable random variables 69(¢), we
conclude that

t+h Ns N ot+h
0 = E / &uls) = Y Gu(s)mi(s) | ds + Z/ 0:;(5)dB;(s)
¢ e il
t+h Ng M
[ L)~ s) + - i) | s
t j=1 j=1
(3.79)
With M, defined in (3.73), from (3.79) we have that
E[M;(t + h) — M;()|H:] = 0. (3.80)
Since t € [0,T] and h > 0 are arbitrary in (3.80) and M;(¢t) is H,-measurable
we have that each M; is an (H, P)-martingale. |

Remark 3 We now explain why we have not been able to solve the constrained
portfolio selection problem (P2) if the insider has a general utility function -
the reasoning is the same for problem (P3). In Theorem 10 above, if we want
to further manipulate equation (3.76) assuming a general utility function, then
the difficulty we encounter (using the methodology in Theorem 7) is that the
random variable U'(T, W (T)YW(T) is not a coefficient of any of the constraint
terms and penalty function terms in (3.76). We cannot then factorise out the
random variable U'(T, W (T))W (T) and show that the resulting expression is an
(H, Q)-martingale {as in Theorem 7). To continue on from equation (3.76) we
have to eliminate the random variable U'(T,W(T)YW(T). The random vari-
able UNT, W(T)W(T) will be deterministic only if U(t,z) = hi(t)In(ha(t)x)
where hi, hy are deterministic functions such that U(t,x) is defined for all
0 <t <T,xcRY. (This property of the logarithmic utility function is also
exploited in ([72], pp151. ppl156) where optimal portfolios are derived by maz-
imising the growth rate of wealth. From [72] the consequence of using a loga-
rithmic objective functional in a finite time horizon optimisation problem is that
optimal control variables are independent of the terminal time T'.) Now formally
we could continue on from equation (3.76) and solve for an optimal portfolio w,
but what we shall find is that this optimal portfolio is in terms of the random
variable U'(T, W(T)W(T). Hence if managing this portfolio in practice at time
t < T, then an instder must know the terminal value of his portfolio. Even for
an insider, this is quite challenging to know before the terminal time T.

We now prove the following theorem in which we show amongst other things
that the (F,P)-Brownian motions B arc (H, P)-semimartingales.

Theorem 11 Suppose w € Ppga is an optimal portfolio for problem (P2). Then
we have the following. (i) For each i € Ng the process

NB ol
SB(t) = Z/O 0,;(8)dB;(s), 0<t<T
j=1
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is an (H.P)-semimartingale.

(ii) The Brownian motions B defined in (3.15) are (H,P)-semimartingales.
(iii) Forward stochastic integrals of H-predictable integrable processes with re-
spect to B are Ité integrals.

Proof:
(i) Suppose ® € Pps is an optimal portfolio for problem (P2). Then from (3.73)
we have that for each i € Ng

Nx

Np ot ot
> [ oueiBys) = - [ el - D autsims) | ds
j=1"0 0 i=1

M

¢ N
7/0 =S L Lyu(m(9) = Mols) + ST A (5)hi(s) | ds.
j=1

j=1

Thus for each i € N the expression SB(t) = Z;V:Bl Otazj(s)dBj(s) is an (H, P)-

semimartingale because it is the sum of an (H, P)-martingale A/; and a process
of bounded variation.
(ii) and (iii} See the proofs of Theorem 8(iii) and (iv). [ ]

We now prove the following theorem in which we derive an optimality equa-
tion for an optimal portfolio w for problem (P2).

Theorem 12 Suppose w is an optimal portfolio for Problem (P2). Then (i)
for each j € Ng the Brownian motion B; is an (H.P)-semimartingale. in other
words there erists an H-predictable bounded variation process H; such that

B; := B; — H; is an (H, P)-Brownian motion. (3.81)

Then if the processes H := (H,,...,Hy,) are absolutely continuous. then for
all 0 <t < T the portfolio m(t) must satisfy almost surely

a(t)m(t) + Le(t) = £&(t) +a(t)%H(t) + A" (1), (3.82)

where for all0 <t <T,i € Ns
N
Leo(t) = Y LY (Lu(m(t)
j=1

is the ith element of L (t) and A"(t) is a vector with each of its Ng elements
equal to

A = o) + ) A (R ().
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Proof:
(i) See the proof of Theorem 9(i).
(ii) From (3.73) and (3.81) we have that

Ng t 5 2 Ny ) Np . J

;/0 oij(s)dBj(s) = /0 &(s)—;on(S)m(s)jtj;/o oij(s)ZH s
: M

+/o ZL Lji(mi(s))) = Aols) + Z)\j(s)h i(s)

(3.83)
since the functions H are assumed to be absolutely continuous. Now the pro-
cesses M are (H, P)-martingales, the processes B := (By, ..., By,) are (H,P)-
Brownian motions and the processes ¢ are H-predictable, thus the left hand
side of (3.83) is an (H, P)-local martingale which is also continuous. Since the
right hand side of (3.83) is a process of bounded variation, the process on the
left hand side of (3.83) must be constant almost surely equalling in particular
its initial value which is zero. Then differentiating (3.83) with respect to ¢t and
applying the fundamental theorem of calculus, (3.82) is obtained. n

To emphasize the the close relationship between the Brownian motions B being
(H, P)-semimartingales and the optimality of a portfolio # € Pp, for problem
(P2), we prove the following theorem.

Theorem 13 Suppose (3.81) holds. that the processes H are absolutely contin-
uous and that ® € Ppga is a process which solves (3.82). Then w is optimal for
Problem (P2).

Proof: TFor simplicity, let W(0) = 1. Substituting (3.81) into the Lagrangian
{3.51) we get that

2

T [ Ns 1 Ni /Ny
0\t j=1 \i=1
Ns Ng T p
+;j§1/0 Uij(s)ﬂi(S)EHj(s)ds

T Ny
~3 | IEim(e)Rds + / e ( Z )

M T
+ Z / [Z hij(s h]
j=1"0
(3.84)

since for all 7 € Ns the process fot Uij(s)m(s)déj(s) is an It6 diffusion integral.
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Let 6 > 0 and for all i € Ng let y, € (—4.4). Let § be a vector with all its
N elements equal to 4. Since L is a linear operator (3.84) is concave in each
7:(t).i € Ng. So if there exists a portfolio m € Pgs such that

7]

0= : [Va (1 + diag(y)0)]y—o forallic Ngs.0 ¢ Ppy.y € (—6.6).
Yi

then 7 is optimal for problem (P2). In the same way (3.77) was derived, we
get that

o T N Np d
G- Vatm b diagy)y0 = B[ 605~ 3o (Im(0) + Y oule) ()

N M
=2 L (Li(m(s)) = dols) + D As(s)haj(s) | Oi(s)ds
7j=1 =
(3.85)
But the expression in (3.85) is zero since m satisfies (3.82). This proves the
theorem. |

Now we want to eliminate the multipliers A;,j € Ay U {0} from (3.82), so
that an optimal portfolio m € Pps is dependent only on observable stochastic
processes. To do this we have to consider specific forms of the penalty func-
tions L. This is done in Chapter 4, Section 4.1.1. We now consider the insider
constrained portfolio selection problem assuming a monev market security is
available for investment.

3.7.3 Logarithmic utility, weight constraints, penalty func-
tions and investment in a money market security

In this section problem (P3) is solved assutning the insider has logarithmic
utility and invests in a financial market driven by diffusions. It is also assumed
that explicit portfolio weight constraints and penalty functions are present in
the portfolio selection problem and that a money market security is available
for investment. As in (3.70), for fixed k € N5 U {0} let the vector o = [0F] :=

[ZJ’V:B] 0k;0i;]. Then the wealth process has the form (3.29) with &(t) = r(t)
and 6%(t) = 0 for all 0 < ¢t < T, in other words

T Ny 1 Np [ Ng 2
W(T) = Wi(t)exp / r(s) D _(&(s) — r(shmls) — 5 D (Z mj<s>m<s>> ds
¢ i=1 i

Np N«

T
+ Z Z / o:5(8)mi(s)d B;(s)

ji=1i=1"1

The main result in this section is (3.88) an optimality equation which an optimal
portfolio w for problem (P3) must satisfv. We now define the set of admissible
portfolios Pgs for problem (P3).
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Definition 14 (Admissible portfolios) A set of conirol processes m where
n(t) € RV for all 0 < t < T, is said to be admissible (or an admissible
portfolio) for problem (P3) if the following hold:

(i) m satisfies Definition 11.

(ii) Definition 13(i1) with Ao = 0 and for all 0 <t < T,i € Ng
t Ng Np .t
M(t) = /0 E(s)—r(s) — Z gi(s)m(s) | ds + Z/o 0i;(s)dB;(s)
. j=1 j=1

t Ng M
+/0 =2 L yi(mils)) + Z}Aj(s)hij(s) ds.
Jj=1 j=
(3.86)

We denote by Pps the set of all admissible portfolios for problem (P3). ¢

In what follows, Theorems 15-17 are generalisations of ({62], Theorem 5.3-5.5)
respectively. We now prove the following theorem in which we show that the
processes M := (M, ..., My, ) defined in (3.86) are (H, P)-martingales.

Theorem 14 Suppose ® € Pps is an optimal portfolio for problem (P3). Then
each M; defined in (3.86) is an (H, P)-martingale.

Proof:  Sece the proof of Theorem 10 with Aqg = 0 and £ replaced with £ ~ r,
where r is a vector with all its Ng elements equal to the money market interest
rate r. n

We now prove the following theorem in which we show amongst other things
that the (F.P)-Brownian motions B are (H, P)-semimartingales.

Theorem 15 Let w € Pps be an optimal portfolio for problem (P3). Then we
have the following. (i) For each i € Ns the process

Np ¢
SB(t) = Z /0 o,(s)dB;(s), 0<t<T
J=1"

is an (H, P)-semimartingale.

(it) The Brownian motions B defined in (3.15) are (H,P)-semimartingales.
(#i1) Forward stochastic integrals of H-predictable integrable stochastic processes
with respect to B are in fact Ité integrals.

Proof: See the proof of Theorem 11 with Ag = 0 and & replaced with £ —r. B

We now prove the following theorem in which we derive an optimality equa-
tion for an optimal portfolio w for problem (P3).
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Theorem 16 Suppose that there exists an optimal portfoliow for Problem (P3).
Then (i) for each j € Np the Brownian motion Bj.j € Np is an (H,P)-
semimartingale. in other words there exists an H-predictable bounded variation
process H; such that

Bj := B; — Hj is an (H, P)-Brownian motion. (3.87)

(ii) If the processes H := (Hy, ..., Hy,, ) are absolutely continuous. then for all
0 <t <T the portfolio w(t) must satisfy almost surely

F(t)m(t) + La(t) = £(t) — r(t) + a(t)%H(t) + AR (), (3.88)

where for all0 <t <T,ic N
Ng
Leo(t) = Y LL(Lu(m(t))
j=1

is the ith element of Lx(t) and A*(t) is a vector with each of its Ng elements
equal to

M

M) = D)k (1),

j=1

Proof: See the proof of Theorem 12 with Ay = 0 and £ replaced with £ — r. B

To emphasize the the close relationship between the Brownian motions B being
(H, P)-semimartingales and the optimality of a portfolio # € Ppgs for problem
(P3), we prove the following theoremn.

Theorem 17 Suppose (3.87) holds. that the processes H are absolutely contin-
uous and that ® € Pps is a process which solves (3.88). Then w is optimal for
Problem (P3).

Proof:  See proof of Theorem 13 with A\g = 0 and £ replaced with £ — r. |

Now we want to eliminate the multipliers A;,j € ANj; from the optimality
equation (3.88) so that an optimal portfolio # € Ppgs is dependent only on
observable stochastic processes. To do this, we have to consider specific forms
of the penalty functions .. This is done in Chapter 4, Section 4.1.2. In the
next section problems (P1)-(P3) are solved assuming the securities S exhibit
jumps.

3.8 Market driven by Lévy Processes

In this section problems (P1)-(P3) are solved assuming the securities S are
driven by Lévy processes of the form (3.15). The difference hetween this section



and the previous Section 3.7 is that here the securities S are allowed to exhibit
jumps. As mentioned in Remark 2, the reason why this case (of S exhibiting
jumps) is dealt with separately is because here classical differentiation is not
sufficient to derive insider constrained optimal portfolios. The reason for this is
that it is not possible to take the variational paramecters y outside of the for-
ward Poisson integrals and classically differentiate with respect to y as is done
in the continuous case in Theorems 7, 10 and 14. The variational parameters
y cannot be taken outside of the forward Poisson integrals because they form
part of the argument of the nonlinear natural logarithm found in the analytical
forms of the insider wealth process {3.30) and (3.32). Also the theory for the
interchanging of classical differentiation and forward stochastic integration has
not yet been developed. Malliavin calculus, discussed in Section 3.8.1 below, is
employed to circumvent this difficulty. A result (Lemma 2) of Malliavin calcu-
lus relates the expectation of a forward Poisson integral to the expectation of
a Lebesgue integral of the Malliavin derivative. Lebesgue integration and clas-
sical differentiation can then be interchanged and constrained optimal insider
portfolios can be derived.

For a general utility function U, we have only been able to solve the insider
portfolio selection problem in the absence of explicit weight constraints and
absence of penalty functions. With respect to the unity weight constraint (3.23),
in the case of general utility, we eliminate one of the security weights with this
constraint (as in Section 3.7.1). In Section 3.8.2, we solve the portfolio selection
problem assuming the insider has a general utility function - this is problem
(P1). In Sections 3.8.3 and 3.8.4, we solve the portfolio selection problem
assuming the insider has a logarithmic utility function and assuming weight
constraints and penalty functions are present in the portfolio selection problem.
We then solve this problem assuming a money market security is unavailable and
available for investment, and these are problems (P2) and (P3) respectively.
We now state the following theorem which we require in Sections 3.8.2-3.8.4.

Theorem 18 Any local martingale M = M(t) admits a unique decomposition
M(t) = MS(t) + M4(t), 0<t<T

where M(0) = M¢(0) = M%(0) = 0, M® is a continuous local martingale and
M® is a purely discontinuous local martingale (in other words M¢ is orthogonal
to every continuous local martingale).

Proof: See ([66], Theorem 1.4.18). a

We now define Malliavin differentiation and show the relationship between the
Malliavin derivative and forward Poisson integration.

3.8.1 Malliavin differentiation

Let [ = [(dt) denote the Lebesgue measure on [0, 7] and let § be a compensated
Poisson random measure with intensity measure v = v(dz),z € RV, N ¢ N.
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Then following [42] and [93], for a square integrable function f € L2((l x
v)*).n € N, let the n-fold iterated integral

T to
/ / / f(tl.zl.....tn,zn)(j(dtl.dzl)...d(dtn.dzn).
0 kN 0 EN

From [93] define the symmetrization of f by

5 1
itz ot 2n) = — > flteze,. te, 7¢,) (3.89)
¢(n)
where the sum in (3.89) is taken over all permutations ((n) of the set {1....,n}.

A function f is said to be symmetric if f = f. Denote by L?*((I x v)"),n € N
the space of all symmetric [93] functions f in L?((I x v)™). For each n € N and
fa € L2((I x v)™) let the integral

In(f) := nn(f).

For constants fo € R set Io(fo) = fo. Then we have the following Chaos
Expansion Theorem.

Theorem 19 (Chaos Expansion Theorem) Every Fr-measurable random
variable F ¢ L*(IP) admits the representation

i L(fu) (3.90)

for a unique sequence of symmetric functions f, € f,g(([ x v)").
Proof: See ([93], Theorem 4). |

Using the expansion in (3.90) we have the following definition of Malliavin dif-
ferentiation taken from [41].

Definition 15 Let I 2 denote the set of all Fr-measurable random variables
F ¢ L*(P) admitting the chaos expansion (3.90) with norm

HF”I%I,Q = ZTL ) n!anHQL2((le,)u) <20

n=1

Then the Malliavin derivative D, , is a linear operator defined on D1 with
values in L2(P x | x v) and it is defined as

DLZ[F] = ann~l(fn('-t~z)).
n=1
where fn(-,t.z) = fo(t1,21,- -, tn_1.2n_1:1.2). ¢
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We prove some properties of Malliavin differentiation.

Lemma 1 Let X,Y € D19 and let | denote the Lebesque measure.. Then we
have the following:

(i) For almost all w € Q we have that | x v-almost everywhere

DiaX Y] = X DoY)+ Y - DyofX] + Doy X] DipY].  (3.91)

(ii) Let f : R — R be continuous. Then for almost all w € Q) we have that
I x v-almost everywhere

Dia[f(X)] = F(X + DialX]) - f(X). (3.92)

(iii) For 0 < s <ttt < T let the operator D;+ , be defined as

Dy+ o[ X] = lim D, ,[X].

s—tt

Suppose that D+ 5[ X - Y], Dy+ ,[X], Dys ,[Y] exist in L2(P x I x v). Then
the operator Dy+ , also satisfies a product rule of the form

'Dt+’z[X . Y} =X Dt+,z[Y] +Y. ’Dﬁ,z[X] +Dt+’z[X] -,Dty"z{Y]. (393)

(iv) Let f: R — R be continuous and suppose that D+ ,[f(X)] and Dy ,[X]
exist in L?(P x | x v). Then the operator Dy, =z olso satisfies a chain rule
of the form

D+ 5 [f(X)] = f(X 4+ Dy+ ,[X]) - f(X). (3.94)

(v) Let 0 < s <t <T. Then for almost all w € Q we have that | x v-almost
everywhere that Dy ,[X] = 0 if X is Fs-measurable.

Proof:
(i) See (]41], Lemma 3.1).
(ii) See ([110}, Lemma 3.6).

(iii) For all 0 <t < T we have that (3.91) holds. Replacing ¢ with s in (3.91)
and taking the limit as s tends to ¢™, equation (3.93) is obtained since it
was assumed that D+ ,[X Y], D+ ,[X] and Dy+ ,[Y] exist in L2(Px{xv).

(iv) For all 0 <t < T we have that (3.92) holds. Replacing ¢ with s in (3.92)
and taking the limit as s tends to £+ we get that

DL*,z[f(X)] = llII£ f(X + Ds‘z[X]) - f(X)

s—t”
which reduces to (3.94) since f is continuous.

(v) See [108].
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|
From [42} we have a duality formula between the Malliavin derivative Dy 5 and
forward Poisson integration. First we make the following definition taken from
[41).

Definition 16 Let (Q2.IF,P) be a complete filtered probability space. let w € €.
let | denote the Lebesque measure and let ¢ be a compensated Poisson random
measure with intensity measure v = v(dz). Let M denote the set of all stochastic
functions v = v(t,z.w),0 < t < T,z € RN . w € Q such that:

(1) v(t.z.w) = ¥1(t,w)is(t, 2z, w) where ¥ € Dy o is caglad. vy is F-adapted

and
T .
2 v(dz)dt <.
E [/0 /RN st z)v(d )dt} <o

(ii) Dy- ,[0) exists in L>(P x [ x v) for all0 <t < T.
(iit) U+ Dy ,[¥] is forward integrable with respect to §.

Let My 2 be the closure of the linear span of M with respect to the norm given
by
W2 L2 2 -
[¥lia, . = 1l 2@ xixey T 1P alUille@xix- (3.95)

¢

We make the following remark.

Remark 4 Note that

In
In(l +x) = li e N F I 3.96
n(ldz) = lim Y ()" ] < (3.96)

n=1

Suppose the function wi(t)ve(t.z) € M and [v1(t)ia(t.z)| < 1 almost surely
for all0 <t < T.z ¢ RN. Then from (3.96) and Definition 16 if ||In(1 +
Ur(t)ue(t.z) |7 . < oc. then the function In(1 + vy (t)a(t.z)) € M . ¢

i
41,2

We now have the following relationship between Malliavin differentiation and
forward Poisson integration.

Lemma 2 Let (2, F,P) be a complete filtered probability space. Suppose v is
forward integrable with respect to the compensated Poisson random measure §
and moreover that v» € M . Then we have that

/OT /“N v(t.z)q(dt, dz)jl _E

Proof:  See ([41], Corollary 4.1). [ ]

T
Ez /0 /}\ Dy- Lult. z)|v(dz)dt| . (3.97)

In the next three sections 3.8.2-3.8.4 problems (P1)-(P3) are solved assuming
the insider invests in a financial market driven by Lévy processes with jumps.
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3.8.2 General utility

In this section problem (P1) is solved assuming the securities S exhibit jumps,
assuming a general utility function for the insider and assuming that explicit
portfolio weight constraints and penalty functions are not present in the portfolio
selection problem. As mentioned in the introduction of Section 3.8, the unity
welght constraint (3.23) is used to eliminate the security weight 7y and so make
the optimisation problem (P1) unconstrained. By eliminating mp, the wealth
process has the form (3.32) viz

T Ns .
W(T) = W(t)exp (/ ({0(5) + ZEI(S)’/TI(S)
¢ =1
L Ny 2
-3 <aosj(s) + Zfrzj(s)m(s)> ds
j=1 i=1
Ny T N
+ Z/ (O’QJ(S) + Z &U-(s)m(s)) d” Bj(s)
j=171 i=1

Ny 1o,
+ng/t ./A,ln(lJrGj(S-z))Qj(ds.dz)

Ny .17,
In Gi(s. - s.z) v {c
+J;/t ./A, [ln {1+ i(5.2)) = Gy(s )] J(Iz)ds

(3.98)

The main result in this section is (3.119) an optimality equation (in quadratures)
which an optimal portfolio o for problem (P1) must satisfy. This section is
comprised of two subsections. In the first the set of admissible portfolios Py
for problem (P1) is defined. In the second theorems are proved which allow us
to derive the optimality equation (3.119).

