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to isotropy and spatial homogeneity. (This evidence is discussed
in detail in [16]; see also [34] for a brief, recent review.)

But even the concept of "observational evidence" is in
some need of clarification. One of the problems here is that the
FRW moaels have become a firmly established part of the
observational cosmologist's theoretical framework. This has had
the unfortunate effect that the observational data is often
adjusted before publication by means of numerous correction
terms (see, e.g., [161), and these are calculated on the basis of
FRW-type assumptions. The first step in assessing the evidence
is to establish what is actually observed; this requires a
careful analysis of observational techniques such as that
undertaken in[381,£39]1. Given the results of such an analysis,
the observational status of the isotropy assumption may be
assessed.

The near-isotropy of the micro-wave radiation has often
been used as evidence for the isotropy of the universe about our
space-time point of observation, but there are certain difficulties
associated with this interpretation, quite apart from any problems
caused by the recently reported anisotropy. Without additional
evidence, current observations do not, for example, exclude the
possibility that the redshift of emission of this radiation
varies with direction (in fact, even within the FRW class of
models, there is a wide range of possible emission redshifts).
Furthermore, even if this redshift turns out to be the same in all
directions, one cannot deduce from this that the universe is
isotropic about the point of observation: a counter-example is

provided by the spherically symmetric, static model described

in [211.
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’ Whét we are raising here is the problem of uniqueness:
isotropy of space-time implies that all observations should be
isotropic. Not only the background radiation, but also the
observed magnitude-redshift and number counts-redshift relations
should>be isotropic. No distortion effect or apparent proper
motions of distant galaxies must be observed, since these would
single out preferred directions in the sky. The problem of
uniqueness may then be formulated (in this context) as the
converse question: do isotropic observations imply that the
space-time is isotropic?

If we accept that the aim of cosmology is to determine the
structure of the actual universe, it is not sufficient merely
to exhibit a model that is consistent with observations; it is
also necessary to show that this is the only such model.
Strictly speaking, of course, we should be concerned with classes
of model, since all that can actually be obtained from, e.qg.,
observations of the micro-wave radiation is an upper limit on
the anisotropy, rather than a statement of zero isotropy ([1]).
More génerally, there is a fundamental uncertainty inherent in
all cosmological observations ([{1]1,[£6],[401]). Thus any attempt
to verify that the universe is isotropic must ultimately concern
itself with the problem of stability: given that isotropic
observations do, in fact, imply space-time isotropy, can one
show further that small departures from observational isotropy
imply small deviations from space-time isotropy?

This problem is made particularly acute by the fact that

observational uncertainty increases rapidly with redshift, and
by the existence, in practice, of limiting redshifts, i.e.

redshifts beyond which certain observations cannot be made
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used'tﬁe:theory of element formation in FRW models, together
with current abundance estimates, to impose limits on the time
variation of the gravitational constant ([23]) and Planck's
constant ([471), and to bound the lifetimes of neutrinos
assoéiated with heavy leptons ([48]). The latter are also
sensitive to variations in the weak and strong coupling
constants, as well as the neutron-proton mass difference. If
there is sufficient uncertainty in these quantities to warrant
an investigation of this kind, one is presumably justified in
treating with some caution the results of the element
abundance calculations bounding anisotropy - these are
usually performed using specific values of these fundamental
constants.

Secondly, these arguments bound anisotropy only in the
vicinity of our galactic world line; extrapolation to larger
distances is based on the assumption of spatial homogeneity.
Unless this assumption can itself be verified, independently
of isotropy, such extrapolation is observationally unjustified.

But the observational status of spatial homogeneity is
far more dubious than that of isotropy. If we grant isotropy
about one point, spatial homogeneity immediately ensures that
the universe is isotropic about each point, and thus leads
unambiguously to the FRW space-times. A kind of observational
converse of this result can also be proved (see Chapter 6):

a space-time which (a) is spherically symmetric about a
regular, geodesic world line ("centro-symmetric" in the
terminology of [341]1), (b) contains a pressure-free, perfect
fluid and (c) satisfies Einstein's field equations, will be

FRW (and hence spatially homogeneous) within some region of
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our past light cone iff the observer area distance (see §4.2)
and number counts vary with redshift in exactly the manner
predicted by the standard FRW models. Thus one could, in
principle, verify spatial homogeneity within our past light
cone4by carrying out detailed measurements of area distances
and number counts as functions of redshift. An interesting
point here is that the predicted number counts appear to be
contradicted by observations ([161,[49]). This discrepancy is
usually explained in terms of galaxy evolution; in this case,
it is obviously not possible to use number counts to prove
homogeneity as well. The problems associated with checking
the area distance-redshift relation are numerous, since the
actual determination of area distances depends crucially on a
detailed knowledge of source and detector characteristics
({397).

Outside our past light cone, observational
verification of spatial homogeneity would be very difficult
indeed. Even in the standard models there exist particle
horizons, and thus regions of the universe from which we have,
as yvet, received no information.

Thus, while there is certainly some evidence for the
isotropy of the universe about our point of observation, the
spatial homogeneity hypothesis has, to an uncomfortably large
extent, the status of an unverified (and, in practice,
probably unverifiable), a priori assumption. In fact, it is
usually introduced at the outset by invoking the so-called
"Copernican Principle", which may be stated in various ways,
e.g.: "We do not occupy a privileged position in space-time"

(L151) . The philosophical basis of this principle has recently
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been Crificised very forcefully in [17]. Only one of the
arguments presented there needs to be mentioned, very briefly.
The Copernican principle has its roots in "the laudable desire
to express the idea that the creation of the universe was not
centéied on our presence, [but it] must not be confused with
the incorrect statement that we could equally well live in all
places and at all times in the universe". Even within the
solar system, our particular form of life could only haVe
evolved within a very narrow range of distances from the sun,
i.e. in a very special position. Equally then, the universe
might well be such that life (as we know it) could only have

evolved in "privileged positions".

§1.4. Alternatives: outline of thesis

Partly because of the problems mentioned above, a
number of alternatives to the FRW models have been investigated
in recent years. The literature now abounds with examples of
anisotropic and inhomogeneous cosmological models (for an
extensive review, see [341]).

Spatially homogeneous (but anisotropic) space-times
have been studied in great detail, but the observational
predictions of these models are difficult to derive. Except for
a few special cases ([50],[51]), approximation techniques need
to be used ([52],[53]). One of the major obstacles remains the
problem of integrating the geodesic equations in these models.
It is at this point that exact solutions of the field equations
become important; knowledge of closed form solutions is often
useful in deriving observational predictions. In Chapter 2 we

shall present a method that may be used to obtain, in a unified
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manner; many of the known exact solutions for spatially
homogeneous models. By way of illustration, we derive some new
solutions.

As an example of the possible consequences of
abanabning the Copernican Principle, we present, as Appendix
III, a joint paper with G.F.R. Ellis and R. Maartens in which
inhomogeneous, spherically symmetric models are discussed.

Both of the alternatives mentioned thus far suffer
from the drawback that they are still based on a priori
symmetry assumptions, and thus all space-times that do not
satisfy these requirements are ruled out by hypothesis rather
than by observation.

In Chapters 3 - 6 we shall consider a completely
different approach to cosmology, many of the ideas of which
are implicit in the remarkable paper by Kristian and Sachs
([{54]1). In this observational approach, the observations are
taken as the point of departure and we attempt to discover
what these imply about the large scale structure of the
universe - without making prior assumptions about its geometry.

One may do this cosmographically, i.e. without using
a set of field equations ([2],{5]), but we shall be concerned
mainly with the cosmological characteristic initial value
problem: cosmological null observations are regarded as initial
data on our past light cone for the Einstein field equations.

In Chapter 3, we introduce a system of null coordinates
that is reasonably well adapted to this problem. The assumption
that the galactic world line of the observer is a regular
geodesic imposes certain restrictions on the behaviour of the

metric, Riemann and stress-energy tensors in the vicinity of
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this wOrld line. These "central conditions", which are of
extreme importance to the rest of the analysis, are also
derived in Chapter 3, using the so-called NP-~formalism ([551]).

Chapter 4 investigates what cosmologically significant
infofmation can be derived from astronomical observations. It
is found that the most detailed information one can reasonably
hope to attain by direct observations of distant galaxies can
be represented by a "maximal data set", denoted D(wo,z*) (see
§4.3).

The aim of the rest of the thesis is then to determine
to what extent D(wo,z*) may be used to determine the structure
of the universe., In particular, it is shown in §5.2 that if
D(wo,z*) is used as initial data for the field equations, then
(under certain conditions which will be specified) the model
on the light cone is completely determined. This may be regarded
as the central result of the thesis.

Two problems that are common to most modern cosmological
investigations are highlighted if one adopts this observational
approach. Firstly, the paucity of cosmological observations
means that the required initial data is not currently available,
nor is it likely to become available in the forseeable future.
Various ways of dealing with this deficiency will be discussed.
One possibility is to make assumptions about the observations,
and this gives rise to various observational space-times
associated with a particular class of observations (see §4.5).
An observationally isotropic space-time, e.g., is the
equivalence class of space~-times in which all cosmological
observations aboutone point are isotropic. Thus it is suggested

that symmetry assumptions might well have to be made, but these
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would reiafe to the actual observations rather than to the
space~time itself. Such assumptions could, in principle, be
checked at one space~time point.

Furthermore, the characteristic initial value problem,
as forhhlated in §5.2, requires that the initial data on the
initial past light cone C_(p) be prescribed as Cc” functions
of three variables, whereas, in practice, the actual measurements
yield discrete sets of data points to which smooth curves are
then fitted by a variety of statistical techniques. In 85.4 - 6
we shall assume that the initial data is specified in polynomial
form (with bounded remainder terms), and then actually carry out
the integration of the field equations explicitly up to the
highest order possible.

The second problem arising from the observational
approach relates to the hyperbolic nature of the field equations.
In general, the characteristic initial value problem is not
well-posed if data is specified only on one past light cone C—(p).
Clearly, in order to predict to the future of C—(p), one has to
adopt some kind of "predictability criterion", either by assuming
analyticity ([561), or by specifying (arbitrarily) initial data
on some intersecting hypersurface ([57]), or by assuming that the
space-time satisfies certain global conditions that render it
"deterministic" ([58]). Even within the past light cone, the
existence of limiting redshifts restricts the maximal development .
We have not investigated this problem in any detail in this
thesis: it appears that the NP-formalism is not ideally suited
to a rigorous discussion of the propagation of the solution off
C—(p), except possibly in the analytic case. Nevertheless, in

§5.3 (cf. also §5.6), it will be argued that the solution on C_(p)
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some ways the cosmological analogue 0of the "linguistic turn”
in philosophy ([631), we wish to emphasise, from a new
perspective, the vital role of observations in what is often

claimed to be - and should be - an empirical science.



2. EXPLICIT SOLUTIONS FOR SPATIALLY HOMOGENEOUS MODELS

§2.1. Introduction

Spatially homogeneous models (see, e.g., [31],[34]) are
based on space-times that admit a group Gr (r = 3,4,6) of
isometries acting transitively on 3-dimensional spacelike
orbits. The so-called Bianchi models arise when the Gr acts
simply-transitively on the group orbits. In this case, it is
always possible to find coordinates (t,xv), (v =1,2,3), such
that the metric is given by

d52 = ~dt2 + guvdxudxv

and the group orbits are the spacelike hypersurfaces
{t = constant}. (In this chapter only, we shall work with a
metric of signature (—-+++).)

If r = 6 or r = 4, then, in addition to the simply-
transitive G3 subgroup, there is (respectively) a 3- or 1-
dimensional isotropy group acting in these hypersurfaces.

A space-~time is called Locally Rotationally Symmetric (LRS)
if it admits a spatial isotropy group at every point ([641]).
Throughout this chapter we shall take the stress-energy

tensor to have the perfect fluid form

T.p = (u+p)uaub tpg,, o wu, = -1, (2.1.1)

with the total energy density u and the isotropic pressure p
related by an isentropic equation of state (see, e.g., [31])
p=(vy-1)uy , 1<y < 2. (2.1.2)
The fluid 4-velocity may be written as ([43])

ua = nacoshB + casinhB (2.1.3)

a . . a . . .
where n~ is the unit normal to, and ¢~ is a unit spacelike

vector lying in, the group orbits; B is called the "hyperbolic

21
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determined from D(wo,z*) may be propagated off C-(p) without
additional specification of "transverse" derivatives. The
argument used is essentially that employed by Bondi et. al.
([59j), Sachs ([60]), Newman and Unti ([61]) and Tamburino
and Winicour ([62]1). This argument would appear to guarantee
existence and uniqueness in the analytic case, and it seems
likely that the result may be extended to the non-analytic
case by confining attention to the interior of C—(p) and
using techniques similar to those employed by Muller zum
Hagen and Seifert ([{57]). But the problem of finding a
suitable predictability criterion remains unsolved.

It should be emphasised that the approach we are
advocating can be used in conjunction with more conventional
methods. Thus one might, as in Chapter 6, assume a priori that
the space-time is spherically symmetric about one world line,
and then undertake an observational analysis. This allows one
to answer such questions as: what observations in a universe
that is isotropic about one world line will imply that it is
isotropic about all world lines?

Finally, it should not be supposed that we are
attempting to construct a presuppositionless theory of cosmology.
We shall be only too conventional in adopting the fundamental
principles and the perfect fluid idealisation discussed in §1.3.
Furthermore, as we have tried to emphasise in §l1.2, a complete
cosmological theory consists of more than just a geometrical
description of the universe (which is all that a solution of
the initial value problem would yield, even if indefinitely
accurate measurements of the required initial data were to

become available). But, by adopting an approach that is in
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tiltianéle": if 8 = 0, the models are called "orthogonal",
while "tilted" models arise when g = O.

In all spatially homogeneous models, a suitable choice
of coordinates reduces the field equations

1

Rab - ngab - Tab (2.1.4)

to ordinary differential equations with independent variable
t. The standard techniques for analysing the qualitative
behaviour of the solutions may then be applied (see, e.g.,
(42],[61]). However, there appear to be very few systematic
procedures available to obtain exact (closed form) solutions
of these equations. Wainwright et.al. ([65]) have recently
shown how solutions for stiff matter models (y = 2) may be
obtained from the vacuum solution. In this chapter we present
a systematic method for obtaining first integrals of linear
combinations of the field equations. This often allows one to
reduce the system of equations to one ordinary differential
equation plus a set of quadratures, or to obtain closed form
solqtions.

We shall first present the method, which is based on
the concept of a decomposable differential operator ([661,
included as Appendix IV), and then give two examples to
show how it is applied. Both solutions given in §2.3 are, as
far as we are aware, new (although they first appeared in

a joint paper with Maartens, [66]).

