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ABSTRACT

The inelastic response of steel portal frames with a mass
aftached to the centre of the beam member and subjected to
large aynamic loads is studied. The analysis is carried

out using the mode'approximation technique extended to

iﬁcludé strain—rate‘sénsitivity, finité déflectibns énd pulse
duration.. Experimental resuits are presenﬁed which show good
agreement with theoretical predictions. The use of the .
e#tended Hamilton's principle for mode form'éolutiops is

discussed,
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INTRODUCTION

The treatment of inelastic dynamic loading problemé in
structures has been achieved along two distinect lines: the
numerical approach and the more traditional analytical approach.

Simple analytical methods are extremely useful for pré-
liminary stages of design and may even be adequate for the final
design in many cases; They further provide insight info the

‘mechanics of the deformation process, covering a wide class of
problems. In those cases where the external dynamic loads can
be accurately determined, or when theoreticai methods are not
available, the numerical methods [1, 2] may be-used.v These
are however long and complex, and it is desirable to have simple
approximate methods.

Of interest here is the mode approximation technique
‘developed by Martin and Symonds [3] for rigid-plastic structures
loaded impulsively. This technique has been extended ﬁo more - -
‘general inelastic behaviour. Symonds [4] used the technique as
a starting point for an approximate theory inecluding strain rate
v .and strain hardening effects. Lee and Martin [5], Lee [6] and
Symoﬁds [7] discussed mode approximation concep® for viscous and
rigid—viécoplastic materials. An ahalogbus technique for the
.case.of ioad pulses pf'finite duration'was further deQeloped by
Augusti, Martin and O'Keeffe [8]. vaarf from simple beams, very

vfeW'structures composed of straight bars ﬁave been studied.
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It is the purpose of this thesis to investigate the mode
>approximation technique applied to the analysis of mild steel
portal framesr(fectangular and trapeioidal)vsubjectéd to

 impulsé loading at the centre of the beam. This class of
structures has many advanﬁages as an object of study since they
are widely used in engineering practice and are nevertheless
suffiéiently_simple so that both analeis and experiments are
fairly simple to carry out and compare, Most of the prévious
work on the aﬁalysis of portal frames was based on two degree of
freedom models (Rawlings [9]) or on the mode solution where strain
‘rate effecté were included by correcting the yield moment (Perrone
[10]; Martin and.Johnson [11]). Fully numerical methods have also
" been used by Johnson, Al-Hasséni and Hashmi [lj. Symonds and
Chon [25] have recently used a method similar.to the one described
here.

In the present analysis, the mode approximation technique
is extended to inclﬁde strain rate effects, geometry changes and
pulse duration. Elastic effects are igﬁored. This assumptioﬁ,
as pointed out by Symonds [12] is only valid if the applied kinetic
energy is considerably larger than the maximum amount of strain
energy which can be absorbed in a whdlly elastic manner, It is
also important that the duration of loading be short compared to
the nétﬁral period of elastic vibration.

An experimental program designed to test the'validity of
the analysis is reported.: Results are presented which show
reasonable‘agreement‘with theoretical predictions. The energy
ratio for the test performed varied between 3 and 13. Transient

responses were recorded with a velocity transducer.



viii

The use of the extended Hamilton's principle [13] for mode
form solutions is also discussed. It is shown that Martin and

Lee's extremum principle [5] may be derived from it.



PART TI: ANALYTICAL STUDY

The dependence of the dynamic lower yield stress of(g)
on the plastic strain rate & has been represented in numerical

form [1Lk] vy

= e |
= 1 + [ : ] for lo] > o, (1.1)

where %, is the yield stress, as derived from tests at various
strain rates rather than the usual static test; éo and n are
material constants. This formula (with n = 5, éo = hOsec_l),
fepresents satisfactorilyvthe tension impact tests of Manjoine
[15] and fhevtests in pure bending of Aspden and Campbellv[l6].
It implies that the material is of rigid—viécoplaéfiévtype: ﬁo
.deformation océurs.if lo] < o, “ | | |

The inhombgeneify of thié'constitutive reiation makes
for major diffiéﬁities in the analysis df dynamic problems.'
The mode approximation tephnique is substantially simplified if the
constitutive equation is homogeneous; bermanent mode solutions then
exist, for example. For that pufpose, Symonds [7] made use of the.
Vcbncept of a 'matched viscous' representation; in which equatioh

(1.1) is replaced by



. n'
. = [ g— ] . (1.2)

Since microscopic models of slip dynamics, as well as modern
developments in constitutive laws define plastic strain rate as
occurring at all stress 1evels,‘the homogeneous viscous represen-
»tation which has this property may be regarded as no less suitable
for plastic'structural dynamics than the customary rigid-visco-
plastic representation [T7].

| If the rigid-viscoplastic type of law (1.1) is regarded
as correct, it is possible to match equation (1.2).to it in various
ways. .Symonds [7] chose oé and n' in terms of o, and n in such a
way that the error remained conservative in the sense that the
actual material is replaced by a weaker one. He ensured this by
making the curve ¢ = o(&) of equation (1.2) touch that of equation
(1.1) with a common tangent at a particular strain rate &¥,
This implies that different curves are used for different problems
or the same problem with varied loading conditions. It is felt
here that‘this is not necessary in view of the fact that equatidn
(1.1) is itself an approximation. It is thus proposed fo match
(1.2) to (1.1) by a single curve, using the least square error
method.

Figure 1.1 shows the rigid-visdoplastic and viscous curves.



Figure 1.1

From (1.1) and (1.2) we have
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‘This is squared and integrated over the interval O 5_%-— < A:

(e}
6 7
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IR L & 545 opaletl) 5A5
S = J|o-o ) e = A e
o O © (e}
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uzA(2a 1) 2uA(a»5)
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S is then minimized. For A = 2 (range of interest in this study -

see Part II), we getu= 2 and o = 0,09 i.e. (1.2 vecomes

0,00 (g )11,111
1 -[é ] (1.3)

Figure 1.2 shows a comparison between the rigid-viscoplastic curve,

the viscous curve and Manjoine's experimental curve for which

o, = 29 kip, éo =40 and n =5. It can be seen that the

viscous curve is everywhere below Manjoine's curve for rates less

than 103 and the error induced is thus still conservative.

"~ The use of Hamilton's principle for mode form solutions

A number of variational principles have been formulated to
obtain mode solutions of a structure deforming plastically as a

result of dynamic loading (see for example Lee and Martin [5];

Lee [6]; Martin [17]; Symonds and Wierzbicki [18]). Taya and

Mura [13] have recently used an extended Hamilton's principle to

- analyse rigid-plastic structures. We shall here further extend



Hamilton's priﬁciple to include viscous materials and show how Lee
and Martin's minimum principle may be derived from it.

For this burpose we treat bar structures composed of viscous
material where the bending moment M and ﬁhe curvature rate k are
the.only‘generalized stress and strain. The constitutive relation

is thus

(2.1)

Zlg
i
———
x1x¥
| S
St

where M_ and ko are constants.

The structure occupies a domain S; loads p(s,t) aré spe-
cified on part ST’ while velocities G = 0O everywhere on Su. The
displacement and acceleration are represented by u and Y respectively.
Consider the identity

%ﬁ&u = USu + ush. (2.2)

Multiply both sides by m and integrate over the domain S:

I miduds = J miduds + J misids. (2.3)
S S " S

4_

at
The principle of virtual work gives

I- PSuds - J Mékds = J miisuds (2.4)

S S S

From (2.3) and (2.4) we get



| g;-'J' misuds = J-Péuds - J Mékds + J mistds . (2.5)
s : . s s |

Integrate both sides over the time interval [tl, t2]:

t
t2 2 : .
J mﬁGuds]t = f ( f PSuds - I Mékds +
S 1 g s
+ J midads) dt. (2.6)
5 .
If we select Gu(tl) = Gu(tz) = 0, (2.6) becomes
t2
f ([ PSuds - [ Mékds + I miduds) &t = 0 . (2.7)
J .
% s S s
o ns R _ 1l .o
Let T = kinetic energy = §-mu ds,
8
W = potential of external loads = J Puds.
S
Then
8T = j miduds,
5 .
and
W = I Péuds.



Equation (2.7) becomes

t, %,
I (6W + 6T)at = I [ M&kdsdt. (2.8)
t Y 's

This is in fact Hamilton's principle (see for example [26])
from which the equation of motion may be derived. Equation

(2.7) may be written as

t .
2 . :
I f (middt + Péu - Méu )ds dt = O (2.9)
t XX
1°s

"We wish to find an expression dependant on Su only. The first

and third terms of (2.9) may be integrated by parts:

t t t

2 2 2
f [ mistdsdt = J miduds - f J midudsdt ,
s s -t b
t2 .
= - J J mududsdt, (2.10)
1 %s
and
J Mﬁuxxds = Mdux] - [ Mxéuxds,
S S S
= Méu ] - M Gu] +'-J M _éuds,
X X XX
S S s
= [ M__Suds. (2.11)
XX



The first two terms disappear since the varied path must satisfy
the boundary conditions at any instant.

