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Abstra
t
The Orr-Sommerfeld equation des
ribes the growth of in�nitesimal disturban
es to lami-nar solutions of the Newtonian Navier-Stokes equations. In this dissertation we 
onsiderin part idealised �ows between two parallel planes of in�nite extent and a �nite distan
eapart. They are referred to as 
losed 
hannel �ows. The Orr-Sommerfeld equation wassolved for two su
h Newtonian 
losed 
hannel �ows (i.e. plane Poiseuille and plane Cou-ette) using the pseudospe
tral di�erentiation te
hnique employed by Trefethen1. Spe
tralmethods use series of known smooth fun
tions to approximate solutions to di�erentialeigenvalue problems. Our results were in 
omplete agreement with those do
umentedin the relevant literature. We, like Dongarra et. al.2, found an additional eigenmode forplane Poiseuille �ow not 
omputed by Orszag3. The �ow that results from the appli
a-tion of a 
onstant pressure gradient along a 
hannel half-�lled with a Newtonian �uidand 
onstant height gravity driven �ow down a slope yield equivalent paraboli
 �ow pro-�les. This hypotheti
al pressure driven �ow amounts to taking the bottom half of theplane Poiseuille �ow pro�le to model free surfa
e (Newtonian open 
hannel) �ow. Now,solutions to the Orr-Sommerfeld equation depend only on the steady-state �ow pro�leand boundary 
onditions of the �ow. This motivated an attempt to extend our resultsto Newtonian open 
hannel �ow by using half the plane Poiseuille pro�le to approximateits pro�le in the Orr-Sommerfeld equation. Newtonian open 
hannel �ow was found to1[Tref 01℄2[Dong℄3[Orsz℄ ii
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iiibe stable for all Reynolds numbers whi
h 
ontradi
t instabilities observed in pra
ti
e.The Orr-Sommerfeld equation does not model variations in the free surfa
e whi
h maybe responsible for the instabilities observed in pra
ti
e. We also investigated the stabilityof non-Newtonian �uids in �ow regimes where their vis
osities are nearly 
onstant, i.e.weakly non-Newtonian �ows. Here we used the power-law and Ellis models. The steady-state pro�les for weakly non-Newtonian power-law �ows were not su�
iently smooth andthe eigenmodes were numeri
ally unstable. With the Ellis model we obtained some nu-meri
ally stable results where weakly non-Newtonian pseudoplasti
 �ow was found to bemore stable than Newtonian �ow. Our results suggest that the shape of a symmetri
 �owpro�le in�uen
es its stability and that the pro�le needs to be su�
iently smooth to obtainnumeri
ally stable spe
tra.
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Chapter 1
Introdu
tion
1.1 Hydrodynami
 StabilityUnderstanding how �uids �ow is important to a diverse range of �elds. In medi
ine athorough understanding of blood �ow through the body and the heart may 
ertainly
ontribute to the 
ontrol or even ultimately to the elimination of heart diseases. Wil
ox[Wil
℄ explains how there is not a bran
h of engineering that does not 
ontain appli
ationsinvolving �uid motion. The aeronauti
al and me
hani
al engineers are responsible for themost obvious a
hievements, i.e., air
rafts and automobiles. When designing stru
tureslike bridges and piers, 
ivil engineers have to 
onsider the e�e
ts of aerodynami
 andhydrodynami
 for
es. Ele
tri
al engineers require a
id to �ow in a 
ontrolled manner whenmanufa
turing sili
on mi
ro
hips. And 
hemi
al engineers must a

urately determinerea
tion rates, whi
h be
ome parti
ularly 
ompli
ated under turbulent �ow 
onditions.The Navier-Stokes equations, solved in 
onjun
tion with mass and energy 
onservationequations des
ribe the �ow of vis
ous �uids [Wil
℄. But more than 150 years of math-emati
al analysis has yet to produ
e a general solution for the Navier-Stokes equation[Coll℄. The equations are however easily solvable for elementary �ows through simple1
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CHAPTER 1. INTRODUCTION 2geometries su
h as those 
onsidered in this dissertation. One su
h �ow is the so-
alledparallel 
hannel �ow in whi
h �uid �ows between two parallel planes of in�nite extentbut a �nite distan
e apart. Su
h idealised 
hannels allow us to ignore the end-point (en-try/exit) e�e
ts whi
h are important in 
hannels of �nite extent, hen
e simplifying theanalysis. We will 
onsider two su
h �ows, where either:1. both planes are stationary, the �ow is driven by a steady pressure gradient along the
hannel. The �uid velo
ity is maximum along the 
entreline, generating the planePoiseuille �ow pro�le as illustrated in Figure 1.1,or 2. the planes are sheared in opposite dire
tions 
reating the plane Couette �ow pro�le(see Figure 1.2).
x

y

−1

1

Figure 1.1: Plane Poiseuille �ow pro�le (sour
e: [Coll℄).
x

y

−1

1

Figure 1.2: Plane Couette �ow pro�le (sour
e: [Coll℄).
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CHAPTER 1. INTRODUCTION 3A

ording to Wil
ox [Wil
℄ if we look 
lose to the solid boundaries we'll observe thatthe �uid `sti
ks' to the planes. Its velo
ity relative to the boundary is therefore zero.This is known as the no-slip surfa
e boundary 
ondition on the velo
ity. Both the planeCouette and plane Poiseuille models are solved solved subje
t to this 
ondition. We areparti
ularly interested in the hydrodynami
 stability of these �ows, whi
h is 
on
ernedwith when and how laminar �ows break down and the transition to turbulen
e [Draz℄.Steady laminar �ow derives its name from the idea that in su
h motion the �uid 
anbe envisaged as a series of thin plates (i.e. laminae) sliding over ea
h other [Peer℄. Thismotion is not dependent on its position along a 
hannel nor on time.The modern-day �eld of hydrodynami
 stability was pioneered by Helmholtz, Rayleigh,Kelvin and Reynolds [Draz℄. Osbourne Reynolds's 
lassi
 19th 
entury experiments,where he inje
ted a streak of 
oloured dye into 
lear water �owing in glass tubes, areoften used to introdu
e this subje
t. The glass tubes were approximately 1 in
h, 0.5in
h and 0.25 in
h in diameter and 4 feet 6 in
hes long. Figure 1.3 depi
ts the originalapparatus used by Reynolds. He observed that at su�
iently low velo
ities the streakof 
olour extended in a straight line through the tube (see Figure 1.4a). As the velo
itywas in
reased, at some point along the tube the streak of dye would instantaneously mixup with the surrounding water and �ll the tube with 
oloured water (see Figure 1.4b).The point of breakdown o

urred at a 
onsiderable distan
e from the intake, positioningitself 
loser to the intake as the velo
ity was in
reased further. As depi
ted in Figure1.4
, viewing the glass tubes under the light of an ele
tri
 spark revealed that the mass of
olour had resolved itself into distin
t 
urls and eddies. Reynolds showed that the smooth�ow (i.e. laminar �ow observed at su�
iently low velo
ities) breaks down when the ratio
ρUd/µ between the produ
t ρUd of the mean velo
ity U of the water, the density ρ ofthe water and the radius d of the tube and the vis
osity µ of the water ex
eeded a 
riti
al
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CHAPTER 1. INTRODUCTION 4value. Today this dimensionless quantity is known as the Reynolds number,
R =

ρUd

µ
. (1.1)

Figure 1.3: Diagram of the apparatus used by Reynolds in his pioneering experiments (sour
e:[Frie℄, reprodu
ed by s
anning).In his experiments Reynolds determined the 
riti
al R, at whi
h his pipe-�ows developedinto turbulen
e, to be 13000. He however made it 
lear that this 
riti
al value was notunique. There was no single value beyond whi
h the �ow was unstable and below whi
hstable. The matter is 
onsiderably more 
ompli
ated. Reynolds wrote that the 
riti
alvelo
ity was very sensitive to the disturban
es in the water before entering the tubes,whi
h suggests that the 
ondition might depend on the magnitude of the disturban
es.Fluid �ows were found to be unstable for disturban
es of a 
ertain magnitude but stablefor disturban
es smaller in size. A
heson [A
he℄ reports that in taking great 
are tominimise the disturban
es stable �ows have been observed at Reynolds numbers up to
90000.
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CHAPTER 1. INTRODUCTION 5

Figure 1.4: Drawings of the observations made in Reynolds's experiments (sour
e: [Draz℄,reprodu
ed by s
anning).A mathemati
al analogue to Reynolds experiments is a linear stability analysis of theNavier-Stokes equations. We perform a linear stability analysis, by subje
ting basi
 lam-inar �ow solutions of the Navier-Stokes equations to in�nitesimal disturban
es. Thesedisturban
es 
an either de
ay, persist or grow with time. The �ow is termed asymptot-i
ally stable, neutrally stable, and unstable respe
tively. This analysis, in whi
h higherorders of the perturbation are ignored, results in the derivation of the Orr-Sommerfeldequation.1.2 Newtonian FluidsTo the layman a �uid is thought of as anything that �ows, liquids and gases being theobvious examples. A more rigorous de�nition 
ategorises a �uid as a substan
e thatdeforms 
ontinuously when subje
ted to a shearing for
e [Cour℄. Or 
onversely, it is a
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CHAPTER 1. INTRODUCTION 6substan
e that 
annot be in stati
 equilibrium whilst subje
ted to su
h a for
e [Wil
℄.For
es a
ting on the surfa
e of a �uid element (i.e., small volume of �uid) 
an be resolvedinto 
omponents normal and tangential to the surfa
e. These for
es are respe
tivelyreferred to as normal (i.e., pressure) and shear stresses, where by stress we mean for
e perunit area. Figure 1.5 depi
ts a �uid's response to the normal and oblique/shear stressesthat results in plane Poiseuille �ow. As mentioned above this is a
hieved by maintaininga 
onstant pressure gradient a
ross the 
hannel. Fri
tional for
es develop at the 
hannelwalls to balan
e this pressure di�eren
e [Wil
℄. The �uid �ows in the manner it does asa result of shear that is due to this fri
tion. Fluids exert pressure whilst stationary or inmotion, but shear stresses are only present in moving �uids [Peer℄. A

ording to Peerless[Peer℄ and Wil
ox [Wil
℄, this phenomenon distinguishes �uids from solids. Solid matter
an exert shear stresses whilst at rest.Fluids like honey and oil �ow more sluggishly than others, e.g., water. This property whi
h
hara
terises a �uid's ability to resist motion is known as its vis
osity and is responsible forthe shear stresses mentioned above. Honey is said to be more vis
ous than water. Vis
osityis possessed by all real �uids. Its magnitude µ is expressed as a 
oe�
ient that relates theshear stress τ to the shear rate γ̇, i.e.
τ = µγ̇.For �uids su
h as gly
erine, water, air and ethanol µ is 
onstant when the pressure andtemperature are held 
onstant (see the 
onstant slope shear diagram depi
ted in Figure1.6a). Su
h �uids are known as Newtonian. The a
tual vis
osities of gly
erine, water andair at 1 atmosphere pressure and 15◦C are shown in Table 1.1.The term rheology is derived from the Greek `rheos' meaning �ow and `logos' meaningknowledge [Slat 86℄. It therefore en
ompasses the s
ien
e of �ow phenomena, but in
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CHAPTER 1. INTRODUCTION 7
τ

p p
21

τFigure 1.5: A �uid's response to oblique/shear and normal stresses, whi
h results in planePoiseuille �ow. On the appli
ation of the pressure gradient (p1 > p2), the initially re
tangularse
tion of �uid moves at di�erent velo
ities a
ross the 
hannel (sour
e: [Wil
℄).
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.
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fluid

S
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ar
 s

tr
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Bingham flu
id

Yield−Dilatant fluid(b)Figure 1.6: Rheograms - typi
al shear stress-shear strain diagrams for Newtonian and time-independent non-Newtonian �uids. On the right we have the rheograms for vis
oplasti
 �uidsthat require a for
e in ex
ess of a yield stress, τ0 to initiate �ow.Vis
osityGly
erine 2.3300Water 1.1405Air 0.0182Table 1.1: The vis
osities of gly
erine, water and air at 1 atmosphere pressure and 15◦C (sour
e:[Govi℄).most instan
es is used to refer to the vis
ous properties of �uids. The shear diagramsdepi
ted in Figure 1.6 are therefore also referred to as rheograms. Fluids are 
lassi�edinto various rheologi
al types based on the form of their rheograms. The main division is
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CHAPTER 1. INTRODUCTION 8between those �uids that 
an be des
ribed as vis
ous and those whi
h have both vis
ousand elasti
 properties [Govi℄. On the removal of a shearing for
e a purely vis
ous �uiddoes not re
over from the deformation it may have undergone, whereas a vis
oelasti
�uid re
overs in part. Vis
ous �uids 
an be separated into two 
ategories, i.e., time-independent and time-dependent. Time-independent means that the duration that the�uid spends under shear does not e�e
t its rheologi
al behaviour [Mill, Perr℄. Newtonian�uids are time-independent.1.3 Non-Newtonian FluidsAny �uid that does not obey the aforementioned linear relationship between the shearstress τ and the shear rate γ̇ is referred to as non-Newtonian. µ be
omes known as theapparent vis
osity and depends on γ̇ (t, T ), where t is time and T temperature [Perr℄. Theslopes of their rheograms are not 
onstant (see Figures 1.6a and 1.6b). Non-Newtonian�uids are either time-independent, time-dependent or vis
oelasti
. The non-Newtoninan�uids 
onsidered in this dissertation behave like Newtonian �uids for some parametervalues and are referred to as generalised Newtonian �uids (GNF's) [Yama℄.1.3.1 Time-independent non-Newtonian �uidsA

ording to Perry [Perr℄, Bingham �uids are probably the simplest of the time indepen-dent non-Newtonian �uids. They are to some extent an idealisation, where like Newtonian�uids they exhibit a linear relationship between the shear stress and shear rate. Theirrespe
tive shear diagrams di�er from the Newtonian �uids' only by virtue of not passingthrough the origin. As depi
ted in Figure 1.6b, a �nite shear stress, referred to as a yieldstress (i.e., τ0) is required to initiate motion. Bingham �uids thus form part of a larger
ategory of �uids known as vis
oplasti
 or `yield stress' �uids. Toothpaste, 
ho
olate andpaint are 
ommon examples of Bingham �uids.
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CHAPTER 1. INTRODUCTION 9When the vis
osity of a �uid de
reases as its shear rate in
reases, it is 
alled a shear-thinning or pseudoplasti
 �uid. Pseudoplasti
 materials form the majority of non-Newtonian�uids. They are usually solutions of large polymeri
 mole
ules in a solvent with smallermole
ules. Examples of pseudoplasti
s in
lude blood plasma and hair styling gel.Dilatant or shear thi
kening �uids are less 
ommon and exhibit rheologi
al propertiesopposite to that of pseudoplasti
s. The apparent vis
osity of a dilatant �uid in
reaseswith an in
reasing shear rate. Star
h in water, 
lay slurries and bea
h sand are examplesof dilatant �uids.Figure 1.6b depi
ts the shear diagrams of pseudoplasti
 and dilatant �uids with a yieldstress (i.e., vis
oplasti
 �uids). Some of the results in Chapter 4 
on
ern dilatant andpseudoplasti
 �ows.1.3.1.1 Power-law �uidsOstwald and de Waele's [Mats℄ shear stress-shear rate relationship,
τ = Kγ̇n, (1.2)is 
ommonly used to represent the rheology of non-Newtonian �uids. These �uids are alsoknown as power-law �uids. K and n are 
onstants that 
hara
terise and are parti
ular tospe
i�
 �uids. n is a measure of how mu
h the �uid deviates from the Newtonian normand K a measure of its 
onsisten
y [Hugh℄. Setting K = µ and n = 1 redu
es (1.2) tothe Newtonian �ow approximation. A power-law �uid's vis
osity is given by
µ = Kγ̇n−1. (1.3)
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CHAPTER 1. INTRODUCTION 10Both pseudoplasti
 and dilatant �ow behaviour 
an be approximated using the power-lawmodel. Experimental data are used to obtain best-�t values for K and n. Pseudoplasti
and dilatant �ows would have n < 1 and n > 1 respe
tively. Despite its 
ommon use,the power-law model is not without its drawba
ks. It fails when attempting to representthe �ow behaviour of �uids at very high or very low shear rates. For pseudoplasti
 �uidswhere we have n < 1, if the shear rate tends to in�nity the model predi
ts that thevis
osity would vanish (i.e. tend to 0) and similarly if the shear rate tends to 0 it predi
tsthat its vis
osity would be in�nite. Both these situations are unrealisti
 unless the �uidexhibits a yield stress [Darb℄. Most �uids as expressed by Darby [Darb℄ have a �power-lawregion� outside of whi
h the model tends to be unreliable. Power-law models are thereforeonly re
ommended for approximating the �ow of �uids over a 
ertain shear rate range.Other drawba
ks of this model in
lude that the K and n determined in one �ow system isdi�erent from that determined in another for the same �uid and that one of its 
onstantshas strange dimensions and is dependent on the value of the other [Mats℄. In spite ofits many defe
ts, theoreti
ians persist in using the power-law relation outside of its idealrange, presumably as it leads to an attra
tive analyti
al model [Myer℄. For its simpli
itywe too start by approximating non-Newtonian �ow behaviour using the power-law model.Other non-Newtonian 
onstitutive equations are presented in the 
ontext of slurry �owsin Se
tion 2.4 and in the linear stability analysis of Chapter 4.1.3.2 Time-dependent non-Newtonian �uidsFluids undergo stru
tural 
hanges when subje
ted to a shearing for
e. The shear stressobserved at a given shear rate varies until an equilibrium stru
ture is a
hieved. For time-independent �uids the rate of stru
tural reformation is of the same order as the rate ofstru
tural de
ay and hen
e their �uid behaviour adjusts almost instantaneously to theapplied shear stress [Govi℄. For some �uids the rate of this re
onstru
tion pro
ess isextremely slow and the 
hanges appear to be irreversible. These �uids whose apparent
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CHAPTER 1. INTRODUCTION 11vis
osity seem to vary with time at a 
onstant shear rate are 
lassi�ed as time-dependent.If their shear stress is observed to de
rease with the duration of shear they are 
alledthixotropi
. Non-drip paint and many 
rude oils exhibit thixotropi
 behaviour. Figure1.7a shows the rheogram for Pembina 
rude oil. The 
onstitutive equations used to de-s
ribe thixotropy 
ontain several material 
onstants. Moore [Moor℄ as 
ited in [Govi℄proposed the following two relations to des
ribe the thixotropi
 behaviour of a �uid with-out a yield stress,
τ =

1

gc
(µ0 + cλ) γ̇

dλ

dt
= a− (a+ bγ̇)λ.

(a) (b)Figure 1.7: Rheograms for typi
al (a) thixotropi
 (
rude oil) and (b) rheope
ti
 (2000 mole
ularweight polyester) �uids (sour
e: [Govi℄, reprodu
ed by s
anning).
µ0, a, b, c are material 
onstants, gc is a dimensional 
onstant and λ is a stru
tural pa-rameter having the limit value 0 when the stru
tural 
on�guration of the �uid is fullybroken down and 1 when its 
on�guration is fully developed.Rheope
ti
 or negative thixotropi
 materials are less 
ommon. For su
h materials therate of stru
tural reformation, whilst still low ex
eeds the rate of de
ay. Its shear stress
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CHAPTER 1. INTRODUCTION 12appears to in
rease under 
onstant shear 
onditions. Bentonite solutions and gypsumsuspensions in water are examples of Rheope
ti
 materials [Berl℄. Bentonite is a very�ne 
lay that 
an absorb large amounts of water and expand to several times its normalvolume. Figure 1.7b shows the rheogram of a typi
al rheope
ti
 �uid.1.3.3 Vis
oelasti
 �uidsVis
oelasti
 �uids form the third 
ategory into whi
h non-Newtonian �uids 
an be 
las-si�ed. They exhibit elasti
 re
overy from the deformations experien
ed during �ow, be-having both as liquids (vis
ous) and solids (elasti
). Jelly and �our dough display su
hproperties.
We are ultimately interested in the hydrodynami
 stability of free surfa
e non-Newtonian�ow driven by gravity down an in
line. Our interest in this subje
t stems from theexperimental work of Slatter [Slat 95℄ presented at the end of Chapter 2. He investigatesthe laminar and turbulent �ow of slurries in pipes and the transition between the tworegimes. Slatter 
ondu
ts empiri
al tests using samples of kaolin 
lay, uranium tailings andgold slimes tailings. The remainder of this 
hapter serves as an introdu
tion to slurries,their 
hara
teristi
s and 
lassi�
ation a

