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Abstract

Finite-strain elastoplasticity constitutive models suitable for process-scale simulation are
typically developed from empirical observations of phenomena of interest. Such models
make use of internal state variables that do not directly represent the associated evolution
of the material microstructure, such as accumulated plastic strain. As a result, these
models cannot directly provide microstructural information that may be of interest. In
an attempt to bridge this gap, a mechanistically-motivated, multiaxial, finite-strain, rate-
dependent elastoplasticity constitutive model in which average dislocation density is used
as an internal state variable is developed in this work.

The relationship between dislocation-based phenomena and work hardening in face-
centred cubic metals is well-researched, and the popular Kocks-Mecking model for average
dislocation density evolution has been successfully implemented in small-strain elastoplas-
ticity constitutive models. However, in contrast to other dislocation-based rate-dependent
elastoplasticity models, the model presented in this work is formulated in a multiaxial,
finite-strain framework that is suitable for the macro-scale simulation of wrought metal
production processes. Work hardening as a result of large deformation is modelled as
a function of average dislocation density, which is described by the Kocks-Mecking and
finite-strain Hariharan-Barlat models.

The behaviour of the model is elucidated after a material point-level numerical imple-
mentation and computational experiments with several test cases, such as plane strain
compression, uniaxial compression, and cyclical loading. The model is fit to 5XXX se-
ries aluminium mechanical test data sourced from the literature, and it is shown that,
from preliminary investigations, the work hardening behaviour and associated dislocation
density evolution under the given loading conditions concurs with general trends seen in

literature.
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A Glossary of Conventions and

Notations
Conventions
Domains lightface script, e.g. B
Scalars lightface italic, e.g. a, p
Vectors boldface lowercase, e.g. u, x including the exception of X
Second-order tensors boldface uppercase letters, e.g. E, F, excluding the vector X
Fourth-order tensors blackboard letters, e.g., C
Material quantities uppercase, e.g. X
Spatial quantities lowercase, e.g. @
Constitutive response function hat notation, e.g. ®(¢) maps  to field variable ®
ith component of a vector lightface lowercase, e.g. u;
i component of a second-order tensor lightface uppercase, e.g. Ej;
ikl component of a fourth-order tensor blackboard letters, e.g. Cjju
Braces {e} denote a set
Square parentheses [e] denote a coefficient, e.g. fla] denotes f multiplied by a
Rounded parentheses (e) denote arguments of a function, e.g. f(a) denotes that f
is a function of a
Notations

Mathematical Notation

ey, e, e3 the orthonormal basis vectors
e}, e;, e} the orthonormal basis vectors after undergoing a trans-

formation, indicated by a superscript asterix

viil
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Chapter 1
Introduction

The finite-strain deformation of metallic materials is central to several manufacturing
processes, such as the hot-rolling and sheet-forming processes that yield autobody com-
ponents, beverage cans, and aluminium foil. The simulation of these large-deformation
processes requires an elastoplasticity constitutive model. For such a model to be indus-
trially relevant, the model should capture finite-strain, rate-dependent deformation and
reflect the relationship between material behaviour and measurable, physical quantities.

This dissertation concerns the preliminary material point-level numerical implementa-
tion of a finite-strain, rate-dependent, elastoplasticity constitutive model that is informed
by the predicted evolution of the average dislocation density in a face-centred cubic metal.
Specifically, the thermodynamically-consistent extension of popular dislocation density
evolution equations used in uniaxial, infinitesimal-strain settings to a multiaxial, finite-
strain setting is demonstrated. This work is introduced in this chapter in two parts: first,
the use of finite-strain theory is motivated, and, second, the use of dislocation density
in plasticity models is introduced. An explanation of the structure of this dissertation
follows in the subsequent section.

The purpose of the project presented in this dissertation can be formulated into the

following research question:
Can traditional dislocation density-based models that were formulated for face-centred

cubic metals in the infinitesimal-strain setting be extended to finite strains in a

thermodynamically-consistent manner?

1.1 Finite-Strain Elastoplasticity Theory

(Classical elastoplasticity theory based on the infinitesimal-strain approximation is often
used for structural design where the onset of large plastic deformations is not considered.
The infinitesimal-strain plasticity theory is predicated on the assumption that the total
strain is given by the sum of its elastic and plastic components; this linear description of

elastoplasticity, while simpler to implement numerically, does not describe the nonlinear
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finite-strain regime well. Briefly, in finite-strain plasticity theory, the additive decomposi-
tion of strain is replaced by the multiplicative decomposition of the total deformation into
elastic and plastic parts [1]. The nonlinearity of the finite-strain elastoplasticity theory
better captures the material response at finite strains, and is therefore a more appropriate
framework in which to set a constitutive model intended to capture mechanical behaviour
during processing operations where large strains are present. A thorough mathematical
description of this theory is reserved for Chapter 5.

Necessary to both small-strain and large-strain constitutive models that capture in-
elasticity are quantities that describe the mechanical history of the material. Plastic
deformation is an irreversible process; therefore, the set of state variables must be ex-
panded from temperature and deformation to include internal variables to provide a
complete thermodynamic description of the process [2]. Several internal state variables
may be used to predict the material response to attain a certain degree of accuracy, and
the evolution of these internal state hardening variables may be described by phenomeno-
logical or microstructural mechanism-based models, which are reviewed in [3], [4]. In the
typical case, accumulated plastic strain is used as the single internal state variable to
describe work hardening behaviour. Accumulated plastic strain is introduced in Chapter
5, but it is sufficient to note that this concept lacks physical interpretability. Greater
physical interpretability is provided by microstructural mechanism-based models which
are informed by microstructure-property relations. While a plethora of internal state
variables related to deformation mechanisms may be used to predict material response,
it is necessary to contract the microstructural information to those mechanisms that
dominate hardening processes for the model to remain computationally affordable and
parsimonious. In this work, the set of internal state variables is restricted to one variable
that describes the average dislocation density. The work presented in this dissertation
was partially funded by Hulamin, a manufacturer of rolled aluminium products in South
Africa. As aluminium is a face-centred cubic (FCC) metal, the models are developed for
the FCC case. A review of dislocation theory fundamentals and work hardening in FCC

metals is provided in Chapter 3.

1.2 Dislocation Density as an Internal State Variable

It has long been accepted that the evolution of dislocation density contributes to hard-
ening behaviour [5]; therefore, it is fitting to describe the state of a material undergoing
plastic deformation by its average dislocation density. Dislocation density-based consti-
tutive models vary in complexity. Multi-parameter models [6]-[13] integrate phenomena
occuring at different scales into a single plasticity model, often at great computational

expense, while single-parameter models typically rely only on the evolution of dislocation
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density to describe plastic behaviour [14], [15]. The Kocks-Mecking model [15]-[20] is a
single-parameter model that provides an evolution equation for the average dislocation
density as a function of the rate of plastic strain, which allows average dislocation density
to be used as a scalar internal state variable within an internal state variable theory. The
Kocks-Mecking model is common in infinitesimal-strain, elastoplasticity implementations
[21]-]23]. Since Kocks’, Mecking’s and Estrin’s original work between 1966 and 1992 [15]-
[20], the model has been subjected to several adaptations to account for various mecha-
nisms that drive work hardening behaviour [21], [22], [24]-[27]. Among the most recent
adaptions is the extension of the model to the description of dislocation density evolution
in the finite-strain regime [27], [28]. In this work, the single-parameter Kocks-Mecking
model, due to its popularity, and the finite-strain Hariharan-Barlat model [27] are used
to describe the evolution of average dislocation density. The Hariharan-Barlat model has
been developed to extend the description of average dislocation density evolution into the
non-linear, finite-strain regime, and is, therefore, an appropriate choice for this work. An
evolution equation for the internal state hardening variable in the proposed dislocation

density-based elastoplasticity model is extracted from each of these models.

1.3 Structure of the Dissertation

This dissertation comprises nine chapters. The mathematical notation and conventions
used in this work and a broad overview of fundamental continuum mechanics quantities
are presented in Chapter 2. Thereafter, a short overview of key dislocation and work
hardening theory concepts is provided in Chapter 3, which provides the theoretical basis
for an examination of the Kocks-Mecking and Hariharan-Barlat evolution equations in
Chapter 4. An introduction to constitutive modelling and a typical initial value problem
for finite-strain, rate-dependent elastoplasticity is presented in Chapter 5.

Following these preparatory chapters, a constitutive model for finite-strain, rate-
dependent elastoplasticity based on the evolution of dislocation density is presented in
Chapter 6. The temporal discretization and material-point-level implementation of the
constitutive model is included in Chapter 6, and the material point-level numerical imple-
mentation is verified in Chapter 7. Parameter determination for the dislocation density
evolution equations is demonstrated in Chapter 8, and the effect of parameter variation
on the material response is briefly examined. The results obtained from quasi-static load-
ing simulations using the parameters determined at the beginning of the chapter follow.
Results from three separate analyses are presented across Chapters 7 and 8; therefore, in
the interest of coherence, the traditional standalone discussion chapter is omitted in this
dissertation in favour of a discussion section within each chapter. A brief conclusion and

recommendations for future works concludes this dissertation in Chapter 9.



Chapter 2
Continuum Mechanics Preliminaries

This chapter concerns the necessary fundamental tensor algebra and continuum mechan-
ics preliminaries that are required throughout this work. The notation for tensors, alge-
braic operations, and tensor calculus is introduced in Section 2.1, and should be read in
conjunction with the glossary of conventions and notations included in the preamble of
this dissertation.

Following the establishment of notation and conventions, several fundamental kine-
matic and kinetic quantities are introduced in Section 2.2, Section 2.3 and Section 2.5,
respectively. In an introductory text to continuum mechanics, a discussion on the bal-
ance laws would naturally follow on from Section 2.3; as these laws are not called upon
in this work, this discussion is omitted, but it may be found in [29]-[33|. The thermody-
namic concepts essential to the construction of a finite-strain elastoplasticity model are

presented in Section 2.4.

2.1 Mathematical Notation and Conventions

Essential tensor algebraic operations and tensor calculus notation are presented in this

section.

2.1.1 Notation for Tensors and Algebraic Operations

Vectors are denoted with a boldface, lowercase letter, e.g. a, second-order tensors are
denoted by a boldface, uppercase letter, e.g. A, and fourth-order tensors are denoted by
an blackboard bold, uppercase letter, e.g. A. An exception to this rule is the boldface,
uppercase X which is a vector denoting the position of a point in the material domain.

Diagonal second-order tensors may be abbreviated in the form

A =diagla b (. (2.1)
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The Einstein summation convention is used to imply summation over a set of repeated

indices. For example,

CLin‘ 1mplles Z aibi = a1b1 + agbg + -+ anbn (22)

i=1

Orthonormal basis vectors are denoted by e;. Components of vectors with respect to the

basis are given in a lightface script as follows:
a;e;. (23)

The basis vectors are used to create a basis for higher order tensors by means of the

tensor product operator, ®. The standard tensor product is defined through the relation
[a®blc=alb-cl, (2.4)

where - is the dot product operator. The tensor dot product operator ® is defined as
such:
A ® B = [Auel X ej] ® [Bklek X el] = AikBljei (29 6]' X € X e;. (25)

The symmetric part of a tensor is denoted by sym (e), which indicates
1 T
sym (A) = 5 [A+ AT]. (2.6)
Similarly, the skew part of a tensor is denoted by skw (e), which indicates
1 T
skw (A) = 3 [A—A"]. (2.7)

Special Tensors

The components of the second-order identity tensor I are equivalent to the Kronecker
delta:

1, ifi=j,
0, ifij.

The isochoric operator tensor is defined as

1
P=Tol- Iol (2.9)
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such that its application to a tensor, A, results in the isochoric part of A:

PA—A- %I tr (A). (2.10)

2.1.2 Tensor Calculus

Partial derivatives of a scalar field ¢, vector a, or tensor A with respect to a vector b, or

tensor B are defined as follows

Op Oy da  Oa,
ab o, b,
_aB = aBU e X €;, _8B = aBkl e X €; R er R e

The gradient of scalar and vector fields with respect to the material domain is given by

_ 90 _ 92 da _ du,

=o9x = anej, Grad (a) : = e; R e,

Grad(gp) . :8_X_8_XJ

and the gradient with respect to the spatial domain is given by

_O0p 0y __Oa _ Oa;
= o = 8xjej’ grad (a) : = e, Qej,

grad () = 9% Oz,
J

accordingly. The divergence of vector and tensor fields with respect to the material

domain is given by

Div (A) : 04 _ 04y

. _ Oa  Oay B
Div (a) =ax O_Xje“

=X T ox,
and the divergence with respect to the spatial domain is given by

div(a) i 04 _ 04y

. da 3ai
div (a) . o . % = Gy €e;.
J

. % N 0wi’

The derivatives of the inverse of tensors result in

1 =T
a(;‘A =-AT10A" and agA =-ATeoAaT (2.11)

2.2 Kinematics

Kinematics describe the motion and possible deformations a body may undertake without
reference to the forces that cause the motion. A brief overview of the fundamental

principles as they are presented in [29]-[33] follows.
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2.2.1 Motion

oB

Material domain B

Spatial domain B;

Undeformed body

€]

Reference configuration

Langrangian description

€3

Deformed body
Current configuration

Eulerian description

Figure 2.1: A material and a spatial domain.

Consider the arbitrary material and spatial domains in Figure 2.1, indicated by B and B;,
respectively. B is enclosed by the boundary 0B, and B; is enclosed by the boundary 9B;.
During the deformation of the domain, each material point X € B undergoes a motion
to a point @ € B;. The map ¢ describes the motion of the domain at each time ¢ as a

one-to-one mapping,
x = o(X,1). (2.12)

Each point X € B is uniquely mapped to some point & € B;; therefore, the map is

invertible,

X =¢ ' (x,1). (2.13)
The displacement of a material point originally located at X at time ¢ is
u(X,t) =x — X. (2.14)

A relation between line elements in the material domain and line elements in the spatial

domain can be determined to be,

_ 99k, (2.15)

dz; = .
YT X,
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The deformation gradient is thus defined as

99 (X, 1)
F(X,t)=—7"—""= 2.1
(x.1) = 2250, (2.16)
so that
Since the map ¢ (X, t) is invertible, the determinant of F' is
det (F') = det (;—;) #0, (2.18)

and its inverse F~! exists. An alternative expression for the deformation gradient can be
found from Equations (2.14) and (2.16):

F = Grad (X +u) =1+ Grad (u). (2.19)

The deformation gradient further lends itself to a useful identity that relates the gradient

operators,

Oe B Oe Ox

= grad (e) F. (2.20)

2.2.2 Deformation

Consider the relation between a line element in the material domain and its counterpart

in the spatial domain,

dx - dx = ||dz|* = FdX - FdX,

(2.21)
=dX"F'FdX.
From this relation, it is convenient to define the right Cauchy-Green tensor as
C =F'F, (2.22)
so that
|dz||* = dX - CdX. (2.23)

To relate a line in the spatial domain to its counterpart in the material domain, it is

similarly convenient to define the left Cauchy-Green tensor as
B := FF" (2.24)

so that
|dX|]* = de - B~ 'da. (2.25)
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Both the right and left Cauchy-Green deformation tensors are symmetric. The change in

length of a line element over a motion can therefore be expressed as

[|d|* — |[dX[]*] = = [dXTCdX —dX"dX],

1

2
1

= dX - 5[C - 1dX,

N —

(2.26)

from which a useful tensorial representation of finite strain, the Green-Lagrange strain,
is defined as . .

E:=3 C -1 = 5 [F'F-1]. (2.27)
The Green-Lagrange strain is necessarily symmetric. An alternative form of the Green-
Lagrange strain is obtained from the definition of the deformation gradient given by

Equation (2.19),

1
E = 5 (I + Grad(u))" (I + Grad(u)) — I
2.28)
1 (
=3 [Grad (u)" Grad (u) + Grad (u) + Grad (u)T} :
If the norm
| Grad (u)|| < 1, (2.29)
or, equivalently, if F' is sufficiently close to I, and therefore
| Grad (u)" Grad (u)|| < || Grad (u)||, (2.30)
the infinitesimal strain tensor may be used:
1
E~¢e:= 3 Grad (u) + Grad (u)"| . (2.31)
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Figure 2.2: Divergence of Green-Lagrange strain from infinitesimal strain for the motion x = [1 +
at]] X, from which the displacement gradient, Grad (u),; is computed. Ei; and €17 are plotted across
the displacement gradient. As the deformation increases, the difference between the finite-strain and
infinitesimal-strain measures increases.

