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i, Introduction,

The idea of a weakly outef reguhar measure arose from
the study of two papers :
(i) A note concerning regular measures - R,E.Zink [33] .
(ti) On the sets of regular measures - H,Tsujimoto [30] .
In these papers results are proved using the property that
for every méasurabLe set of finite measﬁre there exists'an
open measurabLevset, containing it, which is also of finite
measure,
Zink uses this condition to extend the outer regularity
of pu to the meésure v where
@) = [ e,
E
f being a glven non-negative measurabLe function,
The foLLowtng problem then presents ttself :
Under what conditions, if E € S, u(E) < » , witll there
exist an open measurable set U containing E such that
p(U) < = o
Although this problem was not solved varlous other ideas were
introduced and results concerning them are proved,
In section 2 the set function p is defined and shown
to be a regular content., The.relations between a regular
Borel measure pu and the function E derived from u are

discussed using results from Halmos [7] .
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The concept of a topological measure space is introduced
in the following section and relations between the various
topongicaL measure spaces are studied,

The Micro-Zink and micro-regular properties are formulated
Lh section 4 and are linked with weak outer regularity and
the topological measure spaces, |

Section 5 concerns the existence of topological measure
spaces and tn the next section a study is made of the
Cartesian products, both finite and infinite, of topological
measure spaces, |

The last section is a survey of the Literature on the

relations between measure and topology.
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2, _Weak Outer Regularity and the Set Function p., .

X 1s a topological space,

We shéLL denote thé class of all compact subsets
of X by € , and the class of all those compact subsets
of X which are also &’8'3 by €, . The o-ring generated
by € 1is denoted by & , and the sets of “S are called
the Borel sets of X , The ¢-ring generated by «:0
Ls denoted by SO , and the sets of $0 are caLted the
Batre sets of X . The class of 'open Borel sets is denoted
by U , and cLass of open Baire sefs by Uo .‘ Throughout

this thesis pu will denote a measure on the Borel sets,

2,1 Definition, For any E ¢ H(S) , we define

" p(E) = inf{ p(G) : GODE , G open Borel},

2.2 Proposition. g 1is.an outer measure on H(S) .

Proof. Obvi,ousl.y g Ls non-negative and u(¢) =0 .
‘Suppose E,F ¢ H(S) and EC F. f(E) <p(U) for any
open Borel set UD> F , and therefore
| p(E) < inf { p(U) "U open Borel, UD F} < g(F) .
Hence g is monotone. | |

vLet,v ‘{ Ei} be any 'sequen.ce of sets itn H(S) .
1 pI(Bj) = +w , for some J , then g s clearly countably

' subaddiltive, We now suppose that E(Ei) <o (L=1,2, ...) .
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Corresponding to each & > O we can find an open Borel set

-— e
y " . < i -
U such thaﬁ for every i, E C U and p(Ui) “(Ei) + =

[ -] o o0 00
Therefore p( U Ei) < p( U Ui) < 2 u(U.) € 3u(E) +e.
=1 i=1 i=1

1=1 i
Since this is true for any ¢ , the countable subadditivity

of u follows. Hence [ is an outer measure on H(S) .

2,3 Remark, It remains an open question as to whether

¢ s in fact a measure., The difflculty arises from the
fact that disjoint Borel sets do not necessarily have disjoint

nelghbourhoods,

2,4 Definition, Aset E in $ is outer regular with

respect to the measure pu Lf

p(E) = tnf { u(U) : EcUe U] .

A set E in § s inner regular with respect to the
measure pu Lf |
w(E) = supfpu(c) : EDCeCl .
Aset E Iin 8 s regular if {t i{s both inner and outer
regular, A measure pu s regular if every set' E in §

i{s regular,

2,5 Definition. Aset E in & will be called weakly

outer regular with respect to a measure p , Lf
either p(E) =+« , or R(E) ¢ = .

The measure pu s weékLy outer regular if every E in §



is weakly outer regular with respect to u ,

2.6 Remark, There do exist measures defined on the

Borel sets which are not weakly outer regular. An example
s the 1l-dimensional Hausdorff measure in R’ which is
finite for any line segment, However, every open set

containing a lLine segment has infinite measure,

2.7 Proposition, Every outer regular measure (and hence

every regular measure) is weakly outer regular.

Proof. If p(E) <« and E {is outer regular with respect

to u , then B(E) = p(E) < » .

2,8 Proposition. Let u be a weakly outer regular measure,

Then, corresponding to each E € § , there exists an

HeSn § , such that EC H and u(E) = p(H) o

Proof. If u(E) = » then Q(G) = «» for each open set GD E.
o= u(G) >F(E) > u(E) = w .

u(G) .

Therefore u(E)

)

il

Hence | u(E)
If u(E) < @ then by definition p(E) <« .
Therefore there exists a sequence | Gn}' of opén sets such
that Gn > E and
w(E) < p(Gn) < u(E) + ﬁ for each n .

put H = N G D E .

Thus Hc G and so w(H) <u(E) + i for each n ,



1t follows that u(H) < p(E) . Since p(Gn) <

for each n we also have

u(H) = 1lim u(?\ Gk) > u(E) .
n=-e ' k=1
Hence u(H) = §(E) .

2,9 Proposttion, Let u be a Borel measure in a locally

compact Hausdorff space X , Then the set function p,

defined in 2,1 is a regular content,

Proof. g Ls certainly defined on © and clearly u(¢) =0 ,

and u(C) »0 for any C ¢ €, stnce u 1s a measure,

We must show that p(C) <« forany Ce @© .
Being a Borel measure, p s finite on compact sets,
Further, since X {s openand CcC X , we know from [7]
- Theorem 50 D that there exists G € E% and U0 € Wb
such that CC U0 C CO c X,

Hence g(C) < u(y,) < () <= .

We have already proved in Proposition 2.2. that,\ﬁ is
monotone and subadditive. So Lt remains only to show that
o is finitely additive on € . Suppose then that C and D
are disjoint ¢ompact sets, Since X s locally compact
and Hausdorff it follows that there exist two disjoint open
sets U and V such that Cc U, DcC V . For any open
Borel set W containing CU D we therefore have

5(C) + E(D) <u(W A V) +u(W A V) =u(Wa (UUV)) <ulu) .
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It follows that p(C) + p(P) < p(CuU D) . The subadditivity
of p glves the reverse lnequality and hence the additivity
of ¢ on C , |
Thé proof that @ s a content Ls now complete , To
show that {t is also a regular content we have to show that
for each C ¢ € we have
p(C) = tnf { p(B) : CcC D°cne«: ¥
Now from the definitlon of @ and the filntteness of u(C) ,
we can find corresponding toc each ¢ > O an open Borel set U
containing € such that p(U) < p(C) +e . Using [7]
Theorem 50 D agaln we find C, € €, and Y ¢ T, such
that CcC U{) C .C0 C U, Since CO.O s the largest open set
contained in CO we have therefore CC CO0 - C‘O € € and
;'I-(Ca) < p(U) <p(C) +e . It follows that
inf { g(D) : cc P cbe€ } < p(C) +e¢ .
Since e s arbitrary , the latter inequality implies that
BC) = tnf{a®) : cccpec i .

This completes the proof of Proposition 2,9 .

2,10 Theorem, Suppose u Ls a Borel measure on a ‘LocaLLy‘
compact , Hausdorff space , and u iLs as in definitlon 2,1 .
Then there exists a unlque regular Borel measure v , -such

that v(C) = p(C) for every C ¢ C.

. -
Proof, By [7] Theorem 53 E , Lf u is the outer measure

- -
- induced by the content u , then p restricted to the Borel
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sets is a regular Borel measure . Let v(E) = ;'I*(E) for
»every,l Borel set E ... Since {I ls a regular content we have ,
for every Ce € , #(C) =v(C) . This foliows from [7]
Theorem 54 A . -

It only remalns to show that y s unlque . Suppose

that Vi s v, are both regular Borel measures such that

d
vj'(C) = p(C) =vz(C)> for every C in @ , By the
tonmer regularity of vy and vV, tt follows that , for every
E ¢ &,

vj(E) = sup{vj(C) : E> C e C }
E > C e €}

= sup{ v,(C)
= vZ(E) °

Hence y s unique ,

2,11 Theorem., Suppose p Ls an inner regular Borel measure

on a Locally compact , Hausdorff space X , and ; is as in
definition 2,1 . Then there exists a unlque regular Borel
measure y such that y(U) = u(U) = p(U) for every

v tin T .

Proof, Comsider the measure y whose existence is proved in
Theorem 2,10 , We need to show that y(U)} = p(U} for

every Ue W ,

Since p is inner regular , p(E) =sup { p(C) : E > CeC }.

By definiltlon p(U) = R
sup { p(C) : U > Ce C }

il



< supfu(C) : Uu> C e €}
< sup §'v(C_) : UD> C e €},
Thus p(U) < v(U) since y s regular .,

Stnce vy tﬁner regular , foreach U ¢ U and for
each a< v(U) wecanfinda C ¢ € , C c U such that
vy(C) > %+ Hence A < p(C) < p(U) . Since thils ls
true for each A < y(U) we get y(U) < pu(U) .

Therefore p(U) = v(U) for every U in U .
| We must show that y Ls unlque . Let vy and v, be two
regular measures such that v, (U) = @(U) = vz(U) for
every U ¢ W. Slnce vy » v, are both outer regular , we
get , forevery E € § , |
v, (B) = tnf{ v (U) : Ec U ¢ U ]
= inf { v,(U) EC U e U}
= v,(E) .