82.2. Decomposability

A cursory examination of the field equations listed in

§2.3 reveals that they are all of the generic form
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(Note that these are all constant matrices.)

The operator L will be said to be decomposable if
there exist functions—F = F(uA,t) and G = G(0®,uP,t) of
differentiability class k-2 and k-1, respectively, in their
argﬁhents, such that

A S A

La{uA}(t) = F(a®, 06 ?,dB, ) . (2.2.6)

Clearly F_l is then an integrating factor for the equation

La{uA}(t) = 0, so that (2.2.3) may be integrated to
A
clu®, $¥, t(0)] = tymt , (1geR) (2.2.7)

where we have introduced a new independent variable, 1t , by

1

T (t) [a®(e'), e Jat" (2.2.8)

i

[H[uA(t'),t']F_

The first complete characterisation of decomposability
for operators of the form (2.2.4) was given in [66], where it

was shown that La is decomposable iff

(a;)%ay, + (a,)2a; - ajasa; = O (2.2.9a)
: 2 2
and (ag) "a, + (ag) a3 - asagay; = O . (2.2.9Db)

However, the proof presented there required consideration of
a number of cases and subcases. This may be avoided by the

simple device of treating « 8

A’ and Yap @S spinors. Thus

A

indices are raised and lowered by

A AB A

@’ = e Tap s 0p = @ €,n ) (2.2.10)
where

¢AB - (LAB1 o1 _ g (2.2.11a)

ap = S(ap]’ €01 = 1 - (2.2.11b)

It is convenient to define



25

¥ = . (2.2.12)

THEOREM 2.1.

A, _  sA A B A .
Li{u } = a,V + YagV Vv + BAV , with a, # 0
is décomposable iff
a Y = 0 (2.2.13a)
and eAsBYAB = 0. (2.2.13b)

(It follows immediately from (2.2.5b) and (2.2.10) that

(2.2.13) is equivalent to (2.2.9).)

Proof. Necessity:

Suppose
A A_B A _ A * A A
a,V + YagY v + BAV = F(u ,t)G(v ,u ,t). (2.2.14a)
Since
" _ 3G A 3G _A , 3G
G = —p v + —a Vv + T (2.2.14b)
AV Ju
it follows that
_ 9G
ay = F —a (2.2.15a)
oV
and
A_B A _ 3G A |, 3G
YagY + BV = F L AV t3 ] (2.2.15b)

Differentiation of (2.2.15b) with respect to VC gives

2 2
2‘YACVA + BC = F [ —EXQ—E VA + égc + —A—QE ] (2.2.16)
gu 3v 3u atav
32G
Further differentiation (using the fact that 3 B - 0,
aV 9V
which follows from (2.2.15a)) gives
2
3°G
Y = F e (2.2.17)
AB au(ABVB)

where round brackets denote symmetrisation.
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Hence, by (2.2.15a)

Yap = -F %A B) (2.2.18)
Ju
But, since aAaA = 0, by (2.2.10), it follows immediately from
(2.2.18) that
A B _
a4 Yap T O

thus establishing the first decomposability condition,
(2.2.13a).
Now this is just the condition that ap be a principal null

direction of the symmetric spinor YaB* Thus (see, e.g., [731])

YaB = a(ApB) , some constant spinor Pp - (2.2.19)
Now (2.2.18) gives

EEX = - Fp, (2.2.20)

Ju

while substitution of (2.2.17) into (2.2.16) yields

2 2
B = F L “% PR GC - %‘3A v 3 (2.2.21)
Ju atav du dv
Thus
3
-2 oF 937G 9 -2 oF
F B = == { F o — }
(C auB] atav[cauB] ot (C auB]

so that, by (2.2.20)

-1 OF

BrePel = 7 %refef 3T (2.2.22)
On the other hand, it follows from (2.2.15b) and (2.2.16)
that
A_C 32G A C 32G C aG
YacV v =F [ R c VvV + c VvV T 3% ] (2.2.23)
du av atav
and hence, by (2.2.17)
32G C 3G
cV T 3f < 0 (2.2.24)

atav
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rurthermore, (2.2.15a) and (2.2.21) imply

C c [ 3G 32G A

- v’ ]
Buc BucavA

which, after differentiation with respect to t, and use of
(2.2.24), gives
3F
—B—E—O. (2.2.25)
On comparing (2.2.22) and (2.2.25), we therefore have

A B _

BB app =0
which, by virtue of (2.2.20), establishes the second condition,

(2.2.13b)

Sufficiency.

Suppose (2.2.13) holds. Then (2.2.19), which now follows from

the fact that an does not vanish identically, defines a

constant spinor Ppr Let

expl -p u? 4 ot ] (2.2.26a)

F a

and

G=F [ a,v' + « ] (2.2.26Db)

where o and «k are constants defined as follows:

A

If « BA = 0, then BA = oo, and ¢ = 0. (2.2.27a)
1f o, = O, then B, = xp, and o = O. (2.2.27b)
Then
F(uA,t)é(vA,uA,t) = aAGA + aAvaAvB + [KDA + oaA]vA
= aAGA + gV vB 4 BAVA

where the last equality follows from (2.2.12) and (2.2.27), O
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Maarténé ([51,066]) has shown that the decomposability
conditions (2.2.9) are invariant under all transformations of
variable that leave the form of (2.2.1) invariant. Thus, if
La is not decomposable, no form-preserving transformation

of variable can render it decomposable.

§2.3. Examples.

By means of illustrative examples, we show how the
results of the foregoing discussion may be used to obtain
exact solutions of the field equations for a variety of
spatially homogeneous models. We shall assume throughout

that the cosmological constant vanishes.

Example 1: Orthogonal, L.R.S. models

For these models, there exist co-moving coordinates

(xa)E(t,x,y,z) such that the metric is given by

as? = —dt? + x2(t)ax? + v (t)[dy’ + £2(y)ldz?
- x?(t)h(y)[2dx - h(y)dzldz (2.3.1)
where
| siny 2c cosy 1
f(v) =| v |, nhy) =] -c?y? |, ifk=]o | (2.3.2)
sinhy -2c coshy -1

and c,k are parameters related to the symmetry group of the
space~time.

The fluid 4-velocity is
u? = § (2.3.3)

and the field equations are

.. . 2
XY | Y, 2 54 = (1-v)u (2.3.4a)

i
24 o
X Xy Y v
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.2 2
2
2 &+ K - 3ef X = (- (2.3.4b)
Y Y '
. ) 2
Y Y + k 2 X
2 §§ oS-t =y (2.3.4c)
Y Y
while the conservation equations, Tab.b= 0, reduce to
14, X Y _
Ty Txt2y=0 (2.3.4d)

We shall present here only the solution for the case
ck # 0, corresponding to Bianchi Types VIII (k = -1) and
IX (k = 1), with a "stiff matter" equation of state, Y = 2.

Equations (2.3.4a,c) give

k<o

k
+ +_2 =0 (2.3.5)
Y

N|><'
<

2
5 + 3

>
+
Kl
|

By performing the transformation (2.2.2), we may write this
in the form (2.2.4), with

1 1 3/2
I} YAB = 7 BA =0 (2.3.63)

3/2 2

It is easily verified that (2.2.13) is satisfied, and from

(2.2.19) we find

1
OA=

(2.3.6Db)
2
Thus (2.3.5) decomposes to
2. -1 2., X Y . -2
(XY™) {(XY™) ( A )} = -kY
or
{ Y(xXY)' }~ = -kX (2.3.7)

This immediately suggests defining a new time parameter, rt,
by
t(t) = [ x(t')at' , (2.3.8)

and now (2.3.7) may be integrated twice to yield
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(x¥)% = ~kt® + at + b , (a,b ¢ R) (2.3.9)
Integration of (2.3.4d) yields

p=e? XY, (e e p) (2.3.10)

Now -substitution of Y and uy from (2.3.9,10) into (2.3.4c)

provides a differential equation for X(t):

112 = {(a% + 4bk - %)X % - 4c?) «x

x (~kt2 + at + b) 2 (2.3.11)

This is separable, and thus X(t) may be determined by a
simple quadrature, after which Y (1) and p(r) follow from
(2.3.9,10). The full solution is therefore obtained in
parametric form, where the proper time t is related to

the parameter t by

t() = J xLrnac (2.3.12)
The relation between the vacuum and y = 2 solutions
(cf. [65]) is particularly simple in this case: the vacuum

solution is found by setting the constant e to zero throughout.

Example 2: Tilted, L.R.S. models

The simplest models in this class are the Bianchi
Type V models, for which there exist co-moving coordinates

(xa)E(t,x,y,z) such that the metric is given by

ds? = -at? + x%(t)ax? + Yz(t)exp(—Zon)(dyz + dz?)
(2.3.13)
where Ao € R, Ao # 0. The fluid 4-velocity is
u® = (coshg) 62 + (X—lsinhB)Gi (2.3.14)

where B8 is the hyperbolic tilt angle (see §2.1).
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The field equations are

L] A2
X XY (0] . 2
R ar g .
X + 2 XY 2 x2 L (2=Y)u + Yusinh® g
2
L] 2 . @ A
Y Y XY (0]
S+ =+ -2 =0 = 5(2-Y)u
Y Y2 XY X2
A . .
o, X Y ., _ .
2 3 ( X v }) = yusinhBcoshsB
2
L) 2 . & A
¥ + 2 XY 3 -0 = ucoshzs + (Y—l)sinhzs
Y2 XY X2

while the conservation equations can be written as

A
{1og (nYx¥’coshg) } = 2 °tanhs

(v=-1)/

{loglu "Xsinhgl}® = 0

(2.3.15a)

(2.3.15b)

(2.3.15c)

(2.3.154)

(2.3.16a)

(2.3.16b)

Again the case v = 2 will be solved. A special case of

this solution was first found jointly with Maartens

By (2.3.16b)

u o= A("i(othinhB)—2 , (a0 € R)

But -(2.3.15a,b) imply
X ¥ ¥ % 2 2, . -2
—X' - —Y- - —2+ 564 = 2usinh™ B = 2AO(GX)

where the second equality follows from (2.3.17).

Now (2.3.18) decomposes to give

[ oxy?)

5| e
|

R [ e
Ny

"= 2a%a%x 1y ,
o
while (2.3.15b) also decomposes and yields

{ X(Yz). ) o= 4A§X_1Y2

Let

£ = f X_l(t')dt'

((661).

(2.3.17)

(2.3.18)

(2.3.19)

(2.3.20)

(2.3.21)
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Then’(2{3.l9) and (2.3.20) become, respectively

d 2,1dx _ 14y _ 2 =22

Eg_{Y ( 3 az Y dt )} = 2Aoa Y (2.3.22)
and

d2 2 2.2

— (Y") - 4AOY = 0 (2.3.23)

dg

Now (2.3.23) integrates immediately to give

Y2(E) = a cosh(2AOg) + b sinh(2AOg) , (a,b e R) (2.3.24)

In order to integrate (2.3.22) we use (2.3.24):

2 d

X 2 =2
Y d—g—{log(Y)}

ZAOa [ Yz(E)dE

i

24 (v%) 4y ¢, (ceR (2.3.25

Q.alQ.;
o™

and hence

-2
X(g) = e Y(l+a )exP {c [Y—z(a)da} , (e € R) (2.3.26)

In order to find B(&) and u (&), note that, under the
transformation (2.3.21), equation (2.3.15c) becomes

a_
o dg

A {log(g)} psinhgcoshg

= Aga—zx_zcothB

where the last equality follows from (2.3.17). Hence, by
(2.3.25)

—lX2Y—2 2 dy

cothg = AO (a"c + Y az) (2.3.27)

and now p may be obtained directly from (2.3.17).
Once again, the solution has therefore been found in
parametric form, with the proper time t related to the

parameter & by
t(g) = J X(g)dg (2.3.28)

In both the examples considered in this section, the
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K = ka;bmakb
g = ka;bmamb
o = ka;bma_b
T = ka;bmanb
8 = %(k ;bnamb - ma;bﬁamb)
@ = %k, %0 - M, R
e = %(k,, nK m kD)
Yy = %(ka;bnanb - ma;bﬁanb)

The irreducible pasrt of the curvature tensor R

-a b
a;bm n
-a-b
a;bm
-a_b
a;bm m
-a, b
m k
aib (3.2.3)
are

abcd

represented as follows: the Weyl tensor Cabcd is described by

Yo = - Cabcdkambkcmd
¥, = - Cabcdkanbkcmd
Yo = = Cabcdfﬁanbkcmd
¥4 Cabcdkanbncﬁ\d

Yy, = Cabcdnaﬁbnc—d ’

90 = - %R_ k°k 9,

o9, = -~ %R bkamb 1o

®p2 = “%Rabma b %22
with

o o = EIJ , (1,7=0,1,2)

while the Ricci scalar is given by

1
A—ﬂR

il

(3.2.4a)
a_b a-b
Rab(k n+ mm’)
ab
Rabn m (3.2.4b)
a_b
Rabn n
(3.2.4¢c)
(3.2.44)
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(c) y = r, where r is the observer area distance (see §4.2)
of events with respect to C.
In general, if y is chosen as one of (a)-(c) in an open
neighbourhood of C, it will not be co—ﬁoving with the fluid.
Altéinatively, one may specify y to be one of (a)-(c) on one
light cone, and then drag y off this light cone by the fluid
4-velocity u. In this case one has

Luy = Q iff y,aua = 0 iff ul = 0, (3.3.5)

where L denotes the Lie derivative. Given a choice of y from
the possibilities (a)-(c), either of these alternatives
determines y uniquely.

(iii) xA: Label the null geodesics ruling the past light
cones by the "angular coordinates™ XA. (This terminology

will be justified in §53.4.) Thus

L__x = Q, or X ’ak = 0, (3.3.6a)
so that
a _ ,dy,sA (3.3.6b)
k (Fv)°1 -

This determines XA up to a relabelling of the null generators:

a' A
X

A
= X (w,x

) (3.3.7)

Clearly, these coordinates do not cover all of space-
time. Firstly, there is the standard singularity associated
with the angular coordinates on C. But even off C, the
coordinates do not necessarily give a one-one covering of
that part of space-time that is observable from C.

They may give a many-one covering: this will occur when
the light cones develop caustics, either because the space-
sections are compact, or because the gravitational lens

effect ([70]) may cause neighbouring null geodesics to join
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the'samé event to the observer. Thus it may be possible to
observe the same object in different parts of the sky, at
different redshifts and at different times in its history.
Actually to decide what identifications need to be made
amoﬁést the observed objects will therefore be difficult -
nevertheless, such (possibly non-local) identifications
need to be made in order to assign local coordinates to
events. This problem will be discussed in more detail in
§4.1.

