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Abstract

The hybrid Heston-Hull-White (HHW) model combines the Heston (1993) stochas-
tic volatility and Hull and White (1990) short rate models. Compared to stochastic
volatility models, hybrid models improve upon the pricing and hedging of long-
dated options and equity-interest rate hybrid claims. When the Heston and Hull-
White components are uncorrelated, an exact characteristic function for the HHW
model can be derived. In contrast, when the components are correlated, the more
useful case for the pricing of hybrid claims, an exact characteristic function cannot
be obtained. Grzelak and Oosterlee (2011) developed two approximations for this
correlated case, such that the characteristics functions are available. Within this
dissertation, the approximations, referred to as the determinist and stochastic ap-
proximations, were implemented to price vanilla options. This involved extending
the Carr and Madan (1999) method to a stochastic interest rate setting. The approx-
imations were then assessed for accuracy and efficiency. In determining an appro-
priate benchmark for assessing the accuracy of the approximations, the full trunca-
tion Milstein and Quadratic Exponential (QE) schemes, which are popular Monte
Carlo discretisation schemes for the Heston model, were extended to the HHW
model. These schemes were then compared against the characteristic function for
the uncorrelated case, and the QE scheme was found to be more accurate than the
Milstein-based scheme. With the differences in performance becoming increasingly
noticeable when the Feller (1951) condition was not satisfied and the maturity and
volatility of the Hull-White model () was large. In assessing the accuracy of the ap-
proximations against the QE scheme, both approximations were similarly accurate
when 1 was small. In contrast, when 1 was large, the stochastic approximation was
more accurate than the deterministic approximation. However, the deterministic
approximation was significantly faster than the stochastic approximation and the
stochastic approximation displayed signs of potential instability. When 7 is small,
the deterministic approximation is therefore recommended for use in applications
such as calibration. With its shortcomings, the stochastic approximation could not
be recommended. However, it did show promising signs of accuracy that warrants
further investigation into its efficiency and stability.



Acknowledgements

I gratefully thank my supervisor, Dr Ralph Rudd for the mentorship and guidance.
To the AIFMRM staff for their kind help and co-operation throughout my studies.
Lastly, to my family and friends for their support, without which this would not be
possible.



Contents

1. Introduction . . . . . . . . . .. ... 1
2. The Heston-Hull-White Model . . . . . . ... .. ... ... ...... 3
2.1 TheHestonModel .. ... ... ... ... .. .. . . . .. .. ... 3
2.2 The Hull-WhiteModel . . . . .. .. ... ... ... . .. . . ..... 4
2.3 The Heston-Hull-White Model . . . . ... ... ... ... ...... 5
23.1 TheHHW Log Dynamics . .. .................. 5

2.4 The Affine Nature of the HHW Model . . . . .. ... ... ...... 8
241 The Affine Nature of the HHW-1Model . . . . . ... ... .. 9

2.4.2 The Affine Nature of the HHW-2 and HHW-3 Models . . . . . 10

3. The HHW Characteristic Function . . . . . . . . . . . . ... ... .... 11
3.1 The Deterministic Approximation . .. .. ............... 11
3.2 The Stochastic Approximation. . . . . ... ... ............ 15
3.3 The Characteristic Functions . . . . . . .. .. .. ... ... ...... 16
3.3.1 The HHW-1 Characteristic Function . . . . .. ... ... ... 17

3.3.2 The HHW-2D Characteristic Function . . . . . ... ... ... 18

3.3.3 The HHW-2S Characteristic Function . . . ... ... ... .. 19

3.3.4 Extensions to the HHW-3Model . . ... ... ... ...... 20

4. Fourier Methods . . . . . . . . . . . . . 22
4.1 The Carr-MadanMethod . . . . . . . . .. ... ... .. .. .. .... 22
42 Implementing the Carr-Madan Method . . . .. ... ... ... ... 24
42.1 Determining the Dampening Factor . . . ... ... ...... 24

422 EvaluatingtheIntegral . . . . . ... ............... 25

423 Implementing the HHW Characteristic Functions . . . . . .. 25

424 Speeding Up the Implementation. . . . . . ... ........ 26

5. Monte Carlo Methods . . . . . . . . . .. ... ... ... ... ..... 27
5.1 The Full Truncation Milstein Scheme . . . . . .. ... ... ...... 28
5.2 ExactSimulationof Rates . . .. ... .. ... ... ... ...... 29

53 TheQEScheme . ... .. .. ... ... . . .. . ... .. . ... 30
5.4 Comparing the Discretisation Schemes . . . . . ... .. ... .. ... 33

541 Results . . . . . . o e 34



6. Assessing the Deterministic and Stochastic Approximations . . . . . . 37

6.1 Methodology . .. ... ... .. ... .. .. ... 37
62 Results . ... ... ... ... .. 38
6.3 Instability of the Stochastic Approximation . . ... .......... 41
7. Conclusion . . . . ... .. ... 45
Bibliography . . . . . . .. ... 48
A. Comparing the HHW-2D Implementations . . . . . . . . ... ... ... 50



List of Figures

3.1

51

52

6.1

The accuracy of the two approximations for two different parameter

HHW-1 call options prices with the parameter sets from Table 5.1

andT=1. ... .. ... 35
HHW-1 call options prices with the parameter sets from Table 5.1

and T=10.. ... ... . . . 36
The unstable behaviour of the HHW-2S characteristic function. . . . 41

Vi



List of Tables

2.1 The covariance matrices for the different correlation scenarios. . . . . 7
2.2 Decomposition of the HHW-1 covariance matrix. . . . . . .. ... .. 9
31 A(t)andA(t)ast —0,t —landt —00. .. .o 14
5.1 Parameter sets used in assessing the discretisation schemes. . . . . . 33
6.1 Parameter sets used in assessing the accuracy of the HHW-2D and

HHW-2S characteristic functions. . . . . ... ... ... ........ 37
6.2 Average execution time grouped by maturity . . . .. ... ... ... 39
6.3 Accuracy of the HHW-2D and HHW-2S models for parameter sets A

and Bfromtable6.1. . . ... ... ... . .. . o oL 43
6.4 Accuracy of the HHW-2D and HHW-2S models for parameter sets A

and B from table 6.1 withn =0.1. . . . . .. ... ... ... ..... 44
A.1 Comparing the HHW-2D implementations. . . . . ... ... ... .. 50

vii



Chapter 1

Introduction

Hybrid stochastic volatility and interest rate models are a class of models that com-
bine a stochastic volatility and stochastic interest rate component in a correlated
manner. These models retain the advantages of stochastic volatility, whilst improv-
ing on the pricing and hedging of interest rate sensitive products, such as long-
dated options and equity-interest rate hybrid claims. However, many of these hy-
brid models suffer from poor tractability. This is primarily owing to their added
complexity

The Heston-Hull-White model is a hybrid model that combines the popular
Heston (1993) stochastic volatility and Hull and White (1990) short rate models.
When its component models are uncorrelated, an exact characteristic function can
be derived. In contrast, when the components are correlated, which is the more
useful case for the pricing of hybrid claims, an exact characteristic function cannot
be obtained. Grzelak and Oosterlee (2011) developed two approximations for this
correlated case, such that the characteristics functions are available. In conjunction
with Fourier methods, these characteristic functions can be used to price options
that are frequently traded in the market.

The efficient calibration of the Heston-Hull-White model is directly dependent
on the accuracy of these prices and the speed at which they can be obtained. The
ability to calibrate efficiently is a highly sought after feature that could lead to the
Heston-Hull-White model becoming a popular choice for practical use. However,
due to its relatively recent introduction, there has not been a great focus on assess-
ing the characteristic functions that result for these approximations. As such, this
dissertation aims to address this gap in literature and further explore the applica-
tions of these approximations from a practical perspective.

Following on from this chapter, Chapter 2 will introduce the model, along with
its key features and properties. Chapter 3 will outline the approximations and de-
rive their resulting characteristic functions. Chapter 4 considers pricing with these
characteristic functions and includes a discussion on extending the Fourier based
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methods to a stochastic interest rate setting. A Monte Carlo discretisation scheme
will be used as a benchmark for assessing the accuracy of the approximations. In
Chapter 5, the popular discretisation schemes for the Heston model are extended to
the Heston-Hull-White model and are then compared to the prices obtained from
the exact characteristic function for the uncorrelated case. Lastly, in Chapter 6, the
approximations are assessed and in Chapter 7, conclusions are drawn based on the
findings of this dissertation. It must be noted that for the purposes of this disserta-
tion, all of the implementation has been done in MATLAB.



Chapter 2

The Heston-Hull-White Model

In this chapter the Heston and Hull-White models are outlined, and are then com-
bined to form the Heston-Hull-White model. For all the models that are intro-
duced, it is assumed that the relevant filtered probability space, which is denoted
by (2, F, (Ft)ie(o,r), Q), consists of an appropriate sample space, sigma-algebra, fil-
tration and risk-neutral measure. Throughout this chapter, properties and notation
that will be useful for this dissertation are introduced. One of the features that
will be looked at, is the affine nature of the Heston-Hull-White model. It will be-
come apparent in Chapter 3, that this feature is particularly useful when deriving

a model’s characteristic function.

2.1 The Heston Model

Under the Heston specification, the asset price volatility is indirectly modelled
through the variance process, which is assumed to follow the same dynamics as
the one-factor short-rate model proposed by Cox et al. (2005).

The Heston model is described by the following system of stochastic differential
equations (SDEs):

2.1)

dS; = rSidt + ﬁStthS, So > 0,
dvy = k(0 — vp)dt + o\ /o dWY, v >0,

where r > 0 is the risk-free rate and p, , is the correlation between W; and W}.
The variance process is mean reverting. This means that the variance will revert to
its long-run level of v > 0 with s > 0 controlling the speed at which this reversion
occurs. The volatility of the variance process is denoted by o > 0.

Under this specification, Feller (1951) showed that the variance process is guar-
anteed to be non-negative. Furthermore, the process is guaranteed to be positive if
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2k0 > o2. This has become widely known as the Feller condition'. In Theorem 2.1
the expectation and variance of v is derived.

Theorem 2.1. Fort > s > 0 and conditional on Fy, the expectation and variance of v; is

given by

E[Ut ‘ fs] =mg = vsefn(tfs) 4 @(1 _ efn(ztfs))7
2 =2
Var[v | Fs] := SSQ = %Tae—ﬁ(t—s) (1 _ e—:‘i(t—s)) + 7)2%(1 _ e_n(t_s))Z.

Proof. Through an application of Itd’s lemma, the dynamics of e"‘v; can be shown
to be
d(e"vy) = kve™ + gt fu dWY .

Integrating over s, t] yields

t
v = vee FTS) 4 i(l — e_“(t_s)) + / Ge”(r_t)\/ﬁdW;]. (2.2)

Along with the Itd isometry and the properties of the Itd integral, (2.2) can be used
to obtain the expressions for m; and S2. O

Note, that if the expectation or variance is conditional on Fy, then the condi-
tional notation is dropped, i.e.,

E[v: | Fo] = E[ve].

