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Abstract

This thesis reviews the origins, development and uses of asset-liability modelling, as well as existing
largely stochastic investment models, notably those of the Maturity Guarantees Working Party (1980),
Wilkie (1986, 1995) and Thomson (1996). A stochastic investment model is developed which
describes returns from equities, bonds and cash, as well as inflation and economic growth. The model
is consistent with economic theory, adequately fits past data, and is relatively parsimonious compared

with other models.

A series of assumptions about the causal relationships between inflation, economic growth and interest
rates are made based on standard economic theory. It is noted that consensus does not exist on
some of the economic theory. Similarly a series of assumptions on the pricing of assets are made
based on financial economic theory on market efficiency, expectations and asset pricing. Notably, it is

assumed that financial markets are efficient.

An economic model is described for inflation, economic growth and interest rates based on the set of
assumptions. Each variable is modelled such that its value in one period is a function of its value in the
previous period, the value of the other economic variables in the current and previous period, and a
normally distributed residual. The model is a mixture of a random walk and autoregressive process
that has two special cases of a (non-mean-reverting) pure random walk, and a (mean-reverting) pure

autoregressive process.

A financial market model is described for bond and equity returns based on the set of assumptions.
Expected returns are derived from the expected real interest rate plus a risk premium, where the risk
premium is linearly related to the standard deviation of real return. Bond yields are modelled as the
sum of expected future short term real interest rates, expected future inflation, and a risk premium.
Share prices are modelled as the present value of expected future distributable earnings, discounted at
a rate equal to the sum of expected future short term real interest rates, expected future inflation, and
a risk premium. The growth in earnings per share is modelled as the sum of inflation, real economic
growth and a normal residual, and is also linked to real interest rates. Dividends are modelled as a

smoothed function of earnings, with unit-gain from earnings to dividends.

Annual data for a 15 year period is used to parameterise the model for the United States, Britain and
South Africa respectively. The modelled volatilities of financial market returns, together with the
economic data, are used to fit the economic model. The procedure is similar to the method of
moments for statistical estimation. Parameters in the economic model that are not statistically
significant or are not consistent with the assumptions are excluded. It was found that neither the
random walk nor the autoregressive special case models could adequately explain observed volatility

in financial markets, so the general case (mixture model) was adopted for economic variables.

The parameterised models for the three countries studied exhibited a “cascade structure” where all

variables are a function of one or two “driving variables”, without any circularity/‘feedback”. The



models for the United States and Britain all have inflation as the driving variable, whereas the South

African model has both inflation and economic growth as driving variables.

The model achieves the objectives of consistency with economic theory as well as parsimony (when
compared to Wilkie (1995)). With regards to the criterion of producing reasonable output, the model
has advantages over existing models. These include that financial market returns simulated by the
model are non-normal and exhibit significant leptokursis (fat-tails) with higher probabilities of severe
down-market returns than are predicted by normal or log-normal distributions. Simulated returns also
exhibit the weak and slow mean reversion that is observed in markets, and the simulated yield curve
exhibits non-parallel shifts and inversions. However, simulated interest rates (particularly nominal
interest rates), and even bond yields can become negative, although the probability of negative

nominal interest rates is small in the model, and that of negative bond yields is negligible.

Two areas where a good fit was not achieved were in the models of risk premiums and dividends. ltis
recommended that alternative approaches for estimating risk premiums be used. The poor fit to
dividend data is not regarded as a significant weakness because modelled equity returns are not

dependent on dividends.



1. Introduction

Asset-liability modelling (ALM) is a relatively new field of actuarial science but has become the
standard tool of many actuaries, notably those advising defined benefit pension funds on investment
strategy and those involved in the financial management of insurance companies. Smith (1996: 1170)
defines ALM as modelling “the assets and liabilities of a financial entity, including the interactions
between them”. ALM has become a standard tool as it not only gives a central projection, as do
traditional deterministic actuarial methods, but also information about the possible variability around
that projection. A key input to the ALM process is the stochastic investment model, which models the

assets, as well as certain variables (such as inflation) that are required to modelling the liabilities.

Despite the widespread use of ALM, no stochastic investment model has been adopted as standard,
and there are now several models in existence. This is reflective both of the different approaches used
to develop stochastic investment models, and of the fact that the development of stochastic investment
models fall into the areas of statistics, economics and financial economics — areas in which actuaries
are trained, but are not typically leaders or experts. To date, models have typicaily been developed
using a largely statistical approach i.e. finding a model which best fitted observed data. Unfortunately,
this approach often leads to models that are at odds with established economic theory, and even
models that incorporate features that do not reflect reality, for example some imply that successful
trading strategies exist whereas in practice they do not. The weakness of a purely statistical approach
is that when numerous parameters are estimated, as is typically the case when developing a stochastic
investment model, statistically significant relationships may be introduced that are spurious. As can be
expected, different parameters are found when different data periods or data from different countries is

used, but the whole structure of the model can also change.

An alternative approach to developing a stochastic investment model is to base the structure of the
model on established economic theory and then to parameterise the model using observed data. Such
a model will undoubtedly fit the data used to parameterise it less well than a pure statistical approach,
but it addresses the key weakness of a purely statistical approach in that it will not capture spurious,
but statistically significant relationships, and has a structure that is stable across different time periods
and economies. Importantly, a model that is consistent with economics should produce reasonable
output, and make intuitive sense to users. This is beneficial to actuaries interpreting the results from

ALM and communicating them to clients.

The objective of this research is to develop a model of inflation, short term interest rates, real
economic growth, bond returns and equity returns that is consistent with economic theory, but also
adequately fits the data without being overly complex. Ideally the model should be sufficiently flexible
to allow adaptation for different applications. Broadly, the approach taken is to specify the structure of
the model based on a set of economic and financial economic assumptions, and then parameterise the

model on past data. The features of the model will then be evaluated against various criteria.



The research will not consider other explanatory variables, such as money supply and the gold price,
which may in practice affect investment returns, and returns from property and inflation-linked bonds,
and wages are not modelled. Within equity, sub-sectors of the market will not be considered. While
the model is not country specific, it is not a multi-country modei and therefore excludes consideration

of exchange rates. The model will be parameterised for the US, British and South African economies.

Please note that the research was conducted part-time over several years, so that the data used
reflects when particular work was completed and the data available at that time, not any subjective

selection of data periods. The thesis has the following structure:

Chapter 2 discusses the origins, developments and uses of ALM. The main published stochastic
investment models are then described, particularly those of the Maturity Guarantees Working Party
(1980), Wilkie (1986, 1995) and Thomson (1996).

Chapter 3 summarises the approach taken in developing the stochastic investment model and the
philosophy behind it. Firstly the evaluation criteria are discussed and how they will be applied. The
choice of variables to be included in the model and the available data is then explained. A method of

formulating the model is given.

Chapter 4 discusses the economic theory of how inflation, economic growth, and interest rates interact
with one another, as well as the efficiency of financial markets. Expectations theory and models for the
determination of risk premiums are also discussed. Standard modeis for the pricing and valuation of
bonds and equities are described, including a discussion of the term structure of interest rates,
earnings and dividends. Two sets of assumptions are then made, one set for the economic model,
and another for the financial market model. These assumptions are used to formulate the full

stochastic investment model.

Chapter 5 shows how the assumptions about the functioning of the economy and the financial markets

can be described mathematically. The parameters in the mathematical model are then estimated.

Chapter 6 provides a summary description of the model, firstly a diagrammatic representation of the
structure of the models, and then through summary statistics. Properties of the model are then more
closely examined. In particular, the distribution of returns, including the tail of the distributions is
examined. The degree to which mean-reversion of equity returns is incorporated in the model (i.e. to
what extent modelled equity risk decays) is then explored. The modelled behaviour of the yield curve
is also examined. How the models might be adapted and used is then described, in particular how
they might be calibrated to current market conditions. The models are then evaluated under the three

criteria of consistency with economic theory, parsimony and reasonableness of output.

Finally, Chapter 7 summarises a number of conclusions and makes recommendations for further

research.

Demonstration spreadsheets of each of the three country models are provided in the accompanying

CD-ROM, as is the simulation output used to examine the properties of the models.



2. Literature Review

2.1 Asset-Liability Modelling

2.1.1 Origins

Redington (1952) questioned how a portfolio of assets was chosen to match a set of liabilities. He
developed the theory of immunisation which shows how a portfolio of fixed interest assets backing

fixed liabilities can be immunised against a change in interest rates.

Markowitz (1952) devised what has become known as Modern Portfolio Theory (MPT). This theory
aims to find efficient portfolios of assets. An efficient portfolio can be defined as a portfolio which, for a

given expected return, has the lowest risk, or for a given risk has the highest expected returns.

These ground breaking papers in actuarial science and financial economics, both dealing with the
selection of asset portfolios, led ultimately to what is termed asset-liability modelling (ALM). A

comprehensive review of ALM is provided by Ziemba & Mulvey (1998).

2.1.2 Developments

2.1.2.1 Modern Portfolio Theory

The original Markowitz (1952) model proposed that an efficient set of portfolios can be found using the
means and covariances of returns, which are estimated from past data. The efficient set of portfolios is

often referred to as the efficient frontier when plotted in mean-variance (of return) space.

Sharpe (1963) reduced the information and calculation required to find the set of efficient portfolios in
the Markowitz model by developing the market model! (originally called the diagonal model) which
relates the expected return on an asset to the return on a market index. The relationship is defined by
the beta of the asset, and this beta is often described as a measure of ‘volatility’ or ‘market sensitivity’
or ‘systematic risk’. An extension of this model is the Capital Asset Pricing Model (CAPM) developed
by Sharpe (1964). The CAPM is derived from a series of assumptions and relates the expected return

on an asset to the risk-free return and a market index via its beta.

The market model and CAPM can be described as single-index models. Much research has been
conducted into multi-index models. However, Elton & Gruber (1995) argue that while complex models
usually describe historical correlation better, they often contain more noise than predictive information,
and do not necessarily outperform simpler models. An example of a multi-index model is the Arbitrage
Pricing Theory (APT) developed by Ross (1976, 1977).

Given a model of returns, various methods can be used to construct efficient portfolios. A review of
these methods is given in Moore (1972). In MPT, an investor would select the efficient portfolio which
best suited their risk profile. Ultility theory is often applied to the selection of a single efficient portfolio



from an (infinite) set of efficient portfolios. The measure of risk is typically taken to be the variance of
return, although a number of other measures exist such as semi-variance (Markowitz (1952)). The
process of identifying efficient portfolios is often referred to as optimisation, or mean/variance
optimisation in the original Markowitz case. Modern computing power means that the computational
problems of finding efficient portfolios have been largely overcome. More complex methods are also
now possible, such as dynamic stochastic optimisation as outlined in Dempster et al. (2003), although

mean/variance optimisation remains the most widely used method.

2.1.2.2 Actuarial Asset-Liability Modelling

There is no direct reference to the liabilities of investors in MPT. By introducing liabilities as a variable,
Wise (1984a, 1984b, 1987) showed how MPT can be applied in actuarial work. Wise (1984a) shows
how the variance of surplus can be minimised given a set of liabilities and a choice of assets for which
the distribution of returns is known. Wilkie (1985) and Wise (1987) described a technique called PEV
optimisation which is used to determine an efficient set of portfolios of assets which maximise return
for a given starting value of assets and level of risk. Smith (1996) suggests simpler methods are

usually a good approximation to more complex optimisation problems.

Increasingly, the complexity of models has meant that analytic solutions are often impossible to obtain,
but by performing a large number of simulations of a model, parameters can be estimated and
solutions found. The use of simulations means that it is not necessary to work only with means and

variances, but with the full distribution of variables without having to make simplifying assumptions.

ALM theory was first applied to the choice of an efficient asset portfolio for an institutional investor
(such as an insurance company or pension fund) with defined liabilities, but is now applied in a number
of other areas, which are discussed below. Whereas modelling liabilities has always been a core
actuarial skill, complex modelling of assets and the links between assets and liabilities is a more recent

addition. The development of stochastic investment modelling in discussed in section 2.2

2.1.3 Uses of Asset-Liability Modelling

2.1.3.1 Asset Allocation

The principle area where ALM has been applied is in determining a portfolio of assets which meets
specified criteria. Clark (1992) describes how ALM can form part of the process in determining a long-
term investment strategy, and many consulting actuaries use ALM when advising pension funds on
asset allocation. Many insurance companies also use the techniques. Thomson (2003) illustrates how
ALM, when used in combination with utility theory, can assist in the investment choices of members of

defined contribution pension plans.

The strategic asset allocation is typically one of the key determinants of the risk profile of a fund, and
usually forms the basis for guidelines given to investment managers, and as a benchmark for

monitoring and comparing investment performance.



2.1.3.2 Reserving and Valuations

The Maturity Guarantees Working Party (1980) investigated the reserves required for maturity
guarantees given to life insurance policyholders whose policies were backed by volatile investments
such as equities. The party concluded that the most suitable method for determining reserves was
stochastic modelling. Thomson et al. (1995) also argue that ALM is an appropriate technique when
reserving for guarantees and options in life assurance. Examples of these are guaranteed maturity
values, guaranteed surrender values, and options to convert lump-sums into annuities at guaranteed
rates. These methods also have application in other areas, and if the assets and liabilities of a fund
are mismatched in some sense, then ALM can be used to determine an appropriate mismatching
reserve. Wilkie et al. (2003) discuss an ALM approach to reserving for guaranteed annuity options.
Mehta (1992) shows how ALM using CAPM can be used to find the appraisal value of a life insurance

company.

2.1.3.3 Pricing

Just as ALM can be used to reserve for options and guarantees, it can be used to price these, for
example, stochastic modelling can be used for pricing options in life insurance. Thomson et al. (1995)
describe a stochastic approach to profit-testing new life insurance products which provides information
not only about expected profits, but also about the variability of profit i.e. the riskiness of the product.
This approach can be also be applied in general insurance and other areas. Thomson (2005) shows
that when liabilities cannot be fully hedged in the market, and hence a fully hedged asset portfolio is

not available, stochastic modelling is required for pricing the liabilities.

2.1.3.4 Other Uses

Smith (1996) argues that the benefit of ALM is in finding optimum capital structure and in capital
management. Clark (1992) argues that ALM has more value as a general management tool than just
the specific uses described above because ALM aids in the understanding of how a fund operates and
what factors affect it, and Kemp (1992) describes ALM as “an excellent tool for helping senior
management understand the implications of their decisions”. Haberman et al. (2003) illustrate a
stochastic approach, including the use of ALM, to managing defined benefit pension schemes.
Dempster et al. (2003) describe how ALM can be used with dynamic techniques to dynamically

manage funds with complex liabilities, and argue that the approach has potentially wide applications.

Roff (1992) points out that due to the highly complex nature of with-profit life insurance funds, ALM can
be very useful in managing them. The complexity of these types of fund is due in part to the
interdependence of investment and bonus strategies, and Wilkie (1987) applies the Black-Scholes
option pricing model to the bonus policy of life offices. The liabilities of a general insurance fund tend
to be relatively more uncertain than those for a life insurance fund. Consequently, the modelling of

liabilities in ALM is given more focus.

Apart from gaining a better understanding of how a fund operates, ALM can be used to identify some

of the risks which a fund faces. Ennis & Dorrington (1994) argue that ALM can play an important role



in risk management, particularly in the management of investment risk. Hardy (1993) shows how
stochastic simulation provides better information on the risks faced by a life insurance company than
traditional sensitivity analysis. By examining the results of an individual simulation in an ALM exercise
which resulted in (for example) the insolvency of the fund, the set of circumstances which led to the

insolvency can be identified. This is a similar approach to that described in Clarkson (1996).
Thus, ALM can help to identify, understand and quantify the factors affecting:

+ the solvency position of an insurance fund,

¢ the contribution rate and funding level of a pension fund,

¢ the bonus rates of a with-profit life insurance fund, and

¢ the profitability of insurance products,

which provides valuable information for the management of life insurance, general insurance and

pension funds.

2.2 Stochastic Investment Models

Lee & Wilkie {2000) provide a comprehensive review of stochastic investment models, covering most
published models. Arguably, the most influential papers internationally were those of the Maturity
Guarantees Working Party (MGWP) (1980), the original Witkie model as described in Wilkie (1986},
and the extended Wilkie model as described in Wilkie (1995). These are discussed in more detalil
below. In South Africa, the first published model was that of Thomson {1996), which is also discussed

in more detail below.

fn Australia, Carter (1991) described an autoregressive model of Australian markets. Lang (1998)
discusses Australian models, including the Capital Adequacy Sub-Committee, Harris and Cairns (1999)
models. The Capital Adequacy Sub-Committee (1992) model is similar to the MGWP model but
extended to property, fixed interest stocks and cash. The Regime Switching Vector Autoregressive
Model (RSVAM) of Harris (1996) replaced the Harris (1995) model, and models GDP growth, inflation,
bond yields and equity prices. This model uses mixture distributions where asset returns can be in two
possible states (regimes), one where returns are positive and follow a certain distribution and another
where returns are negative and follow a different distribution. In each period there is a transition
probability of moving (switching) from one state (regime) to another. The model is further updated in
Harris (1999).

Dyson & Exley (1995) describe a cointegrated model based on the rational expectations hypothesis.
Two (not necessarily stationary) series are described as cointegrated if some linear combination of

them can be represented as a stationary process.

Smith (1996) describes a number of types of stochastic model, the simplest of which is a random walk
model where real returns are log normally distributed and follow a random walk. Smith categorises

models such as Wilkie and Thomson broadly as autoregressive models which are stationary models



where variables revert to a long-term mean. Clarkson (1996) argues that linear autoregressive models
are “highly misleading and potentially dangerous representations of real world financial behaviour”
because they understate the risk. Smith describes a Jump Equilibrium Model in which asset prices are
modelled as a compound Poisson process with infinitely small jumps occurring with infinite frequency
and finite jumps occurring with finite frequency. The Jump Equilibrium Model is applied to UK cash
(including the term structure of interest rates), inflation, equities, property, and bonds. Huber (1998)
provides for a more detailed description of this model and its properties. Hibbert, Mowbray & Turnbull
(2001) produced a model as an alternative to the Wilkie model, which included a regime-switching

component for equity returns.