ording to their settling velo
ities. To furtherillustrate the use of the 
on
epts pertaining to slurries we present a study 
ondu
tedby Charpin et. al. [Char 2℄. They were tasked with deriving a 
riterion that 
an beused to determine when ro
ks will be set in motion by �owing water. Their analysisin
luded a Reynolds number (equation (1.1)) where the pipe diameter was repla
ed withthe 
hara
teristi
 length of the �ow.How is it that parallel 
hannel �ow (see Figures 1.1 and 1.2) 
an form the basis for aninvestigation into the hydrodynami
 stability of gravity driven �ow? We show in Chapter
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CHAPTER 1. INTRODUCTION 133 that 
onstant height gravity driven �ow down an in
line is mathemati
ally equivalentto the �ow that results from the appli
ation of a 
onstant pressure gradient along ahorizontal 
hannel half-�lled with a Newtonian �uid. They result in equivalent paraboli
velo
ity pro�les. Solutions to the Orr-Sommerfeld equation depend only on the steady-state velo
ity pro�le and boundary 
onditions of the �ow. We progress from the simpleNewtonian 
losed 
hannel linear stability problem to the Newtonian open 
hannel andthen to the non-Newtonian 
losed 
hannel by solving the Orr-Sommerfeld equation fortheir respe
tive velo
ity pro�les and boundary 
onditions.Traditional hydrodynami
 analysis pro
eeds in two stages. First the problem is linearisedabout the laminar solution whi
h results for Newtonian �ow in the derivation of thefamous Orr-Sommerfeld equation. The Orr-Sommerfeld equation des
ribes the growthof disturban
es to the laminar solutions of the Newtonian Navier-Stokes equation. Itsderivation is presented in Chapter 3 with the appropriate boundary 
onditions for 
losedand open 
hannel �ows. The se
ond stage of the traditional stability analysis entailssear
hing for unstable eigenvalues. Now the work of Trefethen et. al. [Tref 93℄ has 
astdoubt on the use of this eigenvalue analysis but this is not dealt with in this dissertation.As explained above the Orr-Sommerfeld equation applies to Newtonian �uids. We do notderive a non-Newtonian analogue of the Orr-Sommerfeld equation but we use the Orr-Sommerfeld equation to approximate the the stability of weakly non-Newtonian �uids.Our �rst obje
tive is to solve the linear hydrodynami
 stability problem for plane Poiseuilleand plane Couette �ows (for Newtonian �uids). Results for these problems are welldo
umented and we are therefore able to 
ompare ours with those found in the liter-ature. Chapter 4 details the pseudospe
tral numeri
al s
heme employed to solve theOrr-Sommerfeld equation as formulated by Trefethen [Tref 01℄. We take an in-depth lookat the behaviour of the eigenvalues at various Reynolds numbers by plotting them in the
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CHAPTER 1. INTRODUCTION 14
omplex plane. Our Newtonian 
losed 
hannel results are in 
omplete agreement withthose found in the literature [Dong, Orsz℄. Next we investigate Newtonian open 
hannel�ow, where the results seem to suggest that this �ow is stable for all Reynolds numbers.The Orr-Sommerfeld equation therefore does not explain the instability observed for this�ow in pra
tise. We 
on
lude Chapter 4 by using the OS equation to approximate thestability of weakly non-Newtonian 
losed 
hannel �ows. The power-law and Ellis mod-els are 
onsidered. These results seem to indi
ate (as is supported by the work of Hifdiet. al. [Hifd℄) that the shape of a symmetri
 pro�le in�uen
es its stability and that thepro�les need to be su�
iently smooth to obtain numeri
ally stable results. The weaklynon-Newtonian pro�les generated using the power-law model are not su�
iently smoothand hen
e their eigenmodes are numeri
ally unstable. Numeri
ally stable eigenvalues wereobtained for weakly non-Newtonian Ellis �ows.
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Chapter 2
Slurry Flows
As mentioned in the introdu
tion our interest in hydrodynami
 stability analysis originatesfrom experimental work done by Slatter [Slat 95℄ on the stability of slurry �ows. This
hapter serves as a brief introdu
tion to slurries and their rheology. As part of his studywhi
h we present at the end of the 
hapter, Slatter showed that a 17% sample of kaolin
lay is best modelled as a yield pseudoplasti
 �uid (see Se
tion 1.3). He also testedhow well three existing and three novel Reynolds number formulations predi
ted thelaminar-turbulent transitions. These Reynolds number experiments were 
ondu
ted usinga 17% sample of kaolin 
lay, uranium tailings and gold slimes tailings. We also in
lude astudy 
ondu
ted by Charpin et. al. [Char 2℄ where they investigated the stability of ro
ksimmersed in water � they determined angles of slopes that will set boulders immersedin �owing water in motion.2.1 Terminal Settling Velo
itySlurries are two-phase mixtures of small solid parti
les suspended in �uids. As it willemerge there are numerous variables en
ountered in these suspensions that 
ause their�ow behaviour to vary over a tremendous range. Di�erent methods of analysis are required15
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CHAPTER 2. SLURRY FLOWS 16to des
ribe their behaviour in various �ow regimes. The numerous studies that have been
ondu
ted are very spe
i�
, investigating the in�uen
e of 
ertain variables under 
ertain
onditions.In stationary slurries, if the densities of the suspensions and �uids are not identi
al,their phases have a tenden
y to separate and the solid parti
les settle. There are variousfa
tors that in�uen
e this phase separation and 
onsequently the rheologi
al propertiesof a slurry. We 
ommen
e, as Govier and Aziz do [Govi℄, by 
onsidering a simple slurry,where smooth spheri
al parti
les are dispersed in a Newtonian �uid. The parti
les ares
attered so as to avoid 
ollisions and inter-parti
le intera
tions. It is also assumed thatthe system is under the in�uen
e of gravity and that neither ele
trostati
 nor external
entrifugal for
es are present. The 
ombined e�e
t of the �ow and gravity 
ause theparti
les to rise and fall in the mixture, whi
h results in a drag for
e (i.e. Stokes drag),
FD =

πρV 2d2CD
8

,where CD is the drag 
oe�
ient, V the rise or fall velo
ity and d the diameter of theparti
les. ρ is the density of the �uid. Analyti
ally it has been shown and 
on�rmedby experiment that the drag 
oe�
ient depends only on the parti
le Reynolds number,
dV ρ/µ, where µ is the vis
osity of the �uid [Govi℄. Figure 2.1 gives the relationshipbetween the parti
le Reynolds number and CD as measured for solid parti
les with variousspheri
ities (ψ). The spheri
ity, des
ribed in the next se
tion, 
hara
terises the shape ofa solid parti
le. The 
urves show four regions � for dV ρ/µ < 1 the relative motionbetween parti
le and �uid is laminar; the region where 1 < dV ρ/µ < 1000 represents agradually developing turbulen
e in the motion; 1000 < dV ρ/µ < 2 × 105 represents fullydeveloped turbulent �ow; and for dV ρ/µ > 2 × 105 the boundary layer itself be
omesturbulent. In the laminar regime the drag 
oe�
ient de
reases as the parti
le Reynolds
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CHAPTER 2. SLURRY FLOWS 17

Figure 2.1: The relationship between the drag 
oe�
ient and the parti
le Reynolds number asmeasured for solid parti
les with various spheri
ities, ψ. ψ des
ribes the shape of a solid parti
le(sour
e: Brown et. al. [Brow℄ 
ited by [Govi℄, reprodu
ed by s
anning).Shape Spheri
ity, ψ ds

davSphere 1.000 1.000O
tahedron 0.847 0.965Cube 0.806 1.240Prisms
a× a× 2a 0.767 1.564
a× 2a× 2a 0.761 0.985
a× 2a× 3a 0.725 1.127Cylinders

h = 2r 0.860 1.310
h = 10r 0.691 1.960Disks
h = r 0.827 0.909

h = r/3 0.594 0.630
h = r/10 0.323 0.422Table 2.1: The spheri
ity and the value of the ratio of the equivalent diameter and s
reen sizefor some 
ommon shapes (sour
e: Brown et. al. [Brow℄ 
ited by [Govi℄).number in
reases. During the development of turbulen
e, the drag 
oe�
ient rea
hes aminimum and in fully developed turbulen
e, the drag 
oe�
ient in
reases with the parti
leReynolds number. The velo
ity at whi
h the drag for
e balan
es the gravitational for
eis 
alled the terminal settling velo
ity [Govi, Slat 95℄.
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CHAPTER 2. SLURRY FLOWS 182.1.1 The e�e
t of the parti
le shape on settlingSolid parti
les are 
hara
terised by their shape, size, density and surfa
e roughness. Forslurries 
onstituted from irregularly shaped parti
les, the drag 
oe�
ient depends on aReynolds number based on fa
tors that re�e
t their irregularity, i.e. parti
le orientation,shape, et
. The shape of solid parti
les is expressed by a variable 
alled its spheri
ity[Govi, Zhan℄,
ψ =

surfa
e area of a sphere of volume equal to that of the parti
lesurfa
e area of the parti
le .The spheri
ity of regular parti
les 
an be 
al
ulated dire
tly as their dimensions 
an bedetermined. For irregularly shaped parti
les, Brown et. al. [Brow℄ have shown that
ψ =

dav
nds

,

Figure 2.2: The e�e
t of the spheri
ity ψ on the terminal settling velo
ity V0 � for parti
lesof a given ψ, V0 is shown as a fun
tion of the parti
le Reynolds number. V0 is s
aled using thesettling velo
ity of a perfe
t sphere, V0,ψ=1 (sour
e: [Govi℄, reprodu
ed by s
anning).
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CHAPTER 2. SLURRY FLOWS 19where dav is the nominal size based on s
reen or mi
ros
opi
 analysis (i.e. average s
reensize), ds is the equivalent diameter and n the ratio of the surfa
e per unit mass of theparti
les to that of spheres of diameter dav [Govi, Zhan℄. The equivalent diameter isthe diameter of a sphere having the same volume as the parti
le. Table 2.1 shows thespheri
ity and the value of ds related to the s
reen size for some 
ommon shapes. Aspheri
al parti
le has spheri
ity 1, i.e. ψ = 1. Figure 2.2 depi
ts the relationship betweenthe spheri
ity and the terminal velo
ity, V0. As the spheri
ity of a solid parti
le de
reases,the drag that it experien
es in
reases (see Figure 2.1) and its settling velo
ity de
reases.2.1.2 The e�e
ts of the parti
le 
on
entration on settlingThe solid-liquid ratio of suspensions are expressed in various forms. Coussot [Cous℄for example re
ommends the use of the solid volume 
on
entration as opposed to thesolid weight 
on
entration to quantify the relative amount of solid present in a mixture.The solid volume 
on
entration is expressed as a ratio of the volume of the solid tothe total volume of the mixture, referred to by Govier and Aziz as the volume fra
tion,
φ =

volume of solidvolume of liquid+ volume of solid .
φ is also referred to as the solid fra
tion. An in
rease in the volume fra
tion of slurriesin
reases the probability of inter-parti
le intera
tions. These intera
tions do not alonedepend on the volume fra
tion, but are strongly in�uen
ed by the �ow regime of theslurry (i.e. laminar or turbulent). When parti
les 
ollide 
ertain parti
les gain speed andothers slow down. Some parti
les may sti
k together and form 
lusters (i.e. agglomerate).The e�e
ts of 
on
entration in
reases on slurries in the laminar regime have been dealtwith theoreti
ally. Famularo and Happel [Famu℄ as 
ited by [Govi℄ derived an expressionfor the ratio of the laminar settling of verti
ally orientated doublet spheres to that of
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CHAPTER 2. SLURRY FLOWS 20single spheres and showed that
Vc
V0

=
1

λ
(
1 + 2.8λγc

1

3

) ,

d/x Resistan
e 
oe�
ient λ
0.000 1.000
0.266 0.836
0.648 0.702
1.000 0.645Table 2.2: The dependen
e of λ on the 
entre-to-
entre distan
e x of the spheres in the doublet(sour
e: [Govi℄).where λ is a resistan
e 
oe�
ient dependent on the 
entre-to-
entre distan
e in the dou-blet (see Table 2.2) and γ is 
onstant in the range of 1.30 ± 0.24. Vc is the settlingvelo
ity of parti
les in a 
on
entration c and V0 is the settling velo
ity of a single sphere.Govier and Aziz [Govi℄ remark that the signi�
an
e of this equation is that it shows thatthe agglomeration even to doublets in
reases the settling velo
ity. Where agglomerationdoes not o

ur the laminar settling velo
ities of slurries are redu
ed by an in
rease in
on
entration.Having looked at the e�e
ts of the parti
le 
on
entration on the settling velo
ity underlaminar �ow 
onditions, we next turn our attention to the turbulent regime. Turbulentmixing in
reases the number and e�e
ts of inter-parti
le 
ollisions, whi
h in
reases with anin
rease in the 
on
entration. If the parti
les have no tenden
y to agglomerate, the largerparti
les slow down whilst the smaller parti
les gain speed when they 
ollide. Collisionshinder the settling rates of these mixtures. The parti
les settle at velo
ities lower thanwhen there are no or signi�
antly fewer 
ollisions. This pro
ess is aptly termed as hinderedsettling.
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CHAPTER 2. SLURRY FLOWS 212.2 Slurry Case Study I - Charpin et. alWe now present the work of Charpin et. al . [Char 2℄ involving the turbulent free surfa
e�ow of a ro
k slurry. Their analysis in
orporates a Reynolds number where the pipediameter d in equation (1.1) is repla
ed with the 
hara
teristi
 length of the �ow. Theydetermine a 
riti
al value, namely the gradient of the slope that will set large ro
ks inmotion and the e�e
t of the slurry 
on
entration on this value.

Figure 2.3: Typi
al 
on�guration for large boulders in Charpin et. al.'s study (sour
e: [Char 2℄,reprodu
ed by s
anning).In the problem we are 
onsidering a mineral pro
essing plant produ
es hundreds of thou-sands of tons of waste material. The waste 
onsist of ro
ks ranging from less than amillimetre to 20 
entimetres in diameter. High pressure water is used to wash the ro
ksdown a slope to a pond 3km away and approximately 300m lower. The water-ro
k slurry
arves approximately a 1 metre by 1 metre 
hannel, whose slope de
reases progressivelyas the waste sour
e (mining area) slowly moves away from the pond. For the 
onditionsunder 
onsideration the �ow is turbulent with Reynolds numbers well above 106. Be
auseof the high �uid velo
ity, the average of whi
h is between v = 1m.s−1 and v = 2m.s−1,Charpin et. al. [Char 2℄ assume that the smaller parti
les will be 
arried away easily. Intheir study they determine 
riteria for whi
h the larger ro
ks (i.e. typi
ally 20 
entimetres
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CHAPTER 2. SLURRY FLOWS 22in diameter) will be set in motion.As illustrated in Figure 2.3, the two main for
es a
ting on a boulder are the shear stressdue to the �ow and gravity. The potential movement of the boulder depends on thenon-dimensional Shields number, a ratio between the main for
es and the shape of theboulder, i.e.
S =

τ

△ρgD, (2.1)where τ is the shear stress, △ρ is the di�eren
e between the densities of the boulderand water, g gravity and D the diameter of the ro
k. Charpin et. al. use the 
riti
alShields number to derive an analyti
al expression for the minimum angle of the slope ofthe 
hannel required to move the larger boulders. Criti
al Shields numbers 
an be foundin [Juli℄ as 
ited by [Char 2℄. Below this 
riti
al value gravity dominates and the boulderremains stationary, but as soon as it is ex
eeded the shear stress is dominant and theboulder is set in motion. For the turbulent �ow under 
onsideration τ a

ording Patel[Pate℄ as 
ited in [Char 2℄ may be expressed as
τ =

f

8
ρfu

2, (2.2)where the fri
tion fa
tor is,
f =

0.292

Re
1

4

, (2.3)and the Reynolds number is,
Re =

ρfuL

µf
. (2.4)

L is a typi
al length of the �ow, u the �uid velo
ity, ρf the density of the mixture and µfits dynami
 vis
osity. L is typi
ally around 1m. The density of the mixture and vis
osity
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CHAPTER 2. SLURRY FLOWS 23vary signi�
antly with the 
on
entration of soil parti
les in the �uid mixture [Char 2℄.The density in
reases with the parti
le 
on
entration, c,
ρf = ρw + c (ρb − ρw) , (2.5)where ρb and ρw are the densities of soil and pure water respe
tively. The dynami
vis
osity may be approximated by

µf = µw

(
1 +

0.75c

0.605 − c

)2

, (2.6)where µw is the dynami
 vis
osity of pure water, see [Cous℄ in [Char 2℄. Combiningequations (2.2)-(2.6) for these terms together with the Shields number (2.1) results in thefollowing expression for the �uid velo
ity,
u7/8 =

√√√√√√
8gDS (ρb − ρw − c (ρb − ρw))

0.292 (ρw + c (ρb − ρw))




(ρw + c (ρb − ρw))L

µw
(
1 + 0.75c

0.605−c

)2




1/4

. (2.7)The velo
ity may be related to the slope of the 
hannel using the Glau
ker-Manningformula,
u =

1

n
R

2/3
H

√
sin θ, (2.8)where n is the Manning 
oe�
ient and RH denotes the hydrauli
 radius ([Chan℄ as 
itedin [Char 2℄). The Manning 
oe�
ient and the hydrauli
 radius are measures of roughnessand a river's ability to move water and sediment respe
tively. RH is used by engineersto assess the likelihood of �ooding. For the earth's surfa
e n = 0.025 and for gravel

n = 0.029. Charpin et. al. takes n = 0.027. Substituting (2.7) into (2.8), the slope of the
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CHAPTER 2. SLURRY FLOWS 24
hannel may be expressed as
θ = arcsin



n2

R
4

3

H

(
8gDS

0.292
(ρb − ρw) (1 − c)

) 8

7


 1

(ρw + c (ρb − ρw))3

L

µw
√

1 + 0.75c
0.605−c




2

7


 .(2.9)It has been mentioned that the 
riti
al Shields number 
an be obtained from the literature.Corresponding to the 
urrent setting the 
riti
al Shields number reads

Sc = 0.06 tanφs,where φs is the angle of repose (Julien [Juli℄ 
ited by Charpin et. al.). The angle of reposeis the 
riti
al angle of the 
hannel �oor to the horizontal that would 
ause a boulder tomove without �uid motion. For a sphere, the angle of repose equals 0 and it in
reaseswith angularity. The angularity is a shape fa
tor analogous to the spheri
ity dis
ussedin Se
tion 2.1.1. It is the degree to whi
h a ro
k has sharp or rounded edges or 
orners[Mars℄. To �nally arrive at an analyti
al expression for the angle of the slope needed toset a boulder in motion, Charpin et. al. repla
e S in (2.9) with Sc,
θ = arcsin


 n

2

R
4

3

H

(1.64gD tanφs (ρb − ρw) (1 − c))
8

7

×

 1

(ρw + c (ρb − ρw))3

L

µw
√

1 + 0.75c
0.605−c




2

7


 .For a given boulder θ depends on 
hara
teristi
s whi
h in
lude its angle of repose anddiameter. Figures 2.4a and 2.4b show the θ required to move boulders with a diametervarying up to 0.2m and an angle of repose up to 50◦ in volumetri
 
on
entrations of

c = 0.1 and c = 0.3 respe
tively. The numeri
al results of Charpin et . al. indi
ate that:
• θ de
reases with parti
le 
on
entration,
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CHAPTER 2. SLURRY FLOWS 25
• as expe
ted, θ is signi�
antly lower for small parti
les, and
• θ in
reases as φs in
reases, i.e. the larger the boulder's angle of repose, the steeperthe slope of the 
hannel required to move it.

(a) (b)Figure 2.4: Slope angle, θ required to move a boulder as a fun
tion of its diameter and angle ofrepose, φ. φ is a measure of angularity (i.e. a shape fa
tor). The parti
le volumetri
 
on
entration
c = 0.1 in (a) and c = 0.3 in (b) (sour
e: [Char 2℄, reprodu
ed by s
anning).
2.3 Slurry CategorisationFrom the short dis
ussion on phase separation (Se
tion 2.1) it is evident that a rangeof variables in�uen
e the terminal settling velo
ities of slurries. The size, shape, densityand 
on
entration of the parti
le and density and vis
osity of the �uid are among thesefa
tors. It is widely a

epted that there are basi
ally two broad 
ategories into whi
hslurries 
an be 
lassi�ed, i.e., heterogeneous and homogeneous. These 
lassi�
ations 
anbe made a

ording to the settling velo
ities of the respe
tive slurries but they are neitherabsolute nor ex
lusive.As mentioned in the introdu
tion, slurries that settle qui
kly, like those 
omprised oflarge parti
les (e.g., 
oarse sand) are referred to as heterogeneous or settling slurries
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CHAPTER 2. SLURRY FLOWS 26[Bake, Slat 95, Govi℄. These slurries have high settling velo
ities. Under the in�uen
eof gravity some parti
les settle and the suspensions are no longer uniformly distributed,i.e. heterogeneous. The 
ontinuum assumption, where the �uid's physi
al 
hara
teristi
sare assumed to be 
ontinuous in time and spa
e be
omes void [Cous, Darb℄.Homogeneous slurries, as referred to by Slatter [Slat 95℄ and Darby [Berl℄ amongst others,have low settling velo
ities. But no mixture 
onsisting of two di�erent phases is truly ho-mogeneous. Hen
e, Govier & Aziz [Govi℄ prefer to refer to them as pseudo-homogeneousslurries. The term homogeneous is used by authors to 
onvey the idea that the solid parti-
les are uniformly distributed. The parti
les are normally �ne and in high 
on
entrations(e.g., �ne 
lay). This alters the rheologi
al behaviour of the �uid and the mixtures oftendisplay non-Newtonian vis
ous e�e
ts. The �ow regime a�e
ts the settling of parti
lesand would a�e
t the 
ategorisation of a slurry. Certain mixtures normally 
lassi�ed asheterogeneous in the laminar regime, may remain homogeneous as result of the mixinga
tion under turbulent 
onditions. Thomas [Thom 64, Thom 61a, Thom 61b℄ as 
ited in[Govi℄ has shown that a dilute suspension of �ne parti
les be
omes homogeneous as aresult of a lift for
e that develops under turbulent �ow 
onditions. The for
e prevents alarge s
ale deposition of the parti
les on the pipe boundary.Eventually the larger dense parti
les of slurry mixtures settle and form a bed on thebottom boundary. Parti
les in the bed tend to form `dunes' and if the shearing for
eis large enough, these dunes appear to slide along the bottom. If this for
e is not largeenough, the bulk of the bed remains stationary but parti
les at the surfa
e may movealong in a boun
ing-type motion 
alled saltation [Darb℄. Slurries 
omprised of parti
lesof varying settling velo
ities are 
alled mixed regime slurries [Slat 95℄. Su
h slurries areboth homogeneous and heterogeneous in that the larger parti
les will settle, whilst andthe smaller �ne parti
les remain suspended.
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CHAPTER 2. SLURRY FLOWS 272.4 Slurry RheologyModel name Vis
osity fun
tionPower-Law τ = Kγ̇nBingham τ = τ0 + µ∞γ̇Hershel-Bulkley τ = τ0 +Kγ̇nCasson τ
1

