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Abstract

In this thesis, we develop the 1+1+2 formalism, a technique originally devised for General
Relativity, to treat spherically symmetric spacetimes in for fourth order theories of gravity.
Using this formalism, we derive equations for a static and spherically symmetric spacetime
for general f(R) gravity. We apply these master eqautions to derive some exact solutions,
which are used to gain insight on Birkhoff’s theorem in this framework. Additionally, we
derive a covariant form of the lensing angle for a specific spherically symmetric solution in
f(R) = R™ gravity.
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Conventions and Abbreviations

Sign conventions

Signature:
Natural units:

Latin indices:

[_7+v+a+]'
h=c=k=81G=1.
0,1,2 3.

Sign conventions follow Ellis [10] and Ellis and van Elst [11].

For a tensor 7%, 4 . ¢ we have:
e.f

symmetrization:

antisymmetrization:

over the indexes of the tensor. The symbol V represents the usual covariant derivative and

8 corresponds to partial differentiation.
The Riemann tensor is defined by

R%ed =T%qc —T%cq + Tal%ce — Tl

and 'y are the Christoffel symbols (i.e. symmetric in the lower indices), defined by

1
bd = 59“ (9be,d + Gedp — Gbd,e) -

The Ricci tensor is obtained by contracting the first and the third indices

Ry = QCdRacbd .

Abbreviations

GL

GR
VLBI
QSO
LRS
CMBR
DE
CDM
FLRW
SPSTF
SEC
WEC

Gravitational lensing

General relativity

very long baseline interferometry

Quasars

Local rotational symmetry

Cosmic Microwave Background Radiation
Dark energy

Cold dark matter

Friedmann-Lemaitre Robertson Walker
screen-space projected symmetric and trace-free
Strong energy condition

Weak energy condition



Chapter 1

Introduction

The influence of gravity on light was considered by Einstein three years before completing
his theory of relativity [1}, though the possibility had been explored earlier on (see [2] for
the history). The first observational evidence of bending of light was provided Eddington
et al {3] by observing light rays grazing the sun surface during a total solar eclipse. The
deflection of light rays had been predicted in GR and this experiment provided the first
experimental verification the theory. Eddington was to later on predict that multiple images
can occur when two stars are aligned suitably, with one of the stars acting as the deflector
in between the other star and the observer [4]. This deflection of light by a massive body

is referred to as gravitational lensing (GL).

A good theory of gravity principally develops with the agreement of the theory with observa-
tions. GL provides one such test for the underlying theory of gravity and has had important
astrophysical and cosmological consequences for GR. Experiments using very long baseline
interferometry (VLBI) have been performed to measure the gravitational deflection of the
position of quasars (QSOs) [5] during the time they are eclipsed by the Sun that give results
in agreement with that of the GR value of 1.75”. GL studies have been used to constrain
matter distribution of the universe (and other cosmological parameters) to about 30% of the
energy density of the universe, {0, ~ 0.26 [6]. Also, GL of QSOs has placed a limit on the
cosmological constant (the dark energy component attributed to the accelerated expansion
of the universe) at around 70% of the universe, {2z ~ 0.74 and therefore these tests should
be confronted with changes in the background geometry within GR context and/or modi-
fications in the underlying theory of gravity itself. The results mentioned above are based
on GR and are model dependent. The relative success of the results in the GR context
demonstrates that the theory of gravity considered may be effectively constrained through

these tests.

Since the lensing effect is dependent on the underlying theory of gravity, considering a

modified theory of gravity would result in deviations from the standard expression of the
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deflection angle and is worth investigating. The theory of gravity must account for the bend-
ing and distribution of light, corresponding to null geodesics and solutions to the geodesic
equations. These equations require the knowledge of a metric, and in the context of GR, the
Schwarzschild metric represents the gravitational field outside a static spherically symmetric
mass distribution like a non-rotating star or black hole. Therefore, spherically symmetric
solutions are needed as a generalization to modify gravity from GR and in order to check
the compatibility of these theories through experimental tests of gravity like the bending of
light. GL in fourth order theories of gravity has already been considered in [7, 8]

In this thesis, we use the covariant method to find propagation equations for variables
in a spherically symmetric static spacetime as applied to fourth order gravity theory. The
determined solutions are then used to obtain the general expression of the deflection angle

in such theories.

1.1 Outline of the thesis

In chapter 2, a review of fourth order gravity is provided, with a focus on the f(R) theory
of gravity. The chapter ends with a presentation of the field equations for f(R) gravity.

Chapter 3 serves as a review to the covariant approach. We give an outline of the 143
covariant approach based on [9-11], where a time-like congruence is defined such that the
spacetime is split relative to a timelike vector field and an orthogonal 3-space hypersurface.
The propagation, evolution, energy and constraint equations are defined, showing how the
kinematical and dynamical quantities change along the congruence. Since light rays move
along null geodesics, we apply the 14+3 approach to the geometry of these geodesics, where
the screen-space is defined as a two-dimensional plane orthogonal to the null geodesic tan-
gent vector. The 143 analysis is then extended further to obtain a 14142 decomposition
in which the three spatial degrees of freedom are further decomposed relative to a spatial
vector, providing a natural foundation for studying spherically symmetric spacetimes. A
detailed discussion of the 1+1+2 formalism presented here can be seen in [59, 61}, from

which most of the material presented in section 3.3 has been drawn

In chapter 4, we restrict the analysis to locally rotational symmetric (LRS) spacetimes
and consider in particular the LRS class II spacetime that’s characterized by a vanishing
vorticity. The spacetime is constrained further by including spherical symmetry in order
to determine a set of general results in f(R) gravity and to admit spherically symmetric
solutions. Spherical symmetry implies that the vector and tensor 1+1+2 variables vanish,
leaving only a set of scalar variables. After imposing vacuum and static conditions, this

reduces the set of propagation equations to four master equations which provide a way of
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obtaining covariant results for spherically symmetric systems in f(R) gravity. We choose
a proper radial coordinate system to be able to express the master equations as full dif-
ferential equations that can be solved. In this coordinate system, the scalar variables that
constitute the equations can be expressed as relations for the general metric coefficients of
the general spherically symmetric static metric. We present exact solutions in the spheri-
cally symmetric spacetime by specializing to R™ form of f(R) theory and imposing various

conditions.

In chapter 5, in analogy to the 143 null geodesic presentation, the 14142 splitting of the
null vector is constructed. The resulting lensing variables and their propagation equations
comprise the scalar variables that define the spherically symmetric spacetime propagation
equations. The general expression of the deflection angle that is characterized by the lensing

variables is defined and it’s form obtained for a spherically symmetric solution of R™ gravity.

Chapter 6 summarizes the thesis and contain conclusions and an outlook for further work.



Chapter 2

f(R) Gravity

2.1 Introduction

Modifications of General Relativity (GR) were proposed by Herman Weyl [13] as early as
1918, just three years after Einstein completed his theory. Weyl’s motivation stemmed
from a desire to obtain a unified field theory and proposed modifications to GR by includ-
ing higher order invariants in its action. He extended the geometrical representation of
GR to account not just for gravitational but also electromagnetic fields. In 1921, Arthur
Eddington, also began to consider fourth order theories of gravity and went on to publish
The Mathematical Theory of Relativity {14] in 1923 containing his work on generalized ver-
sions of Weyl’s theory. Since then there has been a great number of proposed higher order

theories of gravity that propose modification of the Einstein-Hilbert action.

Early motivation to consider modified theories of gravity was primarily due limitations
when considering strong gravity regimes important on scales close to the Planck length.
Utiyama and DeWitt [15], showed that fourth order theories are renormalizable at the one-
loop quantum level and results from string theory or quantum corrections have also shown
that the effective low energy gravitational action admits higher order invariants. Fourth
order gravity considerations were consequently limited to the early universe and provided
for example, a nice geometrical explanation for inflation [16,17] in cosmology. Studies were
also relevant in attempts to avoid cosmological singularities like that of the Big Bang in GR
and astrophysical singularities like black holes [18] (see [19] for a detailed review of f(R)
theories of gravity). More recently however, the corrections to GR have been introduced
to accommodate recent observations and more so to account for the ”dark” sector of the
universe. Studies of weak gravitational lensing, the cosmic microwave background radiation
(CMBR) and supernovae surveys, [6,20-24], indicate that the energy density budget of the
universe is 5% ordinary matter (baryons, radiation and neutrinos), 25% dark matter and
70% dark energy.

e Dark matter is an unknown form of matter responsible for the gravitational clumping
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of galaxies, galaxy clusters and large-scale structures that is yet to be detected. It is an
idea pioneered by Zwicky [25] from studies of the Coma cluster and also from studies of
individual galaxies by [26,27]. The effect is seen on extragalactic scales and is inferred
from a discrepancy in the galactic velocity rotation curves, which are the main kinematic
characteristics of galaxies, based on Newtonian dynamics. A rapid Keplarian 1//r decline
in the curves towards the exterior of the galaxies is expected but observations of detected
matter (visible stars and gas clouds) shows otherwise.

e Dark energy is a term coined for an unknown form of undetectable energy to accommodate
the recently observed accelerated expansion of the Universe. Gravity dynamics is dominated
by the dark energy which is identified with a cosmological constant A or dynamically as a

cosmologically evolving scalar field (quintessence).

Thus, in order to get a consistent picture, the observations are fitted by a simple cosmological
model based on GR coupled to standard matter (baryons, neutrinos and radiation) and the
two dark components, dark energy and dark matter. If we retain General Relativity as the
theory of the gravitational action, the best fit model is called the ACDM model (concordance
model). This model is spatially flat and dominated by cold dark matter (CDM) and Dark
Energy (DE) in the form of an effective cosmological constant. Although CDM candidates
have not yet been directly detected, there are strong theoretical arguments based on the
standard model of particle physics that seem to suggest that CDM has a non-gravitational
origin. The cosmological constant and coincidence problems together with the fact that
there are no convincing DE candidates, seem to suggest that the Concordance model is
incomplete, and despite enormous effort over the past few years, this problem remains one

of the greatest puzzles in contemporary physics.

A solution to circumnavigate the problems addressed above might be to consider the alter-
native explanation that on large scales, the validity of the current theory of gravity fails
and a modification to the theory is needed. A wide number of modified theories of grav-
ity have been proposed to explain the late-time acceleration of the Universe without the
need for dark energy. These include scalar-tensor theories, Dvali-Gabadadze-Porrati (DGP)
braneworld model [28], TeVeS (Tensor-Vector-Scalar) [29] and brane-world gravity {30]. One
of the theoretical proposals that has received a considerable amount of attention recently, is
focused on fourth order gravity, in which the standard Hilbert-Einstein action is modified by
replacing the Ricci scalar R with the function f(R). These fourth order theories propose a
geometric origin for DE and lead naturally to cosmologies which admit a DE like era [31-35]
without the introduction of any additional cosmological fields and are even able to account

for the rotation curves for spiral galaxies without the need for dark matter [36].

The feature of fourth order gravity that suggests that these cosmologies can give rise to
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a phase of accelerated expansion is considered to be an important footprint of DE. In par-
ticular, dynamical systems analysis shows that for Friedmann-Lemaitre Robertson Walker
(FLRW) models there exist classes of fourth order theories which admit a transient de-
celerated expansion phase that is important for structure growth, followed by one with
an accelerated expansion rate [38]. These cosmic evolutions therefore mimic the standard
ACDM cosmic history.

Using the 143 covariant approach [9-12], the theory of linear perturbations for these mod-
els has been developed which provide important features that differentiate the structure
growth in fourth order theories from the GR results {37,38]. It was found that the evolution
of density perturbations is determined by a fourth order differential equation rather than
a second order one, leading to a richer behaviour of the pertubation dynamics. Also, the
perturbations are found to be scale-dependent on the equation of state of standard matter
as opposed to the scale-invariant GR perturbations and thirdly, the growth of large density
perturbations in these theories are found to also occur in backgrounds in which the expan-
sion rate increases with time. Despite these results, there are still some important open
problems to be addressed with these theories. Of particular interest is the degree to which
the physics of fourth order gravity is consistent with both cosmological and solar system
scales. There has been considerable debate about the short-scale behavior of higher order
over the past few years leading to much work on the Newtonian and post-Newtonian limits
of these theories [39-42]. Indeed, measurements coming from weak field limit tests like the
bending of light, the perihelion shift of planets and frame dragging experiments represent
critical tests for any theory of gravity. Fundamental to confronting such tests with fourth
order gravity is the existence of physically viable spherically symmetric solutions in these

theories. This will be the major theme of the thesis.

There are three versions of f(R) gravity, that is, the standard metric (or second order)
f(R) gravity, Palatini (or first order) f(R) gravity and the metric-affine f(R) gravity. In
the standard metric formalism, variation of the action is with respect to the metric whilst
the Palatini formalism is such that the metric and the connection are taken to be indepen-
dent variables and hence the action is varied with respect to both of them. The metric-affine
f(R) gravity uses the Palatini variation but without the assumption that the matter action
is independent of the connection (see [19] for a detailed review). Both the metric and Pala-
tini formalisms lead to the same field equation for an action whose Lagrangian is linear in R.
However, for a more general action, the resultant field equations depend on the variatinal

formalism used. We adapt the standard metric formalism in this thesis.
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2.2 General equations for fourth order gravity

In a completely general context, a fourth order theory of gravity is obtained by adding a
linear combination of the quadratic terms R?, R;pR®, Rapea R*¢4 to the Einstein-Hilbert

action

A= /dx4\/—_g E (R—2A) + L], (2.1)

where L, represents the matter contribution and A is the usual cosmological constant.
We use the linear combination (G = R% — 4R R® 4+ RypcqR%?) (Gauss-Bonnet theorem)
of the quadratic terms and bear in mind that the functional derivative of this expression
vanishes and hence does not affect the field equations. We can use this symmetry to rewrite
RapeaR®? in terms of the other two and consequently the action for fourth order theory of

gravity can be written as [43]:

_!

