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“All models are wrong but some are useful.”

George Box
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Abstract

This dissertation presents an extensive analysis of the neural network approxi-
mation of mean-variance hedging with a comparison between the current neural
network approaches and the theoretical solutions. These theoretical solutions
provide a simulation-based performance benchmark for this comparison. Fur-
thermore, this dissertation implements a financial market generator which al-
lows for a realistic performance analysis based on both real and pseudo-real
data; whereby, deep hedging is shown to offer highly competitive industry per-
formance. Finally, the dissertation shows that deep hedging is effective for other
quadratic criterion such as those similar to local risk-minimisation techniques.
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Chapter 1

Introduction

Machine learning techniques in mathematical finance have promoted a plethora
of research. Throughout this dissertation we analyse the process known as deep
hedging. Deep hedging offers a reinforcement learning solution to hedging claims
in incomplete markets by approximation of the optimal strategy. By considering
the quadratic criterion, our analysis utilises dynamic programming, martingale
theory and industry benchmarks.

1.1 Literature Review

Black and Scholes, 1973 and Merton, 1973 introduced a pioneering approach
to the theory of mathematical finance and derivative pricing. The approach
utilised partial differential equations (PDEs) in order to establish replicating
portfolios for contingent claims. Within no arbitrage theory the price of a repli-
cating strategy defines the price of such derivatives from the law of one price.
Consequently, the model provides a hedging approach for the complete model.
Contrary to the above PDE-based approach, Harrison and Kreps, 1979 derived
the Black-Scholes model from probability theory and martingales. In addition,
Harrison and Pliska, 1981 established a link between market completeness and a
class of martingales which follows a specific martingale representation property.
Maintaining the completeness of the financial models, such as the Black-Scholes
model, is not realistic in application. Therefore, research into the hedging of
contingent claims in incomplete markets has received attention since introduc-
tion.

Hedging in incomplete markets requires a trader to associate a utility towards
the profit and loss obtained from the inability to perfectly replicate a desired
contingent claim. They must then aim to maximise her expected utility, yield-
ing the most optimal intrinsic value and hedging strategy for her preferences.
Beyond this, the exact details continue to be extensively researched. On one
extreme, a possible incomplete market hedging solution is super-replication.
Here, a trader constructs their hedging strategy such that the payoff of the con-
tingent claim is super-hedged under all possible scenarios, or at least almost-
surely. Consequently, when a trader charges a super-replication price for a
contingent claim they can entirely eliminate the associated risk of the claim’s
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short position. The application of super-replication remains difficult in cer-
tain circumstances. More importantly, the super-replication price is generally
too high from a competitive pricing perspective. For earlier research on super-
replication techniques, see El Karoui and Quenez, 1995, Kramkov, 1996 and
Follmer and Kabanov, 1997.

Another, often more applicable approach, originated in Hodges and Neuberger,
1989, follows the notion of certainty equivalents. In particular, indifference pric-
ing incorporates a utility function for the trader and aims to find the certainty
equivalent which represents the amount which the trader would be indifferent
to entering the position. The certainty equivalent is the indifference price asso-
ciated with the given utility function. The hedging strategy is found naturally
as part of the optimisation process, representing the best possible hedging strat-
egy with respect to the performance evaluated by the chosen utility criterion.
The problem surrounding this technique is the choice of utility function. Ex-
ploration of constant relative risk aversion (CRRA) and hyperbolic absolute
relative risk aversion (HARA) utility functions for incomplete market hedging
has been conducted by Malamud, Trubowitz, and Wiithrich, 2013 and Duffie
et al., 1997 respectively. The study of convex risk measures was introduced by
Follmer, Schweizer, et al., 1990 to generalise the utility functions which resulted
in the desired indifference pricing properties. A comparison of such convex
risk measures was conducted by Ilhan, Jonsson, and Sircar, 2009 with particu-
lar emphasis on exotic options. A more recent study by Hodoshima, Misawa,
and Miyahara, 2018 compares the indifference pricing method to the upcoming
mean-variance approach under a mixture of Normal distributions which leads
into the next approach for the pricing and hedging problem in incomplete mar-
kets. Despite the extensive research into a variety of utility functions, a practical
problem remains; a general trader does not explicitly define their utility curve
for contingent claims.

The final major approach for the pricing and hedging of contingent claims
utilises a quadratic criterion for the risk profile. The approach is analogous
to choosing particular martingale measures for the pricing. This idea was first
popularised by Follmer and Sondermann, 1986 and Duffie and Richardson, 1991.
The quadratic criterion benefits from both a mathematical and economical per-
spective. Economically, the criterion represents a risk averse trader who aims
to balance both the accuracy of their hedge and minimisation of the associ-
ated variance. Unlike many of the utility functions used for indifference pricing,
the quadratic criterion equally penalises both an under and over hedge. From
the mathematical perspective, the criterion offers tractability in the derivation
of the optimal solution and the ability to follow a martingale approach. The
use of the quadratic criterion can be further subdivided into two distinct ap-
proaches: local risk-minimisation and mean-variance hedging. A succinct guide
through these approaches is provided by Schweizer, 1999 whilst Heath, Platen,
and Schweizer, 2001a provided a comparison between the two methods under
the Heston model, a stochastic volatility model introduced by Heston, 1993.
Under the local risk-minimisation framework, a trader decides to follow a non-
self-financing trading strategy which endures an associated cost with the goal of
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minimising the cost. This was first explored by Follmer and Sondermann, 1986
where the price process is a martingale. Schweizer, 1988 and Schweizer, 1991
then extended the framework to the general semi-martingale case. This work
established the Follmer-Schweizer decomposition and the link to the so-called
minimal martingale measure. The obvious disadvantage to this method is that
the trader must incur unplanned cash-flows throughout the life of the hedge
since the strategy is not self-financing.

On the other hand, the mean-variance hedging approach maintains the self-
financing property of the strategy and aims to minimise the expected square
replication error. Bouleau and Lamberton, 1989, Duffie and Richardson, 1991
and Schweizer, 1994 pioneered and established the mean-variance hedging method,
showing that the problem is a projection of the claim in the L?*(P) Hilbert space
onto the space of attainable claims. The continuous-time mean-variance hedg-
ing solution relies on a variance-optimal martingale measure, with Rheinlédnder
and Schweizer, 1997 providing a generalised solution. In the discrete-time case,
Cerny, 2004 explored a dynamic programming solution as an alternative to the
martingale theory construction. Much like with the process of indifference pric-
ing, the mean-variance hedging with dynamic programming is plausible through
the reduction of the problem with the Hamilton-Bellman-Jacobi equation. Ad-
ditionally, given the quadratic nature of measure, mathematical convenience
is also achieved. In particular, it is shown that the dynamic programming ap-
proach results in the explicit characterisation of the martingale solution. Unfor-
tunately, the dynamic programming approach can be unfeasible in application
due to the potentially high computation time; however, it does serve as a natu-
ral step when exploring hedging strategies of discontinuous price processes. In
response, machine learning techniques are explored to approximate optimality
to provide an application friendly approach.

The early 1990s saw the initial significant contributions made for neural net-
works in the field of option pricing. Malliaris and Salchenberger, 1993 and
Hutchinson, Lo, and Poggio, 1994 explored neural networks to estimate the
closing price of options. The networks receive the same variables as the Black-
Scholes model and are compared against the Black-Scholes model under the
mean-square error for performance evaluation. The associated hedging strat-
egy for the networks is computed through sensitivity analysis. Following this,
there has been a plethora of research into the application of neural networks
for both pricing and hedging options. Neural networks provide a method for
derivative pricing which is non-parametric in terms of the underlying model.
Ruf and Wang, 2020 provided an elaborate overview of this literature ranging
from model outputs to feature sets. Here, we focus on a few recent papers which
serve as direct influences to this research.

Contrary to analysing the sensitivity of pricing networks to obtain the hedging
strategy, receiving the hedging strategy directly from the network was originally
explored by Carverhill and Cheuk, 2003 and Sutcliffe and Chen, 2011. Here,
the networks were trained to output desired option sensitivities, such as the
Delta and Vega, in a non-parametric manner. Despite these earlier attempts,
Buehler et al., 2019 provided the most influential contribution to the neural
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network hedging space, forming the basis of this proposed research. Beuhler
approaches the hedging and pricing problem simultaneously under the indiffer-
ence pricing framework. As mentioned, this framework can be reduced to a
dynamic programming problem where both the optimal hedging strategy and
price can be obtained from the optimisation. Consequently, they explore deep
neural networks for the reinforcement learning problem with a semi-recurrent
network. Additionally, market friction and various convex risk functions are
incorporated and compared against the Black-Scholes performance in a Heston
model simulation. The benefits of directly computing the hedging ratio from
the network is briefly discussed in Ruf and Wang, 2021. The main advantage
is the resolution of the fact that market models may share very similar prices
but drastically different hedging strategies, shown by Lyons, 1995.

An important recent implementation follows data generation. Data generation
is a prevalent problem in mathematical finance. The training of pricing and
hedging models for real-world application requires real-world data; however,
only one sample path is ever available. This causes a significant problem for
deep learning-based pricing and hedging models which require data for which to
be trained. Traditionally, data has been simulated under chosen models, such as
the Black-Scholes or Heston model frameworks; however, generative networks
present a more modern approach. Financial market data generators are in their
infancy. Kondratyev and Schwarz, 2019 provided a market generator with a
restricted Boltzmann Machine whilst Kondratyev, Schwarz, and Horvath, 2020
expanded on flaws associated with the restricted Boltzmann Machine. Henry-
Labordere, 2019 and Wiese et al., 2020 explored GAN based market generators,
whilst Buehler et al., 2020 provided the first VAE based market generator.

1.2 Problem Formulation

Consider a trader presented with an unattainable contingent claim, H, which
they are required to hedge. Without a perfect hedge available, the trader is
still expected to act optimally by minimising their associated risk. Whilst a few
methods exist for hedging in incomplete markets, this dissertation focuses on
hedging based on quadratic criterion with particular emphasis on mean-variance
hedging. As such, the trader aims to minimise

minE [(H — Vr(9))?] (1.1)

©p

where Vr(g) represents the portfolio value associated with the trading strategy
v at time T". The optimisation methods follow dynamic programming, martin-
gale theory, and neural network approximation approaches. This dissertation
analyses the neural network approximation technique.

The optimisation process of pricing and hedging in incomplete markets can be
reformulated as a reinforcement learning problem since the problem originates
from a dynamic programming problem. This reinforcement learning framework
has become known as deep hedging. Throughout this dissertation, deep hedging
is shown to approximate the optimal solution arbitrarily well in both theory
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and application. This is first shown under simulation with optimal bench-
marks. Here, underlying asset prices are simulated under the multinomial,
Black-Scholes , Heston models and their optimal benchmarks are used to anal-
yse the capabilities of deep hedging. These benchmarks show that deep hedging
can approximate the optimal solution without any significant difference.

Under more realistic settings, the deep hedging approach can outperform in-
dustry benchmarks and deep hedging offers highly competitive industry per-
formance. Firstly, we utilise financial market generators to create asset sample
paths. The deep hedging framework is able to outperform a Black-Scholes hedg-
ing strategy under these P sample paths. Secondly, the quadratic criterion is
changed to the quadratic daily profit and loss which relies on the option price
process. Such a criterion offers an important insight for traders operating on a
mark-to-market basis. Here, deep hedging is able to provide competitive per-
formance against the Heston model, even when the option prices are generated
under the Heston model. Whilst restricted to real samples, deep hedging mod-
els can suffer from overfitting; however, the training process is shown to be
improved by incorporating financial market generation.

1.3 Outline

The dissertation contains five chapters. This introduction represents the first.
The second chapter, 2, provides preliminaries required for the dissertation. This
includes an introduction to mathematical finance, a brief summary of the neu-
ral networks presented in the dissertation and a succinct introduction to path
signatures required for the data generation techniques.

Chapter 3 establishes the theoretical solutions to pricing and hedging in incom-
plete markets. These begin with indifference pricing before solving the quadratic
hedging problem with both martingale theory and dynamic programming. In
addition, a theoretical motivation for deep hedging is provided.

Chapter 4 presents our performance analysis of deep hedging. The results begin
with simulation benchmarks to evaluate the approximation accuracy of deep
hedging when the optimal or close-to-optimal solution is known. Following these
benchmarks, the deep hedging approach is compared to industry performance
on both pseudo-real and real paths.

Chapter 5 offers a conclusion to the analysis presented whilst providing pitfalls
and areas of extension for the dissertation.



Chapter 2

Preliminaries

In this chapter, we discuss the foundations required to discuss the outlined
problem of deep hedging from a theoretical perspective. For this, we begin with
an introduction to mathematical finance, then proceed to an introduction to the
neural network architectures used later on in the dissertation. Finally, we end
the chapter with an introduction to path signatures, an essential component
required for the data generation process covered in 4.3.

2.1 Mathematical Finance

The field of mathematical finance makes rigorous use of the theory of stochastic
processes and probability theory. In this section, we cover the essential theory
required for mathematical finance, and to discuss the theory of financial hedging
in the required detail. We begin with an introduction to trading in continuous
time, leading into a discussion of two important continuous-time market models.

2.1.1 Trading in Continuous Time

An introduction to trading in continuous time is generally a formal extension
of the discrete-time trading theory. For readers who desire a rigorous develop-
ment of the theory or have minimal prior knowledge of the field, we recommend
Follmer and Schied, 2011 for discrete theory. The focus of this dissertation is
incomplete markets and the discretization of continuous-time models; hence,
development of the continuous-time theory is necessary for the upcoming dis-
cussions. Consequently, this section guides the reader through an introduction
to trading and introduces examples of complete market models. The essence of
these models is the ability to perfectly replicate the payoff of a contingent claim
by continuously re-balancing a self-financing portfolio. The construction cost of
this replicating portfolio must then be the price of the contingent claim due to
the law of one price. For a rigorous exploration of continuous-time mathematical
finance, we refer the reader to Musiela and Rutkowski, 2010.

Introduction to Trading in Continuous Time

Throughout this introduction, we establish the definitions and notation required
for future discussion. First, consider a continuous-time financial market which
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consists of d risky assets and a single risk-free asset. Then, the d+1 asset prices
form a stochastic process, which is denoted by

S = (90, 8/},....5) . (2.1)

Here, t represents the time, whilst S¢ for i = 0, ..., d denotes the i*" asset. It is
common practice that the ¢ = 0 asset represents the risk-free asset. If a constant
interest rate is assumed, then the dynamics of the risk-free asset is

SP = Spe™,

where r represents the risk-free rate of return over a unit period. Furthermore,
assume without loss of generality that S§ = 1.

The remainder of the d risky asset price processes are stochastic. Due to this
natural separation, it can be beneficial to denote

B:=S°,
S:=(S',...,5%.

The motivation for the notation B follows from the fact that the risk-free asset
can be perceived as an investment in a riskless bank account. Finally, S'is a d+1
dimensional cadlag semi-martingale, where we assume that each component is
positive to avoid unnecessary mathematical complexities!.

With the above notation, a financial market can be represented by the tuple
of a filtered probability space and primary assets, denoted ((Q2, F,F,P), B, 5).
For the purposes of avoiding unnecessary technicalities in the mathematics, we
assume JFy is trivial and restrict the market to a finite time interval, say [0, 7]
for some future time 7', without loss of generality in our case.

Now that we have a market tuple, let us make some simplifying assumptions in
order to develop a theoretical basis for the trading. Assume that the following
conditions exist:

1. Continuous trading.
2. Unrestricted borrowing and lending at the risk-free rate.

3. Frictionless market, which implies notions such as sufficient liquidity and
the absence of transaction costs.

We will relax some of these assumptions once we have developed the theory to
obtain more realistic market conditions.

Now let us introduce trading strategies and portfolios which combine these base
market components. Begin by allowing for the natural assumption that we have
the o-algebra F; C F which represents the information available to the trader

IThis assumption is realistic in most markets since do not expect negative prices for
primary assets; however, the assumption can be relaxed given that the user incorporates
concepts such as o-martingales
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at time ¢ and that
Fs CF, Vs<t<T.

A trading strategy is a predictable process, ¢;, which is integrable with respect
to S; such that

Pt = (Spga%}»a‘;@f)a

where ¢! represents the number of shares of the i asset held in the portfolio
at time t. Hence, at time ¢, if a trader holds a portfolio with respect to the
trading strategy ¢, the value of the portfolio is calculated as

Vt(@) =S
d . .
=> ¢is;.
i=0

The process V = V(p) = {Vi(p) : t € [0,T]} is known as the value process of
the portfolio. Following from the law of one price, the value of the portfolio at
time t is the same as the construction cost of this portfolio at ¢.

Now, let us define the cumulative gains process, G(¢) = {Gi(p) : t € [0,T]},
for the trading strategy . This process captures the portfolio gains which
have accumulated over the period [0,¢] directly from the trading strategy .
Therefore,

Go(p) =0,

t
Gi(yp) = / Oy - dS,, fort>0.
0

Definition 2.1.1
A trading strategy is said to be self-financing if and only if

Vi(e) = Vole) + Gily), V.

A self-financing strategy prevents both injections and withdrawals of invest-
ment capital, enforcing that the changes in portfolio value are the sole result of
trading. For the remainder of the dissertation we assume that trading strategies
are self-financing unless otherwise stated.

In the financial world, it is common practice to represent all of the market’s
asset prices relative to a single asset for comparative benefits. Whilst any asset
can be chosen to be the basis asset, formally known as the numeraire, a common
starting point is to use the risk-free asset. These prices are known as discounted
asset prices and they allow us to easily handle the notion of time wvalue of
money by distinguishing between a single unit of currency throughout time.
Mathematically, we denote the discounted asset price process, X, as follows:

X=(X"...,X9,
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where A
X' = > Vi=0,1 d
.—@7 1=u,L,...,d.
Here, S is the numeraire, trivially resulting in g—g = 1. The associated dis-

counted price system for the market is (1, X) = (1, X!, ..., X?). In literature,
S is traditionally also reserved for the discounted price system. Within the ap-
plication of option pricing and hedging, it may become extremely beneficial to
utilise other assets as the numeraire. Any asset can represent a numeraire given
that the asset’s price process is strictly positive. When this is the case, the
resultant process is known as a numeraire-deflated price process rather than
a discounted process. Throughout the remainder of the dissertation we will
largely utilise the discounted process for mathematical convenience, supporting
the following notions.

Under a self-financing trading strategy and discounted price process, we can
redefine the trading strategy as

(777 19) = (9007 (‘ptlv s 730?))'

Under this notation, 1 represents the amount invested in the riskless asset,
since the riskless asset has a discounted value of 1 for all ¢, and 1) represents the
strategy for the risky assets. Then, the discounted value and gains processes
can be derived in relative terms as:

‘/;5(90) P = (77719)1? : (17X)t
d
:nt+zﬁiXZ>
i=1

t
0

Firstly, note that the discounted gains process is only determined by the trading
in the risky assets. This notion is consistent with our concern with the gains
obtained from the risk taken by investing in a the risky assets in the portfolio.
More importantly, we observe that, with the self-financing condition, the port-
folio can be fully characterised by the initial value and the strategy for the risky
assets, (g, ) where 1y denotes the initial value of the portfolio. This result can
be shown as follows: let the riskless asset be the numeraire. Then

Vi) = Volg) + Gi(),

d t
S =T+ Y [ | taxi- soixz} .
i=1 LJ0

Consequently, it is possible to make any trading strategy on the risky assets
self-financing by adjusting the strategy imposed on the riskless asset to satisfy
the above equation. As a result, we will often try to utilise the discounted
market where applicable for the mathematical convenience.
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A final assumption we make before progressing is the inclusion of a finite credit
line. Such a credit line is chosen to be any realistic value for the trader of
concern, ensuring that the theory remains more realistic by preventing the value
process becoming arbitrarily large and negative. The assumption is achieved
through enforcing the following condition on the trading strategy.

Definition 2.1.2
A self financing trading strategy ¢ is admissible if there exists a € R such that

Gi(p) > a, Yt>0.

We will extend our assumptions such that all trading strategies can be assumed
to be admissible and self-financing unless otherwise stated.

Arbitrage Pricing Theory

An arbitrage opportunity is a fundamental concept in any area of finance. An
arbitrage opportunity is a trading strategy which allows the trader to make a
riskless profit. Explicitly, the trader can begin with no capital investment and
have a positive probability of making a profit from the strategy whilst negating
all risk of losing capital, at least almost surely.

Definition 2.1.3
A strategy ¢ 1s an arbitrage strategy or arbitrage opportunity if and only if

1. Vo(p) = 0.
2. Vr(p) >0, P—a.s
3. P(Vr(p) > 0) > 0.

This definition for an arbitrage opportunity also holds for any numeraire-deflated
price process. It is clear that we want to avoid creating a market model which
experiences arbitrage opportunities. A trader should not obtain excess returns
without admitting the associated risk. We say that a market is arbitrage-free
if there are no arbitrage opportunities in the market. Such an assumption to
make is often fair since if an arbitrage opportunity exists in the market, the
market is expected to aggressively exploit the opportunity which would result
in its removal in a short time frame through supply and demand. Arbitrage
Pricing theory explores the probability measures which ensure arbitrage-free
market models.

Definition 2.1.4
Choose N to be a numeraire. Then a measure Q is called an equivalent (local)
martingale measure (EMM) for the numeraire N if and only if

1. Q= P;ie P(A) =0 < Q(A) =0, VAec F.
2. 5, = (%)t is a (local) Q-martingale.

If the numeraire process N is the riskless asset, then the EMM Q is known as
a risk-neutral measure.
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Suppose that Q is an EMM for some numeraire process N and denote the
numeraire-deflated price process by S. Then both V and G are also (local) Q-
martingales. This result follows since G is a stochastic integral with respect to S
which is itself a (local) Q-martingale. In addition, the equivalence condition for
an EMM ensures that P and Q share the same arbitrage opportunities. Hence,
an arbitrage opportunity remains an arbitrage when we change numeraire or

EMM.

In order to express the Fundamental Theorem of Asset Pricing I (FTAP I) in
the continuous-time framework, we must first cover one more concept.

Definition 2.1.5
A sequence of admissible and self-financing strategies (v§,9%) admits a free lunch
with vanishing risk if

1. vy =0.
2. Vp (v, 9%) > —1, V k.
3. 3 €,6 > 0 such that P(Vp(vF,9%) > ) > ¢, Vk.

Free lunch with vanishing risk strategies can be viewed as sequences of trading
strategies which approximate arbitrage strategies. A market is said to adhere to
the no free lunch with vanishing risk condition when no such sequence of strate-
gies exist in the market. This is a strengthening of the arbitrage opportunity
condition.

Theorem 1 (FTAP I)
For a financial market with non-negative assets, the following are equivalent:

1. The market satisfies the NFLVR condition.
2. There exists an ELMM for X.

In discrete-time theory, the absence of arbitrage opportunities is enough to
ensure the existence of an EMM for X; however, the continuous-time framework
requires the stronger NFLVR condition for the forward implication of theorem
1. Hence, we can obtain a NFLVR market, and thus an arbitrage-free market,
through an EMM.

The Fundamental Theorem of Asset Pricing IT (FTAP II) is our next objective.
This is essential for the pricing and hedging process; but, we must develop the
required concepts first.

Firstly, a European contingent claim, C', is a Fpr-measurable random variable
in a financial market ((Q2, F,F,IP), S). At the same time, let us denote the dis-
counted claim as H, which is a contingent claim with respect to the discounted
price process X.

Definition 2.1.6
We say a strategqy (vo,0) replicates C, or is a replicating strategy for C, if

Vr((vo,9)) = C, P— a.s.
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If such a replicating strateqy exits, we say that C' is attainable or replicable.

Suppose that we have a contingent claim C' which is attainable. Then we
know the current (theoretical) price of this claim. In particular, if C' can be
replicated by the strategy (1o, ¢) then the law of one price states that the price
of C should be 1, i.e. the construction cost of the replicating portfolio, since
C' = Vr((v,1)). This notion is expressed by the following theorem.