Hence y 1is unique.,

2,12 Theorem, Let pu be a regular Borel measure , Then the
regular BoréIL measure y {nduced by the regular content

p colncides with p .-

Proof, Since p 1is regular it impllies that every compact set
is outer regular , Hence

p(C) = nf { p(U) ¢+ C c U € W] = p(Q) -
and by Theorem 2,10  y(C) = p(C) forevery C tn C .,

Since y and p are both.tnner regular Lt follows , as in
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the proof of Theorem 2,10 , that v(E) = p(E) for

every E € 8§ .,

2,13 Proposition, If 'wi s By 5 eceey B, @re weakly

n
outer regular Borel measures then the measure p = 3 By
. 1=1[
Ls weakly outer regular ,

Proof, Conslder the case where p = By *oE, .
If elther p1(E) or pz(E) inftnite , the result is true .,
Hence wé may suppose p1(E) and pz(E) both fintte ,

In this case there exist open Borel sets U , V such
that U > E , V> E and p(U) <= , p,(V) <= .
Put W = UnV , Then W isopen , W > E and

p(W) = p(U A V)= p(U N V) + p,(U N V)
< (W) + p,(V) < =
Hence p = By + p, s weakly outer regular , By

mathematical Llnductlon we extend the result to any flnlte sum

2,14 Remark. From Proposition 2,9 it follows that every

compact set ln a locally compact Hausdorff space X tis
weakly outer regular , Slnce finlte sets , and in
particular singletons , are compact , the same result

holds for them .,

2,15 Remark, The class & of all weakly outer regular

sets fgfmsha*ring‘wﬁich by remark 2,14 .contains all -

the compact sets
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Broof, Let E , F besetsin ¥ , If either E or F
has tnfinlte measure , the result follows , |

If both p(E) < o and p(F) < « then by the
definltlon of weak outer regularity tt follows that
B(E) < « , B(F) < = . By Propositlon 2.2 , § s
subadditlve and monotone and hence

p(E U F) < u(B) + u(F) < =
and p(E - F) < p(B) < =« .,

N

Hence E U F and E =~ F are both weakly outer regular .,
This tmplies that # s a ring .
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3, TépoLogtcaL Measure Spaces.

3.1 Definition. A Topological measure space (a TM space)

is a measure space (X,$,p) , with a topology £ such that
(X,x) 1is a topological space.

We denote a TM space by (X,%,S,pu).
X,T,%,u) Lsa TM, space Lf every open set is measurable.
X,z, 8, p) is a TM; space if TC § and if corresponding
to each x in X there exists an open set V containing
x such that 0 < p(V) < o .
(X,=,8%,u) tsa T™, space Lf T C § and Lf corresponding
to éach x in X énd each ¢ > 0 there exists an open set

V containing x such that 0 < p(V) <& .

3.2 _Proposition. Every ™, space is a TM, space .

Every TM1space is a TMOSpace .

3,3 Definition., We define x~ y to mean either x =y

or there exists a measurabLe open set U such that

X € U y YEU and p(U) =0 .

3.4 Lemma. ~ 1is an equivalence relation in X ,

Proof., Clearly ~ is reflexive and symmétrtc .

Suppose X~ Yy and y~ z , If either x = y or
Yy = z the result is obvious . If x#% y and y % z then
there exist open sets U and V such that xe U, z eV

and u(U) = p(V) =0 . Since UuU V 1is an open set of zero
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measure containing x and 2z {t follows that x~ z .,

Thus ~ 1s an equivalence relation tn X ,

3.5 Derinition. The equivalence class determined by a

point x in X will be denoted by [x] .

For any EcC X , we define
[E] = {[x] ¢ xeE} , Lin particular
fxX] = {[x] ': x € X} = set of all equivalence classes
generated in X , by points of X ; and

[2] = {[U] ¢ Ue g = topology of X} .

3,6 Definition. E = U f{[x] ¢ xeE]}] .

It follows from definitions 3.5 and 3.6 that

(L) [B] < [X] .
(ii) Ecﬁcx.
(Lii) x~yeé@xe]§.

3,7 lemma., If {x} # [x] then [x] is open .

- Proof., Let {x}] # [x]. Then there exists an element

z in [x] such that z+ x . For any y € [x] we have
Yy~ Z~ X , Hence there exists an open set U such that
u(U) =0 and U contains x , y and z .

Hence y ¢ UcC [x] .

3.8 lLemma, E = E U open set ,




Proof, % = U [x] =U'g[x] : x ¢ E and [x] ={x}}u
XeE
U'ﬂ[x] : XxXeE and [x] # {x}} .
{ .
=Ui{x} : X € B}U
U{[x] : x ¢ E and ['x] £ {x} J .

= E U open set,
' &
3.9 Lemma. If E is openin X then E s open in X .

Proof. The proof follows immediately from lemma 3.8 .

3,10 Iemma, [X] is a topology in [X] .

Proof., (i) We must show that [T ] s closed under
arbitrary uhi.ons. We do this by showing |

:[Ua]=[gua] for Uaeii:.

This follows from the following equivalences

[x] e}; (U] e GB)[[X] ¢ [uﬁ_]] .
« (38)(3y)ly ¢ Uﬁ and X~ Y]

«»(Hy)[y'qua and X~ Y]
[}

- [ x] G[zua']

(L) = We must still show that [Z] is closed under

fintte intersections, and we do this by showing

n n
nl[u,]l] = [ n Ui]: for Ui €ET. This follows from
g=1 % i=1
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the following equLvaLence s

[x] € n [U] (Vi)[:[X] e [U. 1]

i=1

- (VU)(3y) yi € U and [x]= {yi]:l
- Oy, e ”‘i wd x e ly] ]
w (vU)|xe uily]l yeUi}]

- (VL) [x ¢ I}i]

Lemma 3.9 4implles that ﬁi € £, . and hence [Z] is
closed under finite intersections,
Hence [T] s a topology in [X] .

3,11 Remark. The folLLowi.ng statements are equivalent,
(L) xelzl ,

(L) zelx] ,

(itl) [x] .= [z]_ .

3,12 Lemma. [ﬁ] = [E] for every EC X,

Proof, This follows from the following equlvalences.
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(] €[] m Gnly et ane [x =[y1]
= (3y)|y € E and x~}':'
- (.3y)(32)[zeB s Y€ l[z] ,><~y]
= (A2)|xelz] and zeB]
- (32)[[x] - [z] and zeB]

« [x] ¢ [E] .

3,13 Lemma, If (X,2,%,u) Lsa M, space ,

then f—‘ s measurable Lf F is measurable,

Proof. The proof follows immedtately from lLemma 3,8 ,
I'd
i

.
3,14 Definition., We define [$] = 3[E] ¢ E ¢ 8 .
| t

3,15 lemma. If (X, ,8,u) isa ™, space ,
then [§] s a o-rtng in [X] .

¢ 3
Proof. Conslder the sequence i[En] } where

E €8 for n=1, 2, ... . We have already shown in the

proof of lemma 3,10 , that

vI[E]l = [V Ea] ~» hence

o a

v [Bn] = [ U BE_] € [$] thus
n= 1 n=1 2 v

[$] 1is closed under countable unions.
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To show that [ $] 1is closed under differences, we
shall show [E] - [F] = [E- F] . The required result

will then follow from lemma 3,13 .

[x] € [E] - [F] = [x] € [E] and [x] ¢ [F]
~ [x] ¢[E] and [x] ¢ [F]
- (Hy)[y‘eE and x~ y] and
~ (3z)[z ¢ F and X~ 2]
« (3y)[yeE and x~ y] and
[x4 any zegF]
o (3y)[yeE and x~y and y ¢ F)
- (3y)[y € E - F and X~ Y]
- [x] e [E~- F] .,

3.16 De-f'inli.ti,on. We define [p] on [§] by

(] ([E]) = u(E) , where E ¢S .

3,17 lemma. [p) tLs a measure on <[X} ’ [S]) .

Proof. This follows from the fact that

[E] n[F] = 0 «ENFE = O
and that p is a measure on (X, $ ) .
3,18 lLemma, If Ee$ then p(ﬁ)' = u(E) .

Proof, Definition 3,16 and lemma 3,12 glves

w(E) [kl ([é]>

w1 (t21)

w(E) .

!

I

it



3,19 Definition,

oot

= X .

18,

3420 Lemma, If U s non~empty , open and ‘p(U) = 0 then
[U] has one point , [p] (EU]) = 0 and }(U]{ s an
lsolated point in [X ] wlth respect to the topology [Z] .

Pro'oxf. It follows from the definition that [p]([U])

Stnce p(U) =0 and U s open , all the elements of

U are equivalent , Hence [U] has only one point .

By definition , U open implies that [U] open with

respect to the topology [ 2]

Thus [U] Ls an open

singleton , which tmplies that }[U]{ {s an isolated

polnt tn [X] .

3.21 Example, Conslider the set X =[0,1] U N ,

Let T be the usual topology of the Line , $ the class of

Borel sets , and p the Lebesque measure on (X ,S )

In (X,2), {n}
isetiand ul{fnl) =0 .

for n>1 , s a non-empty open

[x] ={{x} :o§x<1} U

Let U = {2,3’o..n’noool

non-empty and open .
Clearty [U] =
Also [p]([_U])

[2]

—

i

c X

{

*

In this case ,

{2,3,oo00’n’.opl L]

Then p(U)

has one point

m( [2] })
m( 21 })

p(i21)

0

[ 4

=0 and U s
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Finally , }[U]{ = [2] is an isolated point in [X] .

In general , let E be any set tn $ ., Then
[E ] -_-{{x} : er}'tf E c [0,1] and

(E] =4{x} E [o..,i] 402,350 009N,000) b
if E ¢{[:,1] .'xe ) }'U { | i }
[p-](gzl) = w(E) = w(Enlo,1]) .

3,22 Exampte, Let X be the real Line with the discrete
topology &

$ ts the class of Lebesque measurable sets tn X ,
and p {Ls the Lebesque measure oﬁ S .

Clearly all the measurable sets are open , However not
‘all the open sets are measurable , herice (X,2,%,u) s
rnét a Tkiospace o o

let x and ¥y be elements tn X, Then {x,y}] ts
open in X and p({)(,y}) = O.. . Hence x~vy ,
It follows that [X] = X and that [X] X} .
Also [u](m) = W) = o=

3,23 lemma, If U and V are both non-empty open sets of

!

zero measure , then [U] = [V] = [UuV ] = a singleton,

Proof. Thls follows frem ilemma 3,20 and the fact that
(UuV) ts open and p(UU V) =0 ,

3024 Theorem, Let (X,g,S,p) bea M Sspace . Then



20,

({x.] s (2], [S]',[p]) is a TkﬁwSpace which has at most
one non-empty open set of zero measure , It Ls the

singleton formed by an isolated point tn [X] .