A=3

/d“x\/—g |:CQR + c1R? + caRp R® — 2A + Em} . (2.2)

Furthermore, if the spacetime is highly symmetric, particularly in homogeneous and isotropic
spacetimes, then the variation of the term RgR%® can always be rewritten in terms of the
variation of R? [44,45]. It then follows that the ”effective” fourth-order Lagrangian for
this highly symmetric spacetime only contains powers of R and we can, with out loss of

generality write the action as

A= % / Ao/ "G LF(R) — 24 + L] (2.3)

Varying the action with respect to the metric gives the following field equations:

1 1
f'Gap=f <Rab & '2'gabR> =Ty + §(f — Rf'Y + VoVaf' = gV VS,

where f" denotes the derivatives of the function with respect the Ricci Scalar and T}y is the
matter energy momentum tensor (EMT). The equations reduce to the standard Einstein

field equations with non-zero cosmological constant when f(R) == R.
It is convinient to write (2.4) in the form [38]
1 .
Gop = <Rab - ig“bR> =T+ T£ = Tégt. (2.4)

Here the two components of the total stress energy tensor are defined as

m
m Tab

ab — f/
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and
R 1 1 ! 1 c p!
Ty, = 7 §(f —Rf)+VyVof — gV VS| (2.6)
These components of the total stress energy tensor can be considered to represent two
effective "fluids” [35]: the curvature "fluid” (associated with T'X) and the effective matter
"fluid” (associated with Tgﬁ), and this allows us to adapt more easily techniques originally

devised for GR from the 1+3 approach to study a wide range of problems in f(R) gravity.



Chapter 3

f(R) Covariant methods

3.1 143 Covariant decomposition of higher order gravity

The 143 covariant approach, initially developed by Ehlers and Ellis [9-11], is based on a
1+3 threading of the spacetime manifold w.r.t. a timelike congruence. In this way spacetime
is split into a timelike and a orthogonal three-dimensional spacelike hypersurface. Instead
of the metric, it employs kinematic and dynamical variables, the energy momentum tensor
of the fluid, the Ricci identities for the dynamics, and the gravito-magnetic parts of the

Weyl tensor to describe nature, all of which relate to observational quantities [46].

The Einstein field equations relate the energy momentum tensor to curvature. The geom-
etry is determined by the Riemann curvature tensor and it’s covariant derivative and thus
any evaluation is frame dependent. We begin the analysis with a suitable choice of frame,
i.e., one corresponding to the 4-velocity u® of an observer in spacetime. A natural choice
of frame for u® includes; the energy frame u%, which is defined to be a timelike eigenvector
of the stress energy tensor Ty, the matter frame u%;, that is derived from the particle flux
vector N, and the entropy frame u%, defined by the entropy flux vector S, [38]. The point
is to simplify the calculations by way of restructuring the equations for example by choosing
the energy frame, the flux of matter is zero [47] or by choosing the matter frame such that

u® = ug,, or the CDM frame, then in this frame both matter flux and acceleration are zero.

Equation (2.4) allows us to define two effective fluid where the physical components are only
the standard matter components, while the curvature fluid is a mathematical construction
displaying additional gravitational degrees of freedom. Choosing a frame corresponding to
the total matter/curvature fluid would be physically unmatchable to observations as the
energy conditions of the curvature fluid and effective standard matter are not necessarily
satisfied [48] and thermodynamics of the curvature fluid is just pathological. The most
natural choice of frame is therefore the one of associated with standard matter u® = u?,.

This choice is also physically motivated by the fact that the real observers are attached to
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galaxies and these galaxies follow the standard matter geodesics.

The non-intersecting timelike worldlines of these fundamental observers comoving with the
cosmological fluid form a congruence in spacetime representing the average motion of matter
at each point. The properties of the 4-velocity are given by

dz®

ut = I uqu® = —1, (3.1)

where 7 is the proper time along the worldline of any fundamental observer. This vector

field u® provides a timelike threading for the spacetime.

3.1.1 Kinematics

The derivation of the kinematical quantities can be found once the frame has been chosen.

Given u®, the unique projection tensor
hab = gab + UaUsp (3.2)
projects into the rest space orthogonal to u® and satisfies
hau® =0, hSoh% =hb,, h% =3. (3.3)
The effective volume element for the rest space of the comoving observer is given by
Eabe = Tabedt, (3.4)

where npeq 18 the 4-dimensional volume element (o123 = /| det gap |). Since rgpeq is totally
skew-symmetric Taped = Nabeq) and it follows that the spatial volume element satisfies the

following identities

Eabctt® = 0,
€abe = Elabe| 1
eabcsefg = 3!h[aehbfhc]g ,
ee, s = 20 A,
ey = 2R,
%, = 3l (3.5)

Two derivatives can be defined: the vector u® is used to define the covariant time derivative
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(denoted by a dot) for any tensor Teb, 4 along the observers’ worldlines defined by
Ta”bc..d = ueVeTa“bc“d ) (36)

and the tensor hg, is used to define the fully orthogonally projected covariant derivative D

for any tensor T%, 4,
DT, 4= hafhpc...hbghqdhrevrTf“gp..q ’ (3.7

with total projection on all the free indices. Angle brackets to denote orthogonal projections

of vectors and the orthogonally projected symmetric trace-free PSTF part of tensors:
1
via = pa,yb el — |ple pb, gh“bhcd T, (3.8)

In analogy to vector analysis in three dimensions, we introduce the covariant spatial diver-

gence and curl that generalizes these Newtonian operators to curved spacetimes [49, 50)].

divV = D%, , (divT), = DTy
curl V, = e DV, curl Ty = Ecd(aDCTb)d. (3.9)

The variation of the velocity with position and time is of interest here and therefore we

consider it’s covariant derivative into its irreducible parts:
Vaub = Daub - uaﬁb. (310)

We split the spatial change of the 4-velocity further into its symmetric and anti-symmetric

parts and the symmetric part further into the trace and trace-free part:

1
Vauy, = Diguyy + Dy + -:;@hab — ufueVeup

1
Oab t+ Wap + gehab — UqUp, (3.11)

where the trace, © is the expansion scalar (volume expansion) represents the rate of expan-
sion of the fluid defined as
O = D%y, , (3.12)

It can be used to define a representative length scale S along the observers worldline via
H===:20, (3.13)

in a homogenous and isotropic universe (in a FLRW universe model) where H is the Hubble

parameter. The shear tensor, og, is the symmetric trace-free part of the spatial change of



3.1. 1+3 Covariant decomposition of higher order gravity 12

the 4-velocity defined as
Tab = D(aub) ) (3'l4>

where

Tap = U(ab) y aabub =0 y O'aa =0. (315)

The shear tensor determines the distortion arising in the matter flow, leaving the volume

invariant. The shear magnitude is expressed as
1
o? = —éaabaab >0and 02 =0 oy =0. (3.16)

The anti-symmetric vorticity tensor, wg,, describes the rotation of matter relative to a

non-rotating frame. It is defined as
Wabh = D[aub] ) (317)
with
Wab = Wiap| » waptt® = 0. (3.18)
The vorticity tensor may also be represented by the vorticity vector w®, where

1 1

a abcd ab
e pa— - _.E

w = 9 n Ug Whe = 2

and s0 wu, = 0=w%u,, wwg =0. (3.19)

1
CWpe = 3 curl u* & wqp = egpew®

The vorticity magnitude is

1
w? = §w“wa =w®wyp >0 and w=0 & w, =0 & wy =0. (3.20)

Finally 1, = u®V uy is the relativistic acceleration vector, which represents the degree to
which the matter moves under forces other than gravity (a free-falling observer has vanishing

acceleration in her rest-frame i.e., moves under gravity and inertia alone).

3.1.2 Curvature tensor

Any given vector field «® must obey the Ricci identity defined by the relation ( Ricci identity)
2v[11‘7b]uc = Rdabc Ud, (3.21)

where R%,. is the Riemann curvature, a measurement of the curvature of the spacetime

manifold, and is defined as

Rdabc = I‘da.c,b - Fdab,c + I‘eacl-_‘deb - Feabrdec y (322)
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and ['%4 are the connection coefficients known as Christoffel symbols (i.e. symmetric in the

lower indices), defined by

1
bd = 59“ (Gve,d + Gedp — God,e) - (3.23)
The curvature tensor (3.22) has the following symmetry properties
Ropea = R[ab][cd] = Redab Rd[abc] =0, (3'24)

and satisfies the Bianchi identity
Vie Rapjea = 0. (3.25)

It follows from the symmetry properties of the curvature tensor that it possesses only two
independent contractions. One obtains the Ricci tensor Ry, = R = Rp, on the first
contraction of the curvature tensor, and a further contraction yields the Ricci scalar (or

curvature scalar) R = R

The Bianchi identity (3.25) can be contracted once to give

VR ed = VeRba — VaRec (3.26)
A further contraction gives twice-contracted Bianchi identities:

VoR% + VR, —~V.R=0 (3.27)

when projected parallel and perpendicular to u?, lead to the evolution equations (3.61)-
(3.64).

Taking the trace of field equation (2.4) and substituting for the trace of the EMT T =

Taltet) | = 3ptot — 1ot gives an expression for the Ricci scalar:
R = ptot — 3p't, (3.28)

Using this expression in the field equation and replacing the EMT with its general form
(3.38) yields

1
Rop = (‘utot + 3pt0t) UgUp + 2 ('utot - ptot) hap + 2U(an§§t + ﬂ;(t))t, (3.29)

[N

the 143 split of the Ricci tensor.

The Riemann curvature tensor can be decomposed into a trace part and a trace-free part,

the Ricci tensor and the Weyl tensor C%g,., respectively. The Weyl tensor is defined by the
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equation

1 1
Cabed = Raved — 5 (Racgbd — Raaghe + RpdGac — Rbcgad) + _G'Rgabcda (330)

where gaped = GacGbd — JadJbe-

It follows from the definition that the Weyl tensor has the symmetry properties (3.24)

of the Riemann tensor and is trace-free on all indices.
CCup = 0. (3.31)

The 1+3 decomposition of the Weyl tensor C%,;. can be split relative to u® into ‘electric’
p

and ‘magnetic’ Weyl curvature parts according to:

Ew = C’abcdub ut - E% =0, Eg = E(ab)v Eap ub = 0, (3.32)
1

Hyp = '2'5adecdebcuc — H% =0, Hyp = H(ab)’ Hyp u’ = 0. (3.33)

The Weyl tensor may thus be written as

Cabcd = C(ﬁycd + Cﬁcd1 (334)
where
Cﬁycd = (gabpqgcdrs - nabpqncdrs) uPu"E?,
Cgcd = 2N (nabpqgcdrs + gabpqncdrs) wPu" H9. (335)

The magnetic and electric parts of the Weyl tensor represent the ‘free gravitational field’,
enabling gravitational action at a distance (tidal forces, gravitational waves), and influence
the motion of matter and radiation through the geodesic deviation equation for timelike

and null vectors, respectively [51]- [53].

If the unit vector field u® is hypersurface-orthogonal to the spacelike 3-surfaces then the
congruence vorticity vanishes. The intrinsic 3-curvature tensor of these 3-spaces ) Ryped is

defined the three-dimensional version of the Ricci identity
2D, Dy Ve =P RV (3.36)

for any vector field V, in the 3-spaces with V,u® = 0. The 3-curvature tensor is related to
the Riemann curvature tensor of the spacetime by the Gauss equation for u® [54]:

(B)Rabcd - (Rabcd)J_ - Kachd + Kchada (3'37)
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where ) Ryp.q is the 3-curvature tensor, L means projection with hg, on all indices and

K, is the extrinsic curvature.

