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as the maximum number of quantifiers whose scopes overlap. If we consider the sentences 
of a fixed depth, we have a situation similar to the propositional case. Where there are 
formulas which are descriptions of possible worlds (as in propositional logic), they are the 
strongest (most informative) formulas. In first-order logic there are not any strongest sen
tences, but there are strongest sentences (called constituents) of each depth. And each 
sentence of some depth can be expressed as a disjunction of constituents of that depth. 
The situation for formulas with free variables is similar. 

Since distributive normal forms are syntactically rather complex, I use chapter 2 to intro
duce them by way of an example. For this example, I have chosen a language which is as 
simple as possible, and consider only the case of sentences, for which I try to give an intu
itive description of what constituents are and why they give a normal form for first-order 
sentences. 

Chapter 1 gives the particular definitions of general logical concepts that I use. It also 
discusses the propositional disjunctive normal form, and two generalizations of it, to the 
minimal modal logic, and to monadic first-order logic, as preparation for the definitions of 
constituents for full first-order logic and proof of the existence of distributive normal form, 
in chapter 3. 

Chapter 4 is in a sense the main part of this thesis. It examines the size of distributive 
normal forms, finds a lower bound for the fraction of inconsistent constituents, and shows 
how the existence of an algorithm for determining whether or not an arbitrary constituent 
is consistent would imply that first-order logic was decidable. Then some sufficient, though 
not necessary, decidable conditions for the inconsistency of a constituent are considered, 
and it is shown how they can be used to prove a completeness theorem of the theory of 
distributive normal forms. Though it is a slightly different result to the one Hintikka tried 
to prove in Hintikka [1965a], it still provides a way to prove the completeness of first-order 
logic. 

Chapter 5 shows some examples of how distributive normal forms have been used in induc
tive logic and verisimilitude. 

Finally some remaining open questions are briefly mentioned. 

Because it is often necessary to know the precise definition of a term or symbol in contexts 
far from where it is defined, an index and symbol table are provided. 
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A propositional language .c contains the following symbols 

• logical connectives: --, V 

• 	 a non-zero countable number of propositional variables, the set of which is denoted 
Var.c 

• 	 parentheses: ( ) 

Different propositional languages have different sets of propositional variables. 

The formulas over a subset P of Var.c are defined as follows . 

• An element of P is a formula over P. 

• If F and G are formulas over P then --,F and (F V G) are formulas over P, which are 
called the negation of F and the disjunction of F and G respectively. , 

The parentheses are used to record the way in which the formula was formed. When 
writing a disjunction on its own (i.e. not as part of another formula), then its parentheses 
may be omitted. 

The formulas of a propositional language .c are the formulas over Var.c. The set of formulas 
of.c is denoted Form.c. Where we don't need .to specify the language we are dealing with, 
we may write Var for the set of propositional variables and Form for the set of formulas. 

To give abbreviations for certain formulas, the additional logical connectives A, ~, f-7 are 
defined by 

• (F A G) abbreviates --,(--,F V --,G) 

• 	 (F ~ G) abbreviates --,F V G 

• (F f-7 G) abbreviates (F ~ G) A (G ~ F). 

Again, when writing these formulas on their own, their parentheses may be omitted. The 
formulas FAG, F ~ G and F f-7 G are called repectively the conjunction, conditional 
and biconditional of F and G. 

Propositional semantics 

Consider 2 as the set {O, I}. A valuation is a function v : Form ~ 2 which satisfies 
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If F is true under v then v is said to satisfy F. A valuation satisfies a set of formulas X 
if it satisfies each element of X. A formula or set of formulas is satisfiable if it is satisfied 
by some valuation. A formula is a tautology (also called a propositionally valid formula) if 
it is satisfied by all valuations. That F is a tautology is denoted F F. 

A formula F is a logical consequence of a formula or set of formulas X if every valuation 
which satisfies X also satisfies F. There is no standard symbol used to denote logical 
consequence. I use X ~ F to denote that F is a logical consequence of X. That F is a 
logical consequence of the empty set is denoted ~ F, which is equivalent to F being a 
tautology, that is F F iff ~ F . 

Two formulas are logically equivalent if they are satisfied by the same valuations. I use 
F <===} G to denote that F and G are logically equivalent. By these definitions F <===} G 
iff (F ===? G and G ~ F). 

<===} is an equivalence relation on the set of formulas and for many purposes it is not 
necessary to distinguish between equivalent formulas. Since for any formulas F, G, H and 
* E {A, V}, F * G <===} G * F and (F * G) * H <===} F * (G * H), we can ;"rite F * G * H 
for the formula with parentheses in either position. Also, for any finite n~m-empty set of 
formulas X , 

• VX abbreviates Xl V ... V Xn 

• 1\ X abbreviates Xl A ... A Xn 

where Xl, ... , Xn are the elements of X in any order. V{Xi liE I} may also be written as 
ViEI Xi, and 1\{Xi liE I} as l\iEI Xi, Also, since all unsatisfiable formulas are logically 
equivalent, we use V0 as an abbreviation for any unsatisfiable formula, and since all valid 
formulas are logically equivalent, we use 1\ 0 as an abbreviation for any valid formula. This 
agrees with the interpretation of disjunction as join and conjunction as meet in 2, and will 
allow us to state the existence of conjunctive and disjunctive normal forms for all formulas 
without having to consider valid or unsatisfiable formulas separately. 

The following notation will give us a convenient way of defining certain sets of formulas. 

I use the symbol = instead of the word "abbreviates" in defining abbreviations (or names) 
for formulas, and also between formulas where one has been defined as an abbreviation of 
the other. The context should make clear how it is being used. 

If F is a formula, then the formulas of the form (±)F are F and -,F. For any finite 
non-empty set of formulas X = {Xl, .. ' ,Xn }, we will call the formulas of the form 

(±)Xl A ... A (±)Xn 

the basic conjunctions generated by X. In chapter 3, a number of lists of formulas are 
defined as those basic conjunctions which are generated by some set of formulas. For 
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some particular generating sets, the basic conjunctions generated will be called primitive 
conjunctions. These definitions can be stated just in terms of sets of formulas. But it is 
convenient to have the basic conjunctions generated by some set listed in some order (if 
the formulas in the generating set are given in some order). So for a definition of the form 

Zi = (±)Xi A ... A (±)Xn 

we take i = 1 to give the formula with all its conjuncts unnegated and proceed in normal 
counting order (the truth values of the conjuncts change more often the further to the right 

2nthey are) until i = gives the formula with all its conjuncts negated. This order will be 
called standard order. For example, a definition like 

Hi = (±)F A (±)G 

gives Hi = FAG, H2 = FA -,G, H3 = -,F A G, H4 = -,F A -,G. 

For a set of formulas X = {Xl,"" X n }, for each valuation v : Form -1,2, exactly one 
of the basic conjunctions generated by X is true under v: Let F be the basic conjunction 
generated by X such that for each i E {I, ... , n}, if v F Xi then Xi is a conjunct of F, and 
if v F Xi then -,Xi is a conjunct of F. Then v F F. And if G is any basic conjunction 
generated by X other than F, then there is at least one i for which one of the following 
conditions holds. 

• 	 Xi is a conjunct of F and -,Xi is a conjunct of G, in which case v F Xi so v F -,Xi so 
v FG. 

• 	 -,Xi is a conjunct of F and Xi is a conjunct of G, in which case v F -,Xi so v F Xi so 
v FG. 

Thus v F G. 

IfX is a finite set of formulas, then for each element Xi of X, there is at least one disjunction 
of basic conjunctions generated by X to which Xi is logically equivalent. The disjuncts may 
be taken to be all the basic conjunctions generated by X in which Xi occurs unnegated. 
any formula in X other than Xi is valid or unsatisfiable then some of these disjuncts will 
be unsatisfiable, so the expression of Xi as a disjunction of basic conjunctions generated 
by X will not be unique. (This is expressing Xi in propositional disjunctive normal form, 
as defined in the next section, with the elements of X for the propositional variables.) 

Any disjunctions (or conjunctions) which have the same disjuncts (or conjuncts), though 
the order in which they occur or the number of times they are repeated may differ, will 
be called notational variations of each other. For example, F A FAG and G A Fare 
notational variations of each other. VVbenever a formula is said to be unique, formulas 
which are notational variations of each other are considered as the same. 
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Metatheory 

We have just seen examples of how the syntax and semantics of a logic may be defined. The 
syntax consists of the definition of a formal language which is given by saying what symbols 
it contains and which strings of these symbols are to be formulas. The definition must be 
such that we can effectively determine whether or not any given string of symbols is a 
formula of the language. The semantics consists of the specification of some mathematical 
structure (e.g. valuations for propositional logic, and models and valuations for first-order 
logic) together with a definition of how formulas may be interpreted as either true or 
false in such a structure, and also the definition of some general concepts such as logical 
consequence and validity which are defined in terms of conditions on all of the structures 
in which the formulas are interpreted. 

A proof method for a logic is a way of formally deriving certain formulas from sets of 
formulas, based on the syntax of the logic. To say that a derivation is for'mal means that 
the only steps it may contain are those which are specified by some preci~ely defined set 
of rules (and we must be able to effectively determine whether or not any proposed step 
is an instance of one of these rules). To say that it is based on syntax means that the 
rules are in terms of uninterpreted symbols , including those of the language defined by 
the syntax. Those formulas that can be derived from the empty set are called theorems. 
Many kinds of proof methods have been developed, for example: (Hilbert) axiom systems, 
natural deduction, tableaux, resolution, (Gentzen) sequent calculi. (Fitting [1990] gives 
proof methods of all these kinds.) In all of them the derivations have a finite length or 
size, so a derivation from any set of formulas can use at most finitely many elements of 
that set. 

A concept is called syntactic if its definition is based on syntax and semantic if its definition 
is based on semantics. For example, a proof method is a syntactic concept. There are a 
number of concepts, such as decidability and consistency (defined below), for which there 
are both syntactic and semantic versions of the concept, where the syntactic version is 
relative to some proof method and is equivalent to the semantic version for those proof 
methods which are complete (defined below). 

A proof method is called sound if any formula that can be derived from some set of 
formulas is a logical consequence of them. A proof method is complete if it is sound and 
every formula that is a logical consequence of some set of formulas can be derived from 
them. (Completeness is often defined so as not to include soundness, but Kneebone [1963] 
(p. 70), for example, defines completeness so that a proof method must be sound to be 
complete. And both Barwise [1977] (p. 35) and Chang and Keisler [1973] (p. 8, 32) include 
soundness in the statement of the completeness theorems.) There are also weaker notions of 
soundness and completeness where a proof method is called weakly sound if every theorem 
is valid, and weakly complete if it is weakly sound and every valid formula is a theorem. 

A logic is called complete if there is some complete proof method for it. 
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1.2 P ropositional disjunctive normal form 

There are a number of different approaches to proving the existence of disjunctive normal 
form. A very intuitive approach is the use of truth-tables, which can be formalized by 
using partial valuations (defined in the previous section). I use an approach which is more 
similar to the one used later for the first-order case. 

A propositional constituent over a finite non-empty subset {pJiEI of the propositional vari
ables is a formula of the form AiEI(±)Pi. 

Lemma 1.1 

1. 	 For each finite non-empty subset P of the propositional variables, for each valuation, 
exactly one propositional constituent over P is true . 

2. 	Each propositional constituent is satisfied by some valuation. 

PROOF 

1. 	The propositional constituents over P are the basic conjunctions generated by some set 
of formulas, so for each valuation, exactly one of them is true (shown on p. 7). 

2. 	 Given some propositional constituent C = AiEI(±)Pi, define a valuation v by 

o 	if i E I and 'Pi is a conjunct of C 

V(Pi) = 1 if i E I and Pi is a conjunct of C 

1 if i ~ I. 

Then v F C. 	 o 

Theorem 1.2 For any propositional language, for every formula F, for every finite 
superset P of the variables in F, there is a unique disjunction of propositi~nal constituents 
over P to which F is equivalent. 

PROOF We first show the existence of the required disjunction. Let F be a formula and 
P a finite superset of the variables in F and {Cj}jEJ the set of propositional constituents 
over P. We use induction on the formation of the formula. If F is a propositional variable 
Pi, then F ¢=:::} V jEK Cj where {Cj }jEK is the set of propositional constituents over P that 
contain Pi as a conjunct. If F is G V Hand G ¢::=? VjEK Cj and H ¢::=? V jEL Cj for some 
K, L ~ J, then F ¢::=? VjEKUL Cj . If F is ,G and G ¢::=? VjEK Cj for some K ~ J, then 
F ¢=:::} VjEJ\K Cj . All of the above cases are immediate from lemma 1.1, part 1 and the 
definition of a valuation. 

10 
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• logical connectives: -, V 

• modal operator: 0 

• 	 a non-zero countable number of propositional variables 

• parentheses: ( ) 

The set of propositional variables of a modal language £ will be denoted Vare (or Var if 
it is not necessary to specify the language) as in the propositional case. 

The formulas over a subset P of Var are defined as follows. 

• An element of P is a formula over P. 

• 	If A and B are formulas over P then -,A and (A V B) and 0 A are formulas over P. 

The formulas of a modal language £ are the formulas over Vare, the set of which is denoted 
Forme (or Form) . 

The additional logical connectives are defined as for the propositional case. We use the 
same conventions regarding when parentheses may be omitted in writing formulas as in 
the propositional case . 

Another modal operator is defined as a means of abbreviation: 

• 	 OA abbreviates -,O-,A. 

Modal semantics 

A frame is a pair F = (W, R) where 

• 	W is a set, called the universe of F, the elements of which are called worlds. (They 
should not be confused with the possible worlds described in chapter 2, though there 
are some similarities between them.) 

W 2• 	 R ~ is called the accessibility relation of F. 

A 	model for a modal language £ is a triple M = (W, R, V) where 

• 	(W, R) is a frame 

• 	V ~ W x Vare is called a valuation on W. 

12 

• logical connectives: ' V 

• modal operator: 0 

• a non-zero countable number of propositional variables 

• parentheses: ( ) 

The set of propositional variables of a modal language £. will be denoted Vare (or Var if 
it is not necessary to specify the language) as in the propositional case. 

The formulas over a subset P of Var are defined as follows. 

• An element of P is a formula over P. 

• If A and B are formulas over P then ,A and (A V B) and 0 A are formulas over P. 

The formulas of a modal language £. are the formulas over Vare, the set of which is denoted 
Forme (or Form). 

The additional logical connectives are defined as for the propositional case. We use the 
same conventions regarding when parentheses may be omitted in writing formulas as in 
the propositional case. 

Another modal operator is defined as a means of abbreviation: 

• OA abbreviates ,O,A. 

Modal semantics 

A frame is a pair F = (W, R) where 

• W is a set, called the universe of F, the elements of which are called worlds. (They 
should not be confused with the possible worlds described in chapter 2, though there 
are some similarities between them.) 

• R ~ W 2 is called the accessibility relation of F. 

A model for a modal language £. is a triple M = (W, R, V) where 

• (W, R) is a frame 

• V ~ W x Vare is called a valuation on W. 

12 



Univ
ers

ity
 of

 C
ap

e T
ow

n

R) is to 

~ is 
i E 

I 

A is ifit is 

van 

if it is 

on 

on 

is some w m some 

area I two: 

A 
have 

(lV, R, V) is to be a. model over 
property that the relation R 

frrune (W, Ii). A (lV, R) is to 

submodel a model (W, 11) is a model ) R i , iii) that tVi ~ ,~is R 
restricted to I/i/i, and Vi is V restricted to vi/i' A set of submodels {(11li' liE I) 
a model is said to be non-o'verlapping if for each i, j E vi/i n Wj = 0. 

a n:wdel A1 (W, R, 11), valuation V ~ tV x truth values of 
the propositional variables (and thus all formulas not modal at 

element of lV. The truth values of formulas containing rnodal operators depend also 
on the relation R. The full definition of the truth values is by the relation 
by 

.. )\1, W p iff p) E 11 for p E 

• .;V{,w A V 

• M,w 

then we 
X. 

.M,w or A1,w 

is some v E lV (w, v) E and /I.;!, v A. 

that A is at w in ;\;(. If M, w X for all E X then we 

A is valid all, a model.M for all worlds w 
M A). formula A is valid on a frame 

.i\;!, it is the case that M, w F A 
if, for all models j\;( over A is 

valid on M (denoted A). 

For simplest modal language, different logics are obtained by considering 
classes of 

I will be the minimal logic K as uV'~~V''''' van Benthem [1983]. 

A formula is K-valid ifit is valid on all fraJDes equivalently, if it is on all models). 

As A formula is T -valid if it is valid on reflexive Tr'ClYYll><" 

if it is valid on all reflexive frames. 

A formula is called K-satisfiable (or K-consistent) if there is some world w some model 
.;\1 such A is true at w ./V{. 

of different notions of consequence a modal 

notion of consequence for is defined . for 
A a formula, X A iff frames such that 

rrn" .. D""UUu,.u-,1'; model-based notion defined by X 

I two: 

formulas 
t-J A. 

A iff all 



Univ
ers

ity
 of

 C
ap

e T
ow

n

models M such that M Fm X, also M Fm A. If X ===>K ,m A , then A is called a K 
consequence of X. If X ==}K,m A then X ==}K,J A , but not conversely. For example, if P 

is a propositional variable, then P ==}K,J (p /\ -,p), but P + K ,m(P /\ -,p). 

Corresponding to each of these notions of consequence is a notion of equivalence where 
two formulas are equivalent if each implies the other: A {=::}K,f B iff A ===>K,f B and 
B ==}K,f A; A {=::}K,m B iff A ==}K,m Band B ==}K,m A. If A {=::}K,m B then A and B 
are said to be K -equivalent. 

If for all worlds w in all models M, M, w F A iff M , W F B, then A and B are called 
equivalent (denoted A {=::} B). If two formulas are equivalent then they are K-equivalent, 
but not conversely. For example, if P is a propositional variable, then P {=::}K,m (Dp /\ p) , 
but P ~ (Dp /\ p). 

Metatheory 

Van Benthem [1983] proves the following completeness theorem for K: There is a proof 
method such that for every set of formulas X and formula A, X ==}K m A iff A can be , 
derived from X. And there is no complete proof method with the frame-based notion of 
consequence. 

K is decidable (also shown in ibid.). 

1.4 Modal disjunctive normal form 

The following definitions are from Fine [1975], with terminology that agrees with that later 
used for the first-order case. 

The (modal) depth (also called degree) of a formula is the length of the longest sequence of 
nested O's it contains: where d(A) denotes the depth of A, d(p) = 0 if p is a propositional 
variable; d(-,A) = d(A); d(A V B) = max{d(A), d(B)}; d(OA) = d(A) + 1. 

For each fixed finite subset PI, ... ,Pn of the variables, a modal constituent of depth dover 
PI , ... ,Pn is denoted ct and defined by 

cf = (±)Pl /\ ... /\ (±)Pn 

(±)Oct-
ct (±)Pl /\ .. . /\ (±)Pn /\ 


1 
/\ •.. /\ (±)OC:-1 


where ct- 1
, .•. , C:- 1 are all the modal constituents of depth d - lover the variables 

PI,··· ,Pn, and i is the index by which the constituents are listed. 
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equivalent (denoted A {:==:} B). If two formulas are equivalent then they are K-equivalent, 
but not conversely. For example, if p is a propositional variable, then P {:==:}K,m (Dp /\ p), 
but p ¥ (Dp /\ p). 

Metatheory 

Van Benthem [1983] proves the following completeness theorem for K: There is a proof 
method such that for every set of formulas X and formula A, X ==?K,m" A iff A can be 
derived from X. And there is no complete proof method with the frame-based notion of 
consequence. 

K is decidable (also shown in ibid.). 

1.4 Modal disjunctive normal form 

The following definitions are from Fine [1975], with terminology that agrees with that later 
used for the first-order case. 

The (modal) depth (also called degree) of a formula is the length of the longest sequence of 
nested O's it contains: where d(A) denotes the depth of A, d(p) = 0 if p is a propositional 
variable; d(-,A) = d(A); d(A V B) = max{d(A),d(B)}; d(OA) = d(A) + 1. 

For each fixed finite subset P1, ... ,Pn of the variables, a modal constituent of depth dover 
P1, " .. ,Pn is denoted ct and defined by 

cf = (±)P1 /\ ... /\ (±)Pn 

ct (±)P1 /\ ... /\ (±)Pn /\ 
(±)Oct-1 

/\ ... /\ (±)OC:-1 

where ct-1
, ... , cg- 1 are all the modal constituents of depth d - lover the variables 

P1, ... ,Pn, and i is the index by which the constituents are listed. 
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Theorem 1.6 Every modal formula of depth ~ d is equivalent to a unique disjunction 
of modal constituents of depth d over any finite superset of the variables contained in the 

formula. 

PROOF Throughout this proof the constituents are over an arbitrary fixed finite subset of 
the variables and the formulas are those whose variables are contained in this set. We use 
induction on the depth d. For depth 0 we just have the propositional case which is proved 
by theorem 1.2. Assume that for some d 2: I, any formula of depth < d is equivalent to a 
disjunction of modal constituents of depth d - 1. Let {Cf}jEJ be the set of constituents 
of depth d. Let A be any formula of depth ~ d. We use induction on the formation of the 
formula. If A is a variable Pi then the formulas of the form ct are the basic conjunctions 
generated by a set which contains Pi, so A is equivalent to a disjunction of formulas of 
the form ct by lemma 1.5. If A is B V C and B <==? VjEK ct and C ¢::::::? VjEL ct then 

A ¢::::::? VjEKUL Ct. If A is IB and B ¢::::::? VjEK ct then A ¢:::=} VjEJ\K Cf. If A is 0 B 
then B is of depth < d so by hypothesis B is equivalent to some disjunction ViEI ct1 

of constituents of depth d - I, so A is equivalent to ViEIOCt-1 since 0 ?istributes over 
disjunction. Each oct l is equivalent to the disjunction of all the Ct's in which oct l 

occurs unnegated (by lemma 1.5). Thus A is equivalent to a disjunction offormulas of the 
form ct. 
Uniqueness follows from the K-consistency of constituents as in the propositional case 
(replacing "some valuation" with "some world in some model"). 0 

For a modal formula F of depth ~ d and a finite superset P of the variables in F, the 
disjunction of modal constituents of depth dover P to which F is equivalent is called the 
disjunctive normal form of depth d relative to P of F. If the set of variables to which a 
disjunctive normal form is relative is not mentioned, it can be taken to be any fixed finite 
superset of the variables in the formula. 

As a consequence of the above theorem, every modal formula of depth ~ dis K-equivalent 
to a disjunction of modal constituents of depth d. But I don't know if there is a unique 
disjunction of modal.constituents of depth d to which it is K-equivalent. 

Fine [1975] also shows that the modal logics D, T, K4 have similar normal forms. 

Theorem 1.7 A modal formula A of depth d is K-valid iff its disjunctive normal form at 
depth d contains all constituents of depth d. 

PROOF The disjunction of all constituents of depth d is K-valid by lemma 1.4 (part 1). 

Any disjunction of depth-d constituents which doesn't contain them all is not K-valid by 
lemma 1.4 (parts 1 and 2). 0 

Theorem 1.7 provides us with a decision procedure for K: The proof of theorem 1.6 provides 
an algorithm for converting any formula to a disjunctive normal form which is K-valid iff 

16 
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The formulas of a first-order language £, are defined by: 

• An atomic formula over Term.c is a formula. 

• 	If F, G are formulas and Xi is a variable, then ,F, (F V G), (3Xi)F are formulas. 

The set of formulas of £, is denoted Form.c. 

The additional logical connectives are defined as for the propositional case. We use the 
same conventions regarding when parentheses may be omitted in writing formulas as in 
the propositional case. Where it is not necessary to specify the language we may write 
Term or Form. 

The universal quantifier is defined as an abbreviation: 

• 	 (Vxi)F abbreviates ,(3Xi),F. 

If (3Xi)F is a formula, then F is called the scope of (3Xi)' Any occurrence of a variable 
Xi in the scope of a quantifier over Xi or immediately preceded by a quantifier is called a 
bound occunence of the variable. Any occurrence of a variable which is not bound is free . 
A formula with no free variables is called a sentence. 

First-order semantics 

A 	model for a first-order language £, is a pair M = (D, J) where 

• 	D is a set, called the domain (or universe) of M. Elements of D are called individuals 
ofM. 

• J 	is a function called an interpretation that maps 


- every constant symbol of £, to some element of D, 


- for each n E N, every n-ary function symbol of £, to some n-ary operation on D, 

- for each n E N, every n-ary predicate symbol of £, to some n-ary relation on D. 

For a model (D, J) for a language £', a valuation v is a function from Term.c to D which 
satisfies 

• if c is a constant symbol, v(c) = J(c) 

• if f is an n-ary function symbol and t I , ... , tn are terms, 
v(J(t I , ... , tn )) = J(J)(v(t I ), ... , v(tn )). 

18 
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As in the propositional case, consistent will be used as a synonym for satisfiable. The 
relation between this sense of consistency and the proof-theoretic sense is discussed in the 
next section. 

There is a notion of tautology for first-order logic which is different from that of a (first
order) valid formula. A formula of a first-order language £, is called a tautology if it is 
a propositional tautology in the propositional language whose variables are the atomic 
formulas and formulas that start with quantifiers of £,. This definition, which is equivalent 
to one found in Smullyan [1968]' seems to be related to Hintikka's discussion of tautology 
in Hintikka [1973b] . 

There are also two different notions of logical consequence for first-order logic. One (found 
e.g. in Shoenfield [1967]) is defined by: a formula F is a logical consequence of a formula 
or set of formulas X iff every model of X is also a model of F. The definition I use (found 
e.g. in Bell and Machover [1977]) is: F is a logical consequence of X iff for every model M 
and valuation v for M such that M, v F X, also M, v F F, which I denote by X===} F. 
For formulas F and G, this definition gives F ===} G iff F F ----t G. This is immediate 
from the definitions: Writing "('1M, 'Iv)" for "for every model M and every valuation v 
for M" , we get 

F ===} G iff (YM,Yv) if M,v F F then M,v F G 

iff (YM,Yv)M,v ~ F or M,v F G 

iff (YM,Yv)M,v F of or M,v F G 

iff ('1M, Yv)M, v F of V G 

iff ('1M, Yv)M, v F F ----t G iff F F ----t G. 

If F ===} G then we may say F implies G. 

By a similar proof to the one above (and the fact that for any model and valuation there 
is some formula that .is true), a formula G is valid iff for all formulas F, F ==? G. 

Corresponding to each notion of logical consequence is a notion of logical equivalence, where 
two formulas are equivalent if each is a consequence of the other. For the notion of logical 
consequence which I have denoted ===}, the corresponding notion of logical equivalence of 
formulas F and G is that for every model M and valuation v for M, it is the case that 
M, v F F iff M, v F G, which I denote by F <==> G. This notion of logical equivalence is 
also referred to simply as equivalence. If two formulas are equivalent, we can also say that 
one can be expressed (or written) as the other, or that they have the same meaning. 

Since conjunction and disjunction are commutative and associative relative to the first
order notion of logical equivalence just defined, we can use the same abbreviations for 
finite conjunctions and disjunctions as defined for the propositional case. 

20 

As in the propositional case, consistent will be used as a synonym for satisfiable. The 
relation between this sense of consistency and the proof-theoretic sense is discussed in the 
next section. 
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order) valid formula. A formula of a first-order language ,c is called a tautology if it is 
a propositional tautology in the propositional language whose variables are the atomic 
formulas and formulas that start with quantifiers of 'c. This definition, which is equivalent 
to one found in Smullyan [1968]' seems to be related to Hintikka's discussion of tautology 
in Hintikka [1973b]. 

There are also two different notions of logical consequence for first-order logic. One (found 
e.g. in Shoenfield [1967]) is defined by: a formula F is a logical consequence of a formula 
or set of formulas X iff every model of X is also a model of F. The definition I use (found 
e.g. in Bell and Machover [1977]) is: F is a logical consequence of X iff for every model M 
and valuation v for M such that M, v F X, also M, v F F, which I denote by X=} F. 
For formulas F and G, this definition gives F =} G iff F F ----t G. This is immediate 
from the definitions: Writing "(VM, Vv)" for "for every model M and every valuation v 
for M" , we get 

F=}G iff (VM,Vv) if M,v F F then M,v F G 

iff (VM,Vv)M,v ~ For M,v F G 

iff (VM, Vv)M, v F of or M, v F G 

iff (VM,Vv)M,v FoFVG 

iff (VM, Vv)M, v F F ----t G iff F F ----t G. 

If F ==?- G then we may say F implies G. 

By a similar proof to the one above (and the fact that for any model and valuation there 
is some formula that .is true), a formula G is valid iff for all formulas F, F ==? G. 

Corresponding to each notion of logical consequence is a notion of logical equivalence, where 
two formulas are equivalent if each is a consequence of the other. For the notion of logical 
consequence which I have denoted ==?-, the corresponding notion of logical equivalence of 
formulas F and G is that for every model M and valuation v for M, it is the case that 
M, v F F iff M, v F G, which I denote by F {:::=:} G. This notion of logical equivalence is 
also referred to simply as equivalence. If two formulas are equivalent, we can also say that 
one can be expressed (or written) as the other, or that they have the same meaning. 

Since conjunction and disjunction are commutative and associative relative to the first
order notion of logical equivalence just defined, we can use the same abbreviations for 
finite conjunctions and disjunctions as defined for the propositional case. 
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Bell and Machover [1977] define a proof method for first-order logic (p. 108-109) which 
is proved to be complete (p. 109-121). Rogers [1971] (p. 43-68) defines a proof method 
and shows it to be complete1. So, there are proof methods for first-order logic which are 
complete, and there are other proof methods (not equivalent to the complete ones) which 
are complete1. 

For any complete proof method for first-order logic, a set of formulas is proof-theoretically 
consistent iff it is satisfiable: 

Let X be a set of formulas. If X is not proof-theoretically consistent then there is a 
formula F such that both F and of can be derived from X. By soundness X::::=::} F and 
X ===? of. So, by the definition of >, if there is some model M and some valuation v 
for M such that M, v F X, then both M, v F F and M, v F of which can not be, so 
X is not satisfiable. Conversely, if X is not satisfiable then let F be any formula. Then 
X===? F (and similarly X ==> of) since there is no model M and valuation v such that 
M, v F X, so the condition for logical consequence holds vacuously. By completeness, 
both F and of can be derived from X, so X is not proof-theoretically consistent. 

For any complete1 proof method for first-order logic, a set of formulas is proof-theoretically 
consistent iff it is satisfiable1: 

Let X be a set of formulas. If X is not proof-theoretically consistent then there is a 
formula F such that both F and of can be derived from X. By sound1ness X ==>1 F and 
X ==>1 of. So, by the definition of ==>1, if there is some model M such that M F X, 
then both M F F and M F of which can not be, so X is not satisfiable1. Conversely, if 
X is not satisfiable1 then let F be any formula. Then X ::::=::}1 F (and similarly X::::=::}l of) 

since there is no model M such that M F X, so the condition for ::::=::}1 holds vacuously. 
By complete1ness, both F and of can be derived from X, so X is not proof-theoretically 
consistent. 

In the following chapters, I use consistent as a synonym for satisfiable. 

There are first-order languages for which the logic is not decidable. If the language contains 

• at least one n-ary predicate symbol for some n > 1, or 

• at least one n-ary function symbol for some n > 1, or 

• more than one unary function symbol 

then the logic is undecidable. If it contains only unary predicate symbols and constants, 
but no function symbols, then the logic is decidable (Hodel [1995], p. 208-209). 

Even if there is no algorithm which can decide for all formulas of the language whether or 
not they are valid, there are some subsets of formulas for which there are algorithms which 
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and if .Pj(x) is a conjunct of Ai(X) then I(Pj) = 0 (and to complete the definition, if 
P is any predicate symbol not in {PI"'" Pn } let I(P) = 0). Let v be the valuation 
that maps x to e. Then M, v F Ai(X). For any model M, for each element a of the 
domain, M, v(a/x) F A(x) for exactly one i because the formulas of the form A(x) 
are the basic conjunctions generated by some set of formulas, so exactly one of them 
is true for a given model and valuation. (This can be expressed informally as: each a 
satisfies exactly one Ai(X).) And each Ai(X) is satisfiable. So the formulas of the form 
(3x)Ai(X) can each be made true or false independently of the others by the existence 
or lack of it of a suitable individual a. 0 

The depth of a formula will be defined in full later (in chapter 2). The cases we need now 
are: A formula of depth 0 is one which does not contain any quantifiers. A formula of 
depth 1 is one which contains at least one quantifier, but no quantifier in the scope of 
another quantifier. 

Lemma 1.9 Every monadic formula F of depth 0 whose only variable is x · is equivalent to 
a disjunction of monadic attributive constituents relative to any finite superset (of predicate 
symbols) of the predicate symbols that occur in F. 

PROOF A formula of depth 0 whose only variable is x is a Boolean combination of the 
formulas that generate the attributive constituents relative to any finite superset of the 
predicate symbols in the formula, and thus has a propositional disjunctive normal form 
which is a disjunction of these attributive constituents. 0 

Lemma 1.10 Every sentence of a monadic first-order language is equivalent to a sentence 
of depth 1 whose only variable is x. 

PROOF Every sentence of depth 1 contains only one variable, which is bound, so by a 
change of bound variable if necessary is equivalent to a sentence of depth 1 whose only 
variable is x. Thus we need only show that each sentence is equivalent to one of depth 1. 
This is a special case of the result that each formula F of a monadic first-order language is 
equivalent to some formula with the same free variables as F in which no variable occurs 
in the scope of a quantifier over another variable (for which I will say there is no irrelevant 
quantification), which we prove by induction on the formation of the formula. If F is 
an atomic formula then F itself is the required equivalent formula. If F is G V Hand 
G', H' are equivalent to G, H respectively and have the same free variables as them and 
have no irrelevant quantification, then G' V H' is equivalent to F and has the same free 
variables as F and has no irrelevant quantification. If F is .G and G' is equivalent to 
G and has the same free variables as it and has no irrelevant quantification, then .G' is 
equivalent to F and has the same free variables as it and no irrelevant quantification. If F 
is (~y)G and G' is equivalent to G and has the same free variables as it and no irrelevant 
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Theorem 1.12 A monadic formula F is valid if]' its disjunctiv e normal form relative 
to any (or, equivalently, to all) finite superset(s) P of predicates containing those in F 
contains all the constituents relative to P. 

PROOF The disjunction of all constituents relative to P is valid by lemma 1.8 (part 1) . 
Any disjunction of constituents relative to P which doesn't contain them all is not valid 
by lemma 1.8 (parts 1 and 2). 0 

As for the propositional and modal cases, the above theorem provides a decision procedure 
for monadic first-order logic: The proof of theorem 1.11 provides an algorithm for con
verting a formula to disjunctive normal form, which is then tested for validity by theorem 
1.12. The decidability of monadic first-order logic is shown by a different method in Boolos 
and Jeffrey [1974]. 

1.7 First-order logic with identity 

Syntactically, first-order logic with identity is just a special case of first-order logic, but 
the semantics is defined using only a restricted set of models. 

A first-order language with identity (also called a first-order language with equality) is a 
first-order language which contains the binary predicate symbol =. And we will assume 
that no first-order language contains the symbol = unless it is meant as the identity symbol 
of a language with identity. 

Terms and formulas are defined as for any first-order language. If s, t are terms, then the 
atomic formula = (s, t) may also be written as s = t, and -,(s = t) may be written as s ::J. t. 

A normal model for a first-order language with identity is a (first-order) model M = (D, I) 
such that I (=) is the identity relation on D. 

Valuations and the relation F are defined as for any (first-order) models. If F is true in 
all normal models, we write F= F, and F is called valid with identity. If there is some 
normal model M and some valuation v for M such that M, v F F , then F is satisfiable 
(or consistent) with identity. 

For formulas F and G, there is the following notion of consequence: F ====?= G iff for every 
normal model M and valuation v for M such that M, v F F, also M, v F G. If F ====? G 
then F ====?= G , but not conversely. We call F and G equivalent with identity and write 
F ¢::::::?= G if F ====?= G and G ====?= F. 

For formulas F and G, F ====?= G iff F= F --+ G. This is proved just like the case for 
languages without identity, as on p. 20, except letting "(\1M, \Iv)" be short for ''for every 
normal model M and every valuation v for M" . 
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Chapter 2 

An introductory example 

This chapter first introduces some concepts that will be needed to define distributive normal 
forms and to explain intuitively what the formulas that occur in them represent, and then 
considers some of these formulas for a particular language. 

Unfortunately the terrn "possible world" has been used with a variety of different meanings. 
I describe only the sense in which I use it. A possible world is a possible situation or state of 
affairs. For example, for a first-order language, a possible world may be specified by a set of 
individuals together with the values of the atomic formulas over these individuals. Such a 
world may be represented by the usual models of first-order logic, or by state-descriptions 
(defined below), or by any mathematical structure that gives sufficient information to 
determine the values of all sentences. We can think of a possible world as that which 
determines the values of all the sentences which are not truth-functionally determined. A 
possible world is an informal concept, and it is the representations of the possible worlds, 
and not the worlds themselves, that are defined precisely as some sort of mathematical 
entities. 

Carnap [1956] (p. 9) defines state-descriptions for languages whose constant symbols corre
spond exactly to the elements of a universe. A state-description is a set of formulas of such 
a first-order language whose elements are the atomic formulas over the constant symbols, 
each either negated or not. State-descriptions fully describe possible worlds, but have the 
disadvantages that the language must contain names for each member of the universe, and 
that when the universe in infinite, so are they. It seems that any exhaustive description 
(in terms of formulas of some first-order language) of a possible world will have these same 
disadvantages. This is expressed by Hintikka [1973c] (p. 9) as "It is only natural that we 
cannot give an exhaustive description of a universe without knowing all its members, or of 
an infinite universe without using an infinity of sentences." 

Two approaches to this problem are suggested in Hintikka [1973c] (p. 9-11, 18). One 
involves using sets of formulas that only give partial descriptions of possible worlds. This 
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A sequence of constituents, each of which implies the previous one, may be thought of 
as a sequence of descriptions of a possible world (or model), each of which includes all 
the information of the previous one. Such a sequence can be said to describe a possible 
world at deeper and deeper depths. The constituents that may occur in the distributive 
normal form of a formula must be, in some sense, just as complex as the formula, which 
is that they must be at least as deep as the formula. Hintikka [1973a] (p . 141) gives an 
intuitive explanation of this depth as the maximum number of individuals that need to be 
considered in their relation to each other. For any formula, individuals may be referred 
to by free variables or constants, and in addition, for each quantifier we need to consider 
one individual. So a first approximation to the maximum number of individuals that need 
to be considered at one time is the sum of the number of free variables and constants, 
and the maximum number of quantifiers whose scopes overlap. This sum is called the 
degree of the formula. The maximum number of quantifiers whose scopes overlap is called 
the depth of a formula by Hintikka (though he further refines the definition of depth), 
and is called the quantifier rank by Rantala [1987] (p. 44-45). The quantifier rank of a 
formula F is denoted qr(F) and defined by: qr(F) = 0 if F is atomic; qr(-,F) = qr(F); 
qr(FVG) = max{qr(F), qr(G)}; qr((3x)F) = qr(F) + 1. This definition of quantifier rank 
does not always give the number of individuals that need to be considered.in their relation 
to each other that are introduced by quantifiers, since the nesting of quantifiers is not a 
sufficient condition for the individuals that they introduce to be related. Hintikka [1973d] 
introduces the notion of connected (p. 142) or related (p. 19) variables and quantifiers to 
reflect the idea of individuals being related to each other. The depth of a formula can then 
be defined as the maximum number of nested and connected/related quantifiers in it. It 
is not clear that this definition of depth fully captures the idea of the number of related 
individuals that need to be considered, as is pointed out by Rantala [1987] (p. 72-73, Note 
1). However, this concept is not needed for the definition of distributive normal form . We 
will use as our notion of depth the quantifier rank defined above. 

The idea of 'the maximum number of individuals that need to be considered in their relation 
to each other' for a formula is somewhat imprecise, but it seems to me to mean the smallest 
quantifier rank of the formulas that are equivalent to the given one. Since there is not an 
effective way to determine this, we can not use it as a definition if we want to be able to 
determine the depths of formulas. A definition of depth that is a refinement of quantifier 
rank in effect gives a way of reducing a formula to one with possibly smaller quantifier 
rank. Although we won't necessarily get the smallest possible quantifier rank, we can 
define the depth of a formula as the smallest quantifier rank of an equivalent formula that 
can be obtained by any method which always terminates after a finite number of steps. 
The definition as the maximum number of nested and connected quantifiers is an example 
of this. If we happen to think of some other condition which can be mechanically checked 
and gives the quantifier rank of an equivalent formula, we could include it in the definition 
of depth, so the definition is somewhat arbitrary. 

of that every not it clear. quantifier rank. quantifier rank.) 
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For a sentence which expresses a law governing some phenomenon, Hintikka considers 
the depth of the sentence to be also the interactional depth of the law. By interactional 
depth he means "the number of different entities involved in the laws governing certain 
phenomena" (Hintikka [1973e], p. 313). So, for example, Newton's law of gravitation has 
an interactional depth of 2 where the entities or individuals are taken to be point masses. 

I now consider the first-order language which has only one binary predicate symbol P and 
no function or constant symbols. Constituents are very large and as a result difficult to 
write down, so any example I use must be one of the simplest languages. The reason I 
have chosen the very simplest (non-monadic) is that I later (in chapter 4) consider some 
limits on the usefulness of constituents and distributive normal forms which are imposed 
by their size. For this I return to this example to find certain lower bounds. 

The way constituents are constructed is by first defining certain formulas called attributive 
constituents with the intention that each describes some kind of individual (it actually turns 
out that only some of them do), and then a constituent says for each kind of individual 
whether or not it exists, and thus describes a kind of world. A kind of individual is 
described by its relation to other individuals, given by the predicates they satisfy. We 
can't just list all possible kinds of individuals since there are infinitely many, and formulas 
have finite length. So the descriptions of kinds of individuals are arranged into finite sets 
such that every possible individual is of exactly one of the kinds in each of these sets. This 
is achieved by limiting the number of other individuals that a kind of individual may be 
described in relation to, which is a limit on the depth of the formulas involved. 

To form attributive constituents, we start by arranging the atomic formulas in levels. The 
purpose of these levels is to keep track of which variables are used. The atomic formulas 
of level 1 are those over Xl, and for each greater level k the atomic formulas are those over 
Xl, ... ,Xk that are not on any previous level. For our particular example, we have: 

Levell: 	 P(XI' Xl) 

Level 2: 	 P(XI' X2), P(X2, Xl), P(X2) X2) 

Level 3: 	 P(XI' X3), P(X3' Xl), P(X2l X3), P(X3' X2), P(X3, X3) 

We next form primitive conjunctions at each level. A primitive conjunction of level k has 
as conjuncts, for each atomic formula of level k, either it or its negation. So, introducing 
a notation to be explained shortly, the primitive conjunctions are: 

Levell: 	 P(XI' xd ')'P(XI) 

,P(Xl l Xl) ,),g(XI) 
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Level 2 : 	 P(Xl lX2) /\ P(X2 lxd /\ P(X2 lX2) ,~(Xl) X2) 

P(Xl) X2) /\ P(X2) Xl) /\ --,P(X2) X2) ,g(Xl) X2) 

P(Xl) X2) /\ --,P(X2' Xl) /\ P(X2) X2) ,g(XI) X2) 

P(Xl) X2) /\ --,P(X2, Xl) /\ --,P(X2l X2) ,2(Xl, X2) 

--,P(Xl) X2) /\ P(X2) xd /\ P(X2) X2) ,g(Xl, X2) 

--,P(Xl' X2) /\ P(X2) xt} /\ --'P(X2) X2) ,g(Xl, X2) 

--,P(Xl) X2) /\ --,P(X2) Xl) /\ P(X2l X2) ,~(XI) X2) 

--,P(XI) X2) /\ --,P(X2) Xl) /\ --,P(X2' X2) - ,~(XI' X2) 

The order in which the above formulas are listed illustrates the standard order for formulas 
defined using the notation (±), and using this notation the primitive conjunctions are the 
formulas of the form: 

Levell: 	 (±)P(Xl, Xl) 

Level 2: 	 (±)P(Xl, X2) /\ (±)P(X2, Xl) /\ (±)P(X2) X2) 

Level 3: 	 (±)P(Xl, X3) /\ (±)P(X3, Xl) /\ (±)P(X2, X3) /\ (±)P(X3, X2) /\ (±)P(X3, X3) 

The primitive conjunctions of each level k can be seen to describe some individual Xk rela
tive to the individuals Xl, ... ,Xk-l as fully as is possible with only depth-O formulas. Thus 
primitive conjunctions are the attributive constituents of depth O. We use ,?(Xl, ... 1 Xk) 

to denote an attributive constituent of depth d and level k, which explains the notation 
for the primitive conjunctions above. 