Substituting (2.10) and (2.11) in (2.9):

t

2 . 2
J J (-mi - &5+ P) suasat = o, - (2.12)
£ Jg .
l.e.
'493¥ + mi = P (2.13)
dx ’ B

which is the differential ‘equation governing the motion of a beam
element.
When the moment M is constant, as in the rigid-plastic
case, equation (2.8) may be written as
t t

- 2
J (W + &T)at = J 8Edt,
tq tg

where

This is the extended Hamilton's principle as propoéed by
‘-Taya and Mura {13], in which E is the dissipated energy.

For viscous materials, M is not a constant and_(2.lh)

. does .not hbld. A similar equation may however be derived if we

define G to be of mode form:

& = vRe(x)T(t). | (2.15)



(2.1) becomes

1
: n i
M o= Mo T " n
Im
K
o

The first variation of E is now

SE = I————-B(M") skd
oK
s

= f{k%—fff + M} Skds.
s

Using (2.18), this gives

§E = E—E—L J.MGde

S

- Equation (2.7) now reduces to

t t

71 1

2 . 2
: I (6w + oT)at = = i‘ - J SEdt.
t,. £

10.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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where E = I Mkds. It must be noted that this is not the
S

dissipated energy.
We shall now show that Martin and Lee's minimum principle

[5] can be derived from (2.20). This minimum principle applies

to the impulse loading problem: p(s,t) = O. Equation (2.20)
becomes:
t
s[F (2 ma2 B Mc) dsdt = 0 (2.21)
5 mi® - — 7 Mk) ds = » .
o S '

We seek mode solutions.  Substituting (2.15) and (2.17) in'(2.20)

ﬁV*z E 2 2
o{ =5 f T2dt J ¢02ds
o . S
n+l
1
Mov* * n+1l tf n n;l
- * 1 =
Tn — f T T# 4t J b ds } 0 (2.22)
K o s
(o]
Let
%
A = f T24t,
[e]
t. 1
Y
g = -o*td f ™ % 4t

Then,
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n+l :
mv ‘Mov* i n;l
a{A———I¢2dx+B 57 jcbxx s '} = o,
S Ky S
l.e.
1 ., .
é { A > mi” ds + B | Mkds } = o,
S S S
where
u = V* ¢(X) P
ie. 681 IM:&ds’ + %J -é—mﬁz as } = o. - - (2.23)
| s s | | |

If %-is treated as a Lagrangisn multiplier, equation (2.22) means

that the mode solution 1 makes

) J Mgds
S

stationary subject to the condition

' ! %-mﬂzds = constant

S

This is the extremum principle formulated by Lee and Martin [5].
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3. Impulsively loaded portal frames

Consider the portal frame shown in Figure 3.1: a trapezoidal
frame is treated here for generality; very minor changes are

required for rectangular frames.

Figure 3.1

- The frame is of.recfangular éroés-section (widtﬁ b,bthickness
h), mass m per unit length. A mass Gvis attachéd at mid-span,
and (treated as a particle) is subjected to an impulse so that
-its.velocity at time t = 0 is Vo; Let ﬁ(xl,t), ﬁ2(x2,t)
represent the velocities atvtime t of a point xi of the beam
and column members respectively. The bending momént'M and the
curvature rate Kk are considered as the only generalized stress

and strain. The conétitutive equation is thus-



1k,

L '. n
M - | k.
- [£] (3.1)
o o
where M, = (uoobhz)/h is the yield moment;
2(::o 1l \n :
ko = 5 (1 + >0 )" is the material rate sensitivity

constant for bending curvature rate [5].

Because of the geometrical and loading symmetry, only

half of the frame is analysed.

3.1 Small deflection analysis

We seek a mode form approximate solution and write this as
U (x5,t) = v®e,(x;)T(t), i=1,2 (3.2)

where the shape function ¢l(xl) is normalised so that ¢l(2) =1,
and the time function T(t) is defined so that T(0) = 1 and
T(t ) =0. Thus v¥ is the initial velocity at X, = & The

boundary conditions to be satisfied by the mode functions are

ul(o,t) = uz(Q,t) = uix(z,t) = ugx(O,t) ,

M. (0,t) = 'MQ(L,t), , _ .(3.3)f
ol
o dx x.=2 24t °
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v* may be found as suggested by Martin and Symonds [3] by

minimizing A, (v*) where

1 *0 2 1G
* = = - % —— - *)2
A, (v*) ve.j m(u; = v¥¢;(x;))%s + 5 3 (V- v¥)2,
S .
lo’ec H
G/2 V
vk = ° (3.4)
my2 ds + )
i 2
S
The equation of motion is from (2.13)
a2, du, .
+ —_—= )
5{?— m o _ (3.5)
Substituting equations (3.1) and (3.2) in (3.5):
B 1
M v¥* .]L 2 -
W 4 o7 = —mv* ¢, T
1h dx2 ixx :
K
o
This equation is separable and gives
1
1 #1 1 .
_h =_M_°f_____,zz o8 = (3.6)
R dx ixx ' ? '
kK mv¥d

where A is a constant.
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T(t) may then be found by integration. Taking into

account the conditions T(0) = 1 and T(tf)‘= 0 we get

' - n-1
T = [ 1- %—-] , : (3.7)

where_~ ‘bf m . |

The shape functions ¢i(xi) are governed by the differential

equation

1
a2 n
BT i = PO (3.8)
g "
1
. Av?kg
where A = 1
M v¥
o

“and must satisfy the boundary conditions

8,(0) = ¢(0) = o (1) = ¢, (0) = 0,

b1ex (00 = bp(2) s - (3.9)
1

d n - G

ax P1xx =y ~ "2 A

obtained by substituting (3.1) and (3.2) into (3.3).
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Using the equations for rate of energy dissipation,

it can be shown that

A= 2 = . (3.10)
| R
S

The iterative procedure adopted by Lee and Martin [5]
and by Symonds [7] may be used to determine the shape functions

¢i(xi)vand hence the mode solution:

(i) Functions ¢§O)(xi) which satisfy equations (3.9)

and the normalizing condition ¢l(2) = 1 are chosen;

2
: 2x
(0) _on
¢; (xl) = -t T
3 ' 2.
(0) - X2 *5
oy (x5) = - zpEm *+ 52

(i1) A is determined using (3.10)

(1i1)  Writing mpg; (x) as the right-hand side of (3.8), the
resulting equation is numerically integrated to give
¢il)(xi)’ This procédure is described in detail in

;Appendix A.
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(1)

(iv) The generated function ¢ is normalized so that
¢£l)(£) = 1 and is now used to calculate A and mA¢,.

The cycle is repeated till A remains constant.

(v) v*,tf are calculated and the mode shape is thus fully

determined.

The éonvergence of this procedure was not investigated

but was found to be rapid.

3.2 Large deflection analysis

For the large deflection analysis, the total response
is split into several intermediate stages to each of which the
small deflection analysis is applied. The configuration at the

end of each stage is used as the initial configuration of the

next stage.

The mode solution is written as
a, = v* ¢§t)(xi) T(t), (3.11)
where ¢§t)(xi) is the instantaneous mode at the current deflections.

The initial-configurétion of the frame is shown in

Figure 3.2.
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Wi B ' initial configuration
[Pl

y —~ }configuration after At
/ — — small deflection analysis

/. | —._ large deflection analysis

" — ]

Y2
TSal
Uq
Figure 3.2

The initial mode shape is determined and assumed to
govefn the motion fof a small period of time At after which the
dispiacement shépe of the fréme is as shown in Figure 3.2,

The small deflection analysis ignores géometry changes and
4’assumes the corner pdint displacements to be‘zero. This is
however not correct: the deflection of the beam member

causes an inward displacement of the corner point

[} _
z 1 )2 : ‘
o f 2(ulx) ds. | | (3.12)

o

" The column displacement is then corrected using equation (3.13):
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Y 3
- _ ba ¢ X2 %5 1 (3.13)
uy(xy) = uylxy) + 73 (Z * 7)) s

The second term of equation (3.13) is an arbitrarily
chosen interpolation function.
The axial shortening B due to the column deflection is

then‘given by
dx : (3.ih)
The beam displacément must thus be corrected:

ﬁl(xl) = ul(xl) + B Cos 0 | (3.15)

The new configuration is thus determined and a new mode
shape is calgulated. The process is repeated till the frame
comes to rest.

It must be noted that equation (3.13) only applies to
the first time interval At. In the next stages, u2(L) # 0

and u2(x2) is simply sultiplied by the .correction factor

o 1
to satisfy the continuity requirements.

For the rectangular frames, © = 0 and Cos € is thus 1.