The assumption of infinitesimally-small displacement gradients leads to a linear descrip-
tion for strain, but the limitation of this convenience is demonstrated in Figure 2.2.
Below a displacement gradient of around 0.1, there appears to be little difference be-
tween the two strain measures. Beyond this point, however, the quadratic growth of
the finite-strain tensor rapidly outpaces its linear infinitesimal counterpart. Evidently, a
small-strain approximation is not appropriate for the description of finite deformations.

The relevance of this observation is apparent from Chapter 4 onwards, where the
implementation of the Kocks-Mecking model is reviewed. Implementations of the Kocks-
Mecking model in finite-strain contexts that are constructed in an infinitesimal-strain

setting introduce the error demonstrated in Figure 2.2.

2.2.3 Volume Change

The change in volume of a spatial infinitesimal volume element, dv, with respect to the
change in volume of a material infinitesimal volume element, dV', may be given by [29],
[30]

dv
det (F') = —. 2.32
et (F) = (232
From this relation, the volumetric Jacobian J is defined as
J = det (F) (2.33)

so that
dv = JdV. (2.34)
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As no motion may lead to an infinitesimal volume within a body to be zero or negative,
it is required that
J > 0. (2.35)

2.2.4 Rate Quantities
Material and Spatial Time Derivatives

Generally, for any given quantity &, the material-time derivative is written as

: 06 (X, 1)

X t) = 2.36
5( Y ) at Y ( )
and the spatial-time derivative is written as
0 t
gmo:ﬁgi. (2.37)

Velocity is a useful quantity obtained by differentiating the displacement u with respect

to time:

. ou (X, t)
X t) = ——. 2.38
(X, 0) = (2.35)
Rate of Deformation
Consider the rate of deformation gradient given by
F = 5 (I + Grad (u)) = Grad (@) . (2.39)
The velocity gradient is defined as
L := grad(u). (2.40)

The identity in Equation (2.20) may be used to reformulate Equation (2.39) to give

F = grad (u) F (2.41)

so that
L=FF" (2.42)

The velocity gradient can be decomposed into deformation and spin components,

L=D+W, (2.43)
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where the rate of deformation tensor D is the symmetric part of L, and the spin tensor,

W, is the skew part:

D::%[L+LT], W::%[L—LT}. (2.44)

It is now convenient to formulate the rate of the Green-Lagrange strain:

.17 .
E- [FTF + FTF} . (2.45)

(2.46)

Using Equations (2.40), (2.43), and (2.45) the rate of the Green-Lagrange strain can be

conveniently expressed in the form

E =F'DF. (2.47)

2.3 Stress

Stress is a description of the state of the internal forces within a body. A stress tensor

operates on a unit normal vector to give a traction vector.

2.3.1 The Cauchy Stress

oBY

€2

€3

Figure 2.3: A cross-section of spatial region B; is performed such that an infinitesimally small area of
the internal surface, §S;, on Bgl) is revealed. The effect of the removed body, 8152), on Bgl) is represented
by the force dp.
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Consider once again an arbitrary region B; in the spatial domain bounded by the surface

0B; as in Figure 2.3. A cross-section of B; is performed such that an infinitesimally small

area of the internal surface, 6S;, is revealed. The effect of the removed body is represented

on the surface 6S; by the force dp, and an outward unit vector n indicates the direction

normal to the internal surface. The current surface traction, ¢, is defined as the force
acting per unit of infinitesimal area exerted upon Bél) by the removed surface on Bf),

op

t(x,t,n) = lim ——. 2.48

(z,t,m) am s (2.48)

The magnitude and orientation of the traction depends on the orientation of the surface.

Cauchy’s stress theorem states that a normal vector m is related to a current traction ¢

by a second-order spatial tensor field, o, termed the Cauchy stress,
t(x,t,n) = o (x,t)n. (2.49)

The Cauchy stress is symmetric within a Cartesian coordinate system. A consequence of

Cauchy’s theorem, Cauchy’s lemma, is that for all unit vectors n,

t(x,t,n) = —t(x,t,—n). (2.50)

2.3.2 The First Piola-Kirchhoff Stress

A stress quantity suitable for the expression force and moment balances in the material
domain is of great use. Let T be the traction over some infinitesimal area 0S in the
material domain,

. Op
T(X,t,N) = 515](—{10 48’

where dp is the same force used to define the current traction in Section 2.3.1. The

(2.51)

material and spatial tractions over their respective area elements are related by
T(X,t,N)dA = t(x,t,n)da. (2.52)

The Cauchy stress relates ¢ and n in the spatial domain, and so a second-order tensor
that provides the same utility for T' and IN in the material domain is necessary. Consider

the contact force on a surface OP; € B;:

/ onda (2.53)
OPs

The material area elements, da, are transformed to the material domain using Nanson’s

relation, which relates infinitesimal areas in the spatial domain to their counterparts in
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the material domain. Thus, the force over the reference surface, 0P, is
/ JoF " TNdA. (2.54)
oP
One defines the first Piola-Kirchhoff stress as
P:=JoF 7', (2.55)
so that the contact force may be represented in the spatial and material domains as such:

/ onda = PNdA. (2.56)
OPt oP

The first Piola-Kirchhoff stress is measured per unit area in the material domain, and it

is generally not symmetric.

2.4 Thermodynamics

While existing dislocation density-based constitutive models may be able to superficially
match some experimental results, extreme deformation and deformation at elevated tem-
peratures, as experienced in many forming operations, require careful treatment of ther-
modynamic effects. Although this work does not consider a thermally-linked problem,
the need for thermodynamic consistency is evident. This requirement places some re-
strictions on the model. This restriction is imposed via the Coleman-Noll procedure [2]
in Chapter 5, which requires some knowledge of fundamental thermodynamics concepts.
The essential concepts are briefly explained in this section.

A body is constrained by two thermodynamic laws, namely
i) the balance of energy,
ii) and the imbalance of entropy.

These laws are briefly described in Appendix A along with the concept of Helmholtz
free energy. In this section, only the most relevant concepts are introduced, namely
the reduced dissipation inequality and work conjugacy. A more detailed discussion on

thermodynamics can be found in [29]-[31].

Reduced Dissipation Inequality

A portion of the power expended on a region is dissipated — that is, the internal power

is not entirely converted into changes in kinetic energy or free energy. Therefore, for
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isothermal problems the dissipation inequality is denoted
D(By) =ty — pm¥ = 0 : D — p,, U >0, (2.57)

where
(i) D(B:) represents the dissipation by unit volume in the spatial region B;,
(ii) e is the specific internal work per spatial unit volume,
(iii) py, is the specific mass density, and
(iv) W is the Helmholtz free energy.

Equation (2.57) is the local form of the Clausius-Duhem inequality. Where it is not
appropriate to assume that temperature field 9 (x, t) is constant, the local energy balance
given by

Pmling = o : D — div(q) +r, (2.58)

and local entropy imbalance given by Equation (A.19) combine to yield the spatial local

free-energy imbalance,

Pm [\if + 7779] —o:D+ %q - grad (9) < 0. (2.59)

The corresponding dissipation inequality is

: a1
D(B;):=0:D — pp, [\I/ + 7719] — g grad (¥) > 0 (2.60)

The local free-energy imbalance can be expressed referentially, noting that the material

domain and density are independent of time, and that

Qr = JF g, (2.61)
D(B) = JD(B,), (2.62)
U = pp¥ = Uy, — ON. (2.63)

Thus, the reduced dissipation inequality is expressed for material domain as such:
. .1
DB)=S:E—-V—-NO - @QR - Grad (©) > 0. (2.64)

Equations (2.60) and (2.64) may be further reduced for mechanical theories where thermal

influences are considered negligible:

DB,) =0:D -V >0 (2.65)
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DB):=S:E—-¥>0. (2.66)

In the material expression for the reduced dissipation inequality, an alternative stress
quantity, the second Piola-Kirchhoff stress S, is used. The use of this quantity is moti-
vated by an explanation of work conjugacy in the following section, Section 2.4.1, and

the stress quantity is derived in the section thereafter, Section 2.5.2.

2.4.1 Work Conjugacy

If the product of a stress and strain rate measure is used to define the internal power
expended per unit volume, the stress and strain rate pairing is known as a work-conjugate
pair [29]-[31]. In the local energy balance in Equation (2.58), the internal power per unit

spatial volume is given by the work-conjugate pair
o:D. (2.67)

Here, the Cauchy stress, o, is the stress quantity that is work-conjugate to the rate of
deformation tensor, D. Alternative measures of stress power may be used to capture
the internal power under isothermal conditions in a material region, which is seen by the
work-conjugate pair

S:E (2.68)

in the material expression for the reduced dissipation inequality in Equation (2.64). The
work-conjugate pairing of stress and strain measures motivates the definition of alterna-

tive measures of stress, which are introduced in the following section.

2.5 Alternative Stress Quantities

In this section, the concept of work conjugacy (Section 2.4.1) is used to motivate for the

definition of two useful stress quantities.

2.5.1 The Kirchhoff Stress

The Kirchhoff stress tensor provides an alternative spatial stress tensor that scales the

Cauchy stress by the volumetric Jacobian,
T:=Jo. (2.69)

This stress tensor is useful because it is work-conjugate to the rate of deformation tensor,
D.
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2.5.2 The Second Piola-Kirchhoff Stress

The second Piola-Kirchhoff stress is defined so that the energy imbalance introduced in
Appendix Section A.2 may be expressed materially. Consider the work-conjugate pairing
7 : D. Using the definition of the rate of the Green-Lagrange strain in Equation (2.47),

the internal power may be expressed as
T:D=[F'vF | E. (2.70)

Therefore, it is convenient to define the stress quantity that is conjugate to the rate of

the Green-Lagrange strain to be
S:=F'7F 7T, (2.71)

which is known as the second Piola-Kirchhoff stress. The specific internal work expended

upon a material region Uy, may be given by

Unt = %S . C=S:E, (2.72)

where the second Piola-Kirchhoff stress is work-conjugate to the strain rate, E. Using
Equations (2.55) and (2.69), the second Piola-Kirchhoff stress may be related to the

Cauchy stress via the Piola transformation [33]:

S=JF'oFT=F'P=5" (2.73)

2.6 Summary of Key Equations

The key equations presented in this chapter are summarised in what follows.

Kinematics

Motion

Motion: r=0(X,t)=X+u(X,t) (2.74)

Deformation

Deformation gradient: _ 9 (2.75)
g : = 9x .

Right Cauchy-Green tensor: C=F'F (2.76)
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Left Cauchy-Green tensor: B =FF" (2.77)
1

Green-Lagrange strain: E = 5 [C — 1] (2.78)
d

Jacobian: J = % = det (F) = \/det (C) = y/det (B) (2.79)

Rate Quantities

Spatial velocity: u(x,t) = o (2.80)
' t) 0X .

Velocity gradient: L= %%—w — FF! (2.81)
1

Rate of deformation: D = 3 [L+L"] (2.82)

Rate of strain: E=F'DF (2.83)
1

in: =-[L-L" 2.84

Spin 5 [ ] (2.84)

Stress Quantities

Traction: t=on (2.85)

1 1 1

Cauchy stress: o= = jFSFT = jPFT (2.86)

Kirchhoff stress: T=Jo = FSF” =PFT (2.87)

First Piola-Kirchhoff stress: P=JoF T =7F 7 =FS (2.88)

Second Piola-Kirchhoff stress: S =JF 'eF T =F'tF T =F'P (289

Thermodynamics

Work conjugacy: r:D=S:E (2.90)

Reduced dissipation inequality: D(B)=S:E—-U>0



Chapter 3

Review of Work Hardening Phenomena
in Face-Centred Cubic Metals

Work hardening, often called strain hardening, is broadly used to refer to an increase
in plastic flow stress as a result of plastic deformation. Manufacturing processes that
result in an increased resistance to plastic deformation, like cold-rolling, drawing, or
shot-peening, may be modelled using work hardening theories. The development of a
unified theory of work hardening behaviour has been a prominent goal of the material
science community for several decades, with many of its members lamenting the problem’s
difficulty with Cottrell’s ubiquitous quote “it was the first problem to be attempted by
dislocation theory and may be the last to be solved.” [15] An elementary understanding
of some dislocation theory concepts and work hardening theories is necessary to under-
stand the mechanisms that describe dislocation density evolution which are referenced in
the discussion of the Kocks-Mecking and Hariharan-Barlat dislocation density evolution
equations in Chapter 4. In the interest of brevity, only the essential terms referenced
later on in this work are presented in this chapter, and a more thorough introduction to
dislocation and work hardening theory is provided by [15], [34], [35].

This chapter begins with an introduction to selected dislocation theory concepts in
Section 3.1, which is followed by a brief introduction to relevant work hardening phenom-

ena in Section 3.2. A summary in Section 3.3 concludes the chapter.

3.1 Dislocation Theory Preliminaries

In this section, three fundamental concepts are explained briefly to provide a background
to the work hardening theories that follow in Section 3.2: dislocation motion (Section
3.1.1), thermal activation (Section 3.1.2), and flow stress as it relates to dislocation density
(Section 3.1.3). These concepts are explained in more detail in [15], [34], [35]. A unit cell

of a face-centred cubic (FCC) crystal structure is shown in Figure 3.1. This is one of the

19
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Figure 3.1: A unit cell of face-centred cubic crystalline structure is highlighted to illustrate the position
of the constituent atoms. There are constituent atoms on each vertex of the cell and in the centre of
each face of the cell. [34]

T T T
—> —> —>
Slip plane L 1
+— +— +—
T T T

Edge dislocation: L

Shear stress: 7

Figure 3.2: A one-dimensional defect, indicated by 1, moves through a crystal lattice along a slip plane.

simplest crystalline structures, and it forms the underlying structure of many commonly-
used metals and their alloys, such as aluminium, copper, and nickel. Only FCC crystalline
solids are considered in this dissertation. Although many of the dislocation motions and
interactions described in the sections that follow are analogous to dislocation behaviours
in other crystalline structures, most other structures are more complex and therefore

demonstrate additional complex dislocation behaviours and properties [34], [35].

3.1.1 Dislocation Motion

Dislocation motion as it pertains to plastic deformation is explained in this section fol-
lowing a brief and elementary description of a dislocation. A comprehensive explanation
is found in [34], [35].
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The Dislocation

A dislocation is a one-dimensional defect in a crystal structure that causes a mismatch
between the number and spacing of atoms in adjacent planes. In Figure 3.2, the planes
above the slip plane are gliding to the right as a result of a shear stress 7, and the
planes below the slip plane are gliding in the opposite direction as a result of an equal
and opposite shear stress. At the slip plane, a dislocation that is indicated by _L results
in a mismatch in the number of atoms on either side of the slip plane. This results in
distortion in the lattice, which induces stress in the lattice. A dislocation is described by
a Burgers vector that represents the magnitude and direction of the defect in the crystal
lattice. The Burgers vector is used to classify dislocations into edge or screw dislocations

according to the angle of the dislocation line relative to its Burgers vector.

Slip

Of the several mechanisms which effect plastic deformation, slip is the most evident [35].
Slip is observed as dislocation motion in the direction parallel to the dislocation’s Burgers
vector and within the plane that contains its line. Plastic deformation by dislocation glide
is initiated when the resolved shear stress' in the most favourable slip direction on the
most favourable slip plane? is greater than the slip, or glide, resistance [35]. Dislocation
on the secondary slip planes that are unable to travel are termed immobile dislocations
or forest dislocations, and the work hardening induced by forest dislocations is termed
latent hardening.

The magnitude of the applied stress at which plastic flow initiates is known as the
yield stress. To maintain plastic flow, dislocations are required to overcome artefacts that
impede dislocation motion, which are known as glide obstacles. The average distance that
a dislocation travels before its motion is impeded by a glide obstacle is known as the mean
free path.

There are several other types of dislocation motions that are detailed in [34], [35].