Admissible portfolios for problem (P1)
In this section the set of admissible portfolios Py, for problem (P1) is defined.

Definition 17 (Admissible portfolios) A set of control processes m where
w(t) € RN for all 0 < t < T. is said to be admissible (or an admissible
portfolio) for problem (P1) if the following hold:

(i) 7 satisfies Definition 9.

(it) BEJU(T. W(T))W(T)] < oc where W has the form in (3.98). (This is
required to ensure that the Radon-Nikodym derivative in (3.100) below is
finite so that Bayes' Theorem can be applied.)
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(iii) Let m and 0 be two portfolios which satisfy (i)-(i1) above. Recall the form
(3.98) of the insider wealth process. For all 0 <t < T,i € Ng let

3 Np Ny
AL(E) = /0 ZO‘OJ s)a;;(s Z&ij(s)fr](s) ds

=1

=
3oy KRTAENS oY e e
+Z/ /RN (1 i]GS z) . —gij(s.z)> V7 (dz)ds,

(3.99)
where from (3.20) and (3.22) for all0 < t < T,z ¢ RV.i.j € Ns,k €
NB.I < Nq

&) = &(t) — &), oult) = owlt) —ok(t).
Gult.z) = galt.z) —gou(tz).  Gy(t) = So% Gu(t)o(t)

and G(t,z) = go,(t,z) + Zi\g Ggu(t.z)m(t). Lety := (y1.....yn.) €
RNs . Then there must exist a & > 0 such that for each i € Ns we have
that y; € (—6,68) and the family

{U(T.W(T, w+diag(y)8))W (T m+diag(y)0)|M;(T. w+diag(y)0) | o<y<s

is uniformly integrable. where W(T) = W(IL.7) and M,(T) = M/(T,m)
and § is an Ng x 1 matriz with all elements equal to §. (This is required in
(3.107) below to ensure that the partial derivatives of the objective func-
tional (3.33) exist.)

(iv) Let
F(T) == (Ep[U(T, W (T))W(T))) U (T.W(T))W(T) (3.100)
and let the probability measure Q be defined by
dQ = F(T)dP. (3.101)

Let 5 >0 and lety :== (y1,...,Yn.). For each i € Ns let y; € (=6,8) and
forall0<t<T,zcRN,jc N, let
_ Ns
Gy(t.z,y) = goi(t.2) + > _ Gus(t.2)(malt) + %:0.(1))- (3.102)
i—1

Let  and 0 be two portfolios which satisfy (i)-(iii) above. Let G :=
(Gh..... GN ) and let & be a vector with all its Ng elements equal to 6.
Then for all 0<t<T,zecRN,yc(-8.8) the following are required:

6Recall that U is strictly increasing and W > 0 almost surelv so F(T) is finite almost
surely.
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(a) For all j € Ny we require that 1 > |G;(t,z,y)| almost surely. (This
1s required since these expressions will be the argument of the natural
logarithm in (3.106) below and Lemma 2 will be employed.)

(b) Suppose w and 0 satisfy (i)-(iv)(a) above. For alli € Ng,j € N, we
require that the processes Dy+ ,[m;(t)] and Dy+ ,[0:(t)] exist in L?(Qx
[ x VJF) (This is required in (c) below to ensure that the processes
Dys ldij(t. 2)m(t)] and Dy 4[§i;(t,2)0:(t)] exist in L*(Q x I x vj) -
recall Lemma 1(v). Also see Remark 5(ii) below.)

(¢c) Foralli € Ng,j € N, the processes §;;(t, 2)m;(£)+ D+ 4195 (t, 2)7: (1))
and §;;(t, 2)0;(t) + Dy+ 4[0:5(t, 2)0;(t)] must be forward integrable with
respect to the compensated Poisson random measure ¢;. (Using this
requirement we show in Remark 5(iii) below that for all j € N the
process G;(t,2,y) is an element of the set M (defined in Definition
16) above.)

(d) For all j € N, we must have that
“ 111(1+Gj(t,z,y))\liz(@xlx,{;) + ||Dg+,z[111(1+éj(t»Z,Y))miz(@“xu;) < Q.

(This is required in Remark 5(iv)(e) below.)
(e) We require that

1+ G(t,z,y)+ D+ . |Gt 2z, y)] > 0 (3.103)

almost surely. Note that in particular (3.103) must hold for y = 0.
(Appendiz F is referred to for details of the derivation of equation
(5.108) (in Theorem 20) below. To ensure that this derivation is
valid, (3.103) is required since the expressions in (3.103) are the ar-
guments of the natural logarithm in equation (F.1) in Appendiz F.)

All requirements mentioned in (iv) above are required to ensure that Lemma
2 can be employed in the proof of Theorem 20 below.

We denote by Pry the set of all admissible portfolios for problem (P1). ¢

Remark 5 We make the following remarks:
(i) From Definition 17(iv)(a) we have that for all0 <t < T,z € RN j € N,
14+ Gj(t,z) #£0 (3.104)

almost surely. This is stated since (3.104) is required for the objective
functional (3.33) to be finite, but also for all other processes with 1 +
G;(t,z) as denominator to be finite.

(i) From Lemma 1(v). and Definition 17(iv)(b) and Lemma 1(ii) for all 0 <
t < T,z ¢ RNy € (-8,8),j € Ny the function D;+ ,[G;(t.z,y)] exists
in L?(Q x | x 1/}7). This result is required in Remark 5(iv)(d) below to
ensure that for each j € Ny the process Dy ,[In(1 + G;(t.z,y))] exists in
L2(Q x [ x 1/]‘1").
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(iii) For all j € Ny each term in G;(t.z,y) (defined in (3.102) above) is an
element of M since:

(a) From (3.18) the jump coefficients go;.j € Ny are F-adapted. Thus
from condition (3.16), Lemma 1(v) and the fact that the processes
90.j.J € Ng are F-adapted. each go; € M.

(b) For each i € Ng,j € N, we have that §;;(t.z)m(t) € M and
G:5(t,2)0;(t) € M. These two assertions are true because:

(1) Condition (3.16) holds.

(2) From Definition 17(iv)(b) the processes Dy ,G:;(t, z)m(t)] and
Dy+ 216i;(t,2)0;(t)] exist in L*(Q x I x u;)

(3) Definition 17(iv)(c) holds.

This result is used in (iv)(a) below.
(iv) For all j € Ny the function In(1 + G(t.z,y)) € My o since:
(a) Definition 17(iv)(a) holds and from Remark 5(iii) each term in G;(t,z,y)
is an element of M.

(b) Gi(t.z,y) is a linear span of elements of M. (Recall that M 5 is the
closure of the linear span of M.)

(¢) From Remark 4 the function In(1+ G;(t.z.y)) is thus a linear span
of elements of M.

(d) From Definition ZZ(Z"U) {a). Remark 5(i1) and Lemma 1(iv). each func-
tion Dy olIn(L+ G,(t.2,y))] exists in LA(Q x x v7).

(e) Definition 17(iv)(d) holds.
This result is used in (v) below.

(v) From (iv) above for each j € Ny the function In(1 + G;(t.z,y)) satisfies
Lemma 2 with P replaced with Q in (3.97). This result is used in the third
equation in (3.107) below.

¢

Next we prove theorems which allow us to derive the main result of this section
viz the optimality equation (3.119).

Optimality theorems

In what follows, Theorems 20-22 are generalisations of ([42], Theorems 14-16).
We now prove the following theorem in which we show that the processes M :=
(Mq,.... Mpy.,) defined in (3.99) are (H, Q)-martingales.

Theorem 20 Suppose w € Pp1 is an optimal portfolio for problem (P1). Then

the processes M defined in (3.99) are (H.Q)-martingales where Q is defined in
(3.101).
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Proof:  Recall (3.33) viz

sup Ji(mw) := sup E{UT, W(T))].
wEPra wEPL

Let @ € Pr; be another admissible portfolio of the form (3.74). In other words
fix t € [0,7) and h > 0 such that t + A < T and choose a portfolio 8 such that

0:(s) = 07 ()X [t,erny(s) forall 0 <s<T,ieNg (3.105)

where each random variable 69(¢) is bounded and H;-measurable. Let § > 0,
let § be a vector with all its Ng elements equal to § and let y := (y1,...,yn.)-
Then by assumption of the optimality of 7, for y € (=4, d) the function

f(y) = Jy (7 + diag(y)8) (3.106)

is maximal for y = 0. From Definition 17(iii) and Remark 5(v) we have that
for all i € Ns

0 = {;yif(w}

y=0

T Np N
- B[ [éw ‘;Uo,j(s)&zj(s)*;52']'(8)7@(5) 6:(s)ds
+Z/ Gi()0:(s)d ™ By +Z/ /w <1in9 z . gzj(s,z)> 0,(s) (dz)ds

+ Eg //ln 3(5.2,¥))4;(d” s, dz
dyZQZ . )a,(d" 5. dz)

y=0
T ¢ Np
= ]E@ / g’t(g) - Z 00] Uzg Z Uz] 91( )d9
0 =

+z / 51y (5)01(5)d By +z" / /RN(li”c Y (s,2)) 0,61 (o)

F
+ dyZEQ Z/ Ds+zln(1+G (s,2,y))]v; (dz)d

y=0
(3.107)
Since the expected returns, volatilities, jump coefficients and portfolios 7 and 6
are bounded, by the Lebesgue dominated convergence theorem the interchang-
ing of classical differentiation and Lebesgue integration in (3.107) is justified.
We concentrate on the integrand in the last expression of the third equation
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From Appendix F we have that for all 0 < t < T.z € R,y ¢

in (3.107).

(—8.8).7i € Ng.j € N, for almost all w € Q
G, (1 2)0,(

M)

= D,,
e [1 +Gj(t.2)

{ 5D alln(1 + G z.,ymLO

[ x v; almost everywhere, Substituting (3.108) into (3.107) it reduces to

0 - E '/OT< ZUOJ V(s Zaw )91

G35 2)0(5) - 3(d™ 5. dz)

+Z/ Guy(5)0:(s)d” B (s +Z/ /~~1+G5z

+Z/ /RN <1 i”Gs 2) 2) flz'j(S-,Z)> HZ(S)U;(dZ)deI )
(3.109)

Imposing the particular form (3.105) of 8 in (3.109) it reduces to

t+h [ Np Ng
0 = [Eg 62(t) / &i(s) — ZUO,]'(S)UU(S) — ZO'U(S)?T](S) ds
t Jj=1 j=1
Ns  t+h Ny t4h .
A _ Gij(s.2)
+Z:/ Uzj(s)dB](s)+jz_:]/1 /M T=G(s Z)q](d s,dz)
t+h
Gij(5.2) N 5
/ /[RN <1 +JG 2 gij(s.z)> v; (dz)ds)jl .
(3.110)
Since (3.110) is valid for all bounded H;-measurable randomn variables 8%(t), we
conclude that
t+h [ Np
0 = Eg / §i(s) — ZUOJ $)04;(s ZJU ds
¢ =

Guls2) G;(d" s, dz)

Np t+h t+h
i (8)dB;(
+Z/ U] +Z/ /‘N 1+G

j=1
t+h N )
/ /RN (1 iJG z) ) gi]-(s.z)> v (dz)ds

For all i € Ng let M; be defined in (3.99). Then fromn (3.111) we have that
Eg[M(t + h)|H,] = M (#) (3.112)

He

(3.111)



since each M;(t) is H;-measurable. Since t € [0, 7] and h > 0 are arbitrary in
(3.112), we have that each process A, is an (H, Q)-martingale. [ ]

We now prove the following theorem in which we show amongst other things that
the (F,P)-Brownian motions B defined in (3.15) are (H, P)-semimartingales.

Theorem 21 Let m € Pry be an optimal portfolio for problem (P1). Then we
have the following. (i) Let the processes M and random variable F be given
by (3.99) and (3.100) respectively. Suppose that at each t € [0,T] the expected
value of the covariation of each forward Poisson integral in (3.99) and each
It6 diffusion integral in (3.99) is finite. Suppose also that at each t € [0,T)]
the expected value of the quadratic variation of all forward Poisson integrals in
(3.99) is finite. Then for all 0 <t < T.i € Ng the processes

td[M;, F(s)

Mi(t) = M(t) - z 3.113
() - [ s (3113)
are (H,P)-martingales, where for all0 <t <T

F(t) .= E[F(T)[H,]. (3.114)

(ii) For each i € Ng the process

Z/aw )dB,(s), 0<t<T

is an (H, P)-semimartingale.

(#i) The Brownian motions B defined in (5.15) are (H, P)-semimartingales.
(iv) Forward stochastic integrals with respect to B are Ité integrals.

(v) For each i € Ng the process

9215Z _
d™: <t <
E //Rwl%—G gi{d=s,dz), 0<t<T

is an (H, P)-semimartingale.

Proof:
(i) Suppose the processes M := (M, ..., My.) are (H, P)-local martingales and
that for each ¢ € [0, T| the expected value of the quadratic variation of each M,
is finite. Then from Theorem 4 we have that the processes M of (3.113) are
(H, P)-martingales and we have proved part (i).

Now for all admissible portfolios Pr; the terminal wealth value 0 < W(T)
almost surely, thus we have that 0 < F(T') almost surely, where F'(T") is defined
in (3.100). Thus we have from (3.100) that

dP = F(T)"'dQ =: G(T)dQ. (3.115)
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By Baves” Theorem let F' be the (H,Q)-martingale defined by
F(t) = E¢[G(T)H.] = (Ee[F(T)H,]) ' Ep[F(T)G(T)H,] = (E=[F(T)|H,])~"

Now suppose ® € P is an optimal portfolio for problem (P1). By Theorem 20
we know that the processes M defined in (3.99) are (H.Q)-martingales. Thus
from (3.115) and Corollary 4, we have that the processes M are (H,P)-local
martingales. Secondly recall the assumptions that at each t € [0.7] the ex-
pected value of the covariation of each forward Poisson integral in (3.99) and
each Ito diffusion integral in (3.99) is finite, and that at each t € [0,T] the ex-
pected value of the quadratic variation of all forward Poisson integrals in (3.99)
is finite. Then from Theorem 5 for each t € [0.7] the expected value of the
quadratic variation of the processes M is finite.

(11) From Theorem 18, the orthogonal decomposition of the (IHI IP’) martlngaleq
M := (My,.... My, ) into continuous (H. P)-local martingales M¢ := = (ME, ..., ]\f[fvs)

and discontinuous (H, P)-local martingales M® := (A7, ..., ] iy [N ), is given by
M(t) = M°(t) + M%(t), 0<t<T. (3.116)
In (3.116), for all 0 < t < T.,i € Ng we have that

R Np .t Np .t

ME@) = Z/o G, (8)dB;(s) + Z/o &U(s)r/g(s)ds. (3.117)
/a Ny ¢

rd ) _Giy(s,7) - .

M) Z/ /RN T3 G ( 4;(d”s.dz) +§/0 ng(s)ds  (3.118)

and for all i € Ns.j € N,k € N, the H-adapted processes n)? and nf, must
satisfy almost surely

Npg ¢ N, o .t
Z/ &zj(S)I/S(S)d«HZ/ r/i’j(s)ds+/ F=Y(s)d[M;, F)(s)
j=1"9 j=170 Jo
t Np
= /0 gi(s) - ZUO‘]'( Ul] ZUU Uy 5 ds

+Z/ AN (1 i”GS ) ” glj(s,z)> v (da)ds.

Note that the processes M¢ are (H.P)-martingales bv Theorem 4 since from
Theorem 5 for each t € [0,7] the expected value of the quadratic variation of
the processes M¢ is finite. (See the proof of Theorem 8(i).) Thus for each
1 € Ng the process

}:/0” s)dB; ( Z/“U SUHE 0<t<T
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is an (H, P)-semimartingale because it is the sum of an (H, P)-martingale ]\[LC
and a process of bounded variation.

(iii) and (iv) See the proof of Theorem 8(iii)-(iv).

(v) From (3.116), for each i € Ng the process

Z/ /@Nliwasz i G;(d” s, dz)

0t
= M,(t) — ME(t) — / ng;(s)ds,  0<t<T.

From (i) above the processes M are (H,P)-martingales. From (ii) above the
processes M€ are (H, P)-martingales. Thus each process S7,i € N is an (H, P)-
semimartingale because it is the sum of an (H,P)-martingale M, — M¢ and a
process of bounded variation. n

We now prove the following theorem in which we derive an optimality equa-
tion for an optimal portfolio w for problem (P1). Recall from (3.13) that the F
compensators of the Poisson random measures q are v*. In Theorem 22 below
we consider the H compensators of q.

Theorem 22 Let m € Pry be an optimal portfolio for problem (P1). For all
JEN let 1/;51 = 1/]‘- (dt, dz) be the H compensator of the Poisson random measure
q; and let V* = (ulq,...,y}}f}q). Then for all 0 < t < T,i € Ng. m, satisfies
almost surely the equation

Np

/0’ 2007 5)Gi5(s ZUU ds
+Z/ /RN <1$]GS ; 2) gii('svz)> ’/.If(dz)ds—/ot FY(s)d[M;, F|(s)

*Z/ G5 (s) T}U da+2/ /IRN 1i”Gé .2) )(V}Ffugﬂ)(ds,dz).
(3.119)

Proof:  Since F C H, each Poisson random measure g; has a unique predictable
compensator with respect to H, viz I/JH = v, H(dt.dz). ([66], Theorem I1.1.8) In
other words

(a) the processes fot Je~ X (s,2)(q — v™*)(ds, dz) are compensated Poisson in-
tegrals for any H-predictable integrable process X,

(b) moreover the processes fot Jan X (s,2)(q—v")(ds, dz) are (H,P)-local mar-
tingales for any H-predictable integrable process X and
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(¢) in particular, for all i € Ns.j € N, the processes

9i SZ gl SZ k3 _
//RNHJG )( )(ds. dz) //NHJG )(qj—vgl)(d 5, dz)

(3.120)
are (H, P)-local martingales.

Thus from (3.117), (3.118) and (3.120) we can rewrite (3.116) in index form as

R Np 4t No ot
Mi(t) = Z/O 5z‘j(3)dBj(S)+Z/0 Gij(5)nB (s)ds

+Z/ /]RN 1 ilJGS d )(qj - V;})(ds.dz)

+Z/ ANIJJFZJGSEZ)( H ]Fdsdz +Z/ 772]

(3.121)
where it is important to note that there is no longer forward Poisson integration
in (3.121). Equating (3.113) and (3.121) equation (3.119) is obtained. [ |

H f—

Note that since v v (ds, dz) (and the quadratic variation processes [M, F)
are not necessarily absolutely continuous), we can't (as in Theorem 9) continue
from (3.119) and show that the integrand must be zero almost surely. In Sec-
tion 4.2.1, to derive an algebraic equation (and not an equation in quadratures
which is (3.119)) for a constrained optimal portfolio 7, we consider specific
types of Lévy process and utility function and show in these cases that in fact
v (ds.dz) = v (dz)ds. We have the following corollary of Theorem 22.

Corollary 5 Suppose the insider is in fact honest. Suppose also that the quadratic
variation processes [M, F| are absolutely continuous. Let | denote the Lebesque
measure. Then an optimal portfolio w for problem (P1) must satisfy Px! almost
everywhere the equation

. Np Ny N
0 = éz(t) - ZUO ](t)Uz](t) - Z&zj(t)ﬂ'] (f) ZUU (t)T]”(t)
N
- gultz) : L4
+Z/ (H—Gﬁ - gw-z)) Vi () — M I,

Proof: Setting vF = v! in (3.119) we get that

Ny

0 = /0 ZUOJ $)0;(s ZUU
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3 /. (%—u)) 2 (d2)

_ d
—F! (s) M“F Zoz] s (s) | ds.

|

(3.123)

Then using the fundamental theorem of calculus in (3.123) equation (3.122) is
obtained. ]

Note that due to the presence of jumps in the securities S, the only way the
processes {M, F'] will be absolutely continuous is if no jumps are exhibited by S
over the whole interval [0, T]. In the next section a constrained portfolio selec-
tion problem is solved assuming the insider has logarithmic utility and invests
in a financial market driven by Lévy processes with jumps. It is also assumed
that penalty functions and explicit weight constraints are present, however a
money market security is not available for investment.