The analysis remains otherwise the same.
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L, Pulse loaded portal frames
Consider the portal frame described in the previous
section. The frame is stationary at time t = 0 and the mass

G (treated as a particle) is subjected to & load P given by

o
it

P(t) for 0<t=<t

o? ‘
(k.1)
P =0 for t > to'
A mode form solution.is sought:
U (x,,t) = v¥ ¢{t)(x.) T(t), i=1,2 -~ (k.2)
1Y% i i

‘ﬁhere<the mode function ¢it)(xl) is defined so that ¢1(2) =1,
and the time function T(t) so that T(0) = O, T(to) =1 and
T(tf) = 0. -

The boundary conditions to be satisfied are the same

‘as those given in (3.3) for t > t,. However, for t < t_

aMm : '
1 = & _1 P o
a;-l- » = 3 - 3 (4.3)

aPwm, e
a—;z— + m—d-'E— = 0 ) ] . ()-l-.)-l-) ‘
2 o |

For t > to, the solution procedure will thus be the same

as for the impulse caSe, large defleétion analysis. For t j_to,
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equation (3.6) is still valid i.e. the differential equation

| governing the shape function ¢§#)(xi) is

1
l » *Qn hd
@2 @, T (4.5)
2 . . - . 1 1 .
dx ixx i MOV* ’h.T L

and the equation governing the time function T(t) is
-7 = a4, (4.6)

Integrating (4.6) and taking into account the conditions

T(0) = 0, T(to) = 1:

n-1 ’
T - ({-—] . (4.7)

Equation (4.5) becomes then

1
2 L mV*l.(?1 n
d n o]
v b = 9. (4.8)
dx2 ixx i Mov*l/h to(l—n)

Substituting (3.1), (%.2) and (4.7) in (L4.3), the boundary

condition at x

1 % becomes

1 -
dxl 1xx X, 24
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In pulse loaded structures where the initial velocities
are zero, v* cannot be determined by minimizing Ao(v*).

Using the work rate equation

I%ﬁids - Im{ii{lids = fMikids , (4.1))

integrating both sides over the time interval [0,t ] and
o

ihtroducing (3.1), (4.2) and (L4.7) we get

1

M v ¢ (n-1) 0 BL
Lo m¢2ds + & = =2 2 0.2 ds
2 i 2 , kyh ixx
S o] n. - 8
(bh.11)
t
o
where I = J Pdt = impulse.
0

If ¢,(x;) is known, v* may be determined by (h;ll).

.vIt is cléar from (4.9) that mode solutions do not exist. It
will however be assumed here that ¢i(xi) may be approximated
by the initial mode shape of the impulse loading case. The

following procedure may then be used for the analysis:

(i) The initial mode shape is determined as in the impulse
loading case. This is used to calculate v¥. The
configuration of the frame at time to is given by

Il

' n-1 '
4, = v* g (x, [{—] : S (ka2)



2k,

(ii) This is then used as the initial configuration for
the next phases which are treated as in the large

deflection impulse loading case.

'A series of frames was studied using the methods

. described here; the results are given in Part II, section 3.
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PART II: EXPERIMENTAL STUDY

Two series of experiments were conducted to test the validity of
the mode form solution applied to portal frames: the first on

rectangular frames, the second on trapezoidal frames.

1. The Specimens

1.1 Specimen_material

The frames were made from commercial mild steel}(carbon
contentl< 0,15 %). The finished test specimens were heat-
treated in a barium salt bath for 1 hour at 760° C. Tensile
épecimené - as specified in ASTM E8 [24] - were tested at four
1speeds up to a maximum of 0,05 sec™! strain ra£e. Tables 1 and
2 show the results of these tests: the o values were obtained

by putting the measured dynamic yield stress into the formula

1
c . 'g
- _€
B Z[l, +[,uo] :

ala
o K

All theoretical calculations were done with the average 9, at
the highest strain rate (0,05 sec—l). For the rectangular
frames, go'= 238,350 MPa. For the trapezoidal'frémes, O, =

216,533 MPa. Other material properties are:

i

mass density-

P 7 724,359 kg/m3 for the rectangular frames

T 888,889-kg/m37fof the trapezoidal frames

=
it

Young's modulus = 200 GPa
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g

g

Average

Specimen é:_l v SN o
 Number (sec™ ") (MPa.) (MPa.) 9
-  ,_ 4,70.107° 233,502 219,215
13 238,298 223,717
16 239,340 224,695 224,725 *
2 2L6,3k45 231,272 4,975
15 4,704.107" 246,637 223,546
1 | 261,245 236,786
18 251,831 228,253 231,&76 +
1k 261,833 237,319 6,723
3 4,704.107° 277,284 . 238,275
21 279,485 240,167
10 - 281,544 241,936 239,633 *
5 277 ,28L 238,275 1,758
20 4,70L.1072 296,256 235,223
9 305,013 242,176
11 309,391 245,652
4 299,175 237,541
12 297,137 235,923 238,350 *
6 294,195 233,587 4,625

Overall average: o, =

234,087 + 7,426 MPa

© TABLE 1

Tensile tests fqr rectangular portal frames




27.

Speci . g o Average
pecimen € _ Y o s
Number (sec” ) (MPa) (MPa) o

T 4,98.107° 187,432 175,840
2 183,143 171,816
5" 274,714 257,724 175,177 *
i 189,602 177,876 3,084
8 %,98.107" 221,200 200,275 196,752 +
| 12 213,417 193,228 4,983
9 4,98.10™° 237,514 203,771 204,996 *
3 240,370 206,221 1,732
4 4,98.1072 273,606 216,727
11 276,497 219,017
10 270,424 21kh,206 216,533 *
6 272,917 216,181 1,979

%

Overall average:

199,560 * 17,519 MPa

TABLE 2

Tensile tests for trapezoidal frames

Diéregarded
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1.2 . The Frames

The frames were made from mild steel strips. These
were surface ground on four faces and then bent to the required
dimensions. Three types of frames were tested: typical dimensions
are given in Figures 1 and 2. Steel blocks (weighing less tﬁan
3 g) were silver braised at the corners to ensure that plastic
hingés did not form at the corners where the cross-section is not
uniform.  These blocks have been neglected in the theoretical
calculations.

The frames were then heat-treated as described earlierf
A total of 30 specimens were designed, 18 of which were rectangular
frames and 12 of which were trapezoidal frames. O0f the rectangular
frames, 9 had a height of 129 mm, and 9 had a height of 180 mm,
the span remaining constant. These will be referred to as the
small and large rectangular frames respectively. Steel blocks
were bolted to the beam members at mid span. The blocks attached
to the rectangular frames weighed 108,9 g; those attached to the

trapezoidal frames weighed 104,3 g.

2. Experimental Details

The loads were appliéd by fitting commercial electric
‘detonators enclosed in stéei containing cylinders. The cylinders
were fixed to thé centre mass with plasticine so that they dis-
engaged frbm the attachéd mass at the instént of firingi i.e.
'they‘did not contribute to thevattached mass. Different

loading conditions were obtained by varying the dimensiéns of



7] 2l 7
L =1285 (small frames)
L =180 (iarge frames)
TYPICAL CROSS SECTION
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l, 18 l
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FIG. 1
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the containing cylinders and the number of detonators. The
loading time was very short (less than 0,6 msec) and the load
could .thus be treated as an impulse.

The requirements of the testing apparatus were to
provide a means of measuring
i) | the impulse produced by the detonators, and
ii) - +the transient velocity time response of the centre mass .
fhis wés achieved by attaching the frame specimens to a ballistic
pendulum and fixing a velocity transducer onto the centre mass.
Figure 3 iliustrates the experimental arrangement employed.

\

2.1 The ballistic pendulgg

The ballistic pendulum was.used to measure the impulse
applied by the detonatof. The impulse is directly related to
the amplitude of oscillation of the'pendulum £hrough the con-
servation of momentum equation. This experimental technique has
been used in several laboratéries [19, 20, 21] with apparent
success., Two important assumptions underlie the method:

i) gas preséures from the explosioh only act on the centre
mass i.e. no external impulses are applied to the
pendulum other than those exerted by the épecimen
through its support reactions and

ii) the amplitude of oscillation of the pendulum is not
.affected by the finite dQuration of the impulse.

'Blast shields' héve béen used in certain laboratories
[20, 21] to shield the pendulum from unwanted pressures. It was

felt here that these would not be necessary since the detonators
were enclosed in steel cylinders so that the blast pressures were

confined to the attached mass only.



LLLLLLLL L L LS

32.

SPRING STEEL WIRE

N

Z 1 -
. €l
. o]
(Vo)
~
( SPECIMEN
DE TONATOR | [ e
CONTAINING /
' CYLIER v { R | - ' A S
== PEN
- JST7777 —~ l
DETONATOR = FRAME “SRECIMEN ™\ e — 77
WOQD’E/I‘J\/SIB‘(A/CER

LEADS

FIG. 3



33.