The models of Yakoubov, Teeger & Duval (1999), and Dempster et al. (2003) are closely related to the
Wilkie model, whereas Whitten & Thomas (1999) describe a non-linear model.

2.2.1 Maturity Guarantees Working Party (MGWP)

The Maturity Guarantees Working Party (1980) was established to recommend bases of reserving for
investment performance guarantees under investment-linked individual life assurance contracts. The
Party’s recommended method was that reserves be set at such a level that the probability of ruin was
less than a specified value and that these probabilities be obtained through stochastic modelling of

assets and liabilities.

The Party considered four alternative direct models for equity returns, as well as a model for dividend
and dividend yields that modelled returns indirectly, and selected the latter approach. The Party
specified a random-walk model with a non-zero mean for dividends (described as ARIMA(0,1,0) in the
methodology of Box & Jenkins (1976)) and an ARIMA(1,0,0) autoregressive process for dividend
yields. The Party argued that these models produced reasonable results and fitted both UK and USA
data. Finkelstein (1997) shows how the MGWP model can be madified so that residuals follow a

general stable distribution, rather than a normal distribution.

2.2.2 Wilkie Model

2.2.2.1 Original Wilkie Model

Wilkie (1986) aimed to produce a “minimum model that might be used to describe the total
investments of a life office or pension fund” which modelled inflation, shares (equity) and fixed interest
securities. Wilkie developed this mode! from the MGWP model for share prices and yields and Wilkie
(1981) inflation model.

Share prices are modelled indirectly through dividends and dividend yields, as was the case with
MGWP. The model is driven by inflation, so shares and interest rates are dependent variables.
Interest rates are represented by a single variable, not as a term structure, so the original model does
not contain short-term interest rates. Property and overseas markets were also excluded. The model

has a “cascade” structure, as illustrated in Figure 2.2.1.1.



Figure A - Structure of the Original Wilkie Stochastic Investment Mode!
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Specifically, inflation is modelled as a first order autoregressive model or AR(1), where inflation in one
year depends on inflation in the previous year. Dividend yields are modelled as a first order
autoregressive process and are also dependent on the current level of inflation, higher inflation leads to
higher dividend yields. Dividend growth depends on the current level of inflation, the exponentially
weighted average of past inflation, and the residual from the dividend yield model. The inclusion of an
exponentially weighted average of past inflation means that the model has “unit gain” so that any
increase in retail prices will eventually lead to the same increase in dividends. The residual from the
dividend yield model is included in the model since it was found that “share prices (and hence yields) to
some extent correctly anticipate changes in dividends”. The fixed interest yield is made up of expected
future inflation (which is modelled as the exponentially weighted average of past inflation), and a real
yield (which is modelled as a third order autoregressive process also dependent on the residual from a
dividend yield model). The estimates for the parameters of the Wilkie model were obtained from data
over the period 1919 to 1982.

A Working Party was set up under the Financial Management Group (FIMAG) of the Institute of
Actuaries in 1989 to review the Wilkie model, and the Party’s finding were reported in Geoghegan et al.
(1992). The Party described the model as neither a pure statistical (economically atheoretical) or
econometric model (based on economic theory). The Party recommended that only post-1945 data be
used in estimating parameters for any model because it was argued that fundamental changes had

affected the economic processes generating the data.

It was concluded that no simpler model for inflation could provide a better fit of the data than the Wilkie
inflation model, but there was evidence that the residuals are not independent and non-normal. The
inflation modelled was described as “too tame” as it did not allow for bursts of high inflation, large,
irregular price shocks, and the non-normality of residuals. The Party found that UK inflation had
significant auto-regressive conditional heteroscedastic (ARCH) effects (non-constant variances

conditional on the past, but constant unconditional variances), and therefore considered the

10



introduction of an ARCH component to the inflation model. However, because the variance of an
ARCH model is constant over the long term, ARCH effects are not required if the model is to be used

for long-term projections.

The Party considered using mixture distributions (where two distributions are used to model a single
variable) for dealing with random shocks, but concluded that identifying such models was difficult and
may again have little effect in long-term projections. The Party also criticised the symmetrical
distribution for inflation which has “a significant probability of negative inflation” which “might be
unlikely”, and considered using an empirical distribution or alternative non-symmetrical distribution, but
again concluded that neither approach would have much effect on the results in long-term projections.
However an alternative model for inflation, developed by Clarkson (1991), was presented. Also, in an

appendix of the paper by Wilkie, ARCH effects are included in the Wilkie inflation model.

A major concern expressed over the Wilkie model (and any other stochastic model) was whether the
parameters were stationary, and in conclusion, the Party neither recommended nor rejected the Wilkie

model for use in asset-liability modelling but concluded that more research was required in the area.

2.2.2.2 Extended Wilkie Model

Wilkie (1995) published a large amount of research related to the original Wilkie (1986) model. The
model was extended to include wages, short-term interest rates, property, index-linked stocks and
exchange rates. Figure B illustrates the structure of the extended Wilkie model. Data from a number
of countries was examined and alternative models were considered. Wilkie argued that the short-term
properties of the Wilkie model are very similar to those of financial economic models (specifically the

random walk model), but long-term properties are different.

1



Figure B - Structure of the Extended Wilkie Stochastic Investment Model
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Wilkie showed that UK inflation experience subsequent to the publication of the original model had
been adequately explained by the model, although the variability of inflation was lower than predicted.
Parameters of the inflation model were estimated for different periods, and it was found that residuals
were positively skewed and significantly non-normal. Data from very long periods suggested a higher
order autoregressive model may be appropriate, and monthly observations provided evidence of
seasonality not seen in annual data. When the model was fitted to data from other countries, the auto-
regressive parameters were quite similar, although the mean inflation rate often differed substantially
between countries. Wilkie also noted that there was some connection between high autoregressive
parameters and low standard deviation of residuals, as well as between low average inflation and low
variability of inflation. Further investigations into ARCH effects were made, and Wilkie's ARCH model

described in Geoghegan et al. (1992) was expanded, and showed a significantly better fit to the data.

Wilkie's tests found that there was no significant cointergration between prices and wages. Wilkie
investigated vector autoregressive (VAR) models for wages (models where there is a two-way
dependency between the variables, i.e. prices can depend on wages as well as wages on prices) and
also fitted the AR(1) inflation model to wages. The proposed model for wages relates wages to

inflation.

Wilkie compared his model of dividend yields to a pure random-walk model, and found that as the
period between observations is decreased (for example by using monthly or daily data), the estimate
for the autoregressive parameter gets closer to one (if the parameter equals one, then dividend yields
follow a random walk and are non-stationary). Wilkie argues that over the short term, dividend yields
(and hence share prices) may appear to follow a random walk, but do in fact follow an autoregressive
process. Wilkie found significant cointegration between dividends and share prices, and therefore

argued dividend yields should be modelled as a stationary series. ARCH effects were found, in that
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the variance of inflation was higher when dividend yields were higher or lower than usual, but this was
not incorporated in the model. When data from other countries is examined, a fairly large range in the

estimated parameters was found.

Wilkie argued that the model for share dividends was in some sense efficient, in that share prices react
in advance to changes in dividends, and found that the experience subsequent to the parameterisation
of the original model was consistent with the model, although dividend growth was in excess of inflation
for the period. Wilkie also found that dividends and retail prices were cointegrated, that there was
some evidence for ARCH effects in the dividend series. Wilkie argues that the model for share prices
is very similar to a random walk in the short term, which is the standard efficient market model for

prices, and only differs from it in the long term.

Wilkie argues that the original model for long-term interest rates takes account of the Fisher (1907,
1930) effect where the yield is made up of a real component and a component representing expected
future inflation. Wilkie found that experience subsequent to the fitting of the original model for long-
term interest did not fit the model well, particularly that the standard deviation had been higher than

estimated, and therefore suggested that the standard deviation parameter was increased.

Wilkie described a model for short-term interest rates, where the interest rate is modelled such that the
difference between the logs of short term and long term yields is a stationary AR(1) process. While
Wilkie acknowledged that a complete model for interest rates requires a yield curve to connect the
short-term and long-term rates, it was argued that none of the existing yield curve models satisfactorily

combined nominal yields, real yields and inflationary expectations in a single model.

Wilkie argues that property is similar to equity in many ways, and therefore proposes a model for
property returns based on the model for share returns, with rental yields akin to dividend yields, and
rental income to dividends. A model for index-linked stocks is also described, where the the real yield

is modelled as a first order autoregressive process.

Wilkie incorporate exchange rates into the extended model. Wilkie's proposed model is based on
purchasing power parity (PPP) where in the long term the exchange rate is solely determined by the
purchasing power of the currencies. The exchange rate can depart from PPP in the short term, but

since the model is an AR(1) process with mean zero, the exchange rate will tend back to the PPP rate.

2.2.2.3 Reviews of the Wilkie Models

Kitts (1990) notes that residuals from the original Wilkie inflation model are significantly non-normal
and non-independent. However more concern is expressed about the estimation of long-term means
as Kitts argues that the structure of the process appears to change over time. Clarkson (1991) finds
positive skewness of residuals in the inflation model of the Wilkie model, and suggests it can be

removed by using a non-linear inflation model.

Thomson (1996) argued that the extended Wilkie model did not adequately describe the South African
economy. Clarkson (1996) argues that the non-linearity of UK inflation restricts applicability of the

extended Wilkie model, and that the inclusion of ARCH effects is inadequate to fully explain observed
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inflation. Smith (1996) argues that the extended Wilkie model “falls between the efficient market of the
random walk model and the chaotic model where returns are totally predictable”. As such, Smith
argues that the model describes a market which is inefficient (assets are mispriced from time to time)
but without arbitrage opportunities, so that, while some strategies may have abnormal expected returns

relative to the risk entailed, none of these opportunities are totally riskless.

Huber (1997) aimed to provide a comprehensive review of Wilkie's extended model. Huber’s review
covers the methodology used to derive the model, its theoretical soundness, and its goodness of fit to

empirical data (including whether parameters are constant over time).

Huber notes that the Wilkie model was derived from both economic theory and observed data, but that
some theory was rejected such as the assumption that markets are efficient. If residuals were found to
be autocorrelated then a higher order AR model was fitted. Huber argues that it is “not obvious
whether (this approach) leads to an improved model or simply conceals the real problems”. A brief

description of Huber's findings are given below.

Wilkie's model for long term interest rates incorporates the Fisher (1930) relation, where the yield is
made up of a real component and a component representing expected future inflation. Expected future
inflation is modelled as the exponentially weighted moving average of past inflation. Huber argues that
this contradicts the rational expectations hypothesis which states that investors do not knowingly make
systematic ex ante forecasting errors. To be consistent with this hypothesis, then the model for
expected future inflation would need to be constrained to be consistent with the price inflation model.
Huber also questions the hypothesis that inflation is a stationary process, and cites many authors who

argue that it is not stationary.

An implication of the efficient market hypothesis (EMH) is that security returns cannot be forecast.
Huber notes that the Wilkie model is not inconsistent with this in the short term as it is virtually the
same as a random walk model. Huber notes that some studies have shown that share prices are
predictable in the long term, and the Wilkie model is consistent with this too. Additionally, the term in
the equity model which allows the price of shares to anticipate future dividends is consistent with the
EMH. However, Huber argues that some aspects of the model imply risk-free excess returns can be
made by switching between equities and bonds, which is not consistent with the EMH, or supported
empirically. Huber also argues that the parameters suggested by Wilkie imply that risk (as measured
by standard deviation of returns) and returns for property versus equity, and index-linked bonds versus

fixed interest stocks, are inconsistent with portfolio theory (MPT).

In the empirical review, Huber argues that there is not convincing evidence that the parameters in the
inflation mode! are constant over time. Wilkie dealt with the non-normality of residuals by fitting ARCH
effects in the inflation model, which Huber notes describe the data better than the original model.
Huber found that the residuals in the wage model were not to be independent and identically
distributed, but argues that the vector autoregressive model for wages and inflation discussed by

Wilkie appear to provide the most promising price and wage inflation models.
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Huber questions whether the parameter linking dividend yield with current inflation is constant over
time, and argues that without 2 influential values in the data (years 1940 and 1974), the parameter is
not significantly different from zero. Huber suggests that the share dividend model is not empirically
adequate because the residuals are not independent and identically distributed and the unit gain
parameter is not significantly different from zero. Huber also argues that the parameters are not

constant over time, and that the unit gain effect may not be appropriate.

Huber finds that the residuals from the long-term interest rate model are correlated with those of the
retail price model, the variance of the residuals is not constant over time, and that the parameter
relating the yield to the residual from the dividend yield model is not significantly different from zero
when a single influential value (year 1974) is excluded from the data. These results lead Huber to

conclude that the long-term interest rate model is empirically inadequate.

Huber finds the models for short-term interest rates and index-linked yields to be empirically adequate,
but advises caution on the use of the index-linked model given the limited data on which it was derived.
Regarding the property model, Huber suggests that the autoregressive parameter in the property yield
model may not be constant over time, and, as for the dividend model, questions whether the unit gain

parameter is significantly different from zero.

In their review of the inflation model in the extended Wilkie model, Chan & Wang (1998) suggest a
modification to overcome the significant positive skewness, non-normality and leptokurtic (fat-tailed)
distribution of residuals. Chan & Wang use the Chen & Lui (1993) method to identify significant
outliers in the UK inflation data. When these outliers are incorporated into the model, the model has a
smaller mean, autoregressive parameter and residual standard deviation, and the non-normality of
residuals is eliminated. Chan & Wang also find significant ARCH effects, but introducing these effects
into the original Wilkie model does not eliminate the positive skewness and fat-tailed distribution of

residuals, and adding ARCH effects to their outlier-adjusted model is found to be insignificant.

2.2.3 Thomson Model

The original Thomson model was published in Thomson (1994), however, all references here are

made to the British Actuarial Journal publication, Thomson (1996).

Thomson questions whether the orginal Wilkie model, which is based on UK data, is applicable to
other economies, and found the model did not adequately explain South African data, as had Claasen
& Huber (1992) and Claasen (1993). Thomson therefore proposed an alternative model for inflation,
long-term interest bearing securities, money market instruments, equities and property. Thomson
derives the model using the Box & Jenkins (1976) autoregressive integrated moving average (ARIMA)
approach to time series modelling. Thomson did not include exogenous variables in the model,
arguing that the effect of such variables is likely to be short-lived and/or insignificant, and that they may

add unnecessary complexity to the model.

Thomson takes a four stage approach when determining the structure of the model. First, variables

are ‘pre-whitened’, in other words they are transformed into univariate ARIMA processes, and cross-
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correlations between variables and suitable input variables are then determined. Secondly, long-term
and any ‘unit-gain’ relationships are identified. Thirdly, Thomson incorporates relationships previously
identified, and finally parameters are estimated and tested for significance. This methodology led to

the structure of model illustrated in Figure C.

Figure C - Structure of the Thomson (1996) Stochastic Investment Model
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2.2.3.1 Reviews of the Thomson Model

Maitland (1996) reviewed the Thomson model from both a statistical and economic perspective. Using
simulations, Maitland estimated the mean, standard deviation and skewness of nominal returns of
each variable, together with the correlation between variables. Maitland found that whereas equity
returns have historically been higher than property returns (both direct and trusts), the model forecasts
the reverse. The forecast standard deviation for nominal equity returns is larger than that for property,
and larger than the historic standard deviation. Maitland found the same pattern when real returns are
investigated. A number of forecast correlations (of both nominal and real returns) are also found to
differ considerably from their historical values, for example the real return for fixed interest securities is

zero historically, but forecast to be positive 4%.

Maitland notes the mean-reverting nature of the dividend yield model means that an equity market fall
is forecast if the current yield is below the asymptotic mean (as was the case in 1993). It is questioned
whether the asymptotic mean is appropriate. Maitland notes that historically, dividend yields have
trended downwards, so an appropriate mean may be lower than the historic mean. Maitland presents
an alternative ARIMA(0,1,0) model to the AR(1) model for dividend yields.
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More generally, Maitland argues that if the true long-run (asymptotic) mean is different from the historic
mean, then ARIMA modelling may be inappropriate, and questions the method of testing the
significance of the unit-gain functions. Maitland describes an alternative formulation of the model,
whereby the parameters can be estimated using maximum tikelihood, and some variables are found to
be insignificant in formulation. Maitland notes that variables that are trended over time can exhibit
spurious correlations, and argues that partial correlations, which eliminate the effect of time, are better

suited for model identification.

By using an alternative pre-whitening function, Maitiand shows that there is significant (negative)
correlation between dividend yield in one year and dividend growth in the following year, and argues
that there are both mis-estimations and spurious correlations between returns introduced in the

Thomson model. Additionally, Maitland shows that a number of parameters are unstable over time.

Howie (1997) also points out the discrepancies between forecast and historic means in the Thomson
model. Howie argues that the modelled property returns, relative to other returns, are inconsistent with
standard financial economic models, and makes the case for including wages and economic growth as
explanatory variables. Howie also argues that the indices used to parameterise the property model are
inappropriate, and that structural changes in the South African economy make historic bond data

unreliable.

17



3. Approach to Development of a Stochastic

Investment Model

3.1 Model Evaluation Criteria

A stochastic investment model is by definition a statistical model. However, it is also a model of
economic, or more specifically financial, time series data, and must therefore contain elements from
both economics and statistics. The Maturity Guarantees Working Party (1980) model (MGWP) and
the Thomson (1996) mode! are best-fit statistical models where the criteria for choosing the final model
was that the model best explained the historical data. By contrast, Smith (1996) set out to construct a
model based on financial economic theory. The original and extended Wilkie (1986, 1995) models are
somewhat of a compromise between a pure best-fit statistical model and one based on theory because
Wilkie's stated aim was to develop a model which was both an adequate representation of past history

and based on plausible economic and investment theory.