3.8.3 Logarithmic utility, weight constraints, penalty func-
tions and no investment in a money market security

In this section problem (P2) is solved assuming the insider has a logarithmic
utility function, invests in a financial market driven by Lévy processes with
jumps and assuming that portfolio weight constraints and penalty functions are
present in the portfolio selection problem. It is also assumed that the insider
cannot invest in a money market security. In this case the wealth process has
the form (3.30) viz

T [ Ns sz 5 2
w(T) = W (t) exp /t Z&(S)m(b) Z (ZUU 7rl ) ds
+ZZ/ 04;(8)m(s)d™ By(s)

7j=11i=1

+Z//ln(1+Zgz]5Zm )q](d s,dz)
+Z/ / <1n<1+ZJ”5zm > ZJ”szm ) P(dz)ds

(3.124)

The main result in this section is (3.136) which is an optimality equation for
a constrained optimal portfolio 7 for problem (P2). We now define the set of
admissible portfolios Ppo for problem (P2).
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Definition 18 (Admissible portfolios) A set of control processes T where
w(t) € RV for all 0 < t < T. is said to be admissible (or an admissible

portfolio) for problem (P2) if the following hold:
(i) m satisfies Definition 10.

(ii) Let m and @ be two portfolios which satisfy (i) above. Recall the form
(3.124) of the insider wealth process. From Remark 5(i). for all 0 <t <
T.ze RN, ieNg,je N, let

191" 'y = gij(t‘Z) . .
AR S STy (3129

Forall0 <t <T,ieNg let

No .t N,
+J§/O O'Ij(s)dBj(S) + ]2:;‘/0 /RN l?l'j(S.Z)q]‘(d_S,dZ)
Noo o - h
_;/0 ./RN (ﬁi](s,Z)Z.‘]k](s.z)ﬁk(s)> V;(dz)dg

k=1

" N Al

[ = R = Aol + DAy (s) | s
JO o ;

j=1 j=1
(3.126)
where the processes A\;, j € NjyU{0} are defined in (3.50) and from (3.17)
we have that 7;;(t) = fCV:Bl oik(t)oun(t). Lety == (y1..... yn.) € RNs.

Then there must exist a 6 > 0 such that for each i ¢ Ng we have that
y; € (—6.9) and the family

{IMi(T, 7 + diag(y)8)|}o<y<s

is uniformly integrable, where M;(T) = M,(T.7) and & is an Ngx 1 matriz
with all elements equal to §. (This is required to ensure that the partial
derivatives of the Lagrangian in (3.128) below exist.)

(iii) For alli € Ng let the vector g* denote the ith row of the jump coefficients
matriz g. Then m must satisfy Definition 17(iv) with U(t,x) = lnz and

00— =0

o’ =0= g .

We denote by Pro the set of all admissible portfolios for problem (P2). ¢

In what follows, Theorems 23-25 are generalisations of ([42], Theorems 14-16).
We now prove the following theorem in which we show that the processes M :=
(M. My, ) defined in (3.126) are (H. P)-martingales.
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Theorem 23 Suppose m € P2 is an optimal portfolio for problem (P2). Then
each M, defined in (3.126) is an (H,P)-martingale.

Proof:  Recall the definition of the Lagrangian Vo(m) in (3.51). Let 8 € Ppo
be another admissible portfolio of the following form. Fix ¢t € [0,7) and A > 0
such that ¢t + h < T and

0,(s) = Hg(t)X[t,Hh](s) forall 0 < s<T,ic N, (3.127)

where each random variable 69(t) is bounded and H,-measurable. Then by
assumption of the optimality of 7, for y € (-4,4) the function

fly) = Va(m+diag(y)0)

= Jo(m+diag(y)8) + E

T Ny

/0 Ao(s) (T(s) — Z(m(s) + yi()z(s))> ds
M T {

+Z/o [Z hij(s)(mi(s) + y.0i(s)) — hj(S)ji ds
j=1

(3.128)

is maximal for y = 0. As in the derivation of (3.109), if we use the result (3.108)
proved in Appendix F, then we have for each i € Ng that

0 =

I
=
—
bﬂ
Ln
&=
|
Qi
<
=
2
=
IS
=
jo )
)

+Z/O 045(5)0:(s)d™ Bj( / /RN i(5,2)0:(5)q;(d” s, dz)
- V.(s,2) - (s, z)m (€)> 02'(5)1/;5(dz)ds
z [ [ (vaten oo
M
/ ( Z]L]Z 51 7T1 ) A0( )+ 2/\](9)}12](8)> 92‘(8)(138] .

=1

(3.129)
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Imposing the particular form (3.127) of 8 in (3.129) it reduces to

=1
Np t+h N, 4
+j:l/ a:5(8)dB;(s) +;/t /} Vij(s.2)q;(d” s, dz)
N, N .
_ /t+ / ('z9ij(S.Z) G5 (5. Z2)m( )) v (dz)ds
=17t R k=1
t+h Ng Al
+/ (A ZH{]z(]L]Z(’/Tz(S))) — do(s) + Z /\](S)hlj(s)> ds)
¢ s -

(3.130)

Since (3.130) is valid for all bounded H;-measurable functions §(t), we conclude
that

0 - E /fh fz<s>§%<sm<s> ds
+Z/ 7:5(5)dB; +Z/t+h/ )ij(5.2)3;(d” s, dz)

t+h Ng Al
+ / = L (L)) +Z/\ (s)hyy(s) | ds| H,
t

j=1
(3.131)
With M, defined in (3.126), from (3.131) we have that
E[M(t+ h) — M;(t)/H:] = 0. (3.132)

Since ¢ € [0,T] and h > 0 are arbitrary in (3.132) and AL(¢) is H,-measurable
we have that each M, is an (H, P)-martingale. [ ]

We now prove the following theorem in which we show amongst other things that
the (F.P)-Brownian motions B defined in (3.15) are (H.P)-semimartingales.
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Theorem 24 Let w € Pya be an optimal portfolio for problem (P2). Then we
have the following. (1) For each 1 € Ng the process

s an (H, P)-semimartingale.

(i) The Brownian motions B defined in (3.15) are (H, P)-semimartingales.
(#ii) Forward stochastic integrals with respect to B are It integrals.

(iv) For each i € Ns the process

Ny t
Si(t) = Z/o /{RN V.;(s,2)q;(d7s,dz), 0<t<T
=170

is an (H, P)-semimartingale.

Proof:

(i) From Theorem 18, the orthogonal decomposition of the (H, P)-martingales
M into continuous (H, P)-local martingales M€ := (MfF,..., M5 ) and discon-
tinuous (H, P)-local martingales M? := (M{, .. ., ]\Jf{,ﬁ), is given by

M(t) = M(t) + M%(t), 0<t<T. (3.133)

In (3.133), for all 0 <t < T,i € Ng, we have that

ME() = Z/O (rU-(s)dBj(s)+Z/OMUU s)ng(s)d.s and (3.134)

Ny ] N, t
M) = Z/O /]RN ﬁij(s,z)(]j(d‘s.dz)ntz:/o n;(s)ds, (3.135)
j=1" =1

where for all 0 < t < T,i € Ng,j € N,k € Nq the H-adapted processes ng
and 7}, must satisfy almost surely

Np t Ny ¢ . Na
oi:($)nB(s)ds n? (s)ds— () =S Gy (s)my(s) | ds
;/0 z]( )r’zg( )d +]z_;‘/0 /z]( )d /0 5( ) ; ( ) ( ) d

Ny . N
- ij(S,2 (s,2)7e(s) | vE(dz)ds
= 2/0 /RN (191](*’ )’;gkj( L 2) T )> ](d )

. Ns M
4 [~ L o) = 2o + DA 0)b) |
=1 =1
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Now by Theorem 4 the (H, P)-local martingales M€ are in fact (H. [P)-martingales
since from Theorem 5 for each t € [0.T] the expected value of the quadratic
variation of the processes M€ is finite. Thus for each i € Ng the process

Z/aw )dB;(s) = ME(t Z/au JnB(s)ds. 0<t<T

is an (H, P)-semimartingale because it is the sum of an (H, P)-martingale Mf
and a process of bounded variation.

(ii) and (iii) See the proof of Theorem 21(iii)-(iv).

(iv) From (3.133), for each i € Ng the process

Z//RN V;5(s,2)q;(d” s,dz) = My(t Z/nw

Thus the process Z] 1 Jo fRN Vi;(s,2)q;(d"s,dz) is an (H, P)-semimartingale
because it is the sum of an (I, P)-martingale Af; — A and a process of bounded
variation. |

We now prove the following theorem in which we derive an optimality equa-
tion for an optimal portfolio 7 for problem (P2). Recall from (3.13) that the F
compensators of the Poisson random measures q are v°. In Theorem 25 below
we consider the H compensators of q.

Theorem 25 Let m € Pro be an optimal portfolio for problem {P2). For all
J € Ny let z/ =v; H(dt,dz) be the H compensator of the Poisson random measure
g; and let v (ugﬂ,..., }P\I, ). Then for all 0 < t < T.i € Ng. m; satisfies
almost surely the equation

/; §i<s>—§6¢j<.s>7rjs ds— Z/ L. ( Zg,wsz ) V() ds
_ jé/otm-j(s)nﬁ(s)dﬁi/ot [N Vs (s.2) (V] — vF)(ds. dz)
*/0 ZH‘ gi(mi(s +Z/\ hi;(s) | ds.

(3.136)



Proof: With v® defined in the proof of Theorem 22(i), from (3.134)-(3.135) we
can rewrite (3.133) in index form as

Z/ 7i;(3)dB;( )+J§;/Ot o (s)nB (s)ds
+z:q:/0t /RN Vi;(s,2)(q; — U}Lﬂ)(ds,dz)
+§;/ot [ Dot m e = o), da) + é / i (s)ds,

(3.137)
where it is important to note that there is no longer forward Poisson integration

in (3.137) (due to the presence of the H compensators v*). Equating (3.126)
and (3.137) equation (3.136) is obtained. [ |

We have the following corollary of Theorem 25.

Corollary 6 Suppose the insider is in fact honest. Then an optimal portfolio
w for problem (P2) must satisfy almost surely the equation

Ny
0 = gi(t)"za-ij(t)ﬂ—] ZUU 771] ZIL]l 7t T(l ))
j=1
+Xo(t) +ZA Vs (t) Z/ itz ng] (t,z)mg (1 (dz)

Proof: Setting ¥ = v in (3.136) we get that

. Ny
0 = / T SrEe Z% $)fj(s) = D L (Lyi(mi(s)

j=1

+Xo(s +Z)\ Z/RN Usngk]szwk )?(dz) ds.
(3.138)
Then use the fundamental theorem of calculus as in the proof of Corollary 5. B

Now we want to eliminate the multipliers )\;,j € Ay U {0} from (3.136) so
that an optimal portfolio 7 for problem (P2) is dependent only on observ-
able stochastic processes. To do this, we have to consider specific forms of the
penalty functions L. This is done in Chapter 4, Section 4.2.2. In the next sec-
tion a constrained portfolio selection problem is solved assuming the insider has
logarithmic utility and invests in a financial market driven by Lévy processes
with jumps. It is also assumed that penalty functions and explicit weight con-
straints are present in the portfolio selection problem and that a money market
sccurity is available for investment.
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3.8.4 Logarithmic utility, weight constraints, penalty func-
tions and investment in a money market security

In this section problem (P3) is solved assuming the insider has logarithmic
utility and invests in a financial market driven by Lévy processes with jumps.
It is also assumed that explicit portfolio weight constraints and penalty functions
are present in the portfolio selection problem and that a money market security
is available for investment. In this case the wealth process has the form (3.32)
with & = r,6% = 0 and g° = 0, in other words

2

T N 1 Np / Ns
W(T) = W(t)exp /t r(s)+ > (&(s) — r(s)m(s) — 5 > (Z aij(s)m(s)> ds
i=1 i=1

i=1

Np Ng T Ny T
+ZZ/t oij(.S)Tri(S)d_Bj(s)+Z—:l/t /Aln(l + 9i;(5,2)m(s)) §;(d” s, dz)

j=1i=1"?

N, .p
+]§::/t /A (1 + gij(s,2)mi(s)) = 945 (5. 2)mi(s)] v (dz)ds

The main result in this section is (3.140) which is an optimality equation for
a constrained optimal portfolio 7 for problem (P3). We now define the set of
admissible portfolios Prs for problem (P3).

Definition 19 (Admissible portfolios) A set of control processes ® where
w(t) € RNs for all 0 < t < T. is said to be admissible (or an admissible
portfolio) for problem (P3) if the following hold:

(i) m satisfies Definition 11.
(ii) Definition 18(1i) with A\g = 0 and for all 0 <t < T.i € Ng
t Ng
AL(t) = /O &i(s) —r(s) = Y _Gi(s)my(s) | ds
. =
Np ot Ny o
—4—2/ Uij(s)dBj(s)JrZ/ / Vi(s.2)G;(d” s, dz)
=170 miJo Sy
N‘l t Ny
— Z/ / <192»j(3, z) Z Gh; (5. Z)’/Tk(S)> u?(dz)ds
=170 JBRY k=1
¢ N
+/O =S L)) + > Aj()hy(s) | ds.
j=t1
(iii) Definition 18(iii).
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We denote by Pra the set of all admissible portfolios for problem (P3). ¢

In what follows, Theoremns 26-28 are generalisations of ([42], Theorems 14-16).
We now prove the following theorem in which we show that the processes M :=
(My, ..., My,) defined in (3.139) are (H, P)-martingales.

Theorem 26 Assume n € Pry is an optimal portfolio for problem (P3). Then
each M, defined in (3.139) is an (H,P)-martingale.

Proof:  Sece the proof of Theorem 23 with A\g = 0 and £ replaced with & —r. B
We now prove the following theorem in which we show amongst other things that
the (F,P)-Brownian motions B defined in (3.15) are (H, P)-semimartingales.

Theorem 27 Let w € Prs be an optimal portfolio for problem (P3). Then we
have the following. (i) For each i € Ng the process

Np

Z/aw )dBj(s), 0<t<T

is an (H,P)-semimartingale.

(i) The Brownian motions B defined in (3.15) are (H, P)-semimartingales.
(iii) Forward stochastic integrals with respect to B are Ité integrals.

(iv) For each i € Ng the process

Ny t
= Z/ / Vi(8,2)G;(d"s,dz), 0<t<T
/o Jry

is an (H, P)-semimartingale.

Proof:  See the proof of Theorem 24 with Ag = 0 and £ replaced with £ —r. B
We now prove the following theorem in which we derive an optimality equa-
tion for an optimal portfolio 7 for problem (P3).

Theorem 28 Let w € Py be an optimal portfolio for problem (P3). For each
i € Ng, m; satisfies almost surely the equation

.t Ng Np Ng
0 = &(s) = r(s) = D Fu(s)mi(s) = Y oys(s)nii(s) — Y LI, (Lya(mi(s)))
40 j=1 j=1 j=1

M N,
+Z/\j(5) Z/ ij(s Z)ZJkJ (s,z)mi(s )y (dz) | ds
7= k=1
N,
;/0 /RN Vij(s.2)(V] — v}))(ds, dz).

(3.140)
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Proof:  See the proof of Theorem 25 with Ag = 0 and £ replaced with € —r. B

We have the following corollary of Theorem 28.

Corollary 7 Suppose the insider is in fact honest. Then an optimal portfolio
m for problem (P3) must satisfy almost surely the equation

Ny Np N
0 = &) —r(t) = Gu(t)m;(t) = > _aytn5(t) = > LI (L, (1)
Jj=1 j=1 7=1
M N, N .
S SRVUTHUED DY IRANCED SR EAO A
7=1 j=1" RN k=1
Proof: See the proof of Corollary 6. |

Now we want to eliminate the multipliers A;,j € ANy, from (3.140) so that an
optimal portfolio  for problem (P3) is dependent only on observable stochastic
processes. To do this, we have to consider specific forms of the penalty functions
L. This is done in Chapter 4, Section 4.2.3.
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Chapter 4

Constrained portfolio
selection with non-Markov
processes and Insiders (II)

In this chapter the theoretical results from Chapter 3 are used to find constrained
optimal portfolios m which are dependent only on observable stochastic processes
and not on the multipliers \;,j € Ny U {0} defined in (3.50). Thus in this
chapter we are mainly interested in Sections 3.7.2, 3.7.3, 3.8.3 and 3.8.4 where
explicit portfolio weight constraints are present and the insider is assumed to
have a logarithmic utility function. (Recall that in the general utility cases, viz
Sections 3.7.1 and 3.8.2, the portfolio selection problem (P1) is solved in the
absence of penalty functions and absence of portfolio weight constraints. See
Remark 3 in Section 3.7.2 for an explanation of why.) In this chapter we also
consider specific forms of the penalty functions L. and analytical and numerical
examples are provided. Before we give an outline of the rest of this chapter we
state the following.

Recall the form (3.44)-(3.45) of the integral constraints in problem (P2) viz

T Ng
E /0 ki(t) 1Tt —;m(t) dt} =0 (4.1)
T Ns
E V k()| hig()m(t) — () dt} = 0, j=1,....,.MeN. (42)
0 i=1

The most important specifications in this chapter are that specific types of
integral portfolio weight constraints (4.1)-(4.2) are considered, viz that of the
form (3.48) for example

T
E { / k5 () (1) — b (1) df} -0 (43)
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where the function bg = bg(t,w) could be an a priori defined upper bound of
7 and the function kI = ki(t.w) could have the value 1 only over the time
intervals [0, 1] and [3,5] (with 7" = 10 say) and zero otherwise. When required,
these are used to set active the algebraic inequality constraints

a(t) < w(t) < b(t) forall0 <t <T. (4.4)

In other words some portfolio weights ;.7 € Ng are constrained to particular
values at some time over the time interval [0.T]. This allows us to ensure
that an insider constrained optimal portfolio satisfies the inequality constraints
{(4.4). To set active any one or group of the constraints (4.4) the use of 2Ng
different integral constraints of the form (4.3) is required (since sometimes the
upper and sometimes lower bound constraint of each portfolio weight m; must
be set active). Thus in (4.2) we have that AJ = 2Ng and the functions h;; and

hj.i,7 € Ny must have the form
1 ifi=jandj < Ng

hy(t) = —1 ifi=jand j> Ng
0  otherwise

S bi(t) if j < Ns
) {—aj_N,q(t) i 7> N

for all 0 <t < T. Thus the integral constraints (4.1)-(4.2) reduce to

T Ng 1
E / kO[T =Y m(t)|dt] = 0 (4.5)
0 =1 J
. :
E / EX(t) [mi(t) — bi(t)|dt| = 0 foric Ns (4.6)
0 -
T _
E / k;(f) |77Tj(f) + (Lj(f)i dt = 0 for ] S ./Vs. (47)
0

Multiplying (4.5)-(4.7) by the Lagrange multipliers k2. k2. kJQ-, i.j € Ns respec-
tively defined in (3.49), equations (4.5)-(4.7) reduce to

T Ng ]
E /0 A(t) (T(t) ;n,(t)> dt- 0 (4.8)
T |
E / wi(t) [mi(t) —bi(t)]dt| = 0 forieNg (4.9)
0 d
. _
E /0 RBi(t) [=m;(t) +a;(t)]dt| = 0 forje Ng. (4.10)

111



where from (3.50) for all 0 <t < T,4,j € Ng

- RN ) - SN () 20
At) = Aol) - { —k2ki(t) otherwise,
B B kXkI(t) i m(t) —b(t) >0
pit) = Al - { _kfk}(t) otherwise,
and
. - 3 kot ikners ()i = () +ai(t) >0
Hj(t) = )‘Nsﬂ'(t) = { “k?\wrjk}\fﬁ—j(t) otherwise.

(4.11)

Since the integrands in (4.8)-(4.10) are nonnegative almost surely these imply
that forall 0 <t <T

Ng

A(t) (T(t)zm(t)) =0 (4.12)
i=1

() [ms(t) = bi(8)] = 0 forallieNg (4.13)

i (t) [=m(t) + a;(t)] =0 for all j € Ns. (4.14)

Note that the equations (4.12)-(4.14) will not always be active since for some
t € [0, 7] the multipliers A and p := (p1,..., uny) and f = (a1, ... ing) will
be zero. Using equations {4.12)-(4.14) and the optimality equations derived
in Chapter 3, we show below that we have a system of equations involving a
constrained optimal portfolio 7 and the multipliers A\, u,u. The rest of this
chapter is organised as follows. It is split into four Sections 4.1-4.4.

e In Section 4.1 it is assumed that the securities S are driven by diffusions
and in this case the optimality equations (3.82) and (3.88) derived in Sec-
tions 3.7.2 and 3.7.3 respectively are made independent of the multipliers
A, and g, In Section 4.1.1 it is assumed that the securities S are driven
by diffusions and that a money money market security is not available for
investment. Specific forms of the penalty functions L are considered and
consequently the multipliers A\, 4 and p are eliminated from the optimality
equation (3.82). In Section 4.1.2 it is assumed that the securities S are
driven by diffusions and that a money money market security is available
for investment. Specific forms of the penalty functions L. are considered
and consequently the multipliers p, it are eliminated from the optimality
equation (3.88).

e In Section 4.2 it is assumed that the securities S are driven by Lévy pro-
cesses with jumps and in this case the optimality equations (3.136) and
(3.140) derived in Sections 3.8.3 and 3.8.4 respectively are made inde-
pendent of the multipliers A, g and g. In Section 4.2.2 it is assumed
that the securities S are driven by Lévy processes with jumps and that a
money market security is not available for investment. Specific forms of
the penalty functions L are considered and consequently the multipliers
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A.p and fi are eliminated from the optimality equation (3.136). In Sec-
tion 4.2.3 it is assumed that the securities S are driven by Lévy processes
with jumps and that a money market security is available for investment.
Specific forms of the penalty functions L are considered and consequently
the multipliers p, i are eliminated from the optimality equation (3.140).

e In Section 4.3 a procedure for calculating constrained optimal portfolios
is provided.

o In Section 4.4 several examples are provided.