The second assumption was validated on the basis of the
'followiﬁg two degree of freedom model. The frame-pendulum

system is idealised as shown in Figure 4.

m

Figure L

The pendulum of mass M is attached to a massless elastic
spring of stiffness K = 4n2M/T2. The attached mass m is
cohnected to M through an elastic plastic spring of elastic
glopevk'and yield stress Q& where k and Qy correspond to the
elastic stiffness and collapse load of the frame respectively.
The mass m is slightly modified to include the weight of the frame.
An impulse I-= P.tO is applied on m (P is a rectangular load
pulse such that P = P for t <t_; P =0 fort > to). This
model was:anélysed keeping I constant but-varying E)from 0 to

1 msec. It was found that the amplitude of oscillation of the

' mass M varied by less than 0,3 mm for I = 3 Nsec (typical impulse

‘used in the experiments). -



3k,

2.1.1 Relation between the impulse I and the amplitude of

oscillation of the pendulum A

The pendulum is shown diagrammatically in Figure 5.

777 /4
TN R
A . PO
1 T !
S - v
1 1
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Let M be the mass of the pendulum and frame,
m the mass of the attached mass,
vO the instantaneous velocity of the attached mass,

v the velocity of the pendulum after impulse.
If the impulse duration is neglected, the initial momentum
of the system is that of the attached mass mv _, and the momentum
of the‘éystem Jjust after the impulse is (m + M)v so that

mv_ = (m + M)v. (1)

The pendulum then swings to a maximum height y. Using the

conservation of mechanical energy for this part of the motion:
3(m + M)vZ = (m + Mgy. _ (2)

From (1) and (2) we get

v = 2Rl (3)

It is now necessary to relate y to the horizontal displacement

- of the pendulum A:

YT TR W
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(3) and (k) give

. = b
o) R

m+ M
L-—Ef—L YeR . (5)
It can be seen in Figure 5 that the displacement of the pendulum

to the right (AR) and left (AL) of the equilibrium position are

not the same and are different to the horizontal displacement

of.the pendulum. However, since
AR = A+ d2 ~ 4,
- and A = A~d, +d, (6)
Al + A
we get A = —LLE—QB

The impulse may then be determined:

2.1.2 Evaluation of the friction in the system

All the'abové equations are valid provided the system
is frictionless and stable. Stability was ensured by designing
the apparatus so that the impulse would be . applied at a point
about thé same level as the centre of gra&ity of the suspended
mass. To reduce the friction of the pendulum, its weight was

counter-balanced as shown in Figure 6.
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Figure 6

The amount of friction in the system was assessed in the following

way. If a viscous damping force is assumed, the equation of

motion of the pendulum is

2
uEF v e o+ Ba = o,
at

where ¢ is the damping coefficient.

Letting 8 = Ec and w = ./é , (7) becomes
.2 .
ATX oy op &= o4 2 = 0.
at2 dt

The solution of this equation is given by

. X
“x = B2 oinwt .
w d
d
where mcz1 = @2 - Bz.

(7)

(8)

(9)
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The displacement is maximum when

x = X(mdcot wdt - B) = 0,
- & .
»md xo
i.e, X =e - sin a, (10)
d
Y

Ba
ewd .
Yo T Xmax sinag q’ (11)
If the system was frictionless, we would have
* » ,
VoS X 0 : . _ (12)
*
Vo sina w '
i.e. — = .- . , (13)
Yo 52- wd
e d

To determine B, the péndulum was allowed to swing freely over a
. number of cycles with different initial amplitudes. It was
observed that the loss in gmplitude of the swing per quarter

cycle was less than 0,5 % i.e.

where § is the logarithmic decrement.
T
This gives ;9-= 0,999 and the friction was thus ignored herein.
o]
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2.2 The veloéity transducer

In some preliminary tests, a piezo-electric accelerometer
was attached to the centre mass to record the acceleration during
the test. The presence of high frequency elastic vibrations
madevthé record very difficult to interpret, and the accelerometer
was discarded in favour of a velocity transducer (Rawlings [9] has
reported the same problem with an accelerometer). The transducer

is shown diagrammatically in Figure T.

A permsnent magnet core moves inside a form wound with

two coils and generates a voltage
E = Blv,
where B is the flux density,

-1 is the length of the coil,

- v is the relative velocity of coil and magnet.
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To calibrate the transducer, a small motor with eccentric
shaft was used to driVe the magnet core. A sinusoidal velocity
of kndwn maximum amplitude was thus generated. The calibration
curve is shown in Figure 8. The linear range was found to be
limited to 20 mm. | For deformatiors greater than 30 mm, the
transducer was only used to record the pulse duration and the time
to makimum defofmation. The calibration was checked at the
beginning of each series of experiments to make sure that the
flux density had not been affected during the previous experiments.

A1l calibrations were however done at low velocities
(0,283 m/s). No means could be found to calibrate the traﬁsducer
v at'higher veloéities (typically 15 to 20 m/s in experiments)
and it was assumed that the same calibration curve applied at
higher velocities.

Table 1 gives a comparison between maximum_velocities
from the transducer and the pendulum (in which case pulse

duration is ignored).

Frame ) Pendulum Transducer

8R* 14,29 w/s 13,85 u/s
16R - 14,94 14,62
9R 14,12 : 13,85
15R 15,09 14,62
11R x 14,57 12,31
ST#* : 15,32 14,30
11T 15,45 : 15,40
9T 17,15 15,26
6T - 17,57 | 15,50

R : Rectangular frame T : Trapezoidal frame

TABLE 1
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Table 1 only compares velocities which are less than
+ 17 m/s. It can be seen that the pendulum and transducer
readings compare very well. However, for velocities greater
than + 17 m/s, the discrepancies become larger (up to 20% at
+ 22 m/s). It must be noted that the transducer was then well
into its non-linear range. The arrangement shown in Figure 8

was used to record the transducer output voltage.

o

OSCILLOSCOPE

BIOMATION

VELOCITY

TRANSDUCER

X-Y
RECORDER

Figure 8

The output voltage is recorded i@ the biomation as a
functioh of time, VThe amplitude versus time information is
. stored in it in digital form.. A reconstructed analog signal
- is then provided by the biomation for Qiewing on the oscilloscope

or making a permanent record on the chart recorder.
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3. Results

The following figures and tables summarize the test
results. These will be further discussed in the next section.
All theoretical calculations were done using the techniques
described in Part I.

In the following pages, experimental and theoretical
resulfs are compared. Figufes 9, 10 and 11 show the deflection
profiles of the frames. Figures 12, 13, 14 and 15 show the
transient response of the attached mass. Figures 17 and 18
give the final deflection of the centre mass as a function of the
applied impulse. Figures 19 and 20 give the final inward
displacement at the corner point as a function of the applied
~ impulse. Figures 20 and 21 compare the observed time to
maximum deformation with computed deformation .times. Tables 2, 3
and 4 give a full summary of the experimental and theoretical

results.
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FRAME 14

PRSEEEEUEESY

Experimentat

Calculated

Full scale deflection profiles of a large rectangular
frame as observed and as calculated (including pulse
duration). The difference between observed and
calculated curves are as would be expected since the
assumptions in the theoretical calculations are all con-
servative (the calculations also omit the initial phase
of the response).
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Figure 10

FRAME 20

—  Experimental

__ .. Cadleulated

Full scale deflection profiles of a small rectangular
frame as observed and as calculated (ignoring the
pulse duration). The difference between theory

and experiment is larger here since ignoring the
pulse duration makes the calculations even more
conservative.
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L6.

FRAME 2

Experimental

— .—. Calculated

Full scale deflection profiles of a trapezoidal
frame as observed and as calculated (including
pulse duration).
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: (pulse duration included ) 10 4
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Figure 12 Transient response of the attached mass (mid-point) of beam member.
Note the high frequency response of the initial phase of the motion.

The experimental displacement curve was obtained by numerically integrating the velocity curve.
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Figure 13

Transient response of the attached mass-small rectangular fr .
The close agreement between the measured final displacement an§ the

One obtained from the displacement curve shows that the velocit
transducer calibration curve is valid at these velocities.
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Figure 1k Transient response of the attached mass-trapezoidal frames.
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MID SPAN DEFLECTION

L0 L S
(4
30 L
RECTANGULAR _ FRAMES
Experimental results
x  Smdl frames
o Large frames
Mode approximation
20 — —_ . Small deflection andlysis
_ {pulse duration ignored )
- Large deflection analysis
{ pulse duration ignored )
— .— Large deflection analysis
:::;//. o ( pulse duration included )
x
o % »
: 1
10 1 1
1 15 25 3
' IMPULSE  ( Nsec)
Figure 16

Summary of tests on the rectangular frames showing the final deflection of the centre mass as

a function of the applied impulse.
of both the large and small frames.

the column member height (within this range).
deflection analysis are compared:

A single curve characterizes the calculated deflections
This shows that beam deformations are insensitive to
Calculations according to small and large
it is seen that the inclusion of finite deflections does

not greatly affect the finite deformation of this type of structure.