3.1.3 Energy momentum tensor for f(R) gravity

The choice of the frame also allows for an irreducible decomposition of the stress energy
momentum tensor (EMT). In a general frame, the total effective EMT can be decomposed

relative to ug by splitting it up into parts parallel and orthogonal to u, as follows:

T = ptolyup + ¢%up + uaqi® + p™thay + T (3.38)

fot, gt and 7% denote the total effective energy density relative to u®, isotropic

where ;i p
pressure, energy flur (momentum density) relative to u® and PSTF anisotropic stress, re-

spectively, and the following properties hold:

¢t =0, mgu® = 0, xlff =n(G , 70, =0, (3.39)
tot tot tot tot
W = s Tab = Tiap-

This decomposition can be applied to our effective EMTs. Relative to u® we obtain

1 -
/J/tot — Tabuaub _ ‘a‘m + uR’ ptot Y, g(Tabhab) — pm _}_pR, (340)
fot = ‘Tbcuchz =g, + (Zf, ﬂfltl))t = TthC(ahdb) = Tgp + ﬂtljba (3.41)
with m m m
- H ~ p q =
“mZT’ pm:“fT’ q’{f:%, W‘%:Ta’b' (3.42)

The physical behaviour of the matter present i.e. the relativistic energy, momentum and
stresses associated with a matter field are represented in general by the EMT T} whereby,
p™, is induced by the random thermal motions, ¢7* is such that energy might be transmitted
by heat conduction and that energy will carry a momentum (or is a heat conduction term,
the energy fluz, in the instantaneous rest frame) and 77} is due to processes such as viscosity.
These quantities are related by the equation of state to capture the physics. In addition,
the description standard matter and radiation in the universe is such that at least one of

the following conditions is obeyed:

1. The weak energy condition (WEC)

Mty > 0, (3.43)
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for all timelike vectors u€ or for a perfect fluid,
p"t = Tgﬁuaub >0and ™ +p™ >0, (3.44)

is to hold for homogeneous and isotropic spacetime matter distribution. The expres-
sion u + p > 0 requires that the energy density is positive and implies that matter

will tend to move in the direction of a pressure gradient applied to it.

2. The strong energy condition (SEC)

Tyl >

T uluyg, (3.45)

N =

for all timelike vectors u€ or for a perfect fluid,
™+ p™ > 0and "+ 3p™ >0, (3.46)

stating that gravity is attractive, with the expression p™ + 3p™ > 0 being equivalent

to positive the gravitational mass density of matter.

3. The speed of sound ¢, must be less than the speed of light (i.e. no signal can be sent
faster than light.)

0<c?<1 & 0 < (0p/0ut)s=const < 1, (3.47)

to guarantee local stability of matter (lower bound) and causality (upper bound).

In this case however, the curvature fluid and the effective matter do not necessarily satisfy
the WEC (3.44) [48]. This relation is the key hypothesis which allows the timelike vectors
uf, uf, ug to exist and is, in general, a very reasonable assumption [38]. The violation
of this condition means that the matter energy frame u?, is the natural choice of frame
and in this case it is chosen to be comoving with standard matter that is assumed to be a

barotropic fluid with equation of state p = wp.

Now curvature energy momentum tensor is given as
11
Th = 7 [§gab(f —Rf')+ VyVaf — gabVCVCf’] , (3.48)

and the derivative terms can be decomposed into time and spatial parts resulting in the

curvature EMT taking the form

T = %[égab(f — Rf')+ DyDaf' — (aab + wap %ehab> (/') = ua( Vb1

~up(Vaf") = utiua(Vef') = ga | D°f' = O(F) = () +ie( V)] (3.49)
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In this way, the curvature thermodynamical quantities p® = TaRbuaub, pft = %T‘ﬁhab, Wfb =
Tghc(ahdw and ¢ = —T;Eh%,u’ can be written in terms of (1+3) variables as:
1.1 .
uR — 'f7[§(Rf/_f)‘+‘f/”DaRDaR+fNDQR"'ef”R],
(3.50)
R 1.1 / 2 2 aY 2 "na 2 1T " pH2 " : c gl
PR = Gl5( BRI = DR~ S D RDR+ SO R+ §VR + 1R~ ie(VES);
(3.51)
1 .
o= 5 £ D @R Dy R+ f'DiuDy R = a( )]
(3.52)
1 . o1
o = 7 {f’”RDGRﬁ— f"D,R — gef”DaR] .
(3.53)
The field equation (2.4) can be rewritten as
tot 1 tot
Rab = Tab - égabT 3 (354)
and from this we obtain the trace equation
R% =R=-T%" = —(T"+TF) . (3.55)

Given that TT is expressed as

1

TR — g®TR _ 5

[2( f-Rf)-3 ( F"D*R+ f"DRD,R — f"R? — "R+ w.Vef — f”()R)] ,

and that Tg’g
T = g ST = £ (3™ — ™), (3.56)
the trace equation now takes the form
Rf'—2f+p™—3p™ = ~3f"D?R-3f"D*RD,R+3f" R>+ 3" R—3u,V°f'+3f"6R. (3.57)
The expression for the curvature trace equation is thus

Rf' —2f = =3f"D?R — 3f"D*RD,R + 3f"R? + 3f"R — 3u.V°f + 3f"0R.  (3.58)

3.1.4 Energy Momentum Conservation

The conservation properties of these effective fluids are given by the equation T;gt"b. This

property reveals that if standard matter is conserved the total fluid is also conserved even



3.1. 143 Covariant decomposition of higher order gravity 18

though the curvature fluid may in general possess offdiagonal terms [14,55,56], that is, the
effective stress energy tensor T'¢" is always divergence free if T:;;b = 0. When applied to

the individual effective tensors, the conservation equations read

o Tm;b f//

H0) a B
e = f’j —FTJZR", (3.59)
Thd — f—”TmR“’ 3.60
ab - f/2 ab . ( . )

It follows that the individual effective fluids are not conserved but exchange energy and

momentum [38].

It is worth noting here that the standard matter still follows the usual conservation equations
T ;Z;b = 0. Also, the fluids with T£ and T 75 defined above are effective and consequently can
admit features that one would normally consider un-physical for a standard matter field.
Thus all the thermodynamical quantities associated with the curvature defined previously
should be considered effective and not bounded by matter constraints. Standard matter

maintains its thermodynamical properties, regardless, represented by the Lagrangian £,,.

The evolution equations for ™, 4™, ¢™ and ¢f are obtained by substituting for the general
form of the EMT (3.38) into T/2"", giving

pm e+ DR = —e ™+ p™) — 2u3qT - 0T, (3.61)
f”R
" f/2

The evolution equation for g™ is the matter energy

PR+ D%f = -0 (uf +pf) — 2uq) — o®ni + 11 (3.62)

for the component parallel to u®.
conservation equation and determines the rate of change of relativistic energy u along the

fundamental world lines. The component orthogonal to u® is

. 4 ) .
Qe + Dap™ + D'y = —304 - oPagf — (W™ + p™ )i — U w — €"qwy g,
(3.63)
. 4 o DR
dfy + Dap™ + D1l = —20q7 —olagy’ — (' +p)ia — iz — € awpalt + 4§ f‘ig :
(3.64)

Here, the ¢ equation gives the momentum conservation equation determining the acceler-
ation caused by various pressure contributions. When we consider a perfect fluid case, the

conservation equations for standard matter reduce to

pmo= e wm+p™), (3.65)
D%p™ —(p™ 4 p™) g, (3.66)

It
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showing for (3.65), that (u™ + p™) is the initial mass density and also governs the con-

servation of energy and for (3.66), a relation connecting the acceleration u, to u™ and
p™.
3.1.5 Dynamics

We now look at the dynamical relations for an arbitrary spacetime in the 1+3 formula-
tion. This spacetime may be completely characterized by the irreducible set of geometrical
quantities,

{©, 0ab, wap, U, Eap, Hap}, (3.67)

together with the irreducible set of thermodynamic variables,

1,2, 4% Tap, (3.68)

provided an equation of state which relates the thermodynamic variables is prescribed. The
propagation and constraint equations for the above covariant variables can be obtained from
the field equations (2.4) and its associated integrability conditions, resulting in propagation

and constraint equations.

Propagation equations

The first set of propagation equations arises from contracting (3.21) with u* the Riccl
identity (3.21) with the fundamental timelike vector fleld u® and then substituting from
the first covariant derivative of u® (3.11) and the field equation (2.4). The propagation
equations are obtained by separating out the result into trace, symmetric trace-free, and

skew symmetric parts:

1. The expansion propagation equation (generalized Raychaudhuri equation):

. 1 1 1
o+ 592 + (207 = 2w?) — D% — Utt® + 3 (B™ + 3p™) = 5 (1f+3p"),  (3.69)
is the basic equation of gravitational attraction.

2. The shear propagation equation:
. 2 ' e . 1 ., 1 g
Claby + g@aab = Doty + 0¢(a0p) — Uialpy + (Ea — §7rab) + Wiwpy = _iﬂab’(&?O)

shows how the tidal gravitational field E,; directly induces anisotropic shear.

3. The vorticity propagation equation:

S 4 %ewa - %curl 0% — 0%yub = 0, (3.71)
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The once-contracted Bianchi identities (3.26) give an additional pair of propagation equa-
tions and a further pair of constraint equations when covariantly decomposed. The propa-

gation equations are

4. the Gravito-electric (E) propagation equation:

. 1. 1 - .

E(ab) +0 (Eab + 6”;7;) — curl Hab + '2" (ﬂ'm + pm) Tab — 2u65cd(aHb)d - 3ac(aEb)c
1 - . 1. 1 . 1 . 1

+ EUc(aﬂlr;T)lc + U(aygy + —Q—ﬂz’;b) + '2’D(aq — Ewcsdc(aﬂ'gld + EWCECd(aEwd

m
b)
l ea r 1.p 1. p 1
2

1 1 .
= Ew € ¢(a™p)d §7r(ab> - 50 (@™bye ~ (uR + PR) Oab — eéﬁﬁ - §D(aql§ - u(aqu

(3.72)

5. and the Gravito-magnetic (H) propagation equation:

. . 1 . 3 .
H(ab} +curlE, + O©Hg ~ 3Uc<aHb)c - wc€cd<aHb)d + 2ucecd(aEb)d - —2-CUI’| FZ}) — §w<aqg)l

1 3 1 3 1
~50 aenedft = geurl TR 4 §w<aq,§ + Egc(agb)cqf}, (3.73)

respectively. These equations describe gravitational radiation arises by taking the time
derivative of the equations, yielding a wave equation for Eg, as well as Hyp.
Constraint equations

The constraint equations are obtained by first orthogonally projecting Ricei identity (3.21)

and then:

1. the shear constraint is obtained by contracting on the indices b and ¢ of (3.21):

2
Doy, — gDa@ + curlwg + 26Cipw, + ¢ = —gk; (3.74)

relating the heat flux ¢J* to the spatial inhomogeneity of the expansion and also to

the spatial gradients of vorticity and shear;

2. the worticity constraint is obtained by multiplying (3.21) with £%¢ (3.21):

D%g — 1%wq = 0; (3.75)

3. the H constraint is obtained by multiplying (3.21) with €%/ and taking the PSTF
part:
H® 4 2uqwy) + Dqwyy — curlogy = 0; (3.76)
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characterizing the magnetic Weyl tensor as being constructed from the vorticity dis-
tortion and the curl of the shear.

The constraint equations derived from the once-contracted Bianchi identities (3.26) are the

4. Gravito-electric (divE) divergence:

1._ 1 - 1 1 » 3
Db <Eab + 5”3) - -?;Dau’" + 39‘7&” - §Ubaf11'>n — 3w H® — [0, H], + 2 [w,d"]4;
1 1 1 1 3
= §UbaQ£2 - §Db7f§b + gDauR - 59‘15 9 [w’qR]a’
(3.77)

where the spatial gradient of the energy density acts as a source,
5. and the Gravito-magnetic (divH) divergence:

- g 1. 1 1 .
DPH,, + (B 4 ™) wa + 3wb (Eab - 67rg{,> + icurl do' + o, El, + 3 [o,7™],

1 1 1
=~ (pf 4+ p*)wa + §7rfbwb - écurl i 5 (o7

b

(3.78)

")

a

with the fluid vorticity acting as the source.

The first equation shows how scalar modes are coupled to the non-zero divergence of the
electric Weyl tensor, while the latter shows how vector (vorticity) modes are coupled to the
non-zero divergence of the magnetic Weyl! tensor.

The final set of equations are derived from the twice-contracted Bianchi identities (3.27)
whereby projecting parallel and orthogonal to u® gives the matter and curvature conserva-

tion equations as given in (3.61)—(3.64).

3.1.6 Derivatives and Commutators

Covariant derivatives do not commute unless spacetime is flat. This is a manifestation of
spacetime curvature derived from the Ricci identities for spacetime scalars f, vectors V¢

and second-rank tensors Z%, respectively [57]:

ViVl = 0, (3.79)
2V VyVE = RyqV? (3.80)
2V V2 = —Rap*Z — R Z%. (3.81)

The 3-space commutator relations orthogonal to the congruence u?, follow by successively

writing out the 3-commutators explicitly and then using the Ricci identities (3.79)—(3.81),
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the irreducible splitting (3.11) of V,up and the generalized Gauss equation (3.37). The

following relations in the orthogonal 3-space are obtained for scalar functions f :

D Dyf = waf, (3.82)

Daf = (Daf) = —iaf+ (3000 + 0.+ 0f) Duf (383

for the 3-vectors V¢, where (V%u, = 0):

2D DyVe = 2wuX'9 ) Ry Ve, (3.84)
. . . 1
DaVb - (Da%> 1L = _uav(b) + <§@hac + O'ac + u)ac> (V;:Ub + Dcvb)
1 1
—H,%eq.VE — §habQCVC + §VaQb§ (3.85)

and for the second-rank tensors Z;, where u® (Zgu® = 0 = Zgyub) :

2D D2 = 2w (2°0) Ry, 2 =) Roy 2, (3.86)
. . 1 \ .
DoZye — (DoZipe) | = <§@had0ad + Wad> (W Zac + e Zbd + DaZyk)
+ {ha[eQb] - gedead} Z¢% + [ha[eqc] - 5ecdHad] Zy

ity (Z',,C)L . (3.87)

3.2 143 Covariant approach to null geodesics !