On the other hand, these coordinates could also give
a one-many covering (i.e. the same coordinates might refer
to distinct events). This could occur if r or z were to be
used as the y coordinate since, in general, there is no
guarantee that either of these quantities is a monotonic
function of affine distance down the null geodesics. In
a spherically symmetric, static space-time, e.g., it seems
that the area distance is not a monotonic function of the
redshift ([21]), and thus one of these quantaties is not a
monotonic function of v.

§3.3.2.

The particular choice of y adopted will depend on the
problem at hand. If one is interested in obtaining exact
solutions of the field equations, a co-moving coordinate
offers the advantage that if, in addition, the fluid
4-velocity components uA vanish (A =2,3), the contracted
Bianchi identities may be integrated (this will be the case
when the proper motions vanish - see §4.2). Choosing y to
be either r or z means that y is an observable coordinate;

this is useful for a cosmographic analysis of the kind
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undertaken in [21,[5]. A distinct disadvantage of both r
and z as coordinate choices is that, as Penrose has pointed
out ([71]1), they are both essentially non-local quantities
(the monotonicity problem mentioned above arises because of
thié). Throughout this thesis, we shall therefore choose

Y = V Iin a neighbourhood of C.

A further advantage of this choice is that it implies

= - = 01 i gx =
o1 = 1 =g 7, as follows from (3.3.6b) with v 1. In
fact,

_ b _ b _ _ .0

91a ~ gabk = 795 Wi T T840 (3.3.8a)

while
ao ab ab a a
g = g wrb = -9g kb = -k = _51 . (3.3.8b)

Thus the coordinate components of the metric tensor

are given by

r 3
90 -1 902 Y03
-1 o0 0 0
9ab ~ (3.3.8c)
Jo2 © *
9aB
9o3 ©
(o -1 o o )
11 12 13
ab -1
g?° = (3.3.84)
12
O AB
g
\ O 13 J
ab
where g and 9, are related by
BC _ C
9agd = S, (3.3.8e)
1A _ AB . 12 -1
g7 =959 s 1. 97 = (955953 795395300 T

13 _ -1
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(3.4.45),
v lemd = /2lo(v)n® + o(v)k?]
V_laka = 2lo(v)n? + o(v)m®1 - /§v_lma ,

from which (3.4.58) follows immediately.

§3.4.5.

The central behaviour of the fluid 4-velocity components

can now be calculated. Using the central limits

is readily shown that (3.3.9) implies

2—an+ 2row®) ik + owPim + o(v)R
= =k

§§7 = o(v)k - f%v[jl+o(v)ﬂﬁg+i]

3§§ = o(v3)5 - f%vlﬁl+o(V)][g-i] p

from which it follows that

o 1

u=-un + {[-%+o(v2)]uo-+u

+ {o(vz)uo-—f%v[l+o(v)][u2+iu3]}m

+ fo(vHu® - vil+o(v) 1u’-iu’im .

But, by (3.3.1) and (3.4.36a)

_ 1 _
Ule = 3gle = ~@+3K) o = E |,

Comparison of (3.4.69) and (3.4.70) gives

limuO = 1

v-+0

lim ul = 0

v->0

lim uA = uAO(w,xB) ,

v->0

(3.4.46), it

(3.4.68a)

(3.4.68b)

(3.4.68c)

(3.4.684)

4—o(v3)u2-+o(v3)u3}5-+

(3.4.69)

(3.4.70)

(3.4.71a)

(3.4.71b)

(3.4.71c)
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where ﬁAo(w,xB) are arbitrary functions. (The physical

significance of these functions is discussed in §5.5.)
Finally, the total energy density, denoted M from

now on in order to distinguish it from the spin coefficient

u,fas well as the pressure p must both tend to well-defined,

finite limits (since they are scalars, and C is regular),

and thus
limM = M%(w) (3.4.72a)
v-+0
limp = p%(w). (3.4.72b)

v-+0



4, COSMOLOGICALLY SIGNIFICANT OBSERVATIONS

§4.1. Introduction.

In order to study the cosmological characteristic
initial value problem, it is necessary to investigate what
cosmologically significant information can be derived from
observations. Since the most important observations relevant
to cosmology are those of distant galaxies and of the
background radiation, we shall be concerned almost exclusively
with these. Three other kinds of observation (discussed in
more detail in [2]), however, also deserve to be mentioned.
(i) Local physical experiments are important in so far as
they provide the theoretical framework in terms of which all
observations are interpreted (see chapter 1). Whether
detailed cosmological information could ever be extracted
from the results of purely local experiments, is uncertain
(but see, e.g., [771]).

(ii) Local astronomical observations provide knowledge of

the local ordering of matter, and one of the basic assumptions
made in chapter 1 is that this ordering holds also on
cosmological scales. Together with geophysical data, local
astronomical observations provide important information about,
e.g., light element abundances. Such information needs to be
incorporated in any detailed cosmological theory.

(iii) Cosmic rays present a slightly different problem: if
one could prove that they were extragalactic in origin and
find ways of "separating out" the interactions they have
undergone, observations of these massive high energy particles
could well yield significant information about distant

regions of the universe.
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Fdr our present purposes, therefore, these observations
will be regarded as imposing constraints that any viable
cosmological model must satisfy; they do not provide
information that can be used as initial data for the initial
vaiue problem under consideration. Only the observations
mentioned in the first paragraph will therefore be discussed
in detail.

A common feature of all observations that can be made
of distant galaxies and of the background radiation is
that the information feaches the observer on the central
world line C by means of electromagnetic signals, so that
these observations give information about the past light
cones of points on C.

Each single observation is made over a finite time
interval, and thus involves a l-parameter family of past
light cones, rather than a single light cone. But in a
characteristic initial value problem, initial data needs
to be specified on just one past light cone C (p) (we are
aséuming, for the moment, that the solution is required
only in the interior of C—(p)). This problem can be overcome
by appealing to the fluid approximation already assumed and
to the scale of time variation of cosmological quantities,
in order to construct an idealised initial past light cone
C—(p): all the available cosmological information obtained
from actual observations made at different times and in
different directions is simply assumed to have been obtained
by observing from a single point, p, on C, and is used as
initial data on the single past light cone C_(p). This is

clearly a "smoothing approximation” of sorts, similar to
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measuring the distortion present in the images of objects
whose intrinsic shape and size are known. An intrinsically
spherical object, for example, will appear elliptical in
general, with the ratio of major to minor axes determined
by lo[ and the orientation of the ellipse (with respect to
the preassigned 2-plane element basis vectors Re(m) and
Im(m)) determined by argo (see, e.g., [78]). What one is

really measuring in this way is the integrated shear

v A av
Jcrdv = J(oag) dz
o o

rather than the shear itself; but by carrying out measurements
for all values of z down a fixed null direction, one may

%% by differentiation, thereby obtaining what we

deduce ¢
shall refer to as the (o%%,z) or "distortion-redshift
relation".

§4.2.4. Number counts

Suppose the observer on C counts galaxies seen in a
solid angle df in the null direction xA down to an affine
distance v. An affine increment dv will include dN new
galaxies in the count, where dN is the number of new sources

detected in the proper volume (see [15])

dv = r2d9(1+z)dv.

If the number density of sources at a distance v is n,
then ndV new sources will be included in this volume, and
thus

dN = fnr2d9(1+z)(%%)dz, (4.2.22)
where f is a selection function (see [38]) representing the
fraction of sources in the volume element dv that are
actually detected. Thus the total number of galaxies counted

within a solid angle down to a redshift z is given by
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: Z
N(z) = J(g—‘:.) dz'
O

Provided that the selection function f is known (in
practice one would have to estimate f from a knowledge of
galactic brightness and spectra and the detection limits
of the apparatus used), number counts of distant galaxies
therefore determines‘fangg as a function of redshift and
direction. Thus, since r may be determined by other means,

dv

n =— 1is measurable.
dz

§4.3. Maximal Data Set

Given the results of ideal observations, i.e.
observations carried out to indefinite accuracy in all
directions, the discussion in the previous section shows
that the following quantities are, in principle, measurable:

o A dv dv _dv
b TR LA T

Because of limitations in the detection apparatus (and,
possibly, because the universe becomes opagque at some era
in the past) there will be limiting redshifts beyond which
further observations cannot be made. These will not
necessarily be the same for all measurable quantities, or
even the same in all directions for any particular quantity,
but in order to simplify the discussion somewhat, we shall
assume that these limiting redshifts have the same value
z*(xA) for all observables (alternatively, z* is just a
suitably defined minimum limiting redshift).

In most calculations, it is convenient to work with
the (r,z) rather than the (p%%,z) relation; we shall

therefore take as our initial data the set
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A dv _dv

D(wo,z*) = {(uo,u , T )| w=w , O0sz<z¥%, er<R}

93z '"az o
where Wy is the proper time on C at which the observations
are assumed to have been carried out.

It is conceivable that more information could be
obtained from direct observation: in principle, there is
no reason why one should not be able to measure the time
derivatives of some of the gquantities in D(wo,z*). Thus,
e.g., one might be able to measure time variations in the
redshifts of certain sources. However, any attempt to
include such derivatives in the initial data set faces the
severe problem of having to decide when such time variations
are of a cosmological rather than astrophysical nature. The
variety of explanations put forward to explain the recently
discovered variation in redshift of the radio source S5S433,
e.g., seems to indicate that it would be very difficult
( or perhaps impossible) to establish conclusively that such
time variations are indeed cosmological in origin. ( The
proper motions of galaxies are included in D(wo,z*) because
they do not seem to suffer from the same inherent ambiguity).

The set D(wo,z*) will therefore be taken to represent
the most detailed cosmological information one could hope to
obtain by direct observation of distant galaxies, and will
henceforth be referred to as the maximal data set. In the
unlikely event that information not included in D(wo,z*)
does come to light, we shall use such information as a check

of both the primary data and the field eguations used.

§4.4. Background radiation

The term "background radiation" refers to radiation
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redeivéd from all unresolved sources down the line of sight,
i.e. both to unresolved discrete sources and to continuous
sources such as intergalactic gas or the primeval plasma.
For our purposes, the most important information to
bevéained by measurements of this radiation are its spectrum
and the energy density Mr o at the point p of observation.
Observations appear to indicate that the background
radiation (or at least the microwave component) has a well-
defined (black body) temperature and is reasonably isotropic
about p. If this is indeed the case, then the radiation

density on C (p) is given by ([151)

_ 4
Mr = (Mr p)(l+z) (4.4.1)

In chapters 5 and 6 we shall make the assumption that,
for dynamical purposes, the radiation contribution to the
total stress-energy tensor is neglible - the galactic fluid
will be regarded as a pressure-free perfect fluid. This
assumption is almost certainly violated at early times. A
slightly more realistic matter-energy description could be
achieved by assuming that the stress—-energy tensor Tab
consists of separately conserved matter and radiation
components, represented by the same average 4-velocity ua,

with equations of state

(4.4.2)

_ 1
Phatter ~ O, pradiation"?M

radiation®
(For the remainder of the thesis we shall use the symbol

"M" to denote the energy density, since the more conventional
"u" is being used to denote one of the spin coefficients.) If

this description is used, the radiation density on C (p) is

an essential part of the required initial data for the field
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N S
h=23R =737

M (5.2.5a)
and has the limiting behaviour
A = O(l)- (5.2.5b)

A

’

Suppose D(wo,z*) is specified, so that uo=(l+z), u
r, o%% and.rx%% are given as ¢ functions of (z,xA) on
C-(p,z*). We shall assume throughout that the following

conditions are satisfied:

dr
- 5.2.6
a2 z 0O, p 2 0. ( )

From the condition that the fluid be pressure-free, it can
be shown (see [15]) that the total energy density M is
proportional to the number density of sources n. We shall
assume that the constant of proportionality is known from
local astronomical observations, so that M%% may be
regarded as given on C (p,z*).

By substituting for %55 from (5.2.2a) into (3.3.15a),

we obtain the null Raychaudhuri equation

Dp = p2 + 00 + %M(l+z)2

(Except for §5.7, all references to (3.3.13-19) assume
that these equations have been simplified using (3.3.22).)

Using (4.2.17a), we may rewrite this in the form

A d dz dz A,
fl(Z X) 3z (a;) + f (z,x )( v ) + f3(z,x ) = 0, (5.2.7a)
where

- .—ldr

fl =r T3, (5.2.7b)
- _-13a2r - dv 2

f2 = r dzz + 00(—‘3—2—) {5.2.7c)
- l dv

f3 = 2( )(l+z) (5.2.74)

Now (5.2.7a) constitutes a linear first order

differential equation for the unknown quantity %E
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provided fl:tO, a condition satisfied by virtue of (5.2.6).
The coefficients fi of this differential equation are all
observable gquantities, i.e. they are determined by the
data set D(wo,z*). From the central conditions (3.4.7la)
and (4.2.18b), it can be shown that

lim (%%) = lim (g%) = H (XA), (5.2.8)

v+0 V>0 ©

where Ho is the Hubble parameter. In general, HO will vary
with direction (see, e.g., [8013).

The unique solution of (5.2.7a) subject to (5.2.8) is

given by
-1
Z
5 R f3(z',xA)F(z',xA) az’
ov _ F(z,x ) |H - (5.2.9a)
dz e} £ (2! XA)
e} 1 !
where z
[oo (32727, 5P r(z',x®) dz
A, _ dr dz
F(z,x") = (a—)exp
Z
(4 ) (27, %)
o) dz !

(5.2.9Db)
and now a further quadrature determines V==V(Z,XA)
uniquely, the constant of integration being fixed by the
central condition limz = 0. Since %Y::o (a consequence
v~+O 2

of (5.2.6)), this relation may be inverted to give z::z(v,xA).

Thus the null Raychaudhuri equation determines the
relationship between the affine distance v and observable
measures of distance such as z or r. It is precisely the
inability to determine this relationship without the use

of field equations that prevents the deduction of S(wo,v*)

from D(wo z*) in the cosmographic analysis carried out in
[

[2].

Once z has been determined as a function of (V,XA),
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the 4-velocity components u® and uA, the spin coefficients
p and o and the metric variables EA are determined on
C_(p,vf); and now the Weyl tensor component Yy is given
uniquely by
" ¥y = Do - 2po. (5.2.10)
At this stage of the integration, the only Ricci
curvature components that are known are A and ¢;5(. The
A

others will be known once Y has been found and thus, by

(5.2.3), once XA has been determined. In fact, by (5.2.2a,b),

we have
g1 = hy1 — 2g99ha, (5.2.11a)
where
hy = —%Ddﬂﬁz)uAngAB ) (5.2.11b)
h, = X°¢° g, . (5.2.11c)

The identities
A_B _ A-B _

which follow from (3.3.8e,10c), imply that, provided
det:gAB z 0, the relation (5.2.11lc) inverts to give

X® = —(hy£® + ByeR). (5.2.11d)

Thus XA, and hence YA, are determined once we know h,.
A differential equation for h, may be derived using (3.3.8e,
10c¢,13a,13c) and (5.2.12). We find

CD

Dgpp = ~95c9pc P9 (5.2.13)
and hence
Dh, = -phy - oh, - (a +8). (5.2.14)

Since a and B are also as yet unknown, an examination
of (3.3.13,15,17) shows that we need to solve the following

system of coupled differential equations:



92

Da = pa + Bo - dgohy + hj (5.2.15a)
DB = pB + ag + ¥ (5.2.15b)
Dw = pw + 0w — o — B (5.2.15c)
Dh, = -ph, - ch, - a - B (5.2.154) °

+h2(3p<1>00 - choo) + 3?120‘1)00 + (Dhl - 2ph1 - 20'51) +
- A
+Ehvg,, + 0000, (5.2.15¢)

where we have used the fact, which follows from (3.2.5) and
(3.3.9), that

A
§ = wD + ,Ag .