2 = τ
1

2

0 + (µ∞γ̇)
1

2Table 2.3: Vis
osity fun
tions 
ommonly used to model slurry �ows (sour
e: [Darb, Kita℄).At su�
iently dilute 
on
entrations, slurries normally behave as Newtonian �uids [Char 1,Govi℄. Their vis
ous properties deviate from this Newtonian norm as their solid volumefra
tions in
rease. We fo
us on the rheologi
al behaviour of homogeneous slurries. Theyare mixtures of high 
on
entrations of solid parti
les and are 
ommonly modelled asnon-Newtonian �uids. Various rheologi
al data are required to appropriately 
lassifythese slurries as parti
ular non-Newtonian �uids. But generalisations based largely onempiri
al observations have been made. The �uid model parameters are applied to get abest �t to the experimental data. This involves 
onstru
ting a rheogram (i.e., shear stressversus shear rate plot). Many of the early studies seemed to suggest that non-Newtonian�ows approximated Bingham �uids. Baker and Ja
obs [Bake℄ remark on the di�
ultyasso
iated with gathering reliable and a

urate rheologi
al data. As a result resear
hersexperien
ed great trouble in distinguishing between Bingham �uids and pseudoplasti
�uids. In response, Hershel and Bulkley proposed 
ombining the Bingham and power-lawmodels, to form what is today known as the Hershel-Bulkley model listed in Table 2.3. If
τ0 > 0 then this generalised model 
hara
terises Bingham, yield pseudoplasti
 and yielddilatant �uids for n = 1, n < 1 and n > 1 respe
tively, i.e. the vis
oplasti
 �uids reviewedin Se
tion 1.3.Having brie�y looked at a development of non-Newtonian �uid models, we take a 
loserlook at su
h models 
ommonly used to represent slurry �ow behaviour, i.e. the Bingham,Hershel-Bulkley, power-law and Casson models. Re
all from Se
tion 1.3 that the power-
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CHAPTER 2. SLURRY FLOWS 28law model is only useful for representing �uid �ow over a �nite range and that it 
annotbe used to extrapolate beyond this range. The Casson and Bingham models resembleea
h other. They both exhibit a yield stress ( i.e. τ0), a limiting vis
osity (µ∞) and shearthinning behaviour. Their vis
osities as fun
tions of the shear rate respe
tively read
µ =

τ0
γ̇

+ µ∞ (Bingham)
µ =



(
τ0
γ̇

)1/2

+ (µ∞)1/2




2

. (Casson)

Figure 2.5: Vis
osity vs. shear rate for 45% lignite in methanol. (��) � best �t by power-lawmodel; (� �) � best �t by Bingham model; (� � �) � best �t by Casson model (sour
e: [Darb℄,reprodu
ed by s
anning).As the shear rate (stress) in
reases both these models approa
h Newtonian behaviourwith vis
osity µ∞. At low shear rates (i.e. tending to zero) they predi
t that a �uid'svis
osity would be in�nite, meaning that the �uid possesses a yield stress. Thereforeunlike the power-law model, the Casson and Bingham models exhibit the appropriatelimiting behaviour at both high and low shear rates. Con
entrated slurries exhibit ayield stress. Both these models are therefore very useful for representing their vis
ousproperties [Darb℄. The Casson model is the most broadly used model to represent blood
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CHAPTER 2. SLURRY FLOWS 29�ow [Neof℄. The Hershel-Bulkley model is essentially a power-law model with a yieldstress. It has an additional parameter, n whi
h makes it more �exible than the Binghammodel when determining a best-�t to the data. But despite its additional �exibility, athigh shear rates the Hershel-Bulkley model has the same drawba
ks as the power-lawmodel � for n < 1 they both predi
t that the vis
osity is negligible at high shear rates.Vlasak and Chara [Vlas℄ state that a great number of �ne-grained slurries are modelledas yield pseudoplasti
 �uids. Wilson and Thomas [Thom 87℄ �tted data obtained fromexperiments performed on a 7.5% kaolin 
lay sample to both a Bingham and Hershel-Bulkley models. Statisti
ally the latter provided the better �t. They 
ontinued to examinethe rheology of kaolin 
lay at various 
on
entrations and dis
overed that the best-�t valueof n in the Hershel-Bulkley model de
reases with an in
reasing 
on
entration. Their 
laimthat this behaviour is typi
al of most slurries is supported by [Vlas℄, who added that the
onsisten
y index K and the yield stress τ0 in
rease with an in
reasing 
on
entration.In his review of the hydrodynami
s of slurries, Darby presents a similar study, wherethe �ow of lignite suspensions in methanol at 45% and 60% solid weight 
on
entrationswere investigated. Figure 2.5 depi
ts his least squares �t to the Casson, Bingham andpower-law models for a 45% 
on
entration of the suspension. Statisti
ally the Cassonmodel provided the best �t and the power-law model the worst-�t to the 45% sample,whereas the power-law and Bingham provided the best and worst �ts respe
tively to the60% sample. These di�eren
es appear to be negligible for the shear rate range in whi
hthese measurements were obtained (see Figure 2.5). Either of these models 
ould provideadequate representations of the lignite-methanol mixture's rheology. If it were ne
essaryto extrapolate beyond this range, the Casson and Bingham models would be preferredbe
ause of their limiting behaviour.
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CHAPTER 2. SLURRY FLOWS 302.5 Slurry Case Study II - SlatterModel τ0 K n ErrorYield pseudoplasti
 7.040 0.26710 0.5880 0.66Pseudoplasti
 - 5.03700 0.1723 0.86Bingham plasti
 8.192 0.02779 1.0000 0.76Table 2.4: Best �t values for the rheologi
al parameters of the yield pseudoplasti
, pseudoplasti
and Bingham models 
omputed by [Slat 95℄ using data obtained from [Xujg℄ (sour
e: [Slat 95℄).As part of his do
toral thesis, Slatter [Slat 95℄ examined the laminar and turbulent �owof slurries in pipes and the transition from the former regime to the latter. He 
ondu
tedempiri
al tests using samples of kaolin 
lay, uranium tailings and gold slimes tailings. Inhis analysis he showed that the laminar �ow of these slurries are best modelled using theHershel-Bulkley (yield pseudoplasti
) model des
ribed in Se
tion 2.4. Slatter's primaryobje
tive was to 
onstru
t a non-Newtonian Reynolds number. He �rst tested existingnon-Newtonian Reynolds number formulations and thereafter three of his own.For the laminar �ow analysis, Slatter used experimental data obtained from Xu et. al.[Xujg℄ who 
ondu
ted tests on a 17% sample of kaolin 
lay. He performed a least squares�t to 
ompute the optimum values of τ0, n and K in
8V

D
=

4n

K
1

n τ 3
w

(τw − τ0)
1+n

n

[
(τw − τ0)

2

1 + 3n
+

2τ0 (τw − τ0)

1 + 2n
+

τ 2
0

1 + n

]
, (2.10)for the yield pseudoplasti
, pseudoplasti
 (τ0 = 0) and Bingham (n = 1) models. τw =

D△p/4L is the wall shear stress, V is the mean slurry velo
ity and △P is the pressuredi�eren
e a
ross a pipe of length L and diameter D. Equation (2.10) is derived from theyield pseudoplasti
 model. A full derivation of this �supermodel� (i.e., it redu
es to variousother models for spe
ial parameter values) is provided in [Govi℄ and [Slat 95℄. Table 2.4shows the optimum values for these models a

ording to the least squares error fun
tion.
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CHAPTER 2. SLURRY FLOWS 31

(a) (b)

(
) (d)Figure 2.6: (a) Yield pseudoplasti
, (b) pseudoplasti
 and (
) Bingham least squares �ts fora 17% sample of kaolin 
lay. (d) depi
ts the models extrapolated to high shear rates (sour
e:[Slat 95℄, reprodu
ed by s
anning).Figures 2.10a - 2.10
 depi
t the resulting �ts to the yield pseudoplasti
, pseudoplasti
 andBingham models respe
tively together with the Wilson & Thomas ([Thom 85℄ as 
itedin [Slat 95℄) turbulent �ow predi
tions. Ea
h of these laminar models appear to predi
tthe laminar �ow of the slurry sample equally well but at high shear rates they di�er (seeFigure 2.10d).The transition from the laminar to turbulent �ow regime of a spe
i�
 Newtonian �uid ina given pipeline is determined by a 
riti
al �uid velo
ity. Provided disturban
es to the�ow are kept su�
iently small, Reynolds and many others after him have suggested thatthis transition o

urs at a �xed value of the ratio between the inertial and vis
ous for
es
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CHAPTER 2. SLURRY FLOWS 32
alled the Reynolds number,
R =

ρV D

µ
, (2.11)where ρ is the �uid density, V the average �uid velo
ity, D the pipe diameter and µthe �uid vis
osity [A
he, Draz, Slat 95℄. Slatter used R = 2100 as the 
riti
al Reynoldsnumber for Newtonian �ows. His obje
tive was to provide a single laminar/turbulenttransition 
riterion for non-Newtonian slurries whi
h proves to be 
onsiderably harder.There are many di�erent approa
hes but no guidelines as to whi
h is more a

urate. He
ommen
es by investigating the su

ess with whi
h three existing formulations/modelspredi
t the transition. We present the details of two of these formulations,

Rnewt =
ρV D

µ′
and Rmr =

8ρV 2

K ′
(

8V
D

)n′ . (2.12)
Rnewt is based on the standard Newtonian theory where the Reynolds number is given asin (2.11). But for non-Newtonian �uids we know that the vis
osity fun
tion is no longer
onstant. It is therefore repla
ed with an apparent or se
ant vis
osity, µ′ = τw

− ∂u
∂r |w

derivedfrom the Hershel-Bulkley model in Table 2.3, where w denotes the pipe wall and r thedistan
e from its 
entre. As illustrated in Figure 2.7, for a given shear rate measurement,
µ′ is the slope of the straight line extended from the origin to the 
orresponding τw-valueon the shear stress-shear rate 
urve of a parti
ular �uid. µ′ is not 
onstant and needs tobe 
omputed for ea
h value in the shear rate/shear stress range. It is also evident thatfor any �uid with a yield stress, µ′ is arbitrarily large at in�nitesimally small shear rates(i.e. µ′ → ∞ as −∂u

∂r
→ 0 - see Figure 2.7).Metzner and Reed developed a generalised Reynolds number, Rmr [Metz℄. It is not basedon a spe
i�
 �uid's rheologi
al properties or an existing model (e.g., Bingham, Yieldpseudoplasti
, et
.). We provide a brief overview of their derivation. The Rabinowits
h-
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CHAPTER 2. SLURRY FLOWS 33Mooney equation,
−∂u
∂r

∣∣∣∣∣
w

=
8V

D

(
3n′ + 1

4n′

)
, (2.13)relates the true wall shear rate, −∂u

∂r

∣∣∣
w
to the measurable pseudo shear rate, 8V

D
. n′ isobtained geometri
ally by determining the slope of a logarithmi
 plot of D△P/4L vs.

8V/D.
n′ =

∂ (lnD△P/4L)

∂
(
ln 8V

D

) , (2.14)where △P is the pressure di�eren
e a
ross a pipe of length L and diameter D. For agreat number of non-Newtonian �uids Metzner and Reed report [Metz℄ that n′ was foundto be nearly 
onstant over wide shear stress ranges. Hen
e for su
h a shear stress rangeequation (2.14) redu
es to
D△P

4L
= K ′

(
8V

D

)n′

, (2.15)whereK ′ is a 
onstant. Denoting the shear stress at the pipe wallD△P/4L as τw and 
om-bining equations (2.13) and (2.15) results in,
τw = K ′

(
4n′

3n′ + 1

)n′ (
−∂u
∂r

∣∣∣∣∣
w

)n′

,where for n′ = 1 we have the Newtonian vis
osity relation. K ′ and n′ are like the �uid
onsisten
y and �ow behaviour indi
es of the power-law model (see Se
tion 1.3). Thelarger the value of K ′ the thi
ker or more vis
ous the �uid. n′ is a measure of the degreeof the �uid's non-Newtonian behaviour, for n′ < 1 the �uid is pseudoplasti
 in 
hara
terand for n′ > 1 it would exhibit dilatant behaviour. Slatter [Slat 95℄ refers to K ′ and
n′ as the apparent �uid 
onsisten
y and �ow behaviour indi
es respe
tively. In the �nalstep of this mathemati
al development, Metzner and Reed relate the pressure drop tothe Fanning fri
tion fa
tor whi
h enables the measurement of the latter and 
onsequently
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CHAPTER 2. SLURRY FLOWS 34
Rmr. The fri
tion fa
tor is a dimensionless quantity de�ned in terms of the shear stressat the pipe wall,

f =
2gcτw
ρV 2

,where gc = 32.2ft. lb. is a 
onversion fa
tor [Metz, Wil
℄. Setting f = 16/R as forlaminar Newtonian �ow, results in Metzner and Reeds's generalised Reynolds number(Rmr in equation (2.12)). The signi�
an
e of these equations are that they state that all�uids must follow the f = 16/Rmr relation in the laminar regime. Metzner and Reedsuggested that this relation even be used to test the a

ura
y of experimental data. Ifperfe
t 
oin
iden
e is not a
hieved with the f = 16/Rmr line in the laminar regime theneither the data or 
al
ulations are in error or the �uids exhibit rheope
ti
 or thixotropi
behaviour.

shear rate [1/s]

sh
ea

r 
st

re
ss

 [P
a]

gradient = µ’

Figure 2.7: Illustration of the apparent vis
osity µ′ for some �uid (sour
e: [Slat 95℄, reprodu
edby s
anning).A full reading of the Torran
e/Clapp Reynolds number, Rtorr the third formulation testedby Slatter may be found in [Clap℄.
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CHAPTER 2. SLURRY FLOWS 35
Rnewt Rmr RtorrAverage 5715 3268 10057Std Deviation 2912 981 8535Std Deviation % 51 30 85Minimum 2169 1516 2382Maximum 12610 6451 40183Range 10441 4935 37801Table 2.5: Non-Newtonian Reynolds numbers - 
omputed using the rheologi
al parametersobtained from the least squares �ts and the observed 
riti
al velo
ities. The results have beenredu
ed to their averages, standard deviations and ranges (sour
e: [Slat 95℄).In addition to the three existing Reynolds numbers, Slatter analysed the a

ura
y withwhi
h the interse
tion method and a stability fun
tion predi
ts the laminar/turbulenttransition. The interse
tion method is a purely pra
ti
al approa
h where the transition ispredi
ted by the interse
tion of the theoreti
al laminar and turbulent models. Its su

essdepends on the a

ura
y of these models. Xu et. al. [Xujg℄ reports that the Wilson andThomas model produ
es good turbulent �ow predi
tions and Slatter also uses it. Unlikethe Newtonian Reynolds number whi
h is based on fundamental assumptions regardingthe vis
ous and inertial for
es, the interse
tion approa
h has no me
hanisti
 interpretation.Slatter used the observed 
riti
al velo
ities and rheologi
al 
onstants determined for ea
hof his tests to 
ompute the Reynolds numbers and interse
tion velo
ities. Table 2.5 
on-tains a summary of the Reynolds number results, whi
h have in ea
h 
ase been redu
edto its average, standard deviation and range. The interse
tion velo
ity obtained by theinterse
tion method was 
ompared on a per
entage error basis with the a
tual observed
riti
al velo
ity [Slat 95℄. Remember that Slatter's primary obje
tive was to obtain asingle laminar/turbulent transition 
riterion for non-Newtonian slurries. For these mod-els to be deemed su

essful they would have to obtain values 
lose enough to some �xed
onstant. Figure 2.8 shows the theoreti
al models plotted against the experimental dataobtained by Slatter for a kaolin 
lay mixture. Statisti
ally the interse
tion method pro-
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CHAPTER 2. SLURRY FLOWS 36du
ed the best overall results. However for small pipe diameters, where Slatter reports the�ow 
onditions to be primarily Newtonian, the interse
tion method be
omes less a

urate.The other models are more a

urate for small pipe diameters. This 
an be explained asthe interse
tion method does not take the rheology of the �uid into a

ount. A

ordingto Slatter, ea
h of the other models revert to the Newtonian model as the pipe diameterde
reases [Slat 95℄. For large pipe diameters the 
riti
al velo
ity be
omes independentof the pipe diameter, i.e., the data approa
h an asymptote as depi
ted in Figure 2.8[Slat 95℄. Only the interse
tion method and Rmr were able to predi
t this. Among theReynolds numbers, Rmr best predi
ted the transition, followed by Ryan and Johnson's[Ryan℄ stability 
riterion and the Newtonian approximation (i.e. Rnewt). Figure 2.8 showsthat the Torran
e/Clapp Reynolds number (i.e. Rtorr) performed the worst. It was unableto predi
t the transition.

Figure 2.8: The 
riti
al velo
ity vs. pipe diameter for a kaolin 
lay slurry together with thetheoreti
al models (sour
e: [Slat 95℄, reprodu
ed by s
anning).Slatter tested three of his own Reynolds number formulations. Rmr is used widely, but n′and K ′ need to be 
omputed for every value of τw. In his �rst approa
h, Slatter aimed at
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CHAPTER 2. SLURRY FLOWS 37simplifying Metzner and Reed's 
riterion. He de�nes, R1 = 16/f , where f is the laminarFanning fri
tion fa
tor. R1 and Rmr yield the same results, but evaluating the former isless 
umbersome.Slatter's se
ond formulation is derived from the fundamental assumption that the Reynoldsnumber is proportional to the ratio between the inertial and vis
ous for
es,
R ∝ inertial for
evis
ous for
e ,where inertial for
e ∝ ρD2V 2 and vis
ous for
e ∝ D2τvis
 .For a yield pseudoplasti
 �uid the vis
ous stress τvis
 is related to the shear rate by thefollowing 
onstitutive relation,

τvis
 = τ0 +K
(

8V

D

)n
,where (8V/D) is used as the representative shear rate. Combining the three equationsabove results in

R2 ∝
ρV 2

τ0 +K
(

8V
D

)n .The proportionality 
onstant is set to a value of 8. R2 then redu
es to (2.11) underNewtonian 
onditions (τ0 = 0, K = µ andn = 1). The �nal form of Slatter's se
ondReynolds number reads
R2 =

8ρV 2

τ0 +K
(

8V
D

)n .
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CHAPTER 2. SLURRY FLOWS 38
Unsheared plug

Figure 2.9: Velo
ity distribution a
ross a pipe se
tion (sour
e: [Slat 95℄).Finally, Slatter used the 
on
ept of plug �ow to derive a third Reynolds number. Anunsheared 
ore 
on
entri
 with the pipe axis exists within the laminar �ow of the slurriestested by Slatter (see Figures 2.9 and 2.10). The unsheared 
ore a
ts as a boundary andit is well known as reported by Slatter that solid boundaries inhibit turbulen
e. With refer-en
e to Figure 2.10 the third formulation reads,
R3 =

8ρV 2ann
τ0 +K

(
8Vann
Dshear )n ,where Vann is the mean velo
ity of the annulus and Dshear = 2 (rpipe − rplug) .Table 2.6 shows a summary of the results for R1, R2 and R3 where they too were redu
ed totheir averages, standard deviations and ranges. Combining the results for all the Reynoldsnumbers investigated by Slatter in
luding his own, we �nd based on its lower varian
e(per
entage standard deviation) that R3 out-performed all of its prede
essors (see Tables2.5 and 2.6). Figure 2.8 shows that R3 better predi
ts the asymptoti
 relation between the
riti
al velo
ity and pipe diameters than both Rmr and the interse
tion method. Slurriesare two-phase mixtures of solid parti
les immersed in �uid. Their 
ategorisation dependson their settling velo
ities. The settling velo
ity is the minimum �uid velo
ity requiredto keep the parti
les suspended in the mixture. This settling amongst others, depends oris in�uen
ed by the �ow regime and 
on
entration of the parti
le. The lift for
e withina turbulent regime normally keeps the parti
les a �oat. Homogeneous slurries, so 
alledbe
ause the parti
les maintain a uniform distribution, have a low settling velo
ities. Their
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CHAPTER 2. SLURRY FLOWS 39�ows have been modelled using well-known non-Newtonian �uid models like the power-law, Casson and Hershel-Bulkley. Heterogeneous slurries have high settling velo
ities andusually maintain the rheology of the �uid.
D plug

plugr 

r pipe�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

plug
Unsheared

Sheared
annulus

D

Pipe wall

Figure 2.10: Unsheared plug geometry (sour
e: [Slat 95℄).
R1 R2 R3Average 3268 3742 2643Std Deviation 981 1178 658Std Deviation % 30 31 25Minimum 1516 1740 1310Maximum 6451 7577 4606Range 4935 5837 3296Table 2.6: Slatter's Non-Newtonian Reynolds numbers - 
omputed using the rheologi
al param-eters obtained from the least squares �ts and the observed 
riti
al velo
ities. The results havebeen redu
ed to their averages, standard deviations and ranges (sour
e: [Slat 95℄).Charpin et. al. [Char 2℄ investigated the minimum angle of the slope required to setboulders immersed in �uid into motion. These �ows were highly turbulent, with Reynoldsnumbers rea
hing 106. This is well outside of the range �ows of interest to us. Slatter[Slat 95℄ as part of his do
toral thesis tested how well three existing and three novelnon-Newtonian Reynolds number formulations predi
ted the laminar-turbulent transitionfor slurries of kaolin 
lay, uranium tailings and gold slime tailings. The non-Newtonian
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CHAPTER 2. SLURRY FLOWS 40parameters of his �ows are way out of the weakly non-Newtonian range whi
h wouldrender the 
lassi
al te
hniques employed in this dissertation inappli
able.
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Chapter 3
Linear Stability Analysis
3.1 Introdu
tionThe geometry and/or rheology of most �ows are too 
omplex for detailed hydrodynami
stability analyses. Resear
hers have thus been for
ed to only study a few 
lasses of simplelaminar �ows. However these simpli�ed s
enarios obs
ure some general aspe
ts of theinstabilities [Draz℄. We are ultimately interested in the hydrodynami
 stability of freesurfa
e non-Newtonian �ow down an in
line. This work pro
eeds from the mathemati
alfa
t (whi
h is not ne
essarily physi
ally realisable), as shown below, that 
onstant heightfree surfa
e �ow driven by gravity down an in
line is equivalent to the �ow that resultsfrom the appli
ation of a 
onstant pressure gradient along a horizontal 
hannel half-�lledwith a Newtonian �uid (see Figure 3.1). The �ow of �nite height and 
hara
teristi
 length
L is driven only by applying p1 at the intake and p2 (< p1) at the outlet. Hen
e px = p2−p1