3.2.1 Kinematics

To obtain the bending angle due to a gravitational field source, the fact that light rays
propagate as null geodesics must be considered. We now apply the reasoning given in section
3.1 of this chapter to null geodesics characterized by a the family of null curves, z%(v). v
is the affine parameter on the ray, which describes the geodesics by a fixed direction of its
tangent vector k%, that lies orthogonal to a two-dimensional screen-space. The components

of the tangent vector are

), (3.88)

and it obeys:

Kk, = 0, (3.89)

1Unless otherwise stated hereafter, the notation of the thermodynamical quantities as u,p, g, and gy
will refer to their ”total” quantity i.e., the total of the effective matter and curvature fluid thermodynamic
terms.
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. From here in this section, we use d% to define the derivative along the ray as d% = k%V,.
From (3.89) it follows that

dk®
— = kPVyk® =0, (3.90)

but, since k% is a gradient, we have that Vyk® = Vok® and this implies

KbV kb = 0. (3.91)

The light propagation vector k% is received by the observer from the direction determined
by the unit spatial vector n%:
nng =1, nu,=0. (3.92)

The null tangent vector &% can be split into a timelike and spacelike component as
k* = E(u® +n%), (3.93)

where E = —uy,k® and since u,k® is the circular frequency w of the electromagnetic wave,
E can be interpreted as the energy associated with the ray. The propagation equation for

E along the ray can be determined by differentiating E' as given in (3.93)

dE

1
E = —E2 (5@ + O'abnanb + ﬂana> . (394)

Here © and o is the isotropic expansion (or contraction) and the shear due to the matter

inside the beam of light rays, respectively, and not the flow along the null geodesics.

Since the hypersurface orthogonal to null vector k contains k, then the projection onto
a locally orthogonal space now has to be defined differently. We therefore define a second

null vector [, obeying the following properties:

Pla=0, k%, =-1, (3.95)
together with
dl® b 10
— =kVpl*=0. (3.96)
dv

The screen-space projection tensor may now be defined as

hab = gab + 2kalyy » h% =2, hach® = hay, hapk® =0, (3.97)

which projects vectors and tensors onto a two-dimensional screen-space orthogonal to the

light propagation vector k%
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Tensorial and vector objects on the screen-space will be denoted by a tilde
Ve =he Ve, T g = ho%h y AR TS 9, 4 (3.98)
and the derivatives by
DaTb..c = ildaileb--ilfcvdTe..f- (3.99)

The decomposition for a screen-space projected symmetric and trace-free (SPSTF) tensor

will be denoted as

.- 1.
Aty = h(h"y At = 5 Achay. (3.100)
The 2-volume element of the screen-space is defined as

. ds’bc

DoSpe =0 - (3.101)
and is invariant under parallel transport in the direction of k%, such that
Sab = ncdabucnd = S’[ab]y (3.102)
where 74pcq is the spacetime permutator.
The covariant derivative of the null vector £* can be decomposed into
1- =« - -
Vipke = ihab@ + 0ap + wap + Xoky + ~kaa. + )\kakba (3'103)
where
h, 1y
Xy = E‘n Vika,
~ 1
b = —Encvbkc,
1
A= —-E—anndvdkc, (3.104)

and ©, &g, @ are the expansion, shear and rotation of the family of null curves respect-
fully. The hydrodynamical geometry interpretation here is applied to images of an object
projected onto the 2-surface screen space orthogonal to the family. It also follows that
Xok® = Yok® = 0 and 62 = 0.

Equation (3.103) may be rewritten as
1- - - . -
Viks = ‘2‘hab@ + Oap + Sapw + V(akb) + W[akb] + Akqky, (3.105)

where V, = X, + Y, and W, = X, — Y,.
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3.2.2 Dynamics

The Ricci identity for the light propagation vector k¢ is
2v[cvd]ka - Rabcdkb' (3.106)

Propagation equations

By contracting (3.106) with k¢ and using the fact that k% is a geodesic we get
bpd . @ d
Ropeak’k® + W (Veko) + Vak®Vak, = 0; (3.107)

from which we obtain the propagation equations along k“.

1. The null expansion propagation equation (null Raychaudhuri equation):

This is obtained by taking the trace of (3.107), by contracting on a and ¢ to give

d® 1-
=P (1P~ 2000° + T’ ) =2 (5% - &%) — 567, (3.108)
Assuming a vacuum case and w = 0 in (3.109), we see that the derivative of © along

k° is negative, that is, © decreases.

Considering now the evolution of a bundle of rays with elliptical cross-section and
area v/A such that v/A evolves according to \/%add# = ©. We can transform (3.108)
into

d*VA

- [%Ez (u +p —2¢en® + ﬂabnanb> + (6% - 02)] VA. (3.109)

This equation indicates the evolution of the light rays due to the matter inside the
beam of light rays and is the Optical Focussing Equation. The terms in the parenthesis

remain positive as long as the the strong energy condition is satisfied.

2. The null shear propagation equation:
The shear down the null geodesics is obtained by taking the screen-space projected
symmetric trace-free (SPSTF) part of (3.107) by multiplying through by ﬁ<€“l~1f)c and
substituting in the subsequent expression for the SPSTF part of Rgpeq from (3.34) to

obtain _
dU(ab)

dv

= "‘&abé —2E? <E(ab) + Hc(agb>c> . (3.110)

3. The null vorticity propagation equation:

The vorticity propagation equation is obtained from the projected anti-symmetric
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part of (3.107) by multiplying through by the antisymmetric tensor 5 to give

o~
- =60 (3.111)

4. The energy propagation equation:

We include the energy propagation equation

dE 1
g (ge F oantnd + un) (3.112)

for completeness. Now the cosmological redshift is given by the formula

_ w2 (uak®)2

°T wr  (ugk®)y’

(3.113)

where wy and wy are the frequencies connected to the change of phase of a light wave
measured by two observers moving with the 4-velocities uf and u$§, respectively. From

the familiar definition of redshift for sources of light,

Ao~ Ae Ao
z= = FRK
Ae Ae
where the subscripts e and o denote quantities calculated at the point of emission

of the light ray and at the point of detection, respectively, and since Ay/Ae = wo/we

then,
We (uak®)e
l+2=—= . 3.114
Wo (Uaka)o ( )
For small redshifts z ~ (z << 1), then 2z = dA\/\ and we now have
= Wake — (ak®)y _ dluak?) (3.115)
(ugk®)o (ugk?),
From (3.89) and (3.93),
lekb = —ubkb.

Thus, from the above expression and knowing that [—(nyk®),]dv is the distance &/ in
the restspace travelled by the front of the light wave corresponding to a change of

the affine parameter, i.e. distance between the light-source and the observer, we may
write (3.112) as [58],

1
7= (56 + ogpn®n® + naub> al. (3.116)
Q

From this, we see that rotation has no influence on redshift for z << 1. We also

see that (3.112) is just the isotropic redshifting of photons due to expansion, and the
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anisotropic redshifting due the shear and acceleration.

Constraint equation

The constraint equation is obtained by multiplying the Ricci identity (3.106) through by
heehad and substituting in the covariant derivative of the null tangent vector k® from (3.103)
giving

Dy® =

1~ o 1 1~ . -
5Da@ ~S%Dy + 3 (&ab - 5habe> (Vb + Wb)

- o 1 -
+ (R By, + S“bec) K+ E (habm,cnc . qa) . (3.117)

3.3 14142 Covariant approach

The 1+3 approach has proven to be a very useful technique in many aspects of astrophysics
and relativistic cosmology. A natural extension to the 143 approach, optimized for problems
which have spherical symmetry, is the 1+142 formalism developed recently by Clarkson
and Barrett [59] and applied to the study of the generation of electromagnetic radiation by
gravitational waves interacting with a strong magnetic field in the vicinity of a vibrating
Schwarzschild black hole and of linear perturbations of locally rotationally symmetric (LRS)
spacetimes [54, 60, 61].

3.3.1 Kinematics

In 1+3 approach, first we defined a timelike congruence by a timelike unit vector u® which
is split in the form R ® V, where R denotes the timeline along u® and V is the 3-space
perpendicular to u®. As a natural extension of the 1+3 approach is the 14142 approach
in which we further split the 3-space V, by introducing the unit vector e* orthogonal to u®
so that

equ* =0, eqe® =1 (3.118)

The projection tensor
N’ = he® — eqe® = g2 + ugt® —eqe®, N =2 (3.119)

then projects vectors orthogonal to €* and the timelike vector u® onto 2-surfaces referred

to as the sheet, i.e. e* Ny = 0 = u*Ngp.

In the 1+3 covariant approach to the study of null congruences (see section 3.2 of this
chapter), the unit spatial vector, n® was introduced, which has the properties n®n, = 1 and
u%ng = 0. The projection tensor, A%, = h%, — n%ny, which projects a vector or tensor into

the 2-dimensional screen-space, orthogonal to the null tangent vector k%, was also defined.
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In the following analysis, the spatial vectors n® and e®* do not coincide, but instead, if n® is
chosen to coincide with e?, it immediately follows that h*, = N%, so that the screen and

sheet represent the same 2-dimensional surface [64].

A 3-vector, ¢¥®, can be irreducibly split into a component along e* and a sheet compo-

nent ¥4, orthogonal to e i.e.
Y = We® + U® | where ¥ =%, and U= N%y, . (3.120)

Similarly, a projected, symmetric, trace-free (PSTF) tensor, 14, can be split into scalar,

vector and tensor part as follows:

1
Yab = P(apy = ¥ <€a€b - §Nab> + 2V qepy + Vap (3.121)
where
U = Yoy = ~N%g ,

v, = Nabecwa7

1
Vo = Ppan) = <N “@y? = 5 NapV Cd) Yed - (3.122)

il

The curly brackets denote the PSTF part of a tensor with respect to e®. We also have

2
hiany =05 Nty = —e(aet) = Nap = Thas - (3.123)

The sheet carries a natural 2-volume element, the alternating Levi-Civita 2-tensor defined
by
Eab = Eqbee’ = ndabcecud ) (3.124)

where €4 is the 3-space permutation symbol the volume element of the 3-space and 7444

is just the spacetime permutator or the 4-volume. The following relations also hold

e’ = 0=r¢(u, (3.125)

Eabe = €a€bc — €b€ac t+ €cEab (3.126)
cae® = No°Np? — NON,© (3.127)
€a’bc = Nop, ey =2. (3.128)

With these definitions, it follows that any object in the 1+1+42 setting can be split into

scalars and in the sheet, the 2-vectors and the PSTF 2-tensors.

Apart from the ’time’ (dot) derivative of an object (scalar, vector or tensor), which is
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the derivative along the timelike congruence u?, we introduce two new derivatives which u®

defines for any object 1, %%

TZ)a”bc..d = efvfwa..bcnda
8tha b5t = N NN NANF Dy g9 (3.129)

The hat-derivative is the derivative along the e® vector-field in the surfaces orthogonal to
u® 2. The § -derivative is the projected derivative on the sheet, with the projection on every

free index.

We now decompose the covariant derivative of e® orthogonal to u® into it’s irreducible

parts:
Deep = eqap + %d)Nab + Eeap + Cab (3.130)

where
a, = €e‘Deeg =éq, (3.131)
¢ = bee*, (3.132)
¢ = %fabéaeb , (3.133)
Cab = Ofatp} - (3.134)

We see that travelling along e, ¢ represents the expansion of the sheet, (4 is the shear of
e® (i.e., the distortion of the sheet) and a® its acceleration. £ can also be interpreted as the
vorticity associated with e?, so that it is a representation of the twisting’ or rotation of the
sheet.

The derivative of e* in the direction of u® given by,
€q = Aug + a, , where A=e%, , (3.135)

and ¢, is the component lying in the sheet. The new variables aq, ¢, &, (» and «, are
fundamental objects of the spacetime and their dynamics give us information about the
spacetime geometry. Essentially, they are treated on the same footing as the kinematical

variables of u® in the 1 + 3 approach.

We split the 143 kinematical variables and Weyl tensors into the irreducible 1+1+2 set

2We note that the congruence u® retains the primary importance it has in the 1+3 covariant approach.
We choose to think of A = u®n’,us = u®u’ny as the radial component of the acceleration of u®, rather
than the time component of 4
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{6,A,0,5,E, H, A%, Q% X% E% H?, Lop, Eab, Hap} using equations (4.44) and (4.45) giving:

= Ae* + A%, (3.136)

Wt = Qe+ 0%, (3.137)
1

oy = X <€a6b - '2‘Nab> +2Eq€p) + Zap (3.138)
1

Eyp = €& <€a€b 3 ab) + 28 ep) + Eap » (3.139)
1

Hy = H <eaeb — §Nab> + 2H(a€b) +Hap - (3.140)

Similarly, the anisotropic fluid variables ¢, and 74, may be split as :

e = Qe"+Qq, (3.141)

1
ey = 1l [eaeb 3 abjl + 2H(aeb) + Tl . (3.142)

3.3.2 Energy momentum tensor

In terms of 14+1+2 variables, the energy momentum tensor (3.38) reads explicitly as
1
Top = puqup + phap + 2u(q [an) + Qa)] +1II (ea &= 5 ab) + 2[ ey + Tlgp,  (3.143)

where the decompositions (3.141) and (3.142) have been used.