An attributive constituent of depth 1 and level k describes an individual Xk relative to 
Xl, ... ,Xk-l by its depth 0 and depth 1 properties. The depth-l attributive constituents 
are: 

Levell: 	 ,l(xd (±)P(XllXI)/\ 

(±)(3X2h~(Xl' X2) /\ ... /\ (±)(3X2),~(Xll X2) 

Level 2: ,l(Xll X2) 	 (±)P(XllX2) /\ (±)P(X2l Xl) /\ (±)P(X2) X2)/\ 

(±)(3X3h~(XI' X2, X3) /\ ... /\ (±)(3X3hg2(Xl lX2, X3) 
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-,P(Xl l X2) /\ P(X2 l Xl) /\ -,P(X2l X2) ,g(Xll X2) 

-,P(Xb X2) /\ -,P(X2l Xl) /\ P(X2l X2) ,~(Xll X2) 

-,P(Xl l X2) /\ -,P(X2l Xl) /\ -,P(X2l X2) - ,2(Xl l X2) 

The order in which the above formulas are listed illustrates the standard order for formulas 
defined using the notation (±), and using this notation the primitive conjunctions are the 
formulas of the form: 

Levell: (±)P(Xll Xl) 

Level 2: (±)P(Xll X2) /\ (±)P(X2l Xl) /\ (±)P(X2l X2) 

Level 3: (±)P(Xll X3) /\ (±)P(X3l Xl) /\ (±)P(X2l X3) /\ (±)P(X3l X2) /\ (±)P(X3l X3) 

The primitive conjunctions of each level k can be seen to describe some individual Xk rela
tive to the individuals Xl , ... 1 Xk-l as fully as is possible with only depth-O formulas. Thus 
primitive conjunctions are the attributive constituents of depth o. We use ,t(Xl l ••• 1 Xk) 
to denote an attributive constituent of depth d and level k, which explains the notation 
for the primitive conjunctions above. 

An attributive constituent of depth 1 and level k describes an individual Xk relative to 
Xl , ... 1 Xk-l by its depth 0 and depth 1 properties. The depth-l attributive constituents 
are: 

(±)P(Xll Xl)/\ 

(±)(:3x2hP(Xl l X2) /\ ... /\ (±)(:3x2),2(Xll X2) 

(±)P(Xl, X2) /\ (±)P(X2l Xl) /\ (±)P(X2l X2)/\ 

(±)(:3x3hP(Xl l X2, X3) /\ ... /\ (±)(:3X3),g2(Xl l X2, X3) 
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Level 3 : ,l(Xl,X2,X::;) (±)P(Xl, X3) /\ (±)P(X3, xd /\ (±)P(X2, X3)/\ 

(±)P(X3, X2) /\ (±)P(X3, X3)/\ 

(±)(3X4h~(Xl"" ,X4) /\ ... /\ (±)(3X4hP28(Xl,'" ,X4) 

These formulas can also be written as 

Levell: ,l(xd 	 ,P(xd/\ 
(±)(3X2hP(Xl,X2) /\ ... /\ (±)(3X2hg(Xl,X2) 

Level 2 : ,l(Xl,X2) 	 ,?(Xl, X2)/\ 

(±)(3X3hP(Xl,X2,X3) /\ ... /\ (±)(3X3hg2(Xl,X2,X3) 

Level 3: ,l(Xl' X2, xs) 	 ,?(Xl, X2, X3)/\ 

(±)(3X4h~(Xl"" ,X4) /\ ... /\ (±) (3X4hP28(Xl , ... ,X4) 

where the i in the ,?(Xl,"" Xk)'S varies over all possible values. This way of writing 
the formulas is shorter and sometimes more convenient, but to count how many of these 
formulas there are, we need to know how many formulas there are in the sets which generate 
them. This is easily seen when the attributive constituents are written explicitly as the 
basic conjunctions generated by some set of formulas. Then, if for some depth and level, 
the generating set contains n formulas, there are 2n attributive constituents of that depth 
and level. This is how all the numbers of formulas of a particular form in this example are 
obtained. 

The depth-2 attributive constituents are: 

Levell: ,2(Xl) 	 ,P(Xl)/\ 

(±) (3X2hU Xb X2) /\ ... /\ (±) (3X2hi35 (Xl, X2) 

Level 2 : ,2(Xl,X2) 	 ,?(Xl, X2)/\ 

(±)(3X3hi(Xl,X2,X3) /\ ... /\ (±)(3X3hi133(Xl,X2,X3) 

Level 3 : ,2(Xl,X2,X3) 	 ,?(Xl) X2, X3)/\ 

(±)(3X4hUXl"'" X4) /\ ... /\ (±)(3X4hi519(Xl, ... , X4) 
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To form constituents we now say for each possible kind of individual whether or not it exists. 
Since possible kinds of individuals are described by attributive constituents, constituents 
have the following forms: 

Depth 1: (±)(::3xlhP(Xl) /\ (±)(::3xd,g(xd 

Depth 2: (±)(::3xlhf(Xl) /\ ... /\ (±)(::3Xd,J12(Xl) 

Depth 3: (±)(::3Xd,?(Xl) /\ ... /\ (±)(::3Xd'~(235+l)(Xl) 

The above constituents are the particular ones which are sentences and in terms of which 
any sentence has a distributive normal form. They can be considered as "level 0" con
stituents. There are also constituents of greater levels and they contain free variables. 
They are formed by using the attributive constituents of levels greater than l. However 
their structure is a little more complex since they say what kind of individuals exist relative 
to some set of individuals, so it is necessary to also describe this set. 

Since an attributive constituent of depth d and level 1 describes an individual as fully as is 
possible with formulas of depths up to d (and not relative to any other individuals), each 
possible individual is of the kind described by exactly one such attributive constituent for 
each d. Since a depth-d constituent says precisely which kinds of individuals exist, where 
the individuals are described as fully as is possible with depth-( d - 1) formulas, a depth-d 
constituent can be said to describe a depth-d world. That this makes sense is confirmed by 
the fact that for any fixed depth, exactly one constituent is true for each possible world. 
This is the sense in which constituents describe possible kinds of worlds, and depth-d worlds 
are particular kinds of worlds. 

It is because each depth-d world is decribed by some depth-d constituent (although not all 
depth-d constituents actually describe depth-d worlds) that we can expect sentences to be 
expressable as disjunctions of constituents, the particular constituents in the disjunction 
being those which describe the possible depth-d worlds (i.e. kinds of worlds) in which the 
sentence is true. 

The above discussion of what different formulas describe really only applies to consistent 
constituents and attributive constituents. If a constituent or attributive constituent is 
inconsistent, then it doesn't describe anything. As we will later see, most constituents 
are inconsistent, and we can wonder if there are any other descriptions of depth-d worlds, 
or any other (finite) partial descriptions of worlds, in tenns of which every formula can 
be expressed, that do not include such a large proportion of "unusable descriptions" or 
"descriptions of nothing". Here I mean descriptions that can be defined without a definition 
which includes a large proportion of inconsistent or unusable elements, so for example, to 

34 

To form constituents we now say for each possible kind of individual whether or not it exists. 
Since possible kinds of individuals are described by attributive constituents, constituents 
have the following forms: 

Depth 1: (±)(:3xlhP(xd /\ (±)(:3Xl),~(Xl) 

Depth 2: (±)(:3xlhf(Xl) /\ ... /\ (±)(:3Xd,g12(Xl) 

Depth 3: (±)(:3xl),f(Xl) /\ ... /\ (±)(:3xlh;c235+l) (Xl) 

The above constituents are the particular ones which are sentences and in terms of which 
any sentence has a distributive normal form. They can be considered as "level 0" con
stituents. There are also constituents of greater levels and they contain free variables. 
They are formed by using the attributive constituents of levels greater than 1. However 
their structure is a little more complex since they say what kind of individuals exist relative 
to some set of individuals, so it is necessary to also describe this set. 

Since an attributive constituent of depth d and level 1 describes an individual as fully as is 
possible with formulas of depths up to d (and not relative to any other individuals), each 
possible individual is of the kind described by exactly one such attributive constituent for 
each d. Since a depth-d constituent says precisely which kinds of individuals exist, where 
the individuals are described as fully as is possible with depth-( d - 1) formulas, a depth-d 
constituent can be said to describe a depth-d world. That this makes sense is confirmed by 
the fact that for any fixed depth, exactly one constituent is true for each possible world. 
This is the sense in which constituents describe possible kinds of worlds, and depth-d worlds 
are particular kinds of worlds. 

It is because each depth-d world is decribed by some depth-d constituent (although not all 
depth-d constituents actually describe depth-d worlds) that we can expect sentences to be 
expressable as disjunctions of constituents, the particular constituents in the disjunction 
being those which describe the possible depth-d worlds (i.e. kinds of worlds) in which the 
sentence is true. 

The above discussion of what different formulas describe really only applies to consistent 
constituents and attributive constituents. If a constituent or attributive constituent is 
inconsistent, then it doesn't describe anything. As we will later see, most constituents 
are inconsistent, and we can wonder if there are any other descriptions of depth-d worlds, 
or any other (finite) partial descriptions of worlds, in terms of which every formula can 
be expressed, that do not include such a large proportion of "unusable descriptions" or 
"descriptions of nothing". Here I mean descriptions that can be defined without a definition 
which includes a large proportion of inconsistent or unusable elements, so for example, to 

34 



Univ
ers

ity
 of

 C
ap

e T
ow

n



Univ
ers

ity
 of

 C
ap

e T
ow

n

" 

Chapter 3 

Definitions and existence of distributive 
normal form 

For first-order languages with only unary predicates and no function or constant symbols, 
disjunctive normal forms are defined in chapter 1. This chapter gives the definition of 
distributive normal forms for languages with at least one predicate symbol of arity greater 
than 1. 

In all the definitions of lists of formulas which are indexed by a subscript (often i), the 
method of indexing is the one described in chapter 1. In all of these definitions of formulas 
of different depths with one definition for depth 0 and another for depth d, the case for 
depth d only applies to d ~ 1. 

3.1 The case for formulas of restricted languages 

We first consider languages with only finitely many predicate symbols, any countable 
number of constant symbols and no function symbols. The following definitions are from 
Hintikka [1965a]. They are slightly more general than those described in the previous 
chapter. Since the free variables of a formula may be any finite subset of the variables, 
the general definitions can't be in terms of levels which only allow some particular sets. 
We also consider formulas which contain constants. The formulas and sets of formulas 
will be written with parameters indicating the possible free variables and constants they 
may have. Variables and constants are called individual terms. We use Zl, Z2, ... and x 
(and sometimes other letters, possibly with subscripts) as metavariables to range over the 
variables Xl, X2,·.· and the constants. If a formula has parameters Zl, . .. , Zk, then the 
variables or constants to which these parameters refer are distinct. 
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If there are q atomic formulas over {Zl"' " zd which contain Zkl then we denote these 
formulas by al(zl," ., Zk)':'" a~(zl"'" Zk). 

An attributive constituent of depth d with free individual terms Zl,.'" Zk is denoted 
,d(Zl"",Zk) and defined by 

,?(Zl,"" Zk) (±)al(zl,"" Zk) /\ . .. /\ (±)aq(zl"'" Zk) 

,t(Zl,"" Zk) = 	 (±)al(zl," " Zk) /\ ... /\ (±)aq(zl"'" Zk) /\ 
(±)(3xht-1(Zl,"" Zk, x) /\ ... /\ (±)(3xh:-1(Zl,"" Zk, x) 

where al(zl,"" Zk)"'" aq(zl, ... ,Zk) are all the atomic formulas over {Zl,"" Zk} which 
contain Zk. 

A constituent of depth d with free individual terms Zl, ... ,Zk is denoted Od(zl' ... , Zk) and 
defined by 

O?(Zl, " " Zk) = (±)al(zl) /\ . .. /\ (±)ap(zl"'" Zk) 

6f(Zl' ... ,Zk) = 	 (±)al (Zl) /\ ... /\ (±)ap(zl, ... , Zk) /\ 
(±)(3xht- 1(Zl,"" Zk, x) /\ . .. /\ (±)(3xh:-1 (Zl,"" Zk, x) 

where al(zl), ... , ap(zl"' " Zk) are all the atomic formulas over {z}, ... ,Zk}' 

In both of the above definitions x is the first variable not in Zl," ., Zk and ,t-1(Zl," " 
Zk, x) , ... ,,:-l(Zl," . ,Zk, x) are all the attributive constituents of depth d - 1 with free 
individual terms Zl, ... , Zk, x, and i is the index by which the formulas are listed. Although 
it is not really necessary, for convenience we assume that the atomic formulas with any set 
of free individual terms are given in some order. Then together with the standard order 
described in chapter 1, we have an order for the formulas Ot(Zl,"" Zk) to use for examples. 

Constituents can be equivalently defined by 

6f(Zl,"" Zk) = (±)al(zl) /\ ... /\ (±)ap(z}, ... , Zk-}) /\ ,f(Z}, . . . , Zk) 

for all depths d, or 

Of (Zl , '" , Zk) = O?(Zl,"" Zk-l) /\ ,f(Zl,"" Zk) 

for d 2: 1 and as above for d = O. This last formula is true for all depths, but is not a 
complete definition for depth O. 
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The definitions of the above formulas can be written in the following more concise way. 

Denote the set of atomic formulas over {Zl' ... ' zd which contain Zk by A(Zl, ... , Zk), and 
the set of constituents of depth d with free individual terms Zl,· .. ,Zk by Cd(Zl' ... ,Zk), 
and the set of attributive constituents of depth d with free individual terms Zl, ... ,Zk by 
Td(Zl, ... , Zk). Then, using the notation defined in chapter 1: 

~(Zl' ... ' Zk) = 6A(Zl, ... , Zk) 

Td(Zl, ... , Zk) = 6(A(Zl, ... , Zk) U :Jx(Td-1(Zl, ... , Zk,X))) 
k 

CO(Zl, ... , Zk) = 6(U A(Zl, ... , Zi)) 
i=l 

k 

Cd(Zl, ... , Zk) = 6(UA(Zl, ... , Zi) U :Jx(Td-1(Zl,.·. ,Zk'X))). 
i=l 

It is also possible to define constituents in a way that is not equivalent to this and still get 
the result that any formula can be expressed as a disjunction of constituents. For example, 
Rantala [1987] gives a definition which uses constituents for the attributive constituents in 
the recursive definition of constituent (and also explicitly adds inconsistent constituents). 
This makes it unnecessary to define attributive constituents and results in a definition which 
is slightly simpler to write down. However, it also makes the constituents unnecessarily 
complex in the sense that they are bigger, there are more of them, and there are more 
inconsistent constituents. All of these results are caused by the scopes of the quantifiers 
containing conjuncts which do not contain the variable bound by the quantifier and may 
thus be moved out of its scope; however these conjuncts may clash with each other in that 
some may be the negations of others, making the formula inconsistent. Stated another way, 
such a constituent is equivalent to one which is of the form of a basic conjunction generated 
by a multiset of formulas, with each element either negated or not independently of the 
others, and to be consistent either all repetitions of a formula in the generating multiset 
must be negated or all must be unnegated in the constituent. 

Another alternative definition of constituents, but only for sentences, is given by Niiniluoto 
[1987] (p. 66). Although separate definitions for constituents and attributive constituents 
are given, this is not necessary as the constituents are just the attributive constituents 
with no free variables. This is somewhat similar to the definition I later give of sentence 
constituents as existential conjunctions with no free variables. The difference is that this 
particular definition of Niiniluoto's gives constituents that are unnecessarily big in the 
same type of way as Rantala's constituents (although they are not exactly the same as the 
sentence case of Rantala's definition). Since the use of constituents is limited by their size 
and by not being able to find which constituents are consistent, and I later consider some 
lower bounds for the number of constituents and the fraction which are inconsistent, I use 
the definition which gives the smallest and fewest constituents that I have seen, which is 
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Td(Zl, ... , Zk). Then, using the notation defined in chapter 1: 

r-o(Zl, ... , Zk) = LlA(Zl, ... , Zk) 

Td(Zl, . .. , Zk) = Ll(A(Zl, ... , Zk) U :Jx(Td-1(Zl, .. . , Zk'X))) 
k 

CD(Zl, ... , Zk) = Ll(U A(Zl' .. . ' Zi)) 

k 
i=l 

Cd(Zl' ... ,Zk) = Ll(U A(Zl' ... ,Zi) U :Jx(Td- 1 (Zl, ... ,Zk, x))). 
i=l 

It is also possible to define constituents in a way that is not equivalent to this and still get 
the result that any formula can be expressed as a disjunction of constituents. For example, 
Rantala [1987] gives a definition which uses constituents for the attributive constituents in 
the recursive definition of constituent (and also explicitly adds inconsistent constituents). 
This makes it unnecessary to define attributive constituents and results in a definition which 
is slightly simpler to write down. However, it also makes the constituents unnecessarily 
complex in the sense that they are bigger, there are more of them, and there are more 
inconsistent constituents. All of these results are caused by the scopes of the quantifiers 
containing conjuncts which do not contain the variable bound by the quantifier and may 
thus be moved out of its scope; however these conjuncts may clash with each other in that 
some may be the negations of others, making the formula inconsistent. Stated another way, 
such a constituent is equivalent to one which is of the form of a basic conjunction generated 
by a multiset of formulas, with each element either negated or not independently of the 
others, and to be consistent either all repetitions of a formula in the generating multiset 
must be negated or all must be unnegated in the constituent. 

Another alternative definition of constituents, but only for sentences, is given by Niiniluoto 
[1987] (p. 66). Although separate definitions for constituents and attributive constituents 
are given, this is not necessary as the constituents are just the attributive constituents 
with no free variables. This is somewhat similar to the definition I later give of sentence 
constituents as existential conjunctions with no free variables. The difference is that this 
particular definition of Niiniluoto's gives constituents that are unnecessarily big in the 
same type of way as Rantala's constituents (although they are not exactly the same as the 
sentence case of Rantala's definition). Since the use of constituents is limited by their size 
and by not being able to find which constituents are consistent, and I later consider some 
lower bounds for the number of constituents and the fraction which are inconsistent, I use 
the definition which gives the smallest and fewest constituents that I have seen, which is 
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PROOF 

1. 	 For any model and valuation, if 6f(Zl' ... ,Zk) is true for some i ~ I, then 6f(Zl' ... ,Zk) 
is not true for any i E J by lemma 3.1, so F is not true, so of is true. Thus 
ViF/J 6f(Zl' ... ,Zk) ~ of. Conversely, if F is not true then 6f(Zl, ... , Zk) is not 
true for each i E I, but by lemma 3.1 one 6f(Zl, ... , Zk) is true, so it must be for some 
i ~ J, so of ~ ViF/:I 6f(Zl, .. . ,Zk). . 

2. 	 by the associativity and commutativity of disjunction (which is implicit in the notation 
used) 

3. 	 by 1. and 2. above and De Morgan's law o 

Theorem 3.5 (Hintikka [1965aD Every formula of depth':; d whose free individual 
terms are contained in Zl, ... ,Zk can be expressed as a disjunction of constituents of depth 
d with free individual terms Zl, ... , Zk. 

PROOF First note that the set of conjuncts that occur negated or not in a constituent 
does not depend on the order of the parameters of the constituent. This is just by the 
definition of constituents and is used throughout this proof. We use induction on the depth 
d. For d = 0, any formula of depth 0 with free individual terms in Zl, ... ,Zk is a Boolean 
combination of atomic formulas over Zl, ... , Zk, so it has a disjunctive nonnal form which is 
a disjunction of formulas of the fonn 6J (Zl' ... , Zk), which is the required form. Assume that 
for some d 2 1, for every set Zl, ... , Zk of individual terms, any formula of depth < d with 
free individual terms in Zl, ... ,Zk is equivalent to a disjunction of some 6f-1 (Zl, ... ,Zk)'S. 
Let F be any formula of depth':; d with free individual terms in Zl, ... ,Zk written without 
any abbreviation. We use induction on the fonnation of the formula. If F is an atomic 
formula, then F is equivalent to a disjunction of formulas of the form 6?(Zl, ... ,Zk) as 
shown above, and each 6?(Zl, ... ,Zk) is equivalent to the disjunction of all the formulas of 
the form 

6?(Zl, ... , Zk) 1\ (±) (:3xht-1(Zl' ... , Zk, x) 1\ ... 1\ (±)(:3xh;-l(Zl, ... , Zk, x) 

and each of the above formulas is some 6J(Zl' ... , Zk), so F is equivalent to a disjunction 
of some 6J(Zl, ... , Zk)'S. If F is (:3x)G then by changing the bound variables if necessary, 
we can assume that x is the first variable not in Zl, ... , Zk. Then G is a formula of depth 
.:; d - 1 with free individual terms in Zl, ... ,Zk, x, so by hypothesis can be expressed as 
some disjunction 

V6f-1 (Zl, ... , zk, x) 
iEJ 

and each 6t-1(Zl, ... , Zb x) is of the form 6?a (Zl, ... , Zk) 1\ 'Y~-l(Zl' ... ' Zb x). So 

(:3x)G ~	V(6?JZl, ... ,Zk) 1\ (:3xht- 1 (Zl' ... ,Zk, x)) 
iEI 
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2. by the associativity and commutativity of disjunction (which is implicit in the notation 
used) 

3. by 1. and 2. above and De Morgan's law o 

Theorem 3.5 (Hintikka [1965aD Every formula of depth':; d whose free individual 
terms are contained in Zl, ... ,Zk can be expressed as a disjunction of constituents of depth 
d with free individual terms Zl, ... , Zk. 

PROOF First note that the set of conjuncts that occur negated or not in a constituent 
does not depend on the order of the parameters of the constituent. This is just by the 
definition of constituents and is used throughout this proof. We use induction on the depth 
d. For d = 0, any formula of depth 0 with free individual terms in Zl, ... ,Zk is a Boolean 
combination of atomic formulas over Zl, ... , Zk, so it has a disjunctive normal form which is 
a disjunction of formulas of the form 6J (Zl' ... , Zk), which is the required form. Assume that 
for some d 2 1, for every set Zb ... , Zk of individual terms, any formula of depth < d with 
free individual terms in Zl, ... , Zk is equivalent to a disjunction of some 6j-l(Zl, ... ,Zk)'S. 
Let F be any formula of depth':; d with free individual terms in Zl, ... ,Zk written without 
any abbreviation. We use induction on the formation of the formula. If F is an atomic 
formula, then F is equivalent to a disjunction of formulas of the form 6?(Zl, ... , Zk) as 
shown above, and each 6?(Zl, ... ,Zk) is equivalent to the disjunction of all the formulas of 
the form 

and each of the above formulas is some 6J(Zl' ... , Zk), so F is equivalent to a disjunction 
of some 6J(Zl' ... , Zk) 'so If F is (3x) G then by changing the bound variables if necessary, 
we can assume that x is the first variable not in Zl, ... , Zk. Then G is a formula of depth 
.:; d - 1 with free individual terms in Zl, ... ,Zk, x, so by hypothesis can be expressed as 
some disjunction 

V 6t-1 (Zl, ... , Zk, x) 
iEI 

and each 6t-1(Zl, ... , Zk, x) is of the form 6?a (Zl, ... , Zk) /\ ,~-l(Zl' ... ' Zk, x). So 

(3x)G ~ V(6?JZl, ... , Zk) /\ (3xh~-1 (Zl, ... , Zk, x)) 
iEI 

40 



Univ
ers

ity
 of

 C
ap

e T
ow

n

, ... ,Zk)'S 

to 

. , x)/\ ... /\ -1 
, ... , Zk, X) /\ ... /\ , ... , Zk, 

,X2) /\ ... /\ ... 

/\ PIx?, 

is 

/\ ,X2) /\ 

the occur 

as 

some COll

a 

D 

over disjunction 'Y ) 's J' •• ) "'k 

contain x. J' •• ,z;,J /\ 1 equivalent to 
disjunction all the the 

6t (.ZI' ... J ,Zk)/\ 

(Zll • J ) 
'::J ) d-l X /\ ... t\ (::JX lib J' •• , ZkJ X) /\ .•• /\ 

and each of 

is unique. are 
disjunction or not without 

a formula as a of constituents will not be 
the 

/\ P(X2, X2) P(XLJ 

,xd /\ 
is just 

(Xl, X2)) is W,.u',i'-"~.~ 

which is lIlc:onSlS 

the occur 

set; of consistent constituents that occur expression a depth-d 
formula as a of constituents (with the same individual terms as 

fomwla) is unique. 

includes some con
.1-\4 

J ~, 

D 



Univ
ers

ity
 of

 C
ap

e T
ow

n

Thus a consistent depth-d formula may be expressed uniquely as a (non-empty) disjunction 
of consistent depth-d constituents. Since we allow empty disjunctions, every formula of 
depth d may be expressed uniquely as a disjunction of consistent depth-d constituents. 
Although there is no effective procedure for finding which constituents are consistent, the 
following definitions are useful for purposes of discussion. 

By theorem 3.5, any formula of depth d with free individual terms Zl, ... , Zk is equivalent 
to a disjunction of constituents of depth e with free individual terms Zl, ... ,Zl for any e 2: d 
and any {Zl, ... , z/} :J {Zl' ... , zd. Such a disjunction is called a distributive normal form 
at depth e with free individual terms Zl, .. . ,Zl of the formula. Usually we will consider 
distributive normal forms with the same free individual terms as the formula, in which case 
the individual terms need not be mentioned. Likewise, if the depth of a distributive normal 
form is not mentioned, it is taken to be the same as that of the formula. A distributive 
normal form at depth e of a formula of depth d, where e > d, is also called an expansion 
of the formula to depth e. Following Rantala [1987], we call the disjunction of consistent 
depth-d constituents to which a depth-d formula is equivalent the distributive normal formo 
of the formula (at depth d). An expansion which contains only consistent constituents will 
be called the expansioTl{) of the formula. In particular, the constituents of depth d have 
expansions to depth e, where an expansion ViEI Of(Zl' ... ,Zk) of OJ(Zl, ... ,Zk) may contain 
any of the inconsistent constituents of depth e with free individual terms Zl, ... , Zk and must 
contain all of the consistent constituents of depth e with free individual terms Zl, ... ,Zk 
which imply OJ(Zl' ... ,Zk). 

A formula may be represented by the set of constituents in any of its distributive normal 
forms. We will call the set of constituents in a distributive normal form a set represen
tation (at the same depth as the distributive normal form) of the formula, and the set of 
constituents in the distributive normal formo the set representatioTl{) of the formula. So the 
set representationo of any inconsistent formula is the empty set. 

We can state conditions for the validity of a formula and for when one formula implies 
another in terms of their distributive normal forms: 

Theorem 3.7 A formula F of depth:::; d is valid iff its distributive normal form at depth 
d contains all the consistent depth-d constituents. 

PROOF If there is a consistent depth-d constituent not in F then there is a model and 
valuation for which F is false by lemma 3.1. Conversely, if F contains all consistent depth-d 
constituents then F is valid by lemma 3.1 (existence part). 0 

We can tell when one formula implies another of the same depth (and with the same free 
individual terms) by comparing their set representations. The same condition applies to 
formulas of different depths if the less deep formula is first expanded to the greater depth. 
I use the same notation for a formula and its set representation. In a set-theoretic context 
the set representation is meant, otherwise the formula is meant. 
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Thus a consistent depth-d formula may be expressed uniquely as a (non-empty) disjunction 
of consistent depth-d constituents. Since we allow empty disjunctions, every formula of 
depth d may be expressed uniquely as a disjunction of consistent depth-d constituents. 
Although there is no effective procedure for finding which constituents are consistent, the 
following definitions are useful for purposes of discussion. 

By theorem 3.5, any formula of depth d with free individual terms Zl, ... ,Zk is equivalent 
to a disjunction of constituents of depth e with free individual terms Zl, ... ,Zl for any e 2: d 
and any {Zl, ... , Zl} ~ {Zl' ... , zd. Such a disjunction is called a distributive normal form 
at depth e with free individual terms Zl, .. . ,Zl of the formula. Usually we will consider 
distributive normal forms with the same free individual terms as the formula, in which case 
the individual terms need not be mentioned. Likewise, if the depth of a distributive normal 
form is not mentioned, it is taken to be the same as that of the formula. A distributive 
normal form at depth e of a formula of depth d, where e > d, is also called an expansion 
of the formula to depth e. Following Rantala [1987], we call the disjunction of consistent 
depth-d constituents to which a depth-d formula is equivalent the distributive normal formo 
of the formula (at depth d). An expansion which contains only consistent constituents will 
be called the expansioTl{) of the formula. In particular, the constituents of depth d have 
expansions to depth e, where an expansion ViEI 5f(Zl, ... ,Zk) of 5j(Zl, ... ,Zk) may contain 
any of the inconsistent constituents of depth e with free individual terms Zl, ... , Zk and must 
contain all of the consistent constituents of depth e with free individual terms Zl, ... ,Zk 

which imply 5j(Zl' ... ,Zk)' 

A formula may be represented by the set of constituents in any of its distributive normal 
forms. We will call the set of constituents in a distributive normal form a set represen
tation (at the same depth as the distributive normal form) of the formula, and the set of 
constituents in the distributive normal formo the set representatioTl{) of the formula. So the 
set representationo of any inconsistent formula is the empty set. 

We can state conditions for the validity of a formula and for when one formula implies 
another in terms of their distributive normal forms: 

Theorem 3.7 A formula F of depth:::; d is valid iff its distributive normal form at depth 
d contains all the consistent depth-d constituents. 

PROOF If there is a consistent depth-d constituent not in F then there is a model and 
valuation for which F is false by lemma 3.1. Conversely, if F contains all consistent depth-d 
constituents then F is valid by lemma 3.1 (existence part). 0 

We can tell when one formula implies another of the same depth (and with the same free 
individual terms) by comparing their set representations. The same condition applies to 
formulas of different depths if the less deep formula is first expanded to the greater depth. 
I use the same notation for a formula and its set representation. In a set-theoretic context 
the set representation is meant, otherwise the formula is meant. 
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a special case of theorem 3.5, any constant-free sentence of depth -::; d can be expressed 
as a disjunction of constituents of the form c5fO. I now consider what these particular 
constituents are. 

It is possible to give a definition for these constituents that is slightly simpler than the 
general definition , and so may help to clarify what they are. To see how to get this 
definition, we start with some examples. For each 'yD(Zl, ... , Zk), I will write f3(Zl, . .. , Zk) . 
These formulas form a basis for the inductive definitions given earlier, and later they will be 
used in a definition which doesn't include the general definition of attributive constituent. 

c5f 0 - there are none 


bilO = (±)(3Xl)f31(Xl) /\ ... /\ (±)(3xdf3q (Xl) 


blO = (±)(3Xlhi(Xl) /\ ... /\ (±)(3Xlh~1 (Xl) 


where '"d(Xl) = f3j(Xl) /\ (±)(3X2)f31(Xl, X2) /\ ... /\ (±)(3X2)f3q2(Xl, X2) 


bfO = (±)(3Xlhr(Xl) /\ ... /\ (±)(3xd';3(Xl) 


where ,[(Xl) = f3j(Xl) /\ (±)(3X2ht(Xl,X2) /\ ... /\ (±)(3X2h~4(Xl,X2) 


where ,l(Xl,X2) = f3j(Xl,X2) /\ (±)(3X3)f3l(Xl,X2,X3) /\ ... /\ (±)(3X3)f3q6(Xl,X2,X3) 


Since in all the above formulas, the variables are used in the same order, we can replace 

the parameters with an additional superscript (on the left, since the right is already used 
for depth) which we call the level and which tells us what the free variables are and what 
order they are in. 

By replacing each (XII ... I Xk) by a left superscript k we get: 

l°c5i = R±)(3-;-1)l{J1 A..~ /\ (±)(3x~)1&l 

ObI = I(±)(3Xl)l,t /\ ... /\ (±)(3Xl)l'~1 I 

where l'i1 = lf3j /\ I(±)(3X2?f3l/\ ... /\ (±)(3X2)2f3q21 

Obt = I(±)(3xd 1,r /\ ... /\ (±)(3Xl)l';31 

where I,; = lf3j /\ I(±)(3X2)2,t /\ ... /\ (±)(3X2?'~41 

where 2,t = 2f3j /\ I(±)(3X3)3f31 /\ ... /\ (±)(3X3)3f3q61 

The kf3/s will be called primitive conjunctions and are defined explicitly as follows: 
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Since in all the above formulas, the variables are used in the same order, we can replace 
the parameters with an additional superscript (on the left, since the right is already used 
for depth) which we call the level and which tells us what the free variables are and what 
order they are in. 

By replacing each (Xl, ... ,Xk) by a left superscript k we get: 
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As for the general definition, the above definition can be written in the following more 
concise way: 

Denote the set of atomic formulas of level k by kA, the set of primitive conjunctions of 
level k by kB, and the set of existential conjunctions of level k and depth d by ked, then 

kB=.6.kA 

k£l = .6. (3Xk+l (k+lB)) 

ked = .6. (3Xk+l (l\(k+lB, k+l£d-l))) 

We now have, by theorem 3.5, that any constant-free sentence of depth:::; d is equivalent 
to a disjunction of depth-d constituents of the form °Et. I have tried to prove this directly, 
without using the general definition of constituent, but have so far not been able to. 

3.3 The remaining cases 

.I. , Languages with infinitely many predicate symbols 

The definitions which have been given for languages with only finitely many predicate 
symbols can easily be made to apply to languages with infinitely many. Each formula 

, · 1 
contains only a finite number of predicate symbols, thus is also a formula of the language 

' I which contains only these predicate symbols, and thus has a distributive normal form as 
defined for this restricted language (and for each language whose predicates are a finite 
superset of those of this language). Thus each formula has a distributive normal form 
relative to each finite set of predicates which contains those in the fonnula. We can 
consider all the formulas which have been defined in the process of defining constituents 
to be relative to some finite subset of the set of predicates. If there are only finitely many 
predicates, we can always use the definitions relative to the set of all predicates. Otherwise 
we get, for each finite subset of the set of predicates, a list of definitions like those given 
above. To make this more explicit we could let the fonnulas have an additional parameter 
indicating the predicates they contain. However this would make the formulas notationally 
more cumbersome and is not necessary for showing the existence of distributive normal 
form for languages with infinitely many predicate symbols. So I don't introduce more 
complicated notation. 
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As for the general definition, the above definition can be written in the following more 
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relative to each finite set of predicates which contains those in the fonnula. We can 
consider all the formulas which have been defined in the process of defining constituents 
to be relative to some finite subset of the set of predicates. If there are only finitely many 
predicates, we can always use the definitions relative to the set of all predicates. Otherwise 
we get, for each finite subset of the set of predicates, a list of definitions like those given 
above. To make this more explicit we could let the fonnulas have an additional parameter 
indicating the predicates they contain. However this would make the formulas notationally 
more cumbersome and is not necessary for showing the existence of distributive normal 
form for languages with infinitely many predicate symbols. So I don't introduce more 
complicated notation. 
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Languages with identity 

There are at least two approaches to defining distributive normal forms for languages with 
identity. The easiest way to see that these normal forms exist is to just consider the identity 
predicate = as an ordinary binary predicate, and form constituents as before. Then for 
any formula F, there is a disjunction ViE! Oi of constituents such that F -¢::::::} ViE! Oi, thus 
F ~= ViE! Oi' With this approach, there are many constituents that are inconsistent 
because the predicate = doesn't satisfy the conditions of identity. (For example, half of 
the constituents which contain x = y as a conjunct also contain y =1= x.) 

With the other approach, the attributive constituents do not explicitly contain identity, 
but are considered as abbreviations of formulas which do contain identity. This, Hintikka 
calls an exclusive interpretation of quantifiers. As compared with the previous approach, 
it eliminates the vast number of constituents that are inconsistent because the identity 
predicate doesn't satisfy the conditions of identity. Niiniluoto [1987] (p. 68) gives a defini
tion for the exclusive interpretation of quantifiers which is the special case Qf the definition 
given below applied to the specific constituents he is dealing with. 

Hintikka [1965aJ (p. 59) defines a formula of the form (.::lx)F where the quantifier has an 
exclusive interpretation to be an abbreviation for the formula (:3x)(x =1= alA .. . Ax =1= akAF) 
where al,' .. ,ak are the free individual terms of F. But it seems to me that al, ... ,ak 
should be the free individual terms of (:3x)F (I use this for the definition), since otherwise 
when x is free in F, the formula (:3x)F with the quantifier interpreted exclusively contains in 
the scope of the quantifier the conjunct x =1= x, and thus is inconsistent. Similarly, (Vx)F 
where the quantifier has an exclusive interpretation is an abbreviation for the formula 
(Vx) ((x =1= alA ... A x =I- ak) --t F). 

For any formula F, the formula which is the same as F except that all quantifiers are 
interpreted exclusively is denoted Fez. 

Attributive constituents for a language with identity are defined as for other languages 
except that all quantifiers occurring in them are interpreted exclusively. This has the effect 
of including more conjuncts in the scopes of the quantifiers . We use the same notation for 
attributive constituents as before since it will be obvious from the context which attributive 
constituents are meant. 

Constituents for languages with identity are formed from the attributive constituents as 
before, except that they have some additional conjuncts. To give the definition it is neces
sary to introduce some additional notation. In this context Ot(Zl, ... ,Zk) will be used to 
denote a formula defined as a constituent was previously, but where all quantifiers occur
ring in them are interpreted exclusively. These formulas Of(Zl,"" Zk) are however not 
generally constituents. 

47 

Languages with identity 
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Constituents are denoted Of(Zl' ... ,Zk; al, ... ,arJ where all of Zl , ... ,Zk, al, ... ,an are indi
vidual terms which are all distinct from each other. A constituent Of(Zl,"" Zk; al, . .. , an) 
is a formula of the form 

(al = Zil) A ... A (an = ZiJ A 

/\ (Zi =1= Zj) A ot(Zl,"" Zk) 
i.iE{l •...• k} 

iii 

where Zip . .. ,Zin E {Zl,"" zd. If there are not any a's then the first part of the con
stituent is omitted, that is, a constituent 0f(Zl,' .. ,Zk; ) has the form 

/\ (Zi =1= Zj) A Ot(Zl," " Zk). 
i.iE{ l •...• k}

iii 

The main part of a constituent Of(Zl' . . . ,Zk; al, . .. , an) is that part of the formula of the 
form 

/\ (Zi =1= Zj) A 01(Zl,"" Zk)' 
i.iE{l •...• k} 

iii 

Thus the main part of a constituent of the form Od(Zl, . .. ,Zk; al, ... ,an) is a constituent 
of the form Od(Zl, .. . ,Zk; ). 

Any constituent of the form 0f(Zl,"" Zk; al, ... , an) is said to be a constituent over the 
set {Zl,"" Zk, al,··., an}. 

If F is a formula such that F ¢=::}= Fex, then we say that the interpretation of the quanti
fiers in F can be changed. 

Lemma 3.9 For every formula F, there is a formula G such that F ¢=::}= G and the 
interpretation of the quantifiers in G can be changed. 

PROOF We use induction on the formation of the formula. If F doesn't contain any 
quantifiers, then F ¢=::}= Fex. (In particular, this holds for all atomic formulas.) If F is 
of the form (3x)H and H is equivalent to some formula G for which the interpretation 
of the quantifiers may be changed, then F ¢=::}= (3x)G. If there are no free individual 
terms in (3x)G then (3x)G ¢=::}= ((3x)G)ex. If the free individual terms of (3x)G are 
al,··., ak then G is equivalent to the disjunction of all the formulas ofthe form GA(±)(x = 
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ii=j 
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set {Zl,"" Zk, al,··., an}. 

If F is a formula such that F {=:::}= Fex" then we say that the interpretation of the quanti
fiers in F can be changed. 

Lemma 3.9 For every formula F, there is a formula G such that F ¢:::::}= G and the 
interpretation of the quantifiers in G can be changed. 

PROOF We use induction on the formation of the formula. If F doesn't contain any 
quantifiers, then F {=:::}= Fe$' (In particular, this holds for all atomic formulas.) If F is 
of the form (3x)H and H is equivalent to some formula G for which the interpretation 
of the quantifiers may be changed, then F ¢:::::}= (3x)G. If there are no free individual 
terms in (3x)G then (3x)G {=:::}= ((3x)G)ex,. If the free individual terms of (3x)G are 
al, ... ,ak then G is equivalent to the disjunction of all the formulas ofthe form G/\ (±) (x = 
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Lemma 3.11 For each normal model and valuation for the model) for each set of indi
vidual terms Zl, ... , Zn and partition {za, ... , Zb}, {zc, .. . ,Zd} of these terms) for each 
depth d) if 6t(za, ... ,Zb; zc, ... , Zd) is true for some i then 6J(za, ... ,Zb; Zc, ... ,Zd) is false 
for all j =1= i) and there is some such partition for which one of the constituents is true. 

PROOF First note that the order of the parameters Za,·.·, Zb and of zc, ... ,Zd affects 
only the order of the conjuncts (including nested ones) of the constituents, and not 
what these conjuncts are. If 6f(za, ... , Zb; Zc, . .. ,Zd) is true then the only ways in which 
6j(za, ... , Zb; zc, ... ,Zd) can differ from it are by containing a different 6d(za, .. . , Zb) 
in which case 6j(za, ... , Zb; Zc, ... ,Zd) is false by lemma 3.10, or by containing a dif
ferent conjunct Ze = Zt for some Ze E {zc, ... , Zd} and Zt E {za, . . . , Zb} in which case 
6j(za, ... , Zb; zc,···, Zd) is false since no distinct elements of {za, . . . , Zb} are equal. To show 
that there is some partition for which one of the constituents is true: For any valuation 
for a normal model, each formula Zi = Zj (for i, j E {I, ... ,n}) is either true or false in 
such way that = satisfies the conditions of an equivalence relation. From each equivalence 
class (there are finitely many) choose an element and let these elements be Za, ... ,Zb (in 
any order). Let Zc, . .. , Zd be {Zl' ... ' zn} \ {za, ... , Zb} (again in any order). Then for all 
i, j E {a, ... , b} such that i =1= j, the formula Zi =1= Zj is true, and for all Zj E {zc, . .. , Zd} 
there is a Zi E {za,"" Zb} such that Zj = Zi is true (by the definition of an equivalence 
relation). Also, there is exactly one 6d(za,"" Zb) that is true, by lemma 3.10. The 
conjunction of these true formulas is a constituent of the form 6d(za, ... ,Zb; Zc," . ,Zd) and 
is true. 0 

In the above lemma, the partition need not be unique. To show that more than one of the 
constituents of some depth and over some set of individual terms can be true (for the same 
model and valuation), here is an example: For the language with just one binary predicate 
P, some of the constituents are: 

6~(a; b) is P(a, a) 1\ (b = a) 

6g(a; b) is -,P(a, a) 1\ (b = a) 

6~(b; a) is P(b, b) 1\ (a = b) 

6g(b; a) is -'P(b, b) 1\ (a = b) 

So 6~(a; b) {:=:?= 6~(b; a) and similarly 6g(a; b) {:=:?= 6g(b; a) (and these formulas are con
sistent). 

This lack of uniqueness seems to mean that the constituents can not be divided into sets 
such that there is always exactly one constituent in each set that is true. For constituents 
of the same form there need not be any that are true, and for constituents over the same 
individual terms there can be more than one that is true. Because there are distinct 
equivalent consistent constituents (of the same depth and over the same set of individual 
terms), if we aim to form normal forms which are disjunctions of constituents of some depth 
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model and valuation), here is an example: For the language with just one binary predicate 
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6~(b; a) is P(b, b) 1\ (a = b) 

6g(b; a) is ....,P(b, b) 1\ (a = b) 

So 6~(a; b) -<=>= 6Z(b; a) and similarly 6g(a; b) -<=>== 6g(b; a) (and these formulas are con
sistent). 

This lack of uniqueness seems to mean that the constituents can not be divided into sets 
such that there is always exactly one constituent in each set that is true. For constituents 
of the same form there need not be any that are true, and for constituents over the same 
individual terms there can be more than one that is true. Because there are distinct 
equivalent consistent constituents (of the same depth and over the same set of individual 
terms), if we aim to form normal forms which are disjunctions of constituents of some depth 
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over some set terms, not even \.-VB,,'" 

be 

LtIt:LlJ.llJ.a are 
some 

... , 

Oi ... , and 
Zi, 

a!<~!HA:; ....la./)O= 

are 

... , 

over some set of individual terms, not even the consistent constituents in a normal 
will be unique. 