L
.For this �ow the in
ompressible Newtonian Navier-Stokes equation redu
es to

uyy =
px
µ
. (3.1)

41
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CHAPTER 3. LINEAR STABILITY ANALYSIS 42As mentioned in the introdu
tion, for standard in
ompressible Newtonian �ow, the Navier-Stokes equatios are solved subje
t to the no-slip boundary 
onditions on the velo
ity, i.e.
u (0) = u (2H) = 0. This implies zero shear at y = H , i.e. uy (H) = 0. Integrating (3.1)and applying u (0) = uy (H) = 0 results in

u =
px
2µ
y (y − 2H) .For a �ow of 
onstant height down a slope, solely under the in�uen
e of gravity, thein
ompressible Newtonian Navier-Stokes equation redu
es to

uyy = −ρg sin θ

µ
,and is solved subje
t to zero shear at the free surfa
e (uy (h) = 0) and no-slip at thebottom boundary (u (0) = 0). The solution reads

u = −ρg sin θ

2µ
y (y − 2h) .

p
2

p
1

θ

y = 0

y = 0

y = H

y = 2H

y = h

Figure 3.1: Illustration of the mathemati
al equivalen
e between pressure driven Newtonian�ow (i.e. where p1 > p2) and 
onstant height gravity driven Newtonian �ow down an in
line ofmagnitude θ.Setting px = −ρg sin θ and h = H results in the same paraboli
 �ow pro�les. Newtoniangravity driven free surfa
e �ow and pressure driven horizontal �ow (as des
ribed above) is

Univ
ers

ity
 of

 C
ap

e T
ow

n



CHAPTER 3. LINEAR STABILITY ANALYSIS 43therefore equivalent in the sense that their velo
ity pro�les are identi
al. This motivatesan attempt to extend the stability analyses from 
losed 
hannel �ow to open 
hannel �ow.
θ = π

2
is meaningless. In our investigation we are interested in �ows equivalent to θ ≪ π

2
.The growth of in�nitesimal disturban
es to laminar 
losed 
hannel �ow is des
ribed by theOrr-Sommerfeld equation. The solutions to the Orr-Sommerfeld equation depend only onthe velo
ity pro�le and the boundary 
onditions of the �ow. In the rest of this 
hapter wegive a derivation of the Orr-Sommerfeld equation. In Chapter 4 we present a numeri
alinvestigation of the Orr-Sommerfeld equation for various pro�les 
overing Newtonian andweakly non-Newtonian �uids and a variety of boundary 
onditions.As mentioned before, hydrodynami
 stability is 
on
erned with when and how laminar�ow breaks down, its subsequent development and its eventual transition to turbulen
e[Draz℄. But unlike Reynolds we 
ondu
t theoreti
al experiments, like many others (seethe annual review [E
kh℄) subje
ting known laminar �ow solutions of the Navier-Stokesequations to in�nitesimal disturban
es. If the disturbed �ow returns to its original laminarstate the �ow is termed as stable, but if the perturbation grows and never dies out the �owis termed as unstable [Draz, S
hm, Coll℄. Assuming that the disturban
e is in�nitesimalallows one to linearise the resulting equations. But as soon as disturban
e velo
itiesgrow a few per
ent above the base laminar �ow the linearised equations are unable toadequately predi
t the development of the disturban
e. Despite their limitations thelinear equations are important in dete
ting physi
al growth me
hanisms and identifyingdominant disturban
es [S
hm℄.Linear stability theory and energy stability theory [Duto℄ form two well-known methodsfor obtaining 
riti
al values that separate di�erent types of �ow, for example laminar fromturbulent. But unlike linear stability theory where it is assumed that the perturbationsare small, energy stability theory pla
es no restri
tions on the size of the disturban
e.
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CHAPTER 3. LINEAR STABILITY ANALYSIS 44In this theory an equation des
ribing the evolution of the energy of the disturban
e isderived. In
identally Reynolds was the �rst to derive su
h an equation in 1895. S
hmidand Henningson [S
hm℄ state that in most instan
es the kineti
 energy of the disturban
e
ontained in a volume V ,
EV =

1

2

∫

V
|u|2 dV (3.2)
onstitutes a natural 
hoi
e for the size of a disturban
e where u is the velo
ity ve
tor ofthe disturban
e. Following Joseph [Jose℄, S
hmid and Henningson use the magnitude ofthe disturban
e (i.e. EV as de�ned in (3.2)) to provide formal de�nitions of stability:1. Stability - A solution to the Navier-Stokes equations is stable to perturbations ifthe perturbation energy satis�es

lim
t→∞

EV (t)

EV (0)
→ 0.2. Conditional Stability - If there exists a threshold energy δ > 0 su
h that thesolution is stable when EV (0) < δ, then the solution is said to be 
onditionallystable.3. Global Stability - If the threshold energy is in�nite, i.e. δ → ∞, the solution issaid to be globally stable.4. Monotoni
 Stability - If

dEV (t)

dt
< 0, ∀t > 0then the solution is said to be monotoni
ally stable.In Reynolds' initial experiments he dis
overed that beyond a 
ertain 
riti
al Reynoldsnumber, pipe �ow be
ame turbulent. Like S
hmid and Henningson [S
hm℄ we take a
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CHAPTER 3. LINEAR STABILITY ANALYSIS 45
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Figure 3.2: Illustrates the three 
riti
al Reynolds numbers, Rm,Rg and Rl that de�ne the regionsin whi
h initial perturbations are monotoni
ally, globally and 
onditionally stable respe
tively(sour
e: [S
hm℄).
loser look at the above de�nitions to unearth whi
h of them 
orrespond to the stabil-ity/instability sought by our analysis. Hydrodynami
 stability in its most general senseis de�ned as the asymptoti
 limit of the ratio between the energy of the perturbation,
EV (t) and its initial energy, EV (0). A solution is 
onditionally stable if the initial energyof the perturbation, EV (0) is below a given energy threshold, δ. Conditional stability isa spe
ial 
ase of the more general global stability, where there is no limit pla
ed on theinitial size of the perturbation. Hen
e a solution that is globally stable is also 
ondition-ally stable but the reverse does not ne
essarily apply. Monotoni
 stability is the mostrigid 
riterion, requiring that the perturbation de
ays for all time. We introdu
e three
riti
al Reynolds numbers Rm, Rg and Rl, below whi
h initial perturbations are possiblymonotoni
ally, globally or 
onditionally stable respe
tively. Figure 3.2 depi
ts the regionswhere solutions to the Navier-Stokes equations are de�ned as above. In Region I where
R < Rm, all perturbations de
ay monotoni
ally with time (i.e. for all time) and solutionsto the Navier-Stokes are hen
e referred to as monotoni
ally stable. Rm 
an be derivedanalyti
ally from the Reynolds-Orr equation whi
h des
ribes the evolution of the kineti
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CHAPTER 3. LINEAR STABILITY ANALYSIS 46energy of a disturban
e [S
hm℄. If Rm < R < Rg (i.e Region II) perturbations may grow,but ultimately de
ay as time evolves. Rg is di�
ult to derive analyti
ally but may bedetermined by bifur
ation analysis [S
hm℄. Re
all that solutions are 
onditionally stable(Region III, Rg < R < Rl) if disturban
es of a given size (i.e. with an initial energy lessthan some bound, EV (0) < δ) de
ay with time. Conditional stability is sought when 
on-du
ting the linear hydrodynami
 stability analysis where in�nitesimal disturban
es areexpe
ted to de
ay. For R > Rl (Region IV) perturbations grow with time and �uid �owsare said to be linearly unstable or alternatively not 
onditionally stable. In this region atleast one in�nitesimal disturban
e is unstable.3.2 Deriving the Orr-Sommerfeld EquationThe Orr-Sommerfeld equation des
ribes the growth of disturban
es to the laminar solu-tions of the Newtonian in
ompressible Navier-Stokes equation for 
losed 
hannel �ow. Itssolution involves Squire's theorem. Squire's theorem states that to obtain a minimum
riti
al Reynolds number it is su�
ient to 
onsider only two-dimensional disturban
esto the laminar �ow [Coll, Draz℄. In the derivation that follows we restri
t ourselves tothe two-dimensional 
o-ordinate system depi
ted in Figure 3.3. On
e we've introdu
edthe ne
essary mathemati
s a full reading of Squire's theorem is presented, whi
h shouldjustify the use of this simpli�ed system. The restri
tion also allows us to 
onvenientlyexpress the governing equations in terms of a stream fun
tion.The in
ompressible Navier-Stokes equations in two dimensions read
ρ
∂u

∂t
= −ρ (u · ∇) u−∇p+ ∇ · (µ∇u) (3.3)

∇ · u = 0, (3.4)
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CHAPTER 3. LINEAR STABILITY ANALYSIS 47
y

x

w

u

Figure 3.3: Two dimensional 
o-ordinate system that we employ throughout.where ρ is the �uid density, u = (u (x, y, t) , w (x, y, t)) and ∇ =
(
∂
∂x
, ∂
∂y

). If we introdu
ethe following dimensionless quantities,
ũ =

u

V
, p̃ =

p

ρV 2
, t̃ =

tV

L
, x̃ =

x

L
, ỹ =

y

Land drop the tildes, then for 
onstant vis
osity Newtonian �ow (3.3) yields
∂u

∂t
= − (u · ∇) u−∇p+

1

R
∇ · (∇u) , (3.5)where R ≡ ρV L/µ is the Reynolds number. V is a 
hara
teristi
 velo
ity and L is a
hara
teristi
 length. De�ne the stream fun
tion ψ by

u = ∂ψ
∂y
,

w = −∂ψ
∂x
.We substitute these expressions for u and w into the Navier-Stokes equation (3.5) anddi�erentiate its x-
omponent with respe
t to y and its y-
omponent with respe
t to x to
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CHAPTER 3. LINEAR STABILITY ANALYSIS 48rea
h
∂3ψ

∂y∂t∂y
+
∂2ψ

∂y2

∂2ψ

∂x∂y
+
∂ψ

∂y

∂3ψ

∂y∂x∂y
− ∂2ψ

∂y∂x

∂2ψ

∂y2
− ∂ψ

∂x

∂3ψ

∂y3

+
∂2p

∂y∂x
− 1

R

(
∂4ψ

∂y∂x2∂y
+
∂4ψ

∂y4

)
= 0 (3.6)and

− ∂3ψ

∂x∂t∂x
− ∂2ψ

∂x∂y

∂2ψ

∂2x
− ∂ψ

∂y

∂3ψ

∂3x
+
∂2ψ

∂x2

∂2ψ

∂y∂x
+
∂ψ

∂x

∂3ψ

∂x∂y∂x

+
∂2p

∂x∂y
+

1

R

(
∂4ψ

∂x4
+

∂4ψ

∂x∂y2∂x

)
= 0. (3.7)(3.7) is then subtra
ted from (3.6) and (assuming 
ontinuity of the derivatives) we areleft with an equation that is without the pressure term

∂

∂t
△ψ +

∂ψ

∂y

∂

∂x
△ψ − ∂ψ

∂x

∂

∂y
△ψ − 1

R
△2ψ = 0,where △ =

(
∂2

∂x2 + ∂2

∂y2

). We let ψ = ψ0 (y) + ψ̂ (x, y, t), where ψ0 =
∫
U (y) dy, U (y) isthe steady-state laminar �ow slow solution to (3.5) and ψ̂ is a perturbation of the streamfun
tion. Then

∂

∂t
△ψ̂ +

(
U +

∂ψ̂

∂y

)
∂

∂x
△ψ̂ − ∂ψ̂

∂x

(
Uyy +

∂

∂y
△ψ̂

)
=

1

R
△2ψ̂. (3.8)Sin
e we assumed that the disturban
e was small we are able to ignore higher order terms.The linearised version of equation (3.8) reads

∂

∂t
△ψ̂ + U

∂

∂x
△ψ̂ − Uyy

∂ψ̂

∂x
=

1

R
△2ψ̂.
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CHAPTER 3. LINEAR STABILITY ANALYSIS 49The perturbation that we impose on the laminar solution has the form of a traveling wave
ψ̂ = φ (y) exp [i (αx+ ct)] , (3.9)where φ (y) is the 
omplex amplitude, α the real wavenumber and c is the 
omplex wavespeed. Substituting this wave expression for the disturban
e results in the famous Orr-Sommerfeld (OS) equation

λ
(
φyy − α2φ

)
+ iαU

(
φyy − α2φ

)
− iαφUyy =

1

R

(
φyyyy − 2α2φyy + α4φ

)
, (3.10)where λ = ic, attributed to William Orr and Arnold Sommerfeld [Coll℄. Within thistheory when ℑ (c) < 0 and hen
e ℜ (λ) > 0, the disturban
e grows with time, indi
atingthe onset of turbulen
e. ℑ (c) and ℜ (λ) denote the imaginary and real parts of c and

λ respe
tively. Therefore, given any α > 0 and R > 0 we are left with solving the Orr-Sommerfeld equation (3.10) for the eigenvalues λ. The 
riti
al Reynolds number, whi
hwe denote as R
rit, is that number beyond whi
h at least one disturban
e is unstable (i.e.for R
rit there exists at least one ℜ (λ) > 0). Equation (3.9) de�nes only some of thepossible perturbations, i.e. those whi
h assume the form of a traveling wave. Coussotalso reminds us that the linear stability analysis results only in a su�
ient 
ondition.Hen
e there may be disturban
es whi
h lead to instabilities whose ℜ (λ) < 0 [Cous℄.As promised we now present a full reading of Squire's theorem. Here we 
onsider three-dimensional �ow in a 
hannel of in�nite length and breadth. For the thee-dimensionaldisturban
es the 
orresponding perturbation (3.9) would read
ψ̂ = φ (y) exp [i (ax+ bz + ct)] ,where a and b are the real wavenumbers and c the 
omplex wave speed. Squire's theorem
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CHAPTER 3. LINEAR STABILITY ANALYSIS 50as given in [Coll℄ states
• Squire's Theorem. If RL = R (a, b) is the 
riti
al Reynolds number given a and
b then

min
a,b

RL (a, b) = min
a
RL (a, 0) .

As explained the OS equation des
ribes the growth of disturban
es to the laminar solutionsof the Newtonian Navier-Stokes equation. These laminar solutions are denoted as U in(3.10). We now derive these U for the �ows whi
h we'll be investigating along with therelevant boundary 
onditions.3.2.1 Closed 
hannel uniform �ow approximationsFirst we investigate the stability of parallel shear �ows between two planes of in�nitelength, whi
h we refer to as 
losed 
hannel �ows (see Figures 1.1 and 1.2). This simplifyingassumption, where the planes are assumed to be of in�nite length, allows us to ignore thein�uen
es of the respe
tive entry and exit 
onditions. As noted earlier, the equation ofmotion is
µ
d2u

dy2
=
dp

dx
(3.11)and here it is solved subje
t to the no-slip boundary 
onditions, where it is assumed thatthe layers of �uid adja
ent to the boundaries sti
k to them, i.e. u(±1) = 0 for Poiseuille�ow and u(1) = 1 and u(−1) = −1 for Couette �ow [Hugh, Wil
℄. The plane Poiseuillepro�le reads

U(y) = 1 − y2.

Univ
ers

ity
 of

 C
ap

e T
ow

n



CHAPTER 3. LINEAR STABILITY ANALYSIS 51One way in whi
h to a
hieve plane Couette �ow is by shearing the planes in opposite di-re
tions at 
onstant velo
ities whilst maintaining 
onstant pressure a
ross the 
hannel, i.e.
dp
dx

= 0. Its laminar �ow pro�le reads
U(y) = y.3.2.2 Closed 
hannel boundary 
onditionsFor 
losed 
hannel �ows the Navier-Stokes equation (3.3) and 
onsequently the OS equa-tion (3.10) is solved subje
t to the no-slip boundary 
onditions (see Se
tion 3.2.1) and

w (±1) = 0. The stream fun
tion representations of the boundary 
onditions for planePoiseuille �ow translate asFor y = ±1 : u = 0 =⇒ ∂

∂y

[
ψ0 + ψ̂

]
= U + φy exp [i (αx+ ct)] = 0

=⇒ φy (±1) = 0,and For y = ±1 : w = 0 =⇒ ∂

∂x

[
ψ0 + ψ̂

]
= iαφ (y) exp [i (αx+ ct)] = 0

=⇒ φ (±1) = 0.Similarly it 
an be shown that for plane Couette �ow, the OS equation should be solvedsubje
t to φy (±1) = 0 and φ (±1) = 0.3.2.3 Open 
hannel �ows and their boundary 
onditionsWe showed in Se
tion 3.1 that the open 
hannel Newtonian steady-state �ow pro�le isparaboli
 in y. It is in fa
t half the plane Poiseuille pro�le, restri
ting its domain to
[−1; 0], i.e. U(y) = 1 − y2 for y ∈ [−1; 0]. In this sense, open 
hannel Newtonian �ow
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CHAPTER 3. LINEAR STABILITY ANALYSIS 52is equivalent to a 
ombined Couette-Poiseuille �ow. Sin
e the numeri
al te
hnique thatwe employ is de�ned for y ∈ [−1; 1] and to keep the domains in whi
h we are working
onsistent (i.e. [−1; 1]℄), we s
ale the paraboli
 plane Poiseuille pro�le su
h that U(1) = 1and U(−1) = 0 (see Figure 3.4). The resulting expression for the open 
hannel pro�lereads,
U (y) = −y

2

4
+
y

2
+

3

4
.

w

u

−1

1

x

y

−1

1
w

u

x

y

Figure 3.4: Plane Poiseuille and open 
hannel �ow pro�les, i.e. U (y) = 1 − y2 and U (y) =

−y2

4 + y
2 + 3

4 respe
tively.As for 
losed 
hannel �ows the OS equation is solved subje
t to the no-slip boundary
ondition, where the velo
ity of the �uid relative to the wall is zero, i.e. u (−1) = 0,and w (±1) = 0. A free surfa
e is one where nothing tou
hes it � we regard theshear of air on a liquid as negligible, employing the zero shear boundary 
ondition atthis interfa
e, i.e. uy (1) = 0 [Hugh℄. This is 
onsistent with the derivation in Se
tion3.1. For y = −1 the boundary 
onditions translate as for 
losed 
hannel �ows, namely
u = w = 0 =⇒ φy (−1) = φ (−1) = 0.
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CHAPTER 3. LINEAR STABILITY ANALYSIS 53For y = 1 :

uy = 0 =⇒ ∂2

∂y2

[
ψ0 + ψ̂

]
= Uy (1) + φyy exp [i (αx+ ct)] = 0

=⇒ φyy = 0and again as for 
losed 
hannel �ows
w = 0

=⇒ φ (1) = 0.Hen
e for Newtonian open 
hannel �ow the OS equation is solved subje
t to φ (±1) =

φy (−1) = φyy (1) = 0.3.3 Marginal Stability CurveFor the purpose of explaining Figure 3.5 we digress brie�y on an equivalent form of theOS equation. A
heson uses ψ̂ = φ (y) exp [i (kx− ωt)] as his de�nition of the perturbation(3.9) [A
he℄. With referen
e to equation (3.10), this is equivalent to having k = α and
ω = −c. Laminar �ows thus be
ome turbulent when ℑ (ω) > 0, whereas a disturban
eas we have it de�ned be
omes unstable when ℑ (c) < 0. Depi
ted in Figure 3.5 is amarginal stability 
urve for Poiseuille �ow, whi
h represents the unstable disturban
es asa fun
tion of the Reynolds and wave- numbers. Given any R, for ea
h k in the shadedregion at least one disturban
e in unstable, i.e. for that R and k there exists at least one
ω with a negative imaginary part. The 
riti
al Reynolds number, R
rit is the least R forwhi
h there exists an unstable disturban
e. For plane Poiseuille �ow this is reported tobe around 5772.2 [A
he, Chap, Draz, S
hm, Tref 01℄. This unstable disturban
e is 
alleda Tollmien-S
hlit
hting wave and its wavenumber is 
lose to 1.02 [S
hm, Draz℄. Tollmien
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CHAPTER 3. LINEAR STABILITY ANALYSIS 54and S
hlit
hting �rst dis
overed that the OS equation has unstable disturban
es for �owswithout in�e
tion points (i.e. laminar �ow pro�les without in�e
tion points) [S
hm℄.