Theorem 2 (Martingale Valuation)
Suppose that C' is an attainable contingent claim, and that Q is an EMM for
the numeraire N. If we denote C; as the price at time t < T, then

)

An important concept which surrounds the construction of the foundations of
mathematical finance is the notion of a complete market.

Definition 2.1.7
A financial market (2, F,F,P), X) is complete if every contingent claim is
attainable.

C
Ct — Nt]EQ (N—T

This property will be a focusing relaxation for the exploration of this disserta-
tion. Issues clearly arise for pricing claims in incomplete markets since we can
no longer use theorem 2. We will explore this in the upcoming chapters. For
now though, we will work with complete market models.

As the final step before we can state the second Fundamental Theorem of Asset
Pricing (FTAP II), we must cover a martingale representation property. In
particular, this representation permits that martingales can be decomposed
into an initial value and and integral of a predictable process.

Definition 2.1.8
A stochastic process X s said to have the predictable representation property
(PRP) with respect to P if every P-local martingale M can be written as

t
M, = M, +/ YsdXs,
0

for some predictable X -integrable process

We are now able to utilise the FTAP II in order to classify whether market
models are complete.

Theorem 3 (FTAP II)
Let (2, F,F,P), X) be a financial market whose components are non-negative
and assume that NFLVR holds. Then the following are equivalent:

1. The market is complete.
2. There is a unique ELMM.
3. X satisfies PRP with respect to at least on ELMM for X.
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The martingale valuation theorem (2) assists the process of pricing contingent
claims; however, it provides no insight into the process of finding a replication
trading strategy. Property 3 of 3 brings us one step closer by showing that
one exists without providing a procedure to find it. In particular, let H be
a discounted contingent claim with Eg(|H|) < oo. Define the process M =
{M;:t=0,1,...,T} whereby M; := Eg(H|F;). Then M is a martingale with
Myp = H and PRP tells us that there exists a predictable process o such that

t
Mt:EQ(H)Jr/ odX,.
0

Then for t = T, the predictable process ¢! is a replicating strategy for H. With
the addition of market frameworks, we can utilise this to establish a replicating
strategy finding process.

2.1.2 Continuous-Time Models

Throughout this section, we will explore the continuation of the theory of
arbitrage-free and complete market models. In particular, we have covered
the foundations required for us to discuss some of the popular continuous-time
market models. The Black-Scholes model is an important milestone for modern
mathematical finance. The work pioneered the way for much of the exploration
which followed it and the model remains popular almost 40 years on despite the
rather restrictive assumptions which it imposes. The Heston model, originally
proposed by Heston, 1993, relaxes the Black-Scholes assumption of constant
volatility by introducing a stochastic volatility and has become another popu-
lar model in industry. Whilst we acknowledge the plethora of models available,
we will be using these two models in our comparative process; hence, we will
analyse these models for an understanding of continuous-time models.

Black-Scholes Model

The classical Black-Scholes model explores a market with a single risky asset
and one source of noise which is an important foundation for understanding the
invaluable continuous-time model. The discussion below follows closely from
Mavuso, 2019.

Let us continue to work in the probability space (€2, F,P) which has been
equipped with the filtration F. The filtration is the natural filtration of a
one-dimensional Brownian motion W;. For technical reasons, the filtration is
augmented to satisfy the usual conditions of continuity and completeness, see
Protter, 2005 for why this is essential.

Black and Scholes suppose that the asset price process is modelled by a Geo-
metric Brownian motion. In particular, the single risky asset S; follows an Ito
diffusion with dynamics

dSt = ,MStdt + O'Stth, S() > 0. (22)



Chapter 2. Preliminaries 14

Here, p represents the drift and o is the wvolatility of the asset price process.
We must explicitly remark that the mean and volatility are time-homogeneous
constants. Relaxing the constant volatility assumption forms a major area of
research due to its rather restrictive and unrealistic nature. For now though,
we remain with the more classical assumption for our foundation.

Additionally, the market is equipped with a riskless asset. An asset is riskless
in the market if it has zero volatility; ensuring that the price process is deter-
ministic. In reality, this asset is associated with a money market account which
we will denote as S? := B; which has dynamics

dBt = TBt7 BO = 17

for some risk-free rate of return r. Again, we make the classical assumption
that this rate is constant. It is common to let B; be the numeraire process
and establish theory under the discounted price process and the risk-neutral
measure. Following the theory of mathematical finance, since the asset prices
are Ito diffusions, these processes are continuous semi-martingales which ensures
that Ito calculus is valid. We must reiterate that when we describe the dynamics
as a stochastic differential equation (SDE)

dSt = MStdt + UStth,

we are referring to the common shorthand of a stochastic integral equation
t t
Sy =Sy +/ 1Sy du —i—/ oS, dW,, Yt e[0,T], (2.3)
0 0

whereby the second integral is an It6 integral.

Let us briefly return to the filtration of the probability space. We have defined
the filtration to be the natural filtration of the one-dimensional Brownian mo-
tion; but, in reality, we only observe asset prices. It can easily be shown through
[to’s formula that the unique solution to 2.3 is

S, = Soe? Wit =37y ¢ e [0, T]. (2.4)
Hence, S; = f(W;) for the appropriate Borel function f associated with 2.4.
Applying the Doob-Dynkin Lemma informs us that F¥ C FW. In fact, Musiela
and Rutkowski, 2010 succinctly shows that F° = FW = F. Consequently,
the filtration is generated by all the information of the assets prices available
at the appropriate times; signifying the information available to the market.
Hence, we make the assumption that the market has all the information and
this information becomes known to all the traders at the same time.

Following the notions of the previous section, we would like to achieve a martin-
gale process for the asset prices; yet, equation 2.4 clearly shows that the asset
price process is only a martingale if the drift process is zero. Consequently,
we must consider Girsanov’s Theorem. In particular, we need to find the Gir-
sanov kernel which causes the dynamics of discounted price process, S, to be
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driftless under the new measure Q defined by the Girsanov theorem. A simple
application of Itd’s formula shows us that

dgt =d (%) = (IM — 'l") Stdt + O'Stth
t

= (u—1)S,dt + US'td(Wt + Awdt)
= (,U —r+ O')\t> Stdt + Ugttha

where W is a Q Brownian motion. Hence, we must choose the kernel, );, such
that » — u = o\, in order to ensure the discounted price process is driftless

under Q. Consequently,
A= — (“ — r) (2.5)
o

and the kernel is the negative market price of risk.

The importance of finding such a kernel follows from our desire to have an
arbitrage-free market model. Recall the FTAP I 1 which implies that the Black-
Scholes Model is arbitrage-free if and only if there exists a risk-neutral measure,
or more directly, if there exists an ELMM for the discounted asset prices.

The next step of progression, after establishing an arbitrage-free model, is to
explore the procedure of pricing and hedging within the Black-Scholes model.
Clearly, we want to utilise the martingale valuation theorem 2; however, this re-
quires that the contingent claim is attainable. The FTAP II 3 plays an essential
role here. Since the kernel in 2.5 is unique, shown by Musiela and Rutkowski,
2010, the ELMM is unique and all contingent claims are attainable.

Let us briefly explore the problem of pricing contingent claims under the frame-
work. It is at this point that we acknowledge the two approaches for pricing
and hedging contingent claims. The first method follows the historical approach
taken in Black and Scholes, 1973 whereby partial differential equations were set
up such that the Feynman-Kac theorem was applicable. We do not follow this
approach and rather continue with the martingale approach first shown by Har-
rison and Pliska, 1981.

Consider the contingent claim C which is not path dependent such that C' =
g(St) for some Borel measurable function g. For mathematical ease, let us con-
sider the discounted contingent claim H = e¢"7C = e "Tg(e"" X7) = h(X7).
Then pricing the contingent claim with the martingale valuation theorem re-
duced to solving

(C) = Eqle™"g(S7)]
= ¢ " Eqlg(Sr)]-
The more interesting avenue to explore is the problem of hedging. Let us first

find the replicating strategy for the discounted claim H and then show that
this replicating strategy replicates C'. Define the martingale process, the claim’s
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price process, M = {M,; : 0 <t < T} such that

M, :=Eq (h(Xr)|F)
=Eq (h(X7)[X4),

since the discounted price process X is a Markov process. Following the Doob-
Dykin Lemma, there must exist a function F': [0,00) x R — R such that

Mt - F(t,Xt)

The replicating strategy is found by utilising Ito’s Lemma and the Predicable
Representation Property. In particular,

OF  OF | 92F
= ax, 1
M, =Zrdt + 5 dXo + 55 5 d{ X,

OF 1 , ,0°F OF
= _— —_ —_— _—
(at 27 tax2>dt+” vog e

where

oF 1 , ,0°F

oa .- - -

ot + 27 Mt or? ’

because the process M is a martingale, hence, driftless. With the PRP,

My = F(T,X7) = h(Xr) = H

0 a.r

Therefore, the replicating strategy for the discounted contingent claim C'is given
by (Eqg(H), ¢); the initial value and risky asset strategy respectively, where

oF
P = %(ta Xt)-

Since the strategy is self-financing, the strategy for the riskless asset is simply

m = F(t, X:) — pe Xy

Two problems still remain: the replicating strategy for C' instead of H; the

function F'. If V once again denotes the value process of the trading strategy
and we apply the above trading strategy, then

Vi =nrBr + orSr

=(F(T, X7) — orX7)Br + ¢St
=BrF (T, Xr)

=HBr

=C.



Chapter 2. Preliminaries 17

Additionally, define V' (,5;) =V, = " F(t, X;) = e"'F(t,e""S;) then

oF _ oV
X, 0S8,

Consequently, given a contingent claim and the value process for such a claim,
the price and replicating strategy can be found through martingale methods.

Whilst the above discussion is restricted to a single risky asset, a generalised
Black-Scholes framework exists. Such a framework considers a K-dimensional
Brownian motion and d risky assets. See Ouwehand, 2015 for further details on
this extension.

Heston Model

The Heston Model, Heston, 1993, is a popular model which aims to relax the
assumption of constant volatility which is imposed by the classical Black-Scholes
Model. In particular, the Heston Model is an example of a stochastic volatility
model.

Stochastic volatility models aim to model the asset price dynamics with a volatil-
ity which has stochastic dynamics itself. In general, a stochastic volatility model
is represented by

dSt = ILL(t, St)dt -+ O'tStth, (26)
dO't = Cl(t, O't)dt -+ b(t, O't)th, (27)

where W and W are both one-dimensional Brownian motions with co-variation
d(W, W), = pdt for p € [-1,1]. o, is known as the instantaneous volatility.
Note, that the functions p,a,b are possibly functions of both ¢t and S; or oy
respectively in this general setting.

In general, stochastic volatility models are not complete market models. To see
this, consider the following. Let dB; = ridt such that B; is the money market
account; furthermore, let B be the numeraire process. Then Q is a risk-neutral

measure if S, = %’i is a (local) martingale under Q. Supposing that such a
measure exists, then Girsanov’s theorem allows us to define Q by

dQ -

— =&V

ap ~EXe W,

where W is the two-dimensional Brownian motion (W, W) Here, we require
that the discounted price process is a Q-(local) martingale. (W, — fg Asds)y
is a Q-Brownian motion which implies that the kernel A\, = (A}, A7) is only
restricted by
)\tl _ Ty — :U’(tv Ut)
Ot

Y

whilst the second component remains unrestricted. Hence, there are infinitely
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many appropriate Girsanov kernels; therefore, infinitely many risk-neutral mea-
sures in the model. By FTAP II, stochastic volatility models are generally in-
complete. Here, the assumption about the existence of a risk-neutral measure
was made; however, we can relax this assumption. If the component A! for the
kernel can be found to satisfy the above equation, then a risk-neutral measure
exists.

Given that stochastic volatility models are incomplete, the process for pric-
ing contingent claims in such a market must differ from that of the classical
Black-Scholes model. The procedure of arbitrage pricing by finding a replicat-
ing strategy is no longer valid. In fact the general pricing process for stochastic
volatility models is a rather extensive and unnecessary discussion for this dis-
sertation. Hence, let us shift our focus to the particulars of the Heston Model.

The Heston model assumes dynamics such that

dS} = uS}dt + /v StAWE, (2.8)
dvy = k(0 — ) dt + £/ dWY (2.9)

where v; represents the instantaneous variance. p, k.0, €, v, S§ € RT; however,
let 4 = 0 and consider a risk-neutral probability space with Q as the mea-
sure. Then, again W* and W" are one-dimensional Q-Brownian motions with
d(W$, W"), = pdt for p € [—1,1]. The Feller condition, 26 > &2, is commonly
imposed on the modelling process to ensure that the variance process is strictly
positive.

A brief remark is directed towards the use of the Heston model. In contrast the
the Black-Scholes model, the Heston model is generally used as a pricing model.
That is, the model is generally represented under its risk-neutral dynamics and
the real-world dynamics are not used directly. Later we deviate from this norm
to establish an effective benchmark, as explained explicitly in 4.2.3.

In order to price and hedge contingent claims in the incomplete market created
by the Heston model, we require the ability to trade in the volatility process.
Since such a discussion is beyond the scope of this dissertation, the interested
reader is referred to Section 5.2 of Buehler et al., 2019.
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2.2 Neural Networks

Neural networks have become an essential component for a variety of predic-
tive problems through the drastic improvements in computational technology.
Consequently, it is no surprise to find neural networks as an avenue of explo-
ration in the finance field. In this preliminary component, we will discuss the
basics of neural networks and set the associated notation utilised throughout
the dissertation. We start with neural networks, then recurrent networks and
finally introducing variational auto-encoders. Importantly, we formulate neural
networks under a stochastic processes framework. For a deeper discussion of
neural networks, refer to Bishop and Nasrabadi, 2006.

2.2.1 Feed Forward Neural Networks

Let X be a random vector on (€2, F,P) and let Y be another random vector such
that Y is measurable with respect to the sigma algebra of X, ¢(X). Further
suppose that X € R and Y € R™. Intuitively, X represents the predictor
variable and Y is the response variable of a hypothetical problem. Following
the Doob-Dynkin Lemma, there must exist a function f : R” — R™ such that

Y = f(X). (2.10)

Neural networks often provide a solution to the approximation of this underlying
function f. Consequently, let us cover the basic neural network structure.

Definition 2.2.1
A standard feed-forward neural network is a function fNN : RNo — RNz such
that

fNN(x) =Fpokbp 10---01F7,

where
- L is the number of layers of the network.

- Ny for€ =1,...,L —1 is the number of nodes in the hidden layer ¢ and
Ny, Ny, are the dimensions of the input and output layers respectively.

- FgZUgOWg fO?“g:l,...,L.
- 04 : R = R is the activation function.

- Wi(x) = Ala + b° for some weight and bias matrices A® € RNoNe-r)
' € RN,

Intuitively, a feed-forward neural network is a combination of layers which re-
ceives an Ng-dimensional input to produce an Ny-dimensional output. At each
layer, the respective layer transforms the input by applying an activation func-
tion to an affine transformation of its input. The dimension of input for each
of the hidden layers depends on the number of nodes chosen for the layers and
is able to vary from the input and output dimensions of fMV. The choice
of activation functions allows for the overall non-linear transformation of the
input.
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The Universal Approximation Theorem, by Hornik, 1991, is an invaluable con-
tribution to the theory of neural networks. The theorem confirms that a feed-
forward neural network can approximate any sufficiently regular function with
arbitrary precision. More formally;

Theorem 4 (Universal Approximation Theorem, Hornik, 1991)
Suppose that o is bounded and non-constant and let C(R) denote the continuous
functions on R, then

1. For any finite measure u on (R%® B(R¥)), the set of all feed forward
neural network mappings from R% — R4 denoted N/\/qumdl, s dense
in LP(R% ;1) for 1 < p < oo.

2. If in addition o € C(R), then NN, is dense in C(R™) for the topol-

00,do,d1
ogy of uniform convergence on compact sets.

Hence, the universal approximation theorem establishes the link between our
problem formulation and neural networks. In particular, Hornik’s theorem con-
firms that neural networks can approximate the function f in equation 2.10
with arbitrary precision; essentially providing that

Y ~ fIV(X).

2.2.2 Generalised Recurrent Based Neural Networks

Now let us extend the above introductory problem to incorporate a generalised
recurrent structure. Let X = {Xo, Xi,..., Xy} be a discrete-time stochastic
process on (2, F,P) and let Y = {Yy, Y7, ..., Yy} be a process which is adapted
to the natural filtration of X. For notational ease of the following dimensions,
assume that X and Y are stochastic processes of random variables such that
each X, and Y,, € R for n = 0,1,..., N. Then, by the Doob-Dynkin Lemma,
there must exist N 4 1 functions fy, ..., fy such that

Y, = fu(Xo,...,X,), foreachn=0,1,... N,

where f, : R""! — R. Next, define the function f : R¥*2 — R such that

N
flao, .. yan, k) = faloo, ... an) Iy (k), ik €R.

n=0
By design, f(ao,...,an,n) = fulag,...,ay) foralln € {0,1,...,N}.

Now define an N + 2-dimensional stochastic process C' = {Cy,...,Cn} such
that

Co = Xoer,
On - Cn—l + Xnen+1 + ENt2,

where e; is the N +2-dimensional unit vector with value 1 for the i* component
and zero elsewhere. Then C' is adapted to the natural filtration of X and
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Y, = f(C,) for every n. Furthermore, we can reformulate these equations into
the more familiar recursive equations

Cn — g(Cnflu Xn):

where g : RV2 x R — RV*2 is given by g(c,z) = ¢+ r€,41 + €n 1o

Whilst this general recurrent framework allows for past information to be ef-
fectively utilised, its practical application is restricted. Above the fact that f
is unknown, the framework quickly becomes computationally intractable as N
increases. Consequently, we turn to the universal approximation theorem to
resolve these issues and allow us to effectively utilise the recurrent framework.
In particular, let d < N + 2 represent the (reduced) dimension of the process
C and let us approximate the functions f and g by fAV and g™V respectively.
Therefore,

Yn = fn(X(b cee 7Xn)
~ V(PO X))
~ NN ANN
where ONN = gNN(CNN X)) is the neural network approximation for the
d-dimensional state process C' and Cﬁle is a trainable network parameter.

The notion of recurrent based neural networks attempts to enhance the power
of neural networks for sequential data problems, which is present in the above
formulation. This is particularly apparent in time-series and natural language
processing problems. Intuitively, an RNN retains, in a mathematical sense, some
memory of previous inputs which is used in combination with the new input to
provide an output. The use of neural networks to approximate the process Y
described above is a flexible recurrent based neural network architecture. Sim-
plifications and special cases of this general architecture have been popularised
as the recurrent neural network (RNN) and long short-term memory (LSTM)
models which we briefly discuss below.

Let the hidden state stochastic process h = {hg, h1,...,hny_1}, where each h,
is a random vector such that h,, € R? for alln =1,..., N — 1, be defined by a
function g : R4 x R — R?

hn = g(hnfb Xn)a

where g(h,z) = o(Wyh + W,x + by). Here, o is some activation function,
traditionally ¢ = tanh, and W), W, and b, are the trainable weight and bias
matrices for the hidden state and input respectively.
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Now define f : R — R such that

Yn = fn(X07 cee >Xn>
~ (g, X))
~ fNN(hn)-

Intuitively, the hidden state process mathematically represents a form of mem-
ory of the previous inputs. This memory is then combined with the current
input and transformed to achieve the response process Y. Despite the above
representation following the simplest RNN structure, there exists a equivalent
universal approximation theorem for RNNs under certain restrictions. In par-
ticular, if the pair (hy, x;) is Markovian, then the following theorem applies.

Theorem 5 (Universal Approximation Theorem for RNN, Schéifer and Zim-
mermann, 2006)

Let f(-) : R x Rl — R’ be a measurable function and g(-) : R — RY be
continuous; with the inputs x; € R!, the hidden states hy € R, and the output
y €ERYN fort=1,...,T. Then, any open dynamical system of the form

hy = g(ht—h xt)»
Y = f(ht)7

can be approxvimated by an element of the function class RN NN (s) with an
arbitrary precision, where s is a continuous sigmoidal activation function.

The LSTM architecture proposed by Hochreiter and Schmidhuber, 1997 is a
more complex architecture compared to the classical RNN which is tedious to
describe by the above generalised architecture. Since such a formulation is
beyond the scope of this dissertation, we choose to simply describe the archi-
tecture briefly and display the architecture in figure 2.1. The LSTM model

Metm?ry ( @ (+) B C,
Forget Input i
| (o) an
' -' ¢, [en] o[ o]
Hidden state }
o | 5 U
N\ 4
Input X

FIGURE 2.1: LSTM model architecture Zhang et al., 2021

resolves the issue of long-term dependencies inherent in the RNN model. This

is achieved by allowing the model to have two memory states, one for short-
term memory (known as the hidden state, (h,)_,) and the second for long-term

memory (known as the cell state, (c,)_,). For each n, the cell state is updated
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through forget and remember/input transformations which use ¢, 1, h,_1, X,.
To achieve an output from the model, ¢,, h,_1, X,, are transformed into the out-
put h,,. Each of the above transformations follow a feed-forward neural network
structure with specified activation functions. This could be formalised, albeit
less elegantly than above, as follows. Suppose that ¢, € R% and h, € R%* and
let g : R% x R% x R — R% x R% be the neural network approximation of the
composition of the cell and hidden state transformation. Then

(Cn; hn) = g(cnfh hnflu Xn):
Y, = fYN(hy,).

2.2.3 Variational Auto-Encoders

Before discussing variational auto-encoders (VAEs) models, we must begin with
an auto-encoder model description. Auto-encoders provide a dimensionality
reduction tool based on neural network approximations which are beneficial in
a plethora of applications such as denoising and signal processing; however, the
generative limitations motivate the discussion of the VAE variant.

Auto-encoders

Begin with an N-dimensional random vector X on (2, F,P) where N is rel-
atively large and let Y be an M-dimensional random vector such that Y is
measurable with respect to o(X). Now let f: RY — RM such that

Y = f(X),
where the existence of f follows from the Doob-Dynkin Lemma.

Now define the latent vector L to be a f-dimensional random vector where
¢ < N and assume that L € mo(X). Hence, there exists some functions
fo: RY — R and f; : R® — RM. An auto-encoder utilises the universal
approximation theorem to validate that the encoder and decoder functions, f,
and fy respectively, can be approximated by feed-forward neural networks. The
architecture is displayed in figure 2.2

Whilst the above provides the essential idea behind auto-encoders, we must take
special note of our assumption that L € mo(X). Such a random vector need not,
and does not, exist for general a dimension /. We motivate this assumption by
the goal of dimensionality reduction which implies that we believe that o(Y") C
o(X). Hence, the choice of £ must be reasonable in application to match this
motivation.

Variational auto-encoders

The VAE architecture was introduced by Kingma and Welling, 2013 as a varia-
tion of the auto-encoder which possessed generative characteristics. Hence, let
us begin with a problem description for generation and the limitations inherent
with the auto-encoder architecture.
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FIGURE 2.2: Auto-encoder architecture Rocca, 2019

Let X be an N-dimensional random vector on (2, F,P). Without knowledge of
the measure P, we want to generate samples of X. In other words, let Y also be
an N-dimensional random vector such that X =Y P-a.s. If the latent vector L
is N-dimensional, then we have that Y = fy(f.(X)) for the identity functions
fe and fg; however, if we have ¢ < N, then neither f, nor f; is the identity.
Theoretically, one could use samples of the random vector L to generate samples
of Y from Y = f;(L); however, this presents the main limitation of an auto-
encoder for the problem.

The encoded latent vectors within the auto-encoder are neither continuous nor
maintain a regular structure. In application, clusters are developed in the la-
tent space to enhance the decoder’s performance. Consequently, samples from
the latent space are both difficult to produce effectively and experience poor
stability from the decoder. The VAE resolves this issue by ensuring that the
latent space is both continuous and easy to sample from.

For the VAE architecture, we must add another set of components. Let g and
o both represent ¢-dimensional vectors and let f. : RY — R x Rf such that

(1, 0) = fe(X).