In order to show that (5.2.15), together with the
appropriate central limits (see below), determines uniquely
the unknown quantities o, B, w, h, and ¥;, we employ a
standard technique from the theory of differential equations,
viz. the principle of contraction maps (see, e.g., [841]).

The proof below was suggested by a study of the slightly
different method of establishing existence and uniqueness
used in [82].

The central limits (3.4.45a) imply

o = v 14 5, o = WOv L 4o , B = R0y 4 B, (5.2.16a)
where

limg =0, 1limg =0, 1limg = 0 . (5.2.16b)

v->0 v-0 v->0
and «? is defined by (3.4.45b).

Since y; = o(l), w = o(v2) and h, =o(v2) (a consequence
of (3.4.46,47) and (5.2.11lc)),

limh, =0, 1limvy, =0, limw= O. (5.2.16c¢)

v->0 v->0 v->0
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Substituting (5.2.16a) into (5.2.15) now gives

D(va) = p(va) + o(vB) - voégqo(hy) + J, (5.2.17a)

D(VB) = p(vE) + o(vd) + (v¥y) + J, (5.2.17b)

D(ve) = p(vw) + o(ve) - (va) — (vB) (5.2.17¢c) -
R R = -1, = -1, =

D(h,) = (v ~=5)(h,) - o(hy) = v " (va) - v ~(vB) (5.2.174d)

D(v¥y) = (=3v L +45) (v¥) + 3(va)eg, - 4(va)y, +

+ 3(Vé)¢00 = (Vw)Doyo - (V(I))D‘{’O +
+(hy) (385 + pVogg — VDogg) + 30vdgg(hy) + J3 (5.2.17e)

with initial conditions

lim (va,vB,vw,h,,v¥;) = O, (5.2.18)
v->0

where
J, = pa® = 5a® + hyv (5.2.19a)
J, = h;v - J, (5.2.19b)

= ~A A
J3 = v(Dhy = 2phy = 20hy) + V(g ¥g,, ~& 0gg,p) *+
- 4a0%y, (5.2.19¢)

are known functions at this stage of the integration,

and satisfy

J; = o(v), Jo, =o0o(v), Jz = o(l). (5.2.194)

Let C[O,v*] denote the set of continuous functions on
[O,v*] that vanish at O, and denote by (XC[O,V*])5 the
5-fold product. Let ¢,y ¢ C[O,v*] and ¢ = (¢1,42,...,¢°),
¥z (¢pl,e2,...,0%) e(XC[O,v*])S. It is well-known that if
we define (positive definite) metrics e and E on C[O,v*]

and (XC[O,V*])S, respectively, by

e(¢,9) =  sup o (v) = p(v)] (5.2.20a)
velO,v*]
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E(6,¥) = sup {]el(v) =l (v) ] + [62(v) =p2(v) | +
velO,v*]

oot 93(v) =P (v) |} (5.2.20b)

then {cfo,v*],e} and {(XC[O,V*])S,E} are Banach spacesT.

A contraction map F on a metric space (X,d) is a
map that satisfies

d(Fx,Fy) < kd(x,y) for all x,y € X, (5.2.21a)
where k is a real number and

0 <k <1. (5.2.21b)
The principle of contraction maps (see, e.g., [84]) states
that a contraction map on a complete metric space has a
unique fixed point, i.e. a point X, € X such that

Fx = X .
e} o)

Define
H: (XC[O,V*])5-+(XC[O,V*])5

by

v
(He) (v) = v 1 Jv'{aq:l +0¢2 - 4dyuiet + 4T, av! (5.2.22a)

O

1Y 1 -1
(H2) (v) = v Jv'{5¢2+o¢1+—2—<v') $5 + 4J3,}dv' (5.2.22b)

(@]
v
(H$3) (v) = v l[v'{5¢3+o¢3—%¢1 -7]41¢2}dv' (5.2.22¢)
(O]
v
(Ho') (v) = v /% J {[-j—(v'>“3/4 s (v e 4
O
o (v g - 2w T
x (o1 +42)¥dv'  (5.2.224)
v
(Ho5) (v) = v‘3j (v') {4565 + 6000v' 5l - BYov ol +

O

+ Strictly,{C[O,v*],|{|L} is a Banach space, with H¢|£sse(¢,¢)
being a norm on the linear space C[O,v*], but we shall allow

ourselves this slight abuse of notation.
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+ 60yoV'92 —8v' (Ddgg) e+ Bv'(D¥g)ed +

+ 8{35(v')2¢00-3v'¢00-(v')2D¢oo}¢“ +

+ 240 (v')20g,9Y +8T5)dv" (5.2.22e)
for ve (O,v*¥] and

(H?) (0) = O. (5.2.22f)

Suppose for the moment that H is well-defined (this

will be proved shortly), and consider the system of integral

equat;ons

$ = Ho . (5.2.23)
If we let

o = (4&,4é,w,v'lh2,8vw1), (5.2.24)

it is readily shown that (5.2.23) is equivalent to the
system of differential equations (5.2.17) subject to the
initial conditions (5.2.18). Hence, in order to establish
an existence and uniqueness result for (5.2.17), we need
merely prove existence and uniqueness for (5.2.23), i.e.

we need to show that H is a contraction map on the complete

metric space {(XC[O,V*])S,E}.

Lemma 5.1.

The map H defined by (5.2.22) maps (XC[O,V*])S into
itself, i.e.

Ho e(xC[O,v*])5 for all ¢ e(xC[O,V*])S.

bProof.

Since all the functions involved in the definition
(5.2.22) are continuous on [0O,v*], the only point at which
H¢ can possibly be discontinuous is at O. But, from the

limiting behaviour of these functions, it follows that
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Db} = Zob?-+a1§A-51£A ' (5.2.344)
Db, = 2pb, +wa; —wa; +a; —a, . (5.2.34e)

Now, by (3.4.45,46), it follows that lhna1v3= 0. But
v-+0
(5.:2.16,34a) imply

D(a;v3) = 37 (ayv>) - o (a,vo) +B,vo. (5.2.35)

Provided B; =0 (which follows from the assumption that
(3.3.17a) is satisfied), the unique solution of (5.2.35)

subject to lhna1v3= O is
v->0

a1v3 = 0 on [O,vz*]
and hence
a; = O on (O,vz*].

Thus a; =0 is satisfied on [O,vi*] provided allo = 0. But
this is precisely the condition (see (3.4.24b) and the
discussion following) that limvw= O, which is satisfied
v-+0 9
by virtue of the central condition w=o0o(v").
In an entirely analogous fashion, it may be shown
that ar,, as, b? and b, all vanish identically on [O,Vz*],

i.e. (3.3.14c,d) and (3.3.1l6b,c,d) are automatically

satisfied on [O,vz*].

§5,3, Propagation of the solution off C’(p)

It has been remarked before (see §5.1; cf. also §2.3
of [82]) that the NP-formalism does not appear to be ideally
suited to discussing, rigorously, the propagation of the
solution on C_(p,vz*) into the interior of the past light
cone, except perhaps in the analytic case. It seems that

the methods employed in [57] are more suitable for this
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purpose.

In this section we shall indicate briefly how, without
additional specification of initial data, the solution
obtained in §5.2 may be propagated into the interior of
C—kﬁ,vz*). The method we shall use is similar to that of
Bondi et. al. ([59]), Sachs ([60]) and Newman and Unti
([61]). Even though this method guarantees the existence
of a unique solution off C_(p,vz*) only in the analytic
case, it may nevertheless be regarded as a necessary first
step in obtaining a rigorous existence and uniqueness proof
for the non-analytic case; almost all such proofs start by
assuming analyticity and then extend the results to function
spaces in which the analytic functions are dense with respect
to the topology induced by a suitably chosen norm.

Suppose then that the integration procedure described
in §5.2 has been carried out, so that equations (3.3.13),
(3.3.14c¢,d), (3.3.15), (3.3.16b,c,d) and (3.3.17) are all
satisfied. The spin coefficients, metric variables and the
tetrad components of the metric and curvature tensors are
known on C-(p,vz*).

Now consider equations (3.3.14a) and (3.3.19). The
first of these gives

A

se® = oxP 4 (y-y-u) P - xEP

(5.3.1)
. - . A A

as a known quantity on C (p,vz*). Since D& and §& are also

known, (3.2.5) and (3.3.9) show that EA,O is determined. The

contracted Bianchi identities (3.3.19) may now, using

(5.2.2a,b,d) and (5.2.5a), be written as a system of linear

algebraic equations for the unknown quantities AM, Az and

AYA:
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Fx = G, (5.3.2a)
where
( -(1+z)2 -2M(1+2) 0 0 )
A B A B B B
. (l+z2)Y Er9aB MY £9ap M(l+z)£R92B M(1+Z)£Rg3B
F = -3
2 A B A B B B
(1+2)Y E.9,p MY £.9,p M(1+z) £, 9,5 M(l+2)£Ig3B
1, A B B B
\f(Y Y Iap 1) ) MY 9op MY 93p
(5.3.2b)

(here subscripts R and I denote, respectively, real and
imaginary parts),

(AM )

Az

X = 5 (5.3.2c)
AY

3

\AY J

and G is a (4x4) real matrix which is known once AgA has
been determined using (5.3.1). This system of equaticns

has a unique solution provided det F #0; a short calculation
giVes

L
32

3/2

det F = M3(1-+z)3(detgAB) 2 0. (5.3.3)

(More generally, if one does not assume the fluid to be
pressure-free, the contracted Bianchi identities can be
shown to determine AM, Az and AYA provided the equation of
state relating the pressure p and the energy density M is
such that p # M.)

By taking the A-derivative of (3.3.13c) and using

(3.3.11a,13¢c,14a) and (3.3.16f,g), it can be shown that
A A - - - - - -
D(AX") = 2Re{g [8y+ 8y +pv+tov-3(atpg)r-ula+t2p) +

+ 2(v=-Y)a + (Y+Y) (a+§) - uaj +2T5XA} (5.3.4)
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Since the right-hand side of (5.3.4) is known, one may
integrate this equation (the central conditions imply

AXAIO = 0) to determine AXA on C_(p,vz*). Once AXA and

Az are known, it follows from (5.2.3) that AuA is determined
on C_(p,vz*). Furthermore, (3.3.16g) gives Ao directly on
C_(p,Vz*% Thus AM, Az, AuA and Acg are known, and now (3.3.9)

A -
shows that M,O PZrg o U and a,, are known on C (p,vz*).

0
Now it is clear from the discussion in §5.2 that the
set

I(wO,V*) = {(uo,uA,o,M)[w=wo, Osvsv*}

is a perfectly good (but not observable) initial data set

for the NP equations; the integration proceeds exactly as
before, except that, at the first step, the null Raychaudhuri
equation (3.3.15a) is written, using (4.2.17a), as

r_lig = 05 + ZM(1+z)°. (5.3.5)
dv

Since both terms on the right-hand side of (5.3.5) are
known (as functions of v and xA) from I(wo,v*), this
equation constitutes a differential equation for the
unknown quantity r and therefore determines the relationship
between the area distance and affine distance. (When the set
D(wo,z*) is used as initial data, (3.3.15a) determines the
relationship between z and v.)

Thus the initial data set D(wo,z*) is used to find the
solution on C—(p,vz*); in particular, it determines the
initial data set I(wo,vz*) as well as the w-derivatives of
all the elements of I(wo,vz*). Now, following Bondi et. al.

(see §5.1), one argues that the initial data set I(wo,vz*)

can therefore be determined on some bounded subset C—(p',v'*)
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of a "neighbouring” past light cone C-(p'), where p' is a
point on C to the past of p, corresponding to the proper
time w==wo-dw on C. Once I(w,v'*) is knoyn on C—(p,v'*),
the solution may be found on C_(ptvi**) by performing the
hyéérsurface integration described in §5.2. The w-derivatives
of the elements of I(w,vL**) are again determined, and thus
an iterative procedure is established which, it is claimed,
determines the solution off the past light cone C—(p).

There are several problems associated with this approach.
Firstly, it is clear from the hyperbolic nature of the field
equations that, in general, specification of initial data on
one null hypersurface cannot determine the solution through-
out the space~time (except in the analytic case), unless one
assumes, a priori, that the space-time satisfies certain
global restrictions that render it "deterministic".

The problem of finding such global restrictions that
will allow one to predict to the future of C~(p), given data
only on C—(p), has been discussed by Budic and Sachs ([581]).
They consider space-times (M,g) which satisfy the condition
that, for each point p in M, every past-endless causal curve
which intersects the chronological future of p also intersects
its chronological past. Unfortunately this definition severely
restricts the possible space-time structure: e.g., every
deterministic space-time contains compact Cauchy surfaces,
whereas "there does not seem to be any physically compelling
reason for believing that the universe admits a Cauchy surface"
([25], p.206). Furthermore ([5813), almost none of the standard
cosmological models satisfy this condition, and one of the

essential features of the observational approach is that one
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does not wish to exclude, a priori, a whole class of
possible cosmological models.

One alternative is to impose, again a priori, initial
data on some hypersurface intersecting C—(p). Again, this
woﬁid be contrary to the spirit of the observational approach,
since such data would, of course, be completely unobservable.

Assuming analaticity is also unsatisfactory, since the
hyperbolic nature of the field equations seems to be a
fundamental feature of general relativity. But even in the
analytic case, the argument above is not yet complete. It
is still necessary to show that the remaining equations
which contain A-derivatives are now identically satisfied.

The spin coefficient o, e.g., may be determined on C-(p‘) by

integrating the system of equations (5.2.17) using the initial

data set I(w,vL**). On the other hand, it is also possible,
in the analytic case, to determine aon this light cone by
expanding ain a Taylor series in w about points on C-(p) and
using (3.3.16i) (which determines a,o). Unless (3.3.161i) is
idéntically satisfied by virtue of previously derived
relations, it is possible that these two methods of finding

on C_(p‘) will lead to different results. The same method
that was used in §5.2 to establish that the remaining
non-propagation equations are automatically satisfied can
be used to verify that no such consistency problems do, in
fact, arise. However (see §5.1), this consistency proof is
considerably simplified if one works only with the 10 field
equations and contracted Bianchi identities, as we shall do
in §5.7.