Proof, Let [U] be a non-empty open set of zero measure .,
Then p(U) = [p] ((U]) =0 . Also U tis non-empty and
open in X, By lemma 3,20 [U] s a slngleton |
in [X] , and } [U] J{ is an Lsolated point in [X] .

If [V] s any other non-empty, open set of zero

measure in [X] , then

p(Uu V) < p(U) + p(V) = 0 , and-
therefore (U] = [Vv] .
| Bl
3,25 Example. Let X = [0,1] Y{3 -5 : n=1, 2.

¥ the inherited topology from the reals, § the Borel sets

tn X , and let p be the Lebesque measure on (X, 8) .

Clearly (X,%,S , u) ls a TM space .
[x] = [x} for 0 <x< 1 o

[x]
This follows from the fact that

X
[3] for x= 3~ ,n‘=1’2’ ees o

S

it

1 3 7
i3} U {3""; : n=1, 2’vooo} Xﬂ\('i' 9 3) 9
which Ls open in X and has zero measure,

[3] Ls an isolated polnt of [X] since

RECREEE

{
n=1, 2, ..v.}] = 'i[:’:] } = open set in [x].
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Obviously 3 s not an LgoLatedeoint of X .
Also T 1is a very special topology, with respect to which

X ' is Hausdorff.

3,26 Example. Let X =[0, 1] U {[rationals tn [2,3]}.

Let & be the inherited topology from the reals, S the
Borel sets in X , and p the Lebesque measure on (X,$).
Clearly (X, T, S,u) 1is a T, space.
X has no isolated points, however_not all the non-—-empty
open sets have positive measure, This follows from the fact
that { rationaLs in [2, 3]} 1is a non-empty oben set in

X of zero measure,

The rationals form a countable set, If we ‘remove the
rationals from the space X , in the above eXampLe, we are
left with a space in which each point has an open set surrounding

tt, of arbitrary small measure,

This leads us to the following theorem,

3,27 Definition. (X,T,8,u) will be called an open-o-
finite space if X = vy En‘ where En € X, En € 8 and
. g

I¥

“(En) < w foreach n=1,2, ... .

3,28 Theorem, Let (X,T, §, u) be an open-c-finite
TMO Hausdofff space, Then there éxtsts a countable set
YC X , such that, for every x in X-~Y , and for every
e >0 , there exists an 6pen set V , containing X , such

that u(V) <¢ .
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3,29 lLemma. Let a,, 8, «es, a_  be any finite number
. -1 n

2’
of points in X , Then there exist neighbourhoods V&

containing a, foreach t=1,2,.,., n, such that V., n V3¥=¢,

Proof of Lemma. Suppose the lemma is true for any set of n

points in X ,

Consider a set of n o+ 1 points { 8y Bypeeeya 4]
in X, We can by hypothesis choose open sets U1, Uz"“"Uﬁ
such that a, ls contained Ln,-Ui and U& n Uj = ¢ whenever
1<t#* J<n,
We can also, because of the Hausdorff property, choose pairs
of open sets Vi W1, Vé, Wz, cee Vh, Wﬁ such that

ai(-:Vi,a €Wi,ViﬂWi=¢> for t=1’2,.oo,n .

n+1

Let Gi = Ui n V; for £t =1,2,,..,n, and G4 = 9 W, .

are open and a is contained in G&

The Sets Giy cesy Gn+1

for L =1,2,...,n+ 1

Moreover, Lf 1 < L % jJ <« n we have

Gi ﬂ.Gj'= U&_ﬂ Vi N Us 4! VE C L& ﬂxl% = ¢ 3
while Ltf 1 < L < n we have
n

G NG, = qi AV, n n W.CV, nW =¢.

i=1
Hence the lemma would be true for any set of n + 1 points

in X, By the Hausdorff property it is true for any set of

- two points., Hence by induction the lemma is true in general.
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Proof of theorem. Case ! : when u(X) <o .

Let A = {y ¢+ Vopen , yeV = p(V) > ;1_1_‘ b
Let_a1 5 8y g000y8 be n different points of Am .
Let V1 ,..,..,Vn be as tfx ltemma 3,29 , Then

p(x) 2> w(vyuv,u...uv )

’ n
> 3 p(Vy)
1=1
> 1
n .

Therefore n < mgpa(X) < « , Hence A ts finite for

(-]
each m=1,2, se0s o+ Let Y = U Am « Then Y {s a

m=1

countable set

Suppose x is an el.ement.of‘ _X -Y .
If an e > O were to extst , such that u(V) > ¢ for
every open set V containlng x , then an tnteger m could
be chosen such that m >'%=- » From this would follow that
x Ls contalned in Am which is false slnce x s not an
element of Y ., Hence no such ¢ can exist , We can
therefore conclude that Lf x Ls an element of X - Y then ,
for every e > O , there exists an open set V containlng
x , such that (V) < & .

Thus case 1 is proved ,

Case 2.,

Suppose X = U X _, where X € T , p(X) < » ,
n=1 _ '
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for each n ,

Constider '(Xn,itnxn ’ Snxn PTE

Each X , with the inherited topology and measurabllity Ls
a M Hausdorff space for which p-(Xn) < o o Hence
case I applies and we know that there exlsts a countable

subset Y of X such that , if x ¢ X - Y then
n n v ) n . n

(ve>0) (3V) [V open in X Xev,and p(V) < e 1 &

let Y = U Y = a countable set ,

Then XeX~-Y » xeX for some n and xéYnforany n .,
s XEX -Y for some n .
: n n

= (3n)(Ve$O)(3V)[VopenLn‘ X, s
xeVand p(V) < ] .
Si.nce )(]:1 s open , Lt follows that openness in . )(n impiles
openness tn X . Hence o
XeX=-Y = (Ve>0)(FV)[Vopenin X, xeV,
p(v) < e 1 ,

and the theorem has been proved ,

3,30 Remark, If X is not open-o-finite , the above
proof will fail since we will only have V open in )(n s

but not necessariiy tn X ,

3,31 Theorem, Let ( X,¢,8,y ) be an open-c-fintte ,

Hausdorff , TMD space such that every non-empty open set has
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positive measure, Then there exists a countable subset
Y of X such that, for every x in X - Y and every
e >0 there exists an open set U containing x such that

0 < u(U) <e o
Proof. The proof follows directly from Theorem 3.28 ,

3,32 Definition. Let (X,%, $, u) bea TM, space.

We denote by XO the union of all the open subsets of X of

ZEro measure,

3,33 _Lemma, If xo'e XO "~ then [xo] = X0 .

Proof, Suppose that xo € X0 . Then we have

yelxjl a vy~

= Yy = X or 3U ¢ U open ,

0
u(u) = 0, x €U ,yeU.,.
Thus [xo] < Xo .
Conversely, Lf vy ¢ XO then there exists an open
set V, such that p(\/’o) =0 and y €V, . But also there
exlsts an open set U, such that p(UO) =0 and X, €U .
- Since U0 U VO {s an open set of zero measure which contains
both X and y , Lt follows that vy~ X,
Thus X, < [xo]. .

3,34 lemma, If xe¢g X - X then every open set containing

X has positive measure,
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Proof, If there exlsted an open set U of zero measure
contalning x then by definltion U C X o and hence X € X0

whtch i not so . ‘

3:35 Remarks, The sltuatlions Lllustrated by examples 3,25

and 3,26 are typlcal of any TM0 space .

It follows from lLemma 3,34 that ‘va X € X- )(0 then
[x] = {x} . For Lf not and there exlsts a point vy
- dtf‘ferént from x which Lis equlvalent to x , then there
exists an open s-ét U of zero measure contalning both x
and ¥y ., Slnce U C )(U s, Lt would follow that X, € XO ’
whlch Ls false , Thus we have X = X U (X -%) , where
)(0 Ls elther empty or an exact equivalence class [’%] y and
the eq@tvahence classes determlined by the elements of X --X(1
are singletons . Thus elther
[x] {{x}:xex} or
[x,1 v {{x} N «X-XO} >

where Xo = [xo] for same X3 ®

]

[X]

3.36 Remark, Let (X,T,S,p) bea M, space , and

Y ¢ X where Y ¢ § .

let EYH.:{G(\Y

$Y={EnY

Then (Y, T, ,Sy, o ) ts a T, space , Thus a

1

TNy ,

L 13

G ¢ 2}

*e

EES}=$(\YQ
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measurable subspace of a TM@ space is again a T% space ,

Moreover , Lif (X, ) tis Hausdorff then so is (Y,S:Y)
and if (X, m', $,p) Ls openw-finite then so is

(thy’$ylp) .

3.37 Remark, X@ s open in X and therefore measurable ,

So is X ., Hemce X - xu {s a mdUSpace with the inherited

structures .

3,38 Definition. A ”EMOOSpace ts a TMO space for which the
unt@n of all the open sets of zero measure is again a set of

Zero measure

3,39 _Theorem, Let (X, $,$,u) be an openv-finite |,

Hausdorff 'ﬂ'MMspace . Then X can be decomposed into three
disjotnt measurable sets X0 » )(1 and X2 such that
(L) X, ts elther empty or an open set of the form [Xo]
for a certatn X, € X , and p(X@) = 0 ,
(tt) X, is countable , '
(1it) corresponding ‘to each 'x € X, and each & > o)
there exists an open set U such that x ¢ U and
0 < p(U) < & . | | |

Proof. We first apply definition 3.32 to construct X0 e

If Lt is not empty then it has the form [xo] , according to
lemma 3,33 . From the definttion X, is an open subset

of X
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It foltows next from remark 3.36 that X - )(0 is
again an open-o~finite Hausdorff , mo space with respect to
the inherited topological and measure structures , Hence
we may apply Theorem 3,28 to obtaln a countable set
X, ¢ )('--.X0 such that corresponding to each point ‘x tn
(X - X, ) - X, and each ¢ > O a set V contalning x
can be found which is an open set in the subspace X'- X0
and such that p(V) < ¢ . V has the form U n (x-xo) y
where U isapenin X , thatis U ¢ ¥ , Since
X (-:.X--X@ » X € U , we know from Lemma 3,34 that
w(u) > 0 . | |

We have so far assumed only that X is a 'I‘MO space
If we now bring in the hypothesis that it is in fact a TMM
space , Wwe sﬁaﬁ.l know tn additlon that p(XU) = o .
Hence p(V) = p(U) - pu(Unx,) = n(U) .

