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PREFACE

In the theory of locally convex topological vector spaces,
barrelled topologies have been found to be stable under the formation
of products, sums and quotients. We shall in this thesis investigate
the stability of barrelled topologies with respect to two further

mathematical constructions.

Firstly, we examine the situation with regard to the formation
of finite-codimensional and countable-codimensional subspaces. (Of
course, barrelled topologies are not stable under the formation of

arbitrary subspaces.}

Secondly, we present what is knéwn about the stability of
barrelled topologies with respect to enlargements of the dual space
- a concept. which is defined in the sequel. This aspect of the
stability question was tackled in a recent paper by Robertson and
Yeomans [11] and was pursued in two subsequent papers by Tweddle and

Yeomans [16] and by Robertson, Tweddle and Yeomans [12].

In the next two chapters, we turn our attention to quasibarrelled
topologies and we pursue a parallel investigation to that of the first

two chapters.

Finally we conduct a similar investigation on O-barrelled and
o-quasibarrelled spaces. The results 5.2, 5.3, 5.4, 5.5, 5.6, 6.2,

6.3, 6.4 and 6.5 concerning these spaces are original.

T would like to thank my supervisor Associate Professor J H Webb
for his invaluable help with this thesis and for the many hours that
he has spent on my mathematical education. I would also like to

thank Professor K O Househam for encouraging me to continue with



post graduate work and for making it possible by offering me a
teaching post on his staff. My wife, Suzanne has been a constant
source of encouragement and has contributed in no small way to the
successful completion of this thesis. Wanda Fougquet did the typing

while retaining her cheerful personality, a feat worthy of mention.
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0. INTRODUCTION

~

It will be assumed that the reader is familiar with the basic
theory of topological vector spaces and in particular, the theory of
locally convex spaces. The reader is referred to [10], [7] and [28]

for background reading. The following conventions and notation will

‘be adopted :
countable : refers always to the infinite case.
w.r.t. ¢ "with respect to" , so we write fn > f w,r.t. T

[n] = {1, 2, 3, ..., n}

n=1{1,2,3, ..... }

R = {real numbers}

C = {complex numbers} .

K : denotes R or C .

dim E : the dimension of the vector space E .

codim F : the codimension of the vector subspace F in E

E* = Hom(EX) = {linear functionals on E!} .
E' = E(T)' = {f € E¥: £ is T-continuous} .
1 1 -1
f7: for f € E¥ we let f = {x € E: f(x) = 0} = £({o}) .
clT(U) : the T-closure of U also denoted U if there is no risk of
ambiguity.
(gn) :  sequences (gn: n € N) will be written as (gn) for short.
(gx) : nets (gxz A € A) with A some directed set will be written

as (gA) for short.

T]V Tp : the sup topology for 1t1; and 1y



igITi the sup topology for {Ti: i € 1}

Ag : the polar of A in F = {f € F: [<x,f>[ <1 for all x € A} .
Al : we write A0 for Ag if there is no risk.of ambiguity.

o (E,F) : the weak topology on E induced by F

u(E,F) : the Mackey topology on E ‘induced by F .

RB(E,F) : the strong topology on E induced by. F

w : the space of all sequences in X . So w = ﬁy .

2 : the space of all bounded sequences.
o]

s = {(xn) € w: {n: X # 0} is finite} .
v P

L o= {(x) € w: 2 |x |F < o} .

n
p n=1 n
L(E,F) : for locally convex spaces E and F we let

L(E,F) = {f € Hom(E,F): f is continuous} .
The following lemma will be used often and is worth proving here.

0.1 Lemma

If E 18 a topological vector space with U a neighbourhood of

0 and D a dense subset of E , them U < UND

Proof:

Let x €U and let V be a neighbourhood of 0 . Then we can
find a neighbourhood of 0 W such that x + WcU and W cV
Since D is dense in E , (xtW) N D # @ . Let .y € (x+tW) N D

Then y € (x+V) N (UND) and hence (x+V) N (UND) # & .



If E 1is a vector space with twb compatiblé topologies 1, and
T2 then we say that 71y <8 linked to 1, iff 1] has a local base
consisting of T,-closed sets. For example, B(E,E') 1is linked to
o(E,E') . This useful concept is discussed in [28] where the following

are proved :

If (XA) is a 1p-Cauchy net and x, - 0 w.r.t. 71, , then

A

x, >0 w,r.t. t) . Using this result it'is easy to show that if

A

T, & 11 and 71y is linked to 71, , then E is 1);-complete if E is

To-complete.

If E(t) 1is a locally convex space and A is an absolutely convex

subset of E , then span A = U kA 1is a subspace of . E often denoted
k>0
by E, . This subspace will be constructed fairly often and we note

some facts concerning it here. The gauge of A , denoted P, is
defined by :

pA(x) = inf{k > 0: x € kA} for x € EA .

The gauge of A 1is a seminorm on EA and we denote the corresponding

seminorm topology by TA . If A is bounded, then < E c TA and
’ A

hence Ta is also Hausdorff. Consequently pA is a norm on EA p
in other words, EA(TA) is a normed space. Furthermore :

{x € Ent pA(X) <l}chac {x € EA:»pA(X) < 1}

and so Tp has {kA: k > 0} as a local base. We call A

tnfracomplete if EA(TA) is a Banach space.



0.2 Theorem

If E(t) s a locally convex space and B <8 absolutely convex,

closed, bounded and sequentially complete, them A is infracomplete.

Proof:

We have T|_ <1 and T, is linked to T because A 1is
Ep A Ep

closed (see [281). Thus if (xn) is a TA~C§uchy sequence in EA ‘
then (Xn) is T]EA—Cauchy and we can assume that each X, € A since
(xn) is TA—bounded. Hence there is some x € A such that X > x
w.r.t. TIEA . Since Ty is linked to TIEA , it follows that

X - X t. T O
n X w t A

An infracomplete bounded set is strongly bounded and so, in

particular, an absolutely convex compact set is strongly bounded.

A barrel in a locally convex space E(T) is an absolutely convex,
absorbent, ciosed set and the space is calléd barrelled iff every
barrel is a neighbourhood ocf 0 . Dﬁally, E(T) 1is barrelled iff
every O(E',E)-bounded subset is equicontinuous. Since barrels are

just basic B(E,E')-neighbourhoods of 0 and T <€ u(E,E') < B(E,E'), .

E(T) 1is barrelled iff T = JY(E,E') = B(E,E') . If
W ={an cE': A is O(E',E)-bounded}.

C = {acE': A is relatively O(E',E)-compact}

E = {aACE': A is equicontinous}

Then E(1) is barrelled iff W= C= E .
Because of the foregoing observations, we say that u(E,E') <78
barrelled instead of saying that E 1is a locally convex space and

E(U(E,E')) 1is barrelled.



A locally convex space E(t) is called quasi-complete iff
every O (E,E')-closed, O(E,E')-bounded subset of E 1is o(E,E")~-complete
(or equivalently O(E,E')-compact). Thus E' is quasi-complete iff

W< C and it follows that :

0.3 Lemma

WE,E") <8 barrelled 1ff E' <8 quasi-complete.

We prove the reverse implication :

Let U = BY be a barrel with B o(E',E)-bounded. If D denotes
the closed absolutely conyex hull of B , then D 1is also
6 (E',E)-bounded. Thus- D is o (E',E) —~precompact and since E' is
‘quasi-complete, D is o(E',E)-complete. It follows that D is
absolutely convex and ¢ (E',E)~-compact and, since B c D , Dl B0 =y

and so U 1is a u (E,E') -neighbourhood of 0 . ]

Pointwise-bounded subsets in the dual of a Banach space are
norm-bounded. This is the uniform boundedness principle, otherwise
known as the Banach-Steinhaus theorem, It really says that a Banéch
space 1is bgrrelled(because the norm topology on the dual sbace is the

strong topology) and a generalisation of this is :

0.4 Theorem
A locally convexr space E(T) s barrelled iff for any locally

convex space F , A CL(E,F) 18 equicontinuous if A 18 pointwise

bounded on E .



The proof is easy and, since we shall obtain a slight improvement on

this in our theorem 2.12, we omit it here.

An important property of barrelled spaces that we shall use is

the following

0.5 Theorem

1f E <s barrelled then E' s o(E',E)-sequentially complete.

Proof:

Let (fn) be a o(E',E)-Cauchy sequence in E' “and let
F Qf{fn: n €N} . Then F is o(E',E)-bounded and hence F is
relatively o(E',E)-compact. Let K be o(E',E)-compact with F < K ,
then F has a cluster point f € K . It follows that fn > f w.r.t.

o(E',E) . O

So if E isa barrelled space with E' # E*¥ then E' is a
o(E*,E)-dense, o(E*E)-sequentially closed subspace of E¥* .

A Baire space is barrelled. For if V is a barrel in the Baire

oo

space E then E = U kv . Hence some kV has non-empty interior.
k=1

It is then easy to show that kV , and hence V , contains a

neighbourhood of 0 . Consequently any Fréchet space or Banach space

is barrelled. On the other hand, if &, 4is given the %£j;-norm topology

then this topology is just u(Ql,Qm) because {£; 1is then a Banach

space and %] = & . Now ¢ is a p(Ql,Zw)—dense subspace of £,

[60)

but (u{2y,2 )1 ) 1is not barrelled. To see this consider
¢ 1t

00

A :.{(iaij: jJEN): 1 €N} in ¢ = ¢' . A is o (%_,¢)-bounded but

not equicontinuous (because it is not bounded with respect to the Qm—norm).



We define E" = E'(B(E',E))' and so ¢ (E',E") C R(E',E) < H(E',E") .
Consequently the ¢ (E',E")-bounded sets are just the B(E',E) -bounded
sets. Thus the topology g(E",E') has local base

{B0O: B is g(E',E)-bounded}.

We definev b(E) = B(E",E')lE' and so b(E) has local base
{Bg: B is g (E',E)-bounded} . If | . is the original topology on E
then 1 < b(E) and we define E to be quasibarrelled iff b(E) < 1
Dually, E .is qusibarrelled iff every g (E',E)-bounded set is
equicontinuous. A subset of E(T) is called bornivorous if it
absorbs t-bounded sets. Now the bornivorous barrels in E are
precisely the basic b(E)-neighbourhoods.of 0 and so E(t) 1is

quasibarrelled iff every bornivorous barrel is a neighbourhood of 0

The following diagram summaries the situation

E(T) E!

T-heighbourhood of 0 , equicontinuous

05 | | [Q.B.

b (E) -neighbourhood of 0 = bornivorous barrel B(E',E) ~bounded

| !

B{E,E')-neighbourhood of 0 barrel : o (E',E)-bounded
Q.B. : E(1) is quasibarrelled.

B. : E(1) 1is barrelled.
0.6 Theorem

If E(1} 18 quastibarrvelled then 1 = u(E,E") .



Proof:

Let Ko be a U (E,E')-neighbourhood of 0 with K absolutely

0 is a barrel we show that KO is

convex, O (E',E)-compact., Since K
bornivorous, To this end let B be O(E,E')-bounded, then B is

U (E,E')-bounded and hence k0 absorbs B . O

Because of 0.6 we shall say the M(E,E') <8 quasibarrelled to
express the fact that E 1is a locally convex space and E(U(E,E")) is

quasibarrelled. We have an analogue of 0.5 for quasibarrelled spaces:

0.7 Theorem

If E 1is quasibarrelled then E' <s B(E',E)-sequentially complete.

Proof:

Let (fn) be a B(E',E)-Cauchy sequence, then as in 0.5 we find

an f € E' such that fn - f w.r.t. OJ(E',E) . Now RB(E',E) is

linked to o(E',E) and so fn > f w.r.t. B(E'L,E) . O

The collection of all absolutely convex bornivorous subsets of a
locally convex space E(1) qualifies as a local base for a locally
convex polar topology on E . This topology is called the assoctated

bornological topology and is denoted P . It is immediate that

T C Tb c B(E,E') and if Tb = T we call the space bornological. 1In

other words, E(T1) 1is bornological iff every absolutely convex

bornivorous subset of E 1is a neighbourhood of 0 ., We define

b b . .
Eb = E(T)' and so E~ is a subspace of E¥* . We can give an

alternative description of Eb



0.8 Lemma

(1) {Ac E: A is +t-bounded} = {Ac E: A 18 rb—bounded} .
(2) {f€ E¥: £ 45 <t-bounded} = {f € E*: £ ﬁ:xb—bounded}

(3) E° = (£ € B*: £ is v-bounded)}.

Proof:

(1) : If A 1is t-bounded and U 1is a Tb—neighbourhood of 0,
then U absorbs A because U is bornivorous and hence
. b
A 1s 1 -bounded.
(2)_: Follows from (1).
b . b . .
(3) : If f € E then f 1is 1 -continuous and a foriori,

Tb—bounded. Thus f is 1-bounded.

Conversely if £ € E*¥ 1is 71-boundéd and U is an absolutely
-1
convex neighbourhood of 0 in X , then £(U) 1is absolutely convex.
If B is t-bounded then £(B) is bounded and hence U absorbs f(B).

-1 -1
Thus £(U) absorbs B and this shows that f(U) is bornivorous

which means that £(U) 1is a 1 -neighbourhood of 0 . O

It now follows easily that Tb is the finest topology on E
with the same class of bounded sets as 1 and from this it follows

b b,
that 1 = u(E,E ) . As a result of this we have

0.9 Lemma

If E(t) <8 bornological then 1 = u(E,E")



[

Again we shall say that up(E,E') <8 bornological when we mean

that E 1is a locally convex space and E(u(E,E')) 1is bornological.

If E(7) is a locally convex space whose topology is metrizable

then E(r) is bornological, a fact which is worth proving here :

Let (Un) be decreasing sequence of neighbourhoods of 0 and
let V be absolutely convex and bornivorous. We must show that
. 1
Url <V for some n €N . Equivalently we show that H-Un <V for

some n €N ,

1
Suppose that ;—Un ¢V for any n €N . Then for each n €N
can find x_ € U_N . Now x 0 because U, ¥ 0O and hence
n n nv n

V{xn: n € N} is bounded, Therefore {xn: n EN} cmv for some

m € N . But this means that xm € mV and we have a contradiction.