Geoghegan et al. (1992) describe two types of model: a statistical model and an econometric (i.e.
economic) model. Both types of models have both advantages and disadvantages, and in practice
most models are compromises between the two approaches. Whether a model is appropriate often
depends on what it is being used for. Typically, actuarial applications call for modelling the long term
rather than the short term. For this reason Wilkie (1995) argues that a model should adequately model
the long-term behaviour of variables, and not necessarily give the best short-term estimates of them.
The ‘funnel of doubt’ or variability over time is more important, Wilkie argues, than estimates of values.
However, there is danger in focussing on the long term without worrying about the short term, as
famously argued by Kenynes (1923): “In the long-run we are all dead. Economists set themselves too
easy, too useless a task if in tempestuous seasons they can only tell us that when a storm is long past
the ocean is flat again”. Ideally, the short term and long term behaviour of models should be

consistent.

Practitioners typically use asset-liability modelling more for understanding and managing risk than
forecasting the future. Lane (1995) argues that a model which is a poor predictor of the future is not
necessarily a poor model. For example a deterministic model (making a single rate assumption about
investment return) is a very unreasonable model of the future, but a perfectly acceptable model in
many applications. Although Thomson et al. (1995) found that in most practical applications, the
choice of model did not make a significant difference to the results, others, such as Smith (1996) and
Lang (1998) argue that different models can produce different results. Huber (1997) developed four

criteria for the evaluation of a model, which are, in order of importance:
+ Consistency with economic theory

¢  Goodness-of-fit

18



e Parsimony
e Parameter constancy over time
The first three criteria are discussed in more detail below.

Consistency with economic theory

Centuries of economics research have resulted in an enormous body of work; much of it describing
how economic variables behave and interact. When developing a stochastic investment model, such a
valuable resource is senselessly overlooked. Indeed, many authors, such as Ennis & Dorrington
(1994), Clarkson (1996) and Smith (1996), argue that stochastic investment models need to have
some basis in economic theory. Additionally, if a model is based on generally accepted economics, its
structure can be explained. For example, in the extended Wilkie (1995) model, dividends depend on
inflation, which can be explained in terms of basic economics. By contrast, in the Thomson (1996)
model, inflation depends on dividend growth, which is contrary to the economic theory. It is therefore

desirable that a model incorporates basic and generally accepted economics.
Goodness-of-fit

If the structure of a model is constrained so as to be consistent with generally accepted economic
theory, it is possible (indeed likely) that it will not explain past data as well as a model where the
structure is unconstrained. If the structure and parameters of the model are designed to best
represent past data, a statistical goodness-of-fit test is likely to indicate a model is superior to a model
where the structure is constrained, although not necessarily using out-of-sample data. Even so, a
model where the structure is constrained to be consistent with accepted economic theory should
adequately explain the data, and parameters should be tested for statistical significance. Additionally,
there may be numerous ways of expressing an economic relationship between variables, and

statistical tests can be used to determine which structure best explains past data.

Parsimony (Simplicity)

If the aim is the produce a model that is practical and potentially useful, the model needs to be
sufficiently easy to use and understand and hence parsimonious. Lane (1995) argues that adding
complexity does not necessarily produce a better model and usually only makes the model more
difficult to use. Lang (1998) goes further to argue that in many practical applications, solutions to
problems can be found using models which are not that complex, provided their limitations are
recognised and understood. Wilkie (1986), Clark (1992), Ennis & Dorrington (1994), Thomson et al.
(1995) and Booth (1997) also argue for simpler models. A simpler model will almost always be
preferable, provided it meets the criteria above, not least because it is easier to communicate to others

in practical applications.
Taking the above criteria into account, the steps in constructing a model! will be as follows:

1. Describe a simple model based on basic economic theory i.e. express algebraically basic

assumptions of how the economy and financial markets operate.
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2. Estimate and test parameters.
3. Reject insignificant parameters or parameters whose values contradict the economic theory.

In evaluating the final model, the three criteria used will be consistency with economic theory,
parsimony and reasonableness of output. Reasonableness of output is interpreted to mean the
modelled variables adequately fit past data and could be understood and explained by a user of the

model.

3.2 Variables to be Modelled

The variables originally modelled by Wilkie (1986) are insufficient to properly model the main sectors of
the financial markets, notably because the model does not include short term interest rates. At a

minimum, the following markets need to be modelled:

e Equity Market — share prices, dividends per share (DPS) and/or earnings per share (EPS)
e Bond (Fixed Interest) Market — benchmark government bond yield

e Money Market — benchmark short term interest rate

Property will be excluded, not because it is an unimportant asset class, but because it has both bond-
like and equity-like components in the rental stream and residual value respectively. This means that
the theoretical models developed for bonds and equities could be adapted to model property.
Additionally, because property is an illiquid asset which is seldom traded, a market price is hardly even
known, making property data prone to smoothing and underestimating actual volatility. Exchange rates
and non-domestic assets will also be excluded. Foreign asset classes could be modelled in the same

way as domestic assets.

Inflation is an obvious explanatory variable, and will be included in the model. Harris (1996) and Howie
(1997) argue that economic growth is also an important explanatory variable that should be included,
because of its effect on both asset returns (particularly on equity returns) and liabilities. The following

explanatory variables will therefore be modelled:
e Rate of Inflation
¢ Rate of Economic Growth

Wages will be excluded, although it is recognised a model for wages may be required in an ALM
exercise where the liability is related to wage growth. For such applications, wage growth could be

linked to retail inflation (as in Wilkie (1995)) or to both retail inflation and economic growth.
In summary, the following will be modelled:
e Share prices, dividends per share (DPS) and earnings per share (EPS)

e Government bond yields
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e Short term interest rates
e Rate of inflation

» Rate of economic growth

3.3 Choice of Data

3.3.1 Sources and Period of Data

Geoghegan et al. (1992) argue that only post 1945 data should be used in developing a model since
they argue that fundamental changes had affected the processes generating the data after this date. If

structural changes have taken place, then only the most recent data are relevant.

Data were obtained for three countries, namely the United States, Britain and South Africa. The US
and Britain can be classed as developed markets, whereas South Africa can be classed as an

emerging market. The relative size of these economies from Eves (1998) is shown in table A.

Table A - GDP in USS$ billion at 31 Dec 1995

Country GDP in USS$ billion at 31 Dec 1995
United States 7,434

Britain 1,152

South Africa 133

Data for each country for the past 15 years (or the longest period available if less than 15 years) were

obtained from I-NET (1999) so that the model could be parameterised separately for each country.

3.3.2 Time Intervals and Transformations

The time interval chosen is restricted by the data, for example GDP is only available quarterly. Most
actuarial investigations use annual observations, and there are advantages for using annual data as
noted in Thomson (1996) p 772, including:

* Monthly and quarterly seasonality is removed.

¢ Accounting periods are typically one year, and liability assumptions often are age-related and

therefore annual.

Log transformations are also useful since the transformed variables are then additive (when the
variables are returns) and asymptotically normal by the Central Limit Theorem. Log transformations
are used by Wilkie (1986, 1995), Thomson (1996) and Smith (1996).

The data investigated were therefore annual and log transformed.
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3.3.3 Summary of Data

Data obtained from I-NET (1999) is summarised below with full details given in Appendix A. In tables

B to E, the means of the untransformed variables equal exp [u + o’ 1 where  is the mean of the log

transformed variable, and o is the standard deviation.

Table B - Economic Data: Summary Statistics for the 15 years 30/06/1983 to 30/06/1998

Country

Real Economic Growth

annual log (1 + real GDP growth)

Inflation

annual log (1+inflation rate)

sample mean std dev sample mean std dev
United States 15 0.029 0.016 15 0.033 0.010
Britain 15 0.025 0.020 15 0.044 0.022
South Africa 15 0.015 0.026 15 0.114 0.035

Country

Short Term Interest Rates

annual log (1+money market

Real Short Term Interest Rates

annual log (1 + real

return) return)
sample mean std dev sample mean std dev
United States 15 0.061 0.018 15 0.028 0.015
Britain 15 0.093 0.030 15 0.050 0.019
South Africa 15 0.149 0.033 15 0.034 0.041
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Table C - Bond Market Data: Summary Statistics for the 15 years 30/06/1983 to 30/06/1998

Country Bond Yield Bond Market Return Real Bond Market Return
log of (1+yield) annual log annual log (1+ real return)
(1+return)

Term
of sample mean stddev| sample mean std dev| sample mean stddev

Bond
United States 2 5 0.058 0.003 4 0061 0.005 4 0.037 0.010
5 5 0.062 0.005 4 0.076 0.027 4 0052 0.030
10 6 0.062 0.007 5 0.067 0.077 5 0.043 0.079
30 16 0.081 0.019 15  0.117 0.146 15 0.084 0.150
Britain 5 2 0.067 0.004 1 0.089 - 1 0.052 -
10 16 0.088 0.013 15 0.106 0.048 15 0.062 0.061
30 2 0.062 0.010 1 0.252 - 1 0.215 -
South Africa 2 13 0.138 0.019 12 0.135 0.033 12 0.027 0.047
5 13 0.144 0.011 12 0.140 0.050 12 0.032 0.057
10 13 0.151 0.009 12 0.157 0.051 12 0.049 0.057
30 10 0.151  0.009 9 0.164 0.068 9 0.067 0.069

Table D - Equity Market Dividend and Earnings Data: Summary Statistics for the 15 years 30/06/1983

to 30/06/1998
Country Yield Growth Real Growth
log of (1+yield) annual log annual log (1+ real
(1+growth) growth)
sample mean std devi sample mean std dev| sample mean std dev
Index
United States |Dividends 7 0.024 0.006 6 0.044 0.034 6 0019 0.034
Earnings 16 0.059 0.018 15 0.067 0.176 15 0.034 0.179
Britain Dividends 6 0.036 0.004 5 0063 0.048 5 0.033 0.051
Earnings 6 0.053 0.007 5 0121 0.113 5 0.091 0113
South Africa  |Dividends 16 0.035 0.011 15 0.079 0.064 15 -0.036 0.065
Earnings 16 0.081 0.020 15 0.100 0.097 15 -0.014 0.104
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Table E - Equity Market Data based on FT Actuaries Share Indices : Summary Statistics

Country Dividend Yield Dividend Growth Real Dividend Growth
log of (1+yield) annual log annual log (1+growth)
(1+growth)

sample mean stddev| sample mean stddev| sample mean stddev

United States 11 0.027  0.007 11 0.052 0.042 11 0.019  0.039
Britain 11 0.042 0.006 11 0.068  0.069 11 0.025 0.059
South Africa 11 0.030  0.009 11 0.125 0.308 11 0.022 0.310
Country Equity Return Real Equity Return

annual log annual log (1+ real return)

(1+return)

sample mean stddev| sample  mean std dev

United States 10 0.170  0.089 10 0.138 0.093
Britain 10  0.151 0.072 10 0.109 0.080
South Africa 10 0.186 0.213 10 0.084 0.204

3.4 Formulation of Model

3.4.1 Type of Model to be Investigated

A flexible generalised mixture model will be investigated. The Harris (1996) model is an example of a
mixture model. The model will consist of a mean-reverting component and a non-mean-reverting
component. Special cases of this model will be a vector autoregressive (mean-reverting) model and a
random walk model (non-mean-reverting). The modelled volatilities of financial market returns,
together with the economic data, are used to fit the economic model. The procedure is similar to the

method of moments for statistical estimation.

Specifically, for the financial market model, regression analysis is used to estimate the parameters and
the standard deviation of error terms. Similarly, regression is used to estimate risk premiums and the
parameters in the dividend and earnings models. The method for estimating the “reversion factor”,

described later in Section 5, is an iterative one and aims to find a value of the parameters such that the

24



modelled volatilities are consistent with their historical vaiues, in other words modelled volatilities are

broadly equal to their historical values.

The Wilkie (1986, 1995) and Thomson (1996) models are mean-reverting models. Mean-reverting
models are typically autoregressive or vector autoregressive (where there is a two-way dependency
between the variables). The vector autoregressive component of the model has a maximum order
(lag) of one. This restriction is both in the interests of parsimony and because Wilkie (1995) finds that

higher orders do not add much to models.

Maitland (1996) criticises mean-reverting (ARIMA) models for being weakly stationary. Other authors
have also argued that models should be non-stationary, including Kitts (1990) who observes that the
structure of processes appear to change over time, Geoghegan et al. (1992) who argue that
stationarity is often the most important limitation of models, and Lane (1995) who argues that it is
unreasonable to assume that the underlying relationships do not change with time. The incorporation

of a random walk model component will therefore be investigated.

ARCH effects will not be incorporated. Smith (1996) argues that ARCH effects increase short term
variance but not the long term variance, and consequently do not have significant impact bearing on
optimal decisions. Additionally, Engle (1982) argues that ARCH effects can be interpreted as evidence

of misspecification.

3.4.2 Method

A model for inflation, economic growth and short term interest rates will be specified (the economic
model) by making assumptions based on economic theory. This model will be parameterised and the
parameters tested for significance. A modei for bonds and equity will then be specified, based on

financial economic theory (the financial market model).

3.5 Practical Issues

Spreadsheets will be produced for the model using Microsoft Excel, as this will allow the widest
possible audience to use and test the models. Summary statistics and graphs of distributions will be
produced to analyse the model, and following the approach of Smith (1996), will be calculated using
simulations for each result. Smith (1996) argues that simulations are required because complex

models do not allow analytical computation of results easily.
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4. Economic Rationale and Assumptions

4.1 Economic Theory

There are many schools of economic thought, often apparently opposing one another. The theoretical
differences between the approaches are typically whether variables affect each other or not. [only
barely acceptable — the examiner asked for references not for the statements to be deleted] Typically,

competing theories do not contradict each other to the extent that they predict opposite results.

A practical approach is not to pass judgement on any theory up front, but to incorporate any theoretical
relationships described in the literature between variables in the initial construction of the model.
However, only relationships that are supported by empirical data will uitimately be incorporated into the

model

Below is a summary discussion of the theoretical relationships between inflation, economic growth and

interest rates.

4.1.1 Inflation

Inflation is an increase in the general level of prices. Bannock (1998) notes three standard theories for

the cause of inflation, namely:

1. Demand pull inflation - if there is an increase in aggregate demand for goods and services in the

economy, prices will tend to rise.

2. Cost push inflation - if the costs of production, notably wages, are increasing, firms will attempt to

increase the prices of goods and services.

3. Increases in money supply - the monetarist view is that money supply growth will lead to higher

prices. Real increases in money supply are associated with to low or falling real interest rates.

These three reasons are in fact broadly equivalent. An increase in aggregate demand which leads to
higher prices may also lead to higher wage demands. Firms can only pass on their higher costs of
production through price increases if there is sufficient demand for those goods and services. In
addition, price are unlikely to continue to increase (i.e. their being sustained inflation) unless money

supply continues to grow to support it.

Bannock (1998) notes that inflationary pressures are often discussed in terms of an output gap. The
output gap is defined as actual GDP less potential GDP (defined as the output at full employment). If
this is positive it is called an inflationary gap, and if negative a deflationary gap. In essence, inflation is
associated with high or excess economic growth, which is why methods employed to reduce inflation
also reduce growth. Authorities may respond to higher than desired inflation by reducing government
expenditure (which has the effect of reducing aggregate demand) and/or reducing money supply

growth (for example by increasing interest rates).
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4.1.2 Economic Growth

The aggregate demand in an economy is measured by the gross domestic product (GDP). GDP is
made up of consumption, government spending, investment and net exports (exports less imports).
Economic growth is measured as a change in GDP, and may be negative. It is meaningful to analyse

real changes in GDP i.e. changes in excess of inflation.
Bannock (1998) describes two theoretical components of economic growth:

1. Trend growth - trend growth can be described as the long term, sustainable, non-inflationary
growth rate of an economy due to rises in productive capacity. There is some debate as to
whether trend growth exists: the neo-classical school argues that adjustment occurs to reach
equilibrium, so that balanced growth (where all components of GDP grow at the same rate) or
steady-state growth (where variables each grow at constant rate) can occur, whereas the

Keynesian view is that the economy does not find a stable growth rate.

2. Business cycle - the business cycle can be described as regular fluctuations in national income or
GDP. Several arguments about the causes of the business cycle exist, including the accelerator-
multiplier model of economic growth which argues that changes in the level of investment leads to
a cyclical pattern of growth. Levels of investment expenditure are stimulated by increases in
aggregate demand, technology, high profits, and low interest rates (because investment is often
financed by borrowing). Others view the business cycle as a monetary phenomenon where
changes in the money supply are argued to play a role in the business cycle. Here, an increase in
money supply is thought to lead to an increase in aggregate demand. The alternative view,
already mentioned, is that an increase in money supply will only cause an increase in inflation.
Again, increases in the real money supply are associated with low or falling real interest rates.
Another theory is the real business cycle theory, which argues that real shocks and not fluctuations
in aggregate demand cause business cycles. These shocks may be technological, changes in

taste, or even wars and weather disturbances.

An economy has some built-in stabilisers which act to dampen the business cycle. For example, when
aggregate demand falls, unemployment and welfare benefits paid by the government increase and
taxes collected fall. These act to boost aggregate demand. Governments may also employ
stabilization policies to control the level of aggregate demand in the economy using both fiscal and

monetary policy.

4.1.3 Interest Rates

Interest is the return for lending cash or holding short term deposits, since holding such deposits
means delaying consumption. Alternatively, it is the price for borrowing cash. These short term
securities are dealt in the money market, which is made up of financial institutions and a central bank
or monetary authority. In classical economic theory, aggregate saving equal aggregate investment,

and these are brought into line with each other through changes in the interest rate. This is a supply-
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demand argument where the price is the interest rate. Long term interest rates, or the yields on fixed

interest securities, are dealt with in the next section.

The main theory on interest rates has already been discussed in the sections on inflation and
economic growth. An additional point to note is that there is not a single interest rate because financial
intermediaries charge for their services by adding to the interest rate charged to borrowers and
deducting from the interest rate paid to savers. In addition, risk premiums are added to rates to reflect

the differences in the ability of borrowers to repay debts.