Anticipating the results of that discussion, it is
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clear that the observationally determined data is sufficient
to determine the solution towards the interior of the light
cone in the analytic case. There is no reason to think that
the situation would be different in the non-analytic case,
pagficularly in view of results by Muller zum Hagen and
Seifert on the fluid characteristic initial value problem
(they do not consider the case of a cone, but it should be
possible to round off the vertex to cases they do consider).
Thus while it would be useful to have the rigorous proofs
available, general arguments from the hyperbolic nature of
the field equations, together with the sufficiency of the
data in the analytic case, suggest that the solution will be
uniquely determined in some subset of the past Cauchy
development of the set on which the data is known. If the
results of §5.2 could be strengthened to show that, given
data on C—(p,v*), the solution is determined on C-(p,v*)
(rather than on C_(p,vz*) with vz*:;v*), it seems likely
that the solutionwill be determined in precisely the past
CaﬁChy development of C_(p,v*). From the structure of the
field equations we may suspect that once the contracted
Bianchi identities are satisfied, no further constraints
will arise as we integrate towards the interior (not only
will the data be sufficient, but there will be no superfluous
data); i.e., not only uniqueness but also existence may be

expected to hold in a suitable domain.

§5.4. Explicit integration for polynomial data

The integration procedure presented in §5.2 assumes
that the maximal data set D(wo,z*) is known to indefinite

accuracy on C—(p,v*). In this section we shall examine the
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—iX3l,2-X3l,3-+%g3l-+X21(logP),2-+X3l(logP),3-+

- U2 = = (yl4y1-41) + 21, (5.6.6b)
Adding, we find,

2-5%(x21-ix3l) - 2Pt = o (5.6.7)

where, as before, ¢ zx2-+ix3. But, by (5.4.27),

21 ,.31 1 -0
X7 - iX = ——P(3y,)
4v2 or !
while
21 . 31 1.0
E; “'lg = -SP\PO.

Thus (5.6.7) holds iff

1.0 -

L2 (ped) + g = 231,

2/2 ¢

which, in turn, holds iff

Wl

aay) + =y = 231, (5.6.8)

ool

Y

But this is identically satisfied by virtue of (5.4.26f)
and (5.5.2).

On the other hand, subtraction of (5.6.6a) and (5.6.6b)

gives
253—(;(x21+ix31) -%—(521+ig3l) +202 = 2X21(logP),2 +
31 1,71_1
+ 2X (logP),3 + 2(pt+yi-v). (5.6.9)

Al

Substituting for u!, ¢!, U2, ¢ and XAl from (5.4.26,27),

we find that (5.6.9) holds iff

D 0.0y T 0 g 1 2-9¢ =0,0P =
ac(PB\PO) = aOBVO"a08W0‘+E7§3 w0-+(aw0)52~+(awo ==

which, according to (3.4.40), holds iff

3213 = 2/7[9%(3@8) - (3¥g) =1 (5.6.10)



136

Since Wg is a spin-2 quantity, ?8 and 5?8 have spin-weights
-2 and -1, respectively, and thus (5.6.10) is an identity
by virtue of (3.4.53).

Similarly, it is found that the terms in o(v) and o(v2)
aré identically satisfied. These results hold also for the
other non-radial equations (3.3.14b-d) and (3.3.16).

Collecting results, we have therefore shown (§5.4) that,
given initial data in the form (5.4.1), all the spin coeffi-
cients, metric variables and the Riemann and metric tensors
are uniquely determined on the initial past light cone up
to the order specified in (5.4.24-28). At this stage in the
integration, all the radial equations (3.3.13,15,17) are
satisfied up to the order in v considered. Next (§5.6), the
non-radial equatioqs (3.3.18a,19) are used to determine @ﬁ,

b’dn

(n=0,1,2), 2!, 22, FO and Fl!. These equations are now
satisfied up to o(v2), while all the remaining non-radial
equations are satisfied up to the relevant order in v.

But now it follows immediately from (5.4.1,3,5,7) that
the w-derivatives of the observables are known up to the
same order in v as the observables themselves are known.

Hence, at least in the analytic case, the solution
may be propagated off the initial past light cone as dis-
cussed in §§5.1,3. (When the initial data is given in the
form (5.4.1), it is not necessary to consider an alternative
initial data set; the w-derivatives of all the elements of
D(wo,z*) are determined directly.)

Finally, it should be noted that calculations of the
kind performed in §§5.4-6 were first carried out by Kristian

and Sachs ([541]). It is readily verified that our results
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are in agreement with theirs, up to the order they consider
(which is lower than that given in (5.4.1) and (5.4.24-28;

cf. their equation (85) and our (5.4.3).)

§5.7. The Bondi-Sachs method

In §5.6 we showed that, once the hypersurface integration

of §5.4 has been performed to determine the solution on the
initial past light cone, the remaining equations are either
identically satisfied, or they determine the w-derivatives of
the elements of an initial data set. The proof involves a

series of long calculations, because the full set of NP equa-

tions is used.
In this section we show how consistency proofs of this
kind are simplified if one works instead only with the ten

independent tetrad components of the Einstein field equations
R — -Mu u + ;.L_Mg (5 7 l)
ab ab 2 Zab ° o

The method is a simple generalisation to the perfect fluid
case of the vacuum analysis of Bondi et. al. ([59]) and Sachs
([60]1; see also Chellone and Williams, [83]), and will only
be outlined very briefly.

We shall use the null observational coordinate system
(w,v,98,¢), where w and v are chosen as in §3.3, while (6,¢)
are related to the previously used angular coordinates (xA)
by

el¢cot(%6) = x2 + ix3

It is convenient to work with a different null tetrad
{n,k,m,m} from that employed thus far. Let k be defined as

in §3.3 and consider the tangent space TqM of some point g
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in M. Choose E!q to be the (unique) null vector which lies

in the time-like 2-plane spanned by and E‘q’ and which

9
awlq
satisfies n| .k| =1. Let X| and Y| be two (real) unit
—'q —='q —='q —'q
space-like vectors, mutually orthogonal and orthogonal to
both Elq and Elq. These are defined only up to a rigid
rotation in the space-like 2-plane which they span; we make
a definite choice by (arbitrarily) demanding that the compo-

nent X3 of X with respect to the coordinate basis should

vanish. Then

_ 9
k=37 (5.7.2a)
- .8 1. 3
D=7 %w T 2%o0 %y (5.7.2b)
P et B L 8
..)S. - ( g22) ( 902 v + ae) (5.7.2C)
Y = (VAGo) (GG =G ngo ) = g 4 g1 (5.7.2d)
= 22 1902923 7 503922’ 3v 2338 223¢ <l
where
h = detgAB.
By setting
mo= (X +iY) (5.7.3)

we thus obtain a null tetrad satisfying (3.2.1).

Again, this tetrad is not well-defined globally, but
it is well-defined at least in some simply convex normal
neighbourhood U of the point W=W_ on C (except, of course,
at points on C).

With this choice of tetrad, the spin coefficients

can be shown to satisfy the following conditions:
k=0, Re(e) =0, p—gzol T:a+8l ;+7T=Ol

Im(c) =21rm(e), Im(x+yu) =21m(y). (5.7.4)
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The non-zero spin coefficients can now be expressed

in terms of the metric components (3.3.8c). It is conve-
nient to use the notation
_ - a - _ a
3y = /ZRea = /2Re (m V), 3y = V21ms = V21m(m V).
Then
Vh i 922 9
o = 3(log (21} - 3—22p(-23)) (5.7.5a)
922 /h 922
1
p = —-ZI)(log h) (5.7.5b)
r = L (—Lpg 5) L - 223 Dy, + ¥8,,D09,3) (5.7.5c)
2/2 ¥g9,, © 2/20 /g, © 0
.9
1 1 i 23
V= o= (== My, t 503,950) T Too(——=109g, *
/o P02 2%700 —— 2702
2 Y9y, /2h /9,
- VT AG . - E/Rag ) (5.7.54d)
22 *203 2" °Y°00 T
. g 953
A = -%{A[log(‘"—/ﬁ)]} -5 22 022 (5.7.5e)
922 h 922
u o= l[A(logh)]— —i-(——(g—g—?i—a g __ggga S
4 2 Ha;;'x 02 /o X 03
41 2y 905) (5.7.5f)
"922
- g
i 23 R
7 = = ———Dg,, = ———(———=Dg.,~ /9,,Dg ) (5.7.59)
22 22
1 1 922 i 923
= —={—=Dg,,, =~ 0,[1og(==%) 1} + ——[- D, +
472 /g o027 °x-7%9 h o 1725 Jg 02
22 22
+ vg9,.Dg, . + 'ha_ (lo ) -2 ) (9_23)] (5.7.5h)
227903 y 99922 922 g, e
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9, , g
1 .1 i 723
o = ——Dg,.., + 3 [1og(——)]} + Dg,.., +
4/_ /g22 02 f_ ./_” 02
=~ Y9,, D943~ /h y (109 9,,)+2g (923)] (5.7.5i)
03 22 22%x 955 sl
e g
e =-3-22p (23 (5.7.53)
4V 9
1 i 923 vh
Y="7P%0 " i sy, "x902 7 "922°x%03 T = "v902 "
22
g g
+ 22 5 (223, (5.7.5k)
/o 922
and
2o = FM(1+z)° (5.7.6a)
- 1 -
®p1 = 2/____M(1+z) (u® Ino ivhu’) (5.7.6b)
_ 1 A 2 3,27 _ .. 3.A
dgp = @M{[(u 9pp) - h(u) "] 2i (vhu u Ipp) !} (5.7.6c)
_1,., . AB
®y11 = 8M(l 2uu gAB) (5.7.64)
_ 1 -1, A B _ A o3
19 = XE__—M(1+Z) (u"ug, = 1) (u"g,, ivhu~) (5.7.6e)
22
_1 -2 A B 102
dpp = 8M(l+z) (u"u gAB 1) (5.7.6f)
- L
A= sy (5.7.69)

The 36 (real) NP equations (3.3.15,16) may be regarded
as consisting of (i) the 10 tetrad components of the field
equations (5.7.1), (ii) 10 equations determining the Weyl
curvature WQ and (iii) the 16 components of the Jacobi
identities for the tetrad vectors. By taking linear combi-
nations of the NP equations, one can eliminate the WQ'S to

obtain 10 field equations. These may be divided into 3 groups:
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I. Main Equations.

(i) Hypersurface equations:

i

Dp = p 405 + @, (5.7.7a)

Dt = (p+2e)T + 80 + (48-3T)a - 8p + 28, (5.7.7b)

(ii) Standard equations:

D(Ren) = 2Relpu+ §(B-7) 71+ 3(1-8) (1-8) + BB +

+ e(u-u) + (&77+3R) (5.7.7c)
D\ = (p=4e)A+opu+2BT =387 +3dy¢ (5.7.74)

II. Trivial Equation.

DLRe (u-y) ] = Re(pu = 2BT = 61 + 0A) + 311 = (&7,-34) (5.7.7e)

III. Supplementary Conditions.

AB = 8y — ut = B(u+y=y) + €v + 0V + A (B=1) - &1, (5.7.7f)
A(Reu) = Rel68v - w2 % - P(y+Y) - vT +28v] - d,, (5.7.79)
(This terminology was first introduced by Bondi ([591).)

Using the commutators (3.3.12) together with the

simplifying conditions (5.7.4), it can be shown that

Ac = (y+y)o - DA + 2 (GRe) - AReq) (5.7.8a)

Ap = (y+y)o - D(Reu) . (5.7.8b)
It is useful to introduce some notation (see [83]1) to

label the field equations. Let

1
Egp = Ry = 5R9_, + T, - (5.7.9)

By comparing the definitions (3.2.4b) of the QIJ'S with the

last term in each of (5.7.7), it is seen that the hypersurface

equations are Ea kakb==0 and Eabkamb==0, respectively; the

b

standard equations are Eabnakb==0 and Eabmamb==0, respectively,
while the trivial equation is Eabmaab==0 and the supplementary
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conditions are Eabnamb==o and Eabnanb==0, respectively.

Bondi's lemma concerning the relationship between the

various groups of field equations becomes, in our case

Lemma 5.7.1.

Let U be a simply convex normal neighbourhood of the
point W =W, on C. Suppose the main equations and the
contracted Bianchi identities are satisfied in U, and p =0.
Then the trivial equation is identically satisfied in U,
while the supplementary conditions are satisfied on C_(p)ﬂ U
iff for each null generator I of C-(p), there exists a point
g e £ nU such that the supplementary conditions are satisfied
at g.

Proof.

(Throughout this proof, indices refer to components
with respect to the null tetrad {n,k,m,m}. Thus, e.g.,
El3==Eabkaﬁb. The tetrad components of the metric tensor
are given by (3.3.2).)

Suppose the main equations and the contracted Bianchi
identities are satisfied in U. The contracted Bianchi
identities may be written as

cb

9 E .o = O- (5.7.10)

For a=1, this reads,

cb d d

(E1p,c ™ Bapleo1r ~ E1gfep! = O

(where a comma now denotes a tetrad derivative).
The first and last terms in this equation vanish by

hypothesis, while the surviving term gives

0] = =0 2 =2
E02P3l + E02F + + T

03 * Ey3{lyg 21) = O-
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Since
o _ _ . b=a _
I3p = Ty3p = km v ky =0,
and
2 _ =b_a -
Typ S Tgpp =WV Kk =0 = py

this is simply

pE23 = 0.

Since p 20, it follows that the trivial equation is

satisfied. Similarly, for a=2,3, (5.7.10) implies

D[/hgzz(Eoz-Fﬁoz)] =0, (5.7.11a)
h = . vh = 3
DI——(Ey, = Egy) + 21903:7———(E02-FE02)] =0 (5.7.11b)
Y922 922
D(/HEOO) = /H[GEOz-FsEoz-(r—2B)E02-(T—2B)E02] (5.7.11c)

(where we have used (5.7.5)).

Thus, if E02 and EOO vanish at some point g on T, then
they vanish everywhere as long as (5.7.11) is valid, i.e.
they vanish on TI' n U. The result follows. [

This lemma shows that, once the main equations and
the contracted Bianchi identities have been satisfied in
U, one need merely check that the supplementary conditions
are satisfied on a hypersurface {v =constant} in order to
ensure that they are satisfied everywhere in U.

A formal iterative procedure similar to that of §5.2
is now readily established. It should be noted that the
initial data set D(wo,z*) was derived under the assumption

that the null tetrad used satisfies the conditions (3.3.22).