From the definitions it is immediate that barrelled spaces and
bornological spaces are quasibarrelled. The interesting papers [9]
and [14] by Nachbin and Shirota reveal that there is no implication

1

between barrelled and bornoclogical spaces.
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1. SUBSPACE TOPOLOGIES OF BARRELLED TOPOLOGIES

We shall first show that subspaces of finite codimension in a
barrelled space are barrelled and then show that thié result extends
to subspaces of countable codimension. In other words we establish
that the barrelledness property is stable under the formation of finite

and countable codimensional subspaces.

The finite codimensional result was first proved by Dieudonné
[2] in 1952, but the proof given here is due to Amemiya [1]. However,
the countable codimensional problem resisted solution until 1971, when
Saxon and Levin [13] and Valdivia [18] presented their proofs that
such subspaces were barrelled. Ten years later Webb [25] presented a

simple proof which we give here.

1.1 Lemma
Let E(t) be a barrelled space and W a hyperplane in E .
If U 1is a barrel in H then there is a barrel V in E such that

VNH=U

Proof:

Since U 1is a TIH-barrel, U 1is absolutely convex, absorbent
in H and TlH-closed. Thus U is absolutely convex and T-closed
with U=UNH . There are two possibilities

(i) If UcH, then U=U and so U 1is T-closed. Let

E=H®Kxg with xg € ENH and let B ='{Axo: IA] <1} .

Then B 1is t-compact and consequently B + U 1is t-closed



_12_

Furthermore, B + U 1s absolutely convex and absorbent in
E and so we can set V = B + U
(ii) If U4 H then there is some xg € UNH , and hence

| E=H®Xxg . We show that U is absorbent in E . To
this end, let x € E and write x =h + Axp with h € H
and N €K . We have U absorbent in H and so
h € kU c kU for some k > 0 . Thus
X ; h + Axg € kU + |A]T = (k+|2X|)U . Hence U is

absorbent in E and we can set V = U . O

1.2 Corollary

A subspace of finite codimension in a barrelled space is barrelled.

Proof:

Let E(T) be a barrelled space and let F be a subspace of E .

We proceed by induction on the codimension of F .

Firstly, suppose codim F =1 so that F 1is a hyperplane in E .
If U 1is a TIF—barrel, we can find, by the lemma, a T-barrel V such
that VN F =U . Since E(T) 1is barrelled, V 1is a T-neighbourhood

of 0 and thus U 1is a T|F-neighbourhood of 0.

Now suppose that codim F = n and that the result holds for all
subspaces of codimension less than n . Write E =F ¢ GO K with
dim G =1 and dimK=n -1 . Then F ® G is barrelled since it
has codimension n - 1 and now F 1is barrelled since it is a

hyperplane in F & G . ]



1.3 Theorem

A subspace of countable codimension in a barrelled space 18
barrelled.
Proof:

Let E(1) be a barrelled space and F a subspace of E of
countable codimension. Then there is a subspace G of countable

dimension such that F® G = E , Let G = span {ei: i €N} and let

F = span L 1 n . Let E;=F a E =PF F £
o P {el € [n}} e 1 nd N @ -1 or
n> 1. Then for each n E is’ a hyperplane in E E CE
. " “n yperplane n+l ' "n n+1
and E = U En . Now let U be a -t F—barrel. We seek a
n=1
T -neighbourhood of O W such that U= WNF . By lemma 1.1 we

can find, for each n €N a barrel Un in E such that :
n

and generally u NE =U for n > 1.
n n-1 n-1
Furthermore U=U; €U, ... €U0_<cU c ... .
n n+1
o0
Let v = |l Un then we have :

n=1

V 1is absolutely convex since if x,y € V and [al +~|8| < 1 then
there is some n € N such that x,y € Un . Thus ax + By € Un c v
because Un is absolutely convgx.

V 1is absorbent in E since if x € E , there is some n €N such
that x € En . Because Un is a barrel in En ’ Un absorbs x and
so V absorbs x .

Thus V 1is absolutely convex, absorbent and t-closed, in other words

V 1is a T-barrel and hence a t-neighbourhood of O .
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We would like to show that V < 2V since this would imply that

2V is a t-neighbourhood of 0 and hence V would be a T-neighbourhood

of 0 with VAF =1U. To show that V <2V , we let z § 2V and
(e ]

show that z § V . Since z € E = U E , we can find some m €N
n=1 )

such that =z € E_ . Thus 2z € E_ and z § 2Un for all n 2 m

The Hahn-Banach theorem guarantees that for each n 2 m there exists

f € E'(r] )' with the property that £ (z) = 2 and |f 00| <1

n n Ep n n

for all x € Url . Let gn be the extension of frl to E (again
guaranteed by the Hahn-Banach theorem), then we have gn(z) = 2 and
Ign(x)| <1 for all x € U and n>mnm.

If A= {gn: n Zm} then A is o(E',E)-bounded. To see this, let

x €E . Then x €E for some k €N and so if we define

k
2 = max {k,m} , we have x € E, with 2 2 m . Consequently
[gn(x)l <1 for all n 2 £ . This means that the countable subset
{gn: n = %} is o(E',E)-bounded and hence A is o(E',E)~bounded.

Because E 1is barrelled, A is o(E',E)~-compact and therefore A

has a o(E',E)-cluster point gy € E'

Let (gnk: k € D) be a subnet of the sequence (g)) , with D some

directed set, and with grl > gg w.xr.t. O(E',E) .
k

Then gn (x) + gg(x) for each x €& E . In particular, gn (z) » gg(2).
k k .

Now since each 'gnk(z) = 2 , we have gg(z) = 2 ., Also if x €V ,
then x € Un for some n and we can assume n = m . Thus

gg(x) = lim gnk(x) and hence Igo(x)l <1 . So we have ggp € E'
with gg(z) = 2 and |[gg(x)| <1 for all x €V .

-1
Let B = {} €K: |[A] <%} and W = gg(B)

Then 2z + W 1is a T-neighbourhood of =z by the continuity of

gg » (z+ W N V=g , and therefore z &V . |



2. ENLARGEMENTS OF BARRELLED TOPOLOGIES

Recall that a barrelled space E carfies the Mackey topology
u(E,E') ., If M is a subspace of E¥ with M N E' = {0} , we shall
call E' + M an’'enlargement of E' and we shall call y(E,E'+M) an
enlargement of w(E,E') . We shall call the dimension of M , the
dimension of the enlargement, thus in particular we shall speak of a
finite~-dimensional enlargement E' + M if M is finite-dimensional,
and a countable-dimensional enlargement E' + M if M 1is countable-

dimensional.

We shall in this chapter investigate the stability of the
barrelledness property under enlargements of the dual. More precisely,
if uw(E,E') 1is barrelled, we investigate the barrelledness of
u(E,E'+M) . To anticipate, we shéll find that barrelledness is stable
under finite-dimensional enlargements but not always under countable-

dimensional enlargements.

We first deal with finite-dimensional enlargements and our

lemma 2.1 and corollary 2.2 concerning this are from [11] (Theorem 1).

2.1 Lemma

Let E be a barrelled space and E' + M a finite-dimensional
enlargement of E' . If B 178 o(E'+M,E)-bounded, then B CB) + B
where By 78 a o(E',E)-compact subset of E' and B, s a

o (M,E) ~compact subset of M .
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Proof:
The proof is by induction on dim M

(a) If dimM =1 1let p: E' +M ~+E' and g: E' + M » M be the
natural projections.
We first show that q(B) is 0 (M,E)-bounded. To this end
let M =XKf where f € E*¥*NE' and suppose that
k = sup {|X|: Af € gq(B)} . If k = © then there is a segquence
(An) with such that [A | >~ and A £ € q(B). . Let A f =ql(g ),
n n , n n
then (gn) is a sequence in B . Let hn = p(gn) so that
g =h + Af . Since lAnl > ® we can assume that Xn # 0 for
fL-g = iL-h + £

n n
n n

We have a sequence (gn) in a O(E'+M,E)-bounded set B and a

1 1
sequence of scalars (X—O with i > 0 . We conclude that
‘ n n
—L-g ~ 0 w.r.t. O(E'+M,E) . (1)
A “n !
n
1 , . )
Now (- X—-hn) is a sequence in E' and from (i) we conclude
n
that
-1y s wrt. O(E'+M,E) | _, =0 (E',E) (ii)
An n E

But E 1is barrelled and so (ii) implies that f € E' which is
a contradiction. Hence k < ® , and this means that g(B). is

J(M,E) ~bounded.

We can now show that p(B) is O(E',E)~-bounded.

For if (p(gn)) is a sequence in p(B) , we have
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n
Thus ~g = <plg) +~alg)
4 n % P9, n d1g

1 1 1 L
and so —plg) ==-g =-->=g(g) . (iii)

n n n n n n
Now (gn) is a sequence in the o (E'+M,E)~bounded set B and
q(gn) is a sequence in the o(M,E)-bounded set q(B) . Hence

the right-hand side of (iii) converges to 0 (w.r.t. o(E'+M,E))
and so then does l-p(gn) . This shows that p(B) 1is
' n

o (E',E) ~-bounded.

We can now let B, be the g(E',E)-closure of p(B) and Boy

the 0 (M,E)~closure of qgq(B) .

We note at this stage that u(E,E'+M) 1is barrelled because

any o(E'+M,E)-bounded set is relatively o (E'+M,E)-compact.

(b) If dim M =n write M=N® L with dim N=n - 1 and
dim L = 1 and assume that the lemma holds for all subspaces of
dimension less than n . Let p: E' + M > E' + N and
q: E' + M > L be natural projections. By the induction hypothesis
L (E,E'+N) is barrelled and so, by the first part, p(B) is
0(E'+N.E)-bounded and q(B) 1is 0o(L,E)-bounded. Again by the
induction hypothesis p(B) € B} + K and g{(B) € T where B}
is o(E',E)-compact, K 1is ¢(N,E)-compact and T is o(L,E)-~
compact. Thus

Bc p(B) +q(B) © B} + K+ T .

We can now set By, = K+ T since K+ T is 0(M,E)-compact. O

As an immediate consequence of this lemma we glean :

Barrelledness is stable under finite-dimensional enlargements of the

dual space.

More precisely



2.2 Corollary

If E s a barrelled space and E' + M 18 a finite-dimensional
enlargement of E' , then W(E,E'+M) <15 barrelled.
Proof:

Let B be O0(E'+M,E)-bounded, then from 2.1, B is relatively.

0(E'+M,E)-compact. d

If E' + M 1is a countable-dimensional enlargement of the dual
E' of abarrelled space E(T) , let M = span {fi: i € N} with

{fi: i € N} independent and let M_ = span {fi: i € [n]}. Then

[ee]
M= | M, E'CE'+M] CE'+Mp)C...CE +M and
n=1
o0
E'+M= [JE' + M . Since E(T) is barrelled, T = W(E,E') and
n=1
from 2.2 we deduce that H(E,E'+Mn) is barrelled for each n . What

then of the barrelledness of y(E,E'"+M) ? We shall first obtain a
necessary and sufficient conaition for u(E,E'+M) to be barrelled.
The condition, as might be expected, is one on the o{(E'+M,E)~-bounded
sets. We shall then show ﬁhat U(E,E'+M) 1is not always barrelled;

in fact if E has a countable-dimensional bounded set, then we can
construct a countable-dimensional enlargement E' + M such that
W{E,E'+M) 1is not barrelled. After this we begin the search for
countable~-dimensional barrelled enlargements and, strangely enough,

we shall find that the existence of an uncountable-dimensional bounded

set in E allows the construction of a countable-dimensional

enlargement E' + M such that p(E,E'+M)  is barrelled. This means
that a barrelled space E has the intriguing property that if it

contains a bounded set which is large enough, then countable-dimensional
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enlargements E' + M;, and E' + M, can be constructed such that

v (E,E'+M;) 1is barrelled, while u(E,E'+M,) 1is not!

In order to proceed, we first need a result by De Wilde and Houet
[3] on absorbent sequences. If E 1is a locally convex space, a
sequence (xn) of subsets of E is éalled an absorbent sequence if
and only if (i) Xn is absolutely convex for each n .
(i) X <X for each n .

n+1

(1ii) X is absorbent in E .

1 n

= 83

n

2.3 Theorem

If E <8 a locally convex space and (xn) 18 an absorbent
sequence of closed sets, them every  B(E,E‘)-bounded subset is

absorbed by some X

Proof:

Suppose that the gB(E,E')-bounded subset A is absorbed by no
Xn . Then for each n € N we have a & nXn and so we can find
X, € A\~an . By the Hahn-Banach theorem we can find, for each n € N,

£ €E'[ with the property that |f (x )| >n and f_ € x0 .
n . nn’' n n

Let F = {fn: n €N} , we claim that F is o(E',E)~bounded.

To see this, let x € E . We show that {]fn(x)lz n € J} is bounded -

for countable J <N , Since U Xn is absorbent, there are positive
n=1
integers k(x) and n(x) such that x € k(X)Xn(x) . Thus if
n 2 n(x) we have X < X and therefore x € k(x)X for all
n(x) n : n
n 2 n(x) . Thus lfn(x)! S k(x) for all n = n(x) and so we let

1]

J = {n E]ﬁ: n =n(x)} .
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It now follows that FO0 is a B (E,E')-neighbourhood of 0 and
consequently FU0 absorbs A . This means that we can find a positive
integer k such that A € kFO0 and hence |fn(x)| < k for all n E.FL
In particular, for n » k , we have the contradiction

[£ (x)] >n >k . O
n n

2.4 Corollary

If E +<s a barrelled space and (xn) 18 an absorbent sequence
of closed sets, then every o(E,E')~bounded subset is absorbed by some

X .
n

Proof:

If E 1is barrelled, we have up(E,E') = B(E,E') and hence if a
subset is ¢ (E,E')-bounded, it is u(E,E')-bounded which in this case

means f(E,E')-bounded. -

Recall.that for a locally convex space E ,. the topology u(E,E')
has as a local base: {KO: K 1s absolutely conve;, o (E',E)-compact}.
Thus the search for a condition for uy(E,E'+M) to be barrelled leads
naturally to an investigation of the absolutely convex, ¢ (E'+M,E)-

compact subsets of E' + M . The following lemma and theorem are from

f16] (section 3).