Thus there exists an open set U in the space X such that

x € U and 0 < p(U) < e o

3,40 Theorem, Let (X, T, % ,u) be an open-c-finite, |

Hausdorff, TM0 space in which every singleton has zero measure,
Then the space X can be decomposed into three disjoint

measurable sets x0 ’ X1 ’ Xz such that

0
form [xo] for a certain X, tn X

(1) X, 1is either empty or is an open set of the
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(ii) X, is countable and has zero measure,

(Lil) corresponding to each x {in X, and each
& > 0 ‘there exlsts an open set U such that

xeU and O < p(U) <& .

Proof, We first apply theorem 3,28 to construct a
countable subset X1 of X such that

(L) for every x in X -X, and every g > 0

1
there exlsts an open set U contalning x
with u(U) <e , |

(i) for every x 1in X1 fhere exlsts an ¢ > 0 such
that u(U) > ¢ for each open set U containing

X .

The construction in the proof of theorem 3,28 actually
produces an X1 with these properties, but of course an X1
with only property (1) could be reduced to one with both
properties (i) and (ii) by removal of some of its points
Lf necessary. |

3.41 Lemma. If U is an open set of zero measure in

X then UnX, = ¢ .

Proof of lemma. Suppose Lf possible there were an element

X in Un X1 . Since U 1Ls an open set contalning x and
since x ¢ Xy it follows from (ii) that u(U) >e for a

certain & > 0 ., This would contradict u(U)=0. Thus Un Xy=¢.
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3,42 Lemma, The following statements are equivalent,

(t) U s an open set in the space X and
uw(u) =0,
(ii) U is an open set in the Spéce Y and

p(U) =0 .

Proof of lemma. If U is an open set in the space X and

u{U) = 0 then by Lemma 3,41 we have U=UNY ¢ $Y. ’

so that U 1is an open set in the space Y ,

Conversely, let U be an open set in the space Y
which has zero measure, Then there exists an open set V
- in the space X such that

U=vnyY = v-(VvnX).
Also u(X;) = 0 because X, is a countable set.
Hence p(U) =u(V) =p(vorXx) = u(v) .
Thus V has zero measure.
By lemma 3.41 we know that VX, = ¢ |

Therefore U=V and so is open in the space X ,

Proof of theorem. By remark 3.356 (Y, Ty By, ®)

is a TM0 space, A

We now apply definition 3.32 to this space to obtain the set
Yb which is the union of all thé open sets of zero measure

in the space Y . By lemma 3,42 'Y, =X, = unton of all

the open sets of zero measure in the space X , If Xb is



31,

non-empty then it has the form [xo] for some %, in X,

according to lemma 3,33,

Let X, = (X - Xi) - X, . Consider any element
x in X2 . Since x ¢ X - x1 we have for every ¢ > O
an opén set U +in the space X such that U contains
x and p(U) <e o If p(U) were zero then we would
have UC Xo and so X ¢ Xo which would contradict Xx g X2 N

Hence we must have p(U) > 0 ,
Finally the three sets )(1 y ¥ ~ Yo

disjoint, and hence XO =Y0 9 X1 s and X2 =Y--Y0

are also disjoint, This completes the proof of the Theorem,

’ Y0 are by construction
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4, The Micro-Zink Property.

4,1 Definition. A measure u s micro- regular if, for

every sequence {En} of measurable sets such that p(En) — 0
there exists a sequence. {Un} of open measurable sets such

that E C U for each n , and - u(un)——»o .

4,2 Definition. A measure n Ls calted micro - Zink if

for each contracting sequence {En} of measurable sets such
that p(En) —> O there exists an open set U such that

w(U) < » and E,C U after some stage .

4,3 Proposition. If p Us a weakly outer regular measure

then p‘ has the micro - Zink property .

Proof. Recall that p weakly outer regular means that
if p(E) < « then there exists an open set U containing E

such that p(U) < » .

Let {Enl be a contracting sequence of sets such that
pL(En) —» 0 , Then there cer'tai.nll.y exists N such that
F“(EN) < » o Accordingly , from the weak outer regutartty we
know that there exists an open set U such that U D EN

and p(U) < » . Thus p has the micro - Zink property .,

4,4 Propostition. Micro - Regularity implies the micro -Zink

property .

Proof. We need only observe that since p(U ) —-—> 0 it
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follows that p(UN) < « for some N ; Ug will fulfil

the role of U tin definitton 4,2 ,

4.5 Proposition. Outer regularity implies micro - regularity

and the micro - Zink property .-

Proof, Obviously outer regularity implies micro- régul.artty .

The rest follows from proposition 4.4 .,

4,6 Theorem. lLet (X,T, $,n) be an open - ¢ - finite

TM0 space , Then the followlng statements are equivalent ,
(1) ¢ s micro - Zink .
(ti) p ts weakly outer regultar .,

Proof. Suppose p s a micro - Zink measure , Let E be

a measurable set and p(E) < o Since X s

nCg*

open ~o-finite we know that X =
’ n

X where X 1is open ,
1 n n

p.(xn)<m, X, € $ for each n .

Therefore E::EnX:En(UXn): (Eﬂxn) .
. " n=i n=1

E .

Put E = ENX so that E =
n n ) n

L

1
]
We now recast {En} as a disjolnt sequence {En} with the

n

same union:, as follows
E#
1 = By

-

En = En - (E,! UEZU oo»o UEn—.] ) for n=2’3’oo.0 .‘

L3 ®© %

Clearty E C E_ ¢ X , and E = U E .
_ n n o n=1 n
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Thus 3 p.(En) = p.(UEn) = p{E) < « &
et R = U E .
n i=n+l

Then {Rn} is a contracting sequence of sets such that

w(R ) = 3 p(Ei ) —>0 , Because p has the mlcro -
i=n+1

Zink property we can therefore find an open set U such that

p{U) < » and R C U from and after some stage n, .

[0}
n .
0 a v
Now E= U E UR c (v X uu ,
n=1 % n=1

Since the right-hand side Ls a finite unlon of open sets,
each of finite measure,'tt is an open set of finite measure
containing E .

Hence we have proved that p Ls weakly outer regular .,

Proposition 4,3 completes the proof of the theorem ,

4,7 Proposition., Let (X,%,$,u) be ac-finite ™,

space, and suppose that p is weakly outer regular .

Then (X,%, $,u) Ls open—o~-finite ,

Proof, We know that X =
n

I Cg

1 Xh ’ where Xﬁ eSS,

p(X ) < « for each n , The weak outer regularity of
glves, for each n, an open set Un containing Xi such that

p(Uh) < » o Clearty X = U1 U and so X s open-s-finite.
n= . .

4.8 Corollary. Let (X, T, $,u ) be a TM openo-finite

space such that p is a mlcro - regular measure ., Then p

{s weakly outer regutar .,
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Proof. The proof follows directly from Proposition 4.4 and

Theorem 4,6 .

4,9 Proposttion. Let (X,Z, $,p) be an open—o-fintte,

TM0 s Hausdorff space such that p s a micro - Zink measure,
If the non - empty open sets itn X have posi.ti,ve measure

then (X, T, $,u) lsa TM space .

"Proof, The Hausdorff property implies that every singleton
Ls measurable and Lt must have flnlte measure under the

open~o~finiteness hypothesls , For if X = U X]!1 s Where
' n=1

X, Ls open and p(xn) < w» , then p(fal) = » would
i{mply p(xn) = w for some n and so Ls not possible for

any a in X ,

| By Theorem 4,6 ;, u s Ln fact weakly outer regular and
hence there exists an open set U contalning a such
that p(U) < o ,
And p(U) > O simce U tis non - empty

4,10 Proposttion. Let (X, %, S,p) be a TM, space Ln which
singletons are measurable sets of zero measure and non- empty
open sets have pOSi.tLve measure Theh micro - regularity

of p tumplles that (X,%,8,u) is a T, space .

Proof. Let x ¢ X . Since p({x})= 0 we may take E, = {x}
for. eac_h. n {n Definition 4,1 , Thus we obtailn a sequence

of open sets {U=n} such that x ¢ U~ for each n ,
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and p(UTI1 ):-->O » Given & >0 we can therefore find m
such that p(nr;‘n ) < e .And p(U) > O simce U
contalns x. amd hence s non - empty .

The followlng ’theorem, although unconnected with the
foregoing propositions, is included here because of its

tntrinsic interest .

4,11 Theorem., Let | pn} be a seduence of micro - regular

measures , If p(E) = 3

pn(E) for each measurable set
n=1 .

and p(X) < » then the measure u s mlcro - regular ,

Proof, Let {Em} be a s;erquenée of measurable sets such
that p.(Em ) —>0 38 M—> o , Therefore pn(Em) —> 0
as. Mm—> o foOr each n ,

Stnce B ts micro - regular, there exists a doublie sequence

{ U } of open measurable sets such that for each n

(1) u > E_ for each m , and
n’m m
(L) pn(Un’m) —> 0 as M — « ,
let V. = U, NUYU N deeen U > E .
m Tym 2ym my m m

) .

Thus we have constructed a sequence {Vm} of open

If m >k it Vf‘oLLows thalt pk(Vm) < pk(Uk,m

measurable sets such that Vm D Em for each m, and for
each k , p‘k(Vm)-—-—?O as M—> o o

It remains only to show that p(Vm ) —>0 as Me—> o .
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let € >0 be given .,

Since 3 p.n(X) < » it follows that there exists N such

'n=1

that 3 p_(X) < % . For each i=1,2,.... there exists
N+t B |

. . £ |

an m  such that p.i(\fm) <+x for mzm,6 .,

Put mo::_max(m1,m2,.....v,mN,) .