2.2 The Hull-White Model
The Hull-White short-rate model is described by
dry = A(0(t) — r¢)dt +ndW/, 19> 0. (2.3)

As is the case with the Heston model’s variance process, the Hull-White model re-
verts to its long-run mean, with A > 0 controlling the speed at which this reversion
occurs. The function 6(¢), is deterministic and can be specified to fit the current
term structure of interest rates exactly. The volatility of the short rate process is
denoted by n > 0. Furthermore, solving the SDE in (2.3), reveals that under this
specification, the short rate is normally distributed. This allows for the possibility
of negative interest rate.

! Note that when calibrating the Heston model, the Feller condition is often violated (Andersen,
2007).
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2.3 The Heston-Hull-White Model

The Heston-Hull-White (HHW) model is formed by combining (2.1) and (2.3) in a
correlated manner. This results in the following system of SDEs:

dS; = r;Sidt + mStthS, So > 0,
dvy = k(U — vp)dt + o/ dW,, vy >0,
dre = X(0(t) — re)dt + ndW/, 19> 0,

where p; ., ps,» and p, , denote the correlations between W, W/ and W.

Since the the dynamics have been modelled under a risk-neutral measure, the
price of a claim can be obtained by risk-neutral valuation, i.e., by computing the
expectation of the discounted payoff. However, due to the stochastic interest rate,
the discount factor cannot be disentangled from the expectation. With a payoff of

v(St,vr,rr) at time T, the time-t price of a claim is given by
E[Npv(Sr,vr,rr) | Fi, (2.4)

where Np = e ¥t = ¢~ Jo rsds In (2.4), Nr is referred to as the discount factor
process and Y7 = fOT rsds is the integrated short rate process. Notice that the Q
superscript that indicates a risk-neutral expectation, is dropped for notational con-
venience.

For the rest of this dissertation, it is assumed that 6(t) = 6. The Hull-White
model is therefore reduced to the Vasicek (1977) model. Under the Vasicek model,
the mean-reverting and normally distributed behaviour of the short rate is retained.
However, the current term structure of interest rates cannot be fitted exactly. This
assumption is often made when studying the HHW model. It simplifies the math-
ematics that will follow without detracting from the goals of this dissertation.

2.3.1 The HHW Log Dynamics

As is the case with the Heston model, it will often be simpler to work with the
log asset price process. The resulting dynamics are referred to as the HHW log
dynamics and are summarised in Theorem 2.2.

Theorem 2.2. With x; = log S, the HHW log dynamics are described by the following
system of SDEs:

dwy = (re — gue)dt + /ordWp,  z =log Sp,
dvg = k(U — vp)dt + o\ /e dW, vg >0,
d’l“tL = A(O(t) — ’f’t)dt + nthr’ ro > 0.
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Proof. This result follows from a straightforward application of Itd’s lemma. ]

The HHW log dynamics have been expressed in terms of correlated Brownian
motions. In Theorem 2.3, these dynamics are alternatively represented in terms of

independent Brownian motions.

Theorem 2.3. The HHW log dynamics can be expressed as

dXt = M(Xt)dt + O'(Xt)dBt,

where
Ty
X = Ut |
Tt
Tt — %Ut
w(Xy) = | k(0 —ve)| s
)\(9 — Tt)
Vi 0 0
NN (N 0

o(X¢) =

2
Pv,r—Ps,rPs,v 2 Pv,r—Ps,rPs,v
Pl ) L=psp =\ "=z
1_pg,v s 1_:0%.1)

and By is a standard 3-dimensional Brownian motion.

Proof. Let B, be a standard n-dimensional Brownian motion, W; be a correlated n-
dimensional Brownian motion and p be the corresponding symmetric correlation
matrix of W;. With L as the lower triangular matrix from the Cholesky decompo-
sition of p, it can be easily verified that

W, = LB;. (2.5)

The result in (2.5) yields a method for constructing a correlated n-dimensional
Brownian motion from a standard n-dimensional Brownian motion and can be
used to represent the HHW log dynamics in terms of independent Brownian mo-
tions.
For the HHW log dynamics in Theorem 2.2, define Wy = [Wy Wy W] "and
p as
L psw Psr
P=|x 1 pur
* * 1



2.3 The Heston-Hull-White Model 7

With B; as a standard 3-dimensional Brownian motion, computing W; = LBy

yields

Wts == Bf,

W = psuBi + ABZ’,

W/ = ps.Bf + BB} + CBj,
where

A=/1-p2,, B:—p””“_ps’;ps’”, C=\/1-p2, - B
\/1_ps,v

Replacing the correlated Brownian motions in the HHW log dynamics with the
independent ones and expressing the results in terms of matrix notion completes
the proof. O

In terms of this independent Brownian motion representation, X; is known as
the state vector. The drift and volatility matrices are denoted by n(X;) and o(Xy).
The symmetric matrix 3(X;) = o(X;)o(X;)' is the covariance matrix and for the
HHW model this is given by

Ut Psp0Ut ps,rn\/U»t
X(Xe) =[x ofve pesny/or| - (2.6)
k * 772

With the following section in mind, Table 2.1 specifies three different scenarios
for the correlations between the state variables. These three scenarios are labelled
as the HHW-1, HHW-2 and HHW-3 models respectively. For each of these scenar-
ios, the correlation between the stock price and variance process is unimportant,
i.e., ps, can be zero or non-zero. Since the covariance matrix is dependent on the

correlation structure, it is also provided in the table.

HHW-1 HHW-2 HHW-3
Ps,r zZero non-zero non-zero
Po,r zZero zZero non-zero
V¢ Pswovy 0 Vi DswOUt  Psrf/ Ut Vi DswOU  Psrfy/Vt
b)) * o2, 0 * o2, 0 * o2vy  puron/Ur
* * 772 * * 772 * * n2

Tab. 2.1: The covariance matrices for the different correlation scenarios.
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2.4 The Affine Nature of the HHW Model

Definition 2.4 formalises what it means for a model to be affine. This definition is
adapted from the one used by Duffie et al. (2000) 2.

Definition 2.4. A model, with a n-dimensional state vector X, is said to be affine
if

W(X) = a0 + X, 27)
(Z(Xﬁ)i’j = (CO)i,j + (Cl)i,j,oXt (28)
r(X¢) =70 +r{ Xy (2.9)

where rg € R, (CL(),Tl) € R", (al,c[)) € R and c1 € Rrxnxn

The conditions in (2.7) and (2.8) imply that for a model to be affine, each el-
ement of its drift and covariance matrices must be a linear function of the state
variables. In (2.9), r(X;) is referred to as the model’s interest rate matrix, which,
on an element-wise basis, must also must also be a linear function of the state vari-
ables. This therefore includes a constant interest rate or a stochastic interest rate
that is driven by one or more of the state variables.

Since the HHW model’s interest rate component is only dependent on the short
rate, its interest rate matrix is given by:

0
r(Xy) =10

Tt

With ag, a1, 7o and r1 defined in the following way; it is straightforward to see that
the HHW drift and interest rate matrices satisfy (2.7) and (2.9):

0 0 —% 0
ap= |kv|, ar=1|0 -k 0|, 10=0, r1=|0
A0 0 0 - 1

Determining whether or not the HHW covariance matrix satisfies (2.8) is more
difficult. In sections 2.4.1 and 2.4.2, the covariance matrices for the each of scenarios
in Table 2.1 are separately considered.

% Duffie et al. (2000) considered models that could include jumps. This is not applicable to the
HHW model and hence the definition could be simplified somewhat. Furthermore, Duffie ef al. (2000)
use the dot product and matrix multiplication in their definition. In Definition 2.4, only matrix mul-
tiplication is used.
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2.4.1 The Affine Nature of the HHW-1 Model

The matrices, ¢y and ¢, are found on an element-wise basis. The decomposition of
each element of the HHW-1 covariance matrix is summarised in Table 2.2.

{Lj} | (Caaw-1)i | (c0)iy (c1)ije
{1,1} vy 0 [0 1 0
{1,2} Ps,p0V 0 [() Psw0 O]
{1,3} 0 0 [0 0 o
{2,2} o2 0 [0 o2 o0
{2,3} 0 0 [0 0 0
{3,3} n? n? [0 0 o0

Tab. 2.2: Decomposition of the HHW-1 covariance matrix.

Recall, that the covariance matrix is symmetric and thus the decomposition of the
remaining elements can be obtained from Table 2.2. Column three of the table can
be combined to form cy, i.e.,

00 0
00—000
00 n?

The iy, element of each of the vectors in column four are combined to form

(c1)e,0,is i€

0 0 0 1 pspo 0 0 0 0
(Cl)o,o,l =10 0 O 5 (01)0,0,2 = | Psw0 0'2 0 5 (01)07073 =0 0 O
0 0 0 0 0 0 0 0 0

This can then be written in the following compact form:

(Oa 170) (Oaps,vaa O) (07070)
c1 = |(0,ps,0,0)  (0,6%,0) (0,0,0)
(0,0,0) (0,0,0)  (0,0,0)

For the HHW-1 model, the conditions in Definition 2.4 are satisfied and the
model is affine. Note that by inspection, it is clear that each element of the HHW-1
covariance matrix is a linear function of the state variables. Hence, the decompo-
sition that was given above, is not required when determining whether or not a
model is affine. However, these matrices will be important when the characteristic
function is derived.
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2.4.2 The Affine Nature of the HHW-2 and HHW-3 Models

The presence of /vy in the HHW-2 and HHW-3 covariance matrices means that
each element of their respective covariance matrices are not linear functions of the

state variables and thus these models are not affine.



Chapter 3

The HHW Characteristic Function

Duffie et al. (2000) derived a method for determining the characteristic function
of an affine model. Applying this method to the affine HHW-1 model, results in a
closed-form expression for its characteristic function. On the other hand, the HHW-
2 and HHW-3 models are not affine and the method of Duffie et al. (2000) cannot
be used to determine their characteristic functions. In response to this, Grzelak and
Oosterlee (2011) developed two different techniques for approximating the HHW-2
and HHW-3 models with affine forms. The characteristic functions for these ap-
proximated models can then be obtained through the result of Dulffie et al. (2000).
In section 3.1 and 3.2, the approximations which are referred to as the determin-
istic and stochastic approximations respectively, are presented. In section 3.3, the
exact characteristic function of the HHW-1 model and the two characteristic func-
tions for the affine approximations of the HHW-2 model are derived. Compared to
the HHW-2 case, the affine approximations of the HHW-3 model bring greater com-
plexity. In terms of assessing the deterministic and stochastic approximations, this
complexity does not add any value and hence the HHW-3 case is not considered in

this chapter.

3.1 The Deterministic Approximation

Under the deterministic approximation, the terms in the HHW-2 covariance matrix
that contain ,/v; are replaced by their expectation. The resulting approximated
model is referred to as the HHW-2D model and its affine covariance matrix is given
by
UV PspOU; PsrnE [\/Ft]
YHHW2D = | * o2 0

* * 772

In order to determine the HHW-2D characteristic function, an expression for the
expectation of |/v; is needed. This is presented in Theorem 3.1.
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Theorem 3.1. Fort > 0, the expectation and variance of \/v; is given by

d 2 720 2
r(s)
where - 1 21— o) . e ) = Akwge
AT © ) - o2 ~02(1 —ekt)’

I'(x) is the gamma function and 1 F (r, s, z) is the confluent hypergeometric function.