Now, let L|p, o ~ Ny(p,0?). Additionally, we want L ~ N(0,cI) for some
¢ € R which we discuss further soon. With this alteration to the encoding
process, the latent space is now continuous and, since pu and o2 are the mean
and variance vectors, the latent space is more interpretable.

As before, we approximate the functions f., f; with the feed-forward networks
fé\/ N é\/ N to construct the VAE architecture which is visualised by figure 2.3
below. If L ~ N;(0, cI) then the grouping of vectors in the latent space is close
and this ensures a sense of regularity. To train the network to achieve this, we
must introduce another loss measure for the network.

Definition 2.2.2 (Kullback-Leibler Divergence)
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loss = ||x-x]||* + KL[ ,N(©O,D] = [|x-d(2)]]* + KLI ,N(O, )]

FIGURE 2.3: Variational auto-encoder architecture Rocca, 2019

Let P and Q be probability measures on (2, F) such that P is absolutely con-
tinuous with respect to Q; then, the relative entropy from Q to P is defined

as
Dir(BlfQ) = [ (;%) P,

where dP/dQ is the Radon-Nikodym derivative of P with respect to Q.

The Kullback-Leibler loss for the VAE architecture is the sum of the Kullback-
Leibler divergence scores between the components of the conditional latent vec-
tor and a standard normal distribution. The computation can be simplified

analytically to
¢

lossgp = Z (07 + pf —In(o;) — 1),
i=1
which is minimised when p; = 0 and o; = 1.

In chapter 4.3, we use a variant of the VAE known as the conditional VAE or
CVAE. As discussed, generating output vectors from a VAE relies on a sample
of the random latent vector L; however, we have no control of this genera-
tion. The conditional variant, proposed by Sohn, Lee, and Yan, 2015, resolves
this problem by allowing the VAE to be conditioned on some auxiliary input,
enabling structured output predictions.
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2.3 Path Signatures

In section 4.3, the use of rough paths signatures is implemented for the purposes
of market generation. Path signatures have proven to be an extremely effective
feature mapping for paths, with a plethora of state-of-the-art applications. Since
the topic is far from trivial mathematics, we provide an introduction here. For
a more detailed discussion, refer to Chevyrev and Kormilitzin, 2016.

The introduction begins with a formal introduction of paths and rough paths.
After this, the path signature is defined and briefly discussed.

2.3.1 Paths

Before we can explore the field of path signatures, we must formalise the notion
of a path. Mathematically, a path is a function of bounded variation which
maps an interval to an N-dimensional Euclidean space. More specifically; we
call f a pathif f : [a,b] — RY for a < b € R. In most cases, the intervals which
paths map are positive since they contain the time mapping of the function.
Suppose that one has a Cartesian plane problem where both the horizontal and
vertical position tracking is required; then, one could denote g(t) = (x(t),y(t))
where z(t) and y(t) denote the horizontal and vertical position at time ¢. This
shows that in order to maintain all time information, we need N + 1-dimensions
to describe the trajectory of an N-dimensional path.

Now assume that f is not a function of bounded variation, then f is instead
known as a rough path in this case. Rough path theory explores paths which
are highly irregular and paths are not piece-wise differentiable. For this intro-
duction, we assume paths have bounded variation to define notions; however, a
natural extension to rough paths generally exists.

For notational ease, let us now denote the path X : [a,b] — RY and let X, :=
X(t) for t € [a,b]. Then if X;,Y; are paths, we can define the path integral as

b
/ YidX;.

If both paths have bounded variation then the path integral is the well-known
Riemann-Stieljes integral which can be interpreted as the area obtained by
plotting Y; against X; for ¢ € [a,b]. When these paths are rough paths, the
interpretation is more complex and beyond the scope of this dissertation. For
a more detailed discussion of rough paths, refer to Friz and Hairer, 2020.

b
/ Yid X,

1. Translation Invariance
The path integral
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is invariant to the value of X,. Let us define the vertically shifted path
Z; = X; + ¢ for some ¢ € R, then

b b

2. Reparameterisation Invariance
For the case where t represents time, reparametrisation invariance implies
that the path integral is invariant to the (instantaneous) speed at which
X, is traversed. This arises from the fact that the path integral is an
integral with respect to the time dependent path X; instead of time ¢
itself.

Whilst we will see these invariance properties again soon, the true building
blocks of a path signature is defined by the next notion. We have defined the
path integral over a fixed interval [a,b], yet we can define path integrals as a
path itself by varying the upper bound such that

7, - / YidX,,

for ¢ € [a,b]. Then Z, is a path defined by path integrals.

2.3.2 Signatures

Consider the N-dimensional path X;,¢ € [a,b] such that X; = (X}, ..., X}).
Then each X/ is the 1-dimensional co-ordinate paths which build up X and
assume that each co-ordinate path is quantified in 1-dimensional units. The
signature of the path X is an ordered set comprising of all the possible path in-
tegrals that can be constructed involving the combinations of the 1-dimensional
components X;.

The first level of these combinations explored by the signature is given by

t
S(X), = / s

Let us briefly reconsider the path integral fj Y;dX; defined above. If we let
Y, =1, then

b b
/Ytht:/ Xidt = Xy — X,.

Consequently, the N first order signature terms are simply the increments of
X1 ..., X% over the interval [a, t] with ¢ € [a, b]. The collection of the first order
terms is then S(X)},,...,S(X)Y,. Each of these path integrals are quantified
in 1-dimensional units, for example distance units. Again, we re-iterate that

each of S(X)7, is itself a path.
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The second level of the path signature is defined by the path integrals involving
two paths. The one path is X;" and the other path is the first order, incre-
ment path S(X)?, of the path X/". In particular, denote the N* second order

components by S(X)>1, ..., S(X)NN such that

a,tr a,t
t
S(X)m = / S(X)dXT.

Unlike the first order components, these path integrals are quantified using
2-dimensional units, for example area units. Intuitively, these second order
integrals represent the area obtained when plotting S(X); . against X over
the interval [a,t],t € [a, b].

The remainder of the path signature levels are then obtained by iteratively
obtaining the path integrals. Consider the k' level of the path signature. This
level consists of N* possible integrals of order & which has components denoted
by S(X)2y "% such that

a,t

t

SEO = [ SO,
a

Here, we take a brief moment to clarify the multi-index iy,...,4;. For a given

level k, i represents one of the N* combinations, and so i; represents the j*

component of the i** combination.

The path signature S(X),, is then defined as the infinite ordered set of terms
that we obtain by considering all levels of £ > 0 and with respect to the path’s
domain [a, b] such that
1,1 N,N 1,1,1
S(X)ap = (L, S(X)h4 - SN, SO, S, S ).

In the path signature, the initial term is set to 1 by convention, motivated by
the fact that it represents the zeroth level. Obviously, in practice we cannot
calculate and utilise the entire infinite set, so we take a truncation of the path

signature. If we truncate the signature at level K, meaning that we only consider
the first K level, then K is known as the order of the path signature.

Before continuing to the next section, let us explicitly look at what information a
path signature captures from a probabilistic perspective. Suppose that we have
N random variables T, ..., T% which have the probability density functions
q',...,q" and support [a,b]. Then we can define the CDF of the random vari-
able T, denoted @)}, as the probability that 7" < t. But then the CDF can be
interpreted as a path, resulting in the N-dimensional path Q; := (Q},...,QN)
of the random vector CDF. With such a path, let us see what each level of the
signature describes:

1. The first level of the signature is defined as

S(Qay = Qf — @y =Pla <T" <1).
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2. The second level is given as

Q) = / S(Q).Qmde = / Pla < T" < )g™(c)de.

But the latter equation can be interpreted as a <T" <T" ANa <T™ <t
which implies that

S(Q)" =Pla< T <T™<1t).

a,t

3. The k" level can then be shown to be

Sy =Pla<Ty <+ < T < 1),

a,t

where 77" is used to represent individually and identically distributed ran-
dom variables with pdf ¢".

Now consider the signature
S(Qap=(1L,P(a< T} <b),....Pla< T} <Ty <b),...).

We can see that each of the level one terms have a value of 1 due to the support.
Analysing the remainder of the terms, it is clear that in the special case whereby
the path is a CDF, the signature encodes information about the joint CDF. This
motivates the notion that for a general path X, the path signature encodes
information about the structure of the individual co-ordinate paths and their
correlation structure.

When it comes to computing signatures for feature extraction, the log signature
can be a more effective projection when compared to the normal signature. In
order to define the log signature, we require another definition.

Definition 2.3.1 (Formal Power Series)
Let the power series be defined as

(o]
T = E E Ail,...,ikeil T €y,
k=0 iy,...ixe{l,...,d}

for which Ay > 0. Then we can define the formal logarithm as the power series

loga =log(Ao) + Y (_;)n <1 . A%)@m

n>1

where ®n denotes the n-th power with respect to the tensor product .

Definition 2.3.2 (Log Signature)
For a path X : [a,b] — R%, the log signature of X is defined as the formal power
series log SXgp.
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2.3.3 Pre-Processing

With a basic understanding of paths, rough paths and signatures; we now dis-
cuss the application of the above concepts. First, we discuss the observation of
paths.

In the above section we defined paths over a continuous interval of time; how-
ever, in practice, we only observe data at discrete times. For this reason, let us
define an N-dimensional data stream as a sequence of points in N-dimensional
Euclidean space which we observe at discrete times ¢; < --- < t,;. Interpola-
tion methods are then required to obtain a path from the data stream. The
resultant interpolated path then follows the above formal definition of a path.
Common examples of interpolation methods are: linear; previous point; next
point; and quadratic interpolation. It is important to note that whilst a path
may be rough, a stream must have bounded variation since it is a collection of
discrete observations. This bounded variation property extends to the associ-
ated interpolated path of the stream.

Let us denote the data stream X = (x1,...,2yr) such that each z; € RY with
the observation timestamps a = t1,...,ty; = b. It is not necessary that the
observation times are evenly spaced through time. To ensure that we continue to
reinforce that the stream is discrete, we denote the stream’s movement through
time as X[i] = 2; and follow the path definition for X[i] = (X'[i], ..., XN[i])
to represent the 1-dimensional components. As one might expect, to obtain the
path signature of a stream, we must obtain the interpolated path X such that
Xy, = X [i] and then simply compute the path signature of this interpolated
path. This does, however, imply that the signature of a stream depends on the
choice of interpolation method.

Because the path signature consists of iterated path integrals, it inherits their
properties of translation invariance and reparametrisation invariance. Since the
signature is invariant to path reparameterisation with respect to ¢, the stream
may be given an arbitrary, strictly increasing sequence as the observation times-
tamps. This implies that the timestamps need not be provided with their asso-
ciated observations when either visualising a stream or computing its signature.
For applications such as handwriting recognition, where we do not care about
the absolute position or speed at which a path is executed, both translation
invariance and reparametrisation invariance are useful properties. These ben-
eficial properties for such a problem prove to be detrimental for a plethora of
others which are sensitive to the speed of the path execution and the position
of observations with respect to the origin. In these cases, pre-processing stream
transformations allow one satisfy desired properties and utilise the power of the
path signature. We discuss two important transformations below.

1. Time-integrated Transformation
Beyond being invariant to reparameterisation and translation, path sig-
natures are also invariant to retracing of path segments. If we transform
the path X to include a strictly increasing co-ordinate path, then the
transformation is sufficient to ensure that the path signature is sensitive
to reparameterisation and retracing. For this reason, the time-integrated
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transformation Ti;ne includes the timestamps of of the observations such
that

~ .

Thime(X7) = ((t1,21), .., (tar, Tar))-

2. Lead-Lag Transformation
In order extract useful feature representations of paths, the lead-lag trans-
formation is commonly a powerful transformation to implement. Consider
the stream X = (x1,...,2p), then we define the lead transformation of
component j as

~ .

ﬂead(X]) - ( Jl.axé»x%7xj3‘7 s »‘rg\J)xg\/[> - (ub oo 7u2M—1)

and the lag transformation is given by

~ .

Tag(X7) = ( {,x{,xé,xé, . ,xgw_l,xgw) = (v1,...,Vops_1)-

Then, the lead-lag transformation of component j is the stack of the two
transformations such that

ﬂead—lag(Xj) = ((Ul, U1)7 cee (U2M—1, UQM—1))-

Before concluding this introduction, we make a special remark on quadratic
variation. We have discussed that the signature is able to extract important
features of a path; however, quadratic variation is not one of these features,
Gyurké et al., 2013. This proves problematic for the application of signatures in
finance since the quadratic variation of process forms a crucial component of the
literature. As a result, we require a transformation which allows the signature
to capture the quadratic variation and cross variation of the processes. The
lead-lag transformation is such a transformation.
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Chapter 3

Hedging in Incomplete Markets

The pricing and hedging process under the Heston Model alludes to complexi-
ties which become apparent with incomplete markets. In particular, without a
unique ELMM, the use of different ELMMSs results in different prices for contin-
gent claims given the martingale valuation theorem. Similarly, the contingent
claim may be unattainable, hence we cannot find a replicating strategy for the
claim; therefore, the law of one price can no longer be relied on. In this chapter,
we will explore the general process of pricing and hedging in incomplete mar-
kets. We begin by covering the indifference pricing theory within the Buehler
et al., 2019 framework before focusing on the process of quadratic hedging.

Despite extensive research surrounding the incomplete markets, there is little
consensus on a best solution. Consequently, a brief summary of some approaches
is provided throughout this chapter. In particular, we explore the notion of
indifference pricing under convex risk measures before honing in our focus on the
mean-variance framework. For further reading, we refer the reader to Henderson
and Hobson, 2004 and Schweizer, 1999 for the two frameworks respectively.

For the purposes of introducing market incompleteness and an assumption re-
laxation, consider transaction costs as a market friction. In particular, if a
trader purchases a position 1 € R? at time ¢, then they will incur a trans-
action cost of c¢x(1)) for some cost function ci(z) : R — R*. Then the total
transaction costs of a trading strategy ¢ is given by

Cr(p) = ch(% — Pr—1)-

Hence, the terminal value of a portfolio with the inclusion of transaction costs
is given by

v+ (¢ S)r — Cr(p).
Some common cost functions are:

e Fixed transaction costs: for ¢, > 0 and € > 0; set cx(¢)) == Zzzl Iy >e-

. . ; d . . .
e Proportional transaction costs: for ¢, > 0; set ¢, (¢¥) == > 1 _; ¢ Sk[¢"].
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The theory of indifference pricing is generally covered including transaction
costs. Given this definition of transaction costs above, we follow this convention
in our introduction of the indifference pricing framework below.

3.1 Indifference Pricing

With the absence of the law of one price, the notion of certainty equivalents is
a natural solution to pricing unattainable contingent claims. In particular, a
certainty equivalent is the the amount with which a trader would be indifferent
between entering the claim’s position and remaining uninvolved. This amount
is based on expected utility for the trader; therefore, the choice of utility func-
tion is an existing problem which is discussed below. We begin this discussion
with convex risk measures which summarises a large group of sufficient utility
functions.

3.1.1 Convex Risk Measures

The notion of convex risk measures was formally introduced by Follmer, Schweizer,
et al., 1990 to generalise the measures which result in indifference prices with
certain desired properties'. These properties are: non-linear, replicable claims
are priced at the Black-Scholes values; prices are monotonic in the claim; and
bid prices are concave whilst sell prices are convex in the claim. These measures
are defined as follows. If H : 2 — R is a mapping such that H(w) represents
the discounted worth of a financial position at the end of the trading period
given the scenario w, then H is called a financial position. Denote the collection
of financial positions in the market by H, then we define a convex risk measure
as follows.

Definition 3.1.1
Assume that XY, H € H. Then p: H — R is called a convex risk measure if
the following properties hold:

1. Monotonicity: if X <Y, then p(X) > p(Y').
2. Cash invariance: if m € R, then p(X +m) = p(X) — m.
3. Convezity: p(AX + (1 = AN)Y) < Ap(X) + (1 = X)p(Y).

If p(0) = 0, then p is normalised which can be a beneficial property depending
on the setting. Often normalisation can be assumed without loss of generality.

Indifference pricing requires that the trader find the minimal price to achieve
an optimal hedging strategy given the optimality criterion of the convex risk
measure. Consider the cash-invariance property of a convex risk function. For
an H € H, the invariance property clearly shows that p(H + p(H)) = 0 which
implies that p(H) is the minimal amount which must be added to H such that
p(H +m) < 0 for some m € R. This final condition implies that the position
is acceptable. In particular, let p : H — R be a convex risk measure and let

'For a detailed discussion on convex risk measures, see Follmer and Schied, 2011
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H € H be a contingent claim. Now define

m(—H) = inf p(—H + (¢~ S)r = Cr()), (3.1)
where W represents the space of possibly restricted trading strategies. Then,
7(—H) represents the minimal amount that the trader needs to charge for the
sale of a contingent claim H in order to achieve an acceptable terminal port-
folio position if they hedge optimally. This optimal hedging strategy is the
minimising strategy ¢ € ¥ above.

The indifference price of the contingent claim H, p(H), is defined as the amount
at which the trader becomes indifferent between entering into the financial
position —H and not entering the position. That is, a price py must solve
w(—H + po) = m(0). Buehler et al., 2019 show that 7 is cash-invariant; there-
fore,

po = p(H) = w(~H) — 7(0). (3.2)

With this definition of the indifference price, if the claim H is attainable and
the market is frictionless, then the indifference price coincides with the price
derived from replication.

The above summary of the indifference pricing approach is described as an op-
timisation problem. A trader needs to optimise their trading strategy according
to the risk measure p. The indifference price is then the minimal capital required
to reach an indifferent position from the perspective of the trader. Therefore,
there exists an optimisation for both the hedging strategy and price through
this approach. The problem of pricing and hedging in incomplete markets can
be reduced to a dynamic programming problem whereby the optimal hedging
strategy is a direct consequence of solving for the price. As proposed by Buehler
et al., 2019, the trader can reformulate the problem as a reinforcement learn-
ing problem. Under such a framework, the hedging strategy is regarded as the
set of actions and the portfolio value as a reward. This reinforcement learning
framework is formalised in the following section. Before this progression, we
continue with the theory of convex risk measures.

With the above summary of convex risk measures, the process of obtaining
such a risk measure remains unexplained. For this purpose, consider optimised
certainty equivalents (OCE) which allow a trader to move from a utility loss
function to an associated convex risk measure.

Proposition 6 (Lemma 3.7, Buehler et al., 2019)
Let £ : R — R be a loss function®. Then define the measure

p(H) = inf{w +E[((~H —w)]}, HeH. (3.3)

Then p is a convex risk measure.

2Recall that a loss function must be: continuous; non-decreasing; and convex
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If we let the loss function described above to be derived from a utility function
w such that: ¢(x) = —u(—x), then 3.3 is the OCE which Ben-Tal and Teboulle,
2007 explore in detail. Here, the negative of the OCE produces a robust family
of convex risk measures.

For examples and further discussions on exponential utility indifference pricing,
refer to Buehler et al., 2019.

Next, let us proceed from the theoretical indifference pricing discussion to for-
malise the notion of deep hedging.

3.1.2 Deep Hedging

In order to price and hedge contingent claims with machine learning tech-
niques, let us reformulate the optimisation problem above in terms of the rein-
forcement learning framework. For this purpose, define the stochastic process
I ={ly,...,Ix} on (Q,F,P) to be the information set, also known as the fea-
ture set, such that F¥ C F!. Here, I,, can be a random vector capturing various
time n features about the market.

Firstly, Buehler et al., 2019 shows that the (possibly) constrained optimisation
problem expressed by 3.1 can be expressed as an unconstrained optimisation
problem. Hence, consider an OCE-risk measure defined by 3.3 and assume
without loss of generality that there are no strategy constraints. Then

7(—H)=inf inf{w+E[(H - (p-S)r+ Cr(p) —w)]}, (3.4)
eV weR
where the trading strategy ¢ = {¢1,...,¢n} is a predictable process. Define
the process Y such that Y,, := ¢,,.1; then, Y is adapted to the natural filtration
of the underlying price process S and the natural filtration of the information set
I since ¥ C F!. Following our discussion in 2.2.2, a trader can approximate
the process Y, and hence the strategy ¢ from a generalised recurrent neural
network of the form
N = PN 1)),

i1 =Y, & fIN(CMV),

Furthermore, w € mJ, implying that w can be simultaneously optimised by
being represented as a neural network model parameter. We see this notion
formally defined below.

Whilst the above formulation provides a sufficient motivation for the application
of recurrent networks for hedging, section 4.2 of Buehler et al., 2019 provides a
more detailed proof based on the same concepts shown in 2.2.2 which we briefly
remark here.
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Let M denote the size of a neural network, f¥Vu and 7™ represent this neural
network’s approximation of 7, then

(—H) = inf inf {w +E [é(H — (" ) + () — w)] } (3.5)

0cO,, weR

= inf J(0), (3.6)

where: ©) is the parameter space of the neural network fNNu goé is the
hedging strategy from fngM; © =R Xx0Oy; 0= (w,0) €O; and

JO) =w+E [(X = (" )+ Cr(”) —w)]. (3.7)

Buehler et al., 2019 show that the optimal strategy can be approximated arbi-
trarily well in the space of strategies generated by neural networks and that the
price found by the neural network converges to the theoretical price.

Proposition 7
Define Wy, as the set of trading strategies obtainable by a network with size M
and let m(M) follow 3.5. Then, for any H € H,

lim ™ (H) = m(H).

M—o0

Proof. See Buehler et al., 2019, proposition 4.3. ]

Now let us establish the reinforcement learning structure for the deep hedging
topic and OCE-risk measures. Recall that reinforcement learning is a type of
machine learning problem where the model is given some goal to maximise or
minimise by making decisions; however, the optimal decisions are not provided
to the model. Each reinforcement learning problem can be described by a set
of necessary component. In table 3.1, we discuss these components in general
and their direct counterparts in the deep hedging problem.

The final component of the deep hedging reinforcement learning problem is
one which is not necessary for all reinforcement learning problems. There are
different approaches to reinforcement learning which share the components of
table 3.1 but differ on how the goal is achieved. Deep hedging follows the value-
based approach which optimises a function which provides some measure of the
expected future rewards. In the deep hedging framework, a convex-risk measure
is analogous to such a function.

Consequently, the problem of hedging in incomplete markets can be clearly
described by reinforcement learning. In the upcoming quadratic hedging, we
need only change the risk measure to the appropriate quadratic criterion to
adjust the deep hedging formulation. The theoretical motivation here is proved
numerically throughout 4.2.
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Component Description
General Problem Deep Hedging
Environment | Provides the agent with a | The financial market
state and the appropriate
consequences to the agent’s
actions
Agent An entity which decides on | A trader
an action to take within the
environment
State A representation of the cur- | Current market information
rent environment conditions | such as the underlying asset
which the agent must pro- | price, analogous to the infor-
vide an action for mation set at a given time
Action An action which the agent | Implementing a trading
performs within the environ- | strategy ¢
ment
Reward The consequence of the ac- | The current portfolio value
tions taken by the agent of the strategy ¢

TABLE 3.1: Reinforcement learning components for deep hedg-
ing

3.2 Quadratic Hedging

A natural criteria for measuring the hedging loss follows from the utilisation
of a quadratic function. The theory of quadratic hedging was proposed by
Follmer and Sondermann, 1986 and further popularised by Schweizer, 1999 and
his preceding work, where a plethora of beneficial properties arise under this
framework. Throughout this chapter, we explore the two methods of quadratic
hedging, with particular focus on mean-variance hedging. We begin by utilising
martingale theory to obtain solutions before concluding with a mean-variance
dynamic programming solution.

A trader may wonder why a quadratic hedging criterion is beneficial. The first
reason follows the tractability of the approach in many frameworks. Through-
out the remainder of this chapter, we will provide relatively general solutions
to the quadratic hedging approach, with an emphasis placed on the dynamic
programming approach covered in 3.2.3. The mean-variance dynamic program-
ming solution provides a (semi-) tractable recursive algorithm which we use as
a benchmark for the approximation accuracy of the neural network approach.