Then we have
N %
ulv_ ) = l;l‘un(Vm ) + N2+1 p V) < e

provided m > m,

Thus p(\/n'1 ) —> QO , and the proof is complete ,

.
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S. . Existence of Topological Measure Spaces,

5,1 Theorem. i IE a countable class of subsets of X,

T (E) the topology generated by E .
$ (E) the o-algebra generated by E .
Then S(E)c S(E) .

Proof, The class T of all finite intersections of
members of E Ls contained in S(IE) ., The class T

is a countable chass‘. Hence any union of members of T

is a countable union of members of S(E) , and so is again
a member of S (E) . Therefore |

L(E ) = class of all untons of members of IF ¢ S(E) .

5.2 Remark., The result is not necessarily true if E s

not countable,

For let X be any uncountable set and let E be the
class of all singletons in the space X ., Then S(E)
Ls the discrete topology in X while S (E) s the
class of all countable sets and their complements tn X ,
Hence {f E and E’ are both uncountable sets then

Ee (E) but E £ S(E) .

5,3 Theorem., Let E be a countable class of subsets

of the space X , Let & be the topology and § be the
c~-algebra generated by E in X , If u Ls any measure on

$ then (X,T,%$,u) Llsa TM, space .
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Proof. The proof follows at once from Definition 3.1

and Theofem_S.l._

5,4 Theorem. Let (X, $,pu) be a totally o-finite
measure space such that p(X) >0 . Then there exists
on X a topology T such that (X,%, % ,u ) is an open-

'd—finite' TM1 space,

Proof. By hypothesis there exists a sequence {En] of

disjoint sets in $ such that

X =

=C3

E, and p(En) < » for each n .

By consolidating all those of the En which have zero
measure with one of the En of positive measure we may
assume without loss of generality that each set En has

"in fact positive measure,

We define T as the topology generated by the countable
class E = {E1, Ez; ees } Of subsets of X . |
Since $ > S(E) > % "~ by Theorem 5,1 ,
we then have a TM 'space (X,%T,S , p) . It is in fact a
TM, space because if x € X then for some n ‘we have
X € En where En Ls open in the topology now in X and

0 < p(En) < © . The proof is complete,

5.5 Definition. An atom in a measure space (X, $,pu) . is

a measurable set E of'postttve measure such that for every

measurable subset F of E we have etther wu(F) = 0 or p(F)= u(E).
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5,6 Definitton. A measure space s non-atomic if there

are no atoms in tt.

5.7 Theorem, If (X,8,u) is ao-finite non-atomic

measure space; Lf E {s a measurable set and if B 1is a real
number such that O < g < p(E) , then a measurable set F can

be found such that Fc E and p(F) =B .

The proof of this theorem follows from an application of
Zorn's lemma , The result is well-known , See Halmos £7]

page 174(2) and Menger [21].

5.8 Theorem, Let (X,%,u) be a totally o-finite non-atomic

measure space such that p(X) > O. Then corresponding to
each positive real number ¢ a sequence {En} of disjoint

[+-]

measurable sets can be found such that X = ﬂg1En and

0 < p(En) <a foreach n=1,2,.... .

Proof. Suppose firstly that u(X) < « .

If w(X) <& we take E, = X and let the sequence terminate
there , If p(X) >a , let 0 < B é o and apply Theorem 5.7
to determine a measurable set E, C X such that p(E1) =B .
If p(X=-E)<a,weput E =X-E and terminate the
sequence with EZ o Clearly X = E1 U E2 ,.E1 and Ezlare'
disjoint and each has positive measure less than a .r

| If however, u( X-Eﬁ) > o then apply Theorem 5.7 agailn to

determine a subset E, of X - E,; such that u(g,) =8 .
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If u( X.- Ei" Ez) < & we put E3 = X-E1--E2 and termtnate
the sequence with E, , ‘CLearLy then X = E, VE, VE, ,
E,‘, Ez ’ E3 are disjoint and each ﬁas positive measufe less
than o . If pu( X - E1- Ez) > a we cah proceed as before ,
Either we shall obtain the stated result afterrconstructing
tn this way a finite number of sets E EZ,...., En or we
‘shall obtain an infinite sequence {En} of dtsjotht sets
such that X = S E, and p(En) =p >0 foreach n ,

This would éontLacht p(X) < » and so only the first
alternative Ls.possLbLe, and the result is proved in this
case ,

Next suppose that p(X) = « , We express X as U X
' - m=1

where the sets X are disjoint and o < p(Xh) < » for each m,
The procedure applied in the previous paragraph to X can be

applied to each set X, to glve a fintte decomposition

X = E U E U eoee UE into disjoint measurable
m m,i m,2 myn
sets Em,i such that o < “(Em,i) <a for each i=1,2,..,n
o0 nm
X =uUu U E ; s then the desired decomposition of X
m=1 i=1 9

i{nto disjoint measurable sets each - with positive measure

less than g4 ,

5,9 Theorem, Let ( X, 8,p ) be a totally o~finite non-

~atomic measure space such that u(X) > O ., Then a topology ¥
exists in X such that (X,%,$,u) is an open-sc-finite TM,

space ,
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Proof. Apply Theorem 5.8 to determine a sequence {E }

of measurable sets such that for each m=1,2,.... we have
-]
— : d l_. 1 -
X = ni1 Em’n , 0« p(bm,n) <= for each n=1,2,,... and
E N E =¢ for p*q .
myp myg ¢ P*d

Let < be the topology in X generated by the countable
family of sets

IE={ E : m=1,2’e.oe’ n.=1,2’.a¢';

m ,n
Since $ > $S(E) > T by Theorem 5,1, (X,2, S,u) Lis

then a TMospace .

It is in fact a TMzspace . For Let ¢ > O be given

X . Choose m so large that % < e . Then,

and let x ¢
Q0 .
since X =y E , We can find n so that Xx ¢ E e
n_.__.‘l men . ' men
By the construction of T , Em n is an open set containing
. : H

X such that O < p(Em’n) <e .

The openness of the E and the equation X = U E
m,n . n= m,n

-

also show that (X, 2,8,u) 1is openo-finite .

5,10 Remark. The topologies constructed in Theorems 5.3 ,

5.4, 5.9 all have countable bases, hence these topological

spaces are in addition separable .
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6, The Cartesian Products of Topological Measure Spaces,

" Throughout this section we assume that the topological
measure spaces are o - finite . Where a number of topological
measure spaces is mentioned in a proposition , X, &, $,u
will respeéttvel.y dencte the Cartesian products of the spaces,

topologies, ¢ -~ rings and measures involved .

6.1 Proposttiom, Let (X,,%, S, u, ) and (xz,szz,$2,p2)

both be TM spaces ., Then (X , Ty, S,p ) Ls a topologicat .
measure space such that & contains a base for the product

topology % .

Proof. $ is the o- ring generated by the measurable
rectangles, that is, by sets of the form A x B where A¢ S"x:.1 ’

B e'Sz « Sets of the form U ><U2 where U1 € % ’ _U2 € mz,

1

form a base B for the produCt topology T . Since X1 ’ Xz

are both TM, spaces U

1i.e$1artd UzeSBZ .

Hemce $ > B,

6.2 Lemma, If IBi Ls a base for the topology Sti in the
space Xi , for i1=1,2, then

IB1><IBZ={U1><U2 : U, eR , i=1,2 }
is a base for the product topology 21 X 22 in )(1 X Xz .

Proof. W e fjx T, means W= U V.% x V.2 where V% ¢ 2.
i) 2 a 1 2 i i
for each a and for i=1,2 .
' a @p, o,
We also have V. = U U where U, * ¢ B, for i=1,2 and
: i a 1 i i

1



44,

a union of

X
(e
i}

for each Bi » S0 W= U U u U

sets from BB, x B, .

Hence IB1‘>< ]B2 Ls a base for $1x $2 .

6,3 Proposttton. Let (X,;,%, S, s,) and (Xz»,SZ,SSZ, B, )

both be TM spaces with countable bases . Then (X,T,S8,pn)
is also a TMU space with a countable base ,

Proof, Let B, and B2 be countable bases for £L‘1 and s:z

1
respectively , Then in the notation of proposition 6,1 and’

s

lemma 6.2 we have $ OB D IB1><IB2 « Slince leIB2 its

countable and a base for T, {t follows that ¥C $§ ,
6.4 Remark, The following example shows that the product of

two TM0 spaces is not necessarily a TMO space ,

let X be a set whose cardinal number exceeds that of the
continuum ., Let & be the class of all subsets of X .

D= {(x,x) 3+ xeX } ., Then D £ $x S,

Suppose D ¢ 3 x$ . Then VD beLohgé to the &— ring
generated by the rectangles in X xX . By Theorem 5D of
Halmos [ 7] there exists a countable class R of rectangl.es
such that D e S(R) . Let E be the countable class of
si.des‘of‘ rectangles which belong to R . S(E)x S(E) is a
o- rtng which contains all rectangles in R since any
rectangle in R is of the form A xB where both A , B
belong to E. Therefore $(R) ¢ S(E)x S(E) and so
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"D ¢ S(E)x S(IE) . Theorem 34D of Halmos [ 7] implies
that every section of D belongs to $(IF) . ‘However the
number of sections of D equals the number of elements of X ,
It follows that the cardinal number of S$S(E) also exceeds
that of the continuum . This contradicts section 5 (9c)

of Halmos (7] .

Let T be the discrete topology for X . Then
X, T,$,p) is a M, space , However

D= U {x}x{x}] € TxT , and so the product
x eX :

space is not a TM0 space ,

6.5 Remark. Let (Xi, T, S, p,i) for t=1,...,n, be TM
spaces each with a countable base ., Then (X, T, $,p) s

a TM0 Space ,

This result can be proved in the same way as lemma 6.2
and proposition 6,3 or we can extend proposition v6.3 to any

finite product by mathematical induction .

6.6 Proposition. Let (xi,mi,$i,ui) for 1i=1,2, .be

TM2 spaces each with a countable base ,

Then (X, %, S, g) is a TM,space .

Proof, It follows from proposition 6,3 that T cC 8 .

Let (x‘,xz)ex1xx2 = X .