TS



(mm)

MID SPAN DEFLECTION

30 | // - TRAPEZOIDAL _FRAMES
Experimental results o
Mode dapproximation -
— ——  Smdll deflection analysis
_ { pulse duration ignored )
—  Large deflection analysis
20 L (putse duration ignored )
—.—. Large deflection analysis
{pulse duration included )
10 L P I 1
1 15 2 2,5 3
' IMPULSE (Nsec)
Figure 17 Summary of tests on the trapezoidal frames showing the final deflection of the centre mass as

a function of the applied impulse. As would be expected, this kind of structure is more
sensitive to finite deformations.

A



CORNER POINT DISPLACEMENT

A(_mm)

10 L /
9 L
& |
RECTANGULAR FRAMES
7 Experimental resuilts
' x Small frames
o Large frames
6 L ' X
Mode approximation
5 L — Pulse duration ignored
——.— . Pulse duration included
L L
3 L
2 L
1 L
0 1 1 1 |
3
1 1S 2 ' IMPULSE (Nsec)
Figure 18 Summary of tests on the rectangular frames showing the final inward displacement at the corner point

as a function of the applied impulse. This displacement is zero in the small deflection analysis.
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TRAPEZOIDAL FRAMES
6 Experimental results o
Mode approximation
5 | — Pulse duration ignored
— .. Pulse duration included
b B
3 L
2- -
1 L
0 : 1 1 L 1
' 1 1.5 2 2,5 3
IMPULSE { Nsec )
Figure 19 Summary of tests on the trapezoidal frames showing the final inward displacement at the

corner point as a function of the applied impulse.
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Experimental resullts

Time to maximum deformation
x small frames
o large frames

Mode approximation

__.__. Deformation time
(pulse duration Jincluded )
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Figure
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Comparison of observed times to maximum deflection with computed deformation times -

trapezoidal frames.
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Frame Impulse di;iz:on Eneray Mid-span deflectioﬁ (mm) diggiZ:Zmﬁgin%mﬁ) ~ Deformation time (m sec)
Bumber | (Fsec) | " "C oy | Batlo |y g e px M L P M S L. P
SMALL FRAMES
9 1,538 | 0,112 4,0 | 13,1 15,8 16,3 15,3 | 1,b 1,5 1,3 |3,992 2,854 2,972 2,936
1 1,587 0,299 4,3 11,6 16,7 17,3 15,2 1,1 1,7 1,3 | 3,656 2,937 3,060 3,036
10 1,625 - 4,5 } 14,8 17,5 18,1 - 1,7 1,8 - - 3,001 3,128 -
13 1,936 d,523 6,1 20,9 24,5 25,5 21,4 2,8 3,6 2,5 | 4,626 3,520 3,666 | 3,662
18 2,045 | 0,410 6,9 | 24,7 27,2 28,4 24,8 | M2 b 3,3 | 4,887 3,700 3,847 3,835
1 2,343 0,596 8,7 | 32,3 35,2 36,9 31,2 | 6,9 7,2 5,2 5,362 14,188 4,314 L4,33%
5 2,471 - 9,6 39,0 39,0 40,8 - 9,3 8,7 - - 4,394 4,500 -

2 2,552 - 10,2 | 41,8 41,5 L43,.4 - 10,5 9,7 - - ', L,526  L,615° -
20 2,601 - 10,6 | 39,4 43,0 45,0 - 9,4 1o,h' - - 4,604  L,681 -
TABLE 2

Summdry of experimental.and analytical results of the small rectangular frame tests.
¥ M = experimental
‘i : mo%e appro§imation : ii?éi g:gi:g:igg ; pulse duration ignored
P = " " - large deflection including pulse duration

*¥% The energy ratio is defined in the next section

*LS



Freme | Impulse dlfl’ruﬁion Euergy Mid-span deflection (mm) dig;i:‘zz mﬁgim(“mm) Deformation time (m sec)
Number | (N sec) (m sec) v W s G px . . o " 5 . .
LARGE FRAMES |
8 1,556 0,22k 3,k 11,3 1‘6,3. 16,7 15,1 | 1,0 1,6 1,3 3,954 2,914 3,007 2,979
16 1,627 | 0,299 3,6 |13,5 17,7 18,2 16,1 | 1,7 1,8 1,b |4,335 3,03% 3,133 3,111
15 1,643 0,298 3,7 |14,4 . 18,0 18,6 16,4 | 1,4 1,9 1,5 |4,103 3,062 3,162 3,136
2l 2,091 - 5,8 25,0 28,6 2956 - |33 W1 - - 3,813 3,923 -
6 2,129 0,384 6,0 |29,5 29,6 30,7 '26,7_ 5,6., 5,0 3,8 |5,212 3,876 3,984 3,981
T 2,132 0,460 6,0 |25,5 29,7 30,8 27,3 'u;l 5,1 4,0 (4,982 3,881 3,990 3,976
h 2,371 | 0,597 7,3 |34,6 36,3 37,7 32,1 | 6,8 7,5 5,5 [5,670 27k 1,359 1,38
1k 2,621 | 0,597 8,7 38,6 hh,d}‘_ ’,‘H'S-,_»T, .-:‘39,5'7 9,1 10,7 8,1 |5,297 4,683 4,719 4,756
TaBLE 3

Summary of experimental and analy’tic‘al results of the large rectangular frame tests.

.gg



Pulse

Corner point

‘Summary of experimental and analytical results of the trapezoidal frame tests.

frome | Tapuse | PSS _gzszgy Mid-span deflection (mm) displacement (mm) Deflormation time (m sec)
Number | (N sec) | /" 0" | wx ME  S* L¥  PX M L P M s L P
11 1,611 0,224 6,4 (11,3 12,6 13,7 12,2 | 1,6 1,7 1,k |2,761 1,938 2,008 2,026
3 1,735 | 0,224 7,2 114,9 14,5 15,9 1k,3 1,8 2,2 1,8 [3,059 2,072 2,146 2,166
9 1,789 'o,1h9 , 7,8 15,5 15;h 16,9 15,9 1,5 2,5 2,2 | 3,059 2,131 2,205 2,219
6 1,833 0,149 8,1 |14,3 16,1 17,8 16,8 | 2,1 2,7 2,4 |3,059 2,179 2,252 2,267
N 1,836 0,297 8,1 |1k,9 16,1 17,8 15,6 | 2,3 2,8 2,1 |3,122 2,182 2,256 2,285
7 1,907 0,149 8,7 |15,5 17,3 19,3 18,3 | 1,9 3,2 2,8 |3,208 2,259 2,331 2,347
12 1,934 | 0,297 9,0 |17,2 17,8 19,9 17,5 | 2,8 3,4 2,6 |3,27T1 2,288 2,360 2,391
8 2,089 0,224 10,3 [19,1 20,7 23,3 21,4 | 3,6 4, 3,8 [3,432 2,455 2,518 2,546
L 2,146 0,372 . | 10,8 21,10 21,8 24,6 21,2 | 3,9 4,9 3,7 |3,643 2,516 2,575 2,623
10 2,158 | 0,22k 10,9 21,8 22,0 24,9 23,0 4,1 5,0 4,3 | 3,656 2,528 2,586 2,616
2 2,390 0,223 13;2 27,4 26,7 30,7 28,7 6,2 7,2 6,3 |L4,103 2,774 2,800 2,838
TABLE L

65
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~PART III: DISCUSSION AND CONCLUSION

The comparisdns between theoretical calculations and
test results are given in the previous section. Figures 9,

10 and 11 compare ‘deflection profiles, while Figures 16 and 17

compareAthe final deformation of the centre mass. Figures 20
and 21 look at the corner point deflections. Deformation times
are given in Figures 20 and 21. It can be seen that in general,

the agreement between the mode form solution and the test results

is very satisfactory. |
The source of possible experimental errors has been

diséussed in detail in the previous section. Turning to the

theory, let us summarize the main approximations made:

i) mode form solution,

ii) viscous constitutive relation,
iii) negieét of strain hardening,

iv) neglect of elastic deformations .

Theée are all idealizations of conservative type, i.e. they
should weaken the structure and deflections should thus be
over-estimated. This is generally so, as can be seen in Figures
16 to 19. The calculations are made even more conservative
when pulse durations are ignored.

The use of a viscous constifutive;law has already been

discussed (see also Symonds [T]). The experimental results
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which have been obtained over the‘years do not appear to offer
any conclusive evidence concerning the importance of straih
hardening [22]. This tends to lend credence to the belief
that its influence is rather small. Of more importance is the
neglect of elastic deformations. The use of the rigid plastic
theory is valid in general when permanent deformations greatly
exceed'the elastic deformations. A practical rule is that the
initial‘energy shduld be considerably larger than the maximum
aﬁouﬁt of elasti¢>Strain‘energy.

The initial kinetic énergy méy be expressed as

m V2,
where m is the attached mass, vo the initial impulsive velocity .

The maximum strain energy is estimated as follows:
the static collapse mode is assumed, giving the bendiﬁg moment

diagram shown below.