4.1 Market driven by Diffusions

This section is an extension of Section 3.7 where it is assumed that the securities
S are driven by diffusions. Particular forms of the penalty functions L are
considered and the multipliers A\, 4 and p are eliminated from the optimality
equations (3.82) and (3.88). In Section 4.1.1 it is assumed that a money market
security is not available for investment, whereas in Section 4.1.2 it is assumed
that it is.

4.1.1 Logarithmic utility, weight constraints, penalty func-
tions and no investment in a money market security

This section is an extension of Section 3.7.2. Here specific forms of the penalty
functions I are considered so that the multipliers A, g and g can be eliminated
from the optimality equation (3.82) which from (4.11) reduces to

_ d _

G(t)m(t) + La(t) = &(t) +o(t) ZH{t) = Alt) + u(t) - al). (4.15)
First non-differential penalty functions L are considered and the multipliers are
eliminated from (4.15). Second differential penalty functions are considered and
the multipliers are eliminated from (4.15).

Specific forms of L - (I) Non-differential

The most important result in this subsection is equation (4.26) which is the
optimality equation (4.15) with the multipliers A, p and @ eliminated. The
operator L. is assumed to be diagonal with

k()T () ifi=j

Lij(m(t)) = { 0 otherwise (4.16)

for all 0 < ¢t < T.i,j € Ng, where each function ;.7 ¢ Ny is deterministic and
for notational simplicity we define x; = k;;. Recall that form (4.16) implies that
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the insider is being penalised for large investiments in security S; and penalisation
is different for each security. Substituting (4.16) into (4.15) we get that

() = a"(0) (600 () GHO A0 ) -0} (@17

where for all 0 < t < T the matrix o%(t) := [(t) + (diag(k(t)))?] ! assuming it
is invertible, & := (k1,...,Kn,) is now a vector and A(t) is a vector with all its
Ng elements equal to A(¢). Substituting (4.17) into the unity weight constraint
(4.12) we get that

Z Z ;;m ( Z 077).71 ) + Nm(t) - um(t)) B %’
oy ey (4.18)

where for all 0 <t < T the function I'(t) := Z Zk L 05 (t). Substituting
(4.18) into (4.17) we get that for all 0 <t <T,i € NS

Ny Ny Ng
) = TOEO)T S a0+ Yo ( Y S ot
= =1 m=1
Np dk Ny Ng Np l
# 3o G H0) -~ (T~ 330 a0 omnlt) G Hal)
j=1 ' =1 m=1
Fup(t) — fg(t) - Z Z ol (t Nm(t))>
=1 m=1

(4.19)

As in Section 2.3.3, for any portfolio weight m;,7 € Ng, regardless of whether the
upper bound or lower bound constraint (4.4) or neither is active, the expression
1:(t) — i (t) will always reduce to exactly one of the following, viz for all 0 <
t<T

wi(t) i m(t) < by(t) is active (and —m,(t) < —a;(t) inactive),
wr(t) = —i:(t) i —mi(t) < —ay(t) is active (and m(t) < b;(t) inactive),
0 otherwise.
(4.20)
So from (4.20) we can rewrite (4.19) as

m(t) =Lit) + Gty + > o) [ - Y Tapn) |, (421)

kecr(t) nelC*(t)
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where for all 0 <t < T
Ns
Ti(t) = YW@ ' on(t) and

Ny Ns Ng
Cit) = Y oilt) (éka)—(r(t)rlzZo—fmmfm(f)

k=1 =1 m=1
NB d 1\\ /\s d
Dok Hi(0) — (D)™ DY ap (1) Z p(1) - My (1)
j=1 v =1 n=1 p=1

In (4.21) the set C(t)(C(t)) € Ns is the index set of time-t active upper (lower)
bound constraints and C(t) UC(t) =: C*(t) := {a1.a2..... Qup(yy - Where m(t) is
the number of active inequality constraints at time t. Each number a; € C*(t)
denotes that at time ¢ an inequality constraint of security Sy, is active. So if
we have an opportunity set of 5 securities and only the upper (lower) bound
constraint of 7 (¢) and the lower (upper) bound constraint of m4(t) are active,
then C*(t) = {1,4} in both cases. For t € [0.T] fixed, in (4.4), as a(t) and b(t)
tend to —oc and +o0o respectively, the number of elements in C*(¢) decreases
since fewer control variables (¢) will hit the boundaries a(t) and b(¢). Thus
as a(t) and b(t) tend to —oo and +oo, optimal solutions of the constrained
optimisation problem (P2) tend toward optimal solutions of the unconstrained
optimisation problem (3.43) (subject only to (3.44)). Since a(t) < b(t) the
upper and lower weight constraints of no security can be active at the same
time.
Continuing, for all 0 < ¢t < T we can rewrite the two inequality constraints
mi(t) < b(t) and —m;(t) < —a;(¢f) in a more compact form as
(=)W (t) <clt). i=1.... Ns, (4.22)

where forall 0 <t < T,i € Ng
{ ('1((t) = bult) } for the constraint 7,(t) < b;(t) and
{ Cl.((t) i caalt) } for the constraint —m;(t) < —a,(t).

Thus (4.13)-(4.14) we can be rewritten as
pr -1 Uri(t) — ()] = 0. (4.23)

where for all 0 < ¢ < T.i € Ng the multiplier 7 (t) = 0 if (4.22) is not active
and nonzero otherwise. Substituting (4.21) into (4.23) we find that for each



o un, ) Lok o () —Ta(t) > of )]+

ap€C*(t)

i, () 08 a0 - Tan () D 05 4,(0)
ap€C*(t)
(4.24)
With ¢4, (t) := (=1)"%:®e, (#) for all 0 < t < T,a; € C*(t) we can rewrite
(4.24) in matrix form as

pr(t) =¥7Ht) (e(t) - T(1) — C1)), (4.25)
where all vectors in (4.25) are of length m(t), C := (C'a1»~~~aéa,,l(t))= V(i) =
(4;(t)] is an m(t) xm(t) matrix with U;;(¢) := of . (t)—Tq,(t) Zakec*(t) Th o

and the invertibility of ¥(¢) can be verified before projecting the model from the
current time to the next. Let the matrix ¥~'(¢) = [q;x(¢)]. Then substituting
(4.25) into {4.21) we find that

i)+ i)+ D o | D sl (at) = Tut) - (1))

keCn(t) lec (1)

- Z L'n(t) Z sni(t) (@(t) = Tu(t) — Ci(t))
neC*(t) leC*(t)
(4.26)
This shows that if the penalty functions L are of the form (4.16), then an optimal
portfolio 7(¢) for problem (P2) is the unconstrained portfolio [';(t) + C;(t),i €
N plus the terms present if w(¢) are constrained. Let

N 1+i[( 25{” ) M( ’fg ﬂ (4.27)

where Af is the number of integral constraints (4.2) and ( g ) =Lke N

Then with M = 2Ng in (4.27), to find a constrained optimal portfolio for
problem (P2), we must consider at most N combinations of active inequality
constraints a(t) < mw(t) < b(#). For each combination of active incquality con-
straints we need to calculate the objective functional value (3.43). A constrained
optimal portfolio w(¢) is that which satisfies the inequality constraints (4.4) and
has the largest objective functional value (3.43). A worked example is provided
in Section 4.4. The formula (4.27) was determined as follows:
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e the unity weight constraint is always active.

e the upper and lower bound constraint on some security weight cannot be
active at the same time,

¢ if a money market security is (not) available for investment, then at most
Ns (Vg — 1) inequality constraints can be active at the same time.

From (4.27), in the case of the inequality constraints (4.4), if Ng = 2,3,4... .,
then at each time one has to calculate at least one and at most 5,19,65, ...
objective functional values to find a time-t constrained optimal portfolio. We
now consider differential penalty functions . and eliminate the multipliers A, i
and g from (4.15).

Specific forms of L - (ITI) Differential

The main result in this subsection is equation (4.36) which is the discrete form
of the optimality equation (4.15) with the multipliers A, g and g eliminated.
The operator L is assumed to be differential and diagonal with

= iﬂr K _ oo
Llj(m(t)):{ gl(t)dt 8+ =07y z)ft;erviise (4.28)

where the functions &{t) := (k1(f),....kn.(t)) and &(¢) := (F1(t)..... RN (1)),
Ki(t) # 0 for all 0 <t < T,i € Ng are deterministic and for notational sim-
plicity we define k; = k4; and k; = R;;. Form (4.28) implies that the insider is
being penalised for large investinents as well as large investment fluctuations in
security S;. Also penalisation is different for each S;. From [143] for each i € Ng
we have that the adjoint operator ]L; = 7/22% + (=R} + K;). We now constrain
the admissible portfolios Py (Definition 13) to include only those portfolios m
which are also at least twice continuously differentiable and satisfy

7l’(0) = mwpgas and 71'/(0) =0, (4.29)

where Tpa; are some predefined weights such that a(0) < wgar < b(0). (We
use the subscript BM to refer to some benchmark portfolio.) Substituting (4.28)
into (4.15) we get that for al 0 <t < T

-D(t) = —a(t)m(t) + U(t)n"(t) + V(t)r'(t) + Y (t)m(t), (4.30)
where
D(1) = &)+ olt) SH(t) - AW) + plt) - (1),
U(t) = (diag(k(t)))2
V(t) = 2xdiag(k(t))diag(k'(t)) and
Y(t) = diag(k(t))diag(&'(t)) + diag(R'(t))diag(k(t)) — (diag(k(t)))>.

(4.31)
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We convert (4.30) to a system of first order ordinary differential equations by
defining

7w(t) =7'(t) = {%w(t), 0<t<T. (4.32)

Since R;(t) # 0 for all 0 <t < T,i € Ng the matrix U(¢) is invertible for all
0 <t < T so (4.30) can be written as

7'(t) = U HOD@E) + U () (a(t) - Y(t)r(t) — U H B V()T(t).  (4.33)

Combining (the first equation in) (4.32) and (4.33) we get that

7' (t) = f(t,7(t)), (4.34)
where forall 0 <t < T
. m(t)
7l'(f) - ( 7,;(1;) ) y
Ki(t) = U Y(t)V(),
Ko(t) = U '(t)(e(t) -~ Y(t)) and
K (t) Ko (t) U~(t)D(t)
£t 7(t) = 1 0 0 0 |#@) - 0
0 Do 0
0 1 0 0
(4.35)

We solve (4.34) discretely via a first order scheme. (See Section 4.3 and Ap-
pendix G for an explanation of why we do this.) Partition the interval [0,T]
into n intervals of equal length At with 0 =5 <ty < ... <t, = T. For each
je{0,1,...,n} let

'frj = ﬁ(tj), /\j = /\(t]) /.l,; = [t*(t]), Kj = Ii(t]'), I_‘&j = R(tj), fj = f(tj,

The values 7y are determined by the initial conditions (4.29). From (4.29),
1y = 0 since by construction the initial portfolio w gy, satisfies the constraints
8(0) <mppm < b(O) From (428) and (429)
L(0, 7o) = diag(Ko)m(, + diag(ko)mo = diag(ko)T B,
thus
L¥(0,L(0,m0)) = (diag(xo))*m pas-

Thus with ¢ = ¢o in (4.30) the value A\q can be calculated.
Assume the values 7; and f; have been calculated. We then calculate the
values 711 via the first order scheme

Fio1 = &5 + AL, (4.36)
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To calculate the values ;41, we have 3Ng+1 equations (4.12). (4.23) and (4.36),
to solve for the 3Ng + 1 variables 7,3, ;11 and 71y So at each time f; we
can calculate constrained portfolios depending on which subset of inequality
constraints a(t;) < w(t;) < b(¢;) has been set active. To find a constrained
optimal portfolio, we must consider at most N combinations of active inequality
constraints a(t;) < w(t;) < b(t;) (where N is defined in (4.27)). For each
combination of active inequality constraints we need to calculate the objective
functional value (3.43). A constrained optimal portfolio #(t;) is that which
satisfies the inequality constraints a(t;) < 7(t;) < b(t;) and has the largest
objective functional value (3.43). A worked example is provided in Section
4.4.7.

4.1.2 Logarithmic utility, weight constraints, penalty func-
tions and investment in a money market security

This section is an extension of Section 3.7.3. Here specific forms of the penalty
functions L are considered so that the multipliers g and i can be eliminated
from the optimality equation (3.88) which from (4.11) reduces to

_ d _

G()m(E) + Lalt) = £(t) = (t) + 0() S H(E) + p(t) — B(0) (4.37)
First non-differential penalty functions are considered and the multipliers p
and fi are eliminated from (4.37). Second differential penalty functions are
considered and the multipliers are eliminated from (4.37).

Specific forms of L - (I) Non-differential

The most important result in this subsection is (4.41) which is the optimality
equation (4.37) with the multipliers p. i eliminated. The operator L is assumed
to be of the form (4.16) in other words

ktymilt) ifi=j

Lytmi) ={ § (438)

otherwise

for all 0 <t < T,1,7 € Mg where each function x;,i € Ng is deterministic and
for notational simplicity we define k; = k;;. Substituting (4.38) into (4.37) we
have from (4.20) that

N
m(t) = T+ D ofOu). (4.39)
Jec (t)
where for all 0 < ¢ < T,i € Ny
o™ (t) := [6(t)+ (diag(k(t)))>]~! (assuming it is invertible) and

3
=
3
=
f

Ny Np
[ =Y op(t) (gj(r) —r(t)+ ) ajk(t)%Hm)) :
j=1 k=1
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In (4.39) the set C(£)(C(¢)) € N is the index set of time-t active upper (lower)
bound constraints and C(t) U C(t) =: C*(t) := {a1,02,...,Qm) }, where m(t)
is the number of active inequality constraints. Each number a; € C*(f) denotes
that an inequality constraint of security Sy, is active. Substituting (4.39) into
(4.23) we find that for all 0 <¢ < T '

W = v (e -Iw), (4.40)

where each a; € C*(t), o, (t) := (—1)"% e, (¢), all vectors in (4.40) are of
length m(t), ¥(¢) is an m(t) x m(t) matrix with W,;(t) := af, , (?), T1(t) =
[jx(#)] and the invertibility of ¥(¢) can be verified before projecting the model
from the current time to the next. Substituting (4.40) into (4.39) we find that
forall0 <t < T,i€ Ng

m(t) = D+ > ant) 3 e (an) - ), (@4n)

FEC*(t) keC*(t)

which shows that if the penalty functions L are of the form (4.38), then an opti-
mal portfolio m(t) for problem (P3) is the unconstrained portfolio I';(t),7 € N
plus the terms present if w(t) are constrained. To find a constrained optimal
portfolio of (P3) we must consider at most N combinations of active inequality
constraints a(t) < w(t) < b(t). For each combination of active inequality con-
straints we need to calculate the objective functional value (3.52). A constrained
optimal portfolio is that which satisfies the constraints a(t) < w(t) < b(t) and
has the largest objective functional value (3.52). Note that (4.26) and (4.41) are
not special cases of each other. This emphasizes why we consider separately the
cases of a money market security being unavailable and available for investment
(by the insider} when finding constrained optimal portfolios.

Specific forms of L - (IT) Differential

The most important result in this subsection is equation (4.56) which is the dis-
crete form of the optimality equation (4.37) with the multipliers y, fi eliminated.
The operator L is assumed to be diagonal with

iy R L) 4 mit)m(t) i i =
Lej(ma(t)) = { 0 otherwise (4.42)
where the functions k := (k1,...,kn,) and K := (Ry,...,Rn,) are deterministic

and for notational simplicity we define k; = k4 and &, = K. Form (4.42)
implies that the insider is being penalised for large investments as well as large
investment fluctuations in security S;. Also penalisation is different for each
security. The important difference between (4.28) and (4.42) is that some func-
tions & are now allowed to be zero at some time ¢ € [0, 7). This possibility was
disallowed in (4.28) because the invertibility of the matrices U(#),0 <t < T in
(4.33) was required. (If any %;(#) = 0 for some t € [0,7T],i € N, then U(t) will
not be invertible.) To continue however we assume that at each time ¢ € [0, T
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at least one function K;,i € Ng has a nonzero value. Substituting (4.42) into
(4.37) we get from (4.20) that for all 0 <t < T.i € A

N
0 = Dit) = Y &y (t)my (1) + REO]() + 28, (DR () (1)
j=1
(R (D)L (E) + KR (1) — K7 (8)mi(2).
(4.43)
where
Di(t) = & +Zau £) + 1y (t). (4.44)

For all 0 <t < T let the set L(t) := {Li1.,....Lqg4)} € Ns, where d(t) € Ns
is its cardinality. Let L(¢) denote for which securities S; the corresponding
penalty function L;;(t) has a nonzero coefficient value 5;(t). For all 0 <t < T
let wp(t) := (mp, (). ..., ‘T Lue, (1)) Then from (4.43) we have that

~Dp(t) = —art)mp(t) + Ur(t)nl(t) + Vo(t)mp () + Yo(t)mr(t). (4.45)

where r; (t) is a vector of cardinality d(t) with all elements equal to r(t) and

Er(t) = (Er,(t). - 8L, (1)

or(t) = Joj(t)).j€Lt),kcNpg,

pr(t) = (up, (@) pp,,, (),

or(t) = oL, ()], jnec{l.....dt)}

DLt) = £(0) ~ rilf) For () S H) + wi 0

ki(t) = (KL, (t)s o skp,g, (D),

Ki(t) = (Kr, (). o B, (1),

UL(t) = (diag(RL(t)))?,

Vi(t) = 2xdiag(RL(t))diag(kK}(t)) and

Yo(t) = diag(Rr(t))diag(k] (1)) — diag(K}(t))diag(kL(t)) + (diag(kL()))*.

(4.46)

We now constrain the admissible portfolios Pgs (Definition 14) to include only
those portfolios 7 also with the subset 77, of portfolio security weights at least
twice continuously differentiable and which satisfy

7w (0) = 7w, Bar  and W/L(O) = 0. (4.47)

In (4.47) the values 7, pas are predefined weights such that ap(0) < wp gar <
by (0). where for all 0 <t < T

ar(t) = (ar,(t),.... ar,.(t)) and (4.48)
b]‘(f) = (bLl(f) ..... dem(l‘)). (4.49)



As in (4.29) we use the subscript BM to refer to some benchmark portfolio.
We convert (4.45) to a system of first order ordinary differential equations by

defining

T (t) =wp(t) = %n(t), 0<t<T. (4.50)

Then since 81,(t) # 0,0 < t < T, the d(t) x d(t) matrix Up(¢) is nonsingular
and so (4.45) can be written as

() = Fr (L AL (1), (4.52)
where
. . 7r(t)
7I'L(t) = (ﬂ_i(t) )7
Kri(t) = -U.(H)VL(b),
Kra(t) = UD(H)(@L(t) - Yr(t) and
K1) K 2(t) U (H)DL(t)
fL(t,er(t)) = 1 0 o -+ - 0 wr(t) —
0 R 0
0 1 0 0
(4.53)

As with (4.34) we solve (4.52) discretely via a first order scheme. So partition
the interval [0, T] into n intervals of equal length At with 0 =t5 < t; < ... <
tn =T. Let 7p,4(t;), 7 € {0,1,....n} denote the value of the ith element of the
vector 7 (t;). Firstly, the values m;(tg).7 € L(to) are obtained from the first set
of initial conditions in (4.47). We solve for m;(to),i € Ns\L(tg). Recall that,
from the initial conditions (4.47), uj (to) = O since by construction the initial
portfolio wr pas satisfies the constraints ar(0) < wr gy < br(0). From the
second (differential) set of initial conditions in (4.47), with ¢ = to in (4.43), it
becomes for all i € Mg\ L(t)

Np Ng
0 = 51(10)*7’(7‘/0)+Z Uij(to)%Hj(to)ﬂlf(to)”Z i (to)mi(to) —K2 (to)mi(to).
=1 =1

(4.54)
Thus in (4.23) and (4.54) we have 2(Ng — d(tg)) equations for 2(Ng — d(tg))
unknowns pf (to). mi(to). ¢ € Ns\L(to).
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Assume the values 7(¢;) have been computed. Then we calculate the values
mi(tj41). 1 € Ng\L(t;41) via the equation

Np

d
0 = &(tjer) —r(tjy) + Zgzj(tjwtl)ﬁ Hi(tj1) + 17 (41)
=1
- Z i) ms(tin) — K (1) milt41) (4.55)

and we calculate the values 7, (¢;41) via the first order scheme

1I'L(tj+1) :ﬁL(tj)+Ath(tj.7}L(fj)). (456)

In (4.23), (4.55) and (4.56) we have 2Ng + d(t;+1) equations for 2Ng + d(t;41)
unknowns p*(t;41), 1 (fj41) and ®w(¢;41). So at each time t; we can calcu-
late constrained portfolios depending on which subset of inequality constraints
a(t;) < w(t;) < b(t;) has been set active. To find a constrained optimal port-
folio, we must Conslder at most N combinations of active inequality constraints
a(t;) <m(t;) < b(t;). For each combination of active inequality constraints we
need to calculate the objective functional value (3.52). A constrained optimal
portfolio w(¢;) is that which satisfies the constraints a(t;) < m(¢;) < b(¢;) and
has the largest objective functional value (3.52).