2.5 Lemma

Let E be a barrelled space and E' + M a countable-dimensional
enlargement of E' . Then every absolutely converx, o (E'+M,E)—~compact
subset of E' + M <is contained in a finite dimensional enlargement of

El



Proof:

Let M = span {fi: i €N} with {fi: i €N} independent,

Mrl = gpan {f : i € [h]} and let X be absolutely convex,

: i

o (E'+M,E) -compact. We claim that there is some n €N such that

KcCE'"+M .
n

Let B = span K = Then K 1is absorbent in E .

=38
LA
=

n
If p 1is the gauge of KX , then p is a norm on H which generates

a topology 1t on H . The norm topology 1t has unit ball K and

H(t) 1is a Banach space, Thus 1 = B(H,HE') and so K is

g (H,H') ~pounded. Let X_ =KN(E'+M ) . Then X C© X and
n n n n+1

Xn is absolutely convex for each n €N . Furthermore,
L]xn =K N (nU E! 4‘M = KN(E'+M) = K which is absorbent in H

and so is an absorbent sequence in H .

We show that each Xrl is 1-closed

Each u(E,E'+Mn) is barrelled which implies that each E' + M
v n

is o(E'+Mn,E)—quasi—complete. Since K 1is o(E'+M,E)-closed,

n
€ach Xrl is o(E'+Mn,E)—bounded. Therefore each Xn is
o(E'+Mn.E)—compact and hence 0o(E'+M,E)~-compact and conseguently
o(E'+M,E)~-closed. It now follows that each Xn is T-closed because

6 (E'+M,E T .

Invoking the DeWilde- Houet theorem we see that K is absorbed
by some Xn . Suppose that K < an , then K < k(E'+Mn) = E' + Mn .

D -

X is Oo(E'+M ,E)-closed in E' + M. Since K is o(E'+M.E)-bounded,
n
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2.6 Theorem

If E "is a barrelled space and E' + M 18 a countable-dimensional
enlargement of E' , then u(E,E'+M) ©5 barrelled iff every
o(E'+M,E) ~bounded set ts contained in a finite dimensional enlargement

of E'
Proof:

Again let M = span {fi: i €N} and Mn = span {fii i € [n]}
with {fi: i €N} independent. Let B be a o (E'+M,E)-bounded set
and let K be the closed, absolutely convex hull of B . Then K
is also ¢ (E'+M,E)-bounded and since y(E,E'+M) is barrelled, K 1is
o (E'+M,E) ~compact. By the previous lemma, K 1is contained in some

E' + M and hence B C E' + Mn .
n

Conversely let K Dbe absolutely convex and ¢ (E'+M,E)-bounded.
Then by assumption, K € E' + Mn for some n . This means that K
is o(E'+Mn,E)—bounded and, since u(E,E'+Mn) is barrelled, K is

u(E,E'+Mn)-equicontinuous. Thus K 1is u(E,E'+M)~-equicontinuous.

In [11] (Theorem 2) it is shown that a barrelled space which
has a countable-dimensional bounded subset is not stable under

countable~dimensional enlargements of its dual.

More precisely

2.7 Theorem
Let E be a barrelled space which has a countable—-dimensional
bounded subset. Then there is a countable-dimensional enlargement

E' + M such that u(E,E'+M) 8 not barrelled.
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Proof:

Let A = {en: n € N} be o(E,E')-bounded and independent in E
We seek an independent B = {fn: n €.JN} < E¥ with the property that:
if M =span B , then M N E' = {0} and B is ¢ (E'+M,E)-bounded
but not B(E'+M,E)-bounded (and hence not u (E,E'+M)-equicontinuous).
If A is o (E,E'+M)-bounded, then AV n (E' + M) is a
B (E'+M,E) -neighbourhood of 0 , and so we want A0 not to absorb

B . In other words we want : B ¢ ka0l for all k > 0

Let H {ea: a € I} be a Hamel basis for E with Nc I

Define 9, H->K

e >0 a §IN
Extend each grl by linearity to E and denote the extension by fn .

Thus each fn € E*¥ and so we let B = {fn: n € N} and claim that

B has the required properties.

To show that B is independent, let ) k f =0 with J a

finite subset of W .

Then for m €J :( ) k f )(ey)) = Jkf (e) =k f (e)=mk =0.
nn nn m mm m m
n€J ned

This implies that k =0 for all m S

B 1is o (E*,E)-bounded and hence o (E'+M,E)-bounded, because if

X €E , we can write x = Z ke + Z k e with- J a finite subset
nn o o
neJ €K

of N and K a finite subset of I~NIN . Let k = Z Ik |n .  Then
_ neg ©
for n €N we have
£, | < ) Ikn|fn(en) +.) fka[fn(ea) =k +0=k

neJ . Q€K
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A is o(E,E'+M)—bounded since if f € E' + M , we can write

f=qg+ Z knfn with g ¢ E' and J a finite subset of N

neJ
Then [f(e )| < |gte )] + éJIknlfn(em) <gte )| +mfk | .
n
Let £ = max {m[km]: m € J}. Since A is ¢(E,E')-bounded and g € E',

there is some k > 0 such that ]g(em)| <k for all m €N . Thus

’f(em)l Sk +:2 for all m €N .

Finally, if B c ka0l then [fn(ém)l <k for all m,n €N .

Thus in particular lfn(en)| =n <k for all n €N =~ a contradiction.
O

We note in passing that the existence of an infinite-dimensional
bounded subset of E implies that E' # E* since if E' = E* then
every bounded subset is finite-dimensional. Of course, in order to
talk about enlargements of E' we need E' # E¥ é condition that

we shall assume from now on,

The next few results : 2.8, 2.9, 2,10 and 2.11 can be found in

f12] (theorems 1, 2 and 3).

2.8 Theorem

Iff E <is barrelled and E' + M <s a finite or countable
dimensional enlargement of E' , then u(E,E'+M) is not complete.
Proof:

Suppose that u(E,E'+M) 1is complete. Let H denote the
collection of hyperplanes in E' + M and let K denote the collection

of absolutely convex O(E'+M,E)-compact subsets of E' + M . Then
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{xkY: K € K} is a local base for u(E,E'+M) . Thus by Grothendieck's
completeness theorem we have :

u(E,E'+M) is complete iff (H € H, K € K= H N K is o (E'+M,E)-closed)
= H 1is o(E*'+M,E)-closed (1)

Let H € |{ with E' ©€H . Then since E' is o (E*,E) -dense in E¥ ’
so is H . Thus H 1is not o(E*,E)-closed and since HCE' + M ,
this means that H is not o(E'+M,E)-closed.

Hence, by (i), there is some K € K such tﬁat HN K 1is not
o(E'+M,E) -closed . (ii)

From 2.5 and 2.1 we deduce that K CA + B with A a og(E',E)-compact
set and B a finite-dimensional compact set. Since A + B is
o(E'+M,E)~compact and K 1is g(E'4+M,E)-closed in A + B, H N K is

o (E'+M,E)-closed in H N (A+B) . Now H N (A+B) = A + (HNB) .

To see this, let a+b=h€ (A+B) N H, then b=h - a € H
(because a E ACE'SH ) andso b€ ansg.,
Thus H N X is o(E'+M,E)-closed in A + (HNB) € A + B .
Consequently H N K is O(E'+M,E)-compact and hence 0{E'+M,E)-closed,

which contradicts (ii). : . 0

2.9 Corollary

If E <s a barrelled space with E' # E* , then E' has

uncountable codimension in E¥ .

Proof:

Write E¥ = E' + M and suppose that M 1is finite or countable-

dimensional. Then by 2.8, u(E,E*) = u(E,E'+M) 1is not complete, which

is a contradiction. U



- 26 -

Merely re-wording this corollary we obtain

2.10 Corollary

Let E be a locally convex space with E' # E*x . If E' has

[inite or countable codimension tn E* , then E 18 not barrelled.

We can now show that any barrelied space is "unstable under
countable~-dimensional enlargements of its dual". This recovers 2.7
which concerned the special case of barrelled spaces which had
countable-dimensional bounded sets. This next theorem, 2.11,
includes the case where all bounded sets are finite dimensional. It
vis worth noting that in 2.7 we did not Qse thevbarrelledness of E(1)
except to assert that <t = pu(gE,E') , whereas the barrelledness of

E(t) 1s necessary for 2.11.

2.11. Theoren

If E +is a barrelled space then there is a countable—dimensional

enlargement E'+ M of E' such that u(E,E'+M) 18 not barrelled.

Proof:

lLet H be a hyperplane in E¥ with E'<c H . From 2.10 we
infer that y(E,H) 1s not barrelled. Hence there-is a ¢ (H,E)-~bounded

subset B such that B 1is not y(E,H)~equicontinuous. (i)
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If E' + NcH is a finite-dimensional enlargement of E' ,
then by 2.2, u(E,E'+N) is barrelled. Thus if B c E' + N , then
B would be ¢ (E'+N,E)-bounded and hence B would be
u{E,E'+N) -equicontinuous. Consequently B would be ukE,H)—equi—

continuous, contradicting (i).

Thus B &¢ E' + N for any finite-dimensional enlargement

E' + NCH . (ii)

We use (ii) to construct M as follows :

For each n € N , let E' + Mn be a finite~dimensional
enlargement of E' with E' + Mn(: H . Then for each n, B 4E' + Mn
and so we can choose ﬂ}E BN\E' + Mrl . Furthermore we can choose
fn such that fn ¢ span {fi: i <n} . For if not, we would have
B C span {f;: 1 € [n]} for some n . Writing each £, =g, +h

with 9; € E' and hi € E*NE' , we see that then

B € E' + span {hi: i € [n]} which contradicts (ii). Let

A = {fi: i €N} and let M =span A . Then M has countable

dimension and M N E' = {0} because A N E' = ¢ .

Hence we have a countable-dimensional enlargement E' + M of E'.
Now since Ac B and B is 0o{H,E)-bounded, A is O (E'+M, E) ~bounded.
But A 1is contained in no finite-dimensional enlargement of E' and

so by 2.6 we conclude that u(E,E'#M) is not barrelled. [

We shall now attempt to gain information about yu(E,E'+M) in terms

'of the properties of M0 . Again we shall Have E' + M a countable-
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dimensional enlargement of the dual E' and let M = span {fi: i € N}

with {fi: i € N} independent and Mrl = span {fi: i € [n]} . Hence

I
It

Ml = {x € E: |£ (x)][< 1V i€[n])={x€E: £.(x) =0V i€ [n]}

ool
= £~ .
i=1 1
0 . 1 L
Similarly MY = {x € E: fi(x) =0v ien} = fi .
' ‘ : : i=1

So we have E'C E' + Mjc ... c E' + Mn<: «e.c E' + M

and E > M? o Mg D oeee D Mn D .. D MO (1)
. 1
Also, {f;, ..., £} is independent and hence J]lfi ¢ £

1

i ds M0g¢ £
in other words n ¢ ntl

, from which we deduce that M9 # M9 .
n+1 n
This implies that (i) is a strictly decreasing sequence of subspaces

of E and since M 1is countable-dimensional, MY is an infinite-

codimensional subspace of E .

Recall that Qne'of the characterisations of a barrelled space is
that if any collection of continuous linear functions from the space
to any other locally convex space is pointwise bounded, then it is
equicontinuous (0.4). We now prove a lemma from [ 11] which improves

on this.

2.12 Theorem

Let E(t) and F(1') be locally convex spaces and D a dense,
barrelled subspace of E . If ACL(E,F) and A <8 pointwise

bounded on D , then A 15 1-equicontinuous.
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Proof:

Let V be an absolutely convex closed t'-neighbourhood of 0 in
. ~1
F . We must show that n f(V) = W 1is a t-neighbourhood of 0 in
f€A '
E . Since A 1is pointwise bounded on D we have {f(x): £ € A} .is
t'-bounded for each x € D, Thus for each x € D there is some

k(x) > 0 such that {f(x): £ € A} € k(x)V , and hence x € k(x)W .

This means that W absorbs the points of D . - (i)

We can now show that DN W is a TlD—barrel. Since each f € A
is continuous, W is T-closed and so DN W is T D—closed. It is

of course absolutely convex and is absorbent on D because of (i).

Since D 1is T D—barrelled we now have that DN W is a
TID—neighbourhood of 0 . Hencethere is a T-neighbourhood of O

U , such that U ND=WND. Since D 1is dense in E , we invoke

0.1 and claim that UC UN D . Thus UCcU=UND=WAD .

Hence for each f € A we have

f(U) < £(UND) € £(UND) = E(WAD) C V =V
-1
So US (] f(v) =W and hence W is a T-neighbourhood of 0 .
£€a .

Some obvious corollaries now follow

2.13 Corollary

If E(1) Zs a locally convex space and D 18 a dense barrelled

subspace of E , then every o(E',D)-bounded subset 1s T—equicontinuous.
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Proof:

A set is pointwise bounded on D iff it is o (E',D)-bounded.

2.14 Corollary

A locally convex space with a dense barrelled subspace is itself

barrelled.

Proof:

Let E(1) be a locally convex space and D a dense barrelled

subspace of E . Let A be o0(E',E)-bounded, Then A is
o (E',D)~bounded and hence is t-equicontinuous. n
If E 1is a locally ccnvex space then u(E,E*) is barrelled and

u(E,E') ¢ u(E,E*) ., Thus the collection of all barrelled topologies
on E which are stronger than u(E,E') is nonempty. Denote this
collection by {Ta: a € I} . The inductive limit topology T is
also barrelled and so T is the strongest barrelled topology on E
which is weaker than each Ty - It is also the weakest barrelled
topology on E which is stronger than u(E,E') (for if 1 is a
barrelled topology on E stronger than u(E,E') , then T = To,

for some a ) . The topology T, is called the Kdmura topology

and we shall denote it by k(E,E') . (see [8]).