4.2 Financial Economic Theory

As is the case in economic theory in general, there are competing theories in financial economics.
However, as before, this need not preclude incorporating the broad theories of how markets operate
into an investment model. Below is a summary of some of the key ideas in financial economics, which

will then be expressed as assumptions and incorporated into the financial market model.

4.2.1 Efficiency

Samuelson (1965) and Fama (1965) developed the efficient market hypothesis (EMH) which proposes
that share prices reflect all available information and are thus best estimates of the intrinsic value.
Hess & Reinganum (1979) argue that if share prices reflect all relevant and available information, then
investors in a certain world cannot use information to earn abnormal or excessive returns. In an
uncertain world, an investor cannot expect excessive returns. This does not mean that there are no
returns, rather that returns are related to the riskiness of the asset. Since the world is uncertain and
prices are thus stochastic, an investor can receive excess returns in an ex post sense, even if the EMH
holds.

There have been numerous empirical tests of the EMH. All these tests have the problem that they
require an assumption as to how prices reflect information i.e. a function mapping ‘information’ to
prices. This means that any hypothesis test is in fact a joint test that assets fully reflect all available
information and that the model of market equilibrium (the function) is correctly specified (Fama (1976)).
Additionally, tests also generally assume the rational expectations hypothesis, which is discussed
below. Clarkson & Plymen (1988) make the same point that several tests of efficiency are invalidated
by an unrealistic model. Marsh & Merton (1986) state that most empirical tests have supported the
EMH, or more generally supported stock market rationality. However, there can never be irrefutable

proof that markets are efficient.

Assuming efficiency in the field of stochastic investment modelling would mean that all investors knew
and believed the model, and used the model to price securities. In terms of the EMH, the information
available to investors is the current and past values of variables, and the model itself. If the EMH held,
investors would use all that information to price assets. The lack of an efficiency assumption is a

major criticism by Huber (1997) of the Wilkie (1986, 1995) models which imply that risk-free excess
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returns can be made by switching between equities and bonds. To avoid these apparent anomalies,

efficiency will be assumed (in the sense described above).

4.2.2 Expectations

Expectations are described by Bannock (1998) as the views held by economic agents on the future
behaviour of relevant economic variables. The simplest model of how expectations are formed is
termed adaptive expectations. Here, expectations about a specific variable are formed from the past
values and direction of movement of the variable. The assumption of adaptive expectations has been
largely rejected as being naive and ad hoc. The model of rational expectations, where economic
agents are assumed not to make systematic errors in forecasting variables, is a more accepted model.
This means that forecasts are on average correct, and are only wrong in any instance because of
random, non-systematic errors. An additional assumption is that the views of economic agents, as

reflected in prices, is based on these rational expectations.

In the context of financial markets, the behaviour of economic agents can be taken to be how investors
price securities, and rational expectations is thus closely related to the EMH. A stochastic investment
model which assumed rational expectations, would require that investors knew and believed the
model, formed expectations from their knowledge of the model, and used those expectations to price

securities.

4.2.3 Risk Premiums

Risk can be described generally as the potential extent of deviation of the actual return on an asset
from the expected return. Several models exist in financial economics which describe the risk-return
relationship in more detail, although the basic premise is that the riskier the asset, the higher its

expected return. The main models are briefly discussed below.

The Market Model (originally called the Diagonal Model) was developed by Sharpe (1963), and relates
the return (R;) on a security (j) to the return on market (R,,), where the market is a portfolio of all

securities weighted by market capitalisation, as follows:
E[R] =q; + Bj* Rn.

The actual return is equal to E[R]] + e;, where e; is an error term which is normally distributed with mean
zero. The B is often referred to as a measure of volatility, market sensitivity or systematic risk. Fama
(1968) showed that the average o, for all securities that make up the market must be zero and the

average B must be one.

The Capital Asset Pricing Model (CAPM) was developed by Sharpe (1964), Lintner (1965) and Mossin
(1966) from a number of assumptions, notably that investors choose portfolios based on the mean and
variance of return, have the same time horizon, can lend and borrow at the riskless rate of return, and

have identical estimates of the joint distribution of returns on assets. It was also assumed that there

were no restrictions on short sales, no taxes and that no individual investor could affect the price. As
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described by Jensen (1979) and Cragg & Malkiel (1982), CAPM relates the expected return on an
asset to the market return for each unit of risk and the riskiness of the asset (like the Market Model),
but additionally to the rate of return on a risk-free asset (R;). Although it is derived from a completely

different set of assumptions, the equation is similar in form to that of the Market Model:
E[R] = Ry + B ( E[Rm] - Rr).

Bjis systematic risk of security j, and defined as COV (R;, Ry)/ VAR (Ry). The term ( E[R] - Ry ) can
be described as the expected market return per unit of risk, while the term (B; ( E[R] - R¢)) is the risk
premium i.e. the reward investors receive for accepting risk. The risk premium is proportional to the

amount of systematic risk of the security. The equation describing the relationship between expected

return E[R]j] and Bj is called the Security Market Line.

A variation of CAPM proposed by Black et al. (1972) following the results of a study which showed that
the estimated Security Market Line did not correspond to that predicted by CAPM, was to replace the
risk free return with the expected return on the zero beta portfolio. The zero beta portfolio is the

theoretical portfolio with minimum variance which is uncorrelated to the market return.

An important implication of CAPM is that investors are not rewarded for risks specific to individual
shares as these risks can be diversified away. If CAPM holds, investors should hold diversified
portfolios. CAPM has been criticised both for the unrealistic nature of its assumptions, and the fact
that it is not fully supported by empirical studies. However, the model remains key in understanding

financial markets.

The single index models described above are all similar in form, and all relate expected returns linearly
to risk. An empirical study by Black et al. (1972) found that there was always a highly linear relationship
between risk and return, although this relationship did not always conform to that predicted by CAPM.
The models and studies have typically measured risk over a relatively short time horizon, on the

assumption that all investors have such a time horizon.

Arbitrage Pricing Theory (APT) was developed by Ross (1976, 1977), and it is described by Cragg &
Malkiel (1982) as a multi-factor model. In APT, the return on any asset is a linear function of certain
factors (indices), and assets differ from one another in the exposure they have to these factors. CAPM
is therefore a special case of such a model. The assumption of no arbitrage means that the risk and
returns of assets can be replicated by combinations of other assets. The theory does not specify which
factors or indices are appropriate. These could be decided either by theoretical argument or
quantitative empirical evidence (provided that neither contradicted the other).

Actuarial studies of risk premiums (Thornton & Wilson (1992), Jones (1993), Wilkie (1995b)) have
been largely aimed at setting appropriate valuation or pricing assumptions, rather than testing financial

economic models. The studies have been mainly empirical as opposed to theoretical in nature.

Although risk is typically defined as the standard deviation of return, several other measures exist.

There are several disadvantages of the standard deviation measure. Clarkson (1996), for example,
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argues that risk is not symmetrical and is therefore non-normal, so variance (or standard deviation) is

an inappropriate measure of risk.

Another problem is the definition of a risk free rate of return. Real returns are usually more important
than nominal returns, and a true risk free real asset usually does not exist. A practical approach is to
take the interest rate on short-term treasury bills as the risk free rate i.e. to assume that this has a zero
risk premium. Other assets, such as bonds and equities, then have a risk premium over this return,
which is related to the standard deviation of expected return. Aithough treasury bills are not truely risk

free real assets, it can be assumed the same relationship broadly holds for real returns.

Assuming a zero risk premium on real money market returns does not mean that they are without
volatility. It means that the money market is the minimum risk asset, and the risk premiums of other

assets are measured as the excess expected return over the expected return from the money market.

4.2.4 Bonds

Bonds are typically fixed interest security issued by central or local governments, companies, banks or
other institutions, although variable rate and index-linked bonds exist. Variable rate bonds are similar
in nature to money market instruments, and index-linked bonds are not issued in all markets, so this

discussion will focus only on fixed interest bonds.

In Section 6.2, the incorporation of information from the index-linked bond market into the model is
discussed. Moreover, the proposed model produces projections of real and nominal interest rates, and

can easily be used to model index-linked bonds

Bonds differ from money market instruments in the market where they are traded, and their term to
maturity. Bonds can have terms of 30 years or more, although very short term bonds or bonds close to

maturity behave much like money market instruments.

McCutcheon & Scott (1986) note that an individual bond can be characterised by the nominal amount
of stock held, the coupon rate or rate of interest (which is usually paid half-yearly), the redemption
price, and the redemption date. The price of a bond can then be calculated by taking the present value
of future cash flows (which are the coupons and redemption value) discounted at an appropriate
discount rate. Conversely, if the price is known, an implied yield to redemption can be determined. It
is this yield which is quoted in the bond market, rather than the price, and the determinants of those

yields are discussed below.

4.2.4.1 The Term Structure of Interest Rates

The term structure of interest rates is the relationship between the yield on a bond and its maturity.
This relationship is usually analysed by a yield curve, which plots the yields on bonds against their
terms to maturity. Smith (1996) notes that most stochastic models do not distinguish bonds by term,
and argues that the full term structure of both real and nominal interest rates should be modelled.
Several theories explain the term structure of interest rates, or the “shape” of the yield curve. The

main theories are:
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1. Expectations of future short term interest rates - this argument assumes that borrowing (or
investing) for two years should be equivalent to borrowing (or investing) for one year and rolling
over the debt after one year. This theory implies that the yield curve contains implicit forecasts of

future short term interest rates.

2. Expectations of future inflation - since real interest rates are nominal rates less inflation, the yield
curve will also reflect expectations of future inflation. This is termed the Fisher (1907, 1930) effect,
where the yield is composed of 2 parts, one real and one representing expected future inflation.
Huber (1997) argues that a model for bonds needs to be consistent with an inflation model, if the
assumption of rational expectations is to be satisfied. There is often also assumed to be an
inflation risk premium in nominal yields to compensate investors for the risk that inflation is

different from that expected.

3. Risk premiums and liquidity preference - liquidity preference can be described as the desire of an
investor to hold money and short term assets rather than other forms of wealth such as equities
and bonds. A consequence of this is that a premium is required on other non-cash assets.
Alternatively, a premium on long term yields over short term yields can be seen as a risk premium
representing the uncertainty in both expected future short term interest rates and expected future

inflation. Tax, regulation and the liability profile of investors may also influence the demand

4. Another factor which affects the yield curve is the public sector borrowing requirement (PSBR).

The PSBR is the supply of government bonds, and is related to government expenditure.

Since government expenditure is a component of GDP, the economic model will indirectly incorporate

changes in PSBR, either directly through modelled relationships, or indirectly through error terms.

Chaplin (1998) examines the major mathematical models of term structure in financial economics.
Four main models are identified. The first model is the Vasicek (1977) model, which relates the long
term bond yield to the money market rate (a one factor model). The Richard (1978) model relates the
long term yield to both expected inflation and expected real short term interest rates (a two factor
model). The Hull & White (1990) model, described as a modified Vasicek model, where deterministic
parameters are replaced with stochastic parameters. The fourth model is a general polynomial model,
which is a mathematical model which can be fitted to data and used to describe the yield curve. Hull
(2006) divides interest rates models into those described as equilibrium (based on economic theory),
such as the Cox, Ingersoll and Ross (1985) model, and those described as no-arbitrage, which are
based on the current term structure of the yield curve such as the Ho and Lee (1986) model. A wide

variety of interest rate models have been developed in recent times.

4.2.5 Equity

Equities, or shares in companies, distribute a portion of net profits/earnings as dividends. Typically,
dividends per share (DPS) are less than earnings per share (EPS), although dividends can be paid out

of retained earnings from previous years. Retained earnings in any particular year are defined as

32



earnings less dividends, and are used to finance companies’ activities. The ratio of DPS over EPS is

termed the pay-out ratio.

4.2.5.1 Earnings and Dividends

There are several factors that influence the earnings of a single company, but there are three main
factors which influence the average earnings of listed companies. These are inflation, real economic
growth, and interest rates. These are the three variables modelled in the economic model. The
revenue of companies will tend to rise with price inflation, since the price of the goods and services
sold will increase with inflation. Revenues will also tend to rise with real economic growth, because
more will be sold. The expenses of companies will be linked to price inflation, wage inflation and
interest rates. The cost of inputs is linked to price inflation, and wage inflation is linked to both price
inflation and economic growth. The expenses of many companies will also be linked to interest rates

because companies raise capital from both equity and debt, and the cost of debt financing is interest.

EPS is an accounting measure, and not a market number. It is really only an estimate of earnings.
DPS, on the other hand, is cash actually paid to shareholders, so there is no subjectivity over its
measurement. Dyson & Exley (1995) note that dividends (and earnings) are broadly linked to inflation
and economic growth, and argue that some of the discrepancies between real earnings growth and
real economic growth are due to changes in distribution of income (between labour and capital). None
of the actuarial models reviewed modelled EPS. Thomson (1996) argues that it is not necessary to
model earnings, because the model for dividends can be adapted if pay-out ratios change. However, it

is not clear how best to adjust the model, and any modification is likely to be subjective.

Wilkie (1986) models dividends as a function of inflation, where there is unit gain from inflation to
dividends. By definition, the unit gain should be from earnings to dividends. There are several reasons
why there may be no unit gain from inflation to dividends, including measurement error in the inflation
index, a mismatch between the costs and revenues of companies and the chosen inflation index, and

any redistribution of income between capital and labour.

The major findings in a study of dividends by Lintner (1956) were that managers have a target pay-out
ratio, but prefer to smooth dividends and avoid dividend cuts. This smoothing of dividends was also
found by Thomson (1996). In the Marsh and Merton (1986) dividend model, dividends are a function of

earnings.

Miller & Modigliani (1958) argued that the dividend policy of a company is irrelevant, particularly in how
investors value the share. Although it is earnings rather than dividends that are relevant in the
valuation of companies, applications of stochastic models often require forecasts of cashflows, so it is
preferable to model both earnings and dividends, so that the actual cashflows from equities to an

investor can be modelled.
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4.2.5.2 Share Prices

The standard model for equity valuation is the dividend discount model, or more generally a discounted
future cashflow modei. Here, the value of a share is determined by the present value of its future
proceeds (Henning (1984)). In principle this is the same as the valuation of a bond. The difference is
that a share has no maturity value, and that future proceeds are dividends, which are uncertain. .
Campbell & Shiller (1987) found that the dividend discount model was not an empirically good model
for stock prices, although their work was based on the assumption of a fixed discount rate which could

be the reason for their findings.

If the Miller & Modigliani (1958) argument holds, then whether or not a dividend is paid does not affect
the return to the investor. However, any distributable earnings disclosed could be paid out. A
discounted future cashflow model can still hold, provided that the share price is the present value of

expected future distributable earnings.

The capital invested in a company is what produces future earnings. The value of that capital is not its
accounting measure (whether net asset value, or share capital plus retained earnings), but the value of

the earnings it can produce in the future.

4.2.5.3 Distribution of Equity Returns

The standard distribution assumed for equity returns is the normal distribution. Fama (1976) notes that
this model was developed, independently, by Bachelier (1900) and Osborne (1959). It assumes that
price changes from transaction to transaction are independently and identically distributed, and that the
transactions are uniformly distributed across time. If there is a large number of transactions per unit
time, then price changes per unit time will be the sum of many independent, identical random variables
and thus, by the central limit theorem, approximately normal. An analogous argument for returns is
that returns are the product of intermediate returns, just as price changes are the sum of intermediate
price changes. If successive returns are independently and identically distributed, log returns will be

approximately normal since log returns are the sum of intermediate log returns.

Mandelbrot (1963) questioned the hypothesis of the normality of stock returns. He argued that the
limiting distribution of sums of variables is a member of the stable class of distributions of which the
normal is only a special case. Stable distributions are invariant under addition i.e. if daily log returns

have a stable non-normal distribution then monthly log returns will have a distribution of the same type.

Empirical studies such as that by Fama (1965) found that daily returns are significantly non-normal and
distributions which are leptokurtic relative to the normal would be more appropriate, i.e. distributions
with higher probabilities of values close to the mean as well as higher probabilities of extreme values.
Fama (1965) found that monthly returns were closer to normality, and contradicted Mandelbrot's (1963)
hypothesis that daily and monthly returns conform to the same type of stable non-normal distribution.
Studies by Officer (1976) and Blattberg & Gonedes (1974) had similar results. Wilkie (1995) also found

that monthly residuals were leptokurtic, but that the annual series were not particularly non-normal.

In the model, no explicit assumption will be made for the distribution of equity returns.
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4.3 Assumptions

4.3.1 Economic Model

The discussion in section 4.1 can be summarised by the following three assumptions:

1. High inflation causes monetary authorities to increase real interest rates, and governments to

reduce expenditure, consequently reducing real economic growth.

2. High real economic growth causes inflation to increase, and monetary authorities to increase real

interest rates.

3. High real interest rates cause inflation to decrease, and real economic growth to decrease.

4.3.2 Financial Market Model

The discussion in section 4.2 can be summarised by the following nine assumptions:

1. Financial markets are efficient.

2. Investors have rational expectations and price securities based on those expectations.
3. There is no risk premium on real money market returns (short term interest rates).

4. There is a positive and linear relationship between expected real return and risk, where risk is

measured as the standard deviation of real return.

5. Theyield on a bond is made up of expected future real short term interest rates, expected future
inflation, and a risk premium. Expected future real short term interest rates are assumed to be

equal to the corresponding forward rates.

6. Real earnings growth is positively related to real economic growth and negatively to real interest

rates.
7. Dividends are a smoothed function of earnings, and there is unit-gain from earnings to dividends.

8. Share prices are determined by the present value of expected future distributable earnings,
discounted at a rate equal to expected future short term interest rates plus expected future inflation

plus a risk premium.