NEELF$\\\\ (///1EEL1

=

~ P
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The total strain energy is then

AMZL
E =—g—,

P EL
where L is the sum of the lengths of the frame members,
BEI is the bending stiffness of the members,

.MP is the yield moment given by

where k is the maximum rate of change of curvature determined
from the viscoplastic small deflection analysis.

The energy ratio is then given by

N

I
:OTJ%
[
M| o

The energy ratios fér the tests performed are given in
‘Tables 2 and 3'of.the'previous section. fheveffect of the
energy ratio can be seen by comparing final.deformations in
Arectangular frames and trapezbidal frames. The trapezoidal
frames have higher energy ratiosvand:show @6re'cohsistent results
- than the rectangular frames (compare Figures l6f§nd'17'f9r example).
The importance of the elastic defofmatiéns is illﬁS£fated in
Figures 12 to 15 where the\trapéienﬁ résponée of thé centre

+ .

" mass iS'shown. Although, on the avefage, energy ratios for
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these tests are low, the agreement between experiment and theory
is good. Symonds and Chon [25] obtained very similar results
for low energy ratios. A possible reason for this close agreement
is that the elastic deflectioﬁ in thé first phase of the motion
is fairly closely compensated by the elastic recovery after the
plastic deformation has occurred (see Figures 12 to 15). It is
also possible that mutually cancelling errors are occurring. It
is clear that at low energy ratios, small factors like unsymmetrical
damping'(see Figure 12 for e#ample) play an important role in
the final deformations. The relative importance of such factors,
however decreases as the énergy ratio increases and the present
method of analysis should.become increasingly valid as this ratio
increases..

Another factor of importance is the pulse duration. Symonds
[12] showed that rigid-plastic analysis predicts meaningful results
prpvided the pulse duration is significantly smallér than the
period of natural elastic vibration. The pulse duration in
the tests were all small: less than 0,6 msec. Joneé [23]
showed that fof a given value of impulse, there is a small difference
between the predictioné due to an impulsive velocity (pulse
durétion ignored) and those due to a rectangular pulse with a
peak pressure greater than about five times the corresponding
static collapse pressure. This is confirmed here in Figures
16 and 17. .

In conclusion, the mode form solution modified to take
into account strain rate sensitivity, large deflections and

pulse duration provides satisfactory agreement with the results



of tests on steel frames, even at low energy ratios. This
technique seems thus promising as an efficient approach to

practical problems.

6k.
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APPENDIX A
1
. . a2 n  _
The solution of thevdlfferentlal equation ax2 ¢xx = mA¢

This equation is solved using the iterative procedure
described in section I.3.
The numerical integration is done in two steps: ¢xx

is first determined and then ¢ using the following integration

formulae.

If we define ¢ = ¢

ﬁbn—'

» then

L

bp(xg) = Ll(g -x) ¥, (Eddg + & 4 %A (2 - x;)

(A.1)

This takes care of the boundary conditions

Also




5
1l
1
{0
e
+

e

e R

By the principle of virtual work

6 for 0 < Xl < %

XA -4+ 6 for 0 < x2 <L

If ¢, and §, are written as (see A.1 and A.2)

lpl = f(xl) +a,

b, = &lx,)+a-(L-x)p,

(A.3) becomes

L
-f.<d-a--§-x2> lg(x,) + a -

o}

X
+ J s(1 - E;0 [f(xl)’+ a]® dx,
o v

L
I [e(x,) +a - (L - x2)b]n ax,,
0

(L - x

pI1® ax

2 2

3
J [£(x)) + a]™ dx

o

70.

(A.3)



.

We thus have a system of two non-linear equations in
two unknowns. a and b may thus be solved using the Newton-

Raphson iterative procedure.

¢l and ¢é may then be obtained using the following formulae:

L X
1 .
) = [ mpgloa s [T - a0 (a6

e} e}

in which the boundary conditions

are taken into account.

X

2
bplay) =[x - 8) ap s (a.7)

e}

which takes care of thé conditions

¢,(0) = oO.

A1l of the above integrals may be evaluated uSing

Simpson's gquadrature formulae.
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APPENDIX B
Computer program: Documentation and listing
1. General specifications

This program was written to analyse steel portal frames.
(rectangular or trapezoidal) subjected to an impulse load applied
at mid-span of the beam member.

Three different cases are considered:

i) small deflection analysis with pulse duration neglected,
ii) large deflection analysis with pulse duration ignored,
iii) large deflection analysis, including pulse duration

In its present form, the program cannot handle distributed
loading. It is further limited to loadings causing deformations
symmetrical about the beam centre line. Very minor amendments
would be necessary if distributed loading causing symmetrical
deformations were considered. Major amendments would be needed
in the case of unsymmetrical loading.

The program could also be used for the analysis of frames
of any other strain rate sensitive material (e.g. titanium)

where the constitutive equation is of the form

1
Mo 1"
M LI .



time is

2.1

73.

User specifications

The program is written in FORTRAN V. The execution

about T seconds.

Input data

The data must be supplied on three cards, in free format

Card 1: ImP,TO,D1,Cl.

IMP (Real) : impulse = [Pdt.
TO (R) : pulse duration.
D1 (R) : destribed below.
cl (R) : described below.
L1

+—

D1

Card 2: Ll,L2,M,LOAD,N.

L1 (R) : :
described above
L2 (R)
M (R) : mass/unit length of. frame
LOAD (R) : mass of centre block

N (R) . : value of n in constitutive equation



Th.

Card 3: VO,MU,KAPPA,IIFLAG.

VO (R) . :  instantaneous velocity of centre block.

MU (R) : value of p in constitutive equation.

MO (R) : static yield moment.

KAPPA (R) : value of Eo in constitutive equation.
ITFLAG : indicator of the type of analysis required.
(Integer) ‘

Can have 3 wvalues.

1. small deflection analysis, pulse
duration ignored, '

2. small and large deflection analysis,
pulse duration ignored,

3. 1large deflection analysis, including
pulse duration

2.2 Qutput
A typical output printout is shown in the next.page.
The deflections given are the deflections of 6 equidistant points

of the beam and column members respectively. V1 and Ul

refer to the velocity and the deflection of the centre point

of the beam member. U2 .refers to the corner point displacement.
3. Method

- The method has been described in Part I and Appendix A.

Only half of the frame is analysed because of symmetry.



SMALL DEFLECTION ANALYSIS
EAZEZ ALY AAERZ LR E RN LS S

RESPONSE TIME Y5 TAR
La02182 1502

DEFLECTIONS

.Ubﬂo _' » 0032 0 1113E O sl P h1 30
L0000 -. 0662 -.3004 - LUUB - BL09
LARGE DEFLECTION ANALYSIS
niy9@%kt#!u'.!ﬂ&i}&-tua‘*'&l'un
TIME Vil Ul 2
000312 13,19 CUU4S L LL3Y2
Gagua4 16,72 VY e 07
QU961 8,39 w3120 0 LJUSL3
001286 0,12 eJ146 TR
Gololl 3,92 U1 4D cud 24
Gll19234 -l a83 3175 N SUn27
ULFLECTIONS
Joute BRCLER Lulel Cowulds VRS
0000 ~«d0ar -, 4001 - ud0} JUOR

Typical Output Printout

75.

176

e)0Z3



AHA*P JLSE(]) .FRAME

1 C ubiiﬁﬂtwa&#l'@;”‘g.t 77-
2 d # ' *
3 C #»  HALN PROGHIAM =
4 d * .
5 C , - FEA SR F BN R R u B g b
o C
7 ¢ .
3 ¢ INITIALISE A8p DIMENSIOW THE vARIASBLES
9 C #.‘Qgg“’gg.igﬁ*;;s*&d&#ﬁtll*4i§$t¢§#ﬁ-iﬁ
1) REAL L oLl ol2oL0A0 v M e NaMUAD S KAPPAYLILD I HP
P DIMENSTION S5421) 0w l21)1RE21) 950251 aTH20)9yt21)
12 DIMENSTION V211,V VI21)vgal21) RALZ21)vx(21)92(2])
13 DIMENSTION FLU21)vF 202105 FaX1(21)09PXX242104G1021)
14 DIMENSION GLI(21)0562021),622(21)46(21)eF11(21)
15 ) DIMENSION SALZLI2SAAG2L) s TA{24 ) TAALZEIWF (21
16 ' DIMENSION FILI21)9F2LL21 s FLL 21w F2LLI21)9FALLZ))
17 o -~ DIMENSION DIob(Z210sDIS2(21) ,FIXO0LL(21)»F280LL(21)
18 CUDIMENSIOW FLA(21)0F2XE21 12 TARIHE(ZLIPFAL21)FB(21)
19 S READ(492200) 1P, TUCLN D1
29 : READIRy2J00) b oL 2971 LOAD YN
21 READ(a»2D00)IV I JvMUOWKAPHAY JTFLAG
22 2000  FURMET() ' :
23 C
4 AL l=Lg
25 , ALZ2=L, .
28 UELTA;=L1/29,.
27 DELTA2=L2/720.
23 CXi==-0e L TAI
29 L K2==Dr L TAZ
ag . DO 10 =142}
3 X1=X1+DELTAL
32 . Flll)z==X1#X1/7tL)3L1)+2.%x1/71]
a3 X2=X2+DELTA2
34 FZUI =+ tX2893, )72, 0% 1%L 2)mX2a02/02,% 1%L 1)
35 . 10 CONTI~uUE -
36 < .
37 ] o 1COUw =l
33 _ c=0,
39 vED)
. 43 . AU=(,
S 4 86=3,
42 TlHAE=p,
43 . DU 267 I=1.4+21
Al FlxoLy(li=g.
45 » FZXoLotli=0g.
44 260 CONT[,:)E
47 oL El L e 2, /(L i e gt el et a )N/ 20 vl )0 el iR/,
43 cell2, /tLloL1) a2 +] /0 +l /iLisLli)enlzorlo/MN)) )Y
49 B e/ 1 Gt R eSS el e, )0 eLDAD/2,)
50 C ' : ,
51 c .
52 C O SOLVE THE DIFFEXENTIAL c@UATTON
53 C I ZX TR AT Eae F AR ESELELE R A RS FE Y
54 35 DO 20 1=1s+21
3% - PAX1U1i=F10) skt
56 : : PRX2(1)I=F2(1)ablsn
5 20 0 CONTInut
58 C o '
T 59 ¢