Proof. The proof of the E[,/v;] can be found in Dufresne (2001). With E[/v;] and
E [v¢] from Theorem 2.1, the Var[,/v;] can be computed as

Var[y/a] = E[u] - E[vr))* G
OJ

In Grzelak and Oosterlee (2011), the hypergeometric function in the expression
for the expectation and variance of ,/v; was expressed in terms of its infinite sum
representation. This allowed for further simplifications to be made. For this disser-
tation, the result is left unchanged because in this form it is easier to implement in
MATLAB.

It will be shown in section 3.3 that in order to evaluate the HHW-2D character-
istic function, an integral that involves E [\/@] must be computed. The expression
for E[,/v¢] is complicated and hence this integral is computationally expensive to
evaluate. Grzelak and Oosterlee (2011) therefore suggest approximating E[,/v;] by
a simpler expression. The details are given in Proposition 3.2.

Proposition 3.2. For ¢t > 0, E[,/v;] can be approximated by

A(t) = \/ c(t)A() = 1) + c(t)d + —— 2 .

where c(t), d and \(t) are given in Theorem 3.1.

Proof. Consider a random variable, X, whereby its first two moments are finite
and a differentiable function of this random variable, ¢(X). This function can be
approximated by the first two terms of its Taylor series about X = E[X], i.e.,

Y(X) ~¢(E[X]) + (X — E[X]) %(E[X}).
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The variance of ¢/(X') can then be approximated by

Var [$(X)] ~ Var [¢(E[X]) + (X — E[X)) %(E[X])]

= (j—;’? (E[X]))2Var[X].

The second line follows from the fact that /(X)) and its derivative evaluated at E[X]
are constants.

Setting ¢(X) = /v;, evaluating the required derivative and simplifying yields
the following approximation for the variance of ,/v;:

Var[\/ve] = ivlgggt]

Replacing the left-hand side with (3.1) yields

Efu] - (V) ~ ;grr:

Rearranging results in the following approximation for the mean of ,/v;:

B[] ~ %EM ]

Substituting the expressions for the mean and variance of v;, from Theorem 2.1,

into the approximation above and simplifying completes the proof. ]

Grzelak and Oosterlee (2011) show that the expression under the square root
sign of A(t) is always non-negative when the Feller condition is satisfied. For pa-
rameters that do not satisfy the Feller condition, the expression is non-negative if
8k2 > 1. A(t) is only valid if either of these conditions are met. If they are not met,
the exact expression for E[/v;] must be used.

A(t) is simpler to compute than the exact expression for E [ /v;|. However, it still
does not result in a closed-form expression for the integral that must be computed
when evaluating the HHW-2D characteristic function. With this in mind, Grzelak
and Oosterlee (2011) further approximate A(t) with a simpler form. The details are
given in Proposition 3.3.

Proposition 3.3. For t > 0, A(t) can be approximated by

~

A(t) = a+ be™ (3.2)
where
2
a=1/7— ch b= —a, c=—log (b~ (A1) —a)).
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CAw | Aw |
t — 00 \/@—g a
t—0 NG a+b
t—1 A(1) a+be ¢

Tab. 3.1: A(t) and A(t)ast — 0,t — 1 and t — oc.

Proof. Grzelak and Oosterlee (2011) propose that A(t) be approximated by (3.2),
where a, b and ¢ are determined by matching A(t) and A(t) ast — 0, ¢t — 1 and
t — oo. The limits for these cases are summarised in Table 3.1.

Equating columns 1 and 2 of Table 3.1 and solving for a, b and ¢ completes the

proof. O

A(t) is valid when A(t) is valid. However, care must be taken to ensure that
v > ‘8’—2 and hence that a is well defined. If this condition is not satisfied, then A(t)
should be used.

In Figure 3.1 the accuracy of approximations 1 and 2, Propositions 3.2 and 3.3
respectively, are assessed against the true value of the expectation of /v;. Various
times ranging from 0 to 10 were considered and two different parameter sets were
used. For parameter set 1, vy = 0.04, k = 1.2, 0 = 0.1 and v = 0.03. For parameter
set2,v9 =0.06, k = 2.5,0 = 0.5 and v = 0.06.

E[\/vf] with parameter set 1 E[,/v] with parameter set 2

0.245

0.2

Exact Exact
o Approximation 1 o Approximation 1
0.195 1 Approximation 2 | 7 0.24 Approximation 2 |
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Time Time
Fig. 3.1: The accuracy of the two approximations for two different parameter sets.
The figure shows that for both parameter sets, the two approximations follow

each other closely. For parameter set 1, the approximations are also really accurate
when compared to the true value. However, this is not the case for the second pa-
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rameter set, with a clear bias arising. The accuracy of the approximations are there-
fore parameter dependent and this should be checked when considering whether

or not these approximations should be used.

3.2 The Stochastic Approximation

The stochastic approximation involves adding ,/v; to the system of state variables
that are modelled. The result of doing this is that the presence of /v; in the HHW-2
covariance matrix no longer nullifies its affine nature. In order to implement the
stochastic approximation, the dynamics of |/v; need to be found. Since /v; is not
twice differentiable at the origin, Itd’s lemma cannot be applied to find its exact
dynamics (Jackel, 2004). To this end, Theorem 3.4 shows how the dynamics of ,/v;

can be approximated.

Theorem 3.4. The dynamics of \/v; can be approximated by

& = pt(t)dt + () dWY, & = /oo,
1 F(l—l—d)

22 (o) | < % , A(;)) <>_lg2€2—kt

d

2
+1F1<; 2+d’_)\t>r< —; ) 11?];@]’
vE(t) = (k(0 = vo)e™ — 2E [/ uf(1)) .

The expressions for c(t), d and \(t) are as in Theorem 3.1. I'(x) is the gamma function and

where

po(t) =

1F1 (1, s, 2) is the confluent hypergeometric function.

Proof. Coxet al. (2005) showed that v; follows a noncentral chi-squared distribution
which, by Patnaik (1949), can be approximated by a central Chi-Squared distribu-
tion. The result of Fisher (1928) can then be used to approximate the central Chi-
Squared distribution by a normal distribution. The dynamics of & is constructed to
be normally distributed with the required mean and variance. A more in-depth dis-
cussion surrounding this result can be found in Grzelak and Oosterlee (2011). [

Adding d¢; to the log-HHW dynamics yields the following dynamics:

dSy = r¢Spdt + /v S dW, So >0,

dvy = k(0 — v)dt + o\ /e dWY, vg >0, (3.3)
dry = N0 — r)dt + ndWy/, ro > 0,

g, = pE(t)dt + E(t)dwy, &0 = /00
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The stochastic approximation is obtained by imposing the HHW-2 correlation struc-
ture on these dynamics. The resulting approximated model is referred to as the
HHW-2S model. With ,/v; =~ ;, these dynamics can be expressed in terms of an

independent system with the following drift and covariance matrices!

T — %Ut UVt PspOUt ps,rngt ps,vwﬁ(t)gt
p _ k(v —vy) > N EEE 0 TP (18
HHW-2S A ( 0 — ’I“t) ) HHW-2S % * 772 0
2
ME (1) * * * (@Z’g(t))

These matrices are clearly linear functions of the state variables. Furthermore, the
interest component of the HHW-2S model remains unchanged and hence the model
is affine.

3.3 The Characteristic Functions

In Theorem 3.5, the method of Dutftfie et al. (2000) for determining the characteristic
function of an affine model is presented 2.

Theorem 3.5. For an affine model, X, with n state variables, the discounted joint charac-
teristic function is given by

é(u, X4, t,T) =E [NTei“XT } .7-}] = exp (A(u, )+ BT (u, T)Xt). (3.4)

where Nt is the discount factor process, u is a n-element row vector and T = T — t.
The function A(u,7) and the n-dimensional vector-valued function B(u, 1) satisfy the
following system of complex-valued ordinary differential equations (ODEs):

4B(u,7)= -7 +a] Bu,7) + BT (u,7)e;B(u,7), BT (u,7)=iu,

(3.5)
%A(u, 7) = —ro+ BT (u,7)ag + %BT(u, T)coB(u, 7), A(u,0) =0,

where ag, ai, co, c1, To and 1 are the matrices given in definition 2.4. B'(u,7)c;B(u,7)
is a n-dimensional vector where the ky, element is equal to BT (u, 7)(c1)ee xB(u, 7).

Proof. The proof of this result can be found in Dulffie et al. (2000). O

It must be stressed that Theorem 3.5 yields what Dulffie et al. (2000) refer to as
the discounted joint characteristic function. The definition of the discounted joint

! The proof of this result is almost identical to the one for Theorem 2.3.
2 As was the case with Definition 2.4, the method of Duffie et al. (2000) could be simplified due to
the fact that the HHW model does not contain jumps.
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characteristic function is given in (3.4). The inclusion of the discount factor is what
differentiates it from the usual definition of the joint characteristic function.
Theorem 3.5 is relatively straightforward to apply. The functional form of the
relevant model’s joint characteristic function is given in (3.4) . The explicit solution
can then be found by solving the system of ODEs that result from performing the
matrix multiplication in (3.5). In the following sections, the theorem will be applied
to determine the HHW-1, HHW-2D and HHW-2S characteristic functions for the
log asset price, i.e.,, x; = logS;. The characteristic functions for individual state
variables can be found by setting the appropriate terms in u to zero. Specifically,
to determine the characteristic function for x, only the first element of u must be

nonzero.

3.3.1 The HHW-1 Characteristic Function

Theorem 3.6. The HHW-1 discounted characteristic function is given by

drraw-1(u, X¢,t,T) = exp (A(u, 7)+ B(u,7)zy + C(u, 7)1 + D(u, T)Ut)>, (3.6)

where
B(u,T) = iu,
Cu,7) = %(zu — 1) (1 — e_)‘T),
—Dir
D(u,7) = (11—_ ege_lDlT) (5 = opswin—D1),
A(u, 1) = N0I1(u, 7) + kv la(u, 7) + %17213(%7'),
with

D, = \/(aps,viu — k)2 — o2iu(iu — 1),

K — 0pspiu — Dy

9= %= opsviu+ Dy’

L(u,7) = /1\<zu - 1) (T + %(e*” - 1)>,

T . 2 1—ge P17
I(u, 1) = o </@' — Ops it — D1) ~ 3 log (ig)’

1 2
Is(u,7) = o (z + u) (3 + e T _geAT — 2)\7'>.

% Going forward, unless otherwise stated, “characteristic function” should be read as ”discounted
g

characteristic function”.
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Proof. Recall from section 2.4.1 that the HHW-1 affine decomposition is given by

0 0 -1 1 00 0 0
ag= |kv|, ar= |0 —k 0O, c=1(0 0 O ro=0, r= (0],
A0 0 0 -\ 00 »? 1

(07 170) (Oaps,vaao) (070 0
c1 = [(0,ps0,0)  (0,62,0) (0,0,0)
(0,0,0) (0,0,0) (0,0,0)

Applying Theorem 3.5 with B (u,7) = [B(u,7) D(u,7) C(u,7)] yields the
form of the characteristic function given in (3.6). The functions A(u,7), B(u,7),
C(u,7) and D(u, ) are determined by solving the following system of ODEs:

B(r) = B(u,0) = iu,
4o(r) = —1—)\0( )+ B(r), C(u,0) = 0,
D(r) = 3(B(r) = 1) + (0psB(1) — k) D(7) + 50°D*(7), D(u,0) =0,
(7) = MNC(1) + koD(7) + in?C?(7), A(u,0) = 0.