9. Equity returns are independent of the proportion of distributable earnings that are paid out as

dividends.
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5. Formulation and Fitting of Model

5.1 Formulation

5.1.1 Economic Model

Defining inflation,, realgrowth,, and realinterest, as the log {1+inflation rate), log (1+real economic
growth), and log (1+real money market return) respectively, a mixture model can be formulated with a
combination of mean-reverting components and components that are not mean-reverting. These
features are incorporated by using a factor, Feversion, Where 0 < Feversion < 1. The models for inflation,
economic growth and interest rates are mean reverting when Fieversion iS 1 (provided all the a, 3 and vy
terms are not equal to 1), and are random walks when F eersion IS Zero. When 0 < Feyersion < 1, the
models are not mean reverting, and are generally described as autoregressive processes reverting to a
mean, but that the mean itself is a random walk. The models are similar in form, and are expressed

algebraically as follows:
Winfiationt = Minflationt-1 + (1 - Freversion) €inft,
inflation = Minfiationt + Ctinf (inflatione.s - Wingationt-1)
+ Boinf (realgrOWtht - Hrealgrowth,t) + B1inf (realgrOWthM - Hrealgrowth,t-1)
+ Yoinf (rea”ntereStt - lvlrealinterest,t) + Y1inf (rea”ntereStt-1 - Hrealinterest,t»1) * Freversion €inft,
Where 0 < atinr < 1, B¢ Bline 20, Yo ¥ <0, @nd €inge ~N (0, Giry ),
Hrealgrowth,t = Hrealgrowth,t—1 + (1 - Freversion) egro,t,
realgrowth, = Lrealrowtht T Olgro (realgrOWtht—1 - Hrealgrowth,t-1)
+ Bogro (inflation; - Wingationt) + B1gro (inflationy.s - Winfiationt-1)
+ Yogro (realinterest; - Hrealimerest,t) + Y1gro (realinteresty.; - P-realinterest,t—1)
+ Freversion egro,t,
Where 0 < ago < 1, B0 B g0 < 0, Y50 17 'gr0 < 0, @nd €gror ~ N (0, G410 ), @nd
Hrealinterestt = Hrealinterest,t-1 + (1 - Freversion) Cint t
rea”ntereStt = Hrealinterest,t + int (rea“ntereStt—1 - Hrealimerest,t-1)
+ Bt (inflation; - pintations) + Bine (inflation, - Minsation.-1)
+ Yoint (realgrowth - Hrealgrowth,t) + Y1int (realgrowthy q - P—rea!growth,t—1)

+ Freversion eint,t,
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Where 0 ain < 1, B Blint 2 0, ¥t /¥ 'int 2 0, @nd s ~ N (0, Gt ).
Additionally, in order to ensure no circularity, the following must also hold:
o IfB% Blin> 0, then Py Blor = 0

o 1 B0 B'yo <O, then B Bl =0

o 1% ¥ <0, then B Bl =0

o 1f % Bl >0, then % % =0

o 1750 1 g0 <0, then i v = 0

o 1y v > 0, then vy ¥ g0 = 0.

In the models above, the u terms can be described as the “means” or underlying rates. They are
independent of other variables and follow a random walk when Fe.esion # 1. The actual rates follows
an autoregressive process when Feersion = 0, and revert to the mean, 1, where the o terms are the
autoregressive parameters. The  and y terms incorporate the causal links assumed between
variables, and the restrictions on these parameters dictate the nature of this causality i.e. whether the

relationship is positive or negative.

5.1.2 Financial Market Model

The financial market model specifies the models for risk premiums, bond yields, equity earnings, equity

dividends, and equity prices. These are discussed below.

5.1.2.1 Expected Returns and Risk Premiums

Defining R;; as the log of (1+ real return) on asset j for period t, and based on the assumptions that
there is no risk premium on real money market returns, and that there is a positive and linear

relationship between expected real return and the standard deviation of real return, then:
E[le] = realintereStt + Breturn [Gj - Cfrealinterest]: where Breturn > 0.

In this equation, ceainterest @and o; are standard deviations of realinterest; and R; respectively. If assetjis
the treasury bill, then E[R;] = realinterest;, which satisfies the assumption that there is no risk premium
on these returns. For any asset more risky than this, such as bonds and equities, o; will exceed
Orealinterest. 1 D€ risk premium on such an asset is equal t0 (Brewmn [0) - Orealinterest]).  The restriction (Brewm =
0) ensures that the risk premium is positive.[you haven’'t addressed comment about assumption that

market is in equilibrium]

5.1.2.2 Bonds

On the assumption that the yield on a bond is comprised from expected future short term real interest

rates, expected future inflation, and a risk premium, then, at time zero, the price of bond with an
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outstanding term of m years with an annually paid coupon, c, (that has just been paid), will be as

follows:
bondpricemc(0) = € [ Vime(1) + Vme(2) + Vine(3) + ... + V(M) ] + Vine(m).

In this equation, v, «(t) is the discount factor for the cash flow at time t:

r
Vmelt) = exp { - Z ( E[realinterest,] + E {inflationg] + riskpremiump, . )}.

s=1

The risk premium of the bond is riskpremium,, ., and is such that the relationship in section 5.1.2.1 is
satisfied. The yield to maturity of the bond can be found by solving for i in the equation {bondprice, «(0)
=cv' +V+Vvi+ +V"]+Vv"}where v = (1+i)". The yield will be a weighted average of the
combination of the expected future short term interest rates plus expected future inflation plus and a
risk premium, where the weights are the cash flows paid by the bond. Note that a bond with a price
bondpricen (0) at time zero will have a price of bondpricen.1 (1) at time 1, as the outstanding term of

the bond will be one year less.

5.1.2.3 Equity

The three aspects of equities that need to be modelled are earnings, dividends and share prices. For
a company whose financial year end was exactly six months ago and pays dividends annually,
shareprice(0) is defined as the share price at time zero. EPS(-1) and DPS(-1) are defined as the
earnings per share and dividends per share disclosed and paid 6 months ago respectively. In general
EPS(t) relates to the year (t - %) to (t + %), so earnings occur on average at time t. Similarly, DPS(t)
relates to the year (t - ¥2) to (t + ¥2), and are paid at time (t + 2). This means that EPS(-1) was earned
on average at time (-1) and DPS(-1) was paid at time (-%2). At time zero, EPS(0) and DPS(0) are

unknown.

Returns on Shares

The nominal annual return on shares, r, made in period t is the solution to the equation:
shareprice(t-1) (1 + r ) = DPS(t-1) ( 1 + r )" + shareprice(t).
This has the solution:
(1+r)*=[DPS(t-1) + { DPS(t-1)? + 4 shareprice(t-1) shareprice(t) }* ]/ [ 2 shareprice(t-1) .
From this equation, the approximate return is:

~ [ shareprice(t) + DPS(t-1)/21 / [ shareprice(t-1) - DPS{t-1)/2] - 1.

It was assumed in Section 4.3 that equity returns are independent of the proportion of distributable
earnings that are paid out as dividends. Since the return, r, is independent of the amount of earnings

that are distributed as dividends, then shareprice(t) would have been different if DPS(t-1) had been
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different. Defining shareprice'(t) as what the share price would need to be in order to obtain the same
return, r, if all earnings were distributed, i.e. if DPS(t-1) = EPS(t-1), the equation used to find r can be

expanded as follows:

shareprice(t-1) (1 +r) =DPS(t-1) (1 + r )" + shareprice(t)
= DPS'(t-1) (1 + r )"+ shareprice’(t)
= EPS(t-1) (1 +r )"+ shareprice'(t).

This has the result that shareprice(t) = { EPS(t-1) — DPS(t-1) } (1 + r )" + shareprice’'(t). The
interpretation of this result is that any earnings that are not distributed are simply reflected in a higher
share price. If all earnings are distributed, DPS(t-1) = EPS(t-1), then shareprice(t) equals

shareprice'(t).
Share Prices

It was assumed in Section 4.3 that share prices are determined by the present value of expected future
distributable earnings, and that the discount rate equals expected future short term real interest rates

plus expected future inflation plus a risk premium. Under these assumptions:

shareprice(t) = E[EPS(1)] Vshare(t) + E[EPS(t+1)] Venare(t+1) + E[EPS(t+2)] Vepare(t+2) + ...

Where
Vshare(t+) = discount factor for cash flow at time (t+r),
t+r
Vsnare(t+r) =X exp { - ( E[realinterest,] + E [inflation,] + riskpremiumgpare )},

s= t+1

and riskpremiumgnare is such as to satisfy the relationship in 5.1.2.1.
Similarly, shareprice’(t) can be defined as follows:

shareprice’(t) = E[EPS'(t)] Vshare' (1) + E[EPS’(t+1)] Vspare (t+1) + E[EPS'(1+2)] Venare' (t+2) + ... , where
EPS'(t) are the earnings that would have occurred at time t if all the earnings that occurred at time t-1
had been distributed. Additionally, these relationships only hold if E[EPS(t)] and E[EPS'(t)] are greater

than one for at least one t.

if it is assumed that expected return is independent of the proportion of earnings that are distributed as
dividends, then vghae(r) = Vsnare () for all r. This necessarily implies that E[EPS(r)] = E[EPS’(r)] unless
DPS(r) = EPS(r). This can be further explained by example. Consider 2 firms, identical in every

respect, except for the amount of their most recent earnings that will be distributed as in table F.
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Table F - Initial position of identical firms with different dividend policy

Firm A Firm B
Shares in Issue 3,000,000 3,000,000
Total Earnings ($) 45,000,000{ 45,000,000
Market Capitalisation ($) | 900,000,000 900,000,000
Share Price ($) 300.00 300.00
EPS ($) 15.00 15.00
DPS ($) 15.00 7.50

Assume, for simplicity, that the dividends are due to be paid in one year's time and that all parameters
are deterministic, notably that the shares are valued on a risk discount rate of 15%. For firm A, the
return is comprised 5% from dividends and 10% from capital, whereas it is 2.5% and 12.5%

respectively for firm B, so that after one year, the firms will appear as in table G.

Table G - Position of same firms one year later

Firm A Firm B
Shares in Issue 3,000,000 3,000,000
Total Earnings ($) 49,500,000 50,456,250
Market Capitalisation ($) 990,000,000 1,009,125,000
Share price (3$) 330.00 336.38
EPS ($) 16.50 16.82
DPS ($) 16.50 8.41

The returns achieved over the year by shareholders in each firm are identical, but the firms are no
longer identical. Firm B has effectively raised more capital by retaining some earnings. Firm A could
have achieved the equivalent result (ignoring costs) by issuing new shares to the value of $19,125,000.
The growth in earnings of the two firms is affected identically by inflation, economic growth and interest
rates, but firm B’s capital grows by 2.125% more than firm A’s. This can be interpreted as the growth

in the size of firm B, relative to firm A, due to the capital effectively raised through retained earnings.

In the case of firm B, using the notation of the model, and assuming the actual pay-out ratio was 50%,
shareprice(0) is $300.00 and EPS(0) and DPS(0) are $15.00 and $7.50 respectively. Shareprice(1) is
$336.38 and shareprice’(1) is $330.00. Shareprice’(1) is the price of the share if all earnings had been
distributed as dividends, so as to achieve the same return. The variables shareprice'(t) and EPS'(t) are
purely notional or dummy variables used in intermediate calculations to identify the change in size

effect caused by retained earnings.
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Earnings Per Share

It was assumed in Section 4.3 that real earnings growth is related to real economic growth and real
interest rates. It is reasonable to exclude the ‘change in size’ effect described above from the model
for earnings growth as this effect does not represent real underlying growth in company earnings, but
rather a change in capital through retained prior earnings. [f earningsgrowth’; is defined as

log [EPS’(t) / EPS(t-1)], and earningsgrowth, as log [EPS(t) / EPS(t-1)], then earningsgrowth; is the log
of (1+earnings growth), including change in size effect. Recalling that EPS(t) occurs on average at

time t, then:
earningsgrowth’, = inflation, + realgrowth, + ceam (realinterest; - reainterestt) + earn.ts
where dean< 0, and €gami ~ N (0, Geam ).

This means that log (1+earnings growth) in any year (excluding the change in size effect) equals log
(1+inflation) plus log (1+real economic growth) plus an error term which is distributed normally with
mean zero. There is also an effect on earnings from short term interest rates. This is only a short term
effect as the unconditional expectation of the term (realinterest,.s - Ureatinterestt-1) iS zero. The condition
(cearn < 0) means that this effect is negative i.e. high interest rates reduce earning growth. The ‘change
in size effect’ affects all future earnings proportionately, so that at time zero, earningsgrowth’y =

earningsgrowthg, but for all t > 0, earningsgrowth’, # earningsgrowth; .

Dividends Per Share

The assumptions in Section 4.3 about dividends were that dividends are a smoothed function of
earnings, and that there is unit-gain from earnings to dividends. Defining dividendgrowth, as log
dividend growth (log [DPS(t) / DPS(t-1)]), and recalling that DPS(t) are the dividends relating to
earnings EPS(t), and are paid at time (t + %), then the Wilkie (1995) dividend model can be adapted by
replacing the inflation terms with earnings growth terms, and by removing the mean, dividend yield and

error terms as follows:
dividendgrowth, = o4, sSmoothearnings; + (1 - agy) earningsgrowth,
where smoothearnings; = Bg, earningsgrowth; + (1 - Bgi,) smoothearningse, 0 < ogyy <1, 0 < Bgy < 1.

The term smoothearnings; is the exponentially weighted average of past earnings growth. In this
model there are two smoothing terms, aq4;, and Bg,. The greater the value of oy, the more smoothing
that occurs. The greater the value of B4, the less smoothing that occurs. By setting Bgiv = (1- agiv), the

model can be simplified so that there is only one smoothing parameter as follows:
dividendgrowth, = a4y sSmoothearnings, + (1 - ag,) €arningsgrowth;,

where smoothearnings, = a4, sSmoothearnings,; + (1 - agy) €arningsgrowthy, 0 < oy < 1.
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This is the simplest model of dividends if they are a smoothed function of earnings, and there is unit-
gain from earnings to dividends i.e. any change in earnings is ultimately reflected as a change in
dividends. Note that the pay-out ratio for period t is DPS(t) / EPS(t).

5.1.3 An Additional Constraint on the Economic Model

Since listed companies have limited liability, share prices must by definition be > 0, it is necessary to
impose an additional constraint on the model to ensure that this is the case. This is achieved by
imposing a constraint that Hrealinterestt = max ( Hrealinterest,t-1 + eprealinterest,t s Urealgrowtht — riSkpremiumshare +

Curealinterest )- 1€ derivation of this constraint is described below.

At time t, due to the mean-reverting component on the model, there can be found n, such that
E[realinterest;.,] = E[realinteresty..4], E[inflation.] = E[inflation...4], and E[earningsgrowth.,] =

E[earningsgrowth,.,.4], for all values greater than t+n. This means that
shareprice(t) = E[ EPS(t) ] Vshare(t) + E[ EPS(t+1) ] Vshare(t+1) + ... + E[ EPS(t+n) ] Vgnare(t+n)
+ E[EPS(t+n) ] Vshare(ttn) (1 +g )/ (i-g ).
where g = E [Hinationten ] + E [Mreaigrowtnten], @Nd i = E [Urealinterest t+n] + E [infationt+n] + riSKPremiumsnare.

At time t, EPS(t) is unknown while EPS(t-1) is known. It is interesting to note that in the model for
equities, there is uncertainty about the future, but also about the past. Due to reporting delays, the
EPS and DPS are always out of date. In the model, share prices react when actual EPS is different
from expected. This means that the model is ‘semi-strong’ efficient, in that insider trading profits are

still possible (if EPS is known before it is published).

This means that (i — g ) must be > 0, therefore using the defintions of i and g above:

E [Wrealinterestt] * E [Minfiation.d * riskpremiumshare — ( E [Winfationd + E [Wreaigrowtnd ) > 0, which implies that
E [Hreatinterestd] + riskpremiumghare — E [Ureaigrowtnd] > 0, which implies that

E [“realinterest.l] >E [Hrealgrow(h,t] - riSKpremiumshare-

This constraint can be incorporated into the economic model by modifying the real interest rate model

as follows:

Hrealinterestt = Max ( Hrealinterestt-1 + €prealinterestt » Mrealgrowtht — riskpremiumsgpare + Cirealinterest )

5.2 Fitting of Model

The parameters in the algebraic model described above will be estimated and tested for significance.
Both insignificant parameters and parameters which do not satisfy the constraints imposed by theory
will be rejected. At first glance, the economic model may appear to have circularity. However the
constraints on parameters will eliminate circularity because the causal links between variables are

opposite in sign. For example, in the inflation and growth model, one of Boinf, which relates realgrowth;
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to inflation,, and Bog,o, which relates inflation, to realgrowth,, must be rejected, which will eliminate any

circularity.

The parameterisation will use the data described previously and the methods described in Section
3.4.1. The risk-return relationship, and the earnings and dividend models from the financial market
model will be fitted first, followed by the economic model and remaining items from the financial market

model, as the other variables need to be parametised before this can be done.

5.2.1 Expected Returns and Risk Premiums

The risk premium model can be parameterised by defining the risk premium over a one year period,
E[R; — realinterest], as the mean log (1+ real return) on asset j less mean log (1+ real money market
return). Using these values for 2, 5, 10 and 30 year bonds, as well as equities for each country,
together with o; and Greaiinerest: €Stimates were made and are shown in Table H. These estimates were
obtained by first calculating the historical risk premium for each asset class individually, and estimating

the beta parameter from these risk premiums.

Table H — Estimates of Risk Premium Parameters

Country Bretwrn| Significance of T-

Statistic
United States 0.620 0.052
Britain 0.380 0.661
South Africa 0.235 0.010

The estimates satisfy the condition that B,um = 0. The estimate for Britain is not significant which is
probably because sufficient data to estimate standard deviations was only available for 2 data series,

resulting in a sample size that was too small to obtain significant results.