4.2 Market driven by Lévy Processes

This section is an extension of Section 3.8 where it is assumed that the securities
S are driven by Lévy processes with jumps. Constrained optimal portfolios
are found assumning particular forms of the penalty functions L and assuming
particular types of jumps for the securities S. Consequently the multipliers
Aj.j € Nir U {0} are eliminated from the optimality equations (3.136) and
(3.140) which from (4.11) reduce respectively to

/o ZU” Jwi(s) | ds- Zl/ /w ( y(s.z ng] 5,.2)Tk( )) “(dz)ds
= Z/ aij(s)n (s ds+2// Vij(s.2)(v; — vi)(ds. dz)

—/0 ZIL Lji(mi(s))) — Als) + pra(s) — [a(s) | ds.

(4.57)
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' Ng Np Ny
0 = /0 &(s) = r(s) — D ou()mi(s) = D_aus(s)ni(s) = LI (Lyi(m(s)))
. j=1 j=1 j=1

Ny Ny
) - i) = Y [ 05,2 Y s, mymao] ) | ds
j=17RY k=1

Ne
- Uij(s,2) (V5 — v}')(ds,dz).
j—ljg /LN (4.58)

In Section 4.2.1 specific types of Lévy process are considered. In Section 4.2.2
it is assumed that a money market security is not available for investment,
whereas in Section 4.2.3 it is, and the multipliers A, g, i are eliminated from the
optimality equations (4.57) and (4.58) respectively in each section.

4.2.1 Specific types of Lévy process

The difficulty with finding analytical forms of even unconstrained portfolios in
the Lévy financial market (3.14)-(3.15) is due to m appearing in the denominator
in (3.125) viz

Vi (t,z) = Ngl](t,z) (4.59)
L3002 gkt z)me(t)

forall 0 <t <T,zeRV,ic Ns.j € Nq. Thus to eliminate the multipliers
A p and ji from the optimality equations (4.57) and (4.58) we follow [42] and
consider specific types of Lévy process (and find constrained optimal insider
portfolios in these cases). We consider separately the cases where a money
market security is unavailable and available for investment by the insider and
these are Sections 4.2.2 and 4.2.3 respectively. Constrained optimal portfolios
are derived only in the case where the penalty functions I are not differential.
The analysis is similar (to the differential cases in Sections 4.1.1 and 4.1.2) if
some penalty function L;; is differential. To continue, from [42] the following
assumptions are made.

Assumption 1 To derive analytical forms of constrained optimal portfolios it
s assumed that:

(i) The jump coefficients g are independent of time in other words
g = g(z). (4.60)

(i) Define the pure jump processes @ := (¢1,...,¢n,) as
Ns t p
i=170 RN
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Then as in [42] we assume that the insider has at most knowledge about the
value of the underlying driving processes B(1Ty) and ¢(Ty) for some time
To > T. This means that the insider filtration H is such that F C H C H'.
where

H, = o(F, Uo(B(Ty),@(Tp))) forall0<t<T. (4.62)

¢
From [42]| we state the following two propositions.

Proposition 4 Let p and the filtration H' be defined as in Assumption 1. Then
the processes

o)~ [ BTN =000,y gy - [ EBTPLL B,

are (H, P)-martingales.

Proof: See ({42], Proposition 18). ]

We state the following proposition in which the H compensators v of the
Poisson random measures q are deduced.

Proposition 5 Suppose Assumption 1 holds. Then the H-compensating mea-
sures v of the Poisson random measures q are given by

T
vi(ds.dz) = VF(dz)ds +E / q(dr. dz) HS} ds
0—5Js
1 Ty
= E / q(dr.dz) HS} ds.
TO — 5 Js v
(4.63)
Proof: See ([42], Proposition 19). ]

In the next two sections we simplify the optimality equations {4.57) and (4.58)
by making use of Assumption 1 and Propositions 4 and 5.

4.2.2 No investment in a money market security

In this section the multipliers A, p and p are eliminated from the optimality
equation (4.57) so that a constrained optimal portfolio 7 is dependent only on
observable stochastic processes. It is assumed that a money market security is
not available for investment. It is also assumed that the jump coefficients g are
independent of the security prices S, in other words for all i € Ns.j € N

Gij = Y5+ (4.64)
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where g; = g;(z). From Assumption 1 and (4.64), forall 0 <t < T,z RV i e
Ns,j € N equation (4.59) reduces to

: 9;(2) .
Yit,z) = U, = I 4.65
1]( ) ](Z) 1 +g](Z) ( O)
Thus from Proposition 4 with

i) = AE[BJ'(TOI)JH*L_ Bj(t), 0<t<T,ieNsjcNg (4.66)
-

we have from (4.20), Proposition 5 and (4.65) that the optimality equation
(4.57) reduces to

t Ng
0 = /0 &(8)420” ymi(s) — ZO’U nw ZL si(mi(8))) — A(s)
=1
ki To
+/1i<s>f;_/mﬂj<z>gj<> (dz) + / [ i
(4.67)

Taking the time derivative in (4.67) we have from the fundamental theorem of
calculus that for all 0 < ¢t < T,i € Ng

Z% 7 Zm] )ng (1) ZJL gi(ma(t))) = ME)+ug (1) +p(t),

(4.68)
where
To
p(t) : Z/ z)g;( z)u (dz) + E Z/ /&N T, 5 (dr,.dz)| H,
(4.69)

Now we want to eliminate the multipliers A(¢) and p*(t) from (4.68) so that
a constrained optimal portfolio 7 is dependent only on observable stochastic
processes. To do this we have to consider specific forms of the penalty functions
L. We assume that the penalty functions L have the form (4.16), viz L is
diagonal with

LZj(?rZ(t)) - { SZ(t)ﬂ-l(t) i)ft;e:nfflse (470)

forall 0 < ¢t < T,4,j € Ms where each function &;,7 € Ns is deterministic and

for notational simplicity we define x; = k;;. Substituting (4.70) into (4.68) it
reduces to

w(t) = o"(1) () +2P(1) — M) + ' () + (D)) . (4.71)
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where for all 0 < t < T,i € Ng we have that o"(t) := lg(t) + ((]mJ( k(1)) ¢
a

assuming it is invertible, p2(t) := ;VBI o, (t )nlj( ). f) (t) = [pP(t)] and p(t)
is a vector with cach of its Ng elements equal to p(t) defined in (4.69). To
eliminate A(t) we substitute (4.71) into (4.12) to get that
Ns Ns ox
777, T(f
Z Z p + Z Om” r)mn + #m( ) + p(t) - —)-,
()
p=1m=1 n=1
(4.72)
where T'(t Z Zk "L on(t),0 <t < T. Substituting (4.72) into (4.71) we

get that for all 0 < f <T,ieNg

m(t) =Lut) + Cut) + 3 of(®) | ui(t) ~ Y TalOun(t) ). (4.73)

kecH (t) neCr(t)

where for all 0 <t < T,i € Ng,j € Ng the process 715 has the form in (4.66),

Ng
D) = TOEH) S on()  and
k=1
No Ny
Cit) = ZO’ (fk t) — Z Z T (£)Em (1
=1 m=1
Ng No Ng Np
=5 o OO~ (TS S am DS omaltnE (1)
j=1 =1 m=1 n=1
(4.74)
In (4.73) the set C(t)(C(t)) € Ns is the index set of time-t active upper (lower)
bound constraints and C(t)UC(t) =: C*(t) := {aj.qa..... Qom(r) }. where mn(t) is

the number of active inequality constraints at time {. Each number a; € C*(t)
denotes that an inequality constraint of security S,, is active. As in Section
4.1.1 we can derive (4.23) and so substituting (4.73) into (4.23). solving for p*(t)
and substituting p*(¢) into (4.73), we get that

mt) = L+GH+ Y a0 | 3w (a® - T - )

keC(t) 1eC(¢)
= Y R Y s (@)~ Tuit) - Cun)
neC*(t) lec(t)

(4.75)
where a; € C*(t), Cq, (t) == (—1)"%:Bey (8), W(t) is an m(t) ><m(f) matrix with
W (t) =05, ., (t)—Tq,(t) Yarec (1) Taray (1), the matrix ¥~ Y(t) = [gx(t)] and

the invertlblht} of ¥(t) can be verified before projecting the model from the cur-
rent time to the next. Equation (4.75) shows that if the penalty functions L. are
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of the form (4.70), then a constrained optimal portfolio mw(¢) for problem (P2)
is the unconstrained portfolio Ty (¢) + C;(t),7 € Ns plus the terms present if w(¢)
are constrained. To find a constrained optimal portfolio of (P2), we must con-
sider at most N (defined in (4.27)) combinations of active inequality constraints
a(t) < w(t) < b(t). For each combination of active inequality constraints, we
need to calculate the objective functional value (3.43). A time-t constrained
optimal portfolio is that which satisfies the constraints a(¢) < 7(¢) < b(t) and
has the largest objective functional value (3.43).

4.2.3 Investment in a money market security

In this section we eliminate the multipliers g and fi from the optimality equation
(4.58), so that constrained optimal insider portfolios for problem (P3) are de-
pendent only on observable stochastic processes. As in the derivation of (4.68),
if we make Assumption 1, then (4.58) reduces to

Np

0= &t Zau st Zam G ZL ji (T (8)) 415 (8) +pa (E).
(4.76)
where for all 0 <t < T,i € Ng.j € Nq the process nfj has the form in (4.66),
NI
- Z / D 0) S g )67 ()
RN =
Ny

Ty
+E Z/ /N To—f j(dr.dz)| H,
J=1 R

(4.77)

and

Wy (¢, = gij(Z) . .
i(t-2) 1+ 50 gry(2) 7k (t) "

Now even if we assume (as in Section 4.2.2 equation (4.64)) that the jump
coeflicients g are independent of the security prices S, the portfolio weight values
m cannot be eliminated from the integrand in (4.77). (Recall that here a money
market security is available for investment, thus we have for all 0 < ¢t < T
that ZzN:1 mi(t) = 1 — mo(t) which is not independent of .) Thus as in ([42],
equation (72)), if a money market sccurity is available for investment, then
for each t € [0,T], therc is potentially more than one optimal portfolio w(t)
calculable from (4.76). Unlike in [42] however, herc many of these solutions will
likely be eliminated by the inequality constraints a(t) < w(f) < b(t). Equation
(4.76) must be solved in conjunction with (4.23) to derive constrained optimal
portfolios. See Section 4.4 for worked cxamples. Next we provide a procedure
for calculating constrained optimal portfolios.
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4.3 Procedure for calculating constrained opti-
mal insider portfolios

In this section a procedure for calculating constrained optimal (insider) portfo-
lios is provided using the models in Section 3.7.2 (and Sections 3.7.3, 3.8.3 and
3.8.4). (Recall that in the case of general utility only unconstrained portfolios
are derived.) For notational simplicity it is assumed that the securities S are
driven by diffusions and that the penalty functions L. are not differential opera-
tors, but the procedure is analogous even if S are driven by Lévy processes with
jumps and/or some penalty function LL;;,7.j € Ng is differential. For the rest
of this section, when we refer to a result in Section 3.7.2, we shall on the first
occasion include in brackets the analogous results in Sections 3.7.3, 3.8.3 and
3.8.4 since the procedure is the same. For the rest of this chapter, if the time
variable is (not) included, then it must be understood that the variable 7 (t)
(m) denotes the values of the security weights at time ¢ (over the entire horizon
[0.77). In both cases though m(t) and 7 will be referred to as portfolios.

The way to solve for a time t constrained optimal portfolio is first to solve for
a time-t unconstrained portfolio w(t). If w(¢) satisfies the inequality constraints
a(t) <w(t) < b(t), then the unconstrained portfolio 7(¢) is in fact also the time-
t constrained optimal portfolio. Otherwise we have to discretise the problem
and at each discrete time we have to consider at most N (defined in (4.27))
different combinations of active and inactive integral constraints (4.1)-(4.2) in
the calculation of a constrained optimal portfolio. (See below and Appendix G
to understand why the problem must be discretised.) In other words at each
discrete time we have to consider at most N different combinations of where
the multipliers A;,j € ANy U {0} are zero and nonzero. In follow up work
we hope to prove that the discrete constrained optimal portfolios in fact tend
to the continuous-time constrained optimal portfolios as the time increment
tends to zero. A constrained optimal portfolio w(¢) is that which satisfies the
constraints (4.4) and has the largest objective functional value (3.43) (or (3.52)).
In the following paragraph we summarise how to calculate constrained optimal
portfolios:

After determining the really good portfolios. let time evolve and
calculate the unconstrained portfolios at each time. If the time-t
unconstrained portfolio satisfies the constraints (4.4). then it is
also the time-t constrained optimal portfolio. otherwise the time-t
really good portfolio is the time-t constrained optimal portfolio.

(4.79)

In the rest of this section we elaborate on the procedure in (4.79) in particular
defining in (ili) below what we mean by really good portfolios. So unpacking
(4.79), constrained optimal portfolios are determined as follows:

(i) Let t € [0,T]. Then with C*(¢) empty in (4.26) (or (4.30), (4.41) or (4.43)),
calculate the unconstrained portfolio w(t).
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(if)

(iii)

If a(t) <w(t) < b(t), then the unconstrained portfolio mw(¢) is in fact also
the time-t constrained optimal portfolio. Proceed to step (i) above, incre-
ment time and calculate the next constrained optimal portfolio. If how-
ever at any time ¢ the unconstrained portfolio a(t) £ w(t) or w(t) £ b(t),
then we have to solve discretely for future constrained optimal portfolios
7(s),s € [t,T]. In this case proceed to step (iii) below.

From (ii), this step will be reached if either a(t) & w(t) or 7(t) £ b(t). As
mentioned in (ii), in this case, all time-s,t < s < T constrained optimal
portfolios must be determined discretely and we now explain why. Sup-
pose at time ¢; that the financial market parameter values from time ¢;
to time T are known (in other words the financial market parameters are
deterministic). At the end of this section we return to this assumption.
Note that even in this (deterministic) case, an insider (constrained port-
folio selection) problem must still be solved since the disturbances B (and
q) are [F-adapted and insider portfolios 7 are H-adapted resulting in the
presence of forward stochastic integrals in the insider wealth process W.

Now a time-t constrained optimal portfolio is that which satisfies the con-
straints (4.4) and has the largest objective functional value (3.43). So an
objective functional valuec must be determined for at most N constrained
portfolios at time ¢ and (that which satisfies (4.4) and) that with the
largest objective functional value is the time-t constrained optimal port-
folio. To calculate one objective functional value, many different possible
sample paths of the disturbances B (and q) must be considered. From
these sample paths of B different terminal (time 7T') portfolio wealth val-
ues are obtained and the objective functional (3.43) can be evaluated by
taking the expectation of the utility of terminal wealth. Now from (3.30)
(and (3.32)) the insider wealth process is driven by the portfolio weights
(processes) 7. So the expectation in (3.43) is actually taken over all future
constrained optimal portfolios. So for each sample path of B, to determine
the resulting terminal portfolio wealth value (for that sample path of B),
only constrained optimal portfolios can be used.

Suppose we are at time-t. To determine the time-t constrained optimal
portfolio we need to calculate an objective functional value (3.43) for at
most N constrained portfolios at time ¢. But the evaluation of each ob-
jective functional value requires information about terminal wealth values
and each wealth value is dependent on constrained optimal portfolios for
each sample path of B over the entire interval [t,T]. Each of those fu-
ture constrained optimal portfolios are determined by calculating objec-
tive functional values associated with at most N constrained portfolios at
that time. But the evaluation of each of those objective functional val-
ues is dependent on constrained optimal portfolios from that time up to
time T for each sample path of B. So one must work backwards from
time T to find a time-t constrained optimal portfolio. This is why con-
strained optimal portfolios have to be determined discretely the moment
an unconstrained portfolio violates the inequality constraints (4.4).
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Given this, a more detailed procedure for calculating constrained optimal
portfolios is provided in (iv)-(vi) below. There references are made to
what are referred to as really good portfolios and we now define these. Let
0=ty <t < - <ty =T,n &N be an equally spaced partition of
[0.T7 and let the current time be ¢,. Now the evaluation of the objective
functional (3.43) always involves the determination of the time-t, .1 con-
strained optimal portfolio for each sample path of B. In fact, if we are at
time t;, then for evaluation of each objective functional value (3.43), for
each sample path of B constrained optimal portfolios are required from
times tx, k > j up to time t,,_;. Now for each sample path of B the time-
t,—1 unconstrained portfolio can be calculated from (4.26) (since it was
assumed above that the financial market parameters are deterministic).
If this unconstrained portfolio violates (4.4), then at most N time-t,_;
constrained portfolios must be evaluated and that which satisfies (4.4)
and has the largest objective functional value (3.43) will be the time-t,,_;
constrained optimal portfolio (for that sample path of B). Now for all
sample paths of B where the time-t,,_; unconstrained portfolio violates
(4.4), the resultant time-t,_; constrained optimal portfolio will be the
same. This portfolio is calculated once and it is called the time-t,,_; really
good portfolio. It is that portfolio with at least one active inequality con-
straint (4.4) and has the largest objective functional value (3.43). Then
for each sample path of B the time-t,,_; unconstrained portfolio is calcu-
lated and if it violates (4.4), then the time-t,_; really good portfolio will
be the time-t,, _; constrained optimal portfolio (for that sample path of
B). In fact, before calculating constrained optimal portfolios from times
t; to t,—1, all really good portfolios from the current time ¢; to time ¢,,_;
are calculated at time ¢;. (This can be done since it was assumed above
that the financial market parameters are deterministic.) This is analogous
to Chapter 2, Section 2.5 where a grid of future constrained optimal port-
folios is produced. Then as time evolved each time ¢ constrained optimal
portfolio was simply read off from the grid.

We now describe how to calculate the time-t,, 1 really good portfolio.
Recall the partition defined in (iii) above. First, amongst all time-t,, ;
portfolios with at least one active (inequality) constraint (4.4), find that
which satisfies (4.4) and has the largest objective functional value (3.43).
We refer to this portfolio as the time-t,_1 really good portfolio. To find
the time-t,, 1 really good portfolio, we consider at most N ways of con-
straining the time-t,, .1 security weights (¢, _1), in other words at most N
ways of setting active the upper and lower inequality portfolio weight con-
straints a(t,—1) < w(tp—1) < b(t,—1). The time-t,,_; really good portfolio
is calculated as follows:

{a) Set active only the lower bound constraint on my(¢,_1). Then the set
C*(tn—1) = {1} and in (4.26), ¢1(tn_1) = a1(t,—1) and &(tn—1) =0
for all i € Ng\{1}. From (iii) above (since the financial market pa-
rameters are assumed to be deterministic) calculate the optimal val-
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(g)
(h)

ues of wa(tn_1),...,7ns(tn—1) using (4.26). Then by simulating dif-
ferent values of B(t,,), calculate the objective functional value (3.43)
associated with this constrained portfolio.

Set active only the upper bound constraint on 7y(¢,,_). Then the set
C*(tn~1) = {1} and in (426), El(tnfl) = by(tp—1) and (_’,z‘(fnfl) =90
for all i € Ng\{1}. From (iii) above calculate the optimal values
of ma(tn-1)s--- TNy (tn-1) using (4.26). Then by simulating differ-
ent values of B(t,), calculate the objective functional value (3.43)
associated with this constrained portfolio.

Repeat steps (a) and (b) for all securities S.
From (a)-(c¢) above one of the following will be done:

1) If there is at least one portfolio in (a)-(c) which satisfies a(t,_1) <
T(tn-1) < b(t,_1), then the time-t,_; really good portfolio is
that which satisfies a(t,-1) < m{tn—1) < b(t,—1) and has the
largest objective functional value (3.43). Save this portfolio.
Then calculate the time-t,,_o really good portfolio by moving
to step (v) below.

2) Proceed to step (e) to set active more time-t,,_; inequality con-
straints a(t, 1) < m(t,-1) < b(t,_1) to determine the time-t,,_;
really good portfolio.

Set active only the lower bound constraints on 71 (t,—1) and m2(tn—1).
Then the set C*(t,,_1) = {1,2} and in (4.26), ¢1(tp-1) = a1(tn—1),
Ga(tn_1) = az(tn-1) and &(t,—1) = 0 for all i € Ns\{1,2}. From
(iii) above calculate the optimal values of m3(tn_1),..., TNs(fn_1)
using (4.26). Then by simulating different values of B(t,), calculate
the objective functional value (3.43) associated with this constrained
portfolio.

Set active only the lower bound constraints on my(t,_1) and 73(t,_1).
Then the set C*(t,-1) = {1,3} and in (4.26), ¢1(tn—1) = a1{tn_1),
é3(tn-1) = ag(tn—1) and ¢ (t,—1) = 0 for all i € Ng\{1,3}. From (iii)
above calculate the optimal values of mo(tn,_1), Ta(tn-1)s - s Tng (tn-1)
using (4.26). Then by simulating different values of B(t,), calculate
the objective functional value (3.43) associated with this constrained
portfolio.

Repeat steps (e) and (f) for all security weight pairs with different
active upper and lower constraints a(tp_1) < w(t,—1) < b(t,_1).