From an economical perspective, the quadratic hedging criteria assumes that
the trader is neither the buyer or writer of the contingent claim at the time of
optimisation. An example of this in application is the common scenario when a
broker is required to provide a price quote for a client without the knowledge of
whether the client is a buyer or seller. Furthermore, when a trader’s information
is known, a quadratic criteria can often be slightly adjusted to make it optimal
for their preferences. For a more detailed discussion on the choice of quadratic
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hedging, and mean-variance hedging in particular, refer to Bertsimas, Kogan,
and Lo, 2001.

Recall that incomplete markets prevent the existence of replicating strategies
for all contingent claims. We reiterate the notion from the indifference pricing
approach that the criterion used to measure the risk of a strategy enables one
to choose the optimal strategy which minimises that specific risk and that the
associated valuation tool is a by-product of the solution.

As a precursor for what follows, we describe the main difference between the two
quadratic hedging approaches. The risk-minimisation method aims to minimise
the cost associated with a non-self-financing trading strategy which guarantees
that the hedging portfolio matches the claim value at termination. The mean-
variance approach continues to operate with self-financing trading strategies
with the aim to minimise the quadratic loss between the hedging portfolio and
the claim.

For the dual purpose of a reminder for the reader and an introduction of ba-
sic common notation and assumptions for the following sections, consider the
following. Again, let X represent the discounted price process of the primary
assets for the filtered probability space (Q2, F,F,P). Let Q be the set of ELMMs
for X and let L(X) be the space of Ré-valued X-integrable, predictable pro-
cesses . The L(X) space is important since it ensures that the gains process,
captured by the stochastic integral [ ¢dX, is well-defined for any ¢ € L(X).
Additionally, note that ¢ generally denotes the entire strategy pair whilst o
denotes the risky positions. This notation coincides with that used in the be-
ginning of chapter 2, hence our need to recall it, and more importantly the
notation used in Schweizer, 1999. Now, we make the following assumptions:

P # () which prevents arbitrage by the FTAP I (theorem 1).
X is square-integrable.
The market is frictionless.

With the basic notation and assumptions introduced, we begin our discussion
with the first quadratic hedging approach, risk-minimisation.

3.2.1 Risk-Minimisation

Our discussion of the risk-minimisation approach begins with the simplified
case where X is a local-martingale with respect to the measure P. We then
briefly discuss the semi-martingale generalisation which gives rise to local risk-
minimisation. A more detailed discussion of this generalisation goes beyond the
scope of this dissertation. The interested reader is referred to Schweizer, 1999
and Follmer and Schied, 2011 for such discussions. To this end, let us begin
with more essential notation.

Let X be a local-martingale with respect to the real-world measure P, let (X) =
((X*, X7)); j—1...a represent the matrix-valued covariance process of X, and let
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L*(X) denote the space of R%valued predictable processes ¢ such that

T 3
[ (E [ / ﬁzfd<x>mu> o (38)
0

which is a square-integrability condition on the strategy ¢. Schweizer, 1999
shows that [9¥dX is both well-defined and in the space of square-integrable
P-martingales null at 0, M3(P), for any ¥ € L*(X).

Next, we define a set of strategies which will be used for the risk-minimisation
task moving forward. As such, they are known as RM strategies.

Definition 3.2.1 (RM Strategy)
A pair p = (n,9) where 9 € L*(X) and n = (n)o<i<r i an R adapted process
is said to be an RM strategy if the value process, V(p) = U - X +n, is right-

continuous and square-integrable. In other words, Vi(p) € L*(P) for each t €
[0, 7].

An RM strategy does not impose the self-financing condition which has been
prevalent in our entire mathematical finance discussion so far. Therefore, sup-
pose that a trader is required to hedge a contingent claim H; where they
utilise the space of RM strategies. This can be trivially solved by the strat-
egy ¢ = (4, 0) with n, = HIy—ry. Such a strategy clearly replicates the claim
and is permitted since 7, is simply an adapted process; however, the trader
has not mitigated any of their risk. For the purposes of addressing this issue,
consider the following definitions.

Definition 3.2.2
The (cumulative) cost process ((¢) of an RM strateqy ¢ = (n,v) is given by

Ce(p) = Vi) — /Ot 3,dX,, 0<t<T. (3.9)

Additionally, the risk process of v is given by
2
Rip) = |(6rlo) - () 17| 0<esr (3.10)

The cost process can be viewed as the current portfolio value less the gains made
from trading; therefore, (;(¢) is the cost associated with the price fluctuations
when implementing the strategy ¢ over the interval [0, ¢]. This does not consider
the transaction costs which may occur. The risk process is then a measure of
the risk associated with the strategy ¢ by incorporating the cost of ensuring
replication. Note that if a claim H is attainable, then there exists a self-financing
RM strategy, ¢, such that Vy(p) = H. This ¢ will have a constant cost process
and a risk process of zero. For incomplete markets, a risk-minimisation process
is required.

Definition 3.2.3 (Risk-minimising Strategy)
A risk-minimising RM strategy is a strategy which minimises the risk process
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over the space of RM strategies. In other words,  is risk-minimising if
Ri(p) < Ri(p), P-a.sVte|0,T], (3.11)

for any RM strategy ¢ such that V(@) = Vir(e).

Whilst there are more detailed definitions of risk-minimising strategies, see
Lemma 2.2 Schweizer, 1999, they are equivalent under our restrictive frame-
work. Whilst RM strategies are not self-financing, the notion of self-financing
is still important.

An RM strategy ¢ is known as a mean-self-financing strategy if the associated
cost process ((¢) is a P-martingale. The mean-self-financing notion can be
viewed as a strategy which is self-financing on average.

Proposition 8
Any risk-minimising RM strateqy is also mean-self-financing.

We are now able to discuss risk optimisation. Recall the Kunita-Watanabe
decomposition. If we define the space 7*(X) = { [ 9dX |9 € L*(X)}, Schweizer,
1999 shows that Z?(X) is a stable subspace of M3(P). Therefore, if we have a
contingent claim H, such that H € L*(P), the projection result of the Kunita-
Watanabe decomposition theorem shows that H can be uniquely expressed by

T
H =TE(H|F) +/ OHdX, + LY, P-as. (3.12)
0
for some ¥¥ € L*(X) and L¥ € M3 which is strongly orthogonal to Z%(X).
This decomposition provides the risk-minimisation result under the martingale
assumption.

Proposition 9

Suppose that X is a P-local martingale. Then every contingent claim H €
L*(Fr,P) admits a unique risk-minimising RM-strategy ©* with Vp(o*) = H P-
a.s. In terms of the decomposition in 3.12, ©* is given by

0 =91, (3.13)
Vi=Vil¢") =E(H|F), 0<t<T, (3.14)
C(¢") =E(H|F) + L. (3.15)

Furthermore, the risky strateqy 9 is defined by the Radon-Nikodym derivative

d(V, X)
(X

9 = : (3.16)

Next, let us consider the generalised problem where X is a semi-martingale such
that
X=Xo+ M+ A,

where X is a constant, M is a local P-martingale which is null at 0, and A is a
finite variation predictable process which is null at 0. Schweizer, 1999 show that
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a general risk-minimisation solution does not exist in such a case. The remainder
of the risk-minimisation section is concerned with solving an slightly altered
problem. Furthermore, proposition 9 does not hold for contingent claims which
experience a payoff stream of more than one payoff. For the latter extension,
refer to Mgller, 2001.

Now let us discuss a variant of the above risk-minimisation problem. The risk
process defined by 3.10 is sometimes called the remaining conditional risk since
it is based on the change in the terminal and time ¢ cost process. Let us now
define the local risk process. We first define the process in discrete time in order
to convey the notion clearly. The continuous-time version requires the brief
definition below.

Definition 3.2.4

A small perturbation A is an L* strategy, (0,¢), such that ¢ is bounded, the
variation of [ ddA is bounded and or = epr = 0. For any sub-interval (s,t] of
[0,T7, the small perturbation is defined as

Alss) = (s €1sy) -

Definition 3.2.5
In a discrete-time setting, the local risk process of an RM strategy ¢ is given by

2
R = B | (Gonl0) - 60) 17] 0T @an
Consequently, ¢ is known as the local risk minimising strategy if
R™(p) < R(p), P-a.sVte0,T], (3.18)

for any RM strateqy ¢ such that Vi11(9) = Vir1(p).
The continuous-time analogy for the local risk process is given by

T . Ry, (90 + A (ti7ti+1]) - Rti(@)
' ((‘0’ A) B Z E [<M>ti+1 - <M>t1|'/—';f,}

](tiyti+l}’ (319)

titit1€T

where (M) is the predictable quadratic variation of X. A strategy ¢ is the locally
risk-minimising strateqy if

liminfr™(p, A) >0, (P® (M))-a.e. on Q x [0,T],
n—oo
for any small perturbation A and every increasing sequence (T, )nen of partitions
tending to the identity.

The local risk definition clearly concerns a short-term optimisation problem
because the risk is measured by local cost changes. In contrast to the above
risk-minimisation problem, we solve the local risk-minimisation problem under
the generalisation that the process X is a semi-martingale.
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Whilst leaving the details for the reader in Follmer and Schied, 2011 and
Schweizer, 1999, the local risk-minimisation process requires the characteri-
sation of minimal martingale measures.

Definition 3.2.6 R
An equivalent martingale measure P € Q is called a minimal martingale measure

if
'\
El[=
<d]P>> = 0,
and if every P-martingale M € H? which is strongly orthogonal to X is also a
P-martingale.

Proposition 10 (Corollary 10.28, Follmer and Schied, 2011)
There exists at most one minimal martingale measure.

Follmer and Schied, 2011, and Schweizer, 1999, show that under a minimal
martingale measure P the optimisation problem again reduces to the Kunita-
Watanabe decomposition as above.

Proposition 11

Let X be a semi-martingale with respect to P and let P be a minimal mar-
tingale measure. If H € L*(P), then under P, H admits a Kunita- Watanabe
decomposition

T ) .
H =E[H|F)] + / 0EPax, + LI (3.20)
0

such that 97F € L(X) and LHE s a local P-martingale null at 0, which is

strongly I@)—orthogonal to X. Furthermore, LHE s g local P-martingale which is

strongly P-orthogonal to X .

The decomposition described by proposition 11 is known as the Follmer-Schweizer
decomposition. In combination with proposition 10, the Follmer-Schweizer de-
composition provides the solution to the local risk-minimisation problem.

Proposition 12

Suppose that X is a semi-martingale with respect to P. If the contingent claim
H € L*(Fr,P) admits a Féllmer-Schweizer decomposition with respect to a
mimimal martingale measure ]f”,' then, H has a unique locally risk-minimising
RM:-strategy ©* given by

0 = 9HF, (3.21)
Vi =Vi(¢*) =E(H|F), 0<t<T. (3.22)

It can be shown that if X is a local P-martingale, then the locally risk-minimising
strategy is also given by the Kunita-Watanabe decomposition. Furthermore, the
risk-minimising and local risk-minimising strategies coincide under this simpli-
fication, proposition 10.34 Follmer and Schied, 2011.
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Before advancing to the mean-variance hedging approach, we make a more elab-
orate remark about the claim valuation based on the optimal hedging strategy.
As mentioned previously, the valuation of H via an optimal hedging strategy
is a by-product of the hedging process. Furthermore, V;(¢*) can be viewed as
the value and/or price of the claim H at time ¢; however, this intrinsic value is
based on the subjectively chosen, quadratic criteria. Therefore, another trader
with a different criteria need not agree on this intrinsic value process for H. The
traders’ intrinsic value for H is also unlikely to be the observed market price
for the claim if it exists. This is an important distinction for the upcoming
mean-variance hedging discussions and results in the following chapter.

3.2.2 Mean-Variance Hedging

Now, let us shift our focus to the mean-variance hedging (MVH) approach which
originated in Bouleau and Lamberton, 1989 and was popularised by Schweizer,
1999, amongst others. Again, we start by solving the optimisation problem
under the simple case where X is a local P-martingale; after which, we explore
the solution for the generalised case where X is a semi-martingale. Contrary to
the risk-minimising approach, the MVH framework restricts itself to the space
of self-financing strategies. A detailed comparison of the two approaches is
explored by Heath, Platen, and Schweizer, 2001b.

Recall the cost process, ((p), from definition 3.2.2. It is clear that any self-
financing strategy is constant P-a.s. In fact, we know that a self-financing
strategy which replicates a contingent claim is only available if that contingent
claim is attainable. Unsurprisingly, the measure of risk imposed under the MVH
framework is the squared error between the claim and the value process at the
maturity time 7. Mathematically, let ¢ = (n,19) be a self-financing strategy
such that n == Vo+ [9dX —9- X. The replication error, H — Vi (¢), is the time
T loss experienced by a trader who pays the claim H whilst trading with the
strategy . MVH attempts to minimise the expected square replication error.

As a mathematical link to risk-minimisation, recall the risk process defined in
3.2.2. Let the mean-variance cost process be defined as

() H—Vy— [/ 0,dX,, t=T,
AT 0<t<T.

Then (7" (p) represents the cost of the RM strategy where: H = Vp, the initial
capital is Vj, and the risky strategy is ©). Then Ry(y) is the expected square
replication error and we need only minimise R instead of minimising the entire
process as with the risk-minimisation approach. Note, that we need not redefine
the cost process ¢ with ("™". Instead one can consider the RM strategy where

[0,dX, =9, Xy, 0<t<T,
n(p) = T
H— [ 9,dX,, t="T.

Then, the risk process and minimisation process is equivalent.
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More traditionally, the MVH problem is to find the self-financing strategy ¢*
which minimises

2

B [0t - Va(e))] = || - i | " 0dx, (323)

L2(P)

over all self-financing trading strategies. This has a far more mathematical
intuition than the one provided by the above risk-minimisation analogy. Let
H € L*(P) and let © denote the space of strategies which are allowed for trading.
The space © is discussed further on a case-by-case basis. The quadratic criterion
ensures that the optimal strategy is obtained from the projection of H on to
the space of attainable claims. The attainable claims space, A, is given by the
linear space spanned by L?(F,,P) for the initial capital and stochastic integrals
given by the gains process such that

T
A::R+Q:{Vo+/ 9udX,
0

(%,ﬁ)eRx@},

G = Gr(©) = {/OTﬁuqu 9 e @}.

The solution to the L? projection of H requires that the space A is a closed
subspace of L?(IP); ensuring both the existence and uniqueness of this projection.
It is clear that the issue of closedness of A depends on the space O.

where

In the case where X is a local P-martingale, the Kunita-Watanabe decomposi-
tion directly provides us with the solution to this projection problem as before.
For this martingale case, the space © only requires that ¥ € L?*(X). In partic-
ular, we provide the solution in the following proposition.

Proposition 13

Suppose that X is a P-local martingale and let H € L*(Fr,P) be a contingent
claim. Then H can be decomposed as 3.12. Furthermore, since L is strongly
orthogonal to T*(X), the mean-variance optimal strategy for H is given by o*
such that

Vo = E[H][Fo], (3.24)
9 =9, (3.25)
Moreover, the mean-variance optimal strategy agrees with the risk-minimising

and local risk-minimising strategy under the same conditions.

Next, let us consider the generalisation whereby X is a semi-martingale rather
than a local P-martingale. Again, we begin with essential definitions and as-
sumptions. Define the space

— dQ
P? = {QeQ‘dP ELQ(]P’)}QQ

of the square-integrable density ELMMs. Throughout the remainder of the
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section, we make the assumptions that X is continuous, P? # @, and Fy is
trivial.

In a similar procedure to the local risk-minimisation solution, the mean-variance
optimal strategy follows from the Kunita-Watanabe decomposition under a cer-
tain measure. For MVH, the variance-optimal measure is this associated mea-
sure; however, before we can define this measure, we must define ©.

There are two main choices for © which exist in the MVH literature:

1. Gourieroux, Laurent, and Pham, 1998 define the space ©' = {9} such
that:

(a) ¥ € L(X).
(b) Jif 9,dX, € L*(P).
(¢) [¥dX is a Q-martingale for each Q € P2
2. Rheinlénder and Schweizer, 1997 define the space © = {0} such that:
(a) ¥ € L(X).

(b) [¥dX € 8%, where S§? is the space of square-integrable semi-martingales,

Me M. E ((/OT|dA|S)2> < oo}.

Whilst the space © is perceived as a more natural extension of the case where
P € Q; @ is shown, by Rheinldnder and Schweizer, 1997, to contain © and if
Gr(©) is closed in L?, then © = ©'. Consequently, our choice for © = @’ for
the semi-martingale case is motivated by its generality and flexibility. With a
choice for ©, we can now define the variance-optimal measure as follows.

Definition 3.2.7
The measure P is known as the variance-optimal measure if it is the unique

Q € P? which minimises
d
= \/ 1+ Var (@>
L2(P) dP

dQ
dP
Furthermore, Gourieroux, Laurent, and Pham, 1998 show that the process

.~ [ dP . t
Zy :=E<— E) =Zo+/€uqu,
0

dP
for some £ € ©', which is an important process for the MVH solution seen in
the upcoming proposition 14.

S? = {X:X0+M+A

over all Q € P2
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Now, given a claim H € L*(P), the Cauchy-Schwartz inequality shows that
H € L'(P)®. Under the variance-optimal ELMM P, X is a continuous local
martingale and consequently, H admits the Kunita-Watanabe decomposition
such that .
H=TF(H)+ / O dx, + LT (3.26)
0
with

Vv =E(H|F),

t N ~
=E(H) + / OEEdX, + LT,
0

This decomposition provides the optimal mean-variance optimal strategy stated
by proposition 14 from Theorem 2.1 of Heath, Platen, and Schweizer, 2001b.

Proposition 14

Suppose that X is a semi-martingale with respect to P, H € L*(P), and H
admits the Kunita- Watanabe decomposition in equation 3.26; then, H has a
unique mean-variance optimal strateqy given by

‘/E)mvo — ]E(H)7

~ B B t
Jmvo — 19tH7IP _ g VH’P _ E(H) — lgmvoqu .
t Z 0 “

-
t

As a final MVH result, we introduce the minimal expected square replication
error attainable under the incomplete market described above.

)

and let ¢ = (Vyg™°,9™°) be the mean-variance optimal strategy. The mini-
mal expected square replication error (ESRE) of the claim H is given by

Proposition 15
Define the density process

5 o [ dP
ZF::E(%

B ((H - Vr(¢™))%) = E ( / Z~—td<LH’ﬂ3’>t) |

Zy

Before concluding this section, we remark that finding the variance-optimal
measure is still a difficult task in general. A special case, studied by Pham,
Rheinlédnder, and Schweizer, 1998, solves this issue and makes the above results
practical; however, we omit this special case here.

3Following from the fact that dP/dP € L?(P)
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Whilst this section has covered the MVH solution provided by martingale the-
ory; the following section discusses the solution provided by dynamic program-
ming.

3.2.3 Dynamic Programming

In the previous sections, we have mentioned that the pricing and hedging prob-
lem can be reduced to a dynamic programming problem. Due to the structure of
solving a dynamic programming problem, the solution is the optimal price and
hedging strategy for a given discrete-time setup. For this reason, this section
is dedicated to the solution of the discrete-time mean-variance hedging prob-
lem via dynamic programming; which serves as a baseline for the accuracy of
the trading strategies in the following chapter. These solutions were originally
provided in a similar vain by Bertsimas, Kogan, and Lo, 2001 and éerny, 2004.

Suppose that a trader faces the problem of mean-variance hedging, which is
hedging in incomplete markets by minimising the expected square replication
error under the real-world measure P. Once again, define a trading strategy
¢ = (¢1,...,pr) and a contingent claim H. The trader must find the optimal
strategy ¢* such that:

* : 2

¢ = if E[(Vi(p) — H)], (3.27)
where V;(¢) is the portfolio value at time ¢ associated with the trading strat-
egy . Here, U is the space of trading strategies. On the surface, this ap-
pears to be a T-dimensional problem; yet, the mean-variance problem requires
that W is the set of all self-financing trading strategies. Hence, Vr(p) =
Vo(p) + i, 0k AXy, where Vy(p) is the construction cost of the portfolio.
Consequently, 3.27 in fact describes a T+ 1-dimensional problem

inf E[(Vi(e) — H)2|Valp) = ] . (3.28)

v, eV

Now consider a dynamic programming approach to resolve the high dimension-
ality by restructuring into sub-problems. The value function at time ¢ can be
defined as the value of the expected square replication error conditioned on
the information and portfolio value at time t if the optimal decisions, trading
strategies, are made in future time steps.

Jr(v) =E [(Vp — H)*|Fr, Vp = V] (3.29)
=E [(v— H)*|Fr, Vr = V] (3.30)
=(v—-H) (3.31)
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and
J(v)= inf E[(Vp—H)?|F,V, =] (3.32)
Ptt1yees YT
T 2
= inf El(v+ > @AXpy—H| |[FVi=v|. (3.33)
Prttoen k=t+1

Note that the terminal value function Jr does not have any decisions to make.
This setup can easily be seen to reduce to the Bellman-Jacobi equation as
follows:

JT(V) =K [(VT — H)2’fT, VT = I/] s (334)
Jroa(v) = ngfE (v + orAXy — H)?| Fr_1, Vo1 = V] (3.35)
=infE [E (v + orAXy — H)*|Fr, Vo = v + orAX7) |
¥r (3.36)
Fro,Vro1 = V]
= infE [Jr(v + r AX7)|Fro1, Vroa = ], (3.37)
JT,Q(V) = mf ]E |:(l/ + QOTflAXTfl + SDTAXT — H)Q‘
PT—1,9T (338)
Fr_o,Vr_o = V]
= inf E |infE AX AXp — H)?
Jof B Il (v + pra AXroy 4 rAXe — H) (3.39)
Fro1, Ve =v+ pr 1 AXp_q) | Fr_o, Vi_o = V]
= @iilf E[Jr—1(v 4+ or—1AXr_1)|Fr_e, Vr_a = 1]. (3.40)
Similarly, for any ¢t in 0 <t <T,t € N:
Jt(l/) = inf E [Jt+1(V + SOt+1AXt+1)|~Fta ‘/t = l/] . (341)

Pt+1

It is clear that the optimisation depends on the value of v which is interpreted
as the current portfolio value. But the above Bellman-Jacobi equations show
that

,,i;gq,]E [(VT(90> - H>2] = ifylf Jo(v), (3.42)
assuming that JFy is trivial. Then v represents the construction cost of the
optimal hedging portfolio; and thus the fair price or intrinsic value of the con-
tingent claim given by the mean-variance framework. Consequently, the T"+ 1-
dimensional problem of 3.28 has been reduced to 7"+ 1 many 1-dimensional
sub-problems.

Now let us solve these sub-problems in a convenient manner. In particular,
notice that each of the value functions J; is quadratic. A proof by mathemat-
ical induction both simultaneously shows this fact and establishes a recursive
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structure for the value function.
Proposition 16
The value function Jy is quadratic with respect to v such that
Jt(V) = CLt(l/ — bt)2 -+ Cy, (343)
where az, by, ¢ € mF;. In particular, at the terminal time
ar = 17 (344)
br = H, (3.45)
cr = 0. (3.46)

For the non-terminal terms, first define p, and q; to assist the quadratic terms

such that

E[atbtAXt|-E—1; Viei = V]

E[GtAXtQ‘EA, Vioi= V] ’

0" = Ela AXy|Fiq, Viey = V]]
Ela;AX?| Fr1, Vie1 = V]

Pt =

Then the quadratic terms are defined by
ar = Elag1(1 — A X 1) | F, Vi = v,
by = ait]E[at—H(bH-l — peAXp)(1 — ¢ AXe )| F, Vi = v,
e = Eley | Fi, Vi = v] — agb?
+ Elary (b — pAXe)?|F, Vi = v,
forte{0,1,....,T —1}.

Proof. This proof follows backwards mathematical induction.
Base case: Let t =T, then

Jr(v) =E [(v — H)*|Fr, Vo = V]
=(v— H)2

=ar (v — bT>2 + cr,

where ar = 1,by = H,cr = 0; hence, ar,br,cr € mFr.
Therefore, the base case is clearly quadratic with respect to
v.