Figure 3.5: Marginal stability 
urve for plane Poiseuille �ow where disturban
es be
ome unstablewhen the the ℑ (ω) > 0 (sour
e: [A
he℄, reprodu
ed by s
anning).Until now we have assumed that the vis
osity is 
onstant. The OS equation whi
h isderived on this assumption therefore only applies to Newtonian �uids and GNF's wherethe visosity is 
onstant. However, we are also interested in situations where the �uidis non-Newtonian. The rheologi
al models used to des
ribe non-Newtonian �ow 
ontain
onstants that indi
ate their non-Newtonian 
hara
ter, i.e. `non-Newtonianess' (see Se
-tions 1.3 and 2.4). For example with power-law �ow the larger |n− 1|, the larger thevariation in the vis
osity with the shear rate. In the following 
hapter we do not derive anon-Newtonian analogue of the OS equation but we do investigate the stability of weaklynon-Newtonian �uids. By weakly we mean that the vis
osity is 
lose to 
onstant andassume that the OS equation holds, e.g. power-law �uids with n near 1. We do this usingboth the power-law and Ellis models. However with the Ellis model it's not the simple
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CHAPTER 3. LINEAR STABILITY ANALYSIS 55
ase of a single parameter determining the non-Newtonian nature of the �ow. The Ellismodel predi
ts that a non-Newtonian �uid behaves like a Newtonian �uid, either at verylow shear rates or for γ ≪ 1. For the Ellis model weakly non-Newtonian 
ould thereforeimply investigating the stability using (3.10) for �ows just outside of this Newtonian shearrate range.The boundary 
onditions derived for 
losed and open 
hannel Newtonian �ow are alsoused for weakly non-Newtonian �uids (see Se
tions 3.2.2 and 3.2.3 respe
tively). Our�rst obje
tive in the following 
hapter is to repli
ate the marginal stability 
urve forplane Poiseuille �ow depi
ted in Figure 3.5. Thereafter we seek to determine a 
riti
alReynolds number for Newtonian open 
hannel �ow and investigate the stability of weaklynon-Newtonian �uids employing both the power-law and Ellis models.
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Chapter 4
Solutions to the Orr-SommerfeldEquation
We develop a solution for the Newtonian OS equation using plane Poiseuille �ow as anexample. Thereafter we extend the numeri
al s
heme to more 
omplex �ows. Written asa di�erential eigenvalue problem we approximate the se
ond and fourth order derivativeoperators of the OS equation using the pseudospe
tral method employed by Trefethen[Tref 01℄.4.1 Pseudospe
tral Method for Solving the OS Equa-tionSpe
tral methods, an alternative to �nite di�eren
e and �nite element methods [Huan℄,use series of known smooth fun
tions to approximate solutions to di�erential equationsand di�erential eigenvalue problems [Gott 77℄. Trefethen [Tref 01℄ uses polynomials ofdegree N , that pass through the Chebyshev-Lobatto points,

xj = cos
(
jπ

N

)
, j = 0, 1, 2, ..., N, (4.1)56
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 57
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Figure 4.1: The Chebyshev-Lobatto points (4.1) form the x values of equally spa
ed points onthe unit 
ir
le, whi
h 
luster near the end points. Here we have N = 20.to 
onstru
t interpolants for the derivatives of the OS equation. The Chebyshev-Lobattopoints 
luster near the end points of the [−1; 1]-interval over whi
h they are distributedand form the extrema of N th order Chebyshev polynomial. Figure 4.1 shows that they arethe x values of equally spa
ed points on the unit 
ir
le. Polynomial interpolants basedon equally spa
ed dis
retisations are poor at approximating smooth fun
tions. As thenumber of 
ollo
ation points in
reases, the interpolating polynomial may fail to 
onvergeand the approximation may get worse at a rate as great as 2N where N is the number ofintervals in the grid [Gott 84, Tref 01℄. The spe
tral derivative obtained by di�erentiatingsu
h an interpolant would be in error by a similar fa
tor [Tref 01℄. The pseudospe
tralapproximation of the derivative of some fun
tion f (x) is a
hieved in two steps. (1) The
N th degree polynomial interpolant, l (x) of f (x) is given by the Lagrange form of theinterpolating polynomial,

l (x) =
∑

j


∏

k 6=j

x− xj
xj − xk


 vj , (4.2)where vj = f (xj). (2) The dis
rete derivatives, wj = l′ (xj) ≈ f ′ (xj) are obtained bydi�erentiating l (x) and expressing it in terms of vj [Gott 84℄. vj are s
alar and sin
e
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 58di�erentiation is a linear operation wj, the approximate derivatives at the Chebyshev-Lobatto points, 
an be obtained with a single matrix operation. That is, by mul-tiplying f (xj) by an (N + 1) × (N + 1) matrix, whi
h Trefethen denotes as DN , i.e.
w = DN × v.These N degree polynomial interpolants are equivalent to a linear 
ombination of NChebyshev polynomials. Hen
e when referring to the number of polynomials in this workwe mean the number of Chebyshev polynomials used to 
onstru
t the interpolant. Weillustrate, by way of example, how these di�erentiation matri
es are 
onstru
ted. For

N = 3 (i.e. j = 0, 1, 2, 3) the 
ollo
ation points are x0 = 1, x1 = 0.5, x2 = −0.5, and
x3 = −1, and the Lagrange interpolant reads

l (x) =
2

3

(
x3 + x2 − x

4
− 1

4

)
v0 −

4

3

(
x3 +

1

4
x2 − x− 1

4

)
v1

+
4

3

(
x3 − 1

4
x2 − x+

1

4

)
v2 −

2

3

(
x3 − x2 − x

4
+

1

4

)
v3. (4.3)Di�erentiating l (x) and evaluating the resulting fun
tion, l′ (x) at the xj for N = 3 weobtain




w0

w1

w2

w3




= D3




v0

v1

v2

v3




,
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 59where
D3 =




19
6

−4 4
3

−1
2

1 −1
3

−1 1
3

− 1
3

1 1
3

1

1
2

−4
3

4 −19
6




.

For an arbitrary positive integer N , general formulae for the entries of these di�erenti-ation matri
es, DN may be derived as des
ribed by Trefethen [Tref 01℄. The Lagrangeinterpolants of degree N used to 
ompute the 
olumn entries of DN 
an be written as
lj(x) =

1

aj

N∏

k=0

k 6=j

(x− xk) , (4.4)where all the x0, x1, x2, ..., xN are distin
t real numbers and
aj =

N∏

k=0

k 6=j

(xj − xk) .For N = 3, lj(x) are the polynomial 
oe�
ients of the vj terms in equation (4.3), i.e. thebra
keted expressions in (4.3). We take the logarithm of equation (4.4),
ln (lj(x)) = ln




1

aj

N∏

k=0

k 6=j

(x− xk)




=
N∑

k=0

k 6=j

ln (x− xk) − ln (aj) , (4.5)then di�erentiate (4.5) to obtain
l′j (x) = lj (x)

N∑

k=0

k 6=j

(x− xk)
−1 .
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 60
We evaluate l′j(x) at the 
ollo
ation points to derive the formulae that 
onstitute theentries of Chebyshev di�erentiation matri
es, DN . The diagonal entries read as follows,for i = j,

(DN)ii =
1

ai

N∏

k=0

k 6=i

(xi − xk)
N∑

k=0

k 6=i

(xi − xk)
−1

=
N∑

k=0

k 6=i

(xi − xk)
−1 .For i 6= j,

(DN)ij =
1

aj

(xi − x1) (xi − x2) . . . (xi − xi) . . . (xi − xN )

(xi − xj)
×
(

1

xi − x0
+

1

xi − x1
+ . . .

+
1

xi − xi
+ . . .+

1

xi − xN
− 1

xi − xj

)
=

1

aj

N∏

k=0

k 6=i,j

(xi − xk) =
ai

aj (xi − xj)But sin
e the 
ollo
ation points, xj are the Chebyshev-Lobatto points, where xj = −xN−jfor j = 0, 1, ..., H (H = N
2
, if N is even and H = N+1

2
, if odd), Gottlieb et. al. [Gott 84℄redu
es the formulae for DN to the following,

(DN )00 =
2N2 + 1

6
, (DN)NN = −2N2 + 1

6

(DN)jj =
−xj

2
(
1 − x2

j

) , j = 1, . . . , N − 1

(DN)ij =
ci
cj

(−1)i+j

(xi − xj)
, i 6= j, i, j = 1, . . . , N − 1,where

ci =





2 i = 0 orN,
1 otherwise.
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 61We have illustrated that to approximate numeri
ally the derivative of some fun
tion, f (x)we simply apply DN to a ve
tor of samples of f (x). This results in approximations ofthe derivative, f ′ (xj) at the Chebyshev-Lobatto 
ollo
ation points. Consequently its nthderivative 
an be obtained by the matrix multipli
ation of the nth power of DN with f (x),i.e. fn (x) ≈ Dn
Nf (x), where f (x) denotes the ve
tor of fun
tion values at the xj . Theabove algorithm for DN is 
oded as 
heb.m in [Tref 01℄ (see appendix A).4.2 Newtonian Closed Channel Flow4.2.1 Plane Poiseuille �owWriting the OS equation as a di�erential eigenvalue problem

[
1

R

(D4 − 2α2D2 + α4
)
− iαU

(D2 − α2
)

+ iαUyy

]
φ = λ

(D2 − α2
)
φ, (4.6)where D2 and D4 are the se
ond and fourth order derivative operators respe
tively for

−1 ≤ y ≤ 1, we are left with having to solve for its eigenvalues, λ. λ des
ribes the growthof the disturban
e with time. If, for a given R and some α, the real part of λ is positive(i.e. ℜ (λ) > 0) then that �ow is unstable. The least R for whi
h this is the 
ase indi
atesthe onset of turbulen
e as predi
ted by the linear stability theory. This is de�ned as the
riti
al Reynolds number, R
rit. We now fo
us on a parti
ular �ow, solving (4.6) for aspe
i�
 U with the 
orresponding boundary 
onditions on φ. For plane Poiseuille thedis
rete OS eigenvalue problem reads
A−→v = λB−→v , (4.7)
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 62where
A =

1

R

(D̃4 − 2α2D̃2 + α4I
)
− iαdiag (1 − y2

j

)(D̃2 − α2I
)
− 2iαI

B = D̃2 − α2I.

I is the (N − 1)×(N − 1) identity matrix, diag (1 − y2
j

) a diagonal matrix, vj = φ (yj) and
yj the Chebyshev-Lobatto points for j = 1, 2, 3, ..., N − 1. D̃2 and D̃4 are the se
ond andfourth derivative operator approximates respe
tively. When implementing the boundary
onditions on the polynomial interpolants for this pseudospe
tral method, one may eitheradd equations that enfor
e the 
onditions or restri
t oneself to interpolants that satisfythe 
onditions. It is the se
ond of these approa
hes that we employ.Trefethen [Tref 01℄ imposes homogeneous Diri
hlet boundary 
onditions, i.e., φ (±1) = 0as follows. He takes the interior Chebyshev points y1, ..., yN−1 (de�ned by (4.1)) as his
omputational grid with [v1, ..., vN−1]

T as the 
orresponding ve
tor of unknowns. Spe
traldi�erentiation is performed by letting p (y) be the unique polynomial interpolant of degree
≤ N with p (±1) = 0 and p (yj) = vj , 1 ≤ j ≤ N−1. A se
ond derivative approximate, wjis 
onsequently obtained by di�erentiating p twi
e, i.e. wj = p′′ (yj) , 1 ≤ j ≤ N−1. Nowthe square of the Chebyshev di�erentiation matrix, D2

N maps a ve
tor [v0, ..., vN ]T to ave
tor [w0, ..., wN ]T . The pro
edure of implementing the homogeneous Diri
hlet boundary
onditions as des
ribed amounts to �xing v0 and vN at zero, and ignoring w0 and wN .This implies that the �rst and last 
olumns of D2
N have no e�e
t sin
e they are multipliedby zero, and the �rst and last rows have no e�e
t sin
e they are ignored. D̃2 is thus
onstru
ted by squaring DN and removing its �rst and last rows and 
olumns.When approximating the fourth order derivative operator ea
h of the four boundary
onditions are enfor
ed. Two of these 
onditions have to be imposed on the �rst derivativeof the interpolating polynomial, whi
h adds to the 
omplexity. This is a
hieved as follows.
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 63We set the interpolant
u (y) =

(
1 − y2

)
q (y) ,where q (y) is a polynomial of degree ≤ N with q (±1) = 0. u (y) thus 
orresponds toa polynomial of degree ≤ N + 2 with u (±1) = uy (±1) = 0. We di�erentiate u (y) fourtimes to obtain

uyyyy (y) =
(
1 − y2

)
qyyyy (y) − 8yqyyy (y) − 12qyy (y) ,but sin
e q (yj) =

u(yj)

(1−y2
j )
, the fourth order derivative operator approximate readsD̃4 =

[diag (1 − y2
j

)
D4
N − 8diag (yj)D

3
N − 12D2

N

]
× diag (1/ (1 − y2

j

))
,where D2

N , D3
N and D4

N have their �rst and last rows and 
olumns removed as before.The OS operators are 
oded as orrsom.m in Appendix B [Tref 01℄.Marginal stability diagrams, like the one depi
ted in Figure 4.2, indi
ate for whi
h Rthere exist perturbations that grow with time. These perturbations (3.9) have negativeimaginary wave speeds, i.e., ℑ (c) < 0 =⇒ ℜ (λ) > 0. Given R and α we 
ompute theeigenvalues, λ, of the dis
rete eigenvalue problem (4.7). The R and α 
orresponding to λwith positive real parts lie within the 
urve shown in Figure 4.2. We used version 2.1.73of the O
tave numeri
al pa
kage to 
ompute our results [O
ta℄. Sin
e it does not havea generalised eigenvalue solver we redu
e the problem to a standard problem, 
omputingthe eigenvalues for B−1A instead. The resulting marginal stability 
urve, Figure 4.2, wasprodu
ed using a polynomial interpolant of degree ≤ 202 (i.e. N + 2 = 202 or it 
ould besaid the interpolant was 
onstru
ted using N = 200 Chebyshev polynomials). Trefethen[Tref 01℄ reports that the most sensitive perturbation has a dependen
e on y 
lose to
exp (1.02iy) (see also the Tollmien-S
hlit
hting wave in Se
tion 3.3.). Our 
omputations
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 64
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Figure 4.2: Marginal stability 
urve for plane Poiseuille �ow. These solutions to the OS equationwere obtained using a pseudospe
tral di�erentiation te
hnique [Tref 01℄ and the O
tave numeri
alpa
kage (see Appendi
es A and B).
on
ur, where the 
orresponding R
rit is 
omputed as 5772.23 and α = 1.02. We generatedthe 
urve in Figure 4.2 by employing a di
hotomous sear
h akin to the one employed byLiu and Oritz [Luio℄ for 
omputing R
rit for plane Poiseuille �ow. They used the Taumethod des
ribed in [Luio℄ to solve high order OS di�erential eigenvalue problems. Fora given α we 
hose two Reynolds numbers, one of whi
h 
orresponded to not havingany eigenvalues with a positive real part and the other as having (i.e. Rmin and Rmax).We would then repeatedly shrink and shift the interval until the di�eren
e between theReynolds numbers was less than a desired toleran
e parameter (for example 0.001) andthat they satis�ed the 
ondition held by the initial Rmin and Rmax.It is well do
umented that in pra
tise the transition to turbulen
e for plane Poiseuille�ow is mu
h lower than predi
ted by the linear theory. Trefethen et. al. [Tref 93℄ reportsthat experiments have shown the 
riti
al Reynolds number to be around 1000. Slatter
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 65[Slat 95℄ reports it to be around 2100. Similarly with plane Couette �ow where the lineartheory predi
ts the �ow to be stable for all Reynolds numbers, in pra
tise the transitionto turbulen
e o

urs at a Reynolds number of approximately 350. The resolution ofthese paradoxes is a long standing problem of �uid me
hani
s. Traditional hydrodynami
analysis as we have illustrated pro
eeds in two stages. First the problem is linearised aboutthe laminar solution and then we sear
h for unstable eigenvalues, i.e., λ with positive realparts. Initially it was spe
ulated that the dis
repan
ies between the linear theory andobserved results were due to non-linearities, i.e., the �rst step. But it has emerged thatthe failure of the eigenvalue analysis may be attributed to the se
ond stage. Two ve
tors(−→u and −→v ) are said to be orthogonal if their dot produ
t −→u · −→v = 0 (i.e. they areperpendi
ular) and a matrix/operator whose eigenfun
tions/eigenve
tors are orthogonalis said to be normal. Now if all the eigenvalues of a linear system are distin
t, lie wellinside the lower half-plane but their eigenfun
tions are not orthogonal to one anotherthen inputs to that system may be ampli�ed by arbitrarily large fa
tors [Tref 93℄. As ithappens both the operators that arise in plane Poiseuille and plane Couette �ow are farfrom normal. These dis
overies prompted Trefethen et. al. to investigate the possibilitiesof 
ondu
ting hydrodynami
 stability without the use of eigenvalues [Tref 93℄.
N 200 250 300

0.26813148 − 0.00175034i 0.26813148 − 0.00175034i 0.26813148 − 0.00175034iStandard 0.94996175 − 0.04961370i 0.94996175 − 0.04961370i 0.94996175 − 0.04961370iSolver 0.94999384 − 0.04966078i 0.94999384 − 0.04966078i 0.94999384 − 0.04966078i
0.33569896 − 0.05968989i 0.33569896 − 0.05968989i 0.33569896 − 0.05968989i
0.90987242 − 0.08909505i 0.90987242 − 0.08909505i 0.90987242 − 0.08909505i
0.26813149 − 0.00175040i 0.26813652 − 0.00174811i 0.26810103 − 0.00174742iGeneral 0.94996179 − 0.04961375i 0.94996174 − 0.04961375i 0.94996115 − 0.04961346iSolver 0.94999385 − 0.04966073i 0.94999383 − 0.04966075i 0.94999407 − 0.04966055i
0.33569892 − 0.05968995i 0.33569861 − 0.05968970i 0.33571393 − 0.05969680i
0.90987241 − 0.08909505i 0.90987250 − 0.08909516i 0.90987394 − 0.08909491iTable 4.1: 5 least stable eigenvalues 
omputed for the plane Poiseuille problem using bothO
tave's standard and Matlab R©'s general eigenvalue solvers. R = 5000, α = 1.
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 66
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(d) R = 100000, α = 1Figure 4.3: Comparison between Matlab R©'s generalised and O
tave's standard eigenvaluesolvers. The real part of the most unstable eigenmode as a fun
tion of N for plane Poiseuille�ow.As mentioned above we used the O
tave numeri
al pa
kage by redu
ing the problem to astandard eigenvalue problem, 
omputing the eigenmodes for B−1A instead. In an attemptto determine whether there were any serious drawba
ks to this approa
h we 
ompare theeigenvalues that result from using Matlab R©'s generalised eigenvalue solver to those fromO
tave's standard solver. In Figures 4.3a - 4.3d we have the maximum real part of λ ≡ icplotted as fun
tion of N (i.e., the number of intervals/number of polynomials used) forboth the general and standard eigenvalue solvers. α = 1 and R = 5000, R = 10000,
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 67
R = 50000 and R = 100000 in Figures 4.3a to 4.3d respe
tively. Table 4.1 shows the �vemodes with the largest real part of λ, whi
h we refer to as the �ve most unstable or �veleast stable modes. They were 
omputed using the general and standard solvers for α = 1and R = 5000 and N = 200, 250, 300. For the eight signi�
ant �gures quoted there isno disagreement in the eigenmodes 
omputed using the standard solver as N in
reases.This is not the 
ase with the general solver where at best �ve signi�
ant �gure agreementis a
hieved for either the real or imaginary parts (never both) of some eigenvalues. Itis in this sense that we regard the standard eigenvalue solver more a

urate but thisrequires further investigation. Throughout this work we take results to be more a

urateif they agree to a higher number of signi�
ant �gures. It will be
ome evident as hasbeen observed before [Dong℄ that 
omputing the eigenmodes at high Reynolds numbersis extremely di�
ult. Hen
e the de
rease in the a

ura
y of the results in Figure 4.3a toFigure 4.3d where R in
reases from 5000 to 100000.Sin
e both the plane Poiseuille and plane Couette hydrodynami
 stability problems hadpreviously been solved, we are able to 
ompare our results with those found. The �rstsolutions date as far ba
k as the 1950's. Orszag [Orsz℄ reports that Shen [Shen℄, us-ing asymptoti
 analysis developed by Lin [Lin
℄ found R
rit = 5360, α
rit = 1. Thomas[Thom 53℄ and Na
htsheim [Na
h℄ as 
ited in [Orsz℄ both using �nite di�eren
e meth-ods found R
rit = 5780, α
rit = 1.026 and R
rit = 5767, α
rit = 1.02 respe
tively. Manyauthors 
ompare their spe
tra for plane Poiseuille with those 
omputed by Orszag inthe aptly titled arti
le, �A

urate solution of the Orr-Sommerfeld stability equation�[Orsz℄. We follow suit. Chebyshev polynomials form the basis of Orszag's approxi-mations to the eigenfun
tions of the OS equations. He explains why they are bettersuited to the solutions of hydrodynami
 stability problems than expansions in some othersets of orthogonal fun
tions and �nite di�eren
e methods. An important di�eren
e be-tween Chebyshev and �nite di�eren
e approximations is their order of a

ura
y. Orszagstates that �nite di�eren
e approximations provide only a �nite order of a

ura
y in the
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 68sense that their errors behave asymptoti
ally like (△x)r for some �nite r when the grids
ale △x approa
hes zero. On the other hand if the steady-state velo
ity pro�le U(y)in (3.10) is in�nitely di�erentiable then the Chebyshev polynomials whi
h he uses areof an in�nite order in the sense that errors de
rease more rapidly than any power of
1/M as M → ∞, where M is the number of polynomials used in his approximation.This result 
an also be shown to hold for Legendre polynomials. Orszag, using singlepre
ision arithmeti
, found R
rit = 5772.22, α
rit = 1.02056; our 
omputations 
on
ur(see Figure 4.2). As mentioned in Se
tion 3.3, various authors de�ne the perturbation(3.9) in di�erent equivalent forms, whi
h alters the way in whi
h the instability 
rite-rion reads. Dongarra et. al. [Dong℄ as well as A
heson [A
he℄ de�ne the perturbationas ψ̂ = φ (y) exp [i (αx− bt)], where �ows be
ome linearly unstable when the ℑ (b) > 0.Hen
eforth, when referring to the eigenvalues of the OS equation, we may either be refer-ring to λ or a 
omplex multiple thereof. In almost all instan
es unless otherwise statedwe will be referring to iλ = −c = b. Orszag [Orsz, Table 5℄ also approximated the 32least stable modes for R = 104, α = 1. Setting N = 94, our results rea
hed 
ompleteagreement with one ex
eption (see below) with his list. The least stable eigenmode reads