Hintikka [1965a] (p. 60) claims that: "Any formula (with identity) whose depth is no 
than d and whose free individual are all among ai's and b's can be 
into a disjunction of tb.e constituents described". Thereby seems to that any 
mula of depth < d whose individual terms are all' . , j ak, bl ;, .. . bm can 
as a disjunction of constituents of the form 6d(ab"" a/,;; bl ; ... ) brrJ is clearly false. 

the formula x y can be expressed as any disjunction of constituents 
l!) since such constituent includes the conjunct y x. is not even 

any formula of depth :s:: d individual are in Zl, .. , ,Zn 

into 0,1, . .. ,o,k bj ) .•• • bm Zl" .. ) Zn such formula 
as a disjunction of constituents of the form r5d(al, ... , ak; bl , ... , bm ), For 

P{x, as a disjunction of constituents depth 0 over x, y, it is nec-
to have some disjuncts containing x y (or y x) some contammg x y 

(or y x), thus P(x, y) can not as a disjunction of constituents of only one 
form, though it can be expressed as a disjunction constituents over x, y,' 

It seems to me that the result really is that formula of depth :s:: d whose individual 
are in Zl, ... , Zn is equivalent a disjunction of constituents, where for each of 

constituents is some partition into al"" j o,k and bI , •.. . bm of Z1,'" l Zn su.ch that 
the constituent is r5d ( al, ... , ak; bl , ... , can be more briefly 
as: every formula of depth :s:: d whose free individual terms are in Zl)"') Zn is equivalent 

a disjunction of constituents of depth dover , ... ) Zn' longer form the 
difference in form of this theorem the case without identity by showing that this case 
involves sets of constituents different forms. 

Although there are of the same depth and over same set of 
individual terms can true , this only occurs for constituents are 
equivalent. a formula an identity a = b, a b are to be equal 
according to F. 

If 8d
(zal .•• ,Zb; ... , and r5d (Zel ... ) ; Zg, ... , Zh) are both COTl,Stituents 

over Z1, ... , Zn and are both tnw for some valuation for some normal model, then 
6d(za,.'" zc, ... ,Zd) and 6d

(ze"",zJ; ... ,Zh) are equivalent. 

Let 8i be 6d
(Zal'" 1 Zbi ... , Zd) and 8j be ... ,z!; , ... ,Zh). con-

stituent over ZlJ ... ,Zn implies, for all distinct Zi, E {Zl' ... 1 Zn}, either Zi = 
a way that it Zl, ... , Zn equivalence classes with respect 

are both true they agree on the equivalence into which Zl, ... , is 
by =. So Za,' .. ,Zb and Zel' .. , are the same except for possible and 

substitution of terms which are equal according to Oi (and . Thus, by lemma 3.10, 
formula.s Od(Zal ... , and 8d(zel ... ,zJ) which occur in Oi and 5j are the same 
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(i.e. are notational variations of each other) except for the substitution of individual terms 
which are equal according to Oi (and OJ). Thus Oi and OJ are equivalent. 0 

Now, considering equivalence classes of constituents of depth dover Zl, ... ,Zn (where the 
equivalence is that denoted {=>=), we get the following: 

Corollary 3.13 For each depth d and each set of individual terms Zl, ... , Zn, for any 
normal model and valuation for it, the constituents of depth dover Zl, ... ,Zn in exactly 
one equivalence class (with respect to {=>=) are true. 

PROOF Combine lemmas 3.11 and 3.12. 	 o 

Lemma 3.14 For each depth d, every atomic formula whose free individual terms are in 
Zl,' .. ,Zn is equivalent to a disjunction of constituents, where for each of these constituents 
there is some partition {za,"" Zb}, {zc,"" Zd} of Zl,···, Zn such that the constituent is of 
the form of(za,.' ., Zb; Zc,·.·, Zd). 

PROOF If F is an atomic formula that is not an identity then F is equivalent to the 
disjunction of all the formulas of the form 

FA /\ (±)(Zi = Zj). 

i,jE{l, ... ,n} 
iij 

. 
Those of these disjuncts that are inconsistent because they don't satisfy the conditions of 

I 	 identity may be omitted. Now, each disjunct may be simplified as follows: if it contains a 
conjunct Zi = Zj and both Zi and Zj occur in F then replace every occurrence of Zi in F by 
Zj and omit redundant conjuncts. (See the example below.) This gives a formula which 
contains, for every distinct individual terms x, y in the atomic part, the conjunct x =1= y, 
and possibly some conjuncts of the form (±)(y = z) where at least one of y, Z is not in the 
atomic part. Each of these disjuncts can now be expressed as a disjunction of constituents 
of the form oO(za, ... , Zb; Zc,' .. , Zd) where Za, ... , Zb are the individual terms occurring in 
the atomic part or negations of equalities, and zc, . .. ,Zd are the other individual terms in 
Zl, ... ,Zn' This is achieved by expressing the atomic part in the appropriate propositional 
disjunctive normal form and then including the relevant equalities and inequalities. Thus 
F is equivalent to a disjunction of constituents of depth 0 over Zl, ... ,Zn' Each of these 
disjuncts C is equivalent to the disjunction of all the constituents D of depth dover 
Zl, ... ,Zn such that each conjunct of C is a conjunct of D. If F is Zi = Zj (for some 
i, j E {I, ... , n}), then by lemma 3.11, for each normal model and valuation for the model 
for which Zi = Zj is true, there is some constituent of depth dover Zl,"" Zn which is 
true. Thus Zi = Zj implies the disjunction of all these constituents. And each of these 
constituents implies Zi = Zj (because each constituent over a set which includes Zi and Zj 
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Zi = z. or Zi disjunction 
oZi 

Zl," ',Zn, 

dover Zl," ',Zn, 

Zl,· . ,Zn, so 
depth dover Zl, ... l Zn. 

of dover 

... , Zb; Zc,··· 

/\ z.d 1\ 

If is 
x is the 

or 
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Od-l (Za, ... , Zb) /\ 


(Zc = ZiJ /\ .. . /\ (Zd = Zik) 

{:=:>= 

A. (Zi =1= Zj) /\ 
i ,jE {a, .. . ,b} 

ih 

0° (Ze, ... , Z/) /\ ,!-l (Ze, ... ,Z/, X) /\ 

(ZC = Zi J /\ ... /\ (Zd = Zik)' 

So 

(::3X)Od-l(Ze, .. . , Z/, X; Zc, .. . , Zd) 

{:::=::?= 
A. (Zi =1= Zj) /\ 

i,jE{e, ... ,f} 
ih 

OO(Ze, ... , Z/) /\ (::3X)b!-l( Ze ,"" Z/, X) /\ (X =1= Ze) /\ ' " /\ (X =1= Z/)) /\ 
(ZC= ZiJ /\ ... /\ (Zd = Zik) 

by moving the conjuncts which don't contain X out of the scope of (::3x). 

Each fonnula oO(Ze,"., Z/) /\ (::3x)b!-l( ze, ''''Z/,x) /\ (x =1= ze) /\ "./\ (x =1= z/)) is 
oO(ze,,,.,z/) /\ (::3xh!-l(ze,''''Z/,x) with the quantifier interpreted exclusively, and is 
equivalent to the disjunction of all the formulas of the form 

0° (Ze, . . . , Z/) /\ 


(±)(::3xht-l(ze, ... , z/, x) /\ ... /\ (::3xh!-l(Ze , ... , z/, x) /\ ... /\ (±) (::3xh;- l (ze, ... , z/, x) 


which is a formula of the form od(ze, ... , z/) (that is, a formula like a constituent for the 
case without identity, but with quantifiers interpreted exclusively). Let {ot(ze, ... , z/ HiEI 
be the formulas in this disjunction. Then 

(::3x)od-l(ze , "" z/, x; zc, . . . , Zd) 

{::::::::? = 

A. (Zi =1= Zj) /\ 
i,jE{e, ... ,J} 

ih 

Vot(Ze, ... , z/) /\ 

iEI 

(zc = ZiJ /\ ... /\ (Zd = Zik) 


~-

V ( A. ('Zi =1= Zj) /\ 
iEI i ,jE{e , . . . ,f} 

ih 
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So 

<===?= 

Od-l (Za, ... , Zb) /\ 

(Zc = ZiJ /\ .. . /\ (Zd = Zik) 

i.iE{<> •...• b} 
i:j:j 

OO(Ze, . .. , zf) /\ 'Y!-l(Ze,"" zf, x) /\ 

(zc = ZiJ /\ ... /\ (Zd = Zik)' 

/\ (Zi =1= Zj) /\ 
i.iE{e . ... • f} 

iij 

OO(ze,.·., zf) /\ (3x) b!-l (Ze, .. . , zf,x) /\ (x =1= ze) /\ ... /\ (x =1= zf)) /\ 

(zc = Zil) /\ ... /\ (Zd = Zik) 

by moving the conjuncts which don't contain x out of the scope of (3x). 

Each formula OO(ze, ... ,Zf) /\ (3x)b!-1 (ze"",Zf,X) /\ (x =1= ze) /\ ... /\ (x =1= zf)) is 
oO(ze, ... ,zf) /\ (3xh!- 1(ze" ",Zf,X) with the quantifier interpreted exclusively, and is 
equivalent to the disjunction of all the formulas of the form 

0° ( Ze, ... , Z f) /\ 
(±)(3xht-l(ze, ... , zf, x) /\ ... /\ (3xh!-1(Ze,"" zf, x) /\ ... /\ (±) (3xh:-1 (ze, ... , zf, x) 

which is a formula of the form od(ze, ... , zf) (that is, a formula like a constituent for the 
case without identity, but with quantifiers interpreted exclusively). Let {of(ze, ... ,zf)hEl 
be the formulas in this disjunction. Then 

<===?= 

<===?= 

(3x)od-l(ze, ... , zf, x; Zc,"" Zd) 

/\ (Zi =1= Zj) /\ 
i.iE{e . ... . f} 

i:j:j 

V of (ze, ... , Z f) /\ 
iEI 

(zc = ZiJ /\ ... /\ (Zd = Zik) 

V ( /\ ("Zi =1= Zj) /\ 
iEI i.iE{e ..... f} 

i:j:j 
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To find the formulas of the form OO(x, y, z) : 

OO(x) = (±)P(x) /\ (±)Q(x, x, x) 

OO(x, y) = 	 (±)P(x) /\ (±)Q(x, x, x) /\ 
(±)P(y) /\ (±)Q(x, x, y) /\ (±)Q(x, y, x) /\ (±)Q(y, x, x) /\ 
(±)Q(x, y, y) /\ (±)Q(y, x, y) /\ (±)Q(y, y, x) /\ (±)Q(y, y, y) 

OO(x, y, z) = 	 (±)P(x) /\ (±)Q(x, x, x) /\ 
(±)P(y) /\ (±)Q(x, x, y) /\ (±)Q(x, y, x) /\ (±)Q(y, x, x) /\ 
(±)Q(x, y, y) /\ (±)Q(y, x, y) /\ (±)Q(y, y, x) /\ (±)Q(y, y, y) /\ 
(±)P(z) /\ (±)Q(x, x, z) /\ (±)Q(x, z, x) /\ (±)Q(z, x, x) /\ 
(±)Q(x, z, z) /\ (±)Q(z, x, z) /\ (±)Q(z, z, x) /\ 
(±)Q(y, y, z) /\ (±)Q(y, z, y) /\ (±)Q(z, y, y) /\ 
(±)Q(y, z, z) /\ (±)Q(z, y, z) /\ (±)Q(z, z, y) /\ 
(±)Q(x, y, z) /\ (±)Q(x, z, y) /\ (±)Q(y, x, z) /\ (±)Q(y, z, x) /\ 
(±)Q(z, x, y) /\ (±)Q(z, y, x) /\ (±)Q(z, z, z) 

Now use these formulas to form constituents of the following forms: 

OO(x, y, z;) = (x =J y) /\ (y =J z) /\ (x =J z) /\ OO(x, y, z) 
OO(x, y; z) = (x =J y) /\ OO(x, y) /\ (z = Zi) where Zi E {x, y} 
OO(x,z;y) = (x =J z) /\ OO(x,z) /\ (y = Zi) where Zi E {x,z} 
OO(y,z;x) = (y=Jz)/\oO(y,z)/\(X=Zi) where ZiE{y,Z} 
OO(x; y, z) = OO(x) /\ (y = x) /\ (z = x) 
OO(y; x, z) = OO(y) /\ (x = y) /\ (z = y) 
OO(z; x, y) = OO(z) /\ (x = z) /\ (y = z) 

So there are 230 + 3.211 + 12 constituents we have to consider, and this is only a 3-variable 
depth-O formula. 

Finally, we express the elements of the disjunctions to which P(x) and Q(x, y, z) are equiva
lent as disjunctions of the appropriate constituents. I will not write out these disjunctions 
in full since they are too big, but rather describe the disjuncts as all the formulas of a 
certain form: 
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To find the formulas of the form OO(x, y, z): 

OO(x) - (±)P(x) 1\ (±)Q(x, x, x) 

OO(x, y) - (±)P(x) 1\ (±)Q(x, x, x) 1\ 

(±)P(y) 1\ (±)Q(x, x, y) 1\ (±)Q(x, y, x) 1\ (±)Q(y, x, x) 1\ 

(±)Q(x, y, y) 1\ (±)Q(y, x, y) 1\ (±)Q(y, y, x) 1\ (±)Q(y, y, y) 

00 (x , y, z) - (±)P(x) 1\ (±)Q(x, x, x) 1\ 

(±)P(y) 1\ (±)Q(x, x, y) 1\ (±)Q(x, y, x) 1\ (±)Q(y, x, x) 1\ 

(±)Q(x, y, y) 1\ (±)Q(y, x, y) 1\ (±)Q(y, y, x) 1\ (±)Q(y, y, y) 1\ 

(±)P(z) 1\ (±)Q(x, x, z) 1\ (±)Q(x, z, x) 1\ (±)Q(z, x, x) 1\ 

(±)Q(x, z, z) 1\ (±)Q(z, x, z) 1\ (±)Q(z, z, x) 1\ 

(±)Q(y, y, z) 1\ (±)Q(y, z, y) 1\ (±)Q(z, y, y) 1\ 

(±)Q(y, z, z) 1\ (±)Q(z, y, z) 1\ (±)Q(z, z, y) 1\ 

(±)Q(x, y, z) 1\ (±)Q(x, z, y) 1\ (±)Q(y, x, z) 1\ (±)Q(y, z, x) 1\ 

(±)Q(z, x, y) 1\ (±)Q(z, y, x) 1\ (±)Q(z, z, z) 

Now use these formulas to form constituents of the following forms: 

OO(x, y, z;) - (x i- y) 1\ (y i- z) 1\ (x i- z) 1\ OO(x, y, z) 
OO(x, y; z) - (x i- y) 1\ OO(x, y) 1\ (z = Zi) where Zi E {x, y} 
OO(x, z; y) - (x i- z) 1\ OO(x, z) 1\ (y = Zi) where ZiE{X,Z} 

OO(y, z; x) - (y i- z) 1\ OO(y, z) 1\ (x = Zi) where Zi E {y, z} 
OO(x; y, z) - OO(x) 1\ (y = x) 1\ (z = x) 
OO(y; x, z) - OO(y) 1\ (x = y) 1\ (z = y) 
OO(z; x, y) - OO(z) 1\ (x = z) 1\ (y = z) 

So there are 230 + 3.211 + 12 constituents we have to consider, and this is only a 3-variable 
depth-O formula. 

Finally, we express the elements of the disjunctions to which P(x) and Q(x, y, z) are equiva
lent as disjunctions of the appropriate constituents. I will not write out these disjunctions 
in full since they are too big, but rather describe the disjuncts as all the formulas of a 
certain form: 
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Q(x, y, y) 1\ (x ::/= y) 1\ (Z = y) is equivalent to the disjunction of the constituents of the 
form 

(x ::/= y) 1\ (±)P(x) 1\ (±)Q(x, x, x) 1\ 


(±)P(y) 1\ (±)Q(x, x, y) 1\ (±)Q(x, y, x) 1\ (±)Q(y, x, x) 1\ 


Q(x, y, y) 1\ (±)Q(y, x, y) 1\ (±)Q(y, y, x) 1\ (±)Q(y, y, y) 1\ (z = y) 


Q(x, y, x) 1\ (x ::/= y) 1\ (z = x) is equivalent to the disjunction of the constituents of the 
form 

(x ::/= y) 1\ (±)P(x) 1\ (±)Q(x, x, x) 1\ 


(±)P(y) 1\ (±)Q(x, x, y) 1\ Q(x, y, x) 1\ (±)Q(y, x, x) 1\ 


(±)Q(x, y, y) 1\ (±)Q(y, x, y) 1\ (±)Q(y, y, x) 1\ (±)Q(y, y, y) 1\ (z = x) 


Q(x, y, z) 1\ (x ::/= y) 1\ (y::/= z) 1\ (x ::/= z) is equivalent to the disjunction of the constituents 
of the form 

(x ::/= y) 1\ (y ::/= z) 1\ (x ::/= z) 1\ OO(x, y,) 

where OO(x, y, z) has Q(x, y, z) as a conjunct. 

So P(x) V Q(x, y, z) is equivalent to the disjunction of all the constituents just described. 
The number of constituents in this disjunction is 2+29+29+29+229 +1 +28+28+28+228 = 

2307 + 228 + 229 . 

Corollary 3.16 Any formula of depth ~ d whose free individual terms are Zl,· .. ,Zk and 
j which is of the form F 1\ !\i.iE{l •...• k} (Zi ::/= Zj) is equivalent to a disjunction of constituents 

ih 
of the form Ot(Zl, ... ,Zk; ). 

PROOF By theorem 3.15, a formula G of depth ~ d whose free individual terms are 
Zl, ... ,Zk is equivalent to a disjunction of constituents of depth dover Zl, ... ,Zk. If G 
contains a conjunct Zi ::/= Zj for each i, j E {1, ... , k}, i ::/= j, then all the constituents in the 
disjunction must be of the form Od(Zl' ... ,Zk; ). 0 

Thus, slightly less formally, we can say that any formula for which all distinct free individual 
terms are explicitly not equal has a distributive normal form in terms of main parts of 
constituents. Since at most one constituent of the form Od(Zl' ... ,Zk; ) can be true for some 
normal model and valuation for it, the consistent constituents in a distributive normal 
form of depth dover Zl, ... , Zk of such a formula are unique. Regarding the definition 
of constituents, Hintikka [1965a) (p. 60) says "It is obvious that formulae of the latter 
form" [equalities that are conjuncts of a constituent, but not of the main part) "cannot 
affect the consistency or inconsistency of the constituent in question. Hence they may 
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variable x and conjoin x = X to the inside of the formula, and prefix the formula by 
(3x). 

2. 	 replace each identity x = f(al,"" am) just introduced by R,(al , "" am,x) , let 
Zl, ... ,Zm, Zm+l , Zm+2 be the next m + 2 unused variables and replace R,(al, ... ,am, x) 
by 

((\fzl) ... (\fzm+2) ((R,(Zl, ... ,Zm, Zm+l) 1\ R,(Zl, ... ,Zm, Zm+2)) --f (zm+l = Zm+2)))) 
--f R,(al , ... ,am, x) . 

The resulting formula may be propositionally simplified so that the formula 

(\fZl) . .. (\fzm+2)((R,(Zl,"" Zm, zm+l) 1\ R,(Zl," ., Zm, Zm+2)) --f (zm+l = Zm+2))) 

only need be included once for each distinct R, in the formula, as in the following 
example. 

The formula obtained after the first step in converting F to F' will be denoted F*. 

We now consider an example of converting a formula F to F'. Let F be R(j(j(a)), b) then 
F* is 

(3X2)(3xd(R(X2' b) 1\ (Xl = f(a)) 1\ (X2 = f(xd)), 

and F' is 

(3X2)(3xd(R(X2, b) 1\ (((\fX3)(\fX4) (\fX5) ((R,(X3, X4) 1\ R,(X3, X5)) --f (X4 = X5)))) --f 

(R,(a, Xl) 1\ R,(Xl, X2)))' 

The purpose for including the subformula ((\fX3) (\fX4) (\fX5) ((R,(X3, X4) 1\ R,(X3 , X5)) --f 

(X4 = X5))) in the above formula is that it is true exactly when R, is interpreted as a 
function. We need such formulas for the result that F is valid iff F' is valid (see theorem 
3.19). 

The formulas F and F' are not equivalent since they are of different languages, but their 
relation to each other is something like equivalence. The following theorems state the sense 
in which a formula containing function symbols may be replaced by one which does not. 

Lemma 3.17 Each formula F of a language with identity is equivalent to F*. 

PROOF After the first step in converting F to F', substituting terms that are equal 
according to the formula and omitting the quantification that becomes irrelevant results 
in the original formula F. 0 
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The purpose for including the subformula ((VX3) (VX4)(VX5)((Rf(X3, X4) /\ Rf (X3, X5)) --t 
(X4 = X5))) in the above formula is that it is true exactly when Rf is interpreted as a 
function . We need such formulas for the result that F is valid iff F' is valid (see theorem 
3.19). 

The formulas F and F' are not equivalent since they are of different languages, but their 
relation to each other is something like equivalence. The following theorems state the sense 
in which a formula containing function symbols may be replaced by one which does not. 

Lemma 3.17 Each formula F of a language with identity is equivalent to F*. 

PROOF After the first step in converting F to F', substituting terms that are equal 
according to the formula and omitting the quantification that becomes irrelevant results 
in the original formula F. 0 
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Theorem 3.18 For any formula F of a language L with identity, for any model M for L 
and any valuation v for M, M, v F F iff M', V F F'. 

PROOF First note that since Land L' have the same variables and M and M' have 
the same domains, any valuation for M may also be considered as a valuation for M' 
by considering it as a function from the variables to the domain, and for each model 
extending it to a function from the terms of the relevant language to the domain. If 
the result holds for a.ll atomic formulas F then it holds for all formulas. Let F be 
an atomic formula. By lemma 3.17 we need only show that M, v F F* iff M',v F 
F'. F* contains no nested function symbols, and each occurrence of a function symbol 
f is in a subformula of the form x = f(t l , . ·., tn). M, v F (x = f(t l , .. . , tn)) iff 
v(x) = v(J(tl , . .. , tn)) iff v(x) = 1(J)(v(tl ), ... ,v(tn )) iff (v(t l ), . . . , v(tn), v(x)) E 1(J) 
iff (v(td ,,, .,v(tn),v(x)) E I'(R f ) iff M',v F Rf(tl,.",tn,x). So M' , v F F' whether 
or not M ' , v satisfies the formulas of the form (VzI ) ... (Vzm+2)((Rf (ZI,"" Zm, Zm+l) A 

Rf(Zl,"" zm, Zm+2)) --+ (Zm+l = Zm+2))) (M', v actually does satisfy these formulas since 
in M ', Rf is interpreted as a function). So, for this theorem, it is not necessary to include 
the formulas (Vz I ) ... (Vzm+2)((Rf (ZI, ' .. , Zm, Zm+l) A Rf(ZI,' .. ,zm, Zm+2)) ~ (zm+l 
Zm+2))) in the definition of F'. 0 

Theorem 3.19 For any formula F of a language with identity, F F iff F F'. 

PROOF By lemma 3.17 we need only show that F F* iff F F'. The formula F* contains 
function symbols f only in subformulas of the form x = f(t l , ... , tn). If F* contains a 
function symbol f and is valid then it is true on all domains for all interpretations of 
f, so the formula in which each x = f(tl,"" tn) is replaced by Rf(tl,"" tn, x) is true 
on all domains for all interpretations of R f as a function, so the formula in which each 
Rf(t1 , ••. , tn, x) is now replaced by 

((VZl)'" (Vzm+2)((Rf (Zl,.'" Zm, Zm+l) A Rf(Zl,"" Zm, Zm+2)) ~ (Zm+l = Zm+2)))) ~ 
Rf(tl,,,., tn, X), . 

which is the formula F' , is true on all domains for all interpretations. Thus F' is valid. 
Each of these steps also goes the other direction, thus the converse also holds. 0 

Theorems 3.18 and 3.19 show that we can find whether or not a formula F with function 
symbols is true for a particular model and valuation, or is valid, if we can find a similar 
result for the formula F' without function symbols. So, for many purposes formulas without 
function symbols may be used instead of formulas containing function symbols, though 
the change increases the depth of the formula, makes it notably longer, and necessitates 
the inclusion of identity in the language. For such formulas without function symbols, 
distributive normal forms have been defined. 
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symbols is true for a particular model and valuation, or is valid, if we can find a similar 
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The other approach is to define constituents for languages with function symbols. We first 
consider the case where there are only finitely many function symbols in the language. It 
can then be extended to the case where there are infinitely many in a similar manner to 
the way the case for finitely many predicate symbols was extended to the case for infinitely 
many. Each formula contains only finitely many function symbols. All the definitions can 
be considered to be relative to some finite subset of the set of function symbols. Then 
each formula will have a distributive normal form in terms of constituents relative to any 
finite superset (of function symbols) of the function symbols in the formula. But we will 
not include these sets of function symbols in the notation for constituents since that would 
make it unnecessarily complex. 

For formulas in which no terms containing function symbols contain any variables, con
stituents can be defined in a way which is considerably simpler than the definition I am 
about to give. A formula contains only finitely many terms. In forming constituents, use 
the terms of the formula which contain function symbols as the constant symbols were 
used in the formation of the atomic formulas. This doesn't work if there are terms which 
contain function symbols and variables. (This can be seen by considering the example 
(3x)P(x, f(x)).) So I don't consider this approach any further. 

To form constituents and attributive constituents, we need to divide the atomic formulas 
into finite sets. We want to do this in such a way that given any formula, there will be a 
finite set of constituents for which we can show that the disjunction of some of its elements 
is equivalent to the formula. There might be more than one possible way in which this 
can be done. In this case, I don't think there is much point in asking what the best way 
is, since for the case without function symbols, distributive normal forms are already too 
big to literally represent formulas in (except in some special cases), though the existence 
of distributive normal form might be useful for proving general results. Thus my aim in 
this section is just to show the existence of a normal form which can be regarded as a 
generalization of the distributive normal form already defined. 

The functional depth of a formula is the maximum depth of the terms it contains, where 
the depth of a term t, d(t), is the number of levels of nested applications of function 
symbols, defined by:d(x) = 0 if x is a variable or a constant symbol; d(f(t l , ... ,tn )) = 
1 + m~E{l, ... ,n} d(t i ) for any n-ary function symbol f and terms t l ,··., tn. 

If Zl,' .. ,Zk are individual terms then the atomic formulas of functional depth w over 
{Zl' . .. , zd which contain Zk are denoted wQi(Zl, ... , Zk). 

For the case without function symbols, the atomic formulas were divided into different 
"levels". In this case they are divided by both "level" and functional depth. For example, 
for the language with one unary function symbol f and one binary predicate symbol P: 
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The other approach is to define constituents for languages with function symbols. We first 
consider the case where there are only finitely many function symbols in the language. It 
can then be extended to the case where there are infinitely many in a similar manner to 
the way the case for finitely many predicate symbols was extended to the case for infinitely 
many. Each formula contains only finitely many function symbols. All the definitions can 
be considered to be relative to some finite subset of the set of function symbols. Then 
each formula will have a distributive normal form in terms of constituents relative to any 
finite superset (of function symbols) of the function symbols in the formula. But we will 
not include these sets of function symbols in the notation for constituents since that would 
make it unnecessarily complex. 

For formulas in which no terms containing function symbols contain any variables, con
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(3x)P(x, f(x)) .) So I don't consider this approach any further. 

To form constituents and attributive constituents, we need to divide the atomic formulas 
into finite sets. We want to do this in such a way that given any formula, there will be a 
finite set of constituents for which we can show that the disjunction of some of its elements 
is equivalent to the formula. There might be more than one possible way in which this 
can be done. In this case, I don't think there is much point in asking what the best way 
is, since for the case without function symbols, distributive normal forms are already too 
big to literally represent formulas in (except in some special cases), though the existence 
of distributive normal form might be useful for proving general results. Thus my aim in 
this section is just to show the existence of a normal form which can be regarded as a 
generalization of the distributive normal form already defined. 

The functional depth of a formula is the maximum depth of the terms it contains, where 
the depth of a term t, d(t), is the number of levels of nested applications of function 
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"levels". In this case they are divided by both "level" and functional depth. For example, 
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w6f(Zl' ... , Zk) 	 (±)Oal(Zl) /\ ... /\ (±)wap(Zl,"" Zk) /\ 

(±)(3x)w,t-1 (Zl, .. . , Zk, x) /\ ... /\ (±)(3X)w,~-1(Zl"'" Zk, x) 

where Oal(Zl)," ., wap(Zl," ., Zk) are all the atomic formulas of functional depths 0 to w 

over {Zl"'" zd· 
In both of the above definitions x is the first variable not in Zl, ... , Zk and w,t-1(Zl,"" 
Zk, x), ... , w,~-l(Zl"'" Zk, x) are all the attributive constituents of depth d - 1 and func
tional depth w with free individual terms Zl, ... , Zk, x, and i is the index by which the 
formulas are listed. 

A constituent wOd(Zl' ... , Zk) (as defined above) has the form 

(±)Oal(zl) /\ ... /\ (±)wap(Zl, ... , zk-d /\ w,d(Zl," " Zk), 

or equivalently, 
wOO(Zl,"" Zk - l) /\ w,d(Zl,"" Zk). 

Lemma 3.20 For each model and each valuation for it) for each set of individual terms 
Zl, ... , Zk, for each depth d) for each functional depth w) exactly one constituent of the 
form wOf(Zl, ... ,Zk) is true. 

PROOF The constituents of the form wOf(Zl, ... , Zk) are the basic conjunctions generated 
by some set of formulas, so by an observation in chapter 1, exactly one such constituent is 
true for any given model and valuation. 0 

Theorem 3.21 Every formula of depth.::; d and functional depth ::; w whose free indi
vidual terms are contained in Zl, ... ,Zk can be expressed as a disjunction of constituents of 
depth d and functional depth w with free individual terms Zl, ... , Zk. 

PROOF We use induction on the formation of the formula. Let F be a formula of depth 
::; d and functional depth::; w with free individual terms in Zl, ... ,Zk. If F is an atomic 
formula, then F is an element of the set which generates the formulas wOf(Zl, ... ,Zk), thus 
F is equivalent to the disjunction of all the formulas wOf(Zl,'" , Zk) in which F occurs 
unnegated. Assume that for each proper subformula G of F, G can be expressed as a 
disjunction of constituents of any depth greater than or equal to that of G, functional 
depth gTeater than or equal to that of G, and free individual terms containing those of G. 
If F is (3x)G then by changing the bound variables if necessary, we can assume that x is 
the first variable not in Zl, .. . , Zk' Then G is a formula of depth::; d - 1 and functional 
depth::; w with free individual terms in Zl, ... , Zk, x, so by hypothesis can be expressed as 
some disjunction 

VwOf-1(Zl,"" Zk, x) 
iEI 
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Chapter 4 

Some properties of distributive normal forms 

This chapter examines the size of distributive normal forms, finds a lower bound for the 
fraction of inconsistent constituents, and shows how the existence of all' algorithm for 
determining whether or not an arbitrary constituent is consistent or even just determining 
how many consistent (or inconsistent) constituents of a given form there are would imply 
that first-order logic was decidable. Then some sufficient, though not necessary, decidable 
conditions for the inconsistency of a constituent are considered, and it is shown how they 
can be used to prove the completeness of first-order logic (by means of the completeness 
theorem of the theory of distributive normal forms). Only languages without function 
symbols or identity (but possibly containing constant symbols) are considered. 

4.1 The size of distributive normal forms 

I will only consider the simplest possible case, that of a language which has only one binary 
predicate symbol and no function or constant symbols. This gives a lower bound on the size 
of distributive normal forms. Ifwe use the algorithm described in section 4.3, which is based 
on theorem 3.5, for converting formulas to distributive normal form, then the formulas of 
some given depth with some set of free individual terms will contain on average about half 
of the constituents of that depth with those free individual terms. Even if some of the 
inconsistent constituents found by this algorithm are omitted, we have no way of omitting 
them all (as is shown in section 4.3) . constit.s And in the process of converting a formula 
to distributive normal form it is necessary to consider those inconsistent constituents which 
can later be found to be inconsistent and omitted. The total number of constituents of 
some depth with some set of free individual terms gives an indication of the size of the 
distributive normal forms of the formulas of that depth with those free individual terms. 
Here size is measured just as the number of constituents in a distributive normal form and 
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So already for the case of constant-free sentences most of the distributive normal forms of 
depth 2 or more are bigger than we can represent in practice. And the distributive normal 
forms with free individual terms are even bigger. In this case we ask, for each depth d and 
each set of individual terms Zl,' .. ,Zk, how many constituents of the form Jd(Zl, ... ,Zk) 
there are. 

For any set of k individual terms {Zl, ... , Zk}, let ak be the number of atomic fonnulas 
over {Zl, ... , zd which contain Zk· ak is well-defined since it depends only on the number 
of individual terms and not what the particular individual terms are. Then the number of 
attributive constituents of depth 0 over any fixed set of k individual terms is 2ak . If the 
number of attributive constituents of depth d over any fixed set of k individual terms is 
td,k, then for d > 0, 

td,k = 2(a,,+td-I,k+d 

So 
2a l

t1,k = 2(ak+ k+ ) 

t ,k = 2(ak +2(ak+1 +2
ak

+2))
2

(a +2ak+3)
(a +2(a"+1 +2 k+2 ))

t3,k = 2 k 

If the number of constituents of depth d over any fixed set of k individual terms is Cd,b 

then Yl,k = 2al + .. . +ak and for greater depths 

Cd,k = 2(a l + ... +ak+td-I,k+d. 

So 
ak 1)Cl ,k = 2(a l + ... +ak+2 +'1 

ak 
C2,k = 2(a l + .. . +ak +2(ak+1 +2 +2)) 

2ak 3 
C3 k = 2(al + ... +ak+2(ak+1 +2(ak+2+ + ), )) 

In general 

Cd,k = 2(a + ... +ak+2(ak+1 +2(.. (a"+d-1 +2"k+d) ... )) )
l 

For a language with only one binary predicate, ai = 2i - 1 for each i. So the number of 
depth-d constituents over any fixed set of k individual terms, for a few of the smallest k's 
and d's, is given by: 

68 

So already for the case of constant-free sentences most of the distributive normal forms of 
depth 2 or more are bigger than we can represent in practice. And the distributive normal 
forms with free individual terms are even bigger. In this case we ask, for each depth d and 
each set of individual terms Zl, ... ,Zk, how many constituents of the form bd(Zl' ... ,Zk) 

there are. 

For any set of k individual terms {Zl, ... ,Zk}, let ak be the number of atomic formulas 
over {Zl, ... , zd which contain Zk. ak is well-defined since it depends only on the number 
of individual terms and not what the particular individual terms are. Then the number of 
attributive constituents of depth 0 over any fixed set of k individual terms is 2Uk • If the 
number of attributive constituents of depth d over any fixed set of k individual terms is 
td,k, then for d > 0, 

So 

(G +2Gk+3 l 
( a +2(Gk+l +2 k+2 l) 

t3,k = 2 k 

If the number of constituents of depth d over any fixed set of k individual terms is Cd,k, 

then Co,k = 2a1 + ... +ak and for greater depths 

So 
C - 2(a1 + ... +ak+2Gk+1) 

l,k -

C 
- 2(al+ ... +ak+2(Gk+l+2Gk+2l) 

2,k -

In general 

For a language with only one binary predicate, ai = 2i - 1 for each i. So the number of 
depth-d constituents over any fixed set of k individual terms, for a few of the smallest k's 
and d's, is given by: 

68 



Univ
ers

ity
 of

 C
ap

e T
ow

n

II k = 0 I k = 1 k = 2 I k = 3 J 
d=O - 2 8 32 

d=1 4 512 2 36 2 137 

d=2 2 512 2(1+235) 2(4+2133 ) 2(9+2519 ) 

d=3 2 
2(1 +235 ) 2(1+2(3+2l33 )) 2(4+2(5+25l9 )) 2(9+2(7+22057)) 

Thus for depths of 2 or more, most formulas can not be represented literally in distribu
tive normal form. Given the vast number of constituents, it would be interesting to find 
some indication of how many of them are inconsistent. We will see (in theorem 4.19) 
that there is no algorithm which can find, for each depth and set of individual terms how 
many constituents are consistent / inconsistent. But we can show that most constituents 
are inconsistent (see section 4.4). We might also be interested in certain subsets of for
mulas which can be literally represented in distributive normal form. For example, we 
could consider the distributive normal forms of depth 2 with no free individual terms that 
contain only one constituent. And the constituents of depth 2 could be divided into sets 
according to how many attributive constituents occur positively in them. Those with only 
one attributive constituent would be the easiest to represent. It might be interesting to 
study some of these smaller sets of constituents. (For example, on p. 86- 88 a particular 
set of constituents is classified according to whether they are consistent or inconsistent.) 
But, it seems that for most sentences that express some natural mathematical property, 
their distributive normal forms are not the small ones. 

4.2 Analysis of implication 

We already have, by theorem 3.8, a condition in terms of distributive normal forms for 
implication between formulas. We could apply this theorem directly by expanding the 
less deep formula to the greater depth. However, distributive normal forms are very big, 
and expanding a formula to a greater depth makes it much bigger still. In this section 
I consider a way of comparing distributive normal forms to determine when one formula 
implies another, which does not require the formulas to be expanded to the greater depth. 
It is based on a natural tree-structure of certain formulas which are part of the distributive 
normal forms. And while it might not be such a direct application of theorem 3.8, it does 
still make use of this theorem. Also, the representation of constituents as trees or sets of 
trees that we use here provides a convenient way of stating certain necessary conditions 
for consistency of a constituent. (Trivial inconsistency is formulated in terms of this tree
structure in section 4.5.) 

automated constituent seems that theoretical sets of certain definition of 
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I first give some definitions. As for logical terminology, many of the concepts associated 
with trees are referred to in the literature by various different names. The trees I use are 
defined, for example, in Barwise [1977] and Smullyan [1968]. They are a special case of 
trees as defined in graph theory (as connected acyclic graphs) that is commonly used in 
computer science (and described informally in Harel [1992]' Cohen [1991]' and Aho and 
Ullman [1992]). I simply define the concepts I will use without mentioning the alternative 
terminology. 

A tree is a triple T = (S, l, R) where 

• S is a set, the elements of which are called nodes 

• 1 is a function, 1 : S -t N where N is the set of natural numbers, and l(x) is called the 
level of x 

• 	R is a relation, R ~ S x S, where if (x, y) E R then x is called a predecessor of y and 
y is called a successor of x 

such that 

• there is a unique node of level I, and it is called the root of T 

• every node other than the root has a unique predecessor 

• if (x, y) E R then l(y) = l(x) + 1. 

A path in a tree is a sequence of nodes where the first term is the root and for each term x, 
the next term in the sequence, if there is one, is a successor of x. A node with no successors 
is called a leaf A maximal path is a path whose last term is a leaf, or which is infinite. 
If a node x occurs before a node y in any path then x is said to be above y in the tree 
and y is below x. If for each node y E Y, y is below x, then Y is said to be below x. For 
any node x of a tree T, the subtree generated by x is the tree whose root is x and where 
the successors of every node are the same as in T. The subtrees generated by the nodes 
of T are called the principal subtrees of T. A tree may be specified by giving its root and 
the subtrees generated by each of its successors. For a node x, each subtree generated by 
a successor of x is called a branch of x. A tree is finitely branching if each node has only 
finitely many branches. A tree is finite if it has a finite number of nodes. Two nodes with 
the same predecessor are called siblings. For each node x that has successors, the set of 
all successors of x is called a sibling-set. A sibling-set is said to be of the same level as its 
elements. 

A set of trees is called a forest. 

Trees are often represented as diagrams with the nodes as dots, the root at the top, and 
the successors of each node below it and joined to it with a line. A simple example is: 

70 



Univ
ers

ity
 of

 C
ap

e T
ow

n

A labelled tree is a pair (7, I) where 7 is some tree (S, l, R) and f is a function f : S -t Q 
where Q is a set whose elements are called labels, in particular f(x) is called the label of x. 

An isomorphism between two trees (Sl, it, R 1) and (S2, l2, R2) is a bijection f : Sl -t S2 
such that for all x, y E Sl, (x, y) E R1 iff (f(x), f(y)) E R2. If there is an isomorphism 
between two trees they are said to be isomorphic. 

If ((Sl, ll' R 1), 91) and ((S2, l2, R2), 92) are labelled trees where both have the same set 
of labels Q, then a function f : Sl -t S2 is said to preserve labels if for all x E Sl, 
92(f(X)) = 91(X). 

A node of a labelled tree is said to have duplicate branches if it has two or more branches that 
have a label-preserving isomorphism between them. For any finite labelled tree (7, I), we 
can find a labelled tree for which no node has duplicate branches by the following method: 
Start at the greatest level n at which there are some nodes whose only branches are leaves. 
For each node at level n, for each set of duplicate branches that it has, delete all but one 
of those branches. Decrease the level by 1 and repeat the process. Continue until the root 
is reached. The tree obtained in this manner is called (7, I) with duplicates removed. 

So far, we have only used existential conjunctions for the case of constant-free sentences 
since then the constituents are existential conjunctions. But we can also define existential 
conjunctions with different sets of free individual terms, and then both attributive con
stituents and constituents will have the form of a conjunction of some depth-O formula and 
an existential conjunction, the difference between attributive constituents and constituents 
being a difference in what the depth-O formula is: 

For d ;:::: 1, an existential conjunction of depth d with free individual terms Zl, ... ,Zk is 
denoted Ef (Zl' ... , Zk) and defined by 

Ef(Zl, ... , Zk) = (±)(:3xht-1(Zl, ... , Zb x) /\ ... /\ (±) (:3X),;-l (Zl' ... , Zk, x) 

where x is the first variable not in Zl, ... , Zk and ,t-1(Zl, ... , Zk, x), ... , ,;-l(Zl, ... , Zk, x) 
are all the attributive constituents of depth d - 1 with free individual terms Zl, ... ,Zk, x. 

Then constituents and attributive constituents of depths greater than 0 have the following 
forms: 
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,t(Zl, ... ,Zk) = ,~(Zl' ... ,Zk) 1\ f~(Zl' ... ,Zk) 

Of(Zl" .. ,Zk) = O~(Zl' ... ,Zk) 1\ E~(Zl' ... ,Zk). 

The above formulas may be naturally represented as labelled trees. In describing how this 
is done, I will refer to the nodes by their labels rather than their names. This is somewhat 
imprecise, but I think it facilitates communication. It must be understood however that 
different nodes in a tree can have the same label. All the trees which I use for representing 
constituents and attributive constituents are finite and have formulas for their labels. We 
first represent an existential conjunction Ed(Zl' ... ,Zk) by the set 

{X I (:3x)X occurs unnegated in Ed(Zl," " Zk)}' 

Then the above attributive constituent is represented by the tree with ,~(Zl"'" Zk) as 
the root and the elements of E~(Zl' ... ,Zk) as its branches, and the above constituent is 
represented by the tree with Og(Zl, ' .. ,Zk) as the root and the elements ?f E~(Zl" .. ,Zk) 
as its branches. Each branch is again a tree of this form. There are two limit cases to 
be considered, the first being that of formulas of depth O. They have as their trees just a 
root, and so form the leaves of the trees and provide a basis for this recursive definition. 
The other case is when the formulas have no free individual terms, in which case there is 
no root, so the formula is represented by a set of trees instead of a tree. This is when the 
constituent or attributive constituent is an existential conjunction. This can only occur at 
the outermost level of the recursion, that is when we start with an existential conjunction, 
and never with an attributive constituent which is in another constituent (or attributive 
constituent). So each existential conjunction is represented by a forest and each constituent 
or attributive constituent with free individual terms by a tree. 