The curvature thermodynamical quantities uR,pR,ﬂ(ﬁ) and qf can be written in terms of

(141+2) variables as:

WF = TEueb, pF — THeagh L TE N,
R Rpc pd . R _ Rpb ¢
Tay = Tegh (ah by 9o =~ bch ol

(3.144)

3.3.3 Dynamics

In addition to the decomposition of the 143 equations, the dynamical equations for the
covariant part of the derivative of e® i.e. oy, ag, @, £, € and (, are required to determine

completely the variables that characterize the spacetime i.e. the irreducible set of variables:
{93 Aa Q’ 27 ¢7 &7 57 H7 Aaa Qaa Eaa aaa a‘a’ gav Hav Zabv Cab» 8aba Hab}7 (3145)
together with the irreducible set of thermodynamic variables,

{1, 0,Q, 11, Qa, Mg} (3.146)
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The equations are obtained from the splitting the Ricci identity for e®
Rape = 2V [, Vijec — Rapeae? =0, (3.147)

as 14142 evolution equations along u«® and propagation equations along e*. The con-
straint equations arise from both the splitting of the 1+3 constraint equations and suitable
projections on Rgse. The complete set of 14142 equations is available from Chris Clark-
son [61] and for purposes of this thesis only a smaller set of equations governing the locally

rotationally symmetric (LRS) spacetimes, will be needed.

3.3.4 Derivatives and Commutators

In terms of the 1+ 142 variables, the full covariant derivative of e? is
1
Vaeer = —Augqup — ugp + ()L‘ + §@> eattp + (Xa — €ac2%) up
1
+ eaty + 50Nap +E8as + Cab (3.148)

and that of u®

1
Vauy = —uq(Aep + Ap) + eqep (59 + E) + eq (Zp + €4.0°)
1 1
+(Zq — €229 ey + Ny (—3—9 — 5):) + Qe + X (3.149)

which implies the useful relation

1
Ty = <§® + E) eq + Ta + Q0. (3.150)

The spatial covariant derivative of a scalar ¥ is defined as
DU = Tey + 8,0 . (3.151)

while for any vector ¥* orthogonal to both u® and e® (i.e. U? lies in the sheet), the various

parts of its spatial derivative may be decomposed as follows 3 :

a 1
DoUp = —eqep¥ea® + e, ¥g — € 5(}5\11,1 + (€eac + Cac) UC| + 8,0y, . (3.152)

3Note that a bar on a particular index indicates that the vector or tensor lies in the sheet.
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Similarly, for a tensor we have U, (where Wop = Wygpy)
A 1
DoWhe = —2e4e, ¥ g0 + e Tpe — 2e(; 58%0a + Uy (Ecaa + Cad) | +0a¥pe - (3.153)

We also include the derivatives that affect the projection tensor Ny and the Levi-Civita

tensor:

Nab - 2U(aﬂb) - 26(aéb) - QU(a.Ab) - 2e(aab) s

Noy = —2eqayp) ,
0cNap = 0,
€ab = —2upepA” + 2e€0°
€ab = 2eeyca’,
Sy = 0. (3.154)

The three derivatives defined so far, namely the dot derivative (), the hat-derivative (*)

and the delta-derivative (§,) do not commute and instead, when acting on a scalar 1, they

satisfy:
b = —uw+ <%e+2> b+ (Tateal —ca) 0%, (3155)
5a1/.} - (5aw)_1; = _ua"j) + (éa + 34— Eap Qb) 1& -+ <§@ — %2) Sa
+ (Zap + Qeap) 89, (3.156)
Sath — (6ath); = —2e0Q% +éatp + %qﬁdaz/z + (Cap + E€ap) 8% (3.157)
5[a6b]¢ = Eab (Qw - &ﬁ&) . (3158)

where L here denotes projection onto the sheet. Analogous relations for vectors and second-

rank tensors hold but will not be needed in the later course of the thesis.



Chapter 4

1+1+42 description of spherically
symmetric spacetimes in f(R)

gravity

4.1 14142 LRS spacetimes

Locally rotationally symmetric (LRS) spacetimes posses continuous isotropy group at each
point and hence a multi-transitive isometry group acting on the spacetime manifold [66].
These spacetimes exhibit locally (at each point) a unique preferred spatial direction, co-
variantly defined, for example, by either vorticity vector field or a non-vanishing non-
gravitational acceleration of the matter fluids. The 1+1+42 formalism is therefore ideally
suited for covariant description of these spacetimes, yielding a complete deviation in terms
of invariant scalar quantities that have physical or direct geometrical meaning [54]. A de-
tailed discussion of the covariant approach to LRS perfect fluid spacetimes can be seen
in [66]. In deriving the lensing geometry in, we restrict ourselves to the case of spherically

symmetric spacetimes.

4.1.1 Kinematics

The preferred spatial direction in the LRS spacetimes constitutes a local axis of symmetry
and in this case e® is just a vector pointing along the axis of symmetry and is thus called a
'radial’ vector. LRS spacetimes are defined to be isotropic i.e. all observations are identical
under rotations about it and in particular they are the same in all (spatial) directions
orthogonal to that direction [67]. This allows for the vanishing of all 1+1+42 vectors and
tensors, such that there are no preferred directions in the sheet. Thus, all the non-zero

14142 variables are covariantly defined scalars. The full covariant derivative of the radial

33
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vector e (3.148) and 4-velocity u® (3.149) reduce to
1 1
Vaey = —Auguy + <2 + §@> eqUp + §¢Nab + Eegp (4.1)

and
1 1 1
Vaub = —A’U,aeb + €q4€p <§9 + E) + Nab (5@ — 52) + QEab y (42)

respectively. We also find
éa = Au, , (4.3)

is the evolution of e®.
The kinematical quantities and Weyl tensors (3.136)-(3.142) reduce to

ut = Ae*, (4.4)

w® = Qe (4.5)
1

Ogh = Z:(eaeb - 5 ab) s (46)

QZOt — Qtotea , (4-7)

1

T | (eaeb - 5Nm,) , (4.8)
1

Ew = g(eaeb - §Nab) ) (49)
1

Hy = H(eaeb - §Nab) ) (4'10)

in an LRS spacetime.

4.1.2 Dynamics

The variables, {A,0,¢,£, 2,0, &, H, 4, p, 1T, Q} fully describe LRS spacetimes and are solved
for in the 1+1+4-2 approach. The set of 1+1+2 evolution and/or propagation equations that
these LRS (and thus any spherically symmetric) quantities satisfy, are obtained from the

Bianchi and Ricci identities for the unit vector fields e* and u® and are given by: Propagation
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and Fvolution relations
i Lo (1 2o
¢ 59T 2% +<3@+2> (3@ 2)
2 1
3 —5I-£, (4.11)
£ —¢¢ + <%®+Z> Q, (4.12)
. 2. 3
b) ge - ST - %0 - Q, (4.13)
0 = (A-9)9Q, (4.14)
. 1. 1. 3 1 1 1
£ gh— 5= 50 <£+§H> + (52— 5@) Q+ 30H , (4.15)
H —g¢H——<35+u+p—%H>Q—Q£. (4.16)
é — (2 - %e) <A — —;«zﬁ) +260+Q, (4.17)
: 1 1 1 1
¢ <§E—§@>§+ <A—§¢>Q+5H, (4.18)
Q A€+ Q (ZD - %e) , (4.19)
. 2. 1 2 1 2 ., 1
by §A+§(2A~¢)A—<§@+§Z>E—§Q —£+§H, (4.20)
H —3¢E + (@ + gz> H+QQ + ggn , (4.21)
. 3
i Q-0 tp) ~(¢+24)Q - =, (4.22)
Q —ﬁ—ﬂ—<g¢+A>H—<§@+E>Q—(u+p)A, (4.23)
) 1. . , (1 21 1
A §@+E—A+ §@+2 +6(,u+3p)+5—§l'l, (4.24)
A G)—(A+¢)A+%@2+222—2Q2+%(u+3p) , (4.25)
. 1. 1. 3 1/1 1
£ —§H—EQ+(§2—6>5~5<59+52>H
+% <%¢—2A>Q+3§H—%(u+p)2, (4.26)
0 (24 — ¢) Q — 36T + H. (4.27)
Commutation relations o )
h—p = —Ag+ <§@+2> b (4.28)
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4.2 14142 LRS class II

This LRS class admits spherically symmetric solutions and is free of rotation, thus allowing
for the vanishing of the variables Q, £ and H, with the latter vanishing as a result of the
constraint equation (4.27). The set of quantities that fully describe LRS class II spacetime
are {A4,0,¢,2,&,u,p,11,Q}. The conditions defining this spacetime reduce the full LRS
system of equations to:

Propagation equations

S S 2o_x) -2, _Ig_
¢ = 2¢ +<3®+2> <3@ E) 3u 2H £, (4.29)
A 24 3
£-20 =- S¢5-Q, (4.30)
SO N Py P e NG P
5-—§u+§ﬂ = 2¢<5+2H>+<2E 36>Q. (4.31)
Evolution equations
. 2 1
b = <2—§@> (A—§¢>+Q, (4.32)
L2, 1. 1.\? 1 1
—-=-0 =- -0 — = - — =II .
¥ 3@ A¢+2<3@ 22) +3(u+3p) 5+2 , (4.33)
1. 1. (3 1/, 2
+26Q - (u+p) (z-20 (434)
2 g \HTP 37 ) '
Propagation/Evolution Equations
. b 3
AtQ =- Outp) -(¢+24)Q - III, (4.35)
. . 4
Qi+l == (Joraju-(30+T)Q-(in4, )
S 1 1
A-6 =- (A+¢)A+§e2+gz2+§(u+3p), (4.37)
Commutation relations o )
b —p = —AY+ <§@ + 2) . (4.38)

Since the vorticity vanishes, the unit vector field u® is hypersurface-orthogonal to the space-
like 3-surfaces whose intrinsic curvature can be calculated from the Gauss equation (3.37).
With the additional constraint of the vanishing of the sheet distortion &, i.e., the sheet is a

genuine 2-surface, the Gauss equation for e together with the 3-Ricci identities determine
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the 3-Ricci curvature tensor of the spacelike 3-surfaces orthogonal to u® to be
3 o1 Lo 1,
Rap = = |9+ 562 | cuey = | 36+ 56° = K | Ny (4.39)
This gives the 3-Ricci-scalar as
1. 3
SR = -2 {'2'¢ + 1052 - K} ) (4.40)

where K is the Gaussian curvature of the sheet, 2Ry, = K Ng. From this equation and
(4.29) an expression for K is obtained in the form [54]:

1 11, (1. 1.\°

From (4.29-4.34), the evolution and propagation equations of K can be determined as

. 2 /2
K=-3 (59 - z) K, (4.42)

K = —¢K. (4.43)

From equation (4.42), it follows that whenever the Gaussian curvature of the sheet is con-

stant in time, then the shear is always proportional to the expansion: ¥ = %@.

4,3 Static spherically symmetric spacetimes in f(R) gravity

A spherically symmetric static spacetime belongs to LRS class II. It is evident that the con-
dition of staticity implies that the dot derivatives of all the quantities vanish. Furthermore
the expansion also vanishes, as a non-vanishing expansion would imply that the timelike
congruence would contract or expand in time, which is not possible in a static spacetime.
Shear £ = 0 vanishes by virtue of (4.38) and from equation (4.32) it follows that the heat

flux @ also vanishes identically in these spacetimes.

Just like the vacuum case in General Relativity, we assume here the absence of standard
matter. However, as we have already seen, the fourth order gravity fleld equations can be
written as the field equations in GR in the presence of a ‘curvature fluid. When the vacuum
spherically symmetric static conditions are applied to f(R), the covariant thermodynamic
terms energy density uR, pressure pR and anisotropic stress 7R due to the curvature fluid

are still retained in the propagation equations. Hence the set of (1+1+2) equations which
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describe a static vacuum LRS II spacetime become

¢ =- —;«ﬁ? - %;ﬁ - -;—HR -, (4.44)

£— %[LR + %ﬁ = gqﬁ (5 + —;-HR> , (4.45)
0 =— A¢+%(MR+3pR)—8+%HR, (4.46)

pR+IIR =- <g¢+A> o — (uf+pf) A, (4.47)

A =~ (.A+¢)A+%(MR+3pR) , (4.48)

Subtracting (4.44) and (4.46) in this case gives

_ 1yl e, 1r 1
E= =50 88— ZuF o+ pF — S A9, (4.49)
and adding the two gives
~ 1
R = —¢— §¢2 —uf—pft 4+ Ag. (4.50)

From (4.49) and (4.50) we get the expression of £ as

1 1
£ = 511’* + g;ﬁ +pft— Ao (4.51)

and its propagation equation from (4.49)

£ = %ﬁR + %ﬂR +pft — Ap — Ad. (4.52)

Upon substituting (4.51) and (4.52) into (4.45), we obtain

ﬁR+ﬁR:A¢+Ad§—g¢(HR+%uR+pR—A¢>.

From this we see that (4.45) and (4.47) are simultaneous in 1% + p%, and from these two

equations the following expression is obtained:
- 1
Ap = S (W +3p") o - (A+0) A,

N 1
or A =~ (A+@) A+ g (n7+3p), (4.53)
which is just (4.48). So in eliminating &, we find that (4.45) and (4.47) merely repeat the

information in (4.48) and hence the useful equations are (4.44), (4.48).