For a subspace G of E¥ , the quasi-completion of G denoted
by q(G) 1is defined to be the smallest quasi-complete subspace of
E* which contains G . In other words ¢(G) is the intersection of

all quasi-completeé subspaces of E* which contain G .
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2.15 Lemma

Let E be a locally convex space and G a subspace of  E¥

containing E' . Then E(Xk(E,G))' = q(G) .

Proof:

By definition, q(G) 1is quasi-complete and hence u(E,q(G)) is

barrelled, It follows that k(E,G) < u(E,q(G)) and then we have

E(k(E,G))" < Eu(E,g(G)))' = q(G) .
On the other hand k(E,G) 1is barrelled and hence E(X(E,G))"' is
quasi-complete. Thus q(G) <€ E(k(E,G))" . 0

We can now sharpen 0.3.

2.16 Corollary

If E 18 a locally convex space and G 1s a subspace of E*
containing E' , then u(E,G) <8 barrelled iff k(E,G) = u(E,G)

ff qG) =G .,

Proof:
Immediate from 2.15. ' 0

The following theorems 2.17, 2.18 and 2.19 are from [11] (Theorems

3, 4, 5 and 6).
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2.17 "Theorem

Let E be a barrelled space and E'+M g countable~dimensional
enlargement of E' . If M% <Zs dense and barrelled, then E' + q (M)

18 also an enlargement of E' and

k(E,E'+M) = u(E,E'+q(M))
Proof:
Firstly we must show that gq(M) N E' = {0}.
Let MY0 QJenote the polar of M9 in E¥* . Then since o (E¥,E) is

complete and MO0 is closed in ¥ , M00 is G(E*, E)-complete and
hence quasi—complete. Thus wé have q(M) < MO0  and it suffices to
show that MO0 N E' = {0} . So let f € M00 N Et , then f(x) =0
for all x € MO .  Then f is continuous and vanishes on the dense
subspace MO , from which we conclude that £ vanishes everywhere on

E , in other words f = 0

From 2.16 : k(E,E'+M) = u(E,E'+q(M)) iff y(E,E'+q(M)) is
barrelled iff E' + g(M) 1is quasi-complete, so we show that E' + q (M)
is quasi-complete. To this end, let BCE' + q(M) be go(E'+gq(M),E)~
bounded. Let pj: E' + g(M) » E' and pjy: E' + g(M) » gq(M) be the
natural projections. For f.e B let f; =p)(f) and f, = p,y(f)

Then f£f,€q(M) c m00 andvhence fo(x) =0 for all x € M0

Since B 1is Go(E'+q(M),E)-bounded, B is pointwise bounded on E
‘and hence B is pointwise bounded on MO . Hence, for x € M0 we
have that |

{£(x): £ € B} = {f;(x) + £,(x): £ € B} = {f;(x): £ € B}

is bounded.
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In other words, p;(B) is pointwise bounded on M? . It follows from
2.13 that p;(B) 1is equicontinuous and therefore relatively o(E',E)-
compact. Let pj(B) € K withKan absolutely convex o (E',E)-compact
set. Now py(B) € B - p}(B) € B + K and hence p,(B) is o (E¥,E)-
bounded. SinFe pp(B) € g(M) we conclude that po(B) 1is relatively

o (E¥,E)~compact. Let py(B) € L with L a o(E¥,E)-compact set.

Then B c p;(B) + pp(B) c K+ L and K+ L is ¢(E*, E)-compact.

2.18 Theorem

Let E be a barrelled space and E'+M a countable-dimensional
enlargement of E' .

Let q(M) denote the quasi—-completion of M

Let c(M) | denote the completion of M(g(M,E)) .

Let MO0  denote the polar in E* of MO
If MO0  has countable codimension in E , then u(E,E'+M) <8 not

barrelled and in this case : q(M) = c(M) = MO0 |

Proof:

Let E=M0® X with X countable dimensional. Then

X(g(X,E¥)) 1is topologically isomorphic to E/M0 with the quotient
topology induced by ¢ (E,E¥) (1)

We now assert that o(M00,E) = om00,8/M0 ) . (ii)
To show (ii) let U be a ¢(MI0,E)-neighbourhocod of 0 . Then

€ [nl} for some

[N

U= {x), «oor x 30 = (£ €m00: |f(x )| <1V

IR

{X1s «-ey, x } SE . Since x, €E=M09 x =m0 E/MO we can

write x. = x! 4+ x2 with x! € M0 ana x2 € g/m90
i i i i i
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Then f(xi) =0 for £ € MO0 and hence
U= {f e MO0, [f(xi)[ S 1V i€ [n]} is a o(MOQE/MO)—neighbourhood

of 0 . Hence oM%0,E) = ¢ (MO0E/MO) . cConversely, E/M0 = X and

X 1is a subspace of E and so ¢ (MY0,E/M0)= o M0 g) |

Now since E/M0 is countable-dimensional, o(MOO,E/MO) has a
countable base. Thus MOO(O(MOO,E/MO)) = MOO(O(E*,EHMOO) is
metrisable and hence M(O(E*,E)IM ) is metrisable since M is a
subspace. of M90, 1t follows that MO0 = c(M) = q(M) . We note that
since M 1is countaple—dimensional and c¢(M) 1is complete, c(M) # M

by the Baire category theoremn,

Suppose that u(E,E'+M) were barrelled. Then q(E'+M) = E' + M .
Hence E' + MCE' + qM) < g(E'+M) = E' + M and so M) Cc E' + M .
Write q(M) =M + gq(M) N E' . Then q(M) = c(M) implies that q(M)
is o(E*,E)-complete, and hence o (E¥,E) ~quasi-complete. Since E
is barrelled, E' is O(E*'E)|E' = ¢g(E',E)-quasi-complete.

Thus we have g(M) N E' both quasi-complete and metrisable and so it
is o (E*,E)-complete and hence o (E*,E)-closed. Thus we have

g(M) N E' a closed subspace of the Frechet space q(M)‘ with
countable codimension. Since this cannot happen, we have a

contradiction.

From 2.17 and 2.18 we conélude that if M0 is dense and barrelled

and also has countable codimension in E , then p(E,E'+M) is not
barrelled and k(E,E'+M) = p(E,E'+q(M)) . "Thus if it is possible to

have M0 dense, barrelled and of countable codimension in E , we
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have again proved the existence of a non-barrelled countable-dimensional

enlargement (Theorem 2,7).

In fact, the condition of Theorem 2.7 is sufficient to ensure

that M0 has the required properties. More precisely:

2.19 Theorem

If E s a barrelled space with a countable-dimensional bounded
set, then there 1s a countable-dimensional enlargement E' + M of
E' with the property that MY has countable codimension in E . (and

s therefore barrelled by 1.3) and MO0 <5 demnse in E .

Proof:

Let B = {ei: i € N} Dbe independent and bounded in E . Extend

B to a basis A = {e : a € I} for E with Nc I . Let
o

I}

f (e ) 1 for n €N
n n

£ (e) 0 for oq #n . (i)
n a
and extend each £ by linearity to E , denoting the extension again
n
by f . Thus f € E¥ and (i) holds for each fn . Let
n
S={f : n €N} and let J = {n € N: fn € E'} . We assert
n

J is finite. (i1)

7

To prove (ii), let Sy = {nfn: n € J} . Then S;cE' and Sy
is o (E',E)-bounded. Consequently Sy 1is B(E',E)-bounded (E is
barrelled) and hence Sy 1is absorbed by BY . Thus there is some

k > 0 such that 5,« kB? and so we have :
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Infn(em)|<§k for all n€ J and all me WN .

Hence J must be finite,

Now let s, = {fn: n € N\J} = {gn: n € N} say, and let

B, = {en: n € nN\J} = {xn: n € N} say. Then:

gn(xn) =1 for n €W
g (e ) =0 for a #n
n o
EX\E'
g, € |
Let M, = span S, , thus Mg = ﬂ g'L . Furthermore
PEN
0
E = span By, & M, (iii)

To prove (iii), let x € E , then

"
]

X kaea + Z knen + X 2 x (finite sums)
s n€J nen ' 7

= yr + Yy ot Y3 say.
Then yj3 €span B, and gn(y1+y2) = gn(yl) + gn(yz) =0+ 0

(if g = fm then m ¢ J , so fm(en) =0 for all n € J)

. - 4
Thus gn(y1+y2) = 0 for all n €N implies that vy t yy € n 9,

neN
and (iii) is proved.
0
If we set L =M, then
codim L < codim Mg = dim span B, (by (iii)) (iv)

0
My

Let K be an algebraic complement of I contained in span By ,

then KO L = E and we can choose B3 € B, such that K = span Bj

)

as follows



Let n(1)

= min {n: X ¢ L}
n(2) = min {n: x_¢g span {L U {x }}}
n n(1)
n(m) = min {n: x- ¢ span {L Uy {x- 11}
n n

(' " Fnm-1)

and let By = { m € N} .,

Xr1 (m) :

If L were of countable codimension in E , then K would be
countable dimensional and hence the bounded .subsets of K would be
finite-dimensional (K is just ¢ with the weak topology). But

By« B and B 1is bounded. Thus B3 would be bounded and hence

K = span B3 would be finite-dimensional. This contradiction, together

with (iv) establishes that

K 1is finite-dimensional or equivalently,

I. is finite-codimensional : (v)

If dim K =0 , then L = Mg = E and we can set M = M, ,
If dim K = k €N th K = span .
i , then p {xn(l), ' xn(k)}
Let M = span {gn: n EN~{n(l), ..., n(k)}} , then
x .. €m0 for i € [x] (because g (x ) = 0 for m # n)
n(i) n m
and MS e MmO (because M c M)
Thus L = M, < MO, Consquently LU {Xn(l)’ ey Xn(k)} c MmO
Thus : spa L X veer X cml .
u pan { U{n(l), ' n(k)}}
In other words : L& K = E < M0 Hence M0 1is dense in E and .

by construction M0 has countable codimension in E
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We have seen that there is always a non-barrelled countable-
dimensional enlargement of a barrelled space and we now establish some
conditions which guarantee the existence of a barrelled countable-
dimensional enlargement of a barrelled space. The first theorem

regarding this (2.20) is from [16] (Theorem 1).

2,20 Theorem

1f a barrelled space E has a bounded subset A with

dim (span A) = c , then there is a countable~dimensional enlargement

E' + M such that W(E,E'+M) <Zs barrelled.

Proof:

If B 1is the absolutely convex hull of A , then B is also
bounded and span A = span B . Let G = span B then dim G = ¢ .
The gauge of B defines a norm fi.ll on G with
{x: lixll < 1} @B e {x: lIxll 1} . Let ¢ be the corresponding norm
topology on G , then 1 = u(G,G') . Since dim G = ¢ = dimw ,
there is an algebraic isomorphism T: G > w , Then T': ¢ + G* is
injective. Let F =T (¢) then

the bounded subsets of F are finite-dimensional (i)

If D denotes the unit ball in G' , then D is B(G',G)~
bounded and hence D "is 0(G',G)-bounded. Thus, since FNDcD,
FND is a o0(G*,G)-bounded subset of F and is therefore finite
dimensional by (i). But F N G' = F N span D = span (FND) and so

FnG' is finite—dimensional.
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Let F

1
m
>

)
&

N , then N is countable-dimensional.
Let E=H®H G . For f€ N, let %: E > K
x> £(x) for x € G
x >0 for x € H
Then £ € E¥ because f € G¥ . Let M = {f: f € N} , then M 1is a

countable~dimensional subspace of E*

To see that M N E' = {0} , let fe MNE' . Then f is
u(E,E')-continuous. Suppose £ # 0 . Then, since f €N ; f ¢ G'
and hence f 1is not y(G,G')-continuous. But U(E'E')E < 4 (G,G")
and so f = f]G is u(G,G") continuous. Thié contradiction shows

that £ = 0 .

We have the picture

3]
%*

——EL-G///E\\\H /// \\\G'
\O}/ N<\;n4 M;+\M
N,/

Thus we have a countable-dimensional enlargement E' + M and it

remains to show that y(E,E'+M) is barrelled. This we shall do by

employing 2.6, so let X 'be a o(E'+M,E)-bounded subset of E' + M .

Then each f € X can be written : f = g(f) + h(f) where g(f) € E!

and h(f) €N . Let Y = {f|G: f € X} . Then for f|G €Y , let

f = g(f) + h(f) and so
£ +h €G' + N .

= (g+1:\1) !G =

G 9lg

Hence Y © G' + N , consequently Y is 0 (G'+N, G) ~bounded.
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Let p: G' + N> G' , g: G'+ N-» N and r: E' + M > M be natural

1

rojections,., For € Q let z(y) = ———
prol Y YT

.y if fpiyil =1
= vy otherwise

Let Z = {z(y): v € Y} , then we assert that:

Z 1is o0 (G'+N,G)-bounded, (ii)
To show this, let x € G . We must show that {|<x,z(y)>| :y € Y}
1
is bounded. Now |<x,z(y)>| = |<X’W§T§ir vl < |<x,y>| if Ipy) > 1,

and sqg ]<x,z(y)>[ < |<x,y>] for all y €Y

Honce {f<x,z(y)>‘: Yy € Y} 1is bounded because {|<x,y>|: y € Y} is

bounded. For y € Y , let vy g(y) + h(y) . Then for x € G we have:

Il

|<x,p(z(y))>] = |<x,g(y)>] < |<x,y>|

Thus: p(Z) 1is O(G',G)—boundedr (1i1)

It now follows from (ii) and (iii) that g(Z) is o(G'+N,G)-bounded.
But g(2) € Nc F and the bounded subsets of F are finite—dimensional.v
Hence q(2Z) is finite dimensional. Since dim g(Z) = dim q(y) , qg(¥)
is also finite dimensional. Now q(¥Y) = {h(f): f € X} , and
r(x) ={h(f): f € X} . 1In other words: r(X) = {h:h € q(¥)} , and

hence r(X) is finite-dimensional.