3.1.2 Thermal Activation

To maintain plastic flow, dislocations are required to overcome glide obstacles, and the
manner in which they are overcome depends on the amount of free energy available in
the crystal lattice. The formation of a dislocation requires some amount of free energy
proportional to the unit length of the dislocation line, and therefore the free energy
of the entire crystal structure is related to the number, distribution, and shape of the

dislocations within its lattices. Consequently, dislocation motion and the forces that

!The component of shear stress acting along the slip direction on the slip plane with normal to the
slip direction.
2For an explanation of slip systems, see [35] pp. 6-20
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impede dislocation motion result in changes in the free energy of the system. When the
energy stored in the crystal is such that the thermal vibration of atoms alone cannot
provide the energy required to overcome a glide obstacle, an external stress is required
to overcome the glide obstacle via mechanical work. The resulting motion effected by
the external stress is known as athermally activated dislocation motion. However, if the
energy required to surmount the obstacle is only slightly greater than that provided by
external stress, the energy shortfall can be provided by thermal vibration, resulting in a
motion that is thermally activated.

Thermal activation is a statistical phenomenon that is affected by several factors
that are well explained in [35]. Given that thermal activation affects dislocation motion,
and thus the rate of plastic strain, it is possible to derive a probabilistic relationship
between the plastic strain rate, the free energy required to overcome the obstacle AG,
and the absolute temperature, T'. Assuming that the probability of surmounting AG can
be described by the Boltzmann distribution, the plastic strain rate caused by thermally

activated dislocation motion can be given by

—AG
g, = Erex , 3.1
o= ge0 (o7) (3.)
where kp is Boltzmann’s constant and €; is a material-specific constant.

3.1.3 Flow Stress Related to Dislocation Density

It is proposed in the Taylor model [5] that a dislocation’s movement is arrested after
travelling some average distance L and the average dislocation density reaches p. The

flow stress required to continue dislocation movement is given by

71 = apiby/p, (3.2)

where g is the shear modulus, b is the magnitude of the Burgers vector, and p is the
dislocation density. The parameter « is related to thermal activation. This equation is
scaled by the Taylor factor, M, to describe a polycrystal. Taylor’s equation (3.2) provides
an average interaction strength between dislocations in a fairly simple form; this form

does not take into account the arrangement of dislocations.

3.2 Work Hardening Phenomena

A plethora of work hardening theories [4], [36], [37] have been developed since Taylor
proposed his model [5] in 1934, and it has been widely accepted since the 1950’s that the

rate of hardening is governed by two separate phenomena: an athermal hardening rate,
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and dynamic recovery that is a temperature- and strain-rate-dependent decrease in the
hardening rate [15]. Work hardening has been discussed in terms of four stages [38], [39]

that are characterised by the dominant mechanism observed during working hardening.

dry [ 11
de

III

I_} Y

Tf
Figure 3.3: Four stages are evident when the hardening rate, which is calculated as a change in flow
stress over change in strain, is examined against flow stress. Stage I and Stage II are classified by their
near-constant linear hardening rates, Stage III is delineated by a linearly decreasing hardening rate, and
Stage IV is marked by a nonlinear transition to near-constant hardening. [39]

Rollett et al. [39] delineate the work hardening stages with reference to the rate of
hardening in a diagram like that shown in Figure 3.3. Although work hardening stages
are not characterised solely by the hardening rate, diagrams like Figure 3.3 provide a
means of identifying the stages present without the need to observe the microstructural
phenomena throughout loading.

This work is centred around aluminium alloys in the finite strain regime, and so
this section will discuss only the work hardening stages relevant to the work hardening
behaviour expected from aluminium alloys. Aluminium has a very high stacking-fault
energy® when compared to most FCC materials [13], which results in Stage III being the
dominating stage due to its sensitivity to stacking-fault energy [39]-[41]. As Stage III
limits Stage I and II to the extent that these stages are nearly unobservable, a review of
these two stages is left to the appendices. A more comprehensive description of all four

stages of work hardening can be found in [35], [39].

3.2.1 Stage III

Stage III is associated with a decreasing work hardening rate, termed dynamic recovery.
Dynamic recovery should not be confused with static recovery; static recovery is driven by
time-dependent kinetics and thermal activation and, as such, does not require external
loading [42]. Dynamic recovery is only weakly time-dependent, and it is significantly
dependent on temperature, the rate of deformation, and material characteristics. It is

supposed that these dependencies are due to a dependence on stacking-fault energy [40],

3For an explanation of stacking-fault energy, see [34] pp. 10-11 and [35] pp. 30
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[41]. While both forms of recovery lead to a decrease in the rate of work hardening,
Kocks et al.[15] note that, despite difficulty in distinguishing time-dependent recovery
from dynamic recovery from steady-state analysis, experimental observations demonstrate
that straining a material at room temperature results in significantly more softening than
in an identical material left to statically recover at the same temperature.

The breakdown of the principle of similitude*, which forms a part of the forest [43],
[44] and mesh [36], [45] theories®, has been used to characterise the transition from Stage
IT to Stage I1I. Mecking and Kocks [18] depart from the study of dislocation arrangements
and propose a theory based on mechanical tests to characterise Stage I1I. Athough the
theory matches experimental data well in Stage III and IV, it is limited to the stages
after Stage II.

3.2.2 Stage IV

Stage IV is characterised by finite strain, at which point the stress-strain curve illustrates
a low hardening rate that tends to an asymptote in similar fashion to stage II for low
strains [15]. Following Gil Sevillano’s [46] work on finite strain in polycrystals in 1981,
several theories [47|-[53] were proposed in an attempt to explain the microstructural

mechanism behind finite strain.

3.3 Summary

In this chapter, several dislocation theory terms are defined, and the relevant stages of
work hardening are briefly introduced. Dislocations are defined as one-dimensional line
defects that can travel across a crystalline solid, and their motion leads to plastic strain.
The rate of plastic strain can partially be determined by the probability of dislocations
surmounting obstacles in their path through thermal activation. The flow stress required
to continue dislocation movement is determined by Taylor’s equation (3.2). Work hard-
ening occurs at different rates over the course of loading, and these differing rates are
described by stages. The third and fourth stage, dynamic recovery and finite strain,
respectively, are of most relevance to this work. Dynamic recovery is significantly de-
pendent on temperature, the rate of deformation, and material characteristics, while a
comprehensive description of the finite-strain work hardening stage has not yet been

agreed upon in the literature.

4See Appendix B.1
5See Appendix B.2



Chapter 4

Review of Selected Dislocation Density

Evolution Equations

The descriptions of relevant work hardening phenomena outlined in Chapter 3 provide
several requirements for a mechanistic model developed for the purpose of capturing dy-
namic recovery and finite strain behaviour in FCC metals. Although several mechanistic
models that capture temperature-, strain-rate-, and material-dependence have been de-
veloped [6]-[13], the Kocks-Mecking model provides a simple constitutive equation for
the evolution of the average dislocation density that captures the aforementioned depen-
dencies.

A review of the uses of and adaptations to the Kocks-Mecking model is presented
in this chapter. The foundation of the Kocks-Mecking model is presented in Section
4.1, followed by an examination of the model’s extension to the finite strain regime in
Section 4.3, and the equation’s shortcomings are addressed in Section 4.4. The chapter

is concluded with a summary in Section 4.5.

4.1 The Kocks-Mecking Model

The Kocks-Mecking model [15] is based on the observation that, when furnished with the
average dislocation density, p, the Taylor equation (3.2) holds for FCC metals in most
cases. It is supposed that the storage of forest dislocations is the dominant mechanism
driving strain hardening, which results in isotropic hardening behaviour. The evolution
of the density of forest dislocations is cast as two simultaneous, competing processes of

dislocation storage and annihilation, which is given with respect to plastic strain by

dp _dp* dp-

= — 4.1
de, deg, dg, (4.1)

25
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where the first term pertains to dislocation storage, and the second term to dislocation
annihilation. A summary of the parameters that follow in this section and their signifi-
cance is provided in Table 4.1. Kocks and Mecking [15] present the dislocation density

evolution in the form

dp 1
L Mm|=—k 42
de, {bL 2"} ’ (4.2)

where M is the Taylor factor, b is the magnitude of the Burgers vector, and L is the mean
free path. L is assumed to be inversely proportional to /p, and therefore the model can

also be expressed as

dp

L= M/~ g, (4.3)

where £ is a dislocation storage coefficient and k5 is a dislocation annihilation coefficient.
The determination of the k; and ky parameters is well-documented in [15]. Briefly, the
storage coefficient can be formulated in terms of the ratio of the shear modulus at the
current temperature to the shear modulus at 0 K, an activation constant, and the magni-
tude of the Burgers vector. The dislocation annihilation coefficient can be formulated by
a more complex relationship between the aforementioned shear moduli, material parame-
ters, and the probability of thermal activation, which is related to the plastic strain rate.
ko is typically defined using a simplified relationship that provides an empirical relation
between dynamic recovery, temperature, and strain rate through the equation

Ep

kQ = kZo |:_
€p0

kgT

L (4.4)

—1/n
] , Wwhere n =
Here, ko, is a constant, T is the temperature in Kelvin, kg is the Boltzmann constant,
and A is a material-specific constant related to relative stacking fault energy [15|. This
formulation has been used successfully at small strains under the assumption that €,, €0,

and n are constant at a fixed strain rate and temperature [23|, [27], [53], [54].



4.2. Application of the Kocks-Mecking Model 27

Table 4.1: Parameters and their significance in Equations (4.1)-(4.4)

i The shear modulus.

140 The shear modulus at 0 K.

o

The thermal activation constant from the Taylor equation (3.2).

M The Taylor factor.

b The Burgers vector.

kg The Boltzmann constant.

T The absolute temperature.

A A material-specific constant related to relative stacking fault energy.
€p0 A constant reference plastic strain rate ~ 107s™! for FCC crystals.
k1 A material parameter related to dislocation storage.

ko, ko, A material parameters related to dislocation annihilation.

4.2 Application of the Kocks-Mecking Model

The Kocks-Mecking model is employed in several works [54]-[57] in which it is approx-
imated that the magnitude of the rate of plastic deformation, ¢,, remains constant and
equivalent to the total strain rate throughout loading, and, therefore, that k5 is constant
in the power-law formulation (4.4).

Using the Taylor equation (3.2) scaled by M for a polycrystal for 7¢, the strain hard-
ening rate, ©, predicted by the Kocks-Mecking model is computed from

8Tf an 8p
=L S 4.
© Je,  Op Ogp (4:5)
= 60 — B(]Tf, (46)

where 60y = aubM?k,/2 and By = Mky/2. The Kocks-Mecking model thus yields a
linear relationship between stress and the strain hardening rate. This model shows good

agreement with experimental data at small strains [15], [22], [23], [54].

4.3 The Hariharan-Barlat Model

It is determined in Section 4.2 that the Kocks-Mecking dislocation density evolution
equation assumes a linear relationship between stress and the strain hardening rate. This

is contrary to hardening behaviour in the finite strain regime observed in experimental
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data [19], [27], [58]. In an effort to capture nonlinear strain hardening at finite strains,
Barlat et al.[28] introduced a second state variable, F'. F' is defined as a function of the

mean free path, L,

. 1 B )\1€p
F=r=F+l[F, Fs]exp< 7 ) (4.7)

where F}, and F are the initial and saturated values of F', respectively, and \; is a
material parameter that controls the saturation rate. Hariharan et al. [27] modified this
approach by reducing the model back down to a single state variable through formulating
F in terms of dislocation density. Based on the assumption that ,/p may be used as a

characteristic length parameter, F' may be expressed as

F= k[l —exp(—0yp), (4.8)

where k£ and ¢ are material parameters. The modified Kocks-Mecking dislocation density

evolution equation for finite strain can thus be formulated as

C%p =M [k [1 —exp (—¥y/p)] — kzp] (4.9)

from which the strain hardening rate is given by

ory Ot Op
—_J _Z 7 7F 4.1
de,  Op Ogy (4.10)
2
= Mk {1 — exp (_wT_f)l _ Mbkary (4.11)
27 Yo 2

where 79 = Mapub. This modification to the Kocks-Mecking equation successfully cap-

tures the nonlinearity observed at finite strains [27].

4.4 Limitations of the Kocks-Mecking and Hariharan-
Barlat Models

Both the Kocks-Mecking and Hariharan-Barlat dislocation density evolution equations
have been developed from monotonic uniaxial loading data; therefore, neither equation
is explicitly formulated to capture dislocation density evolution in cyclical or multiaxial
loading cases. Moreover, neither equation makes explicit provision for other microstruc-
tural features, such as precipitates. This section briefly details two of the most prominent
shortcomings of these dislocation density evolution equations, namely the omission of pre-

cipitation hardening in Section 4.4.1, and the Bauschinger effect in Section 4.4.2.
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4.4.1 Precipitation Hardening

Precipitation hardening increases the yield strength of a material by including precipitates
in the microstructure of the material that hinder dislocation motion. The Kocks-Mecking
dislocation density evolution equation has been extended in several works [24], [26], [58],
[59] to reflect the presence of precipitates by accounting for the storage of Orowan loops
around these obstacles. Generally, this is achieved in one of two fashions. In the simplest
fashion, a new term that is inversely proportional to the particle spacing in the glide
plane, [, is introduced, resulting in

d
= L {kl\/_ 4= ka] , (4.12)
Ep

where [ is dependent on the precipitate size and volume fraction [59], [60]. In a more
complex fashion, the formulation of ks may be extended to include the effect of precipitate
size and volume fraction on the dynamic recovery rate, resulting in the formulation like
that posited by [24]

= (22 12— (2] as

where the ko -term is associated with annihilation process that concerns only two disloca-
tions, the kb-term is associated with the annihilation processes that concern dislocation
pairs and a dislocation loop stored around non-shearable precipitates, and ¢ is an ef-
ficiency factor for loop storage [24], [58]. These modifications to the Kocks-Mecking
model address strain hardening under monotonic loading, and do not consider the effect

of precipitates in reversed loading.

4.4.2 The Bauschinger Effect

The effect of precipitates on work hardening behaviour is notable during reversed load-
ing. During monotonic loading, the work hardening rate is affected by stress contribu-
tions from precipitates, solutes, and the forest dislocation density; however, upon revers-
ing the loading path, only precipitates contribute to the work hardening rate [22|. The
Bauschinger effect describes the decreasing yield stress in one direction as a result of prior
plastic deformation in the opposite direction, and it is addressed in a continuum mechan-
ics framework by a phenomenological kinematic hardening rule in a tensorial framework
capable of capturing multiaxial hardening. Mechanistically-motivated kinematic harden-
ing rules posed in a metallurgical framework, however, are generally limited to a scalar
formulation [22], [25]. While these microstructurally-based rules provide more insight
into microstructural phenomena, they are not suitable for multiaxial loading cases with-

out some adjustment. Bouaziz et al. [61] bridge the gap between microstructural and
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continuum mechanics approaches through the combination of a scalar stress that describes

isotropic hardening, and a tensorial stress that accounts for kinematic hardening.

4.5 Summary

The Kocks-Mecking model for the evolution of average dislocation density has been used
successfully to model dynamic recovery at small strains [15], and it has been extended
to account for nonlinear work hardening rates in the finite strain regime by Hariharan
and Barlat [27]. Typically, the plastic strain rate is approximated as constant throughout
loading, and, therefore, the dislocation annihilation parameter in both equations, ks, may
be treated as a constant value. Neither the Kocks-Mecking nor Hariharan-Barlat model

captures the effect of precipitate-induced hardening or the Bauschinger effect.



Chapter 5
Relevant Constitutive Frameworks

The fundamental principles of continuum thermomechanics alone do not provide a suf-
ficient set of equations to describe the behaviour of a body. The behaviour of a body
is dictated by both the laws of thermodynamics and the material of which the body is
composed; therefore, an additional constitutive law is required to create well-posed prob-
lems. Broadly, a constitutive equation maps the values of one or more other fields, ¢,, to
a field variable, ®,

(X, t) =D, (X,1), X). (5.1)

The hat notation denotes ® as a constitutive response function that maps the fields (,

to the field variable ®. This is succinctly represented henceforth as
= (¢), (5.2)

which is not intended to imply an independence from position.

In this chapter, the elastoplasticity constitutive framework upon which this work is
built is introduced. The hyperelasticity model that governs elastic behaviour is presented
at the beginning of the chapter, followed by an overview of an isothermal, finite-strain

elastoplasticity constitutive model.

5.1 Neo-Hookean Hyperelasticity

An isotropic, compressible Neo-Hookean model [62] is used to describe elastic behaviour in
this work. For simplicity, the hyperelastic constitutive equations introduced in this section
are formulated as though only elastic strain occurs, which implies that the kinematic
quantities used in this section correspond to purely elastic deformation. In Section 5.2,
the decomposition of kinematic quantities into elastic and plastic parts is introduced in
the context of an elastoplasticity constitutive model; in an elastoplastic framework, only

the elastic parts apply to hyperelastic constitutive equations.