Since the tetrad (5.7.2) does not satisfy these conditions,
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the distortion is not simply represented by the spin
coefficient ¢g. However, since gAB is measurable (see §4.2.3),

we can take as initial data the set

o A dv
D'(wo,z*) = {(u,u 'gAB'MEE) |w==wo, O<o<m, O<¢<2m},,
Using the central conditions
2 3
= 2
900 1+ 950V + o(v™) .
N
9 9
gAB = diag(l,sinze)v2 + 22 23 v4 + o(v5),
4 4
923 933
3 4
= 3

the hypersurface integration is easily performed to yield

z2, 9., u® and M as functions of (v,8,9¢) on C—(p,v*i).

AB
As before, the contracted Bianchi identities are
written as a system of linear algebraic equations which
determine the w-derivatives of z, M and uA. A distinct
advantage of the tetrad (5.7.2) is that the tetrad compo-
nents of the trace-free Ricci tensor are known as soon as
the hypersurface equation (5.7.7a) has been solved to give
z=2z(v). (Cf. the discussion following (5.2.10).)

The standard equations are now integrated to give
x» and p, and now (5.7.5a,b) and (5.7.8) determine gAB,O'
The solution may then be propagated off C—(p) as discussed
in §5. 3.

When the results of this integration are substituted
into (5.7.7f,g) it is found that

lhnEabnamb = 0 = lhnEabnanb,

v-+0 v-+0
and it therefore follows from lemma 5.7.1 that the supple-

mentary conditions are satisfied (since they are satisfied

at the vertex of the past light cone C—(p).)
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Details of this procedure, for a perfect fluid
in the axially symmetric case, may be found in [83]. The

general case sketched here presents no new problems.




6. SPHERICALLY SYMMETRIC SPACE-TIME: AN EXAMPLE

§6.1. Introduction

It was noted in §1.4 that the observational approach
to cosmology can be used in conjunction with more conventional
methods. In this chapter we shall assume, a priori, that the
space-time under consideration is spherically symmetric about
a regular geodesic world line, and then undertake an
observational analysis. These space-times are of interest for
a number of reasons. Firstly, Maartens ([5]) has shown that
the class of pressure-free, isotropic ideal observational
space-times (see §4.5) is simply the Bondi-Tolman solution
(see, e.g., [81]). Secondly, spherically symmetric models
have recently been investigated as possible alternatives to
the FRW models, but these investigations have all proceeded
along conventional lines (see, e.g., [211). Finally, as was
explained in §1.3, it would be useful to have some observa-
tional test of the spatial homogeneity assumption underlying
the FRW models. This chapter provides such a test in the
context of spherically symmetric space-times: in §6.4 it
will be shown that a spherically symmetric pressure-free
model is spatially homogeneous iff the r(z) and (M %%)(z)
relations take precisely the form (see (6.4.12,14) below)
predicted by the FRW models. (In this connection, see also
[11.)

In §6.2, the simplification of the metric and Riemann
tensor components and the spin coefficients induced by the
assumption of spherical symmetry will be derived, and the

non-trivial NP-equations and Bianchi identities isolated.

The integration scheme of §5.2. will then be examined in §6.3.
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Finally, in 86.4, we shall derive the form of the r(z) and
(M gg)(z) relations under the assumption that the space-time
is, 1in addition, spatially homogeneous. Then the observa-
tional integration will be carried out with exactly these
observational relations as initial data, and it will be shown

that the resulting space-time is spatially homogeneous.

§6.2. Simplification of the field equations

Suppose the space-time under consideration is
spherically symmetric about a regular geodesic world line C
(see, e.g., [25]). The metric is then of type D and ([85])
the null directions n and k as specified in (3.3.9), where
now XA = 0, are repeated principal null directions, so that

Yg = ¥1 = ¥3 = ¥, =0 (6.2.1a)

while the remaining Weyl tensor component satisfies

¥, = ¥, (6.2.1b)

Clearly the proper motions must vanish, for otherwise
they would define preferred directions on the celestial sphere,
contrary to the assumption of spherical symmetry. Hence, by

(5.2.2,3,5a)

By, = G4y = 815 = O (6.2.2a)
2o = ¥M(1+z)° (6.2.2b)
51, = kM (6.2.2¢)
,, = kM(l+z) 2 (6.2.2d)

Also, it follows from the symmetry assumed that all

physical guantities must be functions only of w and v, so that
r = r{w,v), M= Mw,v), 2z = z{(w,V) (6.2.3)
As before, the spin coefficients satisfy (3.3.22).

Equation (3.3.15b) now reads:




148

Do = 2po
i Dr
or, since, by (4.2.17a), p = - =
D(rzo) = 0. (6.2.4a)

But, by (3.4.45a) and (4.2.18b),
g =o0(v), r=v+ o(v3)
and hence (6.2.4a) implies
o = 0. (6.2.4Db)

Thus, by (3.3.13a)

D(rgA) =0
so that

gA = r.-l FA(w,xB), some functions FA. (6.2.5)
Evaluating (6.2.5) in the limit v » O using (3.4.14) and
(4.2.18b) gives

e = PO 71 (6.2.6)
where, as before, £20 is defined by (3.4.17).

since x® = 0, (3.3.13c) implies

T =0 (6.2.7a)
and hence, by (3.3.11)

a = -8 (6.2.7b)
while (3.3.13b) gives

D(rw) = O. (6.2.8)
Since w = o(v2), this means that

w = 0. (6.2.9)

Similarly, (3.3.15g,i) imply

A =v =0, (6.2.10)
while (3.3.15d) may be integrated to yield

« = a® rt (6.2.11)

where o? is defined by (3.4.45b).
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Next, we note from (3.3.14d) and (6.2.9) that

b= (6.2.12)
and from (3.3.15f) and (6.2.1) that

D(y-Y) =0
and thus

Y o=y (6.2.13)
(since Y = o(v)).

From (3.3.1l4a) it now follows that

pe® = —ue?

whence, by (6.2.6),

o= = (6.2.14)

(It is interesting that, in this case, the expansion of the
k - congruence is p = - Vk(log r), while the expansion of the

n - congruence is uy = Vn(log r). This is related to the fact
(see below) that r contai;s all the information about both
the intrinsic and extrinsic curvature of the past light cones
of points on C.)

Before considering the non-radial eguations, let us
examine the meaning of the equation

§n = O.
Note that, by (3.3.9) and (6.2.6,9)

-1 _AO
r

§n = O iff £ Nyp = 0.
Thus, if n is real, then
§n = O 1iff Nrp = O iff n = n(w,v) (6.2.15)
while, if n is complex, then
§n = O 1iff [Re(n)],2 + [Im(n)],3 =0 (6.2.16a)
and [Re(n)],3 - [Im(n)],2 =0 (6.2.16Db)

which means that n is analytic.
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Applying (6.2.15) to (3.3.14b) gives

U = U(w,V) (6.2.17)
and, similarly, (3.3.17c) shows

\1/2 = Wz(W,V). (6.2.18)

The non-radial equations (3.3.l6a,b,d,f,g,i), (3.3.1l8a,
b,d) and the radial equations (3.3.17a,c,d) are now all
trivially satisfied, and it is not difficult to show that
(3.3.14c) is satisfied iff
-1 3P
r —_— ,

LR

which is an identity by virtue of (6.2.11) and (3.4.45b).

a = =

Thus the non-radial equations (3.3.14) are all satisfied.
The remaining Bianchi identities (3.3.17b) and (3.3.18c)
may now be integrated as follows: from (3.3.1l5a,b), (3.3.1l6e,h),

(3.3.17b) and (3.3.18c) it follows that

D(pp = ¥ + A+ ¢77) = 2p(pu = ¥, + A + 077) (6.2.19a)

Alpu = ¥o + A + 0&77) ==2n(pu = ¥, + A + 277) (6.2.19Db)
But, since p = - D(log r) and u = A(log r), this gives

ou = ¥y + A+ 0y, = G(xD)r 2 (6.2.19¢)

wheré, as usual, G(xa) is determined by evaluating (6.2.19c)
at the centre. This yields
1 -2

pu - WZ + A + ‘Dll = —2"]? (6.2.20)

(The Penrose complex curvature invariant K of a 2-surface S
(see, e.g., [56],[76]) is defined by

K=pu-—Y¥, + A+ 0 (6.2.21)
Choosing S to be the 2-surface {w = constant, v = constant}

gives the simple relationship

) (6.2.22)

(2)

The real part of K is related to the Gaussian curvature, R,
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while the imaginary part of K describes an extrinsic curvature
invariant of S in the manifold in which it is embedded (in this

case, the only non-trivial extrinsic curvature invariant). Thus

(6.2.23)

the area distance r determines completely both the intrinsic

and extrinsic geometry‘of the 2-dimensional cross-sections S

of the past light cones of points on C. )

From (6.2.20)

satisfied iff

82P 3P 3

dzac r 9

ae!

p

l

et

an identity by virtue of

Collecting results,

variables, metric and

been shown to satisfy

1
8

it is readily shown that

4

(3.4.46Db).

K = g =7 = 1T = A =V
3P -1 -
a = - Y ;r B -Q
z
p = A(log r);
w=0=%xU-=0U(MW,v)
where
£ = -p, £° = ip, P
‘PO—‘P1~‘P3=‘P4=O;
Yo, = ¥, (w,v), ¥, = ¥,;
®g1 = 292 = ¢12 = O;
1 2
¢00 = —Z‘M(l+2) ’ ¢11 =

8

0 ;

p = - D(log r),
EA _ EAO -1

1 _
§7§(l+CC);

—l—M, @22 = %M(l“l"Z)

(3.3.16c¢c) is

the following conditions:

-2

the spin coefficients, metric

.
7

Riemann tensor components have therefore

(6.2.24a)

(6.2.24Db)

(6.2.24c)

(6.2.244d)

(6.2.24e)
(6.2.24f1)

(6.2.24q)

(6.2.24h)

(6.2.241)
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-1 dr
fl = r dz (6.3.3a)
2
_ -1 d“r
f2 = r a;f (6.3.3b)
1, dv 2
f3 = é‘(M‘aE) (l+Z) o (6.3.3C)

Equation (6.3.2) is now easily integrated to give

Z
-1
%‘_Z{= (%){1—%Lr(M%)(l+z)2 az } (6.3.4)

and then a simple quadrature determines v=v(z) and hence
z=z (V).

Once (6.3.4) has been solved, both r and M are known
as functions of v on the initial light cone, and thus g,
gA, a, B and all the non-trivial components of the Ricci
tensor may be determined.

This leaves pu and Y as the only spin coefficients

still to be found. But, by (6.2.20,26b),

Dy = 2pp + @77 + 3A - %r—z
so that
1 (V1.2 1
UZTJ(ZMr -1 av (6.3.5a)
r O
or
1 (1. dv.2 14
v
“=-2J(74’Md—z -t a4 (6.3.5b)
r O

Once u has been determined, Y, follows immediately from

(6.2.20), while ¥ is obtained by integrating (6.2.26cC):

v
y = J (ou - %M - %r—z) dv (6.3.6)
O

and now (6.2.25) yields

v

U=—%:-—2Jde (6.3.7)
O
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This completes the radial integration: all the spin
coefficients, metric variables, metric and Riemann tensor
components are now determined on the initial past light cone
C (p). But Bondi has shown ([81]) that a pressure-free,
spherically symmetric space-time is completely determined by
specification of 2 functions of a single variable: thus the
required existence and uniqueness of the solution off C—(p)
follow from the fact that the initial data set Ds(wo,z*)
contains precisely two functions of one variable (see (6.3.1).
In fact, the entire radial integration above may be carried
out in the co-moving coordinate system used by Bondi, and it
can then be shown explicitly how D(wo,z*) determines the two
arbitrary functions of the Bondi solution. {The derivation,
which is not entirely trivial, will not be given here.)

Even though the Bondi solution is reasonably simple
when expressed in co-moving coordinates, we have not been
able to reproduce it by integrating the NP-equations or by
transforming from co-moving to null observational coordinates.
The basic problem is that, even in co-moving coordinates, it
is not possible to find explicitly the relation between z
(or r) and the affine distance v: the differential equation
governing this relationship has thus far proved intractable.
It is precisely this relation that is necessary in order to
write down explicitly the required coordinate transformation.

It is not surprising that the propagation equations
(6.2.27,28) are difficult to integrate - the null coordinates
we have chosen are tied into the null geometry (and hence to
the observations) rather than to fluid. Similarly, in

co-moving coordinates, the observational integration is far
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more complicated than the scheme presented here.

§6.4 Observational integration with FRW initial data

In this section we show, by explicit integration,
that a pressure-free, spherically symmetric space-time is,
in addition, spatially homogeneous iff the r(z) and
Hd%%)(z) relations take exactly the form predicted by the
standard FRW models (see equations (6.4.12,14)).

Suppose, firstly, that the universe is both spherically
symmetric and spatially homogeneous. It is well-known (see,
e.g., [73]) that the space-time is then conformally flat, so
that

¥, = O. (6.4.1)

From (3.3.17b,18c,19c) and (6.2.24g,h,i) it then follows that

4
3 Ddy; = =udgy + 20@11 (6.4.2a)
2 D‘bzz = "2}.1(1311 + 0@22. (6.4.2b)

But (6.2.24h) implies

2
@00@22 = 4(@11) (6.4.2C)
and hence
(Dll D(Dzz - —l‘q)zz D(I’ll = O, (6.4.3)

3
which integrates to give

2
dop = 3(911)1/3 ’ (6.4.4a)

where

a = 8(MO)'2/3 (6.4.4Db)

and now (6.4.2c) shows that

5/3

oo = 2a(dy,) (6.4.4c¢)
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Thus, by (6.2.24h) and (6.4.4),

4 1 -1 1.2 4/3 M.,4/3
(1+z) ~ = 71‘4)00((1)22) = 72 (¢11) / = (D_’I) / ’
o)
which means that
80y, = M = M_(1+z)>. (6.4.5)
In order to find (%%) and (M%—‘zl), we differentiate

(6.4.2a) and substitute for Dp and Dy from (6.6.26a,b). This

gives

36,4 D20y, - 5(De;1)2 - 6a(e;1) /> =0 (6.4.6)
which, integrated once, gives

1073 pi12a(001) Y3 (6.4.7)

(D¢11)2 = (®711)
where b = b(w) 1s a "constant" of integration whose value
will be determined later by evaluating (6.4.7) at thé centre.

By substituting for ¢;; = %bd from (6.4.5) and for D¢,

from

_ (deyy bz, _ 3 2 az
LN ( e ) (dv) 8M0(1+Z) (dv) (6.4.8)

into (6.4.7), and evaluating the result at the centre, one

obtains

dz _ 3 1 1/2

v (1+z) (Ho+f3Moz) (6.4.9)
where

_ dz

Ho = Ivlo (6.4.10a)
is Jjust the usual Hubble parameter (in the notation of the
previous chapter, Ho = zl).