From (e)-(g) above one of the following will be done:

1) If thereis at least one portfolio in (e)-(g) which satisfies a(t,,_;) <
T(tn_1) < b{t,_1), then the time-t,, | really good portfolio is
that which satisfies a(t,-1) < 7®(tn—1) < b(f,—1) and has the
largest objective functional value (3.43). Save this portfolio.
Then calculate the time-t,_o really good portfolio by moving
to step (v) below.
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2) Proceed to step (i) to set active more time-t,, 1 inequality con-
straints a(t,—1) < @w{tn—1) < b(f,_1) to determine the time-t, 4
really good portfolio.

(1) Find constrained portfolios w(f,,_1) for different sets of active upper
and lower portfolio weight inequality constraints a(t,—1) < w(f,_1) <
b(t,_1). Choose the time-t,,_; really good portfolio as that which
satisfies a(t,—1) < 7(t,—1) < b(t,-1) and has the largest objective
functional value (3.43). Save this portfolio.

(v) The time-t,_o really good portfolio is determined by applying step (iv)
above and using knowledge of the time-t,, _; really good portfolio (which
has just been found in (iv) above). To calculate the time-t,,_; objective
functional values (to compare the time-t,_o constrained portfolios) we
need to simulate different sample paths of B over the interval [t,,_o,t,].
To calculate one time-t, o objective functional value (corresponding to
one time-¢, _o constrained portfolio), we calculate the expectation (of the
utility of terminal wealth) over different sample paths of B over [t,,_2,t,].

We now explain how knowledge of the time-f,,_; really good portfolio
(calculated in step (iv) above) is incorporated into the calculation of the
time-t,,_o really good portfolio. Since we assumed in step (iii) that the
financial market parameter values over [t.T] are known at time t, for
each sample path of B (over [, ».1,]) we can calculate unconstrained
portfolios w(t,—1). If a(tn_1) < @w(tn_1) < b(f,_1). then use this portfolio
in the calculation of the objective functional value (3.43) at time ¢, .
Otherwise use the time-t, 1 really good portfolio in the calculation of
(3.43) to compare time-t,,_2 constrained portfolios. We shall then be
determining the time-t, o really good portfolio as that which satisfies
(4.4) and has the largest objective functional value calculated by taking
the expectation over constrained optimal portfolios in each sample path
of B.

(vi) We repeat step (v) until we find the time-t; really good portfolio.

Returning to the current time t;, if we found that the time-t; unconstrained
portfolio violates the constraints a(t;) < m(¢;) < b(t;), then the time-t; con-
strained optimal portfolio will in fact be the time-t; really good portfolio. We
then project to the next (discrete) time. If we find that a(t;11) £ m(t;41)
or m(tj41) £ b(tjy1), then the time-t;; constrained optimal portfolio will
be the time-t;4; really good portfolio. We evolve to the next time step un-
til the time-t,,_; unconstrained portfolio w(t,,_1) is calculated. If we find that
a(tn—1) € m(tn_1) or w(t,_1) £ b(t,_1). then the time-t,,_; constrained opti-
mal portfolio will in fact be the time-f,, ;| really good portfolio.

If in contrast to step (iii) above the future financial market parameter values
are unknown at time t;, then we have to repeat steps (iv)-(vi) above for differ-
ent sample paths of the non-deterministic financial market parameters. Then
a time-t really good portfolio is that which satisfies (4.4) and has the largest
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objective functional value, where in particular the expectation in (3.43) is taken
over all the stochastic financial market parameters. This is unfortunately com-
putationally intensive. See Section 4.4 below for examples and where numerical
methods are employed, time estimates are provided of how long it took to solve
the constrained portfolio selection problems.

4.4 Examples
4.4.1 Example 1

Recall equation (3.70) viz

d

w(t) =a (1) (é(t) — (1) + &(t)EH(t) - F'l(t)%[M, F](t)) . (4.80)

In this example we simplify (4.80) assuming the insider has logarithmic utility.
Let Sy be a money market security with interest rate r(¢) and let U(t.z) = Inz.
Then

E(t) =€) —r(t), 6°=0, 6(t)=0(t), F=1, M,F]=0

and from ([18], equation (3.35)), H(t) = _fot"yt(s)ds for some functions «y,(s) :=

(ve1(8), - - Ye.n5 (8)) where 7y, are H-adapted (and the processes fot vi(s)ds are
of bounded variation). Then (4.80) reduces to

w(t) = a7 ()(ER) —r(t) +a(t)n(t). (4.81)
In particular if
Ng=1=Ng, &) =&@#), on(t)=o0o(t), 0<t<T
then y,(t) = v,(t) and a(t) = 6(t)67 (t) = 62(t) and (4.81) reduces to
a(t) = o H(H)(EW) — r(t) + o ()7 (t))
which is exactly the result derived by (Biagini, Oksendal [18], equation (3.36)).

4.4.2 Example 2

Recall equation (4.41) viz

m(t) =D+ D o) Y ) (@) ~ Tu(n) -

JEC (1) keC*(t)

In this example we simplify (4.41) assuming a special form of the insider’s fil-
tration H. Suppose the sets C*(¢),0 < t < T are empty, in other words there
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are no active inequality constraints at any time 0 < ¢ < T. Then for all
0<t<T.i€ Ng (4.41) reduces to

Ng Np
m(t) = > okt (@(t)Ar(t)+20jk(f)c%Hk(t)>. (4.82)
i=1 k=1

where for all 0 < ¢ < T the matrix o~ (t) = [3(t) + (diag(k(t)))?]~! (assuming
it is invertible). Let T' < Tp. Then as in ({62], (5.26)), suppose the insider’s
filtration H is such that for all 0 <¢ < T

Hy = o(F Uo(B(Tp))). (4.83)

Then from ([62], (5.27)) for all 0 <t < T the bounded variation processes H
defined in (3.87) have the form

H(t) = /Ot ﬂw& (4.84)
and (4.82) reduces to
Ng Np Bt
i) = o) (@-(t) )+ Z%MW) )
j=1 k=1

Let Ng =1 = Ng and let 017 = ¢ and x; = k be functions. Then we have that
11 = o2 and of = (02 + /{2)’1. So with m; = 7, & = & B; = B equation
(4.85) reduces to

(4.86)

w0 = @0+ (60 - 0+ o0 PP,

Ty —t

Assuming k and o are constants and replacing « with xo, (4.86) reduces to the
result derived by (Hu, Qksendal [62], equation (5.28)). As in ([62], Theorem
5.7) we can show that in the special case (4.86) the objective functional (3.52)
is finite. This finiteness of the objective functional is a direct consequence of
the inclusion of the penalty functions (4.38).

4.4.3 Example 3
Recall equation (4.43) viz for all 0 < t < T.i € Ng

Ng
0 = Di(t)— > Gy(t)m;(t) + BRI (t)w] () + 2R, ()R] ()i (t)
i=1

H(R(ORi(8) + B (#)R () — K7 (1) (8).

In this example we find a particular solution of (4.43) assuining a particular form
of the insider’s filtration H. Suppose there are no active inequality constraints
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at any time ¢t € [0,7]. Then for all 0 < ¢ < T the sct C*(t) is empty and
p*(t) = 0 almost surely. With Ng =1 = Ng, m =, & =&, By = B and
011 = 0, K1 = K, K1 = kK constants, we have that (4.43) reduces to

—=D(t) = -ar(t)+ U@ () +V()r'(t) + Y(t)w(t), (4.87)

where for all 0 < ¢ < T

D) = &) rit) +olt) SH),
Uity = &%

V() = 0 and

Y(t) = —k°

Using variation of parameters we can show that the unique solution of (4.87) is
t
w(t) = <cl(0) — o7 'R (ug —up) ! / D(s)e_“‘sds> vyttt
0

t
-+ (02(0) + R 20y () — ug) 7! / D(s)e_"25d8> voet2t,
0
(4.88)

where uy o = £/R™2(0? — k2) are the eigenvalues of the matrix

< (1) R_Q(“;’“Q) ) (4.89)

o\
1 e

are the cigenvectors of the matrix (4.89) and

In (4.88) the variables

t
co(t) c2(0) + R 20y (uy — up) ! / D(s)e “*°ds, (4.90)
Jo

C1 (f)

¢
e1(0) — v RT3 (g — ’LL2)71/ D(s)e™ "1 %ds, (4.91)
0

where the constants ¢;(0),7 = 1, 2 are obtained from the initial conditions (4.29)
in other words
1['(0) = MTBMN and 7l'/(0) = 0.

If « =0 and & = 1 = o, then we have that the eigenvalues and eigenvectors of
(4.89) are respectively

. . 1
uy = 1, v1<1> and Uug = —1, V2:<_1>.
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In this case (4.88) reduces to
m(t) = c1(0)e" — o0 / D(s)sinh(s — t)ds.
Using the initial condition 7(0) = 0 we have that ¢1(0) = ¢2(0) thus
t
m(t) = 2¢1(0)sinht +/ D(s)sinh(s — t)ds. (4.92)
0

With Np = 1 if we use the filtration (4.83), then from (4.84) equation (4.92)
reduces to

m(t) = 2¢;(0)sinht + /Ot <§(5) —7r(s) + W) sinh(s — t)ds

which is exactly the result derived by (Hu, Qksendal [62], equation (5.35)). As
shown in ([62], Example 5.8), in this case the objective functional of the insider is
finite regardless of how close T is to T'. This finiteness of the objective functional
is a direct consequence of the inclusion of the penalty functions (4.42).

4.4.4 Example 4
Recall equation (4.76) viz for all 0 <t < T.i € Ng

0 - 61 Z Uz] 71—] t) ZUU 771] Z ]L ]1 Tl )+/1; (t)+pi(t)'

In this example we simplify (4.76) assuming particular tvpes of jumps exhibited
by the securities S. With Ng =1 =Ny o =0=L=p".m =7 =6 =
q.v1 = v.p1 = p,.g11 = 2 in (4.76) it reduces to

m] .

2)+E

@ | [ g

1+ wr(
(4.93)
From Assumption 1, if we assume that the pure jump process ¢ = 1 associated
with the Poisson random measure ¢ is in fact a Poisson process with intensity
0, then we have that

0=t [

F(dz)ds = pd1y(dz)ds

where d41y(dz) is the unit point mass at z = 1. With P = P(t) denoting a
Poisson process of intensity g, equation (4.93) reduces to

E[P(Ty) \Ht} P(t)
(To — H)(r(t) + p = &(1))

which is exactly the result derived by (Di Nunno, et al. [42], equation (67)).

(1) -1
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4.4.5 Example 5
Recall equation (4.76) viz for all 0 < ¢ < T,i € N

0=¢&(t ZUU st ZO’U 7)” ZIL Wjs (ma ()41 () +pa(2).

In this example we simplify (4.76) assuming particular types of jumps exhibit by
the securities S. From Assumption 1, if we assume that the pure jump processes
¢ associated with the Poisson random measures q are Poisson processes with
intensities p := (ﬁl,...,pN ), then with Ng = 1 =Ny, my =7, § =¢, L =
0=p* p1 =p nP =15, we have that (4.76) reduces to

E[P(To)|He] —

T : N P()
") = g [nB(t)i \/(TIB(t))2 +402(t) (T}B(t) +0?(t) + (To — 1) )

where 75 (t) 1= £(t) — r(t) — o(t)nP(t) — p — o%(t) for all 0 < t < T. This is
exactly the result derived by (Di Nunno, et al. [42], equation (72)).

4.4.6 Example 6
Recall equation (4.26) viz for all 0 < ¢t < T,71 € Ng

m(t) = T +C+ Y ok | D s (@) -Tut) - Gie)

keC*(t) leC*(t)

= 0 Tat) D0 sult) (@) = i) - Cue))
nec*(t) lec=(t)
(4.94)

In this example we evaluate w defined in (4.94) for problem (P2) and in par-
ticular we want to ensure that 7 satisfies the inequality constraints (4.4). We
assume the securities S do not exhibit jumps and that

T=1Ty=2 Ng=3, Ng=4, T=1, k=
We assume that H is of the form (4.83) viz
H, = o(F Uo(B(1p))) (4.95)

such that the bounded variation processes H are of the form (4.84) viz

_ ["B(Ty) - B(s)

We also assume that the financial market parameters have the values given in
Tables 4.1 and 4.2. We assume these values are known at time 0 (which implies
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t 0 0.25 0.5 0.75

ay 0.1 0.1 0.1 0.1
Qs 0.1 0.1 0.1 0.1
as 0.1 0.1 0.1 0.1
b, 0.7 0.7 0.7 0.7
bo 0.7 0.7 0.7 0.7
b 0.7 0.7 0.7 0.7

& | 0.1405 | 0.1292 | 0.1620 | 0.1542
& | 0.0198 | 0.0481 | 0.0521 | 0.0444
&5 | 0.0855 | 0.1080 | 0.1415 | 0.1744

Table 4.1: Time-t values of financial market parameters for securities Sq, S2. 53
for Example 6.

that these financial market parameters are deterministic). (We see from Table
4.1 that we require insider constrained optimal portfolios to be bounded between
10% and 70% over the entire horizon [0,T].) We also assume that the particular
sample paths over [0, Ty] of the Brownian motions B which are realised are those
listed in Table 4.3. Given these inputs we found that the constrained optimal
portfolios are those listed in Table 4.4 and we now describe how these were
calculated.

First, from (4.94), with C*(t) empty for all 0 < t < T. the unconstrained
portfolios are those given in Table 4.5. From Table 4.5 we see that the time-0
unconstrained portfolio w(0) does not satisfy the constraints a(0) < w(0) < b(0),
where a(0) and b(0) are defined in Table 4.1. Thus from Section 4.3 we do
the following to find a constrained optimal portfolio for problem (P2): Let
0=ty <ty <-+<t,=T,n=4be an equally spaced partition of [0, T]. We
find all really good portfolios from time ¢, _; = 0.75 up to time ty = 0.

The time-t3 really good portfolio was determined as follows: At time g,
with A/ = 6 in (4.27), we need to consider at most N = 19 constrained port-
folios and their corresponding objective functional values to find the time-f3
really good portfolio. These 19 time-t3 constrained portfolios are listed in Table
4.6. (From Section 4.3 there should be 19 portfolios between which we should
choose. In Table 4.6 there are 18 portfolios: the nineteenth portfolio is m(t3),
the unconstrained portfolio in Table 4.5.) Only the portfolios which satisfy the
constraints a(ts3) < w(t3) < b(t3), and their corresponding objective functional
values, are listed in Table 4.7. Using the form (4.16) of the penalty functions L.
and the partition defined above, from (3.43). the objective functional Jo, has
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0.1920 0.1440 -0.0246 0.0282

0 —0.2142  —0.4873 0.0232 —0.5793
—0.1288 —0.4847 -0.4536 —0.2740

—0.0483 0.0675 —0.4053 —0.0715

0.25 0.1621 —0.2180 -—0.1205 —-0.0769
0.0867 —0.2906 0.0725 —0.0025

0.0219 -0.4226 —-0.4129 -0.2403

0.5 —0.4801 —0.0289 -0.0763 —0.0794
—-0.5090 -0.3261 -0.3908 —0.4542

—0.2726 0.1443 —-0.2679 -0.4211
0.75 —-0.2711 -0.5645 —0.5977 —0.1366
—0.0571 0.1386 —0.3306 0.0230

Table 4.2: Time-t volatility matrices of securities 51, Ss, 53 for Example 6.

t 0 0.25 0.5 0.75 1 2
By | 0} 0.4275 | 0.3404 | 1.6325 | 2.7859 | 3.3035
By ) 0] 03674 | 0.6679 | 1.7251 | 1.2242 | 0.1495
Bs | 0] 0.1044 | 0.1811 | 0.0457 | 0.8158 }| -1.3385
By | 0] -0.0818 | 0.0109 | -0.2847 | 0.0431 | -0.5280

Table 4.3: Time-t values of Brownian motions B;, Bs, Bs, B4 for Example 6.

t 0 0.25 0.5 0.75
0.67 0.21 0.20 0.44
T 0.10 0.16 0.10 0.10
0.23 0.63 0.70 0.46

Table 4.4: Time-t constrained optimal portfolios for securities Si, S5, 53 for
Example 6.
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t 0 0.25 0.5 0.75
0.73 0.21 0.92 —-0.06

m 0.00 0.16 —-0.21 0.96
0.27 0.63 0.29 0.10

Table 4.5: Time-t unconstrained portfolios for Example 6.

—0.50
0.80
0.70

0.70
0.70
—0.40

0.20
0.10
0.70

0.10
0.70
0.20

0.09
0.70
0.21

—0.06
—0.96
0.10

0.70
0.10
0.20

0.10
0.80
0.10

—0.40
0.70
0.70

0.20
0.70
0.10

0.80
0.10
0.10

0.10
0.10
0.80

0.70
0.71
—0.41

0.70
0.20
0.10

0.10
0.91
—0.01

0.70
—0.40
0.70

0.44
0.10
0.46

0.10
0.20
0.70

Table 4.6: All time-t3 constrained portfolios for Example 6.
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J2.ts 13.818 13.831 13.841 13.837
0.20 0.70 0.44 0.20
7(ts) 0.70 0.20 0.10 0.10
0.10 0.10 0.46 0.70
Jot, 13.836 13.834 13.810
0.70 0.10 0.10
m(t3) 0.10 0.20 0.70
0.20 0.70 0.20

Table 4.7: Valid time-t3 constrained portfolios and corresponding objective func-
tional values for Example 6.

the form

T
sup E {U(T,W(T)) —~ é/o |L(m(s))||*ds

wEPp2

']2,153 =

3 3 2
= swp B UG W) = 5 Y (alm(ta) P80 = 337 3 (Ll (1)1

TEPp2 i=1 i=1 j=0

3

= InW(ts3) + sup E
TEPp2 i=1

4 3
v Z Zgij(t3)7ri(t3)(Bj(t4) — By(t3))

(4.96)
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where from (3.27), 0 < W(t3) almost surely has the form

2 3 1 3 2
Wits) = Wi(ty)exp Z Zfl(tk)m(fk)véz(Zﬁl(tk)aw(ik)> At
k=0 | i=1 j=1 \i=1
2 4
+ZZZﬂi(tk)ﬂzj(fk)(Bj(tkH)—Bj(fk))
k=0 j=1 i=1

and W (tp) is the insider’s initial wealth value. The time-t3 really good portfolio
is the constrained portfolio 7(t3) which satisfies the constraints a(t3) < w(t3) <
b(ts) and has the largest objective functional value Jo, (in (4.96)) amongst
the set of time-t3 constrained portfolios listed in Table 4.6. Now if we are at
time t3, then we know the value of W (t3). We then seek the time-t3 portfolio
7(t3) which maximises J5 ;, over the time interval [t3. T]. Since 0 < W (t3), from
(4.96) without loss of generality, to compare different values of J 4, for different
constrained portfolios w(t3), we can assume that W{t3) = 1. Then a portfolio
which maximises Jo, with W(t3) = 1 will still maximise Jo,, for some 0 <
W (t3). We then substitute each constrained portfolio in Table 4.7 into (4.96).
We simulate different values of B(t4) and calculate the expectation, hence value
of Jot,, in (4.96). After doing this for each constrained portfolio in Table 4.7,
we obtained the objective functional values listed in Table 4.7. The time-t3
constrained portfolio m(t3) = (0.44,0.1,0.46) satisfied the constraints a(ts) <
7(t3) < b(t3) and had the largest objective functional value of Jo,, = 13.841.
Note that for each sample path of B, new values of B(Ty) are not simulated.
The values B{Tp) in Table 4.3 remain the same for the portfolios calculated
in the different sample paths of B. Also to speed up the computational time,
one actually needs to find only the time-t3 constrained portfolio with the least
number of active constraints (and which has the largest objective functional
value).

The time-ts really good portfolio was determined as follows: Suppose we are
at time to. We want to a find the time-t5 constrained portfolio which satisfies
the constraints (4.4) and has the largest objective functional value (3.43). The
objective functional value (3.43) is an expectation over different sample paths
of B over the time interval [to,#4] and consequently it is an expectation over
different constrained optimal portfolios from time t; to time t3. To evaluate
(3.43) we need to calculate constrained optimal portfolios for each sample path
of B over [to,t4]. So for each sample path of B we follow its evolution from
time to to t4. At time ¢3 we calculate the unconstrained portfolio w(t3) for
that sample path of B. If a(t3) < m(t3) < b{ts), then we use this portfolio in
the calculation of J2,, defined in (4.97) below. Otherwise we use the time-t3
really good portfolio (which is then the time-t3 constrained optimal portfolio for
that sample path of B) in the calculation of Jo;,. From (3.43) the objective
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0.86
—0.56
0.70

0.70
0.70
—0.40

0.20
0.10
0.70

0.10
0.70
0.20

6.75
0.70
—6.45

0.96
—0.06
0.10

0.70
0.10
0.20

——— T TN TN

0.10
0.80
0.10

—0.40
0.70
0.70

0.20
0.70
0.10
0.80 )

0.10
0.10

0.10
0.10
0.80

0.70
0.08
0.22

0.70
0.20
0.10

0.10
0.85
0.05

0.70
-0.40
0.70

2.93
0.10
—2.03

0.10
0.20
0.70

Table 4.8: All time-t constrained portfolios for Example 6.