B(T) can be solved by direct integration. With the solution of B(7), C(7) is a first-
order linear ODE and can be solved using the integrating factor technique. The
ODE for D(7) is the same as the Heston Ricatti equation and a well-laid-out deriva-
tion of its the solution can be found in Rouah (2013, p. 13-14) . With the solutions
for C(7) and D(7), A(7) can be determined by direct integration. O

3.3.2 The HHW-2D Characteristic Function
Theorem 3.7. The HHW-2D discounted characteristic function is given by
orrw-2p(u, Xy, 1, T) = exp (K(U» 7) + B(u, 7)xo + D(u, 7)ro + D(u, 7')”0)7 3.7)

where B(u, ), C(u,7)and D(u, ) are as they were for the HHW-1 characteristic function
(Theorem 3.6). A(u, ), which is expressed in terms of A(u, 7) from the HHW-1 character-
istic function, is given by

A(u,7) = A(u, ) + ps,n /OTE[\/E]B(U, $)C(u, s)ds

= A(u, ) + pspnla(u, 7).

(3.8)

If the second approximation for E[\/v;] is used (i.e., A(t) from Proposition 3.3), Iy(u,T)
can be simplified to the following closed-form expression:

Iy(u,7) ~ ! (tutu?) [i e (e —1)+

X G_CT(l—e_To\_C)) ’

(e_Ct —e_CT) +at+

A c— A

where a, b and c are given in Proposition 3.3.
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Proof. Except for ¢y, the HHW-2D affine decomposition is the same as the HHW-1
model’s. It is relatively straightforward to see that ¢y is given by

0 0 ps nE[y/0r]

co = 0 0 0

psnE[\/Ue] 0 n?
The characteristic function is found by applying Theorem 3.5. The system of ODEs
for B(u, 7) does not depend on ¢y and hence the expressions for B(u, 7), C(u, 7) and
D(u, ) are the same as in the HHW-1 characteristic function. A(u, 7) is determined

by solving the following ODE:

d

dr

AV(T) = NC(1) + kvD(7) + %77202(7') + psrnE [\/U»t]B(T)C(T), A(u,0) = 0.

Directly integrating this ODE and recognising the first three terms as A(u, 7) yields
(3.8).
Substituting B(u, s), C(u, s) and A(t) into the expression for I (u, 7) yields

~ _l ; 2 ! —c(T—s) = As
Iy(u,7) =~ 3 (1w + u”) /0 (a + be ) (1 e )ds. (3.9
Evaluating the integral completes the proof. O

Note that if the exact value or the first approximation for the expectation of /vy
is used, I4(u, 7) in (3.8) will need to be approximated by a numerical integration
method. For this dissertation, the trapezoidal integration rule, which is outlined in
the next chapter, was used.

3.3.3 The HHW-2S Characteristic Function

Theorem 3.8. The HHW-2S discounted characteristic function is given by

~

draw-2s(u, X4, t, T) = exp (A(u, 7)+ B(u, 7)zs + C(u, 7)re + D(u, 7)ve + E(u, T){t),

(3.10)
where B(u, 1), C(u, ) and D(u, T) are as they were for the HHW-1 characteristic function
(Theorem 3.6). E(u, ) and A(u, ) satisfy the following system of ODEs:

{;iE(T) — peanB(C(T) + (peB(r) + o D(7)) 0S (1) B(r), B(u,0) =0,

%A\(T) = k0D(7) + NC(T) + ps(t)B(T) + %T]2C'2(7') + %(¢5(t))2E2(7), A(u,0) = 0.

Proof. Following a similar process to the one outlined in section 2.4.1, the HHW-2S
affine decomposition can be shown to be

0 0 -3 1 0 00 0 0 0
KU 0 —x 0 O 0 0 0 0 0
ag = , a1 = , Co = 5 ro =0, 1= ;
Y 0 0 —Xx 0 00 7 0 1
30 00 0 0 00 0 (@) 0
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(0,1,0,0) (0, ps,v0,0,0)  (0,0,0, ps »n) (anaovps,qubg(t))
o (0, ps,v0,0,0) (0,0’2,0,0) (0,0,0,0) (0,0,0,U¢5(t))
(0,0,0, ps,»n) (0,0,0,0) (0,0,0,0) (0,0,0,0)
(0,0,0psw’(bg(t)) (070,0,0¢5(t)) (0,0,0,0) (0,0,0,0)

Applying Theorem 3.5withB' (u,7) = [B(u,7) D(u,7) C(u,7) E(u,7)] yields

the following system of ODEs:

4 B(7) =0, B(u,0) =
LO(r) = -1 - \CO(7) + B(1), C(u,0) =
iD(T) = %(B(T) — 1) + (O'pst(T) — R)D(T) + %U2D2(T), D(u,0) =
iE(T) = psnB(T)C(T) + (psﬂ,B(T) + JD(T))¢§(t)E(T), E(u,0) =
%A\(T) = k0D(7) 4+ N(T) + ps () E(1) + %77202(7‘) + %(wg(t))zEQ(T), g(u, 0) =

The ODEs and hence the expressions for B(7), C(7) and D(7) are the same as for the
HHW-1 and HHW-2D characteristic functions. In the current literature, there is no
closed-form solution for E(7) and A(7). A numerical method, such as the Runge-

Kutta family of methods, is employed to approximately solve these two ODEs. [

MATLAB has many different options for solving ODEs. In terms of solving the
system in Theorem 3.8, ode23 was found to be the most stable and hence it was
used for this dissertation. Furthermore, in solving this system, the hypergeomet-
ric function, from Theorem 3.4, must be evaluated repeatedly. MATLAB’s built-in
hypergeometric function, which is part of the Symbolic Math Toolbox, was found
to be extremely inefficient. This significantly slowed down the evaluation of the
HHW-2S characteristic function. To address this problem, an efficient hypergeo-
metric function implementation by Brookes (2016) was used. Note that this imple-
mentation was also used for Theorem 3.1.

In the derivations of the characteristic functions, the components of BT(u, T)
were defined in an unusual order. This was done so that the resulting characteristic
functions were consistent with those presented in Grzelak and Oosterlee (2011).
The differences were due to the fact that Grzelak and Oosterlee (2011) preferred to
change the order of the variables within the HHW state vector. For reference, they
refer to the HHW-2D and HHW-2S characteristic functions as the HI-HW and H2-
HW characteristic functions. Different labels were used because the HHW-1 case is
not presented in Grzelak and Oosterlee (2011).

3.3.4 Extensions to the HHW-3 Model

A brief discussion on the extension to the HHW-3 case is considered here. In ex-
tending the deterministic approximation to the HHW-3 case, the same method, of
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replacing the terms that contain /v; with their expectations, is applied. However,
instead of two terms, four terms in the HHW-3 covariance matrix will be approxi-
mated. Similarly, for the stochastic approximation, the same dynamics from Theo-
rem 3.4 is added to the state vector but the HHW-3 correlation structure is imposed
on the resulting independent Brownian motion representation in (3.3). Due to the
additional approximations, the resulting characteristic functions are more compli-
cated and could potentially result in lower levels of accuracy than for the HHW-2
case.

Grzelak and Oosterlee (2011) derive the characteristic function that results from
applying the deterministic approximation to the HHW-3 case. They refer to this
as the H3-HW characteristic function. Their derivation shows that regardless of
how the expectation of |/v; is evaluated, there is no closed-form solution for the
H3-HW characteristic function. Furthermore, the integral that must be numerically
computed to evaluate the characteristic function, is more complicated than the one
in (3.8).

Similar comments can be made with regards to relaxing the assumption from
section 2.3. With §(t) as a time dependent function, it will be more challenging to
obtain closed-form solutions for the ODEs that result from the method of Duffie
et al. (2000).



Chapter 4

Fourier Methods

In conjunction with the characteristic function of a model, the family of Fourier
methods allow for fast and accurate pricing of some of the most frequently traded
options. This is especially useful when calibrating a model. The most commonly
used Fourier methods are the Carr and Madan (1999) method and the COS method
derived by Fang and Oosterlee (2008). While each method has its own advantages
and disadvantages, they have both been shown to yield similarly accurate results.
For this dissertation, the Carr-Madan method was used. In section 4.1, the Carr-
Madan method for pricing a European call option is presented and in section 4.2,
the implementation of the method is discussed.

4.1 The Carr-Madan Method

The Carr-Madan method is centered around the idea that if the Fourier transform
of the option price is known, option prices can be recovered through the inverse
Fourier transform. However, since the call option price as a function of strike is not
square-integrable, its Fourier transform cannot be determined. Through the intro-
duction of a dampening factor, Carr and Madan (1999) show that the call option
price can be adjusted to ensure that its Fourier transform can be determined.

In the original paper, the Carr-Madan method is derived in a setting where
interest rates are deterministic. This is not the case with the HHW model, and so

Theorem 4.1 revises the method to include a stochastic interest rate.

Theorem 4.1. The initial price of a European call option with strike K and expiry T is
given by

oy = Re{ / h ei“kw(v)dv}, 4.1)

™ 0

where k = log(K), o > 0,

by (v — (a + 1))
(a4 1+ w)(a+iv)

P(v) =
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and Re{z} denotes the real part of the complex number z.

Proof. By risk-neutral valuation (2.4), the initial price of a European call option with
strike K and expiry 7' is given by

C(k) = IE[NT(ezT - ek)n{mk}]. (4.2)

Recall that changing the numeraire to the T-maturity zero coupon bond, which
is denoted by P(0,T"), results in a change to the T-forward measure. The expecta-
tion in (4.2) can be expressed, through the relevant Radon-Nikodym derivative!, in
terms of the T-forward measure, which yields

C(k) = P(0,T)ET [(eIT - ek)]l{xT>k}]

This expectation can then be written in terms of the following integral:
C(k) = P(O,T)/ (e" — ek)qu(a:)dx,
k

where ¢7 is the probability density function of 7 under the T-forward measure.
Notice that C'(k) — P(0,T)E” [Sy] > 0 as k — —oo and hence, C(k) is not square-
integrable. Carr and Madan (1999) introduce a dampening factor of e**. The damp-
ened call price, which is clearly square-integrable, is given by

c(k) = e“*C(k) = eo‘kP(O,T)/ (e" — ek)qu (x)dx. (4.3)
k
The Fourier transform of the dampened call price is defined as
Y(v) = / eFe(k)dk.