It is customary to define the so-called deceleration
parameter 95 by
M
o

q = -2 . (6.4.10b)
© 6Hg
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so that (6.4.7) assumes the more familiar form

dz _ 3 1/2

I - Ho(l+z) (l+2qoz) . (6.4.11)
Thus, by (6.4.5), the (Dl%%) (z) relation becomes in this case

MEE = 6q0H0(1+2qOZ) . (6.4.12)

The r(z) relation may now be derived by integrating (6.2.26a).

Since

1 Ld5) (&2
r r "dz dv’ ,

while ¢35, is given by (6.4.4c) and (6.4.5), equation (6.2.26a)

now reads

d°r -1 -1, dr
———2- + {3(1+Z) + qO(l+2qOZ) }a‘z— +
dz
-1 e
+ 3qo(l+z) (l+2qoz) r =0 (6,4,l3a)
with initial conditions
- dr - (d4dz ~

r(0) = 0O, (aE- (0) = | dv) (0) = Ho (6.4.13b)

Now (6.4.13a) is a linear, homogeneous differential equation
which is easily solved to give

.- 1 -2 ) -2 _
r(z) = H qo (1L + z) {qoz+l qo+

(g, -1 (1+2q.2)%)  (6.4.14)

Thus (6.4.12,14) are the observational relations
predicted if the universe is both spatially homogeneous and
isotropic, ie. if the space-time is FRW.

Suppose now, conversely, that the space-time is isotropic
about C, and that the maximal data set DS(wo,z*) is given by

(6.4.12,14). Then, as shown in §6. 3,

z
dv _ dr 1 dv 2
3z - (a—z) {l-iLr(MaE)(l+Z) dz }

-1
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-1 3 -1/2

_ -2 - /2
= HO d, (1+2) (1+2qoz) +

{ (3q_-2-q_2) (1+2q_2)"

-1 -2
+ (qo—l)(qo—2-3qoz)} {l-—3qO (qo—l)z--qO (qoz+2—3qo)x

1/2, -2, -1
x(l+2qoz) +d (2 3qo)}
= 17l (142) 3 (142q_2) 7Y/2 (6.4.15)
o o
(cf. (6.4.11)). By (6.3.5)
2 2 1 dv 2 dv
2ur =J (EM_Er - az) dz
o
Substituting for bl%% from (6.4.12), for r from (6.4.14)
and for %% from (6.4.15) gives
2 -3 -1 2 a 2
2ur” = 3q "H_ " { (1-29 ) "I, + 2q_(l-2q )I; + q I, +
1 3 2 (? -4 1/2
—-—§qu3 + (qo—l) L(l+z) (l+2qoz) dz +
-qg_ (g --l)(l+z)—2 _2 (g -1) (1-2g )(l+z)—3} (6.4.16a)
o "o 3 o} o}
where
z
1= J (1+z)'“(1+2qoz)'l/2 dz . (6.4.16b)
o}
Using
(142q_z) 172 (2n-3) q
o) o)
In - n-1 In 1
(n-l)(2qo—l)(l+z) (n—l)(2qo-l)
(n2 2; g = l-) (6.4.17a)
= ri O 2 3 .
and
z -4 1/2 1 1/2 -3
J(l+z) (l+2qoz) dz = —~§(l+2qoz) / (1+2z) +
o)

1
+ §q013 (6.4.17b)

the integration is readily performed and yields

2 —3H—l

2ur’ = -q_ (14z) 3 (laz + (q,-1) (g -2) Ix

x(l+2qoz)l/2 + 3q_(q -1z + (g -1) (2-q )} (6.4.18)
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spectral bands where this radiation might reside, and associated references, are given in
Appendix A.

It is therefore possible that the Universe is dominated by gravitational waves or neutrinos
(cf. [15,16]), leading to an effective equation of state p = /3, and corresponding relation
(15). In such a universe model, the matter density (plausibly between 107 and 107! g/cm?)
could be a small perturbation of the total energy density (possibly up to 1072°g/cm?), so
that the total galaxy number density would not be directly related to the total energy
density; rather it would be determined by the galaxy formation processes taking place in the
background space—time, whose curvature is determined by the energy density of gravita-
tional waves and neutrinos. What would also be demanded, in this situation, is a mechanism
that would result in a matter having, on average, the same 4-velocity as the radiation. This
would have to be the result of the forces which control the suggested ‘drift’ process; there
would have to be sufficient coupling between the matter and whatever radiation is present,
that the radiation pressure could act on the matter strongly enough to hold it at the same
average 4-velocity. This would lead to some difficulties in astrophysical terms, but they may
not be insuperable. (And see the further possibilities raised in Section 7.)

6 The General Relativity field equations
6.1 THE FIELD EQUATIONS

The field equations for metric (1) with source tensor given by (10), (2), are:

f” gll flgl

—_— e — = —-A’ 16
f g fe ? (162)
fll flz l

2—+— —— = —u — A, 16b
AT u | (16b)
fg o1

2=+ ——=p - A, 16
g 7 £ - (%

where A is the cosmological constant; the integrability conditions are the conservation
equations (11), and the equations are completed by an equation of state p = p(u). The equa-
tions (16), (11) and the regularity conditions (3) are invariant under the 2-parameter group
of transformations

g\, (173)
rok7lr, [T, po ki, A-KPA, poidp, (17v)

where X,k are non-zero real numbers. In general the solution {f(r), g(r),u(r)} of (16)
depends essentially on four of the six constants {f(ro), &(ro), f (ro), & (ro), 1(ro), A} at some
value r, of r, because of the first integral (16¢) and the invariance (17a); however, the
existence of the regular centre reduces the arbitrariness to two constants. To see this,
consider the situation on the central world line C; there the regularity conditions (3) restrict
the constants, so that the solution depends only on two values specified on this line. We will
take these as {uo = u(0), A}, defining an initial-value plane at C.

Thus in the SSS case, there is even greater ‘lack of options’ [9] than in the FRW case:

given an equation of state, the solution is determined by one arbitrary constant if A =0,
and two if A = 0.
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Expansion of the Universe 451
6.2 METHOD AND CONCLUSION

Even with the simple equation of state
p=p/3>0 (18)

which we assume in view of the argument in the preceding section, it does not seem possible
to obtain analytic solutions to these equations in general, or even to obtain the qualitative
behaviour of the solutions by use of phase planes (except in the cases A =0;u=0o0r A =pu).
Accordingly we have examined the solutions of equations (16), (18) numerically. A useful
simplification results because the equation of state (18), as well as the field equations (16),
are invariant under the transformation group (17b); so properties.of the solution need only
be investigated on a one-dimensional subspace of the initial-value plane, in order to find the
behaviour over the whole plane. '

As well as integrating the equations numerically, we have investigated the (m, z) relations
predicted for these space-—times by equation (7), and attempted to fit the predicted curves
to the obsé*ved data points. The outcome of the investigation, which we briefly report
below, is that one cannot fit the observations well. The essential reason for this is the
‘regularity’ condition (3) at the central world line C, which restricts the solutions so much
that we cannot use the available freedom to obtain a good fit (the redshift, which starts off
with zero derivative at the origin, initially builds up too slowly as r increases).

6.3 THE NATURE OF THE SOLUTIONS

The general nature of the solutions is shown in Fig. 3. Fig. 3(a) shows the initial-value plane
ko, A pto > 0}. Numerical integrations of the field equations were carried out for a sample
of points in this plane; the nature of the solutions is shown in Fig. 3(b). One can usefully
remember here that by the invariance (17b), the nature of the solution is the same on every
straight line through the origin in the initial-value plane.

In three specific cases, one can obtain the exact analytic solution. Case (1): A= 0= g, is
Minkowski space—time. We obtain this as the empty solution with zero redshift and f(=r)
increasing linearly without limit. Case (2): A # 0, po=0, is de Sitter space~time obtained
as the zero-mass ‘Schwarzschild solution’ with non-zero A term and with a regular centre
(see, e.g. Rindler [17], pp. 208—212). Note that we are not using the congruence of world
lines used in de Sitter space—time to obtain the usua} Steady State world model, for we are
considering as world lines integral curves of a time-like Killing vector field. In this empty
solution, when A >0, f has a pure ‘sine’ behaviour, increasing to a maximum and then
decreasing to zero as r—>n(3/A)"% and z increases monotonically with r. Case (3):
A =p,>0, is the Einstein static universe, with zero redshift and with f again having a pure
‘sine” behaviour, going to zero again as r - m(3/2A)"%

In Case (1), the space sections are complete and unbounded; in Cases (2) and (3), there
are regular second centres, so the space sections are complete but bounded (and compact).
However, in Case (2), this is an unstable situation; as the redshift diverges, an infinitesimal
non-zero value of uy would lead to energy divergences and incomplete space-sections.

In the other cases, we have to rely on numerical integration. Case (4): is when A > g > 0.
Our integrations indicate that now both z and f increase to maximum values and then
decrease, with f going to zero, and z through zero to —1; a second singularity occurs, but it
is one where the density goes to zero. The maximum value of f occurs before the maximum
value of z. Case (5): is when o> A > 0. In this case, f again increases to a maximum and
then decreases to zero, but z initially decreases to negative values (corresponding to blue
shifts), reaches a minimum, and then increases through zero to + . A second singularity



452

182

G. F. R. Ellis, R. Maartens and S. D. Nel

0;
A /’L matler() 3
|
N AP
H 4
! 4
i
7/
] /
! /
(2 ! /
)\N| ,/
L}
’
) /
0.3 (e 7
0154 o ()
ty
ol Y T T ,llo
S 0203 1
H
-0.3 o(6)
(a)
2 6 3 1
i I
1} 1
1 '
'
A | !
g ——— ! X
h !
[ |
! t
! )
! 1
/\\ i
/.% 1 y !
. 7 ) '
. 72N '
P- - ' !
J2a ’ 1
'I// i
I,” I
dd
- ] ™3 13
0-5 RIS \ Y - "
= \ . )
\\\ \\ \ 44\ A
N~ W o/
\\ \‘\ : I/
N :P/*‘N
; it SR D I
(b)

Figure 3. The radial behaviour of SSS universe models in which Einstein’s field equations hold with an
equation of state p = u/3. (a) The initial-value plane for these universe models, parametrized by values of
the cosmological constant A and the central density x, Limits on A and u, and the requirement of
positive redshifts near the central world line, confine plausible cosmological models to the triangle de-
lineated by broken lines. (Units are 107%*cm™?; 8#G =¢ =1.) (b) Sketches of the radial variation of the
observer area distance f and the redshift z, for solutions with initial values indicated by the numbers 1-6

in (a).

occurs here, where the density diverges. Case (6): is when A <0, yo # 0. One can show
analytically from the field equations that f increases monotonically, and the space sections
are complete. The redshift is negative, decreasing monotonically from zero to —1, and the
density decreases monotonically to zero, but does not reach zero for any finite radius (see

[8] for analytic proofs when A = 0).



183

Expansion of the Universe 453

The redshift behaviour just discussed shows that if such universe models are to be
realistic, z > O near the origin will imply that we do not get an infinite redshift build up near
the singularity. This means that in these models we would have to postulate that the black-
body radiation was emitted as such by the singularity. This represents a partial, but not '
fatal, setback to the picture discussed in the last section.

The condition u > 0 is an energy condition which implies a focusing tendency on radial
null geodesics through the central world line C (one can explicitly check that d*f/dv?* <0
where v is an affine parameter). However, one can also check that an actual tumover cannot
occur for finite values of rif A < 0, because (16¢) prohibits the occurrence of a point where
the spatial radial derivative f(r) is zero. On the other hand, our integrations show that f .
does tum over when A > 0; in Fig. 4(a), the radial coordinate value r; and the value
fr =f(ry) of f at the turnover, are given as functions of (uo/A). Thus in all these universes,
the past and future light cones of each point on the central world line C refocus either to a
singularity or to a second centre. (There need not necessarily be a singularity there, despite
the singularity theorems of Hawking & Ellis [4], because the A term is sufficiently large
that the time-ike convergence condition need not be satisfied on all time-like geodesics.)
Correspondingly there will be minimum angular diameters for rigid objects in these
universes, and the function f (the ‘area distance’ ry, see (5)) cannot be used as a global
coordinate, for it does not characterize distance uniquely.

The initial behaviour of the redshift near the centre may be seen from the power-series
expansion

1 | .
Z=g(/\—#o)"2+‘3"66(15/\_16#0)(/\_1-‘0)’4*’0(’6), (19)

obtained from equations (11), (16) and (3). This does not necessarily give a good approxima-
tion to the actual redshift (the central line may be a bad set of points about which to make
such an expansion), but it confirms the initial values of the redshift found in the numerical
integration (positive if A — 115> 0, zero if A ~ uo= 0, and negative if A — ug < 0).

It is the centrality condition which results in (19) being a power series in even terms
only. As z starts off with zero derivative, we need to build up redshift rapidly through the
quadratic term, in order to achieve something like the observed values. This can be done;
the maximum build up is achieved by maximizing (A — u,). Now local observations in the
solar system allow very large values of A (see [17]). One can argue [9] that application
of the Newtonian limit to small clusters of galaxies limits |A| to less than 10757¢m™2, but
this is not a very firm limit in view of the uncertainties in the application; if we take the
limit as 107 cm™ (see {17, 18]) and take po = 0, one finds r = (6z/A)"? for small z. One
could then achieve a redshift of 0.004 at a proper radial distance of 10%cm (i.e. 108 light
year); and for the required large A values, the distance scale would be little changed even if
we took g to be the ‘critical density’ of 107*g/cm? (or 107%¢cm™2). Thus one could achieve
approximately the same redshift build up as in the FRW universes. The trouble is that the
build up is now too fast at larger values of z; and one cannot use the higher order terms in
order to get an almost linear behaviour, for they turn the curve right over. Consequently
in these universes the attempt to use redshift to characterize distance fails (one value of z
corresponds to two values of r). In addition there exist maximum or minimum redshifts in
these universes; Fig. 4(a) shows the maximum value zp of the redshift in those universes
which start with a positive redshift (i.e. where A > ug > 0), and the r value , at the turnover
point. For smaller values of A, one would get different scales (one could reach z ~ 0.004 at
much larger values of r; this would necessarily be the case if one adopted the A limit in [9h.
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Figure 4. The turnovers in redshift z and area distance fin SSS models with equation of state p = u/3 and
A > uy > 0. (a) Curves showing the radial values r , r, where f and z turn over, as a function of u,; and
the maximum values f(r,), z(r,) attained by f,z. (b) An example of an (m, z) curve for these models,
showing how the turnovers in z and f lead to a turnover in the (m, z) curve.