General case: Assume that J; is quadratic for t = k; then
3 ayg, bk, ci. € mJF}, such that:

Je(v) = ay, (v = by)* + .

(3.47)

(3.48)

(3.49)
(3.50)

(3.51)
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Now we must show that this remains true for t = k& — 1.
kal(V> = lng [Jk(l/ + QDkAXk)‘fkfl, Vk,1 = V}
k

=infE [ak (V + (pkAXk - bk)2 + Ck|fk_1, ‘/k:—l = V} .

Pk

Note that the E [Ji(v + oe AXg)|Fr_1, Vi1 = V] is actually
convex with respect to ¢y since ay is always positive. We can
then simply find the optimal strategy ¢; by differentiating
and setting to zero as follows:

0
8_E [Je(v + o AXE) | Fr—1, Vo1 = V]
Pk
0
=E 8—ak (l/ —+ QOkAXk — bk)Q + Ck|fk_1, Vk—l =V
Pk

=K [Q(Ik (V —+ ngAXk — bk) X AXkl]:k—lu Vk;—l = V]
= 0.

Since both ¢, and v € mF;_1

9k

E[akbkAXk|Fk_1] EE[akAXklfk—lT

= —v ) 3.52
T EwAXFi] | ElaAXEIF] (3:52)

Pk

Substituting back into the value function,
Jr-1(v) =E [ak (v + o AXy — bk)2 + ¢ Frm1, Vo1 = V} :

Finally, we desire that Jy_1(v) = ap_1 (v — bk,1)2 + 1
for some Fj_;-measurable random variables ag_1,bi_1, cr_1.
Through tedious, yet simple, manipulation of the above ex-
pression, we obtain that

ap—1 = Elag(1 — qe—1AXy)| Fre1, Vier = 1), (3.53)
1
br—1 = o Elag(by — pr—1AXg) (1 — qeo1 AXy) [ Fim1, Vi1 = v,
1
(3.54)
k-1 = Eleg| Fro1, Vic1 = V] — ag_1b}_4 (3.55)

+ Elag(br — pkflAXk)zy-kal; Vi1 =],

where the components pp_1 and ¢,_; are defined in equa-
tion 3.52, and are clearly € mFr_o C mF,_1. Hence, each
of ap_1,br_1,cr_1 € mFr_1 and Jx_1(v) is quadratic, as re-
quired.

Conclusion: Therefore, by backwards induction, the value
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function J; is quadratic for all ¢ € [0, 7] with recursive com-
ponents ay, by, ¢;. O

With the proof of the above proposition, the following corollary becomes clear;
forming an essential part of the algorithmic solution.

Corollary 17
The following are the optimal dynamic programming decisions.

a) The components of the optimal dynamic trading strategy ¢;, also known
as the optimal control, is given by

@: = pr — Vi (356)

b) The initial cost which minimises the square replication error is given by
vt =Vy = bo. (3.57)

Proof. a) Obtained directly from 3.52.
b) If the optimal trading strategy ¢* is implemented, then

Jo(l/) = ao(u — b0)2 + ¢o

which represents the minimal replication error given some
initial cost v. Therefore, optimal initial cost is given by

arg min Jo(v). (3.58)

Therefore, v* = by is clear.
O

Following the results of proposition 16 and corollary 17, the optimisation pro-
cess of mean-variance hedging in discrete time is computationally convenient.
With a discrete structure of future price movements, generally captured in a tree
format, a trader is able to compute the recursive coefficients of the value func-
tions throughout the life of a contingent claim which is then used to compute
the initial cost required to implement the optimal hedging strategy under the
mean-variance framework. Whilst the algorithm is computationally convenient,
it is far from computationally efficient. Consequently, the described dynamic
programming approach quickly becomes intractable; preventing its use despite
its accuracy.

The dynamic programming solution offers an effective method to test the ap-
proximation accuracy of the deep hedging approach. A numerical analysis of
such a test is presented in the following chapter.
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Chapter 4

Results

With the problem description and theoretical solutions provided for pricing and
hedging Furopean contingent claims in an incomplete market; we aim to explore
the performance by means of numerical application. Section 4.1 provides a de-
scription of the common components used throughout the following numerical
results. Immediately following this, Section 4.2 provides a comparative bench-
mark for the proposed models’ performances. The three benchmarks which
have been chosen is the dynamic programming solution for a computationally
feasible scenario and the Black-Scholes and Heston models. Section 4.3 then
aims to provide a more robust test of neural network models through the use
of real-world data and data generation.

4.1 Setup

In an attempt to provide a consistent comparison with Buehler et al., 2019,
we use the same experiment setup, unless otherwise stated. In particular, the
trader is presented with a contingent claim with a maturity of 30 trading days
whereby they utilise a dynamic hedging strategy with daily rebalancing. Hence,
T = 30/365,n = 30 and the trading times are denoted ¢, = k/365 for k =
0,1,...,n. The only restriction which we have made on the contingent claim is
that it is of a European type; leading us to consider an at-the-money vanilla call
option as our base contingent claim for the upcoming experiments. The initial
underlying asset price, Sy = 100 unless otherwise stated. The neural networks
architectures which we explore in this dissertation are the well-known recurrent
and LSTM networks which are described in Section 4.1.2. First, however, we
make a brief detour to discuss the simulation aspect.

4.1.1 Discrete Process Simulation

The market models described in Section 2.1.2 are established in a continuous-
time framework; however, we require a discretised version for the purposes of a
data stream. In fact, we only require the price process at the trading times t,.
A detailed discussion on discrete simulation of continuous time processes can
be found in Glasserman, 2013; however, for the purposes of this dissertation,
we recall the well-known Euler-Mayurama method as described by the following
proposition from Maruyama, 1955.
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Proposition 18
Consider the SDE under (2, F,F,P)

dXt = /L(Xt, t)dt + O'(Xt, t)dBt,

where B is a P Brownian motion and Xy = xo, over the interval [0,T]. Then
the Euler-Mayurama approximation of the solution to X is given by the Markov
chain Y defined as follows. Partition the interval [0,T] into n equal sub-
intervals. If we desire n sub-intervals then the length of each interval is clearly
At=T/n and 0=ty <ty <---<t,=T. Then let Yoy = xy and

Ym+1 =Y+ M(Ymatm)At + U(Ymatm)ABma 0<m<mn,

where AB,,, = By, ., — By,,. Note that each AB,, ~ N (0, At).

m+41

Utilising proposition 18 allows us to simulate the required asset price processes
for both the Black-Scholes and Heston model from Section 2.1.2.

4.1.2 Network Methodology

In this section, we briefly describe the architecture of the neural network mod-
els which are implemented in the upcoming sections. With the idea of deep
hedging presented in Section 3.1.2, a trader follows a trading strategy which is
constructed by a neural network. That is, at each trading time t;, the trader
chooses ¢, € R? as her trading strategy; whereby, each ¢y, is obtained from
a neural network model such that op = fVN(y(I,...,I1)), where 6 is the
parameter set for the network, [, is the information at time k, and v rep-
resents some transformation of the information set which will depend on the
model architecture. The set 6 contains two types of parameters. The first type,
hyper-parameters, defines the structure of network. The second type, model pa-
rameters, represents the matrices of the network. The latter type is optimised
through well-known gradient descent algorithms when training the neural net-
work. Our approach to the former type requires a brief outline.

Hyper-parameter Tuning

The hyper-parameters of a model are the parameters of the model which are
set externally to define the model architecture prior to the training process.
The most intuitive examples of hyper-parameters, and the parameters which
we tune in the following experiments, are:

1. The number of layers.
2. The number of nodes for each layer.
3. The activation functions for each layer.

Each of these hyper-parameters has the potential to significantly affect the
performance of a trained model; yet, there are no a-priori optimal values for
these hyper-parameters. Consequently, finding the optimal hyper-parameters
for a given neural network is a persistent and open problem within any machine
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learning application. This procedure is known as hyper-parameter tuning which
aims to optimise some performance measure of a trained model. Formally, let X
denote the space of hyper-parameters and let f : X — R be a measure of model
performance which represents an objective function. Then hyper-parameter
tuning aims to find x* such that

x* = argmin f(z). (4.1)
zeX
In general, f is not an analytical expression, one cannot compute the derivatives,
and f is computationally expensive.

Additionally, the observations of the objective function are generally stochastic
in nature. Consider x € X, then due to the numerical optimisation of neural
networks, the observed performance of the network is not constant over repeated
computations of f(z). Let Y be the random variable associated with the ob-
servations y = f(z), then E[Y] = f(z). Therefore, the optimisation problem
defined by 4.1 is highly non-trivial and a few popular methods exist for this
purpose. Notable methods are the grid-search, random-search, and Bayesian
optimisation tuning methods. These hyper-parameter tuning methods aim to
balance the accuracy of the optimisation over the space X and the computa-
tional resource available.

First, let us consider the grid-search method. Define the space X’ C X such
that X’ is discrete. The grid-search method computes f(z') for all z/ € A”.
Hence, the method requires that X’ must be defined such that

¥ ~ argmin f(z'),
z'eXx’

whilst remaining below an acceptable computation time.

The random-search algorithm follows a similar level of complexity with a few
tweaks. Let (z,)"_, denote N elements from the space X sampled at random.
The accuracy of the tuning algorithm is limited by the choice of N such that

*

¥~ argmin f(x,),
ne{l,...,N}

whereby N provides a direct constraint on the computation time required for
the algorithm.

Now let us consider the more complex Bayesian optimisation approach proposed
by Shahriari et al., 2015 which defines a probability model to approximate the
objective function which can easily be optimised. The mathematical formulation
is as follows. Again, let Y represent the random variable for the observations,
also known as the score, of the computationally expensive objective function f.
Now define 7(Y") as the prior probability model for the score and an associated
posterior probability model as 7(Y'|z) with data D. Here, the posterior is known
as the surrogate model of f and D refers to the pair of the observation of the
objective function and its associated hyper-parameter query. Finally, define the
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acquisition function, o : X — R such that
a(z|D) = E[U(x,y,D)],

for some utility function which measures the amount of information with respect
to the tuning process that the query x will provide. Hence, the acquisition
function provides a measure of the expected information gained for a query x
which can be used to choose new query points.

The Bayesian optimisation algorithm is as follows:
1. Initialise the surrogate prior distribution.

2. Choose hyper-parameter query elements x € X which maximise the ac-
quisition function.

3. Retrieve an observation y from each query of the objective function.

4. Obtain the posterior distribution which serves as the prior for the next
iteration.

5. Repeat steps 2-4 for some number of iterations.

6. Appropriately optimise the final surrogate model to obtain the optimal
query xp, such that x5, ~ z*.

The choice of the prior distribution, data distribution and acquisition function
allow for variants of the algorithm; however, Gaussian processes for the prior
distribution is a common and convenient choice. For interested readers, refer
to Shahriari et al., 2015 for more details.

In our experiments that follow, we utilise the Bayesian optimisation method for
the hyper-parameter tuning method. The space X is defined on an experiment-
by-experiment basis. For a computational resource restriction, we sample 50
query points for each of the network architectures and obtain the objective
function after training for 100 epochs, unless otherwise stated. In order to
prevent a bias for the limited training time, a constant learning rate per tuning
process is used with the Adam optimiser, Kingma and Ba, 2014, which is a
common choice of an extended stochastic gradient descent algorithm. A default
learning rate of 0.001 is used unless otherwise stated. After narrowing down
the hyperparameter queries, the best five queries are fully trained, and the final
model is taken as the best performing network on the validation set.

Unless otherwise stated, 10° samples, with a 20% validation split, are used
for training with batch sizes of 1500 and 10* test samples in accordance with
Buehler et al., 2019. Furthermore, the final training of the models allows the
models to train until they reach an early stopping criterion. Unless otherwise
stated, the training reaches its stopping criterion if the network does not im-
prove on its validation loss for 15 epochs. With a batching size of 1500, this
is equivalent to 54 weight updates per epoch; providing the network sufficient
time to escape a plateau. In addition, the learning rate is reduced by 10% if
the validation error does not improve over 5 epochs to assist the optimisation
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of the weights. With an overview of the parameter optimisation procedure, we
take a closer look at the two model variants.

Model Architectures

As alluded to in the neural network formalisation of 2.2, the neural network ar-
chitectures for the experiments follow the canonical RNN and LSTM structures
with minor tweaks. We define these formally below.

Note that the machine learning models are implemented with Tensorflow in
Python with GPU parallelisation. Each of these models have batch normalised
versions which applies the batch normalisation technique to each layer for the
purpose of better training on large datasets.

Recurrent Neural Network
The first network structure discussed is the deep RNN (DRNN) model. Recall
the definition of the canonical RNN from 2.2.2 such that

on = FN(g(hy-r, 1))

where h,, is the hidden state and [, is the information at time n.

A DRNN model stacks several RNN components together before returning the
network output. Suppose that the DRNN stacks L recurrent layers. Each
recurrent component is known as a cell and they are joined as follows:

hfb = ge(hﬁ—la hﬁil)a
hy = 9" (hy_y, 1),

where ¢° and h’ represent the activation function and hidden state of the ¢
cell respectively. The architecture can be visualised by Figure 4.1. A DRNN is
able to preserve a wider variety of time dependent features through its several
cells.

The feed-forward network fVV is stacked above the final recurrent cell and
transforms the final hidden state to the desired model output ¢,. Whilst free-
dom can be given to allow for a deep neural network here, canonical architec-
tures simply use a single dense layer for f¥V. Similarly, we found that a deep
neural network did not perform significantly better than a dense layer for fVV;
consequently restricting the fVV to be a dense output layer for the DRNN archi-
tecture used throughout the results. This d-node output layer must produce the
d-dimensional hedging strategy to implemented; therefore, a ReLu activation
function is a common choice for the output layer. We make no such restric-
tion and allow the hyper-parameter tuning process to decide from a variety of
activation functions to be defined.

Long Short-Term Memory




Chapter 4. Results o7

FIGURE 4.1: The architecture of a DRNN with two cells in
recursive (left) and unrolled (right) format. Alla, 2021

Now let us consider a similar definition for a deep LSTM which forms the
architecture for the second neural network model implemented throughout the
experiments. Again denoting the recurrent component of the LSTM as an
LSTM cell, a deep LSTM stacks, say L cells in the same format as above such
that

(cs i) = 9" (g i),

n—1 ""n—1»
(Ciu h}L) = gl (C:w h;—h In)7
Pn = fNN(hﬁ)

Similarly to the DRNN model, we restrict the output transformation provided
by fN¥V to be a single layer feed-forward neural network. Furthermore, each
LSTM cell has two types of activation functions in general, known as the ac-
tivation function and the recurrent activation function. Recall, an LSTM cell
has an input, forget, and output gate. The recurrent activation function is the
activation function used for these gates whereas the activation function of an
LSTM cell refers to the activation for the cell and hidden states directly. The
activation functions proposed by Hochreiter and Schmidhuber, 1997 are tanh
and sigmoid for the activation and recurrent activation respectively. In our ex-
periments, we restrict the recurrent activation to this default function; however,
we allow the activation function to vary.

With an architecture description, we can now consider the inputs for these
neural networks explicitly.

The Information Set

The final component of the neural network methodology which we must discuss
is the choice of the information set. The information set, denoted I}, captures
the information from the time ¢, market information which represents the input
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for the networks. The following discussion of the information set is motivated
by Ruf and Wang, 2019.

When pricing or hedging options, a trader must clarify the goal of the network.
In particular, will the model price and hedge a specific option or should the
model be able to price and hedge a general option of a particular type. Suppose
the former, such that a trader trains the network to hedge a call option with
a specified maturity, strike price and initial stock price Sp; then, the network
recognises the strike, and Sy and maturity to a lesser degree, as some con-
stant. The trader cannot expect the same network to hedge a call option with
a different Sy and strike without the appropriate changes. For the latter de-
ployment, the trader must train the network to hedge call options with varying
strikes and starting underlying prices; making both the underlying prices and
the strike price integral components of the information/feature set. Including
these two variables into the feature set can be achieved via two notable methods.
The trivial solution is to represent both variables separately; yet, an alternative
solution is to utilise the moneyness of the option, calculated as M; = S;/K for
the moneyness at time t. The latter method possesses several benefits over the
former.

Firstly, Hutchinson, Lo, and Poggio, 1994 discuss the benefits of reducing the
dimensionality of the feature set when using moneyness to represent the under-
lying price and the strike price simultaneously. Additionally, the option pricing
function for parametric models are homogeneous of degree one with respect to
the underlying price and the strike. This implies that moneyness is sufficient
and in the neural network setting can reduce overfitting. Finally, moneyness
has the potential to significantly improve the generalisation of the model for
options which may vary in strike, Ruf and Wang, 2019. It is important to note,
however, that these observations are based on pricing networks, of which the
sensitivity can be used to provide the delta hedging strategy.

In addition to the underlying price and strike components, volatility measures
could be considered. These volatility measures include historical volatility,
volatility indexes and implied volatility; yet, many research contributions, in-
cluding Buehler et al., 2019 do not include volatility in their feature sets.

Finally, we consider the feature set presented within Buehler et al., 2019. Here,
log(S;) is the only component of the feature set which is sufficient since they
aim to only hedge a single specific option. The log transformation can be an
important component depending on the setting. Such a transformation enforces
stationarity of the underlying price paths. This is essential for our experiments
in 4.3 which requires underlying price paths which do not share an initial price.

For the experiments below, we follow Buehler et al., 2019 in their choice to
exclude any volatility measures within their feature set; however, we tweak their
feature set regarding the underlying. Motivated by the potential generalisation
of the model, we compare two feature sets. The first feature set is comprised
of the pair (M;, 7;), where 7; represents the time to maturity at time ¢. Such a
choice of feature set follows the hedging model proposed by Ruf and Wang, 2021.
The second feature set utilises the pair (log(M;), 1), exploiting the resultant
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stationarity property. For convenience, we denote the feature sets as M and
LM for moneyness and log moneyness respectively. The first feature set will
only be used for the benchmarks for the reasons above. Furthermore, we do not
explicitly test the generality of moneyness within this dissertation.

4.2 Benchmark

In the first numerical experiment section, we aim to measure the performance of
the deep hedging models against known optimal and close-to-optimal hedging
strategies. Such an experiment has the benefit of displaying the capability of
deep hedging models to approximate the optimal hedging strategy; support-
ing the theoretical claim made by the problem description and the universal
approximation theorem. For the benchmark section, we omit market frictions
in order to compare the network models against the well-known, theoretically
optimal strategies.

4.2.1 Dynamic Programming

Our first benchmark makes very restrictive assumptions on the market condi-
tions for the purpose of creating a problem which is computationally tractable
for the dynamic programming approach described in Section 3.2.3. The dy-
namic programming solution is generally evaluated via a tree structure; hence,
our market assumptions are:

1. The price is only allowed to make discrete jumps between trading times.
2. The jump probabilities are time-homogeneous.

The tree of the primary asset price process can be defined mathematically.
Consider a market with one primary risky asset, d = 1, and suppose that only
three discrete jumps are possible. Let J; = [j1, j2, j3]T denote the jump vector
for time ¢. The jump vector defines the possible future prices by

Xt+1 = Xt(l + Jt) (42)

Associated with each of these jumps is a real-world probability, P. Denote the
probability vector at time ¢ by w; such that
T
wi = [P({wi 1), P 1) P )] (4.3)
The assumptions made above require that J; = J; and w; = w; for each
t=1,2,...,T.

One can easily verify the dynamic programming solution by testing the algo-
rithm within a complete market. For example, let d = 1 and let J € R2
Obviously; however, we want to use the solution to provide a benchmark in an
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incomplete market. For this, we set the market conditions such that

J =[1.05,1.02,1.0,0.985,0.95]",
w = [0.10,0.25,0.30, 0.20, 0.15)”

Whilst the tree structure is suitable for the benchmark, we need to sample
paths from the tree to train and test the neural network models. Note that
the sampling of such paths must be in accordance with the vector w since the
network must learn to minimise the risk under the real-world measure P.

For this benchmark, the neural network models are restricted to two hidden
layers of variable size and activation functions. In particular, define

X = {<N17N2701702700ut) : NlaNQ € mv 01,02 € Zh;o-out € E0}7

where 9t = {10, 30,60}, 3, = {tanh, selu, elu} and ¥, = {tanh, relu, swish}.

With the dynamic programming benchmark setup, we can now analyse the deep
hedging technique. To begin with, we model tuning process before evaluating
the deep hedging performance. This is completed with both the M and LM-
feature sets.

M-Feature Set

For the interested reader, the overall hyperparameter tuning procedure is sum-
marised by the following Tensorboard. Within the Tensorboard, one can in-
teractively view the training and validation performance of any of the queries
x € X as a function of the updating iterations or epochs under the Scalars
tab!. An example of random queries from the tuning process can be seen in Fig-
ure 4.2. A large majority of the queries tested throughout the hyperparameter
tuning process yield a similar validation loss performance after a few epochs,
which can be seen on the examples in Figure 4.2. The final performance of each
query is also tabulated under the Hparams.

Whilst the Tensorboard for the entire hyperparameter tuning process is rather
overwhelming, the Tensorboard for the best performing models is intuitive and
informative for those interested in the training of these final models. In par-
ticular, the above Tensorboard provides an in-depth look at the training and
validation of the best models for each network type. Figure 4.3 shows the adap-
tive learning rates and the validation performance of the best networks for each
of the model types respectively. It is clear from this figure that the performance
of the networks does not significantly differ from each other when tested on
the validation set. Furthermore, unlike the performance of 4.2, the log vali-
dation loss appears to have converged to either a local or global minima. We
will soon see that this convergence is, at least, close-to-optimal. The optimal
hyperparameter choices given by these models are given by Table 4.1.

!Tip: for the regex filter, "RNN. *train filters the training data for the RNN models.
Adjust the model type and train and validation appropriately for desired plots.


https://tensorboard.dev/experiment/yhQXcBSpSWC7QjbBkca20g
https://tensorboard.dev/experiment/B7VD4DM5Tm680OXqyBs80w
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ESRE Validation Loss

0 20 40 60 80 100
Epoch

F1GURE 4.2: Example of the validation path of hyperparameter
queries for the M dynamic programming benchmark

Hyperparameter Optimal Value
RNN | Batch RNN | LSTM | Batch LSTM
Ny 60 10 60 30
Ny 60 60 60 60
o1 elu tanh tanh tanh
09 tanh tanh elu tanh
Oout tanh tanh tanh swish

TABLE 4.1: Optimal M-hyperparameters for neural network
models for dynamic programming benchmark

For the performance analysis, we begin by visualising the strategies and their
associated hedging portfolios for a random test sample path given by each of
these models against the optimal strategy computed via dynamic programming.
These visualisation are found in 4.4. From Figure 4.4, it is clear that the recur-
rent based networks are able to achieve their reinforcement learning goal. Figure
4.4a shows that the trading actions chosen by the networks closely approximate
the optimal decisions obtained from the dynamic programming approach with-
out its drastic computational issues when scaling up the problem complexity.
This fact is substantiated by Figure 4.4b which shows that the minor differ-
ences in trading decisions between all of the approaches yields largely the same
hedging strategy. Whilst the true value of the option noticeably differs from the
hedging portfolios, we reiterate that the DP approach is the optimal solution
over the real-world measure and figure 4.4 is a visualisation of a single path
only.