5.2.2 Dividend and Earnings Model

Earnings Per Share

The EPS model can be parameterised by regressing the variable { earningsgrowth’, - inflation, -
realgrowth, } on { realinterest, - Leatinterestt }- FOr this, Hreainerestt Was assumed to be the average log (1+
real interest rate) over the 15 years observed. The variable earningsgrowth’; is defined as in section
5.1.2.3, and is adjusted for the “increase in size” effect. The initial estimates of parameters are shown
in Table I.
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Table | — Initial Estimates of EPS Parameters

Country Oearn| Significance of

T-Statistic
United States -1.199 0.423
Britain 0.900 0.351
South Africa 0.449 0.633

The estimates for .., are not significant for any country, indicating that there is no direct link between

growth in earnings per share and real interest rates, and the final estimates are shown in Table J.

Table J — Final Estimates of EPS Parameters

Final Estimates

Countl'y aearn O'earn
United States 0.000 0.054
Britain 0.000 0.030
South Africa 0.000 0.053

Dividends Per Share

The smoothing parameter oy, in the DPS model is estimated by simulating 5000 outcomes of earnings
growth, and finding the smoothing parameter that produces a standard deviation of dividend growth

equal to that observed. The estimated parameters are shown in Table K as follows:

Table K — Estimates of DPS Parameters

Country Standard Deviation| Standard Deviation Oldiv

of Earnings Growth| of Dividend Growth

United States 0.057 0.008 0.931
Britain 0.039 0.015 0.795
South Africa 0.051 0.030 0.655

The estimates satisfy the constraint that 0 < ag, < 1. A high value of oy, represents a high degree of

smoothing.

The mean pay-out ratios over the period observed are shown in Table L.
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Table L — Mean Pay-out Ratios

Country Mean Pay-out Ratio Sample (Months)
United States 0.513 84
Britain 0.682 71
South Africa 0.422 193

5.2.3 Special Cases

Two special cases of the economic model arise when F,esi0n takes the value of one or zero. When
Freversion = 0, the economic models are pure random walks. When F..esi0n = 1, the models are mean
reverting. The processes for intermediate cases where 0 < Fiyersion < 1, @re a combination of the two
processes, but are not mean reverting, as mean reversion only occurs in the special case when
Freversion = 1. The auto-regressive parameters (a, B, y) can be estimated by assuming Freversion = 1. The

special cases are described further below.

Random Walk Special Case

The random walk special case occurs when Feesion = 0, and if the initial conditions are such that
inflationg = Winfiation.0, realgrowthy = Urealrowth,0, @Nd realinteresty = Ureaiinterest 0, then, for all t > 0,
inflation, = infationt, rea@lgrowthy = Uearrowtnt, and realinterest; = lreainterestt. 1 NiS means that the economic

models simplify to:

inflation, = inflationyy + @jney
realgrowth; =  realgrowthy + ey
realinterest; = realinterest,.; + &ju+.

Mean Reversion Special Case

If the economic variables revert to a constant mean, it means that Linsationt , Hrealgrowtht @Nd Hrealinterest re

all constant. This occurs in the special case when F.esion = 1. The constant means can be defined as

Hinfiations Hrealgrowth and Hrealinterest: @nd equal Uinfiation,ts Hrealgrowth,t and Mrealinterest,t reSpeCtiVG'y- Estimates of

these means are shown in Table M.

Table M — Estimates of Means for Economic Model

Country Hinfiation Hrealgrowth Hrealinterest
United States 0.033 0.029 0.028
Britain 0.044 0.025 0.050
South Africa 0.114 0.015 0.034
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The means can then be subtracted from the variables, and the parameters in the economic model
estimated by regression. A step-wise regression procedure was followed, where parameters that were
not significant at the 5% level or did not satisfy the constraints were eliminated. The regression results

are shown in Table N as follows.

Table N — Regression Estimates for Economic Model

Inflation Model

Country Clinf B Binf Vit 7 inf Cinf
United States 0.680 0 0 0 0 0.008
Britain 0.523 0 0 0 0 0.020
South Africa 0.767 0 0 0 0 0.027

Real Economic Growth

Model

Country Olgro Bogro B1gro Yogro Y1gro Ogro
United States 0 0 -0.794 0 0 0.011
Britain 0.504 0 -0.559 0 0 0.012
South Africa 0 0 0 0 0 0.022

Real Short Term Interest

Rates Model

Country Clint Boint BTint Yoint Y1int Cint
United States 0.576 0 0 0 0.371 0.008
Britain 0 0 0.610 0 0 0.011
South Africa 0.685 0 0 0 0.705 0.028

5.2.4 General Case

The best-fit model might be one of the special cases, but it is more likely to be an intermediate model
between the two extremes when 0 < F.esi0n < 1. The mean reversion special case is found when
Freversion = 1, and the random walk special case is found when Fieversion = 0. The value of Fieversion CaN be
estimated using the observed variances of asset returns, by minimizing a “least squares” function L

defined below. This function was chosen so that the modelled volatilities of asset classes broadly
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match those observed historically. As stated previously, the approach to fitting the model was in part

heuristic, and no better formal method for estimating F was found.

L=% (S_observed _ s‘jmodelled)z

where

n = number of asset classes

s°°°°"* = observed standard deviation of log (1+ real return) of asset class |
s/™°%"*! = modelled standard deviation of log (1+ real return) of asset class j

Given that data was obtained for 15 years, and that data was not available for the full period for all
asset classes, a modified “weighted least squares” function W can be defined as below. Again, the
choice of this function is a practical heuristic one with the aim that the modelled volatilities of asset

classes broadly match those observed historically.

W=13 mj (Sjobserved _ SJ‘modelled)Z

where

n = number of asset classes

m; = number of years for which asset class j was observed

s 7" = observed standard deviation of log (1+ real return) of asset class |

s;™°%"* = modelled standard deviation of log (1 + real return) over 15 years of asset class j.

The 5,7°%"* are calculated through simulations of the model as described in Appendix B. It should be
noted that the method of weighting to the asset classes results in bond asset classes having a higher
weight that equities for the US and South African models. An iterative approach was used to find

Freversion that minimised W Table O shows the calculation of the values of F e ersion Which minimise the

W function.
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Table O — Calculation of "Reversion Factor”

Country United States Britain South Africa

n 6 3 6

w 0.102 0.000 0.077

Freversion 0.13 0.88 0.83

Asset category m s.observed S'modelled m: S.observed S'modelled m Slobserved S'modelled

] ] ) ] ] ] ] ) }

Money market 15| 0.015) 0.021 15 0.019} 0.017 15] 0.041| 0.044
2 Year Bonds 4/ 0.010| 0.025 0 -l 0.036 12 0.047; 0.059
5 Year Bonds 4( 0.030 0.044 0 - 0.052 12| 0.057{ 0.093
10 Year Bonds 5 0.079| 0.067 15| 0.061| 0.059 12 0.057( 0.110
30 Year Bonds 15[ 0.150| 0.095 0 -| 0.067 9| 0.069| 0.119
Shares 10 0.093| 0.167 10/ 0.080| 0.079 10[ 0.204| 0.185
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6. Description and Evaluation of Final Model

6.1 Description

6.1.1 Structure

The parameterised models for the three countries studied all show a cascade structure without
feedback. Figures D, E and F illustrate these structures. The models for the United States and Britain
have inflation as the ‘driving variable’ as does the Wilkie (1986) model. The South African model has
both inflation and economic growth as driving variables. The only differences in structure between the
country models are the relationships between the economic variables (inflation, economic growth and
interest rates) as the relationships between the financial market variables (bond yields, dividends,
earnings and share prices) are set by theory. The differences in structure are based on observed
statistical relationships in the data, and potentially represent real differences in the way the economies
have operated. Examples of these difference may be in the make-up of the economy (e.g. a services
versus resource based economy) or how fiscal and monetary policy has been applied and what is has

been focused on (e.g. growth stimulation or the control of inflation).

Figure D — Structure of United States Model
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Figure E — Structure of British Model
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Figure F — Structure of South African Model
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The parameterised models are included in demonstration Microsoft Excel spreadsheets on the
accompanying CD-ROM. The programs are named “Model (US) demo.xIs”, “Model (UK) demo.xls”
and “Model (ZA) demo.xlIs” for the United States, British and South African models respectively. These
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provide 25 year stochastic projections and include graphs. In the spreadsheets, the first tab

(“Parameters”) lists the parameters, the next 9 tabs show workings, followed by a “Summary” tab and

four graphs. A new simulation is performed each time the recalculate button (F9) is pressed.

6.1.2 Summary Statistics

The statistical properties of the models are examined by observing simulated output of the model, and

are not analytically determined. This is because the form of the model makes analytical solutions

difficult to find. The simulated output used to examine the models is provided in the accompanying
CD-ROM. Tables P, Q and R show summary statistics for 667 fifteen year simulated projections for

each country model (10,005 individual year simulations in all). These simulations were performed as

detailed in Appendix B.

Table P — Summary Statistics of United States Model

Economic Variables

Summary Statistic Log| Log(Real| Log (Real Nominal Log Log
(Inflation+1)| Economic Interest Interest| (Earnings| (Dividend
Growth+) Rate+1) Rate| Growth+1)| Growth+1)
Mean 0.033 0.028 0.030 0.065 0.113 0.086
Median 0.033 0.028 0.029 0.065 0.113 0.083
Standard Deviation 0.021 0.028 0.020 0.030 0.061 0.018
Kurtosis 0.599 0.752 0.831 0.794 -0.004 0.538
Skewness -0.015 0.033 0.089 0.022 -0.039 0.539
Minimum -0.054 -0.085 -0.051 -0.085 -0.098 0.010
Maximum 0.115 0.144 0.122 0.203 0.338 0.167
Financial Market Variables
Summary Statistic | Long Bond Earnings Dividend
(30 Year) Yield Yield
Yield
Mean 0.116 0.088 0.035
Median 0.115 0.088 0.035
Standard Deviation 0.030 0.030 0.014
Kurtosis 0.901 0.301 2120
Skewness 0.024 0.064 0.419
Minimum -0.039 0.010 0.003
Maximum 0.258 0.215 0.159
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Asset Returns (Log (1+Real Returns))
Summary Statistic Money Short Medium Long Shares
Market Bonds Bonds Bonds
(5Year)] (10 Year)| (30 Year)
Mean 0.030 0.043 0.057 0.076 0.120
Median 0.029 0.044 0.057 0.076 0.116
Standard Deviation 0.020 0.044 0.067 0.094 0.169
Kurtosis 0.831 0.045 0.019 0.481 3.791
Skewness 0.089 -0.039 -0.034 0.013 0.286
Minimum -0.051 -0.160 -0.264 -0.430 -1.210
Maximum 0.122 0.219 0.321 0.492 1.209
Correlations
Inflation |Real Real Short Medium |Long Share
Growth Interest  [Bond Bond Bond Returns
Rate Returns  [Returns |Returns
inflation 1 -0.01 -0.05 -0.29 -0.29 -0.28 -0.01
Real Growth -0.01 1 0.06 0.02 0.01 0.01 0.3
Real Interest Rate -0.05 0.06 1 0.19 0.03 -0.06 -0.1
Short Bond Returns -0.29 0.02 0.19 1 0.99 0.96 0.3
Medium Bond Returns -0.29 0.01 0.03 0.99 1 0.99 0.33
Long Bond Returns -0.28 0.01 -0.06 0.96 0.99 1 0.33
Share Returns -0.01 0.3 -0.1 0.3 0.33 0.33 1
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Table Q — Summary Statistics of British Model

Economic Variables

Summary Statistic Log Log Log (1 + Nominal Log Log
{1+Real Real
(1+Inflation)] Economic Interest Interest| (1+Earnings|(1+Dividend
Growth) Rate) Rate Growth) Growth)
Mean 0.043 0.025 0.050 0.098 0.085 0.082
Median 0.043 0.025 0.050 0.097 0.085 0.082
Standard Deviation 0.025 0.022 0.017 0.039 0.039 0.018
Kurtosis 0.075 0.094 0.128 0.081 -0.014 0.021
Skewness 0.006 0.063 0.007 0.087 -0.016 0.006
Minimum -0.052 -0.049 -0.018 -0.045 -0.056 0.014
Maximum 0.144 0.130 0.120 0.255 0.231 0.149
Financial Market Variables
Summary Statistic | Long Bond Earnings Dividend
(30 Year) Yield Yield
Yield
Mean 0.119 0.048 0.032
Median 0.119 0.048 0.032
Standard Deviation 0.011 0.006 0.004
Kurtosis 0.324 0.416 0.712
Skewness 0.067 0.169 0.169
Minimum 0.074 0.024 0.015
Maximum 0.162 0.075 0.052
Asset Returns (Log (1+Real Returns))
Summary Statistic Money Short Medium Long Shares
Market Bonds Bonds Bonds
(5 Year)| (10 Year)| (30 Year)
Mean 0.050 0.064 0.067 0.070 0.072
Median 0.050 0.064 0.067 0.071 0.072
Standard Deviation 0.017 0.052 0.059 0.066 0.078
Kurtosis 0.128 0.031 0.036 0.050 0.090
Skewness 0.007 -0.018 -0.010 0.002 0.008
Minimum -0.018 -0.164 -0.193 -0.224 -0.252
Maximum 0.120 0.254 0.285 0.321 0.365




Correlations

Inflation  |Real Real Short Medium |Long Share
Growth Interest  [Bond Bond Bond Returns
Rate Returns |Returns |Returns
Inflation 1 -0.41 0.4 -0.72 -0.73 -0.73 -0.44
Real Growth -0.41 1 -0.47 -0.08 -0.07 -0.07 03
Real Interest Rate 04 -0.47 1 0.06 0.03 -0.01 -0.16
Short Bond Returns -0.72 -0.08 0.06 1 1 1 0.62
Medium Bond Returns -0.73 -0.07 0.03 1 1 1 0.63
Long Bond Returns -0.73 -0.07 -0.01 1 1 1 0.64
Share Returns -0.44 0.3 -0.16 0.62 0.63 0.64 1
Table R — Summary Statistics of South African Model
Economic Variables
Summary Statistic Log Log (1+ Log (1 + Nominal Log Log
Real Real
{(1+inflation)] Economic Interest Interest (1+ (1+
Earnings Dividend
Growth) Rate) Rate Growth) Growth)
Mean 0.114 0.015 0.033 0.160 0.158 0.156
Median 0.114 0.015 0.033 0.158 0.158 0.156
Standard Deviation 0.045 0.025 0.045 0.074 0.074 0.052
Kurtosis 0.183 0.098 0.271 0.307 0.092 0.296
Skewness 0.009 0.057 -0.002 0.208 -0.043 -0.027
Minimum -0.083 -0.076 -0.149 -0.133 -0.113 -0.054
Maximum 0.289 0.110 0.197 0.552 0.439 0.366
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Financial Market Variables

Summary Statistic | Long Bond| Earnings Dividend

(30 Year) Yield Yield

Yield
Mean 0.181 0.052 0.021
Median 0.178 0.051 0.021
Standard Deviation 0.038 0.018 0.007
Kurtosis 0.653 0.438 0.544
Skewness 0.383 0.327 0.315
Minimum 0.045 0.008 0.004
Maximum 0.409 0.127 0.058
Asset Returns (Log (1+Real Returns))
Summary Statistic Money Short Medium Long Shares
Market Bonds Bonds Bonds
(5 Year)] (10 Year)| (30 Year)
Mean 0.033 0.045 0.050 0.053 0.070
Median 0.033 0.045 0.050 0.053 0.067
Standard Deviation 0.045 0.093 0.111 0.120 0.186
Kurtosis 0.271 -0.006 0.005 0.061 0.703
Skewness -0.002 -0.007 0.005 0.012 0.112
Minimum -0.149 -0.309 -0.389 -0.464 -0.972
Maximum 0.197 0.466 0.528 0.545 1.103
Correlations
Inflation  |Real Real Short Medium |Long Share
Growth Interest  [Bond Bond Bond Returns
Rate Returns  [Returns  |Returns

Inflation 1 0 0.01 -0.48 -0.48 -0.48 -0.02
Real Growth 0 1 0.13 0 0 0 0.46
Real Interest Rate 0.01 0.13 1 -0.06 -0.12 -0.15 -0.37
Short Bond Returns -0.48 0 -0.06 1 1 0.99 042
Medium Bond Returns -0.48 0 -0.12 1 1 1 0.44
Long Bond Returns -0.48 0 -0.15 0.99 1 1 0.45
Share Returns -0.02 0.46 -0.37 0.42 0.44 0.45 1
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Reversion Factor

The estimated Fqwersion factor is much lower for the United States than Britain and South Africa, which
means that the current underlying means (such as Leainterestt) Change more rapidly, so there is a
greater probability of them becoming negative over the 15 year period. Since bond yields are linked to
expected future interest rates, and these are based more on the current underlying mean (Lealinterest)
than the current rate (realinterest,), there is a greater probability of bond yields becoming negative. As
a consequence, negative bond yields are generated in some of the simulations of the United States
model, whereas this does not occur in the British and South African models. By contrast, the
constraint on the economic model (see section 5.1.3) which prevents share prices becoming negative,

also ensures share yields (earnings and dividends yields) are always positive.

More generally, the F.ersion factor influences the volatility of asset returns. The data shows that the
underlying economic variables in the United States have been stable (e.g. when compared to South
Africa) but asset returns have been relatively volatile. A low value of F eyersion Was thus required in the
model since, ceterus paribus, a lower Fesion Means higher volatility of returns because lower values
of F mean less mean-reversion and consequently higher volatility when returns are measured over

longer periods.

Central Expectations

Expected earnings growth is greater than the sum of inflation and real economic growth because of the
‘change in size’ effect described in section 5.1.2 which arises when dividends are less than earnings.
Expected dividend growth would be equal to expected earnings growth if the initial value for smoothed
earnings growth (smoothearnings,) were set equal to expected earnings growth. However, in these
simulations, the initial value for smoothearnings, is set equal to expected inflation plus real economic

growth which is why expected dividend growth is lower than expected earnings growth.

Expected returns from various asset classes are a function of the standard deviation of their return and
the beta parameter (Brewrm). It is important to note that the beta parameter in this case is not a measure
of risk, as itis in CAPM. For instance, the estimated beta for South Africa is lower than that for the
United States, but the South African asset returns are more volatile. This is because the modelled
underlying economic variables (inflation, growth and interest rates) are more variable than those in the
United States.