To give an example of this tree representation of a constituent, we consider a language with 
only one binary predicate symbol. In writing the constituents and attributive constituents 
for this example, all conjuncts which are not negations are shown explicitly. The formula 

02(Xl) = Or(Xl) 1\ 
. 1 1 1-{3X2hl (Xl, X2) 1\ ... 1\ .(3X2h231_2(Xl, X2) 1\ (3X2h231_l (Xl, X2) 

(3X2hi31 (Xl, X2) 1\ .(3X2hi31+l (Xl, X2) 1\ ... 1\ .(3X2hi35 (Xl, X2) 

where 

,i31_l (Xl, X2) = ,r(Xl, X2) 

(3X3hr(Xl, X2, X3) 1\ .(3X3hg(Xl, X2, X3) 1\ ... 1\ .(3X3h~l (Xl, X2, X3) 1\ 

(3X3hg2(Xl, X2, X3) 

and 

'~31(Xl,X2) ,r(Xl, X2) 

(3X3hr(Xl, X2, X3) 1\ .(3X3),g(Xl, X2, X3) 1\ . . . 1\ .(3X3h~2(Xb X2, X3) 
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1/(ZI, ... ,Zk) = ,~(Zl' ... ,Zk) /\ E~(ZI' ... ,Zk) 

OJ(Zl,' .. , Zk) = Og(ZI, ... ,Zk) /\ E~(ZI' ... ,Zk). 

The above formulas may be naturally represented as labelled trees. In describing how this 
is done, I will refer to the nodes by their labels rather than their names. This is somewhat 
imprecise, but I think it facilitates communication. It must be understood however that 
different nodes in a tree can have the same label. All the trees which I use for representing 
constituents and attributive constituents are finite and have formulas for their labels. We 
first represent an existential conj unction Ed (Zl' ... , Zk) by the set 

{X I (:lx)X occurs unnegated in Ed(ZI,"" Zk)}' 

Then the above attributive constituent is represented by the tree with ,2(ZI,"" Zk) as 
the root and the elements of E~(ZI' ... ,Zk) as its branches, and the above constituent is 
represented by the tree with Og(ZI, ... ,Zk) as the root and the elements ?f E~(ZI" .. ,Zk) 
as its branches. Each branch is again a tree of this form. There are two limit cases to 
be considered, the first being that of formulas of depth O. They have as their trees just a 
root, and so form the leaves of the trees and provide a basis for this recursive definition. 
The other case is when the formulas have no free individual terms, in which case there is 
no root, so the formula is represented by a set of trees instead of a tree. This is when the 
constituent or attributive constituent is an existential conjunction. This can only occur at 
the outermost level of the recursion, that is when we start with an existential conjunction, 
and never with an attributive constituent which is in another constituent (or attributive 
constituent). So each existential conjunction is represented by a forest and each constituent 
or attributive constituent with free individual terms by a tree. 

To give an example of this tree representation of a constituent, we consider a language with 
only one binary predicate symbol. In writing the constituents and attributive constituents 
for this example, all conjuncts which are not negations are shown explicitly. The formula 

02(XI) = Or(XI) /\ 
. III -,(:lx2hl (Xl, X2) /\ ... /\ -,(:lx2h231_2(XI, X2) /\ (:lx2h231_1 (Xl, X2) 

(:lx2hi31 (Xl, X2) /\ -,(:lx2hi31+1 (Xl, X2) /\ ... /\ -,(:lx2hi35 (Xl, X2) 

where 

,i31_1 (Xl, X2) - ,r(XI, X2) 

(:lx3hr(XI, X2, X3) /\ -,(:lx3hg(XI, X2, X3) /\ ... /\ -,(:lx3hgl (Xl, X2, X3) /\ 

(:lx3hg2 (Xl, X2, X3) 

,r(XI, X2) 

(:lx3hr(XI, X2, X3) /\ -,(:lX3),g(XI, X2, X3) /\ •.. /\ -, (:lx3hg2 (Xl , X2, X3) 
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has the following tree representation 
02(Xl) 

.. .. , 

O~(Xl) 
j 

I~31 (Xl, X2) 
/ 0··.. ·.. ,,-,,··· 

/ /;'~~::~r;~ '~~( / '0'1 (Xl, X; } "," 
" 

/ 
/ ./ 	 " " '" 

" 

",..,..\ 

./" 
 '. 

" '.\, 
./ 

\ 
i 

\
o( );1:g2(Xl, X2, X3) /1 Xl,X2,X3 / ,P(Xl, X2, X3) 

/ 
/ / ... 

..
...",r" 

/' 
.~/' 

....... ..."' ..
~ 

where in addition to labelling the nodes, the whole tree and the branches of the root have 
been circled and labelled. 

Together with the previously introduced representation of a formula as a set of con
stituents, this now gives us a representation for each constant-free sentence as a set of 
forests, and for each formula with free individual terms as a set of trees. (I use "set of 
trees" instead of "forest" to describe the representation of a formula with free individual 
terms because it more closely follows the difference in structure between the cases for 
formulas with and without free individual terms.) I will call this representation for for
mulas, constituents, and attributive constituents the sets-and-trees representation, and the 
sets-and-trees representationo is the one using the set representationo (defined on p. 42). 
I use the terminology of the sets-and-trees representation of constituents and attributive 
constituents also to refer to the syntactic parts of these formulas. For example, in a con
stituent 

Od(Zl' ... , Zk) = : 	 OO(Zl,"" Zk) /\ 
(±)(3xht-1 (Zl, "" Zk,X) /\ ... /\ (±)(3xh~-1(Zl"" ,Zk,X), 

OO(Zl, ... , Zk) is called the root, and each If- l(Zl , "" Zk, x) for which (3xh1- l (Zl,"" Zk, x) 
is a conjunct of Od(Zl' ... ,Zk) is called a branch. 

For e > d, if we can describe those depth-e constituents which occur in the expansion of 
a depth-d constituent to depth e in terms of the tree-structures of the formulas involved, 
then we get a condition for implication between constituents, which when put together with 
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theorem 3.8 gives a condition for implication between formulas. And there is a condition 
for when a depth-e constituent is in the expansion of a depth-d constituent to depth e for 
which it is only necessary to consider the top d levels of the trees involved. 

Since the representations for formulas with and without free individual terms are different, 
we consider these two cases separately. For both we use the following lemma. 

Lemma 4.1 For each model, for each set of individual terms Zl, ... , Zk, for each valuation, 
exactly one existential conjunction of the form Ef(Zl" .. ,Zk) is true for each d. 

PROOF For each depth d and each set of individual terms Zl, ... ,Zk, the existential conjunc
tions of depth d with free individual terms Zl, ... ,Zk are the basic conjunctions generated 
by some set of formulas, so exactly one such existential conjunction is true for any given 
model and valuation. 0 

Case for constant-free sentences 

As a special case of theorem 3.8, we have (again using the same symbol for a formula and 
its set representation): For any constant-free sentences Fl and F2 , one of depth d and the 
other of depth e with e 2: d, 

1. 	 for any set representations at depth e of the sentences, if Fl ~ F2 then Fl =? F2 

2. 	 for the set representationo of Fl and any set representation of F2 , both at depth e, 
Fl ~ F2 iff Fl ==? F2· 

Now, the specific question we are asking in this case is: If e > d, given some EfO, which 
constituents EjO are in the expansion of EtO to depth e? 

Using the sets-and-trees representation, each sentence constituent is represented by a forest. 
With this representation we can answer the question for the case where d = 1 and e is any 
greater depth by (a special case of) the following lemma. 

Lemma 4.2 If e > 1 then an existential conjunction E}(Zl,' .. ,Zk) is equivalent to the 
disjunction of all the Ej(Zl, ... ,Zk) 's such that the elements of E}(Zl' ... ,Zk) are precisely 
the roots of the elements of Ej(Zl' ... ,Zk). 

PROOF The existential conjunction E;(Zl,"" Zk) is of the form 

(±)(3x)th (Zl' ... ,zk, x) A ... A (±)(3x),Bq(Zl, ... ,zk, x) 

74 

. , 

theorem 3.8 gives a condition for implication between formulas. And there is a condition 
for when a depth-e constituent is in the expansion of a depth-d constituent to depth e for 
which it is only necessary to consider the top d levels of the trees involved. 

Since the representations for formulas with and without free individual terms are different, 
we consider these two cases separately. For both we use the following lemma. 

Lemma 4.1 For each model, for each set of individual terms z}, ... ,Zk, for each valuation, 
exactly one existential conjunction of the form tf(ZI" .. , Zk) is true for each d. 

PROOF For each depth d and each set of individual terms Zl, ... , Zk, the existential conjunc
tions of depth d with free individual terms ZI, ... ,Zk are the basic conjunctions generated 
by some set of formulas, so exactly one such existential conjunction is true for any given 
model and valuation. 0 

Case for constant-free sentences 

As a special case of theorem 3.8, we have (again using the same symbol for a formula and 
its set representation): For any constant-free sentences FI and F2 , one of depth d and the 
other of depth e with e ~ d, 

1. for any set representations at depth e of the sentences, if FI ~ F2 then Fl ==} F2 

2. for the set representationo of FI and any set representation of F2 , both at depth e, 
Fl ~ F2 iff FI ==? F2· 

Now, the specific question we are asking in this case is: If e > d, given some tto, which 
constituents tjO are in the expansion of tto to depth e? 

Using the sets-and-trees representation, each sentence constituent is represented by a forest. 
With this representation we can answer the question for the case where d = 1 and e is any 
greater depth by (a special case of) the following lemma. 

Lemma 4.2 If e > 1 then an existential conjunction t}(ZI' ... , Zk) is equivalent to the 
disjunction of all the tj(Zl, ... ,Zk) 's such that the elements of tt(Zl, ... , Zk) are precisely 
the roots of the elements of tj(Zl,"" Zk). 

PROOF The existential conjunction tt(Zl' ... , Zk) is of the form 
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and the existential conjunctions of depth e over Zl, ... ,Zk are of the form 

(±)(3X)(,81(Zl,'" 1 Zk, x) /\ Et1(Zll"" Zk, x)) /\ ... /\ 

(±) (3x)(fh (Zl' .. . 1 Zk, x) /\ E;-l(Zll'" 1 Zk, x)) 

/\ ... /\ 

(±)(3x) (,Bq(Zl ' . , . 1 Zk, x) /\ E~-l(Zll"" Zk, x)) /\ ... /\ 

(±)(3x)(,Bq(Zll'" 1 Zk, x) /\ Er1(Zll" " Zk'X)). 

For each a E {I, ... , q}, (3a(Zll"" zk, x) ¢:::=:} ({3a(Zl,' " 1 Zk, x) /\ E~-l(Zll"" Zk, x)) V ... V 
({3a(Zl,'" 1 Zk> x) /\ E;-l(Zll" . ,Zk, X)), by lemma 4.1. So , by distributing the existential 
quantifier over disjunction, 

(3X){3a(Zl, ... ,Zk, x) ¢:::=:} 	 (3x) ({3a(Zl, ... , Zk, x) /\ E~-l (Zl 1" . , Zk, x)) V ... V 

(3x) ({3a(Zl, ... ,Zk> x) /\ E;-l(Zll'" 1 Zk, x)) 

and 

---,(3X){3b(Zl,." 1 Zk, x) ¢:::=:} 	 ---,(3x) ({3b(Zl, ... 1 Zk, x) /\ E~-l(Zll"" Zk, x)) /\ ... /\ 
---,(3x) ({3b(Zll ... I Zk, x) /\ E;-l(Zll'" Zk, x)). (4.1)I 

So (3X){3a(Zll"" Zk, x) is equivalent to the disjunction of all the formulas of the form 

(±)(3x)(,Ba(Zl, ... I Zk, x) /\ E~-l(Zll"" Zk, x)) /\ ... /\ 

(±)(3x)(,Ba(Zl,"" Zk, x) /\ Er1(Zl,"" Zk, x)) 
(4.2) 

for which at least one conjunct is not a negation. Let 

A {a E {I, ... I q} I (3x ),Ba(Zl, ... ,Zk, x) is a conjunct of E; (Zl' ... ,Zk)}, 

B {b E {I, ... ,q} I ---,(3x ),Bb(Zll ... I Zk> x) is a conjunct of E; (Zll ... ,Zk)}. 


Then for each a E A, substitute (the disjunction of all the formulas (4.2) of which at least 
one conjunct is not a negation) for (3X),Ba(Zll'" I Zk, x) in Ei(Zll'" I Zk)' And for each 
b E B, substitute the formula on the right-hand side of (4.1) for ---, (3X),Bb(Zl"" Zk, x) inI 

E}(Zll"" Zk)' In the resulting formula, distributing conjunction over disjunction results 
in the formula which is the disjunction of all the formulas of the form Ej (Zl' ... 1 Zk) such 
that for each a E A there is at least one n E {I, ... ,p} such that (3X)(,Ba(Zll'" 1 Zk, x) /\ 
~-l(Zll'" Zk, x)) is a conjunct of Ej(Zl,"" Zk) and for each b E B, for all n E {I, ... ,p},I 

---,(3x) (,Bb(Zl, ... 1 Zk, x) /\ E~-l(Zl"'" Zk, x)) is a conjunct of Ej(Zl,"" Zk)' Restating this 
in terms of the sets-and-trees representation of the existential conjunctions, d(Zl, ... , Zk) 
is equivalent to the disjunction of all the formulas Ej(Zl,' .. ,Zk) such that each element 
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and the existential conjunctions of depth e over Zl,· .. ,Zk are of the form 

(±)(:3X)Uh(Zl, ... , Zk, x) /\ E~-l(Zl' .. . ' Zk, x)) /\ ... /\ 

(±) (:3x) (!3t (Zl' ... , Zk, x) /\ Er 1 (Zl' ... , Zk, x)) 

/\ .. . /\ 

(±)(:3x)(,Bq(Zl' ... 'Zk,x)/\ E~-l(Zl, ... ,Zk' x))/\ ... /\ 

(±)(:3x)(,Bq(Zl, ... ,Zk,X) /\ E;- l(Zl, ... ,Zk,X)). 

For each a E {I, ... , q}, ,Ba(Zl, ... , zk, x) ~ (,Ba(Zl, ... , zk, x) /\ E~-l(Zl' ... ' Zk, x)) V ... V 

(,Ba(Zl, .. . , Zk, x) /\ Erl(Zt, ... ,Zk, x)), by lemma 4.1. So, by distributing the existential 
quantifier over disjunction, 

(:3X),Ba(Zl' . .. , Zk, x) ~ (:3X)(,Ba(Zl, ... , zk, x) /\ E~-l(Zl' ... , Zk, x)) V ... V 

(:3X)(,Ba(Zl, ... , Zk, x) /\ E;-l(Zl, ... , zk, x)) 

and 

-,(:3X),Bb(Zt, ... , zk, x) ~ -,(:3x) (,Bb(Zl, ... , zk, x) /\ E~-l(Zl' ... ' Zk, x)) /\ ... /\ 
-,(:3x) (,Bb(Zl, ... , Zk, x) /\ E;-l(Zl, .. . , Zk, x)). (4.1) 

So (:3x),Ba(Zt, ... , zk, x) is equivalent to the disjunction of all the formulas of the form 

(±)(:3x)(,Ba(ZI, ... , Zk, x) /\ E~-l(Zl' ... ' Zk, x)) /\ ... /\ 

(±) (:3x )(,Ba(Zl' ... , Zk, x) /\ Er1 (Zl' ... ,Zk, x)) 
(4.2) 

for which at least one conjunct is not a negation. Let 

A {a E {I, ... ,q} I (:3x ),Ba(Zl, ... , Zk, x) is a conjunct of EUZl' ... ,Zk)}, 
B {b E {I, ... , q} I -,(:3X),Bb(Zl, ... , Zkl x) is a conjunct of EUZl, ... , Zk)} . 

Then for each a E A, substitute (the disjunction of all the formulas (4.2) of which at least 
one conjunct is not a negation) for (:3x),Ba (Zl' ... , Zk, x) in Ei( Zl, ... , Zk) . And for each 
b E B, substitute the formula on the right-hand side of (4.1) for -,(:3X),Bb(Zl, ... , Zk, x) in 
EHzt, ... ,Zk). In the resulting formula, distributing conjunction over disjunction results 
in the formula which is the disjunction of all the formulas of the form Ej (Zl' ... ,Zk) such 
that for each a E A there is at least one n E {I, ... , p} such that (:3X)(,Ba(Zl, ... , Zk, x) /\ 
~-l(Zl' ... ' Zk, x)) is a conjunct of Ej(Zl, ... , Zk) and for each bE B, for all n E {I, ... ,p}, 
-,(:3x) (,Bb(Zl, ... , Zk,X) /\ E~-l(Zl' ... ' Zk, x)) is a conjunct of Ej(Zl, ... , Zk). Restating this 
in terms of the sets-and-trees representation of the existential conjunctions, d(Zl, . .. , Zk) 
is equivalent to the disjunction of all the formulas Ej(Zl, ... ,Zk) such that each element 
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If E~-l (Zl' ... , Zk, X) is the top- (d - 1) forest of Ej (Zl' ... , Zk, x) then {3b (Zl' ... , Zk, x) /\ 
E~-l(Zl"'" Zk, x) is the top-d tree of {3b(Zl, . .. , Zk, X)/\Ej(Zl" .. , Zk, x), and if {3b(Zl,' .. , Zk, x)/\ 
E~-l(Zl"'" Zk, x) is the top-d tree of {3b(Zl, .. " Zk, X)/\EJ(Zl,.'" Zk, x) then E~-l(Zl"'" Zk, x) 
is the top-(d - 1) forest of Ej(Zl,"" Zk, x). Now, 

(3X)({3b(Zl,"" Zk, x) /\ E~-l(Zl"" ,Zk, x)) ~ V(3X)({3b(Zl,"" Zk, x) /\ E1(Zl," ., Zk, x)) 
jEJa 

and 

-,(3X)({3b(Zl,"" Zk, X)/\E~-l (Zl,"" Zk, x)) ~ /\ -,(3X)({3b(Zl,"" Zk, X)/\EJ(Zl,"" Zk, x)). 
jEJa 

For each conjunct (:3X) ({3b(Zl, ... , Zk, X)/\E~-l(Zl"'" Zk, x)) of Ef(Zl,"" Zk), substitute the 
above equivalent formula, and for each conjunct -,(:3x )({3b(Zl, ... ,Zk, x) /\E~-l (Zl' ... ,Zk, x)) 
of Ef(Zl' ... ,Zk), substitute the above equivalent formula. In the resulting formula, dis
tributing conjunction over disjunction results in the formula which is the. disjunction of 
all the formulas of the form EJ+l(Zl, ... , Zk) such that each element of Ef(Zl, ... , Zk) is 
the top-d tree of some element of EJ+l (Zl' ... ,Zk) and each top-d tree of an element of 

EJ+l(Zl"'" Zk) is an element of Ef(Zl,"" Zk). In other words, Ef(Zl,"" Zk) is equivalent 
to the disjunction of all the formulas Ej+l (Zl' ... ,Zk) such that Ef(Zl, . .. ,Zk) is the top-d 
forest of Ej+l(Zl,"" Zk)' 

We now show the result for any e > d. We use induction on e - d. If e - d = 1 
the result is shown above. If the result holds for e - d = n then each existential con
junction Ef(Zl,"" Zk) is equivalent to the disjunction of all the E1+n(Zl,"" Zk)'S such 
that Ef (Zl' ... ,Zk) is the top-d forest of E1+n(Zl' ... , Zk). By the case shown above, each 
E1+n(Zl,' .. ,z~J is equivalent to the disjunction of all the Et+n+l(Zl,"" Zk)'S such that 
E1+n(Zl,' .. , Zk) is the top-(d + n) forest of E1+n+l(Zl,' .. , Zk). If Ef(Zl" .. , Zk) is the top-d 
forest of E1+n(Zl,"" Zk) and Ej+n(Zl, " " Zk) is the top-(d + n) forest of Et+n+l(Zl,"" Zk) 
then Ef(Zl,"" Zk) is the top-d forest of 4+n+1(Zl," . ,Zk). And if Ef(Zl,' .. ,Zk) is the 
top-d forest of Et+n+1(Zl,' .. ,Zk) then Ef(Zl, ... ,Zk) is the top-d forest of the top-(d + n) 
forest of Ef+n+l (Zl' ... , Zk). Thus Ef(Zl,' .. ,Zk) is equivalent to the disjunction of all the 
4+n+l(Zl,"" Zk)'S such that Ef(Zl,"" Zk) is the top-d forest of Et+n+l(Zl,"" Zk). So the 
result also holds for e - d = n + 1. 0 

By this lemma, any existential conjunction is equivalent to some disjunction of existential 
conjunctions of any greater depth. Any such disjunction will be called an expansion of the 
existential conjunction to the greater depth. By lemma 4.1, the set of consistent existential 
conjunctions occurring in an expansion of some existential conjunction to a greater depth 
is unique. This terminology causes some ambiguity since an expansion of any formula has 
already been defined (on p. 42) as a disjunction of constituents to which it is equivalent. 
However, I haven't come across any need to expand existential conjunctions in terms of 
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If E~-l (Zl' ... , Zk , X) is the top- (d - 1) forest of E1 (Zl' ... , Zk, x) then f3b (Zl' .. . , Zk, x) /\ 
E~-l(Zl"'" Zk, x) is the top-d tree of f3b(Zl, . .. , Zk, X)/\Ej(Zl" .. , Zk, x), and if f3b(Zl,"" Zk, x)/\ 
E~-l(Zl"" ,Zk, x) is the top-d tree of f3b(Zl, .. . , Zk, X)/\EJ(Zl' . .. , Zk, x) then E~-l(Zl" .. , Zk, x) 
is the top-(d - 1) forest of E1(Zl,"" Zk, x). Now, 

(3X)(f3b(Zl,"" Zk, x) /\ E~-l(Zl"" , Zk, x)) ~ V (3X)(f3b(Zl" ' " Zk, x) /\ E1(Zl, ... , Zk, x)) 
jEJa 

and 

...,(3x) (f3b(Zl, ... , Zk, X)/\E~-l (Zl,"" ZkJ x)) ~ 1\ ...,(3X)(f3b(Zl,"" ZkJ x)/\E1(Zl,"" Zk, x)). 
jEJa 

For each conjunct (3x) (f3b(Zl, . .. , Zk, X)/\E~-l(Zl"'" Zk, x)) of Ef(Zl"'" Zk), substitute the 
above equivalent formula, and for each conjunct ...,(3x )(f3b(Zl, ... ,Zk, X)/\E~-l (Zl, ... , Zk , x)) 
of Ef(Zl, ... ,Zk), substitute the above equivalent formula. In the resulting formula, dis
tributing conjunction over disjunction results in the formula which is the. disjunction of 
all the formulas of the form EJ+1(Zl, ... , Zk) such that each element of Ef(Zl, ... , Zk) is 
the top-d tree of some element of EJ+l (Zl, ... , Zk) and each top-d tree of an element of 

EJ+1(Zl"'" Zk) is an element of Ef(Zl,"" Zk). In other words, Ef(Zl"'" Zk) is equivalent 
to the disjunction of all the formulas Ej+1 (Zl' ... , Zk) such that Ef(Zl,' . . ,Zk) is the top-d 
forest of Ej+1 (ZlJ ... , Zk)' 

We now show the result for any e > d. We use induction on e - d. If e - d = 1 
the result is shown above. If the result holds for e - d = n then each existential con
junction Ef(Zl"'" Zk) is equivalent to the disjunction of all the Ej+n(Zb " " Zk)'S such 
that Ef (Zl' ... , Zk) is the top-d forest of E1+n (Zl, ... , Zk). By the case shown above, each 
Ej+n(Zl,' .. , Zk) is equivalent to the disjunction of all the Et+n+1(Zl,"" Zk)'S such that 
EJ+n(Zl " .. , Zk) is the top-(d + n) forest of 4+n+1(Zl,' .. , Zk). If Ef(zt, ... , Zk) is the top-d 
forest of Ej+n(ZlJ"" Zk) and Ej+n(Zl"'" Zk) is the top-(d + n) forest of Et+n+1(Zl,"" Zk) 
then Ef(Zl,"" Zk) is the top-d forest of 4+n+1 (Zl,"" Zk). And if Ef(Zl' ... , Zk) is the 
top-d forest of 4+n+1 (Zl,' .. , Zk) then Ef(Zl" . . , Zk) is the top-d forest of the top-(d + n) 
forest of Et+n+1(Zl"",Zk)' Thus Ef(zt, ... ,Zk) is equivalent to the disjunction of all the 
Et+n+1(Zl,"" Zk)'S such that Ef(Zl,"" Zk) is the top-d forest of Et+n+1(Zl,"" Zk). So the 
result also holds for e - d = n + 1. 0 

By this lemma, any existential conjunction is equivalent to some disjunction of existential 
conjunctions of any greater depth. Any such disjunction will be called an expansion of the 
existential conjunction to the greater depth. By lemma 4.1, the set of consistent existential 
conjunctions occurring in an expansion of some existential conjunction to a greater depth 
is unique. This terminology causes some ambiguity since an expansion of any formula has 
already been defined (on p. 42) as a disjunction of constituents to which it is equivalent. 
However, I haven't come across any need to expand existential conjunctions in terms of 
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The structure of a constituent is like that of an existential conjunction, but joined to the 
set of trees is a root, making the constituent into just one tree. 

Lemma 4.5 Fot any depths d and e with d < e, a constituent 6"f(Zl, ... , Zk) is equivalent to 
the disjunction of all the constituents 6"j(Zl"'" Zk) such that 6"f(Zl," ., Zk) is the top-(d+1) 
tree of 6"j(Zl,"" Zk)' 

PROOF For d = 0, each 6"f(Zl" " ,Zk) is equivalent to the disjunction of all the for
mulas of the form 6"f(Zl"'" Zk) 1\ E~(Zl"'" Zk) which are exactly the formulas of the form 
6"j(Zl,"" Zk) whose root is 6"?(Zl,"" Zk). For d > 0, a constituent 6"f(Zl"'" Zk) has the 
form 6"~(Zl"'" Zk) 1\ Et(Zl,'" ,Zk). By lemma 4.3, Et(Zl,"" Zk) is equivalent to the dis
junction VcEC E~(Zl' ... , Zk) of all the E~(Zl ' " . , Zk)'S such that Et(Zl,'" , Zk) is the top-d 
forest of E~(Zl' ... , Zk)' So 

6"f(Zl"" JZk) {=:::} 6"~(Zl"" JZk) 1\ VE~(Zl"" JZk) 
cEC 

{=:::} V(6"~(Zl"'" Zk) 1\ E~(Zl" .. , Zk)) 
cEC 

Now, if Et(Zl,"" Zk) is the top-d forest of E~(ZlJ"" Zk) then 6"~(Zl" .. , Zk) 1\ Et(Zl,' . . J Zk) 
is the top-(d + 1) tree of 6"~(Zl"'" Zk) 1\ E~(Zl, ... , Zk). And if 6"~(Zl"'" Zk) 1\ E!:(Zl,'" J Zk) 
is the top-( d + 1) tree of 6"~(Zl' ... , Zk) 1\ E~ (Zl' ... , Zk) then Et(Zl, ... , Zk) is the top-d forest 

.. ··1 of E~(Zl"'" Zk) ' Thus 6"t(Zl,"" Zk) is equivalent to the disjunction of all 6"j(Zl"'" Zk)'S 
such that 6"t(Zl,'" JZk) is the top-(d + 1) tree of 6"j(ZlJ"" Zk). 0 

.·.1 

Lemma 4.6 For any depths d and e with d < e, an attributive constituent ,f(ZlJ ... JZk) 
is equivalent to the disjunction of all the attributive constituents ,j(Zl,'" J Zk) such that 
,f(ZlJ"" Zk) is the top-(d + 1) tree of ,j(Zl,"" Zk)' 

PROOF The proof of this lemma is just like the proof of lemma 4.5, but with all 6"'s 
replaced by ,'so 0 

Corollary 4.7 For any attributive constituent ,d(ZlJ"" Zk) and any c :::; d, the top-c 
tree of ,d(Zl,"" Zk) is some attributive constituent ,c-l(ZlJ"" Zk) and ,d(Zl"'" Zk) ==} 

, C-l(Zl, ... , Zk ) . 

PROOF This is immediate from lemma 4.6. o 

Putting lemma 4.5 together with theorem 3.8, we get: 
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cEC 
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is equivalent to the disjunction of all the attributive constituents ,j(Zl,' .. , Zk) such that 
,f(Zl,"" Zk) is the top-(d + 1) tree of ,j(Zl,"" Zk) ' 
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PROOF This is immediate from lemma 4.6. o 
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Theorem 4.8 Given formulas Fl of depth d and F2 of any greater depth e) both with free 

variables Zl, ... , ZkJ 

1. 	 For the sets-and-trees representationo of F2 and any sets-and-trees representation of F l ) 

F2 ====} Fl iff for each 6j(Zl, ... ,Zk) E F2) there is some 6f(Zl' ... ,Zk) E Fl such that 
6f(Zl," ., Zk) is the top-(d + 1) tree of 6j(Zl, ... , Zk). 

2. 	 For any sets-and-trees representations of Fl and F2 ) 

If for each 6j(Zl,' .. ,Zk) E F2 ) there is some 6f(Zl, ... , Zk) E Fl such that 6f(Zl , . .. ,Zk) 
is the top-(d + 1) tree of 6j(Zl, " " Zk)) then F2 ====} Fl' 

PROOF By theorem 3.8 and lemma 4.5 . 	 o 

4.3 Undecidability of consistency of constit~ents 

The proof of theorem 3.5 gives us a method of converting any formula to distributive 
normal form. If F is a formula of depth ~ d whose free individual terms are in zl, ... ,Zk, 
then we can find a disjunction of constituents of the form 6d (Zl' ... , Zk) which is equivalent 
to F by the following algori thm: 

First write F using just the logical connectives " V and the quantifier ~, and change the 
bound variables so that for each (~x) in F, x is the first unused variable in the alphabetical 
order (Xl, X2"") which is not in Zl,"" Zk. If d = 0 then F has depth 0, so can be trans
formed to a disjunctive normal form with disjuncts of the form 60 (Zl,"" Zk), otherwise 

• 	 if F is atomic : write F in disjunctive normal form as ViEI 6?(Zl, . .. , Zk), then for each 
i E I, replace 6?(Zl, ' .. , Zk) by the disjunction of all the formulas of the form 

6?(Zl, ... , Zk) /\ (±)(~X),t-l(Zl' ... ,Zk, x) /\ ... /\ (±)(~xh:- l (Zl' ... ,Zk, x) 

where x is the first variable not in Zll ... , Zk and ,t-l (Zl' ... , Zk, x), ... ,,;-1 (Zl' ... ,Zk, x) 
are all the attributive constituents of that form . 

• 	 if F is (~x)G : G is a formula of depth ~ d-1 with free individual terms in Zl, ... , Zb x, 
(and x is the first variable not in Zl, ... , Zk), so use this algorithm to convert G 
to a disjunction of the form ViE I 6t- l (Zl,"" Zk, x), here each 6t- l (Zl, "" Zk, x) has 
the form 6t (Zl,"" Zk) /\ ,t-1(Zl,"" Zk, x), so in (~x)G, move the quantifier to get 

ViEI(6?JZl, .. . ,Zk) /\ (~xht-l(Zl"",Zk'X)), and then replace each 6?,.(Zl , ... ,Zk) /\ 
(~xht-l (Zl, ... , Zk, x) by the disjunction of all the formulas of the form 

6?,. (Zl, ... ,Zk)/\ 


(±)(~xht- l (Zl' ... ,Zk, x) /\ ... /\ (~xht- l (Zl, ... , Zk, x) /\ ... /\ (±)(~x)';-1 (Zl, ... , Zk, x) 
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Theorem 4.8 Given formulas Fl of depth d and F2 of any greater depth e) both with free 

variables Zl, ... , ZkJ 

1. For the sets-and-trees representationo of F2 and any sets-and-trees representation of F l ) 

F2 ===} Fl iff for each OJ(Zl, ... ,Zk) E F2) there is some Of(Zl, ... ,Zk) E Fl such that 

Of(Zl," ., Zk) is the top-(d + 1) tree of OJ(Zl,' .. , Zk). 

2. For any sets-and-trees representations of Fl and F2 ) 

If for each OJ(Zl, . . . ,Zk) E F2 ) there is some of (Zl' ... ,Zk) E Fl such that Of(Zl , .. . ,Zk) 
is the top-(d + 1) tree of OJ(Zl,'''' Zk), then F2 ===} Fl' 

PROOF By theorem 3.8 and lemma 4.5. o 

4.3 Undecidability of consistency of constit~ents 

The proof of theorem 3.5 gives us a method of converting any formula to distributive 
normal form. If F is a formula of depth ~ d whose free individual terms are in Zl,· .. ,Zk, 
then we can find a disjunction of constituents of the form Od(Zl' ... ,Zk) which is equivalent 
to F by the following algori thm: 

First write F using just the logical connectives " V and the quantifier 3, and change the 
bound variables so that for each (3x) in F, x is the first unused variable in the alphabetical 
order (Xl, X2,' .. ) which is not in Zl, ... ,Zk. If d = 0 then F has depth 0, so can be trans
formed to a disjunctive normal form with disjuncts of the form OO(Zl,"" Zk), otherwise 

• if F is atomic : write F in disjunctive normal form as ViEI O?(Zl, ... ,Zk), then for each 
i E I, replace O?(Zl, ' . . , Zk) by the disjunction of all the formulas of the form 

O?(Zl,"" Zk) /\ (±)(3x),t- l (Zl,"" Zk, x) /\ ... /\ (±)(3xh;-1(Zl,"" Zk, x) 

where x is the first variable not in z}, ... ,Zk and ,yt-l (Zl' ... ,Zk, x), ... ,,;-1 (Zl' ... ,Zk, x) 
are all the attributive constituents of that form . 

• if F is (3x)G : G is a formula of depth ~ d-1 with free individual terms in Zl, ... , Zkl x, 
(and x is the first variable not in Zl, ... , Zk), so use this algorithm to convert G 
to a disjunction of the form ViE I Ot-l(Zl,"" Zk, x), here each Ot-l(Zl,"" Zk, x) has 
the form ot (Zl,"" Zk) /\ ,t-l(Zl,"" Zk, x), so in (3x)G, move the quantifier to get 
ViEI(O?JZI, .. . ,Zk) /\ (3xht-l(Zl, ... ,Zk,X)), and then replace each O?JZ1, ... ,Zk) /\ 
(3xht-1 (Zl' ... ,Zk, x) by the disjunction of all the formulas of the form 

O?JZ1' ... ,Zk)/\ 

(±)(3x ht-l (Zl' .. . ,Zk, x) /\ ... /\ (3x ht- l (Zl' ... , Zk, x) /\ . .. /\ (±) (3x )';-1 (Zl' ... ,Zk, x) 
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where ,f-1(Zl," ., Zk, X), .. . , ,g-l(Zl,"" Zk, x) are all the attributive constituents of 
that form . 

• 	 if F is G V H : use this algorithm to convert each of G and H to a disjunction of 
formulas of the form 6d (Zl' ... ,Zk) . 

• if F is -,G : use this algorithm to convert G to a disjunction of formulas of the form 
6d(Zl,"" Zk), then F is the disjunction of all the formulas of the form 6d (Zl,"" Zk) 
which are not disjuncts of G. 

may give depth by 

Theorem 4.9 For a language with at least one n-ary predicate symbol for some n ~ 2, 
there is no algorithm such that, for each constituent (of each depth), the algorithm can 
decide whether or not the constituent is consistent. 

PROOF The above algorithm converts any formula to distributive normal form. If there 
is an algorithm for finding the inconsistent constituents then we would have a decision 
procedure for first-order logic since a formula of depth d is valid iff its distributive normal 
form contains all the consistent depth-d constituents (by corollary 3.7). Since for languages 
with a predicate symbol of arity ~ 2 the logic is not decidable (Hodel [1995]' p. 208-209), 
there can't be such an algorithm. 0 

Once we have proved some further results we will be able to show that we can't generally 
even find an algorithm which tells us how many constituents of each form are consistent 
(see theorem 4.19). But we can obtain some lower bounds for the number, or fraction, of 
inconsistent constituents of each form, as I do in the next section. 

4.4 	 A lower bound for the fraction of inconsistent con
stituents 

This section gives an intuitive explanation of some conditions that are sufficient for a 
constituent to be inconsistent, as an introduction to the formal definition of trivial incon
sistency (found in the next section). It then uses these conditions t.o find a lower bound 
for the fraction of inconsistent constituents. 

Consti tuents of depth 0 are the formulas 6? (Zl' ... ,Zk) of the form (±)al (Zl) 1\ ... 1\ 

(±)ap(zl,"" Zk)' That is, they are the basic conjunctions generated by the set {al(zd, ... , 
ap(zl' ... ,Zk)}. Each constituent 6?(Zl,"" Zk) is satisfied by some model and valua
tion, defined as follows: Let M be a model whose domain contains k elements el, ... , ek 

82 
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where ,t-1(Zl," ., Zk, X), .. . , ,g-l(Zl,"" Zk, x) are all the attributive constituents of 
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which are not disjuncts of G. 
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there can't be such an algorithm. 0 

Once we have proved some further results we will be able to show that we can't generally 
even find an algorithm which tells us how many constituents of each form are consistent 
(see theorem 4.19). But we can obtain some lower bounds for the number, or fraction, of 
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4.4 A lower bound for the fraction of inconsistent con
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This section gives an intuitive explanation of some conditions that are sufficient for a 
constituent to be inconsistent, as an introduction to the formal definition of trivial incon
sistency (found in the next section). It then uses these conditions t.o find a lower bound 
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(±)ap(zl,"" Zk)' That is, they are the basic conjunctions generated by the set {al(zd, . . . , 
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(How many of these formulas are inconsistent will be considered later.) We will first get 
a lower bound on the number of inconsistent constituents of the form 6d(ZI,' .. ,Zk) in 
terms of a lower bound on the number of inconsistent attributive constituents of the form 
-yt-l(ZI,"" Zk, x). For each inconsistent attributive constituent 'Y;-I(ZI,"" Zk, x), to be 

consistent 6t(ZI,"" Zk) must contain .(3xhJ-l(ZI,"" Zk, x). So if there are at least n 
inconsistent attributive constituents of the form 'YJ-l (ZI' ... ,Zk, x), then for 6t(ZI, ... ,Zk) 
to be consistent, at least n out of p + q conjuncts are fixed, the others may either contain 
negation or not. So there are ~ 2P+q- n consistent constituents of the form 6f(ZI' ... ,Zk), 
so the fraction of consistent constituents is at most 

n2P+q- 1 

2P+q 2n 

and the fraction of inconsistent constituents is at least 

1
1- 2n ' 

Thus, for example, if there are at least 4 inconsistent attributive constituents of depth 
d - 1 then over 90% of constituents of depth d (and every greater depth) are inconsistent. 
Actually, as soon as there are any inconsistent constituents (or attributive constituents), 
there are a lot more than 4 (shown below). 

The above discussion also applies to attributive constituents, so we get the same lower 
bound for the number of inconsistent attributive constituents of depth d in terms of the 
number at depth d - 1. To get actual lower bounds from this "relative" lower bound, we 
need some lower bound on the number of inconsistent attributive constituents of depth 1 
with at least one free individual term. These attributive constituents are of the form (for 
k ~ 1) 

'Yi1(ZI,"" Zk) = 	 'YJ(ZI,"" Zk) /\ (4.3) 

(±)(3xh~(ZI"'" Zk, x) /\ ... /\ (±)(3xh~(ZI"'" Zk, x). 

I first consider the case where k is 1. Then we are dealing with attributive constituents of 
the form 

'Yl(X) = 'Y°(x) /\ 
(±)(3yh~(x, y) /\ ... /\ (±)(3yh~(x, y) 

where 'Yo (x) is of the form 

(±)P1(x, ... ,x) /\ ... /\ (±)Pm(x, . .. ,x) 

where the arities of the predicates PI, ... ,Pm are nl, ... ,nmrespectively, and the formulas 
'Y?(x, y) are of the form 

(±)P1(ZI, ... , znJ /\ ... /\ (±)Pm (ZI, ... , znm)'1\ 	 1\ 
.\ .··· ••n\ E{z.l/} 	 Zl,.· · ,.c:nmE{.x:JlI} 

at least 1 z is y 	 at least 1 z is y 
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(How many of these formulas are inconsistent will be considered later.) We will first get 
a lower bound on the number of inconsistent constituents of the form c5d (Zl, . .. ,Zk) in 
terms of a lower bound on the number of inconsistent attributive constituents of the form 
~-l(Zl' ... ' Zk, x). For each inconsistent attributive constituent ,J-l (ZI, ... , zk, x), to be 
consistent c5f(Zl, ... , Zk) must contain .(:3xhJ-l(ZI, .. . , Zk, x). So if there are at least n 
inconsistent attributive constituents of the form ,J-1 (ZI' ... ,Zk, x), then for c5f(ZI, ... , Zk) 
to be consistent, at least n out of p + q conjuncts are fixed, the others may either contain 
negation or not. So there are ~ 2P+q- n consistent constituents of the form c5f(Zl' ... , Zk), 
so the fraction of consistent constituents is at most 

2P+q- n 1 

2P+q 2n 

and the fraction of inconsistent constituents is at least 
1 

1- 2n . 

Thus, for example, if there are at least 4 inconsistent attributive constituents of depth 
d - 1 then over 90% of constituents of depth d (and every greater depth) are inconsistent. 
Actually, as soon as there are any inconsistent constituents (or attributive constituents), 
there are a lot more than 4 (shown below). 

The above discussion also applies to attributive constituents, so we get the same lower 
bound for the number of inconsistent attributive constituents of depth d in terms of the 
number at depth d - 1. To get actual lower bounds from this "relative" lower bound, we 
need some lower bound on the number of inconsistent attributive constituents of depth 1 
with at least one free individual term. These attributive constituents are of the form (for 
k ~ 1) 

,·d(ZI, ... ,Zk) = ,J(ZI, ... ,Zk)/\ (4.3) 

(±)C:3Xh~(ZI' ... ' Zk, x) /\ ... /\ (±)(:3xh2(ZI, ... , Zk, x). 

I first consider the case where k is 1. Then we are dealing with attributive constituents of 
the form 

,I (x) = ,0 (x) /\ 

(±)(:3yh~(x, y) /\ ... /\ (±)(:3yh~(x, y) 

where ,0 (x) is of the form 

(±)P1(x, .. . , x) /\ ... /\ (±)Pm(x, ... , x) 

where the arities of the predicates PI, . .. ,Pm are nl, ... ,nm respectively, and the formulas 
,P(x, y) are of the form 

/\ 
Z! ..... zn! E{".II} 

at least 1 z is y 
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For each ,yO(x), there is a unique ,O(x, y) such that if x is substituted for y in ,O(x, y) we 
get a formula which is equivalent to ,0 (x), in fact it is the same as ,0 (x) except that it 
contains repetitions of some conjuncts. It is the formula such that for each i E {I, ... , m}, 
if ~(x, ... , x) is a conjunct of ,O(x), then each ~(Zl' ... ' znJ is a conjunct of ,O(x, y), and 
if -,Pi(x, ... , x) is a conjunct of ,O(x), then each -'~(Zl' ... ' znJ is a conjunct of ,O(x, y). 
This particular ,O(x, y) describes the y which is x, and thus must occur in ,1(X) for ,1(X) 
to be consistent. Half of the constituents / attributive constituents of the form ,1 (x) do 
not satisfy this condition and thus are inconsistent. (We later see that for a language with 
only one binary predicate, these are the only inconsistent constituents of this form.) 

The general case for k 2 1 is similar. In (4.3), ,J(Zll ... , Zk) expresses how Zk is related to 
Zl, ... ,Zk-1 (if they exist) and how it is related to itself. For ,l (Zl, ... ,Zk) to be consistent, 
Zk must exist as one of the x's. This condition can be expressed syntactically: There is a 
unique '~(Zl' ... , Zk, x) such that if Zk is substituted for x in it, then ignoring repetitions 
of conjuncts, we get ,J(Zl, . .. , Zk). To show this: Let A be the set of atomic formulas over 
Zl, ... , Zk which contain Zk, then ,J(Zl, .. . , Zk) is a basic conjunction gener~ted by A. And 
the formulas ofthe form ,0(Zl, ... , Zk, x) are the basic conjunctions generated by B where B 
is the set of atomic formulas over Zl, ... , Zk, x which contain x. B can be obtained from A as 
follows: Each element of A contains some occurrences of Zk. For each A E A, let BA be the 
set of all formulas which are A with x substituted for at least one occurrence of Zk. (So for 
those elements A of A in which Zk only occurs once, BA is {A(X/Zk)}.) Then UAEA BA = B. 
Now, define '~(Zl' ... ! Zk, x) by: if A is a conjunct of ,J(Zl, . .. , Zk) then let B be a conjunct 
of '~(Zl' ... ' Zk, x) for each B E BA, and if -,A is a conjunct of ,J(Zl, ... , Zk) then let -,B 
be a conjunct of ,~(Zl, ... , Zk, x) for each B E B A. Then ,~(Zl, ... , zk, x) is the required 
formula. It will be called the expanded copy of ,J(Zl, ... , Zk). For ,HZl, .. " Zk) to be 
consistent, it must contain as a conjunct (:lXh~(Zl, ... ,Zk'X) (that is, it must contain 
positively '~(Zl'.'" Zk, x)) where '~(Zl' .. " Zk, x) is the expanded copy of ,9(Zl, ... , Zk). 
(If M, v F ,HZ1, ... , Zk) then M, v F ,J(Zl, ... , Zk), let e = V(Zk), then M, v(e/x) F 
'~(Zl, ... , Zk, x), so M, v F (:lXh~(Zl' ... ' Zk, x).) Thus at least half of the attributive 
constituents of the form ,HZ1,' .. ,Zk) are inconsistent. 