—00

Substituting (4.3) into ¢ (v) and subsequently changing the order of integration
yields

¥(v) = P(0,T) / Gor () / GrHari)k _ (atih gr gy,

—00 —00

By integrating with respect to k, 1)(v) can be simplified to the following expression:

_ P(()?T) * i(v—(a+1))z, T
V) = T+ (e + ) /_ooe Gar () d-

! The change between the risk-neutral and 7-forward measures is defined by the following Radon-
Nikodyn derivative
dQ"  Nr
dQ — P(0,7)
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Recognising the integral in 1(v) as the definition of the characteristic function of
7 under the T-forward measure yields

$rp (v — (o +1)3)
(a+1+iv)(a+iv)

Y(v) = P(0,T) (4.4)

The characteristic function under the T-forward measure and the discounted

characteristic function are related in the following way:

1
P(0,7)

1

E[Npe™ ] = W&” (u). (4.5)

G (u) =BT [e"77] =

Substituting the result from (4.5) into (4.4) yields the expression for ¢)(v) in theorem
4.1. Finally, the call price can be recovered by taking the inverse Fourier transform
of ¢(v) and undoing the dampening, i.e.,

C(k) = et /oo ek (v)do = e_akRe{ /OO ei”kw(v)dv}.

2 J_ T 0

The last equality follows from the fact that since C'(k) is real, the integrand must be
odd in its imaginary part and even in its real part. O

Comparing Theorem 4.1 to the result presented in the original paper, reveals
that the presence of a stochastic interest rate does not change the Car-Madan method
much. In fact, all that changes from the original result is that the discount factor in
the expression for ¢ (v) is dropped and the characteristic function is replaced by its

discounted version.

4.2 Implementing the Carr-Madan Method

In order to implement the Carr-Madan method, an appropriate dampening factor
must be chosen and the integral in (4.1) must be evaluated.

4.21 Determining the Dampening Factor

For the HHW model and its affine approximations, the literature has made no
mention of what an appropriate value for « is. Simons et al. (2004) proposed that
a = 0.75 is sufficient for most models, including the Heston model. This was there-
fore used as a starting point. During testing, the prices of call options were not
sensitive to values of o that were around 0.75. For some parameter sets, the call op-
tion prices did start to oscillate for & < 0.1 and a > 6, indicating that care is needed
when choosing the value for . For all the parameter sets that were considered in
this dissertation, o = 0.75 was used without issue.
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4.2.2 Evaluating the Integral

With the characteristic function of a model, the expression for ¢)(v) and hence the
integrand in (4.1) is easily determined. However, there is usually no analytical
expression for this integral. Evaluating it, involves truncating the infinite upper
bound to a finite value, vy,4,. A numerical integration method is then used to
approximate the truncated integral. Multiplying by the factor before the integral
in (4.1), results in an approximation for the call option price.

The approximation of the truncated integral is the only source of error for the
Carr-Madan method. This integral can usually be approximated to a machine-
precision degree of accuracy. Carr-Madan, and more generally Fourier, prices are
therefore considered to be an accurate reflection of a model’s true prices.

For this dissertation, the trapezoidal integration rule was used to approximate
the truncated integral. In MATLAB, this was implemented using the built-in func-
tion, trapz. The function requires two inputs. The first being a vector, v, that
contains values from 0 to vyyq,. This was created in an equally spaced manner with
a predetermined step size of dv. The second input is the vector, y, of the integrand
evaluated at each of the points in v i.e.

y =™ x(v).

Invoking trapz with v and y, returns the approximated value of the integral. The
accuracy can be increased by choosing a larger value for vy, or by decreasing dv.

Carr and Madan (1999) show that if a left-hand Riemman sum is chosen to ap-
proximate the truncated integral, the Fast Fourier transform (FFT) can be applied to
efficiently price many strikes at once. However, the application of the FFT leads to
an inflexibility in terms of the set of strikes that can be priced and hence, it was not
considered here. In section 4.2.4, a more flexible method, that relies on MATLAB’s
vectorisation capabilities, is proposed.

4.2.3 Implementing the HHW Characteristic Functions

The HHW-1 characteristic function is the simplest out of the three and it is relatively
easy to see that its implementation is vectorisable?. Due to the different possibilities
for evaluating the expectation of \/v; and the subsequent integrand in (3.8), the
HHW-2D characteristic function is slightly more complex to implement. However,
notice that in (3.9), u is factored out of the integral. This means that regardless of

2 In this context, vectorisable means that the implementation of the characteristic function can
accept a vector input, u, and return a vector of the characteristic function evaluated at each element
of u. In MATLAB this is usually significantly faster than a for loop.
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how the expectation is evaluated, the integral only needs to be computed once for
a range of different input values, i.e., the HHW-2D characteristic function is also
vectorisable. Due to this vectorisable nature, computing y for HHW-1 and HHW-
2D cases is straightforward and efficient.

However, for the HHW-2S characteristic function, a loop is needed to compute
y. Due to the loop and the system of ODEs that needs to be solved every time the
HHW-2S characteristic function is evaluated, computing y takes longer than for the
other two cases.

Note that for the characteristic functions that are vectorisable, MATLAB’s in-
tegral function can be used to approximate the truncated integral. The advantage
of this function is that it chooses the appropriate method and step size to achieve
a given tolerance. However, trapezoidal integration was used so that there was a
consistent approach across all the characteristic functions. Nevertheless, when it
can be used, the integral function is a good way to check the results of the trape-
zoidal integration.

4.2.4 Speeding Up the Implementation

To speed up the execution of the Car-Madan method, the implementation was al-
tered to simultaneously price a set of strikes. Instead of evaluating the whole in-
tegrand in (4.1) at each point in v, only ¢(v) was evaluated and the results were
stored. The different strikes, denoted by k;, were then looped through and

Yy, = eikjvw(v)

was computed using vectorisation. For each of the strikes, t rapz was then used to
approximate the integral in (4.1) and hence determine the price. This implementa-
tion is faster because the evaluation of )(v), which is what causes the inefficiency
for the HHW-2S model, is only performed once for a range of different strikes.

For the HHW-2S model, parallelisation can be used to gain further speed en-
hancements. In particular, one simple option is that the loop that is need to com-
pute y, can be replaced with a parallelised version i.e. parfor in MATLAB. How-
ever, this was not considered here.



Chapter 5

Monte Carlo Methods

In terms of accuracy and execution time, Monte Carlo methods are not the most ef-
ficient numerical methods for pricing options!. They are, however, highly flexible,
in that they can used to price a wide range of claims. Aside from the HHW-1 case,
where the exact characteristic function is available, Monte Carlo methods are also
the simplest way of obtaining an accurate reflection of the HHW's true prices. This
can then be used as a benchmark in assessing the accuracy of the deterministic and
stochastic approximations.

A number of authors, including Andersen (2007) and Bégin et al. (2015), have
documented that general discretisation schemes, such as the Euler and Milstein
schemes, are not the ideal choice for simulating the Heston model. These schemes
result in negative values for the variance process and are inefficient, in the sense
that a large number of simulations are required to obtain an acceptable degree of
accuracy. Furthermore, for some parameter sets, this inaccuracy remains even as
the number of simulations becomes increasingly large.

Many schemes have been developed to address these issues. Some of these,
such as the full truncation Milstein scheme, are alterations of the general schemes.
Others, such as the Quadratic Exponential (QE) scheme of Andersen (2007), were
specifically developed for the Heston model. The QE scheme is widely considered
as being one the most efficient schemes for simulating the Heston model (Bégin
et al., 2015).

When benchmarking the deterministic and stochastic approximations against
Monte Carlo prices, Maze (2014) used the full truncation Milstein scheme and Grze-
lak and Oosterlee (2011) used the QE scheme. However, the literature does not pro-
vide the details around how these schemes can be extended to the HHW model. It
is also not clear how the performance of these schemes are affected when they are
extended to the HHW model. In section 5.1 and 5.3, the full truncation Milstein and

! Authors such as Glasserman (2013) and Wilmott (2006) have noted that Monte Carlo methods are
often outperformed by finite difference methods and Fourier methods, when they are available.
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QE schemes are outlined. In section 5.2, a slight modification of the full truncation
Milstein scheme is proposed and in section 5.4, the schemes are compared.

5.1 The Full Truncation Milstein Scheme

The details of the Milstein scheme are summarised in Theorem 5.1.

Theorem 5.1. Let X; be a process that is governed by
dXy = p(Xy)dt + o(Xy)dWy,  Xo >0,
The solution to this SDE can be approximated by the following discrete process:
Xpvar = %o+ u(X))dt + o(X)WVaLZ + %a’(f(t)dt(ZQ L), Ko = Xo,
where Z is a standard normal random variable.
Proof. The proof of this result can be found in Kloeden and Platen (2013). O

Applying Theorem 5.1 to each SDE of the HHW log dynamics produces

1
Tiydt = Tt + <7"t — 2Ut> dt + WMZS, (6.1)
1
Vprqr = Max <vt + k(T — vy)dt + o/oVdt Z, + Za%zt(zg —1), o), (5.2)
Tevar = 1t + N0 — ) dt + nVadtZ,, (5.3)

where Z,, 7, and Z, are standard normal variables with the same correlation struc-
ture as the Brownian motions driving the state variables.

The presence of the max function in (5.2) is what differentiates this as the full
truncation Milstein scheme. Under the Euler and Milstein schemes, the discre-
tised variance process has a positive probability of becoming negative, regardless
of whether or not the Feller condition is satisfied. This is because the Feller condi-
tion only holds for continuous time processes. Negative variances are a problem
because the square root of v; needs to be computed in (5.1) and (5.2). The inclusion
of the max function prevents this issue. There are other options for fixing this issue,
for example, replacing the max function with the absolute value function results in
the full reflection scheme. Lord et al. (2010) tested various of these fixes and found
that the full truncation scheme has the smallest bias.

With a given time discretisation and initial values for the state variables, (5.1)
to (5.3) can be successively applied to simulate paths of the HHW model. The
Cholesky decomposition is used to generate the correlated standard normal vari-
ates. In order to price claims, the evolution of the integrated short rate process
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must also be simulated, i.e., Y3, 4 from (2.4). With r; and r¢ 4, trapezoidal integra-
tion can be used to approximate Y, 4. The discount factor process, Ny 4, can then
be obtained by exponentiating the negative of Y;, 4. Having simulated all of the
required paths, the price of a claim can be computed in the usual Monte Carlo way.

5.2 Exact Simulation of Rates

Under the Vasicek model, the short rate and its integrated process can be simulated
exactly. This is summarised in Theorem 5.2.

Theorem 5.2. For the Vasicek model, the short rate and the integrated short rate can be
simulated as follows:

Tt4dt = Hr (t> + Ur(t)ZTa

(5.4)
Vi = iy (8) + oy (0) [ ooy (02, + /1 = 2y (0 2y |
where
pr(t) = 1 4+ A(0 — 1) A(2),
20 = (Al - 54%0)).
py (t) =Yy + 0dt + (ry — 0) A(t),
o2ty = (- ) - 22
Y A2 2 ’
o2 A2(t)
) = S o @)
At) = i<1 - e_>‘dt>
and, Z, and Zy are independent standard normal random variables.
Proof. The proof of this result can be found in Brigo and Mercurio (2007). O

Replacing (5.3) with (5.4) results in a second option for simulating the HHW
model. This is expected to be slightly more accurate than the full truncation Mil-
stein scheme. In terms of the implementation, all that changes from the previous
section, is that an additional independent standard normal variate needs to sam-
pled to simulate the integrated short rate process.
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5.3 The QE Scheme

Recall from Theorem 3.4, that the distribution of the variance process is known.
Making it possible to simulate exactly. However, the algorithm for exact simulation,
which was developed by Broadie and Kaya (2006), is inefficient and difficult to
implement (Andersen, 2007). The goal of the subsequent Heston specific schemes,
such as the QE scheme, was to find an approximation for the distribution of the
variance process that results in fast and accurate simulation. In Theorem 5.3, the
QE scheme for simulating the variance process is outlined.