Let & > O be given . Since each space is TM2 it implies that

there exists U, € T, such that x, € U5 and o <, (Ut) <Ne



and there exists U2 € S% such that X, € U2 and

o < uz(Uz) <Ne . Hence (x,,X, ) e U x U, where

U1 X UZ €% Dby definition of T ,

Also p(U, x UZ) = pt(Uﬁ).pz(U;) stnce p s the unique
measure such that p(A x B) = “1(A')'“2(B) for AeS,,

BeS, . Thus o<p(U'1 xUZ)<e .

6,7 Remarks. (i) We do not need the countable base

~assumption in order to satisfy the second condition for &
TMzspace R
(ii) A stmilar result can be shown to be true

for TMtSpaces 0

) for i=1,2,....,n, are

6,8 Remark, If (Xi’$1’$i?“i

TM, spaces each with a countable base then (X, &,8,pu) is a

TMZSpace .

This result can be proved as in proposition 6,6 or we
can extend the result of proposition 6,6 to a finite product

by mathematical induction .

The question now arises as to whether the same results

are true for infinite products of topological measure spaces .,

6,9 Definitions., Let ( X, s si,ui,) for i=1,2,.... be

normalized measure spaces .

A rectangle in X Xi is a set of the form X Ai ’

1
where A C X, for all i and A = X forall but a finite
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number of values of L ,
» o

We define a measurable rectangle as a rectangle X Ai
i=1
for which each Ai Ls a measurable subset of Xi .

S = X S ts the o - ring generated by the class of all

i=1
measurable rectangles ,

There exists a unique measure u on $§ such that for
every measurable set E of the form A x X(n) where

x(M . % x and Aexs s B(E) = (u, % eocexp )(A) .
nel 1 et 1 n

It Xi Ls a class of topological spaces then the class
of all sets of the form X ZEi : LtelIl , where E, is
o]

open 'Ln X. and E_ = Xi for each 1#1i, , Ls a subbase for
O

the topology of‘ )32( X o
i=1
6.10 Proposition. Let (Xi’ %, Ssi’“i) for i=1,2,... be

normalized TM0 spaces ., Then there exists a base B for the
topoLdgy T, such that B¢ $ .
Proof. Let IB be the base generated by the sub-base whose

typical element is X { Ei : L eI} where Eio is open in

X, and E, =X for each { A i, . Since each E, is

Lo 1 ;
open and therefore measurable we have X { Ei : Ltelle S,

Since & 1is closed under finite intersections it follows

that B ¢ & .

6,11 Proposition. Let (x m $ ) for i=1,2,... be

30 Py
normalized topological measure spaces at least one of which L8
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a TM,space and such that (X, T,$,u) s again a TM space .
Then ( x‘, T,B,u) ls a TM, space .

Proof., Let e > o be given ,

Let x g X, that is x = (x1,....,xn,..) where X, € X,

for each {=1,2,... .

We may assume without loss of gener'a_L‘Lty that X1 is a TMé
space .A Hence there exists an open set U1( C )(1 such that

X

1

€ U1 and o <gz1(‘U1) <& , Therefore Uy x x(l) s an
open set tn X containing x and from p(u1 x X(l)) = iy (U1)

it follows that o < p(Ut X )61)) <e .

6.12 Remark, Let (Xi’ $i,$i,pi) for i=1,2,... be

normalized topological measure spaces at lLeast one of which
ts a TM1 space and such that (X,2,8,u) i._s.agatn a TM0 space,
Then (X, ¥, $,pn) Lts a ™, space ,

The proof is similar to that of proposition 6,11 .,

Another question now presents itself .
What can we say about the product of TM:’. and TMj spaces
for L # j . In general the product of a T, and a TM,
space will not be a ’I‘M1 space ,

let Y bea TM space , Let X Dbe any space with the

1
indiscrete topology and such that p(X) = . Then X is a

TM0 space but X x Y is not a ’I‘M1 space ,

6.13 Lemma. Let (X, T, $,n) be an open-o- finite TM space

such that u(X) > O . Then (X <,$,u) is a M, space ,
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Proof, Since X s open-o- finite X = 6 U where U is
open and p.(Un) < » for each n ., ne

Let A Dbe the set of positive "Lntegers such that n ¢ A if
and only if p(Un) =0, A may be empty , Let B = N-A.,

By hypothests B #¢ . Let B ={b ,D,yec.cl .

Let V, = U U U
, 1 ncA n | ‘Ub1
Vo= Uy for m.> 1 .
n

Then X =
m=1

Let X be any point in X ., Then there exists m such that

m
Vm where V_ open and o < p(Vm) < oo o

nCes

x € V_ which is open and such that o < p(Vm) <

6.14 Proposition. Let (Xﬁ, PR P ) for i=1,2, be

open-g — finite TM0 spaces each with a countable base and
such that p, .(Xi-) >0 .

Then (X, 2,8,u) is a TM, space ,

Proof., The proof follows directly from Lemma. 6.13 and

Remark 6.7 .

6,15 Proposition. Let (x1,$1,s1.,p1') be a TM, space with

a countable base ., Let (X,,%,, S,,u, ) be a TM,space with
a countable base , |
Then (X,T, S$,u ) ls a ™, space,
Proof, By Prop'osi,tion 6.3 , X has the property that
£ C S and hence X is TM0 .

-

Let & > o be given , and let (xi,xz) € Xx X, = X
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Then there exists U1 € &1 such that Xx, € U1 and

1
0 < uy (U1) = C <= , ard there exists U, € %, such that

€
x, €U, and o <p.2(UZ) <z .

Therefore (xi,xz) € U x U, which is open in X,

Further o <u( U x Uz) = pt(U1) ‘.pz(Uz) < ¢ , and so

the result follows ,
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7 A survey of the literature on the relation

between measure and topology.

7.1 The existence of én {nvariant measure on a separable
compact group ‘was established by A, Haar in 1933, fhe
separability was reqﬁtred so that the Cantor diagonal
process could be used, In 1934 J., von Neumann pro#ed the

uniqueness of Haar's measure,

During 1940 Andre Weil, [31] extended this result to
LocaLLy compact groups, his existence proof being based on
Tychonoff's theorem 6n the Carteslan products of compact spaces.
His proof of the uniqueness was entireLy different from that
of von Neumann, Weil shows the left-invariant Haar measure
to be invariant under the transformation (x,y) - (yx,y)
and (x,y) - (y’1x,fy)., Further, i{f A, B are any
measurable subsets of X , of finite measure, p(An xB) {is
a uniformly continuous function of x , belonging to LZ(X) ’
"satisfying the formula _

[utans@)ax = w(a) ™) .

: X
From this result it follows that tf A s measurable and

of positive measure then so is A~ , and further AV A
and AA-1 contain an open neighbourhood of the unit element
of X . This fact makes it possible to reverse the process

and introduce a topology on X , starting from an invariant
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measure on X , In the first appendix of [31] Weil

obtains the following result,

Theorem. Lef X be a group without a topology and let u
be a left-invariant measure defined on X such:
that f(y-1x) i{s measurable on X x X whenever
f(x) is measurable on X , If there exists,
for any measurable subset A of x' , of positive ,"
finite méasure an x € X such that p(An xA) < u(A)
then it is possible to introduce a topology into X
in such a way that the completion X* of X ,
with respect to this topology, is locally compact
and that the Left-tnvariaht.Haar measure on X%

tnduaces the given measure p on X ,

Such a topology is unique and can be obtalned by taking
the family of all sets of the form A"TA (or 'AA'1) ,
where A 1Ls an arbitrary measurable subset of X of positive

measure, as the neighbourhood system of the unit element ,

742 We will go into more detall using the notation of
Halmos [7] . A measurable set E is called outer regular
with respect to the measure pu Lf

u(E) = inf fu(U) ¢+ Ec U, U. open Borel} |,
and inner regular if » |

.p(E) = sup {u(C) : E>C, C compact} ,

The regularity of all Balre measures is established in [7] .
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Throughout, the whole space X (s assumed to be locally
compact and Hausdorff, Starting with a content 2 (a non-
negattVe, finite, monotone, finitely additive set function
defined on the class of compact sets) a regular Borel measure
is induced which, when A is regular, coincldes with it on
the class of compact sets. Further, any Baire measure can
be unlquely extended to a regular Borel measure, These

results lead to the Riesz-Markoff theorem,

Theoremn. If A (s a positlve linear functional on £

(the class of real-valued, continuous functions
en X , with compact support) then there exists

a regular Borel measure yu such that for every
fez , A(f) = ff-du .

The representatibn of a posttive linear functional as
an LﬁtegraL with respect to a regular Borel measure is unique,
.A Haar measure Ls then defined as a Borel measure on a Locally
compact‘topoLéchaL group X , such that u(U) > O for every
non-empty open Borel set and u(xE) = p(E) for any x ¢ X
and E any measurable set, Contents,; the theory of regular
Borel measures in Locally compact Hausdorff spaces and
Tychonoff's theorem are used to show the existence of at
least one regular Haar measure in every Llocally compact

topological group X .
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To prove the uniqueness, Halmos first develops the
theory of measurable groupé, A méasurabLe group is a o-
finite measure'Space (X, $,u ) such that

(1) u Us not tdentically zero,

(tt) X 1is a group, |

(tit) S and u are invariant under left tranéLatLon,

(v)  the transformation S of X x X onto itself,
defined by S(x,y) = (x,xy) Ls measurability

preserving,

Theoremn, If A s a measurable subset of positive measure,
of a measurable group X and y € X, then Ay
is a measurable set, of positive measure, and A‘i
Ls a measurable set of positive measure, If £ s
a measurable function, A Ls a measurable set of

p positive measure, and for every x in X,

. _,1
: f(x
S(x) = E{Zijl , then g Ls measurable

provided that f(x"’) + o and p(Ax) # «» for
any x . A
He then establishes the average theorem,

Theorem, If A and B are measurable sets in a measurable

1

group, f(x) = u(x' AN B) then f {is a

measurable function and ff%iu = u(A) 'LL(B-1 ) .