Now, the smallest possible number of attributive constituents is for a language with only 
one binary predicate, in which case there are 2(1+23 

) = 512 attributive constituents of depth 
1 with any 1 (fixed) free individual term. With more free individual terms there are more 
attributive constituents. 

So, for k 2 1, at least 256 attributive constituents of the form ,HZ1, ... , Zk) are inconsis
tent. Using this in the lower bound obtained earlier, we get that the fraction of depth 2 
(or greater) constituents, irrespective of whether or not they have free individual terms, 
which are inconsistent is greater than or equal to 

1 
1 - 256.2 
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only one binary predicate, these are the only inconsistent constituents of this form.) 

The general case for k ~ 1 is similar. In (4.3), ,J(Zl,"" Zk) expresses how Zk is related to 
Zl, ... , Zk-l (if they exist) and how it is related to itself. For ,;(Zl,"" Zk) to be consistent, 
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) = 512 attributive constituents of depth 
1 with any 1 (fixed) free individual term. With more free individual terms there are more 
attributive constituents. 

So, for k ~ 1, at least 256 attributive constituents of the form ,HZ1, .. . ,Zk) are inconsis
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The case that remains to be considered is that of depth 1. All the constituents of depth 1 
with no free individual terms are consistent. If there are any free individual terms then the 
same consideration that showed that at least half of the attributive constituents of depth 
1 are inconsistent shows that at least half of the constituents of depth 1 are inconsistent. 

In summary, at depth 0 there are no inconsistent constituents. At depth 1, with no free 
individual terms there are no inconsistent constituents and with any free individual terms 
at least half of the constituents are inconsistent. And at depths 2 or greater, nearly all the 
constituents are inconsistent. 

A special case 

I now show that for the special case of a language which contains just one binary predicate, 
the only inconsistent constituents of depth 1 with 1 free individual term are those found to 
be inconsistent above, thus that exactly half of these constituents are con,sistent and half 
inconsistent. For the cases of no free individual terms and of one free individual term, the 
constituents are the attributive constituents. (This is immediate from the definition.) So 
the formulas we are now concerned with are those of the form 

t5 1(x) = 'l(x) = ,,,0 (x) 1\ (±)(:3yh~(x, y) 1\ . . . 1\ (±)(:3yh~(x, y) . 

Consider the language which contains just the binary predicate P. A binary relation R on 
a small finite set S can be conveniently represented by a diagram, where the elements of 
S are represented as dots, possibly colored in or labelled to identify which elements they 
represent, and if (x, y) E R then an arrow is drawn from the dot representing x to the dot 
representing y. The attributive constituents ,,,0 (x, y) describe some individual y (actually, 
for any model and valuation they describe the individual to which y gets mapped, but I 
won't say this every time) relative to some individual x. That is, they describe the relation 
between x and y, given by the values of P(x, y) and P(y, x), and the relation of y to 
itself given by the value of P(y, y), but they do not describe how x is related to itself. To 
represent these formulas I use uncolored dots for x, the reference individual, and colored-in 
dots for y, the individual being described. It is of course possible for x and y to be the 
same individual. This is not included in the following diagrams, but is taken into account 
later. The attributive constituents ,,,o(x, y) are represented as follows: 
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representing y. The attributive constituents ,O(x, y) describe some individual y (actually, 
for any model and valuation they describe the individual to which y gets mapped, but I 
won't say this every time) relative to some individual x. That is, they describe the relation 
between x and y, given by the values of P(x, y) and P(y, x), and the relation of y to 
itself given by the value of P(y, y), but they do not describe how x is related to itself. To 
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4.5 

where each is x is H!UUt;! 

is either of or 

some necessar 

,... , is form 

•.. ,Zk) /\ 

"",Zk,X)/\ ... /\ ,... , 

a E {I, ... , ,... , 

, ... , x)/\ 

/\ ... /\ (Zl' ... ,Zk, 

case we saw 

x, , ... ) Zk, 

,"', 

where of and each the 
surrounding elements is either 

4.5 Thivially 

Those depth-l constituents that were found to be inconsistent in the previous section are 
";.A''''"',",",'''C of trivially inconsistent constituents. There are no decidable conditions 
are sufficient the But are decidable 
conditions which are sufficient, though (Thus it is neces-
sary, but sufficient, that a not satisfy these conditions to consistent.) 
"A.ny condition which can be checked mechanically and is sufficient for the inconsistency of a 

can included definition trivial inconsistency. The 
of trivial inconsistency is there are sufficient conditions for inconsistency 
which are adequate for the completeness theorem of the theory of distributi'qe normal forms 
(see section 4.7) to hold. [1965a] two of trivial It 
wa.') thought that both were adequate the completeness theorem, but to an error 

the attempted proof this result (which I on 114), it is unclear whether or 
these definitions are adequate. however, a definition of inconsistency 

(given next section) closely related to one of Hintikka's which is for the 
theorem. section Hintikka's definition trivial inconsistency 

an equivalent formulation of it the tree-structure of constituents and attributive 
constituents. 

consider some ne<::es;sar for consistency. 

attributive ''''J is of form 

,J(Z!,,,,,Zk) 1\ 

(±)(3::C)"ff-I }'" 1 Zk, x) 1\ ... /\ , ... , x) 

where for a E {I, ... , i}, "f:-l(Zll ... , x) is of 

,i(Zll'" 1 Zk: x) 1\ 

(3y)"rt-2(Zl, ... , Zk, x, y) 1\ ... 1\ (±)(3yh;-2(Z11"" Zk, y). 

The case v,re saw in the previous section was when d = 1, in which case each attributive 
constituent (Zl' ... , Zk, x) is a root ,g (Zll ... , Zk; ,l( zi) ... , Zk) to be consis-

as one of the This can expressed formally by the condition that 
the copy ,~(Zb"" x) of ,J(Zl ... , Zk) must be a branch of ,J(Zl, ... , Zk). 

general instead of the formulas (Zl," , Zk, being depth-O 
x, include such descriptions ,g(Zll' .. l Zk, x) as their roots. And it is ll<;;'"C;OC(l,J. 

in 'i1.(Zl; ... 1 J ,J(Zl,' .. J z;;J have some branch ,~-l " .. , x) of which 
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copy of ,J(Zl, ... ,Zk) is the root , to be consistent (because for d > I, an attributive con
stituent -f(Zl, .. . , Zk) implies the attributive constituent ,1(Zl' ... , Zk) which is its top-2 
tree, by corollary 4.7). In other words, if ,1(Zl, ... ,Zk) is consistent then ,J(Zl, ... ,Zk) 
has some successor which is the expanded copy of itself. This necessary condition for 
consistency can be strengthened. To do this, we use the following terminology: 

The constituents and attributive constituents previously defined are called constituents 
and attributive constituents of the first kind by Hintikka [1965a]. They can be rewritten 
in an equivalent form as follows: An attributive constituent of the form 

,f(Zl, ... , Zk) = (±)al(zl, ... ,Zk) A... A (±)aq(zl, ... ,Zk) A 
(±)(~X),t-l (Zl' .. . ,Zk, x) A ... A (±)(~xh~-l (Zl' .. . , Zk, x) 

can be written as 

l(zl, ... ,Zk) 	 (±)al (Zl, ... ,Zk) A... A (±)aq(zl' . .. ,Zk) A 

A(~xh~-l(Zl, .. . ,Zk'X) A A.(~xht-l(Zl,. ".,Zk,X) 
aEA 	 bEB 

where {A, B} is a partition of {I, ... ,r}. The above attributive constituent is equivalent 
to 

(±)al(Zl, ... ,Zk) A... A (±)aq(zl' ... ,Zk) A 

A(~Xh~-l (Zl' ... ,Zk, x) A ('r/x)( V,~-l(Zl' ... ,zk, x)). 
aEA 	 aEA 

And a constituent 

r5f(Zl, . .. , Zk) 	 (±)al(zd A... A (±)ap(zl' ... ' Zk) A 

A(~Xh~-l(Zl' ... ' Zk, x) A A .(~X),t-l (Zl, .. . , Zk, x) 
aEA 	 bEB 

is equivalent to 

(±)al (zd A... A (±)ap(zl' . .. , Zk) A 


A(~Xh:-l(Zl' ... ' Zk, x) A ('r/x) ( V ,:-l(Zl, ... , Zk, x)). 

aEA 	 aEA 

Both of the above equivalences are shown as follows: For {A,B} a partition of {I, ... ,r} 
as in the above formulas, 

A(~X),:-l(Zl' ... ' Zk, x) A A.(~xht-l(Zl, ... , Zk, x) 
aEA 	 bEB 

{=::} A(~Xh:-l(Zl' ... ' Zk, x) A·(V (~X),t-l (Zl , ... , zk, x)) 
aEA 	 bEB 
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copy of ,J(Zl, ... , Zk) is the root, to be consistent (because for d > I, an attributive con
stituent yt(Zl'" ., Zk) implies the attributive constituent ,l(Zl, .. . , Zk) which is its top-2 
tree, by corollary 4.7) . In other words, if ,t(Zl, ... ,Zk) is consistent then ,J(Zl,' .. ,Zk) 
has some successor which is the expanded copy of itself. This necessary condition for 
consistency can be strengthened. To do this, we use the following terminology; 

The constituents and attributive constituents previously defined are called constituents 
and attributive constituents of the first kind by Hintikka [1965a]. They can be rewritten 
in an equivalent form as follows: An attributive constituent of the form 

,t(Zl, ... , Zk) = (±)a1 (Zl, ... ,Zk) /\ ... /\ (±)aq(zl, ... , Zk) /\ 

(±)(3xht-1(Zl,"" Zk, x) /\ ... /\ (±)(3xh~-1(Zl"'" Zk, x) 

can be written as 

(±)a1 (Zl, ... , Zk) /\ ... /\ (±)aq(zl, . .. , Zk) /\ 

1\(3xh~-1(Zl"",Zk'X) /\ 1\ .(3X),g-1(Zl,. ""Zk,X) 
aeA beB 

where {A, B} is a partition of {I, ... , r}. The above attributive constituent is equivalent 
to 

(±)a1 (Zl, ... ,Zk) /\ ... /\ (±)aq(zl' ... , Zk) /\ 

1\ (3x h~-l (Zl' ... , Zk, x) /\ ('t/ x)( V ,~-1 (Zl , ... , Zk, x)) . 
aeA aeA 

And a constituent 

(±)a1(zd /\ ... /\ (±)ap(Zl"'" Zk) /\ 

1\ (3xh~-1(Zl"'" Zk, x) /\ 1\ .(3X),g-1(Zl, ... , Zk, x) 
aeA beB 

is equivalent to 

(±)a1 (Zl) /\ ... /\ (±)ap(Zl" .. , Zk) /\ 

1\ (3xh:-1(zI, ... , Zk, x) /\ ('t/x) ( V ,:-1 (Zl' ... , Zk, x)). 
aeA aeA 

Both of the above equivalences are shown as follows: For {A, B} a partition of {I, ... , r} 
as in the above formulas, 

1\ (3x ),:-1 (Zl' ... ,Zk, x) /\ 1\ .(3x hg-1 (Zl' ... , Zk, x) 
aeA beB 

~ 1\ (3xh:-1(Zl, ... , Zb x) /\ .( V (3X),g-1 (Zl' ... , Zk, x)) 
aeA beB 
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<==? /\ (::3X),:-l(Zl, ... , Zk, x) /\ ,((::3X) V ,t-1(Zl, ... , Zk, x)) 
aEA bEB 

<==? /\(::3X),:-l(Zl, ... ,Zk,X)/\ (VX)(, V,t-1(Zl, ... ,Zk,X)) 
aEA bEB 

<==? /\ (::3Xh~-l(Zl'···' Zk, x) /\ (VX)(/\ "t-1(Zl, ... , Zk, x)) 
aEA bEB 

<==? /\ (::3x h~-l (Zl, ... , Zk, X) /\ (VX)( V ,~-l (Zl' ... ,Zk, X)). 
aEA aEA 

The final equivalence above holds because AbEB "t-1 (Zl, ... ,Zk, x) <==? VaEA ,~-l (Zl' ... , 
Zk, x) by corollary 3.3. Constituents and attributive constituents defined in this equivalent 
form are said to be of the second kind (Hintikka [1965a]). I use the same notation for 
constituents (and attributive constituents) of the first and second kinds. Where it is 
necessary to distinguish between them, the context will make clear which kind is meant. 
The definitions are as follows: . 
Attributive constituents of the second kind are the same as the first kind for depth 0 and 
for greater depths d are defined by 

,f(Zl, ... , Zk) = (±)al(zl, ... ,Zk) /\ ... /\ (±)aq(zl, ... ,Zk) /\ 

/\ (::3x h~-l (Zl, ... , Zk, x) /\ (Vx) (V ,~-l (Zl, ... , Zk, x)) 
aEA aEA 

where al(zl, ... , Zk)'·.·' aq(zl' ... ' Zk) are all the atomic formulas over {Zl, ... , zd which 
contain Zk. 

Constituents of the second kind are the same as the first kind for depth 0 and for greater 
depths d are defined by 

c5f(Zl, ... ,Zk) = (±)al(zt} /\ ... /\ (±)ap(zl' ... ' Zk) /\ 

/\ (::3xh~-l(Zl' ... ' Zk, x) /\ (Vx)(V ,~-l(Zl' ... ' Zk,X)) 
aEA aEA 

where al(zl), .. ·, ap(zl' ... ' Zk) are all the atomic formulas over {Zl, ... , zd. 

In both of the above definitions, A is some subset of {a I,~-l (Zl, ... ,Zk, x) is an attributive 
con~tituent of the second kind of depth d - 1 with free individual terms Zl, ... ,ZkJ x}. 

As for constituents of the first kind, I use the terminology of roots and branches obtained 
from the sets-and-trees representation for constituents and attributive constituents of the 
second kind. In fact, the syntactic structure of constituents and attributive constituents 
of the second kind corresponds closely with their sets-and-trees representation in that the 
attributive constituents which occur in them are exactly the branches of the tree. Or 
equivalently, if all the attributive constituents are written out in terms of depth-O attribu
tive constituents, all these depth-O attributive constituents (and for constituents, also the 
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aEA aeA 

where a1(zl",. ,Zk), ... ,aq(zl"",Zk) are all the atomic formulas over {Zl" .. ,Zk} which 
contain Zk. 

Constituents of the second kind are the same as the first kind for depth 0 and for greater 
depths d are defined by 

6"f(Zl"'" Zk) = (±)a1(zl) /\ ... /\ (±)ap(zl"'" Zk) /\ 

/\ (::3xh:-1 (Zl, ... , Zk, x) /\ (\ix)(V ,:-l(Zl, ... , Zk,X)) 
aeA aeA 

where a1(zl),"" ap(zl"'" Zk) are all the atomic formulas over {Zl"'" zd. 

In both of the above definitions, A is some subset of {a 1,~-1(Zl"'" Zk, x) is an attributive 
con~tituent of the second kind of depth d - 1 with free individual terms Zl, ... , Zk, x}. 

As for constituents of the first kind, I use the terminology of roots and branches obtained 
from the sets-and-trees representation for constituents and attributive constituents of the 
second kind. In fact, the syntactic structure of constituents and attributive constituents 
of the second kind corresponds closely with their sets-and-trees representation in that the 
attributive constituents which occur in them are exactly the branches of the tree. Or 
equivalently, if all the attributive constituents are written out in terms of depth-O attribu
tive constituents, all these depth-O attributive constituents (and for constituents, also the 
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depth-O constituent which is the root) are exactly the nodes of the tree. Hintikka [1953] 
(p. 39) says: "For the purpose of formulating metatheorems concerning constituents and 
normal forms, the constituents and normal forms of the second kind possess some consid
erable advantage over those of the first kind." I'm not sure what advantage is meant here, 
but one use of constituents of the second kind is that the definition of trivial inconsistency 
can be stated in terms of them, though no more easily than in terms of the sets-and-trees 
representation. 

Trivial inconsistency is defined in such a way that if any of certain formulas which are 
implied by a constituent or attributive constituent is directly contradictory (as defined 
below), then the constituent or attributive constituent is trivially inconsistent. 

A formula is directly contradictory if 

• it is a conjunction of a number of formulas one of which is the negation of another, or 

• it is of the form 	(3x)A and A is directly contradictory, or 

• it is a conjunction of which some conjunct is directly contradictory. 

We can now express the strengthened necessary condition for consistency: 

An attributive constituent 

,f(Zl, ... , Zk) = 	 ,2(Zl, ... , Zk) /\ 

1\ (:3xht1(Zl, ... , Zk, x) /\ (Vx)(V ,:-1 (Zl' ... , Zk, x)) 
bEB 	 bEB 

implies 

,2(Zl, ... ,Zk) /\ Vbt-1(Zl, ... , Zk, x) (zi/x)) 
bEB 

for each i E {I, ... , k}. And 

,2(Zl, ... , Zk) /\ Vb:-1(Zl, ... , Zk, x) (zi/x)) 
bEB 

can only be consistent if there is some b E B for which 

,2(Zl, ... , Zk) /\ b:-1 (Zl, ... , Zk, x) (zi/x)) 

is not directly contradictory. Any ,:-1 (Zl' ... , Zk, x) for which ,2 (Zl' ... , Zk) /\ (,:-1 (Zl' ... , 
Zk, x) (zi/x)) is not directly contradictory will be called a partial expansion to depth d - 1 
of ,~(Zl' ... ,Zk) with respect to Zi· This terminology is chosen because there is a unique 
partial expansion to depth 0 of '~(Zl' . .. ,Zk) with respect to Zk, and it is the expanded 
copy of '~(Zl' ... ,Zk). 
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can be stated in terms of them, though no more easily than in terms of the sets-and-trees 
representation. 

Trivial inconsistency is defined in such a way that if any of certain formulas which are 
implied by a constituent or attributive constituent is directly contradictory (as defined 
below), then the constituent or attributive constituent is trivially inconsistent. 

A formula is directly contradictory if 

• it is a conjunction of a number of formulas one of which is the negation of another, or 

• it is of the form (3x)A and A is directly contradictory, or 

• it is a conjunction of which some conjunct is directly contradictory. 

We can now express the strengthened necessary condition for consistency: 

An attributive constituent 

implies 

rf(Zb ... , Zk) = I'2(Zl, ... , Zk) /\ 

1\ (:3xht1(Zl, ... , Zk, x) /\ (Vx)(V 1':-1 (Zl' ... , Zk, x)) 
bEB bEB 

I'2(Zl, ... , Zk) /\ V bt-1(Zl, ... , Zk, x) (zi/x)) 
bEB 

for each i E {I, ... , k}. And 

I'2(Zl, ... , Zk) /\ V bt-1
(Zl, ... , Zk, x) (zi/x)) 

bEB 

can only be consistent if there is some b E B for which 

is not directly contradictory. Any I't- 1 (Zl' ... , Zk, x) for which 1'2 (Zl' ... , Zk) /\ (I't- 1 (Zl' ... , 
Zk, x) (zi/x)) is not directly contradictory will be called a partial expansion to depth d - 1 
of I'~(Zl' ... ,Zk) with respect to Zi· This terminology is chosen because there is a unique 
partial expansion to depth 0 of I'~(Zl' . .. ,Zk) with respect to Zk, and it is the expanded 
copy of I'~(Zl' . .. ,Zk). 
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I now consider some examples. For the language with one binary predicate symbol P the 
above condition is used to show the inconsistency of certain attributive constituents of the 
form ,1(Zl' x). Let 

,~(Zl' x) P(Zl' x) A -,P(x, Zl) A P(x, x) 

,g(Zl,X,y) P(Zl, y) A -'P(y, Zl) A P(x, y) A P(y, x) A P(y, y) 

,~(Zl' x) ,2(Zl, x) A (3yhg(Zl, x, y) A (Vy),g(Zl, x, y) . 

Then, applying the condition in which we substitute x for y, 

,~(Zl' x) ==} 	 P(Zl' x) A -,P(x, zd A P(x, x) A 

P(Zl'X) A -,P(x,zd A P(x,x) A P(x,x) A P(x,x) 

which is not directly contradictory. And, applying the condition in which we substitute Zl 
for y, 

,~(Zl' x) ==} 	 P(Zl' x) A -,P(x, zd A P(x, x) A 

P(Zl' Zl) A -,P(Zl' zd A P(x, zd A P(Zl' x) A P(Zl' Zl) 

which is directly contradictory. Thus ,~(Zl' x) is inconsistent. Now, let 

,~(Zl'X,y) 	 P(Zl' y) A P(y, Zl) A -,P(x, y) A P(y, x) A P(y, y) 

,~(Zl'X,y) 	 -,P(Zl' y) A -,P(y, Zl) A -,P(x, y) A P(y, x) A -,P(y, y) 

,j(Zl, x) ,2(Zl, x) A /\ (3yh?(Zl,X,y) A (Vy) V ,?(Zl,X,y) 
iE{b,d} 	 iE{b,d} 

,:(Zl, x) ,~(Zl' x) A /\ (3yh?(Zl, x, y) A (Vy) V ,?(Zl, x, y). 
iE {b,e} 	 iE{b,e} 

Then, in 'I (Zl' x), applying the condition in which we substitute x for y does not show any 
inconsistency because ,I (Zl' x) contains the branch ,g (Zl' x, y) which we have seen above 
gives a result which is not directly contradictory. And, applying the condition in which we 
substitute Zl for y, 

,j(Zl, x) ==} 	,2(Zll x) A 

(')'g(Zl' x, y)(zI/y) V (P(Zll Zl) A P(Zl' Zl) A -'P(x, Zl) A P(Zl, x) A P(Zl' Zl))). 

Now, ,2(Zl, x, y)(zI/Y) is directly contradictory, so also ,~(Zl' x) A ,2(Zl, x, y)(zI/y) is 
directly contradictory; but ,~(Zl' x) AP(Zll Zl) AP(Zl, Zl) A -,P(x, zd AP(Zl, x) AP(Zl, Zl) is 
not directly contradictory. So this consideration does not show whether or not 'I (Zl' x) is 
consistent. Note that for an attributive constituent of the form ,1(Zl' x), for x as described 
by the depth-O part of ,1 (Zl ,x) there is a unique branch which ,1 (Zl' x) must have in order 
not to be found inconsistent by this consideration (in the above examples, this branch is 
,2(Zl, x, y)). But for Zl there is not a unique such branch, as is shown by the attributive 
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I now consider some examples. For the language with one binary predicate symbol P the 
above condition is used to show the inconsistency of certain attributive constituents of the 
form "l(Zl' x). Let 

"~(Zl' x) 
"g(Zl,X,y) 

"~(Zl' x) 

P(Zl ' x) 1\ -,P(x, Zl) 1\ P(x, x) 
P(Zl, y) 1\ -'P(y, Zl) 1\ P(x, y) 1\ P(y, x) 1\ P(y, y) 

,,2(Zl, x) 1\ (3Yh~(Zl'X,y) 1\ (Vyhg(Zl,X,y). 

Then, applying the condition in which we substitute x for y, 

"~(Zl' x) ==} P(Zl' x) 1\ -,P(x, zd 1\ P(x, x) 1\ 

P(Zl' x) 1\ -,P(x, zt) 1\ P(x, x) 1\ P(x, x) 1\ P(x, x) 

which is not directly contradictory. And, applying the condition in which we substitute Zl 
for y, 

"~(Zl' x) ==} P(Zl' x) 1\ -,P(x, Zl) 1\ P(x, x) 1\ 

P(Zl' Zl) 1\ -,P(Zl' zd 1\ P(x, Zl) 1\ P(Zl' x) 1\ P(ZlJ Zl) 

which is directly contradictory. Thus "~(ZlJ x) is inconsistent. Now, let 

"~(Zl'X,y) 
"~(Zl'x,y) 

"j(Zl, x) 

P(Zl' y) 1\ P(y, Zl) 1\ -,P(x, y) 1\ P(y, x) 1\ P(y, y) 
-,P(Zl' y) 1\ -,P(y, Zl) 1\ -,P(x, y) 1\ P(y, x) 1\ -,P(y, y) 

,,2(Zl, x) 1\ 1\ (3Y),,?(Zl,X,y) 1\ (Vy) V ,,?(Zl,X,y) 
iE{b,d} iE{b,d} 

"~(Zl' x) 1\ 1\ (3yh?(Zl, x, y) 1\ (Vy) V ,,?(Zl, x, y). 
iE{b,e} iE{b,e} 

Then, in "j(Zl, x), applying the condition in which we substitute x for y does not show any 
inconsistency because "j (Zl' x) contains the branch ,,~( Zl, x, y) which we have seen above 
gives a result which is not directly contradictory. And, applying the condition in which we 
substitute Zl for y, 

"j(Zl, x) ==} ,,2 (Zl' x) 1\ 

h~(Zl' x, y)(zt/y) V (P(Zl, Zl) 1\ P(Zl' Zl) 1\ -'P(x, zd 1\ P(Zl, x) 1\ P(Zl' Zl))). 

Now, "g(Zl, x, y)(zt/y) is directly contradictory, so also "~(Zl' x) 1\ "g(zt, x, y)(zt/y) is 
directly contradictory; but "~(Zl' x) I\P(Zl, Zl) I\P(Zl, Zl) 1\ -,P(x, zd 1\ P( Zl, x) I\P( Zl, Zl) is 
not directly contradictory. So this consideration does not show whether or not "j (Zl' x) is 
consistent. Note that for an attributive constituent of the form "l(Zl' x), for x as described 
by the depth-O part of ,,1 (Zl , x) there is a unique branch which ,,1 (Zl' x) must have in order 
not to be found inconsistent by this consideration (in the above examples, this branch is 
"g(Zl,X,y)). But for Zl there is not a unique such branch, as is shown by the attributive 
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constituents 'Y}(Zl' x) and 'Y~(Zl' x), where one contains 'Y~(Zl' x, y) and the other contains 
1~(Zl' x, y), and both 'Y~(Zl' x, y) and 'Y~(Zl' x, y) are partial expansions of 'Y~(Zl' x) to depth 
o with respect to Zl. For depth-O constituents, partial expansions can be defined in the 
same way as for attributive constituents, and then there are unique partial expansions to 
depth 0 with respect to any of the free individual terms. This is because depth-O con
stituents fully describe the depth-O relations between all the free individual terms. The 
reason we don't have unique partial expansions for attributive constituents is that they can 
differ in conjuncts which, after substituting, describe the way free individual terms other 
than the last are related to each other (since this is not specified by the attributive con
stituent for which we are obtaining a partial expansion). In the above example, 'Y~(Zl' x, y) 
and 'Y2(Zl, x, y) differ in this way when Zl is substituted for y. 

Since a constituent t5°(Zl, ... , Zk) has a unique partial expansion to depth 0 with respect to 
any Z in {Zl,"" Zk}, this partial expansion can be called the expanded copy of t5°(Zl, .. . , Zk) 
with respect to z. Expanded copies of depth-O constituents can also be defined more directly 
by: For each i E {I, ... , k}, the expanded copy of t5°(Zl,"" Zk) with respect to Zi is 
the constituent t5°(Zl," " Zk, x) which contains every conjunct of t5°(Zl,·" . ,Zk) and for 
each atomic formula A over Zl, .. . , Zk, x which contains x, if A(zi/x) is a conjunct of 
t50(Zl,"" Zk) then A is a conjunct of t5°(Zl, . .. , Zk, x) and if -,A(zi/x) is a conjunct of 
t5°(Zl,' .. , Zk) then -,A is a conjunct of t5°(Zl,"" Zk, x). 

We have seen that for an attributive constituent 'Yd(Zl,' .. ,Zk) to be consistent, its root 
'Yo (Zl' ... ,Zk) must have, for each i E {I, . . . , k}, a branch which is a partial expansion of 
'Y°(Zl, ... ,Zk) with respect to Zi' If 'Yd(Zl' . . . ,Zk) is consistent then each of its principal 
subtrees is consistent, so a similar condition to the one above applies to all nodes which have 
successors: If 'Yd(Zl,' .. , Zk) is consistent, then each node 'Y°(Zl,' .. , zz) which has successors 
has, for each i E {I, ... , l}, a branch which is a partial expansion of 'Y°(Zl, ... ,Zl) with 
respect to Z/. 

We now consider another necessary condition for consistency of constituents and attributive 
constituents. 

In an attributive constituent 'Yd(Zl' ... ,Zk) of the second kind, to omit a layer of quanti
fiers means, for some Xi over which quantification occurs in 'Yd(Zl' ... ,Zk), to remove all 
occurrences of (3Xi) and (VXi) together with all atomic formulas containing Xi and omit 
unnecessary repetitions of formulas. In addition, we must either consider formulas which 
differ only in their bound variables as notational variations of each other, or change the 
bound variables to be used in alphabetic order. Either way, it is then possible to get the 
same result by omitting different layers of quantifiers. I will assume that the bound vari
ables are changed to be used in alphabetic order, even though this is not part of the original 
definition, since it allows for greater precision. Omitting layers of quantifiers is described by 
Hintikka [1965a] (p. 68-71) and the definition is stated clearly by Niiniluoto [1987] (p. 71). 
We can see what kind of formulas are obtained by omitting layers of quantifiers from 
attributive constituents by considering some examples. Omitting any layer of quantifiers 

93 

constituents 'Yj(Zl, x) and 'Y;(Zl, x), where one contains 'Y~(Zl' x, y) and the other contains 
,~(Zl' x, y), and both 'Y~(Zl' x, y) and 'Y~(Zl' x, y) are partial expansions of 'Y~(Zl' x) to depth 
o with respect to Zl. For depth-O constituents, partial expansions can be defined in the 
same way as for attributive constituents, and then there are unique partial expansions to 
depth 0 with respect to any of the free individual terms. This is because depth-O con
stituents fully describe the depth-O relations between all the free individual terms. The 
reason we don't have unique partial expansions for attributive constituents is that they can 
differ in conjuncts which, after substituting, describe the way free individual terms other 
than the last are related to each other (since this is not specified by the attributive con
stituent for which we are obtaining a partial expansion). In the above example, 'Y~(Zl' x, y) 
and 'Y2(Zl, x, y) differ in this way when Zl is substituted for y. 

Since a constituent c5°(Zl, ... , Zk) has a unique partial expansion to depth 0 with respect to 
any Z in {Zl,"" Zk}, this partial expansion can be called the expanded copy of c5°(Zl, ... , Zk) 
with respect to z. Expanded copies of depth-O constituents can also be defined more directly 
by: For each i E {I, ... , k}, the expanded copy of c5°(Zl,"" Zk) with respect to Zi is 
the constituent c5°(Zl,"" Zk, x) which contains every conjunct of c5°(Zl' ~ .. ,Zk) and for 
each atomic formula A over Zl, . .. , Zk, x which contains x, if A(zi/x) is a conjunct of 
c5°(Zl,"" Zk) then A is a conjunct of c5°(Zl, ... , Zk, x) and if -,A(zi/x) is a conjunct of 
c5°(Zl,' .. , Zk) then -,A is a conjunct of c5°(Zl,"" Zk, x) . 

We have seen that for an attributive constituent '1(Zl," ., Zk) to be consistent, its root 
'YO ( Zl, ... ,Zk) must have, for each i E {I, ... , k}, a branch which is a partial expansion of 
'Y°(Zl,' .. , Zk) with respect to Zi' If 'Yd(Zl' ... ,Zk) is consistent then each of its principal 
subtrees is consistent, so a similar condition to the one above applies to all nodes which have 
successors: If 'Yd( Zl, ... , Zk) is consistent, then each node 'Yo (Zl' ... , zz) which has successors 
has, for each i E {I, ... , I}, a branch which is a partial expansion of 'Y°(Zl, ... ,Zl) with 
respect to Zl. 

We now consider another necessary condition for consistency of constituents and attributive 
constituents. 

In an attributive constituent 'Yd(Zl' ... ,Zk) of the second kind, to omit a layer of quanti
fiers means, for some Xi over which quantification occurs in 'Yd(Zl' ... ,Zk), to remove all 
occurrences of (::lXi) a,nd (VXi) together with all atomic formulas containing Xi and omit 
unnecessary repetitions of formulas. In addition, we must either consider formulas which 
differ only in their bound variables as notational variations of each other, or change the 
bound variables to be used in alphabetic order. Either way, it is then possible to get the 
same result by omitting different layers of quantifiers. I will assume that the bound vari
ables are changed to be used in alphabetic order, even though this is not part of the original 
definition, since it allows for greater precision. Omitting layers of quantifiers is described by 
Hintikka [1965a] (p. 68-71) and the definition is stated clearly by Niiniluoto [1987] (p. 71). 
We can see what kind of formulas are obtained by omitting layers of quantifiers from 
attributive constituents by considering some examples. Omitting any layer of quantifiers 
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from an attributive constituent ,d(Zl , ... , Zk) results in a formula which is somewhat like 
an attributive constituent of the form yt-l(Zl' ... ' Zk), but may within the scope of an exis
tential quantifier, or at the outermost level, contain formulas which are conjunctions where 
either one conjunct is the negation of another, or conflicting lists of kinds of individuals are 
asserted to exist. In other words, the formula obtained after the particular bound variable 
has been removed is like an attributive constituent, but is "over-defined" at some level. 
Only if this "over-definition" is actually redundant (i.e. repetition) is the formula obtained 
after omitting repetitions (and changing bound variables) an attributive constituent of the 
form ,d-l (Zl, . .. , Zk). If the result of omi tting some layer of quantifiers from ,d(Zl, ... , Zk) 
is not an attributive constituent yt-l(Zl, ... ,Zk) then this result is inconsistent. Since 
,d(Zl, . .. , Zk) implies this inconsistent formula, it is also inconsistent. And, since only one 
of the formulas of the form ,d-l(Zl, ... , Zk) is true for any particular model and valuation, 
the results of omitting each of the layers of quantifiers from ,d(Zl, ... ,Zk) must all be the 
same (up to notational variation) for ,d(Zl, . .. , Zk) to be consistent since ,d(Zl, . .. ,Zk) 
implies each of these formulas. Omitting a layer of quantifiers in constituents of the second 
kind is defined in the same way as in attributive constituents. 

The necessary conditions for the consistency of constituents and attributive constituents 
which we have just seen are used in the following definition of trivial inconsistency. Since 
I later consider a different definition of trivial inconsistency, I call this kind one-trivial 
inconsistency. 

An attributive constituent 

,d(Zl, ... ,Zk) = ,O(Zl, ... ,Zk)/\ 

1\ (:3xhi- 1(Zl, . .. , Zk, x) /\ (Vx)(V ,t-1(Zl, . . . , Zk, x)) 
bEB bEB 

is called one-trivially inconsistent if it does not satisfy the following necessary conditions 
for consistency: 

• for each i E {I, . . . , k}, ,0 (Zl, ... , Zk) has some branch which is a partial expansion to 
depth d - 1 of ,O(Zl, ... , Zk) with respect to Zi; 

• omitting the different layers of quantifiers all give the same result, which is an attribu
tive constituent of depth d - 1 with free individual terms Zl, ... , Zk; 

• it does not contain any attributive constituent which is one-trivially inconsistent. 

A constituent 

c5 d (Zl, ... ,Zk) c50 (Zl, ... , Zk) /\ 

1\(3xhi-1(Zl, ... ,Zkl X) /\ (Vx)(V ,t-1(Zl, ... ,Zk,X)) 
bEB bEB 

94 

c . I .. 

from an attributive constituent ,d(Zl, ... , Zk) results in a formula which is somewhat like 
an attributive constituent of the form yt-l(Zl, ... , Zk), but may within the scope of an exis
tential quantifier, or at the outermost level, contain formulas which are conjunctions where 
either one conjunct is the negation of another, or conflicting lists of kinds of individuals are 
asserted to exist. In other words, the formula obtained after the particular bound variable 
has been removed is like an attributive constituent, but is "over-defined" at some level. 
Only if this "over-definition" is actually redundant (Le. repetition) is the formula obtained 
after omitting repetitions (and changing bound variables) an attributive constituent of the 
form ,d-l(Zl, ... , Zk). If the result of omitting some layer of quantifiers from ,d(Zl, ... , Zk) 
is not an attributive constituent yt-l (Zl, ... , Zk) then this result is inconsistent. Since 
,d(Zl, ... , Zk) implies this inconsistent formula, it is also inconsistent. And, since only one 
of the formulas of the form ,d-l (Zl, ... , Zk) is true for any particular model and valuation, 
the results of omitting each of the layers of quantifiers from ,d(Zl, ... , Zk) must all be the 
same (up to notational variation) for ,d(Zl, . .. , Zk) to be consistent since ,d(Zl, . .. , Zk) 
implies each of these formulas. Omitting a layer of quantifiers in constituents of the second 
kind is defined in the same way as in attributive constituents. 

The necessary conditions for the consistency of constituents and attributive constituents 
which we have just seen are used in the following definition of trivial inconsistency. Since 
I later consider a different definition of trivial inconsistency, I call this kind one-trivial 
inconsistency. 

An attributive constituent 

,d(Zl, ... ,Zk) = ,0(Zl, ... ,Zk)/\ 

I\C3xht-1(Zl, ... ,Zk,X) /\ (Vx)(V ,t-1(Zl, . . . ,Zk,X)) 
bEB bEB 

is called one-trivially inconsistent if it does not satisfy the following necessary conditions 
for consistency: 

• for each i E {I, ... , k}, ,0 (Zl, ... , Zk) has some branch which is a partial expansion to 
depth d - 1 of ,0(Zl, ... , Zk) with respect to Zi; 

• omitting the different layers of quantifiers all give the same result, which is an attribu
tive constituent of depth d - 1 with free individual terms Zl, ... , Zk; 

• it does not contain any attributive constituent which is one-trivially inconsistent. 

A constituent 

OO(Zl, ... ,Zk)/\ 

1\ C3xht-1(Zl, ... , Zkl x) /\ (Vx)(V ,t-1(Zl, . .. , Zk, x)) 
bEB bEB 
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is called one-trivially inconsistent if it does not satisfy the following necessary conditions 
for consistency: 

• for each i E {I, . .. , k}, 6°(zl, . . . ,Zk) has some branch which is a partial expansion to 
depth d - 1 of 6° (Zl , ... , Zk) with respect to Zi; 

• omitting the different layers of quantifiers all give the same result, which is a constituent 
of depth d - 1 with free individual terms Zl, . .. ,Zk; 

• 	 it does not contain any attributive constituent which is one-trivially inconsistent. 

We can rewrite the above definition taking into account the condition that the attributive 
constituents contained in the constituent or attributive constituent are not one-trivially 
inconsistent. If omitting each different layer of quantifiers results in a constituent or 
attributive constituent, then this condition also applies to the branches of each node in 
the tree. But, even if omitting the different layers of quantifiers in ,d(Zl' ... , Zk) result in 
the same attributive constituent, this does not necessarily apply to the principal subtrees 
of ~(Zl"'" Zk) ' And, the existence of the required partial expansions of the root does 
not imply the existence of partial expansions of other nodes. Also, if omitting the different 
layers of quantifiers all give the same result, then this result is a constituent or attribu
tive constituent as required above. So we can express the above definition of one-trivial 
inconsistency as follows: 

A constituent or attributive constituent is one-trivially inconsistent if it does not satisfy 
the following conditions: 

• each node 	N which has successors has, for each free individual term Z in N, some 
branch which is a partial expansion of N to depth n with respect to z, where n is the 
depth of the branches of N 

• in each principal subtree, 	omitting the different layers of quantifiers all give the same 
result. 

The above definition of one-trivial inconsistency is equivalent to the one in Hintikka [1965a] 
(p. 67-71). There are a number of other definitions in the literature. Hintikka [1965a] 
(p. 66-67) gives a definition which, although not exactly equivalent to this one, is according 
to ibid. (p. 71) "equally powerful" in the sense that for any constituent or attributive con
stituent which is trivially inconsistent by one definition but not by the other, its expansion 
to depth I-greater than its own is also trivially inconsistent by the other definition. Hin
tikka [1970) (p. 270-272) gives a definition of trivial inconsistency which is equivalent to the 
one in Hintikka [1965a) (p. 67-71), though it uses slightly different terminology. Niiniluoto 
[1987) (p. 71) gives a definition in terms of a "truncation requirement" which is the same 
condition regarding the omission of layers of quantifiers as in the definition above, and 
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is called one-trivially inconsistent if it does not satisfy the following necessary conditions 
for consistency: 

• for each i E {I, . .. , k}, 60 (Zl, . . . , Zk) has some branch which is a partial expansion to 
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inconsistent. If omitting each different layer of quantifiers results in a constituent or 
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of ~(Zl' ... ,Zk)' And, the existence of the required partial expansions of the root does 
not imply the existence of partial expansions of other nodes. Also, if omitting the different 
layers of quantifiers all give the same result, then this result is a constituent or attribu
tive constituent as required above. So we can express the above definition of one-trivial 
inconsistency as follows: 

A constituent or attributive constituent is one-trivially inconsistent if it does not satisfy 
the following conditions: 

• each node N which has successors has, for each free individual term Z in N, some 
branch which is a partial expansion of N to depth n with respect to z, where n is the 
depth of the branches of N 

• in each principal subtree, omitting the different layers of quantifiers all give the same 
result. 

The above definition of one-trivial inconsistency is equivalent to the one in Hintikka [1965a] 
(p. 67-71). There are a number of other definitions in the literature. Hintikka [1965a] 
(p. 66-67) gives a definition which, although not exactly equivalent to this one, is according 
to ibid. (p. 71) "equally powerful" in the sense that for any constituent or attributive con
stituent which is trivially inconsistent by one definition but not by the other, its expansion 
to depth I-greater than its own is also trivially inconsistent by the other definition. Hin
tikka [1970) (p. 270-272) gives a definition of trivial inconsistency which is equivalent to the 
one in Hintikka [1965a) (p. 67-71), though it uses slightly different terminology. Niiniluoto 
[1987) (p. 71) gives a d.efinition in terms of a "truncation requirement" which is the same 
condition regarding the omission of layers of quantifiers as in the definition above, and 
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The definition of the contracted copy of a depth-O attributive constituent is generalized to 
attributive constituents of any depth as follows: The contracted copy of an attributive con
stituent ,d(ZI, ... , Zk, zk+d is the formula obtained from it by deleting all atomic formulas 
which contain Zk and then substituting Zk for Zk+l, and then changing the bound variables 
from Zk+2, ... , Zk+d+l to Zk+l, ... ,Zk+d (simultaneously) and in the resulting tree omitting 
duplicates. Thus the contracted copy of ,d(Zl' .. . ,Zk, Zk+l) is of the form ,d(Zl,·· . ,Zk). 

In constituents and attributive constituents, existential conjunctions occur as subforests 
generated by sibling-sets. In those trees and forests used to represent constituents and 
attributive constituents, for a sibling-set S, the contracted copy of the subforest F gen
erated by S is the forest whose trees are the contracted copies of the trees of F, with 
duplicates removed. 

We now consider the effect of omitting a layer of quantifiers from an attributive constituent 
in terms of its tree-structure. In an attributive constituent of the form 

,O(ZI, .. . ,Zk) 

level 1 

, .. .. -~ 

level 2 
•••••••••.~~•.•••• 

level 3 ,1. 
,\ ,\ I \ 

- _\ ,- _\ 

omitting the first layer of quantifiers corresponds to "omitting" the circled level of the tree. 
The condition that omitting this layer of quantifiers results in an attributive constituent 
can be expressed as: for each sibling-set T of level 3, the contracted copy of the subforest 
generated by T must be the same. More precisely, there must be some forest F such that 
for each sibling-set T of level 3, the contracted copy of the subforest generated by Tis F . 
For consistency, F must in fact be the top- (d - 1) forest of the subforest generated by the 
sibling-set of level 2, which it is if omitting the first and last layers of quantifiers give the 
same result. Omitting the second layer of quantifiers corresponds to "omitting" the third 
level of the tree, which is "omitting" the second level in each subtree generated by a node 
of level 2 in the original tree. Each of these subtrees must be consistent for the whole tree 
to be consistent, and if for each of them, omitting the first layer of quantifiers gives the 
required top-tree, then for the whole tree, omitting the second layer of quantifiers gives 
the required top-tree. 