Finally, X = {f: £ € X} = {g(f) + h(f): £ € X} € E' + r(X) and
we have shown that any o(E'+M,E)~-bounded set X is contained in a
finite-dimensional enlargement E' + r(X) and thus yp(E,E'+M) is

barrelled. d



- 41 -

This last result has been improved .upon in [12] as follows
For a dual pair <E,F> ; we say that ¥ has plenty of bounded sequences
iff for every sequence (fn) in F there is an infihite'subsgquence
(fnk) and a‘ o(F,E)~bounded subset B such that

{f : X€ N} < span B
e
Equivalently :

F  has plenty of bounded sequence iff for every sequence (f) in
F there 1s a sequence _(An) in K and a subsequence (n,) with
A #0 forall x , such that Anfn >0 w.r.t., O(F,E)
k

n

Proof:

Lo

Let F have plenty of bounded sequences and let (fn) be a
sequence in F . Let (fnk)bea suksequence and let B. be O(F,E) -

bounded with {fn : k € N} ©span B . We can assume that B is
K _

oo
absolutely convex and so span B = Uns.
n=1
For £ # 0 let f € @ B. Let A = —i*-. 1 . then
nk nk nk nk a]’] nk
1 k

A f € — B . Thus X £ >0 w.r.t. O(F,E) as k = o
np Ny ng 2 D

(because B is O(F,E)-bounded.) So if we set An‘= 0 for each
né¢ {n:k €N} then

Af >0 w.r.t. O(F,E) as n > « ,
" nn

Conversely given (X ) as described, let B = {A f . x € N} .
n nk 12373

Then A £ >0 w.,r.t. O(F,E) as k = ® implies that B is
N N

O(F,E)-bounded. Furthermore {fn : k €N} & span B .
o k
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The construction of M 1is similar to the construction in 2.20
and we omit it here. That this result is an improvement of 2.20 is

seen as follows

Let B be a bounded subset of E with dim(span B) = ¢ .
Let G = span B = EB (we assume that B 1is absolutely convex).
Let T be the topology induced on G by the gauge of B , then
since B 1is bounded, U(E,E')lG < TG . Hence

G' = G(U(E,E')lG)' S G(t,)' = F say.

We must show that G' has plenty of bounded sequences so let
(fn) be a sequence in G' . Then B0 is absorbent in E' (because
B is bounded in E) and so for each n € N there is some Arle K
such that
£ €xBY solet £ =1g with g € BY
n n n : n

nn

Thus {fn: n € N} € span 8% ana BY is o(G',G)-bounded (B is a

TG—neighbourhood of 0 and hence B is 6 (F,G)-compact. Thus B0

is O (F,G)-bounded and consequently O0(G',G)-bounded). ]

The next theorem (2.21) provides another condition for the
existence of a countable-dimensional barrelled enlargement and was

proved 1in [12] (Theorem 5).

2.21 Theorem
If a barrelled space E has a dense barrelled subspace F with
codim F Z ¢ , then there is a countable-dimensional enlargement E' + M

such that u(E,E'+M) <s barre?led.
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Proof:

Let Fc Lc E with codim L = c . Then L 1is dense in E
because F 1is and by 2.14, L 1is a barrelled subspace of E . Let
E=GwUlL , then dim G = é = dim w and so G 1is algebraically
isomorphic to ¢ . Endow G with the product topology TTr and let
H = G(Tﬂ)' . For f£ €H ' let %: E > K

x > £(G) for x € G

X7 o for x €L .

Let M = {%: £ € H , then M is algebraically isomorphic to ¢
and jis therefore a countable-dimensional subspace of E¥ . We claim
that M N E' = {0} . To see this let £ €EMNE ; then £ is
continuous on E and vanishes on the dense subspace L and hence

Vanishes everywhere on E . 1In other words £ = 0 . Thus E' + M

is a countable-dimensional enlargement of E' .

We next assert that MO =L . This is because :

M0 = {x € E: f(x) = 0 for all f € H} .

Thus if x € E , write  x = x] + X2 with x7€G and x3 € L .

Then for x € MO :

F(x) = £(x;) + £(x,) f(x;) =0 for all f € H .

Consequently x; = 0 and hence X X, € L . Conversely if x € L ,

then f(x) =0 for all f£f € H and so x € MO |,

Finally, we show that y(E,E'+M) is barrelled :
Let B be g(E'+M,E)-bounded.

Let p: E'+ M > E' and gq: E' + M » M be the natural projections.
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Then p(B) is o(E',MO)—bounded since if x € M0  then
{|<x,p(£)>]: f € B} = {|<x,f>|: f € B) (because q(f) € M) which is
bounded. In other words, p(B) 1is pointwise bounded on the dense
subspace MO ., Hence, by 2.13, p(B) is u(E,E')-equicontinuous and
hence p(B) 1is relatively o(E',E)-compact. Let p(B) c K; with K
o (E',E)-compact. Because B and p(B) are bounded, so is q({(B)
Since q(B) M, g(B) 1is g(M,E)-bounded and the bounded subsets of
M are finite-dimensional. Hence there is é o (M,E) -~compact K, with
q(B) c Ké . Thus Bc p(B) + q(B) « K; + K2 and B 1is therefore
relatively o (E'+M, E) ~compact. ' 0
We shall call a dénse, barrelled subspace F with codim F 2= ¢ ,
a satisfactory subspace and we have just seen in Theorem 2.21 that a
barrelled space wﬁich has a satisfactory subspace has a countable-
dimensional barrelled enlargement. We therefore begin.the search for
satisfactory subspaces of barrelled spaces. We first give an example
due to Robertson and Yeomans ([11]), to show that satisfactory sub-

spaces do indeed exist.

2.22 Example

N . e
Let E =R with the product topology, then E has a satisfactory
subspace.
Let S = XR .- the direct sum of a countable number of copies
' N
°of R . Then S = {x= (x) € E: {n: X, # 0F is finite} . TLet =

be the product topology on E, then S 1is 1-dense in E . Furthermore,
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¢ and S has countable dimension.

o
}_l.
3
t

i
sl
It

[y
1]
o+
oe]

]

{e : o« € (0,1)} be a basis for E and let
o

I={1-2 :n¢gN} . Then I 1is a countable subset of (0,1) .

Let m(n) =1 - En , then em(n) € B for each n€ N . Thus if

D = {e n €N} , D spans a countable-dimensional subspace of E

m(n):

and so D may be assumed to be a basis for §

Let L_ = span {ea: 2" < g < 1} , then, since m(n) = 51 for all

n, e €L forall n. Thus Dc< L; and hence span D = SC Lj .
o [e2]
-n
Also, since (0,1) = {27,1) we have E = U Ln and hence
' n=1 n=1
SscLcl,c...cL c...CE.
n

Now E is tT-complete and hence E 1is non-meagre in itself. Thus

there is some k € N such that Lk is non-meagre in E . Then :
(a) Lk is dense in E because S 1is dense in E
. =k
(b) codim L, = |{a: 0 <a <27} =c¢
(c) Lk is barrelled since
if VvV 1is a barrel in Lk , then Lk = U nv .
n€ W
Since Lk is non-meagre in E , there is some n € N and some
T-neighbourhood U such that U c nV - the t-closure of nV .
1 — 1 - =
Thus = UcV and —UNL VAL . Now VNL 1is the 1| -
n n k k k Ly
. 1
closure of V and V 1is 1|  -closed. Hence —UN L <V and
Lk n ; k
it follows that V 1is a TI —-neighbourhood.
Ly ]

The following lemma and corollary (2.23 and 2.24) from [12]

(section 3) provide examples of satisfactory subspaces.
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2.23 Lemma

Let E(1) be a barrelled space and E, a barrelled subspace of
E . Let G be an algebraic complement of E, . If L, s a
satisfactory subspace of E, , then L, ® G is a satisfactory

subspace of E .

Proof:

We must show (i) L =L;9D G 1is dense in E
(ii) codim L= c .
(iii) L 1is barrelled.

(i) Let x =x) + X, € E=E P G with x| € E| apd Xy € G and
let U be a yp(E,E')-neighbourhocod of 0 . Then since L, is
dense in E; and UN E; is a u(E,E‘)|E1~neighbourhood of O,
(x;, +UNE)NL #0f . Let y€ (x, +UNE)NTL , then
(x + U) NL # @ since

y+x €x +%x +UNE =x+UNE ©x+U and

y+X2€Ll(\DG=L.

(ii) Let L, & H=E; , then dim H 2 ¢ . Hence

L®H =L, DG (H=E, G =E and so codim L = dim H 2 ¢ .,

(iii) Let B be a barrel in L , that is a T|L—barrel. Then

BNL;, is a TIL ~barrel and hence B N L; is a
1

TIL -neighbourhood of 0 because Lj is barrelled. Let
1

BNL, =0NL; where U is a t-neighbourhood of O . Now

L, =L; NE; andso UNL, =UNE NL =VNL; where
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V=UNE 1isa-t E -neighbourhood of 0 . Since L; is
1
dense in E; and V is a7 F—neigbbourhood of 0,
“1
VacVviL =BNL, (closure in E) by 0.1. Thus

E)y = span V< span B N1 L) € span B .
Also, siqce B 1is a barrel in L and G 1is a subspace of L,
we have :

L € span B and hence G C span B < span B .
Thus E; & G = E < span B and so B 1is absorbent in E .
Since B is also absolutely convex and t-closed, we conclude
that B is a T-barrel and consequently a T-neighbourhood of
0.
Finally, B =B N L and hence B is a T [, ~heighbourhood of 0.

O

As an immediate corollary of 2.23 we obtain :

2.24 Corollary

If E 18 the strict inductive limit of a Sequence (E) .of
barrelled spaces, then i1f some E has a satisfactory subspace, so

does E .

We next show that a locally convex space with suitably large
dimension can always be written in a convenient form. This lemma is

Lemma 3 from [12] and the subsequent corollaries are also from [12].
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2.25 Lemma .
Let E be a locally convex space with dim E 2= ¢ . Then we can
find an increasing sequence (E) of subspaces of E with E = |JE
n
n=1

and codim E_ = ¢ for each n .

Let B = {ea: @ € I} be a basis for E with |I|>c . Write

[e 0]
1= |1 with I)cI,c...cI and |1 | =l1~1 | =|1] .
n n n
n=1
Let B = {e : a €I } and let E = span B . Then :
n a n n n -
codim E_ = |I\~In| = |1| 2 ¢ for each n , E = U E
n=1
and E CE for each n because I < I for each n .
n n+1 n n+1 .

This lemma together with a theorem due to Valdivia [18] (Theorem

4) can now be used to establish

2.26 Coro]]ary

If E s a barrelled space with Qim E> ¢ , let E denote the
completion of E . If E <8 a Baire space then E has a dense

subspace ¥ with codim F > c .

Proof:

vValdivia {18}, Theorem 4 states that if E is a barrelled space,

E 1is a Baire gpace and (Un) is an absorbent sequence of closed sets

in E , then there is some n such that int(Un) 0 .

We therefore write E =
n

= 8

E as in 2.265. Then E = |l E and so
1 I n n
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for some n , int(ﬁn) # # . Thus there is an absolutely convex

neighbourhood of 0 U and some x € E; such that x + UC E .
n

Hence if u € U then :

u=x+u-x€ (xty) ~-E cE -E cE .
n n n n

Thus U c Eh and so

E=span UC span' E =E .
n n

Hence En is a dense subspace of E .

O
2.27 Corollary
(a) A Baire space E with dim E > ¢ has a satisfactory
subspace.
(b) A strict inductive limit of a sequence of Fréchet spaces
has a satisfactory subspace.
Proof:
(a) Write E = U E as in 2.26 So E = UE; and there is some n €W
n=1 " n
and some t-neighkourhood of 0 U such that U <« Eg . Thus Em

is dense in E and consequently En is dense in E for all
n =2 m . Thus we have En non-meagre for some n > m and hence

E is barrelled. So En is a satisfactory subspace.
n

(b) If E 1is the strict inductive limit of a ééquence (En) of
Fréchet spaces and dim E > ¢ , then each En is a Baire space
and hence each En is also barrelled. For some n we have
dim En > ¢ and so by (a), En has a satisfactory subspace. It

now follows from 2.24 that E has a satisfactory subspace. (]
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Further examples of spaces withsatisfactory subspaces can be found

in the barrelled sequence spaces — see [22] (Lemma D p.360).

The foreqoing theory has an interesting application to normed

spaces expressed in our theorem 2.28 which is Theorem 7 of [11].

2.28 Theorem

If E(t) s a barrelled normed space then :
(a¢) If M is a finite-dimensional enlargement of E' , then
u(E,E'+M) 7s normable. '
(b) If M Zs a countable-dimenstional enlargement of E' , then

U(E,E'+M) 18 not normable but is metrisable.

Proof: ]
(a) Let M = span {f1, ..., fn} and let p be the norm on E.
Let Ti denote the seminorm topology generated by fi .
Let B, = {x € E: |fi(x)‘ < 1} and Bp = {x € E: p(x) < 1}.
Define q = sup {p,|f1], «v., Ifnl} then we assert that q is
a norm on E . This is because
(1) q(0) = sup {p(O),lfl(O)[, ceer £ (@]} =0 and if qx =0,

then p(x) = 0 because 'p(x) < q(x) and hence x = 0 .

It

(2) q(kx) = sup {p(kx), £ kx) ], ..., |fn(kx)!}

il

sup {|x|px), |k||£10], ..., fk}lfn(x)[}

I

klax) .
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(3)  a(x+y) < sup {p(x) +p(y), [, (x)] + [£E1 ()], ...,

£ )] + ]fn(y)l}.

< sup {p(x), [£f;(x)], ..., lfn(x)h
+sup {p(y), |E, M |s --us !fn(y)[}
= qg(x) + gly) .