Table 4.9: Valid time-t, constrained portfolios and objective functional values

for Example 6.

J2t 13.870 13.884 13.891
0.2 0.7 0.2
w(to) 0.7 0.2 0.1
0.1 0.1 0.7
Jot, 13.887 13.886 13.875
0.7 0.1 0.1
7(ts) 0.1 0.2 0.7
0.2 0.7 0.2
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functional J» 4, has the form

_ 1 /7 )
T = swp B|U@W) -5 [ L) s
7EPpo 2 JO
1 3 1 3
= sup E\U(tW(ta) — 5 > (La(m(t2))?At = 030 > (Lu(mi(t;)) At
*<Pn2 i=1 =1 j€{0.1.3}
= 3 2
= InW(ta)+ sup E Z Zfz (t)m (tx) 52 (Zﬂi(fk)azj(fk)> At
TEPp2 _ ;
j=1 1=1
3 4 3
+ZZzﬂi(fk)ffu(tk)(Bg(le) — B;(tk))
k=2j=1i=1
1 2
_52( ii(ma(ta)) Aff—z > (Lalm(t;))?At
i=1 i= ]]6{013}

where 0 < W (t2) almost surely has the form

1 1 3 2
1
Wity) = Wi(ty)exp Z ZEZ (tp)mi(t) — 52 (Z mi(te o (te > At
k=0 | =1 Jj=1 \:i=1
1 4 3
+ZZZW1 (tr)oij(ti)(B;(thar) — Bj(t))
k=0j=1i=1

Since 0 < W () almost surely, from (4.97) without loss of generality, to compare
different values of Jo(,, we can assume that 117(#3) = 1. Then a portfolio which
maximises J» ¢, with W (t3) = 1 will still maximise jg‘tz for some 0 < W (ty). All
time-to constrained portfolios are listed in Table 4.8. Only the portfolios which
satisfy the constraints a(te) < 7(t2) < b(fs), and their corresponding objective
functional values, are listed in Table 4.9. In Table 4.8 there are only six time-t,
constrained portfolios which satisfy the constraints a(te) < m(t2) < b(ts) (and
these are listed in Table 4.9). From Table 4.9 we show below how we found the
time-t5 really good portfolio.

Case 1: w(t2) = (0.2,0.7,0.1). Substitute w(¢2) = (0.2,0.7.0.1) into (4.97).
Simulate different sample paths of B from time t5 to ty. For each sample
path of B calculate m(t3) using (4.94) with C*(t3) empty. If a(t3) € m(t3) or
w(t3) £ b(tz), then use the time-t3 really good portfolio (0.44.0.1.0.46) (which
is then the time-f3 constrained optimal portfolio for that sample path of B) in
the calculation of Js,, in (4.97). By calculating the expectation in (4.97), we
can evaluate Jo, for (te) = (0.2,0.7.0.1) and it has the value Jo £, = 13.870.



Case 6: w(f2) = (0.1.0.7,0.2). Substitute w(t2) = (0.1,0.7,0.2) into (4.97).
Simulate different sample paths of B from time to to t4. For cach sample
path of B calculate m(#3) using (4.94) with C*(¢3) empty. If a(t3) £ w(t3) or
m(t3) £ b(ts), then use the time-t3 really good portfolio (0.44,0.1,0.46) in the
caleulation of Joy, in (4.97). By calculating the expectation in (4.97), we can
evaluate .Jo;, for w(t2) = (0.1,0.7,0.2) and it has the value J5,, = 13.875.

After doing this for each constrained portfolio in Table 4.9 we obtained the
corresponding objective functional values shown in Table 4.9. The time-t,
constrained portfolio of w(t2) = (0.2,0.1,0.7) satisfied the constraints a(tz) <
7(t2) < b(ty) and had the largest objective functional value of Jo, = 13.891,
thus it is the time-to really good portfolio. The times ty and ¢; really good
portfolios are calculated similarly. Thus for the realised sample paths of the
Brownian motions B in Table 4.3, the constrained optimal portfolios in Table
4.4 are calculated as follows:

e Start at time t3. Calculate the unconstrained portfolio at time ty using
(4.94) with C*(tg) empty. See Table 4.5. If a(tg) £ 7(to) or 7(to) £ b(to),
then the time-tg constrained optimal portfolio is the time-iy really good
portfolio.

e Evolve to time t;. Calculate the unconstrained portfolio at time ¢; using
(4.94) with C*(¢;) empty. See Table 4.5. If a(ty) &€ w(t;) or w(t1) £ b(t1),
then the time-f; constrained optimal portfolio is the time-t; really good
portfolio.

e Evolve to time ;. Calculate the unconstrained portfolio at time s using
(4.94) with C*(t2) empty. Sece Table 4.5. If a(ts) £ w(t2) or w(t2) £ b(tz2),
then the time-t> constrained optimal portfolio is the time-t5 really good
portfolio.

e Evolve to time t3. Calculate the unconstrained portfolio at time t3 using
(4.94) with C*(t3) empty. See Table 4.5. If a(t3) &£ w(t3) or w(t3) & b(ts),
then the time-t3 constrained optimal portfolio is the time-f3 really good
portfolio.

With respect to how long it took to derive the constrained optimal portfolios
listed in Table 4.4, on a 3.00GHz CPU, 512MB RAM personal computer it took
40 seconds to complete. In the calculation of each really good portfolio 500
Brownian motion sample paths were generated.
4.4.7 Example 7
Recall equation (4.30) viz for all 0 <t < T.7 € Ng

-D(t) = —a(t)m(t) + U)n"(t) + V(&)x'(t) + Y (t)m(t). (4.98)

In this example we solve for m defined in (4.98) (for problem (P2) assuming
the securities S are diffusions). We assume the insider filtration H has the form
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given in (4.95) above and that
Ut,z)=lnz, T=1, Tg=2. Ng=4. Ng=2.

We assume the coefficient functions of the operators L;;.7 = 1,2.3 are of the
form

Ri(t) = In(2+t) and k;(t) = exp(0.00001t). ¢=1.2.3. 0<t<T
and we assume the initial values
w(0) = wpar := (0.11,0.16.0.33.0.40).

Let 0 = tg < t1 < t9 <tz <ty < t5 =T be an equally spaced partition of the
interval [0,7]. Then we also assume that the financial market parameters have
the values given in Tables 4.10 and 4.11 and that the particular sample paths
of the Brownian motions which are realised are those in Table 4.12. With C*(¢)
empty for all 0 <t < T we use (4.98) to solve for unconstrained portfolios at
times ¢;,j = 0,...,4. We solve (4.98) numerically and so we approximate the

derivatives 7'(t;),j = 1,..., 4 and 7' (¢;).j = 2..... 4 respectively as
t;) —m(t;_
'(t;) = m—)%]l—) and (4.99)
" m(t;) —2m(tj1) +w(t;—2)
t) = . 4.100
T ( J) (AT)Q ( )

Substituting (4.99)-(4.100) into (4.98) it reduces to

w(t;) = Ulty) [—(A)°D(t;) + AtV (t)m(t; 1) — Ult;)(=2x(t; 1) + 7(t;2))] |
(4.101)

where

Dit) = &) + (1) TH(L) - Aly) + alty) - ).

U(t;) = (diag(k(t;)))?,

V(t;) = 2xdiag(k(t;))diag(K'(t;)),

Y(t;) = diag(R(t;))diag(k'(t;)) + diag(R'(t;))diag(k(t;)) — (diag(k(t;)))?,

Ut;) = —(A0%a(t;) + U(t;) + AtV(t;) + (AH*Y(¢;) and

Uty) = [Ualty)] = U ().

We eliminate A(¢;) in (4.101) by substituting (4.101) into the unity weight con-
straint (4.12) to get that

Ns Ng

(ADN() = U Nt =0 1) DD Ugnlty) [ (A Dty)

g=1n=1

147



Ny Ny
+Afz‘/np '/Tp(t] 1 ZUHP )( 271—17( - 1) + WP( 7= 2)) )
p=1 p=1
(4.102)
where
Ny Ng
= ZZUik(ti) and
i=1 k=1
D(t;) = [Delty)] = &(t)) +olty) Bt + blty) — Blry)
Substituting (4.102) into (4.101) we get for all ¢; € {¢to,...,t4},i € Ng that
m(ty) = Vilty)+Culty)—(A8)* Y Unlty) (MZ (t;) Z > U
kec g=1neC~(t;)
(4.103)
where
Ng
Vilt) = ALY Vi
p=1
N Ny
Ui(t;) = Uip(tj)(=2mp(tj—1) + mp(ti—2))
p=1
— NS ~ . ]
Vz(tj) = Z ik (t5) { k(tj) — Uk(t;)
k=
] Ny Ny R g 5
+U‘l(tj) (1 - Ugn (t5)(Va(t;) — Un(z‘]))>} and
g=1n=1
Ns Js d
Cl(t]) = *(At)Q Ulk(tj) <§k(tj) + ngp(tj)a p(t5)
k=1 =1
Ny Ny ’ Np d
SR WIMOICIRED SERBELE))
g=1n=1 p=1

We eliminate p*(t;) in (4.103) by substituting (4.103) into (4.23) to get that
pi(t;) = 9 H() [ety) - V() - Clty)] (4.104)
where for all o; € C*(t;), V(¢;) = [Va, (t5)], C(t;) = [Ca, (t;)] and

bulty) = —(At)? (a e Z D> Uil (tj)).,

g=1 o, eC*(t;)
[¢ak(t;)] and
[Spg(t5)]-

=
o
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t 0 0.2 0.4 0.6 0.8

ai 0.1 0.1 0.1 0.1 0.1
a 0.1 0.1 0.1 0.1 0.1
as 0.1 0.1 0.1 0.1 0.1
a4 0.1 0.1 0.1 0.1 0.1
b1 0.7 0.7 0.7 0.7 0.7
ba 0.7 0.7 0.7 0.7 0.7
bs 0.7 0.7 0.7 0.7 0.7
b 0.7 0.7 0.7 0.7 0.7

& | 0.0612 | 0.0636 | 0.0828 | 0.1017 | 0.1088
& | 0.0104 | 0.0189 | 0.0471 | 0.0726 | 0.0691
& | 0.0761 | 0.0714 | 0.0762 | 0.1037 | 0.1214
&4 | 0.0548 | 0.0753 | 0.0680 { 0.0950 | 0.1058

Table 4.10: Time-t values of financial market parameters for securities S;,¢ €
{1,2.3.4} for Example 7.

Substituting (4.104) into (4.103) we get that

m(t,) m(t;)
mlty) = Vilty) + Cilty) — (At)? Z Ui(ty) Seplt7) (8p(ty) = Vlty) — Cp(ty))
k=1 p=1
. Ny m(t;) \ m(t;) .
U ) D D 0 Uanlty) D snnlty) (en(t5) = Vilty) = Colty))
g=1 n=1 p=1

(4.105)

where as in (4.25) m(t;) is the cardinality of C*(¢;). From (3.43). (4.105) and
the inputs in Tables 4.10, 4.11 and 4.12, we found that the constrained optimal
portfolios are those given in Table 4.13. The unconstrained portfolios are those
given in Table 4.14. From Table 4.14, time 5 was the first time that one of the
unconstrained portfolios violated the inequality constraints (4.4). Thus from
Section 4.3 we need to find all really good portfolios from times t4 to t5. Note
that the time-¢, really good portfolio will in fact be the time-t> constrained
optimal portfolio.

The time-t4 really good portfolio was determined by considering at most 65
time-t4 constrained portfolios and their objective functional values (3.43). From
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t g
—0.4920 —0.3710
0 —0.2550 —0.5477
0.0874 —0.0743
—0.2264 —0.0957
0.0940 —-0.5438
0.9 —0.3642 —0.0933
' —0.1573 ~-0.5671
0.0257 —0.5806
0.0050 —0.1558
0.4 —0.2980 —0.5310
’ 0.0673 —0.1561
—0.0506 —0.0564
0.0404 —0.5236
0.6 0.0227 —0.2405
' 0.1424 0.1812
—0.0190 0.1751
—0.3762 —0.0378
0.8 —0.4188 —0.0550
) —0.4841 —0.2338
—0.5257 —0.1741

Table 4.11: Time-t volatility matrices of securities S;,1 € {1,2,3,4} for Example
7.

B; | 0] -0.4658 | -0.8529 | -0.3567 | 0.1636 | 0.4157 | 0.0939
By | 0] 0.0801 | 0.1919 | 0.2658 | 0.8693 | 1.5430 | 1.3297

Table 4.12: Time-t values of the Brownian motions B, By for Example 7.



0 0.2 0.4 0.6 0.8
0.11 0.11 0.10 0.13 0.13
x 0.16 0.16 0.19 0.10 0.10
0.33 0.33 0.32 0.35 0.34
0.40 0.40 0.39 0.42 0.43
Table 4.13: Time-t constrained optimal portfolios for Example 7.
0 0.2 0.4 0.6 0.8
0.11 0.11 0.09 0.09 0.08
0.16 0.16 0.19 0.21 0.23
T 033 0.33 0.33 0.32 0.31
0.40 0.40 0.39 0.38 0.38 J

Table 4.14: Time-t unconstrained portfolios for Example 7.



(3.43) the objective functional Jz ,, () has the form

_ ) 1 7 5
Jag,(m) = zt;p E U(T.,W(T))fi/ IL(m(s))||“ds
™ B2 J0
=
= sup E|U(ts,W(t5)) — Z( w(mi(ta))) Atf—zz s (ma(t
TEPp2 2 i—1 j—0

TEPR2

2
= InW((ts)+ sup E Z{Z(u Ymi(ts) — —Z <Z o4 (ta)mi(ta ) At

7=1 \i=1
2 4
+ Z Z 01 (t3)me(ta)(B;(ts) — B;(t4))
7j=11=1
13 1 A3
3 (Lii(mi(ta)))" At — 5 ZZ(L”(m(t])))‘AZ‘,
i=1 i=1 j=0
(4.106)
where 0 < W(¢4) almost surely has the form
3 1 2. (A 2
Wi(ts) = W{tg)exp Z Z & (te)mi(te) — 52; (2%;’(%)@(%)) At
k=0 =1 j= i=

3 2 4
+> 0> > ) milte)(By(thra) — By(tx)

k=0j=1i=1

The time-t4 really good portfolio is that which satisfies the constraints a(ty) <
m(ts) < b(t4) and has the largest value of Jo,, () in (4.106). Since 0 < W (t4)
almost surely, from (4.106) without loss of generality, to compare different values
of Ja,,(m), we can assume that W(t4) = 1. Then a portfolio which maximises
Jot,(m) with W(ts) = 1 will still maximise Jo,, () for some 0 < W(ts). To
find the time-t4 really good portfolio we need to calculate Jo, (m) for at most
65 combinations of active and inactive inequality constraints (4.4). (Recall that
a really good portfolio is clearly that with the least number of active inequality
constraints (4.4), satisfies (4.4) and has the largest objective functional value.
So the first portfolio which has these properties will be the time ¢4 really good
portfolio. Knowledge of this speeds up the computation.} There are sixty-four
cases (constrained portfolios) to consider, however many of these will be elimi-
nated by the fact that they do not satisfy the constraints a(ty) < w(t4) < b(ts).
We substitute cach time-t4 constrained portfolio into (4.106). We simulate dif-
ferent sample paths of B over [t4, 5] and calculate the expectation, hence value
of Jay,(m), in (4.106). After doing this for cach time-t4 constrained portfolio
we obtained objective functional values for each portfolio. We found that the
constrained portfolio 7(t4) = (0.13,0.10,0.34,0.43) was the time-t, really good
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portfolio since it satisfied the constraints (4.4) and had the largest objective
functional value of 13.841. For the particular sample paths of B in Table 4.12,
this really good portfolio turned out also to be the time-f4 constrained optimal
portfolio since the time-f4 unconstrained portfolio didn't satisfy the constraints
a(f4) S 1r(f4) < b(t4).

With respect to how long it took to derive the constrained optimal portfolios
listed in Table 4.13, on a 3.00GHz CPU, 512)MB RAM personal computer it took
100 seconds to complete. In the calculation of each really good portfolio 10 000
Brownian motion sample paths were generated.



Chapter 5

Conclusion

In this thesis constrained portfolio selection problems were solved via the meth-
ods of stochastic dynamic programming and the calculus of variations. The
difference between the two approaches is that in the former the state variables
are required to be Markov processes, whereas in the latter the state variables
need not be Markov.

The first constrained portfolio selection problem we solved involved the de-
termination of constrained optimal investment in diffusions. It is a problem
similar to that of Merton [101], but in our problem inequality constraints are
also imposed on the portfolio security weights. Here, as in [101], we made a dis-
tinction between the solving the constrained portfolio selection problem with a
money market security unavailable and available for investment and derived the
optimality equations (2.41) and (2.66) respectively. We do this since a money
market security has zero volatility and this will result in the covariance matri-
ces 6(t),0 <t < T (of the security returns) being singular and the analysis in
Section 2.3.3 then cannot be applied (if at least one of the securities has zero
volatility). We defined a value functional .J and proved that

(i) J is concave in the wealth level and initial security prices if the utility
function U(t,x) is concave in its second argument (Propositions 1 and 2),

(ii) for fixed ¢t € [0,7] J is continuous in its spatial arguments (Corollary 3)
and

(iii) J satisfies a homothetic property (Theorem 1).

Since the state variables S are Markov processes stochastic dynamic program-
ming was used to solve the constrained portfolio selection problems. Since the
covariance matrices g are positive definite we used the Karush-Kuhn-Tucker con-
ditions in the derivation of the corresponding Hamilton-Jacobi-Bellman (HJB)
equations for J. These HIJB equations are second order degenerate parabolic
homogeneous partial differential equations with nonhomogeneous boundary con-
ditions. Constrained optimal portfolios are given in feedback form in terms of



the solution J of the HIB equations and its partial derivatives. As an example
we solved a constrained portfolio selection numerically and showed the results in
Section 2.5. We also conducted an analysis of the no-constraining (NC) region
of a portfolio.

What we confirmed is that the disadvantage of using dyvnamic prograimmming
to solve (even unconstrained) optimisation problems is that the dimensionality
of the (dvnamic optimisation) problem increases disproportionately with the
number of state variables making it very difficult to solve a practical optimisa-
tion problem. (In our problem the state variables are financial securities and our
optimisation problem is a portfolio selection problem.) Noreover if the optimi-
sation problems are constrained, then use of the Karush-Kuhn-Tucker (KKT)
conditions further adds to the computational time (required to solve the con-
strained optimisation problems). Use of the KKT conditions to find constrained
optimal portfolios involves the calculation of several different values of objective
functional J = J(¢t,W,8) at each time t € [0.T]. By comparing these values of
J{t.W,8), a time-t constrained optimal portfolio is that which satisfies the in-
equality constraints a(t) < w(t) < b(t) and has the largest objective functional
value J(t.W.S). Due to the number of permutations, it is less computationally
expensive to solve several low dimensional HJB equations than one high dimen-
sional HJB equation. Thus for managers who implement a top-down approach
in their asset allocation, use of dynamic programming may not be impractical.
The first step in their asset allocation process involves an allocation between
sav domestic and international investments. For this decision there are only
two state variables between which to optimise. It is relatively inexpensive to
solve the resulting two (spatial) dimensional HJB equation. The next decision
may involve optimal allocations between domestic equity. domestic bond, do-
mestic cash and domestic property investments. This decision involves only four
state variables and it will not be computationally expensive to solve the result-
ing four (spatial) dimensional HJB equation. With respect to the NC region
analysis, we also found that under certain conditions analytical descriptions of
no-constraining regions are possible. See Section 2.6.1.

The second constrained portfolio selection problem we solved involved the
determination of constrained optimal investments (for an insider) in a financial
market driven by Lévy processes. This work is an extension of the models in
([18}], [42]. [62]). From [62], by an insider in a financial market we mean an
investor who possesses more information than the information generated by the
disturbances in the financial market itself. An insider may be for example an
executive or simply an employee of a company. [62] An honest investor can
only use the filtration (or information) generated by the market itself if making
an investment decision. An insider has a larger filtration available to him and
uses this to make investment decisions. In reality insiders do not trade in the
absence of market inefficiencies. The market inefficiency of portfolio security
weight inequality constraints was considered in Chapters 3-4 since an insider
may not be able to trade unconstrained units of some security. An application
of this work is to improve the detection of insider trading. This work can also
be extended to the pricing of contingent claims in the presence of investment
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constraints and where the amount of information agents have is important. As
in Chapter 2 we also distinguish between solving the portfolio selection problems
assuming a money market security is unavailable and available for investment
(by the insider). The reasons for this are exactly the same as in the dynamic
programming case, viz that (i) the invertibility of the covariance matrices are
required for the tractability of the model and (ii) a money market security can-
not be explicitly constrained if it is available for investment. If a money market
security is available for investment, then it must be treated as a balancing secu-
rity as is done in [42] in the one-dimensional case. In other words constrained
optimal portfolio weights are determined for the risky securities and the money
market security weight is defined so that the portfolio weights sum to unity.