The following lemma will be used in section 4.7. To state it, I use the notation 
,d({ZI, . .. , Zk}, Zi) for an attributive constituent of depth d whose free individual terms 
are ZI, . .. , Zk (but not necessarily in this order) where the last free individual term is 
Zi. For any constituent Od(ZI' ... ,Zk), for each i E {I, ... , k}, the attributive constituent 
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,d({Zl"",Zk},Zi) formed from c5 d (Zl, ... ,Zk) by deleting some of the conjuncts from its 
root is called a part of c5d(Zl,"" Zk)' 

Lemma 4.10 If ,t-1(Zl,"" Zk, x) is a partial expansion to depth d - 1 of c5~(Zl"'" Zk) 
with respect to Zi for some i E {I, ... , k}, then substituting Zi for x in the root of 
,t-1(Zl,"" Zkl x) gives an attributive constituent ,O({Zl,"" zd, Zi) which is a part of 
c5~(Zl"'" Zk), and substituting Zi for x in the subforest generated by the sibling-set of level 
2 in ,t-1(Zl,"" Zk, x) has the same effect as deleting all conjuncts which contain x from 
this subforest. 

PROOF If ,t-1(Zl,"" Zk, x) is a partial expansion to depth d - 1 of c5~(Zl"'" Zk) with 
respect to Zi, then c5~(Zl"'" Zk) i\ ,t-1(Zl,' . . , Zk, x)(zi/x) is not directly contradictory. 
Let the root of ,t-1(Zl,"" Zk, x) be called ,2(Zl,'" ,Zk, x). Then ,2(Zl, . ", Zk, x)(zi/x) 
contains all the atomic formulas over Zl, ... , Zk which contain Zi (some of them occur 
more than once), and c5~(Zb"" Zk) contains all the atomic formulas over Zl,"" Zk' 
So, since c5~(Zl,,,,,Zk) i\,t-1(Zl,,,.,Zk,X)(zi/x) is not directly contradictory, each con
junct of ,2(Zl," " Zk, x) (zi/x) is a conjunct of c5~(Zl" .. , Zk)' The nodes in the sub
trees ,d-2(Zl,' .. , Zk, x, y) generated by successors of ,2(Zl,"" Zk, x) are all of the form ,0 (Zl' ... , Zk, x, y, ... , z) for some z. Since c5~ (Zl' ... , Zk) i\ ,t-1(Zl' ... , Zk, x) (zi/ x) is not 
directly contradictory, for each such node ,0 (Zl' ... , Zk, x, y, ... , z), ,0 (Zl' ... , Zk, x, y, ... , z) 
(zi/x) is not directly contradictory. Thus Zi and x are related in the same way to z. So 
deleting all conjuncts which contain x from ,0(Zl, ... ,Zk, x, y, ... , z) gives the same result 
as substituting Zi for x in ,0(Zl, ... , Zk, x, y, ... ,z) and then omitting repetitions of con
juncts. So substituting Zi for x in the subforest generated by the sibling-set of level 2 in 
,t-1(Zl,"" Zk, x) has the same effect as the first step in obtaining the contracted copy of 
this subforest. So, if after substituting Zi for x in this subforest, we substitute x for y and 
then change the bound variables to be used in their order (starting with y), we get the 
contracted copy of this subforest. 0 

The following lemma expresses the effect of omitting a layer of quantifiers in terms of the 
tree-structure. And the following theorem expresses the condition regarding the omission 
of layers of quantifiers that is part of the definition of one-trivial inconsistency in terms of 
the tree-structure. 

Lemma 4.11 In a constituent or attributive constituent X of depth d ~ 1 with free indi
vidual terms Zl, ... ,Zk, the formula that results from omitting the nth layer of quantifiers 
from X (for 1 ~ n ~ d) is the formula obtained from X by, for each sibling-set S of level 
n + 1, replacing the subforest generated by S by the conjunction of the contracted copies of 
all the subforests generated by the successor-sets of S. 

PROOF Since omitting the nth layer of quantifiers is omitting the first layer of quantifiers 
in each subtree generated by a node of level n (which is immediate from the definition 
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of omitting a layer of quantifiers), we need only show that the omission of the first layer 
of quantifiers from X is the formula obtained from X by, for the sibling-set S of level 2, 
replacing the subforest generated by S by the conjunction of the contracted copies of the 
subforests generated by the sibling-sets of level 3. 

The constituent or attributive constituent X has the following form (if X is a constituent, 
the initial ,O(Zl " .. , ZI;;) is replaced by a OO(Zl," ., Zk)): 

, O(Zl ' ... ,Zk)A 


!\aEA(:3Zk+l) [,0 (Zl, ... ,Zk+1)A 


!\bEB(3zk+2)[,O(Zl,"" Zk+2) A 


!\eEd:3Zk+3)[,O(Zl, ... ,Zk+3)A 


!\eEE(:3zk+d- 1)[,O(Zl, ... ,Zk+d- l)A 

!\/EF(:3Zk+dhJ (Zl, ... , Zk+d)A 

(\fzk+d) V/EF ,J(Zl,' .. , Zk+d)leA 

(\fzk+d-d VeEE [ leA 


.. ·leA 


(\fZk+3) VeEd le lbA 


(\fZk+2) VbEB[ lb la A 


('IZk+l) VaEA [ la 


where each empty pair of brackets [ 1 with some subscript is an abbreviation for the 
contents of the first occurrence of brackets with the same subscript. Omitting the first 
layer of quantifiers, we get 
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,O(Zl, ... , Zk)/\ 

l\aEA[!\bEB(:3zk+1)[,°(Zl, ... , Zk+l)/\ 


!\eEd:3Zk+2)[,O(Zl, ... ,Zk+2)/\ 


!\eEE(:3 zk+d- 2)[,O(Zl, .. , , Zk+d- 2)/\ 

!\!EF(:3Zk+d-lhJ(Zl, ... , ZHd-l)/\ 

(\7'Zk+d-l) V!EF ,J(Zl, . . . ,Zk+d-l)le /\ 

(\7'Zk+d-l) VeEE[ le/\ 


.. ·le/\ 


(\7'Zk+2) VeEd le lb/\ 

(\7' zk+l) VbEB[ lb la 


where ,O(Zl,"" Zk+l), ,O(Zl,'" , Zk+2), ... in the above formula are the results of omit
ting the atomic formulas containing ZHl from ,O(Zl, " " Zk+2), , O(Zl, ... ,ZH3), ... of 
the previous formula, and then changing the bound variables from Zk+2, . . . , Zk+d to 
Zk+l, ... , Zk+d-l throughout the whole formula. Thus each [ le in the above formula is the 
contracted copy of [ le of the previous formula as required. 0 

For those trees that represent constituents and attributive constituents, by the depth of a 
principal subtree, I mean the depth of the formula which is represented by that subtree. 
Thus, such subtrees which have n levels are of depth n - 1. 

Theorem 4.12 For a constituent or attributive constituent X of depth d ;::: 1J the following 
are equivalent 

(1.) 	for each principal subtree Y of X with depth ~ 1J omitting each different layer of 
quantifiers in Y gives the same result 

(2.) 	for each sibling-set S in X J for each successor-set T of S J the contracted copy of the 
subforest generated by T is the top-(d - i + 1) forest of the subforest generated by S 
(where i is the level of S). 

PROOF If (1.) then omitting each different layer of quantifiers in X gives the same result, 
so omitting the first layer of quantifiers gives the same result as omitting the last layer 
which is the top-d tree of X. So by lemma 4.11, the formula obtained from X by replacing 
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the subforest generated by the sibling-set 5 of level 2 by the conjunction of the contracted 
copies of the subforests generated by the successor-sets of 5 is the top-d tree of X. So each 
such contracted copy is the top-(d - 1) forest of the subforest generated by S. Similarly, 
since for each principal subtree Y of X with depth ~ 1, omitting the first and last layers 
of quantifiers give the same result, for each successor-set T of the sibling-set 5 of level 2 in 
Y, the contracted copy of the subforest generated by T is the top-n forest of the subforest 
generated by 5 where n is the number of levels in the subforest generated by T. Each 
sibling-set is the sibling-set of level 2 in some principal subtree. Thus (2.). 

If (2.) then for the sibling-set 5 of level 2 in X, for each successor-set T of 5, the contracted 
copy of the subforest generated by T is the top-(d - 1) forest of the subforest generated 
by 5. So by lemma 4. 11 , omitting the first layer of quantifiers in X gives the top-d tree of 
X which is the result of omitting the last layer of quantifiers from X. Similarly, in each 
principal subtree Y of X, omitting the first and last layers of quantifiers give the same 
result. To show that omitting the other layers of quantifiers from X also give the top-d tree 
of X: To omit the second layer of quantifiers in X is to omit the first layer in each subtree 
Y generated by a node of level 2 in X. Since, for each such Y, this gives the top- (d - 1) 
tree of Y, the result of omitting the result of omitting the second layer of quantifiers in X 
is the top-d tree of X. Generally, omitting the nth layer of quantifiers, for n ~ 2, in X is 
to omit the first layer in each subtree generated by a node of level n, and results in the 
top-d tree of X. Similarly, in each principal subtree Y of X, omitting each different layer 
of quantifiers in Y gives the same result. Thus (1.). 

The structure of a constituent or attributive constituent without any free individual tenns 
is like that of X above, except without a root. The above proof does not involve the root 
of X, so it also holds for constituents of the form c5d O. 0 

Corollary 4.13 A constituent or attributive constituent of depth d is one-trivially incon
sistent if it does not satisfy the following conditions 

• 	 each node N which has successors has, for each free individual term z in N, some 
branch which is a partial expansion of N to depth n with respect to z, where n is the 
depth of the branches of N 

• 	 for each sibling-set 5 of level i, for each successor-set T of 5, the contracted copy of 
the subforest generated by T is the top-( d - i + 1) forest of the subforest generated by S. 

PROOF Apply theorem 4.12 to the condition regarding the omission of layers of quantifiers 
in the definition of one-trivial inconsistency. 0 

Although the above formulation of one-trivial inconsistency might be slightly longer to state 
than the original formulation, it provides a graphical way of understanding the definition 
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by showing how the different parts of a constituent must be related to each other for it not 
to be one-trivially inconsistent. 

4.6 Another definition of trivial inconsistency 

I have not been able to prove the completeness result Hintikka claims for one-trivial incon
sistency. In this section, I give another definition of trivial inconsistency for which a similar 
completeness result does hold (and is proved in the next section). 

Since there are different possible ways of defining trivial inconsistency, any definition of 
some other concept in terms of trivial inconsistency is relative to the particular definition 
of trivial inconsistency used. Discussing the significance of definitions which depend on 
the definition of trivial inconsistency, Hintikka [1965a] (p. 88) says: "That they depend on 
the conditions employed is true; but on the other hand it seems to me that in some rather 
elusive sense our conditions (A)-(E) of inconsistency are as strong as we ca~ possibly hope 
natural conditions to be." 

For one of the conditions referred to above (called (C)), there is a stronger natural condition 
which is also necessary for consistency. 

The following condition is one of those used in the definition of one-trivial inconsistency: 

• Each node 	N which has successors has, for each free individual term Z in N, some 
branch which is a partial expansion of N with respect to z. 

It can be strengthened to: 

• Each node 	N which has successors has, for each free individual term Z in N, some 
branch which is a partial expansion of the conjunction of N and all the nodes that aTe 
above it with respect to z. 

We show that this is a necessary condition for consistency as follows: 

An attributive constituent 

,d(Zl' ... ,Zk) = ,O(Zl, ... , Zk) /\ 

/\(3xht-1(Zl," " Zk, x) /\ ('Ix) V,t-1(Zl,"" Zk, x) 
iEI 	 iEI 

is equivalent to 

,O(Zl," .,Zk) /\ 

/\(3X)(T°(Zl,"" Zk) /\ ,t-1(Zl,"" Zk, x)) /\ ('Ix) V(T°(Zl,"" Zk) /\ ,f-1(Zl,"" Zk, x)). 
iEJ 	 iEI 
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by showing how the different parts of a constituent must be related to each other for it not 
to be one-trivially inconsistent. 

4.6 Another definition of trivial inconsistency 

I have not been able to prove the completeness result Hintikka claims for one-trivial incon
sistency. In this section, I give another definition of trivial inconsistency for which a similar 
completeness result does hold (and is proved in the next section). 

Since there are different possible ways of defining trivial inconsistency, any definition of 
some other concept in terms of trivial inconsistency is relative to the particular definition 
of trivial inconsistency used. Discussing the significance of definitions which depend on 
the definition of trivial inconsistency, Hintikka [1965a] (p. 88) says: "That they depend on 
the conditions employed is true; but on the other hand it seems to me that in some rather 
elusive sense our conditions (A)-(E) of inconsistency are as strong as we ca~ possibly hope 
natural conditions to be." 

For one ofthe conditions referred to above (called (e)), there is a stronger natural condition 
which is also necessary for consistency. 

The following condition is one of those used in the definition of one-trivial inconsistency: 

• Each node N which has successors has, for each free individual term Z in N, some 
branch which is a partial expansion of N with respect to z. 

It can be strengthened to: 

• Each node N which has successors has, for each free individual term Z in N, some 
branch which is a partial expansion of the conjunction of N and all the nodes that aTe 
above it with respect to z. 

We show that this is a necessary condition for consistency as follows: 

An attributive constituent 

,d(Zl,' .. ,Zk) = ,O(Zl,.'" Zk) /\ 

1\(3x),t-1
(Zl,"" Zk, x) /\ ('Ix) V ,t-1(Zl)'" I Zk, x) 

is equivalent to 

,O(ZII' .. , Zk) /\ 

iEI iEI 

1\ (3x) (To (Zll ... I Zk) /\ ,t-1(ZI, ... ) Zk, x)) /\ ('Ix) V (T°(ZII ... I Zk) /\ ,t-1 (Zll ... I Zk) x)). 
iEI iEI 
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So yt(Zl, ... , Zk) is equivalent to the formula obtained from it by, for each attribu
tive constituent ,d-j (Zl, ... ,Zk+j) which occurs at any level of nesting in ,d(Zl) ... , Zk), 
l;eplacing ,d-j(Zl, .. . , Zk+j) by ,O(Zl, ... , Zk) !\ ,O(Zl) ... , Zk+l) !\ ... !\ ,O(Zl, ... )Zk+j-l) !\ 
,d-j(Zl, ... , Zk+j) where ,O(Zl, ... , Zk) ... ),O(Zl, ... , Zk+j-t) are those nodes which occur 
above the root of ,d-j (Zl) ... )Zk+j). Let the formula so obtained from ,d(Zl, . .. ,Zk) be 
called rd(Zl, . . . ,Zk). Now, for rd(Zl' ... )Zk) to be consistent, the subtrees generated by 
each node must all be consistent. These subtrees are of a form which is equivalent to 

'l(Zl, ... ,Zk) !\ ... !\ ,O(Zl, ... , Zk+j) !\ 

1\ (3Zk+Hlht-j-l(Zl ) ... , Zk+j+l) !\ (Vzk+j+l) V,:-j-l(Zl, ... , Zk+j+l) 
iEJ iEJ 

which implies 

,O(Zl, ... , Zk) !\ ... !\ ,O(Zl,.· ., Zk+j) !\ Vht-j-1(Zl, ... , Zk+j+l)(Zt!Zk+j+l)) 
iEJ 

for each Z! E {Zl , ... , Zk+j}. And 

,O(Zl, ... , Zk) !\ ... !\ ,O(Zl, ... , Zk+j) !\ Vht-j-1(Zl, . .. , Zk+j+l)(Z!/Zk+j+l)) 
iEJ 

can only be consistent if there is at least one i E J for which 

,O(Zl, ... , Zk)!\ ... !\ ,O(Zl, ... , Zk+j) !\ ,t-j-l(Zl, ... , Zk+Hl) (z!/Zk+Ht) 

is not directly contradictory. That is, ,t-j-1(Zl, ... , Zk+j+l) is a partial expansion of 
,O(Zl, . .. , Zk) !\ ... !\ ,O(Zl, ... , Zk+j) with respect to Z/. 

A similar argument holds for constituents. 

We now show that the new condition is stronger than the old one. 

The following example is of an attributive constituent of depth 2 in which each node N 
with successors has, for each free individual term Z in N, a branch which is a partial 
expansion of N with respect to z, but it does not satisfy the stronger condition. 

Let 

,~(Zl) x) P(Zl'X) !\-,P(X,Zl) !\P(x,x) 

,~(Zl' x, y) P(Zl, y) !\ -'P(y, Zl) !\ P(x, y) !\ P(y, x) !\ P(y, y) 

,~(Zl' x, y, w) P(Zl' w) !\ -,P(w, Zl) !\ P(x, w) !\ P(w, x) !\ P(y, w) !\ P(w, y) !\ P(w, w) 

,~(Zl' x, y, w) -'P(Zl' w) !\ -,P(w, zt)!\ P(x, w)!\ P(w, x)!\ P(y, w)!\ P(w, y)!\ P(w, w) 
,2(Zl,X,y,W) P(Zl, w) !\ P(w, Zl)!\ -,P(x, w) !\ P(w, x)!\ -,P(y, w) !\ P(w, y) !\ P(w, w) 

,~(Zl' x, y) P(Zl' y) !\ P(y, Zl) !\ -,P(x, y) !\ P(y, x) !\ P(y, y) 
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So ,d(Zl,"" Zk) is equivalent to the formula obtained from it by, for each attribu
tive constituent ,d-i(Zl,' .. , Zk+i) which occurs at any level of nesting in ,d(Zl," ., Zk), 

l;eplacing ~-i(Zl"'" Zk+i) by ,0(Zl,' .. , Zk) 1\ ,0(Zl,'" ,Zk+1) 1\ .. . 1\ ,0(Zl,"" zk+i-l) 1\ 

,d-j (Zl,' .. ,Zk+j) where ,0(Zl, ... ,Zk), . .. "O(Zl, ... ,Zk+j-t) are those nodes which occur 
above the root of ,d-j(Zl,." ,Zk+j). Let the formula so obtained from ,d(Zl,'" ,Zk) be 
called rd(Zl' ... ,Zk). Now, for rd(Zl,"" Zk) to be consistent, the subtrees generated by 
each node must all be consistent. These subtrees are of a form which is equivalent to 

,0(Zl,'" ,Zk) 1\ ... 1\ ,0(Zl,' .. , Zk+j) 1\ 

/\ (:3Zk+i+lht-
j
- 1(Zl, ... ,Zk+j+1) 1\ (V'Zk+i+t) V ,tj-1(Zl,' .. ,Zk+i+1) 

iEJ iEJ 

which implies 

,0(Zb"" Zk) 1\ ... 1\ ,0(Zl,"" Zk+j) 1\ V (l-j-l(zl,"" Zk+j+1)(zL!zk+j+1)) 
iEJ 

for each Zl E {Zl,' ", Zk+j}. And 

,0 (Zl' ... , Zk) 1\ ... 1\ ,0(Zl, ... , Zk+j) 1\ V bt
j
- 1 (Zl' ... , Zk+j+1)(zL! Zk+j+1)) 

iEJ 

can only be consistent if there is at least one i E J for which 

,0(Zl, ... ,Zk) 1\ .. . 1\ ,0(Zl, ... , Zk+i) 1\ ,t
j
- 1 (Zl' ... , Zk+i+1)(zL! Zk+i+1) 

is not directly contradictory. That is, ,t-j-1(Zl, ... , Zk+j+1) is a partial expansion of 
,0(Zl,"" Zk) 1\ .. . 1\ ,0(Zl,"" Zk+j) with respect to Z/. 

A similar argument holds for constituents. 

We now show that the new condition is stronger than the old one. 

The following example is of an attributive constituent of depth 2 in which each node N 
with successors has, for each free individual term Z in N, a branch which is a partial 
expansion of N with respect to z, but it does not satisfy the stronger condition. 

Let 

,~(Zl' x) 
,~(Zl' x, y) 

,~(Zl' x, y, w) 
,~(Zl' x, y, w) 
,2(Zl,X,y,W) 

,~(Zl' x, y) 

P(Zl, x) 1\ -,P(x, Zl) 1\ P(x, x) 

P(Zl' y) 1\ -'P(y, Zl) 1\ P(x, y) 1\ P(y, x) 1\ P(y, y) 
P(Zl, w) 1\ -,P(w, Zl) 1\ P(x, w) 1\ P(w, x) 1\ P(y, w) 1\ P(w, y) 1\ P(w, w) 
-'P(Zl' w) 1\ -,P(w, Zl) 1\ P(x, w) 1\ P(w, x) 1\ P(y, w) 1\ P(w, y) 1\ P(w, w) 

- P(Zl' w) 1\ P(w, Zl) 1\ -'P(x, w) 1\ P(w, x) 1\ -'P(y, w) 1\ P(w, y) 1\ P(w, w) 
P(Zl' y) 1\ P(y, Zl) 1\ -,P(x, y) 1\ P(y, x) 1\ P(y, y) 
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,~(Zl' X, y, W) P(Zl ' W) /\ P(W,Zl) /\ -,P(X,W) /\ P(W,X) /\ P(y ,W) /\ P(W,y) /\ P(W ,W) 

,~(Zl' X, y, w) P(Zl' W) /\ -,P(W, zd /\ P(x, w) /\ P(w, x) /\ P(y, w) /\ -,P(w, y) /\ P(w , w) 

,?(Zl, X, y, W) P(Zl' W) /\ P(W, Zl) /\ P(X, W) /\ P(W, x) /\ P(y, W) /\ P(W, y) /\ P(W ,W) 

,~(Zl' X, y) -'P(Zl' y) /\ -'P(y, zd /\ P(x, y) /\ P(y, x) /\ P(y, y) 

,g(Zl,X,y) P(Zl' y) /\ P(y, Zl) /\ P(X, y) /\ P(y, x) /\ P(y, y) 

,~(Zl' x, y, W) -'P(Zl' W) /\ -,P(w, Zl) /\ P(X, W) /\ P(w, X) /\ -,P(y, W) /\ -,P(w, y) /\ P(w, W) 

,~(ZIJX,y,W) -,P(Zl' W) /\ -,P(W, Zl) /\ P(X, W) /\ P(W, x) /\ P(y, W) /\ P(W, y) /\ P(W, W) 

,~(Zl' X, y, W) P(Zl ' W) /\ P(W, zd /\ P(x, w) /\ P(w, x) /\ -,P(y, w) /\ -,P(w, y) /\ P(w, w), 

Let ,; (Zl' x) be the following attributive constituent: 
,2(z\,x) 

_-0 0 0J 'Tt Ii lu I~ I~ 12 I? I~ I~ I? I~ I~ I~ I~ I~ I~ I? 

where the labels of the bottom layer of nodes are written without their parameters. In 
,;(Zl, x), each node N with successors has, for each of its free individual terms z, a branch 
which is a partial expansion of N with respect to z: 

• the subtree generated by ,g(Zl,X,y) is a partial expansion of,~(zl'x) with respect to 
x 

• the subtree generated by ,J(Zl, x, y) is a partial expansion of ,~(Zl' x) with respect to 
Zl 

• ,~(Zl' x, y, w) is a partial expansion of ,~(Zl' x, y) with respect to y 

• ,?(Zl,X,y,W) is a partial expansion Of,~(Zl'X,y) with respect to x 

• ,~(Zl'X,y,W) is a partial expansion of,~(zl'x,y) with respect to Zl 

• ,?(Zl, x, y, w) is a partial expansion of ,g(Zl, x, y) with respect to y 

• ,?(Zl,X,y,W) is a partial expansion Of,~(Zl'X,y) with respect to x 

• ,?(Zl, x, y, w) is a partial expansion of ,~(Zl' x, y) with respect to Zl 

• ,~(Zl' x, y, w) is a partial expansion of ,g(Zl, x, y) with respect to y 

• 'Y~(Zl'X , y,W) is a partial expansion Of,g(Zl,x,y) with respect to x 
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. ' 

.1 

,~(Zl' X, y, w) 

,~(Zl' X, y, w) 
,?(Zl, X, y, w) 

,~(Zl'X,y) 
,g(Zl,X,y) 

,2 (Zl , x, y, w) 
,~(ZlJX,y,w) 

,~(Zl' x, y, w) 

P(Zl' w) 1\ P(w, Zl) 1\ -,P(x, w) 1\ P(w, x) 1\ P(y, w) 1\ P(w, y) 1\ P(w, w) 

P(Zl' w) 1\ -,P(w, zd 1\ P(x, w) 1\ P(w, x) 1\ P(y, w) 1\ -,P(w, y) 1\ P(w, w) 
P(Zl' w) 1\ P(w, Zl) 1\ P(x, w) 1\ P(w, x) 1\ P(y, w) 1\ P(w, y) 1\ P(w, w) 

-'P(Zl' y) 1\ -'P(y, Zl) 1\ P(x, y) 1\ P(y, x) 1\ P(y, y) 

P(Zl' y) 1\ P(y, Zl) 1\ P(x, y) 1\ P(y, x) 1\ P(y, y) 

-,P(Zl' w) 1\ -,P( w, Zl) 1\ P(x, w) 1\ P( w, x) 1\ -,P(y, w) 1\ -,P( w, y) 1\ P( w, W 

-,P(Zl' w) 1\ -,P(w, zd 1\ P(x, w) 1\ P(w, x) 1\ P(y, w) 1\ P(w, y) 1\ P(w, w) 
P(Zl' w) 1\ P(w, zd 1\ P(x, w) 1\ P(w, x) 1\ -,P(y, w) 1\ -,P(w, y) 1\ P(w, w). 

Let ,;(Zl, x) be the following attributive constituent: 
"(~(ZlIX) 

where the labels of the bottom layer of nodes are written without their parameters. In 
,;(Zl,X), each node N with successors has, for each of its free individual terms z, a branch 
which is a partial expansion of N with respect to z: 

• the subtree generated by ,g(Zl,X,y) is a partial expansion of,~(zl'x) with respect to 
x 

• the subtree generated by ,J(Zl, x, y) is a partial expansion of ,~(ZlJ x) with respect to 
Zl 

• ,~(Zl'X,y,W) is a partial expansion Of,~(Zl'X,y) with respect to y 

• ,?(Zl,X,y,W) is a partial expansion of,~(zl'x,y) with respect to x 

• ,~(Zl'X,y,W) is a partial expansion of,~(zl'x,y) with respect to Zl 

• ,?(Zl, x, y, w) is a partial expansion of ,g(Zl, x, y) with respect to y 

• ,?(Zl, x, y, w) is a partial expansion of ,g(Zl, x, y) with respect to x 

• ,?(Zl, x, y, w) is a partial expansion of ,~(Zl' x, y) with respect to Zl 

• ,~( Zl, x, y, w) is a partial expansion of ,g (Zl' x, y) with respect to y 

• ,~(Zl'X,y,W) is a partial expansion Of,g(Zl,X,y) with respect to x 
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• 	,~(Zl, X, y, w) is a partial expansion of ,g (Zl ' x, y) with respect to Zl 

• 	'.~(Zl'X,y,W) is a partial expansion of,J(zl,x,y) with respect to y 

• 	,~(Zl' X, y, w) is a partial expansion of ,J(Zl, x, y) with respect to x 

• 	,f (Zl , x, y, w) is a partial expansion of ,J (Zl , x, y) with respect to Zl' 

But ,~(Zl' x, y) does not have any branch which is a partial expansion of ,~(Zl' x) 1\ 

,~(Zl' x, y) with respect to Zl since: 

,~(Zl' x) 1\ ,~(Zl' x, y) P(Zl, x) 1\ -,P(x, Zl) 1\ P(x, x) 1\ 

-,P(Zl' y) 1\ -,P(y, Zl) 1\ P(x, y) 1\ P(y, x) 1\ P(y, y) 

,?(Zl, x, y, w)(zI/w) -,P(Zl' Zl) 1\ -,P(Zl' Zl) 1\ P(x, Zl) 1\ P(Zl' x) 1\ P(y, Zl) 1\ 

P(Zl' y) 1\ P(Zl' Zl) 
,?(Zl, x, y, w) (z.t/w) P(Zl' Zl) 1\ P(Zl' Zl) 1\ P(x, Zl) 1\ P(Zl' x) 1\ P'(y, Zl) 1\ 

P(Zl, y) 1\ P(Zl' zd 

,~(Zl' x, y, W)(Zl/W) P(Zl' zd 1\ P(Zl' Zl) 1\ P(x, Zl) 1\ P(Zl ' x) 1\ -,P(y, Zl) 1\ 

-,P(Zl' y) 1\ P(Zl' Zl) 

,~(Zl' x, y, w) (zI/w) P(Zl' zd 1\ -,P(Zl' Zl) 1\ P(x, zd 1\ P(Zl' x) 1\ P(y, zd 1\ 

P(Zl' y) 1\ P(Zl' Zl) . 

,~(Zl' x, y, w)(zI/w) P(Zl' Zl) 1\ P(Zl' zd 1\ -,P(x, Zl) 1\ P(Zl' x) 1\ -,P(y, Zl) 1\ 

P(Zl' y) 1\ P(Zl' Zl)' 

Having seen that the new condition is necessary for consistency and is stronger than the old 
condition, we now use it in a definition of trivial inconsistency, which I will call two-trivial 
inconsistency. 

A constituent or attributive constituent of depth d is two-trivially inconsistent if it does 
not satisfy the following conditions 

• each node 	N which has successors has, for each free individual term Z in N, some 
branch which is a partial expansion of the conjunction of N and all the nodes that are 
above it with respect to z, 

• in each principal subtree, 	omitting the different layers of quantifiers all give the same 
result. 

The second condition in the above definition is the same as that in the definition of 
one-trivial inconsistency. Expressing it in terms of the tree-structure of constituents and 
attributive constituents, we get the following equivalent (shown by theorem 4.12) formu
lation of two-trivial inconsistency: 

105 

• ,2 (Zl' X, y, w) is a partial expansion of ,g (Zl' x, y) with respect to Z 1 

• '.~(Zl' x, y, w) is a partial expansion of ,J(Zl, x, y) with respect to y 

• ,~(Zl' x, y, w) is a partial expansion of ,J(Zl, x, y) with respect to x 

• ,?(Zl,X,y,W) is a partial expansion of,J(zl,x,y) with respect to Zl' 

But ,~(Zl' x, y) does not have any branch which is a partial expansion of ,~(Zl' x) 1\ 

,~(Zl' x, y) with respect to Zl since: 

,~(Zl' x, y, w)(zI/w) 

,~(Zl' x, y, w) (zI/w) 

P(Zl, x) 1\ -,P(x, Zl) 1\ P(x, x) 1\ 

-,P(Zl' y) 1\ -,P(y, Zl) 1\ P(x, y) 1\ P(y, x) 1\ P(y, y) 

-,P(Zl' zd 1\ -,P(Zl' zd 1\ P(x, Zl) 1\ P(Zl' x) 1\ P(y, Zl) 1\ 

P(Zl' y) 1\ P(Zl' Zl) 
P(Zl' zd 1\ P(Zl' Zl) 1\ P(x, Zl) 1\ P(Zl' x) 1\ P.(y, Zl) 1\ 

P(Zl' y) 1\ P(Zl' zd 
P(Zl' Zl) 1\ P(Zl' Zl) 1\ P(x, Zl) 1\ P(Zl' x) 1\ -,P(y, Zl) 1\ 

-,P(Zl' y) 1\ P(Zl' zd 
P(Zl' zd 1\ -,P(Zl' Zl) 1\ P(x, Zl) 1\ P(Zl' x) 1\ P(y, Zl) 1\ 

P(Zl' y) 1\ P(Zl' Zl) 
P(Zl' Zl) 1\ P(Zl' Zl) 1\ -,P(x, Zl) 1\ P(Zl' x) 1\ -,P(y, Zl) 1\ 

P(Zl' y) 1\ P(Zl' Zl)' 

Having seen that the new condition is necessary for consistency and is stronger than the old 
condition, we now use it in a definition of trivial inconsistency, which I will call two-trivial 
inconsistency. 

A constituent or attributive constituent of depth d is two-trivially inconsistent if it does 
not satisfy the following conditions 

• each node N which has successors has, for each free individual term Z in N, some 
branch which is a partial expansion of the conjunction of N and all the nodes that are 
above it with respect to z, 

• in each principal subtree, omitting the different layers of quantifiers all give the same 
result. 

The second condition in the above definition is the same as that in the definition of 
one-trivial inconsistency. Expressing it in terms of the tree-structure of constituents and 
attributive constituents, we get the following equivalent (shown by theorem 4.12) formu
lation of two-trivial inconsistency: 
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A constituent or attributive constituent of depth d is two-trivially inconsistent if it does 
not satisfy the following conditions 

• each node 	N which has successors has, for each free individual term Z in N, some 
branch which is a partial expansion of the conjunction of N and all the nodes that are 
above it with respect to z, 

• for each sibling-set 	S of level i, for each successor-set T of S, the contracted copy of 
the subforest generated by T is the top-(d - i + 1) forest of the subforest generated by 
S. 

That one-trivial inconsistency and two-trivial inconsistency are not equivalent is shown by 
the above example. To show that 'Y;(Zl, x) is not one-trivially inconsistent, in addition to 
the existence of partial expansions shown above, we have the following: 

• 	 the contracted copy of {'Yf(Zl,X,y,w),'Yf(Zl,X,y,W),'Y~(Zl,X,y,W},'Y~(Zl'X,y,W), 
'Y~ (Z1 , x, y, w)} is {'Y~ (Z1 , x, y) , 'Yg (Z1 , x, y), 'Y~ (Z1, x, y) , 'YJ (Z1 , x, y) } 

• the contracted copy of 	{'Yf(Zl,X,y,W),'YP(Zl,X,y,W),'Y~(Zl,X,y,W),'Y~(Zl'X,y,W)} is 
{'Y~(Zl,X,Y),'Yg(Zl,X,Y),'Yg(Zl,X,Y),'YJ(Zl'X,y)} 

• 	 the contracted copy of {'YP(Zl,X,y,W),'Y~(Zl,X,y,W),'Y~(Zl,X,y,W),'Y~(Zl'X,y,W)} is 
{'Y~(Zl,X,Y),'Yg(Zl,X,Y),'Y~(Zl,X,Y),'YJ(Zl'X,y)} 

• 	 the contracted copy of {'Y~(Zl,X,y,W),'Yg(Zl,X,y,W),'Y~(Zl,X,y,W),'YP(Zl'X,y,W)} is 
{'Y~(Zl,X,Y),'Yg(Zl,X,Y),'Yg(Zl,X,Y),'YJ(Zl'X,y)}. 

But 'Y;(Zl, x) is two-trivially inconsistent because, as we have seen above, 'Y2(Zl, x, y) does 
not have any branch which is a partial expansion of'Y~(zl'x) A'Y2(Zl,X,y) with respect to 
Zl' 

The above example shows that an attributive constituent can be two-trivially inconsistent 
without being one-trivially inconsistent. From the point of view of the completeness the
orem, we would like to know whether there is an infinite sequence of constituents where 
the successor of each element is in its expansion such that no element of the sequence is 
one-trivially inconsistent, but some element is two-trivially inconsistent. I don't know if 
there is such a sequence. If there is, it would provide a counterexample to the completeness 
result Hintikka claims. 
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A constituent or attributive constituent of depth d is two-trivially inconsistent if it does 
not satisfy the following conditions 

• each node N which has successors has, for each free individual term Z in N, some 
branch which is a partial expansion of the conjunction of N and all the nodes that are 
above it with respect to z, 

• for each sibling-set S of level i, for each successor-set T of S, the contracted copy of 
the subforest generated by T is the top-(d - i + 1) forest of the subforest generated by 
S. 

That one-trivial inconsistency and two-trivial inconsistency are not equivalent is shown by 
the above example. To show that 'Y;(Zl, x) is not one-trivially inconsistent, in addition to 
the existence of partial expansions shown above, we have the following: 

• the contracted copy of {'Y~(zl,x,y,w),'Yf(Zl,X,y,W),'Y~(Zl,X,y,W},'Y~(Zl'X,y,W), 
'Y2(Zl, x, y, w)} is {'Y~(Zl' x, y), 'Y~(Zl' x, y), 'Y~(Zl' x, y), 'YJ(Zl, x, y)} 

• the contracted copy of {'Y~(zl,x,y,w),'Yf(Zl,X,y,W),'Y~(Zl,X,y,W),'Y~(Zl'X,y,W)} is 
{'Y~(Zl,X,Y),'Y~(Zl,X,Y),'Y~(Zl,X,Y),'YJ(Zl'X,y)} 

• the contracted copy of {'Yf(Zl,X,y,W),'Y~(Zl,X,y,W),'Y~(Zl,X,y,W),'Y~(Zl'X,y,W)} is 
{'Y~(Zl,X,Y),'Y~(Zl,X,Y),'Y~(Zl,X,Y),'YJ(Zl'X,y)} 

• the contracted copy of {'Y~(Zl,X,y,W),'Y~(Zl,X,y,W),'Y~(Zl,X,y,W),'Yf(Zl'X,y,W)} is 
{'Y~(Zl,X,Y),'Y~(Zl,X,Y),'Y~(Zl,X,Y),'YJ(Zl'X,y)}. 

But 'Y;(Zl, x) is two-trivially inconsistent because, as we have seen above, 'Y~(Zl' x, y) does 
not have any branch which is a partial expansion of 'Y~ (Zl' x) /\ 'Y~ (Zl' x, y) with respect to 
Zl· 

The above example shows that an attributive constituent can be two-trivially inconsistent 
without being one-trivially inconsistent. From the point of view of the completeness the
orem, we would like to know whether there is an infinite sequence of constituents where 
the successor of each element is in its expansion such that no element of the sequence is 
one-trivially inconsistent, but some element is two-trivially inconsistent. I don't know if 
there is such a sequence. If there is, it would provide a counterexample to the completeness 
result Hintikka claims. 
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Zr, ... ,Zk, 

, •• » , 

• 

• if no to ill\.,Ulli)ii) 

7 of t 

forms 

for the of this section only languages without function 
or identity, though they contain constant symbols. \Ve first give some defi-

nitions. 

disproof method first-order logic is a method proving the inconsistency formulas 
opposed to a proof method which the validity of formulas), disproof method 

is complete if for inconsistent formula, it can show the to be inconsistent. 
we will later any complete disproof method for logic, we can obtain a 
complete proof method. And from any complete proof method, we can obtain a complete 
disproof method. 

A disjunction VaEA O~(Zb .. , ,Zk) is said to be trivially inconsistent if each disjunct 
o~( Zl, ... 1 is trivially inconsistent. 

formula can be constituents. It is inconsistent iff 
disjunct this disjunction is any constituent Od(Zll'" 1 Zk) is trivially 
inconsistent, then it is inconsistent. Other-w1.se, we can Od(Zb' .. 1 Zk) to some 
junction VaEA O~+l(Zl"'" Zic). If each disjunct O~+l(Zll"" z;.) is trivially inconsistent then 
Od(Zl, ... Zk) is inconsistent. not, then we can omit the 

(Zb' , . ,Z,I;;) and those which are not trivially inconsistent to depth d + 2. In 
way we get a disproof logic which can be as follows: 

a formula of depth d individual terms Zl, ... ,Zk, 

F distributive 

.. omit all trivially inconsistent constituents 

.. if no constituents stop (since has been found to inconsistent) 

\CA!-"".,. ........ to depth 1-greater than current depth. 

completeness of the theory of distributive normal forms states that for each 
formula of depth d, there is some depth d + e at expansion of F 

inconsistent, and thus that the above disproof method is complete. 

prove this we use of model sets. In this context it is 
convenient to use a definition of formula which is slightly the one given 

that the symbols taken as primitive and defined are different; but it is equivalent 
the sense that, induding abbreviations, all the formulas are the same have same 

107 



Univ
ers

ity
 of

 C
ap

e T
ow

n

semantics. Every formula is equivalent to one in which all negation signs immediately 
precede an atomic formula. Such an equivalent formula can be found by replacing any 
formula of the form of one of the formulas on the left-hand side of the following equivalences 
by its equivalent formula on the right-hand side: 

• 	-{3x) A ¢::::::} (\1x) -,A 

• 	-, (\1x) A ¢::::::} (::Ix) -,A 

• 	 -, (A ;\ B) ¢::::::} -,A V -,B 

• 	 -, (A VB) ¢::::::} -,A ;\ -,B 

• 	 -, -, A ¢::::::} A 

Thus it is possible to consider all negations of non-atomic formulas as abbreviations of 
formulas in which the only negations are of atomic formulas. However. this makes it 
necessary to consider both quantifiers as primitive, and also both logical connectives ;\ and 
V as primitive. This way of defining formulas is used in the definition of IPodel sets. The 
sentences obtained in this way can be defined explicitly (Hintikka [1955], p. 53) by: 

• An atomic formula over the set of constants is a sentence, called an atomic sentence. 

• 	If A is an atomic sentence then -,A is a sentence. 

• 	If Band C are sentences then B ;\ C and B V C are sentences. 

• 	If B is a sentence containing the constant a but not the variable x then (3x)B(x/a) 
and (\1x)B(x/a) are sentences, where B(x/a) is the result of substituting x for each 
occurrence of a in B. 

All other sentences can be considered as abbreviations of a sentence by the above definition 
(by the equivalences above). The more general form of the notation for substitution used 
in the above definition is: If A is a formula and each of u and v is either a constant or a 
variable, then A(u/v) denotes the formula obtained by substituting u for each occurrence 
of v in A. 

Note that in constituents and attributive constituents of the second kind, the only negations 
are of atomic formulas. 

induction containing of the B(a/x) for into In order to use induction on the formation of 
sentences, all the sentences of the form B(a/x) are considered as subsentences of (::Ix)B 
and of (\1x)B (following the use of subformulas in Hintikka [1955]). The full definition of 
subsentence is: 

• 	The sentence -,A has the subsentence A. 

108 

semantics. Every formula is equivalent to one in which all negation signs immediately 
precede an atomic formula. Such an equivalent formula can be found by replacing any 
formula of the form of one of the formulas on the left-hand side of the following equivalences 
by its equivalent formula on the right-hand side: 

• -{h) A ¢::::::} (\1 x) -,A 

• -, (\1 x) A ¢::::::} C:3x) -, A 

• -, (A ;\ B) ¢::::::} -, A V -,B 

• -, (A VB) ¢::::::} -, A ;\ -, B 

• -, -, A ¢::::::} A 

Thus it is possible to consider all negations of non-atomic formulas as abbreviations of 
formulas in which the only negations are of atomic formulas. However, this makes it 
necessary to consider both quantifiers as primitive, and also both logical connectives ;\ and 
V as primitive. This way of defining formulas is used in the definition of IPodel sets. The 
sentences obtained in this way can be defined explicitly (Hintikka [1955], p. 53) by: 

• An atomic formula over the set of constants is a sentence, called an atomic sentence. 

• If A is an atomic sentence then -,A is a sentence. 

• If Band C are sentences then B ;\ C and B V C are sentences. 

• If B is a sentence containing the constant a but not the variable x then (3x)B(x/a) 
and (\1x)B(x/a) are sentences, where B(x/a) is the result of substituting x for each 
occurrence of a in B. 

All other sentences can be considered as abbreviations of a sentence by the above definition 
(by the equivalences above). The more general form of the notation for substitution used 
in the above definition is: If A is a formula and each of u and v is either a constant or a 
variable, then A(u/v) denotes the formula obtained by substituting u for each occurrence 
of v in A. 

Note that in constituents and attributive constituents of the second kind, the only negations 
are of atomic formulas. 

induction containing of the B(a/x) for into In order to use induction on the formation of 
sentences, all the sentences of the form B(a/x) are considered as subsentences of (:3x)B 
and of (\1x)B (following the use of subformulas in Hintikka [1955]). The full definition of 
subsentence is: 

• The sentence -,A has the subsentence A. 

108 



Univ
ers

ity
 of

 C
ap

e T
ow

n

• The sentences B 1\ C and B V C have the subsentences Band C. 