31
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Briefly, hyperelastic constitutive laws [33]:

(i) define strain energy W entirely in terms of the right Cauchy-Green tensor C, a
frame-indifferent quantity [30], [32], [63],

U =J(0), (5.3)

(ii) do not depend upon the state of all points in the domain, and thus describe only

local action,

(iii) consider only the current state of a particle, and are independent of the loading

history,

(iv) and only describe material behaviour in which there is no dissipation, such that

O:D(P):S:E—QZ{S—%]:E. (5.4)

Thus, according to the Coleman-Noll procedure [2]|, the second Piola-Kirchhoff

stress must be equal to the derivative of the strain energy function,

o (C)

S =2— "= S(C), (5.5)

to ensure thermodynamic admissibility. This will be discussed in more detail in
Section 5.2.4.

A Neo-Hookean material may be described by the strain energy function

A

U (L, I3) = %JL[Q/L [ =3 —In(l3)]+AL[ls —1—In(l3)]|, (5.6)

where Ay and p are the Lamé constants, and I; and I3 are the first and third invariants
of the left Cauchy-Green tensor B or the right Cauchy-Green tensor C' [62] .

5.1.1 The Second Piola-Kirchhoff Stress

A hyperelastic strain energy function may be postulated in terms of the isotropic invari-
ants of C' [33|, where

L=t(C), L=:|tr(C)}—tr (C?)}, Iy = det (C) = J. (5.7)

N | —
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This allows the second Piola-Kirchhoff stress to be expressed in terms of the isotropic

invariants of C' as follows

ov o1,
- 22 a1, 0C" (5-:8)
where ol ol o1
1 Y2 _ Y3 _ 1201
e =T SE=20, St pCt (5.9)

Thus, the second Piola-Kirchhoff stress for the Neo-Hookean model in Equation (5.6) is
given by

S = ul + Adet (C) — [\ + 24 ] c. (5.10)

5.1.2 The Kirchhoff Stress

The Kirchhoff stress is given by

T—FSFT—Z— —22 (5.11)
where oI
A, =FF" 5.12
5C (5.12)
and
A =B, A,=2B? A;=det(B)I, (5.13)
which yields
T=uB+ = [)\ng (B) — [A\p +2u]] I (5.14)

for the Neo-Hookean model in Equation (5.6). The isochoric part of Kirchhoff stress is

T=T-— %I tr (7). (5.15)

5.2 Isothermal Finite-Strain Elastoplasticity

In this section, the continuum mechanics framework for isothermal, finite-strain elasto-
plasticity is presented. This explanation is brief, and draws from more thorough expla-
nations in [29], [30], [32].
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5.2.1 Kinematics

It is supposed that the distortion experienced by a crystal lattice can be decomposed
into elastic and plastic parts [29]. In finite-strain plasticity theory, this decomposition is
reflected as a multiplicative split of the deformation gradient, known as the Lee decom-
position [1]:

F = F.F,. (5.16)

Here, e, denotes the plastic part and e. denotes the elastic part. Plastic distortion is
understood to be local deformation due to the movement of dislocations [34], [35], which

is discussed in Chapter 3; this flow is assumed to be isochoric, and therefore
J, :=det (F,) = 1. (5.17)

The elastic and plastic components of the standard kinematic quantities are defined as
follows:

the right Cauchy-Green tensor,
C:=F'F, C.:=F!F,, C,=FF, (5.18)

the Green-Lagrange strain,

1 1 1
E:§[C—I], Ee Z:—[Ce—I], Ep:zﬁ[cp_l—]y (519)

and consequently the Green-Lagrange strain rate,

. 1r. . . 1. . . 1r. .
E:= [FTF + FTF} , Boi=3 [FTF + FTF] CByi=3 [Fng +F'E|. (5.20)

The velocity gradient
L := grad (qS) — FF! (5.21)

is related to elastic and plastic deformation by the Lee decomposition

L= [Fer + Fer] [F'F, (5.22)

—FF'{F [Fpr—l] F. (5.23)
and is thus similarly decomposed into elastic and plastic distortion-rate tensors

L. =F.F (5.24)
and
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L,=E,F,". (5.25)

From Equations (5.23) and (5.24), one arrives at the following decomposition for the

velocity gradient:
L=L.+F.L,F, " (5.26)

The rate of the plastic deformation gradient, also know as the plastic evolution,
F,=L,F, (5.27)
is governed by a constitutive equation for the plastic velocity gradient,
L,=1L, (F F.F,€,.. ) , (5.28)

where & represents one or more internal variables. The rate of deformation tensor is
defined to be
D :=sym(L)=F TEF, (5.29)

and the rate of elastic and plastic deformations are defined as

D, := sym(L.) = F."E.F! (5.30)
and

D, = sym(L,) = Fp_TEpr_l, (5.31)

accordingly. As it is assumed that plastic deformation is isochoric, the plastic velocity

gradient and hence the rate of plastic deformation are deviatoric; that is

tr (L,) =0, (5.32)
and

tr (D,) = 0. (5.33)
It is further assumed that plastic spin vanishes,
W, := skw (L,) =0, (5.34)
and this assumption of plastic irrotationality results in
= L,. (5.35)
Equations (5.19) and (5.30) are used to derive a more useful expression of the strain rate:

E—F'D.F + sym (CF,'F,). (5.36)
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5.2.2 The Elastic Second Piola-Kirchhoff Stress

Consider the elastic stress power, following from Section 2.4.1:
7:D.,=71:L,. (5.37)

It is convenient to express the elastic stress power in terms of the elastic strain rate,

which necessitates a stress quantity that is work-conjugate to E.,

r:L.=1:F.F (5.38)
—F'vF 7. F'F, (5.39)
=8S.: E.. (5.40)

Thus, the elastic second Piola-Kirchhoff stress is defined to be
S.:=F.'tF." = F,SF,. (5.41)

5.2.3 The Mandel Stress

Consider the reduced dissipation inequality in Equation (2.66) in Section 2.4 in terms of
the second Piola-Kirchhoff stress,

D=S:E—-¥>0. (5.42)

The reduced dissipation inequality is rearranged so as to be expressed in more convenient

terms by inserting the strain rate expression in Equation (5.36)

D5 [FTDEF + sym <CFp_1Fp>] _ 0, (5.43)
=7:D.+S:F'FF'F, -V, (5.44)
~S.:E.+F'rF".L,- V. (5.45)

Here, it is useful to define a new tensor,
M, = F'rF". (5.46)

which is known as the Mandel stress. Thus, the following form of the reduced dissipation
inequality results:
D=S.:E,+M,:D,— ¥ >0. (5.47)
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5.2.4 The Reduced Dissipation Inequality

For a general separable constitutive theory, the Helmholtz free energy is postulated as
a state function of the elastic Green-Lagrange strain [29], [64]. The time derivative of

Helmholtz free energy is computed via the chain rule:

A

T a\I](Ee) -
b= B (5.48)

By combining Equation (5.47) with Equation (5.48), the dissipation inequality (5.47) can

be rewritten R
B oV (E,)

D=
OE.

S, E.+M,:D,>0. (5.49)

For Equation (5.49) to hold for all mechanical processes, that is, for all values of E, and
its gradients, the cofactor of E, must be equal to zero, and the second term must be
non-negative. Since D, is deviatoric, M, : D, = M, : D, [29]. Therefore, according
to the Coleman-Noll procedure [2], to ensure that every constitutive process satisfies the

free-energy imbalance, the following conditions are necessary:

(i) The elastic second Piola-Kirchhoff stress is determined by the free energy through

the relation

oV (E,)
S, = , 5.50
JE. (5.50)
(ii) and the deviatoric Mandel stress satisfies the reduced dissipation inequality,
0< M, : D, (5.51)

5.2.5 The Principle of Maximum Plastic Dissipation

It is typically assumed that field variables evolve such that dissipation is maximised [29].
For dissipation to be maximised, the deviatoric Mandel stress must be in same direction

as the plastic rate of deformation, that is:

M, D
b (5.52)
M|l [|Dyll

Therefore, it is useful to define the tensor

P (5.53)
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so that D, may be written in terms of a scalar and a tensorial part:

D, = AN. (5.54)

5.2.6 Rate-Dependent Flow of an Isotropic Elastoplastic Mate-
rial
A complete description of rate-dependent, finite-strain elastoplastic flow of an isotropic

material requires several essential equations. The constitutive rule is given by the plastic

velocity gradient

L,(F,F, ¢) =A\N. (5.55)
Since
Me
R (5:50)
T =T
e N o

the direction of plastic flow is found from

T

N =F" WF;T, (5.58)
T
which motivates the definition of -
F

The rate of plastic deformation is described by the power-law rate-sensitivity function

where 1 and m are material parameters, 7, is the equivalent scalar stress computed from

3. _
Ty = \/;HTII, (5.61)

and the flow stress 7y is a function of the internal state variables that describe hardening,

&. The evolution of the internal state variables is described by a hardening rule,

E=E(F.F)¢). (5.62)
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Thus, with the selection of an appropriate hardening variable, a flow stress equation, and
a strain energy function from which 7 is derived, an initial value problem may be posed.
Typically, accumulated plastic strain is employed as a hardening variable, and, therefore,

will be used in the initial value problem that follows [29].

The Initial Value Problem

Using accumulated plastic strain as the internal state variable, £ = e,, and given a
defined loading path F'(t) at a material point, the finite-strain, elastoplastic initial value

problem is posed as follows:

Find the plastic deformation gradient, F),, and the accumulated plastic strain, e,,
defined on the domain ¢ = [ty, ¢1] such that the following equations are satisfied
F,=L,F, (5.63)
€y = A (5.64)
given
F, (to) = Fpo, 5.65
ep (to) = epo, (5.66)
where
L,= )N, (5.67)
] 1 1/m
A:_{fy ] (5.68)
n [75(ep)
N=F'TF", (5.69)
,f
[l
_ -1
F.=FF, ", (5.71)
3=
7y =/l (5.72)
and
_ 1
T=T— gItr (). (5.73)
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5.3 Summary of Key Equations

The key equations presented in this chapter are summarised in what follows.

Hyperelasticity
1
Elastic Kirchhoff stress: T=uB+ ) Apls (B) — [Ap+2u]] I (5.74)
1
Elastic second Piola-Kirchhoff stress: S_pl + 3 [Ardet (C) — [\ +2u]] C 1 (5.75)
Finite strain elastoplasticity
Kinematics:
Lee decomposition: F =F.F, (5.76)
Elastic right Cauchy-Green tensor: C.=F'F, (5.77)
Right Cauchy-Green tensor: C = F)C.F, (5.78)
Rate of deformation tensor: D = sym (L) = sym (FF_1> (5.79)
Elastic rate of deformation tensor: D, = sym(L.) = sym <F6Fe_1> (5.80)
Plastic rate of deformation tensor: D, = sym(L,) = sym (Fpr’l) (5.81)
Finite strain plasticity constitutive essentials:
Elastic strain energy: U =¥(C,) (5.82)
ov
Elastic second Piola-Kirchhoff stress: S, =2 5C (5.83)
Second Piola-Kirchhoff stress: S=F,'S.F" (5.84)
Kirchhoff stress: r=F,S.F’ (5.85)
Elastic Mandel stress: M,=FI'+F " (5.86)
Evolution of plastic gradient: F,=L,F, (5.87)
Plastic flow rule: L,=1L, (F F.F,€,.. ) (5.88)
Evolution of internal variables: £ = é (5.89)

Implication of the reduced dissipation inequality:

1o0] .
<D=|S. —=~——|: E. o :
0<D [se 28EJ E.+M.,: D, (5.90)
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Coleman-Noll procedure:

0<D=M.,:D, (5.91)
_ OU(E,)
S, = JE. (5.92)

That is, for a constitutive model to be thermodynamically admissible, the constitutive
Equations (5.88) and (5.89) must be chosen such that Equation (5.91) is satisfied for all

processes.



Chapter 6

Development and Implementation of a
Constitutive Model for Dislocation
Density-Based, Finite-Strain,
Rate-Dependent Elastoplasticity

The essential equations for isothermal, rate-dependent, finite-strain elastoplasticity are
presented in Chapter 5, following which an initial value problem is posed that makes use
of accumulated plastic strain as an internal state variable. In this work, accumulated
plastic strain is replaced by average dislocation density as the internal state variable
that governs the rate of work hardening. It has long been accepted that a relationship
exists between the flow stress required to continue plastic deformation and the average
dislocation density [5], [15]. It is, therefore, appropriate to cast average dislocation density
as the internal state variable that governs hardening.

In this chapter, a new initial value problem is formulated from the Kocks-Mecking
and Hariharan-Barlat dislocation density evolution models outlined in Chapter 4. This
chapter is presented in two parts: the first part concerns the development of the elasto-
plasticity model, and the second part concerns a preliminary investigation of its behaviour
in a simple numerical implementation. The new initial value problem upon which this
work is predicated is presented in Section 6.1, and the numerical implementation of the
constitutive model follows in Section 6.2 in which the behaviour of the constitutive model

is elucidated by examining a single material point undergoing deformation.

6.1 A Revised Initial Value Problem

Using average dislocation density as the internal state variable that describes hardening,

and given a defined deformation gradient progression F'(t) at a material point, the initial

42
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value problem is posed as follows:

Find the plastic deformation gradient, F,(¢), and the average dislocation density,

p(t), defined on the domain t = [t, ¢1] such that the following equations are satisfied

F,=L,F,, (6.1)
p:p?(Fvavp) (6.2)

where the dislocation density evolution equation, p, is given by either Equation

(4.3) or Equation (4.9), and given the initial conditions

F, (to) = F,o (6.3)
and  p(to) = po, (6.4)
where
L,= AN, (6.5)
1 1/m
-3[s%
n L7s(p)
N =F'TF ", (6.7)
7_-
T ==, (6.8)
17l
F.=FF, ", (6.9)
3,
7y =/ 57l (6.10)
and
_ 1
T:T—gItr(T). (6.11)

In this constitutive model, the flow stress is given by the Taylor equation presented in
Section 3.1.3,

Tr = Moauby/p. (6.12)
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6.2 Temporal Discretization

Consider the temporal discretization
0=t <t® <@ <@ <t (6.13)
where each time increment is defined by
At =t @), (6.14)

Throughout the remainder of this work, the value of a quantity at a given time step is
indicated by the quantity with the time step in parentheses as superscript: ™. The
parentheses indicate that this should not be mistaken as the quantity raised to the power
n. To solve the initial value problem posed in this chapter, an implicit-explicit approach
is taken, where some equations are solved explicitly and others, implicitly. Average dislo-
cation density and the magnitude of the rate of plastic deformation are solved implicitly;
that is, Equations (6.2) and (6.6) are satisfied at 1. However, the plastic direction
given by Equation (6.7) is satisfied at t™ and is, therefore, solved explicitly. This ap-
proach is outlined in Section 6.2.1, followed by the directional derivatives and partial
differential equations required for the use of the nonlinear solver described in Section
6.2.2.

6.2.1 Implicit-Explicit Approach

An implicit-explicit approach is used to account for the significant stiffness of the dislo-
cation density evolution equations compared to the plastic direction equation. A fully
explicit scheme would require excessively small time steps as a result of the stiff dislo-
cation density evolution equations, while a fully implicit scheme would require including
the plastic direction in the Newton-Raphson tangent, which would make each Newton-
Raphson iteration slower. Therefore, in this approach, only stiff equations are treated
implicitly and all others are treated explicitly.

To implement the implicit-explicit approach, Equations (6.1) to (6.11) must be tem-
porally discretised. The discretised form of the internal state variable is derived from a

first-order Taylor approximation,
pth) = pm 4 p'(n'H)At. (6.15)
The plastic velocity gradient is approximated as a constant over a time step using,

* n)\ (n+1
Ly = NWARD, (6.16)
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where a superscript asterix, o*, indicates that a value is approximated as being constant.