Forward integration with respect to Brownian motion and Poisson random
measures was defined and an It6 formula for functionals of forward Lévy pro-
cesses was stated. From [57] a forward stochastic differential equation for the
insider wealth process was derived. The It6 formula (for functionals of forward
Lévy processes) was then used to derive an analytical formula for the wealth pro-
cess. We defined the three constrained portfolio selection problems we wished
to solve, viz

(i) find optimal portfolios for an insider with a strictly increasing, concave,
at least once-differentiable utility function and absence of explicit weight
constraints and absence of penalty functions,

(ii) find constrained optimal portfolios for an insider with logarithmic util-
ity in the presence of explicit weight constraints and presence of penalty
functions, but a money market security is not available for investment and

(iii) find constrained optimal portfolios for an insider with logarithmic util-
ity in the presence of explicit weight constraints and presence of penalty
functions and where a money market security is available for investment.

We considered two financial markets viz (i) where the risky securities are driven
by diffusions and (ii) where the risky securities are driven by Lévy processes
with jumps. If the securities exhibit jumps, then Malliavin calculus is required
to solve the portfolio selection problems. If the securities S are continuous, then
only classical differentiation (and not Malliavin calculus) is required to solve the
portfolio selection problems. See Remark 2. We defined Malliavin differentia-
tion and showed the relationship between the Malliavin derivative and forward
Poisson integration. To get explicit solutions of constrained optimal portfolios
we considered different forms of the ordinary differential penalty functions L.
We solved some examples analytically and showed that our constrained opti-
mal portfolios reduced to those derived in ([18], [42], [62]). We also solved two
examples numerically - sce Sections 4.4.6-4.4.7.

With respect to future rescarch we aim to extend the portfolio selection
model in Chapter 2 to determine constrained optimal investments in financial
markets driven by multidimensional Lévy processes (with jumps). We also aim
to include transaction costs but possibly still keep the portfolio weights as the

156



control variables. (In almost all portfolio selection models including transaction
costs. the control variables are the security holdings not security weights). We
aim to consider a portfolio selection model in which the prices of the securities
depend on economic factors and we want to include exogenous constraints such
as liquidity. We also aim to deal correctly with margined derivatives in our
portfolio selection model. The difficulty in dealing with margined derivatives (in
Chapter 2) is that the expected value of a margin call does not tend to zero as the
time partition becomes finer. Now the differential generator £1 = lima;_.qg E[ﬁt‘]]
is used in equation (2.25). If E[AJ] contains any terms which do not tend to
zero as At tends to zero (for example an expected margin call), then £, will
be infinite. A possible alternative is to use the impulse control framework [16]
to model these margined derivatives and at the same time incorporate fixed
transaction costs into our portfolio selection model. We also aim to include in
our model stochastic interest rates and differentiate between rates for borrowing
and lending.

To improve the portfolio selection model in Chapter 3, we aim to incorpo-
rate both fixed and proportional transaction costs. In follow up work we hope
to prove that the discrete constrained optimal portfolios (required in Section
4.3) in fact tend to the continuous-time constrained optimal portfolios (derived
in Sections 3.7.2, 3.7.3, 3.8.3 and 3.8.4) as the time increment tends to zero.
Another possible improvement is to allow the insider to have knowledge of a
distribution of time-T values of the disturbances B and q instead of only time-
Tp values. We then aim to extend this to a term structure of future distributions
of the disturbances B and q.
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Appendix A

Definition of
Karush-Kuhn-Tucker
(KKT) Optimality
Conditions

Consider the maximisation problem

max j{X
xeP f( )

subject to ¢1(x) < by

gTVL(X) S bTTl'
(A1)

where N ¢ NP C RV, x:=(x1,...,on) €P. b; € R.i=1.....m € N and the

functions f : P — R and g; : P — R. Necessary conditions for the existence of
an optimal solution of (A.1) are given in the following theorem.

Theorem 29 (KKT Necessary Optimality Conditions) Ifx := (Z1,...,Zx)
€ RN is an optimal solution of (A.1). then X must satisfy the m constraints in
(A.1) and there must exist multipliers A := (Aq..... Am) satisfying

01) ) 903

= 0. for j=1...... N.
oz, or j
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Proof:  See [149]. n

In the following theorem taken from [149] we give sufficient conditions for x
to be an optimal solution of (A.1).

Theorem 30 (KKT Sufficient Optimality Conditions) If f(x) is a con-
cave function and for each i € Ng the function g;(x) is a conver function, then
any point X satisfying the hypotheses of Theorem 29 is an optimal solution of

(A.1).
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Appendix B

Derivation of (2.35)

If we write (2.30) in matrix form, then it becomes
0=-XA—p+p+Wiwé+ Wiypwen™ +aMW, (B.1)
where M = [A[;]. Solving for #* in (B.1) we find that

el </\Jvfﬂ—ﬁ 4 ifwﬁ B ?M )
W2Jlww  Wilaw  Wiaw

which we can write in index form as

. ) Ne -
T = Z Vics At — e Jwle 2 =1 ki M (B.2)
1 k=1 MW 2w Wluw Ww . .

where 67! = [y;;] and T := ZZN:I Z;V:‘l vi5. Substituting (B.2) into (2.31) we
find that

s Ng _ Ns o

A I l J: %: U Hn — Hn - wan - Zp:l O—”PA[P

W2Jyw I AW ww Wlww Wlww ’
(B.3)

Substituting (B.3) into (B.2) we obtain (2.35).
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Appendix C

Derivation of (2.40)

If we substitute (2.37) into (2.39), then for all i € C* (the active constraints) we
find that

; 2 1 * vy * ~
(‘1)711,(31- = G+ m (Z Viiy — T Z anln> + M,

kec~ neC*

2 1 % Vo Vi
= Gi+——LV2JWW [/Lal(uaﬂ» ¥ 4 1: )+ ...
Ve V. . Ve U R
i, (Vo = =) g Ve — =2 4 AT

(C.1)

With & := (—1)"%¢; for all i € C* we can rewrite (C.1) in matrix form as

———Ip” + M. 2
g T+ M. (C.2)

where all vectors are of length m, ¥ is an m x m matrix with

Ve, VO‘_)

U= (W] i= [Vaa, = -

| et =l

¢ = (-1)"%¢, G= [Ga_,] and M= []\;Ia_]}.
Solving for p* in (C.2) we find that

f= W2yl [e G- M} :
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Appendix D

Derivation of (2.41)

Substituting (2.40) into (2.37) we find that

Ng Ny
A . A Jw Ve O :
T, = Gz A-[z ) | Ce— G — 3 T nen me
' AL Z Vhafike [CC C Wlww (F HZ:lV ¢ mz::ll/ §m>

k,ceC*

1 . ( .
e (VF,Z:MPMCH ~ 2 vaka e G

n.decr

Na
Jw Vq Vg
— — M, — Al
“Whew ( Zl/b&b Zuqd§q> - lwu <F Z ; — | d>}

e=1

N«
N - Jur <
= Gz =+ A[z' + Rz -+ Z ViiKke [ W ]” (I/C Z l/nén - Z Vmcfm)
CJWW

k.ceC* n=1 m=1

Ng
1 Ve V; =
e [ %NTa, )| - 4R
W’rJW'VV (F ; P )} r
v; Jw | 2] Vq
L Ko | —— M, - M
I n,deC* T [ WJLVW ( lebgb Zungq) W Jw w ( Z ):l
J Ng Ng
= GA’1+AA[2+R1V W ViiKke | == Unln — VmeSm
T

n=1 m=1

=:N;

Ny
1 Ve Vi =
- ke | =S M, ~ M. | - =R
Wiww kz ) ViR ( T Z p ) r
:,c€C p=1

=:0;
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Ny Ng
Z UnKnd < Z I/béb - Z I/ngfl

W‘]WW F n.dec* b=1 a=1
=N
v, N
d
nn, e M, — M,
VIWWF Z ”'”(r; g d>
=:0

- - Jw 1 Vi = JW Vi o 1 v; ~
— G+ N, + R - N — 0~ %R+ - n
M N T W w Wiww T Wiww T

N - - J ;- 1 -
- G R SR (M) - (0, %0)
r W JWW r WJWW T
PP N————e N —
::R,- =:N,; =:Oi
= G +E,

where some of these variables are defined in (2.42).
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Mgy L M ’,‘M"‘é[’zAi Mg

- d lQ Q Zz\nﬂ[' Iv\‘ _lA/yAg[’ a .ZANAl[‘
R VO | B o MR
— try ,ng + —
[Q 5 [@nﬂ[’ Q G Q Q
X MRrem oMMy MY MABreal
<o Y0 0Ny - WA
={ 1=1
MAMp 4y MMp Y MMp oy ! z
A _t + 22y Loyt L 24+
2 .ljym[ d .fQ INMF d 'Y ;% ;g 1
1=? 1=? 1=t
MM A MM M )
MM - Tk Mgy {+arv = 0
1 .\'A[ {,‘ : SN SN
" {mm[- no oMmpy o, Jigt [i[i
‘ l[;’“ 3 - Y 1A) _'a S0 +
Q ! A/y M 75 NN
AL'H[)‘“ MAHF‘“ ‘ A’lM[’Al ALM[’AA ,
A <[ 0 B N -4 ‘0 w WAL -yl
M.n[:,“ .MM[A“ ‘. M.M[’AA AAA'l[‘A,l .
o e T wap O
1=f1=1
MMp M r A c M MM P Z
+ + - - o -+
[ .[Q .[i\rAA[' QH .ZQ ?jv\[/ﬂ[’ }v[] ;g% 1
=1
‘“"“['111 AAAA[* M
M y " — — 1 3 + W = 0
il o e iy ?% oV
jeyy pug

om (gp'g) o (Appandadsal (z'z) pue (1§'g) Ul pauygep) Y7 pue %) Sunninsqng

(¥%°2) 3o uoryesrta(

 xipuaddy



JwO; -

O; ~ ~=~ o JwN; o O
LN -t O Ry — R R
W2Jgw ' Wy T Wiww Wiww
.]‘/V]{ri .]ngi 7\7 ‘]WNZ O
W W22, 0 W,
Ww Jivw ww
0 5 w0
WJiww

O A\ ..
Nj+ —5e—0; | W2
W2JZ, 0w f) Vi ww

Ng Ng . Ng Ny J N Ng Ng A
+ZZ5US¢R]'VVJZ‘W7225U W
i=1 j*l

, 0;
Lo LTIV gy VI =22 6y

W
i=1j=1 Jww
JwNe S O
J\IE+Z&R Wy — Zsz W, W= &g
J i=1
Ng Ng

1 R R . N R A
+5 > > 6, <RiGjW2JWW + WRJwN; + O;WR, - WJwN,G
i=1 j=1 —

2 vV ~
Ny dw

SA A JWOz X Oz ~
N;O;, - WO,G; — N; — O;
Jww T Jww ’ Todww Y Jww
9 2 g A A . oA J‘%VZVZ ~
FGRW T — G Iw Ny — GWO; + Wy NifRy — SV,
_JwN o + WOR,; - JWOiNj
Jww Jww Jww

SO -~ JAN, o JwN,
“RWJIwN; — RWO,; — WlwN,R; + V2N, 4 W

O.
Jww Jww ’
*VV(AI'R]' + JW'Oi Nj + Ol Oj
Jww Jww
Ns Ng Ns Ns J N Ns Ns
+ZZ(}US¢R]VVJZW — ZZU”S LJZW ZZO'US _""‘JzW
i=1 j=1 =1 j=1 i=1 j=1

Ng
€ - — 2 1
ME+W > 6 (&-Rﬂzw + §Q?>

+WJWZ &R+ = ZO—UQ
1,5=1 i=1
- fa-(SOJW PO) v %: g.N.,lfﬁ,p/\f
Jww Py v ’ Jww = ) = DAY
Ny Ny N
J - - . 1 . 1 -
T v Z 5101' + 2613' (Sz]\/sz‘W - 5“3) + QLVQJWW Z (TijG
TWW i j=1

2,5=1
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Appendix F

Derivation of (3.108)

Let m,0 € Pr; be two admissible portfolios. Let 4 > 0 and let § be a Ng x 1
vector with each of its elements equal to §. For each i € Ng let y, € (—4, ) and
lety:= (y1,....yn,). Forall 0 <t < T,z € RY.j € N,y € (-4.9) let

Ny

Gilt.z,y) = go;(t2)+ > dks(t-2)(mr(t) + yabe(t)).
k=1

where g,;.1 € Ng,i € N are the jump coefficients defined in (3.14)-(3.15). From
Remark 5(iv) for all j € N,y € (=4,8) the function In(1 + G;(t.z.y)) € My 2.
Thus we have from Definition 17(iv)(a), Remark 5(ii), Definition 17(iv)(e),
Lemma 1(iv), Lemma 1(iii) and Lemma 1(v) that!

0 _
|2 a1+ Gyt w)ﬂ}

= I:()y In (14 G;(t.z,y) + D= ,[Gj(t.z.y)]) —In(l + C_v']'(t.z.y))ﬂ
i y=0
(32000 + 2 [T 9t 2Pl + wDe D] 500
B 1+ Gt z,y) + Dy 4G, (t.2.y)] 1+ Gyt z.y) B
glj(tﬂ Z)ez(t) + Dt*,z[gij(t’ z)ei(t)] B gzj (t= Z)Gl(t)
- 1+ G5(t,z) + D+ 4|Gj(t, 2)] 1+G,(t.z)
(F.1)

Using Lemma 1(iv) with f(z) = (1 + 2)~! and X = G,(t.z).j € N,. we have
that for all0 <t < T,z ¢ RV

(1+Gj(t.2) + Dp+ ,[Gj(t.2)]) " = D= L[(1 + Gj(t.2)) ']+ (1 + G(t.z) "
(F.2)

TRecall that Dy~ (grj(t.2)) = 0 from Lemma 1(v).
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Thus from (F.2) equation (F.1) reduces to

0 ~
@D“ 2In(l + G(t, Z_y))]}

y=0

= (i (t,2)0:(t) + Dy 41G:;(t,2)0:(2)]) <Dt+,z [;}

1 Gij(t,2)0:(t)
A Gj(t,Z)) 1+ Gt 2)
= ot D80 | | P00 [
D it D T

(F.3)

Using Lemma 1(iii) with X = §;;(¢,2)0;(t) and Y = m,z € Ng,j €N,
we have that

(t . 1 1 .
o B P e e

) 1
Dol 0P | |

(F.4)
Substituting (F.4) into (F.3) it reduces to (3.108).
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Appendix G

Why (4.34) is solved
discretely

Now equations (4.30) and (4.34) are equivalent - (4.34) is (4.30) converted to
a svstem of first order differential equations. For ease of reference we repeat
equation (4.30) viz

=D(t) = —a(t)w(t) + Ut)a”(t) + V(O)='(t) + Y ()7 (t) (G.1)
where the functions in (G.1) are defined in (4.31). We show why it is not possible
to solve analytically for o (in particular eliminating the multipliers A, p and p)

in (G.1). For simplicity we also assume that the financial market parameters
are constant - the simplest form these can have. In this case (G.1) reduces to

~D(t) = —an(t) + (diag(R))*x" (t). (G.2)

We use variation of parameters [136] to solve (G.2). First we solve the homo-
geneous form of (G.2) viz

0= —an(t) + (diag(k))’"(t). (G.3)

We convert (G.3) to a system of first order ordinary differential equations by
defining

T=n. (G.4)
Then (G.3) can be rewritten as
0 K,
— / — —
<”) - 1 0 0 0 <">::K2<")
T T ™
0
0 1 0 0

(G.5)
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where K; := & x (diag(k))~2 and 0 is an Ng x Ng matrix of zcros and the
defined matrix Ko has size 2Ng x 2Ng. We look for a solution of (G.5) of the

form B
( Z ) = Vel (G.6)

where u and Vv are a scalar and constant vector respectively. Differentiating
(G.6) with respect to t and using (G.5) we have that

<i>/*u{fe“t:u(i>—K2<7;>. (G.7)

In (G.7) we have an eigenvalue problem with u and ¥ the eigenvalue and eigen-
vector respectively. Solving (G.7) we find that the 2Ng eigenvalues and eigenvec-
tors are uy,...,usn, and vi,...,Van, respectively. Assuming the eigenvalues
are distinct, the solution of the homogeneous problem (G.3) is then a linear
combination of its independent solutions viz

_ 2Ny
T ~ .
(%)= S
i=1

where h := (h1,...,hon,) € R?Ns| the ith eigenvector v; := < :’ ) and
T

v;, v; € R giving

2N
7(t) = Z hivie!
i=1
In (G.7) if any of the eigenvalues u;,i € {1,...,2Ng} are repeated, resulting
in the solutions e“'t,... e*2*¥s! not being independent, then we multiply the

jth repeated solution by the (j — 1)st power of the independent variable ¢. For
example, the second (third) repeated solution is multiplied by # (#2).
Continuing, we now look for a particular solution of (G.2) of the form

2N
w(t) =Y hi(t)vie"?, (G.8)
i=1
Differentiating (G.8) with respect to ¢ we have that
QNS 2NS
w'(t) =Y hyt)vie"t + > hit)vaue (G.9)
i=1 i=1

Standard in the variation of parameters is to simplify the calculations by im-

posing the condition
2Ny

> ht)viett = 0. (G.10)
i=1
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Then substituting (G.10) into (G.9) and differentiating (G.9) with respect to ¢,
we have that

2Ng 2N

a'(t) =Y Bt viwe" ' + Z hy(t)vacdet. (G.11)

Substituting (G.8) and (G.11) into (G.2) we get that

2Ny

—(diag(k)) ™2 Z RtV et (G.12)

since each solution v;e%it solves the homogeneous equation (G.3). In (G.10)
and (G.12) we have a system of 2Ng equations for 2Ng unknowns hj(t),: =

1o 2Ng. Putting (G.10) and (G.12) into matrix form we get that
—(diag(k))~?D(t)
F(Oh'(t) = (:) and (G.13)
0
—(diag(k))"*D(s)
h(t) = h(0)+ /tF_l(s) O ds. (G.14)
° 0

In (G.13)-(G.14) the 2Ng constants h(0) are determined by using some set of
initial conditions on ® and «’. The variable (v;); is the ith element of the
column vector v; and the 2Ng x 2Ng matrix F(t) = [F;(t)] is defined as

Fii(t) = (Vj)ieuit if 1<i<Ng
K\ 9, (Vj)luie“"t if Ng+1<i<2Ng.

Thus substituting (G.14) into (G.8) it reduces to

w(t) = Z <hi(0) + /Ot v?(s)ds) vietit, (G.15)

~(diag(k))~*D(1)

jom}

0

In (G.15) we want to eliminate the multiplier A(¢) which is contained in the
expression D(t). Substituting (G.15) into the unity weight constraint (4.12) we
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get that
Ny 2Ng

=33 <h,i(0) + /Ot v{)(s)ds) (vi) et (G.16)

=1 i=1

We encounter two obstacles if we try to solve for A(t) in (G.16). First, (G.16) is
an integral equation, thus in general the function A cannot be uniquely deter-
mined. Even if we differentiate (G.16) with respect to t, the integral term will
still be present. Second we need to know at least all values A(s),0 < s <t to
evaluate the integral in (G.16). In discrete time this is not a problem, but in
continuous time it is. This same problem is encountered if we try to climinate
any multipliers p(t) or g(t) from (G.15). This same problem is also encoun-
tered if we consider penalty functions of the more general form (4.28). So if any
penalty function L;; is differential and at least one portfolio weight constraint
is active, then the only way we have been able to solve for constrained optimal
portfolios m(¢) is to solve the differential equation (G.2) numerically. Solving
variational problems in discrete time is quite common - see for example ({39],
Chapter 1).

We use a simple first order numerical scheme to solve (G.1). With respect
to why we can’t use a more sophisticated numerical scheme, like for example
the standard Runge-Kutta scheme, to solve (4.34) numerically, the problem is
the following. If we employed the Runge-Kutta scheime, then at each time ¢; for

1=1,...,2Ng we would need to calculate the variables
k{,i = Atfi(tjaﬂ—l,jﬂer,jv"'*,ﬁ-ZNS‘j)-,

; 1. 1 1 ) 1
ky, = Atfi{t;+ §At»7ﬁ~j + 5"’1,1*724 + §k1,2v c TN, T §k1.2Ns’ :
.J 1 S 1 J A 1 .7 - 1 J
11,3‘2. = Atfi{t; + iAt,WL]‘ + §/m2‘],7r27. + 5]\,2‘2, .oy T2Ngj 5162’2/\,5, ,
Klo = At AL R+ R g+ R Faweg Ko ) -

From the Runge-Kutta scheme we then have that

Tij+1 = Ty + é[’f{n +2k], + 25, + k) (G.17)
The problem is that calculation of the variables kii, k%,i’ ké’i, sz involve evalua-
tion of f at two time values viz ¢;+ %At and ¢; +Atf. This introduces into the cal-
culation of the variables 7 ;. 1, the Ng+1 unknowns A(t;+3 At) and p*(t;+3At).
The system of 3Ng + 1 equations (4.12), (4.23) and (G.17) is then an under-
determined system for the 4Ng + 2 unknowns @41, Aje1. 541, At + %At)
and p*(t; + %At). If the Runge-Kutta numerical scheme or any other scheme
can be adjusted so that evaluation of the functions f take place only at times
{ta,....tn} of the partition, then we can use this scheme to solve (4.34) more
efficiently for a constrained optimnal portfolio m(t;4).
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