Theorem 5.3. The QE scheme for simulating the variance process is as follows:

a(b+ @ (U)o <
gt (Uv§p7 /6) b > e,

Vitdt =~
where U, is a uniform random variable, ®(z) is the standard normal distribution function,

<
U (u) = =P
1,

0<u
logi=, p<u<

57 (2 2 (2 _om -1 1-p
YT b(w‘“ w(w‘l)>’ Ciew Pusr P

The expressions for my and S? are given in Theorem 2.1 and 1. = 1.5.

Proof. Building on the work of other authors, Andersen (2007) proposed that con-
ditional on v, v.y4: be approximated by a scaled version of squared normal distri-
bution, i.e.,

(s a(b + Z,)?, (5.5)

where a,b > 0 and Z,, is a standard normal random variable.

The distribution of v; is proportional to a noncentral chi-squared distribution.
The intuition behind this approximation becomes clear when one considers that a
standard normal random variable squared follows a central chi-squared distribu-
tion. Also, notice that simulating with (5.5), leads to positive values for vi 4.

However, Andersen (2007) found that the approximation in (5.5) only works
well when v, is large. For small values of v, he proposed that

P(”t—‘—dt € [l‘,l‘ + dﬂ?] | Ut) ~ (pé(()) + 6(1 —p)eiﬁx)dl’, (56)

where 0 < p <1, 8 > 0 and 9 is the Dirac delta-function.
This approximation was formulated through the insights of the Truncated Guas-
sian (TG) scheme, which is another Heston specific scheme that Andersen (2007)
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developed. Integrating the probability in (5.6) yields a distribution function that
has an analytical inverse, i.e., U1 in the theorem. This means that the inverse
transform and uniform random variates can be used to simulate from the resulting
distribution. Since the standard normal random variable in (5.5) can also be sim-
ulated through the inverse transform, (5.5) and ¥~! can be put together to form
Theorem 5.3.

Through the expression for ¢/, Andersen (2007) quantified exactly what it means
for v, to be large or small. With all else equal, higher values of v; will result in
lower values of 1. The rule for switching between the approximations is based
on the value of ¢ in relation to .. The expressions for a, b, p, 5 are found by
matching the relevant approximate distribution’s expectation and variance to the
actual expectation and variance of v;. Further details can be found in the original
paper. O

Theorem 5.3 leads an efficient method for simulating the variance process. Un-
fortunately, when it is used, the Euler or Milstein schemes cannot be applied to
simulate the stock price and short rate. This is because the variance is simulated
with uniform random variates, which means that the correct correlation structure
between the state variables cannot be imparted through the Cholesky decomposi-
tion.

To solve this problem, Andersen (2007) expressed the SDE of the log stock price
in terms of independent Brownian motions. This was then solved with the help
of some approximations, leading to a method for imparting the correct correlation
structure into the simulated stock price. In Theorem 5.4, this is outlined and ex-
tended to the Vasicek short rate process.

Theorem 5.4. Having simulated the variance process as per Theorem 5.3, the stock price
and the short rate can be simulated as follows:

Tepdr =~ T + redt + Ko + Kive + Kovg g + / ngtZS,
Povdr 2 Tt + MO — 1) dt + L1 Zs + Lo Z,y,

where -
Ko— —Ps® g (w _ 1>dt— Psw g, P
o o 2 o o
2
KS = (]' - pg,v)dt7 Ll = WML L2 = 77\/% 1- 1 fsgg
S8,V

\/ 11— pg,v

and, Z, Z, and Z, are independent standard normal random variables.
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Proof. Recall from Theorem 2.3 that the log dynamics of the HHW model were
expressed, through the Cholesky decomposition, in terms of independent Brown-
ian motions. The same approach is taken here but the order of the state vector is
changed to X; = [vt Tt rt] T. This changes the order of W; and the correlation
matrix p. Furthermore, in the resulting correlation matrix, p, ; is set to zero. Defin-
ing By as a standard 3-dimensional Brownian motion and computing W; = LB
yields

WY =B,

Wt - pszt \/ ps ’L}Bt7

wi= Lo sy 1o p” BT.
\/1_1051)

Replacing the correlated Brownian motions in the HHW log dynamics with the
independent ones, integrating over [t,t + dt] and simplifying yields

t+dt t+dt .
Vipdt = V¢ + KOAE — /1/ vy du + a/ VU dBy,
t ¢

t+dt 1t t+dt . t+dt
Typqr = Ty + / rodu — 5/ UV du + ps VU dB;, + /1 — pzm/ ,/vudBfL,
t t t

t
t+dt P A . 02 A R

Tipdt = Tt + AOdt — / rodu + UA( f+dt - Bf) +4/1- 1 S’prg ( ;+dt - Btr)

t “ FPsyw

\/ 1- pg,v

The expression for v, 4 can be rearranged as follows:

t4dt

R 1 t+dt
VuudBy, = — (Ut+dt — v — KOdt + H/ vudu>. (5.7)
t o t
Substituting (5.7) into the expression for x; 4 yields

t+dt 1 tdt
Tigdt = Ty +/ rydu + <I€p” — > / vy du+
t g 2) Ji

t+dt
% (Ut—i-dt — VUt — K@dt) —+ 4/ 1-— pz,v/ \/’UudBf:.
t

The following approximations can then used to simplify the remaining integrals
in the expressions for z;;4; and 744 Recognising Ky to Ly in Theorem 5.4 and
performing the appropriate simplifications completes the proof.

t+dt
/ rodu ~ rdt, (5.8)
t
t+dt
/ vy du & vdt, (5.9)
t
t+dt

VoudBS ~ NVt /0, Zs. (5.10)

t
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The approximations in (5.9) and (5.10) were proposed by Andersen (2007). They
are relatively straightforward and follow from assuming that the integrands are
constant over [t,t + dt]. The same approach was used in determining an approxi-
mation for the integral of the short rate process in (5.8). There are other more com-
plex methods for approximating these integrals. Andersen (2007) explores some of
these, but for this dissertation the simplest approximations were used. O

Note that under this specification, the integrated short rate and discount factor pro-
cesses are simulated in the same way as they were for the full truncation Milstein

scheme.

5.4 Comparing the Discretisation Schemes

For this experiment, p, , and p,, , were set to zero. Call options, with varying strikes,
were then priced using the discretisation schemes that were presented in this chap-
ter. These prices were compared to the prices obtained from the HHW-1 character-
istic function and the Carr-Madan method.

Tab. 5.1: Parameter sets used in assessing the discretisation schemes.

o] 7 [w [ [ [wlo] [ 7] = To]
A 100 | {1,10} | 0.06 | 2.5 | 0.5 | 0.06 | 0.07 | 0.05 | 0.07 | {0.01,0.1} | —0.3
B 100 | {1,10} | 0.05 | 0.3 | 0.6 | 0.05 | 0.07 | 0.05 | 0.07 | {0.01,0.1} | —0.3

The model specific parameter sets that were used are summarised in Table 5.1.
For the Heston model, differences between the discretisation schemes became ap-
parent when the Feller condition was not satisfied and the maturity was large
(Bégin et al., 2015). Recall from Chapter 2, that the Feller condition is often vio-
lated in practice, making it important for the discretisation schemes to accurately
price under these conditions. The parameter sets in Table 5.1 were chosen with this
in mind. The Feller condition is satisfied in parameter set A, but not in parameter
set B. For each of these parameter sets, two maturities were considered. In order to
assess the effect of the volatility of the short rate process, two levels for n were also
considered. The various combinations of maturities and volatilities meant that a
total of eight different scenarios were investigated. For the discretisation schemes,
the parameters that were used are N = 500 and n = 100000. For the Carr-Madan
method o« = 0.75, vpmax = 150 and dv = 0.05.
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5.4.1 Results

For ease of comparison, the eight scenarios were grouped by maturity. Figure 5.1
contains all the scenarios where T = 1 and Figure 5.2 contains all the scenarios
where T = 10. The box within the plots are zoomed-in views of the at-the-money
(ATM) call option prices.

Figure 5.1 shows that when the maturity of the options are short-dated, the
three discretisation schemes produced prices that were very close to the Carr-Madan
prices. This is a good indicator that the HHW-1 characteristic function, Carr-Madan
method and discretisation schemes were correctly implemented. The figure also
shows that when the Feller condition was not satisfied, the QE scheme was slightly
more accurate than the Milstein-based schemes. Furthermore, the increase in  did
not seem to result in any noticeable changes to the performance of the schemes.

Figure 5.2 shows that when the maturity increased, the overall performance
of the discretisation schemes decreased. However, when the Feller condition was
satisfied, the three schemes still produced prices that were reasonably close to the
Carr-Madan prices. On the other hand, when the Feller condition was not satisfied,
the QE scheme was significantly more accurate than the Milstein-based schemes.
So much so, that the price differences are clearly visible in the standard, as ap-
posed to the zoomed, portion of the plot. Also notice that in this case, the errors of
the Milstein-based schemes increased as the options moved more deeply out-the-
money. Lastly, with the longer maturity, the increase in 7 lead to further differences
between the discretisation schemes and the Carr-Madan method. This was partic-
ularly noticeable when the Feller condition was not satisfied, with the increase in 7
further magnifying the errors of the Milstein-based schemes.

In Figures 5.1 and 5.2, there were no real differences between the Milstein-based
schemes where the short rate was approximated and exactly simulated. This indi-
cates that the Milstein scheme is an accurate approximation for the Vasicek model.

In summary, when the Feller condition was satisfied, the three schemes per-
formed equally well. When the Feller condition was not satisfied, the QE scheme
was more accurate than the Milstein-based schemes. With the differences between
them becoming increasingly more apparent as the maturity and volatility of the
short rate process increased. The QE scheme is therefore recommended as the
scheme of choice when simulating the HHW model. As a last remark in this chap-
ter, note that since Maze (2014) only considered parameter sets where the Feller
condition was satisfied, he would have obtained accurate results when using the
full truncation Milstein scheme.
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Chapter 6

Assessing the Deterministic and
Stochastic Approximations

The goal of this section is to assess the deterministic and stochastic approximations
from chapter 3. Section 6.1 describes how the approximations will be compared.
In section 6.2 the results are presented and analysed. Finally, in section 6.3 some
interesting results that were observed during these experiments are discussed.

6.1 Methodology

In the previous section, it was shown that when pricing under the HHW-1 model,
the QE scheme was the best performing discretisation scheme. Hence, It is used as
a benchmark in assessing the accuracy of the deterministic and stochastic approxi-
mations. Call options were priced using the HHW-2D and HHW-2S characteristic
functions and the Carr-Madan method. These prices were then compared to the
prices obtained using the QE scheme, with p, , set to zero.