The rate of plastic deformation is determined implicitly,

n+1
L (m+1) L7y 1m0
Aoy — | 2 Ty , (6.17)
n L7y

and the plastic direction is determined explicitly,
N® = [FrTF "™, (6.18)

The plastic deformation is approximated via the substitution of Equation (6.16) into
Equation (6.1),

F,(t) = [L] ' Fy(t). (6.19)
where Fp is approximated using
" 1 n+1 n
F,~ o [FY - Y] (6.20)

Thus, an approximation of Fy"™ is obtained from Equations (6.19) and (6.20):

E™D = [T - AtL] ' F™. (6.21)

p p

6.2.2 Newton-Raphson Scheme

To avoid the conflation of steps in time and iterations of the Newton-Raphson scheme, an
iteration is indicated by superscript braces, o{"*1} while a time step remains indicated by
superscript parentheses, o1, The Newton-Raphson method is a root-finding algorithm
that iteratively approximates the root, a!®}, of a residual equation, r, from a prior

approximation, ™, by means of a linear approximation of the residual,
almth = ook (a{n})_l r(at™). (6.22)

The nonlinear Equations (6.15) and (6.17) are satisfied by finding the root of the

residual equations

. . 17,7
- ()\(n+1)’p(n+1)) — \o+D) _ © lA_y] (6.23)
mL7Tfl—¢msn)

and

r ()'\(n+1),p(n+1)> = [p®t) — pm] — Atp+D (6.24)
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at each time step. The residual equations are linearised and composed into a linear system

from which the increments to p™*? and A are computed for each time step

87"1 87"1 .
rl A gpen | | A (6.25)
87"2 87“2 ’
r9 Ap

ONm+D)  9pmtD)

To assemble the linear system in Equation (6.25), the following directional derivatives

are required:

Dry [A)\] = A (6.26)
or
Drl [Ap] = 8p(n‘1*1) ’ (627)
. Ory -
Dry [A)\] = A (6.28)
or

The partial differentiation of the first residual with respect to the rate of plastic strain is

given by

87"1 8 \(n 1|7 1/m
OABED)  gAmED) (A( it {_y] ’ (6:30)
T L7TF ] =+

which, by the chain rule, results in

or, oA 9 (177 on, oMY 0L (6.31)
oAt A+l dr, \ n | Ty QFE™ 0Ly T gAm+D)’ ’
[1—m]/m F(n+1)
—1- or, OF ° pnw (6.32)

mn%}/m 8Fp(n+1) - oLy

Equation (6.32) requires the derivative of the plastic deformation gradient with respect

to the plastic velocity gradient, which is approximated as

Sp = AT - AL o B0, (6.33)
p

The first residual must also be differentiated with respect to dislocation density:

o 9 (iwy L[]V
dpm+D) - dp+D) (A _5 %_f ) (6.34)
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1/m A[ 1-m]/m R
T 0
nm 8p(n+1)

where

07 Mayb
v A (6.36)
Opm+l) 24/ pt1)

The partial differentiation of the second residual proceeds in the same fashion: first with

respect to the rate of plastic strain,

ar2 a n n *(n
GAED PGB+ ( [P = p™] — Aty +1)>7 (6.37)
dpmth
= At (6.38)

and then with respect to dislocation density,

8T2 0 n-1 n “(n+1
G = g (P =] = A, (6.39)
6[5(n+1)
=1- Atap(nH) (6.40)

Recall that the dislocation density evolution, /5, is a function of dislocation density and
the magnitude of the rate of plastic deformation. Therefore, the following quantities
are required for Equations (6.38) and (6.40), where the particular dislocation density
evolution model from which the quantity is derived is denoted by KMM for the Kocks-
Mecking equation, or HBM for the Hariharan-Barlat equation:

KMM : 8’(.3(“1) = M Fery/ pot) — fypln ) ] (6.41)
O\@+1)
S(n+1) [k
KMM : (9p(n+1) = M | ——— — k| A, (6.42)
8p _2 p(n+1)
H(n+1)
HBM : 8{) - M| [1—exp( Y/ pth) )] + ko pn“] (6.43)
O\@+1)
oprrn ke (et ) T
HBM : =M — ko | AT (6.44)
ap(n+1) 2 (n+1

The directional derivatives necessary for the construction of the linear system given by
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Equation (6.25) are, therefore,

Dry [Ap] = :nimfg/mf}—l—wm%} Ap, (6.46)
Dry [AA] - :—Atgi Ez:] , (6.47)
D[] = |1 - At% Ap. (6.48)

Equation (6.45) requires the computation of the evolution of the equivalent scalar stress
with respect to plastic deformation, which is derived as follows:

Using the chain rule,

or, Oy |7l or
OF, N d|7|| or OF,

(6.49)

where T is the isochoric Kirchhoff stress. The first two terms are derived from Equations
(6.10) and (6.8), respectively,

Ty, \/§ T -1
—_— = —— P: Cer Fe © F 3 (650)
OF, 2|7 [ )

0
while the derivation of a—; is left to Appendix C.
p

6.3 Material Point-Level Implementation

The behaviour of the constitutive model is elucidated by examining a single material point
undergoing deformation. This is achieved by prescribing a loading path defined by the
deformation gradient and stress tensors for a material point. The method of prescribing
a loading path is outlined in Section 6.3.1, and the method is employed to create loading

cases in Section 6.3.2.
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6.3.1 Prescription of the Loading Path

In order to evaluate whether the proposed material models are formulated correctly,
a methodology to assess the behaviour at a single material point is implemented nu-
merically. This requires specifying idealised cases which may not be directly linked to
experimental data, but are still required to test certain aspects of the models. In this
material point-level implementation, the deformation gradient and stress tensors are used
to prescribe the loading path. In many cases, only some components of the deformation
gradient and stress tensors are known; typically, the unknown components of the de-
formation gradient correspond to the known components of the stress tensor. In these
cases, which are referred to as partially-defined henceforth, an iterative scheme is used
to determine the values for the unknown entries in the deformation gradient such that
the known values of stress are satisfied. The remaining cases are entirely defined, which

means that all components of the deformation gradient are prescribed.

6.3.2 Definition of Loading Cases

Consider the following loading cases:

Case 1: a loading case in which the deformation gradient is entirely defined and the Fi,

of the deformation gradient is increased linearly as a function of time,

Flq = diag [FH 1 1}, (6.51)

Case 2: a loading case in which the deformation gradient is entirely defined to prescribe
symmetric shear, that is where the components Fj5 = Fy = 7 are increased

linearly as a function of time,

0
Fend == 0 s (652)
1

S 2
S = 2

Case 3: a uniaxial loading case, in which one component of the deformation gradient, Fy,
is defined and increased linearly as a function of time, and the remaining unknown
principal stretches, \;, are solved such that the stress components corresponding

to the unknown principal stresses are zero,
Fl.. = diag [FM Ao Ag} . 1 =disg [TH 0 0} , (6.53)

where 7771 is unknown,
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Case 4: and a biaxial loading case, in which component F}; is increased linearly as a
function of time, F33 = 1, and the unknown principal stretch Ay is solved to

enforce a zero stress state on the corresponding axis in the stress matrix,
Foq = diag | Fip Ao F33] ; T = diag [7'11 0 7'33] ; (6.54)

where 711 and 733 are unknown.

These four cases have been selected to elucidate the behaviour of the model under multiax-
ial loading. The partially-defined Cases 3 and 4 are formulated specifically to replicate the
commonly-employed uniaxial tensile test and plane-strain compression test techniques,
respectively. Two algorithms are presented in this section to demonstrate the loading pro-
cedure for an entirely-defined case, such as in Cases 1 and 2, and for a partially-defined

case, such as in Cases 3 and 4.

An Entirely-Defined Loading Case

Consider the entirely-defined Case 1. All components of the deformation gradient are
defined at the start and end of the loading procedure, and the computation of the defor-
mation gradient at each time step is performed simply by incrementing the deformation
gradient. The loading procedure is outlined in Algorithm 1. Following the definition of
the loading case and the prescription of initial conditions, computation at each time step
commences. At each time step, the quantities computed in the previous time step pro-
vide the initial conditions, the deformation gradient is incremented, and the initial value
problem posed in Section 6.1 is solved to compute all the quantities for the current time
step. During the computation of all quantities using F®*Y  a Newton-Raphson scheme

is employed to compute A®1) and p®+b.
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Algorithm 1: Case 1 and Case 2: An Entirely-Defined Loading Case

T

/ Deﬁne Fstart7 Fend7 tstarta tend /

l

Compute AF, At, F

I

Assign all quantities

initial conditions

{ StOp }‘% t < tend

True

Update all quantities

Linearly increment F':
FOr) = FO 4 AtF

Compute all quantities
using F+1)

Compute F' toD = ) L A¢
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A Partially-Defined Loading Case

Consider the partially-defined Case 4. This case may be used to represent plane strain
compression. If plane strain compression is applied to an isotropic, transversely isotropic,
or orthotropic material such that the preferred directions align with the loading axes, the

resulting strain tensor takes the form
E — diag [EH Fa o] , (6.55)

and 759 = 0. This is implemented by prescribing two loading axes: one that drives the
principal stretch in the e;-direction, and one that constrains the principal stretch in the
es-direction. Therefore, principal stretches in the first and third directions are defined; A\,
is linearly incremented at each time step, while A3 = 1 to ensure that is no deformation
in the es-direction. \s is solved for to ensure that 799 = 0. Although the partially-defined
procedure detailed in Algorithm 2 requires the same inputs as the entirely-defined loading
procedure in Algorithm 1, an extra computation at each time step is required to enforce
the zero-stress state along the es-axis.

After the initial conditions are inputted and the defined principal stretches are incre-
mented, the principal stretch A\ is found using a root-finding algorithm that solves for

A2 such that the Kirchhoff stress in the corresponding direction is zero, i.e. 95 = 0.
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Algorithm 2: Case 4: A Partially-Defined Loading Case

S

/ Deﬁne E,tart = 17 Fend — dlag [Flla >\27 1]7 tstarta tend- /

l

Compute AF, At, F

I

Assign all quantities

initial conditions

{ Stop }& t < tena

True

Update all quantities

Linearly increment F':
Forl) — po) 4 AtF

Compute all quantities
using F+1)

Solve for the principal stretch
A9 such that 5y = 0.

Apply Ay to FOHD),

Compute all quantities
using F(+1)

Compute F tH) = ) L A




Chapter 7
Verification of the Numerical Solution

In this chapter, the quasi-analytical solutions for three loading cases, independent of
those considered in the preceding chapter, are derived. The quasi-analytical solution for
each case is derived by simplifying the set of differential equations required for a solu-
tion via analytical manipulation techniques, and then applying an appropriate numerical
method to solve the simplified set of differential equations. The mechanical behaviour of
an aluminium alloy [28| under each loading scenario is computed from both the quasi-
analytical solution method and the numerical solution method described in Chapter 6,
and the results are compared to verify that the finite-strain constitutive model has been
implemented in the numerical setting correctly.

The chapter begins with the derivation of the analytically simplified equations used
for the quasi-analytical solution procedure. The quasi-analytical solution for a uniaxial
loading case is presented in Section 7.1.1, the quasi-analytical solution for a symmetric
shear loading case is similarly presented in Section 7.1.2, and the solution for a planar
loading case follows in Section 7.1.3. A comparison of the quasi-analytical solutions to

the numerical solution is presented in Section 7.2, followed by a discussion in Section 7.3.

7.1 Quasi-Analytical Solutions

The quasi-analytical solutions for a uniaxial loading, a shear loading case, and a planar

loading case are derived in this section.

7.1.1 Case 1: Uniaxial Loading

A uniaxial linear ramp is prescribed by the deformation gradient

F — diag [FM 1 1] — F.F, (7.1)

o4
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where

Fll = 1 + [Fll, end — 1] Wlth t e [O, tend] . (72)

end
F' is decomposed into elastic and plastic components and F, is expressed in terms of F},

which yields

F1y 1 1
Fpll Fp22 Fp33 ’

F, = diag (7.3)

with
Fp = dlag [Fpn Fpgg Fp33] . (74)

This formulation results in three unknowns: Fji1, Fpa0, and Fpz3. Given that F. is

symmetric,
]
B, =C.=diag ||| Fp Fg 7.5
g len] p22 p33 (7.5)
By enforcing isochoric plastic flow, as discussed in Chapter 5, such that
Jp =1, (7.6)
and, since,
det (F') = det (F.) det (F,), (7.7)
the elastic Jacobian is expressed as
F1y
J,o=— =1, (7.8)
Ip
from which the third invariant of B, is thus
Iy =J? = F2. (7.9)

Using a Neo-Hookean formulation [62], the elastic Kirchhoff stress is determined by
1
T:/ABE+§[)\[3—>\—2/L] I, (710)
where the isochoric part is

=7—-Itr(7). (7.11)

S
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Since
3
tr (1) = ptr (B,) + 3 A3 — A —2pu], (7.12)
Equation (7.11) becomes
T=pu [Be——tr(Be)I] , (7.13)

and the Frobenius norm of 7T is given by

2

ol = o | (B2) - o (B2 an

The direction of plastic flow in the spatial domain is determined by

T 7 1
N T
and, as such,
1
N=F'TF " = ﬁ lce —gtr (C.) I] : (7.16)

The evolution of the plastic deformation gradient can now be computed from

F,=L,F,= \NF,, (7.17)
,u).\ 1
= |C.F,—-tr(C.)F,|, 7.18
7] { "3 t{C) pl (718)
where
: F121 -1 —1
Cer = d1ag a Fp22 Fp33 . (719)

Accordingly, the evolution of the variable F}; is

/i}\ I
=—-—— | =— —-tr(B.) Fp11| - 7.20
= [ 5B o 720

Rotational symmetry implies that Fj2 = Fj33 and, by enforcing isochoric plastic flow, a

relationship between the three diagonal plastic deformation components is found to be

Jp=1=Fp1F,, (7.21)
Fpoo = Fi33 = Fp_ﬁ/z- (7.22)
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As a result, only two degrees of freedom remain: F,;; and p. A system of two nonlinear
ordinary differential equations results from Equations (6.6), (7.20), and either the Kocks-
Mecking or Hariharan-Barlat dislocation density evolution equation.

The first differential equation describes the plastic deformation evolution,

. o [, 1™ [Fz
Fo1=—— A—y} L F? 5 7.23
P Bl [Tf Fu ™ (7:23)

and the second, the dislocation density evolution is either

1/m
K = o H /7 — k] (7.24a)
noLTy
or
M [r,1Y™
HBM: /= mn L—ﬂ [k [1 —exp (—+/p)] — kap] . (7.24Db)

7.1.2 Case 2: Symmetric Shear Loading

Symmetric shear loading is defined by the deformation gradient

1 Fiy O
F=|F 1 0], (7-25)
0 0 1
where
15 :
Fio = Fy = with t e [O, tend]- (726)
end

This definition of the deformation gradient is convenient as it contains shear compo-
nents which are useful for testing the numerical implementation and admits a tractable

analytical solution. F' yields the right Cauchy-Green tensor

1++% 2y 0 v 2 0
C=| 2y 1++* 0|=I+~v|2 v 0 (7.27)
0 0 1 0 00
Initially, it is assumed that F), will have the form
Fpll Fp12
Fy= |Fp2 Fou O (7.28)

0 0 Flu
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throughout loading. This results in three independent components: Fpi1, Fpi2, and Fjss
The determinant of the deformation gradient during loading results in the relation
det (F,) = 1= F3,Fyps3 — F5Fp3, (7.29)
-1
Fp3s = [ - sz12] ) (7.30)

and the inverse of the plastic deformation gradient becomes

Fpll _Fp12 0
Fp_l = Fp3z | —Fpi2 Fon 0 1. (7.31)
0 0 Fg

Substitution of Equation (7.31) back into Equation (7.17), noting that C = FC.F,

results in

F,= M pre - le tr (Ce) |, (7.32)
17 L7 3
)\N Foiu  —Fpa 0 )
H Fpss | —Fpi2 Fpnn 0 |C-— ng tr (Ce)| , (7.33)
0 0 Fpg?))

which reveals that Fpll = Fp22 and that Fp12 = Fpgl. As F)33 can be related to Fj,;; and
F,12 by Equation (7.30), the problem is reduced to two independent variables, for which

the evolution equations are derived from Equation (7.32) where

tr (Ce) =C: C’p_1 (7.34)
and
Fz?n + F;?m —2Fp1 0
C)'=F 'F, " =Fi | -2F Fp Fi +F2, 0 , (7.35)
—4
0 0 [szn — FleQ}
and

2[1+~2] |F%, + F%,| — 8yF,1 F,
(e = T el Sl s e )

[Fzgll o Fle?} i

Thus, a system of three nonlinear ordinary differential equations results from Equations
(6.6), (7.32), and either the Kocks-Mecking or Hariharan-Barlat dislocation density evo-

lution equation:
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The evolution equations of two components of the plastic deformation gradient are