Volatility and Correlation

The modelled volatility of equity returns is greater than that of bond returns, which in turn is greater
than that of cash returns. Modelled longer dated bonds also have more volatile returns than returns on
shorter dated bonds, which is also a phenomenon observed in the data. The modelled smoothing of

dividends is evident from the lower standard deviation of dividend growth than earnings growth.

The correlations between the economic variables reflect both the structure of the models and the size
of the parameters. Whereas there is little correlation between economic variables for both the United

States and South African models, there is significant correlation in the British model. The correlations
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between asset returns and economic variables are a function of this, but also incorporate built-in
theoretical correlations. These include that equities and long bonds are negatively correlated to
changes in real interest rates, that equities are positively correlated to economic growth, and that

bonds are negatively correlated to inflation.

Returns on shorter bonds will tend to be positively correlated with changes in real interest rates, since
the shorter a bond is, the closer it is to being cash. The positive correlation changes to negative
correlation as the term on the bond increases. This effect is most pronounced in the United States
model. As expected, bond returns are not highly correlated to economic growth as this is not a direct
driving variable for bond yields. Short, medium and long bond returns are highly positively correlated to

each other in all models, and significantly positively correlated to equity returns.

Equity returns in the United States and South African models are not significantly correlated to inflation,
but are negatively correlated in the British model. This is due to the structure of the British economic
model where economic growth and inflation are negatively correlated, which is not the case in the other

country models.

6.1.3 Distribution of Returns

Figure G shows the distribution of log (1+real return) from the simulations of the United States model
for the money market, short bonds (5 year), medium bonds (10 year), long bonds (30 year) and
equities. The increasing expected return moving from cash to bonds to equity can clearly be seen as
the median of the distributions shifts right. This effect is also observed when moving from short
through medium to long-dated bonds. The increased volatility associated with higher expected returns
is also evident as the spread of the distributions increases. Similar figures for the British and South

African models can be produced.

57



Figure G — Distrioution of Simulated Returns {United Statas)
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Figure H shows the distribution of simulsted eguity refurns compared te a normal distrioution with 1he
same mean and variance. The non-normality of simulated retums is clearly evident. Modelled eguity
returns can be described as leptokurtic as they show hgher probabilites of values close to the mean
as well as higher grobzabilities of extremea values. Simulzated bond returns also demonstrate this
leptokurtic groperty, although it is less pronounced
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Fiqure H = Distributian of Simulated Share Returns (United States)
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Figure | illustrates the extreme negative tall events which nccurred in the 10,005 simulations of the LS
model, If the retums were normally distributed, a log {1 + raal returm) of =1.2 {which corresponds to 2
nominal returm of —G8%) or worse would be nearly imposside, whereas here it accurred once in 10,005
simulations. Shiller (1981) suggested that observed valatilities ware incansistent with the assumption
of efficient markets. However, here, a madel that assumes efficiency produces non-normal returns

with extreme negatve events.

Figure | = Histagram of Simulated Share Beturns (United States)
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6.1.3.1 Decay of Equity Risk

In the Wilkie modsl, eguity risk, or tha volatility of equity retums, decays over time g0 for exampla the
annuglised volalility of 5 vear returns is lower than the annual volatility of © year relurns, This decay is
caused by the mean reversion of divicend yields., This is scmetimes referrec to as "time
diversiticalion”. and Howie (1597), based on empirica: evidence, argued that equity risk does not fecay
in this wey, Fram lhe 10,005 simulations of the US modsl, the annualised standard deviation of log
{1+rea eguily relurn) reduces from 017 ovar 1 year to 0.15 over 15 years, which suggests that Ihe

model predicts hat equity risk marginglly decays over tima.

The decay of equity risk in models like Wilkie is due to Ihe autaregress ve property of vadablas. This
property s inconsistent with the pure form of the efficient market hypathesis. Howsaver, recent studies,
such as Lo & MacKinlay (1988 and Campbell, Lo & Mackinlay (1997, hawve found empirical evidence
that statistically significant positive autocorrslation exists betwaen assal raturns in successive short
{lzss than a vear) pericds, In other words, the returns are to some extant predictable. They argue thal
this is not evidence against the efficiency of markets, but reflective of ratonal faclors such as frictions
in the tradng process. Morsover, whereas this prediciabiity 1s statistcally significans, it is naot

exploitable when transaction costs are allowed for,

How'e & Davies [20032) find & similar pallern in UK data o the simulated retorms shown above,
although the decay of equily risk was nal shawn o be slatistically sinnifican:, Campbell & Viceira
(2002) show that the decay of equity risk and mean-reversion of eguity relurns are malnamalically
equivalent. For mean-reversion lo occur, equity relurns musl exhibiz negative rather than posilive
auiocorrelazion, As can be expecled, ihe simulated equity returns exhibil snall negative

autocorrelation, which s close 1o zero over 1 year but =0.1 Dvear 5 years.

Im contrast to the positive autocorrslation found inreturms over short pariods, studies (such as Fama &
French (1988} and Poterba & Summers (1988} have found negative autocorrelation besween longsr
periods and therefare evidence for mean reversion. Given the small sample sizes availabls for testing
long-horizon retums, these studies have tended not 1o produce statistically significant results
(Richardscn & Stock (1985%) and Richgrdzon {1253]),

As discuzsed by Howie & Davies (2002) there s some, bul limited, evidence for slow and weak mean-
reversion in equily markess. By slow, it s meant that the mean-reversion is only observable over long

periods so 05 not exploitable by short-term trading, and by weak it 15 meant that the effect is small. The
modelled eguity ratums exhibit these bwo characteristics. By contrast. medels such as Wilkie exhibit

miean-raversion which is stronger, and imply that the =ffect can be sxploitad by trading.

6.1.3.2 Dividend Yields

The maan-revers on of refurms in nodels Bke Wilkie 18 becausea aquity prices are modelled on a
strongly mean-reverting dividend yield, Here, the modelled deidend yierd iz not a determinant of eguity
returns, and the modsl iz constrycted 20 that equity returns are independant of dividends, This msans

that dividends can ba ignored, unless there is a reguirsment to consider investment incame in an
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asset-liabiiity study, However, itls worth eensidering the prapertics of the modelled dividend yield.
These pragertics do nel say anything abou: the gosdness-o’-fit of the equity return model, bus only
abaut the goodness-of-fit of the dividend model i e. they are a test of the smoothing function specifiec

in Seclion 31.2.3.

Figure J plots the cbhserved autocorrelations of dividend vields over lags of 1 te 15 years, Five series
are shown. The Wilkie {(15595) UK model for dividend vields (ignering the term linking dividend yields to
price infiation} is shown far 5,000 simulaticns, tegether with the outpu: from 10,005 simulations of the
British model. Alsa shown is the auteeanelation ohserved between dividend yiclds of the FTSE All
Share Index sampled a: the end af each vear aver the period 314 2/1964 10 311272001, and the 5%
confidence interval of these estimates from the FTSE All Share Indaex,

Figure J = Auviocorrelation of Dividend Yicld (British Model)
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The Wilkie model deseriles the data well (noting {hat the data plotted includes data after that used o
fit the Wilkie model}, but the British dividend madel fits loss well. Although the pattern is similar to both
the daa and Wilkie {in that the autccarrelation declines cxponentially unlil & lag of sbout 5 years and 15
then relatively constant). the level is foo bigh i.c. the modelled autocsrrelation appears too high.
However, there are large confidence bounds and the medelled avtocorrelation is within the 85%
gonficence bounds. The fact the Wilkie [1965) fits the dividend data well can be expectec giver that
ihat mocel was parameterised directly on the dividend yield data, whereas this model is parameterised
indirgctly, Spocifically, the model for dividends attemnpts orly to fit the abservad volatility of dividend

yields rather than chserved lagoed autocorrelations.

These results indicate tha! the divident madel may be incorrectly specified. It would appear that a

model where the lagged aumcorrelation tends 1o ¢ero guicker (an autoregressive process rather than
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the exponential smoothing model used for dividends) would e more appropriaie. Howsaver, the fact
that medelled dividend yields do not explain the abserved data very well does nat detract from ihe
overall model much because the model for equity retumns is designed to be independent of dividends,
This meains that only in applicaticns where returns are reguired to be separated into income ang

capital would this aspect of the model be an issue.

6.1.3.3 Yield Curve

The existence aof velatblity related risk premiums and liquidity preference (see section 4 2 4} results in
the natural' shape of the yield curve being upward slopng. In the parameterisation of the maodsl (=ee
section 5.2.1) expectad long band returns are set higher than thase of sharter bond returns, which
means the initial long yields are higher than sharl vields and thus the veld curee is upward sloaing,
However, inverted yvield curves are ofien aobsarved in many markats. Section 6.2 below discussas
calibration 1o current market conditions i.g. how the model can be adapted to reflect such economic
realities, but il s also warth considering whether the medel witl generate inverted yvield curves in some
simulations, given the initial condition of an upward sloping vield curve, Figure K shows 10 simulations
from the British mode! of the difference between short and long vields over 15 years, with the inlial

congditions of an upward sloping yield curve.

Figure K — 10 Simulations fram the British Model

10 Sirnulations from British Model
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ligure K shows clearly that the model incorperates non-parallel shifts of the yield curve because ihe
simulated changes in shart and lang yields are net constant. Also, as can be seen, thare are
occasions when the curve becomes \nverted {when the difference hatweean long and shaort rates s
negative]. From 667 simulations of the Brtish medel, the probability of 30 year bond yields being less
than 2 year bond yields was 10.3%_ This indicates that the model exhihits a significant probability of

the yigld curve becoming negative slaping.
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At the short end of the yield curve (in extremis, the interest rate on cash) it is very uncommon for
nominal yields to be negative. In major markets, only Japan has come close to experiencing negative
interest rates, with the official discount rate falling as low as 0.1% (Bank of Japan (2001)). ltis
deflationary environments when inflation is very low or even negative, which are themselves
uncommon, when negative interest rates may occur. By contrast, negative real interest rates are much
more common, and often associated with strong monetary policy. Negative yields on long bonds are
unheard of in economic history. Table S shows the estimated probability of the model generating
negative inflation, nominal interest rates, real interest rates, and long bond yields for each of the 3

countries, based on 10,005 simulations of each model.

Table S — Probability of negative inflation_interest rates and yields

Model Negativel Negative Nominall Negative Reall Negative 30 Year|

Inflation Interest Rate Interest Rate Bond Yield
USA 5.2% 1.7% 6.4% 0.1%
Britain 4.6% 0.4% 0.2% 0.0%
South Africa 0.6% 1.3% 22.4% 0.0%

The South African model shows a lower probability of deflation simply because the average inflation
rate is higher. All three country models show low probabilities of negative nominal interest rates and,
apart from South Africa, this probability is lower than the probability of negative inflation i.e. even in
deflationary environments, interest rates tend to be positive. The modelled standard deviation of South
African nominal interest rates is higher than of the USA or Britain, and is also substantially higher than
the modelled standard deviation of South African inflation, and hence the probability of negative

nominal interest rates is higher than the probability of negative inflation.

Apart from South Africa, the probability of negative real interest rates is relatively low. It is high for
South Africa mainly because of the higher volatility of real interest rates. For the British model, the
probability is very low, and is lower than the probability of negative nominal rates. This is because the
British model has a high mean real interest rate, as well as the lowest volatility of real interest rates.

For all three models, the probability of negative long bond yields is negligible or zero.

The discussion above shows how the parameterisation of the model can capture the nuances of how
economies and their financial markets differ from each other. Notable is how an emerging market
(South Africa) differs from the two developed markets. The parameterisation for other markets, as well

as calibration to current market conditions is discussed in the next section.
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6.2 Adapting and Using Model

6.2.1 Parameterisation

For any practical application of this model, the parameterisation will need to be considered. This is the
same as considering the actuarial assumptions made for an actuarial valuation or premium calculation.
When “setting the assumptions” for the model, it is worth considering both the economic history and

current market conditions in the market where the model is to be applied.

In general, it is now widely accepted as best practice to deduce as much as possible from current
market conditions about the expectations of future economic variables. For example, the current yield
curve could be used as an estimator of the expected return on bonds of different durations, as well as
the pattern of future interest rates. In markets where inflation-linked bonds are available, the real yield
curve is an estimator of the expected real return on inflation-linked bonds of different durations, as well
as the pattern of future real interest rates. The difference between the nominal yield curve and the real

yield curve is an estimator of inflation over different periods.

in markets without inflation-linked bonds, there are no market estimates of future inflation and real
interest rates, but rather an upper limit specified by the nominal yield curve. Here central expectations
for inflation and real interest rates can be deduced by the current yield curve and the historic real return
generated by bonds (assuming there is a sufficiently long and reliable data series to estimate this),

and/or by reference to other markets that do have inflation-linked bonds.

The parameters for the central expectations of the bond, inflation and interest rate models are
therefore relatively straightforward to set, given current market conditions. However, other key
parameters cannot be deduced from current market variables. These parameters include the central
expectation for future economic growth, the equity risk premium (and hence the expected equity
return) and the future volatility of all modelled variables.

Some of these parameters can at least be bounded, for example financial theory would argue for a
positive equity risk premium, but these types of bounds are not particularly useful in determining
parameters. There are a number of multi-country long term studies of financial markets and
economies, such as Dimson, Marsh & Staunton (2002), that can assist in setting parameters like the
equity risk premium and expected economic growth (and hence dividend and earnings growth). The

best estimate of future volatilities are past volatilities.
There are two approaches that can be used to re-parameterise the models:

(a) Parameterise from first principles. This is the most time-consuming approach and will involve
all the steps described in Section 5. This approach will be required if the model is to be
applied to a different economy, or if a substantial period of time has elapsed since the last full

parameterisation.
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(b) Modify existing parameters. The means and/or volatilities of variables can be modified, whilst
keeping the structure of the model unchanged. This approach is most likely to be used when

calibrating the model to current market conditions, and is described below.

6.2.2 Calibration to Current Market Conditions

To make the model consistent with current market conditions at any point in time, the parameters will
need to be adjusted. This process will be illustrated by means of an example. At 31 December 2002,
the conditions set out in Table T prevailed in the UK (from RIMES (2003) and The Economist (2003)).

Table T — Market Conditions at 31 December 2002*

Variable Value
20 Year Government Bond Yield 4.47%
Over 5 Year Index-Linked Real Yield (Assuming 5% Inflation) 2.02%
Dividend Yield 3.55%
Earnings Yield 5.16%
Retail Price Inflation Over Previous 12 Months 2.9%
Return on Money Market Investments Over Previous 12

Months** 4.0%
Real GDP Growth Over Previous 12 Months 2.2%

* before log transformations
** assuming they earned Base Rate

It is possible to set the initial conditions for inflation,g, (log (1+inflation rate) in year 2002 = 0.029),
realgrowthygg, (log (1+real economic growth rate) in year 2002 = 0.022), and realinterest,g, (log (1+

real short term interest rate) in year 2002 or log (1 + real money market return) = 0.011).

Since the UK has inflation-linked bonds, there is a market-implied estimate for future inflation and
hence an estimate for the initial value of Limaiont. This is equal to the fixed interest yield less the index-
linked real yield (less an inflation risk premium). If for example the inflation risk premium was assumed

to be 0.5%, Hinsation 2003 Would be set equal to 0.019.

For the expected return on fixed interest bonds to equal the current yield, either the assumed risk
premium for asset classes must be fixed and the value of peaiinterestt deduced, OF Lreginterest: MUSt be
fixed and the risk premium deduced. The latter of the two is slightly easier: if prealinterest 2003 iS Set equal
to realinterestyq, (0.011), the log (1+ real risk premium) (relative to cash) on 20 year bonds equals the
current yield less expected future inflation (iinmation 2003) €SS expected future real interest rates

(Mrealinterest.2003), Which is 0.014.

Financial theory would argue for a risk premium on shares greater than that on bonds, but how much

more is a highly debated topic and beyond the scope of this thesis. Section 5.2.1, based on CAPM,
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shows one of the techniques that can be used. It is more important, particularly if the results of the
modelling are to be used for mean—variance optimisation, to ensure consistency between expected
returns (and hence risk premiums) and modelled volatilities. Smith et al. (2000) provides a useful

discussion on setting consistent assumptions.

In order for the initial earnings yield in the model to equal the current earnings yield, either the equity
risk premium must be fixed, and preaigrowtnt deduced, Or Lreaigrowtn fixed and the equity risk premium
deduced. If, for arguments sake, the equity risk premium (relative to bonds) is set at 4%, the log (1 +
real risk premium) relative to cash would be 0.053, and peaigrowtn. 2003 WOUld need to be 0.008 (found by
trial and error) so that the initial earnings yield equalled 5.16%. The initial payout ratio should be set so

that the initial dividend yield equalled the current dividend yield.

As can be seen in the example above, judgement is required when adapting and using the model. The

conclusion that judgement remains important was supported by Huber & Verrall (1999).

6.2.3 Potential Uses of Model

In Section 2.1.3, the potential uses of asset-liability models were discussed. Given that variables in
this model have been modelled on an annual basis, rather than over the shorter term, it lends itself
best to use for medium to long term asset allocation decisions, especially for pension funds but also
potentially for insurance funds. Uses in risk management, especially over the shorter term such as
that conducted by banks, are probably better served by shorter term models. Additionally, given that
the model is derived in real-world rather than risk-neutral space, uses in derivative pricing are fairly

limited.

6.3 Evaluation of Model

Section 3.1 described three main criteria for evaluating the model, namely consistency with economic

theory, parsimony and reasonable output. These are each discussed in turn below.

1. Consistency with economic theory. The method of construction ensures that the model is
consistent with economic theory, in particular the models for the pricing of bonds and equity, which
are based on the well-established theory that prices are the discounted value of (expected) future
cashflows. However, although the economic model! is consistent with the economic assumptions
made, these assumptions are based on economic theory where there is sometimes no consensus
or even competing theories. Additionally, certain economic relationships proposed were found not

to be statistically significant.