Tab. 6.1: Parameter sets used in assessing the accuracy of the HHW-2D and HHW-
2S characteristic functions.

s 7 oo w7 [am] »n ]
A 100 | {1,10} | 0.06 | 25 | 0.5 | 0.06 | 0.07 | 0.05 | 0.07 | 0.01 | —0.3 | {0.2,0.6}
B 100 | {1,10} | 0.05 | 0.3 | 0.6 | 0.05 | 0.07 | 0.05 | 0.07 | 0.01 | —0.3 | {0.2,0.6}

The model specific parameter sets that were used for this experiment are given
in Table 6.1. With the exception of p; ., these parameters are the same as the ones
considered in the previous chapter. The various combinations of maturities and
correlations means that a total of 8 scenarios were considered. For each scenario,
5 strikes representing different levels of moneyness were priced. Since the Feller
condition is satisfied in parameter set A, the exact value of E[,/v;] or either of its
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approximations (i.e., A(t) and A(t) from Chapter 3) can be used when evaluating
the characteristic functions. For parameter set B, the Feller condition is not satis-
fied and 25 < 1. Only the exact value of the E[\/v;] can therefore be used when
evaluating the characteristic functions. However, in order to get a fair comparison
between cases where the Feller condition is and is not satisfied, the exact value of
the E[,/v;] was used across all the scenarios that were considered. For the Carr-
Madan method, the parameters that were used are: a = 0.75, vmax = 150 and
dv = 0.05. For the QE scheme: N = 1000 and n = 100000.

Grzelak and Oosterlee (2011) state that they expect the stochastic approximation
to be more accurate than the deterministic approximation as the volatility of the
short rate process increases. In the current literature, there is a lack of evidence
to support this claim. In light of this, a second experiment was performed. The
same scenarios as in Table 6.1 were considered but 1 was set to 0.1. The parameters
for the Carr-Madan method and QE scheme were also unchanged from those that
where used in the first experiment.

Finally, the efficiency of the deterministic and stochastic approximations was
assessed. The time that it took to price the 5 strikes under each of the scenarios
was measured!. The results were then grouped by maturity and averaged. The
grouping by maturity is due to the expectation that the run-time for the stochas-
tic approximation should increase as the maturity increases. This is because, for a
given tolerance, the time that it takes to solve the HHW-2S system of ODEs should
be dependant on the maturity. The average was computed because run-time is gen-
erally quite variable and so the average is a better indicator of the actual efficiency.

6.2 Results

The results of the first experiment are presented in Table 6.3. The error percentage
column is the relative error between the QE scheme and Carr-Madan prices, ex-
pressed as a percentage. The numbers in brackets indicate the standard deviation
of the QE scheme prices. Across all the scenarios that were considered, the average
errors for the deterministic and stochastic approximations were 0.64% and 0.63%
respectively. Furthermore, for the 40 options that were priced, the deterministic ap-
proximation was more accurate 21 times. The stochastic approximation was more
accurate 14 times and the two approximations yielded the same errors 5 times. The
maximum errors for the deterministic and stochastic approximations were 2.38%

and 2.89% respectively. For the first experiment, the results indicate that both ap-

! Note that all run-times were obtained from a 2.4 Ghz Intel Core i5 CPU (I5-4258U) with 8 GB

ram.
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proximations performed similarly well and it is difficult to make a statement re-
garding which of the two is more accurate.

The results of the second experiment are presented in Table 6.4. For parameter
set A, with p,, = 0.6 and T = 10, the stochastic approximation did not produce
a result. This scenario was excluded from the analysis to follow. The next section
will explore possibilities as to why the stochastic approximation failed in this case.

Across the remaining scenarios, the average errors for the deterministic and
stochastic approximations were 1.6% and 0.70% respectively. Compared to the first
experiment, the average error for the deterministic approximation increased by a
factor of about 2.4 and was much higher than the relatively unchanged error of
the stochastic approximation. For the 35 options that were priced, the stochas-
tic approximation was more accurate 25 times. The deterministic approximation
was more accurate 8 times and the two approximations yielded the same errors
twice. The maximum errors for the deterministic and stochastic approximations
were 7.45% and 3.12% respectively. Therefore, when the volatility of the short rate
process is high, the stochastic approximation seems to be a lot more accurate than
the deterministic approximation, confirming the claim made by Grzelak and Oost-
erlee (2011).

By computing the relevant averages across Table 6.3 and 6.4, the following ad-
ditional observations can be made. For both approximations, the average errors
increased as p; - increased. The average errors also increased as the options moved
more deeply out-the-money. The average errors were highest for the short matu-
rities and lowest for the long maturities. Lastly, for the first experiment, the Feller
condition did not have any noticeable impact on the average errors. On the other
hand, for the second experiment, the average errors were higher when the Feller
condition was not satisfied. Due to the small sample size that these additional ob-
servations are based on, it is difficult to make any firm conclusions. However, these
additional points should be kept in mind, especially when selecting what market
data will be used for calibration.

Tab. 6.2: Average execution time grouped by maturity

Maturity || QE Scheme | HHW-2D | HHW-2S
T=1 234.0929 0.0129 37.5207
T=10 187.27271 0.0119 61.6487

Table 6.2 summarises the average run-times, measured in seconds, for the two
approximations and the QE scheme. From the table, it is clear that the deterministic
approximation is significantly faster than the stochastic approximation and both of
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the approximations are significantly faster than the QE scheme. Furthermore, as
expected, the run-time for the stochastic approximation increased by a factor of
about 1.6, when the maturity increased. On the other hand, the run-times for the
deterministic approximation remained stable as the maturity increased.

In using the deterministic approximation to calibrate the HHW model to 27 op-
tions, Maze (2014) observed that his pricing function, which priced each of the 27
options, was called on average 2600 times. For calibration, the method for simul-
taneously pricing multiple strikes, that was proposed in section 4.2.4, is difficult
to use. This is because many different options with different maturities will be
observed in the market. To price a single option, the deterministic and stochastic
approximation took an average of 0.0063 and 32.2268 seconds respectively. This
average was computed from 10 runs, the exact value of the expectation of /v; and
a relatively short maturity of T = 1. Based on the results of Maze (2014), calibrating
with the deterministic and stochastic approximations, would take approximately
442.26 and 2262321.36 seconds, respectively. In terms of daily calibration, it is clear
that the deterministic approximation is a feasible method, whereas this disserta-
tion’s implementation of the stochastic approximation is not feasible.

Recall from section 3.3.3 that an alternative implementation of the hypergeo-
metric function by Brookes (2016) was used. Using the built-in MATLAB hyper-
geometric function implementation, the minimum time that the HHW-2S charac-
teristic function took for a single evaluation was 2.1527 seconds. This minimum
was based on 10 runs and a relatively short maturity of T = 1. To price the 5 strikes
under one of the scenarios that were considered in the experiments above, the char-
acteristic function needs to be evaluated 3001 times. It is therefore estimated that
if the built-in MATLAB hypergeometric function was used, it would have taken
at least 6460.2527 seconds to price one of the scenarios under the HHW-2S model.
This is significantly longer than the average execution time of 35.507 seconds from
table 6.2 and is even longer than the QE scheme’s execution time. This highlights
the inefficiency of the built-in MATLAB symbolic function?. It also illustrates how
one change to the implementation can lead to significant performance gains.

Note that for the QE scheme and the Carr-Madan method, the execution time
depends on the parameters that were used. In particular, for the QE scheme, N
and n are the variables that impact the execution time. While for the Carr-Madan
method, the variables of importance are vmax and dv. To ensure the best results for
the accuracy comparisons, large values for N, n and vmax were used and a small
value for dv was used. This resulted in long run-times. In reality, much more rea-

% Note that this could be a MATLAB specific problem and other programming languages could
have more efficient options for evaluating the hypergeometric function.



G —as(u)

6.3 Instability of the Stochastic Approximation 41

sonable parameters could be used, which should decrease the run-times. However,
even with these decreased run-times, the stochastic approximation is expected to
be too inefficient for calibration.

6.3 Instability of the Stochastic Approximation
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Fig. 6.1: The unstable behaviour of the HHW-2S characteristic function.

In figure 6.1a, the real part of the HHW-2S characteristic function is plotted for
values of u ranging from 0 to 150. The parameter set that was used for this figure,
was the one that failed to produce prices in the previous section. The figures show
that for certain values of u, the implementation of the HHW-2S characteristic func-
tion did not evaluate. The characteristic function also exploded at certain points.
Figure 6.1b shows one of the many other parameter sets where similar behaviour
was observed.

This behaviour seems to occur when «, ps, and T are large. Analysing the
component functions of the HHW-2S characteristic function, revealed that for these
scenarios, the numerical solution to the system of ODEs is a very large number.
The issue seems to arise because in evaluating the characteristic function, this large
number must then be exponentiated.

Various factors that could have influenced these results were investigated. In-
stead of ode23, all the other MATLAB ODE solvers were tested. Different im-
plementations of the hypergeometric function were also tested. However, these
investigations did not affect the behaviour that was observed. Furthermore, due to
the fact that only the characteristic function is plotted in these figures, any concerns
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relating to the Carr-Madan dampening factor can be ruled out.

It therefore seems as if there is some sort of theoretical or numerical instability
with the HHW-2S characteristic function. A situation like this was seen with the
original derivation of the Heston characteristic function and was later improved
upon by authors such as Albrecher et al. (2007).

It is difficult to verify this finding with other authors that have studied the
HHW model. In Grzelak and Oosterlee (2011), results are published for param-
eter sets where this sort of instability was not observed. Maze (2014) and Wang
(2011) only implemented the deterministic approximation, citing that the stochastic
approximation is too inefficient. Their results for the deterministic approximation
were matched almost exactly and the full comparison can be found in Appendix A.



Tab. 6.3: Accuracy of the HHW-2D and HHW-2S models for parameter sets A and B from table 6.1.