−c = 0.23752649 + 0.00373967i,and is signi�
ant to 8 de
imal pla
es (i.e., as N in
reases the approximation 
onvergesand agrees to at least 8 signi�
ant �gures). We however found an additional eigenvaluebetween positions 17 and 18 of [Orsz, Table 5℄,17 0.19005925− 0.18282193i
0.21272578− 0.19936069i18 0.79438839− 0.20322067i
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 69More re
ently, Dongarra et. al. [Dong℄ also using Chebyshev polynomials as basis fun
-tions for approximations to the eigenfun
tions of the OS equations, solved both the planePoiseuille and plane Couette stability problems. They fo
used on determining the spe
train high Reynolds number ranges, whi
h have previously proved to be very di�
ult. Arisingin these di�
ult eigenvalue problems are highly sensitive spurious (unstable) eigenvalues.Spurious eigenvalues os
illate between very large negative and very large positive valuesas N 
hanges. Having tested the sensitivity of the eigenve
tors, Dongarra et. al. [Dong℄
on
luded that the presen
e of spurious eigenvalues is 
onne
ted to the dis
retisation pro-
edure as opposed to the algorithms used to 
ompute the eigenvalues. They believe thattheir Chebyshev tau-QZ algorithm is generally more a

urate and e�
ient than �nitedi�eren
e methods. We 
ontinue by 
omparing our results with those of Dongarra et. al.[Dong℄, who takes a 
loser look at the behaviour of the eigenvalues. Sin
e the eigenvaluesare 
omplex, it is both 
onvenient and more informative to represent them graphi
ally.As will be
ome evident and is supported by [Dong℄, we are only able to 
ompute the `topends' of the true eigenvalue spe
tra. In depi
tions of the spe
tra that follow we restri
t ourattention to this `top end', 
onsidering only those eigenvalues (iλ) with imaginary partsgreater than −1. In Figure 4.4, we have the spe
tra for plane Poiseuille �ow approximatedusing a ≤ 202 degree polynomial and that reprodu
ed from [Dong℄ for R = 104, α = 1.Their [Dong℄ eigenvalues (i.e., for R = 104, α = 1) are also in agreement with those 
om-puted by Orszag [Orsz, Table 5℄ and they also found the additional eigenvalue in betweenpositions 17 and 18 stated above. In standard �uid dynami
s notation, the left, rightand lower bran
hes of the plane Poiseuille spe
tra depi
ted in Figure 4.4 and those thatfollow, are known as the A, P and S bran
hes respe
tively.We mentioned that Dongarra et. al. fo
used on the more 
omplex high Reynolds number
al
ulations. Figures 4.5b, 4.5d and 4.5f depi
t the partial spe
tra for R = 27000 and
α = 1, 
omputed using various numbers of polynomials. Next to them are the spe
tra
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 70reprodu
ed from Dongarra et. al.. They determined the odd and even modes separatelyusingM polynomials in ea
h 
ase. Figures 4.5a, 4.5
 and 4.5e show only the (even) modesthat result from using even Chebyshev polynomials. If N = 2M then the even modesobtained when using N Chebyshev polynomials equal the modes obtained when using
M even Chebyshev polynomials. Hen
e double the number of even and odd polynomialsneed to be employed to obtain (full) spe
tra equivalent to the spe
tra obtained when usingonly even polynomials. In Figures 4.5b, 4.5d and 4.5f, N = 170, N = 400 and N = 600respe
tively. They depi
t the eigenvalues asso
iated with both odd and even polynomials(i.e. the full spe
trum). 64 bit arithmeti
 was used to 
ompute Figures 4.5a - 4.5d and4.5f, whereas extended pre
ision (128 bit arithmeti
) was employed to 
ompute Figure4.5e. These results reveal that the splitting of the tail of the approximate spe
tra (i.e. theS bran
h), is a 
onsequen
e of employing too few polynomials. The splitting is thereforeover
ome by simply in
reasing the number of polynomials (N) used, even when only evenpolynomial interpolants are employed (see Figures 4.5a - 4.5d). Dongarra et . al. reportthat the eigenvalues near the interse
tion of the A, P and S bran
hes are highly sensitiveto round-o� error. In
reasing N from 400 to 600 as we do in Figures 4.5
 and 4.5f does notresult in the 
onvergen
e to the `limit' form observed in Figure 4.5e. They dub this the�triangle of numeri
al instability�. It may be remedied by employing extended pre
isionas illustrated by Figure 4.5e. To further highlight the 
omplexities asso
iated with solvingthe OS equation in high Reynolds number ranges we have in Table 4.2 the 12 least stablemodes for R = 105, α = 1. They were 
omputed using N = 100 and N = 300. Togetherwith these results we have the 12 least stable eigenmodes 
omputed by Dongarra et. al ..As mentioned above they determined the even and odd modes separately, using M = 200polynomials in ea
h 
ase. This is equivalent to using N = 400 polynomials for the fullproblem. For N = 140 we were able to mat
h their [Dong℄ results to at least 7 signi�
ant�gures and in some 
ases more than 7. Another phenomenon prevalent in these di�
ult
omputations is mode 
rossing. As R in
reases eigenvalues 
hange positions in the sense
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 71that the imaginary part of one eigenvalue in
reases or de
reases relative to another. Table4.3 shows the 8 leading eigenvalues for R = 80822, R = 80828 and 80830. The stru
tureof the eigenmodes observed for R = 80822 in Table 4.3 is maintained from R = 104[Dong℄. But at R = 80828 the two least stable modes ex
hange positions and then at
R = 80830 the se
ond and the third modes ex
hange positions. Mode 
rossing supportsthe argument that it is not su�
ient when dealing with the stability of shear driven �owsto simply tra
e the progression of a single supposedly least stable eigenvalue � at least a
ertain portion of the spe
trum is required. Abdullah and Lindsay [Abdu℄ 
ited in [Dong℄observe further mode 
rossing at higher Reynolds numbers.
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Plane Poiseuille Flow, U = 1 - y^2 
 R = 10000, alpha = 1, N = 200

(b)Figure 4.4: Eigenvalue spe
tra for plane Poiseuille �ow. R = 10000, α = 1. (a) is reprodu
edfrom Dongarra et. al. [Dong℄ and (b) 
omputed using 64 bit arithmeti
 with N = 200.We observed that for plane Poiseuille �ow as R in
reases more polynomials are required toa

urately approximate the eigenmodes. For R = 104 using fewer than 100 polynomials wewere able to rea
h 
omplete agreement with Orszag's 32 least stable eigenvalues presentedin [Orsz, Table 5℄. By 
ontrast, for R = 105 we required 140 polynomials to mat
hDongarra' et. al.'s 12 least stable modes listed in Table 4.2. However it seems that if oneis only interested in a single most unstable mode, employing relatively few polynomials
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 72

(a) M = 85, 64 bit arithmeti
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(b) N = 170, 64 bit arithmeti
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(
) M = 200, 64 bit arithmeti
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(d) N = 400, 64 bit aritmeti
.

(e) M = 200, 128 bit arithmeti
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(f) N = 600, 64 bit arithmeti
Figure 4.5: Eigenvalue spe
tra for plane Poiseuille �ow. R = 27000, α = 1. (a), (
) and (e) arereprodu
ed from Dongarra et. al. [Dong℄ where they used M even polynomials. (b), (d) and (f)are full (i.e. both odd and even polynomials were employed) spe
tra.
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 73
N = 100 N = 300 Dongarra et. al. [Dong℄

0.9888191009− 0.0111625783i 0.9888191058− 0.01116257892i 0.9888191058− 0.01116257893i
0.9888195983− 0.0111636079i 0.9888195933− 0.01116360699i 0.9888195933− 0.01116360699i
0.1459247885− 0.0150420427i 0.1459247885− 0.01504204266i 0.1459247829− 0.01504203085i
0.9798754507− 0.0200846843i 0.9798738045− 0.02008374162i 0.9798738045− 0.02008374163i
0.9798735582− 0.0200854227i 0.9798751271− 0.02008635541i 0.9798751271− 0.02008635538i
0.9707368045− 0.0289798271i 0.9709280339− 0.02900433538i 0.9709280339− 0.02900433538i
0.9711144244− 0.0289991336i 0.9709305304− 0.02900898109i 0.9709305305− 0.02900898101i
0.1373944866− 0.0295636002i 0.1373944864− 0.02956360013i 0.1373944878− 0.02956356969i
0.9622955057− 0.0342319983i 0.1982003544− 0.03733101359i 0.1982003566− 0.03733100660i
0.9561584759− 0.0345394387i 0.9619817790− 0.03792441474i 0.9619817790− 0.03792441466i
0.9486175992− 0.0348922613i 0.9619857992− 0.03793148468i 0.9619857994− 0.03793148490i
0.9409921941− 0.0352947965i 0.9530350178− 0.04684401412i 0.9530350180− 0.04684401422iTable 4.2: The 12 least stable eigenvalues for plane Poiseuille �ow. R = 105, α = 1.

R = 80822 R = 80828 R = 808301 0.15555539− 0.0124140i 0.98756345− 0.0124138i 0.98756360 − 0.0124136i2 0.98756299− 0.0124142i 0.15555211− 0.0124151i 0.98756425 − 0.0124149i3 0.98756364− 0.0124156i 0.98756410− 0.0124151i 0.15555102 − 0.0124154i4 0.97761258− 0.0223345i 0.97761341− 0.0223337i 0.97761369 − 0.0223334i5 0.97761435− 0.0223379i 0.97761518− 0.0223371i 0.97761546 − 0.0223368i6 0.14702381− 0.0312463i 0.14702035− 0.0312457i 0.14701919 − 0.0312455i7 0.96766152− 0.0322540i 0.96766273− 0.0322528i 0.96766313 − 0.0322524i8 0.96766488− 0.0322601i 0.96766608− 0.0322589i 0.96766648 − 0.0322585iTable 4.3: 8 least stable eigenvalues for R = 80822, R = 80822 and R = 80830, whi
h serves aseviden
e of the phenomenon known as mode 
rossing. α = 1, N = 400.may be su�
ient. In dealing with these sensitive eigenvalue approximations, it is notsimply a 
ase of employing additional polynomials to in
rease their a

ura
y. In
reasingthe number of polynomials 
ompounds the round-o� error. A balan
e needs to be stru
kbetween employing a su�
ient number of polynomials and the pre
ision employed.4.2.2 Plane Couette �owWe have shown in Se
tion 3.2 that the plane Couette hydrodynami
 stability problemis solved subje
t to the same boundary 
onditions as the plane Poiseuille problem. Theonly di�eren
es in their respe
tive OS equations and 
onsequently their numeri
al s
hemes
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 74
R N = 100 N = 150 N = 200

−0.9118645 − 0.0234866i 0.9118645 − 0.0234866i −0.9118645 − 0.0234866i
0.9118645 − 0.0234866i −0.9118645 − 0.0234866i 0.9118645 − 0.0234866i

105 0.0000000 − 0.0333195i −0.8630792 − 0.0546212i 0.8630792 − 0.0546212i
0.0314801 − 0.0333518i 0.8630792 − 0.0546212i −0.8630792 − 0.0546212i

−0.0314801 − 0.0333518i −0.9347750 − 0.0651843i 0.9347750 − 0.0651843i
0.0629304 − 0.0334489i 0.9347750 − 0.0651843i −0.9347750 − 0.0651843i

N = 300 N = 400 N = 500
0.9588871 − 0.0107536i 0.9588871 − 0.0107536i 0.9588871− 0.0107536i

−0.9588871 − 0.0107536i −0.9588871 − 0.0107536i −0.9588871 − 0.0107536i
106 −0.9361798 − 0.0251774i 0.9361798 − 0.0251774i −0.9361798 − 0.0251774i

0.9361798 − 0.0251774i −0.9361798 − 0.0251774i 0.9361798 − 0.0251774i
−0.0000000 − 0.0299679i −0.9699552 − 0.0303560i 0.9699552 − 0.0303560i
−0.0104905 − 0.0299711i 0.9699552 − 0.0303560i −0.9699552 − 0.0303560i

N = 150 N = 400 N = 500
−9.9912E-01+ 3.9719E-06i 5.2283E-13− 5.2521E-08i −5.4435E-12− 8.2317E-08i

9.9912E-01+ 3.9719E-06i −1.5707E-02− 5.2533E-08i 1.2566E-02− 8.2330E-08i
1012 2.0942E-02− 7.1993E-09i 1.5707E-02− 5.2533E-08i −1.2566E-02− 8.2330E-08i

−2.0942E-02− 7.1993E-09i −3.1411E-02− 5.2572E-08i 2.5130E-02− 8.2368E-08i
−6.2791E-02− 7.2233E-09i 3.1411E-02− 5.2572E-08i −2.5130E-02− 8.2368E-08i

6.2791E-02− 7.2233E-09i −4.7107E-02− 5.2635E-08i 3.7690E-02− 8.2433E-08iTable 4.4: 6 least stable eigenmodes for plane Couette �ow. α = 1, 64 bit arithmeti
.arise as a result of their steady pro�les (i.e. U and 
onsequently Uyy in (3.10)). Rememberthat Couette �ow is a
hieved by shearing the top plate whilst holding the bottom platestationary or shearing both plates in opposite dire
tions, i.e., U (y) = y. Our results
on
ur with the linear theory predi
tions found in the literature [Chap, Draz℄, whereCouette �ow was found to be stable for all R. We were not able to �nd a numeri
allystable eigenmode with a positive imaginary part, i.e., ℑ (iλ) > 0 =⇒ ℜ (λ) > 0. Herethe modes appear as 
onjugate pairs. In Table 4.4 we have the 6 least stable eigenmodes
omputed for R = 105, 106 and 1012. We varied N to establish how many polynomialsare needed to a
hieve numeri
ally stable results. As observed with Poiseuille �ow, as Rin
reases the number of polynomials required also in
reases. For R = 105, N = 150 wassu�
ient to 
ompute the 6 least stable modes in Table 4.4, whereas for R = 106 morethan double the number of polynomials were required. Using N = 150 for R = 1012 we
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 75found an unstable eigenmode but as 
an be observed from Table 4.4, for R of this orderthe results are no longer numeri
ally stable.We turn our attention to plotting the spe
tra for Couette �ow and 
omparing it withresults found in [Dong℄. It be
omes evident that this is no trivial eigenvalue problem.Dongarra et. al. relates that a 
olleague of theirs experien
ed great di�
ulty with 
om-puting the eigenvalues for R as low as 2000. Figures 4.6a - 4.6d depi
t the approximatespe
tra 
omputed for R = 5000, 4000, 3000 and 2000 respe
tively using 64 bit arithmeti
.The numeri
al instability that results from rounding o� is visible at Reynolds numberslower than 3000. As with plane Poiseuille �ow, it is the eigenvalues in the region of theinterse
tion of the A, P and S bran
hes that are most sensitive to round-o� error (seeFigures 4.6a - 4.6
). Dongarra et. al. [Dong℄ observed breakdown near the interse
tion atapproximately R = 3500. This is over
ome again by in
reasing the pre
ision, employing128 bit arithmeti
. Using extended pre
ision they [Dong℄ pro
eeded to 
ompute a

uratespe
tra for R up to 13000. Figure 4.7 shows the spe
tra 
omputed for R = 13000 and
α = 1 using 200 polynomials and 128 bit arithmeti
. In 
omparison with its Poiseuille
ounterpart where an a

urate spe
tra for R = 104 was 
omputed using 64 bit arithmeti
,for Couette �ow 128 bit arithmeti
 is required for R as low as 3000. We should howeverremember that in pra
tise plane Couette �ow develops into turbulen
e, whereas the linearstability theory predi
ts that it is stable for all R. This eigenvalue analysis may thereforenot be an appropriate tool for determining its instability.Univ
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(b) R = 4000, N = 250
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(
) R = 3000, N = 300
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(d) R = 2000, N = 250Figure 4.6: Approximate spe
tra for plane Couette �ow. α = 1, 64 bit arithmeti
.

Figure 4.7: The spe
trum for plane Couette �ow reprodu
ed from Dongarra et. al. [Dong℄ using200 polynomials. R = 13000, α = 1, 128 bit arithmeti
.
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 774.3 Newtonian Open Channel FlowWe re
all from Se
tions 3.2.3 that the Newtonian open 
hannel OS (3.10) problem, where
U = −y

2

4
+
y

2
+

3

4
, (4.8)is solved with φ (±1) = φy (−1) = φyy (1) = 0. Here the OS eigenvalue problem di�ersfrom the plane Poiseuille equivalent in two respe
ts. First with regard to their steady-state pro�les, U and 
onsequently Uyy, and se
ond with regard their boundary 
onditions.The �rst di�eren
e as with plane Couette �ow, simply involves setting the values of Uand Uyy in (3.10) to as they apply for open 
hannel �ow (4.8). There are two di�erentialoperators in the OS problem whi
h we need to approximate, i.e., D2 (se
ond order) and D4(fourth order) in (4.6). As des
ribed in Se
tion 4.2.1 we enfor
e the homogeneous Diri
hletboundary 
onditions, φ (±1) = 0 when approximating D2. Its approximation, D̃2 is thusthe square of the Chebyshev di�erentiation matrix, DN with its �rst and last, rows and
olumns removed. With D4, all four boundary 
onditions need to be imposed. For 
losed
hannel �ows the boundary 
onditions were only imposed up to the �rst derivative of theinterpolating polynomials, but for open 
hannel �ow a boundary 
ondition needs to beimposed on the se
ond derivative of φ. Remember from Se
tion 4.2.1 that we implementthe boundary 
onditions by restri
ting ourselves to interpolants that satisfy them. Wethus set the polynomial interpolant

u (y) = s (y) q (y) , (4.9)where q (y) is a polynomial of degree ≤ N with q (±1) = 0. For plane Poiseuille �ow wehad s (y) = 1 − y2. u (y) thus 
orresponded to a polynomial of degree ≤ N + 2 with
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 78
u (±1) = uy (±1) = 0. Sin
e

uy = syq + sqy

uyy = syyq + 2syqy + sqyy,we require an s (y) with s (±1) = sy (1) = 0 to satisfy u (±1) = uy (−1) = uyy (1) = 0.A polynomial of the lowest degree satisfying these 
onditions must be a 
ubi
, for example
s (y) = y3−y2−y+1. Hen
e we set

u (y) =
(
y3 − y2 − y + 1

)
q (y) .

u (y) now 
orresponds to a polynomial of degree ≤ N + 3 with u (±1) = uy (−1) =

uyy (1) = 0. We 
ontinue as we did when deriving an approximate for D4 for 
losed 
hannel�ow, by di�erentiating u (y) four times to obtain
uyyyy (y) =

(
y3 − y2 − y + 1

)
qyyyy (y) + 4

(
3y2 − 2y − 1

)
qyyy (y) + 6 (6y − 2) qyy + 24qy,but sin
e q (yj) =

u(yj)

(y3j−y2j−yj+1)
, the fourth derivative operator approximate for open 
han-nel �ow readsD̃4 =

[diag (y3
j − y2

j − yj + 1
)
D4
N + 4diag (3y2

j − 2yj − 1
)
D3
N + 6diag (6yj − 2)D2

N

+24DN ] × diag (1/ (y3
j − y2

j − yj + 1
))
,where DN is a Chebyshev di�erentiation matrix as de�ned in Se
tion 4.1. DN , D2

N , D3
Nand D4

N have their �rst and last rows and 
olumns removed.Table 4.5 shows the 5 least stable eigenmodes 
omputed for R = 102, 103 and 104 using
150, 250 and 350 polynomials. We observe a strange phenomenon where the imaginarypart of the leading eigenmode is large positive and in
reases as N in
reases. This is
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 79
R N = 150 N = 250 N = 350

0.998244 + 612517.614893i 0.998920 + 4698694.792179i 0.999221 + 18005012.833740i
0.615117− 0.148587i 0.615095 − 0.148623i 0.615089 − 0.148636i

102 0.704725− 0.326278i 0.704704 − 0.326278i 0.704699 − 0.326277i
0.678341− 0.367567i 0.678274 − 0.367561i 0.678256 − 0.367556i
0.645372− 0.586218i 0.645432 − 0.586311i 0.645446 − 0.586337i

0.998244 + 61251.761489i 0.998920 + 469869.479218i 0.999221 + 1800501.283374i
0.884552− 0.076235i 0.884535 − 0.076238i 0.884530 − 0.076239i

103 0.354605− 0.077553i 0.354596 − 0.077587i 0.354593 − 0.077596i
0.918253− 0.116700i 0.918238 − 0.116710i 0.918234 − 0.116713i
0.792065− 0.157370i 0.792042 − 0.157377i 0.792036 − 0.157375i

0.998244 + 6125.176149i 0.998920 + 46986.947922i 0.999221 + 180050.128337i
0.962735− 0.024624i 0.962725 − 0.024626i 0.962723 − 0.024626i

104 0.974814− 0.037349i 0.974806 − 0.037355i 0.974803 − 0.037356i
0.181299− 0.040482i 0.181295 − 0.040502i 0.181294 − 0.040508i
0.932800− 0.051028i 0.932786 − 0.051032i 0.932782 − 0.051033iTable 4.5: 5 least stable approximate eigenmodes for Newtonian open 
hannel �ow that resultfrom setting s (y) = y3 − y2 − y + 1 in (4.9). α = 1.