Fpll = L_ |:@:| o |:Fp33 [Fpll [1 -}-’)/2} - Q’YFplQ} - 1tI‘ (Ce) Fp11:| s (737)
nll 7l L7y 3
and
Fua= 2] " P [2150 ~ Fa [1477]] - g1 (G Fya|  (739)
T 7 B 3

and dislocation density evolution, which is given by either

11/m

VT
KMM: p=— E [k1v/p — k2p] (7.39a)
n L7y
or
r_q1l/m
. M|,
HBM: p= n ;f [k [1 —exp (—/p)] — kap] . (7.39b)

7.1.3 Case 3: Planar Loading

A deformation gradient of the following form is used to test a special case of combined

equi-biaxial and symmetric shear loading:

Fll F12 O
F - le F22 O ) (740)
0 0 1
where
F11 = F22 =1 + [w - 1] (741)
end
and
t
Fio = Fy = where t € [O;tend} (742)
end

The deformation gradient yields the right Cauchy-Green tensor

Y4+wr 2yw 0
C=| 2yw ~*+w? 0f. (7.43)
0 0 1

The uniaxial component w and the shear component ~ are functions of time such that

w(t) =wt, and A(t) = 4t. (7.44)
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The plastic deformation gradient is assumed to have the form

Fpll Fp12 0 Fpll _Fp12 0
F,=|Fns Fu 0 |, prl = Fp3z | —Fp2  Fon 0 (7.45)
0 0 Fus 0 0 Fg

where

-1

Fpsz = [Fp211 - F;?n} (7.46)

From Equations (7.34), (7.43), and (7.45),

2 || F? F? 2 2 —dywF, F,
w(cy = A B DA tlonloa] s g

[Fin — o]

Equations (7.45), (7.43), (7.47) are substituted into the general form of the rate of plas-
tic deformation given by Equation (7.32) to arrive at the evolution equations for the

independent plastic deformation components

1/m
. T, 1
Fpll = L_ |:Ty:| |:Fp33 [Fpll [’}/2 + w2] - Q’YWFplg] — —tr (Ce) Fp11:| s (748)
Tl L7y 3
Fypio = —— lTy] [Fp33 [27wFp1 — Fpia [ +w?]] — - tr (Ce) Fp12:| ; (7.49)
nll 7l L7y 3

which are combined with an evolution equation for dislocation density to complete the

nonlinear system of equations,

M [, Y™
YT L ) R (7 500)
n L7 ]
or
. M [71,] 1/m
HBM: p = e [k [1 —exp (—U+/p)] — kap). (7.50b)

7.2 Results

In this section, the results from the quasi-analytical solutions based on the reduced analyt-
ical equations derived in the Section 7.1 are compared with the results from the numerical
solution method presented in Chapter 6. The results are prefaced with an explanation of
the quantification of the difference between the quasi-analytical and numerical solution
methods in Section 7.2.1. The exploration of the results is structured in two parts: A

comparison of the quasi-analytical solution and numerical solutions for

(i) the uniaxial linear ramp loading case, with independent variables F;; and p, and
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(ii) the shear and planar loading cases, with independent variables Fj,11, Fj,12, and p.

For each loading case, a table of the maximum and mean average normalised differences
between the quasi-analytical solution and numerical solution methods for each dislocation
density evolution model is provided. The independent variable evolution and normalised
differences over time for each case are presented in several figures. The figures that
concern the normalised differences include results from employing the solution methods
at 10* time steps, 10° time steps, and 10° time steps. Although a formal convergence
study is outside the scope of this work and, therefore, is not presented, these results
provide an indication of the sensitivity of the solution methods to the time step size.
Numerical convergence is not guaranteed for larger time step sizes. The results for planar
loading at 10* are omitted as convergence of the root-finding method was not achieved.

The Kocks-Mecking and Hariharan-Barlat parameters used in these simulations are
derived from experimental data for AA5032-T4 found in the literature [27]. These are
documented in Table 7.1.

Table 7.1: Parameter values used in this work, as determined by least-squares analysis

Kocks-Mecking Hariharan-Barlat
kl k’Q k k2 w
3.0373 x 108 3.9213 6.7938 x 10%° 1.0633 0.0668

7.2.1 Quantification of Difference

To quantify the difference between the quasi-analytical solution and numerical solution
methods, a normalised difference metric is used. This difference measure is computed at

each time step i as follows,

(i)
Norm. Diff.?) = Vd—ffl) (7.51)
max |7A'f7 |
where
T =7y = Fh (7.52)

The subscript e, indicates the quasi-analytical result, and the subscript e, indicates
the numerical result. The mean average normalised differences are computed from the

absolute values of the normalised differences at each time step.
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7.2.2 Case 1: Uniaxial Loading

The uniaxial linear ramp is defined by the deformation gradient

F — diag [FH | 1] (7.53)
where
t .
Fu=1+;[1L05-1] with €03, (7.54)
Hariharan-Barlat == Kocks-Mecking =—==Hariharan-Barlat === Kocks-Mecking
QU
1.03 .§1E+15—
5
~ 1.02 g SE+141
1.01 7 6E+14
[
1.00 ‘ §4E+l4f ;
0 1 2 3 4 5
Time (s)
(a)

Figure 7.1: Evolution of the independent variables for uniaxial loading: (a) Fj11 and (b) p.

To best match the conditions under which the experimental data was generated, a strain
rate of approximately 5 s™! is supposed. A five-second test time is used throughout
this chapter to ensure that the each test case includes the finite-strain regime under the
given strain rate. The evolutions of the independent plastic deformation component and
average dislocation density over time are shown in Figure 7.1. An examination of the
independent variables plotted against time shows an imperceptible difference between the

quasi-analytical and numerical solution methods at any of the three time step sizes.
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No. steps: 1E+04 MN1E+405 MWE1E+06 No. steps: 1E+04 MN1E+405 WW1E+06
e e

1E-071 1E-071 ,
b= ‘ b= ’ —
A — A
g 1E-10 ' : £ 1E-10
5 5
Z. Z.

1E-131 1E-131

0 1 2 3 4 5 0 1 2 3 4 5
Time (s) Time (s)
(a) Fpn (b) Fpi1
No. steps: 1E+04 MN1E+05 ME1E+06 No. steps: 1E+04 MN1E+05 WE1E+06

1E-051 == 1E-051 == l
b= f b= .
A 1E-08 A 1E-08 !
Z1E-11 Z1E-11
Z. Z.

1E-14 1E-14 (

0 1 2 3 4 5 0 1 2 3 4 5
Time (s) Time (s)
(c) p (d) p

Figure 7.2: The normalised differences between the quasi-analytical and numerical solution methods for
the independent variables for uniaxial loading are presented for the Kocks-Mecking model in the left
column (a, ¢), and the Hariharan-Barlat model in the right column (b, d). The deformation occurs over
5 seconds in either 104, 10°, or 10° steps.

The normalised differences between the quasi-analytical and numerical solution methods
for each dislocation density evolution model are shown in Figure 7.2, and the mean
average and maximum normalised differences for each time step size and dislocation
density evolution model are recorded in Table 7.2. The maximum normalised differences
occur for both independent variables during the first quarter of the simulation using either

dislocation density evolution models, after which the differences between the two solution

methods decrease significantly.
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Table 7.2: Maximum and mean average normalised differences between the quasi-analytical and numerical
solution method results for the independent variables for uniaxial linear ramp loading.

Kocks-Mecking Hariharan-Barlat
No. time steps 104 10° 108 10* 10° 106
Norm. Diff. o
Mean avg. 2.88x1076 2.88x1077 3.14x1078 | 2.86x107% 2.86x1077 2.86x1078
Max. 6.28x1076% 6.29x1077 6.59x1078 | 6.22x107% 6.22x1077 6.22x 1078
Time at max. 0.23 s 0.23 s 0.23 s 1.25s 1.25 s 1.25s

p

Mean avg. 5.38x107° 5.30x107¢ 1.68x107°% | 6.68x107° 6.68x107% 6.68x 1077
Max. 1.14x107%  1.12x107°% 257x1076 | 1.42x10™* 1.42x107° 1.42x107
Time at max. 1.25 s 1.25s 58 0.23 s 0.23 s 0.23 s

7.2.3 Cases 2 & 3: Symmetric Shear & Planar Loading

The shear and planar loading cases yield similar trends in the normalised differences
between the quasi-analytical and numerical solution methods, and will therefore be pre-

sented in a single section. Symmetric shear loading is defined by the deformation gradient

1 Fis O
F=|F 1 0], (7.55)
0 0 1
where
0.1¢
F12 == FQl = T with t € [0, 5], (756)

and planar loading is defined by the deformation gradient

t
Fll - F22 - 1 + = [105 - 1] (757)
and 5

v0.1025¢

Fio = Fy = T where ¢t € [0, 5} . (758)
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Figure 7.3: Evolution of the independent variables for shear loading: (a) Fpi11, (b) Fpi2, and (c) p.

=———Hariharan-Barlat == Kocks-Mecking

1.041
2
=102
1.001
=—=Hariharan-Barlat == Kocks-Mecking =—=Hariharan-Barlat == Kocks-Mecking
QU
0.31 %"
=
< 4E+151
- 0.21 .S
S g
0.11 = 2E+15{
[
b
0.01 z

Figure 7.4: Evolution of the independent variables for planar loading: (a) Fpi1, (b) Fpi2, and (c) p.
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The evolution of independent plastic deformation components and average dislocation
density over time for shear loading are shown in Figure 7.3 and in Figure 7.4 for planar
loading. As with the case for uniaxial loading, an examination of the independent vari-
ables, F,11, F,12, and p, plotted against time shows an imperceptible difference between
the quasi-analytical and numerical solution methods at the chosen time step size. Note
that the evolution of F},12 appears to be linear, while the evolution of F};; is noticeably

nonlinear.
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Figure 7.5: The normalised differences between the quasi-analytical and numerical solution method
results for the independent variables for shear loading are presented for the Kocks-Mecking model in the
left column (a, c, e) and the Hariharan-Barlat model in the right column (b, d, f). The deformation
occurs over 5 seconds in either 10%, 10, or 108 steps.
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Figure 7.6: The normalised differences between the quasi-analytical and numerical solution method
results for the independent variables for planar loading are presented for the Kocks-Mecking model in
the left column (a, c, e) and the Hariharan-Barlat model in the right column (b, d, f). The deformation
occurs over 5 seconds in either 10° or 10° steps.

The normalised differences between the quasi-analytical and numerical solution methods
for each dislocation density evolution model are shown in Figure 7.5 for shear loading and
in Figure 7.6 for planar loading. The mean average and maximum normalised differences
for each time step size and dislocation density evolution model are recorded in Tables
7.3 and 7.4 for shear and planar loading at the end of this section, respectively. The

differences between the two solution methods decrease over the course of loading for p and
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F,15. However, the normalised differences for F},;; increase over the course of loading with
the maximum difference occurring at the end of the simulation. A thorough investigation
into the cause of this difference is precluded by time constraints. An oscillation of the
normalised differences for F}1; for all time step sizes is evident in Figures 7.5a-b and 7.6a-
b; however, both the maximum and mean average values of the normalised differences

are significantly smaller than those for F},;2 and p.
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Figure 7.7: A comparison the evolution of Fji; for each loading case and the associated normalised
differences: (a) Fpi11, (b) normalised differences.

Comparisons of the evolution of Fj,;; and the normalised differences between the two
methods are presented in Figure 7.7. Of the three loading cases, only the normalised
differences for uniaxial loading decrease over time in Figure 7.7b. The noticeable differ-
ence between the uniaxial case and the shear and planar cases is that Fj,;; appears to
evolve more linearly in Figures 7.1a and 7.7a, while the shear loading case results in a low
magnitude, nonlinear increase, and the planar loading case results in a high magnitude,
nonlinear increase. The maximum normalised differences between the quasi-analytical

and numerical solution methods appears to increase with the magnitude and nonlinearity

of the evolution of Fj;;.



70 7. Verification of the Numerical Solution

Table 7.3: Maximum and mean average normalised differences between the quasi-analytical and numerical
solution method results for the independent variables for shear loading.

Kocks-Mecking Hariharan-Barlat

No. time steps 104 10° 108 10* 10° 106
Norm. Diff. Fyiq
Mean avg. 2.13x1077 2.13x1078 2.13x107°% | 2.13x1077 2.12x107% 2.12x107°
Max. 5.35x1077 534x1078 534x107°% | 4.95x1077 4.94x1078 4.96x107°
Time at max. 5.0s 9.0 s 5.0s 5.0s 5.0s 9.0 s

Fpiz
Mean avg. 8.29%x107° 829x107% 833x1077 | 8.35x107° 835x10°¢ 8.35x10°7
Max. 1.99x107* 1.99x107% 2.00x1076 | 1.96x107* 1.96x107° 1.96x1076
Time at max. 0.007 s 0.007 s 0.007 s 0.007 s 0.007 s 0.007 s

p

Mean avg. 1.69x1073  1.69x107* 1.67x107° | 1.57x1072 1.56x107* 1.56x1075
Max. 2.28x1073 228x107% 2.25x107° | 1.94x1073 1.94x107% 1.94x107°
Time at max. 3.75 s 3.75s 3.75 s 3.57s 3.58 s 3.58 s
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Table 7.4: Maximum and mean average normalised differences between the quasi-analytical and numerical
solution method results for the independent variables for planar loading.

Kocks-Mecking Hariharan-Barlat
No. time steps 1x 10° 1 x 108 1x10° 1 x 108
Norm. Diff. o
Mean avg. 1.80x 1077 1.80x107% | 1.93x 1077 1.93x1078
Max. 4.33x1077  4.32x1078 | 4.66x 1077 4.65x1078
Time at max. 9.0 s 5.0s 5.0s 5.0s

Fpia
Mean avg. 7.35x1076%  7.35x1077 | 7.80x107% 7.80x 1077
Max. 1.96x107° 1.96x107¢ | 1.93x 1075 1.93x1076
Time at max. 0.003 s 0.003 s 0.002 s 0.003 s
p

Mean avg. 3.76x107% 3.75x107° | 3.65x107% 3.65x 1075
Max. 5.32x107% 532x107° | 4.55x107% 4.55x1075
Time at max 1.78 s 1.78 s 1.89 s 1.89 s

7.3 Discussion

The overall normalised differences between the quasi-analytical and numerical solution
methods are negligible for all the loading cases and time step sizes presented in Section
7.2. While the quasi-analytical solution method is used to verify the numerical solution
method, the quasi-analytical method itself employs some numerical approximation with
associated approximation errors. This is most evident in the increasing normalised dif-
ferences between the two solution methods for the nonlinear evolution of F};;. In these
cases, the errors are small enough that it is reasonable to attribute these differences
to differences in the numerical approximation rather than a fundamental error in the
implementation of either solution method.

The differences between the quasi-analytical and numerical solution methods are neg-
ligibly small; therefore, it is assumed that the results computed at similar time step sizes

that follow in Chapter 8 are sufficiently accurate.



Chapter 8

Dislocation Density-Based Constitutive
Model Behaviour

The ability of the finite-strain constitutive model to capture work hardening behaviour
under multiaxial loading conditions is explored in this chapter. The quasi-static loading
results are presented in two sections: the first concerns the determination of the dis-
location density evolution equation parameters and the degree to which varying these
parameters affects the solutions, and the second section concerns the extensibility of the
finite-strain constitutive model to various forms of loading within a multiaxial framework.
As a distinct aspect of the model’s behaviour is addressed in each section, the discussion
for each section will follow at the end of the section, rather than in a combined discussion
at the end of the chapter.

In the first section, Section 8.1, the results of material parameter determination are
structured as follows: the methodologies used to determine and then vary the dislocation
density evolution equation parameters are outlined in Section 8.1.1 and Section 8.1.2,
respectively, followed by a summary of their results in Section 8.1.3 and a discussion in
Section 8.1.4

The parameters determined in Section 8.1 are used in obtaining the quasi-static load-
ing results presented in the second section, Section 8.2. Three quasi-static loading cases
are examined: uniaxial loading in Section 8.2.2, plane-strain compression loading in Sec-
tion 8.2.3, and shear loading in Section 8.2.4. A discussion of the quasi-static loading

results follows in Section 8.2.5.