In order to evaluate the performance of the above approaches for the real-world
measure, we display the histogram profit and loss (PnL) in figure 4.5 and the
expected square replication errors tabulated in 4.2 below.
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ESRE Validation Loss
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FIGURE 4.3: Model fitting the best models for the M-feature
set for the dynamic programming benchmark
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FIGURE 4.4: The strategy and hedge for a random dynamic
programming sample path

Figure 4.5 is relatively difficult to interpret clearly; but, this follows from the fact
that each of the networks closely approximates the optimal solution as desired
which is exacerbated by our current comparison of the batch and non-batch
normalised model architectures. An important property which each histogram
conveys is that the deep hedging approaches have a mean which is close to
zero and a variance which does not appear significantly differ from that of the
optimal dynamic programming solution. Numerical performance values are re-
quired to obtain a better analysis of the deep hedging quality. For this purpose,
the benchmark Table 4.2 is far more informative. In particular, the dynamic
programming approach obviously provides the lowest ESRE with the neural net-
work approaches trailing close behind. This is a concise confirmation that the
reinforcement learning problem can be well approximated by recurrent based
neural networks, showing that the deep hedging approach is able to provide
close-to-optimal hedge performance without the computational intractability of
the optimal dynamic programming approach.
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PnL Comparison
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FIGURE 4.5: Profit and loss histogram for the dynamic program-
ming benchmark

We take special note that the batch normalised versions of each network have
a superior performance to those without. In the future experiments, we will
treat batch normalisation as a hyperparameter but chose to show the differ-
ence explicitly within this benchmark for the purposes of a wide and robust
comparison.

As mentioned, this benchmark has made use of the M-feature set for the network
inputs. The dynamic programming benchmark clearly supports the notion that,
with appropriately constructed samples for training and testing pur-
poses, the use of the non-stationary moneyness input is sufficient to construct
deep hedging models. Next, let us consider the L M-feature set for comparison.

LM-Feature Set

When changing the from the moneyness feature set to the log transformed
moneyness feature set, the analysis of the deep hedging models for the dy-
namic programming benchmark follow closely from the M-feature set. This is
an expected result based on the simulated data of the problem. As mentioned
previously, the log transformation creates a stationary input which is an impor-
tant property; however, the short time frame prevents stationarity from being
an essential property.

The 200 query hyperparameter tuning process is summarised the following Ten-
sorboard. For this tuning process, a higher learning rate of 0.01 was chosen
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Approach Expected Square Replication Error
Dynamic Programming 0.747
RNN 0.783
Batch RNN 0.762
LSTM 0.781
Batch LSTM 0.755

TABLE 4.2: Expected square replication error for dynamic pro-
gramming benchmark

which resulted in a much quicker convergence of the networks. For example,
Figure 4.6 shows the validation error of a random query from each model type.
Compared to 4.2, such an analysis is clear. Furthermore, we can observe the

ESRE Validation Loss
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FIGURE 4.6: Example of the validation path of hyperparameter
queries for the LM dynamic programming benchmark

difference in the ESRE on the validation set. We remark that the learning rate
is adaptive and decreases when the network reaches a plateau in the valida-
tion loss which still allows for a sufficient search of minima for the purposes
of a hyperparameter tuning guideline. The best queries are then trained at a
learning rate of 0.005 with reduction on plateaus. For the training of these top
performing queries, the reader can again refer to the following Tensorboard and
can be visualised Figure 4.7b below. Again, we see a similar convergence of
the models according to their ESRE on the validation set.The resulting optimal
hyperparameters for each model is tabulated in 4.3 below. Whilst these optimal
hyperparameter sets differ from those in 4.1, these differences are not necessarily
significant. On one hand, the differences could follow since many of the hyper-
parameter queries result in very similar performance on the validation for both
the M- and LM-feature sets. We further note that the higher learning rate for
the hyperparameter tuning for the LM-feature set allows the Bayesian optimi-
sation algorithm to observe more converged validation loss measures opposed to
those of the M-feature set. Alternatively, the stationarity transformation could
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ESRE Validation Loss
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FIGURE 4.7: Model fitting the best models for the M-feature
set for the dynamic programming benchmark

Hyperparameter Optimal Value
RNN | Batch RNN | LSTM | Batch LSTM
Ny 10 10 60 60
Ny 10 10 10 10
o1 tanh tanh elu elu
09 tanh tanh elu tanh
Oout tanh swish tanh swish

TABLE 4.3: Optimal LM-hyperparameters for neural network
models for dynamic programming benchmark

be reducing the complexity required to obtain the optimal performance; how-
ever, this single observation is not enough to deduce such a claim. We rather
observe the hyperparameter differences throughout the remaining benchmarks.

With respect to the hedging performance, the similarity of each model is clear
from Figure 4.8 whereby the network hedging strategies are all close to opti-
mal and the portfolio values are visually indistinguishable. We note that the
visualisations provided by 4.4 and 4.8 arise from the same underlying sample
path. An interesting observation surrounds the noticeable difference between
the methods in the last five trading periods for both the M and LM-feature
sets. If we view the strategy plot for a variety of other test sample paths, this
phenomenon appears to be a trend; however, with varying degrees of magni-
tude. For example, refer to Figure 4.9. Here, the strategies shown in 4.9a
appear to remain almost visually indistinguishable from the optimal solution
whilst Figure 4.9b displays another example of a path where the final trading
periods result in a larger difference between the network hedging strategies and
the optimal solution. This is likely due to each input becoming frequent as the
timeline progresses given the tree structure.

The overall performance of the hedging methods can be conveyed by histogram
4.10 of the PnL and the ESRE of each method tabulated in 4.4. Similar to the
M-feature set, we find that the distributions of the LM PnLs are very similar
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F1GURE 4.9: The strategy and hedge for a random dynamic
programming sample path

and we require Table 4.4 to make the inference on the performance differences
of each method. Clearly, each of the networks do not significantly differ from
the optimal ESRE, supporting the claim that deep hedging models can learn
the optimal dynamic programming solution via reinforcement learning. Com-
paring the performance to the M-feature set table, 4.2, we find that the LSTM
architecture remains to have a superior performance when compared to its di-
rect RNN counterpart. On the other hand, the batch normalisation of the RNN
network fails to outperform the non-batch normalised RNN architecture; how-
ever, the difference between the performance if minimal even when compared to
those seen in Table 4.2. Regardless, the batch-normalised LSTM model remains
the best performing model under both the M- and LM-feature sets.

The ability of deep hedging models to learn the optimal hedging strategy for
the dynamic programming method under both the M- and LM-feature sets is
clear. With that said, the LM-variant proves to be less restrictive with regard
to how the financial data is generated due to its stationarity transformation.
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PnL Comparison
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FIGURE 4.10: Profit and loss histogram for the dynamic pro-
gramming LM -benchmark

Approach Expected Square Replication Error
Dynamic Programming 0.747
RNN 0.761
Batch RNN 0.765
LSTM 0.755
Batch LSTM 0.753

TABLE 4.4: Expected square replication error for dynamic pro-
gramming LM-benchmark

The benchmark performed above motivates the use of neural networks to ap-
proximate optimal hedging strategies. That said, the framework for this bench-
mark is extremely restrictive and far from the real world application of deep
hedging. To generalise and advance towards the real world application, we con-
sider a second benchmark based on the discretisation of the continuous-time
Black-Scholes model.

4.2.2 Black-Scholes

Throughout this second performance benchmark we explore delta hedging in the
Black-Scholes model. Despite the restrictive assumptions made by the Black-
Scholes model, discussed in chapter 2.1.2, the model provides a very competitive
performance in the real world and is an important benchmark for the indus-
try. As a result, it is only natural to consider the Black-Scholes model as a
benchmark for the neural network models. Whilst the Black-Scholes model is
complete in continuous time, the market is incomplete when discretisation is
implemented. Furthermore, discretising the continuous-time hedging solution
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does not preserve the optimality in general; however, within the setup of this
benchmark, the Black-Scholes delta hedging strategy closely approximates the
optimal solution. Hence, it provides a great benchmark to measure the neural
network models’ performances.

For the simulation of the Black-Scholes market data, we choose the following
market conditions:

= 0.10.
ry=0.0 (wlo.g.).
o = 0.20.

with the shared conditions stated in 4.1. More explicitly, the underlying asset
prices are simulated from the Euler-Mayurama discretisation under the real-
world measure such that

dSt = ,LLStdt + O-Stth,
which has risk-neutral dynamics
dSt = Tfstdt + O'Stth.

The risk-neutral measure is used to compute the delta hedging strategies which
represents the benchmark. This follows since these dynamics provide the best
possible Black-Scholes delta hedging strategy for the Black-Scholes model with
respect to the unknown volatility parameter, appropriate for a benchmark. We
state this fact since this is not an entirely realistic choice. Whilst the goal of
market calibration is to find the optimal market model parameters, the true
parameters are neither known nor exactly obtainable in application.

Based on the fact that the number of optimal nodes per layer for the dynamic
programming benchmark was commonly the upper bound of 60, we broaden the
hyperparameter space X with the choice of a third hidden layer. In particular,

X ={(L,Ny,...,Np,01,...,0L,00m) : L € {2,3}; N, € M,
0p € Xp; Oout € 2 for £ =1,... L},

where 91 = {10, 30,60}, ¥, = {tanh,selu,elu} and 3, = {tanh, relu, swish}.
Here, we simply want to provide the networks with more flexibility by allowing,
but not enforcing a third hidden layer.

M-Feature Set

Again, the Tensorboard of the overall hyperparameter tuning procedure is avail-
able. Figure 4.11 displays an example hyperparameter query for each model.
As with the previous benchmark, we find that most queries produce similar val-
idation plots. We further note that the networks are close to convergence within
the 100 epoch restriction for the hyperparameter tuning algorithm. When ob-
serving the Parallel Coordinates View under the Hparams tab we find that


https://tensorboard.dev/experiment/AXByHxLMQ1aNr40U1DAqKA

Chapter 4. Results

69

ESRE Validation Loss

1.0 A

0.5 A

Log ESRE

0.0

—0.5

RNN

40

60 80 100

Epoch

FI1GURE 4.11: Example of the validation path of hyperparameter
queries for the M Black-Scholes benchmark

incorporating a third hidden layer does not produce better performance on aver-
age. In fact, the performance of two and three hidden layer networks are largely
intertwined. In Figure 4.12, we can view the training of the best model for each
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FIGURE 4.12: Model fitting the best models for the M-feature
set for the Black-Scholes benchmark

type. From this, we again see very similar performance of the models with con-
vergence. Here, we find that whilst both the batched versions converged after
around 140 epochs, the RNN model only converged after more than 329 epochs.
The training of this model displays the importance of a learning rate reducer.
For instance, the validation error fluctuates significantly over the 70-150 epoch
whilst searching for the minima, which the much lower learning rate after 200
epochs is able to yield. The optimal hyperparameters are given by Table 4.5
with detailed training found in this Tensorboard. For the batch normalisation
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Hyperparameter Optimal Value
RNN LSTM
Batch Normalisation False True
(N7, No, N3) (60, 60, 60) (10, 60, 10)
(01,03,03) (elu, elu, tanh) (elu, tanh, elu)
Oout tanh tanh

TABLE 4.5: Optimal hyperparameters for neural network models
for the Black-Scholes M-benchmark

hyperparameter in the Black-Scholes benchmark, we still tune the batch nor-
malised and non-batch normalised versions independently. That is why we are
still able to view both model types in Figure 4.12. The better performing ver-
sion is then chosen to represent that architecture. Here, we again find that the
batch normalisation is not favoured by the RNN structure.

With the best RNN and LSTM networks selected, we analyse their perfor-
mance on the test set, beginning with a visualisation of the trading strategies
and portfolio values in Figure 4.13 below. From Figure 4.13a, we find that the
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FIGURE 4.13: The strategy and hedge for a random Black-
Scholes sample path

deep hedging approaches closely follow the delta hedging strategy provided by
the Black-Scholes model under the risk-neutral measure. As mentioned above,
the delta strategy closely approximates the optimal solution which shows that
the deep hedging approach appears to have the ability to learn the optimal solu-
tion within a discretisation of a continuous-time framework, in addition to the
discrete dynamic programming framework above. Furthermore, the hedging
portfolios of the three approaches in Figure 4.13b display an almost negligi-
ble difference between deep hedging and the Black-Scholes benchmark for this
random sample path.

To analyse the performance with respect to the real-world measure, Figure 4.14
and Table 4.6 are required. The histogram of the PnLs in Figure 4.14 shows
the reasonably symmetric distribution of the terminal profit and loss of the deep
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PnL Comparison

I RNN
mm Batch LSTM

1.2+ mmm Black-Scholes

1.01

0.8 1

Density

0.4 1

0.2 1

0.0 -

=15 -1.0 -0.5 0.0 0.5 1.0
Loss

FIGURE 4.14: Profit and loss histogram for the Black-Scholes
M-benchmark

Approach Expected Square Replication Error
Black-Scholes 0.1238
RNN 0.1314
LSTM 0.1246

TABLE 4.6: Expected square replication error for Black-Scholes
M-benchmark

hedging approach around zero. One could argue that the distributions is slightly
skewed to the left; however, these are very similar in empirical distribution to the
Black-Scholes benchmark. This confirms that our analysis of the single random
sample path is accurate for general sample paths. From the results tabulated
in 4.6, the Black-Scholes delta hedging strategy obtains the best ESRE on the
test set which is expected from the benchmark. The important result is that
the out-of-sample ESRE for both deep hedging models follow the benchmark’s
performance very closely. In particular, both deep hedging networks are within
one one-hundredth of the benchmark ESRE. Consequently, the reinforcement
learning procedure of deep hedging has been able to learn the value function of
the dynamic programming problem?.

LM-Feature Set

Now let us consider the LM-feature set under the Black-Scholes benchmark.
The hyperparameter tuning process is summarised by this Tensorboard with

2The dynamic programming problem must not be confused with the dynamic programming
solution. The former refers to the fact that all indifference pricing and quadratic hedging
problems can be formulated as a dynamic programming problem. The latter is specific to
solution provided in Section 3.2.3 used to obtain the dynamic programming benchmark.
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similar hyperparameter query plots as that seen in Figure 4.11 for the M-feature
set. For this reason, we omit displaying another plot of example hyperparameter
queries here, referring the interested reader to the Tensorboard. Again, the
hyperparameter tuning procedure shows that networks with only two hidden
layers perform competitively compared to those models with three hidden layers.
The summary of the best models is provided by this Tensorboard which again
mimics the M-feature set largely. Consequently, we only present the optimal
hyperparameters in Table 4.7. These optimal hyperparameters support the

Hyperparameter Optimal Value
RNN LSTM
Batch Normalisation False True
(N7, No, N3) (60, 60, 10) (60, 60, -)
(01,03,03) (elu, tanh, tanh) (tanh, tanh, - )
Oout tanh tanh

TABLE 4.7: Optimal hyperparameters for neural network models
for the Black-Scholes LM-benchmark

claim that models with two hidden layers are competitive compared to those
with three hidden layers since the best LSTM model only utilises two hidden
layers; however, the largest available node sizes were chosen for these layers.

The MVH performance of the deep hedging models under the LM-feature set
is comparable to the performance under the M-feature set. This analysis be-
gins with Figure 4.15. Firstly, the RNN deep hedging strategies seen in Figure
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FIGURE 4.15: The strategy and hedge for a random Black-
Scholes sample path

4.15a appear slightly improved compared to those produced for Figure 4.13a,
whilst the LSTM appears to have neither an improvement nor deterioration.
The improvements towards the Black-Scholes benchmark yield visually negli-
gible differences for the hedging portfolios of Figure 4.15b compared to those
produced by the M-feature set. Furthermore, these improvements are only for
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a single sample path and we cannot assume such improvements are achieved in
general.

Comparing the LM histogram in Figure 4.16 to the M PnL of 4.14, the LM
version appears to have slightly improved the RNN performance. This fol-
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FIGURE 4.16: Profit and loss histogram for the Black-Scholes
LM-benchmark

lows from the lower variance, and its performance mimicking the benchmark’s
performance closer. To quantify the potential improvements, we tabulate the
ESRE in 4.8. From these quantities, we see that a slightly better performance

Approach Expected Square Replication Error
Black-Scholes 0.1238
RNN 0.1286
LSTM 0.1261

TABLE 4.8: Expected square replication error for Black-Scholes
LM-benchmark

of the RNN model with a decrease in ESRE from 0.1314 to 0.1286, validating
our above analysis of the Pnl.. The LSTM shows a small increase in ESRE by
0.0015.

Whilst the LM-framework yields a difference deep hedging performance to the
M-framework, the differences are extremely minor. There is no significant evi-
dence to make the claim that either framework is better under the current sim-
ulation. On the other hand, both frameworks validate the application of deep
hedging, confirming the ability for deep learning models to construct approxi-
mately optimal hedging strategies based on the Black-Scholes continuous-time
market model.
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As discussed in the preliminaries, 2.1.2, the Black-Scholes model is complete in a
continuous-time framework; but, discretisation induces market incompleteness.
The final benchmark we present is partly motivated by a desire to analyse deep
hedging against a market model which is incomplete even in continuous time.

4.2.3 Heston

For our final benchmark, we analyse the deep hedging performance under the
Heston market model. Such an analysis has two motivations. Firstly, 2.1.2
shows that the Heston market model has infinitely many ELMMs; therefore,
the Heston model naturally creates an incomplete market. This creates an
extra dimension of incompleteness when compared to discretising the Black-
Scholes model. Secondly, the Heston model is another important model for
the industry when stochastic volatility considerations are desired. For these
reasons, the Heston model represents another relevant deep hedging benchmark
to explore.

Unlike the Black-Scholes model, the Heston model dynamics are not tradition-
ally used to simulate the underlying asset price process. Instead, the industry
tends to use the Heston model for the purpose of a pricing model. We will dis-
cuss this further with our introduction of calibration in the upcoming numerical
experiments; yet, we explicitly define the utilisation of the Heston model within
this benchmark.

The discretised underlying asset prices process is simulated under the real-world
measure P such that

dSt = MStdt + \/VtSthVtS,
dl/t = K](e — Vt)dt + g\/V_tthy,
where W* and W are one-dimensional P-Brownian motions with d(W?*, W"), =

pdt. Through the Girsanov Theorem, for a risk-neutral measure Q, the Q-
dynamics are

dSy = rSydt + /S AWy,
dl/t = /‘i(e — Vt)dt + gﬁthya
where W* and W are Q-Brownian motions with d(W* W"), = pdt. The

pricing and hedging follows these @Q dynamics. Consequently, the underlying
price process and pricing model is represented by the Heston model.

The model parameters for the above dynamics are as follows.

w = 0.10.
Tf = 0.0.
Kk =4.

0 = 0.02.
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£=0.3.
p=—0.2.
o = 0.02.

The hedging strategy from the Heston model is the delta hedging strategy.
Whilst Section 2.1.2 discuss more elaborate hedging through the introduction
of a volatility asset, the use of delta hedging serves the required purpose of
setting a benchmark when restricted to trading in the single underlying asset.

Now, let us consider the hyperparameter space X'. We continue to allow net-
works to have three hidden layers since three of the four of the above Black-
Scholes networks utilised the third layer. In addition, we expand the number of
nodes available per layer to include 80 and 100. The reason for this expansion is
two-fold. On one hand, the upper bound of 60 nodes was still a common choice
in the hyperparameter tuning process, possibly signalling a potential benefit to
an increases node size. On the other hand, the batch normalisation action is
incorporated into the hyperparameter tuning process directly from this point
forward. Such an incorporation reduces the computational resources required
for the tuning algorithm, supporting the choice of an expanded search space.
Consequently, we define the search space as follows

X ={(B,L,Ny,...,Np,01,...,00,00m) : B € {True, False}; L € {2,3};
Ny € Ns0p € Xps00m €5, for £ =1,... L},

where 9t = {10, 30, 60,80, 100}, ¥, = {tanh, selu, elu}, 3, = {tanh, relu, swish}
and B represents the variable for the inclusion of the batch normalisation pro-
cess.

M-Feature Set

The Bayesian optimisation process represented by the 50 RNN queries and 50
LSTM queries is summarised by the following Tensorboard with a visualisation
of example queries in Figure 4.17. Comparable to the query plots illustrated
for the Black-Scholes benchmark in Figure 4.11, we find that a similar rate
of convergence for the Heston benchmark is achieved. In particular, most of
the queries in the Tensorboard plateau after around 65 epochs. The Hparam
tab clearly shows that the direct incorporation of the batch normalisation into
the tuning search results in far fewer non-batch normalised network queries
compared to batch normalised queries. This follows since the acquisition func-
tion of the Bayesian optimisation algorithm does not assign a high measure of
information towards the exclusion of the batch normalisation process after a
few queries support the notion that the batch normalisation results in supe-
rior network performance. When analysing the performance associated with
the number of hidden recurrent layers incorporated in the networks, we find
that the top performing queries all contain three hidden layers. In particu-
lar, the top 13 performing queries with respect to the validation loss are three
hidden layer models. The associated node size of these queries is implies that
7 = {10, 30,60, 80, 100} is a sufficient set since the choice of 100 nodes is rarely
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FI1GURE 4.17: Example of the validation path of hyperparameter
queries for the M Heston benchmark

chosen. In fact, the node size of the first layer, Ny, is consistently chosen as 10
for the top performing models, implying a good extraction of initial information
with the small node size.

Tensorboard summarises the full training process of the best networks with 4.18
illustrating the training of the final networks for the benchmark. Figure 4.18

le—3 Learning Rate Progression ESRE Validation Loss

| g
o

—— RNN
—— LSTM

o o
Y ©

o
<
Log ESRE

0.00 4

Learning Rate

o
o

—0.25 4

o
«

—0.50 A

14
ES

—0.75 4

) 20 40 60 80 100 120 0 20 40 60 80 100 120
Epoch Epoch

(A) Adaptive learning rate (B) Best validation loss per model type

FIGURE 4.18: Model fitting the best models for the M-feature
set for the Heston benchmark

clearly shows that the two optimal deep hedging models have similar conver-
gence and performance with the RNN utilising the lowered learning rates to
fine-tune the parameters over a longer duration. The network hyperparameters
for these models are tabulated in 4.9 below. As mentioned within the hyper-
parameter tuning analysis above, these models both utilise batch normalisation
and three hidden recurrent layers with varying node sizes. The structure be-
tween the RNN and LSTM model is almost identical with the node size on the
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Hyperparameter Optimal Value
RNN LSTM
Batch Normalisation True True
(N7, No, N3) (10, 80, 60) (10, 80, 100)
(01,03,03) (elu, elu, tanh) (elu, elu, tanh)
Oout tanh tanh

TABLE 4.9: Optimal hyperparameters for neural network models
for the Heston M-benchmark

final layer carrying the only difference. This observation; however, is not consis-
tent throughout the previous experiments and we regard this as a coincidence
which concludes our analysis of the hyperparameter tuning process, allowing us
to proceed to the deep hedging analysis.

Analysing the deep hedging performance of these networks, we again begin
with the visualisation of the resultant hedge for a single sample path displayed
by Figure 4.19. The strategies in Figure 4.19a illustrates greater differences
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FIGURE 4.19: The strategy and hedge for a random Heston
sample path

between the deep hedging strategies and the Heston delta strategy compared to
previous benchmarks. Despite this, the deep hedging strategies approximate the
Heston benchmark and the differences in the strategies result in small differences
in hedging portfolios. The LSTM hedging portfolio appears to be a very close
approximation of the Heston portfolio whilst the RNN portfolio results in an
almost perfect terminal hedge of the claim. The better performance observation
of the RNN strategy is restricted to this sample path though. To evaluate
the expected deep hedging performance, we refer to the PnLL and ESRE in
Figure 4.20 and Table 4.10 respectively. = The PnL in 4.20 shows that the
deep hedging approaches have a higher density very close to zero and very
similar density around zero; however, they experience a higher density on the
extremities. These extremities result in a worse ESRE relative to the Heston
model as shown in 4.10. Whilst the difference is the ESREs is greater than the
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PnL Comparison
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F1GURE 4.20: Profit and loss histogram for the Heston M-

benchmark
Approach | Expected Square Replication Error
Heston 0.1318
RNN 0.1438
LSTM 0.1394

TABLE 4.10: Expected square replication error for Heston M-
benchmark

Black-Scholes benchmark, the LSTM outperforms the RNN model again with all
approaches sharing extremely similar performances based on the test set. The
performance clearly shows that the deep hedging approach is robust enough to
find the optimal hedging strategy under a Heston-based market framework.