R N = 150 N = 250 N = 350
0.499416 + 618541.905403i 0.499640 + 4726561.308263i 0.499740 + 18081448.501308i
0.498191 + 612517.615144i 0.498901 + 4698694.805991i 0.499211 + 18005012.826478i

102 0.615031− 0.148673i 0.615064 − 0.148654i 0.615075 − 0.148650i
0.704669− 0.326243i 0.704683 − 0.326265i 0.704688 − 0.326272i
0.678285− 0.367468i 0.678253 − 0.367525i 0.678243 − 0.367540i

0.499416 + 61854.190128i 0.499640 + 472656.130737i 0.499740 + 1808144.850098i
0.498191 + 61251.761926i 0.498901 + 469869.480688i 0.499211 + 1800501.282680i

103 0.884553− 0.076235i 0.884535 − 0.076238i 0.884530 − 0.076239i
0.354479− 0.077611i 0.354550 − 0.077607i 0.354569 − 0.077606i
0.918253− 0.116700i 0.918238 − 0.116710i 0.918234 − 0.116713i

0.499416 + 6185.414895i 0.499640 + 47265.612184i 0.499740 + 180814.484686i
0.498190 + 6125.180311i 0.498901 + 46986.948958i 0.499211 + 180050.128592i

104 0.962735− 0.024624i 0.962725 − 0.024626i 0.962723 − 0.024626i
0.974814− 0.037349i 0.974806 − 0.037355i 0.974803 − 0.037356i
0.181169− 0.040516i 0.181248 − 0.040514i 0.181270 − 0.040514iTable 4.6: 5 least stable approximate eigenmodes for Newtonian open 
hannel �ow that resultfrom setting s (y) = y4 − 2y2 + 1 in (4.9). α = 1.observed for Reynolds numbers as low as 10−2, whi
h would erroneously imply that thereare not any stable open 
hannel �ows. One would expe
t the �ow to be stable at a
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 80su�
iently low R. The next four eigenmodes, where they are arranged a

ording to themagnitudes of their imaginary parts, are numeri
ally stable but not to the degree observedfor the previous �ows investigated. We also observe that for a given N as the Reynoldsnumber in
reases by a fa
tor of ten (e.g. from 102 to 103) the imaginary part of theleading eigenvalue de
reases by almost exa
tly the same fa
tor (see Table 4.5).We 
ontinue with our open 
hannel eigenvalue stability investigation by in
reasing thedegree of the polynomial interpolant used to approximate D4 to ≤ N + 4 and observe thebehaviour of the eigenmodes. An s (y) in (4.9) of degree 4 that satis�es s (±1) = sy (1) = 0is required. We set s (y) = y4 − 2y2 + 1. D̃4 now readsD̃4 =
[diag (y4

j − 2y2
j + 1

)
D4
N + 4diag (4y3 − 4yj

)
D3
N + 6diag (12y2

j − 4
)
D2
N

+96diag (yj)DN + diag (24)] × diag (1/ (y4
j − 2y2

j + 1
))
.In Table 4.6 we have the resulting 5 most unstable eigenmodes 
omputed for R = 102, 103and 104 using 150, 250 and 350 polynomials. Apart from the two least stable eigenvalues,the rest are in agreement with those 
omputed using the polynomial interpolant of degree

≤ N + 3 (see Table 4.5). We found an additional eigenvalue, less stable than the leadingeigenvalue shown in Table 4.5. Hen
e eigenmode i in Table 4.5 
orresponds to eigenmode
i + 1 in Table 4.6, where they are ordered a

ording to de
reasing imaginary part and
i = 1, ...., N − 2. The real part of eigenmode 2 in Table 4.6 is approximately half that ofwhat it was in Table 4.5 (i.e., eigenmode 1), but their 
orresponding imaginary parts arethe same. The two leading eigenvalues display the same pe
uliar numeri
al instability.Their imaginary parts are large positive and in
rease with N . We also observe that as
R in
reases by a fa
tor of 10 the imaginary parts of these eigenmodes also de
rease by afa
tor of 10. Both the ≤ N + 3 and ≤ N + 4 degree interpolants used to approximate D4in the open 
hannel OS problem satisfy the ne
essary boundary 
onditions and the latter
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 81obtains the eigenmodes 
omputed by the former.Assuming that the boundary 
onditions are implemented 
orre
tly, these leading eigenval-ues behave like spurious modes des
ribed in Se
tion 4.2.1. Though they do not os
illatebetween large positive and negative values, they are large positive and in
rease with N .Spurious eigenmodes are 
ommon in these 
omplex problems. If it be the 
ase that theseleading eigenmodes are spurious then they should be ignored when testing for the onset ofturbulen
e. In doing so we did not �nd any numeri
ally stable unstable eigenmodes (i.e.numeri
ally stable λ where ℜ (λ) > 0). This implies that a

ording to the linear stabilitytheory, open 
hannel �ow like plane Couette �ow is stable for all Reynolds numbers. Weare reminded that in pra
ti
e the latter develops into turbulent �ow at a Reynolds numberlower than that for plane Poiseuille. The linear theory predi
ts that plane Poiseuille �owbe
omes unstable at R ≈ 5772.3.We brie�y return to plane Poiseuille �ow as our results 
on
ur with those found in therelevant literature (see Se
tion 4.2.1). Re
all that if we set s (y) = 1 − y2 in (4.9), theresulting fourth derivative approximate is the one we used to solve the Newtonian 
losed
hannel problems. In Table 4.7 we have the 10 most unstable eigenmodes 
omputed for
R = 104, α = 1 and N = 400 using the fourth derivative operator approximates that resultfrom setting s (y) = 1−y2, s (y) = y3−y2−y+1 and s (y) = y4−2y2+1 in (4.9). Ea
h ofthe resulting operator approximates satisfy the boundary 
onditions implemented by thepre
eding approximate, i.e., the polynomial interpolant (4.9) 
onstru
ted using s (y) =

y4 − 2y2 + 1 satis�es the boundary 
onditions imposed by the interpolant 
onstru
tedusing s (y) = y3 − y2 − y + 1. The same relation holds for s (y) = y3 − y2 − y + 1 and
s (y) = 1− y2. Ea
h of the interpolants therefore satisfy the 
losed 
hannel OS boundary
onditions, i.e. φ (±1) = φy (±1) = 0. From Table 4.7 it is observed that ea
h interpolantobtains the eigenvalues of the pre
eding interpolant and a new leading eigenvalue. These
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 82new eigenvalues obtained when setting s (y) = y3−y2−y+1 and s (y) = y4−2y2 +1 arenumeri
ally unstable displaying similar 
hara
teristi
s to those observed for the leadingeigenvalues in Tables 4.5 and 4.6 for Newtonian open 
hannel �ow. Their imaginaryparts are large positive and in
rease with N . Now, the eigenmodes 
omputed by setting
s (y) = 1−y2 are 
orre
t in that they agree with those quoted in the literature [Dong, Orsz℄.All three of the resulting interpolants satisfy the boundary 
onditions for plane Poiseuille�ow. The additional misbehaving eigenvalues that we obtain with the in
rease in theorder of the s (y) do not form part of the plane Poiseuille hydrodynami
 solution asquoted earlier in this 
hapter, whi
h strongly suggest that they are spurious eigenvalues(see Se
tion 4.2.1). They 
ould be as a result of the extra zeros for u in (4.9), introdu
edwith the in
reases in the degree of s. It would seem that these observations support ourinitial spe
ulations that the leading unstable eigenvalues 
omputed for Newtonian open
hannel �ow do not form part of the solution and hen
e a

ording to the linear stabilitytheory Newtonian open 
hannel �ow is stable for all Reynolds numbers.

s (y) = 1 − y2 s (y) = y3 − y2 − y + 1 s (y) = y4 − 2y2 + 1
1 0.2375265 + 0.0037397i −0.0027677 + 306914.6930824i −0.0009118 + 308055.5078213i
2 0.9646309− 0.0351673i 0.2375264 + 0.0037396i −0.0027678 + 306914.6662283i
3 0.9646425− 0.0351866i 0.9646309− 0.0351673i 0.2374975 + 0.0037396i
4 0.2772043− 0.0508987i 0.9646425− 0.0351866i 0.9646309− 0.0351673i
5 0.9363165− 0.0632015i 0.2771713− 0.0508999i 0.9646425− 0.0351866i
6 0.9363518− 0.0632516i 0.9363165− 0.0632016i 0.2771713− 0.0508999i
7 0.9079831− 0.0912227i 0.9363518− 0.0632516i 0.9363165− 0.0632015i
8 0.9080563− 0.0913129i 0.9079829− 0.0912227i 0.9363518− 0.0632516i
9 0.8796273− 0.1192329i 0.9080563− 0.0913129i 0.9079831− 0.0912227i
10 0.8797557− 0.1193707i 0.8796272− 0.1192323i 0.9080563− 0.0913129iTable 4.7: 10 least stable eigenmodes for plane Poiseuille �ow. They are 
omputed using theinterpolants that result from setting s (y) = 1−y2, s (y) = y3−y2−y+1 and s (y) = y4−2y2 +1in (4.9). R = 104, α = 1, N = 400.It 
ould be that the open 
hannel OS operators, like the plane Poiseuille and plane Cou-ette operators, are non-normal and hen
e this eigenvalue analysis is inappropriate for
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 83determining its instability. Alternatively the instability observed in pra
ti
e for open
hannel �ow is not the result of vis
ous but possibly free surfa
e e�e
ts. Our 
urrenthydrodynami
 stability model does not 
apture the instability introdu
ed as a result ofvariation in the free surfa
e height. Either way alternate hydrodynami
 stability analysesare needed.4.4 Non-Newtonian Closed Channel FlowWe have reprodu
ed the marginal stability 
urve for plane Poiseuille �ow and examined thebehaviour of the eigenvalues for both the plane Poiseuille and plane Couette hydrodynami
stability problems. Our results are in a

ordan
e with those presented in the relevant �uiddynami
s literature [Orsz, Dong℄. It is with this knowledge that we aim to extend ourresults, investigating the linear stability of non-Newtonian 
losed 
hannel �ow next.The OS equation is derived on the assumption that vis
osity of the �uid remains 
onstant.With non-Newtonian �uids this assumption no longer holds and hen
e the OS equationdoes not ne
essarily apply. But for some non-Newtonian �uids in some �ow regimes,the departure from 
onstant vis
osity may be quite small. It is for these weakly non-Newtonian �uids or shear rate ranges that we postulate the OS equation would form areliable approximation of their linear hydrodynami
 stability. In the analyses that followwe, like Myers [Myer℄ for two-dimensional thin �lm �ow, set γ̇ = |uy|. The shear rate isat a maximum at the 
hannel walls.As mentioned before, despite its many drawba
ks theoreti
ians persist in using the power-law model (Se
tion 1.3.1.1). Its �ow pro�les are simple and predominantly used as astarting point. We follow suit. Thereafter we use the Ellis model to approximate non-Newtonian �ow and investigate its stability. The Ellis model unlike the power-law modelexhibits the proper limiting behaviour.
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 844.4.1 Closed 
hannel power-law �owIn power-law �uids the shear stress-strain relation 
an be expressed by
τ = Kγ̇nand its vis
osity by
η = Kγ̇n−1.

n is the measure by whi
h the respe
tive �uid deviates from the Newtonian norm (n = 1for a Newtonian �uid). Their �ow in a horizontal 
hannel is governed by
K |uy|n−1 |uy| = pxy (4.10)and driven in the positive x dire
tion by a negative pressure gradient, px < 0 [Myer℄.(4.10) is solved subje
t to the no-slip boundary 
onditions, i.e. u (±1) = 0. The resultingsteady-state pro�le reads

u =
n
(
px

K

) 1

n

n + 1

(
1 − |y|1+

1

n

)for −1 ≤ y ≤ 1. Given the �uid �ux,
Q =

∫ 1

−1
udy,we 
ompute the pressure gradient required to drive the �ow. It is

px = −K
(
Q (1 + 2n)

2n

)n
.This implies that u is linear in Q, hen
e the �uid �ux does not in�uen
e the shape of the�ow pro�le, only the maximum velo
ity attained a
ross the 
hannel. Figure 4.8 shows
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 85examples of power-law 
losed 
hannel steady-state �ow pro�les for n < 1 (a pseudoplasti
�uid) and n > 1 (a dilatant �uid). Figure 4.9 depi
ts power-law vis
osity 
urves asfun
tions of the shear rate at the 
hannel wall (i.e. y = ±1) for various n. It is evidentfrom both these �gures that the larger |n− 1|, the more the vis
osity 
hanges with thethe shear rate. This means the larger |n− 1|, the more non-Newtonian the �ow. Power-law �uids with n near 1 have nearly 
onstant vis
osity and are therefore weakly non-Newtonian. We use the OS equation to approximate their hydrodynami
 stability.We 
onsider the power-law pro�le in the following form
U = 1 − |y|1+

1

n , (4.11)where its maximum velo
ity, like that of both the Newtonian pro�les investigated is 1.For the OS solver we also need
Uyy = −n+ 1

n2
| y | 1−n

n .

n > 1 − Dilatant fluid

n= 1 − Newtonian fluid

n< 1 − Pseudoplastic fluid

−1

1
y

x

Figure 4.8: Closed 
hannel power-law steady-state �ow pro�les (4.11).
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 86
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Figure 4.9: Power-law vis
osity 
urves (1.3). K = 1.
Runstable n
N 1.25 1.01 1.00 0.99 0.97 0.90 0.50 0.40200 ∞ 5620.2 5772.3 5927.9 6237.7 7351.2 24312.0 38397.1225 3625.0 5651.3 5772.3 5897.3 6159.8 7231.2 24309.4 38397.1250 ∞ 5625.7 5772.3 5921.2 6219.7 7323.0 24311.3 38397.1275 3624.4 5651.2 5772.3 5897.4 6160.2 7232.4 24309.7 38397.1300 ∞ 5629.5 5772.3 5917.0 6208.4 7305.6 24311.0 38397.1325 3624.1 5651.2 5772.3 5897.5 6160.4 7233.3 24309.8 38397.1350 ∞ 5633.3 5772.3 5913.3 6199.4 7293.5 24310.7 38397.1375 3623.8 5651.1 5772.3 5897.5 6160.6 7233.9 24309.9 38397.1400 ∞ 5634.5 5772.3 5911.8 6195.2 7285.5 24310.6 38397.1425 3623.7 5651.1 5772.3 5897.6 6160.7 7234.4 24310.0 38397.1450 ∞ 5636.2 5772.3 5910.1 6191.0 7279.2 24310.5 38397.1475 3623.5 5651.0 5772.3 5897.6 6160.9 7234.7 24310.0 38397.1500 ∞ 5637.6 5772.3 5908.8 6187.7 7274.3 24310.4 38397.1575 3623.4 5651.0 5772.3 5897.6 6160.0 7235.3 24310.0 38397.1600 ∞ 5639.8 5772.3 5906.9 6182.9 7267.2 24310.4 38397.1Table 4.8: The least R with an unstable eigenmode (Runstable), 
om-puted using N = 200, 225, 250, . . . , 500, 575, 600 for α = 1.02 and n =

1.25, 1.01, 1.00, 0.99, 0.97, 0.90, 0.50, 0.40 in (4.11). The eigenmodes for some n behavedi�erently depending on whether odd or even N is used. ∞ denotes that there were not anynumeri
ally stable unstable modes for R < 1010.In Table 4.8 for α = 1.02 and n = 1.25, 1.01, 1.00, 0.99, 0.97, 0.90, 0.50, 0.40, we list theleast R with an unstable eigenmode (i.e. ℜ (λ) > 0). We refer to su
h an R as Runstable.
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 87The Runstable are 
al
ulated using both odd and even numbers of polynomials to approx-imate the respe
tive OS operators (i.e. both odd and even N). We also have in Table4.9 the least stable eigenvalue for R = 5000, 
omputed for n = 1.25, 1.01, 0.90, 0.50, 0.3 
3and α = 1.02. Here too we used both odd and even N .From Tables 4.8 and 4.9 it is 
lear that for 
losed 
hannel power-law �ow where 1 > n ≥

0.5 and n > 1 (i.e., n near 1) the eigenvalues are numeri
ally unstable (i.e., they do not
onverge as N in
reases). However there is a de�nite pattern to this instability, in thatthe eigenvalues behave in distin
t ways for odd and even N . For n > 1 (dilatant �uids),we �nd that as N in
reases where N is odd, Runstable de
reases and as N in
reases where
N is even, Runstable in
reases (see Table 4.8). As |n− 1| gets larger, these �u
tuationsbe
ome more extreme. ∞ denotes that there were not any numeri
ally stable Runstable.

n
N 1.50 1.25 1.01180 0.9523592− 0.0578441i −16.2554875 − 0.0522568i 0.2743835− 0.0012867i185 0.2735872 + 0.0051688i 0.2732879 + 0.0029289i 0.2758215− 0.0013105i210 0.9523572− 0.0578431i −13.8636668 − 0.0540308i 0.2745920− 0.0012890i215 0.2731702 + 0.0052420i 0.2731337 + 0.0029433i 0.2758180− 0.0013104i240 0.9523561− 0.0578426i −8.7351623 − 0.0498098i 0.2748073− 0.0012917i245 0.2728385 + 0.0052986i 0.2730138 + 0.0029543i 0.2758153− 0.0013104i

n

N 0.90 0.50 0.3 
3180 0.2802069− 0.0042850i 1.0016598− 0.0248568i 1.0108900− 0.0154061i185 0.2780041− 0.0042847i 1.0016046− 0.0248745i 1.0108900− 0.0154061i210 0.2798876− 0.0042823i 1.0016499− 0.0248600i 1.0108900− 0.0154061i215 0.2780279− 0.0042845i 1.0016092− 0.0248730i 1.0108900− 0.0154061i240 0.2796423− 0.0042808i 1.0016434− 0.0248620i 1.0108900− 0.0154061i245 0.2780455− 0.0042843i 1.0016122− 0.0248720i 1.0108900− 0.0154061iTable 4.9: Least stable eigenvalues for power-law �uids (4.11) � R = 5000 was held 
onstantbut N = 180, 185, 210, 215, 240, and 245. α = 1.02. Note that the n for whi
h the eigenmodesare numeri
ally stable 
orrespond with n for whi
h Runstable in Table 4.8 are numeri
ally stable.For 1 > n ≥ 0.5, we observe that as N in
reases where N is odd, Runstable in
reases andas N in
reases where N is even, Runstable de
reases. We postulate than there exists a n0
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 88
n

y 1.01 1.25 1.50
−6.2831E-03 −2.0718 −3.9694 −6.0214E+00

6.1230E-17 −2.8515 −2517.4983 −2.8190E+05
6.2831E-03 −2.0718 −3.9694 −6.0214E+00Table 4.10: Uyy evaluated near y = 0 for power-law �ows with n = 1.01, n = 1.25 and n = 1.50.between 1 and 0.5 (i.e. 1 > n0 > 0.5) � as n approa
hes n0 from above (1 > n > n0 andde
reasing) the numeri
al instability be
omes more severe (see Table 4.9). As n de
reasesbelow n0 the numeri
al instability be
omes less severe. Curiously, the numeri
al instabilitydisappears for strongly non-Newtonian �uids � the eigenvalues 
omputed for n < 0.5 arenumeri
ally stable.It seems the numeri
al instability observed in dilatant �ows 
an be explained. For n > 1,

Uyy is dis
ontinuous at y = 0, i.e.
lim
y→0

Uyy = −∞,(see Figure 4.10), whi
h also possibly explains why as n in
reases the results be
ome morenumeri
ally unstable (the �u
tuations in Runstable be
ome more extreme). The larger nthe smaller (larger negative) the values of Uyy near 0 as illustrated in Table 4.10. Howeverthis does not explain why the eigenvalues behave di�erently for even and odd N . We re
allthat when N is even, y = 0 is in
luded as a 
ollo
ation point and not so when N is odd(see Se
tion 4.1).For n < 1, as n de
reases below n0 the �ow pro�les in
rease in smoothness (see Figure4.10). These results strongly suggest that the U in (3.10) needs to be su�
iently smoothfor the resulting eigenvalues to be numeri
ally stable. Uyyy (0) does not exist for 1 > n ≥

0.5 (Uyy (0) does not exist for n > 1) and we observe in Tables 4.8 and 4.9 that it is forthese values of n that the eigenvalues are also numeri
ally unstable. This singularity at
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 89
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yyFigure 4.10: The smoothness of steady-state power-law velo
ity pro�les for various values of n.On the left we have the power-law �ow pro�le, U (4.11) for n = 0.40, 0.50, 0.80, 1.30 and on theright their 
orresponding Uyy.

y = 0 is also responsible for the di�erent behaviour of the eigenmodes for odd and even
N . y = 0 is in
luded as a 
ollo
ation point when N is even. Uyyy exists for n < 0.5 and
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 90the eigenvalues are stable.
n R
rit α
rit

1.00 5772.22 1.02056
0.40 37472.84 1.06500

0.33̇ 52744.67 1.11000Table 4.11: Criti
al Reynolds (R
rit) and wave- (α
rit) numbers for power-law �ow (4.11) aspredi
ted by the OS equation.
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n = 1.00
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Figure 4.11: Marginal stability 
urves for power-law �ow (4.11), approximated using the OSequation. The regions en
losed by the respe
tive 
urves are the Reynolds number ranges forwhi
h unstable eigenmodes exist. N = 150. n = 1.0, 0.40 and 0.33̇.As explained the OS equation 
an possibly only be used as an approximate for the linearhydrodynami
 stability of power-law �uids with n near 1. But it is for these n that theeigenvalues of the OS equation are numeri
ally unstable. For n < 0.5 where the eigen-values are stable, the Newtonian 
onstant vis
osity assumption is no longer appropriateand hen
e the results are unreliable (see Figure 4.9). Although the numeri
al instabilityrenders any interpretation of these results rather spe
ulative, the results seem to suggest
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 91for 
losed 
hannel power-law �ow (4.11) as n de
reases, the 
riti
al Reynolds number atwhi
h the transition from laminar to turbulent �ow is observed in
reases. Not only doesthis 
riti
al Reynolds number, R
rit in
rease, but also the 
riti
al wavenumber, α
rit. ForNewtonian �ow, i.e. n = 1.00, R
rit = 5772.22 and α
rit = 1.02056 whereas for n = 0.40,
R
rit = 37472.84 and α
rit = 1.065 (see Table 4.11). Figure 4.11 depi
ts the marginalstability 
urves as predi
ted by the OS equation for power-law �uids where n = 0.33̇, 0.40and 1.00. The areas en
losed by the respe
tive 
urves are the Reynolds number rangeswhi
h have unstable eigenmodes asso
iated with them, i.e. perturbations that grow withtime.The work of Hifdi et. al. [Hifd℄ done on the linear stability of 
hannel entran
e �owsupports these �ndings for power-law �ow. As part of their study they investigatedthe stability of sample �ows akin to the two depi
ted in Figure 4.12. These samplepro�les des
ribed as being top-hat and jet like in shape are obtained by perturbing theplane Poiseuille �ow pro�le, i.e. U = 1 − y2. The jet shape �ow was obtained using
−π

3
cos

(
π
(
1 − y

2

)). Their results indi
ate that the top-hat shape �ow is more stablethan plane Poiseuille �ow and the jet shape �ow is less stable than the latter � morestable meaning that their respe
tive transitions to turbulen
e o

ur at higher Reynoldsnumbers. The pro�les of pseudoplasti
 power-law �uids are also top-hat in shape and wetoo found them to be more stable than plane Poiseuille �ow. For the jet shaped dilatant�ows our results were not numeri
ally stable but may suggest that su
h �ows would beless stable than plane Poiseuille �ow. It would appear, as has likewise been dedu
ed byHifdi et. al., that the shape of a symmetri
 pro�le in�uen
es its stability.In Figures 4.13a - 4.13d we have the eigenvalue spe
tra for a power-law �uid, approximatedusing the OS equation with n = 0.40 and α = 1. 250 polynomials were used to 
omputeFigure 4.13a where R = 10000. R = 40000 in Figures 4.13b - 4.13d where 250, 300 and
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 92
Jet shape profile