Allowing for a further split of the 3-vector term, V4R which we may represent by the vector
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VoR = 24 = Xeq + Xo, (4.54)
then by gnoring the vector term due to spherical symmetry, we get

V2R =V%, = V%(Xe,)
X+ Xo. (4.55)

Applying the 1+1+42 decomposition and considering the above split for V¢, then uf, pk

and Wfb now take the form,

W= 5 (JERE =D+ X 1), (4.50)
R _ l 1 _ /_Z//“_Eu __2_/// 2 "

v = 1 (Ju- R - Sri- ke Jrxtoarx) s

mp = 1P <eaeb - %Nab> : (4.58)

where

R = eaﬁaR———eaeaX
- X. (4.59)

The spatially projected scalar term TI% of 7% in can be obtained from it’s definition (3.52)
and the 1+1+2 breakdown (4.58) as

% = cachnf — fi <(ed§d 1) = e, f — % R — % f”’%aR%aR> , (4.60)

and from (edédf’) = }‘/: f"R? + f”I:% or = f”X%+ f"X, and using (4.55), we obtain

R___l_ g/// 2 g//A*_l_//
Il _f/<3f X2+ Sf' X - of X¢> (4.61)

(the acceleration term é¢ has been ignored due to spherical symmetry).

To close the set of equations, we include the trace equation which in static spherical sym-

metric spacetime where upon considering 14+1+2 decomposition is expressed as

Rf —2f = —=3f"X —3f'X¢-3f"X>-3Af"X. (4.62)
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Now from (4.62), we obtain the equation for X as

R 1 Rf/ 2 f f///XZ
X=—- —= —X¢— - . :
3 f// + 3 f/l d) f// XA (4 63)
(4.50) gives b as
J;:—lqs% R—2i+fﬂx(¢+2A)+A¢ (4.64)
2 3 f/ f/ ’ '
and (4.48),
i— Lf _1p I
A= —A¢+ ~ 67 3R 7 XA, (4.65)
where we substitute for X from (4.63).
The equations (4.59), (4.63),(4.64) and (4.65), i.e
R = X, (4.66)
. 1 Rf/ f f///X2
X = - X¢— - X 4.67
f// +3 f// ¢ f A, ( )
5o _lp lp 20 fy
¢ = 2¢ + 3 3f'+ 7 X (¢ +2A) + Ag, (4.68)
A = —Ap+ 6{7 - lR— 7XA (4.69)

are a set of four coupled first order equations governing the spacetime in fourth order grav-
ity and the static and vacuum spherically symmetric spacetime will be determined by any

of the three non-zero scalar functions R, X, ¢ and A that define them.

We emphasize here that the above system of equations are in terms of the covariant quan-
tities in 14142 splitting and absolutely co-ordinate independent. Note that he system
reduces to the second order system of GR in vacuum {59], if we put f(R) = R, R =0 and
X = 0. However as in the case of the Einstein equation, or any other fully covariant system
of equations, the physics can be understood fully only if one chooses an observer. In the 1+3
approach this is done basically choosing a velocity field, but in the 14142 framework this
is not sufficient. One has to give also a particular form of ‘radial’ co-ordinate. This in turn
will define a specific form for the ‘hat’ derivative. As we will see in the later sections there
is a natural choice for this coordinate given by the geometry of our problem and we will use

it to find exact spherically symmetric solutions for some specific f(R) gravity models.

!The last two conditions are given by the fact that in GR the Ricci scalar is simply proportional to the
matter density and the pressure of a fluid and becomes automatically zero in vacuum.
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4.4 Covariant results for the spherically symmetric system

From the structure of (4.66-4.69) we can already deduce some important results for spher-
ically symmetric static solutions in a general f(R) gravity in absolute co-ordinate inde-
pendent manner. These results are important because they can be used as guidelines to

understand the behavior of any proposed f(R) model in this setting and to design new ones.

1. Necessary condition for existence of solutions with a vanishing Ricci Scalar:

We impose the condition of class C® on the function ’f’ with R = 0 implies,
|f/(0)] < +oo, |f"(0)] < +oo,|f"(0) < 400 . (4.70)
We also impose the conditions
f(0)=0,R=0, (4.71)

and note that the condition of vanishing of the Ricci scalar throughout the manifold
automatically implies X = 0.

Now the two possibilities to consider are:

a. f'(0) #0 : In this case we see the system reduces to the following:

¢3+¢<%¢—A>=0, (4.72)
A+ AA+¢) =0, (4.73)

We know from (54, 59] that this system has an unique solution which corresponds to
the Schwarzschild metric in Schwarzschild co-ordinates. Birkhoff’s theorem ? states
that as long spherical symmetry is maintained, the Schwarzschild metric is the only
solution outside any mass distribution. The above system of equations then enables

us to state a generalization of Birkhoff’s Theorem in higher order gravity.

For all functions f(R) which are of class C3 at R =0 and f(0) = 0 while f'(0) # 0,
Schwarzschild solution is the only vacuum solution with vanishing Ricci scalar for a

spherical symmetric matter distribution.

It is also interesting to note that the conditions f' > 0 and f” > 0, guarantee the
attractive nature of the gravitational interaction and the absence of tachyons [62],
and the only solution with R = 0 is the Schwarzschild one. This shows a profound
connection between this solution and the very nature of the gravitational interaction.

The presence of this solution, can have interesting consequences on the validity of

20f interest is that the theorem was actually discovered three years earlier by Norwegian physicist J.T.
Jebsen and published in 1921 in the proceedings of the Swedish Academy of Sciences [65]
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these models on the Solar System level. In particular if one concludes that the sun
behaves very close to a Schwarzschild solution, the experimental data of the solar

system would help constrain these models.

b. f/(0) = 0,f(0) = 0 3 In this case (4.66-4.69) are identically satisfied for all
values of ¢ and A that guarantees R = 0 and hence X = 0. Hence for all models
with f/(0) = 0, any solution with vanishing Ricci Scalar in GR would be a solution to
the above system. This is interesting as it shows that gravity can in principle mimic
other fields. For example the Reissner Nordstrom solution that represents the space
time outside a spherically symmetric charged body, is a solution to the above system
without any charge. Similarly, a static spherically symmetric solution for a perfect
fluid interior with equation of state p = 1/3p (for example Hajj-Boutros solution or
the special case of Whittaker solution [68]) can be a solution of this system in the
absence of any standard fluid.

The presence of solutions of type (b) shows that when the conditions given in para-
graph (a) are not satisfied the Schwarzschild solution is not a unique static spherically
symmetric solution. Such results hint towards a disproof of the general Birkhoff the-

orem in it’s present form for fourth order gravity.

2. Necessary condition for existence of solutions with constant scalar curvature:

Solutions with constant Ricci scalar are characterized by the fact that R = Ry =
const. and, as consequence, X, X = 0. Imposing these conditions on (4.66-4.69) and
supposing it to be at least of class C® in R = Rg one obtains

am 1 1 r 2
fo [¢+¢<§¢"A>] = gROfo_ng ) (4.74)
o [Ar A+ 6)] = 2ho— 3Rt (4.75)
0= —Rofy+2fo, (4.76)
where f'(Ro) = f} etc. A first solution exists if
fo#0, fo#0, 2fo—Rofo=0. (4.77)

Instead in the case fj # 0, fo = 0 one obtains again the Schwarzschild solution

(Rg = 0). Finally another solution can be achieved if

f6:07 fOZOa RZRO» X7XZ07 (478)

3We note here that the case f'(0) = 0, f(0) = 0 is pathological if we consider that f = 0 corresponds
to infinite gravitational coupling Gefjective = G/f and to a singular point of the field equations. This
singularity also occurs in the widely used theory of a scalar field non-minimally coupled to the curvature [63]
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is satisfied. As in the previous subsection, in this case also, any constant Ricci scalar
solution in GR would identically be a solution to the system.

The relation (4.77) was already found by Barrow and Ottewill [69] in the cosmological
context and later rediscovered in [70]. It relates the value of the constant Ricci scalar
with the universal constants in the action. For example if we have the Lagrangian
as R — 2A, which is the Lagrangian for GR with the cosmological constant, we must

have, as well known, the relation Ry = 4A.

3. The curious case of R? gravity:

As we have already explained, the condition for existence of solutions with covariantly
constant scalar curvature connects the constant curvature with the universal constants
of the Lagrangian. However this is not the case for f(R) = K R%. In fact for this type
of Lagrangian the third condition of (4.77) is identically satisfied. This means that
we can have a constant curvature solution for any value of the curvature. Thus for
R? gravity, the ‘cosmological’ constant term in a Schwarzschild-dS/AdS spacetime
becomes a local constant of integration just like the mass. Hence in this theory we
can have two distant stars behaving like two different Schwarzschild-dS/AdS objects
with different values of the constant, and just by studying the geodesic motion, it of

a single test body around them, it is impossible to determine their mass uniquely.

4.5 Choosing a co-ordinate system and relation between the

covariant variables and the metric

When considering spherical symmetry, it is convenient to express the hat derivative in
terms of the proper radial coordinate r. The most natural way to this is to make the
Gaussian curvature ‘K’ of the spherical sheets proportional to the inverse square of the
radius K = ;15 In that case, this co-ordinate ‘r’ becomes the area radius of the sheets. This
gives a geometrical definition to the ‘hat’ derivative. As we have already seen, K = —¢K,

therefore the most natural way to define the hat derivative of any scalar M would be

- dM
M= =

1 oM
dv 2

ré——+ #M, (4.79)

where 7 denotes proper time and M is any scalar. For the static case the expression reduces

to
qs d—M (4.80)
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Hence in this coordinate the system of equations (4.66-4.69) becomes

L %R—§%+];—/,/X(¢+2A)+A¢, (4.8)
%rqsi—f - —AQ—A¢+é%—%R—%XA, (4.82)
%T‘p%? _ x (4.83)

In the r co-ordinate above, the most general spherically symmetric static metric is given by
ds? = ~A(r)dt? + B(r)dr® + r2(d6* + sin? 6d¢?). (4.85)

Now, from the properties of the four-velocity u®* and the radial vector e® i.e. vy, = 1

and e%e, = 1, we find that
ut = A(r), e =+/B(r), (4.86)

Also, from the definitions of different covariant scalars we get

1 1 dA
_ _.b.a — et
A = —uuVye, 2 AvE dr (4.87)
¢ =N,V = 2 (4.88)
rvB

R can be found in the usual way as a contraction of the Riemann tensor and X is derived
from (4.83):

1 dR
= — 4.89
rv B dr (4.89)
Thus we see that solutions to the equations (4.81-4.84), uniquely determine the metric for

the spacetime.



4.6. Some exact solutions for R" Gravity 45

4.6 Some exact solutions for R" Gravity

In this section we present a few exact solutions for R" gravity, in absence of standard

matter. Specializing the choice of f(R) = R", equations (4.81-4.84) becomes

_]; % n—1 _ _ l n—1 n—2 n
2nr¢dTR = <A 2(]5) R + B R
+(n—1)R" X (¢ + 2A) , (4.90)
lm«qsd—AR"-l = —(A+¢)AR" !+ 1 =21 pn
2 dr 6n
—(n—-1)R" XA, (4.91)
1 dR
g = X, (4.92)
1 dX no _ 2-7n .,
§r¢n(n — I)WR = —3 R" - X (¢+ A)
—n(n—1)(n—2)R"3X?. (4.93)

4.6.1 Schwarzschild solution

Substituting R = 0, dR/dr = 0 in the above set of equations, we see that the equations are
satisfied trivially provided that n = 1,2,> 3. However since R = 0 is by itself a differential
constraint involving ¢ and A, then any ¢ and A that ensures a zero Ricci scalar would solve

the system. The following solution

(4.94)

1

2 2 2m |2

p=2 1__m,A=£';_[1__m} .
r T T T

with the equations (4.87) and (4.88) gives the usual Schwarzschild metric in (¢, 7,0, ¢) co-

ordinates that has a zero Ricci scalar, hence the above solution is the solution of the system.