8.1 Material Parameters

The material parameters for two aluminium alloys are determined in this section, followed
by a brief qualitative investigation of the effect their variation has on the predicted work

hardening behaviour. Two aluminium alloys are used to demonstrate the behaviour of

72
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the constitutive model in this work. Experimental data for AA5032-T4 [27], [28] and
AA5052-0 [65] is used to determine the dislocation storage and dislocation annihilation
parameters for the Hariharan-Barlat and Kocks-Mecking dislocation density evolution
equations, which are presented in Section 8.1.1. This experimental data is used to verify
the implementation of the dislocation density evolution equations as the suitability of
these equations for modelling these experiments has been demonstrated in the literature
from which the data is sourced. A short examination of the variation of these parameters

follows in Section 8.1.2.

8.1.1 Parameter Determination

From Chapter 4, recall that the hardening rates, ©, for the Kocks-Mecking and Hariharan-

Barlat dislocation density evolution equations are given by Equations (8.1) and (8.2),

respectively:
KMM: © = 0y — Boty, (8.1)
2
HBM: 0= Mk {1 — exp (—wT—f)] — M, (8.2)
ZTf Yo 2

where 0y = aubM?k, /2, By = Mky/2, and g = Maub. In both equations, ks is assumed
to be constant throughout plastic deformation. The parameters for each dislocation
density evolution equation are found by fitting the appropriate hardening rate equation

to hardening rate-flow stress experimental data using a least-squares approach.

8.1.2 Parameter Variation

There are several sophisticated statistical methods that may be employed for the design of
experiments and variance analysis [66], but the intention of this computational experiment
is neither to optimize the parameters nor provide a detailed sensitivity analysis. Rather,

this experiment is conducted to

(i) verify that each parameter affects the hardening rate in a manner that is consistent

with the microstructural mechanisms that ostensibly inform the parameter, and

(ii) to ensure that the dislocation density evolution equations are not so sensitive to
parameter perturbations that small errors in their determination from experimental

data will render the equation useless.

Therefore, the parameter variation experiment is designed to facilitate a qualitative anal-
ysis.
To elucidate the effect of each parameter on the hardening rate, the parameters are

varied according to a Taguchi orthogonal array. Briefly, Taguchi orthogonal arrays are
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used to limit the number of experiments required to observe the effect of parameter
variation. The arrays are constructed based on the mathematical theory of difference

sets and factorial designs, and a thorough explanation on these theories can be found in
[67].

Table 8.1: Taguchi orthogonal arrays to assess the effect of variation of the Kocks-Mecking and Hariharan-
Barlat parameters.

Kocks-Mecking Hariharan-Barlat
Test ky ko k ko (0
1 N N N N N
2 N L N L L
3 N H N H H
y L N L N L
5] L L L L H
6 L H L H N
7 H N H N H
8 H L H L N
9 H H H H L

The variation of each parameter is denoted in Table 8.1 by N (neutral), L (low), or H
(high), where N indicates that the parameter is not varied from the value determined in
Section 8.1.1, L indicates that the parameter is decreased by 5%, and H indicates that
the parameter is increased by 5%. The maximum hardening rate and the maximum flow
stress is recorded for each test to provide metrics for comparison of the predicted material

behaviour.

8.1.3 Results

First, the material parameters for the dislocation density evolution equations are deter-

mined, and then the effect of their variation is examined.

Parameter Determination

Using AA5032-T4 [27] and AA5052-O [65] experimental data, the hardening rate equation
for each dislocation density evolution equation is fitted to the experimental data for each
alloy. The fitted hardening rate curves are plotted against the experimental data in Figure

8.1. The parameters determined during this procedure are listed in Table 8.2.



8.1. Material Parameters 75

Table 8.2: Parameter values used in this work, as determined by least-squares analysis

Kocks-Mecking Hariharan-Barlat
Alloy ky ko k ko (0
AA5032-T4 3.0373 x 108 3.9213 6.7938 x 10'° 1.0633 0.0668
AA5052-0 3.9120 x 10% 9.1372 5.2102 x 10'° 2.2504 0.6000
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Figure 8.1: The hardening rate equation for each dislocation density evolution equation is plotted against
the experimental data for (a) AA5032-T4 [27] and (b) AA5052-O [65]. A hardening rate-flow stress
plot provides the clearest demonstration of the key difference between the Hariharan-Barlat and Kocks-

Mecking dislocation density evolution equations; note the nonlinearity of the Hariharan-Barlat hardening
rate.
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Parameter Variation

Recall from Chapter 4 that the dislocation density evolution equation parameters repre-

sent the underlying mechanisms that drive the competing processes of

(i) dislocation storage, which increases the rate of work hardening, is captured by k;
(KMM) and k& (HBM),

(ii) and dislocation annihilation, which leads to dynamic recovery and a decrease in the

rate of work hardening, is captured by ks in both models.

Table 8.3: Summary of parameter variation results for AA5032-T4

Kocks-Mecking Parameters

k1 ko Value
Baseline hardening rate N N 2453 MPa
Lowest maximum hardening rate L H 2253 MPa
Highest maximum hardening rate H L 2652 MPa
Baseline flow stress N N 470 MPa
Lowest maximum flow stress L H 426 MPa
Highest maximum flow stress H L 519 MPa
Hariharan-Barlat Parameters

k ko WY Value
Baseline hardening rate N N N 3443 MPa
Lowest maximum hardening rate L H N 3258 MPa
Highest maximum hardening rate H L N 3626 MPa
Baseline flow stress N N N 472 MPa
Lowest maximum flow stress L H N 450 MPa
Highest maximum flow stress H L N 493 MPa

Therefore, the parameter variation combinations that result in the highest and lowest
work hardening rates are of most interest. The parameter variation combination that
yields the highest and lowest values are summarised in Table 8.3. The results for AA5032-
T4 alone are sufficient for the demonstrative purposes of this variation experiment as the

effect of parameter variation on AA5052-O is similar.
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Figure 8.2: The range of work hardening behaviour of AA5032-T4 possible from a +5% parameter
variation is demonstrated in (a) a hardening rate vs flow stress plot and (b) a stress-strain curve. A
dashed line at the centre of each curve indicates the material behaviour predicted by the model when
using the parameter values determined in Section 8.1.1. The upper and lower bound of the shaded
area are informed by the combination of the parameters that yield the maximum and minimum values,
respectively, for (a) work hardening rate and (b) flow stress.

The range of all possible work hardening behaviour of AA5032-T4 from a +5% parameter

variation is demonstrated in Figure 8.2.
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8.1.4 Discussion

It is evident from the results summarised in Table 8.3 that an increase in the &, and &
parameters has an overall effect of increasing the hardening rate. The highest maximum
hardening rate is achieved by increasing the dislocation storage parameters, and decreas-
ing the dislocation annihilation parameters. Conversely, the lowest hardening rates and
flow stresses are achieved by weighting the dislocation density evolution equations in
favour of the dislocation annihilation parameter. The effects of these parameters are
confirmed by their isolated variations, although these results are omitted for brevity.
Thus, it is confirmed that the material parameters affect the work hardening behaviour
as intended.

Importantly, it is demonstrated that small variations in the material parameters do
not result in drastically different material behaviour that would limit the constitutive
model’s utility. This is an important finding as parameters that are fit to noisy or sparse
data are susceptible to some degree of inaccuracy. It is, therefore, beneficial to employ a
constitutive model that is not extremely sensitive to outliers or the sparsity of the dataset

to which the parameters are fit.

8.2 Quasi-Static Loading Cases

In this section, the dislocation density evolution equation parameters determined in Sec-
tion 8.1 are applied to the finite-strain constitutive model presented in Chapter 6, and
the behaviour of the model is examined in three loading scenarios: uniaxial loading in
Section 8.2.2, plane-strain compression loading in Section 8.2.3, and shear loading in Sec-
tion 8.2.4. While the models developed can capture rate-dependence, a single rate is used
for these scenarios so that rate effects do not obscure those stemming from the scenario
under consideration. A discussion of the quasi-static loading results follows in Section
8.2.

8.2.1 Scalar Strain Measures

Several figures are used to demonstrate the mechanical behaviour of a material in the
sections that follow. The abscissa of these figures is typically either true strain, which is

calculated from the deformation gradient

true strain := In (Fy;), (8.3)
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or shear strain, which is defined as the reduction in the angle between two line elements

that were orthogonal in the material domain,

C
shear strain := arcsin = (8.4)
A A

In the loading cases that follow, all uniaxial extension occurs in the e; direction, and
all shear occurs between the e; and e; directions. Therefore, the strain abscissa always
reflects the true strain in the e; direction, or the shear strain between the e; and e,

directions, accordingly.

8.2.2 Uniaxial Loading

Uniaxial loading is defined as an applied load along a single axis such that resulting stress

tensor has the form
T = diag [711 0 0] : (8.5)
For an isotropic material, the associated deformation gradient is given by
F = diag [Al Ay Ag} (8.6)
where
M= 14 é (1.05—1] with ¢e0,5]. (8.7)
where \y # 1, A3 # 1 where t > 0, and A\ = A3 for an isotropic material.

Monotonic Loading

Monotonic uniaxial loading describes either tensile or compressive loading that occurs in
one direction, i.e loading that is not reversed. The parameters for the Hariharan-Barlat
and Kocks-Mecking material parameters for AA5052-O and AA5032-T4 determined in
Section 8.1.3 are used in the material point-level numerical implementation of the elasto-
plasticity constitutive model in an attempt to replicate the uniaxial loading conditions
in [27] and [65].
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Figure 8.3: Uniaxial tensile loading at a strain rate of 0.05 s=! of (a) AA5052-O [65] (b) AA5032-T4.
27]

The results of this simulation are presented in Figure 8.3. Although the intention of this
work is not to provide a comparative analysis of the Hariharan-Barlat and Kocks-Mecking
dislocation density evolution equations, the advantage of the nonlinear Hariharan-Barlat
equation is evident in Figure 8.3b, where the Hariharan-Barlat-based constitutive model
follows the experimental data more closely than the Kocks-Mecking-based model. This
difference is less evident in Figure 8.3a, where the final strain is only at 20% of the total

strain in Figure 8.3b.
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Figure 8.4: (a) Flow stress-true strain and (b) Kirchhoff stress-true strain curves for uniaxial tensile
loading at strain rate of 0.05 s~! of AA5032-T4 [27] from the finite-strain elastoplasticity model.

As the elastoplasticity model is multiaxial, it is possible to examine the Kirchhoff stress
in three directions. The diagonal components of the Kirchhoff stress are plotted against
true strain alongside in Figure 8.4b. Given that loading occurs in the e; direction, 77 is

the only non-zero stress component.
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Figure 8.5: The average dislocation density and the difference between the dislocation storage and
annihilation terms as determined by the (a) Kocks-Mecking model and (b) Hariharan-Barlat model
for uniaxial tensile loading at strain rate of 0.05 s™! of AA5032-T4 [27]. The difference between the
dislocation and annihilation terms is determined according to Equation (8.8).

The evolution of average dislocation density and the difference between the dislocation
storage and annihilation terms in Equations (4.3) and (4.9) is given in Figure 8.5 for the

loading case in Figure 8.4a. The difference is calculated accordingly:

kiy/f — Fap (KMM)

(8.8)
k[1—exp(—¢y/p)| — kop (HBM).

Difference =
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Therefore, a large, positive difference indicates that dislocation storage is the dominating
process, while a negative difference indicates that the dominating process is dislocation
annihilation. Both the Hariharan-Barlat and Kocks-Mecking models yield a monotonic in-
crease of average dislocation density in Figure 8.5 which concurs with the work hardening
behaviour seen in Figure 8.4a. However, a continuously decreasing difference between the
dislocation processes is reflected by the Hariharan-Barlat model in Figure 8.5b, while the
Kocks-Mecking model reflects an initial increase in the dominance of dislocation storage
in Figure 8.5a. The decreasing difference between the dislocation storage and annihilation
terms indicates the onset of Stage III work hardening, also known as dynamic recovery,
which is expected for aluminium in this strain regime. The later onset of the dynamic
recovery in Figure 8.5a is observed in the flow stress-strain curve in Figure 8.4a as the

flow stress computed via the Kocks-Mecking model overshoots the experimental data.

Cyeclical loading

A cyclical uniaxial loading test is defined by cycling through two stages of deformation

that are defined by a prescribed F,q4 where
Fend = dlag [)\1 )\2 )\3i| (89)
and, for the case that follows, where

1+ £[1.05—1] for0<t<1
A = (8.10)
1054 £[0.95—-1] forl<t<2,

and Ao 7£ 1, A3 7£ 1 where t > 0, and Ay = A3.
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Figure 8.6: A single cycle of tension to compression of AA5052-O [65] is used to demonstrate the current
ability of the constitutive model to capture cyclical loading in (a) a Kirchhoff stress-true strain curve,
and (b) a plot of the flow stress over time.

A preliminary attempt to capture the mechanical behaviour of AA5052-O [65] under
cyclical loading is shown in Figure 8.6. The hardening behaviour seen in the experimental
data appears to be largely isotropic in Figure 8.6a; however, the Kirchhoff stress computed
with the constitutive model exceeds the experimental data in compression. The computed

flow stress maintains a relatively equal rate of increase over time in both tension and

compression in Figure 8.6b.

8.2.3 Plane-Strain Compression

Plane-strain compression loading is prescribed by a deformation gradient that has the

form
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F — diag [Al s 1} , (8.11)
and a stress tensor that has the form
T = diag [7‘11 0 7-33] : (8.12)

The stretches A; and A3 = 1 are controlled, and A, is found by enforcing my = 0.
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Figure 8.7: Plane-strain compression of AA5032-T4 [27] at a strain rate of 0.05 s~! represented in (a) a
flow stress-true strain and (b) Kirchhoff stress-true strain curves.

A flow stress-strain curve is presented for plane-strain compression in Figure 8.7a, but of
more significance is the multiaxial Kirchhoff stress-strain curve in Figure 8.7b. Both 79,

and 733 are nonzero, and 759 = 0 in line with the definition of this loading case.
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Figure 8.8: The average dislocation density and the difference between the dislocation storage and
annihilation terms as determined by the (a) Kocks-Mecking model and (b) Hariharan-Barlat model
for plane-strain compression at strain rate of 0.05 s™! of AA5032-T4 [27]. The difference between the
dislocation and annihilation terms is determined according to Equation (8.8).
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The average dislocation density evolution for plane-strain compression progresses sim-
ilarly to the uniaxial loading case in Figure 8.5, which is to be expected as the flow

stress-true strain curve in Figure 8.7a closely matches the uniaxial curve in Figure 8.4a.

8.2.4 Shear Loading

Consideration of shear effects is required to demonstrate the suitability of the models in
a multiaxial setting. While appropriate comparison data were not identified, these effects
are most directly assessed by considering idealised simple shear. Simple shear loading
is defined as an applied displacement parallel to the e; axis that linearly increases with
distance from that axis. In an isotropic material, such a deformation can be caused by
a surface traction on a surface parallel to the the e; axis of the material point. The

resulting deformation is defined by the deformation gradient

1 v 0
F=10 1 0f, (8.13)
0 01
where
0.05¢t
V= where ¢ € [0, 20]. (8.14)
The resulting Kirchhoff stress tensor takes the form
71 T2 0
T = | T2 O O . (815)

0 0 O
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Figure 8.9: Simple shear loading of AA5032-T4 [27] at a strain rate of 0.05 s™! represented in (b) a flow
stress-true strain and (c, b) Kirchhoff stress-true strain curves.

Neither the Kocks-Mecking nor Hariharan-Barlat dislocation density evolution models
were developed for shear loading, but the overall trends in Figure 8.9¢ concur with trends
seen in the literature for other aluminium alloys [68], [69] where the strain hardening rates

observed in shear stress-shear strain curves are generally positive in this strain regime.
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Figure 8.10: The average dislocation density and the difference between the dislocation storage and
annihilation terms as determined by the (a) Kocks-Mecking model and (b) Hariharan-Barlat model for
simple shear at strain rate of 0.05 s=! of AA5032-T4 [27]. The difference between the dislocation and
annihilation terms is determined according to Equation (8.8).

Although the evolution of average dislocation density and the difference between the
annihilation and storage processes appear to differ from the previous loading cases, the
trends in Figure 8.10 match the trends in the early stages of deformation in Figures 8.5
and 8.8. This simple shear loading case is performed over a smaller strain range than
the uniaxial and plane-strain compression cases, and, therefore, the dislocation density
evolution does not progress as far. Although the difference between the two dislocation
processes reflected by both models decreases to zero in Figures 8.5 and 8.8, the decrease
is proceeded by an increase in the Kocks-Mecking example. This increase is reflected in
Figure 8.10a. Although it cannot be stated from this example that the difference between
the processes will go to zero at some point, it can be said that this case does not differ

significantly from the prior two cases.