• The sentences (:3x)B and (Vx)B have the subsentences B(a/x) for each constant a. 

• A subsentence of any subsentence of A is a subsentence of A. 

We will be interested in a certain kind of model, defined in Hintikka [1955], which I will 
call a model with names. A model with names for a language £ is a triple M = (D, II, h) 
where D is a set whose elements are called individuals, II : Constc -7 D is a surjection, 
and 12 is a function that maps, for each n E N, every n-ary predicate symbol of £ to some 
n-ary relation on D. If we let I = II U 12 then (D,1) is a model as previously defined. 
So this definition can be considered as the special case of the previous one for which each 
individual e has some constant which is mapped by the interpretation to e. (There may 
be more than one constant which is mapped to some given individual.) A constant a such 
that II (a) = e may be considered as a "name" for e, which is the reason for choosing the 
terminology "model with names" . 

The truth values of all sentences are determined by a model with names M = (D, II, 12 ) 

by the relation F* defined by: 

• M F* P(al, ... , an) iff (II (al), ... ,II (an)) E I2(P) for an atomic sentence P(al, ... ,an) 

• M F* -,A iff M ~'* A for an atomic sentence A 

• M F* A 1\ B iff M F* A and M F* B 

• M F* A V B iff M F* A or M F* B 

• M F* (:3x)A iff M F* A(a/x) for some constant a 

• M F* (Vx)A iff M F* A(a/x) for each constant a 

If M F* A then A is called true in M, otherwise A is called false in M. 

The above definition is equivalent to the earlier definition of the truth-value of a formula in 
a model under a valuation for the special case of formulas that are sentences in models with 
names. The only difference, other than which symbols are taken as primitive in defining 
formulas, is that here the definition for sentences containing quantifiers uses substitution in 
the sentence rather than in a valuation. This can only be done because there is a "name" for 
each individual. In particular, if (:3x)A is a sentence, then ((D, It, 12) F* A(a/x) for some 
constant a) iff ((D,Il U I2),v F A for some v: {x} -7 D), since if (D,Il,I2) F* A(a/x) 
then put v(x) = II (a), then (D,Il UI2), v F Aj and if (D,Il UI2), v F A then there is some 
constant a such that II (a) = v(x) because II is a surjection, so for this a, (D, II, 12) F* 
A(a/x). Similarly, ((D,Il' 12) F* A(a/x) for each constant a) iff ((D,Il U 12)' V F A for 
each v : {x} -7 D). 

A set F of sentences which satisfies the conditions 
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• The sentences B 1\ C and B V C have the subsentences Band C. 

• The sentences (:3x)B and (Vx)B have the subsentences B(a/x) for each constant a. 

• A subsentence of any subsentence of A is a subsentence of A. 

We will be interested in a certain kind of model, defined in Hintikka [19551, which I will 
call a model with names. A model with names for a language .[ is a triple M = (D, II, h) 
where D is a set whose elements are called individuals, II : Const,e -+ D is a surjection, 
and 12 is a function that maps, for each n E N, every n-ary predicate symbol of'[ to some 
n-ary relation on D. If we let I = II U 12 then (D,I) is a model as previously defined. 
So this definition can be considered as the special case of the previous one for which each 
individual e has some constant which is mapped by the interpretation to e. (There may 
be more than one constant which is mapped to some given individual.) A constant a such 
that II (a) = e may be considered as a "name" for e, which is the reason for choosing the 
terminology "model with names" . 

The truth values of all sentences are determined by a model with names M = (D, 11 ,12 ) 

by the relation F* defined by: 

• M F* P(a1' ... , an) iff (II (a1), ... ,II (an)) E I2(P) for an atomic sentence P(a1' ... ,an) 

• M F* -,A iff M ~:* A for an atomic sentence A 

• M F* A 1\ B iff M F* A and M F* B 

• M F* A V B iff M F* A or M F* B 

• M F* (:3x)A iff M F* A(a/x) for some constant a 

• M F* (Vx)A iff M F* A(a/x) for each constant a 

If M F* A then A is called true in M, otherwise A is called false in M. 

The above definition is equivalent to the earlier definition of the truth-value of a formula in 
a model under a valuation for the special case of formulas that are sentences in models with 
names. The only difference, other than which symbols are taken as primitive in defining 
formulas, is that here the definition for sentences containing quantifiers uses substitution in 
the sentence rather than in a valuation. This can only be done because there is a "name" for 
each individual. In particular, if (:3x)A is a sentence, then ((D, h, 12 ) F* A(a/x) for some 
constant a) iff ((D,I1 U 12), v F A for some v : {x} -+ D), since if (D, 11,12) F* A(a/x) 
then put v(x) = II (a), then (D,I1 UI2), v F A; and if (D, II UI2), v F A then there is some 
constant a such that II (a) = v(x) because II is a surjection, so for this a, (D, II, 12) F* 
A(a/x). Similarly, ((D,I1,I2) F* A(a/x) for each constant a) iff ((D,I1 U I2),v F A for 
each v : {x} -+ D). 

A set F of sentences which satisfies the conditions 
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1. 	 if A E F then ,A ~ F 

2. 	if (A A B) E F then A E F and B E F 

3. 	if (A V B) E F then A E For B E F 

4. 	 if (3x)A E F then A(a/x) E F for some constant a 

5. 	 if (\lx)A E F then A(a/x) E F for each constant a which occurs in any of the 
formulas in F 

is called a model set 	of sentences (Hintikka [1955]). The above condition 1. is called the 
consistency condition 	of model sets, and the conditions 2. to 5. are called the closure 
conditions of model sets. 

Lemma 4.14 For any model with names M = (D, II, 12 ) for a language.c and any a, bE 
Const.c and A a formula of.c whose only free variable is x, if II (a) = h(b) then M F* 
A(a/x) iff M F* A(b/x). 

. 	 PROOF Let A be a formula whose only free variable is x. Then A is of the form B(x/c) for 
some sentence B containing some constant c. And A(a/x) is B(a/c) and A(b/x) is B(b/c).. ·1 
So we need to show that for each sentence B containing the constant c, M F* B(a/c) iff 
M F* B(b/c). We use induction on the formation of the sentence B. If B is P(a1,"" an) 
where some of the aI, ... ,an are c, then B(a/c) is P(b1, ... , bn) where bi is a if ai is c and 
ai otherwise. And B(b/c) is P(Cl,"" en) where Ci is b if ai is c and ai otherwise. 

M F* P(bl, . .. , bn ) 	 iff (II (b 1), .. . , II (bn)) E I2(P) 
iff (II (Cl)' ... , II (en)) E 12 (P) since for each i, II (bi) = II (Ci) 

iff M F* P(Cl' ... ,en). 

Thus M F* B(a/c) iff M F* B(b/c). If B is ,P(al,"" an), then for bi and Ci as above, 

M F* ,P(bl, ... ,bn ) 	 iff (Il(b1), ... ,Il(bn)) ~ I2(P) 
iff (h(Cl), ... , II (en)) ~ h(P) since for each i, I1 (bi) = h(Ci) 

iff M F* ,P(C1, ... ,en). 

Thus M F* B(a/c) iff M F* B(b/c). Assume that for each subsentence C of B that 
contains c, M F* C(a/c) iff M F* C(b/c). If B is Dl A D2 then at least one Di (i E {I, 2}) 
contains c. B(a/c) is Dl(a/c)AD2(a/c) and B(b/c) is Dl(b/c)AD2(b/c). For each Di, if Di 
contains c then by hypothesis M F* Di(a/c) iff M F* Di(b/c), and if Di doesn't contain 
c then Di(a/c) is Di is Di(b/c). Thus for each i, M F* Di(a/c) iff M F* Di(b/c). So 
M F* Dl(a/c)AD2(a/c) iff M F* D1 (b/c)AD2(b/c). So M F* B(a/c) iff M F* B(b/c). 
If B is Dl V D2, then for each i, M F* Di(a/c) iff M F* Di(b/c) (for the same reasons 
as above). So M F* DI(a/c) V D2(a/c) iff M F* Dl(b/c) V D2(b/c). So M F* B(a/c) iff 
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'·1 

1. if A E F then -,A rf. F 

2. if (A A B) E F then A E F and B E F 

3. if (A V B) E F then A E F or B E F 

4. if (3x)A E F then A(a/x) E F for some constant a 

5. if (Vx)A E F then A(a/x) E F for each constant a which occurs in any of the 
formulas in F 

is called a model set of sentences (Hintikka [1955]). The above condition 1. is called the 
consistency condition of model sets, and the conditions 2. to 5. are called the closure 
conditions of model sets . 

Lemma 4.14 For any model with names M = (D, 11 , 12 ) for a language £, and any a, bE 
Const.£: and A a formula of £, whose only free variable is x, if II (a) = I1(b) then M F* 
A(a/x) iff M F* A(b/x). 

PROOF Let A be a formula whose only free variable is x. Then A is of the form B(x/c) for 
some sentence B containing some constant c. And A(a/x) is B(a/c) and A(b/x) is B(b/c). 
So we need to show that for each sentence B containing the constant c, M F* B( a/ c) iff 
M F* B(b/c). We use induction on the formation of the sentence B. If B is P(al, ... , an) 
where some of the a1, ... ,an are c, then B(a/c) is P(bl , ... ,bn) where bi is a if Ui is c and 
ai otherwise. And B(b/c) is P(C1' ... ,en) where Ci is b if ai is c and ai otherwise. 

M F* P(b1,· .. ,bn) iff (II (b1), ... ,11 (bn)) E I2(P) 
iff (II (cl), ... , II (en)) E I2 (P) since for each i, II (bi ) = I1 (Ci) 

iff M F* P(Cl, ... , en) . 

Thus M F* B(a/c) iff M F* B(b/c). If B is -,P(al, ... , an), then for bi and Ci as above, 

M F* -,P(b1, ... ,bn) iff (Il(b1), ... ,I1(bn)) rf. I2(P) 

iff (11 (C1), ... , II (en)) rf. I2(P) since for each i, I1(bi) = h(Ci) 
iff M F* -,P(C1, ... , en). 

Thus M F* B(a/c) iff M F* B(b/c). Assume that for each subsentence C of B that 
contains c, M F* C(a/c) iff M F* C(b/c). If B is DlAD2 then at least one Di (i E {I, 2}) 
contains c. B(a/c) is Dl (a/c) A D2(a/c) and B(b/c) is Dl(b/c)AD2(b/c). For each Di, if Di 
contains c then by hypothesis M F* Di(a/c) iff M F* Di(b/c), and if Di doesn't contain 
c then Di(a/c) is Di is Di(b/c). Thus for each i, M F* Di(a/c) iff M F* Di(b/c). So 
M F* Dl(a/c)AD2(a/c) iff M F* D1(b/c)AD2(b/c). So M F* B(a/c) iff M F* B(b/c). 
If B is Dl V D2, then for each i, M F* Di(a/c) iff M F* Di(b/c) (for the same reasons 
as above). So M F* D1(a/c) V D2(a/c) iffM F* D1(b/c) V D2(b/c). So M F* B(a/c) iff 
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M F* B(b/c). If B is (3y)D(y/d) then D is a sentence containing distinct constants c and 
d. By hypothesis, M F* D(a/c) iff M F* D(b/c). Thus M F* (3y)D(a/c)(y/d) iff M F* 
(3y)D(b/c)(y/d). So, since B(a/c) is (3y)D(a/c)(y/d) and B(b/c) is (3y)D(b/c)(y/d) , 
M F* B(a/c) iff M F* B(b/c). If B is (Vy)D(y/d) then by hypothesis M F* D(a/c) iff 
M F* D(b/c). Thus M F* (Vy)D(a/c) (y/d) iff M F* (Vy)D(b/c)(y/d). So, since B(a/c) 
is (Vy)D(a/c)(y/d) and B(b/c) is (Vy)D(b/c) (y/d), M F* B(a/c) iff M F* B(b/c). 0 

Theorem 	4.15 (Hintikka [1955]) Every model set of sentences is satisfiable, 

PROOF Let F be a model set of sentences of a language L . We show that F is satisfied in 
a model with names. Let D be the set of all constants that occur in any of the sentences 
in F. Let e be any element of D. Define 11 : Const.c -+ D by 

11 (a) = { 	a for a E D 
e for a t/:- D. 

For each n E N, for each n-ary predicate symbol P, let h(P) = {(al,"" an) I 
P(al' ... ,an) E F}. Then M = (D, It, 12 ) is a model with names. To show that M 
satisfies each element of F: If P(al,"" an) E F then (al, . .. , an) E I2 (P) by the definition 
of 12 , so (It(al), ... ,Il (~)) E I2 (P) by the definition of 11 , so M F* P(al, . .. , an) 
by the definition of F=*. If -,P(al,"" an) E F then P(al,"" an) t/:- F by the con
sistency condition of model sets, so (al,"" an) t/:- I2 (P) by the definition of 12 , so 
(Il(al), ... ,Il(an)) t/:- I2 (P) by the definition of 11, so M ~* P(al, . .. , an) by the defini
tion of F*, so M F* -,P(al' .. , ,an) by the definition of F*' Assume that for any sentence 
A in F, each subsentence of A which is also in F is true in M. If (A 1\ B) E F then 
A E F and B E F by a closure condition of model sets, so M F* A and M F* B by the 
induction hypothesis, so M F* A 1\ B by the definition of F*' If (A V B) E F then A E F 
or B E F by a closure condition of model sets, so M F* A or M F* B by the induction 
hypothesis, so M F* A V B by the definition of F*. If (3x)A E F then A(a/x) E F for 
some constant a by a closure condition of models sets, so M F* A(a/x) by the induction 
hypothesis, so M F* (:lx)A by the definition of F*' If (Vx)A E F then for each a E D, 
A(a/x) E F by a closure condition of models sets, so for each a E D, M F* A(a/x) by 
the induction hypothesis. For each a E Const.c \ D, Il(a) = e, and e E D with Il(e) = e 
(by the definition of D), so M F* A(e/x), so by lemma 4.14 M F* A(a/x) for each 
a E Const.c \ D. So M F* A(a/x) for each a E Const.c, so M F* (Vx)A. 0 

In Hintikka [1965a], model sets are defined slightly differently to above. Their elements 
may contain free variables, but for convenience, the same variable will not be used both 
free (in some element) and bound (in some element) in the same model set. An individual 
term is said to occur free in a set X of formulas if it occurs free in some element of X, and 
occurs bound in X if it occurs bound in some element of X. For proving the completeness 
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M F* B(b/e). If B is C~y)D(y/d) then D is a sentence containing distinct constants e and 
d. By hypothesis, M F* D(a/e) iff M F* D(b/e). Thus M F* C~y)D(a/e)(y/d) iff M F* 
C~y)D(b/e)(y/d). So, since B(a/e) is C~y)D(a/e)(y/d) and B(b/e) is (3y)D(b/e)(y/d), 
M F* B(a/e) iff M F* B(b/e). If B is (Vy)D(y/d) then by hypothesis M F* D(a/e) iff 
M F* D(b/e). Thus M F* (Vy)D(a/e) (y/d) iff M F* (Vy)D(b/e)(y/d). So, since B(a/e) 
is (Vy)D(a/e)(y/d) and B(b/e) is (Vy)D(b/e) (y/d), M F* B(a/e) iff M F* B(b/e). 0 

Theorem 4.15 (Hintikka [1955]) Every model set of sentences is satisfiable. 

PROOF Let F be a model set of sentences of a language £. We show that F is satisfied in 
a model with names. Let D be the set of all constants that occur in any of the sentences 
in F. Let e be any element of D. Define It : Const.c -+ D by 

{

a for a ED 
II (a) = 

e for a ¢:. D. 

For each n E N, for each n-ary predicate symbol P, let h(P) = {(al,"" an) 
peal, ... ,an) E F}. Then M = (D, It, 12 ) is a model with names. To show that M 
satisfies each element of F: If P(al, ... , an) E F then (al, ... , an) E I2 (P) by the definition 
of 12 , so (II(al), ... , It(~)) E I2 (P) by the definition of 11, so M F* P(al, ... , an) 
by the definition of F=*. If ,P(al,' .. ,an) E F then P(al,"" an) ¢:. F by the con
sistency condition of model sets, so (al,"" an) ¢:. I2 (P) by the definition of 12 , so 
(II(al), ... , It(an)) ¢:. I2 (P) by the definition of II, so M ~* P(al, ... , an) by the defini
tion of F*, so M F* ,peal, .. . ,an) by the definition of F •. Assume that for any sentence 
A in F, each subsentence of A which is also in F is true in M. If (A /\ B) E F then 
A E F and B E F by a closure condition of model sets, so M F* A and M F* B by the 
induction hypothesis, so M F* A /\ B by the definition of F*. If (A V B) E F then A E F 
or B E F by a closure condition of model sets, so M F* A or M F* B by the induction 
hypothesis, so M F* A V B by the definition of F*. If (3x)A E F then A(a/x) E F for 
some constant a by a closure condition of models sets, so M F* A(a/x) by the induction 
hypothesis, so M F* (:lx)A by the definition of F •. If (Vx)A E F then for each a E D, 
A(a/x) E F by a closure condition of models sets, so for each a E D, M F* A(a/x) by 
the induction hypothesis. For each a E Const.c \ D, II(a) = e, and e E D with II(e) = e 
(by the definition of D), so M F. A(e/x), so by lemma 4.14 M F* A(a/x) for each 
a E Const.c \ D. So M F* A(a/x) for each a E Const.c, so M F* (Vx)A. 0 

In Hintikka [1965a], model sets are defined slightly differently to above. Their elements 
may contain free variables, but for convenience, the same variable will not be used both 
free (in some element) and bound (in some element) in the same model set. An individual 
term is said to occur free in a set X of formulas if it occurs free in some element of X, and 
occurs bound in X if it occurs bound in some element of X. For proving the completeness 
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theorem, we need to embed attributive constituents containing free variables into model 
sets, so we use this modified definition of model set (from Hintikka [1965a], p. 80, 82): 

A set X of formulas which satisfies the conditions 

1. 	 if A E X then -,A ~ X 

2. 	 if (Fl/\"'/\ Fn) E X then for each i E {I, ... ,n}, Fi EX 

3. 	 if (Fl V . .. V Fn) E X then for some i E {I, ... ,n}, Fi EX 

4. 	 if (3x)F E X then F(a/x) E X for some individual term a 

5. 	 if (V'x)F E X then F(a/x) E X for each individual term a which occurs free in X 

6. 	 no variable occurs both free and bound in X 

is called a model set. It is not necessary to include the condition that no variable occur 
both free and bound in the definition of a model set, but the only model sets we deal with 
are ones satisfying this condition and it is convenient to include it in the definition. If X 
is a model set and there are sufficiently many constants to do so, then we can define a 
set Y by: for each variable which occurs free in X substitute some constant, a different 
constant for each variable and none of them in X. Then Y is a model set of sentences, 
so Y is satisfiable. X is satisfiable iff Y is satisfiable, so X is satisfiable. If there are 
not sufficient constants to form such a set Y then in some extended language which has 
sufficient constants (at most countably many can be needed), such a set Y can be formed. 
Then Y is satisfiable, so X is satisfiable in the extended language, so X is satisfiable in its 
original language. Thus every model set is satisfiable. 

For embedding attributive constituents of the second kind in, Hintikka [1965a] (p. 80-81) 
defines a notion closely related to a model set called a constitutive model set. I use a 
definition which allows it to contain constituents in addition to attributive constituents. 

A set X of constituents and/or attributive constituents of the second kind which satisfies 
the following conditions is called a constitutive model set: 

1. 	If there is some F E X which contains (unnegated) an atomic formula A all of whose 
individual terms are free in F, then no element of X contains -,A. 

2. 	 If F E X and F is of the form ,d(Zl' ... ,Zk) or 8d (Zl, ... , Zk) for some d ~ 1 then for each 
,d-l(Zl, " " Zk, Zk+l) in F, there is some individual term x such that ,d-l(Zl,"" Zk, 

Zk+l) (x/Zk+l) , or a formula obtained from it by a change of bound variables, is in X. 

3. 	If F E X and F is of the form ,d(Zl,"" Zk) or 8d(Zl,"" Zk) for some d 2: 1 
then for every individual term x which occurs free in any formula in X, there is 
some ,d-l(Zl,"" Zk, Zk+l) in F such that ,d-l(Zl, ... , Zk, Zk+l) (X/Zk+l), or a formula 
obtained from it by a change of bound variables, is in X. 
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112 



Univ
ers

ity
 of

 C
ap

e T
ow

n

4. 	 No variable occurs both free and bound in X. 

Lemma 4.16 Every constitutive model set is satisfiable. 

PROOF Since changing the bound variables in a formula results in an equivalent formula, 
every constitutive model set is satisfiable iff every set X of constituents and/or attributive 
constituents of the second kind which satisfies the following conditions is satisfiable: 

1. 	If there is some F E X which contains (unnegated) an atomic formula A all of whose 
individual terms are free in F, then no element of X contains ,A. 

2. 	 If F E X and F is of the form ,d(Zl' ... , Zk) or 6d(Zl' ... ,Zk) for some d 2:: 1 then for each 
,d-l(Zl,"" Zkl Zk+l) in F, there is some individual term x such that ,d-l(Zl,' .. ,Zk, 
Zk+l) (x/ Zk+l) E X. 

3. 	 If F E X and F is of the form ,d(Zl,' .. ,Zk) or 6d(Zl,' .. ,Zk) for some d 2:: 1 then 
for every individual term x which occurs free in any formula in X, there is some 
,d-l(Zl, ... ,Zk, zk+d in F such that ,d- l (Zl, ' .. ,Zk, Zk+l)(X/ Zk+l) EX. 

4. 	 No variable occurs both free and bound in X. 

Let X be such a set. We show that X is satisfiable by embedding it in a model set. Let Y 
be the smallest set of formulas that satisfies the following conditions: 

• 	X~Y. 

• 	If (Fl /\ ... /\ Fn) E X then for each i E {l, ... ,n}, Fi E Y. 

• 	If F E X and F is of the form ,d(Zl,"" Zk) or 6d(Zl,'" 1 Zk) for some d 2:: 1 then for 
each individual term x which occurs free in any element of X, ViEl,t-1(Zll'" 1 Zk+l) 
(X/Zk+l) E Y where the attributive constituents ,t-1(Zl,'" 1 zk+d are those which 
occur in F. 

To show that Y is a model set: Note that Y has the same free individual terms as X, and 
the same bound variables as X, so no variable occurs both free and bound in Y. 

• 	If A E Y and ,A E Y for some atomic formula A, then A and ,A are each either 
elements of X or conjuncts of elements of X. Either way, all individual terms in A 
are free in these particular elements of X, contradicting the definition of a constitutive 
model set. 

• All conjuncts of elements of Yare in Y by its definition. 
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" If some disj unction is an element of Y then it is of the form ViEI ,1-1(Zl' ... , Zk, x) and 
there is some element of X ofthe form ,d(Zl,' .. , Zk) or 6'd(Zl,"" Zk) which contains the 
corresponding attributive constituents ,1-1 (Zl, ... ,Zk, Zk+l), and x is free in X (since 
the free individual terms of Yare the same as those of X). So, by the definition of 
constitutive model set, there is some i E I for which ,t-l (Zl' ... , Zk, x) E X. So for 
this i, ,1-1 (Zl,' .. , Zk, x) E Y . 

• 	If (3x)F E Y then F is some attributive constituent ,d-l (Zl, ... ,Zk, x) which occurs in 
some element of X of the form ,d(Zl,"" Zk) or 6'd(Zl,"" Zk), so there is some individual 
term a such that ,d-l(Zl,'" ,zk,x)(a/x) E X, so ,d-l(Zl,'" ,zk,x)(a/x) E Y . 

• 	If (Vx)F E Y then F is of the form VEl ,1-1 (Zl," ., Zk, x) where there is some element of 
X ofthe form ,d(Zl,"" Zk) or 6'd(Zl,"" Zk) which contains the attributive constituents 
,1-1(Zl,"" Zk, x). So by the definition of Y, VEl ,t-l(Zl,"" Zk, x) E Y. 0 

We also use the following well-known result about trees. The proof here is from Smullyan 
[1968]. 

Lemma 4.17 (Konig's Lemma) Every tree which is finitely branching and infinite has 
at least one infinite path. 

PROOF Let T be a tree which is finitely branching and infinite. Call a node good if there 
are infinitely many nodes below it and bad if there are only finitely many below it. Then 
since T is infinite, its root is good. Now, if all successors of a node are bad, then the 
node itself is bad (since T is finitely branching). So every good node has at least one good 
successor. So T has an infinite path. 0 

Hintikka [1965a] (p. 75-85) claims the following completeness result: 

For an inconsistent formula F of depth d, there is some depth d + e such that the expansion 
of F to depth d + e is one-trivially inconsistent. 

However, there is an error in the attempted proof that is presented. Ibid. p. 85 says: 
"... there must be in (7) an a-constituent (9) of depth d - 1 such that the bough of (7) 
determined by (9) is strongly symmetric with respect to x and ai. Consider then ... the 
formula obtained from (9) by replacing x by ai' ... this formula is identical with the result 
of reducing (7) with respect to (9) and therefore also identical with the result of omitting 
one layer of quantifiers from (7)." 

Here, (7) is of the form ,d(al,"" ak); (9) is of the form ,d-l(al,"" ak, x); ai is one of 
al, ... , ak; and "the bough of (7) determined by (9) is strongly symmetric with respect to 
x and a/' means that (9) is a partial expansion with respect to ai of the root of (7). The 
claim that the result of replacing x by ai in (9) is the same as the result of reducing (7) 
with respect to (9) means that replacing x by ai in the root of (9) gives the root of (7), 
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and replacing x by ai in the subforest generated by the sibling-set of level 2 in (9) has the 
same effect as deleting all conjuncts which contain x from this subforest. But the first part 
of this claim, that substituting ai for x in the root of (9) gives the root of (7), does not 
hold except for i = k, because a formula of the form 'YD (aI, ... , ak, x) (adx) contains all 
atomic formula.c; over al, ... ,ak which contain ai (with some repetitions) and none which 
don't contain ai; and a formula of the form 'yD(alJ ... , ak) contains all atomic formulas over 
al,' .. ,ak which contain ak and none which don't contain ak' 

However, we do get the following similar result (lemma 4.10): 

If ,:-1 (Zl' ... , Zk, x) is a partial expansion to depth d - 1 of o~ (Zl , ... , Zk) with respect to Zi 
for some i E {I, ... , k}, then substituting Zi for x in the root of ,t-1(Zl,' .. , Zk, x) gives an 
attributive constituent ,O({Zl,"" zd, Zi) which is a part ofo~(zl"'" Zk), and substituting 
Zi for x in the subforest generated by the sibling-set of level 2 in ,:-1 (Zl' ... , Zk, x) has the 
same effect as deleting all conjuncts which contain x from this subforest. 

I have not been able to prove the completeness theorem as stated by Hintikka, nor have I 
found any counterexample to it. But using two-trivial inconsistency, we do get a complete
ness theorem. I use a similar method of proof to the attempted proof found in Hintikka 
[1965a]. I first describe the method that will be used and give some preparatory explana
tion. 

For a formula of depth d, there are in general many expansions to a greater depth e, 
but they can differ only in inconsistent elements. For constituents and attributive con
stituents, we define a particular expansion as follows: The expansion1 of a constituent 
bd (Z1, ... ,Zk) to a greater depth e contains exactly the constituents Oe(Zl, ... , Zk) of which 
bd (Z1,"" Zk) is the top-(d+l) tree (or, top-d forest in the case of no free individual terms), 
and which are not two-trivially inconsistent. Similarly, the expansionl of an attributive 
constituent ,d(Zl' ... ,Zk) to a greater depth e contains exactly the attributive constituents 
,e(Zll"" Zk) of which ,d(Zl,"" Zk) is the top-(d+l) tree (or, top-d forest in the case of no 
free individual terms), and which are not two-trivially inconsistent. By theorems 4.4 and 
4.8, and the fact that the consistent elements of an expansion are unique, the expansionl 
of a constituent to some greater depth really is an expansion. Note that all expansionls 
can be found algorithmically. 

The completeness theorem states that if a constituent C is inconsistent then there is some 
depth at which its expansionl is empty. This is equivalent to showing that if there is 
no depth at which its expansion I is empty, then C is consistent. If the constituent C 
is two-tIivially inconsistent, then there is nothing to show. Otherwise, define the tree T 
as follows: the root is C, and the successors of each node X are the constituents in the 
expansionl of X to a depth I-greater than itself. (Thus each node implies all the nodes that 
are above it.) Since every expansion has only a finite number of elements (i.e. disjuncts), 
T is finitely branching. If there is no depth at which the expansionl of C is empty, then T 
is infinite, so by Konig's Lemma (lemma 4.17), T contains an infinite path. (Conversely, if 
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T contains an infinite path, then there is no depth at which the expansion1 of C is empty.) 
So, we must show that if C is the first element of an infinite sequence (or equivalently, if C 
occurs in an infinite sequence) of constituents where each element except the first is in the 
expansion1 of its predecessor P to depth I-greater than that of P, then C is consistent. 

If the constituent which we must show to be consistent is of the form Od(Zl' ... ,Zk), then 
Zl, .. . ,Zk may include both variables and constants. By the definition of constituents, the 
bound variables used in an infinite sequence (Od(Zl,"" Zk), Od+l(Zl, ... , Zk), ...) of con
stituents of increasing depth are all the variables not in Zl, ... ,Zk' Instead of using all the 
variables here, we could use some infinite set such that its complement in the set of variables 
is also infinite. Let Zk+l, Zk+2, .. . be an infinite set of variables (in their alphabetic order) 
not in Zl, . . . ,Zk which has an infinite complement Yl, Y2, ... in the set of variables not in 
Zl , ... ,Zk. Throughout the proof, formulas which differ from constituents or attributive 
constituents only in their bound variables will also be considered as constituents or attribu
tive constituents respectively. In the sequence of constituents of increasing depth which we 
are given (which will be called R), we will take the bound variables to be Zk+l, Zk+2, . . .. 
We can do this since constituents defined using any infinite set of variables are equiva
lent. We show that the first element of R is consistent by embedding a formula which is 
equivalent to it in a constitutive model set. To do this, we form a sequence S whose first 
element is the first element of R and whose other elements are attributive constituents 
which occur in the corresponding elements of R. We then form a sequence Q which is 
satisfiable iff S is, and whose first element is the same as the first element of S except for 
a change of bound variables (and thus is equivalent to it), and embed Q in a constitutive 
model set. In defining this constitutive model set, I use the notation (defined on p. 97) 
,d({Zl,"" zd, Zi) for an attributive constituent of depth d whose free individual terms 
are Zl, ... ,Zk (not necessarily in this order) where the last free individual term is Zi' 

Theorem 4.18 (Completeness theorem of the theory of distributive normal 
forms, cf. Hintikka [1965a]) For an inconsistent formula F of depth d, there is some 
depth d + e such that the expansion of F to depth d + e is two-trivially inconsistent. 

PROOF As we have seen above, we need to show that any constituent which can occur as the 
first element of an infinite sequence of constituents, where each element except the first is 
in the expansion1 of its predecessor to I-greater depth, is consistent. Let R = (Rl' R2 , . ..) 

be a sequence of constituents where for each i E {2, 3, ...}, ~ is in the expansionl of 
~-1 to depth I-greater than that of ~-l, and where R1 is of the form Od(Zl' ... , Zk) and 
the bound variables in the elements of Rare Zk+1, Zk+2, ... and the variables not in any 
element of Rare Yl, Y2, . '" We need to show that Rl is consistent. We define a sequence 
S = (Sl, S2,"') where Sl is R1 and for each i E {2, 3, ...}, Si is an attributive constituent 
which has one more free variable than Si-l. For each element Si E S, the root of Si will be 
called Xi and the set of branches of Xi in Si will be called T i . Ti will be partitioned into 
ranks which are themselves linearly ordered. Note that R1 is the top-(d+I) tree of R 2; R2 

is the top-(d + 2) tree of R3 ; and in general ~ is the top-(d + i) tree of ~+l' Now, Sl is 
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not in Zl, . . . ,Zk which has an infinite complement Yl, Y2, ... in the set of variables not in 
Zl , .. . ,Zk. Throughout the proof, formulas which differ from constituents or attributive 
constituents only in their bound variables will also be considered as constituents or attribu
tive constituents respectively. In the sequence of constituents of increasing depth which we 
are given (which will be called R), we will take the bound variables to be Zk+l, Zk+2, . . . . 

We can do this since constituents defined using any infinite set of variables are equiva
lent . We show that the first element of R is consistent by embedding a formula which is 
equivalent to it in a constitutive model set. To do this, we form a sequence S whose first 
element is the first element of R and whose other elements are attributive constituents 
which occur in the corresponding elements of R. We then form a sequence Q which is 
satisfiable iff S is, and whose first element is the same as the first element of S except for 
a change of bound variables (and thus is equivalent to it), and embed Q in a constitutive 
model set. In defining this constitutive model set, I use the notation (defined on p. 97) 
,d( {Zl' ... ,zd, Zi) for an attributive constituent of depth d whose free individual terms 
are Zl, ... ,Zk (not necessarily in this order) where the last free individual term is Zi. 

Theorem 4.18 (Completeness theorem of the theory of distributive normal 
forms, cf. Hintikka [1965a]) For an inconsistent formula F of depth d, there is some 
depth d + e such that the expansion of F to depth d + e is two-trivially inconsistent. 

PROOF As we have seen above, we need to show that any constituent which can occur as the 
first element of an infinite sequence of constituents, where each element except the first is 
in the expansion1 of its predecessor to I-greater depth, is consistent. Let R = (Rl' R 2 , . .. ) 

be a sequence of constituents where for each i E {2, 3, ... }, ~ is in the expansionl of 
~-1 to depth I-greater than that of ~-I, and where R1 is of the form b'd(Zl' ... , Zk) and 
the bound variables in the elements of Rare Zk+1, Zk+2, ... and the variables not in any 
element of Rare Yb Y2!' '" We need to show that Rl is consistent. We define a sequence 
S = (Sl, S2,"') where Sl is R1 and for each i E {2, 3, ... }, Si is an attributive constituent 
which has one more free variable than Si-1 . For each element Si E S, the root of Si will be 
called Xi and the set of branches of Xi in 8i will be called T i . Ti will be partitioned into 
ranks which are themselves linearly ordered. Note that R1 is the top-(d + 1) tree of R 2; R2 

is the top-(d + 2) tree of R3 ; and in general ~ is the top-(d + i) tree of ~+l' Now, 8 1 is 
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Rl and Xl is its root. Tl is the set of branches in Sl of Xl· Let all the elements of Tl be 
of the same rank. The remaining elements of S are defined as follows: Given some Si with 
the elements of Ti partitioned into some ranks, Si+l is obtained by: Choose any element 
T of the highest rank in T i . Let X i+1 be the root of T and Si+1 be the subtree in R+1 
generated by X i+l . And the ranks of elements of Ti+1 are obtained by: Because R+1 is not 
two-trivially inconsistent, the contracted copy of the subforest generated by the successor
set of X i+1 in R+1 is the subforest generated by the successor-set of Xi in R. So, for each 
element A = ,d-l(Zl, ... , Zk+i) of T i , there is some element B = ,d-l(Zl, ... , Zk+i+r) of 
T i+l such that the contracted copy of B is A; and for each B E Ti+1' the contracted copy 
of B is an element of T i . Any such B for which the contracted copy of B is A will be called 
a correlate of A. The particular element of Ti which is the top-d tree of Si+1 will be said 
to be associated with Si+1' For each element T E Ti except that one which is associated 
with Si+1, choose some correlate U E T i+1. For each rank in T i (except the highest in the 
case it is a singleton), the set of chosen correlates of the elements of that rank form a rank 
in Ti+l, and these ranks in T i +1 are ordered such that rank is preserved by correlates, and 
the set of elements of Ti+l which are not chosen correlates of elements Of.Ti form a rank 
which is the lowest in T i+l . (We don't actually need to use the axiom of choice to get 
the sequence S since for each choice that must be made, the set of attributive constituents 
from which the choice is made has, by its definition, some order, so we can just choose the 
first one. This proof doesn't depend on which particular sequence S is used.) 

So X 2 is a successor in Sl of Xl, and S2 is the subtree in R2 generated by X 2. The relation 
between these formulas can be represented graphically as follows: 

Xl 

, 

Zl, ... , Zk 

Zl,"" Zk+l 

, , , 
Zl, .. . , Zk+2 , Rl , , R2" ,

" , ,
" , Sl = Rl "" 

" /~" ,,," __ ,,__.c:," " 

L " & ' ' , , 


And the sequence S = (Sl, S2, . ..) has the following form: 
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Rl 
R2 

R3 
R4 

R5 
~ 

By the definition of a correlate, if U = ,d-l(Zl, .. " Zk+Hl) is a correlate ofT = ,d-l(Zl,"" 

Zk+i) then T is the contracted copy of U. And, by the definition of being associated, if 
T = ,d-l (Zl," . ,Zk+i) is associated with SHl = ,d(Zl," . ,Zk+i) then T is the result of 
omitting a layer (anyone) of quantifiers from Si+l' If we now consider all the sets T i , 

we see that increasing i by 1 decreases the number of elements of the highest rank by 
1, until that rank disappears, and creates a new rank lower than all the ones there were 
previously. Since each Ti is finite, each rank eventually disappears. Thus, for each i, 
for each Ai E T i , there is some finite sequence Ai, AHl , A H2 , ... ,Ai+n where each element 
other than the first is a correlate of its predecessor such that ~+n is associated with SHn+l ' 

(This is because when the highest rank disappears, we have the required sequences for each 
element of T l ; when the second highest rank disappears, we have the required sequences 
for each element of T 2 ; and so on.) Thus, for each i, for each A E T i , there is some SHn+l 

such that omitting one layer of quantifiers from SHn+l and then taking the contracted 
copy n times results in A. 

We now form a sequence Q = (Ql, Q2, ...) of constituents in which each Qi is very much 
like Si, but with certain changes. Its bound variables are changed so that in Q no vari
able will be used both free and bound. Note that the individual terms used in S are 
Zl, Z2, ... ,Zk, Zk+l, Zk+2, ... , and the variables not used in S are Yl, Y2, . ... Each element 
Si of S is of the form ,d(Zl,"" zn) (or c)'d(Zl, ... , zn) for i = 1) for n = k + i-I, and 
the variables which occur bound in Si are Zn+l, . .. ,Zn+d. Let Qi be Xl 1\ ... 1\ X i- l 1\ Si 

with the bound variables Zn+l,' .. , Zn+d changed to Yl,"" Yd (simultaneously). Thus, con
sidering the extra conjuncts Xl"'" X i- l to be part of the root of Qi, the form of Qi 
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is c5d(Zl,' .. ,Zk+i-l)' And Q = (Ql, Q2, ... ) is satisfiable iff S is. In Q, Zl, Z2, . .. only 
occur free and Yl, Y2, " .. only occur bound, so these lists will be called respectively the 
free individual terms and the bound variables of Q. The relation between the elements of 
Q is similar to that between the elements of S. The Q-contracted copy of some attribu
tive constituent f(Zl, ... ,Zj) whose bound variables are Yl, ... ,Ye is the result of deleting 
all atomic formulas containing Zj-l from 'ye(Zl, ... ,Zj). (Note that if taking Q-contracted 
copies of subforests of elements of Q were to correspond to taking contracted copies of sub
forests of elements of S (in the sense of how the different elements of Q and S are related to 
each other), then the definition of Q-contracted copies would have to include, after deleting 
the atomic formulas containing Zj-l, substituting Zj-l for Zj, but it does not.) To Q-omit a 
layer of quantifiers is to omit it, but in the renaming of bound variables to use only Yl, Y2,··· 

in their order. Q-omitting layers of quantifiers in elements of Q corresponds to omitting 
layers of quantifiers in elements of S (in the sense of how the different elements of Q and S 
are related to each other). We have seen above that for each element Si = ,d(Zl' ... ,Zk+i-l) 

of S, for each ~-l(Zl' ... ,Zk+i) in Si, there is some Si+n+l E S such that by omitting a layer 
of quantifiers from Si+n+l and taking contracted copies n times we get ,d-:;-l(Zl"" ,Zk+i). 

Thus for each Qi E Q, for each ,d-l(Zl," ., Zk+i-l, yd in Qi, there is some Qi+n+l E Q such 
that from the part of Qi+n+l of the form ,d(Zl,"" Zk+i+n) , Q-omitting a layer of quanti
fiers and then taking Q-contracted copies n times we get ,d-l(Zl,"" Zk+i-l, yd(Zk+i+n/Yl)' 

Stating this in slightly less detail: for each c5d(Zl,"" Zj) E Q, for each ,d-l(Zl,"" Zj, Yl) 
in c5d (Zl,' .. , Zj), there is some Qn E Q and some Zh such that by Q-omitting a layer of 
quantifiers from a part of Qn and taking Q-contracted copies a number of times we get 
,d-l(Zl,'" , Zj, Yl)(Zh/yd. Now, let Y be the smallest set of formulas which satisfies the 
following conditions: 

• Q~Y. 

• The result of Q-omitting any layer of quantifiers from an element of Y is in Y. 

• If ,e(Zl,"" Zj) E Y then the Q-contracted copy of ,e(Zl,"" Zj) is in Y. 

• Ifc5e(Zl, ... ,Zj) E Y then each part f({Zl, ... ,Zj},Zi) ofc5e(Zl, ... ,Zj) is in Y. 

Y is a set of constituents and attributive constituents which are not two-trivially incon
sistent because: The omission of a layer of quantifiers from a constituent or attributive 
constituent which is not two-trivially inconsistent is a constituent or attributive constituent 
which is not two-trivially inconsistent (by the definition of two-trivial inconsistency), and 
similarly for the Q-omission of a layer of quantifiers. And the contracted copy of an 
attributive constituent which is not two-trivially inconsistent is an attributive constituent 
(by definition of contracted copy) . To show that it is not two-trivially inconsistent: If 
a node N in an attributive constituent A has a branch B which is a partial expansion 
with respect to Z of the conjunction of N and the nodes above it, then in the contracted 
copy of A, the contracted copy of B is a partial expansion with respect to Z of the con
tracted copy of the conjunction of N and the nodes above it. And for a sibling-set S in an 
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is Jd(Zl , "" Zk+i - 1)' And Q = (Q1, Q2,' .. ) is satisfiable iff S is. In Q, Zl , Z2, ... only 
occur free and Y1, Y2, ' .. only occur bound, so these lists will be called respectively the 
free individual terms and the bound variables of Q. The relation between the elements of 
Q is similar to that between the elements of S. The Q-contracted copy of some attribu
tive constituent 't(Zl, ... ,Zj) whose bound variables are Y1, ... ,Ye is the result of deleting 
all atomic formulas containing Zj-1 from ,e(Zl' ... ,Zj). (Note that if taking Q-contracted 
copies of subforests of elements of Q were to correspond to taking contracted copies of sub
forests of elements of S (in the sense of how the different elements of Q and S are related to 
each other), then the definition of Q-contracted copies would have to include, after deleting 
the atomic formulas containing Zj-1, substituting Zj-1 for Zj, but it does not.) To Q-omit a 
layer of quantifiers is to omit it, but in the renaming of bound variables to use only Y1, Y2,·. · 
in their order. Q-omitting layers of quantifiers in elements of Q corresponds to omitting 
layers of quantifiers in elements of S (in the sense of how the different elements of Q and S 
are related to each other). We have seen above that for each element Si = ,d(Zl' ... ,Zk+i-1) 
of S, for each ~-1 (Zl' ... ,Zk+i) in Si, there is some Si+n+1 E S such that by omitting a layer 
of quantifiers from Si+n+1 and taking contracted copies n times we get ,d-:;-l(Zl" .. , Zk+i)' 
Thus for each Qi E Q, for each ,d-1(Zl," ., Zk+i-1, yd in Qi, there is some Qi+n+1 E Q such 
that from the part of Qi+n+1 of the form ,d(Zl, " " Zk+i+n) , Q-omitting a layer of quanti
fiers and then taking Q-contracted copies n times we get ,d-1 (Zl' ... , zk+i-1, Y1)( Zk+i+n/ yt). 
Stating this in slightly less detail: for each Jd(Zl, " " Zj) E Q, for each ,d-1(Zl,"" Zj, Yl) 
in Jd(Zl" .. , Zj), there is some Qn E Q and some Zh such that by Q-omitting a layer of 
quantifiers from a part of Qn and taking Q-contracted copies a number of times we get 
,d- l(Zl,"" Zj, Yl)(Zh/yt). Now, let Y be the smallest set of formulas which satisfies the 
following conditions: 

• Q~Y. 