These results ,together with certain transformations and
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Fubini's theorem, proves the uniqueness, that is, that
regular Haar measures differ by a non-zero multiplicative

constant,

Halmos carries the study of the relation between measure
~and topology to greater depth than Well [31]‘. If X is
a locally compact topological group , u a regular Haar

measure, p(E, F) = u(EAF), then he proves the following

results,

Theorem; (1) 1If E‘fts a Borel set of finite measure,
f(x) = p(xE,E) for every x ¢ X , then f tis
cont Ltnuous,
(i) If U s a neighbourhood of e , then there
exists a Baire set E , of positive finite measure,

and an ¢ > 0 such that {x : p(xE,E) <e } C U.

These two results together imply that the class of all
sets of the form {x : p(xXE,E) <e} 1is a base at e,
Thus Lt is possibLe to describe all topologlcal concepts in

measure theoretic terms,

We now turn to the development of the Well topology.
The problem is, can a natural topology be introduced in a
measurable group such that Lt becomes a locally compact
topological group 7 To handle this problem one introduces

the following classes of measurable sets :
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A = {EE"1 : E a measurable set of positive finite measurei,

2
I

class of all sets of the form {x : g(XE,E) <e }
for E measurable, of_posttive finite measure and e
such that 0 <& < 2u(E) ;
and deduces that every set in IN contains a set of A and
cohverseLy. A measurable group is called separated ir,

whenever x % e , there exists a measurable set E of positive

finite measure such that p(xE,E) > 0 .

The following very important result introduces the

WeiL topology.

Theorem., Let X be a separated measurable group. If 1IN
Ls taken for a base at e then with respect to

the induced topology X Ls a topological group,

The induced toprogy Ls called the Well topology.
In order to show that every Haar measure ls regular, the

theory of quotient groups and invariant o-rings is required.

Theorem, Let X be a locally compact, o-compact, topological
group. Let p be a left Lnﬁariant Baire measure
tn X , which is not identically zero. If. E s
any Baire set in X then there exists a compact,
invariant Baire subgroup Y of X , such that E
ls a union of cosets of Y and such that the

quotient group % s separable,
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From this theorem it foLLows that every Haar measure
tn X 1is comﬁletion regular, that is, Haar - Borel and
Haar - Balre measures have the same completion, This result
s extended to locally compact, but not necessarily o-compact,
topologlcal groups and with the known result thataccmptetion!‘

néguharﬁty implies regularity, the desired rnesult is ohtained ,

7.3 Let. X be a compact Hausdorff space, the closure of
whose open sets ls open, Further, we assume that the class
8 of all opén—cLosed sets, constitute a base for X .
Conslder a Jordan measdre p defilned on B8 such that

(L) p(X) =1; p(E) =0 (fandonly if E =¢ .

-]
(ti) lim p(En) =pu(( v Eh)’) for any ascending sequence
. n )

n—* o ::1

{En} of sets from 3 .,

Y. Mlbu 1in 1944, [22] sy considered the relations between
measure and topology in X . He first shows that u 1is
countably additive on 8 and then derives the following results :
(L) G open implies u*(G) = u,(G) |
(ti) u*(A) = 0 is equlvalent to A Ls non-dense,
where u*, u, denote the outer and inner measures
respectively.

The main results proved are :-

Theorem, The followlng conditions are equivalent tn X .
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(t) A non-dense,
(tt) A s of first category,

(tit) A ts of measure zero,

The followlng conditions are equivalent in X ,
(L) w®(A) = u(A) .
(1) (A" = (Ah).

(ttt) A s measurable with respect to pu* .,

(tv) There exists an open set G  such that
(Au G) = (An G) s of first category,

that is, A has the Baire property.

‘The following are equivalent for a fuhction f

defined on X ;
(L) T s a measurable function ,
(tt) f s a functlon having the Baire property,
(Lii) There exists a continuous function
coinciding with f , except on a set of
measure zero.
(Lv) The set of polnts of discontinuity of f s

of measure zero.

Haupt and Pauc, [8] used the following notation :-

g Ls a finite valued measure on a Boolean o-algebra § of

subsets of a topological space X . u*. Ls the complete

extension of pu defined on $*
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A measure is called weékLy adapted to a topologlcal space if
(i) aLthhe open sets are p-measurable ,
(Lti) the family § of open sets of X s a family which
approximates sets {n $ Lin the sense that to each
M e $® and each e > o there corresponds an open set
G such that u(G-M)< ¢ .
A set In X is called a null-frontier set, if the measure of
Lts closure equals thé measure of {ts tntertor .

Proposition. Every finite Borel measure, defined on a

~topologlcal space,ls weakly adapted ..
A measure p Ls normally adapted to X L
(L) X is compact
(tt) X has a base of open sets whose frontiers are
| nutl-sets .
(tit) am is a regular Borel measure .,

Two theorems are stated :

Theorem, If p Ls normally adapted to X then every finlte
covering by open sets has a refinement of disjoint
null-frontier sets .,

Theorem, If My and w, are normally adapted to Xt and Xﬁ
respectively, then the completion of the product

measure is normally adapted to X1 X Xz o

7.5  Varlous conditions on a Borel measure in a topological

space, sufficient to ensure the existence of a decomposition
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of the space into a set of zero measure and a set of the
first category are presented tn [19] by Marczewskl and
Sikorski . They also glve a simple proof that the decomposition
exists for Hausdorff measures in separable metric spaces .

A cardinal number m  is saild to have measure zero ir
every finlte measure, defined on the class of all subsets of
a set of power m, vanishes identically whenever it vanishes
on all finite sets ., If a metric space contains a dense subset
whose power has measure zero then the decomposition exists for

every o-finite measure that vanishes on all finite sets ,

7.6 - An attempt at a systemattic discussion of the concept
of weak convergenée of measures Ls found in Blau [1] .
A neighbourhood topology Ls introduced in the set M of all
measures on a glven space X, and he discusses the relattions
between properties of X and the topology of M , His
measure Ls normalized, outer regular and deftnedvon a ¢Lass of
subsets of X , such that all open sets are Caratheodory |
measurabLe . The‘topoLogy in the set M of measures is defined
_by.the subbasic neighbourhoods :
{¢:(p€M_,<po(U)<<p(U).+a; where ¢, € M ,
U is openand a > o ,

With this topoLogy M s a T,space which inherits

1
familar properties when they are ascribed to X ., Thus for

example M has a countable base when X does , Moreover, Lf
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tt i{s assumed that singletons are closed sets, then one can

prove

Theorem. If X s compact, separable and Hausdorff then M
is bt—compaét .

Theorem, X s compact and metrizable Lf and only Lf M has

the same properties .

767 Katetov [12] obtalned results closely related to
that of Marczewski and Stkorski . He introduced the concept

of reducibility and obtailned results appLLcabLe also to two-

~valued measures ,

Definition. A closed subset Q of the space X semi-reduces

a méasure p LF
(L) u(G) > o whenever G is open, GeS, GN Q#* ¢
(i) _Q(F) = o whenever F s closed, Fe$S, FNQ=¢
If tn addition Q¢ $ and p(X~-Q) = o then we

say Q reduces p .

Theorem. Let X be a fully normal space ,. In order that
every (two~-valued) Borel or Baire measure in X be
semi-reducible, it is necessary and sufficient that

~every (two-valued) Borel measure Ln any closed

subspace of X , be reducilble ,

These results of Katetov have been generalized by Ishii

[10] to paracompact spaces .
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7.8 . In [37]' , Marczewskl considers normalized but

not necessarily countably additive measures,

A class F , of subsets of X , s called compact Lf

every countable subclass of F that has the finite intersection
property, has a non-empty intersection., . A class F approximates
$ with respect to the measure p if for every E ¢ & ,

> S 0 theré extsts PegF and De 8§ “such that

Dc PCE and u(E-D) <e . A measure p Ls called
compact Lf there exists a compact class F which approximates

$ . Marczewskli develops the basic.propérties of compact
measures and applies them to the theory of measures in product

 spaces,
Theorem, Every compact measure is CountabLy additive,

From this it follows that every compact measure has a compact,
and hence countably additive, extension to the boolean

o-algebra generated by its domain,

Main Theorem. The product of compact measures is compact,
- After showing that

Theorem. For a compact, non-atomic, countably additive
measure each set of positive measure contains

a null set with the power of the continuum,

attention naturally centres on those measures whose null sets

are countable, These are called Sierpinskl measures,
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Theorem. No non-atomic, Sierpinski countably additive

measure ls compact,

Ryll-Nardzewskl continues with these ideas in [26] .
A countably additive measure is quasi-compact if to each
sequence {Qn} of measurable sets and each ¢ > 0 there

corresponds a measurable set Q, such that p(QO) >1 =-¢

0
and the sequence {QO N an {s a compact class. As
anticipated by the terminology, each compact, countabLy

additive measure is quasil-compact,

Marczewski and Ryll-Nardzewskl together study the
compactness of non-direct products of measures in [18 ],
Thé direct product of two normalized measures, p in X,
and vy ln Y, its % ln XxY such that

A(A xB) =p(A)'.v(B) o
They weaken this condition and requtré only
AMAxY) =p(A) .and _x(xxB) = y(B) .

Such a measure )\ s called the product of p and v .,

Theorem. A product A of a countably additive measure .

and a compact measure y Ls countably addittive,

They strengthen the earlier result of Marczewskl on
the power of null subsets by proving that the concLusion
holds even in the absence of countable additivity.

And they finally establish a result complementary to the

non—compactness of S ierpinskl measures :
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Theorem, A purely atomic countably additive measure p

ls cdmpact.

7.9 Irregular Borel measures Ln topologlcal spaces are
déalt with tn [28] ~ by Swift., . If pu falls to be regular
in a certain sense at A , we call Lt irregular in that sense

at A .

Theorem. Let. X be a topological space and { pi} ‘a

sequence of Borel measures on X such that

35 p.{X) < « . Then
i=1

(L) the set function p defined by
_ o ' |
p(A) = 21 ui(A) , for each Borel set A ,
i=1

-{s a Borel measure on X .

((t){ ¢ wlll be outer (inmer) irregular at
& Borel set A if and only if at least one

of the My is outer (inner) trregular at ‘A .