Let Tq denote the norm topology on E generated by q . Then
T =TVT; V.,...VT  because
n
B = {x€ E: q(x)< 1} =B N BN ...0 B .
qa p n

We now show that : E(Tq)' = E' + M . 1In other words

E(r V1] V...vT )' = E' + span {fy, .../ £ .
n n

We first show that ' g (E,E'+M) . We have
Bq = Bp Ne0..NnBg = Bgor\{f], ey fn}0= {Bg U {f, ...,fn}}0= k0
say. Since Bp is a t-neighbourhood of O , Bg is o(E',E)-
compact and hence, since Bg CE', Bg is o(E'+M,E)—coﬁpact.
Thus K is g (E'+M,E)-compact, By 2.2, u(E,E'+M) is
barrelled and so K090 is again o (E'+M,E) -~compact and absolutely
convex. (In other words E' % M has the o (E'+M,E)-~-convex

compactness property - see [28].) It follows that Bq = K0 = 000

is a p(E,E'+M)-neighbourhood of O

We now show that o(E,E'+M) C Tq . To this end let :

Xx. » 0 w.r.t.
A T

g "
Then xx > 0 w.r.t. T, Ty, ..y T, - Let f=g+h€E'" + M.
] n
Then g 1is t-continuous and so g(xx) >0 . If h= 2 kif_ .

. i

i=1

then fi(x ) > 0 for each 1 and so h(xx) + 0 . Thus f(xA) >0

for each £ € E' + M and hence x>\<—> 0 w.r.t. o(E,E'+M)
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We have shown that ¢ (E,E'+M) ch: p{(E,E'+M) and it follows

that E(t )' =E' +M . Thus 1_ = u(E,E(1 )') = u(E,E'+M) .
Tq q " a "

(b) Let M = span {f.: i € N} and let q_ = sup {p,|£,],e.., |E |}
1 n n

for n€ N . From (a) we have:

a4, is a norm on E
T =
dn TVT]V «..VT
E(r_)' =E'+M_ where M_ = span {fy,...,f }.
n n n n
Thus : T 1 c T C ...CT cC ...
q; d2 dn
and : E'C E'#M) € E'HM, © ... C E'+Mn C ... T E'+M .
Q0
Let 1T =71 v ( V T.) . - Then 1 has the countable base
[*5) . 1 o)
! i=1
— B : m,n € N} and hence < is metrisable, We now show
m qn ©o
that : E(Tm)' = E' + M. In other words :
E(TV T] VT,V ...)"=E"+ span {f1,fy,...} .

We first show that T, & u(E,E'+M) .

Let U be a basic T_-neighbourhood of 0 . Then
U=U. N ... NGO, where U, is a T, -neighbourhood of 0 .
1] 1n 1k 1k - '
Let m = max {ij,..., in} , then AB c U for some A . Thus
m

U is a t_ -neighbourhood of 0 . Since ot u(E,E'+Mm) , U
m im

is a u(E,E'+Mm)—neighbourhood of (0 and hence a p(E,E'+M)-neigh-
bourhood of O .

To show that o(E,E'+M) T, let XA >0 w.r.t. 7T and

let £f €EE'+ M. Then f € E' + Mn for some n and so

f(xA) - 0 as in (a). Thus xx > 0 w.r.t. o(E,E'+M) .
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We have shown that o (E,E'+M) < T, < U(E,E'+M) and so

E(t )' = E' + M. Thus T, = U(E,E(Tm)') = u(E,E'+M)

Finally, suppose that u(E,E'+M) 1is normable. We have the norm
topolégy R(E*,E) on E' and E' is RB(E',E)-complete. In other
words E'(B(E',E) is a Banach space. Now E(u(E,E'+M))' = E' + M
and the norm topology on E' + M is R(E'+M,E) and E' + M is
B(E'+M,E)~complete. Thus E' + M (B(E'+M,E)) 1is also a Banach space
and is consequently barrelled. Now E' has countable codimension in

E' + M and so by 1.3, E' is B(E'+M,E)| ,-barrelled..

Now consider the identity map 1 : E'(B(E',E))™ E'(B(E'+M,E) |E,) .

Since B(E'+M,E)!',c B(E',E) , 1 1is continuous and of course linear.

B
If U is an absolutely convex RB{E',E)-neighbourhood of 0 then the
B(E'+M,E)|E,—closure of 1(U) 1is a B(E'+M,E)|E,—barrel and hence a
B(E'+M,E)[E,—neighbourhood of 0 . Hence 1 1is almost open and

consequently 1 is open because E'(B(E',E)) is fully complete. Thgs

B(E',E) C B(E'+M,E)|EI and so we have B(E'+M,E)l = R(E',E)

EI

Thus E' is a complete (hence closed) subspace of E' + M
For each n € N , E' + Mn is closed and we have E' + M = U(E'+M ) .
n
n
Thus for some n , E' + Mn has nonempty interior. Let U be a
neighbourhood of 0 with U< E' + Mn . Then

span U = E' + M C E' + Mn

and we have a contradiction. O
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3. SUBSPACE TOPOLOGIES OF QUASIBARRELLED TOPOLOGIES

In chapter 1 we discovered that finite-codimensional and countable-
codimensional subspaces of barrelled spaces were again barrelled and
we now investigate the quasibarrelled case. For this we need a few

preliminary results regarding hyperplanes.

Recall that for a topological vector space, a hyperplane is closed
iff it is not dense., We intend to improve on this result. Let E(T)
be a locally convex space and let :

B={BcCE: B is absolutely convex, closed and bounded}.

For B € B let EB = gpan B and let TB denote the norm topology

< T because B 1is

on E generated by the gauge of B . Then 1
B ‘ Ep B

bounded. If H is a hyperplane in E then H N EB is a hyperplane

i E or HNE_ =E and now :
o ®g B B

3.1 Lemma'

If HN Ey i3 TB—dense in Ep then HNB <s TB—dense in B .

Prdof:

We have
ClTB(H n B) c CQ,TB(B) [y ClT(B) =B .
Furthermore B 1is a TB—neighbourhood of 0 . Hence by 0.1
B C CQTB(H N EB N B) = clTB(H N B) .

Thus B = CQTB(H NBY and so HNB 1is TB—dense in B . O
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If H is a hyperplane in E we shall say that H is nearly-
closed iff B NH is closed for each B € B and we shall say that
H is ultradense iff for each B € B there is some B; € B such
that B < cQT(Bl 1 H) . We shall write X for CQT(X) in the

sequel.

3.2 Lemma

(a) If H s closed then H <s nearly-closed.

(b) If H 71s ultradense then H 18 dense.

Proof:

(a) Obvious.

(b) Let x € E then ‘{x} is bounded. If X denotes tﬁe closed
absolutely cénvex hull of {x} then X € B . Hence there is
some By € B such that

{x}cxc Ezﬁﬁﬁﬁhc H .
Thus x € H for each x € E and this means that H is dense
in E

O

We now prove a useful theorem due to Valdivia [20] (Lemma 1).

3.3 Theorém

A hyperplane in a locally convex space is nearly-closed iff 7t

18 not ultradense.
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Proof:

Let E(T) be.a locally convex space and H a hyperplaneJin E .
Let H be nearly-closed and suppose that H is also ultradense.
Let x € ENH , then if X denotes the closed absolutely convex hull
of {x} , we have x € X € B . Hence there is some B} € B such that:
x €ExcB  NH=B;N HCH .

This contradicts x € H .

For the converse, let H be not neariy—closed. We must show
that H is ultradense. By assumption there is some B € B such that

BNH is not closed. Let P € B, then we seek Q € B such that :

PcQNH
Let A Dbe the closed absolutely convex hull of B UP . Then A € B
and P ¢ A . If HAN E, =E, then A CH and hence P C¢H . So

we can set Q =P . If HN EA is a hyperplane in EA , two

mutally exclusive situations can arise

, _— .
(a) H N EA is a T, dense in Ep

In this case, by 3.1, HAA is TA—dense in A

Thus P €A = CQTA(H NnAa c CRT(H NaA)y =HNA and we can set

Q=A.

(b) H N EA is TA—closed in EA

Since B N H 1is not closed, there is some x5 € B NHNBNH.

Then x5 € B N H cB =B and hence X ¢ H .

Let D = {Axg: |A] <1}, then xy EBNHCA NH . It follows

that D CA NH since A NH is balanced.
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Let L = spah {xo} =Kxg. Then E=H® L and-

i = E H®L i : € BCACE).
E, A N HG {since X0 A A)

Now if p: EA > HAN EA and q: EA > L are the natural

projections, these projections are TA—continuous because
HN EA is TA—closed in EA and codim (EA N H) =1 . Hence
the projections are bounded. Thus p(P) is TA—bounded in
HN EA and g(P) 1is bounded in L . Consequently there are
0,8 € XK such that

P(P) © a(H N A) < a(H N A)

and q(P) c BD < B(H N B) .

So we have P cp(P) + gq(P) c (¢ + B) HNA=HN (o + BfA and

we can set Q = (o + 8)a . O

3.4 Lemma

Let E be a locally convex space and H a hyperplane in FE .

If H <s nearly-closed then W 1is sequentially-closed.

Proof:

Let (xn) be a sequence in H with xn'+ X for some x €E .
Then A =-{xn: n €W} U.{x} is compact and hence bounded. If B
denotes the closed absolutely convex hull of A , then B € B ,

Consequently B N H 1is closed. Thus :

X EANHcCcBNH=BNH and so x € H .

The following lemma is from [22] (Proposition 1.9).



_59...

3.5 Lemma

Let E be a locally convex space and H a hyperplane in E .
let E=H@L and let p: E~>H and q: E > L be the natural
projections. If H 18 sequentially-closed then the projections are

sequentially—-continuous and hence bounded.

Proof:

Let L = span {x,} = Kx, with x, € ENH . Let H = fJ' and

assume without loss of generality that £(x;) = 1 . Now for each
X € E there is some A(x) € K and some h(x) € H such that

x = h(x) + A(x).x;
Thus £(x) =0 + A(x).1 = X(x) . Therefore each’ x € E can be
written as

x = h({x) + f(x).xo

Hence : p(x) hix) = x - £(x).xg N

and g(x) £(x).x

Let (xn) be a sequence in E with X -~ 0 ., Since H = f'L is

sequentially-closed, £ 1s sequentially-continuous and hence

f(x ) >0 .
n

Thus p(xn) = Xn - f(Xn).XO >0~ 0.x5 =0

Ll

il

and q(xn) f(xn).xo > 0.xp =0

This proves that p and g are sequentially-continuous.

If A 1is bounded in E and (p(xn)) is a sequence in p{AaA) ,

. , 1
then (xn) is a sequence in A and hence —-xn + 0 . Thus
n

1
H-p(xn) -+~ 0 and we have shown that p is bounded. O
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3.6 Corollary

If in 3.5 H <s a sequentially closed finite-codimensional
subspace of E , then the natural projections p and q are

sequentially continuous.

Proof:

We proceed by induction on codim H . So let codim H = n
and write E = HW L with dim L = n . Now write I = L;® F with
dim Ly =1 and dim F =n - 1 , Thus we have :

E=HO®L=H®F® L,
Now let r: E>HOF and s: H®F > H be natural projections.

Then p = ser and r is sequentially continuous because H D F is

a hyperplane in E . On an induction hypothesis, s is sequentially
continuous because H has codimension n - 1 in H® F . Therefore
p (and hence also g ) is sequentially continuous. O

With the aid of the foregoing results we can now obtain the
analogue of 1.1. This was first proved by Valdivia [17] but the

proof presented here is by Webb [24].

3.7 Theorem

Let E(r) be a locally convex space and H a hyperplane in E.
If v is a bornivorous barrel in H then there is a bormivorous

barrel U In E such that UNH=V .
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Proof:
By 3.3, there are two situations to consider

(a) H 1is ultradense
We have V absolutely convex, T H—closed and T H-bornivorous.
We claim that V is a bornivorous barrel in E . Since
vV = CQT(V) is T-closed and ab;olutely convex, we need to show
that V is T-bornivorous. To this end, let A be T-bounded and
let B be the T-closed absolﬁtely convéx hull of A . Then
B € B and hence there is some B; € B such that ac BC §T7T7¥.
Now By N H is T H—bounded and hence Bj 1 H < Av for some
AEK . Thus ACBC ET—ﬁ_E'C AV = AV and we have shown that
A 1is absorbed by v .

So we can set U = V..

{b) H 1is nearly-closed
Let E=H L and let p: E>H , g: E>L be the natural
projections. Then by 3.6, p and q are bounded.
Let L = span {xg} and let D = {Axy: [A] <1} .
Then V + D 1is absolutely convex and we assert that is also
T—bornivorous. To see this, let B be T-bounded. Then p (B)
is TIH—bounded and q(B) is bounded in L . Hence there are
a,B €K such that p(B) € av and q(B) € BD . Thus if
k > max {|a|,|8]} , we have

B C p(B) + g(B) € av + BD € kK(V + D) .

However, V + D is not necessarily closed. But if
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(i) V= ct (V) <&
Then V = cZTth) = CQT(V) NH-= CQT(V) and so V is
T-closed. Thus V + D is T-closed because D is compact
and we can set U =V + D .

(ii) vdH
Then we can assume that xg € V and hence D V.
Consequently D + V C 2V and hence V is T-bornivorous.

Thus we can set U = V- .

0
3.8 Corollary
A subspace of finite codimension in a quasibarrelled space is
quastibarrelled.
Proof:
This is exactly the same as the proof of 1.2 with "bornivorous
barrel" replacing "barrel". O

That there is no analogue of 1.3, namely that a countable-
codimensional subspace of a quasibarrelled space is quasibarrelled,
was proved by Valdivia [19] when he provided an example of a
bornological (hence quasibarrelled) space with a non-quasibarrelled

but countable-codimensional subspace.

Countable-codimensional subspaces of quasibarrelled spaces may

under certain conditions be quasibarrelled. In this regard see [23].
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4. ENLARGEMENTS OF QUASIBARRELLED TOPOLOGIES

A quasibarrélled space E also carries the Mackey topology
u(E,E') and in this chapter, we shall investigate the stability of

the quasibarrelled property under enlargements of the dual.

We shall first consider enlargements within Eb and of course

b p in other words we need E

we must therefore assume that E' # E
to be non-bornological. This we shall tacitly assume whenever we talk
of enlargements within Eb . We shall find that in this case, the
results obtained in chapter 2 on barrelled spaces have analogues for
quasibarrelled spaces. In particular, we shall see that the quasi-
barrelled propérty is stable under finite—dimensional enlargements
within Eb , but not necessarily under countable-dimensional
enlargements. We shall establish a necessary and sufficient condition
for an enlargement to retain the quasibarrelled property and it will

be no surprise to find that this condition is one on the strongly-

bounded subsets of the enlargement. (Compare 4.4 with 2.6).