FIRST IWTEGHATIUL: (1) GUX)



ey
61
62
63
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-85

‘58

&7

68
73
8 B

72

73

74
75
75
77
78
79
89
81
82
83
R X
85
g6
87
83

89

L 93
91
92
23
94
95
96
27
98

29
107

101

" 1g2-

103
104
135

136

107
108
109
119

IR YR

112

113

114

115

116

1{7

113

{19

o oon'r

OO0

<.

"0

EY:

c

11

'436

99

---ﬂ-”-----——-n.—------—------ ' 78.

BU 30 I=1,20
X2=(1-1)eDELTA2
DO 40 J=1422-1

Gl =id- 1)*DEL1AZ'P£XZ(I+J-1)

HP=22<1 o
CALL SIMNPS{GL¢X2:L2eMP 0ELTAZ,VALUE)

 611(1y=VALYE

CONTINUE
SI25)=0,
N0 50 131,21

X2=(l«1)2DELTAZ

DO 70 JA=1.21

f

uc(JA)—(LZ xZ*(JA'l)*DtLT\l)*PXXI(JA)
CALL IHPS(Gz.J.-Ll'ZI-vLLTAI.VALUt)

_ GZZ(I)-VALUL

cli)= GLItT)+az 22( 1)+ {L2=X2) 8 OAD/ 2. %L+ CAD/ 204 oL}
CONTIwyE.

(2) F{X)

VU 430 I=1.20
Al=(I-1)1«DELTAI
DU 110 Jd=1e22a1]
FAL(Ji=tJal)#RELTALRPXX](1+)=])
CONTIaUE :
NP=22.1

CALL ,IWQS(FAI'XXOL.-WP-UELTAlQVMLU,)
Fiiori=vaLue
Fielysfrtltl)+(il=XiteLeLOpU/2,

CUNTI JE

F(ZI)::')a

v

DETERMINE THE CULSTANTS A & B

.
L R Xy vawauey T R Rl - o

AULD=0,
BOLD=¢,

CIFLAG=D

IFLAG=1IFLAG+L

Kl=aw)] ,#DELTAL

A2=-1,#DELTAZ

LODb=n1s1(21)

DU a4 I=1e21

SlonNup=1t,

SiG=1,

Ki=X1l+].#0ELTAL

X2=X2+1+#DELT A2
QEI)=5( 1) +A0=(L2=-R2)eH0

IF(QUrY el T, U351 UMNS=1,
QUI)=aB8SCa(l _

[F(Q(X)QLT. lUiJ3)U(I)=Oc
R{I)=¢(l1+A0
IFERU1) LT, Uur516="1,
REI)=A35(R(1)}

IFIRE Y eLT,ed3)rtI)=3,
5(1)=(InHuM#(‘-Uhr~J/L2*A2)¢u(l)-iJ
SSUI)xSluspDUs ([ o=K1/7L 1) &R ) weN
T(lysgranumeu(lpern
Ully=g JGen (1) ey

VIl =< (D=0Ro=0/LZ*XZ)ebieg(Tyew(lia], )



VYT 2DODR (] (mKi/L 1) 2l2R{])ss (N=14)
JdlI)=a(l2-x210V (1)
FAR BENT I RN E T NS EY
QACT )R (1) ¥aiN=1,)
RA(TI )=l 2=0X2F%Z1{)
140 CONTIUE
CALL xﬂnblS'Qo.LIDZAoDLLTA’oA;i
chLL,g;ﬂé,(bs.u.-Lx.zlooLLnﬂl.AZ)
A=ewAl1+A2
CALL=s1MP5tT J..L2-2i'DCLTA/'El’
CaALL 5IMpPS (U'u..lehi»DhL1ﬂl'B
L B=B1+32
TCALL SIHPSIVId. L2210 DELTA2 0ALAL)
‘CALL ‘:,AMI’S(VVi‘J.'LllZl'DEL[/«!bDA A2
DADA= uQDAl+LAUA?
CALL _wlmf’b(el'\lovl.( 'ZIQUtLrA)’l)ADL)
CALL »IMPSUZodes L2921y DELTA2»030DA1)
CALL 5IMPStGA ULl 21D TALNDDUAZ)
VEDA=NEDAL+DBQA2
CALLm51MPS(RA.d.’LE.ZXVUtLTAZ.DBbb}

79.

AUZAC-(LASDRLL=*LAOS )/ (DADASRBLR=ULUARDAVD )

BO=g0 -((”kQAJM-A*LBUA)/(UADA‘)juu-ﬂbDA°3AU6)3

IFCIFLAG.EY. 250 ARITLIS, 20031 AL

l+(1FaAh.E@ 25Ul TO 2 : : )

IFUABS (AULD=A) LT+ Q031 AN ABSIR0LU=3).LTe 0000l Gu Tu /7
ACLD=,

pllp=i : , .

[FCABS (A oGT .o OQCUGT IR GABSIB) o aT 0D duilday TU 99

SECOND THTEGRATIONG 1l FI2(x)
L ey S A Dy oy wm T e v e i B Sy e D e wm g own -
DU gbp I=2424
X2=(i=])#DELTH2
DU 16 J=1al
4 _ A(J)-(Ing)&d LTAaceT{U)
160 - CUNTInUE .
CALL 5[ﬂP;(ng;,-\f.IthlTH"VAth?
FZ(i)_VhLJL

~NO OO0

O 0n
-
>

Ri={l=l ) *uELTAI]
DO 175 Jd=141 ,
SSAAL =T R REL fAL U LGN
170 CONTIwUE
: CALL ,lHPJ(JAI'ue'Xl'I'U:LT”I-vALd“)
TAC(T ) =VALUE
VC 187 Jd=1e21
TAA(U 1 SXI*T(J)}
180 CUNTILnUE
' CALL SIMPS({Tadgrla s L2921y ELTAZ Y LELYD
FltId=TA(1)+Vv ALyt :
18¢ CONT gyt
"’6'(1)';:‘;3-
Fllili=0.

3Oy O

HORMALIZO Tdg suLuTivd
LE W R R FEPAE F Y-S EREEE]

(&)



183 ANORM=aF 1(21) h " 8o.

151 NO 19 I=s1021

152 FLUD =FLI) /A, 0RM

153 F2010=F201)/AN0RN

164 IFCABSIFLETIN) el T 1DeE=10yFL(1)=0,

155, o IFCAGS(F200) ) eLToldeE~LUIF2{1)=0,

185 19u CONT15UE

137 C S

138 DO 21n 1=

189 : Coully=gI)zanoan )
199" TCI)=7 (1) /aNOHN

191 210 . CONTIuE

R P '

193 C UETERMINF Lampa

129 C *ﬁaﬂiiaﬁ.af&&.m

195 Du- 20, 1=1+21

196 ' OO FILtIy=tARStui D) s (IN+ o) /N

197 CF2L(1)=CABSET(I ) iss (IN+1 o) /1)

198 O FILL(NEFL(I) #F D) e

199 F2LLO)=F2(0 0 ai201 Y wn

203 2G0 CONTI~UE

201 ' TCALL SINPS(FLlLsUericd v 213 00LTHEVALYIEL]
292 CALL :,Ia"lP_,(b-Z(_o JerL20 210 DELTA2 VALULEL]
233 CALL S1HPS(FILLsds LI v 21y DELTALsvALYLS)
204 - CALL sxnw;(rz* vUe v L2921 4DELTAZryvALULY)
2J5 LOLD=,

235 VAL = VALer+VALUC4+LJA”’2

257 o L=UVALYEL+VALYE21/YAL

233 - IFLABSIL=LOLU)eGT e, )00 TO o

209 5000 FURMAT(IHOWXraF1104)

212 ¢

211 C

2412 “C  SMALL DEFLECTION ANALYSIS SsGLUTIOQ

213 C ‘QQQBQ*G¢;‘»#:&*t’ti!i!#‘ﬁh&‘t**0!

21y TFLICpUT.GT 106y TO 11

213 VISTARaLIAD*V)D/ (2.2YAL)

21s CONSTzILe:ysMO¥VILTARS®{ [,/ ) )/ (viSTAR®ARPAse(Ll ,/HN))
217 CTE=),/(CUNST*tl,=1.704))

218 - TINTEY STAR®li=1,)/(2e0tinl,)*TF

219 o VO 31p I=1s21

229 T LIS =R LI e Al

221 L DIS2¢3)=Fzt =TT

222 310 CONTINUE

223 . WRITE(5926000] .