2. Parsimony (Simplicity). Parsimony can be measured by the complexity of the model structure, as
well as the number of parameters that are required. The structure is relatively straightforward, and
compares favourably to other models. One possible exception is the equity model (particularly the
earnings per share adjustment), which is more complex than, for example, Wilkie (1995).
However, this added complexity can be justified if the goodness-of-fit of equity returns is better.

One advantage of the model is that there is no requirement to simulate non-normal variables, even
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though the modelled returns are non-normal. In terms of the number of parameters, the British
model has 21 parameters (which includes 5 initial values of variables), which compares to 29
(including 6 initial values of variables, but excluding the parameters related to wages, index-linked
gilts, property and exchange rates) from the Witkie (1995) model for the British economy. The US
model has the same number of parameters, whereas the South African model has one less. In
summary, the model compares favourable to other models on the criteria of parsimony, although

some elements, such as the equity pricing model, are still relatively complex.

Reasonableness of Output. Given that the model compare favourably on the first two criteria, if
the goodness-of-fit is adequate, the model can be regarded as an improvement on existing models.
However, no formal goodness-of-fit tests were conducted on the overall model because of the
method of estimating parameters. To determine whether the model produces better output, the
question must be asked whether the properties of the model better represent the observed
properties of financial markets. Firstly, by definition, the model is not meant to be predictive
because market efficiency was assumed, and indeed it is argued that calibration to current market
conditions (for the means/expectations of variables) is preferable. This means that a comparison
of the goodness-of-fit of first moments (means) to past data is not a useful comparison, because

the user is meant to change these to reflect current market conditions.

Even though the goodness-of-fit of the economic model is not a criterion for evaluating the model
(the goodness-of-fit of the financial model is the criterion), it is worth considering the fit of the
economic model. Only statistically significant relationships between variables were included in the
economic model, but a number of statistically significant relationships were rejected on theoretical
grounds. Consequently the goodness-of-fit of the economic model is likely to be poorer than

models where there are no theoretical constraints imposed.

With regards to the financial model, this was fitted to historic volatilities/standard deviations, so fits
the data well in this regard. However, a model that fits past standard deviations is easy to achieve
e.g. a multi-variate normal model where modelled covariances are set equal to observed past
covariances will fit perfectly when measured on the goodness-of-fit to standard deviations. The
main advantage of the proposed model is the way it captures features observed in real markets
that go beyond a simple standard deviation measure. Most notable is the non-normal distribution
of returns, which exhibits significant leptokursis (fat-tails) and shows higher probabilities of severe
down-market returns than is predicted by a normal or log-normal distributions. The feature of
weak and slow mean reversion that is observed in markets is also captured by the proposed model.
The modelled yield curve also captures features observed in markets, in particular non-parallel
shifts and inversions of the yield curve. In the financial model, one weakness is the fit of dividend
yields. However, equity returns are independent from dividends in the model, so do not detract

much from the rest of the model, although a better fit would be preferable.
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6.3.1 Strengths

The model is theory-based, and consistent with market efficiency (in the semi-strong form). By
contrast, several of the main existing models (including Wilkie (1995), Thomson (1996) and Maturity
Guarantees Working Party (1980)) are not consistent with market efficiency. The economic and
financial economic theory on which the model is based represents basic theory and consequently the
structure of the model makes intuitive sense. An example of this intuitive appeal is that the structure
implies that equities are riskier than bonds, which in turn are riskier than cash. Also, long bonds are

more risky than short bonds (in absolute terms).

The underlying assumption of efficiency means that whatever the initial economic variables, results will
be consistent with them and asset returns will be “efficient” in that they will not imply that successful
trading strategies exist. This contrasts strongly with models like Wilkie (1995), which do imply that
successful trading strategies exist e.g. if dividend yields are below the average, Wilkie implies that
equities should be underweighted because the dividend yield should revert to the average and
consequently equity returns should be lower than average. The proposed model incorporates the
Miller & Modigliani (1958) hypothesis that dividends are irrelevant, and hence dividend yield is
irrelevant. It should be noted, however, that overall the model does not conform to all aspects of

efficient markets, as is discussed below in Section 6.3.2.

The model is relatively simple and is also quite flexible, which means it can be adapted quite easily e.g.
it can be calibrated to current market conditions, or adapted for different economies. It is hoped that
the model is not perceived as a "black box”. The method used for estimating risk premium (which

does not give a particularly good fit, see below) could easily be replaced with an alternative method.

The model incorporates a full term structure of interest rates/bond yields, and exhibits non-parallel
shifts and inversions of the yield curve. The model also includes real economic growth as an

explanatory variable, which was not included in the Wilkie (1995) and Thomson (1996) models.

Modelled return distributions are leptokurtic, a feature observed in financial markets. However, the
shape of the distribution was not directly assumed, and is generated without having to simulate
variables from non-normal distributions. This approach is much easier than trying to generate
leptokurtic distributions directly. The return distributions exhibit infrequent extreme negative tail events,
with a probability far higher than those predicted by normal or log-normal models, again a feature
observed in financial markets. Equity returns also exhibit slow and weak mean-reversion, which is
consistent with data and other studies. This slow and weak mean-reversion does not violate the
assumption of efficiency because the mean-reversion is so slow and weak that it does not represent a

successful trading strategy.

6.3.2 Weaknesses

Whereas theoretical consistency is regarded as a strength of the model, a possible weakness is the
theory itself, some of which is debatable and possibly conflicting, especially the economic theory. The

theory was discussed and then distilled into a series of assumptions in section 4.3. The fitting process
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eliminates any of the economic model assumptions that are not supported by the data, but the financial
model assumptions determine the formulation of the financial model and were not tested against the
data. Several of the financial model assumptions can and have been challenged by researchers, for
example assumptions 1 (market efficiency) and 2 (a linear relationship between expected real return
and the standard deviation of real return) have been the subject of a huge body of research, without a
consensus view having emerged. If an assumption such as market efficiency does not hold, it is by no
means clear what should alternatively be assumed. Therefore, although the assumptions made may
not represent reality perfectly and are therefore open to question, it is not clear what other assumptions

could have been made that represented reality better.

The method of estimating the parameters uses a blend of classical statistical techniques and
heuristic/iterative methods. Method of moments statistical estimation is used where the observed
variances (volatilities) in the financial markets have been used to estimate 'the reversion” parameter’,
Freversion- Although no formal test of goodness-of-fit was conducted, it is reasonable to assume that the
model does not fit the data as well as a model that had not been constrained by theoretical
assumptions. However, the model produces reasonable output and is indeed superior to some

existing models, especially in the features it produces for return distributions.

There are two components of the model which are not borne out by data: the risk/return relationship for
determining risk premiums, and dividends. Section 6.2 describes other approaches that can be used
for establishing risk premiums, and it is recommended that users of the model consider alternative
approaches and exercise judgement when setting assumptions for risk premiums. One aspect that
could be included is the covariance between asset classes. Efficient markets allow for the covariance
between asset classes in risk premiums, as they represent diversifiable risks, and this is one aspect
where the model does not fully conform the efficient market hypothesis. However, the model is

sufficiently flexible that risk premiums can be independently specified and this incorporated.

Although the poor fit of the dividend yield model is a weakness in a statistical sense, the dividend
model does not affect the equity returns, so this weakness does not detract from the overall model.
More generally, the fitting process, which did not allow an overall goodness-of-fit test of the model, and
the availability of data (notably on earnings per share) made the statistical evaluation less satisfactory.
In particular, the assumption that the reversion factor F was 1 when estimating the autoregressive

parameters appears to be invalid for the US economy, but reasonable for Britain and South Africa.

Because of the criterion of parsimony, more complex, possibly better fitting models, were not
considered. in particular, with regards the (explanatory) economic variables, these were restricted to 3
(money supply, for example, could also have been considered), lags longer than one year were not
considered, and non-normality of residuals was not explored. Despite the goal of parsimony, some
aspects of the model are still quite complex, notably the model for share prices, which includes a

“dummy” variable.

The model does not include property or inflation-linked bonds. Neither does it model wages or

exchange rates, whereas other models such as Wilkie (1995) do. However, the framework developed
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means that incorporating property, inflation-linked bonds and wages would be relatively straightforward.
Incorporating exchange rates would not be straightforward, but the necessity for exchange rates in the
model is unclear. Certainly, having multi-country models linked by exchange rate models would not be

parsimonious.

That interest rates (particularly nominal interest rates) and even bond yields can become negative in
the model is arguable an unattractive feature of the model. However, the modelled probability of

negative nominal interest rates is small, and that of negative bond yields is negligible.
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7. Conclusions

7.1 Conclusions

The proposed model, which is based on economic and financial economic theory and parameterised
on past data, has several features that are superior to existing models for certain applications. Most
notable is the leptokursis and “fat-tails” exhibited in return distributions, a feature of real world financial
returns. The applications that would most benefit from these features are those such as reserving and
risk analysis. The non-normal return distributions are generated without having to make direct
assumptions about the shape of the distribution, or having to simulate any variables from non-normal
distributions. Consequently, the model compares favourably on the criterion of parsimony and indeed
has fewer parameters than the Wilkie (1995) model, even when the parameters related to wages,
index-linked gilts, property and exchange rates are excluded from Wilkie. By design, the model is
consistent with the assumptions made at the outset, and consequently with the economic and financial
economic theory on which the assumptions are based. The most important of these theoretical bases
is that of market efficiency. Although some of this theory is still being debated, much of it is widely

accepted, at least in broad terms.

The parameterisation of the model indirectly poses an interesting question: are the variables
stationary? Stationarity was not tested statistically, but the parameter estimation, given the
assumptions of the model, answers the question whether the observed volatility in the financial
markets can be explained by stationary (mean-reverting) economic variables. The estimated
parameters for each of the 3 country parameterisations implied the economic variables were not
stationary e.g. if inflation and interest rates were stationary, the long bond yield, under the assumptions

of the model, would be significantly less volatile than is observed.

7.2 Recommendations for Further Research

The identified weaknesses of the model, as well the many interesting topics touched on that were
beyond the scope of the study, present several topics for which further research is recommended.
Notably, further research could consider alternative risk-return models (including models that consider
risk measures other than standard deviation of return) and alternative dividend yield models that better

fit observed autocorrelation.

Parameterisation of the model using longer data series, as well as data for other countries could be
considered, as well as extending the model to cover property, inflation-linked bonds and wages.
Alternative formulations may be investigated, e.g. incorporating additional constraints that prevent
negative nominal interest rates and bond yields, possibly with a yield curve model that can be fully
calibrated to the current yield curve. Also, time intervals other than annual could be considered, as
well as lags longer than one time period. Non-normal errors could potentially be incorporated, possibly
using ARCH effects.
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More analysis of the behaviour of economic variables and markets could be undertaken, particularly
into the decay of equity risk, both empirically and theoretically, and the stationarity of economic
variables in general. The proposed mode! implies certain insider trading profits, and it would be

interesting to measure the extent of such excess returns available.
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Appendices

Appendix A — Data

All data is for the 15 years 30/06/1983 to 30/06/1998, or less if data is not available for the full period.

GDP Growth

Data is available for an inflation adjusted GDP index, GDPR,.
The annual log (1 + real economic growth) in year t = log [ GDPR;/ GDPRy ]
=log [ GDPR;] —log [ GDPR ].

The following data series were used:

Gross Domestic Product

Country I-NET code |Description Notes

United States JUSAGPR |Total GDP at constant prices

Britain UKGPR Total GDP at constant prices

South Africa |[NGDPA Total GDP at constant prices

Inflation

Data is available for a retail price index, CPI,.
The annual log (1 + inflation rate) in year t = log [ CPL / CPl,4 ] =log [ CPI] - log [ CPli4 ].

The following data series were used:

Inflation

Country I-NET code |Description Notes
United States |USCPI Consumer Price Index -
Britain UKCPI Consumer Price Index -
South Africa [ECPI Consumer Price Index -

Short-term Interest Rates

Data is available for a short term interest rate, INT, (which is expressed as an annualised rate).

Monthly data was obtained, and the return in one month is assumed to be MR where

MR, =[INT, +INT.,]/24
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INT, = annuallised interest rate at end of month

INT.y = annuallised interest rate at start of month.

The annual log (1 + return) in one year is therefore = X log (MR, + 1)

The series for South Africa is a money market index, MMI,,, and not an interest rate, so the annual

(1 + log return) in year n simply log [ MMI,, / MMI,4]. The annual log (1 + real return) is the nominal

return less the log (1 + inflation rate). The following data series were used:

Interest Rates

Country I-NET code |Description Notes
United States [USTB3M 3 Month Treasury Bill

UDDPTN  |Call Rate from 30/06/1994 onwards
Britain UKODR Official Discount Rate

GPDPTN |Call Rate from 30/06/1994 onwards
South Africa |[GMCH1 Money Market Index Index, not rate

Bonds

Yields

Data is available for a government bond yield, BY,. This is a yield convertible half yearly, so the annual
log (1 + yield) = log [ (1 + BY,/ 2 )3.

Returns

LetCi=(1+BY,/2 )2 —1. Then assume that a bond at time t has term of n years, pays coupons of C,

annually in arrears, has just been issued, has effective annual yield of C;, and has a price of P, = 1 (as

the bond will stand at par). One year later, at time (t+1), the bond will have outstanding term of (n-1)

years, pay a coupon of C,, have an effective annual yield of C;.1, and have a price of Py, (where Py, =

Ctanq + v

The nominal return in one year (t) is approximately R; where

n-1

discounted at rate C.4).

Rt=[Pt+1+CJ/Pt-1=Pt+1+Ct -1.

The log (1 + return) is then log (R; + 1), and annual log (1 + real return) is the nominal return less the

log (1 + inflation rate). The following data series were used:
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Country

I-NET code

Description

Notes

United States

USGB2Y
USGB5Y
USGB10
USGB30

2 Year Gov Bond Yield
5 Year Gov Bond Yield
10 Year Gov Bond Yield
30 Year Gov Bond Yield

Series starts 31/07/1993
Series starts 31/07/1993
Series starts 30/06/1993

Britain

UKGB5Y
UKGB10
UKGB30

5 Year Gov Bond Yield
10 Year Gov Bond Yield
30 Year Gov Bond Yield

Series starts 31/05/1997

Series starts 31/05/1997

South Africa

JAYCO2
JAYCO5
JAYC10
JAYC30

2 Year Gov Bond Yield
5 Year Gov Bond Yield
10 Year Gov Bond Yield
30 Year Gov Bond Yield

Series starts 31/01/1986
Series starts 31/01/1986
Series starts 31/01/1986
Series starts 31/10/1988

Equities

Dividends and Earnings

Data is available for a share price index Py, dividend yield DY;, and earnings yield EY;, which was

obtained annually. A dividend index D, can be defined as P, . DY,, and the dividend growth in year n is

approximately [ Dp+12/ Dnasz — 1]. This is because the dividend index D relates to dividends that were

paid on average 6 months ago. The log (1 + dividend growth) is then log [ Dpe12 ] = log [ D12 ] An

earnings index and earnings growth rates can be calculated in the same way. The following data

series were used:

Equity Dividend & Earnings Growth

Country I-NET code |Description Notes
United States |FSPI S & P 500 Composite Index -
FSPIDY Dividend Yield Series starts 31/01/1992
FSPIEY Earnings Yield -
Britain FTALL[C] FTSE All Share Index Series starts 28/02/1993
FTALLIY] Dividend Yield Series starts 28/02/1993
FTALL[X] Earnings Yield Series starts 28/02/1993
South Africa [CI01[C] JSE All Share Index -
CIO1[Y] Dividend Yield -
CI01[X] Earnings Yield -
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FT Actuaries Indices

Data is available on I-NET (1999) from 31/10/1987 onwards for a share price index Pt and dividend

yield DYt. The indices are in US$, and are converted into local currency by multiplying by the relevant

exchange rate. Dividend growth can be calculated in the same way as above. Monthly data was

obtained, and the return in one month is approximately MR; where

MRt =[Pt+D‘/12]/Pt_1—1,Where
P = price index in local currency at end of month t
Dy = dividend index in local currency at end of month t.
12
The annual log (1 + return) in one yearisthen = > log (MR + 1)
t=1
The following data series were used:
FT Actuaries Indices
Country I-NET code |Description Notes
United States |FTUSAUI[C] |FT Actuaries Index in US$ -
FTUSAU[Y] [Dividend Yield -
Britain FTUKMUIC] |FT Actuaries Index in US$ -
FTUKMU[Y] |Dividend Yield -
USDGBP Dollar Pound exchange rate -
South Africa |[FTSAFU[C] |FT Actuaries Index in US$ -
FTSAFU[Y] [Dividend Yield -
USDZAR Dollar Rand exchange rate -
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Appendix B — Simulations of the Stochastic Model

This appendix describes how outcomes of the economic and financial market variables were

simulated.

Economic Model

The initial starting values for Lingationos Lrealrowtho, @Nd Hreaiinteresto Were set equal to the observed mean

over the period. Initial values for the economic variables were set equal to the initial means as follows:

inflation, = Hinfation,0
realgrowthg = Hrealrowth,0
realinterest, = Urealinterest,0-

These can be described as neutral starting positions, and it means that the unconditional expectation

of each variable for all t > 0 equals the initial value of the variable.

Financial Market Model

The coupons on bonds are set equal to explinflation, + realinterest, + riskpremiumiemm coupon] - 1 S0 that
bonds stand at par at time zero. The initial smoothed earnings value, smoothearnings., was set equal

to inflation, + realgrowth,, and risk premiums were originally set at zero.

667 simulations of returns over 15 years were produced, which equates to 10,005 individual year
simulations. These simulations were used to calculate the standard deviation of returns and re-
estimate the risk premiums, using the volatility from the previous simulation and the risk premium
model as specified in Section 5.1.2.1. This iterative process was repeated until the standard deviation

of returns was calculated to an accuracy of two decimal places.
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