We then show that the quasibarrelled property is stable under

arbitrary finite-dimensional enlargements.

After this we show that countable-dimensional enlargements may

or may not be quasibarrelled.

The results in this chapter are all due to Webb [27] except

for Theorems 4.5 and 4.10 which are due to Tweddle and Yeomans and

were extracted from private correspondence.



- 64 -~

4,1 Theorem

Let E be a quasibarrelled space and let E' + M c E° be g
finite-dimensional enlargement of E' . Then u(E,E'+M) <8

quastbarrelled.

Proof:

We first observe that
B(E',E) = B(E'+M,E)|_, . (i)

To see this let B be 0(E,E')-bounded and let f € E' + M . Then
since E' + M c Eb , f 1is bounded and so £f(B) is bounded. Thus

B is o(E,E'+M)-bounded and hence R(E',E) c B(E'+M,E)|E' . We

always have B(E'+M,E)|E. c B(E',E) and so (i) follows.

. Now let A be B(E'+M,E)-bounded. Since E is quasibarrelled,
E' is @(E',E)-sequentially complete and hence E' is B(E'+M,E)-
sequentially closed in E' + M . Thus by 3.6 the natural projections
p: E' +M > E' and q: E' + M > M are sequentially éontinuous and
Hence bounded. Therefore p(A) 1is B(E',E)-bounded (by (i)).
Consequently, because E 1is quasibarrelled, p(A) is relatively
o(E',E)~compact. Since g(A) is a bounded subset of the finite-
dimensional space M , q(A) 1is relatively 0(M,E)~compact. So we
have

A < p(A) + q(a) with” p(A) and q(A) relatively O(E'+M,E)-

compact. .Thus A is relatively of(E'+M,E)-compact and so u(E,E'+M)

is quasibarrelled. O



- 65 -

From the proof of 4.1 we extract a corollary analogous to 2.1.

4,2 Corollary

If E <s a quasibarrelled space and E' + M C B

15 a finite-
dimensional enlargement of E' then if A s B(E'+M,E)-bounded,
ACB+ D where B 18 a o(E',E)-compact set and D <8 a compact

subset of M .

4,3 Theorem

Let E be a quasibarrelled space and let E' + M < 8 be a
countable-dimensional enlargement of E' . Then every absolutely
convex O (E'+M,E)-compact subset of E' + M <8 contained in a

finite-dimensional enlargement of E' .

Proof:

Let M = span {fi: i € N} and M_ = span {fi: i € [n]l} so that:

(o]
M= |jM, and E'CE'+M c...CE' +M ©...CE' +M as before.
n=1
Let K be absolutely convex and O (E'+M,E)-compact,
Let K =K (E'"+M_) then :
n n
Kn is O(E'+Mn,E)—closed in E' + Mn .because K is O(E'+M,E)-

closed.

K is B(E'+Mn,E)~bounded because K .is B(E'+M,E) -bounded and

+M

B(E'+M_,E) = B(E'+M,E)|_, as in 4.1.
n _ E n

It follows that Kn is O'(E'+Mn,E)—compact since U(E,E'+Mn) is

guasibarrelled. Consequently Kn is O(E'+M,E)-~compact.
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Let E, = span K = Il nk and let T, denote the norm topology
n€N
induced on EK by the gauge of K . Then EK(TK) is a Banach space

and has unit ball K . Furthermore o(E'+M,E)|E c Tk because K is
YK

o (E'+M,E) ~compact and hence o (E'+M,E)~bounded. Thus each Kn is

TK—closed and we have (Kn) a TK-closed absorbent sequence in EK

Since K 1is the unit ball of EK , K 1is B(EK,Ek)—bounded and

consequently, by 2.3 K 1is absorbed by some Kn . Suppose K C AKn

for some A € K then

[ — '
K C AKn < A(E +Mn) E' + Mn . O
4.4 Theorem
Let E be a quasibarrelled space and let E' + M C Eb
countable-dimensional enlargement of E' . Then u(E,E'+M) 8
quastibarrelled iff every B(E'+M,E)~bounded subset of E' + M 18

contained in a finite~dimensional enlargement of E'

Proof:
/

Write M = M as in 4.3, and let U(E,E'+M) be quasibarrelled.

1 n

I CZ 8

n
L 4
Let X be B(E'+M,E)-~-bounded, then K is u(E,E'+M)-equicontinuous.

Hence there is an absolutely convex o(E'+M,E)-compact set A with

Kc A . Thus by 4.3 there is some n €N such that

KcCcACE'+M ..
n



Conversely, let A be B(E'+M,E)-bounded. Then, by assumption,

ACE' + Mn for some n . Hence A 1is RB(E'+M ,E)~bounded and,
n
since u(E,E'+Mn) is quasibarrelled, A is u(E,E'+Mn)—equicontinuous.
Thus A 1is u(E,E'+M)~equicontinuous.
O
We now consider enlargements E' + M of E' where E' + M is
. b .

not necessarily a subspace of E . Before proceeding we state some

facts concernina bornological spaces due to Dieudonné [2].

: b
Let E be a locally convex space and let E + M be a finite-
L. b b . .
dimensional enlargement of E° ., Then (E,E +M) 1is bornological.
, . . . b
(Compare this with 2.2). Furthermore, if A is g(E +M,E)~bounded
b
subset of E + M , then AcC B + D where B is absolutely convex
b .
and O(E ,E)-compact, and D - is an absolutely convex compact subset

of M . (Compare this with 2.1.)

We can now improve 4.1 :

4.5 Theorem

If E(1) 1is a quastbarrelled space and E' + M s a finite-

dimenstional enlargement of E' , then W(E,E'+M) <8 quasibarrelled.

Proof:

The proof is by induction on dim M and so we start by letting

dimM =1 . Thus M = span {g} with g € E¥X~E' . If g € gP

b .
then E' + M c E and we invoke 4.1. We therefore assume that

b
gd¢ B .
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b b b .
Now 17 = u(E,E’) and so u(E,E’) is bornological. Hence {by
b
[2) uW(E,E +M) 1is bornological which implies that u(E,Eb+M) is

quasibarrelled.

We assert that: QR(E'+M,E) = B(Eb+M,E)|E,+M (1)
Tb prove (i), it is clearly sufficient to show that for A c E

A is o(E,E'+M)-bounded iff A is o(E,Eb+M)—bounded. (ii)
Since E' + M C:Eb +vM , the reverse implication is clear, so let A
be o(E,E'+M)~bounded and let f € Eb + M. Then f =f;+ f, with
f, € Eb and f, €M . Thus f(A) is bounded and since M cE' + M
and A 1is O(E,E'+M)-bounded, £f,(A) is bounded. Consequently

f(A) 1is bounded. This establishes (ii) which in turn establishes (i).

Now let A be a B(E'+M,E)-bounded subset of E' + M . Then
A is B(Eb+M,E)—bounded (by (i)) and hence (by[ 2] A CB +D
with B an absolutely convex, o(Eb,ﬁ)—compact subset of Eb and
D an absolutely convex, compact subset of M . Since g € Eb R
M N Eb = {0} and so :

A C(E'+tM) N(B+D) = BN E' + D (iii)

To see (iii), let £ + h=Db + d € (E'+M) N (B+D) with f € E' ,
h €M ,b€B,d €D . Then f—b:d—heEbnMs{o}.
Therefore f €E'NB and h=d €D and (iii) follows.
Now B 1is B(Eb,E)-bounded and hence B N E' 1is g(E',E)-bounded,
absolutely convex and o(E',ﬁ)—closed. Consequently B 1 E' 1is also
0(E',E)~compact (because E 1is quasibarrelled) and we concluée that

B NE' + D is absolutely convex and g(E'+M,E)-compact. Hence A

is u(E,E'+M)-equicontinuous.
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If now dim M ¥vn » let M = span £, .., fn} , with
{fl, cees fn]'independent (mod E') in E*NE' . Let
N = span‘{fl, eees fnog } ,» then on an induction hypothesis, u(E,E'+N).
is quasibarrelled. Since M = N + span'{fn} , u(E,E'+M) is

quasibarrelled by the first part. O

We now investigate countable-dimensional enlargements and we

start with a theorem analogous to 2.8.

4.6 Theorem

If E is a quasibarrelled space and E'+M <g a finite or
countable dimensional enlargement of E' , then u(E,E'+M) s not

complete.

Proof:

We mimic the proof of 2.8, the only change occurring directly
after (ii) in that proof. 1In this case, since K is O(E'+M,E)-
compact, it is therefore R(E'+M,E)-bounded (and absolutely convex)
and we appeal to 4.2 in order to assert that K< A + B with A a

O(E',E)—compact set and B a compact subset of M .

4.7 Corollary

Let E(1) be a quasibarrelled space. If E <s Tb—complete

. . . b
then E' has uncountable codimension in E .
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Proof:

b
Iet E =E'®M and let E be Tb—complete. Now
b b .
T = w(E,E) = u(E,E'®M) and so it follows from 4.6 that M has

uncountable dimension. O

This last result which is reminiscent of 2.9 enables us to show
that not all countable-dimensional enlargements retain the quasibarrelled

property. Compare this with 2.11.

4.8 Theorem

Let E(T) be a quastbarrelled, non-bornological space. Then if
E 18 Tb—complete, there is a countable-dimensional enlargement

E' + Mc E° such that W(E,E'"+M) <8 not quastibarrelled.

Proof:

From 4.7 we know that E' has uncountable codimension in Eb

b . , ,
and so we have E =E'®d L with dim L 2 ¢ . We can therefore find
an infinite subset '{li: i EN} © L which is independent mod E'
Let M = span‘{li: i € [n]} , then we have

b
E'cE'+McCc...CE'+M Cc...Cc E .
n

. b . .
If H is a hyperplane in E with H > E' then, since H has

b
finite codimension in E , we deduce from 4.7 that u(E,H) is not
quasibarrelled. Consequently, we can find some B < H with the

property that

B is B(H,E)-bounded but not W (E,H)-equicontinuous (i)
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We now claim that :
B¢ E' + Mn for any n . ' ( (ii)
For if B cE' + Mn for some n , then B would be B(E'+Mn,E)—
bounded (B(H,E)IE,+M = B(E'+Mn,E)). Hence by 4.4 B would be
n
u(E,E'+Mn)—equicontinuous and consequently B would be u(E,H)-~

equicontinuous. This contradiction establishes (ii).

We now use (ii) to construct M just as we did in 2.11 - namely,
we find an infinite-dimensional subset A C B with ANE' = ¢ and
let M = span A .

Thus we have a countable-dimensionsal enlargement E' + M of E'
and now, by 4.4 u(E,E'+M) is not qﬁasibarrelled because A is
B(E'+M;E)—bounded but A is not contained in any finite-~dimensional

enlargement of E' . . o
We next prove the direct analogy of 2.14.

4.9 Lemma

If E(1) tis a locally convex space and D s a dense

quasibarrelled subspace of E , then E is quasibarrelled.

Proof:

Let U be a bornivorous barrel in E . Then UND is a
bornivorous barrel in D . (If B is a 7 D—bounded subset of D
then B is also t-bounded. Thus B is absorbed by U and hence

by UND, since BcD .) It follows that UND is a
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TID—neighbourhood of 0, solet UND=VND, with V a

T-neighbourhood of 0 . By 0.1

VevNp=uNDCUy-=u.

Bence U is a T-neighbourhood of 0 . 0

Armed with 4.9 we can now prove that countable-dimensional
quasibarrelled enlargements do exist. The statement of this next
theorem is just the statement of 2.21 with "quasibarrel" replacing

"barrel" throughout.

4,10 Theorem

If a quasibarrelled space has a dense quasibarrelled subspace X
with codim K2 ¢ , then there is a countable-dimensional enlargement

E' + M such that u(E,E'+M) <8 quasibarrelled.

Proof:

TLet L be a subspace of E with codim L = ¢ and KC L .
Then L 1is dense in E because K 1is and by 4.9, I. is also

quasibarrelled.

Let G be an algebraic complement of L in E ., Then

E=G®dL . Since dim G = ¢ =dimw , G 1is algebraically

isomorphic to w . Equip w with the product topology T and
let H = w(Tn)' . Now each f € H can be identified with an

element of G¥* so let :

£ (x)

1

f(x) for x € G

£ (%) for x €L .

Il
o
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Now define M = {f: £ € H} , then M < E¥ and :
dim M = dim H = dim ¢ ,
thus M has countable dimension. Furthermore M N E' = {0} . since

if feEMNE then f 1is T-continuous and vanishes on the dense

subspace L .

Thus E' + M 1is indeed a countable-dimensional enlargement of
E' and it remains to show that U (E,E'+M) is quasibarrelled. To
this end, let B be B(E'+M,E)-bounded, let p: E' + M>E' and
g: E' + M > M be the natural projections. Because I is dense in
E we have L' = E' and now we observe that :
If AacL is o(L,L')-bounded, then A 1is O(E,E'+M)-bounded.
(i)
Let f =g + ; €EE'+M with g € E' and ; € M . fThen
fa) = {g(x) + ﬂ(x): x € A} = {g(x) + 0: x € A} = g(A) which is
bounded and (i) is established.
We now show that p(B) is B(L',L)-bounded (ii)
If Ag, is a B(L',L)—neighbourhqod.of 0 with A o(L,L")~bounded,

then A is O(E,E'+M)-bounded and hence Ag,+ isa B(E'+M,E) -

M
neighbourhood of O . Hence Ag'+M absorbs B and so there is some
k > 0 such that B Ck Ag'+M , Hence p(B) < kAg, because if

p(q+£) =g € p(B) and x € A then
lg(x)] = |(g+n) (x) ]| <k .