LM-Feature Set

The hyperparameter tuning for the Heston LM-feature set is available in the
following Tensorboard whilst a summary of the training of the optimal models
can be found in this Tensorboard. For the sake of repetition, we again omit the
plotting of the hyperparameter queries and the optimal networks due to their
similarity to the M-feature set visualisations. For this, the reader is referred
to the respective Tensorboards. Instead, we make the following observations
about the network construction. Opposed to the M-feature set, we find that
the performance of two hidden layer networks is competitive relative to those
containing three hidden layers. In fact, seven of the top ten performing queries
only contain two hidden layers. Secondly, we see that the choice of 100 node
layer sizes dominate the top performing queries; however, the common choice
of two hidden layers implies that the flexibility available to the networks is


https://tensorboard.dev/experiment/H0HWzKKPT1K1aFN6UE64UA/
https://tensorboard.dev/experiment/My3H57iLQkaxO6KnTjW5UA
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sufficiently large for the learning process.

The optimal deep hedging architectures are summarised by Table 4.11. From

Hyperparameter Optimal Value
RNN LSTM
Batch Normalisation True True
(N1, No, N3) (10, 30, -) (100, 100, -)
(01,03,03) (elu, elu, -) (elu, tanh, -)
Oout tanh tanh

TABLE 4.11: Optimal hyperparameters for neural network mod-
els for the Heston LM-benchmark

this, we again see a preference for the batch normalisation process; however,
whilst the M-feature set optimal hyperparameters were extremely similar, the
current choices experience greater differences. Let us now analyse the deep
hedging performance of these networks.

The deep hedging strategies of the sample path reviewed in the M-feature set
discussion are presented in Figure 4.21 below. From this figure, we can see
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FIGURE 4.21: The strategy and hedge for a random Heston
sample path

that the deep hedging performance is comparable to the M-feature set. In
particular, the strategies in 4.21a are very similar to those provided in 4.19a
and experience similar deviation from the Heston model strategy at the same
time. These differences appear to be more pronounced with the LSTM model
which results in the portfolio value of the RNN model achieving a slightly better
approximation of the Heston benchmark. In both the M- and LM-feature set
frameworks, the deep hedging networks experience their greatest deviation from
the benchmark strategy when making large changes in the trading strategy.

Despite the better performance of the RNN on the above sample path, the over-
all performance on the test set continues to promote the LSTM architecture with
the better deep hedging performance. This is illustrated by the slightly better
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performance of the LSTM in Table 4.12. When compared to the deep hedging
performance for the M-feature set in 4.10, we observe slight improvements for
both the RNN and LSTM models. This appears to be a common observation
within the provided benchmarks; however, the differences are neither significant
nor expected given the discussion in 4.1.2.

Approach | Expected Square Replication Error
Heston 0.1318
RNN 0.1391
LSTM 0.1377

TABLE 4.12: Expected square replication error for Heston LM-
benchmark

The PnL histogram in Figure 4.22 supports the minor differences between the
two feature sets. A higher density at zero is again observed by the deep hedging
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FIGURE 4.22: Profit and loss histogram for the Heston LM-
benchmark

approaches compared to the benchmark; however, the extremities remain to
cause the worse ESRE.

The culmination of the above three benchmarks have progressively relaxed sim-
plifying assumptions made in the simulation of the underlying asset price pro-
cess. In particular, we begin with a highly discrete simulation in the dynamic
programming, before discretising the Black-Scholes and Heston continuous-
time models. The Heston benchmark removed the inherent completeness of
the Black-Scholes model under a continuous-time framework. In all of these
benchmarks, we found that the deep hedging approach is sufficiently able to
approximate the optimal reinforcement learning solution for the mean-variance
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approach to hedging incomplete markets. This extends Buehler et al., 2019
whereby the focus was with indifference pricing and convex risk measures such
as entropic risk and CVaR. In the numerical experiments to follow, we analyse
deep hedging from a far more realistic perspective by utilising real-world data.

4.3 Numerical Experiments

Now that we have compared the deep hedging approach to model hedging ap-
proaches under ideal simulated market conditions, we analyse the robustness
of each approach under real-world market conditions. The analysis is based on
two experiment types. The first makes little change to the deep hedging process
followed in the above benchmarks from a network perspective. The important
change for the experiment relates to the market information whereby a method
for simulating market conditions is explored. The second experiment follows a
more traditional hedging analysis for real-world data which requires a change
of risk measure to account for a single sample path.

4.3.1 Setup

Before proceeding with the experiments, we discuss the common setup for the
experiments. These are the topic of calibration and the real data obtained.

Calibration

At its core, calibration is an option pricing tool which aims to match the ob-
served market option prices to theoretical model prices. Such a process relies on
finding the pricing model parameters which yield the observed market prices. To
understand further, let us discuss the basic yet essential Black-Scholes example.

Suppose that a trader uses the Black-Scholes model for option pricing. Further
assume that the calibration is with respect to vanilla call options such that the
model price is given by:

c=S,®(d)) — Ke ™" ®(dy),
where ® is the CDF of the standard normal distribution and
C () 4+ (r+30°)T

dy =
' oV T
dg = d1 — O'\/T.

Therefore, for any given call option, the pricing model is dependent on the
following set of parameters:

S — current spot price.
K — Strike price.

T — Time to maturity.
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r — Risk-free rate.

o — Volatility.
The important aspect about calibration is to notice that all of the above model
parameters are known and observed in the market at any given time except for
the volatility parameter, o. It is then a trivial matter to find the value of o
which causes the model price to equal the market price for a single option. This
volatility parameter is known as implied volatility, denoted oipy,.

Definition 4.3.1
The implied volatility, oy, of an option is the Black-Scholes volatility param-

eter which causes the observed market price and the Black-Scholes model price
of the given option to coincide. Alternatively,

Vmarket ; VBS<0imp)a

where Vmaket s the observed market price and VBS(aimp) is the theoretical
Black-Scholes model price with volatility o .

Note that for a given option, the price can be quoted with the implied volatility
value alone and such a quotation is often used in industry.

Now consider the collection of options of an underlying asset available in the
market for varying maturities and strikes. Each implied volatility is computed
based on a single option and the implied volatility can change for each of the
options in the collection. What emerges is known as a implied volatility surface
which is a surface interpolating the implied volatility for an interval of maturities
and strikes. For example, Figure 4.23 below shows a historical volatility surface
of the S&P500 equity index. Calibration is the process of obtaining pricing
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FIGURE 4.23: S&P500 volatility surface for 15 December 2022

model parameters which best approximate the observed volatility surface.
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Further consider a trader implementing a Heston pricing model. It is clear that
the unknown model parameters for Heston are r, k, 0, £, p, vy from equations 2.8
and 2.9. If we denote M), as the collection of possible Heston parameters, then
we can define Heston calibration as follows.

Definition 4.3.2
Calibration for the Heston model is the optimisation process with respect to the
collection of market observable options, O, such that

h* = arg mmz d(‘/iHeston(h>7 ‘/iMarket)’
heMn  co

where VAt () s the Heston price given parameters h, VMa*et js the observed
market price and d(.,.) is some metric chosen by the trader. A common choice
for the metric is the usual metric on R such that d(x,y) = |z — y|.

Consequently, calibration is the process of finding the optimal pricing model
parameters which minimises the difference between the model prices and the
market prices. With these optimal parameters, a trader is then able to ob-
tain the model price for an option which does not exist in the market; but, is
consistent with current market sentiment.

The Data

For the real-world deep hedging analysis, we require an underlying asset, the
S&P500. When choosing the underlying asset to represent the numerical ex-
periments, we desire a liquid asset for two reasons. Firstly, a liquid asset is
generally accompanied by liquid derivatives which is important for the compar-
isons made in 4.3.3 to follow. Secondly, the hedging analysis provided is more
realistic for a liquid asset. Whilst the overall magnitude of the financial posi-
tions implemented by the hedging strategy could influence both the underlying
asset price and derivative price if large enough, the assumption is made that
the deep hedging strategies are implemented without significant influence on
the market. This assumption is generally sufficient for liquid underlying assets.

The other factor under consideration for the underlying asset choice is the avail-
ability of data. We utilise the Refinitiv Eikon database for all of the historical
data gathered throughout these numerical experiments. Whilst the historical
prices of equity assets is readily available, the historical volatility surfaces are
less common; however, the database does store limited daily historical volatility
surfaces for selected global equity indices. Consequently, we choose the Stan-
dard & Poor’s 500 index (S&P500) to represent our underlying asset for the
following experiments. For the experiments, we utilise the past 20 years worth
of historical closing prices of the index and are restricted to the daily volatility
surfaces from the 8th of October 2018 to 22 December 2022.

The S&P500 is a United States stock index which is composed of 500 companies
that are considered to be sector leaders by the index provider Standard & Poor’s.
As a result, the risk-free rate for the index is obtained from US Dollar (USD)
interest rates. Since the options which we consider for the experiments are short
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term, we gather the: overnight; one week; one month; three month; six month;
and one year USD Libor rates.

Now that we have an understanding of the real data, we can explore our first
deep hedging experiment based on real data.

4.3.2 Pseudo Real Data

As an extension of price process simulation under continuous-time market mod-
els, we now explore the use of financial market generation. The theory discussed
in the previous chapters aim to minimise the risk under the real-world measure
P. The inherent problem with the real world is that we only observe one sample
path from P which requires that the process of training deep learning models
is adapted when compared to the above experiments. One such method is to
create sample paths from P.

Data Generation Process

Generating financial markets with signatures, proposed by Buehler et al., 2020,
provides a novel incorporation of signatures and variational auto-encoders into
financial data generation. With such an approach, one is able to generate
underlying asset price paths such that the generated paths follow the real-world
measure. We implement the same generative process to create sample paths to
both train the deep hedging models and to test their performance.

Briefly, the method of Buehler et al., 2020 begins by transforming the partitions,
say monthly partitions, of the observed real-world path with the lead-lag trans-
formation. The log signatures of these transformed partitions are then used to
train a conditional variational auto-encoder (CVAE). Consequently, the CVAE
learns to simulate the log signature of these partitions where the simulation is
conditioned of the previous partition’s signature. Since signatures are unique,
the log signatures generated by the CVAE can be inverted to produce paths
which have the same distribution as the original partitions; and therefore, the
real-world measure P whilst preserving contiguous properties. For a deeper un-
derstanding of this signature based financial market generator, refer to Buehler
et al., 2020.

We take a moment to make three remarks about the above process. Firstly, the
inversion of signatures, and log signatures by extension, is a highly non-trivial
task. In particular, computationally efficient algorithms for signature inversion
remains an open topic which is well beyond the scope of this dissertation. For
the inversion, we follow the Buehler et al., 2020 method of evolutionary algo-
rithms. Evolutionary algorithms solve problems by mimicking some population
evolution. With some measure of fitness, a random collection of possible solu-
tions, known as a population of individuals, initialise the algorithm. The best
individuals in the population chosen by the measure of fitness are kept in the
population, whilst the other individuals are removed. These ’fit’ individuals
become the parents to an introduction of new individuals into the population
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which have mutations of some kind. This process of selection of the fittest indi-
viduals to form the basis for improvements repeats until a satisfactory individual
represents the problem solution; mimicking the notion of biological evolution.
For a true introduction to evolutionary algorithms, the reader is referred to Yu
and Gen, 2010.

The second remark surrounds the claim that the generated paths are produced
from the real-world measure P. Consequently, we require a method for assessing
the quality of the generated paths with respect to P. For this purpose, Buehler
et al., 2020 incorporate the results introduced by Gretton et al., 2012. Here, the
authors explore a two-sample kernel test statistic to infer whether two samples
share the same law. The test statistic is given as follows

TQ(Xl,.. X Y, Y)::

oy > k(X X;) - ZkXZ,Y Zm@,y

1,351#] 1,517

where k is the signature kernel defined by Chevyrev and Oberhauser, 2018.
Note that a metric based on the marginals of the two stochastic processes is
insufficient because whilst two processes can share identical marginals, they may
have different laws. Consequently, the above analysis on the law of the entire
stochastic process is required.

The final remark relates to the inversion process. Recall that the path integral,
and hence the signature, is translation invariant. Consequently, the inverted
paths of the CVAE generated signatures represent the cumulative returns path
instead of the price path; however, this is trivially obtained by starting the
inverted path at the terminal price of the conditioning partition or a random
value from an appropriate historical price range.

Returning to the deep hedging problem, we now provide a small contribution
to the market generation topic by slightly expanding the use case of Buehler.
Buehler et al., 2020 generate the underlying asset paths in a financial market
which is sufficient for the purpose of creating training samples for deep hedging
models; however, we want to continue our comparison between the performance
of the deep hedging approach and hedging strategies produced by a market
model. As discussed above, calibration is required under such a framework to
obtain an information accurate hedge and mimic the trading strategies which
a trader would have implemented should they have been in such a position.
Consequently, the simulation of both the underlying asset and the associated
implied volatility is necessary for the comparison; however, the implied volatility
inclusion is accompanied by a set of problems.

Firstly, the implied volatility is not constant with respect to maturity or strike
of an option; but, rather inherits the volatility smile property, discussed above,
in general. Secondly, the implied volatility must be generated jointly with the
underlying asset to preserve the inherent dependence. Therefore, a few choices
of the generation could be made.

1. Generate an entire volatility surface for each trading period.
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2. Carefully choose a single implied volatility to generate which tracks the
implied volatility for the specific option throughout the market changes.

3. Generate calibrated market model parameters.

The first potential solution provides a simulation of the market information
which a trader would use for her market model trading strategy; however, the
generation of the surface is relatively high dimensional compared to the un-
derlying asset generation. The second solution generates the implied volatility
at the specific point on the surface which matches to the option which the
trader is hedging; yet, calibrating a market model such as the Heston model to
a single implied volatility is problematic with many solutions. The model pa-
rameters obtained from such a simulation would be erratic since the calibrated
parameters would likely represent local minima. That brings us to our final
solution. Generating model parameters solves the high dimensionality problem
of the first solution whilst largely maintaining the entire surface information.
Furthermore, the implied volatility surface under the current framework is used
to calibrate a market model. Generating calibrated parameters directly skips
the need calibrate after the fact. The restriction, however, is that the choice of
a single market model must be chosen and maintained prior to the CVAE train-
ing; although, one could use the model parameters to reconstruct the volatility
surface and calibrate to an alternative market model.

Let us explicitly define the input for such a CVAE. First, let Sy, pu, £, 04, &, pt, Vo,
represent the path through time of the underlying asset and the Heston model
parameters respectively. For the subscript of the model parameters, we are not
implying that the dynamics of of the Heston model treat these parameters as
time-dependent. Rather, these represent the calibrated parameter constants
obtained when calibrating the model to the volatility surface at time . Now
recall the lead-lag transformation from Section 2.3. For the purposes of captur-
ing the quadratic variation of paths, we must apply the lead-lag transformation;
however, capturing the quadratic variation of the underlying asset is sufficient
due to the dependence and joint generation. In order to maintain conformity,
we use the lead transformation on the model parameters. Define X to be the
multidimensional path such that

Xt = (ﬁead—lag<5t>7 iflead(ﬂt’ R, eta ét; pt7 UOJ),

where Tlead represents thg component—sze lead t}"ansformation for the sake of
notation. For example, Tieaq(X,Y) = (Tieaa(X), Tleaa(Y')). We can define Z as
the input for the CVAE such that

ZP = Sk(X)tpvtp+1’
with the conditional input as Z, 1, where p = 0, ..., P denotes the partition,

t, is the start time of the partition p and Sx(X) denotes the signature of X
truncated at level k.

Whilst such an extension provides a possible solution to the joint generation
of option prices and its underlying asset, the inversion of such signatures is
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computationally intractable via evolutionary algorithms. The authors are cur-
rently unaware of an inversion method which is computationally efficient enough
to manage the described signature inversion. Consequently, we only generate
underlying asset paths for our current experiment. Under this generative frame-
work, the input for the CVAE is defined such that

Zp - Sk (ﬁead—lag(st))tp,tp+1 s

which is the input defined by Buehler et al., 2020. With the theoretical frame-
work defined, we must now describe the specifications of the data generation.

The Setup

As discussed above, we must partition the underlying asset paths. Since the
benchmarks explored utilise monthly options, we choose to continue our deep
hedging analysis with monthly options. Since a calendar month has roughly 22
business days, we partition the underlying asset data into calendar months, and
generate underlying asset paths with a fixed length of 22 trading days via the
inversion process. Such a partition and generation process allows for a sufficient
number of partitions for the training of the CVAE and a realistic and convenient
path length which will be further exploited in the second experiment.

One can infer the data generation accuracy by visualising both the histogram
of the real and generated returns and a sample of the generated paths. Such a
visualisation is provided in Figure 4.24 below. From 4.24a, we can see that the
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FIGURE 4.24: Visualisation of the path generation accuracy

empirical distributions of the generated and real returns over monthly partitions
are highly comparable. Furthermore, Figure 4.24b serves as a sanity check to
verify that the paths which produce these returns appear to follow the structure
expected from an asset price path. Both of these visuals extend the theoretical
motivation that the CVAE is a sufficient generative model.

For the experiment, we utilise 100 000 pseudo real price samples to train the deep
hedging models and reserve 10 000 samples as a test set. This is consistent with
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the number of samples used within the benchmarks above. With these generated
paths, we analyse the MVH performance of the deep hedging approach. Whilst
the process is almost identical to the benchmark implementation, there are
some important differences. Firstly, the initial underlying asset price Sy ~
N (2500, 50) which is used to convert the generated returns paths into price
paths. For the current experiment, Sy = 2522.02. This initial price remains
consistent for all of the paths as required by the MVH framework, but, only the
LM-feature set is used. As with the previous MVH benchmarks, each sample
path is associated with a vanilla call option which is at-the-money at time
t = 0. Secondly, since trading is only on business days, we set 1" = 21/220 and
n = 21. Finally, the current framework does not provide an inherent benchmark
or pricing model hedging comparison. There are no option prices throughout the
life of the option which can be used to obtain a delta hedging strategy from,
only the observed terminal payoff. Consequently, we compare deep hedging
against two Black-Scholes delta hedging strategies. The first strategy is the
Black-Scholes hedge where the volatility parameter is the constant volatility
of the path. This represents a high performing strategy since the calculated
volatility requires future information and is not necessarily a realistic Black-
Scholes hedging performance. The second Black-Scholes strategy implements
a variable volatility parameter based on a 20 trading day historical volatility.
Futhermore, the price for the Black-Scholes benchmarks is the Black-Scholes
price given by the future volatility. This allows for consistency in the comparison
and implementation of the price-taker notion.

Our final choice for the experiment setup follows the hyperparameter space.
The previous benchmarks explored a variety of hyperparameter spaces. Since
this exploration was evolutionary, the hyperparameter space for this experiment
shares the same space as the Heston benchmark. In particular, let

X ={(B,L,Ny,...,Np,01,...,00,00u) : B € {True, False}; L € {2,3};
Ny €WNy00 € Xy 00u €5 for £ =1,... L},

where 9 = {10, 30, 60, 80, 100}, 3, = {tanh, selu, elu}, ¥, = {tanh, relu, swish}
and B represents the variable for the inclusion of the batch normalisation pro-
cess. Each query is trained for 200 epochs with a starting learning rate of 0.01.

With the experiment setup concluded, we can now proceed to our experiment
analysis.

The Analysis

As seen in the hyperparameter tuning of the Heston benchmark, the exploration
of 50 RNN queries and 50 LSTM queries appears to be more than sufficient since
the majority of queries result in an almost equivalent performance metric. Con-
sequently, for this pseudo real data experiment, we consider 20 hyperparameter
queries per model type. The full summary of these queries can be viewed in the
following Tensorboard with an extract shown in 4.25 below. From the Tensor-
board, and by extension the above extract, we find that the networks do not
converge over the 200 epochs despite the higher learning rate and additional


https://tensorboard.dev/experiment/V59jv1MdSl2WcY2p4ofobg
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training epochs compared to the Heston benchmark. Whilst the top perform-
ing queries have a mixture of two and three hidden layers, the tuning process
shows a strong preference towards a maximum node size of 100 in the initial
hidden layer and a variety of node sizes for the following hidden layers. With
initial hyperparameter tuning optimisation covered, we proceed with our final
model choices.

Regardless of the convergence level, the tuning process provides an idea of
promising queries which are trained fully. These are summarised in this Ten-
sorboard with the training of the best performing networks shown in 4.26 and
the optimal structure in 4.13 below. A notable difference between the model
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FIGURE 4.26: Model fitting the best models for experiment one
fitting in the above benchmarks and the first experiment accompanies the dif-

ference between the training and validation loss. In the benchmarks, there is
generally an insignificant difference between the training and validation loss;


https://tensorboard.dev/experiment/WWK8YdkcR32Lgh3ABpt5wg
https://tensorboard.dev/experiment/WWK8YdkcR32Lgh3ABpt5wg
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Hyperparameter Optimal Value
RNN LSTM
Batch Normalisation False False
(N7, No, N3) (100, 100, -) (100, 80, -)
(01,03,03) (elu, elu, -) (tanh, selu, -)
Oout swish swish

TABLE 4.13: Optimal hyperparameters for neural network mod-
els for experiment one

hence, only the validation loss is visualised. For the pseudo real data exper-
iment, the training and validation loss are distinct whereby the bias-variance
trade-off is a more a important consideration. In particular, Figure 4.26b shows
that the networks begin to overfit after approximately 600 epochs since the
training loss continues to decrease whilst the validation loss passes its mini-
mum value. The difference is an initial indication that the pseudo-real prices,
and by association observed asset prices, are notably more difficult to hedge
than the benchmark price processes. For the optimal hyperparameters, we find
that batch normalisation was not favoured and that the choice of the initial
hidden layer node size is 100. This could indicate the initial complexity in the
pseudo-real prices which the network is required to learn. Both of these optimal
models utilise only two hidden layers, implying that a sufficient hyperparameter
space. Furthermore, the swish activation function on the final output layer is
preferred which differs from the optimal output activation functions of the pre-
vious benchmarks. With these initial indications of deep hedging complexity for
realistic asset price processes, let us now analyse the deep hedging performance
directly.

To analyse the deep hedging performance on the pseudo-real data, we again
begin with a visualisation of the deep hedging strategy and hedge portfolio in
4.27 below. As mentioned in the experiment setup, the MVH pseudo-real data
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experiment contains two Black-Scholes strategies for comparison. These strate-
gies are not assumed to be the optimal solution; however, represent industry
benchmarks. Firstly, we find that the two deep hedging networks are relatively
close approximations of each other although the LSTM appears to be less sen-
sitive to changes in the input compared to the RNN strategy; although, both
deep hedging strategies differ significantly from the Black-Scholes hedges. These
Black-Scholes strategies appear to be similar for the single sample path. Whilst
the visualisation of the hedge portfolios in 4.27b omits a true market value op-
tion price process, the observed terminal payoff of the option is plotted. From
this, we see that both of the deep hedging networks and benchmarks achieve a
terminal portfolio value close to the payoff for the random sample path. The
hedging portfolios show that significant differences between the intrinsic option
prices exists between the approaches. These figures may indicate that neither
approach represents the optimal hedging solution.From a single sample path
perspective, we are unable to make any further inference and now consider the
deep hedging performance on the test set.

The histogram of the deep hedging PnLs illustrated in 4.28 shows the empir-
ical distribution of the replication errors of the deep hedging strategies over
the 10 000 test samples. From this PnL. comparison we see that the two deep
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FIGURE 4.28: Profit and loss histogram for experiment one

hedging models provide comparable performance on the test set. The LSTM
version appears to provide a slightly higher density around zero; however, nei-
ther network appears superior based on the empirical distributions. Compared
to the benchmarks, the Black-Scholes future volatility benchmark provides a
higher density at zero and comparable performance for the larger PnL values.
The Black-Scholes historical volatility benchmark appears to be outperformed
slightly with lower zero density and comparable density for the higher values.
The numerical analysis tabulated in 4.14 below supports this observation. Here,



Chapter 4. Results 92

Approach Expected Square Replication Error
BS Future 17.0200
BS Historical 27.8958
RNN 18.1237
LSTM 18.9320

TABLE 4.14: Expected square replication error for experiment
one

we find the historical volatility benchmark experiences the worst performance
by a significant margin. The future volatility benchmark; however, provides the
best performance with both deep hedging models’ performance trailing close
behind. Interestingly, the RNN version slightly outperforms the LSTM on the
test set.