In a later paper [29] Swift considers the existence -
of LfreguLar‘BoréL measures taking at most n values, Such
measures on o-compact Hausdorff spaces have interesting

speclfic properties which enable him to establish the

~ Theorem. There exists a totally finite, n-valued,

irregular Borel measure on a ¢-compact Hausdorff

L A A Y L AL vV = j1 (ll..l. °
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7.11 Let X be a topologlcal space and M the set of
all normalized reguLar'ou;er measures pu satisfying.
p(U) + u(X=-U) =1 for each open Uc X , and let M be

endowed with the weak topology.

Islwata tn [11] conslders how compactness of X s

carried over into compactness of M ,

Theorem, If X s a countably compact T, space then

M s a compact Hausdorff space,

MandlL in [16] proves two results of a simtlar kind,

If X is a topological space, let P0 denote the space of

~ Batre probability measures on X ard P1 denote the space

of regular probability measures on X , bdth with the

weak topology.

Theorem., (L) If X Ls countably compact then P,

is compact,

(itt) If X s countably compact and normal then

P Ls compact,

1

7¢12 In [4] , Erohin , generalizes the notion of
compactness of measures that was introduced by Marczewskil

(171 . Let p be a finitely additive measure defined on

an algebra §$ , of subsets of the space X , and finite on the

whole space, g s an outer Jordan measure induced by p on X,
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Every family, & , of subsets of X containing ¢ , X
and closed Qndef finite intersections and countable unions
defines a o-topology on X , Erohin caLLs-a o-topotlogy
om X regular in the sense of u Lf for every A in §
p(A) = tnf { 4(G) : Ge T, ACG} .
A closed subset Q of X is called almost compact Lf, for
every e > 0 , each countable system of sets from & which
covers Q , contains a fthtte subsystem covering Q - E ,
where [(E) <e . The measure u ts called almost compact
Lf there exists.a o~topology, regular in the sense of u ,
such that X is almost compact, The main result of Erohtin
ls that the measure p Us countably additive if and only

Lf Lt is almost compact,

7,13 A perfect measure, defined by Sazonov {[27] , ls

a measure uyu on $§ such that gtvén any & > 0 and any
~real-valued measurable function f there corresponds to
each‘set Ec R for which 'f-1(E)'e $ an open set GD E
such that s (£7E)) > u(f7(G)) - ¢ .

He first proves that a Borel measure Ln:a topological
space X wlth a countable base Ls perfect Lf and only if it is‘
dense, which means that to each ¢ > O corresponds a compact
set K in X for which u*(K) > 1 -¢, u* belng the
associated outer measure, He is then able to generaLize a

theorem due to Gnedenko and Kolmogorov,
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Theorem, In order'that & measure on a topological space,
with a countable base, in which all open sets are

measurable be perfect, it is necessary and sufficient

that ,
w(E) = sup {u(X) : K compact, KC E } ,
7.14 In [23] ', Pakshirajan considers a vlocally

compact. Hausdorff topological space. He denotes by 92 the
class of sets whose intersectlons with every compact set are
Borel sets., 2 s a. o-algebra which cleary contains all open
sets in X , Regularity of u for him means

(L) p(C) <o, for each compact set C , and

(iL) @ is inner regular in the sense of [7] .
He proves that to every regular measure p on 9 there
- corresponds a unique cLbsed set Ah s the carrier of u ,
with p(X‘—Au) = 0 and u(U) > 0 for every non-null

relatively open subset U of Ap o

7.15 Helmberg establishes the following theorem and

coroliary tn [9] .

Theorem, For a Borel measure ln a locally compact Hausdorff
spaée which is separable and perfect, there always
exist dense o~bounded open sets of arbitrarily

small measure,
Corollary. Under the same assumptions there exists a set

of flrst category whose complement has zero measure,
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7.17 Let (X, $,up) be a complete measure space such

that pu(X) = 1,

Definition, A sequence {Kﬁ} of measurable sets converges

to a point x , written K »x , If
(L) for each n we have Xx ¢ K~ and

w(K ) >0 ;

(ii) p(K£)+ 0 as N - « .

Let X be a collection of sequences of measurable sets
such that for each x {in X there exists at least one

sequence {Kif € X such that K - X .

Definition. The upper outer density of a set E at the point

x is
g(Ef\I\. )

D*(E,x) = sup{lim sup umm—r—~ya Kﬁ} €x » K - x .

n-—ow

| Let AU be the family of subsets U of X for which
D*(W,x) = O for each x € U. Martin [20] shows that
Y Ls a topology on X which he calls the density topology.
The density topology and the measure structure on X are
related in many satisfying ways, some of which we present

below,

Theorem. (L) A set E 1is of flrst category if and only
if p(E) = 0 3
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(ti) Every non-empty open set is of second
category
(iii) A function is measurable if and only if

tt is continuous almost everywhere,

With respect to the density topology the following

statements are equivalent,
(1) Lusin's theorem is valid ;
~(tt) p is a regular Borel measure ;
(iii) Every non-empty open set contains the -
closure of a non-empty open set ;
(iv) Every null set is cbntéLned in open sets of

arbltrarily small measure,

It Ls well known that every Borel measure in a metric

space X s regular provided that X s open-o-finite

(see definttion 3,27). Zakon [ 32] extends this theorem

to spaces which have Urysohn's F-property, that is spaces

tn which every closed set is a G6 .

Lemma,

Theorem,

In every topologlcal measure space (X, $ ,u ) ,
the family R of all regular sets ls an algebra,

Further, if u(X) < « , then R 1is a oc-algebra,

A Borel measure on an open-c-finite F-space (s

regular,
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7.19 Rudin [24] showed that if X s a compact
Hausdorff space without perfect sets and u 'ts a regular
Borel measure on X such that singletons have zero measure
then p(x) = 0 , This result was used by Darst [ 3]
to prove a theorem on the existence of perfect sets of

ZEro measure,

Theorem, Let p  be a non-trlvial regular non-atomic Borel
measure on a compact Hausdorff space X ., Then
X contalns a non-empty perfect set of zero

g-measure,

7.20  Bledsoe and Morse [2] glve two results in topologlical
measure theory that generalize two well known results for

metric spaces, Caratheodory has developed a construction

that can be applied in metric spaces to produce measures

for which the open sets are measurable, The treatment in

[2] produces a measure Ln a regular topological space

reLétLve to which the opén, Ey sets are measurable, The
measdre coincides with the Caratheodory measure in the case
where the topology ls metrizable, Since each open set in a
metric space is an gr s this provides a generalization

of the metric result,

The other result concerns a necessary and sufficient

condition for the measurability of open sets., A well-known
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condition for this in metric spaces is that the measure

be additive on any two sets that are a positive distance
apart, When the condition is strengthened to reguire

that the additivity hold for two sets whose closures do not
intersect, it becomes a necessary and suffictent'condition
for measurability of open Er sets Ln a normal topological

space,

7.21 Let (X, %, p) be a complete, o-finite measure
space with p(X) >0 , Fillmore [5] records the extsteﬁce
of a topology on X with the property that each measurable
réaL—vaLued function f on X Ls equal almost everywhere

to a unlque continuous real-valued function f* on X .

N denotes the o—~ideal in $ of sets of measure zero,

By a result of Maharam [15] there exists a mapping

b 3 $/TI-+ $ , such that for each p and q {in 3/N

(L) ¢(0) = O - and (1) = X .
(i) ¢(pn ) $(p) n ¢(a) .
(tit) ¢(pvu q) ¢(p) U ¢(a) .
(tv) ¢(p) ep

fl

H

By (L) and (ii) the sets ¢(p) provide a basis for a

topology on X and this is the topology in qgesti.on°

Theorem, Each continuous function on X s measurable,

For each measurable function f on X , there
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exists a unilque continuous function f* on
X , which agrees with f almost everywhere,
The mapping f - f* preserves algebraic operations

where they are defined,

To prove the first part, it is sufficient to show that
each open set is measﬁfabLe. : This was done by Maharam in
[15] . Those measure spaces for which a mapping ¢ |
satisfying (L) to (Llv) above, exlsts, have been characterized

by Ryan [25] .
Definition.. A set Ls p-summable Lf it has finite p-measure.

Definition. A set is locally p-null Lf it meets every

p=summable set in zero measure,

Theorem. A measure space (X, $,p) has the properties

(1) to (lv) tfandonly if X = U Y
, a €A
where for a cer;atn “01€ A
(L) Y ls locally p-null and u(Y ) = o ,
an v . G:o
or else Yﬁ = ¢

0

(L1) {Ya : a €A} 1is adisjoint family of

‘measurable sets, and
0 < u(Y,) <= for all a# aj ,

(tit) for each p-summable set E there exists
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a countable subset B of A such that

E = U EnY  almost everywhere,
a€B a
Te22 Knowles [13] proves some results concerning

the existence of non-atomic measures.,

Theorem, If E {is an atom wlith respect to a regular measure

y then there is a polnt x in E such that

v({x}) =y (E) .

Theorem, Suppose X 1Ls a compact Hausdorff space, Then

(L) If X is perfect there is a non-atomic
Borel measure defined on X ;
(L) If X contains no perfect subsets there

{s no atomic Borel measure on X .

Theorem, If X s compact, y Ls a non-atomic Borel
measure, and E 1s a Borel set with |
v(E) » 0, then
v(E) = sup {v(P) : P is a perfect subset of E } .

Knowles proceeds to generalize the second Theorem.

pX denotes the Stone-Cech compactification of X ,

'Theorgm, If X s a GS set in BX and contains no

{solated point then there is a non-atomic Borel

measure on X ,
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Corollary, If X s a complete, separable metric space with
no isolated points then there is a non-atomic

Borel measure on X .

7.23  In [14] Knowles studies various types of additivity
of Baire and BoreL measures in a completely regular Hausdorff
space X , He ééLLs X pseudo—cbmpact Ltf every real
continuous function on X s bounded . This is equivalent

to the property that every non-empty gero set in gX meets X,

Theorem, X 1is pseudo-compact if and only if every finitely
additive measure is o-additive, that is, there

exists no purely finitely additive measure on X,

‘Knowles calls a measure pu compact-regular if
w(E) = sup { p(C) : C compact C E }
for each E of finite measure .,

Theorem, A totally finite Borel measure u s compact-regular

if and only if every locally null set is null ,
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