This proves (ii).
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Now from (ii) and the fact that L is quasibarrelled we have that
p(B) is u(L,L')-equicontinuous and therefore p(B) is u(E,E')~
equicontinuous and hence p(B} is relatively o(E',E)-compact. It
follows from the fact that B is o(E'+M,E)-bounded and p(R) is
o(E',E)-bounded, that g(B) is o(M,E)-bounded. In other words
ag(B) is o(¢,w)~bounded and so g(B) 1is finite dimensional. Hence
g(B) 1is relatively o¢(M,E)-compact énd it follows that B is

relatively o(E'+M,E)~-compact. ]



- 75 -

5. o-BARRELLED SPACES

If E 1is a locally convex space, we call a sequence (fn) in E°
a o(E',E)=bounded sequence iff {fn: n € N} is a O(E',E)-bounded
set. A subset U of E is called a o-barrel iff there is a
o (E',E)-bounded sequence (fn) in E' with U = {fn: n €w0 .
E(T) (or just T ) is then called O-barrelled iff every o-barrel
is a.neighbourhood of 0O . Equivalently, E is O-~barrelled iff
every O(E',E)-bounded sequence is equicontinuous. These spaces, also
known as w-barrelled spaces, were introduced by De Wilde and Houet
[3] and have been studied by Levin, Saxon, Husain, Khaleelulla, Webb
and others. A compendium of results can be foﬁnd in [5] where it is
shown that a finite or countable codimensional subspace of a O-barrelled
space is O-barrelled. We shall concern ourselves here with the
stability of a.G—barrelled space under enlargements of its dual.
Since a O-barrelled space does not necessarily have the Mackey topology
(see [5): chap. VI, example 2), we shall have to impose this restriction
in order to proceed. Thus thé object under investigation is a
o-barrelled space E(t) for which 71 = p(E,E') . In other words,

E 1is a O-barrelled Mackey space.

If E' + M is an enlargement of E' , we ask the question : 1is

u(E,E'+M) again o-barrelled?

Before attempting to answer we prove the elementary :
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5.1 Theorem

If E 18 o-barrelled then E' 18 o(E',E)-sequentially

complete.

Proof:

Let (fn) be a o(E',E)-Cauchy sequence in E' and let
F = {fn: n € N} . Then since (fn) is also o (E*,E)-Cauchy and E
is o (E*,E)-complete, there is some f € E¥ such that fn - £ w.r.t.
c{(E*,E) . Now F 1is equicontinuous and consequently so is F00
Thus f € E' because f € F00 and 700 < E' . So we have

fn > f w.r.t. o(E',E) . B

As we did in chapter 2 we first consider finite-dimensional

enlargements :

5.2 Theorem

Let E be a o-barrelled Mackey space. If E'+ M 1s a
finite-dimensional enlargement of E' then u(E,E'+M) <s

o-barrelled.

Proof:

Firstly suppose that dim M = 1 so that M = span {g} with
g € E¥*NE' . Let (fn) be a og(E'+M,E)-bounded sequence in E' + M
d let F = {f : N} . Write £ = + ith € E' d
an e { SRR € IN} rite n 9, Ang wi 9, an

An €EX . Now E' is o(E',E)-sequentially complete and this is all
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that we need to establish that {An: n € N} is a bounded subset of
X as in 2.1. Consequently G = {gn: n € N} is G{(E',E)-bounded
and hence G 1is U(E,E')-equicontinuocus. Let Fy = c00 . Then F,
is absolutely convex and O©(E',E)-compact. Since '{Xng: n € W} is
a bounded subset of the l-dimensional space M , we have
{Ang: n € N} < ‘Fz for some absolutely convex 0 (M,E)-compact set
Fy, . Thus we have
FCF; +Fp =K
with K an absolutely convex, O(E'+M,E)-compact set. Therefore
o
kK0 = rl = |} fi(B) where B = {} E]K:IAI < 1} . Thus, since k9
n=1 '
is a W(E,E'+M)-neighbourhood of 0 , F is U(E,E'+M) ~equicontinuous.

A simple inductive argument as in 2.1 establishes the general

" result. O

We now move on to countable-dimensional enlargements and with

one eye on 2.5 we state

5.3 Theorem

Let E be a o-barrelled Mackey space and let E' + M be a
countable=dimensional enlargement of E' . Then every absolutely
convex, O(E'+M,E)-compact subset of E' + M <s contained in a

finite-dimensional enlargement of E' .
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Proof:

Let M = span {f : i € N} with {f;: 1 € N } independent mod E'
Mn = span {fi: i € [n]} andvlet K be absolutely convex, o (E'+M,E)~-
compact., Let EK = span K and let the gauge of K induce the norm
topology 1t on E . For n€ N let Xn = KN (E'+Mn) . Then

K K

Xrl is absolutely convex. Also :

Q xn = KN { U E' + Mn) = K
n=1 n=1

and so (Xh) is an absorbent sequence in EK . We show that Xn is

T _~closed.
K

Since u(E,E'+Mn) is O-~barrelled (5.2), E' + Mn is O(E'+M ,E)-
n
sequentially complete (5.1). Thus Xn is 0(E'+Mn,E)—sequentially

‘complete because Xn is 0(E'+Mn,E)—closed in E' + Mn . Therefore

xn is O(E'+M,E)-sequentially complete. Now TK has the countable
local base : {nK: n € W} consisting of O(E'+M,E)-~closed sets.
Thus TK is linked to O(E'+M,E) (see introduction) and so Xn is

TK—sequentially complete. Hence Xn is TK—complete and consequently

X is T ~-closed.
n K

It now follows from 2.3 that K is absorbed by some Xn and a

fortiori, by E' + M . Thus KCE' + M . 0O
n n

~The analogue of 2.6 now follows quickly.
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5.4 Theorem

Let E be a g-barrelled Mackey space and let E' + M be a
countable—dimenstonal enlargement of E' . Then yu(E,E'+M) <s
o-barrelled 1ff every o (E'+M,E)-bounded sequence 7s contained in a

[inite~dimensional enlargement of E' .

Proof:

Suppose p(E,E'+M) 1is og-barrelled. Let M = G Mn with
M and Mn defined as in 5.3. Let (fn) be a o:g:+M,E)—bounded
sequence in E' + M , Then F = {fn: n € N} is up(E,E'+M)-equi-
continuous and hence there is an absolutely convex, ¢(E'+M,E)-compact

set K with K0 < FO0 . Thus :

FCFOOCKOO:K

,

and, since K c E' + Mrl for some n (by 5.3), we have F c E' + Mrl .

Conversely, let (fn) be a o(E'+M,E)~bounded sequence in E' + M.
Then by assumption F = {fn: n € N} ¢ E' + Mn for some n . Thus
F 1is g(E'+Mn,E)—bounded and therefore (by 5.2) F is u(E,E'+Mn)-

equicontinuous, Hence F is p(E,E'+M)-equicontinuous. 0

We now show that countable-dimensional enlargements of g-barrelled

Mackey topologies may or may not be o-barrelled.
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5.5 Theorem

If E 18 a Mackey space which has a countable-dimensional bounded
subset then there ts a countable-dimensional enlargement E' + M such

that yu(E,E'+M) 8 not o-barrelled.

FProof:

In the proof of 2.7 we use only the fact that E is a Mackey
space and the countable-dimensional bounded subset to produce a
countable-dimensional enlargement E' + M and a o (E'+M,E) -bounded
sequence (fn) which is not u(E,E'+M)-equicontinuous. Thus

p(E,E'+M) 1is not g-barrelled. O

5.6 Theorem

If a o-barrelled Mackey space E has a bounded subset A with
dim (span A) = ¢, then there is a countable-dimensional enlargement

E' + M such that u(E,E'+M) s o-barrelled.

Proof:

In the proof of 2.20 we use only the fact that E is a Mackey
space and the subset A to produce a countable-dimensional enlargement
E'+ M. If now (fn) is a o(E'+M,E)-bounded sequence in E' + M ,
let X = {fn: n € N} . Then, as in.2.20 X is contained in a
finite-dimensional enlargement E' + r(X) . Thus by 5.4, u(E,E"+M)

is O- lled.
is barrelle 0l
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6. o-QUASIBARRELLED SPACES

A locally convex space E is called o-quasibarrelled iff
every RB(E',E)-bounded sequence is equicontinuous. The previous
chapter prompts the question: if E 1is a og-guasibarrelled Mackey
space and E' + M 1is an enlargement of E' , is y(E,E'+M)

og-quasibarrelled?

We need the basic result:

6.1 Theorem

If E 1is a o~quasibarrelled space then E' 1s R(E',E)-

sequentially complete.

Proof:

Let (fn) be a B(E',E)-Cauchy sequence in E' . Then
F = {fn:'n € N} is PRB(E',E)-bounded and hence F is equicontinuocus.
No@ (fn) is also o(E',E)-Cauchy and as in 5.1 we have:
fn +f w.r.t, o(E',E) for some f € E'
Since R(E',E) 1is linked to o(E',E) we then have
fn -+~ f w.r.t. g(E',E) .
We first consider finite-dimensional enlargements within Eb
and in this case we recall from 4.1 that

b
if E'+MCcCE then B(E',E) = B(E'+M,E)IE, .
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6.2 Theorem

If E s a o—quastibarrelled Mackey space and E' + McE is a
fintte-dimensional enlargement of E' then vy (E,E'+M) <8

o~quastbarrelled.

Proof:

Let (fn) be a B(E'+M,E)—boundéd sequence in E' + M and let
p: E' + M > E' and q: E' + M - M be natural projections. Since E'
is B(E',E)-sequentially complete, E' is R(E'+M,E)-sequentially
complete. Hence E' 1is B(E'+M,E)-sequentially closed and so p is

sequentally continuous. Thus p (and hence q ) is bounded.

If F = {fn: n € N} then p(F) is a RB(E',E)-bounded sequence
in E' and hence p(F) 1is u(E,E')-equicontinuous. Thus p(F) is
u(E,E'+M) ~equicontinuous so let p(F) < K; with K, absolutely

convex and ¢ (E'+M,E)-compact.

Since q(F) 1is a bounded sequence in the finite-dimensional
space M , q(F) € K, with K; some absolutely convex, o(E'+M,E)-

compact subset of M .

So we have
F c p(F) + g(F) € Ky + Ky =K
where K 1is absolutely convex and o(E'+M,E)-compact. Thus F is

u(E,E'+M) —~equicontinuous.
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We now consider arbitrary finite-dimensional enlargements of E' R
that is, enlargements which are not necessarily in Eb . We recall
from 4.5 that

B (E'+M,E) = B(Eb+M,E)| .
’ E'+

M

6.3 Theorem

If E <8 a o-quasibarrelled Mackey space and E' + M 18 a
finite~dimensional enlargement of E' then u(E,E'+M) <Zs

o-quasibarrelled.

Proof:

Let dim M = 1 so that M = span {g} with g € EX~E' . If

g€ Eb then we invoke 6.2, so we assume that g ¢ Eb .

"Now u(E,Eb+M) is bornological (Dieudonné [2]) and hence

U(E,Eb+M) is quasibarrelled. Thus u(E,Eb+M) is quuasibarrelled.‘

Let (fn) be a Rg(E'+M,E)-bounded sequence in E' + M . Then
. b , b
(fn) is R(E"+M,E)-bounded and so F = {fn: n €N} is u(E,E +M)-

equicontinuous. We can therefore find an absolutely convex, O(Eb+M,E)—

compact set K such that F c K .

Let Ko B+ D with B an absolutely convex, O(Eb,E)—compact
subset of Eb and D an absolutely convex, o¢(M,E)-compact subset
of M (Dieudonné [2]). Then

Fc (B+D) N (E'+M) = (BNE') + D

as in 4.5.
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Write f =g +h_ with g €BNE' and h € D and let
n n n n n

G = {gn: n € N} . Because B is B(Eb,E)—bounded, BNE' is

B(E',E)-bounded. Consequently G is B(E',E)-bounded and hence G

is u(E,E')-equicontinuous (because E 1is o-quasibarrelled). Thus

G is u(E,E'+M)-equicontinuous and so there is some absoluteiy convex

o (E'+M,E)~compact set L such that G c L . We then have :

FCcG+DcCcL+D.

Since L + D is absolutely convex and o (E'+M,E)~-compact, F is

u(E,E'+M) ~equicontinuous.

Induction on dim M establishes the general result.

O
We now turn to countable-dimensional enlargements of E' and
here we restrict ourselves to enlargements with Eb .
6.4 Theorem
Let E be a o-quasibarrelled Mackey space and let E' + M < E°
be a countable-dimensional enlargement of E' . Then every absolutely

convex  O(E'+M,E)=compact set ts contained in a finite-dimensional

enlargement of E' .

Proof:

As before we write M = U Mn with dim M = n . Let K be
n=1 n
absolutely convex and o(E'+M,E)-~compact. Then K is C(E'+M,E) -

closed and hence K is B(E'+M,E)-closed.
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For n€ N let Kn = KMWE'+M) . Then:
By 6.3, u(E,E'+Mn) is o—quasibarrelled. By 6.1, E' + Mn is
B(E'+Mn,E)—qequentially complete and hence E' + Mn is B(E'+M,E)-

sequentially complete because R(E'+M,E)| = B(E'+Mn,E) . Now

'
E +Mn

Kn is B(E'+Mn,E)—closed in E' + Mrl and it follows that Kn is

B(E'+M,E)-sequentially complete,

Let EK = span K and let TK be the norm topology induced on
E, by the gauge of K . Then since {nK: n € N} 1is a local base

for TK consisting of RB(E'+M,E)-closed sets, % is linked to

B(E'+M,E)|E . Thus Kn is TK-sequentially complete and this means
K

that Kn is rK—complete. Consequently Kn is tK*closed and we

have '(Kn) an absorbent sequence of TK—closed sets. The result

follows as before.

From this we obtain:

N

6.5 Theorem

Let E be a o-quasibarrelled Mackey space and let E' + M © Eb
be a countable~dimensional enlargement of E' . Then u(E,E'+M) <8
a-quasibarrelled iff every B(E'+M,E)-bounded sequence s contained

in a finite-dimensional enlargement of E' .

Proof:

Same as 4.4 with bounded sequences replacing bounded sets.
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