Top−hat shape profileFigure 4.12: The stability of these top-hat and jet shape sample pro�les were investigated byHifdi et. al. [Hifd℄.500 polynomials were used respe
tively. These power-law spe
tra approximations behavesimilarly to the plane Poiseuille spe
tra. Besides displaying a similar 
on�guration, thesplit in the tail bran
h (see Figure 4.13b), is again over
ome by in
reasing the numberof polynomials used (see Figure 4.13
). The �triangle of numeri
al instability�, at theinterse
tion of the A, P and S bran
hes of the spe
trum (i.e. left, right and tail bran
hesrespe
tively) is also present. Here in
reasing the number of polynomials worsens thenumeri
al instability and we postulate that as with plane Poiseuille �ow employing 128-bit arithmeti
 will remedy the problem and result in a spe
trum like the one depi
tedin Figure 4.13a. As observed with both plane Couette and plane Poiseuille �ows, as
R in
reases (i.e. see Figures 4.13a and 4.13
) more polynomials and a higher order ofpre
ision are required to obtain a

urate spe
tra.Besides its inappropriateness as a �uid model (see Se
tion 1.3.1.1), when dealing withquestions of hydrodynami
 stability the power-law relation poses various numeri
al di�-
ulties. As illustrated, these 
ompli
ations possibly stem from singularities in the respe
-tive pro�les for n > 1 and 1 > n ≥ 0.5. In the next se
tion we hope to extend our resultsby employing an alternate �uid model.
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(d) R = 40000, N = 500Figure 4.13: Approximate eigenvalue spe
tra for 
losed 
hannel power-law �ow ((4.11), n =
0.4), 
omputed using the OS (3.10) equation. 250 polynomials were used to 
ompute (a) with
R = 10000. R = 40000 in (b) - (d) and N = 250, N = 300 and N = 500 respe
tively.4.4.2 Closed 
hannel Ellis �owIn Se
tion 1.3.1.1 we showed that the power-law equation erroneously predi
ts that apseudoplasti
 �uid approa
hes in�nite vis
osity as the shear stress τ approa
hes zero. Toover
ome this defe
t in its limiting behaviour, it has been proposed that an extra termbe added to the power-law model. Ellis is believed to be the �rst to have made thissuggestion [Mats℄. The resulting Ellis model expresses the �uid vis
osity as a fun
tion of
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 94the shear stress,
1

η
=

1

η0


1 +

∣∣∣∣∣
τ

τ1/2

∣∣∣∣∣

γ−1

 , (4.12)where η0 is the vis
osity at zero shear and τ1/2 is the shear stress at whi
h the vis
osityis η0/2. γ − 1 is the slope of the line obtained when log ((η0/η) − 1) is plotted against

log
∣∣∣τ/τ1/2

∣∣∣. Table 4.12 
ontains values of these parameters for various �uids. The Ellismodel, unlike the power-law model, exhibits the proper Newtonian behaviour in the limitsof zero and in�nite shear stress: when γ > 1, (4.12) approa
hes Newtonian behaviour atlow shear stresses and when γ < 1 it tends to Newtonian behaviour equation at high shearstresses. If we set γ = 1 in (4.12) then we obtain the 
onstant vis
osity Newtonian model.The power-law model 
an be obtained from the Ellis model using Govier and Aziz's [Govi℄formulation,
1

η
= χ0 + χ1 |τ |γ−1 , (4.13)

Material η0 γ τ1/2Polystyrene 4 × 106 3.2 1.26 × 105Aluminum soap 89.6 5.3 69.19Polyethylene oxide 15.25 2.7 19.918Hydroxylethy
ellulose 0.22 2.073 4.93Blood 0.056 3.4 0.026Table 4.12: Ellis parameter values for various �uids (sour
e: [Myer℄).where χ0 = 1/η0 and χ1 =
∣∣∣τ1/2

∣∣∣
1−γ

/η0 and setting χ0 = 0, γ = 1/n and χ1 = (1/K)1/n[Darb℄. Pseudoplasti
 and dilatant �uids would therefore have γ > 1 and 0 < γ < 1respe
tively. We however will not be investigating any dilatant �ows.Myers [Myer℄ investigated how well the Carreau, power-law and Ellis vis
osity modelspredi
t the free surfa
e �ow of thin �lms. He used the Carreau model as the ben
h-mark, an obje
tive being to as
ertain whether the Ellis model 
an give similar resultsto the Carreau. If so the Ellis model 
ould be used to des
ribe the �ow of �uids nor-
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 95mally des
ribed by the Carreau. The advantage of the Ellis over the Carreau is thatexpli
it analyti
 results 
an be obtained for both thin �lm �ow with a single free surfa
eand 
hannel �ow. Myers improved the 
orresponden
e between the two by altering theparameter values of the former. This resulted in the following modi�ed Ellis equation
1

η
=

1

η0


1 +

∣∣∣∣∣
τ

β

∣∣∣∣∣

γ−1

 ,where β is now a free parameter as opposed to the shear stress 
orresponding to a par-ti
ular vis
osity reading. We will be using the parameter values as given for both theoriginal (4.12) and Myers's modi�ed Ellis models.To solve the 
losed 
hannel hydrodynami
 stability problem for Ellis �ow we require itssteady-state pro�le. The �ow is driven by a 
onstant pressure gradient. We derive itslaminar pro�le by imposing no-slip at both the top and bottom 
hannel boundaries,

u (±1) = 0.4.4.2.1 Unidire
tional �ow approximation for Ellis �owIn the analysis we avoid the 
omplexities introdu
ed by modulus signs by only 
onsideringsituations where the �ow pro�les have at most one turning point. The �ow is governedby
2η0uy = px (y − ym)


1 +

∣∣∣∣∣
px (y − ym)

β

∣∣∣∣∣

γ−1

 , (4.14)and driven in the positive x dire
tion by a negative pressure gradient px < 0 [Myer℄. The�uid velo
ity in
reases until it rea
hes a maximum at y = ym (i.e. uy|y=ym

= 0), afterwhi
h it de
reases. The derivation that follows is a spe
ial 
ase of that presented by Myers
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 96[Myer℄. When y < ym, we have uy > 0 and
2η0uy = −px


ym − y +

(
px
β

)γ−1

(ym − y)γ

 .Integrating and applying u (−1) = 0

u = − px
2η0


(ym + 1)2 − (ym − y)2

2
+

(
−px
β

)γ−1
(ym + 1)γ+1 − (ym − y)γ+1

γ + 1


 .When y > ym, we have uy < 0 and

2η0uy = −px


y − ym +

(
px
β

)γ−1

(y − ym)γ

 .Integrating and applying u (1) = 0

u = − px
2η0


(1 − ym)2 − (y − ym)2

2
+

(
−px
β

)γ−1
(1 − ym)γ+1 − (y − ym)γ+1

γ + 1


 .The �uid �ux, Q in the 
hannel is obtained by integrating the expressions for u

Q1 =
∫ ym

−1
udy = − px

2η0


(ym + 1)3

3
+

(
−px
β

)γ−1
(ym + 1)γ+2

γ + 2




Q2 =
∫ 1

ym

udy = − px
2η0


(1 − ym)3

3
+

(
−px
β

)γ−1
(1 − ym)γ+2

γ + 2


 ,and adding them

Q = − px
2η0


(ym + 1)3 + (1 − ym)3

3
+

(
−px
β

)γ−1
(ym + 1)γ+2 + (1 − ym)γ+2

γ + 2


 . (4.15)
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 97From this equation alone we are unable to derive an expli
it expression for px. By the
ontinuity of u at y = ym we obtain
0 =

px
2η0


(ym + 1)2 − (1 − ym)2

2
+

(
−px
β

)γ−1
(ym + 1)γ+1 − (1 − ym)γ+1

γ + 1


 , (4.16)whi
h has the unique solution ym = 0. Combining equations (4.15) and (4.16), and sin
e

ym = 0 results in
px =

−Qη0
1
3
− 1

γ+2

. (4.17)Given the �uid �ux we obtain the steady-state velo
ity pro�le
U = − px

2η0


1 − |y|2

2
+

(
−px
β

)γ−1
1 − |y|γ+1

γ + 1


 . (4.18)
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(b)Figure 4.14: Velo
ity pro�les predi
ted by the Ellis (4.18), Newtonian and power-law ((4.11),
n = 0.4) models for molten polystyrene for Q = 0.005 (left) and Q = 0.05 (right).Both the plane Poiseuille and plane Couette OS (3.10) problems are solved with its steady-state pro�le, U rea
hing a maximum velo
ity of 1. In keeping with the �uid dynami
sliterature [A
he, Coll, Dong, Draz℄ for the Newtonian 
ase, we s
ale the Ellis pro�les usingits maximum velo
ity obtained a
ross the 
hannel, U∗. Figures 4.14a and 4.14b depi
t the
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 98velo
ity pro�les predi
ted by the Ellis, Newtonian and power-law (4.11) models for moltenpolystyrene for Q = 0.005 and Q = 0.05 respe
tively. The modi�ed Ellis parameter valuesprovided in [Myer℄ were used for this �uid (i.e. γ = 3.164 and β = 1.373 × 105). n = 0.4for molten polystyrene [Myer℄.Unlike Newtonian and power-law 
hannel �ow, the magnitude of the �uid �ux a�e
ts theshape of an Ellis �ow pro�le (see Figures 4.14a and 4.14b). In the 
ase of the former, the�ux only in�uen
es the magnitude of the maximum velo
ity attained a
ross the 
hannel.The results for power-law �ow suggest that the shape of a symmetri
 pro�le in�uen
esit's stability [Hifd℄. If so, the stability of an Ellis �uid would depend on the �uid �ux.4.4.2.2 The Ellis Orr-Sommerfeld problemAs with power-law �ow, we use the OS equation to study the linear stability of Ellis �uidswithin shear rate ranges where its rheology is weakly non-Newtonian. U in (3.10) is givenby (4.18) and hen
e
Uyy =

px
η0


1 + γ

(
−px
β

)γ−1

|y|γ−1


 .We s
ale the velo
ity pro�les using its maximum velo
ity attained a
ross the 
hannel, U∗.Unlike power-law the non-Newtonian 
hara
ter of Ellis �ow depends on more than onerheologi
al 
onstant. In the results that follow we use the parameter values of three �uids,i.e. molten polystyrene, aluminum soap and hydroxylethy
ellulose. Hen
eforth we referto these �uids as model molten polystyrene, model aluminum soap and model hydrox-ylethy
ellulose respe
tively. Figures 4.15a and 4.15b depi
t the Ellis vis
osity 
urves formodel aluminum soap and model molten polystyrene respe
tively. As mentioned beforeand 
learly illustrated in these �gures, in the limit of zero shear stress (or zero shearrate) the Ellis model predi
ts that a �uid exhibits nearly Newtonian rheology (i.e., nearly
onstant vis
osity). Figures 4.16a and 4.16b depi
t the Ellis velo
ity pro�les for model
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(b)Figure 4.15: Ellis vis
osity 
urves for (a) aluminum soap and (b) molten polystyrene.
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(b)Figure 4.16: Aluminum soap (a) and molten polystyrene (b) velo
ity pro�les (4.18) for various
Q, along with the Newtonian plane Poiseuille pro�le.aluminum soap and model molten polystyrene respe
tively, along with the Newtonianplane Poiseuille pro�le. The shear rate, uy depends on the �uid �ux, Q (see equations(4.14) and (4.17)) and these �gures show how these �uids deviate from the Newtoniannorm as Q in
reases. The OS equation 
ould therefore form a reliable estimate for the sta-bility of Ellis �ow below some 
riti
al shear rate, beyond whi
h the Newtonian assumptionwould no longer be appropriate. Figures 4.15a and 4.15b demar
ate the shear rate region
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(b)Figure 4.17: (a) Model hydroxylethy
ellulose velo
ity pro�les (4.18) for various Q, along withthe Newtonian plane Poiseuille pro�le and their 
orresponding (b) Uyy.for model aluminum soap and model molten polystyrene, along with the 
orresponding
Q wherein whi
h the Newtonian rheology breaks down. The 
riti
al shear rate would liein this range.Table 4.13 shows the Runstable for model aluminum soap, model molten polystyrene andmodel hydroxylethy
ellulose. Given α, Runstable is the least Reynolds number with anunstable eigenmode. We used α = 1 and N = 150, 200, 300, 400 and 500. In Figures4.17a and 4.17b, we have for Q = 0.05 and Q = 0.90, the Ellis velo
ity pro�les for modelhydroxylethy
ellulose and its se
ond derivatives respe
tively. They show along with Table4.13, that if U is not su�
iently smooth then the eigenvalues are not numeri
ally stable(see model hydroxylethy
ellulose for Q = 0.90). We will be omitting model hydroxylethy-
ellulose from further 
al
ulations.At low shear rates we �nd as expe
ted for model aluminum soap and model moltenpolystyrene, that the �ow be
omes unstable at an R near the Newtonian R
rit ≡ 5772.22.
R
rit = 5772.25 (for Q = 0.005) and R
rit = 5772.50 (for Q = 0.00005) for model alu-minum soap and model molten polystyrene respe
tively. Both these shear rates lie well
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 101within the Newtonian range of the respe
tive �uids (see Figures 4.15a and 4.15b ). Asthe �uid �ux in
reases R
rit in
reases and α
rit de
reases (see Table 4.14). Numeri
allystable results are obtained for weakly non-Newtonian Ellis �ows provided the steady-statepro�le is su�
iently smooth. Uyyy is not 
ontinuous for weakly non-Newtonian power-law pro�les and the 
orresponding eigenvalues are numeri
ally unstable. The Newtonianassumption is not appropriate for power-law pro�les for whi
h the OS eigenvalues arenumeri
ally stable. The OS equation therefore does not provide a reliable analysis of thelinear hydrodynami
 stability of weakly non-Newtonian �ows when using the power-lawmodel. These results seem to indi
ate that the Ellis is superior to the power-law modelin this regard. Model aluminum soap
N

Q 100 200 300 400 5000.0050 5814.83 5814.83 5814.83 5814.83 5814.830.0500 5827.98 5827.98 5827.98 5827.98 5827.980.1272 6612.48 6612.48 6612.48 6612.48 6612.48Model molten polystyrene
N

Q 100 200 300 400 5000.0005 5849.60 5849.60 5849.60 5849.60 5849.600.0026 7146.62 7146.62 7146.62 7146.62 7146.62Model hydroxylethy
ellulose
N

Q 100 200 300 400 5000.0005 5815.61 5815.61 5815.61 5815.61 5815.610.0050 5824.02 5824.02 5824.02 5824.02 5824.020.0500 5923.60 5923.60 5923.60 5923.60 5923.60Table 4.13: Runstable (the least R with an unstable eigenmode), 
omputed using the OS equationwith 100, 200, 300, 400 and 500 polynomials for model aluminum soap, model molten polystyreneand model hydroxylethy
ellulose. α = 1.We 
on
lude by investigating the behaviour of the eigenvalues that result from approxi-mating the linear stability of weakly non-Newtonian Ellis �ows with the OS equation. Fig-
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 102
Model aluminum soap Model molten polystyrene
Q α
rit R
rit Q α
rit R
rit0.0050 1.021 5772.25 0.00005 1.021 5772.500.0500 1.020 5786.46 0.00050 1.020 5809.280.1272 1.004 6610.58 0.00260 0.999 7146.620.2000 0.927 13847.70 0.00500 0.960 11921.27Table 4.14: Criti
al Reynolds and wave- numbers for model aluminum soap and model moltenpolystyrene, approximated using the OS equation. N = 300.
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(d) R = 10000, N = 200Figure 4.18: Approximate Ellis eigenvalue spe
tra for the 
losed 
hannel �ow of model moltenpolystyrene, 
omputed using the OS equation. We vary R and the number of polynomials Nemployed in the approximations. Q = 0.001, α = 1.
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 103ures 4.18a - 4.18d depi
t the approximate eigenvalue spe
tra for model molten polystyrene.They were 
omputed for N = 180, 200, 300 and 200 respe
tively and Q = 0.001. R =

30000 in Figures 4.18a - 4.18
 and R = 10000 in Figure 4.18d. The approximate Elliseigenvalues behave no di�erently than the Newtonian and power-law eigenvalues, exhibit-ing the same stru
ture with the A, P and S bran
hes as N varies. For R = 30000 thesplit in the S bran
h (i.e. tail) is resolved by in
reasing the number of the polynomialsemployed (see Figures 4.18a and 4.18b). The triangle of instability at the interse
tionof the three bran
hes results from rounding errors. In
reasing the pre
ision to 128-bitarithmeti
 for R = 30000 is expe
ted to result in a spe
trum with the same stru
tureas that 
omputed for R = 10000 (see Figure 4.18d). When we in
rease the number ofpolynomials as we do in Figure 4.18
 the observed gets worse.The OS equation des
ribes the growth of in�nitesimal disturban
es to the NewtonianNavier-Stokes equation. Solutions to the OS equation depend only on the boundary
onditions and steady-state �ow approximation of the �ow. We investigated the linearhydrodynami
 stability of Newtonian 
losed 
hannel �ows (i.e. plane Poiseuille and planeCouette), Newtonian open 
hannel �ow and weakly non-Newtonian 
losed 
hannel �owsby solving the OS equation for their respe
tive �ow pro�les and boundary 
onditions.A pseudospe
tral di�erentiation te
hnique developed by Trefethen [Tref 01℄ was used todetermine the modes of these OS operators. Plane Poiseuille �ow as do
umented in therelevant literature was found to be stable for Reynolds numbers less than 5772.22 andplane Couette was found to be stable for all Reynolds numbers [A
he, Chap, Draz, S
hm,Tref 01℄.Gravity driven Newtonian open 
hannel �ow down an in
line was approximated usingpressure driven �ow in a 
hannel half-�lled with �uid. Using this hypotheti
al s
enarioour results seemed to suggest that Newtonian �ow 
hannel is stable for all Reynolds
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 104numbers. Our analysis does not in
lude the instabilities that arise from variations in thefree surfa
e whi
h may a

ount for the in
onsisten
ies with the instabilibilties observedin pra
tise for this �ow.We used the power-law and Ellis models to investigate the stability of weakly non-Newtonian 
losed �ows. These results indi
ate that �ow pro�les need to be su�
ientlysmooth to yield numeri
ally stable modes. Weakly non-Newtonian power-law �ows arethose with n near 1, but it is for these n that the power-law pro�les are not su�
ientlysmooth. The eigenmodes for n ≤ 0.5 were numeri
ally stable. Although inferen
es fromresults for these n are highly spe
ulative, sin
e the assumptions of weakly non-Newtonian�ow no longer hold, they suggest along with the numeri
ally unstable results near 1 thatpseudoplasti
 
losed 
hannel �ow is more stable than Newtonian 
losed 
hannel �ow. As
n de
reases power-law �ows be
omes more stable. This same result was found to hold forweakly non-Newtonian Ellis �ow.Hwang et. al. [Hwan℄ and Rousset et. al. [Rous℄ investigated the linear stability of non-Newtonian power-law and pseudoplasti
 Carreau �ows down an in
lined plane respe
-tively. Hwang et. al.'s results show that de
reasing n in the power-law model destabilisesthe �ow. They used the integral method to derive nonlinear evolution equations aboutthe �lm thi
kness and lo
al �ow. The method of normal mode was then applied to lin-earised evolution equations to determine the onset of instability. Rousset et. al. deriveda generalised eigenvalue problem by dis
retising the OS equation. They showed that thestability of a �uid depends on the angle of in
lination of the slope. The cot of this angle isproportional to the 
riti
al Reynolds number. This proportionality fa
tor de
reases whenthe �ow be
omes more pseudoplasti
. In our analysis in
reasing the angle of in
lination ofthe slope amounts to de
reasing the negative pressure gradient that drives the �ow. Thiswould in
rease the maximum velo
ity attained a
ross the 
hannel. For the 
losed 
hannel
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 105Newtonian OS problem it 
an easily be shown that an in
rease in the maximum velo
itya
ross the 
hannel results in a proportional de
rease in the 
riti
al Reynolds number, i.e.in
reasing the pressure gradient de
reases the stability of the �ow. Both these analyses[Hwan, Rous℄ model variations in the free surfa
e and the angle of the slope; and theire�e
ts on the stability of the respe
tive �ows. Our model only a

ounts for vis
ous e�e
ts.
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Appendix A
% CHEB 
ompute D = differentiation matrix, x = Chebyshev grid% Author: Trefethen [Tref℄fun
tion [D,x℄ = 
heb(N)if N==0D=0;x=1;returnendx = 
os(pi*(0:N)/N)';
 = [2; ones(N-1,1); 2℄.*(-1).^(0:N)';X = repmat(x,1,N+1); dX = X-X';D = (
*(1./
)')./(dX+(eye(N+1))); % off-diagonal entriesD = D - diag(sum(D')); % diagonal entries
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Appendix B
% ORRSOM% Author: Trefethen [Tref℄% Modified: Zareer van der FortN = 100; alpha = 1.02; R = 5773; I = eye(N-1);% 2nd- and 4th-order differentiation matri
es:[D,x℄ = 
heb(N); D2 = D^2;S = diag([0; 1 ./(1-x(2:N).^2); 0℄);D4 = (diag(1-x.^2)*D^4 - 8*diag(x)*D^3 - 12*D^2)*S;D2 = D2(2:N,2:N);D4 = D4(2:N,2:N);% Orr-Sommerfeld operators A,B and eigenvalues:A = (D4 - 2*(alpha^2)*D2 + (alpha^4)*I)/R - 2i*alpha*I ...- 1i*alpha*diag(1-x(2:N).^2)*(D2-(alpha^2)*I);B = D2-(alpha^2)*I;[ee℄ = eig(inv(B)*A); 114
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