4.6.2 A solution with constant non-zero Ricci scalar

As described before if we substitute X = 0, R = Ry # 0 in the above system of equations
then a solution is possible if and only if n = 1. In that case the solutions of the other two

functions are

2 1
2m  Ro , _m_H%_or_[l_Q_@Jr&,.z] 2

3 (4.95)

This is the usual Schwarzschild-dS/AdS solution depending on the sign of Ry.
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4.6.3 A solution with non-constant Ricci scalar vanishing at infinity

To find more non-trivial solutions of the above system of equations, we use a Schwarzschild
like ansatz,
¢=Cir®+Cor® , R=1/r7 (v > 0), (4.96)

such that the Ricci scalar vanishes at infinity. We use these ansatz in the system of equations
and then algebraically solve for the powers and coeflicients such that the system is identically

satisfled. With this choice we get the following solution:

7—_5n 5n—4an2
-C(5— =2 +(2n —2)(2n — 1)r ==
A= (5—dn)r +(2n—2)(2n — 1)r n-2 (4.97)
10n44n2
(2n-2)(2n-1) (14+2n—2n2)(7—10n+4n2) (l—}-Cr-ug'J’f_)
22—n)r 7w =Y
2
¢ = (4.98)
(1+2n—2n2)(7—10n+4n?)
(2-n)2 <1+Cr'—74__'74107—1"4n2 )
The Ricci scalar for this solution is
6n(n —1)
= 4.9
= oD =1 (4.99)
from which X is found as
X = - 12n(n 1) . (4.100)
[2n(n . 1) _ 1]7‘3 (1+2n—-2n2)(7—10n+4n22)
(2-n)? (1+Cr__2_—_77wﬁﬁ4n >
Solving for the metric coefficients, we obtain
_oy{2n-1 C
A(r) = =D +
r (2-n)
1 (2 —n)?
= 14— 4.101
B(r)  (7—10n+4n?)(1 + 2n — 2n?) ( + TL%%‘)‘LH) (4.101)

This solution was originally found by Clifton [71]. The solution reduces to Schwarzschild
for n =1 and is valid for n # 2 and n < (1 + v/3)/2, otherwise the metric has unphysical
signature. However for n € (1, (1++/3)/2) the Ricci scalar is negative and hence the action
is only realvalued if n is an even rational number. That is in it’s lowest form the numerator
of the fractionis even. It is also interesting to note that in spite of the Ricci scalar vanishing

at infinity this solution is not asymptotically flat.



Chapter 5

Gravitational lensing in fourth

order gravity

This chapter derives the deflection angle for general f(R) gravity and then for a particular
R™ model. The initial of the chapter is drawn mostly from [64].

5.1 General Form of the Deflection Angle

The spatial vector, n%, was introduced in chapter 3, which is a 3-vector in the direction of

light propagation. Allowing for a further split of this vector with respect to e gives :
n® = ke + k%, (5.1)

where « is the magnitude of the radial component and k% is the component lying in the

2-dimensional sheet. The null tangent vector k® can now be written as [64]
k* = E(u® 4 ke + %) . (5.2)

The lensing geometry of a photon experiencing a deflection about the centre of symmetry

can be obtained once k and E have been determined.

Fig (5.1) traces the path of a photon in the presence of a gravitational field with k% ly-

1. The two-dimensional sheet is represented as a sphere

ing tangent to the null geodesic
about a central point and the directions of the various vector components of the null vector
are also included. For infinitesimal small angles of deflection da, the lensing geometry is

represented by Fig (5.2), where the angle da subtends an infinitesimal small displacement

*Note that the deflection seen in Fig (5.1) has been greatly exaggerated.
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Figure 5.1: The lensing geometry of a photon in a spherically symmetric spacetime.
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Figure 5.2: Geometry of the deflection angle. Figures taken from [64]

of the photon’s path, given by |Ex®| and can be obtained from Fig (5.2) as
1
da = = |Ex®|dv (5.3)
T
Integrating 5.3 gives the total deflection angle as

Vo
o = / % |Ex®|dv — ag (5.4)

1

where g is the integration constant. This is a completely general form of the scalar de-
flection angle which can be applied to any spherically symmetric spacetime. The deflection

angle o (5.4) may be rewritten as

1] 1
o= / = |E| VKr%qedv — ayg (5.5)
w T

1

where the magnitude of k* (i.e. |x?%|) is just /k%k,. Substituting for k% (5.2) into the null

condition, k.k% = 0, gives a restriction on k% :
Kok =1— K2, (5.6)
to give the general deflection angle in the form [64]:

Vo
a:/ l[E| V1—-k2dv —ag . (5.7)
vi T
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Thus, knowing the relations E(v), k(v) and r(v), for a given spherically symmetric space-

time, it is possible to find an explicit form of the deflection angle.

5.2 General Propagation Equations along k®

Since each ray is parameterized by the affine parameter, v, then the geodesic condition can

be written as : ska
KOV kS = ~ = (k% =0, (5.8)

where the prime derivative () denotes change along the ray (i.e. with respect to the affine
parameter v). Using the geodesic condition (5.8) we can derive propagation equations for
the lensing variables F and « in the direction of the null ray. Substituting for the null vector
k® (5.2) into (5.8) gives

1
KVykt = [E’ + E%k A+ E*&? (2 + %e)] u® + [E’n + E?A+ FE?k (59 + z> + En’] e

+ [E/ + %E%«/) + E? (%@ - %2)] K%+ B2 (Q + k€) b + Ex®
= 0, (5.9)

where spherical symmetry has been considered and the properties
kbuy = —E, kPey = Ex, Nk = Ex® e%k® = Ec%«® (5.10)

have been used. We also have used,

e
il

1 1 1
. EAe, + Ex <§@+2> e+ FE <§@— —2—2) Kka + EQegpr® | (5.11)
1 1
e, = EAu,+ Ex (Z + §@> Ug + §E¢l{a + Efeqpr’ | (5.12)
which are obtained from (3.149) and (3.148), respectively.

When (5.9) is projected along the timelike direction (uy), we obtain the general equation
of F', as:
1
E' = —FE*«A — E%*? <2 + 5@) + u Ex®. (5.13)

Knowing that u.x® = 0, it follows that,

1 1 1 1
ugk® = -g@E + §EE + g@ﬁcZE - §E/§2E,
1 1 1 1
= u,ExY = —gG)EQ + 52122 + geaniz - 5252152. (5.14)
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Using this, (5.13) can now be written as
/ 2 3¢ 22 2 (1 1
E' =-F nA~§ERE -E 59—52 . (5.15)

When (5.9) is projected along the radial direction (e?), we obtain the general equation of
!
K ?

1
Ex' = —E'x — E*A — E*x <§@ + E) — e Ex®, (5.16)

and as with the E’ case, knowing e,x® = 0, then,

1
eqk® —§E¢ (1- k%),
1 1
= e Bk = —§E2¢ + §E2¢n2. (5.17)

Now (5.16) can be written as

1 1
Ex = E’’A+ gzﬁE? - ng% —E?A+ 5E2<;s - §E2¢n2

or

1 3
'=E(1-k%)(=¢—A—-X% 1
K (1-x%) 245 A 5% | (5.18)
which can be used in a general LRS spacetime.
The propagation of scalars along k% in a spherically symmetric spacetime can be deter-

mined using 2
X' =E (X + nX) : (5.19)

where the dot term vanishes for static conditions.

5.3 Solutions for the lensing variables for R" gravity

As stated previously, the only non-zero 14142 variables in a vacuum spherically symmetric
static spacetime are the scalars {4, ¢, R, X} (and their derivatives {./i, b, R, X}) Thus,
the general propagation equations of F in (5.15) and « in (5.18), in the direction of the ray,

reduce to the form :

E = —F%Ax, (5.20)
K E(1 - ng)(%qﬁ —A) . (5.21)

2Note that 6,X = 0 in a spherically symmetric spacetime
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To find general solutions to these differential equations, we use the forms for A, ¢ and X as
given in (4.87), (4.88) and (4.100), respectively.

Using (5.19), the propagation equations for E (5.20) and x (5.21) can be rewritten in

terms of the hat derivative as

E' = k°V,E =EkE =-F%Ax, (5.22)
K = k%W.k = Fkk=E(1-x?) <%¢ - .A) (5.23)

for a static spherically symmetric spacetime. We can then express the hat-derivative in

terms of the radial parameter r:

1dE _ 24

1 dE

We specialize the spacetime geometry to R™ gravity and utilize the spherically symmetric
p y g

solution (4.101). We substitute A (4.97) and ¢ (4.98) for this solution in the differential
equation {5.24) in order to solve for E. This yields the solution:

13
’I“6+ 1 +2n)\1

E= , (5.25)
10n 7+4n2

rn-2 —+— CT n—2

valid for n # 2 and here \; is an integration constant with respect to affine parameter v.
A1 can be determined by taking the limit of (5.25) as r tends to some r,. We find

_2n?42n+1 10n 7+4n2

M=Er., "° rr 2 +Cr,"? . (5.26)

We are now able to solve for s using the differential equation for
1 dr (1-k%) (1
5”25% —_— §¢ - A) :

Kk  dk 2 /1
M= e

(5.27)
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This equation can be integrated giving

1
§ln (1- NQ) = —(Inr +InE + InXy)

1
2 — —————
= K (1 '[‘2 2)\2> . (528)

where Ay is a constant of integration with respect to v. To determine Ay we consider that

at the point of closest approach 3 r = rp, k = 0 and so from (5.28)

—4an?410n-7

n—2 —2(2n— -1) _ -1
C (2n—1)(n—1 5—4n
N = | ha [Ef <r,, P +orn ﬂ : (5.29)
n—2
To

5.4 The Deflection Angle

We now find the form of the deflection angle (5.7) by substituting the solutions for E (5.25)
and « (5.28) giving
2] 1

a = / ;|E|\/1—-K,2dl/—a0

1

2 1 7‘6+ 711—32 +2")\1 r;ll_%% + Cr 7iir52
= / - AT T g T
by n
A N A P,
%] 1
= / —2\/ l/AZdV_aO
vy r
v B
= / —MJdv - ay, (5.30)
2
V1 r
where J is the impact parameter defined by
3(2n-3 %
7,0 n—2
J = —4n2+10n-7 ’ (5'31)
TO n—2 + C’
and M is the expression
_2nZion4l 10n 7+4n2

M=r, ™2 \rl7?+Cr"7".

A transformation relation between the affine parameter dv and radial distance dr is now

needed. We start by including the propagation equation for ¢, 4.68 and the hat derivative

3 o is the closest point that the ray would reach in the vicinity of the lensing object.
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in the equation is converted to the prime derivative using the relation (5.19) to obtain:

T ! 1p 2/ "
¢ =k*Vuop = Erp = Ex <.A 2¢>¢+En<3R 3f’+ F (¢>+2A)>, (5.32)
which is )
¢ = Ex (A— %qﬁ) ¢+ Ex (n:;L R+ (n— l)R"lX(¢+2A)> , (5.33)

when extended to f(R) = R™.

Substituting for the values of the scalar functions A (4.97), ¢(4.98), R (4.99), X (4.100), E
(5.25) and & (5.28) into (5.33) results in:

—2(n+1)(2n-3 2n—1)(2n-3
—(—l%——zg 2 £—)‘(’2—z
12 10n+6n 1 " (T +Cr )

o Bt2n?
2(TL — 2) T n-2 — C( 2)(11 —12n + 47’L n- /\2)\2
1

¢’ =
10n T+4n?

(2n2—2n—-1)(4n%2 —10n+7) Vrn-2 4+ Cr n-2
(5.34)

Differentiating the solution for ¢ (4.98) with respect to v gives

n2
- <2(n — )z —C (4n? — 12n +11) ol )
¢ = r. (5.35)
2(n - 2) [LEzpollantotons ( o Cr’:“_’;2>

an2_10n47
(n—2)%1+€riﬁ2’i>

The transformation relation is obtained by equating equations (5.34) and (5.35) giving *

1

n— 2)2 (4n?—6n+2) 2 _9 an2 —12n+11) 2

dr = E.M S —J Cr—n=2
"= \/1+2n—2n2 (7 — 10n + 4n?) [T roTer

Using this transformation relation in (5.30) gives the deflection angle in the form

1
T 4n? —6n 2) n2—12n ) 2
o= 2/ Ll [TL*—M* & <r_2 +Or )} dr—m,  (5.36)
T
o

where L is

I— (14 2n — 2n2)(7 — 10n + 4n?)
B (n—2)? '

The standard form of the deflection angle in GR as given in [72] is recovered here when
n =1 in (6.30).

4Note that same transformation relation is obtained when the propagation equation A’ and derivative of
A with respect to v is used as in place of (5.34) and (5.35) respectively
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5.5 Observables

We now analyze the behaviour of the deflection angle o by computing the deflection an-
gle for different values of r, (distance of closest approach), as well as for different values
of 7o (distance from the source) against n. We then plot the ratio a to ag,, the GR
case corresponding to n = 1, against n for the two cases as shown in Fig (5.3) and Fig
(5.4) respectively. For this fiducial system, we choose the distance rg to be in units of the

Schwarzschild radius.

The divergence of the curves in both plots is indicative of the deviation from the stan-
dard GR value. In Fig (5.3), the deflection angle is independent of the distance from the
source 7, and in Fig (5.4), for a fixed n, the deflection angle varies for different values of rg
such that for n < 1 there is more bending as the values of rg increases whereas the reverse
happens for n > 1 where the more bending occurs as o decreases in value. The dependence

of « is therefore on the two parameters n and rg.

More bending is thus expected for « different from GR with the value being greater for
values of n beyond n = 1. The bending lessens with increase in n for n < 1 and increases as
n increases for n > 1 but beyond n = 1.23 the function is undefined giving this upper limit
to the physical region. R™ gravity therefore increases the deflection angle with respect to
the standard GR result.