An immediate observation based on both the loss values in Figure 4.28 and
the ESRE values is that the replication error of based on the pseudo-real asset
paths are significantly higher than those obtained in the above benchmarks.
This ESRE is not necessarily indicative of a poor approximation of the optimal
hedging strategies by the deep hedging and benchmark strategies.

Firstly, the asset paths for this experiment have Sy ~ 2500 compared to Sy =
100 for the benchmark price processes. The current paths consequently have a
much higher magnitude and the absolute replication error may be significantly
higher despite proportional similarities. For example, if we return to the Black-
Scholes benchmark of 4.2.2 and make the alteration to have S, = 2500 instead
of Sy = 100 and o = 0.1, then we find that the Black-Scholes strategy only
provides a ESRE of 19.82. The fact that this example ESRE is close to the
ESRE of the pseudo-real ESRE in 4.14 is merely a coincidence; however, it
clearly shows that the ESRE cannot be taken by absolute value alone.

Secondly, the sample paths generated from the real-world measure P are likely
to be more complex to hedge than those generated for the previous benchmarks.
The benchmarks make restrictive assumptions about the underlying real-world
measure. The pseudo-real paths make no such assumptions and, therefore, a
higher level of hedging difficulty can be associated.

With the above two considerations, we can analyse the deep hedging perfor-
mance as follows. The deep hedging models offer highly competitive perfor-
mance for P asset sample paths. Whilst the future volatility benchmark out-
performed both deep hedging models, such a benchmark is not necessarily a
realistic industry performance. The benchmark utilises information which is
only available within F7. Instead, the historical volatility benchmark offers a
more realistic industry performance and the deep hedging models significantly
outperform this benchmark. A realistic industry hedge commonly lies in be-
tween the historical and crystal ball benchmarks, where a trader utilises market
sentiment of the future volatility similar to implied volatility. This motivates
the realistic capabilities of deep hedging.



Chapter 4. Results 93

The RNN and LSTM architectures are highly comparable for deep hedging. We
find that the relative difference between the two approaches is only 0.045 for the
pseudo real MVH experiment which is similar to the relative differences observed
throughout the benchmarks. Futhermore, the relatively symmetric distribution
of the PnLs in Figure 4.28 implies that the deep hedging models have approx-
imated either the optimal or close-to-optimal solution. Consequently, the first
experiment supports deep hedging as an applicable approach to hedging real-

world sample paths and provides a realistic performance of the approach under
P.

In the next experiment we will explore the deep hedging performance with
observed real-world samples more directly and under a more traditional setting
by changing our performance metric. Additionally, the following experiment
is accompanied with a performance benchmark to compare the deep hedging
performance against a realistic industry hedging performance.

4.3.3 Real Data

The final experiment is a deep hedging analysis on real data. Here, the deep
hedging models are tested on the real-world sample paths to analyse their real-
istic performance. The benchmarks and the above pseudo-real data experiment
establish the capabilities of the deep hedging approach, with the latter providing
a close to realistic performance evaluation; however, common real-world imple-
mentation experiences some differences due to the single sample path problem.
The main difference is the change from MVH towards local risk-minimisation.

The Risk Measure

Consider the scenario where there is only one observed sample path. Even if
a trader partitions the available historical data according to the maturity of
their desired option, a month in our case, there are very few samples for the
deep hedging models to learn from. This problem is intensified under the MVH
framework where the loss function is directly based on the terminal square
replication error of the trading strategy. An industry solution for the single
sample path problem is for the trader to consider a risk measure which related
to local risk-minimisation instead of MVH. For this purpose, we require the
following definition.

Definition 4.3.3
The daily PnL of a trading strategy ¢ is defined as

PnLi(p) = AVy(p) — Amy,

where m; is the market price of the option at time t and A is the change operator
for the respective values.

In other words, the daily PnL. measures the daily (assuming that the trading
periods are daily) change in the portfolio value from the trading strategy and the
change in the market prices. Therefore, a risk measure based on the daily PnL
aims to minimise the difference in daily changes between the hedging portfolio
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and the true option price. Such a risk measure provides a performance more
appropriate for a single sample path since the single path has a PnL value for
each trading period, whilst the MVH approach has one PnL value per path. This
is a beneficial property even when a trader may be able to partition historical
data into multiple sample paths since the number of sample paths remains
relatively low for a deep learning problem.

A secondary reason for the use of the daily PnL follows from common industry
standards. Traders for financial institutions are often required to operate on
a mark-to-market structure. Such a structure requires the profit or loss of a
position to be balanced on a periodic, often daily, basis. Consequently, the
daily PnL. would represent the daily balance under such a structure which is
clearly of direct importance to the trader.

The daily PnL risk, known as the expected squared daily PnL, ESDPnL, which
we implement is defined as

RE(p) i= E[(PnL?(¢))" | 7],

Whilst not identical to the local risk-minimisation described in 3.2.1, the process
is similar and draws direct influence from it.

With the appropriate change in the performance metric, we can now discuss
the setup for the real data experiment.

The Setup

For this experiment we have two sub-experiments which we will compare di-
rectly. The first sub-experiment analyses deep hedging based purely on ob-
served data whilst the second sub-experiment aims to enhance the training of
the deep hedging models through the use of pseudo-real data. Both approaches
are then compared on the same test set of real options data. Let us begin by
describing the first sub-experiment setup.

As discussed in 4.3.1, we have roughly 4 years of daily options data for the
S&P500 underlying asset. Unlike the previous experiment, we are unable to
utilise the 20 years of historical closing prices for the S&P500 index since the
daily PnL requires the market price of the option. As with all of the previous
benchmarks and experiment, we assume the role of a trader which is hedging a
one month vanilla call option. In practice, a month is roughly 22 trading days;
therefore, we partition the available options data into 48 samples of 22 trading
days. To achieve this partition, we restrict the historical S&P500 prices to the
same range as the option data and partition into samples. For the market option
prices, we calibrate a Heston model to the historical volatility surfaces on a daily
basis and use the calibrated model to obtain a market calibrated option price
which aligns to the correct maturity and strike which the trader is concerned
with. At the same time, we are able to compute the Heston delta via finite
differencing methods which serves as a realistic industry comparison. Note
that the Heston hedging strategies represent a benchmark for the numerical
experiment since the market option prices are obtained from a daily calibrated
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Heston model. Therefore, the option prices reflected in the experiment are not
necessarily the observed option prices. Such a difference is necessary since many
of the option prices required do not exist in the market, or at least the historical
data is unavailable. Futhermore, pricing an option from a calibrated model is
common practice for non-existent options.

With the above data, we can now train and test the deep hedging approach and
compare the performance against the delta hedging strategy provided by the
Heston model. For this, we allocate 8 monthly partitions as the test, the final
8 partitions available to mimic an application setting, whilst the remaining 40
partitions compose the training data for the deep hedging approach. A problem
which the reader may be concerned with at this stage is the very low number of
training samples, especially for a deep reinforcement learning problem despite
the change of risk measure. The second sub-experiment aims to provide a
potential solution.

With the ability to generate pseudo-real sample paths from the method de-
scribed in 4.3.2, our second sub-experiment explores the enhancement of the
training process of the deep hedging models. In particular, we generate pseudo-
real sample paths for the underlying asset and simulate an associated option
price process as follows.

1. At the start of each sample, choose a random starting date from the range
of available calibrated Heston parameters.

2. Generate option prices from the contiguous set of Heston parameters be-
ginning with the above starting date.

Whilst the above simulation of market option prices is sub-optimal since the
simulation of the parameters and the underlying asset is independent, the dis-
cussion of their joint simulation in 4.3.2 currently prevents a better solution.
Therefore, the second sub-experiment explores the following question. Can the
use of possibly sub-optimal pseudo-real samples for training enhance the strictly
real-world performance of deep hedging models?

The second sub-experiment utilises 20 000 samples for the training process
and is analysed on the same test set as the first sub-experiment. For these
samples, the starting asset prices follow Sy ~ A(2000,200). Beyond this, the
setup between the two sub-experiments remain consistent. As with the above
experiment, the LM-feature set since Sy is not constant. Finally, the Heston
benchmark’s hyperparameter space is used for the deep hedging models.

Now that we have described the two sub-experiments for this real data experi-
ment, we can now proceed to analysing the results and evaluating the realistic
real-world performance of deep hedging.

The Analysis

As with the first numerical experiment, the number of hyperparameter queries
explored by the Bayesian optimisation process is reduced compared to the
benchmarks. In particular, the first sub-experiment (subl), where the deep
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hedging models are trained on the observed sample paths alone, explores 30
queries per architecture whilst the second sub-experiment (sub2), where the
deep hedging models are trained with pseudo real sample paths, explores 20
queries per architecture. For Subl, each query is trained for 1000 epochs since
each epoch only contains 40 samples. For Sub2, however, each query is trained
for 200 epochs following its sample size of 20 000. The Subl Tensorboard and
Sub2 Tensorboard are available respectively for those readers interested in the
full hyperparameter tuning summary; however, an appropriate extract is dis-
played in Figure 4.29 below. The subl validation ESDPnL extract in 4.29a
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FIGURE 4.29: Hyperparameter tuning validation loss extract for
experiment two

summarises a common trend prevalent in the subl tuning. The 1000 epochs
available to each query appears to be sufficient with almost all of the queries
either reaching a plateau or even displaying signs of overfitting by an increase in
validation loss after achieving a minimum. In a similar vain, the sub2 validation
ESDPnL extract in 4.29b summarises the level of convergence associated with
the deep hedging models in sub2. Comparing both sub-experiments, the use of
pseudo real sample paths for the training process appears to help prevent over-
fitting of the models; however, this is expected due to the additional number of
paths and the same generative source.

A brief analysis of the hyperparameters in both Tensorboards shows a strong
preference towards batch normalisation by both sub-experiments. The tuning
of subl shows that the most of the top performing queries contain only two
hidden layers whilst the best queries for sub2 contain three hidden layers. Such
a preference could follow from the easier overfitting within sub1 due to the lower
sample size. To further analyse these hyperparameters, we consider the fitting
of the top performing queries for each sub-experiment.

The model fitting of the top hyperparameter queries are presented in the subl
Tensorboard and sub2 Tensorboard respectively with the best models displayed
in Figure 4.30 below. As with the hyperparameter tuning in Figure 4.29 and
the model fitting in experiment one, the subl model fitting in Figure 4.30a
shows that a significant difference exists between the training and validation
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loss values. Whilst the training loss continues to decrease, the validation loss is
indicative of the deep hedging models overfitting for a high number of epochs.
The model fitting for sub2 in Figure 4.30b displays a less significant differ-
ence between the training and validation loss values. The parameters for these
optimal models are tabulated in 4.18. As seen in the hyperparameter tuning

Hyperparameter Optimal Value
RNN \ LSTM
Sub-experiment One
Batch Normalisation True True
(Ny, No, N3) (10, 10, -) (10, 100, -)
(01,03,03) (elu, elu, -) (elu, tanh, -)
Oout swish tanh
Sub-experiment Two
Batch Normalisation True True
(N7, No, N3) (100, 10, 80) (10, 100, 100)
(01,03,03) (tanh, elu, tanh) (elu, elu, tanh)
Oout tanh tanh

TABLE 4.15: Optimal hyperparameters for neural network mod-
els for experiment two

analysis, two and three hidden layers are the optimal choice for the first and sec-
ond sub-experiments respectively. An important subl model fitting observation
is that the RNN models are consistently outperformed by the LSTM models in
the subl Tensorboard. This is explored further by the following deep hedging
analysis.

With the analysis of the deep hedging performance with respect to the daily
PnL, we compare each sub-experiment individually before an overall compar-
ison. Consequently, we begin the subl deep hedging analysis with a single
sample path visualisation in Figure 4.31 below. As explained by the experi-
ment introduction, the Heston delta strategy represents an industry benchmark
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FIGURE 4.31: The strategy and hedge for a real sample path for
sub-experiment one

to compare the deep hedging performance against. Furthermore, a true market
price for the option is available as opposed to the terminal payoff restriction for
experiment one in section 4.3.2.

From Figure 4.31a, we notice that the deep hedging strategies appear to follow
the general structure of the Heston strategy. Interestingly, both of the deep
hedging models provide strategies which are negative towards the end of the
option life despite delta commonly restricted to the unit interval. Since we do
not explicitly make such a restriction with the deep hedging models, although
one could easily achieve the restriction through the output activation function,
this could be an initial indication of overfitting of the deep hedging models.
Beyond this; however, it is difficult to deduce which strategy is a closer approx-
imation of the Heston strategy although the significant jump of the RNN model
at the end trading period appears to be an outlier that will prove important
in the histogram to follow. Similarly, the resultant hedge portfolios in Figure
4.31b do not clearly indicate a hedge which offers a better daily PnL for the
single observed sample path. Instead, we analyse the models with respect to
the test set.

Rather than the distribution of the terminal PnL values, we must now consider
the distribution of the daily PnL values which is illustrated in Figure 4.32 below.
The histogram shows that the Heston model provides a higher daily PnL density
close to zero when compared to the deep hedging models. As a result, the
Heston model appears to outperform the RNN based on the daily PnLL when
combined with the higher density of the RNN model for larger PnL values. As
mentioned with the single sample path analysis, the RNN appears to produce
outliers which are present with neither the Heston nor LSTM models. When
comparing the LSTM and Heston models, the performance is closer. Whilst the
Heston model produces a higher density close to zero, the Heston strategy also
produces a higher density for large PnL. values compared to the LSTM model.
Consequently, we analyse the numerical performance.
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FIGURE 4.32: Profit and loss histogram for experiment two, sub-
experiment one

The ESDPnL performance of the deep hedging and Heston models is tabulated
in 4.16. The numerical comparison solidifies that the Heston model outperforms

Approach | Expected Square Daily PnL
Heston 38.5925
RNN 97.0366
LSTM 36.1055

TABLE 4.16: Expected square daily PnL for sub-experiment one

the RNN model on the test set which is implied by the above histogram. The
significant difference between the two ESDPnL values is largely based on the
outlier values which are magnified when using the squared difference. Further-
more, the LSTM model outperforms the Heston benchmark on the test set. The
Heston ESDPnlL over all 48 sample paths is approximately 41, as we will see in
the sub2 analysis, which implies that the LSTM model offers a competitive per-
formance against the Heston model; however, the drastic difference between the
RNN and LSTM model could be indicative of a high overfitting risk associated
with deep hedging with few sample paths.

The RNN model achieved a 28.01 ESDPnL versus the LSTM’s 13.38 ESDPnL on
the training data with 68.60 and 49.16 based on the validation set respectively.
The lack of data available causes the validation performance to be unstable and
overfitting difficult to avoid. Despite the RNN model yielding poor performance
against the LSTM based on the training and validation data, the significantly
higher ESDPnL in 4.16 exemplifies the problem of overfitting whilst the LSTM
displays the realistic capabilities deep hedging if avoided. In an attempt to
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address this problem, we now consider the deep hedging performance of the
second sub-experiment.

For the initial analysis of the second sub-experiment, we analyse the deep hedg-
ing performance based on all 48 real samples available. Again, we begin with the
single sample visualisation in Figure 4.33 below. The same sample path as 4.31
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FIGURE 4.33: The strategy and hedge for a real sample path for
sub-experiment two

is used for the sub2 analysis. From 4.33a, it is clear that the sub2 deep hedging
strategies are a closer approximation of the Heston strategy for the given path.
Secondly, we find that the sub2 models do not yield the negative strategies
as seen with the subl models despite the absence of mathematical restriction.
Similarly, the hedging portfolios in 4.33b illustrate the closer approximation of
both the Heston hedge and the true market by both deep hedging strategies.
Based on the single sample path, the sub2 models appear to be a significantly
better approximation of the Heston benchmark; consequently, let us consider
the 48 real samples as our sub2 test set.

The daily PnL histogram in 4.34 below continues to display the close approxima-
tion of the Heston delta hedging strategy by the deep hedging models. Firstly,
we cannot directly compare the histogram of 4.32 and 4.34 since they are based
on different data sets; however, due to the approximation accuracy, it is not
clear which sub2 approach is superior. For this, we require the numerical anal-
ysis tabulated in 4.17 below. Again, we find that the LSTM deep hedging

Approach | Expected Square Daily PnL
Heston 41.0810
RNN 43.5294
LSTM 36.2508

TABLE 4.17: Expected square daily PnL for sub-experiment two

model outperforms the Heston strategy. Secondly, we find that the RNN model
greatly improves its performance when compared to subl and offers competitive
performance with the LSTM and Heston approaches.
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Daily PnL Comparison
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FIGURE 4.34: Profit and loss histogram for experiment two, sub-
experiment two

These results appear to show that the deep hedging approach can approximate
the optimal solution. Furthermore, the results obtained from sub2 support the
claim that the pseudo samples can enhance the performance of deep hedging
models even if these samples are sub-optimal from a generation perspective. To
compare the performance of the subl and sub2 approaches directly, our final
analysis is to compare their performance on the same test set.

Given the training data required by subl, we obtain the numerical perfor-
mance of sub2 on the 8 samples utilised as a test set by subl and tabulate
the comparison in 4.18 below. Despite the sub2 LSTM outperforming the Hes-

Expected Square Daily PnL
Approach Sub-experiment 1 | Sub—ex}[leriment 2
Heston 38.5925
RNN 97.0366 40.4643
LSTM 36.1055 39.658

TABLE 4.18: Expected square daily PnL. comparison for exper-
iment two

ton benchmark on the collection of all real samples, the sub2 LSTM is slightly
outperformed by the Heston model on the 8 sample test set. Therefore, the
subl LSTM outperforms the sub2 LSTM. On the other hand, the sub2 RNN
drastically outperforms the subl RNN due to the poor performance of the subl
RNN discussed above. Whilst the sub2 models do not outperform the Heston
hedge on the small test set, the consistency implies that the additional samples
of the sub2 framework helps to prevent overfitting in the deep hedging models.
Given the performance measure instability for a small number of samples, it
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is likely that the sub2 models could outperform the subl models on a larger
out-of-sample test set.

An important remark about the performance throughout this experiment is
that the Heston benchmark is obtained under ideal circumstances. The mar-
ket prices of the options are obtained from a daily calibrated Heston model
which also produces a delta strategy. Consequently, some of the variability
in observed option prices may be removed. Therefore, the Heston strategy
represents a very strong benchmark which the deep hedging strategies provide
competitive performance against. Additionally, the deep hedging strategies may
not necessarily be approximating the benchmark since the benchmark need not
be the optimal solution to the optimisation problem. The LSTM outperforming
the Heston model in Table 4.17 supports the claim that the LSTM model is a
closer approximation of the optimal solution than the Heston strategy. We now
summarise our analysis for the second experiment.

Experiment two provides an important analysis of deep hedging from an applica-
tion perspective. Firstly, experiment two extends the analysis of deep hedging
under the MVH framework to a local risk-minimisation based measure, con-
tributing to the convex risk measures explored by Buehler et al., 2019. Such a
risk measure is important for many traders who rely on trading within a mark-
to-market structure. Secondly, the experiment is able to illustrate the solution
to few real-world sample paths provided by pseudo-real data generation. Build-
ing on the analysis of experiment one in 4.3.2, the second experiment is able
to provide a realistic deep hedging performance comparison for industry appli-
cation. The deep hedging approach is shown to be competitive against market
model based hedging approaches with the ability to outperform even the best
market model hedges as described by the above remark.
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Chapter 5

Conclusion

Throughout the dissertation we have analysed the problem of hedging within
incomplete markets and offered an extension to the deep hedging solution pre-
sented by Buehler et al., 2019. We began by introducing the required theory
for both mathematical finance and machine learning before covering the incom-
plete market and deep hedging problems in greater detail. The Results section
in chapter 4 numerically analyse the performance capabilities of deep hedging
compared to the more classical and theoretical counterparts. Here, the deep
hedging approach is shown to have extremely competitive performance in all
scenarios ranging from basic tree-based market processes to real-world markets.
From this, a few important conclusions have been made.

5.1 Conclusions

An essential observation from the benchmarks presented in 4.2 is that the deep
hedging approach can approximate the theoretically optimal solution arbitrar-
ily well without knowledge of such a solution. From the dynamic programming
benchmark, the optimal strategy can be computed within the incomplete market
and the difference between the deep hedging approach and the optimal solu-
tion is shown to be insignificant. The Black-Scholes and Heston benchmarks
extend the incompleteness of the market; whereby, the deep hedging approach
is again shown to perform as effectively as the theoretical approximations of the
optimal hedging strategies. Interestingly, throughout these benchmarks, the log
transformation shows no significant improvement to the deep hedging feature
set. Furthermore, the LSTM architecture consistently outperforms the RNN
architecture; however, the difference is often insignificant.

Following the real data experiments, a few interesting observations are present.
Firstly, the deep hedging approach appears to significantly outperform a realistic
Black-Scholes hedging strategy based on pseudo-real asset paths. Even when
providing the Black-Scholes model with future information, the deep hedging
models are able to provide competitive performance against the Black-Scholes
model. Such a result strongly supports the ability of the deep hedging approach
to improve incomplete market hedging within industry application.

The second experiment illustrates that the deep hedging approach can follow the
daily PnL/local risk-minimisation framework. For strictly real-data utilisation,
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deep hedging faces a lack of data problem both within this dissertation and
industry application. Whilst the LSTM deep hedge was able to outperform the
Heston benchmark here, the observation must be prefaced with the fact that a
very small test sample size was used which allows for significant variance. An
interesting analysis presented is that of the second sub-experiment whereby the
training of the deep hedging models is enhanced by pseudo-real data generation.
Data generation provides a great opportunity to solve the lack of real-world asset
samples. Despite the sub-optimal options market generation, the pseudo-real
data was able to effectively train the deep hedging models. With this, the
LSTM model was able to outperform the Heston benchmark when tested on all
4 years worth of monthly samples. Furthermore, the pseudo-real data was able
to improve the stability of the deep hedging model performance by effectively
expanding its training samples and reducing its tendency to overfit. A major
pitfall of this experiment is the lack of options data. Although this pitfall is still
present in industry, we believe that further analysis could provide more support
for the enhancement.

An interesting extension still to be explored is the use of more powerful re-
inforcement learning network architectures; for example, a Transformer-based
architecture. Such an architecture could provide better performance, especially
for the more complex real-data processes. In addition, extensions into the gener-
ation of financial markets and options markets appear to be interesting avenues
for improving the performance of deep hedging models in industry application.
The inclusion of market frictions such as transaction costs could be explored to
further obtain a realistic deep hedging performance as well as additional claims
other than vanilla call options.

Finally, we remark that the analysis of these results were based of quadratic
criterion. A trader may argue that such a criterion is undesirable as they need
not treat profit and loss equally; however, beyond extending Buehler et al., 2019,
the choice was two-fold. Firstly, the quadratic criterion, MVH in particular,
offers both a dynamic programming and martingale solution. Secondly, traders
often follow a risk mitigation perspective whereby the replication of the claim
is viewed without greater concern for whether amounts were profits or losses.
Consequently, we arrive at our recommendations for such traders.

5.2 Recommendations

The conclusions outlined above provide a recommendation to industry traders.
Deep hedging under real-world market conditions can provide either improved or
highly competitive performance compared to both the Black-Scholes and Heston
hedging approaches. The use of real-world measure data generation to assist in
the training of the deep hedging model proves highly beneficial in training deep
hedging models and should be considered when using deep hedging in industry
application.

Whilst Buehler et al., 2019 explores transaction costs in their deep hedging
approach, we have omitted this friction within the numerical experiments which
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represents a pitfall of the analysis; although the work by Buehler shows that
deep hedging is robust enough to include transaction cost. Another pitfall of
the deep hedging approach would be utilisation under market conditions which
are significantly different from any of those contained in the observed history.
The model will not be trained for such conditions which could result in poor
hedging performance. These pitfalls should be considered before applying deep
hedging with the recommendations outlined above.
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