T=1 T=10
| Set || por | Strike || QE Scheme | HHW-2D | Error (%) | HHW-25 | Error (%) || QE Scheme | HHW-2D | Error (%) | HHW-25 | Error (%)

10 | 6268008 | 6271 0.06 62.71 006 | 80.07(027) | 80.34 0.33 80.36 0.36

80 || 26.89(0.07) | 2692 0.13 26.92 014 | 6295(026) | 6323 0.4 63.26 0.49

20% | 100 || 1297 (0.05) | 13.02 036 13.02 036 | 5568(026) | 5597 0.52 55.99 057

S 120 | 479004 | 483 0.90 483 082 | 4924(025) | 49.54 0.62 19.56 0.66
E 160 | 045001) | 046 177 0.46 185 || 38.61(023) | 3894 0.86 38.94 0.87
T 10 || 6268008 | 6271 0.06 62.72 006 | 8019(027) | 8045 032 80.53 0.42
A 80 || 2691(0.07) | 2695 0.13 26.95 014 | 6349(026) | 6376 0.43 63.85 0.56
60% | 100 || 13.04(0.05) | 13.09 038 13.08 036 | 5646(026) | 5676 0.52 56.83 0.64

120 | 486004 | 491 1.03 4.90 081 | 5027(025) | 50.58 0.62 50.63 0.72

160 | 047(001) | 048 173 0.48 194 || 40.02(024) | 4038 091 40.38 0.92

10 || 6271007 | 6276 0.07 62.76 007 | 8073(024) | 80.63 0.12 80.63 0.11

80 || 26.82(0.06) | 2685 0.11 26.85 012 | 6251(024) | 6243 0.13 62.46 0.08

20% | 100 | 11.39(0.05) | 1144 0.41 1143 038 | 5394(023) | 53.89 0.09 53.93 0.02

S 120 | 301(003) | 308 227 3.07 202 | 4585(023) | 4586 0.03 45.89 0.08
E 160 | 047(002) | 048 238 0.48 288 | 31.67(022) | 31.89 0.70 31.74 0.23
T 10 | 6271007 | 6276 0.07 62.76 007 | 8077(024) | 80.65 0.15 80.69 0.10
B 80 || 26.83(0.06) | 2686 0.09 26.87 012 | 6268(024) | 6256 0.19 62.69 0.01
60% | 100 || 11.44(0.05) | 1150 0.49 11.49 039 | 5422(024) | 5416 0.1 54.30 0.15

120 | 307(003) | 315 2.79 3.13 202 | 4627(023) | 4635 0.18 16.42 0.33

160 | 048(0.02) | 048 142 0.49 289 || 3244(022) | 3301 176 32.54 0.32
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Tab. 6.4: Accuracy of the HHW-2D and HHW-2S models for parameter sets A and B from table 6.1 with n = 0.1.

T=1 T=10
| Set || por | Strike || QE Scheme | HHW-2D | Error (%) | HHW-25 | Error (%) || QE Scheme | HHW-2D | Error (%) | HHW-25 | Error (%)

20 || 6261008 | 6266 0.07 62.66 007 | 7097027 | 7137 057 7111 0.20

80 || 2699(0.07) | 27.02 0.14 27.03 018 | 5857(027) | 59.02 0.76 58.79 037

20% | 100 || 1340 0.06) | 1347 050 13.45 041 | 5422(026) | 5470 0.88 54.49 0.49

S 120 | 533(004) | 541 142 538 085 || 50.60(026) | 5111 101 50.91 0.61
E 160 | 061001 | 062 155 0.62 178 | 44.85(025) | 4539 122 1521 0.82
T 10 || 6262008 | 6266 0.07 62.66 007 | 7480(029) | 75.25 0.60 NaN NaN
A 80 || 2727 (0.07) | 2729 0.10 27.32 019 | 6407(029) | 64.62 0.86 NaN NaN
60% | 100 | 14.01(006) | 1410 0.66 14.06 039 | 6025(029) | 60.84 097 NaN NaN

120 | 600004 | 612 2.08 6.05 077 | 57.04(028) | 57.65 108 NaN NaN

160 | 084(002) | 086 232 0.86 212 | 51.83(028) | 5250 129 NaN NaN

10 || 6265007 | 6270 0.07 62.70 008 | 68590025 | 6896 0.54 68.73 021

80 || 26.82(0.06) | 2684 0.06 26.87 016 || 54.86(025) | 5541 101 55.04 0.34

20% | 100 | 11.79(005) | 1191 1.00 11.85 051 || 50.13(025) | 5074 123 50.34 0.43

S 120 | 3570008 | 371 418 3.63 184 || 4623(025) | 46.90 144 46.48 053
E 160 | 055(002) | 054 173 057 257 | 4017(024) | 40.86 173 40.43 0.65
T 10 | 6266007 | 6270 0.06 62.71 007 || 7048(026) | 7132 1.19 70.28 0.28
B 80 || 27.000.06) | 2697 0.10 27.05 018 | 57.57(026) | 58.85 223 57.27 053
60% | 100 | 1227(005) | 1251 193 1233 051 | 53.08(026) | 5450 268 52.80 0.54

120 | 408004 | 439 7.45 415 172 | 4936(026) | 50.89 3.09 19.12 0.49

160 | 068(002) | 063 7.13 071 312 || 4349(026) | 4514 3.80 43.36 031
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Chapter 7

Conclusion

Three specific themes were explored as part of this dissertation. These included
the theory and implementation of pricing under the deterministic and stochastic
approximations, as well as the formation of an appropriate Monte Carlo discreti-
sation scheme for benchmarking purposes. Lastly, the deterministic and stochastic
approximations were assessed. A summary of the research and the key findings
under each of these themes, will be discussed in the paragraphs to follow.

The presence of /v; in its covariance matrix means that the HHW-2 model is
not affine. The deterministic and stochastic approximations are two techniques for
dealing with the terms containing ,/v;. As part of the deterministic approximation,
the terms involving ,/v; are replaced by their expectation, while in the stochastic
approximation, an approximation of /v; is added to the system of state variables.
The approximated models that result from these techniques, i.e. the HHW-2D and
HHW-2S models, are affine. The method by Dutftfie et al. (2000) for determining the
discounted characteristic function of an affine model was then applied to the affine
HHW-1 model and these two approximated models.

With a closed-form expression that was easily vectorisable, the HHW-1 charac-
teristic function was the simplest out the three. The final expression for the HHW-
2D characteristic function, was dependent on how E[,/v;] evaluated. If the sec-
ond approximation was chosen, the characteristic function could be simplified to
a closed-from expression. In the other cases, numerical integration was needed
to evaluate the characteristic function. However, in all of these cases, the HHW-
2D characteristic function was vectorisable. Evaluating the HHW-2S characteristic
function requires a system of ODEs to be solved. In MATLAB, this system was
solved with ode23 and the hypergeometric function implementation by Brookes
(2016). Due to its complexity, the HHW-2S characteristic function was not vectoris-
able.

In using these characteristic functions to price vanilla options, the Carr-Madan
Fourier method was selected. The extension to a stochastic interest rate altered the
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formulation in a sensible way, with the discount factor being dropped and the char-
acteristic function being replaced by its discounted version. As part of this discus-
sion, a method that was based on MATLAB’s vectorisation ability, was proposed
for the simultaneous pricing of many strikes.

Due to the complications in simulating the Heston model’s variance process, the
general Euler or Milstein discretisation schemes were not suitable choices. Draw-
ing on the research from the Heston model, the full truncation Milstein scheme,
which was the best performing adaptation of the general schemes, and the QE
scheme, which was the best performing Heston specific scheme, were extended
to the HHW model. These schemes, in addition to an alteration to the full trunca-
tion Milstein scheme where the interest rate is simulated exactly, were then com-
pared to the exact HHW-1 prices. When the Feller condition was satisfied, the three
schemes performed equally well. However, when the Feller condition was not sat-
isfied and maturities were large, the QE scheme outperformed the Milstein-based
schemes. For the extension to the HHW model, the effect of volatility of the short
rate process was an additional consideration. It was observed that large values
of n negatively impacted upon the Milstein-based schemes, while the QE scheme
remained relatively unaffected.

In order to assess the approximations, two experiments were conducted with
a range of challenging parameter sets. In the first experiment, both approxima-
tions were similarly accurate. In the second experiment, n was increased. This
resulted in a deterioration in the performance of the deterministic approximation,
while the stochastic approximation remained relatively unchanged. However, this
experiment brought to light the potential instability of the stochastic approxima-
tion. In terms of efficiency, the deterministic approximation was significantly faster
than the stochastic approximation and as expected, both the approximations were
significantly faster than the QE scheme.

Thus, the aim of assessing the deterministic and stochastic approximations was
achieved. In terms of calibration, this dissertation did not outline the specific proce-
dure, however, as discussed previously, the efficient calibration of the HHW model
is dependent on the ability to both accurately and efficiently price vanilla options.
Therefore, the findings of this dissertation can be used to make inferences about the
suitability of these approximations for the purposes of calibration.

In practice, when the HHW model is calibrated, the parameters of the short
rate process are determined first (Grzelak and Oosterlee, 2011). This means that a
sense of the size of 1 will be available before the stochastic volatility component
is calibrated. When 7 is small, the deterministic approximation is a recommended
choice that should result in satisfactory calibration. Furthermore, in this situation,
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the additional observations from section 6.2 could be used to ensure the selection of
optimal data for accurate calibration. However, when 7 is large, the deterministic
approximation did not perform as well. As such, the deterministic approximation
is not an ideal choice when the volatility of the short rate process is large.

Given the uncertain nature of the parameters that are inputted during the cal-
ibration process, the potential instability of the stochastic approximation is of par-
ticular concern. This, in addition to its inefficiency, makes it difficult to recommend
the stochastic approximation as a viable option for calibration. Despite its limita-
tions, it must be noted that in cases where ) was large, the stochastic approximation
exhibited promising signs of accuracy. It was also shown to be more efficient than
what other authors had previously postulated. Therefore, further research into the
efficiency and stability of the stochastic approximation, could result in it becoming
a suitable option for situations in which the volatility of the short rate process is
large.
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Appendix A

Comparing the HHW-2D
Implementations

As was previously discussed in Chapter 6, the implementation of the deterministic
approximation was compared to that of Maze (2014) and Wang (2011). The model
specific parameters that were used are Sy = 100, v9p = 0.0175, kK = 1.5768, 0 =
0.0571, v = 0.0398, ro = 0.07, A = 0.05, 8 = 0.07, n = 0.005, ps, = —0.5711,
psr = 0.2and p;, = 0. The results of this are presented in Table A.1.

Tab. A.1: Comparing the HHW-2D implementations.

T=1 T=10
Strike || HHW-2D | Maze (2014) | Wang (2011) || HHW-2D | Maze (2014) | Wang (2011)
50 53.3802 53.3802 53.3802 75.2871 75.2871 75.2837
55 487188 487188 487188 72.8989 72.8989 72.8956
60 44.0594 44.0594 44.0595 70.5437 70.5437 70.5405
65 39.4076 39.4076 39.4077 68.2258 68.2258 68.2222
70 34.7773 34.7773 34.7775 65.9492 65.9492 65.9459
75 30.1978 30.1978 30.1981 63.7175 63.7175 63.7143
80 25.7199 25.7199 25.7204 61.5335 61.5335 61.5303
85 21.4184 21.4184 21.4190 59.3999 59.3999 59.3969
90 17.3856 17.3856 17.3863 57.3186 57.3186 57.3157
95 13.7185 13.7185 13.7190 55.2912 55.2912 55.2881
100 10.4998 10.4998 10.5001 53.3190 53.3190 53.3159
105 7.7828 7.7828 7.7827 51.4027 51.4027 51.4001
110 5.5814 5.5814 5.5809 49,5429 49.5429 49,5397
115 3.8711 3.8711 3.8703 47.7396 47.7396 47.7361
120 25968 2.5968 25958 45.9928 45.9928 45.9896
125 1.6856 1.6856 1.6846 443021 443021 44.2992
130 1.0597 1.0597 1.0587 42,6670 42,6670 42,6632
135 0.6458 0.6458 0.6450 41.0868 41.0868 41.0849
140 0.3820 0.3820 0.3813 39.5605 39.5605 39.5580
145 0.2196 0.2196 0.2191 38.0873 38.0873 38.0851
150 0.1229 0.1229 0.1225 36.6660 36.6660 36.6641
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