6.4 BEST FIT

In order to fit the predicted to the actual (m, z) curve, we of course demand that z > 0 for
nearby galaxies; so we must have

10°%em™ 2 A > o 2 107%cm ™2, (20)

where the outer inequalities correspond to upper possible limits on A and lower limits on the
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observed matter in the Universe, and the middle inequality leads to positive redshifts near C.
This region in the initial-value plane is the area where we may hope to find reasonable
universe models (see Fig. 3(a)). The general behaviour of the models is that described above
as Case (4).

In these models, the turnover of f and then z results in the (m, z) curve tuming over at
z =z, the kind of (m, z) curve that results is shown in Fig. 4(b). The turnover divides the
(m, z) relation into two branches, that for 0 <r <r,, i.e. for small distances, and that for
r>r,, ie. for larger distances (but the same z values). Our integrations indicate that the
slope of the branch r > r; is steeper than that of the branch r < r,, for small z (¢f. Fig. 4(b)).
They also indicate that the latter slope exceeds the slope defined by the observed (m, z) -
points, so we attempted to fit the observations for the branch r < r,. Since under (17),

z-2z,

1 (2
5logiore(l +2)2— 5 logyero(l +2)* — 5 logyo k
we are free to shift the (m,z) curve along the m axis, with the corresponding shift
Ko k2uy, A = k2A in the initial-value plane (which may move the model out of the region
(20)). Observational (m, z) values for distant galaxies were taken from Sandage, Kristian &
Westphal [19]). For fixed A and a range of u, values such that 0 < ug <YsA (note that
Mo >YsA = z1 < 1), the numerical (m, z) curve was interpolated to give m values at the same
= values as the observed points; and then shifted, by use of (21), so that the sum of squares
of differences between observed and numerical values was a minimum. This minimum value
is plotted against uq in Fig. 5(a). The best fit is obtained for the de Sitter solution where
A >0, pue=0 (and for which analytic expressions may be obtained for the (m, z) curve); and
this is not an acceptable fit to the observations (see Fig. 5(b)). Thus we are unable to obtain
a good fit to the observations, if p = u/3.

7 Alternatives

The argument presented has shown that current (m, z) observations cannot be fitted by the
SSS cosmological models discussed, as the slope of the observed points is too shallow relative
to the curve predicted by these models. One can, however, query what alternatives there
might be to some of the assumptions made in the argument.

7.1 EQUATION OF STATE

Substantially different results might be obtained if the equation of state of the cosmological
fluid had been incorrectly estimated (the SSS universe models are much more sensitive to
the equation of state, than the FRW universes). In the situation we have in mind, it is quite
plausible that the equation of state would vary with radius. If eithef neutrinos or electro-
magnetic fields are significant on cosmological scales, one might have anisotropic fluid
pressures; and considerable differences from the standard fluid model are conceivable in a
gas where a long-range force, such as gravity, is dominant (see the ‘gravithermodynamics’
discussion by Saslaw [20]). The consequences might simply be that evaluation of the
constants in the equation of state was incorrect, or it might be that a substantially different
model of matter was required (an ‘imperfect fluid’ or a plasma description, for example). (If
neutrinos dominate, one can have what is essentially a long-range interaction resembling
elasticity.) It would, of course, be possible to take a cosmographic model which fitted the
observed data and run the field equations in reverse in order to deduce the matter behaviour
required to give the observed (m,z) curve. However, such ‘matter’ would probably have
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Figure 5. The observational fit to the (m, z) curve, for models with p = u/3 and A > u, > 0. The observa-
tions are from Sandage er al. [19]. (a) Curve showing variation with u, of the least-squares error of the
predicted curve (for r <r,), relative to the observations. (b) The best-fit theoretical (m, z) curve, for
A =12, u,=0;and the observed points. The curve has been shifted along the m axis by an amount corre-
sponding to x = 1.26 (= A — 2.57 A; see Section 6). We have taken an absolute magnitude M = — 2.5
log,, L = ~ 23.16. Also shown is the fit that can be obtained if one drops the ‘regular centre’ condition
and lets 4 -+ — =, p ~ finite value at the centre (see Section 7).

unrealistic physical properties. It is not clear that any alterations in the equation of state
representing realistic matter properties, would enable the redshift to build up fast enough.

7.2 CALIBRATION AND RADIAL EVOLUTION

One should, however, be cautious here. The whole calibration on which the interpretation of
the usual (m, z) curves is based, is made on the understanding that the FRW universe model
is basically correct. In the situation we have in mind, the redshift values might well corre-
spond to much larger distances than in the FRW universe models; so the whole calibration
system for magnitudes might work out substantially differently in the SSS universes. A
related property is that radial changes in galactic properties (corresponding to the ‘evolu-
tionary corrections’ in the FRW universes) might be significant at smaller redshifts than in
the FRW universe models. A careful investigation would be needed to follow all the ramifica-
tions of the change of scale that might result if the SSS interpretation were adopted.
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7.3 OTHER FIELD EQUATIONS

More radically, one could investigate the consequences of adopting different field equations.
One could even seriously consider the possibility that matter and radiation momentum-
" conservation would no longer hold, with such altered equations; for some sort of
cosmological force field could enter modified momentum-conservation equations in an
appropriate way (this would be the spatial analogue of the Steady State universe situation,
where the ‘c-field’ results in energy conservation being abandoned).

It is not clear how good a fit such changes would enable one to achieve. The problem
remains that of obtaining a reasonably fast build up of redshift, relative to the change in area
distance as one moves away from the centre, without then having a serious ‘overshoot’.

74 SINGULAR CENTRES

One way which one might achieve a good fit is by weakening the centrality conditions.
Specifically, if one were to allow the function g(r) to have discontinuous first derivatives at
r= 0 (by dropping the condition g'(r) = 0 as r = 0), and perhaps weakened the conditions on
F(r), one could hope to achieve, for a galaxy very near the centre, a much better fit for the
(m, z) curves. For example, if we take

g =1 =Hyr+ar*+0(r®), f(r)=r+{(a—1)Ho—aHs'} P +0(r),
where a = %(1 —q,) and a = — %(1 + 2q,) H3, Hy and g, constants, one obtains
5 logyoro(l +2)?= —log,o Ho + 108102 + (¥ log0€) {1 — o}z + 0(z?),

which is precisely the FRW form. These functional forms imply (by (16)) an ‘equation of -
state’ such that p = finite value but g = — o= as r = 0. Fig. 5(b) shows a plot of this (m, z)
relation for a =0, M = — 23.16, Hy = 55 km/(s Mpc) = 60.5 x 107%/cm. While the (m, 2) fit is
good, obviously the physical situation implied leaves much to be desired. Other singular
behaviours at the centre we might consider do not necessarily involve an infinite density
singularity there; but the real problem would be that any such supposition would make our
space—time position too special. One would have to be extremely close to the central line
in order to see almost isotropic redshifts. Having chosen such a space, it would be difficult to
justifiy such a special position for our Galaxy in terms of the argument applied previously.

7.5 DOPPLER OR LOCAL GRAVITATIONAL REDSHIFT CONTRIBUTIONS

Perhaps the most interesting possibilities involve new contributions to the redshift. First, one
could have a static universe (whose curvature was governed by a static radiation field) in
which the matrter was non-static, i.e. in which the matter moved as a test field in the static
background space—time. Then part of the observed redshift would be a Doppler shift. This
corresponds exactly to the situation in both the Milne and Steady State universes (in each
case the space—time is locally static but the matter non-static). This proposal — that the
average 4-velocity of matter should not exactly align with that of the background radiation
field — is perhaps more plausible than the strict SSS proposal that these 4-velocities should
be the same. To make such a suggestion plausible would require a detailed investigation of
the matter ‘drift’ mechanism, and associated galaxy-formation processes; it is quite possible
that problems would be revealed by such an investigation. The second possibility would be
to pursue those lines of argument which suggest that at least a substantial part of each red-
shift observed, is a locally generated redshift (e.g. due to gravitational redshift at the source).
It might well be that a SSS universe would provide at least as plausible a background
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geometry for such a situation, as do the FRW universes; the situation could then be different
from that which we have considered up to now, in that in this case one might be able to have
plausible matter dominated SSS models.

7.6 CONCLUSION

None of these alternatives are immediately compelling. However, they do show that there
are a variety of possibility which need consideration before the SSS models are categ-
orically ruled out.

8 Implications

We have seen that although it is cosmographically possible to construct a SSS universe
model, it is difficult (though not proved totally impossible) to construct plausible cosmo-
logical models of this kind. Although we have looked only at exactly isotropic universe
models, it is very plausible that deviations from isotropy would not change the situation;
i.e. if our observations eventually show there are deviations from isotropy on a cosmological
scale, there would again be problems in constructing a static model for this situation. (One
should note here the unproven, but plausible, assumption that isotropic (m, z) and (¥, 2)
relations will only occur in an isotropic space—time.)

What, then, has been gained by this investigation?

8.1 EXPANSION OF THE UNIVERSE

First, we have given an indication as to how one can deduce the Universe is expanding, on
the basis of present observational evidence. It may be claimed that better or briefer argu-
ments could be given. We would welcome such arguments. What we do claim, is that such
arguments are necessary if one is to make clear statements about the observational basis
of cosmology. Until they are made explicit, the interpretation of the current evidence as
showing that the Universe is expanding is based on the assumption of spatial homo-
geneity, which is made on philosophical rather than observational grounds.

8.2 INHOMOGENEOUS EXPANDING UNIVERSES

Secondly, our argument has thrown up certain other features of interest in the study of
observational cosmology. Although the FRW models have won wide acceptance, there are
various problems associated with them, partly related to their spatial homogeneity (e.g. the
problem of galaxy formation from exactly homogeneous initial conditions), and partly to
their isotropy (evidence has been led that there might be anisotropy in the Hubble diagram
{21], or some kind of hierarchical structure or other inhomogeneity [22]). We have pointed
out that many of the features of a FRW universe could occur in an inhomogeneous static
universe model with our Galaxy somewhere near the centre, but had difficulty fitting a
detailed static model.

However, this is a very extreme case. Many new. features occurred in the static models,
which suggest a new spectrum of possibilities that could be considered even if one does not
claim the Universe is static. What may well be worth pursuing is the possibility that there are
inhomogeneous spherically-symmerric universe models which are expanding, but retain some
of the interesting features of the SSS universe models. Their properties could include
features of both the FRW and the SSS models. We consider briefly some of the features that
could arise in this case.
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Abstract. The integrability conditions for a certain second order ordinary
differential equation in two variables are studied via the concept of decom-
posability of the associated differential operator. The results are applied to
regain in a unified manner the known exact solutions for locally rotationally
symmetric, spatially homogeneous cosmological models. In addition, new
solutions are obtained. '

1. Introduction
Einstein’s equations
R,—1iRg, +Ag,=T, (L1

for a spacetime metric tensor g, , where R, is the Ricci tensor, R = R, and A
is the cosmological constant, can be solved exactly only in cases of rather high
spacetime symmetry, and for relatively simple forms of the energy-momentum
tensor T ,.

In this paper, we consider exact solutions of (1.1) for spacetimes in which
local coordinates (x%) =(f,x"){(@=0,...,3;a=1,...,3) may be chosen so that
one or more of the field equations, or combinations thereof, take the generic form

X Y XY
+A5Y+A67+A7 5(—-);+H(X, Y,t)=(02)
1.

where 4,eR(i=1,...,7), a dot denotes differentiation with respect to t, and
X(t), Y(¢) are metric component functions. This is the case, for example, when
the spacetime is locally rotationally symmetric and admits a i-parameter family
of homogeneous hypersurfaces (see, e.g., Refs. [1-3]). If a first integral of (1.2)
can be found, then together with the remaining field equations and the conser-
vation equations T;‘;” = (, this often allows us to obtain a reduction of the system
of equations to quadratures, or to a single ordinary differential equation in one
variable, plus quadratures.

X v, % ¥
AX—X—+A2*Y“+A3Y5+A472-

0010-3616/78/0059,/0273/$02.20
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Proof. Necessity. Suppose (1.4) holds. Then, by (1.3)

oG
Fo==a, (2.1a)
oG
F —5;)' =4a, | (21b)
F[%%a+%§&+%ﬂ=a3a2 + a0t +agi + agh + aju. (2.1c)
By differentiating (2.1) with respect to & and ¢ we obtain
3G
Errm (2.22)
3?G
— = 2.2
Jodv 4 (2.20)
*G 3G
R A P 22
d [ dudv (71}6u:| “ (220)
0 oG . G
a:[G au " B "] 2.2d)

Casel:aa, #0
By differentiating (2.1a), (2.1b) with respect to u, v (respectively), and using (2.2a),
(2.2b), we obtain expressions, which, with (2.2¢), yield (D1). :

Also, these expressions, together with (2.2) and (D1), give expressions for
ay,ag, which, when differentiated with respect to v,u (respectively), and sub-
tracted, yield

a,a,a, — a,a,a, = [a*a —aza]il F
20386 = (10,05 = | 3104 — A0, | 7108

while differentiation with respect to ¢ gives, using (2.1a), (2.1b) and (2.2d), and
subtracting

oF
(a,as — a‘aﬁ)—ét- =10.
Hence
(a,a ~ a,ag)(a,a,a —aja.a) =0 (2.3)

(D2) follows from (D1) and (2.3).

Case 2:a, =0
By (2.1b) and (2.2b)

=0
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SS" — S —E~18S' — £ 1(a,S? +a,5) + a,5* +a, =0

of the 3rd Painleve transcendent [6].
Having solved (3.20), we obtain Y from (3.19), and ¢ from (3.16f) and (3.16g)

W = arc tanh [ (eg/2d)(¢ — &,) ]

Now (3.16€) constitutes a linear, first order equation for Z?, which may readily
be solved to complete the solution.

4. Extensions

The method developed in this paper has enabled us not only to obtain in a unified
manner the known perfect fluid, Locally Rotationally Symmetric exact solutions,
but also to obtain some new solutions. In addition it should be possible to regain
the known exact solutions for those L.R.S. spatially homogeneous spacetimes
which admit a non-vanishing magnetic field by use of this method (see [4] for
references to these solutions).

A natural extension of the results of this paper would be to obtain the de-
composability conditions for the case where there are n dependent variables.
For n= 3, this could be applied to the non-L.R.S. spatially homogeneous space-
times containing a perfect fluid or magnetic field. In this way, it should be possible
to regain the known solutions [4], and perhaps to obtain new solutions (one
new solution for n =3 was given in §3, where a new choice of dependent variable
reduced the problem to n = 2).

It may be that the differential Equation (1.2) occurs in contexts other than
the cosmological. In general, the concept of decomposability (corresponding
to a restriction on the functional dependence of the integrating factor) could be
applied to other types of differential equation (corresponding to operators other
than L,), to obtain useful integrability conditions.
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