8.2.5 Discussion

The results obtained from the finite-strain, multiaxial dislocation density-based elasto-
plasticity constitutive model developed in this work demonstrate the model’s ability to
capture the work hardening behaviour of aluminium at large deformations well. This is
evidenced by the large-deformation uniaxial loading presented in Figure 8.3b, where the
Hariharan-Barlat model matches the finite-strain experimental data sufficiently. How-
ever, the constitutive model is limited in its ability to capture cyclical loading; although
the aluminium typically demonstrates near-isotropic hardening under cyclical loading
conditions, the constitutive model fails to capture the reduced yield stress in the reversed
direction as it is not taken into account in the model’s formulation that only precipi-

tates contribute to work hardening in the reversed direction. This is discussed in Section
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4.4.2 on the Bauschinger effect. Moreover, the precise testing conditions and material
parameters are not known; therefore, there is likely to be some mismatch as a result.

A key feature of the proposed constitutive model is demonstrated in Section 8.2.3
on plane-strain compression where the multiaxial stress state computed by the model is
presented in Figure 8.7b. The ability to capture multiaxial stress states is demonstrated
again in Section 8.2.4, although the extensibilty of the dislocation density evolution equa-
tions to shear loading is unclear.

Although plane-strain compression and shear loading experimental data would be
required to fully confirm the degree to which the model captures work hardening be-
haviour in these specific cases, the ability of the model to capture finite-strain, multiaxial
hardening is sufficiently supported by comparisons with uniaxial experimental data and

comparisons with trends in the literature.



Chapter 9
Conclusion

A preliminary material point-level numerical implementation of a dislocation density-
based, finite-strain, rate-dependent elastoplasticity constitutive model has been presented
in this work that has extended the use of dislocation density-based plasticity models to
a multiaxial, finite-strain framework. Average dislocation density is used as an internal
state variable, where the Kocks-Mecking and Hariharan-Barlat models have been used to
capture the evolution thereof. The numerical implementation of the constitutive model
has been verified against solutions to ordinary differential equations (ODE’s) represent-
ing analytically simplified test cases that make use of standard numerical ODE solvers.
These are referred to as quasi-analytical solutions in this work and comparisons between
the numerical model and these solutions were made for uniaxial, symmetric shear, and
planar loading conditions. Experimental data from the literature was used to validate
the model for monotonic and cyclical uniaxial loading, with the model fitting the former
well and capturing many of the features of the latter, albeit with an under-prediction
of the magnitude of the stress for the compressive portion of the loading that followed
initial extension. The model fitted to the experimental data was also used to examine the

behaviour of the model for plane-strain compression, and simple shear loading conditions.

9.1 Key Findings

The dislocation density model material parameters should not be overly sensitive to small
errors introduced during the parameter determination process. Investigation showed
that the largest change in predicted flow stress caused by varying any combination of
parameters by 5% was approximately 10% for a uniaxial test case. It was determined
that this was an appropriate sensitivity to the value of the parameters.

Moreover, a brief analysis of the effect of the variation of individual parameters con-
firmed that the dislocation storage and dislocation annihilation terms influenced the work

hardening rate in a manner consistent with their formulation.

89
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Under quasi-static loading conditions, the results from a uniaxial loading case showed
agreement with results from the literature. This finding confirms the ability of the model
to capture flow stress under finite-strain uniaxial conditions for the alloys used in the
experiments to which this work was compared. A prominent feature of the model is its
capacity to make reasonable predictions for cases beyond the fitted data. When fitted
to uniaxial experimental data, the model could be used to make reasonable predictions
for several multiaxial test cases. These predictions were not directly compared to exper-
iments, but suggest the model may be suitable for future investigations which are briefly

discussed in the following section.

9.2 Recommendations for Further Work

Comparison to experimental data for a range of multiaxial loading cases would be required
to fully validate the model for such use cases. However, two key changes to the formulation
of the model would make it more likely to match the behaviour of real-world materials

for these significantly more complex stress states:

(i) The model should be recast into a combined isotropic-kinematic hardening frame-

work to better capture unloading and cyclical loading, and

(ii) to more accurately capture the Bauschinger effect during cyclical loading, the dislo-
cation density evolution equation should be extended to account for the additional

glide obstacles introduced by precipitates.

Lastly, this model should be implemented in a finite element solver which would allow
consideration of the behaviour of a domain instead of a single material point. This would
enable a more in-depth validation programme that considers a variety of multiaxial load-
ing cases to be conducted. This would likely require an extensive experimental campaign
well beyond the scope of this study. Once complete, this would allow the model to be

used predictively in multiaxial settings.
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Appendix A

The Laws of Thermodynamics

A body is constrained by two thermodynamic laws, namely
i) the balance of energy, and
ii) the imbalance of entropy.

A more detailed discussion on thermodynamics can be found in [29]-[31].

A.1 The First Law of Thermodynamics: Balance of En-
ergy

The first law of thermodynamics states that the rate of change of the internal energy and
kinetic energy within a region must be equal to the sum of the rate of heat transferred
to the region and the external mechanical power expended on the region [29]-[31]. With
the internal energy of spatial region B; represented as U(B;), kinetic energy as K(B;),
heat flow as Q(B;), and external power as We(B;), the energy balance can be shown in

mathematical form:

% (uast) + IC(Bt)) = Q(B;) + Wext(Br). (A1)

The four quantities in Equation (A.1) are defined as follows:

i) The net internal energy U(B;) is

UE) = [ o do (A2)
B

where the scalar field wi, (@,t) represents the internal energy measured per unit

mass, i.e. the specific internal energy, and p,, represents the specific mass density.
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ii) The kinetic energy K(B;) is
1,
K(B:) = ipm|u| dw. (A.3)
Bt
iii) The rate of heat flow into B, Q(B;), is

Q(Bt):—/ q-nda+/ r dv, (A.4)
OB By

where the first term describes the rate at which heat is transferred into B; across
0B;, and the second term describes the rate at which heat is transferred into B; by

a heat source.

iv) The external power is

Wext(B) = /

an'uda—l—/bﬂadv, (A.5)
8Bt Bt

where b are the external forces acting on B; by unit volume.

By substituting these four definitions into the energy balance in Equation (A.1), the first

law of thermodynamics can be expressed in the form

0 1
—(/ PrmUing + = prm || dv) :—/ q-nda+/ rdv+/ Jn-Uda+/ b-udv
ot \ Jp, 2 B, B, B, By

(A.6)
Note that JdV = dv, Jp,, = pr, where pp is the density in the material domain and is,

therefore, independent of time,

9, 1 . ) oo ) oo
— / PrmUing + = pm|0|* dv ) = /pRuim +pru-u dV :/ PrnUing + pmt - dv. (A7)
at B 2 B By

Applying the divergence theorem to Equation (A.6) while noting the symmetry of the

Cauchy stress gives
/ pmé + div(q) —r — o : D —[div(o) + b — ppi] - u dv = 0. (A.8)
By

From the balance of linear momentum, div (o) + b — pp,it = 0 [29]-[31]. Using the
localization theorem and the point-wise balance of momentum [29]-[31], the local spatial

form of the energy balance equation is obtained:

Pmling = o : D — div(q) + r. (A.9)
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A.2 The Second Law of Thermodynamics: Imbalance

of Entropy

The second law of thermodynamics states that the total production of entropy within a
body is always positive [29]-[31]. Entropy may be produced within the domain, and may
be transferred across and out of it into the external environment. The net entropy of a

spatial region B, is

S(By) = /B pm M dv, (A.10)

where 7 (x,t) is the specific entropy. The flow of entropy into the region P; is

j(Bt):—/ j-nda+/jdv, (A.11)
8Bt Bt

where j is the entropy flux, and j is the entropy supply. A tenet of thermodynamics is
that entropy tends to increase, and so it is required that the rate of change of entropy of

B; is greater than or equal to the flow of entropy into B, i.e.

0

a(5(15’,5)) > 7(By). (A.12)

Thus, the spatial formulation of entropy imbalance is obtained

2(/ pmndv)Z—/ j-nda—i—/jdv. (A.13)
ot \ Js, 0B B

A.2.1 The Clausius-Duhem Inequality

A tacit assumption in thermodynamic theory is that there is some scalar field representing
the absolute temperature,
¥ >0, (A.14)

which takes positive values and only vanishes at absolute zero such that
. q . q
==, == A.15
i=5 J=y (A.15)

The entropy supply is defined as the energy supply divided by the absolute temperature,
and constrains entropy and heat flow to the same direction. Heat flows from high temper-
atures to low temperatures; this fact combined with Equations (A.13) and (A.15) form

the Clausius-Duhem inequality

0 q q
JR— > — —_— . + i . .
. (/t Pm N dv) / | n da /t dv (A 16)
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Note that

ﬁ(/ pmndv> :/ pmn du, (A.17)
at By B;

and, from the divergence theorem,

/ = nda+/ —dv——/ d1v dv—l—/ — dv. (A.18)
os, U

The localization theorem is applied to arrive at the local spatial form of the second law

of thermodynamics,
i . (4 q
) > —d (—) =, Al
pmi) 2 —div {7 + 9 (A.19)

A.3 Helmholtz Free Energy

The thermodynamic potential that describes the work obtainable from a closed, isother-
mal thermodynamic system is termed the Helmholtz free energy, which is minimized at
equilibrium. Free energy is measured as the difference between the internal energy of the

system and the energy supply,
F(B) :=U(B) — T(B:)S(By), (A.20)

where T (B;) is the absolute temperature. The specific, local Helmholtz free energy of a

spatial region is expressed as

U= Uy — U7, (A.21)



Appendix B

Review of Work Hardening Phenomena
in Face-Centred Cubic Metals

B.1 Similitude

The principle of similitude was first proposed as a feature of Kuhlmann-Wilsdorf’s mesh
theory [45], which is discussed as a theory of work hardening in Section B.2. A brief
description of this principle is provided in this section, but its relevance is left to be seen
in Section B.2. Broadly, the principle concerns the relation between the geometry of
a dislocation network and the stress required to overcome the resistance to dislocation
motion. It is supposed that the length [ of a free section in a dislocation in a network is

inversely proportional to the instantaneous glide resistance 7 such that the relation

[ x (B.1)

l
;
holds. The notable outcome of this definition of similitude is a constant strain-hardening
rate. Although this principle is used to describe the proportionality between the mean
free path of dislocations and their spacing, not all microstructural parameters scale ac-
cordingly [15]. Cell wall thickness is an example of microstructural parameter that does

not conform to this proportionality.
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B.2 Work Hardening Phenomena

dry [
de

III

I_l Y

Tf
Figure B.1: Four stages are evident when the hardening rate, which is calculated as a change in flow
stress over change in strain, is examined against against flow stress. Stage I and Stage II are classified
by their near-constant linear hardening rates, Stage III is delineated by a linearly decreasing hardening
rate, and Stage IV is marked by a nonlinear transition to near-constant hardening.

Rollett et al. [39] demonstrate the delineation of the work hardening stages with reference
to the rate of hardening in a diagram like that shown in Figure B.1. Although work
hardening stages are not characterised solely by their hardening rate, diagrams like Figure
B.1 provide a means of identifying the stages present without the need to observe the

microstructural phenomena throughout loading.

Stage 1

Stage I is characterised by easy glide, which refers to single crystal deformation on a single
slip system that accumulates significant strain with relatively low strain hardening. This
description is only relevant to the deformation of single crystals in certain crystallographic
orientations, but it supposes that the observed low work hardening rate is a consequence
of a dislocation debris accumulation mechanism. This mechanism features in most Stage
I theories, in which the glide resistance, or yield strength, is attributed to dislocation
motion being impeded by the influence of opposing dislocations on a parallel plane. In
forest dislocation theory [43], [44], Basinski proposes that the yield strength of Stage I is
strongly attributed to the accumulation of secondary dislocations impeding the motion
of mobile dislocations in the crystal structure. The weakness of this theory and other
prominent Stage I theories is that hardening as a result of interactions between primary
dislocations is unexplained. The transition from Stage I to Stage II cannot be well
attributed to a particular mechanism, as the transition is sensitive to stress raisers from

surface defects, material purity, and the wear of the material [70].
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Stage 11

Stage II is characterised by athermal linear hardening controlled by an increase in latent
hardening. The hardening rate in Stage II is similarly orientation dependent, but tem-
perature independent. Mecking et al. [18] determined that Taylor’s equation (3.2) holds
well over the Stage II range, even though the equation only considers the stress required
to overcome the impediment to dislocation movement caused by other dislocations, and
not the stresses required to overcome plastic resistance due to solution hardening or grain
size effects.

Forest theory is extended to Stage Il under the assumption that the dislocation ar-
rangement remains similar throughout Stage II, as only its dimensions change inversely
with the applied shear stress, in accordance with the principle of similitude. Similarly,
in mesh theory [45] it is proposed that the dislocation network structure will assume a
geometry that minimizes the stored energy per unit length of dislocation line such that a
low energy dislocation structure (LEDS) is achieved, and that once this LEDS is formed,
similitude is observed. It is assumed that the yield stress is determined by the lattice
friction and the self-stress of a bowing dislocation segment [71].

Kocks provides a statistical theory [16] of slip and strain hardening, which differs
from other Stage II theories as slip is distinctly separated from strain hardening. Briefly,
Kocks assumes that there is variation in obstacle strength and distribution, and that the
probability of obstacle penetration is related to the ratio of the applied shear stress to
the effective average glide resistance on the glide plane. This addresses slip. The stress
ratio is further manipulated and combined with a hardening and a yield parameter to
arrive at an equation which encompasses strain hardening. This formulation extends the
study of work hardening from pure strain hardening to hardening as a result of solutes,

dispersoids, and precipitates.



Appendix C

Derivations Related to the
Development of a Finite-Strain

Elastoplasticity Constitutive Model

Equation (6.50) requires the computation of the derivative of the elastic Kirchhoff stress
with respect to the plastic deformation gradient. Using the relationship between the
elastic Kirchhoff stress and the elastic second Piola-Kirchhoff stress given by Equation
(2.71), the derivative of the Kirchhoff stress with respect to the plastic deformation is

derived as follows:

or 0

a—ﬁ_;) - a_IFP (FFP_ISEFP_TFT) , (Cl)

using the product rule and noting that F' is fixed for a given Newton-Raphson iteration,

OF;1 OF T
a_T = F [F—laseF—T + D Ser_T + Fp_lse p

FT. 2
OF, P OF, P OF, OF, (C2)

Via the chain rule and applying the known identities for the derivatives of inverses given
by Equation (2.11), Equation (C.2) becomes

orT F {Fl 0S. %FfT + [_Fp—l ® Fp—l} SerfT i prlse [_prT o) FPT}] FT

OF, " |'? 0C.0F, *
(C.3)
08, 0C,
=F.—~—F - |[F.oF'|\tr—7[FTOF]. C4
o, oF, b~ B OF | m - [F o F (C4)
At this juncture, it is convenient to introduce the material elasticity tensor as
a8,
C.=2—=, C.5
ac. (C.5)
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which is related to the spatial elasticity tensor via the transformation
c.=[F.0F]:C:[FoF,]. (C.6)

The derivative of the elastic right Cauchy-Green tensor with respect to the plastic defor-

mation gradient is also required. The derivation proceeds as such:

ocC, 0
c—~ __— (F'F), C.7
0F,  OF, (F. F.) (C.7)
, , OF, »
via the product rule and noting that =—-F.OF, ",
dF,
oC. -T -T T -1
an=—[Fe OF "|F.-F'[F.0F,'], (C8)
=-F."F.F," - F.F'F,", (C.9)
= —2sym (F.FF), (C.10)
= —2sym (F.F!F'F,), (C.11)
=—F'sym(F.© F ") F.. (C.12)

Thus, from Equations (C.5), (C.6), and (C.12), Equation (C.4) becomes

or _
OF,
=—[cc+IoT+7o"I|[F.OF']. (C.14)

—Cesym(F.OF ') - [F.oF '|tr—7[FToF!], (C.13)

It is convenient to define the special tensor,
CeT:[Ce+I®T+T®TI], (C.15)

such that the derivative becomes

or

— -1
oF, — O [F.oF]. (C.16)
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