1 1+=1000
125F
1.20}
115} 1 1+ =2000
=18
3 110
1.05F
g r+=3000
100+
095¢. I 1 L L e ey : L
0.5 0.6 0.7 0.8 0.9 1.0 1.1 12
n 3 rx=4000

Figure 5.3: Plot of the bending angle o compared to the bending angle in general relativity
against n corresponding to different values of r,, distance from the source. The result shows
that the bending angle value is independent of r, as the plot remains the same when r, is
varied
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Figure 5.4: Plot of the bending angle @ compared to the bending angle in general relativity
against n corresponding to different values or rg, distance of closest approach. The deflection

angle varies for different values of rg



Chapter 6
Summary and Conclusion

We have developed in this thesis the 14+14-2 formalism to treat spherically symmetric space-
times in f(R) theories of gravity. We derived general equations for these spacetimes for
general f(R) theories, presenting some general features that these equations create for the
theories. Some exact solutions were also derived which were used to draw considerations
on Birkhoff’s theorem in this framework. Additionally, we derived a covariant form of the

lensing angle for a specific spherically symmetric solution in f(R) = R™ gravity.

Chapter 2 of the thesis gives an overview of fourth order theory of gravity and considers
in particular the case of f(R) theory of gravity. To adapt more easily techniques originally
devised for GR from the 1+3 approach, the field equations are written in the form:

1 .
Gap = <Rab - §gabR> = ;’g + TaR = Tégt. (6.1)

as with standard Einstein gravity but with two "effective fluids”: the curvature ”fluid”
(associated with TH) and the effective matter "fluid” (associated with ).

In chapter 3 we look at the 1+3 covariant approach by taking a fluid description of the
universe as a congruence in spacetime. This entails a 1+3 threading of spacetime w.r.t
a timelike congruence provided by the 4-velocity ©® and a projected orthogonal three-
dimensional spacelike hypersurface. The kinematical quantities are determined from the
variation of the 4-velocity and the matter description and the dynamics derived from the
Ricci identity for u®. The 143 covariant approach is then applied to the null congruence
since null geodesics must be considered to obtain the bending angle. The null vector k%
lies orthogonal to a two-dimensional screen-space and tangent to the null geodesics. The
propagations and constraint equations in this case are derived from the Ricci identities for
k.

Finally in chapter 3 the 1+3 covariant spacetime decomposition is extended to a 14142
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decomposition by introducing the unit vector e® orthogonal to u®. In this approach, the
three-dimensional space is split further into a direction along e® and a projected 2-surface
(the sheet), which is orthogonal to e* and u®. Tests like the bending of light, the perihelion
shift of planets are critical for any theory of gravity and so viable spherically symmet-
ric solutions in these theories are fundamental to confronting such tests with fourth order
gravity. Since the 14142 covariant approach is optimized for problems that have spherical

symmetry, it is suited for a covariant description of these spacetimes.

The dynamical equations for the covariant part of the derivative of e* are derived from
the splitting of the Ricci identity for e® and from the decomposition of the 143 equations.
The variables that completely characterize the 1+1+2 spacetime are the irreducible set of

variables:
{@) Av Qa Z)7 ¢’ 67 g? Ha Aa7 Qav an aav aa7 ga, Ha; Eaba Cabv gab7 Hab}a (62)

together with the irreducible set of thermodynamic variables (for the total effective ther-

modynamic fluid),
{vav Qa Hv Qa»Hab}- (63)

In chapter 4, we consider the 1-+1+2 approach in LRS spacetime in which the preferred
direction constitutes a local axis of symmetry such that in this case e® is a vector pointing
along the axis. Since the LRS spacetimes are isotropic, this allows for the vanishing of all
14142 vectors and tensors. The LRS spacetime is fully described by the variables:

{A,@,¢,€,E,Q,g,H,M,p,H,Q}, (64)

that satisfy a set of 1+1+2 evolution, propagation and constraint equations. The spacetime
is then restricted further to LRS class II spacetime, which is free of rotation and satisfied
by the quantities:

{A4,0,¢,2,&,u,p,11,Q}. (6.5)

A spherically symmetric static spacetime belongs to LRS class II and by imposing vacuum
conditions within the f(R) framework, the effective matter thermodynamic terms in the
propagation equations vanish but the thermodynamic terms related to the curvature fluid

are retained. The determined set of propagation equations for this static vacuum spherically
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symmetric spacetime in terms of 1+142 were found to be

R = X, (6.6)
X 2 };{7 + —}’% - X¢ - f—;X—z XA, (6.7)
6 = g egr-t L Lx@aan+as (68)
A = —A¢+6%—ER—%XA (6.9)

The static and vacuum spherically symmetric spacetime for general f(R) gravity are deter-
mined by any of the three non-zero scalar functions R, X, ¢ and A that define the set of
equations (6.6-6.9). These equations are coordinate independent and reduce to the second
order system of GR in vacuum, if f(R) = R, R=0and X = 0.

Important results are deduced from the system of equations (6.6-6.9) for spherically sym-
metric static solutions in f(R) gravity. It was found that if we impose the condition of class
C3 on the function /f/ with R = 0, then the condition for existence of solutions is that the

system of equations is satisfied for all functions f such that:

|£/(0)] < +o0, [f(0)] < o0, [f"(0)] < +o0 (6.10)

and
f®=0,R=0. (6.11)

On one hand imposing further, f/(0) # 0, reduces the system to a system with a unique
solution which corresponds to the Schwarzschild metric in Schwarzschild co-ordinates. This
then enables us to state a generalization of Birkhoff’s Theorem in higher order gravity. us
to state a generalization of Birkhoff’s Theorem in higher order gravity.

For all functions f(R) which are of class C3 at R = 0 and f(0) = 0 while f'(0) # 0,
Schwarzschild solution is the only vacuum solution with vanishing Ricci scalar for a spherical
symmetric matter distribution.

On the other hand, imposing instead f'(0) = 0, f(0) = 0 ensures that (4.66-4.69) are
identically satisfied for all values of ¢ and A that guarantees R = 0 and hence X = 0.
Hence for all models with f/(0) = 0, any solution with vanishing Ricci Scalar in GR would
be a solution to the above system. This shows that gravity can in principle mimic other
fields. For example, the Reissner Nordstrom solution is a solution to the above system
without any charge. Similarly, a static spherically symmetric solution for a perfect fluid
interior with equation of state p = 1/3p is also a solution of this system in the absence of
the fluid. Gravity thus mimics the electromagnetic field in former case and the perfect fluid

in latter. It is noted here that the fact that the Schwarzschild solution is not a unique static
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spherically symmetric solution hints towards a violation of Birkhoffs theorem in its present

form [48] for these theories.

In the case for solutions with constant Ricci scalar, by imposing R = Ry = const and
consequently X, X = 0 on (6.6-6.9) for a class C® in R = Ry, one obtains:

. 1 1 2

filoro(zo-4)| = gRoss-3h. (6.12)
T 1, 1
HlA+AA+9)] = ch-3Ref (6.13)
0 = —Rofy+2fo (6.14)
Solutions in this case exist for

fo#0, fo#0, 2fo—Rofg=0, (6.15)
fi#0, fo=0 = Schwarzschild solution (Ry=0), (6.16)
fo=0, fo=0, R=Ry, X,X=0, (6.17)

respectively. The relation (6.15) was already found by Barrow and Ottewill [69] in the cos-
mological context and later rediscovered in [70]. It relates the value of the constant Ricci

scalar with the universal constants in the action.

On considering solutions for the case of f(R) = KR? it was found that the constant
term in a Schwarzschild-dS/AdS spacetime becomes a local constant of integration just
like the mass. Hence in this theory we can have two distant stars behaving like two differ-
ent Schwarzschild-dS/AdS object with different values of the constant. Consequently, just
by studying the geodesic motions around them, it is impossible to determine their mass

uniquely.

In order to extract observable results, the 1+1+2 equations are further specialized by
choosing a specific form of the radial coordinate. This is equivalent to the choice of an
observer in the 14142 formalism which, differing from the 1+3 case, requires not only the
specification of a velocity field but also a specific spatial direction. The requirement that
the Gauss curvature of the sheets has an inverse square dependence on the radius offers a
natural choice for the co-ordinate ‘r’ to become the area radius of the sheets. This allows
for a geometrical definition of the ‘hat’ derivative as

1 LgtM

M =g, (6.18)

With this choice, given any f(R)-theory of gravity (and sufficient ingenuity), one can derive

static and spherically symmetric solution(s) for this theory.
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We use R"-gravity as an example to derive some static and spherically symmetric solutions.
In particular, using the Schwarzschild ansatz ¢ = 1/Cy1r® + Cor? | R = C3/r" (v > 0) such

that the Ricci scalar vanishes at infinity, the solution:

7-5n 5n—4n2
- —4n)rm-2 + (2n —2)(2n — 1)r n-2
A = C(5—4n)r +(2n-2)2n—1)r ’ (6.19)
—10n+4n2
2n-2)(2n 1) (1—+-2n—-2nz)(7—1071-{—4712)<1+CT77 s )
22 —n)r 7 =2
¢ = 2 ; (6.20)
r (142n—2n2)(7—10n+4n2)
—10n+4n2
(2—n)? <1+Cr7ug%>
6n(in —1)
R = 6.21
[2n(n —1) — 1]r?’ (6:21)
-1
X = - 12n(n—1) (6.22)

[2n(n —1) — 1]7“3 (14-2n—2n2)(7—10n+4n?)
7—10n44n2
(2—n)? (1+cr"""z:ﬁ—)

is obtained for which the lensing equation is later derived.

Solving for the metric coefficients for a general spherically symmetric static metric, ds® =
—A(r)dt? + B(r)dr® + r?(df? + sin®8d¢?) and from the metric definitions of different co-

variant scalars:

1 dA(r) 2
p B == 2
A 2A(r) dr (r) and ¢ =—+/B(r), (6.23)
we obtain
— 2n—1 C 1 (2 _ n)2 C

A _ (2n=2)355 ) _ L_c N

(r)=r +T<52—j47:3> " B(r)  (7-10n+4n2)(1+ 2n — 2n2)) + 7«%

(6.24)

This solution was originally found by Clifton {71]. It reduces to Schwarzschild for n = 1 but

despite the fact the Ricei scalar vanishes at infinity, the solution is not asymptotically flat.
In chapter 5 we apply the 14+1+42 decomposition of the null tangent vector
k¢ = E(u® + ke® + k%) , (6.25)

where x is the magnitude of the radial component and x° is the component lying in the

2-dimensional sheet. From lensing geometry in the figures (5.1) and (5.2) and properties of
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the null tangent vector k%, the completely general form of the lensing angle is derived as

1 %) 1
a= / |E| V1—k%dv —ag . (6.26)

LT
To find an explicit form for (6.26), the propagation equations along the ray for the lensing

variables £ and x are determined which for R™ spacetime geometry took the form:

E' = —FE?Ax, (6.27)
K E(1 - 52)(%¢ —A) . (6.28)

Since the prime derivative can be expressed in terms of the hat derivative as in the case of a
scalar K, K' = ExK, utilizing this the equations can be rewritten as differential equations.
To find solutions to these differential equations, we use the forms for 4, and ¢ as given in

(6.19) and (6.20), respectively. The solutions found are

6+-13 +2n 1
roon-2 A1 1 2
E = d = {1l— == . 6.29
10n 7+4n2 an * < T2E2/\2) ( )
rn—2 + CT' n—2

Substituting these solutions and the transformation relation between the affine parameter

dv and dr into the general expression of the deflection angle (6.26) results in

[T

T (4712— n+2 n?—12n ) h
o= 2/ J [r*—” X g >] dr—m,  (6.30)
T

L= nez . — J? (T_z +Cr =2
o T

form for the deflection angle for R™ gravity. It was found that more bending in the lensing
angle occurs for R™ when compared to the GR case for a light ray passing close to a massive
body. The physical region for the model used is limited to a value below n = 1.34 beyond
which the theory breaks down for the equation.

6.1 Conclusion

In obtaining the covariant lensing angle and solutions in static spherically symmetric space-
times using the 14142 covariant approach, the power of the the covariant approach when
compared to the metric method is demonstrated as the covariant decomposition of the
spacetime yields physical and geometrical meaning of the covariant variables and thus man-

ifests the underlying physics for better understanding.

From the system of equations (4.66-4.69) we deduced some important results for spherically

symmetric static solutions in a general f(R) gravity in absolute co-ordinate independent
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manner. The presence of a Schwarzschild solution in R™ gravity theories can have interest-
ing consequences on the validity of these models on the Solar System level. In particular
if one concludes that the sun behaves very close to a Schwarzschild solution, the experi-
mental data of the solar system would help constraining these models. From our general
considerations since more than one solution is generated. Our general considerations of the
conditions f’ > 0, f” > 0 do not admit a unique solution and Birkhoffs theorem is violated.
It is also interesting to note that the imposition of these conditions keeps the gravitational
interaction at the same time at all times and prevents the appearance of tachyons, implying
that the only R = 0 solution is the Schwarzschild one. This suggests a link between these
conditions and the Birkhoff theorem, which definitely deserves a more detailed study.

In the lensing analysis, we found that more bending is expected for R" gravity theories
in comparison to GR and is dependent on the value of n and the value of distance of closest
approach. This divergence can be used to obtain signatures for these theories of gravity.
Additionally, of important astrophysical and cosmological consequence is finding observa-
tional results for the angle for these models. From experimental data, certain forms of
the function f may ruled out or be constrained. Furthermore these results may play an
important part in the covariant and gauge invariant perturbations of black hole solutions
in higher order gravity. For more comparative results, the covariant application to lensing
can be extended further, for example, it can be applied to studies of lensing of black holes

and the CMB and also pertubations of spherically symmetric spacetimes {59, 61].
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