224 - 6003 FOURMATILIHL »3Xy"5smALL DEFLECTloW anALYSLIS?)
225 - HRITE(5+15004)

224 _15ﬁ00 FORJAT(IH'.3Aa'ﬂ***tﬁ*t*‘*:»ﬁ*ﬂte~a4¢»e¢o)
227 o WRITE(S.8030)

228 8000 FORMAT(1AD4/7, 10K "RESPUNSE TIHEY o9 YSTARY
229 N URITE159300)TF,VISTAR

239 0G0 FORMAT(LIH 212X9FUed,Fl12.2)

231 o ‘ WRITE (527030 '

232 - 7000 FURMAT{LHOW /7 LOXW*DEFLECTIONGY)

233 o HRITE{5+50000(DISLIT al=102]04)

234 . " WRITE(3950000 4015201 ) el=102104)

235 . VO 42¢ I=le21 :

234 ! DIS1(1)=0.

233 7 7 #4209  CUNTIHUE

239 " . . JFATIFLAGLER. FIGY Ty 2

1,



O

0006

HRITE(S 11000

WRITE (59 1%009)
HRITE (5 19000)

81.
11000 FORMATOLHD//// /03K LARGE DEFLECTIUN AHALYSIS®)

14050 FORMATOLHI v 3ASTLIMEY»SX Jl Pe7Xe%uite/as®u2%)

OETERmMIME TiL 157 ALRIVATIVL Op THE wdde SHabE pyUdCiIOdS

DU 37 1=2421

AZ=(1af)edELT2 ,

CALL 3IB06(TrGesads LanELTAZ, vALUL)
F2X(1j=VALUE :

370  CONTI:JE

Fext1r=0,

DU 23y I=1.20

Al=(1a]l)#0lTal
. l.«A:a

DU 240 J=la21

AAENA+ ]

TPRIME (itatsut gl

240 CoNTIwJE

230 CONTIuDE

¢
C
c
C

s
19

12

NG
o

CALL SIAPS{TRETEE XLy LLy A DELTA v ALYy
FIX(ly==VALUE

FlX(211=0.

CLARGE DEFLECTION AHsLYSIS SgLUTION

L FEEEN TSN EESFE L EEEE R RS SR RLE L EEE DY R
IFtIIvLAv.Ed2)GU Ty 12
FFCICOUNTHELLIGL TO 12
AX=v iy

- -

YY2(VALULL+VALUE 2 eTOM (v ] ot o/ (e RAPAR 1o/ )

VOlsy =(YYsyvuer(ie/N)ITXXsVOLIHP/ 0 )/
e lYYa (g, /) eVuns{{L,=dd/ ) rXx)
CLFCABE(VO=VOL) W LTG0 ju 1Y

VU=Vu,

GO TO 19

MR LT 527350179
TINT=ynls(N<1l,)8TU/(Z2:%N=1,)

TT=TO

VISTAn=VOl

GO TO 15

CUNGT=(L#ilgem ey iSTAR®¥ { o/ D3/ 15Tnun*sk BPAes1,/77%))

TE=]./(CuHasTel =1 ,/:1)
IT=TF/slo=1CuJIT)

TINTSuiSTARETF®(La=d) /12, 2iial ) o], =TT/Tiie%i(20ei=141/0 =1s))

TINT=7168T+y ]S 1ARel i=] e}/ {2,8N=)a}*TF
DY 2bhy I=1021 :
DISLCPI=DISICf s+ Lty »TInT
FaiX({i;=FlALE a1 NT

FIXOLU (D) =FIXILDCL I+ iat1)
FAalI)=(F1XoL0il)aF1XOLDCIY) 22,

5 CUNTI.JuUE

Cnalbl SIS (FAsd, Ll 2oL ol s ALPHAY
IFCIC UNHTEG L YARALRSALPHAMLZ U
IFCICHIMTJERGLY o0 Tu 4

AAAS {ALPHA=C Y L 2/0)/F2021)



399 - 6 ICOUNT=ICOUNTtl o B 82.
501 : TIME=TIME+TT '

302 - C . _ : , :

393 ¢ UETERWMINE THE MLy GEUALTRIC COMFIGUREATIUN
354 | ( mmesmcacqamcecsmame—-— .
395 IF{ICOUnNT 6T 2 uv TO 16

308 : L0 270 1=i42)

307 o £2={Ja1)edELTA2

3065 . DIS2( 1S4 v ARR L 2% w3 m X eey /(12081 2)
039 v HA2%8 3 /H )HFRUTD*TLNT _ o :
313 o F2XUL et AR/ L2833 R iK% e /{3, 0L21v N4 2/ 2 VHF 2N LTI TINT
311 o FBUII=(F2x(I)eFZXil)1/72. ' :
312 - 270 CONTIHUE : .

313 . 60 T0 17 '

3 16 - DO 41 I=iy21

s E DIS201)=DIS2 [V +F20 L) *AAA

356 o F2XoLn (I =F2AuLDUII+F2X L) eaAn

317 - FBUI)L=(F2x0Lullief2X0LOCIN )L,

31§ 4lu * COHTIWUE _

319 17 CALL SIMPS(FBs2e9L 2021 0DELTA2,3ETAL

329 ' IFCECOUNTWNEL21GU TO 13

321 DO 33y =121

322 ' F201)=plsS2(1) /T T

323 33y CUNTI JUE

324 C

azs C

326 13 C=ALPiA )

327 - ' IF{C1.EQ, D, =D =6LTha

321 IFCCE AL D 10D 1=dETAsD/L 2

329 . Li=AL=C

333 ' Le=al,)=BLETA

334 DELTA1=L1/20.

332 DELTA=L2/2D.,

333 _ L2I=D(SIt21 1 +3ETA®D/L2+4C*CLl U

334 ' IFCIIFLAGeE N« 3 AHDTCOUNTW LTI w0 TD 31
33y _ IFCICOUNT L To VI uTAREVIGTAR#(le=TT/TFsselii/td=141)
336 IFUICUUNT W E Do 4 dvISTANRS=U,

337 31 L O ARITE(SL12GGU TINESVISTASL2 w2021
338 12000 FUORMAT(LH -r‘dv.b;'JX'F'YoZ.J;’;nf—‘d."h))&-&“b.’!)
339 IFLIC)UNT LT )G TO B

349 D0 445 I=le21

“34] CISIUII=RIstij)+2iTatD/Lz+CaC /U

342 140 CONTIUE

343 WRITE (L7300

344 URITE(S»HI0I LIS TYel=192]194)

345 AT TE (B bU0O oI s el=(+210v4)

344 2 510p

347 EnD
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WUNERECAL INTEGRATIUN 8Y SInPSanrs wuld

'Cooﬂocu-u'o.tu'vt.oion-tnc.--ao.atuvaq

SUBRUGTILAE SldPs(KX.kAOXﬁoNPugTEP0VhLUE)

ODIMENIOU AaXxtiul)

lF(NP.EU.Z)VﬁLUﬁ=(hX(l)*AX(Z))'(XB-KRI/Z.

IF P E4.2160 -Tu <
NFl=zwn/2

AP 2=2+ IP]

I (p o Nl eidl?) 40 ru !

83.

VALut-J.~,|Lv/% ¢(Ax(1)¢3.0.x(2)+3 tax(3)+AX(ﬂl)

CIF e R IGU To 4

2 l'\.) .

S2=0,

IV EP  ER.605105A%(5)
IF(HP,ER. 06160 TOo 4
DU 3¢ =hHyP=j 02
S1=51+AX(1)

UL 40U 126 4MP=212
S2=G54+AK01)

VALUE= VALUL*(dX(“’*AX(NP)*H e5l+2.952185TLP /0

su TU 2

s1=0,

$2=0,

It P, J.J,Jl-‘\a(z,
IF(NP.CJ.J)UU Tu 3
Dy Ju J=24NP=]112
S1=S1+AX(])

DU 20 I3J4HP=202
52252+AX(1)

vaLut=5TLpP/3, *‘AA(X)+‘X(MP)+H.’51* «?52
RETURY
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