• The result of Q-omitting any layer of quantifiers from an element of Y is in Y. 

• If ,e(Zl,"" Zj) E Y then the Q-contracted copy of Y(Zl,"" Zj) is in Y. 

• If Je(Zl,"" Zj) E Y then each part y( {Zl,"" Zj}, Zi) of Je(Zl,"" Zj) is in Y. 

Y is a set of constituents and attributive constituents which are not two-trivially incon
sistent because: The omission of a layer of quantifiers from a constituent or attributive 
constituent which is not two-trivially inconsistent is a constituent or attributive constituent 
which is not two-trivially inconsistent (by the definition of two-trivial inconsistency), and 
similarly for the Q-omission of a layer of quantifiers . And the contracted copy of an 
attributive constituent which is not two-trivially inconsistent is an attributive constituent 
(by definition of contracted copy). To show that it is not two-trivially inconsistent: If 
a node N in an attributive constituent A has a branch B which is a partial expansion 
with respect to Z of the conjunction of N and the nodes above it, then in the contracted 
copy of A, the contracted copy of B is a partial expansion with respect to Z of the con
tracted copy of the conjunction of N and the nodes above it. And for a sibling-set S in an 
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attributive constituent A, iffor a successor-set T of S, the contracted copy of the subforest 
generated by T is the top-n forest of the subforest generated by S, then in the contracted 
copy of A, the contracted copy of the subforest that corresponds to that generated by T 
is the top-n forest of the subforest that corresponds to that generated by S. Similarly, the 
Q-contracted copy of a.n attributive constituent which is not two-trivially inconsistent is 
an attributive constituent which is not two-trivially inconsistent. And if a constituent is 
not two-trivially inconsistent then each part of that constituent is also not two-trivially 
inconsistent. Thus Y is a set of constituents and attributive constituents (which are not 
two-trivially inconsistent). We now show that Y is a constitutive model set. 

If any element F of Y contains an atomic formula A, negated or unnegated, all of whose 
individual terms are free in F, then there must be some element of Q which contains A 
in the same way, and then there must be some element of S which contains A in the same 
way. So we need only verify the first condition for constitutive model sets for S. Any 
atomic formula a(zl, ... , Zj) which occurs in some element of S (negated or unnegated) 
occurs only in that element whose root is of the form ,0(Zl' ... , Zj). So no atomic formula 
all of whose individual terms are free occurs in more than one element of S. So no atomic 
formula occurs both negated and unnegated in elements of S, nor therefore in elements of 
Q, nor therefore in elements of Y. . 

To show that for each element A E Y of the form ,e(Zl, ... , Zj) or be(Zl, .. . , Zj), for each 
,e-l(Zl, ... , Zj, Yl) in A, there is some Zh such that ,e-l(Zl, ... , Zj, yd(Zh/yd E Y: We 
first show that for each Qi = bd(Zl, . .. ,Zk+i-l) E Q, for each ,d-l(Zl, ... , Zk+i-l, Yl) in 
Qi, there is some Zh such that ,d-l (Zl' ... ,Zk+i-l, Yl)(Zh/yd E Y. We have seen above 
that for each Qi E Q, for each ,d-l(Zl) ... ,Zk+i-l, Yl) in Qi, there is some Qn E Q and 
some Zh such that by Q-omitting a layer of quantifiers from a part of Qn and taking 
Q-contracted copies a number of times we get ,d-l(Zl, ... , Zk+i-l, Yl)(Zh/yd. By the def
inition of Y, ,d-l(Zl, ... , Zk+i-l, Yl)(Zh/Yl) E Y. Now, if for some A E Y, for each 
,e-l(Zl, ... )Zj, Yl) in A, there is some Zh such that ,e-l(Zl, ... , Zj) Yl)(Zh/Yl) E Y, then 
for A with a layer of quantifiers Q-omitted, each branch of its root with an appropriate 
substitution is in Y because these branches are ,e-l (Zl' ... ,Zj) Yl)(Zh/Yl) with a layer of 
quantifiers Q-omitted; and similarly for the Q-contracted copy of A, the required branches 
of the root with some substitution are in Y because they are the Q-contracted copies of 
,e-l(Zl, ... , Zj, Yl)(Zh/Yl). And if the branches of some constituent A with some substitu
tion are in Y, then a similar condition holds for each part of A since the branches of the 
parts of A are the same as the branches of A. Thus the required condition holds for all 
elements of Y. 

To show that for each element A E Y of the form ,e(Zl' ... , Zj) or be (Zl' ... , Zj), for 
each free individual term Zh of Y, there is some ,e-l(Zl, ... , Zj, Yl) in A for which 
,e-l(Zl, . . . , Zj, Yl)(Zh/Yl) E Y: We first show that for each Qi = bd(Zl, ... , Zj) E Q, for 
each Zh, there is some ,d-l(Zl, ... , Zj, Yl) in Qi for which ,d-l(Zl, ... , Zj, Yl)(Zh/Yl) E Y . 
Let Qi = bd(Zl, ... , Zj) be an element of Q and Zh a free individual term of Y. If h > j 

120 

attributive constituent A, if for a successor-set T of S, the contracted copy of the subforest 
generated by T is the top-n forest of the subforest generated by S, then in the contracted 
copy of A, the contracted copy of the subforest that corresponds to that generated by T 
is the top-n forest of the subforest that corresponds to that generated by S. Similarly, the 
Q-contracted copy of a.n attributive constituent which is not two-trivially inconsistent is 
an attributive constituent which is not two-trivially inconsistent. And if a constituent is 
not two-trivially inconsistent then each part of that constituent is also not two-trivially 
inconsistent. Thus Y is a set of constituents and attributive constituents (which are not 
two-trivially inconsistent). We now show that Y is a constitutive model set. 

If any element F of Y contains an atomic formula A, negated or unnegated, all of whose 
individual terms are free in F, then there must be some element of Q which contains A 
in the same way, and then there must be some element of S which contains A in the same 
way. So we need only verify the first condition for constitutive model sets for S. Any 
atomic formula a(zl,"" Zj) which occurs in some element of S (negated or unnegated) 
occurs only in that element whose root is of the form ,0 (Zl' ... , Zj). So no atomic formula 
all of whose individual terms are free occurs in more than one element of S. So no atomic 
formula occurs both negated and unnegated in elements of S, nor therefore in elements of 
Q, nor therefore in elements of Y. . 

To show that for each element A E Y of the form f(Zl, ... , Zj) or be(Zl," ., Zj), for each 
f-1(Zl, ... , Zj, Yl) in A, there is some Zh such that ,e-l(Zl, .. " Zj, Yl)(Zh/Yl) E Y: We 
first show that for each Qi = bd(Zl,'" ,Zk+i-l) E Q, for each ,d-l(Zl, ... ,Zk+i-l, Yl) in 
Qi, there is some Zh such that ,d-l (Zl' ... ,Zk+i-l, Yl)(Zh/yd E Y. We have seen above 
that for each Qi E Q, for each ,d-l(Zl, ... ,Zk+i-l, Yl) in Qi, there is some Qn E Q and 
some Zh such that by Q-omitting a layer of quantifiers from a part of Qn and taking 
Q-contracted copies a number of times we get ,d-l(Zl,' .. ,Zk+i-l, Yl)(Zh/Yl). By the def
inition of Y, ,d-l(Zl, .. " Zk+i-l, Yl)(Zh/Yl) E Y. Now, if for some A E Y, for each 
,e-l(Zb"" Zj, Yl) in A, there is some Zh such that ,e-l(Zl,"" Zj, Yl)(Zh/Yl) E Y, then 
for A with a layer of quantifiers Q-omitted, each branch of its root with an appropriate 
substitution is in Y because these branches are ,e-l(Zl, ... , Zj, Yl)(Zh/Yl) with a layer of 
quantifiers Q-omitted; and similarly for the Q-contracted copy of A, the required branches 
of the root with some substitution are in Y because they are the Q-contracted copies of 
,e-l(Zl,"" Zj, Yl)(Zh/Yl)' And if the branches of some constituent A with some substitu
tion are in Y, then a similar condition holds for each part of A since the branches of the 
parts of A are the same as the branches of A. Thus the required condition holds for all 
elements of Y. 

To show that for each element A E Y of the form ,e(Zl,"" Zj) or be(Zl,"" Zj), for 
each free individual term Zh of Y, there is some ,e-l(Zl,"" Zj, yt) in A for which 
,e-l(Zl, ... ,Zj,Yl)(Zh/Yl) E Y: We first show that for each Qi = bd(Zl, ... ,Zj) E Q, for 
each Zh, there is some ,d-l(Zl,"" Zj, Yl) in Qi for which ,d-l(Zl, ... , Zj, Yl)(Zh/yd E Y. 
Let Qi = bd(Zl,' .. ,Zj) be an element of Q and Zh a free individual term of Y. If h > j 
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The distributive normal forms and expansions meant here are the particular ones that are 
found by the algorithms given earlier. A disproof of F consists of a halting execution of 
the above algorithm applied to F. 

A proof or disproof method need not be an algorithm, but in the case of method 1 it is. 
Since 

1. if a formula is two-trivially inconsistent then it is inconsistent, and 

2. if a formula is inconsistent then it has some expansion which is two-trivially inconsistent 
(by theorem 4.18), 

method 1 is a complete disproof method. We use it to define the following proof method: 

Method 2 A proof of F is a disproof by method 1 of -,F. 

Since method 1 is a complete disproof method and the valid formulas are exactly those 
whose negations are inconsistent, method 2 is a complete proof method . . Thus the com
pleteness theorem of the theory of distributive normal forms gives one way of showing the 
completeness of first-order logic. 

The way of obtaining a complete proof method from a complete disproof method used above 
works for any complete disproof method. Similarly, from any complete proof method, we 
can obtain a complete disproof method. 

We use theorem 4.18 to show that we can not determine algorithmically how many of the 
constituents of the different forms are consistent. 

Theorem 4.19 For a language with at least one n-ary predicate symbol for some n ~ 2, 
there is no algorithm for finding how many constituents of each form are consistent. 

PROOF By the completeness theorem 4.18, if we could find how many constituents of the 
form c5d(Zl, . .. ,Zk) are inconsistent, we could expand all of the constituents of the form 
c5d (Zl, . .. ,Zk) to greater depths until the number of constituents found to be two-trivially 
inconsistent is the number of inconsistent constituents. Then all remaining constituents 
of the form c5d (Zl, ... ,Zk) would be consistent. If we could do this for the constituents 
of each form, we would have an algorithm for deciding whether or not any constituent is 
consistent. But there is no such algorithm by theorem 4.9. 0 
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The distributive normal forms and expansions meant here are the particular ones that are 
found by the algorithms given earlier. A disproof of F consists of a halting execution of 
the above algorithm applied to F. 

A proof or disproof method need not be an algorithm, but in the case of method 1 it is. 
Since 

1. if a formula is two-trivially inconsistent then it is inconsistent, and 

2. if a formula is inconsistent then it has some expansion which is two-trivially inconsistent 
(by theorem 4.18), 

method 1 is a complete disproof method. We use it to define the following proof method: 

Method 2 A proof of F is a disproof by method 1 of -,F. 

Since method 1 is a complete disproof method and the valid formulas are exactly those 
whose negations are inconsistent, method 2 is a complete proof method . . Thus the com
pleteness theorem of the theory of distributive normal forms gives one way of showing the 
completeness of first-order logic. 

The way of obtaining a complete proof method from a complete disproof method used above 
works for any complete disproof method. Similarly, from any complete proof method, we 
can obtain a complete disproof method. 

We use theorem 4.18 to show that we can not determine algorithmically how many of the 
constituents of the different forms are consistent. 

Theorem 4.19 For a language with at least one n-ary predicate symbol for some n 2: 2, 
there is no algorithm for finding how many constituents of each form are consistent. 

PROOF By the completeness theorem 4.18, if we could find how many constituents of the 
form Od(Zl, . .. , Zk) are inconsistent, we could expand all of the constituents of the form 
Od(Zl, ... ,Zk) to greater depths until the number of constituents found to be two-trivially 
inconsistent is the number of inconsistent constituents. Then all remaining constituents 
of the form 8d(Zl,' .. , Zk) would be consistent. If we could do this for the constituents 
of each form, we would have an algorithm for deciding whether or not any constituent is 
consistent. But there is no such algorithm by theorem 4.9. 0 
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Chapter 

Some proposed applications of distributive 
normal forms 

This chapter gives some examples of how distributive normal forms have been used in 
inductive logic and verisimilitude. 

5 .1 Inductive logic 

Carnap describes the inductive logic which he developed as a theory of probability which 
can be used for inductive reasoning and determining rational decisions (see e.g. Carnap and 
Jeffrey [1971], chapter 1). a reasoning for of that every and right, the often, of thinking 
is valid by It was motivated by normative decision theory which is a theory of rational 
decision making. Such a theory is described by ibid. (p. 7- 9) as follows: A person X at a 
time T must choose among possible acts A l , . .. , Am (for some mEN). The possible states 
of the part of nature relevant for this decision are Wl , ... , Wn (for some n E N). X knows 
these states, but does not know which one of them is the actual state. The outcome of 
carrying out act Ai in: state Wj, denoted Oi,j, is uniquely determined by Ai and Wj and X 
knows how it is determined. X has a utility function Ux (which expresses the desirability 
of the possible outcomes) and knows this function. The value of A for X at time T is 

n 

VX,T(Ai ) = L(UX(Oi,j)P(Wj )) 
j = l 

where P(Wj ) is the "probability" of Wj. If X can determine the probability of each possible 
state Wj then this probability is used in the above equation. But in general we can not 
expect X to know these probabilities, and P(Wj ) is instead taken to be the "degree of 
belief' of X in the statement "Wj is the actual state". The choice of any Ai for which 
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VX,T(A i ) is maximal is called a rational decision. (Such a choice is said to follow the 
Bayesian rule of decision making.) 

We can ask what kind of functions P can be used to model degree of belief (also called 
credence) in statements. To try to find functions to model rational credence (and some 
related concepts) is the subject of inductive logic. This has been attempted for some classes 
of first-order languages. 

A number of different intuitive considerations and particular definitions for inductive logic 
have been studied. A discussion and comparison of different approaches can be found, 
for example, in Hintikka and Suppes [1966J and Lakatos [1968J. In this section, I will just 
consider one of Hintikka's definitions which uses constituents and distributive normal forms 
and the definitions of Carnap on which it is based. 

One condition of rationality for a credence function on which everyone seems to agree is 
that it must be a probability measure (or weak probability measure) as defined below. 

Let 0 be a set. A set F of subsets of 0 is a O'-field over 0 if 

• 0,0 E F 

• if E E F then 0 \ E E F 

• if for each n E N, En E F then n En E F 
nEN 

• if for each n E N, En E F then U En E F. 
nEN 

If the last two conditions in the above definition are replaced by: 

• if El,E2 E F then El nE2 E F 

• if El , E2 E F then El U E2 E F 

then we get a definition for a field over O. Any subset of a field F which is itself a field is 
called a subfield of F. Let 0 be a set and A a set of subsets of O. The field [O'-fieldj over 
o generated by A is the intersection of all the fields [O'-fields] over 0 which are supersets 
of A. 

Let F be a O'-field over O. A function P : F --t lR. is a probability measure on F if 

• for each E E F, 0:::; P(E) :::; 1 

• P(0) = 0, P(O) = 1 

• for every disjoint sequence {En}nEN of elements of F, P( U En) = 1: P(En) . 
nEN nEN 
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If the last condition in the above definition is replaced by: 

• if E1,E2 E F and E1 n E2 = (/) then P(E1 U E2) = P(Ed + P(E2 ) 

then we get a definition for a weak probability measure. 

If a probability measure P as above also satisfies 

• if E E F, A ~ E, P(E) = 0 then A E F 

then it is called complete. 

If P is a complete probability measure on a a-field F over n, then 

• if E E F, P(E) = 0, A ~ E then A E F and P(A) = 0 

• if E E F, P(E) = 1, n 2 A 2 E then A E F and P(A) = 1. 

Probability measures are used to model random experiments or games of chance, that is 
situations in which some procedure is carried out which has a number of different possible 
outcomes. Each time the experiment is performed exactly one outcome occurs. An event 
is a subset of the set of all possible outcomes. It can be regarded as a conjecture about the 
result of the experiment. The event (/) is called the impossible event. We won't necessarily 
consider all sets of outcomes as events, but only some which are convenient. 

A probability space is a triple (n, F, P) where 

• n is a set, the elements of which are called outcomes 

• 	 F is a a-field over n, whose elements are called events 

• P 	: F -1 IR is a complete probability measure on F for which P(E) is called the 
probability of E. 

If in some probability space (n, F, P), P(E) = 1 then the event E is said to occur almost 
certainly. In terms ofthe experiment that is modelled, if P(E) = 0 then E is not necessarily 
impossible, but occurs only a negligible proportion of the time when the experiment is 
repeated a large number of times. More generally, if an experiment is repeated n times 
and the outcome is Wi for r(n) of them, then the frequency of Wi in the n repetitions is r~~). 
If, as n increases, the ratios r~) approach some number Pi, then Pi is called the probability 
of Wi' This is modelled in the probability space by letting P(Wi) = Pi' This is called the 
frequency interpretation of probability. 

One of the simplest examples of a probability space is the following: 
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Let 0 = {Wi}iEI where I is a finite set {I, ___ , n} or I is N, and let {PJiEI be such that 
each Pi ~ 0 and 2:,.Pi = 1. Then let F = P(O) and define P : F ---t IR by 

iEI 

P(E) = L Pi
{ilwiEE} 

Then (0, F, P) is a probability space. 

function) (represented proposition). L. c: Sent(L)xe,el, inconsistentcanbemeasureconj" 

If the probabilities of events are given by some probability measure (or weak probability 
measure) P, then we can define a function which gives the probabilities of events conditional 
on other events. If A, B are events and P(B) > 0, then the conditional probability of A 
given B is 

P'(A I B) = p(AnB) 
P(B) 

The function P' is called a conditional probability function. 

If P is a probability measure which models rational credence then the cOIiditional proba
bility function P' models rational conditional credence where P'(A IB) is what the rational 
degree of belief in A would be if the evidence were B. For those probability measures used 
to model rational credence, the outcomes are models (as defined in chapter 1) and the 
events are propositions, where in this context a proposition is a set of models. 

An inductive logic is relative to a first-order language. We will consider monadic first-order 
languages which contain: 

• 	 a non-zero countable number of constants: ai, a2, ... ; 

• 	 a non-zero countable number of unary predicates: Pl\ P1, ... , P?, Pi, ... , ... , Pf, P~, ... . 
The set of predicates is partitioned into a finite number of families: Fl = {Pl\ Pi, .. . }, 
F2 = {P?, pi, ...}, ... , Fn = {Pf, P~, ...}; and the set of families {Fl, F2, ... , Fn} is 
denoted F. 

For such a language .L, let Zc be the set of models (D, I) for .L such that 

• 	 D = Constc and I restricted to Constc is a permutation of Constc; 

• for each family Fm of .L, for each ai E D, there is exactly one predicate Pt E Fm such 
that ai E I(Pt) (that is, the interpretations of the predicates in Fm form a partition 
of D). 

For each sentence S of .L, let Es be the set of models in Zc in which S is true. 
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For a language £, the set £,e of propositions of £ is the a-field over Z,e generated by {Es I S 
is a sentence of £}. 

The proposition Es is said to correspond to S, and S is said to describe Es. If S is an 
atomic sentence (i.e. of the form PF(ai)) then Es is called an atomic proposition. The 
set of molecular propositions of £ is the field over Z,e generated by {Es I S is an atomic 
sentence of £}. Or equivalently, a molecular proposition of £ is a proposition Es where S 
is a sentence of £ which does not contain identity or quantifiers. The set £,e can also be 
equivalently defined as the a-field over Z,e generated by {Es I S is an atomic sentence of 
£}. (Both of these equivalences are shown in Carnap [1971].) 

Carnap [1971] considers credence functions P that are weak probability measures and 
satisfy some further conditions. The first is that the only molecular proposition H for 
which P(H) = 0 is II = 0 (which is a strengthening of the condition P(0) = 0). The 
second involves the way the credence function changes in time. It requires that the credence 
function at a later time depend only on the credence function at an earlier time and the 
evidence obtained between those two times, where this dependence is of a particular form. 
The credence function at time Tn will be denoted Pn and at some later time Tn +1 will be 
denoted Pn+l' If E is the evidence obtained between Tn and Tn+l then P~+l must be the 
function defined by 

Pn(E n H) = P~(H I E). (5.1)Pn+1(H) = Pn(E) 

(The above function Pn+l is only defined for evidence E such that Pn(E) =1= O. This is the 
case for any evidence that can be obtained provided that the only molecular proposition 
H for which P(H) = 0 is H = 0.) We now consider a sequence of credence functions at 
different times, starting with some time To, where each change is obtained by the formula 
(5.1). For eachni E {I, ... , n}, let the evidence obtained between Ti - 1 and Ii be denoted 

Ei · Let Kn = n E i · Then, by repeatedly applying the definition (5.1), we get 
i=l 

Pn(H) = P~(H I Kn). 

Po is an initial credence function. The conditional initial credence function P~ is also 
called a credibility function. A conditional credence function is also called a confirmation 
function. 

So, to determine the values of the different possible acts (and hence the possible rational 
decisions), we need some credibility function P~. It can either be defined in terms of a 
corresponding initial credence function Po, or can be taken as primitive. Carnap [1971] 
(p. 38-40) defines both initial credence functions and credibility functions and shows that 
for those which satisfy the axiom of regularity (defined below), each can be defined in terms 
of the other. 

A credibility function for the language £ is a function C : (£,e x (£,e \ {0})) -+ lR which 
satisfies the following conditions: 
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• 0 ~ C(H I E) ~ 1 

• if E ~ H then C(H I E) = 1 

• if EnG n H = 0 then C (G U H IE) = C (G IE) + C(H IE) 

• if E n H =I 0 then C (H n G IE) = C(H I E)C (G lEn H). 

An initial credence function for the language .c is a function M : £,e -+ lR which is a weak 
probability measure. 

If C is a credibility function for .c and E is a nonempty element of £,e then the function 
CE : £,e -+ lR defined by 

CE(A) = C(A IE) 

is is an initial credence function for .c. 

A credibility function C and an initial credence function M for .c are relat~d to each other 
if: for all H E £,e and all Ilonempty E E £,e, 

C(H I E) = M(En H) 
M(E) 

This is equivalent to the condition that M = CZc So, for any credibility function for .c, 
there is exactly one related initial credence function for .c. 

If M is an initial credence function which satisfies the condition that for every nonempty 
molecular proposition H in which only finite families are involved, M(H) > 0, then M is 
called regular. 

If C is a credibility function which satisfies the condition that for all molecular propositions 
E and H involving only finite families such that En H =I 0, C(H IE) > 0, then C is called 
regular. 

An initial credence function M is regular iff it is related to a regular credibility function, 
and a credibility function C is regular iff it is related to a regular initial credence function. 
Thus there is a one-to-one correspondence between regular initial credence functions and 
regular credibility functions for a language .c. 

The conditions given so far for initial credence functions and credibility functions (including 
regularity) are also required for all the other credence functions and conditional credence 
functions if they are to be considered rational. The following condition, called symmetry, 
applies only to initial credence functions and credibility functions. 

If X is any nonempty countable set and 7r is a permutation of X, then 7r is called a finite 
permutation if the number of elements x E X for which 7r(x) =I x is finite. 
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Once p(C) is defined for constituents C, we get (by the additivity of p) for every constant
free sentence F , 

p(F) = LP(Ci) 
i EI 

where ViEI Ci is the distributive normal form of F. But for evidence which contains 
constants, p' is not yet defined. 

The function 7l" : (N X JR+) ~ JR is defined by 

7l"(a, A) = (A)(1 + A)(2 + A) ... (a - 1 + A). 

Let EC(nl, ... ,nc) be evidence as above where each nj is the number of observed individuals 
in Aij(X), and let CW be a constituent which contains w attributive constituents. Then, 
for an infinite universe, p is defined as follows (Hintikka [1966], p. 117-121): 

p(CW)= 7l"(a,]f) 
KE(~)7l"(a, ~) 

where a E N, A E JR+ ; and 

c 

p'(EC(n n7l"(n · >.)
1, ... ,n ) ICW) = j=1 J' W 

c 

Then p'(CW IEC(nl' ... ,nc)) is determined by the equation: 

p'(CW I EC(nl , ... , nc)) = p(CW)p'(EC(nl, ... , nc) I C
W

) 
K

2:
c 

(K;C)p(CC+1)p'(EC(nl' ... ' nc) I CC+1) 
,=Q 

And 
p'(F I EC(nl, ... , nc)) = LP'(Ci I EC(nl, ... , nc)) 

iEI 

where ViEI Ci is the distributive normal form of F. Thus for infinite universes, p' (and p) 
are fully defined. 

For any universe, let 

c >. )~c (K -:-c)7l"(a, (c~)>') n7l"(nj, c+i 
U 1 J=1 

cp(EC(nl ' . .. ,n )) = 
; 0 

t( (~)7l"(a, ~ ))7l"(n, A) 
;=0 
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Once p(C) is defined for constituents C, we get (by the additivity of p) for every constant
free sentence F, 

p(F) = I:p(Ci ) 

i ET 

where ViET Ci is the distributive normal form of F. But for evidence which contains 
constants, p' is not yet defined. 
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where 0: E N, ..\ E IR+; and 

c 

I17f(nj, e) 
'(EC( ) I CW) j=l P nl, ... , nc = -7f-(-n-, -..\)-

Then p' (CW I E C (nl' ... , nc)) is determined by the equation: 

And 

iET 

where ViET Ci is the distributive normal form of F. Thus for infinite universes, p' (and p) 
are fully defined. 
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then the representative function of p is determined by 

p(Aj (x)(an+dx) I EC(nl, .. . , nc)) = p(EC(ni, ... , nj + 1, ... , nc)) 
(EC( ..P ni,···, nc 

for j E {I, .. o,e}, and 

P(Aij (x) (an+l/x) I EC(ni' ... ' nc)) = p(EC+1(nl, ... , nc, 1)) 
p(EC(ni'. 0., nc)) 

for j ~ {I, .. . , e}. For finite universes, p' (and p) are fully determined by the representative 
function . And the values of p and p' for infinite universes (as defined above) are the limits 
of the values for finite universes of size N as N -t 00. 

This definition and some of its consequences are discussed in Hintikka [1966J and Mondadori 
[1987J. I will not consider the question of how it compares to intuitive considerations 
regarding induction or to other definitions for inductive logic, other than to say that it can 
be used for a theory of inductive generalization (discussed in Hintikka [1965~] and Hintikka 
[1965b]), whereas Carnap's definitions can not. 

Regarding the use of constituents in defining an inductive logic, Hintikka [1965c] (p. 279
283) indicates the possibility of using constituents in a similar way to that done in the 
monadic case to get an inductive logic for other first-order languages. This raises the 
following problem. One of the fundamental assumptions in inductive logic is that logically 
equivalent sentences should be assigned equal probabilities. Since each sentence S has a 
distributive normal form at its own depth and every greater depth, the probability measure 
p should give the distributive normal form of S at each depth the same value. In particular, 
if a constituent r5d is equivalent to VaEA r5~+e, then p(r5 d) must equal EaEA p(r5~+e). This 
problem is mentioned in ibid. (p. 282), but I don't know if there has been any study of it. 

Also, to satisfy the definition of being a probability measure, p must assign zero probability 
to all inconsistent constituents. But since whether or not a constituent is consistent is not 
generally decidable (shown in chapter 4), any probability measure defined in terms of only 
the consistent constituents is not computable. This is not necessarily considered to be 
a problem. For example, Hintikka [1965cJ (p. 283, note 22) says: "The unsolvability of 
the problem of determining the degree of confirmation of an arbitrary generalization is 
no argument against my approach, however, but rather for it." But to make sense in the 
context of normative decision theory, the credence and confirmation functions used must 
be computable. However, inductive logic may be of interest from some points of view other 
than decision theory. 
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5.2 Verisimilitude 

A theory of verisimilitude or truthlikeness is a theory of closeness to the truth, where 
both closeness and truth have been used with various different meanings. Verisimilitude, 
in this sense, was introduced by Karl Popper. His original aim was to justify the claim 
that science aims at truth by showing that it made sense to compare theories in terms 
of closeness to the truth, and thus that progress could be made by replacing a scientific 
theory with one that was closer to the truth (see e.g. Popper [1972]). It turned out to be 
rather difficult to compare scientific theories in terms of closeness to the truth, and various 
attempts were made to define verisimilitude for theories or sentences of propositional or 
first-order languages instead. The aims of a theory of verisimilitude for logical theories 
seem less clear than for scientific theories. 

As in the previous section, we consider a monadic first-order language which contains a non
zero finite number of unary predicates P1 , ... ,Pk , and a universe which is partitioned into 
K = 2k cells by the attributive constituents A1(x), . .. , AK(X). If .c is a monadic language 
with k predicates and M is a model for .c, then exactly one constituent relative to the set 
of all predicates is true in M. Verisimilitude for a monadic language is defined relative to 
a constituent which is taken to be the true constituent. This true constituent is the truth 
to which a distance is to be defined. This is achieved by first defining a distance between 
pairs of constituents. This distance is then used to define a distance between constant-free 
sentences and constituents, using the distributive normal form of the sentences. Then a 
sentence has greater verisimilitude than another sentence if its distance from the truth is 
smaller. 

Various metrics can be defined on the set of constituents. 

A constituent Gi can be represented by the set of attributive constituents Am(x) such 
that (:3x)Am(x) is a conjunct of Gi , and an attributive constituent Am(x) by the set of its 
unnegated conjuncts. The same notation will be used for these representations as for the 
constituent or attributive constituent represented, and the context will make clear which 
is meant. The symmetric difference of sets X and Y will be denoted X 6. Y. 

Then the normalized Hamming distance between constituents Gi and Gj is given by 

1 ·f A(d1(G , G ) = _ LK {o 
1 I1m x) tJ. Gi 6. Gj 

i j 
K m=l 1 if Am(x) E Gi 6. Gj . 

The metric d1 in effect considers all attributive constituents (thUS all kinds of individuals) 
as equally far from each other, which leads to unacceptable results in situations where 
there is a strong intuitive notion of similarity between individuals. (Some examples of this 
are given in Tichy [19'78] p. 184-187, and Niiniluoto [1987] p. 315.) 
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The similarity between attributive constituents can be taken into account by first defining 
the normalized Hamming distance between attributive constituents: 

e(Ai(X), Aj(x)) = ~ 0 if Pm(X) ~ Ai(X) 6 Aj(x)t {
k m=l 1 if Pm(x) E Ai(X) 6 Aj(x). 

A distance between constituents can then be defined in terms of e in various ways. For 
example, Niiniluoto [1987] (p. 315- 316) defines the Jyvaskyla measure as follows 

o if Am(x) ~ Ci 6 CjK 

dACi,Cj) = L minAu(x)EC; e(Au(x), Am (X)) if Am(x) E Cj \ Ci 
m=l 

minAu(x)~C; e(Au(x), Am(x)) if Am(x) E Ci \ Cj. 

The function dJ is not a metric since it is not symmetric, but it has been suggested (ibid. 
p. 316) that distance from the truth may depend on which constituent is" true, and thus 
that dJ may still be considered as some kind of distance function. And ibid. (p. 316-317) 
defines the weighted symmetric difference as follows . 

K 

dw(Ci, Cj) = L 
m=l 

o if Am(x) ~ Ci 6 Cj 

minAu(x)EC; e(Au(x), Am(x)) if Am(x) E Cj \ Ci 

minAu(x)ECj e(Au(x), Am(x)) if Am(x) E Ci \ Cj. 

A number of other distance functions on constituents have been defined. (Examples can 
be found in Tichy [1976], Tichy [1978], Oddie [1981].) 

A normalized distance function d on the set of constituents can be extended to a function 
giving the distance between constituents and constant-free sentences in a variety of ways. 
For example, if VjEJ Cj is the distributive normal form of F and Ci is a constituent, then 
(from Niiniluoto [1987], p. 214): 

Dmin(Ci,F) = mind(Ci , Cj)
JEJ 

Drnvc(Ci, F) = IrJlfd(Ci, Cj) 

1 
Dav(Ci, F) = -IJI Ld(Ci,Cj) 

jEJ 

2: d(Ci, Cj) 
jEJ 

Dsurn(Ci, F) = 2: d(Ci, Cj) 
jE{1,...,2 K } 
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and ibid. (p. 216) gives the following distance functions which depend on parameters" i: 
D~Lm(Gi,F) = ,Dmin(Gi , F) + (l-,)Dmax (Gi ,F) 

D'!r:t (Gi , F) = ,Dmin(Gi , F) +,'Dsum(Gi , F) 

where 0 ~ ",' ~ 1. 

Given some distance function D between constituents and constant-free sentences, F has 
greater verisimilitude than G if 

D(G*, F) < D(G*, G) 

where G* is the true constituent. 

We now consider first-order languages with identity which have at least one predicate 
of arity greater than 1. The approach is similar to that in the monadic case, but all 
the definitions are relative to some fixed depth. Verisimilitude is defined for a language 
together with a complete theory (defined below) for that language. This complete theory 
is taken to be the true complete theory. 

The Hamming distance between constituents of depth 0 is defined by: e(of(zl,"" zm), 
O~(ZI"'" zm)) is the number of conjuncts of Of(Zl,"" zm) which are not conjuncts of 
OJ (Zl,' .. ,zm)' 

For each constituent of the form ono, a set SanO of depth-O constituents is defined as follows: 
Because ono has no free individual terms, it has the same form as a constituent of the corre
sponding language without identity, except that all quantifiers are interpreted exclusively. 
Thus ono can be represented by the same forest as represents the corresponding constituent 
with the quantifiers interpreted in the usual way. Such a forest has the following form: 

,O(xd 

,O(Xl,""Xn ) 

For each leaf of this forest, the conjunction of it and all the nodes above it is a formula of 
the form OO(XI, ... ,xn). Let SanO be the set of all these conjunctions OO(XI,"" Xn) of the 
nodes along a maximal path in ono. Note that SanO is not really a representation of ono 
because we can not get ono back from SanO' as is shown by the following example: For 
the language with one binary predicate symbol P and identity, let 

o~O 
O~(XI) 

o~(xd 

(3xdo~(XI) A (3xdo~(xd A (V'XI)(O~(XI) V O~(XI)) 
P(XI' Xl) A (3X2)(P(Xl, X2) A ,P(X2, Xl) 1\ P(X2' X2)) A (V'X2)(P(XI, X2) A 

,P(X2, Xl) A P(X2, X2)) 
P(XI' Xl) A (3X2)(,P(XI, X2) A P(X2, xd A P(X2' X2)) A (V'X2)(,P(XI, X2) A 

P(X2' Xl) A P(X2' X2))' 
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Then 85W = {P(Xl' Xl) A P(Xl' X2) A -,P(X2' Xl) A P(X2' X2), P(Xl' xd A -'P(Xl' X2) A 

P(X2' Xl) AP(X2' X2)}' Let 

6~O 
6~ (Xl) 

(~xd6~(xd A (Vxl)6~ (Xl) 
P(Xl' Xl) A (~X2)(P(X}' X2) A -,P(X2' Xl) A P(X2' X2)) A (~X2) (-,P(XI, X2) A 

P(X2' Xl) A P(X2' X2)) A (VX2)((P(Xl, X2) A -,P(X2, xd A P(X2, X2)) V 

(-,P(Xl, X2) A P(X2' Xl) A P(X2' X2)))' 

Then 85~0 = 85~O' although 6~O and 6~O are not equivalent. In fact, 6~O is consistent and 
6~O is inconsistent. For a constituent 6n O, the set 85nO describes the possible sequences of n 
individuals that can be chosen from a universe without replacement (i.e. the same individual 
can not be chosen more than once) in a model in which 6n Ois true. Each individual is 
described by the predicates it satisfies on its own and together with the previous individuals 
in the sequence. But, as the above example shows, this set of sequences is not sufficient to 
determine the constituent. 

The following definitions are from Tichy [1976]. The distance between t;"o constituents 
6iO and 6jO is defined in terms of 85fO and 85]0' 

A linkage between two sets is a surjection from the larger set onto the smaller one (if they 
are the same size, from either one onto the other). If l is a linkage between 85iO and 85]0, 
the breadth of l is the average distance between linked elements: 

B(l) = I~I L e(6~(xI"",xn),6~(XI, ... ,Xn))' 
(5R (Xl , oo. ,Xn),5~(Xl ,oo.,Xn)EI 

Then, the distance between constituents of depth n is defined by: 

dn(6fO, 6jO) = the breadth of the narrowest linkage between 8"r0 and 85]0' 

And the distance of a constant-free sentence F of depth n from a constituent 6iO is given 
by 

Dn(6fO, F) = I~I ~ dn(6iO, 6jO) 
JEJ 

where VjEJ 6jO is the distributive normal formo of F at depth n. This particular distance 
function Dn gives the average distance between a set of constituents and a constituent, 
and is a generalization of the function Dav defined above for the monadic case. Because 
dn is defined in terms of the sets of sequences of individuals allowed by the constituents, 
a significant amount of information given by the constituents is ignored. This leads to 
some unsatisfactory results. Tichy [1978] gives a modified definition of linkage which takes 
into account the tree-structure of constituents and requires that a linkage between two 
constituents preserve the predecessor/successor relation of the trees or forests. There are 
also a number of other distance functions which have been defined on the sets of con
stituents of each depth (e.g. Niiniluoto [1987], p. 349). Once the distance functions on the 
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constituents are defined, a distance function between sets of constituents and constituents 
can be defined in various ways, as in the monadic case. 

The relative verisimilitude of constant-free sentences F and G of depth n can be defined 
as follows: F has greater verisimilitude than G if 

Dn(o;O, F) < Dn(o;O, G) 

where 0:0 is the true constituent of depth n. And sentences of different depths can be 
compared by using the distance function Dn where n is the greater depth and the distribu
tive normal formos of both sentences at depth n. (The relative verisimilitude of sentences 
of different depths is defined like this by Tichy [1976], p. 33.) Regarding the dependence of 
the distance functions on depth, it seems to me that we have two options. Either we can 
accept that in expanding sentences to a greater depth, their relative verisimilitude may be 
reversed (which is not surprizing since at different depths they are compared with different 
truths). Then equivalent sentences may have different verisimilitudes, so we can not com
pare the verisimilitude of a sentence with one of a greater depth by using its expansion to 
that gTeater depth. So we have no way of comparing the verisimilitudes of sentences of 
different depths. Or (if we want to use definitions relative to depth to compare sentences 
of different depths) we can try to find a definition for which the relative verisimilitude of 
sentences does not change as they are expanded to greater depths. As far as I Imow, this 
has not been done. But it seems that if we want to compare sentences of different depths, 
it would be better to use a definition which is not relative to depth. 

At a fixed depth, the constituents are the strongest sentences, but when we consider all 
the depths together there are not any strongest sentences. For each model for a language, 
exactly one complete theory (as defined below) is true. If a distance function on complete 
theories is defined, then they can be used in a way similar to how constituents were used 
above. 

A theory T of a first-order language £, is a set of sentences of £, that is closed under logical 
consequence, that is, if T ===? X for some sentence X of £', then X E T. A theory T 
is complete if for each sentence X, either T ===? X or T ===? -,X. A subset B ~ T is 
said to generate the theory T if T = {X I X is a sentence and B ===? X}. A sequence of 
constituents {ono I n E N} such that 

... on+ 10 ===? on 0 ===? . . . ===? 01 0 

is called monotone. A theory is complete iff it is generated by a monotone sequence of 
constituents. (This follows from the proof of a similar result in Niiniluoto [1987], p. 77.) 
For any model, the true constituents form a monotone sequence. The theory (which is 
complete) generated by the set of true constituents of each depth will be the truth with 
which other theories will be compared. 
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If, for each n E N, dn is a distance function on the constituents of depth n, then a distance 
function d on complete theories can be defined by (Niiniluoto (1987]' p. 362) 

d(Tl' T 2) = lim dn(c5~ 0, c5~ 0)
n-too 

where Tl is generated by the set of constituents {c5~ 0 I n E N} and T2 by the set of 
constituents {c5~ 0 I n E N}. The function d can then be extended to a distance function 
between arbitrary theories and complete theories (Niiniluoto (1987]' p. 368-371). 

If the functions dn are metrics, the function d need only be a pseudometric (that is, we may 
have d(Tl' T 2) = 0 for some theories Tl =1= T2)' For this reason, it may not be satisfactory 
to define comparative verisimilitude as follows: Tl has greater verisimilitude than T2 if 

d(T*, T 1) < d(T*, T 2) 

where T* is the true complete theory. And Niiniluoto (1987] (p. 363) gives the following 
definition instead: Tl has greater verisimilitude than T2 if there is some no E N such that

• 

dn ( c5~ 0, c5~ 0) < dn (15: 0 , c5~ 0 ) 

for all n ~ no, where the true complete theory is generated by {c5:0 I n EN}, Tl by 
{c5~ 0 I n E N}, and T 2 by {c5~ 0 I n E N} . 

The kind of definitions mentioned above don't seem to be of much use for the problem 
of defining verisimilitude for scientific theories, particularly if we want some practical way 
of estimating (comparative) verisimilitude of theories. There are a number of reasons for 
this. For example, in all of the above definitions, the only way the verisimilitude of theories 
can be compared is by knowing the truth and making some suitable comparison with it 
of each of the theories to be compared. If, in some situation, we know what the truth 
is, then the idea of verisimilitude IS not of much interest. We could just use the theory 
which is the truth, and not consider any others. But in practice we don't know what 
the truth is. The only way we have of finding out about it is by observation which is 
incomplete and inaccurate. Niiniluoto (1987] (chapter 7) has proposed a way of estimating 
verisimilitude relative to evidence, given some definition for verisimilitude where the truth 
is known. However, it uses a probability measure (as defined in the previous section), 
where the corresponding conditional probability function is supposed to represent rational 
degree of belief in statements of the form "Ci is the true constituent" given some evidence. 
What is achieved is to convert some definition of verisimilitude to a probabilistic version, 
where the evidence is used to determine the probabilities, but the problem of defining a 
probability measure remains. In fact, Niiniluoto (1987] (p. 278) says "... the epistemic 
problem of truthlikeness is equally difficult as the traditional problem of induction", which 
is of course true for Niiniluoto's particular approach to this problem, but there may be other 
approaches not involving probability measures. The problem of defining verisimilitude in 
a way that is applicable to scientific theories such that it can be estimated on evidence 
remains open. 
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Some remaining questions 

1. 	 Probably the most significant open problem brought to light by this thesis is the ques
tion of whether or not Hintikka's definitions of trivial inconsistency (particularly the 
one I have referred to as one-trivial inconsistency) are adequate for the completeness 
theorem of the theory of distributive normal forms to hold. A comparison of one-trivial 
and two-trivial inconsistency may be helpful. Although these two kinds of inconsistency 
are not equivalent, it is not known whether there is an infinite sequence- of constituents 
where the successor of each element is in that element 's expansion such that no element 
of the sequence is one-trivially inconsistent, but some element is two-trivially inconsis
tent. If there is, then the completeness result Hintikka claims is false, otherwise it is 
true. 

2. 	 In section 4.4, we saw that most constituents are inconsistent. Of these, many are 
trivially inconsistent, which means that they can be found to be inconsistent by a par
ticular algorithm. It would be interesting to try to find a lower bound for the fraction of 
not-(trivially-inconsistent) constituents that are inconsistent, for some known definition 
of trivial inconsistency (such as one-trivial inconsistency or two-trivial inconsistency as 
defined in chapter 4). It might even be possible to find some results which apply to all 
algorithms for finding inconsistent constituents, regarding the fraction of inconsistent 
constituents (of suitably great depths) that the algorithm wouldn't find. 

3. 	 In considering the possible uses of distributive normal forms and constituents, it is 
clear that we cannot expect applications which actually convert formulas to distribu
tive normal form to use for some calculation or comparison. However, just the existence 
of a normal form for first-order logic could be useful for getting general results about 
all formulas. The only result of this nature that I know of is the completeness theorem 
of the theory of distributive normal forms, which provides a way of showing the com
pleteness of first-order logic. Perhaps distributive normal forms can also be used to 
prove some general results which haven't been previously proved by other methods. In 
this regard, it might be interesting to consider what the existence of the distributive 
normal form means from an algebraic point of view. 
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